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ABSTRACT

This work proposes a novel approach for efficient and robust power system
simulation based on differential transformation (DT).

First, this work introduces the DT to study power systems as high-dimensional
nonlinear dynamical systems for the first time. This work designs a DT-based high-order
semi-analytical simulation scheme that allows significantly prolonged time steps to
reduce simulation time compared to a traditional numerical approach. The numerical
stability, accuracy, and time performance of the proposed approach are compared with
widely used numerical methods on the IEEE 39-bus system and Polish 2383-bus system.

Second, this work proposes a novel non-iterative method to solve power system
differential-algebraic equations (DAEs) using the DT. The non-state variables (e.g.
current injections and bus voltages), nonlinearly coupled in network equations, are
conventionally solved by numerical methods with time-consuming iterations, but their
DTs are proved to satisfy formally linear equations in this work. Thus, a non-iterative
algorithm is designed to analytically solve all variables of a power system DAE model.
From test results on a Polish 2383-bus system, the proposed method demonstrates fast
and reliable time performance compared to traditional numerical approaches.

Third, this work proposes a novel dynamized power flow (DPF) method for
solving and tracing power flow solutions. Different from the conventional continuation
power flow (CPF) method, the proposed method extends the power flow model into a
fictitious dynamic system by adding a differential equation on the loading parameter. A

non-iterative algorithm based on DT is proposed to analytically solve the dynamized
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model in form of power series of time. Case studies on several test systems including a
2383-bus system show the merits of the proposed method.

Fourth, this work integrates the DT into Parareal, a Parallel in time framework, as
the first step towards industrial applications. The case studies on large systems
demonstrate that the combination of DT and Parareal provide a promising direction
towards faster-than-real-time simulation.

Besides, this work also employs the DT for adaptive frequency control of wind
turbines and further generalizes the DT method for general nonlinear DAEs.

Keywords: Differential transformation; power system simulation; transient

stability; differential-algebraic equations; power flow; voltage stability.
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CHAPTER 1
INTRODUCTION

1.1 Background and Motivation

The power system is regarded as one of the largest manmade systems in the
world. For example, the power system in the US involves about 3,500 utility
organizations, 200,000 miles of transmission lines, and 300 million customers [1]. Its
reliable and economic operation directly affects the economy of the whole country and
our daily life. To guarantee reliable and economic operation, power engineers need to
perform a lot of computations almost every day with a large range of time scales in
magnitude from microseconds to years [2].

The applications that involve frequent computations include [2] but are not
limited to 1) steady-state analysis such as the power flow, state estimation, electricity
market, etc. 2) power system planning (in years) and scheduling (in hours). 3) dynamic
simulation, e.g., the voltage stability (in minutes), the electro-mechanical simulation (in
seconds or milliseconds), the electro-magnetic simulations (in microseconds).
Essentially, all these applications are facing computational problems, either
computational speed or computational quality, or both.

Among the various power system applications, the dynamic security assessment
(DSA) is one of the most time-demanding ones. The task of DSA is to assess the various
security criteria with a given contingency occurring under a specific operating condition.

These criteria generally include transient stability assessment, small-signal stability
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assessment, and voltage stability assessment [3]-[5]. Especially, transient stability
assessment (TSA) is the most time-consuming task in DSA.

Dynamic simulation is the most powerful tool in power system DSA, especially
for the TSA. The goal of the dynamic simulation is to judge if a power grid can remain
stable suffering from a given contingency. It is of great importance for the grid control
center to improve situational awareness and take proactive control actions [6]. The model
for dynamic simulation is originally a set of highly stiff ordinary differential equations
(DEs) with a large span of time constants. Due to the model complexity and numerical
stability issue, the dynamic simulation is usually performed separately for the
electromechanical simulation with time constants of seconds or milliseconds and
electromagnetic simulation with time constants of microseconds. This means the
electromagnetic dynamics are neglected when simulating the electromechanical
dynamics, and it leads to a differential-algebraic equation (DAE) model [7].

Despite the time scale separation, it is still a big challenge to solve the DAE
model for a large-scale power system. Traditionally, the differential equations are solved
by a numerical integration method, and the algebraic network equations are solved by a
numerical iteration method at each integration step [1]-[4]. These methods may suffer
from huge computation burdens caused by the iterations at each integration step for the
convergence of the network equations and the large number of integration steps to ensure
the accuracy and numerical stability of solving the differential equations. Moreover, the
computation speed can further deteriorate when system states change significantly, or the

system model has strong nonlinearity since the network equation is more difficult or even



fails to converge by numerical iteration methods. For example, using commercial
software, completing a 20 seconds dynamic simulation for Western Electricity
Coordinating Council (WECC) system using a base case model takes around 100 seconds
[8]. Considering the time of recording and saving bus voltage trajectories to a data file,
the time cost would be more than 400 seconds [8]. The computation time could be further
increased if a more detailed system model is considered. Therefore, the simulation is
mainly carried out offline on a daily or hourly basis. However, the offline assessment
result is credible only if the real-time operating point does not deviate much from the
anticipated condition.

In recent years, the power systems have been pushed to be operated closer to their
stability limits due to the fast growth in electricity demands but a relatively slow
construction of new transmission infrastructure. Moreover, the future smart grid will have
more uncertain and diversified conditions with high penetration of renewable energy
resources and responsive loads. To meet these uncertainties, one of the future directions
for dynamic simulation is to have the “look-ahead” capability meaning the simulation is
performed faster than real time so that the control center can predict the insecure status
by simulation before it really happens. Therefore, it is more urgent than before to
improve the computational speed and conduct dynamic simulation in real time. The
power industry and the research community are seeking next-generation simulation tools
which are more powerful for power system dynamic security assessment in real time.

Existing methods to speed up power system simulation fall into three categories.

i.e., 1) the model reduction, 2) the parallel computing based on traditional numerical
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methods and 3) the semi-analytical solution. The model reduction is from the model
perspective while the parallel computing and semi-analytical solution are from the
algorithm perspective.

Note that the model reduction on its own is a broad topic [9] and is beyond the
scope of this work. In this category, both the differential equations and algebraic
equations of a DAE model can be simplified. For instance, a widely used coherency-
based model reduction technique aggregates a group of coherent generators into an
equivalent generator [9]-[10]. Also, to avoid solving nonlinear algebraic network
equations separately from solving differential equations, many simulation tools assume
all constant impedance loads so as to eliminate the network equations of a DAE model
and obtain an ordinary differential equation model [11]. However, methods of this
category can bring substantial errors in simulation.

The remaining part of this section will give a detailed review of the power system
models, Parallel computing techniques, and semi-analytical methods.

1.1.1 Review of Power System Models

There are two types of DAE models in power systems, i.e, the current injection
model and the power injection model [11]-[12]. Both the current injection model and
power injection model are commonly used in commercial software. The current injection
model has the advantage of less nonlinearity, higher sparsity, and the capability of
dimension reduction. As a comparison, the power injection model has the advantage of

less additional computation burden and easier programing.



Since the current injection model allows one to reduce the dimensions of AEs
with constant impedance assumptions, it can be further classified into two categories: the
full DAE model and the reduced Y-bus model [12], [13]. The reduced Y-bus model is
subjected to the constant impedance load assumption. For transient stability study in the
time frame of several seconds, this assumption is reasonable since the load controls
usually take a long time and the load impedance can be regarded as constant for the
several seconds following a disturbance. Besides, the reduced Y-bus model can greatly
reduce the computation burden since the linear AEs can be explicitly solved and
substituted into the DEs, and one only needs to handle a set of ODEs instead of DAEs.

In recent years, with the increasing penetration of renewables, the model of power
electronics interfaced devices and the loads are becoming more and more important in
dynamic simulation. Below we review these models and analyze their impact on power
system dynamic simulation.

1) Renewable Energy Sources

In modern and future power systems, there will be more penetration of
renewables that are interfaced with power electronic devices. One typical renewable
energy source is wind turbine generators. Generally, a complete wind turbine model
involves the wind speed model, the wind turbine model, voltage source converter devices
as well as various controls. The wind speed is usually modeled as Weibull’s distribution
to consider the stochastic feature. The wind turbine has four types of model in the

literature, referred to Type A, B, C, and D, respectively [14].



J Type A wind turbines can be characterized by fixed-speed induction
generators. Because of the stochastic feature of wind speed, the power injected into the
network usually fluctuates seriously, which poses great challenges to grid integration.

o Type B wind turbines can adjust the rotor circuit parameters and have
limited capability to be operated with variable speeds. It is usually characterized as a
variable speed inductor generator.

o Type C wind turbines or the doubly-fed induction generators (DFIG) have
a better capability of variable speed operation due to better control of rotor circuits. They
can efficiently reduce the variation of injected power and is the most commonly studied
in the literature.

o Type D wind turbines are fully converter-based configurations without a
gearbox. In this type of wind turbine, the system frequency on the generator sides and the
network side are fully decoupled.

In the dynamic simulation, wind turbine generators (WTG) can be represented by
a set of DAEs. The detailed formulation of DAEs depends on the control strategies since
there are many control schemes for WTGs proposed in the literature. For example, wind
turbines are normally operated in the maximum power point tracking (MPPT) mode to
extract as much power as possible. However, due to the low inertia of WTG, the system
frequency response is usually inadequate. Therefore, many control strategies are
proposed in the literature for WTGs to participate in the frequency response [15]-[19],
including the inertia response and primary frequency response. In these cases, the power

reference needs to be changed from the MPPT to other modes, for example, by
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temporarily injecting additional power or by normally operating WTGs at the de-loaded
condition to have some margin [16].

2) Impact of Power Electronics

In modern power systems, the power electronic devices are playing more and
more important roles. Except for the renewable energy resources integration, there are
many other power electronics applications [2], for example, the HVDC and the FACTS
techniques. It is becoming more and more important to consider their impact in dynamic
simulation. The impacts of considering these power electronic devices are summarized
as two aspects.

First, the time scale of the whole system becomes wider than before due to the
very fast dynamics caused by power electronic devices. This can result in a highly stiff
dynamic system, which cannot be efficiently handled by traditional numerical algorithms.
It is very urgent to develop more efficient simulation algorithms to handle such systems
with a wider range of time scales.

Second, the hybrid behavior would be more frequent and more important. The
power electronics allow better control and provide devices more flexibility to switch
among several modes. For example, the future WTGs may need to work at both MPPT
mode and the frequency support mode. These hybrid behavior needs to be well studied by
both analytical approaches and simulation approaches.

3) Load Models
The load models are becoming increasingly important in recent years. The basic

task of load modeling is to find a mathematical relationship between the power
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consumption and the bus voltage at a given load bus. Depending on the different forms of
mathematical relationships, load models include static load models and dynamic load
models. The model parameters can be identified by the measurement method and
component method.

The static load model is formulated as algebraic equations among power
consumption, bus voltage, and system frequency. The typical relationships include the
ZIP load model, exponential load model, frequency-dependent load model, etc. The
dynamic load model mainly includes the induction motor load.

In recent literature, the composite load models are also widely studied combing
both static and dynamic load models. In the dynamic study, a typically used model is a
combination of the ZIP model and induction motor model. It is easy to implement and
integrate with commercial tools. There are also some other composite load models in the
literature. For example, the CLOD model combines large and small motors, discharge
motors, transformer saturation, constant MVA, etc. It has been adopted by PSS/E
software. Also, a more complicated WECC CLM model is proposed in the literature and
is tested in PSS/E. But the WECC CLM model needs to identify 131 parameters and
hence it is more difficult to implement [20].

1.1.2 Review of Parallel Computing Methods

Methods in this category employ parallel computers to speed up the simulation,
which decomposes the DAE model or computation tasks onto multiple processors such as
the Parareal in time method [21]-[22], multi-decomposition approach [23], the domain

decomposition method [24]-[25], the waveform relaxation method [26], the instantaneous
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relaxation method [27]-[28], the multi-area Thevenin equivalent method [29]-[30], and
the practical parallel implementation techniques in [31]. Specifically, paper [23]
decomposes a system model into three linear subsystems and ensures simulation accuracy
by adaptive updates on linear subsystems. paper [26] proposes a two-stage parallel
waveform relaxation method for parallel simulation, which adopts epsilon decomposition
to partition a large-scale power system model into several subsystems. A Schur-
complement-based network decomposition method is proposed in [24]-[25]. The parareal
in time method in [21] and [22] adopts temporal decomposition of the simulation period
into many intervals, conducts parallel simulations on individual intervals using a fine
solver, and connects their results by a high-level coarse solver after a few iterations. A
multi-area Thevenin equivalents method is also studied in [29]. Recently, paper [8]
develops a practical framework to parallelize computation tasks of a single dynamic
simulation in commercial software, and paper [31] designs a massively parallel
computational platform for efficient dynamic security assessment. However, these
methods still rely on the traditional numerical algorithms to solve DAEs, thus still
requiring small-enough integration steps and numerical iterations. Moreover, the
potential of parallel computing has been extensively studied in recent years and the room
for further speeding up the simulation using parallel computing has been very limited
under the paradigm of numerical methods.

1.1.3 Review of Semi-analytical Methods
For the semi-analytical solution methods in the third category, the basic idea is to

derive semi-analytical solutions of the power system model in the form of a summation
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of many terms so as to provide additional room for parallelization. The existing methods
to derive semi-analytical solutions in power system field [32]-[48] include but are not
limited to Adomian decomposition method [32]-[34], power series method [35]-[36],
Pade approximation method [37]-[38], continued fraction method [39], holomorphic
embedding method [40]-[41], homotopy analysis method [42], and the differential
transformation method [43]-[48] proposed in this work.

The semi-analytical solution methods contain two stages. The first stage offline
derives a semi-analytical solution (SAS) that expresses each state variable as an explicit
function of symbolic variables including time, the initial state, and parameters on system
conditions. The SAS is an approximate but analytical solution being accurate for a certain
time window whose length depends on the inherent nonlinearity and order of the SAS
expression. The second stage online evaluates the SAS over consecutive time windows to
make up the desired simulation period by substituting values for those symbolic variables
according to a given contingency and the real-time system condition.

Three methods, i.e. Taylor Expansion (TE), Adomian Decomposition Method
(ADM), and Pade Approximants (PA), have been applied to power system models to
derive SAS’s respectively in the forms of polynomials of time, sinusoidal or polynomial
functions of time, and fractional functions of time. Ref. [40] further integrates ADM-
based SAS’s with numerical integration methods for a hybrid strategy and tests it on
realistic large system models. The speed of simulation using a SAS relies on the time
window to maintain its accuracy, which further relies on its order, i.e. the number of

summated terms, of its expression. However, when applied to a multi-machine power
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system, a SAS derived from the above three methods has considerably increased
complexity especially after its order exceeds three.

The major limitations of existing semi-analytical solution methods are
summarized as follows. First, existing methods to derive semi-analytical solutions are
very complicated and have limited scalability to large systems. Second, the derived SASs
by existing methods are expanded into very long expressions, which are not efficient in
evaluation and the shifted computation burden to the offline stage does not translate to
increased performance in the online stage. Third, the huge computation burdens in offline
stage and online stage prevent the existing semi-analytical methods from using high order
approximation, thus the time step length using existing semi-analytical methods are not
significantly improved compared with the numerical integration methods. Fourth, the
existing semi-analytical methods focused on solving the differential equation, which only
takes minority of the computation time, while solving the nonlinear algebraic network
equations, which takes majority of the computation time, still relies on the numerical
iteration methods.

1.2 Contributions of This Work

This dissertation aims at developing efficient and robust power system simulation
algorithms. Specifically, this work aims at addressing the fundamental computational
challenges of solving high dimensional nonlinear differential algebraic equation model in
transient stability analysis, and its two variations, i.e., ordinary differential equation
model in transient stability simulation under the assumption of constant impedance load,

and the algebraic AC power flow equation model in voltage stability analysis. Some other
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applications in power systems and general nonlinear dynamic systems are also explored.
The contributions of this work are as follows.

First, this dissertation proposes a novel dynamic simulation approach based on
Differential Transformation (DT), which is a mathematical tool and can effectively find
an approximate solution of a set of nonlinear DEs. This work, for the first time,
introduces DT to power system studies. By assuming the solution of a set of power
system DEs as a power series in time, the proposed approach utilizes DT to calculate
series coefficients efficiently by means of a set of transform rules designed for nonlinear
functions involved in power system models instead of directly computing the high-order
derivatives in DEs. These transform rules are proved for representative power system
models including a detailed synchronous machine model involving trigonometric
functions and a practical exciter model with the exponential and square root functions.
The dissertation also proposed a DT-based dynamic simulation scheme that allows
significantly prolonged time steps to reduce the overall simulation time compared to a
traditional numerical approach.

Second, this dissertation proposes a novel non-iterative method to solve the DAE
model of a large-scale power system using the DT method. First, we derive the DTs of
the algebraic network equations with current injections. Then, we prove that current
injections and bus voltages which are coupled by the original nonlinear network
equations, satisfy a formally linear equation in terms of their power series coefficients

after DT. Further, a non-iterative algorithm is designed to analytically solve both state
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variables and non-state variables by power series of time. Simulation results show the
proposed method is fast and reliable compared to traditional methods.

Third, to trace solution curves of power flow equations more efficiently, this
dissertation proposes a novel dynamized power flow (DPF) method that extends the
power flow model into a fictitious dynamic system, called a “dynamized” power flow
model, by adding a differential equation about a fictitious time, and then solve the
complete time-domain trajectory of the dynamic system instead of repeatedly solving
power flow equations for a series of conditions. The DT method is applied to solve the
dynamized model, named as dynamized power flow method. This work proves that the
nonlinear AC power flow equations are converted to formally linear equations after DT,
and further designs an efficient algorithm to solve the time domain trajectory without
numerical iterations. Case studies on several test systems including a 2383-bus system
demonstrate the accuracy, computational complexity and time performance of the
proposed approach compared with a CPF solver.

Fourth, this dissertation examined the feasibility of combining the DT method and
the Parareal algorithm to further speed up the dynamic simulation. A DT- based variable-
order variable-step variable-window adaptive parareal method is proposed for temporal
parallelization of power system simulation with greatly enhanced convergence
performance and efficiency. The proposed method integrates the temporal parallelization
capability of the Parareal method and the highly adaptive feature of the DT method.
Extensive simulations on a 39-bus system and a 2383-bus system demonstrate the

effectiveness of the proposed approach.
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Fifth, this work proposes a novel switching control strategy which predicts the
safety of a frequency response right after a disturbance by evaluating the derived semi-
analytical solutions of system frequency response model over a certain post-disturbance
period of interest and activates frequency support mode only when the frequency
response is predicted as unsafe. The rationale of the proposed strategy is real time
evaluation of an offline obtained semi-analytical solution on frequency responses using
real-time measurements. Such a semi-analytical solution is in form of ultra-high order
Taylor series derived by the DT method on the differential equation model of the system.
The ultra-high order nature of the solution enables its largely extended convergence
region to cover the frequency response period of interest, so that the frequency response
of a WTG can be accurately predicted when a disturbance is detected and the WTG
provides frequency support only for an unsafe response, thus avoiding the unnecessary
switches. The case studies on a 4-bus power system and a New England 10-machine 39-
bus system show the effectiveness of the proposed strategy.

Finally, this work proposes a DT-based affine recursion form (ARF) of general
nonlinear DAEs. The advantage of ARF is that nonlinear DAEs are converted to formally
linear equations about Taylor series coefficients, which enables straightforward
calculation of semi-analytical solutions of the nonlinear DAEs in the form of arbitrary
high-order Taylor series. Since practical DAE models often contain compositional
functions with complicated compositional structures, this work first studies the ARF of
generic compositional functions, including its existence, uniqueness, and propagation of

the ARF over a compositional function structure to derive ARFs of compositional
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functions from simple functions. After that, this work derives the ARF of nonlinear

DAEs and designs an ARF-based DAE solution algorithm.
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CHAPTER 2
SOLVING ORDINARY DIFFERENTIAL EQUATION MODEL

USING DIFFERENTIAL TRANSFORMATION

This chapter proposes a novel approach for power system dynamic simulation
based on the DT method. The DT is introduced to study power systems as high-
dimensional nonlinear dynamical systems for the first time and is able to avoid
computations of high-order derivatives with nonlinear differential equations by its
transform rules. This chapter first proposes and proves several new transform rules for
generic non-linear functions that often appear in power system models, and then uses
these rules to transform representative power system models such as the synchronous
machine model with trigonometric functions and the exciter model with exponential and
square root functions. This chapter also designs a DT-based simulation scheme that
allows significantly prolonged time steps to reduce simulation time compared to a
traditional numerical approach. The numerical stability, accuracy and time performance
of the proposed new DT-based simulation approach are compared with widely used
numerical methods on the IEEE 39-bus system and Polish 2383-bus system.

2.1 Introduction of the Differential Transformation

For a set of nonlinear differential equations (DEs) that models a dynamical
system, the explicit, analytical solution does not exist in general. However, an
approximate solution can be represented by a finite power series in time up to a designed
order. Thus, calculating power series coefficients would be a key to obtain such an

approximate solution.
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The DT is an effective mathematical tool to serve this purpose. It has been studied

by researchers in the fields of applied mathematics and physics for various nonlinear
dynamic systems such as the Van der Pol oscillator, Duffing equations and fractional
order systems [49]-[57]. In existing literature, the DT is mainly applied to small systems
described by low-order DEs and its capability has not been examined for real-life
complex network systems like power systems modeled by a large set of nonlinear DEs.
This section introduces the definition and rules of the DT and the next section will apply

the DT to power system models.

