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ABSTRACT

In recent years several high resolution pressure broadening

measurements have been performed on the fundamental band of NO. These

works have assumed that the collision halfwidth of each component of

the lambda doublet of NO was equal and neglected any spectral line

coupling effects. This work examines the validity of these assump

tions by examining, analytically, the effects of collision broadening

on the lambda doublets of NO.

The Anderson-Tsao-Cumutte (ATC) pressure broadening theory is

extended to a coupled spectral line theory which includes non-J] state

diatomics. From this theory expressions for the coupled line absorp

tion coefficient are obtained which include the dipole-dipole, dipole-

quadrupole, quadrupole-dipole, and quadrupole-quadrupole inter-

molecular potentials. The resolved line approximation was added to

the ATC theory in order to obtain expressions for the collision half-

widths of each lambda doublet component in the absence of line

coupling effects. The expressions for the halfwidths given by the ATC

theory were obtained when it was assumed the rotational eigenstates of

NO are equivalent to those of a symmetric top molecule. The effects

of collision broadening of NO by CO were calculated utilizing the

three different cases above; coupled line formulation, resolved line

approximation, and the ATC theory assuming symmetric top eigenstates.

The results confirmed that the equal halfwidth and no coupling

assumptions are indeed valid approximations. The percent difference

between the halfwidths of the doublet components was found to be no
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more than 2.8 percent. The difference between the halfwidths calcu

lated by the ATC theory and that of the modified ATC, which incor

porated nonrj] state eigenstates, was no more than 3.2 percent. The

line coupling effects were found to be more pronounced in the lines of

the 3/2 subband than those of the 1/2 subband due to the small doublet

separation in the 3/2 subband. The coupled line effects were never

found to exceed 1.42 percent of the absorption coefficient over a fre

quency range where the absorption was non-negligible at pressures as

high as 600 Torr.
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INTRODUCTION

High resolution spectroscopy of gaseous nitric oxide (NO) is of

interest because of the basic information to be learned regarding

molecular radiation and because of its usefulness to the gas

diagnostic community. Nitric oxide is a well known pollutant derived

from high temperature combustion and is prevalent in automobile and

turbine engine exhaust. Its rate of production is temperature depen

dent which makes it an ideal gas to use as a temperature diagnostic

gas utilizing infrared (IR) absorption techniques. Unlike the IR

active free radicals produced in combustion, NO is chemically stable,

therefore its spectral line parameters can easily be measured in a

laboratory environment under known conditions.

The trend in infrared absorption gas diagnostics has been toward

higher resolution measurements. The use of tunable diode lasers has

been one of the reasons for this trend. The increasing power, mode

separation, lifetime, and decreasing cost of these lasers make them an

excellent narrow linewidth (10 ^ cm infrared source for gas

diagnostics on infrared active species. In the past, IR diagnostics

have relied on statistical band models which average the radiation

over a broad spectral range encompasing many spectral lines of the

molecule of interest. High resolution measurements allow one to

examine individual spectral lines and are less dependent on approxima

tions than band models. High resolution spectroscopy requires more

accurate values for the spectral line parameters of frequency, width,

strength, and shape, used to model the radiation. A knowledge of the
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temperature and pressure dependence of these spectral line parameters

is also needed for accurate radiation modeling under varying con

ditions. Finally, more emphasis must be placed on the radiation

models themselves in order to account for fine structures which appear

at higher resolution.

The use of IR spectroscopy for the detection of gases such as NO

or as a temperature diagnostic tool requires a physical model. These

models can best be examined by considering the hypothetical experiment

shown schematically below;

I°(w) I(w)

0  )
»

where lo(a)) is the spectral intensity of the light incident upon a

slab of gas of length 1, temperature T, and pressure P. The trans

mitted spectral intensity is given by 1(a)) and is related to the

incident intensity of Beer's law;

1(a)) = lO(a))e"^^'^^^

where k(a)) is the absorption coefficient which is temperature and

pressure dependent. The form of k(a)) depends on the mechanism respon

sible for the broadening of the spectral line

Three main spectral line broadening mechanisms in infrared

spectroscopy are natural, Doppler, and pressure (or collision)

broadening. Natural line broadening arises from the uncertainty prin

ciple such that for a finite transition time the energy level respon

sible for the transition are uncertain and therefore gives rise to a

spread in the transition frequency. Natural broadening halfwidths
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at half maximum (HWHM) in the IR are typically 10"^ cm~^ and can be

ignored in comparison to other broadening mechanisms. Doppler broad

ening results from the shifted frequencies of the light as seen by the

moving molecule. When these frequency shifts are averaged over all

molecules in the path weighted by Maxwell velocity distribution there

results the Doppler profile for the absorption coefficient. The

Doppler profile HWHM is proportional to the square root of temperature

and for NO at BOOK it takes on the value of 2.65 X 10"^ cm~^ which is

approximately two orders of magnitude larger than the natural broad

ening HWHM. The third broadening process is collison broadening.

Collision broadening is due to perturbations of the molecular energy

levels by means of molecular collisions. This results in a smearing

of the upper and lower state energy levels thereby producing a

spreading of the allowable transition frequency. Doppler broadening

is predominant for low number densities, but as the number density,

pressure, increases the collision rate increases and collision

broadening becomes dominant. For NO at a temperature of BOOK Doppler

broadening is predominant at pressures of approximately one Torr or

less. At pressures of about 50 Torr or more pressure broadening

tends to dominate. The typical pressure broadened absorption coef

ficient profile has a HWHM of 0.07 cmT^ at one atmosphere and at a

temperature of BOOK and is directly proportional to pressure. At

pressures intermediate to the Doppler and collision broadening regime

the convolution of the Doppler and collision profiles, called the

Voigt profile, is used. This simultaneously takes into account

Doppler and collision broadening.
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Most gas diagnostic situations deal with pressures greater than

50 Torr and less than one atmosphere hence only the collision

broadening profile usually need be considered. For the case of pure

collision broadening the absorption coefficient function is given by

the Lorentz profile;

St

k(a)) = —— L- — (2)

where S is the integrated absorptance, is the collision HWHM, and

is the line shift. The integrated absorptance is expressed in

terms of the pressure independent line strength as;

S = 5% (3)

where is the pressure of the absorbing gas species in atmospheres

and S° is the line strength in units of cm~^ atm~^. The halfwidth and

line shift are likewise expressed in terms of pressure independent

quantities Y° and A° by;
li Li

''l - J Pi ('•>
i

\ - I Pi (5)

where the sum runs over all species, the pressures are in units of

atmospheres, and Y° and A° have units of cm~^ atm~^. The parameter
1j Xj

Y°^ is sometimes denoted as a standard halfwidth or broadening para
meter when evaluated at a reference temperature, usually BOOK.

The usual approach in modeling the absorption due to several

spectral lines is to sum their individual absorption coefficients.

Thus for a several line model one usually has;
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k(a)) = 5;kj^(a)) (6)

where the sum runs over all spectral lines that have a non-negligible

contribution in the spectral region of interest. The approach in the

past when considering the closely spaced, 10"^ cm~^, lambda doublets

of NO has been to assume each doublet component has equal line

strength and collision halfwidth or ignore the doublets altogether and

treat them as a single line with a line strength weighted by a factor

of two. [1-5] Calculations of the halfwidths of NO collision broadened

by N2 and O2 have been performed by Tejwani et al. [2] utilizing the

Anderson-Tsao-Cumutte theory [6-8] in which they also treated the

lambda doublets as one spectral line.

A theory developed by Gersten and Foley [9] indicates that as

spectral lines become blended there is the possibility of interference

terms contributing to the absorption coefficient. Thus two closely

spaced spectral lines may become coupled in which case the total

absorption coefficient may be given by;

k(a)) = kj(a)) + k2((»)) + kj-(aj) (7)

where k^Cm) and k2((»)) are the absorption coefficients for the indivi

dual spectral lines and kj(aj) is the interference term. It is the

purpose of this work to examine this coupling effect, and the half-

widths in general, for non-I state diatomic molecules such as NO and

apply the results to the specific case of NO collision broadened by CO.

The calculation of the effects of collision broadening necessi

tates knowing the rotational energies of the molecule. These are

somewhat more complicated to calculate for NO than other chemically
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stable diatomic molecules due to its electronic ground state. Thus

it is necessary to include in the molecular Hamiltonian terms such as

the spin-orbit, spin-spin, and other angular momentum coupling

interactions. Although the rotational Hamiltonian matrix elements for

a non-5] state diatomic can be found in the literature their derivation

is spread throughout the literature over a period of fifty years. The

first three chapters of this work are devoted to the derivation of the

molecular Hamiltonian matrix elements and the solution of the Hamil

tonian energy eigenvalue equation utilizing these matrix elements.

Presented in Chapter I is a novel approach in deriving the

eigenstates of total angular momentum for the Hund's case A coupling

scheme. Previously, a derivation of the eigenstates relied solely on

the coordinate representation of the total angular momentum operator

from which a differential equation was found and solved for the

eigenstates. The derivation given in Chapter I makes use of Clebsch-

Gordon technology and the properties of spin and orbital angular

momentum eigenstates under a rotation of the coordinates frame to

arrive at the same result.

Chapter II discusses the total molecular Hamiltonian. The Born-

Oppenheimer approximation is applied to separate, initially, the elec

tronic and nuclear energy terms. The electronic Hamiltonian is inves

tigated to determine what quantities commute with the Hamiltonian for

the case of a non-J] state diatomic. The electronic eigenstates are

then defined in terms of the eigenstates of these conserved quantities.

For the sake of conqjleteness a brief review is made of the vibrational



Hamlltonian and its eigenstates. Finally, the rotational Hamiltonian

is given along with the additive angular momentum coupling terms.

The molecular Hamiltonian of Chapter II and the total angular

momentum eigenstates of Chapter I are utilized in Chapter III for a

perturbative calculation of the molecular rotational energies and

eigenstates. With the use of perturbative techniques such as the Van

Vledc transformation and degenerate perturbation theory the matrix

elements of the Hamiltonian of Chapter II are derived utilizing the

eigenstates of Chapter I as the basis set of eigenstates. Terms which

are responsible for the lambda doubling are identified. Matrix ele

ments involving interaction of the various angular momentum coupling

terms with each other and with the vibrational-rotational coupling

terms are also derived. These particular matrix elements could not be

found in the literature.

Utilizing published molecular constants and the matrix elements

derived in Chapter III, the energy eigenstates and eigenvalues were

calculated and are tabulated in Appendix C. These tables include the

energies and eigenstates of the rotational Hamiltonian for the cases

where lambda doubling was included and ignored and for both the v=0

and v=l vibrational states. From these values, spectral line posi

tions were calculated for both the cases of lambda doubling present

and absent. These are also tabulated in Appendix C.

Presented in Chapter IV is a review of the Anderson-Tsao-Curnutte

(ATC) collision broadening theory [6-8] and a development of the

coupled line theory for the case of non-J] state diatomic molecules.

The first section of the chapter is an indepth derivation of the
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dipole transition absorption coefficient Incorporating collision

broadening. This review parallels the derivation of Tsao and Curnutte

with the exception that the molecular rotational elgenstates are kept

In the most general form so as to allow for non-J] state dlatomlcs.

Whereas Tsao and Curnutte consider Incident light of only one polari

zation direction, the derivation presented here makes no such assump

tion. The derivation here also deviates from that of the ATC theory

by not applying the resolved line approximation as Is done In the ATC

theory. By applying a criterion arrived at by Tsao and Curnutte It Is

shown that the resolved line approximation does not necessarily hold

for the fundamental band spectrxm of NO.

Since the resolved line approximation Is not necessarily valid a

coupled line spectral theory must be employed. A brief examination of

a coupled line theory by Gersten and Foley[9] Is made. It Is

demonstrated that the Gersten-Foley (GF) theory contains some unstated

premature assumptions early In the derivation of the coupled line

spectrvan. To avoid any constraints on the theory developed here these

assumptions are not made. The ATC theory Is then used as a starting

point from which a coupled line theory Is developed. Unlike other

molecular collision broadening theories the molecular elgenstates were

assumed to be those of a general non-f^ state diatomic.

The general coupled line theory Is used to obtain a coupled line

absorption coefficient. This absorption coefficient Is expressed In

terms of the dipole moment operator matrix elements and a matrix which

couples the spectral lines. To obtain expressions for the coupling

matrix elements, four Intermolecular Interaction usually considered In
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pressure broadening calculations are examined. For each of the

interactions the formulas necessary for a calculation of the matrix

elements are derived. Various constraints are then imposed on the

expressions for the coupling matrix elements in an effort to obtain

the formulas needed for the calculations of the broadening effects on

NO due to CO presented in Chapter V. The first of these constraints

is that the perturber be in a IJ] electronic state. This simplifies

the formulas and allows for easier computer coding for the specific

case presented here. Next, the resolved line approximation, as

assuned in the ATC theory, is applied thereby reducing further the

complexity of the formulas. The last step of the chapter is to show

that the results presented here for the coupled line spectra reduce to

that of the ATC theory when the appropriate conditions are imposed.

The formula obtained for the coupling matrix elements are

employed in Chapter V to calculate the pressure broadening effects of

CO perturbing NO. Calculations are made of the absorption coefficient

and/or collision half width for selected spectral lines of NO. These

calculations include the coupled line absorption coefficient for the

lambda doublets and collision half width for each doublet component

using the resolved line approximation. Utilizing the ATC theory, half

width calculations were also performed where the effects of lambda

doubling are ignored. The resulting calculations of pressure

broadening effects at elevated temperatures are also presented. The

spectral lines chosen for this computational study include spectral

lines from both the P and R branch, the 1/2 and 3/2 subband, and those

lines which possess both low (J~4.5) and high (J=20.5) J values.
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CHAPTER I

TOTAL ANGULAR MOMENTUM IN HUND'S

CASE A COUPLING

1. SPACE FIXED COORDINATE SYSTEM AND RELATIVE COORDINATES

The total angular momentum in a diatomic molecule, neglecting

nuclear spin, is given by

j = K + L + S (1-1)

where K is the rotational angular momentum of the nuclei, and L and S

are the total orbital and spin angular momenta of the electrons,

respectively. The angular momenta on the right hand side of equation

(1-1) are the sums of the angular momenta of their respective particles

and type, that is

K = I kjj = I % X % (1-2)
N  N

_  n _ n _

L = I i^t " ̂ '^t * Pt (1--3)
t=l t=l

and

n  _

S = I (1-4)
t-1

where the sum over N runs over the nuclei denoted A and B, and the sum

over t runs over the electrons 1, 2, n. Applying the correspon

dence principle to equations (1-2) and (1-3), the angular momentum

operators are written

K - f- I % X Vj, (1-5)
N
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and

n

E -f I ^
t=l

(1-6)

It is advantageous to separate out the angular momentum of the

center of mass of the molecule and express the angular momentum in

terms of coordinates and operators referenced to the center of mass of

the nuclei. Figure 1-1 illustrates the various coordinates used in

the derivation. The coordinates of the center of mass of the molecule

and nuclei, and the relative nuclear coordinates, using the notation

of Judd [10] are given by

t«l
+ Mg + nm (1-7)

Ma +%

and

R,
BA % ~

tth electron

(1-8)

(1-9)

cT

^t/ ^t

Rq
Rb

Figure 1-1. Molecular coordinate system.
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Equations (1-7) - (1-9) are used to express the various coordinates in

terms of the center of mass of the molecule, the relative nuclear

coordinates, and the electron coordinates relative to the center of

mass of the nuclei;

n

\  + lig + nm ^ '^tc ~ ^BA (1-10)
t=l

M

m  - % _
Rd = R- - Tz——n—T 1 + ——. „ Rda, (1-11)B  o + Mg + nm ^ tc + Mg BA'

t=l

and

n

" '^tc ~ + Mg + nm ^ ^tc (1-12)
t=l

where

^tc = ̂ t - ̂ c

The gradient operators are likewise transformed using equations (1-7)

through equation (1-13), yielding:

^A " + Mg + nm + Mg ^ ^tc " ̂BA' (1-14)
t=l

^B " + Mg + nm ^ ^tc ^BA (1-15)
t=l

and

A3 ■ -
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The total angular momentum operator becomes, upon using equation

(1-10) - (1-16);

n

t=l

(1-17)

The angular momentum of the center of mass of the molecule is now

neglected and the orgin of the coordinate system is moved to the

center of mass of the nuclei. This new coordinate system is denoted

as the space fixed coordinate system (SFS) and is shown in Figure 1-2.

©

Figure 1-2. Space fixed coordinate system.
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The rotational angular momentum of the nuclei is expressed in

spherical polar coordinates in the SFS, as shown in Figure 2, which

yields the familiar results

^ (-sin<t> - cot9 cos<() ), (1-18)

Ky = J<C0S(() - cote Sin<|) ), (1-19)

and

•h 3

Kz = r ̂  (1-20)

This is the usual orbital angular momentum of a particle in a central

field and has the commutation relations

= ifieijkKk (1-21)

The eigenstates of and are the spherical harmonics and obey the

following relations [11]

I KN> = K(K + I KN> (1-22)

and

F  I KN> = Nh I KN> (1-23)
2* I I

where

<9(|» I KN> = yK (e,<^) (1-24)
'  N

The constituent angular momenta all commute with one another;

[K,L] - [K,S] - [L.S] - 0 (1-25)

and L and S have the same relations with respect to their eigenstates

as does K to its eigenstates:

I LA> = L(L + l)1i2 I LA>, (1-26)

I LA> = Ati I LA>, (1-27)
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I SE> = S(S + l)1i2 I SJ:>, (1-28)

and

I S2:> = in I SI> (1-29)

The angular momenta L and S are coupled in Hund's case A coupling

to form a resultant angular momentum P which is in turn coupled to K

to form J. The eigenstates of and P^ are calculated using

Clebsch-Gordon coefficients and are given by

I Pfl> = I <LSAI I LSPn> I LSAI> (1-30)
i.'a

where

p2 I Pn> = P(P + I pa> (1-31)

and

P^, I Pn> = fib I P0> (1-32)

The eigenstates of and are likewise calculated by coupling the

eigenstates of P^ and P^ to those of and

I JM> = I <PKnN I PKJMXLSAE | LSPJ2> | KN> | LA> | SI> (1-33)
A,I,N

2. TOTAL ANGULAR MOMENTUM OPERATOR AND THE

MOLECULAR FIXED COORDINATE SYSTEM

The Born-Oppenheiraer approximation applied to the molecular

Hamiltonian separates the Hamiltonian into two parts, the electronic

Hamiltonian and the nuclear kinetic energy operator [12]. The elec

tronic Hamiltonian is a function o ̂ %A' which is treated only as a

parameter, and the Schrodinger equation is solved for various values

of Rg^. In this approximation, Rg^ fixed, the only component of L
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that commutes with the electronic spin independent Hamiltonian is

that component along the intemuclear axis. Therefore, it is advan

tageous to express the eigenstates of and J^t and the operator J in
A

terms of the eigenstates of and This is accomplished by

expressing the internal angular momentum operators and their eigen

states in terms of a coordinate system fixed on the molecule.

The molecular fixed coordinate system (MFS), whose axes are K, h

and is defined as the x, y, and z frame rotated such that the

? axis (old z axis) points along the vector %A* Figure 1-3 shows the

MFS and its relation to the SFS and the molecule.

BA

Figure 1-3. The molecular fixed coordinate system; 5, b and
and the space fixed coordinate system; x, y, and z.
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The rotation of the x, y, and z axes necessary to form the C, h

and ? axes is performed by rotating the SFS through the Euler angles

((), 9, and as given in Baym [11]. Note that the Euler angles ̂  and

9 are equal to the (}) and 9 spherical polar angles used in the K opera

tors.

The approach taken to express J in terms of the internal angular

momentum in the MFS parallels that of Judd [10]. The components of

the total angular momentum are expressed in terms of the three com

ponents of a spherical tensor of rank one with respect to 3:

J+ = Kli + pl^, (1-34)

Jo - Jz - + fo-

and

jl, =4=3- = + pi . (1-36)
-1 /Y -1 -1

These components are operators which act on the eigenstates of and

J^, I JM>, which can be represented as functions of the Euler angles,

electron coordinates, and spin, that is;

JM>-»-<9,({),T|;,r,ig I JM> (1-37)

and

Jj - jJO.Kt.pl,), (1-38)

where a subscript s or m on the internal angular momentum operators or

coordinates denotes that they are expressed in the SFS or MFS, respec

tively. The total angular momentum operator is written in terms of

the electron's angular momenta operators in the MFS by utilizing the

rotation operator Rp((t)9i|)) [11,13];
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where

The elgenstates | JM> expressed in terTos of the electron's coordinates

and spins in the MFS are given by:

Rj<<t),0,i|;,p,S^ I JM> = <((.,9,i|>,?,Sg I JM> (1-41)

where p is the electron coordinate expressed in the MFS.

The spherical tensor components of the newly expressed total

angular momentum operator and its eigenstates, using equations (1-32)

- (1-35), are given by

= R^K^R„ + R^P^ R (1-42)
q pqP pmqP

and

- ^I JM> = 2^<PKfiN I PKJMXLSAZ | LSPQ> (1-43)

pj I I I
The second term on the right in equation (1-41) is easily expanded by

noting that a tensor operator of rank one with respect to P^^^

therefore the rotated conponents can be expanded using the following

relation [2];

I

R^p^ Rn =■ ,(<l>e'l')P^ , .p mq P L, q,q' ^ mq'

(1-44)
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Expanding the sum above and evaluating the d matrix elements [14] the

components of equation (1-44) become:

t  1 +-f9 --fib l+cos9 1
R P +,Rn = e-^"ep m±l P 2 m_2^

_^±i<t, sine pi

i^ ±i<|) pi
®  ® 2 (1-45)

and

+ cosOplp mo P /2 niQ

,  lib sine „i ,,s
+ e-^^ —;=- P-^ . (1-46)

✓ 2

The first term in equation (1-42) becomes on expansion;

3

and

R^K^R_ = TTX-^^n' (1-48)
pop pi3({) P

The two terms involving the partial derivatives are evaluated using

the form of the rotation operator in equation (1-40) to yield:

,t 3 „ _ 3 . i „ i
'P

-;^P^cos9 (1-49)
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and

Substitution of equations (1-49) and (1-50) in equations (1-47) and

(1-48) yields:

R - - pi e"^'*' e^''' .J_±_cos^,p ±lS - ̂ ±1 Vi® e ( 2 -

„1 ±i<|) -i\|; , 1 + cosQ
-  < —r-^

"O *"0

and

R^k1,R = id - 6^'*'+ P^ g-it _ pi (1-52)p 0 p T) m+i /I m-i /T mo

Thus the form of the operator in equation (1-42) is now written

with the aid of equations (1-45), (1-46), (1-51), and (1-52)

p

If + 1^^ ^ ^
or

±14) 3 1*4J+ =-Re "fF ̂  icotS 9/3(|) +;^ csc0) (1-54)

and

Jq = Jz = X" 3/34'. (1-55)

3. TOTAL ANGULAR MOMENTUM EIGENSTATES

The total angular momentum eigenstates, in terms of the eigen-

states of the internal angular momentum referred to the MFS, are
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investigated by examining equation (1-43). Note that the rotation

operator Rp(<t)64') can be written as the product R^((J)0\|;) Rg((|)0\J;) since L

commutes with S, thus the eigenstates JM> become

I  = 5] ^ Y, <PKfiN I PKJMXLSAE I LSK2>X
A,E A',E' N,{2

L* S*

d (<))0'|') d ((|)0\|^) I KN> I LA'> | SZ'> (1-56)
A,A' E,E'

where the subscript m on the kets has been dropped. Coupling the d-

matrices and applying the various properties of the d-matrices [11,13]

the eigenstates are given by:

I  r* r* v r* T* 2!'4"A"5j ' ""A' j
I JM> = I I I I I (-1) <KPNS2 I KPJM> X

N,n E,A A,E' A' ,G G'

<LSAE I LSP51XLS-A-E ( LSAGXLS-A'-E' | LSAG>X

A

d ((<)6il>) I KN> I LA'> I SE'>. (1-57)
G,G'

The coordinate representation of the eigenstates of and K^,

I KN>, are the spherical harmonics. They are also the rotational

Hamiltonian eigenstates for a E state zero spin diatomic molecule.

Using the relation between the spherical harmonics and the d-matrices

[11], given by

<0,<t. I KN> = y/(0,<|)) = d (04)t)(-l)^ (1-58)
-N,0

the coordinate representation of the eigenstates | JM> in equation

(1-57) are written
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<9,(|.,ip,p) I JM> =

II I (-1) X
n,q,a 5:,a,e' A',g,g'

<KPNS2 I KPJMXLSAE j LSPS^><LS-A-Z | LSAG> X
A  K

<LS-A'-r' I LSAG'> d (e(|)\|;) d <p | LA> I SE'>. (1-59)
G,G' -N,0

The coordinate representation of the eigenstates | JM> is further

reduced by using the various properties of the d-matrices and

Clebsch-Gordon coefficients. Coupling the d-matrices in equation

(1-59) as was done in equation (1-56), and applying the properties of

the Clebsch-Gordon coefficients yields the following

<<|.,9,,|»,p I JM> = (■^)^^^ (-i)2L+2S X! E Z Z
N,S1, E ,A A,F B,G

Z Z (-1)^^"^^"^^"'"^"^'"^' <KPNn I KPJM> X
E', A' G',B'

<LSAE I LSPQXLSAZ | LSA-G><LSA'E' | LSA-G'> X
<KA-NG I KAFBXKAOG' I KAFB'> X

F

d (9(tn|;)<p I LA'> I SE'>. (1-60)
B,B'

Applying the orthogonality condition along with other properties of

the ClebschrGordon coefficients to equation (1-60) results in

<e,Kf.P I JM> - ^

Z <LSA'I' I LSPQ><KPO-a I KPJ-fi> X
A'Z'

J*
d (9(t)i|;)<p I LA'> I SE'X (1-61)
M.Jl
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Note that the above eigenstate is a simultaneous eigenstate of , J ,
z

L^, and therefore it will be represented by the ket | J1ILS>,

It is now necessary to construct simultaneous eigenstates of

total angular momentum and of the electronic spin independent

Hamiltonian, In the Born-Oppenheimer approximation the elec

tronic Hamiltonian eigenstates are given by ket | nASI> (see Chapter

II-3) where n is some electronic energy state quantum number. The

simultaneous eigenstates of total angular momentum and the spin inde

pendent Hamiltonain are thus represented by the ket | nASEJM>. To

determine the form of these eigenstates they are expanded in terms of

the eigenstates of total angular momentum given in equation (1-61) and

are given by:

I nASEJM> =
j*

y  d OHXp j LA'> I SE'> (1-62)
Z_. L'A'SE'JMM.nL'A'SE'JM M,n

L'.A'.E'

where

nASEJM ^ 2V+2S-P+K-J 2K+kV2
^L'A'SE'JM

<JML'S I nASEJKX L'SA'E' | L'SPS2><KP0-a j KPJ-fi> (1-63)

Since these eigenstates are also eigenstates of C has to be

of the form

nASEJM nASEJM

^L'A'SE'JM " '^A,A' "^E.E' ^l'ASEJM (1-64)
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thus

nASEJM

Xj

JA

<P I L'ASE> d (9(j)i(;) (1-65)
M,n

or

J*

<P,0.(|>,i|) I nASEJMn> = N<p | nASE> d (e(|)i|)) (1-66)
M,n

where the quantum number f2 is the eigenvalue of = L^+S^ , and as

seen later also of , and N is a normalization constant.

