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Abstract

Gas separations are in great demand for carbon emission reduction, natural gas purification,

oxygen isolation, and much more. Many of these separations rely on cost-prohibitive methods

such as cryogenic distillation or strong-binding solvents. As a result, novel materials are

being developed to subvert the energetic expense of gas separation processes. These studies

focus on improving the performance of alternative materials, including (but not limited to)

metal-organic frameworks, covalent organic frameworks, dense polymeric membranes, porous

polymers, and ionic liquids.

In this work, the atomistic effects of functional units are explored for gas separations

processes using electronic structure theory and machine learning. In particular, the crucial

role of noncovalent interactions for these processes is investigated. Specifically, the atomistic

effects are studied for the separation of CO2 and N2 using vinyl-addition polynorbornenes to

interpret how structural modification can contribute to macroscopic permeability properties.

An in-depth examination elucidated the role of functionalizing boranes to increase N2

interaction for the selective separation from O2. Here, a small-scale screening was performed

to append electron-withdrawing moieties with boranes to develop a stronger Lewis acid

to interact with N2. As a next step, electronic structure theory and machine learning

were employed to suggest promising functional units for CO2/N2 separations. Novel

techniques are developed to perform a high-throughput screening of a large molecular

database with great accuracy. Lastly, the efficiency and applicability of accurate calculations

for noncovalent interactions was improved by reducing computational expense of coupled

cluster calculations using machine learning. This work introduces novel methods to study

noncovalent interactions crucial for gas separations through the incorporation of accurate

electronic structure theory methods and advanced machine learning techniques.
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Chapter 1

Introduction

1.1 Polymeric Membranes for Gas Separations

Carbon dioxide (CO2) exists naturally in the atmosphere at small concentrations and is

essential in sustaining life.1 It behaves as a greenhouse gas by emitting and absorbing thermal

radiation, and therefore contributes to the global greenhouse effect, a natural process which

warms the Earth’s surface.2,3 While this process is necessary, in recent decades atmospheric

CO2 concentration has increased at an unprecedented and alarming rate, contributing to

extreme-weather events such as floods, droughts, severe storms, and has led to rising sea

levels and increasing ocean acidity.4 In an effort to reduce anthropogenic contributions to

global climate changes, regulatory agencies have set targets to reduce CO2 emissions over

the remainder of the century.5,6 These initiatives target power generation sectors which are

responsible for approximately 40% of global CO2 emissions,7 of which approximately two-

thirds of U.S.-based emissions derives from the combustion of fossil fuels such as coal and

natural gas.8 In order to meet current climate initiatives, there has been a significant focus

on the area of carbon capture and storage (CCS) to meet climate change targets and provide

low-carbon energy.9

The most industrially relevant gas carbon capture processes are cryogenic separation and

absorption processes. Cryogenic distillation for the separation of CO2 from the primary

atmospheric gas, N2, entails lowering the temperature to condense CO2 into a liquid, which

occurs at extremely low temperatures and yields high energy costs.10 Sorbents for absorption
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of CO2, typically liquid amines, often have substantial capital, operating, and environmental

implications due solvent regeneration after abstraction and secondary pollution.11 Due to

the energy costs, practical application of the previous approaches may reduce efficiency of

power production, leading to subsequent increases in prices of electricity, which necessitates

the development of more efficient alternatives.12 One such method is the use of polymeric

membrane technology, which has emerged as a primary tool for effective CO2 separation

due to its passive separation mechanism, compact and environmentally-friendly design,

and cost-effective solution toward gas separations.13,14 The ideal membrane is one that is

both permeable and selective towards a CO2. However, attempts to increase selectivity are

typically hindered by subsequent reductions in permeability, and vice versa. This trade-off

in performance between permeability and selectivity is best observed on a logarithmic plot

known as a Robeson plot and is shown for CO2 and N2 in Figure 1.1.15 Further development

of polymer membranes that disobey this trade-off is key to the realization of CCS targets.

1.2 Noncovalent Interactions of CO2 with Functional

Groups

One strategy towards enhancing the separation of CO2 with a material is to introduce

functional groups which modify the interaction strength, thereby improving capacity and/or

selectivity. Fundamentally, non-interacting carbon dioxide is a linear molecule, and therefore

does not have a dipole moment; however, the carbon atom is electron deficient due to the

electronegative oxygen atoms. This allows Lewis bases to provide stabilizing electrostatic

interactions and can induce a dipole moment by attracting the carbon atom and distorting

its linear geometry.16,17 Typically, the strength of the Lewis base determines the extent of

interaction of the functional group and CO2, where strong interactions are considered as

chemisorption (greater than 20 kcal mol−1). Absorption using amine based sorbents such

as monoethanolamine (MEA) have strong interactions of approximately 25 kcal mol−1.18,19

MEA reacts reversibly to produce carbamates, but the strong interactions are responsible

for the large energy penalty to regenerate the sorbent.20,21 To reduce the energetic penalty
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Figure 1.1: 2008 Robeson selectivity versus permeability plot for the CO2 / N2 gas pair.15
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in the use of sorbents for CO2 separations, it is of interest to investigate methods that utilize

weaker binding motifs.

As an alternative to strong-binding chemisorption found in MEA, many separation

approaches including polymeric membranes rely on weaker interactions based on the

reversible binding of CO2, leading to easier desorption. These physisorption-based separation

methods are characterized by lower binding energies and longer interatomic distances

between CO2 and the binding site, which are comprised of a combination of electrostatic

and van der Waals interactions. Materials where physisorption is a primary contributor

towards separation includes metal-organic frameworks, covalent organic frameworks, dense

polymeric membranes, porous polymers, and ionic liquids.22 Introducing functional groups

to optimize the interaction strength is a strategy towards increasing selectivity, where

approximately 11 kcal mol−1 has been set as a target for optimal binding.22,23 However,

in-depth studies on functional groups for CO2 binding have fallen short of this benchmark,

with the best performing system featuring imidazopyridamine units with an interaction

of approximately 6 kcal mol−1.16,17,24 These insights gained from theory have been used

to enhance understanding and suggest units which have been successfully implemented in

materials such as polymer membranes and MOFs.24,25 So far, the analysis of functional

groups has been limited to several dozen cases, but the success of this approach highlights

the utility of electronic structure theory calculations for CO2 separation and material

functionalization.

1.3 Theoretical Studies for Gas-Materials Interactions

1.3.1 Electronic Structure Theory Calculations for the Study

Atomistic Effects in Polymers

The study of polymeric units with electronic structure theory can shed light on the underlying

physical phenomena responsible for bulk characteristics. A method that accurately treats

van der Waals interactions is necessary to study CO2 interactions in polymers where

gas-binding is dictated by weak noncovalent interactions. Wave function-based methods
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offer a systematic and accurate approach in calculating these noncovalent interactions,

where coupled-cluster singles and doubles with perturbative triples [CCSD(T)] is the gold

standard. However, the applicability is significantly reduced due to N7 scaling with respect

to the number of basis functions, significantly reducing its applicability. Møller-Plesset

perturbation theory (MP2) offers a more computationally practical method with its N5

scaling, and provides a reasonable treatment of noncovalent interactions by considering

two-electron excitations, but tends to overestimate the strength of many of weakly bound

systems.26,27 As an alternative, density functional theory (DFT) methods offer significantly

reduced computationally costs (N3-N4) by using the electron density to approximate

correlation and exchange energies provided by more expensive wave function methods. The

mapping of electron density to the correlation and exchange terms is provided by the density

functional.28 Hundreds of functionals have been developed and each utilizes a unique set of

parameters and considerations.29 As a result, the treatment of long-range interactions is

not systematic and varies functional to functional. In fact, many functionals neglect crucial

dispersion interactions and rely on semi-empirical corrections for quantitative results.30–34

While DFT and MP2 are routinely applied due to their efficiency, CCSD(T) remains the

gold standard for the accurate consideration of noncovalent interactions.

In order to utilize electronic structure calculations to study atomistic effects of polymeric

functional units, the materials must be substantially truncated. In practice, a polymeric

material is limited to a number of functional repeat units. Even with this truncation,

geometry optimizations on polymer membrane units may to converge to local minima on

the potential energy surface. As an illustrative example, the many binding sites and their

respective binding energies are shown for 7-methyl-1H-imidazo[4,5-b]pyridine in Figure 1.2.

This shows multiple calculations are necessary to accurately determine the optimal binding

of a gas to a molecular unit, further increasing the complexity and computational expense

of these applications.
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1.3.2 Data-Driven Exploration of Functional Groups for Gas

Separations

Although it is well-accepted that the thermophysical and kinetic properties of the polymer

membranes dictate the performance of the material for gas separation, it is often unclear

how chemical modification will alter that performance.9 Traditionally, membrane discovery

has been guided by chemical intuition and experiment-driven validation centered on

functionalizing materials with moieties that interact selectively with certain gases.14,22,35–37

This approach is resource intensive, and thus, materials discovery remains a challenge as gas

separations are governed by complex structure-property relationships38–42 and the vastness

of chemical space.43 In light of these challenges, materials discovery is undergoing a paradigm

shift, and it is increasingly prevalent to have experiment and theory work together to

guide predictions and discovery.44–49 Although computationally driven-studies to suggest

moieties have been performed for the study CO2 interactions with functional groups,16,24,50,51

so far they have been limited in scope due to the computational burden of performing

rigorous electronic structure theory calculations necessary for the accurate calculation of the

noncovalent interactions responsible for binding and separating CO2.

Modern machine learning techniques are revolutionizing all facets of computational

sciences including chemistry. Recent studies have led to significant advances in drug and

catalyst design.49,52–58 However, data-driven approaches to predict favorable noncovalent

interactions for gas separations have not seen significant development. The scarcity of such

methods is likely due to a) level of theory required for the accurate calculation of such

interactions and b) the challenges in generating training sets for such methods. Although

highly accurate calculations such as coupled-cluster theory represent the standard for such

noncovalent interactions, this is typically not feasible for large-scale implementations due

to its significant computational costs. Additionally, the determination of binding sites

and strengths requires many calculations for the evaluation of complex potential energy

surfaces (see Figure 1.2). Even with accurate reference data, the consideration of how to

describe the molecules for machine learning process poses a significant challenge. Therefore,

the development of ML-based methods molecular screenings to omit the time-consuming
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electronic structure calculations and conformation searches is necessary to accelerate the

discovery of higher performing CO2-binding functionalities.

1.3.3 Machine-Learning for Efficient Quantum Chemical Methods

for Noncovalent Interactions

While machine learning has made a significant impact on many areas of chemistry, its

role in ab initio methods is a relatively new area of study only gaining traction in recent

years.59 Among these studies, significant efforts have been made on the development of DFT

functionals and semi-empirical dispersion corrections.46,60–67 Despite these advances, few

studies focus on wave function methods that are necessary to accurately calculate electronic

correlation energy crucial for noncovalent interactions. Wave function (post-Hartree-Fock)

methods are constructed such that they are systematically improvable as the number of

electronic configurations considered and one electron-basis (as the size of the basis set is

extended towards the complete basis set [CBS] limit) are extended, which is shown in Figure

1.3. Within a given basis set, solution of the electronic, nonrelativistic, time-independent

Born-Oppenheimer Schrödinger equation yields the exact electronic energy by considering

all electronic configurations as provided by full configuration interaction (FCI):

|ΨFCI〉 = c0|Ψ0〉+
∑
i,a

cai |Ψa
i 〉+

∑
i<j,a<b

cabij |Ψab
ij 〉+

∑
i<j<k,a<b<c

cabcijk |Ψabc
ijk〉+ ... (1.1)

where i, j, k represent occupied molecular orbitals, a, b, c represent virtual orbitals, Ψ0

represents the reference wave function, often a Hartree-Fock determinant, and Ψa
i represents

the Slater determinant formed by replacing electron in orbital i with orbital a and Ψab
ij

corresponds to the electronic configuration of replacing electrons from orbitals i, j to a, b,

and so on. However, this expansion is intractable for all but small systems with truncated

basis sets; thus, most wave function methods offer approximations by truncations to the

excitation space of FCI (see Figure 1.3). While it is outside the scope of this discussion

to derive the full formalism herein, coupled-cluster determines CI coefficients by products

of clusters amplitudes, which is exact without truncation of the cluster operator, but is

typically truncated for computational considerations.68 Even with truncation, CC methods
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remain cost-prohibitive for many systems of interest. Therefore, the development of ML

methods based on the underlying electronic structure can subvert the computational costs

and extend the applicability of the method to systems of chemical relevance including gas

interactions with functional polymer units without compromising its accuracy.

In recent years, there have been several studies to extend the applicability of FCI

calculations using neural networks, but the high cost still prohibits their use in applications

exceeding a few atoms.69–72 As a result, methods to estimate CC energies have been set as

a target of many ML studies to accurately and rapidly evaluate noncovalent interactions.

In particular, HF properties have been used to predict CC energy at a fraction of the

computational expense.73–77 While these ML-CC methods have reduced cost, they have

not shown reliable chemical transferability with respect to system size and composition

and rely on expensive machine-learning techniques. As an intermediate step, methods that

use ML representations based on correlated methods such as MP2 may offer more suitable

performance for predicted CC properties while maintaining a significant cost-savings. While

a representation based on MP2 has been introduced, it did not demonstrate chemical

transferability between systems.78 While it has been known for decades that localized

electronic correlation methods offer transferable correlation contributions,79–82 it has not

been well-explored for machine-learning CC energies and is an exciting avenue for predicting

accurate and transferable electronic correlation energy predictions.

1.4 Dissertation Overview

The objective of work presented herein is to contribute to the development and understanding

of gas separation processes through the study noncovalent interactions via the use of

electronic structure theory calculations and machine learning. It is our goal to extend

beyond validation; we would like to perform rigorous high-throughput screening to identify

key moieties for rational design of the next generation of CCS materials. Additionally,

we would like to develop methods that can extend the applicability of accurate quantum

chemical calculations by reducing their computational expense through insightful machine

learning approaches. In the following work, these ideas will be carried through by identifying
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Figure 1.2: Binding Energies of CO2 with 7-methyl-1H-imidazo[4,5-b]pyridine at several
binding sites at the PBE0-D3(BJ)/def2-TZVPP level of theory

Figure 1.3: Systematic expansion to the exact solution of the electronic, nonrelativistic,
time-independent Born-Oppenheimer Schrödinger Equation. The expansion of the N-
electron models is located on the y-axis and one electron basis is located on the x-axis.
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novel ways to screen databases for CO2 interactions and the development of techniques to

calculate highly accurate coupled cluster theory energetics at reduced cost.

As a first step, we investigated the role of atomistic effects to known polymer systems

in Chapter 2. In particular, we examined gas interactions with polymeric repeat units

and the role of competing intermolecular interactions between repeat units on observed

gas separation properties. In this section, we addressed the challenge of the possibility

of sampling bias and converging to geometric local minima in geometry optimizations by

implementing an automated conformation search that is highlighted in Figure 1.4. Molecular

dynamics simulations can be performed and optimized to generate many conformations

for starting points for DFT calculations. DFT geometry optimizations are performed on

different conformations, and the most energetically stable geometry is considered as the

“global” minimum on the potential energy surface. This approach allowed for efficient study

on numerous polymers for the understanding of atomistic effects contributing to material

properties. This technique was used in determining the role of functionalization of vinyl-

addition polynorbornenes on gas separation performance. Next, the role of hydrogen bonding

in a self-healing urea-functionalized poly(dimethyl siloxane) membrane is studied along with

the impact of the urea units on gas separation. Lastly, a study was performed on the

polyvinyl alcohol-boronate polymer for the separation of aqueous anions to elucidate anion

binding and experimentally observed spectroscopic peaks.

In Chapter 3, electronic structure theory calculations were used in a small-scale study to

suggest borane-functionalized moieities for the difficult separation of N2 and O2. In-depth

analysis of the role of Lewis-bases on boranes are explored for increasing the interaction

with nitrogen. An extensive benchmark of DFT methods was performed to determine an

accurate level of theory for these interactions. Afterwards, the effects of utilizing different

electron-withdrawing functional groups was explored. This chapter highlights a small-scale

study to suggest borane-functionalized moieities for the difficult separation and serves as a

precursor to the data-driven approaches that follow.

Chapter 4 discusses the development of a method to perform high-throughput screening

using a novel representation based on an applied branch of mathematics known as

persistent homology for the discovery of effective CO2 binding functional groups. The
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novel representation was used to perform a large-scale screening of a database of organic

molecules to discover functional groups for enhanced binding and was found to produce

accurate results with very small training set sizes. Additionally, a ML-based screening was

performed without the need of conformational searches by including only the representation

of the bare functional unit at the time of testing (see Figure 1.5). Based on this screening

new functional units featuring amino- and hydroxyl- units are suggested.

Chapters 5 and 6 introduce methods that can extend the applicability of accurate

quantum chemical calculations by reducing their computational expense through insightful

machine learning approaches. Our goal was to introduce methods that can predict CC

energies based on MP2, a prerequisite to beginning a CC equation. To understand our

approach for this, let us first examine the coupled cluster energy expression which is obtained

by projection against the Hartree-Fock state

ECC = 〈ΨHF|Ĥ|ΨCC〉 (1.2)

where ECC is the coupled cluster energy, ΨCC is the CC wave function, and ΨHF is the

Hartree-Fock wave function. Because the Hamiltonian is only a two-particle operator, only

the only two particle promotion coefficients cabij (see Equation 1.1) directly contribute to ECC

with a HF reference. At any level of CC truncation, the CI cabij are composed of one electron

amplitudes tai and two-electron amplitudes tabij . Therefore, if one can map from a cabij from

a computationally inexpensive level of theory to the cabij of a higher level of theory, one can

capture the higher accuracy at reduced cost. More concretely, our goal is to use MP2 as the

starting guess

cabij[CC] = cabij[MP2] + ∆ML (1.3)

where cabij[CC] are the selected level of CC coefficients, cabij[MP2] are the MP2 coefficients, and

∆ML are the terms for ML to learn. An inherent assumption of this model is that there

exists a connection between levels of theory that is systematic and can be learned. Equation

1.3 allows one to map between levels of theory, but does not suggest how to most efficiently

learn ∆ML terms. The exploration of how to perform this mapping is the topics of Chapters

5 and 6, where Chapter 5 introduces this formalism to learn each cabij[CC] independently, and

11



Figure 1.4: A flowchart examining a strategy to remove expert bias from conformational
searches. Molecular dynamics simulations can be used to generate conformations which are
optimized by DFT to find global minima on the potential energy surface.

Figure 1.5: Diagram depicting the flow of training and testing for ML-based CO2

interactions. For training, both the structure of the molecule and the interaction energy
are provided. For testing, only the structure of the molecule is provided to predict the
interaction energy, which allows the circumvention of costly conformational searches.
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Chapter 6 explores how to make this expression robust by exploring locality and learning

large collections of cabij[CC] based on occupied pair-orbitals. In this section, the electronic

structure properties of the ML-based feature set are explored. Further, the transferability

between chemical systems based on varying functional units and the expansion of system

size is reported. Ultimately, the data-driven approach towards improved electronic structure

calculations and high-throughput screening presented in this dissertation offer an approach

towards accurate chemical discovery of CO2-philic functionalizations for the next-generation

of separation media. Finally, Chapter 7 is used to summarize the work presented in the

dissertation and draw some insight on the future directions for role of data-driven chemistry

in the role of gas separations.
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Chapter 2

Gas Separations with Polymeric

Membranes

The following chapter examines applications where electronic structure theory calculations

have been used to better understand experimental observation of polymeric systems used for

separations. Within each section, the focus will be in explaining the context for the material,

followed by the experimental properties reported. Each of the following sections corresponds

to a published paper, where the author’s (Jacob Townsend) contribution was to perform

electronic structure calculations. Each system will be described and the atomistic effects

as determined by the electronic structure calculations to the understanding of macroscopic

properties is explored.

2.1 Polynorbornenes

Disclosure

The following section contains a modified version of work from an article published in

Macromolecules in collaboration with the group of Professor Brian Long and Aramco Services

Company.14 Two graduate students have contributed to the work that is summarized in

section 2.1.1, which includes Christopher R. Maroon and Kevin R. Gmernicki. Jacob

14



Townsend performed the DFT calculations used in the analysis of sections 2.1.2 and 2.1.4

under the guidance of Professor Konstantinos D. Vogiatzis.

2.1.1 Introduction

Polymer membranes development is one of the areas being pursued for the realization of

CCS performance targets, and offer many practical advantages for separation over amine-

based sorbents such as a passive separation mechanism, reduced environmental concerns from

toxic amine precursors, and reduced energy and operational expense.83 However, polymeric

membrane performance is typically hindered by an observed trade-off where increases in

selectivity are usually accompanied by decreases in permeability, and vice versa. Therefore,

further developments are needed to find polymers that disobey this relationship and can

surpass ”upper bound” limits of performance (see Figure 1.1).

