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ABSTRACT 

For Hamiltonian systems with one singular endpoint of limit point 

type, the problem is considered of determining when the continuous 

spectrum is absolutely continuous or continuously differentiable. 

Following a method of Atkinson for (-py')' + qy = Awy , a 

sequence of regular nonself-adjoint boundary value problems is examined 

and their Titchmarsh-Weyl M(A)- functions derived. The Pick-

Nevanlinna representation of each M(a)- function produces a density 

function that is C^(F), and whose derivative is related to an 

energy-like functional for the Hamiltonian system. A sequence of 

densities {p^(A)} associated with these regular nonself-adjoint 

operators is shown to cpnverge to a density p(y) associated with the 

M(A)-function for the singular self-adjoint operator. The energy-like 

functionals are used to establish the absolute continuity and con 

tinuous differentiability of p(y) . 

Examples are considered of a general second order system, and 

of a Dirac system, in which the potentials are of long range, short 

range, and oscillatory type. Conditions are stated in terms of these 

potentials such that the continuous spectrum is C^ . Examples are 

also considered of a coupled second order system and of a Dirac 

system in which the potentials include terms which are smooth and 

unbounded. Conditions are stated such that the continuous spectrum 

is C^ , and is al 1 of ]R. 

In the last chapter, following a technique used by Hinton and 

Shaw in their consideration of the equation y^^^ + q(x)y = Ay , 

first order asymptotics are developed for the M(A)-function associated 



with a second order system with coupling terms present and with mini' 

mal restrictions on these terms. 
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INTRODUCTION 

Consider the following equation: 

Ly = -(p(x) y')' + q(x)y = Ay 0 < X < (0.1) 

where p(x) is absolutely continuous, q(x) is continuous, and 

p(x) > 0 on the half line. To construct an operator on the Hilbert 

space L (0,°o) using Ly , one is quite naturally led to consider 

square integrable solutions of (0.1) . The construction of such 

solutions involves the introduction of the Titchmarsh-Weyl M(A) 

function ([8, p. 225], [24]) . 

Introduce separated boundary conditions that define a self-adjoint 

operator on a finite interval 0 £ x £ b : 

sinay(0. A) + cosa p(0) y'(0, a) = 0 (0.2) 

sin6y(b, A) + cos 8 p(b) y'(b, a) = 0 (0.3) 

where 0 £ a, B < it » and a fundamental pair of solutions (J)(x, \) , 

0(x, x) such that 

6(0, A) 4)(0, A) sin a cos a 

.(0.4) 

p(0) 9'(0, A) p(0) 4)'(0, A) cos a -sin a 

We define a function M|^(A) = Mj^(A, b, a, B) where 



 

M (X) = - Sing 9(b. X) + cosg p(b) e'(b, X) , ,sing (l)(b, X) + cosg p{b) (i)'(b, X) * ^ 

This function Mj^(X) is meromorphic as a function of X with its 

poles corresponding to the eigenvalues of the regular boundary value 

problem on the finite interval 0£ x £ b described by (0.1)-(0.3) . 

For fixed a , Im M|^(X) > 0 when Im X > 0 . For each X , 

Mj^(x) traces a circle in the half plane as g varies from 0 to 

7T . A similar statement holds for X with Im X < 0 . As b tends 

to infinity, these circles nest one inside the next, and for this 

second order equation tend either to a circle or a point; thus 

leading (0.1) to the dichotomy of being either limit point or limit 

circle at infinity. 

If (0.1) is limit point, then the function M|3(^) converges 

in each half plane to an analytic function. We shall confine our 

attention to the upper half plane, Im X > 0 . For these X the 

limiting function will be denoted by M'(X) . 
00^ ' 

Weyl [27] showed for a = tt/Z in (0.2) that the function 

X(x, X) = 9(x, X) + (j)(x, X) M^(X) (0.6) 

2 
is in L (0, °°) . In fact, when (0.1) is limit point, there is exactly 

1 independent L (0, °°) solution. 

Consider now the singular boundary value problem on the half line 

0 £ X < 00 defined by (0.1)-(0.2) . Let D be the set of functions 

f(x) such that f(x) € L^(0, oo) ; f(x) satisfies (0.2); and 
2 

L(f) € L (0, oo) . When (0.1) is limit point, then the operator 



 

defined by L(f) with domain D is a self adjoint operator on the 

Hilbert space L^(0, °°) . 

Now, for the limit point case, both M^(X) and are 

functions of Pick-Nevanlinna type. A function M(A) is of Pick-

Nevanlinna type if it is analytic for A in the upper half plane, and 

if in this half plane, Im M(A)^ 0 . Such functions M(A) have a 

representation in terms of a real valued nondecreasing function p(A) 

defined on ]R where 

^OO 2 

M(A) - c + id + dPiu) . (0-7) 

where c and d are real constants, and d^O [1]. From 

this it follows that 

Im M(A) = d + Im a ^ dp(y) (0.8)
■lu - A|^ 

and inversely that 

rd+ie 
p(d) - p(c) = lim Im M(A) dA (0.9) 

e-K) c+ie 

at the continuity points c and d of p(A) [8] . 

The spectrum of the self adjoint operator defined in the limit 

point case is the support of the measure dp(y) [8] . As mentioned 

above, p(y) is nondecreasing. It can also be shown that the 

eigenvalues (if any) of the self adjoint operator correspond to 

jump discontinuities of p(y) . 



In what follows we shall be concerned with the following Hamilton 

system: 

Jy' = [X A(x) + B(x)]y , a < x < 0° (0.10) 

where J is skew hermitian and nonsingular; A(x) and B(x) are 

2n X 2n complex hermitian matrices; A is complex parameter and y(x) 

is a 2n X 1 vector function. In addition A(x), B(x) are locally 

integrable on [a, «>) ; A(x)^0 (nonnegative definite) and for any 

nontrivial solution of (0.10) it is assumed that 

fb * 
y (x) A(x) y(x) dx > 0 

for all b > 0 , where y is the complex conjugate of the vector y . 

The equation (0.1) is a special case of this system. A general discus 

sion of Hamiltonian systems can be found in [2, p. 252] . In [13], 

[14], and [15], Hinton and Shaw have extended the notion of a Titchmarsh-

Weyl M(A)- function to general Hamiltonian systems. 

In [14] they consider the singular boundary value problem on 

the half line [a, °°) formed from (0.10) and the left hand boundary 

condition 

a. 

V , or [a-i, 0.2) ^' (0.11)y(a) 

0 -a
1 

where v is some 2n x 1 vector and where , a2 are n x n 

matrices such that 



rank[a^, 02] = n 

aian + ttoUo = I„ (0.12)
I I c L n 

0^1^2 "* ^2^^ 

In the future this singular boundary value problem (O.IO)-(0.12) 

will be denoted by (S) . 

As in the scalar second order case, they are interested in the 

existence of square integrable solutions to (0.10) with a view toward 

the construction of self adjoint operators. By square integrable 

solution, we mean a solution y(x, X). of (0.10) which satisfies 

y (x, X) A(x) y(x, x) dx < «> (0.13) 

From a fundamental solution of (0.10) 

e(x, X) (f)(x, X) 

Y(x, X) = (0.14) 

i(x, X) $(X, X) 

where 6, 6, (}), (j) are n n blocks and where the columns of 

satisfy the boundary condition (0.11) , they define an n x n 
(p 

matrix valued function M|^(X) in a manner analogous to (0.5) . The 

important thing is that they are able to develop an analog, in this 

higher dimension case, of the analytic and geometric aspects of M|^(X) 

https://O.IO)-(0.12


 

and M^(X) for the scalar second order equation (0.1) . These 

matters are discussed in more detail in Chapter 1. 

In particular, they are able to identify a limit point case [14] 

for (0.10), as b ^ , which corresponds to the existence of exactly 

n independent square integrable solutions of (0.10) . In this case 

one is able to show that, as b , M|2(x) converges elementwise, 

for Im X 0,to a limiting matrix Mj„(X) . The entries of both 

Mj^(X) and M^(X) for Im X 0 are analytic. M|^(X) possesses 

singularities on IR corresponding to the eigenvalues of a regular 

boundary value problem on a finite interval [a, b] . 

They are able to show, in analogy to the second order case, that 

when (0.10) is limit point then the matrix of solutions 

X(x, X) = 0(x, X) + (j)(x, X) M(X) (0.15) 

provides for n independent square integrable solutions of (0.10) 

([13], [14]) . 

They observe for Im X > 0 that Im M(X) =^[M(X) - M (X)] > 0. 
This also follows as a result of Lemma 1.3 of the first chapter. In 

the appendix we observe that there is an analog, for analytic 

matrices, of the Pick-Nevanlinna representation of functions which are 

analytic in the upper half plane and whose imaginary parts in this 

half plane are nonnegative. The result is that there is a non-

decreasing matrix valued function p(ij) , defined on all of IR , that 

in the analog of p(ii) for the scalar second order case in (0.7)-(0.9) 



 

Information about p(X) gives information about M(A) by means 

of matrix analogs of (0.8)-(0.9) . Information about the limiting 

nature of M^(A) as A tends to F through the upper half plane 

can thus be derived. 

In [16] Hinton and Shaw consider (0.10) where A(x) is invertible 

A^(x) 
or of the form 

0" 
where A^(x) is invertible. For 

0 0 

simplicity, they take J 
0 -I, 

This still encompasses many 

cases of interest. The equation (0.1) is still a special case as is 

(0.16)Ly = -(p(x)y') + q(x)y = A w(x)y 0 £ x < 

where w(x) is locally integrable and w(x) > 0 . 

When this system satisfies the limit point condition, they show 

that it is possible to construct a self adjoint operator T on the 

Hilbert space L^(a, °°) from the singular boundary value problem 

(S) . By L^(a, «) we mean the collection of 2n x l vector functions 
f(x) which satisfy (0.13) . More than this, they extend the results 

of Chaudhuri and Everitt [7] and show that there exists a connection 

between the spectrum of this self adjoint operator and the behavior 

of M (A) near F. 
00^ ' 

They define the point spectrum, P(T) , to be the set of isolated 

eigenvalues of T . Where a(T) is the spectrum, they define the 

essential spectrum E(T) to be E(T) = a(T) - P(T) ; the point con 

tinuous spectrum PC(T) to be the set of eigenvalues embedded in 

E(T) ; and the continuous spectrum C(T) to be C(T) = E(T) - PC(T) . 

Among the thinas thev show that, eiqenvalues correspond to simple 



 

poles of M^(A). This, by means of the analogs of (0.7) and (0.9), 

produces a corresponding jump discontinuity in p(A) . Similarly, 

they show that Xq € C(T) if and only if M(X) is not analytic at 

X« and lim vM^(X + iv) = 0 . Such a X- can be shown to be a 
^ v>0 " 
point of increase for the nondecreasing function p(y) . Thus for 

these operators, information about the nature of M^(X) for X near 

H, or of p(X) for X ^ ]R , can be translated into information about 

the spectrum. 

Two problems of interest which we address are the 

following. First, locate the essential spectrum E(T) , and second, 

find conditions under which "'S absolutely continuous. This 

latter condition is important for the construction of certain operators 

which arise in scattering theory. 

Much of what has been done in terms of finding information about 

the spectrum has involved asymptotic procedures. Frequently, the 

asymptotics of the solutions of an equation are derived and, through 

them, asymptotic information about M(X) . Hinton and Shaw have used 

this technique in [17] and [18] to derive conditions sufficient to 

guarantee that the spectrum for certain self adjoint operators is 

absolutely continuous. 

These techniques are certainly nontrivial. The difficulty in 

application comes in the necessity for asymptotic information about 

solutions. For general systems like (0.10) this may be difficult and 

in many cases perhaps impossible to come by. Even for perturbations 

of constant coefficient equations there is no general theory to cover 

the case of multiple eigenvalues of the constant coefficient 

equations. 
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Recently, Atkinson [3] has shown for the limit point case of 

(0.16) that, for A restricted to an interval (A^, A^)c IR, certain 

limited asymptotic behavior of (j)(x. A) is sufficient to guarantee 

that p(A) is continuously differentiable with positive derivative 

over (A-j, . Specifically he shows that 

Theorem: Assume for (0.16) that over (a, b) 

1. p ^(x), q(x), w(x) are real and locally integrable over 

(a, b) ; 

2. w(x)^0 , w > 0 in some right hand neighborhood of a 

(or for sufficiently large x < 0 if a = -<») ; 

3. (0.16) is limit circle at x = a ; 

4. (0.16) is limit point at x = b ; 

5. u, V are real solutions of (0.16) for A = 0 , such that 

p(u'v - uv') = 1 ; 

6. y(x. A) is a solution of (0.16) such that p(yv' - y'v) -»■ 0 , 

p(yu' - y'u) ^1 as x ^ a ; 

7. For some A interval (A^, A^) and x-interval (x^^, b) 
there are positive functions K(x, A) and a(A) such that 

as X b , 

K(x, A) y^(x. A) + K"^(x, A) p^(x) y'^(x. A) a(A) (0.17) 

8. a(A) € C(A^, A^) and on every compact subinterval of (A^, A2) 
In K(x, A) is continuous in A , uniformly so as x ^ b , 

then p(A) is continuously differentiable in (A^ A2) , and in this 
interval p'(A) = {it a(A)}~^ . 
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If a > , and a is a regular point for (0.16) , then the 

requirements (5) and (6) may be replaced by boundary conditions of the 

usual kind for y and py' at x = a . 

Atkinson points out that by being able to hypothesize limit 

pointness rather than having to specify conditions guaranteeing limit 

pointness of (0.16), one gains some freedom of choice among the 

various asymptotic techniques available for second order equations. 

By requiring asymptotic information for an energy-like functional 

(0.17), rather than for the solutions y(x, X) themselves, one seems 

to gain some additional freedom. This would be helpful in an extension 

of this procedure to systems of the form (0.10). 

It should be noted that this result is stated for (0.16) with 2 

singular endpoints a and b . In what follows we shall be interested 

in that case where x = a is regular and b = <» . 

In what follows, we shall consider Hamiltonian systems of the 

form (0.10) defined on the half line [a, «>) , where x = a is assumed 

"O -I 
to be regular and J is taken to be We will be interested 

-In 0 

in those systems which satisfy a limit point condition at infinity. 

In the Appendix, as mentioned earlier, an analog of the Pick-

Nevanlinna representation (0.7) is presented for matrix valued functions 

which are analytic in the upper half complex plane and whose imaginary 

parts are nonnegative definite in this half plane. This affords a 

representation for the M(X) function of the system under consi 

deration, And in particular, there is an associated nondecreasing 

matrix valued function p(X) . It is this function, p(X) , that is 

our immediate interest in Chapters 1, 2, and 3 . 



n 

In Chapter 1, for the Hamiltonian system just described, two 

results are developed for this half line problem that are similar to 

the just stated result of Atkinson. In Theorem 1.1, sufficient condi 

tions are given on a functional analogous to (0.17) which guarantee 

that p(A) is absolutely continuous in an interval (A^, , in the 

sense that all entries of p(X) are absolutely continuous on (A^, K^) . 

In Theorem 1.2 an analog of Atkinson's result is stated in which 

conditions are given on a functional like (0.17) sufficient to guaran 

tee that p'(A) = TT~^ a(X) a.e. on (Aj, A^) where a(X) is a 
positive matrix valued function given at the outset. 

It should be noted that the system under consideratation requires 

only that A(x) be nonnegative definite and not of the specific form 

that Hinton and Shaw considered in [16] . 

The following two chapters consider applications of the results 

of Chapter 1 to examples of (0.10) . In particular we see that a 

technique used by Atkinson and more elementary than the asymptotic 

technique of Hinton and Shaw [17], [18] is useful in deriving con 

ditions which guarantee the existence of absolutely continuous spectrum. 

In the last chapter we derive first order asymptotics for the 

M(A) function for a specific example of a Hamiltonian system (0.10) 

with coupling terms present and minimal restrictions on these terms. 

The technique used here has also been used by Hinton and Shaw [17] 

in their treatment of the scalar fourth order equation 

+ q(x)y = Ay for 0 £ x < <» . 

Aside from the intrinsic interest in generating asymptotics for 

M(A) functions, Atkinson [4] has shown for the scalar second order 
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operator that better asymptotic estimates of the M(A)-function can 

lead to approximations of the spectral density. Viewed in this context, 

the fourth chapter is perhaps a first step down a different road whose 

goal is a description of the spectral density for systems. 
* 

In the Appendix, A , where A is a matrix, is defined. Also 

defined are the following terms for matrix valued functions: nonnegative 

definite; nondecreasing; absolutely continuous; bounded variation; 

analytic; real and imaginary parts. In addition, presented in brief 

is the analog of the Pick-Nevanlinna representation theorem for analytic 

functions [1, p. 7] . 
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CHAPTER 1 

ABSOLUTE CONTINUITY. AND CONTINUOUS DIFFERENTIABILITY 

OF p(A) FOR A HAMILTONIAN SYSTEM 

Consider the system of ordinary differential equations 

Jy'{x) = [XA(x) + B(x)]y(x) , a < X < oo . (1.1) 

Here y(x) is a 2n x 1 vector, A is a complex scalar, J is 

0 -I 

the matrix , where I^ is the n x n identity, and 
I 0 
n 

A(x) and B(x) are x 2n hermitian matrices with entries locally 

integrable on the given interval. It is further assumed that A(x) 

is non-negative definite, denoted A(x)^0 , and that for any nontrivial 

solution vector y(x) of (1.1) 

rb * 
y (x) A(x) y(x) dx > 0 (1.2) 

ycfor all b > a , where y is the conjugate transpose of y 

First, we consider a regular boundary value problem examined 

by Atkinson in [2]. On the finite interval [a, b] , the equation 

in (1.1) is taken together with the separated boundary conditions 

y(a) = Fv , y(b) = Gv . (1.3) 



 
�

14 

Here v is some 2n x 1 vector while F and G are square matrices. 

Further, it is assumed that 

F* JF = G* JG (1.4) 

and that 

Fv = Gv = 0 implies v = 0 . (1.5) 

The symmetry condition (1.4) implies that the eigenvalues are real. 

In [13], [14] and [15] Hinton and Shaw, for a regular boundary 

value problem of type (1.1)-(1.5), develop the notion of a Titchmarsh-

Weyl M(X) -function. It is an analog of the scalar-valued M(A)-

function whose analytic properties as a function of X were first 

examined by Titchmarsh [22]. Geometric properties of M(X) , a 

function dependent upon the boundary conditions and endpoints, were 

first noted by Weyl [27]. A discussion of these matters for the scalar 

second order case can be found in Chapter 9 of Coddington and Levinson 

[8] . 

In [14] boundary conditions of type (1.3) are considered where 

specifically. 

0 a. 0^2 
F = G = (1.6) 

■a^ 

given the n x n matrices a^- and S^- such that 

rank[a.], a2] = rank[3.|, 62] = " > and where it is also assumed that 
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a-ja-j + a2Qi'2 9 Ot-j Ct^ 
* 

"" 
* 

9 (1.7) 

3] 3] 3232 (1.8)'n 1 ®1®2 ° ®2®1 

Note: In the future the regular self-adjoint boundary value problem 

defined by (1.1)-(1.8) will be referred to as (R) . 

Y(x, X) is a 2n X 2n fundamental matrix of solutions of (1.1) . 

This matrix is taken to be partitioned into n x n blocks 

0(x, X) (})(x, X) 

Y(x, X) = (1.9) 

0(x, X) $(x, X) 

where 

a.| 

Y(a, X) = * ■* (1.10) 
ao 0.1 

For the boundary value problem (R) , Hinton and Shaw define 

the function 

M(X, b) - M(X, b, 3.| , ^29 a.j, a2) 

= -[3T(f)(b, X) + 62 ^(b, X)]"^[3^0(b, X) + B29(b, X)] (1 .11) 

where 6.j(t)(b, X) + 62$(b» -) is singular precisely for the eigenvalues 
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of (R) . It is this n ^ n matrix-valued function M(A, b) which 

is called the Titchmarsh-Weyl M(X) , or just M-function. 

Note that when the M-function does exist, it is a matrix whose 

entries are meromorphic functions of X since 9, 0, cp, $ are all 

n X n matrices whose entries are analytic functions of X . One can 

show that the singularities of the entries of M(X, b) occur pre 

cisely at eigenvalues of (R) [14] . 

Definition: We define the real and imaginary parts of a matrix A 

as follows: 

Re A = 1[A + A ]; Im A = -^[A - A ] 

We note two things about this definition. First, in general, 

these matrices do not consist of the real and imaginary parts of the 

entries of A . Second, the entries are not, in general, real valued. 

