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ABSTRACT 

 

The aim of this dissertation is to describe the dynamic response of helical endmill 

geometries to enable the use of receptance coupling substructure analysis (RCSA) for 

predicting the tool tip vibration response of arbitrary tool-holder-spindle-machine 

combinations. The tool tip vibration response, or receptance, is a key input for milling 

stability prediction. Currently, a measurement is required to determine the tool tip 

receptance for each tool-holder-spindle-machine combination, which may not be possible 

in production environments. In the RCSA approach, the spindle receptances are measured 

once and archived, while the tool and holder are modeled. Tool tip receptances are 

predicted by analytically coupling the tool and holder models, described as equivalent 

diameter Timoshenko beams, to the archived spindle receptances. In this study, a two-

diameter Timoshenko beam model derived, tested, and applied to predict the dynamic 

response of the fluted portion of the endmill geometry.  
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CHAPTER ONE  
INTRODUCTION  

In milling operations, the pre-process selection of spindle speed-depth of cut combinations 

which produce stable cutting conditions can be the difference between a profit and a loss 

in production environments. The pre-process (before making a cut) prediction of stable 

parameters has received significant attention in the research community. Three common 

methods used to determine the stability boundary, which separates stable and unstable 

spindle speed-depth of cut combinations, are: average force method (Tlusty method) [1], 

Fourier series method (Altintas method) [2], and time domain simulation [3]. The predicted 

stability boundary varies slightly for each of these models and each offers advantages and 

disadvantages in different use cases. However, all three predictive methods require 

knowledge of the tool tip frequency response function (FRF), or receptance.   

Traditionally, impact testing is performed using an instrumented hammer and linear 

transducer (e.g., accelerometer, vibrometer, or capacitance gauge) to measure the tool tip 

FRF for a specified tool-holder-spindle-machine assembly [3]. The measured FRF is then 

used to generate a stability map, a diagram that separates spindle speed-axial depth of cut 

combinations that provide stable machining conditions from those that exhibit chatter, or 

unstable behavior, for a given radial immersion. The effectiveness of on-machine FRF 

measurements has been widely demonstrated in the literature and industry. However, each 

stability map is unique to a specific tool-holder-spindle-machine assembly with the tool 

inserted in the holder at a given extension length, or stickout length, from the holder [4]–

[6]. This assembly-specific relationship makes the collection of the required data expensive 

and time consuming.  Due to the required capital and time investment, many machining 

facilities rely on prior experience or iterate through combinations when selecting spindle 

speed-axial depth combinations. This can result in scrapped parts, underutilization of 

machine capability, and non-optimal cycle times.  
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The objective of this project is to enable the selection of stable machining parameters 

without the need for individual measurements of each tool-holder-spindle-machine 

assembly. Receptance coupling substructure analysis (RCSA) is used to predict the tool tip 

receptance [7]. Using this approach, a single on-machine artifact measurement is required 

for each spindle-machine. Inverse receptance coupling is used to isolate the spindle-

machine receptances from the artifact-spindle-machine measurement. The resulting 

spindle-machine receptances can then be coupled to an arbitrary tool and holder model to 

predict the tool-holder-spindle-machine receptances. Holder models are typically 

axisymmetric and can be modeled as a series of cylindrical Timoshenko beam elements. 

The fluted section of the tool is more complicated, however. It has widely been described 

in the literature by a (single) equivalent diameter beam based on different cross-sectional 

properties of the tool with varying degrees of success. 

This research introduces a new two-diameter equivalent Timoshenko beam model to more 

accurately predict the dynamic response of the helical, or fluted, portion of the endmill. 

This model incorporates both mass and stiffness considerations in the Timoshenko beam 

model based on both the endmill cross-section and helix angle. The proposed solution 

provides a computationally inexpensive method for the prediction of the tool tip frequency 

response.  
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CHAPTER TWO  
LITERATURE REVIEW 

Tool tip receptance is a key input to milling stability analyses in which stable and unstable 

combinations of spindle speed and axial depth of cut are predicted to avoid their trial-and-

error selection [2], [3], [8], [9]. Typically, a measurement is required for each tool-holder-

spindle-machine combination [3]. In facilities with many machines, limited FRF 

measurement capability, or lack of time and capital, this tool-holder-spindle-machine 

specific measurement hinders the ability to use stability maps for optimized parameter 

selection.  

Receptance coupling is a technique where component/substructure receptances, or 

frequency response functions (FRFs), are joined analytically to predict assembly dynamics. 

It was first introduced in 1960 by Bishop and Johnson [10] and has become a standard tool 

in structural dynamics modeling. Schmitz and Donaldson first pioneered the use of 

receptance coupling substructure analysis (RCSA) in 2000 for the prediction of tool tip 

frequency response functions in milling [7]. This method provided a shift from on-machine 

measurements to a modeling-based approach for the determination of tool tip receptances.  

In the following sections, key elements of the RCSA procedure and algorithm are first 

described [7]. Next, various modeling approaches are presented. Finally, prior work 

regarding the dynamic modeling of twisted beams is presented. A comprehensive review 

of the literature surrounding the prediction of the tool tip frequency response function using 

receptance coupling is provided in [11] and summarized here. 

Receptance Coupling Substructure Analysis 

The RCSA model includes: 1) transverse deflections, xi and Xi, for the components (lower 

case variables) and assembly (upper case variables) due to internal and external forces, fj 
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and Fj; and 2) rotations about lines perpendicular to the beam axis, θi and Θi, and bending 

moments (or couples), mj and Mj, to completely define the transverse dynamic behavior of 

beams. To describe the procedure, consider the cylinder-prismatic cantilever beam 

assembly displayed in Figure 2-1. This is representative of a tool (shown as a cylinder) 

rigidly attached to a holder-spindle-machine (shown as a prismatic cantilever beam).  

To calculate the assembly receptances, all four bending receptances are included in the 

component (i.e., cylinder and prismatic cantilever beam) descriptions. These four bending 

receptances include displacement-to-force, hij, displacement-to-couple, lij, rotation-to-

force, nij, and rotation-to-couple, pij, where i is the displacement/rotation coordinate 

location and j is the location where the force/couple is applied. There are three primary 

steps followed to predict the Figure 2-1 assembly receptances. 

1. Define the components and coordinates for the model. In this example, there are two 

components: a prismatic beam with fixed-free (or cantilever) boundary conditions and 

a cylinder with free-free (or unsupported) boundary conditions; see Figure 2-2. 

2. Determine the component receptances. These can be based on measurements or 

models. For the models, an analytical choice is closed-form receptances for flexural 

vibrations of uniform Euler-Bernoulli beams with free, fixed, sliding, and pinned 

boundary conditions [10], [12]. A numerical option is the Timoshenko beam model 

[13]. For measurements, tap testing may be applied, where the structure is excited using 

a modal hammer (impact force) or shaker-stinger combination (sinusoidal, chirp, or 

other force profile) and the response is measured using a linear transducer, such as a 

low-mass accelerometer [12]. 

3. Based on the model from step 1, express the assembly receptances as a function of the 

component receptances from step 2. Determine the assembly receptances using the 

component displacements/rotations, compatibility conditions, and equilibrium 

conditions.  
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Figure 2-1. RCSA example for a cylinder rigidly coupled to a prismatic cantilever beam to 

form an assembly. 

4.  

 

Figure 2-2. Cylinder and prismatic cantilever beam components for RCSA example.  
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The procedure for coupling the components in Figure 2-2 to form the assembly in Figure 

2-1 requires the component receptances. In Figure 2-2, coordinates are placed at the 

prediction location (1) and coupling locations (2a and 2b) on the two components. For the 

cylinder, the direct receptances at the coordinate 1 end are shown in Eq. 2.1. 

ℎ11 = 𝑥𝑥1
𝑓𝑓1

 𝑙𝑙11 = 𝑥𝑥1
𝑚𝑚1

 𝑛𝑛11 = 𝜃𝜃1
𝑓𝑓1

 𝑝𝑝11 = 𝜃𝜃1
𝑚𝑚1

 (2.1) 

The cross receptances are given by Eq. 2.2. 

ℎ12𝑎𝑎 = 𝑥𝑥1
𝑓𝑓2𝑎𝑎

 𝑙𝑙12𝑎𝑎 = 𝑥𝑥1
𝑚𝑚2𝑎𝑎

 𝑛𝑛12𝑎𝑎 = 𝜃𝜃1
𝑓𝑓2𝑎𝑎

 𝑝𝑝12𝑎𝑎 = 𝜃𝜃1
𝑚𝑚2𝑎𝑎

 (2.2) 

At coordinate 2a on the cylinder, the direct and cross receptances are provided in Eqs. 2.3 

and 2.4. 

ℎ2𝑎𝑎2𝑎𝑎 = 𝑥𝑥2𝑎𝑎
𝑓𝑓2𝑎𝑎

 𝑙𝑙2𝑎𝑎2𝑎𝑎 = 𝑥𝑥2𝑎𝑎
𝑚𝑚2𝑎𝑎

 𝑛𝑛2𝑎𝑎2𝑎𝑎 = 𝜃𝜃2𝑎𝑎
𝑓𝑓2𝑎𝑎

 𝑝𝑝2𝑎𝑎2𝑎𝑎 = 𝜃𝜃2𝑎𝑎
𝑚𝑚2𝑎𝑎

 (2.3) 

ℎ2𝑎𝑎1 = 𝑥𝑥2𝑎𝑎
𝑓𝑓1

 𝑙𝑙2𝑎𝑎1 = 𝑥𝑥2𝑎𝑎
𝑚𝑚1

 𝑛𝑛2𝑎𝑎1 = 𝜃𝜃2𝑎𝑎
𝑓𝑓1

 𝑝𝑝2𝑎𝑎1 = 𝜃𝜃2𝑎𝑎
𝑚𝑚1

 (2.4) 

Similarly, for the prismatic cantilever beam, the direct receptances at the coupling location 

2b are given by Eq. 2.5. 

ℎ2𝑏𝑏2𝑏𝑏 = 𝑥𝑥2𝑏𝑏
𝑓𝑓2𝑏𝑏

 𝑙𝑙2𝑏𝑏2𝑏𝑏 = 𝑥𝑥2𝑏𝑏
𝑚𝑚2𝑏𝑏

 𝑛𝑛2𝑏𝑏2𝑏𝑏 = 𝜃𝜃2𝑏𝑏
𝑓𝑓2𝑏𝑏

 𝑝𝑝2𝑏𝑏2𝑏𝑏 = 𝜃𝜃2𝑏𝑏
𝑚𝑚2𝑏𝑏

 (2.5) 

To simplify notation, the component receptances may be represented in matrix form as 

shown in Eqs. 2.6 through 2.9 for the cylinder and Eq. 10 for the prismatic cantilever beam. 

In Eqs. 2.6-2.10 Rij is the generalized receptance matrix that describes both translational 

and rotational component behavior [14] and ui and qj are the corresponding generalized 

displacement/rotation and force/couple vectors. 



7 

 

�
𝑥𝑥1
𝜃𝜃1� = �ℎ11 𝑙𝑙11

𝑛𝑛11 𝑝𝑝11
� � 𝑓𝑓1𝑚𝑚1

� or {𝒖𝒖𝟏𝟏} = [𝑹𝑹𝟏𝟏𝟏𝟏]{𝒒𝒒𝟏𝟏}  (2.6) 

�
𝑥𝑥2𝑎𝑎
𝜃𝜃2𝑎𝑎� = �ℎ2𝑎𝑎2𝑎𝑎 𝑙𝑙2𝑎𝑎2𝑎𝑎

𝑛𝑛2𝑎𝑎2𝑎𝑎 𝑝𝑝2𝑎𝑎2𝑎𝑎
� � 𝑓𝑓2𝑎𝑎𝑚𝑚2𝑎𝑎

� or {𝒖𝒖𝟐𝟐𝟐𝟐} = [𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]{𝒒𝒒𝟐𝟐𝟐𝟐} (2.7) 

�
𝑥𝑥1
𝜃𝜃1� = �ℎ12𝑎𝑎 𝑙𝑙12𝑎𝑎

𝑛𝑛12𝑎𝑎 𝑝𝑝12𝑎𝑎
� � 𝑓𝑓2𝑎𝑎𝑚𝑚2𝑎𝑎

� or {𝒖𝒖𝟏𝟏} = [𝑹𝑹𝟏𝟏𝟏𝟏𝟏𝟏]{𝒒𝒒𝟐𝟐𝟐𝟐}  (2.8) 

�
𝑥𝑥2𝑎𝑎
𝜃𝜃2𝑎𝑎� = �ℎ2𝑎𝑎1 𝑙𝑙2𝑎𝑎1

𝑛𝑛2𝑎𝑎1 𝑝𝑝2𝑎𝑎1
� � 𝑓𝑓1𝑚𝑚1

� or {𝒖𝒖𝟐𝟐𝟐𝟐} = [𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐]{𝒒𝒒𝟏𝟏}  (2.9) 

�
𝑥𝑥2𝑏𝑏
𝜃𝜃2𝑏𝑏� = �ℎ2𝑏𝑏2𝑏𝑏 𝑙𝑙2𝑏𝑏2𝑏𝑏

𝑛𝑛2𝑏𝑏2𝑏𝑏 𝑝𝑝2𝑏𝑏2𝑏𝑏
� � 𝑓𝑓2𝑏𝑏𝑚𝑚2𝑏𝑏

� or {𝒖𝒖𝟐𝟐𝟐𝟐} = [𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]{𝒒𝒒𝟐𝟐𝟐𝟐}  (2.10) 

The component receptances are written using the generalized notation: 𝒖𝒖𝟏𝟏 = 𝑹𝑹𝟏𝟏𝟏𝟏𝒒𝒒𝟏𝟏 +

𝑹𝑹𝟏𝟏𝟏𝟏𝟏𝟏𝒒𝒒𝟐𝟐𝟐𝟐 and 𝒖𝒖𝟐𝟐𝟐𝟐 = 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝒒𝒒𝟏𝟏 + 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝒒𝒒𝟐𝟐𝟐𝟐 for the cylinder and 𝒖𝒖𝟐𝟐𝟐𝟐 = 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝒒𝒒𝟐𝟐𝟐𝟐 for the 

prismatic cantilever beam. For a rigid connection between the two components, the 

compatibility condition is 𝒖𝒖𝟐𝟐𝟐𝟐 − 𝒖𝒖𝟐𝟐𝟐𝟐 = 0. This indicates there is no relative motion at the 

coupling location. Additionally, if the component and assembly coordinates are at the same 

physical locations, then 𝒖𝒖𝟏𝟏 = 𝑼𝑼𝟏𝟏 and 𝒖𝒖𝟐𝟐𝟐𝟐 = 𝒖𝒖𝟐𝟐𝟐𝟐 = 𝑼𝑼𝟐𝟐 (due to the rigid coupling). The 

assembly receptances are written as shown in Eq. 2.11, which again incorporates the 

generalized notation. 

�𝑼𝑼𝟏𝟏
𝑼𝑼𝟐𝟐
� = �𝑮𝑮𝟏𝟏𝟏𝟏 𝑮𝑮𝟏𝟏𝟏𝟏

𝑮𝑮𝟐𝟐𝟐𝟐 𝑮𝑮𝟐𝟐𝟐𝟐
� �𝑸𝑸𝟏𝟏
𝑸𝑸𝟐𝟐
�, where 𝑼𝑼𝒊𝒊 = �𝑋𝑋𝑖𝑖𝛩𝛩𝑖𝑖

�, 𝑮𝑮𝒊𝒊𝒊𝒊 = �
𝐻𝐻𝑖𝑖𝑖𝑖 𝐿𝐿𝑖𝑖𝑖𝑖
𝑁𝑁𝑖𝑖𝑖𝑖 𝑃𝑃𝑖𝑖𝑖𝑖

�, and 𝑸𝑸𝒋𝒋 = �
𝐹𝐹𝑗𝑗
𝑀𝑀𝑗𝑗
� (2.11) 

To determine the four assembly receptances at the free end of the cylinder, G11, the 

generalized force Q1 is applied to assembly coordinate U1 as shown in Figure 2-3, where 

the generalized Ui and ui vectors are shown schematically as “displacements”, although 

they describe both transverse deflection and rotation. The associated equilibrium 

conditions are 𝒒𝒒𝟐𝟐𝟐𝟐 + 𝒒𝒒𝟐𝟐𝟐𝟐 = 0 (i.e., the internal forces/couples are balanced) and 𝒒𝒒𝟏𝟏 = 𝑸𝑸𝟏𝟏 

(because the component and assembly generalized forces are located at the same spatial 

location).   
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Figure 2-3. Receptance coupling model for determining G11 using a rigid connection. (Top) 

assembly. (Bottom) components. 
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By substituting the component displacements/rotations and equilibrium conditions into the 

compatibility condition, the expression for q2b shown in Eq. 2.12 is obtained. The 

component force q2a is then determined from the equilibrium condition 𝒒𝒒𝟐𝟐𝟐𝟐 = −𝒒𝒒𝟐𝟐𝟐𝟐. 

