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ABSTRACT

A nonlinear burning model is developed, valid across a wide range of
frequencies, to allow for the incorporation of an admittance function into a nonlinear
combustion instability (CI) framework. This is accomplished by extending two
existing models to incorporate the effects of nonlinearity, the QSHOD (A B) model
as described by Culick in his 1968 review paper and the 1973 T’ien model. The
classical QSHOD model is marred by major limitations due to the simplifications and
assumptions made. The most evident is the exclusion of the unsteady gas phase
eliminating the high frequency response. The less recognized T’ien model includes
the high frequency unsteady gas phase effects while successfully capturing the low
frequency response.

An overlooked and unexpected finding on the sensitivity of a propellant’s
response on temperature was discovered while recreating the original linear work by
T’ien. This temperature sensitivity was first recognized by Brownlee during his T-
burner experiments at the Caltech Jet Propulsion Laboratory in 1959, but was not
fully understood. Lowering the cold propellant temperature yields an inverse primary
admittance peak inferring damping of pressure oscillations. Inversely, by increasing
the cold propellant temperature to a value close to that at the burning surface, the low-
frequency primary admittance peak is “flattened,” also reducing the ability to drive
pressure oscillations.

When extended to encompass the second-order nonlinear corrections, the

QSHOD model yields a definitive increase in the amplitude of the primary low



frequency response peak. This result is also observed in the extended T’ien model,
along with the observed enhancement of wave-amplifying at high frequency due to
nonlinear gas phase resonance corrections. The inclusion of the nonlinear high-
frequency gas phase interactions explains effects important in understanding the
growth of waves from noise to finite-amplitude pressure oscillations observed in
Brownlee’s data [13], as well as in Shuttle SRB measurements. The occurrence of a
mean pressure rise (DC shift) regularly encountered in combustion instability
research is found to be partially attributable to the nonlinear steady correction of the
burning rate. The appearance of maximum instability occurring in the first tangential
mode observed in the Brownlee- Marble data [13] may correspond to the formation of
a secondary positive admittance peak due solely to the nonlinear corrections from the
extension of T’ien’s work. Throughout this work the validity and the limitations of

the models are investigated.
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average heat release (per unit volume) in the solid
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time

temperature

velocity
stoichiometric coefficient for reactant
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value of velocity at x =, which is the acoustic admittance of
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CHAPTER' |
INTRODUCTION

Combustion Instability (CI)

The presence of undesired oscillations in a combustion chamber is a problem
which arises in solid, liquid, and hybrid rockets, as well as in jet engine combustors
and afterburners. The observed wave frequencies often match the natural acoustic
modes of the chamber and, as a result, the waves are often misinterpreted as sound
waves. When the wave structures associated with these oscillations grow to finite
amplitudes, they can steepen into shock-like waves. The resulting shock-like waves
sometimes result in severe damage to the system. The large amplitude pressure
fluctuations grow from acoustic noise that is always present in the flow. The
resulting oscillations were first observed during the test firings of solid rocket motors
in the late 1930’s and were referred to as combustion instabilities.

These pressure oscillations continue to appear in more recent tactical motor
experiments by Blomshield [15] (see Figures 1.1 and 1.2 for typical data). Included
with the appearance of the pressure oscillations are a rise in the mean pressure,
structural vibrations and thrust oscillations. The same holds true for the large shuttle
Solid Rocket Boosters SRB, where nonlinear behavior is observed. The waterfall plot
shown in Figure 1.3 shows evidence of the aforementioned wave steepening process
and displays a nonlinear limit cycle for a large SRB. The nonlinear evolution of

pressure wave growth is shown in Figure 1.4. The diagram shows all features of
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combustion instability that appear experimentally [16]. The figure demonstrates
energy transfer from lower to higher modes, the steepening process and the limit
cycle. Combustion instabilities also threaten the NASA Ares Program. Even the new
five-segment Ares motor exhibits serious vibration and thrust oscillations at 12 Hz, a
frequency that can lead to destructive structural resonance.

While there have been considerable advancements in understanding the theory
governing combustion instabilities, the ability to predict this behavior is hampered by
lack of sufficiently detailed theoretical models that describe the interaction of wave
motions in combustion chambers experiencing an unsteady burning process. The
continued emergence of these detrimental pressure oscillations indicates that a great
deal of work still remains

The term combustion instability can be misleading in gaining an
understanding of mechanisms involved with the generation of the associated
oscillations. This is due to the fact that combustion instability has very little to do
with the combustion process, but more to do with the way that mass is entering the
system. The energy released into the system is heavily reliant on the coupling of the
fluctuations in the mass entering the system and the unsteady flow processes within
the combustion chamber. To clarify how this coupling can occur; assume that the
burning rate of a solid rocket motor propellant increases due to a fluctuation in
pressure or temperature. If the resulting fluctuation in burning rate is in phase with
the initial disturbance, the disturbance grows and the cycle begins again. This
example can be modified to describe the behavior of any system subject to

combustion instability.



Attempts to understand the underlying mechanisms of the phenomena are
based very heavily on classical linear acoustics. The principal restriction of this
approach is that the magnitude of the pressure fluctuations must be a small fraction of
the ambient chamber pressure. Until recently much of the theoretical work on
combustion instability is only focused on the treatment of the linear problems. Note
that the solution to the linear problem is a first order approximation, and while it
indeed yields a great deal of very useful information, it does not fully describe the
complex interactions taking place.

The current work in combustion instabilities is focusing on incorporating
nonlinear effects, and remarkable strides have been made. This focus drives the need
to find nonlinear components to be incorporated into the CI analysis. The research
described here is aimed at just that; extending earlier classical theoretical models to
include nonlinear effects. The information provided will prove to be crucial in

solving real rocket motor development problems involving combustion instability.

Response and Admittance Functions

To approach the complex coupling effect of mass entering a solid propellant
system, and the oscillatory gas effects in the system, a simplified combustion model
is necessary. The burning of a solid propellant can be modeled as a one dimensional
laminar flame, which is justified by the close proximity of the flame to the burning
surface, as seen in Figure 1.5. Heated gases are expelled from the solid surface and

releasing energy from solid to gas. This process is referred to as the response
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Figure 1.5 Simplified Model of a Burning Solid Propellant [4]

of the propellant. Chemical reactions cause a secondary energy release, which takes
place in the flame region. The coupled secondary energy release and surface energy
release is referred to as the admittance. The majority of studies on this topic pertain
to the situation where the gas oscillations are perpendicular to the combustion zone,
which is consistent with the only standardized and cost effective experiment; the T-
Burner [9]. The behavior observed is best described as a burning rate oscillation
resulting from an imposed pressure oscillation.

The terms “response” and “admittance” functions are commonly used
interchangeably in reference to most practical situations involving combustion
instability. It should be stressed that the response function does not account for the
energy release from the chemical reactions taking place in the flame. Commonly, in

practice [5] simply subtract 1/ from the response function to acquire the admittance,
where y is the ratio of specific heats. This practice removes the gas phase from the

formulation, a great limitation that will be discussed in greater detail in Chapter IV.
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The unstable influence of the combustion can more appropriately be characterized by
an admittance function characteristic of the propellant [1].
To better understand exactly where the admittance function enters into the

combustion instability analysis, a generally accepted growth alpha [9] is defined by:

Loepor (a0, 1 Ez
el a0 (2] s

Pressure Coupling

2
1 oo 1Y/( p'
M Oy — (| =] )dsS
ZEzg N(AN 7Pj Lyj
1 Nozzle Damping
2
1 — p'
w102 o
Boundary Pumping (Rotational Flow Correction )

2
1 5 1 1
- 2E? J;![Zyﬁl\ﬁbj (Ap"ApTdS

Viscous Damping at Burning Surface

+

(1.1)

where the pressure coupling term contains the admittance function and is the major
energy source for oscillations. To devise a fully nonlinear theory it is implicitly

necessary to gain knowledge of the nonlinear propellant admittance function A .

Defining the Admittance Function
The response function itself is not directly applicable to combustion instability
research. Therefore, it is necessary to introduce the admittance function, defined by

Culick and Yang [8] as:



A=—= (1.2)

Tl B (L.3)
m O p U yp
rearranging
uju _mjm_1 (1.4)
PP PPy

and finally a relation for the admittance as a function of the response function is:

r r 1
A =R (19

Only the real part of the complex admittance function is retained, this is due to the
fact that only the real part of the admittance function is in phase with the oscillating

pressure waves.

Experimental Testing

Past studies of unstable combustion in rocket motors were both costly and, for
the most part, uninformative. The uninformative nature of the data arose from the
lack of an appropriate model to capture the complexity of the phenomenon. If a
motor experienced destructive oscillations in full scale testing, the motor designer
would draw from a “bag of tricks”, and devise a solution via trial and error. Due to
the substantial expense involved in this, a number of relatively inexpensive laboratory

experiments were devised to provide less ambiguous conditions and more meaningful

-10-



measurements. The most popular and universally accepted experimental setup is the

T-Burner [9].

T-Burner

The T-Burner was standardized due to its simplistic geometry that exhibits
oscillatory combustion under pre-set conditions of pressure and frequency and its
reproducibility. The T-Burner (shown in Figure 1.6) is used in an attempt to measure
the response function of propellants, which is particularly important in the field of
combustion instabilities. Some of the most complete T-Burner tests were conducted
by Perry 1970 [12] and by Brownlee 1959 [13], covering the low frequency solid
phase resonance, but failing to cover the necessary frequency range to capture the
high frequency gas phase resonance effects. Only one T-burner is still in operation at
this time, residing at the Naval Air Warfare Center at China Lake, in California.

Generally, in a T-Burner; a fixed area propellant configuration is used (see
Fig. 1.6(b)), but in some cases the so-called “variable area” configuration is utilized
(see Figure 1.6(c)). The variable area, or “extended-area”, T-Burner design employs
a propellant at the side-wall in addition to the propellant in the conventional end-wall
position. The original intent of the variable area was to increase the surface area so
that would be easier drive the oscillations. Later work employed a “driver”
propellant, with known characteristics, at the head-end with a test propellant as the

tubular grain, at the side wall as illustrated in Figure 1.6(c).

-11 -
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Objectives and Thesis Outline

Motivation for this research is to help understand the stability of a solid
propellant system, by developing a valid nonlinear burning model to allow for the
incorporation of a valid admittance model, across a wide range of frequencies, into
nonlinear combustion instability (CI) analysis. The first step is to assess two
generally accepted models for the unsteady burning of a solid propellant with the
objective of improving them and extending their range of validity into the nonlinear
high-frequency range.

An assessment of two key theoretical response models will be made: Culick’s
QSHOD model (Actually a compilation of over twenty analyses by other
investigators), which is based on solid phase resonance, and T’ien’s improved
analysis including high-frequency gas phase resonance. The outcome will be able to
provide predictive capabilities, thus eliminating the need for numerous tests, and act
as a tool for selecting propellants due to their stability criteria. The remainder of this
section summarizes the main objectives and outlines how and where they are
addressed in the chapters that follow.

Chapter 11 begins by reconstructing a quasi-steady, homogenous, one-
dimensional (QSHOD) model as developed by Culick [4]. Throughout the literature,
there are discrepancies in the method used to arrive at the final solution, which are
made clear in this section. The motivation is to fully understand the model and its
limitations, as well as, to gain perspective in attempting to extend the model to

encompass the nonlinear corrections.
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Chapter Il starts by reconstructing and extending the quasi-steady,
homogenous, one-dimensional (QSHOD) to incorporate nonlinearity. Again, due to
the discrepancies in the literature and difficulty in arriving at the final solution, the
method is carried out in full detail recreating the work found in Chapter 2. Our
motivation is to gain insight into the methodology to proceed in deriving a nonlinear
model that includes the gas phase effects.

Chapter 1V is the reconstruction of the linear model constructed by T’ien [1].
As in the previous chapters, the background literature contains discrepancies in the
method used to arrive at the final solution, which are made clear in this section. Here,
we will fully understand the model and its limitations, as well as to gain perspective
in attempting to extend the model to encompass the nonlinear corrections. The final
result will be studied parametrically and reviewed.

Chapter V consists of the extension of the linear model constructed by T’ien
[1] to include the effects of nonlinearity. The final result will then be studied
parametrically and reviewed. Finally, Chapters VI and VII contain concluding

remarks and suggestions for future research, respectively.
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CHAPTER 1l
LINEAR QSHOD MODEL

Problem Definition

The following remarks and analysis are based on the model described in the
recent book [4] and the 1968 review paper [5] by Culick, which compiles over 20
analyses by other investigators. The steps necessary to derive the model in the
reference material are not readily found or necessarily clear. For completeness, the
model is described here in full detail.

The model defined is the simplest possible, capturing the dominant solid phase
contribution to the combustion dynamics. Only the contribution of the unsteady heat
transfer in the condensed phase is assumed to cause dynamical behavior, not
attempting to assess the coupling effects associated with the gas phase. The model is
defined by the following assumptions:

@ Quasi-Steady behavior of all processes except unsteady conductive

heat transfer in the condensed phase;

(b) Homogeneous and constant material properties, non-reacting

condensed phase;

(© One-Dimensional variations in space;

(d) Conversion of condensed material to the gas phase at an

infinitesimally thin interface.

The model’s acronym QSHOD, is obtained by utilizing the five bold letters in

assumptions (a) — (c¢). The coordinate system used is based on Galilean

-15-



transformation such that “observer” moves at the mean burning rate, r. The “moving
observer” can be interpreted as cold propellant moving from the left and combustion
products exiting the burning zone to the right.

