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ABSTRACT
There has been a dramatic increase in wireless awareness among the user community in the past few years. The radio-frequency (RF) bands in GHz range have an explosive advancement and greatly been applied in everyone’s lives all over the world. Moreover, as the wireless communication devices have more and more integration in terms of both hardware and software, the low power integrated circuits (IC) solution has gained higher dedication and will dominate in the future RFIC design.
Complementary Metal-Oxide Semiconductor (CMOS) process is extremely attractive for such applications because of its low cost and the possibility to integrate baseband and high frequency circuits on the same chip. A fully integrated solution is attractive for low power consumption as it avoids the need for power hungry drivers for driving off-chip components. The transceiver is often the most power hungry block in a wireless communication system. The frequency divider (prescaler) and the voltage controlled oscillator in the transmitter’s frequency synthesizer are among the major sources of power consumption. There have been a number of publications in the past few decades on low-power high-performance voltage controlled oscillators (VCOs). Therefore this work focuses on prescalers.
A class of analog frequency dividers called as Injection-Locked Frequency Dividers (ILFD) was introduced in the recent past as low power frequency division.  ILFDs can consume an order of magnitude lower power when compared to conventional flip-flop based dividers. However the range of operation frequency also knows as the locking range is limited. ILFDs can be classified as LC tank, ring and relaxation oscillator based. There have been a lot of published works on the LC tank and ring oscillator based ILFD. However, the one on relaxation oscillator based ILFD has been rarely reported, especially for RF applications. Besides, it is usually employed to implement a single division ratio such as 2, 3, 4 with an ILFD. Usually dual- or multi- moduli prescaler is more needed in an RF synthesizer. The dual-modulus prescalers are also rarely studied among published ILFDs. 
The goal of this work is to firstly characterize the ILFD based on relaxation oscillator in RF applications. The locking range is optimized by the proposed topology; besides, a mathematical model is developed as well to verify the optimization. The ILFD is also designed for different moduli, with an easily controlled manner. Finally, the dual-modulus ILFD is also implemented based on the proposed structure.
A prototype of this work is designed and fabricated with a standard 90 nm CMOS technology. The chip is tested and measured successfully to validate the proposed circuits in RF applications.
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[bookmark: _Toc328080353]Introduction and Motivation

1.1 [bookmark: _Toc310253629][bookmark: _Toc310255141][bookmark: _Toc328061337][bookmark: _Toc328080354]Introduction
Wireless communication systems have been greatly studied and implemented in the past decade. Numberless radio-frequency (RF) bands in GHz range are allocated for different use and applications. For example, the 3rd generation (3G) wireless network including WCDMA are using 2.1 GHz, and some other 3G networks use 1.85 GHz or 0.9 GHz, the global positioning system (GPS) operates at 1.57 GHz, and a number of wireless local area networks (WLAN) such as 802.11a covers frequency band centered at 5 GHz, etc. These wireless bands are thriving and practically spread into lives of the ordinary peoples. One of the important reasons is the tremendous development of the integrated circuits (IC) technology. In particular, the meteoric advancement of the complementary metal oxide semiconductor (CMOS) technology has made the RF front-ends with the fast processors and digital application-specific integrated circuits (ASICs) more and more compact and affordable. 
Introduced first in the late 1970s, the WLAN has experienced couple of years’ developments before it goes into everyday lives. With the advent of new technologies along with new architectures, the WLANs are becoming more and more reliable and capable of supporting higher bit rate.  In 1985, the industrial, scientific, and medical (ISM) bands were allocated by the Federal Communications Commission (FCC) for non-communication use. 
However, in recent years these bands have also been shared with license-free error-tolerant communications applications such as Wireless Sensor Networks in the 868 MHz, 915 MHz and 2.450 GHz bands, as well as wireless LANs and cordless phones in the 915 MHz, 2.450 GHz, and 5.800 GHz bands. Wireless LAN devices use the following:
[bookmark: _Toc310255142][bookmark: _Toc310253630]A. Bluetooth 2450 MHz band
[bookmark: _Toc310255143][bookmark: _Toc310253631]B. HIPERLAN 5800 MHz band
[bookmark: _Toc310255144][bookmark: _Toc310253632]C. IEEE 802.11/WiFi 2450 MHz and 5800 MHz bands
[bookmark: _Toc310255145][bookmark: _Toc310253633]D. IEEE 802.15.4, ZigBee and other personal area networks may use the 915 MHz and 2450 MHz ISM bands.
Wireless LANs and cordless phones can also use frequency bands other than the bands shared with ISM, but such uses require approval on a country-by-country basis. In addition, it can be noted that several brands of radio control equipment use 2.4 GHz band range for low power remote control of toys, from gas powered cars to miniature aircraft. Worldwide Digital Cordless Telecommunications or WDCT is an ISM band technology that uses the 2.4 GHz radio spectrum.
The past ten years have seen a dramatic increase in the level of radio awareness among the user community, brought about largely through the prevalence of the use of mobile and cordless phones [1]. 2400-2483.5 MHz band also known as the 2.4 GHz band is being used for an increasingly diverse range of wireless applications. It is the only unlicensed band approved worldwide. The 2.4 GHz band offers more bandwidth compared to the 900 MHz ISM band. Thus wider channel spacing supporting higher data rates is possible. Wireless applications utilizing this band include Wireless Local Area Networking (WLAN), Bluetooth, Home Networking and ZigBee. Reference [1] gives a detailed description and demands of each standard. A gist of the above standards will be outlined here using the information provided in [1].  
[bookmark: _Toc310253634][bookmark: _Toc310255146][bookmark: _Toc328061338]
[bookmark: _Toc328080355]1.1.1 Wireless Local Area Networks (WLAN) 
WLAN provide a cordless solution to office connectivity and is used widely for internal networking of PCs and peripherals. They can be used in two ways: as an indoor substitute for or complement to conventional wired LANs and as outdoor system for point-to-point data transfer. WLANs have revolutionized the office environment by providing more flexibility to the user. For example, the user may require a wide range of information in a conference or meeting room where they are present for a fairly brief period of time. In outdoor application, WLAN can be considered as an alternative to the costly hire of leased line, installation of licensed point-to-point microwave link or the capital-intensive installation of fiber or cable. WLANs can also be useful for point-to-multipoint applications; for example, local authorities operating on multiple sites; university and school campuses, and increasingly ‘out of town’ companies. 
IEEE 802.11 and IEEE 802.11b are the key international standards influencing the WLAN development. This standard, widely accepted around the world, has led to a significant increase in the user confidence; this has been boosted by the introduction of the Wi-Fi band, allowing immediate recognition of interoperable products. These define the specifications for Frequency Hopping Spread Spectrum (FHSS), operating at a maximum of 3M bit per second (bps) and Direct Sequence Spread Spectrum (DSSS), offering 11Mbps products. IEEE 802.11 defines operations of WLAN systems at frequencies between 2400 and 2483.5 MHz. FHSS WLAN systems utilize 79 hopping channels between 2402 and 2480 MHz with a channel spacing of 1 MHz. DSSS WLAN systems utilize 9 (IEEE 802.11) or 11 (IEEE 802.11b) frequency channels with channel spacing of 22 MHz. The development of the technical standards is ongoing. FCC intends to increase the channel bandwidth of FHSS systems to 3MHz and 5MHz to enable it to operate at 11Mbps. The transmitted power is in the order of 100mW (20 dBm). The demand for WLAN -ready equipped PC has increased almost by 5 orders of magnitude in the past five years. The annual unit sold in the year 2000 was 39,000 and 3,800,000 in 2005. 
[bookmark: _Toc310255147][bookmark: _Toc328061339]
[bookmark: _Toc328080356]1.1.2 Bluetooth
 “Bluetooth” is a global wireless connectivity standard that has been developed by a consortium of information technology (IT) and telecommunications companies. It is intended to replace proprietary cable links, which connect IT and telecommunication devices to one another and replace them with a single universal short-range radio link. It is also intended to provide very short-range (10m or less) connectivity, unlike WLANs that provides connectivity up to a few kilo-meters, and can be used for individual cables linking mobile phones, PCs, modems, printers etc. The range of applications that can be addressed by Bluetooth is extensive [1]. 
Bluetooth uses FHSS, 1000 hops/s technology to ensure robust performance in a noisy radio environment, supporting both voice and data, up to a data rate of 1 Mbps.  The Bluetooth standard uses the same 2402-2480 MHz spectrum as the IEEE 802.11 standards but with a significantly lower transmitted power (1mW or 0 dBm). The demand for Bluetooth equipped units has also increased considerably since the year 2000. The total installed units have grown from 96,000 in year 2000 to 20,000,000 units in 2004. 
[bookmark: _Toc310255148][bookmark: _Toc328061340]
[bookmark: _Toc328080357]1.1.3 Home Networking
The concept of home networking extends the benefits of WLAN to home and small office environment. In the United States the drive towards home networking is being led by the HomeRF consortium. The HomeRF vision sees a wide range of electronic home equipment being wireless networked within the home and made accessible remotely via public telecommunication or data networks. In common with Bluetooth, an open, non-proprietary standard for home networking has been developed for home networking. The HomeRF open standard is titled SWAP (Shared Wireless Access Protocol). All of them currently use FHSS technology. HomeRF products can support data rate up to 10Mbps and uses FHSS, 50 hops/s modulation. The transmitted power is in the order of 100mW.
[bookmark: _Toc310255149][bookmark: _Toc328061341]
[bookmark: _Toc328080358]1.1.4 Zigbee
ZigBee protocols are intended for use in embedded applications requiring low data rates and low power consumption. ZigBee's current focus is to define a general-purpose, inexpensive, self-organizing, mesh network that can be used for industrial control, embedded sensing, medical data collection, smoke and intruder warning, building automation, home automation, etc. The resulting network will use very small amounts of power so that the individual devices might run for a year or two using the originally installed battery.
Zigbee devices are required to conform to the IEEE 802.15.4-2003 low-rate Wireless Personal Area Network (WPAN) standard. This standard specifies operation in the unlicensed 2.4 GHz band. There are 16 ZigBee channels, with each channel requiring 3MHz of bandwidth. The center frequency for each channel can be calculated as, FC = 2400 + 5(k) MHz, where k = 1, 2… 16. The radios use direct-sequence spread spectrum coding, which is managed by the digital stream into the modulator. Orthogonal QPSK that transmits two bits per symbol is used in the 2.4 GHz band. The maximum output power of the radios is generally 1 mW.