Vinyl-addition polynorbornenes (VAPNBs) offer an attractive route as they have many

of the traits of highly permeable membranes, such as bulky nonpolar substitutents and

rigid backbones.84 In line with this, VAPNBs with silane functionality were developed

and exhibited very high permeability but overall low selectivity for CO2/N2.
85 Consistent

with the strategies discussed in section 1.2, Lewis base functionalities were incorporated

into the polymers to enhance the interaction, and thus selectivity for CO2.
36,86,87 Having

successfully developed alkoxysilyl VAPNBs to greatly improve selectivity towards CO2, the

Long group turned their interest to incorporating tris(2-methoxyethoxy)silane functionalities

into VAPNBs given the successful use of glycol-like functionalities in other polymers such as

poly(ethylene oxide).88

2.1.2 Tris(2-methoxyethoxy)silane Functionality

To investigate the effects of the addition of the alkoxysilanes moieities, 6 unique polymer

membranes were synthesized using monomers A, B, and C shown in Figure 2.1. Polymers

A.P1, A.P5, and A.P6 were synthesized as homopolymers of monomers A,B, and C,

respectively. A.P2-A.P4 are were synthesized as copolymers with ratios of monomers of

A:B of 79:21, 59:41, and 43:57, respectively, and the permeability of these polymers is shown
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in Table 2.1. The overall performance of the synthesized membranes for the separation of

CO2 from N2 is illustrated in Figure 2.2 relative to the 2008 upper bound. It is evident that

increasing the tris(2-methoxyethoxy)silane functionalities (Monomer B) within the polymers

yields a systematic approach towards the Robeson upper bound.

Figure 2.2 shows that the performance enhancements associated with incorporation of

Monomer B disobeys the permeability/selectivity trade-off by increasing selectivity with

only small decreases in permeability, and thus nears the Robeson upper bound. While

the CO2 permeability of polymer A.P5 is reduced approximately 20% relative to A.P1,

the selectivity increases by 123%, which is responsible for the deviation from the usual

trade-off. Examining the individual CO2 and N2 permeability values more closely shows

although there was only a 20% decrease in CO2 permeability, there was nearly a 275%

decrease in N2 permeability. The understanding of how the incorporation of Monomer B

into the polymer matrix could introduce what could be described as an N2-phobic effect is

particularly interesting, especially considering N2 is an inert gas. To better understand this

unusual phenomenon, we performed electronic structure theory computations to aid in an

explanation of polymer A.P5’s enhanced CO2/N2 selectivity in comparison to A.P1. Because

experimental results showed that gas solubility within polymers A.P1-A.P5 is primarily

dominated by Henry’s law dissolution, both polymer-gas and polymer-polymer interactions

are known to play key roles in gas diffusion.89 To study these interactions, saturated

monomers A and B were used as small molecule surrogates for polymers A.P1 and A.P5,

respectively, and monomer-gas and monomer-monomer interactions were computed.90–92

2.1.3 Computational Details

Quantum chemical calculations were performed to elucidate the atomistic effects between

individual repeat units of polymers A.P1, A.P5, and A.P6 and the respective gases (CO2

and N2). To evaluate the strength and behavior of the interactions, monomer-monomer

and monomer-gas interactions were calculated using density functional theory (DFT).

Because of the high flexibility of the side chains of monomers A and B, many competitive

conformations were considered since conventional DFT geometry optimizations may converge

to local minima on the potential energy surface (PES). Therefore, molecular dynamics

16



Table 2.1: Permeabilities for Polymers A.P1-P6, given in Barrer along with selectivities
(CO2/N2)

Polymer CO2 Permeability N2 Permeability Selectivity α
A.P1 936.6 (± 14.9) 57.3 (± 2.3) 16.4 (± 0.4)
A.P2 868.8 (± 126) 40.5 (± 8.2) 21.6 (± 1.3)
A.P3 733.3 (± 66.7) 27.5 (± 4.2) 26.8 (± 1.6)
A.P4 700.0 (± 79.6) 19.6 (± 2.0) 33.7 (± 2.9)
A.P5 754.8 (± 40.5) 20.7 (± 2.6) 36.7 (± 2.8)
A.P6 4371 (± 855) 326.8 (± 7.7) 13.4 (± 2.4)

Figure 2.1: Monomer A (5-triethoxysilyl-2-norbornene), Monomer B (5-tris(2-
methoxyethoxy)-2-norbornene), and Monomer C (5- trimethylsilyl-2-norbornene)

Figure 2.2: Robeson plot showing gas separation performance of polymers A.P1 through
A.P5 with error bars.
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(MD) simulations were performed to scan the conformational space, providing sufficiently

stable starting conformations which were further optimized with DFT. Initial structures

were generated with the OPLS-AA force field93 in a periodic box at 200 K in the NVT

ensemble with a Nosè-Hoover thermostat using a 1.0 ps time constant and a 1.0 fs time step.

LigParGen94 was used for the generation of the force field input, and all simulations were

performed with the LAMMPS95 software package. 10000 time steps were evaluated followed

by a geometry optimization with respect to the force field to produce initial structures for

DFT (Figure 1.4). Thirty conformations were considered for every monomer, monomer-CO2,

monomer-N2, and monomer-monomer structures. All DFT calculations were performed using

the TURBOMOLE96,97 7.2 program package with the PBE098 functional, def2-TZVPP99

basis set, and Grimme’s “D3” dispersion correction31 with the Becke-Johnson damping

function.100 An ultrafine grid was used for integral evaluation, and geometry optimizations

were performed with tight convergence criteria. The resolution of identity was used in the

computation of two electron integrals. Frequency calculations were performed on the most

stable conformations to ensure they are minima on the PES. Interaction energies (∆EAB)

between two structures A and B were calculated using

∆EAB = EAB − EA − EB (2.1)

where EAB represents the energy of the interacting supersystem, and EA and EB represent

the energies of the isolated systems.

2.1.4 Results and Discussion

In regards to monomer-gas interactions, monomers A and B each contain silyl ether groups

that interact favorably with CO2 via both dispersion and induction forces. More specifically,

the electron-rich silyl ether oxygen atoms were shown to interact with the electron-deficient

carbon of CO2, while the two oxygen atoms of CO2 form weak hydrogen bonds with the

adjacent hydrogen atoms within the monomers. To understand the relative stability of

the gas interactions in the polymer, we truncate the polymers A.P1, A.P2, and A.P3 to

a saturated repeat units A, B, and C, respectively. The computed interaction energies for
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monomer A-CO2 (∆E1−CO2) and monomer B-CO2 (∆E2−CO2) are -4.1 and -6.1 kcal mol−1,

respectively, whereas the interaction energy for monomer C that lacks any silyl ether groups

is roughly half (-2.3 kcal mol−1). The most stable conformation of the B-CO2 supersystem

is shown in Figure 2.3 in which both the silyl ether and ethereal oxygen atoms were found to

interact with CO2, presumably leading to its more favorable ∆E2−CO2 interaction. Monomers

A, B, and C each showed only weak interactions with N2 of -2.3, -1.9, and -1.6 kcal mol−1,

respectively.

To understand the relative stability of interacting polymer units in the polymer, we

calculate the interaction energy between two monomeric units of A, B, and C, respectively.

The monomer−monomer interaction energies (∆E1−1, ∆E5−5, and ∆E6−6) which could then

be compared to the monomer-gas energies to provide insight into the relative energy barrier

for perturbing the monomer-monomer intermolecular interactions by a particular gas. It is

expected that a lower energy difference (∆∆E) between monomer- monomer and monomer-

gas interactions correlates to easier Henry’s law dissolution of the gas molecule within the

polymer matrix and therefore higher solubility values. The computed ∆∆E barriers are

reported in Figure 2.4 in which monomer C has the lowest values of 4.6 and 5.2 kcal mol−1

for CO2 and N2, respectively. This agrees well with experimental findings that show that

A.P6 has the greatest solubility for both gases, but because both the CO2 and N2 barriers

are almost identical, A.P6 provides the lowest solubility selectivity.

The monomer-monomer interaction energies for two monomer A units (∆E1−1) and two

monomer B units (∆E2−2) were calculated to be -10.7 and -12.6 kcal mol−1, respectively.

Though the interaction energy between two monomer B units is clearly stronger, monomer B

also interacts with CO2 more strongly. As a result, both monomers A and B have very similar

∆∆E barriers for CO2 of 6.6 and 6.4 kcal mol−1, respectively, which is consistent with the

experimental observation that Henry’s law dissolution of CO2 into both polymers A.P5 and

A.P1 are essentially equal. In contrast, the ∆∆E values for monomers A/B and N2 showed a

more substantial difference of 8.4 and 10.7 kcal mol−1, respectively. This result suggests that

the Henry’s law dissolution of N2 into polymer A.P5 (signified by monomer B) is far more

difficult than dissolution into polymer P1 (signified by monomer A) and that A.P5 should

have a significantly decreased N2 solubility coefficient relative to A.P1. These DFT results
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Figure 2.3: Most stable conformation for B-CO2 contains favorable interactions between
the two oxygen atoms of monomer B and the electron-deficient carbon of CO2. CCO2-O2

atom distances below 3.0 Å are shown.

Figure 2.4: ∆∆E values for monomers A-C with CO2 and N2.
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are in qualitative agreement with their experimentally determined solubility coefficients for

A.P1 and A.P5 and therefore corroborate the greatly increased CO2 selectivity observed for

polymer A.P5, which occurs without a substantial loss in overall CO2 permeability.

2.2 Alkoxysilyl VAPNB Structure-Function Relations

Disclosure

The following section contains a modified version of work from an article published in Journal

of Membrane Science in collaboration with the group of Professor Brian K. Long and Aramco

Services Company.101 Several graduate students have contributed to the results summarized

in 2.2.1, which includes Christopher R. Maroon, Morgan A. Higgins, and Dylan O’Neal.

Jacob Townsend performed the DFT calculations used in the analysis of section 2.2.2 under

the guidance of Professor Konstantinos D. Vogiatzis.

2.2.1 Overview

Having demonstrated that the alkoxysilane functional modifications that maximize polymer-

CO2 interactions relative to polymer-polymer and polymer-N2 interactions can significantly

enhance CO2/N2 selectivity, the Long group turned to understanding the relationship

of additional modifications on alkoxysilyl-substituted VAPNBs to their gas separation

performance. More specifically, three sets of polymers were examined (see Figure 2.5) to

elucidate the effects of alkoxysilane branching, chain length of the alkoxysilane, and the

length of the hydrocarbon linker between norbornene ring and siloxane unit. Note that

the labels for polymers for this section follow notation B.P, where the only polymer shared

between this section and section 2.1.2 is polymer B.P3 which corresponds to A.P1 in section

2.1.2. The experimental results are summarized in Table 2.2 and Figure 2.6. To further

explain the observed behaviors, electronic structure theory calculations were performed to

elucidate the underlying atomistic interactions contributing to the observed permeability.

Computational protocol follows that contained within section 2.1.3.
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Figure 2.5: Series of alkoxysilyl-substituted monomers and polymers designed to elucidate
the structure-property relationship between substituent identity and gas transport behavior.

Table 2.2: Permeability and selectivity of polymers B.P1-B.P6 for CO2/N2 gas pair.

Polymer CO2 Permeability N2 Permeability Selectivity α
B.P1 1120 (± 90) 90 (± 10) 12 (± 0.7)
B.P2 650 (± 30) 47 (± 1) 14 (± 0.5)
B.P3 940 (± 20) 57 (± 2) 16 (± 0.4)
B.P4 1600 (± 200) 56 (± 8) 29 (± 0.8)
B.P5 770 (± 20) 23 (± 1) 33 (± 1)
B.P6 560 (± 60) 16 (± 2) 35 (± 0.5)
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2.2.2 Results and Discussion

With respect to CO2 interactions, all studied polymers contain a favorable interaction with

the alkoxysilyl groups via stabilizing induction and dispersion interactions. The electron

deficient carbon atom of CO2 is able to interact favorably with the electron-rich ether oxygen

atoms. Additionally, the oxygen atoms of CO2 participate in weak hydrogen bond-type

interactions with hydrogen atoms located on the monomeric unit, leading to interaction

energies (∆E) ranging from -4.07 to -5.26 kcal mol−1 (Table 2.2). In comparison, significantly

weaker interaction energies (-2.15 to -2.45 kcal mol−1) were obtained for nitrogen, which

interacts primarily via weaker dispersion forces.

To better understand the stability of the gas interactions relative to the intermolecular

polymer-polymer interactions, the monomer-monomer binding energies for each of the

polymers were also evaluated. By comparing the strength of polymer-gas interactions, we

can shed light on the relative energy penalty for perturbing the favorable monomer-monomer

binding via a particular gas. The relative energy barrier, denoted here as ∆∆E, is considered

as a metric of the permeation, where lower barriers correspond to easier dissolution into the

polymer matrix. The CO2, N2, and monomer-monomer ∆E values and relative energy

barriers (∆∆E) are located in Table 2.3 and in appendix Fig. 1.

The effect of branching was investigated by comparing B.P1 and B.P2, which contain the

isopropoxy groups and the linear propoxy chains respectively. The branched substituents

of polymer B.P1 exhibit substantially lower monomer-monomer interactions, leading to a

significantly lower ∆∆E values for both gases, which is in agreement with the experimentally

observed increase in permeability values for B.P1 over B.P2. Furthermore, the ∆∆E

difference between CO2 and N2 is approximately equivalent (2.8 and 2.7 kcal mol−1) for B.P1

and B.P2, respectively. Therefore, the DFT results corroborate the higher permeability for

P1 and that its performance should be in line with the permeability-selectivity trade-off.

Comparing polymers B.P2–P4, the longer alkyl chain length substituents exhibit stronger

monomer-monomer interactions. By considering the CO2 ∆∆E values, the DFT results

suggest that B.P4 would have the lowest barrier, and thus the highest permeability, which is

in line with experimental results. B.P2 and B.P3 have ∆∆E values within 0.3 kcal mol−1 for
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Figure 2.6: Robeson plot for polymers B.P1–B.P6 relative to the 2008 upper bound for
CO2/N2 separations.

Table 2.3: Interaction energies (∆E) of CO2, N2 and monomers (in kcal mol−1), as well as
their relative energy barriers for gas permeation [∆∆E (in kcal mol−1)]

Polymer ∆Emon-CO2 ∆Emon-N2 ∆Emon-mon ∆∆ECO2 ∆∆EN2

B.P1 -5.26 -2.43 -8.37 3.11 5.95
B.P2 -5.01 -2.28 -11.32 6.32 9.04
B.P3 -4.07 -2.28 -10.66 6.59 8.38
B.P4 -4.88 -2.15 -8.50 3.95 6.35
B.P5 -4.76 -2.39 -9.37 4.61 6.98
B.P6 -4.88 -2.45 -10.19 5.30 7.74
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CO2 (-6.32 vs -6.59 kcal mol−1), but the 1 kcal mol−1 stronger interaction between B.P2 and

CO2 suggests a slightly higher permeability, though this was not observed experimentally.

Similar behavior was observed for N2, where a ∆∆E of 6.35 kcal mol−1 for B.P4 suggests

that this material would have the highest permeability.

The same trend is observed when examining how the number of saturated methylene

carbons connecting the norbornene ring to the alkoxysilyl moiety affect the computational

results (i.e. in polymers B.P4–P6 which contain 0, 1, and 2 saturated carbons as links,

respectively). Increasing the length of the tether also increases monomer- monomer

interactions. For both gases, going from B.P4 to B.P6, the ∆∆E values increase for each

respective gas, suggesting that longer tether links should correspond to lower permeabilities,

which agrees well with the observed permeabilities in Table 2.3. The difference in ∆∆E for

CO2 and N2 is approximately 2.4 kcal mol−1 for these three polymers, which supports their

similar performance with respect to the permeability-selectivity trade-off.

2.3 Impact on Functional Groups on Membrane-Mediated

CO2/N2 Separations on a Common Polymeric Back-

bone.

Disclosure

The following section contains a modified version of work published in the Journal of Polymer

Science in collaboration with the group of Professor Brian K Long.102 Several graduate

students have contributed to the results summarized in 2.3.1, which includes Morgan A.

Higgins, Christopher R. Maroon, and Xinyi Wang. Jacob Townsend performed the DFT

and SAPT calculations used in the analysis of section 2.3.3 under the guidance of Professor

Konstantinos D. Vogiatzis.
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2.3.1 Overview

Having developed many VAPNBs encroaching upon the Robeson upper bound, the Long

group turned towards examining the effects of different functional units on a common polymer

backbone. While the addition of CO2-philic units such as imidazoles, amidoximes, and

ether units are utilized for their preferential sorption of CO2, few studies have performed a

thorough study on a single polymer backbone, complicating the examination of structure-

property relationships. Therefore, many polymers were synthesized (copolymers) for the

examination of functional unit incorporation on gas separation performance, and are shown

in Figure 2.7 with their permeation and copolymerization properties shown in Table 2.4.

2.3.2 Computational Details

DFT interaction energies follow protocol of Section 2.1.3. The strength of the interactions

was calculated using density functional theory (DFT) and further characterized with symme-

try adapted perturbation theory (SAPT) to decompose the interactions into contributions of

electrostatics, dispersion, and induction. SAPT0103/jun-cc-pVDZ104, as implemented in the

Psi4105 program package with density fitting,106 was used to further characterize the nature

of the interactions of the most stable conformations found with DFT. DFT interactions are

located in the appendix in Table 1 and SAPT results are located in the appendices in Tables

2, 3, and 4.

2.3.3 Results and Discussion

Examination of Table 2.4 reveals that C.P1 exhibits enhanced CO2 permeability and

selectivity as compared to B.P2 (79.6 vs. 23.0 Barrer). C.P1 displays a three-fold increase in

CO2 permeability as well as a slight increase in N2 permeability, resulting in an increase in

selectivity, which is surprising given their similar functional composition. DFT calculations

for C.P1 and C.P2 reveal similar CO2 interaction energies (-5.03 and -5.79 kcal mol−1,

respectively), and N2 interaction energies of -1.94 and -2.29 kcal mol−1, which suggest a

slight advantage of C.P2 over C.P1, which is in contrast to the experimental observation.

The decomposition of the gas interactions reveals a similar mechanism for C.P1 and C.P2
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Figure 2.7: Copolymerization of unsubstituted norbornene with the functionalized
norbornene (monomers C.M1-M7) with respective units R1-R7 to yield copolymers C.P1-
P7.

Table 2.4: Permeability and selectivity of polymers C.P1-P7 for CO2/N2 gas pair and the
ratio of incorporation of the functionalized monomer [shown in Figure 2.7].

Polymer CO2 Permeability N2 Permeability Selectivity α Fuctionalized comonomer %
C.P1 79.6 (± 6.0) 2.29 (± 0.09) 34.8 (± 2.0) 51
C.P2 23.0 (± 3.5) 0.82 (± 0.16) 28.4 (± 2.4) 58
C.P3 25.4 (± 2.5) 0.88 (± 0.07) 29.0 (± 1.7) 53
C.P4 21.7 (± 2.6) 0.64 (± 0.10) 34.0 (± 1.5) 24
C.P5 22.8 (± 4.5) 0.71 (± 0.13) 32.1 (± 2.2) 53
C.P6 23.5 (± 2.8) 0.75 (± 0.13) 31.6 (± 2.1) 53
C.P7 15.3 (± 1.1) 0.24 (± 0.08) 74.3 (± 27.2) -
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in their interactions with the gases: CO2 has a strong electrostatic attraction (approx. 55%

of the interaction) toward C.P1 and C.P2 and N2 is largely dispersion bound (approx. 70%

of the interaction). Additionally, the monomer–monomer interactions are comparable in

strength (-9.91 and -9.39 kcal mol−1) and composition ( 30% electrostatic, 10% induction,

and 60% dispersion). The quantum chemical calculations do not reveal the source of this

unique increase in performance which disobeys the permeability/selectivity trade-off.

Comparison of copolymers C.P4 and C.P5, which bear benzimidazole and imidazole

substituents, respectively, reveals similar CO2/N2 permeability and selectivity values (CO2

permeability = 21.7 vs. 22.8 Barrer; α = 34.0 vs. 32.1), with the results falling largely

within the error of one another. Imidazole and benzimidazole were not expected to

exhibit drastic differences in CO2-philicity, which is consistent with the nearly equivalent

interaction energies between the benzimidazole (C.P4) and imidazole (C.P5) substituted

units with CO2 (-4.51 and -4.79 kcal mol−1). However, the DFT calculations reveal that

monomer–monomer interactions for the bulkier C.P4 are substantially larger than C.P5 (-

15.1 and -10.6 kcal mol−1, respectively). Though it may be reasoned that the stronger

monomer–monomer interactions of C.P4 may contribute decreased gas permeability, these

were not observed experimentally, perhaps due to the lower amount of functionalized

monomers in the copolymer in C.P4 (see Table 2.4).

The amidoxime-functionalized copolymer C.P7 had a significant increase in CO2/N2

selectivity (α = 74.3) as compared to C.P3 (α = 29.0) and C.P6 (α = 31.6). C.P7

also exhibited the lowest CO2 permeability of all the tested membranes (15.3 Barrer),

for which hydrogen bonding within the polymer matrix was hypothesized as a possible

explanation. DFT calculations verify the CO2-philicity of amidoxime groups with C.P7

displaying the strongest CO2 interaction energy (-6.18 kcal mol−1), among these polymeric

units. Additionally, C.P7 has the largest difference between its respective CO2 and N2

interaction energies (3.93 kcal mol−1), which likely contributes to its enhanced CO2/N2

selectivity, albeit accompanied by a significant drop in CO2 permeability. Because amidoxime

functional groups have multiple opportunities for hydrogen bonding between polymer chains

within the film, it is unsurprising that their calculated monomer–monomer interaction

energy was very strong (-13.4 kcal mol−1). The SAPT energy decomposition reveals that
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while the C.P7–CO2 interaction is very similar in nature to that of the C.P4–CO2 and

C.P5–CO2 (approx. 65% electrostatic, 10% induction, and 25% dispersion). However,

the C.P7 is uniquely dominated by electrostatic monomer-monomer interactions primarily

due to hydrogen bonding, which may contribute to the reduced gas permeability exhibited

experimentally.

