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INTRODUCTION 

This thesis originated in ah effort to find an efficient algorithm 

for the construction of finite inverse semigroups of 5mall order. At one 

stage in trying to devise such a scheme, an attempt was made to construct 

an inverse semigroup by adj'oining two non·-:i..dempotent elements to a semi­

lattice in such a way that each of them would be 8 -equivalent to a pair 

of distinct � -equivalent idempotents. It was noticed that such adjunc-

tion yielded an inverse semigroup only when the elements of the pair were 

·incomparable in the partial ordering of the semilattice, and only when, 

for each positive integer n , either both or neither of the elements of 

the pair had an n-chain of idempotents descending from it. Two theorems 

on inverse semigroups emerged from this observation; they were subsequently 

generalized to regular semigroups, and finally to arbitrary semigroups, and 

in this form they appear herein as Lemma 1.2 and Theorem 1.4. 

It also appeared that, in a program of constructing inverse semi­

groups from a given semilattice of idempotents, the familiar notion of 

"height" or "dimension" in a lower semilattice could be useful. A first 

step in this direction was to try to extend the notion of dimension to non­

idempotent elements, and a tentative definition of dimension for such ele­

ments led to the conclusion that all elements of a regular 75 -class had 

the same dimension. Subsequently the definition was refined and modified 

in various ways, and, in the form in which it appears herein, allows us to 

state that in any semigroup all elements of a JL -class have the same di­

mension. The dimension function thus defined has the property (a strorig 

form of subadditivity) that the dimension of a product is less than or 
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equal to the dimension of each factor. 

Although the problem With which we began is still far from solved, 

and indeed appears much more difficult than was thought at first, we have 

been led to stu� in a more general setting the relationship betWeen the 

well-knGWn equivalence relations of Green and the partly ordered set of all 

idempotent elements in an arbitrary semigroup. The results of this inves­

tigation are presented in Chapter I of this dissertation. It was found 

that the results set forth in that chapter were intimately related to the 

problem of finding a reasonable (and potentially usefui) extension of the 

dimension concept to the non-idempotent elements of a semigroup, and 

Chapter II is devoted to that problem. 

Many unsolved problems in this domain will occur to the reader. 

One of the most interesting, perhaps, concerns the possibility of defining 

dimension in a semiring in such a way that the dimension of the product of 

two elements is the sum of their dimensions. Theorem 1.16 suggests both 

the possibility of investigating the property of local minimality in other 

equivalence classes, and also of studying the stronger property of global 

minimality, defined in the obvious way. 

The fundamental semigroup theory on which all our work is based is 

the work of many authors and is Widely scattered in the periodical litera­

ture. Fortunately most of it is collected in the recent treatise [3] of 

Clifford and Preston, where precise and detailed references to the·original 

papers may be found. For the convenience of readers of this thesis, the 

general theory that we use has been condensed and presented without proofs 

in an appendix hereto, the contents of which may all be found in the works 

referred to in our Bibliography. 
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CHAPTER I 

GR.EEW'S RELATIONS AND THE PARTIAL ORDERING OF IDEMPOTENTS 

The theorems in this chapter fall into two clusters, one finding 

its origin in Lemma 1.2 and the other in Lemma 1.12. Because it may not 

always be obvious that semigroups having the properties laid down in our 

hypotheses actually axist, we intersperse among our propositions examples 

to show that they are not vacuous. We begin with such an example, which 

illustrates the situation contemplated in our basic Lemma 1.2 and in 

Corollary 1.3 and Theorem 1.4. 

Example 1 . 1. The non-commutative band S having the multiplication table 

e f h 
e e f g h 
f e f g h 
g g h g h 
h g h g h 

One sees at once from the table that R(e) = � = R(f)., 

R(g) = {g, h} = R(h) , and J(e) • S f {g, h} ·= J(g) • If follows 

that D = Df , D = Db , and J r J • Also g < e and h < f • e g e g 
Lemma 1. 2. If e � f � lJ -equivalent idempotent elements 

£.! ! semigroup, � g g !! !!! idempotent element strict1y under e, � 

some idempotent element h , �-equivalent 12 g, !! strictq. under f • 

Proof. Let S be a semigroup, let e, f; g, be idempotent elements 

of s, and assume e� f and g <e . Since De= Df there exist 

mutually inverse elements a and a' such that aa1 = e, a'a = f, af = a 

fa' = a' and R = R • Having assumed g < e we have g = ge = eg. Now e a 
we shall show that a1ga will serve as the required h, first observing 
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that g = eg = aa'g e Sa1 g = L(a'g) , whence L(g) £ L(a1 g) • But also 

a'g e Sg • L(g) , so that L(a1g) £ L(g) • Therefore L(a'g) = L(g), 

and consequently L 1 = L • It follows that g = ge e L R • L 1 R , a g  g g e  a g a  
from which we. conclude that La' gRa £ Dg and therefore a'ga e Dg • 

Having shown that a' ga is �-equivalent to g , we now show it to be 

idempotentt 

(a1ga)(a1 ga) • (a1)g(aa1)ga =(fa' )g(e)ga = fa1 g(eg)a 
= ga'gga = (fa• )ga = a'ga -. 

Furthermore, the last of these equalities shows that f(a1 ga) = a1 g� and 

we have also (a1ga)f • a1 g(af) • a'ga , so that a1 ga � f • Finally, 

afa' • aa1 = e f g = eg = ege = (aa1 )g(aa') = a(a' ga)a' , 

so that f r a1 ga and therefore a1 ga < f • 

CorollaEf 1.3. Either !!! � idempotent elements � ! �-class 

2£ ! semi group � primitive .2:: � none 1! primitive. 

Proof. Let e and f be lJ -equivalent idempotents in a semi-

group s, and let e be primitive. If no idempotent in S is strictly 
2 under f then f is also primitive; suppose, on the contrar,r that g = g 

and g < f. By Lemma 1.2 there is an idempotent h e Dg such thai h < e. 

