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ABSTRACT

For Hamiltonian systems with one singular endpoint of limit point
type, the problem is considered of determining when the continuous
spectrum is absolutely continuous or continuously differentiable.

Following a method of Atkinson for (-py')' +qy = \wy , a
sequence of regﬁ1ar nonself-adjoint boundary value problems is examined
and their Titchmarsh-Weyl M())- functions derived. The Pick-
Nevanlinna representation of each M()) - function produces a density
function that is C1(R) » and whose derivative is related to an
energy-Tike functional for the Hamiltonian system. A sequence of
densities {pn(k)} associated with these regular nonself-adjoint
operators is shown to converge to a density o(u) associated with the
M(X)-function for.the singular self-adjoint operator. The energy-like
functionals are used to establish the absolute continuity and con-
tinuous differentiability of p(u) .

Examples are considered of a general second order system, and
of a Dirac system, in which the potentials are of long range, short
range, and oscillatory type. Conditions are stated in terms of these
potentials such that the continuous spectrum is C] . Examples are
also considered of a coupled second order system and of a Dirac
system in which the potentials include terms which are smooth and
unbounded. Conditions are stated such that the continuous spectrum
is C] , and is all of R.

In the last chapter, following a technique used by Hinton and
Shaw in their consideration of the equation y(4) + q(x)y = xy ,

first order asymptotics are developed for the M())-function associated



with a second order system with coupling terms present and with mini-

mal restrictions on these terms.
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INTRODUCTION

Consider the following equation:

Ly = -(p(x) y')' + aq(x)y =Xy , 0 <X <w (0.1)

where p(x) is absolutely continuous, q(x) is continuous, and
p(x) > 0 on the half 1ine. To construct an operator on the Hilbert
space L2(O,<n) using Ly , one is quite naturally led to consider
square integrable solutions of (0.1) . The construction of such
solutions involves the introduction of the Titchmarsh-Weyl M(})
function ([8, p. 225], [24]) .

Introduce separated_boundary conditions that define a self-adjoint

operator on a finite interval 0 <x<b:
sina y(0, A) + cosa p(0) y'(0, A) =0 (0.2)
sinB y(b, A) + cos B p(b) y'(b, A) =0 (0.3)

where 0 < q,B <1 » and a fundamental pair of solutions o&(x, \) ,

8(x, A) such that

[~ 1

8(0, 1) (0, 1) sina cos o

p(0) 8'(0, A) p(0) ¢'(0, A) oS o -sina

i - — -

We define a function Mb(A) = Mb(k, b, a, B) where




() = - sing 6(b, 1) + cosB p(b

g'(b, A
M sing (b, A) + cosB p(bg ¢'§b, A% . (0.5)

b

This function Mb(x) is meromorphic as a function of )\ with its
poles corresponding to the eigenvalues of the regular boundary value
problem on the finite interval 0 < x < b described by (0.1)-(0.3) .

For fixed o , Im Mb(x) >0 when ImXx>0 . For each ),
Mb(k) traces a circle in the half plane as R varies from 0 to
m . A similar statement holds for X with ImAx <0 . As b tends
to infinity, these circles nest one inside the next, and for this
second order equation tend either to a circle or a point; thus
leading (0.1) to the dichotomy of being either limit point or limit
circle at infinity.

If (0.1) is Tlimit ﬁoint, then the function Mb(l) converges
in each half plane to an analytic function. We shall confine our
attention to the upper half plane, Im )X >0 . For these A the
Timiting function will be denoted by M (A) .

Weyl [27] showed for o = n/2 in (0.2) that the function

x(Xy A) = 8(x, A) + d(x, A) M _(}) (0.6)

(s}

is in L2(0, ) . In fact, when (0.1) is 1imit point, there is exactly

1 independent L2(0, =) solution.

Consider now the singular boundary value problem on the half line

0 < x < defined by (0.1)-(0.2) . Let D be the set of functions

f(x) such that f(x) € L2(

2
(

0, ») 3 f(x) satisfies (0.2); and

L(f) € L°(0, =) . When (0.1) is limit point, then the operator



defined by L(f) with domain D is a self adjoint operator on the
Hilbert space L2(0, w)

Now, for the limit point case, both Mw(A)' and Mb(x) are
functions of Pick-Nevanlinna type. A function M()X) 1is of Pick-
Nevanlinna type if it is analytic for A in the upper half plane, and
if in this half plane, Im M(X) > 0 . Such functions M(X) have a
representation in terms of a real valued nondecreasing function o(})

defined on R where

M(A)=c+1‘d+f oy G (0.7)

where ¢ and d are real constants, and d >0 [1] . From

this it follows that

and inversely that

o{d) = p(c) =7 1lim

Jd+'i€
0

~Im M(3) dA (0.9)
ctie
at the continuity points ¢ and d of p()) [8].

The spectrum of the self adjoint operator defined in the Timit
point case is the support of the measure dp(u) [8] . As mentioned
above, p(u) 1s nondecreasing. It can also be shown that the
eigenvalues (if any) of the self adjoint operator correspond to

jump discontinuities of p(u) .




In what follows we shall be concerned with the following Hamilton

system:

Jy' = [X A(x) + B(x)]y , a<x<w (0.10)

where J 1is skew hermitian and nonsingular; A(x) and B(x) are

2n x 2n complex hermitian matrices; A is complex parameter and y(x)
is a 2n x 1 vector function. In addition A(x), B(x) are locally
integrable on [a, ») ; A(x) > 0 (nonnegative definite) and for any
nontrivial solution of (0.10) it is assumed that

b *
j y (x) A(x) y(x) dx >0
a

for all b >0, wHere y* is the complex conjugate of the vector y .
The equation (0.1) is a special case of this system. A general discus-
sion of Hamiltonian systems can be found in [2, p. 252] . In [13],

(14], and [15], Hinton and Shaw have extended the notion of a Titchmarsh-

Weyl M(A)-~ function to general Hamiltonian systems.

In [14] they consider the singular boundary value problem on

the haif line [a, «) formed from (0.10) and the left hand boundary

condition
- —
*
0 %
y(a) = v, or [og,0,]y(a) =0, (0.11)
*
Lo '(X'I |

where v 1is some 2n x 1 vector and where aps O are n xn

matrices such that



rank[a], az] =n

* *

aaq + ana, = In : (0.12)
* _ *

In the future this singular boundary value problem (0.10)-(0.12)
will be denoted by (S) .

As in the scalar second order case, they are interested in the
existence of square integrable solutions to (0.10) with a view toward
the construction of self adjoint operators. By square integrable

solution, we mean a solution y(x, A) of (0.10) which satisfies

Jw Y (%, 1) AKX) yix, ) dx <o . (0.13)
a

From a fundamental solution of (0.10)

)|

6(x, 1) o(x, A

Y(x, ) R (0.14)

(x5 A) o(x, A)

IGD)

where 6, @, b, $ are n = n blocks and where the columns of

o]

L_$_J satisfy the boundary condition (0.11) , they define an n xn
matrix valued function Mb(x) in a manner analogous to (0.5) . The
important thing is that they are able to develop an analog, in this

higher dimension case, of the analytic and geometric aspects of Mb(x)

(&2


https://O.IO)-(0.12

and M_(x) for the scalar second order equation (0.1) . These
matters are discussed in more detail in Chapter 1.

In particular, they are able to identify é 1imit point case [14]
for (0.10), as b -+ « , which corresponds to the existence of exactly
n independent square integrable solutions of (0.10) . In this case
one is able to show that, as b » = | Mb(x) converges elementwise,
for Im X # 0, to a Timiting matrix M_(X) . The entries of both'
Mb(x) and M_(1) for Im 2 # 0 are analytic. Mb(x) possesses
singularities on IR corresponding to the eigenvalues of a regular
boundary value problem on a finite interval [a, b] .

They are able to show, in analogy to the second order case, that

when (0.10) is limit point then the matrix of solutions
x(x, &) = 8(x, &) + ¢(x, 1) M(}) (0.15)

provides for n independent square integrable solutions of (0.10)
([131, [14]) .

They observe for Im X > 0 that Im M()) = é%—[M(A) - M*(A)] > 0.
This also follows as a result of Lemma 1.3 of the first chapter. In
the appendix we observe that there is an analog, for analytic
matrices, of the Pick-Nevanlinna representation of functions which are
analytic in the upper half plane and whose imaginary parts in this
half plane are nonnegative. The result is that there is a non-
decreasing matrix valued function op(u) , defined on all of IR, that

in the analog of p(u) for the scalar second order case in (0.7)-(0.9).



Information about p(X) gives information about M()X) by means
of matrix analogs of (0.8)-(0.9) . Information about the limiting
nature of M (X) as A tends to R through the upper half plane
can thus be derived.

In [16] Hinton and Shaw consider (0.10) where A(x) 1is invertible

.(Aﬁx) 0]
or of the form where A1(x) is invertible. For
o o
‘ 0 -1

simplicity, they take J = {:I Oi} . This still encompasses many
n

cases of interest. The equation (0.1) is still a special case as is

Ly = -(p(x)y') + a(x)y = A w(x)y 0 <x<w (0.16)

where w(x) is Tocally fntegrab1e and w(x) >0 .

When this system satisfies the limit point condition, they show
that it is possible to construct a self adjoint operator T on the
Hilbert space Li(a, ») from the singular boundary value problem
(S) . By Li(a, ) we mean the collection of 2n x 1 vector functions
f(x) which satisfy (0.13) . More than this, they extend the results
of Chaudhuri and Everitt [7] and show that there exists a connection

between the spectrum of this self adjoint operator and the behavior

of M (X) near R.

They define the point spectrum, P(T) , to be the set of isolated
eigenvalues of T . Where o(T) 1is the spectrum, they define the
essential spectrum E(T) to be E(T) = o(T) - P(T) ; the point con-
tinuous spectrum PC(T) to be the set of eigenvalues embedded in

E(T) ; and the continuous spectrum C(T) to be C(T) = E(T) - PC(T) .

Among the thinas thev show is that eigenvalues correspond to simple



poles of M _(X). This, by means of the analogs of (0.7) and (0.9),
produces a corresponding jump discontinuity in po(A) . Similarly,
they show that Ay € C(T) dif and only if M()x) is not analytic at

Ag and Tim wM_(X +1iv) =0 . Such a A, can be shown to be a

0
point of ¥:2rease for the nondecreasing function p(p) . Thus for
these operators, information about the nature of M _(X) for X near
ﬁ, or of p(x) for X € R, can be translated into information about
the spectrum.

Two problems of interest which we address are the
following. First, locate the essential spectrum E(T) , and second,
find conditions under which O(A)IE(T) is absolutely continuous. This
latter condition 1is important for the construction of certain operators
which arise in scattering theory.

Much of what has been done in terms of finding information about
the spectrum has involved asymptotic procedures. Frequently, the
asymptotics of the solutions of an equation are derived and, through
them, asymptotic information about M(A) . Hinton and Shaw have used
this technique in [17] and [18] to derive conditions sufficient to
guarantee that the spectrum for certain self adjoint operators is
absolutely continuous.

These techniques are certainly nontrivial. The difficulty in
application comes in the necessity for asymptotic information about
solutions. For general systems like (0.10) this may be difficult and
in many cases perhaps 1mpossib1é to come by. Even for perturbations
of constant coefficient equations there is no general theory to cover
the case of multiple eigenvalues of the constant coefficient

equations.



Recently, Atkinson [3] has shown for the 1limit point case of
(0.16) that, for A restricted to an interval (A1, AZ) < IR, certain
Timited asymptotic behavior of ¢(x, ) is sufficient to guarantee

that p(X) 1is continuously differentiable with positive derivative

over (A], A2) . Specifically he shows that

Theorem: Assume for (0.16) that over (a, b)

1. p'](x), q(x), w(x) are real and locally integrable over
(a, b) 3

2. w(x) >0, w>0 in some right hand neighborhood of a
(or for sufficiently large x < 0 if a = -») ;

3. (0.16) is limit circle at x = a ;

4. (0.16) is limit point at x =b ;

5. u, v are-rea1 solutions of (0.16) for A = 0 , such that
p(u'v - uv') =1,

6. y(x, A) 1is a solution of (0.16) such that p(yv' - y'v) -0 ,
p(yu' - y'u) »1 as x=-a;

7. For some X interval (A], A2) and x-interval (XO’ b)
there are positive functions K(x, X) and o()) such that

as x ->b ,

K(x, A) ¥2(x, &) + K1 (x, 2) p2(x) ¥'2(x, &) » o(a)  (0.17)

8. o)) € C(A], AZ) and on every compact subinterval of (A], Az),
In K(x, X) is continuous in X , uniformly so as x -+ b ,
then p(X) is continuously differentiable in (A1, A2) , and in this

interval p'(}) = {nm o(A)}'] .
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If a>-o,and a 1is a regular point for (0.16) , then the
requirements (5) and (6) may be replaced by boundary conditions of the
usual kind for y and py' at x =2 . |

Atkinson points out that by being able to hypothesize limit
pointness rather than having to specify conditions guaranteeing limit
pointness of (0.16), one gains some freedom of choice among the
various asymptotic techniques available for second order equations.

By requiring asymptotic information for an energy-like functional
(0.17), rather than for the solutions y(x, A) themselves, one seems
to gain some additional freedom. This would be helpful in an extension
of this procedure to systems of the form (0.10).

It should be noted that this result is stated for (0.16) with 2
sihgu]ar endpoints. a and b . In what follows we shall be interested
in that case where x = a 1is regular and b = = ,

In what follows, we shall consider Hamiltonian systems of the
form (0.10) defined on the half line [a, =), where x = a 1is assumed
0 -I

I 0

in those systems which satisfy a Timit point condition at infinity.

to be regular and J is taken to be J: n:[. We will be interested

In the Appendix, as mentioned earlier, an analog of the Pick-
Nevanlinna representation (0.7) is presented for matrix valued functions
which are analytic in the upper half complex plane and whose imaginary
parts are nonnegative definite in this half plane. This affords a
representation for the M()) function of the system under consi-
deration. And in particular, there is an associated nondecreasing
matrix valued function p(X) . It is this function, p()) , that is

our immediate interest in Chapters 1, 2, and 3 .



11

In Chapter 1, for the Hamiltonian system just described, two
results are developed for this half line problem that are similar to
the just stated result of Atkinson. In Theorem 1.1, sufficient condi-
tions are given on a functional analogous to (0.17) which guarantee
that p()X) 1is absolutely continuous in an interval (A], A2) , in the
sense that all entries of p()A) are absolutely continuous on (A], A2) .
In Theorem 1.2 an analog of Atkinson's result is stated in which
conditions are given on a functional like (0.17) sufficient to guaran-
tee that po'(A) =7  a()) a.e. on (AI’ AZ) where a()) is a
positive matrix valued function given at the outset.

It should be noted that the system under consideratation requires
only that A(x) be nonnegative definite and not of the specific form
that Hinton and Shaw considered in [16] .

The following two chapters consider applications of the results
of Chapter 1 to examples of (0.10) . In particular we see that a
technique used by Atkinson and more elementary than the asymptotic
technique of Hinton and Shaw [17], [18] is useful in deriving con-
ditions which guarantee the existence of absolutely continuous spectrum.

In the last chapter we derive first order asymptotics for the
M(x) function for a specific example of a Hamiltonian system (0.10)
with coupling terms present and minimal restrictions on these terms.

The technique used here has also been used by Hinton and Shaw [17]
in their treatment of the scalar fourth order equation
y(4) +q(x)y =y for 0 <x <o,

Aside from the intrinsic interest in generating asymptotics for

M(A) functions, Atkinson [4] has shown for the scalar second order




12

operator that better asymptotic estimates of the M()\)-function can

lead to approximations of the spectral density. Viewed in this context,
the fourth chapter is perhaps a first step dowﬁ a different road whose
goal is a description of the spectral density for systems.

In the Appendix, A* , where A 1is a matrix, is defined. Also
defined are the following terms for matrix valued functions: nonnegative
definite; nondecreasing; absolutely continuous; bounded variation;
analytic; real and imaginary parts. In addition, presented in brief
is the analog of the Pick-Nevanlinna representation theorem for analytic

functions [1, p. 7] .



CHAPTER 1

ABSOLUTE CONTINUITY. AND CONTINUQUS DIFFERENTIABILITY
OF p(X) FOR A HAMILTONIAN SYSTEM

Consider the system of ordinary differential equations

dy'(x) = [MA(x) + B(x)1y(x) , a<x<w, (1.1)
Here y(x) dis a 2n x 1 vector, A s a complex scalar, J is
{'0
the matrix , where In is the n x n identity, and
Lx
n

A(x) and B(x) are 2n x 2n hermitian matrices with entries Tlocally
integrable on the given interval. It is further assumed that A(x)

is non-negative definite, denoted A(x) > 0 , and that for any nontrivial

solution vector y(x) of (1.1)

b &
f V) AK) y(x) dx >0, (1.2)

*
for all b >a , where y s the conjugate transpose of y .

First, we consider a regular boundary value problem examined
by Atkinson in [2] . On the finite interval [a, b] , the equation

in (1.1) is taken together with the separated boundary conditions

y(a) = Fv , y(b) = Gv . (1.3)
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Here v is some 2n x 1 vector while F and G are square matrices.

Further, it is assumed that

*

*
FJF =G J6 (1.

—
Y
—

and that

Fv = Gv implies v =0 . (1.5)

I
o

The symmetry condition (1.4) implies that the eigenvalues are real.

In [13], [14] and [15] Hinton and Shaw, for a regular boundary
value problem of type (1.1)-(1.5), develop the notion of a Titchmarsh-
Weyl M(XA) - function. It is an analog of the scalar-valued M()\)-
function whose analytic properties as a function of X were first
examined by Titchmarsh [22]. Geometric properties of M(}) , a
function dependent upon the boundary conditions and endpoints, were
first noted by Weyl [27]. A discussion of these matters for the scalar
second order case can be found in Chapter 9 of Coddington and Levinson
(8] .

In [14] boundary conditions of type (1.3) are considered where

specifically,

— * *
0 a, 82 0
F= » G= (1.6)
* %*
0 'U,-l 'B'l O

given the n x n matrices a and 31 such that

rank[a], a2] = rank[B], 82] = n , and where it is also assumed that



* * * *

o +oaga, =I5 oqay = a0y s (1.7)

* * * * ’
B1By * BoBy = I 5 ByBy = ByBy - (1.8)
Note: In the future the regular self-adjoint boundary value problem
defined by (1.1)-(1.8) will be referred to as (R) .

Y(x, ) isa 2n x 2n fundamental matrix of solutions of (1.1) .

This matrix is taken to be partitioned into n x n blocks

Y(x, ) = (1.9)
6(x, A) $(x, A)
where
* *
OC-l "(12
Y(a, \) = N . | - (1.10)
% N

For the boundary value problem (R) , Hinton and Shaw define

the function

M(A, b) = M()\, ba B'I’ 823 Cl,], az)

= -[8;0(bs 1) + 8, 3(b, NI [8,8(b, 1) + 8,8(6, T (1.11)

where B]cb(b, )+ 62$(b, %) i35 singular precisely for the eigenvalues
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of (R) . It is this n ¥ n matrix-valued function M(X, b) which
is called the Titchmarsh-Weyl M(X) , or just M-function.

