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ABSTRACT

The effective electron collision frequency is studied on a weakly ionized, turbu

lent Penning discharge plasma. The magnetized plasma of this discharge is radially

inhomogeneous and subject to a high level of low frequency electrostatic fluctu

ations due to drift wave turbulence. An effective electron collision frequency is

determined from collision broadened absorption spectra of the extraordinary mode

wave near the electron gyro frequency resonance. When the level of electrostatic

turbulence is excited above the level of thermal fluctuations, the collision frequency

is significantly greater than the electron-neutral collision frequency. The scaling

of this collision frequency as a function of the absolute rms level of electrostatic

fluctuations is investigated.
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CHAPTER I

Introduction

A magnetically confined plasma is subject to radial gradients in plasma number

density and temperature. These gradients act as free energy reservoirs for a vari

ety of instabilities producing low frequency electrostatic and density fluctuations.

When sufficiently strong gradients axe present, the fluctuations may rise above the

background level of thermal fluctuations until ultimately a highly turbulent plasma

results. These fluctuations interact with the charged particles of the plasma through

a variety of mechanisms to produce a plasma with enhanced collisionality (Galeev

and Sagdeev 1966, Akhiezer et. al. 1975 and Sitenko 1980). An understanding

of these mechanisms is essential for the steady state confinement of a magnetized

plasma.

This work is concerned with the measurement of the effective electron collision

frequency due to turbulent fluctuations and its relation to drift wave turbulence

(Horton 1980) on a weakly ionized inhomogeneous plasma. Drift wave turbulence is

characteristic of magnetized plasmas with strong radial gradients of plasma number

density and temperature. For a collisional plasma, coherent resistive drift wave

modes can emerge and enhance the background level of turbulent fluctuations. This

produces a synergistic effect with a coherent mode enhancing the level of random

small scale fluctuations. These fluctuations in turn enhance the collisionality of

the plasma, which governs the growth rate and saturation level of the coherent

mode. This results in a situation where coherent large scale structures are closely

connected to the integrated effects of small scale random fluctuations.



For this study a Penning discharge (Roth, 1966) was used as the plasma source.

The discharge was operated in the steady state to produce a magnetized and weakly

ionized collisional plasma with > Wp > u. This plasma had radial gradients

of the background number density, temperature and floating potential making it

susceptible to drift wave emd other instabilities (Mikhailovsky 1983). The steady

state operation of the plasma allowed the use of a variety of plasma diagnostics,

and the application of an external forcing signal. This signal was used to modify

the level of electrostatic turbulence of the discharge.

The effective collision frequency of electrons was determined by measuring the

absorption spectra of an extraordinary mode wave propagated across the plasma

column at a right angle to the static magnetic fleld. For the collisional plasma, this

wave exhibits a strong absorption resonance near the upper hybrid frequency. The

width of this absorption resonance is a function of the average effective electron

collision frequency of the plasma.



CHAPTER II

Experimental Apparatus

Introduction.

The Penning discharge was originally introduced as a neutron source and as a

new type of vacuum gauge tube. The tube was constructed of a cylindrical anode,

two cathode end plates, and a uniform aocial magnetic field aligned along the axis

of the anode (Penning et al. 1949). This geometry acts as an axial electrostatic

trap for electrons, with the electrons oscillating back and forth between cathodes.

Trapped electrons can suffer many collisions with neutral gas molecules before finally

being collected by the anode. The increased number of collisions per electron gives

the appearance of an elevated gas pressure, yielding a sensitive vacuum gauge and

allowing the Penning discharge to operate at lower pressures than would otherwise

be possible.

When scaled to produce a plasma for laboratory experiments, the Penning dis

charge relies primarily on two processes for the production of plasma. First, trapped

electrons produce a cascading effect by colliding with neutrals or excited neutrals

to yield ions and secondary electrons. These reactions are

A + e—>A'^+2e, (2.1)

and

A* + e —> A+ +2e . (2.2)
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Secondly, excited metastable neutrals will collide with other neutrals to produce an

ion and electron (Eletsky et al. 1983),

A* +B A + B+ + e . (2.3)

This "Penning ionization" is essential for the production of free electrons in the

weakly ionized Penning discharge plasma.

In order to improve ion containment in a Penning discharge for plasma physics

experiments, a nonuniform magnetic field can be used (Roth 1966). By increasing

the axial magnetic field near the cathodes, an axial magnetic "mirror" is produced.

Ions (and electrons) tend to be refiected from the regions of high magnetic field to

the central region of minimum magnetic field. For isotropic particle distributions,

the fraction of particles trapped by this mirroring is given by the trapping fraction

Ft, defined by (Roth 1986):

i

minR • N ^

•  (2.4)\  -^max /

Experimental System Geometry.

Figures 2.1 through 2.4 show schematics of the various Penning discharge geome

tries used to generate turbulent plasmas in this study. These discharges consisted of

one or more water cooled anode rings, two water cooled tungsten cathodes, a glass

vacuum vessel, and a set of magnet coils used to produce an axial magnetic field.

The center section of the glass vacuum vessel had a three way cross which allowed

radial access to the plasma by various probes. The inside diameter of the glass

vacuum vessel was 15.2 cm with a wall thickness of 0.95 cm. The maximum plasma

diameter was determined by the anode rings which had 12.7 cm inside diameters



DOWN TO COLD

TRAP, TURBO PUMP

EFFECTOR CAPACITIVE
PROBE PROBE

GAS

FEED

iON GAUGE

AND SHIELD

ION ACOUSTIC GRID

ANODE

RING
FORE
PUMP

INTERFEROMETER

(fs27GHz) TUNGSTEN
CATHODE
PLATE

ION GAUGE

o MASS

SPECTROMETER

BELLOWS

ANODE

© WATER
AXIAL

LEADS
LANGMUIR
PROBE

ENERGY

ANALYZER

1
X ANODE

FEED

MICROWAVE
SCATTERING

(f=l4GHz)

RADIAL
LANGMUIR

RESONANCEPROBE
ABSORPTION
HORNS

CATHODE
WATER

LEAD
GLASS

VACUUM
SYSTEM

MAGNET

COILS

UNIFORM PLASMA

"column, 80cm.

20 cm, MIRROR
REGION

Figure 2.1. Penning discharge geometry using two anode rings and having a uniform magnetic
field central cell region. This geometry was used primarily in the scaling study of fe//.



DOWN TO COLO

TRAP, TURBO PUMP r- VENT

EFFECTOR
PROBE

CAPACITIVE
PROBE

GAS

FEED

ION GAUGE

ANO SHIELD

ANODE
CYLINDER

FORE
PUMP

INTERFEROMETER
f = 27GHz)

ION GAUGETUNGSTEN
CATHODE
PLATE MASS

SPECTROMETER

BELLOWSQ

ION ACOUSTIC GR

ANODE
WATER

AXIAL LEADS

LANGMU R

PROSE

ENERGY

ANALYZER

1
ANODE

r FEED

MICROWAVE RADIAL
LANGMUIR
PROBE

SCATTERING
f = l4GHz MAGNET

COILS

CATHODE

WATER
LEAD

GLASS
VACUUM
SYSTEM

RESONANCE
ABSORPTION
HORNS

UNIFORM PLASMA

COLUMN, 95cm

30cm MIRROR
REGION

Figure 2.2. Penning discharge geometry using a 30cm. anode cylinder. This geometry was used
to study drift waves under external forcing. This geometry was also configured with a central
cathode rod in order to study a coaxial discharge.



DOWN TO COLO

TRAP, TURBO PUMP

EFFECTOR CAPACITIVE
PROBE PROBE

GAS

FEED

CATHODE ^
WATER \
I FAD —L.

GLASS

VACUUM
SYSTEM

iON ACOUSTIC GRID

ANODE FORE
CYLINDER

PUMP
(81 cm. long)

INTERFEROMETER
(fsZTGHz)

\|0N GAUGETUNGSTEN

CATHODE

PLATE
MASS

SPECTROMETER

ION GAUGE BELLOWS
AND SHIELD

ANODE
WATER
LEADSAXIAL

LANGMUIR

PROBE

ENERGY

ANALYZER

ANODE.

FEED

RADIAL
LANGMUIR

PROBE MAGNET

CO LS

UNIFORM PLASMA

COLUMN, 80 cm.

Bo

20 cm. MIRROR

REGION

Figure 2.3. Penning discharge geometry using a 75cm. cylinder to produce coherent drift wave
structures.



CAPACITIVE PROBE 2

AXIAL FLOATING
LANGMUIR PROBE

MICROWAVE INTERFEROMETER

CATHODE

MICROWAVE
SCATTERING

ANODE RING

s \: 15cm
^ V S

±

'-PLASMA

MAGNET COIL

CATHODE

CAPACITIVE PROBE ly

CAPACITIVE PROBE 3

HIGH VOLTAGE
EFFECTOR PROBE

TRAVEL

RETARDING POTENTIAL-
ENERGY ANALYZER

\ 64cm
1

MODIFIED PENNING DISCHAGE
( TOP VIEW)

Figure 2.4. Modified Penning discharge geometry used in early drift wave studies and investigation
of the geometric mean emission due to beam plasma interaction.



for all discharges. Vacuum sealing to the large crosses at either end of the system

and to plexiglass cover plates was accomplished with Neoprene gaskets coated with

vacuum grease. Feedthrus for water lines and probes were of the Veeco, or "0" ring

type,with a vacuum grease coating.

The vacuum system was rough pumped by a mechanical forepump. A high vac

uum was achieved by the combined use of a turbomolecular pump and a chevron

cold trap. The cold trap had a dedicated refrigeration unit utilizing a special freon

mixture and was capable of reaching temperatures of -130°C. The use of a cold

trap greatly reduced the partial pressure of water vapor in the vacuum system. The

vacuum pumping subsystem was mechanically isolated from the glass vacuum vessel

by a stainless steel bellows. The system pressure was monitored by two ion vacuum

gauges, one at each end of the system. Because Neoprene and "0" ring seals were

used, a low base pressure of 5 x 10~® torr was common. A two to one presstire

differential was typically present between the two ion gauges.

In order to assist ion containment and reduce ion flux on the cathodes in the uni

form Penning discharges, the magnetic field was increased slightly near the cathodes.

Figure 2.5 shows the normalized axial magnetic field used in the configuration shown

in Figures 2.1 through 2.3. Figure 2.6 shows the radial proflle of the normalized

axial magnetic field at the midplane. The mirror ratio of 1.3 to 1 for the proflle of

Figure 2.6 produced a trapping fraction of Ft = 0.47. Electric field effects aside,

this allowed the ion containment time to be approximately twice what it would be

without mirroring.

Figures 2.7 and 2.8 show the axial and radial magnetic field profiles used with

the system geometry shown in Figure 2.4. This configuration had a mirror ratio of
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5.7 to 1 and was used for some of the earlier studies of drift wave behavior. The

large mirror ratio was chosen to enhance relevance to the earth's magnetosphere,

where large mirror ratios are common.

The long term operating time of the system, on a time scale of tens of hours, was

limited primarily by sputtering of metal from the tungsten cathodes and copper

anodes. Sputtered metal would coat the inside of the glass, potentially reducing

microwave access to the plasma and changing the boundary conditions of the plasma

column. Excessive plating of the glass required dismantling the system and abrasive

polishing of the interior surfaces.

Diagnostics.

In order to monitor various discharge and plasma parameters, a variety of test

instruments and plasma diagnostics were used (see Figure 2.1). Ion gauges were

located at both ends of the vacuum vessel to monitor the system's neutral gas

pressme. System impurities such as water and nitrogen were detected by a 0-200

amu mass spectrometer. This unit was also used for leak detection of the system.

The discharge current and anode voltage were monitored by a floating series current

meter and a high voltage series volt meter connected to a 10 Megohm resistor string.

The static magnetic field was determined by comparing the coil current from a 50-

900 ampere DC power supply to a calibration curve giving axial magnetic field as a

function of coil current. This curve was generated by measuring the magnetic field

with a 1% rotating coil gaussmeter, as a function of the coil current.

Basic plasma parameters were monitored using Langmuir probes, a microwave

interferometer, and a retarding potential energy analyzer. Both axial and radial

Langmuir probes were used. These probes were used for electron number density,
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electron temperature, floating potential, and plasma potential measurements. Both

axial and radial Langmuir probes used tungsten wire tips. These tips were typi

cally 0.38mm in diameter, 6.4 mm in length, and were oriented perpendicular to

the static magnetic field. The axial Langumir probe was constructed of semirigid

coaxial transmission line and fitted with a quartz sheath. This probe had an out

side diameter of 4 mm and a length of 56 cm. A small elliptical hole was cut in the

cathode center to allow passage of the probe. The radial Langmuir probe located

at the midplane of the discharge was constructed of a quartz capillary tube 1.5

mm in diameter and 6.5 cm in length. These probes were constructed as small as

possible to minimize perturbations to the plasma. A 27 GHz polarization diplex-

ing microwave interferometer originally designed and built by Perkins and Gardner

[1968], was used for core averaged density measurements. This system was capable

of a phase shift resolution of less than 0.5 degrees.

The integrated ion energy distribution function for ions escaping axially along the

discharge was measured using a retarding potential energy analyzer (Roth, 1969).

This analyzer consists of a series of electrostatic grids arranged perpendicular to the

axial magnetic field. When the retarding grid is swept in voltage, the current on the

collector disc varies, giving a current-voltage curve proportional to the integrated

ion energy distribution. This curve is numerically fitted to a best-fitting Maxwellian

or other distribution function (Roth et. al. 1968) to yield the ion temperature. A

sample curve is given in Appendix C.

Turbulent potential and number density fluctuations were measured using capac-

itive probes and a 14 GHz microwave scattering system. The design and analysis

of these systems are discussed in detail in Appendices A and B.
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The effective electron collision frequency was determined by interpreting the ab-

soption curves of a microwave signal launched and received by two "C" band mi

crowave horns. These horns were expanded in the E plane of the waveguide only,

due to limited space between the magnet coils. These horns have a useable band

width of 2.1 GHz to 6 GHz and are discussed in more detail in Chapter V.

In an attempt to measure the ion collision frequency, a fine mesh tungsten grid

was installed in the plasma column. This grid was modudated with a high voltage

signal in order to launch an ion acoustic wave. The spatial dispersion of these

waves can be related to the ion collision frequency. This diagnostic is discussed in

Appendix D along with a magneto-acoustic diagnostic which can also be used to

determine the ion collision frequency.

Figure 2.9 shows the signal conditioning and detection system used for study-

ing turbulent potential and density fluctuations. Fixed gain, variable attenuation

Tektronix 1121 amplifiers were used for signal amplification. These amplifiers are

quite robust and were placed in front of the high-low pass filter networks due to

occassional probe failure and high voltage transients. The input impedance of these

amplifiers is 1 Megohm with 31 picofarads shunt. The Langmuir probe was biased

to either electron or ion saturation using a high voltage bias network. A signal pro

portional to either electron or ion density fluctuations was coupled from a Langmuir

probe to the detection network using a capacitive coupling circuit. The frequency

response of this network is given in Appendix C.

The amplified signals from the various diagnostics were band pass filtered using

Kron-Hite model 3200 filters. These filters were typically set to a high pass of

2 KHz and a low pass of 1 MHz. By adjusting the high pass filter and using the

14
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broadband Boonton power meter, the integrated energy spectrum of a given signal

could be measured as a function of the filter cut-off (see Appendix C).

The conditioned signals were studied in the frequency domain using one or more of

the following: a Tektronix 7L5 spectrum analyzer, a Hewlett Packard 3577 network

analyzer, or LeCroy model 8837 digitizers connected to a computer. The Tektronix

7L5 spectrum analyzer has a 0 to 4 MHz bandwidth with a linear frequency axis

and either a linear or logarithmic amplitude response. For signals below 500 KHz,

the Hewlett Packard 3577 network analyzer could be used as a spectrum analyzer

or phase detector. When coupled to a frequency controlled filter network (Crowley

1987), the HP 3577 could be used as a spectrum analyzer to 10 MHz. This instru

ment has the convenient feature of allowing data to be displayed on a logarithmic

frequency axis. The LeCroy digitizers were used in conjunction with a computer

to produce power spectrum, squared coherency and phase spectra of the digitized

data.

Plasma Column.

The Penning discharge has a number of features that contribute to the generation

of a turbulent plasma. Consider the plasma column illustrated in Figure 2.10 and

the model electrostatic potential well shown in Figure 2.11. When a high voltage is

initially applied to the anode, electrons will be accelerated toward the anode. Some

of these electrons will reach a sufficient energy to ionize the neutral gas and produce

ions and secondary electrons. These ions and electrons will be accelerated and give

rise to the cascading processes mentioned eaxlier. This process results in a plasma

of increasing number density, until various losses balance the ionization process.
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The axial magnetic field of the discharge tends to inhibit the radial motion of the

ions and electrons. Electrons not collected by the anode ring will oscillate aocially

between cathode regions. These electrons are trapped by the electrostatic potential

well and the mirroring of the magnetic field. Ions tend to be accelerated out of the

plasma column by the axial potential, and can be trapped only by mirroring in the

magnetic field. The ion flux to the cathodes results in sputtering of the cathode

surface, and allows ions to recombine with electrons to form neutrals.

The axial drift motion of the electrons both as a current flux to the anode and

as particles oscillating in a potential well, gives rise to a number of potential beam-

plasma instabilities. If the drift velocity is due to an axial current /, where

exceeds a critical velocity given approximately by the ion sound speed then

low frequency electrostatic ion acoustic oscillations and turbulence will be excited

(Kadomtsev (1965) and Sagdeev et al. (1969)). These oscillations can grow to some

finite level for Tg >• T^, but are strongly Landau damped for Tg ~ T^.

The symmetric form of the axial electrostatic potential well gives rise to the

formation of two interpenetrating beams of electrons. These opposed beams can

interact to generate high frequency oscillations (Alexeff et. al. 1981). For beams

of equal density, the frequency of these oscillations is given by the geometric mean

frequency

w. (2.6)

where w*^ is the electron plasma frequency based on beam density, and Wpi is the

ion plasma frequency of the background plasma. The beam density in a Penning
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discharge is typically some fraction of the background plasma density. Appendix

F discusses a method for estimating the electron beam density in a weakly ionized

plasma due to an axial electric field.

Experimentally the two beam instability appears to interact parametrically with

the instability of a single electron beam and background plasma (Alexandrov et. al.

1984). The single beam instability grows for w ~ Wpe where Wpe here is the electron

plasma frequency of the background plasma. The electromagnetic emission spectra

for the parametric interaction of these instabilities is an envelope centered at Wpe

with harmonics at

S{w) a An[wpe±nWgm\ n = 0,1,2,... , (2.7)

and the amplitude function A„ is some decreasing function of the harmonic number

n. These emissions are typically linearly polarized with the polarization along the

axis of the static magnetic field. The net radiated power of this process is typically

less than 0.1% of the input D.C. power to the discharge (Rosenberg et. al. 1985).

At sufficiently high voltages, the Penning discharge has been observed by others to

emit at the electron gyro frequency and its harmonics, but also with low efficiency

(Waniek et. al. 1964).

The plasma column shown in Figure 2.10 has radial gradients of the plasma

potential and pressure. These radial gradients are typically strongest near the

region of the anode. Consider Figure 2.12, which illustrates the processes involved

due to these radial gradients.

The radially inward electric field imposed by the anode ring gives rise to azimuthal
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particle drift velocities given by (Roth 1970),

VIxfl = » . (2.8)
■Do

and

BEr ->Vk.B = V ̂ (2.9)
■OQ

for electrons and ions. Due to ion-neutral collisions and finite gyro radius effects,

the ion E x B drift typically is smaller than the electron E x B drift by a factor j3-

The factor B Is discussed in detail in Appendix G. This difference in electron and ion

E X B drift velocities gives rise to charge bunching and the growth of unstable waves

(Huh 1963). If the radial variation of Er is not linear in r, shear flow instabilities of

the Kelvin-Helmholtz type can also develop (Jassby 1972, Perkins et. al. 1971, Kent

et. al. 1969). By using a radially increasing magnetic field (Dubovi et. al. 1966) the

formation o{ E x B driven instabilities can be partially controlled.

The radial gradients of temperature or number density coupled with the finite

gyro orbits of particles, gives rise to the diamagnetic drift velocities

tr 1 ^ ^

and

f ̂ ■ (2.11)
These velocities, unlike the E x B drift velocities, are not discrete particle drift

velocities, but rather velocities associated with the azimuthal current flow due to
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the finite gyro orbits of particles, in temperature and density gradients (Alexandrov

1984).

The diamagnetic drift velocities give rise to a class of instabilities called drift

instabilities (Chen, F.F. 1965, Motley 1975). The physical process responsible for

this type of instability for a collisional plasma can be understood by considering

Figure 2.12. If the plasma is subject to some perturbation so that it moves radially

across field lines down the pressure gradient, a small charge separation will occur due

to the mass difference of ions and electrons. This charge separation will give rise to

radial electric fields. Since all laboratory plasmas have radial density gradients, this

instability is often refered to as the "universal instability." If electrons are allowed

to stream freely along field lines, a Boltzmann equilibrium will be maintained, and

oscillations of the electron density Ue and electrostatic potential (f) will occur, with

Tig and (j) in phase. If electrons are subject to collisions in moving along magnetic

field lines, oscillations with Ue and <j) out of phase will occur. In general this phase

difference will cause a growth of the perturbation. The energy for this growth arises

from the equilibrium drift motion due to the plasma inhomogenity.

Both forms of drift instability give rise to the growth of waves which are accom

panied by charge bunching or rarefaction. The wave can occur either as a local

bunching (or rarefaction) that propagates azimuthally, or as a discrete group of

charge that travels azimuthally. In the first case the wave has a phase velocity

which differs from the group velocity, while in the latter case the group and phase

velocity of the wave are identical. If many waves are excited and propagate with

the same group and phase velocities, a Taylor flow field (Tritton 1988) will develop
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with

uji = kiV . (2.12)

This flow field has been observed on the edge of the Penning discharge. The po

tential fluctuations of these waves were experimentally detected using capacitive

probes (see Figure 2.12). By displacing two or more of these probes azimuthally,

the frequency spectra, phase spectra, and coherency spectra of the azimuthally

propagating drift waves can be measured. A Langmuir probe biased in electron or

ion saturation allows the density perturbations of the wave to the measured.

An effector probe was installed as shown in Figure 2.12 to allow coupling of

an external oscillator to the potential fluctuations of drift waves. This probe was

essentially a large Langmuir probe that could be D.C. biased to electron or ion

saturation and then driven with a high voltage sine wave over the frequency range

from 500Hz to lOMHz. This effector probe was used to enhance or damp the growth

of drift waves.

Turbulent Plasma.

The Penning discharge plasma was considered turbulent when the spectrum of

low frequency electrostatic potential fluctuations was excited well above the thermal

noise level and consisted of a continuum of many excited modes. These fluctuations

were typically below 1 MHz, with any distinct self-excited modes having a broad

bandwidth. Drift modes which grow and interact nonlinearly will contribute to this

turbulent spectrum (Horton 1984). A stationary turbulent plasma will occur when

the spectrum of finite amplitude fluctuations coexists with the unstable velocity dis

tribution function created by the radially inhomogeneous plasma. This spectrum

will then change, but slowly in time, as the background plasma parameters are var

ied.
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Figure 2.13 illustrates an idealized spectrum of low frequency fluctuations. This

spectrum is broken into three distinct but overlapping regions; source, coupling,

and dissipation (Tchen, C.M. 1976). Each region has a different spectral index

indicating that different physical processes occur in each region.

The source region consists of "zero" frequency and low frequency oscillations

which extract energy from the free energy reservoirs of the plasma such as radial

inhomogenities. These oscillations typically have large coherence lengths, oscillate

with he and ̂  in phase, and have low dissipation. Drift vortices (Horton 1989 and

Mikhailovskii et. al. 1984) are an example of low frequency coherent structures in

the source region.