But e is primitive� hence S must have a zero element 0, and h = 0 • 

Therefore g e Dg = Dh = D0 = {o} , whence g = 0 and f is primitive. 

We remark in passing that Corollary 1.3 holds also with "primitive" 

replaced by "minimal". For if a semigroup S has no zero element then the 

two terms are synonymous for s, while if S has a zero element 0 then 

0 is the only minimal element of S and (a fact we have used in the fore­

going proof) is the only element in its �-class. This remark does not es­

tablish the similar-sounding proposition in Corollary 1.7 below, although 
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the latter could just as well be exhibited as a direct consequence of 

Lemma 1.2. 

Theorem L4.. Let e and f be � -equivalent idempotent elements 

of a semigro� S , and e = e0 > e1 > o • •  > em ! chain£! idempotent ele­

ments of S • There _.ex.-.i...; s_ t_s ! chain f = f 0 > f1 > o o • > fm £!: .;;;i.;.;.d.;..em..Jp;;..;o;...t...;;e.;.;n..;..t 

elements of S such that e. and fi are :0 -equivalent for _each -- l. - ._ -
i = 0, 1, • • •  , m • 

Proof. The theorem is clearly true for m = 0; suppose it true for 

m = j , J an arbitrary positive integer, and let e = e0 > e1 > • • •  > ej 
> ej+l be a chain of idempotents in S • By our inductive assumption, 

there is a chain f = f0 > f1 > • • •  > fj of idempotents such that ei� fi 
for each i = 0, 1,  • • •  , j • Since ej lJ fj and ej > ej+l , Lemma 1.2 

guarantees the existence of an idempotent fj+l , :6 -equivalent to ej+l , 

such that fj > fj+l • The theorem therefore holds for m = j + 1 , and 

our induction is complete . 

Our next result is a quick consequence of Lemma 1.2 , but we prepare 

for it by giving examples .  The bicyclic semigroup illustrates Theorem 1.6, 

but in a dull way because it is bisimple. More interesting is 

Example 1.5. R. H. Bruck has given [2 , p. 48] a construction for embedding 

an arbitrary semigroup in a simple semigroup with identity. To obtain an 

example of a non-bisimple semigroup containing comparable �-equivalent 

idempotent elements , we apply Bruck's procedure (formulated in a slightly 

different way) to the semigroup S = {e,f} in which e is identity element 

and f is zero element. Let N be the set of all non-negative integers , 

and turn N � S X N into a semigroup by defining 
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(a ,u,b ) ( cllv,d ) = (a + c - min{b,c} , w, b + d - min {b,c} ) , 

where w = uv if b = c , w = u if b > c , w = v if b < c • 

Bruck proves that this definition yields a simple semigroup with (O,e,O)  

as identity element. As A .  H. Clifford has pointed out (personal communi­

cation to D. D. Miller ) the new semigroup has the same lJ -structure as S 

for arbitrary S ; more precisely, (a,u,b )_,B ( c ,v,d )  if and only if u /J v. 

It is easy to see that in the general case the idempotents in N � S x N 

are precisely the elements (a ,u, a )  such that 2 u = u • one readily veri-

fies that if (a , u, a )  and (b, v,b ) are idempotent then (a ,u, a )  � (b , v,b )  

if and only if either a > b or else a = b and u � v • In our case 

(S = {e,f}) , all elements of the form (a,u, a )  are idempotent and we abbre­

viate such an idempotent by ua • The two XS-classes are {Ca,e,h)} and 

{Ca ,f,b� • There are infinitely many infinite descending chains of idem­

patents , both chains within a 5e-class and chains having infinitely mariy 

elements in each l)-class; for instance, e0 > e1 > e2 > • • •  and 

e > f > e1 > f1 > • • •  , the latter being the chain of all idempotents in 0 0 
the semigroup. 

Theorem L.6. .!£ ! b -class . D _!!! !. semigroup contains :!::.!2 �­
parable idempotent elements � every idempotent � D � � greatest 

element .2£ !!!! infinite chain � idempotents � D • 

Proof. Let e and g be idempotenta lying in the same �-class 

D of a semigroup, e > g , and let f be any idempotent in D • By 
Lemma 1.2, there is an idempotent h & D such"that f > h • Repetition of 

the argument yields an infinite chain descending from f • 
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Corollary 167. If! regular �-class in! semigroup �finite 

then no two £! � idempotent elements � comparable. 

Corollary 1.8. Let ED ·� the set 2f all idempotent elements of 

a regular »-class D in ! semigroup. Either� element £! ED is 

minimal in ED 2!. els� � is. 

Proof. Let e, f & ED and suppose e is not minimal in ED , 

!·�·' e > g for some g & ED • B.1 Theorem 1.6, f is the greatest ele­

ment of some chain of idempotents in � having positive length, and so 

is not minimal in � • 

Definition 1.9. If p is an equivalence relation defined in a 

semigroup, we may call an idempotent element p-minimal if it is minimal 

in the set of all idempotents in its p-class. Let us call a p-class 

locally minimal if it contains a p-minimal idempotent. Then Corollary 1.8 

asserts that a �-class is locally minimal if and only if it is regular 

and all its idempotents are �-minimal. If a semigroup is 0-bisimple 

(!·.!::.·, if it has only one non-zero !lJ -class) then every J3 -minimal idem­

potent is either 0 or primitive; hence a completely 0-simple semigroup 

is just a 0-bisimple semigroup whose (two) � -classes are locally minimal. 

One might also define p-� idempotents in the obvious way, but 

when p = .b the concept is sterile; for, by Theorem 1. 6, a 2J -least 

idempotent is the only idempotent in its �-class, from which it follows 

that the J:; -class is an 11-elass containing an idempotent and so is a 

group having the given idempotent as its identity element. 

