
To the Graduate Council: 

I am sxibmitting herewith a dissertation written by Russell 
Scott Becker entitled "An Investigation of Dissipative Forces 
Near Macroscopic Media." I recommend that it be accepted in 

partial fulfillment of the requirements for the degree of Doctor 
of Philosophy, with a major in Physics. 

Rufus/ H. Ritchie, Major Professor 

We have read this dissertation 

and recommend its acceptance: 

cm 

y 

Accepted for the Council; 

Vice Chancellor 

Graduate Studies and Research 



AN INVESTIGATION OF DISSIPATIVE FORCES 

NEAR MACROSCOPIC MEDIA 

A Dissertation 

Presented for the 

Doctor of Philosophy 

Degree 

The University of Tennessee, Knoxville 

Russell Scott Becker 

August 1982 

3063243 



ACKNOWLEDGMENTS 

I would like to acknowledge the assistance of Dr. R. H. Ritchie in 

providing guidance and expertise in all phases of this project. I am 

grateful for the advice and contributions of Drs. R. D. Birkhoff and 

T. A. Callcott during the laboratory phase of the work and of Dr. H. H. 

Hubbell, without which this work would have met with small success. 

Appreciation is expressed to Sally Stockstill and Waldean Richardson for 

their support during the typing phase. 

The assistance of the Health and Safety Research Division of ORNL 

in providing laboratory facilities and the financial support of Oak 

Ridge Associated Universities through a fellowship during part of this 

project are gratefully acknowledged. I would also like to acknowledge 

the use of the computer facilities at The University of Tennessee Com 

puting Center for some of the calculations in this work. 

Finally, I would like to mention the contributions from,my un- and 

soon-to-be-lettered colleagues for many stimulating discussions over 

beverages whose constituents will not be divulged on subjects covering 

the gamut from physics (only occasionally) to metaphysics to politics 

and women. 

11 



ABSTRACT 

The interaction of classical charged particles with the fields they 

induce in macroscopic dielectric media is investigated. For 10- to 

1000-eV electrons, the angular perturbation of the trajectory by the 

image potential for surface impact parameters of 50 to 100 K is shown 

to be of the order of 0.001 rads over a distance of 100 A. The energy 

loss incurred by low-energy particles due to collective excitations such 

as surface plasmons is shown to be observable with a transition prob 

ability of 0.01 to 0.001 (Becker, et al., 1981b). The dispersion of 

real surface plasmon modes in planar and cylindrical geometries is 

discussed and is derived for pinhole geometry described in terms of a 

single-sheeted hyperboloid of revolution. 

An experimental apparatus for the measurement of collective losses 

for medium-energy electrons translating close to a dielectric surface 

is described;and discussed. Data showing such losses at electron ener 

gies of 500 to 900 eV in silver foils containing many small apertures 

are presented and shown to be in good agreement with classical stopping 

power calculations and quantum mechanical calculations carried out in 

the low-velocity limit. The data and calculations are compared and 

contrasted with earlier transmission and reflection measurements, and 

the course of further investigation is discussed. 

Ill 
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I. INTRODUCTION 

Historical Background 

For more than 50 years, work has been done on the interaction of 

charged particles and solid surfaces. In 1930, Rudford bombarded crys 

talline material with slow electrons and observed energy losses of the 

order of 10 eV that were independent of the incident beam energy and 

crystal orientation. Further studies were carried out by Ruthmann 

(1948) using fast electrons (of the order of several tens of keV) trans 

iting thin metal foils which indicated similar low-lying losses that 

could not be identified with atomic core excitations due to their low 

energy and large half-widths. In 1951, Bohm and Pines showed that 

collective excitations of the conduction electrons in a metal could 

account for some of the experimentally observed low-lying energy losses. 

They suggested that the conduction electrons could be considered a free 

electron gas; the -conduction electrons would then have a characteristic 

angular frequency of 

/4Trne^ 
to v/J
p V m 

where n is the number density of free charge carriers, e is their charge, 

m is their effective mass, and lo^ is called the plasma frequency and is 

generally some 5 to 30 eV/ii. Ritchie (1957) extended the work of Bohm 

and Pines by considering the depolarization effects of the boundaries. 

Ritchie employed linearized Bloch hydrodynamic equations and character-

ized the response of the dielectric with a momentum-, k, and frequency-. 
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u), dependent function e(k,(jj). Within this formalism, he showed three 

things for thin films: 

1. The probability of losses due to excitation -hO) are lowered, 
P 

compared with that for the same thickness in the bulk. 

2. Additional losses occur at ftu) //J. 
P 

3. The total probability of losses to collective excitations 

increases compared with the loss probability in the same 

thickness of bulk material. 

Energy losses at the lowered frequency a3^//2 were observed by Powell 

and Swan (1959a and b) in thin films of aluminum and magnesium using 

reflected electrons of energy 750 to 2000 eV. Similar losses for alum 

inum films using transmission of fast, 34-keV electrons were obtained by 

Kunz in 1955. The dielectric response approach of Ritchie was extended 

(Stern and Ferrell, 1950) to include the effect of nonnormal incidence 

and oxide surface boundaries. They found that the effect of oxides or 

other surface contaminants was to decrease the low-lying losses to 

/l + , where is the static dielectric constant of the boundary 

media. This was observed both in reflection (Powell, 1950) and trans 

mission (Kunz, 1955) for thin aluminum films. 

In the above treatments and measurements, plasma oscillations in 

both the bulk and surface modes were stimulated by either reflecting 

slow electrons from the surfaces of the media or transmitting fast 

electrons through thin foils of the media. Both classes of measurement 

probe the plasmon fields from infinity down to the surface, providing 

little direct information about the effects of the plasmon fields in 

regions near, but not including, the surface. Ritchie (1972) has shown 
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that the "classical" image force acting on a charged particle translating 

near a metal surface can be attributed to the excitation and decay of 

virtual surface plasmons; indeed a simple analysis shows that the elec 

tromagnetic fields due to the surface plasmons extend into the vacuum. 

Consider a dielectric slab characterized by response function e(w) 

occupying the lower half-space (-0° < x < °°, -<» < y < <», z < 0). Solving 

Laplace's equation for the fields gives: 

""JcZ 
= A(x,y)e (I-la) 

0^ = A'(x,y)e''"^ ^ , (I-lb) 

with A and A' described as solutions of: 

2 2 
3 . 9+ —2 . ,2^ I = 0 (I-2a) 
dX 9y 

^
2 

^ 
2 

+ k'^ ) A'(x,y) = 0 . (I-2b) 
dx 9y 

These are identified as the equations for harmonic oscillators with 

wavelengths 2Tr/k and 27T/k' for k and k' real, since solutions for non-

damped waves are desired. The solutions for the electric potential in 

and out of the slab are given by: 

,-»■ -> r->-| 
. , ik*p -kz$ = Ae e ' ' (I-3a) 

I I 
. ,, ik'*p +k' z . = A' e e ' ' , (I-3b) 



 

 

 

. /S /\ ^ 
where p is xe + ye and k is k e + k e , with a similar expression for 

X y X X y y 

k'. Applying the boundary conditions for the electric potential and the 

electric displacement at an interface requires k = k' and A = A'. Con 

tinuity of the electric displacement results in 

£(0)) |kl = -lk| -> £(0)) = -1 . (1-4) 

This may be taken to be the requirement for surface plasma oscillations; 

the real part of the dielectric response must be equal to -1. Modeling 

2 2the slab as a Drude metal, with dielectric response £(o)} = 1 - CO /co , 
P 

we find that CO = co //2, the Ritchie frequency (Ritchie, 1957). Thus it 
P 

can be seen that the plasmon fields extend a characteristic distance 1/k 

into the vacuum; for slow electrons this distance is typically 50 to 

200 A. 

An attempt to probe the vacuum plasmon field was made using a para 

bolic nontouching trajectory (Lecante, et al., 1977). The apparatus 

consisted of a pair of oriented, single-crystal, molybdenum plates, 

biased to provide a normal electric field causing a beam of 2-keV elec 

trons to follow a parabolic trajectory passing the order of 100 A above 

the lower plate. An observed 0.95-eV loss was attributed to excitation 

of molybdenum surface plasmons by the electrons as they transited the 

nadir of the parabola. Here the surface plasmon field was probed from 

infinity to 100 A from the surface. It has been suggested (Rahman and 

Maradudin, 1980) that the consequent integration over impact parameter z 

does not yield much useful information about the plasmon field. 

In this work, an attempt to localize the surface impact parameter 

was made by transmitting medium energy electrons through small, submicron 
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holes in a thin silver foil. The exiting beam was then energy analyzed; 

losses were observed at 3.5 eV, increasing exponentially with the recip 

rocal square root of the incident energy in accordance with predictions 

(Otto, 1967; Becker, at ai., 1981b; Ferrell, 1981) and are attributed to 

the aloof excitation of real surface plasma oscillations on the walls of 

the holes. Chapter II elucidates the classical conservative and non-

conservative interactions between slow electrons and dielectric surfaces 

in geometries described by semi-infinite slabs, small holes in thin 

sheets, cylindrical cavities in infinite slabs, and surfaces containing 

apertures characterized by single-sheeted hyperboloids of revolution. 

Chapter III describes the experimental apparatus used and the technique 

employed in measuring the aloof scattering of the electrons, and Chapter 

IV compares the results of the experimental investigation with the 

various theoretical calculations of Chapter II. 

Scope of Work 

The scope of this work is to study the forces acting on a charged 

particle near macroscopic media. In pursuing this, primary emphasis 

has been placed on measuring energy losses on slow electrons transiting 

submicron apertures in silver foils and measuring the plasmon excitation 

probability for this process as a function of energy. Secondary emphasis 

has been placed on the theoretical development of the aloof scattering 

process. 



 

II. ELECTRICAL IMAGE FORCES BETWEEN CHARGES AND SURFACES 

In this chapter the dynamic interaction of a charged particle with 

the conservative and nonconservative components of the image force will 

be investigated. Section A will treat the conservative interactions for 

a plane slab, a hole in a thin sheet, and a cylindrical void in perfectly 

conducting media. Section B will examine the classical nonconservative 

interaction for a charged particle translating near a dielectric media 

in plane slab and cylindrical void geometries. Section C develops the 

surface plasmon dispersion relation for a thick hole described by a 

hyperboloid of one sheet, and limiting cases are discussed with bearing 

on transitions and interactions involving the plasmon field. 

A. Classical Motion of Charged Particles in Conservative Fields 

Plane slab. We consider a charge q with mass m, translating with 

->■ , ^ 
velocity v = a distance z above a plane conducting slab. The 

charge q moves under the influence of the image potential, which for a 

plane conducting sheet is given by: 

f(z) = - . (II-l) 

The equations of motion for x and z components are: 

2 

z = - (II-2a) 
4mz 

and 



 

 

 

 

 
 

 

X = 0 . (II-2b) 

Equations (II-2a) and (II-2b) can be solved by quadratures giving 

for the equation of motion: 

dx X 

(II-3a)
dz 

lE + q /4z,
\ z ' 

where 

1 .2 
E jmx 
X 

(II-3b) 

2 
1 .2 q_ 
-mz 

4z 

at time t = 0. Integrating (II-3) gives: 

X - X ^' (z^ + Az)^ + i T 
2 
sin"^ (1 + ■^)

A 

(II-4) 

- (z + Az - i ^ sin ^ (1 + -^)
o o 2 A 

where A = q /4E . 
z 

The generalized equation of motion can be specialized to the case 

of a charge q initially translating parallel to the plane slab 

' 1 - z /2z 
X - X 

o 
- z(z /z - 1) (II-5)

% o
(z /z - 1) _ 

If z is set to zero, the expression for the range x - x^ traversed by an 

electron is: 



  

 

 
 

 

 

%/4e z 
IT / X O 

X - Xb , (11-6)2 ̂ -Tica y o 

where a is approximately 1/137. For initial energies of 10 eV and impact 

distances = 50 A, the range before impact is 925 A; for 500-eV elec 

trons, a range of about 6500 A is indicated. It can be seen that for 

medium energies, path lengths of the order of several thousand angstroms 

must be traversed in order to produce significant deflection for closely 

approaching electrons. 

Hole in thin sheet. A more realistic and interesting case for this 

investigation is the motion of a charged particle in the vicinity of a 

hole in a thin conducting sheet. We consider a point charge q at posi 

tion x^, Yq a distance z^ above a thin conducting sheet that contains a 

hole of radius a. Transforming to toroidal coordinates, we have for x, 

y, and z in terms of toroidal coordinates p, and <p (Arfkin, 1970, p. 

112): 

X = ^ sinhri cosj) _ a sinhq sin(|) _ a sin^coshp - cos^' ^ coshri - cos^' ^ coshq - cos^ 

P - I- y^) - ' ,.
coshri - cos^ 

The Laplacian in this coordinate system is: 

.2 _ (cosri - cosg)
3 r9 / sinhri 3 \ ̂  / sinhp \ 3 "| 

2 . ^ L9ri \coshri - cos^ 3r)/ 3^ \coshri - cos^/ 3Cj
a sxnhri 

2 2 (II-8)
(coshr) - cos^) 3 

2 " 2 2 
a sinh I) 3 ()) 



 

 
 

 

with scale factors h_, h , h,: 
i 1 (() 

u u ^ , a sinhnh_ = h = r —^ , h, = —;r = p . (II-9)
t n coshri - cos^ (J) coshri - cos^ 

In physical terms, the ^ coordinate describes a set of spheres on the 

z-axis with centers at z = a cot^ and radii a csc^; the r| coordinate 

describes a set of toroids with cross sections described by circles 

centered a distance a cothri from the z-axis and of minor radius a cschr). 

We may assign a direction to the unit vectors ^ ^ such that 5 pro-

jects inward along the radii of the z-axis spheres and r) projects inward 

along the minor radii of the toroids. Along the z-axis n is zero, and 

the upper surface of the xy plane is described by ̂  = 0 for p > a and 

5 = 7T for p < a; similarly, the lower surface of the xy plane is de 

scribed by 5 = 27T for p > a and 5 = 71 for p < a (see Fig. 1). It can 

/\ 

be seen that 5 is everywhere normal to the xy plane, allowing the sur 

face charge density to be nicely described by: 

coshri - cos5 9$ 
(11-10)^" 47Ta 95 

^=^o 

For the conducting sheet in the x-y plane, cos(5^) = 1 and 

coshri - 1 93> 
(11-11)^ = 47ra 95^^, 

If we assume the potential has the form 

'(5,l1,cJ)) = (coshn - cos5) $(5,Tlf(t') / (11-12) 

then a reasonable separation of Laplace's equation can be made, giving 
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Figure 1. Toroidal Coordinates Describing a Hole in a Thin Sheet. 
The quantity H describes a torus of major diameter acothn and minor 
radius acschn, co-axial with the z-axis. The quantity ^ describes sets 
of spheres centered at z = acot^ with radii acscg. 
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1 3 / 3^> \ 1 3^$ 1^ Sinhn + —±-— ^^ = 0 . (11-13)
sinhri 3r| \ 9n / ^,-2 . ^2 .,2 4 

3^ sinh ri 3<}) 

Employing standard separation of variables, we let $(5,ri,(f)) = R(n)S(5) 

H((l)). Then it is immediately seen that H((j)) and S(5) can be separated 

in Eq. (11-13) as 

2 

^^ = -n^ , S(?) = S e^^^ (II-14a)S d^2 

^^ = -m^ , H((})) = H e^"*^ (II-14b)
H J.2 m

dq) 

where m is an integer, since H is required to be continuous at 0 and 2lT. 

The differential equation for p is then: 

1 d / . ^ dR\ fl 2 m^ \ 
, , , , . ,, ^ , R = 0 . (11-15)

sinhT)-hn ^ dn) (^4 "^ 
This is Legendre's equation for P^(x) and Q^(x) with x = coshri, V = 

-1/2 + n, and y = m. These are referred to as toroidal or ring func 

tions (Abramowitz and Stegian, 1970). 

