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Abstract

Core-collapse supernovae (CCSNe) are some of the most extreme and complex phe-
nomena in the universe. The toolkit for high-order neutrino-radiation hydrodynamics
(thornado) is being developed to simulate CCSNe, which will provide insight into
the mechanisms underlying these events. The thornado framework is a collection of
modules used to calculate the effects of gravity, hydrodynamics, neutrino transport,
and nuclear physics through the Weaklib equation of state and opacity tables. This
dissertation will present the development of the Poseidon code, which provides the
general relativistic gravity solver for the thornado framework.

The Poseidon code solves for the general relativistic metric using the xCFC
formulation of the Einstein equations. The first part of this dissertation will present
the derivation of the xCFC metric equations. This will be done by first casting
the FEinstein equations in the 341 formalism and applying the conformally flat
approximation (CFA). The CFA system of equations suffers from non-uniqueness
properties, therefore a further approximation is made to arrive at the xCFC system
of equations for the metric variables: v, the conformal factor; «, the lapse function;
and 3, the shift vector.

The xCFC equations involve two types of equations, non-linear scalar Laplacians,
and linear vector Laplacians. Poseidon uses Galerkin projections with real spherical
harmonics and radial finite element polynomials to discretize both types of equations.
The Fixed-point iteration method with Anderson acceleration is used to solve the

non-linear equations that govern the non-linear equations. We will also discuss the



coupling of Poseidon with thornado’s hydrodynamics and the incorporation of the
adaptive mesh refinement framework, AMReX.

We also present results from Poseidon and the coupled thornadoPoseidon
framework. These results include the evolution of realistic stellar progenitors through
collapse, core bounce, and the subsequent outward shock propagation. These
simulations are done using relativistic hydrodynamics and gravity, and the Weaklib
tabulated equation of state table and reveal the importance of relativity on the

simulation of CCSNe.
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Chapter 1

Introduction

The most advanced core-collapse supernova (CCSN) simulations rely on relativistic
treatments of hydrodynamics, gravity, and neutrino transport. Each of these fields,
in turn, relies on knowing the spacetime metric to properly account for the effects of
gravity. Therefore, we present Poseidon, a relativistic gravity solver that calculates
the spacetime metric subject to the extended conformally flat condition (xCFC).
During the lifetime of massive stars, multiple fusion cycles create layers of
elemental ash until an iron core forms. For stars with zero-age main sequence (ZAMS)
masses greater than approximately 8 solar masses, M), the iron core can grow until it
reaches its effective Chandrasekhar mass, ~ 1.4M (Baron and Cooperstein, 1990).
At this point, the electrons have been squeezed close enough to the nucleus that
electrons begin to be captured by protons and turned into neutrons. As the number
of electrons begins to decrease so does the degeneracy pressure and collapse begins.
[ron photodisintegrates into neutrons and helium as the core collapses, and the helium
further disintegrates into neutrons and protons. This increased number of protons
accelerates electron capture, further reducing degeneracy pressure and leading to a
neutron-rich core called a proto-neutron star. The collapse and subsequent explosion
release 10%3erg of gravitational energy in the form of neutrinos in what is called a

core-collapse supernova (CCSN) (Branch and Wheeler, 2017).



Understanding the mechanics of CCSNe has been a subject of much research as
they are related to many important phenomena. Many heavy elements are synthesized
during a CCSN, potentially including some from rapid neutron capture (Tamamura
et al., 2003; Martinez-Pinedo et al., 2014; Cowan et al., 2021). They are then ejected
along with outer elemental layers, thereby promoting galactic chemical evolution. The
material in the collapsed core can have densities exceeding 104 g cm ™3 and fluid speeds
up to 30% of the speed of light. At these extremes, aspherical movement can produce
gravitational waves that should be detectable with current-generation detectors (e.g.,
LIGO, Virgo, and KAGRA) as well as with the next-generation detectors such as
Cosmic Explorer and the Einstein Telescope.

While many aspects of the CCSN mechanism are known, a full understanding
remains elusive (for reviews see Mezzacappa, 2001, 2005; Janka et al., 2012, 2016;
Burrows, 2013; Hix et al., 2014; Miiller et al., 2016; Couch, 2017). A key problem
remaining concerns the re-energization of the stalled shock. When the collapsing
core reaches nuclear matter densities, repulsive nucleon-nucleon interactions halt the
collapse and cause the core to rebound sending a shockwave outward. It was originally
thought that this shock would propagate immediately to the stellar surface, exploding
the star. However, early computer simulations showed that the shock loses energy by
photo-dissociating the in-falling matter and emitting copious amounts of neutrinos
(Burrows and Lattimer, 1985). This energy loss causes the shock to stall before it can
reach the stellar surface, and it is ultimately pushed back into the core. The failure of
these simulations to explode prompted the search for a delayed explosion mechanism.
Several methods for re-invigoration of the shock have been proposed, with the most
widely accepted explanation being the delayed neutrino heating mechanism (Bethe
and Wilson, 1985). During a CCSNe only 1% of the energy released is contained
in the visible explosion, while the majority of the energy emitted from the core as
neutrinos. The neutrino heating mechanism proposes that ~ 1% of that energy is
transferred back into the shock, giving it the energy to resume its outward motion.

Other methods include a magneto-rotational mechanism (Akiyama et al., 2003).



To better understand the dynamics of CCSNe, computer simulations have been
developed to model the complex interactions of gravity, hydrodynamics, neutrino
transport, and nuclear physics at relativistic extremes. Early simulations were able
to use full general relativity in spherical symmetry (Colgate and Johnson, 1960;
Colgate and White, 1966; van Riper, 1979; Bethe and Wilson, 1985; Mezzacappa and
Bruenn, 1993c,a,b; Rampp and Janka, 2002; Tamamura et al., 2003; Thompson et al.,
2003; Sumiyoshi et al., 2007; Hiidepohl et al., 2010; Boccioli et al., 2021; Gogilashvili
et al., 2023) as the restriction to spherical symmetry simplified the Einstein equations.
These simulations revealed that something was missing as the self-consistent models
only produced explosions for very low-mass progenitors. Two-dimensional simulations
gave the hydrodynamics freedom for convective flows within the star (Arnett et al.,
1989; Herant et al., 1992; Burrows and Fryxell, 1992; Janka and Mueller, 1995;
Mezzacappa et al.; 1998). These flows allowed for the more efficient transfer of energy
from near the core to the shock out beyond the neutrinosphere where neutrinos have
larger mean free paths and interact less with matter. Further, it was discovered
that the stalled accretion shock was sensitive to non-radial perturbations and could
oscillate about the proto-neutron star (PNS) core (Blondin et al., 2003; Blondin and
Mezzacappa, 2006). These standing accretion shock instabilities (SASI) have been
shown to impact the post-bounce evolution of the CCSN explosion and PNS remnant
(Blondin and Mezzacappa, 2007; Yoshida et al., 2007; Endeve et al., 2016; Kuroda
et al., 2016a; Blondin et al., 2017; Walk et al., 2018; Vartanyan and Burrows, 2020;
Dunham et al., 2023)

In the last decade and a half, computational technology has advanced to the point
that 3-dimensional CCSNe simulations have become realizable. Beginning with the
early simulations of Takiwaki et al. (2012); Hanke et al. (2013); Lentz et al. (2015),
3D models showed differences from the earlier 2D models including greater neutrino
luminosities, stronger SASI amplitudes, and delayed shock revival. Further models
have been presented (Summa et al., 2018; O’Connor and Couch, 2018; Nakamura

et al., 2019; Powell and Miiller, 2020; Stockinger et al., 2020; Sandoval et al., 2021;



Aksenov and Chechetkin, 2023; Wang and Burrows, 2023), with some focusing on
the role that magnetic fields play in the evolution of CCSN (Varma et al., 2023;
Matsumoto et al., 2024).

The computational expense of 3D CCSN simulations is high, requiring several
months to complete; therefore each of these codes has been developed to run on
leadership-class supercomputers utilizing techniques to efficiently distribute work
across CPUs and GPUs. Even so, approximations are made to keep runtimes feasible
with the most prominent approximation being the degree to which general relativity is
represented. One of the simplest approximations widely used modifies the monopole
term of the Newtonian potential (Marek et al., 2006). More advanced methods include
free-evolution schemes, such as the BSSNOK (Nakamura et al., 1987; Shibata and
Nakamura, 1995; Baumgarte and Shapiro, 1998) and CZ4 (Bona et al., 2003) models,
in which the hyperbolic evolution equations are solved and the constraint equations
are used to ensure violations remain within some tolerance. In contrast, constrained
models, including the Conformally Flat Condition (CFC) (Wilson et al., 1996) and the
eXtended Conformally Flat Condition (xCFC) (Cordero-Carrién et al., 2009), solve
both evolution and constraint equations. In general, constrained models are slower
than free-evolution models due to the cost of solving elliptic rather than hyperbolic
systems. The balance is that solving the full system gives constrained models long-
term accuracy (Baiotti and Rezzolla, 2017) whereas free-evolution models will suffer
from constraint violations.

Currently, several production codes are maintained and used to simulate 3D
CCSNe including CHIMERA (Bruenn et al., 2020), CoCoONuT-VERTEX(Miiller
et al., 2010), FLasu-X (Fryxell et al., 2000), FORNAX (Skinner et al., 2019), Gmunu
(Cheong et al., 2020), NADA-FLD (Rahman et al., 2019), ZELMANT (Ott et al., 2012),
and the code in (Kuroda et al., 2016b). Of the ways to approximate GR, CHIMERA,
FrLasH-X, and FORNAX use the effective potential method of approximating GR.
While NADA-FLD, and ZELMANT use free-evolution schemes, COCONUT-VERTEX

and Gmunu use xCFC.



Just as there are different ways to approximate GR, there are multiple ways to
numerically approximate the solution of GR metric equations. The xCFC formulation
results in a set of eight nonlinear coupled elliptic equations and therefore requires
a combination of linear and non-linear methods. COCONUT-VERTEX uses a
fixed point iteration where on each iteration the metric equations are solved using
a multipole expansion using spherical harmonic functions. In contrast, Gmunu solves
the xCFC metric equations using a nonlinear cell-centered multigrid method.

In 1D, the use of GR has been shown to lead to a more compact PNS core and
neutrinospheres from which most of the neutrinos are radiated (Bruenn et al., 2001).
The increased number of high-energy neutrinos being radiated leads to more energy
being deposited in the post-shock fluid, enhancing the neutrino heating mechanism.
While in 2D, the inclusion of GR has been shown to lead to a successful explosion
where the modified Newtonian potential failed (Miiller et al., 2012), and affects the
rate at which the SAST grows (Dunham et al., 2024). From these results, it is clear
that the inclusion of GR is essential to the CCSN mechanism.

Here, we present the Poseidon code, a relativistic metric solver and part of the
Toolkit for High Order Neutrino-Radiation Hydrodynamics (thornado) framework.
Poseidon solves for the relativistic metric using the xCFC formulation which
approximates the 3+1 decomposition of general relativity by placing restrictions on
the spatial portion of the metric as well as how space is allowed to evolve with time.
These approximations transform the Einstein system to a set of 8 non-linear coupled
elliptic PDEs and restrict the metric to 5 degrees of freedom. The approximation is
exact in spherical symmetry and has been shown to be accurate for slowly rotating
neutron stars (Cordero-Carrién et al., 2009; Miiller et al., 2010)

To discretize the xCFC metric system, Poseidon uses a mixed method consisting
of an angular Galerkin projection and a radial finite element method. The angular
projection uses a subset of the real spherical harmonics (Blanco et al., 1997; Atkinson
and Han, 2012), to project the system onto the radial dimension. The spherical nature

of CCSNe enables the angular decomposition to capture details with fewer degrees



of freedom while the relationship between the spherical harmonic functions and the
primary differential operator simplifies discretization of the equations in spherical
coordinates. The continuous Galerkin (CG) finite element method (FEM) (Brenner
and Scott, 1994; Clason, 2017) discretizes the system on the radial domain. The FEM
method provides a polynomial representation of the solution with hp-adaptivity on a
compact stencil and adapts well to complex meshes such as arise in grids determined
using AMR. Once discretized, the non-linear equations are solved using fixed point
iterations with Anderson acceleration until a convergence criterion is met.

By itself, Poseidon can only calculate the metric at an instant in time, therefore
it was incorporated into the thornado framework*. Within this framework, Poseidon
serves as the gravity solver, providing either the xCFC metric variables or the
Newtonian potential. thornado is the first discontinuous Galerkin (DG) solver of the
GR hydrodynamics equations under the xCFC formalism for CCSNe applications.
Together the two modules enable the full GR simulation of the gravitational collapse
of a realistic progenitor with a tabulated equation of state using AMR and finite-
element /DG methods.

The future of the thornado framework includes the completion of the neutrino
transport modules, which will allow for the first CCSN simulations with AMR
and finite-element methods to be conducted. Additionally, the multi-dimensional
capabilities of thornado are currently being developed, which will initially allow for
axis-symmetric simulations to be conducted. In the longer term, the code will be
used in three dimensions to explore CCSNe mechanics fully, such as the SASI, which
have the potential to become much more dynamic given a third spatial dimension of
freedom.

In this dissertation, we will first present a derivation of the 341 Einstein equations
in Chapter 2 following that of Gourgoulhon (2012). The 3+1 equations will then be
approximated using the CFC formalism in Chapter 3 using the methods outlined in

Baumgarte (2010) and Rezzolla and Zanotti (2013), and that will be extended to the

*https://github.com/endeve/thornado


https://github.com/endeve/thornado

xCFC formalism in Chapter 4. In Chapter 5, we will outline the mixed method used
in Poseidon' to discretize and solve the xCFC metric equations. To demonstrate
the capabilities of the code, results from test problems in 1 and 2 dimensions will be
presented in Chapter 6. Included in these results will be tests showing Poseidon’s
compatibility with the AMReX*, a block-structured adaptive mesh refinement (AMR)
framework with MPI parallelism designed for exascale computing. Also in Chapter 6,
we will show results using the Yahil self-similar profile, a source profile with qualities
similar to those found in CCSNe that is evolved using the coupled thornado-Poseidon
framework with AMR.

To demonstrate the current extent of thormado’s abilities, results from the
evolution of 15 M, and 37 Mg progenitors through collapse, bounce, and shock
propagation will be presented. These simulations are conducted with GR gravity and
hydrodynamics and use the equation of state and neutrino opacities provided by the
open-source library, Weaklib®. Further, they are run in parallel and with an adaptive
mesh using AMReX. This represents a significant accomplishment and will provide a

base to compare to future CCSNe simulations.

"https://github.com/jrober50/Poseidon
*https://github.com/AMReX-Astro
Shttps://www.github.com/starkiller-astro/weaklib
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Chapter 2

The 3+1 Formulation of General

Relativity

2.1 Introduction

The focus of this dissertation is the creation of solver of the xCFC metric equations.
The extended conformally flat condition (xCFC) is an approximation of the 341
formalism of general relativity. Therefore, we begin by deriving the constraint and
evolution equations from the Einstein equations.

We will follow the method outlined in Gourgoulhon (2012). First, we will present
the decomposition of the 4-dimensional spacetime manifold into a foliation of 3-
dimensional hypersurfaces. Next, the 34+1 metric will be defined and then used to
define the covariant derivative. Using these tools, the Einstein equations will be
projected onto a hypersurface, perpendicular to the hypersurface, and using a mixed

projection to reveal the constrain and evolution equations.



2.2 The Einstein Equations

General relativity relates the presence of matter and energy in a system with the
curvature of spacetime around it and defines how that curvature affects the matter

and energy in return. This relationship is governed by the Einstein equations,
) L
87TTa5 = Raﬁ — § Rgaﬁ, (2.1)

where 7,3 is the stress-energy tensor, (4) R,z is the four-dimensional Ricci tensor, @R
is the four-dimensional Ricci scalar, and g, is the four-metric. The metric quantifies
the relationships between coordinates, while the Ricci tensor and scalar can be viewed
as a measure of how much the metric differs from Euclidean geometry. The stress-

energy tensor contains information about the matter and energy within the system.

2.3 Foliating Spacetime

If a spacetime manifold, M, admits a spatial hypersurface, >, which is intersected
by every inextensible time-like, or null curve once and only once, then we can call
M globally hyperbolic, and ¥ a Cauchy Surface. The topology of such a manifold
is 2 X R, which leads to the idea of foliation. Foliation is the decomposition of the
manifold into an infinite number of Cauchy surfaces connected along a smooth scalar
field, 7. This scalar field would need to have a non-vanishing gradient, and be such

that every hypersurface, ¥;, was a level surface of 7, i.e.
VtieR 3 % :={xeM,7(x) ="t} (2.2)

Each hypersurface is called a leaf or slice of the foliation, and due to the regular
nature of 7, they are non-intersecting (See Figure 2.1. Since 7 is continuous and all

3}, are non-intersecting, we assume the union of all 3J; constitutes the entire spacetime



manifold M,

M=[]Jz. (2.3)

2.4 Derivation of the 3+1 Metric

2.4.1 The Normal Unit Vector

We have defined our system such that each hypersurface >; is defined as a level surface
of the scalar field, 7. Thus the gradient 1-form of 7, V7, is by definition normal to >;.
If g is the metric on M, then the metric dual to V7 is given by Vo7 = ¢*#V 7. This
vector gradient 67’ defines the unique "+41” direction normal to the 3-dimensional
hypersurface >; that gives the 341 formalism its name.

