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ABSTRACT

A fully discrete approximation to the solution of the two-dimensional Nonlinear

Schrodinger Equation is presented and analyzed. The spatial discretization is based

on non-conforming finite elements and the temporal discretization is achieved by a

variable step Crank-Nicolson scheme. The numerical method presented here is aimed

at approximating general (i.e. not necessarily radially symmetric solutions) of the

Nonlinear Schrodinger equation which emanate from general initial profiles (vanishing

at infinity). In particular, we apply it to study the formation of singularities. The

numerical scheme employs a spatial refinement strategy which allows the mesh to be

refined locally and without compromising the overall quality of the mesh. The adaptive

refinement strategy is effected by a simple and computationaly efficient test, based

on inverse estimates on the approximating subspace. Several numerical experiments

concerning the formation of singularities are presented.
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Chapter 1

Introduction

The Nonlinear cubic Schrodinger Equation (henceforth referred to as the NLS equa

tion)

(1.1a) Ut = iAu i\u\^u, x E t > 0,

where u is a complex-valued function of a; € E.'' and the temporal variable t, is a

basic evolution model for nonlinear waves in various branches of physics such as

hydrodynamics, plasma physics and nonlinear optics. The initial-value problem for

the NLS, consisting of (1.1a) and the initial condition

(1.1b) u(x,0) = u'^(x), xE ) d

where u° is a complex-valued function defined on R'', describes, for d = 2, the propaga

tion of light beams in nonlinear, dispersive media, [14], [42], [26]. In this case, the

time variable t is replaced by the axial coordinate along the beam. For d = 1, (1.1a)-

(1.1b) has been used in the study of pulse propagation along optical fibers, [24], and

as an envelope equation in the theory of water waves, [32], [45]. For d = 3, the NLS

equation is obtained as a limiting case of the Zakharov model of Langmuir waves [47].

The expository paper [34] describes the properties of a class of nonlinear Schrodinger

equations and discusses various other physical interpretations.



The initial-value problem (l.la)-(l.lb) has been the subject of intensive theoretical

and numerical studies over the last several years. The one dimensional initial-value

problem admits global solutions provided that the initial data are smooth enough

and decay sufficiently fast at infinity, [40]. The one dimensional NLS equation is a

special case, since it admits solitons, i.e. solitary waves that preserve their shapes

after mutual interaction, [1]. For d = 2, global existence occurs only under suitable

smallness conditions on the initial data, [44] and, moreover, singular solutions exist

that blow up in finite time, [40], [22], [21]. The case d = 3 is 'super-critical'. The

initial-value problem (l.la)-(l.lb) is locally well-posed and there exist solutions that

blow up in finite time, [47], [21].

The evolution of spike singularities in evolution equations has long been observed

in numerical simulations and in the laboratory. The detailed dynamics of blow-up have

both academic and practical interest. For example, in nonlinear optics, understanding

of the dynamics is essential for studying the properties of the beam focus, which

often has a damaging effect on the experimental apparatus. The nature of the blow

up singularity has been studied both theoretically and numerically, but mainly for

radially symmetric solutions (cf., for example, [48] and [29]). It was shown in [29]

that in three dimensions, the peak amplitude of singular radial solutions grows like

[t* — t)~^ as f approaches f*, the blow-up time. The determination of the blow-up

rate for two-dimensional radially symmetric solutions is more difficult since d = 2 is

the critical exponent for the cubic NLS equation. Early numerical experiments and

formal asymptotic reasoning favored a rate of {t* — t)~^ in [48] and [41] while [46] and

[43] favored a rate of [ln(j7^)/(t* — t)]2. In [27] it was concluded that the blow-up

rate is [In ln(p^)/(f* - f)]2 using numerical techniques ("dynamical rescaling". see

also Chapter 5) and asymptotic analysis. In [28] the numerical methods introduced in

[27] were extended to cover the non radially symmetric case.

We refer the reader to [40] for a review of the known existence results on the

Cauchy problem for the NLS equation, as well as to [34] for a collection of references



to the vast Russian literature on the subject. We note that in physics, the 3-d evolution

of a spike singularity is usually referred to as "wave collapse" and the corresponding

2-d phenomenon as "self-focusing".

In this work, we shall be concerned with the numerical solution of the following

initial- and boundary-value problem for the NLS equation: Let fi be a bounded

domain in with smooth boundary dO,. For 0 < T < oo we seek a complex-valued

function u satisfying
'

ut = iAu + iA|upu, (x, t) € n X [0, t*],

(1.2) I u = 0, (x,t) ed^x [0,r],
u{x, 0) = u°(x), X € 11

where A is a nonzero real number and u'' is a given complex-valued function defined

on Cl. We shall assume that a solution of (1.2) exists and is sufficiently smooth to

guarantee the error estimates established below.

The mathematical literature contains a large number of works devoted to the nu

merical approximation of (1.2) and similar initial- and boundary-value problems.

Numerical experiments in the case d = I were presented in [17], [23], [37], [38], [4].

For d >2, the articles [29] and [30] introduced the method of "dynamic rescaling" as

a tool for studying the form of the singularity. This method was extended in [27] to

cover anisotropic solutions, and to follow the evolution of initial profiles u° that are

not radially symmetric. In both cases, it was assumed that the modulus of the solu

tion approached infinity at exactly one point. In [5] the initial- and boundary-value

problem (1.2) was discretized in space by a standard Galerkin-finite element method

and in time by the Crank-Nicolson method. The resulting fully discrete schemes were

applied with adaptive space and time meshes to approximate radial solutions of the

NLS that blow up in finite time. The construction of adaptive Galerkin methods in

[5] was heavily based on the first two invariants /i and I2 of (1.1a). It is known (see

for example. [40]) that the NLS equation has the invariant functionals

(1.3) = / \u{t)\^dx

3



and

(1.4) h = jil\Vu{t)f-^\u{tAdx
The first is obtained by multiplying (1.1a) by u and taking imaginary parts, the second

by multiplying (1.1a) by ut and taking real parts. The time step reduction mechanism

was motivated by the need to control the change in a weighted version of I2, while the

spatial grid refinement mechanism was motivated by a local L°°-L^ "inverse" property.

Notice that under the hypothesis of radial symmetry, the initial-value problem (1.1a)-

(1.1b) may be cast in the form

Ut = i{Urr + ̂Ur) + i\u\'^U, T > 0, f > 0,

u(r, 0) = u^{r), r > 0

where u = u{r, t) and r = (xj + ■ • • T leading to a problem involving only one

spatial dimension.

The computational part of the work at hand makes no assumptions on the radial

symmetry of the solution or the location of the blow-up. We allow both isotropic

and anisotropic solutions, but we assume that the restriction of the solution u{x, t) on

the boundary 50 is negligibly small for f > 0, so that we may impose the Dirichlet

boundary condition u = 0 on 50. Moreover, initial profiles with several peaks are

also allowed. We discretize (1.2) in space by a nonconforming finite element method.

The elements of the approximating space reduce to piecewise polynomial functions

which are, in general, discontiguous across interelement boundaries. The triangula-

tions on which the approximating spaces are defined are required to satisfy only mild

assumptions. In particular, highly non uniform meshes are allowed and no global

quasi-uniformity assumption is made. The temporal discretization is achieved by

means of a Crank-Nicolson type method, or more precisely by the one-step, Gauss-

Legendre, Implicit Runge-Kutta method. Time stepping with this method requires

solving a nonlinear system of equations at each step. A modified Newton method, the

so called Implicit-Explicit scheme, is used to solve the nonlinear systems. The lin

earization of the fully discrete scheme by the Implicit-Explicit scheme leads to large,



complex, sparse linear systems. The solution of these linear systems by means of

iterative methods is discussed in detail in Chapter 4.

The analysis of the convergence of the fully discrete scheme is undertaken in

Chapter 3. We show the existence of the resulting approximations and prove optimal

order error estimates in L°°{L^). The existence and convergence of the fully discrete

scheme is carried out in three steps. First, a modified scheme is introduced whereby

the nonlinear term |upu is replaced by a globally Lipschitz continuous function which

coincides with \u\^u in a sufficiently large ball. Then the existence of solutions to the

modified scheme is established, by means of a fixed point-type result, and finally the

convergence of the modified scheme is exhibited. The main error estimate in

may be stated as follows: Let 0 = <•••< = t* he a. partition of [0,C],

and In = With each of these intervals associate a triangulation 7^" of the

domain f) satisfying the mesh conditions stated in Chapter 2 and a finite dimensional

subspace whose elements reduce to polynomial functions of degree < r — 1 on each

element of T^. Let u denote the solution of (1.2) and let C/" be the solution of the

modified scheme at t". With = u(t") — t/" we have,

l|E"ll < CJ llfcXllr,!. + E
^  \m=0 ̂ ^ J

/n-1 r ■,\l/2 / „_i X 1/2

W=0
+ E + Vc(n-l)5:||y[a.II''l*" Jl/

771=1 /

Here, is the jump of the elliptic projection u)[t) —

(see Chapter 2) and Mc denotes the number of times where Vh~^ ■ Since the
term | |7[ct;'"]| | is always bounded by this establishes an optimal order error

estimate, provided that the space does not change very often. As a final step of the

convergence analysis it is shown that the solution of the modified scheme is also a

solution of the original scheme.

A second component of the computational part of this thesis was the development

of a finite element code so that the fully discrete scheme discussed above, could be

implemented with an adaptive space mesh and variable time step. This necessitated



the development of appropriate data structures to handle nonconforming triangula-

tions and a dynamically refined mesh. We refined the triangles of the mesh using only

regular refinement (the midpoints of the three sides are joined to form four triangles)

but allowed each triangle to have at most one nonconforming node per side. This,

obviously, limits the number of neighbors of each triangle and simplifies the data struc

tures necessary to represent such a triangulation. The mechanism for the temporal

grid refinement was similar to the one used in [5], while the spatial grid refinement

mechanism consisted of a computationally efficient and inexpensive test, motivated by

a local H^-L^ inverse property on each of the triangles of the mesh. The last chapter

of this thesis contains the results of experiments performed with this adaptive code.

We followed the evolution in time of initial profiles with or without radial symmetry,

and we also experimented with initial profiles having several peaks. The code was

successful in refining the mesh near the evolving singularities and achieved amplitude

magnifications in the range of O(IO^) to 0(10®).

The remaining of this thesis is organized as follows: In Chapter 2 we introduce

the notation that will be used in subsequent chapters, the approximating subspaces

and the assumptions on the triangulations of the domain Vt. Chapter 3 contains

the consistency, stability and convergence of the fully discrete approximations. In

particular, optimal order error estimates in L°°{L^) are proved. Chapter 4 describes

the details of a finite element code implementing a fully discrete scheme for the solution

of (1.2), as well as, an analysis of the performance of the Implicit-Explicit scheme used

for solving the systems of nonlinear equations arising in the fully discrete scheme.

Moreover, an adaptive version of the code which features automatic grid refinement

in both space and time is also presented and analyzed. Finally, Chapter 5 gives the

results of numerical experiments performed with the adaptive version of our code, on

approximating solutions of the NLS equation that blow up in finite time.