2.4 Urea-Functionalized Poly(dimethyl siloxane) Mem-

branes

Disclosure

The following section contains a modified version of work from an article published in

Advanced Functional Materials in collaboration with the groups of Dr. Tomonori Saito

and Professor Alexei P. Sokolov within the Chemical Sciences Division at Oak Ridge and

Dr. Zhe Qiang from Northwestern University.107 In the following section, Jacob Townsend

performed the DFT calculations used in the analysis of section 2.3.3 uner the supervision of

Prof. Konstantinos D. Vogiatzis.

2.4.1 Overview

In an effort to mimic biological systems which have built-in repair mechanisms, materials

have been developed to repair themselves to maintain functionality. While development

based on extrinsic healing mechanisms with limited healing cycles has occurred, recent

research has focused on intrinsic healing mechanisms for multiple cycles of self-repair.108

Self-repair can be realized through the incorporation of covalent or free-radical based chain

ends, or through supramolecular dynamic bonds. Supramolecular chemical methods rely

on weaker interactions compared to covalent self-healing mechanisms, dictated by hydrogen

bonding, metal-ligand coordination, π bonding, and/or van der Waals interactions.109 These

relatively weaker supramolecular interactions result in noncovalent interactions that can be

reversibly formed. In particular, hydrogen bonding is an attractive mechanism because

it is amongst the strongest noncovalent interactions, and can therefore boost mechanical
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strength and is responsible for the self-healing properties.110,111 With these aims in mind,

a self-healing polymer was investigated by incorporating urea-functionality end units to a

polydimethylsiloxane (PDMS) polymer. The developed material with a PDMS repeat unit

with four possible end units within the material is depicted in Figure 2.8. The resulting

polymer was found to be a stretchable material that could undergo physical stress and

recover its mechanical form and even recover gas-separation performance after a scratch.

Therefore, the material was studied to examine the self-healing interaction strength and the

possible implications of introducing CO2 on the healing mechanism.

2.4.2 Results and Discussion

DFT calculations were performed to evaluate the supramolecular interactions of the

polymeric elastomer end units and their binding energy with CO2 molecules. The

computational protocol follows that of section 2.1.3. The interaction of saturated monomer

units I-IV, depicted in Figure 2.8, forms a set of ten unique dimer structures: I-I, I-II,

I-III, I-IV, II-II, II-III, II-IV, III-III, III- IV, and IV-IV due to the presence of all four

associating units in the polymer elastomer system. For each dimer, the energetically most

stable structure was determined after evaluating different possible conformers. Each dimer

system was studied with CO2 to produce a set of conformers representing stable dimer-CO2

supersystems, henceforth referred to as I-I-CO2, I-II-CO2, etc. The binding energies for the

dimer systems and the average hydrogen bond distances are shown in Appendix Table 5,

and ranged from approximately -16.5 to -18.2 kcal mol−1. For all systems, the most stable

structures contain two strong hydrogen bond interactions between the carbonyl oxygens and

the amine hydrogens in a single plane, shown in Figure 2.9. In monomers with multiple

amines bonded to carbonyl groups, the most stable geometry was found not to involve the

terminal amine in hydrogen bonding with the adjacent monomer.

The interaction of monomers I-IV The electron deficient carbon of CO2 (CCO2) interacts

with the oxygen of the C-O group of the monomers and a hydrogen bond is formed between

the oxygen of CO2 (OCO2) and a hydrogen of a N-H group. A similar binding motif was

found for the dimer pairs: the oxygen atoms of the dimer that interact with CCO2 , and

the hydrogens of the dimer can form weak hydrogen bonds with OCO2 . Calculations were
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Figure 2.8: Depiction of the developed polymer with urea functional units (I-IV) on a
PDMS backbone

Figure 2.9: Two-dimensional representation of hydrogen bonding between monomer units
I-IV
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performed to find the most stable conformation of dimer systems and CO2. The CO2 binding

energy for all systems ranges between -5.0 and -5.8 kcal mol−1 (see Appendix Table 6). The

O-CCO2 interaction distance falls between 2.66-2.78 Å for all monomer-CO2 and six dimer-

CO2 supersystems. These supersystems have the CO2 located adjacent to the plane of

hydrogen bonding. The four systems with greater O-CCO2 bond distances (II-IV-CO2, III-

III-CO2, III-IV-CO2,and IV-IV-CO2) have sterically bulky side chains, therefore the CO2

is more stable above the plane of hydrogen bonding. Introduction of CO2 to the dimers

distorts the plane of hydrogen bonding. When CO2 is adjacent or diagonal to the hydrogen

bond plane, the plane is only slightly shifted. However, when CO2 is located directly above

or below the plane of H-bonding dimers, the plane undergoes significant deformation.

Each urea functional group (I-IV) shows similar dimer interaction strengths, and all

possible combinations are within 2 kcal mol−1. The CO2 interactions for monomers for

associating units was even more similar (within 1 kcal mol−1). The interaction strength for

all urea functional units is on the same order of magnitude. However, when comparing the

dimer interaction and CO2 interaction strength, the dimer interaction strength is nearly three

times stronger than monomer and dimer CO2 interactions. Therefore, the study supports

the interaction of CO2 in the gas separation process should not impede the supramolecular

dimer interactions responsible for self-healing.

2.5 Ion Specific Fluorescence Modulation of Polyvinyl

Alcohol-Boronate Matrices

Disclosure

The following section contains a modified version of work from an article published in

Polymer Chemistry in collaboration with Professor Johnathan N. Brantley and postdoctoral

researcher Dr. Brian P. Jacobs.112 In the following section, Jacob Townsend performed

the DFT calculations used in the analysis of section 2.5.3 under the guidance of Professor

Konstantinos D. Vogiatzis.
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2.5.1 Overview

Aqueous anions such as OH− and F− play a critical role in many essential chemical and

biological processes, but may pose significant health risks at increasing concentrations.113,114

Therefore, there has been a substantial effort to develop chemosensors for the selective

detection of such anions by spectroscopic methods.115–118 Boron-containing polymers have

been particularly promising as fluorine sensors and extractors. With this in mind, the

Brantley group turned to the development of synthetically accessible aromatic boronate

polymers for anion binding, extraction, and optical detection which are shown in Figure 2.10.

While a series of polymers of polymers for the detection of various anions were investigated,

the discussion herein will be on the polymer labeled 4CF3 in Figure 2.10a . Upon examining

the UV spectrum of 4CF3 , a broad absorbance around 317 nm was found upon the addition

of tetrabutylammonium fluoride (TBAF), with subsequent increases in the absorption at

increased loading of TBAF (see Figure 2.10b).

2.5.2 Computational Details

Quantum chemical calculations were performed on saturated repeating units of fluorine

to elucidate the atomistic effects of anion binding in PVA-aryl boronate polymers. All

calculations were performed using the Orca 4.1 program package.119 Density functional

theory (DFT) geometry optimizations were performed at the B3LYP120/def2-SVP99 level

of theory with Grimme’s “D3” dispersion correction with the Becke-Johnson damping

function.31,100 Single point calculations were performed with the def2-TZVPPD121 basis set

in order to obtain higher accuracy. An ultrafine grid was used for integral evaluation (Grid6

setting). The resolution of identity was used in the computation of two electron integrals,122

and the “chain of spheres” approximation was applied for the exchange integrals.123,124

Frequency calculations were performed to ensure the optimized structures were minima

on the potential energy surface. For reducing the computational complexity, TBAF was

modeled as tetramethylammonium fluoride (TMAF). Time-dependent density functional

theory (TD-DFT) calculations were performed on the optimized structures to improve the

interpretation of the observed UV-vis spectra. TD-DFT calculations were performed with
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the range-separated exact exchange CAM-B3LYP125 functional and def2-TZVPPD121 basis

set to generate UV-vis spectra with 150 optimized roots, which has shown to be an accurate

method in the calculation of excitation energies.126 The orca mapspc program was used to

generate UV-vis spectra with 2000 cm−1 of peak broadening.

2.5.3 Results and Discussion

The interaction energy between the repeating unit, henceforth referred to as a monomer

(Mon), and the first TMAF was computed by using the expression in equation 2.1 and is

referred to as ∆EMon-TMAF. The isolated monomer is planar with an intramolecular hydrogen

bond as shown in Figure 2.11a. Upon introducing the cation-anion pair TMAF, the fluorine

binds to the boron, which yields a tetrahedral boron. The cation is found to interact favorably

with the ether oxygen atoms, as it is shown in 2.11b. The interaction energy, ∆EMon-TMAF,

is considerable at -33.4 kcal mol−1.

Upon addition of a second cation-anion pair (TMAF), the fluorine hydrogen bonds

with the hydroxyl group of the monomer, granting an additional -23.7 kcal mol−1 over the

∆EMon-Pair, calculated as:

∆EMon-2TMAF = EMon-2TMAF − EMon-TMAF − ETMAF (2.2)

The third equivalent of TMAF results in an additional -16.5 kcal mol−1. This value was

calculated by subtracting the energy of the monomeric unit that has two bound TMAF

molecules:

∆EMon-3TMAF = EMon-3TMAF − EMon-2TMAF − ETMAF (2.3)

The binding of the second and third fluorine equivalent occurs is of similar nature, i.e. at

hydroxo sites of the polymeric material. For that reason, we have also considered an average

interaction between the Mon-TMAF supersystem (first fluorine equivalent bound on boron)

and two cation-anion pairs as:

∆E
′

Mon-3TMAF = EMon-3TMAF − EMon-TMAF − 2ETMAF (2.4)
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Figure 2.10: Graphical depiction of synthesized polyvinyl alcohol-aryl boranate polymers
synthesized.

Figure 2.11: (a) Optimized repeating unit and (b) Optimized repeating unit + TMAF.
The B-F bond length is 1.518 Å and is further stabilized by intramolecular hydrogen bonding
from the neighboring hydroxy unit. Color code: B (pink), O (red), C (grey), F (green), H
(white)
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The ∆E
′
Mon-3TMAF term is -40.2 kcal mol−1, which leads to an average binding of

approximately 20 kcal mol−1 for the second and third addition of TMAF. No additional

binding sites were for fluorine were located, and therefore we conclude that the monomer

can effectively capture multiple fluoride units at the boron sites and hydroxy units, which is

consistent with experimental observations.

TD-DFT calculations were performed on a repeating unit of 4CF3 The scope of these

calculations is not to reproduce the experimental spectra, since they have been performed

on a gas-phase, isolated molecular model and they do not capture the properties of the bulk,

amorphous material. For example, effects from π − π stacking between two repeating units

are neglected. Such effects are expected to red-shift the TD- DFT transitions with respect to

the experimental results.127 However, these calculations offer a description on the electronic

structure of the ground and the first, low-lying states, which can explain qualitatively the

changes of the experimental UV-Vis spectra. The calculated UV-vis spectra for the monomer

and transition electron density differences are shown in Figure 2.12. Table 2.5 shows the

molecular orbital contribution to the first two excitations. Overall, the leading excitations

for both peaks correspond to excitations from the conjugated π ring to the electron deficient

atomic p orbital of boron, which is part of the conjugated π system of the molecular unit.

Herein, the focus is on the peak labeled 1, because the peak in this region experimentally

exhibits increased ratiometric absorbance upon addition of tetrabutylammonium fluoride,

and is the targeted excitation for the observation of fluorescence.

The spectra of the monomeric unit were calculated with the presence of one and

two TMAF units and are shown in Figure 2.13. Both spectra contain a strong peak

characteristically equivalent to the unsaturated monomer (Figure 2.12) at approximately 6.9

eV. Although the excitations seem equivalent to those found for the unsaturated monomer,

the nature of the excitations are not synonymous. For 1-TMAF and 2-TMAF, the π − π∗

excitation is mainly localized to the phenyl group (see Table 2.6)

When comparing the calculated to the experimental spectra in Figure 2.10b, the bare

polymer does not show a strong characteristic peak corresponding to Peak 1 in Figure 2.12.

Additionally, the presence of solvent and other polymeric units may donate electron density

to the boron atom, reducing the prevalence of this peak. However, the presence of peaks
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Figure 2.12: Calculated UV-vis spectra for repeating unit at the CAM-B3LYP/def2-
TZVPPD level of theory. Inset: Electron density differences of the electronic transition
between the ground state and the two excited states. Purple isosurface corresponds to
electron deficiency of the molecule related to the ground state, pink isosurface to electron
excess. Both 1 and 2 correspond to excitations from the aromatic π orbitals to the empty
2p orbital of boron. Color code: B (pink), O (red), C (grey), F (green), H (white)

Table 2.5: Transition energies (in eV) and the corresponding molecular orbital contribution
to the first and second peaks in Figure 2.12

State Energy Transition Weight

1 5.92

65

22

2 6.86

76

14
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Figure 2.13: Calculated UV-vis absorbance spectra with one (blue) and two (green)
TMAFs added to the repeating unit at the CAM-B3LYP/def2-TZVPPD level of theory.
Both spectra show a characteristic peak at approximately 215 nm.

Table 2.6: Transition energies (in eV) and the corresponding molecular orbital contribution
to the first peaks shown in Figure 2.13

System Energy Transition Weight

1-TMAF 5.95

48

14

2-TMAF 5.96

33

14
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after the addition of the fluorine correspond to polymer backbone to π* excitations in the

material. Increasing the equivalents of fluorine did not increase the intensity of these peaks,

suggesting that the ratiometric increase in absorbance is due to increased fluorine occupancy

of the boron sites, since there are many competitive binding sites with strong interactions

(cations and hydroxyl units)
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Chapter 3

Understanding the Nature of Weak

Interactions Between Functionalized

Boranes and N2/O2, Promising

Functional Groups for Gas

Separations
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Abstract

The separation of nitrogen and oxygen gases is considered as a very challenging processes,

since both O2 and N2 are nonpolar molecules with similar kinetic diameters. Electronic

structure theory can provide a fundamental understanding on effects that can lead to selective

binding of oxygen or nitrogen gas for the development of novel separation processes. Boranes

can bind dinitrogen through a dative bond, where the boron acts as a σ acceptor and back-

donates through π orbitals. To better understand these interactions, we have performed

highly accurate CCSD(F12)(T) and CCSDT(Q) computations for the BH3-N2 and BH3-O2

complexes. The coupled-cluster binding energies were used as reference for benchmarking

different density functionals, and larger functionalized boranes were examined at the

M05/def2-TZVPPD level. Symmetry adapted perturbation theory (SAPT) calculations

were performed for the elucidation of the nature of the interaction between nitrogen and

substituted boranes, and how direct or distal functionalizations affect the strength of the

weak dative bonds. Using these methods, several boranes were found to bind N2 over O2.

These complexes may be promising for incorporation into the next generation of materials

in the effort towards more efficient N2/O2 separations.

3.1 Introduction

Oxygen-rich gas is demanded for various industrial applications including medical use, steel

production, chemical manufacturing, and oxy-fuel combustion.128–130 In particular, oxy-

fuel combustion has been suggested as an efficient approach towards environmental carbon

capture, which uses pure oxygen as a reagent. Thus, removal of N2 from the feed gas

provides CO2 and water vapors as products of combustion, which simultaneously reduces

or eliminates NOx pollutants.131–134 Currently, these processes are performed via cryogenic

distillation or pressure swing adsorption to produce highly pure oxygen, but they prove to be

very energy intensive. Cryogenic distillation is the most prominent method due to excellent

oxygen purity of up to 99% and high gas production volume. However, this process requires

extensive cooling, which results in the high-energy cost of approximately 200kWh per ton
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of O2.
135,136 Therefore, it is essential to produce alternative methods to perform high purity

N2/O2 separations with lower energy costs.

Metal organic frameworks (MOFs), a family of porous hybrid organic/inorganic materials

with metal-containing subunits connected by organic linkers, have been considered a

promising alternative for numerous gas separations.135,137 The high surface area of MOFs

makes them attractive for gas separation and storage,135 including the separation of O2 over

N2 at higher temperatures than cryogenic conditions and, consequently, at lower energy

cost.138 Many computational138–140 and experimental141–145 studies have demonstrated

applicability through selectivity which occurs at a coordinatively unsaturated metal center.

Functionalization of the organic linkers offers a different, attractive approach to increase

MOF selectivity,146–154 but this approach has not yet matured for N2/O2 gas separations.

An additional alternative to distillation is membrane-based separation, which is driven by

a gas pressure gradient between upstream and downstream membrane interfaces. Membrane

gas separations are energetically efficient and can be performed at ambient conditions.155,156

However, polymeric membranes have an observed tradeoff between permeability and

selectivity,15,38 which is especially challenging in the separation of oxygen and nitrogen

gas. To date, membranes have not shown to be highly selective for oxygen purification,

resulting in oxygen gas purities of only 25-40%.157 To increase the purity of the oxygen

stream, membranes must be developed with improved gas selectivity.

To improve the gas separation performance of materials, one approach is to incorporate

functional groups that interact selectively towards one of the gases. Driven by the

recent progress in nitrogen fixation by borylenes,158,159 we made the hypothesis that

functionalization of materials with boranes can enhance N2/O2 selectivity. Indeed, many

boranes have already been incorporated into many materials for gas separation. For

example, boron nitride nanosheets have been developed into membranes and show promise

in separating CO2/N2 and CH4/H2.
160–162 A computational study on MOF-5 showed a

3-fold increase in H2 interaction energies in replacing organic linker carbons with boron-

substituted groups.163 Additionally, MOFs have shown improved H2 storage ability after the

incorporation of amine boranes.164,165 Polynuclear boranes have also been incorporated into

polymer matrices in a mixed matrix membrane (MMM) for enhancing gas separation.166
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However, functionalized materials with boranes have not yet been studied for N2/O2

separation.

Many nitrile-boron complexes have been studied computationally167–169, and have shown

especially strong binding energies with BH3.
170,171 In particular, the BH3-N2 complex

has been examined in an early study with the uncorrelated Hartree-Fock (HF)/4-31G

scheme, which predicted a B-N distance of 2.644 Å.172 Later, the complex was studied

by means of density functional theory (DFT) at the B3LYP/6-311+G** level, which gave a

remarkably shorter bond distance of 1.568 Å.173 In 2010, Smith et al. performed a thorough

examination of the BH3-N2 complex by performing higher-level coupled-cluster singles-and-

doubles with perturbative triples (CCSD(T)) calculations with the 6-311+G(2df,2pd) basis

set to determine a bond length of 1.641 Å.171 However, a substantial difference in binding

energies and geometries was found between the CCSD and CCSD(T) levels. The addition

of the perturbative triples (T) shortens the B-N distances from 1.666 Å (CCSD) to 1.641

Å (CCSD(T)) and increased the interaction energy from -3.8 kcal mol−1 to -5.7 kcal mol−1,

respectively. Significantly weaker binding energies were observed for coupled-cluster (-5.7

kcal mol−1) compared to DFT, which varied from -7.4 to -14.1 kcal mol−1, depending

on the choice of the functional.171 However, the lack of counterpoise correction on the

CCSD(T) energies (particularly with the 6-311+G(2df,2pd) basis) may not provide the

expected accuracy for the interaction strength.

To elucidate the nature of the interaction in this complex, we have performed high level

post-Hartree-Fock computations on the BH3-N2 and BH3-O2 complexes to understand their

electronic structure and energetics. A full potential energy curve was computed for the

BH3-X complexes (X = N2 or O2) and studied with post-Hartree-Fock methods, including

the Møller-Plesset second order perturbation theory (MP2) and explicitly correlated F12

coupled-cluster (CC) methods. Additionally, the sufficiency of the CCSD(T) level of theory

for the description of the BH3-N2 complex was examined by obtaining reference binding

energies beyond the “gold standard” CCSD(T) scheme. Full triples and non-iterative

quadruples excitations were included (CCSDT(Q) level) for highly accurate treatment of

electronic correlation. Based on these results, many popular DFT functionals were examined

to determine the best level of theory for these molecular supersystems. O2 and N2 binding
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energies with BR3 complexes were examined, where R corresponds to functional groups

appended to the boron complex, to suggest functionalized boranes for the separation of O2

and N2. Finally, the symmetry-adapted perturbation theory (SAPT) decomposition scheme

was applied in order to elucidate the individual contributions to the interaction energies from

a subset of the functionalized boranes.

3.2 Computational Methods

Calculations were performed using TURBOMOLE 7.2 (unless otherwise noted). BH3-N2/O2

dissociation curves were computed by means of DFT with the B3LYP120,174 functional,

Grimme’s “D3” dispersion correction31 with the Becke-Johnson (BJ) damping function,100

and the def2-TZVPP99 basis set. Dispersion corrections significantly increase the accuracy

of DFT calculations, including open shell cases such as molecular oxygen.31 The resolution

of identity (RI) was used for the computation of the two-electron integrals.175 Single point

calculations were performed with second-order Møller-Plesset (MP2) perturbation theory and

coupled-cluster with singles-and-doubles and perturbative triples excitations (CCSD(T)) on

the B3LYP-D3(BJ)/def2-TZVPP geometries, where the B-X distance (X = N or O) was kept

fixed. The counterpoise correction (CP) was applied in all MP2 and CCSD(T) calculations

to correct the error from the truncation of the one-electron basis set:176

ECP = EA+B
AB − EA+B

A − EA+B
B (3.1)

The subscripts denote the atoms present from the geometry of the supersystem AB and

the superscripts denote that basis functions of the structures A and B that were included.

Two relative energy terms are used to describe the interaction of complexes: binding energy

and interaction energy. Binding energy is denoted as the energy difference between the

supersystem and the relaxed monomers, and interaction energy as the difference between

the supersystem and the monomers in the geometry of the supersystem. Therefore, the

binding energy will be described in the conformation of the complex as:

∆Ebinding = ∆Einteraction + Edeformation (3.2)
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where ∆Einteraction represents the interaction energy in the conformation of the complex

and ∆Edeformation the (positive) energy difference between the monomers in the supersystem

geometry and the relaxed, isolated monomers.

