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ABSTRACT

The properties of Moore families and dual Moore families are

studied in general and several specific occurrences of each in semi

groups are shown. In particular, the family of all regular subsets

of a semigroup is shown to be a dual Moore family and, based on this

fact, the regular core of a subset of a semigroup is defined. The

regular core of a Green's class of a semigroup is described and an

example is given to show that a J-class J may have a non-empty

regular core that is a proper subset of J . The thesis is concluded

with a study of congruence relations on a semigroup by use of the

properties of Moore families.
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PREFACE

In this thesis a definition for a dual Moore family of sub

sets of an arbitrary set is given, based on the definition for a

Moore family of subsets as given in [2]. The purpose of this

thesis is to study the properties of Moore families and dual

Moore families in general, and specific occurrences of each in the

study of semigroups.

Generally we adhere to the notation of Clifford and Preston's

treatise [1]. In particular, inclusion of a set A in a set B

is denoted by A c B , proper inclusion by A c B , and the comple

ment of A in B by B \ A ; we write mapping symbols to the

right of their arguments. In addition to the above conventions, we

denote by P(X) the power set of X (that is, the set of all sub

sets of X) ; and by (j)|A , where (|) is a function and A is a sub

set of the domain of (p , we shall mean the restriction of p to

the set A .

In [2] a Moore family of subsets of a set X is defined to

be a family of subsets of X that contains X and is closed under

arbitrary intersections. Associated with a Moore family is the

Moore closure mapping, from P(X) onto the Moore family which

maps a subset A of X to the intersection of all members of the

Moore family that contain A . In Chapter I we define a dual Moore

family of subsets of a set X to be a family of subsets that contains

the empty set m and is closed under arbitrary unions. Associated

with any dual Moore family is a mapping from P(X) onto the dual

Moore family and this mapping, called a Moore core mapping, maps
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a subset A of X to the union of all members of the dual Moore

family that are contained in A , The correspondence between each

type of family and its associated mapping is discussed and properties

of Moore families and dual Moore families are studied.

Several examples of Moore families and dual Moore families are

presented in Chapter II. In particular, the family of all regular

subsets of a semigroup S (that is, subsets A of S such that

if a £ A then there exists b G A such that aba = a) is shown

to be a dual Moore family.

Recall that the five Green's relations on a semigroup S as

defined in [1, section 2.1] are denoted by L, R, V, H, and J .

Since these are equivalence relations, they partition S into Green's

classes called L-classes, R-classes, P-classes, H-classes, and

J-classes, respectively. In Chapter III we define the regular core

of a subset X of a semigroup S to be the image of X under the

Moore core mapping associated with the dual Moore family of regular

subsets of S . The regular cores of the Green's classes of a semigroup

are studied and we show that the regular core of an L-class L [R-class

R] is the union of all H-classes in L[R] that contain idempotents, and

therefore is either empty or a regular subsemigroup of S . We also

include an example to show that a J-class may have a non-empty proper

regular core (unlike P-classes or H-classes).

We conclude this thesis with Chapter IV in which congruences

on a semigroup are studied using the properties of Moore families.
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CHAPTER 1

PROPERTIES OF MOORE FAMILIES AND DUAL MOORE FAMILIES

Let X be a non-empty set and F a non-empty family of

subsets of X such that (i) X E f and (ii) if F* is a

non-empty subfamily of F then n e f . Such a family F we

shall call a Moore family of sets.

Example. Let X be a non-empty set and let (p be any mapping

of X into X . Let be the family of all subsets T of X

that are stable under <(> (i.e. T(j) c T) , Since X<)) c X we have

X s s, . Now, let {T.: i £ 1} be a non-empty subfamily of .

Then

(n {T.: i G I})^ cn {T.<j); i G 1} cn {T.: i G 1}

whence n {T.: i G 1} is an element of , and we have shown that
1  4)

is a Moore family.

Let X be a set and let F be a Moore family of subsets of

X . If YCX let Y = rXF G F: Y C F} and call Y the closure

(more precisely, the F-closure) of Y . Clearly (i) implies that

every subset of X has an F-closure, and it is immediate that

(1) Y C Y for all YCX .

Let ZCYCX . Then ZCYCYCX by(l) . But, by(ii),

Y G F , whence Z C Y implies that Z C Y . We have thus established



(2) if Z c Y then Z c Y .

Clearly 1=1 if and only if Z e F ; in particular

(3) 7 = Y for all Y C X .

Any mapping Y Y' of P(X) that is extensive (i.e., YCY'),

monotone (i.e., if Z C Y then V C Y') , and idempotent (i.e.,

Y" = Y') will be called a closure mapping (called a Moore closure

mapping in [2]), and we have just shown that to a given Moore family

v/e may associate a closure mapping Y 7 . Conversely, let X be a

non-empty set and p: Y h>Y' a closure mapping of P(X) into P(X) ,

and let

F  = {F C X: F = Y' for some Y C X} .
u  - -

Since X g P(X) and y is extensive, X' = X ; hence X e F . Let
y

F* be a non-empty subfamily of F , let A = n F* , and let Z e F* .
U  y y ' y

Then Z S F^ , whence Z = Y' for some Y C X , and since y is

idempotent v;e have Z' = Y" = Y' = Z . Since y is monotone and

A C Z , A' C Z' . Thus A' C Z , and since Z is an arbitrary member

of F* it follows that A' £ F* = A . But, y being extensive,

A c A' . Hence A = A' S F and we conclude that F is a Moore
-  y y

family.

We have now shown, reproducing almost verbatim the discussion

in [2], that there is a one-to-one correspondence between the class of
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all Moore families of subsets of a set X and the class of all closure

mappings of P(X) into itself. A mapping in the latter class may be

called a closure operation in X . It is immediate that the F-closure

of a subset Y of X is the least member of F containing Y ,

Let X be a non-empty set and G a non-empty family of subsets

of X such that (i') oEG and (ii') if G* is a subfamily of

G  then U G* G G , Such a family G we shall call a dual Moore

family of sets.