We now define n, a unit vector normal to the hypersurface, ;. The uniqueness
of ?7’ implies that all vectors normal to the hypersurface ¥; must be collinear to ?7’
and of the form v = 0677 where c is a scalar. To normalize, n, we define the scalar

coefficient as

(—Vt- Vi)V (2.4)

Qo

such that n can be defined

ng = —aVgr = {—a,0,0,0} (2.5)

where we have chosen the negative sign to make n future-directed with

n-n=—1. (2.6)
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Figure 2.1: The spacetime manifold, M, foliated into a set of non-intersecting
spacelike hypersurfaces, ;.
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Lastly to define n, the 1-form of n, we can use the metric g on M to write,

n? = ¢"°n,
= —ag’V,r

— —aver. (2.7)

2.4.2 Normal Evolution Vector

To connect two adjacent hypersurfaces, we need an evolution vector that connects a
point on 3, to the same point on ;5. The normal unit vector, n, does not satisfy
this condition, as shown by the following example. If xq is a point on ¥; and x; is

the same point on ;s then
7(x1) — T(X0) = 0t. (2.8)
If n were the time evolution vector, we could relate x; to x¢ by
X; = Xg + 0tn (2.9)
where dtn is an infinitesimal displacement. Using this definition of x; in 7

7(x1) = 7(X0 + dtn)

7(X0) + 6tnVur

(
(

T(Xg) — oz(StV’BTVBT
(

7(x0) + 16t (2.10)

Clearly, n is not a proper time evolution operator but suggests the form of one that

would satisfy the condition set in equation (2.8).
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Let us define the time evolution vector m as

7TL5 = Oé’I’Lﬁ

= —a?VrT,

which has the property

were we have defined the components of the 1-form of m by

m? = ¢%ms

= 04966715

Using m as the evolution vector,

X1 = Xg + 0tm,

13
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we now attempt to time evolve xq to xq,

T(x1) = 7(X¢ + dtm)

T\Xp +(5tmﬂVﬂT

+adtn®V T

(
(%0)

7(Xo)

7(x0) — 25tVPTV 57
(%0)

T(x0) + Jt. (2.16)

Equation (2.8) is now satisfied, therefore m can function as a time evolution vector.

A close examination of equation (2.16) reveals an important property of m;

mV7T =m*V,7
= —a’V*7TV,7

—1.f (2.17)

The unity of the above relation gives m the ability to drag a point from ¥, to its
location on a neighboring hypersurface, ;.. This action is reminiscent of the Lie
Derivative (see below). The equation for the Lie derivative when applied to a scalar

field such as ¢ and taken with respect to a general vector v is

Lovd = 10"V o, (2.18)

Comparing this with equation (2.17), we can now write

mV7=L,7 =1 (2.19)

This unitary nature of this Lie derivative means that when a point is Lie dragged along
m it transitions one unit along 7. As 7 defines the connection between hypersurfaces,

this is equivalent to saying that the vector dtm drags the hypersurface ¥; to the
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neighboring hypersurface >; 5. Likewise, any time the Lie derivative of 7 is unitary
along some vector, v, then that vector will drag points from a hypersurface to an

adjacent hypersurface, a property we will use to help define a time coordinate.

2.4.3 The Lie Derivative

One of the key features of General Relativity is its coordinate-free formulation. This
leaves one free to choose a system of coordinates and impose them on the problem.
Instead of defining our manifold by a set of basis vectors, we can use a tensor field,
A, within the manifold as the defining structure. Because tensor fields are in general
more complex than the familiar sets (Cartesian, Polar, etc) of basis vectors, we need
to define a more general form of the derivative. As one can define the standard
derivative of a tensor as a measure of how much that tensor field changes as it moves
in the direction of a given basis, we therefore define the Lie Derivative, LAB, of a

tensor field, B, as a measure of how it changes as it moves along another tensor field,

A.

The Lie Derivative of a Vector Field

As it is easiest to visualize and understand in terms of vectors, we will begin by
defining the Lie derivative of vector fields and then generalize it to tensor fields. To
start, let us pick a point, m, and two different vector fields, A and B, on the manifold,
M. Moving along A and B to define two new points m* and m° by the infinitesimal

translation equations,

m* :=m + AA(m) (2.20)

and

m° :=m + eB(m) (2.21)
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where A and e are infinitesimal scaling factors, or ”distances” along A and B
respectively.
If we further define another set of two points m*® and m°* which are related to

m* and m° by

m* :=m* + eB(m”")
=m+ AA(m) + eB(m + AA(m))

= m + AA(m) + €B(m) + eAB(A(m)) (2.22)

and

m :=m° 4+ AA(m°)
=m+ eB(m) + NA(m + AA(m))

=m+ eB(m) + AA(m) + eAA(B(m)) (2.23)

where we have treated displacement along A and B as linear due to the infinitesimal
size of the displacements. We can think of point m*° as the value of eB(m*), and m°*
is value of eB(m) after it has been dragged along A the same ”distance”, A, that m
is from m*.

Taking the difference between m°* and m*°, we are left with

m™ —m* = m+ eB(m) + AA(m) + eAA(B(m))

— (m+ AA(m) 4+ eB(m) + eAB(A(m)))

(2.24)

The [A,B](m) in the last line of equation (2.24) is just the commutator of the two

vectors A and B at location m, which is also known by the name, Lie Bracket.
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By our initial definition of the Lie derivative, we can now write

Lia(eB) =m* —m**

— eA[A, B](m). (2.25)

As m can be any point in the manifold, we will drop it from further definitions. We
can set A and e equal to unity to define the Lie derivative between two unscaled

vectors as just the commutator between them, i.e.
LaAB =[A,B]. (2.26)

From equation (2.25), we can quickly deduce a few linear properties of the Lie
derivative. If we set either A or e to unity and allow the other to be an arbitrary

value we can show;

La(B) = M\A,B]
— ALA(B), (2.27)

and

La(eB) = €¢[A, B]
=eLA(B). (2.28)

If we now choose a coordinate system, x®, that is adapted to the vector A (i.e.
A% =1 and A? = 0 for 8 # 0 when described by the system z®) and place it on the
manifold, M. We can define the natural basis of the tangent vector field at any point

as,

0o = 75— where a € {0,1,2,3} (2.29)
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Given this basis, a general vector, v, would be defined in component form as
v = 0%0, (2.30)

Using equation (2.30), we can write the components of the commutator of two vectors

in the form

[A,B]* = (AB)* — (BA)"
= AP0y B — BP0z A”. (2.31)

The covariant derivative of a general vector, v, on a manifold is given by

Vv = gpv® + T, 0", (2.32)
which can be rewritten as

Opv® = Vv — 1% 0" (2.33)

Rewriting the partial derivatives in equation (2.31) in the form of equation (2.33), we

show

[A,B]* = AP93B* — BP9 A°
= A°(VgB* =Ty, B") — B(VgA* — T, A")
= APVB® — B°V3A* — AB'T°, + B AT,
= APV3B* — B’V3A® — APB'T*,, + A°B'T°,

= APV3B* — B’V A, (2.34)

where we have used the symmetry of the Christoffel symbols to eliminate the third

and fourth terms. This allows us to define the components of the Lie derivative in
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terms of the covariant derivative which is associated with a metric, g, as
(LAB)® := APV3B® — BPVA°. (2.35)

Lie Derivative of General Tensors

We can extend the Lie derivative to any tensor field by first defining its action on a

scalar field, ¢, by

Lad = A0ud
= A"V, 6. (2.36)

The action of the Lie derivative on a general tensor field of rank (m,n) can be found

by application of the Leibniz Rule to show,

Q] 4oy Qi e AR Q1,0
LaB By " A VPLB B1ye-sBn

Lyeey

m
=Y B VA

=1

Q1 ,eensm ¢
+ Z B™ B1yesBi—1,€,Bi415.--,8n vfng : (237)

=1
2.4.4 Lapse Function

Consider an Eulerian observer, an observer who is traveling with a unit timelike 4-
velocity, n, and two events, Xy and x; separated by dtm as in equation (2.15). The

proper time measured by the Eulerian observer would then be the metric length

19



between the xy and x;.

0T = v —d0tm - dtm

= \/—ga55tm0‘5tm5

=1/ —mpmPot

= Va2dt
— adt. (2.38)

From equation (2.38), we see that a relates the physical time seen by the Eulerian
observer to the coordinate time of the system. Because of this, we call « the Lapse
Function.

The lapse function can be defined in terms of the four-dimensional metric, g, of
the manifold, M, by use of the definition, equation (2.5), and normalization, equation

(2.6), of n,

= gaﬂnb’na
= goonono

= ¢ (2.39)

(2.40)

2.4.5 Defining the 3-Metric on >}

For each spatial hypersurface, 3J;, there exists a 3-metric, v, that defines the relations
between the three spatial coordinates on the hypersurface. With the unit normal

vector, n, as defined in equation (2.5), we can relate the spatial 3-metric of ¥; to the
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4-metric, g, of the manifold, M, by the following equations:

Yap ‘= Bap T NaNg (2.41)
and

P = g 4 nonP. (2.42)

where we have adopted the index convention that Greek letters such as p,v €
{0,1,2,3} and Latin letters such as 7,5 € {1,2,3}. A convention we will continue
to use throughout this paper. By this definition 7,0 = 705 = 0, and ~;; = g;;, but
in general 7% # g% Also by these definitions and conventions, we have the standard

metric/inverse metric relationship on the spatial dimensions,
i = 8%, (2.43)

where 5ij is the Kronecker delta.

2.4.6 Defining the Time Vector

We now introduce a general spatial coordinate system, z¢, on each hypersurface,
;. Given that this spatial system transitions smoothly from hypersurface to
hypersurface, the four-dimensional coordinate system formed by z® = (V7, z'), =
(Vr, 2, 2%, 23) is well-behaved (i.e. smooth, differentiable, and monotomic) on the
manifold, M. With this coordinate system established, we now pick a point within
the manifold and examine its tangent vector space, T,,(M). There exists a basis, 0,

associated with the coordinates of the vector space called the natural basis of 7,,(M)
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and is given by

(2.44)

The dual to the natural basis, 8,, of T,,(M) is the gradient 1-form, dx®. In particular,
the 1-form dual to the time vector, 8y, is dt = V7. By definition the relationship

between 0y and V7 is

(86)*Vor =1 (2.45)

or in terms of the Lie derivative,

Logr = 1. (2.46)

As we saw with the evolution vector, m, the condition satisfied by equation (2.46)
means g Lie drags a hypersurface, ¥;, to an adjacent hypersurface, > 5. While m
is a strictly timelike vector, dg generally has both temporal and spatial components.

We, therefore, relate the two by the equation

8o :=m + 3, (2.47)

where 3 is a purely spatial vector called the Shift Vector. We can easily check that
3 is purely spatial, and hence tangent to the hypersurface, 3;, by the Lie derivative
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of 7 along 3,

LT = BVT
= (0o —m)VT
= VT —mVr
=1-1
= 0. (2.48)

Since 3 is tangent to the hypersurface, ¥;, and n is orthogonal to ¥;, we can write

B-m=a(B n)
= afi,n”

— 0. (2.49)
We can use equation (2.12) to rewrite the time vector in equation (2.47) as
0o :=an+ 3, (2.50)

and use this time vector to form expressions for n®. We begin by solving equation
(2.50) for n, and then express it using index notation and the natural basis given by

equation (2.44) to find
1
n“8, = - [(00)*0e — 380] .- (2.51)
As (99)*0a = (09)"8y = 1 and B> = (0, 5"), we can rewrite equation (2.51) as

TLOZ

10

(2.52)
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and

1 )
A 0— %
w'= 1[04
_Bi
= _ 2.53
- (2.53)
To summarize, we now define,
ne = (—«,0,0,0), (2.54)
1 — 1 _np2 _ 03
n® = (—, 8 , 5 , 8 ). (2.55)

(0% « (07 (0%

2.4.7 Defining the 3+1 Metric

The elements of the metric, g, on the manifold, M, can be expressed as
Jap = 8a : aﬁ; (256)

but we will now derive more explicit forms of the elements of g. Starting with ggo,

by the definitions in equation (2.56) and equation (2.50), we can write

goo = Op - Op
= (00)"(00)
= (anf + B")(an, + B,)
= a’n¥n, + an”B, + af’n, + BB,

= —a® + BB, (2.57)

We have used the orthogonality of n and 3 as well as the normalization of n in the

last step in equation (2.57).

24



Next, we assess g;o

gio = 05 - O
:8,(an+ﬁ>

as n is by definition orthogonal to the spatial hypersurface, 9; - n = 0, and by
expressing 3 as B = /0, we have 8; - B = 3;, which simplifies the above equation

for g, to

gio = Bi (2.58)
likewise, by symmetry, we have

9oj = Bj- (2.59)
Lastly, by choice of foliation, we have

9ij = Vij- (2.60)

Putting equations (2.57) - (2.60) together, the full metric is given by

goo  9oj —a? 4+ 6 B;

Guv = = (261)
gio  Gij Bi Yij
and inverting we find
00 0] _ 1 8
g =7 )= o e (2.62)
g’LO g % oKl ﬁog
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With the metric made explicit, we can define the proper distance by the equation,

ds? = Gudztdz”
= (=a® + B'3;)dt?* + ij(dz’ + Bidt)(dx? + B;dt)
= —(a® = B;BY)dt* + 2B;dx'dt + v;;dx'da’ . 2.63
J

Figure 2.2 shows how the metric variables relate the same point on two adjacent

hypersurfaces.

2.4.8 Projection Operators

To aid in the decomposition of the Einstein Equations into our 3+1 spacetime, we
will need the use of projection operators. To this end, we now define:

The Spatial projection operator

Y, = " e, = 9" (gew + men,)
=", +ntn,, (2.64)

which projects tensors onto the hypersurface, ;. And, the Time projection operator

N*#, = —ntn,, (2.65)

v

which projects perpendicular to the hypersurface and onto the time axis. As expected

these two operators are orthogonal to each other.

’y“fNél, = —5“£n5nl, — n“ngngny

= —ntn, — (—nfn,)

=0 (2.66)
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an t

® mz(t)

Figure 2.2: Diagramatic representation of the 341 foliation showing the relationship
between two adjacent space-like hypersurfaces. The four-vector t relates the evolution
of the point 2°. The timelike component an measures the temporal distance between
hypersurfaces with the lapse function a measuring the proper time. The shift vector,
[, measures the shift in coordinates.
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2.5 341 Covariant Derivative

With the metric established and projection operators defined, we turn our attention to
defining the covariant derivative in the 3+1 formalism. Using Eq. (2.64), we project
the standard four-dimensional covariant tensor, V, onto the hypersurface, ¥, to

create the three-dimensional spatial covariant derivative,
D, :=+",V,. (2.67)

When D, is applied to a general tensor, v, all indices of the four-dimensional
covariant derivative must be projected onto the hypersurface, ¥;. For instance, If v
is a general mixed tensor, v, its three-dimensional covariant derivative would be

expressed
D5 =7",7%7"5 V', (2.68)
where V,,’Udu is given by the equation

v, 00 :(4)8yv5#+(4)1“5y o1 — Dm0 (2.69)

Iz URT vpt m3

where (4)1“71,“ is the four-dimensional Chirstoffel symbol,

1
(4)F77 = 5’}/”& ((4)81/}/;;04 + (4)8;;’7011/ - (4)60/}/1/#) (27())

vp

We use @ to denote the dimensionality. From these expressions, it is clear that we
need to explore the projections of W, and WT*, .
As one might guess, the standard four-dimensional derivative (4)@ becomes a

three-dimensional spatial derivative, (3)(% := 0,;, when projected onto ¥; as can be
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seen by

7% W, = (6% + nang)(4)8a
= D95 + npn0,
= (80 - 807 817 827 a3>
_ (3)35

= 0. (2.71)
On the other hand, the Christoffel symbol transforms like

a v € (4 1 e% v €
7 A T, = 3787 59""(OuGen + OcGn — OpGue)

1 « v o€ v o€ v o€
= 57 uglm<7 ,87 Jal/gen + v ,87 68697711 -7 ﬂ7 6angl/e>~ (272>

Applying the spatial projection operator on the full four-dimensional metric will

return the 3-metric of the hypersurface.

,yozé_géﬁ — (50{6 + nana)gzsﬁ
— gaﬁ +nag5ﬁn6
— ga,é’ +nan6

.’ (2.73)

Using equation (2.73) in equation (2.72), we can continue and write the projection of

the Christoffel symbol as

a v €4 1 a
¥ ey T = 37 "(95Ysn + s yms — OnV8s)- (2.74)

From this, we see that when projected onto the spatial hypersurface ¥;, the Christoffel

symbol retains the same form but is associated with the 3-metric of the hypersurface.
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Therefore we define
1
(3)Fa66 = 5'7007 ((3)8/3'7677 + (3)86'7775 - (3)677'766) (2-75)

with (3)1“&; =0 if any «, 3,6 = 0.

Taking into consideration equations (2.71) and (2.75), we know that the three-
dimensional covariant derivative D; behaves identically to the four-dimensional
covariant derivative V, except that it is limited to the spatial coordinates and thus
can be written in general form as

Dyv(su = (S)ébv‘su + (3)F5m]1)n“ — (3)1“’71,“1)5,7 (2.76)

é

where v u

is a general tensor living in the 3-dimensional hypersurface. As D, (3)35,
(3)Fa6(5 and v‘su all live purely on the 3-dimensional hypersurface, ¥;, they can be
indexed with Latin characters, and ) will be dropped when using Latin indices.
Using that notation, the 3-dimensional covariant derivative on a hypersurface can be

written as
where
i I
[ = 57 (D51 + Oy — O vje) (2.78)

is the Christoffel symbol defined on the hypersurface.
The three-dimensional covariant derivative retains the properties of its four-
dimensional counterpart. Two such properties that we will make use of are its

compatibility with the four-metric,
D,uga,B = ’quvugoeﬁ =0 (279)
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and the three-metric,

! 1
Dﬂjk = 8z‘7jk -T i ke — r ik Vjl

=0 — %’Ylm(aﬂmj + 05Yim — OmYij) Yk — %’Ylm(aﬁmk + Ok Yim — Om ik ) Vi
= 0ijk — %57“1@(3@‘%1;‘ + 0jYim — Omij) — %(an (OYmk + OxYim — OmYik)

= 0k — é(ﬁﬂk]’ + 0;%ik — Okij) — %(@%’k + Okyi; — O05ik)

= Oy — 5(200750)

—0. (2.80)

Using equation (2.80), we can also see the inverse metric is also compatible with

the three-dimensional covariant derivative,

0= Di(&) = Di(g”" gux)
= ¢"'Di(gir) + g Di(g"")

As gy, is in general non-zero, we can write
Dy(g") = 0. (2.82)

If we now take the three-dimensional covariant derivative of the spatial projection

operator, equation (2.64), and use equations (2.80) and (2.82), we find

Di('yjk) = Di(gjl%k)
= glez‘(%k> + VZkDi(gjl)
= ¢’'0 + 7,0

= 0. (2.83)
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A consequence of equation (2.83) is the ability to commute the spatial projection

tensor with the three-dimensional covariant derivative. If v’ . 1s a general tensor then

Di(ﬂynmvjk) = ’yanl(U]k) + UjkDi(’ynm)

= VNsz‘(Ujﬁ + Ujko

=" Di(v)). (2.84)

Equation (2.84) also reveals that the spatial projection operator commutes with
the four-dimensional covariant derivative due to the relation between D; and V;

established in equation (2.71).

