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0. Introduction.

The concept of prime 1deal, which arises in the theory

of rings as a generalizatibn of the concept of prime number in
the ring of integers, plays a highly important role in that theory,
as might be expected from the central position occupied by the
primes in arithmetic. In the present paper, the concept 1is de-
fined for ideals in semigroups, the simplest of the algebraic
systems of single composition, and some analogies and differences
between the ring and semigroup theories are brought out. We make
only occasional references to ring theory, however; a reader ac-
quainted with that theory will perceive its relation to our
theorems without difficulty, and a reader unacquainted with it
will find that the logical development of our results is entirely
independent of 1it.

Our first section 1is a collection of definitions of
basic terms and well known theorems concerning semigroups. The
second 1s devoted to a few theorems on divisors of identity ele-
ments, and the third to zero divisors. 1In the fourth, we intro-
duce prime ideals, and discuss their unions, intersections, and
products. The fifth section concerns prime ideals in semigroups
with i1dentity elements, and in the sixth we consider relations
between prime ideals and maximal ideals.

Throughout the paper we have occasion to consider
"one-sided" concepts. It will be clear that any theorem in-
volving such notions may be converted into another of the same
truth-value by interchanging throughout the words "left" and

"right."



l, Preliminaries.

We shell avail ourselves of thes standard terminology
and notation of the theory of sets, with which we assume the
reader to be acquainted. In particular, we shall use capital
Roman letters to denote sets, small Roman letters for their
elements, small Greek letters for mappings, € for the rela-
tion of elementhood, < for inclusion, < for proper inclu-
sion, « for union ( = class sum = set-theoretic sum), n for
intersectlon, and ﬁ for the null set; when all sets under
discussion are subsets of some set S , we shall denote by
C(A) the complement of A with respect to 8 . The symbol
= will be used both for a relation between sets and for a re-
lation between elements: A = B will mean thdt both A € B
and B € A, and a =b will mean that a and b are the
same element; i1t may be noted that equality (logical identity)
of elements may cften be replaced by an equi&alence relation,‘
or at least by a regular1 equivalence, but we shall not advert
to this fact in the sequel. We also assume that the reader 1s
familliar with such ordinary algebralc notions as that of arith-

metical congruence, denoted by = .

1For definition and properties of regular equivalence
relations, see Paul Dubreil, Algebre, v. I (Paris: Gauthler-
Villars, 1946), p. B8O, PFor an axlomatic treatment of semi-
groups in which an eﬂuivalénce relation replaces equality,
see H. S. Vandiver, "The Elements of a theory of abstract
discrete Semi-groups,” Vierteljahrsschrift der Naturforschenden
Gesellschaft in Zurich, 85 (1940), pp. 71-86.




3

Definition 1.1. A semigfoug 1s a system consisting of a non-

empty set & and a single-valued binary associative operation
which asscclates with each ordered pair of elements of S an
unique element of S . Ordinarily, we shall call this oper-

ation multiplication, and call the element associated with an

ordered pair of elements a, b their Efoduct, written a-b

or ab. In this notation, the associativity of the operation

is described by the equality a(bc) = (ab)e for all elements

a, b, c of 8 . If ab = ba we say that the elements a

and b commute with each other; if ab = ba for all elements

a, b €S , we call S a commutative semigroup. Occasionally

we may find it convenient to write a + b instead of ab, in
which case we speak of an additive instead of a multiplica-
tive semigroup, but we shall do so only when referring to com-
mutative semigroups. The ggggg of a semigroup is the cardinal
number of its set of elements.

A few well-known examples of semigroups may be men-
tioned: (1) all integers, under addition or under multiplica-
tion; (2) the positive integers greater than some fixed inte-
ger k , under addition or under multiplication; (3} all
real functions on a given interval (finite or infinite) under

multiplication, the product fg of two such functions‘being

"

27t will be convenient to use the notation "a,b ¢ S

as an abbreviation for "a € S and b ¢ ST, .

3No confusion need arise from the use of S to denote
the semigroup as well as the set of all its elements.
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defined to be the function whose value at any point a of
the given interval is f(a)<g(a); (4) the integers under mul-
tiplication modulo n ; (5) all m X n matrices (for fixed
m and n) over an arbitrér& ring; under matrix ;ddition;

(6) all square matrices of order n over an arbitrary ring,
under matrix multiplication; (7} all single-valued mappings
of a set E 1into 1tself, under iteration (L.e., consecutive
performance of mappingsf; The first five‘éf these are ex-
amples of commutative semigroups; the first three are examples
of infinite semigroups, and the fourth of a finite semigroup;
(S)Mand‘(s) are finite if the ring is finite, otherwise in-
finite; and (7) is finite if the set E 1is finite, otherwise
infinite. Additional examples will be found in the Appendix,
which is a 1list, compiled by K. S. Carman, J. C. Harden, and
E. E. Posey, of all semigroups of orders less than five; we
shall refer to thése semigroups by number, semigroup m.n being

th in the 1list of semigroups of order m .

the n
If a subset Si' of a semigroup S 1s itself a semi-
group under the defining operation in S , Sl will be called

a subsemigroup of S . Since associativity holds throughout

S , it holds in S} , and a necessary and sufficient condition
that a subset S; of S be a subsemigroup of S is that §;
be closed tinder the multipliéstion defined in 8 . If Sy 1is
a subsemigroup of S and S © 8, we shall say that 8; 1is
a proper subsemigroup of S . Clearly, if S5, is a subsemi-

group of S; and S; 1s a subsemigroup of S then Sp is a
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subsemigroup of S . Thus, in Example (2) above, the even
integers in the semigroup form a subSemigfoup regardieés of
whether addition or multiplication is chosen as the defining
operation, while the odd integers form a subsemigroup under
multiplication but not under addition; and the entire semi-
group (2), in turn, under either operation 1s a subsemigroup
of (1) under the same operation. The other examples listed
above also contain noteworthy subsémigroupsé the continuous
functions on the interval are a subsemigroup of (3); the in-
tegral multiples of dk, where d 1s a divisor of n , are
a subsemigroup of (43; the matrix all of whose elements are
zero constitutes by itself a subsemigroup of (5); the non-
singular matrices in (6) form a subsemigroup, and the singu-
lar matrices form another; in (7) the one-to-one mappings con-
stitute a subsem.igroup° ]

It is obvious that the intersection of an arbitrary
coilection of Subsemigroups of a semigroup S 1s empty or a
subsemigroup of S . But the union of subsemigroups need
not be a subsemigroup; for example, in the additive semigroup
of integers modulo 6, 1if S1 consists of the multiples of 2,

and 8, of the multiples of 3, then 2 + 3 =5 ¢ Sy v S .

Definition l.2. In a semigroup S , an element e such

that ex = x for every x € S8 1s called a left identity

element of S . Dually, an element f such that xf = x for

every x € S is called a right identity element of S . If e
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is both a left identity element and a right identity element
of S, i.6., iIf xe = ex = x forall x € S, then e 1s

called a two-sided identity element gg S , or simply an

identity element of S . A semigroup S may have any num-

ber of left (or of right) identity elements; but if it has

at least one left identiéy element e and at least oneArighf
identity element f then e = ef = f , whence S has an
unique two-sided identity element and no other left or right

identity element.

Definition 1l.3. 1In a semigroup 8 , an element y such that

yx =y for every x € S 1is called a left zero element? of

S , and an elemént 2z such that X% = 2 for evéry x € S

is called a right zero element of S . If x2 = zx = 2 for

every x € S , so that =z 1s both a left and a right zero

element of S , then z 1is called a two-sided zero elemeént,

or simply a zero element, of S . A semigroup S may have

any number of left (or of right) zero elements, but if it has
a left zero element y and a right zero element Z then
y = yz =12 , whence S has an unique two-sided zero element

and no other left or right zero elemeéent.

Definition 1.4. An element a of a semigroup S 1is said

to be idempotent if a° =a . If a, b € S and aB =b ,

4Some writers prefer the term annihilator or annulator
instead of "zero element," presumably to avoid confusion with
the identity element of an additive semigroup. Cf. Vandiver,
op. cit., p. 76.




where n 1s a positive 1nteger,5 then a 1s called an
nth root of b ; the roots of a two-sided zero element of
S are called nilpotent elements. An idempotent element a

th root of a for every positive integer

i1s obviously an n
n . The square roots of a left or right identity element of

'S are often called involutory elements. Clearly, all left

and right identity elements, and all left and right zero

elements, are idempotent, and the former are involutory.

Definition 1.5. If a and b are elements of a semigroup

S, and if there exists an element x € § Such that ax =b ,

then a 1s said to be a left divisor of b ; if ya = b for

some y € S, then a 1s said to be a right divisor of b ;

if a 1s both a left and a right divisor of b , it is called
a two-sided divisor of b ., If a 1s a left divisor of every

element of S , we may call 1t a universal left divisor of S ;

universal right divisors and universal two-sided divisors of
S are defined similarly. If a # b # x and ax = b ,
we say that a 1is a propertleft divisor of b ; proper right
divisors and proper two-sided divisors are defined similarly.
Every left (right) identity element of S 1s of course a

th

universal left (right) divisor of 8 , and any n root

(n > 1) of an elemént b 1s a two-sided divisor of b (in

5Posit1ve\1ntegra1 powers of an element of a semigroup
are defined in the usual way (bl = b; b0 = bbn'l for n» 1) and
obey the rules YUbR = pr+n = pip® gnd (bM)N = bmn, each.of
which can be derived from closure and associativity by an easy
inductive argument. Non-integral exponents and integral non-
positive exponents are not defined for elements of general
semigroups.
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particular, any idempotent element is a two-sided divisor of
itself). If S8 contains a right (left) identity element e
then every element a € S 1is a left (righti divisor of it-
‘'self, for ae = a (ea = a). But in the absence of the appro-
priate identity eleﬁents, én element need not divide itself.
For example, in No. 4.68 there are two right identity elements
(1 and 2), which of course are universal right divisors of the
semigroup, and each is a two-sided divisor of itself since
each is idempotent; but neither is a left divisor of the other.
The element 3 1in this semigroup is idempotent (in fact, it

is a two-sided zero element) and hence is a two-éided divisor
of itself. But the semigroﬁp has no left identity element,

and the element 4 , although a left divisor of itself, is

not a right divisor of itself. It may be remarked that an ele-
ment (such as 4 in No. 4.44) may be a two-sided divisor of

itself without being 1dempotent.

Definition 1.6. The usual definition of group may be formu-

lated in our present terminology as follows: a group G 1is
a éemigroup containing a left identity element e of which

every element of G 1s a right divisor. Under these condi-

tions it follows readily® that e 1s a (necessarily unique)

-

SFor a neat proof, see Hans Zassenhaus, Lehrbuch der
Gruppentheorie, v. I (Leipzig u. Berlin: Teubner, 1937 ),
P. 2. [English translation, The Theory of Groups (New York:
Chelsea, 1949), same page .}
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two-sided identity element of G and that for each a € G

there 1s an unique inverse element a~l such that

a a =aa = e . An equivalent definition7 states that a
group G 1is a semigroup in which, for arbitrary a, b € G ,
the equations ax = b and ya = b are solvable; the unique-~
ness of the solutions 1s easily provéd. In our present termi-
nology the latter definition may be stated thus: a group 1is

a semigroup in which each element is a two-sided divisor of
every element. We note that a group cannot contain either a
left or a right zero element, and that its only idempotent
element is the identity. Commutative'groups are ugually re-
ferred to as abelian. If a group G 1is a‘subsemigroup of a
semigroup S , we shall say that G 1s a subgroup of S .

In any group the cancellation laws hold: ax = ay implies

X =Yy , and Xa = ya Iimplies x = y ; conversely, a finite
semigroup in which both cancellation laws hold is a group,8
but this need not be true for infinite semigroups (3.5., the

multiplicative semigroup of all positive integers);

-

Definition 1.7. The product AB of non-empty subsets A

and B of a semigroup S 1is defined to be the set of all

elements ab , where a € A and b € B . It is almost an

"The equivalence of these definitions was first noted
by E. V. Huntington, "Simplified definition of a group," Bull.
Amer. Math. Soc. 8 (1901-2), pp. 296-300. A proof is given
in Zassenhaus, op. cit., p. 3.