Note that when the M-function does exist; it is a matrix whose
entries are meromorphic functions of XA since 8, §, b, $ are all
n xn matrices whose entries are analytic functions of A . One can

show that the singularities of the entries of M(XA, b) occur pre-

cisely at eigenvalues of (R) [14] .

Definition: We define the real and imaginary parts of a matrix A

as follows:
_ ] *o - ra _a*
Re A = '2—[A + A ] sy ImA = 21[A A ] .

We note two things about this definition. First, in general,
these matrices do not consist of the real and imaginary parts of the
entries of A . Second, the entries are not, in general, real valued.

We shall now consider a regular boundary value problem related

to (R) .

Note: In the future, (B) will refer to the boundary value problem
on [a, b] defined by the equation in (1.1) and conditions (1.2),

(1.3), (1.5)-(1.7), where B] =1 ,8, = B* ,and B isan n xn

n 2
matrix.

For boundary value problem (B) , G = and because

of this,



*
. B1By + BBy 0
6 UG =
0 0
_ * —
8 +8 0
0 0
2% Im 8 0
|0 0_]

*
Now, as 0 and o, satisfy (1.7) we note also that F JF =10 .
As a consequence, if Im R # 0 then (1.4) will no Tonger hold since

* N
0= F* JF# G JG. Furthermore, (1.8) will not hold, since

* * + %*
BBy + BB, =1 +B8BAL ,

and
* * .
8182 - 826] - 21 Im B f O .
For boundary value problems of this type, we would like to be
able to define and examine a function analogous to the M-function

defined for (R) . We would like to let

M(X, b, 8) = -[o(b, A) + 8(b, \)17) [8(b, 1) + 88(b, 1)] .

17
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However, we need to know the nature of the singularities of the matrix
o(b, A) + Bd(b, A) . For (R) , the demonstration that the singular-
ities of B 6(b, A) + 62$(b, A) coincide with the eigenvalues of
(R) relies upon that part of (1.8) which states that B]B; - BZBT =0 .
As we have seen, this will not be the case when Im 8 # 0 ; thus we

show

Lemma 1.1: The n xn matrix o(b, A) + gd(b, A) is singular

if and only if A 1is an eigenvalue of (B) .

Proof: Let X be an eigenvalue of (B) and y(x, A) =

v
Y(x, A) [}f} a corresponding eigenfunction. To be an eigenfunction
2

W
means that there is a vector w = 1 such that,
W
2
v]'
y(a,x) = Y(a, A)
v
2
* *
= * * ’

Ay Yyt oq vy

and by (1.3) that

y(a, A) = Fw

Thus
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* * * * * *

(oqay + ayap)vy + (ay0q = aq00)vy = (aq0, = ajog )W,
and so by (1.7)
In v] + 0 v, = 0 Wy .

Consequently,

0 o(x, A)

1]
<
[N

y(xs A) = Y(x, A)
(x5 X)

>

V2
By (1.3) it now follows that

1 o(bs A)
y(b, x) = Vo

A

o(b, A)

B W,

and that
[6(bs A) + B&(b, X)Iv, = By - Wy = 0 .

Again, Vs # 0 since y(x, A) 1is nontrivial; thus we see that
¢(b, X) + B@(b, A) is singular.
Suppose that ¢(b, A) + B$(b, A) is singular; that is, there

isan nx 1 vector w # 0 such that [é(b, A) + B8o(b, A)Jw = O



20
and hence that ¢(b, A)w = —B@(b, Mw . It follows that

¢(X’ A)
y{xs A) = [:A :]w will be an eigenfunction of (B) because,

d(x, A)
*
(o, 2) ¢(a, A) "%
y(a, A) = W = % W
¢(aa A) a]
0 *
%2
B *
0 -ay ~-W
while
o N
o(bs ) -8o(b, A)
y(b’ x) =_ A 7 W= ~ W
o(b, ) ¢(b, )
B8 0| |-a(b, A) w
-1 0
[o(x, A
Thus, y(x, A) = W satisfies the boundary conditions
(x5 A)
y(a, A) = Fv and y(b, A) = Gv when
-3(b, A)w
vV = [ ]
-w

With the exception of the eigenvalues of (B) the matrix
o(b, A) + Bd(b, A) is nonsingular; hence with the exception of these

values we may define
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M(X, b)

M(>\, b, B) = M(>\9 bs Bs a]a OLZ)

“[o(bs A) + 88(b, 1)1 [6(b, A) + 88(b, M) . (1.12)

As before, M(A, b) is an n x n matrix-valued function whose entries
are meromorphic functions in terms of X . The set of singularities
of these entries is contained in the set of eigenvalues of (B) .

In what follows, we shall want to consider the boundary value

problem (B) and the associated M-function where Im g8 >0 .

Lemma 1.2: If ImBg >0, and A is an eigenvalue for the boundary

value problem (B) , then Im X <0 .

Proof: One can show that if y(x) and z(x) are solutions of (1.1)

then

Iy (x) 9z(x)1' = (A = %) y (x) A(x) z(x) . (1.13)

Suppose that y(x) 1is an eigenfunction of (B) . Then by (1.13),

*

y (b) Jy(b) - y (a) Jy(a)

b

=21 Im X f y*(x) A(x) y{(x) dx ; (1.14)
a

By (1.3) there is a 2n x 1 vector v such that

* % * * b *
v G JGv-v F JFv =27 Ima J y (x) A(x)y(x) dx .
a
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* * -2i Img 0
It has been noted that F JF =0 and that G JG =

0 0
v ‘
so that if v = 1 where Vs is an n x 1 vector; then,
V2
*  * -21 ImB 0 v] b
[v], v2] =2i Im X J y (x) Al{x)y(x) dx .
0 0 Vo a

Consequently,

* b«
-y Im8 vy = Im2 Ja y (x) A(x) y(x) dx .
Neither vy nor v, can be 0 ; otherwise, either y(a) or
y(b) = 0 with the result that y(x) =0 . Since (1.2) holds for all
nontrivial solutions of (1.1) and because Im g8 > 0 , it follows that
ImXx <0 . Note also that if Im B > 0 then it follows that
Imx<0. .

We now examine the imaginary part of those matrix-valued functions

M(X, b, 8) for (B) when Img >0.

Lemma 1.3: For the boundary value problem (B) 1in which Img >0,

the imaginary part of M(X, b, B) 1is nonnegative definite for those

values of X where Im A >0 and X 1is not an eigenvalue.

Proof: If X(x, A) is a 2n x k matrix of solutions of (1.1), then

(1.14) can be extended to read
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*

X (b, A) IX(b, A) - X (a, A) JX(a, })

b *
=21 Im A J X (x, A) A(x) X{x,y A) dx , (1.15)
a

where the last integral is the matrix composed of the integrals of the
b

entries of X*(x, A) A(x) X(x, A) . By (1.2) the matrix J X" A X

a
is positive definite for each X(x, A) with nontrivial columns.

Now let M be an arbitrary n x n matrix and let
I 0(x, A) + ¢(x, A) M
X(x, A) = Y(x, \) =1 . n .
M 8(x, 1) + o(x, A) M
For each X(x, \) ,

* 10 !
X (a, A) IX(a, a) = [: :I Y (a, A) J Y(a, A) I- :]

I
—
—
=
*
—J
[«
|
= —
L |
]
=
*
]
=

1]

]
~nNo
—_e
—
3
=

If M=M(A,b,8)= -[o(b, 1) + 8o(b, x)]'] [6(b, A) + B8(b, 1)]

then
e(b, >\) + (b(bs >\) M= 'B[é\(bs >\) + $(bs X)M] >

and we find that




*
X (b,

A) d X(b, A) =

8(b, A) + ¢(b, A) M -
}:é(b, A) + ¢(b, A) M]
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6(b, A) + ¢(b, A) M
\J ~ A
[e(b, A) + o(b, A) M]

[ 8(b, A) + §(b, A) M ]*[«ww,m+$w,mmj
B(8(b, A) + (b, A) M) 8(b, A) + 3(b, A)

[8(b, A) + &(b, A) M]" (8" -

-2i[8(b, ) + ¢(b, A) M]"

8) [8(b, A) + &(b, A) M]

(Im 8) [B(b, A) + &(b, AIM] .

M(x, b, B) , (1.15) can be written as

(Im 8) [8(b, A) + (b, A) M]

b &
A J X“(x, 1) A(x) X(x, A) dx (1.16)

Thus when M =
A A *
ImM = [g(b, X) + ¢(b, A)M]
a
and the result follows. =
From (1.16), if Im X > 0, then

positive definite, when either

Lemma 1.4:

*
{o (

Im M(X, b, 8) > 0, that is

ImAx>0, or ImB>0.

If € R and ImB >0 then Im M(x, b, B) is

b, A)(Im 8)"" o(b, 2) + 3" (b, A) 8" (Im 8)

-4 Im [o"(b, A) (B -

1 gd(b, A)

-1 -1 (1.17)

") 83(b, A)1}



Proof: When X € R (1.15) becomes
* * '
X (x, A) J X(x, A)-X (a, A) J X(a, A) =0
and if X(x, X) = Y(x, X) then
*
Y (x, A) J Y(x, A) -J =0

or

A% *A A% * N

65 6-66 8¢ -6 ¢ 0 -1

ke *A ~k *A | T

$6-¢6 -9 ¢ I 0
with the resulting identities:

6*(x, A) 6(x, A) - e*(x, A) 8(x, A) =

A%

3 (% A) (x> A) = & (%> A) (x5 A)

"
o

3 (x, 2) 8%, A) = 0 (xs 1) Bl(x, A) =

*

8 (x> A) 3(xs A) = B (x> A) d(x, A) = I

*
Now since -JY (x, A) JY(x, A) = IZn’ we have that

*
~JY(x, A) JY (x, A) = IZn with the resulting identities,

(1.18)
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3(x> A) 8 (x, A) = 8(x, A) ¢ (x» A)

R

= o(x, A) é*(x, A) = 8(x, A) % (x, A) =0

*

3(xs 1) 8 (xs A) - B(x» 1) ¢ (x, A)

= 0(x, A) 8 (xs A) - d(xs A) B7(x, A) = I

N (1.19)

For simplicity we drop the notation of dependence upon b and

A in what follows. M 1is now the M(X)- function.

M = M(x, b, B) = -[¢ + 831" [ + 887 .

=
]

P | A~ * Ak K * AKXk
-lo+pe] [o+ee]+[6 +0681¢ +9¢8]

Ag=] A * AK *
-[o + ge] {[e +8elle + o8]

S Lo+ 8dlle +6 BT [e + 0BT

P * Ak k PR AnKk k * A% *
-[o + B6] '{6¢ - 068 +RBG +BEG B - ¢6 - B B

~ K Kk Kk * A% k__]
- B - BB} [o +¢B]

“[o + 831 (00" - 987) + 8(Bo" - 387

+ (88 - o808 + 8(83° - 3678 6" + 37871 .

By the identities in (1.19) the last expression becomes

=
!

=
l

A= * * A%
=-[p+86] {0-B8+B +0}[p +¢8B

*]_]

* A% K * _] A _]
o +¢681R-8)" [¢+pel}

* * _]
{¢(B-8) ¢+

A% %

¢ 8 (

8-8) T8s+2i mo(g-58") "apr!
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and from this the conclusion follows upon division by 27 . »

As a special case of this last result, let K be an n xn
positive definite matrix, and let 8 =i K . fhen
Im B = g; (8 - B*] = % [K + K*] = K . The Tast equality follows
because a positive definite matrix is hermitian. In this case, (1.16)

becomes

* -1 A% ~
Im M(x, b, 8) = {& (b, A) K "g(b, A) + & (bs A) Ke(b, 2)

-2 Im ¢*(b, A) ¢(b, x)}'] .

By the identities (1.18), we find that

*

*A - el
2iImoop=9¢¢-¢¢=0
and hence, for 8 = iK , K >0 and X € IR, that

* -1

{¢ (b, A) K

Im M(A, b, B) ¢(b, A) +

+ 2% (b, ) Ka(b, 01T (1.20)

Consider M(A, b, B) of (1.12) as a function of b . Since
A(x) and B(x) 1in (1.1) are locally integrable for x >a , the
fundamental solution (1.9) exists for all x > a ; and thus by Lemma
1.1, M(Xx, b, B) exists, except when X is an eigenvalue, for all
b>a . As a result of Lemma 1.2, the eigenvalues of (B) are in
the lower half complex plane when Im B >0 . Thus M(XA, b, B)

is defined for all b >a when Im X >0 and Im23 >0 Now with-

27

in the proof of Lemma 1.3 it was shawn when Tm 2 -~ 0 Vo= MO b, RY
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and X(x, A) = Y(x, \) m , that

%

X (b, X)(-i J) X(b, 1) =

- -2[B(b, A) + &(b, MMI" (Im B)[B(b, A) + &b, AIM] . (1.21)

It is necessary to show when A , with Im A > 0 , is restricted
to a compact set, that the entries of M(X, b, B) in (1.12) are
bounded for b > a . Furthermore, when the system (1.1) is of a
particular type we want to show that as b tends to infinity,

M(X, b, B) converges, for X with Im X > 0, to an analytic matrix
valued function of A . To do this, we need to use the geometric
properties of matrix circles as developed in [6], [13], [14], [23] .

In [14], a function E 1is defined upon the set of n x n
I_l

complex matrices M where X(b, A) = Y(b, A) [MJ and
* -
X (ba >\) ('1‘]) X(bs >\) ) Im A >0
E(M) = (1.22)
*
X (b, A) (iJ) X(b, A) , Imx<0.

Now for (B) with Img >0 and Im A > 0 we can see by (1.21) that

E(M(A, b, B)) <0 .

Matrices which satisfy the inequality E(M) < 0 are examined in

(6], [14], and [23] .
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In connection with the function E 1is defined the matrix

4 8 Y (b, A) I Yb, A) ., Imas O
= (1.23)

|8 9 i Y (b, A) d¥(byA) , ImA<O.

where f , B, and J are n xn matrices. From this definition we see

that
Fa g1
E(M) = [I, M'] I .
L‘@ 7 | MJ

It was proved in [14] “hat

MM+ MB+BM+ 4

E(M)

(M- )" REM - C) - RS (1.24)

where

C=Cb, 1) = -3 8

>
W

;= Ry(b, 2) -g1/2 (1.25)

Ry = Ry(b, 2) = B 9718 - 4171/

4]
c

and further noted that
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that

8 (b, )77 b, M) B, A) -4 (by ) =9 b, T) 5

and as a consequence that
= | Y
R-](b9 >\) Rz(J, >\) .

Notice that the matrices in (1.23) and hence in (1,25) are in-
dependent of the boundary condition at x = b . There is dependence
upon the boundary condition at x = a , however, because Y(x, A)
depends upon this condition.

It is shown in [14] that an n x n matrix M satisfies
E(M) = 0 1if and only if

1

M= -[8; ob, &) + Byb(b, 1)1 [8y8(b, 1) + By6(b, M)] .

That is, M is the M()) function (1.11) for some [81, 62]
associated with a boundary value problem of type (R) on [a, b] .
By (1.24), the equation E(M) = 0 1is equivalent to
R'm-orT rR'W-0r=-1 . (1.26)
1 2 1 2 n )
This is equivalent to saying that R{](M - C) RE] is a unitary matrix.
As a consequence, those M satisfying the equation E(M) = 0 can be

identified with the set of unitary matrices by means of the equatjon




M= C+ Ry URp , (1.27)

where U 1is some unitary matrix. And so by this same equation,
there is an identification between the M-functions associated with
the boundary value problems (R) and the set of unitary matrices.

The locus of these matrices is referred to as the "matrix circle".

Now for fixed b and XA where Im X % 0, elements of the set

S(b, A) = {M: E(M) < 0}

can, by (1.24), be identified with matrices V such that 0 < V*Vlg In

This identification is described by M = C + R] ) R2 . Furthermore,
when Im X # 0 , the matrices C(b, A) and Ri(b’ A) are constant.
The elements of the matrices V , where 0 <V < I, » are bounded as

2
elements of G" since

n
2- *
Z Vil = vl <

for all values of i . Thus for fixed b and ) , the elements of
S(b, ») form a compact set in m"z

If we fix b and allow X to vary with Im A # 0, we note that
Ri and C depend continuously upon X . As a result, the set
S(b, A) depends continuously upon A . Thus for a compact set

in the upper half of €, U S(b, A) is a bounded set in € . Thus
AEQ

M(), b, B) , defined by (1.12), has entries bounded uniformly for

AEQ .
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Recalling (1.15) and (1.22), we see that

E(M) = -i(sgn(Im A)) X (b, A) J X(b, %)

b

a

From this, it can be observed that if E(M) < 0 when b 1is the
upper limit of integration, then E(M) < 0 for any by » such that

a <b; <b . And so we see that

S(b, 1) < S(by» 1)

1 That is, for fixed X , Im X # 0 , the sets
5(b. 2) are "nested" as b increases.

From the relations for 7, R1, and R2 in (1.25), we see that
as b increases, J increases, and hence that Ry(b, 1) and

R,(b, A) decrease. It is pointed out in [14] that there is a

2
sequence {bn} > bn + o , such that R] and R2 decrease to non-

negative definite limits. Further, it can be shown that C(b, A)

also has a limit [6], [23] .
Let

N(x) = dim{y(x, r) satisfying (1.1) |
Sl
j y A(x) y dx < =};
a
then N()) 1is constant in Im A >0 and in Imar <0 [21].

When N(i) = N(-i) = n , we say that (1.1) is limit point. In

[14] it is shown that in the limit point case, both Ry (b, ) and

. *
-1 sgn(Im 1) X (a, A) J X(a, \) + 2]Im A| f x* AX .

32
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R2(b, A) tend to 0 as b tends to « . Thus for those systems
(1.1) which are limit point, the sets S(b, A) , for fixed X
with Im A # 0, collapse to the Timiting value of C(b, A) as

b tends to « . This Timiting matrix we denote by M (A) .

One can now see that, for the boundary value problem (B)
defined for those g where Im g > 0 and for those A such that
Imx >0, the M-function M(X, b, g) satisfies E(M(x, b, B)) < 0
and hence that M(x, b, 8) is an element of S(b, A) . Our previous

comments show that M(X, b, B) is forced to converge to M, (1) by

the collapse of S(b, A) when (1.1) is limit point.

In the Timit point case, as b tends to infinity, the entries
of M(X, b, 8) will converge pointwise to the entries of M_(})
for X€ @ . Bya standard theorem in complex function theory, we
may conclude that the entries of Mw(x) are analytic functjons for
ImXx >0 . Furthermore, by the remark following Lemma 1.3, we note
Im M(x, b, 8) >0 when Im B >0 and hence that Im M (X)) >0
for Im X >0 . Consequently, both M()x, b, 8) and M_(X) are
matrix valued functions of Pick-Nevanlinna type.