Normalizing the eigenstates and using the integral of the two d matri

ces from Davydov [14]

r  8u2/ d (9Wd (9Wda) =
M,K M',K',» '2J+1'

yields the normalized form of the eigenstates;

2J+1

Stt^
I nASEjMJl> = <p I tiASE> d (9(t)\|;) (1-68)

where

n = A + E. (1-69)

4. TOTAL ANGULAR MOMENTUM IN THE MOLECULAR FIXED SYSTEM

AND THE REVERSED ANGULAR MOMENTUM METHOD

In the SFS and on the eigenstates given in equation (1-65) the

following relations hold

[di,Jj] = iHe , (1-70)

I JMnnASE> = J(J+l)-h2 j JMnnASE>, (1-71)
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and

I JMnnASE> = MH | JMnnASE>. (1-72)

It is now helpful to examine these same relations with respect to

the total angular momentum components along the axes in the MFS. This

is due to the fact that the electronic orbital and spin angular

momenta are strongly coupled to the C axis in Hund's case A coupling,

and due to the appearance of terms such as ;

-jip- (L+S_ + L_S^.) + A(R) L*S (1-73)

in the Hamiltonian (equation (2-49)). Note that the components of

the total angular momentum operator in the SFS are given by where

i " 1, 2, 3 corresponds to J^, Jy, and J^. Now let^j^, where
i = 1, 2, 3, correspond to the projection of J along the 5, n, and

Z axes in the MFS, respectively.

The components of total angular momentum along the MFS axes are

calculated by expressing the total angular momentum operators in terms

of spherical tensor and rotating through the Euler angles. The

spherical tensor components in the MFS are thus given by

where

(1-76)
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and

The ? component of.^ is given by

1

4r^ Z d (eWjJ, (1-78)
U  ̂ q'=-l q',0 ^

Using the form in equation (1-78) it is easily shown, on the

eigenstates | JMSlnASZ>, that

(1-79)

Thus the eigenstates of and are also simultaneous eigenstates of

Utilizing the form of^^ in equation (1-78) it can be shown

O'M'n'n'A'S'T' I jmnhSZ> =

(1-80)

The other components of the total angular momentvim on the MFS are

investigated by the use of equation (1-74). First note that J^(=^^)

commutes with all components of J thus

= 0 for all q (1-81)

and therefore

<J'M'n'n'A'S'E' 1^1 I JMnnASE> =

6jj,<JM'fi'n'A'S'5:' ^ | JMnnASZ>. (1-82)

The matrix elements of^^^ using equation (1-82) and the form
in equation (1-74), are given by

O'M'Jl'n'A'S'E'l^J^ I JMnnASZ> =
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From equation (1-83) and equation (1-80) it follows that

<J'M'!;2'n'A'S'I' | | JMf2nASE> =

+h<J'M*S2'n'A'S'E' |^± | JMJJnASE> (1-84)

thus

(1-85)

Therefore from the commutation relation above it is seen that the

total angular momentum operators on the eigenstates | JMS2nASE> obey the

commutation relation

The total angular momentum in the MFS, , does not form an angu

lar momentum vector on the eigenstates | JMf2nASE> since it obeys the

anomalous commutation relations in equation (1-86). Thus it is not

possible to use directly the usual techniques for evaluating matrix

elements containing components of such as the Wigner-Eckart theorem

and angular momentum ladder operators. This difficulty is overcome by

applying one of two mathematical constructs due to Van Vleck [15],

expounded on by Freed [16], and that due to Judd [10].

The Van Vleck approach is to first examine the various angular

momentum commutation relations

[3i,Jj] = Jj^, (1-87)

[Pi,Pj] = (1-88)

and

= 0 (1-90)
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where is in the MFS. The crux of the procedure by Van Vleck is to

consider equations (1-87) and (1-88) as being the anomalous commutation

relations. A reversed angular momentum is then formed for J, J, and

Pm' ̂ m'

J = -j (1-91)

and

P = - P (1-92)

thus J and P now obey the same commutation relations as does^. The

sign of i(= /-I) is then reversed in the commutation relations and the

ladder operators and the eigenvalues of the operators are modified so

as to be consistent with the usual equations involving angular

momenta. This then allows the use of the Clebsch-Gordon coefficients

and the Wigner-Eckart theorem with the reversed operators and

eigenstates.

The approach taken by Judd (10) is simpler to apply. First note

that on the eigenstates | JMnnASE> the negative of^ obeys the usual

commutation relations, that is

The operators and do not obey the usual angular momentum rela

tions with respect to the eigenstates but rather obey

(-^^) I JMnnASE> = - nh I JMfinASE> (1-94)

and

(-^ +) I JMnnASE> - - 1i^J(J+l) - 0(0+1) X
I JMfi+lnAsE>. (1-95)
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Now a reversed angular momentum elgenstate is constructed by

I JM - S2nASZ>j^ = | JMnnASi:> (1-96)

then the angular momentum equations become

(-^^) I JM - = -fth I JM - finASE>j^ (1-97)

and

(-^ + ) I JM - nnASE>j^ - VJ (J + 1) - (-n)(-n±l) X

I JM - Jl±lnASZ>j^ (1-98)

Thus on the reversed eigenstates the operators of obey the usual

angular momentum relations. Note that these reversed eigenstates are

also eigenstates of J^, J^, and the electronic spin independent

Hamiltonian, therefore they can be used as a basis set of eigenstates

for a perturbation calculation involving the molecular Hamiltonian.
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CHAPTER II

TOTAL MOLECULAR HAMILTONIAN

1. SPIN INDEPENDENT MOLECULAR HAMILTONIAN

The total spin independent Hamiltonian in the SFS is given by

2

'""^4 IS wH

+ Vjje (R J) + Vnn(R) (2-1)

The first two terms are the kinetic energy operators for both nuclei

and the electrons, respectively. Pj^ and P^. represent the linear

momentum operators for nuclus N and electron t, respectively. The

potential energy terms V^g, V^g, and are the electron-electron,

nuclus-electron, and nuclus-nuclus coulomb interactions.

The transformation of coordinates relations given in equations

(1-7) - (1-16) applied to the Hamiltonian allow it to be cast into

the form

jjtotal = j^el + + t"^. (2-2)

H®1, T^, and t'^ are the electronic Hamiltonian, nuclear kinetic energy

operator, and translational kinetic energy operator, respectively,

given by;

=  V2 E V .V2li' tc 2(M^ + Mg) ^ tc ̂ vc

I+ e^

t^v I '^tc ~ ̂ vc

o V ^N
R
B

-e2 Y. 7—1 : . (2-3)
A t ,N R„ - r.■Nc '•t c
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# 'Ia •
and

[T _ y2
2(M^ + Mg + nm) 0 (2-5)

where

«a"b
" ° (M^ t%)

and

"■®A + %)
- M^+Me + nm- "-7)

The nuclear kinetic energy operator can be separated into a vibra-

tional and rotational kinetic energy operator;

tN tV ^ (2-8)

where

(r2 3/3r) (2-9)
ZuR^ 3r2

—— (j - P)2 (2-10)
2ur2 ZyR^

and R is the magnitude of Rg^. Ignoring the translational motion the

Schroedinger equation becomes

[H®1(?,R) + T^(R) + T^(R)] 4'(?,R) = '!'(?,R) (2-11)

where r denotes all electron coordinates.

The Born-Oppenheimer approximation is used to separate the

nuclear and electronic portions of the Hamiltonian [12,17,18].
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Assuming a solution of the electronic Schroedinger equation, (r,R),

i.e. :

H®^(?,R) (;,R) = E®^(R) (;,R) (2-12)

the total molecular wavefunction is then approximated by

vyTotal ^ $®^(r,R) ̂ v,{k} (2-13)

where satisfies the equation

[E®^(R) + T^(R) + T^CR)] (R)- (2-14)

The quantum number n describes some electronic state, v describes the

vibrational state, and {k} is some set of quantum numbers describing

the rotational states. (R) is approximated by the sum of the

Morse potential [10] and an electronic state energy E®^ thus

E®^(R) = E®^ + Dn(l - e~^n(^~^e^)2 (2-15)

where R^ is the equilibrium internuclear distance.

The nuclear Hamiltonian is reduced further by ignoring, in zeroth

order, the coupling between the vibrational and rotational portions of

the nuclear Hamiltonian or, as is done in Chapter III, by ignoring the

rotational energy entirely. By expanding the R~2 term, in T^, in terms

of X where x = R - R^ and keeping only the first term of the expan

sion, the coupling between vibration and rotation can be ignored in

zeroth order. The nuclear Schroedinger equation then splits into a

vibrational part

[Vjj(R) + T^(R)] i|^^(R) = E'^^^ip^(R) (2-16)

where Vjj(R) is the Morse potential of the n^^ electronic state, and a

rotational portion

T^(Re.'t'.9.'l')f{K} = (2-17)
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where the total energy is given by

gTotal ̂  pel + pvib + prot (2-18)
n  n,v |k}

and the total wavefunction by

lyTotal ̂  $el (2-19)

It is advantageous at this point to examine the commutation rela

tions of the Hamiltonian and the angular momenta. The rotational and

internal angular momenta commute with all terms of the total

Hamiltonian, equation (2-1), with the exception of the electron-

nuclear interaction term Closer examination shows that

[L,Vjje] = -[K,Vj,g]*0 (2-20)

and for Hund's case A coupling where P = L + S it can be shown that

tP • %A' = [K • Rba. V^e] = 0 (2-21)

which leads to the obvious result

= 0 (2-22)

Since J commutes with the total Hamiltonian, eigenstates of , J^,

and are used to form, in part, a perturbation calculation basis set

for the Hamiltonian which includes the rotational kinetic energy.

2. TOTAL MOLECULAR HAMILTONIAN IN THE MOLECULAR FIXED SYSTEM

The Born-Oppenheimer approximation allows the electronic

Hamiltonian to be solved treating R as a parameter. Since only one

component of the total internal angular momentum commutes with

utotal T
"  ' and since L and S are strongly coupled to the C axis in

Hund's case A coupling it is advantageous to express the Hamiltonian

in the rotated MFS. This rotation of axes will be such that the
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new z axis (C axis) lies along the vector Rg^. This transformation

applied to the electronic Hamiltonian, as was done in Chapter I when

considering the angular momentxm operator, yields:

<2 „ — j<2.

t*v

Err
e^

t^v I ^tc ~ ̂ vc

, V h
•  R - L ; T- : (2-23)t,N I % C - Pt I

The vibrational kinetic energy operator is invariant under such a

transformation. The rotational kinetic energy operator, equation

(2-10), is now expressed in terms of the total angular momentum and

internal angular momentum in the MFS, i.e.

<2-2'')
2pr2

3. ELECTRONIC HAMILTONIAN

The eigenstates of the electronic Hamiltonian are simultaneous

eigenstates of operators which commute with H®^. One of the operators

already discussed is the ? component of the total electronic orbital

angular momentum, another is the total electronic spin, S, since

H®^ is assumed spin independent. Three more such operators are the

parity operator, , which commutes with the total Hamiltonian, the

reflection operator i^, which reflects the electron's coordinates in a

plane containing the intemuclear axis, and the intrinsic parity, I,

which performs a reflection of a plane perpendicular to the 4 axis
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that contains the center of symmetry, if any. Since commutes with

and S the following relations hold for the eigenstates of

H®1 I nASl> = (R) | nASJ:>, (2-25)

Lj. I nASl> = Ah I nASi:>, (2-26)

I nASl> = S(S+l)1i2 | nAS5:>, (2-27)

and

I nASE> = Zh I nASZ>. (2-28)

The electronic eigenstates exhibit two degenercies, a degenercy

in the sign of A and a spin degenercy. The degenercy in the sign of

A is demonstrated by noting from Appendix A that

i^ I nA> = 6^ I n - A> (2-29)

where 5^ is a phase factor, and using the commutation relation

[H®^, i^] I nA> = 0. (2-30)

Expanding the above commutation relation and using equation (2-29)

yields

- Va) I - - A> = 0, (2-31)

therefore

^nA " ̂n - A (2-32)

The spin degenercy is in the value of Z since the electronic

Hamiltonian is assumed spin independent.

4. VIBRATIONAL HAMILTONIAN

The vibrational Hamiltonian in equation (2-16) was arrived at by

ignoring in zeroth order the rotational kinetic energy in the nuclear
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Hamiltonian. The vibrational Schroedinger equation from equation

(2-16) is given by

1- 4-' + I ♦,«> ■ C «-33)
where E^(R) is assumed to be the Morse potential and w the nuclear

reduced mass. This equation was first solved by Morse [19] who found

the energy eigenvalue term values to be given by

Fv = + 1/2) - UgXgCv + 1/2)2 (2-34)

where

0
0) =e 4Trc y 2y 4Trc V 2y (2-35)

and

h02
'^e'^e = Tz— ^2-36)^  SlT'^CU

The eigenfunction of this Schroedinger equation is given by

tv(R) = (2-37)

where

=|^/2y(D - E^) (2-38)

/~V
~Vr(r +V  . V + 1)

62^2 ^2-41)

(2-39)

z = 2/b e"®^^ (2-40)
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Pitand L^(z) is the associated Lagurre polynomial defined by [20]:

!,=(.)- (2-42)
m=0

It has been pointed out by Ter Haar [21] that Morse's solution is

an approximation, although a good one, in which the actual boundary

conditions on the eigenfunctions given by:

(R = 0) = = ") = 0 (2-43)

are replaced by the approximate boundary conditions

ij'y (R = ®) = 0 (2-44)

and

(R = 0) ~ il)^(R = -~) = 0. (2-45)

In order to solve the vibrational Schroedinger equation exactly using

the Morse potential it is necessary to impose the boundary condition

in equation (2-45) exactly which results in finding the zeroes of a

confluent hypergeometric function given by:

F (^^2^ ̂  - b; + 1; Zq) = 0 (2-46)

where

Zq = 2/b (2-47)

and

✓2y(D-Ev) (2-48)

5. ROTATIONAL HAMILTONIAN AND SPIN COUPLING TERMS

The rotational Hamiltonian or rotational kinetic energy operator

is given in equation (2-24). Expanding the terms of the Hamiltonian
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with the use of P = L + S yields:

' 'I * "-I *

-f+ s. - S+^. -f-K - + I- + S. + L_ S^). (2-49)

Thus far various angular momentum coupling terms have been

ignored here. These include the spin-orbit, spin-spin, and spin-

rotation interactions. The spin-orbit interaction has been discussed

by several investigators most notably Fontana [22] and Veseth [23].

Veseth has pointed out that the spin-orbit interaction can be approxi

mated to a high degree of accuracy by the phenomenological term;

= A(R) L*S (2-50)

where A(R) is the spin-orbit coupling constant. The spin-spin

interaction was investigated by Fontana [22], Hebb [24], and

Kayama [25], who suggested that the interaction can be represented by;

rSS = e(R)(3s2 - s2). (2-51)

The phenomenological spin-rotation interaction term used is that used

by Zare, et al. [26] and suggested by Kovacs [27] and Hougen [28];

flSR = y(R)N«S (2-52)

where

N=J-S=R+L (2-53)
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CHAPTER III

ROTATIONAL ENERGY EIGENVALUES

AND EIGENSTATES

1. A BASIS SET OF EIGENSTATES

The diagonalization of the molecular Hamiltonian using pertur

bation theory requires an initial basis set of eigenstates. The basis

set used consists of the simultaneous eigenstates of the observables

which commute with the total Hamiltonian in the Born-Oppenheimer

approximation. These eigenstates are the simultaneous eigenstates of

total angular momentum, the electronic Hamiltonian, the vibrational

Hamiltonian, and the parity operator. For the case of homonuclear

molecules another operator which commutes with the Hamiltonian is the

operator R^ which exchanges nuclei.

The simultaneous eigenstates of total angular momentum and the

electronic Hamiltonian were derived in Chapters I and II. Parity

eigenstates are formed from the eigenstates of total angular momentum

and the operator Rj given in Appendix A and are given by

I pnASlqgJM-n> = M nASlq^JM-fl)

+ p I n-AS-i:qgJMn>]. (3-1)

The p appearing above is what is designated in this work as the

"partial parity" and has a value of plus or minus unity. The symbol

qg is a label denoting whether the state is gerade (g state) or

ungerade (u state) (see Appendix A). Kronig symmetry is represented

by the symbol q which has a value of plus one for a state and a

value of zero otherwise.
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The parity eigenstate of equation (3-2) behaves, when operated on

by the parity operator, as

P I pnASEqgJM-n> = p(-l)'^"''^ ^ | pnASZqgJM-n>. (3-2)
Note that above and hereafter all angular raomentum eigenstates are

assumed to be reversed angular raomentum ones. Therefore, the

subscript R will be dropped from the bra and ket vectors except where

needed to resolve any ambiguity. Since q^ does not contribute to the

parity eigenvalue it is dropped and can from here on be thought of as

being incorporated into the electronic state running quantum number n,

as with the label q. To make these eigenstates simultaneous eigen

states of the vibrational Hamiltonian requires only multiplication

of the two since the vibrational Hamiltonian commutes with the other

observables on this basis set. Thus the basis set is then given by:

I pnASZJM-f2v> = | pnASi:jM-n> | v> (3-3)

where | v> is an eigenstate of the vibrational Hamiltonian. It should

be noted that the values of A and in the basis set are positive defin

ite due to the construction of the parity eigenstates in equation (3-1).

2. THE LAMBDA DOUBLING TERMS

The total molecular Hamiltonian from Chapter II has the form:

jjtotal ̂  jjel + npR + jjSS + {|S0 + j^SR (3-4)

The electronic Hamiltonian, H®^, is given by equation (2-3) and has

eigenstates in the Born-Oppenheimer approximation given by the ket

I nASZ> which makes up, in part, the basis set eigenstates in equation

(3-3). There are 2(2&fl) degenerate eigenstates which belong to the
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same energy state for non-H state diatomics. These eigenstates are

represented by the same electronic quantum number n and are given by:

|n-|A|s-S>,|n-|A|s - •••

I n - A I SS - 1>, I n - I A I SS>,

|n|A)s-S>, |n|A|s - • ••

( n I A I SS - 1>, I n I A I SS>. (3-5)

It is the values of S and j A | which determine the electronic

state to zeroth order, but not uniquely. That is, there can exist two

states represented by | nASE> and | n'ASE> which belong to the different

energy eigenstates n and n'. The ground electronic state of NO

being a state implies that it can exist in any of the four basis

set eigenstates, of the form of equation (3-3), given by:

I  1, 0, 1, 1/2, -1/2, J, M, -1/2, v>, (3-6a)

I  1, 0, 1, 1/2, 1/2, J, M, -3/2, v>, (3-6b)

I -1, 0, 1, 1/2, -1/2, J, M, -1/2, v>, (3-6c)

or

I -1, 0, 1, 1/2, 1/2, J, M, -3/2, v>. (3-6d)

The rotational portion of the Hamiltonian, along with the additive

angular momentum coupling interactions, contains terms which are not

diagonal in the electronic eigenstates. These terms give rise to

lambda doubling in non E state diatomics and are denoted as lambda

doubling terms. These terms, designated with a subscript A, are given

by:

tJ = B(R) (L+ S_ + L_S+ -^_L+ -^h-L_) (3-7)

and

hJO =1/2 A(R)(L+S_ + L_S+). (3-8)
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Neglecting the lambda doubling terms, which connect different elec

tronic states differing in A values by unity, the total Hamiltonian

becomes:

total _ total „S0 ^

=  + Tq + (3-9)

where

Tq = = B(R)(^2 + p2 + g2 _ g2 _

+ l2 + l2 -^+S_-S+^_), (3-10)

and

rSO = ijSO _ i^SO ^ a(R)L^S^ (3-11)

The rotational kinetic energy operator and the spin coupling

terms also contains an R dependence. This R dependence connects dif

ferent vibrational states since the eigenstate j v> is an eigenstate of

the vibrational Hamiltonian given in equation (2-33) where only the

Morse potential was considered and not the R~^ rotational terras. This

coupling between vibrational and rotational states gives rise to the

centrifugal distortion matrix elements of the Hamiltonian which are

considered later.

3. VAN VLECK TRANSFORMATION APPLIED

TO THE MOLECULAR HAMILTONIAN

The diagonalization of the total Hamiltonian discussed in Section

3B is virtually impossible without making some approximations. This

is seen by examining the Hamiltonian matrix given by:
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(( ) 2w' A
\  'vv

:  /

Xnv',n'V

' X »• * f
n v,nv' a h

(  )v'v'
* /n'n'

(3-12)

where each vibrational block consist of smaller blocks of matrix ele

ments in the eigenstates of total angular momentum, spin, and parity

given by;

(1^ )PP

^  )p'pVjJ
l( )PP

( Vp'A'J'
■W (3-13)

Each parity block is a (2&fl) by (2Sfl) matrix of spin states. The

matrix elements denoted by x in tke matrix of equation (3-12) repre

sents matrix elements due to lambda doubling terms which connect
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different electronic states. The matrix elements denoted by = repre

sents those which couple different vibrational states, in the same

electronic state, due to the R dependence in the rotational and spin

coupling terms of the Hamiltonian. The diagonalization of the

Hamiltonian matrix, equation (3-12), would be possible if it were not

for matrix elements such as = and x» since each block of matrix ele

ments in the simultaneous eigenstates of total angular momentum, spin,

and parity could be diagonalized independent of a block of another

vibrational or electronic state.

An unitary transformation due to Van Vleck [29] and derived in

Appendix B, can be used to remove matrix elements, to second order,

which connect the block of matrix elements of interest to other

blocks [30-32]. The Van Vleck transformation assumes the Hamiltonian

to be of the form

H = Hq + XHj (3-14)

where Hq is diagonal in the block of interest and may contain one or

more degenerate groups of states. The matrix elements of H^ lie out

side the block of interest but may also have some matrix elements

inside, and possibly on the diagonal.

The Van Vleck transformation transforms the Hamiltonian H in

equation (3-14) into G, that is:

G = T~%T (3-15)
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where G has the form

G = Gq + XG^ + x2g2 (3-16)

and

Gq = Hq (3-17)

As seen from Appendix B, the matrix elements of which lie inside

the block of interest are equal to those same matrix elements of Gj^,

whereas those matrix elements of outside the block of interest

contribute to the matrix elements of G inside the block of interest

only in second order or higher. The matrix elements of G of order two

or higher which lie outside the block of interest contribute to the

energy in fourth order or higher and to the eigenstates to second

order or higher, thus they are ignored here. It should be noted that

the eigenstates of H, | N>, and G, | K>, are not equal but are related

by the Van Vleck transformation:

I N> = T I K> (3-18)

4. HAMILTONIAN MATRIX ELEMENTS

NEGLECTING LAMBDA DOUBLING

The Hamiltonian excluding lambda doubling terms given in equation

(3-9) can be put into the form of equation (3-14) using the basis set

given in equation (3-3). The Hamiltonian Hg must be diagonal on the

basis set of interest which leads to the assignment of Hq

Hq = H®^ + T^. (3-19)

The rotational kinetic energy operator is not included since it con

tains an R dependence which mixes vibrational states. The remaining

portion of the Hamiltonian, Hj^, is then given by

4H, = T^ + H^^ + H^^ + H^*^. (3-20)
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The term mixes both vibrational and electronic states thus it has

matrix elements which connects the block, of states of interest to other

vibrational and electronic blocks. Neglecting the lambda doubling terms

is reduced to

hJ = Hi - = Tq + (3-21)

The matrix elements of the transformed Hamiltonian, neglecting

lambda doubling, are calculated using the formulas of Appendix B which

relate the matrix elements of G to those of H. The matrix elements of

Gq or Kg, which are diagonal on the basis set, are calculated, using

equation (2-12) and (2-16), and are given by

<pny\SlJM-i2 I <v I Kg I v> I pnASi:jM-Q> =

+ <v I E„(R) + T„ I v> = E®^ + (3-22)
n  i n^' vl n v

Again utilizing the results of Appendix B the matrix elements of the

various terms contributing to Gj are calculated to be

<pnASZJli-nv I T^ | pnASEJM-f2v> =

B^[J(J+1) + S(S+1) - (3-23)

<pnAS£JM-i2v I rSS I pnASlJM-i2v> =

e^[3i:2 - S(S+1)], (3-24)

<pnASi;jM-ilv I I pnASEJM-Jlv> =

A^AS, (3-25)

<pni\S2;jM-iiv I I pniVS2jM-iiv> =

-Y^[S(S+1) - ilZ], (3-26)

<pnyVSEJM-i2v | T^ | pnASi:±lJM-il+lv> =

B^Vj(J+l)-Jl(a±l) -^JSiS+l) - 1(E±1) (3-27)
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<pnASi:jM-J2v I | pnASi:±lJM-n+lv> =

-  yjCJ+l) - 12(f2±l) VsCS+l) - i;(Z±l) (3-28)

and

B„ = <v I R~2 I v> f ' (3-29)
V  ' ' Sir-^yc

= <v I e(R) I v>, (3-30)

= <v I A(R) I v>, (3-31)

= <v I Y(R) I v>. (3-32)

The term given by

<pnASEJM-ii | | pnASZJM-il> (3-33)

which is diagonal in the electronic energy eigenstates is incorporated

into the Morse potential implicitly in equation (2-15) and therefore

does not appear in equation (3-23).

The matrix elements of G2 within the block of parity and spin

eigenstates are calculated using equation (B-19). The energy terms in

equation (B-19) are reduced by using

1/2(E°, - E°) -
m  m n ..

(3-34)
(E° - E°)(E°, - E°) E" - E^'^m n-^^ m' n m n

since EO = E°. i.e. the matrix elements of Hq are diagonal and equal
m m

in the block of states of interest. The product of matrix elements of

in the expression for the matrix elements of G2 cause the mixing of

the various interactions that make up H. Therefore each interaction



cannot be considered separately. The matrix elements of G2, using

equations (3-43), (B-19), and the expression for their coefficients

are listed below where use has been made of the notation of Zare

et al. [26];

<pnASZJ>t-^2v j G2 I pnASZJM-S2v> =

- D^[fi(U,E) + f2(i2,2) + fgCQ.Z) + f^(J2,E)AE

+ ap A^E^ + ejj^f^(J2,E) [3e2 - S(S+1)]
+ Tjj {fj(n,E)[nE - S(S+1)] - 1/2 f2(n,2) - l/2f3(Sl,E)}

V
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+ e'[3E2 - s(S + 1)]2 + £. AE [lE^ - S(S+1)]
V  ̂

+ e [$1E - S(S+1)][3E2 - S(S+1)] + AE[J2E - S(S+1)]
'v ' V

+  {[i2E - S(S+1)]2 + l/4f2(J2,E) + l/AfgC^.E)}, (3-35)

<pnASEjM-ilv ] G2 I pnASE±l-l+ilv> =

- D^[f4(i2,E)f^(S2,E) + f4(i2,E) f^(i2±l,E±l)]

+ Aj3^ f4(ii,E)(E±l/2)A

- 1/4 Ay f.(Jl,E)A[2E±l]
' V

+ 1/4 Tn {2f4(".2)[("±l)(E±l) - S(s + 1)]
V

+ 2lilZ - S(S+l)]f4(ii,E) - fi(^,E)

- f4(S2,E) fj(i2±l, E±l)}

+ 1/2 f4(",2)[3i:2 + 3(E±1)2 - 2S(S + 1)]
V

- 1/4 e f4(n,E) X
'v

[3(E±1)2 + 31:^ - 2S(S+1)] - 1/2 f4(Sl,E)[J2E - S(S + 1)

+ (J2 ± 1)(2±1) - S(S +1)], (3-36)

and

<pnASEJll-J2v I G2 I pnASE±2JM - i2+2v> =

- D^f4(Sl,E)f4(Jl±l, E±l) - l/2YD^f4(^J,i:)f4(i2±l,E±l)

+ 1/4 y' f4(il,E) f4 (U±1,E±1) (3-37)



where

'V v> ~ ̂ v'

Y" <V I e(R) I v'Xv' I y(R) I v>

-I
<v I y(R) I v'> I 2

<v I B(R) I v'Xv* I e(R) | v>
F. - F .

