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FOREWORD 

The study here presented is an attempt to achieve sim- 

plicity and clarity rather than exhaustiveness. It deals with 

the most important points in the theory of transmission lines 

calculations, stressing particularly the mathematical deriva= 

tions involved. A problem has been included to illustrate the 

principles discussed. It is such a study as would furnish a 

student unfamiliar with the subject basic information in each 

of its most important phases. 

Work of this character is necessarily a compilation. It 

has been based largely on notes taken ln class under Professor 

J. G. Tarboux in Electrical Engineering 443, an extra-curricu- 

lar course. The writer aknowledges his indebtness to Profes- 

gor Tarboux for thls, and for his assistance in general. 
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A STUDY OF THE ELEMENTARY THEORY OF TRANSMISSION LINES 

Chapter I 

INDUCTANCE 

1. Ohm's Law Applied to the Magnetic Circuit.- In a non-in- 

ductive electric circult Ohm's law is expressed by the equa- 

tion 

E= IR 

where E = HKlectromotive force in volts, 

I = Current in amperes, due to E, 

R = Resistance of the circuit in ohms. 

If the length of the conductor carrying the current is 1 

and its cross-sectional area is A, then 

pS
 I
]
 

Rw. a 

where k 1s a constant, the value of which depends on the mate- 

rial of the conductor, and is called the conductivity of that 

material. It follows, then, that 

13 
E= "T1%7R 

or B= Lt 1 
% k A 

That is, the voltage drop per unit length of conductor is 

equal to a constant times the current density. 

Ohm's law may be applied to the magnetic circuit also, 

and is expressed by the equation 

F= (R 

where F = Magnetomotive force, 



0 = Magnetic flux, 

B= Reluctance of the circuit. 

The c.g.8. unit of magnetomotive force is the gilbert. The 

practical unit is the ampere-turn. The unit of magnetic flux 

is the REZWOLL, also called line of force. The unit of reluc- 

tance is the oersted. 

Reluctance may be expregsed thus 

ona 
RE ZA 

1 
therefore F= 0x . 

221 
1, AA 

i 
or H= H B 

Where H = magnetic field intensity in ampere turns per cm. 

B= flu: density in lines per square cm., Or gausses, 

M= a constant called the permeability of the circuit 

For non-magnetic materials Md = X.257. 

2. Magnetic Field Around a Circular Conductor Carrying a 

Current. - 

Figure 1 



Uniform distribution of current in the conductor is assumed. 

The total ampere-turns produced by the current in the conductor 

is equal to the current in the conductor. Call this current I. 

If H represents the ampere-turns of m.m.f. drop per cm., in 

other words, the magnetic potential gradient in the direction 

of the field, then the total drop around a circular ring of 

radive x, figure l, is 

2mxH 

I 
or ampere turns per cm. 

The flux density 

35 1 
Bp = MUTE T= = 0.23%  gausses, £3) 

3, Magnetic Field Within the Conductor.- Figure 2 represents 

the cross-section of the conductor. 

Figure 2 

Since uniform distribution of current has been assumed, the 

current flowing in the partial area of radius x 1s propor = 

tional to this area or to the square of the radius, that is 



and the ampere-turns thig current produces are also 

Therefore 2 XH 

The density gausses. (2) 

Equations (1) and (2) show that the flux density varles 

as the first power of x within the conductor, and as the =-1 

power of x outside of it. 

At x =r, and for Mo= 1.257, equation (1) reduces to 

& L. By B® 0.2% 

and equation (2) reduces to 

Bg 3:2 

Bo Be 

If flux density 1s plotted against distance, the distri- 

bution would be represented by the curve of figure 3. 

Figure 3. 



4, Flux Linkages.- The voltage induced in a conductor by a 

changing field surrounding it is proportional to the time rate 

of change of flux, or in the form of an equation 

REN -8 @ at 10 

Since flux 1s proportional to the current causing it, the 

voltage may be expressed in terms of current 

= . ai a L at 

where the constant of proportionality L is the inductance of the 

circuit. It follows that 

= 4b 14-8 L a1 10 henries. 

as [VR For a constant current ai becomes 7, therefore 

L = 2108 

Evidently this equation 1s correct when the total flux 

links the total current, as in the case represented by equation 

(1). In equation? however, where the flux does not link the 

entire current, it becomes necessary to introduce a modifica- 

tion, which consists in the use of an equivalent flux of such 

value that when considered linking the entire current would 

produce the same voltage of self induction as the partial flux 

linkages produce. That 1s 

L = 2s 10-8 nenries (3) 

where 0, = equivalent flux linkages in maxwells. 

5. Inductance of Single-phase Lline.- From figure 1, the 

flux per unit length of conductor in the circular band of width 



dx, outside of the wire 

and the total flux outside of the conductor per centimeter 

00 = | 
r 

Substituting the value of B from equation (1) 

length of line 

D D 

0 = [Wax = oar 1 ax 
X r r 

D 0, = 0.2 1I1nE2 lines per om. (4) 

Now consider figure 2. The flux within the wire in element 

dx, equation (2), is 

ab, = HE dx lines per cm. length. 
2mr 

The equivalent flux linking the current I 1s less by the ratio 

of the areas or the ratio of the square of the radii 

ce 2nr "i 2nr 

And the total equivalent flux linkages 

2 sid 

1x2 = Sup wt iph BS ax = . 
bee ¥ or ome 4 

0 

Oo = “- 1ines per cm. (5) 
gn 

Evidently, the total flux linkages of one conductor due to 1ts 

own current is the sum of equations (4) and (5), that is 

pad 0 = 0 + Oce = 0.2 I1n.p +BF 1lines/em. (6) 

- D - 
Therefore L, = a0 8 {0.2 ln.3 2)10 8 henries/cm. 



But since both conductors of the single-phase line act together 

in producing flux, the inductance of the line as a whole is 

D 2M -8 L= 2Lg= (0.41n.: + ZR) 10 henries per cm. 

And reducing to the more practical units of milihenries per 

mile L = _2:54x12x5080x10° 
108 

(0.4 1n.2 + 4h) 

L 1.61(0.4 1n.2 =» rin milihenries per mile (7) 

6. Inductance of Three-phase Lines. Unsymmetrical Spacing. 

When considering polyphase lines all values are obtained per 

phase. In the general case of a three-phase line that we shall 

take up presently, the spacing of the wires may be any, and the 

currents may be unbalanced to any degree, the only limitation 

being that the vector sum of the three currents must equal zero. 

That is 
lat 1lp+ Is. = OO vectorially. 

Since the currents are out of phase with each other, so will 

the fluxes be also. It 1s, therefore, necessary to consider the 

currents, as well as well as the fluxes, as vector quantities. 

rR 

> 
| 
| 
| 

| 
| 
| 
| 
| 
| 
[ 

| 

te 



Assume the line of figure 4, made up of three equal conduc- 

tors of radius r, and any specing whatever. Assume the point P 

at a large , finite distance X from conductor a. 