8For a proof, see Zéssenhaus, loc. cit.
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immediate consequenceg of the associativity of the multiplica-
tion of elements defined in S that the multiplication of
subsets is associative: A(BC) = (AB)C . The following rules
of calculation, which we shali use cénStantly, we shall list
without proof:iC® (1) if Ao A end By S B, then
A1B; & AB ; (2) 1f M 1is any class of subsets then
A*Hwﬁ = "l.J,mAM, (3) ‘A'”f"iﬁM 1 “Qmm « The inclusion re-

lation in (3) is not in general reversible.11

Definition l.8. 1In terms of multiplication of subSets, sub-

semigroups of a semigroup S may be characterized as non-
empty subsets A such that A% & A . If the stronger con-
dition AS & A is satisfied, A 1s called a right ideal of

S ;if SA &S A then A is called a left ideal of S ; if

A 1is both a right and a left ideal of S it is called a

two-sided ideal of S . If A 1is a two-sided ideal of S

then SAS = (SA)S € AS & A . Conversely, if SAS € A and
S has a left 1éent1ty element e then AS = eAS © SAS € A ,
so that A 1is a right ideal of S ; dually, if S has a right

gA detailed proof is giveén in W. A. Rutledge's Univer-
sity of Tennessee Master's Thesis, Normality in Semigroups,
1948, p. 4. 4

10pop proofs, see Dubreil, op. cit., p. 31l.

114 finite example in which the left-hand side of the
inclusion is empty while the right-hand side is not may be
found in No. 4.49; it is discussed in detail in K. S. Carman's
University of Tennessee Master's Thesis, Semigroup Ideals, .
1949, p. 1l1l. An example in which both sides are non-empty
is given by Dubreil, op. cit., p. 32.
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identity element and SAS @ A then A 1is a left ideal of
S ; hence if S has a two-sided identity element and
SAS € A then A 1is a two-sided ideal of S . But, in the
abserice of appropriate identity elements, SAS € A need not
imply either SA € A or AS & A . For example, in the

12 45 exhibited

commutative semigroup whose multiplicaéion table
below, let A be the subset [1 2 3 4] . Then
SAS = 524 =T[1245]-[1234)=1"[14] € A ; but

AS = SA=[1245) ¢4 .

o I B N I O

O N N = R ™ I W
O N S = Y i
(S NN O - I A T N

4 5
4 4
4 4
4 4
1 1
1 1
1 1

0o L and | Y o> o (2}

However, it should be noticed that, for an arbitrary non-

empty subset A of S , the subsets SA », AS , and SAS

are respectively left, right, and two-sided ideals of S .
Any left (right) zero element of S is evidently con-

tained in every left (fight)‘ideal of S , and hence in every

12mnis semigroup was found in J. C. Harden's Univer-
sity of Tennessee Master's Thesis, Direct and Semidirect
Products of Semigroups, 1949, p. 1l4. It 1is the direct
product (a term we shall define later) of Nos. 2.1 and 3.2.
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two-sided 1deal; any two-sided zero element therefore 1lies
in every ideal. 1Indeed, a left (right, two-sided) zero ele-
ment 1s itself a right (left, two-sided) ideal; aﬁd any left
(right, two-sided) ideal consisting of a single element is
a right (left, two-sided) zero element.

We cite without pfoof13

the following well-known and
fundamental theorems concerning ideals, of which we shall
make constant use: (1) the product of two left (right, two-
sided) ideals of S 1s a left (right, two-sided)'ideal of S
[this'statement can obviously be extended to theAproduct of
any finite set of left (right, two-sided) ideals, taken in
any orderl; (2) if L 1is a left ideal and R a right ideal
of S, then LR 1s a two-sided ideal of S , but RL need
be neither a left nor a right ideal of S (cf. No. 4.64);
(3) the intersection of any collection of left (right, two-
sided) ideals of S 1is either the null set or é left (right,
two-sided) ideal of S , but the intersection of a leff ideal
and a right ideal need not be an ideal (cf. No. 4.111); (4)
the intersection of any finite collectibn of two-sideé i&eéls
of S 1s a two-sided 1deal of S , and furthermore the in-
tersection contains all the products obtained by multiplying

all the ideals in the collection in any order; (5) the union

13These results are easily obtained. Perhaps the
least obvious is the fact that (even in the absence of a
zero element) the intersection of a finite collection of
two-sided ideals 1s non-empty; a detailed proof may be
found in Carman, op. cit., p. 13.
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of any collection of left (right, two-sided) ideals of S

is a left (right, two-sided) ideal of S . ’That (4) fails
if the finiteness condition be dropped is shown by fhe fol-
lowing example: 1let S Dbe the additive semigroup of all
positive integers, and let A, be the set of integers greater
than k¥ (k=1, 2, . . .); then each A, 1s a two-sided
ideal of S , but &LAk = @ . Furthermore, (4) need not
hold for one-sided ideals, for left (right) 1déals may be
disjoint (cf. no. 4.66); however, 1t follows from (2) that
1f S contains at least one left ideal L and at least

one right ideal R then S contains at ieast one two-sided
ideal, and since RL € L A R it follows that every left
1deal intersects every right ideal.

The principal left ideal generated by an elément

b € S 1is the ideal Sb ; if S contains a left identity
element e , then b = eb € Sb , but in the absence of a
left identity element we may have b ¢ Sb (for example,
the principal ideal generated by 2 1in the ﬁultiplicative

semigroup of even integers). Dually, the principal right

ideal generated by b 1is defined to be bS ; and if S

contains a right identity element then b € bS . We also

define the principal two-sided ideal generated by b to be

SbS , which contains b if S contains a two-sided identity

element.

Definition 1.9. A subset A of a set M 1is said to be

maximal in M with respect to a property P if A is




14
not a proper subset of any proper subset of M having prop-
erty P . Thus, A 1is a maximal subsemigroup (subgroup,
ideal) of a semigroup S if A € B € S , where B 1is a

subsemigroup {subgroup, ideal) of S , implies B =S .

Definition 1.10. If a 1is an element of a semigroup S ,

and if, for all x, y € S, ax = ay Implies x =y , then

a 1s sald to be left cancellable in S ; dually, if xa = ya

necessarily implies x = y:,. a 1s right cancellable in S .

A cancellable element is one which 1s both left and right can-

cellable. We have already remarked (Definition 1.6) that if
every element of a finite semigroup S 1is cancellable then

S 1s a group.

2. Divisors of identity.

We proceed now to a few theorems on left and right
divisors of left and right identity elements. 1In most cases

we shall state only one of each pair of dual théorems°

Theorem 2.l. f e 1is elther a left identity element or a

Pt

right identity element of a semigroup S , and if b 1is a

root of e , then the left divisors of b form a subsemi-

group of S .
Proof. Iet c¢x =dy = b . By hypothesis, bl = e

for some positive integer n 2 2 ;'for if b =e then

b2 = 92 =6 . Now

(cd)(ybn-lx) = c(dy)bn'lx = ¢bb?"1x = cbx = cex . But if
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o

e 1s a left identity element then cex = c{ex) = cx
and 1f e 1s a right identity element then

cex = (ce)x = cx =b . Hence, in either case,
(cd)(ybn-lx) = b, whence cd 1is a left divisor of b .

By left-right duvuality, the right divisors of a left
or right identity element b form a semigroﬁp; and since
the set of two-sided divisors of b 1is just the intersec-
tion of the semigroups of left and of right divisors, the
two-sided divisors also constitute a semigroup.

~In particular (and this is the case in which we are
most interested) the left (right, two-sided) divisors of a
left or right identity element constitute a‘subsemigroup
of S .

We remark that while in a commutative semigroup the
jdempotent elements (and, more generally, the elements a
such that a = a , where n is a fixed positive integer)
constitute a subsemigroup, this need not be the case in a”
non-cqmmutative semigroup. For example, in No. 4.113 the
elements 1, 2, and 4 are idempotent, while 3 1s not,

but 42 =3 .

Theorem 2.2. If a semigroup S contains at least one left

1dentity element, then all left identity elements of §

have a common set D of left divisors, and D 1is exactlz

the set of all universal left divisors of § . Furthermore,

D 1is a semigroup and contains as a subsemigroup the set E
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of all left identity elements of S ; the set of left identity

elements of D 1s just E , which is also the set of all idem-

potent elements in D .

Proof. Let e be a left identity element of S , let
dx = e , and let s € S . Then d(xs) = (dx)s = es = s ,
whence d 1s a left divisor‘of theyarﬁitrérynelement s ,
and hence 1s a universal left divisor of S . It 1s trivial
that, conversely, any universal left divisor of’ S 1s a left
divisor of the arbitrary left 1dentity element e . By Theorem
2.1, D 1s a semigroup; and since any left identity element 7
1s a left divisor of itself, E & D . But 1f e and f are
left identity elements of S then ef = f ¢ E , whence E
is a subsemigroup of D . Let ¢ ©be a left i1dentity element
of D, let d € D, let e € E, and let s € 8 ; then
dx = e for some x € S . Now

c(es) = ces = c(dx)s = (cd)(xs) = d(xs) = (dx)s = es = s ,

cs
whence ¢ 1s a left identity element of‘”S”, }_ﬁ_e_.; c € B ;
the converse is trivial. Hence BE 1s the set of all left
1dentity elements of D . Finally, if d € D and s € S
then dx = s for some‘ x { S ; hence 1if d2w= d “we’have

s = dx = d°x = d(dx) = ds , whence d € E . Conversely,

every element of E’ 1s idempotent, so we conclude that E

1s the set of all ldempotent elements of D .

Corollary. A commutative semigroup S has an identity ele-

ment if and only if S contains at least one universal
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divisor. If S has an identity element e , the divisors of

e are just the universal divisors of S , and they form a

subsemigroup of S .

Proof. An identity element of S 1is itself a univer-
sal divisor of S « GConversely, 1f d 1s a universal divisor
of S , then d divides itself, so that dc = d for some
c € S ; and iIf s € S then xd = s for some x € S .

Now sc = (xd)ec = x(dc) = xd = s , whence c¢ 1is an identity
element of the commﬁtaéive semigroup S . The rest of the

Corollary follows immediately from Theorem 202.

Theorem 2.35. The left cancellable elements of a semigroup S

form a semigroup, of which the right divisors of any left iden-

tity element of S constitute a subsemigroup.

Proof. Let a and b Dbe left cancellable elements of
S . Then, for any x, y € S, ax = ay and bx = by each
imply x =y . Hence (ab)x = (ab)y implies a(bx) = a(by) ,
which by hypothesis implieé bx = By , and this impiies x =“y .
Hence the left cancellable elements of S form a semigroup
C . If e 1s a left identity element of S , the right
divisors of e are left cancellable in S ; for if sd = e
and x, y € S then if dx = dy we have
Xx = ex = (sd)x = s(dx) = s(dy) = (sd)y = ey = y , whence d
is left cancellable. ’But, byATheorem 2.1, the right divisors

of e form a semigroup, and hence a subsemigroup of C .
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No. 4.65 assures us that the right divisors of a left
1dentity element may be a proper subsemigroup of the left can-
cellable elements, for here the only left identity element 1s
3 , and its only right divisors are 3 and 4 , but every
element of the semigroup 1s left cancellable.

We remark that i1f a semigroup S contalns a left
1dentity element and a right cancellable element then the
left 1dentity element 1s unique. For, 1f e and f are
left identity elements and a 1s fight cancellable in S ,

then ea = a = fa , whence e = f .

Corollary. In a finite commutative semigroup S , the can-

cellable elements form a group C ; and if S has an 1den-

tity element e then the divisors of e form a subgroup

of C .
Proof. Since C 1s a finite semigroup (by Theorem
2.3) in which the cancellation laws hold, C 1s a éroupo

But, as 1s well known,14

any subsamigroup of a finite group
1s a subgroup. Hence, by Theorem 2.3, the divisors of e
constitute a subgroup of C .