R(ri) = A™ P® 1 (coshn) + b"' q"* , (coshri) . (11-I6)
' n -~n-h n ^n-h 

The oscillator product functions for the potential can then be written 

as: 

= /coshri - cos^ [a'^ p™ 1 (coshri)
n [_ n —n-% 

1 (11-17)
+ B 1 (coshri) . 

n J 
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The potential in the half-space above and below the x-y plane can 

be described in terms of the generalized surface harmonics as expressed 

in Eq. (11-17). For the immediate problem of a charged particle q at 

x^, y^, near the hole in the sheet, we require Green's fiinction for 

toroidal geometry. This can be shown to be (Ferrell, 1978) as: 

,-5/2 . 
-y -y 

G(r:r ) —-— (coshTi - cos^)(coshri - cos^ 
o L o c 

TT a 

TT . -11 2X I |cosha - cos(C - 2 \cosha/2 

TT . -1 /cos O
cosha - cos(5 + ^+ sin ( -Y?o'] 

cosha/2 

where cosha = coshr) coshri^ - sinhri sinhT)^ cos((j) - <J>q) • Denoting D and 

D' by the following expressions: 

= (x-x)^+ (y-y)^+ (z-z )^ 
o o o 

(II-19a) 

cosha - cos(£ - E ) 
o 

= 2a 
(coshr) - cosE)(coshr) - cosE ) 

o o 

D'^ = (x-x)^+(y-y)^+ (z+z )^
o ^ o o 

(II-19b) 

cosha - cos(E + E ) 
o 

= 2a 
(coshr) - cosE)(coshr) - cosE ) ' 

o o 

then at all points in space the electric potential due to the charge q 

and the induced charge on the sheet is given by: 
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5-^ r cos o 

1^1 . -II'(r,ro) T + ~ Sin \
4ttd 2 IT \cosh a/2. 

(11-20) 

^+5ACOS 

■r + — sin 
4ttd' cosh an 

It may be noted that the potential can be separated into contributions 

from the charge in the first term and its image in the second term. 

Evaluating the homogeneous portion of Eq. (11-20) at the position of 

the charge q, and multiplying by -q/2 gives the potential 

energy for the interaction between the conducting sheet and the test 

charge. For this Ferrell finds: 

2 coshT) - cos£ 
(11-21)^ ^ o o o 4TTa sin^ 

and using relations (II-7) for z gives: 

W(z,C) = - (sin? - ? + T7) , (II-22a)
4ttz 

where 

2 2 2 
r - a + z 

(II-22b)cos? = 
{ [z + (a + r) ] [z + (a - r) ]} 

sin? = 2za 
(II-22c)r r 2 , ^2. - 2 . .2,, -i%{[z + (a + r) ] [z + (a - r) ]} 

^ 2 2 2
and r = x + y . 

Note that for very large values of z (z » a), sin(?) is approxi 

mately ? and the interaction energy is -q /4z, the planar image energy; 
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at large distances from the hole its influence is negligible; this same 

relation holds if r » a. Equipotentials for the hole in the thin sheet 

2 
are shovm in Fig. 2 in units of the system scaling factor, q /4a. 

The forces acting on the charge q can be calculated by taking the 

gradient of the potential energy. Doing so and converting to cylin 

drical coordinates (r, ({), z) gives for the r and z components: 

2 2 2 2\ . 3^,_ ,„.33a, 
TTA A ' 

2 To 3 , 2 2 2, , 2 2 2,
2z a(z + a + r ) _ az(z + a + r )

F = 

^ 21TZ L A^ " A^ 
{II-23b) 

-1 / 2az 
+ tan 

2 2 2 2 
A - r + a - z )] 

where a"^ = [z^ + (a+r)^][z^ + (a-r)^]. 

As z approaches zero, it can be shown that the last two terms 

cancel each other and the first term vanishes; therefore F vanishes 
z 

for r < a. 

To illustrate the strength of the image force, Eqs. (II-23a) and 

(II-23b) were used for holes of diameters 1000 and 10,000 A in a perfect 

conductor. Monte Carlo calculations for electrons of low to medium 

energies projected normal to the sheet were carried out by numerically 

integrating the equations of motion from a starting point ten hole 

diameters in front of the sheet to ten hole diameters beyond the sheet. 

« 

The distribution of final electron trajectories for energies of 10, 100, 

and 1000 eV on a 1000 & hole is shown in Fig. 3 and of 10 and 1000-eV 
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electrons on a 10,000 A hole in Fig. 4. The deflection is seen to be 

small, of the order of 100 yrad to 100 mrad full widths at half maximum. 

Conservative forces on a charge in a cylindrical void. Finally, we 

consider the geometry of the cylindrical void. A charge q is at r^, cp^, 

in an infinite cylindrical void surrounded by a perfect conductor. 

As this problem has been previously treated (Becker, et al., 1980), only 

pertinent aspects of the derivation will be given. 

The Green's function for a point charge in an infinitely long, 

cylindrical cavity in a conductor is given by Smythe (1968) as: 

00 CO 

tu,;) - E E (2 - 6°)a"'♦A' 
„=0 l-l 

(11-24) 

, I I J (k r)J (k r ) 

e — 

'"nil"' 

the charge q is located at r. = (r , (t> , z ), and the field point r = 
0 o o o 

(r, (j), z) . The quantity k^^ is such that the Bessel functions of the 

first kind satisfy J^(k^^a) = 0, a being the radius of the cylinder. 
, ->■The expression for ^(r^r^) gives the electric potential at r due to the 

charge at r^ and the induced charges on the cylinder walls. The derived 
• _image potential will be the homogeneous portion of $(r,r ) evaluated at 

o 

->■ 

r . 
o 

The inhomogeneous portion of the potential is given by: 

= q = (11-25)
inhomo 1r - r j , 2 2 2 „ ' 

' o' (r + r + z - 2rr coscp) 
o o 
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where and have been set to zero with no loss of generality. 

Expanding Eq. (11-25) as (Morse and Feschbach, 1953): 

00 

(r^ + r ^ + z^ - 2rr cos(j))"^ ^ Z (2 - 6°) cosn(j)
O o n=0 

(11-26) 

>< / dk e J (kr)J (kr ) ; 
o n n o 

and using the identity (Buchholz, 1947): 

J (ka) a 2 2 J ,(k ,a) (11-27)
n a=l k - k . n+1 n£ 

nx, 

gives for the homogeneous potential: 

°° °° J (k „r )
^ V V rO. n nJt o , ^ 

7'nSo 2^2 

where 

-k .z 

6 2 / dJc ""k 1 z I

'nH - J (k ,a) - L 2 2 ® J^(ka)J__(kr).(n-29)
n+1 nJt k - k „ 

nZ 

Using various Bessel function identities and noting that W(r) = 

1/2 Jp^^dT where p(r') = q6(r-r^) gives for the interaction image 

energy: 

2 00 oo J (k -r) 

W(r) = - 3^ E Z (2 - 6°) " 
^ n=0 )l=l " ̂n+l^'^nJl^) ° ^ Kz 

(11-30) 

X J (kr) J (ka) 
n n 
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which simplifies to 

dk 

2 00 / k+k„ J (ka) 
„ .-a- z ^ ° (11-31) 

on the z-axis. 

A plot of (11-30) is shown in Fig. 5 along with the planar image 

potential energy and an approximate expression (Yu, 1978) with all 

energies normalized to zero at r = 0. The dots correspond to the cyl 

inder image energy calculated using relaxation methods. 

B. Classical Motion of Charged Particles in Nonconservative Fields 

In this section the motion and frictional energy losses for a 

charged particle translating in the vicinity of media characterized by 

a frequency dependent dielectric response £(w) will be discussed. The 

first part will treat motion above and parallel to a planar slab; the 

second part will discuss paraxial motion in a cylindrical void sur 

rounded by dielectric media. 

Planar slab. The geometry of Eq. (II-l) is utilized; a charge q is 

moving with velocity v a distance z above a planar slab characterized by 

dielectric response £(UJ) occupying the lower half-space (Fig. 5). v is 

parallel to the surface and in the x direction. The charge density at 

time t is given by; 

p(r,t) = q6(x - vt)6(y - y^)6(z - z^) • (11-32) 

The following calculation invokes classical electrodynamics and is valid 

for frequency regimes where the media may be characterized by its 
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optical response. The time interval during which the fields due to the 

translating charge are strongly felt by the metal surface are of the 

order of z/v. Optical periods are '^10■"15 seconds, and typical metal 

relaxation times are of the order of to 10~^® seconds; for 100-

eV electrons an impact parameter z of 60 K produces an optical driving 

field. For a metal, the relaxation time is sufficiently short so as to 

produce the effect of a static charge distribution translating over the 

planar surface in step with the charge q. 

Inside the metal, z < 0, the electric potential is described by: 

(r,t) = 0 {II-33a) 

and outside 

V 2^ {r,t) = - 4Trp = -4TTq6(y - y ) 6 (z - z ) 6 (x - vt) . (II-33b) 
o o 

These equations can be solved simply by taking the Fourier transform 

over the x and y coordinates, giving: 

/ d^ 2\ ~ - k,| $ = 0 (II-34a)2 "; >\dz / 

(-^ - k^ ) $ = -STT^q 6(z - z ) 6(0) - k v) (II-34b)
\dz / o x 

2 2 2where k = k + k , and denotes the transformed potential.
X y < 

The general solutions for the transformed potentials are: 

k,|Z 
= Ae , z < 0 ■ (II-35a) 
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' 4^,, , , -k„z 
= —Z— 0(0) - k V) e + Be , z > 0 • (II-35b)

^ K.|l X 

The first term in Eq. (II-35b) is the inhomogeneous Coulomb field 

due to the charge q at (x - vt, y , z ), and the second term is the 
o o 

homogeneous induced field. The usual boundary conditions requiring 

continuity of the electric potential and normal component of the elec 

tric displacement are applied at the interface, z = 0. The coefficients 

A and B are found to be: 

2 
8tt q 6(0) - k v) -k,,z

X " o 
A = e (II-36a) 

k,|(1 + e) 

4iT^q r , , . /I - e\B = 6(0) - k^v) I -Je . (II-36b) 
" M + e 

Classical charges cannot interact with themselves (they have already 

done so through the work done in assembly). The interaction energy 

between the charge and the slab is due to the homogeneous potential 

given by: 

/i^2 . -k.i(z+z )
2 4tt q ., , , /I - £ \ " o 
> 6(0) - k v)( |e (11-37) 

evaluated at the position of the charge. 

W. . = T /P(r) $ (r)dT = q .(r )| (11-38)
int 2 ̂  o> 2 o> o 'x=vt, y-y , z=z 

o o 

i 

where is derived through the inverse Fourier transform 
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3 +°° +00 -oo i(k x+k y-oot) ^ 

^o> " 2^ I f I ^ $ (k||,a),z). (11-39)
—OO -.00—m J■* _00 

The classical energy of interaction is then; 

2 +00 +00 +00 i(k x+k y-wt) 
W = ~ / dk J dk J do) e ^ ^ 

loo y loo ^ 
(11-40)-2k||Z 

which reduces upon integration over k to: 
X 

-2z/^ + ^ 2 +00 +0O y 2 /n ~\ 
w = ^ ^ - V 

A J <"' 
y ~ 

V 

The integration over k^ can be done immediately, giving: 

2 +00 
_W 3q- J d(0 K (—) Re (- ^ ) , (11-42)TTv ^o ° ^ ^ ^ U + g/ 

ignoring for the moment the existence of a maximum propagation momentiam, 

k ^ in the dielectric response,
cutoff 

Several interesting features can be obtained from (Eq. 11-42). 

First, frequency co^, where = -1 and is small but finite, will 

produce large contributions to the classical image interaction. It is 

of no surprise that this condition, = -1, is the general requirement 

for the existence of surface plasma oscillations—the classical image 

force can be expressed quantum mechanically in terms of the surface 
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plasmon field (Ritchie, 1972). Second, since the dielectric response 

function e(u) has the property that e(-(o) = e*(co) (Ziman, 1972),'only 

the real part of the integrand in Eq. (11-42) contributes to the con 

servative interaction energy. Third, the contribution to the image 

energy is small for large values of to since the asymptotic form of the 

-X ^ Ko(x) modified Bessel function is e /x^, where (o/v may be thought of 

as the planar wave vector k coupling to excitation E = fito at particle 

velocity v—the phase velocity of the response is matched to the hori 

zontal component of the electron's velocity. Fourth, the strength of 

the interaction is also damped exponentially in z; the particle must be 

a distance of the order of v/w from the slab to experience much coupling 

at energy 110), a requirement outlined in the opening discussion. 

We can consider the dielectric to consist of electrons tied to 

equilibrium positions by springs (a Lorentz solid). Fourier analysis 

of such a classical oscillator yields (Ehrenreich, 1965): 

2 
0) 

e(o)) = 1 - — E ^ (11-43) 
0) + iO)Y - 0) 

o 

where O) is the driving frequency, y the damping of the oscillations, o) 
P 

the classical plasma frequency, and 0)^ the free period of the oscillators. 

For a metal, O)^ = 0, the electrons are considered a free electron gas, 

and Eq. (11-43) becomes the Drude simple metal: 

2 
0) 

e(u) = 1 - — E—:—-. (11-44)
to(a) + ly) ^ ' 

For a perfect conductor O)^ ^ e -oo. Introducing this into (11-42) 
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and integrating over o) gives 

2 

W = ' (11-45) 

the classical planar image potential energy. 

Going back to (11-41), the Drude dielectric response for £(10), Eq. 

(11-44), can be used. This gives for the real and imaginary parts of 

(1 - £)/(l + e) 

^ /i - e\ 

P 

~) 2 2 2 2 2 " \1 + £y (W - (0^ ) + Y W 

Using Eq. (II-46a) and observing that the contribution to the conserva 

tive interaction energy is identical for -<» < w < = 0 as for 0 < = < «>, 

we find for the energy of interaction: 

2 22 / 2\ ^24 
W = 3_+ q ̂  ^ + . (ii_47) 

4z 2 3 2 4 3 
15(0 z \ W / 32(0 z 

P \ P / P o 

and employing a cutoff wave vector, 

2 / -2k z\ 2 2 / 2' 

\ ' 16(0 Z \ (0 
p \ p 

(11-48) 

r -2k z 2 2 1 
[l - e ^ (2z k^ + 2zk^ + + ••• 
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Examining (11-47), it can be seen that the primary effect of the 

finite response time, 1/^^ / of the metal is to increase slightly the 

attractive force of the image potential. The additional interaction 

is primarily that of a dipole, is proportional to the electron energy, 

and is inversely proportional to the square of the plasma frequency 

(the more the dielectric behaves like a perfect conductor, the less the 

deviation from the ideal image force). The rationale for imposing a 

finite cutoff momentum is as follows: the phase velocity v of the 
P 

plasma oscillations is given by CO /k ; as k increases the phase veloc-
p p p 

ity drops down to the velocity of electrons in the top of the 

conduction band, at which point it is somewhat facetious to speak of a 

collective propagation as opposed to single particle trajectories, and 

the plasma oscillation breaks up. 

Equation (11-48) shows the effect of invoking a maximum plasmon 

momentum. As the quantity zk = zco /v ., decreases to zero, the term 
c p fermi 

-2zk 

1 ~ 6 decreases the strength of the image interaction. As z ap 

proaches zero, a case not strictly valid for this analysis, the image 

interaction converges to W = 1/2 q^k a/2 E (v /c)~^. 
c P F 

Of more interest are the frictional losses due to the motion of a 

charge above the planar slab. The classical stopping power is given by: 

dw -t ^ o> 
^ = -qEx = +q „ (11-49)dx ^ X ^ 8x 

z=z^,y=y^/x=vt 

Using the properties of the Fourier transform, this gives for the x 

component of the induced electric field 
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-ir, °° °° y-cot) 

8x 2tt X'i" '^Ky 'I ^ ^ kX6(0) - kXv)
—00 —00—CO—OO -00 

(11-50) 

-2k||Z 
^ ,'1 - e\ e 

1 + £/ 

Due to the presence of the additional factor of k^ in the integrand, 

only the imaginary part of the integrand contributes to the stopping 

power. For the stopping power, after integrating over k^: 

0)-2zv^ ̂  + 
2 

2 +00 +00 V 2 / ~ V 

^ / dk f dm m — Im .(11-51)y J, /- j 
2 GJ 

"y 2 
V 

As on (11-42), this can be integrated immediately, giving: 

2 00 
dW 2q r ^ 2za) /I - e\ , 

= —— J dW 10 K Im / 1 . (11-52)
Hy 92 ' i->O xr I, -dx ■' V , I 

TTv o \1 + e 

This expression shares similar features with Eq. (11-42). Again, it is 

noted that the maximum contribution to the integrand from the dielectric 

response is at = -1 and small, classic hallmarks of a strong 

surface plasmon resonance. As in the case of the image interaction 

energy (11-42), it can be seen that the stopping power is damped expo 

nentially with impact parameter z and for increasing frequency (o. 

