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ABSTRACT

A generalization of the Roscoe discretization for the unsteady, incompressible Navier-
Stokes equations is studied in the present work. The distinction of this generalization lies
in the systematic approach adopted for the discretization. The resulting discretized model
generated from a linear differential system, which represents an approximation for the
given nonlinear problem. A phase space study on one of the test problems, the nonlinear
Burgers equation suggests that this approximate system of linear differential equations
preserves the system stability of the original nonlinear equation. One of new features of the
generalized method is that unique interpolation functions containing some of the
characteristics and properties of the original system (in a approximate sense) are generated
for use in the discretization. These unique interpolation functions are found to be a linear
or quadratic function plus a exponential term. This is in contrast to most finite difference or
finite volume methods where the interpolation functions are usually some low order
polynomials. The interpolation functions are obtained by integrating locally linearized
forms of the governing equations as a system of ordinary differential equations in one
direction at a time. There is thus a unique function for each dependent variable in each
coordinate direction. Since the equations are integrated as a system, interactions between
the equations are retained in the resulting interpolation functions. Corresponding to the two
constructions of the interpolation functions, two numerical schemes, a linear exponential
spline and a quadratic exponential spline scheme, have been developed and applied to the
steady state nonlinear Burgers equation and to the unsteady, incompressible Navier-Stokes
equations for the Lamb vortex problem. The numerical results are compared with those
from the original Roscoe scheme, second-order central differencing, a cubic spline method
and a fourth-order compact method. A stability and accuracy analysis is also given with
conclusions which fit well with the computational results. The two exponential spline
schemes derived from the generalized Roscoe procedure are found to be unconditionally
stable with respect to cell Reynolds number. Both of the numerical solutions and the
analytical studies show that these exponential spline solving procedures, as developed,
have second order accuracy with respect to the spatial grid size.
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CHAPTER 1

INTRODUCTION

A general analytical solution to the governing equations in fluid dynamics, the
Navier-Stokes equations, is not available due to nonlinearities in the system and to the
lack of effective mathematical tools. It has not even been proven that a unique solution
exists. As an alternative, numerical approaches are used with the help of modern
computers (and, thereby, assume the existence of a unique solution).

The numerical approach, by concept, tries to simulate the partial differential equation
(PDE) system with a discretized algebraic system and claims that under certain
conditions, the numerical solution to this approximate system converges to that of the
original differential equation. There are many ways to construct the algebraic equations
which, presumably, simulate the behavior of partial differential equation systems.
Unfortunately, some of these algebraic systems may have properties very different from
those of the given PDEs. Thus, the computed solutions can vary significantly from the
real solutions. In the sense of simulation accuracy, it is hoped that the algebraic system
formulated during the discretization process retains the properties of the original system
and lacks properties which do not belong to the original system. It is also hoped that the
resulting numerical solving procedure has adequate numerical stability and accuracy.

The most frequently used discretization techniques include: the finite difference
method, the finite element and finite volume methods and the spectral method. Each of
these has its own advantages and disadvantages. For example, in the finite difference
method, where the derivative terms in the differential equation are replaced directly by
algebraic functions derived from Taylor expansions, the solutions are finite polynomials
in the independent variables. The finite difference equation is thus easy to construct and
it is also very easy to program. In cases where the PDE systems have solutions which are
close to low order polynomials or there are no singular points or lines in the flow fields,
that is, no large gradients (large derivatives), this method gives quite good results.
However, the shortcomings for this method is also very obvious. A brief discussion about
this is given here.

The finite difference method is based upon the properties of Taylor expansions:

2 3

u(x+Ax)=u(x)+Axux(x)+%-uxx(x)+é3x'—uxxx(x)+--- (1.1)




By expanding the u(x) around the node point i with equation (1.1), an algebraic
expression for u, (i) or u,,(i) can be obtained in terms of nearby node point values. In
this process, only a finite number of terms in the infinite Taylor expansion are kept and
an infinite number of high order terms are truncated. After truncating the high order
terms, the finite difference method essentially approximates the real solution to a certain
order polynomial. In the Weierstrass Approximation Theorem [1], it is specified that a
polynomial exists that approximates (in the sense of uniform convergence) the solution
(which is assumed to be smooth) but this polynomial must, in most cases, be of very high
order.

It is known from analysis [2] that even and odd order derivative terms represent
dissipation and dispersion effects respectively. So the physical properties contained in
the high order terms are lost when these terms are truncated in the finite difference
discretization. Thus it can be expected that the finite difference system behaves
differently from the given PDE system. This difference becomes significant when the
truncated terms are large in their magnitude, that is, when either the grid size is large or
the derivatives themselves are large so that the truncation errors are no longer negligible.
The oscillatory type of behavior sometimes observed from the central difference method
is a good example of this. El-Mistikawy and Werle [3] showed that this oscillation is a
property of the difference equation system rather than that of the given differential
equation system. It may be concluded that by explicitly truncating the high order terms
in the discretization, the system properties are inevitably changed. In some situations this
property change causes severe problems. For example, when the central difference
method is applied to solve for a flow with large cell Reynolds number, either the system
is no longer stable or the oscillations are so strong that the numerical solution is not
acceptable. To eliminate the oscillations or to stabilize the solution, some extra terms,
called artificial viscosity terms, have been added to the difference equations. By adding
the artificial viscosity terms, the algebraic structure of the algorithm changes and the
solution may be forced to converge towards the intended values.

The other drawback of the finite difference method arises from the term by term
discretization so that the interactions among the derivative terms in the original system
are neglected. In multidimensional problems, the interpolation functions for the same
dependent variable may be different from one direction to another direction and, again,
the interactions among the directions are overlooked.




Essentially, the Taylor series based discretization methods approximate the real
solutions with polynomials of some order. In principle, the higher the order of the
polynomial, the more accurate is the solution. However, the approximate polynomials
cannot be taken to as high an order as needed. Further, low order polynomials require an

extremely large number of grid point for accuracy as well as the artificial viscosity terms
for stability. Sometimes these requirements are not realistic. It would be desirable to
have a numerical scheme which preserves the properties from the original differential
equation, has no numerical instability and gives the required accuracy without any
artificial viscosity terms required.

The construction of an improved numerical scheme starts from studying the nature of
the problem, the differential equation system. Usually, the difficulty in solving a general
nonlinear differential equation comes from the nonlinearity contained in the system. If
the system is linear with constant coefficients an analytical solution is always available.
In the numerical approach, a continuous mathematical model is modified into a
discretized algebraic model. The information left after the discretization is a relation
imposed on the node point values. Information about the system between the nodes,
however, is lost in the discretization process. The obvious question becomes, then, is it
possible, from the system simulation point of view, that information about the system
between the node points be kept in the discretized model? The method studied here
attempts to retain such information.

The present work is concerned with the relationship between the discrete local
information contained in the construction of numerical algorithms and the global non-
linearity of the given system. The idea is similar to that of classical calculus wherein
locally linearized information does, in the limit, Ax — O generate information about non-
linear functions.

The specific technique adopted here is based on generalizing the work of Roscoe
[4,5,6] who created finite difference expressions for the incompressible flow equations
from the integration of convection-diffusion pairs. The generalized Roscoe discretization
presented here starts from simulating the system of partial differential equations on a
continuous domain with a set of locally linearized systems defined on discretized spatial
intervals. Then, on each of these intervals, the corresponding linear differential equation
is solved analytically. The resulting local analytical solutions are then taken as the
interpolation functions which provide a spline basis for the calculation domain. The
discretized algebraic equation contained in this global spline function represents the



numerical model used for the solving procedure. This procedure will be discussed in

detail in the following chapters.

The technique of generating finite difference expressions by integrating linearized
equations directly has been approached by several researchers. Allen and Southwell [7],
(in 1955) encountered this technique in developing their relaxation method for a two
dimensional viscous flow past a fixed cylinder. They found that, except within a very
narrow range, the inherent exponential in the solution cannot be closely represented by a
simple polynomial that would result from any finite difference representation. Spalding
[8] suggested the same idea in 1972 but he did not carry it out because he thought the
exponential terms that emerged in the procedure were too time-consuming to compute.
Roscoe (1974) who first developed this idea into the so-called general UDR procedure [4]
and applied it to several fluid flow problems [5], [6]. He achieved very good results
when comparing with some Taylor expansion based schemes. Independently (work done
in 1974 but published in 1977), Chien [9] published his generalized finite difference
formulation which is identical to Roscoe's UDR procedure. El-Mistikawy (1977) and his
colleagues further developed the Roscoe scheme into their exponential box scheme and
aﬁplicd it to solve for inviscid/viscous flows [3]. Later, Roach (1983) [10], Cahoon and
Roach (1991, 1993) [11,12] made preliminary attempts at generalizing the procedure by
adding the pressure gradient to the convection-diffusion pair integration. The results
showed improvement over the original Roscoe procedure.

In the present research, Roscoe's approach (and that of Calhoon and Roach) has been
extended to a more generalized level and the results have been applied to create two
exponential spline schemes. The corresponding programs are developed and used to
solve two test problems. Stability and accuracy studies have been carried out which fit
quite well with the numerical results. So far, the results from the two exponential spline
methods are promising when compared with some other classical schemes. It is found
that the two exponential spline solving procedures are unconditionally stable with respect
to cell Reynolds number and they both have second order accuracy with respect to spatial
grid size.




CHAPTER 2
DERIVATION OF THE GENERALIZED ROSCOE DISCRETIZATION

In the first section of this chapter, the basic idea of the original Roscoe discretization
is introduced in detail. The second section gives the derivation of the generalization on
the original Roscoe method. A phase space study of the generalized Roscoe linearization
is discussed in section 3 for the nonlinear Burgers equation.

2.1 Introduction of the Roscoe scheme
Roscoe [4] introduced a method that he referred as the Unified Difference

Representation (UDR) which is introduced here. Unlike the traditional discretization
methods, the discrete equations in the Roscoe method are derived directly from the
analytical solution to a linear differential equation which is a simplification of the
nonlinear one obtained by approximating the nonlinear coefficients. The following
remarks are based closely in the work of Roscoe [4, 5, 6].

* Consider a one-dimensional second-order nonlinear ordinary differential equation
which, in a general form, is given by:

d? d
;g+f1(x,¢)a¢+f2(x,¢)¢=f3(x,¢); (2.1.1)

with specified boundary conditions at x =a and x=b. Notice that the nonlinear
coefficients f;(x,¢), and f,(x,¢), the function of f3(x,$) are taken to be smooth

functions of both x and ¢. Consider solving this equation on a discrete domain:
a=X) <Xp <+ <Xi_1<X;<Xj41' " <Xp_1<Xp=Db (2.1.2)

where, for simplicity (but not for necessity), a uniform grid size h = x;,; —x; =x; = x;;
will be assumed for i =2,...,n—1.

In a small region around the point 1, x;_; < x; <X;4;, fj(x,¢) and f5(x,¢) in equation
(2.1.1) can be expanded with Taylor series:




f(x,0) = fl(xi,¢i)+Ax[if_]_ +A¢|:%] o

o] -

since they are assumed to be the smooth functions. By keeping only the first terms in
equation (2.1.3), a linearized system corresponding to system (2.1.1) is obtained:

" (2.1.3)
f2(x,9) = f(x;,¢;) + AX[%

d%  _d
Ex-g+a1£+az¢=f3 (2.14)

a; = fi(x;,9;); a3 =£,(x;,0;)

Approximate boundary conditions for this system on a grid-cell sized subdomain will be
the values at x=x;_; and x=X;,,.

It is expected that on this small subdomain x;_; < x; <x;,;, the system (2.1.4) will
preserve equation type. This was shown by Roscoe [4] and is discussed below. At the
same time, equation (2.14) preserves, in a linearized sense, the correct relation between ¢
and its derivative. This aspect of the Roscoe is discussed in section 2.3 on the phase
space interpretation.

Through a proper solving process, the solution to equation (2.1.1) can be found from
the local solution to equation (2.1.4) on every subdomain x;_; € X; £X;,1, 1=2,..,n—1.

The solving process lies in constructing an algebraic equation based on the individual
local analytical solution to equation (2.1.4). It is understood that the nonlinearity in
equation (2.1.1) is brought back to the solution by using the local solutions on each of the
grid interval which are derived from equation (2.1.4) with the local coefficient values.
Thus, in the discretization process, from the solution point of view, there are no high
order terms truncated explicitly as in the finite differencing. The accuracy of the
numerical solution is influenced by the accuracy of the approximation of the nonlinear
coefficients. Intuitively, the nonlinearity is resolved better with a small grid size. When
the grid size tends to zero, the equation (2.1.4) tends to equation (2.1.1), hence, the
solution to equation (2.1.4) tends to that of equation (2.1.1); essentially in this limit.
When the grid size is large, the accuracy in the coefficient approximation decreases so
that more of the nonlinearity tends to be destroyed. Thus, the accuracy of the solution
decreases.




From the standard theory of ordinary differential equations, it is known that the
general solution to equation (2.1.4) is:

0;(x) = Ay eri® + Ay er® 4 g (x) 2.1.5)

where i stands for the ith interval and A,, A, are arbitrary constants which can be
determined from specified boundary conditions. The constants Ay, A,, are the roots of

the characteristic function of system (2.1.4) which depends on the homogenous part of
equation (2.1.4) ( that is, on the linearized functions fyand f,) and may be complex. g(x)

is a particular solution to equation (2.1.4) depending directly upon the forcing function
f3. Since equation (2.1.5) will be used to create the finite difference representation of

equation (2.1.1), it represents the interpolating function for ¢.