0, - -Z
^V ~ ®v'
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<v j A(R) I v'> I ^
^D-_ ~ I—> V — V ! (3—38)

<v I B(R) I v'Xv' I y(R) I v>
= 2 ^ ^ 1 (3-39)V  v' V ®v'

^  y I <v I e(R) I v'> I 2
% ~ ̂  E - E , (3-40)

V' V V '

<v I A(R) I v'Xv' I B(R) I v>
" 2Z_j g - E ' (3-41)

V  IT • V V

S = 2^ g _ , (3-42)

F— (3-43)
v' ^ ^v'

^A, 'I <v hW h-XV I A(R) I v>
^  v' " ̂v'

<v j A(R) I v'Xv' I y(R) I v>
Ay = 2Z. =——= (3-45)
W  E^,

S = 2^ 1 K ' - F ^ ^ (3-^6)V  yt E^,

I <v I B(R) I v'> I 2
(3-47)

£^(^2,1) = J(J + 1) - q2 + s(s + 1) _ e2, (3-48)

£2(^2,E) = [J(J + 1) - J2(J2 + 1)][S(S + 1) - E(E + 1)], (3-49)

£3(^2,2) = [J(J + 1) - J2(U - 1)][S(S + 1) - E(E - 1)], (3-50)
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= [J(J + 1) - "(" ± l)]^/2[s(s + 1) - Z(E ± l)]^/2. (3-51)

The matrix elements of within the block of interest are calcu

lated using equation (B-20). Since the magnitude of the matrix ele

ments is small compared to the lower order terms and since only the

term grows in magnitude as J(J+1), only it is considered in the

calculation of the matrix elements of G3. The resulting matrix ele

ments are listed below;

<pniVSlJM-fiv I Tq I pnASlJM-i2v> =

H^{fl3(a,l) + 2fi(S2,E)[f2(^i,2) + f3(",E)] +

f2(Q,E)fi(il + 1, E+1) + f^(J2 - 1, E - 1) f3(J2,E)}, (3-52)

<pnASEJM-f2v | T^ | pnASE±lJM-il+lv> =

H^{f^(fi,2) + E±l)fj(il,E) + f2(n±I, E±I)

+f2(S2±l, E±l) + f2(^2,j:) + f2(Sl+l, E+1)} (3-53)

<pnASEJM-f2v | Tq | pnASE±2JM-Sl+2v> =

H^f4(il,E)f^($2±l,E±l){fj(il,E) + fj($l±l,E±l)

+fj(Sl±l,E±2)}, (3-54)

and

<pnASEjM-^iv I Tq | pnASE±3JM-ii+3v>

H^f4(ii,E)f^(i2±l,E±l)f^(il±2,E±2) (3-55)
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where

<nv I B(R) I nv'Xnv' | B(R) | nv''><nv*' | B(R) | nv>
H (E^ - E^..) (E^ - E^,)

<nv [ B(R) I nv> | <nv | B(R) | nv'> | 2
(Ev - E^,)2

I <nv I B(R) I nv'> j ^ <nv I B(R) I nv>
+  ; } (3-56)

(E^ - E^,)2

The matrix elements of and G2 given above are called the

centrifugal distortion matrix elements. They describe the coupling of

the vibrational and rotational motions through the R dependence of

various interaction terms. The coefficients of the centrifugal

distortion matrix elements for the rotational and spin-orbit terms

dominate those due to the other interactions. The matrix elements of

the rotational kinetic energy operator also contains a J^CJ+l)"^

dependence, where n is the order of the transformed Hamiltonian, which

forces the rotational energy matrix elements to be the predominate

ones for even modest J values. Thus the only centrifugal distortion

coefficients usually quoted are D^, and H^.

5. LAMBDA DOUBLING MATRIX

ELEMENTS

The lambda doubling interaction from Chapter III-2 of this chapter

is given by

H A — tE- 4.
"  \ "a

= (B(R) + 1/2A(R))(L+S_ + L_S+)

- B(R)(L+^ _ + L_^+). (3-57)
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Due to the L4. and L_ operators this interaction connects electronic

states differing in A by unity.

The Van Vleck transformation can again be used to remove the

matrix elements connecting the block of states of interest to blocks

within other electronic states. It is shown in Appendix B that in the

Van Vleck transformation matrix elements of that lie outside the

block of states of interest vanish and those inside are equal to those

of inside. Since , in this case has no non-vanishing matrix

elements within the electronic states of interest all matrix elements

of Gj vanish. The matrix elements of the second order transformed

Hamiltonian, G2, are calculated using equation (B-19) of Appendix B

rewritten here

<m I G2 I in'> =

I H, I nXn I H, I m'>
L —0 0 n n— f T (3-58)n  (E° - E°)(E°, - E°) 2 °

m  n m' n

where m denotes states within the block of states of interest and n

represents those outside. Just as in section D of this chapter

equation (3-58) reduces to

<m I I nXn I I m'>
<m I G2 I m'> = (3-59)

m  ̂n

since

<m I Gq I m'> = <m I Hq I m'> = E^^d^, (3-60)

or more specifically

<n'v' I Hq I nv> = <n'v' | Gq | nv> = (E^l + ^ (3-61)
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Because the lambda doubling interaction is small compared to the other

interactions third order terms are not considered.

The NO molecule whose ground electronic state is a state can

be connected by means of the lambda doubling interaction to either a

or state. Herzberg [33] shows the nearest state as being

at 43965.7 cm~^ followed by several other ̂ E^ states at 52148.0,

53083.0, and 60628.5 cm~^. The nearest ̂ A state according to Gilmore

[34] lies at approximately 60495.0 cm~l. Since there are four ^E"*"

states close to the X^ir state relative to the nearest ̂ A state, the

2e+ states are assumed to be the only contributors to the interaction.

The use of equation (3-59) and the basis set represented in

equation (3-3) yields the following formula for the matrix elements of

G2'

<pnASEjM-i2v I G2 I pnvASE' '> =

Z  (Aj + A2)(B, + B2) -5-^-0
n'A'p» - e", ,

(3-62)

where

Aj = <nvASEJM-i2 j j n'v'A'SE ' JM-fi'>

+ p'<nvASEJM-J2 | | n'v'AS-E' JMS2'>, C3-63)

A2 = p<nv-AS-EJMn I | n'v'ASE'

+ pp'<nv-AS-E JMSi | | n'v'AS-E • JMn'>, (3-64)

Bj = <n'v'ASE'JM-f2'| | nvASE " Jhhil" >

+ p<n'v'A'SE'JM-^2' I | nv-AS-E " JM^ ">, (3-65)

and

B2 = p'<n'v'A'S-E'JMi2' | | nvASE " JM-Si">

+pp'<n'v'AS-E'JMi^' I | nv-AS-E"JMJi">. (3-66)
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imply A'' =0, therefore the A' designation is replaced by 1®. This

indicates a 2 electronic state with a Kronig symmetry of s = +

or s = -. Use is made of the results of the parity operator acting on

the above states, from appendix A, by inserting unity in the

appropriate matrix elements in the form of the parity operator times

its adjoint. The parity operator acting on states to both the left

and right results in matrix elements which can be combined with others

to yield:

<pnASZJM-Qv I G2 I pnASZ"JM-J^' '> =

z  i:
(Cj + C2 + Cj + C^)

1/4 ^ (3-67)
n'v'A' I'^^'p' _0 „0

f  f
nv n'v'

where

Cj = <nvASlJM-i2 | | n'v' • >,

(l+pp's)2<n'E^SE'JM-fi'v' | | nvASE " JM-ft " >, (3-68)

C2 = <nvASEJM-S2 | | n'v'E®SE ' JM-i2'> (1+pp's) x

(p'+ps)<n'v'ES_j;.j^^. I I nvASE"JIi-a">, (3-69)

= <nvASEJM-i2 j j n'v'E®-Z'JMS2'>(p'+ps)x

<n'v'E®SE'JM-S2' | | nvASE"JM-«">( 1+pp's), (3-70)

and

C4 = <nvSEJIf-S2 j | n'v'E®S-E ' JMS2' >(p'+ps)2 x

<n'E®S-E'JMS2'v' | | nASE " JM-^ "v>. (3-71)

Performing the sum over p' and using the following designation for the

set of quantum numbers

A = 0, E = 1/2. n = 1/2 ̂  (3-72a)
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A = 1, S = 1/2, = 3/2 ̂  ̂ ^3/2' (3-72b)

A = 1, E = -1/2. SI = 1/2 -»■ (3-72c)

the matrix elements are then obtained from equation (3-67) through

(3-71) and are given by

IT IT

q  p

+  [(J+1/2)2 + ps2(J+l/2)+l] +Y^ [l+ps(J+l/2)] + 0^, (3-73)
IT

q

<pnv^iT2/2'^M I G2 I pnv^TT^^^JWO = "y [(J+1/2)^ - U , (3-74)

and

<pnv^iT2/2dM I ^2 | P'^'^^^j^/2 ~
TT

P

<pnv2n^/2JM I G2 I pnv2ir3/2JM> = (3+1/2)^-1]^'^
IT

q

+  [1 + ps(J+l/2)][(J + 1/2)^ - 1]^^^. (3-75)

The three coefficients p^, q^, and 0^ are given by

A(R)
<nv^iT I B(R)L. I n'v'^EXn'v'^E 2 L I nv^n>

p; = ^ 2_ 0—0
n'v' E -

nv n'v'

^ I <nv^ir j B(R)L, I n'v'^E> I ^
- 2 L —n—n »-">-2^- E° - E°. ,

nv n'v

and

': = I0" = /
<nv^TT j 1/2A(R)L^ I n'v'^E> ' ^

(3-78)
^  n'v' E - E°, ,

nv n'v'
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6. ROTATIONAL ENERGIES AND ENERGY EIGENSTATES

The vibrational molecular constants of NO in the ground electro

nic state have been measured [35, 36] or calculated [37] by several

workers. One of the best sets of vibrational constants is that of

Henry, et al., [36] who examined data from the 1-0, 2-0, and 3-0 bands

of NO and arrived at the set of constants in Table 3-1.

The rotational molecular constants of NO have also been the sub

ject of several works [35-41]. Likewise, there has been several

investigations of the lambda doubling parameters [36, 40-42] since the

advent of very high resolution and doppler limited spectroscopy. One

of the most complete works on the v = 0 and v = 1 vibrational states

is that of Valentin et al. [41] whose results appear in Table 3-2. It

is this set of constants that was used in this work.

The rotational energies were calculated using the matrix elements

given in equations (3-23) through (3-28), (3-35) through (3-37), and

(3-52) through (3-55). The matrix elements given in equation (3-22),

which are those of the electronic and vibrational Hamiltonian, were

ignored since they are diagonal and constant in a given electronic and

vibrational state. The Hamiltonian matrix is a four-by-four matrix

made up of the matrix elements of G in the states of | j (1/2,3/2) and

p (= ±1). The four-by-four matrix consist of two two-by-two matrices

each of which belong to a definite parity eigenstate. The four-by-

four reduces to two identical two-by-two matrices when lambda

doubling is ignored.



57

Table 3-1

Vibrational Molecular Constants for

the Ground Electronic State of NO

Constant Value (cm ̂ )

w  1904.1113 ± .0026
e

w X 14.833 ± .001
e e

w y .00836 ± .00017
e e
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Table 3-2

Rotational Molecular Constants for the

X^iT 1-0 Band of NO

Value (cni"^)

Constant

o

II

>

y = 1

By 1.6961359±31x10-7 1.6785671130x10""^

Dy 0.547403x10-5±56X10-^ 0 .549223x10-5±50x10-1°

Hy 0.1279x10-^°±30xl0-l3 0.1173x10-10125x10-13

Ay 123.02772±.00011 122.782481.00011

Ar\ 3.47573±.0051 3.371351.0050

*^y
-11.668x10-3±7x10-® -11.667x10-318x10-^

^y
9.303x10~5±8x10-^ -9.383x10-313x10-"^

o^
y

-0.10579 -0.10668

(1)^^0 1875.97233±7x10-5
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The rotational constants in Table 3-2 were used in calculating

the Hamiltonian matrix which was then diagonalized to yield the energy

eigenstates and eigenvalues. The calculations were performed for both

V = 0 and v = 1 vibrational states with and without lambda doubling

(pTT = qiT = Ott = 0) for J values of 0.5 to 40.5. The results of these
V  V V

calculations appear in Table C-1 through C-4 of Appendix C.

Table C-1 through C-4 also list the eigenvectors of the trans

formed Hamiltonian. These eigenvectors determine the eigenstates of

the transformed Hamiltonian in terras of the basis set of eigenvectors

by the relation.

I pnJMg> = EC(J,g,J^,p) I pnASDJH-0> (3-79)

where the C( J,g,$^,p)'s are the eigenvector components of the trans

formed Hamiltonian matrix.
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CHAPTER IV

COUPLED SPECTRAL LINE BROADENING THEORY

1. ANDERSON-TSAO-CURNUTTE THEORY

A. Radiator-Perturber-Field Hamlltonlan

The starting point in the introduction to the Anderson-Tsao-

Cumutte (ATC) boadening theory is the radiator-perturber-field

Hamiltonian. [6-8] The Hamiltonian is expressed as

H = Hq + Hj.(t) + H^r (4-1)

where

Hq = + H2 + Hj^. (4-2)

The unperturbed Hamiltonian Hq consist of three parts, the Hamiltonian

of the radiating molecule (molecule 1), Hj^, that of the perturbing

molecule (molecule 2), H2, and that of the quantitized radiation

field, Hj^. The perturbing terms in the total Hamiltonian, Hj,(t) and

Hj^j^, are the time dependent collision interaction and the interaction

of the radiating molecule with the radiation field, respectively.

The unperturbed Hamiltonian has eigenstates which are the pro

ducts of the eigenstates of Hj^, H2, and Hj^j^. These eigenstates solve

the eigenvalue equations;

Hq I ^l'^2 + ifw^) I N^p (4-3)

where

I "1> = \ I ^1>

^2 I "2> = S I ''2>

and

"r I NJP - ■«»€ I NS:>. (4-6)
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B. Transition Probability

Calculation of the transition probability in the presence of

collisions is best understood by first examining the case without

collisions. Time dependent perturbation theory indicates that the

transition probability for absorption from a state A to a state B at

time t later is given by

- I <"A -1 1 "irO I "B ''ia> I ^ <4-7)
where

(4-8)

The term above is the radiation interaction Hamiltonian in the

interaction representation defined by

lljCt) - U-kt) HijUo

where

rI (t) = url(t) H,RUn(t) (4-9)

,  . -iHr,t/1l ,,UQ(t) = e 0 . (4-10)

For the present case H(,(t) is zero and molecule 1 states are the only

ones considered.

The expression for the transition probability can also be written

in terms of the time development operator for the total Hamiltonian

(see Appendix D)

Pa.B<'=) - I <"A I "<4) I -B NJP I ^ (4-11)
where

U(t) = Uo(t) UiR(t) =

^The + following the expression for the time development operator
implies that it is a time ordered product time development operator.[2]
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The approach taken in the ATC theory to include the addition of

collisions is to calculate the transition probability for a transition

between two "collision smeared states". In order to construct these

smeared states it is first necessary to make the impact approximation.

This approximation assumes the duration of a collision is much smaller

than the time between collisions. With this assumption the Hamil-

tonian of the system can be equated to the unperturbed Hamiltonian,

Hq, at some time t = 0. At some later time the system is in a colli

sion smeared state given by;

I n^(t)n2(t) = ̂ Oc^^^ I ^kP (4-13)

where

(4-U)

and

HQj,(t) = Hq + H^(t). (4-15)

The absorption transition probability is now the probability of a

transition from a collision smeared state minus a photon given by;

I A(t)> = Ugj,(t) I —1^ (4—16)

to a state time developed under the total Hamiltonian given by;

1 B(t)> = U(t) I njn2 N^p. (4-17)

The transition probability is therefore expressed as:

PA^B^t) = I <A(t) I B(t)> I 2
I  r. ' M—r"N I 2= I <^1^2 I Uqc^) I ^2 ̂ kX> I •
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It is interesting to note at this point the similarity of

equation (4-18) with equation (4-7) for the noncollision case.

The expression for the transition probability is made more pala

table by expressing the product of the two TDO's through first order

only. To obtain first order terms let V(t) be defined by;

V(t) = Uoc"^(t)U(t) (4-19)

and note that;

V(t) = - ̂UQl(t)Hjj^Ooc(t)V(t). (4-20)

A boundary condition on V(t) is easily obtained by noting that at

t=0 UQ^(t) and U(t) go over to U~^(t) and UQ(t), respectively,

therefore V(t=0) is unity. Utilizing this boundary condition and

solving equation (4-20) iteratively through first order yields;

.  t

° ̂  UOc(t')HiRUoJt')dt'. (4-21)

Substituting into equation (4-18) for the transition probability

yields:

W^' '

The TDO UQ^(t) above continues to carry the free quantitized

radiation field Hamiltonian dependency. To "pull" this dependency out

of the TDO appearing in the matrix element above a new Hamiltonian is

constructed given by;

Hjt) H + H2 + H^(t). (4-23)
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Now note that the old HQ^(t) Hamiltonian can be expressed in terms of

the new Hamiltonian by;

Hoc(t) = Hq + H^(t) = HjjjCt) + (4-24)

Since has the following commutitive properties;

IHr, H^] = [Hj^, H2] = [Hj^, H^Ct)] = 0 (4-25)

the TDO UQ^(t) consists of two commuting parts, therefore;

Uoc(t) = UR(t)Ujt) = U^(t)UR(t). (4-26)

Making use of the above term of UQ^(t) in equation (4-22) for the

transition probability, yields:

I ^[^2 ̂ kX> I ^ (^-27)

C. Radiation Interaction Hamiltonian and the Dipole Approximation

The specific form of the radiation interaction Hamiltonian which

appears in the transition probability is now addressed. From quantum

electrodynamics this Hamiltonian is given by;

^ ̂  kX kX kX

where X is the complex polarization vector, k the propagation vector

(k = kwc), and V is a volume element. [11] The terra is the Fourier

transform of the paramagnetic current density, that is;

J(^)dr3 (4-29)
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where;

P  PJ(r) =y I qi[^ ^]. (4-30)

The operator is the photon creation-annihilation operator which

exhibit the following properties on the photon field states;

kX

and

a2! I Nix> I •'i;x-i> (*-31)

*2^ I "Jx> V"kX + 1 I "kX + !>• (*-32)

Utilizing the interaction Hamiltonian equation (4-28), with the

properties of the photon state operators above the transition proba

bility from equation (4-27) becomes;

2ir Nrr t

W*) '-7^1 o-iiaiw-i I ® )3-k-* "m(t')<lt'

f  I

I  I

Since this work is directed toward the investigation of the

vibrational rotational fundamental band, only dipole transitions are

of concern. The dipole approximation consist of expanding the expo

nential of equation (4-29) and keeping only the first term, therefore;

V^k~4-S^qi. (4-34)

Since p^ is the conjugate momentum one has;

i  q^^
Jk ~ Iqi^i + I — A(ri,t) (4-35)
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where, from quantum electrodynamics;

ik* X-iwt -ik* X+iwt

A(r,t) = I X — + A®^ X* — ]. (4-36)
kX /V kX /T

kX

Note that the matrix element appearing in equation (4-33) is diagonal

in the photon states therefore the vector potential portion of in

equation (4-35) does not contribute to the transition probability.

Dropping the diagonal photon states from the matrix element for con

venience, the matrix element then becomes;

Iq^ <0^02 I U~^(t') • X U^(t') I n^n^>. (4-37)

The velocity term above together with the TDO, Uj^(t), forms the

Heisenberg representation of the velocity, that is;

•  •

^i(t) = U^^(t)riUjt). (4-38)

From this and the equation for the velocity;

r^it) =-|^;i(t) (4-39)

one arrives at the equation;

riU„(t) (4-40)

Utilizing the above equation and equation (4-37), the matrix element

appearing in the expression for transition probability, after integra

tion by parts, is given by;

-iwt I — — i '' |— —j ''e  <nj^n2 | Uj^(t)r^* XU„j(t) | n^n2> - <nin2 | |

—iwt' I 1 — — I ' *+ iw / e I (t')rj^*XUjj(t') | nj^n2>dt' (4-41)
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The last terra in the above equation contributes almost entirely at

infrared frequencies since w is of the order 10^'^ sec"^. Therefore

upon dropping the first two terms in equation (4-41) and after inser

tion into equation (4-33) the transition probability becomes;

2^NkX t t I P(t') • X I n^n2> X

<njn2 I P(t") • X I njn2> "'^'^dt'df. (4-42)

In the above equation p is the dipole moment operator defined by;

= I qifi = -el r^ + e ^ (4-43)
i  t a

where the first sum is over electrons and the last sum over nuclei.

The transition probability just derived is the probability for a

transition from the molecular states given by j n2n2> to the states
I  ' 'I nj^n2> via the absorption of a photon of frequency w and polarization

X. Since the interest of this work is to examine the spectral charac

teristics of the absorption regardless of the molecular states the

transition probability is summed over all final states and summed over

all initial states weighted by the Boltzmann distribution. This total

transition probability ,P(t), is then given by;

tiinj
T  t

where is the Boltzmann distribution function for the state n. Upon

performing the above summation utilizing equation (4-42) the total

transition probability becomes;
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P(t) =

w  t t

/  / Tr [pX-p(t")X«y(t')e^^^^'"^ ^dt'dt" (4-45)
^  0 0

where Tr denotes the trace operation.

D. Molecular Dipole Moment

Consider once again the dipole moment operator of equation

(4-43). A matrix element of this operator between two molecular

states belonging to the same electronic state is given by;

<nvj I u j nv'J'> = <nvJ | -e tj. | nv'J'>

+ e<nvJ I j nv'J'> (4-46)

where the Born-Oppenheimer approximation is assumed. Note that the

first matrix element involves electronic coordinates only and there

fore is diagonal on the v and J quantum numbers. Since it is diagonal

on V and J this term contributes only to the permanent dipole moment.

The second matrix element does not depend on the electronic coor

dinates, however, the internuclear distance is a function of the

electronic state. Therefore, the last matrix element above can be

written as;

<nvJ I )]zaRa I nv'J'> = <vJ I fji(R) 1 (4-47)
a

Combining this result with the first matrix element of equation (4-46)

allows one to express the dipole moment operator in a form suggested

by Levine.[45]

y(R) - ̂ (Rg) + u'(Rg)(R-Rg) + Y iI"(Rg)(R-Rg)^ + ... (4-48)
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For the case of the infrared fundamental band only the second terra

contributes to the transition probability due to the vibrational

selection rules.

It should be noted that due to the symmetry of a diatomic mole

cule about the intemuclear axis the dipole moment necessarily lies

along the intemuclear axis.

E. Transition Rate and Absorption Coefficient

The aim of this section is to obtain an expression for the tran

sition rate and from that derive an expression for the absorption

coefficient. This step will involve commuting TDO's in the trace of

equation (4-45), therefore another approximation is needed. This

approximation is that the density matrix is stationary, which is a

valid approximation neglecting such phenomenon as saturation effects

and assuming the gas is in an isothermal bath. Since the density

matrix p(t) time develops according to;

P(t) = U (t)p.U"^(t) (4-49)
m  u m

and it is assiamed;

P(t) ̂  PQ, (4-50)

the density matrix commutes with Ujjj(t), that is;

[PO,U^(t)] = 0. (4-51)

Examine now the trace appearing in equation (4-45) for the tran

sition probability. Rewriting it utilizing the TDO's yields:

Tr[PoA.p(t")^u(t')] =

Tr[PoX'U^l(t")yU^(t") X • u;l(t')iIUj^(t') ] (4-52)
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Utilizing the conrmutivity of the density matrix and the cyclic per-

mutational properties of the operators in the trace, the above

equation reduces to;

Tr[Po^*u(t")X*u(t') ] = Tr[pQ X* uU~^(t "^t' )p • XUjj,( t "-»-t' ) ] (4-53)

where

U„(t">t') = U^(f) U-^Ct"). (4-54)
m  m m

Letting t = t' - t" the TOO can be rewritten in terms of an initial

time, t", and some time interval t.

UJt"-^t') = Ujt" -»■ t" + T) (4-55)

Consider now a collision average of the above TOO. If the colli

sions occur randomly the TDO Ujjj(t"-»-t"+T) can be assumed independent of

initial time t", therefore the collision averaged trace can be written

as:

Tr[pQP*XU~kT)iI*XUjjj(T)]^yg (4-56)
The integrand of equation (4-45) is now given by;

—iwT — — 1 — —F(t) = e Tr[pQX«pU"nT)X'uU^(T)]^yg. (4-57)

Since the collision averaged term U~^(t)RU_(t) has the property (see
til

Appendix E);

and since the density matrix commutes with the TDO it is easily shown;

F(-T) = F*(T). (4-59)

In terms of the integrand F(t) the transition probability is then

given by;

F(T)dt'dt" (4-60)
~  vh 8 8
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where t = t'-t". Making a change of integration variables from t' and

t" to t" and T, and using equation (4-59) P(t) becomes;

2irN^]^w T T
P(t) =— 2Re(T J F(T)dT - / F(T)TdT). (4-61)

0  0

Ignoring the effects of natural broadening the transition rate is

calculated from the transition probability using;

r = lim^^ (4-62)

Therefore the transition rate obeys the equation;

t  t

r a lim [/ F(T)dT --/ F(T)TdT] . (4-63)
t^" 0 0

Note that F(t) is an exponential times the collision averaged

dipole moment correlation function. The dipole correlation function

tends to be larger for small t. As t becomes large the collision

averaged dipole correlation tends to vanish. Thus the transition rate

is given by;

4irN^^w "
r-——Re F(T)dT. (4-64)

The absorption coefficient is formulated by first calculating the

incident intensity of radiation on a gas. The incident intensity or

energy per unit area per unit time of frequency w and polarization

X is the product of the following; the number of photons of frequency

w and polarization X per unit volume, the energy per photon, and the

photon speed, thus;

Nrr

I®(w) = "Rwc. (4-65)
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Now consider the radiant energy absorbed, of frequency w and polariza

tion X, per unit area per unit time by a gas of n molecules per unit

volume. This quantity is equal to the product of the following

quantities; the transition rate per molecule for absorption of a

photon of frequency w and polarization X, the number of absorbing

molecules per unit volume, the energy per transition, and the optical

path length, therefore:

dl = -FnttwdA (4-66)

After some rearranging of terms the above equation becomes;

dl(w) = -l'^(w)k(w)dJl (4-67)

where;

00

k(w) F(T)dT. (4-68)

Integration of equation (4-67) then yields Beer's law:

I(w) =» I®(w)e (4-69)

F. Resolved Line Approximation

A new time development operator T(t) given by Anderson as;

T(t) = U-l(T)UjT) (4-70)

is now introduced.[36-38] This TDO is necessary for both the

following discussion of the resolved line approximation and in the

derivation of the coupled line form of the absorption coefficient.

From its definition it is easily seen that T(t) solves the differen

tial equation;

T(t) = -i/-fi U~kt) Hj,(t) Uo(t) T(t) (4-71)
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with boundary condition;

T(t=0) =U~^(0)UJ0) = U"^(0)Uo(0) = 1. (4-72)

Solving equation (4-71) iteratively yields:

T(t) = (e~^^^ I " ̂(t')H^(t')UQ(t')dt'^^
Writing U^(t) in terms of UQ(t) and T(t) from equation (4-70) and

substituting into equation (4-57) for F(t) one obtains;

~i.WT ^ mm 1 1 ^F(t) = e Tr[pQM'XT~^(T)UQnT)yXUg(T)T(T) (4-74)

Expanding the trace in teirms of states a, b, c, and d gives:

F(t) = e e | u«X j b>
a,b,c,d

<b I T-1(t) I cXc I U'X I dXd I T(t) | a>^^g (4-75)

It is this form of F(t) which is used in the following discussion of

the resolved line approximation.

The applicability of the resolved line approximation or lack

thereof is illustrated by utilizing the approach of Tsao and Curnutte.

