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CHAPTER I 

INTRODUCTION 

The primary purpo s e  of thi s  thesi s i s  to demons trate a 

method for the determina t i on of the Galois group of a poly­

nomial e quation wi th coefficients in a fini te field. The 

problem of find ing the Gal o i s  group of an arbi trary e qua tion, 

where the coefficient field i s  either fini te or infini te, i s  

nei ther new nor unsolved . Van der Waer den1 illustrates a 

method whi ch i s  dependent upon the fac t  tha t the permuta tions 

of the Ga loi s group are charac terized by the property that 

they transform the quanti ty 

Z = x1r 1 + x2r2 + · · �· + xnrn 

into i t s  c on j ugate s . The xi d enote n inde terminants �nd 

the ri the r oots of the p olynomial under c onsid era ti on. He 

performs all pos s ible permuta tions of the indeterminants � 

on Z and forms the produc t 

F(y ,x) = r:r (y - sxZ), 

where the � denote the permutati ons or the x1. It i s  then 

prove d  tha t  i f  the polynomi al F(y, �) be de compose d i nto 

irreducible factors, the permuta tions sx whi ch earry any one 

of the i rreduci ble !actors into itself is exactly the Galoi s 

g roup of the given e qua ti o n. Cajori2 suggests a method, 

la .  L. van der Wa erden t Mod e rn Algebra (Bew York : 
Frederi ck Ungar Company, 1949J, p .  189. 

2F. Ca j ori, An Introduc tion to �he MQdern Theory ot 
Egua tion! (New York : The Macmi llan Company, 1904}, p.  169. 



somewhat similar to this, in whi ch he forms the Galois re­

solvent and tests it for reducibi li ty. Wilson3 comple tely 

solve s the problem in t he case of the infini t e  field.  The 

method used in thi s thesi s follows tha t  of his in so far as 

i t  i s  a pplicable. 

2 

The method as given here is dependent upon t he determi ­

na tion of the roots of an induc ed e qua tion. This me thod i s  

used to determine suc cessively whether the G aloi s  group i s  or 

is not contained in eac h  of the subgroups of the symmetric 

group of degree n, where n i s  the degree of t he e quation 

under c onsideration . The information so obtained permits us 

to determine which of these subgr oups i s  the Galois group, or 

whether the Galois group i s  the symmetric group. We need only 

note whic h  subgroup contains the Galois group but has no sub­

group containing the Galo i s  group . 

We shall first sele c t  an arbi trary subgroup of the 

symme tri c  group of degree n, where again n is t he degree 

of the given equation. Having selected one suc h group it will 

be nece ssary to d i splay a rational function of the roots of 

the given e qua tion with ra tional c oeffic ients, whi c h  i s  in­

variant under all of the permutations of the selected group. 

We then construc t an e quation whic h  has coefficients in the 

coefficient field of the original e quation, and whic h  has this 

3R. L. Wilson, "A Me thod for the Determina tion of the 
Galois Group. n To appear soon in the Duke ¥ath§mA�al 
Journal. 
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func ti on as one of i ts roots.  We call the e quation so con­

struc ted the induced e quation .  I t  i s  now ne cessary t o  deter­

mine if the func tion di splayed above , or one of i ts conjugates, 

i s  an element of the coefficient field �.  If  we find that 

the induced equation has no roots in F,  then surely the 

function is not in F.  I t  may happen that all of  the roots 

of the induced equation ,  whi ch are in F,  are multi ple roots. 

In this case we show , by t heorem 8, that i t  i s  possi ble , in a 

fini te number of steps,  to construc t an induc ed e qua tion which 

has no roots in the coefficient field , or else to conclude 

tha t  the Ga lois group is conta ined in the se lected subgroup. 

In most instances i t  wi ll be unnece ssary to use theorem 8. 

We are now in a posi tion to apply a basi c t heorem in 

Galois t heory (theorem 5) . In case t he function of t he roots, 

whi ch we have constructed , i s  a non-repea ted root Qf the i n­

duced e qua tion and i s  in F, the Galois group i s  contained in 

the subgroup we had ini tially se lected . If the function is 

not in F, then the group we have se lected doe s  not contain 

the Galois group . 

Examples are given in Chapter IV  illustrating t hi s  

method for finding the Ga lo i s  group. 



CHAPTER II 

DEFINITIONS AND NOTATIONS 

We s tate the following well-known defini tions and 

theorems . 

DEFINITI ON 1. A field E is a system of elements 

closed under two binary opera tions, add i t i on and multiplication, 

such tha t 

(a) under addition ,  E is a commuta tive group wi th identi ty 

zero; 

(b) under multiplication, the element s of E not zero form 

another c ommutative group; 

(c ) ad di ti on i s  d i s tributive wi th respect to multiplication. 

DEFINITION 2 . If there i s  a posi tive integer � such 

tha t p•a = 0 for each � in a field F, and if � i s  the 

smalle s t  integer wi th thi s property , then F is said to have 

cha !acteri �tic � · If no such element exi s t s  then F i s  said 

to have char�ri s tic � · The two types of fields are often 

referred to a s  fini te and infinite , respectively. 

DEFINITION 3 .  A s e t  o f  linearly independent quanti ties 

ul, u2 , · · ·, un of an extension � over E is said to form 

a bas i s  of � over E if each �, whi ch is an e lement of R 

can be expre s sed a s  a linear c ombina tion 



x = a1u1 f a2u2 f • • •  + anlln' 
where a 1, a2, · · ·, an are elements of F. 

; 

DEFINITION 4. An extension N of F i s  called a !QQ1 
fiel� of a polynomial f(x) of degree n wi th c oeffic ients 

in F if 

(a) f(x) can be fa c tored into linear fac tors 

in N, and; 

(b) N can be generated over F by the roots of f(x), as  

N = F(r1, r2, • • •  , rn)• 

DEFINITION 5. If N = F(r1, r2 , • • •, rn) i s  the root 

field of a polynomial 

f(x) = (x - r 1)(x - r2) • • • (x - rn), . 

then the automorphism group of N over F i s-known as  the 

Galois group of the equa tion f(x) = 0 or as  the Galoi s group 

of N over F. 

DEFINITION 6. A polynomial f(x) of degree n i s  

called sep�able over a field F if there exi s t s  n d i s tinc t 

roots of f(x) in some roo t  fi eld N ? F; otherwi s e  f(x) i s  

called ins eparabl§. 

THEOREM 1. 1 The number � of ele ment s  in a finite 

field of characteri s tic Q (p mus t  be prime) i s  a power of 

the prime Q, tha t i s ,  s = pn. 

lR.  D.  Carmi chael, Introduc tion to the Theory of Groups 
of Fi q!te Qrde� (Bos ton: Ginn and Company, 1937� p. 245. 
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THEOREM 2.2 For any prime Q and any positive integer 

n there exists a finite field with s = pn elements. 