The coupling region consists primarily of wave-wave interaction in which waves

mode couple or interact parametrically to produce modes of higher frequency. In

Figure 2.13, a large amplitude drift mode is shown as a peak at uq. Here the

drift mode acts as a source function to the turbulent spectrum and enhances the

spectrum above uq.

The dissipation region is characterized by low amplitude waves which are strongly

damped by viscous and Landau damping (Ishimaru 1973). Here wave energy is

thermalized into random particle motion. Fluctuations in this region typically have

coherence lengths on the order of a Debye length.

The three regions combine to produce a state in which large but finite amplitude

oscillations exist to cascade energy upward in uj and k space. The initial growth

rate of waves in the source and coupling regions is positive. As waves grow, non

linear mechanisms cause the waves to saturate and couple energy to the dissipative
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region of the spectrum where waves are damped. These effects combine to result in

a steady state continuim of turbulent fluctuations.

Experimental Data.

The Penning discharge was operated in a variety of configurations (see Figures 2.1

through 2.4) and under a broad range of operating parameters in order to investigate

the behavior of a turbulent plasma. Table 2.1 lists the typical range of operating

and plasma parameters for the steady-state uniform Penning discharge. The mirror

field modified Penning discharge had a similar range in operating parameters except

for slightly higher number densities.

The discharge had three parameters that could be set externally: static magnetic

field Bq, helium gas pressure Phci aJid anode voltage Va- The magnetic field could

be held very constant for levels below 0.1 Tesla but suffered drift due to ohmic

heating of the current measuring shunt for larger fields. The helium gas pressure

could be held constant for high pressures, but was subject to drift due to out-gassing

of the walls at low pressure, high voltage operating conditions. The anode voltage

was set by a voltage controlled power supply, but could drift as the result of changes

in the load resistance. The anode current I a to the plasma was a function primarily

of the anode voltage and background gas pressure.

The discharge was not macroscopically stable under all operating conditions. In

general, high discharge currents are stable for low voltage, high pressure conditions.

High voltage, low current, low pressure discharges are the least stable. High plasma

temperatures are associated with low current, high voltage discharges; and low

temperatures result from low voltage, high current discharges.

Figure 2.14 shows the far field R.F. emission power spectrum and low frequency
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TABLE 2.1

TYPICAL RANGE IN OPERATING AND PLASMA PARAMETERS

FOR THE STEADY-STATE PENNING DISCHARGE*

Parameter Symbol Range Units

High Low

Anode Voltage Va 5000 500 volts

Anode Current Ia 500 20 mA

He Gas Pressure Phe 1000 150 microtorr

Magnetic Field (at
midplane) Bo 0.2 0.02 Tesla

Number Density He 1 X 10^° 5 X 10® #/cm®
Electron Temperature Te 100 5 eV

Ion Temperature T. 300 20 eV

Plasma Frequency, e~ n. 900 200 MHz

Ion Plasma Frequency Hp, 10.5 2.3 MHz

Gyro Frequency, e~ fie 6000 550 MHz

Ion Gyro Frequency 0.8 0.075 MHz

Perturbation Signal fp 10 0.005 MHz

Electron Debye Length ^de 0.34 0.02 cm

Electron Gyro Radius Pe 0.12 0.003 cm

Ion Gyro Radius Pi 12.5 0.32 cm

Thermal Velocity, e~ ^th 4 X 10® 9 X 10^ cm/sec

Ion Thermal Velocity V'th 2.4 X 10^ 6.3 X 10® cm/sec
Axial Electron Current
Drift Velocity ^de 1 X 10^ 1 X 10® cm/sec

Ion Sound Velocity Vs 5 X 10® 1 X 10® cm/sec

Kinetic to Magnetic
Pressure Ratio 4 X 10-2 5 X 10"^

lonization Fraction I* 0.1 0.001 %

Tor a helium plasma.
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fluctuations for Runs APS-1 and APS-3.



electrostatic potential fluctuations for a self-excited turbulent plasma (Run

APS-1) and the same plasma with external perturbation by the effector probe (Run

APS-3). Figure 2.15 shows the phase and squared coherency spectra for the low

frequency potential fluctuations of these plasmas, and Table 2.2 lists the operating

and plasma parameters. These plasmas were generated by the modified Penning

discharge shown in Figure 2.4.

The R.F. power spectra in Figure 2.14 where detected using a broadband conical

spiral antenna calibrated for measurements below 1 GHz (Spence et al. 1984). This

antenna had a flat frequency response from 100 MHz to 1.2 GHz which allowed

quantitative measurement of the harmonic structure and net power of the emission.

The low frequency potential fluctuctions were detected by capacitive probes lo

cated just off the midplane of the discharge. The peak axound 40 kHz on the

power spectrum for Run APS-1 corresponds to an electron drift wave propagating

azimuthally on the surface of the plasma column. Using two probes displaced az-

imuthally by 90° allowed the phase and coherency of this wave and others to be

measured (Figure 2.15). When perturbed with the effector probe by a signal at

43 kHz, the drift wave was enhanced, along with the whole turbulent spectrum.

Although energy was being supplied at a discrete frequency, it coupled to produce

increased coherency over a broad frequency range and a well defined group velocity.

Using the definition of group velocity

dw
^ . (2.13)

or
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Figure 2.15. Phase and squared coherency spectra for Runs APS-1 and APS-2. Detecting ca-
pactive probes where displaced aziniuthaliy 90° and located just off the midplane of the discharge
in Figure 2.4.
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TABLE 2.2

PLASMA PARAMETERS FOR EXPERIMENTAL RUNS APS-1 AND APS-3

ON THE MODIFIED PENNING DISCHARGE (FIGURE 2.4)

Parameter Symbol Run

APS-1 APS-3

Units

Anode Voltage Va 3500 3550 volts

Anode Current Ia 35 26 mA

He Gas Pressure Phc 262 262 microtorr

Magnetic Field*(min) Bo 0.021 0.021 Tesla

Number Density- rie 1.6 X 10^ 0.7 X 10® #/cni^
Electron Temperature Te 19 60 eV

Plasma Frequency, n. 350 230 MHz

Ion Plasma Frequency 4.1 2.7 MHz

Gyro Frequency,* e~ De 588 588 MHz

Ion Gyro Frequency* D. 0.08 0.08 MHz

Geometric Mean:
analytic, nj = O.Srie fgm 17.2 8 MHz
experimental fU 21 14 MHz

Effector Probe:

Signal:
Off

43kHz, O.SkVp, 8 nlA
On

'At the discharge midplane.
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Aiy

Defining the wavenumber of an azimuthaJly propagating wave by

K^) = ̂  , (2.15)
where

Asi = rpA$pr . (2.16)

For an m = 1 mode, with Vp the pla.sma radius and A0pr the azimuthal displacement

of the two probes, the group velocity for waves is given by

Aw
Vg = VpAdpr -r-T • (2.17)

^(Pl2

For the phase spectrum of Run APS-3 in Figure 2.14, the group velocity is Vg =

6.4 X 10^ m/sec.

The strong electric field of the effector probe not only enhances the drift wave,

but results in heating of the plasma. The large amplitude, low frequency electric

field of the probe accelerates electrons back and forth along magnetic field lines to

heat the plasma (Kruer et al. 1972). The enhanced turbulence level of the plasma

due to the strong coupling between drift wave and effector signal also produced

turbulent heating of the plasma (Elagin et al. 1975 and Hamberger et al. 1972)

with energy from the external oscillator cascading upward in k space. Although the

effector signal is an effective method for heating a turbulent plasma, the enhanced

turbulence level increases the radial transport in the discharge and lowers the plasma

density. Even when accounting for the reduced discharge current in Run APS-3, the
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number density is decreased significantly from the number density in Run APS-1.

The lower plasma density and reduced current in Run APS-3 not only indicate an

increase in radial transport losses, but also an increase in the plasma resistivity,

which is a function of the electron-ion and electron-neutral collision frequencies.

In addition to enhancing the drift wave, the application of the effector signal ex

hibits entrainment of the drift wave. The external oscillator could be detuned by as

much as 20% in frequency from the self excited fundamental frequency, yet maintain

coupling and pull the drift wave mode to the frequency of the oscillator. Excessive

detuning decouples the external oscillator and returns the turbulent spectrum to

its self-excited state unless an excessively large signal was used on the probe.

Figure 2.16 shows the power spectrum of potential fluctuations for a self-excited

plasma (Run AQE-1) and the same plasma with a 1 kVpp, 90 kHz signal on the

effector probe (Run AQE-3). Table 2.3 lists the plasma conditions for the two

cases. The spectrum of potential fluctuations for Run AQE-1 in Figure 2.16 has

a well defined spectral index of 3.5 for a decade and a half in frequency. The

power spectrum for Run AQE-3 illustrates the distinct step due to an energy input.

The spectral index for Run AQE-1 and Run AQE-3 indicate little change in the

dissipation and coupling process for the enhanced level of turbulence.

The previous examples illustrate some of the characteristics of a turbulent plasma

in the Penning discharge and the effects of external perturbation of the plasma pa

rameters that drive the self excited turbulence. This can be a serious problem

for diagnostics when a radial or axial probe perturbs the plasma excessively. The

plasma is often marginally macroscopically stable, and the introduction of a probe

causes the plasma to change modes. The use of multiple anodes or a long anode

33



RUN AQE-I

Potential

Fluctuations

R = 6cm.

-zo

-30

-40

-60

I80

90

100

10 100
Frequency (kHz)

500

RUN AOE-3

Potential

Fluctuations

R = 6 cm.

-10

30

-40

-50

-60

70

80

90

100

10 100
Frequency (kHz)

500

Figure 2.16. Potential fluctuations for a self excited plasma (Run AQE-1) and a plasma with
external forcing (Run AQE-3) on the effector probe.
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TABLE 2.3

PLASMA PARAMETERS FOR EXPERIMENTAL RUNS AQE-1 AND AQE-3

ON THE MODIFIED PENNING DISCHARGE (FIGURE 2.4)

Parameter Symbol Run Units

AQE-1 AQE-3

Anode Voltage Va 3000 3100 volts

Anode Current Ia 30 28 mA

He Gas Pressure PHe 300 286 microtorr

Magnetic Field (min) Bo 0.026 0.026 Tesla

Number Density Ue 4.8 X 10^ 5.9 X 10^ #/cm3

Effector Probe: Off On

Effector Signal 90kHz, IkVpi, 5 mA

Spectral Index 3.5 4.3 / < 90 kHz
4.5 / > 90 kHz
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cylinder partially alleviates this problem. The most successful method of generating

a plasma, that was insensitive to radial probes, was to use a coaxial geometry. The

discharge shown in Figure 2.2 was fitted with a concentric coaxial cathode 1.3 cm in

diameter. In this configuration the center cathode would draw approximately one

half the discharge current.

Figure 2.17 illustrates the power spectra of electrostatic potential fiuctuations of

a plasma generated by the discharge described above for a self excited plasma (Run

ASB-1) and the same plasma with symmetric forcing on the anode at 2.2 kHz (Run

ASD-2). Table 2.4 lists the plasma parameters for these plasmas. In this case, a

low frequency signal is used to damp part of the turbulent spectrum and increase

the plasma density.

Figure 2.18 shows the phase spectra for Runs ASB-1 and ASD-2 from two probes

displaced azimuthally 180°. The spectrum for Run ASB-1 has a well defined group

velocity of Vg = 3.2 x 10^ m/sec for the self excited drift mode. The phase spectrum

or Run ASD-2 shows the random phase of incoherent fluctuations except near the

forcing frequency at 2.2 kHz. This spectrum also illustrates how two capacitive

probes can have phase error between them.

Figures 2.19 and 2.20 illustrate the normalized radial profiles of electron number

density, electron temperature and floating potential for the two plasmas. Clearly

the drift wave corresponding to the frequency peak around 70 kHz in the power

spectrum for Run ASB-1 in Figure 2.17 corresponds to a density driven drift wave.

Using Equation (2.10) and the density gradient in Figure 2.19 yields an electron

diamagnetic drift of Vde = 2.5 x 10^ m/sec. The discrepancy with the measured

group velocity of Vg = 3.2 x 10^ m/sec from the phase spectrum can be partially
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TABLE 2.4

PLASMA PARAMETERS FOR EXPERIMENTAL RUNS ASB-1 AND ASD-2

FOR UNIFORM PENNING DISCHARGE FITTED WITH COAXIAL CATHODE (FIGURE 2.4)

Parameter Symbol Run

ASB-1 ASD-2

Units

Anode Voltage Va 1750 1700 volts

Anode Current Ia 70 73 mA

He Gas Pressure Phc 1000 940 microtorr

Magnetic Field Bo 0.14 0.14 Tesla

Number Density* ne 4.7 X 10® 5.5 X 10® #/cm®
Electron Temperature* Te 23 230 eV

External Forcing Off On

(symmetrical)
Forcing Signal 2.2kHz, 1.6kVpp, 20-30 mA

* Radially averaged.
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accounted for by the addition of an x J3 drift at i? = 5 cm of = 260 m/sec.

This mode is damped in Run ASD-2 primarily by a change in the radial profile of

the electron number density and floating potential. Although data are missing for

R = 6 cm in Figure 2.20 due to the strong fluctuations near the anode, the drift

velocities due to number density and floating potential gradients tend to cancel each

other for an electron drift wave.

Figure 2.21 illustrates a second example of damping of the turbulent spectrum

of potential fluctuations in the coaxial discharge. Figure 2.21 shows the spectra

of potential fluctuations of the self excited plasma (Run ASI-1) at various radial

positions and for the plasma with external forcing (Run ASJ-1). Table 2.5 lists

the plasma parameters for the two cases. Figure 2.22 shows the phase space plots

of the potential fluctuations and its time derivative for the two plasmas, and the

waveform of the external signal. The derivative of the potential fluctuation signal

was generated by using a single pole high pass filter. The limit cycle behavior for

Run ASI-1 is due primarily to the drift mode near 10 kHz.

Figure 2.23 illustrates the power spectra of potential fluctuations on a log fre

quency axis for Runs ASTl and ASJ-1. Figure 2.24 illustrates the phase spectra

for the two plasmas. Figures 2.25 and 2.26 show the normalized radial profiles of

electron number density, electron temperature and plasma floating potential for the

two plasmas.

The previous examples indicate enhancement of electron collisionality, but were

not performed on discharge geometries suitable for measurement of electron col

lisionality by electron cyclotron resonance absorption. The nonuniform magnetic

field of the modified Penning discharge complicates the analysis of ECR absorption.

42



RUN ASI-I

Potential Fluctuations

R = 6cm., 3cm.

too
Frequency (kHz)

mi'm

RUN ASI-I

Potential Fluctuations

R = 6cm., Icm.

jj R = 6cm.
i[i R = I cm.

100
Frequency (kHz)

m'M'dirs

RUNS ASl-I.ASJ-l S.20P
Potential Fluctuations |j|^
R = 6 cm. i Be

$!ISS|8IB[HIHUi
ASJ -1

100
Frequency (kHz)
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TABLE 2.5

PLASMA PARAMETERS FOR EXPERIMENTAL RUNS ASI-1 AND ASJ-1

FOR THE UNIFORM PENNING DISCHARGE WITH COAXIAL CATHODE (FIGURE 2.2)

Parameter Symbol Run Units

ASM ASJ-1

Anode Voltage Va 3150 3100 volts

Anode Current Ia 67 79 mA

He Gas Pressure Phc 222 225 microtorr

Magnetic Field Bo 0.12 0.12 Tesla

Number Density* Tie 8.5 X 10® 8.7 X 10® #/cm®
Electron Temperature* T 160 225 ev

External Forcing Off On

(symmetrical)

Forcing Signal 6.2kHz, 1.5kVpp, 20-30 mA

*At R = 6 cm
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Figure 2.24. Phase spectra for Runs ASI-1 and ASJ-1 with capacitive probes displaced azimuthally
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The coaxial geometry used for Runs ASB-1, ASD-2, ASI-1 and ASJ-1 has unfavor

able boundary conditions for launching a microwave beam across the plasma.

Using the geometry shown in Figure 2.2 without the coaxial cathode, microwave

absorption near the electron gyrofrequency could be measured. Figure 2.27 illus

trates the potential fluctuations and ECR absorption broadening for a self-excited

turbulent plasma (Run AGE-1) and plasma with enhanced turbulence due to exter

nal forcing (Run AGE-2). Table 2.6 lists the plasma parameters for these plasmas.

The ECR absorption curves are characterized by a frequency width 2A/ measured

ZdB above maximum attenuation. This width will be shown in Chapter IV to be a

function of the effective collision frequency of electrons.
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Figure 2.27. Power spectra of electrostatic potential fluctuations and electron cyclotron resonance
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turbulence (Run AGE-2).



TABLE 2.6

PLASMA PARAMETERS FOR EXPERIMENTAL RUNS AGE-1 AND AGE-2

FOR THE UNIFORM PENNING DISCHARGE (FIGURE 2.2)

Parameter Symbol Run Units

AGE-1 AGE-2

Anode Voltage Va 2700 2650 volts

Anode Current Ia 60 70 mA

He Gas Pressure Pue 570 570 microtorr

Magnetic Field Bo 0.18 0.18 Tesla

Number Density* Tie 1.0 X 10^ 1.0 X 10^ #/cm^
Electron Tempera Te 73 230 ev

ture*

External Forcing OfF On

(symmetrical)
Forcing Signal 500kHz, 2kVpp,5-10 mA

ECR Broadening 2A/ 6.5 16.5 MHz

'At R = 6 cm
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CHAPTER III

CoLLisioNAL Processes and the Resistive Drift

Instability in the Weakly Ionized Penning Discharge Plasma

Introduction.

The Penning discharge plasma presented in Chapter II is characterized as weakly

ionized and inhomogeneous. The boundary conditions of the discharge and inho-

mogeneous nature of the plasma can produce non-Maxwellian particle distributions

for both electrons and ions particularly at neutral gas pressures above 10""^ torr.

These non-equilibrium distributions result in the onset of a variety of instabilities

and ultimately a state of turbulent electrostatic fluctuations.

Several collisional and energy exchange mechanisms exist that can rela.x the non

equilibrium plasma of the Penning discharge. For the weakly non-equilibrium

plasma, such binary collision processes as electron-neutral, ion-neutral, and ion

izing collisions dominate. It is probable that as the plasma becomes more non-

Maxwellian, the amplitude of turbulent fluctuations grows and particles begin to

interact strongly with the electrostatic fluctuations of the plasma. Relaxation mech

anisms involving wave-particle, wave-wave and wave-particle-wave interactions will

grow and add to the relaxation caused by binary collision processes. The interaction

of j^articles with turbulent fluctuations and the resulting relaxation or thermalizing

process leads to the introduction of a turbulent or effective collision frequency. The

total collision frequency for a given species will be the sum of its binary collision fre

quencies with other particles and its turbulent collision frequency due to interaction
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with electromagnetic fluctuations within the plasma:

^tot — ̂  ̂ ^hin "I" ̂ turb • (^-l)

Although shown as a scaJer in Equation (2.1), the collision frequency for charged

species in a magnetized plasma is a tensor quantity. Collisional processes parallel to

the static background magnetic field in general differs from the collisional processes

perpendicular to the static field.

Classical Collision Process.

Binary collisions will initially tend to relax the non-equilibrium distribution of

a Penning discharge. For electrons these include electron-electron, electron-ion,

electron-excited ion, electron-neutral and electron-excited neutral collisions. Only

the last two may be significant in this plasma. Janev et. at. [1987] lists an excellent

selection of cross section data for collision processes in hydrogen and helium plasma.

Although some cross sections for electrons with excited helium ions are quite large,

the dominant binary collision process for electrons in the weakly ionized Penning

discharge plasma is the electron-neutral cross section.

Figure 3.1 shows the electron-neutral momentum collision frequency (Geller and

Hosea 1968) as a function of background gas pressure and electron energy. For

comparison with collisional broadening data in Chapter V, the curve in Figure 5.1

is averaged over a Maxwellian distribution. This is done by curve fitting Figure 5.1

(see Appendix F) and performing numerically the integral.

<"> = (^) ' I (^£) n (3.2)
3

2  / ,,2
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Figure 3.1. Electron-Neutral mometum transfer frequency as a function of electron energy and
background gas pressure. Reproduced from Geller and Hosea [1977].
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Turbulent Processes.

In a turbulent plasma, collisional and fluctuation processes are strongly related.

Initially the presence of binary collisions, along with Landau damping, assist in

saturating the exponential growth of lineeir instabilities. For stronger instabilities,

such non-linear mechanisms as wave-wave interaction and wave-particle-wave in

teraction become important. In general these mechanisms tend to cascade wave

energy upward in k and u space to regions where energy is strongly dissipated by

interparticle collisions and Landau damping. Hence the level of fluctuations in a

turbulent plasma is ultimately determined by the mechanisms of electromagnetic

energy coupling and dissipation in the plasma.

For the non equilibrium plasma dominated by drift wave instabilities and drift

wave turbulence, at least three mechanisms will strongly contribute to the turbulent

relaxation process.

1). The axial component of large amplitude coherent drift structures tends to

accelerate electrons along the magnetic field. These accelerated electrons will

exchange energy with the background plasma via three mechanisms.

A) Axially accelerated electrons will suffer binary collisions with other charged

species and neutrals. For a weakly ionized plasma, electron-neutral collisions will

dominate.

B) Electrons collectively accelerated will tend to excite beam-plasma insta

bilities. Accelerated electrons will lose energy in exciting electromagnetic waves.

These waves can both radiate from the plasma and interact with other particles in

the plasma. For electrons collectively accelerated to a velocity Vq where Vq > Cg

and Cg is the ion sound speed, ion-acou.stic oscillations will be excited. Galeev and
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Sagdeev [1969] derived an eifective collision frequency for this process of the form

W
Ueff = Wpe , (3.3)

where W is the wave energy density of turbulent fluctuations. The derivation of this

collision frequency is discussed later in this chapter and its scaling with experimental

data from Penning discharge experiments is presented in Chapter V.

C) Electrons accelerated along field lines can be pitch angle or randomly scat

tered by the spectrum of background fluctuations. The collision frequency for this

process was introduced by Horton and Choi [1974] in the form

=  jkl^^dk, (3.4)
where /(k) is the spectrum of electrostatic fluctuations.

The electrons in process (B) axe typically resonant particles in velocity space

subject to the condition

k-V = u;ik , (3.5)

which yields an irreversible process (Davidson 1976). The particles in process (C)

suffer small changes and axe non-resonant with the background fluctuations so that

(k • V-ujfc)^ > 7I , (3.6)

where 7^. is the wave's growth rate. This condition yields a reversible process.

2). A second relaxation mechanism due to dirft waves is produced by the trans

verse component of the electric field of a drift wave. This component induces

E X B motion to both ions and electrons. Due to finite gyro radius effects

(see Appendix G) the E x B motion of ions and electrons differs slightly.
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Hence a polarization loss is produced as a fluid of electrons is swept through

a fluid of ions.

3). A third mechanism which contributes to the relaxation of an inhomogeneous

plasma with unstable dirft waves is the mode coupling of drift waves to cas

cade energy upwaxd in u and k space. Convective and E x B nonlinearities

result in the formation of nonlinear waves (Horton 1984). These waves pro

vide a mechanism for transporting energy from large scales. Coherent energy

of large scale fluctuations is cascaded to small scale incoherent fluctuations

which contribute to the pitch angle scattering collision process (C). This

effect is investigated experimentally in Chapter V.

Beam Plasma Collision Frequency.