2.6 Gauss - Codazzi Relations

With a definition of the three-dimensional covariant derivative in hand, we now turn

our attention to the Riemann Tensor and its relation to the hypersurface ;.

2.6.1 Gauss Relations

Let us begin by defining the three-dimensional Riemann tensor of the hypersurface

using the Ricci Identity on a vector field, v, which is tangent to >
DoDgv’ — DgDov® = R’ 0° (2.85)

where we have reverted to the four-dimensional form of the three-dimensional

covariant derivative, D, given by equation (2.76). Relating this equation to the
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four-dimensional covariant derivative V, using equation (2.67), we find

Do Dgv® = Do(Dg0?)
=757y V(D"
= 7#0171},87577 Vu (,-YPV,}/?O_ VPUU)
=57 (VS V7V A, + 90,V 0V 40, VY 07). (2.86)

If we write

vl/ypy = VM (nan)

=n,V,n’ +n’V,n,, (2.87)
equation (2.86) becomes

DaDﬁv‘s = 7’*&7”67577 (7”0va”nyvunp
+ "V, 0°nfV n,
+°,V,0'n,V,n"
+ 7,V 00"V n,

+ ’ypﬂ”UVva"). (2.88)

The first and fourth terms of equation (2.88) equal zero as n,7"; = n”fy‘s?7 = 0.

Therefore,

DaD5115 = y“ay’jﬁ’y‘sn (ﬂ,v,,v”npv#ny
+°,V, 070,V ,n"

VATV ). (2:89)
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We now take a moment to define the extrinsic curvature of a hypersurface, ;. The
extrinsic curvature can be defined as the projection of the gradient of the normal
vector, n, on its associated hypersurface and is a measure of how that hypersurface is
curved in relation to the 4-dimensional spacetime manifold, M. With this definition,

the extrinsic curvature can be written mathematically as
Kaop = =75 Visna. (2.90)
If we expand the projection operator in equation (2.90), we can write

Koaﬁ = _’yéﬁvéna
= —(5% — n°np)Vsng
= —555V5na — n5n5V5na

= —Vgna — nsn°Ving. (2.91)
The n°V;n, term in equation (2.91) can be expanded and rewritten as,

nOVgng, = n5V5( — &Vat)
= —n’aV; (Vat) —n’Vs (Oz) Vat
= —n°aV,Vst — n’V tVsa
4 ns F) Ny
=n ava<g> +n <E>V5Oé
.0 5 1 5 (Mo
=n’Vans + n’nsaV, <a> +n <E> Vsa

nong,

1
=nOV, ns + —Vaa + Vsa
(63

«
=0+ é(vaa +n’ny Vsa)

1
= —° Vsa. (2.92)
[0
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Putting in the result of equation (2.92) in equation (2.91), we can write an equation

for the extrinsic curvature tensor in the form

Kag = —ana - Tlﬂnév(gna
1

1
— Vgn, — —neDsa. (2.93)
!
Solving for Vgn,,
1
Vgna = —Kag — anaDga, (294)

we can use equation (2.94) to define the gradient of m as,

Vama = Vg(an,)
= aVgng +n.Vaa

= —aK,s — naDga + nyVpa. (2.95)

From equation (2.93), one can see that K,z is symmetric with regards to a and

B. Lastly, by orthogonality we can use n,v® = 0 to write,

Vi(nav®) = noVau® +v*Vgn, =0

= n,Vgu® = —v*Vgn,. (2.96)

Using equation (2.90), the three terms on the right-hand side of equation (2.89) can

be rewritten as

vuav”ﬁvdnvngnpvpv"vun,, = wﬂminﬂvavuny
— —75(,an,)1}”7”,3 K,
= " 0PV 07 Kop (2.97)

35



and

Va8 YV o0 eV = 4,757 Vv ng V'

= —" 7”57577 vV, n,V,n'
= _76nva ('Ypﬂ Vone) (Vo Vun")
= —7‘5,70(’[(50[("@
= — K3, K° v° (2.98)
and lastly,
7“047”6767779117”0 V.V 07 = 7“(17”6750 V.V 0. (2.99)

Replacing the terms in equation (2.89) with equations (2.97) - (2.99) reveals

Do Dgv® = —v‘sonpvpv“Kaﬂ - K’ Kg,v7 + wﬂpﬁyéavuvpv“. (2.100)
Likewise, by symmetry, we have

DgDov’ = =PV 1" Ky, — K25 Koy v” + 95707,V V0. (2.101)

Substituting equations (2.100) and (2.101) into equation (2.85) and remembering the
symmetry of K.z, we find

BV R, 50" = DaDgv® — DgDov’
= (K%K, — KO K W+, 757, (VY 0" = V,V 07
- (K(sﬁ Kao - K(sa KBJ)UU + fy#afypﬁryén (4)‘R1711,LLpU'LC

= (KéﬁKozo' - K(Sa K,BU)UU + fy‘uafypﬁ’yan’y,{a (4)R77 V7 (2102>

KL
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where in the third line we used the four-dimensional Ricci identity to write V,V ;0" —
V,V, 0l = (4)R7’va“ and in the last line we have used v",v% = v". As v is a general

vector tangent to Y;, we can write the general relation known as the Gauss Relation,
fy#a’ypﬁfyén’yﬁo' (4)Rnn,up = (S)R(saaﬁ + K(Sa K,BU - K(;,B Kaa' (21O3>
Further contracting equation (2.103) by applying 7%, we find

7a57ua7p576n7ﬂg(4)Rnnup — ,.yals (3)Réaaﬁ + ,}/oz(5 Kéa Kﬂg o ,.yoz(5 K&ﬁ Kaa
,yan,yua,ypﬁ,yng (4)an¢p =@ Raaa,@’ + Kaoc K,BJ - Kaﬁ Kaa

=R, + KKy, — K, K% (2.104)

where we define the extrensic curvature scalar as K = K%, and the Ricci Tensor as

R,5 = R%, 5. If one combines the v% ~*, = ~*, term on the left-hand side, equation

(2.104) can be expanded using equation (2.64),

,y,un Vpﬁ 7'{0' @ an,up = (5“17 + n#nﬁ)’ypﬂ ,}/HU @) Rn/«t,up

= P}/pﬂ PYHJ @ Rnp + nunri’}/pﬂ fyno ) Rn/{up

_ ,ypﬁ,yma (4) chp + npnﬁ,yﬂﬁ ’7710 (4) Rnnup' (2105)

Combining equations (2.104) and (2.105), we arrive at a second form of the Gauss

Relation,

’ypﬂ’y"‘a(‘l)Rﬁp + npn”fy“ﬁfym(‘l)li’"wp = (3)RUB + KK, — K, K. (2.106)
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Contracting the left-hand side of equation (2.106) along o and 3 using v* reveals

/yaﬂry“n ’ypﬁ ’yﬁo (4) Rnn,u,p = ,yaﬂ (’ypﬁ /yna (4) Rﬁp + npn:‘i,yliﬂ ’Y'r]cr (4) Rnﬁup)
= WR 4+ 47y nfng R, , +n'nyoy,, R,

=WR+ 20" MR, . (2.107)

This is called the contracted Gauss relation. If we contract the right-hand side of
equation (2.104) along o and 8 and set it equal to equation (2.107), we can write

what is known as the scalar Gauss relation,
@R+ 200" YR, = PR+ K> — K, K. (2.108)

2.6.2 Codazzi Relations

When considering the Gauss relations, we applied the Ricci Identity to a vector
tangent to the hypersurface ¥;. Now we wish to follow a similar process but with a
vector normal to ¥;. As n is by definition normal to the 3-dimensional hypersurface,

we begin by applying the four-dimensional version of the Ricci Identity to it,
VaoVan® = VVan® = DR on”. (2.109)
The projection of equation (2.109) onto >,

YA A s IR =740, (VaVn® — VVan?) (2.110)
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can be more compactly written as the terms on the right-hand side become

YA 5 VaVan’ =747 Var’, Van’
- _/yau/yp(st“Kél/
= _leypé K(;V

—_D,K",. (2.111)
Using equation (2.111), we can now rewrite equation (2.110) as

’yau’yﬁy’ypé (4)R50a,3n0 = ,yau,yﬁufypzs (Vavﬁné - vﬁin(s)
— D,K*, — D,K”, (2.112)

which is known as the Codazzi Relation. 1f we project the Codazzi relation onto >3;

by applying 7*,, equation (2.112) becomes

YA A s IR an” = 7% s (VaVian® — VaVan)
= Vup<DVKp,u - DMKpV)
~ D,K*, — D,K",

— D,K — D,K”,. (2.113)

Examining the left-hand side of equation (2.113), we can express it in the form,

o

,y,up ’Yau ’yﬁy ,7P§ @ Réaa[a’ng = f)/ﬁu 7046 @ Réaa[a’n
=17, WR, gn° (2.114)

Using equation (2.114) for the left-hand side equation (2.113), we arrive at the

contracted Codazzi Relation,
v, YR, " = D,K — D,K", (2.115)
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2.6.3 Mixed Projection of the Ricci Tensor

In equation (2.115), we completely projected the Ricci tensor onto the hypersurface
Y, and in the scalar Gauss relation of equation (2.108) we have a term, n®n®® R,
that represents the projection of the Ricci Tensor perpendicular to the hypersurface.
To complete the set of projections, we now need a mixed projection of the Ricci
tensor. We begin with the Ricci Identity as defined in equation (2.109), and apply a

mixed projection operator, 7a57"ﬁn”, to both sides,

fyawnﬁn”R‘swyn“ = %w%n“(vnvynﬁ -V, V,n’)

= Yas7'g"" (Vn( — K, =) = V(- K, - "n7)>
D D
— Y07y (= VuK°, =V, (=) + VK, +V, (nng)>

— 7nﬂnu( — VK., — Vy(n,

(%

where we used the relation V,n’ = —K° + nn%a from equation (2.93).
We will examine each term in equation (2.116) individually. Using the chain rule

and the orthogonality relation n” K,, = 0, the following relation can be established
n'V,K,, = -K,,V,n" (2.117)
which allows the first term to be written as

—"yn" VK, ="K, V,n”

=K, K" (2.118)
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Applying the chain rule again, the second term becomes in equation (2.116) becomes

v Daa v DaO{ DaOé
777,871 Vn(ny ” ):7”571 (nyvn 5 + o Vnny>
D,a
— —V%VT, 5
D,
—_D @
1 D,a D
= ——D,Dga + —22 =59 (2.119)
a a o«

where we used n*V,n, = 1/2V, (n*n,) = 1/2V,(=1) = 0. The third term in
equation (2.116) undergoes a simple transformation by applying the spatial projection

operator to the extrinsic curvature tensor,
V"V, K,, =n"V, K, ;. (2.120)

We use equation (2.92) to rewrite the last term as

v Daa v DaO{ Daa
777,8” Vy(nn ):fynﬁn (nnvy - + " Vl,nn>

a
D, «a D,«
— Ui UVU e} Ui yvy «
7Ty o + 7 gn (ry) o
D,a D,
a o«
D,a D
= 2o pe (2.121)
a o«
Combining equations (2.118)-(2.121), Equation (2.116) becomes
v v Dy« D,
Yoy 5" R ot = 55 ( — VoK = Vo, 525) 4 VK, + Y, (n,,?))
1 D,a D D,a D
— —K,, K;"+—DyDya — =222 oy K, + 20200
a a a  «
1
_— —KaVKﬁV + —DaDIBOé + nVVVKaﬂ. (2122)
a
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We can relate the last term in equation (2.122) to the Lie derivative of the extrinsic
curvature, K along the time evolution vector, m. We begin by using the definitions
for the Lie derivative from equation (2.37), and the gradient of m in equation (2.95)

to form the expression,

EmKa,B == m”VI,Kag + Kl,ﬁvam” -+ Kw,vﬂm”
= an’V,Kap + Ko5( — aK”, —n, D+ n*V,a)
+ K(w( —aK"; — n,DPa + nﬂV,,a)

= an"V, K5 — 20K, K" + 2Kang D . (2.123)
Projecting this equation onto the hypersurface, we can write

»CmKaﬁ = Vaafypg‘chap
= a,yaa,ypﬁnuvngp _ 20[700/7’),8 KG’VKVP + 27004 ,Ypﬁ Km,npD”a

= an"V, Kos — 20K, K" + 0. (2.124)

In equation (2.124), v, K,, = K., as K,, is tangent to the hypersurface, and
77, ne = 0 as n is orthogonal to the hypersurface. Next, we solve equation (2.124)

for n"V, Kz,

'V, Ko = —(LenKap + 20K, K"y), (2.125)

1
a
and put it into equation (2.122) to finally arrive at
TR = Koy K¥y + ~DsDact + 0"V, K
Yas” gn Mnyn - av Jéj a B aX n virap

v ]' ]' v
= —KaK"s + —DgDoc + — (LmKap + 200, K" )

1 1
= Koy K" + ~DyDpa + ~ Lo Kop. 2.126
8+~ DaDpa+ — 8 (2.126)
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As the covariant derivative D,, is torsion-free, we can freely exchange the o and (8
indices in the second term on the right-hand side.

Using equation (2.126) in the contracted Gauss equation, (2.107), we can write

fypﬂfyna([l)R - (3)Raﬁ_KKBo¢ + Ko'aKa,B

Kp
= _npn’{f}/uﬁ ’.)/770 4) R"7
1

(0%

Kp

1
= ~KayK's = ~DaDga = —LunKos. (2.127)

Solving equation (2.127) for 759", @R, the above becomes

Kp?

1 1
PR @R KK, —2K K% — ~D.,Dsav — —LpK.5. 2.128
7[3’704 Kp aﬂ+ Ba lege’ B o al/pt a m-Yaf ( )

2.7 Time Evolution of the Spatial Metric, ~

We have explored the properties of a hypersurface, ;. Now, we wish to consider
how that hypersurface evolves into a neighboring hypersurface ;5. We begin by
defining the extrinsic curvature, K,g, as the projection of the gradient of ng onto the

hypersurface.

Kaﬁ = —’)féoév(;ng
= —Danﬁ
= —0Vng — (3)Fua6n#

= -O1* n,. (2.129)

The superscripts ) denote that while the associated object uses 4-dimensional indices,
it’s only defined on the spatial hypersurface and therefore components related to the

. . . 3 .
time index are zero, i.e. o = (0,01,02,03). As n,’s only non-zero component is
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ng = —a, we can drop the partial derivatives and simplify equation (2.129) to

Kop = —(3)F0a6n0
N o®~ 9B
— 2’}/ ( o rYZ/B + B ’yay v ’Yag)
« v ” y
= 5 (ryo a&3),yl/6 + ,}/0 aég)’)/all _ ,YO 8153)/}/&5) . (2130)

We can decompose the first term in parenthesis in equation (2.130) as

V00708 = 100D Y05 + 10 1ws

_1 K
= Eaﬁf’)ﬁg + @ag?)m (2.131)

and by the symmetry of 7, the second term becomes

v -1 6&
705 Yar = —5 05 Ba + =505 Yo (2.132)

Lastly, the third term becomes

701/853) Yop = 70080’704[3 + ,yOﬁaH,yaﬁ

-1 ﬂ
= 580%5 + E&.@%g. (2133)
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If we now use equations (2.131) - (2.133) in equation (2.130), we can write

a 174 14 3 14
Kaﬁ = E(’YO ac(yg)’%/ﬁ + 70 8/2’ )/YOCV - ’70 61(13)7(1,6’)
ar,—1 X
=5 _aoc _aa K
5 [( 5 OaBs + —50079)

1 B
+ (Eaﬁﬁa + gaﬁ’yom)

b an'yaﬁ) }

-1
- (an%éﬁ + 2

1
= 55 (= 9aBs = 0Ba + O07as)

K

+ 5_04 (aafy"fﬁ + aﬂ’%;m - anf)/aﬂ)- (2134)

The terms lead by g—; equation (2.134) can be related to the 3-dimensional Christoffel

symbol by

K

ﬁ 1 €R
% (aa’)/nﬁ + 8,3’70”{ - 85’7046) = % (ﬁe’y (aa’7ﬁ,3 + aﬂ’}/om - 8&’7045))

ﬁﬁ 3) e

= 50 27T )
/36 € €

= %GB)F oc,B + (S)F ﬁa) (2135)

Putting this into equation (2.134), we can now write

1
K.5 = %(50%45 — 0af3s — 050a)

+ 5_ (aaf}/nﬁ + 0,8704& - aﬁ’.}/a,@)

2c
= o (O0tas — s — 03f)
+ 25—;(<3>F6aﬂ +Or,,)
= o (a5 — (0ufls — 9T, )
— (9560 — B.9T%,))
= %(aﬂaﬁ — Dofs — Dsfa). (2.136)
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When solved for dyv,.s, equation (2.136) becomes
O0Yap = —2aK s+ Do fBs + Dgfy (2.137)
The Lie derivative of the spatial metric 7,4 along 3, is defined as
LsYas = BV iYap + Yan V58" + Ve VaB" (2.138)

by equation (2.37). As 8% = 0, the Lie derivative in equation (2.138) can be expressed
with the three-dimensional covariant derivative, D, and thus the first term becomes

zero, leaving us with the equation

E,@’Yaﬁ = ’YanDﬁﬁﬂ + 7n6Da5H
= DgBa + Dafp- (2.139)

Equation (2.139) allows us to write equation (2.137) in the more compact form,
00Yap — LaYap = —2aK 5. (2.140)
Recalling equation (2.47), this can be further simplified to
LonYas = —20K o5, (2.141)

A similar expression for the Lie derivative of the inverse metric, v*?, along m can
be derived. We start by taking the Lie along m of equation (2.43), which gives the

relationship between the metric and its inverse,

0= Eméij = Emvikvkj = 7ik£m7kj + vkjﬁmvik. (2.142)
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Next, the equation is multiplied by v7! and the first term is transformed using equation

(2.141),

0 = /'Y* Loy + 27905 Loy ™
= —2a7jlvikKkj + 64 Lo y™*

= 2aK" 4+ Lyt (2.143)
Solving for £,,7" and changing the index [ to j for aesthetics, we have the expression

Ly =2aK". (2.144)

2.8 Decomposition of Einstein Equation

We are now prepared to decompose the Einstein equations into their projections
perpendicular to the hypersurface, ¥;, onto >, as well as a mixed projection. To aid
in this, we first form an alternative version of the Einstein equations by first taking

the trace of equation (2.1),

1
87rgaﬂTa5 = 905(4)]{&5 _ 5(4)Rgab’gaﬁ
_wp_Llewp
2 [0
= —WR, (2.145)

Realizing ¢**T,5 = T, we can put equation (2.145) into equation (2.1) and write

1
@ Raﬁ - 87TT045 + 5(4)Rgaﬁ

= 87TTQ/3 — %(SWT)gaﬁ
1

=87 (Top — §gaﬁT). (2.146)
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2.8.1 Decomposition of the Stress-Energy Tensor, T

We intend to project the Einstein equations onto various surfaces of the 341 geometry
but to properly evaluate these projections, we will first need to decompose the stress-
energy tensor, T', which is present on the left-hand side of equation (2.1).