Chapter 2

Notation and Preliminaries

In this chapter we introduce the notation that will be used in the remaining of the

thesis and construct the finite dimensional spaces where the solution u of (1.2) will

be sought. The elements of these spaces are functions defined on suitable partitions

of the domain fl. For example, in the framework of finite elements, a partition of the

domain will correspond to a triangulation of fi satisfying certain mild conditions.

2.1 Function spaces

Let f2 be a domain in For a subdomain D C fl and 1 < p < oo, L^{Q,) denotes

the usual space of complex-valued measurable functions v on D such that

\H\lp{D) = < oo, 1 < p < oo

||i;||/,oo(£)) = ess sup |u(a;)| < oo, p = oo
x£D

For p = 2, L^{D) is a Hilbert space with inner product defined by

{v,w)d = / vwdx^ v,w E L^{D),
J D

where dx denotes the Lebesgue measure in R'^. If Z) = P, we shall write (•, •) in place

of (•, •)n and 1| • || instead of || • ||L2(n). For m > 0 integer, and 1 < p < oo, we denote



by W'^'^{D) the Sobolev space of complex-valued functions on D with norm

||u|U,p,D = I , l<p<oo
t|a|<m ^ J

i l^^lU,oo,D = max p= oo
\oc\<m

For p = 2, H'^{D) = W"^'^{D), is a Hilbert space with inner product

{v,w)^,D= Y1 I d'^vd^wdx, v,weH"'{D)
|a|<7n ^

and norm || • \ \m,D- We shall also make use of the seminorms

1/2

\v\m,D = {
Ua|=m ^ j

Assuming that the subdomain D has Lipschitz-continuous boundary dD^ we let,

HiiD) = {» e H'(D) : = o|, where the values on dD are understood in the
sense of the trace, cf. [2].

2.2 Partitions of the domain Q, and the finite dimen

sional spaces

Let 0 < /i < 1, be a spatial discretization parameter and denote by 7^ = {Q'^, i =

a partition of Q, consisting of triangles. A peripheral triangle i.e.

one intersecting the boundary d^l, may have a curved side. We shall assume that

the elements of this partition satisfy certain requirements. Let pi,... ,p4 be positive

constants independent of the family of triangulations {Th}- Denote the boundary of

by and set = dili fl dflj, i,j = I,... ,dh, dfl*^ = n dfl, and let

-^1 = {j n is a line segment}, i.e. lAAj} is the number of neighbors of Df. Also,

we let hi denote the diameter of the smallest disk containing fll', and hi denote the

diameter of the largest disk contained in Df.



(i) Each is a nonempty open, connected subset of fi.

(ii) U = 0 and H 0^ = 0, ̂ i ̂  j.
»=i

(Hi) Each flf has Lipschitz-continuous boundary and contains a point zf such

that such that (x — zf) • nf > Hihi for almost all x on where n'- is the unit

outward normal vector to and x,zf are the position vectors of x and zf.

(iv) There exists a constant //2 > 0, independent of h and i such that

hi < 1 = 1,...,4.

(v) If nf and ilj are neighboring triangles then

/^3 — T~ — Ms ̂  T
hj

(vi) Each nf contains a subset with respect to which is starlike and m{Vl'l) <

IJ,4 m{S^), i = 1,... ,dh. Here m{D) denotes the measure of D.

It is clear that under general conditions on 0, e.g. fl convex, or dfl smooth, or h

sufficiently small, we can construct triangulations Th that will satisfy the above as

sumptions.

We shall also need to introduce some notation for inner products and norms on

subsets of the boundaries dO,^. For i = 1,..., dh, let crb) denote the Lebesgue measure

on For a subset F-' of of positive measure, we denote by //^(Ff) the usual

Hilbert space of square integrable functions on F-" equipped with the inner product
T 1/2

{v, w)ph. = /ph vwda^'^ and the norm |u|ph = {v, u)ph . In addition, we shall denote

by the normal derivative operator on the normal derivative being understood

in the distributional sense. Moreover, for v G //"'(D) we let u'') denote the restriction

of V on and for m > 1, u . the trace of v on dfl^.'  — anf '

For D a subdomain of H and r > 1 integer, we let Fr{D) denote the space of

polynomials in d variables of degree less than on equal to r — 1 on D. We also let



Po = {0} and

V[ = p,(n}) X... X p,(n;j

The space possesses optimal approximation properties. We quote the following

result form [7]:

Proposition 2.1 Let m > 0. There exists a constant c such that if v £

there exists a x ̂  Pm(flf) such that

(2.2) \\v-x\\j,n^ <chT~^\v\^^^H, 0 < j < m.

From (2.2) we can immediately get global approximation on Vf. Indeed, if u E //"(!))

and 1 < m <r, there exists y € Vf such that

dh dh
2(m-i)| |2 0 < J < m(2.3)

i—l i=l

Our assumptions on the partition % yield the following local inverse property: There

is a constant c such that for all x € Pr(^^f) we have,

(2.4) IxL.nf < c/i, IxL.fih, i = l,...,4, 0<s<m<r.

Finally, to estimate boundary and interface integrals we shall use the following result

from [7]:

(2.5) l^lo.anj' — l l^l loinj* l^iiinj"}'

with c depending on the dimension d and the constant ii\.

2.3 The bilinear form a^(-, •)

We denote by Eh the energy space Eh = x ... x and equip it with

the norm

dh

(2.6) lkllU = E +
i=l

dn
+ "i T Ian*

an*

+ E ' ij hi
dv^'^

dn

10

+ hi



Define the bilinear form •) : Eh x Eh C hy

(2.7) (v«i-),v„w) +
i=l [ ' jeAT,

on '' ''

where 7 is a constant to be chosen appropriately and (r^) denotes the matrix with

elements

1, i>3

0, i < j

The bilinear form a^(-, •) generalizes the standard Dirichlet form a(u, v) = (Vu, Vv)o,n

in the sense that

Tij = I, J — 1,..., dh■

(2.8) ai{u,v) = -iAu,v), Vu e H^n) n Eh

Also, the third and sixth terms in the definition of a^(-, ■) are added to produce sym

metry. Indeed, it is clear that a1 is Hermitian and as a consequence.

(2.9) al{v,v) is real for u € V): + (//'(D) fl //o(D)).

Moreover, the fourth and seventh terms are penalty terms which will induce coercivity

of the form a1 with respect to the norm | | • The bilinear form is continuous,

i.e.,

(2.10) |a^(u,u)| < (1-1-7)| |u| |i,;i| |u| |i,/i, V u^veEh-

Moreover, it is coercive in that there exist constants Ca,7o such that for all 7 > 70

(2.11) al{v^v)>Ca\ \v\ \\^h^ VuGV;[,

where = | min{l, = 2max{ca, with c some constant depending on the
constants of (2.4) and (2.5). The proofs of these two crucial properties are straight

forward generalizations of the proofs concerning the case of real Eh that can be found

in [7].

11



With a1 we associate an elliptic projection operator Pe: Eh ̂  Vjj by

(2.12) oKPev^x) = al{v,x),

That Pe is well-defined follows easily from (2.10) and (2.11). Also, using standard

techniques of finite element theory, we can obtain the following approximation result

(2.13) \ \v - PEv\\i,h < c\\h^~'^v\\r,h, u G//■'■(n) n i/o(n), 2 < s < r,

where | | • | |r,/i denotes the "mesh dependent" norm

\\h'-'v\ \r.l, = ( E h-\ \v\ \lj} .
\Kf=Ti, /

Furthermore, using Nitsche's duality argument, we can obtain the optimal order

L^-estimate | |u — Pev\ \ = 0{E'). However, in analogy with (2.13) we assume that

there holds

(2.14) | |u — Pe'^W < c| |/i®u| |r,/i, V € n Hq{Q,), 2 < s < r.

For standard (conforming) finite elements (2.14) is known to hold in one dimension,

cf. [12, Chapter 0], [6]. In higher dimensions, (2.14) holds under local quasiuniformity

conditions on the mesh, cf. [18],[19].

Remark. In the remaining of this thesis and especially in Chapter 3, where the time

stepping scheme is introduced, the triangulation Th of the domain f) and, consequently,

the corresponding finite dimensional spaces, will be allowed to change from one time

step to the next. For this reason, the triangulation Th, the corresponding finite dimen

sional subspace Vh and all quantities defined on V)]", such as the bilinear form a1 will
acquire a superscript or subscript of n, denoting the current time level.
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Chapter 3

Error Estimates

3.1 The fully discrete scheme

Given the initial value problem

\ y' = fiy.i), 0 < t < r,
(3.1)

y(0) = y°

the midpoint or, more precisely, the one-stage Gauss-Legendre method generates ap

proximations y" to y(C), for 0 < n < J, where k = t*/J is the (constant) stepsize

and C = nk, by

(3.2)

and

(3.3) = 2xr' - y"

Here we have set = C -|-1. This is the first member of the infinite class of Gauss-

Legendre methods, cf. [16]. As such, it has a classical order u oi 2 and a stage order

p of 1, and is algebraicaly stable. We may now describe our fully discrete scheme for

the solution of (1.2). Let 0 = t° < t^ <■ ■ ■< t^ = t' he a partition of [0,f*], and

(3.4) /„ = (r,r+i], =

13



We associate a partition of Cl and a finite element space to each interval /„ as

follows:

(3.5) K" = {x € L'in) : x\k € P,-,(A-). A- 6 %„].

We also associate a space with but for simplicity we take = V^. Chan

ging slightly the notation introduced in Chapter 2, we shall denote by K the ele

ments of the partition %„■ Also Hk stands for the diameter of the element A', and

hn = maxA-6rh„ = minK-e7-h„ hx-
The one-stage Gauss-Legendre method for (1.2) that we consider may then be

defined as follows: Let and assume that for each 0 < n < — 1 approxim

ations to u[V)^ j = 0, . . . ,n are given. With II" denoting an appropriate

projection operator into we let U"''^ = !!"[/" and we define the quantity G

by, cf. (3.2),

(3.6) (C"'", V) + i V-) - i A jdC/"'' d£/»'\ V) =

Vr/) G Vji". Then, G is defined by

(3.7) =2f/"'^ - t/"+.

Two particular choices of 11"', are the L^-projection and the elliptic projection into

\4". Thus if 14"-1 C 14" then t/"+ = C".
We shall make frequent use of the following notation: We denote by || ■ |||„ the norm

of i.e.,

(3.8) |||»|IU:= [I ||.,(()ll'<i<)'"-
Also for s, m = 0,1, . . . , and v G //'"(17) we let

(3.9) l|A>|U:=( E Aj-lkim)'".
^K€T,.

We introduce the modified scheme whereby (3.6) is replaced by

(3.10) (t'"-', + i ^.) _ i A ^(/(l/- '), 0) = (£/"+, AO,
14



where / = f{z), / : C —)• C, is an appropriate globally Lipschitz continuous function,

such that f{z) = \z\^z in a ball with a radius that depends on the solution u of (1.2).

In particular, u is in that ball. We quote the following result form [25].

Lemma 3.11 Let M := sup^Q J.j ||u||oo + 1. Then there exists a function f : C C

such that

(3.12a) f{z) = |zpz, if \z\ < M,

(3.12b) \f{z)\<ci\z\, ci > 0, V^gC

(3.12c) \f{z)-f{w)\<C2\z-w\, C2 > 0, Vz,weC.