The stability of the system (2.1.4) at point 'i' is determined by the sign of the real part
of A, and A,,. Thus the solution in equation (2.1.5) contains this important stability
information through these exponential terms.

To construct the discretized expression, the homogenous equation is first considered.
When f3=0, equation (2.1.5) becomes:

0(x) = Ay eMi* + A, e 2.1.52)

On the subdomain x;_; < x; $x;,;, ¢(x) is evaluated with equation (2.1.5a) at the
nodal points x;_,, x; and x;,;. For the case of a uniform grid, a finite difference

equation may be written ( in the notation of reference [4] ) as:

€1;0i41 — C2;0; +¢3,0;_1 =0 (2.1.6)
where:
cli =1

Cy; = (o.e"lih +etaih)

o3, = ehiithah

In the case of periodic solutions (that is when af < 4a, and the characteristic
equation has complex roots ):



= e-llh/2

——-———Wh) @.1.7)

Cy; cos(

_ .—a;h
c3;=¢ !

By substitution of equation (2.1.6) into equation (2.1.4), the general discretized
expression for equation (2.1.1), with forcing function f; # 0, is obtained as follows:

B;(C1;0i41 — C2;0i +¢3;0;-1) = a3,
a3

Bj=——— (2.1.8)
cli "Czi + C3i
ay; = f3(x;,9;)

If the boundary conditions for equation (2.1.8) are appropriately set, the equation can be
solved numerically by an iterative process to determine the node point value ¢;.

" In the process of deriving equation (2.1.8), f}, f; and f3 are approximated with their
local values based upon a Taylor expansion. Therefore, the coefficients B, ¢;, ¢, and c3
are discrete functions of space which change from node point to node point. The idea
here is that for a vanishingly small region around point i, the solution of the difference

equation (2.1.8) (for arbitrary step length) contains the local physics of the original
differential equation (2.1.1), at least in an approximate sense that the local values of a;;

and a,, (obtained from f; and f, ) dictate the values of A;; and A,, which are included in

equation (2.1.8).

The general difference equation (2.1.6) uses a three point stencil. When the method
is applied to the equations of viscous flow, Roscoe found the UDR method has second
order accuracy (but with significantly smaller absolute error when compared with second
order Taylor expansion based schemes). However, the Roscoe method becomes first
order in the case of inviscid flow [3]. Roscoe found, upon expanding the exponential
terms in equation (2.1.6) in Taylor expansion (to the first three terms), the classical
backward difference form of equation (2.1.1) is obtained. Alternatively, multiplying

equation (2.1.6) through by exp(—(A;+X,)h) and exp(—(kl+7\.2)%) in turn and

expanding the resulting expressions to the first three terms yield the classical forward and
central difference formulae, respectively. This indicates that the Roscoe scheme adjusts




itself implicitly to backward, central or forward difference forms depending purely on the
characteristic values L. The Roscoe discretization thus has the remarkable property of
preserving the elliptic or hyperbolic nature of the original system: the equation type.

The same philosophy had been applied by Roscoe to multidimensional problems. In
this case, the multidimensional system is first approximated by several one dimension
subsystems. Each subsystem consists of the convection-diffusion pair in one coordinate
direction which is very similar to equation (2.1.1) except that it is now contained in a
multidimensional equation. The subsequent treatment of each individual subsystem is
identical to that of a one dimension differential equation discussed above.

To demonstrate the procedure Roscoe [4] is again followed. A two dimensional
second-order partial differential system which, after the appropriate simplification, can be
written as a differential operator, T:

_ 0. 00 3% 90 .
T¢—(aa—xf+bax)+(CW+day)+f¢—0 2.1.9)

Equation (2.1.9) can be written as:
T0+Ty6+fp=0 (2.1.10)

where T, represents all the x-derivatives in the equations while T, contains all the y-
derivatives. Ty and Ty are then treated as ordinary differential operators in the manner of

the previous discussion. Their finite difference representations T, = T, and Tj =T, are

then derived similarly to give:
Tt ;= koTi; ; + ki T0;; +10;;=0 (2.1.11)

where kg and k; are determined by the requiring that ¢(x,y) be an arbitrary linear

function of x and y, then, if

Ty;; = Ty(x,y) (2.1.12)
T becomes:



Tidij = Givrj— A+ 7200, +e7 %2, , . =0

Tioi; =i -+ e 94v/%y, it e” /ey, -1=0

ke = b
d
k, =
1 Ay(l — c—dAy/C)
It follows directly that

ngn(ko) = fign(a) 2.1.14)
sign(k;) = sign(c)

Roscoe [4] found two important properties of T from equation (2.1.14) which are
quoted directly:

Property 1 If 2>0, ¢>0 and £<0 in (2.1.9), then the matrix representation of equation
(2.1.11) is diagonally dominans for all Ax and Ay with (T;;)<0 and (T;;)20, i=#]j.
This is a direct consequence of equation (2.1.14) which implies that with appropriate
boundary conditions, and a>0, c>0 and <0, the finite representation of equation (2.1.11)
is unconditionally stable.

Property 2 If the system (2.1.9) is hyperbolic or elliptic, then equation (2.1.11)
preserves this hyperbolic or elliptic nature of the system.

Property 1 shows the unconditional convergence of the numerical representation of
UDR while property 2 shows that the numerical solution contains the hyperbolic or
elliptic characteristic information of the given system. Taylor series-based schemes
cannot directly preserve property 1 without adding the numerical viscosity artificially.
Nor can they preserve property 2 without employing switching functions.

The most distinguishing feature of the Roscoe discretization process is that it tries to
keep as many of the physical properties of the original system as possible. It starts from
system simulation by local linearization of the original nonlinear system which results in
a set of solvable linear systems ( at least in the one dimension case ) on each subdomain.
Consequently, an analytical solution to this linear system can be found for every interval
and then a discretized algebraic equation is constructed on these analytical solutions. In
this way, the numerical solution reflects the local information in the real system. Thus, it
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is possible to learn more about the system by analyzing the numerical solution since the
characteristic properties are contained in it.

Following similar ideas, other researchers in CFD have continued Roscoe's work.
El-Mistikawy and Werle [3] (1977) found in their numerical study for inviscid/viscous
fluid flows that the exponential operator in the discrete representation of the PDEs
removes unphysical oscillatory behavior which is inherent in many finite difference
methods. Instead of using the nodal point values for the nonlinear coefficient functions
f;, f,, they used the middle point values on [x;_;,x;] and [x;,x;,;] which resulted in a
Exponential Box scheme. This Exponential Box scheme was found to be second order
accurate in both viscous and inviscid flows.

Numerically, Roscoe discretization gives an unconditionally stable algebraic system.
The method so far works for arbitrary cell Reynolds number with good results which
makes it possible to explore some difficult fluid dynamic problems. From the previous
discussion, it is known that for a Roscoe type scheme, the numerical error is due to
approximating the coefficients f|, f, and f; by local constants (at least for 1-D
problems). This implies that the accuracy might be improved if those coefficients are
approximated to a higher order.

2.2 Generalization of the Roscoe scheme

It is common practice to treat the governing equations individually. In each
equation, the terms are distinguished by their physical interpretation as diffusion,
convection or pressure gradient term and are approximated individually. In constructing
the numerical models, the discretized expressions are created separately for each equation
in the system by approximating derivatives term by term. The problem with this
discretization process is that the original system interactions among the terms and
equations in the original system are ignored. Thus when the finite difference system is
reassembled, the interactions between the terms have been replaced by the superposition
of the functions represented by the term by term discretization The original interactions
can be retained if the problem is studied as a system instead of as individual terms or
equations.

In the present study, a preliminary systematic implementation of a generalization of
the Roscoe scheme is developed and applied to solving the one-dimensional steady state
Burgers equation (Chapter 3) and two-dimensional unsteady Lamb Vortex problem
(Chapter 4). Both of these test problems have exact solutions that may be used to
evaluate the accuracy of the numerical solutions.
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2.2.1 Problems with the original Roscoe scheme

The original Roscoe scheme presented a discretization of convection-diffusion pairs
and thus preserves some interaction between these types of terms. This will be shown
below followed by a discussion of what that method leaves out.

Consider the one-dimensional nonlinear Burgers equation which is given by:

._+u__.gé?-=0 (2.2.1)

a8 _pou_, (2.2.2)

where a = u(x,t), b= ¢ andr = —du/dt. Applying Taylor expansion on both the 'a’ and

the 'r' coefficients gives:

ou ou
a=u(x,t)= u+(ax)Ax+(at)At+...

_ _ du_ |(du %u 3%u
r—r(x,t)—-g——[(at) +(8tax) Ax +(§2—)nAt+...:|

In Roscoe's analysis, only the first terms in equation (2.2.3) are kept, that is, when the

(2.2.3)

constant local values of u and r are used to approximate u and du/dt, equation (2.2.2)
then has the following analytical solution for u:

u(x) = ¢; +Cx +cyet*

a
== 2.4
A - (2.2.4)

c T
2=
a

where ¢, and c; are integration constants. Note that u(x) in the expression of equation

(2.2.4) is a combination of a linear polynomial and an exponential term. In addition,
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r =—du/ot is approximated by a piecewise constant function in both space and time.

The importance of this will be discussed later.
On a discrete calculation domain with a uniform grid size h, the constants ¢, ¢, and
c3 can be determined by requiring equation (2.2.4) to pass through the nodal points x;_j,

x; and x;,; on the subdomain [x;_;,X;,;]. Then, r can be solved directly in terms of

node point values:

r=- .[climui—l = (1+eX)u; +uyyy ]
' (-1+%%)Ax 2.2.5)
u.
}ui = ?l
Comparing equation (2.2.5) with equation (2.2.2) shows that the right hand side of
equation (2.2.5) represents the spatial differencing of both the convection and diffusion
terms.
At the zero velocity point where u — 0, the expression (2.2.5) has a well defined

limit given by:

E(Ui_l —-2u; + ui+l) with A: = b =0 (2.2.6)
Ax? Lo

r=-

which is seen to be the second order central difference expression for the diffusion term.
This is a correct limit since, as u— 0, the convection term u(du/dx) vanishes and

2
. . . . u _du
Burgers equation simply becomes the heat conduction equation: ——egxsz-:O.

ot

Applying Roscoe's method gives an analytical solution which is a quadratic polynomial:

u(x)=-2-x2+clx+cz. Its second derivative in a discrete formulation is given in

equation (2.2.6).
For the time derivative, Roscoe and the authors of [3, 10, 11, 12] all used the
backward Euler form:

—_— = =t 2.2.7)
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The error introduced during the above process for this one dimension problem comes
from the first order linearization according to equation (2.2.3) by evaluating the velocity
u and its time derivative du/dt with local constant values (the leading truncated terms in
equation (2.2.3) are of the order of Ax and At respectively).

A question arises here: if a higher order approximation for u and r is applied, that is,
if linear or higher order interpolate functions are adopted for u and r instead of the
constant local values, will this method give higher accuracy? This question has not been
fully examined in present work. But, in the study of the generalized Roscoe scheme, an
effort has been made to start such an investigation. In equation (2.2.3), if u is still
approximated with the local constant value, but, r, is approximated by the first two terms
in the expansion so that r is locally a linear function of x, then:

r=ox+p 2.2.8)

where a, B are some arbitrary constants. This is a second order linearization for r at
least for the spatial derivative x since the truncated terms then have orders of Ax%, AX,...,
etc. with respect to x. With this new approximation for r, the analytical solution to
equation (2.1.2) changes to:

u(x)=c; +cox + c3x2 + c4e"" 229

Comparing to solution (2.1.4), u(x) in above expression becomes a combination of a
quadratic polynomial and an exponential term. The local information of the original
system is still included via the parameter A =U/€.

For systems of equations with only convection-diffusion pairs, the Roscoe procedure
gives a complete differencing methodology with (as will be shown) superior accuracy and
stability over Taylor series-based methods of the same order. However, the procedure
gives no guidance for other derivative types. To see this consider the two dimensional
incompressible flow equations in Cartesian coordinates:
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ﬂ-’-izo

ox dy

n o, d (P Py
3t ox dy Relax? oyl
v, v, a1 (P
ot ox dy Relox? dy

In the original Roscoe scheme, convection-diffusion

op

oJx
dp

dy

(2.2.10)

pairs in the x-momentum

equation are integrated to give interpolating functions for u. Similarly, integration of the
convection-diffusion pairs in the y-momentum equation yields interpolating functions for
v. By rearranging the momentum equations, system (2.2.10) can be written as:

Ju_ 1
ox Reox?
v@__l_azu=R
ay Rc? !
CARKL.I
ox Redx? 2
L g
dy Redy’
with:
p= LU 3 du_du
1" Ready?’ ox oy ot
_ 1 3% du dp du
“Reox? ox ox ot
_10% 3 v dv
"Redy? 3y 3y ot
Ryo LV v 3 3
Re ox ox dy ot

(2.2.11a)

(2.2.11b)

(2.2.12a)

(2.2.12b)

where ry, ry, Ry, and R are taken as constants in the Roscoe scheme. Equations (2.2.11)

and (2.2.12) are ordinary differential equations for u and v respectively. They fit into the
form of equation (2.1.1) for which the Roscoe discretization method can be applied.
Discretized representations of the x and y momentum equation for u and v are thus

obtained individually; they are solved separately for u and v.
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Thus the convection-diffusion pairs were integrated to give interpolating functions
for u and v. The process, though, ignored the pressure gradient and the continuity
equation. In the original Roscoe work, the continuity equation and pressure gradient
terms were treated with Taylor expansion based finite difference approximations.