By Theorem A.4 and equation (A.8) of the Appendix there is a
unique nondecreasing matrix valued measure p(u, b, 8) as well as
hermitian matrices A(b, 8) , B(b, 8) where B(b, B) > 0 such
that for X, with Im X >0,

M(x, b, 8) = A(b, 8) + i B(b, g)

[e o]

1 U
+ J_w(u ST i) ol be) (1.28)




The last integral is defined to be

) d
i [0 s - ) oy, b, B)
C ol ic M T 1+ 4

As A, B are hermitizn and o(p) is nondecreasing it follows that

Im M(x, b, B) = (Im A) B(b, B)

o] AR do(u, b, ) (1.29)
!
-0 U _KI

It has already been noted that when Im B >0 , M(Xx, b, B)

has analytic entries with singularities in the lower open half of (€ .

Thus in this case, M(A, b, B) 1is analytic for X € R. By an exten-
sion to the case of matrices of a standard argument involving the
Stieltjes Inversion formula [8 , p. 239] , we can show that for such

B »

-1 (G
o(z, b, 8) = olu, b, 8) = 17! j In M(g, b, 8) df .
u

Since M(g, b, B) s continuous for all ¢ € R, it follows that

-1

pl(Ua bs B) =m Im M(U’ b9 B) . (]°30)

If we take A = i, then (1.29) becomes

00

mH(i, 5, 8) = B(b, &) + | —Lpdoluubi@) . (1.30)
-0 + H

Because B(b, B) > 0 it follows that
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U
1
Oij_w 2 do(g, b, 8) < Im M(i, b, g) . (1.32)

We have noted that S(b, i) 1is a bounded set,' and that as b » =
these sets nest. It has also been noted that when Im g8 >0 ,
M(i, b, B) €S(b, i) . Thus the entries of M(i, b, 8) possess a

uniform bound as b » « .,

Lemma 1.5: Let {bn, Bn} be a sequence where bn € R, and bn >
as n > o , and where B, is an n xn matrix such that

Im B, > 0. Let pn(u) = o(u, bn’ Bn) be the measure defined in
(1.28) and equation (A.8) of the Appendix. Given that the system
(1.1) is limit point, there are constant n x n hermitian matrices
4 and B, B >0, a nondecreasing matrix valued function p(u) ,

and a subsequence {pn (u)} such that on (u) converges pointwise on
k k

R to p(u); and for X with Im x>0,

M () = Tim M(X, b, & )

o<}

=y¢+m+r (—— - —E ) do(y) . (1.33)
- H 1 + pz

Proof. In the remark following (1.31) it was noted that the nesting
property of the sets S(b, X) 1implied that there was a bound for

the elements of the matrices M(i, bn’ Bn) and hence of

Im M(3, bn’ Bn) . By (1.28) we note that the elements of the matrices
A(bn, Bn) and B(bn, Bn) must also be bounded. Thus from the

sequence {b_, B } there is a subsequence {b_, B} and a
n’ "n nSony

pair of hermitian matrices A and B where B > 0 such that




lim A(b_ , B_ ) = A
n, < M Mk

and
1lim B(b_ , B ) = B .

nee kK
From this point, we work with the subsequence which without loss of
generality we denote by {bn, Bn} .

Let o(y, bn’ Bn) be the unique nondecreasing matrix valued
function described in (1.28) . Let

ru
A, by 8y) = | ‘

5 do(E, by B) s (1.34)

n-n n

_oo'|+£

Q(u, bn’ Bn) is thus the unique nondecreasing matrix valued function
associated with the representation of M(), bn’ en) as described in
Theorem A.4 and equation (A.7) of the appendix.

This collection {Q(u, b_, Bn)} is a family of left continuous,

n
nondecreasing, matrix valued function defined on all of R and at

to as well. Specifically,

and
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=, by B7) = Tim Q(u, b, 8 )
U
= -B(by, B) + ImM(i, b, B8 ) ;

the last equality following from (1.31) and (1.34). The inequality
(1.32) shows that this family of nondecreasing functions is uniformly
bounded, and thus of uniform bounded variation.

By Lemma A.2 of the Appendix we know that there is a nonnegative
definite, nondecreasing matrix valued function Q(u) and a sub-

sequence {b_, B 1} of the subsequence {b_, 8.} such that
NS ny n’ "n
Q(u, b, » B, ) converges pointwise on R, as well as at =« to
k k
Q(u) . This function Q(u) will share the same bound on its

variation as on the family {Q(yu, bn’ Bn)} .
From this point on, we shall work with this latest subsequence.
Again without loss of generality, we denote the subsequence by

{@(u, b_, B -

n
We next define o(u) up to a constant by

da(u) = — 5 do(u) (1.35)
1+ q

where Q(u) 1is the 1imit, just described, of the subsequence

{@(u, b_, Bn)} . We thus have the relation

n
1+ - w 1 _ u
J_w—i*—-u —5 42w, b, B,) L,,(u — - 112) do(u, b 8 )

where the improper integrals are defined as in (1.28) .
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1 + ui o
"‘“Tr'dﬂ(u’ bn’ Bn) converge?

To what does J

To answer this, first note that the function 1Jf_%? is continuous

and bounded on R since we are assuming that Im A > 0 . Further

note that as u + te this function tends to XA as a limit. Now

since Jijilﬁl is bounded and Q()X) 1is of bounded variation, the

improper integfa]s

oc"I+1J>\ ® 1 U

——==dQ(n) = J ( - ) do(u)
J-oo"‘l A -oou-k }+u2

exist and are defined as those in (1.28) . This observation together

with our earlier observations about the family {Q(yu, bn’ Bn)} shows

that the hypotheses of Theorem A.2 of the Appendix are satisfied.

As a consequence, we have that for the final subsequence chosen,

MO bys 8y) = Albys g,) + AB(b, 8 )

o T e by, )

converges, as n =+ o , to

A+}\(B+0L+B)+J L—tj%dQ(u) (1.36)

-0
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where
o=@ - =) L, B8=q(w)- 0= ,

Q<) = Tim Q(u) , and Q(-=") = Tim Q(u) . Note that as @(u) is
[Tga oo
nondecreasing, o and B are nonnegative definite. And so from

our definition of po(u) , (1.36) is equivalent to

A+A(B+atp)+ jw (e - —E) doly) (1.37)

-oou-)\ ]'U
At the same time, we know that because of the limit point hypo-
thesis, M(ax, b, > B,) converges M (1) . Thus (1.37), with & = A

and B =B+ o+ B8, is a Pick-Nevanlinna representation for M(A) .»

By Theorem A.4 and equation (A.8) of the appendix, while @(u)
and po(u) might not be the unique measures described in that theorem
nevertheless the measures are essentially unique in that all such
measures have, on R, the same sets of points of continuity, and all
such measures differ by at most a constant matrix on the set of points
of continuity. We shall use the fact that op(nu) and Q(u) are the

pointwise Timits of the subsequences {p(u, b_, Bn)} and

n
{a(u, b,» 8,)}

Definition: Let {Kn(g)} be a family of n x n matrix valued
functions all of which are positive definite for ¢ (A], A2) ; let
o(x, £) and ¢(x, £) be the n x n blocks of the fundamental

matrix defined in (1.9) . Then define




Ipls €)= 3(xs us €) = 6 (x, 1) KT(E) o(x , u)

n n

~%k

+ 87 (c, w) K () B

n sU)

n

Theorem 1.1: Assume that system (1.1) is limit point. Let {Kn(u)}
be a family of n x n matrices which are positive definite on
(A Ay) . Let {x,} be a sequence such that Xg>® as oo,

Suppose that for each ¢ ¢ (A], Az) there is an interval A

centered at & and positive constants B], Bz, B3 such that for
ue€h,

J(xn, s W) > B] I (1.38)
and

B, I < K;”\Z(u) K,(8) K12y <81 (1.39)

One can show that the measure p(u) in the Pick-Mevannlina

representation of M_(X) will be absolutely continuous in (Al’ A2) .

Proof: Let ¢ € (A1, AZ) . By our hypotheses there is a

Ac (A], AZ) centered at & , and positive constants B], B2 s B3

such that (1.38) and (1.39) hold. It is shown in Coppel ([9 , p. 41]

that if A and B are matrices such that A >B > 0 , then

-1 1

B >A" >0 . With this it follows from (1.39) that

B, 1> k20 k71 (e) k2 > 8!

2 n n 3 L.
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And so, there is a constant B > 0 such that for ue A

1/2 -1 1/2
/20 K (E) K2 > B

and

-1/2 1/2
Ko "7 (w) K (8) KP%(u) > B T

Now through this we see that

*

6 (x5 1) K (E) o(x

n ’U):'

n

*

n n

*

2 B¢ (Xn9 u) K

n (U) ¢(an U)

By similar reasoning,

N

n n

Thus for € A,

Jplus €) 28 (w u) .

By our hypotheses,

Jn(u, g) > B B]I for puegA.

o (x, 1) K200 200 KT8 K22 w) o, )

B (% 1) K(E) B(x, ) 2 B3 (xs 1) K (w) B(xs )

41
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As a result,

(w, £) < CI where C = (B By)"! (1.40)

]

for ne€ A .

Consider now the boundary value problem (B) with

™
1]

i Kn(g) . Then Im B, = Kn(g) >0 , and by (1.30) with

o) = o, x> B,) we see that

pr(u) =

0 Im M(u, Xps Bo) 3

and by (1.20) that

opr) = m J;](u, £) .

By (1.40) this implies that for nu€ A ,

. -1
pplk) < mC 1.

So for Hos Uy € A with Ho > 11y We see that

0 < ppluy) - o luy) <m Cluy - w)I (1.47)

It was observed in Lemma 1.5 that a subsequence of {pn(u)}

can be found converging to p(u) on R. As a consequence of

(1.41)
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0 < oluy) = olyy) <m " Clu, - wy) T
Thus p(u) is a nondecreasing matrix valued function satisfying a
Lipschitz condition on A and is thus absolutely continuous on A

and hence on (A], AZ) . .

Lemma 1.6: Let {Kn(u)} be a family of n x n positive definite
matrix valued functions. Let {K;](u)} be equicontinuous on
(A], A2) and assume that for each £ € (A1, A2) there is a positive

constant B such that K;]

(¢) >B « I . Then given ¢ >0 , and
£ e (A], A2) , there is an interval A centered at & , such that

for pe A

(€) KV2) < 1+ e/B) 1. (1.42)

(1 - e/B)1 < K2 ) K (6) K

Proof: Given &£ and B , choose e > 0 such that 1 > max{e, %} >0 .

By equicontinuity there is an interval A centered at £ such that

) - ke < e

for ue€ A, where is the operator norm. And so for pea,

el <k - KN <el

and hence

eI+ K (E) < KW < e T+ K (e)
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As a consequence,

ek (8) + 1< K/2E) K ) k12(e) < e K (e) + 1

Now from the assumption that K;](g) >B I it follows that

-1

0 < Kn(g) <B I, and for pu€ A that

-1

0 < (1- 81 < k/2(e) k() KI/2(2) < (14 e87) 1. (1.43)

Let c](e) =1 - eB'] and cz(e) =1+ eB'] . Now, it follows from

(1.43) that

From the left hand inequality it follows that

/20 K1) K2 < ¢l (e)

and from the right hand inequality that

;1 (e) 1< kM2 k() k172G

From these last two inequalities it follows that for pe A

eple) 1> K20 K (e) K20 > cq(e) 1.

2 n n
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Theorem 1.2: Assume that the system (1.1) is limit point. Let
{Kn(u)} be a family of positive definite n x n matrix valued
functions satisfying the hypotheses of Lemma 1.6 . Suppose a(yu)

is an n x n positive definite matrix valued function whsoe entries
are locally integrable on (A], A2) and {xn} is a sequence such
that X, > ® a8 n > and such that Jn(u, u) converges to afyu)
pointwise a.e. on (A], A2) . If for each £ € (A], A2) there is a
positive constant B and an interval A centered at £ such that
Jn(u, u) >B I for p€ A, then the measure p(n) in the Pick-

Nevanlinna representation of Mm(A) will be absolutely continuous on

(A1, A2) and w'(u) =7 afp) a.e. .

Proof: Let ¢ ¢ (A], Aé) . By Lemma 1.6 there is an interval A
centered at ¢ with A< A , and constants B, =8,8, = c](e) ,
83 = cz(e) such that the hypotheses of Theorem 1.1 hold. As a result,
we see that p(u) is absolutely continuous on (A], A2) ; thus
p'(n) exists a.e. on (A], AZ) .

As in Theorem 1.1 we let B, = i Kn(g) and pn(u) = oy, X Bn).
And as noted there, as a result of Lemma 1.5 there is a subsequence
of {p (u)} converging to o(u) on R. Now let [g, £+ 5] ;
then

Let
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1

+ 1) do_(u) -

n

Jg+6 (12

B2 e
jg W2 1)V do(n) . (1.48)

Then 1im En =0 . Next note that
N>

g+
0 < jg_ (2 + )™ - 02+ 11 do ()

<e+8)% - e [0 (e +6) - o (£)] .

In equation (1.41) of Theorem 1.1, it was shown that there is a
positive constant C , independent of n , such that for

U23U16[59€+5]CA3W1th U]<U2,

-1 1

Qn(UZ) = pn(U]) <m C(Uz‘ U'l) I < ™ C$ [

Thus

£
1.2
<[2e+6]n €68 1'=0(s

£+
0 < [" L+ 0T - 08+ 1) 4oy ()

) 1. (1.45)

Again, this bound is independent of n . Define
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E+é - .
8 (c, 6) = [ L2+ )7 - (Fe 1) dg () 20

g

By (1.45),

0 <B, (g 8) < 0(s%) - 1 (1.46)

where the order of magnitude is independent of n . Now by a similar
argument, if we define
g+s

M&6)=J (2 + )7 - G2+ 1)1 doly)
g€

one can show that

0 < A, §) < 0(s%) - 1. (1.47)

Now from the definition of B (g, ¢) ,

g+ - -1 (&S
IR O RN CERIN

d()-B(a(S)
: e Pp\H nl\é

_1 (&%S
(€2 + 1)) f o (1) du - B (g, §)
g

g+s -
@07 [ ol 0 a-Bies 8) - (148)
2

Similarly,

gt+s _ 1 (&S
J (uz + 1) ] do(u) = (7 + 1) ] J do(u) - Alg, ¢)
g
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= (241 [o(e+ 8) - ()] - AE, 8) . (1.49)

Combining (1.44), (1.48), and (1.49), we see that

o(g +8) - p(g) - (£2 + 1) A, &)

0 (s £) du - (2 + 1) B (g, u) - (52

-1 [g+6

. + 1‘)En (1.50)

Consider now that

E+d 4
J Jn (U3 6) du =
3

£+6 B+ -1
oo e [ e 0 - 9o wd e (sn)
€ g
Next we examine J;](u, g) - J;1(u, u) .

In Lemma 1.6 it was shown that if A and hence [&, & + &]
are chosen to be sufficiently small, that there are constants
c](e) <1 and cz(e) > 1 that can be made arbitrarily close to 1

such that

eple) 1> K200 K (2) KV20) > cp(e) 15 0

As a consequence,




*

5 (ks ) K (8) Blx, w)

= 370w K220 k() k203K 2 () Bix 0 w)s

n n

and hence that,

cp(e) & (s 1) K (w) $lops 1)

<3700, ) K (8) Blxys W)

> cy(e) 8 (ks ) Kylu) olxp, u)

By a similar argument one can show that

cNe) o (x, ) KO
1 V8D O X 1wl Ky

(1) ¢(xs )
>0 (s ) K (E) alxgs W)

> c5 1) ¢ (xs 1) K () olxys )

Hence for u €[g, & +§ 1],

where D{](e) = max{cz(e), c;1(g)} and D-1(€) = D](e) . And thus

for u€fg, g+ 4]

0,(e) 97 (s ) 2 97 (s £) 2 0y e) 97 s w)
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and

O,0e) = 1) 97 (s ) 2 97 (s £) - 97 (s w)

> (Dy(e) - 1) J;1(u, u) .

And finally,

197 (s ©) = 37 G Wl < 0gle) 1197 (s W)

50

where D,(e) = max{|D;(e) - 11, [D,(e) - 1[} . From this definition

note that D3(e) can be made arbitrarily small by choosing A small

at the outset.
From (1.50) and (1.51) it follows that

£+s

|Hda+w-oaﬂ-n4j au) du - (£2 + 1) Ag, 8)]

g

_1 (&t6
ﬂh‘jg[%Vmu>-uw1@

-1 (&Y -
. [ [Jn](u, g) - Jn](u, u)] du

3

- (g8 +1) B (€, 8) - (&2 +1) E i

.1 (&S |
SR I ERITR R
£
-1 £+ -1

+ 1 Dy(e) 19, (1 W)l du

5 ]

n

+ () |IB (6, &)+ (€7 + D E|

(1.52)
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On A and hence on [&, £ + &] , HJ;](U, u)lliB'1 and
I|Bn(£, SH] 5_0(62) hence the Tast expression is less than or equal
to |
-1 (54 -1 -1
m J 19, (s w) - a(u)]| du+ " Dy(e) B7'S
g
.
+ 0(s") + E +1) IIE Il - (1.53)
Over A, J;1(u, u) is bounded. And as Jal(u, u) converges to
a(pu) a.e., this means that a(u) is also bounded a.e. on A . By
the dominated convergence theorem,
N B LA,

im0 G ) - et du -

n->o I3
Recall from the definition of En that

Tim ||[E || = O .

N N
By taking the 1imit as n » = of both sides of the inequality formed
by (1.52) and (1.53) we see that

1 (B 2
1otz + 6) - p@)] = 7' [~ atu) du - (2 + 1) e, 9]
g
<17 0ye) 8716 + 0(6%) (1.54)

Recall by (1.47) that A(g, §) is 0(62) . Dividing both sides of

(1.54) by & and taking the Timsup as & + 0 of both sides yields
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. R 211 (5P
Vimsup|6 1 [o(€ + 8) - p(£)] - 771 f alu) du
&+0 £

where D3(e) can be made arbitrarily small by choosing A sufficiently

small at the outset, Thus

Timsup Hé'] [o(g +8) - p(E)] -7 &

1 (&S
j alu) dull= 0 (1.55)
&0

g

This does not say that p(u) 1is differentiable at & ; only that

the difference of the ratios approaches 0 as &6 >0 . We do know

that p(u) ds differentiable a.e. on (A1, A2) . And since afu)

is locally integrable on (Ay5 A2) we also know that

Tim 7

1 -] Jg+5 -1
540

. ofp) du =7 a(g) (1.56)

for almost every ¢ € (A1, A2) . A similar argument exists for & < 0 .

Thus if & 1is an element of (A], A2) for which (1.56) holds then

(1.55) says that o' (g) = ] a(g) . =

Note that if «a(u) 1is continuous on (A], A then

5)
o' (n) = ﬂ-] a(u) for all yu ¢ (A], A2) ; that is, p(u) is

1
C (A], A

2) )
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CHAPTER 2

ABSOLUTE CONTINUITY OF p(X) FOR

TWO EXAMPLES OF SECOND ORDER SYSTEMS

As an example of an application of Theorem 1.2 let us consider

the following system:

LR T
0<X<w (2.1)

or equivalently, with V =v, +v, +vg,

y"+ (A +V)y=0 , 0<x<o

where y(x) is an n x 1 vector, vi(x) are n x n matrices

is Tocally integrable on [0, «) (2.3)

~no

vy is locally absolutely continuous on [0, =) and
Tim v,(x) = 0 (2.4)
X0

1 rw

v3(x), v](x) , V2(x) = Jx vz(s) ds are all L][O, ), (2.5)

We shall show for the singular boundary value problem (S) formed



54

from this system that the spectrum is C] for 0 < XA < = ; discrete

for A <0 ; and that for the derivative of the spectral density,
o' (X)), [p'(A)]ii is asymptotic, as A >« , to

[x]/z o (0, x) ®(0, A) + \T1/2 @‘*(0, x) o'(0, A)]’h.

where &(x, A) and &'(x, A) are blocks from the fundamental solution
Y(x, A) described in Chapter 1.

