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ABSTRACT 

A general solution is presented for determination 

of wind tunnel boundary-induced interference in two­

dimensional subsonic flow. The solution requires no 

a priori knowledge of the model geometry or tunnel wall 

characteristics, and instead, relates the interference to 

velocity measur��ents at a selected control surface within 

the tunnel. The solutions for the tunnel, free-air and 

interference fields are obtained using linearized subsonic 

theory with the Fourier transform technique. An analytical 

example dealing with the case of the wavy wall in the 

presence of a generalized tunnel wall boundary condition 

demonstrates the validity of the solutions in closed form. 

Numerical examples dealing with a variety of model geome­

tries and tunnel wall characteristics demonstrate practical 

applications of the theory. 
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CHAPTER I 

INTRODUCTION 

I. WIND TUNNEL BOUNDARY INTERFERENCE 

Wind tunnel interference is defined to exist if the 

flow field about a model in a wind tunnel differs in any 

way from that about the same model in free air, provided 

the similarity parameters relevant to the flow problem are 

identical in both cases. In most situations, the principle 

contribution to the interference is the modification of the 

flow field induced by the flow constraint at the stream 

boundaries, an effect generally termed wind tunnel boundary 

interference. 

In solid wall tunnels, the flow tangency condition 

at the tunnel walls alters the streamline pattern through­

out the field, and consequently, induces potentially 

significant errors in the measured aerodynamic quantities. 

A similar situation exists in open-jet tunnels due to the 

constant pressure condition along the stream boundary, and 

in ventilated wall tunnels due to the mixed boundary con­

dition at the tunnel walls. 

II. BACKGROUND INFORMATION 

The existence of boundary interference had been 

recognized even before the advent of wind tunnel testing 

1 
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from water channels used in the design of optimum hull 

shapes for oceangoing vessels. Historically, analytical 

and semi-empirical correction techniques to separate the 

effects of boundary interference from measurements in a 

tunnel have concentrated on determining equivalent mathe­

matical representations for the stream boundary conditions 

and deducing the consequent modifications in the flow field 

and on measured quantities in the wind tunnel. 

Although rigorous determination of the modifi­

cations in the flow field due to boundary constraints is a 

complex nonlinear problem, it is generally assumed that the 

interference may be treated as a linear field quantity. 

Consequently, the net modifications in the flow field may 

be expressed as the sum of two independent components; 

velocity gradients induced in the streamwise direction due 

to the volume in the tunnel occupied by the model and its 

wake, generally termed blockage interference; and changes 

in the stream incidence associated with the circulation 

around the model, generally termed lift interference. 

Analytical solutions for tunnel wall interference 

date back to 1919, when Prandtl's [ 1 ] 1 lifting line theory 

presented a method of estimating the lift interference of a 

finite wing at small lift in a closed circular tunnel. 

Theoretical and empirical studies over the next decade 

1Numbers in brackets refer to similarly numbered 
references in the Bibliography. 
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built a framework of interference correction methods based 

on the early work of Prandtl and Glauert, summarized by 

Glauert's I2] classic monograph in 1933. Theodorsen's (3] 

observation of the opposing interference effects associated 

with closed and open tunnel boundaries introduced the 

prospect that, through some judicious combination of these 

boundaries, an interference-free tunnel configuration might 

be achieved, leading to the advent of ventilated wall wind 

tunnels. Goethert's I4] monograph gave the first compre­

hensive treatment of wall interference in ventilated 

tunnels, while subsequent general theories for the cor­

rection of interference in such tunnels: concentrated on 

replacing the mixed boundary condition at the wall with a 

single homogeneous condition over the entire wall. A 

number of correction methods employing such mathematical 

representations for ventilated wall tunnels are summarized 

by Pindzola and Lo [5 ], and by Garne� et al. [6]. 

These classical methods require a definition of the 

tunnel wall characteristics and a mathematical represen­

tation of the test article. The definition of the wall 

characteristic is one of the obstacles to the routine appli­

cation of classical wind tunnel theory to ventilated wall 

tunnels. Furthermore, the representation of the test model 

by certain combinations of singularities neglects all 

viscous effects. In 1978, Lo [7] presented an alternative 

to this classical approach by proposing to base interference 

assessments on measurements of flow variables at a control 
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surface near the tunnel wall inside the test section. Such 

a method offered the advantage of not requiring any equiva­

lent mathematical representation for the tunnel wall 

characteristics or test article geometry. Subsequent 

analytical and numerical investigations IS, 9] proved that 

this method could be used to determine the interference 

distribution at the control surface. 

III. STATEMENT OF THE PROBLEM 

The investigation described herein is concerned 

with determining a general solution for the boundary­

induced interference in two-dimensional subsonic flow based 

on flow variable measurements at a control surface in a 

wind tunnel. The governing flow equations for the tunnel, 

free-air and interference fields are solved subject to the 

boundary measurements using linearized subsonic theory with 

the Fourier transform technique. The interference solution 

presented, unlike the results obtained from classical wind 

tunnel theory, does not require any a priori knowledge of 

the tunnel wall characteristics or test article geometry. 

The approach employed assumes that the model 

thickness and circulation distributions are identical in 

the tunnel and free-air cases. If the model geometry is 

interpreted as a potential equivalent profile including 

viscous effects, then it is reasonable to assume that the 

same equivalent profile exists in both cases. However, the 



observed difference in the lift measured in a wind tunnel 

and in free-air implies a different circulation distri­

bution between these two cases. Since the approach 

employed assumes the same distribution, the solution wil l  

contain an error, presumably smal l, i n  the correction for 

lift. 

5 



CHAPTER II 

GENERAL ANALYSIS 

I. GOVERNING FIELD EQUATIONS 

The model is considered as a potential equivalent 

body including a thin, attached boundary layer with a down­

stream wake region. The flow field is defined as the area 

between two control surfaces in the tunnel stream located 

at some Y = ±H 6utside any wall boundary layer or open-jet 

mixing region at which velocity component measurements are 

made and between which the model is centered, as shown in 

Fig. 1, Appendix A.1 Within this region, the flow is con­

sidered steady, two-dimensional, inviscid and irrotational. 

The assumption of potential flow is rigorous and conse­

quently the tunnel velocity field may be defined in terms 

of the gradient of a scalar potential as 

Components of the velocity field in the tunnel may be 

derived from the potential by the relationships 

UT (X,Y) 

1All figures appear in Appendix A. 

6 

( 1) 

( 2) 
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It is assumed that the model satisfies small disturbance 

boundary conditions and that, consequently, squares and 

products of perturbation velocity components may be 

neglected in the equation of motion. The assumption is 

also made that the flow may be treated as a continuum and 

that the flow is subsonic throughout the field. 

Under these restrictions, the field equation 

written in terms of the tunnel perturbation velocity 

potential is the well-known linearized equation of compres­

sible flow, 

where, 

c) 2
cp 

+ T = 
aY2 

0 ' 

is the Prandtl-Glauert compressibility factor, and 'PT is 

the perturbation velocity potential of the flow field 

within the tunnel. 

( 3) 

By assigning the free-stream velocity U00 and the 

model chord c or some other scale as the. characteristic 

velocity and length, respectively, the mathematical system 

can be nondimensionalized as 

X = -
C 

y 

y = c ( 4) 
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With the aid of the Prandtl-Glauert transformation, the 

y-dimension is scaled by the factor B to yield the scaled 

variables, 

X = X y =By . ( 5) 

Writing Eq. (3 ) in terms of scaled nondimensional variables 

leads to the familiar Laplace equation, 

= [ � + �] ¢ (x, y) = o , 
ax2 ay2 T 

subject to the boundary conditions 

a </JT (x, ±h) = uT (x, ±h) 
ax 

where uT (x, ±h) is a quantity measured at the control 

( 6) 

( 7) 

surface, and the condition that the potential be inde­

pendent of x at upstream and downstream infinity, namely, 

lim 
x-+±co 

a 
ax 

</JT (x, y) = 0 . ( 8) 

Owing to the linearity of this equation and the accompa­

nying boundary conditions, the perturbation potential <PT 

may be treated as the sum of two independent components; 

the potential for flow over the model in free-air, ¢00 , 

and the potential for the difference between the tunnel 

and free-air potentials, presumably induced by the tunnel 

boundaries, defined as the interference potential <Pi' 



related as 

cj)T (x,y) = cjloo(x,y) + cp. (x,y) 
l 

The linearity of the Laplace operator allows the field 

equations for each of the free-air and interference flow 

fields to be written directly from Eq. (6) as 

9 

( 9) 

(10) 

and 

[�+ �icp.(x,y) = o. 
ax2 ay2 i 

(11) 

The free-air field potential in Eq. (10) contains the model 

singularities and satisfies the vanishing condition at 

infinity, namely, 

(12) 

where, 

Boundary conditions on the interference field in Eq. (11) 

are obtained by imposing the vanishing condition on the 

derivative at upstream and downstream infinity, 

lim a cp.(X,Y) = 
l 

0 ' (14) 
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and specifying the interference at the control surfaces as 

II . BOUNDARY VALUE PROBLEM FORMULATIONS 

( 15) 

The potentials for the tunnel and free-air fields 

as formulated in the previous section contain the model 

singularities. However, the linearity of the governing 

field equations and the accompanying boundary conditions 

for the tunnel, free-air and interference fields allows the 

potential in each to be separated into symmetric and 

asymmetric parts, defined for the tunnel field as 

¢Ts (x,�y) = ½ [¢T(x,�y) + ¢T(x, +y)J 

and (16) 

¢TA(x,�y) = + ½ [¢T(x,�y) - ¢T(x,+y)J. 