Definition 1: Consider a function z(¢) of a real continuous variable 7. The DT of x(¢) is

defined by (2-1), and the inverse DT of X(k) is defined by (2-2), where k € N is the

order.
X(k):k%{d;gt)} @-1)
x(1)= iX(k) t* (2-2)

The DT method provides a set of transform rules such as those in the following

Proposition 1 and Proposition 2. Their detailed proofs can be found in [49].

Proposition 1: Denote z(t), y(t) and z(¢) as the original functions and X(k), Y (k) and
Z (k) as their DTs, respectively. The following propositions (a) - (f) hold, where ¢ is a
constant, n is a nonnegative integer and o is the Kronecker delta function defined in

discrete domain.
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1L, k=n

@)= = v(0) =elin) = {0 "
¢, k=0
®v{t)=c = {0 =eole)= |7 LG

Proposition 2: If gb(t) = siné(t), 1/1(15) = cosé(t) and CID(k) ,\I’(k:) and A(k) are

the DTs of gb(t),w(t) and (t), respectively, then <I>(k> and \If<k> are calculated by:

o(k) = f’“‘T’”\p(m)m —m)
m=0 (2-3)

k-m
\I/(k) = —mZ_:OTQ(m)A(k — m)
2.2 DTs of Power System Models
The Taylor series of a nonlinear function can more easily be obtained by using the
DT with the above transform rules than directly using the traditional Taylor expansion
formulas. This section presents the DTs of several representative power system models,

which include the detailed 6™ order synchronous machine model, the first order governor
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and first order turbine model, the IEEE Type I exciter model and the first order PSS
(power system stabilizer) model.

2.2.1 New Transform Rules for Power System Models

The main idea of deriving the DT of a power system model is to apply DT to both
sides of each equation. However, besides the nonlinear functions involved in Propositions
1 and 2, there are other commonly used nonlinear functions in power system models
whose transform rules are not provided by the original DT theory, such as composite
exponential functions, square root functions and fractional functions. This section has
further proved the transform rules of these functions according to the basic idea in [49] as
follows. These additional transform rules together with the basic transform rules can be
implemented by a software library in a symbolic computing environment, e.g.
Mathematica and Maple. Thus, the whole procedure of DT for a power system model can

become automated.

Proposition 3: Given function ¥, (t) = ez(t), if ¥} (k) and X(k) are the DTs of y, (t)

and x(t), respectively, then Y] <k> is calculated by:

(k—m))ﬂ(m)X(k—m) (2-4)

Proof of Proposition 3: From ¢, = y,2, there is

(k+1)Y;(k+1)= in(m>~(k—|—1—m)X(k+1—m)

For convenience, it can be written as:
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k

ﬁ%(lﬂ+l—m)lfl<m)X(k+l—m>

Replacing k& by k-1 will lead to (2-4). m

Y (k+1)=

Proposition 4: Given function Y2 <t> - \/;, % (k> and X(k) are the DTs of %2 (t) and

r ( b ) , respectively, and

(k) = — X(k)—m:}g(m))g(k—m) (2-5)

Proof of Proposition 4: From ¢y = z, there is

S, (m )3, (5~ m) = X (3]

m=0

2%, (0)1, () + 8 () (5 — ) = X&)

Then, it is easy to obtain (2-5). m

Proposition 5: Given function z(t) = :v(t)/ y(t), if X (k), Y (k) and Z(k)are the DTs
of z(t), y(t) and z(t), respectively, then Z(k) is calculated by:

—X(lc)—ﬁ:zon(m)Y(k—m) (2-6)

Proof of Proposition 5: Observe thatz = 2y, we have
k
S Z(m)Y (k—m)=X(k)
m=0

Y(0)Z(k)+ Soz(m)y(k—m) = X (k)
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Then, it is easy to obtain (2-6). m

To be differentiated from original functions, e.g. efd(t),vr(t), their DTs are
denoted using capital letters, e.g., E, (k) and V, (k),k = 0,1,2... K . Besides, time “¢”

of original functions are omitted for simplicity, i.e. e 1d <t),vr (t) — €450, -

2.2.2 Governor Model

The equation of a 1** order governor model is given in (2-7), where p_, is the

governor output power, p,.. is the electrical power setting point and s, is rotor slip; 7.

SvU

and R, are governor time constant and the droop coefficient.

. 1
T;vpsv = _ps’u + pref - R_SnL (2-7)
d

The DTs of the four terms in (2-7) can be obtained using Proposition 1 as

explained in detail in the following:

1) The LHS (left hand side) term T, p_ is a product of a constant and the
derivative of p_ . The DT of p_ can be obtained from Proposition 1-g:

Py — (k+1)P, (k+1)
Then the DT of 7, p,, can be obtained from Proposition 1-b:

S+ St

T.,p, —(k+1)T,P, (k+1)

SV Sv

2) Similarly, the DTs of three RHS (right hand side) terms can be obtained using
Proposition 1-b:

—Py — _Psv(k>

pref - prefg(k)
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—ism — —ism(k)
R, " R, "

Finally, the original equation becomes

(b4 1) TP (k1) = =B, (k) + pge (K) = =8, (k) e-8)

ST sv
d

2.2.3 Turbine Model

Consider the 1*' order turbine model given in (2-9) about mechanical power p,

with time constant T,:

T::hpm = D + Py, (2'9)

Similar to the above procedure for the governor model, apply DT to its both sides:

(k+1) =B, (k) + P, (k) (2-10)

(k + 1) (h m
2.2.4 PSS Type I Model

A PSS Type I model is given in (2-11), where v, is the PSS output voltage that is

used to modify the exciter reference voltage; the input signal is the rotor speed w ,

electrical power p, and bus voltage magnitude v, ; T, is the time constant and K is

the stabilizer gain.

T, = —(K,w+K,p, + Ky, +v) 2-11)
v, = K, w—+ Kppe + Kv, + v
Similar with the procedure for governor and turbine model, the DT on the PSS

model can be written in (2-12).

(k+ 1)TV(k+1)

-
Vi(k) = KW (k) + K, F,

W)+ () K36+ ()

I )+ (1 o

KU}
(K
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2.2.5 Synchronous Machine Model
A detailed 6™ order synchronous machine model is given in (2-13)-(2-16)
including a coordinate transform at the terminal bus for the network interface under the

constant impedance load assumption.

T —x T —T
Tty =~k + kg
q a q a
oty = S 0,
non vxd _u d l xdu_.xd (2'13)
que =€, —e; + (ZL’q — :vq)zq

Tu N ! " ! n\ .
doeq = 6(] _6(] — (Id —iUd)Zd

iy | % €| |V (2-14)
if] ‘T(‘]' 7’0 6{; U(I
i =Y (2-15)
i, iy . v, sind  cosd

T1=R| 7, =R , where R = ) (2-16)
i, 4, v, v, —cosbd  sind

State variables 0, w, ey, e’a, e’’y and e’ s are respectively the rotor angle, rotor

speed, g-axis and d-axis transient voltages and sub-transient voltages; p,,i,and iy are the
electrical power and d-axis and g-axis stator currents; v, and v, are the d-axis and g-axis
terminal voltages; 4 _ and iy are the x-axis and y-axis terminal currents; v, and vy are the
x-axis and y-axis terminal voltages respectively; p  is the mechanical power; e is field
voltage; H is the inertia and Dis the damping constant; T, Tq0, T"’a0 and T"’qo are the

open circuit transient time constants and sub-transient time constants in d-axis and g-axis;
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Xd, Xg, X'd, X'q, X"'a and x "’ are the d-axis and g-axis synchronous reactances, transient

reactances and transient reactances; w, = 27 x 60 is the nominal frequency and Y. is the
reduced network admittance matrix.
The DTs of (2-13)-(2-16) are given in (2-17)-(2-20), where ®(m ) and ¥(m)

denote the DTs of sind and coso obtained by Propositions 2.

(k+1)z;0E;(k+1):_i?:iéE;(k)+i7:i%,E;(k)

(54 1) Ty (5-41) = = 525 (1) + 22 7 (1) + B (1)
(k)T (k1) = By () — B3 (k) + (5, — a0 )1, (k) 17
(k+1)TyB) (k+1) = B, (k) B, (k) — (2, — 2 )1, (k)
(k+1)A(k+1)=wsS, (k)

2(k+1)HS, (k+1)= P, (k)P (k)- DS, (k)

LK) [ = ([E R [Va(k)

Iq(k)_kxl} n) B (k)] [Vi(#) (2-18)
F(k) = Z_O[Vd(mﬂd(k—m)+Vq(m)fq<k—m)]

I(k) = Y:;/_(k;) (2-19)
(k)] E[e(m) w(m)][1(m-Fk)

1K) T 25w (m) (m) | 1, (m ) o0)
V.(K)] [ @(m) w(m)|[V,(m—k)

V(0] T 2w (m) o (m)||V, (m )

2.2.6 IEEE Type I Exciter Model

The IEEE Type I exciter model is given in (2-21)-(2-23), where €pas Vps Vg U, ATE

the field voltage, feedback voltage, sensed terminal voltage and regulator voltage;

Te,Tf,TT,Ta are exciter time constant, feedback time constant, filter time constant and
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regulator time constant; K , K f,Ka are exciter constants related to self-excited field,
feedback gain and regulator gain; s, is the exciter saturation function which is a

b

nonlinear exponential function determined by the two constants a, and b,; v, is the bus

voltage which is a nonlinear square root function; v, v _ . are the maximum and

minimum voltage regulator outputs.

Teéfd = U T 56y — Keefd
T, = —v; + K.e

rf fofd
Trvts = _Uts + vt
—v, + K, (v, + v, — v, —v;), (2-21)
. Zf UT"NLZ"H < /UT < /U’I’TTL(ZI
To = . .
ar O,Zf(vr =, 0, > 0>,OR
(vr = vrmin’br < 0>
5, = a,e"n (2-22)

v, = v+ vj (2-23)

The DTs of (2-21) is given in (2-24). Since the DT can handle the discrete events
in (2-21) by deriving the DT for both expressions as shown in the last two equations in

(23), they can be switched in the simulation as the traditional method does.

(k+ 1>T6Efd (k+1)=V (k)- K,E, (k)— zkjse (m)Efd (k—m)

(ko 1)TV, (K 41) =V, (k) + (k+ 1)K, By (k+1)

(k+ 1)V, (k+1)= -V, (k)+V, (k) (2-24)
(k+1)TV, (k+1)= -V (k+1)

K (Vg (k) + 7, (k) = Vi, (k) = V; (k)
(k+1)TV, (k+1)=0

However, both (2-22) and (2-23) are composite nonlinear functions without

existing transform rules. To obtain their DTs, Propositions 3 and 4 proved previously for
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the composite exponential function and composite square root function are applied. From

proposition 3, the DT of the saturation function is given in (2-25).

S€<k>:aeékZ:)(k—m)Se(m>Efd(k—m) (2-25)

From proposition 4, the DT of terminal voltage is given in (2-26)-(2-27), where

u=v; = v+, and U(k) is its DT.

U(k+1)= ivx(m)vX(k—m)+ ivy<m)vy(k—m> (2-26)
Vt(k;+1):mm(k)—ﬁkémmw(k—m) (2-27)

2.3 Proposed Scheme for Dynamic Simulation
This section proposes a DT-based scheme for dynamic simulation using the DTs
derived above for power system models and then illustrates the scheme using a single-
machine-infinite-bus (SMIB) system.
2.3.1 DT-based Solution Scheme
The variables of power system model in this section are given in (2-28), which
satisfy (2-7), (2-9), (2-11), (2-13)-(2-16) and (2-21)-(2-23).
x(t) = {psv,pm,vs,e:j,e;,e;,e;,é,sm,efd,vf,vr,vts]

y(t) = |:Zd7zq7pe7lx7fl’y7vd7vq7Ux7vy7se7vt:|

In the proposed dynamic simulation scheme, these variables are approximated by

(2-28)

the K™ order power series. After obtaining the coefficients, the trajectory can be

displayed by evaluating (2-29). Thus, the key is to calculate the coefficients

X(k),Y(k),k =012...K defined by (2-30).
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:z:(t):X(O)+X(1>t+X(2)t2+...X(K)tK
() =Y(0)+Y(1)t+Y(2) +..Y(K)t"
X(k)=|P,. P,V Ey, B, By, By A S, BV, VY|
Y (k)= [IIP]IVVVVSV]

T Te T Ty
At each  simulation  step, {X ( ), Y(O)} are known and

(2-29)

(2-30)

{X(k:), Y(k), k=1, 2,...K} are to be solved. Algorithm 1 is designed to calculate
the (k+1)™ order coefficients from the coefficients of orders 0,1,...x. The algorithm is

executed K-1 times to obtain all the coefficients starting from {X (0), Y(O)}. Since

the operations of DT are purely linear, the calculation process is explicit. For example,

the coefficients P, (k: + 1) explicitly depend on the lower order coefficients as shown in

(2-8).
The DT-based simulation scheme is illustrated below using an SMIB system

given in (2-31) with parameters /=3 s, D=3 p. u., w, = 27 x 60 rad/s , Pmax=1.7 p.u.,
P»=0.44 p.u. and the initial state 5(0) = 0.26 rad and w(O) = 0.002 p.u.

5= w,w
(2-31)
W= L(Pm - P sind — Dw)

2H

To obtain the trajectories of rotor angle and rotor speed, the first step is to apply
DT to (31). Similar to the steps described in the previous section, its DT is given in

(2-32)-(2-33):

Algorithm 1

Input: X(O:k‘),Y(O:k)
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Output: X(O ck+ 1),Y(O ck+ 1)

I.  Calculate P, (k +1) from (2-8).

2. Calculate Pm(k -|—1> from (2-10).

3. Caleulate By (k+1),E (k+1),E;(k+1).E (k+1), A(k+1),5, (k+1)

from (2-17).
Calculateld<k),]q(k ( )from (2-18).
(%)

4

5 CalculateV, (& ,Vy(k>) from (2-19).

6.  Calculate®(k), ¥ (k)from (2-3).

7. CaleulateV, (k),V, (k),1,(k),1,(k)from (2-20).

8 ).V, (k) from (2-25)-(2-27).

9 E+1),V, (k+1),V,(k+1),V, (k+1)from (2-24).
+1) from (2-12).

e

k
Calculate £ (
k

(
Calculate S (
fd
10. Calculate V, (

(k+1)A(k+1) = wW(k) (2-32)
2H (k+1)W(k +1) = Po(k) — P, ®(k) — DW(k) (2-33)

With the values of parameters plugged in, the recursive formula to calculate the
coefficients becomes
377 W ( k)

k+1 (2-34)
W(k+1)= %_H[O.Of’)g(k:) —0.283® (k) — 0.5W (k)]

A(k+1)

The coefficients A(O),W(O),@(O),\I/(O), are obtained in (2-35) using

Proposition 1-a.

(2-35)
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The values of A(k’),W(k:) for arbitrary k£ can be calculated starting from (2-35).

For example, the coefficients with &=1 are calculated in (2-36) with o ( 0) =1.

377TW (0) = 0.754

0.073 — 0.283%(0) — 0.5W (0) = —7.6 x 10~*
W(0)A(1) = 0.7287

V(1) =-®(0)A(1) =-0.1938

Such a recursive process continues until k& reaches a desired order K. The rotor

A1)
Vggi; (2-36)

angle and rotor speed expressions for K=3 are approximated by

5(t)=A(0)+A(1)t+A(2)? +A(3)F
w(t) =W (0)+W (1)t +W (2)2 + W (3)£°
2.3.2 Remarks

(2-37)

In recent literature, other methods have been applied to obtain an approximate
solution of a nonlinear differential equation in the form of a polynomial function of time,
such as the Adomian decomposition method (ADM) [32]-[33] and a Power Series based
method (for short, PSM) [35][36]. The approximate solutions of these two methods and
the proposed DT method all converge to the true solution in the power series form when
the number of terms increases to infinity [32]-[36], [50], [58]-[59]. However, when finite
terms are taken, their solutions are not identical term by term. The main reason lies in
their different approximation and truncation mechanisms in generating each specific
term: the ADM generates each term as a polynomial of time [32][33] composed of
monomials of different orders, so the later terms can also change the coefficients of some
of low order monomials when terms grow; the other two methods generate each term as a
single monomial of time; the PSM needs to transform all analytical nonlinear functions,

e.g. sine and cosine functions, first into truncated Taylor series so as to introduce
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truncation errors, while the DT method directly uses the differential transforms of
nonlinear functions instead of their Taylor expansions.

The solutions of all the above methods are accurate within a limited time window,
whose length in general increases with the number of terms. However, their different
generation mechanisms make the DT be easier to implement in practice with a large
number of terms than the ADM and PSM. The ADM and PSM have to explicitly
calculate high order derivatives to obtain Adomian polynomials or truncated Taylor
series [32]-[36], [58]-[59]. The complexity of high order derivatives increases
significantly at a large number of terms. Comparatively, the DT adopts transform rules to
avoid computing high order derivatives. Ref. [37] proposes a Pade Approximants based
method to transform a polynomial-form solution, which can be from any of these three
methods, into a fractional form to further improve its accuracy, and hence can be applied
as a post-processing technique together with each of these three methods.

2.4 Case Study

In this section, the proposed simulation scheme is tested on the IEEE 10-machine
39-bus system and Polish 327-machine 2383-bus system [60]. The accuracy of the DT
approach is validated by various disturbances. The numerical stability, accuracy and time
performance are compared with five commonly used numerical methods [7][11]: the
modified Euler method (ME), 4th order Runge-Kutta method (RK4), Gill’s version of
Runge-Kutta method (RKG), Trapezoidal method and Gear method. In all subsections,

the benchmark result is given by the RK4 method with a very small time step of 0.3ms.
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Errors of each method are considered its differences from the benchmark result.
Simulations are performed in MATLAB R2017a on a computer with 15-7200U CPU.
2.4.1 Scanning Various Contingencies

For the 39-bus system, three stability scenarios, i.e., one stable case, one
marginally stable case, and one unstable case, are simulated for 20 seconds. The stable
case has a three-phase fault at the bus 3 that starts at /=1s and is cleared after 5 cycles by
tripping the line 3-4. The marginal stable and unstable cases are created by clearing the
fault after 12.935 cycles and 12.940 cycles, respectively. Fig. 1 to Fig. 3 show the
trajectories of rotor angles from both the DT and benchmark RK4 methods as well as the
rotor angle errors of the DT method. The machine 1 at bus 30 is selected as the reference.
The results of the DT method with K=8 and the time step length of 0.05s accurately
match the benchmark results for all three scenarios. The maximum errors of all state
variables (including rotor angles, rotor speeds, transient and sub-transient voltages in d-
axis and g¢-axis, field voltages, and all other variables) over the entire 20-second
simulation period are 1.48x10* p.u., 1.00x10° p.u. and 1.30x10 p.u. for the three
scenarios, respectively.

The same tests are also conducted on the Polish 2383-bus system and the DT
method can still assess stability accurately. Fig. 4 to Fig. 6 show the trajectories of rotor
angles from both the DT and RK4 methods as well as rotor angle errors of the DT
method using the time step length of 0.016s. The machine 1 at bus 10 is selected as the

reference. The maximum errors of all state variables over the entire 20-second simulation
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period are 5.2x103 p.u., 3.9x107 p.u. and 3.8x10° p.u. for the three scenarios,
respectively.

In addition, the impacts of various factors on the simulation of the DT method are
studied, including: fault types; fault locations; the modeling of PSS; and the modeling of
saliency. Apply these two types of faults to all buses and lines of the 39-bus system: 1)
temporary three-phase short-circuit fault lasting for 5 cycles on each bus (totally, 39
faults); 2) permanent three-phase short-circuit line fault near each end of every line that is
tripped by opening the line after 5 cycles (totally, 46x2=92 faults). Fig. 7 and Fig. 8
show that the maximum errors are within 1.1x10° p.u. for any state variables of the
system in all cases. Besides, a 830 MW generator trip on bus 38 is simulated and the
maximum error is 2.26x10* p.u..

Also, the impact of the PSS is simulated by many cases. Fig. 9 shows the
maximum errors are within 3.0x10 p.u. and are not affected much by the modeling of
PSS. Meanwhile, the impact of the saliency is studied. Fig. 10 shows the maximum errors
are within 2.6x10™ p.u. and the modeling of saliency does not introduce additional errors.
2.4.2 Comparison of Numerical Stability

To study the error propagation and numerical stability, three scenarios are
designed for the 39-bus system with three different time step lengths: 0.050s, 0.067s and
0.100s. The simulated disturbance is a three-phase fault at bus 3 cleared after 5 cycles by
tripping the branch 3-4. Fig. 11 a)-c) shows the error propagation with the three scenarios
where all methods start from the same initial state at /=0s. To take a detailed look at the

transient dynamics right after the fault, the figure focuses on the first 1 second. The
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logarithmic vertical axis is the maximum error of all state variables at the end of each
time step. The errors do not propagate much for the four methods when the time step
length is 0.050s. Meanwhile, Fig. 11 b) shows the error of the ME method propagates
when the time step length is increased to 0.067s and it approaches 10? p.u. at =1.0s,
indicating divergence of the ME method. In Fig. 11 c), it shows that the errors of ME,
RK4 and RKG methods increase along time steps significantly, indicating the tendency
toward numerical instability. Table 1 summarizes whether the four methods tend to be
numerically stable or unstable under three scenarios. All methods work well when the
time step length is 0.050s. The ME method has numerical instability issue when the time
step length is 0.067s. Only the DT method is numerically stable under all three scenarios.

