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ABSTRACT

In recent years several high resolution pressure broadening
measurements have been performed on the fundamental band of NO. These
works have assumed that the collision halfwidth of each component of
the lambda doublet of NO was equal and neglected any spectral line
coupling effects. This work examines the validity of these assump-
tions by examining, analytically, the effects of collision broadening
on the lambda doublets of NO.

The Anderson-Tsao—-Curnutte (ATC) pressure broadening theory is
extended to a coupled spectral line theory which includes non—E state
diatomics. From this theory expressions for the coupled line absorp-
tion coefficlent are obtained which include the dipole-dipole, dipole-
quadrupole, quadrupole-dipole, and quadrupole-quadrupole inter-
molecular potentials. The resolved line approximation was added to
the ATC theory in order to obtain expressions for the collision half-
widths of each lambda doublet component in the absence of line
coupling effects. The expressions for the halfwidths given by the ATC
theory were obtained when it was assumed the rotational eigenstates of
NO are equivalent to those of a symmetric top molecule. The effects
of collision broadening of NO by CO were calculated utilizing the
three different cases above; coupled line formulation, resolved line
approximation, and the ATC theory assuming symmetric top eigenstates.

The results confirmed that the equal halfwidth and no coupling
assumptions are indeed valid approximations. The percent difference

between the halfwidths of the doublet components was found to be no
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more than 2.8 percent. The difference between the halfwidths calcu—
lated by the ATC theory and that of the modified ATC, which incor-
porated non—Z state eigenstates, was no more than 3.2 percent. The
line coupling effects were found to be more pronounced in the lines of
the 3/2 subband than those of the 1/2 subband due to the small doublet
separation in the 3/2 subband. The coupled line effects were never
found to exceed 1.42 percent of the absorption coefficient over a fre-
quency range where the absorption was non-negligible at pressures as

high as 600 Torr.
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INTRODUCTION

High resolution spectroscopy of gaseous nitric oxide (NO) is of
interest because of the basic information to be learned regarding
molecular radiation and because of its usefulness to the gas
diagnostic community. Nitric oxide is a well known pollutant derived
from high temperature combustion and is prevalent in automobile and
turbine engine»exhaust. Its rate of production is temperature depen-—
dent which makes it an ideal gas to use as a temperature diagnostic
gas utilizing infrared (IR) absorption techniques. Unlike the IR
active free radicals produced in combustion, NO is chemically stable,
therefore its spectral line parameters can easily be measured in a
laboratory environment under known conditions.

The trend in infrared absorption gas diagnostics has been toward
higher resolution measurements. The use of tunable diode lasers has
been one of the reasons for this trend. The increasing power, mode
separation, lifetime, and decreasing cost of these lasers make them an
excellent narrow linewidth (10 ° cm !) infrared source for gas
diagnostics on infrared active species. In the past, IR diagnostics
have relied on statistical band models which average the radiation
over a broad spectral range encompasing many spectral lines of the
molecule of interest. High resolution measurements allow one to
examine individual spectral lines and are less dependent on approxima-
tions than band models. High resolution spectroscopy requires more
accurate values for the spectral line parameters of frequency, width,

strength, and shape, used to model the radiation. A knowledge of the
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temperature and pressure dependence of these spectral line parameters
is also needed for accurate radiation modeling under varying con-
ditions. Finally, more emphasis must be placed on the radiation
models themselves in order to account for fine structures which appear
at higher resolution.

The use of IR spectroscopy for the detection of gases such as NO
or as a temperature diagnostic tool requires a physical model. These
models can best be examined by considering the hypothetical experiment

shown schematically below;

1° (W) I (w)
—_— s )
Y

where Io(w) is the spectral intensity of the light incident upon a
slab of gas of length %, temperature T, and pressure P. The trans-
mitted spectral intensity is given by I(w) and is related to the
incident intensity of Beer's law;

I(w) = Io(m)e_k(w)z
where k(w) is the absorption coefficient which is temperature and
pressure dependent. The form of k(w) depends on the mechanism respon-
sible for the broadening of the spectral line

Three main spectral line broadening mechanisms in infrared
spectroscopy are natural, Doppler, and pressure (or collision)
broadening. Natural line broadening arises from the uncertainty prin-
ciple such that for a finite transition time the energy level respon-

sible for the transition are uncertain and therefore gives rise to a

spread in the transition frequency. Natural broadening halfwidths




at half maximum (HWHM) in the IR are typically 1075 em™! and can be
ignored in comparison to other broadening mechanisms. Doppler broad-
ening results from the shifted frequencies of the light as seen by the
moving molecule. When these frequency shifts are averaged over all
molecules in the path weighted by Maxwell velocity distribution there
results the Doppler profile for the absorption coefficient. The
Doppler profile HWHM 1is proportional to the square root of temperature
and for NO at 300K it takes on the value of 2,65 X 1073 cm™! which is
approximately two orders of magnitude larger than the natural broad-
ening HWHM. The third broadening process is collison broadening,
Collision broadening is due to perturbations of the molecular energy
levels by means of molecular collisions. This results in a smearing
of the upper and lower state energy levels thereby producing a
spreading of the allowable transition frequency. Doppler broadening
is predominant for low number densities, but as the number density,
pressure, increases the collision rate increases and collision
broadening becomes dominant. For NO at a temperature of 300K Doppler
broadening is predominant at pressures of approximately one Torr or
less. At pressures of about 50 Torr or more pressure broadening
tends to dominate. The typical pressure broadened absorption coef-
ficient profile has a HWHM of 0.07 cm~! at one atmosphere and at a
temperature of 300K and is directly proportional to pressure, At
pressures intermediate to the Doppler and collision broadening regine
the convolution of the Doppler and collision profiles, called the
Voigt profile, is used. This simultaneously takes into account

Doppler and collision broadening.
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Most gas diagnostic situations deal with pressures greater than
50 Torr and less than one atmosphere hence only the collision
broadening profile usually need be considered. For the case of pure
collision broadening the absorption coefficient function is given by

the Lorentz profile;

k(w) = o, (2)
(w0 ~81)2 + v 2]

where S is the integrated absorptance, Y; is the collision HWHM, and
AL is the line shift. The integrated absorptance is expressed in
terms of the pressure independent line strength as;

s = s%, (3)
where PA is the pressure of the absorbing gas species in atmospheres
and S° is the line strength in units of em™! atm™!, The halfwidth and
line shift are likewise expressed in terms of pressure independent

quantities YiL and AgL by;

i L

(o]

where the sum runs over all species, the pressures are in units of
atmospheres, and YgL and AgL have units of ecm~! atm™!. The parameter
YiL is sometimes denoted as a standard halfwidth or broadening para-
meter when evaluated at a reference temperature, usually 300K,

The usual approach in modeling the absorption due to several

spectral lines is to sum their individual absorption coefficients.

Thus for a several line model one usually has;
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k(w) = Tk (w) (6)
i

where the sum runs over all spectral lines that have a non-negligible
contribution in the spectral region of interest. The approach in the
past when considering the closely spaced, 1072 em~!, lambda doublets
of NO has been to assume each doublet component has equal line
strength and collision halfwidth or ignore the doublets altogether and
treat them as a single line with a line strength weighted by a factor
of two.,[1-5] Calculations of the halfwidths of NO collision broadened
by N, and 0, have been performed by Tejwani et al. [2] utilizing the
Anderson-Tsao-Curnutte theory [6-8] in which they also treated the
lambda doublets as one spectral line.

A theory developed by Gersten and Foley [9] indicates that as
spectral lines become blended there is the possibility of interference
terms contributing to the absorption coefficient. Thus two closely
spaced spectral lines may become coupled in which case the total
absorption coefficient may be given by:

k(w) = ky(w) + ko(w) + ky(w) (7)
where kl(m) and ky(w) are the absorption coefficients for the indivi-
dual spectral lines and kI(m) 1s the interference term., It is the
purpose of this work to examine this coupling effect, and the half-
widths in general, for nonI state diatomic molecules such as NO and
apply the results to the specific case of NO collision broadened by CO.

The calculation of the effects of collision broadening necessi-
tates knowing the rotational energies of the molecule. These are

somewhat more complicated to calculate for NO than other chemically



stable diatomic molecules due to its 27 electronic ground state. Thus
it is necessary to include in the molecular Hamiltonian terms such as
the spimorbit, spin-spin, and other angular momentum coupling
interactions. Although the rotational Hamiltonian matrix elements for
a non—i state diatomic can be found in the literature their derivation
is spread throughout the literature over a period of fifty years. The
first three chapters of this work are devoted to the derivation of the
molecular Hamiltonian matrix elements and the solution of the Hamil-
tonian energy eigenvalue equation utilizing these matrix elements.

Presented in Chapter I is a novel approach in deriving the
eigenstates of total angular momentum for the Hund's case A coupling
scheme., Previously, a derivation of the eigenstates relied solely on
the coordinate representation of the total angular momentum operator
from which a differential equation was found and solved for the
eigenstates. The derivation given in Chapter I makes use of Clebsch-
Gordon technology and the properties of spin and orbital angular
momentum eigenstates under a rotation of the coordinates frame to
arrive at the same result,

Chapter II discusses the total molecular Hamiltonian. The Born-
Oppenheimer approximation is applied to separate, initially, the elec-
tronic and nuclear energy terms., The electronic Hamiltonian is inves-
tigated to determine what quantities commute with the Hamiltonian for
the case of a non—Z state diatomic. The electronic eigenstates are
then defined in terms of the eigenstates of these conserved quantities.

For the sake of completeness a brief review 1s made of the vibrational



Hami ltonian and its eigenstates, Finally, the rotational Hamiltonian
is given along with the additive angular momentum coupling terms.

The molecular Hamiltonlan of Chapter II and the total angular
momentum eigenstates of Chapter I are utilized in Chapter III for a
perturbative calculation of the molecular rotational energies and
eigenstates, With the use of perturbative techniques such as the Van
Vleck transformation and degenerate perturbation theory the matrix
elements of the Hamiltonian of Chapter II are derived utilizing the
eigenstates of Chapter I as the basis set of eigenstates. Terms which
are responsible for the lambda doubling are identified. Matrix ele-
ments involving interaction of the various angular momentum coupling
terms with each other and with the vibrational-rotational coupling
terms are also derived. These particular matrix elements could not be
found in the literature.

Utilizing published molecular constants and the matrix elements
derived in Chapter III, the energy eigenstates and eigenvalues were
calculated and are tabulated in Appendix C. These tables include the
energlies and eigenstates of the rotational Hamiltonian for the cases
where lambda doubling was included and ignored and for both the v=0
and v=1 vibrational states, From these values, spectral line posi-
tions were calculated for both the cases of lambda doubling present
and absent., These are also tabulated in Appendix C.

Presented in Chapter IV is a review of the Anderson-Tsao~Curnutte
(ATC) collision broadening theory [6-8] and a development of the
coupled line theory for the case of non—Z state diatomic molecules.

The first section of the chapter is an indepth derivation of the



dipole transition absorption coefficient incorporating collision
broadening., This review parallels the derivation of Tsao and Curnutte
with the exception that the molecular rotational eigenstates are kept
in the most general form so as to allow for non—X state diatomics,
Whereas Tsao and Curnutte consider incident light of only one polari-
zation direction, the derivation presented here makes no such assump-
tion. The derivation here also deviates from that of the ATC theory
by not applying the resolved line approximation as is done in the ATC
theory. By applying a criterion arrived at by Tsao and Curnutte it is
shown thet the resolved line approximation does not necessarily hold
for the fundamental band spectrum of NO.

Since the resolved line approximation is not necessarily valid a
coupled 1line spectral theory must be employed. A brief examination of
a coupled line theory by Gersten and Foley[9] is made. It is
demonstrated that the Gersten-Foley (GF) theory contains some unstated
premature assumptions early in the derivation of the coupled line
spectrum, To avoid any constraints on the theory developed here these
assumptions are not made. The ATC theory is then used as a starting
point from which a coupled line theory is developed. Unlike other
molecular collision broadening theories the molecular eigenstates were
assumed to be those of a general non—X state diatomic.

The general coupled line theory is used to obtain a coupled line
absorption coefficient., This absorption coefficient is expressed in
terms of the dipole moment operator matrix elements and a matrix which
couples the spectral lines, To obtain expressions for the coupling

matrix elements, four intermolecular interaction usually considered in



pressure broadening calculations are examined. For each of the
interactions the formulas necessary for a calculation of the matrix
elements are derived. Various constraints are then imposed on the
expressions for the coupling matrix elements in an effort to obtain
the formulas needed for the calculations of the broadening effects on
NO due to CO presented in Chapter V. The first of these constraints
is that the perturber be in a 12 electronic state. This simplifies
the formulas and allows for easier computer coding for the specific
case presented here. Next, the resolved line approximation, as
assumed in the ATC theory, is applied thereby reducing further the
complexity of the formulas. The last step of the chapter is to show
that the results presented here for the coupled line spectra reduce to
that of the ATC theory when the appropriate conditions are imposed.
The formula obtained for the coupling matrix elements are
employed in Chapter V to calculate the pressure broadening effects of
CO perturbing NO. Calculations are made of the absorption coefficient
and/or collision half width for selected spectral lines of NO. These
calculations include the coupled line absorption coefficient for the
lambda doublets and collision half width for each doublet compounent
using the resolved line approximation. Utilizing the ATC theory, half
width calculations were also performed where the effects of lambda
doubling are ignored. The resulting calculations of pressure
broadening effects‘at elevated temperatures are also presented. The
spectral lines chosen for this computational study include spectral
lines from both the P and R branch, the 1/2 and 3/2 subband, and those

lines which possess both low (J~4.5) and high (J=20.5) J values.
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CHAPTER I

TOTAL ANGULAR MOMENTUM IN HUND'S
CASE A COUPLING

1. SPACE FIXED COORDINATE SYSTEM AND RELATIVE COORDINATES

The total angular momentum in a diatomic molecule, neglecting
nuclear spin, is given by

J=K+L+S (1-1)
where K is the rotational angular momentum of the nuclei, and L and S
are the total orbital and spin angular momenta of the electrons,
respectively. The angular momenta on the right hand side of equation

(1-1) are the sums of the angular momenta of their respective particles

and type, that is

K =17 ky=1 Ry X By (1-2)
N N

L=1) 1, = y T, X P (1-3)
t=1 =~ t=1

and

— n —

S=1] s (1-4)
t-1

where the sum over N runs over the nuclei denoted A and B, and the sum
over t runs over the electrons 1, 2,---n. Applying the correspon-
dence principle to equations (1-2) and (1-3), the angular momentum

operators are written

K=1 ] Ry x Ty (1-5)
N
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and
n
L=T 1 % x7, | (1-6)
t=1

It 1s advantageous to separate out the angular momentum of the
center of mass of the molecule and express the angular momentum in
terms of coordinates and operators referenced to the center of mass of
the nuclei, Figure l1-1 illustrates the various coordinates used in
the derivation. The coordinates of the center of mass of the molecule
and nuclei, and the relative nuclear coordinates, using the notation

of Judd [10] are given by

MR, + MpRp + m | T,
Ro = My + Mg + nmt=1 (1-7)
- MpR, + MgRg 1-8)
¢ Mp + My
and
Rgp = Rg — R, (1-9)

e—tth electron

Figure 1-1, Molecular coordinate system.
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Equations (1-7) - (1-9) are used to express the various coordinates in
terms of the center of mass of the molecule, the relative nuclear
coordinates, and the electron coordinates relative to the center of

mass of the nuclei;

M
- = o - i) - _
Ry = Ry M, + My + om I T M, + Mg Rpa (1-10)
t=1
n
M
R g | feet mew faa (1-11)
A+ Mg + nm Iy + Mp
t=1
and
n
- - _ o - _
Ty =Tee t Ry MA+MB+nm X Tt e (1-12)
t=1
where
Tee = Iy ~ Re (1-13)

The gradient operators are likewise transformed using equations (1-7)

through equation (1-13), yielding:

n
v i 7 i AN (1-14)
A My +Mg+om O M +M O ‘tc "BA
t=1
n
M
- B - Mg - -
v, = V - — V.. +V (1-15)
B My +Mg+nom O M + M tc BA
t=1
and
7. =7 n v (1-16)
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The total angular momentum operator becomes, upon using equation

(1-10) - (1-16);

-— 4“ - - - - -
J=F- R XV + Ry XV + ] 1, XT ) +5. (1-17)
t=1

The angular momentum of the center of mass of the molecule is now
neglected and the orgin of the coordinate system is moved to the

center of mass of the nuclei. This new coordinate system is denoted

as the space fixed coordinate system (SFS) and is shown in Figure 1-2.

Figure 1-2. Space fixed coordinate system,
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The rotational angular momentum of the nuclei is expressed in
spherical polar coordinates in the SFS, as shown in Figure 2, which

yields the familiar results

K, = % (-sin¢ %é- ~ cotd cosé g—¢- ), (1-18)

Ky = ?—(comb -g—e- - cotd siné -qu ), (1-19)
and

K, = ? 3?'5 (1-20)

This is the usual orbital angular momentum of a particle in a central
field and has the commutation relations

[R{,Ry] = ifiey o Ry (1-21)
The eigenstates of K2 and K, are the spherical harmonics and obey the

following relations [11]

K2 [ R = K(K + 1)A2 | KD (1-22)
and

K, | K> = NB | KD (1-23)
where

<84 | k> = YK (6,4) (1-24)

The constituent angular momenta all commute with one another;

[X,L] = [K,S] = [L,S] =0 (1-25)
and L and 5 have the same relations with respect to their eigenstates
as does K to its eigenstates:

L2 | LA> = L(L + 1)R2 | LA, (1-26)

L, | LA> = M| LA, (1~-27)
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s(s + 1yn? | sI>, (1-28)

s? | s>
and

s, | SI>

IR | sI> (1-29)

The angular momenta L and S are coupled in Hund's case A coupling
to form a resultant angular momentum P which is in turn coupled to K
to form J. The eigenstates of P2 and P, are calculated using

Clebsch-Gordon coefficients and are given by

P> = | <LSAL|LSPQ> | LSAI> (1-30)
LA
where
P2 | PQ> = P(P + 1)HZ | PO> (1-31)
and
p, | Pa> = of | 2> (1-32)

The eigenstates of J2 and J, are likewise calculated by coupling the

eigenstates of P2 and P, to those of K2 and K,

I = ]  <PKAN | PRIMLSAL | LSPR> | KN | LA> | SI> (1-33)
N

2. TOTAL ANGULAR MOMENTUM OPERATOR AND THE
MOLECULAR FIXED COORDINATE SYSTEM

The BormOppenheimer approximation applied to the molecular
Hamiltonian separates the Hamiltonian into two parts, the electronic
Hamiltonian and the nuclear kinetic energy operator [12]. The elec-
tronic Hamiltonian is a function of Rp,, which is treated only as a
parameter, and the Schrodinger equation is solved for various values

of Rppe In this approximation, Rg, fixed, the only component of L
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that commutes with the electronic spin independent Hamiltonian is
that component along the internuclear axis. Therefore, it is advan-
tageous to express the eigenstates of J2 and Jz, and the operator J in
terms of the eigenstates of P2 and §°§BA' This is accomplished by
expressing the internal angular momentum operators and their eigen—
states in terms of a coordinate system fixed on the molecule.

The molecular fixed coordinate system (MFS), whose axes are §, n
and z, is defined as the x, y, and z frame rotated such that the

¢ axis (old z axis) points along the vector EBA‘ Figure 1-3 shows the

MFS and its relation to the SFS and the molecule,

Figure 1-3. The molecular fixed coordinate system; £, n and %,
and the space fixed coordinate system; x, y, and z.
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The rotation of the x, y, and z axes necessary to form the £, n
and 7 axes is performed by rotating the SFS through the Euler angles

¢, 8, and ¥ as given in Baym [11]. Note that the Euler angles ¢ and

8 are equal to the ¢ and & spherical polar angles used in the K opera-

tors.
The approach taken to express J in terms of the internal angular

momentum in the MFS parallels that of Judd [10]. The components of
the total angular momentum are expressed in terms of the three com~

ponents of a spherical tensor of rank one with respect to J:

I =kl 1 -
Jtl 75 J¢ =Ky * Ry, (1-34)
1 1
Jo = J, = Ky + Py, (1-35)
and
1 -1 ;5 gt 1 -
J24 /E.J_ kL, + Pl (1-36)

These components are operators which act on the eigenstates of J2 and
Jz,' JM>, which can be represented as functions of the Euler angles,
electron coordinates, and spin, that is;

| 1><8,0,¥,1,5, | I (1-37)
and

1, slce pl 1-38
3> 3kl ), (1-38)

where a subscript s or m on the internal angular momentum operators or
coordinates denotes that they are expressed in the SFS or MFS, respec—
tively. The total angular momentum operator is written in terms of
the electron's angular momenta operators in the MFS by utilizing the

rotation operator Rp(¢6w) {11,13];

T3l 1 = gl 1 -
RILC8,0,0.2L DR, = L (8,0,9,81 ) (1-39)
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where

Rp(¢9w) - e—1¢Pz/ﬁe—1ePy/ﬁe-1¢Pz/ﬁ

= e-i¢PC/ﬁe_ieP“/ﬁe—i¢PC/ﬁ (1-40)

The eigenstatesl JM> expressed in terms of the electron's coordinates

and spins in the MFS are given by:
f 5.3 - £.3 _
R<9,8,,0,5, | I = <6,0,4,r,5, | N0 (1-41)

where p is the electron coordinate expressed in the MFS.
The spherical tensor components of the newly expressed total
angular momentum operator and its eigenstates, using equations (1-32)

- (1-35), are given by

1 . gpfgl tpl
J>=RKR_ +RP R 1-42
¢ pPqP pmgP (1-42)
and
I = EE:<PKQN! PRKIM><LSAL | LSPQ> (1-43)
AION,Q

T
RO | K | LA>, | SE>p
The second term on the right in equation (1-41) is easily expanded by

noting that leqis a tensor operator of rank one with respect to Em

therefore the rotated components can be expanded using the following

relation [2];

1

1,1 E: 1 1

Pt R_ = D 8y)P: .

Rp mq P q,q'(¢ 2 mq'
q'=-1

(1-44)




19

Expanding the sum above and evaluating the d matrix elements [14] the

components of equation (1-44) become:

ripl, R = ot18-i¥ 150080 o1
p m*l"P 2 m_y

Ieii¢ sinb Pl

Y2 m

19 _*i¢ lfcos®
+ e Te ——_7_—_Pm+l

and

51 - -ip sind
R.P* R . =
jo mo P e '/ 2 m_l

iy sin® 1
+ e -__P *
V2 my

The first term in equation (1-42) becomes on expansion;

tel g = gt B ofibeg 24 2
RKiRp = R e ¥ (-1 * cot 6 )R

and

pl + cosopl
my

(1-45)

(1-46)

(1-47)

(1-48)

The two terms involving the partial derivatives are evaluated using

the form of the rotation operator in equation (1-40) to yield:

T
Rp¢P¢

X

,?11— PZ; cosf

PE sind cosy —% Pn cosB siny

(1-49)
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and

t 3 3 i i
Rp 35 R.p T R PC siny “F PT] cosy. (1-50)

Substitution of equations (1-49) and (1-50) in equations (1-47) and
(1-48) yields:

Tkl R =kl -pl 10 AV (1% cosh
RpKi_lRp = K;, Pm+1e e — )
i. - -
_pl e 1 ¢ L +2cosg
-1
1 sin® *i¢ _ 1 cscHd *i¢
+p e FP e (1-51
ny V2 my /T )
and
1,1 1 1 sin® iy 1 sinf -1y 1
R KR = - P — e + P —_—e - P* cosh 1-52

Thus the form of the operator in equation (1-42) is now written

with the aid of equations (1-45), (1-46), (1-51), and (1-52)

ti¢

P
1 8 + 9 KIS -
Jj__1 F 75 e (% Y + icotH 35 +‘ﬁ csch) (1-53)
or
1 .. 3 Pz
Js = 1ie (2 == + 1cotd 3/3¢ + == csch) (1-54)
T LT A
and
A
Jo=J, =1 3/3. (1-55)

3. TOTAL ANGULAR MOMENTUM EIGENSTATES

The total angular momentum eigenstates, in terms of the eigen-

states of the internal angular momentum referred to the MFS, are
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investigated by examining equation (1-43). Note that the rotation

operator Rp(¢9¢) can be written as the product RL(¢9¢) RS(¢6w) since L

commtes with S, thus the eigenstatesl JM> become

|3 = ). ). )L <PKAN | PRIMCLSAZ | LSERDX
AEALEY N9

L* S*
d (489) d (46¥) | RN> | LA'> | sE'> (1-56)
AT ZLI

where the subscript m on the kets has been dropped. Coupling the d-

matrices and applying the various properties of the d-matrices [11,13]

the eigenstates are given by:

=Y T A
=7 5 7 1 T TTY qem rean x
N,2 I,A A,I' A",G G

<LSAZ 'LSPQ><LS—A—Z lLSAG)(LS—A'-Z" LSAG>X
A
d (669) | K> | LAT> | ST'>. (1-57)
G,G'
The coordinate representation of the eigenstates of kK2 and K,
KN>, are the spherical harmonics. They are also the rotational
Hamiltonian eigenstates for a I state zero spin diatomic molecule,

Using the relation between the spherical harmonics and the d-matrices

[11], given by

K
<6,6 | K> = ¥.5(8,0) = EEEL/2Z 4 (agyy (-1)N

(1-58)
4w -N,0

the coordinate representation of the eigenstatesl JM> in equation

(1-57) are written
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<0,6,9,0) | > = EXHLy1/2

YY) p A

N,2,A I,AZ' A',G,G'

<KPNR | RPIM><LSAT | LSPR><LS-A-T | LSAG> X

<LS-A'-I' | LSAG'> dA(e¢w) dK(e¢w) <p | LA> | sT'o. (1-59)

G,G' -N,0

The coordinate representation of the eigenstates' JM> is further
reduced by using the various properties of the d-matrices and
Clebsch-Gordon coefficients. Coupling the d-matrices in equation
(1-59) as was done in equation (1-56), and applying the properties of
the Clebsch-Gordon coefficients yields the following

<$,6,0,0 | 10> = (21:_:1)1/2 ) ) ) )

N,2, Z,A A,F B,G

—y T A
Z Z (-1) 2AFEHANE AT o | ke X
', A' G',B'

<LSAL | LSP@><LSAL | LSA-G><LSA'L' | LSA-G'> X

<KA-NG | KAFB><KAOG' | KAFB'> X

F
d (8¢9)<p | LA'> | ST, (1-60)
B,B!'

Applying the orthogonality condition along with other properties of

the Clebsch-Gordon coefficients to equation (1-60) results in

1 2L+25-P+R-J
<8,6,9,0 | o> = L2 () X

Z <LSA'T' | LSPA><KPO-Q | RPJ-Q> X
ATTY

J*
d (8¢9)<p | LA'> | SI'>, (1-61)
M,Q
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Note that the above eigenstate is a simultaneous eigenstate of J2, Jz,
L2, and S? therefore it will be represented by the ket | JMLS>,

It is now necessary to construct simultaneous eigenstates of
total angular momentum and of the electronic spin independent
Hamiltonian, Bel, 1n the Born-Oppenheimer approximation the elec—
tronic Hamiltonian eigenstates are given by ket' nASI> (see Chapter
II-3) where n is some electronic energy state quantum number. The
simultaneous eigenstates of total angular momentum and the spin inde-
pendent Hamiltonain are thus represented by the ket | nASIIM>., To
determine the form of these eigenstates they are expanded in terms of
the eigenstates of total angular momentum given in equation (1-61) and
are given by:

<8,6,¥,0 | nASIND =

aszm T
E: o d (8¢¥)<p | LA'> | ST'> (1-62)
L'A'SE'IM M,Q
L' ’A"z'
where
CnASEJM L (opy 2L H25-PHK-T (2K+1)LQ
L'A'SI'IM

<IML'S | nASIIM< L'SA'S' | L'SPA><KPO-Q | RPJ-2> (1-63)

Since these eigenstates are also eigenstates of Hel, C has to be
of the form

nASIIM nASIJIM

CL'A'SZ'JM = 5A,A' 62’2' CL'ASZJM (1_64)
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thus
_ nASZIM
<p,8,4,¥ | nASINID = E Corasooy X
J*
<p | L'ASE> d (84¥) (1-65)
M,Q
or
J*
<p,8.6,¥ | nASIIM2> = N<p | nASE> d (04y) (1-66)
M,

where the quantum number Q is the eigenvalue of PC = LC+SC’ and as
seen later also of JC’ and N 1is a normalization constant.
Normalizing the eigenstates and using the integral of the two d matri-

ces from Davydov [14]

Jk J' 2
MK M g 2J+1

yields the normalized form of the eigenstates;

J*
<0,0,0,0 | naszamn> = (EELY2 5 | nasz> a (oow) (1-68)
m M,Q
where
Q=A+ I, (1-69)

4., TOTAL ANGULAR MOMENTUM IN THE MOLECULAR FIXED SYSTEM
AND THE REVERSED ANGULAR MOMENTUM METHOD

In the SFS and on the eigenstates given in equation (1-65) the
following relations hold

32 | MAST> = J(I+D12 | IMAnASTD, (1-71)
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and
J, | JMAnASI> = MH | IMInASID, (1-72)
It is now helpful to examine these same relations with respect to
the total angular momentum components along the axes in the MFS. This
is due to the fact that the electronic orbital and spin angular
momenta are strongly couﬁled to the ¢ axis in Hund's case A coupling,

and due to the appearance of terms such as :

7‘11—1—{2- (LyS_ + L_S,) + A(R) L-S (1-73)

in the Hamiltonian (equation (2-49)). Note that the components of
the total angular momentum operator in the SFS are given by Ji where

i =1, 2, 3 corresponds to Jgs Jy» and J,. Now letzﬁi, where

y
i=1, 2, 3, correspond to the projection of J along the £, n, and
{ axes in the MFS, respectively.

