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Abstract

We analyze a strongly-coupled system of nonlocal equations. The system comes from a
linearization of peridynamics, a nonlocal model in continuum mechanics. It is an analogue of
the Navier-Lamé system of classical elasticity. The leading operator is an integro-differential
operator characterized by a distinctive matrix kernel which is used to couple differences of
components of a vector field.

We first demonstrate the convergence of a class of nonlocal systems to the Navier-Lamé
system in the event of vanishing nonlocality via the Fourier transform. We then study the
Dirichlet problem associated with a wide class of systems. We prove well-posedness and
demonstrate optimal interior Sobolev regularity of solutions.

Next, we analyze the energy space associated to the system. We first show that a certain
class of spaces of vector fields whose semi-norms involve projected difference quotients is in
fact equivalent to the class of fractional Sobolev spaces. The equivalence can be considered a
Korn-type characterization of fractional Sobolev spaces. Second, we show that functions in
L? whose Marcinkiewicz-type integrals are in L” in fact belong to the Bessel potential space
LP. The distinction here is that the Marcinkiewicz-type integral exhibits the coupling from
the nonlocal model and does not resemble other classes of potential-type integrals found in
the literature.

We use these equivalence results in two ways. First, we show using the Korn-type
equivalence that weak solutions to the system enjoy both improved differentiability and
improved integrability. Second, we show that weak solutions belong to a potential space
with higher integrability via the potential space characterization.

Finally we revisit the question of solvability and prove existence and uniqueness of strong

(pointwise) solutions to the time dependent system posed on all of Euclidean space. For a



wide class of kernels, we prove the L2-solvability of the steady-state system in a Bessel
potential space using the Fourier transform and a priori estimates. This L?-solvability and
the Hille-Yosida theorem is used to prove the well posedness of the time dependent problem.
For the fractional Laplacian kernel we extend the solvability to L” spaces using classical

multiplier theorems.
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Chapter 1

Introduction

The objective of this dissertation is to build on the mathematical foundations of a nonlocal
model in continuum mechanics known as peridynamics. The first peridynamic model was
introduced by Stewart Silling of Sandia National Laboratory [81], with generalizations later
in [83], as a reformulation of the classical equations of elasticity that takes discontinuities
and long-range forces into account. To describe the mathematical formulation of the model
proposed [81], known as the bond-based peridynamic model, assume that a solid body
occupies a reference configuration, or a bounded domain 2 C R3®. Each pair of particles
in the solid body interacts through a pairwise force density F which is a function of relative
position and displacement. Summing the forces acting at a point results in an integral
operator which represents the force per unit volume. Denoting the displacement vector field

by u: Q — R3, this integral operator is given by

Llu](x,t) = /QF(u(y,t) —u(x,t),y —x)dy.

The constitutive equations of motion in the bond-based peridynamic model can now be

stated via Newton’s laws of motion as

Owu(x,t) = L[u](x,t) + b(x,t), xeQ, t>0, (1.1)



where b is some prescribed external loading force density. The equilibrium (or steady-state)
equation is

Lu](x) +b(x) =0, x €.

A typical example of the function F is inspired by the Hookean energy for isotropic materials;

Fn.6) = (S0 ) G+l ) () 12

The scalar-valued function p is called the kernel or influence function, which represents the

specifically

strength and extent of interactions between particles x and y in €2, and contains properties
of the modeled material. It is typically a function with compact support, usually within a
ball of radius §. This parameter § is the interaction extent, and is known as the horizon of
the material.

The defining feature of the peridynamic system is that it use of integrals in place of
partial derivatives, avoiding a direct use of objects in classical elasticity like stress tensor
and deformation gradient. This feature makes peridynamics extremely useful for modeling
systems involving cracks and damage, as has been demonstrated in a variety of settings; see
[11] for an overview.

Just as in classical elasticity, the simple peridynamic model described above is nonlinear,
making mathematical and numerical analysis as well as practical implementation of the

model challenging. For deformations with uniformly small strain, i.e. for u satisfying

sup [u(x) —u(y)| <1,
[x—y|<é

the common practice is to linearize the equations. With the choice of (1.2) for F, linearizing

(1.1) leads to the linearized bond-based peridynamic model

Opu(x,t) = Lu(x,t) + b(x,t), (1.3)



where Lu(x, t) is the linearized internal force density given by

Lu(x, ) ::/Qp(|x—y|) ((u(x,t)—u(y,t)) X_y> XY gy, (1.4)

x—-yl/) [x -yl

The linearized equilibrium equation is then

Lu(x) +b(x) i~ |

mm—ynﬁmm—uw» X‘y)x‘ydy+wm=o.<Lm
Q

x—-y|/) [x -yl

Thus strain of the bond y — x in (1.4) is given by the nonlocal linearized strain

Dmx&w=<mm—u@»¢§}%. (1.6)

A portion of this strain contributes to the volume changing component of the deformation
and the remaining is the shape changing component. The operator [Lu is then the linearized
internal force density function due to the deformation x — x+u(x) and is a weighted average
of the linearized strain function associated with the displacement [59, 82]. Indeed, rewriting
(1.4) in terms of the nonlocal strain (1.6) we get Lu(x) = [, p(|x — y|)D(u)(x, y)ﬁ dy.
Nonlocal models like (1.5) are becoming commonplace across application areas. Typically
these models involve averaged difference quotients instead of derivatives of quantities. As
a result model equations are formulated using integral operators and integral equations,
in contrast to classical ones that rely on differential operators and differential equations.
This characteristic makes nonlocal models amenable to describe singular and discontinuous
physical, social and biological phenomena, see [2, 3, 41, 67] for applications and analysis of
nonlocal equations. See the papers [59, 82] for derivation. See also the papers [26, 29, 34, 91]
for some mathematical analysis of linearized models. Nonlocal functionals related to the

peridynamic model are also studied in [37]. The nonlocal linearized strain has been used in

nonlinear models of damage and fracture [51, 52] as well.



1.1 Properties of Peridynamic Models

The usage of the “projected” difference of u, D(u)(x,y), in (1.5) makes the operator L
distinct from other nonlocal operators that use the full difference u(y) — u(x). To see this
distinction, it suffices to note that for smooth vector fields

(y —x)
ly — x|

u(y) —u(x)

ly — x| = Vul)

+o(ly —x),

whereas
D(u)(x,y) _ (v — X)T(Vaym (W) (%)) (y = ) +o(ly —x|)
ly — x| ly — x/? '

Here Vym(u) = 1(Vu(x) + Vu(x)T), the symmetric part of the gradient matrix, commonly
called the strain tensor. The action {}T denotes the transpose. As a consequence of this
relation, the nonlocal system (1.5) can be seen as a nonlocal analogue of the strongly coupled

system of partial differential equations
div €(x)Vym(u)(x) = f(x), (1.7)

where €(x) is a fourth-order tensor of bounded coefficients, which is not necessarily uniformly
elliptic but rather satisfies the weaker Legendre-Hadamard ellipticity condition. Systems of
partial differential equations of the above type are are commonly used in the theory of
linearized elasticity, and are well-studied, see [40].

For a class of kernels the connection between the nonlocal system (1.5) and the local
system (1.7) is often justified using the wvanishing horizon limit, i.e. taking 6 — 0. This
convergence of these linearized nonlocal peridynamic models to classical linearized elasticity
models as & — 0 has been explored in [1, 29, 33, 60, 84]. The first efforts in [33, 34]
established the connection between the classical Navier-Lamé equations of elasticity and
peridynamic models for smooth functions via Taylor expansion, see also [59]. To be precise,
for u € C?(R% R?) and for a certain class of kernels p supported on a Euclidean ball of radius
0,

Lu P £11u:=Au+ 2V(divu),



where the operator £, ) is the classical Lamé operator with parameters o and A, that is
Loau = pAu+ (p+ A)V(divua).

Later, using the variational technique of I'-convergence, the authors of [8, 60] proved the
convergence of minimizers of the nonlocal energies to minimizers of classical local elastic
energies as 6 — 0.

In Chapter 2 we show that peridynamic-type models are closely connected to local
elasticity using a different type of limit. We assume that the kernel p is nonintegrable

with a singularity at 0, and is supported on the entire space. To be precise,

p(\&!)=‘£|d%, s€(0,1), £ €R?.

These kernels are associated to the scalar nonlocal model known as the fractional Laplacian

(—A)*, defined for vector fields u as

(—A)u(x) =y, / ulx) —uly) o

Ra X —y|¢t2s

It is well-known [68] that lim (—A)*u = —Au. We will show in fact that for u smooth and

s—1—
for some normalizing constant C' depending only on d and s

lim C/Rd<x_y ® X_y)u<X)_u(y)dy:—2171u(x).

s—1- x—y| |x—y|/ |[x—yl|it?

Thus the system (1.5) with kernel p(|€]) = |€]7¢72* may be thought of as a fractional analogue
of the system (1.7). Included in our proof is the explicit calculation of the normalizing

constant.

1.2 Scope and Objectives of the Dissertation

Following successful demonstrations in computational mechanics of the potential for

peridynamics in modeling singularities, efforts have been made to give the model a firm



mathematical background. This dissertation builds upon those efforts; its chief focus is
the analysis of the equations (1.3) and (1.5). In the following sections we describe the
dissertation’s contributions in detail. We first show well-posedness of the Dirichlet problem
associated to the nonlocal system and prove optimal Sobolev regularity of solutions for a
special class of kernels. We then analyze a class of function spaces motivated by an energy
space naturally appearing in the Dirichlet problem. We use the function space analysis to
prove regularity results for weak solutions to nonlocal systems with more general kernels. A

portion of the work in this dissertation appears in several journal articles [47, 78, 79].

1.2.1 Solvability of Boundary-Value Problems

In Chapter 3 we consider the Dirichlet problem

Lu=f inQ; u=0 in(Q, (1.8)

where  C R? is an open bounded set and d > 1. The complement of € is denoted 0Q. We

write the nonlocal operator IL as

= lim b’ 7y Ty ux) —u .
i) = Jim [ ko) (= e ) (0 —uay, (19

where the kernel & : R x R? — [0, oo] is assumed to be measurable.

The goal of Chapter 3 is twofold. First, we formulate a variational problem for (1.8),
the resolution of which provides solutions to (1.8). For given data f in an appropriate
class, we describe a notion of solution and demonstrate existence of vector-valued solutions
u: R? — R? to the system (1.8). The second goal is to prove some results related to the
optimal regularity of solutions.

The authors of [33, 34] provided the earliest analytical result on the well-posedness of
the linear dynamic model (1.3) as an initial-value problem. The works [27, 29, 58, 59, 92]
built on these efforts to deliver results of well-posedness to the Dirichlet problem associated
to the equilibrium equations (1.5) both in the linearized bond-based and state-based models

using Fourier analysis and Hilbert space techniques. Regularity is also discussed in [29]. The



work [59], for instance, studies the Dirichlet problem associated to linearized bond-based

peridynamic operators of the form (1.4), or equivalently

oty (E2% 0 520 ) (o - ur) ay (1.10)

x—-y|l  |[x—yl

The operator (1.9) is therefore a generalization of the operators described by (1.10). The
kernel p belongs to the class of models for homogeneous materials, and thus depends only
on the relative distance between two material points |y — x|. The kernel £ may depend on
their relative position y — x, or it may depend on x and y in a more general way. Thus for
general k the equation (1.8) may model heterogeneous and anisotropic materials.

Our study of the nonlocal system (1.8) begins with a mathematically rigorous understand-
ing of the operator IL. The focus is to find a large class of kernels k£ that may not be symmetric
(k(x,y) # k(y,x)), may have singularity along the diagonal {(x,y) € R? x R? : x = y}
or degeneracy on some directions such that both the operator L and associated system of
equations (1.8) make sense. Notice that even for smooth functions the limit in (1.9) does
not exist in general unless we put a condition on k. As with partial differential equations
in divergence form with measurable coefficients, we study variational solutions based on
quadratic forms. We use Hilbert space techniques to study the Dirichlet problem (1.8).

To describe some of our results, following [36, 77] we introduce a decomposition of k(x,y)

in terms of its symmetric part k; and its anti-symmetric part k,. They are given by

ke y) = 5(BGoy) + by ), ke y) = S(kGx,y) — by, ).

Throughout Chapter 3 we consider kernels whose symmetric part has locally integrable
second moment; see (3.3). With this, we define the natural energy space of vector fields

associated to the problem (1.8) by

S(RY k) o= {v € RARY ¢ ol = [ [ h(xy) D)y dy dx < oo} .

It turns out that S(R? k) is a separable Hilbert space with inner product (-, -)z2 + -, ] s®ax)-



Roughly speaking, we show the following results: for those kernels & whose antisymmetric
part is small relative to the symmetric part, the limit in (1.9) exists in the weak-* topology of
the dual space S*(R% k), and therefore Lu € S*(R%; k). This interpretation of the operator
allows us to define a generalized or weak notion of solution to the system of equations in (1.8).
The well-posedness of the problem is demonstrated via the application of the Lax-Milgram
theorem. To this end, we introduce a bilinear form on the space S(R%; k) x S(R? k) that is
compatible with the system (1.8), and by imposing additional conditions on k& we show that
this form is continuous and coercive on appropriate subspaces.

Systems of the type (1.8) have been studied extensively in the literature; see [26, 27, 34,
44, 58]. The results in Chapter 3 complement the well-posedness results described in these
works. Indeed, this work deals with kernels that give rise to non-symmetric bilinear forms
while earlier works are based on kernels associated to symmetric bilinear forms.

We also obtain local regularity results for variational solutions of the system (1.8)
corresponding to a special class of kernels. For this aspect of our study, we concentrate
on translation invariant operators with kernels of the form k(x,y) = k(x —y). Additionally
k is assumed to be even and comparable with the standard kernel of fractional order. We

allow this comparability to hold true in any double cone A with apex at the origin, i.e.

1

For these types of kernels we show that the Hilbert space S(R? k) is equivalent to the

standard fractional Sobolev space

$,2/md. dy .__ 2/md. d\ . 2 o |‘1(X)—U(Y)|2
w (R,R).—{UGL(R,R).[U]WS,Q '_/Rd/Rd Xy dydx < oo .

Such an equivalence will be proved using the Fourier transform; see [29, 57] for related results.

Our main regularity result is the following: Define the non-homogeneous potential space

L£3P(R%:RY) = {u € LP(RYLRY) - (=A)*u € LP(RYGRY)}



for p € (1,00), where the fractional Laplacian (—A)® is acting on each component. We show

that for any p € [2, 24-] and f € LP(Q;R?), the unique variational solution u € W*?(R%; R)

' d—2s
to (1.8) in fact belongs to £;57(R% R?). For nonlocal equations, results of the above type have
been proved in [10, 43, 50]. We follow an approach that is used in [9, 10], where a similar but
more general result is proved for the Dirichlet problem for the fractional Laplacian equation;

see Chapter 3 for a detailed discussion.

1.2.2 Analysis of Function Spaces

The main focus of Chapter 4 is to study two distinct function spaces of vector fields. The

first space is characterized by the projected difference quotient, namely

Xicpl) 1= {v € IR : My, ) <00} |

o= [ [ K =] = v() - =5

dy dx.
ly — x|
The second space is given by the closure of Schwarz functions in a certain norm, precisely

DI(RY) := S(RE RY) P26

where

e g P Toy (ol ey
1
X— 2 2
) |vx) = v(y)) - =Y )
v)(x) = /Rd x — y|T2s y

Both of these function spaces arise naturally when studying problems like (1.8). Indeed,
in the case of the first space, note that for p = 2 and 2 = R%, the space Xx () is precisely
the space S(R% k). For the second space, the function D?(v) is the natural measure of
the differentiability of u that is associated to the peridynamic energy. More precisely, a
vector field u € L*(R%RY) will belong to X o(R?) with K(€) = |€]7¢72* if and only if

D*(u) € L*(R?%). These and other spaces associated to nonlocal models such as (1.8) have



been investigated analytically in [56, 61]. The results in this section of the dissertation
extend these works.

Chapter 4 is divided into two sections. For a particular class of kernels, we show in the
first section that Xk ,(Q2) is equivalent to a Sobolev space. In the second section we show

that the space DP(R?) is equivalent to a Bessel potential space.

The Sobolev Space

Some basic structural properties of X ,(€2) have already been investigated in [29, 59, 60].

There it is shown that for any 1 < p < oo, the space Xk ,(2) is a separable Banach space

p

XKp)l/p, reflexive if 1 < p < oo, and is a Hilbert space when p = 2.

with norm ( [|v|[}, + [v]
Conditions on the kernel K can be imposed so that a Poincaré-Korn type inequality holds
over subsets that contain no nontrivial zeros of the semi-norm [-]x, . It is not difficult to
see that [v]x, = 0 if and only if v is an affine map with skew-symmetric gradient.

As a difference-based function space, it may seem that X'k ,(€2) contains functions with
some “differentiability.” This is not in general true, however. Taking a radial K that is
compactly supported and with the property that |x| 7K (x) is integrable, it is shown in
[60] that Xk, (Q) = LP(Q;R?). In the event that the space X ,(2) is a proper subset of

LP(Q;RY), the fact that the semi-norm utilizes the “directional” or “projected” difference

Cy=x)
ly—x|

quotient (v(y) — V(X)) appears to make the space relatively big compared to those
that use the full difference quotient. Nevertheless, by averaging the projected difference
quotient over enough directions, it is reasonable to think that the semi-norm generated will
be comparable with the one that is associated with the full difference quotient. Howewver,

this remains unclear in general. Finding general conditions on K and €2 so that equivalence

holds is an open problem, and so we restrict our discussion to the special class of kernels

1
K(E):‘S’d—Jrsp’ 0<s<l, 1<p<oo.

10



We denote the corresponding space by A7(€2). These kernels are associated with the
fractional Sobolev spaces W*P(Q; R?) given by

p
WP RY) = {v € LP(4RY) : [v]E,., = // ‘V’y . X‘dﬂp' dy dx < oo} .

The question is now if X5(S2) is the same as W*P(€2; R%) for these fractional kernels.

A recent work [57] answers the above question in the affirmative for the special case
p=2,and Q@ =R or RZ. When p = 2, and 2 = R?, the question is tractable because both
spaces X5 (R?), and W*2(R%; R?) can be characterized by Fourier symbols which makes the
comparison of norms more straightforward; see [29]. For functions defined over the half-space
Ri and vanishing near the hyperplane x4 = 0, one can use an appropriate extension operator
to control the semi-norm [-]yys.2 (RY) by the semi-norm [ X5 (RY) of vector fields in the dense
class C}(R%;R?). This section of the dissertation is devoted to extending these results to
any p € (1,00) again providing an affirmative answer to the question of the equivalence of

these spaces. Let us introduce the function space
X3(Q) = Closure of C(Q;RY) in X3(€).
Theorem 1.1 (Fractional Korn’s inequality). For any s € (0,1) and 1 < p < o0,
X3(RY = WP(RERY),  and X3 (RL) = WP (RE;RY).
Moreover, there exists a universal constant C = C(d, p, s) such that for all f € W*P(R%; R?)
[flxs < [flwse < C[f]x; . (1.11)

While the first inequality in (1.11) is trivial, the second inequality is the interesting one,
as it gives a control of the integral norm of a pointwise larger function by the integral norm
of a pointwise smaller function. We call the second inequality a fractional Korn’s inequality

for the following reason. For a smooth vector field f, the semi-norm [f]yys» uses the full

11



difference quotient which locally behaves as

p

Y 4 O(ly —x)

‘ﬂw—ﬂ@ X
ly — x|

ly — x|

= |Vt

while the semi-norm [f] x; uses the projected difference quotient and locally behaves as

2 (TG T L)

ly —x|" [y — x|

" O(ly - x|

‘f(Y) —fx) y—x
y—x| |y—x

The connection between the projected difference quotient and V,,, runs deeper; multiplying
the semi-norm by the proper correcting constant (1 — s) it has been shown in [56], following
the argument in [12], that the space &7(€2) “converges” to
Wglb (R = {u € L(Q;R?) : Vyy(u) € LP(QRPY)}

as s — 17. This association suggests that A7(Q2) is the fractional analogue of W;;me(Q; RY).
In turn for 1 < p < oo, the space W (€;R?) is known to coincide with W'?(Q;R?) via
the classical Korn’s inequality, a fundamental tool in the theory of linearized elasticity; see
[24] for a complete proof. This equivalence is false when p = 1, see [70], and when p = oo,
see [23]. As such, establishing X3(Q) = W*?(Q;R?) when 1 < p < oo in the affirmative
amounts to proving a version of Korn’s inequality for fractional Sobolev spaces.

Our proof of Theorem 1.1 makes use of the classical characterization of functions in the
fractional spaces in terms of their Poisson integrals. See Chapter 4, Section 1 for a detailed

discussion.

The Bessel Space

We introduce the Bessel potential space, LI(R?). For 0 < s < 1,1 < ¢ < oo

LI(RY) = {f e S'(R%RY) ((1 + 47r2|§|2)s/2?>v € Lq(Rd;Rd)} .

12



The norm in £4(R?) is given by

5/2 \Y
ey = | (1 47202) )

La(R4)

We will establish that for p € (%, oo), the space of functions in which both u and D*(u)
are in LP is precisely the space £P. That is, DP(R?) = LP(R?).
Theorem 1.2. Let 2% < p < 00 and 0 < s < 1. Thenf € LE(R?) if and only if f € DE(RY).