Indeed, as done in [25] we may consider a function of the form f(z) = '){\z\^)z, where

the function 7 : [0,oo) —>• [0,4M^] is smooth with bounded derivatives of order up to

two. In this case, it can be shown that Ci = c[M^ and C2 = c^M^. Furthermore,

(3.12d) {f{z),z) is real VzGC.

As a first step towards proving the convergence of (3.6) to (1.2) we analyze the stability

and convergence of (3.10). In Section 3.2 we establish the existence of solutions to the

modified scheme. In Section 3.3 we present the basic error analysis in L°°(L^(f])) for

(3.10) with 11" = F", for all n, where F" is the L^-projection into I4". We shall also

make use of the notation

k= max kn, h= max hji, h= min /ift-, Cn = c\ \n{h)\.
0<n<N-i ' A'eTh^

0<n<iV-l 0<7i<A-1

3.2 Existence of solutions to the modified scheme

To prove existence of solutions we use the following well known Brouwer-type fixed-

point result, cf. [13].

15



Lemma 3.13 Let (i/, (•,•)) be a finite dimensional inner product space and || • || the

associated norm. Let g : H ̂  H be continuous and assume that there exists (3 > 0

such that for every z £ H with ||z|| = /3 there holds Re{g{z),z) > 0. Then there exists

a z* £ H such that g{z*) = 0 and ||z*|| < (3.

Theorem 3.14 Let f/" be given in . Then, there exists G Vf" satisfying

(3.10). Furthermore is unique if kn is sujficiently small.

Proof. The vector space is a finite dimensional Hilbert space equipped with

the L^ inner product. Consider the map F : Vff Vif given by

(3.15) (F(t.),V') = (vM + i V"),

VV* € 14". Our task is to show that F has a zero in 14". Since / : C —> C is continuous,

F is continuous and therefore it suffices to show the existence of a constant > 0

such that

(3.16) Re {F{v),v) > 0, for all v G 14" s.t. ||u|| = (3 .

Set if = V \n (3.15) to obtain, in view of (3.12d),

Re(F(.),«)>|!»|p-||«|| ||(/»+||.

We see that (3.16) holds for all v satisfying

||«|| = /3;= ||C/»+||.

The proof of existence is now complete. Uniqueness follows easily from (3.12c). □

3.3 Error Analysis in

In this section we shall operate under the assumption that 11" = f", the L^-projection
operator onto 14". As usual, we split the error U — u into {U — W) + {W — u), where
W G 14" is an appropriately chosen function, and we estimate E = U — W and u — W.

16



We now introduce the functions uj, rj

Uj{x,t) = P^u{x,t), T] = u-LO, (x,t)eOx/„, n = Q,...,N-l.

Obviously these functions are continuous with respect to t in each time interval /„,

and have jump discontinuities at the point only if ^ .

3.3.1 The basic error equation

We define the functions

W" =

w"+ = P|u(r),

= p^u(r+i),

^  + ̂n+) = ip|(u(r+l) + u(r)),

£in,l _ ̂ n,l _

^ ̂n+ _

gn+l _ f/n+1 _ l^n+l _ 2 ̂n,l _ £jn+

In view of (2.13) and (2.14), we need only consider the term U — W. It is easy to see

from (3.10), (1-2), (2.8) and the definition of W that the error E = U — W satisfies

the equation

(3.17)

where

(£»•■ - + iyaL(e"''.'^) " ' ^^(/(C"'') -/(W"''), (/>)
= (0» + /l» + v.) + i A^(/(H'»'') - /{«((»•'), 0),

(3.18) 0" = i(l(C+')-,(("+)), W*)= Wm M)),
I  (-»•(" +

(3.19) .4" = -i(u(r+^) - u{P) - fc„u,(r'i)),
(3.20) P" = ^A:„A[u(r+i) + u(r) - 2u(r'^)].

17



Our next task is to bound the terms 0", A" and B". In the following lemma, we

derive appropriate estimates for these terms, which allow us to obtain the optimal

order convergence result of our scheme.

Lemma 3.21 For any n,0<n<N — I there holds

(3.22) ||e"|| <

(3.23) 11/111

(3.24) IIB1I

where 0", and B" are defined in (3.18)- (3.20).

Proof. The estimate (3.22) follows easily from

1

and (2.14). Using Taylor's theorem we have,

yl" = _1 r"(r+i - ds + ̂  /'""(r'l - s) ds,
4 Jt" 2 Jt"

from which (3.23) follows easily. (3.24) is obtained in a similar way. □

3.3.2 Convergence of the modified scheme

We now set if = in (3.17) and take real parts to obtain

- Re(B"+, B"-') + Aylm (/(B"'') - /(W"''), B"'')
(3

= Re (0" + /I" + B", B"-') + Aylm (/(u(r'>)) - /(VU"-'), B"'>).
.25)

Using (3.12c) we obtain

(3.26) (/((/"•')-/(ir-I.E"-') < II £n ,l|l2

and

(3.27) (/(u(r-i))-/(VU"'>),B"'i) < c||u(r'^) - 1U"-'1| ||B"-1|

18



Now using Taylor's theorem and (2.14), we obtain

l|u(r'i) - < i|u(r'') - i[u(r) + u(r+')]||

(3-28) +^||[/_paW<") + <'«''-^')l||
<c*:^ + c||ft;[«(r) + «(«-")i||.

Using (3.22)-(3.24) and (3.26)-(3.28) in (3.25) yields

||£.„,1||2< ||£»+||||£»,l||^^^^||g„.l||2

(3.29) + ck'J' {!/.>,lU + + <c;il|A«<^l|||„} ||£-||
+ cfc„{i^ + ||/.;Wi'') + »(("+')J||}||£"d||,

Thus,

(3.30) ||£:"'i||2<c||E"+f+ cfcX,

where denotes the optimal (consistency) term

= iiiA>.iE+ +<:;;iiiA«p"iE+ck {k + wMn+n(("«)]iE}.

In order to obtain an estimate for , we note that

||E"''|p - Re(^"+, E"'!) = ̂112^"+^II' - ̂||£^"^||'-
Hence,

||£»+.||2 < ||e.y||2 ̂  eJ;„||£-'||2 + c{|||A>,E + «;i|||nW|E + '.■illAuMC}
(3.31) + ck„ {«;< + IIAUn)!") + «(("+')l|p)

<(1 + c*;„)I|£"''IE + c£„.

We next consider the term ||£^"''"||. Note that since H" = P" here,

(3.32) P"+ = [/"+ - = P"P" - P"J[a;"],

where J[u;"] = (Pg - P^"')u(r) is the "jump" in the elliptic projection of u across
t". Hence it follows from (3.31) and (3.32) that

(3.33) ||£^"+'||' < (l + cA:„ + ,d„)||P"||2 + cP„ + M„||J[ai^

19
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where M„ is a number depending on n and which will be specified in the sequel and

(3.34) (3n =
0  if = vr'

n = — 1.

XT—r otherwise.M„-l

We are now ready to prove the main convergence result for the modified scheme.

Theorem 3.35 Letu be the solution of (1.2). are given by (3.10), then

(3.36)

|£»|| <C7„(||A;«°|U+ (2 [|A>,E +
1/2

\Tn=0

1/2

'' n—1

\m=0

+ (7Vc(n-l)E||J(u.»l||4
\  m=l /

n = 0,..., — 1. Here C„ = and Mcin) denotes the number of times ivhere

Proof From (3.33) we have
n  / n

||£-+>f <n(l+ft +c%)l|£°IP + ':E( n (l + ft + cA,)
^3 37^ j=0 m=0 j=m+l

X (Sm + MrrrWAri'^r'
Now fix n and choose Mm = M = J\fc{n), m = 1,..., n, where Afc{n) is the number

of times where Vj^ ^ i 3 = 1, • • • (in the case where Mc{n) = 0 or 1 we take

M = 2.) Then, ft = /J = jjLj, for V/ Vr\cf. (3.34),

(3.38)

jj(l + + c/cj) < n (1 + 2ckj) n (1 + 2/?)
j=o j=0 j=0

pyckj
3=0
0<ckj

< n(l + 2ck,){l + 2(3)^ <
j=o

Set := c (3e2^'"+2y/2 ^ ̂ E° = u° - P^u^, from (2.14)
obtain

we

< C„+i{||/i^u°|U+ ( + yj^c{n)( f: \\J[u.m
m771=0

l ||2

=l

1/2

which is the required result. Q
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3.3.3 Convergence analysis for the fully discrete scheme

We let ■0 = in (3.17) and take imaginary parts. From the coercivity of the bilinear

form •) and (3.29), (3.30) it follows that

Using (3.33) and (3.36) we have

(3.39) +
'  0<m<n

Using the inverse inequality (3.43) and the above estimate we get

(3.40) | |£"''|U < cK'l'\ \nh,\ max ^
0<m<n

We next bound the term UVU^'^Hoo- For this, let := |[u(t") + u(t"+^)] and let
be an element of to be chosen appropriately. From the triangle inequality we have,

< i lu"'i|U + - x"'N|oo + l lx"'' - Pe^^'^'Woo.

Using the inverse inequality (3.43) and the triangle inequality we have,

I IVU-'^l loo < IK^I loo + - x"''l loo + C\ \nh^\

< | |u"'i|U + |K''-x"''l loo

+ c|ln/ij {l lx"'* + IK'i -
We now choose so that

(3.41) \r,h

(3.42) | |x"'^-«"'^| |oo<c/i;r I
U

The fact that we may chose x"'^ having the above approximation properties follows

from the approximation properties of and the trace inequality (2.5). The approx

imation property of in the | | • | |oo-norm follows from similar results in [7]. We
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then conclude that

for h and k sufficiently small. This in turn implies that the solution U of (3.10) is also

a solution of (3.6) which also satisfies the error estimate of Theorem 3.35.

3.4 Some technical lemmas

The main purpose of this section is to establish the inverse inequality

(3.43) IMIi.~m<|lnfc„|"'||xll,A, Vxen"

used in Section 3.3.3. The proof proceeds along the lines of a proof of a similar

inequality that in known to hold in the case Eh Q Hq{Q,). To start we establish

the interpolation-type inequality (3.55) for elements of the energy space Eh- In view

of the nature of the norm || • certain trace inequalities are made use of. Next

the L°°-L^ inverse inequality (3.75) is proved, thereby extending a similar result to

elements having one curved side. The desired inequality (3.43) then follows easily by

appropriately choosing p.