Example. Let X be a non-empty set, let <j) be any mapping of

X  into X , and let be the family of all subsets of X that

are stable under 4: . Since □()) = □ we have □ e . Now, let
<p

{T. : i G 1} be a subfamily of . Then
1  (j)

(U {T^: i e I}),), = U i G 1} CU {T. : i G 1} ,

whence u {T,-: i G 1} is an element of S^ , and we have shown thatI  (j)

is a dual Moore family. A family F of subsets of a set X that

is both a Moore family and a dual Moore family will be called a double

Moore family. Thus, by this example and the previous one, we have

established the following

Lemma 1. X ^ _a non-empty set, let 4 ^ any mapping of

X  into X , and 1^ ^ the family of ^ subsets of X that

are stable under it . Then S, is a double Moore family.^

Let X be a set and let G be a dual Moore family of subsets

of X . If Y C X let 7^= U {G G G: G C Y} and call V the core
(more precisely, the G-core) of Y . Clearly (i' ) implies that every

subset of X has a G-core, and it is immediate that



(T) Y C Y for an Y c X .

Let ZCYCX . ThenT'czcY by(T). But, by(ii'),
Z G G , whence Z C Y implies that Z C Y . We have thus estab-

1ished

(2') if Z C Y then TG Y .

Clearly 1=1 if and only if Z G G ; in particular,

s*

(3') Y = Y for all Y C x .

Any mapping Y Y' of P(X) that is intensive (i.e., Y' c Y) ,

monotone, and idempotent will be called a core mapping, and we have

just shown that to any dual Moore family we may associate a core

mapping Y Y' . Conversely, let X be a non-empty set and

y: Y Y' a core mapping of P(X) into P(X) , and let

~  E ^ " Y' for some Y C X} . Since a G p(X) and y

is intensive, □' = □ ; hence o gg . Let G* be a subfamily
y  y

of G , let U = u G* , and let Z G G* . Then Z G G , whence
y  y . y y

Z = Y' for some Y c X , and since y is idempotent we have

Z' = Y" = Y' = Z . Since y is monotone and Z C U , Z' C U' .

Thus Z G U' , and since Z is an arbitrary member of G* it

follows that U = u G* C U' . But, y being intensive, U' GU .

Hence U = U' G G and we conclude that G is a dual Moore
y  y

family.
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We have now shown that there is a one-to-one correspondence

betv^een the class of all dual Moore families of subsets of a set

X  and the class of all core mappings of P(X) into itself; by a

slight abuse of language, mappings in the latter class might be

called core operations in X (by analogy with the dual concept of

closure operation in X) . It is immediate that the 6-core of a

subset Y of X is the greatest member of G contained in Y .

We note that a core mapping need be neither union- nor intersection-

preserving. Let X = {a, b, c} , let U = {a, b} and V = {b, c} ;

then the family 6 = {X, U, V, □} is a dual Moore family and therefore

is associated with a core mapping Y T where T is the greatest
member of G contained in Y . Now {^1 = □ and {b} = □ , whence
{a} U {b} = □ . Hov/ever {a} U {b} = {a, b} = U = U and thus the

core mapping is not union-preserving. Since U and V are in G ,

we have U n v = U n V = {b} ; but U n V = {b} = □ , and therefore

this core mapping is not intersection-preserving. Similarly, it

can be shown that a closure mapping may be neither union- nor intersection-

preserving.

Again let X = {a, b, c} . Let = {X, {a, b}} and

^2 ~ c}} ; then it is clear that F^ and F^ are Moore
families of subsets of X . But F-j ^2 ® Moore family since
{b} is not a member of ^ ^2 ' however, we do have the following

Theorem 2. Let X be a set and {F^: a s A} be a collection of
Moore families of subsets of X . Then n {F^: a e a} ij_ ^ Moore
family of subsets of^ X .



Proof. Let F = ri {F : a € A} . Then X is an element of F
a

since X G F^ for each a G a . Now, let F' be a subfamily of

F  and let F' =n{F: FGF'} . Then for each a G a we have F'

a subfamily of F . Thus F' G F for each a in A , since each
a  a

F^ is a Moore family and therefore closed under intersection. 1-lence

F' is an element of F and, since we know that X G F , we have

shown F to be a Moore family.

Let X = {a, b} , and let G.] = {{a}, □} and G2 = {{b}, n} .
Then G.| and Gg are dual Moore families of subsets of X but
G.| u G2 is not a dual Moore family since X is not a member of
G.| u G2 . However, we do have the following

Theorem 3. L^ X ^ ̂  set an^ {G^: a G a} a_ collection of
dual Moore families of subsets of X . Then ''' iG^: a G a} is_ ^
dual Moore family of subsets of X .

Proof. Let G = n {G : a G A} and let G' be a subfamilv of
a  ̂

G . Then, for each a in A , we have G' a subfamily of G since
a

G  is contained in G and therefore u {G: G GG'} is an element
a

of G because G is a dual Moore family. Since u {G: G G G'} is
a  a j < j

a member of each G , it is a member of G . Thus we have shown that
a

G  is closed under arbitrary unions. Since we also have □ an element

of G , we have established that G is a dual Moore family.



CHAPTER II

MOORE FAMILIES AND DUAL MOORE

FAMILIES IN SEMIGROUPS

In this chapter we study several examples of Moore families •

and dual Moore families that occur in a semigroup.

Let S be a semigroup. In [1], a subsemigroup T of S is

a non-empty subset of S in which a and b are dements of T

only if their product ab is also in T . Note that S is a sub-

semigroup of S and it is well known that the intersection of

subsemigroups of S is either empty or a subsemigroup of S . Thus

we have established

Proposition 4. If. S is a_ semigroup and F is_ the family

consisting of the null set and all subsemigroups of S then F j_s_

a^ Moore family.

In the next examples we consider the right [left, two-sided]

ideals of a semigroup. Recall that ideals are defined in [1] to be

non-empty. It is well known that the intersection of a finite number

of two-sided ideals is non-empty since it contains their product.

However, this may not be the case for an arbitrary intersection of

tv/o-sided ideals, nor for the intersection of even two right [left]
/

ideals. For this reason, and because we want the family of right

[left, two-sided] ideals to be a dual Moore family (whence it must

contain the null set), we adjoin the null set to the family of all

right [left, two-sided] ideals.
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Proposition 5. The family consisting of the null set and the

col lection of a11 right [left, two-sided] ideals of ̂  semigroup S

is ̂  double Moore family.

Proof. Let S be a semigroup and let P be the family con

sisting of all subsets of S that are either right ideals or empty.

Then S and □ are both members of P . Now let P' be an arbitrary

subfamily of P . Then

(n {I: I G p'}) s c n {IS: I g p'} c n (i: i g p'},

whence n (j: i e p'} is either empty or a right ideal of S and

therefore is an element of P . We also have

(u {I: I G P'})s = U (IS: I G p'} CU (I: I G p'} ,

whence u {j: j G p'} is either a right ideal or empty, and therefore

is an element of P . Thus P is a double Moore family.

