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ABSTRACT

A fully discrete approximation to the solution of the two-dimensional Nonlinear
Schréodinger Equation is presented and analyzed. The spatial discretization is based
on non-conforming finite elements and the temporal discretization is achieved by a
variable step Crank—Nicolson scheme. The numerical method presented here is aimed
at approximating general (i.e. not necessarily radially symmetric solutions) of the
Nonlinear Schrédinger equation which emanate from general initial profiles (vanishing
at infinity). In particular, we apply it to study the formation of singularities. The
numerical scheme employs a spatial refinement strategy which allows the mesh to be
refined locally and without compromising the overall quality of the mesh. The adaptive
refinement strategy is effected by a simple and computationaly eflicient test, based
on inverse estimates on the approximating subspace. Several numerical experiments

concerning the formation of singularities are presented.
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Chapter 1

Introduction

The Nonlinear cubic Schrodinger Equation (henceforth referred to as the NLS equa-

tion)
(1.1a) u = 1Ay + ifu?u, z€RY t>0,

where u is a complex-valued function of z € R? and the temporal variable t. is a
basic evolution model for nonlinear waves in various branches of physics such as
hydrodynamics, plasma physics and nonlinear optics. The initial-value problem for

the NLS, consisting of (1.1a) and the initial condition
(1.1b) u(z,0) = u’(z), z € RY,

where u° is a complex-valued function defined on R¢, describes, for d = 2, the propaga-
tion of light beams in nonlinear, dispersive media, {14], [42], [26]. In this case, the
time variable t is replaced by the axial coordinate along the beam. For d =1, (1.1a)-
(1.1b) has been used in the study of pulse propagation along optical fibers, [24], and
as an envelope equation in the theory of water waves, [32], [45]. For d = 3, the NLS
equation is obtained as a limiting case of the Zakharov model of Langmuir waves [47].
The expository paper [34] describes the properties of a class of nonlinear Schrodinger

equations and discusses various other physical interpretations.



The initial-value problem (1.1a)—(1.1b) has been the subject of intensive theoretical

and numerical studies over the last several years. The one dimensional initial-value
problem admits global solutions provided that the initial data are smooth enough
and decay sufficiently fast at infinity, [40]. The one dimensional NLS equation is a
special case, since it admits solitons, i.e. solitary waves that preserve their shapes
after mutual interaction, [1]. For d = 2, global existence occurs only under suitable
smallness conditions on the initial data, [44] and, moreover, singular solutions exist
that blow up in finite time, [40], [22], [21]. The case d = 3 is ‘super-critical’. The
initial-value problem (1.1a)-(1.1b) is locally well-posed and there exist solutions that
blow up in finite time, [47], [21].

The evolution of spike singularities in evolution equations has long been observed
in numerical simulations and in the laboratory. The detailed dynamics of blow—up have
both academic and practical interest. For example, in nonlinear optics, understanding
of the dynamics is essential for studying the properties of the beam focus, which
often has a damaging effect on the experimental apparatus. The nature of the blow-
up singularity has been studied both theoretically and numerically, but mainly for
radially symmetric solutions (cf., for example, [48] and [29]). It was shown in [29]
that in three dimensions, the peak amplitude of singular radial solutions grows like
(t* — t)'% as t approaches t*, the blow-up time. The determination of the blow-up
rate for two—dimensional radially symmetric solutions is more difficult since d = 2 is
the critical exponent for the cubic NLS equation. Early numerical experiments and
formal asymptotic reasoning favored a rate of (¢* —t)~% in [48] and [41] while [46] and
[43] favored a rate of [In(==)/(t* — t)]7. In [27] it was concluded that the blow-up

1
rate is [InIn(z)/(t* — £)]7 using numerical techniques (“dynamical rescaling”. see
also Chapter 5) and asymptotic analysis. In [28] the numerical methods introduced in
[27] were extended to cover the non radially symmetric case.
We refer the reader to [40] for a review of the known existence results on the

Cauchy problem for the NLS equation, as well as to [34] for a collection of references
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to the vast Russian literature on the subject. We note that in physics, the 3-d evolution
of a spike singularity is usually referred to as “wave collapse” and the corresponding
2-d phenomenon as “self-focusing”.

In this work, we shall be concerned with the numerical solution of the following
initial- and boundary-value problem for the NLS equation: Let {1 be a bounded
domain in R? with smooth boundary ). For 0 < t* < co we seek a complex-valued
function u satisfying

up = iAu + iMul?u, (z,t) € Q x [0,¢],
(1.2) u =0, (z,t) € 00 x [0,t7],

u(z,0) = u’(z), e
where X is a nonzero real number and u° is a given complex-valued function defined
on ). We shall assume that a solution of (1.2) exists and is sufficiently smooth to
guarantee the error estimates established below.

The mathematical literature contains a large number of works devoted to the nu-
merical approximation of (1.2) and similar initial- and boundary-value problems.
Numerical experiments in the case d = 1 were presented in [17], [23], [37], [38], [4].
For d > 2, the articles [29] and [30] introduced the method of “dynamic rescaling” as
a tool for studying the form of the singularity. This method was extended in {27] to
cover anisotropic solutions, and to follow the evolution of initial profiles u® that are
not radially symmetric. In both cases, it was assumed that the modulus of the solu-
tion approached infinity at exactly one point. In [5] the initial- and boundary-value
problem (1.2) was discretized in space by a standard Galerkin-finite element method
and in time by the Crank-Nicolson method. The resulting fully discrete schemes were
applied with adaptive space and time meshes to approximate radial solutions of the
NLS that blow up in finite time. The construction of adaptive Galerkin methods in
(5] was heavily based on the first two invariants /; and [, of (1.1a). It is known (see

for example, [40]) that the NLS equation has the invariant functionals

(1.3) L = /Rd|u(t)|2d:c
3



and

(L4 b= [ {3vu0r - o} ¢
The first is obtained by multiplying (1.1a) by @ and taking imaginary parts, the second
by multiplying (1.1a) by @, and taking real parts. The time step reduction mechanism
was motivated by the need to control the change in a weighted version of I, while the
spatial grid refinement mechanism was motivated by a local L>-L? “inverse” property.
Notice that under the hypothesis of radial symmetry, the initial-value problem (1.1a)-
(1.1b) may be cast in the form

ue = (U + ) +iful?u, >0, t>0,

u(r,0) = u’(r), r>0
where u = u(r,t) and r = (2 + - -- + 22)'/2 leading to a problem involving only one
spatial dimension.

The computational part of the work at hand makes no assumptions on the radial
symmetry of the solution or the location of the blow-up. We allow both isotropic
and anisotropic solutions, but we assume that the restriction of the solution u(z,t) on
the boundary 9 is negligibly small for ¢ > 0, so that we may impose the Dirichlet
boundary condition u = 0 on J€. Moreover, initial profiles with several peaks are
also allowed. We discretize (1.2) in space by a nonconforming finite element method.
The elements of the approximating space reduce to piecewise polynomial functions
which are, in general, discontipuous across interelement boundaries. The triangula-
tions on which the approximating spaces are defined are required to satisfy only mild
assumptions. In particular, highly non uniform meshes are allowed and no global
quasi-uniformity assumption is made. The temporal discretization is achieved by
means of a Crank-Nicolson type method, or more precisely by the one-step, Gauss—
Legendre, Implicit Runge-Kutta method. Time stepping with this method requires
solving a nonlinear system of equations at each step. A modified Newton method, the
so called Implicit-Explicit scheme, is used to solve the nonlinear systems. The lin-

earization of the fully discrete scheme by the Implicit-Explicit scheme leads to large,
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complex, sparse linear systems. The solution of these linear systems by means of
iterative methods is discussed in detail in Chapter 4.

The analysis of the convergence of the fully discrete scheme is undertaken in
Chapter 3. We show the existence of the resulting approximations and prove optimal
order error estimates in L*(L?). The existence and convergence of the fully discrete
scheme is carried out in three steps. First, a modified scheme is introduced whereby
the nonlinear term |u|?u is replaced by a globally Lipschitz continuous function which
coincides with |u|?u in a sufficiently large ball. Then the existence of solutions to the
modified scheme is established, by means of a fixed point-type result, and finally the
convergence of the modified scheme is exhibited. The main error estimate in L>(L?)
may be stated as follows: Let 0 = t® < ! < ... < ¢tV = ¢* be a partition of [0, "],
and [, = (t*,¢"*!]. With each of these intervals associate a triangulation 7;* of the
domain Q satisfying the mesh conditions stated in Chapter 2 and a finite dimensional
subspace V) whose elements reduce to polynomial functions of degree < r —1 on each
element of T}'. Let u denote the solution of (1.2) and let U™ be the solution of the

modified scheme at t". With E™ = u(t") — U™ we have,

n—1 1/2
1870 < Cofllos + (£ (It + O + 15 D2
m=0
n-1 1/2 n—1 1/2
+ (S [+ km||h;u(t")||2]) . (Ncm -0 RnE) )
m=0 m=1

Here, J[w"] = (P2 — Pg~")u(t") is the jump of the elliptic projection w(t) = Ppu(t")
(see Chapter 2) and N denotes the number of times where V;* # V;*~!. Since the
term ||J{w™]|| is always bounded by ||h" u||, s this establishes an optimal order error
estimate, provided that the space does not change very often. As a final step of the
convergence analysis it is shown that the solution of the modified scheme is also a
solution of the original scheme.

A second component of the computational part of this thesis was the development
of a finite element code so that the fully discrete scheme discussed above, could be

implemented with an adaptive space mesh and variable time step. This necessitated
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the development of appropriate data structures to handle nonconforming triangula-
tions and a dynamically refined mesh. We refined the triangles of the mesh using only
regular refinement (the midpoints of the three sides are joined to form four triangles)
but allowed each triangle to have at most one nonconforming node per side. This,
obviously, limits the number of neighbors of each triangle and simplifies the data struc-
tures necessary to represent such a triangulation. The mechanism for the temporal
grid refinement was similar to the one used in [5], while the spatial grid refinement
mechanism consisted of a computationally efficient and inexpensive test, motivated by
a local H'-L? inverse property on each of the triangles of the mesh. The last chapter
of this thesis contains the results of experiments performed with this adaptive code.
We followed the evolution in time of initial profiles with or without radial symmetry,
and we also experimented with initial profiles having several peaks. The code was
successful in refining the mesh near the evolving singularities and achieved amplitude
magnifications in the range of O(107) to O(10%).

The remaining of this thesis is organized as follows: In Chapter 2 we introduce
the notation that will be used in subsequent chapters, the approximating subspaces
and the assumptions on the triangulations of the domain 2. Chapter 3 contains
the consistency, stability and convergence of the fully discrete approximations. In
particular, optimal order error estimates in L°(L?) are proved. Chapter 4 describes
the details of a finite element code implementing a fully discrete scheme for the solution
of (1.2), as well as, an analysis of the performance of the Implicit-Explicit scheme used
for solving the systems of nonlinear equations arising in the fully discrete scheme.
Moreover, an adaptive version of the code which features automatic grid refinement
in both space and time is also presented and analyzed. Finally, Chapter 5 gives the
results of numerical experiments performed with the adaptive version of our code, on

approximating solutions of the NLS equation that blow up in finite time.



Chapter 2

Notation and Preliminaries

In this chapter we introduce the notation that will be used in the remaining of the
thesis and construct the finite dimensional spaces where the solution u of (1.2) will
be sought. The elements of these spaces are functions defined on suitable partitions
of the domain Q. For example, in the framework of finite elements, a partition of the

domain  will correspond to a triangulation of {2 satisfying certain mild conditions.