The Energy Density comes from the projection of T" perpendicular to >,
E = n"n"T,p. (2.147)
The Energy-Momentum tensor is found by projecting T" onto the hypersurface,
Sap =1V 8T, (2.148)
which can be contracted with v*? to form the momentum density scalar,

S =8 =S4 (2.149)

The momentum density is given by the mixed projection of T,

Se 1= = n"T,,. (2.150)

«

One last useful relationship can be derived starting with equation (2.148) and

expanding the projection operators using equation (2.64),

Sap =V 5T 1w
= (6", + n"na) (6% +n'ng) Ty
= (8", +nfng) (6”5 + n*ng) Ty
= (0",6%5 + 206 n"ng + nangnn’) T,

= Top + 20"ngToy + nangE. (2.151)
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If we now contract equation (2.151) along v and 3, we arrive at a relationship between

the scalar quantities S, E, and T"

S = go"BSaB = gO"BTag + anﬁn”ngTaV + gaﬂnanBE
=T+ 2n*n"T,, + nn, E

—T+E. (2.152)

2.8.2 Projection Perpendicular To

Now, we want to project Einstein equations, equation (2.1), perpendicular to ¥; by

contracting it with n. The projected left-hand side of (2.1) becomes,

1 1
nn(VRas — 5O Rgas) = n"n’ Rog — 5O Rn®n g5, (2.153)

Using the scalar Gauss relation, equation (2.108), we can rewrite this as

1 1
nn’ (Ros — 5(4)Rgag) =n"n’ Ruz — 5(4)Rnanﬁga5

1 1
=5(R- WR 4+ K? — KogK%) + §<4>R

1
= 5(?’R + K? — Ko K. (2.154)

From the definition of the energy density, equation (2.147), we can readily see the
projected left-hand side of equation (2.1) is

n“n’8nT,s = 8TE. (2.155)

Using equation (2.154) and (2.155), we can write the perpendicular projection of

equation (2.1) as

SR+ K? — KopK*® = 167E. (2.156)
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This is known as the Hamiltonian Constraint.

2.8.3 Projection onto >

By applying 7% to the Einstein Equations in the form of equation (2.146), we can
project it onto the hypersurface ;. The projected right-hand side of equation (2.146)
is simply equation (2.128),

1 1
RN O PR CO) ) KK, —2K K% — ~D,Dgat — — LK 5. 2.157
Vﬁfya Kp a5+ Ba ox B o al/pte o m-af ( )

When projected, the left-hand side of equation (2.146) becomes

1

1
87 (157" Ty — 5%7”& g T) = 87 (Sap — 5%YBT). (2.158)

Putting equations (2.157) and (2.158) together to form the projected Einstein

equations, we can write

1

. 1 1
O Rs+ KK, —2K,, K — ~DaDpa = —LmKay = 87 (Sap — =YasT), (2.159)

2

which can be solved for £, K3,

1
LonKop =P R 5+ aK Ky, —20K,, K — DoDga — 8ma(Sas — 5WT)

1
=R, + aK Ky, = 20K, K% = DaDsa = 870(Sas = 5%as (S = E)).
(2.160)

This gives us an expression for the time evolution of the extrinsic curvature.

2.8.4 Mixed Projection

Lastly, we wish to project the Einstein equations both onto the hypersurface and

perpendicular to it. This is accomplished by applying ’yaunﬁ to both sides of equation
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(2.1). The first term on the right-hand side once projected becomes the contracted

Codazzi relation of equation (2.115) while the second term goes to zero as nﬁ'yau JaB =

nv,5 = 0, allowing us to write,
7%’ ((“’Rag — §(4>Rgaﬁ) = D,K — D,K",.
The left-hand side simplifies to the momentum density,
8wy n’Tap = —87S,,
by equation (2.150). Putting this all together we arrive at the expression,

D,K°, — D,K = 88,

This is called the momentum constraint.

2.9 Summary

(2.161)

(2.162)

(2.163)

We have now completely described the 341 formalism of General Relativity. We

began by foliating the four-dimensional metric into an infinite set of 3-dimension

spatial hypersurfaces described by the 3-dimensional spatial metric, 7,3, and

connected by a spatial shift vector, [3;, and a scalar lapse function «a, such that the

four-dimensional metric can be written

goo  9oj —a? + 315 B;
g,uu —_= =
gio  Gij Bi Yij
and the inverse
v goo ng (- ﬁ %
giO gij % ,Yz‘j _ 5;/;’3

o1

(2.164)

(2.165)



By this definition of g, the proper distance becomes

ds? = Gudztdz”
= (=a® + B'3;)dt?* + ij(dz’ + Bidt)(dx? + B;dt)
= —(a® = BiB")dt* + 2B;dx’dt + i da'da? . (2.166)

Next, we derived an expression for The Time Evolution of the 3-Dimension Metric,

2
Lavij — Ovij = 205 (2.167)

The next step taken was to decompose the Einstein equations into their projections
onto, perpendicular to, as well as a mixed projection that is both onto and
perpendicular to the hypersurface ¥;. This decomposition lead to the Hamiltonian

constraint,
R+ K? - K;;K" = 167E, (2.168)
the Momentum constraint,
D;K';, — D; K = 8nS;, (2.169)

and the Time Fvolution of the Extrinsic Curvature, K,

['mKij = a(3)Rij + OZKK,L-j - 2aKkz Kkj - DiDjOé - 87T(Sij - %’)/w (S - E))

(2.170)
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Chapter 3

Approximating General
Relativistic Gravity: The
Conformally Flat Condition, CFC

3.1 Introduction

Equations (2.167)-(2.170) constrain and evolve the 3+1 metric. Containing both
hyperbolic and elliptic equations, the system of equations is a significant challenge
to solve. To reduce the complexity different approximations have been devised to
simplify the 341 system while attempting to preserve physical fidelity. One such
approximation is known as the Conformally Flat Condition (CFC).

The CFC formalism reduces the 3+1 system of hyperbolic and elliptic equations
to five elliptic equations, one each for the conformal factor, lapse function, and each
component of the shift vector. This is done by first restricting the spatial 3-metric
to be conformally flat, i.e. 7,; = ¥*%;;, where 7;; is a flat metric. Hence the name
conformally flat condition. The second restriction is to adopt the maximal slicing

gauge choice which restricts the trace of the extrinsic curvature tensor to zero for all
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time,
K=0,K =0. (3.1)

This chapter will show the effects of the CFC conditions on the 3+1 system.

3.2 Defining the Conformal Metric

The CFC formalism begins with a conformal transformation of the 3-metric.

Conformal transformation takes the form of
¥ =9y (3.2)

where v and 4 are the 3-metric and the conformal 3-metric on the hypersurface >;
respectively, v is a strictly positive scalar field called the conformal factor, and « is
a real number. The set of all 4 that satisfies equation (3.2) is called a conformal
equivalence class. One such class is the unit-determinant class that can be expressed

as

- _1

Yij =Y 3V (3-3)
such that

v = dety,; (3.4)

is the determinant of 4. For Cartesian coordinates, det~;; = 1 but this does not
hold for spherical coordinates. To accommodate for this, we introduce a background
metric on the ¥; hypersurfaces. This background metric, f shall possess the following

qualities:

o4



1. f is a flat metric and therefore has a vanishing Riemann tensor associated with

it.

2. f is constant in time, i.e.

L£=0 (3.5)

where L£; is the Lie Derviative along the time axis t. This requirement can also

be written as

9fij
ot

=0 (3.6)

3. fij = 7i; at spatial infinity.

4. The inverse background metric f* is defined
F¥ fry =6 (3.7)
If we now employ this background metric as a normalization factor in equation (3.3)
Y\ 5
J f J ( )
where f := detf;;, then
dety = f. (3.9)

This relation describes an equivalence class that relates all metrics that have
the same determinant as the flat background metric f, which allows us to include
spherical coordinates without losing the ability to handle cartesian coordinates. If f

is Cartesian then det f;; = 1 which reduces equation (3.8) to equation (3.3). If we
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now put equation (3.8) in the form of equation (3.2), we find

Yij = (%) %’%j = V. (3.10)

Picking o« = 4, we have a definition of the conformally flat equivalence relation

Vi = V% (3.11)
where
_ (=
Wb = (?> . (3.12)

If we require the inverse conformal metric, 4%, is related to the conformal metric in

the usual way, i.e.
Yy = 6 (3.13)
then it follows

v =iy (3.14)

3.3 Conformal Transformations

3.3.1 Christoffel Symbol Transformation

With the relation between «;; and 7;; established, we can now begin to define relations
between the standard covariant derivative D; and the conformal covariant derivative
D;. (From here forward, we will denote anything that is defined using the conformal
metric with a bar.) As the covariant derivative is defined in terms of the Christoffel

symbol through equation (2.77), we will first examine how it transforms.
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The Christoffel symbol on the hypersurface is defined in the 3+1 Formalism by
equation (2.78),

1
= 5721(51&” + 05 — Orvjn)- (3.15)

Using equations (3.11) and (3.14) in equation (3.15), we find

Iy = %¢_4’Yil(ak¢4%j + 059" e — o )
B %¢_4W” [ Oy + 05 — O7e) + (ROt + 0" — Fjr0")]
= Pt = (6,000 + 8,050 = 735:000)
T (3.16)

where we have made the definitions

_ 1
I = 5721(@:%‘ + 0% — OVj) (3.17)
and
N 9 A A
Dy = 0000 + 3050 = '500) (3.18)

Equation (3.17) is the conformal Christoffel symbol associated with the conformal
metric 7;;. A brief inspection of these results reveals that both T " and f‘ijk, are

symmetric with respect to j and k or in other words I, =T, and I, =TV, .
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3.3.2 Covariant Derivative Transformation

Now that it is known how the Christoffel symbols transform, it is straightforward to

transform the covariant derivative. The standard covariant derivative is defined

. jl:"'7jm — . j17""jm
DT by = O -

m
§ : Jh Il dh—15bJh4 15 0m
+ I ilT k

17~"vkn
h=1
n
_ l jl:“wjm
z : r ikhT k1yeskn—1,0kp 4150 5kn (319)
h=1

We define the conformal covariant derivative in the same fashion but associated with

conformal metric, 7,

_' J15-sJm _ i J15ee5dm
D'LT kiyoiskn alT k1,....kn

m
7jh jl7"'7jh71>l’.jh+17"'7jm
+ZF ZlT k1,...kn
h=1
n
_ 'l jlr"'7jm
> T, T Kookt B 1 (3.20)
h=1

The relationship between the covariant derivative and conformal covariant derivative

is therefore given by

1sdm ). TI1sedm
DzT kiyeoiskn D'LT k1,....kn

m
Jh I Jh—10Jh415eJm
+ E :F al K1, kn
h=1

n
Al jl?"'7jm
- z :F ’Lk‘hT k‘1,...,k‘h,hl,kh+1,...,kn ? (32]‘)
h=1

where fijk is defined by equation (3.18).
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3.3.3 Ricci Conformal Transformations
Ricci Tensor Transformation

The Ricci tensor is defined as
(3.22)

where Rkikj is the Riemann tensor on the spatial hypersurface, ¥; given by equation
(2.85),

R, v" = DyDjv' — D; D', (3.23)

We now use Roman rather than Latin indices, as the Oth components are zero due
to the fact that all quantities live on the spatial hypersurface. Thus the Ricci tensor,

obtained by contracting [ and k, is given by
R;jv" = D;Djv' — D; D’ (3.24)

We wish to express a relationship between this and the conformal Ricci Tensor R, so

we use equation (3.21) to transform the derivatives in equation (3.23)

Rl-jvi DiDj’Ui - DjDi’Ui

Dy(Djv') + 17, (Djv*) — Dj(Dp') — T, (D)

DDy + Dl ot + 1 Dk + D, Dok 4 17, T !

o]
o]

J

R YR ol m_ ™ p,m__ 1 .k 1 Tk Ll
vl — DI, v I, Djv Iy Div™ — I 0
+

29



Relabeling dummy indices and defining the conformal Ricci tensor as
Rijvi = DZ-Djvi — DjDivi, (3.26)
we can rewrite equation (3.24) as
Rjjv' = Rijv' + Dkf‘kﬁvi — D;T* 0t + fllkfkﬁvi — fljkfk“vi. (3.27)
Using the symmetry of I and dropping the general vector, v*, we arrive at
Rij = Ry + Dkfkij — DIy, + fllkfkij - fljkfklz" (3.28)

Ricci Scalar Transformation

The transformation of the Ricci scalar can now be shown using equation (3.28),

R = RZ = ’}/i‘jRij

(2

The second term in parenthesis in equation (3.29) can be expanded as,

2
(G
Dy (2(6%,0;In¢) + 6%, 0:Inep — 55,0 In1)))

2(D18jln¢ + Dj@lmp — "yile(?llmb)

N Tk

Dk( (5kz‘8j¢ + 5kj8i¢ - Wkl'yijalw))

4D;D;Inyp — 27;; D' DyInyp (3.30)
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and the third term can be rewritten as

=6 D;D;lny (3.31)

where we have used the relation T'*,, = %&-w established in equation (3.50). The

fourth term becomes

2
(G

12 ~ ql
= 3 (0050 + 05001 = 5,00y

PN 6
Fllkrkij = Eakiﬁ( (6",050 + 5kj3ﬂ/1 - Vkl%jﬁll/f))

= 24 DiInyyD;Inep — 12 7;;D'nep Dylnap. (3.32)

Lastly, the fifth term becomes

[y = (%(%M + 8,05 — v’m%zﬁmw)> (%(6’26@-1& + 0800 — ﬁ’“’”wmw)>
4
T2
+ 0,08, 0600 + 81, 0%, 0600 — 84 A0 Ot
— O Dhth Ot — 0T Gp O + 35k OOt
= % (Diijw + Db Djtp — i3 D™ p Doyt
+3 DpapDjp + DpapDjip — Dap Dy
— DpDjth — 5 DY Dyt + Do Dy )
— 25 (5 DDy =2 350" D)
- (20 DilneDjIngy — 8 ’_yiijlmemlmp) (3.33)

(6,000 + 8,6 D0 — 8 7 DOy
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If we now use equations (3.30)-(3.33) in equation (3.29), we can write
R=9y""57 Ry + 49 [<4DiDj1n¢ — 2%[91Dlm¢) — 6D;D;lny
+ ( 12D;Inyy D;Ingp — 87ileln¢Dlln¢)
. (zoDilmijlw . Sfyilele,lnw)}
=y *R+y? [(4Diz‘)i1nw — 6D1-Di1nw) — 6D;D'Iny)
+ (12Dilm/1Dilnw — 24DilnwDilmp)
. (QODilm/;Dilnw . 24Di1n¢Dilmb>}
=R — 8 ~*D; D'Inyp — 8D;Intp D'Ins)

=4 'R —8y"°D; D", (3.34)

Solving for R, the relationship between the Ricci scalar and the conformal Ricci scalar

can be compactly written as

R=9*R+ &) D;D". (3.35)

3.4 The Conformal Factor Equation

Next, we examine the Hamiltonian Constraint, equation (2.156),

R+ K? - K;; K" = 167E. (3.36)

The maximal slicing gauge choice, K = 0,K = 0, simplifies the Hamiltonian
constraint to

R— K ;K" =167E. (3.37)
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Using the relation between the Ricci Scalar and the Conformal Ricci Scalar established

in equation (3.35), we can rewrite equation (3.37) as

=y 'R —8)°D;D"p — K K. (3.38)

As 7;; is a flat metric, R = 0. Therefore
167E = -8 °D; D" — Ki; K. (3.39)

Rearranging equation (3.39), the Hamiltonian constraint is recast as an expression

for the conformal factor,

P = DDy = —27PE — R LSl (3.40)

3.5 The Lapse Function Equation

To derive an expression for the lapse function, we begin with the expression for the
Lie derivative of the extrinsic curvature tensor along the time evolution vector given

by equation (2.160),

1

where we have adopted the 3-dimensional notation, dropping the references to the
trivial terms related to time as all terms live on the hypersurface. The first action is

to multiply both sides of this equation by 7%. The left-hand side becomes

VI LK = LK — 2aK;; K7 = —2aK; K" (3.42)
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by use of the chain rule, equation (2.144), and application of the maximal slicing
condition. The transformation of the right-hand side of equation (3.41) begins by

distributing 4% and applying the maximal slicing condition to remove terms,

7Y (aRl-j +aKK;; — 2aKikKkj — D;Djo — 87ra(5’ij — %%j (S — E)))
= aR+ aK® — 20K, K" — D;D'a — 8ra (S — ;(S - E))

=aR - 22K, K" — D;D'a — 47 (3E — 9). (3.43)

Next, equation (3.35) is used to rewrite the Ricci scalar in terms of the conformal
Ricci scalar, and equation (3.21) to express the covariant derivatives in terms of their

conformal counterparts,

aR — 20K, K* — D;D'a — 4na(3E — 9)
= a 'R = 8atp°D;D"p — DD’ — 20° Dytp D' v — 20K, K¥ — dwa(3E — )
= —8a) " D;D'p — ' DD’ — 20 Dp D'cx — 20K, KV — dma(3E — 5),
(3.44)

where we eliminated the conformal Ricci scalar as it is zero for a flat spatial metric.
Using equations (3.42) and (3.44) in equation (3.41) and solving for D; D', we can

write
D;D'a = —8ayy~'D;D"p — 29" Dyp D' — W*ma(3E — ). (3.45)

While equation (3.45) constitutes a complete constraint equation for the lapse
function, we wish to rewrite it in a different form. Consider the Laplace operator

acting on the product of the conformal factor and the lapse function,

D;D'(av)) = Di(aD'y + ¢ D'ax)
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Using this, equation (3.45) can be written as

D;D'arp = —TaD; Dy — 4dmon)® (SE — S)
5
= —Ta (—2w5E - gKinij> — 4may)®(3E — 9)
= l4ra)®E + gawé”[(ij[("j — drop® (SE — S)

7 iy
= 2ray’ (E +2S) + §a¢5Ki]~K”. (3.47)

Equation (3.47) is used as the governing equation for the lapse function. This form is
preferable as there is only one differential operator. Treating a1 as a single variable,
equation (3.47) has a similar form to the equation that governs the conformal factor,
equation (3.40) and therefore can be solved similarly. Once the entire CFC system of

equations has been solved, the lapse function is easily recovered by division.