We shall improve upon the second’half of this Corollary

shortly, by showing that even in a non-commutative finite

semigroup the right divisors of any left identity element

14See, for example, Garrett Birkhoff and Saunders
MacLane, A Survey of Modern Algebra (New York: Macmillan,
1941), p. 143, -
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form a group. But before proceeding to this and other theorems
on divisors of identity in finite semigroups we present a theo-
rem of Rees,15 which we shall find useful and which may be of
some interest on its own account. We have added slight embel-
lishments to the theorem, and we give a new and quite detailed

proof. We first adopt

Definition 2.1. A semigroup all of whose elements are posi-

tive integral powers of some element b 1is called a cyclic
semigroup. If all the elements in the infinite sequence Db,
b2, b5, « « o« are distinct, then the correspondence bl et

between the elements of the semigroup b, b2, bs, . +« « and

the additive semigroup of positive integers i1s an isomorphism,

for blvd = pl*ies it + 3.

Theorem 2.4. Every finite cyclic semigroup contains an uni-
que maximal subgroup, which 1s cyclic and is the intersection
of all i1deals of the semigroup.

Proof. Let B Dbe the cyclic semigroup b, bz, bs,
«+ « o generated by b . By the associative law, B 1s commu-
tative. If 1 # § implies bl # bJ for all positive integers
1 and j , then B 1is the (unique) infinite cyclic semigroup,
and 1is isomorphic to the additive sémigroup of positive inte-
gers. Hence 1f B 1s finite there exist positive integers

1 and j such that 1 ¥ j and bl = bl . Let n be the

15p. Rees, "On Semi-groups," Proc. Camb. Phil.
SOCI, 36(1940), p. 388' -~
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least positive integer such that P = bk for some k &£ n ;
then 1f kX # 1 4n we have b® # bl , for 1f b? = bl then
bi = bk with both 1 «n and k €«n , contrary to the choice
of n . Hence the elements Db, bz, o o e bn°1 are distinct.
Let m=n - k¥ ; we show now that if j and q are positive
integers and j > k then bJb™ = bl , and later that if j < k
then bjbt # bj for every positive integer t . Assuming

i >k , we may write j =k + s , where s 1s a non-negative

integer. If 8 = o and q 1,

pdpdM = pKpm = pK+m - yn = K = p] . If g =0 and qQ>1l,

we make the inductive assumption that bXp{a71)M - pk  puy

p¥pd® - bkb(q-l)m P = pKp® = pK , whence the induction is

complete and bkqu = bk for every positive integer q .

Now if t 1is any positive integer and bkbt = b¥ then if

k+s . t k, t. s k. s k+s

S >0 we have b b  =Dbb’d” =bb” =D . Letting

t = qmn , we see that for any positive q and non-ﬁegative s ,

bk+squ = bk+s . Hence

(1) pIpd® = pd | i3k, q>0.

Let p be a non-negative integer, and let

p=qgm + r , where q and r are non-negative integers and

k+p k+r

rem. We show now that b =Db . If p<« m then

r = p , and the result is trivial. If pa»m and p = o

(mod m) them p=qm, q > o, and by (1) we have

bk+p - bk+qm - bkqu - bk - bk+o - bk+r .A if p >m and

P = © (mod m) then q >0 , r » o, and

pK*P = pKtamr’_ pkpamyr o pkeT o RHAT 0 g4n0e poam
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k +r<k+m, and an immediate consequence is that the
n -1 elements b, bz, . o e, b]‘i""'m'1 constitute the whole
of B . PFurthermore, if Jj <« k then b # 1 for all
positive integers i, 1 # j « It follows immediately, as
forecast in the preceding paragraph, that if J =k then
pIp® # v for all positive integers t .

Now we show that if u EEQ v are non-negative

integers then bk+u = bk+v

if and only if u = v (mod m) .
Let u=gqym+r (g 20 ,- 0'4'riA4Vm)‘ and i ’
§r=q2m+r2(q2;’o, o-!.rz“m‘). Then b =b

and bk+v - bk+r2
bk+r1 - bk+r2

» Whence 1if bk"'f1 = bk+v then

. But o« k+ryek+m (1=1,2), whence
k+ry=k+ry, rH=rg . Hence u - v = (qi - az)m, 80
that u= v (mod m) . Convefsely, if u gufv (mod’m)” then
7| = vy , whence bN*U = pK*TL pk#Te _ (k+v -

We now prove a converse of (1): if j and t are

positive integers and bdpt = pd then ¢t = gm for some.posi-

tive integer q . If bJbt = bJ then, as we have seen,

7 » k ; hence bXF{IZK¥E) _ I+t _ 0t _ pd o pk+(Ik)

-

whence by the preceding paragraph Jj -k + t= j - k
(mod m) , whence t = o (mod m) . But t > o , so that

t = qm for some positive integer q . Combined with (1),

this result yields the following: 1if j and t are éoéitive
integers then bJb® = bl if and only if both j » k and

t = qm for some positive integer q.
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Let G denote the set b¥X, v¥+l, ., ., ., , pk+m-l

of m distinct elements. We have already seen that if

i » k then bi € G, whence G 1is closed under multiplica-
tion and so is a subsemigroup of B . We proceed to prove
that G 1s a group; since B (and hence G} is comnutative,
we need only prove that for érbitrary bi, bd € G the equa-

1x = bl 1s solvable in G . Let k = q' m + r ,

tion b
Q' %0, o4r«m, and let g=2 + q' . Then
m=(2+q'm=2m+qm=2m+k -r, and, since r «m ,

qn 5 0 . Since br, vl e, we may take k €1 & k +m - 1

and k £ J« k +m-1, whence j -1 1-m . Hence, since
-r3l-m, .

gu + J-1=2m+k-r+J-132m+k+(l-m)+(l-m)=%k+%
whence bT*I™1 ¢ g . Bur bplo@ti-1 o pamt] o pampd - pJ7,

so that x = b3+ 414 the desired solutioh, and therefore

G 1s a group and the solution i1s unique in G . The exponent
qm+J-1 1is not unique, of course, for pPmtd-1 _ pam+j-1 oo
any integer p 3 q . It may be that gm + J - 1> k ; m-1,
and i1t might seem desirable to give the solution in the form

bt

with k<« t<£ k +m -1 s but this i1s not possible in
general (iﬁg., for all 1 and j 1in the range from k to

k +m - 1), as the following argument shows. If bP = pam+i-i
then t = qm+ j -1 = J -1 (mod m), whence t = pm + j - 1
for some integer p . If p ¢« qi then

pm € (q - 1)m = (1 + q')m =m+qm=m+k -r, and

pm + j -1£ m+k -r + 3 -1 . But if r » 2 and
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j-1=1-m thenm+k-r+ j-14%k-1, and
t =pm+ j-1%k=-1, whence b° & G . Hence bb ,
where t «gm + j - 1 , is not a solution in G for all
choices of 1 and j wunless r « 2 . But if r« 2 and
p=q-1=1+q' then pm=m+ k - r 3k +m - 1 ; and
if j-15>o0 then t=pm+ j-13k+m=1, whence t
lies outside the range from k to kM+ m- 1. The remaln-
ing possibility is the case r<« 2 , p<¢<q-1 .‘ But if
P£q-2=q', then r €2 1implies pm ¢ q'm =k - r gk ,
whence t = pm + j - 1 & k + j - 1 , so that if j - 1 <o
then t <« k ; hence either t £ o and bt is not defined,
or o«tek and b £ G . We conclude that for no cyclic
semigroup B 1is 1t possible to write the solution of
bizx = bJ , for all 1 and j , in the form bY where
kgtgk+m-1.

\Defining qQ , as in the preceding paragraph, to
be 2 + (k - r)/m , where r is the least non-negative
residue of k modulo m, it is obvious that the identity
element of G 1is bd® , where gm = 2m + k - r . Even when
2m + k - r 1is as small as possible (i.e., when r =m =1
and 2m + k - r=k +m + 1), qm > k +m - 1 ; hence qm is
never in the range from K to k +m=-1. However,
(q-1)m=(1+q")nm>»o and bibfq'l)m = v} for all
1 3k, so that b{2"1)™ 13 the identity element of G .
And since o< rg m -’1 and (q-1lm=k +m -1r , we

have k + 1 & (q - 1)m€ ¥k + m . Hence pla = 1)m represents
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the 1dentity element of G 1in a form in which the exponent

lies in the range from k to k + m - 1 unless the ildentity

k

element 1s D™ , in which case it 1s represented as bk+m

Clearly, no smaller exponent than (g - 1)m will suffice,

for 1f b% = (8 tren t = (g-1m= o (mod m), so

that the greatest eligible t less than (q - 1)m 1is
(g -2)m ; but (q - 2)m = q'm , and if qi = o then

p{a=2)m 45 ot defined.

1

The inverse of an element b~ € G 1s given by

p(2a-1)m-1 ; for
plp(2a-1)m-1 _ (29-1)m _ (q-1)m+qm _ (q-1)m pam _ (q-1)m .
and since 1« k +m and r < m we have ‘ ‘
(2q - 1)m - 135 (2 - 1)m - X -m=2gqm - 2m - k¥ = 2m + k - 2r > k,
so that b(2a-1m-1 e ¢ No smaller exponent than
(29 - 1)m - 1 will suffice for the inverses of all bT ;
for, as we have argued before, if bipt = p(a-1)m  then
t= (q-1)m -1 (mod m), and the greatest s;ch
t «(29g-1m-1 1s (29 -2)m -1 ; but if 1 =k +m - 1
and r = m - 1 then J ‘
(2g-2)m-1 = (29-2)m-k-m+l = 2qm-3m-k+1 = m+k-2r+l = k-m+3 ,
whence if m > 3 then (2q -2)m - 1 « k¥ and
b(2q-2)m-i ¢ G . : )
We observe that, since bdbl € ¢ for all j »o
and all bl e G » G 1s not only a group but an ideal

(necessarily two-sided since B 1s commutative) of B ,
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and hence16

is the zeroid group (i.e., the intersection of
all two-sided ideals) of B . It follows that, for every
bj € B and every vl & G » the equation bjx = bl has

a solution in G . It also follows17

that any group con-
tained in B ©but not contained in G must lie entirely
outside G , and from this we conclude that every group in
B 1s a subgroup of G ; for if G!' 1s a group 1lying out-
side of G , and b2 1s the element of G! having the
greatest exponent, then (bh) 2 - p2h £ G’ “since by hypoth-
esis G #B and so h#1 . Thus G is the unique maxi-
mal subgroup of B .

Finally, we prove that the group G 1is cyclic.
Among the integers of the form xm + 1 , select the least
one not less than k , and call it tm 4+ 1 . Since
tm+ 13k, bl e g, Now (P*)T - pmltmtl) 4g tpe
identity element of G since tm + 1 » k & én thé other
hand, if (btm*ys = ps(tm+l) g the identity element, for
some positive integer é , tﬁen s(tm + 1) =2 o (mod m) ;
and, since tm + 1 1s prime to m\, this—implies“ 8 a.’o

(mod m) , i.e., s = hm for some positive integer h .

Hence the least positive integer s such that (btm*gs

16por definition and properties of the zeroid
group, see A. H. Clifford and D. D. Miller, "Semigroups
having zeroid elements," Amer.. Jour. Math., 70(1948),
pp. 117-25. - : - .

171bid., p. 123.
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1s the 1dentity element of G 1s m . Thus the order of the

tm+1 tm+1

element b equals the order of the group, whence b

generates G , and G 1s cycllc.

Corollary 1. Every finlte semigroup contalns at least one

idempotent element.

Corcllary 2. Every subgroup of a cyclic semigroup 1s cyclic.
22233. The infinite cyclic semigroup has no idem-
potent element and hence no subgroup, whence the corollary
is true vacuously. In a finite cyclic semigroup, we have
shown that every groﬁp i1s a subgroup of a cyclic group, and
it 1s well known18 that every subgroup of a cyclic group 1s

cyclic.