The effective electron-ion collision frequency for ion acoustic excitation (Equation

(3.3)) was first derived by Galeev and Sagdeev [1969] in one of the original mono

graphs on nonlinear plasma theory. Others have derived the same expression but

relatively little work has been done to experimentally verify this result. Akama et.

al. [1987] derived this result with corrections for a weakly inhomogeneous plasma

using a variational approach. Shapiro and Sherchenko [1984] introduced the same

expression with a small numerical factor for Langmuir turbulence, high frequency

turbulence centered about Wpe-

Hamberger and Friedman [1968] performed some of the initial investigation into

the scaling of plasma conductivity for a highly turbulent plasma. This work was

performed on a non magnetized plasma and did not relate the spectrum or level of

turbulent fluctuations to the observed conductivity. Manheimer and Flynn [1971]
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investigated the scaling of anomalous resistivity for a steady state turbulent plasma

of unstable ion acoustic waves. Hamberg and Jancarik [1972] investigated the spec

tral distribution of weakly turbulent ion-sound waves and estimated the levels of

fluctuation energy density from measured potential fluctuation spectra. Mase and

Tsukishima [1975] were able to measure the level of turbulent ion-acoustic fluc

tuations with microwave scattering measurements and relate this to the effective

collision frequency as measured by an RF probe method and a DC method. These

authors were able to look at the scaling of i/g// with the turbulent energy density

IF/UeTe.

Ion Acoustic Effective Collision Frequency.

The effective collision frequency for electrons which excite ion-acoustic turbulence

was first derived by Galeev and Sagdeev [1969] using the conservation of momentum

for the system of electron and wave. If electrons with a collective drift velocity Vd

excite waves, these electrons will experience a mean momentum loss. This momen

tum loss can be expressed in terms of a frictional or viscous force F and an effective

collision frequency u^jf zs

-F = UeffTneTloVd . (3.7)

If this momentum change is transfered to waves with wave energy density w, then

the change in wave momentum is

dPw 1 f . k

dt

The growth rate 7| is the unstable wave's growth rate due to electrons. Equating

the mean momentum loss of the drift motion of electrons to the momentum increeise
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of the waves yields

"'H = , 3 ' <^1' n (3-9)27r3menoVj w

For an electron drift velocity Vd > V, where V, is the ion sound speed, the collec

tive motion of electrons will excite ion-acoustic oscillations. These waves have a

maximum growth rate of

7l « — (310)
Vth

in the region k ~ Aj^. Making these substitutions in Equation (3.9) yields the

relation

The wave energy density W in Equation (3.11) is now the total wave energy

density of excited waves in the region of k space with k w Aj^. For the turbulent

Penning discharge these waves are predominantly in the dissipative region of the

spectrum. The scaling of u^ff is Equation (3.9) is considered experimentally in

Chapter V along with the measurement of W.

Simplified Resistive Drift Instability.

The two-fluid equations (Braginski 1965) are used to derive the dispersion relation

for small amplitude waves of the resistive drift instability in the frequency range

uj <C ijJci- This instability is characteristic of an inhomogeneous collisional plasma

and for the cylindrical plasma, produces longitudinal waves which propagate essen

tially perpendicular to the static magnetic fleld. These waves have finite parallel

wavelengths and are negative energy waves in that they tend to grow as they lose

energy to the background plasma. In the linear fluid analysis, resistive drift waves
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have a growth rate proportional to the axial electron-ion collision frequency and a

damping rate proportional to perpendicular ion viscosity.

The continuity and mometum equations of the two-fluid equations, neglecting

particle source terms axe given by

3yi •
-gf + V • (-iV, ) = 0 , (3.12)

and

dV
rrijUj = - V -Hj - ejnj(E ->r Vj x B) - + R-j • (3.13)

Rj is the frictional force and j — e, i for electrons or ions. With thermal effects

neglected, the frictional forces for electrons and ions are

Rg = ^ / '^e^e^en^e i (3.14)

and

Ri = -miUiUig f^U|| + Uj. j -miTiiVinVi , (3.15)

where

U = Ve-Vi . (3.16)

For a constant magnetic field B in the z direction, the z component of the electron

momentum equation with electron viscosity neglected, becomes

^ ̂ - f (^'11 -
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Talcing Ve|| > Vi||, expanding the convective derivative and neglecting tempera

ture gradients, Equation (6.17) can be recast in the form of a wave equation

where

Ve = I^ei + (3.19)

and

.  (3.20)

If the last two terms of Equation (3.18) axe considered small, a damped wave equa

tion results,

dVe,, dVe„-^ + V.„^ + r.V.„=0. (3.21)

This equation can be solved in parametric form as an initial value problem by the

method of characteristics (Whittam 1974). Although this section is concerned with

the dispersion relation for small amplitude drift waves, the following illustrates why

coherent drift modes with large a.xial wave numbers do not initially grow and

attain large amplitudes.

In characteristic form Equation (3.20) becomes

dt

and

=  K„ , (3.22)

I = n (3-23)
The first characteristic can be integrated and combined with the second to yield

f = e-'-'f(i) , (3.24)
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where ̂  is the characteristic variable. Using the initial condition 2 = at t — 0

allows Equation (3.24) to be integrated and yield the envelope,

= ? + - (l-e-"') /«). (3.25)z

V,e

The condition for wave breaking, i.e. bunching of the a.xial flow of electrons, is

given by setting the derivative of the envelope to zero at some finite time,

1^ = 1 + - (l-e--') 57=0. (3.26)
di I/e ' di

Since Ve. is always positive for electrons being accelerated above their thermal ve

locity, breaking can only occur for initial waves of sufficient negative slope,

^  . (3.27)

Consider the z component of the electron velocity as composed of a steady compo

nent and a fluctuating component of the form,

K|| = K° (3.28)

The breaking condition becomes

(3.29)

or

K<—- (3-30)

For i^e ~ 2 MHz and v = (0.1) Vth = 10^ cm/sec.. Equation (3.30) yields wave

breaking for

A|| < 62 cm ,
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which is on the order of the length of the experimental device.

Equation (3.18) is essentially a damped wave equation with the forcing functions

he and with ̂  the potential fluctuation due to the drift wave. In general h^ and

will be out of phase due to i/g. It is this phase difference that causes growth of

the collisional drift wave and radial particle transport by the wave.

Now consider the drift motion of ions and electrons perpendicular to the static

magnetic field. The ion and electron equations of motion with electron viscosity

neglected are

dV I
rrieTle I = -eUe (Ex + VeX X Bo) - Vj--Pe + Rx , (3.31)

at

and

dV I —
'  = eui (Ex + V,x x Bq) - S/±Pi -TLi - Rx •

(3.32)

Due to the large electron gyro frequency, the thermal effects in the frictional force

Rx can be neglected so that

Rx =-menei/x(Vex - Vix) • (3.33)

Here i/± is the effective electron-ion collision frequency for motion perpendicular to

the static magnetic field.

Adding Equations (3.31) and (3.32) and taking zx the sum, yields the electron

drift

Kx = Kx - 4- i X ) + -J— i X Vx n n
cBq V "e "« / eriiBo

Z ̂  -n- + Z j > (3.34)
Wbi \ at at /
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where ̂  ^. By noting that the first two terms on the right hand side of Equation

(3.34) dominate, and by using an iterative procedure (Hinton and Horton 1971),

the electron drift velocity can be written as the sum of a zero order term and a

smaller first order term,

V.i = Vjj, + , (3.35)

where

Vjj. = - 4- ̂ X , (3.36)eBo V "e "t /

and

VL = VL - —^ X ^ i X v± • Hi . (3.37)
1  , dV»_L 1
—^ X — H
Wfii at eriiBo

The convective derivative term for electron motion is of second order due to the

small mass ratio S and is neglected. The convective derivative and stress tensor in

Equation (3.37) axe defined using the zero order ion drift velocity.

Using the zero order electron drift velocity, the electrostatic approximation Ex =

— Vx 07 ̂ ■iid taking zx the ion momentum equation, allows the ion drift velocity

to be written as

V»j. = iixVj.'^ + 4-5x (3.38)Bo eBo
1  dV° 1

V,^x = — 2 X — + — £ X v± • no10, at eriiBo

-S-^zx (V°x - V°x) . (3.39)
Whi

In order for the last term in Equation (3.39) to be of first order, the perpendicular

collision frequency u±_ must be large enough so that

— ~ (5 . (3.40)
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Using these results, the zero and first order electron drift velocity become

=  (3.41)

and

V.X = i X (K°l - VL) n (3-«)
Wbi

The zero order electron and ion drift velocities are composed of the E x B drift and

the diamagnetic drift velocities discussed earlier in Chapter II. It is at this point

that the effects of finite ion gyro radius are introduced. This effect is discussed in

Appendix G and is not inherent to the two-fluid equations: however, it becomes

important in the last term of Equation (3.39). Equation (3.38) becomes

=  (3.43)Bq eBo Hi

and 0 takes a different form depending on the form of Vx^-

The effects of a temperature gradient on the pressure gradient of the diamagnetic

drifts can be partially considered by introducing the following scale lengths defined

for static variables;
1  1 dn 1 1 dT

r„ n dr ^ tt T dr

The perpendicular gradient for the static pressure field becomes

(3.44)

— = (1+';) --Vxn, (3.45)
n  n

where ri — ̂  and is defined for either electron or ion pressure.
'  7*7*

By using the definitions of thermal velocity and ion gyro radius, and rescaling

the potential as

* = ̂  (3«)
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with Te a constant, the zero order electron and ion drift velocities can be written

VjX = "iPi i X VX*i , (3.47)

and

V°J_ = aviPl 2 X Vx*e , (3.48)

where

Vx^i = Vx 4 + (1 + li) Vx in(n,) , (3.49)

and

\7±^e = - (1 + ̂e) V± Ln{ne) , (3.50)

with a = -pf:.

Using Equation (3.47) and neglecting pressure gradients in the viscous dominated

stress tensor, the convective derivative and stress tensor terms of the first order ion

drift velocity can be written.

1  - dV^i. 2
— ̂ X -ir = P iivbi at

- Vx *( + Pi Vii X Vx'J'i • Vx(Vx4'i)
(3.51)

and

2 X v± • Ho « j Viip] vi (V±^.) •
(3.52)
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Using Equations (3.45) and (3.50) and the results in Equations (3.51) and (3.52),

the ion and electron drift velocities can be written

Vj = vipi z X V-L^i + p][- VJ- + PiVi z X • V±(V±^i)

+ \ ̂iip] Vi (Vx'J'O - <5t/±(v±^e - V±'J'.)] + V.z , (3.53)
and

Ve = aViPi Z X V±^e - " V±^.)] + ̂ez n (3.54)

The results in Equation (3.53) and (3.54) can be combined with the electron

and ion continuity equations to determine the linear dispersion relation for initially

unstable drift waves. Using a normal mode analysis for cartesian geometry and

allowing density, potential, and z velocity to vary as

n(r, t) = n{x) + n expi(k • r - ut) , (3.55)

$(r,t) = $ expi(k • r-wt) , (3.56)

and

Uz(r, t) = expi(k n r - ut) , (3.57)

Equations (3.53) and (3.54) are inserted into the ion and electron continuity equa

tions and linearized. Equating electron and ion density fluctuations then yields the

dispersion relation for drift waves.

Using Equations (3.55) and (3.56) in the z momentum equations for electrons

and ions yields

(i - ̂)
Vez = ^ , (3.58)

U) — IVf '

and

67



Vi. = 5i , (3.59)
u! n

Substituting Equation (3.58) into Equation (3.54) and substituting Equation

(3.59) into Equation (3.53), neglecting the second order electron velocity, and then

using the electron and ion continuity equations and linearizing, yields the density

fluctuations

U)

T = * , • . (3.60)

and

n

w* - u{ac2 + mci) - ̂acs - uu (iac4 + \
!!2 V ^ r„ j

a;(l + z(l +r]i)c2) + (1 + 77,)i/,-,(c3 + i C4) + (1 + ■qiYf-cz +

where

and

(3.61)

^  Te 1 dn
^'=-7Brny.'

9cx=p] — , (3.63)
rn

C2 = pK^I + f'l) ^ (3.64)
C3 = p^iiklky + k^kl) , (3.65)

C4 = ^ Ptikt + k^) , (3.66)

= i (1 + ^ ■ (3.67)
^  ' n
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In deriving Equations (3.60) and (3.61), only first order derivatives of the back

ground density n(x) are retained.

Equating Equations (3.60) and (3.61) for = ni, yields a quartic equation in

uj. For low frequency oscillations of order |u;| w |a;*|, where u;* Ug, and of long

wavelengths so that kpi<l, and driven by weak gradients with r]e ^ rjj, this quartic

reduces to a cubic approximately given by,

— uj^af3p] k] + i ̂

+ u;' a^Ugp] ̂  + u;* (1 + ry + /? + 2(1 -f- ri)pl k]_)

- i (^I3ugp\ k]_ + Qr/?(1 -I- 7/)w* p-
— UJ

+

/3{l + T])u* -I- al3{l + T])u* Ug pf -I- (1 -I- (1 -I- r; -I- a0)p] k]_) k]

+ ̂ f "T ^ ^th j (1 + f? + a/?)u;>,p-(A;^ + A;J)^
\ ̂  'n fn ^ /_

k] + (1 + rj)u: kl vl + 2a/3(l + ri)kl v], ̂  p] k^^

= 0 , (3.68)- i (^^(1 + k'i v'i - 2al3{l + r))ugul ̂  p] kly

where

kl = kl ̂  kl (3.69)

and

1,3 _ ;u2 I , rj (3.70)

The solution of Equation (3.68) for unstable low frequency oscillation with u w

w*, can be obtained by considering the quadratic part of Equation (3.68). For
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~ fcj., unstable oscillations are given approximately by
r

^(1 + - (1 + ri)pl
1 + (1 + r])pl k\

+ i (l + Tj) ̂  ̂ - I (a/3+ 1 + r])ui pf (3.71)

Equation (3.70) shows the first order effect of finite ion gyro radius effects on

the real part of the wave frequency. The term (1 + r/) allows radially increasing

temperature gradients to compensate for a radially decreasing density gradient and

reduce the instability's onset.
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CHAPTER IV

Electron Collision Frequency Measurement: Theory

Introduction.

The electron collision frequency of the turbulent Penning discharge was deter

mined by measuring the absorption spectrum of a microwave beam near the upper

hybrid frequency. When propagated across the plasma column, a microwave sig

nal with an electric field perpendicular to the static magnetic field exhibits strong

absorption near the electron upper hybrid frequency for a plasma with strong to

moderate collisions. For a weakly collisional plasma absorption will occur at both

the upper hybrid frequency and the electron gyro frequency. The absorption spec

trum of both of these processes tends to be broadened by the presence of collisions.

For the strongly magnetized Penning discharge plasma, the upper hybrid and elec

tron gyro frequencies are close together.

The propagation of a microwave signal near the electron cyclotron frequency is

considered for a uniform plasma. The problems of mode conversion (Swanson 1989)

with propagation in a nonuniform plasma are not considered, nor is the effect of wave

diffraction by the cylindrical plasma column considered (Heald et. al. 1965). The

plasma is considered underdense, but having finite collisions with Uf, > Up ̂

The propagation constants governing the attenuation and dispersion of a low

power microwave signal propagating through a plasma are determined by solving

the electromagnetic wave equation (Heald et. al. 1965 and Jackson 1975),

„  1 d^E d
VXVXE+-—+^„- (?.E) = 0. (4.1)
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where a is the conductivity tensor for the magnetized plasma. For the propagation

of a plane wave of the form

exp + k • r) (4.2)

in a homogeneous medium, Equation (4.1) reduces to

up'
kx(kxE)+ — £-E = 0. (4.3)

The tensor e is the plasma dielectric tensor and is related to the conductivity tensor

5" by,

e =1- i . (4.4)
UJ£o

Under experimental conditions. Equation (4.3) becomes a boundary value prob

lem with a plasma of finite dimensions. This fixes u to be real and k becomes

complex. If propagation is restricted to the x — z plane, and the static magnetic

field is along the z axis, the vector k can be written as

k = // ^ (e,0,O , (4.5)
where p. is the complex dielectric constant of the plasma. The direction cosines

and C are defined by

^ = sin 8i , (4.6)

and

C = cos 9i , (4.7)

where di is the incident angle with respect to the static magnetic field. The disper

sion relation defined by Equation (4.3) can be written in terms of p as,

px{pxE) + £-'E = 0. (4.8)
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The solution for /i from Equation (4.8) is given in the form of a quartic equation

(Heald et. al. 1975)

A* p." -B* ft'' + C* = Q , (4.9)

where

C , (4.10)

(^xx^zz ^rz) "I" i^xx^yy "t" ̂ xy)^ A" {SyySzz "I" ̂ yz)C

"^i^yy^xz ~ SxySyz)^ C ) (4-11)

and

= T>e<|£ij| . (4.12)

For a specific form of the plasma dielectric tensor, the attenuation constant a and

phase constant 0 are given by solving Equation (4.9) for p"^ and then using (Heald

et. al. 1965),

= + (4.13)

with

a = X ̂  , (4.14)
and

=  (4.15)

where n is the real refractive index, and x is the attenuation index. The propagation

of the plane wave microwave beam takes the form

E(x, t) = Eq exp [-iujt - (a + i0){i + C)^] i (4-16)

where i is the distance the wave propagates through the plasma.
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Homogeneous Dielectric Tensor With Constant Collision Frequency.

The plasma dielectric tensor for a homogeneous, quasi-equilibrium Maxwellian

plasma was derived using the linearized Vlasov equation with a BGK collision term

by Alexandrov et at. (1984). This dielectric tensor for electrons is given by

£ij(a;,k) = Sij +

f uj + iu

c  I vGikfi
^  I • «(jJ + IV*

Ul
(4.17)

where

G =

nA„{z) T (o \
kj_ uj+ii/—nuji, +

_  iiJlL T (o \

n

- i £-4.(^)11-/+(/?„)]

(4.18)

The tensor £°j(u) + iv, k) is the collisionless dielectric tensor at the shifted argument,

u  u> + iv, and v* is given by

V* = r/(k • G) , (4.19)

where v is the collision frequency of electrons.
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The elements of the collisionless tensor 6°^ for equation (4.17) is given by

u!(uj — nub) z m),

C=C + 2 E
uj(uj — ncji)

= -i■xy '=-yx Z-J
nuz

uj{u} — nub)

A'„iz) I+{/3„) ,

A'M um,

^XZ = <. = -E
An(z)

UlLObkz z

= ■■ E

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

and

^?. = i + E k]v^tk
ijj — nub

U)
.4„(.-)(/+(/?„)-l) (4.25)

The summations in Equations (4.18) through (4.25) extend from -oo to +00. The
arguments 2 and /?„ are given for the collisional tensor by

2 —̂
 (k^vthY
\  J ' (4.26)

and

I3n =

The function 24^(2) is defined by

uj + if — nuJb
kzVth

A„{z) = e-V„(2) ,

(4.27)

(4.28)

where In{z) is the modified Bessel function of the first kind. The function I+(l^n)
is related to the plasma dispersion function Z(x) by

^ (S) ■ (4.29)
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For wave propagation at u; ~ and with finite the dielectric tensor efj

and vector G can be somewhat simplified. By using the n = —1,0,1 terms and

expanding the modified Bessel function for small argument, z 0, one may obtain

In{z)
r(n + i) •

The tensor

then has elements

£ij — 6ij -f"
u + iv

UJ )

n ̂  -1,-2,...

+ zV, k) - Sij

£xx = 1
1 u;2

2 u)

1 u;2 r
£xy — t

2

£xz= -
1

2^ wwfc

£yz= i
1  u;2

2(^ wwj

+
/+(A)

UJ + tU+Ub UJ + 11/ — U!b

[  /+(/?-!) /+(A)
u> + if + ujb w + iu — ujb

|/+(/?i)-J-+(/3-OI ,

[/+(/3.) + /+(^..)-2] ,

and

2  2

u){uj + iu) ' 2(^2

+ {uj + iu - u}(,){I+{/3i) - 1)] ,

with £yy = £xxi ̂ zx — £xzi ̂ zy — —^yzi S^nd £yx = —^xy

The components of the vector G become

/+(A)

=-'m

_u + iu + u!b u + iu — Ub

+
■f+(A)

UJ + tu + Ulb UJ + lU — Ub

(4.30)

(4.31).

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

and
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— 2 [-^+(^-1) +/+(^i) +/+(/?o) - 3] . (4.39)

Using the above results for £, j and G and fixing the wave vector to be in the x — z

plane, the elements of the collisional dielectric tensor £ij become, to first order in

the small parameter z,

£xx = £xx - i Z ~ [^(£11 - 2) + c Szx] , (4.40)

^yy = ̂yy - ̂ ^ + iu* ) ~ + C £ry] , (4.41)

exy =£xy - I Z ^ [i^xy -\- C,ezy] , (4.42)

e.. = ^ Z {eyy - 1) [e e.. + C(£.z - 1)] , (4.43)

£yz =£yz - I Z + C(£rJ - 1)] , (4.44)

and

(;7i^) - 3)£zz — £zz ^ ^ ^ 1 _^ £xz 4" £zz 1

(4.45)

with £yx £xy^ £zy — ^yz ̂ -nd E^x — £xz'

The factors z and defined by Equations (4.26) and (4.27) are functions of the

wave vector components k± and k^, which in turn are functions of the complex

dielectric coefficient. Using Equation (4.5) the factors z and I3„ can be written as

N. 2

'."i I ^ \ £2 c2

and

^ = (4.46)

^  1 /w + iV — CJfcX
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where 6 = ̂ . This dependence on jl of the factors z and complicates the

solution of Equation (4.9). The equation becomes transcendental with p. contained

in the argument of the plasma dispersion function Z{^n)-

Appleton Equation.

In the limiting case of normal incidence, where ^, and with thermal effects

neglected, Equation (4.9) has two solutions given by

£2

f^ex ~ ̂yy d" ~ 7 (4.48)
^TT

and

where

Plr = 7 (4.49)

,  ,2 , •^  U! + IU ^ ^
Sir — £yy — 1 — Z . 2 ' (4.50)

u) (u; + luy —u!^ ^

^xy ^
'^p
u) (w + iuy — u)l (4.51)

and

Sri = 1 - . ̂  . . (4.52)
U{U! + tU) ^ '

Equation (4.48) defines the complex dielectric constant for propagation of the ex

traordinary wave; a wave with its electric field perpendicular to the static magnetic

field. Equation (4.49) defines the complex dielectric constant for the ordinary wave;

a wave with its electric field vector parallel to the static magnetic field.

Equation (4.48) has a resonance near the upper hybrid frequency (^uHi where

+ np. This equation is a special case of the Appleton Equation, which
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was originally derived to describe radio wave propagation in the ionosphere (Apple-

ton 1932).

Figures 4.1 and 4.2 show the attenuation and phase spectra for an extraordinary

mode wave propagating at = j through a 12 cm thick cold plasma with = 4

Hz, Hp = 1 GHz and for i/g = 20 MHz and i/e = 40 MHz. Figure 4.1 illustrates

the strong absorption near the electron gyro frequency, while Figure 4.2 illustrates

the characteristic phase reversal due to resonance. The absorption curve broadening

due to an increased collision frequency is clearly seen in the two curves in Figure 4.1.

Although the curve for the larger collision frequency is broadened, the maximum

attenuation is decreased, and the resonance frequency fr is shifted slightly.

Figure 4.3 shows the attenuation at fr for a fixed plasma frequency as a function

of the gyro frequency for various collision frequencies. The maximum attenuation

decreases for increasing collision frequency. Figure 4.4 shows the effect of increased

plasma density as a function of collision frequency and a fixed gyro frequency. Here

the maximum attenuation increases with increasing plasma frequency. Figures 4.3

and 4.4 both show decreasing wave attenuation as the electron collision frequency

increases. This is due to the resonant interaction between particle and wave. As

electrons suffer increasing collisions, the electrons gyrate over a smaller diameter,

and pick up less energy per gyration in the wave's E field.