3.5.1 Extrinsic Curvature Transformation

Our next goal is to derive an equation for the shift vector using the momentum
constraint, equation (2.163). We, therefore, need to know how the covariant derivative
of the extrinsic curvature tensor will transform under the CFC conditions. To begin,
equation (3.21) is used to write the covariant derivative, D;, in terms of the conformal

covariant derivative Dj,

D;K" = D;K" + T, K7 + T' . K". (3.48)
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Equation (3.18) is used to expand the second to last term in equation (3.48). It can

written as
K = 28,00+ 8,050 = 377,00 K

_ %(@-Mﬂ + OKY — K7™ 0,1))

- %(2@@}(“ — K5"™0,,0) (3.49)
where in the last step we have used the symmetry on K% to combine the positive
terms. As

P, = %(528]@0 + 800 — 75, 00)
= %(3@@& + 0;0 — 0;9)
_ gaﬂp’ (3.50)

the last term in equation (3.48) becomes
P i = O gy 1
i =1 iKY (3.51)

Using equations (3.49) and (3.51) in equation (3.48) and relabeling indices, we can

conclude

2 I 6 .
D;K% = D;K" + @(Qajww — TV, K) + Eaﬂpw

_ . 10 - 2 .
= DiKY + JOKY = SR 00 (3.52)
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Under the maximal slicing conditions, equation (3.52) becomes
i _ 7 geid o 20 i i
D;K" = D;K" + EK Dy
= 1D, ('O K"). (3.53)

As the maximal slicing condition, restricts the trace of the extrinsic curvature to

zero, it is convenient to define the traceless portion as

1

Given this decomposition, we next consider the time evolution of the spatial metric,

equation (2.141),

Expanding the metric in its conformal form, equation (3.11), and using the traceless

decomposition of the extrinsic curvature, equation (3.54) becomes
4 A 1 4
Isolating the Lie derivative of the conformal metric, we arrive at

_ _ 2 4
LAy = =200 4Aij - gOéK%'j - 4’Yz'j£m"¢4

= 20 Ay — % (20K + 3¢~ Lot . (3.57)
Taking the trace of equation (3.57), we find

VI Ly = =200~ A} = (20K + 397 L))
= —2aK — 3 ALt (3.58)
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The term on the left-hand side of equation (3.58), can be simplified,
VI Lmig = 77 (LY — LoTig) = =77 Loy (3.59)

as the conformal metric has been chosen to be the time-independent flat metric f.

Using the definition of the Lie derivative in equation (2.37), this becomes

VI Lis = =77 (8 Dais + i D B* + 71 Dif3*)
= —795uD; " — 33k Di3*

— 2D, (3.60)
Equation (3.58) can be rewritten using equation (3.60) as
20K + 3¢ Loph* = 2D; 87, (3.61)

which allows us to write equation (3.57) as

2 _
Emi/ij = —20z1/1_4Aij - gﬁszkBk (362)

Based on equation (3.62), we define the conformal traceless extrinsic curvature

tensor as
/L‘j = ¢_4Aij- (363)

Notice that flij retains the traceless property, % /Nlij = (0. Further, raising the indices

using the conformal metric, A¥ = 5™M~5i" A, reveals

A = ot AT (3.64)
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Using the conformal traceless extrinsic curvature tensor, equation (3.62) becomes
_ 5 2 -

Lastly, we expand the Lie derivative on the left-hand side like equation (2.139) and

then solve the equation for /L-j to arrive at

1 R
Ay = B (%kD]ﬂk + i Dif3* — §%'jDkﬁk) : (3.66)

Using equations (3.54), (3.63), and (3.66), we can write an expression relating the
extrinsic curvature tensor to the shift vector,

4

_ _ 2  _
Kij = ;% (%’ijﬁk + i Dip* — g’_YijDkﬂk> (3.67)

3.6 The Shift Vector Equation

We now have enough information to derive an expression for the shift vector, 3.
We begin by applying the maximal slicing condition to the momentum constraint,

equation (2.163) to write D; K% = 8757, Using equations (3.53), we see

875 = D;K"
= 1D; (VOKY). (3.68)

We prefer to express this using the double covariant extrinsic curvature tensor which

is related to the double contravariant form by

= YK . (3.69)
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Using this transformation in equation (3.70), the expression becomes

87'('8] _ ¢_10Di (@ZJIOKZ])

=0T K Di (47) + 07°5"5" Dy (Konn) (3.70)

Applying maximal slicing to the conformal traceless decomposition of the extrinsic

curvature tensor, we can write the relation
43 1 43
Ky, = ¢ Amn + E/YmnK = 'QD Amn (371)
Equation (3.70) can therefore be written as

8757 = 47059 Ay Dy () + 4555 Dy (4 Ay )
_ w—ﬁﬁ/im,?njjlmn[)i <¢2) + @D—Si/im;ynj;lmn[)i (¢4) 4 ¢—4,7im;ynjDi <Amn>

= 6y Ay D; () + 45" D; (Amn) . (3.72)
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The second term in equation (3.72) is expanded using equation (3.66),

—4—im=nj N A —4—im=nj N 1 B M 2_ B

= y'D, (i (Dﬂﬂi L Digi - gyijf)kﬁ’f))
2x 3
4 (Dhﬁi_i_Diﬁj B ;’Yijbkﬁk) D, ( 1 )

2a
+ 0D (04 Do - St
_ v Djﬁi—FDjﬁi—g_ijD 84 D, (a)
- 2@2 37 k (3 o

e A N
+ o= (DiDjﬁl + D D' — —’_Y”Dz'Dkﬁk)

2x 3

- D. s _ _ 9 . _
= —¢‘4A”—Za + ¢— <D,»D]Bz + D; D'’ — —_”Dkaﬁk)
«Q 2a 3

¢_4Aij% 4 ¢74

a 2

1
<DZ»D%J + gDJDkB’“) : (3.73)
This allows equation (3.72) to be written as

. - - D, A R
8157 =60 AV D; () — ¢—4AUTZO‘ - % (DZDZﬁJ + gDJDkB’“>

_ (6D$ZJ - D;a) + v (DiDzﬂj + %DjDkBk)

2a

. —6 —4
ey (Dloffﬁ )> v (D@i@j + %DjDkﬁ’“) | (3.74)

Equation (3.74) is rearranged to isolate the terms involving the shift vector,

o 1-.- . .
D' + D7Dyt = 16marp™*S" — 2¢° A D; (ayp™0)

= 16may ™S — 20K D; (ay ™). (3.75)
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3.7 Summary

The conformally flat condition places two restrictions on the 3+1 formalism of General
Relativity. First, it requires the spatial metric to be conformally flat, i.e. v = ¥*7.
Secondly, it imposes the maximal slicing condition, K = 0,K = 0. After applying
those conditions to the 341 system, we can now write the CFC metric,

—a?+ B8 B

G = (3.76)
Bi ey

where the metric terms are now governed by a set of five coupled elliptic equations,

5

) = —2m°F — gKinij (3.77a)
v () = 2ra)” (E + 25) + gawmj}(” (3.77b)

_ . 1-._ . . L
v+ ;D' Dif = 16map 8" — 20" K D; (aip %) (3.77¢)

where K;; is the extrinsic curvature tensor and is related to the shift vector by

Y° 2
Ki; = %(Diﬁj + D;B3; — g%jDkﬁk)- (3.78)

The source variables are defined as

E :=n,n,T", (3.79a)
St = —4"n"T,,, (3.79b)
Sij =" T (3.79¢)

S =~"8,;. (3.79d)

Equations (3.77) constitute a fully constrained formulation of the Einstein
equations and are an exact representation of general relativity in spherical symmetry.

In multiple dimensions, CFC has been shown to be accurate for many astrophysical
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applications (Cook et al., 1996; Ott et al., 2007a,b; Sekiguchi and Shibata, 2005;
Dimmelmeier et al., 2007), but is not a good choice for a rapidly rotating deformed
object such as black hole or neutron star mergers. In these instances, gravitational
wave radiation can play an important part but CFC disallows for gravitational waves
by requiring a conformally flat spatial metric. The CFC system of equations suffers
from a further drawback of nonuniqueness, which will be discussed further in the next

chapter.
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Chapter 4

The eXtended Conformally Flat
Condition, xCFC

4.1 Non-Uniqueness in the CFC Equations

A property of scalar elliptic equations is that they may admit nonunique solutions.
This occurs when the differential operator has a nontrivial kernel, such as when the

equation takes the form
Vo= ht + g, (4.1)

where u and p are scalars and h and g are functions independent of u. If the signs of
h and p are the same, then equation (4.1) can be shown to possess a locally unique
solution by the maximum principle (Protter and Weinberger, 1984).

The conformal factor and lapse function are governed by equations (3.77a) and
(3.77b) respectively which take the form of equation (4.1). Both terms on the right-
hand side of equation (3.77a) have incompatible signs. At first glance, equation
(3.77b) appears to have no sign issues. But once one expands the extrinsic curvature
tensors using equation (3.78), the division by a? creates a sign conflict in the second

term. Therefore both equations present a source of nonuniquenes.
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4.2 Source Variable Scaling

To eliminate the sign conflict in the first term of equation (3.77a), a conformal scaling

of the source variables is performed,

E* =y E (4.2)
S* =S (4.3)
(8*)' =58, (4.4)

Using these new variables, the CFC system becomes

5
V= —2ny T BT — gKinij (4.5a)
@2(%&) =2may " (E* +25%) + ga¢5Kinij (4.5b)
v+ %Dj DB = 16may(S*)" — 20" K" D; (anp™5) (4.5¢)

The first term in equation (4.5a) now posses matching signs between the function

—27E* and the exponent of ¢!,

4.3 Approximation of K

To remove the remaining source of nonuniqueness from the CFC system, an
approximate form for the extrinsic curvature tensor is used. In Section 3.5.1, we

defined the conformal traceless form of the extrinsic curvature tensor

~ 1
Aij = ¢4 (KZ] — g’}/UK> s (46)

where the scaling 1/* was chosen based on the equation governing the evolution of the
conformal metric, equation (3.62). We now wish to consider a different decomposition

of the extrinsic curvature tensor that is suggested by the transformation of D; K%
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given in equation (3.53),
DK = D (1OKY). (4.7)
Based on this relation, we make a new definition,
AT = O (4.8)

and consequently,

~

Ajj = %m%jfimn = K. (4.9)

A symmetric, traceless tensor, A”, can be decomposed into a transverse-traceless

component, AijTT, and a longitudinal component, A” L as
AT = A9 4 AV (4.10)

The transverse-traceless component is divegerenceless, i.e. D;A”... = 0, while the

longitudinal component satisfies
. . o o 2 .-
A = (LW)9 = D'W? + D'W'* — gkaW’f (4.11)

where W is a vector potential, and L is called the conformal killing operator.
In Section 3.5.1, an expression for the Lie derivative of 7;; along m was derived.

This expression, equation (3.65), can be rearranged and expressed as a decomposition

of the conformal extrinsic curvature tensor, A;;,

~ 1 B 2 -
Aij = B (‘Cm%'j - g%g‘Dkﬁk) - (4.12)
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Splitting L£,7;; into its temporal and spatial components, the above relationship

becomes
- 1 2
Aij = %0 (ﬁt%g La%ij — g%’jDkﬁk)
i L¥i; — YD B* — A DiB* — g%Dkﬁk
20[ J J J 3 J
1 y
~ 2% (ﬁt%J (Lﬁ)”) . (4.13)

Therefore the longitudinal part of the conformal extrinsic curvature tensor, A;;, is

,y 1 . 1/ - o 2 _
A7, = —%(Lﬁ) 7= o (%‘ijﬁk + Ye; Di 8 + g%jDk/Bk) g (4.14)

while the transverse-traceless component is proportional to the Lie derivative of the
conformal metric along t, which is zero by choice of the metric.
We now perform a similar decomposition of the new conformal extrinsic curvature

tensor, Aij,
A = AY 4 (LX)Y, (4.15)

where X’ is an auxiliary vector field. The xCFC formalism chooses to ignore the

transverse-traceless portion of this decomposition and therefore A g given by
" . o S 2 .. _
A = (LX) = D'X7 + D' X" — g”’y”Dka. (4.16)

Using equations (4.8) and (4.16), the relationship between the extrinsic curvature

tensor and this conformal extrinsic curvature tensor can be written as

K9 = ¢ 0AY ~ 7 1O(LX)", (4.17)
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This approximation has been shown to be consistent at the accuracy level of the CFC
approximation for slowly rotating neutron stars (Cordero-Carrion et al., 2009).

The auxiliary vector potential X is related to the momentum density through the
momentum constraint, equation (2.163). By choice of maximal slicing, the D; K term
disappears while the other differential term is transformed using equations (4.7) and

(4.17),

D;K'; = v DK™
= U7 e Diu K
= 795, D;(A%). (4.18)

The right-hand side of equation (2.163) contains the momentum density which is

scaled using equation (4.4),

81S; = 8wy Sk
= 8myp'7;, S

= 8w 7(S™)F. (4.19)
Equations (4.18) and (4.19) are now used to rewrite the momentum constraint as
8mp*(S*)! = D;(A™) = Dy(LX)V. (4.20)

Using the definition of the Killing operator, equation (4.11), and distributing the

conformal covariant derivative, D;, the governing equation for X* becomes
_ . o 1-. - ) .
ALX'=D;D'X" + gD’DjX] = 8wt (S*), (4.21)

where the differential operator, A, is known as the conformal vector Laplacian.
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To create an expression for the shift vector, an expression relating the two different

conformal extrinsic curvature tensors is established using equations (3.63) and (4.8),
AV = O = S A4 (4.22)

Expanding A% in terms of the shift vector and taking the divergence, an elliptic
expression relating the shift vector and the new conformal extrinsic curvature tensor

is formed,

ALf = DD + DD, = D, (20049 (4.23)

w

Returning to the conformal factor and lapse function equations, the extrinsic

curvature tensor terms in equations (4.5a) and (4.5b) are rewritten in terms of Al
K K9 =4 12A,;AY. (4.24)
The second term in equation (4.5a) becomes
5 -7

which allows the equation governing the xCFC conformal factor to be written as

— — . _7 ~ A ..

DjD]’gD = —27T77ZJ_1E* - ?AijA”. (426)
Likewise, the second term in equation (4.5b) becomes

7 T I
éawmjm = gaw_7AijA”, (4.27)
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and the equation for the xCFC lapse function is given by
L 7 o
D;D (anp) = 2manp™" (E* + 25%) + §a¢_7AijA”. (4.28)

Now both terms on the right-hand side of equations (4.26) and (4.26) have signs that

agree, thus removing the last potential for nonunique solutions.

4.4 Summary

Collecting equations, the xCFC system can now be expressed as

_ 1-._ ) .
D;DX'+ 2 D'D; X7 = 8m(S")’ (4.29a)
77 A AL
Dij@b = —27T¢_1E* - ?AijAZ] (42913)
D;D¥(ap) = 2masp™" (B* +25*) + gaw%inj (4.29¢)
. 1-.- _ o
D;D'§' + =D'D;# = D, <2aw_6A”> (4.29d)

where the scaled sources are given by

E* = y°E (4.30a)
S* = 5S (4.30b)
(5*)" := 485", (4.30c)

In addition to removing the potential for nonunique solution in the conformal
factor and lapse function, the xCFC system has another benefit over the CFC system.
While the xCFC equations are still coupled, they can be solved sequentially rather
than needing to be solved simultanecously. The X° equation is independent of the
other variables and can be solved first. Once X' is known, A% can be calculated
and equation (4.29b) can then be solved for the conformal factor. With ¢ and Al

in hand, equation (4.29¢) is solvable for the lapse function. With all other variables
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calculated, the shift equation is solved last. This is a useful property that will be
taken advantage of in the following chapter when the discretization of the system is

discussed.
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Chapter 5

Numerical Methods

To discretize the xCFC metric equations, (4.29), Poseidon uses a mixed Galerkin
projection method with an approximation space spanned by real spherical harmonics
and finite element basis functions. Galerkin methods approximate solutions using a
finite number of basis functions and then demand the residual to vanish in the weak
sense. This differs from the finite difference which solves for the solution directly
by approximating differential operators, and the finite volume method calculates the
solution’s volume average. Appropriate choice of basis functions allows Galerkin
methods to achieve accurate solutions with relatively few degrees of freedom.

As shown in Chapter 4, the xCFC metric variables are governed by a set of
eight non-linear, coupled partial differential equations. Further, it was shown that
these equations can be solved sequentially. Examination of equations (4.29a)-(4.29d)
reveals the system consists of two types of equations: Equations (4.29b) and (4.29¢)
are scalar and non-linear while equations (4.29a) and (4.29d) are linear and involve
the conformal vector Laplacian operator.