2.1 Function spaces

Let Q be a domain in R% For a subdomain D C Q and 1 < p < oo, LP(2) denotes

the usual space of complex-valued measurable functions v on D such that
1/p
||v||Lp(D)={/D|v|de} < oo, l1<p< o
[ollw(oy = esssup [o(z)| < 00, = oo
z€D
For p =2, L*(D) is a Hilbert space with inner product defined by
(v,w)p =/ v de, v,w € L*(D),
D

where dz denotes the Lebesgue measure in R% If D = Q, we shall write (-, -) in place

of (-,-)q and || - || instead of || - ||r2(q). For m > 0 integer, and 1 < p < oo, we denote
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by W™?(D) the Sobolev space of complex-valued functions on D with norm

1/p
|[v]lm 0 = { > /Dla"v|Pda:} : 1<p<oo

laj<m
[[Vllm.co.p = max ||0%l|Lop),  p= o0
For p = 2, H™(D) = W™?(D), is a Hilbert space with inner product
(W, Whmp = 3 / v °wdz,  v,we H™(D)
Jal<m 7P

and norm || - [|m,p. We shall also make use of the seminorms

1/2
|v|m,D={ b / laav|2dz}
laj=m * D

Assuming that the subdomain D has Lipschitz-continuous boundary 9D, we let,
H)(D) = {v € H'(D) :vsp = 0}, where the values on 9D are understood in the

sense of the trace, cf. [2].

2.2 Partitions of the domain ) and the finite dimen-
sional spaces

Let 0 < h < 1, be a spatial discretization parameter and denote by 7, = {Q* i =
I,...,dn} a partition of Q consisting of triangles. A peripheral triangle Q*, i.e.
one intersécting the boundary 0, may have a curved side. We shall assume that
the elements of this partition satisfy certain requirements. Let py,..., 4 be positive
constants independent of the family of triangulations {7,}. Denote the boundary of
QF by 00, and set 9L = 9Ot N N, i, =1,...,ds, Q" = 002 N 0N, and let

N = {j : 9QF is a line segment}, i.e. |A;| is the number of neighbors of Q. Also,

we let h; denote the diameter of the smallest disk containing Q*, and h; denote the

diameter of the largest disk contained in Q7.




(i) Each Q7 is a nonempty open, connected subset of ).
e dh _h ray h h . .
(i1) 1,9191' =Qand O} NQ =0, Vi#j.

(iii) Each Q! has Lipschitz-continuous boundary 99" and contains a point 2! such

that such that (x —z?)-n® >y, h; for almost all z on 90}, where n? is the unit
h

outward normal vector to Q% and x,z" are the position vectors of z and z.

(iv) There exists a constant pg > 0, independent of ~ and ¢ such that

hiS,UZEi? i=17"-7dh-

(v) If Q% and Qg‘ are neighboring triangles then

h;

— < us, > 1.
hj_ls B3 2

-1
M3 =

(vi) Each Q" contains a subset S* with respect to which Q% is starlike and m(Q}) <

psm(Sh), i =1,...,d,. Here m(D) denotes the measure of D.

It is clear that under general conditions on 2, e.g. {2 convex, or 9{) smooth, or h
sufficiently small, we can construct triangulations 7, that will satisfy the above as-
sumptions.

We shall also need to introduce some notation for inner products and norms on
subsets of the boundaries 9QF. Fori=1,...,ds, let o) denote the Lebesgue measure
on AN, For a subset T of Q! of positive measure, we denote by L?(T'?) the usual
Hilbert space of square integrable functions on '} equipped with the inner product
(v, whpn = Jrn v do¥) and the norm |v]ps = [(v, v)r?]lﬂ. In addition, we shall denote
by ﬁﬁ the normal derivative operator on %, the normal derivative being understood
in the distributional sense. Moreover, for v € H™ () we let v(!) denote the restriction
of v on Q! and for m > 1, v‘am the trace of v on 9QF.

For D a subdomain of Q and r > 1 integer, we let P(D) denote the space of

polynomials in d variables of degree less than on equal to 7 — 1 on D. We also let




Py = {0} and

Vi =P (Q}) x ... x P( )

The space V)| possesses optimal approximation properties. We quote the following

result form {7]:

PROPOSITION 2.1 Let m > 0. There exists a constant ¢ such that if v € H™(QP),

there ezists a x € Pn(QF) such that
(2.2) lv = xll;or < ch|vlmgr,  0<J<m.

From (2.2) we can immediately get global approximation on V). Indeed, if v € H™(2)

and 1 < m <, there exists x € V} such that

dp dp .
(2.3) Sllo=xlPgr SR g,  0<j<m
=1 ! 1 '

=1

Our assumptions on the partition 7}, yield the following local inverse property: There

is a constant ¢ such that for all x € P(}) we have,
(2.4) IX|m.apr < ch;(m—s)lxhﬂb, i=1,...,dp, 0<s<m<r.

Finally, to estimate boundary and interface integrals we shall use the following result

from [7}:
(2.5) |'v|c2),anf‘ < C{hi_l”v“g,n? + ||v||o,n{' |”|1,Q§'},

with ¢ depending on the dimension d and the constant y;.

2.3 The bilinear form aj(-, -)

We denote by Ej, the energy space Ej = H2(QF) x ... x H*(2} ) and equip it with

the norm
dn ‘ v |2 .
(2.6) JollZ, =3 (vamngm thilm—| RO,
=1 30:]
v 11,60 _ ()2
+ > T |k I +hi v —UJ|aQI'.'J
JEN; 393
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Define the bilinear form a](:,) : Ex x E, — C by

dn . . Hu®
(2.7) ap(u,v) = ; { (Vu('),v‘v(’))ﬂ:. + E\? T [—<W’ ol — o) o0n
ORI e a
~{5- uld) — U(J)>any] + vh; 1<u( ) — ) @ — vM)BQZ}

Suld ; Hv() ; TN
— an vl )>69;J" - on ul )>an;;= +7h; SRR )>an'.-]" )

where v is a constant to be chosen appropriately and (7;;) denotes the matrix with
elements
1, 1>y .
Tij = o ,7=1,...,ds.
0, 1<y
The bilinear form a] (-, -) generalizes the standard Dirichlet form a(u,v) = (Vu, Vv)oa

in the sense that
(2.8) a)(u,v) = —(Au,v), Yue€ H*(Q)NHy(NQ), ve Ey

Also, the third and sixth terms in the definition of a;(-,-) are added to produce sym-

metry. Indeed, it is clear that @} is Hermitian and as a consequence,
(2.9) aj(v,v) is real for v € Vi + (H*(Q2) N Hy(Q)).

Moreover, the fourth and seventh terms are penalty terms which will induce coercivity

of the form a} with respect to the norm || - ||; 4. The bilinear form a) is continuous,
rLe.,
(2.10) @)l < L+ Dllullallolls Vu,o € B

Moreover, it is coercive in that there exist constants ¢,, Yo such that for all v > 7o
(2.11) a(v,v) > ca||v||¥,h, Vv eV,

where ¢, = %min{l, %}, Yo = 2max{c,, é} with ¢ some constant depending on the
constants of (2.4) and (2.5). The proofs of these two crucial properties are straight-

forward generalizations of the proofs concerning the case of real £} that can be found

in [7].
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With a] we associate an elliptic projection operator Pg : E;, — V] by

(2.12) a,(Pev,x) = aj(v,x), VX €V

That Pg is well-defined follows easily from (2.10) and (2.11). Also, using standard

techniques of finite element theory, we can obtain the following approximation result
(2.13) llv = Pevllin < c|h* " 0|lrn, veEH(Q)NH)(Q), 2<s< T,

where || - ||,,» denotes the “mesh dependent” norm

1/2
1~ ollen = (Z hsllvllf.n') :

KeTn

Furthermore, using Nitsche’s duality argument, we can obtain the optimal order

L*-estimate ||v — Pgv]| = O(h"). However, in analogy with (2.13) we assume that
there holds
(2.14) llv = Pevl| < c||h°v]|rp, veE H(Q)NHHQ), 2<s<r

For standard (conforming) finite elements (2.14) is known to hold in one dimension,
cf. [12, Chapter 0], [6]. In higher dimensions, (2.14) holds under local quasiuniformity
conditions on the mesh, cf. [18],[19)].

Remark. In the remaining of this thesis and especially in Chapter 3, where the time
stepping scheme is introduced, the triangulation 7} of the domain  and, consequently,
the corresponding finite dimensional spaces, will be allowed to change from one time
step to the next. For this reason, the triangulation 7}, the corresponding finite dimen-
sional subspace V; and all quantities defined on V}/, such as the bilinear form a; will

acquire a superscript or subscript of n, denoting the current time level.
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Chapter 3

Error Estimates

3.1 The fully discrete scheme

Given the initial value problem
vy = f(y,t), 0<t <t
y(0) =y°

the midpoint or, more precisely, the one-stage Gauss-Legendre method generates ap-

(3.1)

proximations y™ to y(t"*), for 0 < n < J, where k = ¢*/J is the (constant) stepsize

and t* = nk, by

n,1 n k n,l1 4n,l
(3.2) ym =y +§f(y’,t’)
and
(33) yn+1 —_ 2yn,1 _ yn

Here we have set ™! = ™ + % This is the first member of the infinite class of Gauss—
Legendre methods, cf. [16]. As such, it has a classical order v of 2 and a stage order
p of 1, and is algebraicaly stable. We may now describe our fully discrete scheme for

the solution of (1.2). Let 0 =t® < ¢! < -.- < t¥ = ¢* be a partition of [0,¢*], and
(34) [n = (tn7 tn+1]’ kn — tn+l — "
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We associate a partition 7, of { and a finite element space V;* to each interval I, as

follows:

(3.5) Vit ={x € L*(Q) : xlk € P,_y(K), K € Th, }.

We also associate a space V;~! with {t°} but for simplicity we take V,"! = V}°. Chan-
ging slightly the notation introduced in Chapter 2, we shall denote by K the ele-
ments of the partition 7,,. Also hyx stands for the diameter of the element K, and
hn = maxger, hi,h, = mingey, hi.

The one-stage Gauss-Legendre method for (1.2) that we consider may then be
defined as follows: Let U° = u® and assume that for each 0 < n < N — 1 approxim-
ations U7 € th—l to u(#’), j =0,...,n are given. With II" denoting an appropriate
projection operator into V;*, we let U™ = II"U™ and we define the quantity U™! € V}*
by, cf. (3.2),

Ky, .\ K
(36) (UMW) i}, (U 8) = IAF UM U ) = (U7 9),

V¢ € V;*. Then, U™ € V;* is defined by
(3.7) yrtt = 2pu™ — Ut

Two particular choices of 1", are the L?-projection and the elliptic projection into
V. Thus if V*~! C V" then U™ = U™,
We shall make frequent use of the following notation: We denote by || - || the norm

of L¥(I,, L*}()) i.e.,

1/2
3.8 n 1= t 2dt> .
(3.8) Ioll:= ([ (o))
Also for s,m =0,1,..., and v € H™(Q) we let
2 2 1/2
(39) hsellms = (3 B0l )
KeTh,

We introduce the modified scheme whereby (3.6) is replaced by
k

(3.10) (U™, ) +i k—"a;n(U"J,w —ix

7 (U™, 8) = (U™ 0),
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where f = f(z), f: C = C, is an appropriate globally Lipschitz continuous function,

such that f(z) = |z|%z in a ball with a radius that depends on the solution u of (1.2).

In particular, u is in that ball. We quote the following result form [25].

LEMMA 3.11 Let M := supjg||t||c + 1. Then there ezists a function f : C — C

such that

(3.12a) flz) = |2z, if |2 < M,

(3.12b) lf(z)] <elzl, ee>0, VzeC

(3.12¢) If(z) = f(w)| ]z —w|, >0, YzweC

Indeed, as done in [25] we may consider a function of the form f(z) = v(|z|*)z, where
the function v : [0,00) — [0,4M?] is smooth with bounded derivatives of order up to

two. In this case, it can be shown that ¢; = ¢ M? and ¢; = ¢,M?. Furthermore,
(3.12d) (f(2),z) isreal Yz € C.

As a first step towards proving the convergence of (3.6) to (1.2) we analyze the stability
and convergence of (3.10). In Section 3.2 we establish the existence of solutions to the
modified scheme. In Section 3.3 we present the basic error analysis in L=(L?*(Q)) for
(3.10) with II" = P™, for all n, where P™ is the L*-projection into V;*. We shall also

make use of the notation

k= max k, h= max hg, h= min hg, Cny = c|In(h)|.
o<n<N-1 K€eTh, K> = KeTn, Ky ~N |In(k)]
0<n<N-1 0<n<N -1

3.2 Existence of solutions to the modified scheme

To prove existence of solutions we use the following well known Brouwer-type fixed-

point result, cf. [13].
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LEMMA 3.13 Let (H,(-,-)) be a finite dimensional inner product space and || - || the
associated norm. Let g : H — H be continuous and assume that there exists 3 > 0
such that for every z € H with ||z|| = 0 there holds Re(g(z),z) > 0. Then there exists
a z* € H such that g(z*) =0 and ||z*|}| < 5.