When the absorption curve is measured experimentally, it is convenient to mea

sure the resonance frequency, the maximum attenuation and the width of the ab

sorption curve 3dB above maximum attenuation. This 3dB width is not equal to

the collision frequency, except for special conditions. Figure 4.5 compares the col

lision frequency with the 3dB width for various plasma frequencies. Only conditions
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Figure 4.1. Signal attenuation for the extraordinary wave given by Appleton's Equation (Equation
(4.48)) for a plasma 12cm thick with Qg = 4.0 GHz, Hp = 1.0 GHz, and i/g = 20 MHz and 40
MHz.
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Figure 4.2. Signal phase shift for the extraordinary wave given by Appleton's Equation (Equation
(4.48)) for a 12 cm thick plasma with Qe = 4.0 GHz, Hp = 1.0 GHz, and Ug = 20 MHz and 40
MHz.
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Figure 4.3. Attenuation at the resonance frequency fr for solutions of Appleton's Equation
(Equation (4.48)) as a function of the electron collision frequency Ue and electron gyro frequency
fie for a fixed plasma frequency Hp and thickness.
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Figure 4.4. Attenuation at the resonance frequency fr for solutions of Appleton's Equation
(Equation (4.48)) as a function of the electron collision frequency Ue and pl2tsma frequency ITp for
fixed electron gyro frequency and thickness.
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Figure 4.5. Curves of the full width of absorption curves 3dB above maximum attenuation (2A/),
versus the electron collision frequency Vg from solutions of the Appleton Equation (Equation
(4.48)).
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along the dashed line have the 3dB width equal to the collision frequency. This

increases the complexity of interpreting the absorption curve to determine the ef

fective electron collision frequency.

Beam Geometry Eflfects.

Due to the finite geometry of the plasma and the method with which the mi

crowave signal is launched across the plasma, the microwave beam has a slight di

vergence. Hence only a portion of the incident beam propagates exactly at = y.

The actual angle of propagation can be approximated as

9i = ̂' ±9Q . (4.53)

where ̂  <C f. This beam divergence produces a nonzero and through Equation

(4.27), introduces quasi-thermal effects into the dispersion equation. For a finite

temperature plasma, becomes finite and z is nonzero. The dielectric tensor

components are now given by the more general relations in Equations (4.40) through

(4.45). In addition to the resonance close to the upper hybrid frequency, a resonance

very close to the electron cyclotron frequency will occur for the extraordinary mode

wave.

For the Penning discharge at moderate temperatures, Te ~ 20 eV, the ratio of

thermal velocity to the velocity of light S is small, S ~ 0.01. Hence the correction

factors to the tensor Cij of order 2 or (5^ given in Equations (4.40) through (4.45)

can be negelected. The dielectric tensor is then given by Equations (4.32) through

(4.36) with Syy = Cxx- Under these conditions, the propagation constants of the

extraordinary wave are given by the solution of

^2 eVx +ex,{i+e-^)+B+^
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where

[C'£z^ + 2Ce£x.l , (4.56)
C 2'XX

1
5= ̂  -£L+2^C(£rz£zx -£ry£yz)] , (4.55)

and

C = £yz+£xz , (4.57)

with defined by Equation (4.48) using the finite temperature tensor components.

Equation (4.54) can be solved iteratively by using Newton's method (Henrici

1988), with

.  (4.58)

_,.2, -2 + C B + pG (fi?) = ^ ^ , (4.59)
+ 44

and G' (p?) given by

G' ia^) = ̂  . (4.60)
Appendix D discusses the solution of Equation (4.58) along with the methods

used to evaluate the plasma dispersion function Z{^).

Table 4.1 lists solutions of Equation (4.58) neax the electron cyclotron frequency

for a range in i/g at two beam divergence angles, 9q = 2.5°,4.5°. These angles

were used with reference to the experimental beam geometry which is discussed in

Chapter V.

The results in Table 4.1 show that significant attenuation at the electron gyro

frequency occurs only for electron collision frequencies below the electron-neutral
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TABLE 4.1

Beam divergence effects at the electron cyclotron resonance

FREQUENCY FOR THE EXTRAORDINARY WAVE AT = f + ̂0

Ve (MHz)^ fr (GHz)2 Po{frf (dB)4

Case 1 5 3.9960 -1.3
1 4.0100 -5.6
0.5 4.0150 -16.2

0.1 3.9994 -22.0
0.05 3.9994 -22.5

Case 2 5 4.0128 -0.2
1 4.0100 -1.9
0.5 3.9990 -14.9

0.01 3.9991 -18.9

Case 1: ^0 = 2.5°, (5 = 0.01^ fie = 4.0 GHz, Hp = 1.0 GHz
Case 2: 4.5°,(^ = O.OlS fie = 4.0 GHz, Hp = 1.0 GHz

^ i^e', velocity independent electron collision frequency.
^fr', resonance frequency.
^Attenuation for a 12 cm. thick plasma.
Poifr)', signal attenuation at fr-

ratio of thermal velocity to speed of light.
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collision frequency present in the weakly ionized Penning discharge, if the beam had

a significant divergence.

For reference, Table 4.2 lists solutions of Equation (4.48) near the upper hybrid

frequency. The attenuation at fr is consistently much larger than the attenuation

near the electron gyro frequency given in Table 4.1.

Homogeneous Dielectric Tensor with Speed Dependent Collision Fre

quency.

In general the collision frequency of electrons (and ions) is dependent on the

particle's velocity and speed. This velocity dependence alters the components of

the dielectric tensor and the form of the absorption curve. Using the linearized

Boltzmann Equation with a Fokker-Planck term for electron-ion Coulomb collisions,

and a Boltzmann term for speed dependent electron collisions with heavy neutrals,

Shkarofsky (1961) derived the plasma conductivity for any degree of ionization. This

work produced a set of correction factors g and h which turn out to be functions of

a single argument;

9 = g
ijJ -Ulh

(4.61)

and

h = h
U) -UJb

(4.62)

where (i/g) is an average effective collision frequency of the velocity dependent col

lision frequencies.

(l^e) = (l^en) + M • (4.63)
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TABLE 4.2

ABSORPTION NEAR THE UPPER HYBRID RESONANCE FOR THE EXTRAORDINARY

WAVE AT Si = f, fie = 4.0 GHz, Up = 1.0 GHz, <5 = 0

i/e (MHz) F, (GHz) Fo(/r)(dB)

5 4.1260 -55
1 4.1237 -125
0.5 4.1234 -177
0.1 4.1232 -396
0.05 4.1232 -560

The conductivity tensor elements for electrons with the g and h correction factors

take the following form in rotating coordinates (Shkarofsky, 1961)

ne

at = —I
m ig{ue) + h(uj + ujb)
2

ne 1
<7r = —I

m ig (i/e) + h{u - ut)

(4.64)

(4.65)

and

where

. ne2  1

m hu -|- ig l^Ue)

O

o

b

a = 0  (Tr 0
0  0 (Til

(4.66)

(4.67)

^ fe; velocity independent collision frequency,
^/r; resonance frequency.
^ foifr)', signal attenuation at fr.
''6; ratio of thermal velocity to speed of light.
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Using the relation between the plasma dielectric constants and the plasma conduc

tivity, Equation (4.4), and changing from rotating to Cartesian coordinates using

^xx — 2 ? (4.68)

= \ £r) , (4.69)

and

^zz ~ ̂11 1 (4. i 0)

the plasma dielectric tensor components become

,  _ 1 5fp feu; + ig (i/e) .
u; {hu; + ig{ue)y-{hu;kr ' ^ ^

£  =-l ̂^xy — ^ uj
hujf,

(feu; -I- ig {u^)Y - {hui,Y '

and

u;?
1 + — h ^ - I \ ' (4-73)u; huj + ig {v^)

which are of the same form as the components in Equations (4.50) through (4.52).

The correction factors g and fe are shown in Figure 4.6 for {uen) oc u" with

®  ~2, —3 and in Figure 4.7 for a = 0,1,2,3. These curves were reproduced

from the tabular data given by Shkarofsky (1961) for the limiting case,

Wen)
= 100 . (4.74)

Wei)

These curves change slowly for decreasing ratios of the electron-neutral to electron-

ion collision frequencies.
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Figure 4.6. Dielectric tensor correction factors g and h for speed exponents a
0. -1, -2, -3. Curves reproduced from tabular data due to Shkarofsky (1961).
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Figure 4.7. Dielectric tensor correction factors g and li for speed exponents a = 0,1, 2, 3.
Curves reproduced from tabular data due to Shkarofsky (1961).

91



For computational purposes in this work, the factors g and h in Figure 4.6 and

Figure 4.7 were curve fitted to equations of the form

fif(x) = 1 +Aj [1 +tanh(aj(x - Xj))] , (4.75)

and

/i(x) = 1 + A/, [1 - tanh(a/,(x + a;„))] , (4.76)

where

X = Log
UJ -UJb

(4.77)

The coefficients Ag,ag,Xg,Ah,ahiXh axe shown in Table 4.3 for the various ex

ponents a. These forms of g and h fit the data in Figure 4.6 to within ± 5% over

most of the range in x shown. These results are used in the following chapter to

account for a speed dependent turbulent collision frequency.

Using the forms of g and h defined by Equations (4.75) and (4.76), the dielec

tric tensor elements of Equations (4.71) and (4.72) and the Appleton Equation for

= f,

^  (4.78)
£xx

the absorption curve a^s a function of a speed dependent electron collision frequency

can be plotted. Figure 4.8 shows the absorption curve with fig = 4.0 GHz, Hp = 1

GHz and (z/g) = 0.02 GHz for a = —3 and a = 0. This illustrates how the correction

factors have the effect of producing a decreased collision frequency, with the larger

the magnitude of the exponent a, the greater the decrease.
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TABLE 4.3

CURVE FITTING COEFFICIENTS FOR THE DIELECTRIC TENSOR

CORRECTION FACTORS g AND h*

Velocity exponent Coefficients

a ■^9 Gg Xg Ah ah Xh

3 0.238 2.05 0.177 0.168 2.67 0.147
2 0.146 2.13 0.078 0.124 2.28 0.059
1 0.050 1.92 0 0.047 2.21 0.040

0 0 — — 0 — —

-1 0.058 1.97 0 0.055 2.00 0.050
-2 0.200 1.91 0.137 0.20 1.41 0.180
-3 0.350 2.20 0.39 0.49 0.90 0.810

*For Equations (4.75), (4.76) and (4.77) and the data in Figures 4.6 and 4.7.

93



0

-2

-4

-6

-8

g  -10

2 -12

£ -14
<

t; -16

CO -18

-20

-22

-24

-26

-28

□ = 0

a = -3

I  I I

4.00

iie = 4.0GHz
rip = 1.0 GHz
V cc V°

<!'> = 20 MHz
d - 12 cm.

4.04 4.08 4,12 4.16 420
Wave Frequency (GHz)

4.24 4.28

Figure 4.8. Signal absorption curves for the extraordinary wave using the g and h
dielectric tensor correction factors with a = 0, —3.
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CHAPTER V

Experimental Measurement of i/j// and Comparison with Theory

Introduction.

The effective electron collision frequency in the turbulent Penning discharge

plasma was determined from microwave absorption data near the electron gyro

frequency. This chapter discusses the experimental aspects of this measurement

and summarizes the experimental data taken to illustrate the scaling of Ue/f with

turbulent fluctuations. These data are then compared to the theory discussed in

Chapter III.

Appendix H contains the experimental data considered in this chapter for the

scaling of i^e//. These data include: radial and axial profiles of electron temper

ature, electron number density, and plasma floating potential; the microwave ab

sorption curves for each data run; calibrated power spectra of electrostatic potential

fluctuations, microwave scattering data, and electron and ion density fluctuations.

Appendix I contains experimental data illustrating the enhancement of i/g// by

the application of external stimulus. These experiments were performed on the

system configuration shown in Figure 2.3. A high voltage RF signal (70 to 75 Vpp

at 12 MHz) was applied to the elongated anode to provide symmetric excitation

of the plasma edge. This excitation enhanced the level of electrostatic fluctuations

and broadened the resonance absorption curve.

Experimental Geometry.

Figure 5.1 illustrates the geometry and arrangement of the microwave horns used

for absorption measurements, and Table 5.1 lists the relevant dimensions associated
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29a
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Transition Section
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Figure 5.1. Microwave horn geometry for microwave absorption measurements near the electron
gyro frequency.
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TABLE 5.1

IMPORTANT PARAMETERS FOR THE MICROWAVE ABSORPTION HORN GEOMETRY*

Plasma Radius '•p 6.3 cm

Glass Internal Radius 8.9 cm

Phase Center Lpft 9.2 cm

Horn Focal Length Lf 29 cm

Horn Expansion Angle 10.3 degrees

Horn Aperture Angle ea 12.1 degrees

with this geometry. The horns were constructed using "C" band waveguide and

copper sheet, and were oriented so that the E field of the launched wave was per

pendicular to the static magnetic field. Due to the close spacing of the magnetic

field coils, the horns were expanded in the E plane only. The side walls of the

horns were curved so the horns could partially enclose the glass vacuum vessel and

improve isolation between the horns.

The measured E and H plane power patterns for the horns are shown in Figures

5.2 and 5.3 for a 4.0 GHz wave frequency. Figure 5.4 plots the experimentally

measured change in the 3dB, H plane divergence {26bh) as a function of wave

frequency. This angle is important in considering the electron residence time in the

microwave field. The E plane divergence, 2dbe always remained small enough for

the wave to be contained within the plasma column. Despite this and the curved

sides of the horns, an isolation of only 50dB could be expected between horns for a

totally absorbing plasma.

'Refer to Figure 5.1.
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Figure 5.2. Linear polar plot of the experimentally measured E plane power pattern for the
microwave absorption horns at 4.0 GHz.
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Figure 5.3. Linear polar plot of the experimentally measured H plane power pattern for the
microwave absorption horns at 4.0 GHz.
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Figure 5.4. The 3ciB H beam divergence, 20),^, for the microwave absorption horns as a function
of wave frequency.
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Measurement of the microwave beam pattern was accomplished in the same man

ner as the procedure discussed in Appendix B for the microwave scattering horns.

The phase center was estimated using graphical data (Balanis, 1982b), and due to

the curved sides is essentially the same for both planes of the horn.

Measurement Technique.

Microwave absorption measurements were made as transmission measurements

from the transmitting horn to the receiving horn using a Hewlett Packard 8510

Network Analyzer. This instrument has 80 dB of dynamic range and was capable

of swept frequency measurements from 45 MHz to 18 GHz in the configuration used.

This instrument can completely characterize the "S" parameters (see Lio, 1980) of

a linear network. The analyzer used in this study was equipped with a YIG tuned

oscillator. The specifications of this oscillator are given in Appendix C.

A transmission measurement of experimental data was first preceded by a trans

mission measurement with no plasma present. Figure 5.5 shows such a measure

ment, which includes cable and horn loss. This measurement was then stored and

the display "normalized" for a 0 dB response. Next, a plasma was initiated and

the absorption frequency located and verified by the characteristic phase reversal

of a resonance. The center frequency of the analyzer was adjusted to be the res

onance frequency and the sweep span reduced to allow improved resolution of the

absorption curve. The normalization procedure was then repeated. Even using this

normalization procedure, measurements near the system resonances of 4.74 GHz

and 5.6 GHz shown in Figure 5.5 were avoided. These resonances were due primar

ily to the coaxial line to waveguide connection, and were subject to change with

cable flexing.
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Figure 5.5. Transmission measurement across the glass vacuum vessel with no plasma present
and including the 6 meter cable loss. Note the horn cut-off at 2.1 GHz.
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In order to improve measurements, a slow frequency sweep of one to five sec

onds and instriiment averaging were used. The analyzer was set up to average

repeated sweeps with the number of sweeps, typically ten. Despite these measures,

a frequency resolution of only 1 MHz could be obtained. This was due primarily to

noise problems for measurements on a turbulent medium, the presence of short term

drifts in the plasma characteristics, and drifts in the background static magnetic

field. The root mean square, (rms) level of background magnetic field fiuctuations

was measured to be on the order of one gauss for a static field of two kilogauss.

These fiuctuations were below 50 kHz and were due to power supply current ripple.

Experimental Data.

The experimental data from the nine data runs presented in Appendix H is sum

marized in Tables 5.2 through Table 5.6. The runs are listed in terms of increasing

collision frequency, with the exception of Run AGS-1, which had a double resonance

curve.

Table 5.2 lists the plasma and discharge parameters. The electron temperature

and number densities presented are radially averaged values. All of the experimen

tal runs had nonuniform radial profiles of both electron temperature and number

density. The ion temperature presented is that measured using the retarding po

tential energy analyzer (RPEA) and represents an average value. For these plasmas

the average ion and electron kinetic temperatures differ by less than a factor of two.

The values listed for plasma frequencies, Debye length, ion gyro radius, ion sound

speed and ionization are all computed using the average plasma parameters.

Table 5.3 lists the microwave absorption data near the electron gyro frequency

and the Maxwellian averaged electron-neutral collision frequency for each run.
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Table 5.3 also lists the speed dependent collision frequency that yields the same

collision broadened 3dB full width as measured experimentally. The attenuation at

the resonance frequency fr is also listed. These results follow from using Appleton's

Equation in the form of Equation (4.78), with the dielectric tensor components in

Equations (4.71) and (4.72). The radially averaged plasma frequencies were used.

The electron gyro frequency was iterated from the values listed in Table 5.2 to yield a

calculated resonance frequency that would match the measured resonance frequency.

These data clearly indicate the problem of horn isolation in making measurements

on a plasma with a low collision frequency. For an infinitely absorbing plasma, a

leakage signal of at least 50 dB would be expected.

Tables 5.4 through 5.6 list data related to the level of electrostatic and density

fluctuations in the plasmas. The absolute r.m.s. levels of fluctuating parameters are

based on the analysis and calibration of the various diagnostics presented in Appen

dices A, B, and C. The total integrated fluctuation levels were computed graphically

using Equation (C.28) and using 5(u;) = 5o for Equation (C.29). An error

of ± 2dB was introduced for graphical interpreting.

Table 5.4 lists turbulence parameters for electrostatic potential fluctuations as

detected by a radial capacitive probe at the midplane of the discharge. Parame

ters at two radial locations (72i,i?2) presented. Most data runs exhibited two

transition frequencies in the inertial (source-coupling) region of the power spectra

as well as two spectral indices. This was due primarily to the presence of a strong

drift mode acting as an energy source.

Table 5.5 lists turbulence parameters for electron density fluctuations in the in

terior of the plasma. As discussed in Appendix B, the microwave diagnostic is
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sensitive to the scale size of fluctuations being detected. Prom Table B.l the 30°

scattering channel is most sensitive to fluctuations with perpendicular wavelengths

of 4 cm. with a total spread of 5 cm. The 75° scattering channel is most sensitive

to perpendicular wavelengths of 1.7 cm, with a total spread of 0.7 cm. Data for

the integrated signals clearly show that the energy in the coupling region is fairly

evenly distributed among scale sizes, whereas in the dissipative region more energy

is present in the small scale sizes.

Table 5.6 lists turbulence parameters for electron and ion density fluctuations

detected by a Langmuir probe. The Langmuir probe used had a tungsten tip 0.6

cm. in length. Fluctuation data were taken with a Langmuir probe, primarily for

comparison with the electrostatic potential measurements of the capacitive probes

and to qualitatively investigate the weak turbulence approximation (Horton 1984)

Ue ~ ne [1 - i(5e] ^ , (5.1)
e

where 8^ is the dissipative contribution resulting in the phase shift between and

By comparing Table 5.6 with Table 5.4 one can see that the integrated fluctuation

levels in the dissipative region of the spectrum are comparable, except at the higher

turbulence levels (Runs AGP-1 and AGQ-1). The integrated levels in the inertial

regions differ significantly due to the scale size problem of a small Langmuir probe

adequately sampling density fluctuations of large scale.

The data in Table 5.4 illustrates the increase in level of potential fluctuations

in the dissipative region of the spectra with increasing collisional broadening 2A/.

For comparison of the z/g// theory of Galeev and Sagdeev [1965] with measured

absorption data, the radial profile of absolute fluctuation amplitudes was required.

110



For runs AGO-1, AGP-3, AGP-2, AGO-2, AGP-1, and AGQ-1, radial profile data

of the frequency integrated level of potential fluctuations in the dissipative region

were taken. Using the approximation,

W  V- Iy- I |2 ^5 2)
noTe ^ I i^Te ' ^ ^

and the density profile data in Appendix H, the radial profile of i/g// was determined

for these runs. These results are shown in Figure 5.6.

Using the results in Figure 5.6 and the radial profiles of electron number density

rie, the absorption parameters for the extraordinary mode wave were calculated

by evaluating the homogeneous dielectric tensor (Equations 4.50 and 4.51) in one

centimeter increments and summing the contributions. This can be considered only

as a weak approximation to the inhomogeneous plasma of the Penning discharge.

Figure 5.7 shows the comparison between the 2A/ width calculated using the radial

profile in Figure 5.6 and the experimentally measured 2A/ width.

Table 5.7 summarizes the comparison between measured absorption parameters

and those calculated for an inhomogeneous plasma. For the calculated data, the

average electron-neutral collision frequency was added to the Ueff profiles in Figure

5.6. These results show a reasonable comparison between measured and calculated

values. The results for AGO-1, however, indicate that the inhomogeneous density

profile tends to broaden the calculated absorption curve. The contribution of i/g//

to Utot was small in this case so that the electron-neutral collision frequency was

dominant. Here the measured broadening of 2.2 MHz was less than the electron-

neutral collision frequency of 5.5 MHz. This put a lower bound on measurement

resolution of approximately ±1.5 MHz.
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Figure 5.6. Radial profile of i/gfj calculated from integrated potential fluctuation data.
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Figure 5.7. Comparison of 2Af width calculated from radial profile of Ugff with 2A/
width measured experimentally.
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TABLE 5.7

COMPARISON OF MEASURED ABSORPTION PARAMETERS* WITH CALCULATED

VALUES USING INIIOMOGENEOUS !/«// PROFILE*

Paramater
Units

AGO-1 agp-3 agp-2 ago-2 AGP-1 AGQ-1

Electron-neutral
Collision Frequency 3.5 4.1 2.2 2.2 1.6 1.5 MHz

Resonance Frequency
Measured

Calculated
3.708

3.718

3.108

3.118

2.151

3.160

3.8C0

3.859

3.060

3.060

2.540

2.540

fr
GHz

GHz

Signal Attenuation

Measured

Calculated
-41

-29

-29

-21

28

-25

-23

-24

-22

-8

-11

-10

@/r Pmin

dB

dB

Full Width 3dB
above Pmin; 26f

Measured

Calculated
2.2

5.5

8

10

11.5

11

20

13

22

30

36

25

MHz

MHz

^ I'or cxiraorclinary mode wave using the homogeneous Appleton Equation.
See Figure 5.G. llie average electron-neutral collision frequency was added to the feff profile for

calculated absorption data.
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In order to test the effect of a turbulent electron collision frequency on coherent

drift modes, the experimental configuration shown in Figure 2.3 was used. The elon

gated anode cylinder of the arrangement produced conditions favorable for coherent

drift modes and allowed the application of an external forcing signal. The forcing

signal was applied to the anode cylinder using the transformer network discussed in

Appendix E and produced symmetric excitation of the plasma column. This signal

was used to directly enhance the dissipative region of the turbulent spectrum and

broaden the absorption spectrum of the extraordinary mode wave.