Two approaches were used for the estimation of the complete-basis set (CBS) limit in the

post-Hartree-Fock methods. The first was by applying explicitly correlated (F12) methods,

which include functions that depend on interelectronic coordinates to efficiently converge

toward the CBS limit.177,178 These were utilized in TURBOMOLE96 7.2 using the frozen

core approximation with the cc-pVQZ-F12179 basis set and corresponding complementary

auxiliary basis set (CABS). The cc-pVQZ-F12 is a large basis set with noncovalent binding

errors typically less than 0.01 kcal mol−1. However, they have not demonstrated improvement

over the standard aug-cc-pVQZ basis for noncovalent interactions.180 The aug-cc-pwCV5Z

(aug-cc-pV5Z for “H”)181 was used for fitting the F12 and electron-repulsion integrals

(CBAS), while the aug-cc-pV5Z182 was used for two-electron contributions to the Fock matrix

(JKBAS). The 2B ansatz was used in all F12 calculations. The second strategy involves the

two-point Helgaker extrapolation scheme:183

Ecorr
X(X+1) =

X3Ecorr
X − Y 3Ecorr

Y

X3 − Y 3
(3.3)

where X and Y are the cardinal numbers to the basis sets used. This extrapolation was

performed on the CCSD(F12)(T) calculations with the cc-pVTZ-F12 and cc-pVQZ-F12 basis

sets, corresponding to X = 3 and Y = 4, respectively. Herein, the results labeled CBS will

be the those with the explicitly correlated F12 functions, using the triple and quadruple-zeta

scheme (Eq. 3.3).

Additionally, coupled-cluster calculations at a higher correlation level were performed

with full single, double, and triple excitations and perturbative quadruple excitations

(CCSDT(Q)). Due to the inherently large number of excitations, the smaller cc-pVTZ184

basis set was used. These calculations were counterpoise corrected for the complexes, and

the CCSDT(Q)/cc-pVTZ energies were used to estimate a higher-level electron correlation

effects via the following model:

ECCSDT(Q) ≈ ECBS
CCSD(F12)(T) + δT (Q) (3.4)
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δT (Q) = Ecc-pVTZ
CCSDT(Q) − E

cc-pVTZ
CCSD(T) (3.5)

where the δT (Q) term provides the correction to the energy by adding higher-level correlation

terms at the CCSD(T)-F12 level. CCSDT(Q)/cc-pVTZ and CCSD(T)/cc-pVTZ calculations

were performed with the NWChem 6.6 program package.185

An alternative method to supermolecular energies, which relies on the indirect calcu-

lation of interactions based on a supersystem and isolated fragments, is the symmetry-

adapted perturbation theory (SAPT). SAPT decomposes the interactions between two

molecular fragments into the following meaningful terms: electrostatics, exchange-repulsion,

polarization/induction, and dispersion forces.186 All SAPT calculation methods were

performed with density fitting as implemented in the Psi4 program package.105,187–189 The

density fitted SAPT0106 calculations were performed with the jun-cc-pVDZ104 basis and

a corresponding auxiliary basis of jun-cc-pVDZ-JK190 for the self-consistent field (SCF)

step and jun-cc-pVDZ-RI122 for the open shell oxygen systems. For a highly-accurate

analysis of functionalized boranes and their interaction with nitrogen, the higher correlated

SAPT2+3191 method with coupled-cluster doubled (CCD) treatment of dispersion was

used.192,193 For these calculations, the aug-cc-pVTZ basis set along with density fitting

were used.105,187–189 SCF was performed the aug-cc-pVTZ-JK190 auxiliary basis set, and the

higher order terms are calculated with the aug-cc-pVTZ-RI.194 Lastly, the charge transfer

stabilization was calculated as described by Stone and Misquitta.195

3.3 Results and Discussion

3.3.1 Reference Data from CCSD(F12)(T) and CCSDT(Q)

Two highly-accurate coupled-cluster schemes were applied for the assessment of the

interactions between boranes and the N2/O2 gas molecules. Figure 3.1 includes the

dissociation curves for the BH3-N2 and BH3-O2 complexes (not in scale) as they were obtained

from different explicitly-correlated methods. Results from the B3LYP-D3(BJ) are shown for

comparison.
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The corresponding energies, counterpoise corrections, and equilibrium bond distances

between BH3 and N2/O2 for each level of theory and basis sets are shown in Table 3.1. The

explicitly correlated calculations are sufficiently converged with the quadruple-zeta basis,

since CP corrections are less than 0.1 kcal mol−1 for all complexes and methods. The degree

of electron correlation greatly impacts the interaction energies for both BH3-N2 and O2

complexes, as expected. MP2(F12)/cc-pVQZ-F12 predicts an BH3-N2 interaction strength of

-7.50 kcal mol−1 with a B-N distance of 1.62 Å, whereas CCSD(F12)/cc-pVQZ-F12 provides

an interaction strength of -3.89 kcal mol−1 at 1.66 Å. MP2 predicts overbinding of N2

whereas CCSD underbinds, which is consistent with previous observations,196,197 while the

CCSD(F12)(T) with the same basis set provides a bond distance at 1.64 Å with a strength of

-5.96 kcal mol−1. For oxygen, both CCSD(F12) and MP2(F12) predict interaction distances

of 2.68 Å, which is 0.06 Å longer than CCSD(F12)(T). However, due to the relatively flat

potential energy profile of BH3-O2, the MP2(F12) and CCSD(F12) are less than 0.3 kcal

mol−1 from to the CCSD(F12)(T) results.

It is also evident from the reference CCSDT(Q) results that the choice of an appropriate

basis set is necessary for increased accuracy. Using the two-point extrapolation scheme

of Eq. 3.3, the BH3-N2 interaction energy is calculated to be -6.17 kcal mol−1 at the

CCSD(F12)(T)/CBS level of theory. The δT(Q) correction (Eq. 3.5) is -0.08 kcal mol−1

for the BH3-N2 complex. The correction from including explicit triples (δT) reduces the

interaction energy by 0.04 kcal mol−1, which is consistent with the results of Smith et

al. which found positive δT in many polar noncovalent interactions and the N2 dimer.170

Addition of the perturbative quadruples provides a larger correction to the interaction energy

than the explicit triples since the δ(Q) contribution is -0.13 kcal mol−1. Summing these two

terms, the δT(Q) correction is -0.08 kcal mol−1, in line with a previous study finding that

the δT(Q) term should always be negative (stabilizing) for noncovalent interaction systems

at the basis set limit, where it should capture nonconverged dispersion energy.198 Thus, the

best estimate to the BH3-N2 interaction energy provided by CCSD(F12)(T)/CBS+δT(Q) is

-6.26 kcal mol−1. For the BH3-O2 system, the explicit triples correction is almost negligible

(-0.003 kcal mol−1); however, the perturbative quadruple correction is -0.015 kcal mol−1,

giving a total δT(Q) correction of -0.018 kcal mol−1. This results in a -1.22 kcal mol−1
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Figure 3.1: Dissociation curves for BH3-N2 (left) and BH3-O2 (right) obtained at the CP
corrected MP2(F12), CCSD(F12), and CCSD(F12)(T) levels of theory (cc-pVQZ-F12 basis
set) using B3LYP-D3(BJ)/def2-TZVPP geometries. Note that the binding energies for the
N2/O2 dissociation binding energies are not to scale.

Table 3.1: Binding energies (kcal mol−1), Counterpoise Correction (kcal mol−1), and B-X
(X= N or O) bond distances (Å) for the BH3 complexes using explicitly correlated MP2 and
coupled-cluster levels of theory.

Method ∆E CP Correction ∆E(CP ) RB−X

BH3 −N2

MP2(F12)/cc-pVQZ-F12 -7.55 0.04 -7.50 1.62
CCSD(F12)/cc-pVQZ-F12 -3.93 0.04 -3.89 1.66

CCSD(F12)(T)/cc-pVTZ-F12 -5.88 0.08 -5.80 1.64
CCSD(F12)(T)/cc-pVQZ-F12 -6.00 0.04 -5.96 1.64

CCSD(F12)(T)/CBS -6.17 -0.01 -6.17 1.64
CCSD(F12)(T)/CBS+δT(Q) -6.26 1.64

BH3 −O2

MP2(F12)/cc-pVQZ-F12 -1.10 0.04 -1.06 2.68
CCSD(F12)/cc-pVQZ-F12 -0.90 0.05 -0.86 2.68

CCSD(F12)(T)/cc-pVTZ-F12 -1.14 0.05 -1.10 2.68
CCSD(F12)(T)/cc-pVQZ-F12 -1.19 0.05 -1.14 2.62

CCSD(F12)(T)/CBS -1.25 0.05 -1.20 2.62
CCSD(F12)(T)/CBS+δT(Q) -1.22 2.62
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reference binding energy at the CCSD(F12)(T)/CBS+δT(Q) level for BH3-O2. This energy

value is in agreement with the B3LYP-D3(BJ)/def2-TZVPP results for the oxygen complex,

which predicts a -1.11 kcal mol−1 binding energy. On the contrary, B3LYP-D3(BJ) fails to

describe the BH3-N2 interaction accurately by overbinding nitrogen by 2.7 kcal mol−1.

3.3.2 DFT Benchmark Study

Smith et al. have shown that the choice of exchange-correlation functional drastically affects

the interaction strength of the dative bond between BH3 and N2, which ranged from -

7.4 to -14.1 kcal mol−1.171 To further investigate this behavior, a systematic study on the

choice of density functionals that adequately describe the BH3-N2 interaction was performed.

All functionals were evaluated based on their strength of gas interactions and the distance

between boron and the closest nitrogen or oxygen atom, respectively (Figure 3.2). The

extent of HF exchange greatly impacts the accuracy of the BH3-N2 interaction. Pure

DFT functionals performed poorly, since they predict overbinding of N2, with interaction

strengths two to three times greater than the reference value. M06-L199 was found to be

the most accurate non-hybrid functional, which provided an interaction energy of -13.7 kcal

mol−1. Across the hybrid M06 functionals, altering exchange from low to high M06, M06-

2X200and M06-HF201 lowered the relative errors to 40%, 23%, and 21% (Figure 3.2). Similar

dependence of the HF exchange on the B-N distance was also observed. For the M06 series

(M06-L, M06, M06-2X, M06-HF), the computed distances are 1.53, 1.57, 1.59, and 1.69 Å,

respectively, where the interaction energy and distance decreases with increasing exchange.

M05-2X202 outperformed all other DFT functionals for the geometry of the BH3-N2 complex,

with a B-N distance of 1.62 Å. This finding is in agreement with a recent study showing

M05-2X amongst the best functionals for weaker noncovalent interaction geometries.203 In

terms of binding energies, the most accurate functionals were M05204 and M05-2X202, with

errors of -0.25 and 0.82 kcal mol−1 from the coupled-cluster reference values, respectively.

Ultimately, the M05 was selected since it provides energies within 0.3 kcal mol−1 of the

reference in both the BH3-N2 and BH3-O2 systems. The def2-TZVPPD121 basis set was

found to provide the most accurate results among the basis sets tested (see Appendix Table
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10). Thus, the M05/def2-TZVPPD level of theory was used for the examination of larger,

functionalized boranes.

3.3.3 SAPT Analysis for BH3-N2 and BH3-O2

The previous analysis showed that there is a substantial interaction between BH3 and

N2, described as a weak dative bond. The individual energy contributions of such weak

bond were studied with SAPT for understanding how functionalized boranes contribute

to intermolecular interactions. The BH3-N2 interaction has been studied with absolutely

localized molecular orbitals (ALMO) energy decomposition analysis (EDA)205 at the

B3LYP/6-31(+,+)G(d,p) level of theory, a methodology that is in agreement with DFT

formulations of SAPT.206 At 1.56 Å the interaction energy was -17.1 kcal mol−1, but

after including monomer relaxation by accounting for the deformation energy, the resulting

binding energy is -7.2 kcal mol−1. The ALMO EDA showed a nearly equivalent interaction

between the donation from N2 and π back-donation from BH3 to N2.
205 To further this

discussion, the nature of this type of interactions has been evaluated by means of SAPT,

which is the wave function-based equivalent towards understanding energy decomposition,

and provides the interaction in terms of electrostatics, induction, dispersion, and exchange

repulsion. Various levels of SAPT were investigated at three interatomic distances, 1.2 Å,

1.56 Å, and 1.64 Å. These results are summarized in Appendix Table 7, which shows that

the SAPT2+3+δMP2 nicely agrees with the coupled-cluster reference (without considering

deformation energy). The SAPT2+3+δMP2 predicts an interaction energy of -15.1 kcal mol−1,

which is within one kcal mol−1 of the coupled-cluster reference of -15.9 kcal mol−1. The

charge-transfer (CT) as suggested by the Stone and Misquitta195 (difference in induction

energy in the dimer-centered and monomer-centered basis sets), was calculated to be -22.3

kcal mol−1. It should be noted that the SAPT CT scheme includes the stabilization from

charge delocalization by considering the dimer basis functions. This results in basis set

and intermolecular distance dependence in the charge-transfer term,207 and for noncovalent

interactions at close distances, the distinction between the polarization induction and charge-

transfer is somewhat arbitrary,208 but greater than -20 kcal mol−1 charge transfer shows there

is significant polarization in the electron density about the intermolecular distance.
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Figure 3.2: Absolute binding energy deviations from CCSDT(Q)/CBS for the BH3-N2/O2

systems are reported for all functionals in the def2-TZVPPD basis (top). The percent error
in the B-N and B-O distance at the equilibrium geometry is provided as a percent error
(bottom).
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A full dissociation curve was calculated at the SAPT2+3+δMP2 level using the B3LYP-

D3(BJ)/def2-TZVPP geometries also used in the CCSD(F12) reference calculations and is

shown in Appendix Figure 2. The strength of the individual contributions heavily dependent

on the distance. However, the total binding energy is much less affected. For example, at 1.50

Å the exchange repulsion is 126 kcal mol−1 and lowers to 87.6 kcal mol−1 at 1.64 Å. In those

distances, the total binding energy drops from -15.5 to -13.4 kcal mol−1. Interestingly, the

stronger binding energy at 1.50 Å does not result in a minimum interaction distance due to

the larger deformation energy at small intermolecular distances. On the other hand, Oxygen

is almost noninteracting with the borane, providing less than -1.0 kcal mol−1 stability from

induction and less than -1.5 kcal mol−1 from dispersion. On the other hand, the borane-

nitrogen complex receives more than -40 and -20 kcal mol−1 stabilization from induction and

dispersion, respectively. Due to the different levels of SAPT, these values are not directly

comparable, but it does however demonstrate that the BH3-O2 interaction is significantly

weaker compared to N2 with BH3.

3.3.4 Functionalized Boranes

Monosubstituted Boranes. The interaction between functionalized boranes and N2/O2

was evaluated at the M05/def2-TZVPPD level of theory. 33 unique functional groups were

examined, while the five most promising molecules for N2/O2 separation are discussed here

in more detail (Figure 3.3). The M05/def2-TZVPPD binding energies for both BH3-N2 and

BH3-O2 and the corresponding B-N distance and N-B-H angle are reported in Appendix

Table 8. The strongest interactions with N2 were obtained from structures 2 and 5 (-7.49

and -7.39 kcal mol−1, respectively). Structure 5 has the closest B-N distance and largest

N-B-H angles (1.586 Å and 104.7◦, respectively) but interestingly, structure 2 has a much

larger interaction distance of 1.609 Å while also having the strongest binding energy with

N2. Upon applying SAPT2+3(CCD)+δMP2, the energies of the five functionalized boranes

interacting with nitrogen were decomposed into the exchange, electrostatic, induction, and

dispersion terms (see Appendix Figure 3). Fragments 1 and 5 show the strongest Eexchange

due to their closer B-N distances. In all the complexes, the interaction is primarily composed

of electrostatics and induction. Within the five complexes, all showed similar stability except

52



for 5, which had a much more favorable interaction at -21.19 kcal mol−1, due to a larger

Einduction (-50.73 kcal mol−1).

Effect of Multiple Modifications to BH3. To assess the sensitivity of the binding

energies of boranes to functionalizing multiple sites, the strongest binding functional group

(-CF3 group from 2) was chosen for further studies with mono-, di-, and trisubstituted

boranes. The M05/def2-TZVPPD binding energies and SAPT interaction energies are

presented in the Appendix Table 9. The incorporation of more -CF3 functional groups

increases the B-N distance with each subsequent addition from 1.609 to 1.629 and 1.651

Å, respectively. Despite the larger distance with multiple functional groups, the interaction

and binding strength increases. The total interaction energy increases more than the binding

energies due to the increase in deformation energy. As the distance increases, the exchange

repulsion and electrostatic contribution drop, while the presence of the additional functional

groups contributes to the increased dispersion. These effects increase the total interaction

energy from -17.90 kcal mol−1 to -23.91 kcal mol−1. However, this does not translate to

considerably larger binding energy, as the deformation energies offset much of this increase.

Ultimately, appending multiple functional groups does increase the nitrogen affinity of the

borane; moving from mono-substituted to tri substituted –CF3 grants a 17% increase in the

total binding.

Effects of Functionalization at Distal Positions. The varying interaction energies

found in Appendix Table 8 demonstrate how the affinity of the borane to nitrogen can

be modified by using various electron withdrawing functional groups. In the examples

provided, the functional groups varied at the first or second atom from the boron. It is

also interesting to study whether modifications beyond the first coordination sphere will

significantly impact the electronic interaction of nitrogen with the borane. To demonstrate

this, we have examined variants of 4 due to its intermediate binding energy of -4.82 kcal mol−1

and its distal hydrogen which is available for further functionalization. Three substituted

structures considered in this study (4a-4c) are shown in Figure 3.4. In Table 3.2, the

equilibrium B-N bond distance, DFT binding and deformation energy, and the relative

weight of the attractive SAPT interactions are shown for 4 and 4a-4c, and differences in the

SAPT interactions between 4 and 4a-4c are presented in Figure 3.5. Interestingly, the bond

53



distance stays relatively static across all complexes (within 0.003 Å). However, the binding

energy differs by more than 3.0 kcal mol−1, which demonstrates distal functional groups

alter the electronic structure of the borane. We found that the methyl substitution in 4a

has the weakest binding at -4.38 kcal mol−1, whereas the cyano-functionalized 4c increases

the interaction energy to -7.63 kcal mol−1.

The SAPT2+3(CCD)+δMP2 results demonstrate how the interactions change as different

electron-withdrawing functional groups are considered (Table 3.2). The stronger binding is

tied to a higher percentage of the stability due to induction forces. Analyzing 4a in Figure

3.5, we can see electrostatics and dispersion interactions are more favorable than 4, whereas

the exchange and induction effects are less favorable. Overall, these sum to give weaker

binding than 4. For 4b and 4c, the opposite is observed; exchange and induction are more

favorable while dispersion and electrostatics terms are less favorable. This suggests that 4b

and 4c are effectively withdrawing more electron density from boron since the electrostatic

and dispersion effects are smaller due to less electron density interacting with the nitrogen.

To visualize this concretely, the difference in electron density between the boron and nitrogen

was plotted in Figure 3.6, which confirms that 4b and 4c have less electron density near the

nucleus of boron. From approximately 0.20 Å to 1.0 Å, there is an increase in electron

density, which is a result of the electron density from nitrogen polarizing toward the more

electron deficient boron atom. In the range 1.0 to 1.5 Å, 4b and 4c show lower electron

density, which corresponds to the valence electrons about the nitrogen. In contrast, 4a has

more electron density at the boron atom shows the opposite behavior: more electron density

about the nitrogen and less polarization toward boron. This finding is in agreement with the

SAPT induction ordering of 4c > 4b > 4 > 4a, which mirrors the ordering of interaction

and binding strength. Therefore, even distal functional groups can effectively change the

electronic structure and the binding of N2. Those groups that can pull electron density

away from boron allow for more polarization and induction, leading to stronger interactions

with nitrogen. In this case, distal functionalization gave a 60% increase in binding energies,

showing that such substitutions strongly influence nitrogen binding.
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Figure 3.3: Five most promising functionalized boranes with electron withdrawing groups
for N2 binding.

Figure 3.4: Structure 4 and its functionalized variants 4a-4c.
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Table 3.2: The DFT interaction energy (kcal mol−1) and distances as provided by DFT
for complexes 4 and 4a-4c. The individual attractive SAPT2+3(CCD)+δMP2 components
are also reported as a percentage of the total attractive terms, as well as total interaction
energies are also reported.

4 4a 4b 4c
∆EBinding (DFT) -4.82 -4.38 -6.29 -7.63
∆EDeformation (DFT) 11.48 11.37 11.10 11.05
∆EInteraction (DFT) -16.30 -15.74 -17.39 -18.68
B-N distance (Å) 1.614 1.613 1.616 1.616
EElectrostatic 39.2% 39.4% 38.7% 38.2%
EInduction 40.2% 39.8% 40.8% 41.5%
EDispersion 20.7% 20.8% 20.5% 20.3%
∆EInteraction (SAPT) -17.33 -16.67 -18.48 -19.68

Figure 3.5: The DFT interaction energy (kcal mol−1) and distances as provided by DFT
for complexes 4 and 4a-4c. The individual attractive SAPT2+3(CCD)+δMP2 components
are also reported as a percentage of the total attractive terms, as well as total interaction
energies are also reported.
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3.4 Conclusions and Outlook

We have performed an in-depth study on the BH3 complex with N2 and O2 using a highly

accurate CCSDT(Q)/CBS scheme for the calculation of reference binding energies. For

the BH3-N2 complex, a value -6.26 kcal mol−1 with an equilibrium distance of 1.64 Å was

obtained, while for the BH3-O2 complex a significantly weaker binding energy of -1.22 kcal

mol−1 at 2.62 Å was computed. Many DFT functionals fail to accurately describe the BH3-

N2 interaction, providing exceedingly strong interactions with truncated bond distances.