There are three problems that emerge here:

(i) The inconsistency in discretization of the pressure terms and of the continuity

equation.

(ii) The interaction between the original continuity equation, x-momentum equation
and y-momentum equation is changed from the governing equations (just like any
other finite difference procedure). This is due to deriving interpolants from only
one equation. Thus the interpolants for u, for example, only come from the x-
momentum equation and have no contribution from the y-momentum or
continuity equations.

(iii) Approximating the forcing functions rq, r2, R], and R2 as constants in equation
(2.2.11) introduces errors because these quantities are actually functions of the
both time and spatial variables.

" In the Roach and Calhoon-Roach [11,12] version of the Roscoe scheme, the first
problem was addressed by keeping the pressure gradient terms on the left hand side
(inside the integration) rather than as constants in equation (2.2.11). The idea was to
change from integration of convection-diffusion pairs in one direction to "all terms" in
one direction. Thus the pressure gradient terms were added to the appropriate
convection-diffusion pair in the same direction. With this approach, equation (2.2.11)
becomes:

du 1 0%u dp

"&’R_ea7 x 1

a_u__l_a " R (2.2.13a)
ay Regf !

W21

ax Rcax 2

i__l_a v ap . (2.2.13b)
ay Re@f dy 2

with:
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l'l = — \'4
Redy” dy ot (2.2.142)

10% du du

I"Reas? ox @t

o LV v v

PRedy Ty & (2.2.14b)
1 v

In the integration, a linear interpolation for pressure was used. This is an
improvement over the original Roscoe method, although the linear relation for pressure
was something assumed rather than being a property of the system of equations.
However, the interpolating functions for the velocity components were still derived by
integrating all derivatives in one direction in a single momentum equation. Thus the x-
momentum equation gave the interpolating functions for the u-component of velocity, the
y-momentum equation gave the interpolating functions for the v-component. Hence, like
the original Roscoe procedure, the interpolating functions for the velocities arose only

from the momentum equations which contains no information from the other equations in
the system when the quantities rq, ry, Ry, and R are taken as constants.

2.2.2 A Systematic Approach to the Roscoe Scheme

In the generalization, the problem is solved as a system. The interpolating functions
for all the dependent variables are found in a coupled fashion by integrating all
derivatives in a given direction for the entire system of linearized equations. Since
derivatives in the other directions are placed in a right hand side vector, the mathematical
technique is that of finding the solution to a system of non-homogenous ordinary
differential equations. Thus the interpolating functions for the velocity components will
have a contribution from all equations in the system, not just a single momentum
equation. In doing so, system (2.2.10) becomes two ordinary differential systems:

du_.

ox !
du 19% 9p_

u >  Reax2 + P n (2.2.15)
w1
x Redx? °




— R
dy !
du 1 9%
—— =R 2.2.1
Vay + Re Eﬁ' 2 ( 6)
ov 13% odp

The vectors T =(n,1,,53) and RT =(Ry,R,,R3), which for convenience are referred

herein as Roscoe vectors, will need to be defined. If the original Roscoe procedure is
followed, they would all be constant. This will be discussed below.

Note that the procedure has taken the two dimensional system (2.2.10) and separated
it into two one-dimensional ordinary differential equation systems (2.2.15) and (2.2.16)
which can be solved by an obvious extension of the Roscoe scheme. Since each set of
equations is solved as a system, the dependent variables u, v and p will have the correct
dynamic influences from all the equations contained in the system. The influences from
the y direction are still present since they are inherent to the vector ¥' = (r,,r,,13). After

linearization in the same fashion as in section 2.1, system (2.2.15) becomes, in matrix

form:
1 0 0 3 u 0 00 22 u
U 0 1 a— vi-le¢e 0 0 5—7 VI=TF (2217)
X
0 U O p) \0 € O x P

where U is some constant velocity and € =1/Re. Integrating this second order system
once gives the first order system:

1 0 0OYu OOOau
U 0 tfvi-le o Ogv =jfdx+f:s§+(‘: (2.2.18)
0 U OAp) 0 € 0/ \p

for some constant vector C. It is inherent in this procedure that the interpolating
functions for each of the variables are linked together. That is, the resulting functions
from the integration are influenced by the entire set of equations. This is in contrast to all
the previous versions of the Roscoe method where only a single momentum equation
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gives rise to an interpolating function. This is certainly in stark contrast to Taylor series
methods where there is no attempt to build in any satisfaction of a even single equation.
The simplified system of incompressible flow equations (2.2.18) is singular since it is

not possible to rewrite it in the form:

a u u
—|vi=Alv|+B (2.2.19)
ox

p P

where A is a 3x3 matrix. That is, the coefficient matrix in equation (2.2.18) that
multiples the derivative term is not invertible. However, the system described by
equation (2.2.18) is tractable in the sense of Cambell and Meyer [13] and may be
integrated by means of the Drazin generalized inverse, Moulden (unpublished UTSI
report ) applies this technique to give:

( X 3\
(u(x)) u(xg) + Irl(t)dt
X0
Ve | u(xg)e"¢x0) —c'“‘[Js3(t)eat/edt+s03(1—c°‘(""‘°))/U:| (2.2.20)
p(x) L o
-, P(xg)+ [[ra(t) = Ur (0)]dt + e]5y(x) — 1y (xo)]

\ X0 J

Following equation (2.2.18), the above procedure is repeated in the y-direction, and a
similar solution is obtained as:

( y A
fu(y) | ulyole PO - C-By[ [82(t)e® redt + Soz(l - c’“"—y"))/ V]
Yo
y
S v(yo)+ [Ry(Ddt 2.2.21)
p(y) y Yo
L P(yo) + j[R3(t) - VR, (t)]dt +€[R,(y) - Ry(yo)]
\ Yo )
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where sg;and sz are constants of integration evaluated at xg or yg respectively.
It is left, now, to fix the spatial dependence of the vectors T and R. When they are
selected as:
1 o + BlcUx/ 3
F=|r, |=|constant (2.2.22)
I3 constant

R, Y, +8,eVV/E

R= R, |=|constant (2.2.23)
R; constant

with §= If(x)dx and S= Iﬁ(x)dx, it is found from solution (2.2.20) that each of the

interpolation functions has the same generic form given as:

| . b=a+bx+ cclx (2.2.24)

with a similar form in the y-direction. This is the same form that Roscoe obtained for the
velocity components by simply appealing to the momentum equations. What's new is
that here it is found that the pressure also has the same form. In Roscoe's original work
and in the work of Roach and Calhoon, it was not known what form the pressure
interpolation should take. In addition, equations (2.2.20) and (2.2.21) link the
coefficients of individual interpolation functions. It should be noted, however, there is no
rational reason for the coefficients, &, and B, in equations (2.2.22) and v;, &, in

equation (2.2.23).

Similarly, when it is assumed that:

rl (11 + le + YleUX/e
F=|n |={a,+PByx (2.2.25)
o) constant
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Vy/e

Rl Th + 51y + Gle
R= R, |=| constant (2.2.26)
R; ) {n3+d3y

the generic form for the interpolation function is:

& =a+ bx +cx? +de™ (2.2.27)

with a similar y-direction equation. These are the quadratic exponential interpolation
functions obtained before.

The form of the particular solution depends upon the specification of the Roscoe
vectors T and R. So one cannot expect a general form with this method, instead, there
are different solutions from system (2.2.18) for different definitions of ¥ and R. Since
the original system is second order, each variables u, v, p can only take two constants that
are obtained to satisfy the natural boundary conditions of the problem. The extra
constants come from the Roscoe vectors and allow additional constraints to be imposed
upon the interpolation functions. As will be shown in section 5.1, these extra constraints
do not change the spatial order of the method. In the generalized Roscoe scheme, the
Roscoe vectors F and R are approximated with functions of the spatial variables instead
of constants and this decreases the simulation error. Since the study of the Generalized
Roscoe scheme is an ongoing work, the solution to equation (2.2.18) has not been
obtained for all possible variations of ¥ and R. Nor has a rational technique for finding
these vectors been developed. In the present work, two versions of the generalized
Roscoe scheme are developed. The one which is based on solution (2.2.24) is referred to
as the Linear Exponential Spline method while the other one, the Quadratic Exponential
Spline method is based on solution (2.2.27).

2.2.3 The Spline Interpolation

In the present work, two schemes derived from the generalized Roscoe method are
developed by applying spline interpolations. From a function approximation point of
view, comparing with the piecewise polynomial approximation, the polynomial spline
interpolation has some better properties, and thus gives the best approximation as long as
the interpolation function is an odd degree polynomial. Many kinds of spline interpolates
have been used to obtain approximate solutions to ordinary differential equations[14].
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The linear exponential and quadratic exponential splines mentioned above fall into a
broader category of so called generalized splines. The existence, uniqueness and
convergence of the solutions to differential equations using these generalized splines have
been proved [15]. Like the odd degree polynomial splines, the generalized splines also
have the minimum property and then consequently give the best approximation in the
appropriate norm. In another words, once the approximating functions have been
selected, the best results can be expected from spline interpolation.

From sections 2.1 and 2.2, it is now known that for the generalized Roscoe scheme,
the local analytical solutions have the form of either equation (2.2.24) or equation (2.2.9).
To take advantage of this generality and to approach the best approximation, a spline
interpolation with these linear or quadratic exponential functions as the interpolation
functions is applied in the solving procedure. When the interpolation is appropriately set
up, the resulting matrices for solving the spline coefficients are diagonally dominant
which guarantee a convergent numerical procedure for determining these spline
coefficients. Furthermore, the derivatives needed in the time marching process can be
evaluated from direct differentiation of the spline function at each node point. This direct
application of spline function shows better accuracy than do the other second-order
accurate schemes (see Figure 5.1.2, for example).

Corresponding to different simplifications of the original differential equations, two
kinds of spline have been used in evaluating the interpolation functions for the unknown
dependent variables. In the following definitions, the individual interpolation functions
will be referred to by the symbol s;(x) while the total spline generated from a collection
of s;(x) will be denoted as S:

Definition 2.2.1 Given a function f(x) defined on [a, b] and a set of numbers, called
nodes, a=x; <X, <+ <X;_; <X; <Xjy1*<Xp_; <X, =b with a uniform grid size
h=x;,; —x; =x; —x;_; for simplicity, a linear exponential interpolant, S, for f is a
function that satisfies the following conditions:

(a) S is a linear exponential function with the form of (2.2.14), denoted as s; on the

subintervals [x; —h/2,x;+h/2] for each i=3,..,n—2 and [x5 —h,x, +h/2],
[x,-; —h/2,x,_; +h] for the two end points, see Figure 2.2.1;

5;(x) = a; + byx + ;e (2.2.28)

where A; # 0 are some constants related to the differential equation.
(b) s(x;)=u;foreachi=1,2,... n;
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(©) $;41(Xj51 —h/2) =5;(x; +h/2) foreachi=2,3, .., n-2;

(d) siy (X341 —h/2)=s{(x; +h/2) foreachi=2,3, .., n-2.
In above definition, the condition (b) requires the spline function to pass through all the
node points. The conditions (c) and (d) require the adjacent spline interpolants to match
their values and first derivatives at the matching points.

matching matching
poir\t node polnt
‘/"“;Vﬁ node
ond point end point
- - - - el »
X1 Xi-1 X; Xi+1 Xn

Figure 2.2.1 Definition of the Linear Exponential Spline

. Definition 2.2.2 Given a function f(x) defined on [a, b] and a set of numbers, called
nodes, a=X; <Xq <+-<X;_1 <X; <Xj41'*<Xp-1 <X, =b with a uniform grid size
h =x;,; — X; = x; — x;_; for simplicity, a quadratic exponential interpolant, S, for f(x) is
a function that satisfies the following conditions:

(a) S is a quadratic exponential function, denoted s;, on the intervals [x;,x;,;], for
each i=2,3,,...,n-1, see Figure 2.2.2:

s;(x) =a; + byx + c;x? +d;eM* (2.2.29)

where A; # 0 are some constants that come from the differential equation.
(b) s(x;)=u;,i=1,2,.. n;
©) si;1(x;) =5;(x;),i=2,3,...,n-1;
(d) s (x;)=5s{(x;),i=2,3,..,n-1;
e) sih(xj) =s{lx;),i=2,3,..,n-1;
(f) one of the following set of boundary conditions is introduced:
(i) s”(x;) and s”(x,) are specified, or,
(if) s’(x;) and s’(x,,) are specified.
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In definition 2.2.2, the condition (b) requires the spline function to pass through all the
node points. The conditions (c), (d) and (e) require the adjacent spline interpolants to
match their values as well as their first and second derivatives at the matching points.

matching chi
matching point mainc; ing
point —— po
node \\.
node node
end point end point
il v i - —wr -
x1 Xi-1 X Xi+1 Xn

Figure 2.2.2 Definition of the Quadratic Exponential Spline

2.3 Phase space study for the Roscoe linearization

The theory of differential equations is naturally stated in terms of a system of first
order equations. The above generalization of the Roscoe method is also stated this way.
The vector (u,v, p)T arising in equation (2.2.18) is defined to be a point in phase space
for the system of equations. The generalized Roscoe method thus has an interpretation in
phase space and it makes sense to interpret the numerical methods in this space also. The
following is a brief introduction to this interpretation process.