Appendix I lists radial profiles of plasma parameters and calibrated electrostatic

potential fluctuation spectra for two pairs of data runs. Runs AGU-1 and AGV-2

were runs that produced coherent self-excited drift modes. Runs AGU-2 and AGV-

2 had a 12 MHz high voltage RF signal applied to the anode cylinder. The change

in the 2Af collisional broadening from Run AGU-1 to Run AGU-2 was 1 MHz to

6 MHz. The change in the collisional broadening from Run AGV-1 to AGV-2 was

2 MHz to 6 MHz. Figure 5.8 shows the amplitude increase of the self-excited 5

kHz drift mode in Run AGU-1 to the larger amplitude mode in Run AGU-2 with

extended forcing. The complete spectra are shown in Figures 1.2 and 1.3 for Run

AGU-1 and Figures 1.5 and 1.6 for Run AGU-2. Figure 5.9 shows the amplitude

change of the self-excited 15 kHz drift mode in Run AFV-1 to Run AGV-2 with

external forcing. Here the mode's amplitude is increased in the outer region and

damped in the plasma core. The total fluctuation spectra are shown in Figures 1.10

and I.ll for Run AGV-1 and Figures 1.13 and 1.14 for Run AGV-2.
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CHAPTER VI

Conclusions

A weakly ionized Penning discharge has been operated in a turbulent steady state

mode. The collisional broadening near the upper hybrid resonance of the extraordi

nary mode wave was measured on this plasma. Using the homogeneous Appletion

Equation and measured electrostatic fluctuation data, the turbulent collision fre

quency introduced by Galeev and Sagdeev [1965]

W  , ,
~  noKT. '

was compared to measured values of collisional broadening of the upper hybrid

resonance (Table 5.7). The total wave energy density W in Equation (6.1) was

taken to be the integrated fluctuations in the dissipative region of the spectra and

approximated by

W ^ V—V I eS |2

noATe " 21 I I • (6-2)
For improved comparison between theory and experiment the inhomogeneous plasma

was taken into account by incrementally evaluating the homogeneous dielectric ten

sor (Table 5.1).

Quasi-thermal effects due to finite beam geometry were determined not to be

important for these measurements. By evaluating the warm plasma dielectric tensor

for the extraordinary mode wave propagating at a small angle from normal, effects

due to a finite temperature plasma were determined to be small for the collisional

plasma studied (Table 3.5).

Using external forcing, the level of turbulent fluctuations was artiflcally enhanced

and the resonance curve broadened. This produced a plasma with enhanced colli-
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sionality and increased the amplitude of coherent resistive drift modes within the

plasma (Figures 5.8 and 5.9). This result demonstrates qualitatively the indirect

but strong coupling between large scale structures and the integrated effects of small

scale structures in a turbulent plasma.
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APPENDIX A

Capacitive Probes

Figure A.l shows design details of the capacitive probes used to detect potential

fluctuations in the turbulent plasma. These probes are constructed of semi-rigid

coaxial cable and fitted with a copper tube body for use with a sliding "0" ring

feedthrough. The probe couples to the plasma by having a portion of the center

conductor exposed and fitted with a small spherical drop of soft solder. A quartz

shield is then slid over the exposed center conductor and several centimeters of the

semi-rigid coaxial cable. The opposite end of the probe is fitted with a commercial

BNC connector to allow shielded connection to a detecting circuit. When in use,

the copper tube housing is grounded to the experiment's framework with a stranded

ground strap.

For quantitative measurements of the turbulent potential fluctuations, the am

plitude and frequency response of the probe must be known. Figure A.2 shows a

bench test arrangement for probe testing. By inserting a probe axially between the

plates of a circular parallel plate capacitor (13 cm. dia., 1.9 cm. spacing), the probe

tip couples capacitively to the ungrounded plate of the parallel plate capacitor.

The coupling capacitance between the probe tip and the flat plate is given ap

proximately as the capacitance between a sphere and an infinite plate. In free space

this capacitance is given by [Smythe 1968];

OO

C = 47r£o ''i sinh(Q;) csch(nQ) , (A.l)
n=l
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where d = ri cosh(Q!). This capacitance is shown graphically in Figure A.3 for the

range in size and spacing relavant to this work. The summation has been carried

out to n = 20. Due to the quartz shield and close spacing, the spherical tip of

the probe is effectively embedded in a dielectric of quartz. Hence, the value of a

coupling capacitance given by Figure A.3 must be multipled by the relative dielectric

constant of quartz where Sr = 3.8.

With the coupling capacitance of the probe determined, an equivalent circuit

for the probe and detecting circuit can be modeled. Figure A.4 shows such a

circuit for low frequency operation (i.e. with no transmission line effects). The

shunt capacitances Cpr, Cc and Cj are due to the probe itself, the connecting cable

and the detection circuit respectively. This network acts as a voltage divider with

the ratio of the source voltage and detector voltage given by

^  fA2)- Cs + Cn-i(:fe) ' ^ ^
where Cs = Cpr + Cc + Cj. For Cs ̂  Ci and Cs ̂  the network behaves

as a capacitive voltage divider with both voltages in phase and related by,

Vd Cu
(A.3)

V5 ~ Cs

Figure A.5 shows the frequency response of probe A. This response compares

well with the probes built and tested by Roth and Krawczonek [1971]. The net

work analyzer has been set up so that the source signal is —10 dBm and the input

impedance on Channel A is Rj = IMf), Cd — 30 pf. The probe response is nor

malized by dividing the probe's response with the shield in place to its response

with the probe tip shorted to the ungrounded plate of the test capacitor. The
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probe's coupling in the passband is shown as —49dB in power, or —24.5dB in

voltage. For d/ri ~ 3.5 Figure A.3 gives C[^ = .13 p/, and with Cpr + Cc = 145 pf

the voltage gain in dB is given by

^ „ , SrCll , .— ̂lOlog^^, (A.4)

^ = -25.5 dB , (A.5)
Vs

yielding only a 1 dB dilfrence from the measured value.

For a capacitive probe immersed in a plasma, the situation is somewhat more

complicated and the coupling coefficient determined by a bench test is inadequate.

Consider Figure A.6 with a probe surrounded by a plasma. A plasma sheath [Se-

shadri 1973] will form about the surface of the quartz shield. In this region a slight

departure of charge neutrality will exist so that rzg / n^. Any potential fluctua

tions existing in the plasma must couple through this sheath and the capacitance

determined by the probe tip to the surface of the quartz shield.

The capacitance between the probe tip and the surface of the quartz tube can

be measured by immersing the probe tip in a mercury bath. By measuring the

capacitance between the probe tip and the mercury bath the coupling capacitance

between tip and shield (C12) is known. This measurement is best facilitated by

letting the probe tip be at high potential and adequately grounding the probe

housing. For probe A, C12 = 0.35 pf and for probe B, C12 = 0.40 pf.

Since the plasma has a complex relative dielectric permittivity Ep, the equivalent

circuit for a probe in a plasma becomes slightly more complicated than the circuit

in Figure A.4. Figure A.7 shows a low frequency equivalent circuit for the capac

itive probe in a plasma. The parameters C12, Cpr, C'c, Cd and Rd are all known or
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measured. The parameters Cn and Gn must be calculated with Gn a conductance

due to the imaginary part of Ep.

In order to determine Gn and Gn the probe sheath must be analyzed. For

spherical symmetry and with magnetic field effects neglected, Poisson's equation

relates the charge distribution to the static potential $(r),

i i n ig n i">
where p{r) = e(ne{r) — n,(r)). Taking the electron density to be related to the

electrostatic potential $(r) by a Boltzmann distribution (adequate for a plasma

close to equilibrium)

ne(r) = noexp . (A.7)

Letting e$/Te be small and Uq a constant, the electron density is given by

ne(r) Rs no . (A.8)

Taking the ion density to be constant, n,- = no, the charge density may be written

Pi^) - (^) ' (^-9)
where

eT,
A„

e^no
(A.IO)

is the electron Debye length with e = Sokpl-

The spherical Poisson equation now becomes
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with boundary conditions

$ = r = r2 ,

and

$ = 0 r = oo .

The solution for $(r) with the given boundary condition is

$(,) = A EElzZVM , (A.12)

with

A = ̂/^rjexp • (A.13)

With $(r) known, the capacitive coupling between the surface of the quartz shield

and the plasma sheath can be computed using the definition of capacitance,

= If . (A-W)
where Q is the total charge in the sheath and A$ is the change in potential across

the sheath. The total charge Q is given by,

Q — f p{''')d vol (A.15)
J vol

=  r /■ f
d  Jo J-f Jr^ ^ (A.16)

p + nA,
J  exp (A-17)47r£o£p

A5 .r,

4TT£o£pA f ^ + 1 j exp (
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The radial integration has been terminated at an integer number of Debye lengths

because it is a characteristic self-shielding length of a plasma.

The potential difference across this charge volume is,

fe)exp

A^

r^ + nXi

(A= A .19)

The coupling capacitance Cn is then given by

Cn = -il) , (A,20)

for a =
Ad

The value of = C\\/ep as a function of Til^d for — 1,2,3 is plotted in

Figure A.8.

The conductance Gn is given by

Gil = uC[Jm[ep] . (A.21)

and the ratio of the detected voltage to the source voltage for the circuit in Figure

A.7 becomes

Vd C12C11
(A

^  ̂Cs - (C12 + Gil)-f-Gi2 Gil
where Cn = C{i(i2e[£p] - i Im[£p\).

.22)

For the weakly ionized plasma of the Penning discharge, the charge Q is considered

as free and £p ̂  eq- A correction using the drift approximation V_l = E x B/5^

yields a correction factor (Book 1983)

^ = 1 + 367r X 10^ ̂  , (A.23)
£0 -tj
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where p,n is the mass density.

For experimental data reduction the capacitance value for n = 3 was used from

Figure A.8. This value was multiplied by | to account for the probe geometry being

hemispherical - cylindrical rather than purely spherical. The factor | was based on

measurements of the capacitance C\2 and its relation to calculated values of C12

based on the probe geometry.
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APPENDIX B

Microwave Scattering System

A two channel microwave scattering system has been used to study the random

electron density fluctuations of the plasma interior. Figure B.l shows a schematic of

the system used. An input L.O. (local oscillator) signal at u;,- = 14 GHz is coupled

through a 10 dB coupler to a microwave horn and launched into the plasma column.

The linearly polarized wave is launched in the ordinary mode with the wave's electric

fleld vector parallel to the static magnetic field, Bq. The incident wave is weakly

scattered primarily by electrons [Sheffield 1975], with some of the scattered wave

collected by receiving horns A and B. The scattered R.F. (radio frequency) signal

at Us will be a signal centered at Ui with side bands of the spectrum of electron

density fluctuations. By down converting the scattered R.F. signals in mixers A and

B, a low frequency I.F. (intermediate frequency) signal is produced. This I.F. signal

is proportional to the amplitude spectrum of electron density fluctuations. For a

properly calibrated scattering system with known scattering volume and scattering

cross section, the total power of the scattered signal can be directly related to the

level of electron density fluctuations in the plasma.

The important parameters to be measured for a calibrated scattering system are

the characteristics of the various microwave components used and the overall system

noise level. The microwave horns and mixers are the most important components

of the system in Figure B.l. For the microwave horns, the radiation patterns, gains,

and reflection coefficients must be measured. For mixers A and B, the conversion

efficiency of the R.F. signal to the I.F. signal and the frequency response must be
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Figure B.l. Two channel microwave scattering system used for electron density fluctuation mea
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measured. The system's noise level is determined primarily by the high gain ampli

fier used to generate the local oscillator signal and the quality of the diodes used in

mixers A and B.

Three identical horns were constructed for the scattering system. The measured

reflection coefficient for these horns was F = —18 dB ± 0.5 dB at 14 GHz. The

gain of the horns was measured by aligning two horns for maximum reception with

matched polarity and using the Friis transmission equation [Balanis 1982a] is

Pt
GrGt , (Bl)

where Pr is the power delivered to the receiving load, Pt is the input power to the

transmitting horn, Gr and Gt are the directive gain of the receiving and transmitting

horns respectively, and (A/47ri2)^ is the free space loss factor due to the spherical

spread of the radiated energy. The distance R is the separation distance of the

phase centers of the horns and A is the free space wavelength of the radiation.

Using graphical data [Balanis 1975b], the phase center for a horn was determined

to be located approximately at the center of the horn's aperture.

Using a Hewlett Packard 8510 Network Analyzer to measure Pr/Pt and normalize

cable responses, a horn gain of Go = 17.2 dB or 53 was measured at 14 GHz for

i2 = 35 cm and with Go = Gr = Gt- If a 180° section of glass identical to the

glass of the vacuum system was placed in front of the transmitting horn a 1.1 dB

reflection-transmission loss was observed. The horn gain under these condition was

measured to be 16.6 dB or 46.

The radiation pattern of the horns was measured by orienting the horns as in the

gain measurement, and then normalizing so that Pr/Pt = 0 dB. The receiving horn

was then held at constant R and rotated about an axis thrrough the phase center
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of the transmitting horn. The ratio Pt/Pt was then measured in 2.5 and 5.0 degree

increments. Figures B.2 and B.3 show the radiated power pattern in the plane of

the E field, and Figures B.4 and B.5 show the power pattern in the plane of the H

field. Both sets of curves include the effects of a curved section of glass placed in

front of the transmitting horn.

For use in determining the scattering volume, the radiation patterns are charac

terized in terms of a 3 dB beam width; the angle at which the radiated power is

one half its maximum value. For the E plane, 206e = 22° ±1° and for the H plane,

206fc = 27° ± 1°. Since the beam pattern is not symmetric an average beam angle

of 20ft = 24.5° ± 1° is used.

Using the measured radiation patterns and the horn's directivity, the percentage

of the total radiated power which is radiated into the 3 dB beam width can be

determined. Introducing the radiated power density [Balanis, 1975a]

watts = WrT watts/m^ , (B.2)

or

^  . (B-3)

where F(0) is the pattern factor shown in Figures B.2 and B.3 for the E plane and

in Figures B.4 and B.5 for the H plane, and Aq is the peak power. The radiation

intensity is given by

U = r^Wr watts/steradian , (B.4)

and the total radiated power by;

-Prad = / / ̂  ® watts . (B.5)
Jo Jo
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The horn's directivity Dq is defined as

Do = — , (B.6)
^rad

where i7max = -^o- The directivity Dq is related to the gain Gq used in the Friis

transmission equation by

Go = £re [1 - |rn Do , (B.7)

where Ere is the radiating efficiency of the horn.

Rewriting Equation (B.5) and neglecting any back lobes in the radiation pattern,

the total radiation power is given by

r2TT rT/2

Prad = Ao / F(0)sin 0 d0 , (B.8)
Jo Jo

and the power radiated into the 3 dB beam width is

P®, =Ao / F{Q) sin 0 d0 d$ .
Jo Jo

(B.9)

Taking F(Q) to be given by Figure B.3 for the E plane and by Figure B.5 for

the H plane, and performing the integrals in Equations (B.8) and (B.9) numerically

using Simpsons rule, yields

Do =46

^ = 34.1%
rad

and
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Do = 49 (B.12)

> H plane.

(B.13)^ = 48.0%
rad

Averaging the E plane and H plane directivities and power ratios for use as a

symmetric beam yields,

^0 = 47 , (B.14)

and

^=41%. (B.15)
Relating Dq to the value of Go, measured with the effects of the glass section,

through Equation (B.7) gives a radiating efficiency of Sre = 97.7%.

The calibration of mixers A and B is performed with the test arrangement shown

in Figure B.6. The double balanced mixers A and B are both Microwave Associates

model 1119A hybrid orthotee balanced mixers with MA 4901 ER diodes. They are

supplied with local oscillator signals at ujo = 14 GHz of known amplitude. For

testing mixer B, the diodes of mixer A are pumped with an I.F. signal of frequency

uJm. The output R.F. signal of mixer A at wq ± is fed to mixer B and coupled

to an HP 8555A spectrum analyzer. The R.F. signal sent to mixer B is then down

converted to an I.F. signal at which is measured on channel B of the HP 3577

network analyzer (^o = 50 17). By ramping the amplitude of the I.F. signal to

mixer A with u>m held constant, the down conversion loss of mixer B is measured.

In order to eliminate the up conversion loss of mixer A, the power in the sidebands
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of the R.F. signal is measured on the HP 8555A spectrum analyzer. Reversing the

roles of the I.F. signals of mixers A and B and reversing the 10 dB coupler for the

spectrum analyzer allows the down conversion loss of mixer A to be measured. The

mixer's I.F. frequency response is measured with the same set-up as that used for

the amplitude response measurement, except with the I.F. amplitude held constant

and u!m swept over the frequency range of interest. Both measurements should be

done with the E-H tuners properly adjusted for maximum response. These tuners

acts as impedence matching transformers to allow maximum power transfer to or

from the mixers.

Figures B.7 and B.8 show the swept amplitude responses of mixers A and B.

The calibration points are where the power in the sidebands of the R.F. signal is

measured on the HP 8555A spectrum analyzer. The measured down conversion

losses of 9.6 ± 0.2 dB for mixer A and 12.4 ± 0.2 dB for mixer B are valid only

for the L.O. signal level of -|-5.0 dBm. The conversion efficiency of the diodes is

typically a strong function of the L.O. amplitude and frequency.

Figures B.9 and B.IO show the frequency response of mixers A and B for different

R.F. signal levels. The change above 2 MHz is due to an improved match between

the I.F. port of the mixer and the 50 12 port of the network analyzer. The I.F. port

impedance is typically 400 f2, but tends to decrease with higher frequency due to

the contact capacitance in the diode holders of the mixer.

The noise level of the I.F. signal was measured by using a wide band power meter.

A 10 dB difference between an I.F. signal for no plasma and an I.F. with a plasma

was required for acceptable data. Redundant grounding of the scattering system

hardware aids in reducing stray electrostatic pick-up.
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The process of incoherent scattering of an incident microwave beam by random

electron density fluctuations for the system shown in Figure B.l can be described

by the first order Born approximation [Heald and Wharton 1975]. In this approx

imation the scattering is considered sufficiently weak that the incident wave is ot

significantly altered. This implies that w,- ̂  iVcoi where u^o is the cutoff frequency

(uco — i^p), and that the incident electric field is small enough that it does not per

turb the plasma. The perturbed velocity of the electrons due to the incident electric

field Ei, should therefore be much smaller than the electron thermal velocity,

eE-
< Uih . (B.16)

TleUi

The incident electric field is related to the incident power density Pi by

where Zq = is the wave impedence. The incident power density in terms of

the total radiated beam power Prad is

GoF(e)
47ri22 '

where Gq is the directive gain of the antenna as before and ̂ "(0) is the power

pattern factor. Combining Equations (B.16), (B.17) and (B.18) yields the following

criteria for the total radiated beam power,

2  2 2

P,ad < 27rp2 watts (B.19)
ZqGqC

with R the distance from the horn's phase center to the region of interest. For

■Prad — 30 milliwatts, R = 9 cm, Tg = 30 eV, Gq = 46, Zq ~ 377 ohms and uji =

14GHz, Equation (B.19) yields;

3 X 10"^ < 9.8 X 10^ watts. (B.20)
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Within the above limits and with no mode conversion of the incident wave [Sitenko

1965], the incident and scattered waves will satisfy energy and momentum conser

vation. Referring to Figure B.ll, the incident and scattered wave vectors and

corresponding frequencies will satisfy,

k = ks - ki , (B.21)

and

u; = Us — Wi • (B.22)

Using the law of cosines, the magnitude of the wave vector k will be related to the

scattering angle 0s,

= (k] -|- ̂ 5 — 2kski cos 0s) . (B.23)

In the limit u <C c for a; = k • v, where v is the velocity associated with density

fluctuations, then ki ~ ks and

||k||=2||k,|| . (B.24)

Since k is predominantly perpendicular to the static magnetic field Bo, let k —A;j_.

The spectrum of fluctuations given by u in Equation (B.22) will therefore be due

to density fluctuations of wavelength,

" (2 sm(0s/2)) '
where is the wavelength of the incident radiation. The spectrum of fluctuations

measured at a given scattering angle 0s will result from a spread in Aj_ due to the
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finite beam geometry. This spread in Aj. is determined by the spread in 0s of ±06,

where 206 is the averaged 3 dB beam width of the receiving horn.

The differential power density dPs at frequency us scattered into a receiving horn

is related to an average scattering cross section a of the scattering volume given by

[Muzzucato 1977],

dP, = a PiQs dV , (B.26)

where Pi{r) is the incident power density, f^s(r) is the effective solid angle of recep

tion, and dV is the differential scattering volume. The quantities P,(r) and fisC^)

are related to the radiation pattern factor and horn gain Go by

P(r\ -^radGoP'(0<) /Ti '^7'!
- 4x|R, - rp •

and

^  A?GoF(e,) „
- 4,r|R,-rP '

where the vectors and locate the phase centers of the launch and receiving

horns with respect to the center of the scattering volume, and r spans the scattering

voliune. Integrating Equation B.26 over the total scattering volxime, yields the total

power scattered into a receiving horn as a function of the power radiated into the

scattering volume and an average scattering cross section

„  „ f W)F(e.)

The scattered power will contain the spectrum of electron density fluctuations

through the fluctuations of the cross section a. For a magnetized plasma, the

differential scattering cross section of electrons for waves scattered into an element
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of solid angle due to electron density fluctuations is given by [Sitenko 1965],

RICp < Snl >t,Aa, dudil , (B.30)da=^[~
27r \meC uil

where < 8n1 >k,Auj is the density-normalized spectral density of low frequency

electron density fluctuations expressed as a correlation function over the frequency

interval Au. The factors R and are coefficients related to the complex polarization

vector e, the plasma dielectric premittivity tensor £,j and the refractive index 77 of

the plasma. For a uniform plasma with thermal motion and collisions neglected,

,3
T

R =

and

where

and

e =

with

eo = 1;

la (|eoP -

C = e* (4 - iy) e° ,

TjQ sin $0 cos $0ie^

Vo-4 ' Vo sin^ $0 - £3

i£2 n n n r\ , ^^2 Tj^sin $ cos $
cos 0s ; — sm 0s; sm 0s +

4 -£i rj^ — £1 ' 772 sin^ $ — £3

£ij —

£1 —7£2 0

7£2 £1 0
0  0 £3

for

£1 — 1 —
iJc — U!

w:

2  '

£2 = 2  2 'us u^s-^b

(B.31)

(B.32)

(B.33)

,  (B.34)

(B.35)

(B.36)

(B.37)
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and

£3 = 1 - 4 . (B.38)
The superscript and subscript o refer to the incident beam and * denotes the com

plex conjugate. The angle $ is the angle between the incident or scattered wave

vector and the static magnetic field Bq. The factor

=2 \
,2 I ^
Tn =

°  Vm2c2
(B.39)

is the square of the classical electron radius.

For the scattering of an ordinary wave incident at a right angle to Bq, the refrac

tive index r} is given by

= £3 . (B.40)

Neglecting the spread in <j) due to finite beam geometry, the incident and scattered

complex polarization vectors become (<^ = 7r/2)

eo = (1 ; ; 0) , (B.41)

and

e = (cos 05 — ib sin 0s; sin 0s -|- ih cos 0s; 0) , (B.42)

where

b = . (B.43)
£3 - £1

Using Equations (B.40), (B.41), (B.42) and (B.35) through (B.38) and noting u;,- ~

LOs, the factors R and |(^|^ become

^ " (£,(1+62)+2£36)(62+1) '
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and

ICP = [2e2^ + (si — 1)(1 + + [26(£i — 1) + e2(b^ + 1)]^ . (B.45)

These can be combined with the factor {ivi/upY to yield a net polarization-dielectric

factor Fp, which is a function of uip,uji,, and uji,

Fp = 4 • (B.46)
(jJ
P

The factor Fp is plotted in Figure B.12 as a function of u> with LUi = 14 GHz and

for Up = 0.5,3.0 and 5.0 GHz. The factor Fp turns out to be weakly dependent on

Up for the experimental conditions encountered but increases the differential cross

section by 10% to 60% for the relavant range in Ub.

For scattering of a beam oriented in the extraordinary mode with propagation

perpendicular to the static magnetic field, the refractive index rj and polarization

vectors eo and e become,

ri^=si-^ , (B.47)

and

eo = ̂1 ; -i ̂  ' (B.48)
and

e = ( cos 0s - i — sin 0s ; sin 0s + ? — cos 0s ; 0 ) .
\  £2 £2 J

The factors R and |Cp then become

(B.49)

- ̂2
= J ,2,4 (B.50)
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Figure B.12. Polarization-dielectric factor Fp for the ordinary wave propagating perpendicular to
the static magnetic field.
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and

ICIi — 2 + £2 — ef + 2£i +
2 2

2 — 4£i + SeJ + f ~ ~ ̂1)^ n  (B.51)

The polarization-dielectric factor for the extraordinary wave Fpx becomes

Fp, = f—) Rr ICI^ • (B.52)

The factor Fp^ is shown graphically in Figure B.13.