However, M05/def2-TZVPPD was shown to accurately model the binding energy, with less

than 0.3 kcal mol−1 error for both N2 and O2. The highly-accurate SAPT2+3(CCD)+MP2

level of theory was used to quantify the stabilizing interactions for many boranes, which were

shown to be bound largely due to electrostatics and induction (roughly 40% of the interaction

energies, respectively). Next, an examination of many electron withdrawing moieties was

performed using the M05/def2-TZVPPD method to determine effective functionalization for

strong interactions with N2. Additionally, the effect of adding multiple functional groups to

boranes revealed only modest ( 20%) increases in binding due to larger deformation energies

for the di- and trisubstituted boranes. Lastly, distal functionalization was shown to provide

a very effective for increasing N2 binding energies via modifying induction strength of the

borane-nitrogen interaction. Based on our results, perfluorinated (-CF3), bisulfite (-HSO3),

and functionalized formate groups (-CO2X, where X is an electron withdrawing moiety)

are suggested as promising molecular units that can enhance N2/O2 gas separations. Such

groups can be introduced in polymeric membranes or in the framework of porous materials

(eg. MOFs) for the targeted synthesis of the next generation of functional materials. The

potential oxidation of substituted boranes from molecular O2 is currently examined from

our group. These studies will provide further evidence on the utilization of such molecular

groups for efficient gas separations.
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Figure 3.6: The electron density difference between 4 and complexes 4a-4c along the
boron-nitrogen bond. The boron nucleus is located at 0.0 Å
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Chapter 4

Representation of Molecular

Structures with Persistent Homology

for Machine Learning Applications in

Chemistry

Disclosure

The following section contains an adapted reproduction of the published manuscript in

Nature Communcations taken with permission.209 Jacob Townsend and John H. Hymel and

performed the DFT calculations for this study. Jacob Townsend and Cassie Putman Micucci

worked on machine learning, method development, and manuscript preparation under the

guidance of Professors Konstantinos D. Vogiatzis and Vasileios Maroulas.

Abstract

Machine learning and high-throughput computational screening have been valuable tools in

accelerated first-principles screening for the discovery of the next generation of functionalized

molecules and materials. The application of machine learning for chemical applications

requires the conversion of molecular structures to a machine-readable format known as a
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molecular representation. The choice of such representations impacts the performance and

outcomes of chemical machine learning methods. Herein, we present a new concise molecular

representation derived from persistent homology, an applied branch of mathematics. We

have demonstrated its applicability in a high-throughput computational screening of a

large molecular database (GDB-9) with more than 133,000 organic molecules. Our target

is to identify novel molecules that selectively interact with CO2. The methodology

and performance of the novel molecular fingerprinting method is presented and the new

chemically-driven persistence image representation is used to screen the GDB-9 database to

suggest molecules and/or functional groups with enhanced properties.

4.1 Introduction

The increasing concentration of greenhouse gases has been identified as a primary factor

of many facets of environmental degradation such as higher global temperature, rising sea

levels, increased ocean acidity, and more extreme weather-related events. CO2 is the most

prominent greenhouse gas, and its atmospheric concentration has exceeded 400 ppm, which

is more than a 40% increase from pre-industrial conditions, potentially leading to a rise in

global temperatures of more than 2o C by the year 2100.4 Lowering CO2 emissions is therefore

mandatory to meet ambitions to limit temperature increases to 1.5oC.5 Advancements

in carbon capture and storage technology are desired for meeting these goals of lowered

atmospheric greenhouse gas emissions and reduced global temperature increases year to

year. At an industrial level, liquid amine-based solvents are used for separation and capture

of CO2 via chemisorption, but the solvent regeneration step is an energy intensive process.

Membrane-based technologies offer an alternative, cost-effective process for CO2. Unlike

solvents, where chemisorption involves a reaction with binding strengths exceeding 20 kcal

mol−1 through the creation of chemical bonds between CO2 and solvent, membranes utilize

much weaker noncovalent interactions. Different types of materials have been suggested

for the fabrication of permeable membranes including amorphous, non-porous polymeric

membranes,210–213 or crystalline materials with permanent porosity such as metal-organic

frameworks (MOFs) or zeolites.135
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The understanding of how the atomistic structure of materials affects the gas selectivies

is a crucial process for the development of more efficient carbon capture technologies.

Most often, this involves the separation of CO2 from N2, which are two atmospheric gases

with similar kinetic diameters, making size-sieving a challenging task. The introduction

of functional groups which selectively interact with CO2 has been a successful approach

for increasing membrane performance.22,213 Such CO2-philic functional groups (usually

Lewis bases) can be either introduced into the framework of porous crystalline materials

(e.g., MOFs) or functionalized into the repeat units of non-porous polymeric membranes.

Electronic structure theory calculations between molecular units and the respective gases

provide a quantification of these noncovalent interactions, as well as elucidate their nature

and properties.16,24,27,51,214–216 However, the number of potential CO2-philic groups is

intractably large, which leads to an excessive study of such systems with accurate ab

initio methods. In addition, the determination of gas interaction energies may require

multiple calculations to evaluate competitive gas binding sites for every structure, which

further increases the computational cost and expert intervention. However, high-throughput

computational screening can accelerate the discovery of new, functional materials for rational

synthesis through the circumvention of the expensive and time-demanding synthesis and

testing process.217,218

High-throughput computational design has shown great success in identifying new

molecules47,58 and materials219–222 with enhanced properties and advanced functionality.

For many applications, first-principles studies are essential to virtual screening, but the

high computational cost of these methods makes the search of large parts of the chemical

space cost-prohibitive. In recent years, machine learning (ML) has become a valuable

tool in reducing the cost of a systematic chemical space exploration by enhancing the

search for structure-property relationships,223–225, guiding molecular design,48,49,226,227 and

predicting electronic structure properties.228–231 ML algorithms are used for their ability

to learn complicated relationships in data with high computational efficiency that can be

systematically improved through additional training data, but may require extensive training

set sizes before predicting out-of-sample properties accurately. The efficiency of ML depends

on how these data are passed to the algorithm. For chemical applications, this occurs through
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molecular representations, which are the featurization of molecular compounds from their

molecular structure into a vector of values. The ML algorithm then infers the relation

between the structure and the property of interest. Recent developments in the formulation

of molecular representations, particularly in the realm of quantum properties and structure-

function relations, have increased the efficiency of ML for chemical applications.232–238

In addition, such representations generalize to more complex instances such as reaction

barriers.239 Despite the inherent ability of ML to extract important features, ML-model

accuracy is dependent on the molecular representation.

A molecular representation reduces the dimensionality of a molecular structure into a

chemically meaningful format that relays important chemical information. For example, a

chemical formula conveys a three-dimensional molecule as a string of characters but it is

an ambiguous input for ML. Atomistic and molecular structure should be converted into a

machine-readable format that can be parsed efficiently to ML algorithms as input features.

One of the most prominent representations is the Coulomb matrix (CM) introduced by

Rupp et al., which is a square atom-by-atom matrix containing an approximate potential

energy of the free atom along the diagonal and pair Coulombic potentials on the off-diagonal

terms.230 An improvement over CM is typically observed using the Bag-of-Bonds (BoB)

representation, where each atomic pair is placed in specific vectors (bags) based off the

elemental pairs and sorted by value.228 Faber et al. have developed FCHL, a representation

based on Gaussian distribution functions for the universal kernel ridge regression-based

quantum machine-learning models.240 In addition, the smooth overlap of atomic positions

(SOAP) representation241 calculates the local density of atoms around all atoms in a given

chemical environment but suffers from an increased computational cost over the pairwise

CM and BoB representations.

Herein, we present a new molecular representation scheme based on persistent homology,

a branch of computational topology. Application of persistent homology on molecules

encodes three-dimensional structural data into two-dimensional persistence images. Since

persistence images hold topological features of chemical structures, we are suggesting them

as alternative molecular fingerprints which are transposed into ML input and used to identify

relationships in the data. A molecular representation is introduced for encoding chemical
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structures, which is applied in the prediction of interaction energies of organic molecules

with gas molecules. Persistence images offer a similar-size ML vectorization regardless of

system size, and a numerical example is given as a proof of this concept. Whereas CM and

BoB do not provide a constant-size representation by this definition, it is effectively achieved

through padding empty cells. However, the input vector space takes the dimensions of the

largest molecule in the data and requires significant padding for smaller molecules, whereas

the introduced method has a predefined vector size regardless of number of atoms. It has

been suggested that using feature vectors with sizes independent of system size may result

in improved generalization between small and large systems.242 The new method is used for

screening a large database of organic molecules for the discovery of CO2-philic functional

groups.

4.2 Results and Discussion

4.2.1 Persistence Diagrams.

The mapping of molecular structure to a chemically driven persistence image entails

several steps. First, the molecular homological features, which measure the connectedness,

proximity, and the empty space among the atoms, are computed and stored. These

homological features are summarized in a persistence diagram (PD).243–255 A PD encodes

molecular features such as bonds and rings. The PDs can then be vectorized into a persistence

image256 (PI) for use as a molecular representation. However, employing persistent homology

and its derivative, PI, purely focuses on detecting topological attributes but lacks explicit

incorporation of key chemical information such as element identity, leading to limited

applicability in molecular systems. Here, we describe the application of persistent homology

with domain-specific knowledge for the generation of persistence images based on atomic

properties. The basic steps are presented in the following paragraphs. Anisole was selected

as a representative example because it contains two distinct functional units (phenyl and

methoxy groups).
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To construct a persistence diagram for a given molecule, spheres of a given radius centered

at each atom are considered and, as the radius increases, the spheres intersect and lead to the

evolution of homological features, called connected components and holes. The connected

components encode interatomic distances, while holes describe molecular attributes such as

rings and functional groups.

The PDs hold information about the generation or birth and the lifetime length or

persistence of connected components and holes. The placement of a birth is denoted by

its location along the x-axis of the PD, whereas the persistence is denoted by its location on

the y-axis. Birth of connected components occurs at 0, since every atom is given an initial

sphere with radius 0 at the start of the algorithm (see anisole as an example on Fig. 4.1).

The spheres are then systematically expanded (Fig. 4.1a, d, g, j, and m) until spherical

intersections occur, which effectively generate a new connected component by merging older

ones. The persistence of connected components is then recorded on the associated PD.

In some sense, a PD records the time in terms of spheres’ radii for the atoms to form a

single cluster. For anisole that is used here as an example, four different types of connected

components are generated. The first two appear at 1.1 and correspond to the C–H bonds of

the methoxyl and phenyl groups, respectively. The other two appear at 1.4 and correspond

to the C–O and C–C bonds, respectively. This means that the units of the two axes are

given in angstroms (Å). When sphere intersections lead to the formation of connected atoms

(connected component) on a ring, for example when all the six spheres of the phenyl carbons

have met, a hole is generated (Fig. 4.1l). The death of a hole occurs when all spheres that

form a given hole intersect, and its persistence is recorded on the persistence diagram (Fig.

4.1o).

It becomes now evident that the connected components depend on the distances of

neighboring atoms and the holes correspond to topological features of the functional groups.

Two holes are now formed for the anisole example of Fig. 4.1, which correspond to

the phenyl and methoxy groups. These holes are unique for each respective unit and

differentiate between different conformations of the same molecule and subtle differences

in geometry.257–259
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4.2.2 Chemically Driven Persistence Images as Molecular Repre-

sentations.

The PD is vectorized into a pixelized image, called persistence image (PI), which is a stable,

computationally tractable representation.256 PIs are constructed by placing a Gaussian kernel

centered at each point on the PD as it is highlighted for anisole in Fig. 4.2, where the pixel

intensity corresponds to the multiplicity. For example, five C–H pairs in the phenyl group,

three C–H pairs in the methyl group etc. Next, the surface is transferred into pixel values

(Fig. 4.2b, c). The resulting image effectively encodes the molecular geometry.

The transformation of a PD to a PI may lead to inconsistencies if all atoms are treated

identically, especially when molecular structures with the same geometries but different

atom types are encoded into a PI. For example, the diatomic molecules HBr and F2 have

approximately the same bond distance (1.41 Å), and therefore generate the same PI (Fig.

4.2f, g, respectively). To ameliorate this shortcoming, we introduce atomistic information in

the variance of the Gaussian kernels that yielded a PI. The variance determines the spread

of the kernel, or how “smeared” each point on the PD is when placed onto the PI. This

variance is chosen based on the atom type that created the point in the PD. Specifically,

we define the variance in the persistence images by the difference in electronegativity for

connected components. Electronegativity differences are chosen because they provide a

general description between the nature of different bonds. For the example of HBr and

F2, HBr has a very polar chemical bond, whereas molecular fluorine is nonpolar. Large

variance is provided to atom pairs with large electronegativity differences, which ultimately

generates unique PIs (Fig. 4.2h, i, respectively). Our new chemically driven persistence

image differentiates between molecules which have similar geometric configurations but

different atomic compositions.

Another important feature is related to the dimensionality of the PI molecular repre-

sentation which remains of the same order with respect to the molecular size as we show

empirically in Appendix Fig. 4. This is what we call herein a similar-size representation. For

example, for a small molecule like anisole that is composed of 16 atoms, a 3 Å by 3 Å PD was

generated. The equivalent PD of a medium-size molecule such as the tert-butylcalixarene
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(105 atoms) is of comparable size (4Å by 4Å). Similarly, the PD of a large structure, the

main protease of the new coronavirus identified as COVID-19260 (shown in Appendix Fig.

5)in complex with an inhibitor N3 (2500 non-hydrogen atoms) has size of 6 Å by 6 Å. As

it was mentioned in the earlier, a similar-size representation is desirable for many chemical

applications.242

4.2.3 Performance of Persistence Images as Molecular Represen-

tations.

Here, we demonstrate the performance of the chemically driven PIs on an application

relevant to green chemistry. Our aim is to screen a large molecular database in order to

discover molecular groups that show a stronger affinity for CO2 interaction over N2. Such

molecular groups can be introduced in polymeric materials for the development of the next

generation of functional gas separation membranes. Since it is desirable to avoid any density

functional theory (DFT)-optimized geometries as input for ML models, which introduce a

significant computational bottleneck for the screening of large molecular databases, we resort

to structures generated by the OpenBabel261 software package (gen3d function). Our target

is to train a ML model that maps low-cost geometries with accurate quantum chemical data,

so it can provide reliable interaction energies for molecular species with geometries generated

on-the-fly. We tested the performance of PI as alternative molecular representations that

effectively encode chemical structures. The initial subset of 100 organic molecules was used

and their interaction energies of each of these structures with CO2 and N2 were computed

by means of DFT. We also wanted to compare PI with the widely utilized Coulomb matrices

(CM), Bag-of-Bonds (BoB), FCHL, and Smooth Overlap of Atomic Positions (SOAP)

representations, since each of these are produced with little computational burden and

widely implemented in a number of programming libraries.262–264 PI, CMs, BoBs, FCHL,

and SOAP representations were generated for each structure and the performance of each

representation scheme was evaluated for the prediction of gas interaction energies. For

each scheme, a variety of machine-learning algorithms were tested, including random forest,

Gaussian process regression, and kernel ridge regression. Overall, two machine-learning
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Figure 4.1: Graphical representation of the evolution of the persistent diagram (PD) for
anisole. a Each atom of anisole is represented by a point. Each connected component is
born at time birth = 0 in the evolution of b homological features plot and c PD. Each
bar at the evolution plot tracks the connected components or holes. Note that there are
16 overlapping points in the PD associated with the number of atoms. d-f The radius of a
sphere centered at each atom is increased, and the connected components continue to persist
so the persistence of a connected component is not in its final location. g-i When the radius
increase leads to sphere overlap between atom pairs, the connected components on the PD
are finalized. A hole is created by the six carbon atoms of the phenyl group, and a blue
triangle appears in the persistence diagram to indicate its birth. j-l The radius is again
expanded, and the hole (phenyl ring) still persists. m-o A second hole is formed between
the methoxyl group and the two carbons of the phenyl group. The death of both holes occurs
when their corresponding spheres intersect. The final PD is obtained when the death of all
but one connected component and all holes are observed. Note that the bottom bar never
terminates and it is always excluded from the PD.
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Figure 4.2: Generation of a persistence image (PI) from a persistence diagram (PD).a PD
of anisole, as shown in Figure. 4.1. The PI for b connected components and c holes. The
molecules d HBr and e F2 have the same bond length, resulting in equivalent features on the
persistence diagram. Without incorporating the chemically driven PI, the representations
in f and g are equivalent. By incorporating the pairwise electronegativity difference into
the variance of the Gaussian kernel, the input vectors h and i for the two molecules are
distinguished by the variance of the vector for HBr.
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models were trained per molecular representation scheme, one for CO2 and one for N2

interaction energies. The 10-fold cross validation root-mean-squared error (RMSE) for the

five trained models on the CO2 energies are shown in Fig. 4.3. The error bars represent the

standard deviation of the RMSE. Similar results were obtained for N2 interaction energies

(see Appendix Figure 6). Comparing the best learners for each representation, CM showed

the highest deviation (RMSE of 0.63 kcal mol−1), followed by BoB and FCHL (RMSE of

0.52 and 0.50 kcal mol−1, respectively). The most accurate models were PI with kernel ridge

regression (Laplacian kernel, 0.44 kcal mol−1) and SOAP with kernel ridge regression (linear

kernel, 0.41 kcal mol−1), where PI showed a tighter variance, yielding a higher confidence in

the predictions.

4.2.4 Screening the GDB-9 Database.

High-throughput computational screening using ML is an efficient method to survey

molecules for numerous chemical applications. Here, we are applying the PI method

for identifying molecules and functional groups that enhance CO2 interactions with little

computational cost. ML models trained on DFT-quality data can estimate DFT-quality

results for hundreds of thousands of systems within seconds, while the explicit computation

at the DFT level is a cost-prohibitive process. The GDB-9 database265 was screened, which

includes 133,885 organic molecules containing no more than nine non-hydrogen atoms to

determine the most promising molecules for CO2 binding.

The data from the initial 100 organic molecules discussed in the previous section

do not adequately capture the properties of the chemical space spanned by the GDB-9

database. The initial training set can be considered as biased since it contains largely N-

containing heterocycles with small functionalizations on aromatic carbons. For surpassing

this limitation and reliably screening the full GDB-9 space, we applied a methodology known

as active learning. In active learning, the training set is systematically expanded to capture

the necessary missing physics to accurately predict for the targeted space. The top 40

molecules were selected with respect to predicted CO2 interaction strength and further

investigated by the MD/DFT scheme described in the section 2.1.3. Therefore, the training

set was expanded to better infer the relationship between the molecular representation and
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the chemical space spanning the GDB-9 database. We have repeated this processes four

times by considering different yet optimized molecular representation methods (CM, BoB,

SOAP, and PI). The individual steps that were followed are shown schematically in Fig. 4.4

and analyzed in the next paragraphs.

Three iterations were performed with each representation scheme together with the

optimized machine-learning algorithm, as it is discussed in the previous section. Thus,

the kernel ridge regression (Laplacian) was used for CM and PI, Gaussian process regression

for BoB, and kernel ridge regression (linear) for SOAP. The active-learning process resulted

a total of 220 data points, i.e., 220 molecular structures with their corresponding CO2 and

N2 interaction energies computed by DFT per method. The distributions of the interaction

energies of these molecules for each method are visualized in Fig. 4.5. We set a mark

at 6.0 kcal mol1 for molecules with significantly strong CO2 interaction energy. The first

iteration contains only the original 100-molecule training set. By expanding the training set

with the 40 molecules from the first iteration, the next 40 best-predicted molecules from the

model that utilizes the PI representation have significantly improved. On the contrary, no

significant changes were observed from the other three models. By the third iteration, the

CO2 distribution from CM, BoB, and PI remained almost unchanged, while a small shift

toward stronger interaction energies was found for the SOAP model. Overall, PI showed

the greatest performance since each respective iteration increased the number of promising

structures, from 10 (first iteration) to 43 (second iteration), and ultimately to 75 out of

120 molecules. Active learning with the PI molecular representation has systematically

expanded the training set to better represent the chemical space of the dataset, yielding more

reliable predictions every round. Since promising structures are rare within the dataset, this

strategy allows the model to account for these rare instances within the training set in a

way that would be impossible with a randomly chosen training set. In addition, the three

top candidates for CO2 separations were found to demonstrate stronger interaction energies

than 6.50 kcal mol−1, which are shown in Fig. 4.6 (bottom, right). Our computational

procedure allowed us to discover new molecules with higher CO2 affinity that combine

previously unknown binding motifs. In particular, we found that cooperative effects between

N-containing heterocycles with amino or hydroxo groups at ortho position increases the CO2
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Figure 4.3: Root-mean-square error (RMSE, in kcal mol−1) of CO2 interaction energies.The
automated OpenBabel-generated structures were used for each molecular representation
model. The error bars represent the standard deviation of the RMSE.

Figure 4.4: Flowchart of the intermediate steps followed for the high-throughput
computational screening of the GDB-9 database. a The three active- learning steps starting
from a model with 100 molecules (Model 0), b the results obtained from DFT, and c the
screening of the GDB-9 database.
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strength. The lone electron pair of nitrogen induces a dipole moment on CO2 that allows

stronger interactions with hydrogen atoms of the NH2 and/or OH functional groups.