Definition 2.2. We shall say that an element b of a semi-

group 1s of finilte order if the cyclic semigroup generated

by b 1s finite, and that the order of this cyclic semi-

group 1s the order of b .

f g universal left divisor b of a semigroup

S 1s of finite order, then the cyclic semigroup B gener-

ated by b 1s a group.

Proof. By Theorem 2.4, B contalns an unique

maximal subgroup G conslisting of the powers bk, bk+1,

.+ ., bl where n 1is the least positive integer

18See, for example, Zassenhaus, op. cit., p. 15.
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such that b? = bX for some k<n . Now if k =1 then
G = B and our result is attalned. If k 3 1 , we show
first that b¥X 1s a left divisor of b . Since b is a
universal left divisor of S , we may write b = bd for
some d € S , and d = bc for some c € S . Now
b =Dbd = b(bc) = b2c , whence b2 is a left divisor of b .
We make the ihductive assumption that bk-l 15 a left divi-
sor of b ; then, for some a € S , we have b = pE-1lg
But a = br for some r € S , whence .

b = b5 1a = ¥ lpr = v¥r . Thus by complete induction we
have shown that b 1s a left divisor of b . Now let

b? (k € q < n) be the identity element of G . Then

% = b3(b¥r) = (b%¥)r = b¥r = b . But we have seen in
proving Theorem 2.4 that b3bl = bl 1f and only if 13 k ,

i.8., 1f and only if bl € G ., Hence b € G and G =B .

Theorem 2.5. A semigroup S has a left identity element if

and only if S contains a universal left divisor of finite

order.

Proof. The necessity 1s immediate, for any left
identity element is a universal left divisor of S and
generates a group of order 1 . To prove the sufficlency,
let b be a universal left divisor of finite order. Now,
by Lemma 2.1, b generates a group G ; let e Dbe the
1dentity element of G , and let s € S . Then bx = s
for some x € S , and es = e{bx) = (eb)x = bx = s ,

whence e 1s a left identity element of S .
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Corollary. A finite semigroup S has a left 1ldentity ele-

ment if and only-if S has a universal left divisor.

Lemma 2.2. In a finlte semigroup S , an element b 1s

left cancellable in S 1if and only if b 1is a universal

left divisor of S .

Proof of necessity. Let the distinct elements
81, « + + , Sy be all the elements of S . By hypothesis,
1 # ] 1implies bsy # bs 5 (¢, j=1, . . . , n), whence
the n elements bsy, . . . , bs, are distinct and there-
fore constitute all of S . Hence bx = s 1s solvable for
every S € S , whence b 1s a universal left divisor of S .

Proof of sufficiency. If b 1s a universal left

divisor of S , i.s., if the equation bx = s 1s solvable
for every s € S , then there are In S exactly n dis-
tinct elements bxy, . . . , bx,, where n 1s the order of
S, and i # j implies x4 # x4 . Hence the elements

X1, ¢« » « , X5 constltute all of S , whence bx = by im-
plies x =y for any x, y € S, 1.8., Db 1s left can-

cellable in S .

Theorem 2.6. The right divisors of a left identity element

of a finite semigroup S form a subgroup of the semigroup

of left cancellable elements of S .

Proof. Let e be any left identity element of
S . By Theorem 2.3, the right divisors of e form a subsemi-

group of the semigroup of left cancellable elements of S .
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But in a finite semigroup, by Lemma 2.2, the left cancellable
elements coincide with the universal left divisors; and, by
Lemma 2.1, each universal left divisor in a finite semigroup
generates a cyclic group. MNence each right divisor of e
generates a cyclic group. Since the right divisors of e
form a semigroup, any positive integral power of a right
divisor of e 1s also a right divisor of e , whence all
elements lying in the cyclic groups generated by right divi-
sors of e are right divisors of e . Hence if r 1is any
right divisor of e and k 1s any positive 1nteger'then
e =yrf for some y € S . Now if 1 1is the identity ele-
ment of the cyclic group generated by r , we have
e = yrk = y(rki) = (yrk)i = e1 =1 , whence e 1s a common
identity element for all the cyclic groups generated by
right divisors of e . Now let Rg be the set of all right

divisors ry, . « « , T

m ©°f e , and let Ry, o o o, Ry,

be the respective cyclic groups generated by these right
divisors. Then Re =Ry v ---v R . Let &, b “€ Ry ;

then a € Rj (1€« } ¢ m) , and we may‘ denote by a~l the
inverse of a 1in the groﬁp Rj . Now

a(a™lb) = (aa™l)b = eb = b , and a"1lb e Re since Re 1s a
semigroup. Hence ax = b 1s solvable in Rg for arbitrary
a8, b € Ry - And (ba~l)a = b(a~la) = be = b , the last
equality arising from the fact that b € R, (1€ k& m)

and e 1is the identity element of Ry ; henceathe equation
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ya = b 1s solvable in Rg . Therefore Re is a group,
as was to be proved.

We note that an example may be given (the direct
productjf9 of Nos. 2.1 and 4.57) to show that the right
divisors of a left identity element need not all generate
the same cycllc group. We note also that in a finite
semlgroup the left dlvisors of a left identity element
( = universal left divisors = left cancellable elements)

heed not form a group; example} No. 4.85. In fact, weﬁhave

Theorem 2.7. If the left divisors of a left identity ele-

ment e of a finite semigroup S form a group, then e

1s the only left identlty element of S .

Proof. By Theorem 2.2, all left ldentity ele-
ments of S have a common set D of left divisors. But
every left i1dentity element lies in D , and each such ele-
ment 1s 1dempotent. Since a group caﬁ contain only one 1dem-
potent element, there can be only one left identity element
e In S , and i1t 1s the 1dentity element of the group of
left divisors of e .

By left-right duality the foregoing theorems yleld

Theorem 2.8. In a finite semigroup S with a two-sided iden-

— —— ———

tity element e , the left divisors of e , right divisors of

e , left cancellable elements, and right cancellable elements

190he multiplication table of this semigroup may
be found in Harden, op. cit., p. 20.
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all coincide and constitute a subgroup of S .

3. Divisors of zero.

Theorem 3.1. The left divisors 22;& right zero element of a

semigroup S form a left ideal of S .

Proof. Let z be a right zero element of S , let

dx =z , and let s € S . Then (sd)x = s(dx) = sz = z ,

whence sd 1s a left divisor of z . Hence 1f D 1is the set

6., D 1s a

of all left divisors of z we have SD £ D , 1.
left 1deal of S . . h ) o

We note that the left divisors of a left zero ele-
ment of S need not form an ideal, nor even a subSemigroup,
of S . For example, in No. 4.63 the element 2 1s a left

zero element, and its left divisors are 2, 3, and 4; but

4.2 =1 .

Theorem 3.2. If a semigroup S has a two-sided zero element

z , then the left divisors of z form a left ideal of S ,

the right divisors of z form a right ideal of § , and the

two-sided divisors of z form a subsemigroup of S .

Egggzo The first two statements are immediate from
Theorem 3.1 and its left-right dual. Let L be the left
1deal of left divisors of z and R the right ideal of
right divisors of z . Then the set of all two-sided divi-
sors of z 1s the intersection LA R . But any left or
right ideal of S 1s a subsemigroup of 8 , and the inter-

section of subsemigroups, if'noh-émpty, 1s a subsemigroup.
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Now LAR#FP since z « LAR , whence LAR 1is a
subsemigroup of S . "

We observé that the semigfoup of two-sided divisors
of a two-sided zero elemént need not be a two-sided ideal of
S . An example may be extracted from the transformation semi-
group of degree four ( = semigroup of all single-valued mappings
of a set of four objeéts into itself), the multiplication table
of which has been given in full by Pésey;zo in Posey!s notation,
the exemplary subsemigroup consists of the mappings “Al, Aq,
Bz, Bg, Bz7, Bg7, Bss, Bris, Bizis C1, C4» C27, C33, Cags
Cs5, Cg1, and Dy &

Among the divisors of a two-sided zero element are
the nilpotent elements. In a commutative semigroup S these
form a subsemigroup, for if a, b € S and a® = all = z ,
where 2z 1s a two-sided zero element of S , then
(ab)BR = gMpMN = (dmfl(bnfn = 2z+z =2 . In a non-commutative
semigroup, however, this néed not be the case. For example,
in the semigroup whose multiplication table 1is eihibited be-
low the element 1 1s a two-sided zero element and 2 and

3 are nilpotent, but (2~3)2 =42 =4 .

20g, E. Posey, Endomorphisms and Translations of
Semigroups, University of Tennessee Master's Thesis, 1949.
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1 2 3 4 5
1 [T 1 1 11
21 1 2 1 2
3015 1 3 1
a1 2 1 21
51 1 3 1 5

We may find an example in the multiplicative semigroup
of all second-order square matrices over the ring of integers
to show that the left divisors of a nilpotent element need

not form a semigroup. Let

_[-10 -20 o 5 5 _ (-2 4
N‘(s 10)’ A"(l 2)’ B‘<1-2)°
Then N 18 nilpotent, and A and B are left divisors of

N since

5 5\(-9 -18) _[(-10 -20) _ /-2 4\/7 12
1 2)\7 14/ 5 10/ T\1 -2/la 1) °

But AB = <-g 18) , Wwhence AB cannot be a left divisor of

N, for if X 1s any matrix then the second row of ABX must

consist entirely of zeros.

4. TUnion, intersection, product, and direct product of prime
ideals.

Definition 4.1l. A left (right, two-sided) ideal P of a semi-

group S 1s sald to be prime if a, b € S and ab ¢ P
jointly imply that'either a ¢ P or b e P. Clearly, a

prime 1deal might be defined equivalently as an 1deal whose
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complement is either empty (in case the ideal is S 1itself,
which 1s obviously prime) -or a subsemigroup of S . It 1is
also clear that a left (right, two-sided) zero element of S
is a prime right (left, two-sided) ideal of S 1if and only

if 1t has no proper divisors.

Theorem 4.1. The union of an arbitrary collection of prime

right ideals of a semigroup S 1s a prime right ideal of S .

Proof. Let [R,] Dbe a collection of prime right
ideals of S , where . ranges over an Iindex set M of ar-
bitrary cardinality. Then if a, b € S and ab ¢ ‘kgfﬁA
we must have ab ¢ R;‘ for some | € M . But P, 1s prime,
whence either a € P or b € R . Therefore either
a € UP, or b € U P , whence U.R is prime. Simi-
larly for left and two-sided prime 1deals.

The union of two or more i1deals may be'prime,mhowever,
even though none of the given 1deals be prime; for example,
in No. 4.66 each of the elements 1 and 2 1is a left zero
element and hence a right 1deal, and nelther 1s prime since
32 =1 and 4°1 =2 ; but their union is prime.

We now ralse the question whether the product of two
or more prime right i1deals need be prime. Without further
hypotheses, the answer 1s negative, for in No. 4.71 the
right 1deals [1, 3, 4] and &4] are prime, while their
product [1, 4] 1s not. On the other hand, in No. 4.67
the product [3, 4] of the prime right 1ideals [2, 3, 4]
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and [4] is also prime. We observe that in both these ex-
amples one of the factors is properly contained in the prod-
uct, and we find that when this situation does not obtain we
can find necessary and sufficient conditions that a product

of prime right ideals be prime.

Theorem 4.2. If a product of a finite set of prime right

ideals of a semigroup S 1s prime, then the product ideal

contains at least one of the given ldeals.

Proof. ILet Ry, . . . , R, be prime right ideals of
— . ,
S , and let ETRi be an abbreviation for the product
RgRye1 » - « Ry (1L £k <n) . We wish to prove that if
n . - n
TI Ri 1s prime then Ry & TI'Ry for some
k (1=k =n) . Suppose, to the contrary, that
" .
Ry g; 'Q'Ri for all k=1, . . . , n . Then for each k
: T
there 1s an element ay € Ry such that a, ¢ TT R, - Now
T T 7 b
aj -'I;Tai = T;rai € 'I;TRi s whence T;l'ai € 73[R1 since
n
aj ¢ Ta.TRi and .‘?Ri is prime. Now I1f we make the in-
7 n ]
ductive assumption that ay ;(I:l;ai = 'Q'ai € T;I'Ri , then
n n
since ay ¢ T;TRi we have '|K'La1 € Ti'l"ll:{i . Hence by com-
plete induction we conclude that a, € TT

Ry , contrary to
our choice of a, , and the theorem is proved.