With a suitable change of variables and the use of the imaginary 

part of the Drude response function (II-46b), Eq. (11-51) can be inte 

grated analytically, giving: 
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4u) z 8a) z \ 0) /
P P P ̂  

For comparison, the stopping power in the limit v » z O) is given by 
P 

(Ritchie, 1981): 

aw (^p^\ 
s'-f- v-£-J • <"-"W 

Using a cutoff wave vector, k^, in (11-51) gives a stopping power of: 

2 -2k z /
dW _ q yv 1-e ^ (2k z +2kz+l + ... (11-54)
dx 2 3 V c c 

40) z 
P 

The energy losses due to classical oulomb fields are proportional 

to the square root of the electron energy and to the internal plasmon 

damping as well as being inversely proportional to the cube of the 

impact parameter z, a dipole interaction. The damping frequency y can 

be thought of as a restriction on the ability of the translating static 

charge distribution to relax; it lags the ground point of the trans 

lating charge somewhat and to this extent resembles a tidal friction. 

If we let 0) ^ the metal becomes a perfect conductor; then the 

imaginary part of (1 - £)/(l + e) becomes zero in (II-46b), and there is 

no frictional force. This can also be seen by letting O)^ in Eqs. 

(II-53a and b) and (11-54). 

It is of interest to note that the above treatment for a classical 

dielectric may be extended to include a momentum dependent dielectric 

response which takes into account interactions due to electron-hole 
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excitations as well as interactions due to collective motions (Ferrell, 

et al., 1979). The expression for the imaginary part of (1 - £)/(l + £) 

in (11-51) is replaced by: 

, /I - e\ . , /I - I
Im / \ > -Im (11-55)

,1 + 1 
1 + e 

where 

k.i +~ dk 

I(0)) = — / (11-56)
TT •' 2'->' 

-0° k e(k,(jo) 

and 

1^ I 1 ^ tok = k„+k = ke + — e +ke 
z yy v x zz 

I(to) is termed the surface dielectric response. Using for e(k,(o) a 

hydrodynamical dielectric response, 

to 

£(k,to) = 1 + 2 (11-57) 

" 3 j^l - ilTH (2k^ - k)/2kvj - to((0+iY) 

where 

H(x) = ^ 1 + 

the stopping power is found to break into two parts upon expansion in (O: 

(0 z 

p, ,22 4 Infl.1966 
(qe) m V I 

dW 
(II-58a)

dx electron 1-3 4 
TTh (0 

hole P 
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and 

2 
dW Qj q Yv 
dx surface 23 " (II-58b)

T 4a) z 
plasmon p 

The contribution due to collective excitations is identical to (11-53) 

in the asymptotic limit of z >> v/o). The contributions due to electron-
P 

hole excitations (single-particle) are also proportional to the square 

root of the incident energy but are damped more strongly in z than 

(Il~58b) and are dominated by the collective effects for large values of 

the impact parameter z. Single particle contributions to the long-range 

stopping power vary as (v^/zo)^)4; for a good conductor Fermi energies 

are a few eV, and values of o) are in the optical range or short UV; 
P 

hence the characteristic distance, z^, where single-particle excita 

tions begin to dominate collective excitations is about 1-10 A. 

Charge: moving paraxially in a cylindrical void. In this section 

we utilize the geometry of Eq. (11-24), that of a charge q translating 

with velocity v paraxially in a cylindrical void of radius a surrounded 

by a dielectric medim characterized by response function £(o)) (Fig. 7). 

The standard method of solution is followed; low velocities v « c are 

considered, and impact parameters z^ = a - r^ are kept sufficiently 

large to satisfy the noncirculation conditions of Eq. (11-32), namely, 

a/v is much greater than the relaxation time of the dielectric, of the 

—18 
order of '^lO s for a good conductor. 

Solving for the electrostatic potential inside and outside the 

cylinder gives: 
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CYLINDRICAL GEOMETRY 
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Figure 7. Diagram of the Image Interaction in Cylindrical Geometry 

ng r ant The diameterShowing the Impact Radius r^ and the Electron Velocity v. 
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of the cylinder is taken as 2a. 
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V $^(r,t) = -4TTp(r) 4ji 
6(r - r^)6((p (})^)6(z - vt) (II-59a) 

r 

and 

V 'l>^(r,t) = 0 , (II-59b) 

where the solutions and are subject to the usual requirements for 

the continuity of the potential at the boundaries and continuity of the 

normal component of the displacement field. We use Fourier transforms 

on the ()), z, and t coordinates of the expressions for $<- as 

im((b-(b ) +<» +<» 
o c r l(kz-Ci)t)$<(r,t) = e J d(jL) J dk e 

> -CO —CO^ / m=0 

(11-60) 

X $5 (r,k,a)) 
> 

where the delta function in (j) is expanded as 6((f) - (j) ) = 1/2TT E 
im((f)-(f) ) ° iti 
e . With no loss of generality, the angle c))^ can be set to zero. 

The transformed potentials then satisfy: 

1 d d. /m , ^ m _ 4Trq 
- — r — - + k ^ 6(r - r^)6(w - kv) (II-61a)
r dr dr \ 2 

^ r 

and 

1 d , d. m ,2 
"* :r") - +k = 0 (II-61b) 
r dr dr 

r 

The homogeneous equations in (II-61a) and (II-61b) are seen to be 

satisfied by the modified Bessel functions of integer order I (kr) and 
m 
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K^(kr). The I^(k.r) are bounded at r = 0 and divergent as z while 

the K^(kr) are bounded at infinity and unbounded as r approaches zero. 

The interior solutions are thus expanded in terms of the I and the 
m 

exterior solutions in terms of the K . 
m 

A complete solution for the interior inhomogeneous Eq. (II-61b) can 

be expressed as: 

m K (kr) 

■^<1^ = " / d(kr) ^ 6(r - r ) 6 (o) - kv)<P m •' r o W(I ,K ) 
m m 

(11-62) 

r 4TTa+ K (kr) J d(kr) ^ 6(r - r )6(a) - kv) ™ 
m — ■ ' r o W(I ,K ) 

m m 

where 

W(I ,K ) = I (kr)K • (kr) - I ' (kr)K (kr) = ^ 
mm m m m m kr 

is the Wronskian for the modified Bessel functions. The complete 

solutions interior and exterior to the cylinder can be written as: 

= A I (kr) - 4iTq 6 (co - kv) I (krfr ) K (kr^r ) (II-63a)
< mm ^ m o m o 

and 

= B K (kr) (II-63b)
> m m 

where the symbol r:r denotes the lesser of r and r , and r^r denotes 
o o o 

the greater of r and r , and the coefficients A and B are to be 
o m m 

determined. 
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Applying the boundary conditions on the interior and exterior 

potentials and solving for A and B gives-
m m 

4TTq 6(03 - kv)(e -1) I (kr ) K (ka) K '(ka) 
7, - ^ m o m m (11-64). ...A^ -

(e - 1) I (ka) K (ka) - 1/ka 
m m ' 

/i.- 6(to - kv) I (kr )3 ^ iEq m' o' (11-65) 
m ka ,

(e -1)1 (ka) K '(ka) - 1/ka 
m m 

The complete solution for the transfomed potential is then given by: 

4TTq 6(0) - kv) (e -1) I (kr ) I (kr) K (ka) K '(ka) 
_ m o m m m 

< 
(e - 1) I (ka) K •(ka) - 1/ka 

m m 

(II-66a) 

4TTq 6(0) - kv) I (krfr ) K (kr^r ) 
m o m o 

dun ~ m o ^ m(kr) ,^m 4TTq ,
^ . (II-66b)

(e - 1) I (ka) K •(ka) - 1/ka 
m m 

The first term in Eq. (II-66a) is the homogeneous portion of the inte 

rior transform potential, while the second term is the inhomogeneous 

interior transform potential for a point charge q located at (r ,k,0)) in 
o 

transform space. The classical interaction energy between the dielec 

tric and the slab is derived from the homogeneous potential. Using the 

inverse Fourier transform and evaluating the potential at (f) = cj) =0, 

this is: 

( .2 00 +00 +00 
ji) z / ak / do) 

m=o -°° -°° 
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Noting the properties of the dielectric response [viz. e(-U)) = £ (w)], 

as before, only the real part of contributes to the classical energy 

of interaction. Making use of 6(to - kv) gives; 

(e - 1) I ^Ik' —I K (k-) K •(k')
m \ a / m mW = E f dk' Re (11-68) ., 2 • o 

27T a m (£ - 1) I (k') K •(k') - 1/k' 
m m 

where the argument of dielectric response £ is to = k'v/a. Letting r = 

0, to place the charge on the axis, gives for the minimum interaction 

energy: 

k' (£ - 1) K (k') K, (k' ) 
W / dk■ Re o 1 

(11-69)
axis ^ 2 ■' o 

277 a k' (e - 1) I (k') K, (k') + 1 
o 1 

It is of interest to consider the case of a perfect conductor and com 

pare this result to Eq. (11-31). In this limit of (0 ^ o® we have: 
P 

00 CO K (k')
m \ a / m 

w E / dk' Re (11-70)
' r\1 2 n " ° 

(0 277 a m=0 m 
P 

and axially 

K (k-) 
W (11-71)
axis to -x» •^o I (k')

P 277^a 

For small values of r/a, Eqs. (11-70) and (11-71) are much easier to 

evaluate than (11-30) and (11-31). 

In a fashion similar to Eq. (11-32), the dielectric media can be 

considered a Drude metal with response specified by Eq. (11-44). Di 

viding up £ (to) into £^ + ^^2' real component of the integral in 
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(11-68) is 

W = Z / dk' k'l ^(k- •3^) K_(k') K_'(k')
0^2 'o m \ a / m m 
2tt a m 

(11-72) 

2 n 

k'l (k-) K •(k-) + 
(jj 
„ 

m m 2 
0) 
P 

2 -| 2 2 2 

k-(I (k') K (k') + 
0)
„ + ̂  y 

m m 2 4 
(jj U) 

P -• 

where 

-1 03 _ . 0)Y
[e(w) - 1] 2 ^ 2 * 

03 03 

In terms of the rescaled momentimi k', the frequency 03 can be expressed 

as 03 = k'v/a. The generalized expression for the image energy is: 

2 °° / r . 

W = -2— E f dk' I fk' — K (k') K'(k')
1'2 'o m\ a/ m m 
2Tr a m 

(11-73) 

2 n 

I (k') K •(k') + k' 
m m 2 2 

a 03 

P 

2 -I 2 2 

I^(k') (k') 4. k' V Y 

2 4 
a 03 a 03 

P -I P 

For large values of k', I (k')K '(k') become - l/2k' and I (k' r /a)
^ m m m o 

2 —2(k'/a)z
K (k')K'(k') becomes a/4k' r e c. For low velocities and good 
m m 

conductivity (Y « integral in (11-73) can be expressed as: 
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-2k'(z /a) 2 2 
k' » 1 c a oj 

V 

1 + 
2 2 

asymptotic 4r aixi 2k' V 
o p 

which is damped exponentially in k'(z = a - r ). Since the response 
C O 

2 
is exponentially damped and proportional to v where v « c, the con 

tribution in the asymptotic regime can be neglected. For very small 

arguments, the integral in Eq. (11-73) expands as: 

-In k' 1 + fl - k* + ... 
2 2 2 

03 / a 03 
p / pk' « 1 

/r \2m 
1 + 2 + ...^ ^ f 

m ^ ' a 03 \ 03 
p \ p 

retaining only terms through k'
2 
and (v/a05 )

2
. This can be compared to 

P 

the small argument expansion of (11-70): 

oo /r \2m . E fU) . 
n=:/^ \ /in=o 

It can be seen that the effect of finite conductivity is to slightly 

increase the image energy by a factor proportional to the energy of the 

incident charged particle, exactly the same as for the plane slab. 

Indeed, the cylindrical walls can be considered planar for impact param 

eters where z^ is much less than the cylinder radius a. 

Of interest in the present work is the aloof stopping power of the 

cylindrical void. This is given classically by: 

3$ 
dW o< 

= qE'Z -q (11-74)
dz 3z z=vt,r=r^,(J)=o 
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where 

OO -J-OO94> 
o< 1(kz-ojt) iin , , V(l/2Tr) S j dk(ik)e $ (r k,(jo) (11-75)
9z <o o 

m=o -00 

Using the properties of the dielectric response, it can be shown 

that, as in the case of the slab, the real parts of the integrand make 

a net nonzero contribution. The additional factor of ik makes this the 

imaginary component of This yields: 

• 2 ~ 2 
k- (e-l)l K (k')K '(k' 

dW 9 m a / m m-3— E / dk' Im (11-76) 
dz 

TT a mo k'(E-l)I (k')K (k') - 1 
m m 

Using a Drude model for the dielectric as given by Eq. (11-44) gives a 

stopping power of 

2 2 
^2 00 k' I K (k')K •(k') 

dW m a / m m 
(11-77) 

dz 2 2 
1103 a m o 

^3^ X / dk' 

where and are given by 

2 2 
k' V 

= k'l (k')K '(k') - „ (II-78a) 
R m m 2 

a CO 2 
P 

k'vy
D_ (II-78b) 

aco 
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and 

2 ^2 
= k'' I ^(k-) K '^(k') + 

m m 2 2 
a 0) 

(II-78c) 
,,2 2 2 
k V Y 
-^r - 2k'I (k') K '(k') + 
2 2 m m 2 
a 03 03 

p p 

For small values of v/a03^, the stopping power can be expressed as 

^2 <» k'I (k'—)k (k')
dW (V « ao3 ) = - T. j dk' 2 (ll-79a)
dz r ^ TT03 a m o I (k')K '(k') 

o p m m 

and axially 

^ 2 k' K (k') 
dW 2q vy o 

(v « a03 ) / dk' (II-79b) 
dz 2 3P I ^(k')K,(k')axis 7T03 a 

o 1P 

It can be seen, as in the expression (11-77), that the stopping 

power varies with the square root of the incident energy, is proportional 

to the plasmon damping y, and varies with the inverse cube of the radius, 

indicating a primarily dipole interaction. The definite integral in Eq. 

(II-79b) can be integrated numerically, with a result of 0.92; hence, to 

first order in the expansion in powers of (v/a03^)2, the stopping power 

for a cylinder is about twice that of a plane slab. This is not sur 

prising since there is much more dielectric in close proximity to the 

charge q in the cylindrical geometry than in the planar geometry. For 

a 1-eV electron translating 500 & over a silver sheet (-fiy = 0.15 eV, 

■hoa = 3.77 eV) , the long-range stopping power is found to be about 
P 
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-10 
5x10 eV per angstrom; a 1-eV electron would have to traverse about 

O 

2 cm in order to lose 10% of its energy. At closer approaches (50 A) 

and higher energies (100 eV), we find the stopping power to be about 

5x10 ̂  eV per angstrom; a 100-eV electron must travel about 70 p before 

losing energy of the order of 4 eV. It is shown by evaluation of the 

2 2 3term 2q vy/lTUJ^ a that the classical energy loss for low to medium 

energy electrons is very small for a good conductor. For 1-eV electrons 

with 500 K surface impact parameter, the discriminating quantity v/aa)^ 

is about 0.002; and for 100-eV electrons with 50 A surface impact param 

eter, v/au)^ is about 0.2. This evaluation shows that a surface impact 

parameter of 50 A is the limit the classical nonretarded calculations 

can be pushed for electrons of the order of a few hundred electron volts 

in energy. 