From the elementary observation that the product of a pair of com-

muting idempotents is an idempotent under each of them, it follows at once 
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that if a member e of a semigroup I of idempotents is minimal in I , 

and commutes with every element of I , then e is the least member of 

I ; for ef � e and the minimality of e yield fe = ef = e , !·!·' 
e � f , for any f e I • In particular, if the idempotent elements of a 

semigroup commute then either there is a least idempotent or no minimal 

idempotent. The remarks in this and the preceding two paragraphs may be 

summarized in 

Theorem LlO. Let D be a 2 -class in ! semigrou_e S • The 

following statements � equivale�tt 

{1) D � !  subgroup � S ; 

{2 ) D contains �idempotent�!! least among the ide�potents 

in D ; 

(3) D is locally minimal and is ! subsemigroup � S with 

commuting idempotents . 

At one time in the course of this study we thought that commuting 

idempotents would play a significant role . This has not turned out to be 

the case , but we record here one of our early results which may be of 

some interest because it extends slightly the familiar theorem that a regu­

lar semigroup in which idempotents commute is an inverse semigroup (!·!·' 
each element has an unique inverse ). We shall say that a subsernigroup T 

of a semigroup S is an inverse subsemigroup of S if T itself is an 

inverse semigroup. (In [3] the term 11iriverse subsemigroup" is defined 

on� when S itself is inverse; clear� our definition agrees with that 

of Clifford and Preston in that case . ) 
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Theorem 1.11. Let S be a semigroup (containing at least one 

idempotent element) in which idempotenta commute. The set T of ali 

regular elements £! S � � greatest inverse subsemigroup of S . 

Proof 0 It is immediate that T r D ' for any idempotent ele­

ment is regular. Let a,b e T , and let a' and b' be inverses in 

S (hence in T) of a and b , respectively. Then a = aa1a , 

b = bb•b , and the elements a'a and bb1 are idempotent. Since the 

idempoterits commute, 

ab = (aa1a)(bb1b) = a(a1a)(bb1 )b = a(bb' )(a1a)b = (abJ(b1a1 )(ab), 

whence ab is regular and T is a subsemigroup of S • Since a' e T, 

T is a regular semigroup, whence, because its idempotent elements com-

mute, it is an inverse semigroup and so is an inverse subsemigroup of 

S • Now if V is any inverse subsemigroup of S then each of its 

elements is regular in V and therefore in s; hence V £ T , i·�·' 
T is the greatest inverse subsemigroup of S • 

We turn now to the secorid cluster of theorems in this chapter, 

beginning with the repulsive but useful 

Lemma 1.12. Let e and f � idempotent elements of !. semi-

group S arid � s and t be elements of S such that set = f • 

Then etfs, tfse, and etfse !!! idempotent elements of Df such that 

etfs � etfse , tfae .f.. etfse , and etfse � e . 

Proof. We show first that etfse is an idempotent element of 

Df • Since 

(fse)(etf)(fse) = f[s(ee)t](ff)se = f(set)fse = fffse = fse , 
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and since 

(etf)(fse)(etf) = et(ff)[s(ee)t]f = etf(set)f = etfff = etf , 

we see that fse and etf are mutually inverse elements of S • There-

fore the elements (etf)(fse) = et(ff)se = etfse and (fse)(etf) 

= fs(ee)tf = f(set)f = fff = f are idempotenta belonging to the same 

1:1 -class. To show that etfs and tfse are idempotents, we observe that 

tfsetfs = tf[(set)f]� = tfs ,. 

whence 

(etfs)(etfs) = e(tfsetfs) etfs 

and 

(tfse)(tfse) = (tfsetfs)e = tfse • 

We show next that etfs �etfse, omitting the parallel proof that 

tfse� etfse ; from these facts it follows at once that etfs and tfse 

belong to Df • Having shown that etfs and etfse are idempotent, we 

know that le(etfs) = etfs·S and �(etfse) = etfse·S • Now 

etfse·S � etfs·S ; 2 and if x & S then etfsx = (etfs) x = etfse(tfsx) 

e etfse•S , whence etfs·S S etfse•S • Therefore etfs•S = etfse•S , !·!·' 
etfs £ etfse . Finally, (etfse)e = etfse = e(etfse), so that etfse � e • 

Theorem 1.13. Let A and B be � -classes in ! semigroup S • 

The following statements !!! equivalent: 

(1) there !!! regular elements a and b of S sueh that 

a e A , b & B , � b e J(a); 

( 2) A contains � � � idempotent element, � g e is 

2.!!l idem.e_otent in A � � idempotent in B � under e; 

( 3) � idempotent !a B .!,! under � idempotent in A • 
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Proo£. To show that (1) implies (2), let a and b be regular 

elements lying in A and B , respectivelY, such that b 6 J(a) • Then 

A and B are regular, so that eae:h contains at least one idempotent; 
2 ? let e = e e A , f� = f e B • Since f and b are l> -equivalent they 

are �-equivalent_, so that J(f) = J(b) • Since b 6 J(a) , J(b) £ J(a) • 

Since a and e are 2 -equiva
-
lent they are ? -equivalent, so that 

J(a) = J(e) • We now have f e J(f) = J(b) .S J(a) = J(e) = SeS , the 

last equality holding because e is idempotent. Renee, for some s,t e s, 
£ = set • The hypotheses of Lemma 1.12 being £ulfilled we conclude that 

{ etsfe )2 = etsfe e D f = :e and etsfe � e , so that ( 2) holds. 

That (2) implies (3) is immediate. To prove that (3) implies (1), I 
2 2 let 'b = b e B , a = a e A , b ! a • Then a and b are regular; 

and b = ba = ba2 
= baa e SaS = J(a) • 

It is true generally that tJ £ � , so that every · »· -class is a 

union of �-classes. OnlY in special (but important) cases, however, 

such as that of the full transformation semigroup on a set, is it true 

[3, Theorem 2 • 9, p. 52] that 7J = � and consequentlY every Ji!J -class 

is a �-class. We are about to present a theorem asserting that _ 

� -classes having the additional property of local minimality (and 

�here£ore, in particular, regular) are always �-classes, bui first we 

g1 ve an example in which a 9 ·-cl�ss contains both regular and irregular 

b -classes. 