The flux linkages of a due to its own current, from equation 

(6) x 
Dea 0:2 15.102 = 4, 

The flux linkages of a due to current in b 

X-D 
= 0.2 I, ln.—=2P Pp, = 

2 Dab 

The flux linkages of a due to current in c 

5 o in LZ + (XX) 
Des, 

And the total flux linkages acting on a 

baa + dca + pa 

Vy PIC 
+ 0.21 YEN ERE. © soar 1a 2 

ca 

Dab 

or 

Therefore 

VIC X=X)° Vy2+(X-x)2 
—:0.21nin, 

Deca b Deca 

X= 

pla ada Bam 0.2Tpln. Dab) Deg 
bta 8m r/y2+(X-x)? DapVy2+( X-x)2 

move the point P away and let X approach infinity, 

X 

Vy2 + (X-x)2 
approaches 1 



X-Dab 

Vye + (X-x)2 

Therefore 

and approaches 1 

Deg sla 
Dab 

D 
Ota = 52 + 0,21g1n, 722 + 0.2131, 

or 

_ Mg 1 — he 01a = G32 + 0.2I0n.% + 0.2Ipln.5_ + 0.2Icln.3 ~ (8) 

Noting the sequence of terms, we can generalize and write 

a general equation for the flux linkages of a due to any number 

of conductors by adding terms of the general form 0.215105 

for any conductor n. 

For any other conductor such as b, we may write the value 

of §{p, from inspection 

= 2b 1s 2 2 dp RE + 0.2Ipln.7, 0.2Igln.5 — + 0.2I¢ln.5 — 

ce. + 0.2Inln. 5 {9) 

This is the final form of the equation for most convenlent 

use, For any specific conditions the flux linkages should be 

calculated from equation (8) or (9) and the inductance found 

from equation (3). 

T. Equilateral Spacing.- in this case 

Dab = Dpec = Deca = D 

And from eq. ) (8 

Ory = hy + 0.2I,1n.3 + 0.21n.2( Ty, + Ig) 
r 



dia = + 0.2I,1n.2 oF 0.2I,1n.5 

en Soo = + 0.2I51n.2 

And since, from eq.(3) 

L 1 10 

It follows that for equilateral spacing 

L = (&la +0. 2110.2) 10°88 nenries per cm. 

8. Horizontal or "Flat" Spacing.- In this case 

Dac 
Pau Foe =" = p 

From equation (8) 

Ig 1 2 bp, = +0. 2Igln.% + 0.2Ipln.5 + 0.2Ic1n.55 

Substituting for I, its value =Ig -Iy 

- 

Ota = gn 

hence bia = ihe + 0.21510. 22 + 0.2Ipln.2 

and w= CH +0. 21n.22 + 0, 20. 2) 10” “8 penries per cm. 

For the middle conductor b the result is the same as for 

equilateral spacing, since Dgp = Dpg = D. In other words 

Ly = (fF + 0.21n.2) 1078 henries per cm. 

9. Trangposition.- The conductors of a power line are 

transposed, first, in order to minimize inductive interference 



on communication circuits running parallel to it, and second, in 

order to equalize the reactance of all phases. The latter is 

not necessary in the case of equilateral spacing. Evidently 

the transposition should be made so that each conductor occu- 

ples each position an equal portion of the length of the line. 

For a three-phase line, therefore, each conductor should occupy 

each position one third of the length of the line, and the mini- 

mun number of complete transpositions is two. 

10. Inductance of Three-phase, Transposed Line.- Call the 

spaces between conductors Dj, Dp, and Dz. The flux linkages on 

conductor a, if considered occupying each position the entire 

length of the line, are 

=A 1 3 i 
1 

Ho 1 i 1 

P 1 1 i Pg = 8nrla t+ 0.2I,1n.7 + 0.2I1n.3, i C:2%eln.5, 

The average flux linkages on conductor a should be one third of 

the sum of these three equations, or 

are 1 02 1 0.2 I 
= gnla +t O.2Ipln.3 + =3 Loin 5yD,05 4 3 Teln 315,55 Pav. 

Combining the last two terms and remembering that Iptlc = -I, 

i ik 140.2 

3 4/D1D2D or bu. F fr, 0.21510 ¥-1203 

3 
VD1DoD 

and L = gt + 0.21a 1-222 108 nenries per cm, {11) 

14 



This 1s the general equation for the inductance of a three-phase 

transposed line regardless of the spacing. For equilateral 

spacing, where Dj = Do = Ds, the expression 3/D10,D5 becomes 

= D, and equation (11) becomes equation (10)- 3/D1D,b, or D', 

is called the equivalent separation, For horizontal or flat 

2 spacing where Dy = Dp = > 

2 p' = 32D = D2 = 1.26 D 

1l.- Double Circuit Line.- Figure 5 shows a common arrange- 

ment of conductors in two parallel, three-phase circuits. The 

same method is followed here to calculate the inductance of one 

wire. 

Figure 5 

The conditions are that 

I, + Ip+ Ic + Ig + Ip + Igt = 0 

Also Ig = Ig 

Ip = Ip 

I. = Ig 

15 



The inductance per wire with transposition is 

ES ps = Dy "Dabs -8 L £2 +:0.2 In.% : 10 henries/cm. 
Dg Dg 

rm Ee On a a EE EP a or ee EEE ea 

16 



Chapter II 

CAPACITANCE 

1. The Dielectric Circult.- Consider two parallel plates of 

conductive material separated by air or any other insulating 

material, as represented in figure 6. 

Figure 6 

If a direct-current voltage 1s impressed across the plates 

a current flows during one instant in the circuit. If the 

gource of potential is removed and the electrical circult 

around the condenser is short-circuited a current will flow 

again, but in the opposite direction. The quantity of elec- 

tricity that flows when the potential 1s applied is called the 

charge of the condenser, and is measured ln ampere-seconds or 

coulombs. Evidently, in order that this current may flow a 

disturbance must be operated on the insulating material between 

the plates (called the dielectric). The charge may be thought 

of as lines of dielectric flux flowing from one plate to the 

other across the dielectric. This is a similar conception to 

the magnetic lines of flux, but the lines of dlelectric flux 



are always normal to the lines of magnetic flux and represent 

lines of constant magnetic potential. 

Ohm's law, as discussed in Chapter I, may be applied also 

to the dielectric circuit. Algebraically 

E = 8Q 

where = potential across condenser in volts 
Q = the dielectric flux, or charge in coulombs. 

The proportionality constant S 1s called the elastance of the 

circuit. 

5 = = 
Cc 

where C is the capacitance in farads. The unit of S is the 

daraf. Also 

and 

w
i
s
 

x
 

F
S
 

S Fo) 

where k is a constant the value of which depends on the proper- 

ties of the dielectric. Then 

=
 il 

f
o
l
 

o
g
 

Q 

or 

l
i
 

il 

i
 

=
o
 

(13) 

that 1s, the potential gradient or voltage per unit length of 

path is equal to a constant times the dielectric flux-density, 

which corresponds to the equations already found for the elec- 

tric and magnetic circuits. If1l is centimeters, A in square 

centimeters and the other quantities ln the units mentloned 

Kk = 0.08842x10"° farads per cubic cm. for air. 