Table 2 summarizes the maximum time step lengths of the four methods to
maintain the numerical stability for both the 39-bus system and the 2383-bus system, by
extensive simulations with gradually increased time step lengths until numerical
instability occurs. The DT approach can maintain numerical stability using much larger
time step lengths than the ME, RK4 and RKG methods. But it will diverge when the time
step length is larger than 0.125 s for the 39-bus system and 0.017 s for the 2383-bus
system. By contrast, the implicit methods such as the Trapezoidal method and the Gear
method are very stable, and there is no need to limit their time step lengths from the
numerical stability perspective. These results indicate the numerical stability of the DT
approach is better than the ME, RK4, and RKG methods, but weaker than the

Trapezoidal method and the Gear method.
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2.4.3 Comparison of Accuracy and Time Performance

For both test systems, Table 3 shows the time step lengths of the ME, RK4, RKG
and DT methods with three desired error tolerances, i.e., the maximum error of all state
variables over the entire simulation period is in the magnitude of 102, 10 and 10 p.u.,
respectively. For the Trapezoidal and Gear methods, the average time step lengths are
shown since they are implemented by MATLAB solvers ode23t and odel5s respectively
with variable time step lengths.

For the 39-bus system, the time step lengths of the DT can be increased compared
with the ME method to 7.5 times, 23.3 times and 50.0 times while still meeting the
requirements of three error tolerances, respectively. Compared with both the RK4 and
RKG methods, it is increased to 2.0 times, 2.7 times and 4.5 times. Also, the DT method
increases the time step length to 4.5 times and 1.7 times compared to the Trapezoidal and
Gear method respectively under the same error tolerance. Similar results are also
observed on the 2383-bus system. These results show the DT approach can prolong the
time step lengths with the other methods for the same level of error tolerance.

For both test systems, Table 4 shows the computation times of the six methods
using the time step lengths in Table 3. For the 39-bus system, the time costs of the DT
method are reduced by 33.3%, 66.4% and 86.8% compared to the ME method under
three error tolerances respectively. It is reduced by 15.1%, 17.8%, and 43.2% compared
with both the RK4 and RKG methods. Also, the DT reduces the time cost by 61.1% and
11.9% compared to the Trapezoidal and Gear methods respectively under the same error

tolerances. Similar results are also observed on the 2383-bus system. These results show
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the DT approach can reduce computation time compared with the other methods for the
same level of error tolerance.

2.5 Conclusion

This chapter has proposed a DT-based approach for dynamic simulation of multi-
machine power systems. This chapter derived the DTs for detailed power system models.
Then, the simulation scheme using the derived DTs was tested on two test systems. The
results show that the approach significantly increases the time step length by using more
power series terms to approximate the solution so as to speed up simulation while
keeping a comparable accuracy with traditional numerical integration. Therefore, the
approach is of great potential for fast power system simulation.

Electricity utilities usually model a power system by a set of nonlinear differential
algebraic equations (DAEs) for transient stability studies. In this chapter, impedance
loads for each simulated system are assumed so as to reduce the original DAE model into
a DE model by including loads into a reduced admittance matrix. The simulation results
from such a DE model are different from simulation results of a DAE model if more
complex loads exist. This chapter has focused on a proof of concept study on the DT
method for simulating a large-scale system and several important aspects of handling
DEs for power system simulation including transformation rules specifically for
nonlinear power system models, practical DE models of generators and their controllers
and detailed comparisons of the DT method with other numerical methods. Extending the

proposed approach to solve power system DAEs will be the focus of next chapter.
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CHAPTER 3
SOLVING DIFFERENTIAL ALGEBRAIC EQUATION MODEL

USING DIFFERENTIAL TRANSFORMATION

This chapter proposes a novel non-iterative method to solve power system
differential algebraic equations (DAEs) using the DT method, which has proved to be
effective in solving state variables of nonlinear differential equations in previous chapter.
This chapter further solves non-state variables, e.g. current injections and bus voltages,
directly with a realistic DAE model of power grids. These non-state variables,
nonlinearly coupled in network equations, are conventionally solved by numerical
methods with time-consuming iterations, but their DTs are proved to satisfy formally
linear equations in this chapter. Thus, a non-iterative algorithm is designed to analytically
solve all variables of a power system DAE model with ZIP loads. From test results on a
Polish 2383-bus system, the proposed method demonstrates fast and reliable time
performance compared to traditional numerical approaches including the implicit
trapezoidal rule method and a partitioned scheme using the explicit modified Euler

method and Newton Raphson method.

3.1 Proposed Method for Solving Power System DAE Model Using DT

3.1.1 Conceptual Description of the Proposed Method
A power system DAE model in the state-space representation is given in (3-1),
where x is the state vector,v is the vector of bus voltages, f represents a vector field

determined by differential equations on dynamic devices such as synchronous generators
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and associated controllers, i is the vector-valued function on current injections from all

generators and load buses, , and ¥pus is the network admittance matrix.

&= fl=v) (3-1)
Y, .V = z(:z:,v)

In the proposed method, the solution of both state variables and the non-state
variables, bus voltages, are approximated by K™ order power series in time in (3-2). The
major task is to solve power series coefficients of orders from 0 to K. The two steps to
obtain these coefficients are conceptually shown below and then elaborated in Chapter
3.2 and 3.3, respectively.

_ K k
m-Z(}){X(lz)t (3-2)
v=> V(k)t

3.1.2 Step 1: Deriving DTs of Power System DAE Model

The DTs of the DAE model (3-1) will be derived in Chapter 3.2 and have the
general form in (3-3). Compared with the original DAE model (3-1), each variable or
function x, v, f, i are transformed to their power series coefficients X(k), V(k), F(k), I(k)
(denoted by their corresponding capital letters), coupled by a new set of equations in
(3-3). It can be observed that, the left-hand side (LHS) of (3-3) only contains the (k+1)®
order coefficients of state variables and k™ order coefficients of bus voltages,
respectively, while the right-hand side (RHS) couples 0" to k™ order coefficients of both

state variables and bus voltages by nonlinear functions F and 1.

(k+ DX (k+1)=F(k) = F(X(1),V(),l = 0-k (a)
Y, V(k) = I(k)=I(X(1),V(),l =0-k (b)

bus

(3-3)
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3.1.3 Step 2: Solving Power Series Coefficients of State Variables and Bus Voltages
The main task in this step is to solve power series coefficients X(k) and V(k) (k>1)
from the (k-1)™ order coefficients, as indicated by two circled numbers in Fig. 12. Thus,
any order coefficients are solvable from X(0) and }(0).
Rewrite (3-3)-a as (3-4) by replacing & by k-1. Note that X(k) only appears on the
LHS and the RHS only contains coefficients up to order k-1. Therefore X(k) can be

explicitly solved from calculated lower order coefficients.

X(k)==F(X0),V(),l=0-k-1 (3-4)

In contrast, from (3-3)-b, solving W(k) is not straightforward since it appears on
both the LHS and RHS and the vector-valued function /(*) is nonlinear. Later in Chapter
3.3, we will prove that the coefficients of current injection I(k) satisfy a formally linear
equation (3-5) about V(k).

I(k)=AV(k)+B
(X() (n L =0k (3-5)
B(X(l,), (»’z—o k-1

Note that the matrices 4 and B still contain nonlinear functions that only involve
the (k-1)" and lower order coefficients on bus voltages, so they do not affect the
solvability of F(k). Finally, V(k) is explicitly solved in (3-6) after substituting (3-5) into

(3-3)-b. The detailed derivation of matrices A and B is presented in Chapter 3.3.

—~A) B (3-6)
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For complex variables and parameters in (3-1)- (3-6) such as current injection
vector i, bus voltage vector v, DTs I(k) and V(k), and admittance matrix ¥sus, their real

and imaginary parts are separate as follows, where N is the number of buses.

. . . . . T
t= by "'ZI-,N’lny]

]T

v =

U:r,,l’ Uy,l o U:E,N’ Uy,N

I(k) =Ly (k)L (K) L (k). 1, (B)]
T

V (k) = [Vor (k). Vo (k) Ve (k).V,,x (F)]
lel 1le By B.
Yis =1 ) , whereY, = _g GU
Yy - Y v

Remark: There are two important observations: 1) from (3-5) that current
injections and bus voltages, which are coupled by nonlinear network equations in (3-1),
turn out to have linear relationships in terms of their coefficients after DT; 2) coefficients
on bus voltages can be explicitly solved by (3-1) and then used to calculate bus voltages
by (3-2) in a straightforward manner, which is different from using a conventional power
flow solver to calculate bus voltages by numerical iterations. The proposed DT based
method for solving DAEs differentiates itself from the traditional solution schemes which
rely on iterative numerical methods such as the family of Newton Raphson (NR)
methods.

3.2 DTs of Power System DAE Model

Typically, a power system DAE model contains differential equations for each

generator and its controllers, current injection equations for all generator and load buses,

and the transmission network equation. DTs of differential equations are provided in
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previous chapter and DTs of current injection equations and the network equation are
derived in this section.

3.2.1 Vectorized Transformation Rules

In power system DAE model, currents and voltages are usually written as matrix
forms using rectangular coordinates. To make the expression of the derived DT more
compact, this section extends the existing transformation rules for scalar valued functions
to vectorized transformation rules so as to be directly applied to a vector valued function
without expanding it into many scalar valued functions first. The proposition 1 provides
six vectorized transformation rules in (3-7) for vector or matrix operations that often
appear in a power system DAE model. These rules can be easily obtained by applying the
existing transformation rules to each element of the vector valued function and their

proofs are omitted.

Proposition 1: Given x(¢) and y(¢) as vector-valued functions having DTs as X(k) and
Y(k), h(t) and H(k) as a scalar function and its DT, and ¢ and d are constant matrices, the

transformation rules in (3-7) hold.

) 2(t) £ y(t) — X(k) £ Y(k); ii) 2()" — X (k)

iii) cx(t) — cX (k); iv) a(t)d — X (k)d
k
v) 2()y(t) — X (k)@Y (k)= S"X(m)Y (k—m) (3-7)

vi) ﬁy@ - ﬁ Y (k) - SH(/{: —m)Z(m)

m=0
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3.2.2 DTs of the Current Injection Equation of Generators

Consider the detailed 6™ order synchronous generator model in. The current
injection using the d-g coordinate system is given in (3-8). The coordination
transformation between d-g and x-y coordinate system is given in (3-9). Variables ia, iy
are the d-axis and g-axis stator currents; e’’4, e’’y are d-axis and g-axis sub-transient
voltages; va and vy are the d-axis and g-axis terminal voltages; J is the rotor angle.
Parameters x "’z , x’q and 74 are the d-axis and g-axis sub-transient reactance and internal

resistance, respectively.

"

1 e v —x

d d d a q

i - ya " ) where ya = " (3_8)
q eq q d T

i, iy v, v, sind  cosd

fl=r ", =r , where r = . (3-9)
i, 4, v, v, —cosbd  sind

The current injection under the x-y axis is given in (3-10) by combining (3-8)-

(3-9).
i:c o 6; T T:Tya
[iy =T e; —A v, , Where {)\ T (3-10)
The DT of (3-10) is given in (3-11).
L (¥ £ (1) V(1
=I(k)®| —A(k)® 3-11
(0 = "W ) M2 ) 1

For details of the derivation, the RHS of (3-11) is obtained using rules i) and v),
where the I'(k) and A(k) are respectively DTs of 7 and A, given by rules ii), iv) and v) as
follows. R(k) is the DT of the matrix r, where @(k) and ¥(k) are DTs of sine and cosine

functions, respectively.

T=rYy, — F(k) = R(k)y

a
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A=rrT = A(k)=T(k)® R(k)
®(k)  W(k)
R(k) = ~U(k) B(k)

Eq. (3-11) contains the convolution of a 2x2 matrix and a 2x1 vector, and its

calculation is the same as the convolution of two matrices in the rule v). The detailed

expression is following.

(k)

k
1, (k)

3.2.3 DTs of the Current Injection Equation of Loads

By(k —m)

—m
(k)

_ S0 (m) _miOA(m) g

m=0 Y

Consider the ZIP load model in (3-12) where p and ¢ are the active and reactive
power loads, respectively; v: is the bus voltage magnitude defined in (3-13) and u equals
its square; po, qo and v are the steady state active power, reactive power and bus voltage;
ap and a4 are the percentages of constant impedance load; b, and b, are the percentages of
constant current load; and ¢y and ¢, are the percentages of constant power load. There are

apt bp +Cp=1 and aqt+ bq +Cq=1 .

v v
p = p[](a/p(v_t)Q +bp(U_t)+Cp)
0 t0 (3-12)
v v
q = q() (a‘q(_t)Q + bq (_t) + cq)
Yo Yo
v, = \/Z, U = vz + vfj (3-13)

The current injected to the network can be calculated from the active and reactive
power injections, and is written in matrix forms in (3-14) where f4, f» and fc are constant

matrices.
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7 ) 7
Y Yy Yl Y D (3_14)
1 11 1
Vs vy Uy Uy Uy U v,
3 = Dya,  4ya, 3 pObp 4yY, _ PoCy oS
¢ _qan p()ap T Q(]bq pobp e _qOCq pOCp

DTs of u and v are given in (3-15)-(3-16). Then, DTs of the RHS terms in (3-14)

can be obtained using rules in (3-7) as explained in the following.

U(k)=V,(k)eV,(k)+V,(k) &V, (k) (3-15)
Vt(k):#@(f(k)—%ém(m)m(k—m) (3-16)

The first term in RHS of (3-14) is the current injection of constant impedance
load. It is the product of a constant number 1/vo?, a constant matrix f, and a vector

valued function [vy,vy] T'. Therefore, its DT is given in (3-17) using the rule iii).

i 1|, Ix(k) 1 Vr(k)
. = _ﬁa - = _ﬁa : (3_17)
b 5 %20 Yy ]y<k> 2 Ufo Vy(k)

The second term in RHS of (3-14) is the current injection of constant current load
with DT in (3-18). It is transformed by three steps. First, the product of the constant
matrix B and the vector valued function [vx,1y] 7 is transformed using the rule iii). Then,
the division of the vector valued function Bs[vx,y] T and the scalar valued function v; is
transformed using the rule vi). Finally, the product of the constant number 1/v« and the

vector valued function 1/v: Bs[vx,vy] T is transformed using the rule iii).

Y t0 “t Y

¢ _ ‘ (3-18)
LK) _1 1 F)] i, (m)
ACIRERADI Vﬂ’fﬁﬂg/t(k_m) i, (m)],




44

The third term in RHS of (3-14) is the current injection of constant power load. It
contains the product of a constant matrix #. and a vector valued function [vx,»y] 7, then
divided by a scalar valued function u. Similar with the constant current load, its DT is

given in (3-19) using rules iii) and vi).

W] _1g[w]
i, uy, o (3-19)
0] ~atal el o))

Finally, the DT of current injection equation (3-14) is given in (3-20) by summing
DTs of each term (3-17)-(3-19) using the rule 1).

e

7

L (1
1 (1

I (k)] _ [ L (k)
1, (k)] |1, (F)],
3.2.4 DTs of the Network Equation

+ (3-20)

p

The network equation is in (3-21), which couples the current injections of all

generators and loads. Its DT is given in (3-22).

= YpusUpus

RHS of (10) for generator buses

i ] —RHS of (14) for load buses (3-21)
RHS of (10) — RHS of (14), for buses with

both generators and loads

I(k)=Y,,V(k)
RHS of (11) for generator buses
—RHS of (20) for load buses (3-22)
RHS of (11) — RHS of <20) for buses with

both generators and loads

Ly ()

Iy (K)
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3.3 Solving Power Series Coefficients of State Variables and Bus Voltages

3.3.1 Linear Relationship Between Current Injection and Bus Voltage in terms of

Power Series Coefficients

Proposition 2: The transformed current injections in (3-11) and (3-20) for generators and

loads respectively satisfy equations (3-23) and (3-24), which are formally linear.

-4

The proofs are given below and the detailed expressions of matrices Ag, Bg, A

and By are in (3-25) and (3-29).

Proof of (3-23) in Proposition 2: Rewrite equation (3-11) as follows. Define A; and By

as (3-25). It is easy to confirm that 4, and B, do not depend on Vi(k) and V) (k).

I i v R
A, =-A0), B, =T (k)2 g‘(jéz; —le(k—m) Kygzgl (3-25)

Proof of (3-24) in Proposition 2: To prove (3-24), we only need to prove each
component of the ZIP load in (3-17)-(3-19) can be written into following three equations,

respectively.
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], =l ]2
et -
1o, =4 ie >

p
Part a) The DT of current injections of constant impedance load (3-17) can be easily

written into above forms, by defining 4., B; as (3-26).

1
Az = Tﬁa’ Bz = 02><2 (3'26)
Yo

Part b) The DT of current injections of constant current load (3-18) is rewritten as

follows.
AR A S |
L LS i) 0
£ A, %EZ; By %Vf(k) Izgggz

L[y o] ot §m<m>m<km>] il
. —ﬁwm[g@giwm

The first term can be further written as follows after substituting U(k) in (3-15).
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Finally, define 4; and B; as (3-27). It is easy to confirm that 4; and B; do not
(3-27)

depend on Vx(k) and V) (k).
B; = Bi,1 + Bz‘,z + Bz',3

A A11+A127
Part ¢) Equation (3-19) is written as follows
k)] ‘VM) I, (m)
= I - kE—m
L] = 5 )~ ZPE L ()|
L)1 IL(m)] 1 1,(0)
= B — N Ulk—m ——U(k)| .~
P | 2T )], Y o)
1 1,(0)

= A +B  ——
p,1 p,1

V. (k) v,

The third term can be further written as follows after substituting U(k) in (3-15). It

Y

is easy to confirm that 4, and B, defined in (3-28) do not depend on Vx(k) and V) (k)

(0)

50 o)
alk 11@ (k m)+;§flvy(m)vy(k m)] ﬁyg)
-2 {u O+ 6 ro).
Yl here A, f{)? §:<8> p V,(0),v,(0)]
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Ap = APJ—I-AM, B,=B, +B,, (3-28)

Finally, (3-24) is proved by defining 4; and By as (3-29).

A=A +A+A

(3-29)
B, =B, + B, +B,

l

Using this proposition, current injections of all buses can be written as (3-5) with

A and B in (3-30).

Ag,for generator buses
—A,, for load buses
Ag — A, for buses with both

generators and loads

A = diag(A A, Ay ) A, =

3-30
B ” for generator buses ( )

B = [BT BTB T]T B — | _Bl,fOI' load buses
L M B, — B),for buses with both

generators and loads

3.3.2 Non-iterative Algorithm to Solve Power Series Coefficients
Following the basic idea in Fig. 12, Algorithm 2 is further designed to solve
power series coefficients of both state variables and bus voltages up to any desired order.

Note that all the coefficients are explicitly calculated with no iteration.

Algorithm 2: Solve Coefficients

Input: initial values of state variables and bus voltages z,, v,
Output: any order coefﬁcientsX(k),V(k),k =0--K
Initialization: X (0) = :I:O,V(O> = v,
1. Calculate the matrix A

1.1 Calculate the matrix Ag for generators

1.2 Calculate the matrix A, for loads



49

2. Calculate the matrix (Y -1

_— A) and solve (Y,
for k =1: K

bus

—A)

1
3sme@yXuq=E(X@vwwzommq
3.1 Solve state variables of governors and turbines
3.2 Solve state variables of 6 order generator model
3.3 Solve state variables of IEEE Type I exciter model
4. Calculate the matrix B

4.1 Calculate the matrix B g for generators

4.2 Calculate the matrix B, for loads

5. Solve V(k): V(k) = (Y, —A)le

bus

end

3.3.3 Extension

This section further discusses the linear relationship among non-state variables for
a frequency dependent load model. When considering the impact of frequency changes,
the ZIP load model is changed to a set of DAEs in (3-31), where @ is the bus voltage
angle, Afis the frequency change, i;is the current injection of the ZIP load model, iis is

the current injection after considering the frequency change, and d is a constant.

0 = Af
By = 1,(1 + dAf)
The DT of (3-31) are given in (3-32)-(3-33). For the DT of the algebraic current

(3-31)

injection equation (3-33), it is also proved to satisfy a formally linear equation in (3-34)

with detailed proofs given below.

@%)z%AF%—D (3-32)
I,,(k) = L,(k) + dI,(k) © AF(k) (3-33)

V(%)

N (3-34)

I, (k) = |4/ A
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Proof of (3-34): Rewrite (3-33) as follows.
Iz,f<k) = I,(k) + dI,(k) ® AF(k)
= (1 + dAF(0))I,(k) + dI,(0 k) + dz IL(m)AF(k —m))

Since I,(k) = AV,(k) + B, has been proved for the ZIP load model, the above
equation is further rewritten as follows.
I (k) = 1+ dAF(O))(AV(k;) + B)) + dI,(0)AF(k)

+ dz I,(m)AF(k —m))
= (1+dAF(0 ))AV(k) + dI,(0)AF (k)
k-1

+ (1 + dAF(0))B, + d>_ I,(m)AF(k — m))

m=1

Finally, by defining A, A;, B/ in (3-35), the linear relationship (3-34) is
satisfied, where Al/, Af, Bl/ do not depend on Vx(k) and V) (k).