The components of total angular momentum along the MFS axes are
calculated by expressing the total angular momentum operators in terms
of spherical tensor and rotating through the Euler angles. The
spherical tensor components in the MFS are thus given by

#1- 5

d fl o (0enl, (1-74)
q - {

where

1t e o o
?.(1) =$ , (1-76)
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and

v SR (1-77)

The Z component ofgz is given by

1
?c =4o= L o (SW)‘Icl;' (1-78)
q'=-1 q',

Using the form ofz#c in equation (1-78) it is easily shown, on the
eigenstates| JMQnASI>, that

[ ;3,1 =0 (1-79)
Thus the eigenstates of J2 and J, are also simultaneous eigenstates of

2{;. Utilizing the form ofz#c in equation (1-78) it can be shown
J'M'Q'n"A'S'E! |§{c | JMenASI> =
26551 St Sqr 8557 835 (1-80)
The other components of the total angular momentum on the MFS are
investigated by the use of equation (1-74), First note that J2(=?¥2)

commutes with all components of J thus

[Jz,?é] = 0 for all q (1-81)

and therefore

<I'W'RA'S'TY 41| IMRnAST> =

Syp<imranrars Lt | o 1| smanase>. (1-82)
The matrix elements of#li using equation (1~82) and the form oﬁ&g’il

in equation (1-74), are given by

<J'M'Q'n'A'S'Z’|?i1 | aManAsE> =

A
7—2' 6J,J'6M,M' GA,A.GS,S'SZ ,2 v691,9¢1VJ(J+1) - Q(Q:l). (1-83)

7
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From equation (1-83) and equation (1-80) it follows that

<J'™M'Q'n'A'S'T | (4] | IMAnASE> =

TAI'M' ' A'S' T [fE | TMRnAST> (1-84)
thus

[ﬁc’ﬂ-t] = Hﬁzott. (1-85)

Therefore from the commutation relation above it is seen that the
total angular momentum operators on the eigenstates | JM2nASI> obey the
commutation relation

1,50 = - 18 e e (1-86)

The total angular momentum in the MFS, , does not form an angu-
lar momentum vector on the eigenstates| JMAnASZ> since it obeys the
anomalous commutation relations in equation (1-86). Thus it is not
possible to use directly the usual techniques for evaluating matrix
elements containing components of such as the Wigner-Eckart theorem
and angular momentum ladder operators. This difficulty is overcome by
applying one of two mathematical constructs due to Van Vleck [15],
expounded on by Freed [16], and that due to Judd [10].

The Van Vleck approach is to first examine the various angular

momentum commutation relations

[3;,35] = the; gy Iy, (1-87)
[ji ’jj] = = i‘ﬁeijﬂk, (1-89)

and

[Pyl = 0 (1-90)
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where Em is in the MFS. The crux of the procedure by Van Vleck is to
consider equations (1-87) and (1-88) as being the anomalous commutation

relations. A reversed angular momentum is then formed for J, J, and

~

Pm’ Pm’ by

J=-J (1-91)
and

P=-7P (1-92)

~

thus J and P now obey the same commutation relations as does g. The

sign of 1(= Y-1) is then reversed in the commutation relations and the
ladder operators and the eigenvalues of the operators are modified so
as to be consistent with the usual equations involving angular
momenta, This then allows the use of the Clebsch-Gordon coefficients
and the Wigner—-Eckart theorem with the reversed operators and
elgenstates.

The approach taken by Judd (10) is simpler to apply. First note
that on the eigenstates| JMRnASZ> the negative ofé; obeys the usual
commitation relations, that is

=41, ~Fy] = 11 g () (1-93)
The operators 7?; and 1?& do not obey the usual angular momentum rela-
tions with respect to the eigenstates but rather obey

(-¢ ) | ManASE> = - 9F | MAnAST> (1-94)

and

(—# +) | IMRDASI> = - AV3(J+1) - Q(eF1) X

| MQF1nASE>. (1-95)
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Now a reversed angular momentum eigenstate is constructed by
| 94 - andsz>, = (-7 | svenase> (1-96)
then the angular momentum equations become
(=47 | M - QnASE>, = -0f | IM - QaAST>, (1-97)

and

(=g +) | IM = QoASD>p = VT (J + 1) - (-2)(R%D) X
| IM - QInASI>, (1-98)
Thus on the reversed eigenstates the operators of -j; obey the usual
angular momentum relations. Note that these reversed eigenstates are
also eigenstates of JZ, J,, and the electronic spin independent

Hamiltonian, therefore they can be used as a basls set of eigenstates

for a perturbation calculation involving the molecular Hamiltonian.
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CHAPTER II

TOTAL MOLECULAR HAMILTONIAN
1. SPIN INDEPENDENT MOLECULAR HAMILTONIAN

The total spin independent Hamiltonian in the SFS is given by

D 2
P
N - -
gtotal "QI'ZT{E +%;Z,pt2 + Vee (r)
N

+ Vye (R,T) + Vgy(R) (2-1)
The first two terms are the kinetic energy operators for both nuclei
and the electrons, respectively. §N and ft represent the linear

momentum operators for nuclus N and electron t, respectively. The

Vye» and Vyy are the electron-electron,

potential energy terms Vee’

nuclus-electron, and nuclus-nuclus coulomb interactions.

The transformation of coordinates relations given in equations
(1-7) - (1-16) applied to the Hamiltonian allow it to be cast into
the form

gtotal _ pel N 4 TT, (2-2)
Hel, TN, and TY are the electronic Hamiltonian, nuclear kinetic energy
operator, and translational kinetic energy operator, respectively,

given by;

2 2
U3 ) T T N
pAT T tc Z(MA + Mﬁ) tFv te ‘ve

Z,Zqe2 vA
AZB E N
+_____._e2 — , (2_3)
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2y BA °’
and
2 -
TT = - h v
Z(MA + My + nm) O
where
I S
(Mp + Mg)
and
u' =

My + My + nm’
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(2-4)

(2-5)

(2-6)

(2-7)

The nuclear kinetic energy operator can be separated into a vibra-

tional and rotational kinetic energy operator;

™ = v + R

where
.HZ 3 2
™V = - —— (R? 3/3R)
2uR? 3Rr?
mRae_L gz L (7-52
2uR? 2uR?

and R is the magnitude of EBA'

Schroedinger equation becomes

(Hel(z,R) + TV(R) + TR(R)] ¥(%,R) = ETotal y(f §)
where r denotes all electron coordinates.
The Born-Oppenheimer approximation is used to separate the

nuclear and electronic portions of the Hamiltonian [12,17,18].

(2-8)

(2-9)

(2-10)

Ignoring the translational motion the

(2-11)
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Assuming a solution of the electronic Schroedinger equation, @31(;,§),
i.e.:
relr,®) 0% (7.8 = e2lr) oL (3,®) (2-12)
n n n
the total molecular wavefunction is then approximated by

vlotal (2,0 = 02L(E,R) v, (g} B (2-13)

where wv{K} satisfies the equation

(B 'R) + V@) + TR by (g (D) = EPRL 1 ). (2-14)

The quantum number n describes some electronic state, v describes the
vibrational state, and {K} is some set of quantum numbers describing
the rotational states. Ee% (R) is approximated by the sum of the
Morse potential [10] and an electronic state energy Eei thus

ElR) = £t + (1 - o PalRRe)y2 (2-15)

where R, is the equilibrium internuclear distance.

The nuclear Hamiltonian is reduced further by ignoring, in zeroth
order, the coupling between the vibrational and rotational portions of
the nuclear Hamiltonian or, as is done in Chapter III, by ignoring the
rotational energy entirely., By expanding the R™2 term, in TR, in terms
of x where x = R - R, and keeping only the first term of the expan-
sion, the coupling between vibration and rotation can be ignored in
zeroth order. The nuclear Schroedinger equation then splits into a
vibrational part

[Vg(R) + TY(R)] ¥,(R) = EViPy (R) (2-16)
where Vn(R) is the Morse potential of the nth electronic state, and a

rotational portion
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where the total energy is given by

glotal _ Eﬁl + E:ib + grot (2-18)

v {x}
and the total wavefunction by

\{,Total = ‘brell wv¢{K} (2"19)

It is advantageous at this point to examine the commitation rela-
tions of the Hamiltonian and the angular momenta. The rotational and
internal angular momenta commute with all terms of the total
Hamiltonian, equation (2-1), with the exception of the electron-
nuclear interaction term VNee Closer examination shows that

[L,Vye] = -[K,Vy 1#0 (2-20)
and for Hund's case A coupling where P=1L+ S it can be shown that

[P+ Rgp, Vel = [K * Rgp, Vel =0 (2-21)
which leads to the obvious result

[J,utotaly = o (2-22)
Since J commutes with the total Hamiltonian, eigenstates of Jz, Jgs
and JC are used to form, in part, a perturbation calculation basis set

for the Hamiltonian which includes the rotational kinetic energy.
2. TOTAL MOLECULAR HAMILTONIAN IN THE MOLECULAR FIXED SYSTEM

The Born—Oppenheimer approximation allows the electronic
Hamiltonian to be solved treating R as a parameter. Since only one

component of the total internal angular momentum commutes with

total - -
g-ORAS, LC, and since L and S are strongly coupled to the £ axis in

Hund's case A coupling it is advantageous to express the Hamiltonian

in the rotated MFS. This rotation of axes will be such that the
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new z axis (¢ axis) lies along the vector ﬁBA‘ This transformation

applied to the electronic Hamiltonian, as was done in Chapter I when

considering the angular momentum operator, yields:

el - = ¢ o5 2 = =
H (D,R) 2u" % th Z(MA T+ MB) Z Vot Vov
t¥v
+ Z e?
t#vl Pee ~ pvc'
2
ZyZge , Zy
+ = — e —_— (2-23)
BA tN | Ry T -5,

The vibrational kinetic energy operator is invariant under such a
transformation. The rotational kinetic energy operator, equation
(2-10), is now expressed in terms of the total angular momentum and

internal angular momentum in the MFS, i.e.

R__1 7 -3 2
" = ¢ -P) (2-24)
2uR? 7

3. ELECTRONIC HAMILTONIAN

The eigenstates of the electronic Hamiltonian are simultaneous
eigenstates of operators which commute with H®l, One of the operators
already discussed is the f component of the total electronic orbital
angular momentum, another is the total electronic spin, §, since
gel is assumed spin independent. Three more such operators are the
parity operator, , which commutes with the total Hamiltonian, the
reflection operator iY’ which reflects the electron's coordinates in a
plane containing the internuclear axis, and the intrinsic parity, I,

which performs a reflection of a plane perpendicular to the ¢ axis
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Hel commutes with

that contains the center of symmetry, if any. Since

LC and S the following relations hold for the eigenstates of Hel;

Bl | nAst> = B, (R) | nASD>, (2-25)

L, | nASI> = AR | nASI>, (2-26)

52 | nASI> = S(S+1YR2 | nASI>, (2-27)
and

St | nAsz> = If | nASI>. (2-28)

The electronic eigenstates exhibit two degenercies, a degenercy
in the sign of A and a spin degenercy. The degenercy in the sign of
A ie demonstrated by noting from Appendix A that

i, joh> =8, jn - A> (2-29)
where GY is a phase factor, and using the commutation relation

(rel, 1.1] nt> = 0. (2-30)

Expanding the above commutation relation and using equation (2-29)

yields

(E.p = Epep) [n - M> =0, (2-31)
therefore

Efp = Eqp - A (2-32)

The spin degenercy is in the value of I since the electronic

Hamiltonian is assumed spin independent.

4. VIBRATIONAL HAMILTONIAN

The vibrational Hamiltonian in equation (2-16) was arrived at by

ignoring in zeroth order the rotational kinetic energy in the nuclear



36
Hamiltonian. The vibrational Schroedinger equation from equation
(2-16) is given by

72 a2
2urR?  dr?

®2 S+ E R b, (R) = EVIP 4 (R) (2-33)

where En(R) is assumed to be the Morse potential and u the nuclear
reduced mass. This equation was first solved by Morse [19] who found
the energy eigenvalue term values to be given by

E

F, = 1o = 6a(v + 1/2) = 0z (v + 1/2)2 (2-34)
where
o = £ o [D_
e  4me \/ 2u (2-35)
and
hf?2
w = . 2_36
e¥e ~ gnZey ( )
The eigenfunction of this Schroedinger equation is given by
-z/2
v, (R) = N, S zSV/ 2.9 (2) (2-37)
where
C, = 2 /2u(d = E) (2-38)
v =xg " By
/' va!
Y SV, v+ D (2-39)
2 = 2/ e PR R (2-40)
b = 2uD (2-41)

82h2
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and ch(z) is the associated Lagurre polynomial defined by [20]:

' m
Lg(z) = mzo(-l)m(::n %,- . (2-42)

It has been pointed out by Ter Haar [21] that Morse's solution is
an approximation, although a good one, in which the actual boundary
conditions on the eigenfunctions given by:

by R=0) =y (R==) =0 (2-43)
are replaced by the approximate boundary conditions

b, R ==) =0 (2-44)

and

by (R =0) = Y (R = ==) =0, (2~45)
In order to solve the vibrational Schroedinger equation exactly using
the Morse potential it 1s necessary to impose the boundary condition

in equation (2-45) exactly which results in finding the zeroes of a

confluent hypergeometric function given by:

C_+1
F G—IE-——-- b; CV + 1; ZO) =0 (2-46)
where
Zg = 2/b fRe (2-47)
and
2
CV = 7w Y2u(D-Ev) (2-48)

5. ROTATIONAL HAMILTONIAN AND SPIN COUPLING TERMS

The rotational Hamiltonian or rotational kinetic energy operator

is given in equation (2-24). Expanding the terms of the Hamiltonian
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with the use of P = L + S yields:

R 1 2 2 2 2 2 2
™ = + - - + +
T R S 2 S

-4+ 5. - 5,4 —;z_L+ - L_i+ + L, S_+L_sp). (2-49)
Thus far various angular momentum coupling terms have been
ignored here. These include the spin-orbit, spin-spin, and spin-
rotation interactions. The spin-orbit interaction has been discussed
by several investigators most notably Fontana [22] and Veseth [23].
Veseth has pointed out that the spimorbit interaction can be approxi-

mated to a high degree of accuracy by the phenomenological term;

uS0 = A(R) L-S (2-50)
where A(R) is the spin-orbit coupling constant. The spin-spin
interaction was investigated by Fontana [22], Hebb [24], and
Kayama [25], who suggested that the interaction can be represented by;

uSs = e(R) (382 - 7). (2-51)
The phenomenological spin-rotation interaction term used is that used

by Zare, et al. [26] and suggested by Kovacs [27] and Hougen [28];

SR = y(R)N-S (2-52)




39
CHAPTER III

ROTATIONAL ENERGY EIGENVALUES
AND EIGENSTATES

1. A BASIS SET OF EIGENSTATES

The diagonalization of the molecular Hamiltonian using pertur-
bation theory requires an initial basis set of eigenstates. The basis
set used consists of the simultaneous eigenstates of the observables
which commute with the total Hamiltonian in the Born—-Oppenheimer
approximation, These eigenstates are the simultaneous eigenstates of
total angular momentum, the electronic Hamiltonian, the vibrational
Hamiltonian, and the parity operator. For the case of homonuclear
molecules another operator which commites with the Hamiltonian is the
operator RI which exchanges nuclei.

The simultaneous eigenstates of total angular momentum and the
electronic Hamiltonian were derived in Chapters I and II. Parity
eigenstates are formed from the eigenstates of total angular momentum

and the operator R; given in Appendix A and are given by

1
pnASIg JM-Q> = o [ | nASZq M4-9)

+ p | n-AS-Zq IM>]. (3-1)
The p appearing above 1s what is designated in this work as the
“partial parity” and has a value of plus or minus unity. The symbol
9, is a label denoting whether the state is gerade (g state) or
ungerade (u state) (see Appendix A). Kronig symmetry is represented

by the symbol q which has a value of plus one for a 1! state and a

value of zero otherwise.
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The parity eigenstate of equation (3-2) behaves, when operated on
by the parity operator, as

J+5+
P | pnASIq IM-2> = p(-1) q|

pnASIq, IM-0>. (3-2)
Note that above and hereafter all angular momentum eigenstates are
assumed to be reversed angular momentum ones. Therefore, the
subscript R will be dropped from the bra and ket vectors except where
needed to resolve any ambiguity. Since 9 does not contribute to the
parity eigenvalue it is dropped and can from here on be thought of as
being incorporated into the electronic state running quantum number n,
as with the label q. To make these eigenstates simultaneous eigen-
states of the vibrational Hamiltonian requires only multiplication
of the two since the vibrational Hamiltonian commutes with the other
observables on this basis set. Thus the basis set is then given by:

| poASEIM-Qv> = | pnASTIM-> | v> (3-3)
wherel v> is an eigenstate of the vibrational Hamiltonian. It should

be noted that the values of A and @ in the basis set are positive defin-

ite due to the construction of the parity eigenstates in equation (3-1).

2. THE LAMBDA DOUBLING TERMS

The total molecular Hamiltonian from Chapter II has the form:

gtotal . gel 4 v 4 7R 4 4SS 4 SO 4 SR (3-4)
The electronic Hamiltonian, Hel, is given by equation (2-3) and has
elgenstates in the Born-Oppenheimer approximation given by the ket

| nASI> which makes up, in part, the basis set eigenstates in equation

(3-3). There are 2(2S+1) degenerate eigenstates which belong to the
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same energy state for non-I state diatomics. These eigenstates are
represented by the same electronic quantum number n and are given by:
|n-|Ajs-s,|n-|A|s - stI> «e-
fn=-Alss-1>|n-|A]SS,
|nfA]s -, n]A|s - s+1)>, oo
fn| Ajss - 1>, |n|A|sS. (3-5)
It is the values of § and' A lwhich determine the electronic
state to zeroth order, but not uniquely. That 1s, there can exist two
states represented byl nASI> and' n'ASI> which belong to the different
energy eigenstates n and n'. The ground electronic state of NO .

being a 2y state implies that it can exist in any of the four basis

set eigenstates, of the form of equation (3-3), given by:

| 1, o, 1, 1/2, -1/2, 3, M, ~1/2, v>, (3-6a)

|1, 0, 1, 1/2, 1/2, J, M, =3/2, v, (3-6b)

| -1, 0, 1, 1/2, -1/2, 3, M, -1/2, W, (3-6c)
or

| -1, 0, 1, 1/2, 1/2, J, M, =3/2, . (3-64)

The rotational portion of the Hamiltonian, along with the additive
angular momentum coupling interactions, contains terms which are not
diagonal in the electronic eigenstates., These terms give rise to
lambda doubling in non I state diatomics and are denoted as lambda

doubling terms. These terms, designated with a subscript A, are given

by:
Ty = B(R) (L, S_+ LS, - L, -0 (3-7)
and
B30 = 1/2 A(R) (Lys_ + L_S,). (3-8)
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Neglecting the lambda doubling terms, which connect different elec-

tronic states differing in A values by unity, the total Hamiltonian

becomes:
HSotal - Htotal - Hio - T%
=uel+ 1V o+ 1R+ B9 4+ ER 4 30 (3-9)
where
Th = TN - Ty = BR) (42 + P2 + 52 - 52 - 2 P,
rri+l -oys - s, (3-10)
and
H0 = 850 - 30 = A(R)LS, (3-11)

The rotational kinetic energy operator and the spin coupling
terms also contains an R dependence. This R dependence connects dif-
ferent vibrational states since the eigenstate| v> is an eigenstate of
the vibrational Hamiltonian given in equation (2-33) where only the
Morse potential was considered and not the R~! rotational terms. This
coupling between vibrational and rotational states gives rise to the
centrifugal distortion matrix elements of the Hamiltonian which are

considered later.

3. VAN VLECK TRANSFORMATION APPLIED
TO THE MOLECULAR HAMILTONIAN

The diagonalization of the total Hamiltonian discussed in Section
38 is virtually impossible without making some approximations. This

is seen by examining the Hamiltonian matrix given by:




43

(3-12)
where each vibrational block consist of smaller blocks of matrix ele-
ments in the eigenstates of total angular momentum, spin, and parity

glven by:

(oo i

( )oror/ss

‘()pp

( )p;p' JrI

O

- (3-13)
Each parity block is a (25+1) by (2S+l) matrix of spin states. The
matrix elements denoted by x in the matrix of equation (3-12) repre-

sents matrix elements due to lambda doubling terms which connect



44
different electronic states. The matrix elements denoted by = repre—

sents those which couple different vibrational states, in the same
electronic state, due to the R dependence in the rotational and spin
coupling terms of the Hamiltonian. The diagonalization of the
Hamiltonian matrix, equation (3-12), would be possible if it were not
for matrix elements such as = and X, since each block of matrix ele-
ments in the simultaneous eigenstates of total angular momentum, spin,
and parity could be diagonalized independent of a block of another
vibrational or electronic state,

An unitary transformation due to Van Vleck [29] and derived in
Appendix B, can be used to remove matrix elements, to second order,
which connect the block of matrix elements of interest to other
blocks [30-32]. The Van Vleck transformation assumes the Hamiltonian
to be of the form

H = Hy + AH; (3-14)
where Hy is diagonal in the block of interest and may contain one or
more degenerate groups of states. The matrix elements of H; lie out-
side the block of interest but may also have some matrix elements
inside, and possibly on the diagonal.

The Van Vleck transformation transforms the Hamiltonian H in
equation (3-14) into G, that is:

¢ = T lar (3-15)
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where G has the form

G = Gy + AG; + A%G, (3-16)
and

Gy = Hy (3-17)
As seen from Appendix B, the matrix elements of H1 which lie inside
the block of interest are equal to those same matrix elements of Gy
whereas those matrix elements of H; outside the block of interest
contribute to the matrix elements of G inside the block of interest
only in second order or higher. The matrix elements of G of order two
or higher which 1lie outside the block of interest contribute to the
energy in fourth order or higher and to the eigenstates to second
order or higher, thus they are ignored here. It should be noted that
the eigenstates of H, | N>, and G, | K>, are not equal but are related
by the Van Vleck transférmation:

N =T|K (3-18)

4, HAMILTONIAN MATRIX ELEMENTS
NEGLECTING LAMBDA DOUBLING

The Hamiltonian excluding lambda doubling terms given in equation
(3-9) can be put into the form of equation (3-14) using the basis set
given in equation (3-3). The Hamiltonian H, must be diagonal on the
basis set of interest which leads to the assignment of Hy

Hy = #®L + TV, (3-19)
The rotational kinetic energy operator is not included since it con-—
tains an R dependence which mixes vibrational states. The remaining
portion of the Hamiltonian, H;, is then given by

B, = R + 855 + pSR 4+ §S0, (3-20)
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The H; term mixes both vibrational and electronic states thus it has

matrix elements which connects the block of states of interest to other
vibrational and electronic blocks. Neglecting the lambda doubling terms
Hiy is reduced to

"o o~ ph o R, 4SS, SR SO _
H) = Hy - H =Tg+ B°° + 8% + 0O, (3-21)

The matrix elements of the transformed Hamiltonian, neglecting
lambda doubling, are calculated using the formulas of Appendix B which
relate the matrix elements of G to those of H. The matrix elements of
GO or Hy, which are diagonal on the basis set, are calculated, using
equation (2-12) and (2-16), and are given by

<pnASLIM-Q | <v | Hy | v> | poASIIM-Q> =

B2l + ¢ | B (®) + 1, | v> = B8 + EVID, (3-22)

Again utilizing the results of Appendix B the matrix elements of the
various terms contributing to Gj are calculated to be
<pnASLIM-Qv | Tg' PRASLIM=-Qvd> =

B, [J(J+1) + s(s+1) - @2 - 12], (3-23)

<pnASIIM-2v | BSS | pnASIIM-Qv>

e,[322 - s(s+1) ], (3-24)

<poASIIM-v | BSO | pnASTaM-av>

AL, (3-25)
<pnASZIM-v | HSR | poASTaM-av> =
~Yy[8(s+1) - ai], (3-26)

<pnASEJIM-ilv | Tg| poASIElIM-RFlv) =

B, \/I(J+1)-0(Qx1) \/S(S+1) - I(E*l) (3-27)
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and

<pnASIIM-Qv | BSR | pnASIt1M-QFIv> =

YV

- = I+ - (@) \/s(s+1) - I(zl) (3-28)
where

B, = <v|R72| v B“ZC ’ (3-29)

e, = <v | e@®) | v, (3-30)

A, = <v|A(R) | v, (3-31)
and

Yo = <v | YR | ¥, (3-32)
The term given by

B, <pnASEIM-a | L2 + 12 | poASZIM-0> (3-33)

which is diagonal in the electronic energy eigenstates is incorporated
into the Morse potential implicitly in equation (2-15) and therefore
does not appear in equation (3-23).