The differential scattering cross section can now be written as,

dcr = Ugrl Fp -^ < 6 nl >1^^^ du dfi . (B.53)
Ztt

The total averaged scattering cross section is determined by integrating Equation

(B.46) over the frequency range Au; = us — Ui and the spread in k, where k = k±

<7 = n^rlFp — / / < Sne{k±,Au))^ > du dO. . (B.54)
Ju Jau/

The integration over u is performed experimentally by passing a detected signal

proportional to P5 through a bandpass filter and then summing in a wide band

detector.

In order to complete the expression for the total scattered power in Equation

(B.29), the volume integral over the scattering volume must be computed. Let

7(05) be given by

_  f F(e,)F(0.) ,
- jy |R, - rp |R. - rp

For sufficiently narrow beam patterns, the scattering volume shown in Figure B.ll

as the intersection of two cones, can be approximated as the volume of intersection
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for two cylinders of radius a at angle 65. Figure B.14 shows the intersection of

two cylinders of radius a at angle ©5. The vectors Rt and locate the phase

centers of the transmitting (launch) horn and the receiving horn respectively. With

Rr located in the x — y plane, Rt along the z axis and r expressed in spherical

coordinates. For the receiving horn's phase center,

Rr — r = —(r sin 0 cos $) x — (r sin 0 sin $) y — (Rq + r cos 0)z, (B.56)

or

|Rr — r|^ = i2o + + 2 Ror cos 0. (B.57)

For the transmitting horn's phase center,

Rf — r = {Rq sin ©s — r sin 0 cos $)x — (r sin 0 sin $) y

+{Ro cos ©s — r cos 0) z (B.58)

or

|R( — r|^ z= R^ -\-r^ — 2i?or(sin ©5 sin 0 cos $ + cos ©5 cos $) , (B.59)

where Rq = |Rt| = |Rr|. Combining Equations (B.57) and (B.59) yields

r'2
|Rt — rp |Rr — r|^ = TZq [ 1 ~ 2 (sin ©s sin 0 cos $ + (cos ©5 — 1) cos 0)

/  1 \— 4 ̂  (sin ©5 sin 0 cos ©^ cos $ — cos ©5 cos^ ^ ~ 2 /

— 2-^ (sin ©5 sin © cos $ + (cos ©5 — 1) cos 0)
Kq

+ ̂  ]. (B.60)

160



cscB.i a^-p sin <#>

/>sin(^

90-9

pcos4>

pcosif) cof9s

Figure B.14. Geometry used for the scattering volume integration.
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Expanding [|R( — rp |Rr — rp] as

1

1 — X
= 1 + X + X + • • • |x| < 1 , (B.61)

for t/Rq < 1, keeping terms of order (r/Ro)^ aJid then converting from spherical

coordinates to cylindrical coordinates yields

2
1 + — sin 05 cos $ + — (cos 05 — 1)2

Rq Ro|Rf-r|2|R,-r|2 R^

4  / 1\ 4+ ̂  ̂sin^ 05 cos ̂  ~ 2y ^ ®5(2 cos 05 — l)zp cos $

+ ̂  ̂COS 05 COS^ 05 - COS 05 + 2^ (B.62)

Keeping only the first three terms of Equation (B.62) and referring to Figure B.12,

the volume integral /(0s) becomes

/(©s) = -^ f [ / [l + -^ sin 05 cos $+-^(cos 05-1)
•^0 Jo Jo Jzi L -"-0 Ro

dzpdpd^, (B.63)

with

2i = p COS $ cot 05 — csc 05 [a^ — p^ sin^ #] (B.64)

and

Z2 = p COS $ cot 05 + CSC 05 [a^ — p^ sin^ $] ̂ . (B.65)

under the restriction that z < Vp, p < rp and 05 < 7r/2, where Xp is the radius of

the plasma column.

Performing the integration of Equation (B.63), yields

anes) = ̂ ^csc ©5 + ̂  [27r(l - cos 05)cot ©s - ̂ (B.66)
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Noting that tan ©j, = a/Ro, Equation (B.66) becomes

16
I(&s) = tan' 01

Kq
csc ©s + tan ©5 ̂27r(l — cos ©s) cot ©s — —^

(B.67)

The expression for the total power scattered into a receiving horn given by Equa

tion (B.29) can be written as

Ps = Pe>A.rlF,NsI{6s)(^^) f < Sn,(kj_, > dw\ , (B.68)
where P©j is the power radiated into the scattering volume, he is the average

electron number density of the scattering volume, Fp is the polarization-dielectric

factor given in Figure B.12 or B.13, and /(©s) is given by Equation (B.67). The

effective solid ajigle of reception for the receiving horn, Qr, is related to the effective

aperture Ae of the recieving horn as

Or ^ . (B.69)
The area Ae is determined by using the average horn directivity Dq and

Ae = ̂Do , (B.70)
47r

to yield Ae = 17.3 cm^. When ratioed to the physical aperture of the horn, this

yields an aperture efficiency of Eap = 45%. An optimum gain horn with a uniform

flare typically has an aperture efficiency of £ap = 50%.

In conclusion. Table B.l lists the important parameters of the two channel mi

crowave scattering system needed for calibrated measurements of the spectrum of

electron density fluctuations.

163



TABLE B.l

IMPORTANT PARAMETERS FOR TWO CHANNEL MICROWAVE SCATTERING SYSTEM

Parameter Symbol Channel

A B

Units

Signal Frequency^ UJi 14.0 14.0 GHz

Scattering Angle 05 30° 75° degrees

Scattered Wavelength A± 4.14 1.67 cm

Spread in Aj. AAx 3.97 0.68 cm

3dB Beam Angle 206 24.5° ± 1° 24.5° ± 1° degrees

Phase Center Location Ro 9.4 9.4 cm

Scattering Volume^ Vols 21.3 11.0 cm^

Pattern Integral /(0s) 1.12 X 10-2 6.60 X 10-2 cm-^

Horn Gain (no glass) Go 53 53

Mixer Loss (+5dBm
L.O.) 9.6±.2 12.4 ± .2 dB

Polarization Factor Fp 0.9 <Fp< 1.6 (Figure B.12)

Input Power^
Radiated Power

Scattering Volume
Power

Pi

Prad

Pe.

+25.0 dBm

+15.0 dBm

+10.0 dBm

^ Ai = 2.14 cm.
^Calculated for the 3dB beam angle.
^Used for Runs AGP through AGS.
'^Classical electron radius ro = 2.818 x 10"^^ cm.

164



APPENDIX C

Miscellaneous Diagnostics

In addition to the capactive probes and microwave scattering system, a number

of other diagnostics were used that require further explanation. These diagnostics

include the ion acoustic grid and magneto-acoustic diagnostics, the retarding po

tential energy analyzer, and the method for determining the integrated power in

the dissipative region of the turbulent energy spectra. The frequency and phase

response of the low frequency coupling network used with the Langmuir probe and

the specifications of the sweeper used with the high frequency network analyzer are

included in this appendix.

Ion Acoustic Grid.

Because of its importance in the stability of drift waves, a concerted effort was

made to measure the ion-ion collision frequency. The ion-ion collision frequency

contributes to viscous damping of ion movement which aids in the damping of drift

waves.

The first attempt to measure the ion-ion collision frequency was to place a grid

in the plasma column in order to launch ion-acoustic waves along the magnetic

field. The spatial dispersion and frequency response of these waves can be used to

determine the collision frequency of ions (Doucet et. al. 1984).

A grid 12 cm. in diameter with 2mm. mesh and 0.5 mm. wire was placed on a

moveable support in the plasma column perpendicular to the static magnetic field

(see Figure 2.1). The grid was biased into ion saturation and then modulated by a

high voltage signal over the frequency range of .5 to 100 kHz. By using either a
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radial or axial Langmuir probe biased in ion saturation, ion acoustic waves launched

by the grid could be detected. This experiment was performed using the Hewlett

Packard 3577 network analyzer and a high voltage amplifier as a transfer function

measurement. A swept measurement was made with the grid close to a sensing

Langmuir probe and then normalized. The grid was then moved axially in one

centimeter increments, and successive amplitude and phase response measurements

were made. Any spatial dispersion of the waves launched, could be detected by the

network analyzer.

Despite the direct measurement procedure of this diagnostic, no consistent data

could be obtained from its use on the Penning discharge. Any waves launched

were damped within 2 cm. of the launch grid. Since the spatial resolution of the

detecting probe was on the order of a centimeter, acceptable data could not be

obtained in the 2 cm. region of the wave. Attempts to produce stronger waves, by

modulating the grid with higher voltage resulted in destablizing the entire plasma

column. Excessive high voltage modulation caused the grid to become alternately

a cathode and an anode. As an anode, the grid becomes a sink to electrons, and

limits the cascading process necessary for plasma production.

These results, although disappointing for the measurement of the ion collision

frequency, confirmed the presence of strong damping of ion acoustic waves in the

Penning discharge plasma.
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Magneto-Acoustic Diagnostic.

The second method used in an attempt to measure the ion collision frequency

was the magneto-acoustic diagnostic. This diagnostic uses an external solenoid

wrapped around the plasma column to excite low frequency oscillations of the axial

magnetic field. By measuring the radial variation of this field, the radial profile of

electron temperature and ion-neutral cross section have been deduced (Frommelt

et. al. 1970), as well as electron density and electron temperature profiles (Brennan

et. al. 1977). The diagnostic can also be extended to current carrying plasmas (Sy

1978), and with sufficient collisionality, used as a heating method (Cross 1970).

Figure C.l shows the initial design of a coil used to excite magneto-acoustic

oscillations. The anode cylinder used in the configuration shown in Figure 2.2 was

slit along its length. Two copper tubes were soldered along each side of the slit and

a section of 50fl cable with its outer insulation removed was slid into each tube.

The center leads of the coaxial cable were joined to complete the circuit. One of

the coaxial cables was connected to a 100 watt R.F. amplifier through an isolation

network. The other cable was connected to a high power 250, load that could be

placed outside the vacuum vessel for the required cooling. A 250 load was used to

increase the current in the coil. In this configuration a 10 to 250 MHz bandwidth

was obtained and a magnetic field of up to 3 gauss produced with no plasma present.

With the broad bandwidth of the single turn coil shown in Figure C.l, the

magneto-acoustic resonance near the ion gyro frequency could be investigated as

well as the MHD resonance for uj ~ (Alexandrov et. al. 1984). The low

frequency resonance effects for uj ~ Ubi will be dominated by ion collisions, with the
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IO-250MHz bandwidth

Figure C.l Anode design for magneto-acoustic diagnostic.
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higher frequency resonance affected by both ion and electron collisions. Experimen

tally, both resonances were observed on the Penning discharge by monitoring the

impedance of the coil. For the configuration shown in Figure C.l, the resonances

were not independent of the direction in which the source oscillator was swept in fre

quency. Near resonance, the impedance of the network would increase significantly

to produce a strong electric field across the slit in the anode. This field would heat

the plasma enough to produce an asymmetric plasma.

In order to shield the plasma from the electric field across the coil gap, a Faraday

shield was constructed. Figure C.2 shows the initial design of a Faraday shield.

This shield was constructed of an anode cylinder with a series of axial slits almost

the length of cylinder that alternately start at opposite ends. This design shielded

the plasma from the stray fields of the coil, but because a closed current path

existed in the shield, the magnetic field induced in the plasma was reduced and the

inductance of the R.F. current loop was increased due to the mutual inductance of

the shield. The bandwidth of the R.F. coil was significantly reduced so that the

higher frequency, MHD resonance could not be detected.

Figure C.3 shows an improved Faraday shield design using an elongated anode

cylinder. By placing the continuous section of the shield far from the current loop,

a minimun R.F. current is induced in the shield. This design was not implemented

due to time and funding limitations.

For the low frequency resonance, the magneto-acoustic diagnostic can be analyzed

using Maxwell's equation and the plasma dielectric tensor. Maxwell's equations can

be written

d¥j
V X B = /zo£o (jp + jo) 5 (C.l)
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Figure C.2. Slit anode design using as Faraday shield for R.F. current loop.

single turn R.F.
current loop
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for reduced tlux linkage.

D.C. Block

R.F. Ground

Figure C.3. Elongated anode cylinder for improved Faraday shield.
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VxE = -—, (C.2)

V • D = po , (C.3)

and

V-B = 0, (C.4)

where jo is the external current density, jp is the current density induced in the

plasma, and po is the external charge density. The electric displacement D is

related to the electric field E through the dielectric tensor,

Di = e.jEj . (C.5)

Using Equation (C.5), Ampere's Law (Equation (C.l)) can be written in the plasma

as

„  1 ao
VxB = --, (C.6)

and Equation (C.3) becomes

V-D = 0, (C.7)

since the external charge is shielded from the plasma. For low frequency excitation

uj ~ tjji, allowing

d  d ^
=  (C.8)

and neglecting oscillations of the plasma dielectric. Equations (C.2), (C.4), (C.6),

and (C.7) form a closed set of equations. The authors mentioned previously, use

the MHD equations (Cross 1970) or the two fluid equations (Frommelt et. al. 1970

171



and Brennan et. al. 1977) to eliminate the current density jp in Equation (C.l) by

solving for the drift velocities and using

jp — ^') •

Letting the quantities E and B vaxy in time,

(C.9)

B = Bq + bz{r)e— tuit Z , (C.IO)

and

E = E{r)e— luit (C.ll)

where bz <C Bo, Equations (C.2) and (C.6) yield a single equation for bz as

d  f re^ dbz \
j- ^ +r6, = 0. C.12dr \u;£^^ dr )

The dielectric tensor component can be obtained from the cartesian tensor by

where ̂  is given by

so that

= 4> ' [Sij] n 1

<f> = —sin <f>x + cos (^y ,

(C.13)

(C.14)

(C.15)

provided £xx = £yy. Adding the ion component to Equation (4.50) allows to be

written as

=i-i
UJ

^ uj'^ - + ivj)
{jjJ + iv^Y - {u + iviY - ul^

(C.16)
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For u! ̂  ub and loh < uipe < ute, Equation (C.16) can be approximated as

e I ~ —
1 + ̂'^

- 1 + 4ueU, ( + i2-^
(C.17)

where is the Alfven velocity given by

yl =
B2

(C.18)
Hariimi

For the low density Penning discharge, the Alfven velocity is quite high; Va — 3x 10®

cm/sec.

If the plasma is radially homogeneous, Equation (C.12) becomes a Bessel equa

tion;
A  Ah.

(C.19)
d  db 2 1 o f rt.
— r — +rk^b2 = 0 ,
dr dr

subject to the boundary conditions

b,{r = a) = 6o ,

db.

dr
r=0 — 0 1

where

UJ
- —

'VI
1 + i

w

- l+4:UeUi ) +i2-^
6i

(C.20)

(C.21)

(C.22)

The solution to Equation (C.19) is the zero order Bessel function of the first kind.

hz{r) ~ Jo{kr) , (C.23)

and the induced magnetic field is given as

6j(r,t) = i2e| exp(-ia;t)
Joyka)
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Hence bz{r,t) will have a maximum for a minimum in Jo(fca). Since k is complex,

and there axe no complex zeros to Jo(ka), will remain finite. If the imaginary

part of k is small, a minimum of Jo(ka) occurs for

|A:a| « ai,02) "3 • • • > (C.25)

where is the i'th real zero of the zero order Bessel function. By considering the

form of k^ in Equation (C.22), ka can be close to a root only for u ~ wj,.

Finally the impedance of the R.F. circuit will change as w —ujbi by an increase

in the inductance of the single turn coil Ls,

Ls=r' (C-26)
Jo

where Iq is the drive current, and $ is the induced flux in the coil given by

$ = 27r /" rbz{r) dr . (C.27)
Jo

In order to complete the integral of Equation (C.27), the radial profile of b^{r) is

usually measured experimentally and the integral done numerically.
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Ion Temperature Measurement.

The ion temperature of the plasma was determined by analyzing the integrated

ion energy distribution curve produced by a retarding potential energy analyzer

(Roth 1969). This analyzer consists of a series of grids that can be swept in voltage,

resulting in a decreasing current flux on a collector electrode. Experimentally, the

analyzer is positioned behind one of the discharge cathodes and allowed to capture

ions that stream along magnetic field lines through a small hole in the cathode.

Figure C.4 shows a sample current-voltage curve produced by the retarding po

tential energy analyzer (RPEA). This curve should always be monotone decreasing

or flat. The flat portion in Figure C.4 arises because the Penning discharge floats at

a high positive potential. Escaping ions fall out of this potential to produce a con

stant current to the analyzer. The retarder voltage at which the collector current

begins decreasing is typically near the discharge anode voltage.

The information containing the ion temperature is actually in the tail of the curve.

Figure C.5 shows the data points sampled graphically from the curve in Figure C.4

to be used for analysis. Here the voltage axis has been shifted. Using these data

points, a software program (Roth et al. 1968) is used to fit to a Maxwellian velocity

distribution. Figure C.6 shows the resulting integrated ion energy distribution for

the best fitting Maxwellian distribution and its temperature.
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Intergrated Ion Energy Distribution
RUN: AGO!

Anode Voltage: 970volts
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Retarding Voltage (volts)

Figure C.4. Current-voltage experimental data curve for retarding potential energy analyzer
(RPEA).
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Figure C.5. Sampled data points points from experimental current-voltage (RPEA) curve.
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Figure C.6. Best Maxwellian fit for sampled data points in Figure C.5.
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Spectral Energy Density Measurement.

The calibrated power spectra illustrated in Appendices H and I were measured

using a Hewlett Packard 3577 Network Anaylzer or Tektronix 7L5 spectrum an

alyzer. The amplitude calibration of these spectra is based on an analysis of the

particular diagnostic used as discussed in Appendices A, B, and C, and a correction

based on the instruments being used for a noise measurement.

The spectral density displayed on a spectrum analyzer is typically in units of watts

per hertz. When used for broadband noise measurements the analyzer's amplitude

response must be normalized for the resolution bandwidth used when making a

given measurement (Hewlett Packard 1974). For signal levels expressed as power in

dB, this correction takes the form,

S'{w) = S{w) — 10 log resolution bandwidth

normalized bandwidth

Hence when using a 1 kHz resolution bandwidth, a factor of 30 dB must be sub

tracted from the analyzer's amplitude response to normalize to a one hertz band

width.

In addition to the correction due to the instrument's resolution bandwidth, a

factor of 2.5 dB must be added to a power spectra when making noise measurements

(Engleson 1984). Since the analyzer is equipped with envelope detectors rather than

true r.m.s detectors, a voltage error of or 1.05 dB is produced for measurements

of a narrow band gaussian process. When a logarithmic display is used, an error of

1.45dB is introduced, since the log of the mean is not the same as the mean of the

log.
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With the power spectra corrected using the above factors and calibrated for a

given diagnostic, the total power over a particular frequency range can be obtained

from

1
Ptot = TT l S{w)dw , (C.29)

Jwi

where S{w) is the displayed spectral density in watts per hertz. When displayed

on a log amplitude versus log frequency format with a straight line power law (see

Figure 2.13), the spectral density has the power law form

— m

S{w) = Si • (C.30)

The frequency wi and amplitude Si are the reference levels for the power law region

with spectral index m, with m defined as

_ 5(n;i)-5(n;2)

"  lOlog(-) •
and S{w) expressed in dB.

The total energy in the dissipative region of the turbulent spectrum (see Figure

2.13) contributes to the turbulent electron collision frequency. Because the transi

tion frequency from the coupling region to the dissipation region is often difficult

to observe from power spectra, an alternative method was used to determine this

frequency. The detected signal from a given diagnostic was band pass filtered and

then measured using a broadband detector. By moving the high pass filter cut-off

frequency and measuring the integrated power spectra as a function of this cut-off

frequency, the transition frequency could be determined.

Figures C.7 and C.8 show the uncalibrated integrated power spectra of various

diagnostic signals as functions of the high pass filter cut-off frequency. The tran-
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sition frequency becomes quite evident by the difference in slope of the integrated

power in the two regions of the spectrum. Although tedious, this procedure proved

necessary for adequate measurement of the low level power in the dissipative region

of the turbulent sepctra and in locating the transition frequency from the coupling

region to the dissipative region.
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Langmuir Probe Coupling Circuit.

The coupling circuit shown in Figure 2.9 was used to allow D.C. biasing of a

Langmuir probe and detection of density fluctuations. A large inductor (7.2 henrys)

was used to isolate the bias network, while two high voltage ceramic capacitors (0.1

microfarads) were used to couple to the fluctuating signal. A Ik-ohm load was

provided for the fluctuating signal. The network had a usable bandwidth of 5kHz

to IMHz. Figure C.9 shows the amplitude and phase response for this network.
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Figure C.9. Amplitude and phase response for Langmuir probe coupling network.
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Oscillator Speciflcaions.

The Hewlett Packard 8510 network analyzer used for electron cyclotron absorp

tion measurements was used with the HP model 8350A sweeper installed with a HP

83592A module. This sweeper is of the YIG tuned type with a usable bandwidth

of 45 MHz to 21 GHz, and a maximum output power of -\-lZdBm. Table C.l lists

the stability and accuracy of this unit when installed with the HP 8510 network

analyzer (Hewlett Packard 1984). The frequency accuracy of this unit was verified

using a cavity frequency meter, type 5814 of PRD Electronics Inc. having a Q of

10,000.

TABLE C.l

ACCURACY AND STABILITY CHARACTERISTICS OF HP 83592A SWEEPER

Accuracy
CW mode ± 5 MHz 2.4-7.0 GHz range
Sweep mode ± 20 MHz

Stability ± 50 kHz with 10% line voltage change
± 100 kHz for 3:1 load SWR
± ICQ kHz with time/lhr warm up
< 8 kHz residual FM peak, 10 kHz band

width
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APPENDIX D

Finite Temperature Dielectric Constant and

Plasma Dispersion Function

This appendix deals with the solution of Equation (4.58) for the finite temperature

dielectric constant of the extraordinary mode wave. Additional terms not given in

Chapter IV are presented here along with the methods used to evaluate the plasma

dispersion function.

The programs FTDF and VDCF are listed for reference. These programs were

run on an HP41CX calculator. Program FTDF calculates the signal attenuation and

phase change for the wave with non zero k^. Program VDCF calculates the wave's

attenuation and phase change from Appleton's Equation with a speed dependent

collision frequency.

Dielectric Constant.

The complex dielectric constant fl for the extraordinary mode wave moving

through a finite temperature plasma with a velocity independent electron collision

frequency is given by the solution of Equation (4.54). For a solution of the extraor

dinary mode wave, it is solved iteratively using Newton's method as Equation (4.58)

with the initial guess for given by for the zero temperature plasma. For very

small collision frequencies, and when lo is close to a;^, the solution of Equation (4.58)

begins to deviate from the zero temperature plasma. Under these conditions the

initial guess of jll(T = 0) is insufficient, and Equation (4.58) is solved by starting

uj far from wj, and then making small steps in u) and using the previous solution of

Equation (4.58) as an initial guess.

185



Equation (4.58) is defined using the tensor components in Equations (4.32) through

(4.36) and written here for reference

'  (4-58)
Gim

where

+£,,(1 + C - 1^) + B + -^

and B,A and C axe given by Equations (4.55), (4.56) axid (4.57), and G'{p?) is

given by

0V) = ̂ . (4.60)

For proper convergence of Equation (4.58) the derivative of Equation (4.59) shoiold

not be approximated. Due to the behavior of the plasma dispersion function Z{^) it

is easy for an approximation to Equation (4.60) to become very large and incorrectly

yield convergence of Equation (4.58). For the results listed in Table 4.1, acceptable

convergence occurs when the signal attenuation computed from a given /i, changes

by 5% or less. Convergence usually occurs within two to six iterations.