𝒖𝒖𝟐𝟐𝟐𝟐 − 𝒖𝒖𝟐𝟐𝟐𝟐 = 0 

𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝒒𝒒𝟐𝟐𝟐𝟐 − 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝒒𝒒𝟏𝟏 − 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝒒𝒒𝟐𝟐𝟐𝟐 = 0 

(𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 + 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐)𝒒𝒒𝟐𝟐𝟐𝟐 − 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝑸𝑸𝟏𝟏 = 0 

𝒒𝒒𝟐𝟐𝟐𝟐 = (𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 + 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐)−1𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝑸𝑸𝟏𝟏 

(2.12) 

The expression for G11 is given by Eq. 2.13. The (1, 1) location, H11, in the 2×2 matrix, 

G11, is the displacement-to-force receptance required for milling stability prediction. 

𝑮𝑮𝟏𝟏𝟏𝟏 =
𝑼𝑼𝟏𝟏

𝑸𝑸𝟏𝟏
=
𝒖𝒖𝟏𝟏
𝑸𝑸𝟏𝟏

=
𝑹𝑹𝟏𝟏𝟏𝟏𝒒𝒒𝟏𝟏 + 𝑹𝑹𝟏𝟏𝟏𝟏𝟏𝟏𝒒𝒒𝟐𝟐𝟐𝟐

𝑸𝑸𝟏𝟏

=
𝑹𝑹𝟏𝟏𝟏𝟏𝑸𝑸𝟏𝟏 − 𝑹𝑹𝟏𝟏𝟏𝟏𝟏𝟏(𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 + 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐)−1𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝑸𝑸𝟏𝟏

𝑸𝑸𝟏𝟏
 

𝑮𝑮𝟏𝟏𝟏𝟏 = 𝑹𝑹𝟏𝟏𝟏𝟏 − 𝑹𝑹𝟏𝟏𝟏𝟏𝟏𝟏(𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 + 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐)−1𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐 = �𝐻𝐻11 𝐿𝐿11
𝑁𝑁11 𝑃𝑃11

�   

(2.13) 

For a non-rigid coupling with energy dissipation (damping) between the tool and holder, 

Eq. 2.13 is modified to include a connection stiffness matrix, [K], as shown in Eq. 2.14. 

𝑮𝑮𝟏𝟏𝟏𝟏 = 𝑹𝑹𝟏𝟏𝟏𝟏 − 𝑹𝑹𝟏𝟏𝟏𝟏𝟏𝟏(𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 + 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 + 𝑲𝑲−1)−1𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐 = �𝐻𝐻11 𝐿𝐿11
𝑁𝑁11 𝑃𝑃11

�  (2.14) 

The complex-valued, frequency-dependent connection stiffness matrix is defined in Eq. 

2.15, where k indicates stiffness, c represents viscous damping, and ω is frequency. The 

subscripts for the 2×2 stiffness matrix entries identify their function. For example, kθf 

represents resistance to rotation due to an applied force. 
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[𝑲𝑲] = �
𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑖𝑖𝑖𝑖𝑐𝑐𝑥𝑥𝑥𝑥 𝑘𝑘𝜃𝜃𝜃𝜃 + 𝑖𝑖𝑖𝑖𝑐𝑐𝜃𝜃𝜃𝜃
𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑖𝑖𝑖𝑖𝑐𝑐𝑥𝑥𝑥𝑥 𝑘𝑘𝜃𝜃𝜃𝜃 + 𝑖𝑖𝑖𝑖𝑐𝑐𝜃𝜃𝜃𝜃

� (2.15) 

In 2005, Duncan and Schmitz [15] expanded the RCSA model, and applied a three-

component model. The spindle-machine receptances were identified by impact testing of a 

standard artifact; see Figure 2-4, where the tool is component I, the holder is component 

II, and the spindle-machine is component III, which contains the machine, spindle, portion 

of the holder inside the spindle (i.e., the taper), and the holder flange. This is a convenient 

separation point for the holder because the flange geometry is consistent for any spindle-

holder interface, such as HSK-63A or CAT40. This is required for automatic tool changers 

to have a uniform geometry to grip.  

As shown, the tool (component I) and holder (II) receptances can be modeled using beam 

theory. This dissertation highlights the limitations of previously studied methods for 

modeling of the fluted portion of the tool. Once evaluated, the generalized receptance 

matrices, Rij, can be populated. For the spindle-machine (III), however, measurements are 

necessary because the required information is not generally available to accurately model 

this complex component. To enable identification of both the displacement and rotation 

receptances, a standard artifact is inserted in the spindle. The artifact-spindle-machine 

model is displayed in Figure 2-5. It is composed of the portion of the artifact beyond the 

spindle flange (component II) and the spindle-machine (component III), where the spindle-

machine receptances are required to predict the tool tip receptances for arbitrary 

combinations of tools and holders inserted in the selected spindle-machine.  

The artifact-spindle-machine receptances are written by modifying Eq. 2.13. By replacing 

coordinate 1 with 2, coordinate 2a with 3a, and coordinate 2b with 3b, the assembly 

receptances in Eq. 2.16 are obtained. 

  



11 

 

 

 

Figure 2-4. Three-component RCSA model with the spindle-machine identified as 

component III. (Top) assembly. (Bottom) components.  
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Figure 2-5. Artifact-spindle-machine model. (Top) assembly. (Bottom) components. 

 

Figure 2-6. Direct and cross artifact-spindle-machine assembly measurement locations 

used to determine assembly rotation-to-force receptance N22. 
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𝑮𝑮𝟐𝟐𝟐𝟐 = 𝑹𝑹𝟐𝟐𝟐𝟐 − 𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐(𝑹𝑹𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑 + 𝑹𝑹𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑)−1𝑹𝑹𝟑𝟑𝟑𝟑𝟑𝟑 = �𝐻𝐻22 𝐿𝐿22
𝑁𝑁22 𝑃𝑃22

� (2.16) 

Unlike the tool-holder-spindle-machine model, where the desired prediction outcome is the 

tool tip assembly receptances contained in the generalized matrix G11 (Eq. 2.13), the intent 

in this case is to determine the component receptances R3b3b. This generalized receptance 

matrix contains the receptances for the spindle-machine, which are not conveniently 

modeled or measured. To determine R3b3b, an inverse RCSA approach is applied where Eq. 

2.16 is rewritten to solve for R3b3b. See Eq. 2.17. 

𝑹𝑹𝟑𝟑𝒃𝒃𝒃𝒃𝒃𝒃 = 𝑹𝑹𝟑𝟑𝟑𝟑𝟑𝟑(𝑹𝑹𝟐𝟐𝟐𝟐 − 𝑮𝑮𝟐𝟐𝟐𝟐)−1𝑹𝑹𝟐𝟐𝟐𝟐𝟐𝟐 − 𝑹𝑹𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑 = �ℎ3𝑏𝑏3𝑏𝑏 𝑙𝑙3𝑏𝑏3𝑏𝑏
𝑛𝑛3𝑏𝑏3𝑏𝑏 𝑝𝑝3𝑏𝑏3𝑏𝑏

� (2.17) 

Here, the G22 assembly receptances are measured, while the R22, R23a, R3a2, and R3a3a 

component receptances are modeled. As before, either Euler-Bernoulli or Timoshenko 

beam models may be applied to describe the component receptances. To determine the four 

G22 receptances, the displacement-to-force direct receptance 𝐻𝐻22 = 𝑋𝑋2
𝐹𝐹2

 may be measured 

by tap testing, where an impact hammer is used to excite the artifact-spindle-machine 

assembly at coordinate 2 and the response is measured at the same location using a low-

mass accelerometer or other linear sensor. To find the rotation-to-force receptance 𝑁𝑁22 =
𝛩𝛩2
𝐹𝐹2

, a first-order finite difference approach may be implemented [16]. By measuring both 

the direct receptance H22 and the cross receptance 𝐻𝐻2𝑎𝑎2 = 𝑋𝑋2𝑎𝑎
𝐹𝐹2

, N22 may be calculated using 

Eq. 2.18. The displacement-to-force cross receptance H2a2 is obtained by exciting the 

assembly at U2 and measuring the response at coordinate U2a, located a distance S from the 

artifact’s free end, as shown in Figure 2-6. Equivalently, H22a could be measured, where 

the linear transducer is placed at U2 and the force is applied at U2a. 
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𝐻𝐻22 =
𝐻𝐻22 − 𝐻𝐻2𝑎𝑎2

𝑆𝑆
=
𝐻𝐻22 − 𝐻𝐻22𝑎𝑎

𝑆𝑆
 (2.18) 

The other off-diagonal term in the Eq. 2.16 G22 matrix term is assigned by reciprocity, L22 

= N22. Finally, P22 may be determined by synthesis using Eq. 2.19 [17]. Given a fully 

populated assembly matrix, G22, Eq. 2.17 may be used to determine the spindle-machine 

receptances and this result may be archived and used to predict the tool tip receptance for 

any tool-holder combination. 

𝑃𝑃22 =
𝛩𝛩2
𝑀𝑀2

=
𝐹𝐹2
𝑋𝑋2

𝑋𝑋2
𝑀𝑀2

𝛩𝛩2
𝐹𝐹2

=
1
𝐻𝐻22

𝐿𝐿22𝑁𝑁22 =
𝑁𝑁222

𝐻𝐻22
 (2.19) 

Following the initial paper [7], contributions have been made by numerous authors to 

expand on the RCSA model. Efforts have included: tool-holder receptance modeling, 

connection modeling, spindle-machine receptance, and applications of RCSA.  

Modeling 

In the first RCSA study [7], the tool was modeled as an Euler-Bernoulli (EB) beam. This 

analytical approximation of transverse bending modes is sufficient for long, slender beams, 

but loses accuracy for short, non-slender beams [10], [12], [13]. Additional work using 

closed-form receptances of Euler-Bernoulli [10] beam to describe the tool tip FRF were 

presented in [7], [10], [12]–[14], [18]–[20]. Models of the tool and holder, and additional 

applications, using Timoshenko [8] beam theory were presented in [15], [21], [30]–[36], 

[22]–[29].  

Initially [7], the holder-spindle-machine was treated as one structure. This segmentation 

does not take full advantage of the capability for the RCSA method to predict the resulting 

tool tip receptance for assemblies with variations in the holder as well as the cutting tool. 

In [3], [12], [15], [37]–[39] the authors present a three-component model: tool, holder, and 
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spindle-machine. This allowed for a more general solution for modeling any tool-holder 

combination. Schmitz et al. [40], [41] described the tool, holder, and spindle-machine as 

"genes" in the “Machine Tool Genome Project” and used RCSA to predict the assembly 

FRFs (analogous to physical traits in the human genome) for pre-process parameter 

selection. Wen et al. also modeled the assembly as three substructures: machine-spindle-

holder, holder-tool shank, and extended portion of the tool [42], [43].  

Due to the difficulty in measurement, Schmitz and Donaldson assumed the rotational 

receptances to be zero [7]. Despite this simplification, accurate tooltip receptances were 

made for three different tools in the same holder-spindle-machine substructure using a 

single connection parameter matrix. Follow-on papers by Schmitz and colleagues [9-11] 

extended the experimental validation using new tool-holder-spindle-machine combinations 

with the same simplifications. In 2003, Park et al. [44] extended the RCSA approach to 

include rotational receptances. Burns and Schmitz [45] followed this work by incorporating 

rotational receptances in the holder-spindle-machine model to study the tool-holder 

connection parameters.  

Several authors have presented methods for measuring or deriving rotational receptances. 

Kumar and Schmitz [46], [47] used a single, direct FRF measurement of an artifact 

mounted in a selected spindle to identify displacement and rotational spindle-machine 

receptances. Each mode in the direct FRF was fit as a fixed-free beam using a close-form 

Euler-Bernoulli model [10]. The rotational receptances were then obtained from the same 

beam models. Additional methods for determining rotational receptances or deriving them 

from translational receptances have been presented in [21], [48], [57], [58], [49]–[56].  

An accurate model of the tool and holder are required for an accurate tool tip receptance 

prediction. Methods for simplifying the tool and holder geometry have been addressed. 

Several authors describe an equivalent diameter beam for the fluted portion of the endmill 

[59]–[64]. Özşahin and Altintas [65] predicted tool tip FRFs using RCSA with helix angle 
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and lag angle considered when defining the fluted section of the endmill. Other authors 

used spectral- Tchebychev techniques [22], [66].  Zhang et al. coupled Timoshenko beam 

models of the holder and shank to receptances of the fluted portion of the tool found by 

FEA [23]. Tunc [64] implemented an STL slicing algorithm to determine the cross-

sectional properties of the fluted section of the endmill and used the slices to develop an 

improved beam model for RCSA. 

In general, no connection interface is rigid. The complex-valued, frequency-dependent 

connection stiffness matrix defined in Eq. 2.15, which accommodates a finite stiffness 

connection between the tool and holder, has been evaluated, and modified, by several 

authors. Researchers have identified a dependence of the connection parameters on holder 

type (e.g., thermal shrink fit vs. collet), tool diameter, tool extension length from the holder, 

and spindle speed [27], [28], [75]–[79], [67]–[74]. In addition, the spindle-holder 

connection stiffness and damping have also been studied for the taper interface and spindle 

design (e.g., HSK or CAT) [24], [25], [68], [71], [80]–[85] Impact testing [28], [71], [92], 

[74], [80], [86]–[91] , finite element analysis [43], [67], [98]–[100], [71], [72], [80], [93]–

[97] and optimization algorithms and machine learning methods [73], [86], [87], [101]–

[107] have all been implemented in connection parameter studies.  

Given the predictive capability afforded by RCSA, many research groups have applied the 

method to assembly dynamics prediction in a wide variety of scenarios including: 

- Milling stability prediction [5], [31], [116]–[120], [108]–[115] 

- Machine tool design, characterization, and evaluation of pose dependent dynamics 

[33], [121], [130]–[135], [122]–[129]  

- Tool and tool holder design [136], [137], [146], [138]–[145] 

- Sensor filtering and compensation [147], [148], [157], [149]–[156]  

- Micro-milling [30], [36], [124], [158]–[160] 

- Turning (tool and workpiece modeling) [161]–[163] 
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- Workpiece dynamics [34], [164]–[167]  

- Drilling [168], [169] 

and others [4], [6], [177], [178], [126], [170]–[176].  

Helical Structures 

In milling, the rotating cutting tool (or endmill) typically has a helical profile. This helix 

angle has implications on cutting force and stability [3], surface finish [179], and chip 

evacuation [180]. The dynamic response of twisted cantilever beams has been studied in 

other fields, however there is little in the literature to describe the effect of the helix angle 

on the free-free receptance of the fluted portion of an endmill. 

In 1953, Rosard demonstrated that for cantilevered components such as aircraft propellers 

or turbine blades, the natural frequency changes considerably with twist angle and width-

to-thickness ratio [181]. This was described mathematically and demonstrated through 

impact testing of blade specimen welded to a large steel plate. DiPrima and Handelman 

define a vector representation of the natural frequency of a pre-twisted cantilever beam 

[182]. Dawson et al. described the effect of the slenderness ratio on the natural frequency 

of a twisted rectangular cross section with a fixed-free boundary condition [183].  