In his review [5] of the works on the unsteady burning of a solid propellant;
Culick explained that the ten models referenced from earlier works are for most the
part, identical due to the use of the same set of assumptions (a) — (d). Miniscule
differences between the models are attributed to the different methods used to
represent the gas phase, justifying the use of term QSHOD when referring to the
models.

The analysis for this simplified model proceeds through three regions: the
temperature field in the solid phase; the temperature field in the gas phase; and finally
matching of the two solutions at the interface. Due to the dependence of the model
on the temperature field, the final results must be regarded as a thermal theory,
lacking description of diffusive processes. A reference system with datum fixed to
the average position of the regressing solid surface or interfacial region is chosen.
Figure 2.1 depicts this description and Figure 2.2 illustrates the matching conditions

to be satisfied at the interface.

Analysis

Solid Phase

The energy equation for the temperature in the solid phase is assumed to have

-16 -
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uniform and constant properties,

T _  oT oT

A, ——Mc, ——p.C —=
P P ax PP o

Q (2.1)

where ( ) indicates the time-averaged value, the subscript p denotes the solid phase,
m=p,T is the average mass flux in the reference system as defined in Figure 2.1,
and Qd is the rate at which energy is released per unit volume due to decomposition

of the solid, for simplicity Q, =0. The result of relaxing the Q, =0 assumption has

been carried out by Culick [4], but is left out here since it does not add to the
underlying theory involved. It is advantageous to make use of the dimensionless

variable

& =—2X (2.2)

substituting this finding into (2.1) yields

OT T APyl
057 of, mic, ot

(2.3)

To seek solutions it is necessary to expand T =TO L7l Proceeding to collect

the steady terms from the expanded (2.3) returns,

21(0) (0)
dT dT _0

g g 9

Integrating (2.4), and applying the boundary conditions T (0)=T/” and

S

T (~0)=T!%, gives the following formula for the normalized mean temperature

-18-



TO (X) — Tc(O) + (Ts(O) _Tc(O) )exp {% Xj (2.5)

p
where values at the interface are identified by subscript s and values deep within the
cold propellant are defined by subscript ¢c. Collecting the unsteady terms from the

expansion of (2.3) presents

&Tm_dTm_hv%pVﬂgzo (2.6)
d&:  d¢, m’c

Equation (2.6) is a Sturm-Liouville boundary value problem that leads to the

following equation for T,

T(l)(x,t):r’exp[A%x]exp(ia)t) (2.7)

p

where the eigenvalue A must satisfy
A(A-1)=iQ (2.8)
and Q, is defined as the dimensionless frequency

ﬂ’ *
Q=222 (2.9)
m Cp

In order to insure that the condition T® (—oo) — 0, the positive real part of (2.8) must

be used. Define A=A, +iA, and solve (2.8) for the eigenvalue A as a function of

Q

A +Q
T2A,

A (2.10)

and
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A = \/—%+%\/1+1692 (2.11)

The solution is split into real and imaginary parts because only the real part is in

phase with the pressure. Define 7', from (2.7), as the fluctuation of temperature at

the interface (x = 0) , this is based on the choice of datum.

Attempting to match the conditions at the interface requires knowledge of the
values and derivatives of the temperature at the interface itself, referenced to position

X, and velocity x,. Values at the interface are calculated by utilizing Taylor series

expansions about (x =0), and on the solid side of the interface (x=x;):

7"
7% (%)= T, (0)+x, [ ™ ]0

e (2.12)
T (%) =T, " (0)+x
S (s) 0- () S dX N
and
7" d7" d?1
= + X,
dx dx ), dx? .

- - - (2.13)

oT® oT® d?T®
= + X
ox ) Loax ) L dx® )

The results for the gas phase side of the interface cannot be completed until the

interfacial region is analyzed.

Interfacial Region
The analysis at the interface is governed by three conservation laws: conservation

of mass, energy, and the law for conversion of solid to gas
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(pp (v, =%) =2, (Vg - xs)) Noting that pv, =M, pyv,=m and where

m=m+m® exp(ict), we see that

-1
X, :[ —&J m—m (2.14)

The mean gas density p, near the surface is much smaller than the density of the
condensed phase p,, whichyields p, / p, <1 allowing the term to be dropped.
p % ~—m® exp(it) (2.15)

Isolating the regression rate X, in (2.15) and integrating to find x,
_ 1 [m exp(i
X, =—— | m"” exp(iot)dt (2.16)
Pp
Using (2.16) to find x, the first order approximation is

xM = —_L m® exp (iwt) (2.17)
iwp,

The conditions associated with the total mass and energy transfer in the upstream and
downstream sides of the interface are found by summing the terms associated with

the mass flux and energy transfer from Figure 2.2. More specifically,

_(ﬂp g—lj + P, (vp - >'<S)(cpTS +L, +Qg)
s (2.18)

or ;
= _(;tg &j t Py (Vg - XS)(CgTs +Qg)

From mass balance we know that p, (v, %)= p, (v, — %) so,
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{z @j =(,1 ﬂj + 2, (v, =% ) (€, T —¢, T+ L) (2.19)

again noting that m = p v, and using (2.15),

ot oT
(ig&j =(1p5j +m(c,T, -c,T, +L,) (2.20)

The heat flux (ﬂgaT /ax)S+ heat flow from the interface to the gas phase and the heat

flux (ipéT lax)s is the heat flow from the interface to the solid phase, note that

(2.20) has not yet been split into mean and fluctuating parts. For steady combustion,

the energy balance (2.20),
o1 oT) (10,10
{;Lg 8x] =[/1p ~ +m(chS —c,T. +|_s) (2.21)

A solution for (ﬂpaT /ax)s can be found by differentiating (2.5) and assuming the

gas is ideal,

©
(zp agx ] = mc, (1% -7.7) (2.22)

Substituting this finding into (2.21) yields

©
L/lg a; J = (e, ¢, 10+ L,) (2.23)
X

The linear unsteady part of (2.20), and again assuming the gas is ideal, is

o o
(,19 6;( ] {Ap 6;( J +mYL +m(c, —c, )T (2.24)
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Combining (2.5), (2.7) and the proper parts of (2.12) gives the formula for the heat

transfer into the condensed phase from the interface:

@ mc
(zp il J =mc,| AT -—— (1 -7 )m® (2.25)
OX . A, Ppl@

. o, . .
With the knowledge that A(A-1)=A4 piw/m’c,, carrying out a perturbation

expansion to leading order,

m°c
o+ 1 (2.26)
A, ppl@ A(A—l) A

The previous step is cause for concern, as the limitation A must be small to allow for
this simplification. The concern is based on the inherent dependence of A on Q, by
limiting A to be small, so must Q also be small. Proceed by substituting the result

in (2.26) into (2.25) yields

T A0, Lgo_poym”
[zp J :mcp[ATs +X(T -10)— (2.27)

In this result, the approximation in (2.15) has been used. Substitution of (2.27) in
(2.24) leads to the condition to be set on the unsteady heat transfer at the downstream
side of the interface:

A (AT c v
s L [ B ] Rt L ) PR LU )
mc, | ox " c A G M

p

Gas Phase
To proceed, it is necessary to follow the analysis of a simplified model for

steady burning, given by Culick [5]. This is accomplished by assuming constant
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thermal properties and uniform combustion throughout the gas phase. Two limits that
are contained in this model are an infinitesimally thin flame sheet and uniform
combustion beginning at the interface. Figure 2.3 provides a sketch of the model

where x,, x, and X, indicate the position of the solid surface, the leading edge of the

combustion zone and the downstream edge of the gas phase, respectively.
The equation defining the gas phase is

dT d ( dT
C, | A —
9dx  dx ? dx

j= PyQ, (2.29)

where the subscript g denotes values for the gas phase, the constant Q, is the energy

release per unit mass of the reactant mixture and & is the reaction rate. The

temperature boundary condition at the downstream edge, x = X, , of the gas phase is
T(x)=T" (2.30)
where the constant Tf(o) is the adiabatic flame temperature. The derivative condition

Tt

4 Uniform
T Combustion
Cc

X=X=0 X=X X = X¢

Figure 2.3 Model of a Burning Solid Propellant [4]
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at the downstream edge, X=X, is

=0 (2.31)

T(x)=T." (2.32)

The energy balance at the interface is given by (2.23), assuming steady combustion

the energy flow across the gas phase is

(,19 a;:”] - m[Qf —cy (T -1 )} (2.33)

Alternatively, integrating (2.29) across the combustion zone, and applying boundary

conditions (2.30) - (2.32) leads to

(,19 a;:” ] = ["(pyQ&)dx—me, (T -1} (2.34)
With the knowledge that Q, is constant, the reaction rate is found by comparing
(2.33) and (2.34), leading to

i = j:( Pgé Jix (2.35)
To attempt to solve (2.29) it is convenient to transform x to the dimensionless

variable £, with the assumption that assuming mc, /ﬂg Is constant, namely by

dg _mey
dx A

9

s (2.36)

Substituting the transformation into (2.29) gives
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- 172 (2.37)
where the eigenvalue X is
X= /i;?—ézw (2.38)
g
and
w=p,é (2.39)

The previous steps can only be arrived at if X is assumed to be independent

of ¢, which defines the condition of uniform combustion. Integration of (2.37)

evaluated over the combustion zone, ¢ at the leading edge of the combustion zone

and ¢, at the downstream edge of the flame, yields

(ﬂj :[_4 (6 ] X (2.40)
og ), giSs

Evaluating (2.40), at the leading edge of the combustion phase the dimensionless ¢;

is equal to unity, and &', > ¢;, which simplifies (2.40) to

or

S+

Substituting the eigenvalue X into (2.41)

(/1 5Tj _AQw (2.42)

9 ox c, m

The steady form of equation (2.42)

©Y 10, wo
(zg or J _AHQ W (2.43)




The fluctuation of heat transfer at the surface is given by the unsteady form of (2.42)

O A0 wO (W O
(zgaT J AW [W I ] (2.44)

ox c, m(w? m

To continue it is necessary to specify an explicit form for w, the reaction rate per
unit volume, as a function of the flow variables. To do so, equate (2.23) and (2.43),
and the quasi-steady behavior allows the average values of temperature to be replaced

by instantaneous values. For this specific special case of steady uniform combustion,

the expression for w:

c,m?
w=-—"—(cT,-c,T, +L,) (2.45)
2,Q;

9

Assuming that the right-hand side is a function of pressure only, it is convenient to
introduce the pyrolysis law m=ap". Where a and n are the burning rate coefficient
and the burning rate exponent respectively. Expanding the pyrolysis law

appropriately

"y p(l) i
m=m+mYe =1+ant—e (2.46)

p(O)

Collecting the terms to the appropriate order, unsteady,
=an— (2.47)

Expanding at leading order (2.45) becomes

L Ul Y )(@j (2.48)

where
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L

S

chS - cpTC

and X" is found by taking the steady components of (2.38),

X(O) _ ﬁngW(o)
~2.2
m°c,
The fluctuation of the reaction rate is then
(1) _ ©
w c,I,—c.T, m
o =2 : (o;’ (1+H)—
w ch m

Substituting (2.47) into (2.51) the fluctuation of the reaction rate is then

(1) _ ©
W CgTs CpTc p
a SO (1+H )_p(o)

9

(2.49)

(2.50)

(2.51)

(2.52)

With all three phases defined, matching of the solid phase to the interface and

interface to the gas phase can commence.

Construction of the Linear Response Function

In formulating the response function it is necessary to account for the conversion

of a solid to a gas. Proceed by utilizing the commonly used Arrhenius law, which

gives the total surface mass flux
m=Bexp(—E,/RT,)

the perturbed form of (2.53), to first order is
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where the dimensionless activation energy is E = E, / KT . Substitute the Arrhenius
law (2.54) into (2.28) defining the interfacial conditions for energy and mass transfer:

1 (1) c (0) )
. a4, % 4, E 1_Tc(0) N i)L M (255)
mc, T, OX . E c A T, T, ’c,

p s s m
letting
L
L=—22 (2.56)
(0)
T, c,
and
TO©
A=E 1—% (2.57)
Substituting (2.56) and (2.57) into (2.55), yields
1 ot 1 A C m®
—— | 4 =—|A+—+2-1+EL |— (2.58)
mc, T OX . E A ¢, m

Substitute the reaction rate (2.52) into the expression (2.44) for the heat loss from the

gas phase to the interface:

1 oTW c. TO p(l) X0 m®
A =2an{1-L2_-¢ 1+H - 2.59
ngTS(O)( b ox l+ ( Cq Ts(O) ( ) p(o) Ts(O) m ( )

Equate the findings from (2.58) and (2.59), and use the Arrhenius law (2.54)

to eliminate T.” /T.?), leaving the pressure coupled response function:

c 7O
m? gang|1- e (1 H)
= = G 1. 2.60
YA X<© (2.60)
O A+—+—9—1+EL+E—0
) A c, T

S
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Finally rewrite (2.60) in the form

m
RY-_Mm____ anG, (2.61)
p() A
£ _ |A+—|+C,
p*” A
Utilizing the unsteady pyrolysis law (2.47), (2.61) can be written as a function of two
variables by:
an = %Cl (2.62)
(A+A)+C2

where A can be defined in the limit of zero frequency, Q =0, giving the condition

1+AC—1+C2 =1 (2.63)
define C, with
C,=B (2.64)
Substituting this into (2.63), it follows that
C,=B-(1+A) (2.65)

Now that C,=B and C,=B-(1+A) are defined substitute back into (2.61),

yielding
m®
RO =" = - n nB (2.66)
S (A+j+B—(l+A)
o© A

Equation (2.66) is the first order pressure coupled response function, as found by

Culick [4]. To be incorporated into a combustion instability calculation, the response
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function must be put into the from of the admittance function, achieved by using (1.5)
and substituting (2.66)
nB

A0 —Ro -1 . 1 (2.67)
(A+A)+B—(1+A)

Results and Discussion

With the response and admittance functions defined by equations (2.66) and
(2.67), figures can be generated by using values suggested by Culick [8]. Figure 2.4
successfully reproduces the low frequency result for the response obtained by Culick
[4], and Figure 2.5 demonstrates the low frequency admittance. The result shown in
Figure 2.6 demonstrates a strong correlation of the admittance function to
experimental data found by Perry [12], reinforcing that the QSHOD model does
capture the low frequency behavior. The Perry data [12] used in Figure 2.6 was
recorded using the standardized growth and decay technique [9] for the experiment.