We shall now consider a regular boundary value problem related 

to (R) . 

Note: In the future, (B) will refer to the boundary value problem 

on [a, b] defined by the equation in (1.1) and conditions (1.2), 

(1.3), (1.5)-(1.7), where = I^ , $2 = S , and 3 is an n x p 

matrix. 

For boundary value problem (B) , G = 
6 

-I 
n 

0 

0 

and because 

of this. 
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* 
■3-]S2 323-1 

G JG = 

0 

* 

-3 + 3 0" 

0 0 

-2i Im 3 

Now, as a-j and satisfy (1.7) we note also that F JF = 0 . 
As a consequence, if Im g ^ 0 then (1.4) will no longer hold since 

0 = F 
* 

JF ^ G 
* 

JG . Furthermore, (1.8) will not hold, since 

6,e; t ' I„ + i* I„ . 

and 

®1^2 " ^2^1 " Im 3 J' 0 . 

For boundary value problems of this type, we would like to be 

able to define and examine a function analogous to the M-function 

defined for (R) . We would like to let 

M(A, b, 3) = -[(f)(b, X) + B$(b, A)]""" [0(b, A) + 30(b, A)] 



�  
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However, we need to know the nature of the singularities of the matrix 

ct)(b, X) + 8$(b, X) . For (R) , the demonstration that the singular 

ities of 6it|)(b, X) + coincide with the eigenvalues of 

(R) relies upon that part of (1.8) which states that 3-]82 - 32^1 
-k 

~ ^' 
1 

roAs we have seen, this 
P
will not be the case when Im 3 0 ; thus we 

show 

Lemma 1.1: The n x n matrix (})(b, X) + 3$(b, X) is singular 

if and only if X is an eigenvalue of (B) . 

Proof: Let X be an eigenvalue of (B) and y(x, X) = 

"v-i 
Y(x, X) '1 a corresponding eigenfunction. To be an eigenfunction 

w,"
'1 

means that there is a vector w such that. 
w. 

y(a,X) = Y(a, X) 

~* * 

ai ^1 ^2 
* * 

+ a,a2 ^1 ^2 

and by (1.3) that 

0-2
* 

W2 

y(a, X) = Fw = 
* 

W2""1 

Thus 
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« « 7* TV TV TV 

(a-jai + a2a2)Vi + (a2ai - aia2)v2 = (aia2 - a2ai)w2 

and so by (1.7) 

In V, + 0 Vj = 0 wj 

Consequently, 

y(x, X) = Y(x, X) 

By (1.3) it now follows that 

ct>(tx, X) 

y(b, X) = 

i(b, X) 

B w 

= G w = 

-w. 

_'2_ 

X-e-
1
 

1
 

<-e-Xr-< 
1
 

0
 

1
 

and that 

[(})(b, X) + 3j(b, X)]V2 = Bw^ - Bw-j = 0 . 

Again, V2 0 since y(x, X) is nontrivial; thus we see that 

c{)(b, X) + B(}'(b, X) is singular. 
/s 

Suppose that (l)(b, X) + B(j)(b, X) is singular; that is, there 

is an n X 1 vector w / 0 such that C(()(b, X) + B$(b, X)]w = 0 
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and hence that (})(b, X)w = -34>(b, A)w . It follows that 

Xx, X) 
y(x. A) = w will be an eigenfunction of (B) because. 

A) 

4)(a, A) -a 

y{a. A) = w = w 
ai(a. A) 

0 a<-

0 -a-, -w 

while 

(})(b. A) ■6$(b, A) 
y(b. A) = w = w 

i(b. A) J(b, A) 

3 0 -$(b, a) w 

-I 0 

^(x, xT 

Thus, y(x. A) = w satisfies the boundary conditions 

J)(x, A)_ 
y(a. A) = Fv and y(b. A) = Gv when 

-())(b, A)w 
V = 

-w 

With the exception of the eigenvalues of (B) the matrix 

(})(b, a) + 3$(b, A) is nonsingular; hence with the exception of these 

values we may define 
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M(X, b) = M(X, b, B) = M(A, b, B, a-,, a2) 

= -[(})(b, A) + B$(b, A)]"^ [0(b, A) + Be(b, A)] . (1.12) 

As before, M(A, b) is an n x n matrix-valued function whose entries 

are meromorphic functions in terms of A . The set of singularities 

of these entries is contained in the set of eigenvalues of (B) . 

In what follows, we shall want to consider the boundary value 

problem (B) and the associated M-function where Im B ̂ 0 . 

Leimia 1.2: If Im B > 0 , and A is an eigenvalue for the boundary 

value problem (B) , then Im A £ 0 . 

Proof: One can show that if y(x) and z(x) are solutions of (1.1) 

then 

[y (x) Jz(x)]' = (A - A) y (x) A(x) z(x) . (1.13) 

Suppose that y(x) is an eigenfunction of (B) . Then by (1.13), 

y*(b) Jy(b) - y*(a) Jy(a) 

= 2i Im A y (x) A(x) y(x) dx ; (1.14) 

By (1.3) there is a 2n x 1 vector v such that 

V G JGv - V F JFv = 2i Im A y (x) A(x)y(x) dx 
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•k k 
-2i ItnG 0 

It has been noted that F JF = 0 and that G JG = 

0 0 J 

so that if V = where v^. is an n x l vector; then, 

-2i Im3 0* * fb * 
[v^, v^] = 2i Im X y (x) A(x)y(x) dx 

0 0. a-^2-

Consequently, 

-v^ Itn 3 V-] = Im X y (x) A(x) y(x) dx . 

Neither v-] nor can be 0 ; otherwise, either y(a) or 

y(b) = 0 with the result that y(x) = 0 . Since (1.2) holds for all 

nontrivial solutions of (1.1) and because Im 3^ 0 > it follows that 

Im X £ 0 . Note also that if Im 3 > 0 then it follows that 

Im X < 0 . 

We now examine the imaginary part of those matrix-valued functions 

M(X, b, 3) tor (B) when Im 3 > 0 . 

Lemma 1.3: For the boundary value problem (B) in which Im 3 > 0 , 

the imaginary part of M(X, b, 3) is nonnegative definite for those 

values of X where Im X £ 0 and X is not an eigenvalue. 

Proof: If X(x, X) is a 2n x k matrix of solutions of (1.1), then 

(1.14) can be extended to read 
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X*(b, X) JX(b, X) - X*(a, X) JX(a, X) 

= 2i Im X X (x, X) A(x) X(x,' X) dx , (1.15) 

where the last integral is the matrix composed of the integrals of the 
rb * 

entries of X (x, X) A(x) X(x, X) . By (1.2) the matrix X A X 

is positive definite for each X(x, X) with nontrivial columns. 

Now let M be an arbitrary n x n matrix and let 

I" 0(x, X) + ({>(x, X) M' 
X(x, X) = Y(x, X) 

M 0(x, X) + i(x, X) M 

For each X(x, X) , 

r r 

X (a, X) JX(a, X) Y (a, X) J Y(a, X) 
M M 

r 

= [I, M ]J = M - M 

M 

= -2i Im M . 

If M = M(X, b, 3)= -[(()(b, X) + 3$(.b, X)]"^ [0(b, X) + 30(b, X)] 

then 

0(b, X) + (j)(b, X) M = -3[0(b, X) + $(b, X)M], 

and we find that 



 

 

�
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X (b, X) J X(b, X) = 

e(b, X) + (()(b, X) M" 0(b, X) + X) M" 

0(b, X) + i{b, X) M 0(b, X) + J(b, X) M 

0(b, X) + $(b, X) M -e{0(b, X) + $(b, X) M) 

3(0(b, X) + J(b, X) M) 0(b, X) + $(b, X) 

.* . * 

= [0(b, X) + (})(b, X) M] (6 - 3) [0(b, X) + (j)(b, X) M] 

= -2i[0(b, X) + (})(b, X) M] (Im 3) [0(b, X) + i(b, X)M] 

Thus when M = M(X, b, 3) » (1.15) can be written as 

Im M = [0(b, X) + (p{h, X)M] (Im 3) [0(b, X) + $(b, X) M] 

rb ^ 

+ Im X X (x, X) A(x) X(x, X) dx (1.16) 

and the result follows. 

From (1.16), if Im X > 0 , then Im M(X, b, 3) > 0 , that is 

positive definite, when either Im X > 0 , or Im 3 > 0 . 

Lemma 1.4: If X € IR and Im 3 > 0 then Im M(x, b, 3) is 

^ T ^ "it 1 

{<t> (b, X)(Im 3)' (l)(b, X) + J (b, x) 3 (Im 3) 3$(b, X) 

- 4 Im [(})*(b, X) (3 - 3*)"^ 3$(b, X)]}"^ . (1.17) 
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Proof: When IR (1.15) becomes 

X*(x, X) J X(x, X)-X*(a, X) J X(a, X) = 0 

and if X(x, X) = Y(x, X) then 

c1—1 
Y (x, X) J Y(x, X) - J =e-- 0 

*&->-
1 

II 

1 

<-e-
or DC 

y\'k 

-00 0 (}) - 0 -■n' 
ie^ 

- ({) 0 i - 0 

with the resulting identities: 

) (x, X) e(x, X) - 0 (x, X) 0(x, x) = 

$ (x, X) (t)(x, X) - (}) (x, X) (l)(x, X) = 0 

$ (x, x) 0(x, X) - t (x, X) 0(x, X) = 

0 (x, X) $(x, X) - 0 (x, X) (j)(x, X) = r . (1.18) 

Now since -JY (x, X) JY(x, X) = l2^, we have that 
'JY(x, X) JY * (x, X) = l2^ with the resulting identities. 
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(()(x, X) e (x, X) - 0(x, X) (f) (x, X) 

y*v ^ ^ 

= $(x, X) 0 (x, X) - 6(x, X) $ (x, X) = 0 

$(x, X) 0 (x, X) - 0(x, X) (x, X) 

= 0(x, X) (p (x, X) - <})(x, X) 0 (x, X) = I (1.19)' 

For simplicity we drop the notation of dependence upon b and 

X in what follows. M is now the M(X)- function. 

M = M(X, b, 6) = -[cj) + 3$]""' [0 + 30] . 

* _ '^..-l * * -N* * 
M - M =-[(}) + 3(j)] [0 + Be] + [0 + 0 3 ][<!) + cj) 3] 

= + 3j]"''{[e + 3e][(|)* + $V] 
^ * -l 

- [(f) + 3(j)][0 + 0 3 ]} [(f) + (f) 3] 

,-l .* * * * .* * 

- -[(}) + B$] {0(f! - 0$ 3 + 36(f) + 30$ 3 - (f)0 - (f)§ 3 

^ *, r * *t1 
- 3(f)0 - 3(f)e 3 } [(f) + (f) 3] 

= -[(f) + 3$]'^{(0(f)* - (f)0*) + 3(0(f)* - $0*) 

+ (0(f) - (f)0 )3 + 3(0(f) - (f)0 )3 }[(f) + (f) 3] . 

By the identities in (1.19) the last expression becomes 

M - - -[(j) + 3$] ̂  (0-3 + 3 +0} [(() + (f) 3] ^ 

= {[(f)* + $*3*](3 - 3*)"^ [(f) + 3$]}"^ 
*^_1 - _i{(f)*(3 - 3*)"% + $*3*(3 - 3*)'V$ + 2i Im ({)*(3 3 ) 3(f)} 
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and from this the conclusion follows upon division by 2i . 

As a special case of this last result, let K be an n n 

positive definite matrix, and let 3 = i K . Then 

Ini 3= -^[3-3]= -|[K + K]= K . The last equality follows 
because a positive definite matrix is hermitian. In this case, (1.16) 

becomes 

Im M(a, b, 3) = {(j)*(b, x) K"%(b, x) + $*(b, x) Ki(b, x) 

- 2 Im (j) (b, x) $(b, x)}-1 

By the identities (1.18), we find that 

'ic *ic "k 

2i Im (}) $ = (j) $'-$ (}) = 0 

and hence,for 3 = iK , K > 0 and X S ir, that 

Im M(X, b, 3) = {<|)*(b, X) K"^ 4)(b, X) + 

+ t*(b, X) K$(b, X)}""" (1.20) 

Consider M(X, b, 3) of (1.12) as a function of b . Since 

A(x) and B(x) in (1.1) are locally integrable for x > a , the 

fundamental solution (1.9) exists for all x ^ a ; and thus by Lemma 

1.1, M(X, b, 3) exists, except when X is an eigenvalue, for all 

b > a . As a result of Lemma 1.2, the eigenvalues of (B) are in 

the lower half complex plane when Im 3 > 0 . Thus M(X, b, 3) 

is defined for all b > a when Im X > 0 and Im S > 0 Now with 

in the proof of Lemma 1 .3 it was when Tm <5 -- o = M(>. b, , 
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and X(x, A) = Y(x, A) , that 

X (b, A)(.i J) x(b. A) = 

= -2[9(b, A) + (J)(b, A)M] (Im 3)[0(b, A) + $(b, A)M] . (1.21) 

It is necessary to show when A , with Im A > 0 , is restricted 

to a compact set, that the entries of M(A, b, 6) in (1.12) are 

bounded for b > a . Furthermore, when the system (1.1) is of a 

particular type we want to show that as b tends to infinity, 

M(A, b, 6) converges, for A with Im A > 0 , to an analytic matrix 

valued function of A . To do this, we need to use the geometric 

properties of matrix circles as developed in [6], [13], [14], [23] . 

In [14], a function E is defined upon the set of n x n 

complex matrices M where X(b, A) = Y(b, A) I 
and 

M 

X (b. A) (-iJ) X(b, a) , Im A > 0 

E(M) = ( (1.22) 

X (b, a) (iJ) X(b, x) , Im X < 0 . 

Now for (B) with Im 6 > 0 and Im x > 0 we can see by (1.21) that 

E(M(A, b, 6)) < 0 

Matrices which satisfy the inequality E(M) <_ 0 are examined in 

[6], [14], and [23] . 
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In connection with the function E is defined the matrix 

~d '-i Y*(b, X) J Y(b, X) ; Im X > 0 

= < (1.23) 

i Y (b, X) J Y(b, X) , Im X < 0 .J ̂  _ 

where d » Sj and ^ are n x n matrices. From this definition we see 

that 

'd S I 

E(M) = [I, M ] 

It was proved in [14] that 

E(M) = i 

= (M - O* R^^(M - C) - R2 (1.24) 

where 

c = c(b, A) = -2r^$ 

= R-,(b, X) (1.25) 

d]-1/2R2 = X) = ^ -

and further noted that 
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* i <P 
S = 2\lm \\ A(x) , dx ; 

'P <t> 

that 

*{b, X)^'Ub, X)^(b, X) -^(b, X) =^'Ub, X) ; 

and as a consequence that 

R^(b, X) = R^lb, I) . 

Notice that the matrices in (1.23) and hence in (1,25) are in 

dependent of the boundary condition at x = b . There is dependence 

upon the boundary condition at x = a , however, because Y(x, X) 

depends upon this condition. 

It is shown in [14] that an n x n matrix M satisfies 

E(M) =0 if and only if 

-1M = -[6^ <^(b, X) + 62())(b, X)]"' [3^0(b, X) + 629(b, X)] . 

That is, M is the M(X) function (1.11) for some [6^, ̂ >2^ 

associated with a boundary value problem of type (R) on [a, b]. 

By (1.24), the equation E(M) * 0 is equivalent to 

[R{\m - C) R^^]* [R-\m - C) R"^] = (1.26) 

This is equivalent to saying that R^^(M - C) R^^ is a unitary matrix. 
As a consequence, those M satisfying the equation E(M) = 0 can be 

identified with the set of unitary matrices by means of the equation 
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C + UR2 , (1.27: 

where U is some unitary matrix. And so by this same equation, 

there is an identification between the M-functions associated with 

the boundary value problems (R) and the set of unitary matrices. 

The locus of these matrices is referred to as the "matrix circle". 

Now for fixed b and X where Im X j" 0 , elements of the set 

S(b, X) = {M: E(M) < 0} 

can, by (1.24), be identified with matrices V such that 0 £ V V _< 

This identification is described by M = C + R.| V R2 . Furthermore, 

when Im X / 0 , the matrices C(b, X) and R^(b, X) are constant. 

The elements of the matrices V , where 0 < V < I , are bounded as 
2 " 

elements of (E since 

" = [V*V], < 1 
k=l 

for all values of i . Thus for fixed b and X , the elements of 
n2 

S(b, X) form a compact set in (E 

If we fix b and allow X to vary with Im X ^ 0, we note that 

R^. and C depend continuously upon X . As a result, the set 

S(b, X) depends continuously upon X . Thus for a compact set 

in the upper half of I , U S(b, X) is a bounded set in (E . Thus 
xe^ 

M(X, b, 3) , defined by (1.12), has entries bounded uniformly for 

X G 3! . 
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Recalling (1.15) and (1.22), we see that 

E(M) = -i(sgn(Itn X)) X (b, X) J X(b, X) 

= -i sgn(Im X) X (a, X) J X(a, X) + 2ilm X|[ X* AX . 
•'a 

From this, it can be observed that if E(M) < 0 when b is the 

upper limit of integration, then E(M) < 0 for any b.| , such that 

a < b.| £ b . And so we see that 

S(b, X)c S(b^, X) 

for all b > b.| . That is, for fixed X , Im X / 0 , the sets 

3^b, >) are "nested" as b increases. 

From the relations for 21 , Ry and R2 in (1.25), we see that 

as b increases, 2 increases, and hence that Ri(b, x) and 

R2(b, X) decrease. It is pointed out in [14] that there is a 

sequence {b^} , b^ -»■ <» , such that R.| and R2 decrease to non-
negative definite limits. Further, it can be shown that C(b, x) 

also has a limit [6], [23] . 
Let 

N(X) = dim{y(x, X) satisfying (1.1) 

y A(x) y dx < 

then N(X) is constant in Im X > 0 and in Im X < 0 [21 ] . 

When N(i) = N(-i) = n , we say that (1.1) is limit point. In 

[14] it is shown that in the limit point case, both R-] (b, X) and 
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tend to 0 as b tends to «> . Thus for those systems 

(1.1) which are limit point, the sets S(b, X) , for fixed X 

with Im A ^ 0 , collapse to the limiting value of C(b, X) as 

b tends to <» . This limiting matrix we denote by M^(X) . 

One can now see that, for the boundary value problem (B) 

defined for those 3 where Im 310 and for those X such that 

Im X > 0 , the M-function M(X, b,3) satisfies E(M(X, b, 3)) < 0 

and hence that M(X, b, 3) is an element of S(b, X) . Our previous 

comments show that M(X, b, 3) is forced to converge to M^(x) by 

the collapse of S(b, X) when (1.1) is limit point. 

In the limit point case, as b tends to infinity, the entries 

of M(X, b, 3) will converge pointwise to the entries of M (X) 
00^ ' 

for X € . By a standard theorem in complex function theory, we 

may conclude that the entries of M^(X) are analytic functions for 

Im X > 0 . Furthermore, by the remark following Lemma 1 .3, we note 

Im M(x, b, 3) > 0 when Im 3 > 0 and hence that Im M (X) > 0 
CO ̂  ' 

for Im X > 0 . Consequently, both M(X, b, 3) and M (x) 
CO 

are 

matrix valued functions of Pick-Nevaniinna type. 

By Theorem A.4 and equation (A.8) of the Appendix there is a 

unique nondecreasing matrix valued measure p(y, b, 3) as well as 

hermitian matrices A(b, 3) , B(b, 3) where B(b, 3) > 0 such 

that for X , with Im X > 0 , 

M(X, b, 3) = A(b, 3) + X B(b, 3) 

2") dp(y, b, 3) (1.28)
'y - X 

1 + y 
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The last integral is defined to be 

1 im 2) dp(y, b, a) 
c,dx» -C ^ ^ 1 + y 

As A, B are hermitian and p(y) is nondecreasing it foil 
lows that 

Itn M(X, b, B) = (Im X) B(b, 3) 

Im X 2 dp(y, b, 3) (1.29) 
!ij -^1 

It has already been noted that when Im 3 > 0 , M(X, b, 3) 

has analytic entries with singularities in the lower open half of (C 

Thus in this case, M(X, b, 3) is analytic for X € IR. By an exten 

sion to the case of matrices of a standard argument involving the 

Stieltjes Inversion formula [8 , p. 239] , we can show that for such 

3 , 

■1
p(4, b, 3) - p(y, b, 3) Im M(5, b, 3) df . 