1.2 [bookmark: _Toc310253635][bookmark: _Toc310255150][bookmark: _Toc328061342][bookmark: _Toc328080359]Research Motivation 	
Power consumption, size and cost have to be kept low in order to meet the growing demand of mobile wireless communications. To meet these requirements it is desirable to implement the transceivers monolithically using low-cost integrated circuit technology.  For cost perspective CMOS offers an attractive solution when compared to Bi-CMOS and GaAs chips. Further, it has the potential to integrate base-band digital modules and the RF modules in the same chip leading to the concept of a compact system-on-Chip (SoC) solution. Due to the extensive scaling down of CMOS technology and increasing operating speed it is has become possible to implement high performance RF circuits and systems using CMOS processes that were possible only with Si based Bi-CMOS or GaAs processes [2]. CMOS based circuits operating at 60 GHz have been reported [3].       
Most devices used in wireless communications are hand-held and battery operated demanding very low power consumption. This is especially true for devices used in wireless sensor networks that are becoming ubiquitous, especially after the recent terrorist activities. Sensors are employed in strategic locations for real-time environmental monitoring, where they collect and transmit data frequently to a nearby terminal. Low power consumption enhances battery life and reduces the cumbersome process of replacing the batteries in these devices. Wireless communication protocols also place very stringent frequency specifications and have restrictive phase noise requirements to reduce the effect of large blocking signals. Meeting these requirements with very low power consumption is a huge challenge for CMOS based frequency synthesizers due to the high frequency parasitic effects, high noise and low quality passive devices available in standard CMOS processes. 
Fig. 1.1 shows part of a typical wireless communication receiver, where the local oscillator (LO) is employed to demodulate the RF signal. The frequency synthesizer, which provides the local oscillator signals for the receiver, consumes a significant portion of the transceiver power. Most of the frequency synthesizers used in wireless communications is phase-locked loop (PLL) based. Fig. 1.2 shows a typical PLL system. The voltage controlled oscillator (VCO) and the prescalar are the two blocks in a synthesizer that work at RF frequencies and consume eighty percent of the total power of the synthesizer.  Low-power and high-performance VCO has been a major topic of research over the last few years. It is not the main focus of this research. Instead, the focus will be on prescaler employing a class of analog frequency dividers known as Injection Locked Frequency Dividers (ILFDs). 


[bookmark: _Toc311145460]Fig. 0.1 Oscillator employed in a typical RF wireless communication system.


[bookmark: _Toc311145461]Fig. 1.2 A typical PLL based Frequency Synthesizer.
There have been a number of publications on ILFDs [4-11] in the past several years as candidates for low-power frequency dividers. The ILFDs have shown potential to consume up to an order of magnitude lower power when operating at giga-hertz frequencies compared to conventional frequency dividers employing flip-flops [4]. The main drawback of the ILFDs is their limited locking range which is also sensitive to process and temperature variations. ILFDs can be designed based on LC-tank oscillator, ring oscillator, or relaxation oscillator, which are also known as the three different types of oscillators. Most of the publications are based on the first two kinds: LC-tank and ring oscillators based [4-9]. Generally speaking, LC-tank oscillator ILFD is more stable over process, voltage, and temperature (PVT) variations, while ring oscillator usually has good locking range. Compared with these two, the relaxation oscillator behaves somehow between them in terms of power consumption and noise performance. Usually for frequency not very high (~ MHz), the relaxation oscillator can provide very linear frequency-to-voltage gain. It has been studied and used a lot in different applications. However, the ILFDs based on relaxation oscillators have not been published a lot. In [10], the locking dynamics of a 1-MHz relaxation oscillator based injection locked oscillator (ILO) has been described. In [11], the dual-modulus ILFDs with relaxation oscillator are proposed. 
Besides, for a more general use of ILFD, a dual-modulus ILFD is more desired for programmable divider design. But most of the ILFD reported have the fixed division ratios of 2, 4, 8, etc., based on LC-tank or ring oscillator. To implement an ILFD with dual-modulus or multi-modulus, new structures of ILFDs should be developed. Among those ILFD publications, LC-tank ILFDs and ring ILFDs all have divide-by-odd number scheme, but only few ones can have dual-modulus scheme. This work is aimed to solve this problem: to have good locking range with odd-number division ratio while having dual-modulus or multi-modulus scheme based on relaxation oscillator ILFD. 

1.3 [bookmark: _Toc310253638][bookmark: _Toc310255153][bookmark: _Toc328061343][bookmark: _Toc328080360]Original Contribution
As mentioned before, the relaxation oscillator based ILFD are furthermore discussed and implemented in this work. The original contributions can be summarized as follows:
· Studied the ILFD based on relaxation oscillator architecture, which is not intensively reported.
·  Designed a wide locking range over power ILFD based on relaxation oscillator operating from 1 GHz to 3 GHz. 
· Proposed a novel circuit topology for multi-modulus ILFD prescaler, the moduli can be 2, 3, 4, …
· Developed the mathematical model to validate the multi-modulus ILFD. 
1.4 [bookmark: _Toc310253639][bookmark: _Toc310255154][bookmark: _Toc328061344][bookmark: _Toc328080361]Proposal Overview
The remaining chapters of the proposal cover the characterization and implementation of the proposed ILFD with relaxation oscillator, for different moduli (division ratios). Chapter 2 discusses the theory and phase noise properties of PLLs, and the impact of the ILFD. Chapter 3 and Chapter 4 provide literature review of the RF dividers, followed by ILFDs. Then the reported ILFDs are reviewed, especially those which can output an odd number division ratio, and then the proposed ILFD is described and analyzed; a mathematical model is introduced to verify the effectiveness of this ILFD. The circuit implementation and the simulation results are provided in chapter 5. The future work is included in chapter 6.
[bookmark: _Toc328080362][bookmark: _Toc310253640][bookmark: _Toc310255155][bookmark: _Toc328061345]
CHAPTER 2
[bookmark: _Toc328080363]PLL Characteristics & Modeling

A stable clock with low jitter and phase noise is a prerequisite for a variety of applications such as high performance analog-to-digital converters, wire-line and optical serial data communication links and radio transceivers. Of the many known PLL architectures [12, 13], the most widely-used “classical PLL” architecture [14]–[20] has a divide-by-N frequency divider, a phase-detector(PD)/charge-pump(CP), a loop filter (LF) and a voltage controlled oscillator (VCO), as shown in Fig. 2.1(a). The difference between a generic PLL and a frequency synthesizer is that the divider in a frequency synthesizer can be programmed to achieve various division ratios. The PLL-based frequency synthesizer is basically a feedback system that produces various frequencies by locking to a clean reference source, which is usually a crystal oscillator. 
A linear, phase domain model for the classical PLL together with various noise sources is shown in Fig. 2.1(b), with Kd being the PD/CP detection gain, FLF(s) being the LF (trans-)impedance transfer function and KVCO being the VCO tuning gain. The PLL phase noise can be divided into two parts: 1) the VCO (and LF) noise which dominates out-of-band noise; 2) the loop noise (noise from the reference clock, PD/CP and divider) which dominates in-band noise as illustrated in Fig. 2.1(c). Due to the existence of the divide-by-N in the feedback path, the PD/CP and divider noise (in power) is multiplied by N2 when transferred to the PLL output. In an optimized PLL, the two types of noise contribute equally to the output jitter [13], [21] and thus are equally important. The VCO phase noise has been studied in literature and noise reduction techniques have been addressed, e.g., in [22]–[24]. 


[bookmark: _Toc310253642][bookmark: _Toc310255157](a)


[bookmark: _Toc310253644][bookmark: _Toc310255159](b)


[bookmark: _Toc310253646][bookmark: _Toc310255161](c)
[bookmark: _Toc311145462]Fig. 1.3 Classical PLL (a) architecture, (b) phase domain model, (c) phase noise spectrum (1/f noise neglected).
The variable of interest in the case of a PLL is the phase of the signal.  The block diagram in fig. 2.1 (b) shows the transfer function of each block in a PLL. The output frequency that is synthesized is given by, 

					  	                    		                          (2-1)
When in lock, the signal fdiv tracks fref in both frequency and phase. The dynamics of the PLL and its noise filtering property depends on the order of the loop filter. Depending on the order of the loop filter the PLL can be classified in to various categories. The open-loop transfer function of the PLL is given by,

                               	      	                                                             (2-2)
As seen in equation (2-2), the PLL is of order 1 even if the loop filter is a simple scalar function.  The closed loop function is given by,

                     		                                                               (2-3)
Therefore, the order of the PLL system is always 1 larger than the order of the loop filter. As stated earlier, charge pump based PLLs are used in a number of applications. This is because the PFD in a charge pump based PLL helps increase the lock range and speed up the capture process [12]. Theoretically, the locking range of such PLLs is limited by the range of frequencies the VCO can synthesize. The steady-state phase error for a charge pump based PLL is zero because the charge pump combined with the loop filter forms an integrator with infinite DC gain. 
The parameter KPFD of the charge pump based PLL is simply given by [25]:

                              		                                                                                   (2-4) 
The PFD converts the phase difference between the divided-down signal fdiv and the reference signal fref into a current that is converted into a voltage in the loop filter.  The loop filter can simply be a capacitor, which leads to two poles at zero in the open loop transfer function and can result in stability problems. Therefore, a resistor is always used in series with the capacitor. For example, for the case with just one resistor R1 in series with the capacitor C1, the transfer function of the loop filter can be expressed as:

                                              		                                                           (2-5)
The open loop and the closed loop transfer function of the PLL are now given by, 