Moreover, there exist positive constants Cy and Co such that for any £ € LP(R%;RY),

CyIf|

£eRrd) < HfHLP(Rd) + ||Ds(u>HLP(Rd) < CQHf”Eé’(Rd) :

We note that this characterization is in the same spirit as classical characterizations of
vector fields in the Bessel potential space. One such characterization is given by Stein in
[85, Theorem 1] or [86, Chapter V] in terms of smallness of the difference f(x+y) — f(x) via
the Marcinkiewicz integral Y*(f). The Marcinkiewicz integral Y*(u) (also called the carré

du champ operator associated to (—A)®) is a measure of the local smoothness of u given by

oo ([ MM )

The result in [85, 86] states that for 0 < s < 1 and % <p < oo, f e LP(RGRY) if

and only if f € LP(R% RY) and T*(f) € LP(R?). A finer characterization that uses means
over balls is also given in [87] that is valid for the full range of p € (1,00). Various other
characterizations have also been explored throughout the literature. However, the essence
of Theorem 1.2 lies in the fact that to determine if f is a Bessel potential of an L? vector
field we do not need the smallness of a measure of f(x + y) — f(x) but rather a measure
of the quantity [f(x +y) — f(x)] - 37 via another Marcinkiewicz-type integral of f, D*(f).
The function D?(u) is the natural measure of the s-differentiability of u directly related to
the peridynamic energy and satisfies the pointwise estimate D*(u)(x) < T*¥(u)(x) for all

x € R?%. From this pointwise estimate, Theorem 1.2 follows from the characterization in [85,

Theorem 1]. However, the left-hand side inequality is a refined version of [85, Theorem 1]
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since we are estimating [/f]|zp(re) in terms of the smaller function D*(f) in place of T*(f).
We will in fact show that the left-hand side inequality in the theorem is valid for p € (1, 00).

Our proof of Theorem 1.2 follows the steps presented in the proof of [85, Theorem 1].
We first develop the necessary technical tools that allow us to relate the Marcinkiewicz-type
integral D*(f) with the potential function of f. It turns out this is possible by using the
Poisson-type integral of f defined in the previous section and a corresponding Littlewood-
Paley g-function. We will show that, in parallel with classical results, this new g-function

can be used to characterize LP norms of vector fields.

1.2.3 Regularity of Solutions

In Chapter 5 we use the function space analysis from Chapter 4 to obtain two regularity
results for weak solutions to peridynamic-type systems. The first regularity result states that
weak solutions to systems of the type (1.5) belong to certain Bessel potential spaces, and
the second regularity result states that weak solutions belong to certain fractional Sobolev-
Slobodeckij spaces. The latter result also holds for weak solutions to nonlinear nonlocal

equations. We describe both results below.

Bessel Space Regularity

For the first result we return our attention to nonlocal operators that use kernels p(x,y)

d+2s

comparable to |x — y\_( ). We write the strongly coupled system of equations as

. Axy) x-y) xX=y) oy  Fix
Lf)u(x> T h/Bh(x) ]X—y\d+23 |X—y’ ® ’X—y‘ ( ( ) (y)) dy F( )7 (1'12)

where d > 2, 0 < s < 1 are fixed, and A(x,y) is a measurable function, which we refer to as

the coefficient, that is elliptic and symmetric in the sense that
0<a; <AKXYy) <ay <oo, Ax,y) = Ay, x) for all x,y € R%

The number b is a positive constant. Weak solutions to (1.12) are defined in Chapter 5.
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Our goal in the first part of this chapter is to establish the higher integrability of the
measure of smoothness D*(u) of weak solutions u to the peridynamic system of nonlocal
equations given in (1.12). Roughly speaking, we show that there exists an exponent p > 2
such that for any weak solution u to (1.12) corresponding to rough data F € L"(R% R9)
with r < 2, both u and D*(u) are in LP. The higher integrability result holds under no
additional assumption on the coefficient A(x,y) other than ellipticity and measurability.
Then by Theorem 1.2 it immediately follows that u € £2(R%; R?) for some p > 2.

In light of the connection to local elasticity (see the discussion in Section 1.1) the
higher integrability result for weak solutions to (1.12) is a fractional analogue of Meyers
inequality for systems of differential equations. Meyers inequality states that weak
solutions of the strongly coupled systems (1.7) with measurable coefficients satisfying the
Legendre-Hadamard ellipticity condition and corresponding to highly integrable data are in
Whr(R4; RY) for some p > 2, see [62, 63]. The result we obtain is the fractional analogue of
this inequality in the Bessel potential spaces. This inequality will be proved using invertibility

of the operator I + Ly over a range of Sobolev spaces; see Chapter 5 for details.

Sobolev Estimates for Nonlinear Equations

We use Theorem 1.1 and classical embedding estimates to obtain Sobolev regularity of
weak solutions to nonlinear nonlocal peridynamic-type systems of equations with elliptic

measurable coefficients. The system is given as
L o(u) (x) = F(x). (1.13)

where the operator L} ¢, is defined as

X—-Yy

x -yl

A
( dy .
|x —

w0 = [ %mm)(x,y)w-wux&y)

We assume that s € (0,1), p > 2, and that A(x,y) is a measurable function such that
a1 < A(x,y) < as and symmetric in the sense that A(x,y) = A(y,x) for any x, y € R%.
Weak solutions to (1.13) are defined in Chapter 5.
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The operator L, is a nonlinear p-Laplacian-type version of the linear peridynamic
operator defined in (1.4). Indeed, for p = 2 the operator L, o takes the form of the operator
(1.4). For any 1 < p < oo and A(y,x) = a(|y — x|), well posedness of the coupled system
(1.13) has been established in [60] by using variational methods and imposing appropriate
volumetric conditions. Moreover, by exploiting the connection between the spaces X;7(€2)
and W;y%(Q, R?) it has been shown that (1.13) is a fractional analogue of a strongly coupled

nonlinear system of partial differential equations of the type
div (|(VW)sym " (V) sym(x)) = F(x).

In fact, for specific variational problems, this relationship has been established via I'-
convergence in [60] in the event of vanishing nonlocality (that is, s — 17). Regularity
of solutions of the nonlinear system has been the subject of recent works, see [90].

The second main result of this chapter is an a priori estimate for the self-improving
properties of solutions to the nonlocal nonlinear coupled system (1.13). This result is stated

in the following theorem.

Theorem 1.3. Let s € (0,1), p > 2, and Q C R? be a bounded domain. Let F €
[0 (Q))*, and let u € CL (4 RY) N X2(Q) be a weak solution to the coupled system

loc

of nonlocal equations (1.13) corresponding to F. Then there exists a positive constant €

such that for all ¢ € (0,e0) the weak solution u belongs to W >I5P(Q2). Moreover, for any

oc

n € CX(Q), there exists a positive constant C such that

1
=1
[y seoasy < CUFIEL s o+ Clll

x5(9) -

The potential implication of the regularity result in the theorem is that, with no additional
smoothness conditions on the coefficient A(x,y), a weak solution to the coupled system (1.13)
has improved fractional differentiability in response to improved regularity in the data. For
scalar equations, this type of self-improving property of solutions has been verified in [49]
using reverse Holder inequalities and nonlocal Gehring-type lemmas, obtained in [76] via a

commutator estimate and later obtained in [4] via a functional analytic approach. The main

16



contribution of this section is the extension of the a priori estimate for the self-improving
properties of solutions obtained in the above cited works to the nonlocal nonlinear system
(1.13). We should note that the application of appropriate embedding estimates imply both
improved differentiability and higher integrability.

To prove Theorem 1.3, we follow the approach in [76]; our strategy is close in spirit
with the technique of “differentiating the equation,” and finding relations between higher
derivatives of solutions and test functions in order to estimate derivatives of the solution.
These estimates are based on the norm []xs. We then use Theorem 1.1 to conclude that
the estimates are also valid using the larger semi-norm [-]ys». See Chapter 5 for further

discussion.

1.2.4 Solvability Revisited: The Wave Equation

The last chapter of this dissertation is devoted to showing the solvability of the time

dependent system of wave-type equations

Opu(x,t) + Lu(x,t) = f(x, 1), (x,t) in R? x [0,7],
u(x,0) = up(x), x in R?, (1.14)
du(x,0) = vo(x), x in R,

where the operator L is given by

— Lu(x,t) = P.V. /Rd (y|j§|>2y) (u(x +y,t) —u(x,t) —e(u)(x,t)y X(s)(y)) p(y)dy.
(1.15)
The definition of the operator L will be explained in a moment. We analyze (1.14) by proving
results for the equilibrium equations associated to the corresponding steady-state system,

which are given in (1.5) but we rewrite here for convenience:

/Rd p(x,y) ((U(X) —u(y)) X_y) 7Yy = f(x). (1.16)

x—-yl/) [x -yl
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The majority of Chapter 6 is devoted to obtaining results for (1.16), which are then leveraged
via semigroups to obtain results for (1.14). This semigroup approach will be explained in
detail in Section 6.5, and at present we focus on the system (1.16). Mathematical analysis of
(1.16) often considers the case when the kernel is compactly supported, radially symmetric,
p(x,y) = p(|Jx —y|), and bounded away from zero in a neighborhood of the origin [29, 56,
59, 91]. The time dependent linearized equation of motion (1.14) is also studied in [33, 34]
as an evolution equation in various spaces when the kernel is radial. For the well posedness
of the nonlinear peridynamic equations of motion we refer to [16, 30, 31]. In this case, the
integral operator is well-defined either as a convolution-type operator, when the kernel is
integrable, or in the principal value sense in when the kernel has strong singularity.
Similarly to Chapter 3, here we study models associated with kernels that are translation-
invariant but may be rotationally variant. To be precise, we assume p(x,y) = p(x—y), where
p is not necessarily symmetric. This assumption combined with a formal change of variables

leads to the nonlocal system

/Rd p(y) (M) (u(x+y) —u(x))dy = —f(x).

ly[?

The integral operator on the left hand side converges when p € L'(R?). However, when p
is not integrable, it is not clear that the integral converges, even when u is smooth. We
therefore modify the integral operator to ensure that it is well-defined. To illustrate the
modification, first consider the specific choice of kernel p(y) := |y|~%"2* for s € (0,1), and

define the integral operator

~Apueg = ey [ (YY) (utxety) - ut)

ra |y[4F% U |y[?

where C'is a normalizing constant. As indicated, the integral converges in the principal value
sense for u smooth enough, say C?. It is in fact a fractional analogue of the Lame operator

in linearized elasticity [59]. Since the kernel is radial, we can subtract any odd function in
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the integrand and get, for example,

C <y®y

—(—A)Su(x) =PV /]Rd ly[i+2s \ [y[2 ) (u(x +y) - u(x) - Vu(x)yx® (Y)) dy ,

where the function ) is defined as

(

0 if s € (0,1/2)

X)) =1, (y) ifs=1/2

1 if s€(1/2,1).

\

Because of the presence of the rank-one matrix <’|'f|)3' ), the last term can be rewritten, giving

C (y®y

—(—A)Su(x) =PV, /Rd ly[¢2s [y 2 ) <u(X+ y) —u(x) — 5(“)(X)YX(S)(Y)> dy,

where £(u)(x) is the symmetric part of the gradient matrix given by

g(u)(x) = %(Vu(x) + Vu(x)T).

|7d72s

With this motivation at hand, we may now replace the kernel |y with any translation-

invariant kernel p(y) and introduce the integral operator L. by

L) =PV [ (T () - ux) - )y ) o) dy

which is precisely the operator defined in (1.15). With this new modification, it is clear now
that even for radially nonsymmetric kernels comparable to |y|~¢=2% the integral converges
absolutely for smooth u. More generally, the kernel p that we will consider in Chapter 6 will
come from two classes.

Class A: Integrable kernels: p is a nonnegative integrable function in R?. That is,
p(y) € LY(R?). In this case, in the definition of L in (1.15), we take x(*)(y) = 0. Integrable

kernels commonly used in applications have compact support.
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Class B: Nonintegrable kernels: p is a nonnegative singular kernel that is comparable
to |y|~%72*. More precisely, we assume that the kernel p is of the form
m(y)
PY) = Taras I (y),
()= i o)
where for some 0 < r < oo the set A, := AN B, is a truncated double cone A := {x €

R4 ﬁ € I'U —T'} corresponding to a given measurable subset I' C S~ that has positive

Hausdorff measure, and the positive measurable function m : R — [0, c0) satisfies
0<a; <m(y) <ay <0,

for positive constants «; and as. We also assume that when s = 1/2, p satisfies the

cancellation condition

/ viyyep(y)do(y) =0, Vi, 5, ke{l,2,...,d}, VYu>0. (1.17)
9B,

Note that (1.17) is always satisfied when m(y) is an even function.
To show well posedness of the time dependent problem, we establish the solvability of
the linear system

Lu(x) + Au(x) = f(x) in R, (1.18)

which is the first main goal of Chapter 6. The constant A is nonnegative and the operator LL
is assumed to possess a kernel from one of the above classes of kernels. For operators that
use kernels in the nonintegrable class, we prove the existence and uniqueness of a strong
solution in the Bessel potential space u € H?? corresponding to data f € L? satisfying
(1.18) almost everywhere. Further, when L = (—A), for each f € L? there exists a unique
u € H?? solving (1.18). Finally, we will show the well posedness of a wave equation closely

resembling (1.14) as a consequence of the solvability obtained for the steady-state problem.

These results described here will be precisely stated in Chapter 6.
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1.3 Notation

Generally, notation will be set within each chapter, but we state several conventions used
throughout the dissertation here. Given vectors a = (ay,ag, -+ ,aq), and b = (by, b, - -+, by)
in R the tensor a ® b is the rank-one matrix with a;b; as its ij™ entry. We define the

Fourier Transform of a function f as

=)

FFE) = fle) = / e 26 f(x) dx..

Rd
The notation F~! or -V denotes the inverse Fourier transform
F00 = 1100 = [ @) de
]Rd

We will retain the same Fourier transform notations even for distributions.

We denote the surface measure of the unit sphere S¥~! C R? as
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Chapter 2

A Peridynamic Operator With

Fractional Kernel

The convergence of peridynamics to local elasticity has been thoroughly explored in the case
of integrable kernels. Here we show a similar connection in the case of non-integrable kernels,
specifically the fractional kernel |x — y|~¢72%.

For this chapter, we define the operator L. as

meﬁzwﬁédcx—ywﬂx—w>u&%—wwdy’ (2.1)

x —y/? |x — y|4*2

for d > 2 and s € (0,1). The positive constant x4, depends only on d and s, and is defined

as

2255I(4 + s)
7211 — )

2BsD(3+s) 1 — cos(hy) dh -
Cdys == 7AP0(1—s)  \Jae |B|%F2 :

Here, I denotes the gamma function

Kas = (d+ 2s) = (d+ 2s)cqs, where

(2.2)

F(t):/ y' eV dy.
0

To see that the two definitions of ¢4 are the same we refer the interested reader to [14].
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2.1 A Formula via the Fourier Transform

We will show that Lu —,_,;- £; 1u using the Fourier transform. We begin by finding closed

expressions for two constants that appear in the Fourier transform of the operator L.

2.1.1 Calculation of Constants

We recall the following well-known identity concerning the Gamma function:
['(t+1)=tI'(¢) for every t > 0. (2.3)

We also recall the definition of the Beta function with parameters a and b as B(a, b) via the

formula

o0 tafl
B(a, b) = /0 m dt, where a, b > 0. (24)

The Beta function and Gamma function are related via the formula

['(a)T'(b
B(a,b) = %, where a,b > 0. (2.5)
Finally, from [14, Appendix A.2],
1 /°° 1 — cos(27t) df = 2 /°° 1 — cos(27t) L /20 (1 — f) | (2.6)
(271')28 . |t|1+2s (271-)25 0 t1+25 22581"‘(8 + 5)

Definition 2.1. Define two constants ¢; and ¢, as

1 —cos(hy) h? / 1 — cos(hy) h3
by = dh ly = dh.
' /]Rd [h|*+2s [h> I A NE

Lemma 2.2. Ford>2 and 0 < s <1

1 1 1 4211 —
0y = - .l (d s) , (2.7)
(d+2s)cas  hKas d+2s 2255T(§ +5s)
and
2s+1 2s+1 7¥21(1 —
= (254 1)y = 2201 251 7T =) (2.8)

Fas  d+2s 22sI(4 + 5)
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Proof. We first prove (2.7). By a change of variables h = 27x, we have

1 1 — cos(2mxy) w2 (1 — cos(2mxy)) 23
62 = 2 / d( 2 1) 22 / / d<1k>22+22 dX/ dwl ?
(27T) 5 Jpa |X| +2s |X| 27T Rd—1 $ + |X’| ) 2
where x = (z1,x’). We change variables in the inner integral; let n = (12,...,14) = %

Then using (2.6),

1 — cos(2mxy)

Rd—1 |x1|d+2+2s ]__|_| | )

(1 — cos(2mx1)) 3
dnd
(2m)? //Rd U la |21+ |n)? )d+22+2s ndx
1 — cos(2mzy) > / 2
- dajl 242s dn
((2”>28/R [ s (14 f?) 5
127(1 —
— (L‘?) / 772 S—
225500 (s + 5) ri-1 (14 |nP2) "2

To handle to remaining integral in (2.9), changing to polar coordinates gives

TCQ 2 d—2
pEETSn iz do(Q) dr

Td

= CQdUC/ — o A
stz © o (147275

Wi [T rd d
7d_1 0 (1+T2)d+2+23 7/.’

Where wq_s denotes the surface measure of the unit sphere S4=2 € R?~!. Letting ¢t = r? and

n3 - ||t Ay day

d+2+2s |$1|
2

(2.9)

using the integral definition (2.4) of the Beta function,

d—1

Wi—2 /°° rd Q= Wq_9 /°° tz gt
d—1Jy (1+r2)"%™ 2(d—-1) Jo (1+1)7%™

Wd—2 d+1 1
= B — .
2(d — 1) ( 2 ’2+5>
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Using (2.5) and using the definition of surface measure,

1 d+1 1 Pl 1 D(EHr(E +9)
W2 B s tS | = g1 . =
2(d — 1) 2 72 (L) 2d—1) T(¢+1+s)
nr 1 BTG +s)

In the second equality we additionally used (2.4). Thus

d—1

2 Tz (i+s
/ - iz I = ' d(2 ) . (2.10)
Rd—1 (1—|— |fr’|2) 2 2 F(§+1+S)

Combining (2.10) with (2.9), we get using (2.3) that

(TP —s)\ (77 TG+
Ez_(z%sr(w%))( 2 'r(g+1+s)>

TPl - ) 1

S 2% o (2 41+ s)

TP (1 - s) 1 1 aPr(l-s
2255 2B (4 +s) d+2s 2%sT(4+s)

which is (2.7).
To obtain (2.8), note that by the integral definitions of the constants ¢;, ¢, and ¢4, and

by using rotations, that
_ 1 — cos(hy)
O =[] ————dh
(cas) /]Rd |h[d+2s
_Z/ 1 — cos(hy) h] dh
ze  |h[¢2 |0

1 — cos(hq) 1 —cos(hy) h3
= dh dh =7/ d—1)¢,.
/]Rd |h|d+2 |h|2 + Z/ |h|d+28 |h|2 1 +< ) 2
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Thus, by (2.7)

fl = (Cdys)_l — (d — 1)52 = ((d+ 28) — (d — 1))62 = (28 + 1)62 .

O
2.1.2 Fourier Transform of the Peridynamic Operator
Theorem 2.3. Let u € [S(RY)]". Then
Lu(¢) = (2r/¢])™ (235‘2’25 + ]1) u(é). (2.11)
Proof. By a change of variables h = y — x, write
Lux) = v [ ’h’;% (Iﬁzh) (u(x) — u(x + b)) dh. (2.12)

Thus,

Lue) = e ([ i (S ) ab) @) = mdi@ae). (213)

We proceed to find a closed-form expression for M(&). For each £ # 0, choose a rotation
R(&) € O(d) such that R(&)e; = é—|, where e; = (1,0,...,0). By a change of variables
y = RTh, we have

[ 1 mRy-ige v ® y) )

B 1— e27r7,|§‘yl y® y> ‘| .
= Rie) Uw |y|t+2s < e ) YR ©):

Again changing variables h = y|£],

uie) - leenee) | [ Lo () an mee. (214

Now. e e { /R _E%M) <h| fjh) dh} RI(),

26



in(2why) hih; o

and since sine is an odd function the integral / M—j dh = 0 for every i,j €
g |h[¢t2 |h?

{1,2,...,d}. Thus M(&) = RM(&).

Now, we claim that

1 — cos(2mhy) h;h; o,
dh = : 2.1

Indeed, writing the left-hand side of (2.15) in polar coordinates,

1 — cos2mhy hih; S |
/Rd |l |d+2s |h|2j dh = /0 rlt2s /Sd_l(l — cos(2mrwy) )wsw; do(w) dr

Choose a rotation R;; taking w; to —w; and fixing w; and w;. Changing coordinates and

letting z = R;;w,

/Sd1(1 — cos(2mrwn ) )ww; do(w) = —/ (1 — cos(2mrwy))ww; do(w) ,

gd-1

which proves (2.15). Therefore,

M(€) = (2m|€])* R(€) diag(é1, . .., La) RT(E) (2.16)
where
1 1 — cos(2mwhy) h? / 1 — cos(hy) h? ,
= ‘- dh = ‘= dh =1,....d. 2.1
b L e R it @
Observe by using rotations and change of coordinates that ¢, = /3 = ... = {43. By Lemma
2.2,

M(&) = (2n|€))* R(€) ((61 —ly)(e1 ®ey) + @1) RT(£)
— (2rlél) " RE) (25(es © ) + 1) RT(E).

Ka

Therefore, since

R(€)(er @ ) RT(E) = (ﬁf'f) |
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we have

Cue) = e (E)a(e) = (2rel)™ (25 (£5£) +1) ate)

With Theorem 2.3, it is apparent that

lim Lu=u, and
s—0t

lim Lu = —Au — 2V(divu).

s—1—
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Chapter 3

On A Variational Formulation

3.1 Introduction

We study the Dirichlet problem associated with the nonlocal system of equations

Lu=f inQ; u=0 in(Q, (3.1)

where the vector-valued nonlocal operator L is of the form

Lu(x) = lim bxy) (2oL 220 Yo - uiy)dy, G2

e—0t |x—y|>e ’X - Y‘ |X - y’

when the limit exists. The functions u and f are vector fields defined in their respective
domain. The kernel k : RY x R? — [0, 00| is measurable. From the very definition of the
nonlocal operator L, it is clear that (3.1) is a strongly coupled system of equations.