Since M(5, b, 3) is continuous for all ^ € IR , it follows that 

p' (y, b, 3) = tt""' Im M(y, b, 3) . (1 .30) 

If we take X = i, then (1.29) becomes 

ImM(i, b, 3) = B(b, 3) + 2 dp(y, b, 3) . (1.31) 
1 + y 

Because B(b, 3) > 0 it follows that 
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0 < 2 dp(5, b, 3)£ Im M(i, b, 3) (1.32)
J -CX) 1 + C 

We have noted that S(b, i) is a bounded set, and that as b ~ 

these sets nest. It has also been noted that when Im 3 > 0 , 

M(1, b, 3) € S(b, 1) . Thus the entries of M(i, b, 3) possess a 

uniform bound as b -> <» . 

Lemma 1.5: Let {b^, 3^} be a sequence where b^ € ]R> and ^ 

as n ^ 00 , and where 3^ is an n x n matrix such that 

Im 3^ > 0 . Let Pp(y) = p(y» b^, 3^^) be the measure defined in 

(1.28) and equation (A.8) of the Appendix. Given that the system 

(1.1) is limit point, there are constant n x n hermitian matrices 

d and ^ ^0 , a nondecreasing matrix valued function p(y) , 

and a subsequence {p (y)} such that p (y) converges pointwise on 
"k "k 

IR to p(y)*, and for A with Im A > 0 , 

M^(A) = lim M(A, b . 3 )
n,^^ "k "k 

d + A^ + (1.33)
'y - A 2) bp(y) . 

1 + y 

Proof. In the remark following (1.31) it was noted that the nesting 

property of the sets S(b, A) implied that there was a bound for 

the elements of the matrices M(i, b , 3 ) and hence of 
n n 

Im M(i, b^, 3^) . By (1.28) we note that the elements of the matrices 

A(b^, 3^) and B(b^, 3^) must also be bounded. Thus from the 

sequence {b , 3 } there is a subsequence {b , 3 i and a 
"k "k 

pair of hermitian matrices A and B where B > 0 such that 
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lim A(b , )= A 
k k 

and 

lim B(b , 6 ) = B . 
k k 

From this point, we work with the subsequence which without loss of 

generality we denote by {b^, 6^} . 

Let p(y, b^, B^) be the unique nondecreasing matrix valued 

function described in (1.28) . Let 

f^(y, b^, B^) = 2 dp(5, b^, B^) ; (1.34) 
-00 1 + 5 

f2(y, b^, B^) is thus the unique nondecreasing matrix valued function 

associated with the representation of M(a, b^, B^) as described in 

Theorem A.4 and equation (A.7) of the appendix. 

This collection {J2(y, b^, B^)} is a family of left continuous, 

nondecreasing, matrix valued function defined on all of IR and at 

±00 as well. Specifically, 

B^) = 0 

and 
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b^, 6^) = lim b , 3 ) 
y-xx> 

= -B(b^, 3^) + Im M(i, b^, 3^) ; 

the last equality following from (1.31) and (1.34). The inequality 

(1.32) shows that this family of nondecreasing functions is uniformly 

bounded, and thus of uniform bounded variation. 

By Lemma A.2 of the Appendix we know that there is a nonnegative 

definite, nondecreasing matrix valued function f2(y) and a sub 

sequence {b . 3„ } of the subsequence {b , 3 } such that 
"k "k " " 

^(y, b , 3„ ) converges pointwise on IR , as well as at ±=0 to 
"k _ k 

f^(y) . This function J^(y) will share the same bound on its 

variation as on the family {S^(y, b^, 3^)} . 

From this point on, we shall work with this latest subsequence. 

Again without loss of generality»- we denote the subsequence by 

{S7(y, b^, 3^)} . 

We next define p(y) up to a constant by 

dJ2(y) = p dp(y) , (1.35) 
1 + y'^ 

where J2(y) is the limit, just described, of the subsequence 

{J2(y, b^, 3j^)} . We thus have the relation 

dfi(y, b , 3 )
n' 

1 + y 
u - A n y - A TTT' "n-

where the improper integrals are defined as in (1.28) 
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To what does "* d<^(y, b^, 6^) converge? 
To answer this, first note that the function "* is continuous 

y - A 

and bounded on ]R since we are assuming that Im A > 0 . Further 

note that as y ±0° this function tends to X as a limit. Now 

since is bounded and fi(X) is of bounded variation, the 
r* 

improper integrals 

1 + yX 
dfi(y) = ) dp(y)U - X 'y - X 1 . 2 

1 + y 

exist and are defined as those in (1.28) . This observation together 

with our earlier observations about the family {J2(y, b^, g^)} shows 

that the hypotheses of Theorem A.2 of the Appendix are satisfied. 

As a consequence, we have that for the final subsequence chosen, 

M(X. b„, B„) = A(b„. B„) + xB(b„, 6„) 

^co _ 

f b„, B„) 

converges, as n , to 

A + X(B + a + g) + (1.36) 
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where 

a = Q.i'") - f2(<=°~) , 6 = - J2(-a') , 

Q{<=° ) = lim Q(y) , and = lim S^(y) . Note that as fi(y) is 
y-XX) y->00 

nondecreasing, a and 3 are nonnegative definite. And so from 

our definition of p(y) , (1.36) is equivalent to 

r°° 1 
A + X(B + a + 6) + I (- r - — dp(y) . (1.37)

^ ^ 1 - y^ 

At the same time, we know that because of the limit point hypo 

thesis, M(a, b^, 6^) converges M^(A) . Thus (1.37), with d = A 

and S = B + a+ 6 > isa Pick-Nevanlinna representation for M^(A) . 

By Theorem A.4 and equation (A.8) of the appendix, while J2(y) 

and p(y) might not be the unique measures described in that theorem 

nevertheless the measures are essentially unique in that all such 

measures have, on ]R , the same sets of points of continuity, and all 

such measures differ by at most a constant matrix on the set of points 

of continuity. We shall use the fact that p(y) and fi(y) are the 

pointwise limits of the subsequences {p(y, b^, 6^)} and 

{^^(y. b^, 6^)} . 

Definition: Let {K^(C)} be a family of n x n matrix valued 

functions all of which are positive definite for ^ (A-]. A2) ; let 

(J)(x, C) and $(x, c) be the n x n blocks of the fundamental 

matrix defined in (1.9) . Then define 
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Jjy. K) = J(x . y, a = 0"(x . y) K"''(C) (l)(x . y) 

+ (x^, y) K^(C) $(x^, y) 

Theorem 1.1: Assume that system (1.1) is limit point. Let {K^(y)} 

be a family of n x n matrices which are positive definite on 

(A-j, A2) . Let {x^} be a sequence such that x^ -»■ 00 as n « 
Suppose that for each C € (A-] > A^) there is an interval A 

centered at ? and positive constants B-j , B^, such that for 
y € A , 

J(x^, y, y) > B.| I (1 .38) 

and 

.-1/2B2 I < K;""(y) K^(0 K-^/2(y) < B3 I (1.39) 

One can show that the measure p(y) in the Pick-Nevannlina 

representation of M^(X) will be absolutely continuous in (A.j , A2) 

Proof: Let ^ € (A.|, t^) . By our hypotheses there is a 
Ac (A.| , A^) centered at ^ , and positive constants B.| , B^ , B^ 
such that (1.38) and (1.39) hold. It is shown in Coppel ([9 , p. 41] 

that if A and B are matrices such that A > B > 0 , then 

6 ^ > A ^ > 0 . With this it follows from (1.39) that 

B2^ I > Ky^(y) k;;^(^) Ky^(y) >83^. 
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And so, there is a constant B > 0 such that for y € A 

Ky^(y) K"^?) Ky2(y) > 8 I 

and 

K"^/2(y) K (C) Ky2(y) >8 1 . 
n^"' n 

Now through this we see that 

<}) y) (t)(x^, y) = 

= y) Ky/yy)[Kyyy) Kyyy)]Ky/yy) c^(x^, y) 

^ Bcf) (x^, y) (y) (})(x^, y) . 

By similar reasoning, 

$ (x^, y) K(5) ̂ (x^, y)^ 8$ (x^, y) K^(y) $(Xp. y) 

Thus for y € A, 

Jn(y» ^ B J^(y, y) 

By our hypotheses. 

J^ly, C) > B 8^I for y € A 
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As a result. 

C)1 C I where C = (B B^)' (1.40) 

for y € A . 

Consider now the boundary value problem (B) with 

Bp = i '^p(?) • Then Im 3p = > 0 , and by (1.30) with 

Pp(y) = p(y. x^, Bp) we see that 

Pp(y) = Im M(y, x^, Bp) ; 

and by (1.20) that 

Pp(y) = ?) • 

By (1.40) this implies that for y € A , 

Pp(y)1 tt ^ C I . 

So for y2, y.| € A with y2 ̂ y.] > we see that 

01 Pn^P2^ " ^n^l^l)1 ^ ^(^2 " P] (1.41) 

It was observed in Lemma 1.5 that a subsequence of {pp(y)} 

can be found converging to p(y) on IR. As a consequence of 

(1.41) 
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0 £ pCy^) - p(yi) < C(y2 - y-j) I 

Thus p(y) is a nondecreasing matrix valued function satisfying a 

Lipschitz condition on A and is thus absolutely continuous on A 

and hence on (A^, A^) . 

Lemma 1.6: Let {K^(y)} be a family of n x n positive definite 

matrix valued functions. Let {K^^(y)} be equicontinuous on 
(A-j, A2) and assume that for each ^ € (A-j, A^) there is a positive 

constant B such that > B • I . Then given e > 0 , and 

? € (A-j j A2) , there is an interval A centered at C , such that 

for y € A 

(1 - £/B)I < K"^/^(y) KiO K"''/^(y) < (1 + e/B) I . (1.42)
n'"' n 

Proof: Given ? and B , choose e > 0 such that 1 > max{e, "I) > 0 

By equicontinuity there is an interval A centered at ^ such that 

;k;;'(p) - k-^oii < c 

for y € A , where is the operator norm. And so for y g A , 

-eI < < el , 

and hence 

■el + \cju) < K"Vy) < £ I + k;;^(c) 
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As a consequence. 

-£K^(C) + I < Ky2(C) K;;^y) < £ K^(C) + I . 

Now from the assumption that > B I it follows that 

0 < I , and for y€ A that 

0 < (1 - eB""")! < Ky^(C) Ky^(0 < (1 + eB""") I. (1.43) 

Let c-jCe) = 1 - £B ^ and C2(£) = 1 + eB'^ . Now, it follows from 
(1.43) that 

c^(£) K"^(U <'K"^y) < C2(£) K-^c) 

From the left hand inequality it follows that 

Ky^(y) K'^e) Ky2(y) < c"^(£) I 

and from the right hand inequality that 

C2^(£) I < Ky2(y) K;;^?) Ky2(y) 

From these last two inequalities it follows that for y € A 

C2(£) I > K^(?) K;;^/^(y) > c^ie) I • 
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Theorem 1.2: Assume that the system (1.1) is limit point. Let 

{K^(y)} be a family of positive definite n x n matrix valued 

functions satisfying the hypotheses of Lemma 1.6 . Suppose a(u) 

is an n X n positive definite matrix valued function whsoe entries 

are locally integrable on (A.|, A^) and {x^} is a sequence such 

that 00 as n ^ oo and such that Jp(y> y) converges to a(y) 

pointwise a.e. on (A.|, . If for each (A-j, A2) there is a 

positive constant B and an interval A centered at 5 such that 

J^(y> y) > B I for yG A , then the measure p(y) in the Pick-

Nevanlinna representation of M^(A) will be absolutely continuous on 

(A-j, A2) and 7T'(y) = tt ^ a(y) a.e. . 

Proof; Let ^ € (a.|, A2) . By Lemma 1.6 there is an interval A 

centered at 5 with Ac A , and constants B^ = B , B2 = c^(e) , 

B3 = C2(e) such that the hypotheses of Theorem 1.1 hold. As a result, 

we see that p(y) is absolutely continuous on (A-j, ; thus 

p'(y) exists a.e. on (A^j, A2) . 

As in Theorem 1.1 we let 6^ = i K^(5) and p^(y) = p(y, x^, 

And as noted there, as a result of Lemma 1.5 there is a subsequence 

of {pp(y)} converging to p(y) on IR. Now let [?, C + <5] A ; 

then 

C+6 
1im 

?+6
(y^ + 1) ̂  dp^(y) = (y"^ + 1 )'^ dp(y) 

n-w 

Let 
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C+6 ?+6 
E = 
n 

(y^ + 1) ̂  dp^(y) - + l)""" dp(y) . (1.44) 

Then lim = 0 . Next note that 
n-x» 

2 -1 ? 
0 < [(5 + 1) - (y + 1)] dp (y) 

? 

C+6 2 ^2 
yj - g dp„(y)

? (y'^ + DCr + l) " 

5+6 2 2 
(y - 5 ) dp (y) 

1[(? + 6)^ - 5^1 [p,(5 + 6) - p^(5)] 

In equation (1.41) of Theorem 1.1, it was shown that there is a 

positive constant C , independent of n , such that for 

y2' y-| € [?. C + 5]c A , with y^ < y^ , 

Pn(y2)" )1 ^ C(y2- y-i) I l it ^ C6 I 

Thus 

0 < 

5+6

[(5^ + 1)"'' - (p^ + 1)] dp^p) 

-1 o .2< [25 + 6] u"' C 6^ r= 0(6'') I . (1.45) 

Again, this bound is independent of n . Define 
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6 

6) = [(?^ + 1)"^ - (y^ + 1)""'] dp (y) >0 . 

By (1.45). 

01 B^(5, 6) < 0(6^). I (1.46) 

where the order of magnitude is independent of n . Now by a similar 

argument, if we define 

C+6 2 . .^-l / 2 , .x-1A(5, 6) = [(? +1) - (y + 1) ]dp(y) 

one can show that 

0 < A(C, 6) < 0(6^). I (1.47) 

Now from the definition of 6^(5, 6) , 

^"'"'5 P I 9 -1^ (y^ + 1)' dp^(y) = (r + 1) ' C+6
dp^(y) - B^(5, 6) 

C+6 

= (E^ + 1)"^ Pp(y) dy - B^(C» 6) 

^+<5 _i .1 
= + 1)"' 7T (y, C) dy - B^(5, 6) . (1.48) 

Similarly, 

^'''<5 ? _i 2 -1 ?+6 
(y + 1) dp(y) = (C + 1) dp(y) - A(^, 6) 
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= + 1)"^ [p(? + 6) - p(5)] - A(?, 6) . (1.49) 

Combining (1.44), (1.48), and (1.49), we see that 

p(C + 6) - pU) - (C + 1) A(?, 6) 

?+6 
= 7T 

-1 C) dy - (^^ + 1) B^(C, y) - (S^ + 1)E^ (1.50) 

Consider now that 

?+6 
(y, 6) dy = 

C+6 ?+6J^^(y, y) dy + [Jn^(y, ?) - Jjj"'(y» y)] dy (1.51) 

Next we examine Jp\y> 5) - d~^(y, y) • 
In Lemma 1.6 it was shown that if A and hence [C, ? + 6] 

are chosen to be sufficiently small, that there are constants 

Ci(e) < 1 and 02(2) > 1 that can be made arbitrarily close to 1 

such that 

C2(£) I > K"^/^(y) K^(C) K^^/^(y) > c^(£) I > 0 

As a consequence. 
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$ (Xpj y) Kp(?) y) 

1/2, mJ/2,= r(x„. y) Ky2(y)[K;;^'^(y)K„(5)K;"'(y)]K;"(y)$(x„,p); 

and hence that, 

^2(2) i y) K^(y) $(a^> y) 

1 4> y) tfiCXp' y) 

^ c-](£) (j) (x^, y) K^(y) 

By a similar argument one can show that 

c^^Ce) (|) (x^, y) K^^(y) <})(x^, y) 

> (x„, y) Kj; (C) <}>(Xn. y) 

C2^(e) (j) (x^, y) K^^(y) y) 

Hence for y € ^ +6 ], 

Di^e) Jp(y> y)^ -1 

-1where D^^(e) = max{c2(£)» c^'(e)} and D2'(e) = D^(e) . And thus 
for y € [?, C + 6] 

D2(e) Jp^(y' y)1 - ^1^^^ ' 
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and 

{D2(e) - 1) 

2. (D-j(e) - 1) Jp (y. y) 

And finally. 

llJn''(y. ?) - y)||lD2(e) HJ^Vy, y)I| 

where D^Ce) = max{|D^(e) - 1 ], |D2(e) - 1|} . From this definition 

note that D3(£) can be made arbitrarily small by choosing A small 

at the outset. 

From (1.50) and (1.51) it follows that 

?+6-1I I [p(C + 6) - p(c)] a(y) dy - (^ + 1) A(5, 6)| 

?+6_
-1 ,-l[J^ (y, y) - a(y)] dy 

1 5+6 .1 _i 
+ IT [dp (y> 5) - dp (y> y)] dy 

- (C^ + 1) B„(c. S) - (S^ + 1) EJ 

5+6 
< TT

-1 
(y, y) - a(y)|| dy + 

+ TT ^ 
5+6 

lldp^(y, y)|| dy 

+ (5^ + 1)||B^(5. 6)1 1 + + 1)||EJ (1.52) 
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On A and hence on [C, C + 6] , y)lllB"^ and 

) hence the last expression is less than or equal 
to 

TT 
-1 ?+6 

l^^(y> y) - a(y)ll dy + it""' 02(0) B"^5 

+ 0(6^) + (?^ + 1) IIEJI . (1.53) 

-1 . -1Over A , (y, y) is bounded. And as (y, y) converges to 

a(y) a.e., this means that a(y) is also bounded a.e. on A . By 

the dominated convergence theorem, 

?+6 
,-l

1 im TT 1^ (y, y) - a(y)|1 dy = 0 
n-^ 

Recall from the definition of E that 
n 

lim llE I I = 0 . 
n-K)o 

By taking the limit as n ^ 0° of both sides of the inequality formed 

by (1.52) and (1.53) we see that 

C+6 
-1

||[p(c + 6) - p(c)] - TT~ a(y) dy - (? + 1) A(C, 6)| 

< tt"^ 0^(0) B"^6 + 0(6^) (1.54) 

Recall by (1.47) that A(C, 6) is 0(6 ). Dividing both sides of 

(1.54) by 6 and taking the limsup as 6 f 0 of both sides yields 
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limsup|l6"^[p(? + 6) - p(0] - 6'^ 
5+6 

a(y) dy|l 
6+0 

£ TT ^ ^^(e) 

where D^Ce) can be made arbitrarily small by choosing A sufficiently 

small at the outset. Thus 

5+6 
limsup|l6 ^ [p(? + 6) - p(5)] - 6 a(y) dyII = 0 (1.55) 
6+0 

This does not say that p(y) is differentiable at C "» only that 

the difference of the ratios approaches 0 as 6^0 . We do know 

that p(y) is differentiable a.e. on (A^, . And since a(y) 

is locally integrable on (A-j, we also know that 

5+6 
1 im 7T~^ 6"^ a(y) dy = TT ^ a(5) (1.56) 
6fO 

for almost every 5 ̂ (A-j. A2) • A similar argument exists for 6 < 0 

Thus if 5 is an element of (A^, A^) for which (1.56) holds then 

(1.55) says that p'(5) = 
-1 

ct(C) . 

Note that if a(y) is continuous on (A.|, A^) then 

p'(y) = TT ^ a(y) for all y € (A-j, A2) ; that is, p(y) is 
C^(A.,, A^) . 
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CHAPTER 2 

ABSOLUTE CONTINUITY OF p(X) FOR 

TWO EXAMPLES OF SECOND ORDER SYSTEMS 

As an example of an application of Theorem 1.2 let us consider 

the following system: 

I 

y "1 0" ■vi + V2 + V3 0- ■y' 
X + 

■0 0- 0 I-_y' 

0^x<oo (2.1) 

or equivalently, with V = + V2 + > 

y" + (X + V)y = 0 , 0 £ X < <=° 

where y(x) is an n x 1 vector, v^.(x) are n x n matrices 

V. = V. , i = 1, 2, 3 (2.2) 

V2 is locally integrable on [0, 0°) (2.3) 

v-j is locally absolutely continuous on [0, 00) and 

lim v,(x) = 0 (2.4) 
X-H» 

V2(x), v.j (x) , V2(x) = I V2(s) ds are all L^[0, «>). (2.5) 

We shall show for the singular boundary value problem (S) formed 
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from this system that the spectrum is C for 0 < X < 0° ; discrete 

for X < 0 ; and that for the derivative of the spectral density, 

Xp'(^) . [p'(A)]^.^. is asymptotic, as X , to 
>-■ 

1 

[X^/^ 0*(0, X) $(0, X) + X'""/^ $'*(0, X) O'(0, X)].. 

where $(x, X) and $'(x, X) are blocks from the fundamental solution
X 

Y(x, X) described in Chapter 1. 
1l 

The first thing we must show, in order to apply Theorem 1,2, is 

that this system is limit point at infinity. A geometric character 

ization of limit pointness was mentioned in Chapter 1. An equivalent 

characterization of this property, as shown by Hinton and Shaw in [14], 

is that there are precisely n independent L (0, °°) solutions of 

(2.1)-(2.5) on [0, <») . 