The matrix elements of G, within the block of parity and spin
eigenstates are calculated using equation (B-19). The energy terms in
equation (B-19) are reduced by using

1/2(Eg, - Eg) - Eg ,

) 5 ) = "TTff'7T (3-34)
EVEpr - En) B En

0
(Eq -
since E°m= E°ﬂl i.e. the matrix elements of H, are diagonal and equal
in the block of states of interest. The product of matrix elements of

Hi in the expression for the matrix elements of G, cause the mixing of

the various interactions that make up H. Therefore each interaction




48
cannot be considered separately. The matrix elements of GZ’ using

equations (3-43), (B-19), and the expression for their coefficients
are listed below where use has been made of the notation of Zare
et al. [26];

<pnASLIM-Qv | G, | pRASIIM-Gv> =

Dy [£,(R,0) + £,(2,8) + £4(Q,8) + Ap, £,(2,0)AZ
+ aDvAZZZ + eDVfl(Q,Z) [322 - s(s+1)]

+ YDv {£,€0,2)[02 - S(s+1)] ~ 1/2 £5(2,L) = 1/2£4(Q,I)}
+e [312 - 5(s + D)2 + ep A (322 - S(s+D)]

+ e, [QL - S(S+1)][322 - s(s+1)] + Ay AZ[QZ - S(s+1)]
v v

Y

FYOAI9E - S(S+1) 1% + 1/4£5(,0) + 1/4£5(2,0)}, (3-35)
<pnASEIM-Qv | G, | pnASI*1-1%Qv> =
= D, [£,(8,0)£,(2,2) + £,(2,0) £;(utl,z])]

+ Ay £4(R,0)(E£1/2)A

1/4 Ay £,(0,0)A[2221]
v
+ 1/4 vy {2£,(2.2) [(9£1) (2£1) - S(S + 1)]
v

+ 2[08 - S(S+1)1£4(2,5) - £,(2,5) £,(2,0)

£,(2,5) £ (a1, IxD)}
+1/2 e £4(2,I)[322 + 3(Z£1)2 - 25(5 + 1)]
v
- 1/4 E.vaa(Q,Z) X
[3(2£1)2 + 322 - 28(s+1)] - 1/2 Y. £,(2,5)[2L - S(5 + 1)

+ (2 £ 1)(I£1) -~ s(s +1)], (3-36)

and

<pnASIIM-Qv | G, | pnASI£2IM - QF2v> =
- D f,(Q,0)f, (Q*]1, If1) - l/ZYDVf4(Q,Z)f4(Qil,2:1)

+ 1/4 Y; £,(2,5) £, (R%1,I%1) (3-37)




49

where
| <v|Aa®) |v'>| 2
=Z = (3-38)
v' v v'!
Z(v | B(R) I 1]. ;("J | Y(R)J (3-39)
|<V!E(R) |vi>]| 2
z: — (3-40)
vl
Ay, ZZ“ L(R)- E'?«" [ 5D | v> (3-41)
<v | E(R)l v YR) | >
ey = ZZ - (3-42)
v
R R
Y, = ; - (3-43)
- <v| e(R) | v <v! lA(R) ] A0 _
A, Z; E T E, (3-44)
<viAR) | v'><v' | Y(R) | v
A, = 2}2 | | — | | (3-45)
By
‘. - ZZ <v | B(R)vl z';«: | e@®) | v> (3-46)
v
Zl(v'B(R) Iv'>|2
v A By = Ego (3-47)
£1(2,2) = J(J + 1) - 92 +8(5 +1) - 12, (3-48)
£2(2,2) = [J(I + 1) = @ + 1)][S(S +1) =L + 1], (3-49)

£4(2,2) = [J(IT + 1) - (@ - D]IS(S +1) - £(Z - DI, (3-50)
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and

£,(2,0) = [JI + D - 2@ = DIM2ss + 1) -1 £ D12, (3-51)

The matrix elements of G3 within the block of interest are calcu-
lated using equation (B-20). Since the magnitude of the Gj matrix ele-
ments is small compared to the lower order terms and since only the

term Tg grows in magnitude as J(J+1), only it is considered in the

calculation of the matrix elements of Gyj. The resulting matrix ele-

ments are listed below;
<pnASLIM-Sv | T§ | pASIIM-Qv> =
H {£,3(2,8) + 2£,(Q,0) [£,(2,5) + £4(2,0)] +
£2(R,0)£.(@ + 1, I+1) + £,(2 -1, £ - 1) £3(2,0)}, (3-52)
@mm&m4w|rg|mmﬂimmmxw>=
Hv{ff(n,z) + £,(9%1, TX1)E;(R,D) + f§(911, It1)

+H2(0t1, IE1) + £2(0,0) + £2(0%1, XD} £,(2,0), (3-53)
<pnASEIM-Rv | Ty | poASIE2IM-RF2v> =

H,£,(R,0)f,(Qx1,2£1) {£,(Q,L) + £;(Q%1,It1)

+£,(Qt1,1£2) }, (3-54)
and
<pASEIM-Gv | T§| pnASIE3IM-0T3v) =

vaa(n,2)f4(nil,Zil)f4(9i2,2i2) (3-55)
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<nv|ﬁB(R)| nv'><nv’ [B(R)l nv"><nv"J B(R)jﬁnv)
A Tar? ! (EV = EV") (EV - EV')

{E; <nv| B(R)‘ nv>| <nv|rB(R)| nv')l 2
v (EV - Ev')z

|<nv| B(R)| nv'>| 2 <nv| B(R)| nv

(3-56)
(EV - Evv)2

The matrix elements of Gy and G, given above are called the
centrifugal distortion matrix elements. They describe the coupling of
the vibrational and rotational motions through the R dependence of
various interaction terms, The coefficients of the centrifugal
distortion matrix elements for the rotational and spin-orbit terms
dominate those due to the other interactions. The matrix elements of
the rotational kinetic energy operator also contains a JR(J+1)D
dependence, where n is the order of the transformed Hamiltonian, which
forces the rotational energy matrix elements to be the predominate
ones for even modest J values. Thus the only centrifugal distortion
coefficients usually quoted are D, ADV and H,.

5. LAMBDA DOUBLING MATRIX
ELEMENTS

The lambda doubling interaction from Chapter III-2 of this chapter
is given by

R SO
T+ H
A A

(B(R) + 1/2A(R))(LyS_ + L_S,)

B(R) (L+?f -+ L. (3-57)

3
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Due to the L, and L_ operators this interaction connects electronic

states differing in A by unity.

The Van Vleck transformation can again be used to remove the
matrix elements connecting the block of states of interest to blocks
within other electronic states. It is shown in Appendix B that in the
Van Vleck transformation matrix elements of G, that lie outside the
block of states of interest vanish and those inside are equal to those
of Hl inside. Since Hl’ in this case Hy, has no non-vanishing matrix
elements within the electronic states of interest all matrix elements
of Gy vanish. The matrix elements of the second order transformed
Hamiltonian, Gz, are calculated using equation (B-19) of Appendix B
rewritten here

<m| Gy |m'> =

Z <m|H | < |H 0>

(Eo 0 [

0 0 0
(EC -E,) - E’] (3-58)
_ EO)(EO, - % m m n
m n m n

where m denotes states within the block of states of interest and n
represents those outside. Just as in section D of this chapter
equation (3-58) reduces to

<m| Hl| n><n| H1| mn'>

<m| Gy |m'> = E R (3-59)

since
<m| Gy |m'™> = <m|Hy|m'> = E8 s (3-60)

or more specifically

<n'v'| H0| nv) = <n'v'| G0| nv) = (Erell + Ezib)é

nnldvvlo (3_61)
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Because the lambda doubling interaction is small compared to the other

interactions third order terms are not considered.

The NO molecule whose ground electronic state is a 27 state can
be connected by means of the lambda doubling interaction to either a
2p or %L state. Herzberg [33] shows the nearest 2L state as being

A2c* at 43965.7 col followed by several other 2pt

states at 52148.0,
53083.0, and 60628.5 cm™l. The nearest 2A state according to Gilmore
[34] lies at approximately 60495.0 cm~l, Since there are four 2:+
states close to the X?m state relative to the nearest 24 state, the
25t states are assumed to be the only contributors to the interaction.

The use of equation (3-59) and the basis set represented in

equation (3-3) yields the following formula for the matrix elements of

G2:
<pnASEIM-Qv | G, | pnvASI''JM-Q' !> =
gy (A] + A))(B] + By) W (3-62)
Qv
where
Ay = <nvASEIM-Q | H| | n'v'A'SI'IM-Q'>
+ p'<{nvASIIM-Q 'H1| n'v'AS-I'IMQ'>, (3-63)
Ay = p<nv-AS-IJMQ | H; | n'v'ASZ'IM-Q'>
+ pp'<nv-AS-ZJMQ | H, | n'v'AS-Z'IM2'>, (3-64)
By = <n'v'ASI'OM-Q'| H; | nvASI''IM-Q" ">
+ p<n'v'ATSI M- | Hy | nv-AS-TYrIMQ" T, (3-65)
and
B, = p'<n’v'A'S-Z'JMQ'| Hll nvASL ' 'IM-0 ' ">

+pp'<n'v'AS-I'IMR' | H, | nv-AS-I''IM2' >, (3-66)
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The assumption that all the perturbing states are 23% states would

imply A'' = 0, therefore the A' designation is replaced by IS, This
indicates a I electronic state with a Kronig symmetry of s = +

or s = -, Use is made of the results of the parity operator acting on
the above states, from appendix A, by inserting unity in the
appropriate matrix elements in the form of the parity operator times
its adjoint. The parity operator acting on states to both the left
and right results in matrix elements which can be combined with others
to yield:

<pnASIIM-v | G, | pnASI''IM-Q' "> =

U E: (C; + Cy + C3 + Cp) (367
n'v'Al zlglp' EO _ Eo' '
nv n'v

where

C; = <nvASIIM-Q 'Hll n'v'ISS-L'IM-Q'D,

(l+pp's)Z<n'E5sT'IM-0'v' | B | nvAST' 'JM-' ">, (3-68)

Cy = <nvASIJM- | By | n'v'E%ST'0M-0'> (1+pp's) x

(p'+ps)<n'v'ES-zr ' | H) | nvasttramar >, (3-69)

Cy = <nvASLJIM-i 'Hll n'v'IS-Z'IMQ' >(p'+ps)x

<n'v'ISSL'IM-Q' | H, | nvASZ''IM-Q' '>(14pp's), (3-70)
and

C4 = <nvSIIM-Q | H | n'v'ISS-2'JM2' >(p'+ps)? x

<n'ISS-L'JMQ'v' | Hy | nASZ' IM-Q" 'v>, (3-71)
Performing the sum over p' and using the following designation for the
set of quantum numbers

A=0,L=1/2, 9=1/2+ 2%, (3-72a)
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A=1,8S=1/2, 9 =3/2 > 2n3/2, (3-72b)

A

1, T =-1/2. @ =1/2 > 2nyy,, (3-72¢)
the matrix elements are then obtained from equation (3-67) through
(3-71) and are given by
2 2 = Q"
<{pnv "1/2JM| G2| pav "1/2JM> 0V

L m
q P

4-391[(J+1/z)2 + ps2(J+1/2)+1] +-3§1[1+ps(J+1/2)] + 01, (3-73)

w

q
2 2 -— 2 . -
<puavimy M| Gy | pavin, I = — [(J+1/2)% - 1], (3-74)

3/2
and

2 2 =
<{pnv ﬂ3/2JM| G2| pnv "1/2 M =
T
pv 1/2
2 2 = 2_
<pnv "1/2JM| G2| pnv ﬂ3/2JM> == (J+1/2)4-1]

m
q

+ 55 11+ pe(I+/ DTG + /D)2 - 11Y2, (3-75)
The three coefficients pg, qz, and Oz are given by
A(R
. <nviw 'B(R)L+| n'v'2L><n'v' 2L ' 2 L_l nv2m)
P, = 4 5 5 (3-76)
n'v’ EE_ -E, ,
nv n'v
| <av?n | B(R)L, | n'v'2D> | 2
q" =2 z: 5 5 (3-77)
vn' E°- -E, ,
nv n'v
and
| <nv2ﬂ‘ U&A(R)L+| n'v'2> | 2
0 = 0 0 (3-78)
n'v' E_-E, ,

nv n'v
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6. ROTATIONAL ENERGIES AND ENERGY EIGENSTATES

The vibrational molecular constants of NO in the ground electro-
nic state have been measured [35, 36] or calculated [37] by several
workers. One of the best sets of vibrational constants is that of
Henry, et al., [36] who examined data from the 1-0, 2-0, and 3-0 bands
of NO and arrived at the set of constants in Table 3-l.

The rotational molecular constants of NO have also been the sub-
ject of several works [35-41]. Likewise, there has been several
investigations of the lambda doubling parameters [36, 40-42] since the
advent of very high resolution and doppler limited spectroscopy. One
of the most complete works on the v = 0 and v = 1 vibrational states
is that of Valentin et al. [4l] whose results appear in Table 3-2. It
is this set of constants that was used in this work.

The rotational energles were calculated using the matrix elements
given in equations (3-23) through (3-28), (3-35) through (3-37), and
(3-52) through (3-55). The matrix elements given in equation (3-22),
which are those of the electronic and vibrational Hamiltonian, were
ignored since they are diagonal and constant in a given electronic and
vibrational state. The Hamiltonian matrix is a four-by-four matrix
made up of the matrix elements of G in the states of| Q |(1/2,3/2) and
p (= *¥1). The four-by-four matrix consist of two two-by-two matrices
each of which belong to a definite parity eigenstate. The four-by-

four reduces to two identical two-by-two matrices when lambda

doubling is ignored.
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Table 3-1

Vibrational Molecular Constants for
the Ground Electronic State of NO

Constant Value (cm 1)

LA 1904.1113 = ,0026

W X 14.833 £ ,001
ee

Wy .00836 £ ,00017
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Table 3-2

Rotational Molecular Constants for the
X%1 1-0 Band of NO

Value (cn™l)

Constant v=20 v=1

By 1.6961359£31x1077 1.6785671£30x1077

Dy 0.547403x1073£56X10~10 .549223x10~5+50%10~1 0
Hy 0.1279x10-1 0+30x1071 3 0.1173x10710£25x1071 3
Ay 123.02772£.00011 122.78248£,00011

Ap, 3.47573%.0051 3.37135£,0050

Py -11.668x10~3£7%x10~° -11.667x103+8x1076
q 9.303x10~528x10~7 -9,383x1075£8x10~7

ol -0.10579 -0.10668

1875.97233+7x10™>
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The rotational constants in Table 3-2 were used in calculating

the Hamiltonian matrix which was then diagonalized to yield the energy
eigenstates and eigenvalues. The calculations were performed for both
v = 0 and v = 1 vibrational states with and without lambda doubling
(pg = qg = 03 = 0) for J values of 0.5 to 40.5. The results of these
calculations appear in Table C-1 through C-4 of Appendix C.

Table C-1 through C-4 also list the eigenvectors of the trans-
formed Hamiltonian. These eigenvectors determine the eigenstates of
the transformed Hamiltonian in terms of the basis set of eigenvectors
by the relation.

| poIMg> = £c(J,g,9,p) | prASDIM-R> (3-79)
Q

where the C(J,g,,p)'s are the eigenvector components of the trans-

formed Hamiltonian matrix.
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CHAPTER IV

COUPLED SPECTRAL LINE BROADENING THEORY

A. Radiator-Perturber-Field Hamiltonian

The starting point in the introduction to the Anderson—-Tsao-
Curnutte (ATC) boadening theory is the radiator-perturber-field

\
1
1. ANDERSON-TSAO-CURNUTTE THEORY
Hamiltonian.[6-8] The Hamiltonian is expressed as

H = Hy + H(t) + Hjp (4-1)
where
Hy = Hy + Hy + Hp. (4-2)

The unperturbed Hamiltonian HO consist of three parts, the Hamiltonian
of the radiating molecule (molecule 1), H;, that of the perturbing
molecule (molecule 2), Hy, and that of the quantitized radiation
field, Hp. The perturbing terms in the total Hamiltonian, Hc(t) and
Hjgp, are the time dependent collision interaction and the interaction
of the radiating molecule with the radiation field, respectively.

The unperturbed Hamiltonian has eigenstates which are the pro-
ducts of the eigenstates of Hl, Hy, and Hipe These eigenstates solve

the eigenvalue equations:

Hy | nyny N> = (By + Ep + ) | N> (4-3)
where

A | np> = By, | B1> (4-4)

Hy | ny> = By, | 02> (4-5)
and

Hy | Ngp> = g | N0 (4-6)
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B. Transition Probability

Calculation of the transition probability in the presence of
collisions is best understood by first examining the case without
collisions. Time dependent perturbation theory indicates that the
transition probability for absorption from a state A to a state B at

time t later is given by

- —_ 2
Paop(t) = | <my M7 -1 [ Up(e) Upg(e) | ng N> (4-7)
where
t.1
-1i/1] Hyp(t')dt'
Upp(t) = (e / 6 IR )+. (4-8)
The term H}R above is the radiation interaction Hamiltonian in the

interaction representation defined by

HL () = Ugl(e) Bygpug(e) | (4-9)
where
Up(t) = Lot A, (4-10)

For the present case H (t) is zero and molecule 1 states are the only
ones considered.

The expression for the transition probability can also be written
in terms of the time development operator for the total Hamiltonian
(see Appendix D)

Pyop(t) =| <oy No7-1] UCe) | ng Ngi> | 2 (4-11)
where
-i/ﬁgtﬂ(t')dt' B! (4-12)

U(t) = Up(t) Upp(t) = (e )+

lThe + following the expression for the time development operator
implies that it is a time ordered product time development operator.[2]
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The approach taken in the ATC theory to include the addition of

collisions is to calculate the transition probability for a transition

between two "collision smeared states”, In order to construct these
smeared states it is first necessary to make the impact approximation.
This approximation assumes the duration of a collision is much smaller
than the time between collisions. With this assumption the Hamil-
tonlan of the system can be equated to the unperturbed Hamiltonian,

HO’ at some time t = 0. At some later time the system is in a colli-

sion smeared state given by;

| np(E)ny(t) N> = Upo(e) | nyny Ngi» (4-13)
where

Uoo(t) = (e—i/ﬁétHOC(t')dt')+ (418)
and

Hp(t) = Hy + H (t). (4-15)

The absorption transition probability is now the probability of a
transition from a collision smeared state minus a photon given by;

| ACt)> = Uy (t) | nyny WY -1> (4-16)
to a state time developed under the total Hamiltonian given by;

| B(t)> = 0CE) | nyny NG (4-17)

The transition probability is therefore expressed as:
P,,p(t) =] <a(t) | B()> | 2

= | <apny Nz-1] u5kee) u(e) | ng 0y N> | 2. (4-18)
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It 1is interesting to note at this point the similarity of

equation (4-18) with equation (4-7) for the noncollision case.

The expression for the transition probability is made more pala-
table by expressing the product of the two TDO's through first order
only. To obtain first order terms let V(t) be defined by;

v(t) = Uy~ l(e)u(e) (4-19)
and note that;

-1

¥(t) = = = USL(e)E) pUy (£) V(). (4-20)

A boundary condition on V(t) is easily obtained by noting that at
t=0 Uaé(t) and U(t) go over to Ual(t) and Uy(t), respectively,
therefore V(t=0) is unity. Utilizing this boundary condition and
solving equation (4-20) iteratively through first order yields;

t

i ! 1 Y
v(t) =1 -%-{) Upe (£ H gUg(E")dE". (4-21)

Substituting into equation (4-18) for the transition probability

yields:
Pprp(t) =
1 £t 2
%;?|<nln2NEx—1| g U Ogt')HIRUOc(t')dt'l n) 'ny "Ny . (4-22)

The TDO Uoc(t) above continues to carry the free quantitized
radiation field Hamiltonian dependency. To "pull"” this dependency out
of the TDO appearing in the matrix element above a new Hamiltonian is
constructed given by;

Hp(t) = Hy + Hy + H_(t). (4-23)
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Now note that the old Hoc(t) Hamiltonian can be expressed in terms of

the new Hm(t) Hamiltonian by;

Hoo(t) = Hy + H () = H (t) + Hp. (4-24)
Since HR has the following commutitive properties;

[Hg, H;] = [Hp, Hy] = [Hp, H ()] =0 (4-25)
the TDO Uoc(t) consists of two commuting parts, therefore;

Upe(t) = Up(v)U,(t) = U (£)up(t). (4-26)
Making use of the above term of Uy.(t) in equation (4-22) for the
transition probability, yields:

Pa+p(t) =

t -
1 - _i At -1 ] ) '
L) copngigeet | [ N e e x

5 N> | 2 (4-27)

| aln

C. Radiation Interaction Hamiltonian and the Dipole Approximation

The specific form of the radiation interaction Hamiltonian which
appears in the transition probability is now addressed. From quantum

electrodynamics this Hamiltonian is given by;

1
c /V

~

Hyp = G- 3%+ p o X% a0Ph (4-28)
kA kA
where X is the complex polarization vector, k the propagation vector

(k = kwe), and V is a volume element.[11] The term EE is the Fourier

transform of the paramagnetic current density, that is;

Tp=] T j(@ar (4-29)
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T =L gk 8(E-Ey) + 6GEy) - (4-30)
= = i = - - -], -

2 { mi i i mi

The AOF operator is the photon creation—annihilation operator which

exhibit the following properties on the photon field states;

OP —_— _ 2miic? = —_—
AEX| N -‘\/——7;—— VN | M- 1> (4-31)

and

= [2mhc? - _—
AE§T| N =\ VN + 1| Ngx + D (4-32)

Utilizing the interaction Hamiltonian equation (4-28), with the
properties of the photon state operators above the transition proba-
bility from equation (4-27) becomes;

2% Ngx

t
- -iwt
Pa>p(t) = g | <mymaNi-1 | g e

U;I(t')f_goi U, (t')dt’

| nin;NEX—l>| Z, (4-33)
Since this work is directed toward the investigation of the
vibrational rotational fundamental band, only dipole transitions are
of concern. The dipole approximation consist of expanding the expo-

nential of equation (4-29) and keeping only the first term, therefore;

g~ ) ar A, (4-34)
Since 51 is the conjugate momentum one has;

2
- L3 4 - -
x ~ Eqiri + X'EEI'A(ri,t) (4-35)
i i
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where, from quantum electrodynamics;

ike A-iwt -ike A+Hiwt
s T & OP'y* €
Ar,t) =) [AOP X —— A0 — ., (4-36)
- kA /V_ kA v

Note that the matrix element appearing in equation (4-33) 1is diagonal
in the photon states therefore the vector potential portion of 3k in
equation (4-35) does not contribute to the transition probability.
Dropping the diagonal photon states from the matrix element for con-

venience, the matrix element then becomes;
_1 = . 3 -
gqi <n1n2| Um (') ry « A Uﬁ(t')' niné). (4-37)

The velocity term above together with the TDO, U (t), forms the

Heisenberg representation of the velocity, that is;

() = Ule)ryup(e). (4-38)

From this and the equation for the velocity;

one arrives at the equation;

-1(¢) & S PN _
U (£) rU,(t) ic Un (e)ryU,(t). (4-40)
Utilizing the above equation and equation (4-37), the matrix element
appearing in the expression for transition probability, after integra-
tion by parts, is given by;
-iwt - = "o - =5 1
e <n1n2' Um(t)ri°XUm(t)‘ n n2> - <n1n2| rieA ‘n1n2>

+ iw

t
~iwt' - - T
{) e " <npny | ULt )r e Xup(t?) | npn,>de! (4-41)
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The last term in the above equation contributes almost entirely at
infrared frequencies since w is of the order 1014 sec-l. Therefore
upon dropping the first two terms in equation (4-41) and after inser-

tion into equation (4-33) the transition probability becomes;

2Nyt ot - s
e % g <n1n2' ude') « A 'n1n2> X

Parp(t) =

iw(t"~-t")

LI | - -
<npmy | (™) ¢ X|opng> e dt'de”. (4-42)

In the above equation § is the dipole moment operator defined by;

u o= g qi;i = —e% ;t + e g zaﬁu' (4-43)
where the first sum is over electrons and the last sum over nuclei.

The transition probability just derived is the probability for a
transition from the molecular states given by nln2> to the states
niné) via the absorption of a photon of frequency w and polarization
A. Since the interest of this work is to examine the spectral charac-
teristics of the absorption regardless of the molecular states the
transition probability is summed over all final states and summed over
all initial states weighted by the Boltzmann distribution. This total
transition probability ,P(t), is then given by;

B(E) =) by Py, Pasp(t) (4-44)
nyn
172
L ]
n)
where Ph is the Boltzmann distribution function for the state n. Upon

performing the above summation utilizing equation (4-42) the total

transition probability becomes;
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P(t) =

21Ny w t ot "
kA T.m TS fw(t' -t
SR e R ReRene ™)
0 0

dt'de” (4-45)

where Tr denotes the trace operation.

D. Molecular Dipole Moment

Consider once again the dipole moment operator of equation
(4-43). A matrix element of this operator between two molecular
states belonging to the same electronic state is given by;

<an| n 'nv'J') = <an| -e ) ;tl nv'J'>
t -

+ e<nv] | zzaﬁa | nvtat> (4-46)
where the Born—Oppenheimer approximation is assumed. Note that the
first matrix element involves electronic coordinates only and there—
fore is diagonal on the v and J quantum numbers. Since it is diagonal
on v and J this term contributes only to the permanent dipole moment.
The second matrix element does not depend on the electronic coor-
dinates, however, the internuclear distance is a function of the
electronic state. Therefore, the last matrix element above can be
written as;

<nvJ | JZoRa | nv'J'> = <vI | £.(R) | vJ . (4=47)
o

Combining this result with the first matrix element of equation (4-46)
allows one to express the dipole moment operator in a form suggested

by Levine.[45]

B(R) = U(R,) + u'(R,)(R-R,) +-%-ﬁ"(Re)(R—Re)2 + s (4-48)
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For the case of the infrared fundamental band only the second term
contributes to the transition probability due to the vibrational
selection rules.,

It should be noted that due to the symmetry of a diatomic mole-
cule about the internuclear axis the dipole moment necessarily lies

along the internuclear axis.

E. Transition Rate and Absorption Coefficient

The aim of this section is to obtain an expression for the tran-
sition rate and from that derive an expression for the absorption
coefficient, This step will involve commuting TDO's in the trace of
equation (4-45), therefore another approximation is needed. This
approximation is that the density matrix is stationary, which is a
valid approximation neglecting such phenomenon as saturation effects
and assuming the gas is in an isothermal bath. Since the density
matrix p(t) time develops according to;

= -1 -
p(t) U (B)pgU“(t) (4-49)
and it is assumed;

p(t) ~ pg, (4-50)
the density matrix commutes with Um(t), that is;

[PgsUp(t)] = O. (4-51)

Examine now the trace appearing in equation (4-45) for the tran~
sition probability. Rewriting it utilizing the TDO's yields:

Trlpgheu(e™)A+u(t")] =

Tr[pOX-U;I(t")ﬁUm(t“) X e U;l(t')ﬁUm(t')] (4=52)
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Utilizing the commutivity of the density matrix and the cyclic per-

mutational properties of the operators in the trace, the above
equation reduces to;

Tr(poh-u(t)X+u(e')] = Trlpy Xenu-t(em>eueXu (e™>e)] (4-53)
where

U (t">e') = Um(t') U;I(c"). (4-54)

Letting T = t' - t” the TDO can be rewritten in terms of an initial
time, t", and some time interval T,
Upemst’) = g (e > t" + 1) (4-55)
Consider now a collision average of the above TDO. If the colli-
sions occur randomly the TDO Um(t"+t"+r) can be assumed independent of

initial time t”, therefore the collision averaged trace can be written

as:
Trpgu» A (T XU, (1) 1zyg (46-56)
The integrand of equation (4-45) is now given by;
-iwt - - - =
F(t) = e Trlpgheuu™ HO)X WU, (1) I pyge (4-57)

Since the collision averaged term Ugl(T)EUm(T) has the property (see
Appendix E);
U (-1)RU,(~1) oy = Un(OFOH(TyE (4-58)
and since the density matrix commutes with the TDO it is easily shown;
F(-1) = F*(1). (4-59)
In terms of the integrand F(t) the transition probability is then
given by;

ZﬂNEXW

t t
___{) {) F(T)dt'dt" (4-60)
VA

P(t) =
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where T = t'-t". Making a change of integration variables from t' and

t" to t" and T, and using equation (4-59) P(t) becomes;

2T N YW T T

P(t) = ——— 2Re(T [ F(1)dt - [ F(1)td1). (4-61)
vi 0 0

Ignoring the effects of natural broadening the transition rate is

calculated from the transition probability using;

P(t)

I = 1im (4-62)
t+mt
Therefore the transition rate obeys the equation;
t 1 t
I'a 1lim [[ F(1)dT - =] F(1)Tdr] . (4-63)
t+o O to .

Note that F(T) is an exponential times the collision averaged
dipole moment correlation function., The dipole correlation function
tends to be larger for small T. As T becomes large the collision
averaged dipole correlation tends to vanish. Thus the transition rate

is given by;

4m N{(-;\W o
I = ——Re é F(T)drt. (4=-64)

The absorption coefficient is formulated by first calculating the
incident intensity of radiation on a gas. The incident intensity or
energy per unit area per unit time of frequency w and polarization
2 is the product of the following; the number of photons of frequency
w and polarization X per unit volume, the energy per photon, and the

photon speed, thus;

N

10w) = %x-‘ﬁwc. (4-65)
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Now consider the radiant energy absorbed, of frequency w and polariza-
tion X, per unit area per unit time by a gas of n molecules per unit
volume. This quantity is equal to the product of the following
quantities; the transition rate per molecule for absorption of a
photon of frequency w and polarization X, the number of absorbing
molecules per unit volume, the energy per transition, and the optical
path length, therefore:

dI = -Tnhwdi (4-66)

After some rearranging of terms the above equation becomes;

di(w) = -I0(w)k(w)d2 (4-67)
where;
k(w) = 42%“ Re [ F(T)dr. (4-68)

Integration of equation (4-67) then yields Beer's law:

- L
1(w) = O@w)e W (4-69)
F. Resolved Line Approximation
A new time development operator T(T) given by Anderson as;
= 11
T(t) = U5 (DU, (T) (4-70)

is now introduced.[36-38] This TDO is necessary for both the
following discussion of the resolved line approximation and in the
derivation of the coupled line form of the absorption coefficient.
From its definition it is easily seen that T(T) solves the differen—

tial equation;

(t) = ~i/8 U5H(E) H(r) Uge) T(t) (4-71)
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with boundary condition;

T(£=0) =u"1(0)u,(0) = U"L(0)u,(0) = 1. (4-72)
Solving equation (4-71) iteratively yields:

t
- —1 [ ] [] ' '
e) = (e 18 % U )H (£")U, (e )dE

)4 (4-73)
Writing Um(t) in terms of Uo(t) and T(t) from equation (4-70) and
substituting into equation (4-57) for F(T1) one obtains;

F(1) = ¢ " Trlpgn- 11" L (1)U (00 ()T 1pp (4-74)
Expanding the trace in terms of states a, b, ¢, and d gives:

F(t) = e " Z e_iwdcrpaa@ | ueX | b>

a,b,c,d
<b | THT) | ed<e | HeX | d><d | T(T) | @dyypp (4-75)
It is this form of F(t) which is used in the following discussion of
the resolved line approximation.