In section 2.2 it was shown that a spatial discretization error in the generalized
Roscoe methods is introduced during the linearization of the nonlinear coefficients of the
differential equation. It is instructive to show how this linearization influences the

system behavior. Hence, the steady state phase space for Burgers equation,

ou ou 9% ) ) )
—+tu—= 55?2" has been studied. It is found that, for the Burgers equation, the phase

ot ox
space of the linearized system preserves the stability property of the nonlinear system and
the approximation error generated in the linearization can be estimated from the phase
space slope and curvature expressions. Burgers equation will be studied in detail in
Chapter 3.

2.3.1 The phase space for the nonlinear Burgers equation
The steady state Burgers equation is given by:
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U——g—y = 2.3.0)

By changing variables as

Vl =u
du

Vo=V = — 2.3.2
2=VI= 2.3.2)
, 9%

Y=ol

a system of equations:

Vy =V]
= 2.3.3)

ViVp = EVy

is generated.
Dividing the second equation in system (2.3.3) by the first gives the phase space
equation:

220Ny, 2.3.4)

vy = _+§ (2:3.5)

where ¢ is the integration constant which can be determined from the boundary
conditions known from physical space. As in the analytical solution, take v; =u =11,
v, =v; =0, when ¢ =-1/2. Thus, equation (2.3.5) becomes:

_v12—1
V2= "0

(2.3.6)

which shows that when |vj|<1, there is v, 0. This means that, on the phase space,
only the segment of phase space with v, <0 is of real interest. However, the line v =0
is a singular line as noted above. The singular points are unstable for v; >0 and stable
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for v; <0 as can readily be checked. With equation (2.3.6), the phase space for the exact

Burgers elquation can be drawn as shown in Figure 2.3.1:

L] L] Ll T ! J T T T 1 T L) L] ¥ L L L] L LS 1 T
- /
-1
TN /

A\ )
N\ %

-4 N\ £

-5 \ /

_6 "l J L 1 1 1 A i 1 I} 1 A L 1 1 1 L ] L 1 1 1 1 1
-1.5 -1 -0.5 0 0.5 1 1.5

Vv

1

Figure 2.3.1 Phase Space for the Nonlinear Burgers Equation

2.3.2 Phase space for the locally linearized Burgers equation
Linearization of Burgers equation (3.1), gives:

ou o%u
Us;-&ig;[—r 2.3.7)

where U is some constant velocity. Using the same new variables as those defined in
equation (2.3.2), a system is obtained:

vV, = V]
, (2.3.8)
UV2 =E€Ev,y +r

In matrix form, this becomes:
Vl _ O l Vl + 0 (2 3 9)
\{) - 0 U/ € Vo —l'/ € b

V' =AV+b 2.3.10)

i=("™) A=(® ' Vaap=f© 2.3.11)
v, “lo ure) ™ "Tlrre .

or, in vector form:

with:




It may be noted here that the coefficient matrix A has eigenvalues zero and U/€. So
for large U/€, the equation is stiff in the usual numerical analysis sense. The equation is
degenerate as U/e — 0 with only one true eigenvector, (l,O)T, corresponding to the

repeated eigenvalue 0.

Applying the technique from differential equation theory, the homogenous solution

to equation (2.3.10) is obtained as:

v, = H(vl -7) (2.3.12)

[

where v =v,(0)- £y (0) is a constant. These are straight lines with slope given by U/e

as shown in Figure 2.3.2

1

4
-5 \«v/
-6
-1.5 -1 -0.5 0.5 1 1.5

Figure 2.3.2 Phase Space
Burgers

0
Vv

1

for the Locally Linearized
Equation

The second derivative term represents the slope of the phase space curve in Fig.

2.3.1 and Fig. 2.3.2 since:

dV2

v’ = dV2 _ de dVl
dx dVl dx

2.3.13
2 av, ( )

From equation (2.3.6), the slope of phase space for the nonlinear system is found to be a

linear function of vy,
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=4 (2.3.14)
£

o

Vi

From equation (2.3.12), the slope of the phase space for the linearized system is a
constant:

(=
&)

\{

ojc

=A (2.3.15)

Q.

V

and is collinear with the exact phase space slope at the selected node point. However, the
constant A is changing with the node point, i.e. A; =U; /e, when it is applied to the
discretized expression. Uj is the approximation of vy; = v;(x;) according to equation
(2.2.3). Obviously, when the grid size tends to zero, U; tends to v, everywhere and the
phase space of the linearized system tends to that of the nonlinear system. From control
theory, it is known that the stability status of a system is determined by the homogenous
part of the system. Therefore, from Figure 2.3.1, it is seen that if the system (2.3.1) starts
from a point where v; < 0, it will go to a stable fixed point on the line v, =0 along the
parabola (2.3.6). The linearized system in equation (2.3.7) also goes to the stable fixed
point if it starts from the same place, however, it follows a straight line on each
subdomain with different slopes A; =U;/e. When the grid size goes to zero, these
discrete straight lines recover the parabola of the nonlinear case, then, the phase space for
the linearized system tends to that of the nonlinear system. Thus, it may be concluded
that, after the linearization in step (2.3.9), the discretized linear system still has the
stability of the nonlinear system assuming the grid size to be small.

A study by Moulden (unpublished UTSI report which gives an outline of the above
development) shows that the phase space for the approximated system generated by the
central difference method does not reflect that of the analytical results at all. From the
results of a numerical study and the analysis in the following chapters, it will be seen that
the solutions from all the Roscoe type schemes have unconditional stability, while other
second order schemes give oscillatory solutions above certain cell Reynolds numbers.
Further, if the cell Reynolds number is increased much beyond these certain values, the
solving process diverges. Generally, it is very important for a discretization process to
conserve the stability property of the original differential system. In the Roscoe
discretization, this stability property transfers from the differential equation through the
exponential terms with the characteristic roots A, at least in a qualitative way.
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The system stability directly relates to the diffusive property within the system. In
computational fluid dynamics, diffusion sometimes is defined as a combination of
dissipation and dispersion [1]. Since the second derivatives associate with dissipation,
then, the accuracy of the slope in the phase space, A;, directly influences the dissipation
property in the numerical results. The dissipative error is reflected in the second

derivative in equation (2.3.13). If equations (2.3.6) and (2.3.12) are substituted into
equation (2.3.14), the quantity vy ;... iS Obtained for the nonlinear system. Similarly,

when equation (2.3.12) and (2.3.15) are applied, equation (2.3.14) gives Vi .., the

second derivative in phase space for the linearized system. The error between the linear
and nonlinear second derivatives, E,» = v 1ioar — Vimesr» 1S defined as the local

dissipation error generated in the linearization. That is:
v2
E,»= 2_1—:17(‘,1 - U) (2.3.16)

This results compares the exact and computed phase spaces on lines of constants v;.
For the third derivatives, there is:

" d dV2 ) d dV2 d dV2
=2 |=— = 2.3.17
v dX( dx dx (VZ dVl J VI dVl (V2 dVl ( )

or.
2 2
e dV2 d V2

Vi=v|—=| +v2—5 2.3.18
1(( dVl) 2 dVl J ( )

From equation (2.3.14), the curvature of the phase space, d2v2 / dv12, for the nonlinear
Burgers equation can be obtained as:
d2V2 1
== (2.3.19)
dVl €

The same variable can be derived for the linearized system from equation (2.3.15):

d2V2
=0 2.3.20
o (2.3.20)

29




The third derivatives usually relate to the dispersion in the system. It is seen, from
equation (2.3.18), that v* depends upon the curvature as well as the slope of the phase
space trajectory. However, the linearized system has zero curvature while the nonlinear
equation gives a constant 1/€ for the curvature. These are a direct solutions from
equation (2.3.6) and equation (2.3.16). The local dispersion error defined by
E ~ = Vit lincar — Vimear Can be estimated by calculating v ji.er for the nonlinear

system by substituting equation (2.3.6), (2,3.14) and (2.3.19) into equation (2.3.18);
Vinear from equation (2.3.12), (2.3.15) and (2.3.20). Thus, the local dispersion error

resulting from the Roscoe linearization can be derived as:

E~

v 2 2
2—812-(3v1 -2U%-1) (2.3.21)

If the diffusion error is the combination of the dissipation and the dispersion errors, then,
there is:

Egiffusion = Evr + Eym =2V—12(4vf -vU-2U?-1) (2.3.22)
€

The local diffusion error expression (2.3.22) shows explicitly that the diffusion error
introduced in the local linearization is a function of the linearized coefficient U. From
equation (2.2.3), it is known that the accuracy of this coefficient U depends on the time
step size as well as the spatial grid size. Hence, it can be concluded that the numerical
diffusion error depends upon both the time step size and spatial grid size. This
conclusion may suggest that better accuracy can be obtained from a higher order
approximation in the local linearization of the nonlinear differential equation.
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CHAPTER 3

THE STEADY STATE NONLINEAR BURGERS EQUATION

In this chapter, two exponential spline schemes are developed to solve the steady
nonlinear Burgers equation.
The nonlinear Burgers equation is given by:

_t..g.u_—g—:() (3.0.1)

This equation posses a unique smooth solution for all €>0 and t> 0 (see Kreiss and
Lorenz [17]) which satisfies a maximum principle of the form |u(x,t)|_ <|u(x,0)|_.
Hence, the maximum velocity at time t can never exceed the maximum initial value. A
numerical solution which generates a steady state final solution must also satisfy this
maximum principle; which thus places restrictions on acceptable computed solutions.
The discretization may be consistent and convergent but need not satisfy such a
maximum principle: this depends upon the nature of the iteration process expressed
symbolically as X, ,; = AX,,.
The steady state analytical solution to (3.0.1) is given by:

u(x) = atanh(—a—x) (3.0.2)
2e
X = Foo, u— ta
where 'a' is a coefficient which represents the reference velocity and can be solved for in
an iterative fashion. The reference velocity is dependent upon €.

As discussed in the previous chapter, the local analytic solution to the locally
linearized Burgers equation (3.0.1) given by the Roscoe scheme is:

u(x) =a + bx + ce™ (3.0.3)

or, by the generalized Roscoe method, when r is linear in x, there is:
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u(x)=a+bx+ cx2 +de™ (3.04)

Consider the nth time level in the computation, that is, when the node point values
ui' are known, the linear exponential spline or the quadratic exponential spline

interpolations can be determined subject to definition 2.2.1 or definition 2.2.2.

3.1 The linear exponential spline interpolation

According to the structure given in definition 2.2.1, the linear exponential spline S is
defined in the following manner on the computational domain ordered as
X; <X €X3 <...<X; <...<X,_g <X,_; <X, which is a partition of the physical domain
fa,b] with a uniform grid size h = x; —x;_;. The defined domains for s; are given as:
s €[x),x +h/2]; s; €[x; —h/2,x; +h/2],i=34, .., n-2; s, €[x,; —h/2,x;]
with:

s; =a; + byx +c;eM*
. (3.1.1)
Ki = &'
£

There are n—2 s;'s and each s; has three unknown coefficients. The total number of
unknowns is 3n—6. The spline is required to pass through all nodal points and the
adjacent s; and s;,; must match their values and first derivatives at the knot which is at

the middle point on each subinterval. More specifically, these conditions are:

(@) s(x;) =u;foreachi=1,2, ... n,i.e. nconditions;

(b) s;41(x;41 —h/2)=s;(x; +h/2) foreachi=2,3,.., n—-2,ie. n-3 conditions;

©) si;1(X;41 =h/2)=s{(x; +h/2) foreachi=2,3, .., n—2,i.e. n—3 conditions.

Overall, there are 3n— 6 conditions. Therefore, it is a closed problem with 3n—6
linear independent equations. To solve for the a;'s, b;'s and c;’s, first, the a;'s and then
the b;'s are eliminated by applying conditions (a), (b) and (c) in a sequence. In this
process, x is taken as a parameter on the interval [x; —h/2,x; + h/2] instead of being a
globally independent variable, that is, the nodal point x; is taken as the origin (where
x=0) for its corresponding subinterval [x; —h/2,x;+h/ 2]. This elimination process
gives the following equations for the c;. At the left boundary where i=2, the expression
for c; is:

Ah Ash
[—2 +e by (l +-A%h)e%]¢2 +[ —(l +%)¢‘§']c3 =u; —2u, +ug (3.1.2)

1
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for the interior point wherei=3, ..., n—2

B\ Aigh
[1 - (1 - 2‘15_1“}—'5‘—}i_1 +
B\ A ) Ah
[—2 + (l - x—éh)e"‘i‘ + (1 + l—éh-)e'i' ]ci +

, Ajyh
[1 - (1 + %} 2 ]Ci+l =Su - 2ui + Uil (3.1.3)

while at the right boundary wherei= n~-1,

kn-zh -
[1_(1_%5211)6 : ]c“'2+[_2+°k“""+(1-—x"2'lh)e‘—2“]c,.-l

= Up_p—2u,_ + U, 3.14)

. The subsequent matrix generated from the above equations for the c;'s is tridiagonal
and can be solved efficiently by a tridiagonal matrix solver. After the c;'s have been
determined, the coefficients b; can be solved easily by a backward substitution:

1 Ag_ih
bn—l = F[un —Up-1 = Cp (c ol - 1)]
by = byyq + Cipghjege CoMith e eOSMP =2  nel (3.1.5)

b, = %[uz -y - cz(l —ghh )]

and a; follows as:
a; =u;—¢; (3.1.6)

so that the spline passes through the node points.