[36] Since it is assumed the duration of collisions is much smaller

than the time between collisions (impact approximation) the TDO T(t)

can be expressed as the product of TDO's for individual collisions in

the time interval t, that is;

T(t) =TTt„(t) (4-76)
a

where a is an index of collisions. Consider an individual collision.
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using terms of Tqj(t) through first order, in which case the product of

the last three matrix elements in equation (4-75) become;

<b I I cXc I u-X I dXd I I a> = S^c'^da <b | h'X | a>

+ 6bc <b I y-X I d> <d I I a>

+ ̂ da I '^la I I I

+ <c I ^.X I dXb I T-1 I cXd I I a>

where;

= -T-1 = i/lJ Jq U-l(t)H^(t)Uo(t)dt. (4-78)

It is interesting to note at this point that if H^(t) vanishes

the only term remaining in equation (4-77) is the diagonal term. When

this term is substituted into equation (4-68), via equation (4-75),

there results an absorption coefficient which consists of a delta

function in frequency centered at w^^. The first order terms will be

shown later to contribute only to the spectral line shift and not the

line width, therefore they will be neglected in the following argument.

Tsao and Cumutte argue that for an individual collision starting

at time tp with duration 6 the second order term in equation (4-77) is

given by;

. tn+S 4 tn+'Sj  ° I H „(t) I c> dt J ° e^^da^
<^0 ' to

<d I (t) I a>dt. (4-79)

Since 6 is assumed much smaller than the time between collisions of

type a, to obtain a collision averaged quantity for collisions

of type a the initial time, tg, needs to be averaged over x^. Making

use of the fact that the form of (j(t) is independent of the actual
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starting time, and by making a change of variable of integration in

equation (4-79), the time average is found proportional to;

(1/t^j) ̂  V^^bc'^da^^dt. (4-80)
The above integral for equal to zero is unity and for a non

zero exponent the integral is equal to;

^Kw^c + ̂da)'^a_^
(4-81)

(^bc + ̂da^ ''a

The interaction term H^(t) is assumed independent of vibrational

states since the intermolecular potentials considered here are those

due to permanent electric multipole moments which are a function of

molecular orientation and distance only. Therefore for a zero spin

5]-state diatomic molecule the states a,b,c, and d can be assigned the

total angular momentum quantum numbers:

a: ^ ♦ ^2 ^f * *^2

c: "If J2' "^i' "^2' (4—82)

Using the above notation and noting that the rotational energy depends

only on the J quantum number one can easily obtain:

^bc + 'da = 2Trc[(Ej^ - Ej^) + (Ej^, - Ej^,)] (4-83)
Now note that the individual energy difference terms can take on the

same range of values, those corresponding to AJ = ±1. From this one

concludes that equation (4-83) is either zero or some non-zero

multiple of;

E = 2ttc«2B^ (4-84)

where is the molecular rotational term value constant. Assuming a

multiple of unity and a typical B^ value of 1.5 cm~^, the frequency
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difference term would have a value of 5.6 X 10^^ sec Using as a

collision time that of N2 at a temperature of 300K and pressure of one

atmosphere, = 1.37 x 10"^*^ sec, the denominator of equation (4-81)

is found to have a value of 76.9, and therefore the absolute value of

(4-81) is approximately 10"^ as opposed to 1 for a vanishing exponent.

[46]

The above argument due to Tsao and Cumutte implies one can

ignore, to an approximation, all non-zero values of the energy dif

ference terms for zero spin E state diatomics. This implies = J^i

and , and leads to a formulation of the absorption coefficient

which is the sum of Lorentz pressure broadened absorption profiles,

hence the "resolved line approximation". Although a zero spin E state

diatomic was used in the above argximent the approximation is by no

means limited to just those type molecules. Any molecule whose energy

levels would lead to a situation where (w^c+Wda)^^ is either zero or

a "large" value would qualify for the resolved line approximation.

Chapter III demonstrated that the zeroth order approximation of

the rotational energy eigenvalues of NO for a given J quantum number

consisted of two values. One of these is that belonging to the

electronic state the other belonging to the ̂ '^3/2 state, with the

^113/2 state lying approximately 120 cm~^ higher in energy. The dipole

selection rules on the zeroth order eigenstates forbid transitions

between rotational states belonging to different spin states, that is

between the ^^3/2 state. Hence only energy levels within a

particular subband need be considered. Therefore, from examining the

energy levels of NO one can conclude the resolved line approximation
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is valid for the NO fundamental band in zeroth order. Therefore, the

ATC theory, as given by Tsao and Cumutte for symmetric top molecules

utilizing the resolved line approximation, can be used for the calcu

lation of NO pressure broadening parameters when incorporating zeroth

order NO eigenstates.

The first order eigenstates of NO consist of two pairs of states.

Each eigenstate in the pair has definite parity and is comprised of an

admixture of rotational states of both the ^^3/2 electronic

states. Due to this admixture, two transitions are now allowed in

each subband, each having different ground state parity. Tl\ese pairs

of lines, lambda doublets, are extremely closely spaced, 10~^-10~^cm~^,

and their ground state energies are separated by approximately

— 2 — 110 -1 cm depending on the J value.

Examination of the criterion for the resolved line approximation

does not clearly indicate that pressure broadening effects on the

doublets of NO can necessarily be calculated using the resolved line

approximation. Consider the P(2.5)2^^2 + parity line of NO. From

equation (4-83) the first energy difference term yields a value for

this transistion, of 8.3302 cm~^. The second term could be an energy

difference between the J=5/2, g = 1/2, P = -I state and the J = 3/2, g

= 1/2, P = -1 state in which case it has a value of 8.3893 cm~^. This

leads to a total frequency difference of 1.11 X 10^*^ sec~^. Utilizing

again the time between collisions of N2 molecules of 1.37 X 10"^^ sec

the denominater of equation (4-81) would have a value 1.53 thereby

increasing the value of the integral, equation (3-81), by a factor of

approximately 50.
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2. GERSTEN-FOLEY THEORY

A theory was developed by Gersten and Foley which took into

account the effects of overlapping spectral lines.[9] This theory

has recently been employed by Braun to examine the overlapping effects

of the V2 band of CO2 utilizing only the quadrupole-quadrupole inter-

molecular interactions.[47]

The Gersten-Foley work starts out by assuming a system

Hamiltonian given by;

H = Hg + V (4-85)

where Hq is the unperturbed Hamiltonian and V is a time dependent

collision interaction. The dipole moment operator in the Heisenberg

representation, y(t), which is given by;

y(t) = U~kt)yU(t) (4-86)

is then said to solve the following equation of motion;

dy(t)
= i[H,y(t)]. (4-87)

dt

Since Hq is stationary the above equation holds only in the case that

V(t) obeys;

[V(t), V(t')] = 0 for t t'. (4-88)

Although this assumption is made later in their work the intermediate

results are formulated starting with equation (4-87) (equation 4 of

Reference 47).

Gersten and Foley are able to demonstrate that in the resolved

line approximation their coupled line formulation reduces to a sum of
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Lorentz lines as does the ATC theory. Examination of Braun's work

reveals that in the resolved line approximation his results, based on

the Gersten-Foley theory, yield exactly those of the ATC theory for

the line widths.

3. A COUPLED LINE THEORY UTILIZING THE ATC THEORY

A. Dipole Moment Reduced Matrix Element Differential Equation

This section is the starting point for the calculation of the

coupled line absorption coefficient. No assumption as to the cora-

mutable behavior of the collision interaction is made at this point

nor is it assumed until the introduction of the approximate form of

the collision operator. The starting point for the coupled line

absorption coefficient formulation is equation (4-57) from the ATC

theory. Utilizing this equation together with some of the methods

applied by Tsao and Cumutte an expression for the collision operator

is derived. This collision operator is the counterpart of the S

matrix arrived at by Cersten and Foley.[49] After the development of

the collision operator the work given in this and the next few sec

tions essentially parallels that of Braun with the exception of

allowing for non-J] state diatomic eigenstates.

The F(t) function of equation (4-57) can be rewritten, using the

results of Appendix F, as;

F(t) = je ̂^Tr[pQy'U^^(T)ijUjjj(T) (4-89)
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Since the density matrix is assumed to commute with the TDO U^j^Ct)

(equation 4-51), F(t) can be written;

F(t) = ye ̂^^Tr[pQiI(t)*ii]^yg (4-90)

where p(t) is defined by;

P(t) = U^(t)yu;kt). (4-91)

Note that the operator y is diagonal on molecule 2 states since

y transforms like a scalar with respect to J2. Therefore, with the aid

of Appendix F;

F(t) = (1) Pj (-1)^

J f

^  ̂J2a2^"^i%°'i "^2^2°'2 I I •^f'^f°'fJ2"2"2>AVE
"^2 »^2 '^*2

I y^ I (4-92)

Applying more results of Appendix F;

L  -v.•Ji»Ci
J

^  X rK -iwt ) , Jf-JjF(t) = (j) e / /'-oi l

f,af

Y. ^ '^'^i^i I I I I "^f^f H '^2^2°'2^AVE
'J2'^2"2

<Jfaj I I I'M (4-93)
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1
Since the collision averaged matrix element of p (t) is independent of

molecule 2 states the sum of the Boltzmann factor Pj^a^ becomes unity,

and therefore:

'j...
T,/ N /1\ -iwtF(t) = (y) e

Ji»«i
Jf,«f

1 1 T „ ̂  /T ̂  1 1 .,1OfOi I I p^(t) I I Jfaf>AVE'^'^f°'f I I ^ I I ^i^i^ (4-94)

Now the function F(t) is in terms of the reduced matrix elements of the

dipole moment function.

An expression is now needed for the collision averaged reduced

matrix exlement of p(t) in terms of the reduced matrix element of

p and the collision interaction. To obtain just such an expression

consider the derivative of a component of the operator p(t);

d

(t) = It "o(t) T(t) pj T(t)-1 U-l(t) (4-95)

where Anderson's T(t) TOO operator, defined in equation (4-70), has

been introduced.[6-8] Performing the derivative on the right hand

side yields:

■j—p^(t) = i-tl [pkt), Hq]
dt q q u

+ UQ(t) [T(t)pjT-kt)]U-l(t) (4-96)
The time derivative appearing on the right hand side of equation

(4-96) is now payed close attention. Consider first a change in the

quantity T(t)p^T~^t) in going from time t to t+A;
q

dT(t)p^T~^(t) = T(t+A)p^T"^(t+A)- T(t)p^T"l(t) (4-97)
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rewriting the TDO's this expression becomes:

dT(t)yqT~^(t) = T(t>t+A) T(t)y^(t)T"^t)T~^(t>t+A)

-T(t)y^T"^(t) (4-98)
q

The time differential of equation (4-97) is now collision aver

aged. Since the collisions are assumed random the collision average

in the time interval t to t + A is assumed independent of that prior

to t. Therefore performing the averages separately in equation (4-98)

yields:

d(T(t)ylT"^(t))AVE = [T(t-^tfA)(T(t)yjT~l(t))^Vg T-l(t>t+A)
(T(t)y^T ^(t))AVE^AVE in A (4-99)

Let A^ be a time interval much longer than the duration of a collision

but short enough to allow at most one collision of type a. Then the

probability of a collision occuring in time A^ with an impact para

meter between b and b + db would be given by;

p(dcy in A^^) = nvdoA^ (4-100)

where v is the mean relative speed of the radiator and perturber mole

cules and;

do = 2irbdb. (4-101)

Therefore averaging over the time interval A^ for collisions of type

a utilizing the collision probability of equation (4-101) yields:

d(T(t)uh(t))^y^ = nvAj[T^(t-»-t+-Ag)(T(t)MjT-kt))^^g T-l(t^t+A^)
- (T(t)ylT-l(t))^VE^da (4-102)

The differential equation for li^(t), equation (4-96), is now
collision averaged and the above expression for the time differential
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used to form the time derivative of T(t)u^ Thus the
following equation follows:

^pj(t) = ih [pj(t), Hq]
^ AVE <^AVE

+ nv / [Uo(t)T(t>t+Ag)UQ^(t)lIJU)UQ(t)T"^(t>t+Ag)UQkt)

Applying the results of Appendix G the above equation is put into the

form;

4-pi(t) = i-tf [ul; (t), Hq]
^AVE ^AVE "

+ nv/ [B(a)u^(t)B~ko)- p];(t)]da CA-inA'*
'lAVE ^-AVE (4-104)

where the collision operator B(a) is given by;

B(c) - (e-'« L

Now that a differential equation for u^t) has been found the
^AVE

differential equation for its reduced matrix element is formulated.

First examine the time derivative of a quantity appearing in equation

(4-92):

dF ^ I I J2°'2^2> AVE (^"106)JoaoMo 22 1
^  y-r » Kf T ^ M I 111

^2^*2^2

Since the collision averaged matrix element is independent of molecule

2 states the above expression reduces, with the aid of the

Wigner-Eckart theorem, to:

<lJ^:qM^: J.M.> j

.  dF<Vill^^^Hhf«f> (4-107)
/ 2J^ + 1 AVE
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Consider again equation (4-106) this time using equation (4-104) for

the time derivative of u^(t), and applying the Wigner Eckart theorem,
'^AVE

in which case equation (4-106) becomes:

i w.
f

<lJpqMf I
i

+ 1

Ofa. I I (t) I I Jfaf>
1 1 I ' AVE ' ^ ^

+  I Pj2a2 /<Ji"iV2"2"2 I -1

- pkt) I J-,Mna«>da
''AVE i i i ̂  ̂

(4-108)

The last term in the above expression is expanded by inserting unity

in the form of a sum over intermediate states and applying the

Wigner-Eckart theorem. After expansion equation (4-107) and (4-108)

are equated yielding:

^IJ^qMp j ^

✓ 2J^ +1

iw.
f

dx ^''i il l ^AVE

< IJfqMf I

I  I l'LTT7(t) I I =

i
/2J^+1

<Ji°i I I ' I

J2"2°'2 ^

< IJfqMf I JiM^>

✓ 2J^+1
<Ji«i I I •J f

E ^J^M^ot^sJ2M2Ct2 I ®C ̂  ) j I t otjf IM2 f ct21 ̂  X

Jf ? Mpf ctpi

2 * ̂ 2' ® 2'

^IJjiqMpt I

/2Jj^+l <Ji'°'i' I I Jf'°'f> X

^ I I ctpi J2 IM21^2» I B ^(u) I j£M£(X£J2M2n2^ do (4-109)
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Multiplying both sides of the above equation by (-l)^<lJ^-qM£ | J£M£>,

simming over Mj^ and M^, and rearranging terras finally yields:

IF ̂'^i^'i I I I I = ̂ ^fi ̂ -^i^i I I I I

A( J ,oc^i J^,UjI)O^cx^ j | j | (4—110)

where

ACJ^a^J^a^rJ^.aj^,Jf.a^,) = nv (-l)"^^ ^ ^ P X
2

^ii' "^ff' - ^ <JiM^aj^J2M2a2 | B(a) | JiM|a|j2M2a2> X
'^^f'^f°'f"^K°'2 I JfMfafJ2M2a2:^da X

J2M2®2
f  t i l t

<lJfqM^ I J^M^XlJ^-qMi | JfMf>

q  ̂ ^ /(2J^+1)(21^+1) (4-111)
B. Coupled Line Spectrum

Once a solution is found for the dipole moment differential

equation, of the previous section, the spectrum can be readily calcu

lated. Note that equation (4-111) is a coupled first order differ

ential equation. Letting the indicies a and b represent a set of

quantum numbers {jj^, J^, u^} and { , oij^i » Jf» . "f} respec

tively, equation (4-111) can be put into the form;

IFX^ = i WQ^X^ - I A^feXb (^-112)
b

where

Xa = Oftti I I ul(t) I I Jfaf>. (4-113)
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Writing this equation in matrix form yields;

= (iwQ - A)X (4-114)

where wq is the diagonal matrix:

1  (4-115)

The differential equation is found to have a solution given by;

X(t) = (4-116)

The spectrum can now be calculated from the function F(t).

Substituting the above solution into equation (4-94) yields the

following from F(t):

F(t) = i e Pj (-l)"^f OfUf \ \ u^ \ \ > X
L  I 1 1
JiUi
JfOf

^  I I „1 1 1
f

J

> (4-117)

f.Of,

where the subscripts i and f denote all quantum numbers with sub

scripts of i or f, respectively. Inserting the above form of F(t) into

equation (4-68) the absorption coefficient is found to be given by;

= ̂ 5^ XI Pj.ct. <Jf«f I hM I >^i°JiOi i i
i> X

JfOf

„  r" r (i(Wo-w)-A)t/  Re J-, [e o ]

j£ ?

I  I I I J£iCt£t> (4—118)
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where w is the diagonal matrix given by:

w = wl (4-119)

Performing the integration yields the following form for the absorp

tion coefficient:

, , . 4Tinw \ , ,.Jf-Jj + l f I I I I Jiai> X
Ji^i
JfOf

I  Re[i(Wo-^) - A]"^ -,<-Ji'«i'
i,r.i ,r

(4-120)

•Iff Ol£f

A conversion is now made from frequency, w(sec~^), to wavenum-

bers, m(cm~^). The ideal gas law is also applied in order that the

number density, n, can be written in terms of the partial pressure of

the absorbing species and the temperature. Thus, the absorption coef

ficient is given by;

k(w) = C ^ Pj.a '^i"'*^<Jf«f I I I '^i'^i^
Jiai i i
JfOf (4-121)

y Re[i(w^-w) -G]"^ f,<>^i'«i' I I I
J^iO, i,r.i ,r

where;

P_ a)d
a

3hcV <'"■22)
Pg = absorbing species partial pressure (atmospheres)

d  = 1.01325 X 10^ dynes/cm^/atm

kg = Boltzmann's constant
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and;

G - ̂  A. (4-123)

The matrix G can also be rewritten as;

^ |[^i,i' ,f' ~ Xa <JiMja^J2M2a2 | B(a) | J2 iM2ta2i> X
J2'M2'°2'

^i^f ^J^i Q£i J2 IM210^2' I ® ^ (^) j J£M£0t£j2M20'2 X

I  (-l)q (4-124)

q  / (2Jj^,+l)(2Jf+l)

where Pg is the partial pressure of the broadening gas. Note that

it is assumed Pg>>Pg.

C, Vibrational and Electronic State Considerations

Thus far the vibrational and electronic state dependency of the

absorption coefficient has not been addressed directly. Their quantum

numbers have thus far been carried along through the general quantum

numbers o appearing in equation (4-121). Since this work considers

only the fundamental band spectriun the dipole moment matrix elements

are diagonal in the electronic states, as is the G matrix. For the

electric multipole moment intermolecular potentials considered here

there is no intemuclear distance dependency, only a directionality

dependency. Therefore the G matrix is diagonal on the vibrational

states and thus the entire inverse matrix in equation (4-121) is

diagonal in the vibrational states.
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The vibration and electronic state dependency arises out of the

product of the vibrational Boltzmann distribution function and the

dipole moment matrix elements. The electronic Boltzmann distribution

function is set equal to unity since very few upper electronic states

are occupied in the temperature range considered in this work (300-

lOOOK). Assuming the Born-Oppenheimer approximation and no rotation

vibration coupling the vibrational dipole moment matrix elements of

equation (4-121) are of the form;

<nv^ I p j nv^XnVf | u j nv^> (4-125)

where n is some electronic state quantum number. From Chapter IV-l-D

the dipole moment matrix element for a given electronic state is given

by;

<n I p ) n> = p(Re)R + p' (R^)(R-Rg)R + y p"(Rg)(R-Rg)2L (4-126)

Assume now the vibrational eigenstates are those of a simple harmonic

oscillator as given by Herzberg.[33] The vibrational matrix elements

of the first term of equation (4-126) are diagonal on these states and

contributes only to the microwave pure rotational spectra. This term

of the dipole moment is the permanent dipole moment and appears in the

electric dipole intermolecular potentials later. The second term is

given by;

<Vi I p'(Rg)(R-Rg)R I Vf> = Rp'(Rg)<Vi | R-Rg | (4-127)

and is responsible for the fundamental band since it is non-vanishing

only for | Av | = 1. The last terra contributes to the overtone bands

and is usually small in comparison to the second term therefore it is

ignored. Utilizing the simple harmonic oscillator eigenstates the

matrix element of equation (4-127) is given by;[33,48]



<v. R-Re Vi:>'i I I

90

r*"

e"e
B„R 2

-y 0,^

'^Vf^v^+1]. (4-128)
Therefore the dipole moment matrix element product of equation (4-125)

can be written;

B R 2

<Vi I y ( VfXvf I y j v^> = y'2(R ) ̂  ̂  (v. + 1) (4-129)
e

for absorption.

The results obtained above can now be applied to the absorption

coefficient as given in equation (4-121) thereby giving;

k(w) = Cj I (v^+l) (-1)"^^ ^ "^Jf^f I I I '^i^i^ ^
JiUiVi
JfOf

I  Re[i(wQ-w) -G] ^ <J^iaj^, | | y^ j | Jj»«£!>
(4-130)

J f f CXjf

where

BeRe'
Ci = C-up-y'2(Rg). (4-131)

e

The above equation is now understood to have all electronic and vibra-

tional state dependency removed from the reduced dipole matrix ele

ments. Now note that for microwave spectra equation (4-130) is still

applicable provided y'(R-) is replaced by y(R-) and and B^R ̂  are

dropped.

D. Interruption Function

The matrix G appearing in the expressions for the absorption

coefficient is now the center of attention. The major effort is
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equation (4-124). Expanding the collision operator in equation

(4-105) through second order yields:

B(») = 1 - 1/R i:

j(t')OQ(t')dt'dt.(4-132)
.00 .00 * '

Anderson was able to demonstrate that the commutator term;

LZ il [H^^cj(t),Hj.^jj(t')]dt'dt (4-133)

can be neglected thereby allowing the last term of equation (4-132)

to be written as the square of only one of the integrals. [ 6] Thus

the collision operator can be written as;

p2
B(a) = 1 - iP - (4-134)

and

p2
B(a) = 1 -t- iP - (4-135)

where

P=^/" Uo-l(t)H^ ̂ (t)Uo(t)dt. (4-136)
—CO '

Using a somewhat simpler notation the product of collision operator

matrix elements found in equation (4-124) can now be expressed through

second order as:

<12 j B(a) I i'2'><f'2' I B~l(a) | f2> = 2'

- i<i2 I P I i'2'>'Sf^ft52^2' | P | i2> 6^ ̂ ,62 2'

+ <12 I P 1 i'2'><f2' 1 P I f2> - 1 <12 I p2 | 1'2>6f ̂f, 62^2'

- j 6^^^,62,2' <^'2 I I f2> (4-137)
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The G matrix elements can, with the help of the above results, be

expressed in terms of a collision cross section which in turn is

expressed in terms of the interruption function as given by Tsao and

Cumutte. First note that the Boltzmann distribution function of

equation (4-124) is the distribution of states, that is;

E

e
J2^

'J2®2 ~ Qr(T) (4-138)
where

-Et - /kT
Qr(T) = I (2J2+l)e '^2'°'2 . (4-139)

By introducing the distribution of energy levels P'j given by:

'j2,a2 = (2J2+1^ ^J2'°2 (4-140)P

summing over M2, and using the expansion of equation (4-137) the

matrix element of G can be expressed as;

^(i,f:i',f') " ̂1 I % Oo % a, (4-141)
^2,«2 ' '

where;

<Jj2,a^ = 2TT/S(b)bdb. (4-142)

and:

Fj = P3dv/2TrckT (4-143)

The function S(b) is what Tsao and Cumutte call the interruption

function, since it is a measure of the interruption of the absorbing
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process due to collision, and in this case it is given through second

order by:

SgCb) = 0 (4-144)

S^(b) - i (2J2 + 1)(2J^ + 1) ^f,f'^2,2'
Mi,M2

~ ̂  Mf M2 (2Jf + 1)(2J2 + 1) ^i,i'^2,2' (^"1^5)
S2(b) = S2^f(b) + S2^i(b) + S2^ji(b) (4-146)

^  12^2^2 I I '^2^2*^2^
Mf,M2 (2Jf + 1)(2J2 + 1)

y  y
~ ~ J2. ,021

^i'>Mf' 9
M2,M2i

^^i^^^i'^2^2'*2 I ^ I ^ ^2'^2'*^2'^ ^
I I ^P j Jji t0£iJ2•M2'®2'^ ^

(4-147)

I  t Mj^ t ̂ ^1 I
-V(2J^+1) (2Jj^, + 1) 2J2 + 1 (4-148)

Extensive use of the properties of the Clebsch-Gordon coefficients

have been utilized to obtain the above result [49], Note that use of

the fact that P is Hermitian has been made in order to express the

last matrix element of equation (4-148) as the complex conjugate of

the matrix element of P. The term S2 ^(b) is identical to S2 f(b)

with all f's and i's exchanged.



94

E. Anderson's Cutoff Procedure

The intermolecular potentials considered in this work do not take

into account close range forces. Anderson approximated the close

range potential by a hard sphere collision potential. Consider the

matrix G given by equation (4-124) for a hard sphere collision, in

this case the second term drops out since P vanishes and the only

remaining term is the Kronecker delta function term given by;

G =
,  .,JW(-1) f i ̂ ^i,i'^f,f (4-149)

2TTckT

This imples that for small b the interruption function is given by;

S(b'^O) = 6^ i*'^f f' * (4—150)

Note that the zeroth order terra vanishes leaving only the first and

second order terms to contribute to S(b) for small b. As will be seen

later, the matrix elements of P are real for the interactions con

sidered here and therefore the first order terms are purely imaginary.

Therefore, the only contribution to the interruption function for

small b through second order is the second order term. The approach

taken by Anderson, and applied here also is to use equations (4-146)

through (4-148) to solve for an impact parameter bg which solves the

equation;

^2^^0^ — i''^f f (4—151)

for the diagonal matrix elements of G. The function S(b) is

integrated from bg to infinity and the hard sphere contribution

ivbg^ is added yielding:

2ir/Q S( b)bdbcTTbg6^ ̂ ̂ , 6 j ̂ f,+211 Sj (b)bdb

+2it/J S2(b)bdb (4-152)
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The Anderson interruption cutoff procedure is graphically illustrated

by Figure 4-1.

So(b)

hard

sphere

region

Figure 4-1. Anderson's interruption function cutoff procedure.

For the off diagonal term only the integral of S(b) is calculated

since the hard sphere potential does not contribute to the off diagonal

matrix elements.

4. EVALUATION OF THE INTERRUPTION FUNCTION

A. Matrix Elements of P and

The next task is the calculation of the matrix elements of P and

P^ which appear in the interruption function, equations (4-144)

through (4-148). First examine the form for the matrix elements of P,

equation (4-136), given by;

^ JMjot J2M2Ct2 j ^ j 2 f f ct2^ f U2' ̂2' ̂2' ̂ "

r"' iw* t

l L« H „(t)dt (4-153)
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where;

Assuming o(t) is of the form;

= 2- C Y Y (4-155)
''l''2 ^I *^2

^1^2

where the Y's are the spherical harmonics in the coordinates of

molecule 1 and molecule 2, respectively, the matrix element of P then

becomes;

^ cxj^J2^2'^2 I ^ I ®]^' "^2 ' ^2' *^2' ̂  ~

^(*^1»Jl • » »J2''^2''°'2'°'2'''^l''^2 ' 9l'92^ ^
kik2
^1^2

I  I 1 ^2 1
I  I '^^^£112*^2 I I d2'^2''^2'^ (4—156)

where;

a(J2^,Jj^ i ,otj^,0'j^iJ2»d2' »°'2'^2' *^1' ̂2' ''l' *^2^

1  r iw't ^2= ¥Le (^-157)

The general molecular eigenstates used up until this point are

now specialized to the eigenstates derived in Chapter III for inter

mediate Hund's case A and case B coupling. In this case the a's

represent, p, the partial parity and, g, the subband quantun number.