We start by establishing some useful trace estimates for functions in

where D is a Lipschitz domain. We are particularly interested in assessing the de

pendence of the constants appearing in these bounds on D and r. Moreover, the proofs

that are provided, which are elementary and for the most part well-known, require no

more regularity on the part of D than we have already assumed in properties (i)-(vi)

in Chapter 2. Also, density arguments will enable us to consider only elements of

C^{D). Indeed, for v G C^{D), integration by parts gives

f  ̂ /• Q
(3.44) / (x — z) • n u'' dcr = Y] / -— [{xi — Zi)v''] dx

JdD ^ JD OXi

= Y1 w'" + {^i - Zi) riC"' ̂  dx,
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for any rational r = ̂ > 1 with m even and n odd, and z E D. If z is as in property

(iii), using Holder's inequality in (3.44) we obtain

(3.45) — 2||u||2r(/5) +

with h = diam(Z)), q' = and <7 > 1 satisfies q{r — 1) > 1. Thus,

r  / r,l/2\ l/*"
|l/r(3.46) 1u|l'-{D) < j /i "||v||l'-(D)+ I I'^IIl2Vi)(d)II^^IIl2(c)-

Since such rationals are dense in the set of real numbers, (3.46) extends by continuity

to all r e (1, 00]. Letting r = 9 = 2 in (3.46), we obtain

(3.47) '' lbilL2(D) + ||'!^|iL2(jr))|lVu||^2(£))} •

On the other hand, with r = p' = q ~ we obtain

(3-48) MLP'{D)^^^i + ̂ll^l lLt^(D)ll^"lll,p'(D)

Now Holder's inequality with m = yields

(3.49) IbllLp'(D) ̂  ch\\v\\Lm^D)-

Using this in (3.48) gives the estimate

(3.50) I^Ilp'(d) — {iklU

As our next result, we shall establish the estimate,

I"'"' -
(3.51)

+  (i|Vt,W||an. + ||Vt,«|Uj),

where m is as above and fi,^ and flj are two adjacent elements. For simplicity only,

we assume that Of and flj are triangles and that they share a full edge dQ.fj. Now

let F : —> R^ be an invertible affine function that maps flj onto and such
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that F{x) = X, WX E dOJly Using F, we extend into a function defined on

f)-' n flj. It follows from the mesh property (iv) that for some constant c independent

of /ij-,

5 = 0,1.

Letting e = and taking r = p, g = 2 in (3.46) we obtain,

(3.52) \e\LP(da>^^) < c/ir^^nie||Lp(n;') +

To estimate the terms ||e||£^p(f^h) and ||e||L2(p-i)(n'')5 family of imbedding

inequalities

(3.53) IkllM(D) < rn{D)~^\\v\\i2(o) + cq\\v\\\2f^^^ l|Vu||Jp)
,  2 2

< ch "^'|1u1|l2(£)) + cqhi\\S/v\\L2(D),

valid for q E [2,oo) (cf. [2]). The linear dependence on q can be deduced from the

proofs presented in the above reference. Now using (3.51) with q = 2(p— 1), we obtain

I I^'I Il2(p-i)(Z3) < c/l"H||t;||^2(c) + cphl^\\Vv\\i2(D)-

Using this together with (3.50) and q = p, we get

kLp(9n^_^) ̂

To complete the proof, we use the Poincare type inequality

i l®llL2(nf) < c/i^''^|e|£,2(anh) + c/j.,||Ve||i2(nh),

whose proof follows easily form (3.44).

We are now ready to prove the following estimate for the elements of Eh'-

Proposition 3.54 Let 2 < p < oo. Then,

(3.55) ||w|lLP(fi) < cp||v||i,/», \/vEEh,

for some constant c independent of p and h.

24



(3.56)

Proof. In view of the imbedding "—>■ L°°(0), valid for d < 3, we have that

Eh C for all q > 1. Now for p € [2,oo) and v 6 Eh, consider the boundary
value problem

—A$ = in f),

$ = 0, on dil.

Since fi is bounded, G Vg > 1. Thus a unique solution to (3.56) exists

which is in iy^''(f]) fl I < q < oo, (cf. [20]). Furthermore, for some constant

c = c(f2),

(3.57) | |$| |2,p',n < P = 7^ ̂
r

The linear dependence of the constant in (3.57) on p is a consequence of estimates on

Riesz potentials (cf. e.g. [39]). It follows form (3.56) that

(3.58)
1=1 I

V- /S®'"' li) Uh /^*''' (.n 1
- ' ■'

Using Schwarz's inequality and the imbedding VU^'^'(n) '—>■ 77'(f2), we get

(3.59) S ll*l lil l"l l.,» < c| |4|h,p.nll«ll.,i.
1=1

Furthermore, using Holder's inequality, (3.51) and (3.50) with m = ^ G (2,oo],
5$h) ... 5$(0

(3.60) (—,„(•) <
dn

1^(0 _ yU) LP(anM
Lp'idn^^)

<4[ll*'"l l,,„.of + l l*'"il2,p..n!.] ^
+ kf (||V«t')| |„. + | |V„0>| |„.)

Using Holder's inequality with m' = ^ G [1,2],
dh

(3.61) E E - ""'Ian; <
1 = 1 j€^f^

dh /d.
\/m'

^  1 1 Urn, I ^ ̂ .h
11=1 j€^fi 1=1 jeMi

^-p ly{^) -
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Further use of Holder's inequality yields

(3.62) E E-6'.!'"'=' I""'- "'"ISi? < EEn.A? X
\i=l jeATi / \«=1 jgjVi /(dh ^

i=l j€J^, \

Since the cardinality of Mi is uniformly bounded,

/ d, \ 1/"
(3.63) E E <c||4||3y,u,

\i=i ieM /

using the imbedding '->• VF^''"(fl), valid for d < 3. It also follows from the

mesh properties (iv) and (v) that
dh

(3.64) Y. Y. ^ cm(n).
i=\

Using (3.62), (3.63) and (3.64) in (3.61), we get

(3.65) < c ||$||2,p^^l|u||l,A•
t=l jeAC,

/

Similarly, using the inequality EW S Eon , 9 > 2,

(3.66)
»=i j€^fi

(dh , V''
E E ̂bll^!llp',n EE
,j=i jeAC; / \»=i ieA/i

< c||$||2,p',n E E ' 1^''^ ~ - cll^lby.nlklli,/.-
\t=i2gAr, '7

Furthermore, from (3.63) and using Holder's inequality,

(3.67) i; J: T.,Ah|«||,,„,!,f||V»("||„. <
1=1 ieACi

n ^ \ l/m / ̂  \ l/m'

E E E E-6''r"'iiv-«iG;
i=i ieM ' / \i=i jeM ,

/ dh 2

< «:|l«lkp'.n E E ̂.A' llVf'-'lE;
\t=l j6AC.
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Using Holder's inequality,

(3.68)
^  \ l/m' / ̂  \ I/p / j 1/2

EE < EErijhl] EE
i=i ieA/", / \i=i jeA/i / \'=i /eA/,

< c[m(0)]^/P||u||i,;,

Hence,

(3.69) E E £ cp||$||j,,.„||«||.A
«=1 /€A/i

Similar arguments yield

(3.70) E E niAf < cpli^lkp-.dkll..).
»=i jeACi

and

(3.71) E E < c||$||2„.nll"l l.,«
i=i jeA^i

Using (3.69), (3.70) and (3.71), we get

(3.72) £ Y1 < cp\\v\\l~l^)\\v\\i^h-
i=l 3€Af,

In an entirely analogous manner it can be shown that

«=i 9n

Using (3.72), (3.73) and (3.59) in (3.58), completes the proof. □

As a final result, we shall establish an inverse inequality satisfied by the elements

of the finite dimensional subspaces FriD).

Theorem 3.74 Let D be an element with one curved side and let Ti and be the

inscribed, resp., circumscribed triangles. Then there exists a constant c depending on

r such that

(3.75) \ \x\ \l^(D) < ch~'^^^\ \x\ \Lp(D), VxePr(7))

where h = diam{T\).
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Proof. We shall denote by Ti the triangle with vertices (0,0), (1,0) and (0,1) and

by T2 the triangle with vertices (0,0), (2,0) and (0,2). Moreover, denote by D the

element with vertices (0,0), (1,0) and (0,1). Let F : x E Rf ^(^) = + i be an

affine function mapping D onto D and Ti onto Ti, i = 1,2 (see Figure 3.1). Also, let

x(^) = x(^) for X € ̂ r{D). It is easy to see that

(3.76) ||xIIl°°(d) — l lxllico(5) — I IxII£,oo(X2)'

We shall next establish that for some constant c, independent of x

(3.77) 1 1x1 1L'-(T2) -

Assume not. Then there exists a sequence {Xm} C lPr(T2) such that ||Xm||j^oocfj) = 1
and limm-^00 l lXmll^oo(fj) = 0. Since the unit ball in {Fr{T2), || • l lioo(fj)) is compact,

we can extract a subsequence {Xm'} that converges to some element Xoo of ̂ ^(^2).

Obviously, ||Xc»||^oocfj) = 0, which in turn implies that Xoo vanishes identically and

contradicts the fact that >1 1oo||£oc(72)= 1.

(0,2)

(0,1)

(1,0) (2,0)

Figure 3.1: The affine map F.
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All norms being equivalent on the finite dimensional space Pr(T'i), we have

(^•'^8) I IxIIloo(Xj) ̂  c i lxll£,p(f,)j 1 < p < oo

for some constant c depending on r, T\ and p. We shall show next that

(3.79) sup c(r,ri,p)<oo
l<p<oo

Indeed, assuming the contrary we may find a sequence {xm} C IPr(ri) and a corres

ponding sequence {p^} G [l,oo] such that ||Xm||£,oo(f,) = 1 inf ||Xmll£,p,„(f,) = 0.

Using Holder's inequality we also have that inf ||xm||£,icf,) = 0. Using a compactness

argument as before, we arrive at a contradiction.

Finally, using Theorem 3.1.2 of [15] we obtain

(3.80) IKII„(f,) £ llxllw) £

where the constant c is independent of p and h but may depend on the "aspect ratio" of

D, i.e., the ratio of the inscribed and circumscribed circles to D. The desired inverse

inequality now follows from (3.78) and the estimate above. □

Remark. The above result, of course, simplifies greatly when D is a triangle.

The inverse inequality (3.43) now follows from Theorem 3.74 and Proposition 3.54

with the choice p = | In 4ni-
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Chapter 4

Implementation

In this chapter we address the practical issues of implementing a numerical method

for the integration of the Nonlinear Schrodinger equation (henceforth referred to as

the NLS equation), up to times close to the formation of singularities. We start by

developing a code for the solution of an initial value problem for the NLS equation in

a polygonal domain fl C At this stage, it is assumed that the solution does not

experience a blow-up and that the starting mesh is sufficiently fine to produce accurate

solutions. We discuss the computer representation of finite element meshes, the con

struction of the basis functions of our finite dimensional subspaces, and the solution of

the resulting linear and nonlinear systems. To test our code, we verify experimentally

the spatial convergence rates for the NLS equation by devising appropriate solutions

and estimating the L^-norms of the errors.

This implementation serves as the basis of an adaptive version of the code which

allows for the automatic refinement of both the spatial and temporal meshes. The un

derlying refinement strategies amount to two computationally efficient and inexpensive

'tests" which are applied after each step in time. If the computed solution fails the

temporal or spatial refinement tests then the time step is halved or the mesh is refined,

and the solution is computed again. After describing the refinement strategy and the

necessary modifications in the code, we proceed to test our method by following the
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evolution of several initial profiles which lead to blow-up in finite time. We consider

both radially symmetric and non radially symmetric profiles, as well as profiles with

several peaks, and compare our results with earlier numerical investigations of the

blow-up in the NLS equation.