We have already cited an example (No. 4.71) which shows
that the converse statement "if a produét of priﬁe right ideals

contains one of them then the'product is prime"” is false. How-

ever, we may state Theorem 4.2 in a slightly different form,
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and combine it with the trivial observation that if the
product of prime ideals is one of those ideals then the

product 1s prime; to obtain

Theorem 4.5. If a product of prime right ideals of a semi-

group does not properly contain any of them, then the produgz

Grvnt; ——— ——" — oo

The proof of Theorem 4.2 nolds mutatis mutandis for

two-sided ideals, and for these we may drop the hypothesis
concerning proper inclusion in Theorem 4.3. For, as we have
already noted (in (4) of Definition 1.8), any_product of two-
sided ideals 1is Qohtéined'in their'intefsection, so that the
product cannot contain any of them properly and the inclusion
hypothesis in Theorem 4.3 1s satisfied automatically. Hence

we have

Theorem 4.4. A product of prime two-sided ideals of a semi~

—— —— e— g— o

Corollary. If a product of prime two-sided ideals of a

semigroup is prime, then the product of the ideals 1s just

their intersection.

The converss of this corollary falls, however, because
the intersection of the ideals may bz a proper subset of each
of them. For example, in the commutative semigroup No. 4.23
the ideal [1, 4] is both the product and the intersection of

the prime ideals [1, 2, 4] and [1, 3, 4] , but is not prime.
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The intersection of prime right ideals need not be
prime; for example, in No. 4.66 the prime right ideals
[1, 2] and [1, 3] intersect in the right ideal [1] ,
which 1s not prime. However, the question whether the non-
empty intersection of a set of prime right ideals of a semi-
group S 1s prime in S may be reduced to the gquestion
whether the intersection is prims in the union of the given

ideals.

Theorem 4.5. The intersection of a set of prime right ideals

of a semigroup S 1s a prime right ideal of S 1if and only

i t 1s a prime right ideal of the union of the given ideals.

Proof. The necessity being obvious, we proceed to
prove the sufficiency. Let [R,] be a set of prime right
1deals of S , where L ranges over an arbitrary index
set M , By hypothesis, ;Qa Ry 1s a prime right ideal of
LLEJM R, and hence is non-empty. Let x, y €S, Xxy ¢ LQA R, .
Then 1f x £ [ R there is some R, (A € M) such that
b ){ Rx ; and if y # (.[E)ﬂ R, then there is some Ry (M € M)
such that y ¢ Ry « Hence x, y ¢ th\Rﬂ . But |
Xy € LQM R & R;\r‘\R,,', and both Ry and Ry are prime,
whence either x € Rp or y € Rp , and elther x € Ry,
or y € Ry . Therefore, we have either x € R, and y € R,
or else y € R and x € Rl-‘ . In either case,

X, ¥ € Ry Ry & LLQJMRL . But, by hypothesis, LQM R,
is prime in U R, , whence either x € LDM R, or

LeM

vy € N R . Hence [} R, is a prime ideal of S .
LeM LeM
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Clearly the foregolng theorem 1s equally valid for
two-sided 1deals, but for finite sets of these we have the

following more specific result.

Theorem 4.6, The interseccion of a finlte set of prime two-

sided 1deals of a semigroup S is prime 1f and only if the

—— o sa—

intersection 1s one of the given ideals,

ggggge The sufflclency is trivial. To prove the neces-
sity, let Ay, . . . , A, be prime two-sided i1deals of S ,
and recall that thelr Interssction must be non-empty. If
éﬁ Ay # Ay for all k=1, . . . , n, then fqg each k
there 1s an element ay € Ay such that ay ﬂ O Ay .
Now, exactly as in the proof of Theorem 4.2, we may prove
inductively that 1if Tfrai € 61&1 then a, € f:\ Ay
contrary to the choice of a, , and hence conclude that
ﬁ' a4 ¢ ’;:\ A; . But Tjrai € TfTAi = éﬂi . Hence
the supposition that é Aq # Ay forall k=1, . « =« , n

1s contradicted, and our theorem 1s proved.

Definition gog; The direct product of two semigroups S and

T 1s defined to be a system whose elements are all the ordered
pairs {s, t) , with s ¢ S and t é T , and with multipli-
catlion defined by (51; t1) (8o, to) = (8180, tito) « The
definition may be extended readily to the direct product of
any finite set of semigroups. It 1s well known (and easily

proved) that a direct product of semigroups is ansemigroup,z1

zlﬂarden, op. cite, p. S
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and that a subset of such a direct product is a left (right,
two-sided) i1deal thereof if and only if the subset 18 the
direct product of left (right, two-sided) i1deals of the
factorsez2 . ”

Our purpose 1n introducing direct multiplication at
thlis point 1s simply to polnt out that the direct product of
prime 1deals of two semigroups need not be prime in the direct
product of the semigroups. For exsmple, the commutative seml-
groups No. 2.2 and No. 3.16 each have a zero element, and the
ordered pair of zero elements i1s (necessarily) a zero element

of the direct product,®® and hence a two-sided 1deal; but 1t

has proper divisors and therefore is not prime.

5. Prime 1deals in semigroups with identity elements.

In this section and the next we shall be concerned
with maximal 1deals as well as with prime 1deals, and a few
words concerning the property of maximality seem to be in
order here.

We note first that while a two-sided 1deal which 1s
a maximal right 1deal 1s necessarily a maximal two-sided 1deal,
the converse need not hold. For example, in No. 4.74 the
1deal fS, 4] 1s a maximal two-sided 1deal but 1s properly

contalined in the proper maximal right 1deals [1, 3, 4] and

(2, 3, 4] .

221b1d., p. 7.
23Ibidc, p. 15, the multiplication table 1s given.
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A simlilar situation arises whenever we dlscuss maxl-
mallity with respect to the conjunction of two or more proper-
ties. In particular, under Definition 1.9 a maximal prime
right ideal of a semigroup S 1s a prime right 1deal which
1s not properly contained 1n any proper prime right ideal of
S & Such an 1deal need not be a maximal right 1deal of S ;
for example, iIn No. 4.25 the maximal prime two-slided i1deal
[4] 1s properly contalned in the proper two-sided 1deal
[1, 2, 4] « To avold ambigulity, we might speak of a maximal

prime right 1deal as maximal among the prime right 1deals of

S , and similarly for left and two-sided 1deals. On the

other hand, a prime maximal right (left, two-sided) i1deal 1is

a maximal right (left, two-sided) ideal of S whiéh is also
a prime 1deal of S ; thils concept will recur frequently in
the sequel.

We shall have occasion to use repeatedly the obvious
fact that if a left (right, two-sided) i1deal A of S
contains every proper left (right, twé-si&ed) ideal of S ,
then A 1s an unique maximal left (right, tﬁo-sided) ideal
of S . A

We note in passing that maximality of i1deals (even of
prime ideals) 1s not preserved under direct multiplié:ation°

For example, in the direct p::‘oduct24 of Nos. 2.2 and 3.16

the zero element 1s not a maximal 1deal;, although the zero

241b1d., p. 14.
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elements of the respective factors are both maximal and prime.

Definition 5.1. We extend Definition 1.5 by introducing a new

kind of divisor. If a, b € S we shall say that a 1s an

internal divisor of b if there exlst elements x, y € S

such that xay = b . An element which i1s not a left (right,

internal) divisor of % may be called a left (right,Ainternal)

non-divisor of b .

Theorem 5.1l. The set of all right non-divisors of an arbitrary

element b of a semigroup S either is empty (in which case

b 1s a left zerold element of S and hosancez5 iies in the

intersection of all left ideals of S ) or else is a left

1deal of S ; and dually. The set of all internal non-divisors

of b either 1s empty or is a two-sided 1deal of S .

Proof. Let a Dbe a right non-divisor of b and let
X € S . Then if sa 1s a right divisor of b, i.e., if
x(sa) = b for some x € S , we have (xs)a = b , contrary
to the hypothesis that a 1s a right non-divisor of b .
Hence sa 1s a right non-divisor of b for every s € S
and every right non-dlvisor a ; i.e., the right non-divlsors
form a left 1deal of S .

Now let a ©be an iInternal non-divisor of b , and let
8 € S ¢ Then 1f sa 1s an internal divisor of b we have

b = x(sa)y = (xs)ay for some x, y € S ; and if as 1is an

25c11fford and Miller, op. cit., p. 118,
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internal divisor of b we have b = u(as)v = ua(sv) for
some u, v € S . In each case the hypotﬁesis tﬁat” a 1s
an Internal non-divisor of b 1s contradicted. Therefore
sa and as are lnternal non-dlvisors of b , whence the
internal non-divisors of b constitute a two-sided 1deal of
S .

It may be noted that when an element b has at least
one right (left, internal) non-divisor, the left (right, two-
sided) 1deal of all such non-divisors need not be'prime; for
example, 1n No. 4.69 the right divisors of 2 do not form a
semlgroup, whence the left l1deal of right non-divisors of 2
1s not prime. It may also be remarked that the right non-
divisors of b , when they exist, need not form a right 1deal
of S ; for example, in No. 4.84 the only right non-divisor
of 1 1s 4 , which 1s a right zero element, and hence a

left 1deal, but is not a right i1desal.

f a right 1deal A of a semigroup S contains

Lemma 5.1,

a left divisor of a left identity element e of S , then

A =5 ; and dually. f a two-slded 1deal M of S contalns

an internszl divisor of e , then M =S .

Proof. If a € A and ax =e for some x € S ,
then e = ax € AS & A, whence S =eS & AS & A, so that
A=8S. If m € M and xmy=e for some x, y € S , then

Xmy € SMS = M , whence S = S(eS) =SeS =& SMS = ¥ ,

]

e

so that M =S .
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Throughout the rest of this sectlion, we shall be con-
cerned with non-divisors of one-sided and two-sided identity
elements. To avold tiresomes repetition, we prescribe the
following notation for the remalning developments of this
section: 1in a semigroup S with left, right, or two-sided

. 1ldentlty element e , L will denote the set of all right non-

divisors of e , R the set of sll left non-divisors of e ,

and T the set of all internal non-divisors of e . It

should be noted that L, R, and T are proper subsets of
S ; for eee = ee = e , whence ¢ has at least one internal
divisor, at least one right divisor, and at least one left
divisor. We shall use this fact repeatedly without further

explicit mention of 1t 1n the proofs.

Theorem 5.2. In a semigroup S contalning a left identity

element e , if R # ¢ then R 1s 2zn unique propsr maximal

right 1deal of S , and 1s prime.

Proof. By Theorem 5.1, R 1s a right ideal of S .
If A 1s any right ideal of S , and A S R, then, since
R 1s the set of all left non-divisors of e , there 1s an
element & & A such that ax = e for some x € S . Hence,
by Lemma 5.1, A =S . Therefore R contalns every proper
right ideal of S and hence 1s an unique maximal right 1deal
of S . By Theorem 2.1, C(R) 1s a semigroup, whence R 1s

a prime 1deal.
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Corollary. If a semigroup S contalns a left ldentity ele-
ment e and contains a proper right ideal A , then S con-
tains an unique proper maximal right ideal, which is prime.
gzgggo_ Since A 1s proper by hypothesis, it follows
from Lemma 5.1 that A contains no left divisor of e .
Hence A = R , whence R # # and Theorem 5.2 ylelds the

desired conclusion.