The applicablility of the resolved line approximation or lack
thereof is illustrated by utilizing the approach of Tsao and Curnutte.
[36] Since it is assumed the duration of collisions is much smaller
than the time between collisions (impact approximation) the TDO T(T)
can be expressed as the product of TDO's for individual collisions in

the time interval T, that is;

T(1) =[] Ty(1) (4-76)
o)

where o is an index of collisions. Consider an individual collision,
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using terms of T,(T) through first order, in which case the product of
the last three matrix elements in equation (4-~75) become;
<o | T e<e | ueR < | T

M IO CR TEPN

+ 8, b ueXfa> <dlT,|a>
+ 84, |10 | e |uX| @

| uXfow| Tl o], | (4=77)

where;

Ty = T3l = 18 [ 0ghOR(0)Uy () de. (4-78)

It is interesting to note at this point that if Hc(t) vanishes
the only term remaining in equation (4-77) is the diagonal term. When
this term is substituted into equation (4-68), via equation (4-75),
there results an absorption coefficient which consists of a delta
function in frequency centered at Whae The first order terms will be
shown later to contribute only to the spectral line shift and not the
line width, therefore they will be ngglected in the following argument,

Tsao and Curnutte argue that for an individual collision starting

at time t; with duration 8 the second order term in equation (4-77) is

given by;
ta+d tat+s
0 0 t
eitwb°<b| H. a(t)| e> dt f eiwda
to ’ to

<d|Hg o (£) | a>dt. (4-79)
Since 6 is assumed much smaller than the time between collisions of
type 0, T,, to obtain a collision averaged quantity for collisions
of type 0 the initial time, ty, needs to be averaged over T;. Making

use of the fact that the form of H, ,(t) is independent of the actual
b
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starting time, and by making a change of variable of integration in

equation (4-79), the time average is found proportional to;

T
o i(Wbc'*'wda)tdt.

(1/ty) 5 e (4-80)

The above integral for e T V4, equal to zero is unity and for a non—
zero exponent the integral is equal to;

ei(wbc + wda)To_1

. (4-81)
(Whe * W4a) Tg

The interaction term Hc(t) is assumed independent of vibrational
states since the intermolecular potentials considered here are those
due to permanent electric multipole moments which are a function of
molecular orientation and distance only. Therefore for a zero spin
Z~state diatomic molecule the states a,b,c, and 4 can be assigned the

total angular momentum quantum numbers:

a: Ji’ Jz b: Jf, Jz

c: Jer Jon d: Ji0 Jou (4-82)
Using the above notation and noting that the rotational energy depends
only on the J quantum number one can easily obtain:

Vot Vg, = 21r<:[(EJf - EJi) + (EJi' - EJf')] (4-83)
Now note that the individual energy difference terms can take on the
same range of values, those corresponding to AJ = *]1, From this one
concludes that equation (4-83) is either zero or some non-zero
multiple of;

E = 2mc+2B (4-84)
where B, is the molecular rotational term value constant. Assuming a

1, the frequency

multiple of unity and a typical B, value of 1.5 cm
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difference term would have a value of 5.6 X 10l1 sec_l. Using as a

collision time that of N, at a temperature of 300K and pressure of one
atmosphere, T, = 1.37 x 10-10 sec, the denominator of equation (4-81)
is found to have a value of 76.9, and therefore the absolute value of
(4-81) is approximately 1072 as opposed to 1 for a vanishing exponent.
[46]

The above argument due to Tsao and Curnutte implies one can
ignore, to an approximation, all non-zero values of the energy dif-
ference terms for zero spin L state diatomics. This implies Jg = Je
and J; = Jirs and leads to a formulation of the absorption coefficient
which is the sum of Lorentz pressure broadened absorption profiles,
hence the "resolved line approximation”. Although a zero spin I state
diatomic was used in the above argument the approximation is by no
means limited to just those type molecules. Any molecule whose energy
levels would lead to a situation where (wbc+wda)1'o is either zero or
a "large" value would qualify for the resolved line approximation.

Chapter 111 demonstrated that the zeroth order approximation of
the rotational energy eigenvalues of NO for a given J quantum number
consisted of two values. One of these is that belonging to the
Z“UQ electronic state the other belonging to the 2ﬂ3/2 state, with the
2w3/2 state lying approximately 120 em ! higher in energy. The dipole
selection rules on the zeroth order eigenstates forbid transitions
between rotational states belonging to different spin states, that is
between the 2n1/2 and 2n3/2 state. Hence only energy levels within a
particular subband need be considered. Therefore, from examining the

energy levels of NO one can conclude the resolved line approximation
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is valid for the NO fundamental band in zeroth order. Therefore, the

ATC theory, as given by Tsao and Curnutte for symmetric top molecules
utilizing the resolved line approximation, can be used for the calcu—
lation of NO pressure broadening parameters when incorporating zeroth
order NO eigenstates,

The first order eigenstates of NO consist of two pairs of states.
FEach eigenstate in the pair has definite parity and is comprised of an
admixture of rotational states of both the 2“1/2 and 2ﬂ3/2 electronic
states. Due to this admixture, two transitions are now allowed in
each subband, each having different ground state parity. These pairs
of lines, lambda doublets, are extremely closely spaced, 10'4—10_3cm_1,
and their ground state energies are separated by approximately
1072-1 cn! depending on the J value.

Examination of the criterion for the resolved line approximation
does not clearly indicate that pressure broadening effects on the
doublets of NO can necessarily be calculated using the resolved line
approximation., Consider the P(2.5)1/2 + parity line of NO. From
equation (4-83) the first energy difference term yilelds a value for
this transistion, of 8.3302 em~l. The second term could be an energy
difference between the J=5/2, g = 1/2, P = -1 state and the J = 3/2, g
= 1/2, P = -1 state in which case it has a value of 8.3893 em™l, This
leads to a total frequency difference of 1.11 X 1010 gec™!, Utilizing
again the time between collisions of N, molecules of 1.37 X 10710 sec
the denominater of equation (4-81) would have a value 1,53 thereby

increasing the value of the integral, equation (3-81), by a factor of

approximately 50.
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2. GERSTEN-FOLEY THEORY

A theory was developed by Gersten and Foley which took into
account the effects of overlapping spectral lines.[9] This theory
has recently been employed by Braun to examine the overlapping effects
of the Vg band of CO2 utilizing only the quadrupole—quadrupole inter-
molecular interactions.[47]

The Gersten-Foley work starts out by assuming a system

Hamiltonian given by;
H=Hy+V (4-85)

where Hy is the unperturbed Hamiltonian and V is a time dependent
collision interaction. The dipole moment operator in the Heisenberg
representation, u(t), which is given by;

u(e) = " Heuu(e) (4-86)
is then said to solve the following equation of motion;

du(t)
dt

= i[H’U(t)]~ (4-87)

Since Hy is stationary the above equation holds only in the case that
V(t) obeys;

[v(t), v(t')] = 0 for t # t'. (4-88)
Although this assumption is made later in their work the intermediate
results are formulated starting with equation (4-87) (equation 4 of
Reference 47).

Gersten and Foley are able to demonstrate that in the resolved

line approximation their coupled line formulation reduces to a sum of
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Lorentz lines as does the ATC theory. Examination of Braun's work
reveals that in the resolved line approximation his results, based on
the Gersten-Foley theory, yield exactly those of the ATC theory for

the line widths.

3. A COUPLED LINE THEORY UTILIZING THE ATC THEORY

A. Dipole Moment Reduced Matrix Element Differential Equation

This section is the starting point for the calculation of the
coupled line absorption coefficient. No assumption as to the com—
mutable behavior of the collision interaction is made at this point
nor is it assumed until the introduction of the approximate form of
the collision operator. The starting point for the coupled line
absorption coefficient formulation is equation (4-57) from the ATC
theory. Utilizing this equation together with some of the methods
applied by Tsao and Curnutte an expression for the collision operator
is derived. This collision operator is the counterpart of the S
matrix arrived at by Gersten and Foley.[49] After the development of
the collision operator the work given in this and the next few sec-—
tions essentially parallels that of Braun with the exception of
allowing for non—z state diatomic eigenstates.

The F(T) function of equation (4-57) can be rewritten, using the

results of Appendix F, as;

F(1) = 31- e_imTr[poﬁ°U;l(T)ﬁUm(T) Lavee (4-89)
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Since the density matrix is assumed to commute with the TDO Um(t)

(equation 4-51), F(T) can be written;

F() =+ e rrlpgi(e) Ty (4-90)

~

where u(t) is defined by;

H(e) = Uy(e)uuz (o). (4-91)

Note that the operator U is diagonal on molecule 2 states since

U transforms like a scalar with respect to 32. Therefore, with the aid
of Appendix F;
_ .1 ~iwt q
F(t) = () e 5 pji“i . (-1)

Ji504>My
Jg,0p,Me

-
é ~1
P pa,<TiM % TPMyay | ua(e) | TeMeaeTyMpap>syg
J2 ,Mz,az

1 -
WUeMgag | ug | IjMya . (4-92)

Applying more results of Appendix F;

1, -iwt Je=J
F(1) = (P e JZ Pra; (7D £
i~

Jg,ag

EE: P 1ya,<T2Ma% | gy || FaCe) || Igag A IpMpar>,yp
TaMpes

Jgag || ul ] 3500 (4-93)
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Since the collision averaged matrix element of Hl(t) is independent of

molecule 2 states the sum of the Boltzmann factor sza becomes unity,

and therefore:

(1) = () e (-1) i,
3 J
A ppr *1
Jgs0g
<yag [| o) || Tgappypcigag ||t || 3gap> (4-94)

Now the function F(1) is in terms of the reduced matrix elements of the

dipole moment function.
An expression is now needed for the collision averaged reduced
matrix exlement of u(t) in terms of the reduced matrix element of

1 and the collision interaction. To obtain just such an expression

consider the derivative of a component of the operator u(t);

IE i () = g o) (o) ul M7 uglee) (4-95)

where Anderson's T(t) TDO operator, defined in equation (4-70), has
been introduced.[6-8] Performing the derivative on the right hand

side yields:

d =1 - ~1
?IT“ (t) i [u (t), Hpl

+ Uy(e) gp [meoulr i gl (4-96)

The time derivative appearing on the right hand side of equation
(4-96) is now payed close attention. Consider first a change in the

quantity T(t)uéT—l(t) in going from time t to t+4;

dT(t)uéT"l(t) = T(t+A)u(11T_1(t+A)— T(t)ucllT—l(t) (4-97)
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rewriting the TDO's this expression beconmes:

dT(t)ucllT—l(t) = T(t+t+d) T(t)ucll(t)T-l(t)T-l(t+t+A)
-T(t)ucllT_l(t) (4-98)

The time differential of equation (4-97) is now collision aver—
aged. Since the collisions are assumed random the collision average
in the time interval t to t + A is assumed independent of that prior
to t. Therefore performing the averages separately in equation (4-98)
yields:

A(T(U T HE) Dapg = [TCEr6rA) (DU T H(E) ) pyg T (e ees)

- (T(t)ulT_l(t))AVE]AVE in A (4-99)
Let Ao be a time interval much longer than the duration of a collision
but short enough to allow at most one collision of type . Then the
probability of a collision occuring in time A0 with an impact para-
meter between b and b + db would be given by;

p(do in A;) = nvdoh, (4-100)
where v is the mean relative speed of the radiator and perturber mole-
cules and;

do = 2wbdb. (4-101)
Therefore averaging over the time interval A; for collisions of type
0 utilizing the collision probability of equation (4-101) yields:

d(T(t:)ué'l?(t:))AvE = nvAcf [Tq(t"”Ao)(T(t)“érl(t))AVE T‘l(t+t+A0)

= (@O E))pgldo (4-102)

The differential equation for ;;(t), equation (4-96), is now

collision averaged and the above expression for the time differential
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used to form the time derivative of T(T)ué T_I(T)AVE' Thus the

following equation follows:

4 11 -
37 TAE) = 1h o), Ho]
+ v I[Uo(t)T(t"t"'Ac)Ual(t)ﬁégg%Uo(t)T—l(t-*HAc)U(_)l(t)
l
- ugt)]do
9AVE (4-103)

Applying the results of Appendix G the above equation is put into the

form;

d l ~1
- (t) = i [u (t), H
dt "quyg o]

¢y g1 ~1
+ nv{[B(o)u (t)B (o)-u g;%]d° (4-104)

where the collision operator B(g) is given by;

-1/ [ U THEH G (6)Up(E)de

B(0) = (e Dpe (4-105)

Now that a differential equation for ué(t) has been found the
AVE
differential equation for its reduced matrix element is formulated.

First examine the time derivative of a quantity appearing in equation
(4-92):

d g ~1

TE . L Pre, TiegMydyugMy [ Uy (6) [ JgagedyeMy> gyg (4-106)

JoagMy

Since the collision averaged matrix element is independent of molecule
2 states the above expression reduces, with the aid of the

Wigner-Eckart theorem, to:

<1JgqMg | JiMi>

== <o || 8 (©) || Jpap (4-107)
AVE

23 + 1
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Consider again equation (4-106) this time using equation (4-104) for

the time derivative of ué(t), and applying the Wigner Eckart theorem,
AVE

in which case equation (4-106) becomes:

<1JpaMe | JyMe>

~1
iw <J;a () [V Jea>

£1 AP i 1|| AVE || £2f

+av ) 350, [ <30 M; Ty Hpa, | B(O) ﬁégsén(o)‘l
JoMaas

~1

- ale) | Jea M T MoanDdo (4-108)
qAVE| £3£ed oMo %9

The last term in the above expression is expanded by inserting unity
in the form of a sum over intermediate states and applying the
Wigner-Eckart theorem. After expansion equation (4-107) and (4-108)

are equated yielding:

T e ke || 3gap =

/23, 1 ¢ AVE

< 1JgqMg | IyMp>
iwgy
Y2741

<yag [[ul (©) ] Jpap>

< 1JpqMg | IyMy>

-nv )

-l
P {J;o u (t) Jea >

- : <JiMiaiJ2M2a2| B(°)| JivMivaJ2|M2v32|> X
Ji'Mi'“i'

quvava
J21M2v021

<1Jf|quv| Ji'Mi'>
V2Ji + 1

<Ji'ai' |k§é(t)" Jf!“fl) X

<JflevavJ2|M2'sz' B-l(0)| JfoGfJ2M262> do (4-109)
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Multiplying both sides of the above equation by (—1)q<1Ji—in Jfo>,

summing over M; and Mg, and rearranging terms finally yields:

a7 a0y || W0 || Sgapy =ty <oy || T30 || Tgap>
\i 1]
J.g,aifJiaiJfaf:Jivaivvaafv)<J ai H ]JAVE(t) ‘| Jfaf> (4_110)
J;')ufv
where

Je=J §
A(JiaiJfaf:Ji'ai'Jf'af') = nv (-1) £ i Z Z szaz X

MM TpMpay MIME
\i L 1 1
81" Sgg' - é <JiM1aiJ2M2a2| B(o)| JiwiaiJZM a.> X

<JfoafJ2M2a2| B(0) | JfoaszMzaz%do X

) ] L
<1IcqMg | T M ><1T-qMy | TeMe>

/(23{+1) (23+1) (4-111)

B. Coupled Line Spectrum

Once a solution is found for the dipole moment differential
equation, of the previous section, the spectrum can be readily calcu-
lated. Note that equation (4-111) is a coupled first order differ—
ential equation. Letting the indicies a and b represent a’set of

quantum nunbers {Ji, a4, Jg» af} and {Ji" Agry Jgr, af'} respec—

tively, equation (4-111) can be put into the form;

4
dt

where

X, = 1w X, - % A%y (4-112)

= <Jgay || W) || 3pap>. (4-113)
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Writing this equation in matrix form yilelds;

d = - - -
EE'X = (iWO - A)X (4-114)

where 50 is the diagonal matrix:

- woa

Wn = (4-115)
0 Yob

The differential equation is found to have a solution given by;

- Wn=A)t -

%(t) = e(1¥07A) X(0). (4-116)

The spectrum can now be calculated from the function F(t).
Substituting the above solution into equation (4-94) yields the

following from F(t):

-iwt Je~J
F(t) = %‘ ZE: DJiai(-l) £ <Jfaf'| u1|| Jia; > X
J:a
1
Tgog
wo-A)t
E: vt <o | op e (4-117)
i,£:1,f
Jyrag
nyaf'

where the subscripts i and f denote all quantum numbers with sub—
scripts of 1 or f, respectively. Inserting the above form of F(t) into

equation (4-68) the absorption coefficient is found to be given by:

4an Jf-Ji 1
k() = 5% =1 Pyay Teog || vt |] Ig0p> X
Jiey
Jeag
o (L(w =w)=A)t
E: Re IO le 1 £:1', £
Ji'ai' s L ’
vaafv

Iyragr || ul ] Jgrag> (4-118)
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where w is the diagonal matrix given by:
w o= wl (4-119)
Performing the integration yields the following form for the absorp-

tion coefficient:

41w E Jgdy+1 1
k(w) = 3R inai (-1) £ 71 <Jfaf|| u || Jiai> X
Ji%y4
Jeag

L reltGuy=) - Al

<Jprage [[ul]] Jgrag>  (4-120)
Jiyai'

f:i', £
Jf.af,
A counversion is now made from frequency, w(sec™l), to wavenum-
bers, w(cm_l). The ideal gas law is also applied in order that the
number density, n, can be written in terms of the partial pressure of

the absorbing species and the temperature. Thus, the absorption coef-

ficient is given by;

k(w) = C E: inai(-l)Jf'Ji+1<Jf°f|| u1|| Jyaq>

J;a
ivi
Jfaf (4-121)
= = =-1
Z Re[i(wo"W) -G] o '<Ji|aiv l| ul Il Jflafv>
I a i,f:i',f
Jf.af.
where;
P. 872 wd
. S— (4-122)
3hckBT
P, = absorbing species partial pressure (atmospheres)
d =1.01325 X 10° dynes/cm?/atm
kB = Boltzmann's constant
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and;
1

G = A. (4-123)
2me

The matrix G can also be rewritten as;

Pde

Je~J
. = e (- f i
G(JiaiJfaf'Ji'ai'Jf'af') 21rckBT( 1Y) Z szaz X
JaMpa,
Zﬁsi’i'af’f' - Z <JiMI°iJ2M2°‘2 ' B(G) | JivMivGiszvM21a2v> X
MM, Ja1Myrag
|

MiMf <Jf|vaaf|J21M2|azv I B—l (o) ' JfoaszMzaz >]d0‘ X

LTgrqMey | Ty oMy >< 10-qiy | TeMe>
} (pe 2T - (4-126)
q I+ (234D

where Py 1s the partial pressure of the broadening gas. Note that

it is assumed PB>>Pa.

C. Vibrational and Electronic State Considerations

Thus far the vibrational and electronic state dependency of the
absorption coefficient has not been addressed directly. Their quantum
numbers have thus far been carried along through the general quantum
numbers & appearing in equation (4-121). Since this work considers
only the fundamental band spectrum the dipole moment matrix elements
are diagonal in the electronic states, as is the G matrix. For the
electric multipole moment intermolecular potentials considered here
there is no internuclear distance dependency, only a directionality
dependency. Therefore the G matrix is diagonal on the vibrational

states and thus the entire inverse matrix in equation (4-121) is

diagonal in the vibrational states.
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The vibration and electronic state dependency arises out of the
product of the vibrational Boltzmann distribution function and the
dipole moment matrix elements. The electronic Boltzmann distribution
function is set equal to unity since very few upper electronic states
are occupied in the temperature range considered in this work (300-
1000K). Assuming the Born-Oppenheimer approximation and no rotation
vibration coupling the vibrational dipole moment matrix elements of
equation (4-121) are of the form;

<nvy | u | aved<ave | ujnvy> (4-125)
where n 1s some electronic state quantum number., From Chapter IV-1-D

the dipole moment matrix element for a given electronic state is given
by;
-~ -~ l " A
<nfufo = uRIR + 1" (R (R-RIR + 5 u" (R (R-R)IZR.  (4-126)

Assume now the vibrational eigenstates are those of a simple harmonic
oscillator as given by Herzberg.[33] The vibrational matrix elements
of the first term of equation (4-126) are diagonal on these states and
contributes only to the microwave pure rotational spectra. This term
of the dipole moment is the permanent dipole moment and appears in the
electric dipole intermolecular potentials later. The second term is
given by;

vy | WRYR-RIR | ve> = Ru'(R)<vy | R-R | vp> (4-127)
and is responsible for the fundamental band since it is non-vanishing
only for| Av| = 1, The last term contributes to the overtone bands
and is usually small in comparison to the second term therefore it is

ignored, Utilizing the simple harmonic oscillator eigenstates the

matrix element of equation (4-127) is given by;[33,48]
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e e

B.R 2
e e
<Vi' R—Re| vf> ;¢ m
[Fvg Syp vy F 7 Vet 8o v, (4-128)

Therefore the dipole moment matrix element product of equation (4-125)
can be written;

2
BeRe

w
e

vy | wjved<og | ufv> = ur2RY) (vg + 1) (4-129)
for absorption.

The results obtained above can now be applied to the absorption

coefficient as given in equation (4-121) thereby giving;

_ Je=J;+1 1
kG =€ ] eya ey, (D GDTE TR gag |[ul ] ggap> X
J,a,v
iTivi
Jgog
z Re[i(v_vo-v_l) —a] <Jilail l' ul H Jfldfl)
Jera i,£:4'fF"
i'e (4-130)
quaf'
where
2
= BeRe 12
Cl = C oy u (Re). (4-131)

The above equation is now understood to have all electronic and vibra-
tional state dependency removed from the reduced dipole matrix ele-
ments. Now note that for microwave spectra equation (4-130) is still
applicable provided u'(R,) is replaced by u(R,) and w, and BeRe2 are

dropped.

D. Interruption Function

The matrix G appearing in the expressions for the absorption

coefficient is now the center of attention. The major effort is
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equation (4-124). Expanding the collision operator in equation
(4-105) through second order yields:

B(o) = 1 - i/ [ Uo_l(t)Hc,c(t)Uo(t)dt

-7 1T 18 uTHOR, G(e)ugCernyTHE N, (e )ug(e" e de. (4-132)

Anderson was able to demonstrate that the commutator term;

[0 L2 e o(0), R o(e)lar at (4-133)

can be neglected thereby allowing the last term of equation (4-132)
to be written as the square of only one of the integrals.[6] Thus

the collision operator can be written as;

B(0) = 1 - 1P - = (4-134)
and
PZ
B(O’) =1+ {P “2—— (4"135)
where
P=af" vy, WO)E. (£)Ua(t)d 4-136
] 0 e,q(t)Uplt)dt, ( )

-0

Using a somewhat simpler notation the product of collision operator
matrix elements found in equation (4-124) can now be expressed through

second order as:

12| Bo) | 172"><e"2" | B7H(0) | £2> = &, ;48¢ g6, 5
- A2 | P [ 472'58; £48, 50 + AKET2 [P | 42> 8¢ 18,

+caz2|p]irarcere | b £2> - % 12 | B2 {12585 £y 5

- %_-si 1189 90 <E'2| P2 | £2> (4-137)
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The G matrix elements can, with the help of the above results, be

expressed in terms of a collision cross section which in turn is
expressed in terms of the interruption function as given by Tsao and
Curnutte., First note that the Boltzmann distribution function of

equation (4~124) is the distribution of states, that is;

E
e Jz’az/kT
szaz = —b;(—,fj-—- (4"138)
where
-E /kT
0p(T) = I (2i+le 2%, (4-139)
J29

By introducing the distribution of energy levels p'Jzaz given by:
' = s
P,y = (20971 05, 4, (4-140)

sumnming over M,, and using the expansion of equation (4-137) the

matrix element of G can be expressed as;

G(a,f:47,8') = FIJZXaZOJZ,“Z 93, ay (4-141)
s
where;
93y ,0y = 21 [S(b)bdb. (4-142)
and:
F; = Ppdv/2mckT (4-143)

The function S(b) is what Tsao and Curnutte call the interruption

function, since it is a measure of the interruption of the absorbing
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process due to collision, and in this case it is given through second

order by:
So(b) = 0 (4-144)
|
S (b) = 1 <JiMiaiJ2M2a2| P| I M0 TyMaa,> . .
= ' '
1 MM (27, + DI+ 1) £,£'°2,2
i»*12
L
. <JfoafJ2M2a2| P| JfoafJ2M2a2>6 . 14y
- . , _
Me M (2J¢ + (23, + 1) i,1'72,2
s o
Sz(b) = Sz’f(b) + Sz’i(b) + Sz’m(b) (4_146)

1 1
Sy ¢(b) =—=3§ 8 §
2, £ 2 Ji,Jar My Mye Ty o0y g S m X
2

4=147
Me, M, (2Jg + 1D(2J9 + 1) ( ‘

Sp,m(b) = -

<J1Mi°‘iJ2M2a2 ' P ' Ji'Mi' (!iv Jz IMZ v(!zv) X
%
<Jfo(1fJ2M20.2 ' P | Jf!Mf'dva21M2v02'> X

KLIgrqMey | J4 oMy ><1TeqMg | IyM;>

ZTFD (234, + 1) 23, + 1 (4-148)

Extensive use of the properties of the Clebsch-Gordon coefficients
have been utilized to obtain the above result [49]. Note that use of
the fact that P is Hermitian has been made in order to express the
last matrix element of equation (4-148) as the complex conjugate of

the matrix element of P, The term S, ;(b) is identical to Sy ¢(b)

with all f's and i's exchanged.
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E. Anderson's Cutoff Procedure

The intermolecular potentials considered in this work do not take
into account close range forces. Anderson approximated the close
range potential by a hard sphere collision potential. Consider the
matrix G given by equation (4-124) for a hard sphere collision, in
this case the second term drops out since P vanishes and the only
remaining term is the Kronecker delta function term given by;

Pde
2nckT

G = Jf—Ji

(—l) Osi,i'af,f'. (4-149)

This imples that for small b the interruption function is given by;

S(b+0) = Gi’iyéf,f'. (4-150)
Note that the zeroth order term vanishes leaving only the first and
second order terms to contribute to S(b) for small b. As will be seen
later, the matrix elements of P are real for the interactions con—
sidered here and therefore the first order terms are purely imaginary.
Therefore, the only contribution to the interruption function for
small b through second order is the second order term. The approach
taken by Anderson, and applied here also is to use equations (4-146)
through (4-148) to solve for an impact parameter by which solves the
equation;

So(bg) = 61,1.6f,f, (4-151)
for the diagonal matrix elements of G. The function S(b) is
integrated from by to infinity and the hard sphere contribution

mby? is added yielding:
- 2 ©
2wfos(b)bdbzwb06i’i'Gf,f'+2nfbosl(b)bdb

+2wf;082(b)bdb (4-152)
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The Anderson interruption cutoff procedure is graphically illustrated

by Figure 4-1.

So(b)
1.0;

Figure 4-1. Anderson's interruption function cutoff procedure.

For the off diagonal term only the integral of S(b) is calculated
since the hard sphere potential does not contribute to the off diagonal
matrix elements.

4, EVALUATION OF THE INTERRUPTION FUNCTION

A. Matrix Elements of P and P2

The next task 1s the calculation of the matrix elements of P and
P2 which appear in the interruption function, equations (4-144)
through (4-148), First examine the form for the matrix elements of P,
equation (4-136), given by;

I Myaydathey | B | Tyt ragidyidtyrage> =

r°° iw't
J—me

1 He 5(t)dt (4-153)
1
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where;
W == (E; , +E;. -E - E ) (4-154)
X Jlal Jzaz lealv szazv ¢
Assuming H, o(t) is of the form;
’
kqk k k
1 2
H, 4(t) = Z C %t% Y ¥ (4~155)
’
kiky 439y 9 9%
9,92

where the Y's are the spherical harmonics in the coordinates of
molecule 1 and molecule 2, respectively, the matrix element of P then
becomes:
<J1M1a1J2M2a2| P' leMlvG1|J2|M2102|> =
E: Al J 001,010,000, 99,090,k k) 145 ,0p) X
ki k
1%2
9192
k) ko
<J1M1a1| qu‘ leMlvG11><J2M2a2| Yqz' J2|M2v32'> (4-156)
where;

a(Jl,le,alyalez,JZ',“zazv,kl,kz,ql,qZ)

oo

e kik
F I quqz(t)dt. (4-157)

The general molecular eigenstates used up until this point are
now speclalized to the eigenstates derived in Chapter III for inter-
mediate Hund's case A and case B coupling. 1In this case the a's
represent, p, the partial parity and, g, the subband quantun number.