In this chapter, the method for the discretization of the xCFC equations will be
given. The domain decomposition and basis functions will be presented first. Then
the non-linear conformal factor and lapse function equations will be linearized and

discretized. Finally, the auxiliary X and shift vector equations will be discretized.
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5.1 Domain Decomposition

The mixed Galerkin projection can be viewed as a two-step operation. The first step
uses the spherical harmonics to project the xCFC equations onto a radial domain
while the second is the finite element method in that one dimension. Therefore
the domain is discretized in a spherically symmetric fashion on a spherical polar
domain, Q = S* x D, where §* := {Q=(0,¢) e R? | § € [0,7],¢ € [0,27)}, and
={r eR | r € [a,b]}, with a,b € R{ being the radial domain boundaries.
The radial domain is divided into N, nonoverlapping elements K such that 7 =

UfiRl K covers the entire domain. Each element is defined by
K'={a" € (z},7})}, (5.1)

where 2% and x%; are the lower and higher boundaries of the element. The element

widths are defined as
Ax' = (2 — 2t), (5.2)
while the element centers are given by
i L i
Associated with each element K° is a one-dimensional reference element,
I'={¢ € (-1, +1)}, (5.4)

for performing mathematical operations. The reference element coordinate & maps

to the radial domain by

Ax?

5

() =ap+¢ (5.5)
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On the reference element, a set of interpolation points, S* = {&,...,& ..., f,iﬂ} €
7', is chosen where k is the degree of the radial polynomial approximation. The set
of points includes the reference element boundaries, {; = —1 and &} ,; = +1, and for
k > 1, the interpolation points are chosen as the Lobatto (LGL) quadrature locations,
S* = Srgr(k). This choice of interpolation points combined with an appropriate

choice of interpolating polynomials will ensure the C° continuity of the radial solution.

5.2 Quadrature

Poseidon uses two quadrature rules to integrate functions numerically. The majority
of the integrals are evaluated using the Legengre-Gauss (LG) quadrature rule with
Nyuaa points on the reference element I*. This rule integrates polynomials up to degree
2Nguaa — 1 exactly using a set of quadrature points Syuaa == {m : 7 € Sra(Nyuad) }
and weights w; € Wia(Nyuad)-

As we will show, there are angular integrals in the stiffness matrices composed
of products of the real spherical harmonics and their derivatives. For integrals
of products of real spherical harmonics, the Kronecker delta property is applied.
Integrals that do not obey a simple analytic expression, such as when one or more
of the harmonic functions has been differentiated or multiplied by a physical source
term, are mapped to a 2-dimensional reference element, I := {0,¢ : 0 € {0,7},¢ €
{0,27}}. In each dimension of this space, the Npyq,-point trapezoid rule is applied,
which evaluates trigonometric polynomials of degree n on a periodic domain exactly
when n < Nrpyqp (Trefethen and Weideman, 2014). This allows the angular integrals
of the stiffness matrices to be calculated accurately using a few points regardless of

the angular decomposition of the system.
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5.3 Conformal Factor and Lapse Function Method

We are now ready to proceed with the discretization of the xCFC metric equations.
The xCFC metric equations take two distinct forms, therefore we will present the
method for each form seperately. Equations (4.29b) and (4.29¢) govern the conformal
factor and lapse function, respectively. Both are non-linear and governed by the scalar

Laplacian operator,

_ _ 1 9 1 . 1
Ay = DlD u = T—Q&« (T’ &u) + m@@(Sln Gagu) + m&mgﬂ. (56)
Therefore, we seek solutions to problems of the form,
Au = g(u,U,T) (5.7a)
u=r-yp at r =b. (5.7b)

where g(u,U,T) is a source function that is dependent on the unknown metric
quantity, u; any known metric values, U, such as X* or v in the case of the lapse
function equation; and the physical sources contained in the stress-energy tensor,
T. On the outer edge of the domain, a Dirichlet boundary value, vp is imposed.
Currently, vp is restricted to a scalar quantity representing a spherically symmetric

value at the outer boundary.

5.3.1 Galerkin Projection

We begin by defining approximation spaces. In the radial dimension, we define Q*(K*)
as the set of 1D polynomials of maximum degree k with compact support on the

element K°. Poseidon uses Lagrange polynomials defined on the reference element
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Ii,
k1
e

6 =11 e (5.8)

i

where & € S; are the interpolation points on I°. The Lagrange polynomials and
their defining interpolation points obey the relationship, ¢;(¢;) = d;;, and for £ € 77 :
Zi fl(g) =1

By including the element boundaries in the set of interpolation points, adjacent
elements will share interpolation points on their boundaries. We therefore chose to

define P* as the set of piecewise polynomials of maximum degree k as
P* = {\,:n €N :={1,..., Nnodes } } (5.9)

where N,,oqes = kN, +1 is the number of unique interpolating nodes on a domain with
N, radial elements. Using the mapping from the jth interpolating point of element

K to its associated global node,
Nnode = (1 — 1)k + 7, (5.10)

we can define the functions A, as the product of all interpolating polynomials

associated with a node,

k+1

M) =D ()b im1yets- (5.11)

This way of combining the EJK " means that the ), have support on the elements which
contain the associated node. In the case of a shared boundary node, the support of
the function is over two elements, while A, associated nodes located in the interior

of an element will on have support on that element. For k = 1, the A, functions

are known as hat functions, see Fiqure 5.1. The Kronecker delta property of the
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Lagrange polynomials ensures that the A, functions are continuous across element
boundaries. This ensures that the approximate solution is also continuous across the
element boundaries.

The function space E* is defined as
Ef ={S/(Q):0e L={0,...,L},m € My:={—(, ..., +(}}, (5.12)

where Sj"are the real spherical harmonic functions of degree ¢ and order m up to
maximal degree L. The real spherical harmonic functions S;" are combinations of the

complex spherical harmonic functions Y;” (Blanco et al., 1997),

(_\}%m (Y™ + Y™) = Npp P (cos 0)+/2 cos(me), m >0
St (0, 0) = Y, = NyP)(cosb), m=0 (5.13)

\% (Yélml — Y£|m|*> = Ng‘m‘Pg‘m‘(COS 0)v/2sin(|m|¢), m < 0.

where the P;" are the associated Legendre polynomials and N, is a normalization

factor,

Nim = \/Mglglgi. (5.14)

This combination of complex conjugates negates the complex portion of the harmonic
functions while preserving all the qualities of the Y,;” functions that make them ideal
for projections on a spherical polar domain. As the complex spherical harmonics are

eigenfunctions of the flat-space Laplace operator, so are their real counterparts; i.e.,
Y(l,m) € Lx My: 1*AS] = —L(0+1)S)". (5.15)

Likewise, the real spherical harmonic functions are regular on the sphere, which

prevents any issue with the coordinate singularity along the polar axis. The S}"
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Figure 5.1: The hat function )\, is the sum of the two linear Lagrange polynomials,
fi,z and €i+1,1-
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also inherit the orthonormality of the Y,”,

(ST, SV = / SIH(Q) S (Q)d (5.16)
SZ

= / STH(Q)SH (Q)dQ (5.17)
S2

= 5ggl(smm/, (518)

where ¢;; is the Kronecker delta symbol, and df) = sinfdfd¢ is the solid angle
element. The regularity and orthonormality of the S;* allow any regular function

f € S? to be approximated as

FO) = fmSi(9), (5.19)
ek,
with
fim = | J(@SF (@) (5.20)

We now define the global approximation space VZ’Z: as
Vit =P Q) E-. (5.21)

: : . . : kL
The solution u is approximated using functions ¢,,,, € V;,~,

U U = Z Z Uornn Pomm = Z Z U An Sy - (5.22)

LEL neEN LEL neEN
meM, meM,

The index ¢ referring to the non-linear solve iteration is suppressed on the coefficients

Ugmn tO simplify notation.

89



The Dirichlet boundary condition, Eq. (5.7b), is applied to Eq. (5.22),

The outer boundary of the domain is the outer element boundary of the outer-
most radial elements and is therefore an interpolation point allowing us to apply
the Kronecker delta property of the Lagrange polynomials to eliminate the sum over
n leaving only the terms associated with the last radial interpolation node. The
spherical symmetry of vp is imposed by setting any coefficient of spherical harmonic
order ¢ > 0 to zero preserving only the monopole coefficients. Thus the Dirichlet

boundary condition becomes

2 g? m = Oa 0
Utmnpoges — . (524)
0 else

The Galerkin method determines the remaining unknown coefficients by requiring

the residual,
R = Auy, — g(up, U, T) (5.25)

be orthogonal to a set of test functions, ¢y, , , € Vi’ﬁ. As the coefficients associated
with the outer Dirichlet boundary have been fixed, the test functions associated with
the outer boundary node can be omitted. Therefore, we define a new test function

k,LC
space, W, as

Whe = Vi \ {0, < EX) (5.26)
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and
Nl = N\Nnodes = {17 "'7N"0d€5 - 1} (527)

is the set of indices for the radial functions in WIZ’E.

Using the definition of the weighted £2 inner product,

(f,9) = /Qfng = fgr? sin Odrdfde, (5.28)

S2xD

the Galerkin requirement is written as

(Qslglm/n/, R) = / QS,(/m/n/ (AU/}Z — g('LLh, U, T)) dV = 0. (529)
Q

for all ¢, , , € Wi*. Equation (5.29) is known as the weak form of Eq. (5.25).
It is convenient to decompose the Laplace operator into its radial and angular
components, A, and Aq respectively (i.e., A = A, + Ag), allowing Eq. (5.29) to be

written as

/Qﬁ;/m/n/ATUth—‘—/QS;/m/n/AQUth:/QS;/m/n/g(Uh,U,T)dV <530)
Q Q Q

The first integral in Eq. (5.30) is evaluated using integration by parts,

/ b AupdV = — / (O, An) (Oyun) STH(Q)AV + / B2\, (b) O, up S (2)d)
Q Q S2

(5.31)

— / (8:An) (Brup,) ST (Q)AV, (5.32)
Q

where the second term in Eq. (5.31) vanishes because ¢, , € WF* for which A, (b) =

0 Vn € N’. Using the expanded form of the approximate solution, Eq. (5.22), we can
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now write

/ B DrtndV = Y ">ty (— / (9 An) (armsgﬁ’szndv) (5.33)
Q Q

LeL neN
meM,

= S G (— /D "2 (O \) (8r/\n/)dr>. (5.34)

teL neN
meM,

Returning to Eq. (5.30), the approximate solution is now expanded in the angular

Laplacian term,

/Q Sy BotndV = 33" g /Q A ST (AQAn,Sgl’) dv

LeEL neN
meM,

-3 3 <—£(£+1) / )\nAn,S;”SZ“'drdQ)
Q
= Z ZUgmnég’gl(sm,m/ (—l(l—i—l)/ )\n)\n/d?”) (535)
D

leL neN
mEMg

where Eq. (5.15) was used to eliminate the differential operator. Combining Eqs.

(5.34) and (5.35), Equation (5.30) can be written as

Z Zufmnsémn,l’m’n’ = / Qb/[/m/n/g(uh,U, T)dv (536)
Q

LeL neN
meM,

' kL
for ¢y € W™ and

Sfmn,l’m’n’ = _5€,Z’5m,m’/

(0 ) (0:Aw) + €0+ DA ) dr (5.37)

is called the stiffness matriz.
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The gy, coefficients that have been fixed by the Dirichlet boundary can be
isolated from the right-hand side summation of Eq. (5.36),

E E ufmnsémn,l’m/n’ = E g uémnsémn,l’m’n’+ g uﬁmNnodesSfmnnodes,l’m’n’

LeL neN teL neN’ teL
meM, meM, meMy
= E E uﬁmnsﬁmn,l’m’n’+UOONnodesSOONnOdeS,l’m’n’ (538)
teL neN’
meM,

and moved to the right-hand side of the equation, allowing the discretized system to

be expressed as

§ E ufmnsfmn,f’m/n’ = Gé’m’n’ - UOONnDdESSOONnDdes,l/m’n/ 5 (539>

teL neN’
meM,

V(I',m/,n") € L x My x N' and where
Gﬂ’m’n’ = / ¢Zmng(uh7U7 T>dv (54())
Q

5.3.2 Fixed Point Method and Anderson Acceleration

To transform Eq. (5.39) into a linear form that can be solved Poseidon uses the fixed
point method with Anderson acceleration. The fixed-point iterative method requires
an initial guess, ujg, which is used to calculate g(uyy, U, T'). By fixing the right-hand
side, Eq. (5.7a) becomes linear and can be solved for up), which can then be used to
re-calculate the right-hand side. The linear system is updated and solved until the
approximate solution uy; satisfies some criteria or [i] exceeds some preset limit.

This sequence of successive approximations is known as the Picard iteration of
f(u) = Au — g(u) starting at up). The Picard, or fixed-point, iteration method’s
main advantage is that it only requires one evaluation of Au = g(u) per iteration,
whereas other methods, such as the secant method, require multiple evaluations, or

the Newton method, which requires the evaluation of the Jacobian. However, the
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Picard method is not guaranteed to converge, but requires f(u) to be continuous and
the initial guess to be chosen sufficiently close to the solution. Furthermore, when it
does converge, it may do so at a linear rate, which may be too slow for practical use.

To help reduce the number of iterations required for convergence, extra steps can
be added to the standard Picard iteration. One such alteration is known as Anderson
acceleration, see algorithm 1, also known as Anderson Mixing (Walker and Ni, 2011).
The superscript T in line 6 denotes the transpose while the ||-||o denotes the £%norm.
Anderson acceleration uses information from the previous m steps when computing
the next iteration, up,41), and therefore m is sometimes referred to as the memory
parameter.

The choice of memory parameter is important to the efficiency of the method.
If m = 1, Anderson acceleration is equivalent to the Picard iteration method and
there is no acceleration. If it is chosen too small, not enough information is used and
a significant reduction in iteration count is not achieved. On the other hand, if m
is chosen too large, the least squares solve in line 6 can become costly and negate
the gain from performing fewer iterations. The ideal memory parameter is problem-
dependent. Poseidon uses m = 3 which was determined by testing with a source
profile similar to those of CCSNe near core bounce and providing the flat space value
of the conformal factor as an initial guess to maximize the unaccelerated number of

iterations. See Section 6.5 for more details.

5.3.3 Properties of the Conformal Factor and Lapse Function

Linear Systems

Utilizing the 0 ¢ 0., present in the stiffness matrix, the linear system in Eq. (5.39)

can be divided into a set of (L+1)? smaller systems of dimension N,,oqes—1 X Npoges—1,

Z WornStmn = Gy Y € Np VIl € L :Vm € M,. (541)
neN’
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A W N =

[=2]

. fi), where f; = g(u;) — u;
(%) (@)

g’ ..., 0m;)T that solves min,_

Q-

©)

Uiv1 = Z;n:io ;" g(Uimi+5)-

Given ug and m > 1.
Set wu; = g(ug)
for i = 1,2,... do

m; = min{m, i}

F; = (fifmm .

Find a® = (

that > " a; = 1.

end

Algorithm 1: Anderson Acceleration
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where

[ — /D TQ((aTAn) (8T)\n/)+€(€+1)/\n/\n/)dr. (5.42)

While the load vectors, Gyn,, are unique for every choice of ¢ and m, the stiffness
matrices, Sp.v, have no dependence on m. Therefore, only L unique matrices of
dimension N, ges — 1 X Npodes — 1 need to be created and stored.

During the derivation, the application of the Dirichlet boundary was used to reduce
the dimension of the linear system. In practice, Poseidon uses matrices of dimension
Niodes X Npodes- This is achieved by modifying the last row and column to match
those of the identity matrix and setting the corresponding entry in the load vector to
enforce the boundary condition. Doing so gives the matrices a uniform overlapping
block structure along the diagonal band; see Figure 5.2, where the overlapping element
comes from a shared interpolation node on adjacent element boundaries. Each block
is symmetric and has a bandwidth equal to the finite element method degree, k.
Specifically, when k£ = 1, the matrix Sy, is tridiagonal.

The non-zero pattern of one of the S,,» matrices is well-defined and the sparsity

of the matrices can be calculated as

N,k> — N, +1
N2k + 2Nk + 1

Sparsity = (5.43)

To reduce memory overhead, each S, is stored in compressed column storage
(CCS) format (Dongarra, 1995). Each linear system is then solved using Cholesky

factorization with a Jacobi preconditioner.

5.4 X and Shift Vector Method

The X and Shift vectors are governed by equations (4.29a) and (4.29d), respectively.

Both are linear equations controlled by the conformal vector Laplacian operator and
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Figure 5.2: Nonzero structure of the matrix Sj,,, used in Poseidon for the case of
k = 2 and N, = 4. The diagonal lines denote the band structure of the matrix.
The blue squares surrounding the crosses denote the overlapping block structure
within the band, and the crosses denote individual, non-zero-valued, elements. The
single overlapping element shared by the consecutive blocks comes from the shared
interpolation node at element interfaces.
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take the form,

Apu' = g(U,T), (5.44)

where g(U,T) is now a source function dependent only on known metric variables
U and physical source terms from the stress-energy tensor 7. The conformal vector
Laplacian is defined as

Apu' = D;D’u’ + ~D'Dju (5.45)

1
3

where D; are the covariant derivatives associated with the flat metric, Yij-
The vector Laplacian Apu’ can be expanded and the scalar Laplacian isolated.