                                          	                                                   (2-6)

                                  		                                        (2-7)
The denominator of equation (2-7) can be compared to a generalized 2nd-order system, the damping factor of which is given by,

                                               		                                                     (2-8)
As seen by the above equation the damping factor is increased by adding the resistor R1. If R1 is not present, the damping factor would become zero, causing the loop to become unstable. 
In a charge pump-based PLL the output of the charge pump is often noisy due to the mismatches between the “UP” and “DOWN” currents. The short pulses caused due to this can produce reference spurs at the output of the PLL by modulating the VCO. Therefore another capacitor C2 is good to be added in parallel to reduce the voltage ripple at the VCO control line. Adding the capacitor introduces an additional pole to both the open-loop and closed-loop transfer function (make it a 3rd-order PLL) and filters high-frequency noise and spurs. This technique of adding a pole and a zero to stabilize the transfer function is usually called lead-lag compensation [25]. 
Fig. 2.2 shows the pole-zero plot of the open-loop transfer function of the PLL. The frequency at which the magnitude of the open loop response reaches unity is called the unity-gain frequency (ωU) or the loop-bandwidth.  It has a zero at,

                                                	                                                            (2-9)
and a pole at:

                                           	  	                                                 (2-10)



[bookmark: _Toc311145463]Fig. 1.4 Open-loop pole-zero plot of the 3rd order PLL.
The open loop transfer function now becomes, 

                            	                                                  (2-11)
where τZ  and τp are given by equations (2-9) and (2-10) respectively and Kd = ICP/2π.  The closed-loop function can be expressed as, 

                                              	    	                                  	                           (2-12) 
The crossover frequency ωu can be approximated by, 

                         	                                        (2-13)
To achieve a good phase margin, the zero is placed a factor α below the loop-bandwidth (ωu) and the pole is placed a factor β above the loop-bandwidth. The factors α and β are usually chosen to be roughly 4. The size of the loop filter components can be expressed in terms of the other loop parameters as shown in reference [25] as,

                                          		                                                       (2-14)

                                       	                 	                           (2-15)

                                     	              	                           (2-16)
The transfer function for noise injected in various parts of the loop to the output of the PLL is now found which gives an understanding how noise from various blocks of the PLL are filtered at the output. Fig. 2.1 (b) also shows the model of the PLL with noise injected at various parts of the loop. The second-order loop filter will be used for the analysis. The noise transfer function from each noise source to the output of the PLL is given by the expressions (2-17) – (2-21).   The current noise from the charge pump is converted into a voltage in the loop filter and modulates the VCO. The resistor R1 is usually the most significant noise contributor to the loop filter. The thermal noise from the loop filter resistor after getting transformed by the term given by the second expression of (2-19) modulates the VCO.  

                                 		                                             (2-17)

                                    	                                             (2-18)

                                  		                                        (2-19)

                                  		                                        (2-20)

                      		      		   (2-21)
As seen in the expressions noise from the reference, the charge pump and the feedback dividers are low-pass filtered while the noise from the VCO is high-pass filtered. The noise from the resistor R1 is band-pass filtered. Therefore, the choice of the loop- bandwidth depends on which source is a significant noise contributor. Usually, the reference source has a very low phase noise in a frequency synthesizer. The VCO noise is the significant noise source beyond the loop-bandwidth and hence the source of out-of-band phase noise in a wireless frequency synthesizer [25]. Therefore, the loop bandwidth is chosen wide enough to attenuate the noise from the VCO. A wide loop-bandwidth however, can be detrimental in terms of reference feed-through that can be caused due to the mismatches in the charge pump. The noise from the charge pump can contribute significantly to the overall phase noise even at high offset frequencies, if the loop parameters are not correctly chosen. 
The noise at the output of the PLL due to the charge pump current noise can be expressed as (2-22). For large offset frequencies, i.e., larger than ωp, the loop filter impedance can be approximated by 1/sC1. The equation (2-18) can now be expressed as, 

                                       	                                                          (2-22)
The current noise from the charge pump is converted into voltage noise by the loop filter impedance. The voltage noise modulates the VCO to produce noise sidebands at the output of the PLL. The single-sided spectral noise density can be calculated using narrowband frequency modulation (FM) approximation [25] and is given by, 

                             	                              (2-23)
where αCP is the fraction of time that the charge pump is “on” when the PLL is locked. If the following parameters are chosen: charge pump current = 10µA ,αCP = 0.1, VGS-VT = 0.5V, β=4, and M = 64, the singe-side phase noise at an offset of 600 KHz with a loop-bandwidth of 100 KHz can be calculated using (2-23) to be -119 dBc/Hz. This value is higher than the typical phase noise contribution from a well-designed VCO. To lower the charge pump noise contribution, the “on” time of the charge pump could be lowered or the VGS-VT of the charge pump can be increased. The first action increases the spurs level at the output of the VCO and the second action can reduce the output voltage range that is necessary to cover the frequency range of interest. For the purpose of integrating the loop filter on-chip, the value of resistor R1 is usually made high to reduce the value of the capacitors C1 and C2.  This can also lead to a significant noise contribution at the output of the PLL. The phase noise at the output of the PLL can be approximated by,

                          	                                       (2-24)
Using the above value of loop parameters in (2-22), the value of the resistor R1 and the capacitors C1 and C2 can be calculated using (2-14)-(2-16) to be 10 kΩ , 640 pF and 64 pF, respectively. The single-side band (SSB) phase noise at an offset frequency of 600 KHz due to R1 is calculated to be -108 dBc/Hz.  This number can be brought down by either increasing ICP or by reducing the loop-bandwidth, which directly translates into increasing the capacitor C1 as given by (2-15). To reduce the noise by 12 dB it was found that the size of the capacitor should be increased by approximately 6 times increasing its size to 4 nF. Such large sizes of the capacitors make it hard or even impossible to be integrated onto a chip.
A solution that reduces the output phase noise of the charge pump and the filter impedance at large offsets is to add another pole in the filter transfer function at the same frequency or at a little span from the frequency ωp. With the addition of the extra pole, the loop transfer function falls at 60 dB/dec for frequencies beyond the frequency ωp. This suppresses the phase noise at higher offset frequencies and allows the sizing of the loop parameters to be relaxed. The schematic of the loop filter with the additional pole added to its transfer function is shown in Fig 2.3. An extra pole is now placed on top of ωp by making R2*C3 = τP. The noise contribution due to the charge pump and the resistor R1 are now given by,

                        	                        (2-25)

                  		                                      (2-26)
Equations (2-25) and (2-26) show that the phase noise improves by a factor of (βωu/Δω)2 with the addition of an extra pole. The resistor R2 now contributes to the phase noise and its contribution to the phase noise at higher offset frequencies is more than that due to R1 [14]. The phase noise at the output of the PLL due to R2 is given by,

                            	                                            (2-27)
To reduce the phase noise, the size of R2 is made smaller than R1 by a factor γ and the size of C3 is made larger that C2 by the same amount.  This can lead to a larger chip area. 


[bookmark: _Toc311145464]Fig. 1.5 Schematic of a 3th order loop filter.
To improve the phase margin of the overall loop, the factor β is now made larger due to the presence of two poles at ωp. 
[bookmark: _Toc328080364][bookmark: _Toc310255162][bookmark: _Toc328061346]
CHAPTER 3
[bookmark: _Toc328080365]RF Dividers

[bookmark: _Toc310255163][bookmark: _Toc328061347][bookmark: _Toc328080366]3.1 RF Dividers and Prescalers
The frequency divider is a crucial building block of an RF communication system since it works at the highest frequency in the system and consumes a large portion of power in a frequency synthesizer [8, 26]. To build up a programmable divider, usually a swallow divider [27], either dual-modulus or multi-modulus structure is preferred for programmability of the division ratio. For example, in [13], Vaucher introduced a wide-division ratio programmable divider with a series of divide-by-2/3 cells. 



(a)


(b)


 (c)
[bookmark: _Toc311145465]Fig. 3.1 Widely-used programmable digital divider; (a) the programmable divider, (b) divide-by-2/3 divider unit, (c) the D-latch cell in a divide-by-2/3 unit.
In this topology, each 2/3 cell stage can be programmed to divide by 2 or 3 with the program signal P0, P1, … Therefore, with n stages of 2/3 cell, the division ratio can be expressed as P0∙20 + P1∙21 + ∙∙∙ + Pn-1∙2n-1, which can cover a range from 2 to 2n-1. For each 2/3 cell, it includes two D-flip flops (DFFs), and each DFF includes two D-latches. Fig. 3.1 (c) shows the D-latch schematic for the RF applications, which is usually called current-mode-logic (CML) D-latch. According to Fig. 3.1 (b), the input signal fin drives four D-latches, which imposes a large load for the input signal. Usually for a frequency around 2.4 GHz, this first stage will consume around several hundred μA in a 0.18-μm CMOS process technology [26]. Therefore, for digital dividers, the key point to reduce the power is the DFFs. Various topologies besides this CML have been developed, such as the true single-phase clock (TSPC) and enhanced-TSPC (E-TSPC). However, as long as the DFFs are used in the digital dividers, say the basic cell like the 2/3 stage, still needs the input clock directly to drive several DFFs. As the operating frequencies increase beyond the low GHz range, the power consumption of the digital dividers becomes increasingly difficult for them to meet a reasonable power budget. Furthermore, due to the large power dissipation, high-speed digital dividers can also introduce considerable noise degradation. 
Another popular topology for a programmable RF digital divider is shown in Fig. 3.2. It includes three parts: the prescaler, the programmable counter (P-counter) which has a count number of P and the pulse-swallow counter (S-counter) and has a counter number of S. The prescaler can be considered as “pre-divider”, and usually has a dual modulus ‘N’ and ‘N+1’ depending on the mode select signal “MC”. Usually P is set larger than S. This divider follows this working procedure:  at the beginning, the prescaler is set to the division ratio of ‘N+1’; then the P-counter (from ‘P-1’) and S-counter (from ‘S-1’) will also begin to count. When S-counter counts from ‘S-1’ to ‘0’, the S will cease to work and output a complementary signal to reset “MC” signal. Then the modulus of prescaler will change to be ‘N’; meanwhile, the P counter will continue to work from ‘P-S-1’until being reset after ‘S’ pulses. Once P-counter is reset, one whole cycle is over and the whole divider will be reset to the next cycle again. Therefore, the overall division ratio R can be derived as:

                                                                                    (3-1)


[bookmark: _Toc311145466]Fig. 1.6 A programmable RF divider based on pulse-swallow counter.