The first thing we must show, in order to apply Theorem 1,2, is
that this system is 1imit point at infinity. A geometric character-
ization of limit pointness was mentioned in Chapter 1. An equivalent
characterization of this property, as shown by Hinton and Shaw in [14],
is that there are precisely n independent LZ(O, =) solutions of
(2.1)-(2.5) on [0, =) .

For a general Hamiltonian system, by L2(

0, ) solution we mean

that

[y(x, 2 I"y
Job(x,x} Lyx x_ldx<°°

. yix, )]
where y and ¥y are n x 1 vectors and where R is a
y(x, A)

solution of (1.1). In the above case this reduces to

J [y[zdx<oo,
0

[y
where y(x, X) 1is the n x 1 vector in the solution [_ of
vy

(2.1) .




As there are at least n such solutions, a standard means

Yy
of showing Timit pointness is to show that if ,[j
yl
solution of the system (2.1)-(2.5) then j [y'[2 < o , This being the
0

:} is an L2(0, )

case, it would follow, by the Cauchy-Schwarz inequality, that the

bilinear form

* *

Ly, 2] = z' (x) y(x) - z (x) y'(x)

is a function of integrable square. However if there are more than

2

n independent L"(0, ») then there is a pair y(x) and z(x) for

which [y, z] =1 , with a resulting contradiction.

Y

Lemma 2.1: If [ } is an L2(0, ») solution of (2.1)-(2.5),

y

then J 1y'|2 < o,
0

Proof: To show this, we shall make use of a result that appears in

[11] which states:

"Let F be a nonnegative continuous function on [a, =)

t
and define H(t) = J (t -s)"F(s)ds . Ifas t->w,

a t
H(t) = O(tn[H(n)]a), where o = ang ! then J F(s) ds = 0(1)

as t -+ ",

We note that, as t + « , integration by parts yields

1]
(@]
D)
——
S
-+
ot —
—
t
<
*
(o3
~~
N
[e)]
S

J [y (s) y'(s)]' (1 - g) ds
0




And so,

*

t
[ D@y 0 - s <

t t
<o(1) + %—[[O MiakE [jo y' (27172

From this we observe that as t » « ,

t t
Oy o -p e o A (2.7)
0 0
Next, consider that
t S
[y 0= s -
t t,
- Jf |y||2 (-I _ %) ds + y y" ('] _ —%)ds
0 /0
t t
[y - [ a0 - s

t s

[y (0 + VY10 - $)ds

tox iy S

Jo (y y")' (1 -3)ds+ Jo
LRI 7 N L s

ot/ A A [ e (-9 6 L (28)
0 0

where we have used (2.7) in the last equality.




m

We next wish to show that, as t + « ,

t
o<[j NGRS

t .
J Ly (x + V)y] (1 -f) ds
0

We begin by noting that because y € L2[O, ®)

t . s
JO O+ vyl (- 9) ds

t .
_0(1) + Jro Iy vyl (1 -3 ds (2.9)

as t >,
In the following, the Landau notation, O(-.) , is given with
respect to behavior as t - « .,

Now consider

t
[v w0 -9 as
0

t
I S
= JO y (v1 v, t v3) y(1 - t) ds .

First,

t

t &
|J y v1y(1 - %)ds[ < K J |y|2
0 0

ds = 0(1)

since (1 - EJ is bounded, and by assumption, lim v.(x) =20 .
t Yoo 1

Second,




tox | s 1 (b o
- JO y V2 y'(1 - E& ds + E'J y V2 y ds .

By (2.5), the operator norm Hvz(x)|] is bounded, and so,

t t
1 * K 2
I NEACELIES S AR )
0
As a consequence,
t I* S ft 1 S
lhy VZY“”f?“liK%|¥lU|“-f)®

and thus,

o« s t 2.2
1-%)ds| =0 y! .
| Jo Y voy (1 - 3) ds| ([f0 ly'7177%)

Third,

it Sy ool 24172
[, v vy - e - o<[j0 vy 212

by an argument analogous to the second point above where we first
2

define V3(x) = J- v3(s) ds . By these three points we see that
0
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t t
IR TARE RN G
0 /0
and by (2.8)-(2.9) that as t » « ,
t t
[l a- e -onf 1A'
0 0

As a consequence, as t - o ,

t
j wwzu-s)m=ouq y 127172 (2.10)

t
0 0
Thus by the result in [11], (2.10) implies that y'(x, =) € L2[0, w)
This, as already explained, leads to a contradiction if we assume
that there are more than n independent integrable square solutions

of (2.1)-(2.5) . Hence (2.1)-(2.5) is limit point at infinity. ®

Theorem 2.1: For the singular boundary value problem (S), constructed
from (2.1)-(2.5), po(A) 1is continuously differentiable for

0 < A € oo,

Proof: Following Atkinson [3] , we define the functional

*

E(x, A) = & (x, \) [x]/z In] o(x, A)

+ @'*(x, A) [x']/z In] o' (x, A) . (2.11)

Our goal is to show that E(x, A») converges to a continuous, positive
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definite matrix valued function as x - for A >0 . It was

shown in Lemma 2.1 that the system (2.1)-(2.5) is limit point. If

we can show the above convergence, then we may invoke Theorem 1.2 of

Chapter 1 with Kn(x) = A']/Z In . Because the 1imit function is

continuous, it follows that p'(A) = lim [w E(x, A)]'] for all
X=>00

A>0 .

Instead of E(x, A), we shall consider the following functionals:

*

E A8 (X, A) (X, A) + & '(x, A) &' (x, A) (2.12)

o{Xs 2)

and

q>*(>{, Ay (A I, * v1(x)) o(x, A) +

E](x, A)

[0 (x5 A) = Vy(x)o(x, )7 [0 (x, A) = Vylx)olx, ). (2.13)

Should EO(x, X) converge to a positive definite continuous matrix
valued function as x - « , then so too will E(x, A) . It is

less clear that should E](x, \) exhibits this same convergence,
E0 and hence E also converge to continuous matrix valued

functions as x » « . However, since v](x) >0 as x >« , it

follows that for x sufficiently large,
*
lu vy(x) ul < lvq ()] < e

is the matrix operator norm. Thus for x

where |u| =1 and




sufficiently large,

0< (- el < AL +vi(x) < (+e )l . (2.14)

n
*

From this it is clear that the elements of & (x, A) &(x, A), of

®(x, A) , and hence of &'(x, A) are all bounded, for fixed A and

for x sufficiently large, when E](x, X) has a limit as Xp > .

It follows that

”E‘](Xs >\) = EO(X’ >\)[| =

llox vy e+ 6 v, 0t + 0 v

* 2
5 0t 0 v2<1>||

will converge to 0 as x -« for fixed A > 0 because Hv11| and
IV, || both converge to 0 as x » .

We now examine [E1(x, A)]jj . First we consider the case
i=7J . Todo so, it is sufficient to consider e, E(x, A) e; -
However, in order to consider the case i # j, we examine

*
u E](x, AMu , where u is an arbitrary n x 1 vector.

y o u
Now if = , then
' d'u

* *

u B 06 Mu=y (6 )T+ vqv)) y(x, A) +

' 2) - Vo(x) vl )2 (2.15)

Let
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We wish to examine the integrability of 3 gf’>?) .

By differentiating q(x, ) with respect to x we find that

V, + V, v

V, + Vv, + V3 Vs 5 V3 + v])y +

*
g'(x, xX) =y (2a vV, + vy Y, Ve

2

2 1 |* 2 l* '
ty (svg+ o)y +y' (hvg + Voy - 2y' W,y

*

*
=y (2) V2 vy V2 + V2 vyt v1)y -y v3(y - sz)

. * * 2 , |* .
-yt - VoY) vgy + [y Voy' -yt Voy'l . (2.16)
Now observe that
I* 2 l* 1 * 1 I* 1
YUY =yt Vot = (V) Volyt - Voy) -yt Vo (y!t - Vo)
* 1
and so,

*
- V2.V) Vz(y - Vz.Y) ty Vz(y = Vz.Y) .

Similarly,
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Thus (2.16) becomes,

*

*
y (2x V2 + v]v2 + Vzv] + v])y -y v3(y - V2y)

0
—~
>

-
>
~—
[]

*

*

]
<
1

. * 2y e v Ry
- Vy) oyt iy Voly' - Voy)

By (2.14)-(2.15), we note that for 0 < e < A and for x

sufficiently large

q(x, A) > (x - ¢€) |y|2 + |y' - V2y|2 >0

and

19'(x, A)|

(=€) [ylf+ Iy - szl?

I A

"(x, )
qix, A

Now we see that

*
ly (2x V2 v, V2 + V2v1 + vi)y|

q(x, X) =

*
ly (2AV2 + v]V] + V2v] + vi)y[

<
(-e) ylE eyt - vyt T
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=1 .
<O @l + v T+ v D

where ||| is the operator norm for our matrices.

Similarly,

*
lz(y - V2Y) Vz(y - sz)

and
1 * 2 * 2 1
l(y - V2Y) V2 Yy + Yy Vz(y - V2Y)I <
q(X, A) -
_ . v4
2yl [y* = oyl IV, |t
<
- Q(X, X)
Now

20yl Iy - oyl < =2 y2 e 0= Ve pyr vy

It follows that for 0 < ¢ < A and x sufficiently Targe, that

' 2
2y [y' = oy (V|
q(x, X)

<= P

Lastly, note that
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Y valy' = oLyl vt - Yoy v,
Q(X, )\) - q(xa }\)
g -2 g

We can now see that

I Q};i’ig)l'i (- e)7 (2 N I+ vy VR I+ Tl 1B+

- 2
S R (MRS TATES S YA

From the hypothesis, we note that for sufficiently large values

of x, [[V,|l and [|v,]| are bounded; also note that Vo1l (v,

and |lvy[] are L (0, =) . It follows for A > e that

j %fé%lfé%'dx exists. As € 1is arbitrarily chosen, this integral
0 9

exists for XA >0 . Thus 1im In[q(x, A)] exists and hence

) ot

Tim q(x, A) exists and is positive for A >0 .

X—>0

Recalling our argument to this point, we chose ¢ > 0 , then
observed that, for x sufficiently Targe and for A > ¢ , the above

]
inequality for ~%r followed. From this inequality we see that

[ a' (s, A) e -
11mJng—(—s—,—ﬂ*dS 0

X0

uniformly for X > § > ¢ . For this same interval, it follows that

g%%l—%%- converges uniformly to q(g’ ;) as x >« . Now from the

definition of q(x, A) and (2.12), we see that the continuous dependence
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of y(x, A) and y'(x, A) on A implies the same continuous dependence
upon A of gq(x, A\) . As q(0, A) is continuous and positive as a
function of A , we see that the ratio g%%f—%% is continuous as a
function of A and converges as x » « wuniformly for X >0 in
a compact set, to %%%f—%% . The ratio g%%%-%%— is thus a positive
continuous function of X for X >0 . And as a consequence, q(w, X)
is also a positive céntinuous function for X >0 .

If in (2.12) we take u to be the unit n x 1 vector e,
then, by what we have just shown, [E1(x, x)]ii converges as X - «
to a positive continuous function for X > 0 . This leaves us with
the question of [E](x, >\)]jk when j # k . But in the definition
of q(x, A) we notice that q is the quadratic form constructed

from the n x n hermitian matrix E](x, A) . By the polarization

identity

(&, (xs )]y = eg £ (x, 2) e

and the preceeding discussion shows that [E](x, A)]ik converaes
as X » o to a continuous function for X > 0 .
We have now shown that 1im E](x, A) exists and is a matrix

X-)OO
of continuous functions, for X > 0 . When we showed that for all
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*
A >0, limu E1(x, A)u>0 for every nx 1 vector u , we also
X

demonstrated that Tim E](x, A) is positive definite for A >0 .

X-5%0

When &(x, X) and &'(x, A) are chosen to be n x n blocks
of the fundamental matrix Y(x, A) described in (1.9) , then what
we have shown, together with Theorem 1.2, gives us the conclusion
we seek. m

And so for the singular self adjoint operator described in the
introduction formed from the system (2.1)-(2.5) the spectrum is not
only absolutely continuous but continuously differentiable in the
interval (0, ») . We next consider the nature of the spectrum

in the interval (-, 0) .

Lemma 2.2: The spectrum is discrete in the interval (-, 0) for the
self adjoint operator described in the introduction and based upon the

system described in (2.1)-(2.5) .

Proof: Let Ly = -y" + (v] + Vo t v3)y where vi(x) is defined in
(2.2)-(2.5) and where y(x, A) is an n x 1 vector.

As shown in [12] it is sufficient that there be a number b > 0
for every 0 < e <1, such that for every y(x, %) , with compact
support in (b, ») where y and y' are absolutely continuous and
|

y" € L™(b, =) , the following holds:

{0.0] * rOO 2
J y Ly<-eJ ly|™ .
b b

The last statement is equivalent to
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© % . e 2 © %
-J y y"+e| |y|®+ J y (v] tv, t v3)y >0 . (2.17)
b b b
First, since y has compact support in (b, =)

(o [T 2 2
[Ty - Jb 2= 2.

Next, note that as 1im v1(x) = Q0 that given €1 there is a b such
X

that for x> b, |lvi(x)]|<e , where vyl here stands for the

matrix operator norm. So,
(X)* Q0
IR N
b b
i 2
eyl
Also we find that
AN
y voy=-1 Ly y'+J
b~ 2 b 2
By the compactness of support for y ,
{0 o] * I
[ vy =0
b

and so,

o}

IR AR

SN N AN
b




oo}

Now since V2(x) = J Vo dx exists, it follows that Tim V2(x) =0
X X0

and that for k sufficiently large, Vv, (x) ]} < e, for a given
€y > 0 . Thus,

CO * o 2]
IR TS NAN]
b ¢ 2 Jp
YA 2
<25 ly'I1F + [yl -

Since V3 €L (b, ») , if we define

it follows that 1im Vj(x) = 0 and that given €3 > 0 then for b

X—rco

sufficiently large

Q0

® o«
l[ y vy|§2€f ly'] |y
b~ 3 3p

<2l ly' 1%+ Iyl 1.

From these observations we note that given a choice for €1s
€55 €3 » there is a b sufficiently large, that independently of our

choice of y(x, A) satjsfying our initial requirements,

o0 * Q0

[ yee[m

2Ny I+ e llyIP - ey lyIP - 2le, + 10 Iy 1B + [lyIP

24 jb y*(v] v, tvaly >

2y e - 2ley + ey +HIyIF e - ey - 20ey ey
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So if we choose €y =
1-2(82+€3)>0

and
8-81‘2(€2+€3)>0.

Thus (2.17) holds, and as we wished

roo

r Y oLly > e J IYIZ
b b

for those y(x, A) with compact support in (b, «) and for which
y, y' are absolutely continuous and y" € L2(O, ©) , ®

We next show, analogous to the case n =1 , that for the domi-
nant terms of p'(A) we can find some information concerning the

asymptotic nature of these terms as X\ » « ,
Lemma 2.3: For the singular boundary value problem (S) based upon
(2.1)-(2.5)

[p (A)]'H =

- 12670, 1)a(0, A)

70

#2772 90, 2) 010, W) (1 +0(1)) (2.18)

i

as A > o,
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Proof: Llet E(x, A) , EO(x, A) and E](x, A) be defined as in
(2.11)-(2.13) . And as before, let E(x, A) ; Eo(w, x) , and
E](w, A) denote the 1imits of E(x, A) and Ei(x, A) as x - o,

By Theorem 2 we know that p'(X) = E(e~, A) = A]/Z Eo(m, A) .
We wish to show that IE;ifil%}i— 1 A 5
e wish to show tha +1 as + o , Since

1/2

_ ) | (2.19)
[E(0, 175, ATVZ[EO(O, M;;

o' ()1, [E(=, A)]
TE(, x7]

ii

we consider whether

-1 as A > o,
[E,(0, I Ti;

To do this we show that in general

*
u Eo(w, A) u
-1 as x>

*
u EO(O, A) u

for any n x 1 complex vector wu.

We proceed as Atkinson in the case n =1 to consider that

u Eo(x, A) u u* E](x, A) u u* EO(W. A) U
= * * * . (2.20)
u EO(O’ Au u Eo(x, A) u u E1(x, A)u



https://2.n)-(2.13
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Note that it was shown in Theorem 2 that

* %*

u Eo(w, Au = u E](w, A)u o,

so the last factor in the above product is

*
u E](w, A) u

- . (2.21)
u E](x, A) u

In Theorem 2 we saw that

o0 [u* E](s, A) ul!
J ds

*
x [u E](s, A) ul

converged to 0 wuniformly for X >8>0 as x >« , Thus the
ratio in (2.21) converges uniformly to 1 for A >8§>1 as

X > o

Next Tet y = y(x, A) = &(x, X\) u . Then we note that

* . I* '* * '
[u” Eplx, A) ul' = ay' 'y + ay'y -y (A + vy v, + v,y

*

-y (A+v1+v2+v3)y

* *

= -y (y.l + v2 + v3)y' -y (v.I + v2 + v3)y .