THEOREM 3.3 Any two finite fields with the same number 

of elements are isQmgrnqi£· 

THEOREM 4.4 The root field N over F of the equation 

xs - x = 0 with · s � pn is a finite field with s = pn 

elements. We call N a Galois field. 

In view of theorem 3 it follows that a particular Galois 

field, so far as its abstract properties are concerned, is 

completely determined by s. Moreover, a Galois field is 

abstractly identical with any finite field with the same number 

of elements. There is no loss of generality in referring to 

the coefficient field as a Galois field. 

The following conventions and notation will be observed 

throughout this thesis. 

1. The coefficients of the given polynomial are to be in 

a finite field , E· It is no restriction to require the 

equation to be monic. If f(x) = 0 is an equation of degree n, 

f(x) = b0xn f b1xn - 1 + · • ·  f bn = 0 ,  

(New 
2G. Birkhoff and S. MacLane, A Survey 

York: The Macmillan Company, 1948), p. 
3Ibid. , p" 430. 

of Modern Algebra 
429 • . 

4A. A. Albert, Modern Higher Algebra (Chicago : University 
of Chicago Press, 1937� p. lb?. 
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we may multiply the polynomial by b0-1; thi s surely exi s ts 

s ince we have a s sumed f(x) to be of degree n, hence b0 � 0. 

We obtain an equa tion in the form 

(1) p(x) = xn + a1xn-l + ... +an. 

I t  i s  obvi ous that the Ga loi s group of" p(x) = 0 i s  identi cal 

wi th tha t of f(x) = 0 s ince the roots of the two polynomials,  

and thus the root field s ,  are the same . The nota ti on p(x) = 0 

will in every cas e  refer to a polynomial of type (1). We shall 

further require tha t p(x) : 0 be separable. If the equation 

i s  irreduc ible over F there i s  no lo s s  of generality in doi ng 

thi s ,  s inc e i t  ha s been proved5 tha t any irreducible equation 

over a Galois  field i s  sepa rable. However, we shall make no 

a s s ump tion regarding the reduc i bility of the polynomial under 

cons idera tion. 

2. We shall denote by � an arbi trary subgroup of the 

symme tri c  group , Sn . � can be any one of these subgroups, 

but having been cho sen will be considered as  a fixed group. 

The Galois group of the equation p(x) = 0 will be denoted by 

�. Both � and G will be cons idered as  permutation groups 

on n symbol s .  Thi s will always be possible s i nce both I' 
and G are subgroups of Sn• In us ing the word "subgroup", 

we ma ke no d i s tinc tion between a proper subgroup and an im­

proper subgroup unle s s  a s tatement is made to tha t effec t .  

5van der Waerden , 2n· £1!., p. 124. 
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3. We s hall deno te n indeterminants by xl, x2, • • •, Xn 

and in a si milar manner the roots ot p(x) = 0 s hall be denoted 

by r 1 , r 2, · · ·, rn where the roots are taken in s ome fixed 

order. Although the order is fixed it is i mma terial which root 

is denoted by r1, which by r2, etc.  The ri are d i s tinc t 

s ince we have requi red that p(x) = 0 be a separable e quation .  



CHAPTER I II 

DETERMI NATI ON OF THE GALOIS GROUP 

I has been defined to be a fixed group which is'a 

8ubgroup of .Sn· We wis h  to de termine whe 'ther or not it is 

pos sible to find a ra tional function fl(xl, x2 , 
. •· . .  , Xn) or 

the n ind eterminants , with coeffic ients in F, which is 

invariant und er the permuta tions o r  r ' but under no ,.permu­

tations not in l . If t his is pos sible,  and if 

r1(rl, r2, • • • , rn) is a number in F and distinc t from all 

the numbers obtained by applying to f1Cr1, r2, · · ·, rn) 

pe rmutations outs ide I , we apply the following theorem. 

THEOREM 5. 1 The Gal ois group G relative to the 

coefficient field F ot a s epara ble equation · p(x) := 0 i.s 
\ 

uniquely d ef ined by the following propertie s :  

A :  Every ra tional f unc tion with coefficients in F ot the 

roots of p(x) = 0 whic h is invariant under G is equal to 

a number ot F. 

B :  Every ra tiona l function with c oefficients in F of the 

roots of p(x) = 0 which is e qual to a number of F is 

invariant under G. 

We thus have as  our problem the following : 

(a) To cons truc t  a rational func ti on fl(xl, x2, • • •  , xn) 

with coeffic ients in F, which ts invariant under I , but 

unde r no permutati ons not in I , and 

York: 
lc. C. MacDuffee, Introduction to Abs tract Algebra (New 
John Wiley and Sons, Inc . , 1940), p.  102. 
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(b) To determine whe ther f1Cr1 , r2 , · · · ,  rn) i s  a number 

in F and whe ther or not thi s number i s  left invariant by any 

permuta tions outside I . 
We proceed a s  fol lows to s e t  up an equa ti on whi ch we 

call the equa ti on induc ed by I , or s i mpl y ,  the induced 

equation .  

Le t g1Cx1 , x2 , ••• , Xn) be define d by 

) ( ) n - 1 n - 2 2 (2 gl xl , x2 , • •• , Xn = Xl x2 ••• Xn - 2 xn - 1• 

As sume tha t i s  of order h, then we shall denote by 

gl , g2 , ••• , gh the h func tions obtaine d by appl ying the 

h permuta tions of I' t o  gl (x1, x2 , ••. , Xn)· I t  i s  

obvious tha t the gi are di s tinc t. We now define 

fl (xl , x2 , . . • , Xn) a s  follows:  

(3) f1(x1 , x2 , • . •  , Xn) = gl + g2 + ••• + gh• 
The h permutations of I' wi ll leave f1Cx1 , x2, · · · ,  xn) 

invariant. Thi s i s  true s ince the h permuta tions form a 

group and they wi ll merely interchange the gi in (3). On 

the other hand, any pe rmuta tion not in l wi ll change gl 
into s ome function different from any of the gi c on s i dered 

above . Thi s , of course , change s f1(x1 , x2 , • • •  , xn) into 

some other rati onal func ti on of the n inde terminants wi th 

coeffic ients in F. We say tha t thi s second func ti on i s  

conjugate to f1Cx1, x2 , • • •  , Xn)• We now have a func ti on 

f1Cx1, x2 , · · ·, Xn) which i s  invariant under the permuta tions 

of I' , but i s  altered by any permuta tion not in l 
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Let Si be any permuta tion of r ' and let t2 be 

any permuta tion of Sn whi ch does not belong to I . A suc­

cessive application of � and t2 on f1(xl , x2 , · · · ,  Xn),  

tha t i s  t2 (sifl),  wi ll gi ve some functi on f2 (x1 , x2 , • • •  , Xn) 