The proofs for left ideals and two-sided ideals are similar to

the argument above.

An alternate proof may be obtained by an application of Lemma 1.

Consider p, , the inner right translation of S by an element a of
a

S  . Recall that if x G s then xp = xa . Let S(p,) be the
a  a

family of subsets of S that are stable under the mapping p^ . Note
a

that S(p,) is a double Moore family by Lemma 1. Let
d

P = n {S(p,): a £ S} ; then, by Theorems 2 and 3, P is a double
d

Moore family. Now, note that a subset X of S is an element of

P  if and only if Xp^ c X for all a in S ; that is, if and only
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if either X is a right ideal of S or X is empty. Therefore, the

family consisting of the null set and the collection of all right

ideals of S is P , which we have shown to be a double Moore family.

Let (2^ = n {S(a ): a s S} where X, is the inner left translation
a  a

of S by a . By a proof that is similar to the one for P , we

can show that 0 is the family consisting of the null set and all

left ideals of S , and that Q. is a double Moore family. Thus

P ri Q_ is a double Moore family; but P n o is the family con

sisting of the null set and all two-sided ideals of S .

We say that a two-sided [left, right] ideal of a semigroup S

is completely prime if S \ A is a subsemigroup of S .

Proposition 6. Let S be a semigroup and let G be the family

consisting of the null set, S , and all completely prime two-sided

[left, right] ideals of S . Then G is_ ̂  dual Moore family but is

not, in general, a_ Moore family.

Proof. We prove only the case for two-sided ideals since right

or left ideals may be handled by the same technique.

Let I be the family consisting of the null set and all two-

sided ideals (henceforth referred to as "ideals") of S . Then I

is a dual Moore family by Proposition 5.

Let K be the family of all subsets X of S such that

S \ X is empty or a subsemigroup of S . Then the null set is

an element of K since S \ □ is S . Now, let K' be a subfamily

of K . Then

S \ [ U {K: K e K'}] = n {S \ K: K e /('} ,
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which is either empty or a subsemigroup of S . Therefore u {K: K £ K'}

is an element of K and we have shov/n that K is a dual Moore

family.

Now, a subset of S is an element of G if and only if it is

empty or it is an ideal whose complement in S is either empty or a

subsemigroup of S . Therefore G = I HK which is a dual Moore

family by Theorem 3,

To see that G need not be a Moore family, consider the following

example from [1, p. 204, Exercise 1].

Let S be the multiplicative semigroup of positive integers.

Let ^2 be a subset of n , the set of prime numbers, and consider

the set of all positive integers divisible by at least one member

of . It is not difficult to show that P is a completely prime

ideal of S , and that every completely prime ideal of S is a P^^

for some subset fi of n . Thus the family G = {S, u {P^: c n}

is a dual Moore family by the first part of this proposition. However,

if we take A = {2} and 'F = {3} then P^ n is not completely

prime, since both 2 and 3 are elements of S \ {P^ Gi p^} but

2 - 3 = 6 is an element of P^ Gi p^ , whence S \ {P^ n p,^} is not

a subsemigroup of S . Since P^ n p^ is neither empty nor all of

S  , it cannot be in G and therefore G is not a Moore family.

Definition. Let 5 be a semigroup and let T be a subset of

S  such that if a is an element of T then there exists an element

b  in T such that aba = a . We shall call T a regular subset

of S .
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Proposition 7. Let G the family of all regular subsets of

a_ semigroup S . Then G i^ ̂  dual Moore family.

Proof. First, note that a is vacuously a regular subset of

S  and thus an element of G . Now, let G' be a non-empty subfamily

of G and suppose aSU{G: GSG'} . Then a G G' for some G'

of G' and, since G' is a regular subset of S , there exists b s G'

such that aba = a . Since G' e G' , we have b e u {G: G e g'} and,

since a was arbitrarily chosen, u {G: G SG'} is a regular subset

of S . Hence G is a dual Moore family.

Regular subsets will be discussed again in Chapter III. The

concept of regular subset is motivated by the definition of regular

semigroup. Along the same lines, the definition of inverse semigroup

motivates the following

Definition. Let S be a semigroup and let T be a subset of

S  such that if a is an element of T then there exists a unique

element b in T that is a semigroup-inverse of a ; that is, aba = a

and bab = b . Such a subset T will be called an inversive subset

of S .

If we omit the word "unique" from the above definition then we

shall call T an almost inversive subset of S .

Clearly, if T is an inversive subset then T is an almost

inversive subset, and if T is an almost inversive subset then it is

a regular subset. We recall that if T is a subsemigroup of S and

a  is a regular element of T then there exists a semigroup-inverse

of a in T [1, Lemma 1.14]. Therefore a subsemigroup of S is a

regular subset if and only if it is an almost inversive subset.
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However, the family of almost inversive subsets of a semigroup S and

the dual Moore family of regular subsets of S do not coincide, in
V

general, as the following example will illustrate.

Example. Let S be the semigroup which is represented by the

Cayley table below.

a

b

c

d

e

f

a

a

b

a

d

d

a

a

c

a

e

e

a

b

b

d

d

d

a

c

c

e

e

e

a

c

c

e

e

f

Note that f is an idempotent and bfb equals b ; thus {b, f}

is a regular subset of S . However, fbf is e , not f , and b^

equals a , not b ; hence b has no inverse in {b, f} , whence

{b, f} is not an almost inversive subset of S . This semigroup

also provides an example of an almost inversive subset which is not

an inversive subset. The set {b, e} is almost inversive because

b  and e are inverses of each other. However, e is idempotent

and therefore {b, e} contains two different inverses of e , whence

{b, e} is not an inversive subset.

Proposition 8. Let G ^ the family consisting of the almost

inversive subsets of a_ semigroup S . Then G is_ ̂  dual Moore family.
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Proof. Let G' be a non-empty subfamily of G and suppose

a G U {G; G € G'} . Then a S G' for some member G' of G' . Since

G' is an almost inversive subset of S , there exists an inverse b

of a in G' , whence a has an inverse in U {G: G e G'} . Since

a  was arbitrary, we have shown that u {G: G € G'} is an almost

inversive subset. Because the null set is vacuously an almost inver

sive subset, we have shown that G is a dual Moore family.