Theorem 5.5. In a semigroup S containing a left identity

element e , if L # @ then L 1is a proper prime left ideal

of S ; 1f S 1is finite, L 1s a maximal left i1deal of S .
Proof. By Theorem 5.1, L 1s a left i1deal of S ,
and by Theorem 2.1 it 1s prime. If S 1s finite, suppose
L C©B =8, where B 1s a left 1deal of S . Then, since
L 1s the set of all right non-divisors of e , there 1s an
element b € B such that yb = e for some y € S , whence
e =yb € SB & B . But, by Theorem 2.6, C(L) 4is a group
with e as its identity element, whence C(L)'° e = C(L) .
Hence C(L) = C(L) - e & C(L) + B & SB & B , whence
LvC(L) =S B. But LwC(L) =S, whence B =S . There-
fore L is a proper maximal left ideal of S .
We note that the proper maximal ideal L , unlike R ,

need not be unique; see, for example, No. 4.57.,

Theorem 5.4. In a semigroup S containing a left identity

element e , iIf T # @ then T 1is an unique proper maximal

two-sided ideal of S .
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Proof. Let T # @ and let M be any proper two-
sided ideal of S « If M $é T then M contains at least
one internal divisor of e , whence, by Lemma 5.1, M =S ,
Thus T containg avsyy proper two-sided ideal of S , whencse
T 1s an unique propsr maximal two-gided ideal of S .

Corollary., If a semigroup S c¢ontains a left identity eis-

ment e and g proper two-sided ideal M , then S contains

L-vgeebast,

an unique proper maximal two-sided ideal.

Proof. By Lemma 5.1, M contains no proper internal
divisor of e , whence M T , T # g , and Theorem 5.4

appliess

Theorem 5.5, In a semigroup S containing a left identity

element & , L =@ Aif and only 1f S 1s a group; if S
s 2 group then R =T = $ 3 T < R, and if S 1s finite

ot IP'
oy

a

Iz

T=R &L .

Proof. If S 1is a group, then S contains no proper
left or right or two-aided ideals; hence L =R =T =g ., If
I = § then every element ef S is a right‘diviSOr.of o ,
i.e., every slement has a 1laeft inverse with respect to the
left iden~ityv elemant & , whence S 1is a group. If

t € T and tx = a8 for stcme x € S then

etx = {8t ix = tx = e , whence t ¢ T ;3 hence if t &€ T

then tx # e forall x € 8, 1.6., T &R . If S 1is
finite then, by Lerma 2.2 and Theorem 2;6, R S L s Whence

if R=¢@g then T=R=0 . And if R ¢ (stil1l assuming
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S to be finite) let a € R ; then, if xay = e for some
X, Yy €S , we have ay € C(L) & C(R) , 1.8., ay 1is a
left divisor of e , whence a 1is a left divisor of e ,
contrary to the hypotnesis that a € R . Therefore if S
is finite then R & T, so that T=R & L .

We may now classify semigroups containing left identity
elements according to the emptiness or non-emptiness of the
sets L, R, and T . Although & priori eight cases could
arise, 1t follows from the relations exhibited in Theorem 5.5
that only four of these can arise: (1) L =R =,T.= g, S
being a group in this case and only innthis case}

(2) L#P, R=T=@g, No. 4.65 being an example of this
case; (3) L#@P, R#@P, T#@P, No. 4.60 being an ex-
ample of this case; (4) L#@gd, R#Z@P, T =g, there
being no finite example of this case accordihg to Theorem 5.5.
We have not found an example of Case (4), but we cén give an
example to show that if S 1is infinite we may have T #¥ R .
Let S be the semigroup of all single-valued mappings of
the set N of non-negative integers into itself, let L
denote the identity mapping n — n (a two-sided identity
element of S ), and for any elements ¢,y € S define

Py to be the result of performing first ¥ , then ¢ . Now
let @ be defined by'cp(n) =n + 1 for even integers n
and P(n) =n for odd n . Since @(N) # N, ¢ cannot be
a left divisor of L . Let Y be defined by ¢@(n) = 2n

for all n € N, and let K be defined by (n) = Q0 for
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even n and X(n) =(1/2(n-1) for odd n . Then
')((py/(n) = n for all n &€ N , whence X?V= L . Therefore
@ € Rwhile @ ¢ T . '
These findings, together with Theorem 2.2, may be

summarized in

Theorem 5.6. If a semlgroup S c¢ontalning a left identity

element is not a group, then S contains at least one proper

prime left ideal, and, unless every element of S 1s a left

divisor of all elements of S , contains an unique proper

maximal right ideal. f S 1is finite, and 1s not & group,

it contains a proper maximal left ideal, and 1ts proper maxi-

mal right ideal, if it exists, 1s also an unigque maximal two-

sided idesal.

For semigroups having two-sided identity elements, we
may combine the foregoing theorems with their left-right

duals to obtailn

Theorem 5.7. In a semigroup S having a two-sided identity

element, i S 1s not a group then S contains proper maximal

left and right ideals, each unique and prime, and an unique

maximal twe-sided ideal which is prime if S 1is finite.

We can improve upon the last part of Theorem 5.7 by

proving

Theorem 5.8, If T 1s the maximdal proper two-sided ideal of

—p—

a semigroup S with two-sided identity element e , and 1if
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C(T) 1s finite, then T 1s a prime ideal and C(T) 1is a
group. .

Proof. Tet A be the set of all left divisors of
s , B the set of all right divisors of e ;, and D the
get of all internal divisors of & - Then C(T) = D and
AwvB & D . By Theorom 2.3 and its dual, A ana B are
finite ssmigroups; and each element of A 1s a left divisor
of the right identity element =2 ., and each element of B
a right divisor of the left idsntity element e - Hence; by
Theorem 2.6 and 1ts dual, A and B are groups. Therefors,
for arbitrary z € A , there exists an element a~l € A
such that a~! a = e s 80 that a 1s a right dlvisor of e
and hence A = B . Similarly, B &= A , whence A =B .
Now 16@ d € D; then xdy = e for some x, y € S , and
necessarily x, y € C(T) since x 1s a left and y a
right divisor of e . Hence xd € A =B ; whence xd ,
and thersfore d , 1s a right divisor of e . Therefore
DS B, whence D=A=B, C(T) 1is a group,'and T 1is
prime. 7 ‘

The prcof just completed shows that the set D of
all divizors of a two-sided identity element of a seﬁigroup

1s a group 1f D is finite, A famlliar example 1s the

group |2 1, ¢ i] in the semigroup of Gausslan integers.

6. Prime ideals and maximal ideals.

In this concluding section we investligate the condi-

tions under which a maximal ideal is prime, without assuming
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the exlistence of an identity element.

Theorem 6.1, f M is a maximal two-sided 1deel of a semi-

group S , and if the complement of M 1s commutative anu

is contained in 52 ; then M is a prime ideal cf S .

Proof. The theorem 1s trivial if M =S . Let M
be a proper maximai id=zal and suppose M is not prime;
then there exist elements x and ¥y (not necessarily dis-
tinct) in C(M) such that xy € M . Let x be some fixed
element of C(M) such that, for at least one element
y € C(M) , xy € M, and 1let Y bo the set of all such
elements y . We distinguish two cases: (1) Y < C(m)
and (2) Y =C(M) . o -

Case (1): "In this case we shall show that M u Y
is a two-sided ideal of S , i.s., that MUV Y)S @M WY
end S(Mw Y) € MuY . Since S =M umC(M) , we may
accomplish this by showing that (M «Y)M Q‘M Y and
MM Y)&S MouY, which is obvious since M 1is a two-
sided ideal, and that (M wY):C(M) &€ M WY and
C(M)*(MUY) € MUY . Now if y € Y and ¢ € C(M)
then x{yc) = (xy)e € M , for xy € M ; hence either
yc € ¥ or yc € Y , so that (MuY)C(M)gE MWVY.
And sincs we have assumed C{(M) to be cohmﬁtative,
x(cy) = x(yc) = (xy)c € M sﬂwﬁence either cy € M or
cy € Y and therefore C(M)(MuUuY) € MuY . This

completes the proof that M WY 1s a two-sided idéal.

Since Y 1is non-empty end M~AY =@, Mc MUY ;
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and Muv Y € S since in this case we have assumed
Y € C(M) . Therefore MU Y 1s a proper two-sided
1deal of S ; properly containing M , contrary to the
hypothesis that M 1s maximal.

Case (2): If Y = C(M) then, by virtue of the
hypothesis that C(M} 1s commutative, yx = xy € M for
all y € C(M) , whence xS &€ M and Sx & M . In par-
ticular, x> e M, whence x # x2 . But since
c(M) < S2 , there exist elements a and b (not neces-
sarily distinct) in S such that x = ab ; and both a
and b 1lie in C(M) since x & C(M) . Now either a # x
or b#x , forif a =b=1x then x = ab = x° ; say
a#x . Hence My x 1s a two-sided ideal of S , for
(MuUux)S=MSuxS &€ MuMc ¥ Moux and

S(Mui)

S_MUSXQ MwvwMe Me M ux . But
M ¢ Mux since x € C(M) ; and M ux <€ S since
a € C(M) and a # x . Therefore M w x 1s a proper two-
sided idealrofﬂ S , propefly containing M , contrary to the
hypothesis that M 1s maximal.
The supposition that M 1s not prime having led to |
a contradiction in both cases, we conclude that M 1s prime.
We observe that in the above proof of Case (1) no use
was made of the hypothesis that C(M) < s? ., Henc;e-by com-
bining the maximality of M , the commutativity of C(M) ,

and the condition defining Case (1) , we obtain the
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Corollary 1. If M 1is a maximal two-sided 1deal of a semi-

group, if the complement C(M) 1is commutative, and if

for
a

]
every element x & C(M) , x < C(M) & M, then M 1is

prime ideal.

‘The condition x - C(M) ¢ M which suffices in the
presence of the maximality of M and the commutativity of
thg éomplement may be contrasted with the much stronger de-
fining condition for prime ideals, viz., [C(M)Z & o(M) .

An immediate consequence of Theorem 6.1 1s

Corollary 2. In a semigroup S such that s? = s, every

maximal two-sided ideal whose complement 1is commutative is

prime. In particular, 1

a semigroup having‘either a left

or a right ldentity element every maximal two-sided ideal

whose complement is commutative is prime. In a commutative

semigroup such that S =8 (and 2 fortiori 1 a commuta-

tive semigroup with identity), every maximal ideal is prime.

We now prove a converée of Theorem 6.1, and are able
to drop the hypothesis that the complement of the ideal be

commutative.

Proof. Suppose C(M) sé 82 , and let x Dbe any ele-
ment of C(M) such that x ¢ S° . Then x ¥ x° , and

x° g C(M) since ¥ is prime. Now the set



52
MoUx2 o Sx2 w x2S uSxBS is a two-sided ideal of S ;
for MS ¢ M, SM < M, 8S{(Sx?) = 82x2 < sx° ,
(x23)s = %282 ¢ x2s , (Sx2)s = S(x°8) = Sx°s ,
s(Sx2s) = 82x2s < sx®5 , and (Sx°S)S = Sx°s2 < sx°S .
But M < (M u x° v Sx2v x°8 v 5x2S) since x° é¢ M ;
and (M v x2 u 8x2 L x28 v Sx23) c S since x ¢ M and
x ¢ 82 . Therefore M o x2 u~Sx2 w x2S v Sx28 1s a proper
two-sided i1deal of S properly containing M , contrary to
the hypothesis tha_t M 1s maximal,

7 Wei note in passing that 1if A is any left or right
ideal of a semigroup S , and if C(A) & S2 , then B
C(A) ¢ s2 ; for S2 15 a two-sided ideal of S » Whence
826 A# P while C(A)~ A =¢, and so C(A) # s2 .