Al = (1+dAF(0)A; A, = dI(0);

, kol (3-35)
B,/ = (1+dAF(0))B, +dY _ I(m)AF(k — m))

m=1
Two additional variables are introduced, i.e., the state variable 6 and the non-state
variable Af, and their solutions are also approximated by power series of time in (3-36),
where the coefficients @(k) are solved together with the coefficients of state variables

X(k) and coefficients AF(k) are solved together with the coefficients of bus voltages V(k).

0=>""0(k)th Af =" AF(k)t! (3-36)
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3.4 Case Study

The proposed method is first illustrated on a 3-machine 9-bus power system.
Then, to validate the accuracy, time performance and robustness of the proposed method
on solving practical high-dimensional nonlinear DAEs, the 327-machine 2383-bus Polish
system with detailed models on generators, exciters, governors, turbines, and ZIP loads
are used. In the ZIP load model, the percentages of each component are 20%, 30% and
50% respectively.

Two widely used solution approaches are implemented for comparison: 1)
TRAP-NR method where the differential equations are algebraized by implicit
trapezoidal method (TRAP) first and then solved simultaneously with the network
equations by Newton Raphson (NR) method. 2) ME-NR method using a partitioned
scheme where the differential and network equations are alternatively solved by explicit
modified Euler method (ME) and NR method respectively. The time step length of both
the TRAP-NR method and ME-NR method is 1x10” s, while the proposed method
prolongs the time step length to 10 times and still achieves better accuracy.

For a fair comparison, the benchmark result is given by the TRAP-NR method
using a small enough time step length of 1x10™* s and errors of the proposed method, the
TRAP-NR method and the ME-NR method are calculated by their differences from the
benchmark result. Simulations are conducted in MATLAB R2018b on a personal

computer with 17-6700U CPU.
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3.4.1 Ilustration on a 3-machine 9-bus Power System
The 3-machine 9-bus power system in [61] is used to illustrate the proposed
method. The system contains generators at buses 1 to 3 equipped with governors and
exciters whose differential equations can be found in Chapter 2, ZIP loads at buses 5, 6
and 8 and transition buses 4, 7 and 9. Equation (3-37) shows the network equations on

current injections:

"

1 e v
T, d,n ,n . o
; =7,V |— A, o if n =123
y,n eq,n y,n
Zz,n o 1 ﬁ Uz,n + 1 1 ﬁ z,n
i |2 @n g v 2 2 by
y,n Ut[)ﬂ], y,n tU.T’L U:E,n + IUy7n y,n
1 v, _ (3-37)
+ 5 25071/ =, if n=>5,6,8
v + v
z,n Y, y,n
b1 Y, Y, Uy 1
by 9 Y, Yy Uy9

Apply DT to (3-37) according to (3-11), (3-17)-(3-20). Coefficients of state
variables and bus voltages, i.e. X(1), ¥(1),..., X(K),M(K), are recursively calculated
starting from X(0) and F(0). For illustration purpose, calculation of X(1) and ¥(1) is

explained as follows. First, calculate X(1) by (3-4) with £=1:
X (1) = F(X(0),V(0))

where detailed equations of F can be found in Chapter 2. Then, write I(1) of all
generators and loads as a linear equation about V(1) so as to explicitly solve ¥(1). For
instance, current injections from the constant power load component at bus 5 (i.e. the last
term of the second equation in (3-37) can be calculated by the following detailed steps.

The remaining current injections can be handled in the similar way.
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_ 1 Vz,5(1> Ix,5<0>
= 0.0 B.s (1) - Uy (1) fy,s)(o)p (a)
V(1 I..(0
s ] 2ot a2 | o
V()] [2v,5(0)1,5(0) zvy75(0)1x75(0) V,5(1)
Yy, (1) ‘[2vx,5<o>fy,5<o> 2, (0)1,5(0) |, (1)]) 7
2VT,5(0)[7:,5(0> 2‘/1/,5(0)]@5(0) VT,5(1) 0
%oy, (0)1,5(0) 2, (0)1,5(0)])|v,5 (1)) o]
—0.8771 0.1566[[V, ; (1)] [0] . . [V.5(1)
0.8771||V, (1) Tlo| = Aes V(1) + s (c)

For load bus 5, the first order coefficient [/x5(1), 1,,5(1)]," for constant power load

is given in (3-38)-a from (3-19). After substituting the expression of U(1) given in (3-15)

and simple matrix operations, it turns to (3-38)-b and (3-38)-c, respectively. Then, all

terms containing [Vis(1), V3,5(1)]" are combined as a group versus the remaining as

another group in (3-38)-d. Since S5 is a constant matrix and all variables, Us(0), Vx5(0),

V3.5(0), Lx5(0),

1,,5(0), except for [Vxs(1), Vy.5(1)]T have been known, their values are

directly substituted into the equation to have (3-38)-e. Again, [L:s5(1), 1,,5(1)]," is formally

linear about [Vxs5(1), Vy,5(1)]" with coefficient matrices denoted by A5 and Bys.

After obtaining the linear forms for all current injections, we can combine them

into the matrix representation (3-39). For instance, 41 and B are equal to the Ag,1 and By.1

respectively at generator bus 1.

.Ix,l (1)

.Iy79 (1>

A,

(3-39)
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Finally, combining (3-39) with the DTs of the network equation (3-22), V(1) is
explicitly solved in (3-40). By recursively conducting this process, coefficients of bus

voltages and state variables with any order k can be obtained.

Vx,l (1> Y11 Ylg A1 Bl
: =l = - : (3-40)
Vy,g (1> Y91 Y99 A9 B9

In each time step, solutions of involved variables are approximated by power
series of time in (3-2). By performing the above process in multiple time steps, the
solutions over a desired simulation range is obtained. Fig. 13a gives the transient voltage
trajectories at bus 1 and bus 5 after a large disturbance using both the proposed method
with K=8 and time step length of 0.01 s, and the TRAP-NR method with time step length
of 0.001 s. Fig. 13b further provides the maximum voltage errors of all 9 buses for both
methods compared with the benchmark result. It shows that the error of the proposed
method is reduced by one order of magnitude compared to that of the TRAP-NR method
over the entire simulation period despite the 10 times prolonged time step length.

3.4.2 Accuracy and Time Performance

Both stable and unstable scenarios are simulated for the Polish system to validate
the accuracy and time performance of the proposed method. Respectively for two
scenarios, Fig. 14 and Fig. 15 respectively show the transient responses of rotor angles,
rotor speeds and bus voltages simulated by the proposed method. The machine 1 is
selected as the reference to calculate relative rotor angles. The maximum errors of rotor
angles, rotor speeds, and bus voltages compared with the benchmark results are 3.02x107

degree, 4.27x107 Hz, 3.33x10”7 p.u. for stable scenario and 2.02x107° degree, 3.00x10"



55

7 Hz, 2.78x107 p.u. for unstable scenario respectively. It shows the proposed method

can accurately simulate both stable and unstable contingencies in the transient stability
simulation.

Table 5 gives the maximum errors of all state variables (including rotor angles,
rotor speeds, transient and sub-transient voltages, field voltages, etc.) and bus voltages
respectively, as well as the computation time per 1-second simulation. The errors of the
state variables and the bus voltages using the proposed method are respectively two
orders of magnitude lower and one order of magnitude lower than those using the TRAP-
NR method and the ME-NR method. Also, the computation speed of the proposed
method is around 10 times faster than the other two methods. These results show the
proposed method is more efficient and accurate.

Fig. 16 gives the error propagation along the simulation process for four scenarios
with the time step length increased to 0.02 s, 0.05s, 0.10s and 0.20s respectively starting
from the same initial states at /=0. It shows that the error does not accumulate much when
the time step length is 0.02 s and 0.05 s. The maximum errors are in the order of
magnitude of 10 p.u. and 10~ p.u.. respectively. For larger time step lengths, the error
becomes unneglectable when the time step length is 0.10 s and even reaches 10° p.u.
when the time step length is 0.20 s, indicting divergence of the solution.

In this section, the K is determined by gradually increasing its value until the
maximum error of all variables satisfies a pre-defined requirement. Table 6 gives the
error and the computation time with different values of K. It shows that the errors of state

variables and bus voltages are decreased when K increases from 2 to 8. And, keeping
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increasing K does not further improve the accuracy much but brings more computation
burden. Therefore, K=8 is selected throughout the case study to meet the accuracy

requirement, where the maximum error of all variables is in the order of magnitude of 10

®p.u...

Since a large computation burden with transient stability simulation lies in solving
linear equations, both sparse matrix and LU factorization techniques are implemented in
this work for the DT method, TRAP-NR method and ME-NR method. Table 7 compares
the total number Nru of times of LU factorization with three methods in a 1-second
simulation. It is calculated by Niv=nrvxM, where nrv is the number of times of LU
factorization within each time step and M is the total number of time steps. Within each
time step, both the TRAP-NR and the ME-NR method need to perform LU factorization
for each iteration unless a so-called very dishonest NR method is applied, but the DT
method only needs to perform LU factorization once. Also, the DT method only takes
1/10 of time steps of the other two methods. Therefore, the DT method can significantly
reduce the number of times of LU factorization in a simulation.

3.4.3 Robustness

The robustness of the proposed method is validated in three sets of cases: 1) stable
and unstable scenarios, 2) disturbances with different severities, and 3) different
percentages of constant power load.

By comparing the results of stable and unstable scenarios in Table 5, it is
observed that the TRAP-NR method and ME-NR method are less accurate and slower in

simulating the unstable scenario than in the stable scenario, but the proposed DT-based
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method performs almost the same in both scenarios. This is because the system states
change significantly in the unstable scenario and the NR method takes more iterations to
converge. At each time step, the TRAP-NR method takes averagely 3.004 iterations in
the stable scenario and 3.118 iterations in the unstable scenario. For ME-NR method, it
takes 2.060 and 2.132 iterations, respectively. In contrast, the proposed method does not
require iterations in the solving process, thus having better robustness on unstable
scenarios.

Fig. 17 gives the time performance and the average number of iterations of the
NR method under different disturbances with increasing severities using the three
methods. It shows the computation time of the proposed method is almost the same for
different disturbances, but both the TRAP-NR method and ME-NR method take longer
time when simulating larger disturbances due to the increased number of iterations.

The time performance and the average number of iterations of the NR method
under different percentages of constant power load is in Fig. 18. The higher percentage of
constant power load brings stronger nonlinearity to the DAEs, thus making the NR
method more difficult or fail to converge. In Fig. 18, the computation time of both the
TRAP-NR method and ME-NR method increase significantly with the higher percentage
of the constant power load. But the proposed method does not need iterations and its
computation time is not affected much, showing it is more robust to handle the strong

nonlinearity caused by constant power load.
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3.5 Conclusion
In this chapter, a DT based non-iterative method is proposed for solving power
system DAEs. Current injections and bus voltages coupled by nonlinear network
equations in the original state space representation are proved to satisfy a formally linear
equation in terms of their power series coefficients after DT. Benefiting from this
proposition, solutions of both state variables and non-state voltages are calculated by
power series of time whose coefficients are explicitly solved using the designed
algorithm with no iteration. Simulation results shows the proposed method effectively
reduces the computation burden compared to traditional numerical methods and
demonstrates reliable time performance when solving DAEs under large disturbances or

with strong nonlinearities.
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CHAPTER 4
A DYNAMIZED POWER FLOW METHOD BASED ON

DIFFERENTIAL TRANSFORMATION

This chapter proposes a novel method for solving and tracing power flow
solutions with changes of a loading parameter. Different from the conventional
continuation power flow method [62]-[66], which repeatedly solves static AC power flow
equations, the proposed method extends the power flow model into a fictitious dynamic
system by adding a differential equation on the loading parameter. As a result, the
original solution curve tracing problem is converted to solving the time domain
trajectories of the reformulated dynamic system. A non-iterative algorithm based on DT
is proposed to analytically solve the aforementioned dynamized model in form of power
series of time. This chapter proves that the nonlinear power flow equations in the time
domain are converted to formally linear equations in the domain of the power series order
after the DT, thus avoiding numerical iterations. Case studies on several test systems
including a 2383-bus system show the merits of the proposed method.

4.1 Problem statement
The conventional power flow equations are given in (4-1)-a where S is a vector

of the complex power injections, V is a vector of bus voltage phasor, and Ypus is the bus

admittance matrix. By adding the product of a loading parameter A and a constant vector

b to the left-hand side, a general continuum of power flow equations is given in (4-1)-b.

S=V(Y,.V) (a) (4-1)
S+Ab=V(Y, V)" (b)
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Note that the vector b is defined to reflect an arbitrarily direction of load changes,
for example, uniform increases of all generation and load, or increases of generation and
load at certain buses or zones. Meanwhile, practical operating constraints such as the
reactive power limit of generators can be considered during the load change.

Equation (4-1)-b is further written as the general form in (4-2) where g is a
nonlinear vector field; y is the bus voltage vector under rectangular coordinates defined
as y=[e' f]T, where e= [ei,..., en]' and f= [fi,..., fv]" are respectively the real and
imaginary parts of the bus voltage phasor; N is the total number of buses; A is the loading

parameter.

0 =gy (4-2)
The goal is to determine how power flow solution y changes with loading

parameter A, shown in (4-3). After (4-3) is obtained, the other system variables (such as

voltage magnitude and power injections) are easily calculated to draw P-V curves.

y =y) (4-3)
Generally, analytical expression of (4-3) is unavailable due to the nonlinearity of

g in (4-3). Therefore, a prediction-correction scheme and numerical iterations are needed
in conventional CPF method.
4.2 Proposed Dynamized Power Flow Method
4.2.1 Idea of the proposed method

The proposed method has following four steps.

First, the algebraic equation (4-2) is extended to a set of DAEs by introducing a
fictitious time ¢ and adding two new equations, i.e., (4-4)-a and (4-4)-b. Differential

equation (4-4)-a is a dynamic system to trace the changes of system variables such as
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power or voltages, where x(¢) is a state variable and f{-) is a vector field. Algebraic
equation (4-4)-b is an ancillary equation that builds the relationship between the newly
introduced variable x(¢) and the original variables y(f) and A(¢). Note that the ancillary

function # may not be needed if x(?) is selected from one of the variables in y(¢) and A(¢).

(t) = f(=(t),y(t),At)) (a)
0 = h(z(t),y(t), (t)) (b) (4-4)
0 = g(y(t),A(t)),ze., Equ. (4.2) (c)
Second, the DTs of (4-4) are derived in (4-5), using the transformation rules.

Specifically, the nonlinear power flow equation (4-4)-c is converted to a new set of
equations (4-5)-c that couples the power series coefficients of y() and A(¢) in all orders,
i.e., ¥(0)... Y(k), A0)... A(k).

(k+1)X(l<;+1) F(X(0:k),Y(0:k),A0: k) (a)
H(X(0: k),Y(0:k),A0: k) (b) (4-5)
G(Y(0: k), A0 : k) (c)

Third, we prove that both (4-5)-c and (4-5)-b satisfy formally linear equations
about the & order power series coefficients ¥(k) and A(k), as shown in (4-6)-a and (4-6)-
b, respectively, where A matrices are functions of ¥(0) and A(0) and B matrices are
functions of ¥(0:k-1) and A(0:k-1). As a result, ¥(k), i.e., the k™ order power series
coefficient of bus voltage vector, is analytical solved from ¥(0:k-1) and A(0:k-1), either
by (4-7) or by (4-8), depending on if the ancillary function % is needed when designing

the differential equation in (4-4).
0=A4 Y(k) +A,Ak) + B, (a)
0= Ath(k) + A, A(k) + B, (b)

Y(k) = -4, (4, Ak) + B,) (4-7)

(4-6)
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,]_B

g
Bh

Y| _ (4, A,
A(k> Ahy Ah)\

Finally, we design a non-iterative algorithm based on (4-5)-a and (4-7) or (4-8)to

(4-8)

solve power series coefficients X(k), ¥(k) and A(k) from k=0 to any order K in a
recursively manner, and approximate variables x(7), y(¢) and A(f) as power series of time,
shown in (4-9). After y(¢) and A(¢) are solved, the solution curves of power flow equations

are directly obtained, as illustrated in the case study.

z(t) = X(0) + X(1)t + X(2)t* + .. X(K)tX
y(t) = Y(0) + Y()t + Y(2)t* + .. Y(K)t"* (4-9)
A(t) = A0) + At + A@2)E% + .. A(K)EE

Among the above four steps, only the last step needs to be performed online,
while the first three steps can be conducted in the offline stage because they are mainly
used to derive expressions of matrices A and B in (4-6) and function F in (4-5)-a, which
is a one-time effort.

Remarks: there are two important observations: 1) from (4-6)-a that the nonlinear
power flow equation (4-2) about y(f) are converted to a formally linear equation about
power series coefficients ¥(k) after DT; 2) coefficients on bus voltages are explicitly
solved by (4-7) or (4-8) and then used to calculate bus voltages by (4-9) in a
straightforward manner, which is different from using a conventional power flow solver
to calculate bus voltages by numerical iterations. The proposed DT based method for
solving solution curves of power flow equations differentiates itself from the traditional
continuation power flow method that relies on iterative numerical methods such as the

family of Newton Raphson methods.
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4.2.2 Step 1: Dynamized Power Flow Equation
Two formulations of (4-4) are proposed to dynamize the power flow equation
(4-2), shown in (4-10) and (4-11) respectively, where Ci1and C> are constants and vi(¥) is
the voltage magnitude of a load bus /. In (4-10), there is no ancillary equation (8b)
because the selected state variable A(¢) has existed in (4-2). In (4-11), the ancillary
equation gives the relationship between bus voltage magnitude and the rectangular
coordinate components.

Formulation 1:

Ao =6, (4-10)
0 = g(y(t),\(t)),ie., Equ.(2)
Formulation 2:
0,(t) = G,
0 = v,(t) — ety — f(t) (4-11)

0 = g(y(1),At)), e, Equ.(2)
For Formulation 1, its purpose is to characterize how the power changes with

time, i.e., the power increases with time when C1>0 and decreases with time when C1<0.
It can be used to trace curve segment in various shapes, either monotonically or non-
monotonically, such as the curves (a), (b) and (c) in Fig. 19. For Formulation 2, its
purpose is to characterize how the voltage magnitude changes with time, i.e., the voltage
magnitude increases with time when C>>0 and decreases with time when C><0. It can
also be used to trace either monotonical or non-monotonical curve segments such as (a),

(b) and (d) in Fig. 19.
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The above two formulations can be flexibly used to trace the full solution curve of
a power flow equation. For example, the high voltage solutions in a P-V curve can be
traced by Formulation 1 with Ci>0, the low voltage solutions can be traced by
Formulation 1 with Ci1<0, and the solution curves near the nose point can be traced by
Formulation 2 with C2<0.
4.2.3. Step 2: Deriving Different Transformation

1) DTs of Nonlinear Power Flow Equation

The nonlinear power flow equation (4-2) is written into (4-12)-(4-15) under
rectangular coordinates, where Qpo, Qpryv, Qrer are the set of PQ buses, PV buses and
reference bus respectively, p and ¢ are active and reactive power, e and f are the real and
imaginary parts of bus voltages, g and b are real and imaginary parts of the admittance, v
is the voltage magnitude, superscript sp means the value is specified, subscript i and j are

the index of buses.

N N

PP = 0,y N) = NP, + 3 gy (e + 1)+ Dby (fe; = eif;) (4-12)
j=1 j=1

if i € Qpy UQpy.

N N

gP = gq(y,)\) = —-MAg, — Zbij(eiej + f7f])+ Z%’(f;;@j - eifj) (4-13)
J=1 j=1

if i € Qpg.

(W) = g,(y) = ¢’ + fAif i € Qpy (4-14)

el =g, (y) =e,if i € Qppp
[ = gf(y) = f,it i € Qppp
The DTs of (4-12)-(4-15) are derived in (4-16)-(4-19), respectively.

(4-15)
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pPé(k) = G, (Y, )
= —Ap,Ak) + Y g, (E(k) ® E;(k) + F(k) ® F;(k))
i=1 (4-16)

+ 2.0 (E(k) © By (k) = B(k) @ F(k))

J
if i € Qpy UQpy,

4"8(k) = G,(Y.A)
N

= —AgAk) = Y b (E(k) @ By(k) + F(k) ® Fy(k))
N J=1 (4-17)
+ 329, (F(k)® By(k) — E,(F) @ F)(k))
if i € 0
(U;p)z‘s(k) = GU(Y) (4-18)
= E,(k) @ E(k) + F(k) @ F(k), if i € Qpy,
e76(k)=G,(Y) = E,(k),if i € Qppp @.19)

ffpé(k):Gf(Y) = F(k),if i € Qppp
2) DTs of the Designed Differential Equations

For the differential equation in Formulation 1, i.e., (4-10), its DT is in (4-20).

Ak) = Cé(k — 1) (4-20)
For Formulation 2 in (4-11), the DT of the differential equation is in (4-21); the

DT of the ancillary equation is in (4-22).

V,(k) = —Cy0(k —1) (4-21)
Vi(k) @ Vi(k) = E,(k) @ E(k) + F(k) © F(k) (4-22)
3) Proof of Formal Linearity of Nonlinear Power Flow Equation after DT

Proposition 3: The transformed power flow equations (4-16)-(4-19) respectively satisfy
formally linear equations (4-23)-(4-26).

0 = ap Y (k) = ApA(k) +¢,if i € Qpy UQpy, (4-23)
0 = aq Y (k) — AqA(k) + p,.if i € Qpg (4-24)
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0 = ay, Y (k) + OA(k) + ,if i € Qpy, (4-25)

0 = ag Y (k) + OA(K) — €”8(k).if i € Qppp

. . (4-26)
0 = ay Y (k) + OA(k) — f76(k),if i € Qppp

where ¥(k)e R*¥*! and A(k)€ R are variables representing the DT of y and A

respectively; ar,, aq,, av. ag,, ar; € RPN and &, Wi, & € Rare parameters given in

(4-29)-(4-34) respectively. The detailed proof of Proposition 3 is below.