Thus the global spline function S(x) for u(x) has been found. Consequently, the
derivatives du/0x and 9%u/dx? at the node points, the quantities of interest, can be
approximated by the node point values of dS/dx and 92S/0x? which are given by:

(gu_;). = (%xg). =(b+ cixie"i*)i 3.1.7)
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u) (3% 2 Mx
(&Tl{gfl:(cixie )i (3.1.8)

To be consistent, at the nodal point x;, x=0. Hence, from the above approximations
the derivatives at the nodal points are:

(g—) =b; + ci)"i (3.1.9)
2
(g_xg) )2 (3.1.10)

Thus, with b;,c; as known values, Burgers equation can be solved by a traditional
time marching method. The first order forward time finite difference gives:

au lln+l _ l]n
_—=—— 3.1.11
ot At ¢ )
Then, the (n+1)th time level values of u; can be solved explicitly from:
= gn At[-u{‘(bi +oh)+ e(cil%)] (3.1.12)
or implicitly from a delta formulation:
[—% + ('l— + '2—82) - %]Aui = [—ui(bi + ci}"i) + E(Cixzi )]
Ax At Ax Ax (3.1.13)
Au: = u!H'l - up

1 1 1

It might be noted that in this spline interpolation, the subdomain for each piecewise
interpolation function s;(x) is not defined in the conventional way, that is, the spline
interpolates do not match at nodal points, instead, they match at the middle point on each
subinterval. The advantages of doing this are:

(i) it gives the same number of conditions as that of the unknowns;
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(i) in the exponential spline interpolation, it is important to chose the proper A
value for each interval. It has been found that the middle point A value is so far
the best choice. So, if the spline is defined as in the definition 2.2.2, then
A; = u;/ecalculated at the nodal points is automatically the middle point value

for each spline interpolant.

3.2 The quadratic exponential spline interpolation

When r in equation (2.2.2) is approximated by a linear function of x instead of a
constant, the local analytical solution has the form of equation (2.2.9) which is a
quadratic polynomial plus an exponential term. In this case, the spline interpolant s; has
the same structure:

s;(x) = a; + b;x + ¢;x% + d;eM*
A, = Bix+h/2) 3.2.1)
€

which is defined on: [x;,x;,,] 1=1,2,3,...,n =1 according to definition 2.2.2. The number
of unknowns is now 4n—4. The spline is required to pass through the node points and
the adjacent s; and s;,; have to match their first and second derivatives at their matching
point x;, as well as be continuous, that is at each matching point:

(@) s(x;)=vy;,i=1,2,... n,nconditions;

(b) s;41(x;) =s5;(x;),i=2,3, ..., n—1, n-2 conditions;

©) si(x;)=s{(x;),i=2,3, ..., n—1, n—-2 conditions;

@) sip1(x;) =5{(x;),1=2,3, ..., n—1, n—2conditions.
The number of conditions available is thus 4n—6. Obviously, two extra conditions have
to be specified in order to solve this problem. These conditions appear, at this point in
our understanding, to be completely arbitrary. For example, these could be in the form of
two constraints on the derivatives at the boundaries (these conditions are not to be
construed as extra boundary conditions on the differential equation):

(e.1) s=uy and s =uy or

(€.2) s; =uj and s;, = uy,.
With conditions (e.1) or (e.2), the spline evaluation problem is closed and can be solved
in the same manner as in the previous section. However, a different solving procedure
has been applied. The idea here is that in solving Burgers equation, the spline derivatives
are of real interest instead of the spline itself. Therefore, a special procedure is set up to
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calculate the spline derivatives directly. This follows the same procedure for the cubic
spline approximation discussed by Rubin and Graves [16].

This solving procedure consists of two parts which generate two diagonally dominant
tridiagonal matrices for the first and second derivatives respectively.
From equation (3.2.1):

Si(X) =a;+ bix + Cixz + diclix (3.2.2)
s{(x) = b; +2¢;x + d;A;eM* (3.2.3)
s{(x) = 2c; + d;A2eM* (3.2.4)

First, the subinterval [x;_;,x;]. is considered. Suppose that all the nodal values are
denoted as:
si(xia)=uig si(xi)=u;

si(xic1) =iy si(x;)=u] (3.2.5)

Si’(xi—l) =uj Si’(xi) =y

" Then two linearly independent systems can be constructed for a;, b;, c; and d; in
terms of node point values defined in (3.2.5):

1 x,, xiz_l ehixiat Y, u;_;
1 x; x? et | b; y; 326
0 1 2Xi_1 Xie}‘ix*-l Ci U;_l
0 1 2x; Aeht g uj
1 oxiy xBy o eMN V&) (uig
1 x; x? erixi | b; u; 327)
2 A% . ” 2.
0 O 2 lic 17 c| u,_l
0 0 2 M\ uf
Similarly, on interval [x;,x;,,]:
sis1(Xi) = u; Si+1(Xi41) = Ving
sie(x;) = uf si+1(Xi1) = Ui (3.2.8)
s (xi) = uf’ sfe1(%i41) = vy



Hence, the two other linearly independent systems are given by:

(1 x4y x3,  eM#tn Ya,) (uia

1 x; xF Mo by | w (3.29)
0 1 2x,; Mehimmmcig| |uin o
0 1 2x; At Adiy uj

(1 x4 x&; e Yaug) (i

1 x; xF ehwn b [ u (3.2.10)
0 0 2 W eMhn el |ula -
0o 0 2 A2, erin% Ndig uj’

Solving equation (3.2.6) and (3.2.9) for the coefficients associated with s;(x) and
s;41(x) at the node conditions: x;_; =x; —h, x;,; =x; +h gives the coefficients a;, b;,
and d; in terms of u;, u;_;, uj and uj_; and a;,,, b;,,, ¢;,; and d;,; in terms of u;,
u{+1, u{ and u{,;. Substitution of a;, b;, c;, d; and a;,;, by}, iy, d;4y back into the
equation (3.2.2) gives two functions of x: s;(x) and s;,;(x). Then, taking the derivative
of s;(x) and s;,,(x) with respect of x twice gives the expressions for s{(x) and s{};(x).
At x=Xx;, the spline has to satisfy: s{(x)=s],;(x) . This results in:

Au{_, + Buj + Cuj,; =D(u; —u;_;)+E(u; —u;_;) (3.1.11)
where:
[2(1-")+(<2+ A )ih]
A=
h[—z(l M)+ a1+ e7h )]
i [-2(1 —e7Mh) 4 (2e7M" kih)lih] i [—2(1 — i) 4 (et + li+1h)xi+th

* n[=2(1-e M)+ an(1+ )| b2(1-€¥th) + A;1h{1+ tivt)

[2(1 — ehinh) 4 (2ehinh 4 xi+lh)xi+lh]

€= h[z(l - e"iﬂh) + lmh(l + c"iﬂ“)]
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2h(-1+ 74" +A;h)

D= h|-2(1- ™)+ A;p(1+ e 7))

g (1- X" +4;4h)

E= h[2(1 _ clmh) + )"i+1h(1 + elmh)]

In a similar manner, another set of functions s;(x) and s;,,(x) can be solved from

equations (3.2.7) and (3.2.10). This time, taking the derivative once and matching the
first derivative at x=x; gives an expression for u{’:

auj’; +buf'+cuf}, = %(ui_l -2u; +u;,) (3.2.12)
where:
i [2(1 M)+ (24 lih)lih]
T 2(-1+eMha2n
. [2(1 —eMh) 4 (24 xihe'*ih)xih] , [2(1 ~ehinh) (24 xi+1he"i+l“)xi+1h]

2(-1+¢M"th 2(-1+ M2, h
i [2(1 —ehih) 4 (24 lmh)lmh]
T 2(—1 + eli“h)l%ﬂh

With i € [2,n-1], equations (3.2.10) and (3.2.11) give two diagonally dominant
tridiagonal matrices. By solving these two matrices, u{ and uj’, the derivatives, are
obtained at the node points. Hence the same time marching methods discussed in the
previous section can be applied here to find the solution for Burgers equation (3.1).

At the zero velocity points, that is, when A; = u;(x +h/2)/€ = 0, it is found that the

coefficients of the tridiagonal systems reduce to constants and equations (3.2.11) and
(3.2.12) become:

l ’ ’ ’ l
;(“i—l +4u] +uf,)= '};(uiﬂ -u;) (3.2.13)
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l ”» ” ” 1
g(“i—l +4uf+uf,;)= Ef(ui-l -2u; +uy) (3.2.14)

equations (3.2.13) and (3.2.14) are identical to the equations that Rubin and Graves [16]
derived for the cubic spline interpolation. This is to say that at the zero velocity points,

the interpolation functions change to third order polynomials.
To calculate the A in equation (3.2.1), the mid-point values of u;(x; +h/2) or

u;(x; —h/2) are required. Since two linearly independent expressions for s;(x) are

created, one from the first derivatives and the other one from the second derivatives, there
are four expressions for the mid-point values of u:

ui(xi —h/2)=%(ui +ui_1)+ 3.2.15)
[(4(1 +e b 26')“}'/2) - lzihze_)‘ih)u{% (4(—1 —e M4 Ze_)“hn) + lzihz )u{’_I]

8(—1 +e kb )}.21

uy(x, +h/2)=-;—(ui Fup)+ (3.2.16)
[(4(1 +einth _gehinh/ 2) - lzmhzcl‘“h )ui”+ (4(—1 —ghinh 4 gehinih/ 2) + lzmhz)u{;]]

8(—1 +ehinh )x%+1

ui(xs ~1/2) = {n(-1- 37" + 4782 - heMbJu +
o L AL G FR R

[8(—l+e‘ ih/2)+7\.ih(3+6_ i )]ui-l}4[2(—1+e"‘ih)+ (1+e"'ih)]

u;(x; +h/2) = {h(—l —3ehiah 4 4ehiP2 1o, et ol + (3.2.18)
h(—3 —ehinh 4 gehinh/2 _ lmh)ugﬂ + [8(-—e"i“h +ehinb/ 2) + lmh(l + 3e"i+1h)]ui +
[8(1—c"iﬂ“”)+xi+lh(3+e*i+1“)]ui+,} !

o1 bt + (14 Mot
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In the program, for better accuracy, the mid-point velocity values are updated after
each derivative matrix call, that is, they are computed once after the second derivative
matrix is called with the equations (3.2.15) and (3.2.16) and then, the new values of A;
are used to call the first derivative matrix, once the first derivatives are available, the A;
are computed again from equations (3.2.17) and (3.2.18). The mid-point values of
velocity are computed from the equations (3.2.16) and (3.2.18) for the left boundary
while equations (3.2.15) and (3.2.17) are used for all the other node points. The
algorithm is completed with a time marching process of the form (3.1.11) above.




CHAPTER 4
THE LAMB VORTEX PROBLEM

The exact solution to the Navier-Stokes equations that generates the so-called Lamb
vortex is a good example to test the accuracy of numerical methods since diffusion is a
dominant feature of the flow and must be correctly estimated to get a meaningful
simulation of the flow field.

4.1 Description of the problem
The Lamb vortex is an exact solution [18] of the unsteady, incompressible Navier-
Stokes equations (2.1.10). The circumferential velocity is given by:

Vp = ro(l-e“’2’4“>)/2m @.1.1)

where [ is the vortex strength. The radial velocity component is zero and the pressure is

given by the quadrature:
r sz
P(r,t) = Peore + IT"dr
0

4.1.2)

The purpose in choosing the Lamb vortex is to examine the dissipative nature of the
generalized Roscoe method. As Burgers' equation results suggest, observation of
diminished slopes in steep gradient regions is an indication of spatial dissipation. The
Lamb vortex presents the opportunity for the spatial dissipation to accumulate in time to
give a progressively worse solution. Here a comparison among the two generalized
Roscoe procedures, the central difference method of Abdallah [19] with second order
accuracy and a cubic spline scheme is presented.

The flow conditions for the problem are Iy =10 ft? /sec, €=0.025 ft>/sec is the
kinematic viscosity, p=0.002378slug/ft’, and p. =1001b;/ft2. The grid uses
100 x 100 points on the domain x =[-5,5] and y =[-5,5]. This gives a peak Reynolds
number of about 400 and an average cell Reynolds number of 4. For the stated initial
conditions, the exact Cartesian velocities are computed at t = Ssec for a vortex centered
at (0,0). The initial pressure was computed from numerical integration of the pressure
integral. The solution is advanced in time to 12.28 seconds.

41




Four numerical algorithms are devised. These are Abdallah's central differencing of

the unsteady incompressible Navier-Stokes equations [19], the cubic spline scheme
derived from the Rubin and Graves [16] one dimensional formulation, and the linear and
quadratic exponential spline methods developed directly from the generalized Roscoe
differencing. For all four algorithms, a backward Euler time marching procedure is used
for the momentum equations, and an Approximate-Factorization (AF) scheme for the
pressure Poisson equation. The boundaries are not really deemed to affect the solution
near the core, at least for the small times shown, since these are relatively far from the
core. This is borne out in the computations.