C. Dispersion Relation for Plasmons on a Sheet with a Thick Hole 

The previous sections of this chapter have dealt with a classical 

treatment of the interactions of charged particles with conducting and 

dielectric surfaces. Geometries considered have included planar slabs, 

thin conducting sheets containing circular holes, and cylindrical voids 

in conducting and dielectric media. In this section the nature of 

surface charge oscillations for circular holes in thick sheets will be 

discussed. 

It is of some interest to summarize surface plasmon dispersion 

relations for the various geometries considered and to compare and 

contrast them. For the case of a planar slab of thickness a, the non-

retarded surface plasmon dispersion relation for surface wave vector kn 

is given by (Ritchie, 1957): 
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-— = 2" ; (11-80) 
0) 

P 

and for the case of a finite speed of light, c, the retarded dispersion 

relation is given by (Ritchie and Eldridge, 1962); 

2. 2 
2 c k,I -0) + (i) 

= 1 -
2. 2 

c k 

(11-81) 

tanh w - CO 

^ ikii — 
coth 

In the limit of k,, » co/c (the nonretarded limit), it can be seen that 

I I
Eq. (11-81) becomes (11-80). Similarly, when the quantity [knja becomes 

large, the exponential term describing the splitting of the plasmon into 

two branches becomes very small, and the limiting value of o) = u //2 is 

reached. One striking feature of both (11-80) and (11-81) is that two 

distinct modes of oscillation occur; the charge oscillations on the 

upper and lower surfaces of the slab interact with each other and pro 

duce two normal modes of oscillation as with a pair of coupled classical 

oscillators. The mode corresponding to the (+) sign in Eq. (11-80) 

and the (tanh) in Eq. (11-81) arises from an antisymmetrical charge 

distribution on the two sides of the slab, a positive charge density 

opposite a negative charge density and vice versa. The mode corre 

sponding to the (-) sign in Eq. (11-80) and the (coth) in Eq. (11-81) 

is similarly due to a symmetric charge distribution on the two sides of 

the slab. The frequency (energy) of the oscillations is raised in the 
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antisymmetrical case and lowered by the same amount in the symmetrical 

case due to the difference in electrostatic potential energy of +(6q) /a 

which exists between opposite antinodes; and for the antisymmetric case, 

the electrostatic potential energy between corresponding antinodes is 

2 
(6q) /a. Hence, the frequency is lowered for the symmetric mode and 

raised for the antisymmetric since the total energy is the same. 

Dispersion relations in the planar case can also be obtained for 

the reciprocal geometry of a vacuum of width a between two planar slabs. 

For the nonretarded case we have: 

0) 
(11-82) 

0) 

and in the retarded regime 

2, 2 2 
c k|, - CO tanh 

0) CO CO 
= : 1 - .(11-83)t2 2 2 coth 

CO CO c k„ - CO + CO 

It can be seen that the classical nonretarded modes are identical in the 

reciprocal geometry, whereas the retarded modes are somewhat different, 

the wave vector in the argument of the (tanh) and (coth) being vacuum 

retarded as opposed to dielectric retarded. 

Likewise, the surface plasmon dispersion relation in the infinite 

cylinder geometry has been calculated (Ashley and Emerson, 1974). In 

the case of no retardation, the dispersion relation for the m mode on 

a dielectric cylinder in a vacuum is: 
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to 
m 

= kal (ka) K (ka) + ml (ka) K (ka) (11-84) 
2 m+1 m m m 

to 

where I and K are the modified Bessel functions of the first and 
m m 

second kinds, respectively. The retarded dispersion relation is given 

by: 

I'(K a) K'(Ka)
2 2 m o , , m 

K K K t~~; r - K e(w) —;—r 
o I K a) o K (Ka) 

m o m 

I'(K a) K'(Ka) 
m o m 

- K (11-85) 
o K (Ka) 

m o iti 

2 2 
m r / X n 2, 2 to -y [£(to) - 1 k — 
a c 

2 2 2 2 2 2 2 2 
where K = k - to /c and K = k - £(to) (O /c , and the ' on the Bessel 

o 

function denotes differentiation with respect to the argument. For the 

complementary geometry of a cylindrical void in a dielectric media, the 

th 
m nonretarded dispersion relation is: 

to 
m 

= kaK - (ka) I (ka) - mK (ka) I (ka) (11-86) 
2 m+1 m m m 

to 

and the retarded plasmon dispersion is: 

I'(Ka) K'(K a)]
2 2 m m o 

K K - KE(to) 
o ^o I (Ka) K (K a) 

m m o J 

(11-87) 

I'(Ka) K'(K a) 
m m o 

- K 
^o I (Ka) K (K a)]m m o 
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EL r£(^) - if ,2^ 
2 L £(0)) J 2 
a -■ c 

If one goes to the c limit in Eqs. (11-85) and (11-87) , the 

simple dispersion relations of (11-84) and (11-86) are obtained using 

the Wronskian for the I and K Bessel functions. Of interest is the 
m m 

large ka limit. If ka is taken to be much greater than 1, we find for 

Eqs. (11-84) and (11-86) : 

2 

= - ± . (11-88)
2 2 2ka ^ ' 

03 
P 

The second term on the RHS of 11-88 vanishes for ka » m, and we are 

left with the planar limit of 0)^//2. Dispersion relations (11-81) and 
(11-85) are shown in Fig. 8 for small values of k a to contrast the mode 

P 

splitting between the planar and cylindrical geometries. Figure 9 shows 

the dispersion relation of Ashley and Emerson for k^a = 0.6071 and 
angular modes 0, 1, 2, and 10. Figure 10 shows the dispersion relations 

for a vacuum cylinder and a dielectric cylinder for values of k^a con 
sistent with 470 A and 200 A diameter Ag cylinders. The dotted lines 

indicate the coupling wave vector for 700- and 900-eV electrons. 

It is of some interest to contrast the planar and the cylindrical 

surface plasmons. If we let the thickness of the slab go to infinity, 

the nonretarded plasmons converge to OJ //2, while the retarded plasmons
P 

simplify to (Raether, 1965) : 

4 ■ ^ . 
03 03 03 

P P P 



47 

ORNl-OWG 8^-17530 

(jj= kc 

N=W 

N= 1 

0.5 cup 

cylindrical dielectric 

a cli 

= 0.6071 

1.0 

a/= k c 

0.5 

PLANE SLAB 

Oai 

= 1.0 

k|I c /(ij, 

Figure 8. Retarded Surface Plasmon Dispersion Relation for a 

Cylindrical Dielectric of Radius a for aw /c = 0.6071 (Ashley and 
P 

Emerson, 1974) and for a Plane Slab of Thickness a with aw /c = 1.0 
F 

(Ritchie and Eldridge, 1962). 
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ORNL-DWG 81-18234 

DISPERSION RELATIONS FOR NON-RADIATIVE SURFACE PLASMONS 
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Figure 9. Retarded Surface Plasmon Dispersion Relation for a 
Cylindrical Dielectric of Radius a Showing Azirnuthal Modes 0, 1, 2, 
3, and 10 for aoj /c = 0.6071. 
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ORNL-DWG 81-17531 

1.0 -
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cu 

OJ 
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-^=0.382 

0 

0 10 
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Surface Plosmon Dispersion-Cylindrical Geometry 

Figure 10. Retarded Surface Plasmon Dispersion Relation for a 

Cylindrical Void (upper) and Cylindrical Dielectric (lower) of Radius a, 

Azimuthal Mode 0 with aoj /c = 0.9 ( ) and 0.382 ( —), Corresponding 

to Cylinder Diameters of 470 and 200 ̂  of Ag, Respectively. The dashed 

vertical lines denote the coupling wave vecror for 700- and 900-eV 

electrons. 
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In either case, one dispersion relation remains, which for values of 

kc/oj^ = > 2 is within about 3% of the asymptotic value 

Now, for the cylinder we have markedly different results. The cylindri 

cal geometry is a partially closed surface midway between that of a 

plane and a completely closed surface such as that of a spheroid. On 

the plane we have travelling waves cos(k*p) and sin(k*p), where p = 

xe^ + ye^ along the surface. The cylinder supports waves described by 

cos(kz) and sin(kz) along the axial direction of the cylinder but 

requires a standing wave be formed around the cylinder, since the fields 

must be continuous at (}) = 0, 27T. The total surface momentum is thus 

discrete in the azimuthal direction but continuous in the axial direc 

tion. Since the wavelength around the cylinder is 27Ta/m, the azimuthal 

wave vector is k = m/a, and the total wave vector: 
P 

->■ in ^ 
k = kz + — (}) . (11-90) 

In general, the wave vector on the cylinder describes a helical propa 

gation. For fixed values of ka, as the order m of the surface mode 

increases, the surface plasmon frequency U) approaches the asymptotic 
m 

value, CO //2, more and more rapidly as shown in Fig. 7. This is in 
P 

accordance with the planar plasmons; as the total surface momentum 

increases, the surface plasma frequency approaches the asymptotic 

limit. 

As a further illustration of this contrast between standing and 

travelling waves, we may consider the surface modes on a dielectric 

sphere of radius a (Kunz and Raether, 1953). Here the surface plasma 

frequency is given by: 
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2 

'^m 1 
-T = 
OJ 

p 

subject to the condition CO /c « m/a (retardation neglected). The sur-
P 

face modes are entirely discrete; and as m approaches infinity, the 

planar limit of (O /y^ is reached. A common thread in all the geometries 
P 

considered is that as the plasmon wavelength becomes much less than the 

local radius of curvature, the surface to all intents and purposes is 

well approximated by a plane, and the planar surface plasmon dispersion 

is reached. 

In general, any finite range coordinate will support only standing 

waves with a discrete valued wave vector, and infinite range coordinates 

support standing waves with a continuous valued wave vector. A geometry 

described by a surface of revolution will contain discrete modes and in 

some cases, such as cylindrical geometry, a mixture of discrete and 

continuous modes. 

We now consider the problem of surface oscillations on a hole in a 

thick sheet. In order to make the problem mathematically tractable, the 

interface between the hole and dielectric is modelled as a hyperboloid 

of revolution of one sheet, with the vacuum containing the region of 

the hole between the hyperboloid nadir circles out to infinity; while 

the medium characterized by frequency-dependent dielectric response 

e(to) lies between the hyperboloid asymptotes. The region of the vacuum 

is seen to contain the z-axis in its entirety. In this geometry the 

problem of finding the surface plasmon dispersion relation reduces to 

that of solving Laplace's equation (nonretarded modes) and Poisson's 
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equation (retarded modes) in an oblate spheroidal coordinate system 

(Fig. 11). 

The problem of solving Laplace's equation in the oblate spheroidal 

geometry has been examined in some detail in a previous work (Snow, 

1952). The oblate spheroidal coordinates 6 and 3 are shown in Fig. 11. 

The oblate spheroidal coordinate system is obtained by rotating an 

elliptical coordinate system consisting of confocal ellipses and hyper 

bolas about an axis, z, normal to the line joining the foci at p = ±a. 

The 3 coordinate corresponds to a given oblate spheroid (rotated 

ellipse) and serves to measure distance along the hyperboloids of one 

sheet whose asymptotes are specified by the line with slope ±cos(9) 

passing through the origin. The 3 coordinate can be considered a gen 

eralized radius and 0 coordinate a generalized polar angle in a spherical 

coordinate system whose caustic has been expanded from a point at the 

origin to a ring centered at the origin lying in the x-y plane with 

radius a. The angle specifies the azimuth around the z-axis. The 

relation between cylindrical coordinates, (p, (j), z), and the oblate 

spheroidal coordinates is given by: 

z = acosG sinh3 , p = asinS cosh3 • (11-92) 

The metric, h, is given by: 

p I, 

h = a(cosh^3 - sin^O) = a(sinh^3 + cos^B) ^ . (11-93) 

It is noted that for large values of 3/ sinh(3) ̂ cosh(3)^ 1/2 e^. 
2 2 % 

Since the distance from the origin, r, is given by (z + p ) , then for 

large 3 
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ornl-owc ao-uezo 

- TT 

Figure 11. Oblate,Spheroidal Coordinate System Section in y-z 
Plane. 3 is the generalized radius corresponding to confocal oblate 
spheroids with foci at p = ±a. 0 is the generalized polar angle 
corresponding to hyperboloids of revolution of one sheet with foci 

at p = ±a. 
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r % ^ (11-94) 

and 3 is proportional to the natural logarithm of the radius. The indi 

vidual metric elements h , h„, and h, are: 
P 0 

2 2 2 2 2 2 
ho = = h = a (sinh 3 + cos 0) 
P 0 

(11-95) 

^2 2 2 . 2. ^2.h^ = P = a sin 6 cosh p 

The Laplacian is then: 

h coshp \ / h sinB \ / 

(11-96) 

2 
1 9 

+ 

We shall confine this investigation to the solution of Laplace's equa 

tion; the c ->• 0° limit is taken, and retardation is neglected. Further 

comments on the effects of retardation on the conditional separation of 

the partial differential equation describing the electric potential 

$(r) will be given later. 

Historically, the branch cut in the p-z plane in oblate spheroidal 

coordinates has been taken to be between the foci, from -a to +a. In 

the present problem, this choice of branch cut would require the cut 

line to pass through the boundary surfaces of the dielectric. For this 

physical reason, the branch cut from -a to +a is not acceptable and has 

been changed to the complementary cut from -<» < p .S a, and a .5. p < °° 
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in the p-z plane. Such a choice of cut line forces a change in the 

range of the coordinates 3 and 0 (Snow, 1952, p. 7). The generalized 

radius, 3, ranges over -o° < 3 < while the generalized polar angle is 

restricted to 0 5. 0 ̂ TT/2. In effect, positive and negative radii are 

allowed, but the polar angle is restricted to ranging over the upper 

half-space. 

The following development of the electric potential is due to Snow 

(pp. 300-317); an abbreviated and streamlined version can be found in 

the literature (Becker, et al., 1981a). The older derivation will be 

presented here to illustrate some additional points in the development 

of the solution and properties of the functions involved. 

Traditional separation of variables is used; the potential $(r) is 

im(b
presumed to be expandable as a linear combination of terms in e as: 

+«» . . 

$(p,z,4)) = E $"'(p,z) . (11-97) 
m=-oo 

A transformation is then made (Snow, p. 228) to Euler's reduced poten 

tial by taking: 

$"'(p,z) = ^ 
1 

U"'(p,z) (11-98) 

where the quantity u''" is the m^^ coefficient in the multipole expansion 

of the reduced potential, U(3/6)f oscillator product functions. Sub 

stituting the RHS of (11-98) into Laplace's equation for oblate sphe 

roidal coordinates gives the differential equation governing the reduced 

potential 
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/ 1 2^ 
u'^(3,e) = 0. (11-99)2 ^ 4-"^ 

90 ,Sin sinh^B/ 

Separating the reduced potential into products of functions u(3) and 

v(0) results in the following differential equations: 

2 1 
m 

u" + 
4 

-
2 , 
y U = 0 (Il-lOOa) 

Vcosh^B 

v" + I 
--

— + y^ I V = 0 (Il-lOOb) 

ksin 0 

2 
where y is a constant of separation for Eq. (11-99). While the sepa-

2 j ^ 1 
ration constant m is due to the azimuthal term e~ and hence is 

2 
restricted to integer values, the quantity y is related to the angular 

and radial coordinates and is as yet unspecified but will subsequently 

be shown to be continuous. 

A final transformation is made (Snow, p. 303), where both v and u 

are given by: 

X = i cot0 , v(0) = y(x) (Il-lOla) 

X = tanhB , u(3) = y(x) . (Il-lOlb) 

After some manipulation, both Eqs. (Il-lOOa) and (Il-lOOb) can be put 

into the following form: 

d 2 1 
m -- y = 0 • (11-102)(1 - x^) f-

dx dx 
1 - X 
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This is seen to be Legendre's equation for y(x) with upper index y and 

lower index m - 1/2 and is termed (Hobson, 1965, p. 445) as the differ 

ential equation describing the solution to the angular functions in a 

conical geometry; the functions y(x) are called cone functions. The 

solutions are then generalized Legendre functions 

(icotO) (tanh3) (11-103) 
—m—l 

for the angular and radial solutions. The functions P ,(icotB) have 
—m-ij 

been investigated by Mehler (Hobson, p. 445) and are referred to as 

"kegelfunctionen." Noting the restriction on the range of 0, two line 

arly independent solutions are generated (see appendix): 

/sin0 P 1 (+COS0) , /sin0 P_ 1 (-COS0) . (11-104)
--Ig+y -'2+y 

An interesting and useful property of the kegelfunctions is that the 

only singularity on the real axis occurs at arg = -1; the functions 

(cos0) are finite in the entire range of 0 employed here, while 

the (-COS0) are singular on the z-axis (0 = 0). 