Since the capacitance of materials is given relative to 

that of alr, another constant must be introduced in the equa- 

18 



tion to represent this ratio. Call it k,. Then for any mater- 

ial other than air 

C = kk 2 

2. Capacitance of Single-phase Line.- Consider two paral- 

Z AT = nT 

\ / = a 8 ni MEE CR ™ 

3 [ 7 oer Pre x 
\ | / Z NN nS \ 
~ \ er — Ha 
x \ 7 ae Y- Shoat > } 

Le ETSI Rea = 

ed Ae TESTER TEE phe Seay 
CH Re el SR Se SEY 

/ | \ Ee Vir 1) = /, 
/ oy ~~ rE 75 

| Ne iL 27 
/ \ Se a B 

Eas 
\ Th gris on RCT 

Pigure 7 

lel cylinders a and b, figure 7, with a difference of potential 

between them. They will act as a condenser, establishing a 

dielectric flux between them. The flux density on the surface 

of the cylinders will be greatest on the inside faces, and de- 

crease to a minimum on the outside. In order to simplify the 

results this density 1s assumed constant over the conductor 

surface. This condition 1s approached when D becomes very large 

relative to r, which 1s generally the case in practice. 

Let G be the potential gradient d from a to b due to 

charge of a. The dielectric flux density 

Then, since 

H
i
e
 
l
o
 

il
 

D
 

1
 

>
l
o
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Consider a circle of radius x around the conductor, figure 7. 

The dielectric flux density around the circumference 

or 

X k 21x 

Now assume an element of width dx, figure 7. The potential 

across thls element 

Po 2.1.8 de = Gx 4x = : Bx ax 

and the total potential from a to b due to charge of a 

Qa, D-1 
58x . SH Et pg vector volts. (14) 

n
 

Eaba 

The same reasoning may be applied to conductor b, but 

here x becomes D-x and the limits of integration are reversed. 

The total potential due to charge of b 

= Sr EE tm. SB Boh 
Ego = k R(D-x) &* T= TZaetr 

But x 
pp = —Q, = OQ 

and the total potential from a to b due to both charges 

Bot = in BE vector volts (15) 

The capacitance between a and b 

Cote = 9S. = [OE 

i; Bab ln.Dor 4169 

20 



For air - 
6. = LO. 2a5L0 miecrofarads per cm. (17) 

iln.=. 

Usually r is small relative to D and D-r is then practically 

equal to D. The fraction Hn is then written > R 

5. Capacitance of Three-phase Line.- The capacitance of a 

three-phase line is defined as the per-phase capacitance be=- 

tween one wire and the neutral. 

ee 

ae 

DO 
9 

To 
Cc 

Figure 8 

Assume any unsymmetrical spacing such as that of figure 8. 

The drop of potential from a to b due to the charge of a, from 

equation (14) 

Bava = rE A (18) 

That due to charge of b 

E 

and that due to charge of c¢ 

J Do Bate 2 27% 0 (20) 
The total potential drop from a to b will be the sum of equa- 



tions (18), (19) and (20) 

D D Bap = 2eEy(Qa = Gp) lnk + Qo 1n.54 (21) 

By the same procedure it is found that 

D. D 
Ep, oe Tor f(a = Qe) 1n.22 + Qg 1n.32} (22) 

It is also assumed that 

Qt 4 +t Qq, = © (23) 

Equations (21), (22) and (23) are three simultaneous equa- 

tions with three unknowns, namely Qgs Qu, and Q,. It is most 

convenient to substitute the values of Dy, Dy, and Ds for any 

particular spacing and then solve for each Q. 

= -= 90° 75 2 

Lp = £re° 

E © 
E, = = /(=30 

Rh 6 V3 Ll om= = ° 3 < V; 2/0 

£7 Eg 

Figure 9 

Figure 9 1s the vector diagram of voltages of a balanced 

three-phase line. According to the definition of capacity of 

22 



a three-phase line (page 21) 

Q 
Gg = =p (24a) 

7 £210 

Qb Cr FB rt (24b) b E ° 
v3 42329 

Co = (24c) 
vi 20 

4, Symmetrical Spacing.- For symmetrical spacing 

Dy = Dy = Ds = D 

Equations (21) and (22) become 

3 D Esp = BRE (Qg- Qp) 1n.% (25) 

Eye = _ (Qp- Qe) 1n.2 (26) 

Substituting the value of =-Q, from (23) in (26) 

RE uh, D 
Boe = nk (Qa + 2Qp) 1n.y (27) 

Subtracting (27) from (25) 

3 D Esp — Bpe = pg (-3Q) 1n.3 

or -q = 2n k(Bap = Epc) 
7 D 3ln.3 

But Boo = Epo = —-3E (See dotted portion of fig.9) 

Therefore 
2 I kEp 

Q a 
1n,.= 

r 

and from (24) 

Cp = Sank farads per cm. (28) 1n.2 

Converting to more practical units, and using the value of k 

23



for air 6 

271 x0.08842x10" 
1a. 2 in.2 

Cp microfarads/cm. (29) 

5. Transposition.- As discussed in page 14, a three-phase 

line is transposed in such a way that each conductor occupies 

each position one third of the total length of the line. Evl- 

dently the average capacity to neutral is the same for the 

three conductors. The average vector voltage E,, will be one 

third of the sum of equations (21), (22), and the similar equa- 

tion for E,, with the proper substitutions. 

D D 
Epp = 1 A{(Qaap)in.t - Qeln. 52 + (Qa=Qp)1n. 32 

Dy D Do - Qoln.gl = (Qa-Qp)1n.=2 — dein. 73 

ay D1DpD5 Bgp = Br (Qa — @p) 1n—5 

or 
D1 DoD 

Bp = sh (Qa — QW) 1. 70S vector volts (30) 

Which 1s equation (25) with the geometric mean of the distances 

in place of D. 

As mentloned above, the mean capacitance to neutral 1s the 

game for all conductors, or 

Qa = CoEy 

Rp = GCyEy vector lines 

Q = CoBq 

Where Ez, Ep and E, are voltages to neutral and C, 1s the aver- 

24 
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age capacitance to neutral. 

Substituting these values in (29) and remembering that 

Eagp = E; — Ey vectorially, 

Ea — Bp = 3% Co(Eg — Ey) 1n. 
r 

9 —37h0T; Sensis Jw an, {2% 102 
in : = 

Q
 

I 
which is equivalent to equation (28) with %/5,D,D, replacing 

D. If D, =D, = Dy = D , equation (31) reduces to equation 

(28). 