4.2 Numerical procedure for the linear exponential spline method
The unsteady, incompressible Navier-Stokes equations (2.1.10) are repeated here for

reference:
du ﬂ_
x ay
du_ du_ ou o%u o%u) op
o e oy T Re(a—xf*s;f)‘a @21

a2 Ly ) o
o Uax TVay TRelax? ay?) oy

By taking the divergence of the momentum equations and forcing the resulting
equation to satisfy the continuity equation, the Poisson equation for pressure is obtained:

?p % au)2 Y dudv
=& AN 4.2.2
3{;+57; (ax * dy 2ayax “22)

In order to solve the system (4.2.1) numerically, a two-part solving procedure is
used. One part is in the spatial domain and the other is in the time domain. At each time
level, the derivatives with respect to time are taken as constants while considering the
spatial discretization. First, the generalized Roscoe scheme is applied in each spatial
direction to obtain two systems related to the system (4.2.1), one in the x direction and
the other one in the y direction:
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du _

x 1

ou 1 9% dp

3x Re 3 4.2.
U Read o 2 (4.2.3)
ﬂ_L82v=r

9x Reodx? °

ov

— =R

dy 1

ou 1 9%

Voo+o-37=R 4.2.4
a)’+Rcay 2 4.24)
ov 1 9% dp _

oy Reay? oy

When equation (4.2.3) is built, the variation in the y direction is neglected, thus all y
direction derivative terms are taken as constants and put into the Roscoe vector T on the
right hand side. The same treatment is applied for the x direction derivatives in equation
(4.2.4). If the forcing functions of T =(1;,1;,1;) and RT =(R;,R;,R3) are defined as in
equations (2.2.22) and (2.2.23), the velocity components u, v and pressure p have the
structure of a linear exponential function of x as in equation (2.2.24). System (4.2.4)
gives a similar structure for the y-dependence of the dependent variables. This gives the
functions that are used in the spline interpolations. Unlike the one dimensional Burgers
equation where there was only one unknown variable in one direction, there are now
three unknown variables u, v and p to be interpolated in the two direction, x and y. The
six interpolating functions are:

u(x,yn) = ay +by X+ ehix
V(X,yn)=2,, +b, x+c, et
P(x, yn) =a, + bxpx +cy ehax
u(xp,y)=ay +b, y+ cynelyy 4.2.5)
v(xp,y) =2y +by y+ Cyvcl’y
P(xny) =2, +b, y+c, e



where A, =U/€g, A, = V/e. The x or y subscript stands for the direction on which the

interpolation is carried out while the second subscripts u, v and p for the dependent
variable to be interpolated. The connection between the velocity components or the

connection between velocity components and pressure is thus established via the

parameters A, and A, during the spline interpolation.

: : - u ov v ap du % v
After the interpolation, the derivatives —, —, —, —%,5— and —, —x, =
PO ox ox° ox oJx° ox dy dy° Ody

%}’ %1;- are calculated directly from the coefficients according to equations (3.1.9) and
(3.1.10). Then the forcing function in the pressure Poisson equation is computed
according to equation (4.2.2). The pressure Poisson equation is then solved in an iterative
fashion. Thus, all the spatial derivatives and pressure values at every discrete point (i, j)
are available. The next step is to solve the time derivatives by time marching the
momentum equations with all the calculated velocity and pressure derivatives.

4.3. Numerical procedure for the quadratic exponential spline method

In this section, it is assumed that all the dependent variables in system (4.2.3) and
(4.2.4) behave like quadratic exponential functions (it should be noted here that this
assumption is not a result from the analytical study of the two dimension incompressible
system (4.2.1) like in the linear exponential case, it is purely an extension from the one
dimension system result). The interpolating functions are now given, in the similar
notation as in equation (4.2.5), by:

U(X’Yn) =a, +by x+ c,‘“x2 + dxuc;"‘x
v(X,yn) =2y, +by x+ vaxz + dxvcl,x
p(x,yn)= a, + bxpx + CXPXZ + dxpcl‘x
U(Xn,y) =a, + by“y +Cy y2 +d, eryy @4.3.1)
v(xn,y)=ay +by, y+c, y2 + dyucl,y
P(Xq,¥) = ay + bypy +ey y2 + dype*ry

and again A, =U/e, Ay =V/e.
The numerical solving procedure is virtually the same as in the previous section
except that, like in the one dimensional case, instead of solving for the coefficients of the
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spline functions the derivatives are solved directly from matrices derived from the spline
interpolation. This time, two special two-dimensional matrix solvers are devised, one is
used for solving for the first derivatives while the other one is for obtaining for the

second derivatives.

4.4 Numerical procedure for the cubic spline method

The numerical procedure for the cubic spline algorithm derived from equation
(3.2.12) and (3.2.13) is very similar in its structure to that of quadratic exponential spline.
Since the matrices based on equation (3.2.12) and (3.2.13) are constant matrices, the set
up is much simpler.

45



CHAPTER §
STABILITY AND ACCURACY STUDY

Stability and accuracy of a numerical scheme are two fundamental properties which
need to be determined in order to compare with other schemes. In this chapter, the
stability-and accuracy of the two exponential spline schemes are studied.

5.1 Accuracy study

To find the spatial order of accuracy of the generalized Roscoe methods and to
compare this accuracy with other methods, a series of computations with different grid
spacings were performed . Two problems were examined, the steady nonlinear Burgers
equation, presented in Figures 5.1.1-5.1.11, and unsteady solutions to the incompressible
Navier-Stokes equations, set up for the Lamb vortex problem shown in Fig. 5.1.12-
5.1.15. In both of the problems examined, physical and phase plane solutions obtained
from several methods are presented including the two generalized Roscoe methods. An
error analysis is performed to assess the order of accuracy of the generalized Roscoe
schemes.

A series of computations for the nonlinear Burgers equation were performed for cell
Reynolds numbers of 0.625, 1.25, 2.5, and 5.0. The numerical solutions are compared
with the exact solution in Figures 5.1.1-5.1.6. For ease of comparison, all the Roscoe-
based methods use filled in symbols.

At the lower cell Reynolds numbers, none of the schemes have any difficulty in
achieving an accurate solution. This is seen in Figures 5.1.1 and 5.1.2 where all methods
converge easily and are monotonic. As the cell Reynolds number is increased beyond
two, however, the central difference, fourth-order compact, and cubic spline methods
begin to violate the maximum principle possessing an oscillatory solution and smaller
time steps are required to achieve a stable solution. Eventually, there is no time step
small enough for convergence and results for those methods can no longer be presented.
Figure 5.1.3 clearly shows this behavior for the central difference method. The fourth-
order compact scheme is also oscillatory in this figure, but to a much smaller extent and
this is not obvious in the figure. Neither of the two methods were stable for a cell
Reynolds number of 5 and only the cubic spline remains of these methods in Figure 5.1.4.
This leaves only the Roscoe-based schemes which are stable for higher cell Reynolds
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numbers as shown in Figures 5.1.5 and 5.1.6. The solutions remain monotonic and
appear to retain adequate accuracy.
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Phase space solutions (velocity versus velocity derivative) for cell Reynolds numbers
of .625, 1.25, 2.5, and 5.0 are shown in Figures 5.1.7-5.1.10. Again the Roscoe based
methods use a filled in symbol for ease of identification. The methods which present
solutions closest to the curve are the more accurate, of course. An interesting observation
of the phase plane studies was that the methods which remain on the inside of the phase
plane exact solution tended to remain stable while those which presented solutions
outside the exact solution curve eventually became unstable. In this regard, the Roscoe
based methods all remained inside the exact solution while the other methods all started
on the outside and eventually diverged as the cell Reynolds number was increased.

For a cell Reynolds number of .625, shown in Figure 5.1.7, all of the methods yield
solutions which are fairly close to the phase space solution. While it is somewhat
difficult to distinguish the symbols, it is evident even in this figure that the Roscoe-based
methods all lie either on the phase space curve or to the inside of the curve, while the
others are slightly outside. This is indicative of later stability difficulties.

In Figure 5.1.8, the cell Reynolds number is 1.25 and the central difference method
gives solutions which are furthest from the curve. The largest error of any of the methods
is at the vertical axis which corresponds to the center of the shock location. It is
interesting that the central difference method gives a rather good slope for this cell
Reynolds number.

As the cell Reynolds number is increased to 2.5, shown in Figure 5.1.9, both the
fourth-order compact and central difference methods yield points which are on the
positive side of the horizontal phase plane axis near the ends of the curve. This violates
the maximum principle and indicates that these two methods are about to go unstable.
The cubic spline routine now also displays some points outside the curve at this cell
Reynolds number. The Roscoe based methods remain within the exact solution curve.

At a cell Reynolds number of 5, Figure 5.1.10, only the Roscoe methods remain
along with the cubic spline method which now shows a slight violation of the maximum
principle at the ends of the curve. The Roscoe methods are again on the inside.

Figure 5.1.11 presents the L2 norm of the error for a given method versus the grid
size. Since the graph is presented on a log-log scale, the slope of the line equals the order
of accuracy of the method. Since the vertical axis is the L2 norm of the error, the lower a
line is, the more accurate is the solution. The comparison of the numerical results shows
clearly that the two exponential spline schemes are second order with respect to the
spatial variable and the linear exponential spline scheme displays the greatest accuracy
compared with all the other second order schemes. The fourth order compact scheme is
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the most accurate for the smaller values of dx, but becomes less accurate than the three
spline schemes as dx approaches to 0.1 which corresponds to a cell Reynolds number of
about 2. For higher cell Reynolds numbers, only the first order accurate upwind method
and the two Roscoe spline methods remained stable without the explicit addition of
artificial viscosity terms. Since computations of flow problems on practical grids
typically have cell Reynolds numbers much higher than 2, this indicates the superiority of
the Roscoe spline methods.
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Fig. 5.1.11. Accuracy Comparison of the Numerical Solutions of Burger Equation.

The second problem studied was the Lamb vortex. Here the unsteady incompressible
Navier-Stokes equations were solved on a rectangular grid with the vortex center at the
center of the grid. The singularity is avoided by having the exact center of the vortex
located at a grid cell center. The solutions were marched in time from the exact initial
conditions at t = 5 to a time of t = 12.28. The boundaries were sufficiently far away that
their influence was negligible.

The solutions for three different grids are shown in Figures 5.1.12-5.1.14. The two
Roscoe based methods again use the filled in symbols. The figures show the
circumferential velocity versus the distance from the core. Two radii are given for each
method with the points being equidistant along each radii. Thus if there is no discernible
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difference between the two solutions, the method has maintained the symmetry of the
solution.

Sources of error include the time discretization and spatial dissipation. Since all
methods used the same time differencing, differences in time accuracy errors between the
methods is believed to be slight. Thus, differences in the solutions are more likely to be
due to spatial dissipation errors.

Figure 5.1.12 presents the circumferential velocity solutions for a grid of 100x100
points. The best solution is given by the quadratic exponential method with the linear
exponential and cubic spline methods giving slightly less accurate results. The central
difference method gives a significantly less accurate solution. Near the core, the central
difference method shows double symbols indicating the beginnings of a lack of symmetry
in the solution. The other methods remain symmetric.

These same trends are followed but to a more exaggerated extent in Figures 5.1.13
and 5.1.14 with grids of 80x80 points and 60x60 points respectively. The quadratic
exponential spline method retains the best accuracy throughout with the central difference
method remaining the least accurate.

- Comparisons of the solutions on the different grids with the exact solution were used
to create an error versus grid size chart shown in Figure 5.1.15. The L2 norm was used as
the error estimate. The figure shows that the quadratic exponential spline method is
superior over the linear exponential spline, the cubic spline and of course the central
difference methods at coarse and medium grid. For a much finer grid, the quadratic
spline accuracy appears to be less than the cubic spline method. The reasons for this are
not known.
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5.1.1 Accuracy study for the linear exponential spline scheme

In Chapter 3, the application of the linear exponential spline method was discussed in
detail along with the example problem of the steady state Burgers equation. Generally,
the process includes three steps:

(i) Solving the coefficients of the spline interpolating functions throughout the

calculation domain so that the overall spline function is known.

(ii) Differentiating the spline function to get the derivatives at the node points.

(iii) Solving the discretized differential equation by time marching.

The overall accuracy is determined by the accuracy of the numerical techniques
adapted in each of these three steps. In step (ii), the analytical differentiation is made on
the spline interpolation function itself, thus, there is no additional discretization error
generated in this step. In the time marching step, a backward Euler method is applied
that is known to be of first order accuracy with respect to time. Thus, the accuracy for
this scheme is mainly determined by step (i), the spline interpolating process. The
accuracy of this step includes:

(i) accuracy of the interpolating function, that is, how close the local interpolating
function represents the exact solution. For this method, Roscoe [4] has proved
that the linear exponential interpolating function is of second order for viscous
flow and first order for inviscid flow.

(ii) accuracy of the interpolating procedure. The current effort is concentrated here.

The best approximation theorem in generalized spline theory [15] indicates that the
best approximation result can be expected from a global spline interpolation with a
chosen interpolation function. However, there is no error estimation theorem available
for the exponential splines. But, from the best approximation theorem, it is certain that
the global approximation accuracy is no lower than that of the local interpolation
function. Thus, the accuracy study may start with the local spline error estimation.

In Chapter 3, the linear exponential spline interpolants were given as:

T; .