The goal of this chapter is twofold. First, we formulate a variational problem for (3.1),
the resolution of which provides solutions to (3.1). We treat more general kernels than
those covered in the literature. For given data f in an appropriate class, we describe a
notion of solution and demonstrate existence of vector-valued solutions u : R? — RY to
the nonlocal coupled system (3.1). The second goal is to prove some results related to the

optimal regularity of solutions. This will be carried out for a specific class of kernels.
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Recalling the discussion in Chapter 1, define the symmetric and anti-symmetric parts of
k(x,y)
1 1
ks(x,y) = S(k(x,y) +k(y, %), ka(x,y) = 5 (k(x,y) —k(y,x)).

Throughout the chapter we consider kernels whose symmetric part has locally integrable

second moment, i.e., we assume
x> [ min{L b= yP YR y) dy € L, (R) 33)
We also define the function space of vector fields
SR k) = {v € L*(RLRY)) : D(v)(x,y)k/*(x,y) € L[R! x RY)}.

The mapping [, V]ggag) = [ga Jga ks(X,¥)D(u)(x,y)D(v)(x,y) dy dx defines a bilinear

form on S(R% k). One can easily show that the function || - ||g(ra.), defined via the relation

HVH?S‘(Rd;k) = HVHiQ(Rd) +/Rd /Rd ko(x,y)(D(v)(x,y))* dy dx,

serves as a norm for S(R? k). Moreover, adapting the argument used in the proof of [36,

Lemma 2.3], we can actually show that S(R% k) is a separable Hilbert space with inner

product (-, ) r2ma) + [, Jsmar) - See also similar results in [29, 58, 59]. We denote the dual

space of S(R% k) by S*(R%; k).

Roughly speaking, we show the following results: for those kernels & whose antisymmetric

(ko (x,5))?
ks(x,y)

uniformly bounded for any u € S(R% k)), the limit in (3.2) exists in the weak-* topology of

part is small relative to the symmetric part (e.g. the function x +— f]Rd dy is
the dual space S*(R%; k), and therefore Lu € S*(R% k). This interpretation of the operator
allows us to define a generalized or weak notion of solution to the system of equations in (3.1).
The well-posedness of the problem is demonstrated via the application of the Lax-Milgram
theorem. To this end, we introduce a bilinear form on the space S(R?; k) x S(R? k) that is
compatible with the system (3.1), and by imposing additional conditions on k we show that

this form is continuous and coercive on appropriate subspaces. Systems of the type (3.1) have
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been studied extensively in the literature, cf. in [26, 27, 34, 44, 58]. Our results complement
the well-posedness result in the above cited papers. Indeed, our work deals with kernels that
give rise to non-symmetric bilinear forms while earlier works are based on kernels associated
to symmetric bilinear forms. As we will see in the next section clearly, the non-symmetric
bilinear forms we study account for the the presence of lower order terms that may involve
“lower order fractional” derivatives, while the results in [58] deal with linear problems with
lower order terms that involve the unknown function without any derivatives.

Let us comment on the case where the vector fields are scalar. In this case, the quadratic
form under consideration becomes a regular Dirichlet form in the sense of [38]. For this
reason there is an associated strong Markov jump process, which can be used to study the
Dirichlet problem. In the particular case of translation invariant operators, i.e., when k(x,y)
depends only on (x —y), the process has stationary independent increments and is called a
Lévy process. The potential theory of Markov jump processes including fine properties of
heat kernels has been developed in great detail in recent years. It can be shown that our
notion of a variational solution coincides with the probabilistic notion of harmonicity [15, 53]
if the source term f vanishes. For the theory of nonlocal non-symmetric Dirichlet forms we
refer to [39, 45, 77]. In the case of scalar fields, the variational approach to the Dirichlet
problem has been used by several authors [36, 72, 80]. Note that we only comment on
nonlocal operators in bounded domains which are related to quadratic forms. For a survey
of results on nonlocal Dirichlet problem in the non-variational context, see [71].

Our study of the nonlocal system (3.1) for general kernels follows the variational approach
taken in [36] adapting it to the system of equations. This adaptation is not trivial because
of the structure of the operator. For instance, one can easily check that the seminorm
[, u]gga,) vanishes over a class of affine maps of the type u(x) = Bx + ¢, where B is
skew-symmetric matrix. When proving coercivity of the form over a subspace, one has to
find a mechanism to remove this large class of maps, as opposed to constants in the case
of equations. We will see that we need to use fractional Poincaré-Korn-type inequalities for
the system in contrast to the standard fractional Poincaré inequality for problems involving

scalar fields.
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Let us mention that the system arising in (3.1) is related to the Euler-Lagrange system
generated by fractional harmonic maps. Those systems were studied first in [20] for the
half-Laplacian and then extended to more general situations [19, 21, 65, 73, 75]. In these
works, the systems arise as Euler-Lagrange equations for critical points of functionals like
[(=A)zul» for u € H*?(R%: M) where M € RY is a smooth closed manifold. Obviously,
these systems are nonlinear in general, which makes the regularity theory very challenging.
However, the systems generated by harmonic maps do not possess a strong coupling in the
main part of the operator as in (3.1).

In this chapter, we also obtain local regularity results for variational solutions of the
system (3.1) corresponding to a special class of kernels. For this aspect of our study, we
concentrate on translation invariant operators with kernels of the form k(x,y) = k(x — y),
that is even and comparable with the standard kernel of fractional order. We allow this
comparability to hold true in any double cone A with apex at the origin, i.e.

1

For these types of kernels we show that the Hilbert space S(R? k) is equivalent to the

standard fractional Sobolev space

2
H*(R%RY) := {u e LARERY) : [uld.e : / / [ux )l dydx < oo g .
Rd JRd |X_ ‘d+25

Such an equivalence will be proved using the Fourier transform. See [29, 57] for related
results. For such kernels we show that actually the operator L. : H*(R%; R?) — L?(R%; RY) is
continuous. More generally, for any p € (1,00), if we define the non-homogeneous potential
space

£2?(R%RY) = {u € LP(RLRY) : (—=A)*u € LP(REGRY)}

where the fractional Laplacian (—A)*® is acting on each component, then it can be shown
that the nonlocal matrix-valued operator L is continuous from £ (Rd' R?) — LP(R% RY).

Most importantly, we show in this chapter that for any 2 < p < 525~ and f € LP({; R?), the

32



unique variational solution u € H*(R% R?) to the zero Dirichlet problem

Lu=f inQ, u=0 inCQ. (3.4)

belongs to £, (R%R?). We say u € L£75P(R%RY) if up € £2P(R%R?) for any n € C2(RY).
For nonlocal equations, results of the above type have been proved in [10, 43, 50]. We follow
an approach that is used in [9, 10], where a similar but more general result is proved for the
Dirichlet problem for fractional Laplacian equation when the right hand side comes from LP
for any 1 < p < co. In the case of vector fields, we could not cover all ranges of p but only
with the additional assumption that the weak solution u € LP. In the scalar case such an
assumption is not necessary since it can be proven that a solution to the Dirichlet problem
of the fractional Laplacian with right hand side in L” must also be in LP, see [10, Lemma
2.5]. A similar Calderén-Zygmund type estimate for solutions is also proved in [50, Theorem
16]. Unfortunately we are unable to extend their proof to the vector-valued case because the
argument in [10] relies on a monotonicity property of an associated semigroup and in the
case of [50] it uses a Moser-type argument where a nonlinear function of the solution is used
as a test function. Neither of these arguments can be applied for systems.

The organization of the chapter is as follows: In Section 3.2 we introduce additional
notation, provide some auxiliary results, and show well-posedness of the Dirichlet problem
(3.1) using Hilbert space methods. We present sufficient conditions that imply the validity
of fractional Poincaré-Korn type estimates for a larger class of kernels. We also provide
examples of kernels for which the theorem is applicable. For a smaller class of kernels we
also link the energy space S(R%; k) with classical Sobolev spaces. In Section 3.3 we prove
higher-order interior regularity of solutions to the Dirichlet problem corresponding to a

particular class of kernels.

3.2 The Variational Formulation

In this section we set up the variational approach to solve the system (3.1).
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3.2.1 Notation and Definitions

Throughout this chapter we will be using the following function spaces and their associated
norms. We assume that D C R? is an open subset, and 0D denotes its complement. We

begin with the function spaces
LP(RY) = {u € L”(R:RY) |u =0 a.e. on (D}

which collects LP functions defined over R? that vanish outside of D. We also use the notation

Sp(R% k) to denote the space of functions in S(R? k) that vanish outside of D:
Sp(R% k) = {ue S(R:E) :u=0 ae. on CD}.

It is not difficult to show that Sp(R% k) is a closed subset of S(R% k) and that from the
definition, <SD(Rd; k), H'HS(Rd;k)) — (S(Rd;/f), ||'||S(Rd;k)>- We denote the dual space of
Sp(R% k) by SH(R? k).

To set up a variational problem, we will make necessary preparations. To begin with, we
introduce a bilinear form that will be used to define a generalized notion of a solution to the

nonlocal systems of equations.

Definition 3.1. Given two measurable functions u and v, we define

Fru,v) = % /R d /]R (e ¥)D() (x5, ) D(v) (%, ) dy dx

+/Rd /Rd ka(x,y)D(u)(x,y) (V(X) - f{;y) dy dx,

X~y
whenever the integrals exist.

We notice that the form is not necessarily symmetric. We aim to find conditions on
k that allow us to have good control on the quadratic functional F*(u,u) for u in the
function space S(R? k). To that end, following [36, 77] let us assume that there exists a

symmetric kernel k and constants Ay > 1, Ay > 1 such that for all x € R¢, the measure
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{y € R : k2(x,y) # 0and k(x,y) = 0}| = 0, and

/R d /R oY) (D)6, ) dy dx < Ayl (3.5)

for all u € S(R% k), and that

kQ
sup / f(x’ y) dy < A,. (3.6)
xerd Jrd k(X,y)

Note that we can choose k = ks, see [77] where it is used for scalar equations. The next
lemma describes the proper definition of F*(u,v) and its continuity on S(R% k). It also

clarifies in what sense the operator (3.2) is defined.

Proposition 3.2. Let Q C R? be open and assume that k satisfies (3.3) and (3.5)-(3.6).
Forn € N, define the subset D,, = {(x,y) € REx R? : |x —y| > 1/n} and let

— X

= X u)(x Y
L) = [ ey P e y) .

Fr(u,v) = //n k(x,y)D(u)(x,y) (V(x) : ’X;y) dy dx.

X —y]|
Then we have that

i) (Low, V) p2ray = FF(u,v) and lim FF(u,v) = F*(u,v) for allu,v € C=(Q).

n—oo

i) Moreover, F* : S(R% k) x S(R% k) — R is continuous, and thus on Sq(R%; k).

Proof. We begin by noticing that if u € C>°(R?), the expression L,u(x) is finite for almost
all x € R, This follows from the fact that for almost all (x,y) € R4 k(x,y) < ki(x,y),
assumption (3.3), and that the integration is over D,,. Similarly, for u, v € C(R?), F*(u,v)
is finite as well.

Now, for u,v € C>°(R%) we have by Fubini’s theorem that

@mmﬂmmWZ/’%%Mmfﬁoﬁ(x_yCax_y>(ﬂﬂ—UWD®ﬂV&NX

w PRI
= [ #e (a0 - utw) 221 (v 221 aya.

35



Split the last integral using the decomposition of k into k,; and k,, and interchange x and y

to obtain that

(Lo, v) p2(ray = 1// ks(x,y)D(u)(x,y)D(v)(x,y) dy dx

2 J/p.
+/ nka(qu)D(u)(x,y) (V(x) ﬂ) dy dx. (3.7)

x —y]|

We will be using the Lebesgue dominated convergence theorem to pass to the limit in
both terms in (3.7). To pass to the limit in the first term we use the function (x,y)
ks(x,y)D(u)(x,y)D(v)(x,y) as a majorant. It is integrable and by the Cauchy-Schwarz

inequality,

/Rd /Rd ks(x,y)D(u)(x,y) D(v)(x,y) dy dx < [u, u] grap) [V, V] grix) < o0 (3.8)

due to (3.3), since u,v € S(R? k). We next bound the integrand in the second term in (3.7)

as follows. For x,y € R?, using Young’s inequality we have that

tox P y) (V0 - 20 < ey )DL e ) G0, 3)

(v(x)?m T Exy)[D(w)(x, y>|2) |

<
B k(x,y)

1
2
where assumption (3.5)-(3.6) guarantees that both functions on the right hand side are

integrable in the product space R? x R?. It is now clear that

nli_>n010(Lnu, V) 2@y = FF(u,v).

To prove the continuity of the bilinear form F* : S(R% k) x S(R% k) — RY we estimate
the two terms of F* separately. As has been shown in (3.8), the first term of F*(u,v)

cannot exceed %[u, U grap) [V, V]gman . To estimate the second term, we use (3.5)-(3.6) with
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A =max{A;, Ay} and the Cauchy-Schwarz inequality to obtain that

/Rd /Rd k.(x,y)D(n)(x,y) (V(X) : ﬁ) dy dx
< /Rd/ ko (%, y)[E~ 2 (x, y)[D(u)(x, y)||[v(x) |3 (x, y) dy dx

= (/Rdﬂi(x)g /Rd %dy dx) 1/2

x (/Rd /Rd%(X’Y)(D(u)(xd’))Qdydx)m

<A ||V||L2(]Rd) Hu”S(Rd;k)-
Combining the above estimates we have that

| F*(u,v)| < [w, ufs@an [V, v]s@ar + A ||u||S(]Rd;k) ||V||L2(Rd) <C ||u||S(Rd;k) HVHS(Rd;k) )

(3.9)

N | —

proving that F* is indeed a continuous bilinear form on the space S(R%; k). ]

Remark 3.3. A discussion on the nature of the “limiting operator” L = nh_}rgo L, is in order.
First, in the event that the kernel k(x,y) is integrable in the sense that if for every x € R?,
/ ks(x,y)dy < oo and the function x — / ky(x,y)dy € L. (R, then for any u €
SHE?R‘I; k) and for each n € N, the value L, u(x) Hf; finite for almost all x € R? and for almost

all x € R? we have
lim L,u(x) = Lu(x)

= /Rd k(x,y)D(u)(x, y)ﬂdy

[x =yl
= [ By Py iy + [ ke yPu)xy) i dy.

Moreover, the above proposition implies that the sequence {IL,u} is bounded in the dual
space of S(R% k), and converges in the weak-* topology to F*(u,-). In this case, since for

any v € C>°(R?) one can verify using Fubini’s theorem that

<Lu7 V>L2(Rd) = ‘Fk(u? V) 5
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so we can identify F*(u,-) with the measurable vector field Lu.
More generally, for any kernel satisfying (3.3) and (3.5)-(3.6), and for any u € S(R%; k),
one may replace the L? inner product by the duality pairing to define the sequence of

functionals L, u defined by

Lovyi= 5 [ h(xy) D@ ) . y) dy e

# L rtey P (vi- 220 ayax,

Ix -y

for v € S(R? k). The proposition proved above shows that {LL,u} is bounded in the dual
space of S(RY, k) and converges in the weak-* topology to F*(u,-). For u € C®(R"), the

limiting functional F*(u,-) can be identified with the function

X—y
x —y]

Lux) = PV. [ kxy)P)xy) 2=y + [ Ralxy) Dl y) = dy.

Rd k_ﬂ

In the event that k is not integrable and not necessarily symmetric, the second term in the
above expression corresponds to a term with “lower order derivatives;” see [36] for a detailed

discussion.

3.2.2 The Dirichlet Problem for the System of Nonlocal Equations

In this subsection we use the bilinear form we introduced earlier to define what we mean by

a variational solution to the Dirichlet problem of the nonlocal system of equations.

Zero Dirichlet Data

Definition 3.4. Assume that k satisfies both (3.3) and (3.5)-(3.6). Let Q C R? be open,
bounded. Let f € S§(R%; k). We say that u € So(R? k) is a solution of

Lu=f inQ, u=0 on(CQ, (Do)

if
Fru,0) = (£,9)12maey for all p € So(R% k). (3.10)
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The main result of this section is the following well-posedness of the Dirichlet problem

(Do)-

Theorem 3.5. Let ) C R? be open, bounded. Let k satisfy (3.3) and (3.5)-(3.6). Assume
further that

i) there exists Cp > 1 such that for allu € L4(RY),
Ml < Cr [ [ Rben@@xy)Payde wd  (PK)
re JR

i) for every e > 0, there exists C. > 0 such that

C. = sup/ |ka(x,y)|dy < 00, and (3.11)
x€Q JCB(x,¢)
iii)
inf liminf/ ko(X, y) ( XY g XY ) dy >0 (3.12)
x€R? =0T JOB(xe) |X - Y| |X - Y|

in the sense of quadratic forms.

Then corresponding to any £ € S§H(R% k) there exists a unique solution u € Sq(R% k) to

(Dy). Moreover, there exists a constant ¢ > 0 such that

[u, U}SQ(Rd;k) < CHstgg(Rd;k)-

Remark 3.6. Condition (PK) in the theorem is called a Poincaré-Korn type inequality. In
the theorem it appears as an assumption that restricts the choice of the kernel k. Later,
we provide sufficient conditions that guarantee the validity of (PK) for a class of kernels.
Conditions (3.11)-(3.12) should be treated as cancellation conditions on the antisymmetric
part of the kernel. Indeed, condition (3.11) is an integrability requirement on k, away from
the diagonal which allows us to apply Fubini’s theorem and use other properties of the
integral. Condition (3.12) on the other hand says that the term in the energy F*[u, u]
involving the antisymmetric part k,(x,y) should not be “too negative.” This condition can

be relaxed a little bit, but verifying it may be a challenge. A relaxed condition is given in
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[36, Remark 3.3]. See also nonlocal variational problems that involve sign changing kernels

in a different sense in [58].

Proof of Theorem 3.5. We use the Lax-Milgram theorem to prove the result. Conditions
(3.11)-(3.12) will be used to show that F*[u,u] is positive semidefinite, while (PK) implies
positive definiteness of the energy. We show step by step that all the assumptions in the Lax-
Milgram theorem are satisfied. We begin by noting that as in Proposition 3.2 the conditions
(3.3), (3.5)-(3.6) imply that the bilinear form F* is a continuous form on S(R% k). Next,
we will show that F* is coercive on the closed subspace Sq(R% k) of S(R? k). We begin by
showing that

FF(u,u) > Z[u, ulgpap for all u € So(R% k). (3.13)

N —

For any € > 0, and for any u € Sq(R% k) we have that

//lx—y>a D(w)(xy) <u<y) ' ﬁ) ka(x,y) dy dx

= 1//|x_y>5 D(u)(x,y) ((u(x) +u(y)) - ﬁ) ka(x,y) dy dx

2
7 . ((‘“X) o) (i) > foley)dy b

where we have used the anti-symmetry of k, in the first equality. We use the integrability

assumption (3.11) in the last integral to apply Fubini’s theorem to obtain that

//Xy|>ED(u) () (U(Y) ' ﬁ) ka(x,y) dy dx

- //|x—y|>e (u(x) ' ﬁf ka(x,y) dy dx

= [ ueor MB(X,@ hxv) (3 @ ) ] woax
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We then conclude from (3.12) that

/Rd P Y)( (y) — ) ka(x,y) dy dx

IX |

= [ ueor UBB<X,€> b ¥) (ri O ) ] k2o

Hence, from the definition of the bilinear form we have that

5 | Py ey dy ix (3.14)

and (3.13) is proved. Therefore, by the Poincaré-Korn inequality (PK) and (3.13),

W
c
£,
e
=
j=9
ES
N
Q| —
El
=
=
a
z

A Sufficient Condition for the Poincaré-Korn Inequality

We emphasize that the Poincaré-Korn inequality (PK) is an assumption in Theorem 3.5.
Here we present a theorem that gives sufficient conditions on the kernel k for the validity
of thee Poincaré-Korn inequality. Given Z an open subset of the unit sphere S¢~! such that
the Hausdorff measure H4"1(Z) > 0, we call the set A = {h € R4\ {0} : |h‘ ETU(— I)}
a double cone with apex at the origin. Note that for any such cone A = —A. Denote

Ap, := AN B,(0), a part of a double cone with apex at the origin in B,(0).

Proposition 3.7. Let Q C R? be open, bounded. Assume that there is an even, nonnegative

function p € L'(R?) satisfying the following conditions:
i) There exists 69 > 0 and a cone A with apex at the origin such that A, C {p > 0}.
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i) There exists co > 0 such that for all u € Sq(R%; k)

[, [ txn) ()~ uie)- ﬁ) dy dx -
ECO/Rd/de(X—.V) ((H(X)—U(y))-;:;>2dydx. |

Then, there exists Cp = Cp(Q, co, p, 69, A) > 0 such that for all u € Sq(R%; k)

lalley < Co [ [ hutxw) () = uiy) X‘y)Zdydx. (3.16)

Ix -yl

In the next subsection we give a number of examples of kernels that satisfy the hypothesis
of the proposition. We need the following lemma which generalizes [89, Proposition 1.2] and

[29, Lemma 2.2] that give a characterization of infinitesimal rigid motions.

Lemma 3.8. Suppose that u : R? — R? is a measurable vector-valued function such that for
some fized 5o > 0, and J C S, an open subset of the unit sphere S~1 with H*(J) > 0,

it holds that for almost every x € R?,

(u(x) —u(y)) - (x—y) =0 for almost everyy € {y € By, (x) : |§ : ; € j}.

Then u is an affine map of the form u(x) = Ax + b, almost everywhere, where A is a

constant skew symmetric matriz (AT = —A), and b € R%.