From Chapter III-6 these eigenstates have the form;

pnSJMg> = \ C(J,g,J2,p) I pnASlJM-Sl>j^ (4-158)
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where g is assigned a value according to the prescription;

g = for C(J,g,S^,p)> C(J,g,fJ',p) for all (4-159)

Therefore a spherical harmonic matrix element of equation (4-156)

has the form;

I  k I
<pnSJMg I Y (e,*) I p'n'S'J'M'g'> =

q

I  C(J,g,tJ,p)C(J',g',n',p') X

k
j^<npASi:jM-J2 I Y (e,<|)) | n'p'A'S'Z• J'M'-fl' (4-160)

Consider now the matrix elements of equation (4-160). Since both

the primed and unprimed states are of the same electronic (ground)

state one has:

j^<npASZJM-Sl I y\9,<|>) | p'n'A'S'Z'J'M' =
Ic6n,n'6s^S, j^<npASZ JM-fl | Y ( 9 ,<|)) | np'A'SZ ' J'M'-fl' >j^ (4-161)

Expanding the parity eigenstates by means of equation (3-1) yields:

j^<npASZJM-n I YJ (9,t|;) | np'A'SZ ' J'M'-SI' =

Y {j^<JMhSlnASZ ( Y^ | J'M'-SI'nASZ>j^ ^A A' "^Z Z'

+ Pj^<JMSln-AS-Z I Y^ | J'M'-,S2'n-AS-Z>j^S_y^ ,6j.,

+p'R<JM-nnASZ I y'^ 1 J'M'S2'nASZ>j^ "^-A ,A'^-E ,Z '

+ pp'j^<MS2n-AS-Z | yJ | J*M'SI'n-AS-Z>6^ ,6j. . (4-162)

As mentioned in Chapter 1-3 the spherical harmonic can be expressed

in terms of a d-matrix as given in equation (1-57). Using this in

conjunction with the coordinate representation of the eigenstates

given by equation (1-67) the matrix element is expressed as follows:
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j^OM-finASE I (Q.cj)) | J'M' 'nASE>j^ =

(-1)

1

... , .. 2
J+J'-Q-i^'+q ✓(2J+1) (2J'+1) 2k+l\

Bn"
X

4u

jd^ (0,(1),i|^) (0,(l),ij;)d^ (e,<l>,>l')d(9,(i),i|)) (4-163)
-q,0 M,Q

Applying the results of Davydov (Reference 14, p. 172) the matrix ele

ment reduces to;

j^Ol^JlnAsE I Y^(e,<|)) I J'M'-Sl'nASE>j^ =

,  T+j.-f2-J1.4q pJ+l)(2k+l)
(-1) y ^ <kJ-qM I J'M'> X

<kJOSl ( J'n'>. (4-164)

Applying the properties of the Clebsch-Gordon coefficients the above

equation becomes:

j^<JM-nnASE I Y^l (6,(1)) | J'M' - n'nAsE>j^ =

j+j._2Ji pJ'+l)(2J+l)
V  ̂-\j 4Tr(2J+i) <J'kM'q I JMXJ'kJlO | Jil> (4-165)

Since the quantum number is positive definite (see Chapter III-l)

and the above matrix elements are diagonal on the quantum number il,

the two middle terms of equation (4-162) vanish.

The two nonr-vanishing tenns of equation (4-162) can be simpli

fied by utilizing the properties of the spherical harmonics and the

properties of the eigenstates under the parity operator. By inserting

unity in the form of the parity operator times its inverse into the

matrix element and using equation (3-2) one finds:
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j^<JM-nnASZ I I J'M'-f2'nASE>j^ =

jjOJ^nnASE I P^PyS^P | J'M*-S2'nASE>j^ =
,  ,J+J'+2S^-k , ic 1(-1) j^<JMnn-AS-E I Y^ | J'M'S^'n-AS-E>j^ (4-166)

Combining the above equation, utilizing some Clebsch-Gordon coef

ficient relations, with equation (4-165) and (4-162) yields the fol

lowing expression for the two nonvanishing terras of equation (4-162);

^<JM-nnpASE I Y^ | J'M'-Q'n'p'A'S'E ' =

"^n,n''^S,S''^E,E' '^A,A' '^S2,S2' 3(J, J',k,!^ ,p,p') X
<J'kM'q I JM> (4-167)

where;

B(J,J',k,fi,p,p') = 1 [i+pp«(-i)J+J'+2Shkj ^

T f + T_ 20

(-1) A(J',k,J,a) (4-168)

and A is the same as that given by Tsao and Curnutte;

A(J',k,J,Q) (-1)'^'-^' <JkQ0|j'J2> (4-169)

The matrix elements of P can now be formulated using equation

(4-156) and the results just derived for the matrix elements of the

spherical harmonics. Thus equation (4-156) yields:

<J2^Mjg2^PjJ2M2g2P2 | ̂ | 'Si'Pj « J2»M2'^2'P2'^

L  Z c(ji >gl»^l»Pl) C( Jj^ I ,g2 I ppj f ) X

91,92

C(J2'^2'^2'P2^ C(J2T ,g2« 2»P2'^ ^

3-(>Jl ,d] '̂ , J2 '*^2' »'^2'^2' ''^l' ̂2 »9]^, 92 ) ̂

8( ,J2 , ,kj ,Pj^, P|^,) 6(J2 ,J2' >^^2'^2'P2 »P2' ̂ ^

<JlfkiMir9i I JjMj^><J2»k2M2»q2 | J2^2^ (4—170)
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where the quantum number represents all other quantum numbers asso

ciated with the i^'^ molecule.

The matrix element of found in equation (4-147) is formulated

by inserting unity in the fom of a sum over intermediate states;

<J2M2aj^J2M20i2 | | J]^Mjaj^..J2M20t2> =

Mj^ct J2ll2^2 1 ^ I ^' ̂2' ̂2' ̂2' ̂ ̂

J2' »^2' ' ®2*
j t Mj t otj^ f J2»M21 ct2» I P I J2M20i2^ (4—171)

Since P is Hermitian (equation 4-136) the last matrix element above

can be re-expressed using;

^dj I Mj I ct f 0*2^2^2 I ^ 1 2^2^2^ "

^2®2"'^2^2'*2 I ^ I "^2 *^1' *^1'*^2^2*^2^* * (4—172)
Now using the results obtained for the matrix elements of P yields:

<J2MigiPi J2M2g2P2 | | •J2^1®l"Pr"^2^2S2P2^ ~

I I I
d2'»82''Pl' '^1»'^2 kp,k2i
'J2'»82'»P2' ^1»^2 <l2'»l2'

^1 '^2 ^ 2'>^2'

l*(d2'"^2' * * • ^12 '*^2' ̂1' ' ^2' ̂ B( f . . .qj^ ,q2 ,q^ I , q2' ) (4-17 3)

where;

D( J2 ♦■^2 ' ' • * *^1'*^2 ''^l' '^2' ̂  ™

^2 >®1'^1' Pi ^ C( I ,g j I ,n ,Pj I ) C( J2 ,g2 »^2'P2^ ^

^(^2 f ,g2« >^2»P2'^ C( Jj jgj" jSljt ,pj^") C( Jj f ,gj I ,f2 jI , pj I ) X

^(•^2'®2'^2''P2^ C( J2 » ,g2» >^2'' P2' ^ ^
a(J2 ,Ji t , OpOj^ I ,J2 ,J2 » >kj^ ,k2 ,q2 »q2) X

"ka (J2 >^2 ' ' ®1" ♦ ® 1' '"^2'"^2''®2'^*2* ♦'^l''^2' ' ̂ 1' ' *^2' ^ ^

S( J2 j J2' '^2'^2' P2 'P2 ' ^ 6( t jk]^ 2^, Pj^,Pj^ I ) X

6( J2 ,J2 » ,k2 jf^i t , Pi" , Pi f ) S(J2 ,J2' '^2' »^2'' P2 »P2' ^ (4-174)
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and;

E

... »CI2 • »<?2' ̂

T  I qj^ I f kj^ I I q 2 I | ^

Mj,,M2,

^«J2 'k2^^2' ̂2 I '^2'^2 ' *^2 ' I *^2^2^* (4—175)
It is easily seen that the Clebsch-Gordon product above vanish unless

qi = q^t and q2 = q2», therefore;

<Jl«l1lPlJ2M2g2P2 I I ■IlMlSr'Pl'"'2"2''2P2^ °

'Jl' jgl'jPl' k2^,k2 kj^i,k2»
'^2''S2'»P2* 51^,^2 ,^22'

qi,q2

D(dl »Jl' » • • • qi>q2»qi»q2^ B(Jj^ ,Jji...q2,q2,q]^ ,q2) (4-176)

3. First Order Interruption Function

The first order terra of the interruption function is calculated

utilizing equation (4-145) as the starting point. The matrix elements

of P, given in equation (4-170), are substituted into equation (4-145),

this yields:

Si(b) = Si^i(b) - S^^f(b) (4-177)
where

i^f f. y T
" (2J2+1)(2J^+1) Ml,M2 kj,k2 '^^'^i'Si'^i'Pi^ ^

^f»^2 ^l»l2
C( j[»Pj^' ) C( J2 ,g2 >J^2»P2^ C( J2 ,g2 »^2'P2^ ^

B( ,1^,kj^ ,f2^,Pj^,p^ I ) 6(J2 ,J2'^^2'^2'P2 >P2^ ^(o^ »?£' » >Pi > ) X

^J^kj^M^qj^ I Jj^Mj|^!>^J2k2M2q2 | >12^2^* (4—178)
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The first order interruption function term Sj^ ^(b) is the same as

Sf ^(b) except that f is substituted for i and the "a" function for

Si^f(b) is given by;

3 = a(g£r,g£,p£» ,p£). (4-179)

Only the off diagonal quantum numbers appear in the argument list of

the "a" function although it is a function of all non-degenerate quan

tum numbers. Examination of the Clebsch—Gordon coefficients indicates

that only the terms where qj^ and q2 vanish contributes to the sum.

Using the above results together with equations (4-168) and (4-169)

j^(b) can be expressed as;

" 4xr2J^+lH2j7Hy V(2ki+l)(2k2+l) X
^  1 M^,M2 kj,k2

^(*^1 »Pj[) C( J ,g£ ? ,pj^ j ) (J2 ,g2 ,^2' P2^ ^

H( ,kj ,pj^,P£ f) H( J2,J2 >^2 ,P2 »P2) »Pj^>Pj^») X

<J^kjf2^0 I I J^M^><J2k2M20 ) J2M2> X

^J2h2^2'^ I >12^2^ (4—180)

where;

H(J,J',k,J2,p,p') = 1 [i+pp-C-D^+^^'+^S+kj (4-181)

and S is the total electronic spin angular momentum.

The sum of the Clebsch-Gordon coefficient over all possible

magnetic quantum numbers appearing in equation (4-180) is now con

sidered. For the case of kj=l the sum is given by;
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I]<J1M0|JM>= Z _ ^ = 0. (4-182)
M  M=-J /J(J+1)

For the case of k2 = 2 the sum becomes;

J

3m2 - J(J+1)
^ <J2M0 I JM> = L -7=z==== . (4-183)
M  M=-J '^(2J-1)J(J+1)(2J+3)

The sum over is found, in Gradshteyn and Ryzhik (equation 0.121-2

Ref. 20), to be given by; [20]

J

Z m2 = i J(J+1)(2J+1). (4-184)
M=-J

Inserting this result into equation (4-183) yields;

Z <J2H0 1 JM> -

= - 2J<J200 I J0>. (4-185)

Higher values of k are not considered here since the intermolecular

potentials utilized in this work can all be expressed with k values of

unity or two.

Therefore, for the potentials considered here only the ones with

kj^ and k2 equal to two contribute to the first order interruption

function. Hence, Sj^ j^(b) can be expressed as

I  ■l2»><Jl20'' I JlO X

Z  C( ,g , Pj^) C(j£,gj^», f2^,p^t) (J2 ,g2 , P2 ) ^
^i,^2

a(gi,gi« ,Pi^Pli ,kj=k2=2,qj=q2='0) H( ,Jj^,2,p^ ,pj. ) X

H( J2 , J2 j2, P2 ,P2 ) ^J£2ir2£0 I ^^022^2'^ j "^2^2^* (4—186)
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and is the same as Sj^ j^(b) with f substituted for i and the

"a" function of equation (4-179).

C. Second Order Interruption Function

Expressions are derived in this section are for the second order

terms of the interruption function as given in equations (4-144)

through (4-148). Employing the matrix elements of derived earlier,

equation (4-17 3), the term S2^j^(b), given in equations (4-146) through

(4-148), can be written as:

=...<« .5; .1. E
i"Si"Pi" 9i>q2

'^2"®2"P2" h2ik2f il£,,!i22"

C(J^.i,g^.t ,J2j^,Pj^.t) C( J2 ,g2 »^2 »P2^ ^

C( J2" ,g2" >^2 ' P2" ̂ C( ,gj^I ,S2 t , p£» ) C( Jj^ti ^I j ..) X

C(J2'§2'^2"'P2^ ^

C( J2" ,§2" »^2" ' P2" ̂ S(J2» >12"'^^2'^2'P2'P2" ̂

6( ,J ,kj j ,Pj^, Pj^..) 8( •• ,k^ t , Pj^ t , Pjl^") X

8(J2 ,>J2" jk2« »^2" »P2 'P2" ̂ X

^^'^i,'"^i"'®i'®i"' Pi ' Pi "'"^2'"^2"'®2'®2" ' P2' P2" ®»9 ̂ ) X
a (-Jj^, , qj^ f ,gj^", Pj^ t , Pj^ ••, >12 »>l2"'82 »82" ♦P2'P2" ^

"kjMj^^qj^ I J"kt "q^ | X
Mi .M2
Mi •• ,M2"

^*12*• k2M2"q2 | >l2M2^^>l2"k21M2»q2 j >l2M2^ (4—187)
Utilizing the orthogonality property of the Clebsch Gordon coef

ficients, the sum of the product of Clebsch Gordon coefficients

appearing in equation (4-187) can be reduced to:
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(2J^+1)(2J2+1)
^k2'k2. (2k^+l)(2k2+l) * (4-188)

The product of the 8-functlons can also be rewritten by using its

definition from equations (4-168) through (4-169), thus;

3(J ,kj^, ..) 3( jkj jSl , Pj^, , p^..) =

2kj+l
H( ,J^.. ,kj , p^ , Pj^..) H( jPj^i ,Pji ..) X

OikifJiO I 0 j (4—189)

and;

3(J2 »>J2" '^2 '^2' ̂2 ' ^2" ̂ 3 (J2 > J2"' ̂̂ 2'^2" ' ^2 ' ^2" ̂

2k2+l
H( J2 ,J2" »k2 ,P2 ,P2" ) H( J2 ,J2" ,k2 ,P2 ,P2" ) X

^J2k2^2^ I d2"^2^^^2^2^2"^ ! *^2"^2"^* (4—190)

Therefore upon applying equation (4-188) through (4-190) S2 ^(b),

as given in equation (4-187), becomes:

^2,i(^^ " 327r2 ) ) ) C( ,gj,1:2 p^) X
i"gi"Pi" kik2-  - — * *- i * 2

C( J^" ,g^»,S2£,Pj^M) C( Jj^t. ,g^.. ,f2^, p^„) C( J2 ,§2 »^2" 'P2^

^(d ,gj^ T , T , p^ f ) C( J2 ,§2'^2' ̂2 ̂ C( J2" >§2" 2' ^

C(J2",g2"»^2"'P2"^

a  ,g£,gj^",Pj^ ,P£" ,J2 ,J2" >g2»S2" ♦P2» P2" ^

a(J^ ,Jj^.. ,g^t ,g£" ,Pj[^ f , Pj^.i ,J2 ,J2" ,g2 >g2" »P2 »P2" ®,q ®) X
H( ,Ji.. ,ki ,Pi ,Pi..) H( ,k]^ , pj^i , p^ ••) H( J2 , J2" »k2, P2 ,P2" )

^(^2 5^*2 ,k2 ,P2 »P2*0^d^k ^0 I 10 |

<J2k2f220 I d2..J22>'^d2k2J22"0 | J2"f22"> ^f,f' ,J^, (4-191)
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The expression for $2 f(b) is identical to that of $2 ̂ (b) with f

substituted everywhere for i.

The middle term of the second order interruption function is

somewhat more complicated. Substituting the matrix elements of P

calculated in equation (4-170) into the expression for S2 ̂ Cb),

equation (4-148), yields:

I  E[I I X
^i»»MfI M2,M2» kj,k2

d  , Pj^) C( I ,gj^ f ,Pj^ I ) C(J2,g2» ^2'P2^ ^

C( J2' »g2' »^2 ' P2 kj^ »Pj^, Pj^ t) 3(J2,J2' > ̂ 2 2 > P2 »P2' ̂ ^

,g^, g^» , p^ , Pj^ I ,J2»d2i jS2'S2' ' P2 ' P2 ^ ^

^d Ikj I q2^ I I k2M2»q2 | d2M2^| ̂
X I ̂(d£» ,g£t,S"ii£,P£|) X.Jl£,il2' k2»k2t

»<l2'

C(df ,g£,Sl£,p£) C( J2 » ,g2» >^^2'»P2'^ C(J2,g2»^2'»P2^ ^

8(d£ I, J£ jk^ T , P£ f , p^) 3(d21 ,d2 ,k2 ,^l2' > P2' »P2^ ^

a(j£i , ,g£t ,g£, p£i , p£ ,J21 ,d2 ,g21 ,g2,P2'» P2 A ̂ »<1 X

^J^k^iM^q^i j IMjt^^J2h2»M2^2' I d2'M2'^ ^

<ldf,qMj, I J^.Mj.XlJjqMjf | d2^M£>
(4-192)■y(2j£+l)(2J2^,+l) (2J2+I)

Equation (4-192) can now be reduced by applying the properties of

the Clebsch Gordon coefficients. The Clebsch Gordon coefficient pro

duct appearing in equation (4-192), involving molecule 2 quantum num

bers, can be shown to obey the equation:
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^^2*^2^2*^2 i *^2^2^^*^2^2^2^2' I *^2*^2'^ ~
^2 '^'

^  . , ,s^2-h''^2 V<2J2+1>(2J2, + 1)
q2« ,-q2 k2,k2,^~^^ 2k2+l (4-193)

Sustitutlng the above result into equation (4-192) and performing the

sum over kj^, and qj^t, allows one to extract the following term;

Ikj^M^f q2^ j IMj^q2 • j X
q

,Mf,

<lJffqMf, I J^tM^XlJfqMf | Jj2M2>. (4-194)

Four equations in the magnetic quantum numbers must be simultaneously

satisfied for each non-vanishing terra in the above sum. These

equations are given by:

Mii+qi=Mj: q + Mfi =M2^,

Mf + q^i = Mf, q + Mf = (4-195)

Solving these equations leads to the condition;

qi' = -qi- (4-196)

Thus one is left with four equations and six unknowns, hence only two

of the unknowns are independent. Letting and q be the independent

variables, the sum of equation (4-194) can be written with help of the

properties of the Clebsch Gordon coefficients as:

Q =

(2Ji+l)(2J2^,+l)'1/2
(-1) Zj <JflMfq I J2Mf+q> X

Mf,qj:2k2+l)(2k2t+l)

<Ji-Ji»Mf+qqi-Mf-q | k^q^XU^iq q^-Mf-q | Jf,q2-Mj> X

<JfJf.Mfq2-Mf I k2q2> (4-197)
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The sum of the Clebsch Gordon coefficients can now be expressed

in terms of a Racah coefficient. First note that the sum in equation

(4-197) has the form:

1  <abae I ea+8><eda+8 Y-a-3 ( cY> X
a,3

<bdey-a-3 j fY-aXafay-a | c'Y> (4-198)

By multiplying equation 19 of reference 50 by the Clebsch Gordon coef

ficient <afaY-a | c'Y> and performing a sum over a yields;

I  <aba3 ) ea+3><eda+3Y-a-3 ) cY> X
a,3

<bd3Y-a-3 ( fy-aXafay-a | c'y> =

''(2e+l)(2f+l) W(a,b,c,d:e,f) (4-199)

where W is the Racah coefficient. Applying the following equation

obeyed by the Racah coefficient (equation 42, p. 116, Ref. 5);

W(a,b,c,d:e,f) = (-1) W(e,a,d,f:b,c) (4-200)

and substituting equations (4-199) and (4-200) in equation (4-197)

yields the following final form for Q:

J^.+Jf+q^-l-ki

(2J^+1) (2Ji, + l)

(2ki+l)

W( ,J^f ,Jf f : 1 ,kj^) (4—201)

Now the only remaining term to be considered in arriving at a

general expression for S2 ,j(b) is the product of 3 functions appearing

in equation (4-192). Utilizing the definition of the 3 function from

equations (4-168) and (4-169), the product can be written in terms of

Clebsch-Gordon coefficients as:
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B( J ,J I) B(J2 ,J2 f»1^2' P2 '^^2' ̂

6(J^i , j£ jkj^ ,S^£,P£t , p^) 6(02? ,J2 >1^2 ,^^2'' P2''P2^ ~

(2ki+l)(2k2+l)
^  ?0 > Pj^ ? Pj^ ? ) H(0^2'*^2''^^2'^2'^2'^ ^

H( ? >0£,kj^ »P£? >P^) H(0^2? 5^2 >^2*P2' *P2^ ^kji^^^0 j 0^10 X

<JfTk^!:2^0 I j£Oj><J2k2O20 | J2i02><J2rk2f22'° I (4-202)

Thus utilizing equations (4-192), (4-201), and (4-202) the S2 ni(b)

terra can be expressed as:

Y  Y Y. C(Ji,gj,!!j,pj) X
9i»q2 0£,n2t

C(Jj^i »gj^» ) C( J2,g2?^2'P2^ 0(02? ,g2' ?^2»P2^ ^

C( Jf f ,gf t ,n^, pf t ) C( J£,g£,f2^,p£) C( J21 ,g2« ?^2' ' P2' ̂ ^

C( J2 ♦§2 '^2' ♦ P2^ a(Ji ' ,S± *S±» > Pi ♦Pi» ^02 •'^2* 'S2>S2' >P2 ' P2' '

l^i ^1^2 •''l'^2^ ^
a(Jf I , Jf ,g£? ,g£ ,p£i ,Pf ,J2 ' ♦ J2 '§2' >®2 'P2' P2 ''^l '^^2 ♦"''l '"92^ ^

H( J21 , J2 >k2, P2 ? ♦ P2) H(di ♦ JiI ,kj , pj^,Pj^ ? ) H( J2 ♦•12 ' »^^2' ^2 'P2' ^

ll(d^f ,d^,kj ,p^I , p£)K.J^kjJ^jj^O j d^?,52 f k2^52^0 j d^52 X

<J2k25220 I d2t522><d2k2522'0 I d2i5^2*> (4-203)

5. INCLUSION OF THE INTERMOLECULAR POTENTIALS

The a function appearing in the expression for the interruption

function, equations (4-191), and (4-203), now contains all the

intermolecular potential information. The various a's are calculated
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in this section for the four most considered intermolecular potential

used in pressure broadening calculations; the electric dipole-dipole,

dipole-quadrupole, quadrupole-dipole, and quadrupole-quadrapole

interactions. The a functions derived in this section will be general

in that they can be used for calculating both diagonal and off diago

nal G matrix elements. Diagonal matrix elements correspond to the

resolved line approximation and the off diagonal matrix element are

necerssary for coupled line calculations. A more exhaustive list of

interactions and their associated interruption functions, for the

diagonal or resolved line case only, is given by Robert et al.[50]

Much of the material utilized for the calculation of the coupled

line interruption function given here is obtained from Tsao and

Curnutte who worked only in the resolved line approximation [8]. For

brevity only the main points of interest are covered here as well as

derivations from the specific case of the resolved line approximation

considered by Tsao and Cumutte. The classical path, or straight line

trajectory, assumption is again made together with the assumption that

only binary collisions occur.

A. Dipole-Dipole Interaction

The dipole-dipole interaction is given by

A  A

^1*^2 ~ 3(iIj*R) (il2*R)
p  (4-204)

where is the permanent dipole moment of the radiating molecule and

U2 is that of the perturbing molecule. The vector R points from

molecule 1 to molecule 2 as illustrated in Figure 4-2.
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Figure 4-2. Intermolecular potential coordinate system.

In the classical path assumption the distance R is a function of the

impact parameter, time, and mean relative speed given by:

R = /b^+v^t^ (4-205)

The angle ip is also time dependent through the relations;

cosil) = b/R (4-206)

and;

sini|) = vt/R. (4-207)

Utilizing these equations the potential term H^y(t) can be rewritten

as;

UiU1M2
sintcos\|)T2 + cos^\|)T3) (4-208)

where TpT2, and are functions of the spherical polar coordinates

describing both molecule 1 and molecule 2. Expressing the T's in

terms of spherical harmonics, in the coordinates of both molecule 1

and molecule 2, the expression for Hyy(t) in equation (4-208) can be

put into the form:

^1^2
^1^2

kj

^2
(4-209)
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For the dipole-dlpole interaction only the terms with both k|^ and k2

equal to unity contribute to the sum. Note that equation (4-209) is

of the assumed form of the intermolecular potentials used in deriving

the interruption function, equation (4-155).

The "a" function as defined in equation (4-157) can now be calcu

lated using the form of the dipole-dipole interaction given above.

Tsao and Curnutte [8] have performed the time integral appearing in

equation (4-157) for the case of the dipole-dipole interaction, which

leads to the following form for the "a" function;

a(Ji,Ji,,ai,an,J2,J2f ,ot2jO'2''^»^'9i>92) ~

ii ^,1 1 (k)
3  hv b2 (4-210)

where;

- T + ®J2C.2 - Ejj.ci, - )• ('(-Z")

The B's of equation (4-210) are expressed in terms of the modified

Bessel functions of the second kind and are repeated here for con

venience, from the work of Tsao and Curnutte; [8]

3Kj( I k I )
BI.I fX] I ''! ) 8i.o - ( hi '

K2( I k I ) k
®1,-1 pq K2(|k|) = - /TpqKj ( I k I )

2Kj( I k I )
®0,0 pq 2K2 ( I k I ) (4-212)

where;

1,1 1,1
B  = B (4-213)
~9l>"92 9i>92

p y
Note that the B's are real, therefore ' (b) is real also.
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There is no contribution to the first order interruption function

from the dipole-dipole interaction. This is easily seen by noting

from equation (4-182) that only potentials where both and k2 are

equal to two contribute. Therefore of the four potentials utilized

here only the quandupole-quadrupole interaction contributes to the

first order interruption function.

Consider now the dipole-dipole second order interruption function

Si 2(b). Since kj^ and k2 are both unity the sum of the product of

the "a" functions appearing in the expression for 82 j^(b), equation

(4-191), is given by:

Sum = y

^(J±>J±">S±fS±"fP±>P±" »^2 'S2" »P2 »P2" ^ '"'l ''^2^ ^

^ ̂ "^i »'^i" '^i' »Pi' »Pi" »>l2 '■^2" '^2'^2" »P2 ' P2" ' ^ ^ ' ''l '92^ ^4-214)
Utilizing equations (4-210) the above sum reduces to;

Sum =
16Tr2 /^1^2\2 ^a'^3 \ n n

hv

till
where;

k„ = I a I b kg = I 3 I b (4-216)
and;

^^JigiPi ®J2g2P2 ^>^i"gi"Pi" ^d2"®2"P2"

^ ~ ^^Jigi'Pi' ^J2^2P2 ~ ^-^i-'Si-Pi" ~ ^J2"S2"P2"^^^^' ^^"217)
Defining the sum over q^ and q2 of the B's appearing in equation

(4-215) as the function gi(a,3,b), s'^^(b) can be expressed as;
2,i

= S^cJ^ ^ X! E Bi(l,l)gj(a,8,b)
^2"^2"P2" (4-218)

2
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where

Si = (4-219)

MU uy 4

1 "f '9 ^ , (4-220).  I

and;

— C( ,Pj^) C( M,g£It,fi I.)C(J2>§2'^2'^2^ ^

C(J2".g2"."2'P2") C(Ji,gi',Oj^',Pi') C(Ji",gi",n^',Pi")

C( J2 »g2 »^2" »P2^ C( J2" ,g2" »^2" »P2" )^(»^i»'^i" j'*-! »Pi »Pi")

H( , J^ii ,kj^, Pjl^ I , p^ ") H( J2, J2" »k2, P2 >P2" ) H( J2 , J2" >'^2 'P2 ♦P2" ^

I J f 0 I iiO^f ^^d2k2^20 | J2"^2^ ^

<J2k2^2"° I J2""2"^* (4-221)
The expression for S2^f(b) is identical to that of f(b) with the

exception of all i and f subscripts are interchanged.