Exampie 1 . 14. Let s = {l,x,e} be the three-element semigroup in which 1 

is identity element, 2 e is zero element, and x = e • (The associativity 

is evident from the fact that this semigroup may be regarded as obtained 

by adjoining an identity element to the null semigroup of order 2.) It 
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is readily seen that in S we have n1 = J1 = {1 ) , Dx = Jx = tx1, 

and D = J = (e} . e e But now we embed S in the simple semigroup 

T = N � S X N by the procedure explained in Example 1.5 (p. 3). Since 

elements (a,u,b) and (c,v,d ) of T are £:J -equivalent if and only 

i.f u£7 v iri s , the o8 -classe� __ c:>f T are the sets _{(a,l,b ) � 

a,b e N} , {Ca,x,b ) a a,b e N}, and · {Ca,e,b) • a,b e .N} • Since an 

element (a,u,b ) of T is idem�otent onlY if u is am idempotent in S , 
2 � 2 and 1 = 1 , X r X , e = e , we see that the SeCond Of these 

8 -classes in T is irregular and the other twe are regular. But, T 

being simple, T itself is its only � -class. 

We shall see in the next chapter that if a � -qlass contains a 

" finite-dimensional" element then it cannot contain both regular and ir­

regular lJ -classes .  For the present we shall show, in the form of a 

lemma that will be useful to us in proving our next theorem, that even 

though a j{ -class may contain both regular and irregular elements none­

theless the presence of a regular element forces upon all elements of the 

} -class a property enjoyed by regular elements. 

Lemma i . l5. .f.! !!! element x .2f ! semigz:oup S is � -equivalent 

to !!_ regular element � J (x) = SxS • 

Proof. Let x be an element and y a regular element of a semi­

group S , and assume x � y • Since y is regular, some idempotent is 

o;e -equivalent to y; let e2 = e e D
Y • Since 'J) -equivalent elements 

� ] �  are -equivalent we have J = J = J , whence e e J = S�S • e y X X 
1 There exist, then, elements s1, s2 e S such that e = s1xs2 • Let 

t1 = es1 and t2 = s2e_, and note that t1 e s even if si = 1ft s 



(i = 1,2). Now we have 

But J(x) = J(e) because J = J , and therefore x e 

and the desired equality follows. 
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e . • 

Theorem lol6. Every loeall.y minimal /} -class in a semigroup 

is a �-class. 

Proof. Let D be a locally minimal lJ -class in a semigroup S , 

arid let e be an idempotent element minimal in the set of all idempotents 

in D • Let x & J • Then, e being regular, Lemma 1.15 assures us e 
that J(x) = SxS • We have, therefore, both 

e e J(e) = J(x) ::: Sx:S ' 

from which we conclude that e = s1xt1 for some s1,t1 � S , and 

x e j(x) = J(e) = SeS , 

from which we conclude that x = s2et2 for some s2,t2 & S • Now 

(sls2)e(t2tl) = sl(s2et2)tl = slxtl = e ,  so that if in the statement of 

Lemma 1.12 we set s = s1s2 , t = t2t1 , and e = f then the hypotheses 

of that lemma are verified. The conclusioa then is that 

Since e is minimal among the idempotents in D , it follows that e 



x(t1es1s2et2t1es1)x = (s2et2)t1es1s2eet2t1es1(s2et2) 

= s2(et2tlesls2e)(et2tlesls2e)t2 

Therefore x is regular. 
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We are now in a position to use Theorem lol3, statement (1) therein 

being verified if we set a = e , b = x , A = D , and B = D e x State-

ment (2) then asserts that some idempotent g e D is under e • Now X 
g � x because g lJ x ; hence e e J(e) = J(x) = J(g) 

Again we use Theorem 1.13, this time setting a = g , b = e , 

A•D , B=D 
.. g e Statement (1) of the tbeorem again being verified, we 

conclude from statement (2) that some idempotent h e D e is under g • 

NoW we have h � g � e and h,e e D = D • e But e is minimal in D , so 

that h = g = e and x e D = D = D x g e 
an arbitrary element X of J , whence e 

We have shown that x rlJ e 
. 

for 

D = D = J e e 
We have just seen, in the first part of the proof of Theorem 1.16, 

that if an idempotent element e is minimal among the idempotents of its 

� -class then every element of its f -class J e is regular. It is 'by no 

means the case, however, ·that the ideal J(e) must be regular, even if we 

suppose e to be minimal in the whole set E of idempotents in S • A 

simple example is the infinite cyclic semigroup With identity element ad-

joined, which is isomorphic to the additive semigroup N of all non­

negative integers; for the only idempotent element of N is 0 , but 

J(O) = N and all non-zero elements of N are irregular. In our next 

theorem we shall assume regularity for the principal ideal generated by a 

minimal idempotent, and get correspondingly stronger conclusions than that 
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a! Theorem 1.16. T�e �ew assumption is far !rom being toe strong, how-

ever, !or it h.alds in. every eempletely simple semigroup. 

'theorem 1.17. � ! be,: minimal idempotent element!!_,:�­

group S , ad assume that � principal ideal J(!) is regular. Tl!teJt 

(1) 

(2) 

(3) 

J(!) = J! = Dt ' 

J(!) is � kerl'lel ef S , 

each idempotent e e S is over some idempotent )I.e e J(!) ' 

(4) .!! !dempotent belongs to J(!) g and enly g .!.:!! is milrlmal 

(5) 

in S , 

either ! is a zero eleme:n.t of S 

simple subsemigraup of S , 

... 

er J(!) is ! esmpleteJ.y 

(6) � � distimet idempetents _!! J(!) commute. 

Proof !!. (1). Since ! is a m:iJ.rlma1 idempatent, D.r is a !0rtiori 

locally :milrl.mal. and we have J! = D.r by 'l"h.e0rem 1.16. Am.d always Jf ,5:;J(f). 