Using Equation (4.59) and Equations (4.55) through (4.57), Equation (4.60) can
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be written as,

(f+A) G'{fi') = -{e+A)

+
de.

+ 2

-2

+ 2

+

dfi^

de

1 _ tlM-

xy

dy?

Q&xz

JIJ

2  £

-\— ~ B

z^

2

£xy £yz
^

ft / t.IX

2

-ec
^xx

V  ̂xx

1  1 _|_ ^xz
~ J eTx'y

dn^

de,.

^2 ^yz _|_ ^xy ey,
exx exx

fJ'l1 + C -^-c
r

"'" ,.4 f^x G ) .
H'

(D.l)

The bar over the tensor components has been dropped here. The derivatives of

these tensor components are given by

de.

dê

1 UJ
_ _Z

2 uj

\ W-i)
+

I'+iPi)
UJ + lU + UJb U! + tu — U)b

 _ • ^
dpi^ 2 uj

^  iw
u + iu — ujf, u) + iv — u;^

Pi 1 2

2(jj C uj^

de. w:

dpt^ 2u C'^Ub [/;(/3-i)-/;(A)] ,

(D.2)

(D.3)

(D.4)

(D.5)

and

de I  UJ

dpi

where

^+(/^) Q!^ 4(/^) Q^2 n

(D.6)

(D.7)
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Using the relations in Equations (4.29) and (4.47), and the differential equation in

Equation (D.IO), Equation (D.7) becomes

=  Z0)(l-2fi^)-20 , (D.8)

where ̂  = \/2 0.

Plasma Dispersion Function.

The plasma dispersion function is defined by the integral (Fried and Conte 1961)

ZOT = -^ r /m(/3)>0, (D.9)
J-oo ^ ~ P

and satisfies the differential equation

Z'(/9) =-2|1 +/SZ(/3)] . (D.IO)

For lm{0) < 0, Z{0) is given by

Z{0) = 2iy/^ exY>{-0'^) + Z{0*) Im{0)<Q, (D.ll)

where 0* is the complex conjugate. Equation (D.ll) shows that Z{0) becomes large

for large negative imaginary components of 0.

For Re(0) <0, Z{0) satisfies the following,

Re Z{~0r,0i) = Re Z{0r,0i) , (D.12)

and

Im Z{-0r,0i) = Im Z{0r,0i) , (D.13)
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where 0r and 0i are positive and are the real and imaginary components of the

argument /?.

In the solution of Equation (4.50), the plasma dispersion function Z{^) is com

puted for large arguments using an asymptotic expansion (Swanson 1984) and for

small arguments using a continued fraction (Fried and Conte 1961).

For \l3\ > 10

1^ 1 3 3-5 \=  (1 + ̂  + 2:^ + 2.2.2-/?« + '7
+ iay/Tr exp(—^^) , (D-14)

with

For |y5| < 10,

0  A>0, m>\/3r\

a={ I I3i = 0, \/3i\<\Pr\ (D.15)
2  A<0, |A|>l^r|.

Z{I3) ~ , (D.16)

^3 ~ ̂4

with

ai=/5 , (D.17)

Va„4.i=n(n-^| n = 1, 2,3, • • • , (D.18)

and

bn+i = - + I; + 2n n = 0,1,2, • • • . (D.19)
2
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By noting that

lim = 1 (D.20)
n—oo a„+i

the partial fraction in Equation (D.16) is started by letting the last denominator

be ftfi-j-i 1. Using a value of n — 5 for 1 |/3| 10 and a value of n — 10 for

|/S| < 1 yields excellent agreement with the tabulated values of Z(/?) given by Fried

and Conte [1961].
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Program FTDF.

The following data registers must be initiallized for program FTDF. This pro

gram requires a total of 65 registers. Frequencies are in GHz and distance in meters.

Register 04 is the error in x for stepping in uj and register 05 is the error in x for it

erative calculations in determining the plasma dispersion funcition. The normalized

attenuation and phase shift are in registers 34 and 35.

Register

04 Axi

05 AX2

06 U1

07 Up

08 Ub

09 V

10 i

11 c

12 8

28 Atj (step)

39 d
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eU^LBL "FTDF"
SF 04 SCI 3 PRTOH
6.012 PRREGX PRTOFF

08^161 05
SF 10. XEQ 01. KCL 38,
ST+ 06 RCL 06 RCL 87
X:>Y? GTO 05 STOP
GIG "FTDF"

l^'sVq^si^ SIQ 56 0
STO 53 STG 57
XEQ "EXXYX" XEQ "MUX"
XEQ "PGW" FS? 09
GTG 06 PRTON hDV
34.035 PRREGX PRTGFF

G 02

39MeL 03
RCL 16 STG 14 RCL 17
STG 15 F;CL 36 STU 13

46^LBL 02
XEQ "BETfi"
h0.0S4004
XEQ "BETfll
XEQ "EXXYX
XEQ "EZZ"

XEQ "PDF"
REGMGVE

XEQ "PDF"
XEQ "EXZYZ"

XEQ "MUX"
CF 10 "PDF" PCLPS
"GPMU" GETP XEQ "GMU"
XEQ "GPMU^ "GPMU"
PCLPS "PDF" GETP
RCL 43 RCL 42 RCL 45
RCL 44 XRGM "C/"
ST- 14 XOY ST- 15
RCL 14 STG 16 RCL 15
STU 17 XEQ "POiJ"
RCL 36 RCL 13 - . ,
RCL 86 STO 18 HBo
RCL 05 X<=Y? GTG 02
PRTGN flDV RCL 06 PRX
RCL 84 PRX PRTOFF RTN

99^L8L
RCL 5?
RCL 08
XRGM "C/
STG 20
STG 21
RCL 06
RCL 09
Si+ 13
8t+ 18
X'-2 RCL
STG 00
RCL 19
XRpM "CJ
X < > Y 8 T
RCL 81
XfiuM "IJ*
STG 21

"EXXYX"
RCL"56 RCL 06
+  RCL 09 XOY

STG 18
XOY STG 19
RCL 53 RCL 52
RCL 08 -
XOY XRGM "C/"
ST- 20 XOY
8Tt 21 KCL 07
06 / 2 j'
CHS 0 XOY
RCL 13

1  + STO 13
0  19 RCL 00 0
RCL 20
'  sTg 20 XOY
RTN

EXZYZ"
"0 22 STO 24
G 28 STG 25
- 22 ST+ 24

'3. ST"'" 25
L

158>LBL
RCL 52
RCL 53
RcL 56
RCL 57 ,
-2 8T+ 24 RCL 60
RCL 08 / RCL 11
STG 00 CHS 0 X<
RCL 23 RCL 22
XRpM "C*" STG 22
STO 23 RCL 00 0
RCL 55 RCL 24
XRGM "C*" STG 24
STO 25 RTN

n  f

XOY

XOY

192^LBL "EZZ"
RCL 09 RCL 06 RCL 08
+  RCL 56 1 - RCL 57
X<;>Y XRGM "C*" STG 26
XOY STG 27 RCL 09
RCL 06 RCL 08 -
RCL 52 1 - RCL 53
XOY XRGM "Cs"^ 3t+ 26
XoY 8T+ 27 RcL 60
RCL 08 / .RCL.11 / 0
ftX/Y RCL 27 KCL 26
XRGM "Cs" STO 26 XOY
STG 27 RCL 07 X'-'Z
RCL 06 / 0 XoY
RCL 09 KCL 06
XRGM "C/" ST- 26 XOY
8T- 27 1 ST+ 26 RTN

247KBL "BETA"
RCL 15 RCL 14 2
XRGM "Z''-l/N"

?CL 06
L 09 XOY
06

XRGM "CINV"
RCL 08 + RC
XRGM "Ci" RC_
RCL 11 4 RCL 12 4
SQRT ¤ 0 XOY
XRGM "C/" STG 40
STG 58 XOY STG 41
STG 59 RTN

276^L8L "BETfll"
KCL 09 RCL 06 RCL 08
-. RCL 06 RCL 08 +
RCL 09 X<>Y XROM "C/"
RCL 41 RCL 40
XRGM "Cs" STG 40 XOY
STG 41 RTN

294(>LBL "MUX"
RCL 21 RCL 20 2
XRGM "Z'-N" RCL 19
RCL 18 XRGM "C/ -
RCL 19 RCL 18
XRuM "C+:_ STO 16
sTu 17 RlN

309>l3L "POW".
RcL 17 RcL 16 2
XRQM .XOY.
CH8..8TG 8C' .KCL 06
6.6667 4 RCL 39 *
KCL.10 ./ EsX LOG 10
4  8TO 34 XO^Y 1 +
RCL 39 4 RCL 10 /
RCL 06 4 882 4
STG 35 RTN END

XOY

flBS
4-
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0iHBL "GMU"
RCL 21 RCL 20 kCL ly
RCL 18 XRUM "C/"
RCL 25 RCL 24
XROM "C*" RCL 19
RCL 18 XROM "C-"

RCL 11 * -2 i
KROM "C*"

RCL 10
0  KOY
STO 42
RCL 23
RCL IS
RCL 23

XO? STO 43
"  " "" RCL 15RCL 22
XROtI "C/'
RCL 22

XROM "C«-" 31- 42 XOY
ST- 43 RCL 25 RCL 24
RCL 19 RCL 18
X^OM "C/" RCL 25
RCL 24 XROM "C*"
RCL 11 X"'2 0 XOY
XROM "C*" 3T+ 42 XOY
ST+ 43 RCL 47 STO 35
RCL 46 STO 34 RCL 17
RCL 16 RCL 15 CMS
RCL 14 CHS XROM "C/"
RCL n x-'-s 1 + +
RCL 27 RCL 26
XROM "C*" 3T+ 42 XOY
3T+ 43 RCL 10 X-^2 0
XOY RCL 17 RCL 16
XROM "C*" ST+ 42 XOY
ST+ 43 RCL 25 RCL 26
RCL 15 rCl 14
yonM "0/" oriXRUM RlL 25
RCL 24
STO 60
RCL 23
RCL 14
RC!- 2'"

XROM "C*"
XOY STO 61
RCL 22 RCL 15
XROM "C/"
PP!

X^SM'^"Ci" sft 60 XOY
ST+ 61 RCL 60 ST+ 42
RCL 61 ST+ 43 RCL 10
RCL 11 * 2 ^ 0 XOY
RCL 23 RCL 22
XBOM "C*" STO 32 XOY
SiO 33 RCL 27 RCL 26
RCL 11 X^2 0 XOY
XROM "Cs" RCl 33
RCL 32 XROM "C+"
RCL 19 RCL 18
XROM "C/" RCL 10 X'^2
+  STO 44 X</Y STO 45
XOY XROM "CINV"
RCL 43 RCL 42
XRUM "C*" RCL 19
RCL 18 XROM "C/"
STO 32 XOY STO 33
RCl 45 RCL 44 RCL 15
RCL 14 XROM "C*"
ST- 42 XOY ST- 43 -1
ST* 44 ST* 45 RTN END

01^LBL "UPMU"
RCL 59 RCL 58 2
XROM "2'"N" 0 ENTER'^
-2 XROM "C*" 1 +
RCL 55 RCL 54
XROM "C*" STO 28 XoY
STO 29 RCL 59 „RcL 5a„
0  ENTER'" 2 XROM "C*"
ST- 23 XOY ST- 29
RCL 59 RCL 58 RCL 15

xi[5M'"^C*"*''"sto 28 XOY
STO 29 RCL 41 RCL 40^^
2  XROM "2'"N" 3 ENTER-"
-2 XROM "C*" 1 +
RCL 51 RCL 50
XROM "C*" STO 30„ XOY
STO 31 RCL 41 ^rCL40„
0  ENTER" 2 XROM "C*"
ST- 30 XOY ST- 31 ^
RCL 41 RCL 40 RCL 15
RCL 14 XROM "C/" 0
ENTERS ^5 X:R0M "C*"
RCL 31 RCL 30
XROM "C*" STU 30 XOY
STO 31

82^LBL "PEXX"
RCL 29 RCL 28 RCL 06
RCL 08 + RCL 09 XOY
XRQM "C/" STO 40CT" Xi>Y sty 4f

49 RtL 31 RCL 30
RCL 08 -
XOY .XROM "C/"
Sf- 48 XoY

.  ST- 49 RCL 07
X"2 .RCL,06 2^.,/
STO 00 CHS ST* 4i'
ST* 46 RCL 00 0
RCL 49 RCL 48
XROM "C*" STO 48 XOY
STO 49

127^lBL 'JPEXZL'
KCL 31 KCL 30 RcL 29
RCL 23 XROM "C-"
RCL 60 RCL 08 /
RCL 11 / STO 00 CHS
0  XOY XROM "C*"
STO 50 XOY STO 51

ST. ..
RCL 06
RCL 0?
ST + 46
sT + 41'

146^LBL "PEfi"
RCL 29 RcL 28 RCL 3l
RCL 30 XROM "C+"
RCL 00 0 XROM "C*"
STO 52 XOY STO 53

i58>LBL "PEZ2"
RCL 09 RCL 06 KCL 08
-  RCL 30 1 - RcL 31
XOY XROM "C*" STO 54
XOY STO =

*kiL Dl-iRyL 06 i^CL 08.,+ ..
RCL 28 1 - KCL 29
XOY XROM "C*" ST+
XOY ST+ 55 KCL 00
RCL 11 '' RCL 08 /
ST* 54 ST* 55

54
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"QPXX'.' _
RCL yS' RlL oZ RCL 45
RCL 44 XROM "C*"
STO 00 XOY STO 01
RCL 23 RCL 22 RCL 10
RCL 11 * 2 * 0 XOY
XMM *C^t" kCL 35
RCL 34 XROM "C-"
RCL 19 RCL 18
XROM "C/" ST+ 00 XOY
3T+ 01 RCL 27 RCL 26
RCL 15 RCL 14
XRQM "C/" .CHS RCL, 10
X'^2 + 8Ty 02 X<;>Y
CHS STO 03 RCL 21 ,
RCL 20 RCL 19 RCL 13
XROM "C/" 2 , XROM VN"
CHS 1 + X\>Y CHS
XOY RCL 03 RCL 02
XROM "C*" RCL 01
RCL 00 XROM "C+"
KCL 47 RCL 46
XRuM "C^t" ST+ 44 XOY
ST+ 45

"GPXY"
RCL 20 RCL 19
XMM "C/"
RCL 02

STO 00 XOY
RCL 25 RCL 24
RCL IS

RCL 10
*  CHS 0 XOY

RCL 01
XROM "C+"
RCL 48

0  ENTER-" 2
ST+ 44 XOY

258^LBL
RCL 2i
rCl 18
RcL 03
XROM "C*
STO 01
RCL 19
XROM "C/
RCL 11
XROM "C*
RCL 00
RCL 49
XROM "C*
XROM "Cit
ST+ 45

295>LBL "GPXZ"
RCL 33 RCL 32 1 -
RCL 10 RCL 11 it 0
XOY XROM "C*" STO 00
XOY STO 01 RCL 23
RCL 22 RCL 15 RCL 14
XROM "C/" ST- 00 XOY
ST- 01 RiCL 23 RCL 22
RCL 19 RCL is
XROM "C/" RCL 01
RCL 00 XROM "C+"
RCL 51 RCL 50
XROM "Cit" 0 ENTER'" 2
XROM "C*" ST- 44 XOY
ST- 45

335>LBL
25RCL
0X"2

STO 00
RCL 25
RCL 14
ST+ 00
RCL 21
RCL 11
XROM "C*
RCL 00
RQL 19
X^.OM "C/
RCL 52
ENTER'"
ST+ 44

"GPYZ"
RCL 24 RCL 10
XOY XROM "C*"
XOY STO 01
RQL 24 RCL 15
XfiOM "C/"
XOY ST+ 01
RCL 20 RCL 10
*  0 XOY

RCL 01
XROM "C+"
RCL 18

nn RCL 53
XROM "Cit" 0
2  XROM "Cit"
XOY ST+ 45

378^LBL "GPZZ" ^
RCL 33 RCL 32 KCL 11
X'"2 CHS 0 XOY
XRuM "Cit" STO 00 XOY
STO 01 RCL 17 CHS
RCL 16 CHS RCL 15
RCL 14 XROM "C/"
STO 02 XOY STO 03
XOY RCL 01 RCL 80
XROM "C+" 1 + RCL 11
X-"2 + RCL 55 RCL 54
XROM "Cit" STt 44 XOY
ST+ 45 RCL 03 kCL 02
RCL 15 RCL 14
XROM "C/" RCl 27
RCL 26 XROM "C*"
ST- 44 XOY ST- 45
RCL 61 RCL 60 RcL 15
RCL 14 XROM "C/"
RCL 15 RCL 14
XROM "C/" ST-_44 XOY
ST- 45 RTN .hND.
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Program VDCF.

The following data registers must be initialized for program VDCF. This program

requires a total of 38 data registers. Frequencies are in GHz and distance is in

meters. The waves normalized attenuation and phase shift are in registers 34 and

35. The zero speed exponent case is run by setting register 11 to zero. Register 38

is the frequency step in GHz.

Register

06 Lj 31 d

07 Up

08 Uh 38 Au

09 (i/)

11 A,

12 ah

13 Xh

14 A,

15 an
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01^LBL "VDCF"
PRTOH. 7.016 .PRREGX
RCL 36 3T0 06

.07KBL 01
RlL 06 RuL 03 -
RCL 09 / hBS X=0?
GTO 04 LOG 3TG 17
KEQ "GHK" GTQ 05

20>LBL 04.
1.0 t~05 oTO 17
KEQ "GHK"

24>LBL 05
RCL 22 CHS RCL 20 2
KkOM "Z'-N" RCL 21 K"2
-  KROM "CINV" STO 24

i  STO 25 K<>V'
RCL 22 CHS RCL 20
KROM "C*" RCL 07 K'^Z
RCL 06 0 K<l>V
KROM "C*" . CHS 1 +KROM "C*" CHS 1
vTO 2$ K<>V CHS
sTii 5/STO 2?

56^LBL 02
RCL 25 RCL 24 RCL 21
RCL 06 / RCL 07 K"^2
*  0 KOY KROM "Ci" 2
KROM "Z:'N" CHS. KOY
CHS KOY RCL 27
kCL 26 KROM "C/"
RCL 27 RCL 26
KROM "C+" 2
KROM "Z'M/N" STO 33
Ki7'''--HBS .CHS STp 32
RCL 06 o.s / rlL 3^
* .2 * RCL 31 * E'^K
LOU ly * STO 34 1.0
RCL 33 + RuL 31 *
RCL 06 * 332 *
STO 35

llll^LBL 03
r'RTUN 6.006 PRREGK
34.035 PRREGK PRTOFF
RCL 37. RcL.06. K/Y?
STuP RCL 33 3T+ 0b
GTO 01

125^LBL "GHK"
RCL 11 K=0? GTO "GHND"
KCL 17 RcL 13 +
KCL 12 * KEQ "THNH"
CHS 1 + RCL 11 i 1
+  sTO 13 RCL 06 ^
STO.20 .RCL IS RCL 08
*  3T0 21 RCL 17
KCL 16 - RCL 15 *
KEQ "TFINH" 1 - RCL 14
*  1 + STO 19 RCL 09
*  STO 22 RTN

167^LBL "TflNH:
3T0 30 E 'n KCL 30 CHS
E"K - RCL 30 f'KK
KCL 30 CHS E'CK + /
RTN

182^LBL "GHND"
RCL 06 STO 20 RCL 03
3Tp 21_ RCL 09 STO 22
RTN .hND.
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APPENDIX E

High Voltage R.F. Transformer

A two stage R.F. transformer circuit was constructed to provide a high voltage

R.F. signal for plasma heating and perturbation experiments. Two 1 to 4 impedance

ratio transformers were cascaded to yield a 1 to 16 impedance step-up network with

a 1 to 4 voltage gain. Using a 100 watt wide band amplifier (Amplifier Research

lOOAL) with a swept oscillator for the voltage source, R.F. voltages of up to 300

volts over the frequency range of 10 kHz to 20 MHz could be produced.

Figure E.l shows the construction layout of the R.F. transformer circuit and

load. The basic winding design was taken from Ruthroff [1959]. The first stage

transformer was constructed using two J4613 toroids (Magnetics Inc.) and seven

turns of a 22 gauge bifilar winding. The second stage transformer was constructed

of one J4613 toroid, one P4613 toroid and seven turns of a 22 gauge bifilar winding.

All toroids had dimensions of 61 mm O.D., 44 mm I.D. and 13 mm in height. The J

material toroids have a measured relative permeability of — 5000 for frequencies

below 300 KHz. The P material toroid has a slightly larger relative permeability.

Both transformers were fiush mounted to a copper plate with a heat sink grease to

improve thermal contact. The copper plate served as both a ground and heat sink.

The transformers and input connector were mounted as close together as possible

in order to reduce stray capacitance and inductive effects.

The output of the second stage transformer was connected to a load constructed

of 6 each lOOfi and 2 each 50fl low inductance carbon resistors. The plasma, which

is a high impedance, was coupled off in shunt to the 7001) resistor bank through
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LOAD
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To Plasma
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Ground Plane and

Heat Sink

Figure E.l. High voltage R.F. transformer and load.
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two high voltage ceramic capacitors which served as a D.C. voltage block.

Figure E.2 shows a transmission line circuit model for the two stage transformer

network. The bifilar windings on the toroids form transmission line sections of

approximately 53 cm. in length. The swept oscillator and power amplifier are rep

resented by the voltage source Vg with impedance Rg = 50f2.

For the circuit in Figure E.2, maximum power will be transmitted to the load

Zl when the impedances of the successive stages match, or Rg = Zu^Zti = Zi2,

and Zt2 = ZI. In order to determine the input and output impedances of a given

transformer stage the transmission line equations must be analyzed.

The equations for the first stage transformer can be written as:

Vg-{h+l2)Rg-V,=Q , (E.l)

~ (-^1 + l2)Rg + ̂2 — l2Zi2 = 0 , (E.2)

V\ — V2 coshT^ — hZax sinhT^ = 0 , (E.3)

and

I\ — /2 cosh — V'2/Zoi sinhT£ = 0 , (E.4)

where Zqi is the characteristic impedance of the bifilar transmission line of length

£ and propagation constant T. The propagation constant T can be expressed in

terms of a series resistance i2, series inductance T, shunt conductance G, and shunt

capacitance C of the transmission line [Lio 1980],

T = yJiR+juL) / {G+juC) . (E.5)

In Equation (E.5) u is the radian frequency where a; = 27r /.
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1| +l2

—  Zi

- V, +|f|,

'4— _ + -*<1

^tl ^i2 ■12

^oul

Figure E.2. Transmission line circuit model for two stage transformer.
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In the limit

R <C ujL and G •< uiC .

The propagation constant T becomes

(E.6)

1
(E.7)

which can be expressed in terms of the attenuation constant a and phase constant

/? as

T = a+j/3, (E.8)

where

(E.9)

and

0 = . (E.IO)

The characteristic impedance of a transmission line can also be expressed in terms

of the line's circuit parameters as

Zo =
R + juL

G + jijjC
(E.ll)

which can be approximated as

^^1 /_R G_
2 \jujL jujC

(E.12)

or
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(E.13)

The inductance L used above is the series inductance due to the turns on the toroid

of large /Xr. The capacitance C will be the capacitance of adjacent wires of the

bifilar windings and the series resistance R will be principally due to losses in the

ferromagnetic material of the toroid. This resistance can be expressed as the sum

of three parts as given by the Legg equation [Soohoo 1960],

Rf = HrL[ep + + cf] , (E.14)

where is the relative permeability of the toroid, L is the self inductance of the

windings and the toroid core, Btaa.x is the maximum flux density in the core at

frequency / and e, a, and c are constants. If the copper losses of the winding are

small, the terms on the right of Equation (E.14) represent respectively the eddy

current, the hysteresis, and the residual losses of the core.