Similarly, Carnegie and Thomas evaluated the bending vibration of pre-twisted and tapered 

cantilever blades [184]. Building on this work, Chen and Ho used a differential transform 

to describe the vibration of a twisted beam under axial load [185]. Banerjee evaluated the 

natural frequency of a twisted cantilever beam with a high aspect ratio using the Wittrick-

Williams algorithm, and concludes that finite element analysis with sufficiently small 

segments may be used to describe a twisted beam.  [186].  Additional work has been 

completed to evaluate the frequency response of rotating pre-twisted geometries with 

turbomachinery applications [187], [188].  
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While previous work in twisted cantilever beams illustrates a connection between angle of 

twist and a reduced natural frequency, these works do not report on structures under free-

free boundary conditions. The free-free receptance of the fluted portion of the tool is 

required to predict milling stability using RCSA. Additionally, there are substantial 

differences in the modeling of an endmill when compared to a propeller. Endmills are 

typically shorter and less flexible, and the helix angle of a cutting tool is typically between 

30 and 45 degrees. The two-diameter Timoshenko beam model with an applied helix factor 

proposed in this dissertation allows the free-free receptance of the fluted section of the 

endmill to be predicted with low computational cost.   
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CHAPTER THREE  
MATERIALS AND METHODS 

Milling 

Milling is defined by a rotating tool with discrete cutting edges where the teeth enter and 

exit the cut each tool revolution. This produces a periodic forcing function [3] as the teeth 

enter and exit. This periodic force acts on the flexible tool-holder-spindle-machine 

assembly and produces tool vibration. As the tool vibrates, its displacement results in a 

variation in chip thickness as shown in Figure 3-1. The result is that the instantaneous chip 

thickness is a function of both the commanded chip thickness and tool vibration.  

As the teeth rotate past the surface, the tool vibration leaves a wavy surface on the 

workpiece surface. As the next tooth removes material, the instantaneous chip thickness 

depends on the commanded chip thickness, the current tool vibration, and the surface left 

behind by the previous tooth. This can result in chip thickness variation depending on the 

vibration phase between the current tooth and previous tooth. The instantaneous chip 

thickness, h, can be written as a function of time: 

ℎ(𝑡𝑡) = 𝑓𝑓𝑡𝑡 sin(𝜙𝜙) + 𝑛𝑛(𝑡𝑡 − 𝜏𝜏) − 𝑛𝑛(𝑡𝑡) (3.1) 

where n(t - τ) and n(t) describe the vibration along the surface normal of the previous tooth 

and the current tooth respectively, ft is the feed per tooth, τ is the tooth passing period (i.e., 

time for one tooth passage), and φ is the time-dependent angle of the rotating tool.  

This dependence of the current chip thickness on the previous tool deflections introduces 

a time delay into the milling equations of motion. The time delay differential equations of 

motion can exhibit chatter, a self-excited vibration. The mechanism for chatter is the 

variation of chip thickness with the current and previous tooth vibrations and the  
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Figure 3-1. In milling, the instantaneous chip thickness is a function of the commanded 

chip thickness, the current tool vibration, and the vibration of the previous tooth (which is 

imprinted on the workpiece surface)[3]. 

 

 

Figure 3-2. Stability map defining regions of stable and unstable machining parameters. 
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Figure 3-3. Notation for Fourier series stability analysis [3]. 

 

 

Figure 3-4. The tool tip FRF can be measured by impact testing using a modal hammer and 

accelerometer. 
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hammer
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Tool
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corresponding cutting force variation. It is referred to as regeneration (of waviness) in the 

literature [3]. The large forces and displacements that occur during chatter can lead to 

scrapped workpieces, broken tools, and potential damage to the spindle and machine.  

Stability Maps 

Stability maps define a boundary which separates stable and unstable spindle speed-depth 

of cut pairs for a given radial depth of cut. An example of a stability map is shown in Figure 

3-2, where the area above the curve denotes unstable machining parameter combinations, 

and the area under the curve denotes stable machining parameter combinations. A 

frequency domain solution for the stability boundary is described in the following 

paragraphs. To validate the proposed two-diameter Timoshenko beam model, the tool tip 

FRF predicted by RCSA was used to generate a stability map using the frequency domain 

approach for a 15.875 mm diameter, four flute endmill.   

Frequency domain stability boundary model 

The Fourier series approach described by Altintas and Budak [2] is one method used to 

predict the stability boundary for milling operations. In this approach, the dynamic milling 

equations are transformed into a time invariant form by expanding the time varying 

coefficients into a Fourier series which is then truncated to only the average component. 

The model notation is shown in Figure 3-3.  

The projection of the x (feed direction) and y vibration into the surface normal, n, or radial 

[2], direction is: 

𝑛𝑛 = −𝑥𝑥 sin(𝜙𝜙) − 𝑦𝑦 cos(𝜙𝜙) (3.2) 

where φ is the tooth angle. The instantaneous chip thickness of tooth j as a function of 

cutter angle is: 
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ℎ�𝜙𝜙𝑗𝑗� =  �𝑓𝑓𝑡𝑡 sin�𝜙𝜙𝑗𝑗� + 𝑛𝑛𝑗𝑗−1 − 𝑛𝑛𝑗𝑗� ∙ 𝑔𝑔�𝜙𝜙𝑗𝑗� (3.3) 

where ft is the feed per tooth and 𝑔𝑔�𝜙𝜙𝑗𝑗� is a switching function equal to one when the 

tooth is engaged in the cut and zero otherwise.  

The tangential and normal force components, Ft
 and Fn, can be written as:  

𝐹𝐹𝑡𝑡,𝑗𝑗 = 𝐾𝐾𝑡𝑡𝑏𝑏ℎ(𝜙𝜙𝑗𝑗) (3.4) 

𝐹𝐹𝑛𝑛,𝑗𝑗 = 𝐾𝐾𝑛𝑛𝐹𝐹𝑡𝑡,𝑗𝑗 = 𝐾𝐾𝑛𝑛𝐾𝐾𝑡𝑡𝑏𝑏ℎ(𝜙𝜙𝑗𝑗) (3.5) 

where b is the axial depth of cut, and Kt and Kn are cutting force coefficients in the tangential 

and normal directions. The tangential and normal force components can be projected into 

the x and y directions by: 

𝐹𝐹𝑥𝑥,𝑗𝑗 = −𝐹𝐹𝑡𝑡,𝑗𝑗 cos�𝜙𝜙𝑗𝑗� − 𝐹𝐹𝑛𝑛,𝑗𝑗 sin(𝜙𝜙𝑗𝑗) (3.6) 

𝐹𝐹𝑦𝑦,𝑗𝑗 = 𝐹𝐹𝑡𝑡,𝑗𝑗 sin�𝜙𝜙𝑗𝑗� − 𝐹𝐹𝑛𝑛,𝑗𝑗 cos(𝜙𝜙𝑗𝑗) (3.7) 

To account for multiple teeth in the cut, the forces are summed over the number of teeth Nt 

in the x and y directions.  

𝐹𝐹𝑥𝑥 = �𝐹𝐹𝑥𝑥,𝑗𝑗

𝑁𝑁𝑡𝑡

𝑗𝑗=1

    𝐹𝐹𝑦𝑦 = �𝐹𝐹𝑦𝑦,𝑗𝑗

𝑁𝑁𝑡𝑡

𝑗𝑗=1

 (3.8) 

The x and y forces can then be arranged in matrix form: 

�
𝐹𝐹𝑥𝑥
𝐹𝐹𝑦𝑦
� =

1
2
𝑏𝑏𝐾𝐾𝑡𝑡 �

𝑎𝑎𝑥𝑥𝑥𝑥 𝑎𝑎𝑥𝑥𝑥𝑥
𝑎𝑎𝑦𝑦𝑦𝑦 𝑎𝑎𝑦𝑦𝑦𝑦� �

Δx
Δy� =  

1
2
𝑏𝑏𝐾𝐾𝑡𝑡[𝐴𝐴](∆) (3.9) 
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where the components of the A matrix are the time varying directional dynamic force 

coefficients [2], each of which is a function of time. To remove the time dependence, [A(t)] 

is expanded into a Fourier series: 

[𝐴𝐴(𝑡𝑡)] = � [𝐴𝐴𝑟𝑟]𝑒𝑒𝑖𝑖𝑖𝑖𝜔𝜔𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ𝑡𝑡
∞

𝑟𝑟=−∞

 (3.10) 

where 𝜔𝜔𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ is the tooth passing frequency. Setting r = 0 leads to the desired time invariance 

but reduces accuracy for small radial depths of cut where time in the cut is small. For the 

cutting tests used to evaluate the RCSA model, a radial depth of cut equal to the tool radius 

(i.e., 50% radial immersion) was used so the Fourier stability analysis method would be 

sufficiently accurate. 

To analyze stability, frequency-domain vibrations are calculated using the product of the 

FRF matrix and frequency-domain force components.  

�
𝑋𝑋𝑗𝑗
𝑌𝑌𝑗𝑗
� = �

𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥 𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥
𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦 𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦

� �
𝐹𝐹𝑥𝑥
𝐹𝐹𝑦𝑦
� 𝑒𝑒𝑖𝑖𝜔𝜔𝑐𝑐𝑡𝑡 =  �

𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥 0
0 𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦

� �
𝐹𝐹𝑥𝑥
𝐹𝐹𝑦𝑦
� 𝑒𝑒𝑖𝑖𝜔𝜔𝑐𝑐𝑡𝑡 (3.11) 

The off-diagonal terms are set to zero in (3.11) because the x (feed) and y measurement 

directions are assumed orthogonal with zero-cross talk. The vibrations from the previous 

tooth period can be written as: 

�
𝑋𝑋𝑗𝑗−1
𝑌𝑌𝑗𝑗−1

� =  �
𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥 0

0 𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦
� �
𝐹𝐹𝑥𝑥
𝐹𝐹𝑦𝑦
� 𝑒𝑒𝑖𝑖𝜔𝜔𝑐𝑐𝑡𝑡 ∙ 𝑒𝑒−𝑖𝑖𝜔𝜔𝑐𝑐𝜏𝜏 (3.12) 

Taking the difference in vibrations between the current and previous vibrations yields: 

�
𝑋𝑋𝑗𝑗
𝑌𝑌𝑗𝑗
� − �

𝑋𝑋𝑗𝑗−1
𝑌𝑌𝑗𝑗−1

� =  (1 − 𝑒𝑒−𝑖𝑖𝜔𝜔𝑐𝑐𝜏𝜏) �
𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥 0

0 𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦
� �
𝐹𝐹𝑥𝑥
𝐹𝐹𝑦𝑦
� 𝑒𝑒𝑖𝑖𝜔𝜔𝑐𝑐𝑡𝑡 =  �∆𝑋𝑋∆𝑌𝑌�  (3.13) 

The form on the right-hand side allows substitution into the frequency-domain 

representation of Eq. 3.9, which can be rearranged to: 
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�
𝐹𝐹𝑥𝑥
𝐹𝐹𝑦𝑦
� 𝑒𝑒𝑖𝑖𝜔𝜔𝑐𝑐𝑡𝑡 �[𝐼𝐼] −

1
2
𝑏𝑏𝐾𝐾𝑡𝑡(1 − 𝑒𝑒𝑖𝑖𝜔𝜔𝑐𝑐𝜏𝜏)[𝐴𝐴0] �

𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥 0
0 𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦

�� = 0 (3.14) 

which has a non-trivial solution only if: 

𝑑𝑑𝑑𝑑𝑑𝑑 �[𝐼𝐼] −
1
2
𝑏𝑏𝐾𝐾𝑡𝑡(1 − 𝑒𝑒𝑖𝑖𝜔𝜔𝑐𝑐𝜏𝜏)[𝐴𝐴0] �

𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥 0
0 𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦

�� = 0 (3.15) 

This is the characteristic equation of the dynamic milling system [2]. After substituting and 

expanding: 

[𝐴𝐴0] �
𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥 0

0 𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦
� =

𝑁𝑁𝑡𝑡
2𝜋𝜋 �

𝑎𝑎𝑥𝑥𝑥𝑥 𝑎𝑎𝑥𝑥𝑥𝑥
𝑎𝑎𝑦𝑦𝑦𝑦 𝑎𝑎𝑦𝑦𝑦𝑦� �

𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥 0
0 𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦

� =
𝑁𝑁𝑡𝑡
2𝜋𝜋 �

𝑎𝑎𝑥𝑥𝑥𝑥𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥 𝑎𝑎𝑥𝑥𝑥𝑥𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦
𝑎𝑎𝑦𝑦𝑦𝑦𝐹𝐹𝐹𝐹𝐹𝐹𝑥𝑥𝑥𝑥 𝑎𝑎𝑦𝑦𝑦𝑦𝐹𝐹𝐹𝐹𝐹𝐹𝑦𝑦𝑦𝑦

� =
𝑁𝑁𝑡𝑡
2𝜋𝜋

[𝐹𝐹𝐹𝐹𝐹𝐹𝑜𝑜𝑜𝑜] (3.16) 

If Λ is defined as: 

Λ =
𝑁𝑁𝑡𝑡
2𝜋𝜋

�−
1
2
𝑏𝑏𝐾𝐾𝑡𝑡(1 − 𝑒𝑒𝑖𝑖𝜔𝜔𝑐𝑐𝜏𝜏)� (3.17) 

then the characteristic equation can be re-written as: 

𝑑𝑑𝑑𝑑𝑑𝑑([𝐼𝐼] − Λ[𝐹𝐹𝐹𝐹𝐹𝐹𝑜𝑜𝑜𝑜]) = 0 (3.18) 

Solving Eq. 3.18 results in a quadratic equation in Λ. Solving for Λ1,2 using the quadratic 

formula yields two complex eigenvalues which are a function of ωc, the chatter frequency 

should it occur.  

Finally, the simplified expression for the stability limit blim can be written as: 

𝑏𝑏𝑙𝑙𝑙𝑙𝑙𝑙 =
−2𝜋𝜋
𝑁𝑁𝑡𝑡𝐾𝐾𝑡𝑡

Λ𝑅𝑅𝑅𝑅 �1 + �
sin(𝜔𝜔𝑐𝑐𝜏𝜏)

1 − cos(𝜔𝜔𝑐𝑐𝜏𝜏)�
2

� =
−2𝜋𝜋
𝑁𝑁𝑡𝑡𝐾𝐾𝑡𝑡

Λ𝑅𝑅𝑅𝑅 �1 + �
Λ𝐼𝐼𝐼𝐼
Λ𝑅𝑅𝑅𝑅

�
2

� =
−2𝜋𝜋
𝑁𝑁𝑡𝑡𝐾𝐾𝑡𝑡

Λ𝑅𝑅𝑅𝑅(1 + 𝜅𝜅2) (3.19) 

The frequency-dependent spindle speeds are: 
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Ω =
60
𝑁𝑁𝑡𝑡𝜏𝜏

 (3.20) 

where the tooth passing period, τ, is defined by Eq. (3.21) where j is an integer, and ε is the 

phase shift in the surface undulations between subsequent tooth passages, see Eq. 3.22. 

Finally, blim and Ω are plotted against one another to predict the stability boundary.  

τ =
1
𝜔𝜔𝑐𝑐

(𝜀𝜀 + 2𝜋𝜋 ∙ 𝑗𝑗) (3.21) 

𝜀𝜀 = 𝜋𝜋 − 2 tan−1(𝜅𝜅) (3.22) 

 Cutting Force Coefficients 

To predict the stability map, both the tool tip receptances and cutting force model are 

required. The cutting force coefficients required for a complete force model are tool-

workpiece specific. Normal, tangential, and axial cutting force coefficients as well as the 

respective edge coefficients can be determined experimentally. To do so, cutting tests are 

completed at a single spindle speed over a range of feedrates on a workpiece fixed to a 

dynamometer, which measures the cutting force components in the x (feed), y, and z 

directions.  