1

(5.1.1)
A‘i = &
£
where r,/U; is taken to be another unknown coefficient in the general definition 2.1.1.
The defined domain for each spline function, s;(x), is [x; —h/2,x; + h/2] for the interior

points and [x —h,xy+h/2), [x4_; —h/2,x,_, +h] for the left and right boundary
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respectively. In addition, the spline interpolants match the value and first derivative at
the middle points on each grid interval. The splines are also required to pass through the
grid nodal points, x;, which are the middle points of the defined domain for each spline
interpolant. This gives the same number of conditions as unknowns for a linear system.
Hence the spline can be determined without adding any extra constraints which are not
naturally part of the problem specification. In the accuracy study, however, this is not the
concern. The objective here is to find a discretized algebraic expression which satisfies
the spline interpolating requirements. Considering a segment of the spline shown in
Figure 5.1.16 with three connected subdomains m, i, p defined on the intervals
[xicy=h/2,x;; +h/2], [x;—h/2,x;+h/2] and [x;4; —h/2,%;,; +h/2] respectively:
The corresponding interpolation functions are defined accordingly:

T_ .
u(x),, =cy, + (Ul 1 )x + czme)‘“"‘

U i-1 (5.1.2)
u(x), =cy; + (ﬁr'—)x + czie}‘ix
! (5.1.3)
A =Ji
-
and
u(x), =cy, +( i+l )x + czpeli”"
Uis (5.1.4)
U.
Ai = :1

with a globally constant diffusion constant €.
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Figure 5.1.16 Interior of the Linear Exponential Spline
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By requiring that:
(i) The interpolating functions u(x)_, u(x), and u(x)p must pass through the node

points x;_;, x; and x;,;.
(i) u(x)y, u(x); and u(x);, u(x),must match values at the middle points of the

intervals [xi_l,xi] and [xi,xm] respectively.
(iii) u(x),, u(x); and u(x),, u(x)pmust match first derivative at the middle points of

the interval [x;_;,x;] and [x;,x;,,] respectively.
The coefficients ¢, ¢); and ¢y, can be eliminated and the following relations

derived:

U: 1—C +_r!i(£)+c eli-l% =U: = Ch. __ri_(.ll).*.c .c—li%
i-1 2m Ul_l 2 2m 1 21 Ul 2 21
h h
T _ L - T —A—
l_l+C2mli_lel'_12 =U—l+02i7\.ie ll2
i-1 i
, h ' h (5.1.5)
u; — Cg; + - h +Cpeis =y, —cp -l 2 )4, e7hing
1 2i U 2 21 2 1+1 2p 2p 2
1

h
I, b

- +c2i7\.ic}"2 =
Ui i+l

with A;_;, A; and A,,, defined as in equations (5.1.2), (5.1.3) and (5.1.4). Elimination of
the three unknown coefficients ¢, , ¢5; and C2p gives a three point stencil expression:

T,
apU;_; —a;u; + apum = b U':l + b U—l + b U (5.1.6)

where:

a, = l:ll e (1 ehiv1s ) (2x; +7~._1) 2+ A 1}‘%1( —e %) (Ao +2;)= ]
a; = |:l1+l}" (1 € s )"'x)"ﬂ'l(l ¢ . ) ll—12 +)"1—1)b (1 e Mg }(21 ithio)o ]

h Ah h
a, =[X l,ﬂ(l ehi-1y )+l_lll+l(l ehi )e)‘i"i]

and
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h b h hY) , h

b, = li(l - e*HEXl - e*m;)e*i“ + Am(l - e*H;Xl - e*iz}"i;
h h h h
+hiA %(1 —ehin ;)e(li-x 2h) 4 y VY WO %(1 —ehi ;}(’vi-l“i);

2 h h h
b; = l(] e Ao Xl elul }1 elh)"';‘:—l( Cl“'l Il cl,z)eli_la
h
-x.ﬂ(l e X ;)e AL (1 i )e(l.-wn B
h

h h)2
Ay (1 et} )+x,-lx,+.2( c*i;) bt

h h h h
b, = x(l ehi-1z )(1 ~ehing )“‘—x,_l(l i Xl e*z)e"i-lz

h h h by, b
A3 (1263 Jodichi 3{1-eh s

" Similar expressions for the two boundaries can be obtained in the same manner for
the boundaries specified in definition 2.21. The boundary points have to be treated as
special cases since these represent the breaking of the translational invariance symmetry
of the differential equations.

Equation (5.1.6) is the discrete expression generated from applying the linear
exponential spline interpolation locally. When the index i varies from 3 to n—2,
equation (5.1.6) with appropriate boundary conditions creates a discretized solving
system which satisfies exactly the same requirements as in the linear exponential spline
scheme discussed in Chapter 3. A close examination of this system determines the
relations between the node point velocity values and the residuals. The linearized time
derivative terms are identical to those used in the program. Thus, this discretized solving
system with equation (5.1.6) for the interior is defined as the equivalent solving process
for the linear exponential spline method discussed in Chapter 3 so that the accuracy of the
linear exponential spline scheme can be obtained by studying this equivalent solving
process. Stability is studied in section 5.2 using the von Neumann stability theory.

Now, the accuracy of the linear exponential spline interpolation can be approached
from studying equation (5.1.6) for the interior points. The algebra was performed using
standard symbolic manipulation software. For the equation (5.1.6), the error estimation
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can start by expressing u;_;, u;,; and all the exponential terms in Taylor expansion up to

the third power of h:
no, U2 u
ui_; =u; —uth +5;-h2 ——3!Lh3 (5.1.7)
u,y =u; +uth+ %i'-hz +%}h3 (5.1.8)
2 \3
e“=1+xh+(—x;—)+% (5.19)

The quantities r;_;, r;,, are also expanded in Taylor series with:

2 h3
76— rxih + Ixy; —2_ = Txxxj ?

) 3 (5.1.10)
Ly =T +h+1, T + Iixx; —6-

Then the original differential equation: r; = u;u,; —€u,,; is recovered with an error term

that is of second order in h:

uu,; — Eu,y; =1, + O(h?) (5.1.11)

The same process can be applied on the boundaries to get the accuracy estimation for the
two boundaries.

Thus the accuracy for the interior local spline interpolation is of second order in h.
From the best approximation theorem for the generalized splines, it may be concluded
that the linear exponential spline solving procedure has an accuracy which is no lower
than second order, but with a lower absolute error. The computations confirm this as
seen in Figure 5.1.11.

5.1.2 Accuracy study for the quadratic exponential spline scheme

There are also three steps involved when the quadratic exponential spline method is
applied in solving Burgers equation. These were outlined in Chapter 3 as:

(i) calculating the second derivatives from equation (3.2.11);

(ii) calculating the first derivatives from equation (3.2.12);
(iii) solving the differential equation by time marching with the available derivatives
from step (i) and (ii).




The accuracy study is again carried out accordingly. First, the accuracy of the first
and second derivatives are obtained by Taylor expansion of related terms in equations
(3.2.11) and (3.2.12) and then the resulting derivative terms are substituted back into the
differential equation to get the overall spatial accuracy for the scheme.

Equation (3.2.11) is used to investigate the accuracy of the first derivative term. Itis
quoted below as equation (5.1.12):

As{_; +Bs{ +Cs{,, =D(y; —u;_;) + E(u; —u;_,) (5.1.12)
where:
N [2(1 —e7hh) 4 (<24 lih)lih]
h[-z(l ~e™t) 4+ Ah(1+ e'*i")]
i [—2(1 —ehh) 4 (2e7M0 4 lih)kih] i [-2(1 —ehinih) 4 (ehinh 4 li,,lh)lmh]

h[—z(l k) n(1+ e‘*i“)] ' h[z(l — et 4 h(1+ e*iﬂ")]

_ [2(1 ~ eth) + (zckmh + li+1h))"i+1h]
- h[Z(I_CMﬂh) N 7»i+1h(l N ckmh)]

o 2y(-tee M gn)
B h[-2(1-e7") + A;h(1+ €7 )]

D

g (1-€¥9™ 4 4y )

E= h[2(1 — e;,mh) + Ki+1h(l + e?.iuh)]

In order to obtain an expression without too much complexity, some algebraic
simplifications are applied to (5.1.18) by factoring out the denominators. First, ehih s
multiplied to the numerator and the denominator of the coefficients A and D and to those
of the first part of the coefficient B. Then, the whole equation is multiplied by

h[-z(l M)+ Ah(1+ e"‘i“)][z(l —ehih) 44, (1 + c"mh)]. Then, s/_, and s},; on

the left hand side, u;_; and u,,; on the right hand side and all the exponential terms on

both sides are expanded into Taylor series up to the third power of h while assuming h
small. After truncating the high order terms, an expression for s; is obtained as:
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(M%)“_f'}ﬁ +o(h‘) (5.1.13)

’ ’

si=ui+

This equation shows that in the matrix set up from equation (3.2.11), the first
derivative is third order accurate with respect to h. If the same procedure is applied to
equation (3.2.12), equation (5.1.14) is recovered:

asfy + bsf+ osfy = 3 (041 = 205 + i) (5.1.14)

[2(1-e7*)+ (<24 M )hsh]
2(-1+e7M2n

a=

[2(1 —eMl) 4 (-2+ xihe'*ih)xih] [2(1 —ehih) (24 xmhe*mh)xmh]
+

b= 21+ alh 2-1+eh" b

i [2(1 —ehinh) 4 (24 lmh)lmh]
. 2(-1+ M2

The accuracy for the second derivative is obtained in the form:

_____(xi ”P)“g”m +0(h’) (5.1.15)

s;=ul+
Thus, the second derivative is second order accurate with respect to h. It is also
noticed that the leading error terms in both equations (5.1.13) and (5.1.15) are functions
of the third derivatives.
The time marching step uses a backward Euler method which is of first order in the
time step size, At:
ull = ul 4 rAL+ O(Atz)

r=(a_u)n (5.1.16)
ot

where the subscript n indicates the time level. The time step size, At, is related to the
spatial grid size, h, via the CFL number [1].
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If equations (5.1.13), (5.1.15) and (5.1.16) are substituted back into the differential
equation, the overall accuracy for this quadratic exponential spline method is obtained in

the form:
u, +uu, - €u,, =0(4t) + O(h?) (5.1.17)

It is of second order accuracy with respect to the spatial grid size and first order accuracy
with respect to the time step size. This result, along with the corresponding linear
exponential spline result, suggests that it is the homogenous part of the Roscoe linearized
equation that fixes the order of the method while the non-homogenous component
controls the absolute error.

5.2 Stability study

The numerical results from the two exponential spline methods show unconditional
stability with respect to the cell Reynolds number. The computational results shown in
Figures 5.1.1 to 5.1.11 show that the two methods under study can work with arbitrary

cell Reynolds number Udx /e with reasonably accurate results while the second order
central difference and fourth order compact scheme fails if Re.,y; >2.5. The second

order cubic spline method does not converge when Re . > 5. The latter method loses
monotonicity, as shown in Figure 5.1.4, when Re.; =5, thus violating the maximum
property of Burgers equation discussed in Chapter 3. The original Roscoe scheme is also
unconditionally stable with respect to cell Reynolds number, however, Figure 5.1.11
shows that it is not as accurate as the linear exponential spline method.

The stability of the linear exponential spline method is given below through a
numerical von Neumann analysis [21] of the equivalent system defined in equation
(5.1.6).

When a one-dimensional, two-level, three-point scheme is given by:

byul! + boul*l 4 bultl = ajul, +aul +aul, (5.2.1)

the corresponding amplification factor, G, is:

_AGP+A0+1
B,0° + B0 +1

G (5.2.2)

where:



Al = 163133 Bl = 16b1b3

2 Ar=4(as-a) ~(as +a)] By =4|(b3 ;)" - (b5 +y)]

For stability it is necessary to have:

IGl<1 (5.2.3)

A numerical study of the equivalent solving process of the linear exponential spline
scheme shows that, for arbitrary cell Reynolds numbers, the condition (5.2.3) is satisfied
so that the linear exponential spline scheme is unconditionally stable with respect to cell
Reynolds number.

The interior point relation for the equivalent solving process is defined in equation

(5.1.6). For Burgers equation, the residual r is defined as: T =_(%Pt_) . When the
i

backward Euler time marching is applied, this becomes:

n+l n
S . (5.2.4)
J At

Substitution of equation (5.2.4) into equation (5.1.6) and rearranging the terms gives:

_ bm un+l_ bi n+l _ bp n+l
a7 Uil i i+l
AU, AtU; AU,

bm n b] n bp n
(a"‘ AU, ]““‘ (a‘ AtUi)u' [ P A, )

The time step size can be eliminated form this expression by relating it to the Courant

number, here denoted as CFL. Recall that the time step size is related to the CFL time
step size by At =CFL * Atcg, where Atgpp = (h/U),_ ;.. The minimum will occur where

(5.2.5)

U has its maximum magnitude, or, Umax. Then At=CFL* and equation (5.2.5)

max
can be written as:
hCFL|U,h U;h Uph

n
Ui+l

J (5.2.6)

Umax bm n Umax bi n Umax bP
(a"‘ h CFL Umh)u"l (a‘ hCFLUb )" P hCFLUh




The ratios of the velocities may be replaced with the ratios of the A's since the €'s
cancel. Thus the equation may be put into the form:

;“max bm n+1 b n+1+bp n+l
hCFL| A,

——max_|m ity i
1 ll xp l+l

Arax Dm |n A b; | n
=la, ——Z& M |y +|a, ——O& Ly
( ™ hCFLAgy) hCFLA; )
where Amax is the value of A when U =Umax.

The coefficients in equation (5.2.1) then become:

1 Ah CFL A,h CFL
Aay D: A axD;
b, = — —max i =| a. — LmaxYi 5.2.8
2= " %h CFL "2 (a' Ash CFL) 628
Ao b
b —__max’p _ ;"maxbg
*7 AhCEL a3 = [ap " Aoh CFL

where an, a;, ap, by, b; and b, are defined as in equation (5.1.6). By multiplying the
entire equation by h, every A can be rewritten as some cell Reynolds number. To
evaluate Amax, a multiplying factor (1) on max[ Am, Aj, Ap] can be used. If this factor is
equal to 1, then the local values of A, and hence the local values of the velocity, are near
the maximum value corresponding to a convection dominated region. If the multiplying
factor is large, this corresponds to the local conditions being more diffusion dominated.
Since convection regions are less stable numerically, the more critical values of Amax
will be those for which the multiplying factor is near 1. In each of the cases to be shown,
a value of the multiplier of 1 was used. When the factor was increased, each curve on the
polar graph tended toward the circle. It can be shown, that in the limit as the multiplier
gets large, this corresponds to the a's going to zero and all stability curves becoming
coincident with the unit circle. These cases, then become neutrally stable at the limit, but
have very small error.