If S-counter is designed to be programmable and output the counter number from 1 to S, then the division ratio R can be tuned from NP+1 to NP+S. Therefore, the output frequency of the PLL can also be tuned from (NP+1)∙fref to (NP+S)∙fref. The dual-modulus prescaler works at the highest frequency, and also needs to provide two consecutive division ratios: N and N+1. After the prescaler, the frequency will be slowed down by N or N+1 times, which can be more easily handled by the two counters, which can be implemented by the standard digital logics, and simplifies the divider design. Apparently, a good prescaler design would be the key to the divider. The following sections will focus on low-power dual-modulus prescaler design. 

[bookmark: _Toc310255164][bookmark: _Toc328061348][bookmark: _Toc328080367]3.2 Other Conventional prescalers
3.2.1 [bookmark: _Toc310255165][bookmark: _Toc328061349][bookmark: _Toc328080368]Prescalers based on finite status machine
To implement the prescaler with low power and simple structure, N is usually set small such as 2, 3, 4 … To implement it, one of the conventional ways is the finite status machine with D-flip flops and combinational logics. Fig. 3.3 shows prescalers with different division ratios. 


(a) divide-by-2/3, divide-by-2 when ‘MODE’ = logic ‘1’; divide-by-3 when ‘MODE’ = logic ‘0’.


(b) divide-by-4/5 (also called “Johnson divider”), divide-by-5 when ‘MODE’ = logic ‘1’; divide-by-4 when ‘MODE’ = logic ‘0’.


(c) divide-by-10/11, divide-by-10 when ‘MODE’ = logic ‘1’; divide-by-11 when ‘MODE’ = logic ‘0’. The divider-by-2/3 is shown in (a), and divide-by-5 is from divide-by-4/5 with MODE = ‘0’ in (b).
[bookmark: _Toc311145467]Fig. 1.7 Digital prescalers with finite status machine.
These three circuits are the classic synchronous sequential logic circuits. In particular, all the DFFs in (a) and (b) operate at the highest frequency, which is usually around several GHz. To handle this, the D-flip flops should be very carefully designed and so should be the logic gates. Besides, the critical paths in these circuits are also needed to be optimized which usually results in further power consumption. 
TSPC and E-TSPC based D-flip flops [28] are usually used in the high-speed prescaler. TSPC DFFs have no static current, and can just operate with lower input frequency, compared with E-TSPC. In [29], a simplified divide-by-2/3 was also proposed. In this circuit, the two logic gates were greatly simplified and integrated into the DFF itself, which reduced the dynamic power a lot. 



[bookmark: _Toc311145468]Fig. 1.8 Logic gates-free divide-by-2/3; divide-by-2/3 when ‘MODE’ = logic ‘1’; divide-by-3 when ‘MODE’ = logic ‘0’.

3.2.2 [bookmark: _Toc310255166][bookmark: _Toc328061350][bookmark: _Toc328080369]Phase switching divider based on CML logic divider
The prescaler described above has an obvious disadvantage: the core DFFs operate at the highest frequency. If DFFs can be implemented with asynchronous logics, the power consumption can be well decreased. 
With asynchronous DFFs, the problem will be that the division ratio can just achieve 2’s power (2, 4, 8 …), since DFFs are connected in series. Therefore, phase-switching technique [30] is then introduced to achieve dual-modulus prescaler. 



[bookmark: _Toc311145469]Fig. 1.9 Phase switching divider with a basic division ratio of 4k: Circuit topology (top) and switching dynamics (bottom).

Assuming that at the beginning, the MUX chooses the I-0o signal as the output, when S-0o is logic ‘1’, while the other three phase select signals are logic ‘low’. In the sequence shadow start point, the logic circuit will set S-0o to logic ‘1’, and the other three logic ‘0’. Then the MUX will output Q-90o from I-0o, which means Fout has the next positive edge delayed 90o, which corresponds to an input cycle length.
For each switching, the positive edge will be delayed one input clock cycle, during which the length between consecutive positive edges will be 5 input cycle. The circuit will have a division ratio of 5. As long as an appropriate phase selecting signals are employed, the odd division ratio can be achieved via the phase switching among the four phases. 
The output signal is employed to generate the phase select signal. If a /2 divider is added before the output, then the phase select signal will be generated every two output cycles; with similar phase switching dynamics, the output could be derived as 8 or 9. Therefore, if a /k divider is added before the output, the division ratio can be 4k, or 4k + 1. 
From the dynamics, usually the /2 in the first two dividers are with differential inputs and outputs, which can therefore ensure the occurrence of the phase switching. Therefore, the apparent advantages inside this divider will be good noise rejection with differential signals. Usually the D-latches in the /2 DFFs have the same structure with the ones in Vaucher’s divider, which is shown in Fig. 3.1 (c). Inevitably, the power consumption will not be small as long as the CML circuits are employed. 
[bookmark: _Toc310255167][bookmark: _Toc328061351][bookmark: _Toc328080370]3.3 Prescaler with ILFD
The prescalers discussed above, can be considered as digital dividers (including the phase switching divider, since they all have DFFs as the divider cell). Digital circuits have the power consumption limit resided in itself. Therefore, analog dividers are developed as a better power-saving divider. 
[bookmark: _Toc310255168][bookmark: _Toc328061352][bookmark: _Toc328080371]3.3.1 Basic characteristics of ILFD
As one of the analog dividers, injection locked frequency dividers (ILFDs) have been studied and used for dividers primarily for its low-power performance in RF applications [7, 9, and 21]. 
Suppose a signal of frequency ωi is injected into an oscillator, which has a self-oscillation (free-running) frequency ωo. When ωi is quite different from ωo, "beats" of the two frequencies are observed. As ωi approaches ωo, the beat frequency (|ωi -ωo|) decreases. When ωi enters some frequency range very close to ωo, the beats suddenly disappear, and the oscillator starts to oscillate at ωi instead of ωo. Fig. 3.6 shows this nonlinear behavior. The frequency range in which injection locking happens is called the locking range. Injection locking also happens when ωi is close to the harmonic or subharmonic of ωo, i.e., nωo or 1/nωo. They are called harmonic (or superharmonic) and subharmonic injection locking, respectively.


Fig. 1.6 Injection locking mechanism.

The sub-harmonic injection locked oscillator is usually used as divider, which is so-called “injection-locked frequency divider”. Compared with the conventional digital divider, the most desirable feature is its low power consumption. It is fundamentally an oscillator at the sub-harmonic frequency of the input signal, which effectively lowers the speed requirement for the process technology by n-fold (n is the division ratio). As a resonant circuit, only a fraction of the stored energy is dissipated in every cycle, which is determined by the quality factor (Q) of the resonator. This means that an ILFD can have significantly lower power consumption than a digital divider. 
Another advantage of ILFD is the high input frequency. In fact, this feature is consistent with the low-power consumption. This could be illustrated by the following example shown in Fig. 3.7. In (a), the divide-by-8 is implemented by three toggled D-flip flops (DFFs). The first DFF in the divider chain toggles at half the input frequency fin; the second one toggles at a quarter of the input frequency; the third one toggles at one-eighth of the input frequency. Thus, the maximum input frequency of the entire frequency divider is limited by the maximum toggling frequency of the first DFF in the chain. While in the ILFD shown in (b), the four D-latches compose of ring oscillator, while it is injection-locked with input frequency, all of the four D-latches will be toggled at one-eighth of fin. With the same maximum toggled frequency for each D-latch (the DFF in (a) contains two D-latches), the ILFD will have a much larger input frequency. Besides, the number of D-latches in the ILFD is also less than the one in (a), which means lower power consumption in an ILFD. 


(a)


(b)
Fig. 3.7 Divide-by-8 implementation with (a) three toggled digital DFFs and (b) four stages ring ILFD with D-latches.

The disadvantages of ILFDs are the limited locking range and the division ratios. Unlike static frequency dividers that can operate with incoming frequencies approaching DC, ILFD performs frequency division correctly only when the incoming frequency stays within the locking range. 
According to the free-running oscillator, the ILFD can be either LC tank-based or ring-based [7, 8, 9]. Compared with LC tank-based topology, the latter one can be more area- and power-efficient when operating in the lower GHz regime. Moreover, the ring oscillator-based ILFD can achieve a better locking range due to the high-Q of the resonant network. 
Fig. 3.6 shows the model for a typical ILFD. The input differential pair can be modeled as a mixer, which has non-linear transfer characteristics. Then the output impedance of each stage and the input capacitance of the following stage form a low pass filter (LPF). Note that there is also one net inversion around the loop. 


[bookmark: _Toc311145470]Fig. 1.7 A general model for ILFD [5].

Suppose ωo is free-running of the oscillator, and Ho is the filter gain, then the transfer function H(jω) of the filter can be expressed as:

				     (3-2)
Suppose the Fourier coefficients Ck of the mixing function can be approximated by:

			     (3-3)
Then the locking range expressed as:

			     (3-4)
where 

          	  	  	     (3-5)



is the injection efficiency and M is the division ratio. From the expression of the locking range one can clearly see that fundamental trade-offs associated with an ILFD. It can be noted that  is small and  is also small, so the locking range increases linearly with the injected signal strength.