We note that the family of inversive subsets of a semigroup is

not a dual Moore family, in general. For an example, consider ,

the full transformation semigroup on the set {1, 2, 3, 4} . We

shall use the notation of [1] in which {i j k I) represents the

mapping which sends 1 to l , 2 to / , 3 to fe and 4 to £ .

Recall that the binary operation in is composition of functions.

Let a = (3 1 3 3) , b = (2 2 4 2) , and c = (2 2 1 2) . Then both
O

b  and c are inverses of a and, since a = (3 3 3 3) and

3  3b  = (2 2 2 2) = c , the sets {a, b} and {a, c} are inversive

subsets of T^ . However their union, the set {a, b, c} , is not

an inversive subset because it contains two different inverses of the

element a . Hence the inversive subsets of do not form a dual

Moore family. We should also note that the intersection of {a, b}

and {a, c} is {a}, which is not an inversive subset because it

contains no inverse of a . Thus, the family consisting of the

inversive subsets of cannot be a Moore family, even if is

adjoined to the family. Since inversive subsets are also almost

inversive and regular subsets, we have just shown that neither of

these collections of subsets of is a Moore family, even if we
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adjoin to the collections. However, we do have the following

concerning the inversive subsets of an inverse semigroup.

Proposition 9. Let F ^ the family of al 1 inversive subsets

of ̂  inverse semigroup S . Then 'F i^ a_ double Moore family.

Proo£. Let {A^: a G A} be an arbitrary non-empty subfamily of

the family of all inversive subsets of S and let A = u {A : a G a}
a

and B = n {A : a e A} .
a

If a ̂  A then, since a is a member of some inversive subset

A  with a e A , there exists an inverse of a , say a' in A .
a

However, a has only one inverse in S , whence a' is the unique

inverse of a in A . Since a was arbitrary, we have shown that

A  is an inversive subset of S . Now, S is itself an inversive

set because it is an inverse semigroup and, since we have shown that

an arbitrary union of inversive sets is inversive, F is a dual

Moore family.

If b s B then b ̂  S , whence there exists a unique inverse

b' of b in S . For each a ̂  A we have b ̂  A and A in-
a  a

versive, whence b' ̂  l\^ for each a € A and therefore b' G B .

Since b was an arbitrary member of B , we have shown that B is

an inversive set. Since the null set is vacuously an inversive sub

set and we have shown that the intersection of inversive sets is

again inversive, F is a Moore family. Since F has been shown to

be both a Moore family and a dual Moore family, it is a double Moore

family.
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CHAPTER III

REGULAR CORES OF GREEN'S CLASSES

By Proposition 7, the family of all regular subsets of a semi

group is a dual Moore family. Thus we can associate a core mapping

from the power set of the semigroup into the family of regular sub

sets. For a subset X of a semigroup S , we shall denote the image

of X under this core mapping by X , called the regular core of X.

In this chapter we study the regular cores of the Green's classes of

a semigroup.

Let S be a semigroup and let D be a l^-class of S . It is

well known that if D contains a single regular element of S then

every element of D is regular in S [1, Theorem 2.11]. Furthermore,

if a is a regular element of S in D then there exists a semigroup-

inverse of a in D [1, Theorem 2.18 and Lemma 1.14]. Therefore, if

D  contains a regular element of S then every element of D is regular

and has an inverse in D , whence D is a regular subset of S ; that

is, D = D . If D contains no regular elements then D clearly

contains no non-empty regular subsets of S and thus T is empty. We

have therefore established

Theorem 10. The regular core of a_ P-class D i_s_ either empty or

D  itself.

We note that, in the terminology of [1], a P-class is called regular

if and only if it contains a regular element. Thus, by the proof of the

theorem above, a P-class D is regular if and only if D = D .

We next consider the regular core of an R-class of a semigroup. The

following technical result will be used in the discussion which follows.
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Lemma 11. Let S be a semigroup and let a an^ b be elements

of S such that b is in RjL 1 and aba = a . Then
— — d d

(i) contains an idempotent if and only if H|^ contains an

idempotent, and

(ii) ba e L, and ab g r .
a  3

Proof. To prove (i), assume first that contains an idempotent
a

and that b E . Then R = R. and thus H = R HL =R. HL .
a  a b a a a b a

Therefore R^ n contains an idempotent and, by [1, Theorem 2.17],

Ra Lj^ contains ab , which is an idempotent. But

'^a '"b ~ '^b ^b ~ ^b ^°"t3ins an idempotent.
Conversely, assume H|^ contains an idempotent and b E R^ , Then

Ra = ^b ' '^b ~ '^b '"b ~ '^a '"b " '^a '"b
an idempotent and, by [1, Theorem 2.17], Rk L contains ba , which

D  3

is idempotent. However Ru L = R n L = H , whence H contains
D  3 3 3 3 3

an idempotent element.

The proof for b E L, is dual. One can show that if H con-
a  a

tains an idempotent then ba E and if contains an idempotent

then ab E H, .
3

For part (ii), note that a(ba) = a and b • a = ba , whence

ba E Lg . Similarly, (ab)a = a and a ■ b = ab , whence ab E R^ .
Before approaching the problem of finding the regular core of an

R-class of an arbitrary semigroup, let us consider an example of some

significance, the full transformation semigroup on a set X . We

shall adhere to the notation of [1] . In particular, for all a E ,

we shall denote by Xai the range of a and by it^ the equivalence

relation defined on X by x y if and only if xa = ya . The

next lemma is a combination of three facts proved in [1, lemmas 2.5 and

2.6 and Theorem 2.10].
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Lemma 12. Let X ^ a set and a and g elements of .

(i) ale if and only if Xa = X3 .

(ii) cxRb if and only if •

(i i i) ^ have | Xa n c | = 1 for al 1 members C ̂  X/tt^ if and

only if contains an^ idempotent.

The following results are technical and will be used to find the

regular core of an R-class of .

Lemma 13. a and g ^ elements of such that aRg

and aga = a . if C n Xa i_s non-empty for each C ̂  X/ir^ then

contains an idempotent.