THEOREM 3.14 Let U™ be given in V"', Then, there exists U™ € V;* satisfying
(3.10). Furthermore U™ is unique if k, is sufficiently small.

Proof. The vector space V" is a finite dimensional Hilbert space equipped with

the L? inner product. Consider the map F': V;* — V;* given by
(3.15) (F(v),¥) = (v,¥) +1—=a) (v,¥) — 1Az (f(v),%) = (U™, ),

V4 € V*. Our task is to show that F" has a zero in V;. Since f : C — C is continuous,
F is continuous and therefore it suffices to show the existence of a constant 5 > 0

such that
(3.16) Re (F(v),v) >0, forallve Vst |v||=0.
Set 1 = v in (3.15) to obtain, in view of (3.12d),
Re (F(v),v) > [[o]* = [oll JU™].
We see that (3.16) holds for all v satisfying
ol = 8 = ||U™]|.

The proof of existence is now complete. Uniqueness follows easily from (3.12¢). O

3.3 Error Analysis in L®(L*(Q))

In this section we shall operate under the assumption that II* = P™, the L-projection
operator onto V;". As usual, we split the error U — u into (U — W) + (W — u), where

W € V[ is an appropriately chosen function, and we estimate £ = U —W and u—WW.
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We now introduce the functions w,n
w(z,t) = Pgu(z,t), n=u—w, (z,)eQx1I, n=0,...,N—1.

Obviously these functions are continuous with respect to t in each time interval I,

and have jump discontinuities at the point ¢*, only if V*™! #£ V».
P P h h

3.3.1 The basic error equation

We define the functions

W™ = PE~lu(t™),
W = PRu(t”),
W™ = pry(tH),
wnrl = %(W”+1 + Wnt) = %P};‘(u(t"“) + u(t)),
EM = U™ - W,
EM =yt — W,
Ertl — prntl _pntl 9 gl _ gt
In view of (2.13) and (2.14), we need only consider the term U — W. It is easy to see

from (3.10), (1.2), (2.8) and the definition of W that the error £ = U — W satisfies

the equation

(B = B™,9) 1 226 (B ,6) = A2 (0™) — SW™),9)
(3.17) .
= (7 + A"+ B ) + iAW) = Ful(t™), ),
where
(3.19) 0" = S(n(™) — (™)), (1) = Tim n(0))
(3.19) A" = () — ult") — ku(E),
(3.20) B = Lk Afu(t™*1) + u(t®) — 2u(t™1)].

T4
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Our next task is to bound the terms ©™, A™ and B". In the following lemma, we
derive appropriate estimates for these terms, which allow us to obtain the optimal

order convergence result of our scheme.

LEMMA 3.21 Foranyn,0<n < N —1 there holds

(3.22) 107 < ek 2| ALl
(3.23) A" < kS| u®),
(3.24) |B™|| < ek Au?Y,,

where O™, A™ and B™ are defined in (3.18)- (3.20).

Proof. The estimate (3.22) follows easily from
1 l"+1

o" = 7 /. n(s)ds,

and (2.14). Using Taylor’s theorem we have,

trl+l

1 t"+1
Ar == [ - 5)Pu® ds + —/ (™ — s) u® ds,
4 Jin tr

from which (3.23) follows easily. (3.24) is obtained in a similar way. 0

3.3.2 Convergence of the modified scheme

We now set ¢» = E™! in (3.17) and take real parts to obtain

|B7 [ = Re(E™*, E™) 4 X21m (7(U™) — (W), B7)
(3.25) )
= Re (O" + A" + B™, B™) + A Im (f(u(t™)) = S(W™1), B™).

Using (3.12c) we obtain

(3.26) (AU = S, B < ol B
and
(3.27) (Flae)) = FWm), B < elue™) = W LEM),
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Now using Taylor’s theorem and (2.14), we obtain

n n n 1 n n
la(e™t) = W] < flu(e™) = 5 [u(e) + u(@ )]
1
(3.28) + 31U = PEfu(t™) + u(™*)]]|
< ck? + || RL [u(t™) + (™).
Using (3.22)—(3.24) and (3.26)-(3.28) in (3.25) yields
LE™ |2 < | EMH | E™Y| + cka| E™)I?
(3.29) + k2 {Inudlln + B2 @ + B2 IAu Y} B
+ chn {k2 + 1AL [u(t™) + u( ]I} I E™))
Thus,
(3.30) HE™|® < c||E™))? + cknbn,
where &, denotes the optimal (consistency) term
En = IRgudl2 + K2 @2 + kAN AuPI2 + chy {k2 + AL [u(t™) + u(t™+1)]|?} .

In order to obtain an estimate for E™*!, we note that

|B™ ~ Re(E™, E™) = |[E™'|[* = ZIE™ |
Hence,
B < B + ekl B P + e {HAGud + IO + K Au2 )
(3.31) + chn {3 + [1A5[u(™) + u(& )]}

< (14 cky)||E™F|)? + cEn.

We next consider the term || E™*||. Note that since II" = P™ here,
(3.32) EY = U™ - W™ = P"E" — P"J[W"],

where J[w"] = (PE — PE~"u(t") is the “jump” in the elliptic projection of u across

t". Hence it follows from (3.31) and (3.32) that
(3.33) IE™H? < (14 cha + Bu)llE™|* + c&a + Mol I [W"]IF,
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where M,, is a number depending on n and which will be specified in the sequel and

0 if Vpr=yp!
(3.34) Bn = n=1,...,N—1.

l .
w7 Otherwise.

We are now ready to prove the main convergence result for the modified scheme.

THEOREM 3.35 Let u be the solution of (1.2). If {U™}\_ are given by (3.10), then

(3.36)
n—1 1/2
1270 < Cafton+ (5 15l + KRGO + k0w
m=0
n-1 1/2 n-1 1/2
# (5 i+ malltgatra] )+ (et =1 5 W) )
m=0 m=1

n=20,...,N—1. Here C, = ce®™”, and Ng(n) denotes the number of times where
Vit Vil j=1,...n, (No=No(N-1)).

Proof. From (3.33) we have

(3.37) = A

< (& + Ma II0IP).
Now fix n and choose M,, = M = Ng(n), m = 1,...,n, where Ng(n) is the number
of times where V; # V™!, j = 1,...n (in the case where Ng(n) = 0 or 1 we take
M =2.) Then, §; = = 3=, for Vi # Vi, cf. (3.34),

f[(1+ﬁ,~+ck f[ f[ 1+205)
j=0 = J:
(3.38) ek B2ck
I_I

(14 2ck;)(1 + 2/3)M < e*" 362,

Set Cy, :=—¢ (362Ct"+2)1/2. Then since J[w’] = 0 and E® = u® — Pgu®, from (2.14) we
obtain
n 1/2 n 1/2
1B < o s+ (3 60) "+ Aot (S 1tme) "}
m=0 m=1

which is the required result. O



3.3.3 Convergence analysis for the fully discrete scheme

We let ¥» = E™! in (3.17) and take imaginary parts. From the coercivity of the bilinear
form a} _(-,-) and (3.29), (3.30) it follows that

kal BV < e{lE™HP + [E™F|E™| + €4}
< {IIE™ | + En}-
Using (3.33) and (3.36) we have
(3-39) kallE™|I} 4 < Cn max {kp, + iy }.
Using the inverse inequality (3.43) and the above estimate we get
(3.40) 1E™ oo < ck;*|Inho| max {k}, + A1y},

We next bound the term [|W™!||s. For this, let u™! := 2[u(¢") + u(¢"*")] and let ™!

be an element of V,* to be chosen appropriately. From the triangle inequality we have,

W™ oo < HJu™ oo + (I = PElu™ |l

< ™ oo + [[u™! = x™ oo + Ix™ = Ppu™' |-
Using the inverse inequality (3.43) and the triangle inequality we have,
W™l < 1l + 1™ = o + 10 X = P2
< oo + [Ju™! = x™! e
+elIn b | {IIx™ = u™ o + llu™ — Ppu™ )
We now choose x™! so that
(3.41) ™ = u™lp < cllhy ™ u™ |

(3.42) [Ix™ = u™Hloo < chl[[u™ ]r 00

The fact that we may chose x™! having the above approximation properties follows
from the approximation properties of V;* and the trace inequality (2.5). The approx-

imation property of y™! in the || - ||c-norm follows from similar results in [7]. We

21



then conclude that

U™ oo < W™ + ||E™|oo < M +1

for h and k sufficiently small. This in turn implies that the solution U of (3.10) is also

a solution of (3.6) which also satisfies the error estimate of Theorem 3.35.

3.4 Some technical lemmas
The main purpose of this section is to establish the inverse inequality
(3.43) lIxllz=@) < 1n by 2 Ixlin VX € VT

used in Section 3.3.3. The proof proceeds along the lines of a proof of a similar
inequality that in known to hold in the case E, C H}(Q). To start we establish
the interpolation-type inequality (3.55) for elements of the energy space Ej. In view
of the nature of the norm || - ||;4, certain trace inequalities are made use of. Next
the L*°-L? inverse inequality (3.75) is proved, thereby extending a similar result to
elements having one curved side. The desired inequality (3.43) then follows easily by
appropriately choosing p.

We start by establishing some useful trace estimates for functions in W' (D),
where D is a Lipschitz domain. We are particularly interested in assessing the de-
pendence of the constants appearing in these bounds on D and r. Moreover, the proofs
that are provided, which are elementary and for the most part well-known, require no
more regularity on the part of D than we have already assumed in properties (i)-(vi)
in Chapter 2. Also, density arguments will enable us to consider only elements of

CY(D). Indeed, for v € C*(D), integration by parts gives

(3.44) /BD(x—z nv da-Z/ 5a z)v"] dz



for any rational r = 2 > 1 with m even and n odd, and z € D. If z is as in property

(i), using Hélder’s inequality in (3.44) we obtain
(3.45) mhlvlgrpy < 2lvllgroy + 22| ey [ VollLe o
with A = diam(D), ¢' = Landg21 satisfies g(r — 1) > 1. Thus,

9 1/r N 7,21/2
(3.46) |v|Lp) < <—> h=*[|v||z ) + (
i H1

I r%l 1/r
”U“L2(r—l) HVUHL2 (D)"

Since such rationals are dense in the set of real numbers, (3.46) extends by continuity

to all r € (1,00]. Letting r = g = 2 in (3.46), we obtain
(347) [vlrop) < ¢ (A7 llvllz) + 1110 1V 1) } -
On the other hand, with r = p’ = -5, q = p, we obtain

~141 1 1-1
(3.48) [oleapy < chi Pl oy + llvl 20 1701l

< b7 oll ooy + ki Vel o)
Now Hélder’s inequality with m = p2—-2 yields
(3.49) 0]l (py < chllollLm(p)
Using this in (3.48) gives the estimate
(3.50) olzooy < ek {|[ollLmo) + 172l s } -
As our next result, we shall establish the estimate,

(3.51) @ — v(j)'LP(BQ?]) < ch~Hmul) — ”(j)]an;;
+ ek’ (1[VoD o + V0D laga )
where m is as above and Q% and Q;‘ are two adjacent elements. For simplicity only,

we assume that Q" and Q;‘ are triangles and that they share a full edge 8(2?] Now

let F : R? — R? be an invertible affine function that maps 0 onto Q and such
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that F(z) =z, Vzé€ 39'-’-. Using F, we extend v) into a function %) defined on
QN ok Q. Tt follows from the mesh property (iv) that for some constant ¢ independent
Of hz',

|17(j)|sm < Cl'U(j)|th, s=0,1.
¥ t A J

Letting e = v() — v) = () — () and taking r = p, ¢ = 2 in (3.46) we obtain,

p=1

-1/ 1
(3:52) leloanny < chi " llellLoan) + llell Zomgn Vel fotan,

< ch 7] €] gy + ch T el tprr o + P Vel 1o

To estimate the terms ||e|| nqr) and ||e||2p-1)(qn), We use the family of imbedding

inequalities

-2

-2 1_1;—2 q
(3.53) lollLepy < m(D)™ % [[vl|2(p)y + cgllvll 2 py VUl
— 2 2
< ch™ 4| |v|| 12Dy + cgh || Vvl L2(D),

valid for q € [2,00) (cf. [2]). The linear dependence on ¢ can be deduced from the

proofs presented in the above reference. Now using (3.51) with ¢ = 2(p—1), we obtain
ollzzo-nip) < k™5 [[ollza) + cphi=T] |V |acoy
Using this together with (3.50) and ¢ = p, we get
lelLP(BQf‘]) < Chi_1+l/p||e||L2(Q{') + Cth/pHVGHL?(Q?)-
To complete the proof, we use the Poincaré type inequality
|lellz2r) < Ch1/2|€|L2(aQ¢J) + chi||Vellr2an),

whose proof follows easily form (3.44).