Each of the symmetric and asymmetric potentials also satis­

fies the Laplace equation, and perturbation velocity 

components may be derived from each as 



UT ( x' ±y) = 
s 

(x, ±y) VT = 
s 

and 

UT (x' ±y) = 
A 

VT cx, ±y) = 
A 

½ [uT (x, y) 

1 
[ (

- -± 
2 

VT x, y) 

± 1:. [u (x y) 
2 T ' 

½ [vT (x, y) 

11 

+ UT (x, -y)J 

- VT (x, -y)J 

(17) 

UT (x, -y)J 

+ VT (.x, -y)J 

Definitions for the symmetric and asymmetric velocity com­

ponents in the free-air and interference-fields are similar. 

In each field, the symmetric potential represents 

the solution to the blockage problem; i. e. , the solution 

including only the effects of thickness. The asymmetric 

potential represents the solution to the lifting problem; 

i.e., the solution including only the effects of camber and 

incidence in which the circulation is represented as a 

centerline distribution of vortices, y (x). It must be 

emphasized that the thickness and circulation distributions 

representing the body never need to be specified and that, 

hence, no knowledge of the model geometry is required. 

Solutions for each of the symmetric and asymmetric 

potentials in the tunnel, free-air and interference fields, 

need only be obtained in the upper half-plane of each field, 

since the lower half-plane solutions may be determined 

directly from the symmetric and asymmetric conditions in 



Eq. ( 1 7) . In a manner consistent with small disturbance 

theory, the boundary conditions for the model are applied 

in the limit approaching the centerline in each of the 

half-planes. The symmetric and asymmetric fields in the 

upper half-plane do not contain any singularities and 

solutions may be obtained using the Fourier transform 

technique. 

12 

The boundary value problem for the upper half-plane 

solution of the symmetric tunnel field potential is formu­

lated by specifying the boundary conditions around the 

field shown in Fig. 2. The boundary condition at the 

control surface is the symmetric part of the measured 

streamwise perturbation velocity component, uT (x,h). 

Further, the condition that the potential is independent of 

x at upstream and downstream infinity leads to the boundary 

conditions 

lim 
x-+± co 

a <pT (x, y) = 0 • 
ax s 

(18) 

Finally, the flow tangency condition at the equivalent body 

is applied in the limit approaching the tunnel centerline, 

as 

1 im v T ( x , y) = F ' ( x) 

y-+o+ S 

(19) 

The boundary value problem for the asymmetric 

tunnel field potential is formulated using the asymmetric 
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velocity component uT (x,h) as the boundary condition at 
A 

the control surface and the vanishing derivative condition 

at upstream and downstream infinity, and imposing the 

induced streamwise velocity from the circulation distri­

bution in the limit approaching the centerline, namely, 

lim UT (x, y) 
y-+o+ A 

1 = 2 Y (x) 

leading to the problem shown in Fig. 3 .  

( 2 0) 

The boundary value problems for the symmetric and 

asymmetric free-air field potentials in Figs. 4 and 5 are 

formulated by specifying similar boundary conditions at the 

centerline as for the tunnel field, namely, 

lim V (x, y) = F, (x) 
y-+o+ 

00 

lim (x, y) 1 (x) u = -Y 00 2 y-+o+ A 

but removing the constraint at the control surface and 

imposing the vanishing condition at infinity as 

lim 
lzl-+00 

¢ (x, y) = o 00 

and 

lim ¢00 (x, y) = 0 , 
jzj-+00 A 

(21) 

( 22) 

( 2 3) 

(24) 



where, 

lz-1 
.... r-2 -2 = \JX + y 

14 

The boundary value problems for the tunnel, free­

air and interference fields are solved in the complex 

Fourier transfonn plane, since the governing partial 

differential equations reduce to ordinary differential 

equations under the transformation. Defining ¢(p, y) as the 

complex Fourier transform on x of the potential ¢(x, y), 

related through the standard form, 

¢(p, y) = 
+

co 
l 

J ¢ (x, y) eipx dx 

(2TI)l/2 
-co 

transforms the Laplace equation to the form 

2 d2 

- p  ¢(p, y) + ¢(p, y) = 0 , 
dy2 

(25) 

( 2 6) 

which is an ordinary differential equation to which 

solutions may be readily formulated. Components of the 

velocity field are derived from the transformed potential 

by applying a complex Fourier transform on forms analogous 

to Eq. (2), resulting in 

u(p, y) = - ip¢(p, y) 

v(p, y) = 
d cii(p, y) 

dy 

( 2 7) 
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provided 

lim eixp </l (x, y) - lim eixp </l (x,y) = 0 . ( 28) 
x-+-co 

The boundary value problems formulated in the physical 

plane may now be expressed in the transform plane. 

Symmetric Tunnel Field Potential, ¢T8(p,y) 

In the upper half-plane of the symmetric tunnel 

field, defined by O 2 y � h, the governing field equation 

is the transformed Laplace equation of the form 

- p
2 ¢T (p,y) + d2 

¢T (p, y) = 0 ' ( 29) 
S dy2 S 

subject to the boundary conditions 

and 

- ip¢T (p, fi) = 
s 

lim d ¢T (p,y) = F' (p) 
y-+o+ dy s 

Asymmetric Tunnel Field Potential, ¢TA(p, y) 

( 3 0) 

( 31) 

The governing field equation in the upper half­

plane of the asymmetric tunnel field is again a transformed 

Laplace equation of the form 



- p2 
¢T (p, y) + d2 

¢T (p, y) = 0 , 
A dy2 A 

subject to the boundary conditions 

and 

for 

- ip¢T (p , h) 
A 

= UT (p,h) 
A 

lim - ip¢T (p, y) 
y-+o+ A 

0 < y < h . 

Symmetric Free-Air Field Potential, ¢005 (p, y) 

16 

( 3 2) 

( 3 3) 

(34) 

The field equation is again a transformed Laplace 

equation of the form 

with the boundary conditions 

and 

for 

lim 
y� 

¢00 (p, y) = 0 
s 

1 im 
d 

¢ 00 ( p , y) = F ' ( p ) 
y-+o+ dy S 

y > 0 • 

0 , ( 3 5) 

( 3 6) 

( 3 7) 



Asymmetric Free-Air Field Potential, ¢00A (p, y) 

The governing field equation is of the form 

- p2 ¢00 (p,y) 
A 

subject to the conditions 

and 

for 

l.llil 
y-+ro 

cpoo (p, y) = 0 
A 

l im - i p ¢ ( p , y ) = 1
2 y ( p) 

y�o+ 
00

A 

y > 0 . 

III. TUNNEL FIELD SOLUTION 

17 

(38) 

(39) 

( 4 0) 

The solution for the tunnel field potential is to 

be derived in a form requiring only the measured tunnel 

control surface quantities uT (x,±h) and vT (x, ±h). The 

boundary value problems formulated in the previous section 

for the symmetric and asymmetric components of the 

potential in the upper half-plane are each solved sepa­

rately, with terms involving the model geometry being 

algebraically eliminated. The solutions are extended to 

the lower half-plane using the symmetric and asymmetric 

conditions and combined to form the complete transformed 
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potential. Applying the inverse transform leads to the 

solution for the tunnel field potential expressed solely in 

terms of the control surface quantities. 

Symmetric Tunnel Field Solution 

Solving Eq. (29) for the symmetric tunnel field 

potential under the boundary conditions in Eqs. (30) and 

(3 1) and returning to nondimensional variables p and y 

yields the upper half-plane potential of the form 

- i - cosh[pSy] F' (p) sinh [pS (h-y)] ¢T
s 

(p,y) = p �
s 

(p,h) cosh[pSh] - pS cosh[p/3h] 

Velocity field components are determined from this 

potential using Eq. (27) as 

and 

u:_ (p,y) = u_ (p,h) cosh[pSy] + � F' (p) sinh[pS (h-y)] 
·1·s Ts cosh[pSh] s cosh[pSh] 

VT (p,y) 
s 

= iSu_ (p,h) sinh[pSy] + F' (p) cosh[pS (h-y)] 
Ts cosh[pSh] cosh[pSh] 

Evaluating Eq. (43 ) at y =h allows the transformed 

thickness distribution to be expressed as 

( 41) 

( 4 2) 

( 4 3)  

F' (p) = vT (p,h)cosh[pSh] - iS� (p,h)sinh[pSh] ( 4 4) 
s s 

which is the same as Eq. (10) of Lo and Sickles [9]. 