Proof. For x € R?, define I'(x) = {y € Bs, (%) 1 7 € j}. For each x, the set I'(x) is an
open set and is in fact the intersection of the ball By, (x) with the cone whose directions
lie in J with apex at x. Let {e;}¢, denote a basis for R? contained in J; such a basis
exists because J is open and nontrivial. Then since the Lebesgue integral is continuous with

respect to translations, there exists a 9; > 0 such that the function

d
0 , (H XF(JeJ) Xr(0) dx
R\ 3y
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is positive. For x € R?, set T'(x) := (ﬂle INEES (51ei)> N T'(x). By the discussion above,
I'(x) is an open set of positive measure.
Now fix xo € R? (up to a set of measure zero). Then by the main assumption in the

lemma, for almost every x € I'(x) we have
((u(x) —u(xo)) - (x = x0)) = 0 (3.17)

and

((u(x) —u(xo + d1€;)) - (x — %o — d1€;)) = 0. (3.18)

Therefore, adding and subtracting u(xo) in the first argument of (3.18) and x in the second

and using (3.17) we see that
(u(x) —u(xg)) - 616; = —(u(xo + d1€;) — u(xo)) - (x — xp).

So,

u(x)-e; = 5% ((u(xg + d1€;) —u(xp)) - (x — Xg)) + u(xy) - €

for every x € I'(x) and every 4, which is clearly a linear map. Then, letting E = [e;] be the

matrix of basis vectors, and u = (uy, ug, - -+ ,uq), we have that

ui(x) = (E7'(Ew)), = Y e;/'(e; - u(x))
J
which, being a sum of of linear maps, is still linear. We conclude that for almost all x € f‘(xo)
the vector field u is of the form A(xg)x + b(xg), where A is matrix with constant entries
(depending possibly on xg) and b is a constant vector (also depending on x;) in R¢.

Next given any two points in R¢, outside of a set of measure zero, we connect them by
finitely many sets of the form I'(x), i.e. for any two points xo and x; in R? there exists
a finite subcover of (I'(x))xere, denoted (I'(x;))N_,, such that T'(x;) N [(xz4q) # 0 and
xo € I'(xp), #1 € ['(xy). This is possible, since the line segment connecting xo and x; is

compact. Therefore the u given above is the same in neighboring intersecting open sets and

43



so u = Ax + b on R? where A, b are now constants. Again from the main assumption, the

matrix A must be skew symmetric. O

Corollary 3.9. Let Q C R? be open, bounded. Assume that there is a nonnegative even

function p € L*(R?) satisfying the following:

There exist o9 > 0 and a symmetric cone A with vertex at the origin such that

AN By, (0) C supp p.

Suppose that u € L*(R%; R?) satisfies

Ahéyw—yJQMm—uw»-;:zJQ@@X:O

Then u = 0 almost everywhere.

Proof. Since the integrand is nonnegative, we see that for almost every x € R,

(u(x) —u(y)) - (x—y) =0
for almost every y € suppp+ x:={z : z—x € supp p}. By assumption and Lemma 3.8, u
is an affine map. But since u € L?(R?), it follows that u must be the zero vector field. [

Now, we are ready to prove the sufficiency for Poincaré-Korn inequality. The proof follows
the argument presented in the proof of [59, Proposition 2|, that applies the case when p is

radial.

Proof of Lemma 3.7. Without loss of generality we assume that p has compact support of
positive measure. (else replace p by pxp(,). Then p satisfies (3.3). To prove the lemma, it

suffices to show that there exists a constant C' > 0 such that for all u € L3(R?),
”uHL2 < C[uau]H(Rd;p)'

Suppose to the contrary; that there exists {u,} C Sq(R%; p) such that Vn € N [ p2gay = 1

and [u,, U,]g(ra,,) — 0 as n — oo. Let u be the weak L*(R?) limit of {u,}. We first show
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that u = 0. Note that because of the properties of p the operator

L) = [ o3 (5220 222 ) () - uly) dy

x—-y| [x—y]

is a bounded linear map from L*(R%RY) to L*(R%R?). Let ¢ € C°(R?). Then, by the

Cauchy-Schwartz inequality,

#0001 = [ [ =) (000 = £ =5) (- =) aves
] </Rd /Rd Py ((u"(x) —u,(y)) - \y — il) dy dx) :
X (/Rd /de(x— y)le(x)|? dydx)l/z

12

= ||/0||L1(Rd) [un,un] HSOHL? (R4)

— 0 as n — oo.
Now, since p is symmetric, F” is symmetric. Thus,
(Lyun, ©)r2 = FP(u,, ¢) = FPe,u,) = (u,,L,p)2 VneN.

Since L,p € L?*(R%R?), it follows that F(p,u,) — F*(p,u) as n — oo. Therefore, for all
o € CX(RYGRY), (Lyp,u)re = (Lyu, )2 = 0. Thus L,u = 0 a.e. As a consequence, since

p is even and assumption i)

(L, )2 = FP(u,u) = 1[ Wi

Léﬁéd x—y) < u(x) — (YD~§%}%OQdydx_o.

We can now apply Corollary 3.9 to conclude that u = 0 on R
Next we show that in fact, up to a subsequence, u,, — 0 strongly in L?, and arrive at

our contradiction. To show this it suffices to demonstrate that |[u,|[r2) — 0 as n — oco.

Define K(&) = p(g)fglf Note that K € LY(R?% R? x RY) since p € L' N L>*(RY). Then, define
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K *u(x) and B as

(K % u(x Z/ (x—y)uly);dy, B= [ K(&)de.
Rd Rd
Both quantities converge absolutely and are well-defined. Further, L,u(x) = K % u(x) —
Bu(x). Note that B is a positive definite constant matrix, which follows from the fact that
2
@(v):vTBv:/ p(€) £ Y

| €] d& is a continuous and positive function on the unit sphere

S9!, From the above estimate, we have that

(Lpwn, un)rz < [[pll pr ey [0, Wnsrep) [0l p2gay = 0 as n — oco.

Since u,, — 0 weakly in L*(R?), by compactness of the convolution operator [13, Corollary
4.28] we have that
K 1, (x) — 0 strongly in L*(; R%).

Therefore, if B > ~I in the sense of quadratic forms, we have that
~ lim lu,|? dx < lim (Bu,, U,)2rey = lim (Bu,, uy) 2@y + hm (K * Uy, Up) £2(0)
n%oo Rd n—00 n—00

= nll_)rilo(]Lpun, un)LQ(Q) = 0

That completes the proof. n

Examples of Kernels

There are several examples of kernels that satisfy all the conditions of the theorem; a number
of them are discussed in detail in [36] in connection with the solvability of the Dirichlet
problem of nonlocal equations. For some of these examples, the verification of (PK) is
nontrivial. We list several examples of nontrivial kernels, for which we can verify all the
conditions. This shows that the nonlocal Dirichlet problem for the corresponding equations
is well-posed. Given Z an open subset of the unit sphere S*~! such that Hausdorff measure

HIE(A) > 0, we call the set A = {h e R?\ {0} : |h| eETU(— I)} a double cone with apex
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at the origin. Note that for such cone A = —A. Denote Ag, := AN B,.(0), a part of a double
cone with apex at the origin in B,(0).

Example 1: Suppose that p € L'(R?) is nonnegative and even. Define now

k(x,y) = p(x — y)XAsl (x—y).

Since K is symmetric, we only need to verify the Poincaré-Korn type inequality (PK). But
this is a consequence of Lemma 3.7. See also [59, Proposition 2] for a similar result that
is valid for radial kernels. Note that for these types of kernels the space S(RY; k) is just
L3R4 RY).

Example 2: More generally, if C = {h € B1(0) : ﬁ € j}, and J is an open subset of
the unit sphere S*! with Hausdorff measure H?(J) > 0, then k(x,y) = p(x—y)xc(x—y)
satisfies all the conditions of the theorem. In this case the kernel is not symmetric.
However, its symmetric part is ky(x,y) = p(x — ¥)Xcu(—c)(x — y), and the union C U (—C)
is now a double cone with apex at the origin. The antisymmetric part of k is given
by ko(x,y) = 3 (p(x —y)xc(x —y) — p(x — y)X(—c)(x —y)) and satisfies both conditions
(3.11) and (3.12) as can easily be seen.

Before we give other examples let us first prove a lemma that helps us compare function
spaces. The result is an improvement of [29, Lemma 2.12|, where the same result is shown

for radial kernels that are supported on Ag. = B,.

Lemma 3.10 (Fractional Korn inequality). Let s € (0,1) and let m(§) be an even
function defined on B,(0) with the property that 0 < ay < m(€) < ag < 00 for some positive
constants oy and as. For a given A a double cone with apex at the origin and a given r > 0

define the kernel

m(x —y
kr(X7 Y) = #XABT (X - Y)

Then the function space S(R%; k,) is precisely H*(R%; R%). Moreover, there exists a function
B(r) with the property that B(r) — 0 as r — 00, and positive constants Cy, Cy such that

Cilu, ulsgag,) < |uff: < Colu, ulgmag,) + C2B6(r)||ulf7:. (3.19)
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If Ag, is replaced by A, then [ can be taken to be the zero function. The constants Cy, Cy

and the function 3 depend on oy, A, d and s.

Proof. We prove the lemma using the Fourier transform. First let us introduce the following

modification

a ¢ € ANCB,(0).

m(§) =

Then 7 is even, and m(€) > oy for all £ € A. Now, for u € S(R% k,)

u(x)) - =
[w, u]ggak,) /Rd /Rd o |y x| XANCB;(0) (x —y)dydx
) - e =2
= [ = e - vy dyax
) - a5 2
- / Mf,—i‘lsu | b
where mu(x) = (u(x + h) — u(x)) - |—Iﬁ| Note that the Fourier transform of mu(x) is given
by
Fr)(€) = (2" = ) F(u)(€) -

Using Parseval’s identity and after a simple calculation we see that

h 2
2 =2/ F L
||Thu||L (R4) iy (u)(é’) |h|

(1 — cos(2mw€ - h)) d€.
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Plugging the last expression in the above semi-norm and interchanging the integral we get

that

A

2

Flu)(€) - %

- h - h
|$|Ez+2)s”7hu”%2(ﬂ%d) dh = 2/Rd [/A ’;n|((i+2)s (1 — cos(2mg - h))dh] dg

> 2, /R [/A “ﬁﬁ%f'h)) ‘Jf(u)(ﬁ)"—;

1 — cos(2m h 2
=20 /Rd €[> [/A( |h7d+25§| ) ‘]’_(u)(é) : % dh] dg,

where in the last step we have made a change of variables h — |€|h and used the fact that

2

dh| d¢

A remains invariant under scaling. Notice that the last inequality can be written as

2

u(x)) - =4
[u, uf 5. /Rd /Rd e81 |y—x|d+25| | XantB, (0)(X — y) dy dx
25| T(u 2 F(u)(&) &
> 20, [ lgPF©Pe (T &) e

where the map ¥ : ST x S9! — [0, 00) is given by ¥ (v, n) fA (1= ‘CﬁTf:;:h ‘n |h“ dh. It
is not difficult to see that W is a continuous positive function on the compact set ¥~ x S4-1,

and therefore has a positive minimum, W,,;,. As a consequence we have

2061\11 i

2 = 20, Wy / €[ F(w) ()] dé

u(x) - 5%
[u, u] S(R%:k) / / 051 v XANCB,.(0) (x —y)dy dx.
- Rd JRd |y — x|d+2s '
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Next, we estimate the second term on the right hand side of the above inequality. Again

using the Fourier transform we have that

2
u(x)) - 4=|
Y= dy d
/]Rd /Rdal |y _ X’d+25 XAOCBT(O)(X — y) y dx
(1 — cos(27€ - h)) ‘ h |2
ZQQ// F(u)(€) - ==| dhdg
1 R J ARCB,(0 |h|d+2s (u)() ]
where [(r f ANCB,(0) |h‘d+25 — 0, as 7 — oo and depends only on d, s, and A. We conclude

that there exists a constant C' > 0 such that for every u € S(R% k) we have |ul%, <
Clu, ulggaz + CB(r)|lul7.. The bound

[u, u]S(Rd;k) < 20(2\Ilmax’u’§_]s

can be proved in a similar fashion. O

Let us now continue discussing examples of kernels that may satisfy our well-posedness result.
Fxample 3: Let k. be as in Lemma 3.10. Since the kernel is symmetric, to check the
applicability of Theorem 3.5 for this kernel, we need to verify only the Poincaré-Korn type
inequality. But this follows from Lemma 3.7 by taking p(€) = |€|%k,.(§), for any r > 0. By
above lemma, the space S(R? k,) is in fact H*(R?; R?).
Ezxample 4: Another nontrivial non-symmetric kernel given in [36] is the following. For
€ (0,1), fix a € (O, %) Let J be a double cone with apex at the origin. Given the cone
C = {h € B;1(0) : |—]ﬁ| eJ }, and J is a nontrivial open subset of the unit sphere S*!, such
that — 7 # J, let us consider the kernel

1

mXc(y - X).

1
k(x,y) = mm(y —X)+
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Then the symmetric and antisymmetric part of k are given by

1 1 1
ks , = - — _ o —
1 1 1 1
ka ey —X) m oy — ).

Conditions (3.3) and (3.11)-(3.12) can be shown as in [36]. Let us show (3.5)-(3.6) with
k(x,y) = W' Again, (3.6) is shown in [36] where the constant A, depends on C and
s — 2a, but to show (3.5) we use the fact that ks(x,y) > WXA(Y — x). Indeed, using

Lemma 3.10 and the remark following it, there exist constants ¢, cs > 0 such that

[, [ iy |ty

/Rd/Rd Ix — ‘d+23 D(u)(x,y)|*> dxdy

S 202 [u, u]S(Rd;k) .

The Poincaré-Korn inequality (PK) now follows from the standard Fractional Poincaré
inequality, because the function space S(R? k) coincides with H*(R%;R?), and because by
Lemma 3.10

ulF. < Clu, ulg@ag).

Variants of the Dirichlet Problem

As indicated earlier in the proof of Theorem 3.5, conditions (3.11)-(3.12) on the kernel k
are used to show the positive semi-definiteness of the bilinear form on S(R? k). There are
however kernels for which either these conditions are not true or difficult to verify. For this
class of kernels, well-posedness of the Dirichlet problem corresponding to the addition of a

positive multiple of the identity operator can be obtained.

Proposition 3.11. Let Q C R? be open, bounded. Let k satisfy (3.3) and (3.5)-(3.6).
Assume also that (PK') holds. Then there exists By > 0 such that for any > By and any
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f € Sg(RE k), there exists a unique solution u € Sq(R%; k) to

Lu+pfu=f in §2,
(3.20)

u=20 on CQ.

Moreover, there exists a constant ¢ > 0 independent of £ such that

[u, uls,mamy < cllfllsy@ap-

Proof. The proof follows from standard arguments once Garding-type estimates are estab-

lished. To that end, we show that there is a constant v = y(A;, A2) > 0 such that
Fh(u,u) > ||u||s RYk) 7”11“%2(]@) for all u € S(RY; k). (3.21)
To prove this, let u € S(R% k). From (3.5)-(3.6) and by Young’s inequality,

Puw) =5 [ k) (DG)xy)?ay dx

- [ ] ) D@ )l futo

‘dydx
| Y|

> Sl — [ [ D@0 y)E oy o) (.3, y) dy dx
> 5[11, Ul 5(rd;p)
- [ ] (P )Prx ) + a2y ) ) dy s
2 i[‘% ulgrap) — C(&)[[ul| 72 ga
> 100 gy — Ve

if € is chosen sufficiently small such that A;e < 1/4 and then v = (A;, A) chosen sufficiently
large. [

We next discuss an example of a nontrivial kernel that satisfies all the conditions of the

proposition. The example is taken from [36, 39, 77] and discussed in detail there. For two

52



given positive numbers 0 < oy < ag < 2, let a : R — (a1, ] be a continuous function,
with its modulus of continuity wla] satisfying fol w"lﬁ#dr < oo. We introduce the

non-symmetric kernel

b(x)
k(x,y) = m7

where b(x) is a continuous function bounded from below and above by positive numbers and
satisfying the inequality |b(x) — b(y)| < cla(x) — a(y)| for some ¢ > 0 provided |x —y| < 1.
To see if Proposition 3.11 applies to this kernel, we need to verify (3.3), (3.5)-(3.6) and (PK).
It has been shown in [77] that this kernel satisfies (3.3) and (3.5)-(3.6), with k taken to be
the symmetric part ks of k. What remains is the show the Poincaré-Korn inequality (PK)
holds for k. But this follows from Lemma 3.7 and the fact that ks(x,y) > le;”% when
Ix —y| < 1.

We would like to mention that in [36] for the modified kernel k'(x,y) = Xpu0)(y —
x)k(x,y), for 1 < R, the Dirichlet problem for scalar equations is shown to be well-posed
even for § = 0, see [36, Theorem 4.4]. This was possible using the Fredholm Alternative
theorem via the application of the weak maximum principle that is used to prove uniqueness
of the solution to the Dirichlet problem with zero right hand side. Following the argument
in [36], one can write a Fredholm Alternative theorem for the Dirichlet problem (Dy) of the
system of nonlocal equations. However, since we are dealing with system of equations a
maximum principle is not applicable and we are unable to show uniqueness of the solution of
the linear system of equations (Dg). The uniqueness of the zero solution (Dg) corresponding
to f = 0 under the assumption of Proposition 3.11 or even the stronger assumption on k
given in [36, Theorem 4.4] remains an open problem.

We end this section by noting that well-posedness of the Dirichlet problem with nonzero
complementary data can also be proved. To that end, again following the set up in [36], let

us introduce the function space

v|p € L*(D;RY),

V(D;k) =< v:RI = R?: ”
(v(x) = v(y)) - 2k (x,y) € (D x RY)
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The mapping [u, v]y(p;r) given by

vy = [ [ keey) (060 - u) - 223 ) (w00 - viv) - 220 ) ayax

x —y]| Ix -yl

defines a bilinear form on V(D;k). In the event that D = RY, it is clear that V(R% k) =
S(R4 k), where S(R? k) is defined in the introduction. For a given g € V(Q;k), we say

u € V(Q; k) is called a solution of
Lu=f in(, u=g on 0Q, (D)

if u—g € Sq(R% k) and (3.10) holds.
We now state the well-posedness of the Dirichlet problem. We omit the proof here as it

can be done following the argument in [36].

Theorem 3.12. Let Q C R? be open, bounded. Let k be a kernel that satisfies (3.3), (3.11)-
(3.12), and (PK). Assume further that there exists a k such that for allu € V(% k)

[ [ (100 - 225 ) exvrayas
= Al/Q/Rd ((U(X) —u(y) )ka(x,y) dy dx

x —y]|

(3.22)

and such that (3.6) holds for this k. Then (D) has a unique solution u € V(% k), with

[u, uly @ < C <||f Ss (map) + [979]V(Q;k)) ; (3.23)

where C'= C(Cp, Ay, As) > 0.

Remark 3.13. Condition (3.22) obviously holds if one chooses k(x,y) = ks(x,y). The
integration allows for more flexibility here, see [36] for examples. Note that Theorem 3.12
opens up an interesting question concerning data on Cf). The result requires g € V(Qs k),
i.e., the data is given in all of RY. This condition is similar to the condition g € H'(Q2) when
searching for a solution v solving some partial differential equation of second order in €2 with

v—g € H}(Q). From point of view of applications it is desirable to prescribe g only on the
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complement 0} and to have some extension theorem. Such results are nowadays standard
for classical Sobolev function spaces. They put into relation the trace space H %(Q) with
H'(Q). For spaces with fractional order of derivative, a similar relation has been addressed

in [46].

3.3 Interior Regularity of Solutions

3.3.1 Setup and Main Results

We now turn to the question of regularity of solutions. We want to answer the following
question: if the data f are in LP(Q;R%), what is the optimal space for the weak solution
u of the Dirichlet problem of the system of nonlocal equations (Dg)? From the existence
result proved in the previous section, if f € Sg(R% k) then u € Sq(R% k), which is the
largest space to which the solution can belong. This space is, in general, not the optimal
space. Moreover, for general kernels k there is no good characterization of the space or
other finer subspaces in which the solution may live. With this in mind, in this section
we give a partial result concerning regularity of solutions. The result applies to systems
of equations with leading operator IL defined using an even function comparable with the
fractional kernel. To be precise, let s € (0, 1) and m(&) be an even function with the property
that 0 < a; < m(€) < as < oo for some positive constants a; and «y. For a given A, a
double cone with apex at the origin, and 0 < r < oo we consider translation-invariant kernels
that may be supported on A:
hx—y) = Yy, (3.24)
| — |tz
For kernels of this form we have shown in Lemma 3.10 that S(R%; k) = H*(R% R?). Noting
that Hq(R% k) = L4 (R% RY) N S(RY k), we have that Sq(R% k) = L3 (R% RY) N H*(RY RY).
We denote the latter set by H(R%R?). We also denote

HE (G RY) = {u e LA(Q;RY) : pu € H*(R%ERY),  ¥ne C(Q)}.

loc
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We also need the following potential spaces. Denote the space of tempered distributions by

S(R%RY). If u € §'(R% RY), then
L£37(RY) = {u € S (RLRY) : F(1+ [€2)2F (u)] € LP(RELRY)Y,
where 1 < p < oo and s > 0. The space is equivalent to the space
{ue LPRERY) : (-A)u e L(RERY)},

where (—A)*/? is the standard fractional Laplacian operator applied componentwise. We
also denote

LIP(Q;RY) == {u e LP(Q;RY) : pu € L5P(RERY),  ¥n e C2(Q)}.

loc

When p = 2, L5%(R?) = H*(R%; RY).

The following theorem contains one of the results of this section.

Theorem 3.14. Assume that k. has the form (3.24). Let Q C R? be a bounded open set,
f € L3(R%RY) and u € Sq(R% k) be the unique weak solution to the system

Lu=f onQ
(3.25)

u=20 on CQ.

Then u € HE(Q;RY). Moreover, for any n € C*(Q), there exists a constant C > 0
depending on n such that
[l 2e < O] 2.