[bookmark: _Toc310255169][bookmark: _Toc328061353][bookmark: _Toc328080372]3.3.2 ILFD Transient Response and Phase Noise


	It is also important to understand the transient response of the ILFDs, which reveals a lot about its phase noise filtering properties. Let the input signal to the ILFD be denoted as  and the output signal as, where phase is considered for both the input and the output. The output phase of the ILFD can be perturbed by two sources, the phase noise of the input signal and the internal phase noise of the ILFD. There is a fixed phase relationship between the input and the output signals in the steady state. If α remains fixed, and φ deviates due to the internal phase noise, it would eventually return to its original steady-state value. If α steps suddenly to a different value, then φ would stabilize to a new steady-state value in the absence of noise. The transient response of the ILFD is shown to be exponential for weak injected signals and small frequency or phase perturbation around the natural frequency of oscillation [5]. The output phase returns with a time constant given by, 

						     (3-6)
where S is the slope of the phase response of the filter linearized around the natural frequency of oscillation [5] and k1 and k0 are defined by (3-5). It can be seen that the parameters that increase the phase limited locking range also reduce the time constant leading to a faster settling time. The phase-limited locking range of an ILFD is approximately 1/N times the 3-dB bandwidth of the first-order system response. A detailed analysis of the phase-noise of the ILFD is given in [5] and will not be repeated here. The results of the analysis indicate that the ILFD behaves like a first-order PLL. The internal free-running phase noise of the ILFD is filtered with a high-pass filter, while the noise from the external source is filtered with a low-pass filter.   The total phase noise of the ILFD is given by the expression


                                              (3-7)
where Lφ,free(Δω) is the free-running phase noise of the ring oscillator and Lα,ext(Δω) is the phase noise of the input source, which is usually the voltage controlled oscillator of the PLL. It can be seen from equation (3-7) and Fig. 3.7 that the internal phase noise of the free running ring oscillator is low-pass filtered. Thus, the close-in phase noise (1/f3) caused due to up-converted flicker noise in the ring oscillator is filtered. The extent of filtering also depends on the pole frequency, ωp, which is analogous to the loop bandwidth of the first-order PLL. However, the difference is that ωp can be increased by increasing the strength of the injection signal. In addition, the output tracks the input phase noise with a scale factor 1/N2. 


3. 0.1
[bookmark: _Toc311145471]Fig. 1. Phase-Noise Spectrum of an ILFD [5].
ILFDs can be used to achieve various division moduli. The locking range varies for various division modulus and the number of stages as outlined in [4]. The focus of this work will be on a 3-stage ring oscillator that achieves a division ratio of 4. The divide-by-four ILFD tracks the input frequencies in the range 4(f0+ Δf/2), where f0 is the natural frequency of oscillation of the ring oscillator, and Δf is the locking bandwidth. If the incoming frequency departs sufficiently from the natural frequency of oscillation the loop fails to lock. It is therefore necessary to keep the natural frequency of oscillation fixed to achieve the required division ratio, over process and temperature changes, for the required band. 
[bookmark: _Toc328061354][bookmark: _Toc328080373]
CHAPTER 4
[bookmark: _Toc328061355][bookmark: _Toc328080374]Relaxation Oscillator-based Injection locked Frequency Divider

A digital divider has just one division ratio when mode select signal is disabled, regardless of the input frequency. However, due to the locking range, the ILFD has different division ratios with different input frequencies. Under some input frequency range, the ILFD outputs unlocked signal with no frequency division .Therefore, the ILFD should be designed and optimized for the desired division ratio, which has the largest locking range. For an N/N+1 dual-modulus prescaler implemented by ILFD, one crucial thing is the implementation of odd number division ratio.
4.1 [bookmark: _Toc328061356][bookmark: _Toc328080375]Literature review for Divide-by-odd number ILFD
4.1.1 [bookmark: _Toc328061357][bookmark: _Toc328080376]Divide-by-3 ILFD with ring oscillator
Chen et al. [7] proposed an ILFD based on ring oscillator, which could implement good locking range for a certain division ratio. Shown in Fig. 4.9, this ILFD has the largest locking range for division ratio of 3, which is from the number of the buffer stage. Besides, these three stages share the common-source and connected to a tail current (also called current-starving ring oscillator), which is controlled by the input frequency. 
Suppose the three buffer output nodes can be expressed as Vj, j = 1, 2, 3. The output frequency is locked to ωo, and then the Vj will have a phase delay of 2π/3 under locking status. Each NMOS in the buffer (M2, M4, M6) has the source voltage Vkj (j = 1, 2, 3). Then the common source node (noted as ‘Vx’) will be the sum of Vkj because of the wire-OR connection. From the Taylor series, Vkj can be expressed as:

			     (4-1)
where α0, α1, α2, … are the Taylor coefficients. Therefore, Vx will be:

			     (4-2)
where γj should be greater than 1. It turns out that the lowest operating frequency that can be sustained at Vx is 3rd-order harmonic of Vj, and all the other low-order harmonic tones are suppressed. Therefore, when an excitation signal at the vicinity of 3ωo (ωi = 3ωo) is incident, the power spectral density at the input of injector (Vx) would be concentrated at the vicinity of 3ωi rather than spreading over all the harmonic tones of 3ωo. This implies a more effective injection scheme in the proposed ILFD. In addition, the coefficient of 3-th order harmonic is increased to γ1α3 (γ1 >1). Thus the locking range can be increased according to Adler’s model [8]. By the way, it stands to reason that two-stage oscillator based ILFDs work well for a modulo-2 operation [31]. 
Similar mechanism can also apply to an N-stage ring oscillator. In summary, an N-stage ring-oscillator based ILFD is feasible for a modulo-N operation. The achievable locking frequency would be N times higher than the free-running frequency of ring oscillator, provided the incident signal is effectively injected. An ILFD with very high locking frequency can be achieved by shortening the delay time (Δt) of each delay cell.


[bookmark: _Toc311145472]Fig. 1.10 A divide-by-3 ILFD based on 3-stage ring oscillator.
4.1.2 [bookmark: _Toc328061358][bookmark: _Toc328080377]Divide-by-3 ILFD with LC-tank oscillator
A typical differential LC-tank oscillator has become a popular choice for ILFDs [8] shown in Fig. 4.10 (a) due to its differential input and output and robustness over PVT variations. Frequency division occurs when the 2nd-harmonic current is injected into node A by M4, and switched by the differential pair of M1 and M2 to generate the mixing products. Then all other harmonics except the fundamental frequency component are filtered out. Because the nonlinearity of the switching operation of the differential pair M1 and M2 has odd symmetry, it can only generate mixing products of odd-number orders, which corresponds to division ratios of even numbers (2, 4, 6 ...). Therefore, this topology is inherently suitable for divide-by-2 operation. On the other hand, it can only support frequency division ratios of even numbers (2, 4, 6 ...) due to the differential nature. Therefore, this topology is not suitable for odd-number modulus operation. The divide-by-3 LC ILFD is developed and reported in [32], as is shown in fig. 4.10 (b).


(a) divide-by-2 ILFD 


(b) divide-by-3 ILFD 
[bookmark: _Toc311145473]Fig. 1.11 ILFD with LC-tank oscillator
The main idea in the divide-by-3 ILFD is to introduce a new built-in ‘mixer’ to support odd harmonics: adding another differential pair of M3 and M4 (Fig. 4.2). M3 and M4 convert the differential injection signal Vinj into differential currents, which mixes with M1 and M2. It can be noted that M1 and M2 are no longer a differential pair because their source terminals are separated. Now the even-order nonlinearity of M1 (similarly M2) can generate the desired mixing product that corresponds to a division ratio of any odd number such as 3. A shunt-peaking inductor Lo can be inserted between the source terminal of M1 and M2 as shown in Fig. 4.2. Lo resonates with the parasitic capacitances at the injection signal frequency (3fo), and thus increases the signal amplitude injected into M3 and M4. It also provides a short-circuit current path at the fundamental frequency (fo). Therefore, the upper half circuit (M1, M2, Lo and resonator) works as a differential LC oscillator at the fundamental frequency. Overall, this circuit confines signals at different harmonics locally by circuit topology and filtering. A division of 3 is then achieved. 
4.2 [bookmark: _Toc328061359][bookmark: _Toc328080378]Divide-by-odd number ILFD with relaxation oscillator
4.2.1 [bookmark: _Toc328061360][bookmark: _Toc328080379]Relaxation Oscillator-Based ILFD
Relaxation oscillator based injection locked oscillator is designed and well studied in [10], where a simple divide-by-2 ILFD is also designed. According to [10], the locking range depends on the threshold voltage difference in Schmitt Trigger, charging capacitor, and charging/discharging the current. In [11], a dual-modulus ILFD is designed based on the relaxation oscillator. In that design, the oscillation frequency is tuned by different charging current or charging capacitor. Then with certain input frequency, the division ratio can change with different intrinsic free-running oscillating frequencies. 
An ILFD can implement different division ratios depending on the input frequency and its own free-running frequency. But it can also be suitable for a certain ratio while not for the others, which depends on the topology of the ILFD. In other words, the locking range can be large for a certain division ratio.  The locking range in [11] is small for each division ratio, since the configuration for each ratio is not optimized for that ratio. In this design, a relaxation oscillator-based ILFD topology is proposed which can be used for divide-by-3 with the largest locking range. Fig. 4.3 shows the basic idea of the proposed topology. 