It suffices, then, to prove J(!) = Dt • Let b & J(!) , and in statement 

(1)_ of T:h.�orem 1.13 set a = ! ; then A = D.r , B = �- , and (1) is veri­

fied; by statement (2), therefore, there is an idempotel'lt a e Db such 

t1lat 1l_ � t , Blld simee ! is mil'li.mal it follows that a = ! • !ltere.tore 

b e � = Dh = D.r , whence J(!) = D.r • 

Proe! e! ( 2). Let M be an arbitrary ideal in S • Now tllat we 

knew that J! = J(!) , and tae product of two-sided ideals is always een­

tained in their intersection, we have M • J( f) = M n J(.t') = M n J! and 

MJl J f ' is therefore l'J.OJ\-empty. Let X e M n J! • SiJlee X e J! ' 

J(�) -� J(!) • Since x e M , J(x) � M • Hen�e J(!) = M , se that J(!) 

is the kerJJ.el e! S • 



Proof ot (3). Let e be any idempatent element ot S • By (1) 

above we nave et = ett e StS = J(t) = D
t , whence �t is a regular ele­

me:nt ot S • Again we apply Theorem 1.13, setting a = e and b = et in 

the first stateme:nt therein, sa tl\at A � De , B = Det , ad, since 

et = eef e SeS = J (e) , that first statement is verified. Frem the secend 

statement ot Theorem 1.13 we conclude that some idempotent in De! is 

under e , and the observatiOll that De! = D! = J(!) CCM��pletes the praof. 

Proof a! (4) o Let e be a minimal idempotent element of S • By 
nat we kave just proved, there is am idempoteBt h e J(f) such tkat 

h � e • Therefore e = h e J(t) • ConverselY, let g be � idempotent 

in J(t) ami supp<i>se g is n�r5 m:inimal in S • Then g > g' tor some 

idempotent g' e S • , But g e J(:t) = Dt by (1) above, so that g.:b' t • 

By Lemma 1. 2 , there is am idempetent t 1 < f , eontrar;r te the hypothesis 

th.at t is mi.:rrl.mal. We conclude that it g2 
= g e J(f) then g is a 

minimal idempotent. 

Proof of (5). Assume that f is not a zero element ot S • We 

show first that it cannot be a zero element of J(t); for it it were, amd 

if y e S , then 

r,y = f.:tr,y e t•S:ts = :t•J(f) = f 

and similarly 

y! = y:tt•:t e S!S·f = J(f)•! = f , 

Whence the assumption that f is not a zero element of S is contradicted. 

Now t , being minimal in s, is .! fortiori m:i.Dimal in J(f) , am.d, :n.ot 

being a zero ot J(t) , is a primitive idempotent ot tke semigroup J(t) • 

But we knew :frG>m (2) above that J(t) is the kernel et S , and hence is 
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a. simple semigrou.p. Therefore J(.f') is eampletely simple. 

Proof at ( 6) • Let s and t be idempate:m.t.s in J ( .f') sueh. 

ima."b st = t.s • Them., as ebsel!'Ved earlier, st is idempotemt and is 

umder beth s and t • By (4) abave, s amd t are minima.l in S , 

and tkere.f'ere s = st = t • 

Closely related both to f.Aeorem 1.16 a.md to Theorem 1.19, but 

apparently ftot aa immediate eaneequence of either, is the .f'imal resalt 

im this chapter: 

Theorem 1.18. � e be .! primitive idempotent in .! semigreup 

s , � � b � ! regular e1ememt a.f' S � _!! J (e) • 'fltem either 

b is a zer0 element 0f S or b 'JY e • 

Proof. Once mere we use !lleerem 1.13, setting a = e in tlte first 

statem.e:m.t th.erei.lt. !he:m. A = De , B = � , ad b & J(e) , s0 tl\at (1) 
- . 

is verified. From statement (2) we inter the existence of a idempotent 
-

f e Db su.eh that f � e • Suppose now that b I De • Titan f & � 'f De1 

wkenee f f: e and so f < e • Sinee e is primitive, f is then a 

zero element of S • But theJil b & D 
f 

= { f } , whenee b = f • We J,ta.ve 

shewn that b is a zero element of S unless b �e. 

Gorollaq 1.19. ll'1! sem.igroup S without .!!!:!' '!!2 principal 

ideal generated £l ! minimal idempote:m.t eomtains exaet1y � regu1ar �-
class. 

Remark 1.20. For semigroups without zero, Corollary 1.19 yields 

the first canclu.sion i:n Theorem 1.17. 



CHAPTER II 

DD1ENSION 

The function o that we are about to define on an arbitrar,y aemi-

group w.i.ll be called "dimension" because on the semigroup of all subspaees 

of a finite-dimensional vector space, under intersection, it is just the 

ordinar,y (projective) dimension. It is one of several closely similar 

fUnctions that we have investigated, and its peculiaritie3 arise from an 

effort to find a function which, while enjoying the property claimed for 

o in our la�t theorem, will at the same time "�eparate" the elements of 

the semigroup as much a� po�sible. 

How the dimension of an element x il5 to be defined will depend 

on the relationship of x to the set E of all idempotents of S , and 

we divide the definition into three mutually exclusive and eXhaustive 

eases. In the first ease, o(x) will be a positive integer, or a posi­

tive in�ger plus � , or else-
a
' 
symbol oo concerning which we specify 

only that (by definition) it is greater than every positive integer. 
r 

elements falling under the second ease are assigned to the dimension 

All 

3 • 
4 ' 

any number strictly between � and 1 would do as well. The range of 

6 in the third ease is a certain set of rational numbers in the interval 

[o,!J , specifically i and the fractions n (n = 0,1,2, • • • ) • 2(n + 2) 
Definition 2.1. The dimension o(x) of an element x of a semi-

group S is defined as follows. 

Ca�e I: J(x) eontainl5 at least one idempotent. 