For each possible value of i, the first term D;D7u’ expands to

2 2 2cotd 2 L

D'Dju' = A(u') — =0yu® — =0su® — u? — Su (5.46a)
r r r r2

_ _ 2 2 2 t9 1 —cot?6

D]DjU,Q = A(UQ) + —6111,2 + —382U1 0 8311, C—ZOU2, (54613)
r r r

_ - 2 tH 2 t9

D]Djus = A(u3) + 3,—283U1 + 2CO 2 83’& + 61 o 82u (5.460)
r3sin® 6 sin“ 0

where A(u') denotes the Laplacian acting on u’ as if it were a scalar. The second

term, s D'D;u’, is likewise expanded for each index 4,

1, - . 1 2 2

ngDjuJ =3 (811u1 + 2ot — —2u1 + O1pu? + cot 00 u? + (913u3> (5.47a)
r r

1 5= 1 1 2 3

-D"Dju’ = Ot + (92u + Oggu? + cot 00yu® — — 5—U" + Oy (5.47b)

3 3r2 sin® 6

1D?’D-uj I Og1ut + gf) ut + O3u” 4 cot 03u? + Oszu® (5.47¢)

3 I 3r2sinZf \ ° P 3 3 33 ' ’
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Eq. (5.45) can now be compactly expressed by
Apu’ = A(u’) + F'(u) (5.48)

where the functions F(u) are given by

1 2 4 1 1 9
1= ! 1 1 2 2 2
P = gallu + gaﬂt ~ 32 + 53121! + 3 cot 00 u” — ;62u
2 cot 0 2 1
— S S0 + O (5.49a)
r r 3

1 8 1 2 1
F? = +ﬁ821u1 + ﬁaﬂll + ﬁ@QQUZ + ;81162 + ﬁ cot 982U2

1 , 1l—cot?d , 1 5 2cotf . ,
_mu Tu —i—ﬁ@%u — 2 (93u (549b)
1 1 8 1
F? = ————| =051u" + —0su' + = 05u” + 2 cot H03u*
T281n29(3 st +37" 3U +3 320"+ 2 COtbOsU
1 s 2., 5 2cotf_. 4
2 Sin29833u + ;éﬁu + 2 agu . (549C)

The F* terms reveal coupling between the equations for each component of the u,

therefore we seek an approximate solution to the problem

A(u") + F'(u) = ¢"(U, T) (5.50)

u' =~harr=0b (5.51)

fori = 1,2, 3. Following the steps to discretize the conformal factor and lapse function
iterative equations, we choose the approximation space for each component of u to
be Vi’ﬁ. Thus the total approximation space is given by VZ’L X V:’E X VZ’L. The

solution is then approximated by

el neN leL neN
meM, meMy
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and the Dirichlet boundary condition, Eq. (5.51), is imposed by setting

v l,m=0,0
P . (5.53)

uemnnodes =
0 else

Once again, the functions associated with the Dirichlet node are extracted from the
approximation space, UZ’E = Wfl’ﬁ X Wz’ﬁ X WZ’L.

Next, the residual is defined as

R' = A(u') + F'(u) — ¢"(U, T). (5.54)
The £2-norm of the residual is taken with respect to test functions ¢} , , € UZ’E and
set equal to zero,
0= / Gy (A(U') + Fi(u) — ¢"(U,T)) dV. (5.55)
This is the weak form of Eq. (5.50).
Rearranging Eq. (5.55),
/ O AV + / B Fi(w)dV = / O (U, TNV, (5.56)

we see that the first integral has the same structure as the scalar Laplacian equations
that were discretized in Section 5.3. Therefore, it is discretized in the same fashion

resulting in

/gbé’mn )dV: Z Zuzmnﬂémmi’ﬁ’m’n’ (557)

el neN
meM,
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where the matrix t;pmn iremq 1S defined like those in Eq. (5.37),

Eitmm it it = — 000G O / r2( (0,0) (arxg) o+ 1)A;A§;)dr.
D

(5.58)

The Kronecker deltas, d;;, were introduced to prevent undesired coupling between

components.

The approximate solution is expanded in the second term of Eq. (5.56) and the

terms are collected with respect to the coefficients of each vector component. F''(u)

becomes
Uémn Z Z <u€manlr}m + U%manqum + uﬂmnFﬁl’rin>
LeL neN
meM,
where
1 2 4
11 1
Fﬂmn - 3811¢Zmn + 37,81¢£mn - ﬁqsémn?
1 1 2 2 cot 0
Fflnzln - 612¢fmn 5 cot 981 ¢§mn - _82¢zmn - ¢€mn?
3 3 r
1 2
F}3 =-0 — 0300 .
tmn T 3 13¢€mn r 3¢€mn

Likewise, F?(u) becomes

2 _ 1 21 2 22 3 23
F (U’fmn) - § E : <u€mnFZmn + uﬁmnFZmn + uﬂmnFﬁmn>
LeL neN
meM,
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such that

1 8
Flo = @amﬁnn + ﬁanbémn? (5.62a)
1 2 1 1— cot2
2 2 2 2
Fémn - ﬁa22¢£mn + ;81¢€mn + ﬁ cot 062¢Zmn - 37’2 sin2 8¢Zmn ¢€mn7
(5.62Db)
1 2 cot 0
Fion = @azsébgmn — 3B (5.62c)
(5.62d)
Lastly, F3(u) becomes
LeL neN
meM,
where
1 1 8
Fég;vlln = 5 .9, <_a31¢l}mn + _a3¢%mn> (564&)
r2sin” 6
1
F?T?m S92 < a32¢€mn + 2 cot 083¢€mn> (564b)
r2sin® 6
1 2 cot 0
Fég;in = 5. 2p <a33¢?mn + _81¢?mn a2¢€mn) (5640)
r2sin® 6 r
(5.64d)

Given these expansions of the F"(u) functions, the second intergral in Eq. (5.56) can

be compactily written as

/ ¢€lm an dv Z Z / ¢€’m 'n! uémnFl}’rlnn + u?mnFﬁlrznn + uﬁmnFZZ'r?mn) dv

leL neN
mGMz

3
- Z Z Z uzmnjjijémn,i’(’m’n” (565)

leL neN j=1
meMg
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where

T‘zfmnz’f’mn’ :_/¢Z’mn’ Emn (566)

We now combine Eq. (5.65) with Eq. (5.57) to write left-hand side of Eq. (5.56)

as,

/ ¢2/m n/A dv =+ / ¢K’m anl dV Z Z (ufmn mn,i'l'm/n’ + Z U’Zmn zémn "'m'n’ )

leL neN
meM,

(5.67)

Extracting the terms associated with the fixed outer boundary and moving them to

the right-hand side, the final system can be written as

Z Z <uem” R Z ufmn zfmn A 0m!n! > (568)

leL neN’
meM,

3
i ] ) J J
/ Cbe'm n’g (U, T)av — (UOOdeESEOONnodes,M'm’n' + E :UOONnomTioozvnodes,i/e/m/n/>-

j=1

(5.69)

The matrix resulting from Eq. (5.67) has dimensions 3Nz Nyodes X 3Nz Npodes,
where N, := |E| is the cardinality of EX. The non-zero pattern for this system is
complex and an analytic expression for the sparsity is not attempted. But, if we
define the map from between expansion indices, (i,¢, m,n) and the matrix index, a,

as
a:=3Ngn+ Ngi+0(0+1)+m+1, (5.70)

the matrix adopts an overlapping block diagonal similar to the lapse function and
conformal factor matrices. Each block corresponds to all terms associated with a

radial element, and will therefore have a size of 3N (k + 1) x 3Nz(k + 1) If we
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assume each block is entirely non-zero, which in general it isn’t, we can formulate an

expression for the upper bound of the matrix’s sparsity,

ONZ (k* + 2k) Ng + 1
(3Ne(EN, +1))*

Sparsity < (5.71)

Given the size, sparseness, and layout of the stiffness matrix, it is stored in band
matrix format (Blackford, 1999). In this storage scheme, an m-by-n band matrix
with kl subdiagonals and ku superdiagonals is stored in a 2-dimensional array with
n columns and kl + ku + 1 rows. The values are mapped from the original matrix
indices (i, j) to the storage indices (ku+kl+1+1i— 7, j). The above mapping scheme
requires k[ more rows than is necessary to store the original matrix. These spaces are
used by LAPACK’s band matrix LU factorization routines DGBTRF and DGBTRS which
are used to solve the linear system in Eq. (5.69).

Before the system is solved, a Jacobi preconditioner is applied to reduce the
condition number of the system. Jacobi preconditioning uses the diagonal of the
matrix as a preconditioner to reduce the condition number of the linear system. This

method was chosen for its low computational cost.

5.5 Hydrodynamics Coupling

Poseidon has been incorporated into the toolkit for high-order neutrino radiation
hydrodynamics (thornado) framework, which aims to simulate relativistic astrophys-
ical systems such as core-collapse supernovae (Endeve et al., 2019; Chu et al., 2019;
Laiu et al., 2020; Pochik et al., 2021; Dunham et al., 2021). thornado evolves the

hydrodynamic variables

U :=(D,S;,7,N.)" (5.72)
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where T denotes transposition and

D := pWV, (5.73)

S; = phW?v;, (5.74)

7= phW? —p — pW, (5.75)

N, = n W, (5.76)

where W := (1 — vv*)~1/2 is the Lorentz factor, v; is the jth component of the

covariant three-velocity of the fluid as measured by an Eulerian observer. The specific

enthalpy as measured by an observer moving with the fluid is given by h := 1+(e+p)/p

where e is the internal energy density, p is the thermal pressure, and p is the baryon

mass density, all as measured by the comoving observer. Finally, n. is the electron

number density.

The evolution is governed by the equation

O (v°U) + \/—;ai (ay/7F" (U)) = a®S (U).

The F* (U) vector contains the fluxes of the ith spatial dimension,

Dvt — a7 18D
A P. — 71318,
F'(U) = ! 7o

St — Dv' — a1 Bir
Nt — a~ BN,

And, the S (U) is the vector containing the sources,

0
sP*07; — a718;0;8" — o™ (1 + D) dja
PIK;; —a 1570,
0
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thornado uses the discontinuous Galerkin (DG) method to discretize space
and a multi-stage explicit strong-stability-preserving Runge-Kutta (SSPRK) method
(Gottlieb et al., 2001) to evolve the densitized quantities, U* = °U. This method
achieves high-order temporal accuracy by using a convex combination of forward-
Euler timesteps to create an update. thornado begins a stage by calculating the
conformal factor, ¢ using Poseidon based on the current state of the system. With
1, the unscaled variables can be recovered as well as the primitive variables, such as
the rest-mass density and internal energy per unit volume. Using those, the pressure,
P, can be calculated and used to form S* which is used to solve for the remaining
metric variables, o and $°. Once the full metric is known, the fluid update can be
calculated and used to update the system.

On each element, thornado stores values of quantities at Legendre-Gauss
nodes, Siq, while Poseidon performs its calculations on the Lobatto points, Spqr.
Therefore, the values received from thornado are interpolated to the Poseidon grid
upon input. Once the xCFC coefficients are known, the solution can be calculated at

any point within the domain that the calling code requests.

5.6 AMReX Incorporation

The thornado framework uses block-structured adaptive mesh refinement (AMR)
through coupling with AMReX (Zhang et al., 2019). To enable refinement, AMReX uses
a multi-level mesh with each level being a refinement of the level below it with the
coarsest level covering the entire domain. To refine the domain, a set of tagging
criteria is chosen and any element found satisfying the criteria is refined and the data
mapped to the corresponding finer elements on the next level.

To handle source data contained on a multi-level mesh, Poseidon begins by
choosing a single-level mesh constructed of the leaf elements. Leaf elements are

the finest representation of source data for a given location in the domain. By
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construction, the union of leaf elements will always cover the entire domain and
can be used to create a single-level mesh.

AMReX distributes among multiple processes by assigning each a logically cartesian
portion of the domain. During each linear solve, Poseidon instructs each process to
move through the locally owned leaf elements and calculates the contribution to the
load vector. These contributions are collected via a MPI_REDUCE command to a single
process where they are solved. The solution coefficients are then distributed to all
processes using MPI_BCAST.

A key feature of AMR is its ability to alter the mesh as the system evolves focusing
computational resources. After the initial solve, Poseidon compares the refinement
pattern of the input source variables against the pattern from the previous call. This
is done by comparing the collection of grids, known as a box array, on each level. If
the refinement pattern has changed, Poseidon will destroy and recreate the stiffness
matrices to match the new domain. The solutions for the conformal factor and lapse
function from the previous call are interpolated to the new domain for use as the

initial guess in their non-linear solves.
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Chapter 6

Code Tests

6.1 Introduction

We have thus far given an account of the xCFC metric and the system of equations
that govern it. Further, we have presented the methods that we have implemented
to solve said system of equations. Now, we will present the results of several tests to
validate the implementation presented.

As discussed in the previous chapter, there are two types of equations that govern
the xCFC metric equations and we test each separately. Beginning with the non-linear
scalar Laplacian-type equations, we demonstrate their ability to converge to a known
solution in spherical symmetry. We also show the code’s ability to solve problems
of this form with an axis-symmetric source using a homogenous ellipsoid. Next, we
demonstrate the ability to solve the scalar vector Laplacian equations. Finally, we
present the evolution of the Yahil profile to show the full xCFC system solve as well

as to demonstrate the coupling with thornado hydrodynamics.

6.2 Hamiltonian Constraint Test

To test Poseidon’s ability to solve the conformal factor equation, and similarly the

lapse function equation, we explore a problem based on the Hamiltonian constraint
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found in Baumgarte et al. (2007). On a time-symmetric hyper-surface, i.e a hyper-

surface where K;; = 0 — A" = () everywhere, the Hamiltonian constraint, Eq. (3.40),

simplifies to

V) = —2m)°E.

(6.1)

If F is limited to a homogeneous mass density p of star with radius R, and the

conditions,

Y >0

Y —=1, r— o0,

are imposed, equation (6.1) has the analytic solution,

Cun(r), r<R
Y(r) =
é + 1, r>R
where
2\
o= (i)
and

aRR
e\ A R

(6.6)

The variables a and (8 are determined by the continuity of values and derivatives at

the boundary, R. f is related to a by

B q_
R + 1= Cuu(R),
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and « is given by

PR} = o f2(a), (63
where
fla) = m. (6.9)

f(c) is not globally unique but does take a unique maximum value at a, = /5.

Therefore p is set by choosing using o, and choosing R,

3 5

__3 5 1
2w R? 66 (6.10)

Pe

Rather than solving Eq. (6.1), Poseidon solves the problem using the scaled source
E* = °E using some initial guess for 1 and iterates until the system converges. The
solution is considered converged if the maximum amount the conformal factor or
lapse function varies between iterations is less than 107'3. Comparing results once
convergence has been achieved, Figure 6.1 shows that the solver displays the expected

rate of convergence for expansion degree.

6.3 Homogenous Ellipsoid Test

Next, we used a homogenous oblate ellipsoid as a source profile to test Poseidon’s
ability to capture details of a two-dimensional problem. For a flattened, or oblate,
ellipsoid with semi-major axes, a; and a3, and semi-minor axis as, the gravitational

potential inside is given by Chandrasekhar (1969) :

O(r,0,0) = 1Gp [Al (247 — r*sin®0) + As (a3 — r* cos «9)] , (6.11)
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Figure 6.1: L' (left panel) and L? (right panel) errors between the analytic and
numerical solution of the conformal factor for a uniform density sphere. The error
norms are scaled by the number of degrees of freedom to obtain an average error per
node. The dashed lines serve as a reference for the convergence rates of the numerical

solutions.
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where

Vi—e? 1—¢?
A=Y Cginte— —— (6.12)
e e
2 2y1—e¢?
Ag = -5 —36 sin ! e, (613)
e e
and
0 2
—J1-(=2) . 6.14
e=yf1-(2) (6.14)
Outside the surface of the spheroid, the potential is given by
0 2 6in2 0 cos? 2 6in? § sin? 2 cos2 f)
B(r, 0, ¢) — WGpalagag/ g1 (1 T sm2 cos” ¢ o sm2 sin” ¢ o 2cos )du,
A ai t+u as;+u a3 +u
(6.15)
where
U = (af +u)(a3 +u)(a3 + u), (6.16)
and A is the positive root of
r? sir122 Ocos®’¢p r? sin22 0 sin® ¢ 7“220082 0 _1 (6.17)
ai + A as + A as + A

The solutions given in equations (6.11) and (6.15) are for the Newtonian potential.

To compare the results from Poseidon’s xCFC metric solve with this solution, we need

to establish a relation between the conformal factor, lapse function, and Newtonian

potential. When 3* = 0, the xCFC metric can be written isotropically. In this form

and in the weak field limit, |®|/c* < 1, the xCFCmetric can be compared with the
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isotropic Schwarzchild metric to define the desired relations, (Baumgarte, 2010)

1+ fI’(Cr)

2c2

and

(r)=1-—+. (6.19)

Figure 6.2 and Figure 6.3 show the results and relative errors of tests us using
a; = a3 = 2500 cm and a; = 250 cm and uniform density p = 10*® g cm®. These
values were chosen to keep the gravitational potential small so that approximation
errors caused by mapping the gravitational potential to the conformal are minimal.
As the limit on the spherical harmonic expansion increases, the code better captures
the shape of the solution which can be seen in Table 6.1

Lastly, we show the benefits of mesh refinement by comparing the results using a
uniform mesh with those that have been refined. The middle plot of Figure 6.4 shows
the relative error maps for a uniform grid with 1024 uniform radial elements and 256
theta elements per radial shell. The right-most plot shows the results using a refined
grid with 156 total radial leaf elements across three levels of refinement and 256 theta
elements on the finest level. Given these configurations, the refined grid uses 6.5
times fewer degrees of freedom to capture the solution with comparable accuracy to

the uniform grid solution.

6.4 Conformal Vector Laplacian Test

To test Poseidon’s ability to solve the equations governed by the conformal vector
Laplacian, a resolution study was performed using the X vector equation, 4.29a using
the Yahil self-similar collapse profile (see Section 6.5 for details.) For this test, we

began by choosing a domain decomposition and solver method that we felt confident
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Table 6.1: Error norms for the Homogenous Ellipsoid problem run with 706 radial
leaf elements on 4 levels of refinement and 256 theta elements at the finest resolution.

Effects of Increasing Spherical Harmonic Expansion
L' Error L? Error L*> Error
7.64E-08 1.13E-07 3.50E-07
1.97E-08 3.57E-08 1.64E-07
8.24E-09 1.63E-08 9.77E-08
4.41E-09 9.11E-09 6.53E-08
2.72E-09 5.52E-09 4.67E-08

ook OIN
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Figure 6.2: Results form Poseidon using a homogenous ellipsoid as the source
profile. This test demonstrates the code’s ability to capture multidimensional details
using different limits on the spherical harmonic expansion. The left column shows
the Conformal Factor as calculated by Poseidon while the right column shows the
relative error.
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Figure 6.3: Results form Poseidon using a homogenous ellipsoid as the source
profile. This test demonstrates the code’s ability to capture multidimensional details
using different limits on the spherical harmonic expansion. The left column shows
the Conformal Factor as calculated by Poseidon while the right column shows the
relative error.
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AMReX vs Uniform Grid

Uniform Grid AMReX Mesh
Source Profile 1024 Radial Elements 156 Radial Leaf Elements using 3 Levels
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Figure 6.4: Comparable results can be achieved with a refined mesh using far fewer
elements than with a uniform mesh.
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captured the solution. This reference resolution used 524,288 radial elements and
second-order finite element polynomials for a total of 1,048,577 degrees of freedom.
Using this resolution, a reference solution for X* was calculated using Poseidon.
Next, the solution was calculated at lower resolutions, starting with 512 elements
and increasing to 16, 384, using both first and second-order finite element polynomials.
Figure 6.5 shows the relative L' and L? norms of the difference, Au = |uj, — ug|,
between the low resolution soltuons and the reference solution. Based on these results,

we are confident in the conformal vector Laplacian solve.