To identify the cutting force coefficients, the average of the force component in each 

direction is calculated over the range of selected feedrates. A linear regression is then 

applied to determine the six coefficients kn, kt, ka, kne, kte, and kae from the mean of the 

measured values using the three slope and three intercept values from the best fit lines. In 

this notation, the coefficient with a single-letter subscript identifies shearing, or cutting, 

coefficients. Coefficients with two-letter subscripts identify edge, or rubbing, effects. 

Given the coefficients, the force components in each direction can be calculated using Eq. 

3.23 through Eq. 3.25.  
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𝐹𝐹𝑥𝑥 =  𝑘𝑘𝑡𝑡𝑏𝑏𝑓𝑓𝑡𝑡 sin(𝜙𝜙) cos(𝜙𝜙)+𝑘𝑘𝑡𝑡𝑡𝑡𝑏𝑏 cos(𝜙𝜙) + 𝑘𝑘𝑛𝑛𝑏𝑏𝑓𝑓𝑡𝑡 sin2(𝜙𝜙) + 𝑘𝑘𝑛𝑛𝑛𝑛𝑏𝑏 sin(𝜙𝜙) (3.23) 

𝐹𝐹𝑦𝑦 = 𝑘𝑘𝑡𝑡𝑏𝑏𝑓𝑓𝑡𝑡 sin2(𝜙𝜙) + 𝑘𝑘𝑡𝑡𝑡𝑡𝑏𝑏 sin(𝜙𝜙) − 𝑘𝑘𝑛𝑛𝑏𝑏𝑓𝑓𝑡𝑡 sin(𝜙𝜙) cos(𝜙𝜙) − 𝑘𝑘𝑛𝑛𝑛𝑛𝑏𝑏 cos(𝜙𝜙)  (3.24) 

𝐹𝐹𝑧𝑧 = −𝑘𝑘𝑎𝑎𝑏𝑏𝑓𝑓𝑡𝑡 sin(𝜙𝜙) −  𝑘𝑘𝑎𝑎𝑎𝑎𝑏𝑏  (3.25) 

To calculate the mean force per revolution, all teeth on the cutter must be considered, and 

a switching function, 𝑔𝑔�𝜙𝜙𝑗𝑗�, is incorporated which is non-zero between the cut start (ϕs) and 

exit (ϕe) angles only [3]. The total force can be calculated by Eq. 3.26 through Eq. 3.28. 

𝐹𝐹𝑥𝑥 =  ��𝑘𝑘𝑡𝑡𝑏𝑏𝑓𝑓𝑡𝑡
sin�2𝜙𝜙𝑗𝑗�

2
+𝑘𝑘𝑡𝑡𝑡𝑡𝑏𝑏 cos�𝜙𝜙𝑗𝑗� + 𝑘𝑘𝑛𝑛𝑏𝑏𝑓𝑓𝑡𝑡

�1 − cos�2𝜙𝜙𝑗𝑗��
2

+ 𝑘𝑘𝑛𝑛𝑛𝑛𝑏𝑏 sin�𝜙𝜙𝑗𝑗��
𝑁𝑁𝑡𝑡

𝑗𝑗=1

𝑔𝑔�𝜙𝜙𝑗𝑗� 

(3.26) 

𝐹𝐹𝑦𝑦 = ��𝑘𝑘𝑡𝑡𝑏𝑏𝑓𝑓𝑡𝑡
1 − cos�2𝜙𝜙𝑗𝑗�

2
+𝑘𝑘𝑡𝑡𝑡𝑡𝑏𝑏 sin�𝜙𝜙𝑗𝑗� − 𝑘𝑘𝑛𝑛𝑏𝑏𝑓𝑓𝑡𝑡

sin 2𝜙𝜙𝑗𝑗
2

− 𝑘𝑘𝑛𝑛𝑛𝑛𝑏𝑏 cos�𝜙𝜙𝑗𝑗��
𝑁𝑁𝑡𝑡

𝑗𝑗=1

𝑔𝑔�𝜙𝜙𝑗𝑗�  

(3.27) 

𝐹𝐹𝑧𝑧 = ∑ �𝑘𝑘𝑎𝑎𝑏𝑏𝑓𝑓𝑡𝑡 sin�𝜙𝜙𝑗𝑗�−𝑘𝑘𝑎𝑎𝑎𝑎𝑏𝑏� × 𝑔𝑔�𝜙𝜙𝑗𝑗�
𝑁𝑁𝑡𝑡
𝑗𝑗=1   

(3.28) 

The mean force can then be determined by integrating between the start and exit angles as 

shown in Eq. 3.29 for the x direction. The mean force in the x (feed), y, and z directions 

can be described by Eq. 3.30 to Eq. 3.32. 

𝐹𝐹�𝑥𝑥 =
1

2𝜋𝜋
� 𝐹𝐹𝑥𝑥 𝑑𝑑𝑑𝑑

𝜙𝜙𝑒𝑒

𝜙𝜙𝑠𝑠

 (3.29) 

𝐹𝐹�𝑥𝑥 = �
𝑁𝑁𝑡𝑡𝑏𝑏𝑓𝑓𝑡𝑡

8𝜋𝜋
(−𝑘𝑘𝑡𝑡 𝑐𝑐𝑐𝑐𝑐𝑐(2𝜙𝜙) + 𝑘𝑘𝑛𝑛(2𝜙𝜙 − 𝑠𝑠𝑠𝑠𝑠𝑠(2𝜙𝜙))) +

𝑁𝑁𝑡𝑡𝑏𝑏
2𝜋𝜋

(𝑘𝑘𝑡𝑡𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠(𝜙𝜙) −𝑘𝑘𝑛𝑛𝑛𝑛 𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙))�
𝜙𝜙𝑠𝑠

𝜙𝜙𝑒𝑒
 (3.30) 

𝐹𝐹�𝑦𝑦 = �
𝑁𝑁𝑡𝑡𝑏𝑏𝑓𝑓𝑡𝑡

8𝜋𝜋
(𝑘𝑘𝑡𝑡 (2𝜙𝜙 − 𝑠𝑠𝑠𝑠𝑠𝑠(2𝜙𝜙)) +𝑘𝑘𝑛𝑛 𝑐𝑐𝑐𝑐𝑐𝑐(2𝜙𝜙)) −

𝑁𝑁𝑡𝑡𝑏𝑏
2𝜋𝜋

(𝑘𝑘𝑡𝑡𝑡𝑡 𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙) + 𝑘𝑘𝑛𝑛𝑛𝑛 𝑠𝑠𝑠𝑠𝑠𝑠(𝜙𝜙))�
𝜙𝜙𝑠𝑠

𝜙𝜙𝑒𝑒
 (3.31) 

𝐹𝐹�𝑧𝑧 = �
𝑁𝑁𝑡𝑡𝑏𝑏
2𝜋𝜋

(𝑘𝑘𝑎𝑎𝑓𝑓𝑡𝑡 cos(𝜙𝜙) − 𝑘𝑘𝑎𝑎𝑎𝑎𝜙𝜙)�
𝜙𝜙𝑠𝑠

𝜙𝜙𝑒𝑒
 (3.32) 
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The best fit line from the linear regression for the x direction is represented by: 

𝐹𝐹�𝑥𝑥,𝑖𝑖 =  𝑎𝑎0𝑥𝑥 + 𝑎𝑎1𝑥𝑥𝑓𝑓𝑡𝑡,𝑖𝑖 + 𝐸𝐸𝑖𝑖 (3.33) 

where ft,i and 𝐹𝐹�𝑥𝑥,𝑖𝑖 are the commanded feed per tooth and resulting average force pairs, a0x 

is the intercept of the line, a1x is the slope, and Ei is the error between the measurement 

points and the best fit line. A 50% radial immersion down milling (climb milling) cut was 

used in this work to measure the cutting force coefficients. For this case, the start angle, 𝜙𝜙𝑠𝑠, 

is 90° and the exit angle, 𝜙𝜙𝑒𝑒, is 180° . Eq. 3.30 to Eq. 3.32 can be expanded and simplified 

to solve for the cutting force coefficients kn, kt, ka and edge coefficients kne, kte, kae. The 

expressions for the cutting force coefficients for a 50% radial immersion cut are given by 

Eq 3.34 through Eq. 3.39, where Nt is the number of teeth, b is the axial depth of cut, and 

a1 and ao are the slope and intercept determine by linear regression of the average force in 

the x, y, and z directions as shown in Eq. 3.33 for the x component.  

𝑘𝑘𝑛𝑛 =
8𝜋𝜋

𝑁𝑁𝑡𝑡𝑏𝑏(4 + 𝜋𝜋2) �𝜋𝜋𝑎𝑎1𝑥𝑥 + 2𝑎𝑎1𝑦𝑦� (3.34) 

𝑘𝑘𝑡𝑡 =
−8𝜋𝜋

𝑁𝑁𝑡𝑡𝑏𝑏(4 + 𝜋𝜋2) �2𝑎𝑎1𝑥𝑥 − 𝜋𝜋𝑎𝑎1𝑦𝑦� (3.35) 

𝑘𝑘𝑎𝑎 =
−2𝜋𝜋
𝑁𝑁𝑡𝑡𝑏𝑏

(𝑎𝑎1𝑧𝑧) (3.36) 

𝑘𝑘𝑛𝑛𝑛𝑛 =
𝜋𝜋
𝑁𝑁𝑡𝑡𝑏𝑏

 �𝑎𝑎0𝑥𝑥 + 𝑎𝑎0𝑦𝑦� (3.37) 

𝑘𝑘𝑡𝑡𝑡𝑡 =
𝜋𝜋
𝑁𝑁𝑡𝑡𝑏𝑏

 �−𝑎𝑎0𝑥𝑥 + 𝑎𝑎0𝑦𝑦� (3.38) 

𝑘𝑘𝑎𝑎𝑎𝑎 =
−4
𝑁𝑁𝑡𝑡𝑏𝑏

 (𝑎𝑎0𝑧𝑧) (3.39) 
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Tool Tip Receptance 

As shown in the previous section, the tool tip receptances in the x and y directions are 

required to generate a stability map using the Fourier series approach. Impact testing is an 

experimental method used to measure the dynamics of structures. This method is widely 

used to measure the tool tip FRF directly. In impact testing, a modal hammer, as shown in 

Figure 3-4, containing a force sensor in the tip, is used to generate a short duration impact 

on the object of interest. The impact excites a wide range of frequencies. This test is 

typically repeated multiple times and the results are averaged to improve the correlation 

between input force and measured vibration across the range of measured frequencies [3]. 

The vibration response is simultaneously measured by a transducer which may record 

displacement (to define the receptance), velocity (mobility), or acceleration (accelerance). 

The receptance is used for stability analysis. Any additional use of the term frequency 

response function (FRF) in this dissertation will refer to the receptance.  

Receptance Coupling 

In this study, receptance coupling substructure analysis (RCSA) is used to predict the tool 

tip FRF. The RCSA algorithm was presented in Chapter 2 and will not be repeated here. 

However, an update has been made to Eq. 2.15. By reciprocity (i.e., 𝑋𝑋
𝑀𝑀

= 𝜃𝜃
𝐹𝐹
), the connection 

parameter matrix can be re-written from 2.15 as: 

[𝑲𝑲] = �
𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑖𝑖𝑖𝑖𝑐𝑐𝑥𝑥𝑥𝑥 𝑘𝑘𝜃𝜃𝜃𝜃 + 𝑖𝑖𝑖𝑖𝑐𝑐𝜃𝜃𝜃𝜃
𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑖𝑖𝑖𝑖𝑐𝑐𝑥𝑥𝑥𝑥 𝑘𝑘𝜃𝜃𝜃𝜃 + 𝑖𝑖𝑖𝑖𝑐𝑐𝜃𝜃𝜃𝜃

� = �
𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑖𝑖𝑖𝑖𝑐𝑐𝑥𝑥𝑥𝑥 𝑘𝑘𝜃𝜃𝜃𝜃 + 𝑖𝑖𝑖𝑖𝑐𝑐𝜃𝜃𝜃𝜃
𝑘𝑘𝜃𝜃𝜃𝜃 + 𝑖𝑖𝑖𝑖𝑐𝑐𝜃𝜃𝜃𝜃 𝑘𝑘𝜃𝜃𝜃𝜃 + 𝑖𝑖𝑖𝑖𝑐𝑐𝜃𝜃𝜃𝜃

� (3.40) 

where the rotational stiffness and damping due to an applied force (kθf and cθf) and the 

displacement to moment stiffness and damping (𝑘𝑘𝑥𝑥𝑥𝑥 and 𝑐𝑐𝑥𝑥𝑥𝑥) are equal. For the tool-

holder receptance, it can be assumed that because lateral force at the end of the tool causes 

a rotation at the tool-holder location, the off-diagonal parameters have a greater 
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contribution than the on-diagonal terms. In this case, the displacement to force (xf 

subscripts) and rotation to moment (θm subscripts) stiffness and damping terms are set to 

zero (Eq. 3.41).   

[𝑲𝑲] = �
0 𝑘𝑘𝜃𝜃𝜃𝜃 + 𝑖𝑖𝑖𝑖𝑐𝑐𝜃𝜃𝜃𝜃

𝑘𝑘𝜃𝜃𝜃𝜃 + 𝑖𝑖𝑖𝑖𝑐𝑐𝜃𝜃𝜃𝜃 0 � (3.41) 

This method was developed to reduce the need for on-machine measurements of individual 

tools. As noted in Chapter 2, several key inputs are required to predict the tool tip 

receptance including: an artifact measurement of the spindle-machine, models of the tool 

and holder, and coupling parameters to define the flexible tool-holder joint. Both the tool 

and holder are modeled as a series of cylindrical beams as shown in cross-section in Figure 

3-5, where the steel toolholder body is depicted in grey, and the carbide tool is shown in 

red. The free-free receptances of each are calculated using a Timoshenko beam model, 

described in the next section, and coupled as described in Chapter 2.  A flow chart defining 

the required inputs to the RCSA algorithm is given in Figure 3-6.  

Timoshenko Beam Theory  

Previous work identifying the tool and holder dynamic response can be grouped into two 

main categories: finite element analysis and two-dimensional beam dynamics. In the 

former, the tool and holder are modeled as three-dimensional components which are 

discretized into volumetric elements. The natural frequencies, mode shapes, and 

corresponding frequency response function can be calculated. This is computationally 

expensive, and determining the receptance for a single model may take several hours.   
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Figure 3-5. The tool and holder are modeled as a series of cylindrical elements.  

 

 

 

Figure 3-6. Inputs required for predicting tool tip receptance using RCSA. 
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Figure 3-7. The Timoshenko model considers the shear deformation associated with 

bending.  
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Both Euler-Bernoulli and Timoshenko beam theory have been used to describe the tool and 

holder components as two-dimensional beam elements. The Euler-Bernoulli closed-form 

solution provides an analytical method for calculating receptance, but this model does not 

capture the effects of shear or rotary inertia. The accuracy is limited to beams with high 

length-to-diameter aspect ratios (approximately 10 to 1 or higher) [12].  

The Timoshenko beam method considers shear deformation of the beam as shown in Figure 

3-7. This model is better suited to beams with reduced length-to-diameter ratios (shorter, 

stiffer beams), and effectively introduces additional flexibility versus the Euler-Bernoulli 

method. The differential equation of motion is given in Eq. 3.42, where the second and 

third parenthetical term describe the shear deformation and rotary inertia effects. The 

addition of the inertial and shear effects improves the accuracy; however, the solution does 

not have a closed form and must be calculated numerically.  