With the coefficients defined by equation (5.2.8), the amplification factor, G, can be
evaluated. If the norm of G is less than or equal to one for all phase angles, ¢, then the
numerical scheme is stable. The typical presentation of a stability study is by a polar
representation of G versus phase angle (the axes are labeled as Re and Im for Real and
Imaginary since the von Neumann analysis finds G as a complex quantity). The
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resulting curve is compared with the unit circle. The G curve remaining inside or on the
circle then represents stability. The quantities are calculated numerically for a range of
cell Reynolds numbers and Courant numbers. The results are shown in the phase planes
in Figures (5.2.1) and (5.2.2).

Figure (5.2.1) shows the stability for a large range of cell Reynolds numbers (-50 to
50) for CFL numbers of .1, .5, and 1. These CFL numbers were chosen due to the
explicit marching procedures being used for the Burger equation studies which is subject
to the well-known time step limitation of CFL < 1. In each case it is seen that the
numerically-computed values of the norm IG! are less than or equal to unity. The case of
cell Reynolds number equal to zero results in the magnitude of G of unity for all phase
angles.

For the range of cell Reynolds numbers in Figure (5.2.1), stability with respect to cell
Reynolds numbers is retained for any CFL £ 1. However, with cell Reynolds numbers
near one, the CFL number had to be reduced for stability. This is shown in Figure (5.2.2)
where a range of cell Reynolds numbers near one are used. For CFL = .25, a cell
Reynolds number of .5 gives a norm of the amplification factor greater than one as
shown. For CFL = .1, all magnitudes are less than or equal to one. With experimentation
it was found that, for all values of the cell Reynolds number tested, a CFL could always
be found where all magnitudes of G were less than or equal to one. In this case, the first
part of Figure 5.2.3, CFL =.1 shows complete stability.

The results in Figures (5.2.1) and (5.2.2) were for constant values of the cell
Reynolds number at all points. One of the unique features of the Roscoe type schemes is
that they locally adjust to changing cell Reynolds numbers. To test the stability in such a
circumstance, a second study was performed where the cell Reynolds numbers were
varied at the three points. This is shown in Figure (5.2.3). A linear variation in cell
Reynolds number was used for each case. The center value was varied from -9 to 9 and
the other two values were modified by factors of .5 and 1.5. The actual values of the
three cell Reynolds numbers is given in the legend of the figure. The first number is that
for the cell Reynolds number at the (i-1)st grid point, the second is at i, and the third is at
i+1. The CFL number for complete stability was .25.
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Figure 5.2.1 Polar Plot of |G| for the Linear Exponential Spline Procedure
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Figure 5.2.2 Polar Plot of |G| for the Linear Exponential Spline Procedure
at Small Range of Cell Reynolds Number
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Figure 5.2.3 Polar Plot of |G| for the Linear Exponential Spline Procedure
for variable cell Reynolds number.

The last series of numerical stability studies was carried out for the case of a sign
change in the local values of the cell Reynolds number. In this case the center value of
the cell Reynolds number was set to zero and the other two were additive inverses (same
value, different sign). This simulates the shock-like behavior of Burgers equation for the
case studied here. The result was that the norm of the amplification factor remained
directly on the unit circle for all values of the CFL number. The figure is not given since
it is merely the unit circle with the data directly on top.

The conclusion is that, for virtually all combinations of local cell Reynolds number, a
CFL can always be found such that the norm of the amplification factor stays either
within or on the unit circle. While this exercise does not constitute a rigorous analytical
proof of unconditional stability, it can be inferred that, for the range of cell Reynolds
numbers tested, the linear exponential spline methodology does provide a stable
procedure. |
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5.3 Analysis of the Numerical Solutions

The numerical solutions obtained from the two exponential spline methods were
shown in Figures 5.1.1 to 5.1.15 along with some computed results from the original
Roscoe, the central difference, the fourth order compact and the cubic spline methods.
The comparisons in these figures show several advantages and improvements that have
been achieved by the generalized Roscoe procedure which generated the two exponential
spline methods. These improvements include improved stability over traditional methods
of finite differencing and improved accuracy both through the manner in which the
generalized interpolating functions were generated and in the use of splines to create the
finite difference equations.

5.3.1 Spatial Stability

Stability with respect to cell Reynolds number of two exponential spline solving
processes were shown numerically in Figures 5.1.5 and 5.1.6 where Re ; = UAx/€ was
50.0 and 500.0 respectively. The numerical von Neumann stability study also showed
this result in Figures 5.2.1 to 5.2.3 for the linear exponential spline method. This
cdpability of working with arbitrary cell Reynolds number is achieved without adding
any so-called artificial viscosity terms. It is, then, a significant property of the
generalized Roscoe discretization. Figures 5.1.5 and 5.1.6 showed that the original
Roscoe method is also unconditionally stable, though it is less accurate than the present
generalization. This spatial stability distinguishes these Roscoe type methods from the
others.

5.3.2 Improvements in Accuracy

As mentioned there are two aspects of the method that should improve the accuracy
over the original Roscoe method in particular and over traditional methods of the same
order in general. These were the coupled manner in which the interpolating functions
were generated and the use of splines to create the finite difference expressions. Since
the computations did show improved accuracy over the other methods, it remains to
assess the relative importance of both aspects.

The analysis presented in this work does not really demonstrate the improvements
due to the system approach to integration. Rather, it has been intuitively argued that
preserving as much of the nonlinear system properties as possible ought to allow a
superior resolution of the nonlinear solution by the numerical method. Clearly, the
original Roscoe method showed improved accuracy over central differencing by a factor
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of around 3 for cell Reynolds numbers where central differencing was stable. Thus there
is merit in even the basic coupling of convection-diffusion pairs. Since the present effort
couples the entire system (although only one direction at a time), it would appear that this
would present an even more accurate procedure. To show this will require a more careful
analysis and is beyond the scope of this study. Thus, a true assessment of the accuracy
improvement due to the system coupling alone remains to be accomplished.

Accuracy improvement due to the use of splines has a firmer mathematical basis.
The best approximation theorem assumes that a spline interpolation using a certain
interpolation function gives smaller absolute error than the non-spline interpolated
solutions. Without the spline interpolation, the linear exponential spline method studied
here is similar to the original Roscoe scheme (it is identical for the nonlinear Burgers
equation). In Figure 5.1.11, the difference between the results from the linear exponential
spline and the original Roscoe method shows very clearly the improvement gained by the
spline interpolation. Although they both are of second order, the absolute error for the
linear exponential spline results is much smaller in the norm used. Thus, it may be
concluded that the linear exponential spline interpolation improves the absolute accuracy
rather than raising the order of the accuracy. The spline interpolation imposes continuity
conditions on the velocity and velocity derivatives (by matching the value and derivatives
at the spline matching points) through the whole domain which helps to reduce the
computational errors.

It is known from the previous chapters that the differences between the linear and
quadratic exponential splines are:

(i) In the quadratic exponential spline interpolation method, the time derivative term
is approximated to a higher order with respect to the spatial variable x.

(ii) In the spline interpolation, the quadratic exponential spline is required to match
up to the second derivatives while the linear exponential spline can only match to
the first derivative.

Theoretically, improved accuracy is expected from the quadratic exponential spline
method since it has a higher order approximation of r, the forcing function in the
linearized differential equation. However, Figure 5.1.11 shows that for the steady
Burgers equation, the quadratic exponential spline is less accurate than the linear
exponential spline method. In Figure 5.1.15, the quadratic exponential spline method
appeared to have a lower order of accuracy than was shown in section 5.1.2. There are
several possible explanations. One is the two extra constraints used to close the problem
in the quadratic exponential spline interpolation (in this case, the zero second derivatives
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at the two boundaries). Because there is no physical foundation for doing this, some error
could be generated and the accuracy reduced.

Even though the quadratic exponential spline method still has some unsolved
problems, Figure 5.1.15 shows that the quadratic exponential spline procedure with a
higher order approximation of the Roscoe vector, r, displays the most accurate solution
for the Lamb vortex problem. The reason why this does not show in solving the Burgers
equation may be a result of the Burgers equation work being for a steady state problem.
As the time derivative term, r =—du/dt becomes vanishingly small when the solution
converges so that the higher order approximation of this r does not affect the final
solution very much. In solving the unsteady problems like the unsteady Lamb vortex, on
the other hand, the accuracy of r influences the results at every time level because it does
not go to zero as time evolves.

The linear exponential spline method did not appear to work as well for the Lamb
vortex problem as it did in solving the Burgers equation (see Figure 5.1.15). One of the
reasons could be that in solving the pressure Poisson equation, this linear exponential
spline made use of the Calhoon average technique to calculate the derivatives while all
the other two methods use direct differentiation from the local spline interpolation
functions.

5.3.4 The problems and recommendations for further study

The above studies have concluded that the Roscoe local linearization determines the
order of the accuracy while the spline interpolation improves absolute error values. This
may suggest that a higher order approximation be applied in the linearization of the
nonlinear coefficients in the differential equations. For example, if Burgers equation
(2.2.1) is considered, the Taylor expansions of the nonlinear coefficients is:

du Y, .
a=u(x,t)=uy; +(5;)i(x— xi)+(§l (t-t )+ 5.3.1)

Instead approximating 'a’ by u;, the constant local velocity value, the first two terms in
equation (5.3.1) can be used to represent the coefficient 'a’', that is:

a=u(x,t)=u; + (—gxﬁ)l(x - xi) (5.3.2)
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Then, substitution of equation (5.3.2) back to the original nonlinear differential equation
so that the local linearized equation has a different formula than the one studied in the
present research. Then the local analytical solutions to this new linearized system can be
used as interpolation functions to create the discrete model for the solving procedure. It
can be expected that the corresponding phase space for this new linearized system will be
different from the one studied in section 2.3. Hopefully, the order of the slope and
curvature of this new phase space trajectory can be raised. Then the diffusion error in
expression (2.3.22) will decreased so that a higher order of the accuracy can be expected.

When the forcing function r in equation (2.2.2) was approximated to o+ Px, there
were no constraints on the two unknown constants o and B. Theoretically, the time
Ju
ot

variable x at each time level. Moreover, in solving multidimensional problems, some
procedure should be devised which allows coupling between the differential operators.

derivative term, r = ——(x,t), should be continuous with respect to spatial independent

These considerations could lead to reasonable requirements on these undetermined
constants.
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CHAPTER 6
CONCLUSIONS AND RECOMMENDATIONS

A new discretization method for solving systems of differential equations, the
generalized Roscoe numerical procedure, has been discussed in detail. During the
development of this method, the emphasis has been on trying to build into the
interpolation functions as much of the character of the system of equations as possible.
The method includes:

(1) linearization of the original nonlinear differential equation system on each grid

interval;

(2) a set of unique analytical solutions are obtained from step (1), one for each

dependent variable;

(3) using these analytic functions as a spline basis to evaluate the integration

constants;

(4) directly differentiating the spline function found in step (3) to obtain the finite

difference representations of the original nonlinear system.

The generalized Roscoe method attempts to retain the properties of the given system.
In steps (1) and (2), the local information from the original nonlinear system is imposed
on the node points by requiring them to satisfy the analytical solution to the locally
linearized equation. Step (3) evaluates the constants of integration by satisfying spline
constraint relations. This not only imposes the constraint that the analytic function pass
through node values, but also that the piecewise continuous set of functions be
continuous to some degree at grid cell edges. In this way, the local linear information on
each grid interval is collected together to present the nonlinearity for the original problem
in a discrete fashion. In step (4), the completely determined intepolating functions can be
directly differentiated locally to find expressions for such derivatives of the dependent
variables as are found in the original nonlinear equations. The phase space of one of the
test problems shows that this method approximates the nonlinear system in a discrete
fashion.

It was shown both analytically and numerically that the present version of the
generalized Roscoe procedure gives second order accuracy with respect to the spatial grid
size.

So far, the two numerical schemes were developed from the generalized Roscoe
method, the linear and quadratic exponential spline schemes. At present, the preliminary
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results indicate that one or the other may be optimal in solving different problems. In
steady state problems, the linear exponential method is probably to be recommended
since it gave the best accuracy compared to other second order methods in the test case.
If the problem under study is unsteady, the quadratic method appears to be more
favorable since it demonstrated superior accuracy of the other methods, particularly on
coarser grids.

There are many unanswered questions with the two exponential schemes. For
example, why does the quadratic exponential spline method not have better accuracy than
the linear one? Can this method be raised to a higher order by applying higher order
approximation in the local linearization?

Some recommendations for future study include the need to obtain a closer link
between directions in a multidimensional problem and the need to investigate the
coupling between the spatial and temporal discretizations. It is felt that more information
is yet to be obtained from phase space studies. In particular, the stability properties of an
algorithm should be reflected in phase space. Higher order approximations of the
nonlinear coefficients in the given equations is also recommended for further study.

" The final point to be made is that the generalized Roscoe procedure is applicable to
virtually any system of differential equations. Because the procedure is able to build into
the finite difference expressions many properties from the original system which were not
routinely retained previously, it represents an important advance in numerical
approximation.
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