The reduced potential of order m can be written as: 

U (3,0) = /sin0 AT^ , (tanh3) + BT^ , (-tanh3)
—m-ig —Tn_lim-^s 

(11-105) 

Ct'^ (cos0) + DT^^ , (-COS0)
u-h 

where the functions T^ , and T™ , are related to the Legendre functions 
—m-h ~v-h 

-y 
p. 

m 
and P^ by a complex valued constant (see appendix). The 

m-h -%+y 
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coefficients A, B, C, and D are constants to be determined by the 

boundary conditions. 

External to the dielectric (hyperboloid), the angular solutions can 

only contain terms in (cos9) since the kegelfunctions of negative 
-^+U 

argument are singular on the z-axis; the potential is then everywhere 

smooth and continuous in the range 0 ^ 6 ^ 0^ ̂ tt/2. It is found to be 
convenient, and results in no loss of generality, to express the angular 

solutions, V, in terms of even and odd parity functions: 

V,(0) = P™, (cos0) + p'" (-COS0) (II-106a)
1 ~-h+U 

V (0) = P™, (+COS0) - p"" (-COS0) • (II-106b)
1 ~-h+\i 

It is apparent that under a change of variable to 0' = it - 0, v^(0') = 

v^(0), and V2(0') = -v^(0); hence, v^^ is an even function in 0, and v^ 

is odd. In a similar fashion we may group the functions j^(±tanh3) 

(Snow, p. 312). Using the notation due to Snow, we have: 

(II-107a) 
m 1 2 -m-i$ m-is
C^(3) = U,(B) = \[t^ ,(tanhB) + . (-tanhB) 

(II-107b)s^(3) = u„(3) = ^ tJ;' 1 (tanh3) - 1 (-tanh3)
m 2 2 —m-^ 

u y
with similar parity properties, even for the and odd for the S^, 

under a coordinate reflection 3' -3- It is shown in the appendix that 

the can be expanded as an even power series in tanh(3) » while the S^ 
m m 

can be expressed as an odd power series in tanh(3). 
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The complete solution to the reduced potential and, therefore, 

the potential itself can be expressed in terms of products of defi 

nite parity radial solutions u^ and u^ with definite parity polar solu 

tions and as: 

u"*(6,e) = /sin0 [au^(B) + bu^(g)]tcv^(6) tdv^CS)] . (11-108) 

The physically allowable solutions can be reduced .considerably by 

considering the electric potential and electric field internal to the 

dielectric (hyperboloid) and the properties of the conical harmonics 

-in the immediate neighborhood of the branch cut. At a distance e « 1 

above and below the cut, corresponding to polar angle 9 = 1^/2 - 6, 

6 << 1, mirror field points correspond to -i-g and -g. As 0 approaches 

•it/2, vanishes while v^ remains finite by inspection. Since physi 

cally allowable potentials must be continuous in the absence of a surface 

charge distribution, the even parity angular functions must be paired 

with the even parity radial functions, viz., u^(g)v^(0). Turning to 

the electric fields in the neighborhood of the cut mirror points, we 

find that differentiation of the radial solutions u^ and u^ with respect 

to tanh(g) shows that d/dx ^2(x) has equal but opposite values at -l-g 

and -g. Again, physically allowable solutions for the electric field 

must be continuous in tlie absence of a surface charge distribution; and 

in a similar fashion as for the electric potential, the odd parity 

solutions u^Cg) and V2(g) must be paired. The solutions for the reduced 

potential internal and external to the dielectric are then: 



 

 

  
 

 

 

60 

u" = /sine [a'u^(B) v^(0) +b'u2(6) (6)] 

(11-109) 

.m
U"" = /sinO (cosB) [A'u (B) + B'u (B)] 
^ X 2 

"til
while the real potential's m coefficient is: 

.m ^ ^ a'c|;J(B) P 1 (cos6) +P, (-COS0) 
. —l+U -%+yi/cosh3 ( 

+ b' S^(B) ^ ~ ^ 1 (-COS0) (11-110) 
m 

C
■.in 

= ^ (cos0) A'C^(B) + B'S^(B)
a/coshB m m 

in the nonretarded limit. If, instead, we had taken the speed of light 

2 2 2to be finite, solutions of Poisson's equation [V + £ (U) /c ) ] $ = 0 would 

have been required instead of solutions of Laplace's equation. The 

solutions to Poisson's equation would have been fovmd to involve the 

spheroidal wave functions and would have added considerably to the com 

plexity of the solution. 

D. Surface Plasmon Dispersion Relation on the Hyperboloids 

Recalling that the solutions for the electric potential internal 

and external to the dielectric are required to be physical, we consider 

the allowed values of the index y for the radial and angular functions 

C^(B) / S^(B)/ (cos0) , and p'^ (-cos0) . Referring to previousm m -ig+y 

discussion in this section, we require a standing wave with discrete 

value momentum to be supported in the azimuthal coordinate (p (hence m is 

integral), and we require the radial solutions to be standing waves with 

continuous valued momentum and, therefore, oscillatory in the asymptotic 
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limit. A close examination of the expansion for and in the 
m m 

appendix shows that when the index y is taken to be ik, where k is 

continuous and real with range 0 ^ k < °°, the surface harmonic ortho 

gonality condition is satisfied and radial solutions are oscillatory 

in the asymptotic regime: 

_ik „ ^ik ikZ-ncos3 ik3 
m m (11-111) 

since for large values of 3? the hypergeometric function approaches a 

constant. From Eq. (11-111) the radial distance for large values of 3 

is approximately 

r acosh3 , (11-112) 

and the scalar potential has the asymptotic form of 

ikZ-n(r/a) 
$ '\j (11-113) 

/r 

identical to the radial solutions for conical geometries where the 

hyperbolas in the asymptotic limit take on the shape of their conical 

asymptotes (Hobson, 1965, p. 448). Conical geometries such as multiple 

cones are limiting cases of the hyperboloidal geometry and can be con 

sidered to be complementary. 

In order to derive the nonretarded dispersion relation for surface 

oscillations, we employ the macroscopic method; the general boundary 

conditions on Maxwell's equations and the EM fields are invoked. 

Requiring continuity of the electric potential at the interface 9 
o 

yields: 
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T in , V 
i (cos0 ) = (cos0 ) (11-114)
< o > o 

and on the normal component of the electric displacement: 

m
g(w) 0 • 

m 

= 0 • V$' (11-115) 
COS0 COS0 

iJc ik
Now, the functions and are independent and orthogonal solutions 

of the radial equation in p; the potential can termwise be separated 

into even and odd parity components, giving for g(w): 

(COS0 )rP.™ (COS0 ) ± P"' (-COS0 
g(w) = ° L i. (11-116) 

p_™ (COS0 ) rp'f* . (COS0 ) ± p'™ (-COS0 )1
-%+ik o [--%+ik o --%+ik oj 

To get a feel for the dispersion of the plasmons and to avoid 

ambiguity in the dispersion due to the presence of damping, the limiting 

~ ~ 2 2 
case for £(w) of a Drude simple metal is taken (viz., e = 1 - 03 /03 ). 

P 

We denote P™ (cos0 ) by P and P™ (-cosB ) by P and solve for the 
-ig+ikic o ■' —+ —-k+ik o ^ 

oscillation frequencies: 

m P^ (P^' ± P_') 
(11-117)- +

^ P ' - P^' P 
03 

evaluated at the boundary, 0 = 0^. The denominator of (11-117) is 

recognized to be the Wronskian of the kegelfunctions (Becker, et al., 

1980a) 
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2 cosh k.TT 
m 

W[P P ] n (11-118) 
4+ - (-I)'" TTsin^e j=l 

o 

This gives a formal dispersion relation of: 

m (-1)® 7TP" (cose )to. 
~-%+ik o = sin0 

03 
m 

2 cosh kiT n 

j=l 
(11-119) 

(cosB ) ± p'™ (-COS0 )lh
L -^+ik o -tg+ik oJ } 

[k^ ki2^] 

The (-) sign corresponds to even parity symmetric modes, and the (+) 

sign corresponds to odd parity antisymmetric modes, entirely analogous 

to the symmetric and,antisymmetric modes for the surface plasmons on a 

thin slab [Eq. (11-80)]. Equation (11-119) is illustrated in Figs. 10-

17 for m = 0,1 and various values of k and 0^. It is to be expected, 

and is borne out upon calculation, that the antisymmetric modes will 

have higher energies than the symmetric modes for the same reasons as 

outlined in the opening discussion of this section involving planar 

geometry (Figs. 12, 13, 14, and 15). In addition, one would expect the 

difference between the modes to be more pronoxinced as 0 goes to Tr/2 

(thin sheet limit with maximum interaction between the upper and lower 

surfaces of the dielectric) and less pronounced as 0^ goes to zero 

(solid bulk limit with infinite distance between surfaces). Figures 

16, 17, 18, and 19 show the m = 0,1 dispersion relations in the k,0,U3 

space in pseudo- three-dimensional fashion. 
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Figure 12. The Symmetric Eigenfrequency in Units of the Bulk 
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Function of Theta for □: k=0; 0: k=2; A: k=4; +: k=6; x: 
k = 8; O: k = 10; and 7: k - 20. 
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Figure 16. The Symmetric Eigenfrequency in-Units of the Bulk 
Plasma Frequency for the Case of Azimuthal Symmetry Graphed as a 
Simultaneous Function of Theta and the Index k. 
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Figure 17. The Antisymmetric Eigenfrequency in Units of the Bulk 
Plasma Frequency for the Case of Azimuthal Symmetry Graphed as a 
Simultaneous Function of Theta and the Index k. 
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Figure 18. The Symmetric Eigenfrequency in.Units of the Bulk 
Plasma Frequency for m = 1 Graphed as a Simultaneous Function of Theta 
and the Index k. 
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There are several further interesting aspects of the nonretarded 

dispersion relation [Eq. (11-119)] that can be gleaned from both the 

analytic expression and the figures. First, from Eq. (11-119), by 

inspection the symmetric modes must vanish at 0 = tt/2 since the brack-
o 

eted quantity in the numerator vanishes here (no even parity modes can 

be accommodated by an infinitely thin sheet). Also by inspection of the 

figuresi the antisymmetric modes converge on u for all values of k, 
P 

exactly analogous to the planar slab in the limit of a -> 0. Second, in 

the limit 0^ = 0, the hyperboloids close up to a volume and 0)^^ = 00^; 
surface and volume modes cannot be distinguished. Third, in the limit 

of large k the surface plasmon frequency converges on oj //2, the planar 
P 

limit; Figs. 14 and 15 show this very clearly. This can be further seen 

by taking the large k forms of the kegelfunctions (Becker, et al., 1981a) 

One finds, for k > m and k >> 0 

2 
m 

-k(Tr-20 )\ 1 
% — °lie (11-120)

2 2 
w 

p 

entirely analogous to the planar dispersion, Eq. (11-80). [Note that 

IT - 20^ is the opening angle of the hyperboloids, 2il), and the cross 

sectional thickness of the hyperboloid b ̂ 2r sinij; ̂  r^ij; for small \p, 

and we have 

2 
m / k ,\ 

k 1 1 \—- j (lie ^ 1 ; (II-120a) 
'^P 
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the k-vector is reduced as the radius goes to infinity.] If k is 

proportional to the surface plasmon wave vector at point r, the expres 

sion in Eq. (11-120) represents the small wavelength limit. In this 

limit, the local surface radius of curvature is much less than X and 
sp 

the hyperboloid resembles a plane. A fourth point to be made is that 

the dispersion relations group in a small cluster of eigenfrequencies 

near the value w /J for nearly all values of k near 9 = 60° (Figs. 12 
P o 

and 16). In Fig. 14 it can be seen that the plot of OJ vs k for 0^ = 60' 

is nearly flat. Since the group velocity is defined as 

V = (11-121) 
g 9k 

and characterizes the energy transport of the waves, the near zero slope 

for the dispersion relation at 0^ = 60° suggests formation of a standing 

wave in the wave packets and indicates a resonance phenomena may occur 

in this particular geometry. While it is true that the above treatment 

is carried out in the nonretarded limit and damping is ignored, this 

should introduce only a small damping term in the interaction Hamil-

tonian for a good free-electron material. Transitions involving the 

surface plasmon field can be approximated to first order as: 

T ^ Jdk^ /dk^ l<f|Ali>|^ 6(E^ - E^) (11-122) 

where k, is the azimuthal moment m/r and k is the radial momentum,
(}) r 

while A is the particular interaction potential with respect to the 

desired transitions relating initial state |i> and final state |f>. 

Let 
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d(jj dw 

r g 

be substituted in the radial integration. Then the transition rate T 

can be written as: 

^ = ff + • (11-124)
n g 

For small damping, Y' the vanishing of the group velocity indicates a 

resonance in transitions involving the surface plasmon field. 



 

III. EXPERIMENTAL DEVELOPMENT 

The apparatus used in an investigation of the forces between charged 

particles and macroscopic media depends on the agents used to probe the 

force field (electrons or ions), the method by which an interaction is 

to be observed (energy loss, angular or spatial deflection, photoemis-

sion, etc.), and the nature of the medium itself (solid, crystalline, 

liquid). In this work it was desired to probe the EM fields produced 

by surface plasma oscillations. Due to the relatively weak coupling 

between the radiation field and the surface plasmon field, it was decided 

to excite the plasma oscillations with the moving Coulomb field of a 

charged particle; electrons were chosen due to the ease of creation and 

manipulation of a monochromatic, monodirectional electron beam as opposed 

to an ion beam. By using an electron spectrometer to assess the energy 

distribution of the emerging electron beam, the presence of surface 

plasmon excitations can be ascertained; hence the method of excitation 

also serves as the vehicle for detection in contradistinction to detec 

tion of the relatively weak cathode luminescence imparted by the decay 

of the surface plasmon to the radiation field. Since the surface plas 

mon field extends a characteristic distance v /w into the vacuum, for 
e p 

plasma energies of a few eV and electron energies of 100 to 1000 eV, the 

probe particle must approach the media within a distance of the order'of 

100 A. It was decided to localize the particle-surface proximity by 

passing the incident electrons through cylindrical channels in a metal 

foil with diameters of the order of the plasmon field decay length. 

The apparatus thus consisted of an electron gun, a foil target containing 

75 
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the microchannels, an energy dispersive detector, a vacuum system 

enclosing the active devices, support electronics for data acquisition, 

and a Helmholtz coil cage to minimize the ambient magnetic fields (Fig. 

20). 

A. Environmental Control 

In this section the vacuum system, its pimiping, and the Helmholtz 

coil magnetic field compensation system will be discussed. 

The vacuum system was a stainless steel bell jar, manufactured by 

the Perkin-Elmer corporation's Ultek Division, with an inside diameter 

of 17 3/4 in. and an inside height of 30 in., and was fitted with CFF-

flanged ports at levels 7 and 23 in. above the base plate. Pumping was 

provided by a Perkin-Elmer Ultek differential ion pump with a capacity 

of 220 torr-5,/s for high vacuum, with roughing done through sequential 

use of two Ultek molecular sieve sorption pumps. The vacuum environment 

was therefore free of contamination from the pumping system. A draw 

back of the ion pump is its production of mediiim energy (up to 5.5 keV) 

ions contributing to the background for detectors sensitive to charged 

particles. For this reason a liquid nitrogen cold trap was used to 

maintain the system vacuum during data acquisition while the ion pump 

was heavily baffled with its gate valve. Base pressure observed with 

this system during periods when the electron gun was inactive was 

~8 
2x10 torr, while during acquisition periods the pressure ranged from 

7x10 ̂  to 1.5x10 ^ torr. 