4.1 Finite Element Meshes and Basis Functions

Let us assume that is an initial triangulation of the domain 0, consisting of the

triangles and satisfying the assumptions stated in Chapter 2. We assume

that all the book-keeping information necessary for the computer representation of

this triangulation, e.g., enumeration of triangles, nodes and neighbors of each triangle,

has been generated and stored in the form of an appropriate data base, from which

it is easy to recover information about a specific triangle. Moreover, to facilitate the

solution process and the construction of the basis functions of the associated finite

element space, we shall assume that metric information about the current mesh, such

as the location of each node, the lengths of the edges of each triangle and the areas of

the triangles, has also been stored and can be readily made available.

With the triangulation T^, we associate the finite element space = V°''', consist

ing of functions whose restrictions on the triangles 0°, i = 1,..., do, are polynomials

of degree < r — 1. A construction of a basis of follows [15]. To this end, denote

by 0 the "reference triangle" with vertices di = (1,0), ca = (0,1), ds = (0,0), and

denote by ai = (a;i,yi), 02 = (0:2,1/2), as = (0:3,2/3) the vertices of f2". There exists a

unique, affine, invertible mapping

(4.1) Fi : X e Fi(x) = BiX + bi

satisfying F,(dj) — aj, 1 ̂  ^ 3. In fact, it is easy to see that the matrix Bi and

the vector hi are given by

Xl- X3 0:2- 0:3
,  b{ —

0:3

- ys 2/2- 2/3 _
.  .
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Furthermore, denote by Pr(^) the space of polynomials functions defined over Cl of

degree < r — 1, and assume is a basis. The affine mapping (4.1) naturally

induces a basis of of by

(4.2) = ̂lO Fi, 1 < / < Hr

Then a basis of consists of the functions {4>i,l}7=ii 1 < ̂ ̂  do, defined by

(4.3) d>i,;(x) = 1 < / < Ur, 1 < I < do
0  otherwise

It is shown in [15] that the dimension of Pr(^) is = (r + l)(r + 2)/2. Since no

continuity across interelement boundaries is enforced, the dimension of V° is then

Nr = do nr. As an example, we note that if r = 2, the basis functions of Pi(^) may

be chosen as

These are precisely the functions that satisfy Ai(dj) = 5ij, 1 < < 3. In turn,

these functions can be used to construct a basis of Pr(^) for r > 2. Indeed, it is easy

to check that any polynomial q{x) of degree < 2 on f] may be written as

9 = 1^ Ai(2Ai - l)9(di) + J]]4AiAj ̂(d.y),
i  i<j

where a,y = |(dj- + dj), 1 < i < i < 3. From the practical point of view, it is clear

from the above discussion that only the basis functions over the reference triangle need

be computed. The basis functions over any triangle of rnay then be determined

from (4.1). In turn, this affine mapping is completely defined by the vertices of the

triangle, which have already been stored.

4.2 Numerical solution of the fully discrete scheme

With the basis functions constructed in the previous section and with the triangulation

Th given, we focus our attention to the numerical solution of a fully discrete scheme

for the initial and boundary value problem (1.2).
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We discretize (1.2) in time by the midpoint method, or more precisely, the one-

stage Gauss-Legendre method. Let = nk, n = 0,1,..., J, where t* = Jk. We seek

f/" G which approximates n" = and such that

(4.4) C/° = nou°

where riou" denotes the L^-projection of u° onto V°. As stated already in Chapter 3,

the approximation is constructed from C/" by solving the following system for

the intermediate unknown t/"''

(4.5) {U'-\ + x) = {u\ X)+ x).

VxeK, 0<n<7-l,

and then setting

(4.6) = 2/7"'* - t/".

At each time step we solve the nonlinear system represented by (4.5) using the so called

Implicit-Explicit scheme, see [3]. Specifically, for n > 0, let be an initial guess

for [/"'L Then the iterates of the Implicit-Explicit scheme for (4.5) / = 0,1,...,

are defined by

(4.7) (C/,V„ X) + jKiKl X) = (C", X) + f (/(f,"''), X),
Vx€4)r, 0<n<

In practice, we performed only a small number of the Implicit-Explicit iterations and

set where the integer /„ was equal to four for n < 1 and to three for larger

values of n. The starting values f/g were computed by extrapolation from previous

values as

(4.8) +

The coefficients are such that is the value at ^kjl of the linear polynomial

which interpolates the data {/""■' at the points f""-' , j = 0,1. For n = 0 we used f/"'' =
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f/" and compensated for the reduced accuracy of the extrapolation by increasing the

number of the Implicit-Explicit iterations to four. To obtain the explicit form of the

linear system represented by (4.7) we write

da Tlr do 7lr do fir

cr-' = E E 4, = E E = x: E
j=l m=l j=l m—1 j=l m=l

and set y = (i>j,rni m = 1,..., Ur, j = I,..., do, in (4.7). We thus obtain the system

(4.9)

^  • • • ^

. . . ][{('^o,do)

I

^  ... ^
ik

. . . g{do,<io)
/ J

J+l

J+l
"'c/q

• • • C\ h

+

Cdo fdo/

■iT
icvi-, . . . ,cv„; , l<j< Here we have set,

r  f t! r r"il ̂

yV/"(<io,l) . . . ][^{do,do)
\

for the unknown vectors =

fi = • • • , fi,nrf , fj,m = {fiUj"''), 1 < m < Ur

1 < bJ < do
Jn

(t>id), 1 < i,3 < do

We may now summarize the steps involved in computing from t/" in the following

algorithm:

1. Form the matrices for 1 < i, j < do.

2. Compute Uq'^ from (4.8).

3. For / = 0, — 1, solve (4.9) for , 1 < J < do.

4. Set and compute = 2{/"'' — t/".
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Obviously the bulk of the computations are involved in steps 1 and 3. Fortunately,

the matrices ykf b-i) ̂ are independent of I and the time step k so they need only

be computed once before starting the iterations. To shed some light into the structure

of these matrices, let us denote by M the do x do matrix whose (i,j)-entry is the

Ur X Tir matrix Afbb) and, similarly, denote by S the do x do matrix whose (i, j)-entry

is the Tir X Hr matrix 5bb). We shall refer to M as the mass matrix and to S as

the stiffness matrix. M is block diagonal, since the basis functions / = 1,... ,nr

vanish identically outside the triangle flj. Thus only the diagonal blocks Mb--') need

be computed and stored. Moreover, it is easy to see, using the afhne mapping (4.1)

that,

(4.10) = Jj f^m^idx
Jci° Jn

where Jj denotes the Jacobian of the transformation Fj. Hence it suffices to compute

= J^<i>m4>idx^ 1 < m^l < tir. The elements of Mbb) may then be found by

multiplying the entries of M by Jj.

The stiffness matrix S is symmetric and positive definite since the bilinear form

a1{-, •) is symmetric and coercive for sufficiently large 7. Moreover, it follows from the

definition of the bilinear form a)((-, •), that the entry 5'b-i) jg nonzero if and only if the

interface dClij has positive one-dimensional measure. Hence, not only is S symmetric

but sparse as well.

In the actual implementation of the scheme, we stored only the nonzero block-

entries with I < j < i < do, i.e., the nonzero entries of the lower triangle

of S. The structure and bandwidth of S obviously depend on the enumeration of the

triangles. Notice, however, that in the case of a conforming triangulation, each triangle

has at most three neighbors so we expect the lower triangle of S to have at most three

nonzero entries, excluding the diagonal blocks S'b'b. In the case of a general, non-

conforming triangulation now, the number of neighbors of any given triangle may be

larger than three, but in view of the mesh assumption (v) of Chapter 2, it cannot

be arbitrarily large. In practice, the number of neighbors is, of course, a small finite
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number. In our implementation of an adaptive finite element code for the NLS we

imposed the condition ns = 2, where /LI3 is the constant appearing in assumption (v)

of Chapter 2, thus limiting the number of neighbors of each triangle to six. Figure 4.1

below, shows a typical structure of S for a uniform mesh of the domain = [0,1]^,

consisting of eight triangles. Each of the shaded squares represents a x matrix.

The integrals appearing in the definition of the bilinear form al may be computed

exactly, using numerical quadrature. For the integrals of the form f^o

we use the affine mapping (4.1) to transform them onto integrals on the reference

triangle and use a quadrature rule which is exact for polynomials of degree < 2nr-

The line integrals over the interfaces dfl^j or the boundary edges are also computed

exactly by using a Gauss quadrature rule, exact for polynomials of one variable of

degree < 2nr.

Figure 4.1: A triangulation of the domain fl = [0,1]^ and the corresponding structure

of the stiffness matrix 5.



The sparsity of the matrices M and S is fully exploited in the code. To represent

the mass matrix M we store only the x Ur matrix M and the Jacobians J;, 1 < / <

do, c.f. (4.10). For the stiffness matrix S we store the diagonal blocks 1 < i < do

and the nonzero entries of the lower triangle of S. Clearly the number of nonzero

entries in the lower triangle of S equals the number of interfaces dClij. Thus, if NIE

denotes the number of interfaces, the amount of storage required for the stiffness

matrix is (do + NIE)n^. Since the diagonal blocks are symmetric, the storage may

actually be reduced to do"*"^"^'""*"^^ +NIEn^. We chose to do that in our implementation.
Finally, the construction of the nonlinear term in the right-hand side of (4.7),

amounts to computing the inner products (/(f/"'^), for 1 < / < and all triangles

i = 1,..., do. This is done by mapping the triangle 0° onto the reference triangle

and using a quadrature rule exact for polynomials of degree < 8.

For the solution of the complex, symmetric linear system (4.9) we used the Pre

conditioned Conjugate Gradient method, appropriately modified to handle complex

matrices. The Jacobi and the Symmetric SOR matrices were used as preconditioners.

Recall that if the symmetric matrix A is decomposed as

A = D + L + L'^

in its diagonal, lower, and upper triangular part, the Jacobi and Symmetric SOR

matrices are defined as

PjAC = PssoR — {D + L)D ^{D -\- L)^

The Conjugate Gradient method involves one matrix-vector product, two inner

products and three vector updates per iteration. The use of a preconditioner P, adds

to the cost per iteration, the solution of a system of the form Px = b. If the Jacobi

preconditioner is used then the matrix P is diagonal. In the case of preconditioning

with the Symmetric SOR matrix, the solution of the system Px = b involves solving

two triangular systems and performing a matrix-vector product. Notice that in the

case of the linear system (4.9) the diagonal blocks of the system matrix are yV/l-''-') -|-
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ikgUJ)^ Both preconditioners necessitate that these matrices be factored. As long as

the time step remains constant, this can be done once before starting stepping in time.

In our implementation, we used the LINPACK subroutine ZSPFA to factor the diagonal

blocks and the subroutine ZSPSL to solve systems involving these matrices.

We also took full advantage of the sparsity of the matrices M and S while perform

ing the matrix-vector products. We multiplied only nonzero entries, thus reducing the

operation count to two times the number of the nonzero blocks of M -f Note

that the size of the individual blocks is only Ur which is small compared with the

dimension Nr = do of the system matrix M + y5. We found that "inlining" the

routines performing the matrix-vector products for the individual blocks contributed

to a noticeable speed-up in the execution time of our code.