which i s  conjugate to f1 (x1, x2 , . . •  , Xn) but di stinct from 

i t. Si nce f2 (x1 , x2 , . .. , Xn) is a conjuga te of 

f1(x1 , x2 , · · · ,  Xn), it i s  a ra tional function of the n 

indetermi nants wi th coeffi cients in F. We also note tha t 

since sifl = f1 for each of the h d i stinct !1 of I' 
t2si fl = t2fl = f2 

for each of the h d i stinct Si · I t  follows tha t t21' i s  

a set o f  h elements d i st i nct from the elements o f  f' , and 

distinct from each other , such tha t t2 si fl = t2f1 = f2 . It  

is no ted tha t t2 I actually forms a left c ose t of the 

subgroup 

I f  

r 
I 

in the symme tric group , Sn • 

and t21' do not exhaust 

of a permuta tion �' whi ch is in nei ther 

the existence 

nor t2l , i s  

assured . A s  i n  the preced ing di scussi on t3sifl = t3f1 must 

define another funct ion f3 (xl , x2 , • · • , Xn-) , of the n 

indeterminants, conjuga te t o  f1 and f2 and di stinct from 

fl and f2 . We have already shown tha t fl and f2 are 

di stinct , and in exactly the same manner fl and f3 are 

di stinct . We now show tha t f2 and f3 are distinc t . 

Assuming the contrary implies tha t 

t3sifl = t 2Sjfl 
for some si and some �· From this i t  follows tha t 



and 
-1 -1 f t2 t3sifl = t2 t3 1• 

We conclude from thi s tha t <t21t3) must be an e lement of 

I' 7 since i t  le ave s f1 invariant . If thi s is true then 

t2lt3 = s .P. 

for some .R , and 

t3 = t2s� , 

whi ch means tha t ."::1 i s  cOnta ined in t2 I contrad icting 

12 

the hypothesis tha t 

of t21 . If I 
i s  di stinct from any of the elements 

do  no t exhaust the 

symmetric group , we can continue thi s process, and in a finite 

number of steps use all of the elements of the symme tric group . 

We can now wri te 

where We def ine k di st inct functi ons by this 

process. We denote the se k functi ons by 

(4) f1 (x1, x2 , · · · , Xn) ,  f2(x1 , x2 , · · · , Xn) ,  · · · , 

fk (xl , x2 , . . •  , xn) .  

It  ha s been pointed out tha t each o f  the fi i s  a ra tiona l 

funct ion whose coeff icients be long to E· 
THEOREM 6. If f' i s  an arbi trary subgroup of the 

symme tri c group of degree n ,  i t  is always possible to con­

struct a ra tional functi on of n indeterminants wi th coef­

ficients in F which i s  invariant und er the permutation of 

I' , and which is altered by any permuta tion not in f' 



13 

The discussi on here in no way implies that the manner 

in which we have constructed the functi on f1Cx1, x2 , • • •  , xn) 

is the only manner in whi ch a function may be constructed 

sa ti sfying the condi ti ons of theorem 6 .  Thi s  is simply a 

method whereby we can be certain of obta ining at  least one 

such functi on .  

Le t f1Cx1, x2 , • • •  , Xn) be a functi on whi ch satisfies 

theorem 6, and let f2Cx1 , x2 , · · · , xn),  · · · , fk (xl , x2 , • • •  , Xn) 

be the functi ons conjuga te to f1 defined as in (4) .  We now 

c onsider f1Cr1, r2 , • • •  , rn),  f2Cr1 , r2 ,  · · · , rn),  · · · , 

fk (rl , r2 , · · · , rn). Ea ch of these fi (rl , r2 , • . •  , rn) 

repre sents a number in the root field of p (x) = 0. We have 

in no way inferred tha t these numbers are distinct . We now 

wish to determine if any of the fi (rl , r2 , • • •  , rn) are in 

F .  To thi s end we construct the equation 

wi th roots f1Cr1, r2 , • . •  , rn),  f2Cr1 , r2 , • • •  , rn) ,  · · · , 

fk (rl , r2 ,  • • • , rn). We shall call thi s  equa tion the induced 

egua t�QU· It i s  obvi ous that the induced equa tion is dependent 

upon the choice of f1 , and i s  not necessarily uni que . 

The coefficients of (5) are in F, for the coef­

ficients are symme tric functions of the fi , and the fi are 

in turn symme tric in the ro ots. Thus, the induced equa tion i s  

an equation o f  degree k , wi th leading coefficient uni ty , and 

all of i ts c oefficients in F. 
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It is possi ble to de termine all of the roots of 

F(y) = 0 whi ch are in F . If there i s  no root of thi s  

equa tion whi ch i s  in F,  then n o  fi i s  in F, and in par­

ticular f1 i s  not in F. Since we have a ra tional function 

of the roots of p (x) = 0 whi ch i s  invariant under I , and 

which is not in F, then by theorem 5, Part A ,  G cannot be 

a subgroup of I' . If the induced equa tion F(y) = 0 has at  

least one non-repeated root in F,  then some fi i s  in F. 

If thi s  non-repea ted ro ot i s  fl , we then have a ra tional 

functi on of the roots of p (x) = 0 which is invariant under 

I' , and since the root i s  a non-repea ted root the ra tional 

functi on i s  not invariant under permuta tions outside � 
Since thi s functi on is in F,  we are assured by theorem 5, 

Part B, tha t G i s  contained in � If the non-repeated 

root of F(y) = 0 is not f1 , but is fi (i # 1),  the functi on 

fi i s  invariant under the permuta tions Si r s:t1 , for 

Si � s:t1fi = Si f'' s:r1si fl = Si r fl : Sifl = fi • 

Thus fi i s  invariant under the permuta tions of a group which 

is conjuga te to r' We need only renumber the ro ots of 

p (x) = 0 in order to make fi become fl , and we a gain have 

fl in F . Using the same argument as above we may conclude 

tha t G i s  contained in I We have proved the followi ng 

the orem: 

THEOREM 7. If the induced e qua tion ha s at  least one 

non-repea ted root in F,  then G i s  contained in I • If 

the equa t i on has no roots in F,  then G i s  not contained in 

r .  
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If equation (5) ha s only mul tiple roots in F, no 

inference may be drawn , s ince the func t i ons fi (r l , r2 , .. . , rn) 

are then invar iant under f' , but a l s o  under permuta t i ons not 

in r . 
We now prove the following theorem: 

THEOREM 8. For any g iven polynomial equa t i on of degree 

n and an arbi trary subgroup � of Sn , i t  i s  pos s i ble (if 

the order of r is not a multiple of p) to c ons truc t an in­

duced equa t i on ,  depend ing upon a parameter �' such tha t in a 

finite number of steps we are a s s ured of 

(a) find ing an induced equa t i on with at lea s t  one 

non-repea ted root in F, or 

(b) find ing an induced equati on with no roots in F, or 

(c) being able to c onc lude tha t G � � . 
Proof: Suppose that equa t i on (4) has roots in F, but they 

are all  repeated roots . Let one of these roots  be of multi­

pli c i ty m. We may a s s ume, by renumbering the roots  i f  neces­

sary , tha t  the firs t m numbers ,  fi , are equal , tha t i s 

r1 = f2 = • • •  = fm· Let 

H = r t s2 f' t · · · + sm r • 

H i s  a group ,  s ince i t  i s  obvi ously the set of all permutat i ons 

tha t  leave f1 invar i ant. Since we have a s s umed that exac tly 

m roots  are equal , thi s func ti on is not invariant under a 

permuta t i on not in H. By theorem 5 the Ga loi s group G of 

the polynomia l  mus t be c onta ined in H. 