The three-axis Helmholtz coil system formed a cage 2.5 m across, 

providing a field-free region about 0.5 m in diameter at the center of 

the coil cage. This point was arranged to concide with the center of 
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the electron beam line to ensure the lowest possible field fluctuations. 

The field at the center of the system was monitored by three RFL 

Industries Model 101 flux-gate magnetometers positioned at an offset of 

0.3 m from the vacuum system and coil cage center line. The signals 

from the magnetometers were coupled to the powef supplies generating the 

coil currents through an analog feedback circuit; this served to minimize 

the DC magnetic fields. The observed response time of the system was 

about 1 s, and the DC fields were held to 100 yG. The complete enclo 

sure of the electron optics by the stainless steel vacuum tank provided 

AC magnetic shielding; the observed AC field was 150 yG at 60 Hz. 

B. Electron Gun 

The electron gun used on this experiment was of conventional design. 

It consisted of a resistively heated tungsten filament, a collector lens, 

an einzel lens for spatial focussing and low-energy tail minimization, a 

final acceleration lens, and two pair of steering plates for fine control 

of the beam aiming (Fig. 21). 

The electron gun was supported by two glass rods sitting in grooves 

in a machined aliaminum block cantilevered on a 6.0-in. CFF flange. Two 

BNC-type high-current feedthroughs and an eight-connector low-current 

feedthrough were mounted on the flange for electrical connection to the 

electron gun. Since the metal-to-metal seals were Kovar, a magnetic 

material, the feedthroughs were mounted on an 18-in. standoff to remove 

them from close proximity to the electron beam line. The aluminum 

support strut was configured on the flange to place the axis of the 

electron gun co-linear with the flange axis; this arrangement allowed 

the electron optics to be easily and reliably maintained in alignment 

with the other devices in the vacuum tank. 
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In operation, a small positive potential varying from 0.5 to 2.0 V 

was maintained between the filament and the collector electrode to 

extract the thermal electrons from the filament. The emission current 

between the filament and the collector was monitored by the user in the 

course of data acquisition; for final beam energies of 100 to 1000 eV, 

typical emission currents were 250 to 700 yA. Once the gun reached 

thermal equilibrium (after about 45 min of operation), emission currents 

were steady to within 2%. In the second stage of acceleration, a posi 

tive potential of 22 V was maintained between the collector and the 

outside elements of the einzel lens, while the center element of the 

lens was biased at a negative potential with respect to the outer ele 

ments equal to the total acceleration through this stage minus 0.5 V. 

For example, for a first-stage acceleration of 2 V and second stage of 

22 V, the center electrode would be biased at -23.5 V. This configura 

tion served to both focus the emerging beam and to limit the low energy 

tail of the emission peak to about 0.5 eV. A final acceleration to the 

operating energy was made using a positive bias between the einzel lens 

and the final electrode. The final electrode was grounded to the body 

of the gun. The beam energy was then Operating with the 

filament saturated at about 3000 K°, a thermal broadening of about 0.6 V 

is expected. Typical beam profiles are shown in Fig. 22. Note that as 

the total beam energy increases beyond 500 eV, the FWHM of the energy 

profiles show a high side asymmetry which is believed to be due to field 

penetration of the einzel lens electrode to some extent and the spec 

trometer preretarder to a much greater extent. In his excellent treatise 

on electrostatics, Durand (1966) shows that field penetration of the 
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order of a few percent on the center line of the apertures would not be 

unlikely, with extension in the direction of the electron beam of two-

to three-aperture diameters (Durand, tome iii, p. 412). 

In practice, angular spreads of one to three degrees were observed, 

decreasing with increasing beam energy approximately as 1/E. 

C. Electron Spectrometer-Detector 

After some intensive experimentation with several types of charged 

particle electrostatic spectrometers including stopping potential, cyl 

indrical mirror, Bessel box (Allen, et ai., 1976), a design based on the 

concentric hemispherical mirror described in the literature (Warmack, 

et ai., 1978; Siegbahn, 1967) was settled on (Fig. 23). The hemispher 

ical design was chosen for its large solid angle of acceptance, its 

resolution, and its superior spurious signal rejection properties. 

Magneto- and electromagnetostatic designs were rejected since they would 

introduce a magnetic field near the beam line negating much of the 

effort to eliminate stray fields with the Helmholtz coil cage. An 

inherent drawback of purely electrostatic spectrometers is their analysis 

of only the longitudinal component of the particle momentum; transverse 

momenta are unchanged and tend to decrease the rejection, limit the 

acceptance, and reduce the resolution of the spectrometer. The double 

hemisphere design provides a multiplicity of great circle trajectories 

2
in a 1/r electric field, in effect double focussing at the nadir of the 

trajectories and increasing the entrance solid angle of the system with 

out drastically degrading the performance. 

The relation between the potentials applied to the hemispheres and 

the pass energy of the orbit is 
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4 (III-l)2 r2 - ri r 

where is the radius of the inner hemisphere, r^ the radius of the 

outer hemisphere, and their respective potentials, while r is the 

radius of the orbit in question. Taking the orbital radius to be the 

midline, r = (r^ + r^)/2, the pass energy is 

* = '^2 - T"" 2 
^2 ^1 

The first order energy spread as a function of radius is (Siegbahn, 1967) 

$ ^ ̂4r • (III-3) 

Calculation of the electrostatic potential at the midline orbit and 

adding this to Eq. (III-2) gives for the total pass energy: 

2 2 

E ,
pass/q 

= 
2 2 

. (III-4) 

2 1 

When the inner electrode is grounded, (III-4) simplifies to 

2 

E / = v„ ^ . (III-5)
pass/q 2 2 2 

^2 ~ ^1 

For the hemispheres used, r^ = 3.25 cm; r^ = 4.05 cm; v^ = 0; v^ = -6.2 

V; Ar, the radius of the entrance and exit aperture, = 0.10 cm. We find 

that $ = 13.92 V, E , = 17.36 V, A$/$ = 0.0073, and the energy
pass/q 
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resolution at this pass energy is about 0.1 V. The hemispheres are set 

with a nominal bias of 6.2 V, and the entire hemisphere assembly was 

floated to reach the desired energy by use of a single, 0.318-cm, pre-

retarding aperture in front of the entrance pinhole. In practice, this 

arrangement produced a pass energy of 17 V, a resolution of 0.1 to 0.2 eV, 

and, with all electrodes coated with a graphite layer, a signal rejection 

ratio of 2000:1 at a distance of 3.5 V from the pass energy. 

At the exit aperture of the hemispheres, the transmitted electrons 

were detected with a Galileo Electro-Optics Model CEM-4039 continuous 

dynode electron multiplier with integral anode cap, configured in the 

pulse counting mode. The multiplier was mounted in a grounded, aluminum 

compartment with an 0.254-cm entrance aperture aligned with the exit 

aperture of the spectrometer and three 0.635-cm holes around the anode 

for pumping. The signal from the anode, biased at 3200 V, was capaci-

tively coupled through an RC network with a time constant of 10 ys and 

8 
a capacity yielding a pulse height of 20 mV at a multiplier gain of 10 . 

The entire spectrometer-detector assembly was enclosed in a grounded, 

aluminum box, with entrance aperture for the electrons and electrical 

feedthroughs for the spectrometer bias and electron multiplier. This 

assembly, in turn, was attached to a swing arm rotating about the axis 

of the foil target (Fig- 20), allowing selective analysis of all parts 

of the scattered electron distribution. 

D. Foil Target Fabrication and Mounting 

The fabrication of the microchannel targets evolved from techniques 

developed in earlier investigations (Spears, et ai., 1979; Birkhoff, 

at ai., 1980) in which low energy electrons (^ 20 eV) were scattered 
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from single pinholes from 2 to 20 y in diameter. Here, the holes were 

made singly by vaporizing the foil with a high-powered laser beam. 

Several drawbacks are endemic to this method. First, it is extraor 

dinarily time-consuming to make an array or pattern of holes since doing 

so necessitates repositioning either the foil or the beam for each hole, 

with a required precision of microns. Second, electron micrographs show 

that the laser vaporization strains the thin foil to the extent that it 

develops cracks and fissures extending through the foil from successive 

laser shots. Third, the laser beam can only be focussed to a spot size 

of the order of the radiation wavelength; for optical radiation, this is 

the order of several thousand angstroms. Moreover, a recent study (Boye, 

1980) showed that for very small holes, the diameter is determined more 

by the laser power than by the beam focus, since the intensity distribu 

tion is Gaussian. It was foxind that the smallest holes that could be 

made in practice by this method were about 0.8 y, about 20 times greater 

than that required to effectively probe the plasmon field. 

An alternate method of fabrication is to replicate grating patterns 

etched in photo- or electronresists made by either holographically 

recombining a laser beam in a prism (Shank and Schmidt, 1973), or by 

using a well-focussed electron beam to expose an electron resist in a 

predetermined array pattern (Little, et al., 1980). Using photolithog 

raphy, the smallest resolvable structures are of the order of 1000 to 

2000 A, while electron lithography has reached 800 to 1000 A. The lower 

limit of the electron lithography reaches the upper limit of the surface 

structure size required to produce a measurable surface plasmon inter 

action and could serve as a production method for submicron structures. 
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A third method available, and the one that was ultimately used, is 

to employ the surface replication methods of lithography on an existing 

material containing many small channels. Such a substrate is one of the 

polycarbonate membrane filters used in molecular biology studies such as 

recombinant DNA. These membranes, made by etching high-energy particle 

track damage, are commercially available under trade names such as 

Unipore, Nucleopore, and Millipore. They are available in channel sizes 

of 150 A up to 10 y, with aperture densities of up to 3x106/cm2. Thus, 

successful replication of the membrane surface could yield aperture 

localizing incident particles to within 75 A of the surface. The abil 

ity to replicate very small-scale structures is limited by the minimum 

foil thickness required for self-support, a function of the bulk mechan 

ical properties of the material. High malleability metals such as 

silver and gold are capable of much thinner foils than lighter materials 

such as aluminum and magnesium. Thin foils are required, since the 

micropores tend to be filled in by the metal deposition process. Exper 

imentation indicated that the foil thickness had to be about one-half 

the aperture diameter or less in order to avoid significant fill-in 

problems. On the other hand, the minimum self-support thickness for 

crack-free silver foils is about 300 to 400 K. The channels in the foil 

can then be reduced in size by evaporating additional metal at a large 

angle of incidence while the foil is rotated about its normal. This 

causes the channel walls to fill in unevenly in a conical fashion given 

by 

A£ = A'/ ̂ /i -^ tan^eV (III-6) 
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where a is the cylinder radius, 0 the angle of incidence, z the depth in 

the cylinder, Al the sidewall thickness, and A'£ the amount evaporated. 

A schematic of this deposition process is shown in Fig. 24, bearing 

marked resemblance to actual aperture cross sections shown in the elec 

tron micrograph in Figs. 25 and 26. In principle, the holes can be 

filled in to an arbitrarily small diameter; in practice, the evaporated 

silver tends to form microstructures with lateral extents of 100 to 

200 A producing an inherent roughness limiting aperture sizes to 300 A 

or so with this technique. 

The sequence of fabrication is as follows: a section of polycar 

bonate membrane with channels 800 to 1000 A in diameter has 500 K of 

silver evaporated onto it at oblique incidence to limit the depth pene 

tration, forming a continuous, crack-free foil; the polycarbonate base 

is then dissolved away with a halogenated hydrocarbon such as chloro 

form; a second evaporation is performed at a large angle of incidence 

to the foil while it is rotated; the foil is then cleaned with fresh 

chloroform and freon, cut into 0.5-cm sections, inspected for defects 

such as cracks and blisters, and then mounted on a target holder (Fig. 

27). 

Using the above technique, silver foils were fabricated containing 

microchannels of 500 ± 80 and 1000 A ± 100 diameter in 1000-A-thick 

foil. The size distribution of the holes was determined with a Zeiss 

O 

Novascan 30 scanning electron microscope capable of 100 to 150 A reso 

lution. A micrograph of the 500 A channels is shown in Fig. 28. It 

can be seen that the microchannels are relatively uniform and that the 

silver tends to aggregate in the foil in structures of the order of 100 
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Figure 24. Cross Section of the Channel Formation Process Showing 
the Calculated Cross Section for One Evaporation and the More Realistic 
Cross Section for an Equivalent Material Thickness Spread over Three 
Evaporations. 
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Figure 25. Scanning Electron Micrograph of the Membrane Side 
of a Silver Foil Replica Showing the Relative Thickness of the Wall 
Penetration. 
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Figure 27. Schematic of the Replication Process from the Initial 
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High-Angle Evaporation (III). 
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to 200 K in lateral extent. Due to the inherent roughness, it is felt 

that 300 K is the limit of this technique. 

The foils were supported on 100 lines per inch, 85% transmitting, 

copper mesh, available from Buckbee Mears; the mesh, in turn, was affixed 

to a copper disk containing a 1-mm aperture using conducting silver 

paste. The available effective area was then 0.67 mm square and con 

tained about 20,000 holes. The copper disk was affixed to an aluminum 

carrier bar which was capable of supporting up to six targets in a ver 

tical file, allowing several different sets of apertures to be analyzed 

without breaking vacuum. The bar was held by an electrically isolated 

arm, enabling the target current to be monitored by an electrometer. 

Mechanical feedthroughs to the bar holder were made in such a way as to 

allow both vertical translation of the bar holder, bringing different 

targets into play and allowing rotation about a vertical axis, enabling 

the beam incident angle to be set arbitrarily. 

E. Computer Data Acquisition 

The energy-loss calculations of Chapter II, Eqs. (11-53), (11-58), 

and (11-79), all indicate a stopping power of about 4 eV/cm for a 100-eV 

particle translating axially in a 500-A-diameter silver cylinder; this 

gives an approximate transition rate of about 1x10 for a cylinder 

1000 K in length. Such tiny transition rates would be extremely diffi 

cult to observe directly even with very sensitive spectrometers and 

detectors; random environmental fluctuations in magnetic fields, beam 

trajectories, and beam current and energy would mask the data as long 

integration times would be required in order to build up reliable 

statistics. A method of data acquisition is required that tends to 
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minimize competition from random sources while maintaining positive 

control of the active elements in the apparatus. For these reasons a 

small digital computer was employed to coordinate the acquisition pro 

cess. For reasons of programming ease, cost, and hardware interface, 

a Digital Equipment Corporation PDP-11/03 with 32 k-words of memory 

running under DEC's RT-11 single-user operating system was selected. 

This machine is sufficiently fast and sophisticated to enable a large 

variety of computational analysis to be done on the data in addition to 

data acquisition. 

When interfaced to devices such as analog-to-digital converters 

(ADCs), digital-to-analog converters (DACSs), and contact closure 

switches, the digital computer is capable of acting upon analog signals, 

communicating with analog equipment using analog signals, and detecting 

the occurrence of an event. The strengths of the machine are its speed, 

its repetitive precision, its ability to store large amounts of informa 

tion, its ability to display information in a meaningful fashion, and 

the ease with which data acquisition procedures can be altered by re-

programming. The weakness of the machine lies in its inherent difficulty 

in differentiating extraneous information from meaningful information, 

even with the aid of quite sophisticated programs; the computer is a 

serial processor and acts on relatively small amounts of information at 

a time. It is important to arrange the computer's interface with the 

analog and digital real world in a fashion that plays up to the machine's 

strengths and plays down its weaknesses. 

The experimental apparatus consisted of an electron gun, a movable 

foil target, a spectrometer detector with angular positioning and 
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variable pass energy. Secondary devices included ion gauges, electrom 

eters measuring target current, and an ammeter measuring the ion pump 

current. All of these devices can be controlled by the computer; in 

practice, several of them present operational difficulties. 

The electron gun has a total of ten active signal leads controlling 

the filament current, lens potential, and steering plates. With the 

exception of the steering plates, experimentation showed that no simple 

algorithm existed for the simultaneous maximization of the beam inten 

sity, line width, and signal-to-background ratio at a given set energy. 

It was decided to monitor the target beam current by reading the gauge 

of an electrometer with an ADC, alerting the user when large fluctua 

tions were noted. Information on beam current and energy would then be 

recorded along with the data for later use. Field use showed the target 

beam current to be stable within 5% with fluctuation periods of the 

order of tens of seconds. 