Substituting this result into Eqs. (42) and (43 ) to 

eliminate the model geometry leads to the upper half-plane 
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solution for the symmetric tunnel field velocity components 

as 

� (p,y) = � (p,h)cosh[pS(h-y)J i - ( 4 5) + 
S

vT (p,h)sinh[pS(h-y)J 
s s s 

and 

VT (p,y) = vT (p,h)cosh[pS (h-y) J - iBD.r (p ,h) sinhip S(h-y) J . (46) 
s s s 

Velocity field components in the lower half-plane -h ::_ y ::_ 0 

are obtained directly from symmetry conditions as 

� (p, -y)= � (p, -h)cosh[pS(h-y)J - ½ vT (p, -h)sinh[p8(h-y)] (47) 
s s s 

and 

vT (p,-y)= vT (p, -h)cosh[pS(h-y)] + i8� (p,-h)sinh[pS(h-y)] . (48) 
s s s 

Hence, components throughout the plane may be written as 

- i-
� (p, ±y) = � (p,±h)cosh[p8(h-y)J ±

SvT (p,±h)sinh[p(3(h-y)] (49) 
s s s 

and 

vT (p, ±y) = vT (p, ±h)cosh[pS(h-y)J +i8� (p, ±h)sinh[p8(h-y)J, (50) 
s s s 

where, 

0 < y < h . 
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Asymmetric Tunnel Field Solution 

Solving Eq. (32) for the symmetric tunnel field 

potential under the boundary conditions in Eqs. (33 )  and 

(34) in terms of nondimensional variables p and y leads to 

the form 

- i - sinh[p8y] l - i sinh[p8 (h-y)J 
q,T (p,y) = -p lL 

(p,h) -..-.--r---:,,.......- + -2 y (p) - ---.---.--,._,,,r---a;_,_ A TA 
sinh [p8hJ p sinh [p8h] (51) 

Components of the velocity field are derived from this 

potential as 

and 

- - sinh[p8y] l - sinh[p8 (h-y)] 
�A 

(p,y) = 
�A 

(p,h) sinh[pSh] + 2 y (p) sinh[pSh] (52) 

VT (p,y) 
A 

= i8u_ (p,h) cosh[p8y] ·s l - ( )  cosh[p8 (h-y)] . (53) ·1· sinh [p8h] - i 2 Y p sinh [pSh] A 

The circulation distribution y (p) may be expressed in terms 

of control surface variables by evaluating Eq. (53 ) at y = h 

as 

l - - l -
2 y (p) = � (p,h)cosh[p8h] + 

S 
vT (p,h)sinh[p8h] , (54) 

A A 

which is the same as Eq. (13 ) of Lo and Sickles [ 9]. 

Substituting this result into Eqs. (52) and (53 ) to 

eliminate the model geometry yields the asymmetric tunnel 

field velocity components in the transformed plane as 
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� (p,y) = � (p,h)cosh[pS (h-y)] + ½vT (p,h)sinh[pS (h-y)] (55) 
A A A 

vT (p,y) = vT (p,h)coshipS (h-y)J - iS� (p,h)sinhipS (h-y)] (56) 
A A A 

Deriving the lower half-plane solutions from symmetry con­

ditions allows asymmetric tunnel velocity components to be 

expressed throughout the plane as 

- - l -

u._r (p, ±y) = u._r (p, ±h) cosh [pB (h-y) J � B 
vT (p, ±h) sinh [pB (h-y)] ( 5 7) 

and 

A A A 

vT (p, ±y) = vT (p, ±h) coshipB (h-y) J + i� (p, ±h) sinh[pS (h-y)] ( 5 8) 
A A A 

for 

0 < y < h • 

Combined Tunnel Field Solution 

Combining the symmetric and asymmetric components 

of the tunnel velocity field, Eqs. (49) and (50), and Eqs. 

(57) and (58), results in complete solutions for the 

velocity components as 

i -1½ (p, ±y) = 1½(p, ±h)cosh[pB (h-y)] + 
6vT(p, ±h)sinh[pB (h-y)] (59) 

and 

VT (p,±y) = vT(p, ±h)cosh[pS (h-y)J + iS1½(p,±h)sinh[pB (h-y)] (60) 
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Applying an inverse transform on x to Eqs. (59) and (60), 

following the method outlined in Appendix B, leads to 

solutions in the physical plane for the tunnel field 

velocity components as 

and 

for 

u.r<x, ±y) = Re [ '½ (x+iS (h-y) ,±h)] +½Im [ vT (x+iS (h-y) ,±h)] (61) 

vT(x,±y) = Re [ vT (x+iS (h-y),±h)] + S Im ['½ (x+iS (h-y) ,±h)] (62) 

0 < y < h . 

Equations (61) and (62) allow velocity components through­

out the tunnel field to be obtained solely from the control 

surface flow variable measurements. 

IV. FREE-AIR FIELD SOLUTION 

In a similar manner as was done for the tunnel 

field potential, the free-air field potential is to be 

derived solely in terms of the measured tunnel quantities 

uT (x, ± h) and vT (x,±h). However, unlike the tunnel field 

solution, obtaining the inverse transform of the resulting 

free-air solution is possible only at the control surfaces. 

Consequently, the boundary value problems previously formu­

lated for the free-air potential are separated by the 

resulting free-air boundary condition at the control 

surface into an interior and an exterior region. Solutions 
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for the symmetric and asymmetric components in each region 

are derived and then combined to form the complete trans­

formed potential for each region. Applying the inverse 

transform leads to the free-air solution in the interior 

and exterior regions expressed solely in terms of the 

measured tunnel control surface quantities. 

Symmetric Free-Air Field Solution 

Solving Eq. (35) for the symmetric free-air 

potential in the upper half-plane under the boundary con­

ditions in Eqs. (36) and (3 7) leads to the form 

�00 
(p, y) = 

s 

from which the velocity field components are derived as 

and 

- ( ) = � 
TPT

P e - IP I By F , (p) uoo 
p ,y s p s 

- ( ) = e-1 PI By F-, (p) V
00 P,Y 

(63 ) 

(64) 

( 6 5) 

Equations (64) and (65) are consistent with Eqs. (2a) and 

(2b) of Lo [7] for the case where y = h. 

Deriving solutions in the lower half-plane from 

symmetry conditions and eliminating the model geometry by 

substituting the form of F' (p) from Eq. (44) into the forms 

above, using the relationship 

!�! 
sinh[pBh] = sinh[!pl Sh] (66) 
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leads to expressions for the symmetric free-air components 

in terms of tunnel variables as 

and 

+ ½ 
j�j 

cosh[ pSh]vT (p, ± h)l 
s -

+ cosh [pSh]vT (p, ± h)l 
s -

( 6 7) 

(68) 

when y � 0. Equations (67) and (68) agree with Eqs. (37) 

and (38) of Lo and Sickles [9] for the case where y = h. 

Asymmetric Free-Air Field Solution 

Solving for the asymmetric free-air field potential 

in Eq. (38) under the boundary conditions in Eqs. (39) and 

(40) yields the form 

for y > 0. 

� ( ) = 
P

i e-jpjSy �2 y- (p) 't'oo p, y ( 6 9) 

Velocity field components in the upper half-plane 

are determined from this potential as 

uoo (p, y) = e-lpjSy} y (p) 
A 

(70) 
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and 

-
voo (p, y) ( 7 1 )  

which are consistent with Eqs. (14) and (15) of Lo and 

Sickles [ 9 ] for the case where y = h. 

Deriving solutions in the lower half-plane from 

symmetry conditions and substituting the expression for 

y (p) from Eq. (54) to eliminate the model geometry allows 

the free-air field velocity components to be expressed in 

terms of tunnel variables as 

u (p, ±y) = e- l p lSy 
[cosh[ p Sh] uTA 

(p, ± h) 
00 

A 
( 7 2) 

+ ½ l�I sinh[ lp l Sh] vTA
(p, ± h) J -

and 

-
( p' ± y) e- lp!Sy 

[i s  p coshipSh] uT (p, ± h) V = + !PT 00 

A 
(73) 

for y � 0. Equations (72) and (73) agree with Eqs. (3 9) 

and (40) of Lo and Sickles [ 9] for the case when y = h. 
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Combined Free-Air Field Solution 

Combining symmetric and asymmetric components of 

the free-air velocity field, Eqs. (67) and (68 ) , and Eqs. 