6. The Effect of Ground.- In the preceding discussion the 

effect of ground has not been considered. Actually the ground 

affects the capacitance of the line considerably. To take 

account of this effect a surface of zero potential is assumed 

which coincides with the surface of the earth, and below it, 

at a distance equal to the height of the line, another system 

of conductors is assumed, the exact image of the line itself. 

The calculations involved will not be taken up here.
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Chapter III 

SHORT LINE CALCULATIONS 

1. Introductory.- Transmission lines are homogeneous, that 

is, the material of the conductors, their size and their spac- 

ing are uniform . Therefore the resistance, inductance and ca- 

pacltance per unit length of line are constant, and are called 

the constants of the line. When these are known, and the cur- 

rent and voltage are sinusoidal, 1t is possible to derive equa- 

tions that permit the calculation of voltage, current, phase- 

angle, etc. at one end of the line if the voltage, current, 

~ phase-angle, etc. at the other end are known. 

The exact solution of lines must Suits account of the 

uniform distribution of capacitance, as well as resistance and 

inductance. Calculations may be greatly simplified, however, 

in the case of short lines where the effect of capacitance is 

small, by assuming the capacitance concentrated at one or more 

points or by disregarding capacitance altogether. The differ- 

ent methods used for these approximate, short-line calculations 

will be treated very briefly. 

2. Simple Impedance Line.- (In this, as in the following 

examples, only one phase and the neutral are considered.) 

This is the simplest approximation that may be assumed. 

It neglects capacitance entirely, and therefore should not be 



used in any but very short lines, say twenty-five miles or less. 

R : pA 

0 

A 0 
NEUTRAL 

Figure 10 

If the receiving end conditions are known, the sending 

conditions are easlly found. Let subscript r stand for re- 

ceiver end, and s for sending end, 

I. I, ==T 

Eq = Ep + IZ vectorially 

The angle between E,. and Eg 

x = tan 
esl 

where egy and eg, are the real and imaginary part of Eg re- 

spectively, then 

- 11 sor =k ©, 

where 6, and 6,, are the power-factor angles 

The vector diagram of the simple impedance line with E, at 

the origen is shown in Flgure 11 for a lagging current. 

27 



Figure 11 

3. Load-end Condenser Method.- In the gimple impedance 

line no current would flow at no-load. In the actual line, how- 

ever, due to the capacitance, a current flows on open circult 

which is a maximun at the generator end, and decreases to zero 

at the load end. This 1s called the charging current of the 

line. Due to this current the voltage rises toward the recelv- 

er end on open circuit. The simplest approximation to account 

of 
for this current is that/essuming a condenser in parallel with 

the load, as shown in figure 12. 

= 
lao ee ds 

Figure 12 

MN
 

nN
 | 
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If the admittance of the condenser is Y, the charging cur- 

rent 
I. = EpY vectorlally. 

Ic is constant throughout the line, and 1s assumed to lead E, 

by 90 degrees. Therefore the total current 

I = Ir tI, vectorially, 

where Ip 18 the load current. The rest of the calculations are 

the same as for the simple impedance line. 

4, Nominal N Line.- The nominal Rf line, figure 13, is a 

is 

Figure 13 

closer approximation. It assumes one half of the capacity of 

the line concentrated at each end. In this case only one half 

of the charging current circulates through the impedance, there- 

fore the 1lmpedance drop 

= (Ip + 3E.Y) Z vectorially 

and i 
Eg = Ep + {3 4 sE.Y)2Z 

29 



or Eg = Ep(2 + 2Y) + I,Z vectorially 

Also I, = Ip + 35. + 3E,Y 

or Io = EB, 34+ 2Y)Y + 1. 32 + 27) 

The vector diagram of this line for a lagging current load 

is given in figure 14. 

Figure 14 

5. Nominal T Line.- Another good approximation is the so- 

called nominal T line, figure 15, in which the impedance ig di- 

vided in two equal portions, and the capacity shunted between 

them. 

Here the charging current circulates only through one 

half of the total impedance. 

30 
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Figure 15 

All the operations that follw are done vectorially. 

E, = Bp + 3Ir2 

Io = BEY = (Ep. + $1,2)Y 

Then I, = Ly+1l, = 1,.+ (8, + 31,.2)Y 

or Io, = I. +32Y) + BY 

Also By i=" Byot 31.2 

Ep + 3Ip2 + 3Ip2 + 3EYZ + £1,2Y 

or Eg .Ep(1 + 32Y) + I,.2(1 + %Y) 

The vector diagram for a lagging power factor is shown in 

figure 16. 



Figure 16 

6. Steinmetz Split-condenser Method.- This method adds an- 

other refinement to the approximations preceding, and gives 

accurate results for longer lines, but the calculations are 

more involved. The assumptions are as shown in figure 17. 

fA TN 
mae ahi nl 

Figure 17 

Call the currents in the right and left halves I, and I, 

respectively. All operations are done vectorially. 

32 



The 

= Ep + 31,2 = Ep + 31.2 + 3Ep2Y) 

Il + EBpYp, = Ip + EpY) + EpYp + #IpZY, + EpZYqYo 

I = Ep + #IpZ Ep + 31.2 +3Ep2Y, + 31,2 + 3BY2 

2 + 3EpYoZ + 31.2°Yp + 3Ep22Y Y, 

il 

22 2 
++ H+ EB) + mlz I 

= Ep (1+ sax + B3 + Ip (z + 3) 

an ow nw won ww an ED G0 eo we em we Gm 

+ EpYs + $Ip2¥5 + 3BpZY,Y; + 51pZY4 

+ BEpZY Ys +EEp2Y,Y + $1,2°7,Y5 

2 

il
 1 > 2 EY) + Yp + Y3 + 32Y1Y, + 52Y,¥5 + ZY1Y5 + §2°Y1YpY3) 

+ Ip(1 + 32, + Y3 + 32°Y,Y5) 

2,3 22 zr’, zr’, 2x, EL) + 101 + B+ B 4 EE 
EY + T5335 + 576 ad 

Ep tx + 52($)2 + + 2H) + Ip (1 + 22 , (20% 

vector dlagram is shown in figure 17. 
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Chapter IV 

LONG LINE CALCULATIONS 

1. Exact Method. Derivation of General Equation.- For high 

voltages and long distances more exact solutions than those 

treated in Chapter III become necessary. As stated before, the 

capacitance of the line is not concentrated at any particular 

points, but distributed throughout the total length. The same 

may be sald of the resistance and the inductance. The actualline 

Rae hag ha] LF
 

lf
 

Figure 18 

might be thought of as made up of an infinite number of series 

impedances and shunt admittances as represented in figure 18. 

Obviously, any exact method of solution must build up from an 

infinitesimal element of the line, Such an element (dl) is 

shown in figure 19 at a distance 1 from the load. 
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Let 2=Dr+4+ JX = series lmpedance per unit length, and 

y=¢g+ Jb = shunt admittance per unit length. 

The series impedance in length dl is zdl, and the shunt ad- 

mittance in length dl is ydl. 