[bookmark: _Toc311145474]Fig. 1.12 The basic idea of a relaxation oscillator-based ILFD.
4.2.2 [bookmark: _Toc328061361][bookmark: _Toc328080380]Locking Dynamics of Relaxation Oscillator-Based ILFD
Here, the charging current IUP has one current source and the discharging current IDN has two current sources. In addition, all of these current sources have the same values of both the DC and the injection current. In this manner, a divide-by-3 ILFD can be implemented as discussed below. 
Suppose VSPH and VSPL are the high and the low thresholds of the Schmitt Trigger [11], and the charging current IUP is Iinj, while the discharging current IDN is 2Iinj. Let thigh and tlow are the charging and the discharging times at the Ccharge node respectively. Thus, the following expressions for free-running oscillation can be derived:

   		  	                            (4-3)

Here, IDN is 2IUP, hence  and then the free-running oscillating frequency will be:

                      				                        	 	     (4-4)

Now suppose the injection current Iinj can be expressed as, where ωi and φi are the input frequency and the phase, respectively, with period Ti as its period. When the ILFD is injection-locked, it will be desirable if the output frequency is equal to the free-running frequency then symmetric locking range and stable operation even with smaller input signal amplitude [10] can be achieved. Therefore, according to (4-10), the integral of DC term cancels the VSPH -VSPL term shown in (4-12):

                    (4-5)
The last term here should be zero:

         	                (4-6)
To make it zero, it depends both on the input frequency ωi and phase φi, but it will be desirable if equation (4-6) is made feasible regardless of φi. Then:

                                                                                                                                  (4-7)
where K = 1, 2, 3, … . Therefore, 

                                                                                           (4-8)
and the division ratio could be expressed as:

                                                                                                                          (4-9)
When K = 2, 4, 6, then the division ratios of 3, 6, 9…. can be achieved. But when K is odd number such as 1, 3, 5…, division ratios of 1.5, 4.5, 7.5…. cannot be obtained. It will be shown below that this is due to the fact that even K values can make the divider achieve a stable injection locking while the odd K values can just achieve locking with two points in an input cycle. Fig 4.4 shows the dynamics of the divider with K = 2.


[bookmark: _Toc311145475]Fig. 1.13 Dynamics of the divide-by-3 ILFD.
Trace 1 is the injection current signal, while Trace 2 is charging/discharging node voltage. Part I is the injection-locked state while part II shows the voltages with an injection signal frequency increment.


In Fig. 4.4, Trace 1 is the input current signal, while Trace 2 is the charging capacitor node (here the amplitude of both traces are not shown). Part I shows the input signal is injection-locked while Part II shows the dynamics when there is a small increment of the input frequency. For simplicity, here the capacitor node voltage is assumed to be ramping up begins from “0”-crossing of the injection current as shown in Part I, but will still be kept an initial phase φ0 in input sinusoidal signal. It can be noted that the ramping up/down here means charging/discharging of the capacitor node. Equation (3) is still applicable for part I. Now in Part II, there is a small increment of input frequency, in other words, the period of injection current  is decreased by. Then the new ramping up/down time can be expressed as: 

                                                                                       (4-10)

           (4-11)




where  is time difference between the points at VSPH in two parts while is the time difference between the points at new VSPH/VSPL and / . Therefore, to make sure the new signal can also be injection-locked, equation (4-10) and (4-9) result: 

                                                                              (4-12)


As long as the right term is larger than 0, positive can be obtained and. This φ0 point can be found in the first half cycle shown in Fig. 4.5, which also shows a monotonically decreasing feature. 


[bookmark: _Toc311145476]Fig. 1.14 The possible initial phase point in a cosine wave.


According to Taylor expansion series of cos(x), the right second term of  can be expressed as following centered at :

                           (4-13)

Suppose the second term and higher-order terms can be ignored due to small enough, then we will have:

                                   		                        (4-14)
Then equation (4-12) will change to:

                                     		                                              (4-15)
There is also an obvious equation from the definitions of Δα1 and Δθ1: 

                                        		                       	                           (4-16)
Combine it with (4-15), we have:

                                     	                                         (4-17)
Then

                                     		                                                (4-18)
To ensure its convergence, this term should be within the range (0, 1): 

                                     	                                                   (4-19)


Then we have: , which gives the  within the range:

                                     	   	                                           		   (4-20)

Equation (4-19) and (4-20) indicate that for an initial phase within the range (0, π), there is always a point of Δα1, which can make the system convergent, and finally make it into locking status again from a frequency variation. Besides, these two expressions also give the hint that, as the injection efficiency increases, smaller Δα1 will be needed; in other words, it will accelerate the system to be re-locked. Equation (4-20) gives a similar conclusion from Fig. 4.4.



The same derivation can be applied to ramping down dynamics and one can also obtain . Then the term  in one output cycle will be accumulated and will get larger and larger. In other words, the accumulated phase will finally make the Trace 2 track the new frequency better and better until it can enter the locking range again, and finally, the new period will be again.


On the other hand, for the fractional division ratio such as 1.5, 4.5, and 7.5 …,   1.5 is used for analysis here. Fig 4.6 shows the dynamics for case K = 1. In this case, and. Under injection-locked condition, for ramping up, equation (4-5) can be satisfied while for ramping down:

                       		                 (4-21)
It can be seen that the discharging equation can be feasible just when the second term on right is zero, which is only feasible when φ0 is (N+0.5)π, where N an integer. In other words, there are just two points in one input signal cycle, which are possible for injection locking. 


[bookmark: _Toc311145477]Fig. 1.15 Dynamics of the divide-by-1.5 ILFD. 
Trace 1 and Trace 2 are also the injection current signal and charging/discharging node voltage, respectively. Part I is the injection-locked state while Part II shows the voltages with an injection signal frequency increment. The ramping down part shows it cannot achieve an injection locking state while depending on the previous phase very deeply.


Now in Part II of Fig. 4.6, similarly suppose there is a small increment of input frequency, in other words, the period of injection current  is decreased by. Then the new ramping up/down time can be expressed as: 

                                                                                      (4-22)

                     (4-23)
With φ0 equals to integer times of 0.5π, (4-23) changes to:

                                      		                                     (4-24)

If is small enough, equation (4-24) changes to:

                                      		                         		               (4-25)


This indicates either  or  is negative.  Moreover, 

                                      		                      		               (4-26)
Apply (4-26) to (4-25), we have

                                      		                      		               (4-27)


Obviously,  is larger than 1 since  , which means this term will not be convergent. Thus there is no negative feedback to ensure the injection locking again, which means a half or a quarter of the input signal cycle in an integral cannot achieve a stable locking. The same analysis can also be applied to division ratio of 4.5, 7.5, and so on. Therefore, the feasible division ratio for Fig. 4.3 will be 3, 6, 9 and so on.
This conclusion can also be applicable for m sources in IUP and n source in IDN. A similar analysis can be applied and the resulting configuration can be suitable for divide-by-(m+n).
4.3 [bookmark: _Toc328061362][bookmark: _Toc328080381]Dual-modulus ILFD
In the last paragraphs, ILFD with relaxation oscillator is studied. The main conclusion made from the analysis, is that one can build up a division-by-odd number divider with that. In addition, it is easy to set the division modulus: just using different current sources. 
Most of the reported ILFDs just have one division modulus, and the programmability of the divider is usually implemented by another conventional programmable divider after the ILFDs. For example, in [8], the pulse-swallow divider described before is used after a divide-by-2 LC-tank ILFD. While in [33], the Vaucher’s programmable divider is used after a divide-by-4 ring oscillator. A dual-modulus, even multi-modulus ILFD prescaler is usually more desirable for the programmable prescaler. The first reported dual-modulus ILFD prescaler was proposed in [34], based on the ring oscillator ILFD, as shown in fig. 4.7.


[bookmark: _Toc311145478]Fig. 1.16 Dual-modulus ILFD in [34].
In this circuit, there are N+1 stages of inverters, where N is an even number to ensure the free-running oscillation and MC is the modulus-control signal. When MC is logic “high”, the input signal fin is injected to all N+1 stages of the ring oscillator and an (N+1)-phase harmonic injection locked divider with an odd division ratio of N+1 is realized [7]. When the MC is set to logic “low”, the last stage of the ring oscillator becomes an inverter and thus an N-phase harmonic injection locked divider with an even division ratio of N is realized. However, the MC signal is added into the RF signal path, which will introduce charge injection and degrade the waveforms. 
In [11], two dual-modulus ILFDs are designed based on the relaxation oscillator scheme shown in Fig. 4.8. The basic idea of these two ILFDs is generating different free-running oscillating frequencies, and then for different input frequencies, the ILFD output will be prone to be injected to different sub-harmonics of input frequency, which makes the ILFD achieve different division ratios. In the first design shown in (a), the oscillation frequency is tuned by different charging current, and in the second design (b), the oscillating frequency is tuned by different charging capacitance.


(a)


(b)
[bookmark: _Toc311145479]Fig. 1.17 Two dual-modulus prescalers based on relaxation oscillator ILFD.
However, these two circuits are not optimized for the certain division ratio. For example, in the (a), according to the previous discussion, the topology is just good for moduli of 2, 4, 6, etc, instead of 3 or 5.
In this work, the dual-modulus ILFD with relaxation oscillator is proposed and designed. This circuit will be described and discussed in the next chapter.


[bookmark: _Toc328080382][bookmark: _Toc328061363]Chapter 5 
[bookmark: _Toc328080383]Circuits Design, Test and Measurements

This chapter will describe the proposed ILFD with relaxation oscillator with dual-modulus. Besides, this prescaler can also be extended to multi-modulus very easily. 
[bookmark: _Toc328061364][bookmark: _Toc328080384]5.1 Chip Design and Fabrication 
The detailed circuit is shown in Fig. 5.1.