(72)  and (73 ) , and returning from symmetry variables using 

the relationships in Eq. (17 )  leads to the forms 

- 1 i p - - - j pjS (y+h) 
+

2 S lPf VT (p,+h) e  

and 

vco ( P ,±Y) = ! v  (p +h) e- J pjS (y-h) _ !. V (p +h) e- l PI S (y+h) 
2 T ' - 2 T ' 

+ !. iS P ii.. (p +h) e -I P  I S (y-h) ( 7 5 )  
2 1Pf 'l' , _  

In obtaining the Fourier inversion of Eqs. (74)  and 

(75 ) , the behavior of uT (p, ±h ) and VT (p,±h ) may prevent the 

divergence of the resulting integrals for a limited range 

of S (h ±y ) . In general, however, the integrals remain 

finite only for y = ±h. Obtaining the inversions under 

this restriction, the free-air components of the control 

surfaces may be related to the measured tunnel variables as 



and 

+= -
Sh J D.r, (�,+h) 

- - ----- d� TI 
(�-x) 2+ (2Sh) 2 

-co 

+= += -
- l f VT ( C±h) 

+ _!__ J VT (�,+h) 
+ 2nf3 �-x d� - 2na -----(�-x) d� 

µ (�-x) 2+ (2Sh) 2 
-co -co 

+= 
v00 (x,±h) = } vT (x, ±h) - S.; J VT (�,+h) 

------ d� 
(�-x) 2+ (2f3h) 2 
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( 76) 

( 7 7 )  

Equations (76) and ( 77) are the same as Eqs. (43 ) and (44) 

of Lo and Sickles [9]. The singularity arising in these 

equations is treated using the Cauchy Principle Value. 

With the aid of Eqs. (76) and (77) , the boundary 

value problems for the free-air field in Figs. 4 and 5 may 

be divided into separate problems for an interior and an 

e�terior region, separated by the additional boundary con­

dition specified at the control surface, as shown in Figs. 

6 and 7. The problems for the symmetric and asymmetric 

interior regions are now analogous to the symmetric and 

asymmetric tunnel field problems in Figs. 2 and 3,  to which 

solutions have been presented in Eqs. (49) , (50) , (57) and 
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(58) . Hence, solutions for the symmetric and asymmetric 

interior regions may be written directly from analogy with 

these results as 

i -u
00 

(p, ±y) = u
00 

(p, ±h) cosh [p(:3 (h-y) J -±: S 
v 

00 
(p, ±h) sinh [p(:3 (h-y) ] ( 7 8) 

s s s 

v
00 

(p,±y) = v
00 

(p, ±h) coshipS (h-y) J + i6u
00 

(p, ±h) sinh[p6 (h-y) J (79) 
S A S 

and 

u(X) (p; ±y) = u(X) (p, ±h) cosh[p(:3 (h-y) ] 2: ½ vex, (p, ±h) sinh[p(:3 (h-y) ] (80) 
A A A 

voo (p, ±y) = vex, (p, ±h) cosh[p(:3 (h-y) ] + i(:3u(X) (p, ±h) sinh[p(:3 (h-y) ] . (81) 
A A A 

Combining symmetric and asymmetric parts and taking the 

inverse transform to the physical plane, again following 

the method in Appendix B, yields forms as 

and 

u (x, ±y) = Re [ u (x+i(:3 (h-y) , ±h) ] + } Im [ v (x+i6 (h-y) , ±h) ( 8 2) 
00 00 µ 00 

v
00

(x, ±y) = Re [ v
00

(x+i6 (h-y) , ±h) ] ±: (3 Im [ u
00

(x+i6 (h-y) , ±h) ] (83) 

for the interior region O :  y :  h .  

In solving the problem for the exterior region, 

either of Eqs. (76) or (77) may be used to specify the 

boundary condition at the control surface . Solutions for 

the symmetric and asymmetric parts of the exterior free-air 
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potential for the case where u
00

(x, h) is specified are of 

the form 

( 8 4) 

and 

(85) 

for y > h. 

Combining the symmetric and asymmetric potentials 

and imposing the symmetry conditions allows velocity com­

ponents in the upper and lower exterior free-air fields to 

be determined as 

and 

for y > h. 

(86) 

v (p, ±y) = + iS P e- j p j S (y-h) u (p ±h) ( 8 7 ) 00 lPT 00 f 

For the case where v
00

(x, h) is specified at the 

control surface, components in the exterior velocity field 

may be similarly determined as 

- ( ) = + i P v (p ±h)e- l PIS (y-h) (88) uoo p ' ± y - B TPT 00 , 
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and 

voo (p, ±y) = v (p, ±h)e-lp J S (y-h) 
00 ( 8 9) 

for y > h. 

Evaluating Eqs. (87) and (88) at y = h yields 

relationships between free-air velocity components at the 

control surface of the forms 

(90) 

and 

(91) 

Equations (90) and (91) are the same as Eqs. (2 ) and (3 ) of 

Lo and Sickles [ 9]. 

Taking inverse transforms in Eqs. (87 ) and (88) 

allows velocity components in the exterior free-air region 

to be determined as 

u (x, ±y) + 1 
TI S  00 -

and 

V ( X ,  ±y) 
- s = + 

00 'TT 

+oo 

J V (i;, ±h) 
00 

- 00  

+oo 

J u (i;, ±h) 
00 

-00 

(x-1;) 
2 2 2 (x-i; )  + S  (y-h) 

(x-1;) 

(x- i; )2 + s 2 (y-h)2 

di; (92) 

di; ( 9 3) 

for ( y\ � h ,  which reduce to the classic exterior functional 
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relationships when y = h, as in Eqs. (Al) and (A2) of Lo and 

Kraft [8]. The singularity arising for the case when y = h 

is treated using the Cauchy Principle Value. 

The interior field solutions in Eqs. (82) and (83 ) 

together with the exterior field solutions in Eqs. (92) and 

(93 ) allow the entire free-air velocity field to be 

determined. The free-air components at the control surface 

in these solutions are obtained solely from the control 

surface m easurements in the tunnel using Eqs. (76) and (77) 

No information about the model geometry or tunnel wall 

characteristics is required. 

V. INTERFERENCE FIELD SOLUTION 

A solution for the interference field in terms of 

tunnel variables is possible by recognizing that the field 

contains no singularities, and thus considering the 

boundary value problem in Fig. 8. The boundary conditions 

at the control surfaces are expressed in transformed 

variables from Eq. (9) as 

(94) 

With the aid of Eq. (74), the boundary conditions may be 

expressed solely in terms of tunnel field variables as 



+ 
1 i p 

vT (p, ±h) + ! � b V (p +h)e-2 j pj(3h 
2 S "fpT 2 f3 I p I T ' 
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( 9 5 )  

The boundary value problem in Fig. 8 may be solved 

for the interference potential as 

7i:l. (p,y) = i: ru . (p,h) sinh pf3 (h+y) + - ( h) sinh p(3 (h-y) J 
( 9 6) � p L i  sinh 2pf3h ui p,- sinh 2p(3h 

for -h : y :  h. Velocity components in this region are 

derived from the potential as 

and 

- - sinh pS (h+y) - sinh pf3 (h-y) ui (p,y) = ui (p,h) sinh 2p(3h + ui (p,-h) siiih 2pSh (97) 

- ( ) _ · a- ( h)cosh p(3 {h+y) vi p,y - l µUi P , sinh 2p(3h if3u ( -h) cosh pS (h-y) . ( 9 8) i P ' siiih 2p/3h 

Substituting the boundary conditions from Eq. (95) and 

defining the auxiliary functions 

sinh pS (h+y) 
sinh 2p(3h 

sinh p(3 { h-y) 
sinh 2pSh 

( 9 9 )  

( 1 0  0 ) 



and 

cosh pS  (h+y) 
sinh 2pf3h 

cosh pS (h-y) 
sinh 2p/3h 

leads to expressions for the velocity components as 

ui 
(p ,y) � ½ [  [ii.r (p ,h) - ½ l�I VT (p ,h)J [ H+

(y)  + H- (y) e-2 1 P l ilh  l 

and 
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(101) 

( 102) 

(103) 

vi (p ,y) � 
ii [[ ii.r (p , h) - ½ l�I VT (p , h)J [ J+ (y) - J- (y) e-2 1 P l llh  l 

. (104) 

- [ ii., (p ,-h) + � l�I VT (p , -h)J [ J- (y) - J+ (y) e-2 [ p [ llh ] ] 

Manipulating terms involving the auxiliary functions leads 

to the forms 

(105 ) 
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and 

(106) 

Applying an inverse Fourier transform on Eqs. (105) and 

(106) leads to solutions for the interference field based 

solely on measurements at the control surface in the tunnel 

field as 

-j-a, { 1 
l J S'½ (t,; ,h) (h-y) + S VT (f,:,h) (s-x) 

u .  (x,y) = -
l 2TI (E;;-x)2 + S2 (h-y)2 

� 

and 

+ 
S'½ (s,-h) (h+y) - ½ vT(s,-h) (s-x) 

} ds 
(E;;-x)2 + s2 (h+y)2 

+oo 
_1 J { 

S1½, (Ch) (E;;-x) - SvT(E;;,h) (h-y) 
v .  (x,y) = -

l 2TI (E;;-x)2 + s2(h-y)2 

� 

S1½, (s,-h) (E;;-x) + SvT (E;;,-h) (h+y) 

(E;;-x)2 + s2 (h+y) 2 

( 10 7) 

(108) 

for -h S y  S h. Equation (107) is consistent with Eq. (4) 

of Lo [7] for the case where y = 0. 
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The integrals in Eqs. (107) and (108) allow the 

entire interference field to be determined based solely on 

the control surface measurements in the tunnel. No infor­

mation about the model geometry or wall characteristics is 

required. 