The spectrometer-detector is a much simpler device than the electron 

gun. For practical purposes it sinks no current; in operation, the bias 

across the hemispheres is fixed at 6.2 V, the resolution is independent 

of energy, and the pass energy is linear in the preretarding voltage. 

Pass energy can then be varied simply by changing the bias on the pre-

retarder with respect to ground with a DAG. The spectrometer was mounted 

on a movable swing arm whose shaft was co-linear with the vertical axis 

of target motion; the shaft was driven with a Responsyn HDM-1600 eight-

phase, stepping motor operating through a 1000:1 planetary speed reducer 

available from Boston Gear. The circuitry controlling the stepping 

motor coil firing sequence for single stepping was triggered with a 



97 

negative TTL signal at one or the other of the forward or reverse inputs. 

Strobing one of these inputs to ground and back while the other is held 

high by the computer will cause the stepping motors to take one step and 

swing am to move a small distance. Since the motor requires 1600 steps 

to complete one revolution and the motor shaft turns a 1000:1 speed 

reducer, 1,600,000 steps are required to move the spectrometer through 

2tt radians; each step is then 3.927 yrad or 0.81 s of arc. These fig 

ures are theoretical; in practice, vibration caused by stepping motor 

firing and the internal backlash of the drive gears did not allow such 

precision. Backlash upon direction reversal was found to be about 1200 

steps, and homing accuracy on one limit switch or another was about 50 

steps—absolute positioning for arbitrary motion was about 5 mrad. Two 

separate origins for the detector position were provided by establishing 

two electronic limit switches in the swing am's path. These were simply 

two Cu electrodes insulated from the vacuum tank (ground) which were 

held at +5 VDC by a power supply working through an RC network for cur 

rent limit purposes and switch debouncing. The electrode state was 

sensed by an inverter gate which was in turn read by the computer step 

ping motor I/O port. Contact with a switch by the swing arm shorted the 

gate to ground, interrupting the computer, and the swing arm's absolute 

position was known to within one step. Position at any given time 

between the switches was determined by dead reckoning; the large inher 

ent backlash restricted usable angular scanning data acquisition to one 

direction at a time. 

The electron detector was configured to produce a pulsed output. 

The pulse, about 20 mV, was amplified using a Tennelec TC 213 linear 
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amplifier, passed through a low-level discriminator, and incremented a 

12-bit, 10-MHz counter. The external counter is used both to relieve 

the PDP-11 from pulse counting and to enable a higher data acquisition 

rate. The maximum practical count rate of the computer is 10 kHz, 

severely limiting the dynamic range of the data rate. Twelve-bits can 

record a maximum of 4096 counts, upon overflow the counter interrupts 

the computer, the overflow is noted, and the counter is reset. Data 

acquisition is programmed to be terminated either by timing out or by 

counting out. The total number of counts along with the elapsed time is 

then recorded by the computer. Timing for this purpose is provided by a 

DEC KWVll-A programmable quartz crystal clock with speeds ranging from 

100 Hz to 1 MHz. 

The position and orientation of the target holder was set using two 

rotary feedthroughs in the vacuum system baseplate. Co-rotation of both 

feedthroughs gave vertical translation, and counter-rotation produced a 

rotation about the vertical axis. The holder was fabricated such that 

the rotation axis coincided with the foil front surfaces and the rota 

tion axis of the spectrometer detector. Both feedthroughs were driven 

by stepping motors and could be controlled in a fashion similar to the 

control sequence of the spectrometer. In practice, target position and 

orientation were not varied during energy loss data acquisition, and 

target position/orientation was set by the user. 

The energy loss signals ultimately measured by the apparatus were 

fairly weak, approximately one-thousandth of the elastic peak intensity. 

In addition, the very small pinholes cover only a fractional area of 

5x10 ^ of the target foil; total transmitted intensities were thus 
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small, being of the order of 100 to 400 counts/s in the elastic peaks. 

Since inherent electron multiplier dark current was 0.1 to 0,5 count/s, 

random background from the ion pump and other sources contributed about 

0,1 to 0,2 count/s, along with the spectrometer rejection of 2000:1; the 

inelastic signal could claim at best only a 1:1 signal-to-noise ratio 

with true events accumulating very slowly. Since any window-type spec 

trometer observes a small part of the loss spectrum at any given time, 

the real time taken for data acquisition is proportional to the number 

of channels and resolution required. The result of these factors is 

that data acquisition periods were of the order of hours in length, but 

beam current and magnetic field fluctuations occurred on the order of 

tens of seconds. To eliminate data washout by these fluctuations, the 

precision and speed of the computer were utilized by dividing the energy 

window of interest into suitable resolution channels in memory; this 

window was repetitively scanned, spending only a few milliseconds on 

each channel, completing a sweep in the order of a second, until suffi 

cient data were accumulated for reliable statistics on the elastic peak, 

inelastic peaks, and background levels. This information, along with a 

running monitor of the beam parameters, time of day, position of the 

spectrometer, and elapsed time, was then recorded on a disk file by the 

computer as well as being displayed real time in a histogram plot on the 

console CRT, The machine also kept a running log of all operations and 

signal levels during the running of the program for later reference and 

correlation with the data. 



IV. DATA AND COMPARISON WITH THEORY 

Measurement of the surface plasmon production probability for aloof 

electrons required careful acquisition procedures in order to render the 

data unambiguous. These procedures fall into broad categories—elimina 

tion of random noise, differential measurement of the signal, minimiza 

tion of competing processes. Noise levels were limited chiefly through 

enclosure of the spectrometer detector in a grounded, conducting box, 

operating the multiplier at the minimum bias (determined to be about 

2800 V) to get a consistent cascade, and baffling the ion pump when data 

were being acquired. In order to maintain the system vacuum when the 

ion pump was baffled, a liquid nitrogen cold trap was employed; this 

—8 —7 
kept the vacuum at 8x10 to 1.5x10 Torr during acquisition. Taking 

these precautions, the observed background intensity was 0.2 to 0.5 

count/s. 

It has been previously mentioned that the energy loss data were 

acquired using a multiple sweeping technique designed to remove anoma 

lies that might arise due to short period fluctuations in the beam 

current and other random environmental factors. The signal degradation 

would then result primarily from the system dark current of 0.2 to 0.5 

count/s and the 2000:1 signal rejection of the spectrometer. In prin 

ciple, since the random interference tends to accumulate as v^, where N 

is the number of events, while the true signal builds up linearly in N, 

a true signal smaller than the dark current can eventually be pulled 

from the noise by a long period integration. In practice, signals are 

limited by the ability to keep the electron gun from drifting in energy 

and smearing the energy loss data and by similar long period secular 

100 
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drifts in the magnetic field compensation system. The practical 

combination of these factors limits signal detection to signal-to-noise 

ratios of about 1:1 and inelastic/elastic peak areas to about 0.0005. 

These parameters give, for a transition probability of 0.001, a minimum 

signal of 0.2 count/s and an inelastic peak of 200 counts/s. With the 

low areal coverage of the 470-A holes of 5x10 the beam current on the 

0 

foil target should be at least 4x10 counts/s, approximately a pico-

ampere. The observed target currents were 1 to 4 nA, but the elastic 

intensities were only 100 to 500 counts/s. The probable reason for this 

is that the electrometer monitoring target current measures the flux 

incident on the holder rather than the foil itself and, consequently, 

2 
has a much higher collecting area than the 0.7 mm of the foil. 

In order to ascertain the reality of the energy loss, data were 

taken on the incident electron beam without foil, the foils were then 

moved into position, and loss data in the band from 0 to 5 eV were 

acquired; the same band was used in coverage of the incident beam. In 

this manner, the FWHM and position of the elastic peak before and after 

scattering from the foils could be compared, providing a check on volt 

age drift and focussing drift, and an accurate measurement of the elec 

tron beam's tail would be available for subsequent baseline fitting and 

siibtraction. As all of the transition probabilities indicated rates of 

less than one percent, this was necessary in order to make an accurate 

measurement of the absolute transition probability. 

Using these techniques, energy loss data were accumulated at ener 

gies ranging from 50 to 900 eV at stops of 50, 100, 250, 500, 700, and 

900 eV. All but the 50- and 100-eV data are shown in Fig. 29 and Table 
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250, 500, 700, and 900 eV. The elastic peak is shown on the left 
for comparison, and the loss points on the right.are plotted at 100 
times the scale of the elastic peak. The 250-eV data are shown for 
comparison, since no energy loss can be unequivocably discerned. 
The open circles are the raw data with spectrometer background 
subtracted. 
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I; the 50- and 100-eV data were similar to the 250-eV data which are 

shown in comparison with the 500-, 700-, and 900-eV data. No discern 

ible losses could be seen in the data at 50, 100, and 250 eV; losses 

increasing in strength with incident energy were seen at 500, 700, and 

900 eV. This can clearly be seen in Fig. 29 where the solid dots are 

the raw data, while the open circles are the baseline-subtracted data; 

the elastic peaks are shown for comparison. The calculated transition 

probabilities in the table are gotten by taking the ratio of the area 

under the baseline-subtracted peaks to the area under the corresponding 

elastic peak. 

TABLE I 

ENERGY LOSS DATA 

Energy FWHM E-Loss FWHM T 

-100 0.55 

-250 0.60 

500 0.80 3.55 0.90 1.4xl0"^ 

700 0.90 3.40 1.00 2.7xlO~^ 

900 0.90 3.50 0.90 3.5xlO~^ 

This can be compared with the expressions of Chapter II concerning 

the classical stopping power for charged particles translating near 

dielectric media and to a similar calculation by Otto (1967) for charged 

particles translating near a dielectric plane slab. Further comparison 

can be made to a quantxm mechanical calculation (Ferrell, 1981) for the 



 

� 

104 

probability per unit length for surface plasmon excitation for a charge 

translating near a plane slab. All of the theoretical treatments are 

carried out in the limit of v « c and neglecting any hydrodynamical 

response of the dielectric (single-particle electron-hole excitations 

are ignored also). 

In the case of the semiclassical calculations of Otto, the stopping 

power for an electron translating with velocity v at distance z above a 

plane slab characterized by dielectric response £(o)} is 

_0O 00 y|\p 

II - / dky ^ (k .CO) , (IV-1) 

where 
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Removing the weighting in energy, ho), in (IV-1) and limiting the energy 

(frequency) integration to a small domain (E^:E^) about the classi 

cal probability of losing energy E^^ in a region (E^:E^) in a distance 

dx is 

ft C^'^o(lr)-(7t7VTThv E^ y f \£-i-iy 

where the integration in the transverse component of the surface momentum. 
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k , has been performed. K (x) is the modified Bessel function of the 
y o 

second kind, £(E) is the complex dielectric response at energy E = -ho), 

and a is the fine structure constant. This is to be compared with (11-21) 

for the classical stopping power. By inspection of (IV-3), it can be 

seen that the probability of plasmon excitation is damped exponentially 

in Ez/v from the asymptotic form of the Bessel function and is strongly 

peaked whenever ^2^^^ small and = -1, traditional characteristics 

of a strong surface plasmon response. 

We can also take the expression for the collective excitation stop 

ping power in (II-27b). Dividing by the plasma energy gives an approxi 

mate expression for the surface plasmon excitation per unit length. 

This gives 

afi^CV -hY /T,r /I \ 
- -1- 3 

4E z 
P 

where -hY is the damping (lifetime) of the plasmon resonance. When a 

Drude dielectric response function such as (11-13) is used for £(w), 

(II-3) can be integrated directly, and the expression (IV-4) will be 

recovered as the leading term—this is a consequence of the fact that 

(11-26), the k- and w-dependent response, will be dominated by the free-

electron part for small values of v and large values of z. 
r 

Classical stopping power calculations can be made for a cylindrical 

void characterized by response £(co). Removing the weighting over energy 

(k' = aE/hv) gives for the surface plasmon excitation probability in a 

region (E^:E^) about E 
< > sp 
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00 kt -k'(e-1)I ^(k'-)K'(k')
rote ^ f > „. m \ a / mP^^(r,v) = ̂ E / dk- im (IV-5) 

7T av m=0 k'^ k'(£-1)1 (k') - 1 
m 

If a Drude response is taken for £(co), we can modify (II-48a), giving 

^2 00 00 k'l ^fk'-)K (k-)
-oil cv fty ^ f . m \ a/ m 

= —5 7 E J dk' r (IV-6) 
IT E a m=0 o I (k')K'(k') 

p m m 

for small values of v « ato^. This expression bears marked similarity 

to (IV-4). 

Equation (IV-5) can be expanded in regions where the modified 

Bessel function can be replaced by their asymptotic forms, k' for 

electron energies of 500 to 900 eV, E_^,E^ about 3.5 eV, and 2a = 500 A 

is approximately 8.5, and the asymptotic conditions hold for the Bessel 

functions. We find 

. -(2a) z /v) /~ ^ \ 
„ , ^ n. lac Ae ^ sp c , / £ - 1 \ -,N

^ —2 E~~ (Z / (iV-7)
2Trrv p m \e + 1/ 

where Ae = fiY, E = fiO) , z = a - r, and the value of Im(£ -l)/(£ + 1)
' sp sp c 

is approximately a constant. This expression shows the characteristic 

exponential damping in both plasma energy and impact parameter and an 

increasing cross section as the electron energy increases, since the 

exponential term dominates the 1/v coefficient at medium energies. 

Equation (IV-5) can also be approximated for small arguments of the 

Bessel functions; however, this regime is not reached for the micro-

structures of this work until E is approximately 100 keV, where the 

no-retardation condition no longer is valid. Nevertheless, it is felt 
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to be informative to make the small argument expansion of the integral 

,.,; one finds for the excitation 

Pi,(r,v c) - AE E(i)m . (IV-8) 
IT "hv m ' 

This shows a transition rate declining as 1/E in the fast electron 

regime. Taken together, expansions (IV-7) and (IV-8) indicate a maximum 

transition rate in the neighborhood of 10 to 20 keV. 

The theoretical transition probabilities in Eqs. (IV-3), (IV-4), 

and (IV-5) are shown in Fig. 30. The calculations using (IV-3) and 

(IV-4) are done for a distance dx of 1000 A and impact parameters z 

integrated from 50 to 200 A. Here the cylinder length was taken to be 

1000 K, and three cylinder diameters were chosen for comparison—400, 

470, and 700 A. The impact parameter z = a - r was area averaged from 

the cylinder axis to 50 K from the cylinder wall. In (IV-4), the 

plasma energy is taken to be 3.77 eV, and -fiY is taken to be 0.15 eV, 

both of which were determined by optical data (Hageman et ai., 1974). 

For Eqs. (IV-3) and (IV-5) the frequency-dependent dielectric response 

is also taken from the DESY optical data, and the region (E_^:E^) covers 

the FWHM of the surface plasmon loss at 3.62 eV. The three points 

plotted with the theoretical curves in Fig. 30 are the 500-, 700-, and 

900-eV data from the table, with an estimated error bar of 20 percent 

from baseline fitting. 

The figure shows that the measured plasmon transition probability 

agrees fairly well with the classical predictions for a plane slab by 

Otto and Ferrell et al. but fall short of the cylindrical calculations 
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Figure 30. Experimental and Theoretical Surface Plasmon Production 
Probabilities (T) as a Function of Incident Electron Energy. The upper 
set of dashed curves correspond to cylinders with diameters of 400, 470, 

and 700 A with electron trajectories integrated pver radii from 0 to 
50 A from the wall. The lower curves are for an'infinite plane slab 
with impact parameters averaged from 50 to 200 A. In all theoretical 
calculations, a characteristic interaction length of 1000 A was used. 
The plotted points are the experimentally determined transition rates. 
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by a factor of nearly five. The classical calculations all assume the 

dielectric to be of infinite extent, with an effective interaction 

O 

distance dx of 1000 A. Scanning electron migrographs and calculations 

(Figs. 25-27) show the channel cross section to be more or less conical. 