The quasi-steady theory is marred by limitations due to the simplifications and
assumptions made. The first is the exclusion of the unsteady gas phase which
excludes the high frequency response. The lack in physical meaning of the similarity
variables A and B restricts the model to curve fitting tool for low frequency data.

Although the QSHOD model is limited, it does give insight into the solid
phase contribution to the response function. The investigation conducted in Chapter
I11 will build on the process used here to gain further understanding into the effects of

the second-order wave amplitude.
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CHAPTER Il
QSHOD MODEL INCORPORATING NONLINEARITY

Problem Definition

The following is an extension of the analysis carried out in Chapter I, to
encompass the effects of nonlinearity on the response function by expanding to the
perturbation series to second-order in the wave amplitude. The remarks and analysis
in this chapter are again based on the model described in the recent book [4] and the
1968 review paper [5] by Culick. Again, for completeness and reproducibility, the

model is derived in full detail, including the analysis carried out in Chapter II.
Analysis

Solid Phase

The energy equation for the temperature in the solid phase is assumed to have

uniform and constant properties,

ﬂ_mc a_T_ Ca_T—
P ax PP o

Q (3.1)

where ( ) indicates the time-averaged value, the subscript p denotes the solid phase,
m=p,T is the average mass flux in the reference system as defined in Figure 2.1,
and Qd is the rate at which energy is released per unit volume due to decomposition

of the solid, for simplicity Q, =0. The result of relaxing the Q, =0 assumption has

been carried out by Culick [4], but is left out here since it does not add to the
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underlying theory involved. It is advantageous to make use of the dimensionless

variable

& =—2X (3.2)

substituting this finding into (3.1) yields

O°T T APy dT
o0& os, mc, ot

(3.3)

To seek solutions it is necessary to expand T =T© +TWet 4 T@2et |t js
important to note at this juncture that the steady component of the nonlinear
correction has been excluded due to the assumption that the mean values are constant

and the pressure is only being expanded to encompass the measurable physical
pressure term p(l)/p(o) . The pressure is only carried to order & as we are seeking the

nonlinear, & effects on the burning process due to the measurable fluctuating
pressure (ensures that the model is defined by physical parameters). This becomes
clear if the analysis is carried out with inclusion of the steady nonlinear terms, the
solution to the steady nonlinear part of the response function will return a zero value.

Proceeding to collect the steady terms from the expanded (3.3) returns,

2(0) T
4’1 a1 _

_ 3.4
i e (3.4)

Integrating (3.4), and applying the boundary conditions T (0)=T/” and

S

T (~0)=T!%, gives the following formula for the normalized mean temperature
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TO© (X) 70O +(T(O) _TC(O) )exp {% Xj (3.5)

s p
where values at the interface are identified by subscript s and values deep within the
cold propellant are defined by subscript ¢c. Collecting the unsteady terms from the

expansion of (3.3) presents

21 (1) &) A
de_dT —kojfwﬂgzo
d& dé, m°c

p

(3.6)

easily solved, (3.6) is a Sturm-Liouville boundary value problem that leads to the

equation for T

mc
T® (xt)= r’exp[ATpx]exp(imt) (3.7)
p
where the eigenvalue A must satisfy
A(A-1)=iQ (3.8)

and Q is defined as the dimensionless frequency,

A
Q=222 (3.9)
m Cp

In order to insure that T(l)(—oo)—>0, the positive real part of (3.8) must be used.

Define A = A, +iA, and solve (3.8) for the eigenvalue A as a function of Q

A +Q
T2A,

A (3.10)

and

A, :\/—1+%\/1+1692 (3.11)

8
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The solution is split into real and imaginary parts because only the real part is in

phase with the pressure. Define 7’ from (3.7); as the fluctuation of temperature at the

interface (x = O), this is due to the choice of datum. Gathering the nonlinear terms

from the expanded (3.3) yields the following differential equation

21(2) (2) A
d T2 _dT 2w _pzppT(Z):o (3_12)
dé; dé, m°c,
solving (3.12) leads to the following equation for T®
(2) - me, :
T (xt)=7exp TTX exp(2iot) (3.13)
p
where the eigenvalue ¥ satisfies
¥ (¥Y-1)=2iQ (3.14)

In order to satisfy the condition T(z)(—oo) — 0, only the positive real part of (3.14)
must be used. Define ¥ =¥, +i¥, and solve (3.14) for ¥, and P, as a function of

Q

¥ +20Q
T2Y,

Y

(3.15)

and

¥, :\/—1+%\/1+ 6402 (3.16)

8
Again due to the choice of datum, 7 in (3.13) is the nonlinear fluctuation of

temperature at the average position of the interface. Attempting to match the
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conditions at the interface requires knowledge of the values and derivatives of the

temperature at the interface itself, referenced to position x, and velocity X,. Values

at the interface are calculated by utilizing Taylor series expansions about (x = 0) , and

on the solid side of the interface (x =x,):

(0)
T (%) =T, ¥ (0)+ x,| IT ] @17)
0-

and

dT® dr© d’T®
= +X
dx ) dx ) LA
) @) 21(0)
o) [ (e (3.18)
ox ) x ). dx

o G 21"
= +X | ——
ox ) Lox ) L dx® )

The results for the gas phase side of the interface cannot be completed until the

interfacial region is analyzed.

Interfacial Region

The analysis at the interface is governed by three conservation laws:

conservation of mass, energy, and the law for conversion of solid to gas
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(pp (v, =%) =2, (Vg - xs)) Noting that pv, =M, pyv,=m and where

m=m+m® exp(iot)+m? exp(2iat),

1
X, =[ —&J m—m (3.19)

The mean gas density p, near the surface is much smaller than the density of the
condensed phase p,, which yields p, / p, <1 allowing the term to be dropped.
LR ( m® exp(la)t)+m exp(2|cot)) (3.20)

Isolating the regression rate X, in (3.20) and integrating to find X

N exp(iot)+m® exp(2iwt))dt (3.21)
p L (21t ot

Using (3.21) to find X to the appropriate orders:

the first order approximation

X = —_L m® exp (ict) (3.22)
iwp,

and the second order approximation

x(? ® exp (2ict ) (3.23)

2iwp,
The conditions associated with the total mass and energy transfer in the upstream and

downstream sides of the interface are found by summing the terms associated with

the mass flux and energy transfer from Figure 2.1. More specifically,
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—(,1 a—Tj +p, (vp - )'(S)(cst +L, +Qg)

P ox
o7 (3.24)
- _(;tg &j * Py (Vg B XS)(CQTS +Q9)
From mass balance we know that p, (v, %)= p, (v, — %) so,
oT oT .
(/19 &j = (ﬂp &j +p, (v, =% ) (¢, T, —¢, T+ L) (3.25)
again noting that m= p v  and using (3.20),
oT oT
[,19 &j = (ﬂp &j +m(c,T, —c, T, +L,) (3.26)

The heat flux (4,0T / 8x)S+ heat flow from the interface to the gas phase and the heat

flux (ﬂpaT / ax)s is the heat flow from the interface to the solid phase (note that

(3.26) has not yet been split into mean and fluctuating parts). For steady combustion,

the energy balance (3.26),
GIR GIR (0 0
[/19 P J = (;tp P + m(chS —C, I+ LS) (3.27)

A solution for (ﬂpaT lax)S can be found by differentiating (3.5) and assuming the

gas is ideal,

©
(zp a; j = mc, (1 -1 (3.28)
X

Substituting this finding into (3.27) yields

(©)

PRl =m(cT”—¢cTO+L (3.29)

g a g's p'c S
X
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The linear unsteady part of (3.26), and again assuming the gas is ideal, is

g o
(,19 agx ] {zp agx J +mL, + (e, —c, )TV (3.30)

assuming the gas is ideal, the nonlinear part of (3.26) is

(2 @ m?L +m® (¢, —c )T
[/”tgaT ] :(zpm J +[ (6, -¢,) (3.31)

OX OoX +n_'](cg _Cp)TS(Z)

Combining (3.5), (3.7) and the proper parts of (3.17) gives the formula for the heat

transfer into the condensed phase from the interface:

@ mc
2,5 —me, | AT - T T -1 )m® (3.32)
OX . AP0

With the knowledge that A(A-1)=4 piw/M*c,, carrying out a perturbation

expansion to leading order,

m2c 1 1

P = =—— 3.33
Aoppio  A(A-1) A (3:33)

The previous step is cause for concern, due to the limitation A must be small to allow
for this simplification. The concern is due to the inherent dependence of A on Q, by
limiting A to be small, Q must also be small. Proceed by substituting the result in

(3.33) into (3.32) yields

OX

o) _ . [ At Lo _poym”
L/Ip ] :mcp[ATs +X(T -10)=— (3.34)
In this result, the approximation in (3.20) has been used. Substitution of (3.34) in
(3.30) leads to the condition to be set on the unsteady heat transfer at the downstream

side of the interface:
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A (AT c Y
Lo | T A+J_4Tﬁ+-l@fﬁﬂfﬁ+ﬁiﬂé— (3.35)
mc p 6X S+ ¢ A ¢ "

p
The nonlinear correction from (3.25), and again assuming the gas is ideal, is

(2 @) m?L +m® (¢, —c )T
[/”tgaT ] :(zpm J +[ (6, -¢,) (3.36)

OX OoX +n_'](cg _Cp)TS(Z)

Combination of (3.5), (3.13) and the appropriate parts of (3.17) constructs the

equation for the heat transfer into the condensed phase from the interface:

—2
2T e [ M (10 -1.) (3.37)
Pax ) P T 24, pjie '

With the knowledge that ‘P(‘P—l) = ipppZia)/mch, using a perturbation expansion

to leading order

me, 1 _ 1 (3.38)
2A,pji0  W(¥-1) ¥

With the same reservations as the result in (3.33), the result in (3.38) again limits the

range of valid frequencies Q. Substituting the result into (3.37),

o @
( 2 ] e {\PT@ v Lo _qo)m (3.39)
x ) ¥ m

In this result, the approximation in (3.20) has been used. Substitution of (3.39) in
(3.31) leads to the boundary condition to be set on the nonlinear heat transfer at the

downstream side of the interface:
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{\PJrC_g_l]T(z)”@)[C_g_lJm_(”
Ay (GT(Z)J _ Cp S LG, m (3.40)
mc, OX . Ts(O)_Tc(O) L, m®

(st

Gas Phase

To proceed, it is necessary to follow the analysis of a simplified model for
steady burning, given by Culick [5]. The model is simplified by the assumption of
constant thermal properties and uniform combustion throughout the gas phase. Two
limits that are contained in this model are an infinitesimally thin flame sheet and
uniform combustion beginning at the interface. Figure 2.3 is a sketch of the model

where X, x, and X, indicate the position of the solid surface, the leading edge of the

combustion zone and the downstream edge of the gas phase, respectively.
The equation defining the gas phase is

e, T8, 00
dx

where the subscript g denotes values for the gas phase, the constant Q, is the energy

release per unit mass of the reactant mixture and & is the reaction rate. The

temperature boundary condition at the downstream edge, x = x, , of the gas phase is
T(x)=T" (3.42)
where the constant T\ is the adiabatic flame temperature. The derivative condition

at the downstream edge, x=x; , is
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=0 (3.43)

T(x)=T" (3.44)

The energy balance at the interface is given by (3.29), assuming steady combustion

the energy flow across the gas phase is

(zg a;:”] =m| Q, ¢, (T -T.%)] (3.45)

Alternatively, integrating (3.41) across the combustion zone, and applying boundary

conditions (3.42) - (3.44) leads to

[,19 a;)(:) j = ["(p,Qeé)dx—me, (T -1} (3.46)
With the knowledge that Q, is constant, the reaction rate is found by comparing
(3.45) and (3.46), leading to

mi= [ (pyé)ix (347)
To attempt to solve (3.41) it is convenient to transform x to the dimensionless

variable ¢, with the assumption that assuming mc, /ﬂg is constant, namely by

dg _mey
dx A

9

e (3.48)

Substituting the transformation into (3.41) gives

, d°T
d¢?

e X (3.49)
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where the eigenvalue X is

AQ.w
X = g?fz (3.50)
m°c;
and
W= p & (3.51)

The previous steps can only be arrived at if X is assumed to be independent

of ¢, which defines the condition of uniform combustion. Integration of (3.49)
evaluated over the combustion zone, ¢; at the leading edge of the combustion zone

and ¢, at the downstream edge of the flame, yields

(ﬁj :(_4 6 ] X (352)
g )., GG

Evaluating (3.52), at the leading edge of the combustion phase the dimensionless ¢;

is equal to unity, and £, > ¢, which simplifies (3.52) to

a =X (3.53)
oS ).
Substituting the eigenvalue X into (3.53)
A
(,1 8_Tj =9_Qfﬂ (3.54)
Yox ), ¢, m
The steady form of equation (3.54)
) 1 (0)
(ﬂg = J A (3.55)
OX . c, m