Proof. Let C be an arbitrary member of X/it^ . Then, by Lemma

12(iii), it suffices to show that |Xa n c| = 1 . By the hypothesis

that Xa n C is non-empty we have |Xa ri C| ̂ 1 . Now, suppose s and

t  are elements of C n Xa . Because s G Xa , there exists y ̂  X

such that ya = s , whence sga = yaga = ya = s . Thus sg e where

C  = {X e X: Xa = s} £ X/tt . Similarly, tg G C. = {x € X: xa = t} e X/n .
s  a t a

Since s and t are both members of the same it -class C , we have
a

s TT t , and, since aRg , we have s tt. t by Lemma 12(ii). But
a  p

s TTg t implies sg = tgE ; that is, (sg)a = t . We have already

shown that (sg)a = s , and therefore s = t . Since s and t were

arbitrary, we have shown that |Xa nc| = 1 as we wished.

Lemma 14. Let a and g be elements of Tv such that g e R

and aga = a . Then contains an idempotent.

Proof. First, let C be an arbitrary member of X/n . Since
a

aRg we have ir = Tr_ by Lemma 12(ii), whence C e x/ir„ .
a  g g

Let X e C and let t = xa . Then (tg)a = xaga = xa , whence tg e C .
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Thus, C n Xb ^ o and, since C was arbitrary in X/tt = X/tt^ , we
a  B

have shown that each member of X/u has non-empty intersection with
P

Xb . Now, B S R , whence there exists y ̂  R C R such that
a  a — a

By6 = 3 . Therefore contains an idempotent by Lemma 13. Finally,

by Lemma 11(i), with a = a and b = B , we have H containing an
a

idempotent as we wished to show.

Now let R be an R-class and let a ̂  R . Then there exists

B ? R such that otBa = a . By Lemma 14, contains an idempotent;

hence a is a member of an H-class that contains an idempotent. Note

that if an H-class contains an idempotent then it is a group and there

fore a regular subset. Since the union of the H-classes of R that

contain idempotents is always within R by Proposition 7, we have

proved the following proposition.

Proposition 15. Let ^ the ful1 transformation semigroup on

a se;t X . If. R jj. an ;;-class of. then R is. union of all

ti-classes in R that contain idempotents.

This result leads one to believe that the following theorem may

be true.

Theorem 16. Let S ^ a. semigroup. Then the regular core of an

R-class R js. the union of all H-classes in R that contain idempotents.

Two proofs of this theorem will be given. The first is an application

of Proposition 15 above and the properties of the extended regular

representation of a semigroup. The second is a direct proof. Before

proceeding with the first proof, let us note some important properties

of the extended regular representation of a semigroup.

Let S be a semigroup and let <j) be the extended regular represen

tation of S ; that is, for c in , we have cc|> = p where p
c  c
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is the inner right translation of corresponding to c (i.e.,

xp^ = xc for all x ̂  ). It is well known that the extended regular

representation is faithful. If c and d are elements of S such

that cdc = c then

PcPdPc ^ (c<(i)(d^)(c())) = (cdc)<j) = c<p = .

Now suppose T is a regular subset of S and let be an element

of T(p = {X(p: X E T) . Then there exists d ̂  T such that cdc = c ,

whence p , is an element of T(p such that p p .p = p . Since p
a  c d c c c

was arbitrary in Tij) we have just shown T<j) to be a regular subset

of T3, .

Let s and t be elements of S such that sRt . Then there

exist X and y in S such that sx = t and ty = s . Thus

p^ = t(i) = (sx)(j) = (s()))(x(j)) = p^p^ and similarly

Pg = s<)) = (ty)(t) = (t(|>)(y<j>) = p^Py , whence p^ Rp^ in T^, . We com

bine the facts proved above in the following lemma.

Lemma 17. Let S be a semigroup and let <<) be the extended

regular representation of S .

(i) _I£ cdc = c in S then p^PjjP^. = p^. in T., .

(ii) rf T is a regular subset of S then T(j) is a regular

subset of T,, .

(iii) I_f cRd i_n S then p^R p^ iji T^, .

We may now proceed with the proof of Theorem 16.

Proof 1. Let R be an R-class of S . Mote that if R = n then

R  contains no subgroups and therefore the conclusion of the theorem

holds. Now assume R ^ m and let a S R . Let (j) be the extended
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regular representation of S by elements of as described above.

Since a ̂  R , there exists b £ R C R such that aba = a . Let

a = a<j) and 6 = b<|) ; then, by Lemma 17(i), with a = c and b = d ,

we have aga = a . Now, R is a regular subset of S , and therefore

R((i is a regular subset of by Lemma 17(ii) . Since R c r , we

have R(fi c R(() 3 R d) c R and, since R, = Ru , we have R = R„ .
—  a — a a O a p

Since R(j) c R and R((> is a regular subset of T , , we have
— ct S

R(j) C R . Now, H = R n L = R. n L„ , and H contains an idempotent
— a a a a g oc ' a

by Proposition 15 because a e R . Therefore ag e R n L„ by [1,
a  a g

Theorem 2.17], whence agLg , and thus T^, ag = T^, g by Lemma 12(i) .

Therefore S'(ab) = S'b and thus ab ̂  L|^ . We also have ab S R^

because, by Lemma 11 (ii), ab s r and, by hypothesis, R = Rl .
a  a 0

2Therefore (ab) = ab e Rj^ n . By Lemma ll(i), there exists an

idempotent in H, , and therefore a is a member of the union of all
a

H-classes in R that contain idempotents. Since the union of these

H-classes is a union of regular subsets of R , it must be contained

in R . Hence R equals the union of all H-classes of R that con

tain idempotents.

Proof 2. Let R be an R-class of S . As before, the theorem is

true if R = a . Therefore, assume a ̂  R ; then there exist b and

c  , members of R , such that aba = a and bcb = b . Note that

ab G Ra = R by Lemma ll(ii). Since ab is idempotent, it is a left

identity of R by [1, Lemma 2.14]. Therefore, since c ̂  R C R , we

have (ab)c = c , whence (ba)(bc) = b(ab)c = be . But we also have

(bc)(ba) = (bcb)a = ba , and therefore ba R be . Since be R b ,

by Lemma ll(ii), and bRa , we have ba R a . But ba L a by
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Lemma ll(ii), and therefore ba ̂  . Since ba is idempotent, we

have shown that a is an element of an H-class that contains an idem-

potent and, since a was an arbitrary member of R , we conclude that

R  is a subset of the union of all H-classes in R that contain idem-

potents. As noted in the first proof, this union is always a subset

of R and therefore R equals the union of all H-classes in R that

contain idempotents.

The next theorem is the dual to Theorem 16, and only the direct

proof is given.

Theorem 18. Let S be a semigroup. Then the regular core of

^ L-class L i_s Wie union of aJJ[ ti-classes in L that contain idem-

potents.