We are now ready to prove the following estimate for the elements of Ej:
PROPOSITION 3.54 Let2 < p < co. Then,
(3.55) loller) < epllvllin, Vv € En,
for some constant c independent of p and h.
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Proof. In view of the imbedding H2%(Q) — L*°(Q), valid for d < 3, we have that
E, C LY(Q), for all ¢ > 1. Now for p € [2,00) and v € Ej, consider the boundary

value problem

(3.56)
® =0, ondf.

{ —A® = |v|P v, in Q,

Since ) is bounded, |v[P~%v € L(), V¢ > 1. Thus a unique solution to (3.56) exists
which is in W29(Q) N H3 (), 1 < q < oo, (cf. [20]). Furthermore, for some constant
c = ¢(Q),

- - p
(357 [12lhya < ellbP il = Pl » = tg €12,

The linear dependence of the constant in (3.57) on p is a consequence of estimates on

Riesz potentials (cf. e.g. [39]). It follows form (3.56) that

dh . .
355) ol = ab(@.0) = 2 (789, 7o)y
=1
030 o 02
_jeZA/.- Tij('aTa v® — UU))an?j - <8_n’v( )>an;h -
Using Schwarz’s inequality and the imbedding W2#'(Q) — H'(), we get
dn ' '
(3.59) > (Ve oD)gn < |@]la]vllin < cli®llzpallvllya
=1
Furthermore, using Hoélder’s inequality, (3.51) and (3.50) with m = ;2;”3 € (2, 00],
oot . . o) ‘ .
(360) ( ,’U(z) - U(]) ank _<_ ‘ lv(z) - U(])|LP ank
8” 4 8n LPI(BQ?J) ( .])

1 R ,
< ch? [[[89)], mar + 119913001
S . . L . .
x [P 00y + 47 (1900 oy + 190l )]
t7 1

Using Holder's inequality with m’ = -2 = 25 € [1,2],

dp L_L ‘ : :
(3.61) > mijh? m||‘1)(1)||1,m,n?|v(l) - U(])Iang <

i=1jEN;
1/m 1/m!
> @)jm 3 RETT™ 6 _
> > Tl e > 2 Tih o™ = v 5an ‘
i=1 jEN; =1 jEN;
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Further use of Holder’s inequality yields

dh 1 1 l/m’ dh l/p
("",,-,)m' i Nim!
(3.62) (Z Z Tiihi” |v( ) — ”U(])|an{3) < (E E Tijh?) X

i=1 jEN; i=1 jeN;

1/2
(£ T ot 0 )

=1 ]EJV
Since the cardinality of A; is uniformly bounded,

dy 1/m
(3.63) (Z > Tin(I)”l,m,ﬂ) < c||®|2p0;

i=1 jEN;
using the imbedding W%?'(Q) — W'™(Q), valid for d < 3. It also follows from the
mesh properties (iv) and (v) that

(3.64) f: Y 7R < em(Q).

=1 jeN;
Using (3.62) (3.63) and (3.64) in (3.61), we get

(3.65) Z > Tuhp "‘|I<I>‘”||1mnh|v‘ D~ v0a0n < cl|@]lzprallv]1
=1 jEN;

1/q 1/2
Similarly, using the inequality (Z ]ailq) < (E a?) , q2>2,

-1 ) .
(366 3T bt F Bl = Py <

i=1 ]€N|
d 1/p' 1/p
' 2—
(Z > Tin‘I’sz’,p',n) (Z Z mijh; [ — ol |ang)
i=1 jEN; =1 jeN;

1/p
dp
2__2 . .
S CH(I)H2,p’,Q (E E T,'jhi 2 lv(’) _ v(J) SQZ) S CH(I)“ZP’,QHUHL’V

i=1jEN;
Furthermore, from (3.63) and using Hélder’s inequality,

(3.67) Z > Tuh 11,02 [V Olgn <
i=1jeN;

1/m 1/m’
(Z Z T']”(I)Hlmﬂh) (Z Z Tuhp ||Vv ”Qh)

= IJGNt =1 JENI

1/m!
< C”(I)HMJ’Q (Z Z Tuhp HVU )Hah)

1=1 ]ENt
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Using Holder’s inequality,

(3.68)
dp 21 1/m! dp, 1p dy, 1/2
(Z > Tish! ||Vv“)|l’5'.:) < (Z 2 Tz‘jh?) (Z S 7 Vo) 12,
=1 jEN; ' i=1jEN; i=1j€N; )
< c[m()#|fvli,n
Hence, -
dn o :
(3.69) > 2 mihf 1B e IV lgn < cpll@lapallvllin
i=1 jeN;
Similar arguments yield
dn z :
(3.70) >3 kP18l arIVOPllgr < cpll®llzprallvllin
i=1jEN;
and
dn z : : :
(3.71) 32 3 7ish? (1991 mgp + 1Dl 00 V0Pl < cll@llzprllo]a
=1 jeN;
Using (3.69), (3.70) and (3.71), we get
dn o0t . : -
(3.72) Z E Tij(w’”(i) - M”)an? < cplfv] zEp(ln)HUHl,h-

i=1 jEN;

In an entirely analogous manner it can be shown that

=929
(3.73) 2 (v oy < cll@llzpallvllis
1=1

Using (3.72), (3.73) and (3.59) in (3.58), completes the proof. O
As a final result, we shall establish an inverse inequality satisfied by the elements

of the finite dimensional subspaces P.(D).

THEOREM 3.74 Let D be an element with one curved side and let Ty and Ty be the
inscribed, resp., circumscribed triangles. Then there ezists a constant ¢ depending on

r such that
(3.75) x|lzepy < ch™*?l\x||Lr(D)s Vx e P(D)

where h = diam(Ty).



Proof. We shall denote by T, the triangle with vertices (0,0),(1,0) and (0,1) and

by T the triangle with vertices (0,0),(2,0) and (0,2). Moreover, denote by D the
element with vertices (0,0),(1,0) and (0,1). Let F: 2 € R*> = F(%) = Bi + b be an
affine function mapping D onto D and i onto T;, ¢ = 1,2 (see Figure 3.1). Also, let
x(2) = x(z) for x € P.(D). It is easy to see that

(3.76) Ixllz=0) = [IXll(5) < lIxllL(3,)-
We shall next establish that for some constant ¢, independent of y
(3.77) ”?H[,oo(ﬁ,) < CH%HL‘”(ﬁ)'

Assume not. Then there exists a sequence {¥m} C P.(T3) such that H)?mHLw(ﬁ) =1
and limy, e H)?m”Lco(ﬁ) = 0. Since the unit ball in (P,(T3),]| - IILN(@)) is compact,
we can extract a subsequence {{m'} that converges to some element ¥, of P.(T2).
Obviously, ||)?oo|]Lw(ﬁ) = 0, which in turn implies that ¥, vanishes identically and

contradicts the fact that ||£°°“L°°(f2) =1.

02}, /, \

Ok

(1,0) 2,0

Figure 3.1: The affine map F'




All norms being equivalent on the finite dimensional space P(T}), we have

(378) Hi”[dm(fl) SCHQHLP('?,)? 1 SPSOO
for some constant ¢ depending on r, T, and p. We shall show next that

(3.79) sup ¢(r, Ti,p) < o0
1<p<goo

Indeed, assuming the contrary we may find a sequence {{m} C P.(T}) and a corres-
ponding sequence {p,,} € [1, o0] such that Him”z;oo(ﬁ) =1 and i7r71Lf||)A(m||me(ﬁ) = 0.
Using Hélder’s inequality we also have that inf Hgm”Ll("f.) = 0. Using a compactness
argument as before, we arrive at a contradiction.

Finally, using Theorem 3.1.2 of [15] we obtain

(3.80) 191y < 1RlLgags, < h7l1x]lzooy

where the constant ¢ is independent of p and A but may depend on the “aspect ratio” of
D, i.e., the ratio of the inscribed and circumscribed circles to D. The desired inverse
inequality now follows from (3.78) and the estimate above. 0O
Remark. The above result, of course, simplifies greatly when D is a triangle.

The inverse inequality (3.43) now follows from Theorem 3.74 and Proposition 3.54

with the choice p = |In h,|.
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Chapter 4

Implementation

In this chapter we address the practical issues of implementing a numerical method
for the integration of the Nonlinear Schrodinger equation (henceforth referred to as
the NLS equation), up to times close to the formation of singularities. We start by
developing a code for the solution of an initial value problem for the NLS equation in
a polygonal domain @ C R%. At this stage, it is assumed that the solution does not
experience a blow-up and that the starting mesh is sufficiently fine to produce accurate
solutions. We discuss the computer representation of finite element meshes, the con-
struction of the basis functions of our finite dimensional subspaces, and the solution of
the resulting linear and nonlinear systems. To test our code, we verify experimentally
the spatial convergence rates for the NLS equation by devising appropriate solutions
and estimating the L?-norms of the errors.

This implementation serves as the basis of an adaptive version of the code which
allows for the automatic refinement of both the spatial and temporal meshes. The un-
derlying refinement strategies amount to two computationally efficient and inexpensive
‘tests” which are applied after each step in time. If the computed solution fails the
temporal or spatial refinement tests then the time step is halved or the mesh is refined,
and the solution is computed again. After describing the refinement strategy and the

necessary modifications in the code, we proceed to test our method by following the
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evolution of several initial profiles which lead to blow-up in finite time. We consider
both radially symmetric and non radially symmetric profiles, as well as profiles with
several peaks, and compare our results with earlier numerical investigations of the

blow-up in the NLS equation.

4.1 Finite Element Meshes and Basis Functions

Let us assume that 7;° is an initial triangulation of the domain (2, consisting of the

do

triangles {Q%}:2,, and satisfying the assumptions stated in Chapter 2. We assume
that all the book-keeping information necessary for the computer representation of
this triangulation, e.g., enumeration of triangles, nodes and neighbors of each triangle,
has been generated and stored in the form of an appropriate data base, from which
it is easy to recover information about a specific triangle. Moreover, to facilitate the
solution process and the construction of the basis functions of the associated finite
element space, we shall assume that metric information about the current mesh, such
as the location of each node, the lengths of the edges of each triangle and the areas of
the triangles, has also been stored and can be readily made available.