For this reason it is felt that only 20 to 25 percent of the channel 

length in this fabrication scheme interacts effectively, since the 

plasmon field is exponentially damped at the energies used in this 

O 

study; only a small widening of the order of 100 A would render the 

interaction too small to be detected. Evidence for this is evinced by 

bombarding holes with a diameter of 1000 A. In this case no discernible 

losses were seen even though the elastic flux was five to ten times the 

elastic flux with the small targets. From the rejection of the spec 

trometer, it is concluded that the transition rate at 900 eV is less 

-4 . . 
than 5x10 . In addition, the study of the larger channels eliminates 

grazing incidence wall scattering as a competing process. If present, 

the transition probability should have been one or two orders of magni 

tude greater than any inelastic peaks observed, and the dependence of 

-1/2
the grazing incidence cross section should have declined as E 

(Ritchie, 1968; Bronshtein, 1977; Powell et al., 1960) but did not, a 

direct conflict with the observed data. 

A quantum mechanical derivation of the surface plasmon excitation 

probability for an electron translating at a velocity v a distance z 

above an infinite, plane slab has been carried out by Ferrell (1981). 

This calculation is carried out in the nonretarded limit (v « c) using 

a Drude dielectric function for the metal characterized by plasma fre 

quency 0) and damping y. The surface plasmon field is described in 
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terms of a harmonic oscillator Hamiltonian, and the interaction of the 

electron with the plasmon field is considered in terms of a shift in the 

zero point energy of the free state Hamiltonian. For the probability of 

creating one surface plasmon of energy in a time t = Ax/v, he finds: 

= A(z,t) e , (IV-9a) 

where 

003 t / 03 Z\ 003

A(z,t).̂ K (2-S_ .^ £,t, ,IV-9b) 

and 

/ Z03 Z' 

t 0° COS y2 —^—J X dx 
f(t) = / df / . {IV-9C)

Vt- 1 

° 2z A + K 

Now t, the interaction time, can be taken as AX/v, where Ax is the 

length of the slab. The lower limit of the x-integration in (IV-9c) is 

then AX/2z. With Ax the order of 1000 K while z is the order of 50 to 

100 A, it can be shown that the term f(t)/t is much smaller than 

K (2zo3 /v), and the second term in (IV-9b) can be neglected. In essence, 
o p 

we require the interaction time t to be much greater than the same 

requirement made for the classical treatments. Letting t = Ax/v and 

neglecting the f(t) contribution gives 

003 cAx /203 z\ 

— K (——) exp [- (003 cAx/v ) K (203 z/v)] . (IV-10)
—10 2 o\v / s O S 

V 
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This quantity is shown in Fig. 31 along with the data of Table I. It is 

interesting to note that (IV-10) shows a maximum in the surface plasmon 

transition rate for aloof excitations in silver at about 12 keV, the 

same as suggested by the small argument and asymptotic expansions of 

(IV-5). For the calculations of Fig. 31 the surface plasmon energy was 

taken to be 3.53 eV from the DESY optical data. 

Another item of note in the data of Table I is the fact that the 

loss peaks are at 3.4, 3.5, and 3.55 eV, an average of about 3.5 eV. 

The accepted value for the surface plasmon excitation energy of silver 

is 3.63 eV, from both high-energy work (Zacharias, 1970) and optical 

data. Zacharias examined the energy loss incurred by transmission of a 

51-keV electron beam through a thin Ag foil, as opposed to the aloof 

far-field excitations probed in this work. Both Zacharias and the DESY 

report indicate a lifetime, -hy, of about 0.15 eV. It is felt that the 

difference of about 0.1 eV is due in part to a contamination layer 

(sulphide, dust, or oil) on the foil, since the current apparatus did 

not have the capability of in situ fabrication. Evidence for oxide 

shifting on A1 and Mg reflection loss measurements is in the literature 

(Powell at ai., 1960) and has also been considered theoretically (Stern 

and Ferrell, 1960). A shift of 0.1 eV is well within the limips of such 

a mechanism. No unambiguous determination of the excitation linewidth 

could be made as the incident beam probe had a thermal linewidth of 

0.60 eV which was further broadened at the higher incident energies. 

Integration in the transition probabilities was terminated at a 

surface-particle distance of 50 K since inspection of SEM micrographs 

of the surface shows granules of the order of 200 A in lateral extent 
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Figure 31. Surface Plasmon Production Probability for Charged 
Particles Translating above a Semi-Infinite Plane Slab Using Eg. (IV-10) 
with Channel Length of 1000 K. The upper curve is for an equivalent 
cylinder diameter of 200 K in silver, while the lower curve is for a 
470 A equivalent cylinder. The points correspond to the data in Table I. 
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with heights of 50 to ICQ A. It is felt that such roughness tends to 

trap particles approaching closer than 50 A or to deflect them through 

a sufficient angle as to cause them to miss the detector, which was 

situated on the beam centerline. 



V. SUMMARY 

This work has investigated some aspects of the forces existing 

between macroscopic media and charged particles. To this end, the 

trajectories of electrons translating, under the influence of the 

electrical image force, near surfaces in geometries described by plane 

slabs and infinite cylindrical voids were discussed in Chapter II. 

The classical stopping power due to the nonconservative component of 

the image force for a charge translating close to dielectric media in 

these geometries was also calculated and shown to be proportional to 

the damping or relaxation time of the conduction electron gas in the 

media and to be exponentially proportional to the particle energy for 

velocities much less than that of light. 

Since the image force between charges and dielectrics can be 

described in terms of excitations and decays of virtual modes in the 

surface plasmon field, the surface plasmon dispersion relation, in the 

low velocity limit, was calculated for geometries described by a single-

sheeted hyperboloidal hole in a dielectric. For small-opening angles 

of the hyperboloid, the surface modes were shown to be entirely analo 

gous to the longitudinal and tangential modes on a thin planar slab. 

In the limit that the surface curvature is much less than the plasmon 

wave vector, the surface plasmon frequency, co , was shown to converse 
sp 

on the planar limit of to //J. 
P 

In Chapter III an experiment designed to probe the vacuum field 

of the surface plasmons was described. A thin silver foil containing 

thousands of small microchannels was bombarded by a thermally broadened 

114 
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electron beam of energy 100 to 900 eV; the beam emerging from the 

channels was then analyzed by an energy dispersive detector, and the 

surface plasmon transition probability as a function of incident energy 

was measured. 

For electron energies of 500 to 900 eV, the surface plasmon pro 

duction probability was found to increase with increasing beam energy, 

-3 -3 
ranging from 1.4x10 at 500 eV to 3x10 at 900 eV. These results were 

compared to the classical stopping powers of Chapter II for cylinders 

and slabs and to a recent quantum mechanical calculation for a planar 

slab with the dielectric response of an ideal electron gas. It was 

found that the measured probabilities agreed well with planar cross 

sections, both classical and quantum, but were only 20 percent or so 

of the predicted probabilities for cylindrical voids in silver. This 

disparity between the cylindrical calculations and measurements was 

attributed to the lack of control in the foil fabrication process, 

producing an effective length of 20 to 25 percent of the foil thickness. 

The surface plasmon loss peak was measured as 3.5 eV, somewhat lower 

than the accepted value of 3.63 eV. This disparity was ascribed to 

surface contamination. 

Further work could well proceed along two major lines. Since the 

low-velocity-dispersion relation for hyperboloids predicts a rapidly 

changing frequency for the low-order modes (m = 0, 1), an investigation 

of the loss energy as a function of channel-length-to-width ratio would 

provide evidence for the strong geometric dependence of the surface 

plasmon energy. Such a study would entail an increased sophistication 

in the fabrication of the channels. Another investigation could well 
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probe the surface plasmon cross section as a function of electron beam 

energy and channel width, down to perhaps 100 X. Quantum mechanical 

calculations indicate a maximum aloof transition rate at a beam energy 

of 12 keV for silver, while both classical and quantum models indicate 

an exponential dependence of the transition rate on impact parameters 

sufficiently close to the surface such that single-particle and hydro-

dynamic effects could be expected to rival the longer range collective 

effects. 

"Better is the end of a thing than the beginning thereof— 

Ecclesiastes. 
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APPENDIX 

-in 
It is of interest to relate the Legendre functions P. to Snow's 

-.m 
functions T , . Snow defines the T functions as; 

t m _0 / 

° rS-ItuS^ - M, >2 - y, » ♦ n f 

For calculational purposes this can be expanded, using the hypergeometric 

Gauss series as: 

r(m + 1) „ + y + n) F - y + n) ^ 2n ̂  
2 1 T(J5 + y) T(J5 - y) - r(m + n + 1) n! 2 

n=0 

The gamma functions are expanded: 

r(n + ̂ + y) = (n - 35 + y)(n - 3/2 + y) — (^s + y) T(^ + y) 

r(n + 32 - y) = (n - 35 - y)(n - 3/2 - y) — (32 - y) T(32 - y) 

r(m + n + 1) = (m + n) (m + n - 1) (m + 1) T(m + 1) 

Rewriting in terms of product functions, the T 
_m 

are; 

m 6 
n ,1 V tan — n 

t\ (COS0) = r 2 + m + y ^ ̂ ^ sin^ f 
-h+U r(32 - m + y) m! 3(m + 3) 2 

From Abramowitz and Stegun, AS 8.1.2, the Legendre function 

1 - z 
V + 1, 1 - y;^v'^' = ra^ V.—) 2^1-^' 
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expanded around the point z = ̂ . If we take z = cos6, then 

1-z . 26 /^z + l\ -u 6 , ,,-y/2 

Letting V be + y and y = -m, the Legendre function of the first kind 

is; 

, Q > 1 , ,,+m/2 m 0 
= rc t 1) "" 2 

^ 2^1 1^2 - U, ̂  + y, m + 1; sin^ |-

From AS 9.2.5, the functions of negative order can be related to the 

functions of positive order. 

P'"" (X) = ^ ^ ~ p"* (XI
^-h+u^ ^ r(h + u + m) '' 

and the are given by:
-h+v ^ ^ 

m ̂  

p"" (cosB) = (-l)"^""/^ r(ij + y + m) 2^ r(%+y-m) m' 

X 2^2. ^ ^ 2 02 

Hence; 

, ox i(mF/4) m ,P , (cos0) = e T , (cos0)
-h+\i -h+v^ 
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U u 
The Radial Functions T , and P , 

The radial functions can also be defined in a similar fashion as 

that for the angle functions. Snow gives, on page 312, a definition for 

u 

the T^ ,: 
m-H 

T^ ,(tanh3) = [ ^ ^ 
m-J^ r(^ + m - u) r(y + 1) 

X /m + ̂5, 35 - m, 1 + U; ^ T I ' 2/ 2 111/ J. • HA/ 

^ M e^^ + 1 

Consider AS 8.1.2 again, using the same expansion and circle of conver 

gence. We let z be given by tanhp? and: 

1-z 1 z + l _ 23 
2 23 ̂  ' z - 1 ® 

e +1 

Then the Legendre function of the first kind can be written as: 

,(tanh3) = .,F, /-V, V + 1, 1 - U;
m-h' " r(i - y) " 2^1 23 

e + 1 

and letting y go to -y, we have for V = m -

^_j^Vuamip; - ^ ^ ^ 2^1 \' ""' """ ^23P (tanh3) = e k - h + TCi, 1 + y; ^ 
e + 1 

u 
Looking at the expansion for say: 

_y r(^ + m + y) , ,,y/2 „-yT ,(tanh3) = p ,1 . ~rr ("D ,(tanhp)
m-h r(% + m - y) m-^s 
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-y 
Since y is not restricted to be integral or real, we cannot say that 

is proportional to p|^, but rather that the functions are independent, as 

are p!J)(-X), P^(+X) and pJJ(X), q'J(X). 

u -u u u 
The Functions T i , P C , and S 

rn*"^ in—^ m in 

From previous derivations we can define the even and odd parts of 

the radial solutions by taking sums and differences as 

,(tanh3) ± ,(-tanh3) . 
m-ij m-^ 

Snow defines the sum to be the function C^(tanh3) and the difference to 
m 

be S^(tanh3)• The Legendre functions of the first kind can then be 
m 

formed into even and odd parity solutions: 

,(tanh3) ± ^(-tanh3) = ^ (-1)^"^^
m-Jj m-H r(m + ̂2 - U) 

Fp {tanh3) ± P (-tanh3)l ,
^ m— m— J 

where 

y 2^ ̂  , , -yZn(cosh3) „[l^m y\ -p( l m y
< = — cos(U - m)TI e T 1,1 + 5+Ij

TT 

(1 m y 1 m y 1 , ,2„ 

2* 2 1- 2*1 2 

and 
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u 2 , , -uZn{cosh3) ,„ „ /3 ̂  m y
S = , cos(y - m)TT e tanh3 T 
m J/2 \^4 2 2 

TT 

_ p;'3 m y\ Tn /3 m y 3 m y 3 . , 2„ 
" T--4 2 + 2'2 tanh 6 

y •
From these definitions, it can be immediately seen that is even in 

3 and sjjl is odd in 3- Using these quantities as source terms in the 

potential expansion, the oscillator products can be expressed in terms 

of even and odd parity solutions. 

Relations Between and and 
in ni 

Using AS 8.2.7, the Legendre functions of the second kind are 

expressed in terms of the Legendre functions of the first kind by: 

Q^U,.(I) r(v4y4 1, - 1)-'' 
I - 1)^ 

Let z = isinh3f V = -3^ + y, y = m; then 

— = tanh3 

/ - 1 

and 

Q!35+^(i^i^h3) = r(i2 + m + y) P;;l^^(tanh3) 

using 

P^(z) = P^ ,(z)
V -V-1 
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Inspecting the 
u 

we can say: 

r(Si + m -

X ,(tanhg)
111-^2 

and the even and odd solutions in 3 are given by: 

o" (isinhg) + Q™ . (-isinhB) = / tt r(^ + m + Vi)
-^+y ~^+y / ■;2 coshg 

{. l)-V»/2 g-i(TT/4) c^(tanhB)X 
m 

and 

(isinhg) - (-isinhg) = /2 ^Lhg + m + y) 

X (-1)"^^^ (-1)™ s^(tanhg) . 
m 

It is of interest to note that the Legendre functions of the second kind 

incorporate the radial damping term l//coshg and can be considered to be 

the complete radial solution. 

Relations Between the , (icotS) and P™, (±cos9)m~^ —^+y 

In Abramowitz and Stegun there are two expressions that can be used 

to convert the function of argument icot9 to ±cos9. 
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A&S 8.2.7 

1 / z \ , 2 -iyiT-V-Jj / \ (z - 1) e uQ^(z), Rz > 0 
\/z^ - 1/ /riy? r(v + U + 1) 

A&S 8.2.3 

U, . ■n'/2 r ±iVTr , xl 
" sin[(v + y)7T] L® ~ 

Let z = cos9 where 0 — 6 — tt/2. Then 

z 
> ,/ = ±icot9 — icotS 

/z^ - 1 

since the D.E. is independent of sign. Let 

V + 1/2 = -y' and y + 1/2 = -1/2 - m 

V = -1/2 - y' y = -m . 

Then 

/ Q i(TT/4) +im7r 
y /sinB e e -m , (icote) = 2 y

/ttTI 7^-h - y' - m) ' 

Using AS 8.2.3 we have 

-imTT-m , Tr/2 e j^^iiir (-%-y')
^-5s-y' sin['IT(- m - h' y')] 



 

 

 

 

 

129 

Using As 8.2.5 relating P-funtions of positive to negative codes, the 

integer order 

r(^ - y' + m) m 

r(J2 - y' - m) -h-u,(x) 

/r-Tf i(Tr/4), ,.m+1 
(-1) r(^ - y' + m)1 (icotS) 

Y{-h - y - m) cos(y'TT) r(^ - y' - m) 

±iTT(y'+J5) m m ,
X e ^ (COS0) - P , ,,,(-COS0) 

Js-y 

= C /sin0 l^e P™j^_^,{cos0) - ,(-cos0)j. 

From Hobson, page 445, 

n 4k^ + (2m + 1)^ . 2n
P , (cos0) = 1 + E n Sin 

„=i m=l (2m)^ 

4k^ + (2m + 1)^ 2n 0A^+ifc(-cose) + E 

n 

COS1 n -

n-1 m-l (2m)^ 

Hence, the P , {icot0) for two linearly independent solutions are 

0 1 01 Tr/2. 
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