Perhaps the most significant consequence of this 

interference solution is that these equations may be used 

to correct the effects of boundary interference on 

aerodynamic data measured in a wind tunnel. Using 

the definition for free-air variables in Eq. (7) and 

recalling the form of the first-order pressure coefficient 

consistent with small disturbance theory, the free-air 

pressure distribution is obtained from the measured distri­

bution in the tunnel as 

where, 

+ + 
c (x, o- ,  = c (x , 0-) + 2u . (x , 0) 
P00 P T i 

u .  (x, 0) l 

[ u.r ( � ,h) + u.r ( � , -h) ] 
--------- d� 

( �-x) 2 + ( Sh) 2 

from Eq. (107) with y = 0. 

(109) 

( 110) 
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The lift interference at the model, v .  (x, O )  from 
l 

Eq. (108), may be interpreted as a local modification in 

the effective angle-of-attack. Since this local angle-of­

attack modification will, in general, vary along the model, 

the pressure distribution obtained from Eq. (109) corre­

sponds to a model in free-air having a different camber 

distribution than the model in the wind tunnel. However, 

this effect may be approximated by making a gross adjust­

ment to the model incidence in free-air as 

Cl co 

where, 

Cl • = 

= 

l 

Cl -
T Cl • 

l 

J vi (x, 0) dx 

( 111) 

( 112) 

is the integral mean of the local angle-of-attack modifi­

cations, and 

v .  (x, O )  
l 

- - s 
2 TT 

+co 

J 
-co 

+co 

+ 
� J 2 TT 

- CO  

from Eq. (108) with y = 0. 

[ uT (s, h) - uT ( s, -h) 
( s-x)ds 

(s-x) + ( Sh) 
( 113 ) 

[ vT ( s, h) + vT (C -h) 
ds 

2 ( Sh) 2 ( s-X) + 

In applications where the pressure distribution 

correction in Eq. (109) is not practical, such as in wind 

tunnel tests where aerodynamic forces and moments are 
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measured, an approximation for this blockage correction may 

be determined as an adjustment to the Mach number in free­

air, using isentropic relations, as 

where, 

u .  (x , 0)  dx 
l 

and u .  (x, 0)  is obtained from Eq . (110) . 
l 

( 114) 

( 115) 

Thus, in wind tunnel tests where pressure distri-

butions are measured, the effects of blockage interference 

may be precisely corrected by adjusting the pressure 

distribution using Eq. (109). In tests where aerodynamic 

forces and moments are measured, the effects of blockage 

interference may be approximately corrected by adjusting 

the Mach number using Eq . (114) . In either case, the 

effects of lift interference may be precisely corrected by 

introducing the appropriate camber distribution into the 

model geometry, or may be approximately corrected by 

adjusting the free-air angle-of-attack using Eq . (111) . 



CHAPTER III 

APPLICATION TO THE CLASSIC WAVY WALL MODEL WITH 

A GENERALIZED TUNNEL BOUNDARY CONDITION 

I. GENERAL DESCRIPTION 

In the following analytical demonstration, the 

generalized solutions for the tunnel , free-air and inter­

ference fields developed in this investigation are applied 

to the classic problem of flow past a wave-shaped wall, due 

to Ackeret [10] , to clarify the concepts involved in the 

investigation and to demonstrate .the validity and gener­

ality of the solutions obtained. The example of the wavy 

wall is chosen since the resulting tunnel, free-air and 

interference fields reflect only the effects of thickness, 

and consequently, it should be expected that the solutions 

developed in this investigation will yield exact results. 

Also, arbitrary symmetric profile solutions can be built up 

by Fourier superposition from this simple example. 

Consider the subsonic flow past a small disturbance 

boundary of sinusoidal shape described by 

y = E sin \x (116) 

in the presence of a generalized linear homogeneous 

boundary condition located at some y = h' satisfying the 

requirement 
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L [ <j) T (x , h') ]  = 0 ,  

3 9  

( 1 1  7) 

as shown in Fig. 9. In the region O 2 y 2 h' , the 

potential <PT (x, y) represents the solution for flow over the 

wavy wall in a wind tunnel with some general linear homo­

geneous boundary condition. It is readily shown that the 

solution for this potential may be written as 

c: 
[ 

L (sinh \Sh') l 
<PT (x, Y) = S sinh A Sy L ( cosh X Sh 1 ) 

cosh A Sy
_ 

cos AX . 

Defining 

G (h ' ) L (sinh \ Sh ' )  
- L(cosh X Sh' )  

( 1 1 8 ) 

( 1 1 9 ) 

allows perturbation velocity components in the tunnel field 

to be derived from the potential in Eq. ( 1 1 8 ) as 

uT (x, y) = - \
A [ sinh \ Sy - G (h')cosh \ Sy ] sin >-.x  ( 1 20)  

and 

vT (x, y) = E A [ cosh \ Sy - G (h')sinh \ Sy ]  cos >-.x  . ( 1 21 )  

Arbitrarily defining a control surface at some y = h ,  where 

O < h < h' , allows the flow variables at the control 

surface to be written directly as 

uT (x , h) = - E
S
A [ sinh \ Sh - G (h')cosh \ Sh ]  sin >-.x  ( 1 22)  
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and 

vT(x, h )  = E A [ cosh A Sh - G(h ' ) sinh A Sh ] cos Ax . ( 12 3 )  

The generalized solutions for the tunnel, free-air 

and interference fields developed in this investigation 

will be evaluated based solely on the flow variables at the 

control surface in Eqs. (122) and (123 ) .  For the purposes 

of this analytical demonstration, all solutions will be 

obtained in closed form ; however, in a practical appli-

cation of the theory, only discrete measurements of the 

control surface variables are available, and consequently, 

the numerical techniques described in the next section 

would be used to obtain discretized solutions. 

I I . TUNNEL FIELD SOLUTION 

The solutions presented in Eqs. (61 ) and (62) for 

the tunnel velocity field will be evaluated based on the 

control surface information. The analytic continuations of 

Eqs. (122 ) and (123 ) into the complex plane are of the 

forms 

Re [ �(x+iS (h-y) ,h) ] = 

- e; [ sinh A Sh - G (h') cosh A Sh ] cosh A S  (h-y) sin Ax ( 12 4 )  
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rm [ u.r (x+iS (h-y) ,h) J = 

- E: [ sinh A Sh - G (h ' )  cash >._Sh J sinh >._S  (h-y) cos AX ( 12 5 )  

and 

Re I vT (x+iS (h-y) ,h) J = 

EA [ cash >._Sh - G(h') sinh >._Sh J cash >._ S (h-y) cos AX (126) 

Im [ vT (x+iS (h-y) ,h) J = 

- EA [ cash >._ Sh - G (h') sinh ASh J sinh >._S  (h-y) sin AX . ( 127 ) 

Substituting into Eqs. (61 ) and (62)  and reducing yields 

UT (x, y) = E
S
A [ sinh >._ Sy - G (h ' ) cash >._ Sy ]  sin >._ x  ( 12 8) 

and 

VT (x, y) = E A [ cash >._ Sy - G (h' ) sinh >._ Sy J cos >._x  , (129) 

which agree with the forms in Eqs. (120 ) and (121 ) . 

III. FREE-AIR FIELD SOLUTION 

The free-air solution for flow over the wavy wall 

may be obtained directly from the tunnel solution in Eq. 

(118 )  by taking the limit as h' + 00 and recognizing that 

lim L (sinh >._ Sh' ) = 1 h'+00 L (cosh >._ Sh ' ) (130 )  

for all L. Hence, the free-air potential is of the form 



<Poo (x, y) = E e-,\ f3y cos ,\x  s 
for y > 0. 

Velocity components in the free-air field are 

determined from this potential as 

and 

v (x, y) = E ,\ e-,\ f3y cos ,\x  . 
00 
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(131) 

(132) 

( 13 3) 

A solution for the free-air field will be obtained based 

solely on the control surface information in the tunnel 

field and compared with the known solution in Eqs. (132) 

and ( 133) . 