The drop along dl must be the product of average current and 

impedance, that is 

de = {1 +dl) +1 ,4 
2 

vio di 
ge = (i+ 35) yg 

dai or ae = (1+3)z (32) 

The shunt current in element 1 must equal the product of 

average voltage and admittance, that is 

at = (e+ Sa 



or # s} 4 = (e+ $y (33) 

As the element approaches zero equations (32) and (33) ap- 

proach the limits 

de 

rel = ey { 25) 

Equations (34) and (35) are fundamental. 

From (35) 

di 
a [0

] I 

<
=
 

PB
 

Differentiating with respect to 1 

gs» 1.4% 
dl T3412 

Substituting the value of ge from (34) 

a21 1 
a12 y 

or 5 5 
1 = izy # oi (36) 

Similarly, from (34) 

= 1 de 
1 z dl 

Differentiating with respect to 1 

Show 18 
a 5 zane 

From (35) 1 426 
gy = = £2 
J z 412 

or 
ae 2 x“e £37) It = 07 

a1? y 
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where x = Vay . 

It may be noticed from (36) and (37) that any algebraic ex- 

pression for 1 or e must be such that when differentiated twice 

with respect to 1 will yield the same expression multiplied by 

the constant «®. A little thought will reveal that only an 

infinite serles of increasing powers of 1 will satisfy this 

requisite. The Maclaurin series for both the hyperbolic sine 

and the hyperbolic cosine of 1 give the required result: 

: 515 7 o310 | £212 | «(1 
sinhal = «1 + 31 51 7 rere ata. 

32 5-4 7.6 
dotihel = « +24 +2 + £1 civ. ake. (37a) 

22 O47 d sinhexl _ 39 SE + «12 i i] ....0tc. 
dl 3: 51 7 

3 5a 5 JE 
= ox? x1 + Zg + 2g + S23 sess0lC,) 

That is 

3° | 2 
Tor sinhaxl = a®ginhecl 

which satisfies the conditions. 

Similarly for the cosine 

2.2 4 4 6.6 
coshxl = 1+ == - E. - 255 = ews ul sta 

Following the same procedure it is found that 

2 A 2.2 4 4 
—Sgcosn 2m alli 2 + 2 ea etc.) 

or 
2 
oS coshxl = eeosnoul 

Therefore, we may express e and 1 in terms of sinhel and 
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cosh x1 as follows: 

e = Ajcoshwl + Bysinh«l (38) 

1 = Cjcoshal + Disinhaxl {29} 

where Ay, B;, Cy, and Dy are constants. The evaluation of 

these constants follows. 

Av 1 = 0, e = En and I= In 

also coshxl = 1 and sinh &1 = © 

therefore 

and 

Substituting in (38) and (39) 

e = Epcoshxl + Bjsinh«xl (40) 

1 = Ipecoshxl — Disinhl (41) 

From equation (37a) 

2.2 4. 4 
~t sinhxl = «(1 + 2 + S. sisie sno @LG) 

= ol cosh «xl 

Similarly —Soeosh ~1l = ox sinh x1 

Differentiating (41) 

a = IpXslnhal + Djxcoshal 

From equation (35) at = ey, and substituting the value of e 

from equation (38) 



Ipxsinhal + Dixcoshal = Epycoshxl + Byysinhal 

Therefore By = Ix 

and DX = Epy 

Remembering that o« = Vay 

DYE... f2s, By v 

and Dy = Bet Vi Ep 

Substituting back in (40) and (41) 

e = BEpcosh al ++ Vz Ipsinh 1 (42) 

1 = Incoshaxl + Vi Epsinh ol (43) 

These are the general transmission line equations. They 

give the values of voltage and current at any distance 1 from 

the receiver end in terms of the constants of the line and the 

distance. The angle o« = Vz2y 1s called the complex angle of 

the line, and the expression Vz is called the surge impedance. 

A simpler way to express equations (42) and (43) is as 

follows: 

Eg AE. + BI, (44) 

eR, + DL, (44a) 

Where 

A = coshxl = D 

B = Vz sinh «1 
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and c 
VE sinh x1 

And where X = Vay = V(r+ix)(g+]b) 

The conductance g is assumed equal zero. The capacity suscep- 

tance 1 
pais Xe = 2NKfC 

As they stand, the evaluation of the constants A, B and C 

1s not obvious because the quantity «1 is a complex, say 

k + Jp, and therefore hyperbolic sines and cosines of complex 

quantities are involved. It becomes necessary, then, to eval- 

uate the expressions 

cosh(k + Jp) 

and sinh(k + jp) 

The expansionsof sinh x and cosh x give 

> 5 T 
sinhx = x+%5 +5 + 3% + ......... etc. 

2. Lh 7 

2 4 6 
cosh 'w Lr Zr sr Fre gra ...... vues LC: 

Also the expansions of e (base of the Naplerian logarithms) to 

the x and =x powers glve 

4 
+ Ed vie... ate. M

o
 

»
 W
 

eX 1+ x+ | h
e
 

el i 
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Wi
 

bel
 nN
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=X 
e = 1 -x+ eee GLC, i
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It follows that 

sinhx Foie (45) 
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X x 
and coshx = a 

The expansions of sinx and cosx give 

2g 
sin = RST 87 = Pr oie eee virile «250, 

2 4 6 
CoSX = 1 - Br + E+ - r 31 TERE ws ete, 

and the expansions of eX and e~J% give 

2 2 4 
ed = 1+ jx - Er —- 5 + ir + .....etc. 

2 2S 4 
gir = { ~ Jx — Be + Sr + $v meyers BLC, 

It follows that 

isin = 5 

Ix -3x 
and cosx = Bee ioe 

From equation (45) for x = k + Jp 

E+ip _ og" ¥~-Jp Bad on=k,~JD sinh(k + jp) = e z e 8 5 e “e 

oKedP — eo Ka~iP efelP ro 8 Kop 

Gi yn + in 

From equations (45) and (48) 

kodP _. o~Kag=iP .. o"E.iP R,=Jp sinhk cosp = 2-28 e Te 2 + ee. 

From equations (46) and (47) 

(46) 

(47) 

(48) 

(49) 

(50) 
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okelP — ¢7Kg-JP 4 o"KglP _ Ke-JP jeoshk sinp = I _- (51) 

It may be readily seen that (50) + (51) = (49), therefore 

sinh(k + p) = sinhk cosp -— Jcoshk sinp (52) 

Now, from equation (46) 

eXtIP o o~kK-1P 
2 cosh(k + Jp) 

eke JP £ oa Xe iD. 2 ekedP + e~ke~JP 

= (53) 

Taking the product of (46) and (48) 

Kk kK - -k K_- 
coshk cos p = 2 gif + o7¥e" IP + e5ei0 4 gfe iT (54) 

and from (45) and (47) 

jsinhk sinp = eel 4 o-Eo-JP 3 e KelP — Kelp (55) 

Then (55) + (54) = (53) -or 

cosh(k + jp) = coshk cosp + Jsinhk sinp (56) 

For convenience all the equations are grouped below. 