Our second regularity result corresponds to the case when f € L (R%R?) for p > 2.
For this result, we only study L corresponding to m = 1 and A = R That is, k is the
standard fractional kernel given by k(x,y) = kgsx — y|¢72%, where k4, is the normalizing

constant defined in (2.2). To separate this special operator from generic ones, we introduce
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the notation (—A)* to denote the matrix operator. That is,

(_AWNQZHMA;<X—yng—Y)u@%—de

x—yl Ix—yl) [x—yl"

See Chapter 2 for the limit cases s /1 or s \ 0.

Theorem 3.15. Let p € [2,00), f € LE(R?) and u € Sq(R% k) be the unique weak solution
to the Dirichlet problem (3.25) with L replaced by (—A)*. Then u € L2F(Q) provided

a) 2 <p < 2% where 2% := dz‘;s;

or
b) p>2* andu € LP(Q;RY).

As we describe in the introduction, to prove Theorem 3.14 and Theorem 3.15 we follow
an argument used in [10], where a similar but more general result is proved for the Dirichlet
problem for fractional Laplacian equation when the right hand side comes from L” for any
1 < p < oo. The argument relies on an optimal regularity result for weak solutions of
the same system posed on the entire space. Multiplying the weak solution of the Dirichlet
problem by a cutoff function, the product becomes a weak solution of a system of equations
posed on R? with a perturbed right hand side. The task is then to show that the perturbed
force term lives in the same space as the original right hand side function. In implementing
the strategy of [10] to our case, although the cutoff function argument remains the same, we
have to demonstrate the optimal regularity result for weak solutions of the strongly coupled
system in R, For strong solutions of nonlocal equations defined on R?, optimal regularity
is obtained in [25].

We should mention that, for the scalar case, the result [10, Theorem 1.4] does not require
u be in LP(Q2) for large p as we do in Theorem 3.15. Roughly speaking, they prove that
a solution to the Dirichlet problem of the fractional Laplacian with right hand side in LP
must also be in P, see [10, Lemma 2.5]. A similar Calderon-Zygmund type estimate is also
proved in [50, Theorem 16]. Unfortunately we are unable to extend their proof to the vector-

valued case because the argument in [10] relies on a monotonicity property of an associated
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semigroup and in the case of [50] it uses a Moser-type argument where a function that is a

power of the solution is used as a test function. which we cannot do for systems.

3.3.2 Interior H?* Regularity for the Dirichlet Problem of the

System of Equations

Now we turn to the main point. We recall that for a given f € L?*(R% R?), we say that

u € S(R% k) is a weak solution to Lu = f in R if

(Lu, ) = / D(u)(x, y)D)(x, y)k(x — y) dx dy
R TR (3.26)

_ /R £(x) - p(x)dx, W € CF(RERY),

The following lemma gives an optimal regularity result for weak solutions of the system.

Lemma 3.16. Assume that k. has the form (3.24). Suppose that f € L?*(R%RY). Let

u € H*(R% RY) be a weak solution to the system of nonlocal equations

Lu=f, inR%
Then u € H?*(R%:RY), and |[u|g2s < c(||f]|z2 + ||ul|z2) for some constant ¢ depending only
onr,s,d, and A.

Remark 3.17. Note that [18] establishes very similar regularity results.

Proof. Let ¢ € O (R4 RY). Then iterating the integral in (3.26) and changing variables we
have that

[ [ (e w2 ) (e = o) ) e = (00

We apply the Fourier transform and Plancherel theorem to rewrite the above integral in the

frequency space as

[ e -ierae = [ ie)- i) de,

R4

58



where M,.(€) is the matrix of Fourier symbols given by

h h
M, (& :/ k.(h)(e?™¢h —1)2 — @ — dh.
€ = [ b EET
We now use the density of the Fourier transform of C>°(R% R?) in L*(R% R?) to conclude

that
M., (£)a(¢) = f(€¢), almost everywhere in RY. (3.27)

Let us write k, = k — k, where k(z) = %XA(Z). Notice that k, is supported outside of
the ball B,. If we denote the matrix of symbols by M and M,, we have that

~

M(&)a(g) = M,.(&)u(€) + f(€), almost everywhere in R?. (3.28)

To estimate the relevant norms of u, let us first estimate the eigenvalues of the matrix M(§).

To that end, for any 7 € S¢°!, noting the form of k we have that

2
(1 — cos(27€ - h)) h
dh > 2 il
—”A YGRS T Th]

2

dh

() 0 = [ by (e~ 1y

7’] .
b

Z 2a1\1[min|€|28 9

where the last inequality is from the proof of Lemma 3.10. As a consequence the eigenvalues
of the matrix function [£|72M(€) are uniformly bounded from below by a positive number.
We also note that since M(&) is symmetric and positive definite for each &, the eigenvalues
of the square of M() are precisely the squares of the eigenvalues of M(&). It then follows

that for any vector w
IM(&)w]* = M(§)w - (M(&)w) = M(EM(§)w - w > IWIngn{B(ﬁ)z},

where the minimum is taken over the eigenvalues §(€) of M(£). We conclude that there
exists a positive number g that depends only on aq, s, A, such that for all vectors €& and w
in R? we have that

IM(&)w* > ag(|€]*[w])*.
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We now easily see from (3.27) that

S RS —1/2 N —1/2 - ~ R
N~ )l oy = NERLe < a2 IME)llzz = g™ (]2 + +IM.(€)a(€) )
—1/2 (¢ N
< g (Il + A0 )
where in the last inequality 5(r) is from Lemma 3.10. Thus, since we already know that

u € L2(R%RY), we get that u € £252, O

Proof of Theorem 3.14. Let Q0 € Qy € Q. Let n € C°(€2) be a real-valued function such
that

nx)=1,x€Q, nx) €l0,1],x€ W\, andnx)=0, xc R\ Q.

Let f € L3(R%R?) and let u € Ho(R% k) be the unique weak solution to the Dirichlet
problem (3.25). Notice that because of the form of k, u is in fact in H§(R% R?). Now, it is
clear that the function nu € H§(R% RY). Using the identity

y—X
ly — x|

D(un)(y,x) = (n(x) = n(y))u(x) +0(x)D(u)(x,y) + (n(y) — n(x))D(u)(x,y)

we see that for every v € C°(R% R?),
‘Fk(nuvv) - ‘Fk(u’ UV) = ([Ln]uvv)LQ(Rd) - (]s(uv n)av)LQ(Rd)' (329)

where for almost all x € R? the vector valued function is

L)) = [ Ky =300 = n(y)) D) (x.¥) 2= dy,

Ix—y

which is finite via Holder’s inequality. In the above and hereafter we suppress the dependence

of k on r. The matrix valued function Ln(x) is given by

L) = [ | ioc= ) = n) (=% 0 222 ) a.

x—-y|l  |[x—yl
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Let us justify the L? inner products on the right hand side of (3.29). To that end, we

introduce the vector field

g := (Ln)u — Ii(u,n),

and show that g € L?(R%R?). In fact, we also show that there exists a constant C' > 0

independent of u (but depends on 7) such that

gl 2 ey < Cllull s - (3.30)

The rest of the argument is similar to that given in [10] adjusted to the system case. We
include it here fore clarity and completeness. We begin by noting that Ln is uniformly
bounded in R?. Indeed, using the fact that n € C.(R%) and k is even, we can easily show
that |Ln)lee < C(|D*n]lz~ + |[n|lz=.) As a consequence of this and the Poincaré-Korn

inequality, since u € H§(R¢, R?) we have
2 2 2
L)l ey < MLz e [0l 72ge) < Clulf.. (3.31)

To bound the L? norm of I,(u,n)(x), we begin by breaking the region of integration as

x —y|
+ /Rd\g k(y —x)(n(x) —n(y))D(u)(x,y) i : §| o
_ /Quy — X)) = n(y))P(W)(x.y); :§| Y
X—-Yy
4 n(x) /Rd\Q k(y — X)D(u><xa y) ’X _ y| dy

= 1(x) + Ir(x).

Let us estimate the first integral I;(x). Using Cauchy-Schwarz,

1] < ( | bty =l - n(Y)|2dY> " ( | kv =20 y>|2dy) "
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Since 2 is bounded, taking R = diam(2), we see that for any x € Q, Q C Bar(x). We
now use the fact that n is smooth and the kernel is comparable with the fractional kernel to

obtain that a constant C' > 0 depending on 7 such that for any x € 2

/ By — x)In(x) — 1(x)2dy < V]l / Ky — x)ly — x?dy
Q

Bar(x)

= 199l | , HoFdg<C

Since n(x) = 0 for x € CQ, supp(n) C s, and § = dist(, IQ) > 0,

/ Ky — %)l1(x) — n(y)|? dy = / k(y —x)n(y)P dy < [[7ll2 / k(€) dé < O
Q

Qs {1&1>6}

Using the two preceding estimates, we see that there exists a positive constant C' > 0, that

depends on 7 such that

s (3.32)

[nePax<c [ [ Ky = xPweey) P dy dx < Clu

To estimate the L? norm of I, again using Cauchy-Schwarz we get that

0P < ool ([ by =xay) ([ Ky =xipmeey)Fay).

As before, since n(x) = 0, and supp(n) C €2, and that § = dist(€2s, 0Q2) > 0, we have that

the function

x|y =) dy

is bounded. Thus,

2. (3.33)

[ mGoRax = [ neoFax<ce [ [ ky =Dy dydx <

Therefore, the estimate (3.30) of g follows from (3.32) and (3.33). We have shown that nu

is a weak solution to the equation
L(nu) =F in R%
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where F = nf + (Ln)u — I,(u,n) € L*(R%: RY). By Lemma 3.16, nu € H?$?(R%;R?). Thus
ue H>* 2(Q) and the proof is complete. H

loc

3.3.3 Interior £*** Regularity for p > 2

In this section we prove Theorem 3.15. As before we start with an optimal regularity estimate

for the system of equations posed on R?.

Lemma 3.18. Let p € (1,00). For f € LP(R%4RY) N LAH(REGRY), if u € HS(RYGRY) N
LP(R%RY) is a weak solution of

(—=APu=f inR%
Then u € L2*P(R% RY), Moreover, there exists a constant C = C(d, s) > 0 such that
I(=A)*ufe < Cf]|e-

Proof. We proceed as in the proof of Lemma 3.16 to obtain that in the Fourier space the
equation is M(&)a(€) = £(€) almost everywhere, where M(£) is as given in (3.28) with &
replaced by the kernel w. For the particular form of the kernel, we can explicitly

compute the matrix of symbols; see Chapter 2. M(€) is given by

M(E) = (2nl])” <H+2 : ®£) ,

€17

where I is the d x d identity matrix. The matrix I + 23?225 is invertible for any & # 0, with

Eoe\ 25 E®¢E
(“23 |£|2) ‘(H_st € )

Using this formula, we can rewrite M(£€)a(g) = f(£) as

25, o (o 25 EQ&EN .
erle) (o) = (1- 55 S 0E ) e
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The conclusion of the lemma now follows from the assumption that u € L?(R%; R?) and for

any real numbers a and b, the matrix multiplier al + b% is an LP-multiplier for any 1 <
p < 0o. The latter follows immediately from the LP-boundedness of the Riesz Transforms.
O

We use this regularity theorem to prove the second main result of this section. Let begin
by review the standard fractional Sobolev spaces. For p € [1,00),  an open subset of R?
and s € (0,1), we define

lu(x) —u(y)
o [x—yldrer

WeP(Q;RY) = {u € LF(Q) : /Q dxdy < oo} :

With norm |[ul” = [jullz» + [, |, %dxdy, it is well known that W*P(Q;R?) is a
Banach space.

If s > 1, then let we write s = m + o, where m is the largest integer less than s, and
define

W RY) = {u € W"P(Q;RY) : D*u € WP(QRY), o] =m}.

With the norm [[ul|” = [[ul[wms + 3=, [[D¥|lwes, the space W*P(€; R?) is known to be a
Banach space.

We also need the Sobolev embedding result

d d
WP (R RY) < WH4(R%RY), provided 0 < s <r, 1<p<g<oo,andr — — =5 — —
p q
If Q is open and bounded with smooth enough boundary then
T d s d : d d
WrP(;RY) — WHI(Q;R?), provided 0 < s <r, 1 <p<g<oo,andr——>s— —.
p q

Let us recall the relation between the potential spaces and the fractional Sobolev spaces, [86,

Chapter 5, Theorem 5]. For our purpose it suffices to recall

L5P(RYLRY) ¢ WHP(RGRY), if p > 2.
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For p = 2, the spaces are the same; H*(R%; R?) = £52(R%; RY) = W*2(R%; RY).

Proof of Theorem 5.15. Let f € LH(RY). Since p > 2, and Q is bounded, f € L3(R%).
Therefore a unique weak solution u in H§(R?) exists. Let n be the cutoff function constructed
in the proof of Theorem 3.14. Then we have that nu € H?*(R% R?) = W2*2(R%). By Sobolev
embedding, nu € W% (R% R?). Now, let w;, wy be open sets such that w € w; € wy € .
The cutoff function 1 was arbitrary, so therefore u € W™ (wy; R?).

Part a. (p < 2*) Since wy is bounded and p < 2%, again by Sobolev Embedding
u € W9P(wy; RY). Moreover, since u € H§(R%RY), we have that u € W#2(Q) — L (R?).
In summary, u € H*(R%RY) N WP (wq; RY) N LY (R4 RY). Now we proceed as in the proof

of Theorem 3.14. With the same reasoning, nu is a weak solution of

(—A)*(qu) =F in RY,

o o

where F = nf+((—A)*n)u—Is(u,n). Let g := ((—A)*n)u—I;(u,n). We have shown already
that g € L?(R% R?Y). Noting that nu € H*(R%R%) N Lh (R4 R?), we can now apply Lemma
3.18 to conclude that nu € L£*?(R% R?) provided we successfully show g € LP(R% R?). In

fact, we demonstrate that for some constant C' > 0 independent of u

”gHLP(Rd) < O(H“vas,p(wg;u%d) + ||uHLP(Q;Rd)>‘ (3.34)

The last estimate follows from a similar argument as in Theorem 3.14. We sketch its proof.

More detail can be found in [10]. As before, the matrix function (—A)*n € L*(R%). Thus,

p

: P n(X)—n(y)(X—y X—y)
—A)nua = ® dvu(x)| dx
[(armulf, .. / / x =y \x—y] © —y]) @
° p
S V4
<[ ara| . Ml

The second term I¢(u,n) can also be dealt with in the same way as in the proof of Theorem

3.14. We begin by breaking the integral as

L)) = [ B0t putey)ay +a) [ 2 by i 1) + )
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We estimate [;(x): Using Holder’s inequality with conjugate p’ = p/(p — 1),

oo < [ 00 ) - uiy) - 22 ay
<(/ |n|§()—;ﬂ<+{i’|p/ ) ’ ([ oo -y 5= ) "
from which we get that
[ 10601 ax < € (Il + ) (3.35)
Similarly, we also get that
[ 1P ax < € ulfg. (3.36)

Therefore, the estimate (3.34) of g follows from (3.35) and (3.36).
Part b. (p > 2*) From Part a) we have that u € W2>*"(Q;R%), and so u €

loc

W22 (wy; RY). By Sobolev Embedding we have that u € W% (wy;RY) with ¢ =

min {p, N]X 28*25*5} = min {p, o 45} By assumption u € L#(Q;RY). With this information,

we can now repeat the argument in Part a) to conclude that u € W 5% (Q;R%). Now, if

loc

u € WQS q”(Q ]Rd) with ¢; = mm{ } for all j > 2. For p > 2* | we can now choose

]

Py s
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Chapter 4

Analysis of Function Spaces

4.1 A Korn-Type Inequality

4.1.1 Introduction

The main focus of this section is to study the function space of vector fields given by

Xicp(Q) = {v € IN(QURY) : Wy ) <0}

[V]ZjYK’p(Q) = /Q/QK(Y —X) !

v(y) — v(x .
(vy) =vex) =)
where 0 C R? is an open subset and the kernel K is a nonnegative function with appropriate

ly — x| ly — x|

integrability. For a particular class of kernels, our main result states that Xk ,(2) is
equivalent to a Sobolev space.

As discussed in Chapter 1, we consider the special class of kernels

1

We denote the corresponding space by XPS(Q). These kernels are associated with the
fractional Sobolev spaces W*P({2;RY) via the Gagliardo semi-norm, where W*P({; R9) is
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given by

)P
WHP(Q; RY) = {V € LP(QRY) : [v]b., = // ‘V|y _X|d+sp| dy dx < oo} .

The question is now if X3(Q) is the same as W*P(Q;R?) for these fractional kernels.

The recent work [57] answers the above question in the affirmative for the special case
p =2, and Q = R? or RZ.. When p = 2, and Q = R?, the question is tractable because
both spaces X3 (R?), and W*?(R% R?) can be characterized by Fourier symbols which made
the comparison of norms more straightforward; see [29]. For functions defined over the half-
space Ri and vanishing near the hyperplane x; = 0, one can use an appropriate extension
operator to control the semi-norm [-]yys2ge) by the semi-norm [-] v ga) of vector fields in the
dense class C}(R%;R?). Here we extend these results to any p € (1, 00), again providing an
affirmative answer to the question of the equivalence of these spaces. Let us introduce the
function space

S 0 . md\ s
X5 (Q) = Closure of C2°(Q2;R?) in &7(€2).

Theorem 4.1 (Fractional Korn’s inequality). For any s € (0,1) and 1 < p < o0,
X3(RY = WP(RERY),  and  X3(RY) = WHP(RE;RY).
Moreover, there exists a universal constant C = C(d,p,s) such that for all f € W*P(R%; R?)
[flas < [flwsr < C[f] s - (4.1)

Our proof of Theorem 4.1 makes use of the classical characterization of functions in the
fractional spaces in terms of their Poisson integrals. Given a vector function f, its Poisson
integral is defined as u(x,t) = p; * f(x), where for each t > 0, the function p;(x) is the
standard Poisson kernel. For s € (0,1), 1 < p < oo it is well-known [86, Proposition 7’,
Chapter V]| that f € W*P(R% R?) if and only if

. dt
| 1ot o) § < .
0

68



Moreover, the semi-norm [f]y«» is equivalent with ([, (¢'~*||0pu(-, )| 1»)" %)UP. To prove
Theorem 4.1, we compare the latter semi-norm with that of [f]xs. The key idea is the
introduction of a “Poisson-type” integral U(x,t) of a vector field f. We construct U using
a convolution with a modified “Poisson-type” matriz kernel whose components are some
linear combination of convolutions of components of the vector field f. The structure of the
Poisson-type kernel reveals that each component of U is related with components of the

Poisson integral u via Riesz transforms leading to the norm relations

10 u(- )|l zr < C(d, p, )| U(-, t)]|| 1 for all £ > 0,

o0 dt
/ (100 ) le)” 5 < Cldop,s) ET
0

Combining these inequalities with the characterization of W*P(R%; R9) in terms of Poisson

integrals we obtain the equivalence of spaces. Interestingly, this approach also leads to

S

g 0 terms of the newly defined

a characterization of the whole Besov scale of spaces A
Poisson-type integrals.

This first part of the chapter is devoted to proving Theorem 4.1. In the next section we
recall the classical Poisson kernel and present some preliminaries. We will also review how
the Poisson kernel is used in the characterization of functions belonging to the fractional
Sobolev spaces. In Section 4.1.3 we introduce a Poisson-type kernel that is central to our
result. Its properties as well the relationship between associated Poisson-type integrals and

classical Poisson integral will be established. This relationship will be used to in Section

4.1.4 to prove the main result.

4.1.2 Preliminaries: Poisson Integrals and the Riesz Transforms

We recall the classical Poisson kernel and some of its properties that we will use in this

chapter. We begin with the formula

2 t p
p(x)i=——————7F7, t>0, xeR?,
N T



where wy is the surface measure of the unit sphere S¢ C R4*!. It is easy to check that p; is
an approximation to the identity. Its Fourier transform is given by F(p;)(€) = e 2"¢l* for

every t > (0, where the Fourier transform operator F is given by the formula

Flg)(€) = / e~ f(x) dx.

R4

It then follows from the Fourier transform expression that the Poisson kernel has the
semigroup property py, *pg, = Dt +t, for every t1, to > 0. Using the notation V for the vector
of partial derivative operators (Vy, d;) = (01, s, . .., 04, 0;), we have that Vp, € L'(R?) with

the estimates

10O
1O

/!@pt(x)]dxg /laxjpt(X)\dXS . t>0, j=1,---.d,
Rd Rd

for some constant ¢ > 0. For any f € LP, 1 < p < oo, its Poisson integral is given by

u(x, ) = py * f(x) = / p(y)f(x —y)dy

R4

The Poisson integral is a C'** harmonic function in Riﬂ = R? x (0, 00), with the property
that u(-,t) — f in LP(R%) as t — 0. For a vector field f its vector-valued Poisson integral
u(x,t) = p; * f(x) will be defined where the convolution is taken component-wise.

The Riesz transforms will be used frequently throughout this work. We recall that for
1 <j<dand f € S(RY the class of Schwartz functions, the j™ Riesz transform is an

operator defined as

Ry(f)(x) = ~PV. /R Ui fx—y)dy.

Wy 4 |y‘d+1

For any f € S(R?) we have F(R;(f))(€) = —z%f(f)(é) . From this formula it is immediately

clear that the Riesz transforms commute with partial differential operators 9,,. We recall

also the celebrated result of L” boundedness (c.f. [86, Chapter I1I]), namely

HijylLP(Rd) SC(p) HfHLP(Rd) ) j:1>"'7d7 1<p<OO
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The Riesz transforms can be used to establish relations between the partial derivatives of
functions. Let us display such relations for the Poisson integral of a function now. First note
that for f € S(R?; R?), its Poisson integral u = p; * f belongs to S(R?; R?). Further, for any

x € R? and ¢ > 0 we have
ou(x,t) = — ZRj(ﬁxju)(x, t), Ozu(x,t) = R;j(Opa)(x,t) forj=1,---,d. (4.2)

We can verify the above identities by taking the Fourier transform in the x variable as

follows.