We now c on s ider the n! func t i ons 
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g(j) - rb1rb2 rbn-2rbn-l 1 - 1 2 · · •  n-2 n-1 ' (j = 1 , 2 , • . • , n!) , 

where the � are integers and 0 � bi � n - i .  By consi der-

ing the successive adjuncti on to F of r1 , r2 , · · · , rn , in 

tha t order,  i t  is clear tha t the totality of these functi ons 

form a ba si s  (not necessari ly minimal) for the root fi eld of 

p (x) = 0. We now apply the fundamental the orem of Galois 

theory . 

THEOREM 9 . 2 Lfundamental the orem of Galois theori7 

If p (x) i s  a polynomial in a field F and G the group of 

the equation p (x) = 0, whe re N is the root field of 

p (x) = 0, then: 

(a) Each intermediate field � i s  the fixed field for a 

subgroup GB of G ,  and di stinct subgroups have di stinct 

fixed fields.  We sa y � and GB "belong" to each other.  

(b) For each intermediate fi eld �' we have (13/F) equal 

the index of GB and (N/B) equal the order of GB . 

Now , by the fundamenta l theorem , if r is a proper 

subgroup of G there i s an inte rmed iate field � be longing 

to r such tha t B,:) F and B is a subfield of the root 

field of p (x) = 0. Since B is a subfield of the ro ot field 

of p (x) = 0 , and since the gfj) form a ba si s for the roo t 

field , any element in B must be a linear combina tion of the 

gfj). Let 

------
2Emil Artin , Ga lois The ory (Ann Arbor: Edwards Brothers, 

Inc. , 1942 ), p .  46 . 



(7) 

be such an element of B . Denote by g(j) g(j) 1 ' 2 ' 
. . . ' 

17 

the h functions obtained by applying the h permutations of 

r to g(j) 
1 0 Let 

n' 
fi =2: ajgij)' 

j=l 

(i = 1, 2 , • • •  ' h)' 

denote the h functions obtained from (7) by applying the 

h permutations of r . Since B belongs to l , any 

element of B is invariant under all of the permutations of 
- -r Thus, we have f1 = f2 = • • • = fh. If h is not a multiple 

-of p, then: f1 = � Cr1 + f2 + f3 + • • • + rhJ 

If we define 

h 
= � L i\ 

i=l 

f(j) - .L � g(j) 1 - h � i ' 

i=l 

(j = 1, 2 , · · ·, n!), we 

shall have a basis for the field B. These ftj) must consti-

tute a basis since f1 was any number in B and we have shown 

that it could be expressed in terms of the fij). We have 
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defined n! basis elements for a field of at most degree k 

over F, hence this is surely not a minimal basis. Further­

more, there is no implication that the fl j) are all distinct . 

Since F is properly contained in B there must be at 

least one element in B which is not in F. Also, since all 

of the elements of B are linear combinations of the 

there must be at least one not in F. 

function 

(8) 
fl(a) =� aJ-lri ll, 

j=l 

We now form the 

where we are considering s as a parameter. f1(a) is in­

variant under the permutations of f' , and any permutation 

not in � may change f1(a). Using f1(a) in lieu of the 

(3) we can obtain, as before, the conjugate functions 
\ 

and the induced equation which will now be dependent 

upon our choice of the parameter a • _, 

F(y, a) = I�!LY - r1 (a.lJ = 0, 

where 

- 1 

The induced equation, of degree k in y, has coefficients 

symmetric in the roots of p(x) = 0, and hence for any value 

of !EF the coefficients of F(y, a) = 0 are in F. We can 
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determine for any value of the parameter � whether or not 

this induced equation has a root in F. We now choose 

LkCn! - 1) f 17 distinct values in F, assuming that this is 

possible. If we let � take each of these values in turn we 

shall have Lk Cn! - 1) f 17 induced equations, one for each 

value of the parameter. If each of these induced equations 

has a root in F, then some one of the fi(a) must be a number 

in F for at least n! distinct values of � in F. Let 

a.R' ( J. = 1, 2, . . . ' n!)' denote the n! distinct values � 

and b�' (,R = 1, 2 , . . . ' n!), the corresponding values of the 

f i (a). From (8) we have the system of equations 

n' lf(j) (9) 2: aJ- = b�' i 
j=l 

The coefficients of the f(j) 
i 

determinant. 

1 al 
2 al 

1 a2 a2 
2 

1 

c...e = 1, 2 , • • •  , n!). 

in 

. . . 

. . . 

. . . 

(9) form the 

n! a - 1 

an! - 1 

n! - 1 an! 

Vandermonde 

This determinant is known to be non-vanishing if the ai are 

distinct.• We have chosen the a1 distinct and from F, hence 

the value of the determinant is a number in F and is not 

zero. Since the b.Q. are numbers in F, Cramer's rule gives 
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each of the f(j) 
i as numbers in F. This implies that B : F 

and G � r contrary to our assumption that r is properly 

contained in G. Thus, by assigning to � not more than 

Lk<n! - 1) + 17 distinct values from F, we are assured of 

either finding an induced equation which has no root in F, or 

being able to conclude that G � r . 
The finite field F may not contain Lk<n! - 1) + 17 

distinct elements . In this case it is necessary to extend F 

via a separable polynomial equation, q(x) = 0. We choose 

q(x) = 0 ,  of degree � in x, such that the degree of q(x) 

is greater than the degree of p(x), and such that p(x) and 

q(x) are relatively prime. We also require that q(x) have 

coefficients in F and be irreducible in F .  Such an equation 

for any degree q is known3 to exist. Let F1 denote the 

robt field of q (x) = 0 over F .  Obviously F c F,1, since 

q(x) is of degree greater than one, and F � N where N is 

the root field of p(x) = 0 over F. We also have the rela­

tion F1ll N = F since the degree of q(x) is greater than 

the degree of p(x) and q(x) was chosen to be irreducible. 