To test the performance of the preconditioners we constructed the system matrix

M -b -'jS, corresponding to a uniform triangulation of the unit square [0,1]^ with 288

triangles, and recorded the number of Conjugate Gradient iterations for one step of

the Implicit-Explicit scheme (4.9). We used quadratic basis functions (r = 3) and

7 = 15, resulting in a system of size 1728 by 1728. Results with different values of

7 yielded entirely analogous results. The Conjugate Gradient iterations were stopped

when the /2-norm of the residual vector fell below 10"^^. Table 4.1 shows the num

ber of iterations that were required, using both the Jacobi and the Symmetric SOR

matrices as preconditioners, as well as the times required to solve the linear systems.

The times were obtained on a SPARCstation 1 using the etime library routine. It can

be seen from Table 4.1 that the number of Conjugate Gradient iterations is approxim

ately halved when the Symmetric SOR matrix is used in place of the Jacobi matrix.

However, the time needed to perform these iterations is not halved, since the Symmet

ric SOR preconditioner requires a larger overhead. We may also infer from Table 4.1

that the Jacobi preconditioned Conjugate Gradient method is highly competitive for

large values of but for smaller values, the Symmetric SOR preconditioned method

is slightly faster despite the larger overhead.
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We also studied the effect of the parameter 7 on the number of Conjugate Gradient

iterations. We performed the same experiments as above with 7 = 10,15,20,25,30

and summarized the results in Table 4.2 and Table 4.3. Notice that 7 has very little

influence on the number of iterations for large values of k~^ but there is a significant

effect for smaller values. This is, of course, explained by the fact that the entries of

the stiffness matrix S are multiplied by the time step k and hence, if the time step is

very small, the behavior of the system matrix M + is similar to that of M.

Table 4.1: Comparison of Jacobi and Symmetric SOR Preconditioners for 7 = 15

Number of iterations Time (seconds)

k-' Jacobi SSOR Jacobi SSOR

10 142 66 9.54 8.43

20 129 61 8.71 7.75

40 113 52 7.75 6.74

80 95 42 6.51 5.50

100 82 41 5.70 5.48

200 66 29 4.64 3.97

400 47 21 3.46 3.03

800 35 15 2.70 2.31

1000 32 14 2.58 2.16
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Table 4.2: Effect of the parameter 7 on the number of Conjugate Gradient iterations

with the Jacobi preconditioner.

Number of iterations

k ^ 7 = 10 7 = 15

0

II

7 = 25

II

CO
0

100 283 82 96 105 114

200 158 66 76 85 91

400 78 47 55 58 64

800 42 35 38 43 48

1600 26 26 30 33 35

Table 4.3: Effect of the parameter 7 on the number of Conjugate Gradient iterations

with the Symmetric SOR preconditioner.

Number of iterations

k-' 7 = 10

II

0

II

7= 25

>-

II

CO
0

100 185 41 44 54 60

200 89 29 34 39 44

400 43 21 26 29 32

800 19 15 18 20 23

1600 11 12 14 15 17
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To study the relationship between the mesh size h and the parameter 7, we per

formed the following experiments. We took h~^ = 4,8,10,12,16,20, corresponding

to uniform grids over the unit square [0,1]^ with 32, 128, 200, 288, 512 and 800 tri

angles. We chose k = 1/200, and the same values of the parameter 7 as before. The

number of Conjugate Gradient iterations that were required to make the /2-norm of

the residual vector less than 10"^^ are shown in Table 4.4 and Table 4.5. We observe

that in both tables there is a significant difference between 7 = 10 and 7 = 15 for all

values of h considered here. It also appears from Table 4.4 and Table 4.5 that 15 is

the "optimal" value of the parameters 7, i.e. the value of 7 which results in the least

number of iterations. Notice, however, that although the number of iterations increase

when 7 > 15, the difference in the number of iterations from one value of 7 to the next

decreases with increasing /i~C This motivated us to consider values of 7 between 15

and 20. We found that, for both preconditioners and when h~^ = 16 or h~^ = 20, the

least number of iterations is achieved for 7 = 17. For the other values of h~^, 7 = 15

achieved the least number of iterations.

Table 4.4: Dependence of the number of Conjugate Gradient iterations with Jacobi

preconditioning on the mesh size h and the parameter 7.

Number of iterations

h-' 7 = 10 7 = 15

0

II

II

7 = 30

4 35 34 37 39 46

8 72 49 59 68 72

10 114 59 68 72 81

12 158 66 76 85 91

16 261 84 84 93 99

20 363 86 98 109 121

41



Table 4.5: Dependence of the number of Conjugate Gradient iterations with Symmetric

SOR preconditioning on the mesh size h and the parameter 7.

Number of iterations

h '

II

0

7 = 15

0

II

7 = 25

II

CO
0

4 14 15 18 20 21

8 33 22 26 29 33

10 60 26 30 35 38

12 89 29 34 39 44

16 164 40 42 48 51

20 269 46 50 57 64

As a last test for our code we verified experimentally the spatial convergence rates

for the NLS equation. We computed the solution of the problem

(4.11)

= fAlt + i|upu, infix [0,1/2]

u{x, 0) = u°(x), in fi,

u — 0, ondfl X [0,1/2]

where fi = [0,1]^ and = x{l - x)y{l - y). We used k = 1/200, as to make the error

due to the temporal discretization small, 7 = 15, and computed I = 0,...,/„

from (4.7). The Symmetric SOR-preconditioned Conjugate Gradient method was

used as the linear system solver. To compensate for some loss of accuracy due to the

reduced order of extrapolation when computing , we chose /„ = 4 for ra = 1 and

/„ = 3 for n > 1. We used both linear (r = 1) and quadratic (r = 2) basis functions,

and computed the convergence rate corresponding to different runs with mesh sizes

hi and /i2 and errors Ei and as \og{Ei jE^)! \og{hi/h2). The L^-errors and the

rates of convergence are summarized in the Table 4.6 below. The rates appear to be

in a good overall agreement with the theoretical rate of convergence r + 1.
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Table 4.6: T^-Errors and Convergence rates for r = 1 and r = 2.

r = 1 r = 2

h-' Error Rate Error Rate

8 0.133313(-2) 0.323075(-4)

10 0.895737(-3) 1.782 0.132781(-4) 3.987

12 0.633751(-3) 1.897 0.896287(-5) 2.155

16 0.360361(-3) 1.962 0.398637{-5) 2.816

20 0.224667(-3) 2.117 0.175524(-5) 3.675

4.3 Implementation of a Fully Adaptive Method for

the NLS

In this section we undertake the development of a method for the integration of the NLS

equation up to times close to the formation of singularities. The scheme developed in

the previous section serves as a basis, but it is appropriately modified to support a

dynamically refined mesh and a variable time step. We begin by discussing the mesh

refinement process and the underlying refinement strategy.

Mesh Refinement

The most commonly used process for refining a triangulation is regular refinement.

The regular refinement of an individual triangle T consists of introducing new nodes on

the midpoints of all edges and connecting these midpoints to form four new triangles

similar to T. We shall refer to T as the "father" triangle and to the four new triangles

Ti,T2,T3 and To as the "sons" of T. This process is exhibited in Figure 4.2. It is

clear that successive refinement of a conforming triangulation % yields a family of

triangulations 7i,72,. • which are all conforming and regular in the sense that the

diameters of the triangles tend to zero but all angles stay bounded away from zero.
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T

T3

T

T T

Figure 4.2: Regular Refinement of the triangle T

However, if conforming triangulations are required, regular refinement alone can

not support adaptivity, the reason being that triangles which are not refined will have

non-conforming nodes. One way around this difficulty, is to refine the triangles with

non-conforming nodes using bisection so that the resulting triangulation will be con

forming. The process of refining a triangle using bisection amounts to forming two

triangles by connecting one vertex with the midpoint of the opposite side. This pro

cess halves the angles of the triangles which are refined and may lead to extremely

"thin" triangles. The bisecting edges are referred to in the literature as green edges,

[8]. In many adaptive codes such as PLTMG and KASKADE the green edges are

removed before the triangulation is refined further.

In our implementation of an adaptive method for the NLS, we use a slightly differ

ent approach. We refine the triangles of the mesh using regular refinement but allow

only one non-conforming node per side. Figure 4.3 illustrates this idea. We have in

dicated the non-conforming nodes of the triangulation by dots. Notice that triangles

R, S and T have one non-conforming node each. We should also point out that if

the triangle Q in Figure 4.3 must be further refined, then its neighbors R and S will
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acquire two non-conforming nodes. Since this is not allowed, we refine the neighbors

R and 5 before refining triangle Q. The refinement strategy explained above can be

easily implemented by the recursive algorithm shown in Figure 4.4.

Q
R

T

Figure 4.3: Regular refinement of the mesh with one non-conforming node per side.

procedure reftrng(i)

for j in N(i) do

if (j has a nonconforming node

on the side shared with i) then

reftrng(j)

end;

end;

refdata(i) ;

end;

Figure 4.4: Local mesh refinement algorithm.
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We assume here that N(i) is the set of neighbors of triangle i and that refdataCi)

is a routine which modifies the data structures to reflect the regular refinement of the

triangle i. This refinement approach has the benefit of simplifying the data structures

necessary to represent such a non-conforming triangulation and allows for a smoother

transition from large to smaller triangles. In addition, we avoid having to remove

any green edges that should have been introduced otherwise. It is clear that this

refinement process produces regular meshes, in the sense described earlier, and allows

for local refinement of the mesh. As an example, let us consider the refinement of the

mesh over an L-shaped region, near the re-entrant corner. It is well known, (cf. for

example, [36]) that corner points pose particular problems in the numerical solution

of boundary value problems. For example, the following boundary value problem for

Laplace's equation Au = 0 in the domain 0 = ( — 1,1)^ \ ( — 1,0)^ and with boundary

data u = r^/^sin(|^), has a re-entrant corner singularity. It is shown in [35] that

without local mesh refinement the error deteriorates globally to 0{h'^l^). Figure 4.5

shows the mesh after two applications of the refinement strategy described above.

\\
\\s\\
//

// \\//\

//\\

/ \
Figure 4.5: Local refinement of an L-shaped mesh
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Obviously the mesh is regular and can be made arbitrarily fine in the neighborhood

of the re-entrant corner. We should note that if no non-conforming nodes were allowed

then refinement near the re-entrant corner would have resulted in the refinement of

all triangles of the mesh.

Description of the Adaptive NLS code

With the adaptive mechanism in place, we now discuss the necessary modifications

to the base scheme introduced in the previous section, to support dynamically refined

meshes and variable time step. We shall assume that an initial triangulation 7^°,

consisting of the triangles is given. The adaptive mechanism generates a

sequence of meshes where each 7^' is generated from 7^'"' by appropriately

refining some or all of its triangles. With each of these triangulations we associate

the finite space V^, consisting of piecewise polynomial functions of degree < r defined

on 7^'. As in the previous section, no continuity along interelement boundaries is

enforced. Moreover, since only regular refinement is used, the triangulations 7^', i =

0,1,..., and the corresponding finite element spaces i = 0,1,..., are nested.