Fx(00u(-,t))(€) = 0,e > EILF(£)(€) = —2m|€le > €I F(£) (€)

P00, 1) (€) = (2mig ) S F (1) €)
= (-1 ) 2mlghe @)

_ <_z|%) 0, (e—zﬂﬁltf(f)(s)) ~ F, (Rj [Deul-, t)})(f;“) ,

establishing the second identity in (4.2). The pointwise relation in (4.2) and the LP
boundedness of the Riesz transforms implies that for every Schwartz vector field f &

S(R%:RY) and 1 < p < oo,

d
Hatu('v Zf)HLP(RUl) ~ Z Hax].ll(-, t) HLP(Rd) (43)
j=1
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where ~ represents equivalence of norms up to a constant independent of f. Using density
of S(R%R?) in LP(RYR?) and the fact that |Vp:| € L'(RY), (4.3) remains true for all
f € LP(R%RY).

Poisson integrals can be used to give a characterization of the LP norm of a function; see
[86, Chapter IV] for details. Given a function f we introduce the Littlewood-Paley g-function

of f in terms of its Poisson integral u as

o)) = ([ it ar) L Y = (Vo).

Theorem 1 of [86, Chapter IV] states that for 1 < p < oo, if f € LP(R?) so is g(f), and
its LP norm is comparable with that of f. Most important to our work is the usefulness of

Poisson integrals in characterizing fractional Sobolev spaces W*P(R%; R9).

Proposition 4.2 (Proposition 7 in [86]). Let s € (0,1) and 1 < p < oco. Let f =
(fi, f2,- -+, fa) € LP(RGRY). Then £ € WoP(R% RY) if and only if

- dt
/O |0, D) gy — < 00

Moreover, there exists constants Cy and Cy depending only on s, p, and d such that

dt

dt o0
- <[, < 02/0 p(1-9) ||8tu(.,t)H]2p(Rd) - (4.4)

a [ "0 0, 11
Proof. The inequality on the left-hand side in (4.4) is proved in [86, 88], and the right-hand
proved in [88]. However the inequality on the right-hand side is the one that we need later
and so for completeness we present its proof here. We will prove it for scalar functions,
and for the vector case it follows easily by making the comparison component wise. We let
u(x,t) = py x f(x). Let x, y be such that x and x 4+ y are Lebesgue points of f. We choose

t = |y| and write

flx+y) = f) = (ulx+y.Iyl) = ulx. [y]))
+ (Flxty) —utx+y.IyD) = (F60) = ulx Iy]))
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We estimate each of the integrals associated with the three differences separately. We denote

these integrals by I, IT and III. Using the mean value theorem,

u(x+y, Iy]) — ux, ly]) = / V(x4 7y, lyl) -y dr. (45)

It then follows from Minkowski’s inequality that

(/Rd lu(x+y,lyl) — ux, ly])|* dx> 1/p

D 1/p
B ( i dx) < y] st Ly Dl gy

Then using polar coordinates (¢ = |y|) we get that

_ p Vit N
L[ [ b g [T
Rd JRd

<U(x+T1y,ly|) - ydr

|y |dtep Rd |y|dtep=p
oo [|Vu
SC/ Vsl )17 By,
0 tSP p+1

Now we repeat the same argument for the second difference; using (4.5),

1
fx+y) —ulx+y,|y]) = — / deu(x +y, 7lyl) Iyl dr

Then Minkowski’s inequality gives us

(/.

Calculations similar to the one above along with a second application of Minkowski’s

P 1/p 1
oty =ty lyD['ax) < [yl 107y Dlsgune
0

inequality show that

1F(+y) —ul-+y, [yDITs @ 4
|y|d+sp

/p
e rr>||Lp w )
c/o(/o Tl o)) g

p
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Changing variables t = 77 in the inner integral we obtain that

p

1 oo |0 . 1/p
1P S C / (/ H t ( )HL (R4) D dt) dr
0 0 tsp—p+1
p
1 oo ||0u » 1/p
<C / ldr (/ 9 >|J|i L) dt)
0 0 tsp—p

_ C = 110l Ol o) .

sP tsp—p+1

The quantity f;(x) — u(x, |y|) can be estimated exactly the same way, and so we obtain

) 1 = ul YD gy C [ 10wl DI gay
(III)" := dy < — dt.
R ‘y‘dJrsp sP Jo tsp—p+1
We now invoke the comparison estimate (4.3) to conclude the proof. ]

4.1.3 Poisson-Type Integrals

In this section we introduce a Poisson-type matrix kernel P;(x) that we convolve with vector
fields so that the resulting Poisson-type integral can be used to characterize X;(]Rd) in the

same spirit as Proposition 4.2.

Definition of the Poisson-Type Kernel and Integral

Poisson-type kernel Denoting M ;(R) to be the space of J x J matrices with real entries,

d+1

we introduce the My, (R)-valued function P(x) = (pjk(x))j g 85

2(d+1) (x,1);(x, 1)
o (xP+DF

pF(x) = xeRY k=1, ,d+1

where (x,1) is a d + 1 vector whose d + 1 component is 1. For ¢ > 0, we denote the the

Poisson-type kernel P, : R* — M, (R) by

td

P,(x) := 1P(t), x € RY.
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We notice that the (d + 1) x (d + 1) matrix P;(x) has the form

2(d +1 t X®x tx
Pt(x): ( ) di3 )

Wa  (|x2+t2)=2 | x ¢

where x is considered both a row and column vector in R?.

Poisson-type integrals Given F : RY — R with F = (Fy,..., F;1) € LP(RY), we

define U = (Uy,Us, ..., Ugiq) : ]Ri“ — R as the convolution
U(x,t) =P, x F(x).

The convolution in the above equation is taken in the sense of matrix multiplication. That

is the i* entry component of U is given by U; = Zjﬂ pl F;.

Properties of the Poisson-type Kernel

We next establish basic but fundamental properties of P, which are analogues of the
properties of the classical Poisson kernel. We begin by noting that P € C*(R%; My, (R)),
and

(x,t) — Py(x) € C <R§lf1 \ B(0,¢); Md+1(R)> , foreverye>0.

Moreover, it is immediate from the definition to see that for every 1 < p < oo, P €

LP(R?%; My, (R)) with the pointwise estimate

C
P(x)| € ———5, x€R%
1+ )T
By the norm of [A[ for a matrix A = (a”/) we mean the Frobenius norm [A| = /37, -[a7|2.

In the following lemma we prove that the matrix kernel P; is in fact an approximation to

the identity:.
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Lemma 4.3. For any t > 0, if [;41 denotes the (d+ 1) x (d + 1) identity matriz, then

[ Bixax= [ Booax =T,

For any F € L}, (R:R&Y) | the function (x,t) — (P * F)(x) € C®(RT™) with

loc

lim (P, * F)(x) = F(x) for all Lebesgue points x € R? of F'.

t—0t+

Moreover, for 1 < p < oo if F € LP(R% R, then
tl_igi [(P = F) — FHLP(Rd) — 0.

Proof. The conclusion of the lemma can be deduced from [55, Lemma 3.3] where it is shown
that similar properties are enjoyed by the Poisson kernel for the Lamé system. To be specific,
given constants u, A satisfying 3 + A > 0, g+ A > 0, the matrix kernel K : R? — My, (R)
defined by

dp 1 1 p4+A2d+1)(x,1)® (x,1)

K(x) := — Tgp1 +
(x) 3N+Awd(|x|2+l)% o 3+ wy (|x|2+1)%

is shown to be the Poisson kernel for the Lamé system in the upper half space, see [54, Lemma
5.1]. In addition the scaled kernel K;(x) := ¢t 9K (x/t) is shown to be an approximation to
the identity. As a consequence, to prove the above lemma it suffices to note that for every

x € RY t >0,
[+ A
i+ A

24

_ 3M + )\pt(X)Hd+17 (46)

Pi(x) = Ki(x)

where we recall that p,(x) the Poisson kernel of the Laplacian in the upper half space. For

each t > 0, we can now integrate both sides of (4.6) to get

A+ A / 21 /
P dx = K dx — dx | I
3,u + A R4 t(X) x Rd t(X) * 3,& + A R4 pt(X) * drl

which yields [y, Py(x)dx = 2 (1 - ﬁ%) Tpr = Laps -
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The smoothness and the convergences of the matrix convolutions also follow from the
same results for K and p,. It can also be easily verified using Minkowski’s inequality and the

Lebesgue Dominated Convergence Theorem as follows:

p
P B =Pl = [ || Piy)(Fex—y) = Fx) dy| ax
<Cld) [ P InF =l o dy

C(d) [ 1Pl F = Fllf o dy 0.

where 7,F = F(x — y). The integrand in the last term is bounded by the L' function
C|P(y)| |IF|I%», and for each y the integrand converges to zero by continuity of translations

in LP. O

Remark 4.4. A connection between P; and the semi-norm | -

x; 1s obtained through the

following important relation that we use below. For any z, x € R?, we have
P, (x) = P(x,1) (z : —) : z € R?,

2d+1)  t|x] x
wi (xP+ )% |

consequence of this and the approximation to the identity result, we see that if F = (f,0),

where the vector function P(x,t) is given by P(x,t) = . As a

then

UGkt = F0 + | By)(Flx-+y) — Plx) dy

=P+ [ Ply(fxey) 160) - dy.

The matrix Poisson kernel P, also satisfies a semigroup property as documented in the
next lemma. The following arguments rely centrally on an explicit formula for the Fourier

transform of P;.
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Lemma 4.5. For each t > 0, the Fourier transform of Py(x) is given by

T
Fy(P) (&) := e 2™ | T,y + (27]€|t) "5 . (4.7)
_ZE 1

As a consequence Py satisfies the semigroup property: for every ti,ty > 0

]Ptl * ]Pt2 - Pt1+t2 )

where the convolution is understood in the sense of matriz multiplication.

Proof. To prove the semigroup property of P, we use the property of convolution and the
explicit Fourier transform formula given in (4.7). To preserve the flow of the presentation
in this section, the Fourier transform of P, is computed in the appendix. We carry out this

calculation via matrix multiplication. For any positive t;, to we have that

Fx (Ptl * Ptz) (5) = fx(Ptl)(f) fx(Ptz)(é)

_s2E &
_ o 2mlel(ta ) (]1 o+ (nlelty) | T
& 1
3
e L
+(erigi) |1 )
—ZE 1
- ‘FX(Ptl'f‘tQ)(g) )
where in the second equality we have multiplied the matrix of Fourier symbols and have also
B S S
used the fact that \&IE = 0, the zero matrix, which can be verified easily by
—7% 1
€]
computation. O

The next lemma summarizes integrability properties of the first derivatives of P; that we
will be using later. The proof is purely computational and can be done following similar

calculations for the Poisson kernel. We omit it here.
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Lemma 4.6. For each j, k, and ¢ € {1,...,d,d+ 1} and for every t > 0 we have that
dwi*(x) € LYRY) and 8,,p)"(x) € LY (RY). In addition we have the following pointwise

estimates: There exists a constant ¢ = ¢(d) > 0 such that
Ol ()| < elx|7H, ol ()| < et xeR!, >0,
forany j,k=1,2,...d+ 1.

Norm Equivalence of Poisson Integrals

We begin first by establishing relations between the Poisson integrals obtained from p; and

P;.

Lemma 4.7. Suppose that F = (£,0) € S(RY; R, Then for every t > 0 both Poisson
integrals u(x,t) = p; * F(x) and U(x,t) = P, * F(x) are in S(RYG R, Moreover we have

the following relations between u and U.

e Foranyj=1,...,d, we have

U;(x,t) = uj(x,t) + R;j(Ugs1)(x, 1), xcRY, t>0. (4.8)

d
O Ugi1(x,t) = —diveu(x, t) Z R;j(02,Uagy1)(x,1), xecRY t>0. (4.9)
7j=1

e Foranyj=1,...,d, we have

d
813‘ Ud+1 (X, t) = R] <atUd+1 -+ Z R@ (@ﬂt@)) (X, t) s X € Rd, t> 0, (410)

(=1

where R; is the j™ Riesz transform.

Proof. We prove first the identity (4.8). For a fixed ¢ > 0, since all the functions involved

are in S(R?), it suffices to check that the Fourier transform of the right-hand side agrees
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with that of the left-hand side in (4.8). From the definition of U, we see that for any ¢t > 0,
F(U(-,1)(&) = F(P)(&)F(F)(&). Now from the particular form of F and using the explicit

formula (4.7) for the Fourier transform of P, we see that for any j = 1,...,d we have

FulU)(€.1) = I F () (&) + o2 2r g1 ( fé) (% ~ f<f><£>) (4.11)

and that after simplification Fy(Uyy1)(€,t) = —127t e~ 271t F(£)(€). To complete the proof
of the identity (4.8) we notice that the first term in (4.11) is precisely Fx(u;)(€,t), whereas

the second term can be rewritten to obtain

eremen (g ) (g7 ) (~rig) (e e Fne)
Fo (B (Use)) (6.1).

Let us proceed to show (4.9). Using a direct calculation and some rearrangement we get

OF(Uas)(€.1) = (—e2m)e >l . F(£)(€) +o(an’ €)% - F(f)(e).  (412)

The identity follows easily once we realize that the first term of (4.12) can be rewritten as

(—a2m)e?EIE - F(£)(€) = —2mg - oM NF(£)(€) = —Fi (diveu(-, 1)) (€),
while the second term in (4.12) can also be rewritten as

(Am?lEle)e 80 . F(£)(€) = (2nl€])(2me" (€ - F(£)(€))
d
S (- |§|)2m@ (—i2nt)e=2l (€ . F(£)(€))

j=1

-F (Z Rj (8jUd+1)> (57t) :

j=1



Next we prove the identity (4.10). Again, by a direct calculation

F(0a,Uar1) (€, 1) = (121;)(—a2mt)e” "o - F(£)(€)

= —ZQ 71.2 e72ﬂ-|§‘t WL (413)
( |£|)<4 €lt) (1€ - F(£)(€)) -

We need to connect the last expression in (4.13) with 0,U441. To do so, we observe from

(4.12) that

U

(4% )02l (% - f(f)(&)) ROV (1) + F (Z Ry [ t)]) (@,

where the last term is a rewriting of the expression (—i2m)e 27lt¢ . F(£)(&) in (4.12).
Substituting this into (4.13) we get the desired result. ]

Proposition 4.8. Let 1 < p < oo, f € LP(R%;RY). Set F = (f,0) € LP(R%G R, u(x,t) =
pe*F(x) and set U(x,t) = Py« F(x). Then there exists a positive constant C' = C(d, p) such

that for any t > 0 we have
100, )l ogray < C OO D) 1o ray (4.14)
and for each k =1,...,d we have
||a$ku("t)”LP(Rd) <C ||aka('7t)||LP(Rd) : (4.15)

Proof. We prove both inequalities for f € S(R?;R?) and then the general case follows by
density. Both inequalities (4.14) and (4.15) follow from identity (4.8) in Proposition 4.7.
Indeed, for j = 1,...,d, we can differentiate the equation (4.8) in ¢ to obtain that for any
x € R¥and t >0

Owuj(x,t) = 0U;(x,t) — R; (&Udﬂ)(x, t).

In a similar fashion, if we differentiate the equation (4.8) in x; we obtain that
akaj(X, t) = &%Uj(x, t) — Rj (8$kUd+1> (X, t) .
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Both inequalities (4.14) and (4.15) now follow by taking the LP norm on both sides of the
above two equations and summing over 7 = 1,...,d. Note that we have used both the fact
that the Riesz transforms commute with differential operators and that the Riesz transforms
are LP bounded.

For general f € LP(R?; R?) take a sequence (f,) C S(R?; R?) converging to f in LP(RY; RY).
Set F,, = (f,,0). Then apply Lemma 4.3, Lemma 4.6 and Young’s inequality to see that
o [Pt * Fn] converges to 0 [Pt * F} in LP(R% R?%) and that V, [Pt * Fn} converges to
Vx[P; * F] in LP(R4;RY). O

4.1.4 A Characterization of Fractional Sobolev Spaces
Equivalence of Spaces

In this subsection we prove the main result of Section 4.1, which is the equivalence of the

spaces A (R?) and W*P(R% R?). We paraphrase it in the following theorem.

Theorem 4.9. Let s € (0,1) and 1 < p < co. Then X:(RY) = W=(R%R?). Moreover,
there are constants C;, 1 = 1,2,3 all depending only on s,p, and d such that for any f =

(flaf?a S 7fd) € LP(Rd>

(EQu) o0 1
[flyer < 01/ p(1=5) ||8tu(.,t)||f‘L’p(Rd)¥dt

0

(EQz2) >

& g / A A O
0

(EQs)

< Cs[f] s

where F = (£,0), u(x,t) = p; x f(x), and U(x,t) =P, x F(x).

Proof. In the above (EQ4) is proved in (4.4) of Proposition 4.2 and (EQ2) follows from
the pointwise-in-t estimate proved in Proposition 4.8. What remains is the proof of the

inequality (EQs). We prove it as follows. Recalling that [, Py(x)dx = I44q, we have

0 U t) = | OP(y)F(x—y)dy = / OPy) (Fix—y) ~ F(x)) dy.

Rd
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To reveal the connection with the integrand in the semi-norm [f]xs we compute the derivative

OiP;(y) in the above convolution directly. For j = 1,...,d the j* term is given by

3tUj(x,t)
_2d+ 1) Y, (@13 s
o Ll (1= ) (s =)oy s

_2(d+1) y;ly| _(d+3)t2 N e, Y
 wa /Rd(yy|2+t2)d§3 (1 !y!2+t2><(f( +y) —#x) M)dy'

A similar computation also shows that

@Udﬂ (X t)
d

Z/ (ly|? + t2) (2 - (’;l,|—2i__|3_)§22> <yk<fk(x -y) - fk(X)>> dy (4.17)

B 2(d+1) tly| _(d+3)F N e Y
T /quypﬂzw (2~ Tt (e —r60) - ).

Notice that the differentiated kernel expressions inside the integrals in (4.16) and (4.17)

are linear combinations of the 8tp{k after factoring the unit vector ﬁ As a result, these

expressions enjoy the same pointwise estimates as atpgk stated in the Lemma 4.6. That is,

t—d—l ‘—d_l

the expressions are majorized by as well as by |y . We will make use of these
pointwise estimates below.
By splitting the convolution integrals in (4.16) and (4.17) into an integral over B;(0) and

R?\ B;(0), we obtain that for any ¢ > 0 and x € R?

ly|| [y|dtt
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Now, using Minkowski’s integral inequality we obtain that

C

10 Ol < g [ e+ =10 2

A dy
ly|

Lr(R4)

|G+ ) = £
i C/Iy|>t

’y’d+1

LPED dy . (4.18)

The remaining part of the argument that estimates the right-hand side of the above inequality
by the semi-norm [f]x: follows that of [86, Page 152] where it was done for classical Besov
spaces. We repeat it here for clarity. Changing to polar coordinates, write y = rw € R,

with r = |y| and w € S¢71. Define

W) i [ rw) = 60) Wl do(w).

Then the last inequality in (4.18) can be rewritten in terms of W(r) to obtain

C t B 00 3
10U, Ol 1o may < —tdﬂ/o U(r)r 1d7‘+0/ (r)r2dr.
t

We multiply both sides by ¢'~* and estimate the norm in LP((0,00);¢"'dt) on both sides.
The right hand side can be estimates using Hardy’s inequalities [86, Appendix A] on the

functions W(r)r?1 and ¥(r)r~2 to obtain

(e tony o) < gy ([ wory fo)
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By Holder’s inequality we have W(r)? < C [o,, [|[(£(- +7w) — £(-)) - W||‘2P<Rd) do(w) and so

we have

(/000 0,00 10)" % dt) 1/p

(1 -5 (S—I—d (/ /Sd : (- +rw) — £()) - w2~ L do(w) dr> 1/p

C rw) = £0)) - Wi, o v
<omsera U, L o))
1/p
C |k FO) - w1l
= 0=96+d / |y|d+sp T ay
= C[f]X;(Rd) .

where the last C' depends only only on s, p, and d. This completes the proof of the theorem.
m
Applications

One may now use the equivalence of spaces we have established to obtain inequalities that

are important in applications. The simplest of all is the fractional Poincaré-Korn inequality.

Corollary 4.10. Let s € (0,1) and p € (1,00). Let B C R? be a ball. Then there exists a
constant C = C(p, s,d, B) > 0 such that

Y) 5
p x—y]|
0 <€ [ / d |X - yrw dxdy

for any £ € W*P(R% R?) such that supp(f) C B.

The corollary follows from the fact that when f is compactly supported, its LP-norm is
controlled by its W*P-semi-norm which in turn is controlled by its Xj-semi-norm via the
now-proved fractional Korn’s inequality.

Another corollary of Theorem 4.9 is a fractional Sobolev embedding [68] that uses the

X;-semi—norm.
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Corollary 4.11. Lets € (0,1) andp € (1,00) such that sp < d. Then there ezists a constant
C =C(d,p,s) such that for f € X;(Rd) we have

(y)) - XX b
€180 <c/ / < gxdy,
Rd Y|d+3p

do- As a consequence the space X (RY) is continuously embedded in LI(R%; R?),

where p*s =
for any q € [p,p**], with the estimate that for q € [p,p*s) there exists a constant C' =
C(q,p,d) > 0 such that |[ul|zerey < Cul

X5 (R4) -

Proof. Suppose that f € X;(Rd). Then by Theorem 4.9, f € W*P(R% R9). By fractional
Sobolev embedding, which can be found in [68, Theorem 6.5 followed by Theorem 2.4], we
have that f € LP”* (R%; RY) and that

170 gty < CIEI ey < CIEll g ey -

The embedding of X5(R?) in L4(R% R?) for any ¢ € [p, p*) follows via interpolation. O

We will also use Theorem 4.9 to prove fractional Korn-type inequalities for functions
defined on the half-space Ri. The argument to prove such results is standard. We first
extend vector fields to be defined over R? such that the norm of the extended vector field is
controlled by the original one. Such an extension theorem is recently proved in [57], which

we state below.