�
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑑𝑑2

+
𝐸𝐸𝐸𝐸
𝜌𝜌𝜌𝜌

𝑑𝑑4𝑦𝑦
𝑑𝑑𝑑𝑑4

� + �
𝜌𝜌𝜌𝜌
𝑘𝑘�𝐴𝐴𝐴𝐴

𝑑𝑑4𝑦𝑦
𝑑𝑑𝑑𝑑4

+
𝐸𝐸𝐸𝐸
𝑘𝑘�𝐴𝐴𝐴𝐴

𝑑𝑑4𝑦𝑦
𝑑𝑑𝑑𝑑2𝑑𝑑𝑑𝑑2

� − �
𝐼𝐼
𝐴𝐴

𝑑𝑑4𝑦𝑦
𝑑𝑑𝑑𝑑2𝑑𝑑𝑑𝑑2

� = 0 (3.42) 

The shape factor, 𝑘𝑘�, is defined in Eq. 3.43 for a cylindrical cross-section, where ν is 

Poisson’s ratio, a mechanical property relating strain in orthogonal directions [189]. The 

shear modulus, G, is defined by Eq. 3.44, where E is the elastic modulus (Young’s 

modulus). The second moment of area, I, and the area, A, for a circular cross section are 

given in Eq. 3.45 and 3.46 respectively, where d is the diameter. The material density is 

denoted as ρ. The material properties attributed to the tool and holder components are given 

in Table 3-1.   

𝑘𝑘� =
6 + 12𝜈𝜈 + 6𝜈𝜈2

7 + 12𝜈𝜈 + 4𝜈𝜈2
 (3.43) 

𝐺𝐺 =
𝐸𝐸

2(1 + 𝜈𝜈) (3.44) 
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𝐼𝐼𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝑥𝑥 = 𝐼𝐼𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝑦𝑦 =
𝜋𝜋
4
𝑟𝑟4 =  

𝜋𝜋
64

𝑑𝑑4 (3.45) 

𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =  𝜋𝜋𝑟𝑟2 =
𝜋𝜋
4
𝑑𝑑2 (3.46) 

To implement the Timoshenko beam model, free-free elements are described using mass, 

M, and stiffness, K, matrices [15] for each of the four degrees of freedom (rotation and 

translation at each end of the element):  

𝑀𝑀 =  
𝜌𝜌𝜌𝜌𝜌𝜌

(1 + 𝜙𝜙)2

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡13
35

+
7𝜙𝜙
10

+
𝜙𝜙2

3 �
11

210
+

11𝜙𝜙
120

+
𝜙𝜙2

24�
𝑙𝑙

9
70

+
3𝜙𝜙
10

+
𝜙𝜙2

6
−�

13
420

+
3𝜙𝜙
40

+
𝜙𝜙2

24�
𝑙𝑙

�
1

105
+
𝜙𝜙
60

+
𝜙𝜙2

120�
𝑙𝑙2 �

13
420

+
3𝜙𝜙
40

+
𝜙𝜙2

24�
𝑙𝑙 −�

1
140

+
𝜙𝜙
60

+
𝜙𝜙2

120�
𝑙𝑙2

13
35

+
7𝜙𝜙
10

+
𝜙𝜙2

3
−�

11
210

+
11𝜙𝜙
120

+
𝜙𝜙2

24�
𝑙𝑙

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 −�
1

105
+
𝜙𝜙
60

+
𝜙𝜙2

120�
𝑙𝑙2
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

+
𝜌𝜌𝜌𝜌𝜌𝜌

(1 + 𝜙𝜙)2 �
𝑟𝑟𝑔𝑔
𝑙𝑙
�
2

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

6
5

�
1

10
+
𝜙𝜙
2
� 𝑙𝑙 −

6
5

�
1

10
−
𝜙𝜙
2
� 𝑙𝑙

�
2

15
+
𝜙𝜙
6

+
𝜙𝜙2

3 � 𝑙𝑙2 −�
1

10
+
𝜙𝜙
2
� 𝑙𝑙 −�

1
30

+
𝜙𝜙
6

+
𝜙𝜙2

6 � 𝑙𝑙2

6
5

−�
1

10
−
𝜙𝜙
2
� 𝑙𝑙

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 �
2

15
+
𝜙𝜙
6

+
𝜙𝜙2

3 � 𝑙𝑙2
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

(3.47) 

 

𝐾𝐾 =  
𝐸𝐸𝐸𝐸(1 + 𝑖𝑖𝑖𝑖)
𝑙𝑙3(1 + 𝜙𝜙)2 �

12 6𝑙𝑙 −12 6𝑙𝑙
(4 + 2𝜙𝜙 + 𝜙𝜙2)𝑙𝑙2 −6𝑙𝑙 (2− 2𝜙𝜙 − 𝜙𝜙2)𝑙𝑙2

12 −6𝑙𝑙
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 (4 + 2𝜙𝜙 + 𝜙𝜙2)𝑙𝑙2

�  

+
𝑘𝑘�𝐴𝐴𝐴𝐴𝜙𝜙2

4𝑙𝑙(1 + 𝜙𝜙)2 �

4 2𝑙𝑙 −4 2𝑙𝑙
𝑙𝑙2 −2𝑙𝑙 𝑙𝑙2

4 −2𝑙𝑙
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑙𝑙2

�   

(3.48) 

 

where l is the section length, rg is the radius of gyration described by Eq. 3.49, and 𝜙𝜙 is a 

shear deformation parameter defined by Eq 3.50. 

𝑟𝑟𝑔𝑔  =  �
𝐼𝐼
𝐴𝐴

 (3.49) 
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 𝜙𝜙 =  
12𝐸𝐸𝐸𝐸(1 + 𝜂𝜂)

𝑘𝑘�𝐺𝐺𝐺𝐺𝑙𝑙2
 (3.50) 

As discussed in Chapter 2, previous works have described the fluted section of the cutting 

tool by a single equivalent diameter. The equivalent diameter based on second moment of 

area, dI, and cross sectional area, dA, can be calculated by equating the second moment of 

area and cross sectional area of the actual cross section to the expression for a circular cross 

section given in Eq. 3.45 and Eq. 3.46. The corresponding diameter is the equivalent 

diameter for the selected cross section as shown in Figure 3-8.  

First, simple cross sections (square, triangular, and rectangular) were evaluated using the 

equivalent diameter calculated using the area and second moment of area. These were then 

compared to a finite element result. Second, the receptance was predicted using the new 

two-diameter approach, where dA is used to calculate the mass matrix such that Eq. 3.47 

can be expanded as: 

𝑀𝑀  =  
𝜋𝜋
4 𝑑𝑑𝐴𝐴

2𝜌𝜌𝜌𝜌
(1 + 𝜙𝜙)2

[⋯ ]  +
𝜋𝜋
4 𝑑𝑑𝐴𝐴

2𝜌𝜌𝜌𝜌
(1 + 𝜙𝜙)2 �

𝑟𝑟𝑔𝑔
𝑙𝑙
�
2

[⋯ ] 
(3.51) 

 

 and dI is used to calculate the stiffness matrix, such that Eq. 3.48 becomes: 

𝐾𝐾 =  
𝜋𝜋

64 𝑑𝑑𝐼𝐼
4𝐸𝐸(1 + 𝑖𝑖𝑖𝑖)

𝑙𝑙3(1 + 𝜙𝜙)2
[⋯ ]  +

𝜋𝜋
4 𝑑𝑑𝐴𝐴

2𝑘𝑘�𝐺𝐺𝜙𝜙2

4𝑙𝑙(1 + 𝜙𝜙)2
[⋯ ]   (3.52) 

 

The radius of gyration and shear deformation parameter can also be updated as: 
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𝑟𝑟𝑔𝑔  =  �
1

16
𝑑𝑑𝐼𝐼

4

𝑑𝑑𝐴𝐴
2 (3.53) 

 𝜙𝜙 =
3
4

 
𝑑𝑑𝐼𝐼

4𝐸𝐸(1 + 𝜂𝜂)

𝑑𝑑𝐴𝐴
2𝑘𝑘�𝐺𝐺𝑙𝑙2

 (3.54) 

This method was then applied to a variety of endmill cross sections. The profile of a single 

flute was approximated by line segments with a 0.05 mm point spacing in the x direction 

for 2 to 7 flute tools. As shown in Figure 3-9, a single flute profile (shown in red) was 

constructed, and the set of points was copied to form the tool profile. The geometry and 

resulting receptance for the Figure 3-9 tool cross section was later compared to points from 

a scanned cross section.  

For each endmill geometry, the cross sectional properties must be calculated by point-to-

point summation. The expressions for calculating the second moment of area and cross 

section area for an arbitrary polygon are given in Eq. 3.55 through Eq. 3.57, where the 

subscripts i and i+1 denote the x or y coordinate of the current and following point 

respectively. It should be noted that for all regular polygons, Ix = Iy. For endmills with more 

than two evenly spaced cutting flutes, the cross-sectional area is a regular polygon. In these 

cases, the model is axisymmetric, and there is no preferential bending direction. For two 

flute tools, Ix ≠ Iy, and the response is asymmetric. Two flute tools will be treated as a 

special case, where the directionally dependent receptances will be calculated separately.  

𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒,𝑥𝑥 =  
1

12
��(𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖+1 − 𝑥𝑥𝑖𝑖+1𝑦𝑦𝑖𝑖)(𝑦𝑦𝑖𝑖2 + 𝑦𝑦𝑖𝑖𝑦𝑦𝑖𝑖+1 + 𝑦𝑦𝑖𝑖+12 )�
𝑛𝑛

𝑖𝑖=1

 (3.55) 

𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒,𝑦𝑦 =  
1

12
��(𝑦𝑦𝑖𝑖𝑥𝑥𝑖𝑖+1 − 𝑦𝑦𝑖𝑖+1𝑥𝑥𝑖𝑖)(𝑥𝑥𝑖𝑖2 + 𝑥𝑥𝑖𝑖𝑥𝑥𝑖𝑖+1 + 𝑥𝑥𝑖𝑖+12 )�
𝑛𝑛

𝑖𝑖=1

 (3.56) 
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𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 =
1
2
��(𝑦𝑦𝑖𝑖 + 𝑦𝑦𝑖𝑖+1)(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖+1)�
𝑛𝑛

𝑖𝑖=1

 (3.57) 

An equivalent diameter based on second moment of area, dI, can be calculated by equating 

Eqs. 3.45 and 3.55 to form Eq. 3.58. An equivalent diameter based on cross-sectional area, 

dA, can be calculated by equating Eq. 3.46 and 3.57 as shown in Eq. 3.59. In both cases, 

only the positive root of the expression yields a valid equivalent diameter. 

𝑑𝑑𝐼𝐼 = �
16
3𝜋𝜋

��(𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖+1 − 𝑥𝑥𝑖𝑖+1𝑦𝑦𝑖𝑖)(𝑦𝑦𝑖𝑖2 + 𝑦𝑦𝑖𝑖𝑦𝑦𝑖𝑖+1 + 𝑦𝑦𝑖𝑖+12 )�
𝑛𝑛

𝑖𝑖=1

4

 
(3.58) 

𝑑𝑑𝐴𝐴 = �
2
𝜋𝜋
��(𝑦𝑦𝑖𝑖 + 𝑦𝑦𝑖𝑖+1)(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖+1)�
𝑛𝑛

𝑖𝑖=1

 
(3.59) 

A significant limitation of the Timoshenko beam model as presented is the inability to 

evaluate the variation in receptance as a function of the helix angle of the tool (i.e., it is 

based on a cross section that does not vary along the beam length). As the helix angle 

increases from zero, the mass of the structure does not change, but the natural frequency 

and stiffness decrease as a function of the twist/helix angle. To capture this effect in the 

two-diameter Timoshenko model, a helix factor was applied to the flexural stiffness, EI, 

term in the stiffness matrix. The helix factor was determined as a function of number of 

teeth, length to diameter ratio (L:D) of the flutes, tool diameter, and helix angle.  
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Figure 3-8. Equivalent diameter based on second moment of area and cross sectional area.  

 

 

Figure 3-9. Linear approximation of a four flute endmill cross-section. The distance 

between points defining the profile is 0.05 mm in the X direction. 
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Table 3-1. Tool holder and endmill material properties.  

Material Component Elastic modulus 
(GPa) 

Density 
(kg/m3) 

Poisson’s ratio  
(-) 

Steel Holder 200 7800 0.29 
Carbide Endmill 611 15100 0.22 

 

 

 

Figure 3-10. A convergence study was completed by successively halving the element size. 

The selected element size is noted with a square marker. 
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Finite Element Analysis 

The Timoshenko beam model does not account for the effect of helix angle on the resulting 

tool tip receptances. The helix effect is captured in three-dimensional finite element 

analysis, however. Finite element analysis therefore provides a numerical approach for 

determining the helix factor to compensate the constant cross section Timoshenko beam 

model.   

A grid of 576 total tool geometry combinations were evaluated to develop a helix angle 

dependent two-diameter Timoshenko beam model to predict the tool tip receptance of 

helical endmills. Six diameters [6.35, 9.53, 12.7, 15.88, 19.05, and 25.4] mm were 

evaluated over six flute counts [2, 3, 4, 5, 6, and 7] per diameter, D, with four different 

length to diameter ratios [2, 3, 4, 6] and four helix angles [0, 30, 38, 45] degrees per flute 

count. These parameters were selected to include the most commonly available endmill 

geometries [190].  

Dassault Systemes SolidWorks frequency and linear dynamic analysis packages were used 

to evaluate the natural frequency of each modeled tool geometry. For all endmill models, 

a blended curvature-based mesh element was selected. This mesh type “adapts the element 

size to the local curvature of the geometry to create a smooth mesh pattern” [191]. A 

convergence study for the frequency study as shown in Figure 3-10 was completed, and a 

maximum element size of 0.5mm and minimum element size of 0.25mm were used for all 

models. 
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CHAPTER FOUR  
RESULTS AND DISCUSSION 

Test Sequence 

This section describes the evaluation of the two-diameter Timoshenko beam model for 

basic cross sections and its application to endmill geometries, the addition of a helix factor 

and length to diameter ratio dependence for the two-diameter Timoshenko beam model, 

validation of the new two-diameter model for the fluted portion of a helical endmill, and 

comparison of the tool-holder-spindle-machine receptance predicted by RCSA to 

measurement. Finally, the predicted tool tip receptance is used together with the cutting 

force model to predict the stability limit. 

Basic Geometry 

To test the new two-diameter Timoshenko beam model, basic polygon shapes were first 

selected for analysis. The dynamic responses of beams with square, triangular, and 

rectangular cross sections shown in Figure 4-1 were evaluated. The dimensions for each 

beam are given in Table 4-1. The carbide material properties are listed in Table 3-1.   

The equivalent diameter based on area (CSA) and second moment of area (Ix) was 

calculated for each cross section. These equivalent diameters are shown in relation to the 

cross section profile for all three shapes in Figure 4-2 through Figure 4-4. For the 

rectangular cross section, which exhibits asymmetry about x and y, the equivalent diameter 

is shown for the second moment of area about both the x and y axes.  

Each beam was modeled using the FEA approach outlined in Chapter 3. The finite element 

analysis solution for the first bending natural frequency was compared to the single-  
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Figure 4-1. Simple beam cross sections. 

Table 4-1. Dimensions for beams with simple cross sections.  

Cross section Square Triangle Rectangle 
Side length a (mm) 10 10 5 
Side length b (mm) 10 - 10 

Length (mm) 100 100 100 

 

Figure 4-2. Equivalent diameters based on second moment of area, EqD(Ix), and cross 

sectional area, EqD(CSA), for a square cross section. 
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Figure 4-3. Equivalent diameters based on second moment of area and cross sectional area 

for a triangular cross section. 

 

Figure 4-4. Equivalent diameters based on second moment of area and cross sectional area 

for a rectangular cross section. Both x and y equivalent diameters are shown for the second 

moment of area approximation. 
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Table 4-2. The comparison of natural frequency predicted by FEA, single-diameter 

Timoshenko beam model, and a two-diameter Timoshenko beam model. The percent 

difference from FEA is reported.  