Since it is possible to choose the degree of q(x) = 0 as 

large as we please, we may choose it sufficiently large 

that F1 will contain at least lt(n! - 1) + 17 distinct 

elements . As in the preceding argument, if we let � take 

3L .  E .  Dickson, Linear Grou� with an Exposition of the 
Galois FielQ_Iheori (Leipzig: B . G .  Teubner, 1901, ,  pp . 14-lS . 
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each of these Lk(n!- 1) t 17 distinct values in turn, we 
will obtain LkCn!- 1) + !7 induced equations. If each of 
these equations has a root in F1, then some fij) must be in 
F1 for at least � distinct values of a e F1. We again 
have the system 
f i j )E F I • The 

and Cramer's rule gives each of the 
are surely elements of N since they 

are functions of the roots of p(x) = o, and N is the root 
p(x) = 0 over F. Since Frf\ N = F, each of the 

and this again implies that G c r . As before, if 
� is assigned at most fk(n!- 1) + 17 distinct values from 
F1 we are assured of either obtaining an induced equation 
which has no roots in F1, or being able to conclude that 
G f r . If an induced equation has no roots in F1, then it 
has no roots in F since F � Fr. 

In view of the foregoing argument, it is cl�ar that if 
h is not a multiple of p and if we make not more than 
LkCn! - 1) + J] distinct choices of a E F, or if necessary 
a E F1, one of the following must occur: 

(a) We will obtain an induced equation, F(y,a) = 0 ,  

having no roots in F, or 
(b) We will obtain an equation, F(y,a) = 0, having at 

least one non-repeated root in F, or 
(c) Each of the equations, F(y,a) has only multiple 

roots in Which case we may conclude that G s r . 
We have assumed throughout the proof of theorem 8 that 

h i���ot a multiple of p. If it happens that h is a 
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multiple of p it will be possible, in many cases, to avoid 
the use of theorem 8 by employing some special device suitable 
to the particular situation. Two such methods, translation of 
the roots of p(x ) = 0 and setting up a different function 
satisfying theorem 6 , are illustrated in the examples. In 
case the induced equation has only multiple roots and h is 
a multiple of p, and if it is impossible to find a device to 
avoid the use of theorem 8, the Galois group G can be deter­
mined by setting up the Galois resolvent and proceeding in the 
manner suggested by van der Waerden and Cajori. 

Thus, with the single exception mentioned above, it is 
always possible either to apply the criteria given in theorem 7 

to determine whether or not G f r , or else to conclude by 
theorem 8 that G ·� r . 



CHAPTER IV 

EXAMPLES 

EXAMPLE 1. We shal l  first c onsider the case of the 

general cubic equa t i on and later intr oduce numeri cal examples 

using the resul ts obtained here. Now , i t  is well-knownl that 

the Gal ois group of a polynomial equati on with c oeffic ients in 

a fini te field is ei ther cyc l i c  of order n or a direc t 

product of cyclic  groups , acc ord ing as the equa tion is irre­

duc i ble or reduc i ble . Using this fac t , the problem of determin­

ing the Galois group in the case of the cubic equa tion is some­

wha t tr ivial; for , the Gal o is gr oup is determined by the 

reduc i b i l i ty of the cub i c  equation ,  and to test for reduc i bi l i ty 

i t  is only necessary to determine whether or not the equa ti on 

has a linear fac tor . However , the cubic equa t i on adequa tely 

displays the method of th is paper and we shall determine the 

Galois group wi thout reg ard to reduci b i l i ty. 

Let p ( x ) = 0 be of the form 

p ( x ) = x3 + bx2 + ex + d = 0. 

There are four possibi l i t ies for the Galois gr oup. They are 

as follows: 

( a ) s3 , the symmetric group of order six , def ined by the 

permuta t i ons (1) ,  (123) , (132) ,  (12),  (13) , (23) . 

( b ) c3 , the cyclic group of order three , defined by the 

permuta t i ons (1),  (123) , (132). 

l van der Waerden , QR. c i t. ,  p. 191. 



(c) S2 , the symmetric group of order two, which can be 
defined by the permutations (1),  (12). 

(1). 

(d) I1, the identity group, defined by the permutation 
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It is clear, in view of our previous statement that G 

must be the cyclic group of order n or a direct product of 
cyclic groups, that G cannot equal s3• G will equal I1 
if and only if p(x) = 0 is completely reducible in F. We 
include these two groups for the purpose of generality. 

We have the relations 

or, schematically 

I1 c s2 c.. s3 
I1 c c3 c. s3 

/s3'\ c3 s2 

\.I Il 
In order to completely solve the problem we need only make two 
choices for r These are as follows: 

(a) Let r = c3. If G � r , then either G = c3 or 
G = Il• If G f r· , then either G = s3 or G = s2. 

(b) Let r = s2 . If G !: r ' then either G = s2 or 
G = Il. If G 1 r ' then either G = s3 or G = c3. 
If we find that G c: c3 but a· {: s2 , then G = c3. If G � c3 
and G � s2 , then G = Il, since S2r\ c3 = Il. If G i c3 and 
G ¢ s2 , then G = s3 . If G cJ c3 but G � s2 , then G = s2. 



We shall first select r = c3 and construct the 
induced equation as follows: 

2 gl(rl, r2, r3) = rlr2 
2 g2Cr1, r2, r3) = r1r3 

g3(rl, r2, r3) = r�r3 
f1Cr1, r2, r3) = g1 + g2 + g3 = rfr2 + r1r� + r�r3• 

If t2 is some permutation not in � , say (12),  we have 
� . 2 2 t2fl = f2 = rlr2 + r2r3 + rlr3. 

2·5 

r and t2 r exhaust s3, hence we obtain only the two 
functions f1 and f2• We will not be concerned with multiple 
roots in this case, for if r1 = f2, then 

or 

2 2 2 2 2 2 r1r2 + r3r1 + r2r3 = r2r1 + r3r2 + r1r3 

2 2 2 2 2 2 r1r2 r2r1 + r2r3 - r3r2 + r3r1 - r1r3 = 0 
and on factoring, 
(10) Cr1 - r2)Cr1 - r3)Cr2 - r3) = O. 

Since we have assumed p(x) = 0 to be separable, no two roots 
can be equal and no factor in (10) can be zero. Hence, fl 
cannot equal f2. The induced equation is 

2 
F(y) = � (y - fi) 

i=l 
= y2 - (f1 + f2) y  + f1f2 = O. 

Using direct computation and known2 expressions for the 
symmetric functions we have 

21. Weisner, Introduction to the TheQti_Qf_Egu�tions 
(New York: The Macmillan Company, 1947� . 114. 



f1 f f2 = L,ryr2 = (1:r1)(�rp·2) - 32.r1r2r3 = 3d - be . 

f1f2 = � rtr� f 3� ryr�r� .J. � rir2r3 
- (Lryr�) ( �r1 r2) - ( �r�r�r 3) + 3 (� rir�r�) 

+ (,r'r1r2r3H2rl) 

f1f2 = c3 + b3d + 9d2 - 6bcd . 
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The induced equa tion wi th coe ffi cients expre ssed in terms of 

the coefficients of p (x) = 0 is then 

(11) F(y) = y2 - (3d - bc)y + (c3 + b3d + 9d2 - 6bcd) = 0. 