By using the B's of equation (4-212) and applying the recurrence

relations of the modified Bessel functions the function gj(a,3,b) was

found to be given by: [20,51]

2 2
k^jkg 4a 3gl(«,0,b) =-^ [K2(k„)K2(k3) +p^ Ki(k^)Ki(k3)

+ 3Ko(k<j)KQ(k3)] (4-222)

Evaluation of the middle term of the second order interruption

function, S2^^(b), differs basically from that of S2 j^(b) only in the

sum of products of the "a" functions. For the case of S2 ni(b)»

equation (4-203), the sum of the "a" functions is given by

Z (-l)^l+''2
Ql .92

a(Ji,Ji» ,gj^ ,git,Pj^ ,Pj^ I, J2,J2' ♦g2 »^2'P2 'P2' ^ ^ »^1 »^2^^

a(j£i,j£,ggf,g£,p£t,p£,J2»J2,g2'.g2.P2'»P2»^»^»~'^l»~''2^ (4-223)
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The alternating sign in the sum effects only the terras where q2+q2 is

odd, but this is negated by reversing the primed and unprimed quantum

numbers of the second "a" function of (4-223). Thus by utilizing

equation (4-213) the above sum can be shown to be equal to that of the

(b) term. Therefore for the dipole-dipole interaction S9^_(b) is
Z y 1. ^ , lu

given by;

^2^^^ " C Y. Y B^(l,l)gi(a,e,b) (4-224)

where

° f ̂h^^ ̂  ^ ✓(2J^+l)(2Jf,+l) (4-225)
and;

®m^^l''^2^ ~ C( ,J^£,Pj^) C( ,gj^» t )C( J2 ,g2 »^2'^2 ̂ ^

C(J2' »S2' »^2'P2^'^^'^f' '?^f' ^

C(>J2' '^2* »^2' >P2'^^^'^2»®2'^2''P2^®^'^2' »'i2♦'^2'^2* '^2^ ^

H( ,J j ,pj^ ,Pj^ t )H( J2 ,J2» .1^2,P2 »P2' )B( jkj^,p^» ,p^)
j  I I j j£Q£^^sJ2k2^2^ | ^2x^2^ ^

*^'^2'^2^2' I "l2'^2'^ W( t I ; 1,kji ). (4—226)
Evaluation of the matrix elements of G necessitate the calcula

tion of the integral of S(b) given by equation (4-142). For $2 ^(b),

^2 f^^^» ^2 m^^^ integral of the b dependent terms reduces to;
00

b"3gl(a,$,b)db = xb2Gj(a,g,bo). (4-227)
Therefore one has;

2Tf/" ,(b)bdb =
bo 2,i

xb2 ^ X! Bi(l,l)Gi(a,g,bo) (4-228)
j2"g2"P2" Jj^"Pj^"g£"

^2'^2"
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likewise for $2 f(b), and;

ZirC (b)bdb =

"•oC T. L B^d.DGiCo.S.bj,) (4-229)
^  4^2 '^2'

It now remains to consider the functions and appearing in

dipole-dipole interruption function. The function gj^(a,g,b) is given

in equation (4-222) and it exhibits the following properties;

g^CO.O.b) = gi(o,g,0) = 1, (4-230)

kg
gj,(0,3,b) = j-K2(ke), (4-231)

and:

ka
gj(a,0,b) = j-K2(k„) (4-232)

Note that for diagonal matrix elements of G, a and 3 are identical and

gj^ reduces to;

k'+

fl(k„) = gi(a,a,b) = [K2(k„) + 4K2(k„) + 3K2(k^)]. (4-233)

The function fj^(kQj) is that found in the interruption function s!^^(b)

of Tsao and Cumutte [8] for the resolved line approximation. The

function G2(a,3,b) was found to be somewhat more involved. Listed

below are the forms of G^ and some of its properties where a and 3 are

assumed to be distinct:

k2 k2
a  3

" 8(6^)' '
+8a3[K2(k„)Ko(k^) - K2(kg)Ko(k(j) ] + 632Ko(k„)K2(k3)

- 6a2KQ(kg)K2(k„) - 6(32-a2)Ko(kg)KQ(k„)} (4-234)
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a

Gi(a.-a.b) = — [Ki(k„)K3(k„) - 4K2(k„)Ko(k„) - K2(k^)

+ 7K2(k^) - 3K2(k„)] (4-235)

Gi(a,$,0) = G^(0,0,b) = 1 (4-236)

Gj(0,6,b) = kgKj(kg) (4-237)

Gj(a,0,b) = k^Kj(kQj) (4-238)

Note again that for diagonal matrix elements of G a and 8 are iden

tical and G]^ becomes

k^
Fi(k„) = Gi(k„) = ̂  [K3(k„)Ki(k„) + 4K2(k„)Ko(k„)

-K2(k„) - K2(k„) - 3l^(k(j)]. (4-239)

This is the function quoted by Tsao and Curnutte [8] which appears in

the integrated interruption function for the dipole-dipole interacion

in the resolved line approximation. Figures 4-3 and 4-4 illustrate

the behavior of gj^ and G^ , respectively.

B. Dipole-Quadrupole Interaction

For the dipole-quadrupole interaction, molecule I's dipole

interacting with molecules 2's quadrupole, the Hamiltonian is written

as:

3 ̂ 1^2
~ (ijrQ2>(^*Q2>+5(R'yi)(R-Q2)^} (4-240)R

The quadrupole moment is assumed to be the linear quadrupole moment

component. As done with the dipole-dipole interaction the a function

can be expressed as
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a(Jj ,Jjt ,apa^, ,J2,J2i ,0.2,0.2^ ,l,2,q^,q2) =

/5 , 2 , ,
TT—

The B's have been calculated by Tsao and Cumutte [8] and are

repeated here for convenience;

k  ̂1 M ̂ h
®i,2 =firf -%( I k| )]

k  ̂1M ̂  P
®1,0 =fT] -'^K2(|k|)]

k  P P
®i,-2 =nrr ̂ "TF'— K,( 1 k 1 )]

k  ̂1 p p—p^i— -2/TK2(|k|)]

K2( I k I )
®1,1 = 10 1^1 - 2K3( I k I )

K2( I k I )
®1,-1 " ̂ \lt\ " P P

K2( I k I )
®0,2 = 5i/y I I - /2K3 ( 1 k I )

and;

K2( I k I )
®0,0 = 6/3 I I— - 2/Tk3( I k I ) (4-242)

where;

b1,2 = b1,2 _ (4-243)
~<li »~<l2
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As before, the B's are real and therefore S2(b) is real as they are in

the two remaining potentials to be considered. The sum of the product

of "a" functions as given in equation (4-191) appears again and this

time the sum is given by;

Sum =

128Tr

45 hv
(4-244)

where g2(oi,3,b) is defined by;

gzC-.S.b) ^ (k„) (kg). (4-245)
91.929i,92

Substituting the sxim derived above into equation (4-191) yields

the following form for the dipole-quadrupole interaction contribution

to S2 ̂ (b);

S5;Q (b) .

s.,c
i^

yo
i Z  I I B^(l,2)g2(a,3,b) (4-246)

^i' >^2'

where;

CU Q

.y Q/

45

yi02

hv
(4-247)

Again S^ f(b) is identical with S2'i(b) for all i and f subscripts

interchanged. Since equation (4-243) is still obeyed, the same argu

ments used to show that the sum over qj^ and q2 appearing in S2'^(b) is

the same as that of S2'^(b) apply here also.
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Therefore;

where;

-^(-l)'^i'"^"^f''^^ / (2Ji+l)(2Jf, + l) (4-249)

The integrated second order dipole quadrupole interruption function as

needed for the calculation of matrix elements of G, equation (4-142),

is given by;

2tt/" S, ?(b)bdb =
bo

""o' SiCf Q 7 Z Z„ ®l,2(l'2)G2(a,3,b) (4-250)
J2"g2"P2" "gj^ "P^ •• Jl£,Sl2

'»^2"

likewise for S2 f(b), and;

2^:1" 2(b)bdb =
bQ

^^0 C; ̂  X! Z Z Rn,,2(1.2)G2(ct,3,b) (4-251)
J2'S2'P2' 2 ^ f̂  2'

From the definition of g2, equation (4-245), and the form of the

B's in equation (4-242) the following form and properties of g2 and

G2 can be derived:

1 3 3
,  , . . . a3§2^°''^'^^ ~ [K3(kjj) K3(kg) + ̂ j j ^2^'^a^^2^^3^

ag+ 15 K^(k„)Ki(kg) + 10 |-^K^(k^)KQ(k3)] (4-252)
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3 3

' i92(»2-e2) t f "B I tK4(k„)K;2(kj)-K2(k„)K4(kj)J
+ 9ae [K3(K^)Kj(k3)-Kj(k^)K3(k3)]

+ 45 I ag I [K2(k^j)KQ(k3)-Ko(k^)K2(k3)]

+30 ae[32KQ(kjjj)K2(k3)-a2KQ(k3)K2(k^)

+(a2-32)Ko(k„)KQ(k3)]}, (4-253)

k ^
G2(a -a,b) = {K4(k^)K2(k^)-6K3(k(3^)Kj(k^j^)

64

+ 15 K2(k(^)KQ(k(j) - K3(k^)+6K2(kj,)-25Ki(k^)

+ 10 K^Ck,^)], (4-254)

kâ  2,, 2,
g2(a,a,b) = f2(ka) = [K3(kc^)+6K2(k„)+15Ki (k„)

+ 10 K^(kQ^)], (4-255)

k6
G2(a,a,b) = F2(ka) =-^ [K4(k^)K2(k(j)+6K3(k^)Kj(k„)

+ 15 K2(k„)KQ(k„)-K3(kj,)-6K^(kct)-5Ki(kj,)-10K^(k„)] (4-256)

g2(0,0,b) = g2(a,3,0) =- 1 (4-257)

k3
g2(0,3,b) =-^K3(k3) (4-258)

g2(a,0,b) = g-K3(k^) (4-259)
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G2(a,B,0) = G2(0,0,b) = j (4-260)

2

kg
G2(O,0,b) = — K2(k3) (4-261)

G2(a,0,b) =-^(k^) (4-262)

The function f2(k) and F2(k) are those arrived at by Tsao and

Cumutte [36] in the resolved line approximation, a=P , for the dipole-

quadrupole interaction. Figure 4-5 and 4-6 illustrate the behavior of

g2 and G2 respectively.

C. Quadrupole-Dipole Interaction

Formulation of the quadrupole-dipole interaction parallels that

of the dipole-quadrupole interaction. The collision Hamiltonian for

this case is given by;

3  ̂2^1

A  ̂ A ,N A A

(-(R« P2)-(Ui'y2)(R* ̂1)+5(R* ̂2)(R* Vi)^}. (4-263)

As with the dipole-quadrupole interaction the a function becomes;

3(^1 ,Jj^ I jOj f , J2 ,J2 f ,®2»®2' ~

/5, U20i 1(3 2 1

- T5—hJ- p- (''-2"'

where kj^ is now two and k2 has the value of one. The B's are those as

given in equation (4-242) with the kj^ and k2, and qj^ and q2, indices

interchanged.
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Proceeding as before, quadrupole-dipole interaction contribution

to the second order interruption function is found to be given by;

s^:j(b) = I I I

^ f j^2*'

®i,2(2,l)g2(a,6,b) (4-265)

and;

q'^'^ /UN _ pOV*

I  I I B^^2(2,l)g2(«.3.b). (4-266)
vJ2 ' S2' P2' f2^f22 2'

where;

4"' T5 tr
and:

Ou 8 ^2*^1 ^ 1 '
V -Ist-hF-' ' A2Ji+l)(2J^l) (4-268)

The integral over the cross section of these functions likewise follow

those of the dipole quadrupole interaction;

2Tr/s5^^(b)bdb = irb^ ^ Z! ^
^ » ,^2"

8^^2(2,1) 62(0,e,b) (4-269)

and:

2TT/s^^^(b)bdb = TTb2 X

I  I I
'^2*^2*^2* ^f^'2 ®in ^2(0,3,b) (4—270)
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D. Quadrupole-Quadrupole Interaction

For the case of the quadrupole-quadrupole interaction the colli

sion Hamiltonian is given by;

•J Ql ^ A, A, A /\

16r5 ~ 5(R'Q^)^-5(R*Q2)^+2(Qj«Q2)^
A  A A A A A A

-20(R* Qj)(R'O2)(0^-Q2)+35(R'Qj)2(R.02)^]. (4-271)

Proceeding as before the "a" function is found to be given by

a(Jl ,Jj ? ,aj^ ,aji ,J2 ,J2» »2,2 ,qj ,q2) =

^ Q1Q2 2 2
Pr8<,i,2<'=> («-272)

The B's have been calculated by Tsao and Cumutte and are given by:

K2( I k I ) KoC I k I )
B99 = 35 1. 1, 14 -nri + K4( I k I )

k

K2( I k I ) K3( I k I )
®20 " I I 2 ~|ir| + /6 K^C I k I )

K2( I k I ) KgC I k I )
®2,2-3-r^p «-|-r] +K4(|k|)

KjC I k I ) K3( k I )

"^"TTP "TTT -+'^K4(|k|)
K2( k ) KoC k )

®1.-1= ̂ ^"[Tp +^K4(|kl)
K2( I k I ) KoC I k I )

Bo,2 = 5/r I ' 8/6 -pp + /6 K^( I k I )
K2( i k I ) KgC I k I )

k
®0,0 = I , I 2 Tir' + 6 K^C I k I )

k  ̂ I ^ I I®2,1 = |ir| [" \T] 2 KgC I k I )]
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,  K2( I I )
»2,-i-pr| '"'-pn +2K3(|k|)l

k  I "I'
®1,2 =rk| |k| ^■2K3( |k| )l

k  I ^ I )®1,0 = pr| ^ 2 /6 KgC I k I )]
k  K2( I k I )

^1,-2 =fX| 2
and

k  K2( I k I )®0,l=fT| f-6^ [iq +2/6K3( |k| )] (4-273)
where;

« 2 2 2 2 , ,
■ »-<.!.-.2-

For the quadrupole-quadrupole interaction both k^ and k2 are

equal to two. From Chapter IV-4-B this implies there is a contribution

to the first order interruption function as well as the second order

contribution.

The first order contribution is calculated from equations (4-179)

and (4-186) utilizing equation (4-272) for the quadrupole-quadrupole

"a" function. Thus the first order term Sj^(b) is found to be given

by;

Si(b) = I go(l^a)-Cl,f I Bl.fgO^^a)] (^"275)

where;

3Q1Q2
"1 - """W
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J2Ji

^1,1 = (232+1) (2J,-hi) <-^2200 | JzOXJiZOO | JiO>6f (4-277)

- C( , g£ )C ( ,g£ t r ) X

c2(J2,g2>^2'P2^®^^i''^i'2»Pl»l'l'^^^'^2''^2'2»P2'P2^ X

<Jj^2fl^0 I 3^51^X322^20 | J2^2>- (4-278)

go(k) = [K4( I k I ) + 4K2( | k | ) + 3Kq( | k | ) (4-279)

k„ =|- [E(3i,gi,pj^)-E(3i,gj^,,Pi,)] (4-280)

and;

V  1
P  [E(3£,g£,p£)-E(3£,g£t ,p£»)]. (4-281)

The terms Cj^ £ and £ are identical to those of Cj^ £ and Bj^ ^ with i

replaced everywhere by f. The cross sectional integral of S£(b),

which appears in the matrix elements of G, is given by;

2Tr/S£(b)bdb = iTTb^DjtCj i I £Go(k„)
'  "i.^2 '

— 0£^£ (4—282)

where;

Of >512

Go(k) = ̂  [Ko( I k I )+2 I k I Ki( I k I )+3K2( | k | )]. (4-283)

As with previously considered interactions, calculations of the

second order interruption function terms S2 ^(b), S2 f(b), and

S2^jj(b) necessitates evaluation of the sum of products of "a"
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functions found in equation (4-191). Using equation (4-272), for the

quadrupole-quadrupole "a" function, this sum of products can be

expressed as;

Sum

where:

32 2 ̂ 1^2 1 , „
25" ̂  -p-SsCf.S.b) (4-284)

2 2

9192

(4-285)

Substituting equation (4-284) into equation (4-191) yields the

following form for the quadrupole-quadrupole interaction contribution

S2,i(b);

S^^i(b) = s^q^^ I I I
^2"82"P2"

^ ,^22'

Bi(2,2)g3(a,0,b) (4-286)

where;

QO
/Q1Q2I

25 hv

1
(4-287)

As before, S2 f(b) is identical to S2 ̂ (b) with f substituted

everywhere for i. The middle term S2 ̂ (h) is likewise given by;

- s.'" I I I
'^2'®2*'^2* ^i»^2 ^f»^2*

Bm,2(2,2)g3(a,B,b) (4-288)

where:

m ~ 25

QiQ2\

-tiv
J_ (-i)-^i'"'""^f' 7(21^+1) (2Jf,+l) (4-289)
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The cross sectional integral of these second order terms are calcu

lated as with previous interaction and are given by;

I  1 1 ^

^  ̂ 2"

2)63(0,e,b) (4-290)

likewise with $2 ^(b) and;

2^i"s^?m(b)bdb = rb2c2^ I I I X
'^2'^2'^2' ^£,^^2

BJ2,2)63(0,B,b). (4-291)

• Listed below are the equations found for g3, 63, gg, and 6q,

together with their properties:

4 4

^o'^S oBg3(a,B,b) = Y3q^ [K4(k„)K4(k3)+8j-^K3(k„)K3(kg)

+ 28 K2(k„)K2(k3)+56 pig-j Ki(k„)Ki(kg)+35Ko(k„)Ko(k3)] (4-292)

£3(^0) =■ 83(0,a,b)

k®
- 2l0^^^'^o)+8K3(k„)+28K2(k„)+56Ki(k„)+35K^(k„)] (4-293)

g3(0,B,b) =-5^ K4(kg) (4-294)

^og3(a,0,b) = ^K4(kQ) (4-295)

g3(0,0,b) = g3(o,B,0) = 1 (4-296)
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GgCot.e.b) = 27648(3^-0^)^^ ̂ ^ K5(k^)K3(kg)-K3(k^)K5(kg))

+ 32 a3 (K4(k^)K2(kg)-K2(k^)K^(kg))

+ 168 I a3 I (K3(k<^)K^(k3)-Kj(k^)K3(kg))

+ 672 a3 (K2(k^)Ko(k3)-Ko(k^)K2(kg))

+ 420 t3^KQ(k^)K2(kg)-a2KQ(kg)K2(k^)

+(a2-3^)(KQ(kjj)KQ(kg)]} (4-297)

63(0,-0,6) "jm' tK5(k^)K3(k„)-8K4(k^,)K2(k„)+28K3(koj)Ki(k^)

- 56KQ(k^)K2(kQ()-K4(k^,)+8K3(k(j)-28K2(kcj)

+9lKi(kct)-35K^(k(,)] (4-298)

F3(ko) = 63(0,0,6) =23^ [K5(ka)K3(k^3j)+8K4(ko^)K2(k„)

+ 28K3(kcj)Ki(kQj)

+ 56 K2(k„)KQ(k(^)-K4(k(j)-8K3(k(j)

- 28 K2(kj^)-2lKj(k(j)-35Ko(k^)] (4-299)

k
3̂

63(0,3,6) = K3(kg) (4-300)

^o63(0,0,6) =^K3(k„) (4-301)

63(0,0,6) = 63(0,3,0) =y (4-302)

SqCO) = 1 (4-303)

65(0) = 1 (4-304)
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The functions f^Ck) and F^Ck) are the functions calculated by

Tsao and Cumutte when using the resolved line approximation. The

functional form of and G2 is graphically illustrated in Figures 4-7

and 4-8, respectively. Figures 4-9 and 4-10 are graphs of the func

tion gQ and Gq, respectively.

6. THE COUPLED LINE FORMULATION ASSUMING

A SIOIA STATE PERTURBER

Thus far the deviation of the interruption function has been kept

general in nature. Both the radiating and perturbing molecules have

not been restricted to any particular electronic state, but have been

assumed to be described by the general eigenstate of section III - 6.

For the remaining work it will be assumed the perturber is in a

electronic state. This allows for such combinations of radiator and

perturber as NO-CO and NO-N2, however a calculation of NO self

broadening or NO-02 (^Ig) broadening would necessitate the use of the
general form of Sj^(b) and S2(b) already developed. Note that for a

state perturber (S = Z=A=S1=0) the sum over the quantum numbers ̂ 2

and g2 are no longer required and can be dropped. Since there is zero

spin the form of the H function given in equation (4-181) is simpler.

Examining the formulas previously derived for the general interrup

tion function one notices that an H function involving J2 always

appears simultaneously with a Clebsch-Gordon coefficient also

involving J2. Closer examination indicates that the Clebsch-Gordon

coefficients now reproduce the parity selection role of the H func

tions for zero spin, thus the H function can be dropped.
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Incorporating the changes above the first and second order

interruption function for a state perturber are formulated. The

first order interruption function and its cross sectional integral

given in equations (4-275) through (4-283) are modified by replacing

the general definition of the coefficient , equation (4-278), by the

following;

®l,i ~ C( ,gj^ ,Pj^) C( ) X

H( ,J ,2,Pj^,Pj^ I ) ^^251^0 I j^^^J2200 | 12®^ (4—305)

similarly for For the second order interruption functions, the

coefficients B£(k2,k2), equation (4-221), B£(k|,k2), and Bj^(kj,k2),

equation (4-226), are modified according to the prescription above,

yielding for state perturbers;

j;

Bi(k]^ ,k2) = C( ,gj^ ,S1 ,P£) C(J^",gj^..,f2j^,Pj^") C( Jj^,g^t ,Pj^ i ) X

C(Jj^",g£",fi^i ,p^>i) H(Jj^,j£t>,kj^,pj^,pj^ 11) H( "k^ ,pj^fp ••)

<JikiniO I I J^..fij^,><J2k200 | J2"0>2 (4-306)

similarly for B£(k2,k2) and;

2

®m^^l''^2^ ™ C( ,g^i2£,p^) C( I,gj^t ,p^» ) C( j£i ,g£f £,p£t )

C( Jf ,G£ , p£ ) H( F jkj , p£, p£ I ) H( j£ I , j£ ,kj^, P£ r , P£)

O^kjiJ^O I J^FJl^XJf.kjSlfO I j£0£XJ2k200 | J2i0>2

W( ,j£,j£t,J£F;l,kj^) (4—307)

Thus, utilizing these modifications the formulas for Sj^(b),

S2(b), and their cross sectional integrals for the ^E state perturber

can be readily obtained from those given in section IV-5. The cross

sectional integrals are then used in equations (4-141) through (4-148)
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for the calculation of the matrix elements of G matrix. With these

matrix elements the coupled line absorption coefficient can be deter

mined using equation (4-130).

In summary for the case of a state perturber the first and

second order interruption function and their cross sectional integrals

are as follows:

First Order:

^l,i(b) = I ®l,igo(^a^~^l,f ̂  ®l,fgo(^a)] (4-308)

2Tr^" s5^i(b)bdb =

i^b^S^Dj[Cj^ I I Bi^fGo(k(j)] (4-309)

Second Order

S2(b) = I[S2'J(b)+S2'f(b)+S2'^(b)] (4-310)
n  ' ' '

slllih) = S^cJ I I I Bi(kJ,k^)g„(a,6,b) (4-311)
J2"

S2;m<b) = I I B^(kJ.k5)g^(a,e.b) (4-312)
*^2'

2tt/" S2(b)bdb = I [2x1" S^:?(b)bdb Z-nT So'f(b)bdb
0  n 0 2 b

+ 2ir/^ S2;^(b)bdb]-Hrb26^^^,5f^f, (4-313)

2Tr/^ S2|J(b)bdb =

I  I I Bi(kJ,k2)Gn(o,B,b) (4-314)
•^2" d^'.gj^.'Pj^"
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r"
2'/b -

^  J B^(k2,k5)G„(a,B,b) (4-315)
^2 ' ^f

The term S2'f(b) is identical to S2'j^(b) with i replaced

everywhere by f. The superscript n denotes the particular interac

tion, for example dipole-dipole, dipole-quadrupole, etc. Thus for a

particular interaction the appropriate C's, gj^'s and values of

and k2 need to be used according to those given in Chapter IV-5 for

the various intermolecular potentials.

7. IMPOSING THE RESOLVED LINE APPROXIMATION ASSUMING

A SIGMA STATE PERTURBER

This section focuses on the derivation of the expressions needed

for a calculation of broadening pararaenters of NO in the presence of

state perturbers utilizing the resolved line approximation. From

Chapter IV-l-F it was stated that for the case of the resolved line

approximation the matrix G is diagonal and results in an absorption

coefficient which is the sum of Lorentz line profiles. It is shown

in this section that this is indeed the case and expressions for the

diagonal matrix elements are derived.

Examination of equation (4-141) indicates that for the matrix G

to be diagonal requires that the primed and unprimed quantum numbers

involving the states of molecule 1 be equal. This translates into the

following conditions on the states of molecule 1:

d  I — *^f' ~ *^f

Pi' = Pi Pf = Pf

gi' = gi gf = gf. (4-317)
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These conditions are easily incorporated into the formula for the

general interruption functions derived in Chapter IV-5. Since one

of the aims of this work is the calculation of the effects of

broadening of NO by CO only the state perturber formulation will be

modified here for the resolved line approximation.

Consider the first order interruption function. From equation

(4-277) and (4-278) it is readily seen that there are no changes to

the terms or C^^^ upon incorporating the resolved line
£

approximation conditions. However, the term of equation (4-306)

becomes;

'2 O , ,

®l,i " C^Ui,gi,"i.Pi)<Ji2Qj^0 I J^$2^><J2200 | J20> (4-318)

'E
similarly for Bj^ £, The prime is used to denote the quantity was

derived assuming the resolved line approximation. By examining

equation (4-280) one finds that and kg vanish in the resolved line

approximation. Therefore, as seen from equations (4-303) and (4-304)

the functions gQ(k) and Gg(k) become unity.

The terms appearing in the second order interruption function

undergoes a little more drastic transformation under the resolved line

approximation than does the first order interruption function terms.

From Chapter IV-5 it is evident that the and C^ terms remain

V

unchanged. The B terms of the previous section are changed somewhat

and are now given by;

' E
®i (kj^ ,k2) = C( J ,gj^ , Pj^) C( >• ,g ,pj^") X

C( j Pj^) C( ,gj^" , Pj^i.) H( ,J ,kj ,p£ , pj^..)