6.5 Yahil Self-Similar Collapse Test

The first application is the collapse of a polytropic star; i.e. a star where the pressure
p and density p obey the relation p = kp”, where & is the polytropic constant. We use
the Yahil self-similar collapse profile (Yahil, 1983; Yahil and Lattimer, 1982). This
profile is representative of CCSN profiles as it smoothly connects a supersonically
collapsing outer core to a subsonically collapsing inner core. The profile is determined
by choosing the polytropic constant «, the adiabatic index 7, and a time parameter,

t, from which a dimensionless similarity variable is calculated,
X = w7 V2GQU02p ()12 (6.20)

where G is the gravitational constant, and ¢ = 0 is the moment of infinite central
density. From X, the density p and velocity v can be calculated and used to generate
the xCFC source variables. For our test, the polytropic constant x is determined by
choosing a reference pressure p = 6 x 10" erg cm™2 and density p = 7 x 10° g cm ™
(values typical for a pre-collapse massive star) and the adiabatic index is chosen to
be v =1.3.

Figure 6.6 shows the results of the Yahil collapse simulation. Each set of lines

corresponds to a time when the central density first arrives at a new decade of density,
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Figure 6.5: The L' (Left) and L? (Right) norms of the relative difference between
low-resolution solutions and a very fine-resolution reference solution are represented
by the solid lines. The dashed lines give the norms that one would expect based on
the convergence properties of the finite element method. Different colors represent
the degrees of finite element polynomials used to approximate the solution. In both
cases, we see the expected convergence rate for this method.
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i.e. when p = [10°,101°,10', 102, 10, 10'4] g cm™. The domain is spherical polar
and extends from the origin to 1 x 10° km. The domain is decomposed using adaptive
mesh refinement through the coupling with AMReX. The coarsest level has 512 elements
with a width of 195 km. Mesh refinement is done by density decade, starting at
10 g em™ and continuing up to 10 g cm™3, allowing for a total of 9 levels of
refinement. Refinement in this fashion provides higher resolution closer to the origin
with the finest elements having a width of 0.381 km.

As discussed in Section 6.3, when $° = 0 and |®|/c? < 1, a relationship between

the Newtonian potential and conformal factor exists,

U(r) =1- 20). (6.21)

2c2

Figure 6.7 shows results from early in the Yahil collapse. At these times, the
Newtonian potential is small and although the shift is non-zero, it is sufficiently
small that its impact is negligible. These results show that when the system satisfies
the limiting assumptions, there is good agreement between the simulated results and
the predicted solution. As the system intensifies, the approximation begins to break
and we start to see the simulated results become more extreme than the weak-field
limit predicts.

As discussed in Section 5.3.2, the choice of memory parameter, M, is important
to the efficiency of the Anderson acceleration fixed point method. Generally, the
choice of M is dependent on the problem being solved. Therefore, to determine a
suitable value for M, Poseidon was run using the Yahil source profile with varying
values for M. To maximize the number of iterations, a late time, t = —1.5 ms, in
the Yahil collapse was chosen and the flat space values, ai) = 1) = 1.0 were used as
an initial guess. Figure 6.8 shows the number of fixed point iterations required for a
given residual under these conditions. A significant reduction in iterations occurs by

using information from just one previous iteration, but little improvement is observed
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Figure 6.6: Results from thornado-Poseidon showing the collapse of the Yahil
progenitor using an ideal equation of state. The upper left and upper right panels
show the fluid density and velocity respectively. The lower left panel shows the
conformal factor, ¥, and lapse function, «, while the lower right presents the radial
component of the shift vector.
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Figure 6.7: Here, we compare the simulated conformal factor and lapse function
(solid lines) with the values predicted by the Schwarzchild metric in Isotropic
coordinates (dashed lines). This comparison is only appropriate in the weak-field
limit and while 5/c < 1 as can be seen by the increasing difference between predicted
and simulated results.
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Figure 6.8: Anderson acceleration is used to reduce the number of fixed point
iterations needed to converge to a solution. This figure shows the effects of using
information from the previous M iterates to update the solution.
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if more than three previous steps are used. Therefore Poseidon uses M = 3 as the

default memory parameter for Anderson acceleration.

6.6 Conclusion

In this chapter, we have presented the results from tests that demonstrate Poseidon’s
abilities. We have shown the ability to solve both types of equations governing the
xCFC metric equations in spherical symmetry. Likewise, we have demonstrated the
code’s ability to work with axis-symmetric data using a static homogenous ellipsoid.
These tests validate Poseidon’s ability to perform the desired solves.

Next, we presented results from with Poseidon incorporated into thornado using
the Yahil profile as the source. This test demonstrated the coupling of the two
codes and their ability to evolve physical systems using relativistic gravity and
hydrodynamics. In the early stages of the collapse, we were able to use the weak
field relations between the Newtonian potential and xCFC metric variables to show
that the returned solutions matched expectations in that limit. Further, we used
a single moment of the Yahil collapse to explore the ideal memory parameter for
Anderson acceleration of our fixed point iterator. In all, we feel that these results
show that the Poseidon code is capable of solving the xCFCmetric system accurately

and can function within the thornado framework.
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Chapter 7

General Relativistic Adiabatic

Collapse in Spherical Symmetry

In this section, we will present the results from the simulation of the general
relativistic adiabatic collapse of 15 My and 37 M, progenitors. The simulation
of a core-collapse supernova is a complex endeavor requiring relativistic gravity,
hydrodynamics, neutrino transport, and nuclear physics. The relativistic neutrino
transport module of thornado is still in development, therefore we can not present a
true CCSN simulation at this time. In the absence of neutrino radiation, the entropy
per fluid element remains constant and the gravitational collapse can be classified as
adiabatic. These simulations test the full current capabilities of the thornado and
Poseidon codes. In the future, the data from these simulations will be used as a base
of comparison for runs with neutrinos, which will help identify what aspects of the
CCSN mechanism are affected by their inclusion.

Similar to the Yahil collapse test, these simulations are performed using thornado’s
xCFC gravity and hydrodynamics. Unlike the Yahil collapse, which uses an ideal
equation of state (EOS), these adiabatic collapse simulations use a tabulated equation

of state from the WeakLib library. Further, these simulations use realistic progenitor
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profiles from Woosley and Heger (2007) and Heger and Woosley (2010). These results

therefore represent the culmination of several significant astrophysical endeavors.

7.1 Collapse of a 15 M, Star

First, we examine the evolution of a non-rotating 15 solar mass, M, solar metallicity
progenitor from Woosley and Heger (2007) as it progresses through collapse,
core bounce, and post-bouse shock propagation. The progenitor data is linearly
interpolated onto a spherical polar grid that includes the origin and out to a maximum
radius of 8,192 km covering the inner region of teh star around the iron core. Linear
polynomials are used to approximate variables in both thornado and Poseidon, and

a second-order SSPRK method is used for time integration.

7.1.1 Validation of AMR Implementation

Here we will compare the results from a single-level mesh simulation to a six-level
mesh simulation. The meshes are chosen such that the uniform resolution of the
single-level mesh, 0.5 km, is the same as the finest resolution of the six-level mesh,
0.5 km. Given these choices in resolution, the uniform grid divides the radial domain
into 16,384 elements while the AMR, grid uses a variable number of elements. Initially,
the multi-level system begins with 548 leaf elements across 2 levels of refinement. As
the system evolves and becomes more centrally compact, refinement boundaries move
outward and new levels are added at the origin until a maximum of 624 leaf elements
are present on 6 levels. The maximum occurs near bounce and relaxes afterward but
never returns to its initial configuration, see Figure 7.1.

Given the reduced number of elements used to discretize the system, a reduced
computational cost and run time is expected. For both meshes, the simulation was
evolved for 150 ms. The uniform mesh took 26 hours, 2 minutes, and 16 seconds using

6 ranks on Oak Ridge National Laboratory’s Summit supercomputer, while the AMR
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Figure 7.1: The number of radial elements during collapse and post-bounce. The
domain is refined based on density values therefore as the star collapses and becomes
more compact, more cells are refined to higher degrees. This leads to an increasing
number of leaf elements during collapse which peak at bounce. In the post-bounce
regime, there is an initial drop followed by long periods when the mesh is unchanging.
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mesh took 14 hours, 40 minutes, and 44 seconds to complete. The ratio between the

runtimes times is 0.56 AMR /Uniform.

Figure 7.2 shows the results during the initial collapse. The results are similar,
with the primary difference being slightly more extreme values occurring in the six-
level system as the simulation approaches bounce. The results continue to agree
well in the post-bounce regime shown in Figure 7.3. The disagreements between the
earliest two times, most notably seen in the radial shift plot, are likely due to minor

differences in sample time during the most dynamic period of the simulation.

7.1.2 Resolution Study

Confident in thornado’s AMR implementation, a resolution study was performed
next by varying the maximum level of refinement used to simulate the evolution of
the 15 M progenitor. Beginning with 512 radial elements on the coarsest level,
the refinement of the domain was then limited to 5, 6, and 7 levels. The width of
the finest elements were then 1 km, 0.5 km, and 0.25 km respectively. Figure 7.4
contains snapshots of the collapse phase for the three simulations overlaid. We see
excellent agreement throughout the collapse with minor differences in the innermost
temperature values just before bounce.

Figure 7.5 shows the post-bounce evolution of the three cases. Here we also see
good agreement between the finer two resolutions. The coarsest simulation shows
differences in the late post-bounce regime that we believe originate during bounce
and become more obvious as they evolve. We conclude from these results that a
minimum resolution, less than 1km per element, is needed in the core to capture the

dynamics of core bounce accurately.
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the speed of light, (Upper Middle Left) temperature (K), (Upper Middle Right)
entropy per baryon in kg, (Lower Middle Left) conformal factor, (Lower Middle Right)
electron fraction, (Lowest Left) lapse function, (Lowest Right) radial component of
the shift vector are plotted as functions of radius in km. The solutions are compared
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7.2 Collapse of a 37 M, Star

In addition to the 15 solar mass star, we evolved a 37 M metal-free progenitor from
Heger and Woosley (2010). In Figure 7.6, we see the state of the fluid and metric
variables at two times in the post-bounce regime. The first time is at core bounce
when the system is at its most extreme, while the second sample was taken 100 ms
after bounce. At both times, we see similar fluid profiles but the large star shows
greater values for all metric variables.

Both the hydrodynamics of thornado and the gravity of Poseidon have been
developed to run using different degrees of finite element polynomials. To test
the combined frameworks’ ability to simulate gravitational collapse with different
degree expansions, the 37 M simulation was performed with second- and third-
order methods. Figure 7.7 shows the results from these two runs. In general, we see
good agreement between the two sets of results with the main difference being the
higher-order showing finer details in the entropy plots.

These simulations fall short of true core-collapse supernova simulations due to
the lack of the still-in-development neutrino transport module. Once that capability
has been coupled to the relativistic gravity and hydrodynamics, thornado will be
capable of fully simulating CCSNe. These adiabatic collapse runs will serve as fiducial
points of comparison at that time, allowing the impact of neutrinos to be observed.
Additionally, multi-dimensional capabilities have been developed and are currently
being tested, which will allow future simulations to explore the effects of the degrees

of freedom higher dimensions allow.

7.3 Performace

Solving the xCFC metric equations requires
For the simulations presented above, the gravity solve takes between 38% and

47% of the computational time. One of the earliest efforts to reduce the cost of
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the gravity solve was the conversion from complex spherical harmonic functions to
real-valued spherical harmonic functions discussed in Section 5.3.1. Using the real
spherical harmonics allows the stiffness matrices, load vectors, and coefficient vectors
to be stored as double-precision reals rather than double-precision complex numbers
which provides a memory and computational savings. Furthermore, efforts to adapt
routines within Poseidon to GPUs have begun through the use of OpenMP and
OpenACC pragmas.

Another method for reducing the cost of gravity calculations during a collapse
simulation is to perform intermittent solves. Using the adiabatic collapse, we
explored the effects of performing the gravity solve after a fixed number of steps.
During the collapse and post-bounce phases, skipping the gravity solve for up to 50
hydrodynamics time steps was shown to have minimal impact on the evolution as
shown in Figure 7.8.

As the simulation approaches bounce, the rate of change in the gravity fields
becomes so fast that performing even one hydrodynamics timestep without a
corresponding gravity solve will lead to discrepancies. Clearly, a static spacing of
the gravity solve other than every cycle would be inappropriate. Therefore, a scheme
was developed that calculates an approximate rate of change in the conformal factor
based on the charge in central density. The number of steps between solves is varied
according to the rate of change of the conformal factor. This method has been
implemented but is currently being tested. Once verified, this will reduce the cost of

gravity solves throughout the simulation.
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Figure 7.8: Comparisons of the density (panels A and B), Temperature, (panels C
and D), and Entropy (panels E and F) during the pre-bounce collapse (left panels) and
post-bounce shock propagation (right panels) for the adiabatic collapse of a 15 M
star. We see good agreement between the runs. Spacing out gravity solves without

impacting the evolution of the star will help reduce computational costs.
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Chapter 8

Conclusion

8.1 Summary

Herein, we have presented the means and methods of the Poseidon gravity
solver code, developed as part of the next-generation, state-of-the-art thornado
framework for simulating core-collapse supernovae. CCSNe are cosmic refineries,
turning hydrogen into heavier elements and scattering the ash across the universe.
Understanding the mechanisms of CCSNe requires simulating complex multi-physics
interplay across several orders of magnitude of space and energies. Together thornado
with Poseidon will be capable of simulating CCSNe, giving us insight into these
events.

The first challenge in developing Poseidon was working through the formulation
of the physics. In Chapter 2, we followed Gourgoulhon (2012) recasting of the Einstein
equations in the 341 formalism. We then made approximations of Isenberg (2008) and
Wilson and Mathews (1989) in Chapter 3, limiting the spatial metric to be conformally
flat and restricting the evolution of the extrinsic curvature tensor, and arrived at the
set of equations for the CFC metric. Next, we made a further approximation on
the extrinsic curvature tensor in Chapter 4 and derived the xCFC metric equations

following Cordero-Carrién et al. (2009).
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With the metric equations in hand, we next faced the challenges of discretization
and development in Chapter 5. The xCFC equations come in two distinct forms,
non-linear scalar Laplacians and linear vector Laplacians, therefore we had to develop
methods for solving each. To begin, the conformal factor and lapse function equations
were linearized using fixed point iterations with Anderson acceleration. Galerkin
projections using real spherical harmonics and radial finite element polynomials were
used to discretize both types of equations, resulting in diagonal linear systems. Next,
we incorporated Poseidon into the thornado framework allowing the relativistic
simulation of gravitational collapse. Further, both codes were adapted to use adaptive
mesh refinement through the AMReX framework.

To test Poseidon’s abilities, we presented results from tests in Chapter 6. First,
we showed the code’s ability to solve both equation types in 1 dimension with the
expected convergence rate. Two-dimensional results of the conformal factor were also
presented, demonstrating the ability to capture multi-dimensional details. Next, we
simulated the gravitational collapse of the Yahil profile with a tabulated equation of
state using the combined capabilities of thornado with the Poseidon gravity solver.

In Chapter 7, we presented results from the simulation of the relativistic adiabatic
collapse of a 15 M star and a 37 My star. These simulations took a realistic
stellar progenitor and evolved it through collapse, core-bounce, and post-bounce
shock propagation using xCFC gravity and hydrodynamics coupled with the tabulated
equation of state, WeakLib. These results represent a significant achievement and will
provide fiducial data for comparison when the neutrino transport module of thornado

is complete.

8.2 My Contributions

The author’s primary contribution is being the sole developer of the Poseidon gravity
solver. Initially, this included developing and implementing the numerical method for

the CFC metric equations. After the CFC method was developed, the author’s testing
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revealed that the non-uniqueness issues would affect the simulations and he therefore
suggested pivoting to xCFC. The differences between the CFC and xCFC metric
system of equations required the author to develop new methods for solving the new
systems and coupling those methods with AMReX.

The author also aided in the development of the thornado framework. Their
primary contribution was aiding in the coupling of thornado hydrodynamics with
the Poseidon gravity solver. This coupling provided the thornado framework with
the ability to use the xCFC metric variables as well as the Newtonian gravitational
potential for use in CCSNe simulation in the Newtonian limit. Further contributions
include aiding in the coupling of thornado’s hydrodynamics module with AMReX,
and the development of data processing and visualizing scripts. The author is also
responsible for the 1D adiabatic collapse simulations using the 15 M, and 37 Mg
progenitors run with the thornado-Poseidonframework in parallel with adaptive
mesh refinement on the Oak Ridge Leadership Computing Facility (OLCF) - Summit

supercomputer.

8.3 Outlook

A goal of the thornado framework is to simulate core-collapse supernovae in three
dimensions. Currently, a relativistic neutrino transport module is being developed
which will allow full CCSNe simulations to be performed. While that module is being
developed, the coupled gravity and hydrodynamics modules are being tested in axis-
symmetry. Multi-dimensional simulations will allow for more complex hydrodynamic
phenomena such as convection and the SASI which have been show to impact CCSNe
evolution. Multi-dimensional simulations bring new challenges as the additional
dimension greatly increases the degrees of freedom. To prepare for the extra
computational cost, future work will include porting more of Poseidon’s routines
to GPUs and the coupling of a distributed memory linear solver. Additionally,

efforts have already been made to explore the effects of updating the metric terms
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intermittently during simulations. These steps will hopefully enable thornado-
Poseidon to simulate stellar collapse in two dimensions efficiently and set the stage
for eventual three-dimensional simulations. In addition to preparing Poseidon for
the complexity of multi-dimensional simulations, potential future work would include
adding the ability to handle non-uniform boundary conditions and increasing the

compatibility with multi-dimensional AMReX meshes.
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