Now ,  choosing r = 82 , we have 

gl (r l , r 2, r3) = 2 r2rl 
g2(r l , r 2, r3) = r)..r� 

fl = gl + g2 = 2 rlr2 + r1r� · 

Let t2 be any permuta tion not in r , sa y (13), and we 

have 

t2f1 = f2 = r�r2 + r�r3 . 

r and t2 r do not exhaust 53 and there must be a 

in 83 which is in nei ther [' nor t21 . One such 

is (23) . 

t3fl 
2 

= f3 = rlr3 + r�r1• 

r ' t2 r and .,t31 exhaust 83 and we have the three 

functions fl , f2 and f3. We now investiga te the possibili -

ties of multiple roots in this case. Suppose tha t f1 = f2 , 

then 
2 rlr2 f r2rl = 2 rlr3 + 2 r3rl 

rlr2 + r� = rlr3 + r3 
rl (r2 r3) - - (r2 - r3) (r2 + r3) -

(r 2 - r3)(rl + r2 + r3) = o. 
' 

Again r3 cannot equal r2 and we have multiple roots if and 
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only if r1 + r2 + r3 = 0, that ts , if b = 0. I f  b = 0 and if 

F is not of cha��cteris t ic 3 ,  it is pos s ible to  avoid the use of 

theorem 8 by u�ing a translation of the root s of p(x) = 6. We 

need only let x = z - 1 and obtain a new equation p(Z-1)� :o in 

which b F 0. I t  is obvious that the group G of p(z - 1) = 0 

is the s ame as the group G of p(x) = 0. It  is then necess ar y  

to use theorem 8 only when b = 0 and F is o f  char ac teris t ic 3 .  

The us e o f  theorem 8 is illus trated in e xample 1-D . The induced 

e quat ion is of the form 

F(y) = � (y - fi) = y3 - (fl + f2 + f3)y2 
i=l 

+ (flf2 + flf3 + f2f3)y + flf2f3 = 0. 
Us ing me thods s imilar to those us ed in obtaining (11), the 

induce d e quat ion be come s 

(12) F(y) = y� - (3d - bc)y2 + (3d2 + b3d - 2bcd)'y 

- (d3 - bed) = o. 

If b = o, (12) becomes 

F(y) = y3 - 3dy2 + 3d2y - d3 = (y - d)3 
= 0 .  

lt is re adily seen that if b = 0 all three roots of the induced 

equation are equal to d.  

We now seek to determine the Galois groups of certain 

numeric al examples applying the results  of (11) and (12). 

EXAMPLE 1-A . Let p(x) = x3 + x2 + x + 3 = o, where F 

the field GF(5). Choo s ing r = c3 and us ing (11) we have 

F(y) : y2 + 2y + 2 = o. 

Thi� �quation has the roots y = 1 and y = 2. By theorem 7, 
G c; c3_. , If we choose r = S2 and use (12), the induced 
equation becomes 

is 
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F(y) = y3 + 2y2 + 4y + 2 = o. 

This equation has no roots in F which implies that G f S2. 

We must have G = c3 • This result is in agreement with our 

statement that G is cyclic of order n if p(x) - 0 is 

irreducible, since it is easily shown that the p(x) ·- 0 in 

this example is irreducible in GF(5) . 

EXAMPLE 1-B. Let p(x) = x3 + x2 + x + 1 = O, where 

F is the field GF(3) .  If I' = c3, we obtain from (11) 

F(y) = y2 t 2y f 2 : O. 

This equation has no roots in F, hence G � c3. If � - S2, 

then by (12): F(y) : y3 t y2 + 2y : 0. 

This equation has the non-repeated root y = 0. This implies 

that G � S2. G = s2, since G 1 C3. It can be readily shown 

that p(x) = 0 has the one linear factor x + 1. 

EXAMPLE 1-C. Let p(x) = x3 + X + 1 = 0, where F is 

the field GF(7) . If r - c3' then -

F(y) : y2 + 4y + 3 = o. 

This equation has the roots y = 4 and y = 6,  hence G � c3. 

If r = s2 the equation (12) will always have multiple 

roots �ince b = 0. Using the translation suggested previously� 

we let x = z - 1 and the equation under consideration becomes 

z3 + 4z2 ·+ 4z + 6 = 0.  

Using (12) the induced equation is 

F(y) = y3 + 5y2 + 6y + 6 = 0.  

This equation has no roots in F, hence G � s2 and we must 

have G = c3. One may readily verify the fact that p(x) = 0 

is irreducible in GF(7). 
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EXAMPLE 1-D. We now consider the cubic equation which 

has b = 0 and ·where F is GF(3). Choos ing r = S2 and 

us ing the me thod of theorem 7, we will always obtain mul tiple 

root s . As was pointed out in example 1, a tr ansl ation of the 

roots is not suffic ient in this case . We apply the me thod s of 

theorem 8 to obtain an induced equation which is dependent upon 

a par ame ter . Le t the cubic equation be of the form 

p ( x) = x3 + ex + d = 0 

and let F be GF(3). Choosing � = S2, we have 

gfj) 
= r1

0flr2
0(2, 0 � Q(i � 2, (j = 1,2,3,4,5,6), 

g£1) = rf g�l ) = r� 
g£2) = rlr2 g�2 ) = rlr2 

gf3l = r1 gi J) g�3) = r2 
g£4) = r2 g�4) = rl 
g£5) = rfr2 g�5) = r1r� 
g£6) = 1 g�6) = 1 

2 
ff J) = t�gf J) = (j = 1,2,3,4,5,6). 

i=l 

Us ing the fac t  that r1 + r2 + r3 = 0 and known expres s ions f or 

the symme tr ic func t io ns , we have 

f ( l ) 1 = 2(ry + r� ) = 2c 

f(2) = 2(2r1r2) = 
d 

1 r3' 

fi3) = 2(r1 + r2) = r3 , 

f£4) = 2(r1 + r2 ) = r3 , 

+ 2 r3' 
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f£5) = 2(rfr2 f 2 = 2r1r2(rl + r2) d, rlr2) -

-

f£6) = 1. 