In our implementation of the adaptive code for the NLS, it was not necessary for

us to keep track of the complete history of the refinement of the initial triangulation

T°. For this reason, we agreed that if the triangle flj of must be refined then its

"middle" son (c.f. Figure 4.2) acquires the number of its "father", i.e. j, while the

other three triangles are given the numbers d, + l,d, + 2 and di + 3. This simple

convention allows us to actually use the same data structures developed for the non

adaptive version of our code. We simply change the entry corresponding to to

reflect its refinement, and create new entries for its sons.

We also took additional steps to assure that the local refinement of the mesh will

not necessitate a complete rebuilding of the mass and stiffness matrices M and S.

Recall that both matrices depend on the underlying triangulation but the entries of

the mass matrix can be computed from the corresponding entries of the mass matrix
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on the reference triangle and the Jacobian of the affine transformation (4.1), mapping

the reference triangle onto the current triangle. For the stiffness matrix now, it is easy

to see from the definition of the bilinear form that the refinement of a single

triangle affects the entries of the stiffness matrix corresponding to this triangle and

its neighbors. Since our refinement procedure implies that each triangle may acquire

at most six neighbors, only a small number of the entries of the matrix S need be

recomputed every time the mesh is refined.

For the time stepping scheme now, we implemented the one-stage Gauss-Legendre

method with a variable time-step. This does not introduce any additional complexity

to the algorithm but requires that the extrapolation coefficients ao and ai be recom

puted when the time step is changed. The linear system solver required only slight

modifications. We used the Conjugate Gradient method with the Symmetric SOR pre-

conditioner and updated the routines performing the matrix-vector products to handle

the changing mesh. Moreover, since the diagonal blocks of the system matrix depend

on the triangulation and the time step, we updated their factorizations whenever the

time step or the mesh changed.

It remains to develop a mechanism for deciding when the spatial or the temporal

grids should be refined. The computational refinement tests employed in the code,

have been successfully used in other contexts, see for example, [9], [10], [11] and [5].

This refinement mechanism is motivated by a local H^-L^ "inverse" property on each

triangle $7™. We allow ||f7"||f/i{n'") to grow by reducing the diameter of the triangle.

The refinement of the temporal grid is motivated by the need to control the second

invariant associated with the NLS equation. We cut the time step in half whenever

l irrn+ii i > IGLfc

where I2 denotes the second invariant associated with the NLS equation. In our

numerical experiments we used the value TOL*, = 5 x 10"^, which controlled the

second invariant in a satisfactory manner.
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The flow chart in Figure 4.6 summarizes the steps taken by the adaptive NLS

code and the sequence in which they are implemented. We have denoted by

the solution at time computed from (4.9), starting from f/". It is on this vector

that the spatial and temporal reflnement tests are applied. If this temporary solution

passes both tests then we declare and proceed to compute the solution

at the next time level. If fails the temporal test then the time step is halved

and the solution is computed again. If fails the spatial test then the underlying

triangulation 7^™ is refined and the solution is computed again on the finer grid m+1
h

Since the corresponding finite element spaces and are nested, the starting

vector 17" is "transferred" onto the finer space by the natural injection of Vjj'" into

T/m+l

The time stepping scheme was stopped when the size of the time step fell below a

certain floor value or when the maximum amplitude of the peak exceeded a predefined

value, or when the resources of our data structures were depleted. These possibilities

are examined in the flowchart by the test "Is progress being made?". A negative

answer to this question terminates the code while a positive answer causes the solution

to be computed at the next time level.
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for n = 0,1,...

k <— k/2

t/"

Compute

yes
> TOU?

Refine mesh

no

Apply spatial refinement test

yes
Did any triangle fail the test?

no

no

Ijn+l _ fjn+l

Is progress being made?

yes

n i— n + 1

stop

Figure 4.6: Flowchart for the adaptive NLS code.
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Chapter 5

Numerical Experiments with the

Adaptive NLS code

Having constructed a code with the adaptive mechanisms described in the previous

chapter, we proceed to test the code by following the evolution of a class of initial pro

files which proceed to blow-up in finite time. These are precisely the initial profiles

for which the second invariant I2, associated with the NLS equation is negative. Al

though most of the theoretical results on the blow-up of solutions of the NLS equation

concern the initial value problem

Ut = iAu -h if{u), X e R'^, t > Q,

u(x,0) = x G f?'',

there is both computational and theoretical evidence that blow-up also occurs for prob

lems on bounded domains, cf, e.g. [41], [33]. In a collection of papers, Papanicolaou,

C. Sulem, P.-L. Sulem, McLaughlin, and their collaborators ([41], [29], [30], [31], [27],

[28]), studied the nature of the blow-up singularity by the method of dynamic rescal-

ing. The method amounts to a time-dependent change of variables on the amplitude

of the solution, on the space variable and on time such that the transformed equations

have smooth solutions. The asymptotic behavior of the scale factors involved in the

change of variables is then used to determine the nature of the singularity of the ori-

(5.1)
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ginal problem. In [28] it was shown that in the critical case, d — 2, initial profiles

with a single peak evolve into radially symmetric, self-similar singularities. In [5]

fully adaptive, finite element schemes were constructed for studying the nature of the

singularity, and the theoretically predicted blow-up rate

In In (

for the L°°-norm of the solution u was confirmed. Here t* denotes the blow-up time.

The authors of the previously cited paper operated under the assumption that the

initial profile and the solution of the initial value problem (5.1) are radially symmetric

(isotropic case). After expressing the solution u in terms of the radial variable p =

{x\ + Xj + ... + they investigated, numerically, the formation of blow-up for

solutions of an initial and boundary value problem approximating (5.1). The location

of the blow-up was chosen as p = 0 and the adaptive mechanism was successful in

refining the mesh near this point and controlling the time step as to integrate the

equation for times very close to blow-up.

In our numerical experiments we made no assumption about the position of the

singularity or the self-similarity of the solution. We approximated the solution of

(5.1) by solving the NLS equation on a two-dimensional domain 0 and imposed zero

Dirichlet conditions on the boundary dfl. In the literature (see for example, [29] and

the references therein), most authors consider Gaussian initial profiles which do indeed

go to zero at infinity. We chose the domain 0 large enough so that the restriction

of the solution u(t) on its boundary was negligibly small for t > 0. The starting

approximation was computed as the L^-projection of the initial profile on the

finite element space V)f, and the approximations for n > 1 were computed from

(4.9). In all experiments reported in the sequel we used the Symmetric SOR matrix

as a preconditioner for the Conjugate Gradient method, and performed four iterations

of the Implicit-Explicit scheme per time step. The computational domain fl was

either the square [0,2]^ or the unit square [0,1]^. The parameter 7 for the bilinear

form a)[(-, •) was chosen as 15, while we used A = 25 and a starting time step of size
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4 X 10 In all the experiments, the degree of the approximating functions, r, was

equal to two.

5.1 Single Peak, Radially symmetric

The computational domain for this run was 0 = [0,2]^ and the starting grid was a

uniform triangulation of Cl consisting of 512 triangles. The initial profile whose

graph is shown in Figure 5.1, was chosen as u^{x,y) = Q^/2 . The

square of the L^-norm for this profile was 2.51327, while the second invariant wa^

—903.63827. We followed the evolution of the magnitude of the solution and the

refinement of the spatial mesh and summarized the results in Figures 5.2-5.7. Our

spatial refinement test refined the initial triangulation of fl 91 times, resulting in a final

grid containing 8990 triangles. Our temporal refinement strategy halved the initial

time step 29 times and produced a final time step of 0.74505805969 x 10"^^. The

L°°-norm of the solution at the last time step was, approximately, 0.105880049 x 10^.

WsiM

Figure 5.1: The initial profile u° for the first run.
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5.2 Single Peak, Non-radially symmetric

The computational domain for this run was Cl = [0,2]^ and the starting grid was a

uniform triangulation of ft consisting of 512 triangles. The initial profile u°, whose

graph is shown in Figure 5.8, was chosen as

The square of the L^-norm for this initial profile was approximately 3.37191, while

the second invariant wais —1280.17779. We followed the evolution of the magnitude

of the solution and the refinement of the spatial mesh and summarized the results in

Figures 5.9-5.13. Our spatial refinement test refined the initial triangulation of the

domain 17 119 times, resulting in a final triangulation containing 10808 triangles. Our

temporal refinement strategy halved the initial time step 36 times and produced a final

time step of 0.58207660913 x 10"^^. The L°°-norm of the solution was, approximately,

0.102788379 x 10® at the end of the computation.

Figure 5.8: The initial profile u° for the second run.
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We can see from the contour plot of the solution in the preceding figures that

the initially anisotropic profile, evolves very quickly into a conical profile which pro

ceeds to blow up. (The apparent anisotropy in the contour plots near the point of

maximum altitude is a result of insufficient resolution in the contouring procedure.

The dimensions of the "window" over the point (1,1) in the last contour plot were

10"^ X 10"^).

5.3 "Twin peaks", Radially symmetric

The initial profile for this run consisted of two Gaussian peaks, each of maximum

altitude 6\/2, placed at the points with coordinates (0.8,1.2) and (1.2, 0.8). The peak

centered at (0.8,1.2) was of the form and the peak centered

at (1.2,0.8) was 6^/2 In the sequel, we shall refer to the former

peak as the Northwest peak (NW) and to the latter one as the Southeast peak (SE).

The surface plot of this initial profile is shown in Figure 5.14. The square of the

L^-norm for this profile was 5.03029 while the second invariant was, approximately,

-1809.33113.

The computational domain for this experiment was once again the square Q, =

[0,2]^, and the starting grid consisted of a uniform triangulation of 0 with 512 tri

angles. Our spatial refinement strategy refined the starting mesh 96 times, resulting in

a final triangulation with 15716 triangles. The final time step was 0.7450580596 x 10"'^

and the solution achieved a maximum altitude of, approximately, 0.856556049 x 10®.

The evolution in time of the initial profile is shown in Figures 5.15-5.19. Although

both peaks proceed to blow up, we only "zoom" into either the SE or the NW peak

and show the contour plot and the corresponding triangulation in a neighborhood of

the maximum altitude.

We also experimented with initial profiles consisting of two Gaussian peaks of

different heights. As a first attempt, we positioned a Gaussian peak of height 6\/2
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at the point with coordinates (0.8,1), and a second Gaussian peak of height four

at the point with coordinates (1.2,1). The L^-norm of this profile was 3.384541

and the second invariant was —1088.97186. The code refined the starting mesh 128

times, resulting in a final triangulation containing 11342 triangles. The temporal

refinement mechanism halved the initial time step 36 times, resulting in a final time

step of 0.5820766091 x 10"^^. The solution achieved an amplitude of, approximately,

0.100918927 X 10®. Figures 5.20-5.23 show the contour plot of the amplitude of the

solution and the underlying triangulations. The first three of the aforementioned

figures show how the two peaks merge into a single, radially symmetric profile which

proceeds to blow up.