The fluctuation of heat transfer at the surface is given by the unsteady form of (3.54)
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O A0 wO (W mO
(ﬂgar J AW (“’._m ] (3.56)

w® om

The nonlinear portion of equation (3.54)

(2 y) 0) | \a(2 (2 1) M@ )
[/Ig oT j _AQrw [w _m_ _w0 m_ J{m_ j } (357)
) m m

OX c, m|w? m w

To continue it is necessary to specify an explicit form for w, the reaction rate
per unit volume, as a function of the flow variables. To do so, equate (3.29) and
(3.55), and the quasi-steady behavior allows the average values of temperature to be
replaced by instantaneous values. For this specific special case of steady uniform

combustion, the expression for w:

c.m?

w:; (c,To—¢,T. +L,) (3.58)

gx<f

Assuming that the right-hand side is a function of pressure only, it is convenient to
introduce the pyrolysis law m=ap". Where a and n are the burning rate coefficient

and the burning rate exponent respectively. Expanding the pyrolysis law

appropriately

Dot | (2)i o .. n(n=1)( p¥Y ,
m = m+mYe + mPe?t =1+ an —e“ +a e?”  (3.59)
g 2 | p®

Collecting the terms to the appropriate order, unsteady,

)

p"
= anw (360)

BI‘BE

and nonlinear
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) _ 0
m? _an(n 1)['0 j (3.61)

m 2

Expanding at leading order (3.58) becomes

W CgTs - CpTc ( m jz
= 1+H)| — 3.62
w® g X0 (1+H) m (3.62)
where
L (3.63)
chS - cpTc

and X is found by taking the steady components of (3.50),

_ ngfW(o)

X0 =0 (3.64)
m°c,
The fluctuation of the reaction rate is then
(1) _ ©)
w CgTS CpTc m
WOl 2 ch(O) (1+ H )F (3.65)
and the fluctuation of the reaction rate is then
(2) _ (2) (A%
w Cg'l's Cp'l'C m m
= 1+H)| 2—+| — (3.66)
Substituting (3.60) into (3.65) the fluctuation of the reaction rate is then
(1) _ @]
w CgTs CpTC p

Similarly, substituting (3.61) into (3.66) the nonlinear fluctuation of the reaction rate

is then
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@ ¢cT —cT )’ @)
w? _¢T,—c, c(1+H){an(n—1)(%] {mT” (3.68)
p

WO e X0 p

With all three phases defined, matching of the solid phase to the interface and

interface to the gas phase can commence.

Construction of the Linear Response Function

In formulating the response function, it is necessary to account for the
conversion of a solid to a gas. Proceed by utilizing the commonly used Arrhenius
law, which gives the total surface mass flux

m=Bexp(-E,/RT,) (3.69)

the perturbed form of (3.69), to first order is

—E- (3.70)

where the dimensionless activation energy is E = ES/SRTS(O). Perturbing (3.69) to

second order

(2) (2) )
m T E T
m E[W+(31JLT(O>] ] (3.71)

Substitute the Arrhenius law (3.70) into (3.35) defining the interfacial conditions for

energy and mass transfer:

A o c ) W
s LN Y N B L 1—T°(0) T i)L m_ (372
me, T, ox ) E c Al T T, c, | M

p

letting
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L=—2 (3.73)
(0)
T, ’c,
and
T©
A=E 1—% (3.74)
Substituting (3.73) and (3.74) into (3.72), yields
1 ot 1 A C m®
— | 4 =—|A+—+-2L-1+EL |— (3.75)
mc, T, OX . E A ¢, m

Substitute the reaction rate (3.67) into the expression (3.56) for the heat loss from the

gas phase to the interface:

1 oTW C, TC(O) p(l) X m®
T (/lg o =2an l_C_T(O) (1+ H) o 0 m (3.76)
g's S+

g s

Equate the findings from (3.75) and (3.76), and use the Arrhenius law (3.70)

to eliminate Ts(l) /TS(O), leaving the equation for the pressure coupled response

function:

® Cp | (0)
_—— C
m 2ankE (1 . TO (l+ H )

_ g 's
p(l) - A Cg X(O) (377)
0] A+—+——1+EL+EW
p A g, T
Finally rewrite (3.77) in the form
m
RY =M _ anC, (3.78)
P A
L. (A+)+C2
p*” A
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Utilizing the unsteady pyrolysis law (3.60), (3.78) can be written as a function of two
variables by:
B anC,

(A+i)+cz

where A can be defined in the limit of zero frequency, Q =0, giving the condition

(3.79)

Cl

m =1 (3.80)
define C, with
C,=B (3.81)
Substituting this into (3.80), it follows that
C,=B-(1+A) (3.82)

Now that C,=B and C,=B-(1+A) are defined substitute back into (3.78),

yielding
m®
m  m nB
Rél)=F= o= - (3.83)
P (A+j+B—(l+A)
p(O) A

Equation (3.83) is the first order pressure coupled response function, as found by

Culick [4].

Construction of the Nonlinear Response Function
Similar to the formulation of the linear response function, the nonlinear
response function is found by substituting the nonlinear portion of the Arrhenius

law(3.71) into (3.40), and also recalling (3.70), (3.73), (3.74),
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11 c ¢, .|(m®Y
|| P+ |+ 21| —
2, oT®@ 1 E 2 C, c, m (384)
rﬁcst(O) ox ) E A (¢ m® '
+W+—+| 2L-1|+EL|—
Y (¢, m
and using the first order (unsteady) result, namely
® @
’% - % R (3.85)
Equation (3.84) becomes
c @) 2
e
2 aT®@ 1 E 2 o C, p (3.86)
rﬁCst(O) ox ) E A (c m® '
+W+—+| 2-1|+EL
Y (c, m

Substitution the reaction rate (3.68) into the expression (3.57), and again using (3.85),

yields the nonlinear heat loss from the gas phase to the interface,

T MY 50 (2
an(n—l)[l—c"—"](1+H)[p J—X m

2/ aT (2) CgTs(O) p(o) TS(O) m
_ 3.87
X o || x© c, T o Y (387
5| 1 (L H) | S R
T C, T, p

Equate (3.86) and (3.87), leaving an equation which can be rearranged to give

the nonlinear part of the pressure coupled response function,
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1 1), EX? (1 1)c, 1))2
{(Z‘E]‘PT@‘(EH)(C* (R)

p

) c T
m® . J{n(n—l)—(Rél))}E(1+H)[1—”TC]

= c, T
2_ _m _ p g's
Rb - p(l) - p(o) A C EX(O) (388)
o Wttt —1+EL+——
p® v ¢ T
p s
Rewrite (3.88) in the form
2) n(n-1 2
m! o ( )cl+ (1—1J‘P+C3 (RY)
p__m _P 2 2 E
R =10 =5 < (3.89)
pPp Y+—+C,
p(O) b 4

Constants C, and C, are known from previous order calculations, substituting these

back into (3.89), yields

P o e )
RO __m _P 2 2 E
b

_m _ (3.90)
1 0
ﬁ p"” LP+é+B—(1+A)
D 0) b

Utilizing the nonlinear pyrolysis law (3.61), (3.90) can be simplified and written as:

i [ Al G

- (3.91)
‘P+$+B—(l+ A) 2

where ¥ can be defined in the limit of zero frequency, Q =0, giving the condition

n(n2—1) B+|:(;—éj+cg:|(Rt(’l))2 _n(n-1)

1+’:+B—1—A 2

(3.92)
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defining C, =é—% as,

= (3.93)

substitute this finding back into (3.90), yielding the nonlinear correction to the

pressure coupled response function

(2) n(n-1 1 1 2

— ( )B+(—)CP—Q(%”)
Ro__m _P 2 2 E 3.94
b O T 40 A (3.94)

P P Y+ +B-(1+A)

p(o g

Combining results (3.83) and (3.94) yields the total solution for the pressure

coupled response function,

m® 4 m®@
m’ m
R=—=——5— (3.95)
e Y
p(O)
more specifically,
n(n-1 2
MB—F 1 1 (LP_l)(Rél))
nB 2 2 E
R, = +&

(3.96)
A+é+B—1—A lI’+é+B—1—A
A Y

To be incorporated into a combustion instability calculation the response function

must be put into the from of the admittance function, this is achieved by using (1.5)

Mn_”s+(1—1jmﬁ4xRﬁf
A = nB fe 2 2 E _1 a7
A+é+B—1—A ‘I’+é+B—1—A 4
A ¥
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Results and Discussion

With the response and admittance function, defined figures can be generated
by using values suggested by Culick [8]. With ¢ set to zero, Figure 3.1 successfully
reproduces the low frequency result for the response obtained by Culick [4], which
should be expected. The nonlinear corrections lead to significant increase in
amplitude and a frequency shift of the primary low frequency response peak, as
observed in Figure 3.1. It is important to note that this result shows that the waves
receive enhanced energy flux as amplitude increases. Figure 3.2 demonstrates the
low frequency admittance, also showing the effects of nonlinearity.

The result shown in Figure 3.3 demonstrates a strong correlation of the
admittance function to experimental data found by Perry [12]. The inclusion of the
nonlinear correction further reinforces that the QSHOD model does capture the low
frequency behavior. The Perry data [12] used in Figure 3.3 was recorded using the
standardized growth and decay technique [9] for the experiment.

The nonlinear quasi-steady theory is marred by the same limitations as the
linear theory, as it is an extension of the linear model. Although the nonlinear
QSHOD model is limited, the model does give insight into the solid phase
contribution to the nonlinear response function and the treatment of the boundary
conditions, thus making it important to understand the analysis. The limitations
discussed here drive the need for a more complete model, one that includes unsteady

gas phase behavior and unsteady conduction heat transfer in the solid.
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CHAPTER IV
LINEAR T’IEN MODEL

Problem Definition

Making use of the less well known approach as laid out by T’ien will remove
several limitations of the QSHOD model. Doing so will fill in some of the limiting
assumptions by including the unsteady gas phase behavior and unsteady conduction
heat transfer in the solid while retaining the one dimensional, homogeneous constant
material properties assumption. The Galilean coordinate system used in the QSHOD
models is retained.

The following analysis and remarks are based on a paper by T’ien [1].
Throughout the reference material the steps necessary to derive the model are not
readily found or necessarily clear, for clarity, the model is described here in full detail
including intermediate steps.

It can be noted from the review by Culick [5]; that most of the previous
investigations of unsteady burning of a solid propellant have been based on the quasi-
steady approach, yielding a result with several limiting outcomes. The exceptions are
the paper by T’ien [1] and the paper by Calvin and Lazmi [11], whose models the gas
phase to respond to the pressure oscillations, introducing a coupling effect. The
importance of including this effect becomes apparent at higher frequencies.

To study the higher frequency range not captured by the quasi-steady model,

both the solid and gas phases are treated in an unsteady manner. The governing
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equations are linearized for small amplitude oscillations, and then the resulting

perturbed systems of equations are solved by numerical integration.

Analysis

Gas Phase

The flame in the gas phase is assumed to be premixed, laminar, one-
dimensional, and to proceed with a one-step forward chemical reaction. The specific
heats, molecular weights, and coefficient of heat conduction are taken to be constant,
and the Lewis number equal to unity [1]. Applying these assumptions, the

dimensional continuity, energy, specie equations, and perfect gas law yields

% PU g (4.1)
ot OX
e T o 0T 0T op &, .
C.—+pUC, -1 ——5=-> h'w, 4.2
Praor TP e Tt T a le (42)
* A2
*a\(*i+ *u*avi_/l*a};izwr i=12,..N (4.3)
ot ox  C,ox
p* — p*%T* (4.4)

where dimensional quantities are denoted by the superscript *. For equations (4.1) -

(4.4) the range of X" is from 0, fixed at the propellant surface, to .
For a one-step forward chemical reaction, the conversion of fuel and oxidizer

into products is defined by,

Vi [f]+v,[0] >V, [p] (4.5)
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where the subscripts f, o and p, represent fuel oxidizer and products respectively.

The law of mass action for an arbitrary chemical reaction:

S, - 3w,
i=1 i=1

(4.6)

where, W, is the molecular weight. The change in number of moles dn,, of each

species is given by:

. dn. dn.