Now, f£3) = f£4), f£5)e F and fi6� F. Since we are interested 

in forming an intermediate field B over F, we need not con-

sider the functions f(4) f(5) 
1 ' 1 and f(6) 

1 in setting up the 

induced equation. We define f1(a) as follows: 

3 
fl(a) "" L.aj- lffj) 

j=l 

= 2(r2 
1 + r�) + (r1r2)a + (rl + r2)a2 

2c t r2 + da 2 = t r3a . 3 r3 
It is obvious that f1(a) is invariant under the permutations, 

(1), (12), of I and any permutation not in r will change 

f1 (a). Choosing t2 = (13) and t3 = (23), we obtain the 

conjugate functions 

f2(a) = 2c + r2 + da t r a2 
1 rl 1 

f3(a) = 2c + r2 + da + r2a2 
2 r2 

The induced equation is 

F(y, a) = r1 LY - f i <a27 
i=l 

= LY+ 2(2c + r2 t da + r3a227 3 r3 
LY +  2(2c + r2 + da + rla2.2J 1 rl 
ti t  2(2c t r2 + da + r2a227 = 0· 2 r2 

Expanding and applying known expressions for the symmetric 

functions, we obtain 



(13) F(y,a) = y3 + 2c(a + l)y2 + c(a4 + 2c)y 
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+ Lda6 + 2c2a5 + c(c + d)a4 + 2d(c + l)a3 

+ (cd)a2 + (2c3)a + (c3 + 2d2l7 = 0. 

Equation (13) is dependent upon a parameter a and we can 

determine, for any value of the parameter, whether or not this 

equation has roots in F. In general it would be necessary to 

choose Lk<n!- 1) + 17 = L3<6- 1) + l7 = 16 values for a 

to be assured of obtaining positive results. However, in this 

case all that is necessary is to choose L3<3 - 1) + 17 = 7 

values for a, since in setting up the induced equation we used 

only the three functions fi1>, fi2) and ·fi3). Thus, in not 

more than seven distinct choices for a we are assured of 

being able to determine whether or not G � � . 
Consider the numerical example 

p(x) : x3 + 2x + 1 = o, 

where F is GF(3). It is sufficient to choose 

q (A) : A 2 + 1 = o, since the field F1 would then contain 

the nine elements o, 1, 2, A, 2A, 1 + A., 1 + 2A, 2 + ).. , 

2 + 2 A, where we are denoting the roots of q (A ) = 0 by ,A 
and 2 A • In the proof of theorem 8 it was convenient to re­

quire that the degree of q(x) be greater than the degree of 

p(x), which obviously is not the case h�re. Our reason for 

placing this requirement on the degree of q(x) was to insure 

the fact that F1n N = F. This relation surely holds here 

since F1 and N have only the elements o, 1, 2 in common. 

Using (13) the induced equation becomes 
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F(y,a) = y3 + (a + l)y2 + 2(a4 + l)y 

+ (a6 + 2a5 + 2a2 + a + 1) = 0 .  

Choosing a = 0 E F1, we have 

F(y,O) = y3 + y2 + 2y + 1 = 0. 

This equation has no roots in F1 and we may conclude that 

G f 82 . By using (11) it is easily shown that G � c3, hence 

G = c3. 

As another example, let 

p(x) = x3 + x + 1 = 0, 

where again F is GF(3). Using (13) we obtain 

F(y,a) = y3 + 2(a + l)y2 + (a4 + 2)y 

t (a6 + 2a5 + 2a4 + a3 + a2 + 2a) = 0. 

It is again sufficient to choose q (A) = 'A2 + 1 = 0 .  

If � = 1, we have 

F(y,l) = y3 + y2 = 0. 

This equation has the non-repeated root y = 2, hence 

Using (11) ,  it is readily shown that G , c3, hence 

EXAMPLE 1-E . In forming the function satisfying 

theorem 6, we mentioned the fact that there were other ways of 

forming this function. In many cases a simpler function can 

be obtained, and in some cases it is possible to avoid the 

problem of multiple roots, and a subsequent use or theorem 8, 

by properly choosing this function. To illustrate this fact 

we wish to show that it is possible to avoid the use of theorem 8 

in the case of the cubic equation as was necessary in example 1-D . 



Let 

p(x) = x3 + bx2 + ex + d = 0, 

and let r - 82' and define fl as follows: 

fl = rl + r2· 
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Assuming that 82 is again defined by the permutations (1) 

and (12) , it is readily seen that f1 is invariant under 

the permutations of �' and any permutation not in r' will 

change fl. We obtain. the conjugate functions 

f2 = rl + r3 
f3 = r2 + r3 . 

In this case no two roots of the induced equation can be equal, 

for if fl = f2, we have 

rl + r2 = rl + r3 
and 

r2 = r3 • 

This is contrary to our assumption that p(x) = 0 is a separa-

ble equation. Hence, f1 � f2 and in a similar manner f1 � f3 
and f2 � f3. The induced equation is 

F(y) = �(y - fi) !:1 
= LY (rl + r2l7 LY - (rl + r3l7 LY - (r2 + r3l7 
= y3 2by2 + (b2 + c)y + (d - be) = 0. 

Consider one of the numerical examples of example 1-D, 

that is, 

p(x) = x3 + 2x + 1 = O, 
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where F is GF(3). The induced equation is 

F(y) = y3 t 2y + 1 = o. 

This equation has no roots in F, hence G $ 82. Choosing 

r = c3 and using (11), we have G � c3, hence G = c3. 

This is in agreement with the conclusion reached in example 1-D. 

EXAMPLE 2. We now investigate the problem of determin­

ing the Galois group of the quartic equation. No attempt will 

be made to give a complete analysis, as was done in the case 

of the cubic equation. However, we wish to show that the de­

termination of G can be made dependent upon the determination 

of the linear factors of a single equation. Let the quartic 

equation be of the form 

p(x) = x4 + ax3 + bx2 + ex + d = 0. 

Using the fact that G is either cyclic of order \ 

n or a 

direct product of cyclic groups, depending upon whether or 

not p(x) = 0 is irreducible, we have the following: 
1. If p(x) = 0 is completely reducible in F, then G 

is simply the identity group, Il. 

2. If p(x) = 0 has one and only one linear factor in 

F, then G = c3, the cyclic group of order three. 

3. If p(x) = 0 has just two linear factors, in F, then 

G is the cyclic group of order two, c2 . 

4. If p(x) = 0 has no linear factors in F, then either 

p(x) = 0 is irreducible in F in which case G = C4, the 

cyclic group of order four, or p(x) = 0 has two quadratic 



35 

factors irreducible in F in which case G = c2xc2 = V4, the 

four group. 

Since the problem is readily solved in the first three 

cases by determining the roots of p(x) = 0 which are in F ,  

we shall consider case 4 where p(x) = 0 has no linear factors 

in F. It will be sufficient to determine whether or not 

G � V4. If G � v4, and if p(x) : 0 has no linear factors 

in F ,  then G = v4• If G �v4, and if p(x) = 0 has no 

linear factors in F, then G = C4 . 

Choosing � = v4, where v4 is defined by the permuta­

tions (1) ,  (12) (34) ,  (13) (24) ,  (14) (23) , we proceed to set up 

the induced equation by defining f1(rl, r2, r3, r4) as 

follows: 

f1Cr1, r2, r3, r4) = r1r2 + r3r4 - r1r3 - r2r4 . 