After completing three iterations of active learning, the full dataset (220 molecules) is

used to create a ML model for predictions on the whole GDB-9 database. For comparison,

the database was screened with the four different models, where each of them uses a different

molecular representation method (CM, BoB, SOAP, and PI) and data generated from the

corresponding active-learning steps. The optimum learner for each method was used, as

it was discussed in the previous section, except for BoB, where the kernel ridge regression

(linear) was applied. Figure 4.6 includes a plot for each model, where all predicted N2

and CO2 interaction energies are on the x- and y-axis, respectively. Only the method that

utilized the PI molecular representation was able to identify 4,5-diamino-1H imidazol-2-ol

as one of the molecules with the strongest CO2 affinity as indicated with an orange dot on

each plot of Fig. 6. 4,5-diamino- 1H-imidazol-2-ol was part of the training set introduced

in the second step of the active-learning process (Fig. 4), and has a DFT CO2 interaction

energy of 7.41 kcal mol−1. All methods agree that the majority of the molecular entries of

the GDB-9 dataset have a mean CO2 interaction energy centered between 3.0 and 4.0 kcal

mol−1 and a N2 interaction energy at 2.0 kcal mol−1. Most of the molecules have predicted

CO2 interaction energies between 3.0 and 5.0 kcal mol−1, which emphasize the difficulty

in determining new molecules with high CO2 affinity. However, CM and BoB were less

effective in identifying rare instances. On the contrary, results from SOAP were significantly

scattered, and predicted many cases with false CO2 interaction energies close to 0 kcal

mol−1 (in a few cases, SOAP even predicted repulsive interaction energies). Interestingly,

training of machine-learning models with the CM, BoB or the SOAP representations that

utilize the molecules identified by active learning with the PI representation yielded more

concise distributions, while all models identified the molecular species with the stronger CO2

interaction energy among the top candidates. In other words, PI provided higher quality

data for all methods. Therefore, the model that utilizes PIs for molecular representations

provided the most consistent distributions for both CO2 and N2 interaction energies. The

PI screening revealed a total of 44 of the 133,885 molecules with CO2 interaction energies

exceeding 6.5 kcal mol−1. DFT calculations were performed for verification of these results. It
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Figure 4.5: CO2 interaction energy distribution shown as horizontal violin plots for the
first, second, and third active-learning steps. (a) CM, (b) BoB, (c) SOAP, and (d) PI.
The height of the shape shows the frequency of occurrences, the white dot along the axis
iteration depicts the median, and the bold line the middle 50% of the data. The thinner line
corresponds to the range of all the data. The dashed line at 6.00 kcal mol−1 marks cases
with stronger CO2 interaction.
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should also be mentioned that SOAP needed 88,287 s for screening the full GDB-9 database,

while the screening with the novel PI representation was almost 40 times faster (only 2219

s). All screenings were performed on an Intel i5-4278U processor.

4.3 Conclusions

A novel molecular representation utilizing persistence images with embedded chemical

bonding information has been introduced for predicting DFT-quality CO2/N2 interaction

energies. From our investigation, this new chemically driven persistence image is a concise,

computationally efficient, and effective representation that generally outperforms other

representations for prediction of CO2 interaction energies since the computational cost is

low and does not suffer from dimensionality problems. This representation accounts for

underlying topological structure in the molecule, providing a method to control uncertainty

due to differing geometric configurations. The new methodology has been applied for the

screening of the GDB-9 database to suggest new CO2-philic moieties. By using an active-

learning approach, our ML-based screening was able to identify many promising molecules

in the GDB-9 database despite a very small training set (220 molecules). Specifically,

44 molecules were identified that exceed -6.5 kcal mol−1 CO2 interaction energy. In

addition, candidates that may exhibit strong CO2 interactions while maintaining weak N2

interactions were examined, yielding a strategy for identifying species with potentially strong

gas separation capabilities. Ultimately, chemically driven persistence images are promising

molecular representations for larger supermolecular systems due to compact vectorization.

Therefore, we believe that the chemically driven PI molecular representations can be applied

in a plethora of chemical problems. The PI method described herein relies on a topological

representation of a molecular compound that allows a flexible summary of the diversity

of the atomic geometries. Due to this flexibility in terms of topological equivalence, the

PI is robust and provides accurate predictions in contrast to other methods that need to

learn rigid geometric representations. We are currently expanding the applicability of the

novel molecular fingerprinting method to high-throughput screening of molecular databases

for catalysis and ligand-based lanthanide/actinide separations. For this type of chemical
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Figure 4.6: Predicted CO2 and N2 interaction energies (in kcal mol−1) for all molecules
in the GDB-9 database using four molecular representation models. (a) CM, (b) BoB, (c)
SOAP, and (d) PI. Only the model that utilized the PI molecular representation was able
to identify 4,5-diamino-1H-imidazol-2-ol (inset) as the strongest CO2-philic groups (shown
with an orange dot on each plot).
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applications, additional features are taken into consideration, such as intensity normalization

when a PI is generated from the corresponding PD and predictability of properties of larger

molecules from data generated from smaller ones.
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Chapter 5

Data-driven Acceleration of the

Coupled-Cluster Singles and Doubles

Iterative Solver

Disclosure

The following section contains an adapted reproduction of the published manuscript in

Physical Chemistry Letters taken with permission.266 Jacob Townsend performed all work

in the manuscript under the supervision of Professor Konstantinos D. Vogiatzis.

Abstract

Solving the coupled-cluster (CC) equations is a cost-prohibitive process which exhibits poor

scaling with system size. These equations are solved by determining the set of amplitudes

(t) that minimize the system energy with respect to the coupled-cluster equations at the

selected level of truncation. Here, a novel approach to predict the converged coupled-

cluster singles-and-doubles amplitudes, thus the coupled-cluster wave function, is explored by

using machine learning and electronic structure properties inherent to the MP2 calculation.

Features are collected from quantum chemical data, such as orbital energies, one-electron

Hamiltonian, Coulomb and exchange terms. The data-driven CCSD (DDCCSD) is not an
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alchemical method since the actual iterative coupled-cluster equations are solved. However

accurate energetics can also be obtained by bypassing solving the CC equations entirely. Our

preliminary data shows it is possible to achieve remarkable speedups in solving the CCSD

equations, especially when the correct physics are encoded and used for training of a machine

learning models.

5.1 Introduction

The coupled-cluster singles and doubles with perturbative triples (CCSD(T)) has become

the “gold standard” in computational chemistry since it can provide accurate electronic

energies and properties for molecules with a single-reference ground state.267,268 The

CCSD(T) scheme has been applied in a plethora of computational studies since it provides

accurate atomization energies,269,270 reaction barriers,271–273 noncovalent interactions,214,274

and more. However, conventional CCSD(T) is a computationally intensive method in

terms of CPU time and disc space, which limits its applicability to small and medium-

size molecular systems; a large basis close to the complete basis set (CBS) limit are needed

for achieving the expected accuracy. Solutions to the slow convergence with respect to the

basis set include extrapolation schemes183,269,275–277 and addition of two-electron functions

that explicitly depend of the interelectronic r12 distance (explicitly correlated methods or

R12/F12 methods).177,178,278,279 Alternative methodologies that speed-up CC schemes are

the exploration of the locality of electron excitations,80 fragmentation schemes,17,280 pair-

natural orbital (PNO) expansions,17,280–283 linear scaling methods,284 and high-performance

computing.285 Herein, we present a novel approach towards implementing low-cost, highly

accurate CC calculations through machine learning (ML). The data-driven coupled-cluster

(DDCC) scheme uses ML for the accurate prediction of the double excitation amplitudes, tabij .

A new wavefunction is generated which aims to replicate the converged CCSD wavefunction.

The machine-learned wavefunction can either be used directly for accurate CCSD-level

observables, such as energy, at MP2-level cost, or as an improved guess for the tabij amplitudes,

which reduces the number of iterations to converge the CCSD equations.
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In recent years, machine learning has had an increased role in chemistry as a promising

technique since is fast and scalable for a broad range of chemical applications. ML has

been widely applied in determining potential energy surfaces286–297 and has been recently

applied as an efficient method for screening the chemical space for quantum-level accuracy

prediction and materials discovery.55,239,298–301 Achieving quantum-level accuracy at low

computational cost has received much attention due to developments in machine-learnable

molecular representations such as Coulomb matrices,230 Bag-of-Bonds302 and many other

fingerprinting methods.228,238,303–308 However, these methods ultimately rely on mapping

molecular geometries to properties, which can require extensive amounts of training data

and may have limited transferability between systems. Additionally, this may require

the optimization of chemical structures in order to properly relate molecular structure to

function.

In contrast to mapping properties from molecular structure for the study of materials,

ML has been used to improve the electronic structure description directly. For density

functional theory (DFT)-based approaches, ML has been applied to directly learn the

electron density and for development of exchange-correlation functionals.60,309–311 Recently,

there have also been developments in applying ML to wave function-based methods. For

instance, Coe has developed a technique for choosing important electronic configurations in

a selected configuration interaction (CI) expansion.69 Additionally, there have been several

implementations to predict coupled-cluster energies using electronic structure techniques.

McGibbon et al. have developed spin-network-scaled-MP2 (SNS-MP2), which uses Hartree-

Fock, MP2 (second-order Møller-Plesset perturbation theory), and symmetry adapted

perturbation theory (SAPT0) calculations coupled with an artificial neural network (ANN)

to predict noncovalent interaction energies at the CCSD(T) level.312 Margraf and Reuter

developed a method to predict CC correlation energy on systems by implementing a

transformation on a subset of the largest MP2 amplitudes modified using a transformed

tensor representation.78 Their technique uses features independent of the number of atoms

and includes only electronic structure features but does not demonstrate transferability

across different molecular systems. Lastly, Welborn et al. have presented a ML method

for predicting CCSD energies based on Hartree-Fock localized molecular orbital features,
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yielding an accurate method with promising chemical transferability.73 These previous ML-

CC methods have used MP2 or HF wave functions to predict CC energies. Building on these

ideas, we present a data-driven approach that uses the MP2 wave function and its implicit

properties to predict the CCSD wave function. This new DDCCSD wave function can be

used as a starting guess for CCSD iterations for faster convergence of the CC equations

or implemented as a low-cost improvement to the MP2 wave function for more accurate

properties and energetics.

The CC ansatz uses an exponential form, where the cluster operator typically acts on a

canonical Hartree-Fock (HF) reference:

|ΨCC〉 = eT̂ |Ψ0〉 (5.1)

T̂ is the cluster operator and Ψ0 represents the HF reference wave function. The cluster

operator is truncated for practical purposes, and the most common implementation uses

only explicit singles-and-doubles excitations (CCSD). The correlation energy is given by:

ECCSD
corr =

∑
a<b,i<j

〈ij||ab〉tabij +
∑

a<b,i<j

〈ij||ab〉tai tbj (5.2)

where ij and ab refer to occupied and virtual orbitals, respectively, and tai and tbj are the

one- and two-excitation amplitudes that are determined through the iterative solution of the

CC equations. Conventional CCSD uses as an initial guess the MP2 amplitudes:

tabij[MP2] =
〈ab||ij〉

εi + εj − εa − εb
(5.3)

where εk corresponds to the energy of the respective orbital, k. These amplitudes and

properties of such orbitals will ultimately comprise the feature set used to design a ML-

based wavefunction.

To produce a model that is general enough to be transferable to molecular systems of

varying size, orientation and atom composition, the features are restricted to electronic

structure properties and, therefore, the features do not explicitly incorporate the identity or

position of any of the atoms. Additionally, all the features consist of values already obtained
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in the HF or MP2 calculation, adding no additional cost for the generation of the feature

set. An obstacle in applying ML to quantum chemical applications is dimensionality: i.e.

how do we frame an input feature matrix of amplitudes when the number of amplitudes

changes for all systems? Molecular representations of molecules such as the Coulomb Matrix

have used padding, where all empty cells are filled with zeros.230 Here, the size of the input

and output matrices will vary, and for the case of amplitudes, the size of the matrix of

amplitudes is (Mocc)
2(Mvir)

2, where Mocc and Mvir corresponds to the number of occupied

and virtual molecular orbitals, respectively. However, this is overcome as the implemented

model predicts each amplitude independently. Therefore, only the properties of one instance

of a double excitation will be considered by the ML model at a time.

For a given double excitation, many elements from the Fock, Coulomb, and exchange

matrices are collected, which can be considered as an extension of the approach taken by

Welborn and coworkers.73 For each double excitation, the following are collected:

• Orbital Energies (as well as the broken-down contributions to these energies from the

one-electron Hamiltonian matrix (h), Coulombic matrix (J) and exchange matrix (K),

which come from the diagonalization of their respective matrices)

• Coulombic and exchange integrals

• Whether two promoted electrons go into same virtual orbital or not (value of 1 or 0)

• Two electron integral

• MP2 denominator

• Initial MP2 amplitude (see Eq. 5.3)

These features and some mathematical transformations comprise the 30 features for each

doubles excitation. Such selection of features provides a representation that contains

properties analogous to the HF method used to generate the features; the predictions are

invariant to rotation and translation. However, the predictions may not be invariant towards

different localization schemes, and therefore, it necessitates the use of the same scheme for

the generation of the MOs. It may be beneficial to use localized molecular orbitals, as
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many of the amplitudes would tend toward zero values at increasing distances between

atoms, which is encoded in the feature set by proxy through the Coulombic integrals.73

The standard molecular orbitals are delocalized, and this may lead to more non-vanishing

amplitudes However, the performance change for such an implementation will be examined

in a future study. The k-Nearest Neighbors (k-NN) algorithm was used for the ML-prediction

of the double excitation amplitudes. k-NN’s have several distinct advantages for a proof-of-

concept. First, they are conceptually simple: they measure the distance of a test sample in

the feature space from the training samples, take the k closest neighbors and predicts with the

average value of those neighbors. In this way, it does not make assumptions about the data

and is strictly instance-based learning. Most ML methods fit with a mean squared error loss

function, and this would lead to fitting the largest amplitudes more accurately and ultimately

neglecting the smaller amplitudes. This was shown to be problematic when attempting to use

the ML-predicted wave function as a starting point for iterations to calculate the converged

CCSD wave function. However, k-NN’s avoid the need for scaling amplitudes as they are

not trained via a loss function. Accurate predictions with a simpler method such as k-

NN are promising for future implementations using more sophisticated ML algorithms. By

default, k-NN algorithms weigh the distance in feature space for all features equivalently.

This involves calculation of the Euclidean distance:

d(p, q) =
√

((q1 − p1))2 + (q2 − p2))2 + ...+ (qn − pn))2 (5.4)

d(p, q) represents the distance measured by the k-NN, p and q represent a given test and

training sample respectively, and the subscripts denote the feature number up to n features.

In practice, this means all features distances contribute equally in their importance toward

the calculated total distance used to decide the nearest neighbor, which is undesirable for

this implementation, as all the features may not contribute equally or perhaps a small error

in a certain feature is more significant than another. This can be visualized by the modified

Euclidean distance:

d(p, q) =
√

[(x1(q1 − p1))]2 + [x2(q2 − p2))]2 + ...+ [xn(qn − pn))]2 (5.5)
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where the feature weights, xn, were determined via a grid search on the scaled data to

optimize their weights. The most significant features include the corresponding two-electron

integral, the MP2-predicted double excitation amplitude, the orbital energy differences, and

whether or not the two promoted electrons are being excited into the same virtual orbital.

Optimized weights are listed in the Supporting Information. The features were scaled using

a MinMaxScaler in the Sci-Kit Learn313 module to accentuate and normalize the distances

between points in the feature space to allow for a truer recognition of neighbors. All k-NN

models were also implemented in Sci-Kit learn313 with the one nearest neighbor (k = 1),

which was shown to have the best performance. All HF calculations were performed in

the Psi4105 program. The MP2 and coupled-cluster calculations were performed using the

Psi4Numpy314 spin-factored CCSD implementation.315 The implementation of the DDCC

code described herein uses the CCSD code modified to generate the ML features and predict

the CC wave function using k-NNs. All ML results included use the ML predicted double

excitation amplitudes (tabij ) as initial guess, and both tai and tabij are further converged as in

the conventional CCSD scheme. All structures were generated from simulations at 200K

using the OPLS-AA force field,93 as generated by LigParGen94 and implemented in the

LAMMPS95 software.

5.2 Results and Discussion

5.2.1 Single Molecule Prediction: H2O as a Test Case.

There are two metrics that will be used to evaluate the effectiveness: (1) energy differences

between the converged CCSD energy and the starting energy before performing iterations

and (2) the number of iterations until convergence. Errors in energy will be reported as the

mean absolute error in mHartree (mEh). Another metric to determine the accuracy of the

method will be the percent improvement over MP2:

Percent Improvement = (1− ∆EML

∆EMP2

) ∗ 100 (5.6)
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∆E corresponds to the energy difference between the converged CCSD energy and the

initial energy calculated before iterations, and the subscripts ML and MP2 correspond

to the respective method’s energies. The CCSD iterations include also the relaxation of

the single excitation amplitudes, but since their number is significantly smaller than the

double excitation amplitudes, we have followed their standard initialization (set to zero

and solved separately). The projected equations for the tai amplitudes were solved for

all schemes discussed in the next paragraphs. The method was investigated on a set of

water molecules at different geometries generated with OPLS-AA.93 The performance of the

method is evaluated on a sample of 1, 5, 10, 20, 40, and 100 water molecules in the training

set, and the trained models were tested on a different set of 50 water molecules. The results

for both energy differences and iterations for the STO-3G,316 cc-pVDZ,184 aug-cc-pVDZ,317

and aug-cc-pVTZ317 basis sets are presented in Figures 5.1 and 5.2. Even training on one

molecule, the error in energy is significantly lower than the MP2 error, which is depicted for

the aug-cc-pVTZ basis set (Figure 5.1, inset). By systematically increasing the number of

molecules in the training set, the average deviation from exact CCSD significantly decreases.

The larger basis sets require more training examples to reduce error due to the increased

number of amplitudes, however they all show systematic improvement in the expansion of

training molecules, and with 10 training structures, all the average deviation is from CCSD

is sub-mEh. With 40 training examples, the average deviation for all basis sets is below

0.2 mEh, or approximately 98% of the difference between MP2 and CCSD. By using 40

molecules for training, the energy difference from the true CCSD correlation energy has

nearly converged (Figure 5.1) and thus, 40 training examples will be used in the following

applications, unless otherwise noted.

Another important consideration is the number of steps (iterations) taken to solve the

CCSD equations. By building the wavefunction with the DDCC amplitudes, the number

of steps to convergence is reduced significantly (Figure 5.2). Conventional CCSD converges

in eight iterations for all basis sets, except cc-pVDZ which converges in seven steps. The

100-water k-NN models result in up to a 40% reduction in iterations in the test set.
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Figure 5.1: Average absolute deviation from the DDCC energy with the converged CCSD
energies for the 50 waters in the test set by varying the size (number of waters) in the
training set for four basis sets. For comparison, the MP2 deviation from the CCSD results
in included for the aug-cc-pVTZ basis set.

Figure 5.2: Number of steps to converge the CC equations based on the number of training
molecules in the training set.
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5.2.2 Transferability: Data from Seven Small Molecules.

DDCC is able to predict better starting amplitudes for the coupled-cluster wave function

than MP2. For demonstrating transferability and model performance, we have trained ML

models where electronic structure data from other molecules are used which are tested on a

set of seven small molecules. Eight different models were created using electronic structure

data from seven different molecules obtained with the 6-311G basis set318: water, methane,

ethylene, ethane, methanol, ammonia and formaldehyde. Each model was trained on one

molecule type and tested on all seven (ML-molecule name of Figure 5.3). Additionally, an

eighth model was trained using electronic structure data from all of the molecules combined

(ML-All of Figure 5.3). Figure 5.3 shows the summary of the results from these calculations

on sets of 50 test molecules in the form of a heat map which plots the percent improvement.

A remarkable percent improvement is achieved when each molecule uses a model trained

from data of the same type of molecule (diagonal of Figure 5.3). Off-diagonal cases show

varying degrees of accuracy. For instance, formaldehyde test cases see a large percent

improvement from the model trained on water whereas, it does not perform better with

the model trained on ethylene. Such performance enhancements are not intuitive, and it is

unclear when a performance enhancement will occur, but it is probably related to lack of

data that capture the physics (vide infra) of a specific atom type. For example, the ML-

water model predicts well (80% improvement or greater) for five of the seven molecules, but

its energy is not well predicted by the models generated from other molecules. However,

the ML model trained on the data with all seven molecules shows impressive improvement

for all molecules with at least 98% improvement, which corresponds to less than a 0.5 mEh

error for all molecules. Additionally, a 15-60% reduction in iterations to convergence was

observed.

5.2.3 Molecular Clusters: Extrapolating from Few Water Molecules

to Larger Clusters.

While it is useful to be able to predict the energies of isolated molecules, as in the seven

molecule heatmap (Figure 5.3), it is also useful to generate accurate energies for systems
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containing several interacting molecules. A successful model must be able to capture the

physics of a larger interacting system based on those provided by smaller subsystems. To

demonstrate this, models have been trained using conformations containing between one

and three waters to predict the amplitudes of four different clusters containing six (book,

prism, cage, and ring conformations), eight (D2d and S4) and 16-water clusters (Figure 5.4)

from Miliordos et al.319 An optimized monomer, 11 dimers generated through a relaxed

dissociation, and 24 trimer systems were used for training. The goal is to demonstrate that

these smaller systems are capable of capturing the physics of the larger clusters. Due to the

larger system sizes, the STO-3G basis was used for testing purposes.