For a general Hamiltonian system, by L (0, °°) solution we mean 

that 

00 y(x, X) * y(x, X) 
A(x) dx < 

0 

where y and y are n x 1 vectors and where r IS a

Ly(x, X) 
solution of (1.1). In the above case this reduces to 

lyl dx < 00 , 
0 

v;here y(x, X) is the n x l vector in the solution 
y 

of 

y' 
(2.1) . 
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As there are at least n such solutions, a standard means 

"y"
of showing limit pointness is to show that if is an L (0, «>) 

2
solution of the system (2.1)-(2.5) then |y' I < °° . This being the 

0 

case, it would follow, by the Cauchy-Schwarz inequality, that the 

bilinear form 

[y, z] = z'*(x) y(x) - z*(x) y'(x) 

is a function of integrable square. However if there are more than 

n independent L2(0, «>) then there is a pair y(x) and z(x) for 

which [y, z] e 1 , with a resulting contradiction. 

y 
Lemma 2.1: If is an L (0, solution of (2.1)-(2.5), 

y' 

then y I < ~ . 
0 

Proof: To show this, we shall make use of a result that appears in 

[11] which states: 

"Let F be a nonnegative continuous function on [a, <») 

ft 

and define H(t) = (t - s)" F(s) ds . If as t -»- «> , 
^ cl 

2n - 1H(t) = 0(t"[H^"^]°'), where a = *""2^ then 
ft 

F(s) ds = 0(1) 

as t «>" . 

We note that, as t , integration by parts yields 

rt ft 

y[y (s) y'(s)]' (1 - f) ds = 0(1) + 1 
y (2.6) 
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And so. 

[y (s) y'(s)]' (1 -|)ds| < 

1 . i2il/210(1) |y'l'] 
^ Jo Jq 

From this we observe that as t -> <» , 

r*- * 2nl/2,J (y y')' (1 - f) ds = 0([J |y'l^] (2.7) 

Next, consider that 

rt 

(y y')' (1 - t^ds = 

.,2 M s.
|y'r (T - t) ds + y y" (1 - f)<is 

|y'l^ (1 -|)ds - [y (X + V)y](1 - :^)ds . 

That is, as t -> «> , 

9 q

|y' l (1 -|)ds = 
0 ^ 

(y* y')' (1 - f) ds + [ [y (X + v)y](l - :^)ds
0 ^ Jq 

ft 

0 ([ \r\h^''^) + 1 [y*(X + V)y] (1 - I") ds , (2.8)
jQ ^ 

where we have used (2.7) in the last equality. 
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We next wish to show that, as t -»■ «> , 

rt 
[y (A + V)y] (1 - f) ds = 0([ 

We begin by noting that because y € L [0, °°) , 

rt [y (X + V)y] (1 - f) ds = 

= 0(1) + 1 [y* Vy] (1 - I") ds (2.9) 

as t , 

In the following, the Landau notation, 0(.) , is given with 

respect to behavior as t -> «> . 

Now consider 

y* Vy(l - :^) ds = I 
0 

rt j. 
y (v^ + ^2 + v^) y(l - :^) ds . 

0 

First, 

y Viy(l - |-)dsl £ K |y|^ ds = 0(1)
0 ' ^ JO 

Csince (1 - :^) is bounded, and by assumption, lim Vi(x) = 0 
x^ 

Second, 

rt rt 
y V2 y(l - :^) ds = - y y(l - -^) ds 

by (2.5) . And 



 

�
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y y(l - f) ds = 

y* Vj y(i -f)|J 
rt

y' \ yd - f) ds 

rt rt 

y V. y'd - f) ds + I y V2 y ds 

By (2.5), the operator norm ||V2(x)|l is bounded, and so. 

rt rt1 
t 

y* V2 y ds| < I |y| ds = 0(1) . 

As a consequence. 

rt 

y' V2 y (1-- j) dsl < K |y' I |y| (1 - f) ds 
0 

rt rt 
< K ly' l |y| ds = 0([ |y'd] ) , 

0 Jo 

and thus. 

y* v^y (1 -|)ds| = 0([f |y'|^]^'^) 
0 ^ ^ Jq 

Third, 

rt
* ,. i2nl/2,y V- yd - f)dsl = 0([ ly-ri'^')

0 ^ Jo 

by an argument analogous to the second point above where we first 

define ^/^(x) 7^(5) ds . By these three points we see that 
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y' V y(l -1) ds] = iy'l^]^'^)
JO ^ JO 

and by (2.8)-(2.9) that as t -»■ «> , 

,2,1/2,|y' |^ (1 - f) ds = 0([j ly' l']'") . 

As a consequence, as t -> «> , 

|y' |^ (t - s) ds = \r\h^'h (2.10) 
0 

Thus by the result in [11], (2.10) implies that y' (x, «>) e l^[0, . 
This, as already explained, leads to a contradiction if we assume 

that there are more than n independent integrable square solutions 

of (2.1)-(2.5) . Hence (2.1)-(2.5) is limit point at infinity. ■ 

Theorem 2.1: For the singular boundary value problem (S), constructed 

from (2.1)-(2.5), p(A) is continuously differentiable for 

0 < A. < 00. 

Proof: Following Atkinson [3] , we define the functional 

E(x, A) = $*(x. A) [a""/^ IJ <i)(x. A) 

+ $'*(x. A) [a'^/^ I ] $'(x. A) (2.11) 

Our goal is to show that E(x, a) converges to a continuous, positive 
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definite matrix valued function as x ^ for X > 0 . It was 

shown in Lemma 2.1 that the system (2.1)-(2.5) is limit point. If 

we can show the above convergence, then we may invoke Theorem 1.2 of 

Chapter 1 with ~ ^ ^n * ^^^^use the limit function is 

continuous, it follows that p'(X) = lim [tt E(x, X)]"^ 
X-MX) 

for all 

X > 0 . 

Instead of E(x, X), we shall consider the following functionals: 

E„(x, X) = XO (x, X) ${x, X) + $ '(x, X) <l>'(x, X) (2.12) 

and 

Ei(x, X) = 0 (x, X) (X I^ + v.|(x)) <I)(x, X) + 

[$'(x,X)- X)] [<l>'(x, X) - V2(x)$(x, X)]. (2.13) 

Should Eq(x, X) converge to a positive definite continuous matrix 

valued function as x -> °° , then so too will E(x, X) . It is 

less clear that should Ei(x, X) exhibits this same convergence, 

Eq and hence E also converge to continuous matrix valued 

functions as x ^ °° . However, since v.|(x) ->• 0 as x ^ o® , it 

follows that for x sufficiently large. 

lu Vi(x) u| 5 l|vi(x)ll < £ 

where [u] = 1 and ||•| is the matrix operator norm. Thus for x 



 

�
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sufficiently large. 

0 < (X - e)I^ ^ ^ ^1^^^ < (X + £ )I^ (2.14) 

From this it is clear that the elements of 0 (x, X) 0(x, X), of 

$(x, X) , and hence of $'(x, X) are all bounded, for fixed X and 

for X sufficiently large, when E^(x, X) has a limit as x^ ^ . 

It follows that 

(x, X) - Eq(x, X)II = 

$ + $ V2 V2$ * .,211$* + $ V2 'I' ll 

will converge to 0 as x for fixed X > 0 because l|v^| and 

IIV2 II both converge to 0 as x , 

We now examine [E,(x, X)].. . First we consider the case 
1j 

i = j . To do so, it is sufficient to consider e^. E(x, X) e^ . 

However, in order to consider the case i / j, we examine 

u E^(x, X)u , where u is an arbitrary n x 1 vector. 
y $ u 

Now if , then 
'u_ 

u E^(x, X)u = y (x, X)(XI + v^(v)) y(x, X) + 

|y'(x, X) - V2(x) y(x, X)|^ . (2.15) 

Let 
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q(x, A) = u (x, A) u . 

We wish to examine the integrability of V . 
q\.x, Aj 

By differentiating q(x, A) with respect to x we find that 

q'(x, A) = y (2A V2 + ^3 ̂ 2 ^2 ̂ 3 "*■ 

+ y* (-V3 + V^)y' + y'*(-V3 + yl)y - 2y'* y' 
= y (2A V2 + V2 + V2 + v])y - y* V3(y' - ^^y) 

"(y' - V2y) V3y + [y V2 y' - y' V2y'] (2.16) 

Now observe that 

,* w2.y' V2y - y' V2 y' = (V2 y) V2(y' - V2y) - y' V2(y' - ^i^y) 

- (V2 y)* \{y' - y^y) 

and so. 

y*v2y-y*v,y = 

= (y' - v^y)* Vgly' - Vjy) + y* v^(y' - v^y) 

Similarly. 
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y y' - y'* V2y' = 

= (y' - V^y) V^Cy" - + (y' - V2y)* y 

Thus (2.16) becomes. 

q'(x. A) = y (2A + vpy - y y^{y' V2y) 

- (y' - V2y)* V3y + 2(y' - V2y)* ̂ ^{y' - y^y) + 

+ (y' - V2y)* V^y + y* V^(y' - V2y) . 

By (2.14)-(2.15), we note that for 0 < e < X and for x 

sufficiently large 

q(x, X) > (X - e) |y|^ + \y' - \^y\^ > 0 

and 

q'(x, X) |q'(x, x)| 
q(x, X) 

(A - e) |y| + ly' - v„yl 

Now we see that 

|y (2X V2 + V2 + V2V^ + y\)y\ 
q(x, A) 

|y (2XV2 + + V2V^ + vj)y| 

(A - e) lyl^ + |y' - V„y|^ 

https://2.14)-(2.15
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< (X - e)-' {2X lIV^l l + llv^ ll llV^I I + ||vj 

where ||•|| is the operator norm for our matrices. 

Similarly, 

|2(y' - V2y) 
q(x, X) - ^ 

and 

|(y' - V^y)* y + y* V^(y' - M^y)\ 
q{x, X) 

2|y| |y''- v^yl IIV2 
q(x, X) 

Now 

2|y| |y' - V2y| < (x - ly|^ + (X - 1/2 |y' - y^y\^ . 

It follows that for 0 < e < x and x sufficiently large, that 

21yl ly' - V2y| IIV2I 
< (X - e)q(x, X) 

Lastly, note that 



 |
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|y V3(y' - y^y)\ ^ |yl |y' - y^y\ IIV3I 
q(x, X) - q(x, X) 

(X - llV; 

We can now see that 

q'(x. X) .-1< (A - e)-' {2A llV2|l +|lv^|||V2|| + l|v'||}
q(x, A) 

+ (X - e)-'/2 {IIV3II + IIV2I ■} + 2 

From the hypothesis, we note that for sufficiently large values 

of X , IIV^II and l|v^ || are bounded; also note that llvJI 

and ilvj llil are L (0, «>) . It follows for A > e that 
q' (x, A)
q(x,' a) exists. As e is arbitrarily chosen, this integral

0 

exists for A > 0 . Thus lim ln[q(x. A)] exists and hence 
X-w 

lim q(x. A) exists and is positive for A > 0 . 
X-KO 

Recalling our argument to this point, we chose e > 0 , then 

observed that, for x sufficiently large and for A > e , the above 

inequality for followed. From this inequality we see that 
H 

1 im 
x-^ 

uniformly for A ^ 5 > e . For this same interval , it follows that 

converges uniformly to ^|q' as x -»- «> . Now from the 
definition of q(x. A) and (2.12), we see that the continuous dependence 
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of y(x, X) and y'(x, X) on X implies the same continuous dependence 

upon X of q(x, X) . As q(0, X) is continuous and positive as a 

function of X , we see that the ratio is continuous as a 

function of X and converges as x -> «> uniformly for X > 0 in 

a compact set, to . The ratio is thus a positive 

continuous function of X for X > 0 . And as a consequence, q(oo, x) 

is also a positive continuous function for X > 0 . 

If in (2.12) we take u to be the unit n x 1 vector e^ 

then, by what we have just shown, [E.|(x, X)]^^. converges as x -v oo 

to a positive continuous function for X > 0 . This leaves us with 

the question of CE^(x, X)]j|^ when j / k . But in the definition 

of q(x, X) we notice that q is the quadratic form constructed 

from the n x n hermitian matrix E^(x, x) . By the polarization 

identity 

[E^(x, X)]j,^ e^ E^(x, X) e,^ 

=|{(ej+ e^)* E^(x, x)(ej+e^) - (e. -e,^)* E.,(x., x)(ej -e,^) 

+ i(ej+ ie|^) Ei(x, X) (ej+ ie|^) 

- i(ej-ie|^) Ei(x, X) (ej-ie|^)} 

and the preceeding discussion shows that [E-|(x, X)]^.|^ converges 

as X ^ 0° to a continuous function for X > 0 . 

We have now shown that lim E.|(x, X) exists and is a matrix 
X->oo 

of continuous functions, for X > 0 . When we showed that for all 



�
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X > 0, Tim u 
*

E-jix, X) u > 0 for every n x 1 vector u , we also 

demonstrated that lim E,(x, X) is positive definite for X > 0 . 
x^ I 

When <i)(x, X) and $'(x, X) are chosen to be n x n blocks 

of the fundamental matrix Y(x, X) described in (1.9) , then what 

we have shown, together with Theorem 1.2, gives us the conclusion 

we seek. 

And so for the singular self adjoint operator described in the 

introduction formed from the system (2.1)-(2.5) the spectrum is not 

only absolutely continuous but continuously differentiable in the 

interval (0, °°) . We next consider the nature of the spectrum 

in the interval (-°°, 0) . 

Lemma 2.2: The spectrum is discrete in the interval (-«>, 0) for the 

self adjoint operator described in the introduction and based upon the 

system described in (2.1)-(2.5) . 

Proof: Let Ly = -y" + (v^ ^2 ̂  ̂ 3^^ where v^(x) is defined in 

(2.2)-(2.5) and where y(x, x) is an n x 1 vector. 

As shown in [12] it is sufficient that there be a number b > 0 

for every 0 < e < 1 , such that for every y(x, X) , with compact 

support in (b, 0°) where y and y' are absolutely continuous and 

y" € L^(b, oo) , the following holds: 

* r°° 2 
y Ly < -£ |y| . 

b J b 

The last statement is equivalent to 
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2 r * y y" + e Iy| + y (v^ + V2 + vjy > 0 . (2.17) 
b •' b 

First, since y has compact support in (b, 00) 

r * 11 2y y |yr = iiy .
■J, 

Next, note that as lim v,(x) = 0 that given e, there is a b such 

that for X > b , ||Vi(x) || < e , where Hv-j || here stands for the 
matrix operator norm. So, 

y v^y| 1 lyi l lv-,
J b 

2 
1^1 

Also we find that 

y v^y = - [y V2y]' + y' ^2^ ^ y ^2^' 

By the compactness of support for y , 

[y V2 y]' = 0 

and so. 

r°° * r°° * 
y V 

< 2 |y' I l lVpll |y| . 
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Now since V,p(x) = 1<■ v, dx exists, it follows that lim V„(x) 0= 

and that for k sufficiently large, ||V2(x)|| < e2 for a given 
£2 > 0 • Thus, 

y V2 yl < 2 e2 ly' l |y|
b ■' b 

^^2^ l ly' ■] . 

Since ^ L (b, <») , if we define 
+ 

CM 

V3(x) = - >> 

^3 ' 8 

it follows that lim V-(x) = 0 and that given c- > 0 then for b 
x-w 

sufficiently large 

y v^y| < 2 ly' l |y| 

l2e,[ ||y' ll ^ + ■] . 

From these observations we note that given a choice for , 

02> £3 » there is a b sufficiently large, that independently of our 
choice of y(x, X) satisfying our initial requirements. 

r * 
y y" + e 

•' b b J 

illy' if + E llyjf - e, i jyjf - lly' if + llylf 
> l|y' II ^ n - 2(£« + £-,)} + llylf {e - - 2(e« + e,)} . 
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So if we choose = e/8 then 

1 - 2{z2 + £3) > 0 

and 

e - - Ziz^ + £3) > 0 

Thus (2.17) holds, and as we wished 

* ^ i2 
y Ly > -£ I lyl' 

J h 

for those y(x, X) with compact support in (b, °°) and for which 

y, y' are absolutely continuous and y" € L (0, °°) . 

We next show, analogous to the case n = 1 , that for the domi 

nant terms of p'(X) we can find some information concerning the 

asymptotic nature of these terms as X . 

Lemma 2.3: For the singular boundary value problem (S) based upon 

(2.1)-(2.5) 

[p'(X)].^. = 

= X)$(0, X) 

+ $'*(0, X) O'(0, X)]..(1 + 0(1)) (2.18) 

as X ->■ 0° . 
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Proof: Let E(x, \) , Eq(x, A) and E^(x, X) be defined as in 

(2.n)-(2.13) . And as before, let E(°°, X) , Eq(<», X) , and 

E^(<», X) denote the limits of E(x, X) and E^(x, X) as x ->■ «> 
By Theorem 2 we know that p'(X) = E(<=°, X) = X^''^ * 

[P' (A)]..We wish to show that [e(o, x)]. • ^ ^ X Since 

[p'{A)]. . [E(«>, X)]. . a'"^[E„(«. A)] 
n (2.19)[E(0, X)]., ° LE(0, A)J., a''^^[E|3(0. A)],, 

we consider whether 

[£()(«., X)]. . 
1 as XTE^TornTr: -> 

To do this we show that in general 

u Eq(oo, x) u 
1 as Xu*Eq(0, x) u 

for any n x 1 complex vector u . 

We proceed as Atkinson in the case n = 1 to consider that 

u Eq{co, x) u 
u Eq{0, X) u 

u Eq(x, x) u u E^(x, x) u u Eq(oo, x) u 
(2.20)"if "ic u Eq(0, x) u u Eq(x, x) u u Ei(x, x) u 

https://2.n)-(2.13
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Note that it was shown in Theorem 2 that 

u Eq(o°, X)u = u E^(o°, X) u , 

so the last factor in the above product is 

u E^(°°, X) u 
— (2.21) 

u E-j(x, X) u 

In Theorem 2 we saw that 

[u E^(s, X) u] 
— ds 

X [u E^(s, X) u] 

converged to 0 uniformly for X ̂ 6 > 0 as x ̂  , Thus the 

ratio in (2.21) converges uniformly to 1 for X ̂ 5 > 1 as 

Next let y = y(x, X) = $(x, X) u . Then we note that 

[u Eq(x, X) u]' = Xy' y + Xy'y* - y *(X + v^ + V2 + y^)y' 

- y' (X + v^ + v^ + V3)y 

-y (v^ + ̂ 2 + V3)y' - y' (vt + v, + v,)y
1 "2 "3' 

From this we observe that 
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[u Eq(x, X) u] 2|y| |y' l( llvi l l + llvgl l + llvgl l ) 
[u Eq(x, X) u] My|^ + |y'l^ 

1 l lv-, II + llv^ll + ||v. 

where ||'| stands for the operator norm for matrices. 

And thus, 

u Eq(x, X) u [u Eq(s, X) u] 
In ds 

u Eq(0, x) u [u Eq(s, X) u] 

< A 
■1/2 /•X 

>l(s)|| + | |v2(s) | | + l|v3(s) || ds 
0 

For fixed x , we see that 

u Eq(x, a) u 
1 as A (2.22)u Eq(0, a) u 

u TV E^{x, A) u 
— —-This leaves the ratio to consider. As in 

u Eq(x, a) u 
Atkinson, we introduce the intermediate functional 

E2(x, a) = A<I) (x, a) ^(x, a) + 

(^' (x. A) - V^Cx) <I)(x, A)) (^'(x. A) - ^/^(x) $(x, a)) . 