(a) If the set of lengths of finite chain� of idempotent� 

descending from idempotents in J(x) is bounded, and the length of tae 

-16 
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longest sueh ehain is m(x) , then o(x) = 1 + m(x) if x is regular 

and O(x) :: � ... m(x) if X is irregular. 

(b) If the set of lengths of finite chains of idempotents 

descending from X is unbounded, then O(x) = � • 

Case II: for every idempotent f , f I J(x) and x I J(f) • 

We define o(x) = t . 
Case III: J(x) contains no idempotent, but x e J(f) for at 

least one idempotent f • 

(a) If, among all finite ehains of idempotents descending from 

idempotents f sueh that x e J(f) , there is at least one maximal ehain, 

and if s(x) is the length of the shortest sueh maximal ehain, then 

o(x) = i ... 1 
2 + s(x) 

• 

(b) If there is no sueh maximal chain (!•!:•, if every finite 

chain of idempotents that descends from an idempotent f such that 

x & J(f) is a proper subchain of some such finite chain) then o(x) = i . 

Example 2. 2. We remark here that under this definition the finite-

dimensional regular elements of a semigroup are precisely tke elements 

having positive integral dimension. Any elemen:t of the bieyelie semi-

group is infinite-dimensional. Eaeh element of the infinite eyelie·semi­

group Z has dimension t . Adjoining an identity element 1 to the 

inf'inite eyelie semigroup, we obtain a semigroup zl in whieh 8(1) = 1 

and 8(x) = 0 for all x e Z . If we then adjoin to z1 a new identity 

element e , we have a semigroup in which 8(e) = 2 , 

8(x) = � fer all X e Z • 

8(1) = 1 , and 
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Clearly the ttnatural1t part of our definition of dimension is 
. . 

Case I , and :for large classes of semigroups C!·�·' all regular semi-

groups, all periodic [in particular, all :finite] semigroups) only this 

part applies. Our :first theorem in this chapter has the restriction to 

Case I as part of the hypothesis. 

Theorem 2.3. � P � !principal ideal .2£! semigroup S , 

and assume � p- � !: generator x � � 1 =:: 6(x) < .. • 

.. 
. Then � idempotent in P is minimal among ,2 idempotents in � 

"J-..:eiass, which coincides�� �-class. 

·�oo:f. Since 6(x) � 1 , there is at least one idempotent in P ; 

let e be any such idempotent. Since 6(x) < .. , there is a positive 

integer m sueh that no m-ohain of idempotents descends from e • 

Hence, by Theorem 1.6, no two idempotents in De are comparable, whence 

De is locally minimal. By Theorem 1.16, De = Je , so that e is 

minimal in Je , as we wished to show. We next obtain the result pro­

mised on page 10. 

Theorem 2.4. � b -class.::.!! finite-dimensional regular�­

ment .2£ 2; semigroup coincides �!!:! $ -class, � every element 

thereof is regular. 

Proof. Let x be a finite-dimensional regular element of a semi-

group S • Then Dx is regular, whence there is an idempotel'lt 

e e Dx � Jx � J(x) • Since e e J(x), 1 � 6(x) < .. • By Theorem 2.3, 

Dx = Jx • 

Theorem 2.5. In any semigroup, all elements of a �-class� 

the same dimension. 
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Proof. Let J be a } -class in a semigroup S , and let 

x, y � J , P = J(x) = J(y) , and let U be the set of all idempote�ts 

in P • Assume first that U 'f 0, so that Case I of the definition 

of o applies. If o(x) is infinite than so is o(y) since 
. - -

J(x) = J(y) • If o(x) is finite then, by Theorem 2.4, either ever.y 
. � � 

element ef J is regular, in which case o(x) = n = o(y) for some 

positive integer n , or else every element of J is irregular, in 

Which case o(x) = n + � = o(y) for some positive integer n • 

Assume
-n�w that U = 0, so that either Case II or Case III of 

tlll.e definition of o applies. Since x and y generate the same 
-

principal ideal of S , for an arbitrary two-sided ideal M it is true 

that either both x and y belong to M or else neither belongs to 

M • In particular, for any idempotent f , either x, y � J(f) or 

x, y / J(f) o Hence o(x) = o(y) • 

!heorem 2o6. In ! semigroup S , let x be ! regular element 

of finite dimension n and let e be any idempotent in the principal 

� generated by x o In order that there exist an (n-1)-ehain of 

idempotents descending from e , � � necessary � sufficient that e 

be 1:1 -equivalent � x • 

Proof of necessity. Assume that there is an (n-1)-eh.ain 0f 

idempotents descending from e • Since e and x are regular, and 

e s J(x) , the first of the three equivalent statements in Theorem 1.13 

is verified. B,y the third statement in that theorem, then, there exist 

idempotents g and h. such that g s Dx , h c. De , and g 2: h • 

Since hb e , and sinee by :hypothesis there is an (n-1)-ehai.n of idem-
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potents descending from e , we know from Theorem 1.4 that there is 

also such an (n-1) chain descending from h • Consequently i£ g > h 

then there is an n-ehain of idempotents descending from g • But, 

since g e D� � Jx = J(x) , Case I of the definition of 6 applies, and 

we conclude that if g > h then o(x) � n + 1 , contrar,y to hypothesis. 

Therefore both g = h e De and g e Dx , whence De = Dx • 

Proof of sufficiency. Conversely, assume that e fJ x • Since 

o(x) = n , there is at least one idempotent in J(x) from which an (n-1) 

chain of idempotents descends; let f be any such idempotent. Since f 

and x are regular, and f e J(x) , Theorem 1.13 yields an idempotent 

g e Df such that g �-- e • Since f lJ g , there is an (n-1)-ehain des-

cending from g • Hemce if g < e there is an n-chain of idempotents 

descending from e e De = Dx = J(x) , contrar,y to the hypothesis o(x)=.n. 

Therefore g = e , and there is an (n-1)-ehain descending from e as 

predicted. 