To make the proofs more compact, the following Lemma is first proved. In the
Lemma, the transformation of multiplication operation from time domain to the
convolution operation in the domain of power series orders is well-known in many DT
literatures, however, the resulted linear relationship in (4-27)-(4-28), despite their
simplicity and being straightforward, are rarely noticed and exploited as far as the

authors know.

Lemma: The DT of z(#)=x(¢)y(¢), satisfies a formally linear equation in (4-27).

Especially, when x(7)=)(¢), (4-28) holds.

Z(k)=Xk)@Y(k)=aX(k)+bY(k)+c (4-27)
Z(k) = X(k) ® X(k) = 2aX(k) + ¢ (4-28)
Proof of Lemma:

k
Z(k) = X(k)@Y(k) = > X(m)Y(k—m)

m=0
k—1

= X(0)Y (k) + X(k)Y(0) + > X(m)Y (k —m)

m=1

Therefore, (4-27) holds with a, b and ¢ given below.
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a =Y(0),b = X(0),c = X(m)Y(k —m)

Proof of Proposition 3: Use (4-23) as an example. The RHS of (4-16) is

rewritten as

RHS = —Ap,A(k) + g, ( E;(k) ® E,(k) + F.(k) ® F(k))

Term 1
+ Z 9, ( B.(k) @ E,(k) + F(k) @ Fy(k))
JN - Ter}n 2
+Y b, (Fi(k) ® E,(k) — E;(k) @ F,(k))
JZl Ter'm 3

According to the Lemma, the three terms are rewritten as:

Term 1 = Qg“El(O)E (k) + 29, F.(0)F,(k)
k-1

+9”ZE E.(k—m —|—g”ZF )E.(k —m)
Term 2 = 37 g, (B,(O0E,(4) + BB, () + 3 g, (F O F) + FOF®)
j;i k-1 k—1 =
+Zgzj Y E(m)E;(k—m)+ ) F(m)F(k m)]
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Finally, (4-23) is obtained by summating the above three terms, with vector ap,

and parameter ¢;in (4-29) and (4-34). Similarly, (4-24)-(4-26) can be proved with vectors

ari, aqQ.i, av.i, ae,i, ar,; and parameters &, i, ¢ in (4-29)-(4-36).

aPi:[ail By oy By ~--],Where
;i = 9;£:(0) +b,F(0), 8; = g,F(0) — b,E,(0),if j = i

1t [/ [/ [/

N
ay = > (9,E;(0) = b,F,(0) + g,E,(0) + b,F,(0)

iy g 1w {
N
B = Z(bijEj(O) + gz’ij(O)> —b,E,(0) + g;,5(0)

=|&y Wy - by U, -] where
qbij = 2] 7( )+g7j z() ¢ :_bZ]F;(O)_gUEZ(O),lfjil

N
Z( ij J 0) + ng/(O) = b,E;(0) + g,,F,(0)
j=1

= (g,E,(0) = b,F,(0)) — g,E,(0) — b,F,(0)

7=1
ay, =0 0 2E,(0) 2F(0) 0 - 0]
ag, = |0 0100 - 0
ay, =0 0010 - 0

o
1
Mz

9, + medzj ,6(k), where

Jil k-1
o) i
dij = E(m)E](k: —m)— z E1(m)FJ(k —m)

Hi = Z iiCij + qudz] 26(]{3)
j=1

J=1
S = ¢ — v 8(k)
Proof of (4-6)-b from (4-22): From the Lemma, there are

(4-29)

(4-31)
(4-32)
(4-33)

(4-34)

(4-35)

(4-36)
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k—1
E,(k) ® E,(k) = 2E,(0)E,(k) + >_ E,(m)E,(k — m)
W
E(k) @ Fi(k) = 2F(0)F(k) + : E(m)E(k —m)

Finally, (4-6)-b is obtained with a; and & given in (4-37).

a =0 - 0 2E(0) 2F(0) 0 - 0
k-1 k-1 (4-37)

§ = Z E\(m)E,(k —m) +

m=1

From the Proposition, DTs (4-5)-c of the nonlinear power flow equation satisfy

formally linear equation (4-6)-a with matrices Ag, Ag., and Bg given by (4-38). For

notation simplicity, here we let buses 1 to M be PQ buses, buses M+1 to N-1 be PV buses

and bus N be the reference bus.

A%PQ A)\,PQ BPQ
Agy - Ay,PV ’Ag/\ - A)\,PV 7Bg = | Bpy (4-38)
A, REF A, rEF By
ap Ap, g
RN Agq Hy
Apg =] ° A pg = : By, =
Ap ur Apy, €y
anM AqM 12074
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Ap M1 APMH Enral
Ay pri1 0 Crrt

Ay,PV = : A)\,PV == : By = :
ap 1 Apy En1
Ay N1 0 Cyva

5
Ay.REF = “EN A/\.REF = ’ REF — _6]6)6(%)
v ap v | 0 —/o(k)

Besides, the DT (4-22) of the ancillary equation in Formulation II also satisfies a
formally linear equation in (4-6)-b with proof in the Appendix.

4.2.4. Step 3: Recursively Solving Variables As Power Series Of Time

Following the basic idea in Chapter 4.2.1, two algorithms are designed to solve
power series coefficients X(k), A(k), Y(k) up to any desired order, as shown by Algorithm
3 and Algorithm 4, using Formulation I and Formulation II respectively. Note that these
coefficients are explicitly calculated with no numerical iteration.

After the power series coefficients are calculated, y(¢) and A(¢) are calculated by
evaluating the power series of time in (4-9) and the solution curves are directly obtained.
In practical, the multi-time window strategy can be used to extend the convergence
region of power series of time and ensure the accuracy. The time step length as well as
the order K of the power series of time are usually selected from trial simulations, and the

impact of K and time step length are also studied in Chapter 2 and 3.

Algorithm 3: Solve Coefficients Using Formulation I

Input Initial values z(0),y(0),A(0)
Output Any order coefficients X (k),Y (k),A(k),k = 0--- K
1 Initialization: X(0) = 2(0),Y (0) = y(0),A(0) = A(0)

2 Calculate matrices Ag, using (4-38)
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-1
Calculate A "

for k =1: Kdo
Calculate matrix Bgusing (4-38)

Solve A(k)using A(k) = C,8(k — 1)
Solve Y (k)using Y (k) = —A, "~ (A4,\A(k) + B,)

end for

-1
4

Algorithm 4: Solve Coefficients Using Formulation II

Input Initial values z(0),y(0),A(0)
Output Any order coefficients X (k),Y (k),A(k),k = 0--- K
1 Initialization: X(0) = x(O),Y(O) = y(O),A(O) = \0)
2 Calculate matrices Agy, Agi, Any, An:. using (4-38)
-1
A A
3 Calculate Ahy AhA
9y gA
4 for k =1: Kdo
5 Calculate matrix Bg, Bj, using (4-38)
6 Solve V; (k) using V,(k) = —C,6(k — 1)
-1
Y (k) A A, B
7 Solve Y (k),A(k )using = % 9 I
( ) A(k) Ahy A B,
8 end for

The proposed method can also be applied to more complicated power system

models such as 1) considering reactive power limit of generators, 2) ZIP load model.

First, to consider the reactive power limit of generators, the proposed method can be

slightly modified as follows: if a generator meets the reactive power limit, then it is

changed from a PV bus to a PQ bus; correspondingly, the matrices 4 and B need to be re-

calculated using (4-38). Later in the case study, we demonstrate the proposed method for

tracing PV curves considering reactive power limits. Second, for a nonlinear power flow
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equation with ZIP loads, we proved in [47] that its DTs still satisfy formally linear
equations. Therefore, the proposed method can be directly applied with slight
modification on matrices A and B.

Regarding the computational complexity, the proposed method has two unique
features: First, it shifts most of the computation burden to the offline stage, i.e., deriving
the equation for calculating matrices A and B, which is a one-time effort (the matrices A
and B derived in this chapter can be directly used by others without deriving them again);
and the online stage only involves explicit matrix operation and evaluation of analytical
solutions, which do not require any numerical iterations. Second, the proposed method
can reduce the frequency of solving linear equations compared with the CPF method,
thus having better computational efficiency. This is because the CPF method needs to
solve a linear equation in every iteration and every prediction-correction step, while the
proposed method only needs to solve linear equations once in each time step, and the
total number of time steps are greatly reduced benefiting from the high order
approximation.

4.3 Case Studies

The proposed DPF method is first tested on the IEEE 9-bus system to demonstrate
the basic idea, the impact of load change directions, and the impact of reactive power
limit of generators. Then, the accuracy, computational complexity, and computation time
are compared with the CPF method in MATPOWER using several large systems
including the IEEE 39-bus system, IEEE 57-bus system and a Polish 2383-bus test

system [60]. At last, the proposed approach is applied to N-1 contingency analysis.
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Simulations are conducted in MATLAB R2017a on a personal computer with 15-8250U
CPU. Without specification, generations and loads of all buses are uniformly increased.
For the CPF method, various simulation control parameters are adjusted for the best time
performance, including using the pseudo arc-length for parameterization, enabling
adaptive step size, increasing the maximum allowed step size and disabling the
incremental curve plotting in each iteration, etc. For the DPF method, parameters C; and
C> are set as 1, K is set as 6 from trail simulations, and the time step length is fixed at
0.05s for 2383-bus system and 0.1s for other systems.
4.3.1. Demonstration on the 9-bus Power System

To demonstrate the idea of the proposed method, Fig. 20 and Fig. 21 respectively
give the time domain trajectories of the solved dynamized power flow model and the
obtained PV curve. In the first 1.63s, the loading parameter A increases with time in a
constant rate while the voltage magnitude of bus 9 drops from 0.9956 p.u. to 0.6268 p.u.,
indicating high voltage solutions. During the time period between t=1.63s and t=1.68s,
the voltage is decreased from 0.6268 p.u. to 0.5439 p.u., while the loading parameter is
first increased from 1.63 to reach the maximum value 1.64 and then decreased to 1.63,
indicating the dynamic process of passing the nose point. Finally, both the loading
parameter and the bus voltage are decreased after t=1.68s, indicating the low voltage
solutions. The obtained loading limit 1.64 is the same as the limit from the CPF method.

Two scenarios are designed to demonstrate the capability of the proposed method
on handling load changes with 1) non-uniform directions and 2) reactive power limits.

Fig. 22a shows the PV curve of load bus 9 when increasing generation at bus 3 and load
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at bus 7 by 50 MW in active power and 10 MVar in reactive power. Fig. 22b further
shows the PV curve of the same bus when reactive power limit of generators is
considered. It shows the calculated maximum loading limits are reduced from 8.17 to
7.79 due to the reactive power limit. These results demonstrate the performance of the
proposed method on practical power system models and applications.

4.3.2. Accuracy, Computation Complexity, And Time Performance On Large
Systems

Respectively for the 39-bus system, the 57-bus system and the 2383-bus system,
the proposed DPF method is compared with the CPF method. In all following studies, the
CPF method is tested using the commercial MATPOWER package while the proposed
DPF method is tested using our research code. Fig. 23 to Fig. 25 show the PV curves of
three load buses, obtained by both the proposed method and the CPF method.
Respectively for the three test systems, the calculated loading limits are 1.12, 0.88 and
0.89 for DPF method, and 1.13, 0.89 and 0.89 for the CPF method. These results
demonstrate the accuracy of the proposed method.

For both the CPF method and the DPF method, a major computation burden is in
solving linear equations. Table 8 gives how many times linear equations are solved for
both methods. It shows that the proposed approach is 10 times fewer than the CPF
method for all the three test systems. This is because the CPF method needs to solve a
linear equation in each iteration and for every prediction-correction step while the

proposed method only solves a linear equation once in each time step.
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Table 9 further gives the computation times of both methods. It shows the
proposed DPF method is around 9 times, 12 times, and 2 times faster than the CPF
method, respectively, for the three test systems. The speed up on the 2383-bus system is
less than speedups on the other two smaller systems because our current academic
research code that implements the DPF method in MATLAB has not been optimized to
as efficiently handle large-scale matrix operations as the commercial CPF solver in the
MATPOWER. However, these test results do demonstrate the potential of the proposed
DPF method for online power flow solution tracing and voltage stability assessment.
4.3.3. Application To N-1 Contingency Analysis

The proposed approach is further applied to screen N-1 contingencies. For the 39-
bus system, 46 contingencies are created each with the loss of each single branch. Fig. 26
shows the maximum loading condition identified by both methods. Using the CPF results
as benchmarks, the DPF method is accurate and reliable for all the contingencies.
Regarding the computation time, the CPF method and the DPF method respectively takes
12.0 s and 1.4 s, showing that the DPF method can identify insecure contingencies much
faster than the CPF method, and thus can scan more contingencies than the CPF method
within limited time in the real-time environment.
4.4 Conclusion

In this chapter, a novel dynamized power flow method has been proposed to
efficiently trace solution curves of power flow equations. The original curve tracing
problem for steady-state power flow solutions is converted to a time domain simulation

problem about a dynamized model after adding a differential equation on changes of the
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operating condition. An DT-based approach is proposed for efficiently solving the
dynamized model without numerical iterations. Simulation results have shown high
accuracy, reduced computational complexity and improved time performance of the
proposed DPF method compared with a CPF solver in MATPOWER. Besides, the
proposed method can deal with practical engineering constraints such as the non-uniform

load change directions and reactive power limits of generators.
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CHAPTER S
A DT BASED ADAPTIVE PARAREAL METHOD FOR POWER

SYSTEM SIMULATION

This chapter proposes a DT- based variable-order variable-step variable-window
adaptive parareal method for temporal parallelization of power system simulation with
greatly enhanced convergence performance and efficiency. The proposed method
integrates the temporal parallelization capability of the Parareal method and the highly
adaptive feature of the DT method. Extensive simulations on a 39-bus system and a
2383-bus system demonstrate the effectiveness of the proposed approach.

5.1 Proposed Method

Consider the power system DAE model below

(t) = f(x(t),0(t)) | 2(0) = z,
0 = g(x(t),0(t))" | v(0) = v,

where x is the vector of state variables, v is the vector of bus voltages, and fand g

(5-1)

are functions in differential equations and algebraic equations, respectively. For the ease
of presentation, let Z(t) = [ai(t)T,v(t)T]T,:BO = [:COT,UOT]T and rewrite the DAE model
as0 = f(x(t),z(t)),z(0) = x,.

Notation:

m, M index and total number of iterations in Parareal
k,K index and total order of DT

n,N index and total number of time step in coarse solver
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w,c,f superscripts of Parareal window, coarse step, fine step

5.1.1. Conventional Numerical-based Parareal Method

Fig. 27 illustrates the basic idea of the Parareal method to achieve temporal
parallelization. First, the desired simulation length [z, ¢v] is decomposed into N coarse
steps with length /., and each coarse interval is further decomposed into many fine steps
with length /7. Then, the block of initial coarse evaluation computes the initial coarse
solutions x,“° by performing the simulation over [to, ¢v] in serial using a coarse operator
C with the coarse step length /4. After that, the iteration process is performed between
the blocks of fine evaluation and the coarse solution update. The block of fine evaluation
is to provide a better solution x,/*° at each interval by simulating each coarse interval [z,
ta+1] in parallel using a fine operator F with the fine step length 4. The block of coarse
solution update is to correct the coarse solution at each coarse interval. The iteration
process continues until the stopping criteria is met, i.e., the differences of coarse solutions
between m™ iteration and (m+1)™ iteration are smaller than a pre-defined threshold, or the
maximum number of iterations is reached.

Algorithm 5 shows the detailed procedure of the Parareal method, where the lines
from 1 to 2 correspond to the block of initial coarse evaluation in Fig. 27; the lines from 4
to 6 correspond to the block of fine evaluation; the lines from 7 to 10 correspond to the

coarse solution update; and the lines from 11 to 13 are the stopping criterion. In the

algorithm, a;fl’m,a:j: ’m,a}:’m respectively mean the coarse solution, fine solution and

corrected coarse solution at time instant #, in the m™ iteration; fol is a pre-defined
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threshold; M is the recorded number of iterations for Parareal algorithm to converge; and

Mmax 18 the pre-defined maximum number of iterations.

Algorithm 5: Parareal method

input: to,tN,hC,h y Ly

output: z ,n = 1,2,...N; M

R T

2. iBZ’O = IBZ’O — C(to,tn,hc,fco),n = 1,2...N // initial coarse evaluation
3. for m =1:m

max

4 for n = m : N // fine evaluation in parallel

5. :’vg’m — F(tn’tn+17hf’wzinl_l)

6. end

7 for n = m : N // coarse solution update in serial

8 wfl?m - (tn—l’tn’hc’m;inl)

9. :E:;,m - "B;m 1 wn,m wrcl,m—l

10. end

1. if || J);’m — ZL‘Z’m_l H1< tol,¥n = 1,2,...N ; // stopping criterion
12. z —z"n=12..N;M—m

13. end

14. end

The convergence performance of the Parareal algorithm (quantified by the
number of iterations) is of critical importance to the overall efficiency of the Parareal
algorithm. Many factors could impact the convergence performance of the Parareal
algorithm, including 1) the selection of the coarse operator C, 2) the coarse step length
he, 3) the length of a simulation window hw = tn-fo, and 4) the coarse solution update
strategy. For example, a larger 4w or h. may require more iterations or cause the Parareal
algorithm to diverge. Based on these factors, we propose four corresponding techniques

in the following sections to improve the convergence performance of the Parareal
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algorithm, as shown in Fig. 28. After that, an integrated approach based on the four
techniques is presented.

5.1.2. DT-based Parareal Method

The selection of the coarse operator plays a significant role in the convergence
performance and computational efficiency of the Parareal algorithm. The coarse operator
needs to have sufficient accuracy to ensure the convergence of the Parareal method on the
one hand and needs to be fast enough to achieve considerable speedup on the other hand.
The latter is because the coarse operator evaluation is in serial, which can offset of the
efficiency gain from the parallel computing and should be minimized.

This section proposes a DT-based Parareal method which replaces the coarse
solver C in Algorithm 5 with a DT solver. Fig. 29 illustrates the basic idea of the DT
method, which derives semi-analytical solutions of differential equations or differential
algebraic equations in the form of high-order power series of time. The DT method
provides various transformation rules for numerous generic functions (both linear and
nonlinear functions; both simple and compositional functions) such that a differential
equation in a continuous set about the variable ¢ (time) is converted to a new set of
difference equations in a discrete set about the variable k£ (the power series order). The
derivation of the difference equation is performed in the offline stage, which is a one-
time effort. Based on the obtained difference equation, the power series coefficients up to
any desired order could be efficiently computed in a recursive manner in the online stage.
Using the single- machine- infinite- bus (SMIB) system as an example, the high-order

power series solution is derived for illustration, and the rotor angle trajectory obtained
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from the power series solution with different orders is compared with the benchmark
solution obtained by the RK4 method with a tiny time step length. It shows the
convergence region of the DT method increases with the order of the power series
solution. Especially, the solution with an order of 15 is accurate enough up to 0.35
seconds, which is more than half period of the rotor angle trajectory.

Algorithm 6 shows the detailed procedure of the DT method, where the offline
stage derives a recursive equation about power series coefficients; the line 1 in the online
stage is the initialization of variables; the lines from 3 to 5 are the online evaluation of
power series coefficients; the line 6 is to compute x(#:+1 ) by summing the power series

terms from 0™ to K™ orders; and the line 7 moves the simulation to the next time step.

Algorithm 6: DT Method

input: ¢,,t, .. x,,h, K

end?
output: z(t ), t, <t <t ,
offline stage: derive recursive equation X(k 4+ 1) = F(X(0: k))
online stage:

x(ty) — x,, t — t, , X(0) «—x,, n 0
while t +h <t

for £ = 0 : K // computer power series coefficients
X(k+1) = F(X(0: k);
end
$(tn+1) «— sum of X(k)hk over k = O,K
t—t+h,n<+«—n-+1
end

A

The proposed DT-based Parareal method has the following advantages: 1) the DT
method can be more efficient than numerical methods such that it can reduce the
sequential time and improve the overall speedup, 2) the DT method can be more accurate

than numerical methods such that the coarse solution by the DT method is closer to the
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true solution and less iterations are needed to make the Parareal algorithm converge, and
3) the DT method is highly flexible such that the order and time step can be adjusted
adaptively to balance the accuracy and efficiency of coarse solver during the simulation,
thus improving the overall performance.

5.1.3. VOVS-DT Method
Algorithm 7 shows the proposed VOVS-DT method, where the outputs include

the not only the trajectory of state variables, but also the variable time step lengths h(t,)
and variable orders K (¢ ) during the simulation; the lines from 1 to 7 are almost the

same with the DT method except for the initialization of additional variables associated
with the time step length and the order of DT; the line 8 is the estimation of error using
the (K+1)™ power series term; and the line from 9 to 12 are the adaptive change of time
step length and order of DT based on the error estimation. In the Algorithm 7, ¢, ¢,,¢,,¢,
are pre-defined error threshold, which takes the value of 10® 10* 10® and 10*
respectively in this chapter; ¢, ¢, are the factors to adjust the time step length, which
takes the value of 1.2 and 0.8 respectively; AK is the incremental to adjust the order of
DT, which takes the value of 2. Ay, Ninin are the pre-defined maximum and minimum
time step length, which take the value of 0.2 seconds and 0.0001 seconds respectively;
K max: Kmin are the pre-defined maximum and minimum order, which take the value of 20

and 2 respectively.