E; = ABp + Bly (44) 

Ig = CEp + Dip (442) 

A = D = coshaxl = cosh(k + jp) 



or A = coshk cosp + Jjsinhk sinp {57 

B = VE sinh «l = VE sinh(k + jp) 

VE (sinhk cosp + Jjcoshk sinp) T5838) or B 

Cc = sinh xl = y/£ sinh(k + jp) Vimy] 
» 

or Cc = z (sinhk cosp + Jjcoshk sinp) (59) 

al = Vzy 1 = 1 V(r+ix)(g+ip) = k+ Jp (60) 

2. Solution of Practical Problem.- Assume a line with the 

following requisites: 

Line voltage - 220,000 volts, three-phase. 

Frequency - 60 cycles. 

Lergh - 400 miles. 

Spacing - transposed, flat horizontal, 24 feet between conduc- 

tors. 

Conductor - 660,600 circular mil aluminum, 420,000 circular mil 

equivalent copper, diameter 1 inch, resistance 

= 0.026 ohms per 1000 ft. at 20 deg. C. 

220,000 

V3 
l.- Determine Eg and Ig for Ep = and a load of 

Hd 



100,000 kilowatts at 80 percent power-factor, lagging current. 

2.- Determine E. and In for zero load and Eg constant as per 

part 1. Compute charging kilovolt-amperes. 

Solution. 

a. Calculation of inductance and inductive reactance. 

Consider equation (11), that is 

3 

L = og + 0.2 10 ¥P2205 10"% nenries per cm. 

Substituting the corresponding values 

L = (Rel + 0.2 1n.24 73x24) 10"8x2.54x12x5, 280 henries 

( per mile. 

= fo.cs + 0.2(2 1n.24 + Jin.2)d 1.61x1077 

IL = 2.2 x 10° henries per mile 

X = 2MfL = 2mMx60x2.2x1077 

Xi, = 0.835 ohms per mile 

b.-Calculation of capacitance and capaclty-susceptance. 

Take equation (31) 

Sk vs 6nk 
1 7 D1DoD £2 : D1DoD n lb In a 

farads per cm, 
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aR xi 78 x 1070 5 C Ee or et x 1.61 x 10° microferads per mile. 

C = 0.0136 microfarads per mile. 

B, = 2RfC = 27 x 60 x 0.0136 x 10°° 

Bg =: 5.13 x 10~® mhos per mile. 

ec. Evaluation of A. 

Take equation (60) 

x = Vzy = VY(r+ix)(g+lb) 

r = 0.026 x 5.28 = 0.1373 ohms per mile. 

x and b as found for X; and Bg 

«x = V(0.1373 + 30.83) 35.13 x 10-0 

= 10°3 /-4.26 * 30.705 = 1072 /k.32/170° 36" 

= 10"2 x 2.075/85°_18' 

1 = 400 = 0.85/85 18° 0.068 + j0.827 

= k + Jp 

A = cosh(k + Jp) = cosh0.068c080.827 + Jsinh0.068sin.827 

A= 0.678. + 10.0504. = 0.68/84 15! = DP 

d. Evaluation of B. 
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From equation (58) 

= a B = Vz sinh(k+3p) 

% [Bia CLE = 3 /0.841/80° 37! 
VE - Ve 35.13x10" 10 V 5.13/90° 

405/-4" 41° 

ginh(k+jp) = 81nh0.068c080.827 + jcosh0.068s1n0.827 

0.0462 + 30.738 = 0.T4/86° 27" 

B = 405/-4" 41' x 0.74/86 27' 

B = 299.6/81" 46' = 42.9 — j296.7 
pp — 

e, Evaluation of C. 

From equation (59) 

C = VE sinh(k+]p) 

yg 1 — 1 — -3 /5° ' VE x ye = ppp = 240A 4 

vy 

C = 2.47 x 1072 /& 41' x 0.74/86" 27" 

C = 1.83 x 1077/91" 8' = -0.0348x107> + J1.825x107° 

_f. Calculation af Eg. 

From equation (44) 



220,000 . 127,000/0° vector volts 
V3 

p ~ 100,000,000 
V3Ecos6 V3 x 220,000 x 0.8 

= 328.03 

328.03/-36_ 52' vector amperes 

(0.678 + J0.0504) 127,000 = 86,100 + }6,400 

299.6/81° 46' x 328.03/-36" 52°! 

98,300/44° 54' = 69,600 + 369,400 

Substituting 

Bg = 155,700 + 75,800 = 172,800/26° 3' vector volts. 

_g. Calculation of Ig. 

From equation (44a) 

I, = C+ Dip 

1.83 x 107° /91° 8' x 127,000 = 232.5/91° 8' 

= = 4,65 + 3232.4 

0.68/4° 15' x 328/-36" 52' = 222/-32° 37° 

186.5 = J119.5 

Substituting 

i 

Ig = 181.95 + J112.9 = 214/32° vector amperes. 



Therefore, to deliver 100,000 kilowatts at 80% power-factor 

and 220,000 line voltage, the voltage at the generator end must 

be 172,800. The voltage at the sending end is rotated 26 de- 

grees and 3 minutes from the voltage at the load end, leading 

the latter by that angle. The current at the sending end is 

less in magnitude than the receiver current, and leads 1t by 

36 degrees 52 minutes plus 32 degrees, or 68 degrees 52 min- 

utes. The power-factor angle at the sending end 1s 32 degrees 

minus 26 degrees 3 minutes, or 5 degrees 57 minutes. The vec- 

tor diagram for these conditions is shown in figure 20. 

Q 212 
Rd 5.000 ges 
AT 6 3 = go > 
Ye 80° Ero —1 

Vig id 
\ o 
= 
\ 
N 
\ 
\ 

\ E, = /27 000/20" 

lL = 50.000  VolrTy 

2 l= 200 AMPERES 
se 

RNs. 

Figure 20 
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h, Calculation of no-load receiver voltage and sending 

current. 

At no load I, = O 

and EB. = 172,800/26° 3! 

But also Ey = AE, + BI, m= AE, 

Tae ME ; © 3 E. = 5 SLi 800/26 
0.676/4° 15! 

E, = 255,000/21° 48' 

Ig = OE. + DIp = OB 

1.83x1072/91°_8' x 255,000/21° 48' 

Ig = 467/112° 56° 

-
 

w
 I 

These vectors are plotted in figure 20 as broken lines. 

Obviously, it would not be practicable to operate this line 

under the given load conditions without a synchronous condenser 

to supply the necessary reactive voltamperes and stabllize the 

voltage. 

The charging kilovolt-amperes 

Kva, = Eg Igo = 172.8 x 467 = 80,698 

Transformers have not been taken into consideration in this 

discussion. When considered, their constants, referred to the 

line side, are incorporated with the line constants.