Proof. Let L be an L-class of S . First, note that if L = □

then L contains no subgroups and therefore the conclusion of the

theorem holds. Now, assume L / a and let a be an arbitrary member

of L . Then there exist elements b and c of T such that

aba = a and bcb = b . By Lemma 11 (ii), we have ba € L = L and
d

cb G L|^ . Now, since ba is an idempotent of L , it is a right

identity of L by [1, Lemma 2.14]. Therefore c(ba) = c , and

c ^ L c L , whence (cb)(ab) = [c(ba)]b = cb . But we also have

(ab)(cb) = a(bcb) = ab and therefore ab L cb . We have now shown

that ab L cb and cb L b , and we have b L a by hypothesis; thus

we may conclude that ab L a . However, ab R a by Lemma 11 (ii) ,

and therefore ab G . Since ab is idempotent, we have shorn that

a  is an element of an H-class that contains idempotents and since a

was arbitrary in L , we have proved that L is contained in the union



22

of all H-classes in L that contain idempotents. However, each H-class

in L that contains an idempotent is a group and therefore a regular

subset of L , whence the union of all such H-classes is contained in

L  , and therefore equals T , as we wished to show.

Corollary 19. Th^ regular core of ̂  R-class [L-class] of a

semigroup S i_£ a_ subsemigroup of S if. i_t is non-empty.

Proof. Let R be an R-class of a semigroup S and let a and

b  be elements of R , the regular core of R . Then R = R. = R
a  b

and, by Theorem 16, both and Hj^ contain idempotents. Now,

'^b ^a ~ '^a ^ '"a ~ ^a ^ '"a ^o^^^ins an idempotent and
therefore, by [1, Theorem 2.17], the product ab G R^ n L|^ . Hov/ever

'^a ''' '"b ~ '^b '"b ~ ^b '^b - Theorem 16. Hence R is a
subsemigroup of S .

The proof for an L-class L of S is similar. Let a and b

be elements of L ; then L = L. = L and by Theorem 18, both H and
a  0 a

H. contain idempotents. Now, Rk n L = Ru L. = H. whence R. n L
D  D a D D D b a

contains an idempotent. Thus ab e R^ n Lj^ by [1, Theorem 2.17].

But ^b ~ '^a '"a ~ ^a ^a — Theorem 18, whence ab e L .

Since a and b were arbitrary members of L , we have shown that L

is a subsemigroup of S .

Corollary 20. Let R[L] an^ R-class [L-class] of a_ semigroup

S  and let a and b be elements of R[L] such that aba = a . Then

bab = b and therefore a and b are semigroup inverses of each other.

Proof. In Corollary 19 it was shown that if R is an R-class

and a and b are elements of R then ab S H. . Now, if aba = a
b

then ab is an idempotent in the group H^^ and thus is the identity

of H[^ . In particular, bab = b as we wished to show.
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For the dual, note that H. contains an idempotent and
d

Hg = Rg Lg = Rg Fl L whenco ba ^ R|^ n by [1, Theorem 2.17].

Since ba is idempotent and Rj^ n = Rjj , we may conclude

that ba is the identity of the group , whence bab = b .

We next consider the regular core of an H-class H . If H does

not contain an idempotent then H contains no regular subsets except

° , for if it contained a non-empty regular subset we would have a

contradiction to Theorem 16. If H contains an idempotent then H

is a group and therefore a regular subset; that is, H = H . We have

just proved the following.

Theorem 21; ^f. ^ ll iH ii-class of a_ semigroup 5 then H = □

if H does not contain an idempotent and H=H rf H contains an

idempotent.

We now consider the regular core of a J-class. Recall that a J-

class is a disjoint union of P-classes.

Theorem 22. Let J be a J-class of a semigroup s . Then

J  is^ the union of all regular P-classes of S that are contained in

J  .

Proof. Let x e J ; then x is a regular element of S , whence

is a regular t'-class of S by [1, Theorem 2.11 (i)]. Since V CJ ,

if s E S and sVx then six . Thus D C J and x is an element
A

of the union of the regular H-classes of S in J . Since x was

an arbitrary member of J , we have shown that J is contained in the

union of these regular I?-classes.

Conversely, assume D is a regular P-class of S contained in

J  . Then D = D ; that is, D is a regular subset of S contained
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in J . Therefore D C j since J is the union of all regular sub

sets of S that are contained in J . Since D was an arbitrary

regular P-class in J , we have shown that J contains the union of

all regular P-classes of S contained in J , and therefore T equals

the union of these regular l?-classes.

We know that the regular core of an H-class or a t?-class is

either empty or the whole class. The following example shows that

a J-class may have a regular core that is a non-empty proper subset

of that J-class.

Let S = S' be a semigroup that contains both regular and irregular

elements. Let W be the set of non-negative integers and let 0 be

a homomorphism of S into the group of units of S . The Bruck-

Reilly extension of S determined by 9 , denoted by BR(S, e) , is

the semigroup obtained when we define an operation on IN x S x IN as

follows:

(m, a, n)(p, b, q) = (m - n + t , ao^"" be^'P, q - p + t)

where t = max{n, p} and e° is the identity mapping of S .

To verify that BR(S) [= BR(S, e)] is a semigroup we must show

that the operation defined above is associative.

Let (m, a, n) , (p, b, q) and (i, c, j) be elements of IN x S x IN ,

and let x = [(m, a, n){p, b, q)](i, c, j) . If we let t = max{n, p}

then

X = (m - n + t, ae''^'" be^'P, q - p + t)(i, c, j) .
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Now, let u = max{q - p + t, i} = max{q - p + n, q, i} . Then

x=(m-n+t-(q-p+t)+u ,

(a e'-" b ^ j . , , ,

Since e is a homomorphism,

(a 6*"" b 0t-P)e"-(<!-P+t) = a jt-n+u-q+p-t at-P+"-P+P-t

= a 6"-"-P-'P b e"-P .

Thus we have

(1) x=(m-n-q + p + u , a b c 0^"^ j - i + u)

Now, let y = (m, a, n)[(p, b, q)(i, c, j)] and let v = max{q, i} .

Then

y = (m, a, n)(p - q + v, b c e^"\ j - i + v) .

If we let w = max{n, p - q + v) = max{n, p, p - q + i} then

y = (m - n + w, a ©'"""(b c e^""') eW-(p-q+v)^
j - i - p- + q + w) .