With the triangulation 7%, we associate the finite element space V2 = V", consist-
ing of functions whose restrictions on the triangles 0, i=1,...,do, are polynomials
of degree < r — 1. A construction of a basis of V}? follows [15]. To this end, denote
by  the “reference triangle” with vertices @; = (1,0), a, = (0,1), as = (0,0), and
denote by ay = (z1,41), az = (22, y2), a3 = (3, y3) the vertices of Q7. There exists a
unique, affine, invertible mapping
(4.1) F;: %€ R* » Fi(X) = Bx+ b
satisfying Fi(a;) = a;, 1 < j < 3. In fact, it is easy to see that the matrix B; and
the vector b; are given by

Iy — T3 T2 — I3 z3

Bi= 3 bi:
Yy1—Ys Ya2—Uys Ys
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Furthermore, denote by IP,.(Q) the space of polynomials functions defined over Q of

degree < r — 1, and assume {&}}", is a basis. The affine mapping (4.1) naturally
induces a basis of {¢;;}77, of P,(Q?) by

(42) $i1= o F, 1< <n,
Then a basis of V)2 consists of the functions {#;;}72,, 1 < ¢ < dy, defined by

hii(x), x€ 0,
(4.3) pualx) = § 24 1<i<n, 1<i<d
0 otherwise

A

It is shown in [15] that the dimension of P.(}) is n, = (r + 1)(r + 2)/2. Since no
continuity across interelement boundaries is enforced, the dimension of V;? is then

N, = dgn,. As an example, we note that if » = 2, the basis functions of P;({2) may

be chosen as

MEM =& XEn)=n MEn)=1-£(-n,

These are precisely the functions that satisfy Ai(a;) = &;;, 1 < ¢,7 < 3. In turn,
these functions can be used to construct a basis of P,({) for » > 2. Indeed, it is easy
to check that any polynomial ¢(x) of degree < 2 on ) may be written as
g=Y_ M(2x — Dg(a:) + Y_ 4N, q(ay;),
1 1<g
where a;; = %(di +a;), 1 <i< j < 3. From the practical point of view, it is clear
from the above discussion that only the basis functions over the reference triangle need
be computed. The basis functions over any triangle of 7, may then be determined

from (4.1). In turn, this affine mapping is completely defined by the vertices of the

triangle, which have already been stored.

4.2 Numerical solution of the fully discrete scheme

With the basis functions constructed in the previous section and with the triangulation
TV given, we focus our attention to the numerical solution of a fully discrete scheme

for the initial and boundary value problem (1.2).
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We discretize (1.2) in time by the midpoint method, or more precisely, the one-

stage Gauss—Legendre method. Let ¢, = nk, n =0,1,...,J, where t* = Jk. We seek

U™ € V2 which approximates u™ = u(+,t") and such that
(4.4) U° = Mou®

where ITou® denotes the L2-projection of u° onto V)°. As stated already in Chapter 3,
the approximation U™*! is constructed from U™ by solving the following system for

the intermediate unknown U™!

1k ik
(45) (U™ 0+ Fa0™, x) = (U7 )+ SO, ),
and then setting
(4.6) Uttt =20 — U™

At each time step we solve the nonlinear system represented by (4.5) using the so called
Implicit-Explicit scheme, see [3]. Specifically, for n > 0, let U;"' be an initial guess
for U™!. Then the iterates of the Implicit-Explicit scheme for (4.5) U{:jll, [=0,1,...,
are defined by

ik

n ik n n n
(4.7) (U, x) + 3aZ(Uz+’i, x) = (U x)+ (AU, ), X);

VXEVhr,OSnSJ—l

In practice, we performed only a small number of the Implicit-Explicit iterations and
set U™l = U,’:l, where the integer /,, was equal to four for n < 1 and to three for larger
values of n. The starting values U}"' were computed by extrapolation from previous

values as
(48) U(;hl = CY()Un + alU'n—l

The coefficients o; are such that Us! is the value at t* + k/2 of the linear polynomial

which interpolates the data U7 at the points t*~7, j = 0,1. Forn = 0 we used U™' =
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U™ and compensated for the reduced accuracy of the extrapolation by increasing the
number of the Implicit-Explicit iterations to four. To obtain the explicit form of the
linear system represented by (4.7) we write
ny ny n,
Z Z cym¢1m’ Um E Z cl+1¢ivm’ E > CimPim,

1=l m=1 1=1m=1 7=1m=1

and set X = ¢jm, m=1,...,n,, 7=1,...,do, in (4.7). We thus obtain the system

MY L ) gLy ... glldo) i
ik
(4.9) B : + 5
Mo1) .. pp(dodo) Sldo1) ... g(dodo) clngI
ML oo p(Ldo) ¢ fi
_ S O
Mfdol) ... pfldodo) Cdy fa,
T
for the unknown vectors c“’1 = [céﬁl, .. ,cg‘;lr] , 1 £ 7 < dy. Here we have set,

f] = [fjvm" - '7f]‘y71r]T’ f],m = (f(UlnYl), ¢j,m), 1 S m S n,
MED = [ imdirdx, 1205 <dy
S(U a"(Pjm, 1), 1<i4,5<dyp

We may now summarize the steps involved in computing U™*! from U™ in the following

algorithm:

1. Form the matrices M), 5G9 for 1 < 4,5 < dy.

[

Compute U"' from (4.8).

3. For{=0,...,1, — 1, solve (4.9) for ¢!*', 1 < j < do.

4. Set U™! = U{:l and compute U™*! = 2U™! — U™,

34




Obviously the bulk of the computations are involved in steps 1 and 3. Fortunately,
the matrices M), S(9) are independent of [ and the time step k so they need only
be computed once before starting the iterations. To shed some light into the structure
of these matrices, let us denote by M the dy x dp matrix whose (7, 7)-entry is the
n, x n, matrix M) and, similarly, denote by S the dy x dy matrix whose (1, j)-entry
is the n, x n, matrix S, We shall refer to M as the mass matrix and to S as
the stiffness matrix. M is block diagonal, since the basis functions ¢,;, [ = 1,...,n,
vanish identically outside the triangle Q2. Thus only the diagonal blocks M (53) need
be computed and stored. Moreover, it is easy to see, using the affine mapping (4.1)

that,
(410) Ml(,ir,m]) - Ao¢j,m¢j,l dx = Jj /S;l émél dx
X .

where J; denotes the Jacobian of the transformation F;. Hence it suffices to compute
My = fa Gmdrdk, 1 < m,l < n,. The elements of M) may then be found by
multiplying the entries of M by J;.

The stiffness matrix S is symmetric and positive definite since the bilinear form
a;(-,-) is symmetric and coercive for sufficiently large 4. Moreover, it follows from the
definition of the bilinear form a}(-, ), that the entry S+ is nonzero if and only if the
interface 0f); ; has positive one-dimensional measure. Hence, not only is S symmetric
but sparse as well.

In the actual implementation of the scheme, we stored only the nonzero block-
entries S®7) with 1 < j < i < dy, i.e., the nonzero entries of the lower triangle
of S. The structure and bandwidth of S obviously depend on the enumeration of the
triangles. Notice, however, that in the case of a conforming triangulation, each triangle
has at most three neighbors so we expect the lower triangle of S to have at most three
nonzero entries, excluding the diagonal blocks S/, In the case of a general, non-
conforming triangulation now, the number of neighbors of any given triangle may be
larger than three, but in view of the mesh assumption (v) of Chapter 2, it cannot

be arbitrarily large. In practice, the number of neighbors is, of course, a small finite
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number. In our implementation of an adaptive finite element code for the NLS we
imposed the condition 3 = 2, where 3 is the constant appearing in assumption (v)
of Chapter 2, thus limiting the number of neighbors of each triangle to six. Figure 4.1
below, shows a typical structure of S for a uniform mesh of the domain Q = [0, 1]?,
consisting of eight triangles. Each of the shaded squares represents a n, x n, matrix.

The integrals appearing in the definition of the bilinear form @] may be computed
exactly, using numerical quadrature. For the integrals of the form fﬂ? VéiiVoimdx
we use the affine mapping (4.1) to transform them onto integrals on the reference
triangle and use a quadrature rule which is exact for polynomials of degree < 2n,.
The line integrals over the interfaces d);; or the boundary edges are also computed
exactly by using a Gauss quadrature rule, exact for polynomials of one variable of

degree < 2n,.

Figure 4.1: A triangulation of the domain £ = [0, 1]* and the corresponding structure

of the stiffness matrix S.
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The sparsity of the matrices M and S is fully exploited in the code. To represent
the mass matrix M we store only the n, x n, matrix M and the Jacobians J, 1<I<
do, c.f. (4.10). For the stiffness matrix S we store the diagonal blocks St 1 < i < dy
and the nonzero entries of the lower triangle of S. Clearly the number of nonzero
entries in the lower triangle of S equals the number of interfaces 0€;;. Thus, if NIE
denotes the number of interfaces, the amount of storage required for the stiffness
matrix is (dg + NIE)n?. Since the diagonal blocks are symmetric, the storage may
actually be reduced to doll—'-%"-ﬂl%-NIE n2. We chose to do that in our implementation.

Finally, the construction of the nonlinear term in the right-hand side of (4.7),
amounts to computing the inner products (f(U;*'), ;) for 1 < { < n, and all triangles
Q9 i=1,...,do. This is done by mapping the triangle QY onto the reference triangle
and using a quadrature rule exact for polynomials of degree < 8.

For the solution of the complex, symmetric linear system (4.9) we used the Pre-
conditioned Conjugate Gradient method, appropriately modified to handle complex

matrices. The Jacobi and the Symmetric SOR matrices were used as preconditioners.

Recall that if the symmetric matrix A is decomposed as
A=D+L+L"

in its diagonal, lower, and upper triangular part, the Jacobi and Symmetric SOR

matrices are defined as
Pjac = D7, Pssor = (D + L)D™Y(D + L)T

The Conjugate Gradient method involves one matrix-vector product, two inner
products and three vector updates per it;aration. The use of a preconditioner P, adds
to the cost per iteration, the solution of a system of the form Pz = b. If the Jacobi
preconditioner is used then the matrix P is diagonal. In the case of preconditioning
with the Symmetric SOR matrix, the solution of the system Pz = b involves solving
two triangular systems and performing a matrix—vector product. Notice that in the

case of the linear system (4.9) the diagonal blocks of the system matrix are M) 4+
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%S (53), Both preconditioners necessitate that these matrices be factored. As long as
the time step remains constant, this can be done once before starting stepping in time.
In our implementation, we used the LINPACK subroutine ZSPFA to factor the diagonal
blocks and the subroutine ZSPSL to solve systems involving these matrices.

We also took full advantage of the sparsity of the matrices M and S while perform-
ing the matrix-vector products. We multiplied only nonzero entries, thus reducing the
operation count to two times the number of the nonzero blocks of M + %S . Note
that the size of the individual blocks is only n, which is small compared with the
dimension N, = dgn, of the system matrix M + %S. We found that “inlining” the
routines performing the matrix-vector products for the individual blocks contributed
to a noticeable speed-up in the execution time of our code.

To test the performance of the preconditioners we constructed the system matrix
M + %S , corresponding to a uniform triangulation of the unit square [0, 1]* with 288
triangles, and recorded the number of Conjugate Gradient iterations for one step of
the Implicit—-Explicit scheme (4.9). We used quadratic basis functions (r = 3) and
v = 15, resulting in a system of size 1728 by 1728. Results with different values of
~ yielded entirely analogous results. The Conjugate Gradient iterations were stopped
when the l,-norm of the residual vector fell below 107!2. Table 4.1 shows the num-
ber of iterations that were required, using both the Jacobi and the Symmetric SOR
matrices as preconditioners, as well as the times required to solve the linear systems.
The times were obtained on a SPARCstation 1 using the etime library routine. It can
be seen from Table 4.1 that the number of Conjugate Gradient iterations is approxim-
ately halved when the Symmetric SOR matrix is used in place of the Jacobi matrix.
However, the time needed to perform these iterations is not halved, since the Symmet-
ric SOR preconditioner requires a larger overhead. We may also infer from Table 4.1
that the Jacobi preconditioned Conjugate Gradient method is highly competitive for
large values of k™!, but for smaller values, the Symmetric SOR preconditioned method

is slightly faster despite the larger overhead.
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We also studied the effect of the parameter v on the number of Conjugate Gradient
iterations. We performed the same experiments as above with v = 10,15, 20,25, 30
and summarized the results in Table 4.2 and Table 4.3. Notice that v has very little
influence on the number of iterations for large values of k~! but there is a significant
effect for smaller values. This is, of course, explained by the fact that the entries of
the stiffness matrix S are multiplied by the time step k& and hence, if the time step is

very small, the behavior of the system matrix M + %S is similar to that of M.

Table 4.1: Comparison of Jacobi and Symmetric SOR Preconditioners for v = 15

Number of iterations | Time (seconds)
k=1 | Jacobi SSOR Jacobi | SSOR
10| 142 66 9.54 8.43
20| 129 61 8.71 7.75
40 | 113 52 7.75 6.74
80| 95 42 6.51 5.50
100 | 82 41 5.70 5.48
200 | 66 29 4.64 3.97
400 | 47 21 3.46 3.03
800 | 35 15 2.70 2.31

1000 32 14 2.58 2.16
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Table 4.2: Effect of the parameter v on the number of Conjugate Gradient iterations

with the Jacobi preconditioner.