Hence the conclusion of Theorem 6.2 could be étrengthened

to read "the complement of M 1is contained properly in ‘82 ",
We note also that, in any semigroup S , the ideal s2 1s )
prime 1f and only if S2 = S ; and that 52 1s maximal if
and only if C("Sg) contains at most a single element, the
"only if" followiﬁg from the fact that if x, y € C(S9)

é.nd b < #'y then 82 v X 1s a proper ideal of S pfopérly
tcontaining 82',

Theorems 6.1 and 6.2 together yleld

Theorem 6.3. In a semigroup S , a maximal two-sided ideal

whose complement is commutative 1s a prime ideal if and only

if the complement is contained in s2 ,




53

It 1s a well-known theorem<® in the theory of rings
that 1f M 1s an 1deal in a commutative ring R then the
residue class ring R/M 1s a field if and only if both
(1) M 1s a maximal 1deal of R and (2) x2 € M implies
X € M . Another familiar result is the theorem2” that an
ideal in a commutative ring R 1s a prime 1deal of R 1if
and only if R/M 1s an integral domain. Since every field
i1s an integral domain (but not conversely), it follows that
if conditions (1) and (2) hold then M 1s a prime ideal;
the converse fails because, although every prime 1deal sat-
isfies condition (2), a prime ideal need not be maximal.
1However, it follows“that if M 1s a maximal ideal in a com-
mutative ring then M 1s prime 1f and only if (2) holds,
and this result we shall prove both for one-sid;dﬁand for
two-sided 1deals in semigroups, dispensing with the hypotheslis
of commutativity. Before preceeding to the proofs, we remark
that 1t 1s easy to show?8 that in a commutative ring with
identity element condition (2) follows from condition (1),
whence we conclude that in éuéh a ring every maximal 1deé1
i1s prime. This result carries over to commutative semigroups

with identity, as we have seen in Corollary 2 to Theorem 6.1;

26Neal H. McCoy, Rings and Ideals (Buffalo' Math.
Assn. of Amer., 1948), pp. 80-81.

271bid., p. 98.
281bid., p. 8l.
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indeed, we have seen (loc. cit.) that in any semigroup with
identity a maximal ideal whose complement 1s commutative must
be prime. The commutativity cannot be dropped altogether
however, unless some such condition as finiteness be substi-
tuted for it, as in Theorem 5.8. We shall give an example
later to show that in an infinite semigroup with two-sided
identity element a maximal two-sided 1ideal need not be prime.

We now state and prove the theorems announced in the
foregoing paragraph, giving separate proofs for one-sided and

two-sided 1ideals; neither proof seems readily adaptable to the

other theorem.

Theorem 6.4. A maximal right i1deal M of a semigroup S 1is

a prime right ideal of S if and only if x° € M implies

X € M.

Proof. The necessity of the condition follows immedi-
ately from the definition of prime ideal. To prove the suf-
ficliency, suppose that M 1s not prime. Then there exist
elements x and y 1lying in the complement of M such
that xy € M . Since x° € M implies x € M by hypothe-
sis, x# y and x2, y2 € C(M) . Now x é yS ; for if
X =y8 for some s &€ S then :(xy)s = x(ys) = x° « C(M) ,
contrary to our supposition that xy 1lles in the right'
ideal M . Hence we have x ¢ M, x#y , and x ¢ yS ,
whence x ¢ (Mwy vyS) and therefore (M uvywyS) « S .

And M c MuywvyS), for y ¢ M . But the set
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MUY vyS 1s a right i1deal of S , for
(MUywyS)S=M3UyS uyS2c MuywwysS .
Therefore Mw y »v vS 18 a proper right ideal of S , proper-
ly containing M , contrary to the hypotheslis that M 1is a
maximal right ideal of S .

In the case of two-sided ideals, the above proof
breaks down because, although a iwo-sided 1deal 1is a right
1deal, a maximal two-sided 1deal need not be a maximal right
1deal, 1.e., a two-sided 1deal may be contained properly in
a proper right ideal even though it 1s not a proper subset
of any proper two-sided ideal. For example, in No. 4.67
the proper two-sided ideal [3, Q] is maximal, but is proper-

ly contained in the proper right ideals [1, 3, 4 and

(2, 3, 4 .

Lemma 6.1. If M 1is a two-sided 1deal of a semigroup S ,

and 1if x2 € M implies x € M, then Xy € M 1implies

yx e M ; if x € S, 1 Y 1s the set of all elements

f— m— S————— S————

y € S 8such that xy € M, and 1 Z 1s the set of all
elements z € S such that zx € M, then Y =12 .

Proof. If xy € M then (yx)° = (yx)(yx) = y(xy)x e M,
whence yx € M . Hence if y € Y tflen y (Z , and vice-

versf, so that Y =12 .

Theorem 6.5. A maximal two-slded ideal M of a semigroup

S 1s a prime ideal of S if and only if x? € M implies

X € M.
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Proof. The necessity of the condition 1s immediate.
If M =S the sufficlency of the condition 1s trivial, so
we assume M & S . Let x € C(M) , and let the sets Y
and Z Vbe defined as in Lemma 6.1. For any s € S , 7 &€ ¥,
x(ys) = (xy)s € M , whence ys € Y’} and by Lemma 6.1 ,
(sy)x = s(yx) € M , whence sy € Z =Y . Therefore
YS ¢ Y and SYe Y » Whence Y 1s a two-sided 1deal of
S . Now x ¢ Y; for x € Y implies 2 =xx € M,
whence x € M . Therefore Y ¢ S , and since M < Y
and M 1s maximal we have M =Y ., Hence xy € M 1mplies
y € M, whence M 1s prime.

From Theorems 6.3 and 6.5 we have at once the

Corollary. If M ;_§ a maximal two-sided 1deal 1in a semi-

— —

group S , and if the complement C(M) of M 1s commuta-

tive, then C(M) < 82 if and only if x° ¢ M implies
X € M . /

We present in conclusion the example, to which we
have alluded earlier, of a (necessarily infinite and non-
commutative) semigroup withvtwo-sided identity element in
which the maximal proper two-sided i1deal 1s not prime.

Let N be the set of all non-negative integers, and
let S be the semigroup of all single-valued mappings of N
Into itself, of which + ¢ n —5n 1s a two-sided 1dentity
element. Let &£ be the class of all ¢ e S such that
p(N) 1s a finite subset of N ; &£ 1s clearly a proper two-

sided 1deal of S , and we proceed to prove that 1t 1s
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maximal by proving that every element in its complement 1s
an internal divisor of ¢ .

Now C(E) consists of the mappings ® of N into
itself such that ¢(N) 1s infinite. Since N 1is countably
infinite, every infinite subset of N is countably infinite.
Hence, given any two infinite subsets Kl, and N2 of N,
there exists at least one element o € C(£) such that
G(Nl)’= N2 and ¢ 1s a one-to-one correépéndence between
Ny Va.n'd N, . Let @ ec(g), and let @ (N) = M . For
each m € M let Am be the complete inverse image H

¢'(m) of m under p . Since @ 1s single-valued, the
sets 4Am are disjoint; and since @ 1s everywhere defined
on N, the sets Am exhaust N . Now, calling upon the
Axiom of Cholce, we may choose from each Am exactly one
element m' ; let M' Dbe the set of elements so chosen.
Then the correspondehpe m < m' 1s a one-to-one corres-
pondence between M and M' . mBut, since M 1s countably
infinite, thgre is a one-to;one correspondence between N
and M . Hence there is a one-to-one correspondence between
N and M' . Let W be any such correspondence; regarded
as a mapping of N 1into itself, W € C(s) . Now
eY(N) = plw(N)] =e(M') =¥, and eV 1s a one-to-one mapping
of N into 1tself§ Let X be any element of C(Z) such
that 1f n € N and @¥(n) =m then X {(m) =n . Then, for
any n € N, if y(n) =m' and e{m') =m and X {m) = n

then Xey(n) =n , whence hl@Q’: L . Hence p 1is an internal
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divisor of ¢ , whencs nc proper two-sided ideal of S
can contain @ . Thzr:zfore 2 1is an unique maximal ideal
of S .

Finnlly, we srow that & is not a prime ideal hy
axhibiting a pair of elements of C(£) whose product lies
in & . Let @ Dba defined by QD(n) =n+1 for n even
and #{n} = n for n Aodd; then (?(N) is the set of all
odd positive integers. Let ¥ Dbe defined by ¥(n) =n
for n even and ¥(n) = O for n odd; then 'l//(N) is the
set of all even non-—-négative integers. Thus cp,y/ e c(2) .
But, for any n € N , Vqﬂ(n) = 0 ; hence VYP &I . ‘

Therefore & 1is not a prizﬁe’ideal of S .
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In this appendix,; compiled jointly by Messrs. K. S. Carman, J. C.
Harden, and E. E. Posey, are listed what the authors believe to be all
distinct semigroups of orders two, three, and four, and their proper sub-
semigroups. Two semigroups are regarded as distinct if no isomorphism
(or anti-isomorphism) can be set up between them.

Commutative semigroups of these orders (wnder the name of "finite
ova") were listed by A. R. Poole in his dissertation,l but were omitted
froﬁ the published version.2 We have constructed independently all
semigroups of orders two and three (non~commﬁ£ative as well as commuta-
tive), and our list of commmtative semigroups of those orders agrees
perfectly with Poole's,

In addition to constructing the non-démﬁﬁfgtive semigroups of
order four, we have examined Poolet's list of commtative semigroups of
that order;, and have found what apéear to be a few errors. It should be
pointed out that the copy of roole's thesis available to us was a carbon
copy borrowed from the library of the Califérv'nii:éa Tnstitute of Technology,
with the subscripts in the semigroup miltiplicﬁiiﬁn,tables filled in by
hand, so that it is entirely possible that the errors noted do not occur
in the original dissertation; indeed, some 6f'£ﬁgse errors are obviously

merely mistakes in copying. We did not construct the commutative

1A. R, Poole, "Finite Ova," (Doctoral Dissertation, California
Institute of Technology, 1935). . . . .

24. R. Poole, "Finite Ova," The American Journal of Mathematics,
59:23-32, 1937, . . R - ,
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semigroups of order fonr independently, and cannot claim that our exami-
nation of Pocle’s list was suificiently exhaustive to preclude the
possibility that it c¢ontains errors other than those noted below,
Poolets R ki appears as:
up o owm oW 4y
W up ug up
up u3z U] uj
Uy ug ﬁl up
which is non-commutative since wujuj # usuj, . An examination of asso-
ciativity shows that 1f uwjuy = wuy then the system is not a semigroup
regardless of what the rreduect EELA may be. Changing Uy usy from wuy
to uz , we have a cowrwtative semigroup, distinct from &ll others in
Poole!s list, which is given in cur list as No. L.38.
The multiglicaticon table of Poole’s R h30 is identical with that
of his R hl7? this semigzroup appears in 6ur list as No. L.9. Changing a

single subscript yields a new commutative semigroup, No. L.5 in our list:

it hyys R L3p L.5
W o 1y v v w
q Uy ;W U] u W up
‘.11 u 1 W3 ul uy u uy u)
1.11 Uy Uv ) e U.l U.2 u 1 uh

Fooleis T Lp and T L3 are identical, and appear in our list as
No. .22, Two changes produce a new commutative semigroup, our

No. L.23:2
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T lip, Thy .23
u u u uj u] Iil o
uouz w ou wou owyow,
wou ouw o uy U ow uj3 uh
w,oow, ou ow w, w, ‘uhk v,
T iultirlication table 2 s in coole's list fails to satisfy the

associativity condition, but can bs so modified as to becomz a commutae
tive semigroup apnarently distinct from all others in that iist; we
include it as Wo. %32

R E-I-:[_S h e 3

oot Mpow WUy W oW
Uy vz W u L L R R |
W ou; u; up Wy ou uw w
upow W up U up U

Poolata somizreups R lip and 2 ha seem to be isomorphic: this
semigroun apiesrs tn our 1ist as No, h.l3. FPoole's tables and an iso-

mordhism befween then sre axhibited Zzlow:

? },gg : R h8
oowowyow U W oMo oW
T e, W U W W
uy 9y vy uy Uy $—»uy U up uy W
a W ouy oW, 0, < U3 o ow ow w,

In Table Iz are 1isted the four semigroups of order two, of which
i only No. 2.3 iz non-commtative, Table TIa contains the six nen-—comrmie

tative semicrcups of crder three (Nos. 3;?, 3.9, 312, 3.13, 3.1k, 3.15:
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and the twelve commutative semigroups of order three, the latter being
identical (to within isomorphism) with Poole's ova of order three. In
Table IIIa we list the 55 commutative semigr&ups of order four (Nos. lj.l-
4.55) and the 66 non-commutative semigroups of order four (Nos. L.56 -
h.121). _ |

In Table I¥a, the columns are headed by the reference numbers of
the semigroups of order two, and the rows are labeled with the reference
numbers of the semigroups of order three. If No. 3.2 (= ; 1, ..., 18)
contains k subsemigroups isomorphic to No. 2.y (y = i, cees L), the
letter k 1is placed at the intersection of the row 3.2z and the colwmn
2,y. Table Va exhibits similarly the subsemigroups of orders two and -
three of the semigroups of order four. Subsemigroups of order one are
simply the idempotent elements of a semigroup, and are not listed
separately since they are visible immediately upon inspection of the
miltiplication table of the semigroup.