The free-air components at the control surface will 

be derived by Eqs. (76) and (77) using the control surface 

flow variables in Eqs. (122) and (123) together with the 

symmetry condition. Substituting appropriately leads to 

the expressions 

u., (x,h) - e; { - ½ [ sinh Allh - G (h')
:

sh Allh l sin AX 

+ Sh [ sinh ,\f3h - G (h') cosh ,\f3h J J 
s
� 

,\,; 
2 d,; TI (,; -x) + ( 2 Sh) 

2
� [ cosh ,\f3h - G (h') sinh ,\f3h ] J 

co
;_;.; d,; 

1 [ cosh ,\f3h - G(h') sinh ,\f3h 1f
+oo 

cos ,\,; (,;-x) d,;} 2TI (,; -x) 2 + ( 2f3h) 2 
-00 

( 134) 



and 

v 
00 

(x,h) = eA { ½ [ cosh A8h - G (h ' )  sinh A8h ]  cos Ax 

-+= 

+ Sh [ cosh A 6h - G (h I ) sinh A Sh J J 
cos AS ds TT 

(s-x) 2 + (2Sh) 2 
-00 

-+= 
1 [ sinh :\ 6h - G (h ' ) cosh ;\ Sh J 

f sin :\s ds 
2TT s-x 

-00 
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. (135) 

-+= sin :\s ( f;-x) df; } 1 f + 
2TT [ sinh ;\ Sh - G (h) cosh ;\ Sh J (s-x) 2 + (2 Sh) 2 

-00 

The integrals in Eqs. (134) and (135) are readily evaluated 

using the calculus of residues, resulting in expressions as 

_ 1 EA J u
00

(x,h) - 2 S 
l
cosh :\Sh [ 1 + G (h') ]  - sinh >i Sh [ 1 + G (h') ]  

+ sinh :\ Sh [ 1 - G(h') ] e-2:\ Sh (136) 

+ cosh A8h [ 1  - G (h ' ) ] e-lA8h } sin AX 



and 

v00 (x,h) - ½ cA { cosh Ailh [ 1 + G (h ') ]  - sinh A ilh [ 1 + G (h ') ]  

+ sinh ) d3h [ 1 - G (h ') J e-2Af3h 

+ cosh A ilh [ 1 - G (h ') ] e-2ASh } cos Ax 

Combining as necessary and reducing leads to the forms 

u (x, h) = 

00 

and 

V (x, h) = 

E A -A f3h 73 e  sin 

-A Sh E Ae CO S  

A X  

AX 

4 4  

( 13 7) 

( 13 8 )  

( 1 39) 

These solutions for the free-air components at the control 

surface will be used to evaluate Eqs. ( 8 2) and ( 8 3) to 

obtain the interior free-air field solutions. 

Analytically continuing Eqs. (1 3 8 )  and (1 39) into 

the complex plane leads to Real and Imaginary parts as 

Re [ ( · f3 (h ) h) J = .;;. e-Af3h cosh ' S (h-y) sm· ' ·· U
00 

X+l. -y , p 
/\ AX 

Im [ u00 
(x+iS (h-y) ,h) J = E

: e -Af3h sinh A f3  (h-y) sin AX 

( 1 4  0) 

( 141) 
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and 

Re [ v
00

(x+i8 (h-y) ,h) ] =  de-ASh cosh AS (h-y) cos AX ( 1 4 2) 

( 1 4 3 )  

Substituting into Eqs . ( 8 2) and ( 8 3) and reducing yields 

and 

u (x , y ) = .0.. e-A Sy s in AX 
00 8 

v (x , y )  = E A e-A 8Y cos AX , 
00 

which agree with the known solutions in Eqs . ( 1 27) and 

( 1 2 8 ) . 

IV . INTERFERENCE FIELD SOLUTION 

( 1 4 4) 

(145) 

The so lution for the interferenc e field potential 

may be determined directly from the tunne l  and free-air 

solutions in Eqs . ( 1 1 8 )  and ( 1 3 1 ) to yield 

cj> . ( x , y )  = - £ [ G (h ' ) -l ] cosh A 8y cos AX 
i 8 

for O � y � h ' . Interference velocity components are 

determined from this potential as 

u .  (x , y) l 
E A  = 
T [ G (h '  ) -1 ]  cosh A Sy sin AX 

( 14 6) 

( 1 4 7) 



v .  ( x , y )  = - E A [ G (h')-1 ] sinh >-. Sy cos >-.x  . 
l 
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( 14 8) 

Solutions for the interference field wil l be determined 

based entirely on control surface information in the tunnel 

field using the res ults developed in this investigation and 

compared with the known solution above. 

The integral s for interference evaluation in Eqs. 

(107) and (108) provide a solution for the interference 

field directly in terms of the tunnel control surface 

variables. Substituting the control surface variables in 

Eqs. (12 2 ) and (123 ) into these integrals with the aid of 

the symmetric condition leads to the forms 

u .  (x ,y) 1 = ;
A 

{- (sinh >-.Sh-G(h') cash >-.Sh) (h-y) J

+oo 

s
;11 ;

s 
2 

ds n (s-x) +S (h-y) 
-OJ 

+ ½ (cash >-.Sh-G (h')sinh >-. Sh)! �
s 

�s 
2 (s-x)ds 

-m (s-x) +S (h-y) 

+ro 

(sinh >-.Sh-G (h')cosh >-.Sh) (h+y{ 
sin >-.s ds 

(s-x) 2+s2 (h+y) 2 
-OJ 

1 (cash >-.Sh-G (h')sinh >-.Sh)! cos >-.s + s (s-x) 2+s2 (h+y) 2 
-OJ 

( l;-x) di; } 

(149) 



and 

vi (x,y) = 
�; { (sinh A Sh� (h')cosh A Sh)J

+= 

sin A� 
(�-x) 2+s2 (h-y) 2 

-a, 

+= 

+ S (cosh >-Sh� (h')sinh >-Sh) (h-y)J c
�
s 
s� 2 d� 

(�-x) +S (h-y) -a, 
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(�-x)d� 

. ( 150) 

+ (sinh A Sh� (h ' )cosh ASh)j 
sin

;� 
2 (�-x)d� 

(�-x) 2+s (h+y) -a, 

+ S (cosh ASh-G (h') sinh ASh) (h+y) j �s ;s 
2 di; } -

-co (�-x) +S (h+y) 

Evaluating the integrals using residue calculus results in 

the expressions 

ui (x,y) = }  s; {sinh A Sh[e-AS (h-y) (G (h')-1) + e-AS (h+y) (G (h')-1)] 

(151) 

+ cash A Sh [ e -AS (h-y) (G(h' )-1) + e -A S (h+y) (G (h' )-1)] } sin AX 

and 

vi (x,y) = ½ sA { sinh A Sh [ e -AS (h-y) (G (h' )-1) - e -AS  (h-ly) (G (h' )-1)] 

. ( 15 2) 

+ cash ASh [ e -AS (h-y) (G (h') -1) - e -AS (h+y) (G (h') -1)]}  oos AX 



Combining terms leads to the forms 

ui (x, y) = E
f3

A [ G (h')-1 ] cosh A f3y sin AX 

and 

vi ( x , y) = - E A [ G(h')-1 J sinh A f3y cos AX , 

which agree with the known solutions in Eqs. (147) and 

(148). 
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( 1 5 3 )  

( 1 5  4 )  

The methods developed in this investigation have 

led to exact solutions for the tunnel, free-air and 

interference fields for the case of the wavy wall in the 

presence of a generalized linear homogeneous boundary 

condition. It should be pointed out that the information 

about the model geometry and tunnel boundary condition was 

used only to obtain theoretical solutions for comparison. 

The actual field solutions were based solely on the control 

surface quantities in the tunnel field. 



CHAPTER IV 

NUMERICAL DEMONSTRATIONS 

I. METHOD OF CALCULATION 

Since in a practical application of the theory the 

control surface flow variable distributions uT (x, ±h )  and 

vT (x, ±h )  will be given in the form of discrete measured 

values rather than as closed form analytical expressions, 

the field solutions presented in this investigation will 

need to be evaluated using numerical techniques. In this 

section, numerical methods developed specifically for this 

purpose are presented and a variety of examples are treated 

using these methods. 

The solutions for the tunnel and free-air fields in 

Eqs. (61 ) and (62) , and Eqs. (82) and (83 ) , involve 

analytically continuing the discrete representations for 

the control surface variables into the complex plane. The 

most successful approach to this involves forming a real­

valued series expansion of orthogonal polynomials to repre­

sent the control surface distributions, and then evaluating 

the series for the appropriate complex argument. 

Specifically, over some finite interval a <  x < b, 

the discrete control surface distributions uT (x, ± h )  and 

vT (x, ±h) are interpolated to a fine spacing using a third­

order spline fit routine. The resulting distributions are 
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transformed to the interval of orthogonality - 1 < x < 1 

for the Tschebyscheff polynomials of the second kind 

through the linear transformation 
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A 2 
X = (b-a) X - (b+a) 

(b-a) (15 5) 

The Tschebyscheff Type II polynomials are used for the 

expansion because the finite interval of orthogonality 

allows solutions to be determined over any segment on the 

x-axis and because the integrals for the series coef­

ficients are nonsingular. Each of the control surface 

distributions is represented in a series as 

f<x, h) = 

where, 

l C n n=O 
u (�) n 

-"2 A 

1 - X dx . 

The polynomials U (k) are generated from the recursion n 

relationship 

with the conditions 

u0 c x )  = 1 

A A 

u1 (x) = 2x 

(156) 

( 15 7) 

(15 8) 

( 159) 



The integral for each of the series coefficients in Eq. 

(157) is treated using a simple trapezoidal quadrature 

technique. 
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The expansion of Eq. (156) is exact if the number 

of terms in the series is infinite; however, in practical 

applications the series must be truncated after a finite 

number of terms. A limit on the number of terms that can 

accurately represent the series arises from machine round­

off error involved in the numerical integration, which 

eventually becomes of the same order as the coefficient 

value since the coefficients tend to zero for sufficiently 

large n and the round-off error remains constant. Conse-

quently, a criterion is necessary to determine when the 

series is to be truncated. 