[bookmark: _Toc311145480]Fig. 1.18 The circuit schematic of the proposed multi-modulus ILFD with relaxation oscillator.
MC1 and MC2 are the two mode-select signals. From this circuit, when MC1 is “on”, current MN5 will be added in the IUP while current from MP4 will be added in IDN when MC2 is “on”. Two divide-by-2/3/4 triple-modulus circuits based on the same relaxation oscillator ILFD have been designed in both 90 nm and 130 nm CMOS processes as Fig. 5 shows. In particular, the one in 90 nm process has been fabricated and under testing now. In this circuit, there are two mode control signal: MC1 and MC2. Injection signal is fed from vinj node. The amplitude here selected is 300mV for both of the two ILFDs.
The aspect ratios of the transistors in this circuit have been summarized in TABLE 5-1. 
	Item
	Size
	Item
	Size

	MN1
	1.6μm/0.2μm 
	MP1
	1.6μm/0.2μm

	MN2
	1.6μm/0.2μm
	MP2
	1.6μm/0.2μm

	MN3
	1.6μm/0.2μm
	MP3
	1.6μm/0.2μm

	MN4
	0.8μm/0.2μm 
	MP4
	1.6μm/0.2μm

	MN5
	1.6μm/0.2μm
	MP5
	1.6μm/0.2μm

	MN6
	1.6μm/0.2μm
	MP6
	3.2μm/0.1μm

	MN7
	0.2μm/0.1μm
	MP7
	0.2μm/0.1μm

	MN8
	3.2μm/0.1μm
	MP8
	0.2μm/0.1μm

	MN9
	0.2μm/0.1μm
	MP9
	0.2μm/0.1μm

	MN10
	0.2μm/0.1μm
	Ccharge
	16fF



Cadence SpectreTM is employed for simulation. Tables 5-1 and 5-2 show the input frequency ranges with different current configurations. In the left column m+n means m current sources in IUP and n current sources in IDN. The body of the table shows the input frequency range in GHz for each division ratio the ILFD can achieve. The bold ones show the largest input frequency range among division ratios of 1~4. It can be easily seen that the ratio with largest division ratio is equal or 2 times of the sum of m+n, which validates the analysis demonstrated in section II.
[bookmark: _Toc310282659]TABLE 1‑1 SUMMARY OF THE ILFD IN 90-NM PROCESS
	m+n
	divide-by-1
	divide-by-2
	divide-by-3
	divide-by-4

	2+1
	0.4 – 0.6
	0.8-1.3
	1.5-2.6
	3.0-3.6

	2+2
	0.5 – 0.8
	1 – 2.5
	2.6 – 3.3
	-

	1+1
	0.4 – 0.5
	0.6 – 1.7
	-
	1.9 – 2.7

	1+2
	0.4 – 0.7
	0.9 – 1.4
	1.6 – 2.6
	2.9 – 3.1



[bookmark: _Toc310282660]TABLE 1‑2 SUMMARY OF THE ILFD IN 0.13-ΜM PROCESS
	m+n
	divide-by-1
	divide-by-2
	divide-by-3
	divide-by-4

	2+1
	-
	0.8-1.1
	1.4-3.3
	4.0-4.6

	2+2
	0.5 – 0.8
	1 – 3
	3.1 – 3.6
	3.8 – 5.5

	1+1
	0.4 – 0.5
	0.7 – 2.3
	-
	2.6 – 3.6

	1+2
	0.4 – 0.8
	1.4 – 1.6
	1.8 – 3.1
	3.3 – 3.6



Table 5-3 shows the comparison between this ILFD with the published ILFD works. All of the power supplies for these works are 1V except 1.2V for the work involving 130 nm CMOS process. From the table, it is obvious that the proposed ILFD can achieve a good locking range over power (LROP) among these dual-modulus dividers.
[bookmark: _Toc310282661]TABLE 1‑3 COMPARISON WITH THE PREVIOUS WORKS.
	Work
	Power (µW)
	Process (nm)
	Division ratio
	Locking range (GHz)
	LROP (MHz/µW)

	[34]
	220
	180
	4/5
	1.8-6
	19

	[34]
	290
	180
	8/9
	1.8-5.5
	17

	[34]
	150
	180
	2/3
	2-5
	20

	[11]
	34
	90
	2/3
	0.381-0.5
	3.5

	[11]
	34
	90
	3/4
	0.554-0.627
	2

	This work #1
	29
	90
	/2/3
	1.5-2.5
	34

	
	
	
	/3/4
	1.9-2.6
	24

	
	
	
	/2/3/4
	1.9-2.5
	21

	This work #2
	50
	130
	/2/3
	1.4-3.0
	32

	
	
	
	/3/4
	2.6-3.3
	14

	
	
	
	/2/3/4
	2.6-3.0
	8



Fig. 5.2 shows the chip layout in the 90-nm processes.
[image: 9rf_inv]
Fig. 5.3 The ILFD core layout (30 μm x 19 μm).


[bookmark: _Toc311145481]Fig. 1.19 Chip photo of the ILFD (30 µm x19 µm). – add pads part.
[bookmark: _Toc328061365][bookmark: _Toc328080385]5.2 Test setup 
The chip test setup is shown in Fig. 5.3. 


[bookmark: _Toc328061367][bookmark: _Toc328079964][bookmark: _Toc328080386]Fig. 5.3 The testbench setup of the ILFD.
A 4-layer FR-4 printed circuit board (PCB) has been designed for test. The chip is bonded on the board to avoid any package needed for minimized parasitics. The chip-on-board (CoB) is shown in Fig. 5.4. The testbench is setup finally as Fig. 5.5 shows.
[image: CoB]
[bookmark: _Toc328061368][bookmark: _Toc328079965][bookmark: _Toc328080387]Fig. 5.4 PCB layout for test.
[image: P1000633]
[bookmark: _Toc328061369][bookmark: _Toc328079966][bookmark: _Toc328080388]Fig. 5.5 ILFD testbench setup.

[bookmark: _Toc328061370][bookmark: _Toc328080389]5.3 Free running oscillator
[bookmark: _Toc328061371][bookmark: _Toc328079968][bookmark: _Toc328080390]The ILFD itself could be a free-running oscillator if there is no input signal injected. Fig. 5.3 shows the free running output spectrum of the ILFD without any input. The DC biasing of the Vin is around 0.54 V. The output spectrum power is -3.96 dBm centered at 446 MHz. 


[bookmark: _Toc328061373][bookmark: _Toc328080391]Fig. 5.3 The power spectrum of the free-running relaxation oscillator.
[bookmark: _Toc328061374][bookmark: _Toc328080392]The phase noise of the relaxation oscillator is more close to that of a ring oscillator other than an LC oscillator, which indicates a noisy output in free-running. The second and third harmonics have power of -36 dBm and -13.5 dBm respectively. Shown in Fig. 5.4, the phase noise at 1 KHz and 10 MHz frequency offset are -47 dBc/Hz and -77 dBc/Hz respectively. 


[bookmark: _Toc328061376][bookmark: _Toc328080393]Fig. 5.4 Phase noise of the free-running oscillator.
[bookmark: _Toc328061377][bookmark: _Toc328080394]5.4 ILFD Test and Measurement
[bookmark: _Toc328061378][bookmark: _Toc328080395]5.4.1 Configuration of ‘1+1’
[bookmark: _Toc328061379][bookmark: _Toc328080396]Setting both MCP and MCN enabled/disabled can configure the ILFD as divide-by-2 divider. Fig. 5.5 shows the output spectrum at 1GHz input signal with -12 dBm input power (The real injection power will be attenuated by the parasitics and the imperfect matching network). 


[bookmark: _Toc328061381][bookmark: _Toc328080397]Fig. 5.5 The power spectrum of the ILFD with 1GHz, -12 dBm input signal.
[bookmark: _Toc328061382][bookmark: _Toc328080398]The power spectrum has better purity then the one under free-running, which is further demonstrated by the phase noise shown in Fig. 5.6.The phase noise at 1KHz and 10 MHz offset is about -93 dBc/Hz and 117 dBc/Hz. 


[bookmark: _Toc328061384][bookmark: _Toc328080399]Fig. 5.5 The power spectrum of the ILFD with 1GHz, -12 dBm input signal.



[bookmark: _Toc328061386][bookmark: _Toc328080400]Fig. 5.6 Phase noise of the free-running oscillator.
[bookmark: _Toc328061387][bookmark: _Toc328080401]The locking range under divide-by-2 versus input signal power is shown in Fig. 5.7. 



[bookmark: _Toc328061388][bookmark: _Toc328080402]Fig. 5.7 Measured locking range of the ILFD versus input power when VIN = 0.3 V.

[bookmark: _Toc328061389][bookmark: _Toc328080403]Fig. 5.8 Measured input sensitivity of the ILFD versus input frequency when VIN = 0.3 V.



[bookmark: _Toc328061390][bookmark: _Toc328080404]Fig. 5.9 Measured locking range of the ILFD with 3 dBm input power under different bias conditions.
[bookmark: _Toc328061391][bookmark: _Toc328080405]5.4.2 Configuration of ‘2+1’
[bookmark: _Toc328061392][bookmark: _Toc328080406]Setting either MCP or MCN enabled can configure the ILFD as divide-by-3 divider. Fig. 5.10 shows the output spectrum at 1.38 GHz input signal with -10 dBm input power (The real injection power will be attenuated by the parasitics and the imperfect matching network). 
[image: E:\New Folder (5)\locked_div3.png]
[bookmark: _Toc328061393][bookmark: _Toc328080407]Fig. 5.10 The power spectrum of the ILFD with 1.38 GHz, -12 dBm input signal. This ILFD implements a divide-by-3 function.
[bookmark: _Toc328061394][bookmark: _Toc328080408]The power spectrum has better purity then the one under free-running, which is further demonstrated by the phase noise shown in Fig. 5.6.The phase noise at 1KHz and 10 MHz offset is about -93 dBc/Hz and 117 dBc/Hz. 


[bookmark: _Toc328061396][bookmark: _Toc328080409]Fig. 5.11 Phase noise of the free-running oscillator.
[bookmark: _Toc328061397][bookmark: _Toc328080410]The locking range under divide-by-2 versus input signal power is shown in Fig. 5.7. 



[bookmark: _Toc328061398][bookmark: _Toc328080411]Fig. 5.12 Measured locking range of the ILFD versus input power when VIN = 0.3 V.

[bookmark: _Toc328061399][bookmark: _Toc328080412]Fig. 5.13 Measured input sensitivity of the ILFD versus input frequency when VIN = 0.3 V.




[bookmark: _Toc328061400][bookmark: _Toc328080413]Fig. 5.14 Measured locking range of the ILFD with 3 dBm input power under different bias conditions.
[bookmark: _Toc328061401][bookmark: _Toc328080414]Divide-by-1.5
[bookmark: _Toc328061402][bookmark: _Toc328080415]Transient waveforms
[bookmark: _Toc328061403][bookmark: _Toc328080416]5.4.3 Configuration of ‘2+2’
[bookmark: _Toc328061404][bookmark: _Toc328080417]Setting both MCP and MCN enabled/disabled can configure the ILFD as divide-by-2/4 divider. Fig. 5.5 shows the output spectrum at 1GHz input signal with -12 dBm input power (The real injection power will be attenuated by the parasitics and the imperfect matching network). 