Since e is a homomorphism.
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(b 9^'*^ c 0^"'') 9W-(P-q+v) ̂  ̂  gV-q+w-p+q-v ^ gV-i+w-p+q-v

= b 0^'-P c .

Thus,

y = (m - n + w, a 0^"'"" b 0'''"P c 0*^"''"P"^^ ^ j . ̂ . p + q + ̂ )

Now u = max{q - p + n, q, 1} and therefore

u - q + p = niax{q - p + n- q + p , q-q + p , i -q + p}

= max{n, p, i - q + p} = w .

Using the identity w = u - q + p we have

m-n + w = tn-n-q + p + u ,

j - i - p + q + w = j - i + u ,

w-n = u- n- q + p ,

w - p = u - q , and

w - i - p + q = u - i ,

whence x = y . Therefore the operation is associative and BR(S) is

a semigroup.

Lemma 23. Let s be an element of a semigroup S = S' and let

i  aiT^ j ^ non-negative integers. Then (i, s, j) is. negular in

BR(S) if and only if s is regular in S .
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Proof. First, assume that (i, s, j) is a regular element of

BR(S) . Then there exists (p, t, q) in INx S x IN such that

(i, s, j)(p, t, q)(i, s, j) = (i, s, j) . For notational purposes,

let a = (i, s, j) and e = (p, t, q) . From equation (1) above, if

we take m= i , n=j , a=c=s , and b = t , we obtain

(2) oiga = (i - j - q + p + u , s t s j - i + u)

where u = max{q - p + j, q, i} . Now, aBa = a by hypothesis whence,

by equating the first components of aga and a , we obtain

i  = i - j - q + p + u and thus u-j-q+p=0 . Therefore

S  = s = s .

By equating the last components of aga and a , we have j = j - i + u

whence u - i = 0 , and thus

s  = s 0° = s .

Note that since u = max{q - p + j , q, i} , we have u ^ q . The

middle component of ago is now seen to be s (t0^"'^)s , and since by

hypothesis it must equal the middle component s of a we now have

s = s(t0" ̂ )s , whence s is a regular element.

Conversely, assume that s is a regular element of S . Then

there exists t € S such that sts = s . Now, let a = (i, s, j)

and B = (j, t, i) . Then, from equation (2) above, with p = j and
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q = i , we have aBa = (i - j - i + j + u, se^""' ,

j - i + u) , where u = max{i - j + j , i, i} = i . Therefore

aga = (i, s9° te° s0°, j) = (i, sts, j) . But sts = s by hypothesis,

and thus aga = (i, sts, j) = (i, s, j) = a , whence a is a regular

element of BR(S) as we wished to show.

By Lemma 23, if S contains both regular and irregular elements

then so must BR(S) . But BR(S) is simple; for if a = (i, s, j)

and g = (m, t, n) then a = (i, (te)"\ m + 1) g(n + 1, s, j) , where

(te) ̂  is the inverse of te^ in the group of units of S . Hence

BR(S) consists of a single J-class, and BR(S) contains both regular

and irregular P-classes when S contains both regular and irregular

elements. Thus if S contains both regular and irregular elements

then the regular core of BR(S) as a J-class is neither empty nor all

of BR(S) itself.



29

CHAPTER IV

MOORE FAMILIES AND CONGRUENCES

Throughout this chapter we shall study binary relations on a

semigroup S , with particular attention given to congruence relations

on S . We shall denote by ui the universal relation S x S and by

X  the diagonal of S x s defined by (a, b) ̂  i if and only if

a = b . The symbol "a" will be used to represent the empty relation.

It is well known that the properties of reflexivity, symmetry,

transitivity and compatibility are preserved under intersections of

binary relations. From this fact, it is clear that the intersection

of covering relations (reflexive and symmetric binary relations) is a

covering relation, the intersection of quasi-orders (reflexive and

transitive binary relations) is a quasi-order, the intersection of

equivalence relations (reflexive, symmetric, and transitive binary

relations) is an equivalence relation, and the intersection of con

gruence relations (compatible equivalence relations) is a congruence

relation. We note that the intersection of reflexive relations is

non-empty (since it contains i ) .

Since u is a congruence relation and the intersection of con

gruences is a congruence, we have the following

Proposition 24. IL S is_ a^ semigroup and F is_ the family of

all congruence relations ̂  S then F i_s a_ Moore family.

If S is a semigroup and p is a congruence on S then it is

of interest to study S/p , the semigroup of p-classes of S . We

shall denote by ap the congruence class of S which contains the

element a in S . By [1, Proposition 1.7], if the intersection of
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an congruences of a given type is also of that type, then S modulo

the intersection is a maximal homomorphic image of S of the given

type. Now, if the family of all congruences of a given type is closed

under arbitrary intersections, as when the family is a Moore family,

the above result holds. Thus it is of interest to study families

of congruences which are Moore families.

If p is a congruence such that S/p is an inverse semigroup

then we say that p is an inverse semigroup congruence. If S is

a regular semigroup then the inverse semigroup congruences on S are

characterized by the following lemma.

Lemma 25. Let S be a regular semigroup and let p be a con

gruence on S . Then p ij_ ̂  inverse semigroup congruence if and

only if for each pair of idempotents e and f S we have

(ef, fe) an element of p .

Proof. First assume p is an inverse semigroup congruence and

let e and f be arbitrary idempotents of S . Then ep and fp

are idempotents of S/p and, by hypothesis, S/p is an inverse semi

group, whence (ep)(fp) = (fp)(ep) . Thus (ef)p = (fe)p and therefore

(ef, fe) e p .

Conversely, assume that if e and f are idempotents of S then

(ef, fe) £ p . Since p is a congruence and S is regular, S/p

is regular. Thus, to show S/p is an inverse semigroup it suffices

to show that idempotents of S/p commute. Now, let E and F be

idempotents of S/p . By Lallement's lemma [3, p. 52], there exist

e  and f , idempotents of S , such that e ̂  E and f e F . By

hypothesis ef p fe , whence EF = FE . Therefore, since E and F
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were arbitrary idempotents of S/p , we have shown that S/p Is an

inverse semigroup.

Theorem 26. Let S be a regular semigroup and let F be the

Taniily consisting of all inverse semigroup congruences on S . Then

F  is_ ̂  Moore family.

Proo£. First, note that S/co is a one-element semigroup and

therefore u is an inverse semigroup congruence, whence u ̂  F .