It would be futile to expect tables of this sort to be entirely
free from errors. The authors have checked their work repeatedly, and
have rectified eevefal>mistakes, but others have doubtless escaped their

notice., They will appreciate receiving ﬁbrr?ctiana‘frdm uSeré of the

tables,




Sa

TABLE Ta

SEMIGROUPS OF ORDER TWO

2.h

2.3

2,2

2.1

— A
—~ -

AN
—A N

—A N
N~

N~
AN

TABLE IIa

SEMIGROUFS OF ORDER THREE

3.6

3.5

3.k

3.3

3.2

3.1

N
~Ne-A
~Ne— A

XN |
— AN
—A M

NNy~
A M
M

NN
aMNH
AN ™M

~Ho
A
~N A

TNHA

A
HON N

3.8 3.9 3.10 3.11 3.12

3.7

~HaN M
~aN A
N A

MM
N~ ™M
~ o1

LAY e X1a
~N M
M

~oN A
~ao A
~aN A

oM

Y H N

—A- A

~N A
[ K3 1
—N A

3.14 3.15 3.16 3.17 3.18

3,13

N~
~N -
~N -

—A M
AN A
~N—A

HaNM
NN
~N— -

aX2a WA
~~ ™M
M

~ AN ™M
HAamMm
oM

~a ™M
AN
oA
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TABLE IITa

SELIGROUMS OF ORDER FOUR

L.7

L6

L.5

I

Lo3

L.2

L.l

HHoa N
AN
AHAA
A A

HA-AMN
HAAA
AN AHA
A A

AN H 3
AHHA
HaN AN
[ N N |

N A
N
AN A
A

NN
— Ny
o N B B
A

A A
A A
ANAHAH
A4 A

AN MM
AN MM
=R K A
A A

L.11 L.12 .13 L1k

.10

h.9

L.8

oM
[ eV s Wi
aNHN N

HoA A

NN
MNHN M
NN H
NN AH

P g g, P, ¢
N+ o
NN~
o N

i AWV |
NS HN

Vzl.h.f..,)

—AN N3

i o W IQV)
[aa V= i oA |
NH M
123h

AN Aoy
A A
AN HN
A AHA

HMNHo
A A
AHH™M
A A

L.16 L.17 L.18 L.19 L.20 L.21

.15

= =4

s N H

L AV ap Wi ¢
[ W W e

e i, P, i ¢
Mmoo 3
N HN
NNt

[aaWaaWaa P ¢
[saNsa Waa Nl
aNHMM
AN MM

AN N
[aaNsaNaN oA
N HMNN
AN N

~N
—~ NNt
~SH N
AN HA

— oot
Ao MmH
NHAN N
AN HA

NN
oo
NN H
L QI oV}

L.23 Le.2L L.25 L.26 L.27 L.28

L.22

[ = A a WY
M
—on N
A A

NN
HA A
AN
A

i VI
s oV e B |
NN
o=

P f VI g ]
AN A
[V VR a¥R o]
oo

N~
AN o W |
—~ oo

HAN®

=t
— e
AN A
— -t

P g, . ¥ |
o I o P ¢
o
[ N W P

Ls30 L.31 L.32 L.33 L.3k L.35

L.29

(aa Wy NoVQV]
MNHAN N
aNNHH
N MM

NN N V]
nNenH H
M
MM

A HN AN
MmN HmM
AHNA
NN

NAHAHA
NAHAA
N~
HaN oo

NHo A
~ oy~ 0N
N oo
ANAHN

AN HA
HNAHA
aNHN N
AN A

[ KV E3aYeV]
MNonH M
= KV a¥oV!
—HMN A

L.37 .38 L.39 Lo L.l L.h2

L.36

Ao
—Hoaenm
Hauaoao
L N B Wy

—Haoaaoam
HoNo o
[ VR VI oV)
A

[ Vo VE V]
—Hoaoo
Haon o
A4

o = e IR
AN
[ O A ag P

A A A
Ny

AN M
AN~ ™M
— N NN
A A

-3
AN
— NNt

THAAA

—HH A
A
o
A
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TABLE IITa

)IDER FUUR (Continued)

CF L

-
™)

{
b Ll AR b.L7 .18 oo

Loli3

N Ny
~H oM
AN HN
~N A

L I e B e
AN AH
N A
N

HNSN
AN N2
NN
A

[ QIS VAN oV ]
[ KaUN s a WV ]
[ IQV eI oV]
A

=
N
L ISV Qi ¢
AHAHA

N3
— NN
[ VRV |
o W B W |

L W W P g
AN N~
NN A
A A

L.51 h.52 L.53 oS L.55 L.56

11.50

LS e
~ o
et
o4

~A— e~
A A
A
A~ A

H
A A
A A
A

AN A
o e M 9V
(o el e M|
— e~

HNAHN
AN AH
HN AN
A4 A

<A
N
HaNHA
~tel

AHNAH
AN A
[ B e W |

4.58 .59 .60 .61 .62 L.63

L.57

—ANn N
—Aon o
AN H
HoHo

oo
NN
—AN My
—HaoaNMNAH

s
aXaXaaXaa)
— e
-t

e g R S 4
[3aXsaXaaNaaY
N H N
oot

N2
L IOV I ¢
AN~
ot

S P s S
oM
~ oM
AN

4t
oA
—A NN~
A~

L.65 .66 L.67 .68 .69 .70

L .6l

— oot
N MM
~ N M
AN O™

NN T
N M
tas lan QoY)
A A

1232 Ysa Xaa!
e m
— ot
—A o

oenen
(28 Waa Wop Wik g
[ AV 4 p Wie g
oo

[ I VA 0 P ¢
oo
AN AN
AN AHN

Nt
(3 Y= gl 00 Werd
aNHN A
HN AN

oo
oo
oA
HN AN

L.72 L.73 L7l L.75 L.76 L.77

L.71

— O e
N e~
AN A A
HoH H

— oo
—AHAM
AN
A

aXaaXaaXaal
aXaXaaXaa)
YK Xaa
R Yaa

Sgenm
12X X2a YA
—HN MM
—Ho N

Mot
aaXaXaa)
Hon o
—H N ™

Py gy S g ¢
aaaXaaXaa
oM
S e Xan'

AN A
AN A
AN A
AN

L.79 L.80 L.81 .82 .83

L.78

e i Y R
A
—o M
A

- N Nt
AN A
AN HN
ANAHA

AN~ AH
[ K Ve |
oo
AN AH A

— o N
HNu Ao
AN HN
HoN AN

N =T
AN H
— NN
o HoN

—o
—HNH A
I K !
—HNHS

HNHN
—HoNHN
HoaHdHN
Ho AN
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TABLE IIXa

SEMIGROUPS OF ORDER FOUR (Continued)

.86 L.87 L.88 .89 L.90 L.91

L.85

HoNH=
AN
N HA
HaNAHA

=333
[ VA P
AN H3
N AHS

oot
—AN
oA A
HNHA

o N
NN AHM
AN
N AHAH

HN A
AN AHM
HoNHN
AN AHA

==
N~
HAN A~
I N

NN
HNAHM
HNAHA
HNAHA

L.93 L9k L.95 L.96 L.97 L.98

L.92

=33
[ X1aNaaNaal
NN
AN NS

NN
—HaN oM
AN NN
HNAHA

AN N3
AN MM
HaN OO
NN H

oot
AN M
N HN
HNAHA

oo
NN MM
AN AHA
ANAHAH

N A
oA
oo A
HoNAHA

NAH
NN
oo
HNAHN

4.100 4,101 4,102 4.103 Li.10L L.105

.99

=3 m
MMM
MM
MMM

=333
[AANaa Naa PR 4
o
NN

=™
DaXaWia P 4
~N o
o=

=t
Hou
Hou oz
HoN D

~N oot
—Ho N2
NN
ooy

g
e Xoa XA P-4
o N2
o NS

4 33
o N
oo
als Kaks)

L.107 4,108 L.109 L.110 L.111 L.112

L.106-

AN
HHAM
AN
A

AH34HA
A
~ANN~H
A

A
AHHAAM
AN
HAAA

HAAHA
A
HaNNH
A

HHAA
AAAA
HaN MM
A

=34
o N =
NN
A

300 m
AN XaaXaa)
NHMOM
—HAN MM

L.11l L2115 4,116 4117 4,118 4,119

L.113

AN M3
A MNMm
(o W W |
A

AN NS
A AM
NN
A

A
A
NN H
A

=3t
[l N =
NNt
o N I~

—oN NS
HHAHA
HoaoMno
AHAAA

A3
HHAM
oo
A

A3
HAHAM
oM
A

L.121

4.120

HNH
A
A
A A

HaNN
NHHM
NHAN
NN A

e e



PROZER SUBSEMIGROUrS OF SEMIGROUYS CF ORDER THREE

TABLE 1IVa

2.1 | 2.2 | 2.3 | 2.4
3.1 1
3.2 1
3.3
3.4 1 1
3.5 1 1
3.6 1 1
3.7 1 1
3.8 1 1
3.9 1 1
3.10 1 1
3.11 1 1
3.12 1 1
3.13 2 1
3.14 3
3.15 2 1
3.16 3
3.17 2
3.18 2

9a
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TABLE Va

PROPER SUBSEMIGROUPS OF SEMIGROUPS OF ORDER FOUR

3.

L2113 4 |15 [16]L7] 18

20
ll2]31af112|3[4]5]6]7]8]9]L0

L.

10

12
13

16

17

18

19
20
21
22

23
el
)
b
2t
20
29
30

31
32

33
34
35
36

37
38

59

4o
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TABLE Va

PROPER SUBSEMIGROUPS OF SEMIGROUPS OF ORDER FOUR
(Continued)

3.

10

12

15

[

17

18

N

4

t T ) O

4 N

B A Lol Lo lus T O g

L Foae Fou Rt (WX

b bV

4 o Lo IR L (WS 12 A 98 4

DA R M L= 1o

= 1 ]

4 1 -4

A g A DY -4

s Lo

ot

e Ao b (PRLUR TEE S0 a0 Fo0 O (W0 ) S (R T SO LR T3 | S W

4 b 1

[ EAS Tak (W O,

it

] o] ot

e Bl ] 3] o] [

I O OV X IS T

[on Ran o Lo Ba% OV

o Lo Lo
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TABLE Va

PROrER SUBSEMIGROUPS OF SEMIGROUPS OF ORDER FOUR
(Continued)

|

L Py
o

n

(o

=

e

O

- st

4 -4

!—J
I I o [ P

I I L
i._l

£ N ] rol oy 1|
4 1o b

2%

[ B O™ AVS B o i
-

2t o B
N

bt it ol O O o 0 B B 1] 1] 1 2 b 1 e 1 ] 1

A
N B Lo

107 1
105
109
110

AN B AV B o A
[
[

HH - -

112
113

115

117
118
119
120 1
121 3 2

b4 e 5 ok ] 1] bl
e TS T IS FN P N FCES S P Jo T
H

o
H e

4
Q
(&)
L AV AWE Bo% LWL (WE S o o D B S San o £ 50 B AL 0N TOE U EEg G ot L ot DO oL B ] B B o] 4 0 PO 1