Cross section  FEA 
Single-

diameter 
dI 

Single-
diameter 

dA 

Two-diameter 

Square 
Frequency 

(Hz) 6322.9 6257.2 6189.8 6325.1 

% difference - 1.04% 2.11% -0.03% 

Triangle 
Frequency 

(Hz) 4540.2 4341.3 4145.6 4545.3 

% difference - 4.38% 8.69% -0.11% 

Rectangle 
(about y) 

Frequency 
(Hz) 3241.4 3798.1 4445.3 3241.3 

% difference - -17.17% -37.14% 0.00% 

Rectangle 
(about x) 

Frequency 
(Hz) 6323.2 5310.3 4445.3 6325.1 

% difference - 16.02% 29.70% -0.03% 
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diameter Timoshenko beam solution for both the area and second moment of area 

equivalent diameters. These results were then compared to the new two-diameter solution.  

For the rectangular beam, the natural frequencies for bending about the x and y directions 

were calculated using FEA. In the single-diameter approach, the diameter calculated from 

the cross-sectional area performs poorly as there is no directional dependence for the area 

calculation. The equivalent diameter for the second moment of area about y, Iy, was used 

to predict the first (less stiff) natural frequency. The second moment about x, Ix, was used 

to predict the second natural frequency. In the two-diameter Timoshenko beam model, the 

Ix and Iy terms were likewise used to predict the first and second natural frequencies.   

The results in Table 4-2 show significant improvement in agreement with FEA for the two-

diameter Timoshenko beam model for all three cross sections versus the single-diameter 

approach.  

Endmill Geometry 

Endmill geometries were selected based on commonly available diameters, flute counts, 

helix angles, and length to diameter ratios. First, a zero helix (or straight flute) cutter model 

was evaluated using the two-diameter Timoshenko beam model. Second, a helix angle 

factor was incorporated to account for stiffness changes due to non-zero helix angles and 

length to diameter ratio effects were observed. Third, the two-diameter Timoshenko model 

with helix factor was used to predict the receptance of the fluted portion of an endmill 

(tool) and compared to measurement.  

Zero Helix Angle 

The two-diameter Timoshenko beam model was evaluated for fluted cross sections with 

zero helix (or straight flute) models. The equivalent diameter based on area and second 

moment of area was calculated for each cross section. These equivalent diameters are 
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shown in relation to the cross section profile for a 12.7 mm diameter, three flute endmill in 

Figure 4-5.  

These predictions were made for 12.7mm diameter tool profiles with [3, 4, 5, 6, and 7] 

flutes and a length to diameter ratio of 4:1. The results shown in Table 4-2 demonstrate 

significant improvement in agreement with FEA for the two-diameter Timoshenko beam 

model versus the single-diameter approach using the equivalent diameter from cross 

sectional area or second moment of area.  

Helix Angle and Length to Diameter Ratio 

As discussed in Chapter 2, it has been observed that twisted structures exhibit a reduction 

in natural frequency and stiffness versus their untwisted counterparts. In most machining 

applications, endmills with a defined helix angle are used, Figure 4-8.  

Finite element analysis was used as the basis for evaluating the effects of the helix angle 

on endmill models of various diameters and flute counts as discussed in Chapter 3. To 

establish confidence in the finite element analysis approach, a 19.05 mm diameter, 100 mm 

long, four flute tool model was evaluated for helix angles ranging from 0 to 60 degrees. A 

high-density polymer which could be printed using fused deposition modeling was selected 

so that physical models could be tested. The material properties for ULTEM are given in 

Table 4-4. The free-free receptance of the printed flute geometries were measured by 

impact testing as shown in Figure 4-6. The resulting measured and simulated natural 

frequencies are given in Table 4-5.  
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Figure 4-5. Equivalent diameters based on second moment of area, EqD(Ix), and cross 

sectional area, EqD(CSA), for the cross section of a 12.7 mm diameter three flute tool.  

Table 4-3. The comparison of natural frequency predicted by FEA, single-diameter 

Timoshenko beam model, and a two-diameter Timoshenko beam model. The percent 

difference from FEA is reported.  

Flutes  FEA 
Single-

diameter 
dI 

Single-
diameter 

dA 

Two-diameter 

3 
Frequency 

(Hz) 19064 18444 17730.5 19178.5 

% difference  - -3.3 -7.0 0.6 

4 
Frequency 

(Hz) 20692 20335 19893.5 20783.5 

% difference  - -1.7 -3.9 0.4 

5 
Frequency 

(Hz) 21012 20810 20561.5 21060.5 

% difference  - -1.0 -2.1 0.2 

6 
Frequency 

(Hz) 21583 21403.5 21166.5 21641.5 

% difference  - -0.8 -1.9 0.3 

7 
Frequency 
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% difference  - -0.8 -1.8 0.3 
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Figure 4-6. Free-free impact testing of an additively manufactured tool flute geometry. 

 

Table 4-4. ULTEM material properties.  

Material Elastic modulus 
(GPa) Density (kg/m3) Poisson’s ratio  

(-) 
ULTEM 2.54 1340 0.25 

 

Table 4-5. The measured and simulated frequency response for ULTEM tool geometries 

with different helix angles.  

Helix angle (deg) Measured 
frequency (Hz) 

FEA frequency 
(Hz) 

Two-diameter 
Timoshenko 

frequency (Hz) 
0 1816 1763.8 1769.1 
10 - 1747.5 - 
20 1753 1699.4 - 
30 - 1623.0 - 
40 1573 1526.0 - 
45 - 1473.9 - 
50 - 1422.3 - 
60 1371 1328.6 - 
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Figure 4-7. Natural frequency versus helix angle for measured and simulated ULTEM tool 

geometries. 
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The two-diameter Timoshenko beam model was used to predict the tool receptance. 

However, because the Timoshenko beam model did not have a dependence on helix angle, 

this approach could only be used to determine receptance for the zero degree helix model. 

The results for the natural frequencies obtained by measurement, FEA, and the two-

diameter Timoshenko beam model are shown in Figure 4-7. The quadratic trend of the 

measured test points closely matches that of the finite element analysis. The constant offset 

is assumed to be due to variation in the bulk material properties assigned to the simulations 

versus the as-printed properties.  

Three-dimensional finite element models were generated for 576 diameter, flute count, 

helix angle, and length to diameter ratio combinations. A surface map relating the FEA 

computed natural frequencies, fn, to their respective helix angle, 𝛾𝛾, and length to diameter 

ratio, LD was generated for each tool diameter-flute count combination. An example map 

for a 12.7 mm diameter endmill with five teeth is shown for helix angles [0 30 38 45]° and 

[2 3 4 6] length to diameter ratios in Figure 4-9. 

The equation for the best fit surface relating the helix angle, 𝛾𝛾, and length to diameter ratio, 

LD, to the corresponding natural frequency is given by Eq. 4.1. The coefficients, C0-5, are 

given in Table A-0-1 for each tool diameter- flute count pair.  

𝑓𝑓𝑛𝑛 = 𝐶𝐶0 + 𝐶𝐶1𝛾𝛾 + 𝐶𝐶2𝐿𝐿𝐿𝐿 + 𝐶𝐶3𝛾𝛾2 + 𝐶𝐶4𝛾𝛾𝛾𝛾𝛾𝛾 + 𝐶𝐶5𝐿𝐿𝐿𝐿2 (4.1) 

To account for the change in natural frequency and stiffness in the two-diameter 

Timoshenko model due to the helix angle, a helix factor, F, was applied to the flexural 

rigidity term, EI, during the construction of the stiffness matrix. Equations 3.48 and 3.54 

can be updated to include the helix factor; see Eq. 4.2 and Eq. 4.3.  
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𝐾𝐾 =  
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𝜙𝜙 =
3
4

 
𝑑𝑑𝐼𝐼

4𝐸𝐸(1 + 𝜂𝜂)

𝑑𝑑𝐴𝐴
2𝑘𝑘�𝐺𝐺𝑙𝑙2

 (4.3) 

For each diameter- flute count- length combination, a series of receptances was calculated 

using the two-diameter Timoshenko model with helix factors ranging from 0.5 to 1 in 

increments of 0.025, where F=1 corresponds to a zero degree helix angle.  

The results for a 12.7 mm diameter four flute tool are shown in Figure 4-10. The frequency 

change with helix factor was shown to be quadratic. Natural frequencies predicted by FEA 

for each of the tool geometries were then used to relate the helix angle to the helix factor.  

A surface plot is shown in Figure 4-11 relating the helix factor to the natural frequency and 

length to diameter ratio. The general form of the equation is given in Eq. 4.4, where F is 

the helix factor. The fitting coefficients, H0-5, are given in Table A-0-2. 

𝐹𝐹 = 𝐻𝐻0 + 𝐻𝐻1𝑓𝑓𝑛𝑛 + 𝐻𝐻2𝐿𝐿𝐿𝐿 + 𝐻𝐻3𝑓𝑓𝑛𝑛
2 + 𝐻𝐻4𝑓𝑓𝑛𝑛𝐿𝐿𝐿𝐿 + 𝐻𝐻5𝐿𝐿𝐿𝐿2 

(4.4) 

 
To validate the coefficients, a tool was selected with a helix angle and length to diameter 

ratio that were not in the original set of test geometries. A 12.7 mm diameter, three flute 

tool    with a length to diameter ratio of 2.5:1 and a helix angle of 40 degrees was evaluated.  

The predicted natural frequency, fn, was calculated by Eq. 4.1 using the calculated 

coefficients provided in Table A-0-1. The predicted natural frequency was 20793.3 Hz. 

The helix factor was then calculated using Eq. 4.4 and the corresponding coefficients from 

Table A-0-2 to be 0.712. This helix factor was then used in the two-diameter Timoshenko 

beam model to predict the receptance for the tool geometry. Figure 4-12 shows the resulting  
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Figure 4-8. The helix angle of the endmill is defined as the angle of the flute from the tool 

centerline. 

 

Figure 4-9. The surface map relating helix angle and length to diameter (L:D) ratio to 

corresponding natural frequency for a 12.7 mm diameter endmill with five teeth. The 

circles identify FEA results and the surface represents the fit. 
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Figure 4-10. A series of receptances were calculated using the two-diameter Timoshenko 

beam model for a 12.7 mm diameter tool. Each peak in the magnitude plot represents a 

different helix factor from 0.5 to 1.  

 
 

Figure 4-11. The surface map relating length to diameter ratio and natural frequency to 

corresponding helix factor for a 12.7 mm diameter endmill with five teeth. 

0 5000 10000 15000

Frequency (Hz)

0

1

2

3

4

5

6

7

M
ag

ni
tu

de
 (m

/N
)

10
-6



54 

 

 

Figure 4-12. The receptances for a 12.7 mm diameter three flute tool with a 40 degree helix 

angle and 2.5:1 length to diameter ratio.  
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receptances from FEA for a zero helix (straight tooth) tool, the FEA result for the 40 degree 

helix, the single-diameter Timoshenko beam model results, and the two-diameter 

Timoshenko beam model result with and without the helix factor applied. The two-

diameter Timoshenko beam model significantly outperforms the single-diameter method 

for the tool model with and without a helix. 

Fluted Receptance Validation 

A 12.7 mm diameter, four flute endmill was selected to compare the FEA simulation, 

single-diameter Timoshenko beam model, and new two-diameter Timoshenko beam model 

with and without the helix factor. The endmill was sectioned by electrical discharge 

machining (EDM) to separate the fully cylindrical shank and fluted portion. Dimensions 

of both components are given in Table 4-6. The solid shank was used to identify material 

properties, and the fluted section was used to evaluate the two-diameter Timoshenko beam 

model.  

In the previously studies reported in this document, literature values for the material 

properties of carbide were used; see Table 3-1. For this test, the tool shank was used to 

determine the material properties of the tool to minimize their effects on discrepancies in 

the measured and simulated results. Density, Poisson’s ratio, and elastic modulus are 

required material property inputs to the Timoshenko beam model.  

The density was calculated using the measured mass (Figure 4-13) and volume calculated 

from the shank dimensions (Figure 4-14). The calculated density was 14357.6 kg/m3. 

The effect of Poisson’s ratio on receptance was evaluated over a range of possible values 

found in the literature. The receptance was predicted for values ranging from 0.18 to 0.28 

in 0.01 increment steps. Sensitivity to Poisson’s ratio was found to be low as shown in 

Figure 4-15. The typical value of 0.22 was used. 
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Figure 4-13. The mass of the tool shank was measured and used to calculate the carbide 

shank density. 

 

 

Figure 4-14. The shank diameter was measured using micrometers (left) and the length was 

measured using calipers (right) to calculate the volume and the carbide shank density. 
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Table 4-6. Dimensions of the tool shank and fluted portions of the sectioned endmill. 

 Shank Flutes 
Diameter (mm) 12.7 12.7 
Length (mm) 64.94 76.32 

 

 

Figure 4-15. Receptances were calculated for a range of Poisson's ratio values. 
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Figure 4-16. The tool shank was suspended using soft elastic supports to approximate a 

free-free boundary condition. 

 

  

Figure 4-17. The measured free-free boundary conditions FRF for the tool shank. 
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Figure 4-18. Receptances were calculated for a range of elastic modulus values from 500 
GPa to 620 GPa.  

 

Figure 4-19. The linear best fit of the resulting natural frequency from the range of 

simulated elastic modulus values was compared to the measured free-free natural 

frequency and used to determine the tool modulus.   
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Figure 4-20. The measured free-free FRF for the fluted portion of the endmill. 
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Figure 4-21. The measured receptance of the fluted section was compared to the predicted 

results from FEA, the single-diameter Timoshenko beam model results from area 

(magenta), single-diameter Timoshenko beam model results from second moment of area 

(red), the two-diameter Timoshenko beam model results without helix factor (solid black), 

and the two-diameter Timoshenko beam model results with helix factor (dashed black). 

 

Table 4-7. Natural frequency and stiffness values for the receptances found via 

measurement, FEA, and Timoshenko beam models. 

 Measured FEA 
Single-

diameter 
dI 

Single-
diameter 

dA 

Two-
diameter 
(no helix 
factor) 

Two-
diameter 

(with helix 
factor) 

Frequency 
(Hz) 8256.54 8407.4 9427.7 9204.2 9655.9 8259.3 

% 
difference - 1.8 14.2 11.5 16.9 0.0 

Stiffness 
(N/m) 7.51 x107 6.15 x107 8.01E x107 7.29 x107 7.99 x107 5.87 x107 

% 
difference - -18.2 6.7 -99.9 6.4 -21.8 
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The elastic modulus was selected to match the measured and predicted first bending mode 

natural frequency for the tool shank. Free-free boundary conditions were approximated by 

suspending the shank with soft elastic supports, Figure 4-16. The supports were located at 

the node points (zero displacement location) for the first bending mode to minimize their 

effect on the measured response. The FRF was measured using a PCB 086E80 modal 

hammer and a PCB 352C23 low mass accelerometer. The measured FRF is shown in 

Figure 4-17. Next, the receptance was predicted for a range of modulus values [500-620] 

GPa using the Timoshenko beam model for the solid cylindrical shank, Figure 4-18. A 

linear fit was used to describe the change in frequency with modulus Figure 4-19 and 

compared to the measured natural frequency. The best fit modulus for the tool shank was 

578.7 GPa.   

Next, the receptance of the fluted portion of the tool was measured using the same boundary 

conditions applied to the tool shank. The resulting FRF is shown in Figure 4-20.  

The helix factor for the 12.7 mm, four flute tool with a 40° helix angle was determined as 

outlined in the previous section and found to be 0.66. The measured receptance of the fluted 

section was compared to the predicted results from FEA, the single-diameter Timoshenko 

beam model results from area (magenta), single-diameter Timoshenko beam model results 

from second moment of area (red), the two-diameter Timoshenko beam model results 

without helix factor (solid black), and the two-diameter Timoshenko beam model results 

with helix factor (dashed black). The resulting magnitude plots in Figure 4-21 show that 

the two-diameter Timoshenko method significantly outperforms the single-diameter 

methods, but that all prediction methods underpredict stiffness (i.e., the peaks are higher 

for the predicted FRFs). The natural frequencies and stiffness values for each of the 

methods are given in Table 4-7. The new two-diameter Timoshenko beam model with helix 

factor predicts the natural frequency of the twisted beam within 1%.  The predicted stiffness 

from the two-diameter Timoshenko beam model with helix factor and FEA underpredict 
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the measured stiffness by 21.8% and 18.1% respectively. The agreement of the two-

diameter Timoshenko beam model with helix factor and FEA stiffness values to one 

another, however, indicates that additional stiffness effects may be present in the measured 

value due to the boundary conditions.  