Algorithm 7: VOVS-DT Method

input: ¢,,¢t ..z, h, K,
OutplIt: w(tn ) Y h(trL) Y K(tn ) Y tO S t’rL S t(f’nd

offline stage: derive recursive equation X(k 4+ 1) = F(X(0: k))
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online stage:

L. x(t,) «— x,,h(t,) — hy, K(t,) — K,

2. t«—ty h—hy,K — K, X(0) «—x;,,n <0

3. while t +h <t ,

4. for £ = 0 : K // computer power series coefficients
5. X(k+1)=F(X(0:k);

6. end

7. =(t,,,) « sum of X (k)h" over k = 0,..K

8. err«— || X(K + 1>h i // estimation of error
9. if err < e, ; h < min(qh, b, );end

10. if err > &, ; h <« max(g,h,h_; );end

Il. iferr <e;; K + max(K — AK,K,_, );end

12. iferr > ¢, ; K «— min(K + AK,K_, );end

13. h(t,,,) —hK{t, )—K, t—t+h,n—mn+1
14. end

The proposed VOVS-DT method has the following advantages when serving as
the coarse solver in the Parareal method: 1) it increases the order and reduces the time
step length of the DT-based coarse solver when the error is larger than a threshold during
the simulation, which can reduce the needed number of iterations for the Parareal method
to converge; 2) it decreases the order and increases the time step length of the DT-based
coarse solver when the error is smaller than a threshold during the simulation, which
could slightly increase the number of iterations but can avoid unnecessary computation
burden and improve the overall efficiency.

5.1.4. VW-Parareal

To overcome the divergence issue of the Parareal method under long simulation
length, the VW-Parareal method is proposed. As shown in Fig. 30, the total simulation
length is decomposed into multiple windows and the parareal method is applied to each

window in a sequential manner. Moreover, a variable window strategy is proposed that



84
can change the window size adaptively according to the needed number of iterations in
the previous window.

Algorithm 8 shows the detailed procedure of the proposed VW-Parareal method,
where the outputs include not only the trajectory of state variables but also the variable
window lengths H and the number of iterations M in each window during the
simulation; line 1 is the initialization of variables; line 3 defines a simulation window;
line 4 performs Parareal simulation over this window; line 5 and line 6 adjusts the

window length of the next window according to the number of iterations in the current

window; line 7 saves the results. In Algorithm 8, Af;, M, are the pre-defined threshold of
the number of iterations, which both take the value of 3 in this paper; ¢,,q, are the

factors to adjust the window length, which take the value of 1.2 and 0.5 respectively;

h h

w.max? My min @re the pre-defined maximum and minimum window length, respectively,

which take the value of 2 seconds and 0.2 seconds.

Algorithm 8: VW-Parareal Method

input: ¢t . b ,x(l,)
output: z(t),t, <t <t, H M
t —t,,Heh, M— o, ) — z(t,)
while ¢ + b, <t,.,
t — bty —t+h,
call Algorithm 5: Parareal method to compute ,,x,, -z, ; M
if M < Ml , then hw - min(g?;hw’hw.,max)
if M > M, then h, < max(q,h,h, )
t—t+h,, zt) — [xt),z, T, - xy], H«[HAh] M [M,M]

end

XN R DD =
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The proposed VW-Parareal method has the following advantages. First, the usage
of multi-window strategy could make the Parareal algorithm easier to converge because
the length of a window is smaller than the total simulation length. Second, the proposed
variable window strategy could provide more suitable window sizes during the
simulation than a pre-defined fixed window size, because the Parareal algorithm under a
fixed window size may diverge when window size is too large and may be inefficient
when the window size is too small. Therefore, the proposed VW-Parareal method is able
to balance the convergence performance and efficiency performance.
5.1.5. Improved Coarse Update Strategy

em wc,m—l
n n

The coarse update strategy T, :I:jim + (x )in Algorithm 5 could

be interpreted as a first-order Newton iteration method to solve the multi-shooting
problem, where the Jacobian matrix in the Newton iteration method is approximated by
the coarse solutions [67]. Following the interpretation in [67], this section extends the
Parareal method to the second-order Newton iteration method to solve the multi-shooting
problem, where both the Jacobian matrix in the first-order term and the Hessian matrix in
the second-order term are approximated by the coarse solutions. The procedure is similar

with [67] and the details are omitted.

*,M fm em  pe,m—1 em+1 c,m c,m—1
A G ") + O5(wn 20" + ")

. .
first-order term second-order term

+1

Here, the value of alfl’m is unknown in the m™ iteration and is approximated by

c,m+1

mn

~ c,m : : 5 .
~ ;" , which results in the proposed improved coarse update strategy:
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*,M f,m em  eom—1
" — x4 0.5(x¢ o)

+

T : : 1
The approximation is valid because the differences between ;""" and "

decrease with the number of iteration if the Paraeral algorithm is converged. Therefore,
this improved coarse update strategy is expected to reduce the number of iterations is the

Parareal algorithm is able to converge.

5.1.6. Integrated Approach

This section integrates the above four techniques using the two strategies below.
1) Integrated approach 1: a DT-based VW-Parareal method with improved coarse
solution update strategy, and 2) Integrated approach 2: a VOVS-DT-based VW-Parareal
method with improved coarse solution update strategy. Both approaches could greatly
improve the convergence performance of the Parareal algorithm. Compared with
approach 1 with a fixed-order fixed-step DT, approach 2 provides additional flexibility to
adjust the order and time step of the DT method to improve the overall efficiency.
5.2 Case Study on a 39-bus system

This section demonstrates the characteristics of each proposed algorithm
(including the DT-based Parareal method, the VW-Parareal method, the Improved coarse
update strategy, and the VOVS-DT method) based on extensive simulations on a 39-bus

system with classical generator models.
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5.2.1. Conventional Numerical-based Parareal Method

In this case study, different algorithms are used to simulate the trajectory of a 39-
bus system under three different contingencies with increased severity, including 1) a
temporary fault at bus 8, cleared after 0.1 seconds, 2) a permanent fault at bus 8, cleared
after 0.2 seconds by tripping the branch between bus 8 and bus 9, and 3) a permanent
fault at bus 8, cleared after 0.3 seconds by tripping the branch between bus 8 and bus 9.

In this test, the conventional Parareal method with numerical methods are used,
where the fine solver is selected as the RK4 method with a tiny step length of 0.001
seconds, and three different coarse solvers are selected using the RK4 method with
different time step lengths, including: 0.100 seconds, 0.075 seconds, and 0.050 seconds
respectively. For the three different coarse time steps, Table 10 gives the average number
of iterations of the conventional numerical-based Parareal algorithm under different
window lengths. It shows the conventional Parareal algorithm needs more iterations to
converge or even diverge (i.e., reaches a pre-defined maximum number of iterations, set
as 10) when the coarse time step length or window length is too large. Also, it becomes
harder for the conventional Parareal algorithm to converge when simulating more severe
contingencies with stronger transient dynamics.
5.2.2. DT-based Parareal Method

In this test, the DT-based Parareal method is used, where the fine solver is
selected as the DT method with an order of 8 and a tiny step length of 0.001 seconds, and
three different coarse solvers are selected using the DT method with an order of 8 and

three different time step lengths, including: 0.100 seconds, 0.075 seconds, and 0.050
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seconds respectively. Table 11 shows the average number of iterations using the DT-
based Parareal algorithm. In all the scenarios, the PDT method is converged in 1 iteration
only. This result demonstrates the effectiveness of the DT-based Parareal method on
improving the convergence performance of the Parareal iteration process.

5.2.3. VW-Parareal

In this test, the VW-Parareal method based on numerical methods is used.
Tablel2 and Table 13 respectively give the average number of iterations and the average
window length of the proposed VW-Parareal algorithm under different coarse time steps
and different window lengths. Table 12 shows the proposed VW-Parareal algorithm is
converged in all the scenarios with less than 4 iterations averagely. This is because of the
flexibility of the proposed VW-Parareal algorithm to adjust the window length adaptively
to achieve the convergence, as shown in Table 13. For example, for the cases with
hc=0.010 seconds, the conventional fixed window Parareal algorithm with 4.=1.00
seconds fail to converge for all three fault scenarios, but the VW-Parareal algorithm is
converged for the three scenarios benefiting from the decreased average window length
from 1.00 seconds to be around 0.3200 seconds. Moreover, for the cases with 4.=0.050
seconds, where both conventional fixed window Parareal and the proposed VW-Parareal
algorithms are converged in one iteration, the VW-Parareal algorithm allows greatly
increased window lengths (e.g., 1.860 seconds) meanwhile maintaining the convergence
of the Parareal iteration procedure. These results demonstrate the benefits of the proposed

VW-Parareal algorithm in improving the convergence performance.
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5.2.4. Improved Coarse Update Strategy

In this test, the improved coarse update strategy is further added to the VW-
Parareal method. Table 14 and Table 15 respectively give the average number of
iterations and the average window length of the this algorithm under different coarse time
steps and different window lengths. Results show that the VW-Parareal method with the
second-order Parareal update formula needs less iterations and longer Parareal window
sizes, compared with Table 12 and Table 13 using VW-Parareal method with a first-order
Parareal update.
5.2.5. VOVS-DT Method

The following four methods are tested, including 1) the conventional DT method
with a fixed order of 8 and a fixed time step of 0.1 seconds, 2) the VO-DT method with
variable orders but a fixed time step of 0.1 seconds, 3) the VS-DT method with variable
steps but a fixed order of 8, and 4) the VOVS-DT method with both variable orders and
variable time steps. Table 16 and Table 17 respectively gives the average order and
average time steps of the four methods in the three scenarios. They show the average time
step length is decreased and the average order is increased for more severe faults, because
the transient dynamics are stronger and lasts longer than those of less severe faults. Also,
the VOVS-DT method allows larger average time step lengths than the VS-DT method
only (e.g., 0.088 seconds versus 0.069 seconds in the Scenario 3 of Table 16), and
smaller average order than the VO-DT method only (e.g., 8.94 versus 9.33 in the

Scenario 2 of Table 17). These results demonstrate the flexibility of the proposed VOVS-
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DT method in adjusting orders and time step lengths simultaneously to adapt to different
scenarios.

Take the scenario 2 as an example, Fig. 31 shows the trajectory of selected
variables (including relative rotor angles and rotor speeds of all generators, and the
voltage magnitude and electrical power outputs of all buses) over a 1-second pre-fault
simulation, a 0.2-second fault-on simulation and a 10-second post-fault simulation. Fig.
32 shows the time step length and the order of the VOVS-DT method over the whole
simulation. It is observed that low orders and larger time steps are selected automatically
by the proposed algorithm in the first-second pre-fault steady-state simulation and the last
4 seconds in the post-fault simulation, where the oscillation has been well-damped. On
the other hand, higher orders and smaller time steps are selected in the fault-on
simulation and the first 6 seconds in the post-fault simulation, where there is strong
transient dynamics. These results show the proposed algorithm is able to adjust orders
and time steps adaptively during the simulation.

5.3 Case Study on a 2383-bus system

In this case study, the following three methods with the same parameters 4.~0.1
seconds and 4w=1 seconds are compared for simulating a Polish 2383-bus system under a
permanent three-phase fault on bus 9 cleared after 0.3 seconds by tripping the line
between bus 9 and bus 6: 1) conventional numerical-based Parareal method; 2) the
integrated approach 1 using a DT-based VW-Parareal method with improved coarse
solution update strategy; 3) the integrated approach 2: a VOVS-DT-based VW-Parareal

method with improved coarse solution update strategy. Table 18 gives the average
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number of iterations, the average window length, the average order and time step length
in the DT or VOVS-DT method, and the CPU time of the three methods. It shows both
the integrated approach 1 and 2 perform better than the conventional Parareal method,
where the number of iterations and the CPU time is significantly reduced. Moreover,
integrated approach 2 has better computational efficiency than integrated approach 1
benefiting from the smaller average time step length of DT than integrated approach 1,
despite the slightly larger number of iterations and the average order of DT in this case.

For the integrated approach 2, Fig. 33 shows the time-step length and order of DT
during the simulation, Fig. 34 shows the Parareal window size and number of iterations in
each window during the simulation, and Fig. 35 further shows the time step length of the
DT method, the order of the DT method, and the Parareal window size in a three-
dimensional space, where the red dot represents the conventional Parareal method with a
fixed order, fixed step size and fixed Parareal window size. The results show the
proposed approach extends the conventional Parareal method by introducing flexibilities
along three dimensions, i.e., the step size and order of the coarse solver and the Parareal
window length, thus greatly enhancing the convergence performance and efficiency of
the Parareal method.

5.4 Conclusion

This chapter proposes a DT- based variable-order variable-step variable-window
adaptive parareal method for temporal parallelization of power system simulation with
greatly enhanced convergence performance and efficiency. The proposed method

integrates the temporal parallelization capability of the Parareal method and the highly
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adaptive feature of the DT method. Extensive simulations on a 39-bus system and a

2383-bus system demonstrate the effectiveness of the proposed approach.
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CHAPTER 6
DT BASED ADAPTIVE SWITCHING CONTROL OF WIND

TURBINES

This chapter proposes a novel switching control strategy which predicts the
safety of a frequency response right after a disturbance by evaluating the derived semi-
analytical solutions of system frequency response model over a certain post-disturbance
period of interest, and activates frequency support mode only when the frequency
response is predicted as unsafe. The rationale of the proposed strategy is real time
evaluation of an offline obtained semi-analytical solution on frequency responses using
real-time measurements. Such a semi-analytical solution is in form of ultra-high order
Taylor series derived by the DT method on the differential equation model of the system.
The ultra-high order nature of the solution enables its largely extended convergence
region to cover the frequency response period of interest, so that the frequency response
of a WTG can be accurately predicted when a disturbance is detected and the WTG
provides frequency support only for an unsafe response, thus avoiding the unnecessary
switches. The case studies on a 4-bus power system and a New England 10-machine 39-
bus system show the effectiveness of the proposed strategy.

6.1 Problem Description

The system frequency response can be assessed using three metrics: the rate of

change of frequency (ROCOF), frequency nadir and primary settling frequency. The

effect of increasing wind power penetration on system frequency response can be
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illustrated in Fig.. 36, where a larger ROCOF, lower frequency nadir and lower primary
setting frequency are observed.

To address the inadequate frequency response issue, the WTGs are also expected
to operate at frequency support mode in addition to its normal mode. Despite the many
frequency support functions proposed in the literature, the strategies on switching among
these modes are not carefully studied. A conceptual system frequency response where
WTGs do not provide frequency support is shown in Fig. 37 with the case details and
actual/ideal WTG reaction shown in Table 19.

The WTG should activate its frequency support mode only for case 3 where the
frequency deviation will otherwise surpass the nadir limit, and not react to the frequency
deviations in case 1 and case 2. However, when the frequency surpasses the deadband but
does not hit the nadir limit as in case 2, the frequency support will also be activated due
to the deadband setting. The case 2 may occur frequently in WTG operations since the
deadband setting is usually conservative to have some safety margin. These unnecessary
frequency supports reduce the profits of wind farms and should be avoided. A
straightforward way to reduce unnecessary switches is to set a larger deadband. However,
a larger deadband can pose the system under higher risks of frequency excursions.
Moreover, it is very hard to determine the critical deadband value with ensured safety.
Therefore, the purpose of this work is to investigate new methods to avoid unnecessary

switches meanwhile ensuring adequate frequency responses.
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6.2 Proposed Adaptive Switching Control Strategy
Existing switching control strategies of WTGs fall into two categories, as shown
in (6-1) and (6-2), respectively, where Aw(t) is the frequency drop measured at t=to,
Awap is a preset deadband width on the frequency deviation, Awe(Apa) is the critical

deadband width, and Apq is a power imbalance assumed to be known under a disturbance.

if Aw(t,) < Awy, : in MPPT mode,

(6-1)
otherwise: in frequency support mode

if Aw(ty) < Aw,,(Ap,) :in MPPT mode,

(6-2)
otherwise: in frequency support mode

The strategy in (6-1)is widely adopted by WTGs manufacturers due to its ease of
implementation, e.g., the deadband width recommended by GE is Aw#=0.15HZ for a
certain frequency support mode [18]. However, this strategy is not flexible to adapt to
disturbances and the deadband width is often conservatively small such that the
unnecessary mode switching of a WTG could be triggered. In comparison, the strategy in
(6-2) can overcome the conservativeness, but it has to calculate a critical deadband width
for each disturbance (e.g., by extensive simulation or by solving an optimization problem

[18]), which is a huge computation burden and makes it difficult for real-time

implementation.

6.2.1. Proposed Switching Control Strategy
To overcome the conservativeness and the computation burden of existing
strategies (6-1) and (6-2), this letter proposes a novel switching control strategy in (3),

where Aw(t), t€[to,T] is the frequency response predictor and Awiim is the safety limit of
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frequency drop. The detailed derivation of the frequency response predictor is in Chapter
6.2.3. It is observed from (6-3) that the proposed strategy uses frequency deviation at =to,
the time of detecting power imbalance such as loss of generation or load, but further
predicts the frequency response over a future time period (7,7]. Also, the proposed
strategy does not need a deadband since it directly compares the predicted frequency

response with the safety limit.

if Aw(t) < Aw,, for Vt € [t,,T] : in MPPT mode,

(6-3)
otherwise: in frequency support mode

6.2.2. System Model
Consider the augmented frequency response model [18] in (6-4)-(6-5), where

(6-4) is the classical frequency response model based on center of inertia, and (6-5) is the

WTG model.
w = N7 P Y im12Pyen,i " w
. 1
Ap,, =—(Ap, - Ap,,) (6-4)
Tch
Ap, = i[_Ap/U —lAw]
T, R
Aw,; = AAw, ; + B ;Aw + B, Aw 6-5
Apgen,i = Oz‘Aer‘ + Dl,iAw + DQJ‘AW ( - )

In (6-4), Apm, Apv are output power of turbines and governors; zc, 7g are their time
constants, respectively; D and R are damping and droop coefficients; ws is the nominal
frequency; N is the number of WTGs and i is the index of WTGs. In (6-5), Aw; and

Apgeni are the rotor speed deviation and the increased power generation. Coefficients A;
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and C; are parameters of the WTG model; Bi:; and D1 are parameters for inertia
emulation control mode; B2 and Dz, are parameters for primary frequency control mode.
Parameters B1,i, D1, B2i and Dz, are zero for the MPPT mode and non-zero for frequency

support modes.

6.2.3. Frequency Response Predictor
Given system state variables X=[Aw, Apm, Apv, Awri,..., Aw:n]' and the
disturbance at time instant ¢ =fo, this section aims at finding a function F(x(#)) in (6-6) to

predict the frequency response over a future time period (zo,7].

x(t, + At) = F(z(t,)), VAt € [0,T — t,] (6-6)
Since the analytical expression of (6-6) is generally unavailable, this letter seeks a
semi-analytical, approximate solution about the frequency response in the form of power
series of time in (6-7), where fi(x(t0)) is the k" order power series coefficients to be

solved.

2ty + At) = a(ty) + f((ty)) At + - f (2t ) A" (6-7)

To effectively solve the power series coefficients fi(x(t0)), the DTM is adopted

due to its proved accuracy and efficiency for solving detailed power system models. By
applying the DT rules to each term in (6-4)-(6-5), a recursive equation about the k™ order
power series coefficients fi(x(t0))=[Aw[k], Apm[k], Api[k], Awri[k],..., Awrn[k]]T is

obtained in (6-8)-(6-12).
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w

(k + DAl + 1 = < (Ap, (K] — Ap,sli
QHN b (6-8)
D APy K] = — Auik])
( + DA, [k + 1) = —(p, K] - Ap, [4]) (6-9)
ch
(k+namm+4y:£-—ammyméawm] (6-10)
g9
(k + DAw, [k +1] = AAw, ;[k] + B, ,Auwlk] 611
By, - (k + DAulk + 1] (6-11)
Apgen’i[k:] = C'Z.Awr’i[k] + DQJ»AU)UC] 6.12)

+D,, - (k + DAwlk + 1]

With the derived recursive equations (6-8)-(6-12), the power series coefficients
fi(x(20)) up to any desired order can be derived. Especially, the frequency response at time

instant =to+A¢ is predicted by power series of time in (6-13).

Auw(ty + At) = Aw]0] + Auw[lJAt + - Aw[K]ALE (6-13)

The predicted frequency response (6-13) is accurate within a certain time period
whose length increases with the order K. To ensure the accuracy of the predicted
frequency response over a longer time period of interest, arbitrary high order K such as
100 to 200 can be easily derived by the DTM method. Besides, the multi-time window
strategy can be used to further enhance the accuracy of (6-13). For illustration, the first

three terms in the right-hand side of (6-13) are derived below.
First, initialize fo(x(¢0))=[Aw[0], Apm[0], Apy[0], Awr1[0],..., Aw:M0]]T = [Aw(t0),

Apm(to), Apo(to), Awri(to),..., Awrn(to)]T. Second, fi(x(t0))=[Aw[l], Apm[1], Apy[1],

Awri[1],..., Awra[1]]" is calculated by
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W N D
Aw[l] = ﬁ(Apm(tO) - Apd + Zizl Apgen,z‘[o] - W_Aw(to))

Ap,[1l] = —(Ap,(t,) — Ap, (1))
7-ch
Ap,1] = =| ~Ap, (1) - 3 Aut,)

T
9

Aw, ,[1] = AAw, (1)) + B, Au(ty) + By, Awll]
Apgen-,i[o] = CAw, 0]+ D, Aw[0] + D, ; - Awll]
Then, Aw[2] is calculated by

_WS

o

Aui2) = 22 (Ap, 1+ 207, Ap,, 11— 2 Ault)

S

Finally, Auw(t, + At) = Aw]0] + Aw[l]At + Aw2]A¢*.