Coro�lary 2.7. Let x � !finite-dimensional regu1ar element 

!lf � semigroup, and � e � � idempotent � J(x) from which there 
. . 
descends � idempotent chain of greatest length. Then De = Dx = Jx = Je. 

Proof. Theorems 2.4 and 2.6. 

Theorem 2.8. No element of !! principal ideal of!! semigroup is 

of dimension greater than the dimension 9.£ � generators of the �� 

Proof. Let P be a principal ideal of a semigroup S • By 
Theorem 2.5, all generators of P have the same dimension; let x be 

�Y such generator, and let y e P • Then J(y) = P • If 5(x) = � 

then o(y) :s 5(x) by .definition. If 5(x) = n + .;!,. for some positive inte-.. 2 

ger n then�. since J(y) E P = J (x), 6(y) � · 5(x). Assume now that s(x) 
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is a positiv:e integer. n .  If J(y) coJ:].tains no idempotent eleii).ent then. 

S(y) � t � S(x) • On the other kand, still assuming S(x) == :n , assume 

also that J(y) contains at least one idempotent. Since J(y) � J(x) 

we know at least that S(y) � n + ! . Suppo�e that S(y) = � + ! . Then 

there is an (n-1)-ehain of idempote�ts descending from �orne idempotent 

e e J(y) = P , whence, by Corollar,r 2.7, De= Dx = Jx = Je and there­

fore J(x) = J(e) • Since e e J(y) we h ave J(e) = J(y) = J(x) = J(e) , 

so that J(y) � J(x) and therefore Jx = Jy • But now Theorem 2.5 as­

serts that S(y) = S(x) = n , eontrar.y to the assumption S(y) = n + i . 
Therefore S(y) � S(x) • 

Having disposed of the ease S(x) � 1 , we now assume S(x) < 1 , 
so that J(y) 

S(y) � t .
and 

( and .! fertiori , P) contains no idempotent, and b0th 

o(x) � t . If a(x) � ft then o(y) � t = o(x), and we are 

through. If .. o(x) < t. then there is an idempotent . f such that xe J (f ) ,  

�hence yeJ(y) � J(x) ,S J(f ) , 0� S(y) � i , and 0 � o(x) � i . If 

S(x) = i then S(y) � i = o(x) , and we are through. Assume then, that 
-

S(x) < l . '!'hen 

S(x) - 1 - 2-
1 

2 + m 

for a certain n!!>n-negati ve integer m , and· there i� an idempotent g e S 

such that some maximal m-ehain of idempotents descends from g · and 

such that x e J(g) , whence y e J(y) = J(x) = J(g) • Thu� 

S(y) = 1. - 1 
2 2 + j 
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for a certain non-negative integer j � Furthermore, since y e J(x) 
-

��J(h) fc:>r all idempotents h such that x s J(h) , the chains des-

cend.:Ulg from idempotents h such that x e ,J(h) are a subset of the 

set of chains descending from idempotents g such that y e J(g) , 

whence we see that j � m • Theref0re o(y) � o(x) • 

From Theorem 2.8 we c:>btain immediately the strong nsubadditivityn 

of our dimension function: 

Theorem 2.9 o For any elements x � y E.£ .!! semigroup, 

Proof. 

o(xy) �min { o(x),o(y)} o 

Since xy e J(x)J(y) � J(x) n J(y) , it follows from 
- -

Theorem 2.8 that o(xy) � o(x) and o(xy) � o(y) • 

Corolla;ey ? .10 o � S be .!! semi group and r .!! �--negative 

� nwnber � � • Th�_ set of all �� .9!. dimension less than r , 

� � � !:£ all elements of dimension � � � equal � r , � 
ideals of S • 
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APPENDIX 

A binary operation � � � B makes correspond to u,v e S a 

�niq�� elem�nt w e S , denoted multiplicatively by uv = w. The binar,Y 

operation is associative provided that a(bc ) = ( ab )c whenever a ,b,c  e s .  

A semigroup is a set on which an associative , binary operation is defined.  

A subsemigroup � � semigroup is a subset T of a semigroup such that 

a ,b e T implies that ab e T • For the remainder of the appendix, we 

shall use S to denote a semigroup , and rl to denote the empty set. 

The elements a ,b e s commute if ab = ba If f e S and ff f, 

then f is an idempotent element belonging to s 0 If e e 'I' .s s  then 

is called a left [right] identity element of T provided that 

ex = x  [xe = x]  for all x e T • If xe = ex = x for all X e T then 

is called a two-sided identity element, or simply an identity element, of 

T • The element z is a zero of S if zx = xz = z whenever x e S • 

The semigroup S can contain no more than one identity and no more than 

one zero. A semigroup consisting only of idempotent elements is called a 

·band , and a commutative band is a semilattice 

A subsemigroup G of s is a subgrouE � s if G is a group, 
-· · if there exists element G which is an identity element ?;·�· ' an e e 

and if, for each g e G ,  there exists an unique g '  e G such that 

gg ' = g ' g  = e • 

of 

e 

e 

G 

The element y e s is regular if there exists y' e S such that 

Y,y1 y = y ; furthermore , if also y 'yy'  = y'  then y and y'  are mutually 

inverse elements of S and y' is an inverse of y • An element which is 

not a regular element is an irregular element. Every regular element of S 

26 
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has at least one inverse . If every element of S is regular, then S 

is a regular semigroup. If S is regular and each element of S has 

only one inverse , then S is an inverse semigroup. The semigroup S 

is an inverse semigroup if and only if S is regular and the idempotents 

of S commute . If S is an inverse semigroup, then S is a group if 

and only if S contains only one idempotent.  If the semigroup S is  a 

group, and if x,x '  e S , then x and x '  are mutually inverse elements 

of s if and only if x 'x = xx '  = e , where e is the identity element 

of the group. 