True Cross Section Comparison 

In the previous section, a linear piecewise approximation of the four flute tool cross section 

was used. This study was expanded to use the exact cross section of the measured tool to 

evaluate effects of the linear approximation. The results are provided here.  

To evaluate the true cross section, an image was taken of the tool at the EDM cut plane, 

and the photo was converted to a binary image, Figure 4-22. The x and y coordinates of 

points around the profile were determined using an image tracing function in MATLAB. 

The coordinates of the tool profile are shown in green in Figure 4-22. A comparison of the 

extracted cross section and the linear piecewise approximation is shown in Figure 4-23.  

A comparison of the measured and predicted receptances is shown in Figure 4-24 and  

Figure 4-25. The resulting natural frequencies and stiffness values are given in Table 4-8. 

Using the exact tool geometry improved the accuracy of the stiffness approximation by 4% 

versus the linear piecewise cross section approximation. This small difference in the two-

diameter Timoshenko beam models indicates that reasonable accuracy for the receptance 

of the fluted portion of the tool can be achieved without using the exact tool cross section.  
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Figure 4-22. (Left) An image was taken of the tool cross section at the sectioned plane. 

(Right) The photo was converted to a binary image, and the points around the profile were 

identified using an image tracing function in MATLAB. 

 

 

Figure 4-23. Comparison of the linear piecewise cross section approximation (black) and  

the actual profile (red) for a 12.7 mm diameter four flute tool. 
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Figure 4-24. The measured and predicted FRFs using the single- and two-diameter 

Timoshenko beam models with and without the applied helix factor for the exact tool cross 

section. 

 

Figure 4-25. The measured and predicted FRFs using the two-diameter Timoshenko beam 

model with the helix factor. The model underpredicts the stiffness of the fluted geometry. 
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Table 4-8. Natural frequency and stiffness values for the receptances found via 

measurement, FEA, and Timoshenko beam models for the exact tool cross section. 

 Measured FEA 
Single-

diameter 
dI 

Single-
diameter 

dA 

Two-
diameter 
(no helix 
factor) 

Two-
diameter 

(with helix 
factor) 

Frequency 
(Hz) 8256.54 8407.4 9626.7 9385.2 9872.9 8258.3 

% 
difference - 1.8 16.6 13.7 19.6 0.0 

Stiffness 
(N/m) 7.51x107 6.55x107 8.79 x107 7.86 x107 8.73 x107 6.16 x107 

% 
difference - -12.8 17.1 4.6 16.2 -17.9 
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Tool-Holder-Spindle-Machine Receptance 

Set Screw Holders 

Set screw holders are an economical tool holding solution which require little setup time 

and a single torque wrench, typically with a hex or Torx attachment. In this arrangement, 

a set screw mates with a Weldon flat which has been ground on the tool shank as shown in 

Figure 4-26. This positive mechanical engagement results in higher axial pullout resistance 

versus collet type holders. However, because the tool is being pushed against one side of 

the holder by the set screw, runout is typically higher than radial clamping designs such as 

collet, hydraulic, or heat-shrink holders [192]. For each setup, the tool was inserted into 

the holder and a set screw torque of 47.5 N-m was applied with a torque wrench. A Makino 

a51nx milling machine was used for all in-spindle testing.  

Spindle-Machine Receptance 

An artifact was selected, clamped in the tool spindle, and the receptances in the x and y 

directions were measured by impact testing using a modal hammer (PCB 086C04) and low 

mass accelerometer (PCB 352C23) as shown in Figure 4-27. For these tests, an artifact 

with a cylindrical, hollow extension beyond the flange was selected. The artifact 

dimensions are provided in Figure 4-28. The resulting receptance is shown in Figure 4-29.  

Inverse RCSA was then used to remove the effects of the artifact from the measurement to 

isolate the spindle-machine dynamics. Because the geometry of the holder from the front 

of the flange to the retention knob is the same for all holders using a CAT-40 interface, 

only the cylindrical portion of the artifact is required to be removed (in simulation). 

Additionally, because the flange-taper geometry and contact stiffness/damping between 

the holder external taper and spindle internal taper are captured in the measured artifact-

spindle-machine dynamics, additional coupling parameters for the holder-spindle interface 
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do not need to be identified. The isolated spindle-machine receptance is shown in Figure 

4-30. 

Coupling Parameter Identification 

For the tool-holder coupling parameter identification, the required stiffness and damping 

parameters for the RCSA algorithm were determined by inserting a solid carbide rod in the 

tool holder and inserting the combination in the selected spindle-machine. A carbide blank 

of each tested tool diameter [12.7, 15.875, 19.05] mm was assembled into the appropriate 

holder to form a tool-holder assembly. Each tool-holder configuration was clamped in the 

spindle of a Makino a51-nx and the tool tip receptances were measured as shown in Figure 

4-31.  

To model the tool tip receptance, each of the holders and embedded shanks were first 

modeled as a series of discretized Timoshenko beam elements as shown in Figure 4-32. 

The (steel) holder is shown in grey and the (carbide) rod shank is shown in red. The holder 

dimensions are given in Table 4-9, where the holder internal diameter for each section was 

set equal to the diameter of the inserted carbide rod. Each holder was modeled using fifteen 

Timoshenko elements which were then rigidly coupled using RCSA. The holder 

receptances were then rigidly coupled to the previously archived spindle-machine 

receptance to form a holder-spindle-machine receptance.  

Second, this process was repeated for each of the carbide blanks to predict the tool 

receptance. The dimensions of the blanks are given in Table 4-10. The stickout (or 

extension) length for each rod was measured using calipers as shown in Figure 4-33.  

 

  



69 

 

 

Figure 4-26. The cross-sectional view of a set screw holder. The set screw clamps against 

a Weldon flat, which is ground on the tool shank, to secure the tool in the holder.  

 

Figure 4-27. The artifact-spindle-machine receptances are measured for each machine 

spindle in the x and y directions. Inverse RCSA is used to remove the effects of the portion 

of the artifact extending past the flange to isolate the spindle-machine dynamics. 
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Figure 4-28. The dimensions (in mm) of the artifact. 

 

Figure 4-29. Direct receptances of the artifact-spindle-machine in the x and y directions. 
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Figure 4-30. The isolated spindle-machine receptances in the x and y directions. 
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Figure 4-31. Tool-holder-spindle-machine receptances were measured by impact testing 

using a modal hammer and low mass accelerometer to determine the tool-holder coupling 

parameters.  

 

Figure 4-32. The holder and carbide rod are modeled independently as a series of 

Timoshenko beam elements. The steel holder is shown in grey, and the carbide rod is 

shown in red. These substructures are then coupled with a flexible connection. 

 

Rod Holder
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Figure 4-33. Calipers were used to measure the stickout length of each carbide rod and 

tool. 

Table 4-9. Tool holder segment dimensions.  

Nominal holder size/ internal diameter (mm) 12.7 15.875 19.05 
Length (mm) 25.4 25.4 25.4 

Outer diameter (mm) 44.45 44.45 44.45 

 

Table 4-10. Carbide rod dimensions.  

Diameter (mm) Overall length (mm) Stickout length (mm) 
12.7 102.80 44.30 

15.875 115.60 52.38 
19.05 128.37 66.64 

 

Table 4-11. Connection parameters for each carbide rod-holder combination.   

Diameter (mm) kθf 

(N/rad) 
cθf 

(Ns/rad) 
12.7 2.68x106 0.25 

15.875 4.88 x106 1.75 
19.05 5.95 x106 8.5 
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Third, the tool and holder-spindle-machine were coupled using a flexible connection with 

connection parameters  𝑘𝑘𝜃𝜃𝜃𝜃  and 𝑐𝑐𝜃𝜃𝜃𝜃  as described in Chapter 3. These connection 

parameters were selected to provide a visual best fit between the RCSA predicted 

receptance and the measured receptance. The resulting fits are shown in Figure 4-34 

through Figure 4-36 for the 12.7 mm, 15.875 mm, and 19.05 mm diameter rods 

respectively. The resulting connection parameters in both the x and y direction for each tool 

are given in Table 4-11. 

Tool-Holder-Spindle-Machine Receptance Validation 

To validate the new two-diameter Timoshenko beam model with helix factor, the tool-

holder-spindle-machine receptances predicted using RCSA were compared to measured 

tool tip FRFs. Measurements were completed by impact testing using a modal hammer 

(PCB 086C04) and low mass accelerometer (PCB 352C23) adhered to the tool tip using 

wax. Tests were completed for: 1) a 12.7 mm diameter, four flute endmill; 2) a 15.875 mm, 

four flute endmill; and 3) a 19.05 mm, three flute endmill as show in Figure 4-37.  

Nomenclature for the tool-holder assembly is shown in Figure 4-38. For each end mill 

geometry, the fluted portion of the tool was described using the two-diameter Timoshenko 

beam model. The relieved section and shank were described by the measured diameter. 

The stickout length was measured as shown in Figure 4-33 and the flute length was set to 

the manufacturer specifications. The helix factor was calculated as a function of the 

diameter, number of flutes, helix angle, and length to diameter ratio using the coefficients 

presented in Appendix B. The measured dimensions and calculated dI, dA, and helix factor, 

F, for each of the tested tools are presented in Table 4-12.  

In the RCSA algorithm, tool segments are rigidly coupled to the adjacent section along the 

tool axis. Similarly, holder segments are rigidly coupled to adjacent holder segments along 

the holder axis. The identification of the linear stiffness and viscous damping coupling 
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terms used to describe the interface between the tool and holder was discussed in Coupling 

Parameter Identification. To predict each tool-holder-spindle-machine receptance, the 

coupling terms for the same size tool shank diameter were selected (i.e., the coupling 

parameters identified for the 12.7 mm diameter carbide blank were used to predict the 

receptance of the 12.7 mm diameter tool).  

The RCSA predicted receptances using the new two diameter model (blue) are compared 

to the measured tool tip FRFs for all three tools, Figure 4-39. The percent difference in 

predicted natural frequency is less than 2% in all cases. However the disagreement in the 

dynamic stiffness (peak height) for the 12.7 mm and 19.05 mm diameter tools is larger. 

This is attributed to the presence of spindle modes near the natural frequency of the tool 

which causes dynamic interactions similar to a dynamic absorber. 

The measured tool tip receptance and two-diameter Timoshenko beam model results were 

then compared to the area and second moment of area single-diameter Timoshenko beam 

model results. Figure 4-40 through Figure 4-42 show that for all three tested cases, the two-

diameter Timoshenko beam model predicts the natural frequency within 2% and most 

closely matches the stiffness.       

Milling Stability 

In this section, the application of the proposed two-diameter Timoshenko beam model to 

predict the tool tip receptance and, subsequently, the milling stability is evaluated. The tool 

tip receptance predicted by RCSA was used to generate a stability map using the Fourier 

series approach for a 15.9 mm diameter tool with four flutes and a 52.30 mm stickout 

length. First, the tool tip receptance was predicted as described in the section titled Helix 

Angle and Length to Diameter Ratio. Second, the tool-workpiece cutting force coefficients 

were measured. Third, a grid of cutting tests was completed for various spindle speed and 

axial depth of cut combinations to compare with the predicted stability map.  
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Figure 4-34. RCSA fit for 12.7 mm diameter carbide rod. Top: x direction. Bottom: y 

direction. 



77 

 

 

Figure 4-35. RCSA fit for 15.875 mm diameter carbide rod. Top: x direction. Bottom: y 

direction. 
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Figure 4-36. RCSA fit for 19.05 mm diameter carbide rod. Top: x direction. Bottom: y 

direction.  
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Figure 4-37. The tool tip receptance of a) 12.7 mm, b) 15.875 mm, and c) 19.05 mm 

diameter endmills were measured by impact testing. 

 

Figure 4-38. Nomenclature for tool holder and endmill measurements. 

  

a) b) c)
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Table 4-12. Dimensions and modeling inputs for the 12.7 mm, 15.875 mm, and 19.05 mm 

endmills. 
Nominal 
diameter 

(mm) 
Flutes 

Helix 
angle 
(deg) 

Stickout 
length 
(mm) 

Flute 
length 
(mm) 

Relief 
length 
(mm) 

Relief 
diameter 

(mm) 
dI (mm) dA (mm) F (-) 

12.7 4 38 44.44 31.75 9.53 12.10 10.14 9.88 0.93 

15.875 4 38 52.30 38.10 12.70 15.18 12.68 12.35 0.93 

19.05 3 37 66.05 50.80 15.88 18.19 13.57 12.97 0.95 
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Figure 4-39. The predicted tool tip receptances using RCSA and the new two-diameter 

Timoshenko beam model with helix factor are compared to impact testing measurements 

collected for 12.7 mm (row 1), 15.875 mm (row 2), and 19.05 mm (row 3) diameter 

endmills in the x (left column) and y (right column) directions.  
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Figure 4-40. Comparison of the tool-holder-spindle-machine receptance predicted by 

RCSA and measured tool tip FRF for a 12.7 mm diameter, four flute endmill. 

 

Figure 4-41. Comparison of the tool-holder-spindle-machine receptance predicted by 

RCSA and measured tool tip FRF for a 15.875 mm diameter, four flute endmill. 
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Figure 4-42. Comparison of the tool-holder-spindle-machine receptance predicted by 

RCSA and measured tool tip FRF for a 19.05 mm diameter, four flute endmill. 
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Experimental Determination of Cutting Force Coefficients 

To predict the stability map, both the tool tip receptances and cutting force model are 

required. The cutting force coefficients are tool-workpiece specific. Therefore, the normal, 

tangential, and axial cutting force coefficients as well as the edge coefficients were 

measured. For continuity, tests for stability and determination of cutting force coefficients 

were completed using the same workpiece.   

Tests to measure cutting force coefficients were completed on a Kistler 9257B cutting force 

dynamometer at 50% radial immersion as shown in Figure 4-43 and Figure 4-44. Forces 

were collected in the x (feed), y, and z directions. Five feed per tooth values [0.050 0.075 

0.100 0.125 0.150] mm/tooth were selected, and three repeats were collected at each feed 

per tooth value. A spindle speed- axial depth combination was selected such that all cuts 

were stable. Tests were completed at 8000 rpm with an axial depth of cut of 5.1 mm. Cuts 

were performed in a down milling (climb milling) orientation.  

To extract the six cutting force coefficients, the average of the force signal in each direction 

was calculated over the range of selected feedrates. The linear regression method described 

in Chapter 3 was then used to determine the coefficients kn, kt, ka, kne, kte, and kae using the 

slope and intercept of the best fit lines to the feed per tooth-mean force data.  

For the x, y, and z axis forces measured by the force dynamometer, the average of three 

cuts was used to calculate the force in each direction and the resulting cutting force 

coefficients as shown in Figure 4-45. Results for the cutting force coefficients are given in 

Table 4-13. 

To determine an uncertainty in the cutting force coefficients, one of the three tests was 

sampled at random for each feedrate and the linear regression was completed. The slope 

and intercept were then used to calculate the coefficients. This process was repeated for 

150 iterations and the mean and standard deviation for the coefficients for the distributions 
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were calculated. The 95% confidence interval (two standard deviations) is reported in 

Table 4-13, where σ is one standard deviation of the coefficient over all iterations.  

The cutting force coefficients were used in a time domain simulation [3] and compared to 

the measured forces to verify the linear fit. Inputs to the time domain simulation include 

the tool diameter, corner radius, number of teeth, helix angle and runout, in addition to the 

spindle speed and feedrate. Runout was measured as [0 -8.89 -15.24 -5.08] μm using a dial 

indicator as shown in Figure 4-46. For all cutting tests, the forces were filtered to remove 

the effects of the dynamometer dynamics on the measured force [193]. Results for the four 

flute, 15.875 mm diameter endmill with a spindle speed of 8000 rpm and feedrate of 0.05 

mm/tooth and 0.15mm/tooth are shown in Figure 4-47 and Figure 4-48 respectively . TDS 

is the time domain simulation, Fx/y is the raw force signal in the x/y direction, and Fx/y 

filtered is the filtered force signal in the x/y direction.  