From Chapter III-6 these eigenstates have the form;

pnSIMg> = | C(J,g,9,p) | pnASEIM-2> (4-158)
Q
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where g is assigned a value according to the prescription;

g = 8 for C(J,g,R,p)> C(J,g,R',p) for all Q'#Q, (4-159)

Therefore a spherical harmonic matrix element of equation (4-156)

has the form;
k
<pnSJMg | Y (8,4) | p'n'S'I'M'g'> =
q

! c(J,s,92,p)C(I",g",2",p'") X
Q.Q

s

k
R<OPASEIM-Q | Y (8,4) | n'p'A'S'I'IM" 0" >, (4-160)
q

Consider now the matrix elements of equation (4-160). Since both

the primed and unprimed states are of the same electronic (ground)

state one has:
r<DPASLIM-Q |Yk(0,¢)| p'ntAISTIIITM -Q >, =
q
6“’“'58,8' g<npASIIM-Q ‘Y:(6,¢)| np'A'SE'IM'-Q">p (4-161)
Expanding the parity eigenstates by means of equation (3-1) yields:
R<NPASIIM-Q |Y§ (0,9) | np'A'SI'I'M!-2">p =
7 (geomantst | Y% | 3'H R'ASE>E 8y 40 87 5

+ pR<JMQn—AS—Z ' Y]'; ' J'M' -Q'n-AS—Z)RS_A ,A'GZ ) ’_Z

+p' p<IM-QnASE | YK | I'M'Q'nASI>E 8y 7S 5o

+ pp'p<MRN-AS-T |Y§| I'M'Q'n-AS-I>8) 416y o}, (4-162)

As mentioned in Chapter I-3 the spherical harmonic can be expressed
in terms of a d-matrix as given in equation (1-57). Using this in
conjunction with the coordinate representation of the eigenstates

given by equation (1-67) the matrix element is expressed as follows:




R<IM-QnASE | YR (6,9) | J'™M'~Q2"nASE>, =
q

1

2
I+ -0-0'+q VI 2o Dy |2
8n< | 4r |

(-1) X

[a7 (8,6, d% (8,0,1)a7 (8,6,0)d(5,0,¢) (4-163)
M',ar -q,0 MG

Applying the results of Davydov (Reference 14, p. 172) the matrix ele-

ment reduces to;

k
<IM-QnASE | Y (8,4) | J'M'-Q'nASE>, =
R q R

"0t g [(2F+1) (2k+1)
(_1)J+J 2-Q ‘Hlv = <kJ—qM' J'M'D X

<kJOR | J'Q1>. (4-164)

Applying the properties of the Clebsch-Gordon coefficients the above

equation becomes:

k -
R<IM-QnASE ’Yqi (8,9) | I'M" - @'nASI>; =

I =29 EEF'+1)(2J+1)
8q,(-1) VT GHED <I'kM'q | MDLI'KQO0 | J@> (4-165)

Since the quantum number & is positive definite (see Chapter III-1)
and the above matrix elements are diagonal on the quantum number 2,
the two middle terms of equation (4-162) vanish.

The two non—vanishing terms of equation (4-162) can be simpli-
fied by utilizing the properties of the spherical harmonics and the
properties of the eigenstates under the parity operator. By inserting

unity in the form of the parity operator times its inverse into the

matrix element and using equation (3-2) one finds:




CIM-QnASE | ¥ | J'M'-'aASE>, =
R q R

RE$IM-QnAST |PTPYkaP| J'M'-Q'nASE>p =

q
'
(- T Man-ns-s |Y§[ J'M'Q'n-AS-3>, (4-166)

Combining the above equation, utilizing some Clebsch-Gordon coef-~
ficient relations, with equation (4-165) and (4-162) yields the fol-

lowing expression for the two nonvanishing terms of equation (4-162);
k’ ] ] 1 Tt 1Qt ?
R{JM—anASE 'Y ' J'M'-Q'n'p'A'S'T >R =

Sa,n'8s,5185 50 85 ar 8 qv B(I,J',k,2,p,p") X

et l w (4-167)
where;
)
B(J,J',k,2,p,p") = 51-[1+pp'(-1)“H'J +25+k, ¢
l+ —
(—1)J J 29A(J',k,J,Q) (4-168)

and A is the same as that given by Tsao and Curnutte:

2k+1

J=-J' 0
x (-D <IKQO | J'Q> (4-169)

AJ',k,J,0) =

The matrix elements of P can now be formulated using equation
(4-156) and the results just derived for the matrix elements of the
spherical harmonics. Thus equation (4-156) yields:

<IMy81P1IaMp8opy | B | Iy iy gy ipye JpiMyigpipgpe> =

L C(J1,81,81,p)) CJr,g10,0,p0) X
258,  ki,ky
91,99
C(J9,82,29,p2) C(Jpr,891,89,p91) X
a(Jy,Jdyr,01,910, Jpudpn,ap,0y0,k,k),4p,9)) X
B(Jy .10,k ,99,p1,P11) B(Jp,091,k,29,p9,p90) X

<Jl 'klMl 'ql J1M1><J2'k2M2'q2 ' J2M2> (4"170)
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where the quantum number a4 represents all other quantum numbers asso-
ciated with the ith molecule.

The matrix element of P2 found in equation (4-147) is formulated
by inserting unity in the form of a sum over intermediate states;

2 =

J %: a <J1M1a1J2M2a2 ' P | leMlva11J27M2'a2l> X
1M1y
J2',M2|,02'
<J1vM1vale21M21G2|| Pl JlMlaan2M2a2> (4“171)

Since P is Hermitian (equation 4-136) the last matrix element above
can be re-expressed using;

KT Mo adoMyay | B | Jp oMy ragidyMyann*, (4-172)
Now using the results obtained for the matrix elements of P yields:

2 -
<I Mg Py JoMogapy | B2 | I Mg np udoMogopy> =

le,glv,pln k;;;z klv,kzl

Jor,891,Pp1 qy .99 q11,9p1
1-%2 10,89¢

D(JysJqrees 95599591 15991) B(Jy,Jyree0q;,99,911,97")  (4-173)

where;

DIy sdyrseeedpsdp,dprsdpe) =

C(J1,81,91,p1) CJIyr,810,97,p10) C(JI5,87,82,p7) X

C(sz,gzv,QZ,sz) C(Jl,gl",ﬂlv,Pl") C(le,glv,ﬂlv,pli) X

CJ2,82,51,p2) C(Jpv,851,R0,p91) X

a(Jy,dpr,00,000,d9,J90,k) K ,q5,99) X

8" (I1,9105000,810,05,050,89,050 k11, kg 1,911, 80) X

B(Jg.Jg1,ky585,P9,pp0) B(J1,J10,k),97,p7,7)10) X

B(Jl,le,kl,le,plu,plv) B(Jz,sz,kzv,Qz|,p2,p2|) (4-174)
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and;
B(Jl’Jlis s ql’q29q1'9q2') =
§ <IpvkyMyaqy | JMO<T ok My vgqy | I M X
Ml',M2|
<JyrkoMyrqy | JoMp><Tpiky My iy | JoMy>. (4-175)
It is easily seen that the Clebsch-Gordon product above vanish unless
q; = qy and dy = gy, therefore;
2 =
<J1Mlqlp1J2M232P2' P lJlMlgl"Pl“J2M2q2P2> =
Jll,glv,plv kzkz kl"kZ'
Jars82vsppr 01,8 840,90
qlsqz

D(Jp,Jy1see a1,45,4;,92) B(Jy,Jpre0.q7,99,9),97) (4-176)

B. First Order Interruption Function

The first order term of the interruption function is calculated
utilizing equation (4-145) as the starting point. The matrix elements
of P, given in equation (4-170), are substituted into equation (4-145),

this yields:

S1(b) = 8) 4(b) = 5 £(b) (4-177)
where
18
£, £ 2:
b J ’ ’9 ’ X
51,1 = GrEnGaD MMk C(J1,81,81,P1)
128 91,9

C(J;,84,9%4,p1") C(Jy,89,99,P7) C(Jy,89,2,,p9) X
B(Ji,Ji)ki’Qi)pi’pi') B(JZ,JZakZaQZ’pZ,pZ) a(gi’gi' ’pi’pi') X

<IjkMyay | JMO<TokoMogy | ToMy>. (4-178)
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The first order interruption function term 5y f(b) is the same as

Sl,i(b) except that f is substituted for i and the "a" function for
Sl,f(b) is given by;

a = a(g¢r,8¢,p1,pf). (4-179)
Only the off diagonal quantum numbers appear in the argument list of
the "a" function although it is a function of all non-degenerate quan-
tum numbers. Examination of the Clebsch-Gordon coefficients indicates
that only the terms where q) and q9 vanish contributes to the sum.
Using the above results together with equations (4-168) and (4-169)

Sl i(b) can be expressed as;
b

i
S, 4(b) = § § V(2k,+1) (2k+1) X
1,1 4w (2J5+1) (2J4+1) 1 2
2 i My, My kg Lke
24,9

C(Ji)gisni)pi) C(Ji)gi' ’Qi9pi') CZ(J2982’92’p2) X
H(Ji’Jiaklspi’pj_’) H(JZ:JZ:kZ’p29p2) a(gi’gi"pi’pi') X

<IpkpQ40 | T3R0<T5% M0 | TMyD<TpkoMo0 | ToMy> X

<JIpky90 | Jopp> (4-180)
where;
J+I'+25+k
H(J,J' yk,Q,p,p') = 'zl [1+PP'(-1) ] (4-181)

and S is the total electronic spin angular momentum.
The sum of the Clebsch-Gordon coefficient over all possible
magnetic quantum numbers appearing in equation (4-180) is now con-

sidered, For the case of k1=1 the sum is given by;
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I
O | = L —M . (4-182
%; ' M=-J YJI(J+I) )

For the case of k2 = 2 the sum becomes;

J
M2 - J(J+1)

L 20| a0 L . (4-183)

M weeyg 7 (2I=1ICI+1) (2043)

The sum over M2 is found, in Gradshteyn and Ryzhik (equation 0.121-2
Ref. 20), to be given by; [20]

J

Y M2 = 31_ J(I+1) (23+1). (4-184)
M=-J

Inserting this result into equation (4-183) yields;

[ J(J+1)
NeFD 2+

Y, <In0 | M = 27
M

- 2J¢J200 | JO>. (4-185)
Higher values of k are not considered here since the intermolecular
potentials utilized in this work can all be expressed with k values of
unity or two.

Therefore, for the potentials considered here only the ones with
k

1 and k, equal to two contribute to the first order interruption

function. Hence, Sy i(b) can be expressed as

Jpdy
5, 4(b) = 22 <J5200 | J,0><J;4200 | J;0> X
1,1 T QIAD 21+ 2 27 i

Z: C(Ji,gi,Qiapi) C(Ji’gi" Qi’pi') CZ(JZ)gZaQZsPZ) X

Qiagz

a(gi,gi',Pi,Pi',k1=k2=2,ql=qZ=0) H(J4,J4,2,p4,P41) X

H(J5,J9,2,Pp,pp) <J42240 | J404 ><T92050 | Jof2o>. (4-186)




104
and Sy f(b) is the same as S1 i(b) with f substituted for 1 and the

"a" function of equation (4-179).

C. Second Order Interruption Function

Expressions are derived in this section are for the second order
terms of the interruption function as given in equations (4-144)
through (4-148). Employing the matrix elements of P2 derived earlier,
equation (4-173), the term S2,1(b), given in equations (4-146) through
(4-148), can be written as:

$ '8 :
o by o Eaf' 034,30 E: E: E:
2,1 2(2J3;+1) (2J£+1)
kiky

JivB1 Py e T SR SRLY.
zngznpzn kl'kzq 821' ,322..

C(J1,81,84,p1) CJy~,84m:04,p5") C(Jy,8,27,p7) X
C(Jgws8p=58,Pp") C(J5,841,841,py1) C(Jgm,gym,040,p4) X
C(Jy,89,9,p9) X

C(Jpw 18897 ,pp") B(J, Jynsky,R5,p),0pn)
B(TgaTgok1a010015Pg0) B(TguTgmikge,Ry0,p00,p40) X
B(Jp,Jgm Kyt s8gm,p9,Pp) X

a(Jy T4 28e 8172 Py Py Tp,d27,82,89% g5 Py sk 5,4 %) X

% 's 's
R R B L) " L) " [ Xy ] 159" sPary ’
a"(J4,d37,03 1581 %sPyr»Pyms Jg,dpn,89,897,P9,Pp k 5,4 %) X

M, M
i2%72
Min,Mzn

Utilizing the orthogonality property of the Clebsch Gordon coef-
ficients, the sum of the product of Clebsch Gordon coefficients

appearing in equation (4-187) can be reduced to:
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(2J,+1) (23,+1)
s
kpky Ykprkyr TEGFD (2D

(4-188)

The product of the B-functions can also be rewritten by using its
definition from equations (4-168) through (4-169), thus;
B(Ji,Ji")kI,pi)pi ) B(J Jl )kls i"pi'9p1 ) =

2k +1
i H(Ji’Ji"aklapiapi") H(Ji’Ji"’k19pi' ’pi") X

T3k 950 | I oR><T3k 0400 | Iy 04000 (4-189)
and;

B(Jz ’JZ" ,k2 9929p2’p2") B(Jz sz"akz 792" ’pz’pZ") =

2k2+1
_Z;’—'H(Jzan",kZ,Pz,Dz") B(Jy,J9v,ky,Pp,09x) X

pkp@y0 | Jpn29><TkyQpn0 | Jpufgud. (4-190)
Therefore upon applying equation (4~188) through (4-190) Sy (b,

as given in equation (4-187), becomes:

Jy~81"Py~
Jo82 Py q1q2 9 " 2"

C(Ji":gi"yﬂi’pi") C(Ji")gi“"qi'pi") C(Jz’ngQZ"’pz)
C(J1,8175831,p31) €(J3,82,89,Pp) C(Jpn,85+,80pP2")
C(JZ"9gZ“992"’p2")
*
a (Ji,Ji",gi,gi",Pi,Pi",Jz,Jz",82»82",Pz,Pz",k",q")

'S 'S
a(Ji’Ji“)gi' agi"’pi’api"’Jz’J2"’g2)g2",p2’p2"ak »q ) X
H(JiaJi",kl9pi’pi") H(Ji,Ji"sklypj_"pj_") H(JZ’JZ"9k2yp2,p2")
H(J),J9 kg, Py, P ) <Jgk 240 | J;w@><T k0410 | Ty 0>

<TpkgR90 | J9uRp><TokyQpu0 | Jgufyu> Se,6080,,0,, 00 1y, (4-19D)
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The expression for Sy f(b) is identical to that of S, i(b) with f

substituted everywhere for i.

The middle term of the second order interruption function is
somewhat more complicated. Substituting the matrix elements of P
calculated in equation (4-170) into the expression for Sz’m(b),

equation (4-148), yields:

S2,m(b) = - Z Z Z [QZQ Z X

MioMg  Jors8e,ppr @ 484,89 qqq,
MivsMgr My, My, kysky

C(J1,84,%4,p1) CTgr,850,84,P510) CJy,85, 3,pp) X
C(T21.8215%,pp1) BUI3,T4r,ky,R5,p5,050) B(Jg,T51,k9,05,p5,091) X
a(J3.J50,81,811,P1,Py 09,001,858 15Py,Pp1,k 5,4 %) X
ykiMyray | I{M><Ty koM iqy | Jptp>| X
Py k§:; e fppen) X
81 kpiky:
q1rq9r
C(Jg,8g,%,p¢) C(Jg1,891,851,p91) C(Jg,89,291,p9) X
BUIgrsTe,kyr g,pgr,pe) BJgr,dp,k9,8y1,pp1,pp) X
a(Tgr 35281185, Per»Peadr 2,821 482,Pg1 5Py k ©,q %) X
IgkrMeqpr | TpiMer><TokyiMaqy | J2.M2.>] X

V(233+1) (234 +1) (2J5+1)
Equation (4-192) can now be reduced by applying the properties of
the Clebsch Gordon coefficients. The Clebsch Gordon coefficient pro—

duct appearing in equation (4-192), involving molecule 2 quantum num-

bers, can be shown to obey the equation:
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E: <J2'k2M21q2l J2M2><J2k2M2q2'| J2|M21> =

My My

s s JZ—J2'+q2 V(2J2+1)(2J2'+1)
q2'»749 kz,kzv(—l) 2ko+1

(4-193)

Sustituting the above result into equation (4-192) and performing the

sum over kl' and qq1s allows one to extract the following term;

Q = 2: E: <Jilk1Mi'ql' JiMi><Jfk1'qu1'| Jf'Mf'> X
MioMe q

Mi"Mf'
<LJgrqMer | I3 oM ><1TeqMg | TyMO. (4-194)

Four equations in the magnetic quantum numbers nust be similtaneously
satisfied for each non-vanishing term in the above sum. These
equations are given by:

il a+ Meo = My,

Mg + qpv = Mgy q+ Mg =My (4-195)

Solving these equations leads to the condition;

q1r = —q;. (4-196)
Thus one is left with four equations and six unknowns, hence only two
of the unknowns are independent. Letting M¢ and q be the independent
variables, the sum of equation (4-194) can be written with help of the
properties of the Clebsch Gordon coefficients as:

[(233+D) (234,+1)]1/2

Ji1=Jet+
Q= (- Z JglMeq | IjMeta> X
!_(2k1+1)(2k1.+1)_l Mg, q

<J1J11Mf+qq1'Mf—Q| k1q1><1Jivq ql‘Mf‘q| vaql_Mf> X

<JfJfleq1—Mf| k1q1> (4-197)
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The sum of the Clebsch Gordon coefficients can now be expressed
in terms of a Racah coefficient. First note that the sum in equation
(4-197) has the form:

) <aba8’ eat+B><eda+p Y-a-B 'cY> X
a,B

<bdBy-a-8 | fy-ad><afay-a | ¢'Y> (4-198)
By multiplying equation 19 of reference 50 by the Clebsch Gordon coef-
ficient <afaY—u' c'Y> and performing a sum over a yields;

z <aba8‘ ea+B><eda+By-a-B ‘cY> X
a,B

<bdBy-o-f 'fY—a><afay-a lc'Y> =

$ v (2e+1) (2£+1) W(a,b,c,d:e,f) (4-199)

c,c'

where W is the Racah coefficient. Applying the following equation

obeyed by the Racah coefficient (equation 42, p. 116, Ref. 5);

et+f-b-c

W(a,b,c,d:e,f) = (-1) W(e,a,d, f:b,c) (4-200)

and substituting equations (4-199) and (4-200) in equation (4-197)
yields the following final form for Q:

Jiv+va+q1"1"kl X

Q= qu,—qudkl,kl'('l

1
(2J1+1)(2Ji'+1)1/2(2Ji.+1) 2

(2k1+1) X

W(Ji’Jf’Ji' ’Jf':l’kl) (4_201)

Now the only remaining term to be considered in arriving at a
general expression for S, _(b) is the product of B functions appearing
in equation (4-192), Utilizing the definition of the B function from

equations (4-168) and (4-169), the product can be written in terms of

Clebsch-Gordon coefficients as:
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B(JgsTgr0ky5904,05,P41) B(Jp,d91,ky,Pp,Pp1)
B(JTgr,Jg,ky,80¢,Pe1,Pg) BJgr,J9,Ky 5890 ,P91,Pp) =
(2K +1) (2K ,+1)
16m2

H(J;,J50,K;,P5,Pp1) H(Jy,Jd91,ky,Pp,P0r) X
H(Jgr,d ¢,k ,Per, ) H(Jg1,05,Ky,P91,09) < k12,0 [ 3,402, X
Tgerk Q0 | JeR><T5k02,50 | J5125><T kg2 0 | Tp000> (4-202)
Thus utilizing equations (4~192), (4-201), and (4-202) the So m(b)

term can be expressed as:

1 Jir+Ies
S3.m(P) = gz (D1 VZIED 2D x

+q5+k
Z G 65,8, ,04,m) X

JarsBarspyr Kpnky o 24,8

91,92 9,80
C(Ji' agi' ’Qj_,pj_') C(J29g2,QZ,P2) C(JZ"gZ’ ’Qz,pz) X
C(Jgr,8g1,0¢,Pg1) C(Jg,86,R¢,P) C(Jg1,891,R91,p91) X
C(J23g2)92' ’pz) a(Ji’Jj_' sgi’gi' ’Pi,pi' )JZ,JZ' ’gZ’gZ"pZ’pZ"

klykZ’q]_’qz) X

a(Jgr,Jg.8r,88,Pe15Pesd015J95891,82,P21Pp5Ky,k9,-q7,-95) X
H(er ’JZ’kZ’pZ' ,p2) H(Ji’Ji' ,kl,pi,pi') H(JZ’JZ' ,kz,pz,pzv)

B(Jgv,J¢,ky ,pgr,Pe) I3k 050 | J40,0,5<060k 060 | J0 > X

<Tpkg@90 | Jg1R9><Toko@910 | J91R90> W(I4,T¢, T30 dgrz k> (4-203)

5. INCLUSION OF THE INTERMOLECULAR POTENTIALS

The a function appearing in the expression for the interruption
function, equations (4-191), and (4-203), now contains all the

intermolecular potential information. The various a's are calculated
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in this section for the four most considered intermolecular potential
used in pressure broadening calculations; the electric dipole-dipole,
dipole-quadrupole, quadrupole-dipole, and quadrupole-quadrapole
interactions. The a functions derived in this section will be general
in that they can be used for calculating both diagonal and off diago-
nal G matrix elements. Diagonal matrix elements correspond to the
resolved line approximation and the off diagonal matrix element are
necerssary for coupled line calculations. A more exhaustive list of
interactions and their associated interruption functions, for the
diagonal or resolved line case only, is given by Robert et al.[50]

Much of the material utilized for the calculation of the coupled
line interruption function given here 1s obtained from Tsao and .
Curnutte who worked only in the resolved line approximation [8]., For
brevity only the main points of interest are covered here as well as
derivations from the specific case of the resolved line approximation
considered by Tsao and Curnutte. The classical path, or straight line

trajectory, assumption is again made together with the assumption that

only binary collisions occur.

A. Dipole-Dipole Interaction

The dipole-dipole interaction Huu is given by

ByeHy - 3(H R (i, )
1 72 1 2
By = = (4-204)

where u; 1s the permanent dipole moment of the radiating molecule and

Hy is that of the perturbing molecule. The vector R points from

molecule 1 to molecule 2 as illustrated in Figure 4-2,
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¥

Figure 4-2. Intermolecular potential coordinate system.

In the classical path assumption the distance R is a function of the
impact parameter, time, and mean relative speed given by:

R = /b24v2t2 (4-205)
The angle ¥ is also time dependent through the relations;

cosy = b/R (4-206)
and;

siny = vt/R. (4-207)
Utilizing these equations the potential term Huu(t) can be rewritten
as;

Uil
1¥2
Huu(t) =-Eg——-(T1 + sinwcoszz + cosZ¢T3) (4-208)

where T;,T,, and Ty are functions of the spherical polar coordinates
describing both molecule 1 and molecule 2. Expressing the T's in
terms of spherical harmonics, in the coordinates of both molecule 1
and molecule 2, the expression for Huu(t) in equation (4-208) can be

put into the form:

H, (t) = Z 120 yy*1 (g 6 )Yk2<e $5) (4-209)
uu 919, q 1°¥1 q9 2°727¢

kiky

192
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For the dipole-dipole interaction only the terms with both k1 and k2

equal to unity contribute to the sum. Note that equation (4-209) is
of the assumed form of the intermolecular potentials used in deriving
the interruption function, equation (4-155).