For demonstration purposes, models that use data from each supersystem structure will

be added on top of the previous model’s data - for example, the trimer model will contain data

from the monomer, dimer, and trimer systems. Therefore, we can examine how interactions

of the larger supersystem are captured given the increasing system complexity through the

monomer, dimer, and trimer systems. The deviations and improvements for each of the

models on the four 6-molecule supersystems are shown in Figure 5.5. The model based on

only isolated water failed to predict hexamer test cases, and none of the ML systems showed

an improvement on the MP2 energy. This finding is in line with intuition, that the physics

of the intermolecular interactions between the water molecules are not captured from an

isolated water. However, by adding data from dimer conformations in the training set, the

errors drop drastically (less than 9.0 mEh for all systems) which results in a 90% improvement

over MP2. By including trimer systems in the training set, the DDCC deviations from the

CCSD energy drop to below 1.0 mEh for all systems, which results percent improvements

above 99% for all of the 6-molecule systems. To further demonstrate the extrapolation,

the 3-water k-NN model was used to predict the CCSD energy on two different eight water

clusters (D2d and S4) and a 16-water system. The absolute errors were 9.65, 15.92, and 8.33

mEh, respectively. These errors correspond to a 90.5%, 81.3%, and 95.7% improvement over

the MP2 energies, which demonstrates the model of 3-waters can be extrapolated to much

larger systems and the DDCC scheme demonstrates a significant improvement to the MP2

wavefunction.
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5.3 Conclusions

This study herein demonstrates the prediction of the CC amplitudes with a great deal of

efficiency. In the first test case (convergence of CCSD for one water molecule), the ML-

predicted amplitudes resulted in an energy two orders of magnitude closer to the true

CCSD correlation energy in 40% the number of iterations on average for all basis sets

tested. To demonstrate the transferability of the proposed methodology, seven ML models

were trained on data from different molecules, plus a model which incorporated data from

all seven molecules. Across the board, all molecules showed to have improvement over

the MP2 predicted amplitudes using the model trained on all seven molecules, meaning

more data, in general, should lead to more accurate models using k-NNs. This shows that

the model can be extrapolated to new molecules with good accuracy. Lastly, subsystems

containing few waters (1-3) were used to predict larger systems of water (6,8,16). It was found

that the models including one, two, and three water could predict 6-water systems with a

99% improvement over MP2, since the chemical interactions between water molecules were

encoded successfully. The 8- and 16-water systems also showed significant improvements.

In conclusion, we have shown that machine-learned coupled-cluster amplitudes can provide

a better starting approximation to the CC wave function than MP2 amplitudes and are

capable of extrapolating to larger systems. The suggested methodology is not alchemical

since the exact CCSD energies can be computed by solving the exact CC equations, and can

be used in a plethora of chemical applications (such as the calculation of full potential surfaces

from only a few structures, efficient energy and properties of molecular clusters from smaller

subclusters). Our methodology is transferable to other methods that use iterative solvers,

such as the complete-active space second-order perturbation theory (CASPT2) methods,

which are currently being examined in our group. Finally, a data-driven scheme for the

accurate computation of the (T) term is also underway.
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Figure 5.3: Heatmap showing the performance of different k-NNs on predicting different
molecules where the value being plotted is the percent improvement (Eq. 5.6).
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Figure 5.4: Molecular structures of water hexamers in the book, ring, prism, and cage
conformation, water octamers in D2d and S4 conformation, and of ordered water decahexamer
conformation.
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Figure 5.5: The DDCC absolute deviation (Eh) from the converged CCSD is plotted for
the four systems containing data with the monomer, dimer, and trimer systems, as well as
from CCSD using from MP2 amplitudes (top). The average percent improvement for the
four systems at each level of physics is included (below).
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Chapter 6

Transferable MP2-based Machine

Learning for Accurate

Coupled-Cluster Energies

Disclosure

Jacob Townsend performed all work in the following section under the supervision of

Professor Konstantinos D. Vogiatzis. This work has been accepted in the Journal of Chemical

Theory and Computation.320

Abstract

Machine learning methods have enabled the low-cost evaluation of molecular properties

such as energy at an unprecedented scale. While many of such applications have focused

on molecular input based on geometry, few studies consider representations based on the

underlying electronic structure. Directing the attention to the electronic structure offers a

unique challenge that allows for a more detailed representation of the underlying physics

and how they affect molecular properties. The target of this work is to efficiently encode a

lower-cost correlated wave function derived from MP2 to predict a higher-cost CCSD wave

function based on correlation-pair energies and the contributing electronic promotions and
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integrals. The new molecular representation explores the short-range behavior of electron

correlation and utilizes distinct models that differentiate between two-electron promotions

from the same molecular orbital or from two different orbitals. We present a re-engineered

set of input features that provide an intuitive description of the orbital properties involved

in electron correlation. The overall models are found to be highly transferable and size-

extensive, necessitating very few training instances to approach chemical accuracy of a broad

spectrum of organic molecules. The efficiency and transferability of the novel representation

is demonstrated on a series of linear hydrocarbons, the potential energy surface of the water

dimer, and on the GDB-9 database. For the GDB-9 database, we found that data from

only 140 molecules are adequate to achieve chemical accuracy for more than 133,000 organic

molecules.

6.1 Introduction

Machine learning (ML) methods continue to have increasingly prominent role in many

scientific fields including chemistry. Such techniques have been widely applied for evaluating

potential energy surfaces,286–297,302,321 drug discovery,46,322–327 and material and molecular

design.44,55,239,298–301,328–331 The application of ML to the prediction of quantum-mechanical

energies or properties provides massive computational savings by encoding a molecular

structure via a fingerprint or molecular representation,209,230,241,242,302–304,332,333 where a

popular strategy is to predict energetics, typically at the density functional theory (DFT)

level.209,239

While most ML applications in chemistry have been directed towards connecting physical

structure to desired properties, a significant effort towards developing ML methods that

directly improve the electronic structure description of molecules and materials has been

explored.59 For example, ML has been adopted to improve density functionals or bypass the

Kohn-Sham equations altogether.60,309–311,334–336 Lei and Medford have used convolutional

neural networks to map Maxwell-Cartesian spherical harmonic kernels for functional

construction.335 Chandrasekaran et al. have introduced a representation to map atomic

environments of grid points to generate electron charge densities, and therefore bypassing
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the Kohn-Sham equations altogether.334 Similarly, wave function-based ML approaches have

been developed which largely focus on the reduction of their substantial computational cost.

Coe has developed a ML method to learn a selective configuration interaction (CI) expansion

more efficiently than the conventional perturbative or Monte Carlo-based sampling,69 a

method that has been applied to potential energy curves.70 Additionally, Peng-Jian and

coworkers have developed an artificial neural network (ANN)-based ansatz to solve complete

active space (CAS)-CI wave functions.337 Schütt and coworkers have also shown a remarkable

technique to predict quantum mechanical wave functions using a localized basis of atomic

orbitals based on atoms and atom-pairs, which can be used to accelerate convergence of the

self-consistent field procedure.338

In particular, efforts have been made to model the coupled-cluster methods, as the

coupled-cluster singles-and-doubles with perturbative triples [CCSD(T)] has been denoted

the “gold standard” in computational chemistry for its accuracy in systems well-described by

a single reference state.267 Nudejima and coworkers performed an ML-based energy density

analysis and were able to predict complete-basis-limit-extrapolated CCSD(T) energetics with

small-basis Hartree-Fock (HF) densities obtained from small basis sets.339 McGibbon et

al. predicted CCSD(T) interaction energies using MøllerPlesset perturbation theory (MP2)

and symmetry adapted perturbation theory (SAPT0) as features for an artificial neural

network.312 Margraf and Reuter developed a method to predict CCSD correlation energies

utilizing a representation based on the MP2 amplitudes.78 Miller et al. have developed a

transferable molecular-orbital-based approach for the calculation of CCSD(T) energetics

using Fock, Coulomb, and exchange matrices obtained from HF theory using Gaussian

Process Regression (GPR).73,74 More recently, they have demonstrated that regression

clustering can be used to significantly reduce the training times of GPR by producing an

ensemble of smaller models.75 Lastly, there have been efforts to extend the approach of using

HF orbitals to predict correlated energies using density matrices.76,77

In our previous work, we introduced the prediction of CCSD wave function parameters,

the double excitation amplitudes, based on properties of the MP2 wave function.266 In this

work, we expand on the previous study to provide a new method based on the MP2 wave

function and predict highly accurate CCSD energies, with particular focus is the role of
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localization of the electron correlation and its performance on machine-learned energetics.

With traditional post-Hartree-Fock methods, the effective correlation space grows with

molecular size, which is cost-prohibitive for methods that incur harsh computational scaling

such as coupled-cluster.268 However, the short-range locality of electron correlation has been

targeted to reduce computational expense since its introduction to correlated methods in

the 1980s,340 in realization that the electron promotions associated with correlation energy

should not grow with molecular size. Localized correlation methods omit unimportant

electron configurations from the correlated domain or approximate them with a lower level

of theory to capture correlation at a fraction of the computational expense.341–345 However,

a perhaps underutilized property of localized orbitals is the transferability of correlation

contributions,79–82 which has been utilized within machine-learning of correlation73–75,77 but

its role in the success of such methods has not been well-explored. Our goal is to introduce

a novel representation to accurately predict correlation energies within chemical accuracy

of the respective method (1 kcal mol−1) that are chemically transferable with respect to

changes in molecular structure and system size based on the underlying MP2 wave function.

In Section 6.2, the construction of the representation is explained, and its properties are

explored in Section 6.4.1. The transferability with respect to size and system are examined

in Section 6.4.2 and 6.4.5, respectively. The examination of the performance of the model

when the underlying MP2 performs poorly is demonstrated on the carbon dimer in Section

6.4.3. The potential energy surface of water dimer computed by the new methodology is

discussed in Section 6.4.4, while basis set effects are presented in Section 6.4.4. Finally, the

conclusions from this study are summarized in Section 6.5.

6.2 Theory and Implementation

In CCSD theory, the projected CC equations are solved to determine the converged cluster

amplitudes which subsequently determine the energy as shown in Equation 5.2, and an initial

guess is usually provided by the MP2 amplitudes (see Equation 5.3) Therefore, to circumvent

the solution of the CC equations, one needs to generalize a representation that can effectively

map between the two-electron promotions of MP2 to the converged cluster amplitudes. One
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way to accomplish this is to rewrite Eq. 5.2 in terms of Nesbet’s theorem as:

Ecorr =
∑
i>j

εij (6.1)

Where each εij is the total pair-correlation energy corresponding to the occupied orbital-

pair ij. Each εij is composed from a square matrix containing elements from Equation 5.2,

or more explicitly

εij =
∑
a>b

eabij (6.2)

eabij = 〈ij||ab〉(tai tbj − tbitaj + tabij ) (6.3)

where ab run over the indices of the number of virtual orbitals. In principle, Equation 6.1

would correspond to the CCSD correlation energy if the exact coefficients comprising the

two-electron coefficients were known (tai , t
b
j, t

ab
ij ). While the basis of our approach to predict

pair energies was inspired by the work of Miller et al.,73 our approach is to focus on the

using the properties of the underlying MP2 wavefunction. By exploiting the locality and

transferability of electron correlation, we aim to find a systematic, learnable connection

between MP2 and more accurate correlated methods. We hypothesize that it possible to

learn the connection between the MP2 and CC wave functions and provide a consistent

methodology for the accurate prediction of CC energies by circumventing the solution of the

projected CC equations.

In this paragraph, we turn our attention on the development of the new representation

for correlation-pair energies εij. Based on the notion that electron correlated is local (short-

range) and transferable, we introduce a ∆-ML implementation229 where the MP2 pair-

correlation energies, εMP2
ij , and their associated promotions and integrals were used to predict

the CCSD pair-correlation energies that are summed to produce the total CCSD electron

energy. Therefore, the goal is to learn the systematic connection between MP2 and CCSD

correlation. With these aims in mind, the resulting representation aims to capture as much

of the full MP2 correlation energy as possible while keeping a compact feature matrix for

computational tractability. In our implementation, diagonal and off-diagonal εij elements
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were predicted on two independent models, an approach that enhances model flexibility and

increased accuracy. The rationale behind this selection is that the correlation energy term

εii of two electrons promoted from the same molecular orbital i has higher contribution to

the total CCSD energy than the off-diagonal terms εij. Overall, the CC correlation-pair

energies, εij, were predicted from the following features

• εMP2
ij

• 〈ii||jj〉

• eabij[MP2] matrix

• 〈ij||ab〉 matrix

• 〈ii||aa〉 matrix

• 〈jj||bb〉 matrix

• 〈aa||bb〉 matrix

• MP2 t2 amplitude matrix

• Missing εMP2
ij correlation in representation (vida infra)

where all the matrices have been sorted with respect to the energy contributions of eabij[MP2].

The two-electron integrals were added to indirectly provide additional information about the

energy contributions, eabij[MP2], and their corresponding orbitals. For the diagonal elements,

εii, the 〈ii||jj〉 were excluded (since i = j) and thus, their corresponding model has one

less feature. In the spirit of localized correlation methods, each of these matrices were

truncated to a fixed number of elements. Specifically, the most positive and most negative

contributions were included in the representation to ensure the representation does not

contain correlation exceeding the MP2 value. This truncation parameter is chosen based

on the chemical application (vide infra) but can be considered a hyperparameter; however,

a general consideration is that larger basis sets will require more elements from these

matrices as the electron correlation becomes more delocalized over a greater number of

virtual orbitals. This study uses 20 two-electron promotions, since larger feature spaces did
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not lead to increased accuracy and utilized more computational resources in model training.

The final feature, the missing εMP2
ij correlation, contains the truncated MP2 energy not

contained in the 20 eabij[MP2] values. In the construction of a model based solely on electronic

structure, the produced model is invariant with respect to molecular rotations, translations,

and permutations.

6.3 Computational Details

All Hartree-Fock calculations were performed in the Psi4 program.346 MP2 and CCSD

calculations for training used a modified Psi4Numpy314 spin-factored CCSD implementa-

tion.315 The Psi4 program package was used for the computation of CCSD energies for

evaluating the accuracy of the trained models. MP2 and CCSD calculations utilize the

frozen-core approximation. Orbital localization was performed with a threshold of 10−12

on both the occupied and virtual orbital sub-blocks. In this study Boys347 and Pipek-

Mezey348 (PM) orbital localization schemes were used. All calculations were performed with

the 6-31G349 basis set except where the basis set effects were explored, where STO-3G316

and cc-pVDZ184 were used as representative smaller and larger basis sets than the 6-31G,

respectively. All features were scaled using MinMaxScaler in the Sci-Kit Learn313 module,

and XGBoostRegressor in the xgboost package was used for regression due its scalability,

efficiency, and accuracy.350 While kernel-based methods such as kernel ridge regression and

Gaussian process regression were also tested and often provided superior performance for

smaller training sets, their N3 scaling with respect to training instances was impractical

for larger training sets. For consistency we have chosen to use xgboost throughout this

study, which follows Nlog(N) scaling. Neural networks were also tested but did not produce

greater accuracy for this application. Hyperparameters were selected via a 3-fold training

cross-validation amongst training examples to optimize the depth and child weight, and L2

regularization for the models.
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6.4 Results and Discussion

6.4.1 Properties of the New Representation

As previously discussed, in the generation of the representation for each pair energy, εij,

the corresponding orbital space comprising eabij were truncated to a fixed number of electron

promotions. Thus, the model only considers a fraction of the promotions containing the

full εMP2
ij . In principle, localizing the orbitals should concentrate the eabij terms such that

the electron correlation can be captured with significantly fewer terms. We have chosen to

examine the behavior of the representation on hexane because its size is large enough so

that the benefits of localization can be assessed, while it sets the stage for exploration of

transferability towards other larger hydrocarbons (Section 6.4.2). To evaluate the behavior

of orbital localization on the aforementioned feature space, the fraction of the full MP2

energy was plotted with respect to the number of promotions included in the representation

of each pair energy, which is shown for hexane in Figure 6.1a. Canonical orbitals include

the least amount of correlation within the representation at approximately 20% of the total

MP2 correlation. Both Boys and PM orbitals significantly increased the total MP2 energy

contained in the representation, capturing more than 70% of the total MP2 correlation

energy using only 20 promotions for each εij. PM orbitals outperform Boys with respect to

capturing MP2 correlation in fewer promotions.

All data shown on Figure 6.1a were obtained with the 6-31G basis set, but as the basis

set is expanded, the eabij matrix grows substantially, and the correlation contained within the

representation is subsequently diminished. This is shown for hexane with PM orbitals for

STO-3G, 6-31G, and cc-pVDZ, corresponding to 44, 82, and 154 basis functions, respectively.

STO-3G quickly captures the complete MP2 correlation, due to the small number of virtual

orbitals. Subsequently, 6-31G and cc-pVDZ representations contain substantially less of the

overall MP2 correlation, as the increasing virtual orbital space creates a sparser eabij matrix.

The same behavior can be seen for the canonical and Boys orbitals. Therefore, this suggests

larger basis sets may be increasingly difficult as much of the correlation is not contained in

the representation. However, as the basis set size increases, εMP2
ij is a better approximation

to εCCSD
ij , which may offset this challenge. The results found in Figure 6.1 provide intuition
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Figure 6.1: a) The fraction of the total MP2 correlation energy included in the
representation of hexane versus the number of promotions from eabij (Eq. 6.3) in the 6-31G
basis with canonical, Boys, and Pipek-Mezey orbitals. b) Fraction of MP2 correlation energy
included in the representation of hexane with PM-localized orbitals versus the number of
promotions with the STO-3G, 6-31G, and cc-pVDZ basis.
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about the representation and should be considered as a guide for a reasonable selection for

the number of promotions to be included. The accuracy of the method is not significantly

affected if a reasonable number is selected, as it is demonstrated in the next sections. The

performance impact of increasing the basis set size is further investigated in Section 6.4.6.

6.4.2 Hydrocarbon Series and Size-extensivity

An important consideration for a useful application of ab initio-based ML applications is

the extrapolation of system size, i.e., where systems can be trained on smaller systems

and have transferable accuracy to larger systems. Such extrapolations are essential due to

the poor scaling with respect to system size of electronic structure theory methods, and

therefore benefit from training on small systems to predict the properties of large systems

and has shown promising results for the ML-based force fields and previous ML-based ab

initio studies. In order for system size extrapolation to be effective, the representation must

show systematic treatment for both small and large molecules. By considering that larger

molecules have more pair-correlation terms, the method should be extensive in its treatment

towards molecule size. Lack of size-extensivity has been a highlighted as a weakness for

molecular representations that feature global feature sets for a molecule.76,351 However,

given that the representation is centered on the MP2 pair-correlation energies and sorted

contributions, one must determine whether the representation will have a learnable behavior

as the correlation about the molecule becomes more delocalized. Therefore, the properties

and performance of the new representation with increasing system size was evaluated on

saturated linear chain hydrocarbons.

The fraction of total MP2 correlation captured within the truncated promotion space for

ethane to decane with 20 promotions that were used throughout this study is shown in Figure

6.2. With canonical orbitals, the amount of correlation contained within the representation

decreases with system size. Ethane contains approximately 66% of the total MP2 correlation

energy, whereas, decane contains only 13%. Using either Boys or PM localization schemes,

the correlation contained within the representations remains relatively static. For both sets

of localized orbitals, moving from pentane to decane results in approximately 1% reduction

in the total MP2 correlation within the representation. PM orbitals showed the highest
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Figure 6.2: The fraction of MP2 correlation energy contained within the representation of
hydrocarbons ethane through decane considering 20 pair promotions.

Figure 6.3: Predicted CCSD Energy Error for hydrocarbons octane through octadecane
(n = 8-18) based off the model trained on single configurations of propane through heptane
(n = 3-7). In the inset, the canonical energy error is shown in greater detail.
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efficiency, with 82% of the correlation captured for decane at 20 promotions, followed by

Boys with 74%, and lastly canonical with only 13%. Using a single conformation of propane

through heptane hydrocarbons (CnH(2n+2), n = 3-7), a model was made to predict the

CCSD energies of the lengthier octane through octadecane (n = 8-18) for canonical, Boys

localized, and PM localized orbitals, respectively (Figure 6.3). For the canonical orbitals, the

error was near chemical accuracy relative to the reference for octane and nonane. However,

for the larger molecules, the errors for the larger molecules increases significantly, as the

larger molecules contain decreasing correlation in the representation, leading to substantial

prediction errors. For both Boys and PM localized orbitals, the models achieved accuracy

below the 1 kcal mol−1 threshold for the entire hydrocarbon series, with mean absolute errors

of 0.67 and 0.57 mEh, respectively. This result suggests that the PM orbital localization

scheme is the best choice when the aim is molecular size extrapolation.

6.4.3 C2 Dimer Dissociation

Another consideration is the behavior of the model when performing calculations on

challenging electronic structures. As an example, we investigate the dissociation of the

carbon dimer (C2) which remains a challenge for theory as it contains many electronic

near-degeneracies even near equilibrium geometry.352 C2 presents an unusual ground-state

bonding configuration, contains two π bonds with little or no σ bonding.353 While C2 has

been extensively studied using full CI and a plethora of multireference methods,352–358 it

has been selected herein because MP2 fails to describe its dissociation while CCSD performs

reasonably well.355 By selecting a case where MP2 is a poor description for CCSD, it evaluates

whether the model is robust even when the initial representation is a poor approximation

of CCSD. The C2 dimer dissociation was modeled by uniform sampling 20 points from 0.8

to 3.7 Å for training and to reproduce the full dissociation which is shown in Figure 6.4.