<Jiki«^0 I I Ji..ili.><J2k200 | J2"0>^ (4-319)
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similarly for (kpk2), and

Bjjj (kj^ ,k2) — C^CJ^ ) C^(j£ >g£»^ j»PjF) X

H( , k]^, ) H( Jj, ,kj^ ,P£ ,P£)^J^k2^2£0 I

Ofk^n^O I JfS^f><J2k200 | J2i0>2w( ,J^,J^,J^: 1 .k^). (4-320)

The Cjjj terms from section IV-5 are not unsaved in the resolved line

approximation, and are now given by:

9  \hv j /(2J.+l)(2Jf+l)
'PQ a >^1^212

PU 8 (^1^212
m

8 1  ( /(2J
m 45 hv

-l)^i^Vl ^+l)(2Jf+l)

'QU [^2^1
m 45 I hv

/(2J.+1)(2J.+1)

(4-321)

(4-322)

(4-323)

and

'QQ 2
=2T

QiQ2\ ^ (-l)'^i'^'^f ✓(23^+1) (2Jf+1)
hv

(4-324)

By examining equation (4-217) it becomes obvious that a and 8, the

arguments of the g and G functions, are now identical. Thus from the

properties of the g and G functions given in Chapter IV-5 it is seen

that these functions become the f and F functions of Tsao and

Cumutte.

The results of applying the resolved line approximation to the

perturber interruption functions can be summarized by the following

formulas for the interruption functions:

Si,i(b) = iDj I Bj^^ - ^ Bj^f] (4-325)
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S2^^^b) = S^C" I I I B{^(k",k2)fn(k) (4-326)
^2^" fipj^II

I  <''-327)

The term $2 f (b) can be obtained from the term $2 ^ (b) by replacing

1 everywhere by f. The k appearing in the function of equation

(4-326) is given by;

" - + ®J2 - %2-' (''-328)

and that appering in equation (4-327) is given by;

I' "T(=J2 "
The superscript n is used to denote the various interactions. For the

fj^ functions the n is 1 for the dipole-dipole, 2 for the dipole-

quadrupole and quadrupole-dipole, and 3 for the quadrupole-quadrupole

interactions. The values of the terms k^ and k^ are those appropriate

to the specific interactions according to the formulas derived in sec

tion IV-5. Therefore for the four interactions discussed here the

total real interruption function is given by;

S2^b) = I[S2;J(b) + S2;f(b) + S2;^(b)]. (4-330)

The cross section integrated total interruption function is then

given by;

Re[2Tr^"s'^(b)bdb] =

Trb2+5;[2ir/"s2^'"(b)bdb] (4-331)
n  ̂
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and;

.r»

b

Im[2Tr/^ S (b)bdb] = -2Tri/^ sj^(b)bdb = -iirb^sJ^Cb) (4-332)

where;

2Tr/^ S2^|"(b)bdb =

rb^S^C^'^I I I B^^(k",k5)F^(k) (4-333)
^2"

2ttC s'^''^(b)bdb =
b  2,m

I  I B^^(kJ,k5)Fj^(k) (4-334)
*^2'

and:

2Trrs!^'^b)bdb = Trb2 sj^'^b) (4-335)
D  ̂

Consider now the general form of the absorption coefficient for

the coupled line spectrum in equation (4-121). Note, from equations

(4-115) and (4-118), that both Wq and w are diagonal matrices. Since

the G matrix is also assumed diagonal in the resolved line approxima

tion, equation (4-121) becomes:

k(a)) = 0 I P'j.ct, (-1)"^^ I <Jfaf I I I ^i°'i> I ^ ̂
JiUi i i
JfOf

Re[(a)if-a))-G^f]~l (4-336)

where a represents the quantum numbers g and p. Using the fact that

the first order interruption function is imaginary and the second

order one is real a diagonal G matrix element can be written as,

Gif = (-l)"^f "^^(^if+i^if) (4-337)
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where;

I P'j2 Re(2ir^" s'^(b)bdb) (4-338)
J2 0

and;

^If " ^ P'jo("^2Trr" s'^(b)bdb) (4-339)
J2 ^0

The impact parameter bQ is determined from the use of Anderson's

cutoff procedure of Chapter IV-3-E. Substituting equation (4-337)

into equation (4-336) yields;

k(a)) = C I pj I < Jfgfpf I pi I J^g^p^> I 2 X
JiPigi i i i
JfPfgf

^if
7  ;;— T • (4-340)

In the above the term "if" is understood to represent the set of

quantum numbers f Jj^g^pj^j£g£p£}.

Therefore, the coupled line formulation reduces to a sum over

Lorentz line shapes in the resolved line approximation. The term

Tif is the halfwidth at half maximum (HWHM) in units of wave numbers

(cm ^) and is the spectral line shift, also in units of wave num

bers. From equations (4-338) and (4-143) the HWHM can be expressed in

terms of a pressure independent broadening parameter, as;

^if = Pfi ^if (4-341)

where;

vd

^if " 2irckgT J ̂02^®^*^'J2^ ' (4-342)

Re[a'j ] = ■m?o+2Tf/"[l+s'^(b)]bdb, (4-343)
^  ̂0
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P'j^ is given in equation (4-140), kg is Boltzmann's constant, and

Pg is the partial pressure of the perturbing species in units of

atmospheres. Likewise the line shift can be written as;

Aif = Pg (4-344)

where;

"'j, "l.J,
2

and;

OpJ2 = 2TrIm[/" S*^(b)bdb]. (4-346)
^0

Note that and A®^ have units of cm~^ atm~^.

8. REDUCTION OF COUPLED LINE RESULTS

TO THOSE OF TSAO AND CURNUTTE

Here it will be demonstrated that the formulation given in this

work reduces to that of Tsao and Cumutte under the appropriate con

ditions. The two conditions to be met are the assumption of the

resolved line approximation and symmetric top rotational eigenstates.

These are necessary since they are the primary conditions in the deri

vation by Tsao and Cumutte. In fact, these are the very conditions

which are removed in order to obtain the coupled line spectrun given

in this work.

The first condition to be considered, the symmetric top rota

tional eigenstates, requires that the discussion digress back to Chap

ters I and II. Note from Chapter III, equation (3-79), the general

eigenstates of a molecule, in an intermediate Hund's case A and Hund's

case B angular momentum coupling scheme, are given by:
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I paJMg> = I C(J,g,Si,p) I pnASEJM-n>. (4-347)
Q  R

The eigenstates represented by pnASlJM-4l> are the basis set eigen-
R

states used in the perturbative solution of the molecular Schrodinger

equation. If all off diagonal Hamiltonian matrix elements are ignored

these eigenstates become eigenstates of the Hamiltonian. In this

case, the rotational energy eigenvalues, equations (3-23)-(3-26),

become;

Ejjjgj;G = Bv[J(J+l)+S(S+l)-S^2_J:2]

+g^[3Z2-s(S+1) ]+A^AZ-Y^[S(S+l)-n2:]. (4-348)

From equation (4-348) it is easily seen that in the case of vanishing

off diagonal matrix elements the expansion coefficients become;

C(J,g,ii,p) = (4-349)

Examine now the eigenstates j pnASZJM-i2^. From equation (3-1)

these parity eigenstates are defined by;

I pnASZJM-Q> = ̂  [ I nASlJM-Jl>
'  R /T ' R

+ p I nASZ . (4-350)

Utilizing equations (1-96) and (1-68) the coordinate representation of

the eigenstates above is given by;

<pe())(p I nASlJM-n^ =

^2J+1 <P I
811'

nASl> d*"^^ (e(j)i|j) (4-351)
^  M,"

Note that outside the electronic eigenfunction <p j nASZ> and the

arbitrary phase factor (-1)"^"^ the above eigenstate is a rotational
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symmetric top eigenstate. Thus it has been determined that if all off

diagonal matrix elements in the rotational Hamiltonian are ignored the

general molecular rotational eigenstates of Chapter III meet the first

condition set forth above.

Consider now the results of imposing the resolved line approxima

tion on the form of the general interruption functions of section

IV-5. Note that in the case presented here the parity states are

degenerate, therefore the resolved line condition becomes;

Ji = J^t Jf = Jf.

S± = gi» gf = gf. (4-352)

Imposing this condition in conjunction with equation (4-349) yields

the following form for the interruption functions;

Sj(b) = iDj [Cj i I f y ®1 f^» (4-353)

S5^i(b) = S^CJ I J, I Bi(kJ,k5)f^(k) (4-354)

^2'^ 2'

similarly for S2 f(b), and;

' Cj' I I B;(kf,kJ)f„(k), (4-355)
^2'S2'P2' ^i»^2

»^2'

where;

II

®l,i = I Jif!i><J22!!20 | J2n2>. <'•-356)
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It

gi»^i '^§2*^2 ^82" »^2 ^i'' ̂gi" ̂ i' '^g2>^2" ^

^g2" »^2" '"^i"'^1'^i' H( J^,J^..,k| ,pjt ,pj^..) X
H(J2,J2"»k2,p2>P2") X

<J^kj^n^O I 0 I Jj^..n^,><J2k2^J2f^ | J2"^2^ ̂

<J2k2n2"0 I J2""2"^ (4-357)
tt tt

similarly for B£(kj,k2) and Bj^ £, and;

gi»^i ̂ g2>^2^®2''^2 "^Sf »^f^S2''^2' ^

'^S2'^2' '"^2'^2'^2'»P2^ H( J^i, ,kj , pj^, Pj^ ? ) X
H( yP£I ,p£)^J^k ^0 j ^0 I *J X

^J2k2fi2® I d2'^2^^'^2^2^2'^ I •'^i'^f' ̂'^1^ ' (4—358)

Performing the sums over the Kronker delta functions yields the

following form for Sj^(b);

Sj(b) . 1BiICi,iB"i,i-Ci_jB;'_j1 (4-359)
tt

where Bj^ is given by:

tt

^ ~ j I p i (4—360)

tt

The term Bj^ ^ is identical to Bj^ with i replaced everywhere by f.

The terms s" ̂ (b) and S2 nj(b) become S2 become;

and;

S2^i(b) = S^cJ I I B^(k".k2)fn(k) (4-361)
*^2 "^2"

Sa.m"') - <' I B^(kJ,k5)f„(k) (4-362)
J2 » P2'



151

where;

B|j^(k2^,k2) ™ HC-I »kj •■) H( , J^^i. jkj^ ,Pj^ i^p^ ■•) X

H( J2 ,J2" »k2 .p2 >P2") j^O j J^..S2^>^<J2k2il2'^ | (4-363)

and;
It

Bjjj(kj^ ,k2) = H( J21 , J2 •'^2' ^2' ' ^2 ^ H( ,kj ,p£ , p^^ 1) X

H( Jf, , kj^ ,P£I , p^) j X
I j£fi£^^J2k2^2^ I >12*^2^^ ^

W(Ji,Jf,Jj,Jf:l,ki). (4-364)

Summing over p^^.. and p2" in equation (4-361) yields;

S5^i(b) = SiCj I Bi(ki,k2) fn(k) (4-365)

where;
tt

~  I I ^2*^2^^ (4—366)
»t

and similarly for B£(kj^,k2).

Summing over P2i in equation (4-362) yields;

= Cm 1 (4-3«)
J2.

where:

•I

®m^^l >^2^ ~ H(Ji»>li»kj »Pi»Pi«) H( j£,j£,kj ,p£, ,p£)
j  j j£^£^^J2k2^2^ i ^"21^2^^

W(Ji,Jf,Ji,Jf:l,ki) (4-368)

In order to further reduce equation (4-368) it is necessary to

examine the absorption coefficient of (4-130) which for this case is

given by;
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k(a)) a I Ofgfpj I I ul I I J.g^p^> X
PiPf

I  [i(a)Q-a))-G]"^ I I ' >•
Pii.Pfi Pi.Pf:Pif,Pf> (4-369)

For specific values of p^ and p^^, the dipole parity selection rule

allows only specific values of p^ and p^,, therefore the sum over

p£ and p£i will be dropped. Since the dipole moment reduced matrix

element is now independent of p^, equation (4-369) can now be written

as:

k(a))a I I OfgfPf I I I I JigiPi> I ^ X
Pi

I  [Kw-Sq) - G]-l (4-370)
Pi' Pi^Pi'

For the case here it can easily be shown that the sum can be incor

porated in the matrix itself. Therefore the matrix is now diagonal

and the interruption functions must also include a sum over p^i (or

p£i for Sj^ £ and $2 £). Notice that the additional summation is

absorbed by the presence of the Kronker delta function in
Pi,Pi»

the B terms with the exception of Bjjj(kpk2). Summation of the two H

functions of equation (4-368) over the quantum ntmber p^i yields
tt

unity, therefore Bjjj(k£,k2) becomes:

(t

Bjjj(k ,k2) — ^Jikj^J^^O I J ^j£k £0 | *J£S^£^ X

<J2k2S^2'^ I W(j£j£j£j£:l ,kj) (4-371)

In summary, upon imposing the conditions of symmetric top

eigenstates and the resolved line approximation the following forms

for the second order interruption function appear;
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S2°i(b) = c" I ,ky.)f^(k) (4-372)
J ̂11 j J ̂ ?i

similarly for S2^f> and;

S2V''> = <''-3")
t( It

where and are given in equations (4-366) and (4-371), respec

tively. The cross sectional integrals are therefore given by;

2^/b S2,i(b)bdb = Tib2 c" I Bi(ki,ki)Fn(k) (4-374)
J2" >*1^ »»

and;

2^/h S2\(b)bdb = TTb^C^'^ B^(kJ,kJ)F^(k). (4-375)
T  'J2

These are the same formulas as given by Tsao and Curnutte for the

second order interruption function. Therefore the formulas for the

HWHM as given in equations (4-342) and (4-343) reduce to those arrived

at by Tsao and Curnutte when one uses the interruption functions

above.
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CHAPTER V

COMPUTATIONAL RESULTS OF PRESSURE BROADENING

EFFECTS OF CO ON NO

Presented here are the results of a computational study of the

broadening effects of CO on several lines in the fundamental band of

NO. The three different formulations of the broadening theory as dis

cussed in Chapter IV are employed here. These theories are the ATC

theory assuming symmetric top rotational eigenstates and the resolved

line approximation, the modified ATC theory incorporating the parity

(A doublet) eigenstates of NO, and the coupled line theory utilizing

the NO parity eigenstates. All three computational efforts incorpor

ated the four intermolecular potentials of Chapter IV. The CO rota

tional energies used here were calculated using the rotational con

stants Bg, Dg, a, and 3 given by Herzberg [52] as 1.93128087 cm~l,

6.12l4X10~6cm~^, 1.750441X10~2cm~^, and -1.15X10~^cm~^, respectively.

The molecular electric multipole moments used here are those suggested

by Stogryn and Stogryn [53]; 1.59X10~19 ggu cm for the dipole moment

of NO (Pno)> 1.12X10"^^ esu cm for the dipole moment of CO (Pco^'

2.4X10~2^ esu cm^ for the quadrupole moment of NO (Qno^ »

4.6X10"^^ esu cm^ for the value of the quadrupole moment of CO(Qcq).

All calculations were performed on a VAX 11/785 computer using

programs written in FORTRAN. Each program, with the exception of the

plotting programs, was written utilizing IMPLICIT DOUBLE PRECISION

real variables (8 byte words) in order to preserve precision.
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1. ATC THEORY RESULTS

The ATC theory fonmilation of the collision halfwidths as given

in section IV-8 was utilized here to calculate the halfwidths for

several fundamental band NO lines broadened by CO. From Chapter IV

the assumptions made are that the rotational eigenstates of NO are

those of a symmetric top molecule and the resolved line approximation

is valid. Therefore, the lambda doublets are treated as a single

spectral line. The lines examined were the P(1.5) through the P(20.5)

and the R(0.5) through the R(19.5) in both the 1/2 and 3/2 subband at

300K. Also, the halfwidths of the P(4.5), P(5.5), P(6.5), and

P(20.5) lines of the 1/2 and 3/2 subband were calculated for the tem

perature range of 300 to lOOOK. The line shifts were not calculated

in this case but are presented for a few lines in the coupled spectral

line case presented later. An extensive set of calculations could be

made utilizing this theory since only 10 seconds of CPU time was

required for each halfwidth calculated.

The results of the calculations are tabulated in Tables 5-1 and

5-2 and are plotted in Figures 5-1 through 5-5. It was found that for

all three cases presented in this chapter the same halfwidths or G~

matrix elements were predicted for the R and P branch lines possessing

the same value of | m | (m = -J for the P branch and m = J+1 for the R

branch). Note from Figure 5-1 that for 2 | m | values of 29 or less the

3/2 subband halfwidths are larger than those of the 1/2 subband with

the maximum percent difference being 2.8% for a 2 | m | value of seven.

Figures 5-2 through 5-5 indicate the difference in the halfwidths for
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Table 5-1. Computed Halfwidths of NO Pressure Broadened by CO.

y'^(Tq) cm~^atra"^, Tq = 300K

ATC

Theory
Resolved Line Approximation with

Parity Eigenstates

2 1 m 1 " =T

1

g = 2 g =
3

2

P.p = -1 P^ = +1

H

II

1

-1 P^ = +1

3 .064549 .064831 .064830 __

5 .062998 .064214 .063105 .063104 .065148 .065148

7 .062069 .063850 .062127 .062129 .064311 .064311

9 .060821 .062509 .060865 .060860 .062794 .062794.

11 .059289 .060806 .059323 .059328 .061014 .061014

13 .057832 .059138 .057866 .057862 .059293 .059293

15 .056695 .057779 .056723 .056726 .057901 .057901

17 .055906 .056775 .055932 .055931 .056872 .056872

19 .055346 .056018 .055368 .055369 .056098 .056098

21 .054861 .055360 .054882 .054881 .055427 .055427

23 .054321 .054674 .054340 .054342 .054732 .054732

25 .053644 .053874 .053665 .053663 .053926 .053925

27 .052789 .052918 .052810 .052812 .052965 .052966

29 .051752 .051798 .051778 .051775 .051843 .051842

31 .050545 .050528 .050572 .050575 .050568 .050569

33 .049198 .049132 .049233 .049230 .049170 .049169

35 .047745 .047646 .047782 .047786 .047678 .047680

37 .046220 .046103 .046268 .046265 .046134 .046132

39 .044664 .044538 .044713 .044717 .044564 .044565

41 .043102 .042978 .043161 .043158 .043003 .043001
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the two subbands is relatively independent of temperature. The

halfwidths calculated here for the elevated temperatures, as shown in

Figures 5-2 through 5-5, have been linear least square fitted to the

semiemperial formula suggested by Birnbaum; [54]

y°(T) = Y°(Tq)(T/Tq)~". (5-1)

From the figures it is easily seen that as J increases the quality of

the curve fit deteriorates. Listed in Table 5-2, page 153, are the

elevated temperature halfwidths and the curve fit parameters

and used in curve fitting the elevated temperature half widths to

equation (5-1).

2. RESULTS USING THE RESOLVED LINE APPROXIMATION

WITH PARITY EIGENSTATES

The next series of halfwidth calculations are those utilizing

the formulation of Chapter IV-7 where the NO parity (lambda doubling)

eigenstates are incorporated into a resolved line approximation

theory. Thus a halfwidth for each individual doublet component was

calculated for the same lines as those considered in the ATC calcula

tions. These halfwidths are presented in Table 5-2 where the (total)

parity, P,j,, of the ground state is used to denote the different

doublet component halfwidths. Each doublet (both doublet components)

required approximately 1.25 minutes of CPU time for their computation.

From Table 5-2 it is seen that the results of incorporating the parity

eigenstates is to increase the half widths only slightly. The maximum

increase is for the low J values of the 3/2 subband where the maximum

percent increase is 1.45% for a 2 1 m 1 value of five.
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The calculation of the coupled line absorption coefficient was

performed utilizing the expressions derived in Chapter IV-6. Since

the two subband lines of NO are well separated compared to the lambda

doublet component lines (see Appendix C) only the coupling effects of

the doublet components were considered. Therefore the coupling matrix

used here was a four-by-four matrix due to the two possible parity

states for both the initial and final states of the transition. The

values of the impact parameter, b used as the lower limit of
0

integration of the interruption functions were determined using

Anderson's cutoff procedure. For a given value of J2 the total

diagonal interruption function was used in equation (4-151) which was

then solved for bg using a simple Newton-Raphson algorithm. These

roots were then used to calculate the cross sectional integrals of the

respective diagonal interruption function from which the diagonal

coupling matrix elements were determined. The off-diagonal coupling

matrix elements were calculated using the average of the four bg's

obtained from the diagonal interruption functions. The line shifts

were also calculated using this averaged impact parameter. The dipole

moment reduced matrix elements were calculated using the results of

Appendix H and using the band strength value of 122.0 cm~2atm~l

suggest by Abels and Shaw.[I] The inverse matrix appearing in the

expression of the coupled line absorption-coefficient was calculated

utilizing the IMSL complex double precision linear equation solver
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subroutine LEQTIC. Approximately five minutes of CPU time was

required for the computation of each absorption coefficient profile

which consisted of approximately one hundred points.

Presented in Figure 5-6 through 5-12 are the coupled line absorp

tion coefficients, kj,(a)) (solid curve), for several lines of NO.

Although Doppler broadening contributes to the total absorption coef

ficient at low pressures (<250 Torr) no attenpt was made to convolve

the Doppler profile with the coupled line absorption coefficient.

Thus for pressures below approximatley 250 Torr the results presented

here are good for comparison purposes only. Self broadening effects

were also ignored in all calculation and the CO partial pressure was

equated to the total pressure. The NO partial pressure was kept at

2 percent of the total pressure and was used only for the calculation

of the lambda doublet integrated absorptances. The zero wavenumber

point in Figures 5-6 through 5-12 corresponds to the point midway

between the two doublet components. From the coupled line absorption

coefficient, k(,(a)), was subtracted kL((i)), the absorption profile

obtained from the sum of two Lorentz absorption coefficient profiles

utilizing the halfwidths of Table 5-2 and the line shifts calculated

here. This quantity is denoted as the interference absorption profile

ki(ii)) given by

kj(a)) = k(,(w) - kL(w) (5-2)

and is represented in Figures 5-6 through 5-12 by the broken line.

Note that since the frequency integral of the absorption coefficient

is independent of the broadening mechanism one has; [55]

/  kc(a))da) = / kL(u))da) (5-3)
line line
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and therefore;

/ k3;(w)dw = 0. (5-4)

The effects of the vanishing integral can be seen by examining Figures

5-6 through 5-12 in which coupling effects add to the absorption coef

ficient near the doublet and subtract from it further from the

doublet.

Several characteristics of the coupling effects can be inferred

are confirmed from examining Figures 5-6 through 5-12. Note from the

theory of Chapter IV the coupling matrix elements possesses the same

basic temperature and pressure dependence as the collision half

widths. These dependencies are demonstrated in the interference

absorption coefficient profiles of Figures 5-6 through 5-10. The same

dependency on J quantum number is also implied from the Figures 5-9

and 5-12 where a smaller coupling effect is noted for the larger J

value P branch line, .06% at doublet center for the P1/2 (4.5) line

and .02% for the P1/2 (20.5) line. From the values of the line

shifts, from Figures 5-6 through 5-12, and the halfwidths. Table 5-2,

page 153, it is inferred that the line shifts are typically three

orders of magnitude smaller than the line widths, and are not even

noticable in the absorption coefficient profiles of Figure 5-6 through

5-12. Comparison of Figures 5-9 and 5-11 indicate a larger coupling

effect contribution to the P(4.5)3/2 than that of the P(4.5)^/2

line .06% at doublet center for the Pi/2(4.5) and .5% for the

P3/2(^«5). This is due mainly to the smaller doublet separation in

the 3/2 subband line as compared to the 1/2 subband line and not due
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to an intrinsically larger coupling effect in the 3/2 subband. Of the

spectral lines examined in the course of this work, the coupling

effects were found to contribute no more than 1.42 percent (P3/2(2.5)

PfjO ~ 12.0 Torr Pg = 600 Torr, T = BOOK) of the absorption coefficient

at frequencies where the absorption coefficient is non-negligible.
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CHAPTER VI

CONCLUSIONS

In conclusion, the effects of line coupling was found to be

negligible in the case of the NO lambda doublets broadened by CO. By

examining the CO pressure broadening halfwidths of NO, utilizing the

NO parity eigenstates, it was also predicted that only a slight dif

ference exists between the halfwidths of the lambda doublet com

ponents. When the ATC theory was used, assuming symmetric top

eigenstates for the rotational eigenstates of NO, halfwidths were

obtained which were reasonably close (<1.45 percent difference) to

those obtained using more accurate eigenstates. The ATC theory calcu

lations also offered a thirty-to-one reduction in computational time

over the less approximate calculations using the parity eigenstates of

NO. Thus for the purpose of determining NO collision broadening half-

widths the ATC theory seem to offer good results at a substantial

savings in computer time.

For non-J] state diatomics which possess a weaker spin-orbit

coupling potential the mixing between the subbands should be more pro

nounced. Thus for these type molecules, OH for example, the line

coupling effects may be larger and warrant a coupled line spectral

calculation. The Q branch of NO may also need to be modeled by a

coupled line absorption coefficient due to its close line spacing.

Because of the limited computer time available, no attempt was made

here to examine the 0 branch since it would require large coupling

matrices due to the increased spectral line density of the 0 branch.
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If more accurate radiation modeling is required in the future it may

become necessary to examine the effects of line coupling in the Q

branch of NO and the spectral line coupling effects of other

non-^ state IR active species such as OH.
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APPENDIX A

PROPERTIES OF THE HUND'S CASE A

TOTAL ANGULAR MOMENTUM EIGENSTATES

UNDER PARITY

The effect of the parity operator on the eigenstates of Hund's

case A total angular momentum eigenstates given in equation (1-68) and

(1-95) is examined by first investigating its effects on the electron

coordinates. The coordinates of an electron in the MFS in terms of

the SFS coordinates is given, from section 1-2, by

= Rp(4)0«?tRj(<)>0il') (A-1)
where the notation is the same as that of Chapter 1. Applying the

parity operator, the inverted electron vector in the MFS, p', is given

by

P^ = Pj. = Rp(TT - 0, (|) + TT, »|0(- - 0 .i" + iT,iJ;) (A-2)

where the Euler angles were changed to reflect the fact that

%A " %A (A-3)

By writing out equation (A-2) in detail and letting , since i}) is

completely arbitrary as seen from section 1-B, the electron coor

dinates in the MFS behave under parity according to

/^(^,n,?) = (5,-n,C). (A-4)

Thus the effect of a parity operation on the spatial electron coor

dinates in the SFS is equivalent to a reflection of the electron coor

dinates in the plane of the MFS. Therefore, the result of the

parity operator on the total eigenstates is summarized by
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f <Q, RbA I ^ = (f<p I nASZ>)(/^g^ | JM-i2>j^)
=  <P I nASS>)OP<Rg^ I JM-i2>j^) , (A-5)

where is a reflection operator in the CC plane.

The effects of the parity operator on the rotational portion of

the eigenstate is examined using the coordinate representation of the

rotational eigenstates given in equation (1-67), thus

= (-1)-^"" + Tr, 7r -0, Tr -\|;). (A-6)

Applying the properties of the d matrices [11,44] equation (A-6)

becomes

iP<Rb^ I JM - = (-l)J-" <Rb^ I JMJ2>b (A-7)

The total electronic spatial eigenstates are axially sjrmmetric

and thus have a coordinate representation given by

P I nA> = f(p,e„)e (A-8)

where A is the quantum number of the component of total orbital

electronic angular momentum about the ^ axis. The angles 0 and w
s  s

are polar angles in the MFS which represent some or all electronic

coordinates in this system for ease of demonstration. For the case of

A  = 0 the eigenstates are designated I- according to their eigenvalues

under reflection, that is

R.- <p I n2:-> = ±<p I ni:->. (A-9)

For nonvanishing A a reflection in the 5^ plane can be represented by

replacing (jjg by therefore

■f <p ( nA> = f(p ,0g)e^^^^~*''s) (A-10)
= <P I n - A > (-1)^ = (-l)^<p I n - A>.
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Thus the general result of a reflection on the spatial electronic

eigenstates is given by

<p I nA> = <P I (A-11)
where

1  I~state

0  otherwise (A-12)

Examination of the total spin eigenstates requires a close look

at the result of the reflection operator on the individual electronic

spin states and the overall effect on the Slater determinant. First,

note a reflection in the plane is equivalent to a parity operation

in the MFS and a rotation of the coordinates about the n axis by tt , in

any order. The spin like any other angular momentum is parity

invariant [11] thus only the rotation about the n axis is of concern.