In Theorem 1, for fixed A , the convergence, as x ->- <» , of 

E^(x, a) gave the boundedness of | |4(x, A) || and of ||$'(x, a) || . 
At that time it was argued that ||E-](x, A) - Eg(x, A)|| 0 , for 
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fixed X , as x ^ °o . Similarly, 

II^2^^' ~ E-jCxj X)|| ->0 , 

for fixed X , as x ->■ oo . 

With the introduction of ^2^^, x) we now consider 

n X X u E-jCx, x)u u E2(x, X)u u E-j lx, X)u 
^ lAr * if (2.23)

u Eq(x, X)u u Eq(x, x)u u E (x, x)u 

Note that. 

u X E^lx, X) u My|^ + |y' - V'^ 
u * Eq(x, X) u My|^ + jy' l^ 

2y'* v^y + y* y
1 -

A|y|^ + jy' l^ 

Note also that 

^1-^' yi ^ ,-1/2 2|y| |y' 

Myl^ + |y' l^ 
< X 

|y|'-x-^/' |yf 
-1/2

< X '2 il • 

Similarly, 

|y 
* 

v; 
? 

y| 
< X2 ? — 

A|yr + jy' l 



 

 

 

 

 

 

 

�

75 

Thus for fixed x , 

u E^lx, X) u 
lim —— = 1 (2.24) 

u Eq(x, X) u 

For the remaining ratio we note that 

u E-jlx, X) u y (X + v^)y + \y' -

u E2(x, X) u |y|^ + |y' - V2i^ 

y y 

= 1 + 

My|^ + |y' - V2y|^ 

and that 

ly v^y| 

My|^ + ly' - V2y|^ 
< X 

For fixed x , it follows that 

u E,(x, X) u 
lim (2.25)
X-x" u E2(x, X) u 

Now we can make (2.20) arbitrarily close to 1 by fixing x 

so that for all X ̂ 6 > 0 the ratio in (2.21) is close to 1 , 

then choose X sufficiently large so that the ratios in (2.23)-(2.25) 

are close to 1 . From this (2.18) follows . 

https://2.23)-(2.25
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Before continuing it should be noted that the equation (2.1) for 

Vi(x) = V2(x) = 0 and X ^ 0 may be studied by asymptotic methods. 

This has been done by S. Itatsu and H. Kaneta [20] on (-«>, 0°) (instead 

of [a, °o)) . However these methods fail when a v^-type term is 

included because of the existence of repeated eigenvalues in the n-

dimensional system of constant coefficients y" = Xy . 

Now consider the following system: 

y" + (XI + V(x))y = 0 , 0 < X < 00 , (2.26) 

where y(x) is a 2x1 vector function, and 

x^ - xY 

V(x) = (2.27) 

xY x^ 

where a, 6 > 0 . We have a simple example of a coupled second order 

system involving potentials which are smooth and unbounded as x -> oo . 

For a system of the form 

y" + P(x)y = xy , a < X < oo 

where P(x) is an n x n real symmetric matrix of locally integrable 

functions, Lidskii [22] has shown that such a system is limit point 

at infinity if 
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P(x) < Kx^ . 

where K is a positive constant. Thus (2.26)-(2.27) will be limit 

point at infinity if a, 3 and y £ 2 . 

Theorem 2.2: For the system described in (2.26)-(2.27) we assume that 

0<a, 3_<2 . If Y< min{^^-^-^ , , then p'(X) is contin 
uous and positive definite for all X e IR . 

Proof: Since 0 < a, 3 £ 2 it follows from our previous observations 

that (2.26)-(2.27) is limit point at infinity. 

Now the basic functional we consider is 

Eq = Eq{x,. X) = -(j)*(x, X) A"^(x) ({)(x, X) 

+ (j)'*(x, X) A^(x) (|)'(x, X) (2.28) 

where 

x""/'' 0 

A(x) = 

■3/4
0 X 

Eq is a 2x2 matrix valued function. Note that as a function of 
X , A 

_2
(x) is equicontinuous for all x > 0 . Note also that as 

X ^ , A 
_2

(x) is bounded below. Let I be an arbitrarily chosen, 

closed subset of IR . If we can show, as x , that Eq(x, X) 

https://2.26)-(2.27
https://2.26)-(2.27
https://2.26)-(2.27
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converges uniformly for I to a continuous positive definite 

matrix valued function E^(X) , then by Theorem 1.2 p'(X) will be 

continuous and positive for all X ̂  ]R. 

The proof follows the same sequence of steps as in Theorem 2.1. 

We show for all 2x 1 complex vectors u , that u EqU converges, 

as X ->- <» , uniformly for X^ I to a positive continuous function 

of X . As seen in the preceeding case, this is sufficient to establish 

the desired convergence of Eq(x, X) . However, to do this we consider 

a perturbation E = E(x, X) of the functional E„(x, X) chosen so 
* vj 

that as X -> «> , the ratio converges to 1 uniformly for 
u EqU 

xe I . 

The perturbation we consider here is 

E = E(x, X) = (Ac))' - l\'<p) (Ac})' - A'c})) 

* -? ? * ? 
+ (}) (A + X A )(}) - (}) BA (}) (2.29) 

Let y = y(x, X) = c))(x, X)u where u is a 2x1 complex 

vector. Define Qq = Qq(x, x) , Q = Q(x, X) to be 

"o ° 

* -2 * 2 
= y A y + y' Ay 

|A"^ yl^ + [Ay' 

and 



 

 

 � 
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Q = u Eu 

= (Ay' - A'y)* (Ay' - A'y) + y*(A"^ + A^)y - y* BA^ y 

= - 2y'* AA'y + y*(A')^ y + Ay* P?y - y* BA^y (2.30) 

Thus, 

Q - 1 O y'* AA'y o y*(A')^y Ay* A^.y y* BA^y (2.31)
% %'0 % % Qq 

Consider the last four terms of (2.31). Note that 

y* AA'y = y'*A(A'A) A"V 

and thus 

ly'*AA'yl < lAy' l |A"''yl |lA'Al| 

Now, 

(a/4)x"°'/^"^ 0 

A'A = (2.32) 

0 (-6/4)x"^/^"^ 

and so |1A'A|1 ̂ 0 as x ^ , independent of the value of A in 

I . From this we see that 
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2y' AA' y Ay' A'ly< 2 < 2 
Q,^0 0 

Thus as X ^ , the above ratio tends to 0 independently of AE I . 

For the second term we note that y (A') y = y A'[A'A] A' y , 

and thus that 

* 9 

y (A') y ilA'AlP < ||A'A|F . 
'0 

As X , this ratio also tends to 0 independent of AE I 

Next, we note that y* A^y = y* A"^(A^)A"V and that 

1 |A| [|A|f < |Xi llAlf 
% ^0 

Given our definition of A we see that I|A|| tends to 0 as x ̂  , 

and hence that, as x -»■ «= , this ratio tends to 0 uniformly for 

A in I . 

For the last term in (2.31) note that y* BA^y = y* A'^(ABA^)A'^y , 
and hence that 

-1 ,2iy BA yl ^ l^^yl llABA^I I < I |ABA 

A computation shows that 
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/a+3gx 
4 ' 

ABA^ = 

By our hypotheses both y - C 4 and y - ^ are less than 
0 and so [[ABA 

3
|1 ->■ 0 as x ^ . And with this last observation we 

see by (2.31) that as x -> <» , converges uniformly for xe I 

to 1 . 

Our next step is to compute Q' . 

Let = y'^A^y' , = -2y'* AA'y , Q3 = y*(A' )^ , 
Q4 = y*(A"^ + A^)y , and = y* BA^ y . Then by (2.30) 

Q' = 2 q:
i=l ^ 

First, 

Q^' = 2y"* A^y' + 2y'* AA'y' 
= -2y*[Xl + A"^ + B]A^y' + 2y'* AA' y' 

-2xy A^y' - 2y A"^y' - 2y BA^y' + 2y'*AA'y' 

For the next term. 
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= -2y" AA'y - 2y' (AA')'y - 2y' AA'y' 

= 2Ay* AA'y + 2y* A"^ A'y + 2y* BAA'y 

- 2y*(A')^y' - 2y* AA"y' - 2y'* AA'y' 

Continuing, 

Q' = 2y*(A')^y' + 2y* A'A" y ; 

and 

Q; = 2y*(A'^ + A^)y' - 2y* A"^ A'y + 2Ay* AA'y 

And lastly, 

Q' = 2y* BA^y' + y* D^[BA^] y 

As a consequence, 

Q' = 4X y AA'y + 2y BAA'y - 2y AA"y' 

+ 2y* A'A"y + y* DjBA^Jy . (2.33) 

01Now we consider the integrability of Note first that 
Q 

y* AA'y = y* A"^(A^A')A"'' y . 
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From this it follows that 

|y* AA'yl < lA'^l^ l|A|p pA' 

By (2.32) we see that 
2 

implies that ||A|| ->-0 

1|AA'|| 

as x 

is L(l, °°) . 

. We have s

The definition of 

hown that as x ^ 

A 

, 

% converges to 1 uniformly for AG I . It follows for sufx 

ficiently large that a constant K exists, independent of AG I , 

such that 

|4Xy yyl <4|A| K Plp IIAA' 

< 4|A| K iA||2 IIAA' (2.34) 

Q'Thus by (2.33) we see that the first term in the ratio 

is bounded, uniformly for A e I , by a function in I-(Xq, <») where 

Xq is sufficiently large. 

Similar demonstrations can be made for the remaining terms in the 

51ratio . For the second term first note that 
Q 

y* BAA'y = y* A"^[ABA^A']A"^ y , 

and hence for x sufficiently large that there is a constant K for 

which 

< K llABA^A' (2.35) 
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Now 

•6-1
-6/4 X 

ABA^ A' = 

■<;-i-a/4 X 

where 

a + 36 _ 6 + 3a 
6 = and ^ = (2.36)

4 

We see by the hypotheses that ||ABA A' | | is integrable for x > 0 , 
* 

2v BAA'vland hence that —q ^ is bounded, uniformly for X G I , by an 
L (Xg, <») function where Xg is sufficiently large. 

For the next two terms we first note that since a, 6 are 

assumed to be positive, it follows that 11AA"| | is integrable for 

X > 0 . As in the previous cases it follows that for x sufficiently 

large there are constants K and C such that 

g^" < K IIAA" (2.37) 

and 

< KI IAA- lAA" (2.38) 
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Thus the ratios in (2.37) and (2.38) are bounded by L (Xq, °°) functions 

for Xq sufficiently large. 

For the last term we begin by noting that 

y* DjBA^ly = y* A'''(ADJBA^] A)A"''y 

Next note that 

-6-1 
-6/2 X 

A D^[BA^]A = x^ 
A 

-a/2 x'^"^ 0 

where 6 and c are defined in (2.36) . Again, by our hypotheses 
2 

we see that |1A D [BA ]A|| is integrable for x > 0 . Thus, for x 
A 

sufficiently large there is a constant K such that 

ly* D [BA^] y| 
< K|1A D^[BA^] Al (2.39) 

X 

The inequalities (2.34)-(2.35) and (2.37)-(2.39) imply that for 

0*sufficiently large the ratio |-^1 is bounded, uniformly for AG I , 

by an integrable function of the variable x . As in Theorem 2.1 and 

as noted at the outset of this proof, this last observation is suf 

ficient to conclude that as x , Eq(x. °°) converges, uniformly 

for X restricted to compact subsets of IR, to a continuous positive 

definite matrix valued function. As a consequence of Theorem 1.2, 

p'(a) is continuous and positive definite for A G F. 

https://2.37)-(2.39
https://2.34)-(2.35
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Note that when 0 < a = 3£ 2 then the restriction on y in 

Theorem 2.2 reduces to y < a . 
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CHAPTER 3 

ABSOLUTE CONTINUITY OF p(X) FOR 

TWO EXAMPLES OF DIRAC SYSTEMS 

8 

Consider the foilowing Dirac System V 

+ c + P2 ^ /^1\' 

■A + c + p. -P^ ^2 

0 < X (3.1) 

or as written in Hamiltonian form 

/ -c - Pi 
AI + , 0 < X < 00 , 

c + p. 

where y.|(x, x) and y2(x, x) are scalar valued functions; x is a 
complex parameter; p(x), p-jCx) and P2(x) are real valued and 
locally integrable. 

A specific example of such a system on 0 < x < <» 

k/x X + z/x + c yi \ 
(3.2) 

\y; ■X - z/x + c -k/x 

where c and z are constants and k is an integer. For appropriate 

choices of these constants this is the radial wave equation in quantum 

mechanics for a particle in a field of potential v(x) = z/x . It was 
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shown by Titchmarsh [25] that the spectrum of (3.2) is discrete in 

(-C, c) and continuous outside of this interval. 

In [18], Hinton and Shaw extend the work of Weidmann [26] on 

(3.1) . They consider a system in which 

Pt(x) = Ptt(x) + p^.2(x) + P^-3(x) ; i = 1, 2 

p(x) = Ai(x) + A2(x) 

P.j-1(x), A^(x) 0 as X 00 , i = 1, 2 
(3.3) 

P]](x) , A-j(x) , P^-3(x) , A3(x) € L(0, «>) - , i = ], 2 

Pk2(>^) - P|^2(s) ds exists conditionally and 

k = 1, 2 . 

The functions p^.^ » A3(x) are called short range potentials while 

P^^(x) , A.|(x) are called long range potentials. The functions 
p^.2(x) are called oscillatory potentials and have as their model, 

functions like x"sin(x^) . 

Consider (3.1) together with the boundary condition 

sin 3 y-i(0) + cos 6y2(0) = 0 , 6 € [0, tt) . 

yi(x) 
Let y(x) = and let L [0, «=) be the set 

(yl (|yi l + |y,l ) < ">■Jo ' 
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The system (3.1) has only 1 independent solution in L (0, for 

Im X M ; that is, it is limit point at infinity. Now let T(y) be 

defined by 

-c - p
1T(y) = Jy' - (3.4) 

c + p
2-i 

and let the domain of T be the set L [0, °°) which consists of 

those functions y(x) which satisfy the above boundary condition, 

are locally absolutely continuous and such that T(y) € L [0, «>) . 

The operator so defined is self adjoint with domain and range in 

L^[0, ») ([13], [15], [16]) . 

Hinton and Shaw have shown in [18] that the assumptions in (3.3) 

together with the absolu-tely integrabil ity on (0, °°) of 

Pk2(s) Pj^(s)lds , Pk2(s) A.j(s)| ds , 

Pk2(x) Pj2(x) , p„2(x) Pk2(s) Pj^(s)lds , (3.5) 

Pm2^^^ lPk2(^) 

where j, k, m = 1, 2 , are sufficient to guarantee that the spectrum 

of the operator T(y) is continuously differentiable in the complement 

of [-C, c] and discrete in (-c, c) . Thus one of the things they 

show is that, in the complement of [-c, c] , the density function 

p(y) is continuously differentiable with positive derivative. 

They show that the hypotheses of (3.3) and (3.5) are sufficient 

to derive asymptotics for the solutions of (3.1) . These asymptotics 
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are then used to obtain information about the M(a) function and 

through it, information about the density function p(X) and hence 

the spectrum. However, as a consequence of the results of Chapter 

1, it can be shown that the additional hypotheses in (3.5) can be 

reduced in number. 

Theorem 3.1: Let T(y) be the self adjoint operator defined by (3.4) 

and having the set H as its domain. If p(x), Pi(x), P2(x) satisfy 

the hypotheses given in (3.3) and if in addition we assume that both 

Pl2(x) P22(x) and P22(x) P-]2(x) € L (Xq, «>) , then the spectrum 

of T will be continuously differentiable in the complement of [-c, c] 

That is, p(u) is continuously differentiable with positive deriva 

tive in the complement of [-c, c] . 

Proof: As in Theorem 2.1 we shall want to find a functional Eq(x, X) 

and examine its behavior as x ̂ «> . In this case Eg(x, X) will 

be scalar valued rather than matrix valued; and as in the case of 

Theorem 2.1 we shall want to show that there is some functional, 

asymptotic to Eq(x, <») as x which possesses a logarithmic 

derivative that is integrable as a function of x . But what shall 

we choose for a basic functional E(x, x) ? 

If we consider (3.1) with p = p^ = P2 = 0 and set 

E(x, x) = k"^ y^(x, X) + ky2(x, X) , k = k(x) > 0 , 

which for (3.1) is the basic form of J(x, X, X) in Theorem 1.2, then 

differentiating with respect to x we find 
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E'(x, X) = 2y.y - k(A - c)} 

If 

+ k(A - c) = 0 

then E'(x, A) = 0 and hence E(x, A) is constant as a function of 

X as X 0° and we observe that E(0, A) = lim E(x, A) . Now if 
X-x» 

k(A) is positive, continuous and solves this equation, then for those 

values of A in the domain of k(A) , E(0, A) will be positive 

and continuous, and p'(A) = {tt E(0, A)}'^ by Theorem 1.2 , 

For A in the complement of [-c, c] , we see that 

_c
k{X) = 

c 

is just such a solution. 

We shall show that the functional 

E(,(x, X) = X) + yl(^' X) (3.6) 

converges uniformly for A in a compact subset of the complement of 

[-C, c] (i.e. [-C, c]'), as x , to a positive continuous 

function. Note that Eg(x, A) is of the form J(x, A, A) , from 

Chapter 1, where K^^(a) = As K~^(A) is independent 

of n , equicontinuity follows trivially, as does the boundedness 

below of K^^(A) for any fixed A in [-c, c] . Thus the hypotheses 
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of Theorem 1.2 are satisfied and the uniform convergence described 

above is sufficient to conclude that p(y) is in [-c, c]' . 

Define the following functional. 

E(x, x) - (X - c - Pii)(yi + ''22'^2^ 

+ (X + c + P2i^(y2 ̂  ̂ 12 "^1^ 

+ 2A^(y^ + ^12 ̂ 1^ (3.7) 

We shall show that for compact subsets of X > c this function 

converges uniformly as x -»■ <» , to f(x) a positive continuous func 

tion of X . For X < -c we would consider instead -E(x, x) . 

So without loss of generality we limit our discussion from this point 

on to X > c . It follows that uniform convergence of E(x, x) upon 

compact subsets of X > c to f(X) as x implies that Eq(x, x) 
will converge uniformly on compact subsets of [-c, c]' , to a 

positive continuous function E^(x) . 

To see this for X > c , and hence for x < -c as well, let 

(X - c - P-ji) ^ (y*! ■*" ^22 ^2) 

^2 ~ (x + c + P21) (y2 ^12 y*]) 

where we assume x sufficiently large so that the square roots are 

defined and real. Then, we see that 

E(x, X) = + Z2 + 2Ai(X - c - p^^)"^''^(X + c + P21 
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Note that as x ~ , 2A^(X - c - Pii)"^''^(X + c + P2-i )"^^^ converges 
to 0 uniformly on compact subsets of X > c . Choose e > 0 to be 

an arbitrary small number. One can show that for x sufficiently 

large, 

(1 - £)(z^ + z^) < E(x, X)£ (1 + £)(z^ + z^) (3.8) 

when X is restricted for a compact subset of X > c . As a conse 

quence, we see that 

^1 ^2 (x - c - Pii )(y-| - '22^2P55'llMj-i 

-I- (X -I- c -I- P21)(y2 - ^"12 ^1 ̂ 

also converges to f(X) uniformly on compact subsets of X > c 

Next note that. 

z^ + Z2 = (X - c)y^ + {X + c)y2 

+ [(X - c - Pti)P22 - Pnly] 

+ [(X + c -I- P21) P^2 " P21^ ^2 

+ 2[(x - c - Pi])P22 ^ ^21 ̂ '^12^'^1'^2 

Let w-j = (X - c)^''^yi and W2 = (X + c)^''^y2 ; then 
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+ Z2 = [1 + 6^(x, X)]w^ + [1 + ̂ ^(x, A)]w2 
+ ̂ ^(x, X) 

where 6^.(x, X) , i = 1, 2, 3 converges to 0 uniformly on compact 

subsets of X > c . One can then show for an arbitrary small number 

e > 0 , that when x is sufficiently large, 

(1 - e)(w^ + w^) < z^ + z^ < (1 + e)(w^ + w^) (3.9) 

As a result, w.| + W2 converges uniformly on compact subsets of 

X > c to f(X) . We need now only note that 

Eg(x, X) = (X - c) ^^(X + c) + w^) 

to conclude that as x ^ , Eq(x, X) converges uniformly on com 

pact subsets of X > c to (X - c)"^''^(X + f(X) . A similar 

argument can be constructed for X < -c . 