6.3 Case Study
6.3.1. Test on a 4-bus System

To validate the effectiveness of the proposed strategy, a four-bus system in [18] is
used, shown in Fig. 38. The synchronous generator at bus 1 represents a 600 MW
conventional generation, aggregated from four thermal power plants with 150 MW
capacity each. The WTG at bus 3 represents a 300 MW wind power generation,
aggregated from 200 DFIGs with 1.5 MW capacity each. The parameters in the
frequency response model and the WTG model are adopted from [18] where 4:=-0.0723,

Ci= 0.0127, H=4, ©n = 0.3, 7z = 0.1, ws = 60HZ, D = 1, R = 0.05, B1,=-0.6246,

B2=0.1874, D1,~=-0.10, D2,~=-0.03, Awi=0.2 HZ and Awim=0.5 HZ.
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The accuracy of the proposed DTM-based semi-analytical solution is tested under
three scenarios with different disturbance severities, shown in Table 20. The commonly
used numerical integration method RK4 is used as the benchmark. The system frequency
response over a time window of 4 seconds after the disturbance occurs is studied. In the
RK4 method, a time step of 0.04 second is used and 100 consecutive time windows are
used to make the frequency response solution. In the semi-analytical solution in (9),
K = 200is selected. The accuracy of the semi-analytical solution is shown in Fig. 39.
Under all three scenarios, the semi-analytical solution matches the RK4 solution up to
t = 4.4 s, i.e. equal to 340 consecutive time intervals of RK4. The effect of order K on
the semi-analytical solution accuracy is also studied. The convergence region of the semi-
analytical solution is drawn in Fig. 40. It shows the convergence region of the semi-
analytical solution increases with its order. For the four-bus system, the frequency nadir
limit usually happens before ¢ = 2 s. Therefore, an order K = 50 is selected for the
proposed control strategy.

To show the proposed adaptive switching strategy can check the safety in real
time, the time cost of evaluating the analytical solution are compared with the time for
frequency to reach the deadband in the worst-case scenario 3. In Fig. 39c), it takes 0.19
second for the frequency deviation to hit the deadband Aw = 0.2 Hz, while the time

cost for evaluating the analytical solution with K = 50 at one time instant is only

6.04 x 10™* second. It means the analytical solution evaluation can be done at more than
300 time instants before the deadband is met. Moreover, evaluations of an analytical

solution at different time instants are independent from each other and hence can be
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conducted by parallel computers. Therefore, the proposed control strategy has enough
time to check the safety of a frequency response and bypass the deadband for a safe
response to avoid unnecessary switches.

To validate the proposed control strategy in avoiding unnecessary switches, the
disturbances Apa are changed from 10 MW to 150 MW with the step size of 10 MW
shown in Fig. 41. Among the 15 cases, only 2 cases require WTGs to provide frequency
support and they are successfully detected by the safety check in the proposed control
strategy. Otherwise, the WTGs will be switched to frequency support modes in 10 cases,
where 8 of them are switched unnecessarily.

The proposed adaptive switching control strategy not only avoids the unnecessary
switches, but also lets the WTGs react correctly when the switching is indeed needed. For
the worst-case scenario 3, the proposed strategy successfully sensed the unsafety, and the
frequency support mode is activated timely. The frequency response when switching to
different frequency support modes at Aw = 0.2 Hz is shown in Fig. 42, where mode 1 is
the MPPT mode and the other modes represent frequency control modes with different
control parameters B, B2i, D1, D2i. It shows the safety is preserved for all frequency
support modes using the proposed strategy.

6.3.2. Test on the 39-bus System

To test the performance of the proposed strategy on real-world power system, a

10-machine 39-bus system is used where five synchronous generators are replaced by

WTGs. The parameters in (4)-(5) are the same with the 4-bus system.
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Two scenarios, i.e., a safe scenario with power imbalance of -500 MW and an
unsafe scenario with power imbalance of -1000MW, are tested. Fig. 43 give the
frequency responses in the two scenarios. The proposed strategy activates the frequency
support mode only for the unsafe scenario. In contrast, the deadband based strategy
would activate frequency support for both the safe and unsafe scenarios. This result
shows the proposed strategy can overcome conservativeness compared with the deadband
based strategy.
6.4 Conclusion
This chapter proposes an analytical, adaptive switching control strategy to
overcome the conservativeness of the deadband based strategy. For safe responses, the
frequency support mode is not activated even if the deadband is met. For unsafe
responses, the frequency support mode is activated immediately once unsafety is
predicted. The strategy is shown effective to control WTGs for adequate frequency

response.
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CHAPTER 7

AN AFFINE RECURSION FORM OF NONLINEAR DAES

This chapter proposes an affine recursion form (ARF) of nonlinear DAEs. The
advantage of ARF is that nonlinear DAEs are converted to formally linear equations
about Taylor series coefficients, which enables straightforward calculation of semi-
analytical solutions of the nonlinear DAEs in the form of arbitrary high-order Taylor
series. Since practical DAE models often contain compositional functions with
complicated compositional structures, this chapter first studies the ARF of generic
compositional functions, including its existence, uniqueness, and propagation of the ARF
over a compositional function structure to derive ARFs of compositional functions from
simple functions. After that, this chapter derives the ARF of nonlinear DAEs and designs
an ARF-based DAE solution algorithm. Finally, the chapter applies the proposed method
to derive the ARF of a detailed power system DAE model.

7.1 ARF of Compositional Functions
7.1.1. Definition

Consider a vector-valued nonlinear compositional function
fox:teT CR — (fox)(t) e F CR? which is composed of
z:t€T —»at)e X, CRY and fiz€X, CR -  f)€F , where
T,F,X,, X, are connected sets, d and ¢ are two positive integers.

Assumption 1: Assume X, C &, for function composition operations to be valid, and

all components in & and f are analytical functions in their domain, i.e.,
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z, € C¥(T),i=1-d;f € C*(X,),i =1---q. Denote the set of such compositional

functions as C.

Definition 2 (Affine recursion form): The Affine recursion form of a vector-valued

nonlinear compositional function fox € C:t €7 CR — (fox)(t) e F C R? at

t = t, is a two-tuple, (Ato’bt(J)’ consisting of a matrix-valued function Ato and a vector-

valued function bfo that satisfy:

(F o X), (k) = A, (X, (0))X, (k) +b, (X, (K)) (7-1)
where
1 dk:L’ = d
X, ik €Ny =NU{0} - X, (k) = Hﬁ‘t:% €XCR
1d'(fow) =

| t=t, -

(F o X), +h e Ny = (FoX), () =500

A X, (e XCR! - A (X, (k) e ACR xR
b

t(l 0

X, (0) = a(t,)
K={01k—1}
X, (K) = | X, (0), X, (1), X,

0

:Xf(IC)e/\?ngka—>bt0<Xt(IC))el§CRq

0 =

(k—1)|

0
Remark 1: There are the following three observations from (7-1):

First, from Taylor’s theorem, these hold for a neighborhood of 7, i.e. t € Z(¢,):

#(t) = Y0 X, (W)t 1) (72)

(foz)(t) = Z;C:O(FOX)%(k)(t—tO)k (7-3)
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Therefore, eq. (7-1) builds upon the relationship between the k™ order Taylor

series coefficients (F o X)t0 (k) of the compositional function ( fo a:)(t) and the £
order Taylor series coefficients Xto (k) of the function (t) forany k € N .

Second, eq. (7-1) decouples the (F o X )to (k) into two terms, respectively related
to Xto (k) and Xto (K) . A, (Xto (O)) in the first term only depends on Xto (0) and

b (Xt{) (IC))in the second term only depends on XtO(O),X )

t

(:l),-'-Xt0 (k —1). Neither

0
A, (X " (0)) or b, (X . (IC)) needs to know Xto (k), so eq. (7-1) is a linear equation
between (F o X )'fo (k) and Xt0 (k). This indicates a recursive approach to the solution of

a nonlinear system through calculating such linear equations related to Taylor series

coefficients from low to high orders for the desired accuracy.

Third, although eq. (7-1) has a linear relationship between (F o X)t[)(k) and

X,f0 (k) , At0 and bt0 can include nonlinear functions about Xto (0) and Xt0 (K),

respectively. Therefore, the nonlinearity in the compositional function ( fo ;z;)(t) is

enclosed by the new form in At0 and b, but not lost. Actually, (foa)(t) or its

truncated Taylor’s expansion can be recovered from the ARF (Atu,btu)by (7-3) up to any

desired order.
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7.1.2. Existence and Uniqueness
On the existence and uniqueness of the ARF, there is this theorem:

Theorem 1: For any compositional function

foxelC:teT CR — (fox)(t) € F C R that satisfies Assumption 1, and for

any t, € T, itho (k) = 0 Yk € N, then there exists a unique ARF (At“?bto) att = t,

Proof: We only need to show

dk(f;oa:)(t) Tdka:(t)

— —al— 4, (7-4)

7

7

holds for ¢ = 1,---q, where a,is a function of w(t) and b, is a function of both

z(t) and its derivatives Z(t) up to the order of k¥ — 1. Then, the existence of the ARF

<Afo’bto) can be proved by defining At[] = [al,---aq ]T and bfn = [bl,---bq ]Ttto :

0

When k = 1, there is

d'(foa)t) _~of &y _[of o " da(t)
dt* 510z, di Ox, oz, dt
o | o o, or]
whose satisfaction to (7-4) can easily be verified with a, = Lo L,
’ Oz, Ox,

function of (t), and b, =0.

Assume there exists @;, as a function of Z(t) and b@ as a function of both x(t)

n

and its derivatives up to the order of n — 1 for & = n, such that
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d”(fioa:)(t) Td”ac(t)

at" dt"

i\n iwn "

Then, verify the existence of @;, ., = @;, as a function of z(t) and

7,

da, " d*z(t) db,
b, _ i CB( > 1+ —" as a function of both &(f) and its derivatives up to the
st dt  dik dt

order of N for & = n + 1, such that

dn-H(f; o J))(t) B ’ dn—i—lm(t)

= a.
dtn+1 i,n+1 dtn+1

bz','n-i—l '
The uniqueness of the ARF <Atﬂ’bt0) is obvious because if there exists another
ARF (A].b]) with Al = A or b/ = b, , then there is at least one positive integer &
0 0 0 0 0 0

such that 4/ (X, (0))X, (k) +b] (X, (K)) = 4, (X,

0 0

(0)) X,

0

(k) +b, (X, (K)) .
Then the coefficients (F o X )to (k) in (7-3) of the function (f o x)(t) are not unique,
which is contradictory to the uniqueness of the Taylor series of an analytical function. m

Notation: for simplicity in the following sections, the subscript ¢, is omitted;

A(X(0)) and b(X(K))are written as A and b if not confusing.

7.1.3. Derivation
y = f o z defined on a connected setZ7 C R in Definition 2 is a one-input one-

output one-layer compositional function, which can be represented by a directed acyclic

graph (DAG) [68] in Fig. 44a, where u = x(t),y = f(u). Its ARF (4,b) indicates
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another compositional, dual function that exists on a discrete set N, as shown in Fig.

44b, and has a linear form Y (k) = (F o X)(k) = AX(k)+b .

Generally, a compositional function f o € can be further comprised of multiple

layers of subfunctions in the form of fox =f of  o-fioxz:R — R? whose
DAG is in Fig. 45a, where the domains and ranges of f,i € {0...m} and T are
compatible for composition operations, and
u, = z(t),u, ; = fi(u,),i =0..m—Ly = f (u,) .- Then, the DAG for the
transformed compositional function defined on N, is shown in Fig. 45b, where for each

function f,7 € {0...m}, there exists a unique ARF denoted by (Ai, b, ) , such that

U, (k)= (F oU,)k) = AU,k) + b,

1

fori=0...m—1
Y(k)=(F,oU,)k) =AU, (k) +b,
The following Theorem 2 gives the relationship between (A4,b)in Fig. 44b and

(A,,b,) for i € {0...m} in Fig. 45b.
Theorem 2: Let y = fox=f of, ,o--fiox. If (Ab)is the ARF of

fox and (A,,b,),i €{0...m} are the ARFs of

7

. = fi(w),i=0..m—1Ly = f (u,) Thereis

m m

A=]]A, b=b,+> [[4b,, (7-5)
1=0

s=11=s

Proof: 1t is proved from the derivation below:
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(En © Fm—l © FO © X)(k)
= Am(AmflUmfl + bmfl) + bm

—AA A X

+b, +Ab o, t++A A --Ab

m—

b
More generally, each layer in Fig. 45 can further contain multiple nodes as shown

in Fig. 46, where r, s are respectively the numbers of nodes in the input layer and output

layer, n,is the number of nodes in the i" layer, and

u()j—a:()Vj_12
iy = i, )VZ—O m—l;ijl,Q,an
Yy, = f ( g )Vi=12..
J, =12,-n, ‘v’z—O .m
U g = [’u, NVi=0...m

Then, the DAG for the transformed compositional function defined on N is

u

shown in Fig. 46b, where for each function fl-j,l' €{0...m},j € {1,2..., ”Z‘}, there exists

a unique ARF denoted by <A2]7sz ) such that
U, (k) = (B o Uy |(6) = AU, (k) + b
for i € {0...m —1},j € {1,2...,n,}
Y, (k) = ( ol )(k) AU, (K)+b,,

fOl"j € {1 2. 8}

where W C{1,2 7”1‘—1} is a subset of indices for the nodes in layer i-1 that are

connected to the node fz-j .
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Theorem 3 gives the relationship between (A4,b)in Fig. 44b and (Alj,sz) for

i €{0...m},j € {1,2...,n,} in Fig. 46b. Before presenting Theorem 3, the following
notations are used. Let qu = path(mp,yq),p € {1, 2,"'7’},(] € {1, 2,"'5} be the set of
all paths between nodes @, and Y in the DAG in Fig. 46a;

Py = path(fm,yq>,u € {0...m},v € {1,2...,n.} be the set of all paths between nodes

f,, and Y5 P be the A path in the set qu or qu

Theorem 3: Let Yy = fox be a compositional function with compositional

structure in  Fig. 46a. If (Ab) is the ARF of fox and (Azg’sz) ,
i€{0...m},j €{L,2...,n;} are the ARFs of

Uu = fi’j(ui’j),w =0..m—=1LYj=12-n and y; = f,. (v, ; ),¥i =125,

1+1,7

then there is:

ﬁ
S
S

—_
(V]

S

L.
Sl

B s
B B s
B

\'Q"

Z (7-6)
]P’
by = by, zz;;; IT 4,7

=0v=1P,eP,, f,

Proof: It can be proved in a similar way to Theorem 2. m
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Remark 2: In Fig. 45a and 46a, the selection of subfunctions f or f;-j 1s not

unique. For example, an alternative representation of f in Fig.45a could be
f=fofiof , where f,=f of f=Ff, ,0...0f.f,=Ffof . In this
work, we assume f is comprised of multiple subfunctions, where each subfunction is

simple enough so that their ARFs can be obtained from a set of fundamental rules that

each can be regarded as a map from an analytical function f, to its ARF (A,b,).

Propositions 1 to 3 give the fundamental rules for mapping some generic nonlinear

analytical functions to their ARFs. Proposition 4 provides the rules for function
( fo ac)(t) where f is a linear combination, multiplication, or division of T, T, .
Proposition 5 provides the rules for function ( fo a:)(t) where fis a trigonometric

function, exponential function, or square root function of & . Proposition 6 provides the

rules for functions ( fo m) (¢) that skip & and directly depend on t. The detailed proofs of

Propositions 4 to 6 are omitted, and these rules can be easily verified using Definition 2.
The rules for other analytical functions can also be derived as needed. These rules make

an extension of the differential transformation rules in our previous work.

Proposition 4: Consider ¢, :t € R — z(t) € R and ¢, 1t € R — z,(t) € R, Ler

oz,ﬂ € R be constant numbers.
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I Let d=¢q , the ARF of (fox)(t)= ax(t)+ Bx,(t) is
(A,b) = ([ald,ﬁId ],Od ), where 1; € RY is a vector with all elements being one.

2. Let d=yq , then the ARF of (foz)(t)=m(t) () is

3. Letq=1, thentheARFof fO:I: ) = z,( /:v2

1 FO)7T

X,(0) X,(0)

4,p) = [ X,(0) 2=

=
, Z X,(m)F(k — m)]

Proposition 5: Consider = : t € R — x(t) € RY.

1. The ARF of f, = sinx and f, = cosx are respectively

k-1
(4;.5;) = (B(0).7 Y Fy(m)( — m)a(l — m)
m:1k71 .
(4., = (CF0),— 3 F(m)(k = ma(k — m)

3. The ARF of f = Nz is
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Proposition 6: Consider = : t € R — =(t) € R%. Let €,Cy € R? be a constant vector
and 0, € R? be a zero vector.
I The ARFof (fom)(t) = ¢t",n € N is

Ln==%F

(A7 b) = (Od’cl(sn,k)’(sn’k - O,n = k-

2. TheARFOf(f o m)(t) = sin(¢;t + ¢,) 1S
1
(A4,b) = (0, 17 sm( kr+¢,)) .
3. The ARFOf(f o :n)(t) = cos(ct + ¢,)1s
Ab) = ! k
(AD) = (0,5 conlCm+).
4. The ARF of (fox)(t) = 4" % s

I
(4.0) = O,5¢/c%).

o1 1 c .
Note that ¢; ,Sln(gkﬁ + CQ),COS(E km + 62),6 * here have all component-wise

operations without confusion.
7.2 ARF of DAEs

Consider nonlinear semi-explicit index-1 DAE system in the form of

() = fla(t),y(1))

0 = gla(t),y(t)) 7"
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where ¢ € R is the independent variable, ©(t) = [a:l(t),---,:cm(t)]T is the vector

of differential variables with z,(t) : R — R,i = 1,2,---m, Y(t) = [y,(t),y, (O] is

the  vector of algebraic  variables with y.(¢t): R — R;i=12,---n
f= [ fl(), fQ(), fm()]T is a nonlinear vector field for the differential equations with
f0): RY™m LR =12--m, g= [gl(-),QQ(-),---gn(-)]T is a nonlinear vector field
for the algebraic equations with g.(): R 5 Ri=12--n . The index-1
indicates that det(é?g/ 0y) = 0 or the Jacobian 3g/8y is non-singular. We further

assume z,(t),y,(t), f.(-),9,() are analytical functions with arbitrary compositional
structure.

From theorem 1, there exist unique ARFs ([A,,A,,],b ) and ([A4,,,A,,].b,)
such that the DAE in (7-7) is converted to

(k+ DXk +1) = A X(k) + A,Y (k) + by

(7-8)
0= A21X(k) + A22Y(k) + b,

Definition 3 (Affine recursion form of DAEs): Equation (7-8) is defined as the

affine recursion form of nonlinear DAEs (7-7).

Based on (7-7), there is (7-9) to solve X(k),Y(k),Vk € N in a recursive manner

given X(0) = z(t,),Y(0) = y(t,) , and x(t, + h),y(t, + h) in a neighborhood of

t = t, is given by (7-10) with K - order accuracy, where K is a positive integer, and 4

is the step size. Details are presented in Algorithm 9.
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] (7-9)
X(k+1) = k—H[AHX(k) + ALY (k) + b, |

z(t) = > X(k)(t— )" + O(RH) 2-10)
y(t) = 30 Y(R)(t — 1) + O(h+)

Algorithm 9: Solve DAEs using the proposed affine recursive form

Input: initial values z(t,),y(t,) ; desired order K

Output: x(t, + h),y(t, + h)

Offline Stage:

Derive matrices A,,,A,,,A,,, A,,,b,,b, using (7-5)-(7-6)
Online Stage

1. Initialization: X (0) = ,,Y (0) = v,

2. Evaluate matrices A,,,A,,,A,,, A,

3. Calculate matrix A2_21
for k =1: K
4. Calculate vectors b, b,

1
5. Calculate X (k): X(k) = %[AHX(k ~1)+ ALY (k—1)+b|

6. Caleulate v (k): Y (k) = —Ay, ' (A, X(k) + b,)
end
7. Calculate x(t, + h),y(t, + h)using (7-10)

From Algorithm 9, the major computation cost lies in the for loop of calculating

X(k),Y(k),k = 1,..K from «(t,),y(t,). Such an affine recursive problem is studied in
[69] and its complexity is O(Kn?). Besides, the calculation of matrix inverse in step 3 is

also O(n?) in a naive implementation and it only needs to be executed once, regardless of
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the selection of K. The remaining steps 1, 2, 4, and 7 are neglectable. Therefore, the

complexity of the proposed algorithm is O(Kn?) .

7.3 Application to Power System DAEs

The widely used power system DAE model is written as

a(t) = h(x(t),v(t))

o(t) = ifalr), o)) (-1

Y,

bus

where ¢ € R is the independent variable with the physical meaning of time,
x € R™is the vector of state variables representing the dynamics of power system
components such as synchronous generators, motors, and controllers, etc., v € R" is the
vector on real and imaginary parts of bus voltages, h : R" x R" — R" is a vector-

valued nonlinear function for the differential equations, % : R™ x R" — R" the vector-

valued function on real and imaginary parts of current injections, and Y, , € R™" is the

constant admittance matrix on the power network.