Returning now to the circuit Equations (E.l) through (E.4), the input and output

impedance of the first stage transformer can be written as

Zi2 coshT^i + Zoi sinhT^i
Z (Eii — Zoi

and

= Zoi

2Zoi{l + coshT^i) + Zi2 sinhT^i

2Zi2{l + coshT^i) + Zoi sinhT^i

.15)

(E.16)
Zoi cosh Tfi + Zi2 sinh T^i

The input and output impedances of the second stage transformer can be written

by letting Zoi —*• Zo2i Zi2 —* Rl and T£i —> T^2 in Equations (E.15) and (E.16).

The output power of the first stage, is given by

Pol = 1/2 r ̂.2 , (E.17)
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or

P. = t?(l + coshT£.)'2.^ ^
R<,Zi2+zl,

Zol
sinh^ T£[2Rg(l + coshT^i) + Zi2 coshT^i]^ +

In considering the lossless network where a = 0, [RuthrofF 1959] shows that by

setting
HP.

= 0,
dRi

L=o

where Rl is Zi2 above, the transformer is matched when Rl = 4:Rg for the single

stage network. The optimum value of Zoi is then determined by minimizing the

coefficient of sinh^ in Equation (E.18), which yields Zoi = 2Rg.

Extending the above to the second stage, it follows that maximum power is

transferred for the lossless two stage transformer when

Zoi = 2Rg , (E.19)

Zo2 = SRg , (E.20)

and

Zl = 16Rg . (E.21)

Hence for a 50fi generator impedance, the two stage transformer should be termi

nated in an SOOfi load with the characteristic impedances of the successive stage

being Zoi = lOOfl, and Zo2 = 4001).

By using a Hewlett Packard 3577 Network Analyzer the small signal voltage gain

and phase of the two stage transformer was measured with an 8 resistor 7001) load.

This measurement is shown in Figure E.3. A voltage gain of 4 is shown for much of
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Figure E.3. Voltage gain and phase for two stage transformer.
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the bandwidth with a resonance occuring near 10 MHz. The large bandwidth and

1 to 4 voltage gain shown in Figure E.3 are encouraging but are accompanied by a

large reflection coefficient F over much of the bandwidth. This is shown in Figure

E.4, which is the measured reflection coefficient of the two stage transformer. The

large reflection coefficient is due in part to a change in Zi with frequency and the

values of Zo\ and Zo2- Figure E.5 shows the measured load impedance Zi, used for

the two stage network.

The characteristic impedances Zqi and Zo2 and the propagation factors T£i and

T^2 of the two transformers cannot be measured directly. However, referring to

Equation (E.15), the open circuit impedance of the first stage transformer is deter

mined by letting Z,2 —> oo and is given by

^oci = ZoicothTli . (E.22)

The short circuit impedance for the first stage transformer is similarly determined

by letting Z,2 0 and is given by

_  _ sinhT^i

"  ■" 2(l+coshTQ ■
Taking the ratio,

Zoci _ 2coshTfi(l-i-coshT^i)
Zsci sinh^ T£i '

and using identities for the hyperbolic functions, is given by.

(E.24)

T^i = 2 arc sinh

Taking the product.

^ (1 Zocl -
2 U Z,ci ,

-_i
2

(E.25)

r, ry ryl COshT^l
~  ° 2(1 + cosh T^i) '
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Figure E.4. Reflection coefficient magnitude and phase for two stage transformer with load.
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Figure E.5. Load impedance Zl used with two stage transformer.
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and using the value of T^i determined by Equation (E.25) the characteristic impe-

dence Zoi is given by,

Zol = 2ZocZsc ( 1 +
cosh T^i

(E.27)

By measuring the open and short circuit impedances of each stage independently,

the characteristic impedances Zoi, Z02 and propagation factors T^i and T^2 can be

determined. Using an HP 3577 network analyzer, the measured values of the open

circuit impedance Zoc\ and short circuit impedence Z^ci of the first stage trans

former are shown in Figures E.6 and E.7. The measured values of the open circuit

impedance Zoc2 and short circuit impedance Z3C2 of the second stage transformer

are shown in Figures E.8 cmd E.9. Although measurements are shown down to

10 kHz, considerable loss in dynamic range of the HP 3577 network analyzer oc

curs below 50 kHz. Measurements of the low frequency portion of the short circuit

impedance are the most critical in terms of this loss in dyanamic range. Averag

ing and graphical smoothing were used with Figures E.7 and E.9 to improve data

resolution.

Using a six term series representation for the arcsinh function [Abramowitz and

Stegun 1972],

•wx 1 3 1-3 ^5 1-3-5 7arcsmhf^) ~ z z -| Z z
^  ̂ 2-3 2-4-5 2-4-6-7

1•3-5-7 9 1•3-5-7-9 „
^ 2-4-6 •8-9 ~ 2 •4-6-8 • 10-11 ^ 28)
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Figure E.6. Open circuit impedance Zoci for first stage transformer.
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Figure E.7. Short circuit impedance Z,ci for first stage transformer.
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Figure E.8. Open circuit impedance Zoc2 of second stage transformer.
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Figure E.9. Short circuit impedance Zac2 of second stage transformer.
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and

1 1 1-3 1 1-3-5 1
~ Ln z H 1 —

2-2 22 2-4-4 2-i-e-6 z^

1-3-5-7 1 1-3-5-7-9 1

2-4-6-8-8 ' 2® ̂  2-4-6-8-10-10 ' 2I0 ^ 29)
in Equation (E.25), the propagation factors for the two transformer stages were

computed using the data in Figures E.6 through E.9. Figures E.IO and E.ll show

the calculated values of the propagation constants. Using these values and Equation

(E.27), the characteristic line impedance for the two transformer stages are calcu

lated. Figures E.12 and E.13 show the calculated values of Zoi and Z02 respectively.

With the propagation constants T£i and T^2 known, along with the character

istic impedances Zoi and Z02, the input impedance of the two stage network can

be calculated. Using the measured value of the load impedance Zl (Figure E.5)

and the calculated values of Z02 and T^2 the input impedance Zn is calculated.

Figure E.14 shows the measured value of the input impedance of the network, and

Figure E.15 shows the calculated value of the input impedance where Zin = Zn.

Visual comparison of Figures E.14 and E.15 show reasonable agreement between

the measured behavior of the network and the calculated behavior for frequencies

below 20 MHz.
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Figure E.IO, Calculated value of the propagation factor yLi of the first stage transformer.
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Figure E.ll. Calculated value of the propagation factor 7L2 of second stage transformer.
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Figure E.12. Calculated value of the characteristic impedance Zq\ of the first stage transformer.
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Figure E.13. Calculated value of the characteristic impedance Z02 of second stage transformer.
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APPENDIX F

Axial Electron Beam in the Penning Discharge

The axial potential well illustrated in Figure 2.11 for trapped electrons in the

Penning discharge gives rise to the formation of two interpenetrating axial beams of

electrons. Electrons emitted by the cathode or generated by an ionization process

in the sheath region will be accelerated by the axial electric field of the discharge.

If the collision frequency for these electrons is an inverse power of the electron's

velocity, electrons above some critical velocity will "run away" and be accelerated

to a high velocity (Miyamoto 1980 and Alexandrov et.al. 1984).

In a completely ionized plasma, Coulomb collisions will initially dominate. The

collision frequency for Coulomb collisions is proportional to v~^ and can result in

"run away" electrons at moderate electric fields. For the weakly ionized plasma

of the Penning discharge, the electron-neutral collision frequency is typically much

larger than the electron-electron Coulomb collision frequency. Although electrons

in the weakly ionized Penning discharge will not "run away", a fraction of the

background electron population will be accelerated above the thermal velocity by

the axial electric field near the cathodes. It is these electrons that tend to gen

erate beam-plasma instabilities such as the two stream instability or ion acoustic

turbulence.

Since accelerated electrons will typically lose energy in exciting an instability, an

upper limit to the number of electrons accelerated by the axial electric field can

be estimated by considering the equation of motion for electrons moving along the
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magnetic field and damped by electron-neutral collisions,

^ = — E{x) - UenU . (F.l)
dT TTX^

Here the x axis is chosen to lie along the static magnetic field. For the weakly ion

ized Penning discharge, electron-neutral collisions will initially provide the damping

and the electron-neutral collision frequency shown in Figure 2.1 will dominate.

Figure F.l shows the axial variation of the plasma floating potential, electron

number density and electron temperature for Run AGO-2. In order to determine

the number density of a beam of electrons produced by the axial electric field.

Equation (F.l) must be solved taking into account the axial variation of the electric

field, the local number density, the local electron temperature, and the velocity

dependence of the electron-neutral collision frequency. Equation (F.l) is solved by

curve fitting the parameters in Figure 2.1 and Figure F.l and then using a fourth

order accurate Runge-Kutta scheme (Abramowitz and Stegan 1971).

The electron-neutral collision frequency in Figure 2.1 is fitted to a cubic equation

as

I/en = [Po X 10'] Hz , (F.2)

where

and

^ = Log (fe • 10') , (F.3)

g{0 = -0.028 e' + 0.135 -b 0.391 ̂  + 0.5 . (F.4)

In these expressions, Pq is the background pressure of the neutral helium gas in

Torr, which is taken as constant along the discharge, and is the axially directed
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energy of accelerated electrons. This energy Se in eV is given (for x in meters/sec.)

by,

= 2.85 X 10"^^ eV , (F.5)

The discharge parameters shown in Figure F.2 are curve fitted to the following

expressions with the first 2 cm from the cathode neglected,

= 875 - 40.15exp(-9.146a:) V , (F.6)

Te(x) = 14.5[0.8 + 2.215exp(-52.2 a:)] eV , (F.7)

and

n,(x) = 4.7 X 10®[1.03 + 0.642exp(-14.55 x)] #/cm^ , (F.8)

for X in meters. The curves for these equations are shown in Figure F.l.

Figure F.2 shows contour curves of the electron energy for solutions of Equa

tion (F.l) using a Runge-Kutta scheme with the curve fitted parameters described

above. Electrons are being accelerated to the right with electrons having low initial

energy being rapidly accelerated, and high energy electrons being weakly acceler

ated. The electron's energy tends to saturate and then drop off as electron motion

is continually damped by electron-neutral collisions.

Figure F.3 shows the saturated electron energy as a function of distance. Figure

F.3 also shows the initial electron energy on a given contour which equals the final

energy at x = 50 cm as a function of distance. The local beam density is calculated

using this second curve and considers the following. If the beam density is assumed

small, and an approximately Maxwellian distribution of background
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Figure F.2. Electron energy curves for electrons accelerated by the axial electric field and damped
by electron-neutral collisions in Run AGO-2.
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electrons exist, the local beam density ni is given as

r".- / ,.2

or

n,(x) = \n,(x)Erf \ , (F.IO)
where the upper limit Ui is given by

Ui = [2.85 X 10"^^]"^ m/sec . (F.ll)

Figure F.4 shows the solution of Equation (F.IO) for Run AGO-2. Using a trape

zoidal rule, the result in Figure F.4 is spacially integrated and normalized to give

the net beam density at x = 50 cm of nj, = 0.23 rTg, where Tie = 4.7 x 10®/cm^.

221



"b

RUN AGO-20.4

0.2

15 20 25 30 35

Axial Distance from Cattiode (cm.)

Figure F.4. Curve of the local beam density of axially accelerated electrons based on the £",■ = Sj
curve in Figure F.3.

222



APPENDIX G

Finite Ion Gyro Radius Effects on the E x B Drift Velocity

The finite gryoradius motion of ions moving through a variable perpendicular

electric field gives rise to distinct differences between the ion and electron E x B

drift velocities. These differences can enhance the growth of drift and velocity shear

instabilities.

Figure G.l shows the unperturbed orbit of an ion moving in crossed electric and

magnetic fields. If the electric and magnetic fields are constant in space, the drift

velocity of the ion is given by (Chen, F.F. 1987)

E X B
VexS = „2 • (G.l)

-°o

If the electric field varies in space, it is clear that the drift velocity will vary as

the ion moves through its orbit. Solving the equation of motion,

V=^|E + VxB], (G.2)

for an electric field that varies as

E = Eo cos (kx) X , (G.3)

Chen [1987] shows that for kp 1 the correction to Equation (G.l) is given by

1  2 2^ E X BVexB = (^1 + 4 P V'j • (G.4)

This result agrees with the earlier fluid result of Rosenbluth [1963], except for a

factor of i instead of the j in Equation (0.4).
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Figure G.l. Geometry used for considering the effect of finite ion gyro radius on the E x B drift
velocity. The z component of velocity is neglected here.
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Using a slightly different proceedure, Knon et al. [1987] derives a correction factor

of the form

Vexb = Mfk) , (G.5)
■Oo

where Jo(pk) is the zero order Bessel function. When Equation (G.5) is averaged

over a Maxwellian velocity distribution, this correction becomes (Knorr et al. [1987])

VexS = exp(-p^^^) loip'^P) ^-^2™ ' (^-6)
-°o

or

1  ,2 7,2- E X BVexB = exp(- - P k ) , (G.7)

depending on the form of the particle orbit trajectory used (see Knorr et al. [1987]

for details), and Io{p^k^) is the zero order modified Bessel function.

The results in Equations (G.6) and (G.7) differ little for small gyro orbits, pk 1.

However, these results indicate a decrease in the drift velocity due to gyro orbit

effects while Equation (G.4) gives an increase in the drift velocity.

For ion motion in a Penning discharge, the previous results are applicable for

weak potential gradients in the interior of the plasma, or fields due to a drift wave.

However, near the anode of a Penning discharge, strong radial electric fields occur.

Consider the orbit shown in Figure G.l as an ion orbit in a plasma sheath with the

orbit center located a distance Xq from the anode boundary. The sheath potential

near the anode is given approximately by (Seshadri 1973)

$ = exp , (G.8)

where = Uanode- The electric field for this potential is given by

E(^) = ^ exp (^) i . (G.9)
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The equation of motion for ions with the effects of a velocity independent collision

frequency can be written

V = ± [E + V X B] - I/. V . (G.IO)
M

For a variable electric field in the x direction and a static magnetic field Bo in the

z direction, the x and y components of Equation (G.IO) become

Vx = -^biVy + ViVx + ̂  E{x) X , (G.ll)

and

Vy = uibt Vy + I/,- Vy y . (G.12)

Taking the time derivative of Equations (G.ll) and (G.12) and rearranging, yields

(J ^ ̂
Vx = UJbi + ̂iVx + ̂bxl^iVy ± — X , (G.13)

JVl

and

= (^6. + ̂1) Vy - '^ViVy + y . (G.14)
.oo

In order to consider the average drift motion of ions in the y direction, the y

component of the ion velocity is written in terms of an oscillatory part and a drift

part

Vy = Vy -\r Vd . (G.15)

If the electric field in Equation (G.14) is constant in space, the correction to the

E X B drift velocity due to ion collisions is given by

u;?. ExB , _ ,
= ̂2 . ^2 y • (G-16)
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Hence the presence of collisions tends to decrease the average drift velocity of ions.

For no collisions, but a non uniform electric field of the form given by Equation

(G.9), Equation (G.14) becomes

^' y + + ̂bi ̂  exp = 0 , (G.17)
where ^. If the x position of the ion is taken to be given by the unperturbed

ion orbits as:

X = xq + p COS (ujbit) , (G.18)

then Equation (G.17) becomes

Vy+'^li ̂ y+'^li ̂  exp cos = 0 , (G.19)

with Eq = Eyj exp Averaging Equation (G.14) over a gyro orbit so that

Vy = 0, yields
^  f2ir / \

^ ̂ y ' (g.20)
Solving the integral in Equation (G.20) yields

^, = I /. (^) . (G.21)
where Io(x) is the modified Bessel function. This result retains the property that

as p —> 0, the drift velocity reduces to the drift velocity at x = a;o.

The result in Equation (G.21) can be averaged over a Maxwellian distribution of

gyro radii p by considering the Maxwellian velocity distribution,

f(v±)dv± = — exp dv± . (G.22)
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If the drift velocity is averaged over all gyro radii for all ions with radii at a selected

position, then

(^y) = ̂  ̂ (^) ' (^-23)
or

(^y) = § f h ~ n (G.24)B Jo yujbi^dj vth

Making a change in variables allows Equation (G.24) to be written as

=I (^) L *" (t (^)
where pi = ̂  and n — The upper limit is truncated in this manner to

accommodate only particles that do not strike the anode boundary.

In order to complete the integral of Equation (G.25), the modified Bessel function

/o(^) is expanded as

loiz) ~ 1 + 1 ̂2 ^ ̂  J ^

and

loiz) ~ -= z>l . (G.27)

Equation (G.25) can be written as

';2/ / I i 1 c2_2

^-p("5
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where 6 = S'lid the limits are set as

a = n

b = n

n<zo , (G.29)

or

a = zq

h = n

The factor zq is a solution of

n > Zq , (G.30)

which can be solved iteratively by the secant method or Newton's method to yield

20 = 1.827 . (G.32)

The first integral of Equation (G.28) can be solved analytically and the second

integrated numerically.

The results of Equation (G.28) can be combined with the result in Equation

(G.16) for an approximation to the combined effects of ion collisions and a non-

uniform radial electric field on the E x B drift motion of ions,

{vy) ̂  I3„ —2 , (G.33)
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with

and

-1

1 + (G.34)

/3.l> = 1 - exp

(G.35)

The factor 0sh is plotted in Figure G.2 for a range of parameters relavent to the

Penning discharge. Figure G.2 shows that the factor 13ah can be greater or less than

unity, yet the result in Equation (G.35) retains the property:

lim ^,h = 1
p-*0

Provided that the sheath profile and group velocity of an E x B drift velocity can

be measured, these results provide a means for estimating the ion collision frequency

in a plasma sheath.
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APPENDIX H

Experimental Data for i/g// Scaling

This appendix presents the experimental data used in Chapter V and summarized

in Tables 5.2 through 5.6. These data include the following:

1. Radial profiles of the plasma number density, electron temperature and

plasma floating potential from Langmuir probe data.

2. Microwave absorption data for the extraordinary mode wave near the upper-

hybrid resonance.

3. Calibrated power spectra at two radial positions of electrostatic potential

fluctuations sampled by capacitive probes.

4. Calibrated power spectra of electron density fluctuations detected by the

microwave scattering system at two scattering angles.

5. Calibrated power spectra of electron and ion density fluctuations detected

by a biased Langmuir probe.

For Runs AGN-1 and AGO-2 axial profiles of the plasma number density, electron

temperature and floating potential are presented. These runs were made under

conditions suitable for an axial probe to produce minimum perturbation of the

discharge parameters.
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Figure H.2. Microwave absorption data for the extraordinary mode wave at the upper hybrid
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local electron temperature for Run AGS-1.
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Figure H.4. Calibrated power spectra of electron density fluctuations detected by the microwave
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Figure H.5. Calibrated power spectra of electron and ion density fluctuations detected by a biased
Langmuir probe for Run AGS-1.
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local electron temperature for Run AGR-1.
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Figure H.9. Calibrated power spectra of electron density fluctuations detected by the microwave
scattering system for Run AGR-1.
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Figure H.IO. Calibrated ptower spectra of electron and ion density fluctuations detected by a
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Figure H.20. Calibrated power spectra of electron density fluctuations detected by the microwave
scattering system for Run AGN-1.
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Figure H.23. Calibrated power spectra of electrostatic potential fluctuations normalized to the
local electron temperature for Run AGP-3.
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Figure H.24. Calibrated power spectra of electron density fluctuations detected by the microwave
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Figure H.25. Calibrated power spectra of electron and ion density fluctuations detected by a
biased Langmuir probe for Run AGP-3.
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Figure H.27. Microwave absorption data for the extraordinary mode wave at the upper hybrid
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Figure H.28. Calibrated power spectra of electrostatic potential fluctuations normalized to the
local electron temperature for Run AGP-2.
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Figure H.29. Calibrated power spectra of electron density fluctuations detected by the microwave
scattering system for Run AGP-2.

261



-13

RUN AGP-2

Electron Density
Fluctuations

R = 5 cm.

20Log

10 dB/ div

10 100

Frequency (kHz)
1000

RUN AGP-2

Ion Density

Fluctuotions

R = 5 cm.

20 Log

10 dB/div

f\

10 100
Frequency (kHz)

1000

Figure H.30. Calibrated power spectra of electron and ion density fluctuations detected by a
biased Langmuir probe for Run AGP-2.
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Figure H.34. Calibrated power spectra of electrostatic potential fluctuations normalized to the
local electron temperature for Run AGO-2.
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Figure H.35. Radial profile of the electron number density, electron temperature and plasma
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Figure H.36. Microwave absorption data for the extraordinary mode wave at the upper hybrid
resonance for Run AGP-1.
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Figure H.37. Calibrated power spectra of electrostatic px>tential fluctuations normalized to the
local electron temperature for Run AGP-1.
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Figure H.38. Calibrated ptower spectra of electron density fluctuations detected by the microwave
scattering system for Run AGP-1.
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Figure H.39. Calibrated power spectra of electron and ion density fluctuations detected by a
biased Langmuir probe for Run AGP-1.
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Figure H.41. Microwave absorption data for the extrsiordinary mode wave at the upper hybrid
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Figure H.42. Calibrated power spectra of electrostatic potential fluctuations normalized to the
local electron temperature for Run AGQ-1.
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Figure H.43. Calibrated power spectra of electron density fluctuations detected by the microwave
scattering system for Run AGQ-1.
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Figure H.44. Calibrated power spectra of electron and ion density fluctuations detected by a
biased Langmuir probe for Run AGQ-1.
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APPENDIX I

Experimental Data Illustrating the Enhancement of u^/f

The following appendix lists the data discussed in Chapter V for the collisional

drift instability. These data include radial profiles of the electron number density,

electron temperature and plasma floating potential; and electrostatic potential fluc

tuation spectra for Runs AGU-1, AGU-2, AGV-1, and AGV-2. These data runs

were taken on the experimental system shown in Figure 2.3 with the elongated an

ode cylinder. Except for the microwave absorption data, these data were taken in

the same manner as the data presented in Appendix H.

The microwave absorption data for these runs were taken using two capacitive

probes located at the midplane and displaced azimuthally 180°. These probes were

each inserted one centimeter into the plasma. The source probe was coupled to

the HP 8510 Network Analyzer through a 40dB gain amplifier for isolation and to

accommodate the large reflection coefficient of the small probes. The receiving probe

was D.C. isolated from the network analyzer with a high voltage dual capacitor B.C.

block. When used in this manner with a high frequency signal, the capacitive probes

behaved as small monopole antennae (Balanis 1982a). The electric field detected

by two antennae oriented in this manner will still be perpendicular to the static

magnetic field and subject to collisional broadening at the upper hybrid resonance.

The run numbers with a —2 had the level of electrostatic potential fluctuations

enhanced by the application of a high voltage R.F. signal applied to the anode

cylinder. Using the transformer network discussed in Appendix E and an Amplifier

Research lOOL broadband R.F. amplifier, a sine wave perturbation at 12 MHz was
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coupled to the anode cylinder. For Run AGU-2 a 75 volt, 0.6 ampere signal with

a 41° current-voltage phase lag was applied, and for Run AGV-2 a 70 volt, 0.18

ampere signal with a 58° current-voltage phase lag was applied.
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Figure 1.10. Calibrated electrostatic potential fluctuation sp>ectra at R =6cm., 5cm. and 4cm. for
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Figure 1.13. Calibrated electrostatic potential fluctuation sjjectra at R =6cm., 5cm. and 4cm. for
Run AGV-2.
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Figure 1.14. Calibrated electrostatic p>otential fluctuation spectra at R =3cm. and 2cm. for Run
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Figure 1.15. Comparison of calibrated electrostatic potential fluctuation spectra for Runs AGV-1
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Figure 1.17. Phase spectra of the difference in phase between ion density fluctuations and elec
trostatic potential fluctuations for Runs AGV-1 and AGV-2 at R =4cm.
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