Note also that the inequalities (3.8) and (3. 9) together imply 

2^ 2 
Ff X \) 1 ?that the ratios ^ , and 1 converge to 1 uniformly
Zi + Z2 ^ + 2̂ 

on compact subsets of X > c as x without regard to whether 

or not E(x, X) converges to f(X) . As a consequence we have the 

uniformity of convergence to 1 of • 
wi + W2 

Define the following functions 

Ql(x> x) - {x - c - p.ji)(yi + P22 y2^ 
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Q2(x, a) = (a + c + P2T)(y2 + P]2 

Q^Cx, a) - ZA-j(y-j + P22 ^ '^12 ' 

then by (3.7) 

E(x, a) Q-j lx, a) + Q2(x, a) + Q2(x, A) . (3.10) 

E'f X A1We shall want to consider ; so we next consider separately 

q:(x, a) . 

First, differentiating with respect to x , 

Q^(x, A) = -p^^Cy^ + P22 ̂ 2) 

+ 2(A - c - PT^)(y^ + P22 ̂ 2^^^! ^22 ̂ 2 ^22 

Now using (3.1), part of the last term in (3.11) can be written as 

y\ + P22 ̂ 2 *"22 ^2 '^11 ̂ 1 ^^12 ̂ 2 ' (3.12) 

where 

'11
= p + P22(-^ + c + p.|) 

1^2 ~ ^ + c + P2 - P22 - PP22 

We see that 
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'11 Ai + + ̂ 22^'^ + c + . 
ir '22 ̂ "13 ^22 ^12 

By (3.3) and the additional hypothesis that P22M Pi2(^) ^ '-^^0' 

we see that 

(x, X) = Ai(x) + V11(x, X) (3.13)hi "-^11 

where Vii(x, X) is continuous as a function of X and as a function 

of X is L(Xg, °°) . Also note that 

h2 ^ + c + P21 P23 " ^22 " ^3 "^22 • 

By (3.3) and specifically noting that P22(x) and Ai(x) ̂ 0 as 

X ^ 00 we see that 

h2 
= Si2(x, X) = X + c + P21 + Vi2(x) (3.14) 

where V12 € L(Xg, -). By applying (3.13) and (3.14) we find that 

2(X - c - Pii)(yi + P22 y2)(yi + ̂ 22 ̂ 2 "^21 " 

= 2(X - c - Pii)(yi + P22 ^1 ^12 ̂ 2^ 

2(x - c - Pii)[(Ai + Vii)yi + P22(X + c + p^i + ̂ ]2^-^2 

+ (P22(Ai +^11)+ X + c + P21 + Vi2)yiy2] 

= 2(X - c - Pii)Ai yi + 2(X - c - Pii)(x + c + P2p^^^2 

+ Ci(x, X) yi + C2(x, X) y2 + C2(x, X) yiy. 
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where C^(x, X) , C2(x, X) , and C^lx, X) are continuous as functions 

of X , and L (x, °°) as a function of a by our hypotheses. 

From this we now see that (3.11) becomes 

Q^(x, X) = 

~ "P]] ^ ̂ 22 ̂ 2^ 

+ C^(x, X) y^ + C3(x, X) y^y2 + 2A^(x - c - Pii)y^ 

+ 2(x + c + P21)(x - c - Pn)y-|y2 (3.15) 

Now differentiating Q2 we see that, 

Q2(x, X) P2I ̂ "^2 ^^12 '^1^ 

+ 2(X + c + P2i)(y2 + ^12 ̂ 1 *^12 

As before we define ^21 ^22 

(3.17)^2 ^12 ̂ 1 ''12 ^1 ^2-1 ^1 "^^22 ̂ 2 ' 

where 

^21 "^21^^' + c + p^^ + Pi2(x) Ai(x) + Pi2(x)A3(x) 

- ~X + c + p-j 1 + V2i(x) , (3.18) 
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where V2i(x)€ '-{Xq, «>) , where 

^22 ~ ̂ 22^^' ~ "^1 " ^2 ^ '^23'^12 ^^22^^
12 

= -A-jCx) + V22(x, X) (3.19) 

and where ® continuous function of X and with respect 

to X is L(xg, «>) . As a result. 

2(A + c + P2,)(y2 + P,2 y,)(y^ + ^1 ^ ''l2 ^1' 

= 2(X + c + P2^)(y2 + Pi2 yi)(^i + %2 ^2^ 

= -2A^(X + c + P2-i )y2 + 2(X + c + P2i)(-X + c + Pii)yTy2 

+ D^(x, X) + D2(x, X) y^ + D^Cx, X) y^y2 

where the D^(x, X) are continuous as functions of X and L(Xq, °°) 

as functions of x . As a result (3.16) becomes 

Q2(x. = 

~ ^^21 ̂ '^2 ''21'^1 ̂  ^)y"] D2(x, X) y2 

+ D2(x, X) ̂'\y2, ~ c + P2i)(X - c - Pn)yiy2 

2A.|(X + c + P21 )y2 (3.20) 



99 

Now consider the derivative with respect to x of Q3(x, X) : 

Q^Cx, a) ~ 2A-j(yi + ''l2'^1^ 

+ 2A,(j', + + Pjjyp 

(3.21)+ 2A^(y^ + P22y)(y2 + 

By (3.12)-(3.14) 

2Ai(yi + P22^2^'^-^2 '^12-^1^ ^ 

2A.|(Sl-|yi ^"12*^2 ^ ̂ '^2 ''l2'^l^ 

= 2a^ +'2a^(a + c + )y2 

+ Fi(x, A) y^ + F2(x, a) y2 + F^lx, a) yiy2 (3.22) 

where the F^.(x, A) are continuous with respect to A and L(Xq, °°) 

with respect to x . Similarly by (3.17)-(3.19) 

2Ai(y-| + P22'y2^^'^2 '^12*^1^ 

2A-|(y*! + P22y2^®21 '^1 ^^22 ̂ 2^ 

~2Ai(a - c - Pii)yi - 2Ai ■yiy2 

+ G^(x, A) y^ + G2(x, a) y^ + G2(x, A) yiy2 (3.23) 

again where the G^(x, A) are continuous with respect to A and 
L (xg, ®) with respect to x . 

https://3.17)-(3.19
https://3.12)-(3.14
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Therefore, by (3.21)-(3.23), 

Q^(x, X) = 

= 2A^(y^ + P22y2)(-/2 ^12 ̂ 1^ 

- 2A-J(X - c - Pi"])y"| 2Ai(X + c + P2'|)y2 

+ (P"! ■*" )yi ^^2 ^2 ^^2 ^*^3 ^3^-^l-^2 (3.24)7'^2 

Now by (3.15), (3.20), and (3.24) 

E'(x, X) = 

Pll^^l *^22^2^^ P21^^2 ^ ^12^1^^ 
+ 2A^(y^ + P22 y2)(y2 + ^12 ^l) 

+ H^(x, X) y^ + H (x, X) y2 + H3(x, X) y^y2 (3.25) 

where the H.(x, X) = F^.(x, X) + G^.(x, X) + D^(x, X) + C^.(x, X) . 
Thus the H^. (x, X) are continuous as functions of X and L(Xq, °°) 
with respect to x . 

E'(x, X)
Next we wish to show that is bounded by a functionTl^TTxT 

that is L(Xq, 0°) for Xq sufficiently arge when X is restricted 

to a compact subset of X > c . 

First note that for x sufficiently large and X restricted 

to a compact subset of X > c 

https://3.21)-(3.23
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Pll^^l "^22^2^' 
1 C^ lPil(x)lE(7rxl 

similarly that 

m2 
P21 <^2 ̂  I"12 ^1 ̂ 

El^rm — ̂ 2 ^ *^21 I 

and that 

2A.|(yi + P22^2^^^2 ^12^1^ 
< C3|A-|(x) l

E(x, X) 

E'(x, X)
Thus the first three terms in the ratio are bounded

E(x. X) 

independent of X in a compact subset of X > c , where x is 

sufficiently large, by absolutely integrable functions. 

It was shown earlier when w-j = (X - c)'1/2 yi(x, X) , 

W5 = (X + yo(x, X) the ratio converges to 1 uni-
w^ + w^ 

formly on compact subsets of X > c as x ^ . As a result note 

that for X sufficiently large, and X restricted to a compact set 

2^ 2H^(x, X) H^(x, X) w^ + W2 (X - c) y^ 
yi =E{x, X) X - c E(x, X) 2 2wi + W2 

1C4 ll(x, X)1 

By similar reasoning, for x sufficiently large and X so restricted 
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H2(x, X) 
1 CglH^Cx, X)E{x, A) 

and 

H3(x, X) 
^ ^61H3(x, X)E{x, A) ^1^2 

Now in fact each H^.(x, X) is a polynomial in terms of X with 

coefficients that are absolutely integrable functions of x . Thus, 

when X is restricted to a compact set 

lH.(x, X)1 < T.(x) 

where T^.(x) e LCxg, <») for Xq sufficiently large. With this final 

remark we now see for X restricted to a compact set and Xq suf-

E'(x X)ficiently large that dx exists and that as in the proof 

|-X 
E'(s, X)of Theorem 2.1, ds converges uniformly for X in a
E(S, X)

•'Xrv
'0 

compact set of X > c as x ^ ; and as in that previous result, this 

is sufficient to conclude the uniform convergence, on compact subsets 

of X > c,of E(x, X) to a positive continuous function E (X) . 
00 ^ ' 

As another example, consider the Dirac system of the form 

P(x) X + q.,(x) 
, 0 < X < «, (3.26) 

-X - q2(x) -p(x) 
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We now wish to consider the possibility that the potentials involve 

terms which grow without bounds. 

As before X is a complex parameter; the functions p(x), q^(x), 

q2(x) are locally integrable. We further take for k = 1, 2 

; where ^|^i(x) have the same sign and each 

tends to infinity as x tends to infinity. We shall without loss 

of generality assume now that ^|^i(x) >0 . 

Our goal, as before, is to stipulate conditions on the functions 

P(x), q-jCx), q2(x) sufficient to guarantee that the density function 

p(y) from Chapter 1 is such that p'(y) > 0 for all y in ]R . 

In other words, we wish to find conditions which guarantee that the 

self adjoint operator formed from (3.26) in the same manner as one 

which was formed from the system (3.1) earlier, has a continuously 

differentiable spectrum that is all of IR. 

We take, analogous to the first example of this chapter. 

'21 y2
X + q

11 

to be the functional whose convergence on IR we wish to examine. 

Note that 

^ ("21 + A 
n-V2 

("11 ^ 
"11 j 1 "21 1 

(1 + Aq-])"^ + (1 + Aq2]) y y2
1 

q2i ^21 q„ 1^2 



104 

q,l + X ("21 "^ 
where the factor , as well as the terms9 

"11 i "21 1 

and Aq^j converge as x ̂  uniformly for A in a compact 
subset of IR . 

One can show by an argument similar to that used in the previous 

example of this section that Eq(x, A) as well as 

Ml ..2 -1 71E^(x, A) = (1 (3.27) 

and 

E = E(x, A) = (3.28)-y?^
^21 ^ 11 ^ 

all form ratios that converge to 1 as x ^ uniformly for A 

restricted to compact subsets of IR. 

For this example we shall take E(x, A) to be the basic functional 

whose convergence we examine. We wish to give conditions which 

guarantee that E(x, A) converges as x o® uniformly on compact 

subsets of IR to a positive continuous function of A . 

There is an advantage, in this instance, to working with E(x, A) . 

As noted in Chapter 1 E(x^, A) = J(x^, A, A) where 

J(x^, A, p) - (J) (x^, a) (y) ({)(x^, a) 

+ 4> (x^. A) K^(y) $(x^. A) 

For this example, (})(x^. A) = yi(x^. A) , i(x^. A) = y2(Xn> 
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1/2 
and (y) = 

^21 
(x )
^ n' 

It was shown in (1.30) and (1.20) 

that 

P^(^) = TT ^ J ^(x^, X, y) = IT ^ J ^(x^, X, X) 

Thus by showing that E(x^, X) = J(x^, X, X) converges as x^ -> «> 

uniformly on compact subsets of IR to a positive continuous function 

E^(X) we shall have shown directly that Pp(^) converges uniformly 

on this compact set to tt ^ eJ(X) . Now it was shown in Chapter 1 

that a subsequence p (x) converges on IR , and because the 

system is limit point at infinity this subsequence converges to p(X) 

on IR. By a standard theorem in analysis the uniform convergence of 

p' (X) to TT~^ implies that p'(X) = on each 
k 

compact subset of IR. We thus need not be concerned, as we were in 

Theorems 1.1 and 1.2, with whether or not K^^(X) is bounded away 
from 0 for n sufficiently large,, and hence with stipulating at 

the outset whether qii(x) or q2i(x) is dominant as x . 

Theorem 3.2: For the system (3.26) let qii(x) and q2i(x) be 

differentiable, of the same sign, and let both tend to infinity as 

X ̂ 00 . Let P|^3('<) , and p(x) be locally integrable and let 

p(x) be smooth in the sense that D[(q.j^q2i )"^''^ p] exists. Let 

"''ki • ''11 • '''n ''21'"^''^" 
terms which tend to 0 as x and whose derivatives are L(Xq, °o) 
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q 1 /p 
and if 

k3 
(q2i q-|]) - ^^^0' P'(^) is continuous 

•^kl 

and positive on IR. 

Proof: Note that E defined in (3.28) can be written as 

P _ 1/2 2 , -1/2 2E - n y-| + n Yp . 

As in previous examples we shall show that the logarithmic derivative 

E'(s. X)of E is L(Xq, oo) and that ds converges as, x ,E(sV A) 
'0 

uniformly for A in a compact subset of IR 

By (3.26) we find that 

r, _ T , -1/2 2 , , -3/2 2E - 1/2 n n y-j - 1/2 n n yp 

+ 2p y^ - 2p 

+ [2A - 2An"^''^]y^y2 

+ q23 - (3.29) 

In this example we define several auxiliary functionals 

Ql(x, A) 1/2 n' q^'j y■^y2 
Q2(x, a) 2ti ^ Pq]i ^'\^2 ~ ^^^*^11^21^ ^ ■^l'^2 

(3.30)
.o-i V2 2Q. = Q3(x, a) ^q-ii 1 y-j 

-1 -1/2 2
Q. = Q4(x, a) Aq2i n 
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Note that the coefficient functions for y , and y^ y^ are taken 

by hypothesis to tend to 0 as x ̂  . 

For each of these functions one can show by (3.26) that 

Q-j = -^ D[n' 

^ 1 , r , -1/2 -In 2 1 ,r , -1/2 -In 2+ ^X[n n qii]y2-2^[-^ ^ ^IM ̂ 1 

+ y2 - 2̂Cn- y2 

+|[n' q^] ̂ 23^^2 " ^11 ^13^^1 

2D[n^^^ P^il^^1^2^2 

+ 2A-[n^^^ pq^]] y2 - 2A[n^^^ PPll^^l 

+ 2[p n~^^^]y2 - 2[pn^^^]y^ 

+ 2[n^^^ pqj] P23^^2 " PP]! ^13^^! (3.32) 

(Q3 + Q4)' = AD[q"]]n^/^ y^ + ADCq^]] y 

^ 1 ,r^-l . -l/2n 2 1 ,r„-l , -In 2 

+ 2A[pq-]Ti^/2] y^ - 2A[pq-] 'h y\ 

+ [2An"^^^ - 2a y^yg 

1/2 -1+ [2a n PllP23 ~ P21 Pl3^ '^l'^2 (3.33) 

By adding equations (3.29)-(3.33) we find that 

https://3.29)-(3.33
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[E + + Q2 + Q3 + Q4]' 

= D[n' q^]] + 2D[n^^^ pq^]]} y^y2 

+ XD[q-]] n^/2 y2 ̂  ^-1/2 ̂ 2 

"" "^11 ^23^ 4 ^11 ^13^^^^^ ̂ 1 
-1 -1 V2 .2+ 2[n pq~\ q23]n"^^^ y^ - 2[pq^"^ q^3] 

+ 2x[ri q-ji 123^'^1'^2 ~ ^ *^21 *^13^ ^1"^2 (3.34) 

Now let A = (q.|.| q2])1/2 » the following: 

1/2 „ _ w^23^ -1/2 „ _ . ̂ 13 
(3.35)1 "23 - ®"<' 1 ^13" q^ 

are integrable by hypothesis; 

n' q^] 923 = [n' 
and (3.36) 

. -■' o-"" n - r . -1/2 „-1t , ^13n n q-i"] qi3 - [n n q-,^ J — qii 

-1/2 -1 Mare integrable because n' n ' q^ ->-0 as x 00 and A 
^kl 

are integrable; 
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^ P^l 1 ^23 

and 

^21^ ^ ^^23 
^21 

(3.37) 

-1pq"' qno = [(qn qoO"^^^ p]A
^11 ^13 11 ^21 

21 
hi 

are integrable since ^21^'^^^ P ̂  ® x ^ ; 

1/2
n 

and 

^23q^i q23 = [tA-Ia
^11 ^21 

(3.38) 

^ ^21 ^13 
21 

^ ^2r"^11 

are also integrable. Thus we see that each coefficient in (3.34) is, 

as a function of x , L(xg, «>) . 

Let E2 = E + Q-j + Q2 + Qg + we note that 

E2 - (1 + A q-j]) + (1 + X q^]) 

+ (|n' q^] + 2n^''^ PPn)yiy2 

= Ei(x, x) + (-^ n' n q^j + 2n^^^ PP]]^ (3.39) 

where by our hypotheses jn' q^] and 2n^^^ pq^] converge 
to 0 as X ^ 0° . And as argued earlier, we can show that the ratio 

of E2 to E-| converges to 1 as x -> <» uniformly for X restricted 

to a compact set in IR. The same is true then for E2(x, X) and 

E(x, X) . We may use this together with (3.34)-(3.38) to conclude 

https://3.34)-(3.38
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no 

that for X sufficiently large, 

E^Cx, X) 
1 |D[n'n"^^^ qj"]] IE^TxTTJ 

+ A C2{DCq^"]] + DCq^]]} 

+ 03(1 + X) I (q^^ q^^ ^ 

+ C^d + X)|(q^^ ^21^^^^^ 

E^(x, X) 
As a consequence, dx exists. Thus as in previousE2(x, X} 

examples E2(x, A) will converge as x -> <» , uniformly on compact 

subsets to a positive continuous function; hence the same is true 

for E(x, A) . As a consequence p'(y) is continuous and positive 

for al 1 y in IR. 

Erdelyi [10] considered the case where in 

P(x) = -k/x , q^(x) = V(x) + c , 

= V(x) - c where k and c are constants, and where 

V(x) = V.|(x) + ; V2(x) € L(Xq, «=) , V-|(x) is differentiable 

and lVi(x)| -»■ 0° as x . For this case he showed that the 
continuous spectrum is all of IR. It should be noted that this re 

sult also follows from Theorem 3.2. 

A careful examination of the hypotheses of the result by Hinton 

and Shaw [18, Theorem 2] shows that they are identical to those of 



 

m 

Theorem 3.2 for the particular case considered. In their result, 

Hinton and Shaw allow the presence of weight functions ai(x) and 

a2(x) not identically equal to 1 , and for the decomposition of the 
au(x) "ks'x'

ratios and q j for k = 1, 2 , into long range, short 
''kl ''kl 

range, and oscillatory potentials of the kind described in Theorem 

3.1. Thus although Theorem 3.1 is not an extension of the result of 

Hinton and Shaw, its proof is of a more elementary nature. There is 

also the hope of a simplification of the hypotheses, in this more 

general case, as occurred in Theorem 3.1. 

Finally it should be noted that in Theorem 3.1 a more general 

functional could have been chosen for (3.7) with the result that some 

what weaker hypotheses are possible. For example one can choose 

E(x, X) = (A - c - + V^y^ + V2y2)^ 

+ (X + c + P2-i)(y2 "*■ ^2^2^ 

+ 2Ai(y^ + V^y^ + + V^y^ + V2y2) 

with 

12 22 

"2 = P22[l + 12 P22] 

^1 = 22 12 
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^2 = 

-co -oo 

s 
P22 

•' 
Plj] . 

If in addition to (3.3) we require the integrability of the V^. and 

,then the conclusion of Theorem 3.1 follows. 
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CHAPTER 4 

SECTORIAL ASYMPTOTICS OF M(X) FOR A 

COUPLED SECOND ORDER SYSTEM 

Wf? shall now consider the following system: 

AI 0 v(x) 0 
Jz'(x) = z(x) , 0£ X < 00 (4.1) 

0 0 0 I 

where z = , and y is a 2x1 vector. We also take 

y[ 
p(xj r{xT 

v(x) = where p, q, and r are real valued and locally 
£(x) q(x)_ 

integrable on [0, oo) . Note that (4.1) is equivalent to 

y" + v(x)y = Ay . 