W :W.%, L= !
dt

T ) IO

The reaction rate w for the species i

w =W, V'_V' any
v, v, dt
for j=f:
. dn; .
w =W, —, vV, =0
dt

Substitution of (4.9) into (4.8) with j= f, yields

* WI VIH_VII *
= __—.W

W, v

]

The reaction rate of the fuel can be expressed by

W =BT P nﬁ vl me[mET*]
w7 ) S w,

To define the reaction rate for oxidizer and products

Wo=—1—tw, i=0,p
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The right hand side of equation (4.2) becomes

—i h'w =w'q’

i=1

where, the heat of combustion per unit mass of fuel consumed is

* zWi (V: _Vi”) hi0
T Wy,
It is useful at this juncture to introduce the following dimensionless variables:

¥ T X p.C.UO.
p = lf* T = — = —p_*g

* - X p,C.U’
u= E* p = E* t = pw**gw

* W*I*

q= q—* W=———"%

(4.13)

(4.14)

(4.15)

Substituting (4.11), (4.13) and (4.14) into (4.1) - (4.4), and using the dimensionless

variables yields,

a_p+6’.;u:0
ot  oX

oT oT 0T y-10p

—+tpu———-———=w
Pa P e o
Ny u%—aZYi =V,W i=f,o0p
Pa T ae i
p=pT
where v; is defined by:
W. (v =V
Vi: |(V| VI)
Wi
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The mass fraction equations (4.18); for the fuel, the oxidizer, and the products,

can be made similar, with the following relation

Y. Y
- —const (4.21)
VoV,

With the knowledge that both the fuel and the oxidizer are completely expended at

the flame edge, the following mathematical statement can be made:

v =Yoy — vy, (4.22)
Vv

This important step allows for the treatment of the fuel equation alone, allowing for

two important steps to take place, (4.18) becomes

oY, oY, 0%,
o, p + pu o =-W (4.23)

and the non-dimensional reaction rate (4.11), can be written as

w=BjT? (Tﬂj Yie® (4.24)

where
j= \\IIVV:X‘:; —oxidizer — fuel ratio (4.25)
g_ _BAL'D (4.26)

N .
m’C, g(wjm )

*

-t (4.27)
RT

o0

and n is the order of chemical reaction.
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Under the assumption of small amplitude oscillations, a perturbation analysis
is appropriate. The pressure wavelength in the combustor is always much larger than
the flame thickness, so that the pressure can be assumed to be a function of time only.
Expanding the pressure, temperature, velocity, species and burning rate in terms of

the small parameter ¢, yields,

p(t)=1+ce" (4.28)

T(x,t) =T+ T +O(£?) (4.29)
u(xt)=u®+zu%" +0(&*) (4.30)

Y (x ) =YD+ ey Ve +O(£?) (4.31)
r(xt)=r%+ere* +0(&?) (4.32)

The frequency @ here can be referenced to the classical dimensionless frequency as
shown in the QSHOD analysis by:
Q=6pw (4.33)

and the frequency can be made dimensional by the following as seen in (2.9)

W =—2P0 (4.34)
Aoy

To eliminate the density we now expand p(x,t), and make use of the perfect gas

law,

_ p(t) 1 T ot 2 T?
p(x’t)_T(X’t)_W|:1+g(l_m e —¢ W (435)
In addition, it is useful at this time to expand m(x,t)= p(x,t)u(xt)
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UOT®

_ 1,0 ® 40 ot
m(x,t)—m|:u +5(U +Uu —W e (436)

Expanding the reaction rate (4.24) is algebraically intensive and is more manageable

when broken into its components,

p" =1+ ene'” (4.37)

Y = (Y © ) {1+ gn%ei“’t} (4.38)
To" = (T<°> )‘5 {1+ g(5- n)%ei”‘} (4.39)
T'= TTlm(l—g%e‘wt] (4.40)

et e T [1+ ‘9TTEO>IT(:)> e‘”‘j (4.41)

Recombining and collecting by increasing order, the steady reaction rate,

E

WO =gj(TO) " (v) e ™ (4.42)

unsteady reaction rate

) _ 0 E\TY YO o
W():W()|:(5—n+wa+n 1+W € ' (443)

Expanding the governing equations (4.16), (4.17) and (4.23), collecting terms of

leading order (steady-state)

%, P U _g (4.44)
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O © g0
@~ oy _ 0T _oq (4.45)

a 7 x o

0

(0 © g2y
@ o0 oY _ o 4.46
P70 TP T T (4.40)

Making use of (4.35) and (4.36) to eliminate the density terms

©_ (o0 _u® _
m = p u = m —1 (447)
or® o1
_ =W 4.48
OX OX? q (4.48)

=-w" (4.49)

It is important at this juncture to note that from (4.47), u® =T and that equations

(4.48) and (4.49) can be made similar by

o_L1n_10
Y q(l T ) (4.50)

Substituting (4.50) into (4.42) returns an equation for the steady reaction rate:

w® = S—f(ﬂ‘)’ ) (-TOY e (4.51)

In doing so the steady-state problem, is reduced to the solution of a single equation,
equation (4.48), where w® is defined by (4.51).
The focus is now turned to the unsteady component of the problem. Eliminating
0)

density by using the proper components of (4.35), and also recalling that u® =109,

the unsteady perturbed governing equations can be written as:
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ou®  aT® (TO YO \aT®© @
-——-| =5 —io| 1-— (4.52)
OX OX T T OX T
oTw @ TONaT© TW y-1
+| 1+ OO +iw Ol
oTw OX T T OX T v 153
o | y@ ® (4.53)
-wg|n 1—W +(5—n+ (O)j O
@ @ @ ©
oY N 1+u0 _T0 oY Ia: v
v | ox TO 7O ) ox  TO -
o o vo E\TO (4.54)
+W n+nw+(5—n+ij

Equations (4.52) - (4.54) constitute a fifth order system, that will be solved by

numerical integration.

Boundary Conditions

To solve the systems of equations, it is necessary to specify the appropriate
number of boundary conditions. There are two boundary conditions at the flame
edge, x — oo, the first is that the fuel must vanish,

Y (00) =YW (c0) =0 (4.55)
and the second is a condition for the temperature and is worthy of a detailed
discussion.

The flame temperature, in general, oscillates, and a temperature wave is
convected away from the flame. When the period of oscillation is close to the gas
thermal time, the temperature wave length is of the same order as the flame length.

Deriving a suitable boundary condition depends on the flow condition in the
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combustion zone. For this one-dimensional problem, the product gas is convected
away in the direction perpendicular to the flame front, it is reasonable to assume that
the flow just outside the flame edge is isentropic. Therefore, the entropy is

conserved, DS/Dt=0, for each fluid particle convected away from the flame.

Writing this expression in terms of temperature and pressure yields [1]

* *

T*(X*,t*)—T*{O,t* —X=J —7—:{p* (t)-p" (t* —X=H (4.56)

u Y u

o0 o0

where X is the distance measured from the flame edge into the combustion zone
(X" =0 coincides with x” =0). Differentiation yields:

o' (X"\t) 14T (0m) y-11 o0’ (n) ws)
X u '

where

n=t ——= (4.58)

As X~ approaches zero and 7 approaches t”, equation (4.57) yields

aT*(x*zo,t*)__ 1 8T*(X*:0,t*)+7_1i6p*(t*) 4.59)
oX” - oot '

ot y u ot

*
0

|

Remembering that X =0 is equivalent to X =oo, equation (4.59) is made

dimensionless with the use of the variables in (4.15),

oT(t) __aT (1) y-10p(t) (4.60)
OX ot e ot
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Perturbing (4.60) and collecting the appropriate orders, the steady-state solution

yields two conditions that are equivalent for use in (4.48), namely

4T (=) _, (4.61)
dx
or
TO(w)=1 (4.62)

The oscillatory unsteady boundary condition from (4.60) is,

® _
oT" () — _iT® (oo)+7—ia) (4.63)
OX v

Equation (4.63) is the oscillatory temperature boundary condition at the flame edge,
and is valid for high frequency oscillations.

Three boundary conditions remain, and all are located at the solid surface x=0.
The first condition comes from the fact that the mass flux fraction of the fuel and
oxidizer are fixed by the composition of the propellants. The fuel mass flux fraction

is expressed by

o =Y, —%aalx (4.64)
Evaluating (4.64) at x =0, surrenders
PR (4.65)
and
eV =0 (4.66)

To seek out the boundary conditions, perturb (4.64), and utilize (4.65) and (4.66).

Which yields, for the steady part
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the unsteady part

@ ® ® (0)
5(fl)=0=Y(l)—6Y +(1+u ! jéY

6)( T (0) B T (0) 8X

(4.67)

(4.68)

To proceed with finding the other two boundary conditions, it is necessary to

consider the heat transfer process in the solid phase and the law governing the mass

conversion of asolidtoagasat x=0.

Solid Phase

The solid propellant is assumed to be homogeneous throughout and to not

have an associated condensed-phase chemical reaction. The dimensionless heat

transfer equation in the solid, with x =0 located at the solid surface, is

2
PLAE P

— —0<Xx<0
ox L ox?

where

r*
r= sy
r
and the ratio of solid density to steady-state gas flame density is given by
p=rx
P

The boundary condition at the gas-surface interface x =0 is
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(ﬂj _s, [ﬂj oL (473
x=0" x=0"

OX OX
where
e
0, =— 4.74
2= (4.74)
L-—L (4.75)
chw
and at X =—o0,
T(—0)=T, (4.76)

To account for the conversion of a solid to a gas, the solid propellant is assumed to

decompose according to Arrhenius Law. In dimensionless form,

E
r=exp| —— 4,77
p( TJ (4.77)
where
E - Lo (4.78)
KT,

Perturbing (4.77) and collecting the result at increasing orders, for the steady case

r@=e™ (4.79)
unsteady
E, TV
1) _ _=s
C T TOTo (4.80)

Seeking the steady state temperature distribution, return to the heat transfer equation

and perturb (4.69), which yields,
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o1 ot
1W— ax :0 (481)

S 1

Solving (4.81) and using the boundary condition T (0)=T."

TO _T0 (T © _T10© ) e[é] (4.82)

This result is used to calculate the temperature gradient in the gas phase, by

substituting (4.82) into (4.73):

o)
dT _ 1 (10 -7)+ L (4.83)
dx o 00

Seeking the unsteady temperature distribution, collect the appropriate terms from the

perturbed (4.69),

5, %2(1) - a;;) ~ fioT® —r® ;(e[;l] =0 (4.84)
where
7= i(TS(") 1) (4.85)
1
First, finding the particular integral
T8 er = Ae[éj (4.86)

and substituting into (4.84), the result yields a value for A

Wy ETY 4

A=— =— 4.87
iof TS(O) TS(O) iof (4.87)

Next, a complementary solution must be found, by using the roots of the

characteristic equation
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m?—m-iswf =0—>m =%(1+,/1+ 45,08 ) (4.88)

Only the positive root must be taken to insure that the fluctuations will decay for any

@ at x — —oo. Using this result a complete solution is defined

-0 Ce[ 1 E, Ts((:) ra e[ﬁj (4.89)

c1:£1+i E, _LJT;” (4.90)

T(l) :T(l)e(méj _'_i Ts(l) _L[e[m‘;] e[;]} (4_91)
Taking the derivative of (4.91)

?Tsa)e[”‘;l] K T()) ;(ﬂ [_e[ Xj_ée[;]] (4.92)

ot
OX

Using the unsteady form of the boundary conditions from the perturbed (4.73) and

(4.76)

o o
(a;x J =52(82X J _sriL (4.93)
x=0" x=0"

where r® is given by (4.80) and

TW (~0)=0 (4.94)
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Equation (4.93) can be solved to yield a relationship between the surface temperature

and temperature gradient,

®
lwpo, gl
g @ X )
T9(0)=T," = 10 (4.95)
m. 5. EE x| B x E. iwpo,
5, “p TOTO ) 70 570 70 7O

The remaining boundary conditions are derived by using the Arrhenius Law (4.77)
and satisfying continuity across the propellant surface, more specifically;

o =pu (4.96)
Making (4.96) dimensionless through the use of the variables defined in (4.15) and

perturbing the result, yields

u = (% +1j TO T (4.97)

With the systems of equations and their associated boundary conditions fully defined,

a numerical integration can take place.

Numerical Method
In order to proceed with the analysis, it is necessary at this stage to solve the
resulting systems of equations through numerical integration. The first step is to

numerically integrate (4.48) using fourth order Runge-Kutta. This is accomplished

by guessing the eigenvalue B and specifying the boundary condition T (0)=T.",

S

The boundary condition at x = can only be satisfied when the correct eigenvalue is

chosen, so an iterative process is employed. The iterative process proceeds until the
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boundary condition (4.61) is satisfied to a specified error of 0.4E—4. Typical
profiles of the temperature, reaction rate and species are shown in Figure 4.1.

The remaining unsteady equations constitute a fifth order system. They are
solved using Runge-Kutta, by writing each system as a system of first order
equations, and incorporating a double shooting technique to satisfy the coupled
boundary conditions. Typical profiles of the velocity, temperature, and species for
the unsteady system is shown in Figure 4.2. Please note that Figures 4.1 and 4.2 are
for a single frequency, o =1.

Calculation for the response and admittance functions is a time consuming
process since the numerical integration of the unsteady system must be preformed for
each frequency over a large range of frequencies. The response of the propellant is
obtained by plotting the real and imaginary parts of (4.80). This is accomplished
through the use of temperature values at the surface, x =0, found from the numerical
integration at each value of @. The admittance is acquired by plotting the real part of

the unsteady velocity component at the flame edge, x =, for each value of w.

Results and Discussion

For the reference or base case, the following values were used: second order

chemical reaction n=2, oxidizer-fuel ratio of j=1, temperature deep within the
cold propellant of T, =0.15, surface temperature of T, =0.35, y=1.17, 6, =9, =1,
0=0, g=0.65, L=0.15, E=10, E, =4, and £ =1000. A parametric study on

the variables is performed changing one parameter at a time from the base case.
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Figure 4.1 Steady-State Distributions of Dimensionless Temperature, Reaction Rate and Species
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Figure 4.2 Unsteady Distributions of Dimensionless Velocity, Temperature and Species
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Figures 4.1 and 4.2. are dimensionless distributions created based on values for the
base case at a frequency of w =1, or Q=1000.

In Figure 4.3, the response and the real part of acoustic admittance for the base
case is plotted for the frequency @, exactly reproducing the figure generated by T’ien
[1]. Also from this figure, the importance of including the high frequency effects due
to the gas phase becomes strikingly apparent. Figure 4.4 is a successful attempt to fit
the T-17 data from Perry’s dissertation [12] by using the linear T’ ien model, verifying
its ability to model the low frequency behavior of a propellant, and was accomplished

by only changing one parameter, namely E.. The T’ien model demonstrates the

same ability as the QSHOD model. When used to fit the data, the main difference
between the two models is that the T’ien model allows for the actual parameters to
change whereas, the non-physical similarity parameters change in the QSHOD maodel.