Chapter V 

CIRCLE DIAGRAM 

1. Introductory.- Circle diagrams to represent the per- 

formance of a line may be developed which, if plotted to suf- 

ficiently large scale, are useful in the calculation of impor- 

tant relations, besides giving an idea of the line character- 

istics with the clarity and conciseness pectd iar to graphical 

methods. 

The type of diagram here discussed was applied and popular- 

ized by R.D. Evans and H.K. Sels, of the Westinghouse Company 

in 1921. 1 

Hereafter all vector quantities will be underscored, and 

2 all conjugates™ of vectors will be overscored. Quantities not 

distinguished in this manner must be interpreted as numerics. 

2. Power Circle Diagram for Receiving End.- The develop- 

ment of the power circle equation for receiving end conditions 

follows. 

Take the general equation 

Eq = AEp + Blr (44) 

1. The Electric Journal, Dec, 1921, p. 530. 

2. The conjugate of a complex quantity 1s the same quantity 
with the sign of the J term reversed. 



The conjugate of (44) 

The product of (44) and (61) 

EgEg = AAE(E, + ABLyE, + ABEpI, + BBL, Ip 

Multiplying through by E.BE. and remembering that EE = E 

B2E2 = APB. + REEL ES? + ABE TE + BPE TEL (62) 

Real power + J reactive volt-amperes 

Pr + JQp 

Pr = 19 

Substituting these values in (62) 

EE2 = APE." + EB(Pp+)Qp)Ep> + AB(Pp-1Qp)E,2 

+ B3(P,2 + 2) 

E.2E2 — RE," = (ZB + B)P,B.° — )(45 ~ AB)Qrr? 

+ B2(Pp2 + Qp2) 

2 
Dividing through by B and rearranging 

EB + AB JAB = AB EgPEpS — APEpt 
4 

J eT Ir Ep? + Gp? — PERE = . 

Completing the squares 

[re + A2HBy 2p, + A Ay; 2 ) 23 + + | ar” — A230, 

=o 2 
AB-AB. 2,2) _ 

+( 14848, 2)2) = 2 245) + {AED me 



Let A = ay + Jas 

and 2 = + jbo 

Then AB = (a) + Jay)(by — Jby) = (aby + ashy) 

+ J(apby — aby) 

and BB = (ay — Jag)(by + Jb) = (ab; + aby) 

= J(agby = a3by) 

Therefore, the term 

B + A : a1bq + b AB SAB a Eby = 2 (64) 
2B B 

and the term 

AB — AB ajbp — ashy 
A a 65 

2B® B2 (65) 

The expansion of the second member of equation (63) gives 

2 2g 28, BARE A°F%- 24BiB + 28° 4 
= Tp 

BZ 4p” oe 

Bo 2. 20m 4 TE RT a Lele, fede vo BBE Oot gm 

B® 4pt °T B2 B2 B* 

2. 2 
a Bg Ep 66 = iy (66) 

Substituting (64), (65), and (66) back in (63) 

2g 2 b+ a,b 2 a1bo- ayb 2 E fre + 22 2 25,2) + lgp = 2200 2) = Fs 
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Or say 

2,2 | 2,2 Eg2Ep? (Pp + 1B)" + (Qn — mEp°) = SE (67) 

bi + apb Where 1 wo 210 n.. 2 (68) 

B 

and 2a an Le (69) 
B 

Equation (67) may be recognized as the equation of a circle 

EgEyp of radius , the center of which has the coordinates 182 

and + nEpZ. Such a circle is shown plotted in figure 21. It 

should be noticed that the coordinates of this diagram are in 

the units of real power in watts horizontally and reactive 

volt-amperes vertically. For any given constant values of Eg 

and Ep the circle will give the conditions of operation of the 

line. Assume a load of P watts at a power factor = cos®, 

represented by the point P'. The conditions of operation of 

the line are represented by P", the power factor being coso'. 

Therefore, if the voltage is to be maintalned the reactive 

leading volt -amperes represented by P'P" must be supplied to 

the line from a synchronous condenser. The polnt of tangency 

of the cirele with the vertical marks the "static stability 

limit", or the theoretical point beyond which the line would 

cease to operate. 1 practice a large factor of safety must 

be introduced to allow for surges, so that the normal operation 

of the line is well below this maximum limit. All quantities 

in the diagram are per phase. 

54 



3. Power Circle Diagram for Sending End.- Obviously, if the 

same procedure is to be followed here E, must be expressed in 

terms of Eg and Ig. 

From equation (44-2) 

Ig Cc 
or BE a oe 0 Ip = oer (70) 

From equation (44) 

AE, = Eg — Bly (71) 

Substituting (70) in (71) 

pit 2B BC 
AE, = Bg ois + D 

DEg — Blg 
or ret 72 

Ey AD — BC ( ) 

But referring back to equations (57), (58) and (59) 

A = D = coshal 

sinhx1l 2 
¥ 

c = Vi sinh 1 
Zz 

PUR ll 

1. To prove this identity express coshXl and sinh«l in terms 

of ed, equations (45) and (46). 
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Equation (72) then becomes 

E. = DEg — BIg (73) 

Equation (73) 1s of the same form as equation (44), with the 

exception of the sign of the last term. The same procedure. used 

before may be used in developing the circle equation, that is, 

(73) 1s multiplied by its conjugate, then by EgEg, the squares 

completed and the result simplified. The details will not be 

repeated here. The final result is 

2n 2 
(Pg — 1'B2)? + (qq + n'E,2)? 2a Be Ir (74) 

B 

d-b; + b 

B 

G40, — 4,0 and a = 102 — 2% (76) 

Equation (74) 1s that of a circle of radius Ealky and center 

at + 1'El.— m'E’ The units of the coordinates of this diagram 

are the same as for the recéiving circle, namely real power and 

reactive volt-amperes, therefore, they may be drawn together as 

in figure 22, 



MAXIMUM STABILITY LIMIT 

—_— 
ee 

N v | 
: Ae 
2 7% 
Q v 
3 / 

7 

pe— / % 

Figure 22 



59 

On observing figure 22 the question suggests itself, what 

are the sending conditions corresponding to any particular re- 

celving conditions? But thus far there is no reference in the 

diagram to serve as a link of connection between the two circles. 

To obtain this reference consider first the distance ko, figure 

22. 

x0 = V12E! + 2g? 

= EZ Vi2 4+ m 

From (68) and (69) 

. 24h. 2 en 2 
12 21-01 + 283250100 + 3570p 

py 
B 

2 

g4 

2n 2 2) 2 24 2 2y, 2 
12 lie Ber STD § 0a%0,° + 5% 

p4 

2 2 2 2 2 2 
hc UU a BL ate 

4 

us 2,282 + 8,282 ” A2 

B* B® 

Therefore 

A 2 0 = 2&5 

Now consider the vector diagram of figure 23, drawn with 

Er at the origen. The triangle kOp of figure 22 is the tri- 

angle KOP of figure 23 with all sides multiplied by B. ’ 



Figure 23 

therefore these triangles are similar. The angle A in figure 

23 1s the angle between sending and receiving voltages for any 

particular conditions. To locate this angle on the receiver 

circle the origen of vectors is transferred to it by means of 

the angle 8 , the tangent of which is the imaginary part of A 

divided by the real part, or 22 . This follows from in- 

spection. The line kt, figure 22, is this trandforved, obtgen. 