Number of iterations
kTl iy=10|y=15]y=20|vy=25|7=30
100 | 283 82 96 105 114
200 | 158 66 76 85 9
400 78 47 55 58 64
800 42 35 38 43 48
1600 26 26 30 33 35

Table 4.3: Effect of the parameter v on the number of Conjugate Gradient iterations

with the Symmetric SOR preconditioner.

Number of iterations
kTl y=10|y=15|y=20{v=25|~v=230
100 | 185 41 44 54 60
200 89 29 34 39 44
400 43 21 26 29 32
800 19 15 18 20 23
1600 11 12 14 15 17
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To study the relationship between the mesh size A and the parameter v, we per-
formed the following experiments. We took h~! = 4,8,10,12, 16,20, corresponding
to uniform grids over the unit square [0, 1]* with 32, 128, 200, 288, 512 and 800 tri-
angles. We chose k = 1/200, and the same values of the parameter v as before. The
number of Conjugate Gradient iterations that were required to make the l;-norm of
the residual vector less than 107!% are shown in Table 4.4 and Table 4.5. We observe
that in both tables there is a significant difference between v = 10 and vy = 15 for all
values of h considered here. It also appears from Table 4.4 and Table 4.5 that 15 is
the “optimal” value of the parameters v, i.e. the value of v which results in the least
number of iterations. Notice, however, that although the number of iterations increase
when v > 15, the difference in the number of iterations from one value of v to the next
decreases with increasing A™!. This motivated us to consider values of v between 15
and 20. We found that, for both preconditioners and when A~! = 16 or h™! = 20, the
least number of iterations is achieved for v = 17. For the other values of h™!, v = 15

achieved the least number of iterations.

Table 4.4: Dependence of the number of Conjugate Gradient iterations with Jacobi

preconditioning on the mesh size & and the parameter ~.

Number of iterations
Rl y=10|y=15|v=20|y=25|vy=30
4 35 34 37 39 46
8 72 49 59 68 72
10 114 59 68 72 81
12| 158 66 76 85 91
16 | 261 84 84 93 99
20 | 363 86 98 109 121
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Table 4.5: Dependence of the number of Conjugate Gradient iterations with Symmetric

SOR preconditioning on the mesh size h and the parameter ~.

Number of iterations
Rl y=10|y=15|v=20|v=25|v=30
4 14 15 18 20 21
8 33 22 26 29 33
10 60 26 30 35 38
12 89 29 34 39 44
16 | 164 40 42 48 51
20| 269 46 50 57 64

As a last test for our code we verified experimentally the spatial convergence rates

for the NLS equation. We computed the solution of the problem

uy = 1Au + i|ul®u, inQ x[0,1/2]
(4.11) u(z,0) = u’(z), in,
u =0, on 09 x [0,1/2]

where Q = [0,1]? and v® = z(1 — z)y(1 —y). We used k = 1/200, as to make the error
due to the temporal discretization small, vy = 15, and computed U,’_‘;ll, [ =0,...,0,
from (4.7). The Symmetric SOR-preconditioned Conjugate Gradient method was
used as the linear system solver. To compensate for some loss of accuracy due to the
reduced order of extrapolation when computing Uy'', we chose [, = 4 for n = 1 and
l, =3 for n > 1. We used both linear (r = 1) and quadratic (r = 2) basis functions,
and computed the convergence rate corresponding to different runs with mesh sizes
h, and h; and errors E;, and E, as log(E;/E;)/log(h1/h2). The L*-errors and the
rates of convergence are summarized in the Table 4.6 below. The rates appear to be

in a good overall agreement with the theoretical rate of convergence r + 1.
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Table 4.6: L?>-Errors and Convergence rates for r = 1 and r = 2.

r=1 r=2

h! Error Rate Error Rate
8| 0.133313(-2) 0.323075(-4)
10 | 0.895737(-3) | 1.782 | 0.132781(-4) | 3.987
12 | 0.633751(-3) | 1.897 | 0.896287(-5) | 2.155
(-3) (-5)
(-3) (-5)

16 | 0.360361 1.962 | 0.398637 2.816
20 | 0.224667 2.117 | 0.175524 3.675

4.3 Implementation of a Fully Adaptive Method for
the NLS

In this section we undertake the development of a method for the integration of the NLS
equation up to times close to the formation of singularities. The scheme developed in
the previous section serves as a basis, but it is appropriately modified to support a
dynamically refined mesh and a variable time step. We begin by discussing the mesh

refinement process and the underlying refinement strategy.

Mesh Refinement

The most commonly used process for refining a triangulation is regular refinement.
The regular refinement of an individual triangle T' consists of introducing new nodes on
the midpoints of all edges and connecting these midpoints to form four new triangles
similar to T'. We shall refer to T as the “father” triangle and to the four new triangles
T1,T,,T: and Ty as the “sons” of T. This process is exhibited in Figure 4.2. It is
clear that successive refinement of a conforming triangulation 7, yields a family of
triangulations 77,7y, ..., which are all conforming and regular in the sense that the

diameters of the triangles tend to zero but all angles stay bounded away from zero.
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1 2

Figure 4.2: Regular Refinement of the triangle T

However, if conforming triangulations are required, regular refinement alone can-
not support adaptivity, the reason being that triangles which are not refined will have
non-conforming nodes. One way around this difficulty, is to refine the triangles with
non—conforming nodes using bisection so that the resulting triangulation will be con-
forming. The process of refining a triangle using bisection amounts to forming two
triangles by connecting one vertex with the midpoint of the opposite side. This pro-
cess halves the angles of the triangles which are refined and may lead to extremely
“thin” triangles. The bisecting edges are referred to in the literature as green edges,
[8]. In many adaptive codes such as PLTMG and KASKADE the green edges are
removed before the triangulation is refined further.

In our implementation of an adaptive method for the NLS, we use a slightly differ-
ent approach. We refine the triangles of the mesh using regular refinement but allow
only one non-conforming node per side. Figure 4.3 illustrates this idea. We have in-
dicated the non—conforming nodes of the triangulation by dots. Notice that triangles
R, S and T have one non-conforming node each. We should also point out that if

the triangle ¢ in Figure 4.3 must be further refined, then its neighbors R and S will
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acquire two non-conforming nodes. Since this is not allowed, we refine the neighbors
R and S before refining triangle Q). The refinement strategy explained above can be

easily implemented by the recursive algorithm shown in Figure 4.4.

Figure 4.3: Regular refinement of the mesh with one non—conforming node per side.

procedure reftrng(i)
for j in N(i) do
if (j has a nonconforming node
on the side shared with i) then
reftrng(j)
end;
end;
refdata(i);
end;

Figure 4.4: Local mesh refinement algorithm.
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We assume here that N(1i) is the set of neighbors of triangle i and that refdata(i)

is a routine which modifies the data structures to reflect the regular refinement of the
triangle i. This refinement approach has the benefit of simplifying the data structures
necessary to represent such a non—conforming triangulation and allows for a smoother
transition from large to smaller triangles. In addition, we avoid having to remove
any green edges that should have been introduced otherwise. It is clear that this
refinement process produces regular meshes, in the sense described earlier, and allows
for local refinement of the mesh. As an example, let us consider the refinement of the
mesh over an L-shaped region, near the re—entrant corner. It is well known, (cf. for
example, [36]) that corner points pose particular problems in the numerical solution
of boundary value problems. For example, the following boundary value problem for
Laplace’s equation Au = 0 in the domain = (—1,1)?\ (=1,0)? and with boundary
data u = r*/3 sin(3¢), has a re-entrant corner singularity. It is shown in [35] that
without local mesh refinement the error deteriorates globally to O(h*/?). Figure 4.5

shows the mesh after two applications of the refinement strategy described above.

Figure 4.5: Local refinement of an L-shaped mesh
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Obviously the mesh is regular and can be made arbitrarily fine in the neighborhood
of the re—entrant corner. We should note that if no non-conforming nodes were allowed
then refinement near the re-entrant corner would have resulted in the refinement of

all triangles of the mesh.

Description of the Adaptive NLS code

With the adaptive mechanism in place, we now discuss the necessary modifications
to the base scheme introduced in the previous section, to support dynamically refined
meshes and variable time step. We shall assume that an initial triangulation 7,°,
consisting of the triangles {Q0}®,, is given. The adaptive mechanism generates a
sequence of meshes T;!, T2, . . ., where each T} is generated from 7;'~! by appropriately
refining some or all of its triangles. With each of these triangulations 7;' we associate
the finite space V}/, consisting of piecewise polynomial functions of degree < r defined
on T;. As in the previous section, no continuity along interelement boundaries is
enforced. Moreover, since only regular refinement is used, the triangulations 7}, i =
0,1,..., and the corresponding finite element spaces V}, i = 0,1,..., are nested.

In our implementation of the adaptive code for the NLS, it was not necessary for
us to keep track of the complete history of the refinement of the initial triangulation
T2. For this reason, we agreed that if the triangle Q; of T must be refined then its
“middle” son (c.f. Figure 4.2) acquires the number of its “father”, i.e. j, while the
other three triangles are given the numbers d; + 1,d; + 2 and d; + 3. This simple
convention allows us to actually use the same data structures developed for the non
adaptive version of our code. We simply change the entry corresponding to Q% to
reflect its refinement, and create new entries for its sons.

We also took additional steps to assure that the local refinement of the mesh will
not necessitate a complete rebuilding of the mass and stiffness matrices M and S.
Recall that both matrices depend on the underlying triangulation but the entries of

the mass matrix can be computed from the corresponding entries of the mass matrix
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on the reference triangle and the Jacobian of the affine transformation (4.1), mapping

the reference triangle onto the current triangle. For the stiffness matrix now, it is easy
to see from the definition of the bilinear form aj(-,-) that the refinement of a single
triangle affects the entries of the stiffness matrix corresponding to this triangle and
its neighbors. Since our refinement procedure implies that each triangle may acquire
at most six neighbors, only a small number of the entries of the matrix S need be
recomputed every time the mesh is refined.

For the time stepping scheme now, we implemented the one-stage Gauss-Legendre
method with a variable time—-step. This does not introduce any additional complexity
to the algorithm but requires that the extrapolation coefficients ag and «; be recom-
puted when the time step is changed. The linear system solver required only slight
modifications. We used the Conjugate Gradient method with the Symmetric SOR pre-
conditioner and updated the routines performing the matrix-vector products to handle
the changing mesh. Moreover, since the diagonal blocks of the system matrix depend
on the triangulation and the time step, we updated their factorizations whenever the
time step or the mesh changed.

It remains to develop a mechanism for deciding when the spatial or the temporal
grids should be refined. The computational refinement tests employed in the code,
have been successfully used in other contexts, see for example, [9], [10], [11] and [5].
This refinement mechanism is motivated by a local H'-L? “inverse” property on each
triangle Q7. We allow [[U"||g1(m) to grow by reducing the diameter of the triangle.

The refinement of the temporal grid is motivated by the need to control the second
invariant associated with the NLS equation. We cut the time step in half whenever

|1o(U™) — L(U™)]

> TOL
U |10 ¢

(4.12)

where [, denotes the second invariant associated with the NLS equation. In our
numerical experiments we used the value TOLy = 5 x 1073, which controlled the

second invariant in a satisfactory manner.
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The flow chart in Figure 4.6 summarizes the steps taken by the adaptive NLS
code and the sequence in which they are implemented. We have denoted by Jr+!
the solution at time ¢"*! computed from (4.9), starting from U™. It is on this vector
that the spatial and temporal refinement tests are applied. If this temporary solution
passes both tests then we declare U™*! = U™*! and proceed to compute the solution
at the next time level. If U™*! fails the temporal test then the time step is halved
and the solution is computed again. If U™*! fails the spatial test then the underlying
triangulation 7,;™ is refined and the solution is computed again on the finer grid 7,*'.
Since the corresponding finite element spaces V;™ and V;"*! are nested, the starting
vector U™ is “transferred” onto the finer space by the natural injection of V™ into
|Z4ass

The time stepping scheme was stopped when the size of the time step fell below a
certain floor value or when the maximum amplitude of the peak exceeded a predefined
value, or when the resources of our data structures were depleted. These possibilities
are examined in the flowchart by the test “Is progress being made?”. A negative
answer to this question terminates the code while a positive answer causes the solution

to be computed at the next time level.
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forn=0,1,...