CCSD and MP2 are in relative agreement until approximately 2.5 Å, when MP2 begins to

fail considerably and the correlation energy becomes unphysical. Despite this failure, the

ML model is still able to qualitatively regenerate the CCSD dissociation. From the region

of 3.0-3.7 Å, MP2 shows an absolute average deviation from CCSD of 108 mEh, whereas the

ML model was 6.7 mEh. While the results are not quantitatively accurate, they demonstrate
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that the model is able to qualitatively reproduce the CCSD result on a challenging electronic

structure when the underlying MP2 representation is a poor description of CCSD.

6.4.4 Potential Energy Surface of Water 2510

As an additional example, we have examined the performance of the method in predicting

energies on a complex dataset of interacting systems to evaluate a full potential energy

surface (PES). In order to demonstrate this capability, the Water 2510 dataset359–361 was

utilized, which contains 2510 water dimers at a vast array of distances and conformations.

Although the database focuses only on water dimers, it contains a diverse set of noncovalent

interactions, including highly-repulsive short-range electrostatic interactions (up to +150

kcal mol−1 interaction energy).362 For this application, 10% of the dimers were used for

training and 90% for testing. The results for Boys and PM localized orbitals are found in

Figure 6.5, which show a mean absolute error (MAE) of 9.7 x 10-5 Eh and 1.1 x 10−4 Eh,

respectively, whereas canonical orbitals had a substantial MAE of 7.67 x 10−4 Eh. The mean

absolute percentage error (MAPE) for Boys and PM is 0.0392% and 0.0457%, respectively.

For the Boys-localized orbitals, of the 2259 molecular dimers in the testing set, only 7 had

an error exceeding 1.0 kcal mol−1. Figure 6.5 shows the systems predicted most poorly

were those that at the edges of the distribution of correlation energy. This error can be

ameliorated with a more sophisticated sampling strategy such as active learning.209,363,364

6.4.5 Examination of Transferability

With the previous models having demonstrated promising applicability with respect to

accurate CCSD energies for PES mapping that is scalable to larger systems, we considered

the transferability between different chemical systems. For this, we utilize the GDB-9

database265 which contains approximately 134,000 small organic molecules optimized at

the DFT level. The performance of CCSD energy predictions was evaluated using 0.01%,

0.1%, 1%, and 10% of the database respectively to test the remaining approximately 121,000

molecules (90%) and is shown for each orbital localization scheme in Figure 6.6.

104



Figure 6.4: C2 dimer dissociation using MP2 (red), CCSD (black), and a Boys-localized
ML model (blue) utilizing the 6-31G basis set. The black points represent training points
for the ML model.

Figure 6.5: Predicted CCSD energy error versus the true correlation energy with their
respective distributions for Boys and PM-localized orbitals. The dotted black lines represent
the 1 kcal mol−1 limit.
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In agreement with the previous applications, canonical orbital model accuracy is poorer

than those trained with localized orbitals. In the GDB-9 screening, the Boys localization has

lower error across all training set sizes. Both Boys and PM model mean absolute errors are

below 1 kcal mol−1 using only 140 molecules for training. The Boys localization model had

MAEs of 0.78 and 0.49 mEh for 1% and 10% of the database as training, respectively, while

the MAEs from PM are 0.86 mEh and 0.53 mEh, respectively. The predicted and actual

correlation energies for the model using Boys-localized orbitals of 10% of the GDB-9 (i.e.

13,388 molecules used as input data) for training is shown in Figure 6.7. The correlation

between predicted and exact data is perfectly linear with a slope of 1.0012 and a Pearson’s

correlation (R2) of 0.9998.

A PM7-based geometry-featurized method to compute coupled-cluster energetics needed

approximately 20k training instances from the GDB-9 dataset to reduce the MAE to 1 kcal

mol−1, which is over 100 times the number of training instances of our method to achieve

such accuracy (0.1% or 140 molecules for our model). However, using DFT energies and

a geometry-based representation, sub 1 kcal mol−1 error was achieved in just 500 training

points. An electronic structure-theory based representation using HF features, named the

MOB-ML model,74 predicts coupled-cluster energies on a 350K thermally sampled QM7b

dataset with mean absolute errors of approximately 1.25 kcal mol−1 with 140 training

structures, which is impressive given the small training set size and small basis set (cc-pVDZ),

as well as the addition of perturbative triples E(T ) correction. However, extrapolating to the

larger molecules of the GDB-13 dataset, the errors were increased to 3.88 mEh (2.4 kcal

mol−1).

6.4.6 Basis Set Effects

Lastly, the model was examined to determine the performance deprecation in the expansion

of the basis set. As shown in Figure 6.1b, the electron correlation becomes more delocalized

over a larger number of orbital promotions as the virtual space grows, leading to a sparser

representation. Therefore, less of the total MP2 energy is contained within the truncated

promotion space which comprises our models. To examine the implications of expanding the

basis set, we have generated models for predictions on a subset of the GDB-9 dataset. Each
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Figure 6.6: Learning curves for the models based on canonical, Boys localized, and Pipek-
Mezey localized orbitals in the evaluation of CCSD energetics on the GDB-9 database. The
horizontal black dashed line represents the 1 kcal mol−1 limit.

Figure 6.7: Predicted CCSD correlation energy versus the true CCSD correlation energy
for 120,493 molecules in the GDB-9 database using the Boys-localized orbital model with the
canonical model in the inset for comparison. The R2 and MAE (in Eh) values are provided
for both models.
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model was trained on the same set of molecules that spanned 1% of the full dataset and used

to predict the energies of 6,100 randomly selected molecules using models trained and tested

on the STO-3G, 6-31G, and cc-pVDZ basis sets, respectively, and are shown in Figure 6.8.

For each subset of orbital types, there is a systematic decrease in model performance upon

expansion of the basis set. For the Boys-localized models in increasing basis set size from

STO-3G to 6-31G the MAE goes from 0.69 to 0.77 mEh. Further increasing the basis set

size to the substantially larger cc-pVDZ increases the MAE to 1.09 mEh, which is still below

the 1 kcal mol−1 threshold. Similar relative increases in error are shown for the canonical

and PM-localized orbitals. While the performance remains reasonable for these basis sets, it

is clear further model development may be necessary to utilize routinely applied basis sets

for coupled-cluster methods. These improvements may be found by further investigated the

locality of the electron correlation or providing a more global representation of each orbital

through the use of persistence images209,250,256 and is a target for future studies.

6.5 Conclusions

This study introduced a new representation of the MP2 wave function for ML that

allowed for accurate prediction of CCSD energies using localized orbitals. The generated

representations require no additional calculations, and since they are based on the electronic

structure, are invariant with respect to translation, permutation, and rotation. A re-

engineered set of input features that provide an intuitive description of the orbital properties

involved in electron correlation were introduced. The pair-energy representation contains a

subset of the largest contributions to the MP2 energies and properties of those respective

promotions. Combination of this approach together with orbital localization showed that

the representation essentially converges its contained correlation with respect to size, and

therefore was able to predict CCSD energies within chemical accuracy of larger linear chain

hydrocarbons based on smaller ones. The new method also shows promising results on

evaluating potential energy surfaces and was able to map a complex dataset containing

many unique conformations of water dimers, yielding a MAE of 0.06 kcal mol−1. The

chemical transferability was also examined through evaluation of the GDB-9 database. The
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localized models were able to accurately model electronic CCSD correlation energies with

mean absolute errors below 1.0 kcal mol−1 using as few as 140 molecules for training. The

Boys-localized model using approximately 10% of the GDB-9 database for training provided

a mean absolute error of 0.31 kcal mol−1. We believe this work is a step towards building a

general-purpose and transferable model to accurately predict coupled-cluster energies across

the periodic table. While methods that circumvent the MP2 step have a significantly reduced

cost at the time of testing, ultimately, timings will also depend on the amount and size of

molecules included for training. Finally, we envision that the new representation, together

with recent advances in localized equation-of-motion coupled cluster,365 can be used for

accelerating the computation of excited states with machine learning.322,366,367 Future works

will expand the applicability with the inclusion of the perturbative triples term (T) and an

unrestricted wave function implementation.
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Figure 6.8: Mean absolute errors on a subset of the GDB-9 Dataset utilizing different
basis sets sizes for canonical and the Boys- and PM-localized orbitals. The red dotted line
represents an error of 1.0 kcal mol−1.
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Chapter 7

Summary and Outlook

In this work, we have performed in-depth calculations on the electronic structure of functional

units of polymers. We have developed protocols to determine the global minima of complex

potential energy surfaces between polymeric units and separation targets. From the results

of our calculations, we were able to better interpret physical phenomena in polymeric

materials in Chapter 2. Next, we performed an electronic-structure-theory driven screening

of functional groups for the suggestion of boranes for the separation of N2/O2, where

functionalized boranes were found to interact favorable with N2, and thus suggest a promising

pathway for binding nitrogen in materials.

Next, we utilized the conformational protocol previously mentioned to do a large-scale

screening of organic molecules for CO2 binding. In doing so, we examined the suitability

of many molecular representations and developed a new representation based on persistent

homology which encodes the topology of molecules with chemical information to represent

molecules for machine learning. By combining the conformational search procedure with

new representation, we performed active learning to selectively expand the training set to

effectively capture rare events in the training set where CO2 interaction energies exceeded

-6.0 kcal mol−1. With respect to other molecular representations, the chemically driven

persistence images were able to accurately identify new functional groups for CO2 binding

with lower computational overhead and smaller training sets. The performance of this

representation is promising and may perform well in other chemical applications.We believe

our approach a productive first step towards suggesting functional groups for effective CO2
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separations. While there has been a recent surge in high-throughput screenings for metal-

organic frameworks for gas separations,368–371 similar advances for polymeric membranes

have not been reported. There are also significant barriers towards practical realization of

accurate suggestion of bulk materials for gas separation. Although it is possible to produce

permeability values from theory, it requires both Monte Carlo and molecular dynamics

methods which are complex and time-consuming, particularly for amorphous materials and

rely on having accurate force fields for the material under consideration.369 Therefore, we

believe the development of representations such as PIs used synergetically with machine

learning alorithms can connect atomistic effects to the bulk permeability properties, and

offers a promising avenue for future suggestion of membrane technology for CO2 separations.

While our DFT-based screenings offer productive insights, we ultimately would like to

use more accurate wave function-based methods. These methods, although more accurate,

have substantial costs that prohibit their use. To combat this cost, in Chapters 5 and 6,

we have introduced methods that can accelerate the accurate prediction of coupled-cluster

energy calculations based on MP2. As a proof of concept, we used ML to build CCSD

wavefunctions by using MP2 wavefunctions and machine learning. The resulting method

was shown to learn the electronic promotions of CCSD where the electronic structure could

interpolate from training sets. A highlight of this study was the ability to accurately predict

the energies of water hexamers based on water dimers and trimers. This promising method

was also able to generate approximate CCSD wavefunctions that converge to the exact CCSD

solution in fewer iterations than conventional intialization.

While Chapter 5 showed promising ability to interpolate within a chemical system, the

transferability was largely limited to chemical species in the training set. In Chapter 6 we

introduced a method that utilizes locality to exploit the local nature of electron correlation

to produce orbitals that are transferable between chemical systems. A re-engineered set

of input features that provide an intuitive description of the orbital properties involved in

electron correlation were introduced. This method was able to predict energy of linear

hydrocarbons (octane-octadecane) within chemical accuracy using a single configuration

of smaller linear hydrocarbons (propane-heptane). The method also showed remarkable
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chemical transferability with a training set of 140 molecules yielded mean absolute errors

below 1 kcal mol−1 across a set of 120,000 unique organic molecules.

Locality in machine learning quantum-chemical methods offer an enormous opportunity

for highly accurate calculations at unprecedented scales. The applications herein predicted

CCSD energy, but as introduced in Chapter 1, our approach has a logical extension to

higher levels of CC all the way to FCI. Additionally, these representations could perform

well with pair-domain localized methods, which should further extend the transferabiity and

applicabiity.341–345 This representation could also be used to better extrapolate correlated

methods to the complete basis set limit or determine missing correlation from approximate

localized correlation methods, allowing one to get closer to exact solutions of a respective

method. We believe that machine learning representations based on the electronic

structure similar to those we have introduced offer an exciting new approach towards

accurately predicting properties of systems at a substantially reduced computational expense.

The synergistic cooperativity between lower cost, highly-accurate training data at lower

computational expense and effective molecular representations for high-throughput screening

offers unprecedented opportunity in calculating and predicting noncovalent interactions for

gas separation applications.
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Supplementary Tables and Figures for Chapter 2: Gas

Separations with Polymeric Membranes

Figure 1: ∆∆E values for saturated repeat units of polymers B.P1–B.P6 for CO2 and N2

(kcal mol−1).

Table 1: Interaction energies (∆E) of CO2, N2 and monomers (in kcal mol−1) for polymers
C.P1-P7

Polymer ∆Emon-CO2 ∆Emon-N2 ∆Emon-mon

C.P1 -5.03 -1.94 -9.91

C.P2 -5.79 -2.29 -9.39

C.P3 -3.10 -1.68 -7.23

C.P4 -4.51 -2.59 -15.10

C.P5 -4.79 -1.83 -10.57

C.P6 -3.49 -1.88 -8.84

C.P7 -6.18 -2.26 -13.37
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Table 2: SAPT0/jun-cc-pVDZ interactions for polymer unit with CO2 in kcal mol−1

Polymer Electrostatics Exchange Induction Dispersion Total

B.P1 -7.81 6.71 -1.29 -4.48 -6.87

B.P2 -7.41 6.74 -1.26 -4.55 -6.49

B.P3 -3.35 3.65 -0.53 -2.43 -2.67

B.P4 -8.97 7.46 -1.48 -2.99 -5.98

B.P5 -9.04 7.47 -1.56 -2.78 -5.91

B.P6 -2.75 3.43 -0.52 -2.95 -2.79

B.P7 -11.61 10.84 -2.20 -4.22 -7.20

Table 3: SAPT0/jun-cc-pVDZ interactions for polymer unit with N2 in kcal mol−1

Polymer Electrostatics Exchange Induction Dispersion Total

B.P1 -0.70 1.73 -0.17 -1.98 -1.12

B.P2 -1.01 1.94 -0.18 -2.35 -1.60

B.P3 -0.84 1.61 -0.19 -1.70 -1.11

B.P4 -1.26 3.24 -0.41 -4.09 -2.52

B.P5 -0.70 1.90 -0.21 -2.13 -1.14

B.P6 -0.88 1.69 -0.20 -1.93 -1.32

B.P7 -1.03 2.07 -0.18 -2.09 -1.24
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Table 4: SAPT0/jun-cc-pVDZ interactions for polymer units (monomer-monomer dimer)
in kcal mol−1

Polymer Electrostatics Exchange Induction Dispersion Total

B.P1 -6.42 13.13 -1.77 -13.67 -8.73

B.P2 -6.82 12.30 -1.70 -13.23 -9.45

B.P3 -4.59 8.44 -1.27 -8.45 -5.87

B.P4 -12.00 18.44 -3.15 -20.27 -16.98

B.P5 -9.38 13.30 -2.58 -13.08 -11.71

B.P6 -8.17 9.37 -2.14 -8.00 -8.93

B.P7 -16.63 21.14 -4.91 -11.52 -11.92

Table 5: PBE0/def2-TZVPP interactions for polymer units (monomer-monomer dimer) in
kcal mol−1 and the average bond distance between functional units in Å.

Dimer System Interaction Energy (kcal mol−1) Average H-bond Distance (Å)

I-I -18.2 1.80

I-II -17.2 1.80

I-III -17.5 1.78

I-IV -17.9 1.80

II-II -16.4 1.80

II-III -16.5 1.80

II-IV -17.0 1.80

III-III -16.5 1.81

III-IV -17.0 1.80

IV-IV -17.1 1.80
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Table 6: PBE0/def2-TZVPP interaction energies, polymer oxygen to CO2 carbon distances,
and polymer-CO2 hydrogen bonding distances for monomer and dimers containing urea based
associating units I-IV

System CO2 Interaction Energy (kcal mol−1) O-CCO2 (Å) H-OCO2

I -5.2 2.74 2.23
II -5.0 2.74 2.30
III -5.7 2.72 2.25
IV -5.4 2.73 2.24
I-I -5.4 2.77 2.26
I-II -5.9 2.66 2.38
I-III -5.3 2.66 2.34
I-IV -5.1 2.78 2.26
II-II -5.2 2.95 2.93
II-III -5.0 2.75 2.76
II-IV -5.3 2.95 2.93
III-III -5.8 3.09 3.10
III-IV -5.6 3.00 3.03
IV-IV -5.6 2.96 2.98
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Supplementary Tables and Figures for Chapter 3: Un-

derstanding the Nature of Weak Interactions Between

Functionalized Boranes and N2/O2, Promising Func-

tional Groups for Gas Separations

Figure 2: SAPT2+3+δMP2 interaction energies components and total energy for the BH3-
N2 complex
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Table 7: SAPT/aug-cc-pVTZ BH3-N2 interaction energies (kcal mol−1) at various levels of
the SAPT series and at 1.2, 1.56, and 1.64 Å distances displayed with the reference CCSD(T)
method. The respective deformation energy is also reported for completeness.

BH3-N2 Distance 1.2 Å 1.56 Å 1.64 Å
SAPT0 3.90 -20.32 -17.19
SAPT2+(3)(CCD) -2.41 -19.78 -16.30
SAPT2+(3)(CCD)+δMP2 22.59 -14.74 -13.11
SAPT2+3(CCD) -24.66 -26.73 -21.70
SAPT2+3(CCD)+δMP2 22.06 -15.10 -13.42
CCSD(F12)(T)/cc-pVQZ-F12 20.50 -15.86 -14.14
∆EDeformation CCSD(F12)(T)/cc-pVQZ-F12 23.40 10.35 8.18
∆EBinding CCSD(F12)(T)/cc-pVQZ-F12 43.90 -5.51 -5.96

Table 8: Interaction energies for functionalized boranes B(X)(H2), where X is one of
the functional groups present in structures 1-5 and N2/O2 molecules. The optimized B-N
distance (Å) and N-B-H angles (taken as an average over the two hydrogens) are provided.

B(X)(H2) X ∆EBind-N2 B-N dist. N-B-H angle ∆EBind-O2 ∆EBind-N2/O2

Reference H -6.51 1.588 102.7 -1.00 6.51
1 COCF3 -5.12 1.598 102.5 -1.32 3.88
2 CF3 -7.49 1.609 102.9 -1.50 5.00
3 C(CF3)3 -5.00 1.617 101.0 -1.22 4.09
4 CO2H -4.82 1.614 102.8 -0.94 5.15
5 SO3H -7.39 1.586 104.7 -1.31 5.62
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Table 9: DFT (M05/def2-TZVPPD) binding and interaction energies (kcal mol−1) and
distances are presented with SAPT2+3(CCD)+δMP2 for the mono-, di-, and triperfluorinated
boron interacting with N2.

B(CF3)H2 B(CF3)2H B(CF3)3
∆EBinding (DFT) -7.49 -8.34 -8.81
∆EDeformation (DFT) 9.78 10.81 11.31
∆EInteraction (DFT) -17.27 -19.15 -20.13
B-N distance (Å) 1.609 1.629 1.651
EElectrostatic -43.75 -42.51 -41.94
EExchange 94.49 89.81 87.10
EInduction -45.57 -45.41 -44.97
EDispersion -23.07 -23.39 -24.11
∆EInteraction (SAPT) -17.90 -21.49 -23.91

Figure 3: Energy decomposition terms for complexes 1-5 as calculated at the SAPT
2+3+δMP2 level of theory.
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Table 10: Binding Energies and their respective counterpoise corrections (CP) in kcal mol−1

at the B3LYP-D3(BJ) level of theory for BH3 and the N2 and O2 complexes, respectively

Basis ∆E CP Correction ∆E(CP) B-(N/O) dist Å

BH3-N2

def2-SVP -13.00 1.96 -11.04 1.55

def2-TZVPP -9.41 0.38 -9.03 1.56

def2-TZVPPD -9.22 0.21 -9.01 1.56

aug-cc-pVTZ -9.05 0.24 -8.81 1.56

aug-cc-pVQZ -9.21 0.14 -9.08 1.56

def2-QZVPP -9.42 0.39 -9.03 1.56

def2-QZVPPD -9.05 0.02 -9.03 1.56

BH3-O2

def2-SVP -2.81 1.51 -1.30 2.43

def2-TZVPP -1.34 0.23 -1.11 2.58

def2-TZVPPD -1.13 0.05 -1.09 2.61

aug-cc-pVTZ -1.06 0.09 -0.98 2.60

aug-cc-pVQZ -1.06 0.03 -1.03 2.60

def2-QZVPP -1.48 0.33 -1.15 2.56

def2-QZVPPD -1.14 0.01 -1.13 2.59
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Supplementary Tables and Figures for Chapter 4: Rep-

resentation of Molecular Structures with Persistent Ho-

mology for Machine Learning Applications in Chemistry

Figure 4: (a) Persistence diagram of 2500 atom main protease in complex with an inhibitor
N3 of the new coronavirus (CoV) identified as COVID-19, (b) ball-and-stick model of
4-tertbutylcalix[4]arene (R = tert-butyl groups). (c) The persistent diagram of the 4-
tertbutylcalix[4]arene.

Figure 5: Structure of SARS-CoV-2 main protease
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Figure 6: Average RMSE (in kcal mol−1) using 10-fold CV on N2 interaction energies for
Coulomb Matrices (CM), Bag of Bonds (BoB), FCHL representation, Persistence Images
(PI), and Smooth Overlap of Atomic Positions (SOAP) representations. The error bars
represent the standard deviation of the RMSE. Overall, all models show similar behavior
due to the small range of output values since N2 interaction energies range roughly between
-1.6 and - 2.6 kcal mol−1.
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