Specifically, we wish to develop the asymptotic form of the 

Titchmarsh-Weyl M(A) function associated with (4.1) as A tends to 

infinity in sectors omitting the real axis. The approach is that of 

Hinton and Shaw [19] , in their treatment of the scalar four order 

equation 

y^^^ + q(x) y = Ay 0<x<oo . 

For system (4.1) we shall consider a regular boundary value prob 

lem (R) as described in Chapter 1. We make specific choices 

a-] = 3i = I , a2 = 32 = 0 in (1.8) with the result that 

M(A, b) = -O'^b, A) 0(b, A) , (4.2) 

where 0 < b < «> and Im A 0 . 



IH 

In Chapter 1, results proven in [14] were summarized concerning 

the development of the concept of a matrix disk associated with these 

M(X) functions. At that time it was stated that M(X, b) satisfies 

M{X, b) = C(b, X) + R^(b, X) U(b, X) R2(b, x) 

where U(b, X) is a unitary matrix and where C(b, X) , R^.(b, X) 

are defined by (1.24) . 

The critical idea was that the sets 

S(b, X) = {MlM = C(b, X) + R^(b. X) VR2(b, X) , V V < I}, 

for 0 < b < 0° and Im' X 7^ 0 , nest as b tends to infinity; that 

is, SCb-j, X)c S(b2, X) for < b^ . 

In this discussion we take M{X) to be the limit of a sequence 

of terms of the form (4.2) . In [14] it was proven that all such 

sequences have a common limit when the system is limit point. We 

do not assume that (4.1) is limit point. However, as we shall see, 

all limits of sequences of the form (4.2) have common first order 

asymptotics. 

We make use of the following observation from Chapter 1: As 

M(X) is an element of each S(b, X) , it must have a form 

M(X) = C(b, X) + R^(b, X) V(b, X) R2(b, X) 

And so, 



 

|
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M(A) - M(b, X) = R^(b, x)[V(b, x) - U(b, x)] R^lb, X) . (4.3) 

Thus from this. 

IIM(X) - M(b, X)|l 

l||RT(b, X)ll l|V(b, X) - U(b, X)|l ||R2(b, x)|l , (4.4) 

where ||•| is a matrix norm. Given the nature of U and V , 

l|V(b, Xj - U(b, X)||£ K for some constant K independent of b 

and X ; hence. 

1|M(X) - M(b, X)|< K|R (b, X)ll ||R.(b, X)|I (4.5) 

It was noted in Chapter 1 that Ri(b, x) = R2(b, X) . It can 

be shown that when the system is real then R2(b, X) = R^TbTXvT , 

thus (4.5) becomes 

IIM(X) - M(b, X)ll < K||R^(b, X)lf (4.6) 

for 0 < b < 00 and Im x / 0 . 

Our goal is to consider the inequality 

l|M(x) - MJx)!! 

< IIM(X) - M(b, X)|+|lM(b, X) - Mq(x)1| (4.7) 

where b is appropriately chosen and where Mq(X) is the M(X) 
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function for the system (4.1) where v(x) = 0 . We shall show for 

an appropriate choice of b as a function of A , that as A tends 

to infinity through a sector in I which excludes IR , 

|M(A) - M(b, A)II and ||M(b, A) - M^(A)| are o(l) and hence that 

M(A) = Mq(A) +0(1). 

We shall restrict our attention to those values of A in (E 

such that 

A = A , A = a+iT 

(4.8) 

0 < £q < t/o < K < 1 , a > 2 

This describes a region in £ such that tt - e-j > arg A > £2 

IT > £.|, £2 > 0 . It is a sector which excludes the real line. Let us 

also define for A satisfying (4.8) , 

X = 3/2 In a . 

Note that as defined X > 0, and that as a , X 0 . For A 

restricted to this sector it is equivalent to say either that A ^ 

or a ̂  because 

a(1 + £q)^/^ < |A| <a(l + . (4.9) 
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Theorem 4: Let 

e(x, A) ^(x, A)
Y(x, A) (4.10)

_0'(x, A) ' ■(x. A) 

denote the fundamental solution of (4.1) where 0(x, A) and 
$(x. A) 2x2 blocks and where Y(G, A) = I . For Im A 0 
let M(A) be the limit as b^ ■> <» of some sequence {M(A, b^)} 
where 

M(A, b) = -$"\a, b) e(b. A) . 

As A ^ 0° in the sector described by (4.8) , M(A) = M^(A) + o(l) , 
where 

A 0 
M,(X) = , and A is described in (4.8) 

0 A 

Proof: For the system (4.1) with v(x) e 0 one finds that the 

characteristic equation is (r^ - A)^ = 0 ; the eigenvalues are ±A 
where each is of order two . 

The fundamental solution of (4.1) with v(x) = 0 which is equal 

to the identity when x = 0 is 

' cosh(Ax) 0 - a"^ sinh(Ax) 0 
0 cosh(Ax) 0 -A'^sinh(Ax)

Yq(x, a) = 
•Asinh(Ax) 0 cosh(Ax) 0 

0 -Asinh(Ax) 0 cosh(Ax) 
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If we partition Yq(x, X) into 2x2 submatrices and take 

and 

cosh(Ax) 0 

(x, X) = 
'0

0 cosh(Ax) 

-a"^ sinh(Ax) 

(x, X) = 
'0

0 -A~^sinh(Ax) 

then 

Acoth(Ax) 0 

^0^ ®0 
0 Acoth(Ax) 

and we observe that for Im(X) f 0 

lini-<I'"\x, X) 0q(x, X) = 
x-x» 

A 

0 

0 

A 

Thus we define 

A 0 

Mq{x) = (4.11) 

0 A 
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Let 

e(x, A) = {e..(x, A)} = {0..} 
'J 'J 

X) = {(j)^.j(x, A)} = 

for i,j = 1, 2 be the 2x2 blocks of the fundamental matrix 

defined by (4.10) . Now let 

M(x , A) = (x. A) 0(x, A) 

= -det[<I)(x, A)]'^ [adj($(x. A)] 0(x, A) 

det[$(x, A)]"^ {a.j} (4.12) 

where i,j = 1, 2 

One can show 

012 4)1211 ^2 

11 , a
12 

®21 "^^22 ^22 ^^22 

(4.13) 

11 ni ^12 4)11 

"21 , a
22 

021 4)21 ^22 "^21 

and 
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11 12 

det $ = ((4.13) con't) 

<i> <P21 22 

We now wish to develop asymptotic expressions for the determi 

nants in (4.13), as X tends to infinity in the sector described by 

(4.8) . 

We begin by first noticing that each determinant is of the form 

yi 
where the vectors 

^2 ^2 

w. 

w. 

y(x, X) = 
•^1 

, and w(x, X) = 
-«■ 

■^3 -w^ 

are columns in the matrix Y(x, X) . 

Let y(x, X) and w(x, x) be solutions of (4.1) . Define 

'i ^11 ri(x, x) = 
Wr 

^1 w. 

2 ^2^^* ~ (4.14) 
^2 ^2 

^1 w. 

^3 ^3^^' 
w;^2 
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^l"
^4 ^4^^' ~ 

W2 

W2 ^1 ^1Tg rg(x, X) - + ((4.14) con't) 

^1 

and r to be the 5x 1 vector r(x, X) = (r^.) . With this 
ro-

definition one can show that r satisfies 

0 0 1 1 0 0 0 0 0 0 

0 0 X X 0 0 0 -p -q -r 

r' = X 1 0 0 0 -q 0 0 0 0 r (4.15) 

X 1 0 0 0 -p 0 0 0 0 

0 0 0 0 0 2r 0 0 0 0 

or r' = (B(X) + Q(x))r . 

The characteristic equation for the system V = B(x) Z is 

r3(r2 - 4X) = 0 ; thus the eigenvalues are 0, ± 2A . The 

fundamental solution of the homogeneous system is 

Z = Z(x) = Z(x. X) = (4.16) 

(con't) 
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-? -1 -1 
1 + cosh 2Ax A (-1 + cosh 2Ax) A sinh 2ax A sinh 2Ax 0 

A (-1 + cosh 2ax) 1 + cosh 2Ax A sinh 2Ax A sinh 2Ax 

A sinh 2Ax a"^ sinh 2Ax 1 + cosh 2Ax -1 + cosh 2Ax (4.16) 

A sinh 2ax a"^ sinh 2Ax -1 + cosh 2Ax 1 + cosh 2Ax 0 

where Z(0, A.) = I . 

Let n = ri(x) = ri(x, X) be the fundamental solution of (4.15) 

such that Ti(0, X) = I . We note the following: By (4.13) and (4.14), 

4.11 *12 
= n

12 

4*21 ^>22 

^1 ^1since this corresponds to where y^'(0, X) = w^(0, x) =-1 
w. 

0 = y^-(0, X) = w.(0, X) for i = 1, 2 and 0 = y2(0, x) = w.j(0, x) 

And so, with 

4)11 4)12 
(4.17)^1 = 4^21 4^22 

we find that 

0 

1 

r(0, X) = (r.(o, X)) 0 

0 

0 
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Thus not only is r(x, X) with defined by (4.17) a solution of 

(4.15) but in fact is the second column of the fundamental solution 

n of (4.15) . 

By a similar analysis we find that 

911 <f)l2 012 <1)11 
- n

13 '""14 
®21 022 022 <1)21 

(4.18) 

012 <})12 011 <1)11 
-ni5 

022 021^22 ^21 

As a result of (4.12), (4.13) , and (4.18), we have that 

'13 ''15 

M(x,A) = -<d"\x, X) 0(x, X) = r]~l (4.19) 

"15 "14 

Next, we wish to compute bounds for the n- - . We shall do so 
'J 

by using the variation of parameters formulation of and 

Gronwall's inequality. 

By variation of parameters, we find that 

n(x) = Z(x) + Z(x - s) Q(s) n(s) ds (4.20) 

Thus 
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1 -2 

^12 ~ "2 (-1 + cosh 2Ax) -

0-12(5) [p(s) + q(s)] sinh 2A(x - s)4 

+ A.-2[pn22 + qn42 + i^n52](-'' + cosh 2A(x - s))}ds (4.21) 

By (4.9) there are constants C-i^ and such that 

ir, \ ^ r ^~2 ^2ax p1^12'— 11 "^C12 "T(s) e2°(x-5> 

{o V12I + IH42I + Il52l )l <<5 . (4.22) 

where T(s) = |p(s)|+ |q(s)| + |r(s)| 

Similarly, we find for k = 3, 4 that 

1^ I / r "1 2ax . 
I^k2' - ^kl ® 

T(s) {10-121 + c"^(|o^pl + jo^^l + |o^p|)}ds;
'k2 32' I"42' '"52' 

and for k = 5 that. 

'52 
2r(s) 0-12(5) ds 

and 
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hszl - ^ 1^19! ds12 

< 2 T(s){|tito1 + a'^ln^l + In.ol + hcol) ds
12 32' I '42' '"52' 

As a consequence, 

(4.23)21 ^32 ^ ^ ^42 ^ ^ ^521 ̂  ® 

+ Cr R(s) lni2l + + In^^l + |n,;;,|)}cls
32' '"42' '"52 

where 

R(s) = R(s, a,'x) = (3 + 2 T(s) . 

Recall, for X = 3/2 a"^ In a and a ̂ 2 , that X is a 

bounded variable as a . For (4.23), we assume that 

0 < s < X < X . (4.24) 

On this interval, Gronwall's inequality implies that 

hi2l + cf'^dn^l + In^^l + ht;,!) < La"^ e^^^ , (4.25)'32' '"42' '"52 

where, as o , L is a constant not depending upon x for all 

x€ [0, X] because X remains bounded, and in fact tends to 0 

as a ->■ 0° 
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By (4.21), (4.24) and (4.9) we see that 

1^12 - ^2^ -

-1 2ax -2as 
< Ca e T(s) e 

^Ini2l + <?" (In^pl + In^pl + hi;,!)} ds ,1321 i 'i42 52 

and by (4.25), that 

£ C, e^^^ I T(s) ds , 0 < s < x < X 
Jo 

As a result. 

(4.26)^12 ̂  ̂ 12 Ri2^^' 

where X^«> . By a similar analysis one can 

show that 

r^lk " ^Ik ^ IV ' k = 3, 4, 5 (4.27) 

where lRi|^(X, X)| -»-Q as X->~. 

The description of M(x, X) given in (4.12) and (4.19) involves 

^Ik 
the ratios — , k = 3, 4, 5 . Now by (4.26) and (4.27) ,

ni2 

"ik. ^ik * "ik'"-
(4.28)

"^12 2^2 
12' 
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for k = 3, 4, 5 . For cases k = 3, 4 , where x = X 

-2 2aX 
a e -1 

zT^urry < Co 

and so, 

nik(X) Z"! 1^ 1 + 6ii,(X, x)
Ik^ 

Ixy" Z^2 1 + <Si9(X. X)
12' 

where a <5-]|^(X, X) 0 as X ^ o° or 

lu**' ^1k=̂ X)) (4.29) 

again, where aCi|^(X, X) ^ 0 as X . On the other hand. 

-2 2ax n / 1\ni5 0 e Ri(;(x, X)
15' 

-3 2aXr^12 Z^2 

Thus 

n,5(x) '-2 2aX 

— Rijtx, X) (1 + ?-i5(X» A))ni2(X) ^12 It) 

where ac-j^CX, X) -> 0 as X ^ , and 

-2 ̂ 2aX 

Z^2(X, X) *^15^^' 
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as A 0° . As a result, 

ni5(X) 
= 0(1) . 

Next note with the constraints imposed by (4.8) that for k = 3, 4 

Zik(X) 
sinh 2AX - cosh 2AX + 1 

- A < Co 
cosh 2AX - 1 

(^2AX.^-2AX,.(^2AX ̂  ̂ -ZAX, ̂  ̂  
< Ca e^AX ̂  g~2AX _ 2 

-2M ^-4AX 
e - e 

< Ca 
1 + - 2e-2^^ 

and because X = -^3 a-1 In a , 

£ Ca(a ^ + e ̂ ) 

As a result, 

Z.k(X) 
= A t 0(1) 

By (4.29), for k = 3, 4 , 

nik(x) 
= A + o(l) , 

as A -> 0° . And by (4.19) 
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A 0 

M(X, X) = + 0(1) 
0 A 

or by (4.11) 

M(X, X) = Mq(X) +0(1) (4.30) 

If in inequality (4.7) we choose b = X subject to restrictions 

(4.8) then 

||M(X) - Mq(x)|1 < IIM(X) - M(X, X)|l + 0(1) (4.31) 

and (4.6) becomes 

1|M(X) - M(X, X)ll < K 11R^(X, X)ll (4.32) 

Recalling the definitions in (1.23) and (1.25) we see that 

R^(X, X) =if~^(X, X) , and that 

SW =^(X, X) 

ic "k 

■i [o' $ - 0 $'] 

•i ['&'*(x, X) $(X, X) - 0*(X, X) $'(X, X)] 

Thus, 
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■iR^(X) = -i r2(X, X) 

= [$*'$ - <!%']■'' 
-1 ^ ' -1 -1 * -1 *_i($■$ ') ] ' $ (4.33) 

As mentioned in Chapter 1, it is proven in [13] that, for Im X 0 , 

$ \x, X) exists. We seek to show that HR-jCX, X) || 0 as 
X -V 00 by demonstrating that Ho'^lX, X) || ■> 0 and that 
II [o'$ ^ - {(J) ' '!) "*) ] ^(X, X) || ^0 as X 00 subject to (4.8). This, 
together with (4.31) and (4.32) will complete the demonstration that 

M(X) = Mq(X) + 0(1) 

By (4.13) and (4.17), we have seen that ni2 = det $ ; thus 

72 "^12 
r"" = O'^X, X) = "" 

12 71 'Pll 

4'-: ■!To show that |$^(X, X) | ->0 as X-)-oo we need to examine —^ , 
12 

i,j = 1, 2 . 

Given the fundamental solution Yq(X, X) , 

f(x, X) = Yq(x, X) + Yq(x - s, X) Q(s) <5(s, X) ds 

where 
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0 0 0 0 

0 0 0 0 

Q = 
-r 0 0 

-r 0 0 

-p 

-q 

As a consequence, for i f j and i,j = 1, 2 

(p.. = (f)..(x. A) = 

=-A~^ sinh Ax + A"^ sinh(x - s)[p(l)jj + ds 

.-1A) = J A" sinh(x - s) [rc!)^^ + q(p.^'\ ds 

From this we see that 

ifjji 1 

^ „ -1 ax ^ 
X

„-l ga(x-s) ,1 1 ^ I I )£ C-j a e + 
g JJ 'J 

where T(s) = lp(s)l + lq(s)| + |r(s)I ; thus by Gronwall we see 

that 

I'l'jjl + kiji 1 a""" e''^- D.(x, A) 

for X [0, X] , and where for A subject to (4.8) 

1D^ (X, A)|^0 as A^°° . And, 
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a""" e^Vi(X, X)|^^(X) 

Zi2 + a"^ R^(X, X)| 

1 a'"" e^^|D.(X, X)1e-- ro-< C 
a"2 + 6(X, X)1 

■1/2
< Ca 

+ 6(X, X) 1 • 

where 5(X, X) -> 0 as X and since X = 3/2 

CVJ X) 
From this we see that 0 and hence1— ri"! 2 (X j ^ 

1 

l l <^.-1 (X, A) l| ^-0 (4.34) 

as X ^ 00 . 

-1 * -1..-1We now consider [o'o 

">11 <l>l'2 
.-1 1 ^22 ■^12

As = and , one 

(j)^2 '12 -<^2} ^11 

show that 

12 
-0 0 

1 (4.35)
ni2 

^\l <^\2 ^11 '^'12 
where b .11 b 12 

^21 ^^22 '^ll ^^12 
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^21 ^^22 '^ll ^12 
, b 

^21 "PzZ 
22 

(t)2i <p22 

We see that b-ji is of the form ^1 
and hence of the form 

w. 

in (4.14) . In this case, y-j(O) w^iO) = -1 and so we can see 
:sthat  or-

bii - 0^2 • 

Now b22 is like in (4.14) where again y-jiO) = W2(0) = -1 so 

^22" ^32 • 

For b.|2 and b2i things are different. We see that b.|2 is 

yi 
of the form while b2-] is of the form H ^2 

y^ w- H ^2 

We observe then that bi2 + b2-] = -r^ and that as a result. 

(4.36)*>12 ° "I52 • 

Next, by differentiation, one can show that 

^1 ^1 ^2 ^2 
+ = const. = C 

^1 ^2 
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For our case this would be 

bi2 - ^2^ = C 

And so by (4.36) and the equation above. 

bi2 2 " "^52^ 

b2i - 2 + 1152] 

In considering (4.35), we would like descriptions of 1132> 1142» 

'52 • 

As mentioned in (4.20) 

Z(x - s) Q(s) n(s) ds]|^2 (4.37)^k2 ^k2^^' C^(^) 

where Q(s) is defined in (4.15) . Thus, 

-1 

1-132 ~ 2~ ~ 

X 

[q(l -t- cosh 2a(x - s)) + p(-l + cosh 2a(x - s))]n
12 

■1 .-I- A sinh 2a(x - s) [pn22 + ^1142 + >^1152] ^s , 

and so 
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-1 

'^32 —^ -

X 

T(s) + o-^lnjjl + + Ii52l>^ 
'1 

again where T(s) = |p(s)|+ |q(s)|+ lr(s)|, and where 

0 _< s _< X _< X . By (4.25) we then see that 

~1 /-X 
T(s) ds1^32 " — ̂ 1 

0 

As a consequence. 

-1 
/„ A \ - A sinh 2Ax , -2 2ax „ /, , x 

'32
(x. A) = 5 + a e R22(x» 

for X € [0, X] ; where R22(X, X) -> 0 as X . If 

x = X=|- a^ lna . 

/V •> \ _ A~^ sinh 2AX , _ n /v (4.38)^32 2 o R22(X» X) . 