The "a" function as defined in equation (4-157) can now be calcu-—
lated using the form of the dipole-dipole interaction given above.
Tsao and Curnutte [8] have performed the time integral appearing in
equation (4-157) for the case of the dipole~-dipole interaction, which

leads to the following form for the "a" function;
a(J]_ ’Jl' ’al)al' ,Jz )JZ' )a2’a2' ’1919q1,q2) =

2
4w P1M2 K 2L |
3w 2 Tqq (4-210)

where;

_b
k = 7 (EJlal + EJZGZ - Elealv B Ej21a21)° (4_211)
The B's of equation (4-210) are expressed in terms of the modified
Bessel functions of the second kind and are repeated here for con-

venience, from the work of Tsao and Curnutte; [8]

3K (| & |) K
BL1 > —Tx[— ~ Ky(|k|) By o= ']‘Ej'ff Ky (%)
Ko (| k| ) ) . k , ) |
B = - Kk By ; = - K Kk
L-1 =T " K (]| 0,1 reT X | |
2 (| % | ) 1
where;
1,1 1,1
B =B (4-213)

-ql )—qz q.l,qz

Note that the B's are real, therefore S;’u(b) is real also.
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There is no contribution to the first order interruption function
from the dipole-dipole interaction. This is easily seen by noting
from equation (4-182) that only potentials where both k, and k, are
equal to two contribute., Therefore of the four potentials utilized
here only the quandupole-quadrupole interaction contributes to the
first order interruption function,

Consider now the dipole~dipole second order interruption function
Si,Z(b)' Since k; and k, are both unity the sum of the product of
the "a" functions appearing in the expression for Sz,i(b)’ equation
(4-191), is given by:

Sum =
qi,qz

a(Ji’Ji"’gi,gi",pi,pi",Jz,J2"’gz;gz"apz’pZ"11919q1’q2) X
*
a (Ji)Ji"’gi"gi"’pi'9pi“’J2’J2"’g2:g2"’p2sp2"’111)quqz)'(4—214)

Utilizing equations (4-210) the above sum reduces to;

2
k k
C1en2 [M1M2]2 k< 11 11
Sum = =g M| o Bq1 4y (ka)Bq, q,(g) (4~215)
q:42

where;

kg =| | kg =|8]b (4-216)
and;

- - - 1.
" Ciigipg T Eapmry T Bpeggepyn T Bipggepy) @)
B = 1 (4-217)

(E + E - E - F 2y,
Jigi'pi' ngzpz Ji"gi"pi“ Jz..gz..pzu)(v)

Defining the sum over q and q9 of the B's appearing in equation

(4-215) as the function g; (a,8,b), Suu(b) can be expressed as;

2,1
HHU Hu
b) = B
55'(p) = 5 C! Z Z Z 1(1,1)g;(a,8,b)

Jon&o Py Jivgi Py Qi’gi' (4-218)
2-%2"
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where
Sy = 8¢ 46 , (4-219)
1 £,£'00,,34,
2
W.H
uu up 4 [T172] 1
0 "% T Ml v (4-220)

and;
By (ky,kp) = CUJ4,84,84,pp) C(J5n,8y0,04,P54)C(T5,87,25,p)) X
C(Jp"s87",87,Pp") C(J3,84",0",py") C(J5",84",0" 01 ™)
C(J2,82,89,pp) C(Ipw 8y, Rgm, Py (T4, T35,k ,Py 5Py )
B(J4,d4m5%1 5Py 0s040) H(Jp,050,k9,p9,p97) H(Jp,T9n,Kk),P),Pp)
<Jgk1Q0 | J5u@><T kg Q00 | T4y 15<T5kpR090 | Tuf2p> X
<TpkyR5"0 | J5"25">, (4-221)
The expression for Sz’f(b) is identical to that of Si’f(b) with the
exception of all 1 and f subscripts are interchanged.
By using the B's of equation (4-212) and applying the recurrence
relations of the modified Bessel functions the function g1(a,B,b) was

found to be given by: [20,51]

2 2
k. k 4aB

B
gl(a,B ,b) = Z [KZ(ka)KZ(kB) +10~—3[ Kl(ka)Kl(kB)
+ 3K0(ka)KO(kB)] (4-222)
Evaluation of the middle term of the gsecond order interruption
function, S, (b), differs basically from that of So 4(b) only in the
b ?

sum of products of the "a" functions. TFor the case of Sy m(b),
b

equation (4-203), the sum of the "a" functions is given by

Z (- I1*a2

ql’qz
a(JiaJi"gi,gi'9pi’pi'9J2aJ2'ag2’g2'P2ap2'1’1’ql)qz)x

a(Jf'9Jfrgg'agf’pf'1pf’J2'J2’g2"g2’p2"p2a1’1’-q1)-qz) (4—223)
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The alternating sign in the sum effects only the terms where q1+q2 is

odd, but this is negated by reversing the primed and unprimed quantum
numbers of the second "a" function of (4-223). Thus by utilizing
equation (4-213) the above sum can be shown to be equal to that of the

S;ui(b) term. Therefore for the dipole~dipole interaction Sgum(b) is
Py b

given by;

sg“ (b) = c*¥ }: z: Bp(1,1)g;(a,8,b) (4-224)

s m m
where
UMy 2
pp _ 8 172 1 (JyrHTertl _

Co 5 G o (-1) V(23,+41) (2J0+1) (4-225)

and;

Bp(kp.kg) = C(Jy4,84,84,p1) C(J5,850,84,P11)C(T5,89,09,P7) X
CJp1:877582,09)C(Tgr 85,6, Pe1)C(JT ¢, 85,0¢,P¢) X
C(Jpr.8215%91,p91)C(J5,87,971,02)H(J31,35,k),Ppr,pp) X
B(Jq,Jg0k15Py5Pg )BT 090, kg, 9,09 JH(J g, T 55Ky, Pev 5 PE)
<I{k1R40 | T3 00,5061k 60 | TR > <T9kpR90 | T9105> X
<TokgQ10 | JpeR50> Wy, T g, 05006021, K). (4-226)
Evaluation of the matrix elements of G necessitate the calcula-
tion of the integral of S(b) given by equation (4-142). For Sz,i(b)’

S, g(b), and Sy ,(b) the integral of the b dependent terms reduces to;

ZwaO b~3g;(a,8,b)db = 1b26, (a,8,by). (4-227)
Therefore one has;

27[" s* (b)bdb =
bo 2,1

2 uu %
wbo SiCi Z{: ZE: Bi(l,l)Gl(a,B,bO) (4-228)
JonganPn  JynPyngyn 4,840

2 ’an
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likewise for S, ((b), and;

® HU =
2«be 5 m (b)bdb

mp2cHH Z Z B(1,1)G (a,B.b,) (4-229)
om g Q,,0,.9.,0 °
yART-VARE VAN EEV AN SaPA
It now remains to consider the functions g1 and G1 appearing in

dipole-dipole interruption function. The function gl(a,B,b) is given

in equation (4-222) and it exhibits the following properties;

gl(o’osb) = gl(a9890) = 1’ (4"230)
k;
gl(O,B,b) = sz(ks), (4-231)
and:
Ka
gl(ayoyb) = 2__K2(ka) (4—232)

Note that for diagonal matrix elements of 5, a and B are identical and

g1 reduces to;

k'~+
£1(kg) = g1(0,0,b) = o [K3(ky) + 4K2(ky) + 3KE(ky)]. (4-233)

The function f,(k,) is that found in the interruption function Sg“(b)
of Tsao and Curnutte [8] for the resolved line approximation. The
function G;(a,B,b) was found to be somewhat more involved. Listed
below are the forms of Gy and some of its properties where a and B8 are
assumed to be distinct:
k2 k2
a

B

premet S RETCRSICIRSSICRISICNN

G ,B,b) =
1(0 ) 8(

+8aB[Ry (kg Ko (k) = Ky (kg)Ko(ig)] + 682Kq (ko )Ky (kg)

=~ 6a2Ry(kg)Ky(ky) = 6(B2-a2)Kq(kg)Kqg (ko)) (4-234)
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k:
Gy (a,=a,b) = 7— [K; (kg)Rg(k,) = 4Ky (koK (ky) = K2 (k)

+ TR (ky) = 3K3 (k)] (4-235)
6y (a,B,0) = 6,(0,0,b) = 1 (4-236)
G (a,0,b) = kK, (k) (4-238)

Note again that for diagonal matrix elements of G a and B are iden~

tical and Gl becomes

k'+
a
Fl(ka) = Gl(ka) = Z—'[K3(ka)K1(ka) + 4K2(ka)Ko(ka)
- (ky) = Ki(k,) - 3KE(k,)]. (4-239)
This is the function quoted by Tsao and Curnutte [8] which appears in
the integrated interruption function for the dipole-dipole interacion
in the resolved line approximation. Figures 4-3 and 4-4 illustrate

the behavior of g, and G|, respectively,

B. Dipole-Quadrupole Interaction

For the dipole-quadrupole interaction, molecule 1's dipole
interacting with molecules 2's quadrupole, the Hamiltonian is written

as:

uloz A ~ A A A A A A A A
H, o(t) ==§}—EF—{-(R~u1) = (U1 Qg) (R*Qp)+5(Re 1y ) (R*Qy)2}  (4-240)
The quadrupole moment is assumed to be the linear quadrupole moment

component. As done with the dipole-dipole interaction the a function

can be expressed as
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alJp,dy001,810,0005159,050,1,2,41,4p) =

k3
5 Trl’1102 12

5w 57 % 0, (4=24D)

The B's have been calculated by Tsao and Curnutte [8] and are

repeated here for convenience;

K Ky ([&[)
BL2=r?T[5ﬁq- -Q(lk'”
K K (x|
Bl,0=rk—[['/6_—k_ —/E'Kz(lkl)]
e KClEDD
31,—2=]k|[ [k ] - K| x| -
K K (| k|)
B°’1=]_RT[2'/_2-_17|— - 27 Ry( | k|)]
RKpC |k |)
B1,1=10—‘|‘W - 2Ky( | k)
RpC| k|
Bi,-1= 6T~ 2K k)
/_K2(|k|)
BO’2=52—I—k-I——/7K3(|k|)
and;
(| k|)
Bo’o=6/§—g]—¥'-r—|- - 23 R3( | k|) (4-242)
where;
BI)Z = B1’2 . (4"243)

91,97 =q1,"99
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As before, the B's are real and therefore Sz(b) is real as they are in
the two remaining potentials to be considered. The sum of the product
of "a" functions as given in equation (4-191) appears again and this
time the sum is given by;

1281 [11Q,\2 |
Sum = 45 hv ;F; gz(a,B,b) (4-244)

where gy(a,B,b) is defined by;

kikg 1,2 1,2
go(a,B,b) = TEE—-ql’qz qu,qz (ky) qu’qz (kB). (4-245)
Substituting the sum derived above into equation (4-191) yields
the following form for the dipole-quadrupole interaction contribution

SH,Q (b) =

5,¢4° ZE: EE: EE: B;(1,2)gy(a,8,b) (4-246)
Jo8oPpr  JingivPyr 84,09

i' ,an
where;
4 [H192)°
Moo 1 )
T T b (4-247)

Again S (b) is identical with Sz’i(b) for all 1 and £ subscripts
interchanged. Since equation (4-243) is still obeyed, the same argu-

ments used to show that the sum over q) and qy appearing in 82 u(b) is

the same as that of Sg’;(b) apply here also.




Therefore;
uQ
" 3yiEyimyr 00y S50y
where;
H1Q,y 2
ufd _ 8 1<2 1+va
Cm —-Zg-( o ) -—5( 1) i /7(2J1+1)(2Jf,+1) (4-249)

The integrated second order dipole quadrupole interruption function as
needed for the calculation of matrix elements of G, equation (4-142),

is given by;

@ uQ _
Zﬂfbosz’i(b)bdb =
nbo2 Sicg Q }: E: }: B1,2(1,2)G2(a,8,b) (4-250)
Ty 8npyn JiB1vpyv 9150

30,8

likewise for S, ((b), and;

2nf: sh n(b)bdb =

Trbo mo Z ; g Bn,2(1,2)Gy(a,B,b) (4-251)
Jor8p1ppr  fylty Qgllyy

From the definition of g9, equation (4-245), and the form of the

B's in eqﬁation (4-242) the following form and properties of g, and

G2 can be derived:

k k
£2(0,8,b) = —7 [Ry(ky) Rylkg) + 6 r%[Kz(ka)Kz(ks)

+ 15 Ky (kg)K (kg) + IOI—EE—IKO(ka)KO(kB)] (4-252)
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3,3
kakg

G, (a,B,b) = ——————
2 ) 192(a2-82)

{f B ] IR, (kg IRy (kg )Ry (i )R, (g )]

+ 9aB [Kq(Ky)K; (kg)=K; (k,)K3(kg)]

+ 45 | aB | [Ry(ky IRy (k)R (k, Ky (kg) ]

+30 aB[BZKy (kK (kg)=a2Kg (kg )Ry (k)

+(a2-82)K( (ko )Ry (kg) 1}, (4-253)

6
ka

Gy(a,ma,b) = 7= {K;(kg)Ry(ky)-6K3(ky K] (k)

15 Ky(kg)Ky(ky) = K2(ky)+6Ka (ko )-25K2 (k)
+10 Kok )1, (4-254)

k6

_ @ 2 2 2
85(a,a,b) = £5(kq) = g7 [K3(kg)+6K; (kg )+15K] (k)

+ 10 Kg(ka)], (4-255)

k6

Gy(a,a,b) = Falky) = 77 [Ky (kg )Ry (kg )+6K5 (ko )K (ig)

+ 15 Ky (kg )Ry (kg)-K2(ky)~6RA(ky)-5K2 (ko )-10K (k)] (4-256)

£5(0,0,b) = g,(a,B,0) = 1 (4-257)
kS

2,(0,8,b) = 5= Ky (kg) (4-258)
3

k
a
g9(a,0,b) = = K3(ky) (4-259)
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1

Gy(a,B,0) = G,(0,0,b) = > (4-260)
2
kg

G5(0,8,b) = 7— Ky (kg) (4-261)
kg

Gy(@,0,b) = 7Ky (k) (4-262)

The function f,(k) and Fy(k) are those arrived at by Tsao and
Curnutte [36] in the resolved line approximation, a=8, for the dipole-
quadrupole interaction. Figure 4-5 and 4-6 illustrate the behavior of

g7 and G2 respectively.

C. Quadrupole-Dipole Interaction

Formulation of the quadrupole-dipole interaction parallels that
of the dipole—quadrupole interaction., The collision Hamiltonian for

this case is given by;

3. 12Q
Ho,u(®) = = @
(~(Re 1) ~(u* up) (Re iy +5(Re 1) Re w2 (4-263)

As with the dipole~quadrupole interaction the a function becomes;

a(Jl 9J1' ’alyal' ’J29J2' ,(!2,(12' ’2’1 ’q1 9q2) =

_ /3w W0y 8 g 21
15 hv p3 QIQZ(k) (4-264)

where kl is now two and k2 has the value of one. The B's are those as

given in equation (4-242) with the k; and kg, and q; and q5, indices

interchanged.
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Proceeding as before, quadrupole~dipole interaction contribution

to the second order interruption function is found to be given by;

s34 = 5,08 1 )
Jn8puPyn  J5oBywPyn 91’95
ALY
Bi,z(Z,l)gz(a,B,b) (4-265)
and;
sgm(®) = ¢
) ) ) By, 2(2,1)gy(a,8,b). (4-266)
Jor8arppr Q48y  Qgly,
where;
HyQp 2
Qu _ 4 271 -
¢ =75 ) 16 (4-267)
and:
uyQy 2 Ji+J} '
Qu 8 271 71 o JiTVE _
Ca =235 O ) 16 (-1) /(23;+1) (23 ¢+1) (4-268)

The integral over the cross section of these functions likewise follow

those of the dipole quadrupole interaction;

2nf$3", (b)bdb = mb2 CI¥ E: E: }:
i JouBouPou JgugsnDyr Na.5
2"82"P2 =S G % S EALY)

118
Bi’2(2,1) Gz(a,ﬁ,b) (4-269)
and:
2n[s3* (b)bdb = b2 ¢ x

) ) )

J21g2vp2' Qinz Qfﬂ'z Bm,z(z,l) Gz(a,B,b) (4-270)
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D. Quadrupole-Quadrupole Interaction

For the case of the quadrupole-quadrupole interaction the colli-

sion Hamiltonian is given by;

310 Bem V2 —E(Bem Y240 on V2
Hyg = = [1 = 5(R*Q;)“=5(R*Q,)“+2(0;° Q)

"ZO(R'QI)(R'Qz)(01'Q2)+35(R'Q1)2(R°02)2]. (4-271)
Proceeding as before the "a" function is found to be given by
a(Jl ’Jl ' ,0.1 ,le st ’JZ' ’aZJaZ' ,2,2,‘11 ’qz) =

y
TUa% K g
60 v ¢ Caqap(® (4-272)

The B's have been calculated by Tsao and Curnutte and are given by:

HED xx))
322= 35—l-k—|—2—— 14—]-?]———4‘ K4(|k.l)
QD xdx]D
B20=5/-6—|_k|—2——-8/€ —‘-?]——4'/31(4('1(')

RUED  xC]E])

Bz’z=3—|—1-<—|2——-6—'—k—|——+1(4(|k|)

kD x| ]
By 1 = 20 NE “32 g +4 Ry | k|
R x]) Ryl k])

By -y = 12 BIE -24 TE] +4 K (| x])
LrED  wdlx])
BO’2=56—|'kIT-86—m———+ 6K4(|k|)
D) k(] k)
BO’O=18T1<|T_—36 —‘T]———+6K4(lk|)

K K (| k|

BZ,I ='_1_(_l [- IA—T-E-T—+2 K3(|k| )1
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K (| x|)
Bz,‘1=l_f|[—6—-‘T'_—+2K3(|k|)]
K2(| kl ‘ k)]
+ 2
2 =) - Wt 2 K K|
k
Bl [—'[—6/_—T—||—|—+2/€K3(|k')]
K2(| k|)
and
k KZ(' k)
By,1 = rEW [- 6/3:——T7;T———-+ 276 K3(| k| )1 (4-273)
where;

B 2 2 B 2 2
41,99 =d1,795"°

(4-274)
For the quadrupole-quadrupole interaction both kl and k2 are
equal to two. From Chapter IV-4-B this implies there is a contribution
to the first order interruption function as well as the second order

contribution,

The first order contribution is calculated from equations (4-179)
and (4-186) utilizing equation (4-272) for the quadrupole~quadrupole
"a" function. Thus the first order term Sl(b) is found to be given
by;

51(0) = 1Dy[Cyy L By g 8olkg)=Cy ¢ L By gEolkg)] (4-275)

24,9, Qe,9,

where;

30,9,

Dl = ﬁ-v_bb'_ (4-276)
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3
L,i 7 (23,+1) (23,+1)

<35200 | J)0><3;200 | 33058 ¢ (4-277)

= C(Ji’gisgiapi)c (Ji’gi' ’Qi’pi’) X

o)
ot
-
[
[

CZ(JZ’gZ)QZ,pZ)H(Ji)Ji)Z’pi’in)H(Jz 9J2 ;Z,Pz,Pz) X

<3,29,0 | J49,5€3520,0 | J5Q,>. (4-278)
kli»

8o(k) = 75 [Ka( | k| ) + 4Ry | k| ) + 38y( | k) (4-279)

b
ka =37 [E(Ji’gi’pi)-E(Ji’gi' 9Pi')] (4-280)

and;

L

B = v [E(Jf,gf,pf)—E(Jf,gf. ,pfv)]. (4-281)

The terms Cl,f and Bl,f are identical to those of Cl,i and Bl,i with 1
replaced everywhere by f. The cross sectional integral of Sl(b),
which appears in the matrix elements of G, is given by;

1+%2
- Cpg L By gGolkg)] (4-282)
£+
where;
k6
Golk) = == [Ro( | k| )42 | k| Ry (| k| )+38y( | k| )], (4-283)

As with previously considered interactions, calculations of the
second order interruption function terms S, ;(b), S, ¢(b), and

Sz,m(b) necessitates evaluation of the sum of products of “a”
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functions found in equation (4-191). Using equation (4-272), for the

quadrupole-quadrupole "a" function, this sum of products can be

expressed as;

Q;Q
32 2 121

Sum = Eg pram -1-)—8' g3(a,8 ,b) (4-284)
where:
4 4
kqkg 2 2
g3(a,8,b) = 7752 1 Bq,dy (4-285)
Q192

Substituting equation (4-284) into equation (4-191) yields the

following form for the quadrupole—quadrupole interaction contribution

Sz’i(b);
3% ) = 5,6,%C ] ) )
Ty 8Py Jy81pye 91,8
i! ,921
where;

1 (%2
¢, - —?;PTR;J . (4-287)

As before, S, g(b) is identical to S i(b) with f substituted
b b

everywhere for 1, The middle term Sz’m(b) is likewise given by;

Sg?m(b) = chQ ) y )
Jor8atpgr §5,89 Q.89
Bm,2(2,2)g3(a,6,b) (4-288)
where:
2
0Q_ 2 Q; 1 yJirHdge
Ch =335 —};;% ey (-1 7 (23+1) (2T +1) (4-289)
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The cross sectional integral of these second order terms are calcu-

lated as with previous interaction and are given by;

Zvéwsg?i(b)bdb - nbgsich ) ) ] X
0 Jp«8pPyr  JinBiwPyn 4,09
o
i' "2
Bi(2,2)G3(a,B,b) (4—290)

likewise with §, f(b) and;

2w£msg?m(b)bdb = m2cd? ¥ ) I ox
Jar8a1ppr 4,8 Qg0

Bm(2,2)G3(a,B,b). (4-291)
' Listed below are the equations found for 83, G3, gp, and Gy,
together with their properties:

k4k4

a™B B
g3(%,8,5) = 7357 [Ky (kg )R, (g )+8 =27 Ry (ko K3 (kg)

+ 28 Ky (kg )Ry (kg )+56 IEETI Ry (kg )Ry (kg J+35Kg (i Ko (kg ) (4-292)

f3(ka) = 83(0,(‘,1))

k8
a 2 2 2 2 2
= 73051 K4 (k) +8K3 (k) +28K 5 (ky )+56K) (ky )+35Kg(ky )] (4-293)

g3(0,8,b) = 7= K, (kg) ‘ (4-294)

g3(a)0$b) = 48 (4-295)

I
&
~
=
R
~

g3(0909b) g3(a98)0) =1 (4-296)
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4 4

kgkg
s7eaacaaty 13 | #8 | Ko (kg IRy (lg)=Kq(k, DRs (icg))

G4(a,8,b) =
+ 32 aB (R, (ko IR, (kg)=K, (k IR, (kg))
+ 168 | aB | (Ky(ky)K, (kg)=K; (ko )K4(kg))
+ 672 aB (Ky(ky)Kq(kg)=Kg(k Ky (kg))
+ 420 [B2Ky(ky)K, (kg)=a2Ro (kg )R, (k)
+(a?=82) (Ko (ky Ko (kg ) 1} (4-297)

k8

G3(a,=a,b) = o [Kg (kg )Ry (kg )=8K, (kg DKy (ko )+28Ry (ko Ky (kg )
2 2 2
= 56K (kg Ky (ko) =Ky (i )+8K3 (o ) ~28K5 (k)

+91RY (ko )-35K3 (kg ) ] (4-298)

k8

Fa(ky) = G3(a,a,b) = moer [Kg(kg)Ry (ke )H8Ky (kg Ky (i)

+ 28Kq(ko)K; (ky)

- 28 Ry(ky)=21K; (ky)-35Ky(ky) ] (4-299)

kg

k3

o
G3(2,0,b) = = Ky(iy) (4-301)
65(0,0,b) = G3(a,8,0) = 5 (4-302)
8p(0) = 1 (4-303)

Gy(0) =1 (4-304)
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The functions f3(k) and F3(k) are the functions calculated by
Tsao and Curnutte when using the resolved line approximation. The
functional form of g3 and G3 is graphically illustrated in Figures 4-7
and 4-8, respectively. Figures 4-9 and 4-10 are graphs of the func-
tion gy and Gg>» respectively,

6. THE COUPLED LINE FORMULATION ASSUMING
A SIGMA STATE PERTURBER

Thus far the deviation of the interruption function has been kept
general in nature. Both the radiating and perturbing molecules have
not been restricted to any particular electronic state, but have been
assumed to be described by the general eigenstate of section III - 6,
For the remaining work it will be assumed the perturber is in a 12
electronic state. This allows for such combinations of radiator and
perturber as NO-CO and NO-N2, however a calculation of NO self
broadening or NO-02 (32g) broadening would necessitate the use of the
general form of Sl(b) and Sz(b) already developed. Note that for a
12 state perturber (S = I=A=Q=0) the sum over the quantum numbers 2,
and g, are no longer required and can be dropped. Since there is zero
spin the form of the H function given in equation (4-181) is simpler.
Examining the formulas previously derived for the ggneral interrup—
tion function one notices that an H function involving Iy always
appears simultaneously with a Clebsch-Gordon coefficient also
involving J,. Closer examination indicates that the Clebsch-Gordon
coefficients now reproduce the parity selection role of the H func-

tions for zero spin, thus the H function can be dropped.
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Incorporating the changes above the first and second order
interruption function for a lg state perturber are formulated. The
first order interruption function and its cross sectional integral
given in equations (4-275) through (4-283) are modified by replacing
the general definition of the coefficient By, equation (4-278), by the
following;

Bl,1 = C(J1,85,94,p) C(Jy,841,84,p10) X

H(J3,J4,2,py,P11)<3429,0 | J40,5<35200 | J,0> (4-305)
similarly for Bl,f‘ For the second order interruption functions, the
coefficients Bi(kl’kz)’ equation (4-221), Be(ky,ke), and By (ky,ks),
equation (4-226), are modified according to the prescription above,
yilelding for 13 state perturbers;l

Bi(ky,kp) = C(Jg,84,04,py) CJyw,8y wfly,pyn) C(J1,8115R41,p41) X

CCJgmsggmsfyr,pyn) H(Ig,T4m,ky,py,p5) H(Jy,Jy0ky,pyepyge)

I3k 040 | J3uRy><T3kqR400 | Ty uly1><T5ky00 | T 052 (4-306)

similarly for Bf(kl,kz) and:

BaCcyskp) = C(J4,84804,04) CCIy,8q0,%4,040) ClIgrs8ers8g.pgr)
CCJg,Gesg,Pg) BTy, J50,ky,5,P50) B(Jgr,Jg,Kk),Pgr,pg)
<Tgky$40 | Tg0R DTk Q0 | TR><T5k00 | Ty 0052
W(Jy,Tg,d40,Tg0:1, Ky) (4-307)

Thus, utilizing these modifications the formulas for 5;(b),

Sz(b), and their cross sectional integrals for the 13 state perturber
can be readily obtained from those given in section IV-5. The cross

sectional integrals are then used in equations (4-141) through (4-148)
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for the calculation of the matrix elements of G matrix. With these

matrix elements the coupled line absorption coefficient can be deter—

mined using equation (4-130).

In summary for the case of a s state perturber the first and

second order interruption function and their cross sectional integrals

are as follows:
First Order:
% z T
S7,1(b) = 1D[Cy 4 J By 480(ka)=Cy ¢ ) By ¢80o(ky)]
91 Qf

o T
2n{ 57, 1(b)bdb =

2 z X
1mb"S:Dy[Cy 4 g Bl,iGO(ka)'Cl,fQX By, £Go(ky) ]

i f

Second Order

S5(b) = IXI[sﬁ;‘i‘(b>+s§;‘f‘<b)+s§;;‘<b)1

Z,n n I,n.n
Jon Jyv81mPyn 84,840

L
S3m(®) = Cp I I sl g (a,8,b)

Jor 94,0
o % o IL,n o I.n
2m[ * s5(b)bdb = J[2[" S 33(b)bdb 2n[T S;°¢(b)bdb
0 i 0 2 ’
© T.n
+ 2wfb S m(D)bdb]+Tb28; 418 ¢ g

2nf7 55 1(bYbdb =

n I, n.n
mh2s,Cy | ) b By(k],ky)G (x,8,b)
J2u Ji"gi"pi" Qi’gi'

(4-308)

(4-309)

(4-310)

(4-311)

(4-312)

(4-313)

(4-314)
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® z‘n _
2nf, 85 p(b)bdb =
2 Al L,.n.n _
™2 ¢ ] g QBm(kz,kz)Gn(a,B,b) (4-315)
Jpr 4,0
Z,n IZ,n
The term S, g(b) is identical to Sy i(b) with 1 replaced
everywhere by f. The superscript n denotes the particular interac-
tion, for example dipole-dipole, dipole-quadrupole, etc. Thus for a
particular interaction the appropriate C's, gn's and values of k?
and kg need to be used according to those given in Chapter IV-5 for

the various intermolecular potentials.

7. IMPOSING THE RESOLVED LINE APPROXIMATION ASSUMING
A SIGMA STATE PERTURBER

This section focuses on the derivation of the expressions needed
for a calculation of broadening paramenters of NO in the presence of
lz state perturbers utilizing the resolved line approximation. From
Chapter IV-1-F it was stated that for the case of the resolved line
approximation the matrix G is diagonal and results in an absorption
coefficient which is the sum of Lorentz line profiles. It is shown
in this section that this is indeed the case and expressions for the
diagonal matrix elements are derived.

Examination of equation (4-141) indicates that for the matrix G
to be diagonal requires that the primed and unprimed quantum numbers
involving the states of molecule 1 be equal. This translates into the
following conditions on the states of molecule 1:

Jiv =34 Jgr = J¢

Pi' = Py Pgr = Pg

gi' = 84 ggr = 8f (4-317)
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These conditions are easily incorporated into the formula for the
general interruption functions derived in Chapter IV-5. Since one

of the aims of this work 1s the calculation of the effects of
broadening of NO by CO only the lz state perturber formulation will be
modified here for the resolved line approximation.

Consider the first order interruption function. From equation
(4-277) and (4-278) it is readily seen that there are no changes to
the terms Dy, Cl,i’ or Cl,f upon incorporating the resolved line
approximation conditions. However, the Bﬁ,i term of equation (4-306)
becomes;

'z
= c2 -
By 1 = C°(J4,84,04,p4)<420,0 | J324><T5200 | J,0> (4-318)

similarly for Bi?f' The prime is used to denote the quantity was
derived assuming the resolved line approximation. By examining
equation (4-280) one finds that k, and kB vanish in the resolved line
approximation., Therefore, as seen from equations (4-303) and (4-304)
the functions go(k) and Go(k) become unity.

The terms appearing in the second order interruption function
undergoes a little more drastic transformation under the resolved line
approximation than does the first order interruption function terms.
From Chapter IV-5 it is evident that the Ci and Cg terms remain
unchanged. The Bz terms of the previous section are changed somewhat

and are now given by;
'L
Bi (kl ,kz) = C(Ji,gi,ﬂi,pi) C(Jin,gi",ﬂi,piu) X

C(Ji,giygi',Pi) C(Ji",gi",gi',Pi") H(JiaJi"akl;Pi,Pi")

<J3kpR40 | I3 R4><T5k Q410 | I3 uR41><T9ky00 | J5n0>2 (4-319)
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'z

similarly for Bg (kl’kZ)’ and

'L - 2 Q 2 Q ) X

B, (kl ,kz) =C (Ji,gi, i’Pi) C (Jf;gf, £1Pg

H(J3,75,k),py,04) H(Jg, T,k ,pp, ) <4k 0,0 | 3500

Tk Q60 | TpRe><Tpkn00 | 9105204 T, 04,0 ¢21,Kk)). (4-320)
The C, terms from section IV-5 are not unsaved in the resolved line

approximation, and are now given by:

=2 “::2 : = Y v G (4-321)

C:JQ -2 ";32 : L= I D @D (4-322)

cl;Qu -2 (%)2 %6— -0 e I I D (4-323)
and

e? -2 ‘%}2 35 ' DI (4-324)

By examining equation (4-217) it becomes obvious that a and B, the
arguments of the g and G functions, are now identical. Thus from the
properties of the g and G functions given in Chapter IV-5 it is seen
that these functions become the f and F functions of Tsao and
Curnutte.