From this we observe that
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* [ \ .
" Egx 2wl 2lyl Iy vy D+ vl )
* < 2 5
’[u Eq(x, A) u] | Myl®+ iy
-1/2
<20+ g+ Tvsll)
where ||+|| stands for the operator norm for matrices.
And thus,
* *
lu Eo(x, A) u x {[u Ep(ss 2) ul’
In |— < J < ds
u Ey(0, A) u 0 |[u Ey(s, A) u] |
-172 ¢
<A ) v )+ Qv (s + flvg(s)l ds
For fixed x , we see that
*
u EO(X’ A)u
= -1 as A > w (2.22)
u EO(O, A) u
*
u Ey(x, A) u ) .
This leaves the ratio — to consider. As in

u Eo(x, A) U

Atkinson, we introduce the intermediate functional

*

Ez(x, A) = A0 (X, A) o(x, A) +
*
((DI(XQ >\) = V2(X) @(X, >\)) <®I(X9 >\) - VZ(X) @(X, >\)) .
In Theorem 1, for fixed X , the convergence, as x -+ « , of

E;(x; 1) gave the boundedness of [|[o(x, X)|| and of [[&'(x, )|

At that time it was argued that [[E;(x, ) - Ey(x, A)| ~ 0, for



fixed X , as x -« ., Similarly,

1Ey(x, A) - Ej(x, M)~ 0 ,

for fixed )X, as X » = ,
With the introduction of Ez(x, A) we now consider

* *

u*E](x, Au U E2(x, AJu u E](x, Au

* * *

* L3
u Eo(x, AJu U EO(x, Au o u E2(x, AU

Note that,

* 2
u Ez(x, A) u oAyt |y - sz
* -

W Bl A aly(Z ey

‘2

* *
2y sz +y V

2 .
AMy[©+ |y']

y

I N

=] -

Note also that

2yt Vvl 12 2]yl 1"
T2 < 2 . =172 . ..2
MYIZ + |y 12 et e ly|™ + / ly IJ

A

-1/2
eI

Similarly,

vy vy

y y

2 -1 2
TN

A

? 7
AMy|m + 1y

)
(g%
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Thus for fixed «x ,

u* E2(x, ) u :
lim — =1, (2.24)
u EO(x, A) u

For the remaining ratio we note that

* * 2
u B OG A u y vy +yt - oy
u* E,(x, A) u ) | |2 + |y -V 2
*
y ovqy
=1 +

2 : 7
AMyl™ + Jy' - Voyl

and that

*
Y vqy

Myl% + ly' -

-1
7 < 7 Il

-

oY
For fixed x , it follows that

u* E](x, A) u
Tim — =1. (2.25)
A>eo U Ez(x, A) u

Now we can make (2.20) arbitrarily close to 1 by fixing x
so that for all A > § > 0 the ratio in (2.21) is close to 1 ,
then choose X sufficiently large so that the ratios in (2.23)-(2.25)

are close to 1 . From this (2.18) follows . =


https://2.23)-(2.25
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Before continuing it should be noted that the equation (2.1) for
v](x) = v2(x) =0 and X # 0 may be studied py asymptotic methods.
This has been done by S. Itatsu and H. Kaneta [20] on (-», ») (instead
of [a, »)) . However these methods fail when a vi-type term is
included because of the existence of repeated eigenvalues in the n-
dimensional system of constant coefficients y" = )y .

Now consider the following system:
y'+ AL+ V(x))y=0,0<x<o, (2.26)

where y(x) 1is a 2 x 1 vector function, and

V(x) = (2.27)

where o, B > 0 . We have a simple example of a coupled second order
system involving potentials which are smooth and unbounded as X » = .

For a system of the form

y'+P(X)y =y , @ <X <o

where P(x) 1is an n x n vreal symmetric matrix of locally integrable

functions, Lidskii [22] has shown that such a system is limit point

at infinity if
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where K 1is a positive constant. Thus (2.26)-(2.27) will be limit

point at infinity if o, B and y < 2.

Theorem 2.2: For the system described in (2.26)-(2.27) we assume that

0<a, B<2. If Y < min{& Z 38 s 8 Z 30L} , then o'()) 1is contin-

uous and positive definite for all X € R.

Proof: Since 0 < a, B <2 it follows from our previous observations
that (2.26)-(2.27) is limit point at infinity.

Now the basic functional we consider is

Eg = Eplxs 2) = ¢*(x, A) A'Z(X) d(x, A)
£ (%, ) A2(x) ¢’ (x, A) (2.28)
where
-/t .
A(x) =
0 x'E’/4

EO is a 2 x 2 matrix valued function. Note that as a function of

A, A'z(x) is equicontinuous for all x > 0 . Note also that as
X > o, A"z(x) is bounded below. Let I be an arbitrarily chosen,

closed subset of R. If we can show, as x - « , that EO(x, A)


https://2.26)-(2.27
https://2.26)-(2.27
https://2.26)-(2.27
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converges uniformly for X € I to a continuous positive definite
matrix valued function E_(A) , then by Theorem 1.2 po'(A) will be

continuous and positive for all A€ R,
The proof follows the same sequence of steps as in Theorem 2.1.

*
We show for all 2 x 1 complex vectors u , that u Eou converges,

as x> , uniformly for A€ I to a positive continuous function
of X . As seen in the preceeding case, this is sufficient to establish

the desired convergence of Eo(x, A) . However, to do this we consider

a perturbation E = E(x, A) of the functional Eo(x, A) chosen so
*
that as x - «» , the ratio u* Eu converges to 1 uniformly for

u Eou

AE T .

The perturbation we consider here is

E=E(x, A) = (A0' - A'0) (A¢' - A'9)

+ qf"(A'2 + A A2)¢ - ¢* BA2 ¢ (2.29)

Let y = y(x, ) = ¢(x, A)u where u isa 2 x 1 complex

vector. Define QO = Qo(x, A) , Q=0Q(x, A) to be

QO =y Eou

i
=
|
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Q=u Eu
* * - *
= (Ay' - A'y) (Ay'-A'y)+y(A2+ Az)y-y BAzy
¥ . * 02 * 2 * 2
=Q)-2y' AAly+y (A')" y+ iy Ay -y BATy (2.30)
Thus,
l* . * . 2 * 2 * 2
Q _y_o,y Ay L,y (A)y Ay Ay 'y BATy
1-2 2 + (2.31)
% 0, 0, O 08

Consider the last four terms of (2.31). Note that

* * _]
y' AA'y = y' A(A'A) ATy

and thus
l* 1 ] '] 1
ly' AA'y] < [Ay'| |A y| [{A'A]l
Now,

B (a/4)x'a/2‘-l T

A'A = (2.32)

O (-B/4)X-B/2-]
_

and so ||A'Al|- 0 as x » « , independent of the value of A in

I . From this we see that
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|* ] 1 ']
’EX__EAA_AX < 2"AX_§—A“X—,||A'AH < 2 ||A"A]|
0 0 -

Thus as x > < , the above ratio tends to 0 independently of A€ I .

*oove, _ o 2l ihq2 -]
For the second term we note that y (A')°y =y A [A'A]° A 'y ,

and thus that

‘y*u\' %y

< ATy
O

) 2 ]
< WA <liaalf

As x > = , this ratio also tends to 0 independent of A€ I .

* 20 * =1,,4,,-]
Next, we note that y A"y =y A "(A")A 'y and that

* 9 -1 2
gt QQ iIKIL“TO“— 1AIF < 1] At

Given our definition of A we see that ||A|| tends to 0 as x » =,

and hence that, as x + « , this ratio tends to 0 uniformly for

Aodin 1.

2 1

A Y

*x
For the Tast term in (2.31) note that y* BAy =y A ](ABA

and hence that
* gal A ly)2 3 3
e Bl AR yaend) < faee’)|

A computation shows that



81

ABAS = Y

o + 38)

By our hypotheses both y - (% 8 + 3ay

and vy - ( 7 are less than

0 and so ||ABA3H -0 as x +» . And with this last observation we

Q

see by (2.31) that as x » « , Q. converges uniformly for (€ 1
0

to 1.

Our next step is to compute Q' .

Let Q] = y'*Azyl ’ Qz = 'Zyl* AAly . Q3 = y*(AI)Zy ’
eV 2 _* oAl
Q4 =y (A + A%y, and Q5 =y BA® y . Then by (2.30)
5
Q" = £ Q:
i=1 !
First,
* 2 *
Q{ = zyu A yl + 2yl AAlyl
* _4 2 *
= -2y [AI + A7 + B]A®y' + 2y' AA' y'

* * - *
= =22y Azy' -2y A Zy' -2y BAzy' + 2y'*AA'y'

For the next term,
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* * *
Qé = _2y|| AAIy - Zyl (AAl)ly - zyl AAlyl

3

* * - *
2\y AA'y +2y AT A'y +2y BAA'y

* 2 * *
-2y (AN)Sy' -2y AA"y' - 2y' AA'y' .
Continuing,
] * l2| * AN
Q3 =2y (A")7y' +2y A'A" vy ;
and
* * o
0y =2y (A2 + My -2y A ay sy may
And lastly,
1 * 2| * 2
05 =2y BATy' +y DX[BA Jy.

As a consequence,

* * *
Q' =4xy AA'y + 2y BAA'y - 2y AA'y'

* *
t2y ARty DX[BAZJy . (2.33)
Now we consider the integrability of l%%l . Note first that
y oty =y ATy
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From this it follows that

2 |IAIF (mA

* \ _]
|y AA'y| < [Ay]
By (2.32) we see that ||AA'|] is L(1, ») . The definition of A
implies that HA|F +0 as x >« . We have shown that as x » = ,
Q
7%- converges to 1 wuniformly for A€ I . It follows for x suf-

ficiently large that a constant K exists, independent of A€ I ,

such that
Ly” AR ANyZ e
< 4jx| K HALS [IAAY|
Q - QO
< 4] KAIF (AA (2.34)

Thus by (2.33) we see that the first term in the ratio %TI
is bounded, uniformly for X € 1 , by a function in L(xo, w) where

X, is sufficiently large.

0
Similar demonstrations can be made for the remaining terms in the

ratio l%%‘ . For the second term first note that
v BAA'y =y ATV [ABAZA AT y

and hence for x sufficiently large that there is a constant K for

which

*
133&—%¥YXJLL < K |[ABAZA']| . (2.35)
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Now

0 g4 x~81

ABAS A' = xT

-a/d x7&°

where

_at3 _ B+ 3a

We see by the hypotheses that HABA2 A'|| is integrable for x >0 ,

*
and hence that 2_ SAA is bounded, uniformly for A €1 , by an

L (xo, «) function where x, is sufficiently large.

0
For the next two terms we first note that since a, B are

assumed to be positive, it follows that |/AA"|| is integrable for

x >0 . As in the previous cases it follows that for x sufficiently

large there are constants K and C such that

*
2 SA YL <k |jan]| (2.37)

and

20 AL g ) (2.3
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Thus the ratios in (2.37) and (2.38) are bounded by L (xo, ®) functions
for Xg sufficiently large.

For the last term we begin by noting that

* - -
s 0, [8A%y = y" ATV (AD [BAZ] M)Ay

Next note that

0 -g/2 x~8°1

A D [BA“]A = X"

a2 x7&71 0

where & and ¢ are defined in (2.36) . Again, by our hypotheses
we see that |[|A DX[BAZ]AH is integrable for x > 0 . Thus, for x

sufficiently large there is a constant K such that

ly DX[BAZJ y
Q

< KlA D [BA%] Al . (2.39)

The inequalities (2.34)-(2.35) and (2.37)-(2.39) imply that for
x sufficiently large the ratio |%%4 is bounded, uniformly for A€ I ,
by an integrable function of the variable x . As in Theorem 2.1 and
as noted at the outset of this proof, this last observation is suf-
ficient to conclude that as x > » , Eo(x, ®) converges, uniformly
for X restricted to compact subsets of R, to a continuous positive
definite matrix valued function. As a consequence of Theorem 1.2,

o'(A) s continuous and positive definite for Y€ R. =


https://2.37)-(2.39
https://2.34)-(2.35

Note that when 0 < qo =

B < 2 then the restriction on vy

Theorem 2.2 reduces to vy < a .

in

86
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CHAPTER 3
ABSOLUTE CONTINUITY OF po(X) FOR

TWO EXAMPLES OF DIRAC SYSTEMS

Consider the following Dirac System
(ﬁ\l ( i HC+'”2) Y1)
yz/ -Axtc+ p] -p y2

or as written in Hamiltonian form

i\ ' (-c—lo1 p ) Y
J = AL + » 0<x<w,
‘y2 p C+p2 yz

where y](x, A) and yz(x, A) are scalar valued functions; X is a
complex parameter; p(x), p](x) and pz(x) are real valued and
Tocally integrable.

A specific example of such a system on 0 < X <

Y1 ! k/x X+ z/x+ ¢ Y
2 -x - z/x +cC -k/x Yo

where ¢ and z are constants and k 1is an integer. For appropriate
choices of these constants this is the radial wave equation in gquantum

mechanics for a particle in a field of potential v(x) = z/x . It was
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shown by Titchmarsh [25] that the spectrum of (3.2) is discrete in
(-c, ¢) and continuous outside of this interval.
In [18], Hinton and Shaw extend the work of Weidmann [26] on

(3.1) . They consider a system in which

P (x) = piy(x) + pin(x) +pia(x) 5 i =1,2

o
—

*x
N

1]

By(x) + 8y(x)

Pip(x) 5 89(x) 5 pig(x) 5 85(x) € L(0, @) -, i =1, 2

00

sz(x) = Jx pkz(s) ds exists conditionally and

P o(x) € L(xo, ®) k=1,2.

The functions Pi3 > A3(x) are called short range potentials while

p. (x), A](x) are called long range potentials. The functions

il
piz(x) are called oscillatory potentials and have as their model,
functions Tike x%sin (x%) .

Consider (3.1) together with the boundary condition

sin 8 y,(0) + cos By,(0) =0, 8¢ [0, m) .

.y] (x)
Let y(x) = ( ) and let L2[O, =) be the set

Yo (x)

1] Gn® gl <.
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The system (3.1) has only 1 independent solution in L2(0, o) for

Im A # 0 ; that is, it is limit point at infinity. Now let T(y) be

defined by

-c - p, p
P c+p

T(y) = Jdy' - y (3.4)

and let the domain of T be the set 7 c L2[0, «) which consists of
those functions y(x) which satisfy the above boundary condition,
are locally absolutely continuous and such that T(y) € L2[0, ®)
The operator so defined is self adjoint with domain and range in
[0, =) ([131, D151, [161) .

Hinton and Shaw have shown in [18] that the assumptions in (3.3)
together with the absolutely integrability on (0, =) of

[oe] o]

| 1Pats) o (sdids o | IPp(s) ails)) ds

Piel) Pia(0) + Bl [ [Rg(s) pgy(s)1es (3.5)

Q0

po(x) jx [Pep(s) 4(s)] ds
where j, k, m =1, 2 , are sufficient to guarantee that the spectrum
of the operator T(y) 1is continuously differentiable in the complement
of [-c, ¢] and discrete in (-c, c¢) . Thus one of the things they
show is that, in the complement of [-c, c] , the density function
o(u) is continuously differentiable with positive derivative.

They show that the hypotheses of (3.3) and (3.5) are sufficient

to derive asymptotics for the solutions of (3.1) . These asymptotics
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are then used to obtain information about the M(X) function and
through it, information about the density function p()x) and hence
the spectrum. However, as a consequence of thé results of Chapter
1, it can be shown that the additional hypotheses in (3.5) can be

reduced in number.

Theorem 3.1: Let T(y) be the self adjoint operator defined by (3.4)

and having the set H as its domain. If p(x), p1(x), p2(x) satisfy
the hypotheses given in (3.3) and if in addition we assume that both
p12(x) P22(x) and p22(x) P]Z(X) € L(xo, ®) , then the spectrum

of T will be continuously differentiable in the complement of [-c, c] .
That is, p(u) s continuously differentiable with positive deriva-

tive in the complement of [-c, c] .

Proof: As in Theorem 2.1 we shall want to find a functional EO(X’ A)
and examine its behavior as x - « . In this case Eo(x, A) will
be scalar valued rather than matrix valued; and as in the case of
Theorem 2.1 we shall want to show that there is some functional,
asymptotic to Eo(x, ) as x - o which possesses a logarithmic
derivative that is integrable as a function of x . But what shall
we choose for a basic functional E(x, i) ?

If we consider (3.1) with p = Py =Py = 0 and set

B, A) = K yT(x, A) + kyp(x, A)

»
Fay
"

k(x) >0,

which for (3.1) is the basic form of J(x, X, A) 1in Theorem 1.2, then

differentiating with respect to x we find
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If

A:C+k(x-c)=o

then E'(x, A) =0 and hence E(x, A) 1is constant as a function of

X as x - « and we observe that E(0, X) = 1im E(x, \) . Now if
X0

k(x) 1is positive, continuous and solves this equation, then for those
values of A 1in the domain of k(A) , E(O, A) will be positive
and continuous, and po'(\) = {m E(O, A)}'] by Theorem 1.2 .

For X 1in the complement of [-c, ¢c] , we see that

is just such a solution.

We shall show that the functional

Ey(x, A) = 5OV 20 )+ AEG12 0000 (3.6)

converges uniformly for X 1in a compact subset of the complement of
[-c, ¢] (i.e. [-c, c]') , as x >=, to a positive continuous

function. Note that E.(x, A) is of the form J(x, A, A\) , from

A‘C)]/Z
At C

of n , equicontinuity follows trivially, as does the boundedness

of

Chapter 1, where K—](x) = (

N As K'](A) is independent

n

below of K;1(A) for any fixed A in [-c, ¢] . Thus the hypotheses
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of Theorem 1.2 are satisfied and the uniform convergence described
above is sufficient to conclude that p(u) is C] in [-c, c]' .

Define the following functional,

= 2
E(X, >\) = (>\ -C - P-”)(,Y-I + Pzz.Yz)

(At et pyy)ly, + Py y])2

200 (yy + PooYo )y, + Py yy) (3.7)

We shall show that for compact subsets of X > ¢ this function
converges uniformly as x >« , to f(x) a positive continuous func-
tion of A . For A < -c we would consider instead -E(x, A) .

So without loss of generality we 1imit our discussion from this point
onto X >c . It follows that uniform convergence of E(x, A) upon
compact subsets of A >c¢ to f(A) as x -~ implies that Eo(x, A)
will converge uniformly on compact subsets of [-c, c]' , to a
positive continuous function E_(1) .

To see this for A > ¢ , and hence for X < -c as well, let

)12

N
—
n

(A= e = Py 0y * Py )

1/2

N
i

.2 (A + ¢+ p21) (y2 + P12 yl)

where we assume x sufficiently large so that the square roots are

defined and real. Then, we see that

_ 2 -1/2 -1/2
E(x, \) = Z7 25 % 2A1(A -c - p]1) (A + ¢+ pz])

Z-IZZ.
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Note that as x > = , 2A](A -C - p]])']/z(x +c+ pZ])'”2 converges
to 0 wuniformly on compact subsets of X >c . Choose € >0 to be
an arbitrary small number. One can show that for x sufficiently

large,

2) < E(x, ) < (1 + )22

: =+ zg) (3.8)

(1 - e)(z% + z
when X is restricted for a compact subset of X > c . As a conse-
quence, we see that
2
1

)2

2 _
2yt 25 = (A= c - pypdlyy - Pyy

ot (A +c+ p21)(y2 - Py y])2

also converges to f(X) uniformly on compact subsets of X >c .

Next note that,

2 2 _ 2 2
2y + 25 = (A - clyy + (1 + c)ys

2 2
# L= e pyq)Po, - ey,

2 2
Lt pyy) Py - ppl Yy

F 20 - -y lPyp + (M et Py IPplyyyy

Let Wy = (n - c)]/zy] and Wy = (x + c)]/zy2 ; then



2
224 22 = [0+ 5 (x MW + D1+ 8,00 1)

+ 63(x, A) WoW,

where Gi(x, A) , i=1,2,3 converges to 0 uniformly on compact
subsets of X > c . One can then show for an arbitrary small number

e >0 , that when x is sufficiently large,

2
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(1 - e)(W$ ¥ wg) < Z$ tz, < 1+ e)(W$ ¥ wg) . (3.9)

As a result, w% + wg converges uniformly on compact subsets of

A>c to f()) . We need now only note that
Eglxs ) = () - ) 20 4 C)']/Z(Wf + WS)

to conclude that aé X > o Eo(x, X) converges uniformly on com-
pact subsets of A >c¢ to (A - c)']/Z(A + c)']/2 f(A) . A similar
argument can be constructed for X < -c .