Theorem 4.12 (Extension operator). Letd > 1, p € [1,00) and 0 < s < 1 and ps # 1.

There exists an extension operator
E: X3(RY) — X5 (RY)

and a positive constant C' = C(p,d,s) such that for any f € )é;f(Ri)7 and £ = Ef we have
that f = f a.e. in R, f € X3 (R?) and

|23 ma) < Cluf gy @)
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The theorem is proved in [57]. We emphasize that the proof of the above extension
theorem is nontrivial as the commonly-used reflection across the hyperplane z;, = 0 would
not preserve the semi-norm | - | . Extending by zero is also not appropriate, since it is not
clear how to control the norm of the extended function. Rather we use an extension operator
that has been used by J. A. Nitsche in [69] in his simple proof of Korn’s second inequality. In
showing the boundedness of the extension operator with respect to the semi-norm | - [xs we
need to first establish the fractional Hardy-type inequality. See [57] for more details. With

this extension at hand the proof of the result below is standard.

Proposition 4.13. For s € (0,1), 1 < p < oo, sp # 1, there exists a constant C' =
C(d,p,s) > 0 such that for any f € ./'%If(Ri) it holds that

p
x—y
[f(x) — £(y))" / / £Y)) - pey
dxdy < dxd
/Rd /Rd |X— |d+s” y=¢ Rd JRE |X— y|dtep Y

In future work we hope to report on the natural next step of establishing the equivalence

of the spaces X5 (Q2) and W*?(; R?) defined over domains with sufficiently regular boundary.

4.1.5 The Fourier Transform of the Poisson-Type Kernel P,

Here we obtain the Fourier transform of the Poisson-type kernel P, that has been used to
establish relations between various Poisson integrals. Recall that the (d+1) x (d+ 1) matrix
Py(x) = (pi*) has the form

Px)  P(x)

P (x) pfthit(x)

Here, P;(x) : RY — My(R) is a d x d matrix function given by

IF)t(x):2(cl+1) t N
wa (|2 +2)%
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The function P¢™! : R? — R? is a vector valued function, which we consider both a row and

column vector, given by

P[d+1} (X) _ 2<d + 1) t2X ‘
t wa(|x]? +12)%

Finally the (d + 1) x (d + 1) entry is given by the function p{™"“*!: R? — R defined as

2(d+1 3
pilJrl,dJrl(X) _ (d+1) —
Wi  (|x|>24t2)z

We compute the Fourier transform of each of these functions and put those transforms
together to obtain the Fourier transform of P;. We begin by writing some useful Fourier
transform formulas. Rather than write the calculations explicitly in-line each time during a
proof, we instead reference the formulas in their full generality. For completeness they are

listed here and their proofs can be found in many textbooks, for example [66].
e Let n e N, X\ € (0,n), fr(x) =|x|™, x € R". Then,

)
r'(3)

2

7T)\—n/2|€|/\—n )

F () (€)=

e Let n € N, n > 3. Then for each j, k € {1,2,...,n} we have

71 (%):47# {2( 1 Ok 1 xﬂ“’“} in S'(R"), (4.19)

138 n— 2w X" 2wy [

and as a consequence we have that

F <l’]l’k) _ L [Wnl% — 2w 5]5ki| in S/(Rn) (420)

X" ) dr? el
e For a € (0,00) and z € R, define f(z) = iz and g(z) = %z Then

F()E) = ge_zm‘{l for every £ € R and in S'(R), (4.21)
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and

F(9)(€) = —msgn(€) e 2™kl in S'(R). (4.22)

We assume throughout that d > 2.

Proposition 4.14. For every t > 0, we have the following:
1) Fu(B)(€) = 260D, — (2nlgf)e e ($55) i S'(RY).

2) F(PI)(€) = (2nlgle2miel (<o) in S(RY).

3) Fulpi (€)= (L4 2nf€lt) e in S'(RY).

Proof of Item 1). Let j,k € {1,2,...,d}. Since P, = (pi*) € LP(R%: My(R)) for every 1 <
p < oo we have that p{k € S'(RY) for every t > 0. Thus, its Fourier transform is a well-
defined object in &'(RY) and agrees with its Fourier transform as a function in L!'(R?). The
plan is to make use of partial Fourier transforms. Specifically, we will compute Fy <p§k> (&)

in §'(R?) by using the Fourier transform of p/* in &'(R¥*!). To that end, we first compute

2(d+1)
wq

LT in S'(RIH1). We use several properties of
(Ix[>+12) 2

the Fourier transform. We denote the Fourier variables in R4 by (&, 7).

the Fourier transform of p/*(x) =

Using the observation that p"(x) = — 22 (%), we have that
00\ (2 12) 5"

. 4 ;
fx,t(pt]k>(€u 77) = Zznfx,t <¢>

d (Ix|2 + £2)%

_ _dmm 1 {w Ok o, (Evn)j<€>77)k:|
wi_An? [UER P T (ER 4 P)?
o LlgP+n2 TP+ |

where in the second equality we have applied the Fourier transform formula (4.20) with

(4.23)

n = d + 1. By taking partial inverse Fourier transform in 7 and using the definition of P,

we see that for j k€ {1,2,...,d}
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for every & € R?\ {0} and for every ¢t > 0. Our task is to compute the right hand side.
Applying F, " to the right hand side of (4.23) we obtain for j,k € {1,2,...,d} that

7t (- [(%,Z(Sfm) - 2(;‘@%2)2]) "
25 (rte) 0+ 222 (g ) ©

where in the in the second inequality we used that F(F(f))(x) = f(—x). We will use the

formula (4.22) to compute and simplify the first term of (4.24) as

—idj, —1 0k : —2nlellt]) _ —2mg|t]
™ Fn (’£|2 + 772> (t) R ( ™ sgn(t)e ) B 5]k sgn(t)e

The second term in the expression (4.24) can be computed using (4.21) and can be simplified

e (grer) 0= (5 () ©
_ 2ig&  (2mit) 7, ( 1 > 9

m 2 ]2 +n?

= 26t (|7£T_|e—27r|e||t)

£§ —27|€&||t
— _’é—|§(2w|§|t)e 2rlellel

as

In the above calculation we have use the fact that || are in §'(RY) and that for any

1
' TE
multi-index « and any number k < |a| the quantity %e"ﬂ € L'(RY), hence in S'(RY).

Finally, plugging the last expressions into (4.24) we obtain that for each j, k € {1,2,...,d}
Fpe)" (&) = e *€la5 — (2r|g [t)emel %

for every £ € R?\ {0} and ¢ > 0. O
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Proof of item 2). This proof is much the same as the last one. Let j € {1,2,...,d}. As

. 2
before, we compute the Fourier transform of p/*'(x) = Q(Z’Ll) %+ in S'(RY). First
(xR 2

, 0 —2t?
pl i (x) = o [ ]

wa(|x|2 + 12)

notice again that

Now we can use (4.20) with n = d + 1 to obtain

. -2 t2
fx,t(p%dH)(&) = w_d : (27rzfj)~7:x,t (W)

47T’l£j 1 1 772 4.95
= - : w S T —— (4.25)
wa @ﬂ[dmw+m (1€ + 72)?

™

1, 1 B 772]
- @Lw+w 21er + e

Again taking partial Fourier transforms we see that

Fpl)(€) = F  (Faa(p™ ) (&,m) (1)

for every € € R?\ {0} and for every ¢ > 0. Our task is to compute the right hand side.
Applying F," to the right hand side of (4.25) we obtain

af & B &’ D
= (3 e ey
Tl & ) ﬁ}—1( % )
5 (wrm) 55 (o w26)
Y i 2 ’
:zfj}_( 1 >+2@§j}_( n )
m TR A+ m =T\ (€2 + n?)?
G (T o) 261 d ( " >
K <|€|e o >+ — T (1€12+n%)?)

In the third equality we used the identities (4.21) and (4.22). We also used the identity
F(xf)(€) = ==L F(f)(€). Now, just as in the proof of item 1) we can show that

2mi de
~ (ern) 0 = - (") 2
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Now putting together (4.26) and (4.27) we obtain that

Flpit) () = —1 5 o2mi _ & <—f”€mwm)

TeT w2 dt \ [€]
— S gt S5 (o2l _ (| gr)emeI)

Ie] I3
~ rlele > (<02

el
O
Proof of item 3). Writing £ T = p b — ch: Ld we notice that
(x42) 5" (P55 (Ix[2+2) 72
2(d + 1
pi144) ) = 2D = —Zp

wa <|x\2 +12)

That is, pi ™" (x) = (d + 1)pi(x) — 25:1 p}? (x) . Taking the Fourier Transform on both

sides we get

d 2
.F (prrl d+1) (d + 1)6—27r|§|t i Z <e—27r£|t . (27T‘£|t)e—27r§|t%)
j=1
= (d + 1)e 28l — ge=2mlélt | (27r|g|t)e—2mIel
= (1 + 2n|€|t)e2IE N
as desired. O
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4.2 A New Characterization of Potential Spaces

4.2.1 Introduction

Recall that we have defined the function space DP(R?) as the closure of the Schwarz space

S(R%RY) in the norm |[ul| s gay + | D*(0)| s (ra), where

2 3

D*(u)(x) =

/ (u(x) —u(y)) - &
d dy

[x — y|*2

The function D*(u) is related to the energy space W*?(R% R?). A vector field u € L*(R%; R9)
will belong to W*2(R%; RY) if and only if D*(u) € L*(R%). This can easily be seen using
Theorem 4.1.

We recall also the space of Bessel potentials, £I. For 0 < s < 1,1 < g < o
~N Vv
LYRY) := {f c S'(R4;RY) - ((1 +47r2|£|2)8/2 f) € Lq(Rd;]Rd)} :

where §'(R%;RY) is the space of vector-valued tempered distributions. The norm in £4(R¢)
is given by

/2 \%
ey = | (1 47202) ) (425)

La(R4)

Our second main result of the chapter is the characterization of functions in the potential
space L7 in terms of the integrability of the function D?*(f). Throughout this section we
use the following standard notations for the fractional Sobolev exponents and its Holder

conjugate (denoted by the prime notation):

2% —

2
and (2%) :=2, = d

d—2s’ * d+2s’

Theorem 4.15. Let2, < p <ooand0 < s < 1. Thenf € LZ(RY) if and only if f € DP(RY).

Moreover, there exist positive constants C, and Cy such that for any £ € LP(R%; RY),
CrlIf]] czmay < NIl o ray + [[D° ()| oqray < Collf]] 22 (ay -
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The main objective of this section is to prove Theorem 4.15. Our proof follows the steps
presented in the proof of [85, Theorem 1]. We first develop necessary technical tools that

allows us to relate the Marcinkiewicz-type integral D*(f) with the potential function of f.

4.2.2 The Poisson-Type Kernel and Integral

We recall the standard Poisson kernel p;(y) and the modified Poisson-type kernel P.(y)
defined in Section 4.1. The properties that we will need are restated here for convenience.

First, the Fourier transforms of both kernels are given by

R _gsE &

PO e B = e L+ gl |
_Z—
€l

Notice that P;(y) is a (d + 1) x (d + 1) matrix of functions which is explicitly given by the

formula

2(d+1 t X®X tx
Pi(x) = d+1) s (4.29)

Wi (xPH) e oax #

where x is considered both a column and row d-vector. Next, the matrix kernel IP; is in fact
an approximation to the identity. For any ¢ > 0, if [, denotes the (d+1) x (d+ 1) identity

matrix, then

/R Prlx)dx = /R P(x)dx =Lz (4.30)

Moreover, for each j, k, and ¢ € {1,...,d,d+ 1} and for every ¢ > 0 we have that thgk(x) €
L'(R%) and 8,,p}"(x) € L'(R%). We also have the following pointwise estimates: there exists
a constant ¢ = ¢(d) > 0 such that for any j,k =1,2,...d+ 1,

|8tp{k(x)\ <c |X\’d’1, |8tp{k(x)| <ect ¥l VxeRY t>0.

In addition, one can easily establish |9,P;(x)| < 755 and |9,P(x)| < |x‘€ .
Throughout, functions f : RY — R4 are of the form f = (f1, fo,..., f4,0). We treat f
both as being a vector field in R? and R, as well as column and row vectors; it will be

clear from context.
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We recall the Poisson integral of f given by u®(x,t) := p; * f(x), where the convolution
is component-wise. A Poisson-type integral of f can now be naturally defined using the

Poisson-type kernel P, = (p) as
U(x,t) =P, xf(x).

The convolution in the above is taken in the sense of matrix multiplication. That is, the it
entry component of U is given by U; = Zjﬂ pi’ * f;, where P, = (pi/). Notice that taking

the Fourier transform in x transforms the convolution into the matrix multiplication

U(¢,t) = B (&)E(E) .

The key connection of P, with D*(f) is obtained through the following important relation

that we will be using below. For any z,x € RY, we have

z —
P (x) = P(x,1) <z i) , z € R?,
0 ]
where the vector function P(x,t) is given by
= 2(d+1) t]x| x
P(x,t) := PN . (4.31)
Wi (xP )\ |t

In particular, P(x,t) and all its derivatives in ¢ satisfy the same estimates as P,(x) and

corresponding derivatives. Using this relation and (4.30), we see that

Ulx, ) = £(x) + / PL(y)(E(x +y) — £(x)) dy

Rd

=160+ [ Pr0itlx+y) ~160)- Lay.
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4.2.3 Littlewood-Paley-type g-function

We can define the analogue of the classical Littlewood-Paley g-function corresponding to the

new Poisson-type integral U(x,t). The following definition is natural:

6u(6)(x) = ( /0 U dt)é | (4.32)

In what follows we denote V = (Vy, ), and |[VU(x,1)|> = [0, U[*> + 3201 |V Ux|>. We can
use these functions to characterize the LP norm of a vector field. The following is a result

similar to [86, Theorem 1, Chapter IV].

Theorem 4.16. Suppose that 1 < p < oo. Then there are constants Cy,Cy such that for
any £ € LP(R?)
Crllgn ()l oy < €l Lo may < C2 81 (E) ] 1o gy

To prove the theorem we follow the steps and the approach given in [86] for the proof of
[86, Theorem 1, Chapter IV]. We first prove the theorem for p = 2.

Lemma 4.17. Let £ € L*(RY). Then g,(f) € L*(R?) with

EDE\ 5 .|
(H‘” 2P )f“)

d¢. (4.33)

. 2 1
Hgl(f)HL?(IRd) 1 o

The proof is tedious but elementary. It is given in Section 4.2.5. In the next proposition

we prove one of the inequalities in Theorem 4.16.

Proposition 4.18. Let 1 < p < co. If f € LP(R?), then g,(f) € LP(R?). Moreover, there

exists a positive constant depending only on p and d such that for all f € LP(RY),

161 () o oy < CNIEl| o gy - (4.34)

Proof. We use the theory of singular integrals for Hilbert space-valued functions outlined in
[86, Chapter 11, Section 5]. We use the notation of that section as well. Define the Hilbert

space # to be the L? space on (0, 00) with the functions taking values in R? with measure
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tdt, i.e.
H = {h . (0, 00) — ]Rd‘ hf%, :=/ t/h(t)]* dt < OO} :
0

The absolute value |h| is the norm in R%. Denote the Banach space of bounded linear
operators from R? to s by B(R?, 7). Let ¢ > 0 be fixed for now. For each x consider the
matrix-valued function

Ke(x,t) := 0iPric(x).

Then for any fixed x € R, we identify the matrix function K.(x,-) by K.(x). Now we show
that K.(x) € B(R?, ). This is equivalent to showing that the integral [~ ¢ |0, Py e (x)| dt

is finite. Indeed, from the formula (4.29) we have that |0,P;(x)| < ﬁ, and therefore
x|2+t2) "2

for each x € R? we have the estimate after change of variables that

- ()| By = sup [[(Ke(x), ¥)1I%
ly|<1
o0 o0 t
< t|0, Py . 2dt<0/ dt < C.
B T e A o

and

o0 t 1 & t C
K. (x)|]? <C dt < dt = — .
I (X)HB(Rd,%) = /0 (X2 + (t +e)2)1 = |X|2d/0 (14 t2)d+1 |24

From the above two estimates we also conlcude that
x = [|Ke(x)|| pra vy € L*(RY). (4.35)

Similarly, for 1 < j < d, again referring to (4.29) that

2 > t
H&CJ'IC‘S(X)HB(Rd,%”) < C/o (X2 + (t + 2)2)+2 dt

> t
< e —
= C/o (Jx[2 + £2)a+2 dt
C

- |x|20+2
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Thus,
C

(X)”B(Rd,%") S x4 <y

0., K- <d. (4.36)

Now define the operator

Notice that from the definition of K.(y), 7.(f)(x) in terms of the Poisson-type kernel U
as T.(f)(x) = 0, U(x,t + ¢). It then follows that 7. is a vector field since the integrand is
a matrix multiplying a vector. In fact, T.(f)(x) take their values in # for each x € R

Moreover, we have

706 = [ tout+o)Par

0

—/ (t+€)|8tU(x,t+€)]2dt—/ e, U(x,t +¢)*dt
0 0

:/ t|0tU(x,t)|2dt—e/ |0,U(x,t)|> dt

2

g/ooot|8tU(x,t)|2dt: [3(F)(x)] "

Therefore, by Lemma 4.17, x — ||T.(f)(x)]| ,, is square integrable and

. coe 5 1/2
[ T(E)]] 2 (ray < 3 </Rd (Hd+ G ) £(€) dﬁ) < Ifll 2 ey
and thus, we obtain
H’CE(X)HB(Rd;%) <1. (4.37)

Now using (4.35), (4.36) and (4.37) we can use the theory of singular integrals [86, Chapter
IT, Section 5] and conclude that

||T8f||LP(Rd) <C ||f||LP(Rd) ; I <p<oo,
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with C' independent of €. Notice from the above calculations that for each x, the positive

function ||T(f)(x)]| ,, increases to g1(f)(x) as ¢ — 0 and therefore, we have that
181 Loy < ClIEll Loey » 1 <p <o00.

That completes the proof. O

Next, we prove the reverse inequality in Theorem 4.16 by establishing a comparison of

norms of operators with matrix symbols II; and Iy + %.

Lemma 4.19. Let f € LP(R4RY) for 1 < p < oco. For l € {1,...,d} denote the (" Riesz

Transform by Ry. Then the translation-invariant operator L(f) defined by

[LE(x)], :== fe(x) — 3Ry (x), 1<k<d,

d
> R;f;
j=1

satisfies

1l o gy < CHILEN Lo gay -

Proof. Clearly by the L” boundedness of the Riesz transforms,
ILE | oy < ClIEll Loy »

so the L? norm of Lf is finite. Applying the k" Riesz transform to (Lf); and summing gives

D Rp(LE) = <kak —~ 3RkRk(Zijj)> =2 Rife.

k=1 k=1 j=1

Thus, by the L? boundedness of the Riesz transforms we have

< CIITE ey (4.38)

d
Z Ry f
j=1

Lr(R4)
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Now write each component f; as

fe(x) = fu(x) — 3Ry (Z ijj> (x) + 3Ry, (Z ijj> (x),

and so taking the LP” norm on both sides and using the LP boundedness of the Riesz

transforms gives

el o ey <

d
Jr — 3Ry, (Z R'fj)

el

S

3Ry (Z R, fj>

Lr(R4)

= (L)l o ey

Lr(RY)

(4.38)
< C|LE| 1o ray -

Lr(R4)

< CIED) | pgay + €

Summing over k finishes the proof. ]

Remark 4.20. The symbol associated to L is I[; + 3’?35 , which will appear in the proof of the

reverse inequalities for g;.

The next proposition proves the remaining inequality in Theorem 4.16.

Proposition 4.21. Let 1 < p < oo. Then there exists a positive constant C' such that for
any £ € LP(RY),

£l Lo ey < C g1 (E))l Lo ey -
Proof. Let fy, £, be in L*(R%; R?) with respective Poisson-type integrals U;, U,. Polarization
of the identity (4.33) leads to

/OO‘“ /R t(0:U1(x1), 0, Us(x, 1)) dxdt
) ‘ll/R <<Hd ' £|§§|)f> B(&). (Hd + gfff) f2(£)> dg

/[ <<Hd +35|f|f) f(e),f (£>> at

(Lf;(x), fo(x)) dx,

d

(4.39)

N

Ny

o
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where the last inequality follows by Parseval’s relation. Now suppose in addition that
fi € LP(RLRY) and £, € LV (R4 R?) with ||f2] ey < 1. Then using the Cauchy-Schwarz

inequality, Holder’s inequality and Proposition 4.18 we have

[ 00 £ x| <4 [ ()0 ()00 dx

< 4l (f)l o gy 181 E) | Lo ey < C ll@1 (] 1oy -

Taking the supremum on both sides over all f, € L2(R%; RY)N LY (R% RY) with ||f]],, ®y <1
gives

ILE]| oy < CNl@1(E)] 1o ray (4.40)

for every f € (L? N L?)(R?). Using Lemma 4.19,

11l oy < CllaL(E) Lo gy (4.41)

for every f € (L?> N LP)(RY). The passage to the general case f € L follows by density. Let
f,, be a sequence of functions in (L2 N L?)(R?) which converges in L? to an arbitrary function

f € LP. Then

|01(£)(x) — 0 (f

'( t10,U,, xt)zdt)é(/Ooot<5>tU(><,1t)2dt>é2

:/ t (10Un(x, 02 + 18,U(x, 1)) dt
0

) (/0 H0,U, (x, t)\2dt>2 (/Ooot |atU(x,7¢)Poht)é

By Cauchy-Schwartz inequality the last expression cannot exceed
/ £ (10U DI + 10U D — 20U (. £),0,U(x, £))) .,
0

and so

(6,060~ @i(DGI7 < [ 10U, — U)(x O dt = g8, ~ DGO

0
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Therefore by Theorem 4.18, g;(f,,) converges to g;(f) in LP(R?), so we obtain (4.41) for a
general f € LP(R?) and the proof is complete. ]

Now we come to the final preliminary inequality that must be established before proving

our main result. Recall that the Riesz potential Z, and the Bessel potential J, acting on a

/|X ylds , (4.42)
T(B)(x) = (G E) =G, + £,  Gu(x) == (1 +4r%E)™) (%), (4.43)

function f are given by

where ¢4 s is an appropriate normalizing constant.