Figure 4.5 displays the impact of the ratio of solid to gas densities, 43, on the

admittance of the propellant. It can be noted from both Figures 4.3 and 4.5 that the
low frequency regions of the curves appear to be in agreement with the QSHOD
findings, giving another form of validity to the quasi-steady analysis. The importance
of inclusion of the gas phase effects can be seen in Figure 4.6, where at higher
frequencies there is a dramatic wave damping effect followed by a high frequency
wave augmentation. One major assumption of QSHOD model is the use of the
restricting relation in (3.97), the restrictiveness becomes apparent when examining
Figure 4.6, where after a dimensionless frequency of about ten the adjusted surface

response no longer captures the physics of the problem. Simply assuming that the
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Frequency o

Figure 4.3 Acoustic Admittance and Response Function (Base Case)
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Perry Decay

T'ien
X Perry Growth |

3
Frequency Q
Figure 4.4 Perry’s T-17 Data Fit by the T’ien Model by Varying one Parameter E,
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admittance can be found by subtracting the inverse of y is not valid or recommended.

The importance of the high frequency is undeniable and can not be left out of a
complete analysis.

Continuing with the parametric study of the constants, the activation energies
are studied. Figure 4.7 shows that increasing the solid phase surface activation

energy, E,, results in a decrease in the magnitude of both the primary peak and the

high frequency inverse peak. Also shown in Figure 4.7, is the effect of decreasing

E. ., which results in a decrease and an increase in the magnitudes of the primary and

the inverse high frequency peaks, respectively. Figure 4.8 shows that increasing the
gas phase activation energy, E, increases the magnitudes of both the primary peak
and the inverse high frequency peak. Also shown in Figure 4.8, is the effect of
decreasing E , which results in a decrease in the magnitudes of both the primary peak
and the inverse high frequency peak.

Figure 4.9 demonstrates the consequences of varying the parameter L, the
latent heat, yields minimal changes to the low frequency peak. The effects are seen at
higher frequency, in the form a proportional moderate amplitude change and an
intriguing frequency shift. Variation of the parameter q, yields no change to the
linear admittance.

An exciting finding that appears to be overlooked in the work conducted by T’ien is
the parametric study of the cold temperature deep within the propellant, but is seen in

Figure 4.10 to be of great significance. This was first discussed by Brownlee during

-83-



n

|

|

|

|

|

|

|

|

|

[l

|

|

|

|

|
|

|

|

|

|

|
4

4 (Base Case)

Es
===Es
E

-ttt

Frequency Q
-84 -

3--—-—-+r--r-+-

10

Figure 4.7 Effect of Varying the Dimensionless Solid Phase Activation Energy on the Linear Admittance



Ry O%l--1----4---- —
| I I I I
r i ST [ [t [ ,\\\\&M \\\\\\\\\\\\\
r 0 i [ [ [ (it 14 Tt At Bt
- © —— - == - — == - ——— — [ - — — — E \\\\\\\\\\\
(@] | | | | |
I I I I I
% I I I I I
r © | I I I I
m I I I I I
~ | | | | |
F oN|l- T - - e === [t Bl SN 1
~N o o I I I I I -
nonon | | | | | S99
W ow w | | | | | & ™
= - -—--- ----- - === ——— - — - —— -4 - — O
C " _ CCCCCCTCCICoCCICoCICIOCICITICICaII-gmco-g
| I I I I
1 I I I I |
I T T T T [ [ [ Y A
R et --=-=-- ---=- -——== -—==-- e e e e R
I I I I I I I
\\\\\ e e e A A A 0 B
I I I I I I |
\\\\\ e e e e Ay A I B
I I I I I I I
| | I I I | |
\\\\\ [t e et et Aty i Ay i R
I I I I I I I
I I I I I I I
I I I I I I I
| | | | | | | JU
- --r—--~-~ -~ -- - et et ittt atatatatn bulay I it
i el e b et e It Dbt buey ~Jubu Daaubuts M
L _______ _____ [ _____ [ o _____J1_ - J____]
\\\\\ 0 _______2a_ o __
| | I I I I |
e i - - —— = —= - (Bt et A= - -7
\\\\\ o __a____a_ a4 ]
| | I I I I |
I I I I I I |
\\\\\ e e e A T T T
I I I I I I I
\\\\\ [ T F e T H e B S )]
| | I I I I |
I I I I I I I
I I I I I I I
I I I I I I I 4
I I I I I I I
WHHHH,HHHHH,HHHHUHHHHUHHHHUHHHHUH\\\M S m_
Y —____ [ I __ (Y o _oa_-___]
R [ [ [E— = el A d_ -
\\\\\ F\\\wawlqrrlwl\._\lw.ﬂ\\\t\\\\\,\ I T AT R
lpmm I I | | | |
Cou [ [ [ G (i A e B
L 2 =re [ [ [HRE ~ T N Y [ B
| iIJ.l e | So | | | |
\\\\\ N S et [/ PP o SR SN S SR DN BN
| | | | -l;l.“l, | |
| | | | | ~h | | |
\\\\\ F\\\\F\\\\F\\\\F\\\L\\\\LW (Y B B
| | I I I I |
I I I I I I I
I I I I I I I
I I I I I I I
\\\\\ o ___a_ \\\\\\L\\\!\JO
Y H [ [ [P [P -2 N-o-ZZC J-Z227] —
Fo oo - [ [P [ [ [P - i p—— [P
e - - - - — - - === T 4=
R [ [ [ [ [ NS WP PR
\\\\\ [ N N S A S SR W B DU
| | I I I I I |
Y [ S [ [ [ TP (R
I I I I I I I I
Y I, [ [ [ [ [ RN, RN I
| | I I I I I I
I I I I I I I I
R [ [ [ [ [ NN TR PR
I I I I I I I I I
I I I I I I I I I
I I I I I I I I I
| | | | | | | | | —
| | | | | | | | )
[o0] N~ (<] o < (92] N i o 4 0;1

Frequency Q

Figure 4.8 Effect of Varying the Dimensionless Gas Phase Activation Energy on the Linear Admittance
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Figure 4.9 Effect of Varying the Dimensionless Latent Heat on the Linear Admittance
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Figure 4.11 Brownlee Experimental Data and Findings [13]
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his experiments using a T-burner in 1959 [13] (see Figure 4.11). Brownlee studied
this temperature sensitivity while conducting T-Burner experiments, and went on to
note that, this sensitivity had a direct impact on the stability boundary associated with
the propellant. The Brownlee observation was accomplished by conditioning the cold
propellant temperature in a temperature range of -80 to 180 degrees Fahrenheit. The
finding here that needs to be stressed is the sensitivity of the linear admittance to the
cold propellant temperature. By decreasing the propellant temperature, a negative
(damping) primary peak is captured. Also by increasing the temperature, the
admittance loses its ability to drive the oscillations at low frequency. This finding
shows promise in attempting to control combustion instability by just temperature
conditioning the propellant before a firing.

Variation of the parameters studied only leads to very limited conclusions, but
do give a sense for the effect of each parameter and its importance. The motivation
for this study; the need for a nonlinear model, aligns perfectly with the previous work
as it is a logical extension to the perturbation analysis, which will be carried out in the

next chapter.
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CHAPTER V
T'IEN MODEL INCORPORATING NONLINEARITY

Problem Definition

The following analysis is based on the work in the paper by T’ien [1], and will
reference Chapter Il as the analysis will be extended by carrying the perturbation
series out to second-order to encompass the effects of nonlinearity on the unsteady

burning of a solid propellant. The pressure series expansion is only carried to order

& as we are seeking the nonlinear, &*, effects on the burning process due to a well-
defined and measurable fluctuating pressure disturbance. For the purpose of clarity,

the model is again described here in full detail including intermediate steps.
Analysis

Gas Phase

The flame in the gas phase is assumed to be premixed, laminar, one-
dimensional, and to proceed with a one-step forward chemical reaction. The specific
heats, molecular weights, and coefficient of heat conduction are taken to be constant,
and the Lewis number equal to unity [1]. Applying these assumptions, the
dimensional continuity, energy, specie equations, and perfect gas law can be written

as

P oYU g (5.1)
ot OX

*
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*

i 0T L OTT LT .
C —+pou C — -1 =— ho 5.2
Poar TP e Z 52)
*aY * *aY ﬂ/* azY * -
U — =W, i=12,..,N 5.3
Pa P w o (53)
p*zp*%T* (5.4)

where dimensional quantities are denoted by the superscript ( ) For equations (5.1)

- (5.4) the range of X" is from 0, fixed at the propellant surface, to .
For a one-step forward chemical reaction, the conversion of fuel and oxidizer
into products is defined by,
Vi [f]+v,[0] >V, [p] (5.5)
where the subscripts f, o and p, represent fuel oxidizer and products respectively.

The law of mass action for an arbitrary chemical reaction:
N . N .
DW= > VW, (5.6)
i=1 i=1

where, W, is the molecular weight. The change in number of moles dn,, of each

species is given by:

. dn.
wo=w, 90 an,____ 9, (5.7)

i) )

The reaction rate w; for the species i

X "y dn,
wo=w STV T (5.8)
U dt

for j=1:
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. dn;
w =W, —

: v, =0
dt

Substitution of (5.9) into (5.8) with j= f, yields

S WI VIH_VII *
= __—.W

W, v

]

The reaction rate of the fuel can be expressed by

w =BT P nﬁ 5 me[“‘ET*]
w7 ) S w,

To define the reaction rate for oxidizer and products

i=0,p
The right hand side of equation (5.2) becomes
N * * *
_z hiOWi =wq
i=1

where, the heat of combustion per unit mass of fuel consumed is

W, (v, =)
W, v}

9=

It is useful at this juncture to introduce the following dimensionless variables:

) ) Xp.CU.
ot .2 11
* * Xp CU?
u= E* p = E* t :L*gw
q= q—* W=———
C,T, PLC,T
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(5.12)
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(5.14)
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Substituting (5.11), (5.13) and (5.14) into (5.1) - (5.4), and using the dimensionless

variables yields,

9L _ (5.16)
ot ox

oT  oT T y-lép
o ot ol ry=iob_,, 5.17
Pa X 5 a (.17)

oy, oY, 0%, :
-y ou—-— Ly W IZf,O, 5.18
P TS T Y p (5.18)
p=pT (5.19)

where v, is defined by:
W. (v =V
y W =v) (5.20)
vaf

The mass fraction equations (5.18); for the fuel, the oxidizer, and the products,
can be made similar, with the following relation

Y
Yo X const (5.21)

v, oV,

With the knowledge that both the fuel and the oxidizer are completely expended at
the flame edge, the following mathematical statement can be made:

v =Yoy, =y

i AP (5.22)
Vf

This important step allows for the treatment of the fuel equation alone, allowing for

two important steps to take place, (5.18) becomes

oY, oY, 0%,
o, p + pu o =-W (5.23)
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and the non-dimensional reaction rate (5.11), can be written as

w=BjT’ (Tﬂj Yre e (5.24)

where
j= VV\\I/:X{: —oxidizer — fuel ratio (5.25)
g BAL'D (5.26)

N .
m’C, H(Wj“l )

*

E-_ (5.27)
RT

o0

and n is the order of chemical reaction.
When assuming that the oscillations are of small amplitude, a perturbation
analysis is appropriate. The pressure wavelength in the combustor is always much

larger than the flame thickness, so that the pressure can be assumed to be a function

of time only. It is important to notice that the pressure term p(t) is only expanded to

order . This is due to the need to find the & effects on the burning process to a
well-defined and measurable fluctuating pressure disturbance. That is the linear
pressure fluctuation is the input quantity with the nonlinear velocity, temperature and
species mass fraction fluctuations as the desired output. In essence, the result sought
is the effect of the measurable fluctuating pressure on the nonlinear reaction of the
system. Expanding the pressure, temperature, velocity, species and burning rate in

terms of the small parameter ¢, yields,
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p(t)=1+ce™ (5.28)

T (1) =T 4T 122 (T + 7062 )4 O(5%) (5.29)
u(x,t)=u +eue + £ (U(Z) +uPlgiet ) + (9(,93) (5.30)
Yo (1) =YV ey P 152 (VO 4y P2 ) 0 (%) (5.31)
r(xt)=r"+ere 4 &2 (F(Z) + g ) +0(&°) (5.32)

The frequency @ here can be referenced to the classical dimensionless frequency as
shown in the QSHOD analysis by:

Q=6 po (5.33)

To eliminate the density we now expand p(x,t), and make use of the perfect gas

law,
@y (2)
Lag|1-1 _|ew g2t
(0) (0)
p(t) 1 T T
p(x’t):T(xt):W WY 10 7@ (534
' e T _T _T g2iet
TO© 7@ T0O

T YD Al PO T
T© T
1 i o uOT® T® (1)_
m(x,t):m u' — = + 1_T(°) u (5.35)
2 2iwt
+& e
T uOT®
+ -1
TO T
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Expanding the reaction rate (5.24) is algebraically intensive and is more manageable

when broken into its components,

n-1) ..
p _1+gne|a)t ( )eZIa)t
2
o v (2)
1+ gnY—e""I +52nY
) y(© y(©
v =(y© 2
f ( ) 2 nY(Z) (n 1) y® o
y© 2 y(©