A rotation about the n axis by it is achieved by rotating through

the Euler angle 0 by ir with no rotation through the other Euler

angles. Thus the individual electronic spin eigenstates, | SMg>, in

the rotated system are given by

8

M'=-S
s

Rg(0 = TT) I SMg> = y dj, ^ (4,=o,0=Tr, tP=0) I SM^> (A-13)
s' s ®

where S = 1/2. Expanding the above expression leads to

Rg I a> = Rg I 1/2, l/2> = I 1/2, - l/2> = f 6> (A-14a)

and

Rg I 0> H Rg I 1/2, - l/2> = - I 1/2, l/2> H - I a>. (A-14b)

The effects of the rotation of spin eigenstates on the electronic

Slater determinant is two-fold. The inner shell electrons are paired

and thus there is a change of sign associated with the 0 spin state
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which is rotated to a negative a spin state. This change of sign

causes a row in the Slater determinant to change sign and thus the

Slater determinant itself changes sign. There is also a change of

sign due to the interchange of rows since paired inner shell electrons

have one electron in the a spin state and one in the 8 spin state

which are interchanged in the rotation. Thus the rotation has no net

effect on the sign of the total state due to the inner shell electrons

since the change of sign due to the interchange of rows cancels the

change of sign due to the negative a state.

The effects of a rotation on unpaired electrons is best con

sidered case by case. For one unpaired electron the net electronic

spin of the molecule is 1/2 and the molecule can have spin eigenstates

I  s = 1/2, ^ = l/2> or I s = 1/2, Z = l/2>. Rotating these spin states yield

simply the results of equation (A-14) since the paired inner shell

electrons do not contribute to the net spin. For two unpaired

electrons the net spin is one and thus can have three possible total

spin eigenstates | s = 1, Z = 1>, | s = 1, E = -1>, and | s = 1, E = 0>.

For the molecule to have net spin eigenstate | s = 1, E = 1> or | s = 1,

= -1> requires that both electrons to be in spin eigenstates a or

3, respectively. Under a rotation the effects is to change the spin

eigenstates of the unpaired electrons such that the produce of the

spin eigenstates which appear in the Slater determinant is given by

I  I I °'>) = I (A-15)

or

R^^ j aa> = I 88>. (A-16)



186

Thus the reflection of the spin one eigenstates with j Z | = 1 behaves

according to

I S = 1, E = ± 1> = I S = 1, Z + 1>, (A-17)

For the spin eigenstate | s = 1, Z = 0> one unpaired electron has spin

eigenstate a and the other 8, but each of the unpaired electrons have

different spatial eigenstates due to the Pauli exclusion principle.

Thus the effect of rotation on the | s » 1, Z = 0> state is to change

sign of the net spin eigenstate since the 3 electron spin state

becomes a negative a state, thus

I S = 1, Z'= 0> = - I S = 1, Z = 0>. (A-18)

Therefore in general the total electron spin eigenstates behave under

parity as

R55 I S, Z> = (-I)S-J: I S - Z>. (A-19)

Applying the results of the parity operator on the electron

spatial eigenstates given by equation (A-11), the spin eigenstates in

equation (A-19), and the rotational portion given in equation (A-7)

the effect on the total angular momentum eigenstate is given by

I  nASZjM-n>j^ = (-l)J+S+q | „ - AS - ZJMn>j^ (A-20)

For homonuclear diatomics there is another symmetry due to the

invariance of the molecular Hamiltonian when the two identical nuclei

are exchanged. This operation differs from the parity operation in

that the electronic coordinates are kept fixed while exchanging the
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coordinates of the two nuclei. Denoting the operator responsible for

this operation by Rj its effects on the rotational eigenstates is

easily determined from equation (A-7), thus

I  - <-%A I
-  I (A-21)

In order to consider the effects of Rj on the electronic states

first examine the steps leading to equation (A-2). Note that for the

case here the vector r does not change sign and the effect of the

exchange of nuclei on the electronic cordinates in the MFS is given by

P' = RpC'f-Q .(jJ+TT ,ii')rRp(ir-0 ,(t)+Tr ,t) (A-22)

From equations (A-3), (A-4), and (A-22), it is determined that under

the operator R^ the electronic coordinates in the MFS transform

according to

= (-5,n,-e). (A-23)

This symmetry operation is equivalent to an inversion of all elec

tronic coordinates in the MFS and a reflection in the plane. The

effects of the reflection have already been considered and are

described by equation (A-11) and (A-19). The inversion of electronic

coordinates in the MFS, called the intrinsic parity operation, either

leaves the electronic eigenstates unchanged or changes its sign. The

intrinsic parity of an electronic state is denoted by g or u (gerade

or ungerade) depending on whether the eigenstate is even or odd with

respect to intrinsic parity operator. Therefore by adding the label

gg to the electronic eigenstate one has

I  2 +C|"I"Q 1Rj I nASi;qg> = (-1) ^ | n-AS-Eqg> (A-24)
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where is zero for a gerade state, or if the molecule is heter-

nuclear, or has a value of one for an ungerade state. Combining the

electronic and rotational eigenstates, the effects of Rj on total

angular momentum can be described by

Rj I nAS2:qgJ>i-S2>^ = | n-AS-Z (A-25)

Note that the intrinsic parity does not contribute to the total

parity.

Eigenstates of parity and the operator Rj are formed from linear

combinations of the states of equation (A-25). By examining equation

(A-20) the parity eigenstates can easily be constructed and are given

by:

I pnASZqgJM-J^>j^ " ^ I nASZqgJl^JJ>j^

+ p I n-AS-ZJMi2>j^] (A-26)

where

■f I pnASZqgJM-S2>j^ = p(-l)'^"^®'''^ | pnASZqgJM-fi>R (A-27)
and

p = ±1. (A-28)

These parity eigenstates are also eigenstates of the operator R^;

Rj I pnASZqgJM-fi>j^ = p(-l)'^'*"^'^^''"^e | pnASZqgJM-J2>j^ (A-29)
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APPENDIX B

THE VAN VLECK TRANSFORMATION

The Van Vleck transformation and variations of it are discussed

briefly by several authors [29-32]. A discussion is given here of the

Van Vleck transformation and an investigation of its effects on the

eigenvalues and eigenstates are examined.

From Section III-3 the problem is seen as one of removing matrix

elements which connect a diagonal block of matrix elements of interest

to another block so that the eigenvalues of the diagonal block of

interest can be calculated independently of another block of matrix

elements. This would allow the calculation of rotational energy

eigenvalues in a given vibrational ane electornic state without

diagonalizing the total Hamiltonian which is virtually impossible.

For the purpose of investigating the transformation let H represent

the Hamiltonian, let | m> represent the states which lie in the diago

nal block of interest, and let | n> represent the states outside those

of interest. In order to apply the transformation, H is expressed in

the form

H => h(0) + XH^l) (B-1)

where H^®^ is diagonal and H^^^ is responsible for all the matrix ele

ments of H outside the diagonal blocks but may also have matrix ele

ments inside. It is also allowable for the diagonal blocks of H^®^ to

contain more than one degenerate groups of states.

The Van Vleck transformation operator T(X) is given by

T(X) = = 1 + iXS - 1/2X23^ + ... (B-2)
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where S is Hermitian and T is unitary. The transformed Hamiltonian G

is expressed as

G = G^°^ + XG^^^ + + ... (B-3)

and is related to the Hamiltonian H by the simularity transformation

T"^HT = G (B-4)

Expanding equation (B-4) and equating both sides in like powers of

X yields the following transformation equations through third order

g(0) = g(0)^

g(1) = + i (B-6)

G^^^ = i(H^^^S-SH^^^) + - 1/2(H^°^ (B-7)

and

g(3) =

+ (B-8)

From equation (B-5) the matrix elements of G^®^ are equal to those of

and are therefore given by

<m I G^°) I m'> = eO 6^^, (B-9)

and

:(0) I -N _ pO<n I G^"^ I n> = E;; 6^^,. (B-10)

The first order matrix elements are calculated using the transfor

mation equation (B-6). The matrix elements of G^^^ within the diagonal

blocks are given by:

<m I G^^^ I m'> = <m I | m> + i(EO - E°,)<m | S I m'>. (B-11)
I  ' ' ' HI tn ' '

and

<n I G^^M n> = <n I I n'> + i (E^ - E°,)<n I S I n'>. (B-12)
n'
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Imposing the requirement

<m I S I m'> = <m I S I m> (B-13)

and

<n I S I n'> = | S | n> (B-14)

on S simplifies equations (B-11) and (B-12) to

<m j I m'> = <m I j m'> (B-15)

and

<n I I n'> = <n | | n'>. (B-16)

The requirement on S given in equations (B-13) and (B-14) guarantees

that the matrix elements inside the diagonal blocks remain unchanged.

Thus the matrix elements of the transformed Hamiltonian are equal to

those of the original Hamiltonian inside the diagonal blocks through

first order. Requiring matrix elements of G^^^ which connects the

block of interest to other blocks to vanish yields the equation

<n I G^^^ I m> = <n I I m> + i(EO - E^Xn | S I m> = 0 (B-17)
I  ' I I n m I I

Solving for the matrix elements of S yields:

^ 1 I V <n I I m>
I ® I ^ Jo , J

n  m

Therefore by imposing the condition on S given in equations (B-13),

(B-14), and (B-18) all the matrix elements of H connecting the diag

onal block of interest to other blocks has been removed through first

order. None of the conditions imposed on S contradict the requirement

that S be Hermitian.

Matrix elements of higher order terms of G are calculated using

the transformation equations (B-7) and (B-8) along with the matrix
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elements of S given in equations (B-13), (B-14), (B-17) and (B-18).

The matrix elements of inside the diagonal block of interest is

given by

<m I I m'> = Z<m | | nXn | | m'> (B-19)

j- (E° + E°,) - E°
z  m m n

(E° - e'^) (E°, - E°)
m  n m' n

By imposing on S the conditions

<m I S I m > = <n I S I n> = <m' | S j m'> = <n' | S | n'>

the matrix elements of G^^^ within the diagonal block of interest are

given by

1  I <® I I nXn I I n'Xn' I I m'><m G^^M m'> = ) ! ! ! ! ! !
/—I rv® - - rO ■>K - - E^

n m

,)m  n m n

<m I I m"Xm" I I nXn I I m'>
(E®.. - eO)(E° - E°)

m  n m n

<m I I nXn I I m"><m" I I n'>
(E° - E°)(E° - E?)

m  n m n

(B-20)

The effects of the Van Vleck Transformation on the eigenvectors

and energy eigenstates is examined by means of degenerate perturbation

theory. Upon examination it is found that only energy terms of order

four or higher contain matrix elements which connect the block of

interest to other blocks. This is due to the condition imposed on the

matrix elements of G^^^ given by equation (B-17). Those matrix elements

which connect the block of interest to other blocks belong to G^^^ and

G^^^ and are therefore ignored since they contribute only in fourth
order or higher to the energy.
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The eigenvectors of H are calculated with the help of both the

transformation and perturbation theory. According to perturbation

theory the eigenstates of G may be written

I M> = I m> = X I + X2 I m(2)> + ... (B-21)

where | M> represents the total eigenstate, | m>, the eigenstate of

and j the approximation to the eigenstate. Through second

order the total eigenstate of G is calculaed by perturbation theory to

be given by

I M> - I E '"I f" 1°" I -> (B-22)

where the sum runs over all states except those of the diagonal block

of interest. Note that the first order eigenstate vanishes which is a

result of the condition imposed on G^^^ given in equation (B-17). The

eigenstates of H denoted | N> and those of G are not equal. The rela

tion between the two can be seen by noting

<N' I H I N> = (B-23)

or

<N' I TT~W"^ j N> = 'SnN'%

= <M' I G I M> =

where

Em = % (B-25)

and

I N> = T I M>. (B-26)
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Expanding the eigenstates of H

I N> = I + X I n( 1)> + I ^ ̂  (B_27)

and utilizing these in equation (B-26) with the expansion of T(X) yields

the transformation equations for the eigenstates of H and G through

second order

I  = I m>, (B-28)

I  = I + iS I = iS I m>, (B-29)

I  = I m(2)> _ s2/2 I m>. (B-30)

Expanding the first order eigenstates of | N> in terms of the eigensta

tes of I N®> (the I m> and | n> eigenstates of yields

I  = Km I S j m> I m> ^—q I | n>. (B-31)
E^ - E^

"  n m

Thus through first order the normalized eigenstates of H are given by

I S> - 1 [(1 + X) I in> - X 7"^" I '"'J I 11>1 (B-32)
'  /3 ' V e" - E°

n  m

where

<m I S I m> = <n I S I n> (B-33)

is set equal to one and the sum over n runs over all except the states

of the block of interest.
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APPENDIX C

ROTATIONAL ENERGIES AND SPECTRAL

LINE POSITIONS OF THE NO FUNDAMENTAL

The following four tables contain the eigenstates and eigenvalues

of the Van Vleck transformed Hamiltonian. The energies are calculated

through third order for both the v = 0 and v = 1 vibrational states.

Tables C-1 and C-2 take into account lambda doubling and utilize the

lambda doubling and centrifugal distortion matrix elements of

Chapter III. Tables C-3 and C-4 ignore the lambda doubling effects.

The parity quoted in the tables is the total parity P^ and not

the "partial parity" p which are related by

Pt = pC-l)-^"^^. (C-1)

Thus in terms of the total parity the eigenstates of the transformed

Hamiltonian are given by

I P^nASJM> =^C(J,g,P^,n) I P^nASEJM-J2> (C-2)
n

Tables C-5 and C-65 contain the spectral line assignments and

positions of the NO fundamental. Table C-5 incorporates lambda

doubling and the separation between the lambda doublets is included in

the table. Again the parity quoted is the total parity of the ground

state. The table C-6 ignores any lambda doubling.
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APPENDIX D

TIME DEVELOPMENT OPERATORS

The purpose of this appendix is to demonstrate the equivalence of

two time development operators (TDO) for a general time dependent

Hamiltonian given by:

H(t) = Ho(t) + HjCt) (D-1)

where Hj(t) vanishes at t = 0.

The first form of the TDO considered is that involving the total

Hamiltonian, which is given by the time ordered product TDO

t

-i/fi / H(t')dt'
U(t) = (e ° )^. (D-2)

The second form of the TDO is that obtained from the use of time

dependent perturbation theory.

Consider the approach taken by using time dependent perturbation

theory. Suppose that at t = 0 the system is in a state | i|;(0)> which

solves the equation

H(t=0) I il;(0)> = HQ(t=0) I ^(0)> = l-n 1^1 i|;(t=0)>. (D-3)

At some later time, t, the system is in a state | iKt)> which solves;

H(t) I iKt)> = (Ho(t) + Hi(t)) I iKt)> = ill 1^1 i()(t)>. (D-4)

Define the interaction representation state | tl;^(t)> by

I  1^^(t)> = UQ^(t) I *('(t)> (D-5)

where

t

-i/fi ^ Ho(t')dt'
Uo(t) = (e )^. (D-6)
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From equation (D-5)

I  >|'(t)> = UgCt) I v^(t)>. (D-7)

Inserting the above expression in equation (D-4) yields;

= Hj(t) I <|;(t)^> (D-8)
r

where Hj^(t) is the interaction Hj^Ct) in the interaction representation

defined by

Hj(t) = U~kt)Hj(t)UQ(t). (D-9)
Solving equation D-8 iteratively for | <i'(t)> using the boundary

condition

Hj^(t=0) = 0 (D-10)

yields a solution;

I ^(t)^> = Ui(t) I i|^(0)I> (D-11)

where

t

-i/1i n H'(t)dt'
Ui(t) = (e (D-12)

Equations (D-11) and (D-5) combine to give an expression for the state

'i^(t)>:

I  i(^(t) = Uo(t) I 'j^^(t)> = Uo(t)Ui(t) I iKt=0)> (D-13)

or

I  'i^(t)> = W(t) I \Kt-0)>. (D-14)

The task is now to demonstrate that W(t) and U(t) are equivalent.

First examine the differential equation solved by each:

j^U(t) = -i-ftH(t)U(t) (D-15)
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and

I^W(t) =^Uo(t)Uj(t)

= - i-hHo(t)UQ(t) - i1iUQ(t)Hj(t)Ui(t)

= - l-Wl(t)W(t). (D-16)

Also note that each obeys the same boundary condition

W(t=0) = 1 = U(t=0). (D-17)

Since the two operators obey the same boundary condition and each

solves the same first order differential equation they are equivalent.
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APPENDIX E

COLLISION AVERAGED TIME DEVELOPED DIPOLE MOMENT

The relationship given by equation (3-58)

(E-1)

is proven by first examining the following dipole moment operator;

U-l(t"^t')hU„j(t">t'). (E-2)

From the definition of the TDO's appearing above, equation (E-2) is

equivalent to

U„( t" )U" k t ■•+T ) y U_ (t ■■+T )U- k T " ) (E- 3)
m m m m

or

u~ k f t "+T ) ilUj^( t 1 "+T) (E- 4 )

where t = t' - t". Upon averaging over random collisions the time

developed dipole moment becomes independent of initial times and the

collision averaged quantity appearing in equation (E-3) can be written

U-kT)yU^(T2^ = U-kt">t"+T)yU^(t"-t"+T)^^g. (E-5)

Now consider equation (E-5) with t replaced by -t;

u;^(-^>^V-^)aVE - U;^(t"-t"-T)iIu„(t"-t"-T)^VE- (E-6)

For the sake of convenience, with no loss in accuracy, consider only

the right most TDO in equation (E-6). Using the definition of

U(t"->-t"-T), from equation (3-54) and (3-55), and the definition of a

general TDO one has;

U(
^  . -i/Kj'' Vf )dt' i/<''"H(t')dt't">t"-T) = (e 'o >+ e 0 (E-7)
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Averaging the above equation over collisions it becomes independent of

initial time t" therefore by replacing t" by t"+T equation (E-8)

becomes

U(t"-»-t"-T)^yg = Uni^t"+T>t")^y£

, -i/hf^ H(t')dt\ . i/h/*^ "^"^iKtMdtV .
=(e 6 )+(e b ^-AVE*

Note that the right hand side is equal to the following:

U^(t)ave = U^(f>t"+T)^^g = H(t')df^^ ̂

, -i/hr''"H(t')dt' 1
(e 0 )- ] /

AVE

therefore
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APPENDIX F

EQUIVALENT REPRESENTATIONS OF THE FUNCTION F(t)

The function F(t), given by

~iwt — — 1 — —F(t) = e Tr[PQU*XU"kt)yXU(t) (F-1)

appears in various forms throughout the derivations of the ATC and

coupled line theories. This appendix demonstrates that the various

forms are equivalent.

The trace of equation (F-1) can be expanded by writing the dot pro

ducts in terms of its spherical tensors components;

Tr[pQyXU"kt)p*XU(t) ]=yg

I  xl Tr[Poulpl,(t)l4VE-
q.q'

The operator U^Ct) above is given by

pl(t) = U"kt)pJu(t)^yE (^"3)

where it is assumed the collision averaging process removes all direc

tionality weighting effects in the TDO. This in effect gives y(t) the

same directionality as R. Equation (F-2) can now be expanded in terms

of the states of total angular momentum and any other state denoted by

a quantum number a. Upon expansion equation (F-2) becomes

Tr[Poy*Xu(t)*X]^yg = I (-O'l+^'X^^
q q'

Y  I I JfMfOifXJfMfaj I u^q,|
Ji,Jf

"i'°f
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Utilizing the Wigner-Eckart theorem the matrix elements can be

expressed in terms of the reduced matrix elements and the produce of

Clebsch-Gordon coefficients; [11]

Tr[ ] I ■^^i'^i I I I JfCfXJfCf \ \ | j X

UiUf

JiJf

V  . ,xi+q'>i ,1 I JAxiJiq'"! IWI  (-1) % VaJi+l)(5Vl> (F-5)
q q'

Employing the properties of the Clebsch-Gordon coefficients, summation

of the M quantum numbers leads to: [49]

Xr[ ] =■ I I I N -^f^f^ ^
Ji,Jf
°'i'°'f

<Jfaf I I pkt) I J^a^> Xf f I I v^/ I

1  , <-■>" ^1, ^1,. ^ • (F-6)
q q

Since the polarization vector is of unity magnitude the double sum

over q and q' is unity (equal to the dot product), therefore;

^ " 3" ^ ^ ^ I I I ^f'^f^ ^UiUf

JiJf

OfOif I I ukt) I I J^a^>. (F-7)
Consider now the trace given by

Tr[pQU'M(t)]. (F-8)
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Expanding, as before, in terms of sperical tensors and total angular

momentum eigenstates the trace becomes

Tr[pQU'p(t)] = I I Pj a ^
q  i i

<JiaiM^ I I JfafMfXJfCfMf | ̂IqCt) | (F-9)

Again, applying the Wigner-Eckart theorem

Tr[pQU.p(t) ] = I | | I •^f°'f>
JiUi

Jfttf

OfOf I I pkt) I I J^a^>X

^U^qM^ j J ^Uj^—q |

■V(2Ji+l)(2Jf+l)

Performing the sum over and q yields:

r  ■" "■/ \ 1 / . - \ I I I I ^Tr[Poyp(t)] - Pj^„^ (-1) f i ii" W ff

(F-10)

«i«f

OfOf I I P^(t) I I Jiai>. (F-11)

Therefore, in summary, by examining equation (F-1), (F-7), and (F-11),

the various forms of F(t) are given by

""iwt — —— —F(t) = e Tr[pQp»Xu(t)*

1  -iwt„ r ,= je Tr[pQU.u(t)]^^g

1  -iwt V - ,
= TT e3 - I Pj „ (-1) ^ I I pM I Jf«f> X

i i

"i^f

<Jfaf I I p^(t) I I (F-12)
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APPENDIX G

COLLISION OPERATOR B(a)

This appendix derives an expression for the collision operator B(a)

which arises out of the derivation of the dipole moment matrix element

differential equation.

The operator Tg(t->tH-A) appearing in equation (4-103) is given by

Now making a change integration variable the above equation becomes

Expanding the time order product: TDO;

00 A t'

TgCt^tfA) = 1 + 1 I df / dt"...U-l(t+t') H o(t'+t) X
0  0 0 c,o

UQ(t'+t) UQl(t+t")H^^^(t+t")UQ(t"+t)... . (G-3)

The TDO Ug(t) is given simply by

UgCt) = (G-4)

therefore

U~^(t"+t)Uo(t"+t) = U~^(t)Uo(t) (G-5)

and equation (G-3) becomes:

t  t'

To(t>tfA) = 1 + Uo(t) 1 / df / df U-l(f) o(t+t')X
n=i 0 0 ^

Uo(t') U~l(t") H^(t+t")Uo(t") ... (G-6)
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The above equation can then be rewritten in terms of a TDO;

T^jCt-f-t+A) =

_1. . . -i/fi/Vl(t')H (t'-H:)Uo(t')dt'Uo^t) (e b C O )]+Uo(t). <G-7)

Multiplying on the left by UgCt) and right by U^^Ct) yields the com

bination of TDO's that appear in equation (3-101).

The definition of A, from section III-8, is a time interval suf

ficiently long to allow at most one collision of type a. If the quan

tity of equation (G-8) is collision averaged, the averaging process

averages over all initial starting times in A and thus the averaged

quantity is independent of t. Thus t can be set equal to zero in

equation (G-8). Since the impact approximation assumes the time

between collision is much larger than the duration of the collision

the limits of integration in equation (G-8) is extended from minus

infinity to infinity. Thus the collision operator of section IV-3A is

given by:

-h
B(
, _ , -i/K / Uo-l(t')H-(t')Uo(t')dt\ .a) = (e Aoo " c u (G-9)
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APPENDIX H

LINE STRENGTH AND THE DIPOLE MOMENT

REDUCED MATRIX ELEMENT

The purpose of this appendix is to show the relation between the

dipole moment reduced matrix element and the line strength. Consider

the dipole moment matrix element given by:

<nJMgpv I I nj'm'g'p'v'> (H-1)

By expanding the states as given in Chapter 111 the above matrix ele

ment can be expressed by:

<a.JMgpv I y^ I nJ'M'g'p'v'> =

y I c(J,g,p,n) c(j',g',p',n') X

[^<JM-f2nAS2v I yi I J'M'-n'nA'SE'v'>_
K  ' 4 ' R

+PiPfR<JMf2n-AS-Zv | y^ | J'M'n'n-A'S-S'v']r (H-2)
Note that unity can be inserted in the last matrix element above in

the form of P^P and properties of the parity opeation on the molecular

state used to obtain:

<nJMgpv I Pq I nJ'M'g'p'v'> =

I  c(J,g,p,Q) c(j',g',p',n') X

<nJM-nnASSv | yj | J'M'-n'nA'SE'v'>(l+pp' ) (H-3)

Now consider the specific case of q=0. Utilizing the expressions

given in Chapter 1 for the eigenfunctions the last matrix element is

found to be given by;
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<nJM-SJASEv | yj | J'M'-n'nA'SE'v'> =

<v I y I <1 jom| J'M>

<J0J2 I Jf2> (H-4)

Now utilizing the Wigner-Eckert theorem the dipole moment of equation

(H-1) becomes:

,  <nJgpv I y^ I I nJ'g'p'v'> ,
<nJMgpv y/^ nJ'M'g'p'v'> = _ (-1) X

'  " ' /2JfT

2 T+1 1/2 I<1J0M I (H-5)

By equating equations (H-5) and (H-4)

<nJgpv I I y^ I I nJ'g'p'v'> = <v I y j v'X-l)^^"^ I C(J,g,p,n) X

C(J',g',p',5^') y [1 + PiPf(-l)"^'*''^'KJIS^O I J'S1> X

/2J+r (H-6)

In order to relate the reduced dipole moment to the line strength

consider the absorption coefficient in equation (4-340). This

expression can be put in the customary form;

SfYi
k(w) = I — ^ (H-7)

or for a single spectral line;

s y

~ Vi77ZErTZ!rr"2T (H-8)Tr[(u)-coQ)^+Y^2]
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where is the integrated absorptance (cm and is the

(cm ^). The integrated absorptance can be expressed in terms of

0  —? — 1a pressure independent line strength Sj|^(cm atm ) by

S = (H-9)

where P_ is the pressure of the absorbing species in atmospheres. The
di

frequency integral of the absorption coefficient over the spectral

line is equal to the integrated absorptance;

S = fk(a))dw.
^line (H-10)

Therefore from equation (4-122), and integrating from to

^  I ^^-^iSiPin I I pM I nJfgfPfVf.>^ TT

Pg SiT^ojd
= SficksT ^JigiPiVi I <"JigiPi^i I I pM I nJfgfPfVf> I 2 (H-11)

or;

^JiSiPi^i I ^fgfPfV I
Substituting equation (H-6) into equation (H-12) yields;

[I C( Jj ,gj^,Pj^,fl) C( ,g£,p£,£1' ) ]2 X

Y [l+PiPf(-l) I <Jili20 I I 2. (H-13)

Using simple harmonic oscillator vibrational eigenstates and the

dipole moment function of equation (4-48), the vibrational matrix ele

ment for the fundamental band becomes;

B R 2,

<v. I M I Vf> I 2 = ^ ̂  (v^+l). (H-14)
e



Therefore the line strength can be expressed as:

3° = St̂BS " T ^JiPigiVi
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(H-15)

where the band strength Sgg is given by

SiT^dB^R
e e

BS 3fickT^j ■" ^"ep'2(R ). (cni~^atm~^) (H-16)

The temperature T^ is some reference temperature, usually 273.15K

BOOK, and f(J,fJ) is the Honl London factor given by:

or

n(2J^+i)

(J.+l)2-n2
—

P-branch j£=jj^-l

0-branch

R-branch + 1 (H-17)

Note that equation (H-15) is the Herman Wallis approximation.[56]
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