The results of applying the resolved line approximation to the
IZ perturber interruption functions can be summarized by the following

formulas for the interruption functiouns:

ry 'y ~ 'y
i

f
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'I,n n 'T,,n.n
Sy 17(b) = s;¢5 ] ) T B (k)L kpE (K) (4-326)
Jzn Ji"gi"pi" Qi’ﬂi'
s58) = ¢ Pl T BIGRI)E (0 (46-327)
2,m - mtog fy M 125275 %/
2t Myt

] 1]
The term Szzfn(b) can be obtained from the term Szzin(b) by replacing
i everywhere by f. The k appearing in the function fn of equation

(4-326) is given by;

1
k = - _ _
and that appering in equation (4-327) is given by;
k =+ (E
IR (4-329)

The superscript n is used to denote the various interactions. For the
fn functions the n is 1 for the dipole-dipole, 2 for the dipole-
quadrupole and quadrupole-~dipole, and 3 for the quadrupole—quadrupole
interactions. The values of the terms k? and kg are those appropriate
to the specific interactions according to the formulas derived in sec-
tion IV-5, Therefore for the four interactions discussed here the
total real interruption function is given by;

S,00) = J18571(0) + §5°F(b) + 5 0(B)1, (4-330)

The cross section integrated total interruption function is then
given by;

Re[2w£ms'z(b)bdb] =

mb24] (2n]75," *(b)bdb] (4-331)
n
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and;
[ -] ] [}
In[2nf s L(b)bdb] = -2nifb s,"(b)bdb = -iwbzsiz(b) (4-332)
where;
2nf S;Xin(b)bdb =
]
mb?2s,¢, ] y ) Biz(k?,kg)Fn(k) (4-333)
Jou Jynggnpyn 84,84
wa: S;zan(b)bdb =
L
LECTR) I B Gl kpr ) (4-334)
Jor 94,8
and:
o f v
anbslz’n(b)bdb = nb? slz’“(b) (4-335)

Consider now the general form of the absorption coefficient for
the coupled line spectrum in equation (4-121), Note, from equations
(4-115) and (4-118), that both ;O and w are diagonal matrices. Since
the G matrix is also assumed diagonal in the resolved line approxima-

tion, equation (4-121) becomes:

-3+l
k@ =c T o'y, (DL ||| ul]] 505 2 x
o
Re[ () g~w)=Gy ¢171 (4-336)

where a represents the quantum numbers g and p. Using the fact that
the first order interruption function is imaginary and the second
order one is real a diagonal G matrix element can be written as,

Gy = (-1)Jf"Ji(Yif+1Aif) (4-337)
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where;
- g'Z
Yie = F) Z o' 3 Re(zng (b)bdb) (4-338)
J2
and:
byg = Fy § Py (-12n£ 5,%(b)bdb) (4-339)
2

The impact parameter bo 1s determined from the use of Anderson's
cutoff procedure of Chapter IV-3-E. Substituting equation (4-337)

into equation (4-336) yields;

k) =¢ ) oypg | < Jegepe| vl | Jymgpy>] 2 x
I 1P181
iP184
Jepese

Yif
e 2 2
(wypmw=By£)% + Yy

(4-340)

In the above the term "if"” is understood to represent the set of
quantum numbers {JigipiJfgfpf}.

Therefore, the coupled line formulation reduces to a sum over
Lorentz line shapes in the resolved line approximation. The term
Yif 1s the halfwidth at half nmaximum (HWHM) in units of wave numbers
(cm—l) and A;¢ is the spectral line shift, also in units of wave num-
bers. From equations (4-338) and (4-143) the HWHM can be expressed in

terms of a pressure independent broadening parameter, Ygf as;

Yig = P YO, (4-341)
where;
0 vd
Yig = 2mekgT e zRe[° 3,0 (4-342)
Js
-] 'z
Relo'y,] = m 0+2ﬂfb[1+52 (b) Ibdb, (4-343)

0
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D'JZ is given in equation (4-140), kg is Boltzmann's constant, and

Pp is the partial pressure of the perturbing species in units of

atmospheres. Likewise the line shift can be written as;

- 0 -

Aye = Py ad, (4-344)

where;
d .

1f = 2mckgT gz Jy 91,3, )
and;

01,3 = 2vmml[ 5. F(b)bab]. (4-346)

bo -

Note that YO and A9 _ have units of cm™! atm™1,

if if

8. REDUCTION OF COUPLED LINE RESULTS
TO THOSE OF TSAO AND CURNUTTE

Here it will be demonstrated that the formulation given in this
work reduces to that of Tsao and Curnutte under the appropriate con—
ditions. The two conditions to be met are the assumption of the
resolved line approximation and symmetric top rotational eigenstates.
These are necessary since they are the primary conditions in the deri-
vation by Tsao and Curnutte. In fact, these are the very conditions
which are removed in order to obtain the coupled line spectrun given
in this work.

The first condition to be considered, the symmetric top rota-
tional eigenstates, requires that the discussion digress back to Chap-
ters I and II. Note from Chapter III, equation (3-79), the general
eigenstates of a molecule, in an intermediate Hund's case A and Hund's

case B angular momentum coupling scheme, are given by:
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pndMg> = ) C(J,g,2,p) | pnASZIM-Q>, (4=347)
f R

The eigenstates represented byl pnASZJM—Q§ are the basis set eigen~
states used in the perturbative solution of the molecular Schrodinger
equation. 1If all off diagonal Hamiltonian matrix elements are ignored
these eigenstates become eigenstates of the Hamiltonian. 1In this
case, the rotational energy eigenvalues, equations (3-23)-(3-26),
become;

Erqszc = Bv[J(J+1)+s(s+1)-02-12]

+e [322-8(S+1) |+A ALY [S(S+1)-QL]. (4-348)

From equation (4-348) it is easily seen that in the case of vanishing
off diagonal matrix elements the expansion coefficients become;

¢(J,8,9,p) =8, q. (4-349)

Examine now the eigenstates pnASZJM—Qﬁ. From equation (3-1)

these parity eigenstates are defined by;

1
nASIIM-9> = == [ | nASZIM-Q>
P R /5'[' R
+ p | nASTIMR>]. (4-350)

Utilizing equations (1-96) and (1-68) the coordinate representation of
the eigenstates above is given by;

<p0¢y | nASIIM-R} =

J-Q [2J+1} 1/2 *J
(-1) (8“—2) <p InASZ) dM’Q CIrY) (4-351)

Note that outside the electronic eigenfunction <p ‘nASX} and the

arbitrary phase factor (-1)3"% the above eigenstate 1s a rotational
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symmetric top eigenstate. Thus it has been determined that if all off

diagonal matrix elements in the rotational Hamiltonian are ignored the
general molecular rotational eigenstates of Chapter III meet the first
condition set forth above.

Consider now the results of imposing the resolved line approxima-
tion on the form of the general interruption functions of section
IV-5. Note that in the case presented here the parity states are

degenerate, therefore the resolved line condition becomes:

Ji Jit Jf = Jfl
g; = 841 gg = 8f (4-352)
Imposing this condition in conjunction with equation (4-349) yields

the following form for the interruption functions;

sl(b) = iDl [Cl,iﬂ X Bl,i_cl,f y Bl,f]’ (4_353)
1%2 Rg,0
0 .
53,1(b) = 8¢5 ] ) Lo By(k],kpE (k) (4-354)
Jarpp-ga+ JivgywPye 94,04
2:8

similarly for S, ¢(b), and;

n nl "
Sa,m(®) =Cp ] I Bu(kT,kDE (), (4-355)
legzvpzv Qi,ﬂz
£,591
where;

=6
Bl)i gi,Qing,ﬂz Gpi’pi'

332940 | 3;00><3,22,0 | J52,>, (4-356)




150
B;(klskz) =

$

gi’gi Gg{"Qi ng’gz ngu ’92 Ggi Qi" Ggi" Qi' ng,nzn X
6g2"’92" H(Ji,Ji..,kl,pi,pi..) H(Ji’Ji"’kl’pi"pi") X
H(J3,Jpu kg ,P9,Pp) X

similarly for Bf(kl’kz) and B ¢, and;

Bm(kl,kz) =38 X

21,91 °82,%°81,0 g;,2:087.2,0
6g2’92' H(J915J9,ky,P91,P9) H(J4,T4,ky,Py,P51) X
H(Jg,T g, Ky Pt Pe) < k240 | J40,5<T6k 0.0 | I2> X
<IpkpR90 | J91R5><TokoR010 | Jg1Qy>W (T4, T, 0y, g1,k (4-358)
Performing the sums over the Kronker delta functions yields the

following form for S;(b):
Sl(b) = 1D1[C1,iBl,i-C1,fB1,f] (4_359)
where B; i» 1s given by:

Bl,i = <JiZQiO JiQi><J22920 J292>6 (4-360)

pi’pi'

The term B; g 1s identical to B; ; with i replaced everywhere by f.
b s

The temms Sg,i(b) and Sz’m(b) become Sg,m(b) become;

n n "on.,n
JZ"pZ" Ji"pi"

and;

1 "
S3.a(® =Cp 1 Byl kpE () (4-362)
lepz'
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where;
By(ky,ky) = H(J4,J5 0,k ,P,Pp ) H(Ty,T50,k),p54p5 %) X
H(Jz,Jzn,kz,pz,pzn)<Jik1910| J80,52<T5ko0,0 | Jpufty>? (4-363)
and;
Bm(kl’kz) = H(le,Jz,kz,szypz) H(JigJi,klypi’pi') X
H(Jg,Jg,ky,Pgr,Pe)<d k940 | 3,0, X
2
KTk 260 | TQe><TokoR90 | J9125>2 X
W(Ji,Jf,Ji,Jf:I,kl). (4—364)

Summing over py. and py« in equation (4-361) yields;

§5,1(0) = 8;¢7 I By(k],ky) £(k) (4-365)
JZ"Ji"
where;
) - 2 2 -
By (kq,ky) = <J3kyR40 | J4uR>2<T5k0i250 | Jpufly> (4-366)

and similarly for Bf(kl,kz).
Summing over pyr in equation (4-362) yields;
[} "
S5 m(d) = Cp L B (k] kp)E () (4-367)
J2.
where:
Bm(kl’kZ) = H(Ji,Ji’klapivpi') H(Jf’Jf9k1;Pf'9Pf)
<I3k1940 | J1@0<T ¢k Q60 | T ><TokyR90 | To129>2
W(Ji,Jf,Ji,szl,kl) (4—368)
In order to further reduce equation (4-368) it is necessary to

examine the absorption coefficient of (4-130) which for this case is

glven by;
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k() @ ] egepe ||l ] 3385p4> X
PiPf

I Hag-a)-617! <ygpg | wh | Tegepgr>-
Py1sPgr Py sPgiPy s Pgy (4-369)
For specific values of p; and Pyt the dipole parity selection rule
allows only specific values of pg and pgy, therefore the sum over
P¢ and pgr will be dropped. Since the dipole moment reduced matrix
element is now independent of P » equation (4-369) can now be written
as:

K(wa ]| <Ieggpe || ut ]| Iyzip> | % X
Py

] [i(s-5g) - €171 (4-370)
p;' Py:Pgyr

For the case here it can easily be shown that the sum can be incor-
porated in the matrix itself, Therefore the matrix is now diagonal
and the interruption functions must also include a sum over pyr (or
Pgr for Sl,f and Sz,f)' Notice that the additional summation is

absorbed by the presence of the Kronker delta function § in

PisPjr
the B terms with the exception of B (k;,k,). Summation of the two H
functions of equation (4-368) over the quantum number Py yields
unity, therefore B;(kl,kz) becomes:
B_(ky,ky) = <J;k 0,0 | 3,0 ><Tk R0 | 0> X
<JokgQ90 | J9109>2 W(JI Ipd T gil k) (4-371)
In summary, upon imposing the conditions of symmetric top

eigenstates and the resolved line approximation the following forms

for the second order interruption function appear;




153

Spng(0) = cf I ByCeyu k) () (4-372)
J2ll ,Ji'l

similarly for Sz?f’ and;
] "
szfm(b) = ¢ ) By(ky,kp)E (k) (4-373)

where B; and B; are given in equations (4-366) and (4-371), respec-

tively. The cross sectional integrals are therefore given by;

2nf. Sy 4(b)bdb = wb? C§ [ By(k),k)F (k) (4-374)
’ NPT PR
and;
o0 [ "
2nf, Sy n(bIbdb = wb2cy | B (k],k)F (k). (4-375)
I J N
2

These are the same formulas as given by Tsao and Curnutte for the
second order interruption function. Therefore the formulas for the
HWHM as given in equations (4-342) and (4-343) reduce to those arrived

at by Tsao and Curnutte when one uses the interruption functions

above.
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CHAPTER V

COMPUTATIONAL RESULTS OF PRESSURE BROADENING

EFFECTS OF CO ON NO

Presented here are the results of a computational study of the
broadening effects of CO on several lines in the fundamental band of
NO. The three different formulations of the broadening theory as dis-
cussed in Chapter IV are employed here. These theories are the ATC
theory assuming symmetric top rotational eigenstates and the resolved
line approximation, the modified ATC theory incorporating the parity
(A doublet) eigenstates of NO, and the coupled line theory utilizing
the NO parity eigenstates. All three computational efforts incorpor-—
ated the four intermolecular potentials of Chapter IV. The CO rota-
tional energies used here were calculated using the rotational con-
stants By, Dy, @, and B given by Herzberg [52] as 1.93128087 cm~1,

6.1214X10'6cmf1, 1.750441X10’2cm'1, and —1.15X10'9cm'1, respectively.
The molecular electric multipole moments used here are those suggested
by Stogryn and Stogryn [53]; 1.59X10"19 esu cm for the dipole moment
of NO (upg), 1.12X10719 esu cm for the dipole moment of CO (ucq),
2.4X10"26 esu cm? for the quadrupole moment of NO (Qyg), and

4.6X10~46 esu cm? for the value of the quadrupole moment of CO(Qcp).

All calculations were performed on a VAX 11/785 computer using
programs written in FORTRAN. Each program, with the exception of the
plotting programs, was written utilizing TMPLICIT DOUBLE PRECISION

real variables (8 byte words) in order to preserve precision,
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1. ATC THEORY RESULTS

The ATC theory formulation of the collision halfwidths as given
in section IV-8 was utilized here to calculate the halfwidths for
several fundamental band NO lines broadened by CO., From Chapter IV
the assumptions made are that the rotational eigenstates of NO are
those of a symmetric top molecule and the resolved line approximation
is valid. Therefore, the lambda doublets are treated as a single
spectral line. The lines examined were the P(1.5) through the P(20.5)
and the R(0.5) through the R(19.5) in both the 1/2 and‘3/2 subband at
300K. Also, the halfwidths of the P(4.5), P(5.5), P(6.5), and
P(20.5) lines of the 1/2 and 3/2 subband were calculated for the tem
perature range of 300 to 1000K., The line shifts were not calculated
in this case but are presented for a few lines in the coupled spectral
line case presented later. An extensive set of calculations could be
made utilizing this theory since only 10 seconds of CPU time was
required for each halfwidth calculated.

The results of the calculations are tabulated in Tables 5-1 and
5-2 and are plotted in Figures 5-1 through 5-5. It was found that for
all three cases presented in this chapter the same halfwidths or G
matrix elements were predicted for the R and P branch lines possessing
the same value of| ml (m = -J for the P branch and m = J+1 for the R
branch). Note from Figure 5-1 that for 2| m' values of 29 or less the
3/2 subband halfwidths are larger than those of the 1/2 subband with

the maximum percent difference being 2.8% for a 2| ml value of seven.

Figures 5-2 through 5-5 indicate the difference in the halfwidths for
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Computed Halfwidths of NO Pressure Broadened by CO.

YO(TO) cm-latm-l, T, = 300K

ATC Resolved Line Approximation with
Theory Parity Eigenstates
_L _3
8732 873
2|m| | 2 =2 Q=2 |Pp=-1  Pp=+l| Po=-1 BPr=+l
2 2 T T T T

3 .064549 -~ .064831 .064830 - -

5 .062998 064214 .063105 .063104 .065148 065148
7 .062069 .063850 .062127 .062129 064311 .064311
9 .060821 062509 .060865 .060860 062794 062794
11 .059289 .060806 .059323 .059328 .061014 061014
13 .057832 .059138 .057866 .057862 .059293 .059293
15 056695 057779 .056723 056726 .057901 .057901
17 055906 .056775 .055932 .055931 .056872 .056872
19 .055346 .056018 .055368 .055369 .056098 .056098
21 .054861 .055360 .054882 .054881 .055427 .055427
23 .054321 054674 .054340 054342 .054732 .054732
25 053644 .053874 .053665 .053663 .053926 .053925
27 .052789 .052918 .052810 .052812 .052965 .052966
29 051752 051798 .051778 .051775 .051843 .051842
31 050545 .050528 050572  .,050575 .050568 .050569
33 .049198 049132 .049233 .049230 .049170  .049169
35 047745 047646 047782 .047786 .047678 .047680
37 046220 .046103 046268 .046265 046134 046132
39 044664 044538 044713 044717 044564 044565
41 .043102 .042978 .043161 .043158 .043003 .043001
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the two subbands is relatively independent of temperature. The
halfwidths calculated here for the elevated temperatures, as shown in
Figures 5-2 through 5-5, have been linear least square fitted to the
semiemperial formula suggested by Birnbaum; [54]

Yoy = Oty (/T (5-1)
From the figures it is easily seen that as J increases the quality of
the curve fit deteriorates. Listed in Table 5-2, page 153, are the
elevated temperature halfwidths and the curve fit parameters Ygit(To)
and Neye used in curve fitting the elevated temperature half widths to
equation (5-1).

2. RESULTS USING THE RESOLVED LINE APPROXIMATION
WITH PARITY EIGENSTATES

The next series of halfwidth calculations are those utilizing
the formilation of Chapter IV-7 where the NO parity (lambda doubling)
eigenstates are incorporated into a resolved line approximation
theory. Thus a halfwidth for each individual doublet component was
calculated for the same lines as those considered in the ATC calcula-
tions. These halfwidths are presented in Table 5-2 where the (total)
parity, PT, of the ground state is used to denote the different
doublet component halfwidths. Each doublet (both doublet components)
required approximately 1.25 minutes of CPU time for their computation.
From Table 5-2 it is seen that the results of incorporating the parity
eigenstates is to increase the half widths only slightly. The maximum
increase 1s for the low J values of the 3/2 subband where the maximum

percent increase is 1,457 for a 2| mI value of five,



3. RESULTS OF THE COUPLED LINE CALCULATIONS 164

The calculation of the coupled line absorption coefficient was
performed utilizing the expressions derived in Chapter IV-6. Since
the two subband lines of NO are well separated compared to the lambda
doublet component lines (see Appendix C) only the coupling effects of
the doublet components were considered. Therefore the coupling matrix
used here was a four-by-four matrix due to the two possible parity
states for both the initial and final states of the transition. The
values of the impact parameter, bo, used as the lower limit of
integration of the interruption functions were determined using
Anderson's cutoff procedure. For a given value of Jy the total
diagonal interruption function was used in equation (4-151) which was
then solved for by using a simple Newton—-Raphson algorithm. These
roots were then used to calculate the cross sectional integrals of the
respective diagonal interruption function from which the diagonal
coupling matrix elements were determined. The off-diagonal coupling
matrix elements were calculated using the average of the four bgy's
obtained from the diagonal interruption functions. The line shifts
were also calculated using this averaged impact parameter. The dipole
moment reduced matrix elements were calculated using the results of
Appendix H and using the band strength value of 122.0 em2atm™1
suggest by Abels and Shaw.[l] The inverse matrix appearing in the
expression of the coupled line absorption-coefficient was calculated

utilizing the IMSL complex double precision linear equation solver
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subroutine LEQTIC. Approximately five minutes of CPU time was
required for the computation of each absorption coefficient profile
which consisted of approximately one hundred points.

Presented in Figure 5-6 through 5-12 are the coupled line absorp-
tion coefficients, k. (w) (solid curve), for several lines of NO.
Although Doppler broadening contributes to the total absorption coef-
ficient at low pressures (<250 Torr) no attenpt was made to convolve
the Doppler profile with the coupled line absorption coefficient.

Thus for pressures below approximatley 250 Torr the results presented
here are good for comparison purposes only. Self broadening effects
were also ignored in all calculation and the CO partial pressure was
equated to the total pressure. The NO partial pressure was kept at

2 percent of the total pressure and was used only for the calculation
of the lambda doublet integrated absorptances. The zero wavenumber
point in Figures 5-6 through 5-12 corresponds to the point midway
between the two doublet components. From the coupled line absorption
coefficient, k.(w), was subtracted kL(w), the absorption profile
obtained from the sum of two Lorentz absorption coefficient profiles
utilizing the halfwidths of Table 5-2 and the line shifts calculated
here. This quantity is denoted as the interference absorption profile
ki(w) given by

ky(w) = k. (w) - kp(w) (5-2)
and is represented in Figures 5-6 through 5-12 by the broken line.
Note that since the frequency integral of the absorption coefficient

is independent of the broadening mechanism one has; [55]

[ ke(w)dw = [ ky,(w)dw (5-3)
line line
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and therefore;
f ky(w)dw = 0. (5-4)

The effects of the vanishing integral can be seen by examining Figures
5-6 through 5-12 in which coupling effects add to the absorption coef-
ficient near the doublet and subtract from it further from the
doublet.
Several characteristics of the coupling effects can be inferred

are confirmed from examining Figures 5-6 through 5-12., Note from the
“theory of Chapter IV the coupling matrix elements possesses the same
basic temperature and pressure dependence as the collision half
widths. These dependencies are demonstrated in the interference
absorption coefficient profiles of Figures 5-6 through 5-10, The same
dependency on J quantum number is also implied from the Figures 5-9
and 5-12 where a smaller coupling effect is noted for the larger J
value P branch line, .06Z% at doublet center for the Py/9 (4.5) line
and .02% for the Pj/9 (20.5) line. From the values of the line
shifts, from Figures 5-6 through 5-12, and the halfwidths, Table 5-2,
page 153, it is inferred that the line shifts are typically three
orders of magnitude smaller than the line widths, and are not even
noticable in the absorption coefficient profiles of Figure 5-6 through
5-12. Comparison of Figures 5-9 and 5-11 indicate a larger coupling
effect contribution to the P(4.5)3/7 line than that of the P(4.5)1/2
line .06% at doublet center for the Pj/9(4.5) and .5% for the
P3/2(4.5). This is due mainly to the smaller doublet separation in

the 3/2 subband line as compared to the 1/2 subband line and not due
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to an intrinsically larger coupling effect in the 3/2 subband. Of the
spectral lines examined in the course of this work, the coupling
effects were found to contribute no more than 1.42 percent (P3/2(2.5)
Pyo = 12.0 Torr Pg = 600 Torr, T = 300K) of the absorption coefficient

at frequencies where the absorption coefficient is non-negligible.
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CHAPTER VI
CONCLUSIONS

In conclusion, the effects of line coupling was found to be
negligible in the case of the NO lambda doublets broadened by CO. By
examining the CO pressure broadening halfwidths of NO, utilizing the
NO parity eigenstates, it was also predicted that only a slight dif-
ference exists between the halfwidths of the lambda doublet com-
ponents., When the ATC theory was used, assuming symmetric top
eligenstates for the rotational eigenstates of NO, halfwidths were
obtained which were reasonably close (<1.45 percent difference) to
those obtained using more accurate eigenstates. The ATC theory calcu-
lations also offered a thirty-to—one reduction in computational time
over the less approximate calculations using the parity eigenstates of
NO. Thus for the purpose of determining NO collision broadening half-
widths the ATC theory seem to offer good results at a substantial
savings in computer time.

For non-z state diatomics which possess a weaker spin-orbit
coupling potential the mixing between the subbands should be more pro-
nounced. Thus for these type molecules, OH for example, the line
coupling effects may be larger and warrant a coupled line spectral
calculation. The Q branch of NO may also need to be modéled by a
coupled line absorption coefficient due to its close line spacing.
Because of the limited computer time available, no attempt was made

here to examine the Q branch since it would require large coupling

matrices due to the increased spectral line density of the 0O branch.
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If more accurate radiation modeling is required in the future it may
become necessary to examine the effects of line coupling in the Q

branch of NO and the spectral line coupling effects of other

non—z state IR active species such as OH.
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APPENDIX A
PROPERTIES OF THE HUND'S CASE A
TOTAL ANGULAR MOMENTUM EIGENSTATES
UNDER PARITY
The effect of the parity operator on the eigenstates of Hund's
case A total angular momentum eigenstates given in equation (1-68) and
(1-95) is examined by first investigating its effects on the electron
coordinates. The coordinates of an electron in the MFS in terms of
the SFS coordinates is given, from section I-2, by
Py = RL($0VTRI($0V) (a-1)
where the notation is the same as that of Chapter 1. Applying the
parity operator, the inverted electron vector in the MFS, §', is given
by
Bl = By =R(m -8, ¢+, (- Etm;(v - 8,0 + 1,b) (A-2)
where the Euler angles were changed to reflect the fact that
P Rga = - Rgy (A-3)
By writing out equation (A-2) in detail and letting }p+7—-y, since ¢ is
completely arbitrary as seen from section 1-B, the electron coor-
dinates in the MFS behave under parity according to
P(&,n,2) = (§,-n,0). (A-4)
Thus the effect of a parity operation on the spatial electron coor-
dinates in the SFS is equivalent to a reflection of the electron coor-

dinates in the £z plane of the MFS. Therefore, the result of the

parity operator on the total eigenstates is summarized by
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P <o, Rgy | 0 Aszeasy = (X5 | ahso>) (IRRy, | TM->p)

= (Rgg <P | mASI») PRy, | M-00p), (A-5)
where Rg, is a reflection operator in the £¢ plane.

The effects of the parity operator on the rotational portion of
the eigenstate is examined using the coordinate representation of the
rotational eigenstates given in equation (1-67), thus

ﬁ’<§BA| M-Qp> = (-1)J deﬂfg(q,eq,)

e I N O N T (a-6)

Applying the properties of the d matrices [11,44] equation (A-6)
becomes
= - = (=1\J9 4o .
PRy, | M- 2p = (DI Ry, | >, (A-7)
The total electronic spatial eigenstates are axially symmetric
and thus have a coordinate representation given by

- - ~-iA
P | nA> = £(p,85)e bs

(A-8)
where A is the quantum number of the component of total orbital
electronic angular momentum about the ¢ axis. The angles es and ¢
are polar angles in the MFS which represent some or all electronic
coordinates in this system for ease of demonstration. For the case of
A =0 the eigenstates are designated L% according to their eigenvalues
under reflection, that is

Ry <P | ni®> = £¢5 | nz®. (a-9)
For nonvanishing A a reflection in the £f plane can be represented by

replacing ¢4 by ﬂ—¢s, therefore

P <G | an> = £(5,6 )e (70 (A-10)

=<k n-a> D= -Dh|n - w>.




184

Thus the general result of a reflection on the spatial electronic

eigenstates is given by

Rep <p | nh> = (- < | nt> (a-11)
where
1 I state
q=
0 otherwise (A-12)

Examination of the total spin eigenstates requires a close look
at the result of the reflection operator on the individual electronic
spin states and the overall effect on the Slater determinant. First,
note a reflection in the £ plane is equivalent to a parity operation
in the MFS and a rotation of the coordinates about the n axis by 7, in
any order. The spin like any other angular momentum is parity
invariant [11] thus only the rotation about the n axis is of concern.

A rotation about the n axis by m is achieved by rotating through
the Euler angle O by m with no rotation through the other Euler
angles. Thus the individual electronic spin eigenstates, | SMg>, in

the rotated system are given by

S
Rg(8 = ) | SM> = Y d;,’M ($=0,0=r, y=0) | SM' > (A-13)
. s’ s
M!=-S

where S = 12. Expanding the above expression leads to

11

Rg | @> = R | 1/2, 1/2> =] 1/2, - 1/2> = | 8> (A-1l4a)

and

Rg | 8> = Ry | 1/2, = 1/2> = = 1/2, 1/2> = -| o> (A-14b)
The effects of the rotation of spin eigenstates on the electronic

Slater determinant is two-fold. The inner shell electrons are paired

and thus there is a change of sign associated with the B spin state
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which is rotated to a negative o spin state. This change of sign

causes a row in the Slater determinant to change sign and thus the
Slater determinant itself changes sign. There is also a change of
sign due to the interchange of rows since paired inner shell electrons
have one electron in the a spin state and one in the 8 spin state
which are interchanged in the rotation. Thus the rotation has no net
effect on the sign of the total state due to the inner shell electrons
since the change of sign due to the interchange of rows cancels the
change of sign due to the negative o state.