1 5 T V) T
-1_ = e plot 2 - - 2|a)t
T =rm-erm® ¢ K o) (}
O £ TO
ot 2
e MeroTe® Yo Tw T
e—E/T - T

Recombining and collecting by increasing order, the steady reaction rate,

E

Mmzmhmf*WMYQW

unsteady reaction rate
@ @
O _ [ s E T Y iot
WY =w H& n+—T(0)j—T(O)+n(l+—Y(o)ﬂe
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(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)



steady component of the nonlinear reaction rate is

T(2) v (2)
2 _ ol s E T Y
W =w [(5 n+T(°)]T(°)+nY(°)} (5.43)
and the oscillatory component of the nonlinear reaction rate
n(n-1)|(Y¥Y s-n-1)(TOY
> W +1 +(5—n)[ > j T(O)
®Y @ &)
(2) _ (0 i li_ _ T Y 2 Y 2iat
W =w +T(°)(2T(°) 1+6 nJ(T(O) +nY(O)+n v e (5.44)
E y @ TO TG
+(5‘”+T(0)j NSt Te o

Expanding the governing equations (5.16), (5.17) and (5.23), collecting terms of

leading order (steady-state)

(0) (0),,(0)
L op Uy (5.45)
ot OX
0 0 21(0)
o0 5; + 5Oy agx _66':(2 — w9 (5.46)
0 0 2y (0)
o0 5:; (0,0 a:;x _5612 _ O (5.47)
Making use of (5.34) and (5.35) to eliminate the density terms
(0)
m® = pOy© = % -1 (5.48)
aT® 87T
x X =w (5:49)
oY@ a2y
x . (5:50)



It is important at this juncture to note that from (5.48), u'® =T®  and that equations
(5.49) and (5.50) can be made similar by

y :1(1—T<°)) (5.51)

q

Substituting (5.51) into (5.41) returns an equation for the steady reaction rate:

wO = S—f(T ©) )‘57n (1-TO) e =™ (5.52)

In doing so the steady-state problem, is reduced to the solution of a single equation,
equation (5.49), where w® is defined by (5.52).
The focus is now turned to the unsteady component of the problem. Eliminating
0)

density by using the proper components of (5.34), and also recalling that u® =109,

the unsteady perturbed governing equations can be written as:

au(l) oT @) T u(l) oT © T
x o (TO TO | ox LW (5:53)
oT @] u(l) TO oT (0) @] y-1
o 1o ol o~
52T OX T T OX T v
v — (5.54)
X 0 . Y(l) 5 E T(l)
oY @ u ] T e oY (0) iw
4|1+ —— + @
a2y @ OX TO 17O o8 TO
= (5.55)

ox*? y® E\T®
(0) N — | ——
+W {n+nY(0)+£5 n+T(°)jT(°)
At this juncture it is convenient to expand the governing equations to the second order

to encompass the steady nonlinear correction,
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5.56
ox X L (5:38)
5TO (@ T 570
20 | ox  \TO TO | ox
ot 0 7 - @ (5.57)
4 e 107 )70
oy @ g? T@\ay©
e | ax (1O TO | o e
o Wl Y (5o, ENTY &%)
* vo (27w )T

again recalling the result from (5.48), u? =7 As in the steady state equations

(5.57) and (5.58) can be made similar by:
V@=1@—f®) (5.59)

Finally, carrying out the perturbation expansion to the governing equations to include

the unsteady nonlinear correction,

ox? TO  ox TO ) ox
ou® . TOY 10 T sz u® . oT® (5.60)
x| S0NTO | TT0 7O |70 70T '
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oT® T @y OYTO Y@
" + 2w ORE0] p +iw| 1 o |70 w qnw
u® 7@ (7O L@ TO | 57O
+ - + - -1
7O TO | 7O 10 TO | ox
2
ot u® o TONeT® o n(n-1)|(y®
aXz =<+ T(O) +1—T(0) o —WQ > W +1 (561)
® ® 1O ®
. (0) _ E Y T T _ (0) 2_
W q(5 ”*ﬂoJ{”(Y(m+1JT<0>+T(0) n 3o
®)?
Coulie N(S-n-1 EY E(1E N|T
W q{w ”)( > 10 ) 10| 270 70

oy @ i y® . TO \y® ) y®@
ax + |COT(O)+|CO _W W‘FW nw

2
82y(2) u(l) T(l) oY @) ) n(n _1) Y(l)
e =<+ T(O)+1—T(O) + W — | +1 (5.62)

@)
o[« (6-n-1 EY E(1E N|T
W [(5 ”)( > 1o )t 270 || 7@

Equations (5.53) - (5.55) and (5.60) - (5.62) constitute two separate fifth order
systems, and (5.56) - (5.58) constitute a third order system that will each be solved by

numerical integration, to be discussed in further detail.
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Boundary Conditions

To solve the systems of equations, it is necessary to specify the appropriate
number of boundary conditions. There are two boundary conditions at the flame
edge, x — oo, the first is that the fuel must vanish,

YO (00) =YW (00) =Y (00) =Y (c0) =0 (5.63)
and the second is a condition for the temperature and is worthy of a detailed
discussion.

The flame temperature, in general, oscillates, and a temperature wave is
convected away from the flame. When the period of oscillation is close to the gas
thermal time, the temperature wave length is of the same order as the flame length.
Deriving a suitable boundary condition depends on the flow condition in the
combustion zone. For this one-dimensional problem, the product gas is convected
away in the direction perpendicular to the flame front, it is reasonable to assume that
the flow just outside the flame edge is isentropic. Therefore, the entropy is

conserved, DS/Dt=0, for each fluid particle convected away from the flame.
Writing this expression in terms of temperature and pressure yields [1]

T*(X*,t*)—T*{O,t* —X=J =7—_l{p* (t)-p (t* X=H (5.64)

u v u

o0 o0

where X is the distance measured from the flame edge into the combustion zone

(X" =0 coincides with X =o0). Differentiation yields:

TOCE) oo,y

1 0p°(n)
on y u. 0on

(5.65)

*

X U

8 *
8 *
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where
<X (5.66)

u,

As X" approaches zero and 7 approaches t", equation (5.65) yields

oT (X" =0t") 1 8T*(X*:0,t*)+7_1i ap (1) 5.67)

ot 7y ou, ot

*

oX

el

Remembering that X =0 is equivalent to x =oo, equation (5.67) is made

dimensionless with the use of the variables in (5.15),

OT (ot) __ T (o) y-12p(t) (5.68)
ox ot y ot

Perturbing (5.68) and collecting the appropriate orders, the steady-state solution

yields two conditions that are equivalent for use in (5.49), namely

7
() _g (5.69)
dx
or
TO(w0)=1 (5.70)
The oscillatory unsteady boundary condition from (5.68) is,
) B
TA=) i (o) + L Lo (5.71)
OX 4
the nonlinear steady boundary condition is
aT?
ﬂ =0 (5.72)
OX

and finally, the nonlinear unsteady boundary condition is
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aT (o0 :
—8x( ) ieT® () (5.73)
Equations (5.71) and (5.73) are the oscillatory temperature boundary conditions at the
flame edge, and are valid for high frequency oscillations.

Three boundary conditions remain, and all are located at the solid surface x=0.
The first condition comes from the fact that the mass flux fraction of the fuel and

oxidizer are fixed by the composition of the propellants. The fuel mass flux fraction

is expressed by

y, L (5.74)
& =Y ——— .
T moax
Evaluating (5.74) at x=0, surrenders

g =&\ + &80 (5.75)
and gV =¢® =0 (5.76)

To seek out the boundary conditions, perturb (5.74), and utilize (5.75) and (5.76).

Which yields, for the steady part

O
£y (5.77)

the unsteady part

@ @ @ (0)
W _A_ (Q_@Y u _T oY
g’ =0=Y ™ +[1+T(0) T | o (5.78)
the nonlinear steady component
=2 _y( oY@ (g® T @y © (5.79)
o ox |\ TO TO ] ox '
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and the nonlinear unsteady part

_ @ (o O\ gy ®
Y(z) _ oY n U(O) - T(O oY
ox \T TO | ox
[y@ 1O TOY @ ]
@_) |4 1 -1 |4 _
&' =1 |70 T(0)+(1 T(O)]T(O) O =0 (5.80)
+
TO 7O (O TOV | ox
+ -1 - +1-
T 7O | TO T

To proceed with finding the other two boundary conditions, it is necessary to consider

the heat transfer process in the solid phase and the law governing the mass conversion

ofasolidtoagasat x=0.

Solid Phase

The solid propellant is assumed to be homogeneous throughout and to not have

an associated condensed-phase chemical reaction. The dimensionless heat transfer

equation in the solid, with x =0 located at the solid surface, is

2
ﬁﬂ+rﬁ_a‘12:0, —0<X<0
ot OX OX
where
A¢
O =—
/1cp
-
r:j
r

and the ratio of solid density to steady-state gas flame density is given by

p=rx
P
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The boundary condition at the gas-surface interface x =0 is

[ﬁj _s, (ﬁj sl (5.85)
OX )y X ), o
where
e
0, =— 5.86
2= (5.86)
P (5.87)
chw
and at X =—o0,
T(—oo)zTC (5.88)

To account for the conversion of a solid to a gas, the solid propellant is assumed to

decompose according to Arrhenius Law. In dimensionless form,
E
r=exp| —— 5.89
o-E) s
where

S (5.90)

(0 —g (5.91)
unsteady
@
ow_E T
= Tw (5.92)

nonlinear steady
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TR — (5.93)

and nonlinear unsteady

@) @\
o E|T? (1 E (T
' _T(O)[T(°)+(2T(°) Y 1w (5.94)

Seeking the steady state temperature distribution, return to the heat transfer equation

and perturb (5.81), which yields,

o1 ar®
lW— a)( =0 (595)

Solving (5.95) and using the boundary condition T (0)=T.,

S

70 _10 +(T (0) _T(O))e[;lj (5.96)

This result is used to calculate the temperature gradient in the gas phase, by

substituting (5.96) into (5.85):

0)
dT -2 (10104 L (5.97)
dx ) .. 96,

Seeking the unsteady temperature distribution, collect the appropriate terms from the

perturbed (5.81),

T T ]
S — — BiwTW —r®el%) o 5.98
PV o s X ( )
where
_ 1o 1o
I_E(TS 1) (5.99)
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First, finding the particular integral

T @]

particular

- Ae[a] (5.100)
and substituting into (5.98), the result yields a value for A

r(l)Z__ E T(l) 7

A=— -
|a)ﬂ TS(O) TS(O) ia)ﬂ

(5.101)

Next, a complementary solution must be found, by using the roots of the

characteristic equation
m? —m—ialwﬂ:o—>m:%(1+1/1+4i§1a)/3) (5.102)

Only the positive root must be taken to insure that the fluctuations will decay for any

@ at x — —oo. Using this result a complete solution is defined

TO _ Cle[”‘;l ) % I:: ée[‘;j (5.103)

Employing the condition T (0)=T"

S

_ 1 B X |o
C, = (1+ T wJTS (5.104)
Substituting this finding into (5.103)
m> @ mx X
T :Ts(l)e[ 51]+%%_L e[ éj_e[@] (5.105)
LN N [0

Taking the derivative of (5.105)

x o ° TO 1O wp

ot mrme[mﬁhi E T 4 lme[mgj-ie[‘;jl (5.106)



Using the unsteady form of the boundary conditions from the perturbed (5.85) and

(5.88)

o o
(a;x J =5{agx J _srL (5.107)
x=0" x=0"

where r is given by (5.92) and
TO (<o) =0 (5.108)

Equation (5.107) can be solved to yield a relationship between the surface

temperature and temperature gradient,

&)
o) ) X o
TY(0)=T" = x=0 (5.109)
m. JrES X | E x E, iwpo,
5, A R = 5T 70 1O
Collecting the steady nonlinear terms of (5.81) yields
T T o [3)
— T =0 5.110
ot ox d ( )
finding the particular integral
-rp(:r)ticular = Axe[61] + Be[61] (5111)
The result of substituting (5.111) into (5.110) returns an expression for A
T ()
_, _ E T
A=T"y= T 1O X (5.112)
using the roots of the characteristic equation to find a complementary solution
, m 1
m ——=0->m=0, m=— (5.113)
o, o,

1 1
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a complete solution is defined by

2 = Cle[‘;1j , TE(‘S’) -TE((;) xe[éj + Be[éj (5.114)

S S

Making use of the condition T (~e0) =0, one finds

C,=0 (5.115)
Employing the condition T (0) =T,
c,=T"-B (5.116)
Substituting this finding into (5.114)
T T [1+ TE(;) %x}e[‘%j (5.117)

Taking the derivative of (5.117)

=(2) x
or :T_S()[l (1 —] E, Z)}e[J (5.118)

ox 5, 5 )TO T

S

and using the unsteady form of the boundary conditions from (5.85) and (5.88)

=2 =
Lag j :5{82 J _sFL (5.119)
X X
x=0" x=0"

where T is given by (5.93). Equation (5.119) can be solved to yield a relationship

between the surface temperature and temperature gradient,
} 20 (5.120)

T E 7+l

1
51+T<0) T()

S

The nonlinear unsteady component of (5.81) is
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272 AT ® x
15;2 _5;)( _2ipT® 5;( _r<z>le[aljzo

finding the particular integral
X
Tp(jr)ticular = AeXp (g] +B
1

Substituting this finding into (5.121), yields

2
Ao iz o_ iz ET® (1 E TY
208 20BTO -|-(0)Jr 270 T 1O

and

_dg o o _ iy otV E TV
208 Ox 208 ox T TV

using the roots of the characteristic equation to find a complementary solution

m2_m_ 2iof _ 0 me 1+ /1+8iwpo,

5, 0 26,

(5.121)