Note also that the inequalities (3.8) and (3. 9) together imply

2 2
o E(xs A nhtn .
that the ratios = 5 and ——7 converge to 1 uniformly
z] + z2 w] + w2

on compact subsets of X > c as x -+« without regard to whether

or not E(x, A) converges to f(A) . As a consequence we have the

uniformity of convergence to 1 of sz, A%
Wy w5
Define the following functions
= 2
Qy (%, ) = (A = ¢ = pyy)(yy + Py ¥y)
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Qxs A) = (A + ¢+ pyy )y, + Py yl)2

Q3(xs A) = 28 (yy + Poy ¥y )y, + Ppy ¥y)

then by (3.7)

£ 1) = 00k A) + 00k, A) + 0 0k, 1) . (3.10)

E'(x, )\)

We shall want to consider T

Qi (x, ) .

First, differentiating Q] with respect to x ,

; SO we next consider separately

20 == pyq) Yy Poy Y)Yy + Poy ¥y + Poy ys) o (3.11)
Now using (3.1), part of the last term in (3.11) can be written as

‘y'i * PéZ Yo * P22 Y5 ='(B]'| g +%]2 Yo s (3.12)

where

s
1

_p+P '>\+C+P-|)

22(

By = At ctpy - by, - PPy

We see that
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Brp= oyt a4 Ppl-rtctpy) + Py Py3 * Pop Pyp -

By (3.3) and the additional hypothesis that P22(x) p12(x) € L(xo, )

we see that

%]] =:%]](X, A) = A1(X) + V]](X, X) (3.]3)

where V]](x, A) s continuous as a function of A and as a function

of x is L(xo, ) . Also note that

Bip = A+ CHpyy +Pyy - By Py - Ay Py

By (3.3) and specifically noting that P22(x) and A1(x) -0 as

X > o we see that

%12 = iﬁz(x, A) = A+ c+ Pyy * V]Z(x) (3.14)

where V]2 € L(xo, =) . By applying (3.13) and (3.14) we find that

200 = e - o)y + Pyp Yp)(yg + Pop vy * Py vp) =

2(X = C = P )(Yy + P ¥ ) Byq Vet Bys Vs)
11/ 22 Yo /W11 Ny 12 72

2 2
200 = e = pypdL{ay + Vyg vy + Py (0 e+ pyy + Vpp)y,

F(PppBy + Vpq) + A+ et pyy + Vpp)ygy,]

Z(A - C- p]])A] Y$ + Z(A -C - p]])(A +C+ pz])y]yZ

2 2
UG A) ¥ Clx, A) g+ C3(xs 2) yyy,




97

where C](x, A) o, Cz(x, A) , and C3(x, A) are continuous as functions
of X, and L (x, ) as a function of o by our hypotheses.

From this we now see that (3.11) becomes

Qi (x, A) =
- . 2 2
= 'p]](y] + P22 yz) + C1(X, A) y]

+ 0 (% A) y2 + Colxy &) yq¥y + 28 (A = € = pay)y? |
2 7 2 3+ 12 1 11771 |

Now differentiating 02 we see that,

' _ o 2
Qz(xa X) - pz](y2 + P]Z y]) +
20+ e+ pyy)lyy + Py dyy + Py vy + Py yp) o (3416)

As before we define %21 and %22 by
VPt Py s B vt 8y, (3.17)

where

Byy =By(xs 2) = x4 c + P11 * Pra(X) 8q(x) + Pyy(x)a5(x)

SAtCEpyyt V21(x) , (3.18)
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where VZ](x) € L(xo, ») , where

Byp = Byplxs A) = =By = Byt (X = €+ pyy)Pyy + PosPrs ¥ DyoPry

-0 (x) + Voo(xs A) s (3.19)

and where V22(X, A) 1is a continuous function of A and with respect

to x is L(xo, ) . As a result,

200+ e+ pp )y * Prp y)lyg * Prp vy P )

200+ ¢ # pyy)lyy * Prp v1) By ¥y + By )

2
-2A1(A‘+ C+ Pyylyy + 200+ ¢+ pyy)(-A + c + pyqlyyy,

2 2
+ Dy(x, A) ¥7 + Dylx, A) yp + Da(x, A) yq¥,

where the Di(x, X\) are continuous as functions of X and L(xo, o)

as functions of x . As a result (3.16) becomes

2 2
+D1(x, Ayy + Dylx, A) ¥y
* Da(%, A) yq¥p = 200 + ¢+ ppy)(A - € - pyqlyyys

2
- 2A1(K +c+ pz])y2 . (3.20)




Now consider the derivative with respect to x of Q3(x, A)

Q3(xs A) = 285(yq + Poo¥p )y, + Proyq)

+ ZA](.Y'I + PzzY)l(.YZ + P]zy])

t 200 (yy + Pooy)ly, + Proyq)' (3.21)

By (3.12)-(3.14)

201 (yy + Poo¥y) 'y + Proyq) =
= 20y Byyy *+ Byp¥p)y, * Proyq)

2 : 2
207 Yq¥p * 200 + ¢ ¥ pyy )y,

2 2
tF0G A ¥y + Folxs A) vy + Falx, ) yqy, (3.22)

where the Fi(x, A) are continuous with respect to A and L(xo, ®)

with respect to x . Similarly by (3.17)-(3.19)
201 (yy + Poo¥p)yy *+ Proyq)'
= 2 yy * Pyo¥y)Boy ¥y + By ¥p)

2 .2
20 (0 = ¢ - pyqdyy - 287 vy,

2 2
G 06 ) ¥y * Gy(x, ) v, * Gy, A) e, (3.23)

again where the Gi(x, A) are continuous with respect to A and

L (xo, ) with respect to x .



https://3.17)-(3.19
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Therefore, by (3.21)-(3.23),

Q3(x5 1) =

200 (yq * Pooyo)yp + Ppy yyq)
- 20 (X - ¢ - )y2 F 20, (0 + C+ poy )yl
1 P11y 1 Pa1/Y>

2 2
+ (Fy + Gylyp + (F2 + Gz)yz + (Fy + 65)y,Y, (3.24)
Now by (3.15), (3.20), and (3.24)

E'(x, A)

0 + Q3 + 0

] - 2 [] 2
P Yy Poa¥p )T+ Py (y, * Poyy)
t 201 (yy + Pyy ¥y )y + Pyy yq)

2 2
+ H1(x, A) vyt H2(x, A) Yo * H3(x, A) Y15 (3.25)

where the Hi(x, A) = Fi(x, A) + Gi(x, A) + Di(x, A) + Ci(x, A) .
Thus the H.(x, X) are continuous as functions of A and L(xg> =)
with respect to x .

Next we wish to show that 'E%é;: fj is bounded by a function
that is L(XO’ ) for Xo sufficiently large when A 1is restricted
to a compact subset of X >c .

First note that for x sufficiently large and X restricted

to a compact subset of A > ¢



https://3.21)-(3.23

. 2
P17{yy * Pop¥p)7| .
EX, %) < C11P11(X)l s

similarly that

and that

‘ZAi(y1 + Py )y, + Proyq)

| E(x, 1) < C3la(x)|

E'(x, A

Thus the first three terms in the ratio | CT

’ are bounded
independent of X in a compact subset of X > ¢ , where x s
sufficiently large, by absolutely integrable functions.

1
/2

It was shown earlier when Wy = (A = ¢) 1(x, A)

= (A + c)'l/2 y2(x, A) the ratio Eéﬁi—i% converges to 1 uni-

W
2
Wyt oW,

formly on compact subsets of A >c as x + o . As a result note

that for x sufficiently large, and X restricted to a compact set

H](x, A) 9 H1(x, A) ‘ w% + wg (A - ¢) Y7
TG 0 (N T T TR | T T2, 2
W T W,

By similar reasoning, for x sufficiently large and X so restricted

101
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Hy(xs 2) | 5
B 7 | 2 < Gl )

and

H3(x, A)

B Y1Y2 | < Celis(xs A)|

Now in fact each Hi(x, A) 1is a polynomial in terms of X with
coefficients that are absolutely integrable functions of x . Thus,

when X is restricted to a compact set

i (x, M) < T, ()

where T.(x) € L(xg, ) for x, sufficiently Targe. With this final

remark we now see for i restricted to a compact set and Xg suf-
@ ]

ficiently large that J i ;<’;\ dx exists and that as in the proof
X 3

X 1

of Theorem 2.1, J r% :"; ‘ ds converges uniformly for A in a
X s
0

compact set of A >c as x > ; and as in that previous result, this
is sufficient to conclude the uniform convergence, on compact subsets
of X >c,of E(x, A\) to a positive continuous function E(X) . =

As another example, consider the Dirac system of the form

p(x) Mg () |y,
B} , 0<x<® (3.26)

Yo -2 = g,(x) -p(x) | | ¥,
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We now wish to consider the possibility that the potentials involve
terms which grow without bounds.

As before A 1is a complex parameter; the.functions p(x), q](x),
q2(x) are locally integrable. We further take for k =1, 2
qk(x) = qk](x) + qk3(x) ; where qk](x) have the same sign and each
tends to infinity as x tends to infinity. We shall without loss
of generality assume now that qk](x) >0 .

Our goal, as before, is to stipulate conditions on the functions

p(x), q1(x), q2(x) sufficient to guarantee that the density function
p(u) from Chapter 1 is such that p'(u) >0 for all u in R.
In other words, we wish to find conditions which guarantee that the
self adjoint operator formed from (3.26) in the same manner as one
which was formed from the system (3.1) earlier, has a continuously
differentiable spectrum that is all of R.

We take, analogous to the first example of this chapter,

£ (x A)_w/“qn 2,1/ 1" 9 2
o\ A+q21y1 Y+, Y2

to be the functional whose convergence on R we wish to examine.

Note that
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q + A q + A
where the factor [:( 1 ) ( 21

T a0 ) :} » as well as the terms
Aq;] and Aqé} converge as x - ® uniformly for X in a compact
subset of R.

One can show by an argument similar to that used in the previous

example of this section that Eo(x, A) as well as

_ 1A/ 2 /%1 2
E](x, A) = (1 + Aq]l) a;;- vt (1 + qul) G Y5 (3.27)

and
A /%1 2 A/9%1 2
E=E(x, \) = \V—y7 +V "y (3.28)
1 71 Tay 2

all form ratios that converge to 1 as x > « uniformly for A
restricted to compact subsets of R. |

For this example we shall take E(x, A) to be the basic functional
whose convergence we examine. We wish to give conditions which
guarantee that E(x, A) converges as x > « uniformly on compact
subsets of IR to a positive continuous function of X .

There is an advantage, in this instance, to working with E(x, ) .

As noted in Chapter 1 E(Xn’ A) = J(xn, A, A\) where

RS

*
J(X s A U) =0 (an >\) Kn n

n

~k

+ o (xgn ) K () dlx g, A) .

For this example, ¢(xn, A) = y1(xn, A, elx., A) = yz(x s A)




- | 172
and Kn (u) = | — (xn) . It was shown in (1.30) and (1.20)

91

n J'](xn, Ay, u) =T J-](x s Ay A) .

O
—
>
~—
[}

Thus by showing that E(Xn’ A) = J(xn, A, A) converges as Xy >
uniformly on compact subsets of IR to a positive continuous function
E_(X) we shall have shown directly that pé(x) converges uniformly
on this compact set to el E;J(A) . Now it was shown in Chapter 1

that a subsequence o (A) converges on IR , and because the

system is limit point at infinity this subsequence converges to o(})
on R. By a standard theorem in analysis the uniform convergence of
o () t0 mEZ(0) implies that o'(A) = n7' EZN(A) on each
compact subset of IR. We thus need not be concerned, as we were in
Theorems 1.1 and 1.2, with whether or not K;](A) is bounded away
from 0 for n sufficiently large,. and hence with stipulating at

the outset whether q1](x) or q21(x) is dominant as x »> « ,

Theorem 3.2: For the system (3.26) let q1](x) and q21(x) be
differentiable, of the same sign, and let both tend to infinity as

X+ , Let qk3(k) , and p(x) be locally integrable and let

p(x) be smooth in the sense that D[(q”qZ])']/2 p] exists. Let
qqq(x)
_ -1 v =1/2 -1 -1/2
n(x) = T T If qq sn'"n "% ay,and (999 9yq) p are

terms which tend to 0 as x >« and whose derivatives are L(xg, «)
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q
and if (—Ki
91

and positive on R.

(QZ] q1])]/2 £ L(xo, ) , then p'(\) 1is continuous

Proof: Note that E defined in (3.28) can be written as

1/2 2 -1/2 2

E=n""yy+n Yy -

As in previous examples we shall show that the logarithmic derivative
, X 1B (s 1)
of E s L(xO, «) and that f ‘ ETs ’A ‘ ds converges as, X -~ « ,
X b
0

uniformly for X 1in a compact subset of IR.

By (3.26) we find that

El - ]/2 ﬁ‘ n']/z y~|2 _ ]/2 nl n"3/2 yg
+2p 0/ yf - 2p 7/ yg

s 2an’? . 2An']/2]y]y2

+ [2n1/2 C|23 -1/2 q]3].y'|.y2 (3.29)

- 21
In this example we define several auxillary functionals

1/2 -1

G = Q(x, A) =1/2 0" n"/% q]; vy,
Q = Qix, A) = 2n1/2 pq{} ¥y, = 2[(q11q21)-1/2 S

Q3 = Q3(x, 2) = Aq{} n1/2 y% (3.30)
Q = Qulx, 2) = xqé} 172 y§
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Note that the coefficient functions for y-, yg and Yy ¥, are taken

by hypothesis to tend to 0 as x > o .,

For each of these functions one can show by (3.26) that

-1/2

I_.I ] "]
Q] = ?’D[n n q]]]y]yz

1 1 -1 2 '.I 2 ] t '1 2 "] 2
t>xln' n / a;7dy; - zAln' n / 171 ¥3

R DR A LU B

-1/2 1/2

e, -1 2 1, -
+oln' n A7 Gp3lyp - 3ln' n

Q} = 20[n'/?

-1
5 Payq1yqY,

1/2 1/2

=17 2 -1, 2
+ 2x[n pq]1] Yy - 2x[n pq]]]y]

-1/2 1/2

+2[pn ]y2 2[pn ]y1

1/2 1/2

+ 2[n pq1] q23]y2 - 2[n pq11 q13]y1

. . =14 172 2 -1 -1/2 2
\Q3 + Q4) = AD[q”]n Y1 + AD[QZ]] y2

1 -1, -1/2 1 -1, 1572
+ 2 A[q1] n n ]y] 2 A[q1] n'n 1] 2

-1 1/2 1/2

+ 2xlpqyyn 7] y] ZXqu11 n "] y2

[ 2 20 yyy,

1/2

“172 -1
991923

+ [ZX n -2xn qz] q]3] y]y2

By adding equations (3.29)-(3.33) we find that

-1 2
a17 9931y

(3.31)

(3.32)

(3.33)


https://3.29)-(3.33

[E+0y +Qy+ Qg + Q"

1 v =1 -1 1 -
= 3 0ln' 072 g1 + 20002 3113 vy,

1/2 2

* AD[q{}] nttypt ADEQQ}] n71/2 yg

] -
+ 2[n'/% A931y1¥, - 2[n 1z LIRSV

1r v -1 -1/2 2 1, -1 -
t5ln' ayy 4531 / Yo = zln' n " qq
-1 -1 2 -1
*+ 2[n payy 9y5ln /2 Yy - 2[pagq 9y5]
1 - -1
N - 1/2
ow Tet A = (qn q21) ; then note the follow
/2, _ 3 VI
n'" gp3 = A(q11) and n 4y3 = A T
are integrable by hypothesis;
- IR Vel 223
N4 q23 n n an 491
and
R - - o 1/2 g7l Aftgg
ntnoo 437 93 nn 11 a7
are integrable because n' n-1/2 q;] >0 as X » o

ake integrable;

108

1/2 2

1
1 Q13]n M

/2 2

n y]

dy3d ¥y, (3.34)

ing:

(3.35)

(3.36)
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-1/2 923
n pq]] q23 [(q]] q2]) p]Aa—"
21
and | (3.37)
pq_ ) = [(qqq 9,7)7 /2 ]ASlé
1 913 11 921 PIAE
are inte i -1/2 :
grable since (qH qZ]) p>0 as x » » ;
1/2 923
Q17 Gor = [ —]a—"==
11 723 M EPY
and (3.38)
172 1 93
n dsq Gy = [—1 4 —
21 M3 9451 991
are also integrable. Thus we see that each coefficient in (3.34) is,
as a function of «x , L(xo, w)
Let E2 = E + Q] + 02 + Q3 + Q4 we note that
- 1/2 2 -1/2 2
Ez" (.l +>\q]'|) -l + (.I +>\q2'|) .yz
1 . -1/2 1/2 -1
+ (?T'l n / q” 2n/ pq”)y].yz
1, -1 ] -1
= E] (X, >\) + (‘2_ n n /2 -H + 2n /2 pq]'l) y]y] (3-39)

where by our hypotheses %-n' n']/z q]] and 2n]/2 pq{} converge

to 0 as x +« . And as argued earlier, we can show that the ratio

of E, to E] converges to 1 as x »« uniformly for A restricted

2
to a compact set in IRR. The same is true then for E2(x, A) and

E(x, A\) . We may use this together with (3.34)-(3.38) to conclude
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that for x sufficiently large,

I A

Eo(xs A) |
2 =12 -1
' E, (%, X Cy1DIn'n" """ aqq]]

+ 2 Cy(0la7q] + Dla 1)

172 913
+ Co(1 +2) |(gq7 9,9) ' C —
3 11 2] a7
+ G0+ 1) [{ay; a /2 228
4 11 921 a1

| E2(x, A)

dx exists. Thus as in previous

{e o]
As a consequence, J
X

05 1)
examples E2(x, X) w?l] converge as X - o , uniformly on compact
subsets to a positive continuous function; hence the same is true

for E(x, A) . As a consequence p'(u) s continuous and positive

for all ¢ in IR, ®

Erdelyi [10] considered the case where in

o
—
X
~——
|

= -k/x 5 qq(x) = V(x) + ¢,

c where k and c¢ are constants, and where

O
N
—
x
~—
1}
-7
—
x
~—
]

V(x) = Vy(x) + V,(x) 5 Vy(x) € L(xg> =) » Vq(x) is differentiable
and |V1(x)| +® as X +® . For this case he showed that the
continuous spectrum is all of IR. It should be noted that this re-
sult also follows from Theorem 3.2.

A careful examination of the hypotheses of the result by Hinton

and Shaw [18, Theorem 2] shows that they are identical to those of
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Theorem 3.2 for the particular case considered. In their result,
Hinton and Shaw allow the presence of weight functions a1(x) and

az(x) not identically equal to 1 , and for the decomposition of the

o (x) Gy 3(x) .
ratios -a;—czy and a;{T§7 , for k=1, 2, into long range, short

1
range, and oscillatory potentials of the kind described in Theorem
3.1. Thus although Theorem 3.1 is not an extension of the result of
Hinton and Shaw, its proof is of a more elementary nature. There is
also the hope of a simplification of the hypotheses, in this more
general case, as occurred in Theorem 3.1.