Now assume that {p^: a ̂  A} is a subfamily of F and let

p = a G A} , a congruence by Proposition 24. Let e and f

be arbitrary idempotents of S . For each a e A , we have p an
a

inverse semigroup congruence by hypothesis, whence (ef, fe) G p
a

for each a G A . Hence (ef, fe) G p and thus p is an inverse

semigroup congruence by Lemma 25. Therefore F is a Moore family.

(Note: An example to show that if a semigroup S is not regular

then the family of inverse semigroup congruences may not be a Moore

family follows Corollary 28.)

If p is a congruence on a semigroup S such that if e and

f  are idempotents of S then (e, f) is an element of p , we shall

call p an idempotent-identifying congruence. For a regular semi

group S , if p is an idempotent-identifying congruence then S/p

contains at most one idempotent, for if S/p contained two distinct

idempotent classes then, by Lallement's lemma [3, p. 52], there would

exist idempotents e and f in 5 such that ep / fp , which is

impossible since (e, f) G p by hypothesis. The converse is true for

any semigroup S . If S/p contains no idempotents then S contains

no idempotents and therefore every congruence on S is vacuously

idempotent-identifying. If S/p contains exactly one idempotent then
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all idempotents are contained in a single p-class and again p is

idempotent-identifying. Note that by making suitable alterations to

the proof of Theorem 25 (substitute (e, f) for (ef, fe) and

"idempotent-identifying" for "inverse semigroup", and omit "by

Theorem 25"), we have the following

Theorem 27. Let S be a semigroup. The family F of all

idempotent-identifying congruences ̂  S is^ ̂  Moore family.

We next consider group congruences; that is, congruences p

such that S/p is a group. It is v/ell known that a regular semigroup

is a group if and only if it has only one idempotent. Thus, if S

is a regular semigroup and p is a congruence on S then S/p is

a group if and only if p is an idempotent-identifying congruence.

Therefore, we have the following corollary to Theorem 27.

Corollary 28. Let S ^ a_ regular semigroup. Then the family

F  of aJJ_ group congruences on^ S a_ Moore family.

The following example [3, Chapter V, Exercise 26] shows that for

a semigroup that is not regular the family of all group congruences need

not be a Moore family.

Let S = <a> , the infinite cyclic semigroup generated by a .

Let P denote the positive integers. For each n G P , define

Pp = a^): P = q(mod n)} . That p^ is a congruence is easily
verified and since S/p^ is isomorphic to 2^ , the additive group

of integers modulo n , we have S/p^ a group,

whence p^ is a group congruence for each n 6 p . Let

p = n {p^: n € p } . Clearly the identity relation i is a subset

of p since p is a congruence. But also p c x ; for if
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(a'^, a*^) s p then, for all n e p , we have p = q(mod n) and thus

p = q , whence (a'', a*^) is an element of \ . Therefore p = i and,

since S/p is isomorphic to S which is not a group, p is not a

group congruence. Note that this example illustrates that, in general,

the family of all inverse semigroup congruences need not be a Moore

family, for if S/p is a group then S/p is an inverse semigroup.

However S was not an inverse semigroup, and S/p was isomorphic to

S  .

Let S be a semigroup and let p be a congruence on S . We

say that p is an idempotent-separating congruence if and only if each

p-class contains at most one idempotent. That is, p is idempotent-

separating if and only if, for idempotents e and f of S , if

(e, f) is an element of p then e = f . Note that idempotent-

sepa rating congruences are in some sense opposite to the idempotent-

identifying congruences mentioned above. The idempotent-separating

congruences on a semigroup containing more than one idempotent do not

themselves form a Moore family. However, we do have the following

result.

Theorem 29. Let S be a semigroup and let F be the family

consisting of the universal relation w and all idempotent-separating

congruences. Then F is_ ̂  Moore family.

Proof. Let {p : a e A} be a subfamily of F and let
a

p = f^p^: a € A} . Note that if p = o) for each a ̂  A then
CL '^a

p = u and thus p e F . Now, assume that there exists g ^ A such

that Pg is an idempotent-separating congruence. Let e and f be

idempotents of S and suppose that (e, f) s p . Then (e, f) e p



34

and, since is idempotent-separating, e = f . Thus p separates

idempotents and, since the intersection of congruences is a congruence

by Proposition 24, we have shown that p is an idempotent-separating

congruence. Hence p S F and, because lo s F , vie have shown F

to be a Moore family.

If S is a semigroup and p is a congruence on S such that

S/p is a band (a semigroup of idempotents) then we call p a band

congruence. Clearly p is a band congruence if and only if
2

(x , x) G p for all X E S . Note that the universal congruence u

is a band congruence since S/u is a one-element semigroup. Now,

let {p^: a € A} be a family of band congruences on a semigroup S .

If/ p = a G A} and x is an element of S then, for each a

2  9in A , we have (x , x) in p^ and therefore (x , x) is an element

of p . Since the intersection of congruences is a congruence, we have

shown that p is a band congruence. Thus we have proved the following

Theorem 30: Let S be a semigroup and let F be the family of

all band congruences on S . Then F i^ a_ Moore family.

If S is a semigroup and p is a congruence on S such that

S/p is commutative, that is, if (xy, yx) € p for all x and y

in S , we call p a commutative semigroup congruence.

Theorem 31. Let S be a semigroup. The family F of all

commutative semigroup congruences ̂  S is_ a_ Moore family.

Proof. First, note that the universal congruence u is an element

of F since S/u is a one-element semigroup. Now, let {p^: a G A}

be a non-empty subfamily of F and let p = n {p : a G A} . Then
a

p  is a congruence by Proposition 24. Let x and y be arbitrary
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elements of S ; then, since each is a commutative semigroup

congruence, (xy, yx) 6 for each a e A , whence (xy, yx) e p

and thus p € F . Therefore F has been shown to be a Moore family.

Let S be a semigroup and let p be a congruence on S . We

say that p is a semi lattice congruence if S/p is a semilattice;

that is, if S/p is a commutative band. Thus p is a semilattice

congruence if and only if S/p is commutative and a band; that is,

if and only if p is both a commutative semigroup congruence and a

band congruence. Thus the family of all semilattice congruences on

S  is just the intersection of the family of all commutative semigroup

congruences with the family of all band congruences. Since the inter

section of Moore families is a Moore family by Theorem 2, we have the

following

Theorem 32. Lei^ S ^ ̂ semigroup. The family F of ̂ 12 semi-

lattice congruences on S is ̂  Moore family.
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