Un
Compute J™*!
k«—k/2
[ n _[ ~n+1
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no

Apply spatial refinement test

Refine mesh

yes

Did any triangle fail the test?

no

n+l _ Frn+l
urtt =U

no

[s progress being made?

yes

n+«—n+1

stop

Figure 4.6: Flowchart for the adaptive NLS code.
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Chapter 5

Numerical Experiments with the

Adaptive NLS code

Having constructed a code with the adaptive mechanisms described in the previous
chapter, we proceed to test the code by following the evolution of a class of initial pro-
files which proceed to blow-up in finite time. These are precisely the initial profiles
for which the second invariant I, associated with the NLS equation is negative. Al-
though most of the theoretical results on the blow—up of solutions of the NLS equation

concern the initial value problem

(5.1) { ue = iAu+if(u), z€ R t>0,

u(z,0) = u¥(z), =z € R
there is both computational and theoretical evidence that blow-up also occurs for prob-
lems on bounded domains, cf, e.g. [41], [33]. In a collection of papers, Papanicolaou,
C. Sulem, P.-L. Sulem, McLaughlin, and their collaborators ([41], [29], [30], [31], [27],
[28]), studied the nature of the blow-up singularity by the method of dynamic rescal-
ing. The method amounts to a time-dependent change of variables on the amplitude
of the solution, on the space variable and on time such that the transformed equations
have smooth solutions. The asymptotic behavior of the scale factors involved in the

change of variables is then used to determine the nature of the singularity of the ori-
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ginal problem. In [28] it was shown that in the critical case, d = 2, initial profiles
with a single peak evolve into radially symmetric, self-similar singularities. In [5]
fully adaptive, finite element schemes were constructed for studying the nature of the

singularity, and the theoretically predicted blow-up rate

o (g

for the L*°-norm of the solution u was confirmed. Here ¢t* denotes the blow—up time.

The authors of the previously cited paper operated under the assumption that the
initial profile and the solution of the initial value problem (5.1) are radially symmetric
(isotropic case). After expressing the solution u in terms of the radial variable p =
(% + 22 + ... + 22)'/?, they investigated, numerically, the formation of blow-up for
solutions of an initial and boundary value problem approximating (5.1). The location
of the blow-up was chosen as p = 0 and the adaptive mechanism was successful in
refining the mesh near this point and controlling the time step as to integrate the
equation for times very close to blow-up.

In our numerical experiments we made no assumption about the position of the
singularity or the self-similarity of the solution. We approximated the solution of
(5.1) by solving the NLS equation on a two-dimensional domain ) and imposed zero
Dirichlet conditions on the boundary 9). In the literature (see for example, [29] and
the references therein), most authors consider Gaussian initial profiles which do indeed
go to zero at infinity. We chose the domain ) large enough so that the restriction
of the solution u(t) on its boundary was negligibly small for ¢ > 0. The starting
approximation U° was computed as the L?-projection of the initial profile u® on the
finite element space V)2, and the approximations U™ for n > 1 were computed from
(4.9). In all experiments reported in the sequel we used the Symmetric SOR matrix
as a preconditioner for the Conjugate Gradient method, and performed four iterations
of the Implicit~-Explicit scheme per time step. The computational domain {} was
either the square [0,2]? or the unit square [0,1]?. The parameter v for the bilinear

form a;(-,-) was chosen as 15, while we used A = 25 and a starting time step of size
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4 x 107*. In all the experiments, the degree of the approximating functions, r, was

equal to two.

5.1 Single Peak, Radially symmetric

The computational domain for this run was Q = [0,2]? and the starting grid was a
uniform triangulation of { consisting of 512 triangles. The initial profile u°, whose
graph is shown in Figure 5.1, was chosen as u’(z,y) = 612 e~45(e=1?=45(s=1)* " T}
square of the L*-norm for this profile was 2.51327, while the second invariant was
—903.63827. We followed the evolution of the magnitude of the solution and the
refinement of the spatial mesh and summarized the results in Figures 5.2-5.7. Our
spatial refinement test refined the initial triangulation of 2 91 times, resulting in a final
grid containing 8990 triangles. Our temporal refinement strategy halved the initial
time step 29 times and produced a final time step of 0.74505805969 x 10~'3. The
L*>®-norm of the solution at the last time step was, approximately, 0.105880049 x 107.

SPOWAVMAN®
TTrTTTTTT

Figure 5.1: The initial profile u° for the first run.
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Figure 5.2: Experiment 1: Triangulation and contour plot of the solution at time

4 x 1073,
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Figure 5.3: Experiment 1: Triangulation and contour plot of the solution at time

0.12 x 1072,



Figure 5.4: Experiment 1: Triangulation and contour plot of the solution at time

0.138234375 x 1072.
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Figure 5.5: Experiment 1: Triangulation and contour plot of the solution at time

0.13824245 x 1072
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Figure 5.6: Experiment 1: Triangulation and contour plot of the solution at time

0.13824247 x 1072,
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Figure 5.7: Experiment 1: Triangulation and contour plot of the solution at time

0.1382424764 x 10~2.
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5.2 Single Peak, Non-radially symmetric

The computational domain for this run was 0 = [0,2]? and the starting grid was a
uniform triangulation of € consisting of 512 triangles. The initial profile u°, whose

graph is shown in Figure 5.8, was chosen as
u’(z,y) = 61/2 ¢~ 45(z=1)*=25(y=1)*

The square of the L?-norm for this initial profile was approximately 3.37191, while
the second invariant was —1280.17779. We followed the evolution of the magnitude
of the solution and the refinement of the spatial mesh and summarized the results in
Figures 5.9-5.13. Our spatial refinement test refined the initial triangulation of the
domain {2 119 times, resulting in a final triangulation containing 10808 triangles. Our
temporal refinement strategy halved the initial time step 36 times and produced a final
time step of 0.58207660913 x 10~®. The L*°-norm of the solution was, approximately,
0.102788379 x 10® at the end of the computation.
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Figure 5.8: The initial profile u° for the second run.
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Figure 5.9: Experiment 2: Triangulation and contour plot of the solution at time

8 x 1072,
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Figure 5.10: Experiment 2: Triangulation and contour plot of the solution at time

0.1485 x 1072,
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Figure 5.11: Experiment 2: Triangulation and contour plot of the solution at time

0.149596313 x 1072.
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Figure 5.12: Experiment 2: Triangulation and contour plot of the solution at time

0.149596322 x 10~2.
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Figure 5.13: Experiment 2: Triangulation and contour plot of the solution at time

0.149596373 x 10~2.

65



We can see from the contour plot of the solution in the preceding figures that
the initially anisotropic profile, evolves very quickly into a conical profile which pro-
ceeds to blow up. (The apparent anisotropy in the contour plots near the point of
maximum altitude is a result of insufficient resolution in the contouring procedure.
The dimensions of the “window” over the point (1,1) in the last contour plot were

107° x 107%).

5.3 “Twin peaks”, Radially symmetric

The initial profile u° for this run consisted of two Gaussian peaks, each of maximum
altitude 61/2, placed at the points with coordinates (0.8,1.2) and (1.2,0.8). The peak
centered at (0.8, 1.2) was of the form 6v/2 e~#5(z=0-8)*~45(s=12)* 41 the peak centered
at (1.2,0.8) was 6y/2 e~45(z=1.2°~45(y=08)* [y, the sequel, we shall refer to the former
peak as the Northwest peak (NW) and to the latter one as the Southeast peak (SE).
The surface plot of this initial profile is shown in Figure 5.14. The square of the
L?-norm for this profile was 5.03029 while the second invariant was, approximately,
—1809.33113.

The computational domain for this experiment was once again the square =
[0,2]%, and the starting grid consisted of a uniform triangulation of { with 512 tri-
angles. Our spatial refinement strategy refined the starting mesh 96 times, resulting in
a final triangulation with 15716 triangles. The final time step was 0.7450580596 x 103
and the solution achieved a maximum altitude of, approximately, 0.856556049 x 10°.
The evolution in time of the initial profile is shown in Figures 5.15-5.19. Although
both peaks proceed to blow up, we only “zoom” into either the SE or the NW peak
and show the contour plot and the corresponding triangulation in a neighborhood of
the maximum altitude.

We also experimented with initial profiles consisting of two Gaussian peaks of

different heights. As a first attempt, we positioned a Gaussian peak of height 61/2
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at the point with coordinates (0.8,1), and a second Gaussian peak of height four
at the point with coordinates (1.2,1). The L®-norm of this profile was 3.384541
and the second invariant was —1088.97186. The code refined the starting mesh 128
times, resulting in a final triangulation containing 11342 triangles. The temporal
refinement mechanism halved the initial time step 36 times, resulting in a final time
step of 0.5820766091 x 107'°. The solution achieved an amplitude of, approximately,
0.100918927 x 108. Figures 5.20-5.23 show the contour plot of the amplitude of the
solution and the underlying triangulations. The first three of the aforementioned
figures show how the two peaks merge into a single, radially symmetric profile which

proceeds to blow up.
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Figure 5.14: The initial profile u° for the third run.
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Figure 5.15: Experiment 3: Triangulation and contour plot of the solution at time

8 x 1073.
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Figure 5.16: Experiment 3: Triangulation and contour plot of the solution at time

0.138 x 1072, NW peak.
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Figure 5.17: Experiment 3: Triangulation and contour plot of the solution at time

0.13839 x 10~%, SE peak.
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Figure 5.18: Experiment 3: Triangulation and contour plot of the solution at time

0.1383987 x 102, SE peak.
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Figure 5.19: Experiment 3: Triangulation and contour plot of the solution at time

0.1383987917 x 1072, NW peak.
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Figure 5.20: Two peaks of different heights: Triangulation and contour plot of the

solution at time 0.4 x 1073,



Figure 5.21: Two peaks of different heights: Triangulation and contour plot of the

solution at time 0.8 x 1073,
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Figure 5.22: Two peaks of different heights: Triangulation and contour plot of the

solution at time 0.12 x 1072.

.207e+02
.189e+02
.170e+02
.151e+02
.132e+02
.113e+02
.943e+01
.754e+01
.566e+01
.377e+01
.189e+01
.112e-10




.199e+03
.181e+03
.163e+03
.145e+03
.127e+03
.109e+03
.906e+02
.725e+02
.543e+02
.362e+02
.181e+02
.775e-10

Figure 5.23: Two peaks of different heights: Triangulation and contour plot of the

solution at time 0.138 x 1073.
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5.4 “Twin peaks”, Non—radially symmetric

The initial profile u° for this run, whose surface/contour plot is shown in Figure 5.24,

was chosen as
uo(m,y) — 6\/’2’6-45@;-0.9)2--45(3,—1)2 + 46—25(:11—1.1)2—45(3/-—1)2

The square of the L?-norm for this profile was 4.675273, while the second invariant
was —2508.76769. The computational domain for this experiment was the square () =
[0,2])? and the starting grid consisted of a uniform triangulation of Q with 512 triangles.
Our spatial refinement test refined the initial triangulation of 134 times, resulting
in a final triangulation containing 12059 triangles. The temporal refinement test was
employed 36 times and the final time step was 0.582076609 x 10~'5. The L*-norm
of the solution at the end of the computation was, approximately, 0.100481428 x 108.
The evolution of this initial profile is shown in Figures 5.25-5.30. We note that as
times proceeds, the effect of the peak centered at (1.1,1) disappears and an apparently
radially symmetric profile develops with a maximum whose position stabilizes close to
the point (1,1). As the solution blows up, the initial anisotropy disappears, as shown
in Figures 5.28-5.30, but at large distances the solution clears exhibits anisotropy (see

Figure 5.27).
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Figure 5.24: The initial profile u° for the fourth run.
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Figure 5.25: Experiment 4: Triangulation and contour plot of the solution at time

0.4 x 1073,



Figure 5.26: Experiment 4: Triangulation and contour plot of the solution at time

0.8 x 1073.
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Figure 5.27: Experiment 4: Contour plots of the solution at time 0.11 x 107%. Global

view (top) and detail around the point (1, 1) (bottom).
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Figure 5.28: Experiment 4: Triangulation and contour plot of the solution at time

0.11153125 x 1072,
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Figure 5.29: Experiment 4: Triangulation and contour plot of the solution at time

0.111579742 x 102
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Figure 5.30: Experiment 4: Triangulation and contour plot of the solution at time

0.111579819 x 1072.
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5.5 Three peaks, Radially symmetric

The initial profile u° for this experiment consisted of three Gaussian peaks positioned
at the points with coordinates (1,1.2), (0.8,0.8) and (1.2,0.8). A surface/contour
plot of this initial profile is shown in Figure 5.31. The square of the L?*-norm of
the starting profile was 7.7888416 while the second invariant was —2847.78765. The
computational domain for this experiment was the square = [0,2]? and the starting
grid a uniform triangulation of § with 512 triangles. Our refinement mechanism
refined the starting triangulation 136 times, resulting in a final triangulation containing
14186 triangles. The starting time step was halved 36 times and the final time step
was 0.582076609135 x 10715, It is interesting that, in contrast to the “Twin Peaks”
experiment, only the Gaussian peak initially centered at (1,1.2) proceeded to blow
up. The contour plot of the solution in a neighborhood of the point (1,1.2) and the

corresponding triangulation are shown in Figures 5.32-5.35.