[bookmark: _Toc328061406][bookmark: _Toc328080418]Fig. 5.5 The power spectrum of the ILFD with 0.92 GHz, -12 dBm input signal. This ILFD is divide-by-2 divider.
[bookmark: _Toc328061407][bookmark: _Toc328080419]The power spectrum has better purity then the one under free-running, which is further demonstrated by the phase noise shown in Fig. 5.6.The phase noise at 1KHz and 10 MHz offset is about -93 dBc/Hz and 117 dBc/Hz. 



[image: E:\New Folder (6)\locked_phase noise_div4_0000.png]
[bookmark: _Toc328061409][bookmark: _Toc328080420]Fig. 5.6 Phase noise of the free-running oscillator.
[bookmark: _Toc328061410][bookmark: _Toc328080421]The locking range under divide-by-2 versus input signal power is shown in Fig. 5.7. 



[bookmark: _Toc328061411][bookmark: _Toc328080422]Fig. 5.7 Measured locking range of the ILFD versus input power when VIN = 0.3 V.

[bookmark: _Toc328061412][bookmark: _Toc328080423]Fig. 5.8 Measured input sensitivity of the ILFD versus input frequency when VIN = 0.3 V.



[bookmark: _Toc328061413][bookmark: _Toc328080424]Fig. 5.9 Measured locking range of the ILFD with 3 dBm input power under different bias conditions.
[bookmark: _Toc328080425]5.4.4 Other division ratios

[bookmark: _Toc328080426]5.5 Discussion and summary of the ILFD
[bookmark: _Toc328080427]
Chapter 6 
[bookmark: _Toc328080428]Future Work

This work went through multiple phases identifying the project, researching the literature and prior arts, identified the problem, confirmed the value of the problem, and finally found the practical approach for the problem.  With the key milestones achieved, it is expected that the design will be finalized and followed by test and characterization.  The planning of the remaining part of this project is shown in Table 6-1. 
A list of items expected to be delivered at the end of this work is discussed below:
1. Design a RF print-circuit-board (PCB) for test of the ILFD. The PCB design will be very important to get good results. RF test board design is also becoming a difficult thing with a number of issues usually including the impedance matching, noise filtering, and signal integrity.
2. Testing includes the locking range, phase noise, power consumption and output spectrum.
3. The mathematical model can be furthermore optimized. 
4. At least one journal paper will be written based on the test results (if it works with the analysis).
[bookmark: _Toc310282662]TABLE 1‑4 SUMMARY OF PLANS FOR UPCOMING MONTHS
	
	Task
	Duration
	Start
	Finish
	Time Line

	
	
	
	
	
	Dec
	Jan
	Feb
	Mar
	Apr
	May
	June

	1
	Design the PCB for the 9RF chip
	40 days
	01/01/12
	02/10/12
	                      
	
	

	2
	Test the 9RF chip
	20 days
	02/11/12
	03/02/12
	
	
	

	3
	Submit a paper about the ILFD in 9RF
	40 days
	03/03/12
	04/13/12
	
	
	

	4
	Document the Results and Prepare the Dissertation
	60 days
	04/14/12
	06/14/12
	
	
	



[bookmark: _Toc328080429]
Appendix 
[bookmark: _Toc328080430]The derivation of the locking range for ILFD with relaxation oscillator
[bookmark: _Toc328080431]A. Free-Running Relaxation Oscillators



Consider a relaxation oscillator in Fig. A.1 in its free-running state without injection current iinj(t). Assume the 'UP' and 'DN' current are same and constant and expressed as Ic. The voltage of the charging capacitor Ccharge is given by   (charging) and  (diacharging). The output voltage of the oscillator has a 50% duty cycle with period Tn given by .


Fig. A.1 Basic configuration of a relaxation oscillator.
[bookmark: _Toc328080432]B. Injection locked relaxation oscillator

Assume the injection current is added:  being injected into the timing capacitor and modulate both the period and the duty cycle of the output voltage vout, as Fig. A.2 shows. In the first oscillation cycle under injection, 


, 			     (A-1)

Fig. A.2 Waveforms of relaxation oscillators under injection with definitions of phase angles and time intervals (duty cycle variations have been exaggerated).
where ϕ1 is the phase angle of iinj(t) at t = t1 with reference to the origin, as shown in Fig. 2. During the locking process, the rising edge of the output voltage vout(t) will change after every cycle until it is locked. When the output voltage vout(t) is aligned with iinj(t) under injection-locked status, the phase angle, ϕk will become zero. Therefore, the phase angle of iinj(t) measured at the rising edge of vout(t) quantifies the amount the misalignment between these two signals. The solution of (A-1) at t=τ1,H is given by

 		   (A-2)
Solving (A-2) for τ1,H gives 

              			    (A-3)
where m = Ii/Ic is defined as the injection index. Similarly, one can show that the time duration of the kth period where the output of the oscillator is at logic ‘1’ is given by

			    (A-4)
where ϕk is the phase angle of iinj(t) at t = tk with reference to the (2k)th zero crossing of iinj(t)  as shown in Fig. A.2. In a similar manner, the time duration of the kth oscillation period where the output of the oscillator is at logic’0’ is given by

     			    (A-5)
Let βk and γk denote the phase angle of iinj(t) at t = tk+ τ1,H and with reference to the (2k)th zero crossing of iinj(t), respectively, as shown in Fig. 2. It follows that βk = ϕk + ωiτk,H  and γk = ϕk + ωiτk,H. Making use of (A-4), we obtain

 				   (A-6)
where a0 = ωiTn. Substitute βk into sinβk in (A-6) and 

  		    (A-7)
If the injection index m is small, i.e., the amplitude of the injection signal is much smaller as compared with the current of the charging current, then we can expand sin[ϕk+(a0/2)-m(sinβk-sinϕk)] at ϕk+(a0/2) in its Taylor series to the first order and neglect the high-order terms, i.e., the terms associated with m2, m3, … as

			    (A-8)
Here, for simplicity, only the first-order approximation is performed if the amplitude of the injected signal is much smaller than the current of the charging current of the relaxation oscillator. If the amplitude of the injection current is comparable with the charging current, then the derivation will be very complicated. Fortunately, for the design perspective, the assumption that the injection signal is weak holds. Similarly, substituting (A-5) into γk = ϕk + ωiτk,H 

   				    (A-9)
Substituting γk into sinγk and expanding sin[βk +(a0/2) + m(sin βk – sin γk)] at βk +(a0/2) to the first order yield

 			  (A-10)
Using (A-6) yields

     		 		 (A-11)
As shown in Fig. 2, ϕk+1/2 and ϕk+1 are essentially βk and γk but measured from reference points displaced by π and 2π, respectively. Therefore, βk = π + ϕk+1/2 and γk = 2π + ϕk+1. Define a1 = a0 - 2π = 2π (Tn-Ti)/Ti = (ωi – ωn)Tn, (A-11) becomes

			  		  (A-12)
where a = 4mcos2(a1/4), and Δϕk = ϕk+1 - ϕk. The first term in (A-12) is the initial phase angle of iinj(t), and second term quantifies the effect of the injection signal.
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Let ϕx be a continuous function of x with ϕx|x=k = ϕk. Over each cycle of the oscillator, the value of x is continuously incremented by 1, as graphically shown in Fig. 3. From (A-12), the change in ϕx from x = k to x = k+1 will equal to a1+asin ϕx at x=k+(1/2), as shown in Fig. 4. If we assume that the average value of dϕx/dx over the interval is [k, k+1] approximately equal to its value at the midpoint of the interval, and then we can write

					  (A-13)


Fig. A.3 Waveforms of vo and ii(t). For each cycle of vo(t), x is incremented by 1.
Note that the preceding approximation is valid for each [k, k+1] interval. (A-13) then can be solved from

					  (A-14)
The result is given by


								  (A-15)
Where a22 = a2 – a12 is assumed for simplification. We comment on the preceding development.
1 If a2 is real, i.e., a>|a1|, then tan(a2x/2) will be a periodic function of x with period

				  (A-16)
tan(ϕx/2) will have discontinuities at x = (Xp/2) + Xp, …, Xp/2 + nXp, where ϕx =π, π+2π, …, π+nπ.
2 If a2 is imaginary, i.e., a<|a1|, then tan(a2x/2) converges to j as x increases. In this case, the right-hand side of (15) will no longer be periodic. For each value of a1, ϕx, will converge to a finite value with the increase of x, i.e., the oscillator will lock to the injection signal iinj(t).
3 If a2 = 0, then we have a1 = a, and ϕx = π/2 follows. The phase angle of is approximately π/2. This agrees with the results given in [17]. This condition is called “quasi-lock,” which occurs when the oscillator is exactly at either ends of the locking range.
The preceding analysis shows that the locking range of the oscillator can be determined from the constraint that the value a2 of must be imaginary. Making use of this observation and noting a > 0, we have a ≥ |a1|. It follows that 4mcos2(a1/4) ≥ |a1|. When is within the lock range, is small such that cos2(a1/4) ≈ 1. The upper bound of a1 below

					  (A-17)
Making use of ωn = 2π/Tn and ωi = 2π/Ti, we arrive at

     					  (A-18)
where ΔωL = ωi – ωn is the locking range of the oscillator, which is centered at ωn, i.e., ωi, max = ωn +|ΔωL |. It is evident from (18) that the locking range is proportional to both the amplitude of the injection signal and the free-running frequency of the oscillator. The scaling of locking range with ωn is verified by noting that for a given charge pump current amplitude; a higher ωn denotes a smaller timing capacitance. As a result, the same injected current will give rise to a larger change in the voltage of the timing capacitor, causing a larger change in the oscillation frequency.
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