Finally it should be noted that in Theorem 3.1 a more general
functional could have been chosen for (3.7) with the result that some-
what weaker hypotheses are possible. For examp]e one can choose

E(xs A) = (A - ¢ - ppydlyy + Vyyqt szz)2
0 F e Py, VY # szz)2

+ 2A](y1 + oy * szz)(y2 + Vay] + Véyz) ,

with
rm 00
=] b Jp
17, Pz | P2
roo [oe] (oo} ]
Vo= |, Pl * L P12 Jt P22
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o oo} o0}

V=J‘p[1+jpjp]
2~ | "2 22 2

If in addition to (3.3) we require the integrability of the Vi and

Vi’ then the conclusion of Theorem 3.1 follows.
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CHAPTER 4

SECTORIAL ASYMPTOTICS OF M(X) FOR A
COUPLED SECOND ORDER SYSTEM

We shall now consider the following system:

Jz'(x) = - z(x) , 0<x<o (4.1)

Yy
where z = [: :] ,and y isa 2 x 1 vector. We also take
_y'

p(x)  r(x]]
vix) = -J where p, g, and r are real valued and locally
r(x) q(x)

integrable on [0, «») . Note that (4.1) is equivalent to
y'+v(x)y =y .

Specifically, we wish to develop the asymptotic form of the
Titchmarsh-Weyl M(A)\ function associated with (4.1) as X tends to
infinity in sectors omitting the real axis. The approach is that of
Hinton and Shaw [19] , in their treatment of the scalar four order
equation

(4)+q(X)y=ky 0<X<w.

y

For system (4.1) we shall consider a regular boundary value prob-
lem (R) as described in Chapter 1. We make specific choices

a; = By = I, ay = 82 =0 1in (1.8) with the result that

M(x, b) = -<1>'1(b, A) o(b, A) , (4.2)

where 0 <b<w and Imx #0 .
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In Chapter 1, results proven in [14] were summarized concerning
the development of the concept of a matrix disk associated with these
M(Xx) functions. At that time it was stated that M(\, b) satisfies

M(A, b) = C(b, A) + Ry(b, 1) U(b, 1) R,(b, 1)

2
where U(b, A) s a unitary matrix and where C(b, 1) , Ri(b, A)
are defined by (1.24) .

The critical idea was that the sets

(b, A) , V'V<I},

S(b, ) = {M[M = C(b, 1) + R ) <

](b, A) VR
for 0 <b<wo and Imx # 0, nest as b tends to infinity; that

is, S(b], A) < S(b,, A) for b, <b

2° 2 1°

In this discussion we take M(XA) to be the limit of a sequence
of terms of the form (4.2) . 1In [14] it was proven that all such
sequences have a common limit when the system is limit point. We
do not assume that (4.1) is 1imit point. However, as we shall see,
all Timits of sequences of the form (4.2) have common first order
asymptotics.

We make use of the following observation from Chapter 1: As

M(X) 1is an element of each S(b, A) , it must have a form

b, 1) .

M(X) = C(b, x) + R1(b,.A) V(b, A) R

A
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Thus from this,

[[M(x) - M(b, A)||

< IRy (s A V(DS A) = U(by A IRy (by A (4.4)

where |[«]|| is a matrix norm. Given the nature of U and V ,
|[V(b, X) - U(b, A)|| < K for some constant K independent of b

and ) ; hence,
M) = Mlb, M) < KIR (by M)} IRy (by 2) ] (4.5)

It was noted in Chapter 1 that R](b, A) = R2(b, A) . It can
be shown that when the system is real then Rz(b,'i) = Rzlb, A
thus (4.5) becomes

MG - M5, A) < KIRy (by 2) P (4.6)

for 0 <b<w and Im) # 0.

Our goal is to consider the inequality

[IM(A) - MO(A)[I

< MO = Mb, A+ [IMCb, 2) - MO S (4.7)

where b 1is appropriately chosen and where M_.()) is the M(})

ol
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function for the system (4.1) where v{(x) = 0 . We shall show for
an appropriate choice of b as a function of A , that as A tends
to infinity through a sector in € which excludes R ,
IM(A) - M(b, A)|| and ||M(b, A) - MO(A)|| are o(1) and hence that
M()) = MO(A) +0(1) .

We shall restrict our attention to those values of X in (€

such that

A=A, A=o0+ i1t
(4.8)

0 < eg < tT/o<K<1,0>2.

This describes a'regioh in € such that =w - €y > arg A > €5 and
T > €y €y 2 0 . It is a sector which excludes the real line. Let us

also define for A satisfying (4.8) ,

i
-1 |
X=3/20 1lno. }
Note that as defined X > 0, and that as o+ , X0 . For X
restricted to this sector it is equivalent to say either that X »
or o > « because
2)1/2

o1 + )% < |a] <ol + X



Theorem 4: Let

[ o(x, 2) 3(x, 1) |
Y(x, ) = (4.10)
Le'(x, A) o' (x, A)

denote the fundamental solution of (4.1) where 6(x, A\) and
®(x, \) 2 x 2 blocks and where Y(O, A) =1 . For Imx #0
let M(\) be the Timit as bn >« of some sequence {M(), bn)}

where

M(x, b) = -é-](k, b) 6(b, 2) .

As X >~ in the sector described by (4.8) , M(A) = MO(A) + 0o(1) ,

where

A 0
Mo (A) = —l , and A is described in (4.8) .

0 A_J
Proof: For the system (4.1) with v(x) = 0 one finds that the
characteristic equation is (r2 - A)z = 0 ; the eigenvalues are =*A

where each is of order two .
The fundamental solution of (4.1) with v(x) = 0 which is equal

to the identity when x = 0 is

1

~ cosh(ax) 0 - A" sinh(Ax) 0 7
0 cosh(Ax) 0 -A'1sinh(Ax)
Yo(x, A) =
-Asinh(Ax) 0 cosh(Ax) 0
0 -Asinh(ax) 0 cosh(Ax)
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If we partition YO(x, A) dinto 2 x 2 submatrices and take

cosh(ax) 0
eo(x, A) =
0 cosh(Ax)
and
- -
-A " sinh(Ax) 0
QO(X, A) = >
0 -8 sinh(ax)
then
A coth(Ax) 0
-1 _
..cbo eo =
0 A coth{Ax)

and we observe that for Im()) #0

] o o]
1im-©0 (x, A) eO(X’ A) =
x> 0 AJ
L

Thus we define

MO(A) = ) (4.11)
0 A
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Let

8(x, A) = {eij(x, A} o= {eij}

o(x, A) {¢1.J.(x, A)}

[}
—~
<
—

for i,j =1, 2 be the 2 x 2 blocks of the fundamental matrix
defined by (4.10) . Now let

M(x , A) = -<I>'](x, A) 8(x, A)

~det[o(x, \)177 [adi(a(x, A)] 6(x, A)

-detlo(x, V)17 {a;;) (4.12)

(4.13)
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det ¢ = . ((4.13) con't)

We now wish to develop asymptotic expressions for the determi-
nants in (4.13), as A tends to infinity in the sector described by
(4.8) .

We begin by first noticing that each determinant is of the form

19
where the vectors
Yo W
N "1
| Y2 Wy
y{x, ) = -y , and w(x, 1) = -
3 X

are columns in the matrix Y(x, A) .

Let y(x, x) and w(x, A) be solutions of (4.1) . Define

1"
Iy = F](x, A) =
Yo W
yl wl
r, = rz(x, A) = 1 1 (4.14)
Yo W
y w
T, =T.(x, \) = 1 !
37 '3 C
Yo W
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_ RS
P4 F4(x, A) =
W |
Yo W
y w yl wl
Iy = F5(x, A) = 2 2|y 1 1 ((4.14) con't)
Yo W LYy W

and T to be the 5 x 1 vector T{x, \) = (Fi) . With this

definition one can show that T satisfies

(0001 1 0] (o o0 0 0 o
0 0 X x O 0 0 -p -g -r
r' = A1 0 0 O0(+]|-g 0 0 0 0] |r (4.15)
A1 0 0 O -p 0 0 0 O
0 0 0 0 O 2r 0 0 0 O

or T' = (B(A) + Q(x))r .
The characteristic equation for the system 7' = B()\) Z is
3(r2 - 4)) = 0 ; thus the eigenvalues are 0, =+ 2A . The

fundamental solution of the homogeneous system is

Z=12(x) = Z(x, A) = (4.16)




where Z(0, A) =1 .

Let n =

n(x)

such that n(0, A)

' 1 92 ’
M2
%21 %22 '

since this corresponds to

And so, with

| 01y 412 |
F1 =
%21 %22

we find that

0= yi(O, A) = wi(O, A) for i =

122

B 1 + cosh 2ax A'z(-1 + cosh 2Ax) a7V sinh 2ax 2”1 sinh 2ax 0 T
Az(-l + cosh 2Ax) 1 + cosh 2Ax A sinh 28x A sinh 2ax 0
Ly A sinh 2ax A"V sinh 2ax 1+ cosh 2ax -1+ cosh 2ax O (4.16)
A sinh 2ax a"! sinh 2ax -1 + cosh 2ax 1 + cosh 2ax 0
0 0 0 2-

n(x, ) be the fundamental solution of (4.15)

I . We note the following: By (4.13) and (4.14),

y] L
where yi(O, A) = wé(O, A) =-1
Y2 ¥

1,2 and 0 =y;(0, 1) = w;(0, 1) .

(4.17)
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Thus not only is T(x, A) with I defined by (4.17) a solution of
(4.15) but in fact is the second column of the fundamental solution
n of (4.15) .

By a similar analysis we find that

| S8 %12 |6]2 P14
_n = , _n = o
13 14
1 %22 | 82 o7
(4.18)
812 912 | 617 1
s T =
92 922 91 9
As a result of (4.12), -(4.13) , and (4.18), we have that
M3 ”15}
M(x,3) == 07 (x, 1) 8(x, A) = n]_; (4.19)

M5 Mg |

Next, we wish to compute bounds for the nij . We shall do so
by using the variation of parameters formulation of ”ij and
Gronwall's inequality.

By variation of parameters, we find that

n(x) = Z(x) + J 2(x - s) Q(s) n(s) ds . (4.20)

Thus
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2 (-1 + cosh 2ax) -

] -
Me =78
] X { '1 2
+ §Jo A" nyo(s) [p(s) + q(s)] sinh 2a(x - s)

+ A-z[pn32 *ang, * rnsz](-1 + cosh 2A(x - s))}ds  (4.21)

By (4.9) there are constants 011 and C12 such that

X
gl < qq 072 % w ey, Jo T(s) e2o(x-5)

-1 -2
- {o In]2| to (ln32| + |T142| + [nszl)} ds , (4.22)
where  T(s) = [p(s)| + |a(s)| + [r(s)] .
Similarly, we find for k = 3, 4 that

-1 2o0x
Ingal < Cq o e+

X
Cep jo T(s) e29(x-s) Unppl 0 1(|n32| + gyl + Ing,l)dds;

and for k =5 that,
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X
Inszl <2 J

(X -
<2 ) Tsingl + o Hingg | + Ingal + Ingyl) ds

T(s) |n121 ds

0

As a consequence,

-2 e20x

. 1
Imal 0 (ngpl + Ingpl + Ingpl) < €y 0 (4.23)

X

20(x-s) -
+ G, J R(s) e o(x s'{]n12[ +0 ](ln32] + |n42[ + Inszl)}ds

0

where
R(s) = R(s, o, x) = (3 + 2 29(5°X)y 1(5) |

Recall, for X = 3/2 ! Ino and o >2 , that X is a

bounded variable as o » « . For (4.23), we assume that
0<s<x<X. (4.24)

On this interval, Gronwall's inequality implies that

-2 J2ox (4.25)

-1
Imal + 0 Ungpl + Ingal + Ingp 1) < Lo
where, as o> , L is a constant not depending upon x for all
x € [0, X] because X remains bounded, and in fact tends to O

dS g > « |




By (4.21), (4.24) and (4.9) we see that
M2 = Iyl <
X
i CO_ ] eZGX J T(S) "205
0
-1
° {ln]zl + 0 (‘n32| + |ﬂ42| + |n52|)} ds ,
and by (4.25), that
- rX
<C o 3 g%0x | T(s)ds, 0<s<x<x.
0 ,
As a result,
-3 2
My = 212 + g7 fX R]z(x, A) (4.26)
where |R12(X’ A)] >0 as X >~ . By a similar analysis one can
show that
=7, +0 2R (x,2) , k=3,4,5 (4.27)
Mk ™ “1k Tk ’ » :

where 1R]k(X, A >0 as A >,
The description of M(x, A) given in (4.12) and (4.19) involves

the ratios > k =3,4,5 . Nowby (4.26) and (4.27) ,

(4.28)




for k =3,4,5 . For cases k =3, 4 , where x = X

-2 20X
g e < Cc'1
!Z]k(X, A | -
and so,
”ik(x) i} Z]k T+ 6]k(x’ >\)
n]Z(X) 212 T+ 612(X, A)
where o slk(x’ A) >0 as A > or
nq, (X)  Z.
Tk ik
= (1 + g4, (X, A))
mp(X) Zy, T Tk

again, where oc]k(x, A) >0 as A >,

M5 _ s e20X R15(X: A)

M2 7.+ o3 29

12 Xy A)

12(

Thus

n]S(X) i 0-2 e20X
nyo{X) Ly,

where oc]S(X, A) >0 as X+ o , and

R X, A) = o]
Z'lrz X, )\ .]5

On the other hand,

Ryg (X, x{] (1 + g75(X, )

127

(4.29)
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as A+« . As a result,

Next note with the constraints imposed by (4.8) that for k = 3, 4

B b | sinh 2ax - cosh 2ax + 1
L1,(X) |~ cosh 24X - 1
‘o (28X _ 720Ky (28X, e~2%y | 2'

= IY SRV |

o o2BK _ -4nX
< s 088X _ 20X

2

and because X = %—o In o,

As a result,

Z1k(X)
7;E(¥7 = A+ 0(]) .

By (4.29), for k = 3, 4 ’

n]k(x) _
E;ETYT =4+ 0o(1),

as A >~ . And by (4.19)
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or by (4.11)
M(X, A) = MO(A) +0(1) . (4.30)

If in inequality (4.7) we choose b = X subject to restrictions

(4.8) then

[IMCA) = Mo < [[MCX) - MO, 2]+ o(T) (4.31)
and (4.6) becomes

M) = M, D[ < KRy (X, V2 (4.32)

Recalling the definitions in (1.23) and (1.25) we see that

2

(X5 A) =.ﬂ'](x, A) , and that

R

I(X) =X, A)

. * *
-1 [0 ¢ - ® 9']

S et (X, A) e(X, A) = 0 (X, A) @ (X, W)

Thus,
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-1R$(x) = Rf(x, A)
* * _]
=[06'¢ -0 0']
= —<I>-][<I> 071 - (@'@'1)*]'1 L (4.33)

As mentioned in Chapter 1, it is proven in [13] that, for Im A # 0 ,
®'1(X, A) exists. We seek to show that IIR](X, A >0 as

A > » by demonstrating that H®'](X, A)|] > 0 and that

ITe'e™! - (00™)) 17N X, )] >0 as A >« subject to (4.8). This,

together with (4.31) and (4.32) will complete the demonstration that
M(Xx) = MO(A) + 0o(1) .

By (4.13) and (4.17), we have seen that Nyo = det @ ; thus

[ 69 ‘¢12W
R
12 1957 ¢qy
-1 ine i
To show that [¢ (X, A)] =0 as X >« we need to examine ,

M2
i,j=1,2.

Given the fundamental solution YO(X, A)




131

As a consequence, for i #j and i,j=1, 2

955 ° ¢jj(x, A) =
X A
=-A  sinh Ax +-J0 A sinh(x - S)[p¢jj + q¢ij] ds
= 60306 1) = [ a7V sinh(x - s) [re, + ag,.] d
¢ij = 9550 = JO sinh(x - s r¢jj qb;5] ds .

e

X
o1 %X 4 j 51 o{x-s) T(s) (I¢jjl + |¢ij|) ds

where T(s) = |p(s)| + |a(s)| + |r(s)] ; thus by Gronwall we see
that
O_] eO'XA D.i(xs >\)

o] + |0

sil * eyl 2
for x [0, X] , and where for X subject to (4.8)

|D; (X, A)] >0 as X+~ . And,




(X) O-] eOX]Di(X, 2|

o
A

12y, + 070 T R (X, 2|

ol ™0, (x, 2|

<C
=672 29X 4 s(x, )|
D. (X, A)
-1/2 i
ST, T

where §(X, A) ~ 0 as

A > oo

and since X = 3/2

¢: (X, A)
From this we see that I —Ll(————7 > 0 and hence
| M2tk A
-1 _
fo” (X, A)||~0
as A > ®
. L o=1 poam1 %=
We now consider [¢'¢ - (&' & ) ]
9 ¢1'2‘}
As -¢' =

) ¢
and o' = | %
%21 ¢22J 12| =05

can show that

-1 1

:;]—-—
12 [_bz]
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g

g

(4.34)

-¢
12 s One
1

(4.35)
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%1 922 I b1y 92
b,y = b,, =
21 Y. . :
%21 %22 ] %1 %22
y1 oW

We see that b1] is of the form and hence of the form

Yo W, }
Iy in (4.14) . In this case, yi(O) = wé(O) = -1 and so we can see

that

byy = ngp -

Now b,, is like T in (4.14) where again y;(0) = wy(0) =-1 so

For b]2 and b21 things are different. We see that b]2 is

Yo W l
Yo W |

We observe then that b12 + b21 = -FS and that as a result,

Yy W

of the form while b is of the form

21

oW

byp * byy = Mgy - (4.36)

Next, by differentiation, one can show that

= const. = C .
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For our case this would be

b,y = by = C .

12 21

And so by (4.36) and the equation above,

=1
12 =7 L€ - ng,]

1
byy = =5 [C+ng,l .

In considering (4.35), we would like descriptions of N33 Mgoo and

M52
As mentioned in (4.20)

X

Nz = Mgl ) = L2000 + [ 2(x - 5) als) nls) dsly,  (4.37)

0

where Q(s) is defined in (4.15) . Thus,

A—]
N3y = 5 sinh 2ax -

%—JX [q(1 + cosh 2A(x - s)) + p(-1 + cosh 2A(x - s))]n]2

0

+ A'1 sinh 2a(x - s) [pn32 + qQng, + rnsz] ds ,

and so




A—]
IT]32 e sinh 2ax| <

X
C, j 28] 1(6) [ngyl + o™ (Ingyl + Ingyl + Ing, 1)1 ds

again where T(s) = |p(s)| + |a(s)] + |[r(s)|, and where

0 <s<x<X. By (4.25) we then see that

-1

- (X
Ingp - &5 sinh 20x| < ¢, 072 27X RO
As a consequence,
-1 .
_ A sinh 2Ax -2 20x
n32(X, A) = 5 +0 e R32(x, x)

for x € [0, X] ; where R

vy =3 =1
X =X-= 5 O In o,

32(X, A) >0 as x> oo, If

-1

_ A " sinh 2AX
n32(X, A) = 5 + 0 R32(X, A) . (4.38)
A similar argument will show that
(X) = ngo (X, A) = 2! sinh 2K, g (X, ) (4.39)
"42 g2t " 2 M A '

where |R42(X, A >0 as Ao,
Referring again to (4.37) we see that

X

Ngy = n52(x, A) = fo 2r(s) ”12(5) ds .
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By (4.25) it follows that

Ing, (X, A)] < C Jo Ir(s)] o™ &2 d
X
< ¢ o2 oK J Ir(s)| ds
0
And so we note that
HSZ(X) = HSZ(X, X) =0 R52(Xs A) (4-40)

where 1R52(X, A)| >0 as X > = 1in the sector described by (4.8) .