Let E be the set of all idempotent a of s . We introduce a 

Eartial order (!·�· '  a reflexive , antis.ymmetric , transitive binary rela-

tion ) on E by defining e � f to mean ef fe e • If e � f we 

say that e is under f and f is over e • By e < f , we mean that 

e � f and e f f ' and we say that e is strictly under f (f strictly 

over e )  0 By f � e and f > e , we mean e �  f and e < f ' respec-

tively. An idempotent is called Erimitive if it is not a zero and is 

strictly over no non-zero element. If either e � f or f ::; e , then e 

and f are com;earable . A subset of E in whicli every two elements are 

comparable is a chain . A finite chain eo > el > • • •  > e is said to be - m 
of len�th m , or to be an m-chain descending from eo . A chain c 

is maximal among chains having a property n if no chain having proper-ty n 

properly contains C : 

As is customary in discussions of partial order, we distinguish be-

tween the notion ' s "minimal" and "least" · ( and similarly between "maxima�" 
' 

and " greatest" ) .  An element e of a subset ' T of a partly ordered set 
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is said to be minimal in T if for no t e T is t < e On the other 

hand, e is a least element of T (necessarily unique ) if e � t for 

all t e T • Similar definitions are made for maximal and greatest ele­

ments . The notion of maximal chain defined above is a special case : in 

the set of chains having property n , partly ordered by inclusion, C 

is a maximal element. 

I.f Or M .::= s and MS S M [SM S . M ]  ' "then M is a right 

[�] . ideal of S .  If M is a left and a right ideal, then M is a 

two-sided ideal, or ,ideal, of S .  If � and M2 are ideals then 

The semi-

group S itself is an ideal of S , and if S has no other ideal it is 

called a simple semigroupo For any a e S , J(a ) denotes the intersec­

tion of all ideals containing a , L(a ) the intersection of all left 

ideals containing a , and R(a )  the intersection of all right ideals 

containing a ; J (a ) is an ideal, L(a ) a left ideal, and R( a )  a 

right ideal, and these are called the principal two-sided, left, and 

right ideals generated by a o Now J (a )  = {a} U Sa U aS U SaS , 

L(a )  1:a} lJ Sa , and R( a )  = l a} U aS • If a is regular in s , then 

J ( a )  SaS , R(a )  = aS , and L( a )  = Sa 

An ideal is called minimal if it does not contain properly an 

ideal of S o There can be at most one minimal ideal of S , and if 

such exists it is the intersection qf all two-sided ideals of S and is 

called the kernel of S If S contains a kernel K , then K is a 

simple subsemigroup of S • The semigroup S is completely simple 

if it is simple and contains a primitive idempotent. Every idempotent 
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in a completely simple semigroup is primitive . 

Let a ,b o S • If L (a )  = L(b) , R( a )  = R(b ) , or J(a )  = J(b) , 

we say that a and b are 7-equivalent, /{3 -equivalent, or J2- -equi­

valent, respectively, and we write a 'L b , a /2; b , and a ; b , res­

pectively. In fact, these definitions each define an equivalence (!·!· ' 
a reflexive, symmetric , and transitive) relation on the set S • By 
L , R , and J , we mean the set of all elements each of which is �-, a a . a 
� -, or Jf-equivalent to a ,  respectively. If there exists x e S  
such that a £  x and x /(.; b , we say that a and b are /8 -equivalent, 

denoted by a � b  , and we denote by D the set of all elements each of 
- a 

which is /j -equivalent to a • If both a '/:. b and a 12- b , we say that 

a and b are '71 -equivalent, written a 7+ b , and we denote by H the - a 
set of all elements of S each of which is �-equivalent to a • The 

relations '1J and If are also equivalence relations .  These five equiva-

lences are referred to as Green ' s  relations,  having been introduced by 

J .  A .  Green in [4] . 

If a e S , then a e H S _1 [R ] S D E J S J ( a )  • Also, La S · ; a,_ a a  a a 
L ( a )  S J ( a )  and R S R(a )  S J(a )  • Now J (a )  is a subset of any ideal a . 

containing a , R(a ) is a subset, of any right ideal containing a , and 

L(a)  is  a subset of  any left ideal containing a • 

The set product LR of any £:-class 1 .S S and !2J -class R .S S 

is always contained in a single � -class . If . a � -class D �f a  semi-

group S contains a regular element, then every element of D is regular, 

and D itself is said to be regular. · If D is regular, then every zt'_ 

class and every /( -class contained in D contains at least one idem-

potent. If S itself is a )9 -class then it is called a bisimpie 
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semigroup, and is necessarily simple. 

If a and a 1  are inverse elements of a semigroup S , then 

e = aa ' and f = a 1 a  are idempotents such that ea = af = a and 

a ' e  = fa' = a '  • Hence e e R n L 1 and f 6 R 1 n L • The ele-a a a a 
menta a, a 1 ,  e, f all belong to the same � -class of S .  Any idem-

potent element g of S is a right identity element of L and a g 
left identity element of R o Any )¥ -class containing an idempotent g 
is a subgroup of S o 

Let a be a regular element of S • Ever,y inverse of a be-

longs to Da. If b 6 S , then Rb contains an inverse of a if and 

only if both of the 7/ -classes Ra n Io and � n La contain idem­

patents. 

'The null semigroup of order 2 is the semigroup {x,z} such 

that xx = xz = zx = z z  = z • 

Let s be a semigroup. Let 1 � be an element not belonging to 

S and define s��t = at if . s,t e S ,  and l*S = s*l = s if s e S U {1} ; 
then S U {1} :l.s a semigroup under the operation �f- • We use the symbol 
1 .. . . s to deriote the semigroup s if s has an identity and the semigroup 

S U {i} if S has no identity. 

Let N be the set of non-negative integers. If (a,b ) ,(c,d) e N x. N ,  

define (a,b)(c,d)  = (a  + c - min {b,c} , b + d - min fb,c} );  then 

N � :N is a semigroup, called the bicyclic semigroup. The bicyelie semi­

group is inverse and bisimple, but not completely simple. 