The effects of a rotation on unpaired electrons is best con-—
sidered case by case. For one unpaired electron the net electronic
spin of the molecule is l/2 and the molecule can have spin eigenstates
' s =1, T =1p> orl s =12, I = 1/2>. Rotating these spin states yield
simply the results of equation (A-14) since the paired inner shell
electrons do not contribute to the net spin. For two unpaired
electrons the net spin is one and thus can have three possible total
spin eigenstates|{s =1, Z = 1>, |s =1, L = ~1>, and|s =1, £ = 0>,
For the molecule to have net spin eigenstate|s =1, L = 1> or| s =1,
L = -1> requires that both electrons to be in spin eigenstates a or
B, respectively. Under a rotation the effects is to change the spin
eigenstates of the unpaired electrons such that the produce of the

spin eigenstates which appear in the Slater determinant is given by

Re, | 88> = (= | >)(=|0>) = | ao> (4-15)

or

R, | ao>

|BB>. (A-16)
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Thus the reflection of the spin one eigenstates with| I '= 1 behaves

according to

Reg |8 =1, =%1 =| S=1, L F 1>, (A-17)

For the spin eigenstate| s =1, 2 0> one unpaired electron has spin
eigenstate a and the other B, but each of the unpaired electrons have
different spatial eigenstates due to the Pauli exclusion principle.

Thus the effect of rotation on the|s = 1, I = 0> state is to change

sign of the net spin eigenstate since the B electron spin state

becomes a negative a state, thus

Regp|S=1,8=0>=-|s=1,1 =05 (A-18)
Therefore in general the total electron spin eigenstates behave under

parity as

Rep | S, > = (-DST s - >, (A-19)
Applying the results of the parity operator on the electron
spatial eigenstates given by equation (A-11), the spin eigenstates in

equation (A-19), and the rotational portion given in equation (A-7)
the effect on the total angular momentum eigenstate is given by
| nAsIM-@>p = (-1)TFS*A |0 - As - zoMa>, (A-20)
For homonuclear diatomics there is another symmetry due to the
invariance of the molecular Hamiltonian when the two identical nuclei
are exchanged. This operation differs from the parity operation in

that the electronic coordinates are kept fixed while exchanging the
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coordinates of the two nuclei. Denoting the operator responsible for

this operation by Ry its effects on the rotational eigenstates is
easily determined from equation (A-~7), thus
Rp<Rp, | IM->p = <Ry, | IM->p

= J+2 _
= (-, | M. (A-21)

In order to consider the effects of Ry on the electronic states
first examine the steps leading to equation (A-2). Note that for the
case here the vector r does not change sign and the effect of the
exchange of nuclei on the electronic cordinates in the MFS is given by

p' = R (n=8,¢4n ,w)ERg(n-e L0+, 9) (A-22)

From equations (A-3), (A-4), and (A-22), it is determined that under
the operator RI the electronic coordinates in the MFS transform
according to

Ri(&,n,z) = (-£,n,-7). (A-23)
This symmetry operation is equivalent to an inversion of all elec-
tronic coordinates in the MFS and a reflection in the £Z plane. The
effects of the reflection have already been considered and are
described by equation (A-11) and (A-19). The inversion of electronic
coordinates in the MFS, called the intrinsic parity operation, either
leaves the electronic eigenstates unchanged or changes its sign. The
intrinsic parity of an electronic state is denoted by g or u (gerade
or ungerade) depending on whether the eigenstate is even or odd with
respect to intrinsic parity operator. Therefore by adding the label

qe to the electronic eigenstate one has
S-I +qtq,

Ry [ nASIg.> = (-1)

n-AS-Iq,> (A-24)
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where qe is zero for a gerade state, or if the molecule is heter-

nuclear, or has a value of one for an ungerade state. Combining the
electronic and rotational eigenstates, the effects of Ry on total
angular momentum can be described by

JHS+q+
Ry | nASIq IM-0>; = (-1) e

n-AS-Zq JMDp. (A~-25)
Note that the intrinsic parity does not contribute to the total
parity.

Eigenstates of parity and the operator RI are formed from linear

combinations of the states of equation (A-25). By examining equation

(A-20) the parity eigenstates can easily be constructed and are given

by:
pnASIq IM-Q>p = 1—/_2. [ | nASZq IM-2>p
+ p | n-AS-ZIMR>] (A-26)
where
# | pnAsZq M-0> = (17| panszq M-05g (A-27)
and
p = %I, (A-28)

These parity eigenstates are also eigenstates of the operator Ry;
J+S+qtq,

Ry | pnASLq M-2>p = p(-1)

pPOASIq JM-0>p (4-29)
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APPENDIX B

THE VAN VLECK TRANSFORMATION

The Van Vlieck transformation and variations of it are discussed
briefly by several authors {29-32]. A discussion is given here of the
Van Vleck transformation and an investigation of its effects on the
eigenvalues and eigenstates are examined.

From Section III-3 the problem is seen as one of removing matrix
elements which connect a diagonal block of matrix elements of interest
to another block so that the eigenvalues of the diagonal block of
interest can be calculated independently of another block of matrix
elements, This wouldvallow the calculation of rotational energy
eigenvalues in a given vibrational ane electornic state without
diagonalizing the total Hamiltonian which is virtually impossible.

For the purpose of investigating the transformation let H represent
the Hamiltonian, let | m> represent the states which lie in the diago-
nal block of interest, and let | n> represent the states outside those
of interest. In order to apply the transformation, H is expressed in
the form

7 = H(0) 4 xp(1) (B-1)
where H(O) is diagonal and H(l) is responsible for all the matrix ele-
ments of H outside the diagonal blocks but may also have matrix ele-
ments inside. It is also allowable for the diagonal blocks of H(O) to
contain more than one degenerate groups of states,

The Van Vleck transformation operator T(A) is given by

T(A) = 182 = 1 + 1As - 1/20282 + ... (B-2)
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where S is Hermitian and T is unitary. The transformed Hamiltonian G

is expressed as
6 = c{O gt 22602 4 | (3-3)
and is related to the Hamliltonian H by the simularity transformation
T l5T = G (B-4)
Expanding equation (B-4) and equating both sides in like powers of

A yields the following transformation equations through third order

G(O) = H(O), (B_S)
(D) = gD 4 3 (0 - g0y, (B-6)
¢(2) = 1(a(Ds-su(D)y 4 su(0s - 1/2(u(0) 2 + g25(0)y, (B-7)

and

603 = gulDs - 1/2(a(Ds2 + 525(1))

+ 5 (su(0s2 - 524(0)s) -1 @03 - 53r(0)), (B-8)

From equation (B-5) the matrix elements of G(O) are equal to those of
H(O) and are therefore given by

<m| 60 fm'> = 80 5 (B-9)
and

|6l o> =805 .. (B-10)

The first order matrix elements are calculated using the transfor-
mation equation (B-6). The matrix elements of ¢{1) within the diagonal

blocks are given by:

<m| ¢ [m'> = <m| B | m> + 1(&0 - 0 )<a| s | m'>. (B-11)

and

e o> =<a 8D Ja>+1 (0 - B0, )<n|s]| . (B-12)
n n
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Imposing the requirement

<m| S' m'> Smm' <m' S' mn> (B-13)

and

als|n

§ <nl]s| o (B-14)
on S simplifies equations (B-11) and (B-12) to

<af 6t |m> = < B | mr> (B-15)
and

et | n> = <a| B | o>, (B-16)
The requirement on S given in equations (B-13) and (B-14) guarantees
that the matrix elements inside the diagonal blocks remain unchanged.
Thus the matrix elements of the transformed Hamiltonian are equal to
those of the original Hamiltonian inside the diagonal blocks through
first order. Requiring matrix elements of G(l) which connects the
block of interest to other blocks to vanish yields the equation

<] 6D m> = o8B |m> + 1(E0 - ED)<n|s|m> = 0 (B-17)
Solving for the matrix elements of S yields:
<n| H(l)l m>

EO_EO
n m

<nls|m>=1 (B-18)

Therefore by imposing the condition on S given in equations (B-13),
(B-14), and (B-18) all the matrix elements of H connecting the diag-
onal block of interest to other blocks has been removed through first
order. None of the conditions imposed on S contradict the requirement
that S be Hermitian.

Matrix elements of higher order terms of G are calculated using

the transformation equations (B-7) and (B~8) along with the matrix
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elements of S given in equations (B-13), (B-14), (B-17) and (B-18).

The matrix elements of G(Z) inside the diagonal block of interest is

given by

|6 > = tea| B | n>¢n | 1D > (B-19)

0 0

(E + E V) -~ E

(E,ff1 - ) (&), - £)
By imposing on S the conditions
<m| S| m> = <n| S| n> = <m'l Sl m'> = <n'| S| n'>
‘the matrix elements of G(3) within the diagonal block of interest are
given by

1 o '
<m | G(3)| n'> = j{: <m | g )| n><n | H(l)l n'><n’ | H(1)| N
: & - B0, - &0,

n n

Z |-<mLH(1) la><m” | 8D | o><n | 84D | o>
g" - EO)(EO - Eo)

+ <m| H(l)] n><n| H(1)| m"><m"] H(l) [n')

(B-20)
0 _ g0y(g0 _ %0
(80 - £0)(&0.- )

The effects of the Van Vleck Transformation on the eigenvectors
and energy eigenstates is examined by means of degenerate perturbation
theory. Upon examination it is found that only energy terms of order
four or higher contain matrix elements which connect the block of
interest to other blocks. This is due to the condition imposed on the
matrix elements of G(1) given by equation (B-17). Those matrix elements
which connect the block of interest to other blocks belong to G(Z) and
G(3) and are therefore ignored since they contribute only in fourth

order or higher to the energy.
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The eigenvectors of H are calculated with the help of both the
transformation and perturbation theory. According to perturbation
theory the eigenstates of G may be written
| =|m> = A D5 422 w25 4 L, (B-21)
u(0)

wherel M> represents the total eigenstate,| m>, the eigenstate of

and| M(k)> the kth approximation to the eigenstate. Through second

order the total eigenstate of G is calculaed by perturbation theory to

be given by

(2)
|w=|m>+xzz <n|g ]Om>
n Em‘En

| n> (B-22)
where the sum runs over all states except those of the diagonal block

of interest. Note that the first order eigenstate vanishes which is a
result of the condition imposed on c(L) given in equation (B~17). The

eigenstates of H denoted | N> and those of G are not equal., The rela-

tion between the two can be seen by noting

KN' | H| W = 8By (B-23)

or
' -1 -1 =
KN' | TT HTT ° | M = Sy Ey
=M |G| W = Sy (B-24)

where

Ey = Ey (B~25)
and

|®w = 1| w. (B-26)
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Expanding the eigenstates of H

| > = | N(O)y 4+ & fNCDy 4 32 'N(2)>+... (B-27)
and utilizing these in equation (B-26) with the expansion of T(X) yields
the transformation equations for the eigenstates of H and G through

second order

| N> | w>, (B-28)
| N> = | MDD 4 35 | MO)5 = 45 | w>, (8-29)
| N2> = | (D> - §2/2 | w>. (8-30)

Expanding the first order eigenstates of' N> in terms of the eigensta-

tes of| NO> (thel mn> and| n> eigenstates of G(O) = H(O)) yields

(1)
| N(1)> = i<m| S l m> | m> —Z <n0| i D | 0> | n. (B-31)
n En - Em

Thus through first order the normalized eigenstates of H are given by

(1)
| o =/-1§[(1+)\)'m>-k Z<“|OH 0|m>|n>] (B-32)
n EZ -
where
<m|s|m>=<n|s|mn> (B-33)

is set equal to one and the sum over n runs over all except the states

of the block of interest.




195
APPENDIX C
ROTATIONAL ENERGIES AND SPECTRAL
LINE POSITIONS OF THE NO FUNDAMENTAL

The following four tables contain the eigenstates and eigenvalues
of the Van Vleck transformed Hamiltonian. The energies are calculated
through third order for both the v = 0 and v = 1 vibrational states.
Tables C-1 and C-2 take into account lambda doubling and utilize the
lambda doubling and centrifugal distortion matrix elements of
Chapter III. Tables C-3 and C-4 ignore the lambda doubling effects.

The parity quoted in the tables is the total parity Py and not
the "partial parity” p which are related by

Pp = p(-1)J*S, (c-1)
Thus in terms of the total parity the eigenstates of the transformed
Hamiltonian are given by

PynASJMO =ZC(J,g,PT,Q) | PrnASEIM-Q> (c-2)
Q

Tables C-5 and C-65 contain the spectral line assignments and
positions of the NO fundamental. Table C-5 incorporates lambda
doubling and the separation between the lambda doublets is included in

the table. Again the parity quoted is the total parity of the ground

state. The table C-6 ignores any lambda doubling.




Table C-1

Energy Eigenstates and Eigenvalues for v=0 with Lambda Doubling

c(J,g,P,3/2)

c(J,g,P,1/2)

RGY (CM**=1)

ENE

PARITY
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Table C-2
Enerxgy Eigenstates and Eigenyalues for v=1 with Lambda Doubling
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Table C-2 (Continued)
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c(J,g,3/2)
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Table C-3
Enexgy Eigenstates and Eigenvalues for v=0 without Lambda Doubling
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Table C-3 (Continued)

c(J,2,3/2)

C(J3,g,1/2)

FNERGY (CM*%=1)
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Table C-4

Energy Eigenstates and Eigenvalues for v=1 without Lambda Doubling
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Table C-4 (Continued)

c(J,g,3/2)

c(J,g,1/2)

EMERGY (CM#*=1)
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Table C-5

Spectral Line Positions with Lambda Doubling
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Table C-5 (Continued)

POSITION
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7.,720D-03
3.841D=-03
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Table C-5 (Continued)

SUBBAND

ASSIGNMENT

PARITY
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APPENDIX D

TIME DEVELOPMENT OPERATORS

The purpose of this appendix is to demonstrate the equivalence of
two time development operators (TDO) for a general time dependent
Hamiltonian given by:

H(t) = Hy(t) + H (t) (p-1)
where H,(t) vanishes at t = 0,

The first form of the TDO considered is that involving the total
Hamiltonian, which is given by the time ordered product TDO

t

-i/8 [ H(t')de!

U(e) = (e 0 )y (0-2)

The second form of the TDO is that obtained from the use of time
dependent perturbation theory.

Consider the approach taken by using time dependent perturbation
theory. Suppose that at t = 0 the system is in a state | $(0)> which

solves the equation

H(£=0) | $(0)> = Hy(t=0) [ ¥(0)> = #F | y(t=0)>. (p-3)
At some later time, t, the system is in a state| P(t)> which solves;

HCE) [ 906> = (Bo(e) + H(£)) | 9(6)> = 1R S| v(e)>. (D-4)

Define the interaction representation state| wI(t)> by

| vICe)> = uile) | wie)> (D-5)

where

t
-1 A é Ho(t')dt’
Ug(t) = (e e (D-6)
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From equation (D-5)

| v(e)> = uye) | vicer. (D-7)

Inserting the above expression in equation (D-4) yields:

if =] w©D = 1e) | 1)l (p-8)

where Hi(t) is the interaction Hl(t) in the interaction representation
defined by

H(6) = U5L(e)E (£)ug(e). (p-9)
Solving equation D-8 iteratively forl Y(t)> using the boundary
condition

H,(t=0) = 0 (D-10)
yields a solution;

RIORER N RRTOLS (D-11)
where

t
-1/h o B (t)de’

Uy (t) = (e )+ (D-12)
Equations (D-11) and (D-5) combine to give an expression for the state
| v(e)>:

| v(e) = vpCe) | vI(e)> = vp(e)u () | w(e=0)> (D~-13)
or

| w(£)> = w(t) | ¥(t=0)>. (D-14)

The task is now to demonstrate that W(t) and U(t) are equivalent.

First examine the differential equation solved by each:

gE-U(t) = —#H(£)U(t) (D-15)
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and

d
EE'W(t) EE'UO(t)Ul(t)

- 1hHG(£)U(E) = £RUH(E)E, (£)U)(E)

- IHH(E)W(E). (D-16)
Also note that each obeys the same boundary condition

W(t=0) = 1 = U(t=0). (D-17)
Since the two operators obey the same boundary condition and each

solves the same first order differential equation they are equivalent.
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APPENDIX E

COLLISION AVERAGED TIME DEVELOPED DIPOLE MOMENT
The relationship given by equation (3-58)

-l

n (‘T)UUm('T)AVE= Um(T)UUm(T)AVE (E_l)

is proven by first examining the following dipole moment operator;
U;l(t"'*t')ﬁUm(t"'*t'). (E-2)

From the definition of the TDO's appearing above, equation (E-2) is
equivalent to

Up(e Uz E(e +0)u, (e +r)u- () (E-3)
or

- (e e R (£ e ) (E-4)

where T = t' - t"., Upon averaging over random collisions the time
developed dipole moment becomes independent of initial times and the

collision averaged quantity appearing in equation (E-3) can be written

a 1 - - _1 " " = " " -
U (T)”Um(TRVE = U (" +ruy (t">e +1) pvEe (E-5)
Now consider equation (E~5) with T replaced by -T;
U;l(_T);Um(-T)AVE = U;I(t“*t"-T)aUm(t"*t"-T)AVE- (E_6)

For the sake of convenience, with no loss in accuracy, consider only
the right most TDO in equation (E-6). Using the definition of
U(t"»>t"~1), from equation (3-54) and (3-55), and the definition of a

general TDO one has:

t" 1 1
ei/ﬁ% H(t')dt ). (E-T)

t"_T ! t
Werrermt) = (e-i/ﬁé H(t')dt

)4
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Averaging the above equation over collisions it becomes independent of
initial time t" therefore by replacing t" by t"+T equation (E-8)
becones

(">t "=1) pyg = Up(t"+12t") yp

i /hét'H(t' yae'. , 1/n[ " TR(e!)de!
=(e e 0

Note that the right hand side is equal to the following:

/nf E  aCe yae
0

UT(T)AVE = UT(t"+t"+T)AVE = [(e )+ X (E_9)
e
- ")de! -
(e i/hé H(t')dt )] 1AVE
therefore
U L0, (-1 g = Up(Ou0T ., (E-10)
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APPENDIX F
EQUIVALENT REPRESENTATIONS OF THE FUNCTION F(T)

The function F(T), given by

F(1) = e " Trlpgie XU L(e) R+ XuCt) I pyp (F-1)
appears in various forms throughout the derivations of the ATC and
coupled line theories. This appendix demonstrates that the various
forms are equivalent.

The trace of equation (F-1) can be expanded by writing the dot pro-

ducts in terms of its spherical tensors components:

Trlpgue v~ 1(t)u-1u(t) I2vE

zq'(-l)q'*'q')\_lq)\_l_q,Tr[pouéué.(t)]AVE. (F-2)
q,

The operator ué(t) above is given by

ua(e) = UTHEu ) g (F-3)

where it is assumed the collision averaging process removes all direc-
tionality weighting effects in the TDO. This in effect gives u(t) the
same directionality as R. Equation (F-2) can now be expanded in terms
of the states of total angular momentum and any other state denoted by

a quantum number @, Upon expansion equation (F-2) becomes

T peXp(t)eX = -natal a1y
r[pou u(t) ]AVE y (-1) -q -q'
q q'

1
Z Z Py <T1o4My | M | IeMea T emga | ul | Ipyap>.

Ji-Je My Mg (F-4)
*1,0¢
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Utilizing the Wigner—Eckart theorem the matrix elements can be

expressed in terms of the reduced matrix elements and the produce of

Clebsch-Gordon coefficients; [11]

1= ] gy <yl wl || gpapcazag [ ulce) |} 350> x
*1%¢
Jil¢

<1J J M ><1T5q My | TeMe>
2 ("1)q+q'>\l )\1 quf | iMi 194 | £°f
-q ' VI H]) (236+1) (F-5)

qq'
MiMg

Employing the properties of the Clebsch-Gordon coefficients, summation
of the M quantum numbers leads to: [49]
1
Je=J o Jeacd> X
[ 1= 3§ (-1UEVL e Vi RIERIRST:

JiJ¢
*100f

Tgag || whee) | 30> x
23,+1

139 41 51 _
qiq' (-1) x_q A_q, Sq.q" 3 . (F-6)

Since the polarization vector is of unity magnitude the double sum

over q and q' is unity (equal to the dot product), therefore;

1 c Je=J
Tr[ ] = 3 Lo (-pTETE Prjay <I1% || ul || Jpp x

R '3
Jid¢

Weag || wle) || 30> (@)

Consider now the trace given by

Trlpgueu(t)]. (F-8)
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Expanding, as before, in terms of sperical tensors and total angular

momentum eigenstates the trace becomes

Tr[poﬁ'a(t)] = ) (-3 7§ °Pr.a X

q JioeMy i1
Jeoete
1 1 -
<Igo4M | uq| Jpa M><Tpa M | u_q(t)| JjMya >, (F-9)

Again, applying the Wigner—Eckart theorem

Tr[ooﬁ°ﬁ(t)] = 2. inqi<Jiai | ' ul | | Jfa'f>
Jioy
Jgog

Tgag || ulce) || 3j0>x

MM
%1% VQ2I+1) (234D

(F-10)

Performing the sum over My Mg, and q yields:

1
=T Je~Jy <J;a M Jea D> X
Tr[OOWu(t)] = JiJf inai (-1) f -1 ivi H H fof

%1%
<Jgog [|ulee) || 3pep. (-1
Therefore, in summary, by examining equation (F-1), (F-7), and (F-11),

the various forms of F(T) are given by

-iwt - = -
F(e) = e " TrlpgieXu(t)* Xy

1 -iwt - =
"?e Tr[poll'll(t)]AVE
1 -dwt Jg=J 1
"3 L opy o (-D7F Tigyay [[ul ] e x
JiJ¢

<gag || ulce) || 3ap>. (F-12)
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APPENDIX G

COLLISION OPERATOR B(o)

This appendix derives an expression for the collision operator B(o)
which arises out of the derivation of the dipole moment matrix element
differential equation.

The operator T,(t>t+A) appearing in equation (4-103) is given by

_ tHd__q, ' .
T,(t>t+d) = (e i/ﬁ{ UO (£"H (£")Ug(t' )de

)+. (G-1)
Now making a change integration variable the above equation becomes

-i/‘ﬁf AU'l(t+1:' )Hc(t+t' )Uo(t:+t' ydte!
0 0

To(trt+d) = (e )+, (6-2)
Expanding the time order product: TDO;
L krn a l
T, (t*t+d) = 1 + ) —=+n dt’ dt". ..U (e+t') H, (t'+t) X
Y nal(tﬁ) 0 0 0 c,0
UpCe'+t) Ughere ™),  (e+e™)Up(E +e). .. . (6-3)
The TDO Uo(t) is given simply by
-iHnt /R
Up(t) =e 0 / (G-4)
therefore
U5 (e +e) Uy (em+e) = U5l(e)uy(e) (G-5)
and equation (G-3) becomes:
- t t'
1
T (t>t+d) = 1 + ) ' " usl(er
oErere) Uo(t)nﬁl (im)™ é i é de” Upt(e") He o(t+e’ )X

Up(t") Ugl(e™) B (erem)up(e™) ... (G-6)
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The above equation can then be rewritten in terms of a TDO;

To(t+t+A) =

-i/ﬁéAU—l(t')Hc(t'+t)U0(t')dt'

usl(e) (e M agg(e). (6-7)

Multiplying on the left by Uy(t) and right by Ual(t) yields the com-

bination of TDO's that appear in equation (3-101).

-1 M LAUal(t')Hc(t+t')Uo(t')dt'

Up(E)T(e>e+A)U L(E) = (e )+, (6-8)

The definition of A, from section III-8, is a time interval suf-
ficiently long to allow at most one collision of type o. If the quan—
tity of equation (G-8) is collision averaged, the averaging process
averages over all initial starting times in A and thus the averaged
quantity 1s independent of t. Thus t can be set equal to zero in
equation (G-8). Since the impact approximation assumes the time
between collision is much larger than the duration of the collision
the 1limits of integration in equation (G-8) is extended from minus
infinity to infinity. Thus the collision operator of section IV-3A is

given by:

- ® -1 ' ' ' t
8oy = (e 1AL, Uo7 (MH (e Ug(e" )de

)+- (G—g)
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APPENDIX H

LINE STRENGTH AND THE DIPOLE MOMENT
REDUCED MATRIX ELEMENT
The purpose of this appendix is to show the relation bhetween the
dipole moment reduced matrix element and the line strength. Consider

the dipole moment matrix element given by:

<nJMgpv | uél nJ'm'g'p'v'> (5-1)
By expanding the states as given in Chapter III the above matrix ele-

ment can be expressed by:
<nJMgpv| ua| nJ'M'g'p'v'> =

1 Y c¢(J,g,p,0) CJ',g',p',0") X
L

2 2,0

1 MOt 1 Ty !
[g<IM-QnASIv | ug | J'M'-R'aA'SE' v >,

+P1P Fp<IMAN-AS-Iv | ug | I'M'Q'-ATS-E v ] (H-2)
Note that unity can be inserted in the last matrix element above in

T

the form of P'P and properties of the parity opeation on the molecular

state used to obtain:
<nJMgpv| ual nJ'M'g'p'v'> =

) c(J,g,p,2) C(J',g',p',Q") X
Q.Q'

1 ™t t 1] Ty ! A J+J'
<IM-QnASSV | ug | ITM Q1A 'SE Y > (L+pp' (-1 ) (H-3)

Now consider the specific case of ¢q=0. Utilizing the expressions

given in Chapter I for the eigenfunctions the last matrix element is

found to be given by;
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<AIM-QASIv | ul | J'M'-'nATSE v =

J+I'-22 2g+1 (L/2
<v|wjv>(-D Grep <L JoM| I

<Joa | 38> 8, 1485 g (H-4)
Now utilizing the Wigner-Eckert theorem the dipole moment of equation

(H-1) becomes:

1 <nJgpv| u1|| nJ'g'p'v'> J-7J'
<nIMgpv | upy | nI'M'g'p'v'> = (-1) X
Mgpv | g | nI"'s" ERosT
2J+1 \1/2
GFaD | <10 | ITM>Ey . (A-5)

By equating equations (H-5) and (H-4)

1+J-J'
! cJ,g,p,9) X
Qo

<nJgpv|| u1|| nJ'g'p'v'> = v |u ‘v')(-l)

v
C(I',g",p",8") = [1 + pype (-1 1<s100 | 370> X

V21 (H-6)

In order to relate the reduced dipole moment to the line strength
consider the absorption coefficient in equation (4-340). This

expression can be put in the customary form;

SiY1
k(w) =) 5 (H~7)
i 7l (“"woi)"‘Yi 1
or for a single spectral line;
S;Y
i'1
k(w) = (H-8)

"[(w—w0)£+YiZ]
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where Si is the integrated absorptance (cm—z),-and Yi is the

HWHM (cm_l). The integrated absorptance can be expressed in terms of

2

a pressure independent line strength Sg(cm— atm_l) by

0

a
where P, is the pressure of the absorbing species in atmospheres. The
frequency integral of the absorption coefficient over the spectral

line is equal to the integrated absorptance;

S = flfgﬁldw. (H-10)

Therefore from equation (4-122), and integrating from == to =;
S =Cp ' <nJ.g.psV l| ulll nJ g peverd? T
JigiPy i5iFivy fofPfT £

Py gr3ud 1 )
= Thokgr  PJi84p1vy | <a3jggpyvy ||l || ndggppve> | (H-11)

or;

8m3wd
S0 = e Piggpgvy | Migerve 1w | mIggepeve> |20 (8-12)

Substituting equation (H-6) into equation (H-12) yields;

0 - gnduwd

~ SffckgT J181P1V4 | <v|ujv'>|2 23+ X

[gzﬂ' C(Jiagi)piyﬂ) C(stgffpf,g')]z X

1 Jy+J
5 [Hpyp (-1 7] | 35100 | 30> | 2. (8-13)

Using simple harmonic oscillator vibrational eigenstates and the
dipole moment function of equation (4-48), the vibrational matrix ele-

ment for the fundamental band becomes:

2
eRe

|<Vi| H |vf>| 2 =

(Vi+1). (H-14)
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Therefore the line strength can be expressed as:
(Vi+1) £(J,,0) (B-15)
1V i

where the band strength SBS is given by

3
8 dBeRe

Spq = o
BS 3ﬁckTo

u'z(Re). (em 2atm™l) (H-16)

The temperature T, is some reference temperature, usually 273.15K or

300K, and f(J,Q) is the Honl London factor given by:

( JiZ_QZ
'ff;“—‘ P-branch Jf=Ji—1
Q(2J1+1)
f(Ji’Q) = j;?j;;jj‘ O~-branch Jf = J;
(Ji+1)2—92
“"fi;;f“—— R-branch Jf =J; + 1 (H-17)

Note that equation (H-15) is the Herman Wallis approximation.[56]
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