\ 

We have defined a function satisfying theorem 6 in a manner 

different from that suggested in Chapter I I I  in order to obtain 

a function of lower degree. As before, we obtain the conjugate 

functions 

r2 = r1r3 + r2r4 r1r2 - r3r4 = -r1 

f3 = r1r2 + r3r4 - r1r4 - r2r3 

f4 = rlr4 + r2r3 rlr2 r3r4 = -r3 

r5 = rlr3 + r2r4 - rlr4 - r2r3 

f6 = rlr4 + r2r3 - rlr3 - r2r4 = -f5. 

We now investigate the possibility of multiple roots. 

not zero, for if 

fl is 



f1 = r1r2 + r3r4 - r1r3 - r2r4 - 0 
Cr1r2 - r1r3) - Cr2r4 - r3r4) = 0 

Cr1 - r4)(r2 - r3) = 0. 
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Since neither of these factors can be zero, f1 � 0. In a 

similar fashion it can be shown that none of the conjugate 

functions, fi, can equal zero. If the characteristic, p, of 

F is not two, then fl # f2, for if 

fl = f2, 

we have 

fl = -fl, 

and since fl # o this is impossible. Similarly, f3 � f4 
and f5 # f6· The function f1 is distinct from f3 and 

f6 since we have the relations f1 - f3 = f6 and 

f1 - f6 = f3, and neither f3 nor f6 is zero. All the 

permutations that take f1 into f4 and f5 are �ven, hence 

if two of these functions are equal all three must be equal. 

This is true because the permutations under which f1 is left 

invariant form a group, since the product would still leave the 

function invariant, and since we would also have the inverse 

permutation present; but, if only two of these functions are 

equal, we have a set of eight permutations, all of which are 

even, and such a set cannot form a group which is a subgroup 

of the symmetric group of degree four. Hence, this case is 

not possible. The only remaining possibility for multiple 

roots is for f1 = f4 = f5. Since f1 = f4, we have 

(14) r1r2 + r3r4 - r1r3 - r2r4 = r1r4 + r2r3 - r1r2 - r3r4, 
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and since f1 = f5, we have 

(15) r1r2 + r3r4 - r1r3 - r2r4 = r1r3 + r2r4 - r1r4 - r2r3. 

Adding (14) and (15), we obtain 

2r1r2 + 2r3r4 - 2r1r3 - 2r2r4 = r1r3 + r2r4 - r1r2 - r3r4, 

and 

3rlr2 + 3r3r4 - 3rlr3 - 3r2r4 = 0. 

Upon factoring this last expression, we have 

3(rl r4)(r2 - r3) - 0. 

Since no two roots can be equal, this relation cannot hold 

unless the characteristic, p, of F is three, hence these 

three functions cannot be a triple root unless p = 3. If 

p = 3, then by multiplying (14) by 2, we have 

(16) 2(r1r2 + r3r4) + (r1r3+ r2r4) 

= 2(rlr4 + r2r3) + Cr1r2+ r3r4). 

Adding (15) and (16), we obtain 

Cr1r4 + r2r3) + (r1r2 + r3r4) + (r1r3 + r2r4) = 0. 

This implies that we have multiple roots if and only if b = 0. 

A translation of the roots in this case is not sufficient to 

avoid the use of theorem 8. Theorem 8 can be used since 

h = 4 is not a multiple of p = 3. 

The induced equation is 

F(y) = � (y - fi) = 0. 
i=l 

Again, using the symmetric functions this equation becomes 
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(17) F(y) = y6 - (2b2 - 6ac + 24d) y4 

+ (p4 + 9a2c2 + 144d2 - 6ab2c + 24b2d - 72acd)y2 

- (256d3 - 192acd2 - 128b2d2 + 144bc2d - 27c4 

t 144a2bd2 - 6a2c2d - 80ab2cd + 16b4d + 18abc3 

- 4b3c2 - 27a4d4 + 18a3bcd - 4a2b3d - 4a3c3 

+ a2b2c2d2) = 0. 

EXAMPLE 2-A. As an example of the discussion above, 

consider 

p(x) = x4 + 2x3 + 3x2 + 4x + 2 = 0, 

where F is GF(5) . It is readily shown that p(x) = 0 has 

no linear factors in F, hence either G = C4 or G = V4. 

Choosing r = V4 and using (17) the induced equation is 

F(y) = y6 + 2y4 + y2 f 1 = O. 

This equation has the non-repeated root y = 1, hence G � V4, 

and since p(x) = 0 has no linear factors in 
\ 

F, G = v4. 

EXAMPLE 2-B. Let 

p(x) = x4 + 2x3 + 2x2 + x + 2 = o, 

where F is GF(7) . Again p(x) = 0 has no linear factors 

in F, and G must either be c4 or v4. If I - v4, we -

have from (17) 

F(y) = y6 + 5y4 + y2 + 2 = O, 

which has no roots in F, hence G I v4. G = c4, ,since 

p(x) = 0 has no linear factors in F. 



CHAPTER V 

SUMMARY 

In summary, it is possible to determine the Galois group 

of a separable polynomial equation over a finite field, without 

regard to reducibility , in the following manner : 

1. Determine all of the subgroups of the symmetric group, 

Sn • G must be one of these subgroups or Sn itself . Since 

we know that G must be either cyclic or a direct product of 

cyclic groups , it will be possible in actual practice to rule 

out certain subgroups, and perhaps Sn, as possibilities for 

G .  

2 .  Test each of the subgroups which may be G by con­

structing the induced equation and then applying the , criteria 

given in theorem 7 to determine whether or not the subgroup 

tested contains G. 

3. If G is contained in one of the selected subgroups, 

r , but is contained in no subgroup of r , then G = !' . 
The method of this thesis is a constructive method 

whereby one can determine the Galois group , although, as was 

pointed out in Chapter IV, this may not be the simplest manner 
I 

in which the problem may be solved . In the case of the finite 

field it is only necessary to determine the irreducible factors 

of the polynomial under consideration . However, in cases of 

higher degree this is often a difficult problem. The method 

given here reduces the problem of reducibility to that of 
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de termining a l inear fac tor . Another advantage i s  tha t once 

the general induced equa t i on ha s been c ons tructed , the 

appli c a t i on to s pecial  ca s e s  i s  immediate . 

We have used the s ymme tr i c  func t i on s  in c omput ing the 

c oeffi cient s of the induced equation .  At time s  i t  may be more 

c onveni ent to us e some other method to de termine the se coef­

ficients . As a t  lea s t  one alternat ive method , Wi l s onl i l lus ­

tra te s the us e of ma trices  empl oying the character i s t i c  equa t i on . 

We would again empha s i ze tha t the me thod s d i s cus sed here can be 

us ed to a grea ter advantage by uti l i z ing all known fac t s  in a 

particular s i tua ti on . 

lR .  L .  Wi l s on ,  2R · c i t .  
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