(5.122)

(5.123)

(5.124)

(5.125)

Only the positive root must be taken to insure that the fluctuations will decay for any

@ at x — —oo. Using this result a complete solution is defined

X

3, iy ot E TV

20p ox TV TS(O)

S

- 2 X
Lz E (1 E (1O, T [
20f T(O) 2 T(O) T(O) T(O)

Cle[m

(5.126)

Remembering that aT(l)/ax is defined by (5.106), and employing the condition
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_ S

20 x TOTO

C =
' iy E|(1E _)1% © e
2070|270 T\ 7O ) TTO

S

T(z) IZ aT(l) E T(l)

] (5.127)

Substituting this finding into (5.126)

T(Z)e[m;j_{l_e[mg] iy oT® E, TW

: 20 ox TOTO

2 X X
iz E |19 (1E YTV [ [
T 20pTO|TO T 270 7@ ) ||© °

Taking the derivative of (5.128) and using the unsteady form of the boundary

(5.128)

conditions from (5.85) and (5.88)

) 2
il =5, or —5,r?L (5.129)
OX . OX X
x=0 x=0
where r® is given by (5.94) and
T (~0)=0 (5.130)

Equation (5.119) can be solved to yield a relationship between the surface

temperature and temperature gradient,

TOlem+ss ot C.C 1-8.5,L
s ,M+0,0, ox +34(m__12)
T(Z) =0

- =T (5.131)
C,-Cm+mT® +C,55,L

S

where

iy oT® E, TW
220 x TOTO

S S

(5.132)
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iz E (5.133)

2
1 E, T

S

Equations (5.109), (5.120) and (5.131) provide the relations at each order being
sought. The remaining boundary conditions are derived by using the Arrhenius Law
(5.89) and satisfying continuity across the propellant surface, more specifically;

pr =pu’ (5.135)
Making (5.135) dimensionless through the use of the variables defined in (5.15) and

perturbing the result, yields

o _| E ® _1(0)
ul _(TS(O) +1]TS T, (5.136)
0@ =| S e (5.137)
S T(o) S *

—

(5.138)

(& +1 (TP 41— g TO g _
TO s 70 (T -u)
0) -1 (

s 1E TOY
LE | — :
s 2Ts( Ts(O)

Equations (5.136) - (5.138) are the velocity boundary conditions; unsteady, steady

nonlinear and unsteady nonlinear respectively. With the systems of equations and
their associated boundary conditions fully defined, a numerical integration can take

place.
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Numerical Method

The iterative method discussed in the linear analysis from the previous chapter is
again employed to find the steady or leading order results. The remaining unsteady,
nonlinear steady and nonlinear unsteady equations constitute a fifth order system, a
third order and another fifth order system, respectively. Again as in Chapter I, they
are solved by using Runge-Kutta and incorporating a double shooting technique to
satisfy the coupled boundary conditions. The typical dimensionless distributions of
the velocity, temperature, and species for the final three systems are shown in Figures
5.1 -5.4. Please note that Figures 5.1 — 5.4 are for a single frequency o =1.

The calculation of the response and admittance functions is a previously stated
in Chapter I, is a time consuming process, where the numerical integration of the
unsteady system must be preformed for each frequency over a large range of
frequencies. The response of the propellant is obtained by plotting the real and
imaginary parts of (5.92) - (5.94) at each value of w. Finally, the admittance is
obtained by plotting the real part of the fluctuating velocity components at the flame

edge, x =0, for each value of w.

Results and Discussion

Reiterating the values for the base case from Chapter Il: second order

chemical reaction n=2, oxidizer-fuel ratio of j=1, temperature deep within the
cold propellant of T, =0.15, surface temperature of T, =0.35, y=1.17, 9, =0, =1,

0=0, g=0.65, L=0.15, E=10, E, =4, and £ =1000. A parametric study on
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Figure 5.1 Steady-State Distributions of Dimensionless Temperature, Reaction Rate and Species
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Figure 5.2 Unsteady Distributions of Dimensionless Velocity, Temperature and Species
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Figure 5.3 Nonlinear Steady Distributions of Dimensionless Velocity, Temperature and Species
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Figure 5.4 Nonlinear Unsteady Distributions of Dimensionless Velocity, Temperature and Species
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the variables is performed changing one parameter at a time from the base case.
Figures 5.1 — 5.4 are created based on values for the base case at a frequency of
w=1,0r Q=1000.

The effects of nonlinearity seen in the QSHOD model (i.e. increased primary
admittance peak) are again reproduced in this nonlinear model with the inclusion of
the gas phase resonance, Figure 5.5 depicts the base case varying ¢ from zero to 0.3
There is a small nonlinear contribution to the amplification at the low frequency peak
and a secondary resonant peak is noticed around a dimensionless frequency of 300.
This secondary peak is due solely to the nonlinear correction and important because it
may correspond to the first tangential mode instability experienced during test firings
in the Brownlee data [13] (see Figure 5.6), the reason for which had gone unnoticed
until now. The high frequency amplification, associated with the higher mode
oscillations, is also shown to be dramatically enhanced by the nonlinear effects.
Inclusion of the nonlinear high-frequency gas phase interactions yields an observed
increase in the amplitude of the high frequency peak, this finding will help clarify
nonlinear experimental data (as observed in Brownlee’s data [13] and Shuttle SRB
measurements). The effect of nonlinearity on the burning rate can be seen in Figure
5.7, the increase in real part of the burning rate is due solely to the nonlinear steady
correction. This rise in the burning rate is a contributing factor to the mean pressure
rise (DC shift) frequently experienced in combustion instability research.

Increasing the parameter q, the heat of combustion, from 0.65 to 0.85 yields

an increase to the secondary amplifying peak, seen in Figure 5.8, there are decreases

in the low and high frequency peaks accompanied by an increase in the damping peak
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Figure 5.6 Perry’s T-17 Data Shown with Typical Instability Regions [14]
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Figure 5.7 Effect of Nonlinearity on the Real Part of the Burning Rate (Base Case)
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Figure 5.8 Effects of Nonlinearity and Varying the Dimensionless Heat of Combustion on the Admittance
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and a significant increase in the secondary peak associated with the first tangential
mode maximum instability region.

The exciting finding in Chapter IV of the observed this temperature sensitivity
IS again seen here. The incorporation of nonlinearity (seen in Figure 5.9) yields an
overall increase in the magnitude of the admittance across all frequencies, with the
most dramatic results again appearing in the high frequency range.

A similar trend to that in Figure 5.9 begins to form and can be seen in Figures
5.10 and 5.12. The effects of nonlinearity on the solid phase surface activation
energy, the gas phase activation energy, and the latent heat all invariably yield the
same overall increase in the magnitude of the admittance across all frequencies as

seen in the cold propellant temperature figure.
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Figure 5.10 Effects of Nonlinearity and Varying the Dimensionless Solid Phase Activation Energy on the Admittance

-125 -



it bl b 7 i P R s N
| |
\\\\\ N
r----r- - -~ | e SO
N R - - — - —
| |
\\\\\ e e il bl g
| |
| e - - - - =
| |
| |
| e - - - -
| |
| |
| |
| |
| el === - -
C____CC_--CCC_C----C---o--Z.:
\\\\\ ,\\\\\,\\\\\
| |
\\\\\ P
e i === ===
\\\\\ ,\\\\\,\\\\\
| |
| |
\\\\\ R
| |
| |
\\\\\ S YUY S
| |
| |
| |
| |
i et e e [ e S By M) EONY S e
\\\\\ L
I e
\\\\\ L
| |
| e - - - - =
\\\\\ ,\\\\\,\\\\\
| |
| |
\\\\\ L
| |
| |
\\\\\ e
| |
| |
| |
| |
CCCCCCC-CZCZCCCCZCZZICCZCZCZOCZCZIZZTCZIZIZZL
I ,\\\\\\\\\\\\\\\\\\
I | I
I, __ _ _ _ _
| u carm GaEe B
\\I‘.-..'Jh-l\-\\\, \\\\\\\\\
F\\\J\.d.!.l&..r”.\..\l.www
\\\\\ O B
| |
| |
\\\\\ - _
| |
—~
[
%]
| o
O (@)
C
L M
- ™M N .
- " c |l
ota e
H oo«
NN~ Ao
Flnononono
W ww ww
- 1 1 —
_ _ 11
[ |
| |
, ,
~ ©

Frequency Q

Figure 5.11 Effects of Nonlinearity and Varying the Dimensionless Gas Phase Activation Energy on the Admittance
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CHAPTER VI

CONCLUSION

QSHOD Linear and Extension to Nonlinear

The quasi-steady theory is limited by assumptions. The most evident is the
exclusion of the unsteady gas phase eliminating the high frequency response. When
examining the work required arriving at a proper QSHOD curve fit for experimental
data, it becomes apparent that the similarity variables A and B fail to explain the
physical meaning of the variables they contain. Another shortcoming of the QSHOD
model is the lack of dependence of the mean burning rate on oscillatory pressure, an
effect that is observed in experimental firings. The lack in physical meaning makes
the model a method to curve fit low frequency data, and has not been successfully
implemented into a combustion instability analysis. Although the classical linear
QSHOD model is limited, the model does give a framework to extend the response
function to incorporate nonlinearity.

The new second-order nonlinear corrections to the QSHOD model show a
definitive increase in the amplitude of the primary low frequency response peak is
observed and is entirely due to the incorporation of nonlinear effects. This result
yields a major improvement in understanding of growth of waves from noise to finite-
amplitude pressure oscillations and will play a major role in new Combustion
Instability Framework under development by Flandro and his research group at UTSI.

The limitations applied to the classical QSHOD linear theory, naturally appear

in the nonlinear quasi-steady theory, as the nonlinear is an extension of the linear
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model. As it stands the nonlinear QSHOD model does contain limitations, the model
yields valuable information about the solid phase contribution to the nonlinear
response function, making it a valuable tool. The limitations discussed here drive the
need for a more complete model, one that includes unsteady gas phase behavior and

unsteady conduction heat transfer in the solid.

T’ien Linear and Extension to Nonlinear

The limitations in the QSHOD model drive the need for a more complete
model, one that includes unsteady gas phase behavior and unsteady conduction heat
transfer in the solid. The inclusion of the unsteady gas phase effects is found to be of
importance even when only looking to the low frequency response of the propellant.

Simply assuming that the admittance can be found by subtracting the inverse of y as

suggested in the QSHOD model is not valid or recommended. The importance of the
high frequency is undeniable and can not be left out of a complete analysis.

An exciting finding, first discussed by Brownlee during his experiments using
a T-burner in 1959 [13], is the temperature sensitivity of a propellant’s stability
boundary. From the linear study it is evident that by lowering the propellant
temperature a inverse primary admittance peak inferring damping of pressure
oscillations.  Alternatively by raising the cold propellant temperature to a value
approaching that of the burning propellant surface, the surface the primary admittance
peak is flattened reducing the ability of the amplification of pressure oscillations.
This finding demonstrates promise in attempting to control combustion instability by

just temperature conditioning the propellant before a firing.
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The increased primary admittance peak due to effects of nonlinearity seen in
the QSHOD model is again reproduced in the new nonlinear extension of the T’ien
model with the inclusion of the gas phase resonance corrections. Inclusion of the
high-frequency gas phase interactions explains effects important in nonlinear
calculations involving many high-frequency harmonics (as observed in Brownlee’s
data [13] and Shuttle SRB measurements).

The mean pressure rise (DC shift), commonly experienced in combustion
instability can partially be attributed to the nonlinear steady correction of the burning
rate. A secondary peak due solely to the nonlinear correction is noted; this give
insight into the high-amplitude first tangential mode instability region observed in the
Brownlee- Marble data [13]. An observed increase in the amplitude of the high
frequency peak, due to nonlinear contributions, will prove to be essential in

interpreting nonlinear experimental data.
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CHAPTER VII

RECOMMENDATIONS FOR FURTHER STUDY

The QSHOD model should only be used as a stepping stone for understanding
the complex problem of unsteady burning of a solid propellant, as the final result has
no predictive capability. Limitations of the T’ien model, such as a one-step forward
chemical reaction taking place in the gas phase, can be side stepped by using test
propellants whose behavior closely resembles the model. To further understand the
problem data from inherently nonlinear experiments needs to be gathered, during this
process values for the parameters set forth in the T’ien model need to be defined and
verified. Allowing for comparison and verification of the model, at this time no such
data exists. So comparisons to data alone would revert to only being a curve fitting
exercise, yielding no benefits.

Testing at the high frequencies will be difficult and expensive but, once the
model can be verified, predictive capabilities would follow, eliminating the need for
numerous tests. The admittance data from the T’ien model can, and should, be
incorporated into nonlinear theoretical framework for combustion instability analysis,
where no proper model for the admittance exists at this time.

What can be accomplished with the findings presented? Presently the model
should be used to understand the data that has been overlooked in the past, due to the
inability to understand the complexities observed.  Propose new T-burner
experiments based on propellants for which properties of the propellant can be

accurately established over a wide range of frequencies and mean pressures. The
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findings described here must be correlated with actual motor instability data from
current programs exhibiting combustion instability (i.e. the five-segment ARES
SRB). The model could also be used to assist in the design stable motors, or at least
using it as a criterion for selection of propellants and operating conditions. On a
larger scale, it should be used in the development of new propellants that are less

susceptible to instability.
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