Figure 5.31: The initial profile u° for the fifth run.
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Figure 5.32: Experiment 5: Triangulation and contour plot of the solution at time

0.8 x 1072,
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Figure 5.33: Experiment 5: Triangulation and contour plot of the solution at time

0.138125 x 1075.
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Figure 5.34: Experiment 5: Triangulation and contour plot of the solution at time

0.138495605 x 10~2.
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Figure 5.35: Experiment 5: Triangulation and contour plot of the solution at time

0.138495947 x 10~2.
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5.6 Four peaks, Radially symmetric

The initial profile for this experiment consisted of four Gaussian peaks positioned at

the points with coordinates (0.8,1.2), (0.8,0.8), (1.2,0.8) and (1.2,1.2). Each of the

—45(1‘—2:5)2——45(1{"’!/:)2, where (ch,yc) denotes

four Gaussian peaks was of the form 6v/2e
any of the above four points. A surface/contour plot of this initial profile is shown
in Figure 5.36. In the sequel, we shall refer to the peak positioned at (0.8,1.2) as
the Northwest (NW) peak, while the other three peaks shall be referred to as the
Southwest (SW), Southeast (SE) and Northeast (NE) peaks, respectively.

The square of the L?-norm of this profile was 10.609972 and the second invariant
was —3932.45936. The computational domain for this run was the square Q = [0,2]?
and the starting grid a uniform triangulation of ! containing 512 triangles. Our
temporal refinement mechanism halved the initial time step 35 times. The final time
step was 0.11641532 x 10~!4. The spatial refinement test refined the starting grid 125
times, resulting in a final triangulation containing 16322 triangles. The maximum
altitude achieved by the solution in this run was 0.63755503 x 107.

We followed the evolution of this initial profile in time and summarized the results
in Figures 5.37-5.42. We observe from Figure 5.37 and Figure 5.38 that, initially,
the four peaks evolve in a similar fashion. Figure 5.39, however, shows that the L>-
norms attained by the SE and NW peaks are clearly smaller than the corresponding
norms of the SW and NE peaks (see Figure 5.40). At later times, only the SW peak
proceeds to blow up. Figure 5.41 shows the contour plot of the solution in a small
neighborhood of the point (0.8,0.8). Figure 5.42 shows the contour plot of the solution
and the underlying triangulation in a square centered at the point (0.8,0.8) and with

side 3.125 x 1078.
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Figure 5.36: The initial profile u® for the sixth run.
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Figure 5.37: Experiment 6: Triangulation and contour plot of the solution at time

0.4 x 1073,
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Figure 5.38: Experiment 6: Triangulation and contour plot of the solution at time

0.8 x 1073,

93




.929e+03
.845e+03
.760e+03
.676e+03
.5981e+03
.507e+03
.422e+03
.338e+03
.253e+03
.169e+03
.845e+02
.108e-06

.929e+03
.845e+03
.760e+03
.676e+03
.591e+03
.507e+03
.422e+03
.33Be+03
.253e+03
.169e+03
.845e+02
.108e-06

Figure 5.39: Experiment 6: Contour plots of the NW (top) and SE (bottom) peaks
at time 0.138738 x 1072,
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Figure 5.40: Experiment 6: Contour plots of the NE (top) and SW (bottom) peaks

at time 0.138738 x 1072.
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Figure 5.41: Experiment 6: Triangulation and contour plot of the SW peak at time
0.138754 x 1072,
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Figure 5.42: Experiment 6: Contour plots of the SW peak and the underlying trian-

gulation at time 0.138754145 x 1072,
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5.7 Blow—up Rates

In this section we attempt to estimate the rates with which various norms of the
solution tend to infinity as the time ¢ approaches the blow-up time t*. We let M(t)
denote a quantity associated with the solution u at time ¢ and denote by p its blow—up

rate. We assumed that, cf. [5],

M(t) = [ln In(——)/(t" — t)]p

t*—1
To estimate p, we compute the quantity M (t) at two distinct times ¢; and ¢, near to,
but less than t* and compute the ratio

In(M(t,)/M(t,))

. l:lnln(t—;'_—tl)/(t‘—tl):l

lnln(t—il——>/(t‘—t2)

t2

(5.2)

Notice that the estimation of p from the above formula is rather delicate and requires
that one computes the differences t* —¢; and t* — t, carefully as to avoid cancellation.
A systematic procedure for doing that is exhibited in [5] and [11]. In Table 5.1 we show
the rates of blow-up for the L* and L* norms of the solutions u of the Single Peak,
Radially symmetric experiment (left) and the Single Peak, Non Radially symmetric
one (right). We chose the blow—up times t* as the times at which our code stopped
when running the experiments, and computed the L> and L* norms of the numerical
solutions after the last six spatial grid refinements. The times at which these norms
were computed were very close to the respective blow—up times ¢* and therefore are
not shown. Instead, under the column labeled Ref., we have indicated the difference
of the last spatial grid refinement level form the current one. The numbers strongly
suggest that the L norm of the solution blows up at the rate of 1, while the L* norm
blows up at the rate of i. Notice that the L* rates seem to approach the blow-up
rate of 41 faster than the L* rates approach % This is probably attributed to the
fact that the L* norms of the numerical solution were computed, using numerical

quadrature, ezactly, while the L norms were approximated by the values of the
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Table 5.1: Blow-up rates for the Single Peak, Radially Symmetric (left) and Non

Radially Symmetric (right) experiments.

Ref. L* L* Ref. L= L*
5 1 0.50830 { 0.25044 5 10.498013 | 0.246929
4 10.50352 | 0.25036 4 | 0.498015 | 0.246929
3 | 0.49951 | 0.24984 3 ]0.502399 | 0.249989
2 |0.50112 | 0.25028 2 10.502398 | 0.249992
1 {0.50111 | 0.25009 1 |0.501026 | 0.250073

numerical solution at the integration points, as well as the vertices of each triangle.
Recall that |u|?, restricted on any particular triangle, is a polynomial of degree four
which makes the exact determination of its absolute maximum difficult.

We next attempted to calculate the blow-up rates of the L> and L* norms of the
numerical solutions obtained in the experiments involving initial profiles with several
peaks. We first considered the computation of the blow-up rates for the L and L*
norms of the numerical solution of our fourth numerical experiment. Recall that the
initial profile for this experiment consisted of two Gaussian peaks of heights 61/2 and 4
positioned at the points (0.9, 1), resp., (1.1, 1), that very rapidly merged and formed a
single, radially symmetric peak, which proceeded to blow up. As before, we computed
all the relevant quantities at the times of the last four spatial grid refinements and
calculated the blow-up rates from (5.2). The blow-up time t* was chosen as the
time of the last grid refinement. The blow-up rates for the L> and L* norms of the
numerical solution of this experiment are summarized in Table 5.2. Notice that the
relatively small amplitude achieved by our numerical solution (of the order of O(10°))
and, subsequently, the inexact estimation of the blow—up time ¢*, resulted in blow-up
rates which appear to be less robust than the rates reported earlier for the Single peak

experiments. The computed rates for the L™ norm are, however, close to % and the
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Table 5.2: Blow-up rates for the Twin Peak, Non radially Symmetric experiment.

Ref. L*= L
3 | 0.49885 | 0.25161
2 | 0.48710 | 0.24528
1 10.49743 | 0.24950

1

;3 as well. We next attempted to

corresponding rates for the L* norm are close to
determine the blow—up rates for the L> norm of the solution of our third numerical
experiment, involving two Gaussian peaks of height 61/2, positioned at the points
with coordinates (0.8,1.2) and (1.2,0.8), cf. Section 5.3. There it was observed that
the maximum amplitude of both initial peaks blows up as time approaches the blow-
up time t* = 0.1383987930119 x 10~2. The blow-up rates for the L*® norm of both
peaks were almost identical, explained, of course, by the fact that both peaks achieved
approximately the same L* norm at the end of the computation. As with the previous

experiment, all computed rates were close to % but were not as robust as the rates

computed for the experiments involving solutions that blow up at exactly one point.

5.8 Conclusions and future work

In this thesis we introduced an adaptive scheme for approximating the solution of the
two-dimensional Nonlinear Schrédinger equation. The spatial discretization was based
on nonconforming finite elements while the temporal discretization was achieved by
a variable step Crank—Nicolson scheme. The theoretical convergence analysis of the
fully discrete scheme was elaborated in Chapter 3. In order to simplify the analysis, a
modified scheme was introduced in Section 3.1 whereby the nonlinear term [u]?u was

|u”oo+

replaced by ~(|u}*)u. The function v : [0, co] — [0,4M?], where M = supjq )

1, was chosen as a smooth function with bounded derivatives of order up to two, which
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coincided with |u|? for |u] < M. The existence of the approximations defined by the
modified scheme was established in Section 3.2 and optimal order error estimates in
L>°(L?®) were shown in Section 3.3. The convergence of the original fully discrete
scheme was carried out in Section 3.3.3. There it was shown that the solution of the
modified scheme is also a solution of the original scheme by establishing the bound
[JU™||so < M for the approximations U™! generated by the modified scheme. This

last result relied on the estimate
ollza) < epllvllin,  Yv e E,
and the inverse inequality

Ix!|z=py < ch™*2||x|| (D) Vx € P(D),

whose proofs appear in Section 3.4. The inverse inequality above is new and extends
a similar result to the case of elements with curved boundaries.

Chapter 4 discussed the details of the implementation of the adaptive algorithm
and the spatial and temporal mesh refinement mechanisms. In Chapter 5 several
numerical experiments concerning the formation of singularities were performed with
our adaptive code. Several profiles with either one or multiple peaks were used as
initial data in our numerical experiments. Qur method was able to follow the evolution
of these profiles up to times very close to blow—up. Of particular interest were the
experiments with anisotropic initial conditions and with several peaks. In the former
case it was observed that the corresponding solutions go through an anisotropic phase
before blowing up in a locally isotropic form. In the latter case, we were able to exhibit
that the solution of the NLS equation with an initial profile consisting of two peaks
of equal height blows up around two distinct points. The high amplitude achieved by
our solutions and the apparent success of the mesh refinement mechanism motivated
us to compute the blow-up rates for the L> and L* norms of the solution. For both
isotropic and anisotropic profiles the blow—up rates of Section 5.7 were found in good

agreement with the theoretically predicted ones.
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The computational results obtained in this work are quite encouraging. They
establish our adaptive algorithm as a powerful tool in the numerical investigation
of blow-up phenomena associated with the NLS equation. In the near future we
plan to use this algorithm to study more thoroughly the evolution of anisotropic
(Gaussian) profiles, as well as, profiles with several peaks. Moreover, we plan to
use our mesh refinement mechanism to investigate blow-up phenomena associated
with other equations. On the theoretical part, we plan to supplement this thesis by
establishing convergence in the ||-||; » norm and remove or improve the mesh conditions

on the spatial and temporal discretization parameters h and k.
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