Stability Validation  

Stability testing was conducted on a Makino a51nx with an aluminum 6061-T6 workpiece. 

A feed per tooth of 0.1 mm and 50% radial immersion was commanded, and a grid of 

spindle speed-axial depth of cut combinations were tested. The range of spindle speeds was 

8000 rpm to14000 rpm in 1000 rpm increments. The starting axial depth of cut was 1 mm 

and was increased by 1 mm until an unstable cut was completed.  

To determine stability, the cutting sound was measured using a microphone located next 

to the machine door, Figure 4-49. The fast Fourier transform (FFT) of the audio signal was 

used to transform from the time domain to the frequency domain. The tooth passing 

frequency for each test was calculated by: 

𝑓𝑓𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ =  
Ω𝑁𝑁𝑡𝑡
60

 (4.5) 
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Figure 4-43. Machine setup for cutting force measurements using Kistler 9257B cutting 

force dynamometer. 

 

Figure 4-44. Cutting force coefficients were collected at 50% radial immersion in a down 

milling direction for all cuts. 
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Figure 4-45. The mean force and linear fit for a 15.875 mm endmill tested over five 

feedrates at 8000 rpm. 

 

Figure 4-46. Runout of the tool was measured using a dial indicator. 

Table 4-13. Measured cutting force coefficients and uncertainty. 
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Figure 4-47. Time domain simulation versus measured forces for a 15.875 mm endmill 

with a spindle speed of 8000 rpm and feedrate of 0.05 mm/tooth.  

 

Figure 4-48. Time domain simulation versus measured forces for a 15.875 mm endmill 

with a spindle speed of 8000 rpm and feedrate of 0.15 mm/tooth. 
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where ftooth is the tooth passing frequency in Hertz, Ω is the spindle speed in revolutions 

per minute (rpm), and Nt is the number of flutes on the tool. In the case of a stable cut, 

frequency content should be present only at the tooth passing frequency and its integer 

multiples. In an unstable cut, peaks in the frequency plot occur at a chatter frequency which 

is not a multiple of the tooth passing frequency, in general. Examples of stable and unstable 

results are shown in Figure 4-51 and  

Figure 4-52. The resulting stability grid is shown in  Figure 4-53.  

A stability map was first generated using the measured tool tip FRF, Figure 4-54. 

Propagating the 2σ uncertainty in cutting force coefficients yielded little variation in the 

predicted stability boundary.  

Stability maps were generated using the receptance from impact testing of the tool (red), 

and RCSA models using the two-diameter Timoshenko beam model with helix angle factor 

(blue), beam model using a single-diameter derived from the second moment of area 

(black), and beam model using a single-diameter derived from cross-sectional area (green), 

Figure 4-55. When compared to the measured stability grid, as shown in Figure 4-56, the 

two-diameter Timoshenko beam model approach most closely matches the stability 

boundary. All predicted stability maps are slightly shifted with respect to the tests collected 

at 10,000 rpm.  
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Figure 4-49. For each stability test, the cutting sound was recorded and was stability 

determined by frequency content. 

 

Figure 4-50. Examples of the surface left behind due to unstable (red X) and stable (blue 

O) combinations of spindle speed and axial depth of cut. 
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Figure 4-51. A stable cut using a 15.875 mm diameter four flute end mill at 12000 rpm and 

3 mm axial depth of cut. The tooth passing frequency is 800 Hz.  

 
Figure 4-52. An unstable cut using a 15.875 mm diameter four flute end mill at 13000 rpm 

and 3 mm axial depth of cut. The tooth passing frequency is 867 Hz. Content present at 

3112 Hz indicates chatter as this is not an integer multiple of 867 Hz.  
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Figure 4-53. Stability results for 15.875 mm diameter four flute endmill with 50% radial 
immersion. 

 

Figure 4-54. The stability map predicted using the measured tool tip receptance with 

uncertainty in the measured cutting force coefficients. 
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Figure 4-55. The stability lobe map predicted using the measured and predicted tool tip 

receptances for the two-diameter and single-diameter Timoshenko beam models. 

 

Figure 4-56. The stability map predicted from the two-diameter Timoshenko beam model 

for the tool tip receptance prediction. The milling test results are also shown.  
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CHAPTER FIVE  
CONCLUSIONS AND FUTURE WORK 

Receptance coupling substructure analysis (RCSA) using the two-diameter Timoshenko 

beam model provides a computationally inexpensive, modeling-based method for 

predicted the receptances for the fluted portions of helical endmills and, subsequently, the 

tool tip receptance of the tool-holder-spindle-machine combination. This process reduces 

the need for expensive and time-consuming measurements to be made at the machine for 

individual tool-holder-spindle-machine combinations. RCSA enables stability maps to be 

predicted and therefore the improved selection of milling parameters for increased material 

removal rates. The development of the two-diameter Timoshenko beam model and 

integration of a helix factor improve the accuracy of the RCSA method.  

This low-cost technology has applications in both small machine shops, where the time, 

capital, and expertise to conduct an impact test is limited or nonexistent, and large 

manufacturing environments, where tens of tools may be used to produce a single 

component or machining cells are used to produce large batches of parts. In either case, 

increased efficiency in the use of the machine tool, provided by the selection of optimized 

parameters, results in cost savings for the manufacturer.  

As demonstrated in this work, the key inputs to the RCSA model are: 

- The spindle-machine receptance, which is determined from an artifact 

measurement for each machine tool. 

- The tool holder receptance, which is modeled using a series of (single-diameter) 

Timoshenko beam elements.  

- The endmill receptance 

- Coupling coefficients that are used to represent the non-rigid connection between 

the endmill (tool) and tool holder.  
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The aim of this dissertation was to demonstrate a new two-diameter Timoshenko beam 

model to predict the receptance of the fluted portion of the tool. A model was presented 

which accounts for the stiffness and mass of the tool by considering the second moment of 

area and area using the tool cross section. The influence of the helix angle and length to 

diameter ratio were incorporated in the model.  

The increased accuracy of the two-diameter Timoshenko beam model compared to the 

single-diameter Timoshenko beam model was demonstrated for a variety of flute counts, 

diameters, and lengths. A dependence on tool helix angle was incorporated for the first 

time. The predicted receptance from the two-diameter Timoshenko beam model was used 

to accurately predict the tool-holder-spindle-machine receptances using RCSA for three 

different tool assemblies. Finally, the proposed method was used to accurately describe the 

milling stability boundary.  

Future Work 

Wide scale adoption and application of milling parameter selection by RCSA may be 

possible through integration of the algorithm within existing computer aided 

manufacturing (CAM) programs. In commercial CAM software, libraries of tools are 

generated which contain geometric information about the tool holder, diameter, length, 

number of flutes, and helix angles. The machine tool on which a program will be executed 

is also selected in the software. Currently, however, the tool-holder-spindle-machine 

combination is considered rigid. RCSA provides a method to incorporate the structural 

dynamics, in addition to the geometry, into parameter selection at the CAM stage in the 

production cycle. 

Future efforts will include establishing a catalog of coupling parameters used to describe 

the flexible connection between the tool and holder. When combined with the new the two-

diameter Timoshenko beam model and method to measure and archive spindle-machine 
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receptances, a robust RCSA solution will be provided that can assist the CAM programmer 

at the point of need.    
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APPENDIX 

Fitting Coefficients for Frequency and Helix Factor Curves 

Table A-1. The coefficients corresponding to number of flutes and tool diameter to relate 

helix angle and length to diameter ratio to predicted natural frequency.  

3 Flutes 
Diameter C0 C1 C2 C3 C4 C5 

6.35 2.82E+05 -3.76E+02 -9.63E+04 -4.19E+00 8.72E+01 8.70E+03 
9.53 1.88E+05 -2.51E+02 -6.43E+04 -2.79E+00 5.82E+01 5.81E+03 
12.7 1.41E+05 -1.88E+02 -4.82E+04 -2.10E+00 4.37E+01 4.36E+03 
15.9 1.13E+05 -1.50E+02 -3.86E+04 -1.68E+00 3.49E+01 3.49E+03 
19.05 9.40E+04 -1.25E+02 -3.22E+04 -1.40E+00 2.91E+01 2.91E+03 
25.4 7.05E+04 -9.40E+01 -2.41E+04 -1.05E+00 2.18E+01 2.18E+03 

4 Flutes 
Diameter C0 C1 C2 C3 C4 C5 

6.35 3.00E+05 -3.38E+02 -1.02E+05 -4.25E+00 8.16E+01 9.24E+03 
9.53 2.00E+05 -2.26E+02 -6.83E+04 -2.85E+00 5.46E+01 6.17E+03 
12.7 1.59E+05 -1.37E+02 -5.77E+04 -2.32E+00 3.18E+01 5.77E+03 
15.9 1.20E+05 -1.36E+02 -4.10E+04 -1.71E+00 3.28E+01 3.70E+03 
19.05 1.00E+05 -1.13E+02 -3.42E+04 -1.43E+00 2.74E+01 3.09E+03 
25.4 7.51E+04 -8.50E+01 -2.56E+04 -1.07E+00 2.05E+01 2.31E+03 

5 Flutes 
Diameter C0 C1 C2 C3 C4 C5 

6.35 3.08E+05 -2.41E+02 -1.06E+05 -2.67E+00 5.59E+01 9.62E+03 
9.53 2.05E+05 -1.61E+02 -7.06E+04 -1.79E+00 3.74E+01 6.42E+03 
12.7 1.54E+05 -1.21E+02 -5.30E+04 -1.35E+00 2.81E+01 4.82E+03 
15.9 1.23E+05 -9.70E+01 -4.24E+04 -1.08E+00 2.25E+01 3.85E+03 
19.05 1.03E+05 -8.08E+01 -3.53E+04 -8.97E-01 1.87E+01 3.21E+03 
25.4 7.70E+04 -6.06E+01 -2.65E+04 -6.74E-01 1.40E+01 2.41E+03 
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Table A-2 continued 

6 Flutes 
Diameter C0 C1 C2 C3 C4 C5 

6.35 3.12E+05 -2.82E+02 -1.07E+05 -2.98E+00 6.42E+01 9.66E+03 
9.53 2.08E+05 -1.89E+02 -7.11E+04 -2.00E+00 4.32E+01 6.44E+03 
12.7 1.56E+05 -1.42E+02 -5.33E+04 -1.51E+00 3.24E+01 4.83E+03 
15.9 1.25E+05 -1.14E+02 -4.27E+04 -1.21E+00 2.60E+01 3.87E+03 
19.05 1.04E+05 -9.47E+01 -3.56E+04 -1.01E+00 2.17E+01 3.22E+03 
25.4 7.80E+04 -7.11E+01 -2.67E+04 -7.56E-01 1.62E+01 2.42E+03 

7 Flutes 
Diameter C0 C1 C2 C3 C4 C5 

6.35 3.11E+05 -2.84E+02 -1.06E+05 -2.78E+00 6.34E+01 9.65E+03 
9.53 2.07E+05 -1.89E+02 -7.10E+04 -1.89E+00 4.25E+01 6.44E+03 
12.7 1.56E+05 -1.42E+02 -5.32E+04 -1.42E+00 3.19E+01 4.83E+03 
15.9 1.24E+05 -1.14E+02 -4.26E+04 -1.14E+00 2.56E+01 3.86E+03 
19.05 1.04E+05 -9.50E+01 -3.55E+04 -9.48E-01 2.13E+01 3.22E+03 
25.4 7.78E+04 -7.11E+01 -2.66E+04 -7.16E-01 1.60E+01 2.41E+03 
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Table A-3. The coefficients corresponding to number of flutes and tool diameter to relate 

natural frequency and length to diameter ratio to determine the appropriate helix factor. 

3 Flutes 
Diameter H0 H1 H2 H3 H4 H5 

6.35 -2.10E+00 -3.58E-06 4.23E-01 -2.12E-11 1.22E-05 -2.07E-02 
9.53 -2.10E+00 -5.37E-06 4.23E-01 -4.77E-11 1.83E-05 -2.07E-02 
12.7 -2.10E+00 -7.16E-06 4.23E-01 -8.47E-11 2.44E-05 -2.07E-02 
15.9 -2.10E+00 -8.95E-06 4.23E-01 -1.32E-10 3.04E-05 -2.07E-02 
19.05 -2.10E+00 -1.07E-05 4.23E-01 -1.90E-10 3.65E-05 -2.07E-02 
25.4 -2.10E+00 -1.43E-05 4.23E-01 -3.39E-10 4.87E-05 -2.07E-02 

4 Flutes 
Diameter H0 H1 H2 H3 H4 H5 

6.35 -2.03E+00 -3.61E-06 3.91E-01 -1.63E-11 1.14E-05 -1.78E-02 
9.53 -2.03E+00 -5.43E-06 3.91E-01 -3.67E-11 1.71E-05 -1.78E-02 
12.7 -2.03E+00 -7.23E-06 3.91E-01 -6.51E-11 2.27E-05 -1.78E-02 
15.9 -2.03E+00 -9.04E-06 3.91E-01 -1.02E-10 2.84E-05 -1.78E-02 
19.05 -2.03E+00 -1.08E-05 3.91E-01 -1.47E-10 3.41E-05 -1.78E-02 
25.4 -2.03E+00 -1.45E-05 3.91E-01 -2.61E-10 4.55E-05 -1.78E-02 

5 Flutes 
Diameter H0 H1 H2 H3 H4 H5 

6.35 -2.02E+00 -3.63E-06 3.85E-01 -1.55E-11 1.12E-05 -1.72E-02 
9.53 -2.02E+00 -5.44E-06 3.85E-01 -3.50E-11 1.69E-05 -1.72E-02 
12.7 -2.02E+00 -7.25E-06 3.85E-01 -6.22E-11 2.25E-05 -1.72E-02 
15.9 -2.02E+00 -9.07E-06 3.85E-01 -9.71E-11 2.81E-05 -1.72E-02 
19.05 -2.02E+00 -1.09E-05 3.85E-01 -1.40E-10 3.37E-05 -1.72E-02 
25.4 -2.02E+00 -1.45E-05 3.85E-01 -2.49E-10 4.50E-05 -1.73E-02 

6 Flutes 
Diameter H0 H1 H2 H3 H4 H5 

6.35 -1.99E+00 -3.65E-06 3.73E-01 -1.41E-11 1.10E-05 -1.61E-02 
9.53 -1.99E+00 -5.48E-06 3.73E-01 -3.17E-11 1.65E-05 -1.61E-02 
12.7 -1.99E+00 -7.30E-06 3.73E-01 -5.64E-11 2.20E-05 -1.61E-02 
15.9 -1.99E+00 -9.14E-06 3.73E-01 -8.80E-11 2.75E-05 -1.61E-02 
19.05 -1.99E+00 -1.09E-05 3.73E-01 -1.27E-10 3.30E-05 -1.61E-02 
25.4 -1.99E+00 -1.46E-05 3.73E-01 -2.26E-10 4.39E-05 -1.61E-02 
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Table A-4 continued 

7 Flutes 
Diameter H0 H1 H2 H3 H4 H5 

6.35 -2.00E+00 -3.65E-06 3.75E-01 -1.44E-11 1.10E-05 -1.63E-02 
9.53 -2.00E+00 -5.47E-06 3.75E-01 -3.23E-11 1.65E-05 -1.63E-02 
12.7 -2.00E+00 -7.29E-06 3.75E-01 -5.74E-11 2.21E-05 -1.63E-02 
15.9 -2.00E+00 -9.12E-06 3.75E-01 -8.97E-11 2.76E-05 -1.63E-02 
19.05 -2.00E+00 -1.09E-05 3.75E-01 -1.29E-10 3.31E-05 -1.63E-02 
25.4 -2.00E+00 -1.46E-05 3.75E-01 -2.30E-10 4.41E-05 -1.63E-02 
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