From practical considerations, a logical criterion 

is to continue to add terms to the series as long as the 

resulting n-term series is a better approximation to the 

real-valued function than the previous (n-1) -term series. 

In this criterion, the test to determine if the series has 

been improved by including the n-th term is to compare the 

integral of the n-term approximation with that of the 

original function. 

as 

Specifically, a parameter EN is defined 
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+

1 1  
J y C U { X) 

2 

n=0 n n 
-1 -

- f (X , h i]  dX 

(160) 
+l 

J f ( x , h ) dx 

- 1 

and the series is terminated at (N-1) terms when 

> 1 . (161) 

This leads to the series expansion utilizing the maximum 

accuracy attainable with a given computer. In practical 

applications on an IBM 370/165 computer, the parameter EN 

typically reaches a minimum around 10-4 before it begins 

increasing, leading to a series of typically 10 to 20 

terms. 

The resulting series expansion for each of the 

control surface distributions is then evaluated for the 

complex variable 

z = x + iS (h-y) (162) 

as 

f ( x + iS (h-y) , h )  = I en Un ( x + iS (h-y) ) , (163 ) 
n=0 

where the coefficients are the same as for the real-valued 

series. Real and Imaginary parts of Eq . (163 ) are then 
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separated, either using the complex arithmetic capabilities 

of most modern computers, or by considering separate series 

for each from the recursion relationship in Eq. (158). 

As a check on the validity of this numerical tech­

nique for evaluating the complex continuations of the 

control surface distributions, the method is applied to a 

test function for which the Real and Imaginary parts may be 

evaluated directly in closed form. In particular, the 

function 

f (x, h) = e 

l l 
2 

- 6 (  X - 2 )  (164) 

on the interval -6 < x < 6 is used for this test since it 

is similar to the flow variables uT (x, ±h) that will be 

encountered in practical applications. The closed form 

analytic continuations of this function leads to 

expressions for the complex parts as 

l 2 2 2 l - 6 [ X -S (h-y) - Lf ]  
Re [ f (x+iS (h-y) ,h) ] = e cos xS (h-y) 

l 2 2 2 l - 6 [ X -S (h-y) - - ] 
Im [ f (x+iS (h-y) ,h) ] = e 4 sin xS (h-y) . 

(165 ) 

( 16  6) 

Applying the numerical technique to this function with 

typical parameter values S = 0. 8, h = 0. 5, and y = 0 on the 

interval -6  < x < 6 leads to the numerical solutions for 

the Real and Imaginary parts in Fig. 10. The agreement 

between the computed complex parts and the values generated 
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by Eqs. (165 ) and (166 ) indicates that the numerical tech-

nique is, indeed, capable of analytically continuing the 

discrete representations for the control surface distri­

butions into the complex plane. 

The solutions for the free-air velocity components 

at the control surface in Eqs. (76) and (77) may be evalu­

ated numerically using simple integration techniques. The 

nonsingular integrals are evaluated by interpolating the 

discrete flow variable distributions using a third-order 

spline fit and applying a simple trapezoidal quadrature 

routine. 

The singular integrals of the form 

I (x , ±h) = 

+oo 
fT (s, ±h) 

ds s - X 
(167) 

-oo 

are evaluated by treating the equivalent form 

( 16 8) 

The second term above represents the integral of an odd 

function over an even interval and hence, vanishes 

identically. The first integral is treated using a simple 

trapezoidal quadrature technique and judiciously avoiding 

the singular point to avoid machine overflow restrictions. 
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Finally, the interference field solutions in Eqs. 

(107) and ( 108) are evaluated by interpolating the discrete 

flow variable distributions and applying a simple trape­

zoidal quadrature technique. Evaluating Eq. (107) with 

y = 0 allows Eq. ( 109) to be evaluated for the interference­

free pressure distribution. 

The numerical techniques described are used to 

evaluate the solutions for the tunnel , free-air and 

interference fields based solely on discrete measurements 

of the flow variables uT(x, ±h) and vT(x, ±h) at the control 

surface. In the following section, these techniques are 

applied to a variety of numerical examples simulating 

practical applications of the theory. 

II. NUMERICAL EXAMPLES 

The results of numerical simulations based on the 

two-dimensional transonic small disturbance computer pro­

gram TSFOIL [ 11] are presented in this section. The 

examples included deal with a variety of model geometries 

and tunnel boundary characteristics so as to establish the 

generality of the solutions. 

The first example involves a 12-percent thickness 

biconvex circular arc airfoil at Mach number 0.6 and zero 

incidence in a wind tunnel with straight solid walls 

located at h' = 0.75. Solutions for the tunnel and free­

air fields are obtained from the TSFOIL program. A com­

parison of the airfoil surface pressure distribution for 
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the tunnel and free-air cases in Fig . lla indicates a 

significant level of interference at the model. Choosing 

the control surfaces at h = ±0. 5 and using the distri­

butions uT (x, ±h) and vT (x, ±h) computed by the TSFOIL 

program to evaluate Eq. (109) leads to the pressure distri­

bution corrected for the effects of blockage interference 

in Fig. lla. Since this example deals with a nonlifting 

(i. e. , purely symmetric) case, the interference correction 

is exact and the free-air pressure distribution can be 

obtained directly from the measured distribution in the 

tunnel. 

The second example deals with the same airfoil at 

the same conditions, but considers the case of an open-jet 

tunnel boundary condition. Solutions for the tunnel and 

free-air fields are again computed by the simulation pro­

gram. The airfoil surface pressure distributions are shown 

in Fig. llb and compared with the corrected distribution 

from Eq. (109), based solely on the control surface flow 

variable distributions in the tunnel. The interference 

correction is again seen to be exact for this purely 

symmetric case , The example shown in Fig. llc also deals 

with the same airfoil at the same condition, but considers 

the case of a uniformly porous wall tunnel. The inter­

ference correction is again exact. 

The three examples presented demonstrate that the 

solutions are independent of the tunnel wall characteristics. 
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In order to demonstrate the independence with regard to the 

model geometry, the examples are repeated in the same 

manner described, but now considering the case of an NACA 

0012 airfoil. Results for the solid wall, open-jet and 

porous wall tunnel cases are presented in Figs. 12a, 12 b 

and 12c, respectively. The interference correction is 

again exact in these nonlifting configurations. 

In order to demons trate the applicability of the 

interference solution in Eq. (109) to lifting configu­

rations, examples are presented involving the biconvex and 

NACA 0012 airfoils at incidence. In Fig. 13 , the biconvex 

airfoil is considered at Mach number 0. 6 and 1-degree 

incidence in a tunnel with straight solid walls at 

h' = 0. 75. 

The resulting pressure dis tribution is first 

adjusted for the effects of blockage interference using the 

precise correction in Eq. (109). Finally, the effects of 

lift interference are approximately corrected by making a 

gros s adjustment to the free-air angle-of-attack. Following 

the approach in Eq. (111) leads to an angle-of-attack of 

1. 10-degrees in the free-air case. The slight residual 

interference apparent in Fig. 13 is due in part to the fact 

that a gross correction for the lift interference was us ed, 

and in part to the error involved in the development of the 

interference solutions by as suming that the circulation in 

the tunnel and free-air cases is the same. Thus,  the 
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pressure distribution in the wind tunnel at Mach number 0.6 

and 1-degree model incidence is adjusted using Eq. (109) 

and then approximately corresponds to the distribution on 

the same airfoil in free-air at Mach number 0.6 and 1.10-

degrees model incidence. 

The same procedure is repeated for the case of the 

NACA 0012 airfoil at the same tunnel conditions in Fig. 14. 

In this case, the corrected pressure distribution in the 

tunnel approximately corresponds to that for a model in 

free-air at an incidence of 1. 15 degrees. 

The example shown in Fig. 15 considers the biconvex 

airfoil at Mach number 0 . 6  and 2-degrees incidence in a 

tunnel with straight solid walls. Again following the same 

procedure, the pressure distribution is precisely corrected 

for the effects of blockage interference using Eq. (109), 

and then approximately corrected for the lift interference 

by adjusting the free-air angle-of-attack to 2.21 degrees. 

The residual interference seen is due, in part, to the 

approximate correction for the lift interference. 

In Fig. 16, the example of the biconvex airfoil at 

Mach number 0.6 and 2-degrees incidence is repeated, but in 

this case the exact correction for the lift interference is 

used. This amounts to modifying the geometry of the model 

in the tunnel by introducing a camber distribution related 

to the lift interference as 



c (x) = J  v .  (x, 0) dx . 
l 

The pressure distribution on the cambered wing in the 
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tunnel at the original Mach number and incidence is then 

corrected for blockage effects using Eq. (109) and compared 

with the pressure distribution on the original wing at Mach 

number 0. 6 and 2-degrees incidence in free-air. Since in 

this case both the blockage and lift corrections are 

precise, the residual error is due entirely to the 

assumption of equivalent circulation in the tunnel and free­

air cases. 