A similar argument will show that 

(4.39)n42(X) = n42(X, X) = ̂  ̂  + a x) 

where |R^2(X, X)] -> 0 as X ->■ «> . 
Referring again to (4.37) we see that 

2r(s) tii2(s) ds"^52 *^52^^' 
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By (4.25) it follows that 

h52(X. A)1 <C k(s)l a~^ ds 
0 

r -2 «2aX< C a e |r(s)l ds 

And so we note that 

ri52(X) = n52(^» ^) = cr 1^52^^' (4.40) 

where |Rg2(^» >^)1 ^ 0 as X ->■ 0° in the sector described by (4.8) . 
We note by (4.26) that 

'12 (X) = n-,2(X, X) = ^
-2 

(1 + cosh 2AX) + 8^2^^' X) . (4.41) 

again where lRi2(X, X) ] ■> 0 as X ->■ «> . 
Considering again (4.35) we see that for x = X 

^11 n42(X)
1)0""*^12^ ' ni2' 

and by (4.39) and (4.41) we see that 

'42 (X) a'^ sinh 2AX + 2a R42(X, X) 
ni2(X) a"^ (-1 + cosh 2AX) + 2 R^2(^' X) 
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1 _ + 4ae"^^^A-l 2AXA e 

A-2 2AX
A e 1 + 

.pAV _p ? 1

Note that [ae |= a since X = |- a In a , and so, in fact 

"1 + <5^2^^' 
= A 1 + 6^2(X, A) 

where l6^2(^' ̂ )l » l <5i9(X, X)|^ 0 as A ->■ °° . And so.12 

n _ A[1 + (4.42)ni2(X) 

where A^ -j = A-j -j (X, X) and | A-j i [ -»■ 0 as X . 
By a similar argument using (4.38) and (4.41) one can show that 

nQo(X)'22 "32 a(1 + A22) (4.43)ni2(X) ri-]2(X) 

where IA22I = 1A22(X, X) | ^ 0 as X -> «> . 
By using (4.40) and (4.41) one can show that 

2a ^52^^' 
a"^(-1 + cosh 2aX) + R-|2(X, X) 

4a 1^52^^' 
^-2 g2AXp ^ g-4AX _ 2e"2^^ + 4e"^^^ Ri2(X, x)] 
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4a^ a"^ A) 
TTT^^TxTT) 

= 0(1) R52(X, a) 

Also note that 

a2 .2aX-1 A e 

and so |ni2(X)|= 0(a . From these last two observations it 

follows that 

(X)"12 '52 A-j2(Xj a) ~ ^"12rvj^TxT n-,2W 

and that 

C + n52(X)"21 A21(X, A) - A21n^iTon" ni2(^) 

where IA12I and IA21 I -»■ 0 as \ ^ °o in the sector described by 
(4.8) . 

We now write (4.35) as 

A(1 + A.,^) '12
$' (X, A) $"\x, A) (4.44) 

'21 a(1 + A22) 
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From this we see that 

■det[ ' (X, A) o'^(X, A) - ($'(X, A) $'^X, A))*] 

= [A - A + (AA^^ - AA^^)][A - A + - AA22)] 

+ 1a^2 " ^21 I 

= -a^[2a \ + a ^(AA^-j - AA^i)][2a \ + a'^(AA22 - AA22)] 

+ |At, - A12 "21 1 • 

From (4.8) we recall that 2 — > 2£q > 0 while from (4.9) 
[a ^ A] < (1 + . Since for i ,j = 1, 2 , |a. . | ->0 as 

I J 

A , it follows that for |A| sufficiently large. 

|det[<l>'0"'' - ($'$"'')*]| > C ^ . 

From this and (4.44) it follows that 

- ($' = 0(a"^ 

as A in the sector (4.8), where 4' = ^'(X, A) and 

$ = $(X, A) . Together with (4.34) and (4.33) we see that 

I I R^(X, A) l| and ||Ri(X, A) || tend to 0 as A 0° in the sector 
described by (4.8) . This shows by (4.32) that 
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1|M(A) - M(X, X)|= o(l) 

as X ^ and by (4.31) completes the demonstration that 

IIM(X) - Mq(X)|| = 0(1) 

as X ^ 0° in a sector. 

It recently came to our attention that Atkinson [5] has succeeded 

in developing the first order asymptotics as X in a sector ex 

cluding the real axis for matrix Sturm-Liouville equations. That 

is, for X such that e £ arg x £ tt - e he has considered the 

system 

Jy' = (XA+B)y , a£x<b 

for which 

0 -I. A„ 0 

J = ; A = A{x) = 

'n " 0 0 

and 

Bii B.,2 

B = B(x) 

^21 ^22 
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where A-ji, are n x n matrix valued functions with locally 

integrable entries. When applied to the specific case considered in 

Theorem 4 it seems to show that 

M(X) = Mq(X) + o(/x) 
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APPENDIX 

T * 
Note: M represents the transpose of the matrix M , and M 

stands for the conjugate transpose of M . 

Definition: An n x n matrix M is hermitian if M = M . 

ic 

Note: An n x n matrix M is hermitian if and on-ly if u Mu 

is a real number for all complex vectors u . 

Definitions: A square matrix M is said to be nonnegative definite 

when u 
* 

Mu >_ 0 for all complex vectors u , and is denoted by 

M > 0 . 

For the square matrices A and B , A ̂ B means that 

A - B > 0 . 

A matrix valued function A(t) is said to be nondecreasing on 

(a, b) if for a<t^ <t2<b , 0^ - A(t^) . If in addition, 

A{t) is hermitian for t € (a, b) then the diagonal elements 

a^.^.(t) are nonnegative and nondecreasing on (a, b) . 

For any matrix M , let the real and imaginary parts be defined 

as follows: 

Re M =1[M + M*] and Im M =i[m - m*] . 

An immediate property of nonnegative definite matrices is that 

the diagonal elements are real and nonnegative. An important property 

of such matrices is that the diagonal elements dominate in the sense 

that 
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(A.l) 

The matrices Re M and Im M are hermitian and their entries are 

not necessarily real valued. From the above definition, M is her 

mitian if and only if Im M = 0 . 

Definitions: By a matrix valued function A(t) which is continuous, 

or absolutely continuous, or of bounded variation, we mean a matrix 

of complex-valued functions each of whose entries possess these 
ft 

properties. We interpret f(t) dA(t) to mean the limit of Riemann 
0 

sums of the form: Ef(5^.)[A(t^^i) - A(t^)] . The integral, thus 

defined, is nothing more than an array of Reimann-Stieltjes integrals. 

Note: In a straight forward manner, one can extend many of the 

standard theorems of integration to include integrals of this type. 

An account of some standard integration theorems together with a 

discussion of some extensions can be found in [2, pp. 416-435] . 

Definition: A matrix valued function M(z) is said to be analytic 

when its entries are analytic functions of z . 

It is known, when f(z) is analytic in jzj < r and continuous 

in |z| < r , that 

2tt 

f(z)=iImf(D) +^I it Re[f(re'"^)] dt (A.2) 
•"n re - z 

for |z1 < r . 

A similar statement can be made for analytic matrices. 
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Lemma A.1: Let M(z) be an n x n matrix with entries analytic for 

lz| < r and continuous for \z\ < r . For such M(2) , 

2tt ...it
M(z) = ilmM(O) +^ ^ ̂  ReM(re^'^)dt

re^^ - z 

for IzI < r . 

Proof; Let M(z) = A(z) + iB(z) where A(z) and B(z) have real-

valued entries. Now by (A.2) 

M(z) = i3 + 2^1 j
27T

K(t, z) A(re^^) dt (A.3) 

0 

it 
where 8 = B(0) , K(t, z) ==• re + z , and |z| < r . 

re^^ - z 

Since the entries of iM(z) are also analytic for |z| < r 

and continuous for [z] ̂  r , we have 

1 fZlT .
iM(z) = io' - j K(t» z)B{re )dt 

where a = A(0) and [z] < r . Consequently 

2n 
M(z) = a +^ K(t, z)(iB(re^^))dt (A.4) 

Now M(z) = ^ ^ and by (A.2), 
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M(z) + m"^(z) _ .I MliIx 
2 ~ 2 

2it 

K{t, z)/ ACre"*^) + A^(re^^)
ZIT dt0 

and by (A.4), 

M(z) - M^(z) _ ,a - Jx 
2 ~ ^ Z ' 

2tt 

So 

■B + \ _ i ^oLZL^L)M(z) = i - i G T 

Ztj A(re^^) + A^(re^'^) + • ^B(re^'^)-^B^(re^^))K(t, z) dt 

Next note that. 

Re„(.) = "liUJLM = (i^) . 1(^^) and 
) ^ M(z) , (1^) . H^jiL) .Im M(z] 

As a consequence, 
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rZn 

M{z) = ilmM(O) + 2^ K(t, z) Re M(re^'^)dt (A.5) 

for Izl < r . 

Note that if M = , and as a consequence, that A = ana 

, then (A.5) reduces to (A.3). 
ft • 

If a (t) = Re M(re ) ds then (A.5) becomes 
^ JO 

rZv 
M(z) = ilm M(0) +^ K(t, z) da^(t) .

ZTT jQ r 

Lemma A.2: Let ^A^(t)} be a family of n x n nonnegative definite, 

nondecreasing matrix valued functions defined on (a, b) . If there 

is a nonnegative definite matrix C such that 0 < A (t) < C for 
— a '— 

t (a, b) and all a , then the elements of A^(t) are collectively, 

uniformly bounded and of uniform bounded variation. 

Proof: Let A(t) be an arbitrarily chosen matrix from the family; 

then, first we note that a^^(t)£ c^.^. . By (A.l) this implies that 

|3^|.(t)|£ max } for j,k = 1,..., n . Hence the entries 
i=l,...,n " 

are bounded independent of A(t) . 

Note that for A(t) 

,1/2. 
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1/2 

< (c., Cj.)1/2 < max {c,i} 
i=l,...,n 

where I (a-^Ctb+i) - a,-i(t^)) < c.. because a..(t) is nondecreasing
11 K't I 1 I K I I 11 

and bounded by c^. . 

For such a family of matrix valued functions as described in 

Lemma A.2 one can, by a diagonal procedure, produce a subsequence 

{A^(t)} of the family {A^(t)} which converges, on the nationals 

of (a, b) , to a nonnegative definite, nondecreasing function B(t) . 

On the irrationals of (a, b) we can define B(t) by means of left 

continuity. B(t) thus defined is nonnegative, nondecreasing and 

shares the same bound on the variation of its elements as {A^(t)} . 

Since the elements b^^(t) are nondecreasing on (a, b) the 

union of the sets of discontinuity is countable. Again by (A.l) we 

see that set of discontinuity of any b..(t) is contained in the above 
'J 

union. Thus the set of discontinuity for B(t) is countable. 

One can show that the subsequence {A^(t)} must, in fact, 

converge to B(t) at its points of continuity. As the set of discon 

tinuity of B(t) is countable, a further subsequence {A (t)} can 
"k 

be found converging on this set and with suitable redefinition we can 

have a nonnegative nondecreasing B(t) of bounded variation to which 

{A (t)} converges on (a, b) . 
"k 

We state without proof the following matrix generalizations of 

Helly-Bray theorems appearing in [2, pp. 425-428] . 
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Theorem A.l: For a family O'f n x n nonnegative definite, 

nondecreasing matrix valued functions defined on a finite interval 

(a, b) and which satisfy 0 _< A^(t)£ C for a constant matrix C , 

there is a sequence {A^(t)} and a nonnegative definite nondecreasing 

function B(t) of bounded variation to which {A^(t)} converges on 

(a, b), such that, for functions f(t) continuous on [a, b] 

.b rb 
1 im f(t) dA^(t) = f(t) dB(t) . 
n-x» 

When the interval (a, b) = (-«>, «>) then one has; 

Theorem A.2: For a family of matrices {A^(t)} satisfying the 

hypotheses of Theorem A.l where in addition, A^(o°) = lim A^(t) and 
t-K)0 

A_(-°°) = lim A (t). , there is a sequence {A (t)} and a nonnegative 
t-y-oo 

definite, nondecreasing function B(t) of bounded variation to which 

{A^(t)} converges on £ t _< <» , such that for a function f(t) , 

continuous on IR and with finite limits f(«') = lim f(t) , 
t-yoo 

f(-°°) = lim f(t) , the following holds: 
t^-oo 

1 im f(t) dA^(t) = f(t) dB(t) + f(°°) [B(°o) - B(°°")] 
n-yoo 

+ f(-°°) [B(-°° ) - B(-°°)] 

where B(«'") = lim B(t) and B(-°°''") = lim B(t) . 
t-K» t->—°° 

Before considering the next result, note that if f(t)£0 

and A(t) is nonnegative definite and of bounded variation for 
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t € [a, b] , then f(t) dA(t)^0 , a_<c£d£b . And further, 
rt 

note that f(5) dA(5) is a nonnegative definite, nondecreasinq 
Ja 

matrix valued function for t € [a, b] . 

We next restate a standard representation theorem for functions 

which are analytic and have nonnegative real part in the circle 

|zl <1 [1]. 

Theorem A.3: A matrix-valued function M(z) , with entries which are 

finite in the circle |z| < 1 , will admit the representation 

2tt _it 
M(z) = IB + + z dA(t) 

0 e^^ - z 

where B is hermitian and A(t) is a non-negative definite, non-

decreasing matrix-valued function of bounded variation if and only if 

M(z) has a nonnegative definite real part and is analytic in 

Izl < 1 . 

Proof: We modify a standard proof found in [1 , p. 5] . 

Suppose that M(z) does possess this representation. Then if 

it ^ 
K(t, z) = ® * ̂ , we have 

it 
e - z 

fZ-n fZu 
Re M(z) = Re IB + K(t, z) dA(t) = Re K(t, z) dA(t) 

r2 

Re(K(t, z)) dA(t) . 
0 

The last equality follows because A(t) is nondecreasing so that 

A(t) - A(s) = B(t, s) is hermitian, and so, if a € (D , then 



 

 

 

154 

0 

Re(aB(t, s)) = -^ [a B (t, s) + aB(t, s)] 

= -^ (a + a)B(t, s) 

(Re a) B(t, s) . 

Now Re{K(t, z)} = 1 - where c = izl < 1 , 
1 - 2ccos(t - 4)) + ̂  

}) = arg z . As a result, Re{K(t, z)} ^ 0 , and as a consequence, 

(•Bit 
Re{K(t, z)} dA(t) > 0 . 

Given the representation, it is clear that each entry of M is 

analytic. 

Suppose on the other hand that M(z) is matrix-valued, analytic 

with nonnegative definite real part for |z| < 1 . By the initial 

Lemma, A.l, 

Ztt 

M(z) = ilm M(0) + K(t, r, z) Re M(re^^) dt 
2ir 

.it 

for \z\ < r < 1 where K(t, r, z) = ^ ̂  . By assumption 
t re - z 

Re M(re^^) > 0 , hence An(t) = Re M(re^^) ds is nonnegative
Jo 

definite and nondecreasing as a function of t and 

0 _< A^(t)£ A^(27t) = Re M(0) . The set of matrix-valued functions 

{A^(t)} for 0 < r < 1 thus forms a family of such functions which 

are uniformly bounded and of uniform bounded variation. By Theorem 

A.l there is a nonnegative, nondecreasing function of bounded 

variation A(t) to which a subsequence A (t) converges pointwise 
n 
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on [0, 2tt] , as ^ 1 , and for which 

27T rZrr 
K(t, r„, z) dA^ (t) = K(t, 1, z) dA(t)

2tt"■"2^ 
n-x» 

r2ir£^J_ dA(t) . 
2tt 

0 - z 

This limit exists because of the Helly theorem and because 

K(t, r^, z) converges to K(t, 1, z) uniformly for t€ [0, 2Tr] 
as r -»■ 1 . 

n 

As a consequence, 

r2v
1M(z) = lim {ilm M(0) + ^ K(t, r , z) dA (t)}

n^ JO "^n 

r2Tr 
ilm M(0) + K(t, 1, z) dA(t)

2it 

= 1Im M(0) + i dA(t) 
0 - z 

for all lz| < 1 . 

In what sense is the matrix-valued function A(t) unique? 

Within the circle Izl < 1 , the function 

K(t, 1, z) = -1 + = -1 + 2 f (z/e^'^)"
1 - z/e n=0 

-1 +2 ? z" e-""' 
n=l 

and so 



 

 

� 

 

 

156 

r^TT r^TT 
M(z) = i Im M(0) + dA(t) + Z [1

2v dA(t)]z' 
0 n=l 

Now, 

2it rZir 
dA(t) = lim dA^ (t)

0 n-x» ^0 

lim [A (2tt) - A (0)] 
n-w n n 

lim [Re M(0) - 0] = Re M(0) 
n-Kx> 

Consequently, if there is a second matrix-valued measure B(t) such 

+ zthat M(z) = ilm M(0) + -^ ^pi dB(t), then by comparing the 
0 e - z 

resulting Taylor expansions we note that 

J_ 
Ztt 

2tt 

0 

r2TT 
dA(t) =i 

0 

dB(t) 

for 

and 

k = 0, 1, 2, 3,... . 

Both A(t) and B(t) are nondecreasing, thus both 

B(t) - B(s) are hermitian and so. 

A(t) - A(s) 

2it 2ir 

or 

1 ikt 1 -I 4.^ e dA(t) = ̂  e'l^'^dBlt) .7F 
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Now the difference A(t) - B(t) = C(t) is a matrix-valued 

function of bounded variation for which 

■2tt
e^'^^dC(t) = 0 for k = 0 , ± 1 ±2 ... 

j 
Q 

The last statement we recall is in fact a statement about elements; 

namely, 

Jkte"'''dc. (t) =0 for k = 0, ± 1,±2. . .. (A.5) 
/n J""! 

This means that 

2it 2irikt0 e-'dCjJt) = e^%(t)|^ - Ik 
0 

I,dc (t) - ik e^'^c. (t)dt
JQ jg 

and hence by (A.6), that 

0 = 0- ik e iktc. (t)dt . 
0 J"" 

iktso for k 0 , e'^'- Cj^(t)dt = 0 . Setting d,-^ = 2it 

jm c jm('t)dt 

we note that 

[Cjm(t) - djje^'^^dt = 0 for k = 0, ±1, ±2,.. . 

so that c.jm (̂t)' - d.jm has Fourier coc^-'ficients all of which are 0iu LiiQL 
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0 

The uniqueness of these coefficients implies that 

c. (t) - d. =0 and hence C(t) - D = 0 at each point of continuity
jm^' jm 

of C(t) and as a consequence A(t) and B(t) differ by a constant 

matrix at their points of continuity. 

Since A(t) - A(s) >0 for t > s , the diagonal elements of this 

difference dominate the off-diagonal elements. As a consequence, a 

point at which all diagonal elements are continuous is a point where 

all elements of A(t) are continuous. 

In order to guarantee that A(t) in the theorem is unique it is 

necessary to impose some normalization conditions. For example, if we 

require that A(t) be left continuous in (0, 2tt) , and if we define 

A(t) such that A(t) = A(t) for 0 < t < Zir , 

A(27t) = A(2u - 0) = A(2tt - 0) , 

A(+0)- A(0) = A(+0) - A(0) + A(27t) - A(2Tr - 0) , 

(•277 
then for functions f where f(0) = f(2Tr) , | f(t) dA(t) = 

JO 

(•277 
f(t) dA(t) . If we define j^(t) = A(t) - A(0) then $^(0) = 0 , 

(•277 277 
f(t) dfl (t) f(t) dA(t) 

0 0 

and f2(t) is unique. 

With the representation theorem for matrix valued functions one 

can, as is done in [ 1 , p. 7] , by means of the transformations 

1 ^ ̂  

z = i (-j and ({)(z) = if(c) , establish the following representation 

theorem: 
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Theorem A.4: A matrix valued function M(z) , which is finite for 

z such that Im z > 0 , has a representation 

1 + tz
M(z) = A + zB + dfi(t) , (A.7) 

t - z 

where B 0 , A is hermitian, and f2(t) is nonnegative definite, 

nondecreasing and of bounded variation, if and only if M(z) is 

analytic and has nonnegative definite imaginary part for z with 

Im z > 0 . 

If one defines, up to a constant matrix, the matrix valued 

function p(t) by 

.1dfi(t) = —^ dp(t) , 
1 + t 

then p(t) will also be nonnegative definite, and nondecreasing. It 

will share with f2(t) the same set of points of continuity in F. 

In terms of this measure p{t) , 

1 + tz 1 
)dp(t)

t - z t - z 1 . 4.2 -oo 1 + t 

and the characterization of M(z) can now be written as 

M(z) = A + zB + r)dp(t) (A.8)
't - z 

1 + t 
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