Having the angle A from the receiver circle for any specific 

conditions, the position of Eg must be found on the sending 

circle, that is, the origen of vectors of the sending circle 

must be found, so that the angle A may be laid off and the 

corresponding sending conditions found. If the same procedure 

is followed for the sending circle, it is found that the dis- 

tance 
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A vector diagram for the sending circle may also be drawn , as 

in figure 24, which corresponds 2 figure 23. 

Figure 24 

The triangle K'OP' of figure 24 ig similar to triangle k'Op' 
E 

of figure 22, the latter having all sides multiplied by = : 

Again the angle A appears. The new origen of vectors is 

found from the angle B', the tangent of which 1s = locating 

the line k't! in figure 22. Since A = D it happens here that 

[B= Be Now if the sending conditions corresponding to 

the receiving conditions given by point p are desired, the 

angle A measured to kt is laid off from k't', locating the 

point p'. 

In the following pages the circle diagram is applied to the 

problem of Chapter IV, and various relations obtained and curves 

plotted to illustrate the utility of the diagram. One more 

observation here seems pertinent. If the power circles from 

the equations just derived are drawn for different values of 

voltage, the various circles are not concentric. This follows 



from the fact that voltage enters in the expression for the co- 

ordinates of the centers. Another circle diagram may be obtained 

by dividing the circle equation (67) by E". The resultant 

equation 

Ep? * 

is still the equation of a circle, but the voltage has been 

eliminated from the coordinates of the center, these being simply 

1 and m. Circles for different voltages are now concentric, 

but the units of the diagram are no longer in power and reactive 

volt-amperes, but in ratios of power and reactive woltamperes 

to the square of the voltage, or in the nature of conductance 

and susceptance. This type of diagram is useful for some 

purposes, and still others may be developed which are applicable 

to different classes of problems. 

4, Application to Problem of Chapter IV.- The same data 

will be assumed. The recelving voltage E, will be assumed 

constant and circles drawn for three values of sending voltage, 

namely 
115,000 volts, 

127,000 volts, and 

127,000 volts. 

From the diagram, and for an 80% power-factor load the fol- 

lowing information will be determined, 

1. The synchronous condenser capacity required for different 

values of power received. 

2. The generated power and power-factor at the sending end for 



different values of power delivered. 

3. The angle between Eg and Ep for different values of receiver 

power. 

4, The efficiency of the line. 

5. The maximum stability limit for the three different volt- 

ages, 

CALCULATIONS 

From equations (68) and (69) 

a1b; + asbs 1 

B2 

ajbp + ashy 

B2 

Substituting the values found 

0.678 x 42.9 + 0.0504 x 296.7 
42.9% + 296.7° 

0.0004887 

0.678 x 296.7 — 0.0504 x 42.9 

42.9° + 296.72 

0.002205 



Other results are tabulated below. 

2 Bully 
5 B 

140,000 | 9.57 x 10%] 43.2 x 10° [59.27 x 10° 

LR) Bg m'E 

6 6 127,000 | 7.88 x 10°] 35.6 x 10° |53.75 x 1° 

6 
115,000 | 6.45 x 10° 29.2% 1° 48.68 x 10 

To locate reference 

tan 8 = 2 

Ye 

The diagram is shown in figure 25. The line OF, drawn at 

36 degrees and 53 minutes with the P axis represents the con- 

ditions of loading. The ordinates from this line to the re- 

celving circle represent the synchronous condenser capacity 

necessary for operation at each particular load. These are 

plotted for all three circles in figure 26. Figure 27 shows 

the variation of the angle A Dbetween Ey and E, as measured 

between the radius of the receiver circle for any particular 

load and the reference line kt. 

The sending power corresponding to each load, as plotted 

in figure 28, is found by laying off the angles from figure 

27 from the reference line in the sending circle. The power 

factor at the sending end 1s given by the achine of the angle 

between the P axls and the line joining each point of the 

circle with the origen O. It 1s plotted in figure 29. In this 
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figure the efficiency is also plotted. This, of course, is the 

ratio of receiving to sending powers. The maximum stability 

limits are found by drawing vertical tangents to each clrcle. 

They are plotted in figure 30. 

These curves 1llustrate some of the utilities of the 

circle diagram. 
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TABULATIONS 

Pr Syn.Cond. Pg Kva. | Send. | Eff. 
Cap. X o.I, 

1000 kw. | 100@kva. | deg 1000 kw. 1000 % % 

0 -12.2 1.2 6,5 “| 19.1 12 62 0 
5 7 3 x 5.5 20.2 | 21.2 90 
10 -1.8 [13.4 10.8 22.0149.1 | 92.5 
31> 4,2 15.7 16,3 24.6 [56.3 92.0 
20 11.0 | 26.8 2.0 27.7 1 79.4 91.9 
25 18.7 | 34.0 27.8 31.4 | 88.5 90.0 
30 Sel 42 7 34,2 5.8 95.5 87, 
35 39.0 | 53.4 41,1 41,4 | 99,2 85.1 
40 57 | (hel 50.0 -50.,5 199.0 80,0 

0 -17.3 0.2 0.4 1:51 2.5 0 
5 -12,6 Bal 5.5 18.8 | 29.2 90.5 

10 - 7.5 1 11:2 10.7 20.9 151.2 93.5 
pL «Lob Yet | 10,1 2 Ihe, 0 93,2 
20 5.0 | 22.8 21.7 27.1 | 80.0 92.2 
25 12.1 29,2 27.5 31.0 | 88.8 91.0 
30 20.3 36. 4 35:5 35.4 | 94,7 89.5 
35 29.6 44.5 39.8 40.7 197.8 87.9 
40 41.4 54,4 46.9 46.9 1100 85.3 
45 60.5 71.3 56.0 =57 + 97.9 80.3 

0 -22.8 | =0.7 0.4 5.21 2.6 0 
5 -18.2 4.4 5.5 15.6 1 45.1 91.5 
10 =13.0 9.3 10.7 19.1 | 56.0 93.5 | 
15 - Te 1 LU, | * 10,0 Re L(y. T SEW 
20 ~ 1:9 | 197 21.5 26.0 | 82. 93.0 
25 5.4 25 2 27 2 30.2 190.0 92.0 
30 12.8 | 21.4 33.0 34.8 | 94.8 90.9 
25 21.3 eS 39.1 39.9 198.0 89.5 
40 31.0 | 45.5 45,6 45, 99.8 87.7 
45 42.8 54,5 Laue =-52.8 199.8 85.4 
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