In order to demonstrate an application of the 

complex parts solutions for the tunnel and free-air fields 

in Eqs. (61) and (62) , and Eqs. (82) and ( 8 3) , the solution 

for the tunnel field is evaluated for the case of the NACA 

0012 airfoil at Mach number 0. 6 and zero incidence in a 

tunnel with straight solid walls. The control surface 

distributions uT (x, ±h) and vT (x, ±h) at h = 0. 5 are interpo­

lated to a fine spacing using a third-order spline fit 

routine and are analytically continued into the complex 

plane using the numerical technique described in the 

previous section. The real-valued series expansions for 

uT (x, ±h) are each terminated after 14 terms and reach a 

minimum E N-value at 3 (10-3) ,  resulting in a real-valued 

series approximation that reproduces the original control 
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surface distribution to within 0. 1 percent on the interval 

-0. 9 2 x 2 0. 9. The expansions for vT (x, ±h) are each 

terminated after 19 terms and reach a minimum E N-value at 

-4 5 (10 ) , leading to a series approximation accurate to 

within 0. 02 percent over the same x-interval. Evaluating 

the complex series with y = 0. 001 allows Eq. (61) to be 

evaluated for uT (x, 0+) and compared with the solution 

obtained from the numerical simulation. The comparison 

appears in Fig. 17 and indicates a discrepancy with the 

TSFOIL solution. 

Since the numerical method was capable of correctly 

evaluating the complex parts of the test function presented 

in Eq. (165), as well as a wide range of other test 

functions, it is concluded that the distribution uT (x, O+ ) 

obtained from the evaluation of Eq. (61) is, indeed, the 

correct analytic continuation of the control surface flow 

variable distributions. An analytical sensitivity investi­

gation of Eq. (59) , superimposing a high frequency 

sinusoidal error function onto the distribution uT (x, h) and 

vT (x, h), indicates that the analytic continuations may be 

dramatically altered by small errors in the control surface 

distributions. Errors introduced in these distributions 

during the TSFOIL solution routine are believed to be the 

source of the discrepancy in Fig. 17. 



CHAPTER V 

CONCLUDING REMARKS 

The investigation described herein develops a 

general solution in closed form for wind tunnel boundary­

induced interference in two-dimensional subsonic flow based 

solely on measured velocity components at a control surface 

in the tunnel. The solution presented , unlike results 

developed from classical wind tunnel theory,  does not 

require any a priori knowledge of the tunnel wall character­

istics or model geometry. 

The approach employed leads to exact solutions for 

the interference in nonlifting cases. In situations 

involving lift, the interference solution developed will 

contain a small error in the correction for lift. 

The example of the wavy wall with a generalized 

boundary condition demonstrates in closed form that the 

solution developed leads to exact results for nonlifting 

cases. The numerical examples presented, dealing with a 

variety of model geometries and tunnel wall characteristics, 

demonstrate not only the generality of the interference 

solution developed, but also the applicability of the 

solution for determining the interference in cases 

involving small lift. 

6 1  
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APPENDIX A 

FIGURES 

Figures 1 through 17 contain schematic diagrams of 

the boundary value problems for the tunnel, free-air and 

interference fields, in addition to results obtained by 

applying the interference solutions developed in this 

investigation to a variety of model geometries and tunnel 

boundary conditions. 
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Figure 10. Demonstration o� the numerical procedure for 
analytic continuation. 
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Figure 11. Airfoil surface pressure distributions based on 
Eq. (109) for 12 percent thickness parabolic arc 
airfoil, M = 0. 6, a = 0 ° , h/c = 0.5. 
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Figure 13. Airfoil surface pressure distributions based on 
Eq. (109) for 12 percent thickness parabolic 
arc airfoil, M = 0.6, a = 1 ° , h/c = 0.5. 
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Figure 14. Airfoil surface pressure distributions based on 
Eq. (109) for NACA 0012 airfoil, 
M = 0. 6, a = 1 ° , h/c = 0.5. 
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Figure 15 . . Airfoil surface pressure distributi�ns based on 
Eq. (109) for 12 percent thickness parabolic 
arc airfoil , M = 0. 6, a =  2° , h/c = 0. 5. 
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Eq . ( 1 0 9 )  and exact camber modification for 
12-percent thickness parab olic arc airfoil , 
M = 0 . 6 ,  a = 2 ° , h/c = 0 . 5 .  
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M = 0 . 6, a = 0 ° , h/c = 0. 5. 



APPENDIX B 

INVERSE TRANSFORMS OF CERTAIN FUNCTIONS 

The inverse complex Fourier transform of a function 

g (p) is ordinaril y defined for real z as 

+oo 

g ( z )  
(2TI)l/2 

- 00  

g (p)e-ipz dp . (169) 

The Wiener-Hopf technique [ 12] extends z to be complex, so 

that for z = � + in ,  

+oo 

g (�+in ) 1 
J 

- ( ) -ip (�+in) dp = 
(2n)l/2 g p e 

- 00  

+oo 

J [ g (p) epn ] e -ip� dp = 
(2TI)l/2 

-oo 

The behavior of g (p) may prevent the divergence of the 

integral in Eq. (170) for a limited range of n. In 

particular, if 

lim g (p)ep n -+ o 
p-+±oo 

( 1 70) 

( 1 71) 

for n1 < n < n2, then the inverse transform in Eq. (170) is 

analytic in the strip n1 < n < n2 in the complex plane. 

Hence, in this region of the plane 
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+oo 
1 

(27T )l/2 
-00 

[ g (p)epn J e-ip � dp = g ( �+in ) . (172) 

This form may be applied to obtain the inverse transforms 

of certain functions. 

Inverse of g (p , y) = u (p)cosh py 

The function g (p, y) may be alternatively written 

as 

g ( p, y) = } u ( p) [ ePY + e -py ] (173 ) 

Appl ying an inverse transform to Eq. (173 ) leads to the 

form 

+oo 

g (x , y) l { 1 J [ u (p) ePY ] -ipx dp = 2 (27T) l/2 e 
- 00  

( 17 4) 
+oo 

dp } + 1 J [ u (p ) e-py] -ipx 
(27T)l/2 e 

-oo 

From analogy with Eq. (172), this is equivalent to 

g (x, y) = }  u (x+iy) + ;  u (x-iy) , ( 175) 

which may be alternatively expressed as 

g (x, y) = Re[ u (x+iy) ] . ( 176) 



Inverse of g (p, y) = u (p) sinh py 

Similarly, writing g (p, y) as 

g (p , y) = ½ u (p) [ ePY - e-py ] 

leads to the inverse transforms as 

g (x, y) 1 1 
= 2 u (x+iy) - 2 u (x-iy) 

which may be alternatively expressed in the form 

g (x, y) = i Im [ u (x+iy) ] . 

90 

( 1 7 7) 

( 1 7 8 )  

( 17 9) 



APPENDIX C 

L IST OF PRINC IPLE SOLUTIONS 

Tunnel Field Solution, ( Eqs. (61) and ( 62 ) 

uT ( x,±y) = Re [ uT (x+if3 (h-y) , ±h)] + ½ Im [ vT ( x+if3 (h-y) , ±h)] 

vT ( x,±y) = Re [ vT ( x+i f3 ( h-y), ±h)] + f3 Im [ uT (x+iS (h-y), ±h)] 

for O _ y _ h. 

Free-Air Control Surface Solution, Eqs. ( 76) and ( 7 7) 

-co 

-co 

'½ ( C+h) 
-----� ds 
(s-x)2+ (2f3h)2 

VT ( C+h) 
--=------=-(s-x)ds . 
(s-x) 2+ ( 2f3h) 2 

VT(s,+h) 
-----� ds 
( s-x) 2 + ( 2f3h/ 

+co +co 
a f '½ ( s,:th) B J 

uT ( s ,+h) 
-----(s-x)ds . 
( s-x) 2+ (2 Sh)2 

+ µ ---- ds + 
2TT - 2TT s-X 
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Interior Free-Air Field Solution, Eqs. (82) and (83) 

u
00

(x ,2:y) = Re [ u00
(x+iS (h-y) , :th) ] + ½ Im [ v

00
(x+iS (h-y) ,_:!:h) ] 

an d  

for O 2 y 2 h .  

Exterior Free-Air Field Solution, Eqs. (92) and (93)  

and 

u ( x , +y )  
00 -

V ( x , +y )  
00 -

for I y I > h. 

1 = + TT S 

= + t 
TT 

+oo 

-oo 

+oo 

-oo 

V ( � 1 +h)  
00 -
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Interference Field Solution, Eqs . (107) and (108) 

and 

u .  (x, y) l 

v .  (x, y) l 

for -h < y < h. · 

1 B uT ( C h) (h-y) + s VT ( C h) (s-x) 

(s-x) + 8
2 (h-y)2 

BuT (s, h) (s-x) - SvT ( C h) (h-y) 

2 2 2 (s-x) + 8 (h-y) 

B uT ( C -h) ( s-x) + B vT ( C -h) (h+y) 

2 2 2 ( s-x) 
+ 8 (h+y) 

9 3  
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