Note that a power system DAE model usually represents voltages and current
injections at buses and admittances of network branches by phasors, i.e. complex
numbers. However, the resulting complex equations of the model can be separated into
equations respectively on the real and imaginary parts such that only real equations and

real analytical functions are considered. Therefore, the v(¢),i(¢),Y,,, . are defined below,

v . are the real and

where N, € are the set of buses and branches respectively, Uy is Uy g
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t, . are the real and imaginary parts of

imaginary parts of voltages at the bus i, % 'W

1)

currents at bus ¢ and sz? sz are the conductance and susceptance of the branch (i, j) .

() = Uiz Vy,i L:e/\/ it) = iﬂ%i’iw L;e/\/
Gij Bi]'
Yous = [YZJ ](i,j)es’Where Yy = -B. G
1 i

The equation (7-11) can be further written as (7-12)-(7-14), representing the three

major components in a power system: the generators, loads, and the power transmission

network, where t, : R™ X R"s — R" means the current injection from generators and

il R — R™ represents the current injection from loads, subscripts g and / represent

the generators and loads, respectively and 7, +n=mn.

The model of generators:

a(t) = h(z(t),v,(t))

. . 7-12
i, = i, ((t).0,(1) 12
The model of loads:

By = 4(v(?)) (7-13)

The model of the power transmission network:

Y, v(t) = i(z(),v(t))
ig(w(t),vg(t))l (7-14)
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The compositional structure of h(IB(t),Ug(lf)),’ig(ili(t),vg(t)) and 4,(v,(t)) are

obtained as follows.
7.3.1. ARF of Load Model

For the widely used ZIP load model in transient stability study, the detailed

expression of (7-13) is given below, where Ux,vy,lx,ly are algebraic variables, and

U5 Py s s Gy bp, bq, ¢,,C, are either system parameters or can be regarded as constants.

) 1 1 1
i, = (poa + qya,v, ) + — - (pobpvx + qob v )
UtO Yo \Jv,” + vy
—+ — 5 1 2-<p00pvl7 —+ chqu )
v,” +v
Y
) 1 1 1
i, = T(_qoaq“x + pya,v, ) + U— > > ( qobqvx + pob v )
Yo 04y, +,
—i——2 ! 5 (—qocqu + pocpvy)
v, + v,
Define
_ _ 2 2
Uy = 7 Uy = [vx,i +tv,, Leﬁ
1
2 2
u21 = UT,z + Uy, el u31 = 9 2
,UT,Z + vy 1 16[,
" — 1
32 9 2
Usi + Y.i lier

where £ is the set of load buses, then the compositional function structure of the
load model is represented by the DAG in Fig. 47a, with the transformed function with

linear structure in Fig. 47b.
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Therefore, from Theorem 3, there exists an ARF ( Ab, ) for the load model such

that
L(V,(k) = AV, (k) + b, (7-15)
where the expressions of the ARFs are derived using Theorem 3 with details
below. From Fig. 47a, there are three paths between nodes v, and 3, :
v = {f;n} =
v = {f017f117le’f31} —
v — {f017f227f31} =4

Therefore,

Al = A31 + A31A21A11A01 + A31A22A01 (7-16)

Similarly, we can verify there is one path between nodes f,, and %, , one path
between f,, and z,, one path between f;, and %, two paths between f;, and %,, shown

below respectively.

o — {f:n} — 4
Joo — {f31} =
fin— {fzpfm} =
Jo — {-70117]0217-7031} — 4
Jo — {fzwfm} =1

Therefore,

bl = b31 + A31b21 + A31b22 + A31A‘21b11 (7_17)
+A31A22b01 + A31A‘21A11b01
In (7-16)-(7-17), the ARFs of simple functions at each node are obtained from the

transformation rules in Proposition 1 to 3. After substituting their expressions into (7-16)-

(7-17), it is easy to verify that the derived ARF ( Al,bl) coincides with the formally
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linear equations derived in Chapter 3 for the same load model. Moreover, the ARF in
(7-16)-(7-17) is easier to implement because it is more compact and does not involve

tedious Taylor expansion expression of the compositional functions.

7.3.2. ARF of Generator Model

For the widely used six order generator model in power system transient stability

study, the detailed expression of (7-12) is below, where 0,w, €41:€41:€42:€pp  are state

variables, Iy, iq U Upy Ds Uy Uy s iy are algebraic variables,

HT,.

T,, TqQ,TdQ,D, Ty Ty Ty Lops Tggs Lygs Py €y are either system parameters, or can
be regarded as constants.

= W

2Ho =p, —p, — Dw

T é ——xq_%e —i—xq_que
abdl = _ a1 _ d2
T — Ty Ty — Ty
T, —x T, —x
. Yy d2 d d1
leeql =ty + — € + €
T, —x T, —
1 d2 d1 a2

Tq26d2 =€y — €t (%1 — Zygo )Zq
Td26q2 = €1 €2 — (%1 — Ly )Zd

lg = € — Uy by = €jo — Uy P = Uyl + Vgl
v, = v, cosb + v, sin 4, v, =1, sind — v, cos o
i :zdsmé—zqcosé, i, :zdcosé+zqsln6

Define
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T = [61'7wwedl,i’eql,z”edQ,i’qu,i g Y7

vg = vx7i’vy,i ]ieg ig - szi’iyvi LEQ
Uy =T Yoz = Yy

U, = [sinéi,coséi Leg Uy = [Ud,z-avqﬂ; L’eg
Uz = [Z‘d,i’itm L‘eg U = [peai icg

where G is the set of generator buses, then the compositional function structure of

the generator model is represented by the DAG in Fig. 48a, with the transformed function

with linear structure in Fig 4b. Therefore, from Theorem 3, there exists an ARF

(Ab)— Zn 112 bl]
979 ) )

Ay Ay l'|b,

for the generator model such that

H(X(k),V,(k)) = %11X(k) + %12Vg(k)

g

+b
I(X(k),V,(k) = Ay X(k) + A,V (k) + b, (7-18)

where the expressions of the ARFs (Ag,bg )are derived using Theorem 3 with

details omitted. It is easy to confirm that the ARF coincides with the formally linear
equation in Chapter 3 for the same model, but with a much more compact structure.
7.3.3. ARF of Power System DAEs

Finally, after simple matrix operations, the power system model in (7-11) is

transformed into the ARF in

(k+1DX(k +1) = C,, X(k) + C,V(k) + d,

(7-19)
Y, V(k) = C, X(k) + C,,V (k) + d,
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where Ci]-,i,j € {L,2} are functions of X(0),V(0), d,.d, are functions of
X(K) =[X(0),---X(k—1)] and V(K) = [V(0),---V(k —1)] with expressions
below.

Ch = __11’012 - [“_112_ 0}"11 :_b_1

Gy = A021 ;Cyy = IXQ dy = l;j

7.4 Conclusion

This chapter presents a theoretical study of nonlinear DAEs. A novel affine
recursion form of nonlinear DAEs is proposed in this chapter. The existence, uniqueness,
and derivation of ARFs for nonlinear DAEs are studied and an ARF-based algorithm is
designed to derive the semi-analytical solutions of nonlinear DAEs in the form of
arbitrary high-order Taylor series. Application to power system DAEs demonstrates the
potential of the ARF for the stability analysis and control of nonlinear DAEs in high-

dimensional networked dynamical systems.
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CHAPTER 8

CONCLUSION

This work aims at developing efficient and robust power system simulation
algorithms. Specifically, this work aims at addressing the fundamental computational
challenges of solving high dimensional nonlinear differential algebraic equation model in
transient stability analysis, and its two variations, i.e., ordinary differential equation
model in transient stability simulation under the assumption of constant impedance load,
and the algebraic AC power flow equation model in voltage stability analysis. The
contribution of this work are as follows.

First, this dissertation proposes a novel dynamic simulation approach based on
DT, which is a mathematical tool and can effectively find an approximate solution of a
set of nonlinear ODEs. This work, for the first time, introduces DT to power system
studies. By assuming the solution of a set of power system DEs as a power series in time,
the proposed approach utilizes DT to calculate series coefficients efficiently by means of
a set of transform rules designed for nonlinear functions involved in power system
models instead of directly computing the high-order derivatives in DEs. These transform
rules are proved for representative power system models including a detailed
synchronous machine model involving trigonometric functions and a practical exciter
model with the exponential and square root functions. The dissertation also proposed a
DT-based dynamic simulation scheme that allows significantly prolonged time steps to

reduce the overall simulation time compared to a traditional numerical approach.
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Second, this work proposes a novel non-iterative method to solve the DAE model
of a large-scale power system using the DT method. First, we derive the DTs of the
algebraic network equations with current injections. Then, we prove that current
injections and bus voltages which are coupled by the original nonlinear network
equations, satisfy a formally linear equation in terms of their power series coefficients
after DT. Further, a non-iterative algorithm is designed to analytically solve both state
variables and non-state variables by power series of time. Simulation results show the
proposed method is fast and reliable compared to traditional methods.

Third, to trace solution curves of power flow equations more efficiently, this work
proposes a novel dynamized power flow (DPF) method that extends the power flow
model into a fictitious dynamic system, called a “dynamized” power flow model, by
adding a differential equation about a fictitious time, and then solve the complete time-
domain trajectory of the dynamic system instead of repeatedly solving power flow
equations for a series of conditions. The DT method is applied to solve the dynamized
model, named as dynamized power flow method. This work proves that the nonlinear AC
power flow equations are converted to formally linear equations after DT, and further
designs an efficient algorithm to solve the time domain trajectory without numerical
iterations. Case studies on several test systems including a 2383-bus system demonstrate
the accuracy, computational complexity and time performance of the proposed approach
compared with a CPF solver.

Fourth, this dissertation examined the feasibility of combining the DT method and

the Parareal algorithm to further speed up the dynamic simulation. A DT- based variable-
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order variable-step variable-window adaptive parareal method is proposed for temporal
parallelization of power system simulation with greatly enhanced convergence
performance and efficiency. The proposed method integrates the temporal parallelization
capability of the Parareal method and the highly adaptive feature of the DT method.
Extensive simulations on a 39-bus system and a 2383-bus system demonstrate the
effectiveness of the proposed approach.

Fifth, this work proposes a novel switching control strategy which predicts the
safety of a frequency response right after a disturbance by evaluating the derived semi-
analytical solutions of system frequency response model over a certain post-disturbance
period of interest, and activates frequency support mode only when the frequency
response is predicted as unsafe. The rationale of the proposed strategy is real time
evaluation of an offline obtained semi-analytical solution on frequency responses using
real-time measurements. Such a semi-analytical solution is in form of ultra-high order
Taylor series derived by the DT method on the differential equation model of the system.
The ultra-high order nature of the solution enables its largely extended convergence
region to cover the frequency response period of interest, so that the frequency response
of a WTG can be accurately predicted when a disturbance is detected and the WTG
provides frequency support only for an unsafe response, thus avoiding the unnecessary
switches. The case studies on a 4-bus power system and a New England 10-machine 39-
bus system show the effectiveness of the proposed strategy.

Finally, this work proposes a DT-based affine recursion form (ARF) of general

nonlinear DAEs. The advantage of ARF is that nonlinear DAEs are converted to formally
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linear equations about Taylor series coefficients, which enables straightforward
calculation of semi-analytical solutions of the nonlinear DAEs in the form of arbitrary
high-order Taylor series. Since practical DAE models often contain compositional
functions with complicated compositional structures, this work first studies the ARF of
generic compositional functions, including its existence, uniqueness, and propagation of
the ARF over a compositional function structure to derive ARFs of compositional
functions from simple functions. After that, this work derives the ARF of nonlinear
DAEs and designs an ARF-based DAE solution algorithm. Finally, the work applies the

proposed method to derive the ARF of a detailed power system DAE model.
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Figure 1. 39-bus system under a stable contingency
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Figure 33. Evolution of time-step length and order of DT over the simulation
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Figure 34. Evolution of time-step length and order of DT over the simulation
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Figure 35. Evolution of time-step length and order of DT over the simulation
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Figure 36. System frequency response with and without wind power
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Figure 42. Frequency response when WTGs are switched to frequency support modes at

Aw = 0.2 HZ
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Figure 44. a) DAG representation of one-input one-output one-layer composition
function b) DAG representation of the transformed function equipped with a linear

structure.
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Figure 45. a) DAG representation of one-input one-output multi-layer composition
function b) DAG representation of the transformed function equipped with a linear

structure.
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Figure 46. a) DAG representation of multi-input multi-output multi-layer composition
function b) DAG representation of the transformed function equipped with a linear

structure
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Figure 47. a) DAG representation of the compositional function in load model b) DAG

representation of the transformed function.
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Table 1. Comparison of Numerical Stability under Three Scenarios

Time step length (s) ME RK4 RKG DT
0.050 \ \ \ \
0.067 x \ \ \
0.100 X x % N

Table 2. Comparison of Maximum Time Step Length to Maintain the Numerical Stability

(Unit: s)
Test systems ME RK4 RKG DT
39-bus system 0.059 0.077 0.077 0.125
2383-bus system 0.007 0.010 0.010 0.017

Table 3. Comparison of Time Step Length Under Different Error Tolerances (Unit: s)

Test Error Trapezoi

ME RK4 RKG DT Gear
systems  (p.u.) dal
39-bus 102 0.012 0.045 0.045 0.090 0.020 --
system 10 0.003 0.026 0.026 0.070 -- 0.041
10 0.001 0.011 0.011 0.050 - -
2383- 102 0.003 0.010 0.010 0.017 0.004 --
bus 10 0.001 0.007 0.007 0.016 -- 0.009

system 10+ 0.0005 0.004 0.004 0.012 -- --
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Table 4. Comparison of Computation Time Under Different Error Tolerances (Unit: s)

Test Error Trapezoi

ME RK4 RKG DT Gear
systems  (p.u.) dal
39-bus 10'§ 0.42 0.33 0.33 0.28 0.72 --
system 10° 1.10 0.45 0.46 0.37 -- 0.42
10 3.71 0.86 0.87 0.49 -- --
2383- 102 4.67 3.33 3.29 3.02 1320 --
bus 107 14.10 4.04 4.06 3.67 -- 376
system 10 42.67 8.34 8.29 5.10 -- --

Table 5. Comparison of Accuracy and Time Performance

Error of state Error of bus Computation

Scenarios Methods variables 5
(p.u) voltages (p.u.)  time (s)
DT 2.69x10° 3.33x107 18.76
Stable TRAR 1.30x10* 1.10x10%® 176.43
ME-NR 2.63x10* 2.26x10° 191.40
DT 1.89x1076 2.78%107 18.85
Unstable TRAP 1.41x10* 1.61x10¢ 182.76
ME-NR 2.79x10* 2.93x10° 196.02

Table 6. Accuracy and Time Performance for Different Values of K

K Error of state Error of bus Computation time
variables (p.u.) voltages (p.u.) (s)
2 2.70%x1072 4.91x10* 8.78
3 8.51x10™ 2.10x107 10.31
4 3.33x107 1.82x10%° 11.82
8 2.69x10° 3.33x107 18.76
12 2.69x10°6 3.33x107 2791
Table 7. Comparison of Number of LU Factorization
Methods nLU M Nrv=nrvxM
DT 1 100 100
TRAP-NR 3.004 1000 3004

ME-NR 2.060 1000 2006




Table 8. Numbers of Times of Solving Linear Equations
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Test Systems CPF DPF

39-bus system 174 11

57-bus system 108 10
2383-bus system 424 18

Table 9. Comparison of Time Performance (Unit: second)

Test Systems CPF DPF
39-bus system 0.26 0.03
57-bus system 0.50 0.04
2383-bus system 24.45 10.13

Table 10. Average Number of Iterations Using the Conventional Parareal Algorithm

-- Scenario 1 Scenario 2 Scenario 3
h, = 0.50 1 1 5
h, = 0.75 7 7 7
h. = 0.100 h, = 1.00 Divergent Divergent Divergent
h, = 1.25 Divergent Divergent Divergent
h,, = 0.50 1 1 1
h, = 0.75 1 1 Divergent
h, = 0.075 h, = 1.00 1 1 Divergent
h, = 1.25 1 Divergent Divergent
h, = 0.50 1 1 1
h = 0.050 h, = 0.75 1 1 1
i h, = 1.00 1 1 1
h, =1.25 1 1 1

w
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Table 11. Average Number of Iterations Using the DT-based Parareal Method

-- Scenario 1 Scenario 2 Scenario 3
h, = 0.50 1 1 1
h, = 0.75 1 1 1
h, = 0.100 h, = 1.00 1 1 1
h, = 1.25 1 1 1
h,, = 0.50 1 1 1
h, = 0.75 1 1 1
h, = 0.075 h, = 1.00 1 1 1
h, = 1.25 1 1 1
h,, = 0.50 1 1 1
h, = 0.75 1 1 1
h, = 0.050
h, = 1.00 1 1 1
h = 1.25 1 1 1

Table 12. Average Number of Iterations using the VW-Parareal Method

-- Scenario 1 Scenario 2 Scenario 3

h,, = 0.50 1.91 1.42 1.86

h, = 0.75 1.83 2.00 1.95

h. = 0.100 h, = 1.00 3.00 2.97 2.72
h, = 1.25 3.10 3.10 3.06

h, = 0.50 1.00 1.00 2.25

h, = 0.75 1.00 1.00 2.16

h, = 0.075 h, = 1.00 1.00 1.00 2.32
h, = 1.25 3.42 2.41 2.48

h,, = 0.50 1.00 1.00 1.00

h = 0.050 h, = 0.75 1.00 1.00 1.00
: h,, = 1.00 1.00 1.00 1.00
h, = 1.25 1.00 1.00 1.00
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Table 13. Average Window Length Using the VW-Parareal Method

-- Scenario 1 Scenario 2 Scenario 3

h,, = 0.50 0.49 0.85 0.48

h, = 0.75 0.61 0.39 0.49

i, = 0.100 h, = 1.00 0.32 0.32 0.32
h, = 1.25 0.33 0.33 0.33

h,, = 0.50 1.31 1.31 0.51

h, = 0.75 1.53 1.53 0.34

h, = 0.075 h, = 1.00 1.73 1.73 0.34
h, = 1.25 0.33 0.32 0.32

h,, = 0.50 1.31 1.22 1.22

h = 0.050 h, = 0.75 1.53 1.53 1.53
’ h, = 1.00 1.73 1.73 1.73

h, =1.25 1.86 1.86 1.86
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Table 14. Average Number of Iterations Using the VW-Parareal Method with Improved

Coarse Update Strategy

-- Scenario 1 Scenario 2 Scenario 3

h,, = 0.50 1.00 1.00 1.33

h, = 0.75 1.00 1.14 1.86

. = 0100 h, = 1.00 1.33 1.67 2.17
h, = 1.25 1.60 1.80 2.40

h,, = 0.50 1.00 1.00 1.00

h, = 0.75 1.00 1.00 1.00

h. = 0.075 h, = 1.00 1.00 1.00 133
h, = 1.25 1.00 1.00 1.80

h,, = 0.50 1.00 1.00 1.00

h = 0.050 h, = 0.75 1.00 1.00 1.00
’ h, = 1.00 1.00 1.00 1.00

h, = 1.25 1.00 1.00 1.00
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Table 15. Average Window Length Using the VW-Parareal Method with Improved

Coarse Update Strategy

-- Scenario 1 Scenario 2 Scenario 3

h,, = 0.50 1.31 1.31 1.31

h, = 0.75 1.53 1.53 1.53

i, = 0.100 h, = 1.00 1.73 1.73 1.73
h, = 1.25 1.86 1.86 1.86

h,, = 0.50 1.31 1.31 1.31

h, = 0.75 1.53 1.53 1.53

h. = 0.075 h, = 1.00 1.73 1.73 1.73
h, = 1.25 1.86 1.86 1.86

h,, = 0.50 1.31 1.22 1.22

h = 0.050 h, = 0.75 1.53 1.53 1.53
’ h, = 1.00 1.73 1.73 1.73
h, = 1.25 1.86 1.86 1.86

Table 16. Average Time Step Length of 39-bus System (Seconds)

- Scenario 1 Scenario 2 Scenario 3
DT 0.100 0.100 0.100
VO-DT 0.100 0.100 0.100
VS-DT 0.103 0.084 0.069

VOVS-DT 0.103 0.090 0.088
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Table 17. Average Order of 39-bus System

- Scenario 1 Scenario 3 Scenario 3
DT 8.00 8.00 8.00
VO-DT 7.58 9.33 9.31
VS-DT 8.00 8.00 8.00
VOVS-DT 7.78 8.94 9.15

Table 18. Average Order of 2383-bus System

-- Method 1 Method 2 Method 3
Average number of iterations 9.10 3.24 3.44
Average window length 1.00 0.46 0.44
Average order of DT -- 4 6.50
Average time step length of DT -- 0.1 0.08
CPU time 3021 2346 2198

Table 19. Operation Status of Frequency Support Mode

) ) . Actual status of Ideal status of
Situations Disturbance
frequency support frequency support
Case 1 Small Deactivated Deactivated
Case 2 Medium Activated Deactivated
Case 3 Large Activated Activated

Table 20. Settings of the Three Scenarios

Situations Disturbance Ap,(MW)
Scenario 1 Small 50
Scenario 2 Medium 100

Scenario 3 Large 150
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