We note by (4.26) that
A-Z
2

n12(X) = n]z(X, A) = =— (1 + cosh 2AX) + Ry, (X, ) , (4.41)

12(

again where |[R,,(X, A)| -0 as A+,
12

Considering again (4.35) we see that for x = X

by ngp(X)
n]z(Xyr n]z(x)

and by (4.39) and (4.41) we see that

ngp(X) A™1 sinh 28X + 20 Ry (Xs 2)

- — (

npp(X) A7 (-1 + cosh 2aX) + 2 Ry»(X, A)
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- -4AX -2AX
A-] e2AX 1 -e + 4oe R42(X, A)
1 eIZAX

A-2 e2AX + e'4AX - 2e'2AX + 4 R12(X’ A)

-1

-2AX| = o2 In o , and so, in fact

Note that |oe o ° since X =-% o

Ngo(X) ., T+ 85X, 1)
M0 A T8, 0T
where 1642(X, 1 |6]2(X, A)] >0 as X > . And so,

b
11

where A, = A]](X, A) and |A]]] +0 as A »>w,

By a similar argument using (4.38) and (4.41) one can show that

b Nan (X)
22 32
= = A1 + A,,) (4.43)
n12(x) n]z(x) 22
where |Ayn| = |855(Xs X)| >0 as A >

By using (4.40) and (4.41) one can show that

HSZ(X) . 20 R52(X9 A)
M) A72(11 + cosh 2aX) + Ryp(Xs 2)
4 R52(X, A)

A'Z eZAX[] + e'4AX - Ze'ZAX + 4e‘2AX R]Z(X, A)]



2 0-2 e-ZiT/c

4A R

T+ 6]2(X, A)

52 (s A)

0(1) R52(X, A) .

Also note that

and so |n{;(x)| = 0(0']) . From these last two observations it

follows that

b e ne, ()
12__1 52 = A, (X, A) = A
Tp(X) ~ 2 L‘ g (X) 1245 12

and that

by e+ ngp (X)

X ?L—nqz‘m—} = 81X ) = 8y
where |A;,| and |Ay | >0 as A >« 1in the sector described by
(4.8) .

We now write (4.35) as

-
, [ A(1 + A”) Ao -l

O (X, A) & (X, A) = (4.44)
L By A1+ Azz)J
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From this we see that

*

~det[ (X, A) oTN(X, &) - (o' (X, A) o7 (X, AN

= Zzéz)]

[A - A+ (AA -A_A”)][A - A+ (AA

11 22

2
*ldyp - By

-1

= AA22)]

-02[20 T + O-](AA]] - ZZH])][ZO-]T + 0—1(AA

22

2
t g - Ayl

From (4.8) we recall that 2 %-> 2¢
2)1/2

0> 0 while from (4.9)

107 A< (1 + K . since for 1,3 =1, 2, [a;4+0 as

A+ , it follows that for x| sufficiently large,

|det[<1>'<1>'1 - (@'@'])*]| > C 2 .

From this and (4.44) it follows that

I[o'e”
as A -+« 1in the sector (4.8), where o' = &'(X, ) and
¢ = o(X, ) . Together with (4.34) and (4.33) we see that

i R%(X, A)|| and ||R](X, A)|] tend to 0 as A >« in the sector
described by (4.8) . This shows by (4.32) that



IM(X) - M(X, A)] = o(1)

as X -+ <, and by (4.31) completes the demonstration that

M) - M| = o(1)

as A -+« in a sector.
It recently came to our attention that Atkinson [5] has succeeded
in developing the first order asymptotics as X > « in a sector ex-
cluding the real axis for matrix Sturm-Liouville equations. That

is, for A such that e <arg A < m -~ ¢ he has considered the

system

Jy' = (AA + B)y ’ a<x<b
for which

0 -In A]] 0
J = A= A(x) =
__In 0 1 i 0 0 i
and
Bqy Byo
B = B(x) =

| 21 22
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where A]], Bij are n xn matrix valued functions with Tocally

integrable entries. When applied to the specific case considered in

Theorem 4 it seems to show that

M()) = Mo(x) + o(V/X)
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APPENDIX

*
Note: MT represents the transpose of the matrix M , and M

stands for the conjugate transpose of M.
Definition: An n x n matrix M dis hermitian if M* =M.

. *
Note: An n x n matrix M is hermitian if and only if u Mu

is a real number for all complex vectors u .

Definitions: A square matrix M ds said to be nonnegative definite
when u* Mu >0 for all complex vectors u , and is denoted by
M>0.

For the square matrices A and B, A > B means that
A-B>0.

A matrix valued function A(t) is said to be nondecreasing on
(a, b) if for a < t1 < t2 <b, 0c< A(tz)
A(t) s hermitian for t € (a, b) then the diagonal elements

- A(t]) . If in addition,

aii(t) are nonnegative and nondecreasing on (a, b) .
For any matrix M , let the real and imaginary parts be defined

as follows:

'| *
Re M = §-[M +M] and ImM-= é%—[M - M*1 .

An immediate property of nonnegative definite matrices 1is that
the diagonal elements are real and nonnegative. An important property

of such matrices is that the diagonal elements dominate in the sense

that



2 \
a5l 2 ay5 855 (A-1)

The matrices Re M and Im M are hermitian and their entries are
not necessarily real valued. From the above definition, M is her-

mitian if and only if ImM =0 .

Definitjons: By a matrix valued function A(t) which is continuous,
or absolutely continuous, or of bounded variation, we mean a matrix
of complex-valued functions each of whose entries possess these
properties. We interpret jt f(t) dA(t) to mean the 1imit of Riemann

0

sums of the form: zf(gi)[A(t1+1) - A(ti)] . The integral, thus

defined, is nothing more than an array of Reimann-Stieltjes integrals.

Note: In a straight forward manner, one can extend many of the
standard theorems of integration to include integrals of this type.
An account of some standard integration theorems together with a

discussion of some extensions can be found in [2, pp. 416-435] .
Definition: A matrix valued function M(z) 1is said to be analytic
when its entries are analytic functions of z .

It is known, when f(z) 1is analytic in |z| < r and continuous

in Jz| <r , that

2T
1 i 1t :
F2) =imf(0) + 7 | g Relf(re'™)] at (A.2)
0 re - Z

for |z| < r.

A similar statement can be made for analytic matrices.
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Lemma A.1: Let M(z) be an n = n matrix with entries analytic for

|z| < r and continuous for |z| < r. For such M(z) ,

2m it .
M(z) = iImM(0) +'£; j Eg;f-i-Z-ReM(re]t)dt
g re -z

for |z] < r.

Proof: Let M(z) = A(z) + iB(z) where A(z) and B(z) have real-

valued entries. Now by (A.2)

: 1 (em it
M(z) = iR + 5 J K(t, z) A(re'") dt (A.3)
0
relt 4 z
where B8 = B(0) , K(t, z) = —F—— » and lz] <r .
i re - -z

Since the entries of iM(z) are also analytic for |z| <r

and continuous for [z} < r, we have

1 (em it
iM(z) = ia - 7 J K(t, z)B(re ~)dt
™ Jo

where o = A(0) and |z| <r . Consequently

2m

M(z) = o *E]E J K(t, z)(iB(re'%))dt (A.4)

0




+ j—ﬂ Jz“ K(t, z) (Alre't) er AT(re"_t)>dt
and by (A.4),
M) - M(z) _ @ !
L J-Zﬂ " Z)[i(B(reit) : BT(reit))]dt |
0

So

. szn . 1) [A(reit) : Al(relt) | i(B(reit _ZBT(reit)):[ .
Next note that,

ren(z) < M2 (@) o Al 1(_3_;_51) and

mz) - Me ) L ey ) - ih A

As a consequence,



1 (2" it
M(z) = iImM(0) + 5E_J K(t, z) Re M(re “)dt (A.5)
0
for |z| <r . n
Note that if M = MT , and as a consequence, that A = AT ana
B = BT , then (A.5) reduces to (A.3) .
t
If Or [ Re M(r ds then (A.5) becomes
/0

M(z) = iIm M(0) + §E'JO K(t, z) dor(t) .

Lemma A.2: Let {Aa(t)} be a family of n x n nonnegative definite,
nondecreasing matrix valued functions defined on (a, b) . 1If there

is a nonnegative definife matrix C such that 0 < Aa(t)_i C for

t € (a, b) and all o , then the elements of Aa(t) are collectively,

uniformly bounded and of uniform bounded variation.

Proof: Let A(t) be an arbitrarily chosen matrix from the family;

then, first we note that a]](t) <c

|ajk(t)| < Tax ey} for g,k =1,..., n . Hence the entries
i=1,...,n

are bounded independent of A(t) .

;i - By (A.1) this implies that

Note that for A(t)
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1/2
(2 oyl - 2350801 2 oyt ) - agy(6)]) /

1/2
< legyeqq) ™ i

where E (aii(tk+1) - aii(tk)) < C.s

;i because aii(t) is nondecreasing

and bounded by Cii -
For such a family of matrix valued functions as described in
Lemma A.2 one can, by a diagonal procedure, produce a subsequence
{An(t)} of the family {Au(t)} which converges, on the rationals
of (a, b) , to a nonnegative definite, nondecreasing function B(t) .
On the irrationals of (a, b) we can define B(t) by means of left
continuity. B(t) thus defined is nonnegative, nondecreasing and
shares the same bound on the variation of its elements as {Aa(t)} .
Since the elements bii(t) are nondecreasing on (a, b) the
union of the sets of discontinuity is countable. Again by (A.1) we
see that set of discontinuity of any bij(t) is contained in the above
union. Thus the set of discontinuity for B(t) is countable.
One can show that the subsequence {An(t)} must, in fact,

converge to B(t) at its points of continuity. As the set of discon-

tinuity of B(t) 1is countable, a further subsequence {An (t)} can

be found converging on this set and with suitable redefinition we can
have a nonnegative nondecreasing B(t) of bounded variation to which

{An (t)} converges on (a, b) . .
k

We state without proof the following matrix generalizations of

Helly-Bray theorems appearing in [2, pp. 425-428] .
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Theorem A.1: For a family {Aa(t)} of n x n nonnegative definite,

nondecreasing matrix valued functions defined on a finite interval

(a, b) and which satisfy 0 g_Aa(t) < C for a constant matrix C ,
there is a sequence {An(t)} and a nonnegative definite nondecreasing
function B(t) of bounded variation to which {An(t)} converges on

(a, b), such that, for functions f(t) continuous on [a, b]

When the interval (a, b) = (-, =) then one has:

Theorem A.2: For a family of matrices {Aa(t)} satisfying the

hypotheses of Theorem A.1 where in addition, An(w) = 1im An(t) and

too0

An(-w) = Tim An(t) , there is a sequence {An(t)} and a nonnegative

tr-c0

definite, nondecreasing function B(t) of bounded variation to which
{An(t)} converges on -» < t < » , such that for a function f(t) ,
continuous on R and with finite 1imits f(«) = lim f(t) ,

to

f(-=) = 1im f(t) , the following holds:

t>-c0

o0

Tim [ f(8) da(6) = | F(t) dB(t) + (=) [B(=) - B(=7)]

n-

+ f(-w) [B(-") - B(-=)]

where B(®-) = lim B(t) and B(-~') = Tim B(t) .

o0 o>~

Before considering the next result, note that if f(t) > 0

and A(t) 1s nonnegative definite and of bounded variation for



d
t € [a, b] , then j f(t) dA(t) >0, a <c<d<b . And further,
t C
note that J f(€) dA(Z) 1is a nonnegative definite, nondecreasing
a

matrix valued function for t ¢ [a, b] .

We next restate a standard representation theorem for functions

which are analytic and have nonnegative real part in the circle

lz| <1 [1].

Theorem A.3: A matrix-valued function M(z) , with entries which are
finite in the circle |z] < 1, will admit the representation

e2m it

M(z) = iB + J € _FZ 4a(t)

0 e1t -2

where B is hermitian and A(t) is a non-negative definite, non-
decreasing matrix-valued function of bounded variation if and only if

M(z) has a nonnegative definite real part and is analytic in

lz| < 1.

Proof: We modify a standard proof found in [1, p. 5] .

Suppose that M(z) does possess this representation. Then if
it
K(t, z) = g;f—i—é , we have
e -z

2m 2m
Re M(z) ReEB + Jo K(t, z) dA(til = ReU0 K(t, z) dA(t)]

2
j Re(K(t, z)) dA(t) .
0

The last equality follows because A(t) 1is nondecreasing so that

A(t) - A(s) = B(t, s} is hermitian, and so, if o € C , then
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L8 (e, ) + oB(t, )]

Re(aB(t, s)) 5

*

%—(a + o)B(t, s)

(Re a) B(t, s) .

2

Now Re{K(t, z)} = 1-c
1 - 2zcos(t - ¢) + ¢

o =arg z . As a result, Re{K(t, z)} >0 , and as a consequence,

> where ¢ = lz| <1,

il
J RelK(t, 2)} dA(t) > O .

0

Given the representation, it is clear that each entry of M s
analytic.

Suppose on the other hand that M(z) 1is matrix-valued, analytic
wifh nonnegative definite real part for |z| <1 . By the initial

Lemma, A.1,

1 (2" it
M(z) =TI M) + 5= | K(t, 7, 2) Re M(re') at
0
reit +

for |z| <r <1 where K(t, r, z) = = . By assumption

i t re -2
Re M(re1t) > 0 , hence AR(t) = J Re M(re'®) ds s nonnegative

0

definite and nondecreasing as a function of t and

0 f_Ar(t) f-Ar(Zﬂ) = Re M(0) . The set of matrix-valued functions
{Ar(t)} for 0 <r <1 thus forms a family of such functions which
are uniformly bounded and of uniform bounded variation. By Theorem
A.1 there is a nonnegative, nondecreasing function of bounded

variation A(t) to which a subsequence Ar (t) converges pointwise
n
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on [0, 2n] , as ry 1, and for which

-I 21T -l 2Tl'

Hm—Z——J K(t, v, z) dA_ (t) = 2—j K(t, 1, z) dA(t)
il n r il

N0 0 n 0

m it

2m it
- ;L.J €t Z at) .
0 e~ -2

This limit exists because of the Helly theorem and because

K(t, L z) converges to K(t, 1, z) uniformly for te [0, 2n]

As a consequence,

M(z)

o 1 (2T
Tim {iIm M(0) + ??'J K(t, ros z) dAr (t)}

n-o 0 n
1 2m
= iIm M(0) + 5—-J K(t, 1, z) dA(t)
T g
2r it
= iIm M(0) + J € T Z 4A(t)
2m 0 e1t -

for all |z| <1 .
In what sense is the matrix-valued function A(t) unique?

Within the circle |z| < 1, the function

K(t, 1, z) = -1 +

1
——
+
N

™8
N

and so




2'IT 00 ZTT .
M(z) = i o) + o [ aa(e) + I (] | e a)"
T _ v
0 n=1 0
Now,
rZTT 2’rr
| aAct) = h'mj dA (t)
0 no>o /4 n

Tin [A_(2n) - A_ (0)]
ano rn " rn

Tim [Re M(0) - 0] = Re M(0) .

N->co

Consequently, if there is a second matrix-valued measure B(t) such

2m it
: s o] e "+ z
that M(z) = iIn M(0) + - JO S

resulting Taylor expansions we note that

dB(t), then by comparing the
Zz v

2m

2m . ;
ij e 1M Gact) = 717?J e 1 4p(t)

2170 0

for k=0,1, 2, 3,... .
Both A(t) and B(t) are nondecreasing, thus both A(t) - A(s)

and B(t) - B(s) are hermitian and so,
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Now the difference A(t) - B(t) = C(t) is a matrix-valued

function of bounded variation for which

2n .
J e'ktac(t) =0 for k=0,21
0

The last statement we recall is in fact a statement about elements;

namely,
CLET _ .
J e ""de, (t) =0 for k=0, +1,%2, (A.6)
0 Jm
This means that
o ikt ikt N (LT
JO e ij(t) = e cjm(t)lO - ik JO e cjm(t)dt

and hence by (A.6), that

2T .

0=0- ik J ikt
. e ch(t)dt .

2T .
so fo Tkt = i o
r k#0, JO e cjm(t)dt =0 ., Setting djm = J cjm(t)dt
we note that °

2m ikt
J [Ci(t) = dyple’ gt =0 for k=0, S, 22,

0

so that ij(t) - djm nas Fourier coz=ficients all of which are 0O .



The uniqueness of these coefficients implies that

c. (t) =0 and hence C(t) - D=0 at each point of continuity

Jm( - dim
of C(t) and as a consequence A(t) and B(t) differ by a constant
matrix at their points of continuity.

Since A(t) - A(s) >0 for t >s , the diagonal elements of this
difference dominate the off-diagonal elements. As a conseqguence, a
point at which all diagonal elements are continuous is a point where
all elements of A(t) are continuous.

In order to guarantee that A(t) in the theorem is unique it is
necessary to impose some normalization conditions. For exampie, if we
require that A(t) be left continuous in (0, 27) , and if we define

n 4"} :
A(t) such that A(t) = A(t) for 0 <t <21,

A(2r) = K(21 - 0) = A(2n - 0) ,

R(+0) - K(0) = A(+0) - A(0) + A(2n) - A(21 - 0) ,

2T
then for functions f where f(0) = f(27n) , { f(t) dA(t) =

2
JO” F(t) dA(t) . If we define q(t) = A(t) - A(0) then 9(0) = 0 ,

21 2m
fo £(t) da (t) = j F(t) dA(t)
and Q(t) 1is unique.
With the representation theorem for matrix valued functions one
can, as is done in [ 1, p. 7] , by means of the transformations

1+ . .
Z = 1(] — 2) and ¢(z) = if(z) , establish the following representation

theorem:




Theorem A.4: A matrix valued function M(z) , which is finite for

z such that Imz > 0 , has a representation

1+ tz
t -2

M(z) = A+ zB + Jm

-0

do(t) , (A.7)

where B >0 , A is hermitian, and Q(t) is nonnegative definite,
nondecreasing and of bounded variation, if and only if M(z) is
analytic and has nonnegative definite imaginary part for z with

Imz >0 .

If one defines, up to a constant matrix, the matrix valued

function p(t) by

1
1T+t

doe(t) =

7 ap(t) s

then o(t) will also be nonnegative definite, and nondecreasing. It
will share with Q(t) the same set of points of continuity in IR.

In terms of this measure p(t) ,

1+t B} 1 t
| B2 aw - [ 15 —Epae(e)

and the characterization of M(z) can now be written as

M(z) = A + 2B + J (s - : :tz)dp(t) . (A.8)
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