0.5 Q

0.5

1.5

Figure 5.14: The initial profile u° for the third run.
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5.4 "Twin peaks", Non-radially symmetric

The initial profile for this run, whose surface/contour plot is shown in Figure 5.24,

was chosen as

u%x,y) =

The square of the L^-norm for this profile was 4.675273, while the second invariant

was —2508.76769. The computational domain for this experiment was the square 0 =

[0,2]^ and the starting grid consisted of a uniform triangulation of with 512 triangles.

Our spatial refinement test refined the initial triangulation of f2 134 times, resulting

in a final triangulation containing 12059 triangles. The temporal refinement test was

employed 36 times and the final time step was 0.582076609 x 10"^^. The L°°-norm

of the solution at the end of the computation was, approximately, 0.100481428 x 10®.

The evolution of this initial profile is shown in Figures 5.25-5.30. We note that as

times proceeds, the effect of the peak centered at (1.1,1) disappears and an apparently

radially symmetric profile develops with a maximum whose position stabilizes close to

the point (1,1). As the solution blows up, the initial anisotropy disappears, as shown

in Figures 5.28-5.30, but at large distances the solution clears exhibits anisotropy (see

Figure 5.27).
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Figure 5.24: The initial profile u° for the fourth run.
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5.5 Three peaks, Radially symmetric

The initial profile for this experiment consisted of three Gaussian peaks positioned

at the points with coordinates (1,1.2), (0.8,0.8) and (1.2,0.8). A surface/contour

plot of this initial profile is shown in Figure 5.31. The square of the T^-norm of

the starting profile was 7.7888416 while the second invariant was —2847.78765. The

computational domain for this experiment was the square = [0,2]^ and the starting

grid a uniform triangulation of 0 with 512 triangles. Our refinement mechanism

refined the starting triangulation 136 times, resulting in a final triangulation containing

14186 triangles. The starting time step was halved 36 times and the final time step

was 0.582076609135 x 10"^®. It is interesting that, in contrast to the "Twin Peaks"

experiment, only the Gaussian peak initially centered at (1,1.2) proceeded to blow

up. The contour plot of the solution in a neighborhood of the point (1,1.2) and the

corresponding triangulation are shown in Figures 5.32-5.35.

0.5

Figure 5.31: The initial profile for the fifth run.
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5.6 Four peaks, Radially symmetric

The initial profile for this experiment consisted of four Gaussian peaks positioned at

the points with coordinates (0.8,1.2), (0.8,0.8), (1.2,0.8) and (1.2,1.2). Each of the

four Gaussian peaks was of the form where {xc,yc) denotes

any of the above four points. A surface/contour plot of this initial profile is shown

in Figure 5.36. In the sequel, we shall refer to the peak positioned at (0.8,1.2) as

the Northwest (NW) peak, while the other three peaks shall be referred to as the

Southwest (SW), Southeast (SE) and Northeast (NE) peaks, respectively.

The square of the L^-norm of this profile was 10.609972 and the second invariant

was —3932.45936. The computational domain for this run was the square Q, = [0,2]^

and the starting grid a uniform triangulation of ft containing 512 triangles. Our

temporal refinement mechanism halved the initial time step 35 times. The final time

step was 0.11641532 x lO"^"*. The spatial refinement test refined the starting grid 125

times, resulting in a final triangulation containing 16322 triangles. The maximum

altitude achieved by the solution in this run was 0.63755503 x 10^.

We followed the evolution of this initial profile in time and summarized the results

in Figures 5.37-5.42. We observe from Figure 5.37 and Figure 5.38 that, initially,

the four peaks evolve in a similar fashion. Figure 5.39, however, shows that the L°°-

norms attained by the SE and NW peaks are clearly smaller than the corresponding

norms of the SW and NE peaks (see Figure 5.40). At later times, only the SW peak

proceeds to blow up. Figure 5.41 shows the contour plot of the solution in a small

neighborhood of the point (0.8,0.8). Figure 5.42 shows the contour plot of the solution

and the underlying triangulation in a square centered at the point (0.8,0.8) and with

side 3.125 X 10"®.
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Figure 5.36: The initial profile u° for the sixth run.
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Figure 5.39: Experiment 6: Contour plots of the NW (top) and SE (bottom) peaks

at time 0.138738 x 10
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at time 0.138738 x 10"
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5.7 Blow-up Rates

In this section we attempt to estimate the rates with which various norms of the

solution tend to infinity as the time t approaches the blow-up time t*. We let M{t)

denote a quantity associated with the solution u at time t and denote by p its blow-up

rate. We assumed that, cf. [5],

M{t) ̂ lnln(^7^)/(r -f)""
To estimate p, we compute the quantity M{t) at two distinct times ti and ̂ 2 near to,

but less than t* and compute the ratio

ln(M(fi)/M(f2))
(5.2)

In
inin(

Notice that the estimation of p from the above formula is rather delicate and requires

that one computes the differences f* — ti and t* —12 carefully as to avoid cancellation.

A systematic procedure for doing that is exhibited in [5] and [11]. In Table 5.1 we show

the rates of blow-up for the L°° and L'^ norms of the solutions u of the Single Peak,

Radially symmetric experiment (left) and the Single Peak, Non Radially symmetric

one (right). We chose the blow-up times t* as the times at which our code stopped

when running the experiments, and computed the L°° and L'* norms of the numerical

solutions after the last six spatial grid refinements. The times at which these norms

were computed were very close to the respective blow-up times t* and therefore are

not shown. Instead, under the column labeled Ref., we have indicated the difference

of the last spatial grid refinement level form the current one. The numbers strongly

suggest that the L°° norm of the solution blows up at the rate of while the L'^ norm

blows up at the rate of Notice that the L"* rates seem to approach the blow-up

rate of | faster than the L°° rates approach This is probably attributed to the

fact that the L"* norms of the numerical solution were computed, using numerical

quadrature, exactly, while the L°° norms were approximated by the values of the
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Table 5.1: Blow-up rates for the Single Peak, Radially Symmetric (left) and Non

Radially Symmetric (right) experiments.

Ref. LOO Ref. L°°

5 0.50830 0.25044 5 0.498013 0.246929

4 0.50352 0.25036 4 0.498015 0.246929

3 0.49951 0.24984 3 0.502399 0.249989

2 0.50112 0.25028 2 0.502398 0.249992

1 0.50111 0.25009 1 0.501026 0.250073

numerical solution at the integration points, as well as the vertices of each triangle.

Recall that |up, restricted on any particular triangle, is a polynomial of degree four

which makes the exact determination of its absolute maximum difficult.

We next attempted to calculate the blow-up rates of the L°° and L'* norms of the

numerical solutions obtained in the experiments involving initial profiles with several

peaks. We first considered the computation of the blow-up rates for the L°° and L'*

norms of the numerical solution of our fourth numerical experiment. Recall that the

initial profile for this experiment consisted of two Gaussian peaks of heights 6\/2 and 4

positioned at the points (0.9,1), resp., (1.1,1), that very rapidly merged and formed a

single, radially symmetric peak, which proceeded to blow up. As before, we computed

all the relevant quantities at the times of the last four spatial grid refinements and

calculated the blow-up rates from (5.2). The blow-up time t* was chosen as the

time of the last grid refinement. The blow-up rates for the L°° and norms of the

numerical solution of this experiment are summarized in Table 5.2. Notice that the

relatively small amplitude achieved by our numerical solution (of the order of 0(10®))

and, subsequently, the inexact estimation of the blow-up time t*, resulted in blow-up

rates which appear to be less robust than the rates reported earlier for the Single peak

experiments. The computed rates for the norm are, however, close to 4 and the
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Table 5.2: Blow-up rates for the Twin Peak, Non radially Symmetric experiment.

Ref.

3 0.49885 0.25161

2 0.48710 0.24528

1 0.49743 0.24950

corresponding rates for the norm are close to j as well. We next attempted to

determine the blow-up rates for the L°° norm of the solution of our third numerical

experiment, involving two Gaussian peaks of height 6\/2, positioned at the points

with coordinates (0.8,1.2) and (1.2,0.8), cf. Section 5.3. There it was observed that

the maximum amplitude of both initial peaks blows up as time approaches the blow

up time t* = 0.1383987930119 x 10"^. The blow-up rates for the L°° norm of both

peaks were almost identical, explained, of course, by the fact that both peaks achieved

approximately the same L°° norm at the end of the computation. As with the previous

experiment, all computed rates were close to | but were not as robust as the rates

computed for the experiments involving solutions that blow up at exactly one point.

5.8 Conclusions and future work

In this thesis we introduced an adaptive scheme for approximating the solution of the

two-dimensional Nonlinear Schrodinger equation. The spatial discretization was based

on nonconforming finite elements while the temporal discretization was achieved by

a variable step Crank-Nicolson scheme. The theoretical convergence analysis of the

fully discrete scheme was elaborated in Chapter 3. In order to simplify the analysis, a

modified scheme was introduced in Section 3.1 whereby the nonlinear term \u\'^u was

replaced by 7(|tip)u. The function 7 : [0, 00] —)• [0,4M^], where M = supfo^j.] ||w||oo +

1, was chosen as a smooth function with bounded derivatives of order up to two, which
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coincided with |itp for |n| < M. The existence of the approximations defined by the

modified scheme was established in Section 3.2 and optimal order error estimates in

L°°{L^) were shown in Section 3.3. The convergence of the original fully discrete

scheme was carried out in Section 3.3.3. There it was shown that the solution of the

modified scheme is also a solution of the original scheme by establishing the bound

||t^"'^||oo < M for the approximations generated by the modified scheme. This

last result relied on the estimate

and the inverse inequality

||xI|l'=°(£») < ch~'^^^\\x\\LP{D), Vx e lPr(T>),

whose proofs appear in Section 3.4. The inverse inequality above is new and extends

a similar result to the case of elements with curved boundaries.

Chapter 4 discussed the details of the implementation of the adaptive algorithm

and the spatial and temporal mesh refinement mechanisms. In Chapter 5 several

numerical experiments concerning the formation of singularities were performed with

our adaptive code. Several profiles with either one or multiple peaks were used as

initial data in our numerical experiments. Our method was able to follow the evolution

of these profiles up to times very close to blow-up. Of particular interest were the

experiments with anisotropic initial conditions and with several peaks. In the former

case it was observed that the corresponding solutions go through an anisotropic phase

before blowing up in a locally isotropic form. In the latter case, we were able to exhibit

that the solution of the NLS equation with an initial profile consisting of two peaks

of equal height blows up around two distinct points. The high amplitude achieved by

our solutions and the apparent success of the mesh refinement mechanism motivated

us to compute the blow-up rates for the L°° and norms of the solution. For both

isotropic and anisotropic profiles the blow-up rates of Section 5.7 were found in good

agreement with the theoretically predicted ones.
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The computational results obtained in this work are quite encouraging. They

establish our adaptive algorithm as a powerful tool in the numerical investigation

of blow-up phenomena associated with the NLS equation. In the near future we

plan to use this algorithm to study more thoroughly the evolution of anisotropic

(Gaussian) profiles, as well as, profiles with several peaks. Moreover, we plan to

use our mesh refinement mechanism to investigate blow-up phenomena associated

with other equations. On the theoretical part, we plan to supplement this thesis by

establishing convergence in the ||-||i,;i norm and remove or improve the mesh conditions

on the spatial and temporal discretization parameters h and k.
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