Theorem 4.22. Let f € LP(R?), 1 < p < co and let 0 < s < 1. Denote f, := Z,(f). Let U
and Uy, be the Poisson-type integrals of £, f, respectively. Then for every x € R? we have

g1(f)(x) < CD*(f,)(x) .
Proof. We first claim that

o U(x,t) = / 0 Us(x,t + r)r—°dr, (4.44)

iy ),

where [" denotes the Gamma function. This identity can be established using the Fourier
transform and will be done in Section 4.2.6. We will use this to estimate g;(f) pointwise.

To that end, we write

8106 (%) :/Ooot|8tU(x,t)|2dt:/ooot ‘ﬁlmﬁttUs(x,r)(r—t)_sdrz dr.
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Dividing the intervals of integration in the inside integral, we see that

2

2
/ 0uUs(x,7)(r —t)~*dr| dt
t

2

+C/Ooot t dt¢
< C’/Ooot (/t \8ttUs(x,r)]2(r—t)_5dr> (/t% (r_lt)s dr) dt
+0/0°Ot (/: |8ttUS(X,r)]2(r—t)dr> (/:mdr) dr,

where we have used the Cauchy-Schwartz inequality in the last inequality. Simplification

61 (H)(x) < o/ﬂmt
/;O O U, (x,r)(r — t)2(r —t) 27 dr

and interchanging of the integrals via Fubini implies that

e 2t
g1(f)(x) < C’/ U / 104U, (x,7)[*(r — t)~* dr dt
0 ¢

e / p1-2 / 0, U (x, ) 2(r — £) dr dt
0 2t

(9) r r/2
= C/ 10, Us(x,7)|? (/ 75— )75 dt + / 2 (r — 1) dt> dr
0 r/2 0

< C/ 372510, U,(x,7) | dr = C/ 27210, Uy (x, t)* dt .
0

0

(4.45)

Notice also that using the fact that P, integrates to I;;; we see that

OuUs(x,1) = 0Py (y)(fs(x —y) — f5(x)) dy

— | 0Py, )(E(x—y) — £.(x)) - = dy,

Rd |Y|

where we used the relation (4.31). By computation of 9P, it is not difficult to show that

. x.01 < [ 100 |63 - .60 Ly,
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We now divide the integration region in the right hand side and estimate using Holder’s

inequality to obtain

2

y

fs(XJrY)—fs(X)'m‘dY‘l-/K l"'dY)
Sy

< ( /m 0.P(y, ) dy) ( / 0(8) (%, 3) 2 0P )| dy)
+( [P ) ( [ Ry Py ).

where we introduced the notation ?(f;)(x,y) = fi(x +y) — f5(x) - % We now use the

ly

|6ttUs(Xa t)|2 < (/ ’attF(yvt)’
lyl<t

estimates for |0, P(y,t)| to get

200 0R < ([ gimay) ([ ReeyR oy lay)
([ ) ([ pwieyr pi. i)
¢

([ ey Py ofay)

C
12

<

~+

' (/Y>t [2(£)(x,¥)[* [0:P (v, 1) dy) :
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As a consequence, combining the above with (4.45), and interchanging the integrals we have

that
o) <0 [ e () ( | e 2Py )y

0
+/ ...dy) dt
ly|>t

lyl -
= C ) \a(fs)(x,y)P(/ 7210, P (y, )| dt
R 0

+ / tl?slé’tf(y,t)!dt> dy
|

vl

Iyl 41-2s 00
<C (E) (%, y)|? / —dt—l—/ 74172 4t | dy
[ oty ( g |

p(f) (x, y)

=C |y |d+2s

dy = C[D*(£,)(x)]*.

Rd

The proof is complete. O

4.2.4 Proof of Theorem 4.15

Finally we are ready to prove the second main result of the chapter, Theorem 4.15. As we
have indicated, since for any x € R? the pointwise estimate D*(f)(x) < T*(f)(x) holds, the
right-hand side inequality in Theorem 4.15 follows from the characterization in [85, Theorem
1]. What remains is to prove the left-hand side inequality in Theorem 4.15 which is stated

in the following theorem.

Theorem 4.23. Let s € (0,1) and 1 < p < co. If f € DP(R?), then £ € L5P(R?). Moreover,

there exist positive constants C' such that

€1l 22y < C (€]l 2o ray + 1D° ()| o))

Proof. Tt suffices to establish the inequality for vector fields in the Schwarz space S(R%; R9).
To that end, we will show that for any f € S(R%R?), the tempered distribution

A

\
<(1 + 47?2]5\2)8/2 f) belongs to the space LP(R%; RY) with the appropriate estimate. In what
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follows we use a key result that relates the Riesz potentials Z; and the Bessel potentials J.
From [86, Lemma 2, Chapter V] there exists a pair of finite measures v, and A, on R? with

Fourier transforms 75(&€) and Xs(f ) respectively such that
s/2 ~ sy
(1+4x1€f) " = 2.(€) + (2rl€)Au(€).
Then for any f € LP(R?% R?), we have that in the sense of distributions
21 ¢12\5/2 )" 7
(4716l T) " = £+ ((20leD D)

We now estimate the LP norms of the terms in the right-hand side. We notice first that
£ * vs]|» < C||f]|zr, which follows since vg is a finite measure. To estimate the second term

we use again the fact that A\, is a finite measure to get

(GNP

< ||

, < Cllan((rlsh D))

9

L Lp

where in the last inequality we have applied Proposition 4.21. We now use Theorem 4.22 to

estimate
[ren D | < far((@rlen®) )| |
el {aomarn),
= CID*(E)]]er s
where we used the identity Z (((2W|£|)sﬂ v) _f -

4.2.5 Proof of Lemma 4.17

Proof. Using Fubini’s Theorem and Plancherel’s Theorem,

191 (B2 = / t] 100(x ) dxdt = / t Ad|@<s,t>|2dsdt.

R4

106



By a direct computation, for 1 < k < d,

|5),ﬁ;(€,t)|2 = ‘8,5 (e—QWIEItﬁ + (27|€|t)e2mIel (é_| /f\(S)) (%))

2

= dn?|gPe T | A€, 1))

where
n £ 2 &k £ &k
A = o f f 22
e =i+ (g 10) () - emen (ig-fe)) (i)
(Note that here we are using the modulus | - | for complex numbers.) Next,
7. 2 -2 £ - ’
0:Uai1(€,)| = |0 ((27T|§|t)e mléft (—ZE . f({)))
2
_ 47‘(2‘5’2 —An|&lt é' /f\(f) (1+ 27]_‘5“)27

Expanding the A terms,

d , ) ¢ 2_ € 2
> 146 01" = @) *3(1& <s>) <8w\e|t>(‘€| f<s>)
¢

+uriere) (5 -R@)Q .

Now we prove (4.33). By the above formulas,

~ 2
2.0(&.1)

£ Fe

d
= 4m?|€[Pe el (Z\Ak &1 + (1 + 2r|€lt) H

k=1

)

2
— An?|¢|PeAmIEl <|?(§)|2 + (3 — 8ml€lt + Am|E[*2 + (1 + 27[€[t)?) £ (8 )
2
= 4r|E eI E(E) 2 + dm?lg[Pem I (4 — amlet + 87 J€)?) % £(8)
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Thus,

h GienPdedi= | LFer e (f_Li3) &5

|7 [ et npaa= [ Jior+ (5-5+3)| 5 T
1 LIV INE
“5 (56 ) e

where we have used the formulas: by a change of variables n = 4r|€|t,

2112 747T|$\tdt: - Ndn = =T(1) = =
/087r\§]te 2/0 ne”"dn=SI(1) =g,

/ 1672 (€| *te I8 dt = / ne Tdn=1,

0

0
~ 1 [ I'(2
_/ 32md €[ Pe RNt = _5/ neldn = — <2 ) _ -1,
0 0

At |eA e 4IEl qp = = e dt = —2L =2,
/ 647" €| t e dt 1), n’e 4 5

0

4.2.6 Proof of (4.44)

This can be done using the Fourier transform. Denote

_sze ;€
Ag) =: ISL €l
_ZE 1
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Then

1—8

1

- €| (t+r) _
= F(l—s)/o 4| €| 2o 2mIEIlF <]1d+1 2A(£)—|—27r|£|(t—l—r)A(£)>

/ attU gt—’—'f’) Sd

x (2r|€)~E(€)r— dr
1

— r e ([ Conlelnye e enle ar

0

« (L — 2(9) + 2rgieace)

iy 2rlele 9 ([ amlelny=ee e e ) ae

0

+

— T2l T = 5) (Lt - 24(9) + 2rA(®) )

+ om|€le”2EIE (2 — 5) A(E)

-1
['(1—5s)
= (-2rlge € (Luvs — 24(6) + (2rIgIOAE) + 11— A(E) )

In the last equality we used the identity I'(x + 1) = 2I'(x) for every x > 0. By a change of

variables we have

o,uU (x,7)(r—t)"°dr
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Chapter 5

Applications: Regularity For
Peridynamic-Type Operators

5.1 A Potential Space Estimate For Weak Solutions

5.1.1 Introduction and Statement of Main Results

This section focuses on a peridynamic-type system that uses interaction kernels p(x,y) which
behave like |x — y|~(@+29) for |x — y| close to zero and infinity. To be precise, we study the

system of nonlocal equations of the type formally given by

. Axy) x-y)  xX=y) oy  Fix
]L(ﬂ,l(X) T h/Bf,(x) |X—y’d+25 |X—y’ ® ’X—y‘ ( ( ) (Y)) dy F( ) (51)

where d > 2, 0 < s < 1 are fixed, and A(x,y) is a measurable function, which we refer to as

the coefficient, that is elliptic and symmetric in the sense
a; < AX,y) < ag, Ax,y) = Ay, x) for all x,y € R%

In what follows we assume that the horizon § is given and fixed. We will not track the

dependence of generic constants on the horizon.
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To state the higher integrability result we first introduce the quadratic bilinear form

associated with the operator Ly in (5.1):

W= /Rd/B () |X .VId”S (ax) ~u(y))- (X:y) (v(x) = v(y))- (yxy!) dy dx.

We use the notation £ to represent the bilinear form when both integrals are on R?, that
is formally, the horizon h = oco. In this case we take c,, = 1, and write the operator as L.
For u € L*(R%R?), the vector valued map Lyu is a vector of distributions acting on test
functions ¢ € C°(R% RY) as

(Lo, ¢) := &y(u, ¢).

It is now clear that if u is in the energy space {u € L? : &(u,u) < oo}, then Lyu is in
its dual space. We will shortly characterize that the energy & (u,u) is finite if and only if
u € W#2(R% R%). This assertion follows from the lower and upper bounds of the coefficient
A(x,y) and using the equivalence of spaces that is recently proved in [57]. The notion of

weak solution to (5.1) is standard and is given in terms of the bilinear form &.

Definition 5.1. Given F € W~2(R%;R?), we say that u € W*2(R%; R?) is a weak solution
o (5.1)if
&(u,¢) = (F, 9) (5.2)

for any ¢ € W*2(R% R%). In the above (-,-) denotes the duality pairing.

Existence and uniqueness of weak solutions to this particular system will be demonstrated
shortly, see also Chapter 3 for when complementary boundary conditions are imposed on the
solution. However, the focus of this section will be the issue of regularity of solutions. We
seek to address the following question: If the data is regular, how regular is the solution? In
particular, we are interested in data F coming from a class of low integrability. Just as in
Chapter 4 we use the following standard notations for the fractional Sobolev exponents and

its Holder conjugate (denoted by the prime notation):

2 2
d , and (2%) :=2, = d

2*s = .
d— 2s * d+2s

111



The main result of this section states that any weak solution u to the system (5.1) with
Poisson data F in the described class in fact belongs to the Bessel potential space £F(R?) for
some p > 2. Note that when p > 2, the Bessel potential space is finer than the Sobolev space,

i.e. LP(RY) C W*P(R?% R?). For precision, we state the result in the following theorem.

Theorem 5.2. Suppose that 0 < a7 < as < 00, 0 < s < 1,d>2 9 >0 and 0 <
h < oo are all given. Let A(x,y) be symmetric and measurable with oy < A(X,y) < o
and u € W*2(R%RY) be any weak solution in the sense of (5.2) corresponding to a given
F € L% +%(R4 R N L2 (R RY). Then there exists € > 0 depending only on oy, s, d and

s with the following property: If p € [2,00) satisfies

dp 2d

€1[2,2%), —2<e, — <
el ) P 2-L5)d+sp d+2s

5., (5.3)

then u € L3(R%R?). Moreover, there ezists a constant C' > 0 such that

[ul £3(R7) < C( ||F||L2*s+50(]Rd) + ||F||L2*5(Rd) + HuHWSa?(Rd)) : (5.4)

The constant C' depends only on oy, s, d, p, dg and b.

The main implication of the regularity result is that, with no additional smoothness
condition on the coefficient A(x,y), a weak solution satisfying (5.2) has a higher integrable
fractional “s-derivative”. For scalar equations, this type of nonlocal analogue of Meyers
inequality was obtained in the recent work [7]'. It has been shown in several subsequent
works that solutions to fractional equations surprisingly also improve in differentiability,
again with no additional smoothness conditions on the coefficients. Some of these approaches
use reverse Holder inequalities and nonlocal Gehring-type lemmas as in [49], or prove the
result via a commutator estimate as in [76] and in [4] using a functional analytic approach.
The approaches in [49, 76] are local in nature and application of appropriate embedding
estimates in their work show improved local differentiability will lead to improved local

integrability. The approach in [4] is rather robust and implies local and global regularity

!The argument presented in the paper appears to have a gap that we are unable to fix as of the writing
of this dissertation.
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results. We should mention that the results in [49, 76] hold for vectorial systems of fractional
equations, even for coupled systems of fractional equations such as the vectorial fractional p-
Laplacian, which are uniformly elliptic in their natural energy space. However, none of these
works apply directly to the system of coupled nonlocal equations under consideration here,
as the system (5.1) has a weaker ellipticity property in the spirit of Legendre-Hadamard.
The proof of Theorem 5.2 we present in this section follows the argument presented in [4]
for nonlocal scalar equations extending its applicability to the system of coupled nonlocal
equations and for rough data.

We also remark that for J; small, the exponent 2, + dg can be smaller than 2, and the
higher potential space estimate holds true for rough data F € L"(R¢,R%) and r < 2. We
note that there are vector functions F that are in L2+=%(R% RY) N L% (R RY) but not in
L2(R% R?). Indeed, for §y sufficiently small and 7 = 2*3(2{;5:4&50) it is straightforward to verify
via Sobolev embedding that vector fields in W% (R% R?) will belong to the former class
but not necessarily the latter. While the higher integrability result remains true in the event
F € L*(R4 RY), this case must be treated differently. In fact for nonlocal scalar equations
an argument is presented in [4, Corollary 4.9] that is also applicable to our case.

In Sections 5.1.3 and 5.1.4 we prove the higher integrability result when h = oo and
h < oo, respectively. We first establish invertibility over a range of Sobolev spaces for the
operator I;+1L. For a given weak solution u to the nonlocal elliptic system (5.1), we will use
this invertibility to prove higher integrability of D*(u). We state this higher integrability

result precisely in the following theorem.

Theorem 5.3. Suppose that 0 < oy < ay <00, 0<s<1,d>2,0<bh <00, and dy >0
are given. Then there exists € > 0 depending only on a1, ao, d and s with the following
property: if p > 2 satisfies the conditions (5.3), then there exists a constant C' > 0 such
that for any A(x,y) symmetric, measurable with c; < A(X,y) < g and any weak solution
u € W*2(R% RY) in the sense of (5.2) corresponding to F € L?+=+% (R4 RY) N L2 (R4 RY),

we have

[l ey + [ T° () | r(ray < C (||F||L2*s+50(Rd) + 1F| p2es ey + ll0llwez(ray) -
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The constant C' depends only on oy, as, d, p, oy and b.

By the log-convexity of L? norms the data F belongs to L"(R%; R?) for any r € (2,,,2,, +
dp). In fact, we will see that one can replace the two LP norms of F on the right-hand side
of the regularity estimate with the single term ||F||;., where r = (2_5%.

We notice that Theorem 5.2 now follows as a corollary of this theorem. Indeed, applying
the Bessel potential space characterization theorem (Theorem 4.15) we see that u € £P(R?).
Moreover, by applying the well-known embedding [86, Chapter V] of the spaces L£F(RY) C
WeP(R% RY) for p > 2, Theorem 5.2 implies a higher Sobolev space regularity result for

solutions.

5.1.2 Key Inequalities

Before we prove Theorem 5.3, we first state two inequalities. The first inequality is the
classical fractional Sobolev embedding. The second inequality is the Fractional Korn’s
Inequality proved in Chapter 4, stated here for convenience. This inequality will be used to

prove an invertibility result for the operator wly 4+ L for some w > 0.

Lemma 5.4 ([4], Lemma 4.2). Suppose s € (0,1) and q € [1,00). Suppose also that sq < d.
Then

sy < Ol (55)
In particular, W54(R%RY) € L9 (R%RY) and W% (R%G R?Y) C LI(RY; RY).

Theorem 5.5 (Chapter 4, Theorem 4.1. Fractional Korn’s inequality). For any s € (0,1)
and 1 < g < 00,
s(md) s, d. md
X2 (RY) = WI(R% RY) .

Moreover, there exists a universal constant k = k(d,q,s) such that for all vector fields

f € W*4(R%RY) we have

[f]qu(Rd) S [f]Ws,q(Rd) S /‘i[f]xqs(Rd) . (56)
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For a given bounded domain (2, the function space &(€2) is defined in the same way as

X;(R?) but the functions are defined in Q and the integrations in the semi-norm are on Q.

5.1.3 Higher Integrability When the Horizon is Infinite

In this subsection we will prove Theorem 5.3 when the horizon is infinite. In this case we
recall that the bilinear form we use is £, the operator is written L, and ¢, = 1. We will
show that there exists a constant t > 0 such that the operator @l +IL from W*?(R%; RY) to
[(W*2(R%; RY)]* is invertible, where we use the notation Y* for the dual space of Y. We then
use a perturbation lemma of Schneiberg reproduced in [4] to deduce that in fact wl,; 4+ L is
invertible on a range of “nearby” fractional Sobolev spaces forming a complex interpolation
scale. This is the key step in proving the higher potential space regularity result for weak

solutions in the sense of (5.2).

Lemma 5.6. Let 0 < oy < A(X,y) Sag<o0,0<s<1landd>2. Lett, t' € (0,1) and
p, P € (1,00) satisfy t+t' = 2s and p’ = -E5. Then there exists € > 0 such that if 3 —i <e
andt — s < €, then

wly + L : WP (RERY) — [P (RY RY)J*

is invertible, where w = <+

and K is as in (5.6) corresponding to q = 2. Any inverse agrees
with the inverse obtained for t = s and p = 2 on their common domains of definition. Both

€ and the norms of the inverses depend only on d, s, and the ellipticity constants ay and .

Proof. The objective here is to show that the perturbation lemma of Schneiberg (see [4,
Theorem A.1]) can be applied to the operator wl,; + L. We will prove the theorem in three
steps.

Step I: We show that @l + L : W*(R% RY) — [W*2(R%; R?)]* is bounded and invertible.
To verify the boundedness of the operator, it suffices to check if L is a bounded operator
We2(R%; RY) to its dual space. But this is a consequence of the definition of L. and Hélder’s
inequality. Indeed, it follows from the fact that for any u, v € W*2(R%; R%)

[ {(Lu,v) | =[E(u,v)| < OZZ[U]XS,2(Rd)[V]XS2(Rd) < g ||u||WSv2(]Rd) HVHWS’?(Rd) :
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To see that wly + IL is invertible, note that by the ellipticity assumptions on A and by the
fractional Korn’s inequality (Theorem 5.5) applied to ¢ = 2, we have and

(@51

| (Lu,u) | > O‘l[u]gcsa(md) > ;[u]lz/VS»Q(Rd) = w[u]IQ/VSv?(Rd)v

implying that (wu + Lu,u) > @ HUH%V&?(W)' Invertibility of the operator cou + L is now a
consequence of the well-known Lax-Milgram theorem.

Step II: The operator wly; + L extends from C%°(R%RY) by density to a bounded
operator W (R4 RY) — [WHP (R% RY)]*, also denoted by wly + L. To see this for any
u € WH(R%RY) and any v € W¥# (R% R?), by Holder’s inequality

[(wu+Lu,v)| <@ IIUIILp gty [V L may

[ e (a6 ~u) - 35 (VG0 - Vi) g

x —y|»*t x — y|t”

< @ [|ull o gay 1V 2 ety + Q2[@lwer @) [V gay -

Since C®(R%RY) is dense in all fractional Sobolev spaces involved, it follows then that
the operator @wly + L : WS*(R4RY) — [WH2(RYRY)]* extends to a bounded operator
Whe (R RY) — [P (RE R

Step III: The remaining argument is essentially the same as the one presented in [4] with
the modification that it now applies to fractional Sobolev spaces of vector fields. We include
it here for completeness. We begin by displaying the complex interpolation scale of the
fractional Sobolev spaces of vector fields, and then use the two steps we proved above to verify
the assumptions of Schneiberg’s lemma [4, Theorem A.1]. Denoting the scale of complex
interpolation spaces between two Banach spaces Xy and X; by [Xg, Xi]p for 6 € (0,1), it is

well-known that

(Wi (R RY), W (RE R, = W (R RY)
for to, t; € (0,1) and pg, p1 € (1,00) with ¢ and p given by

1 1—-60 0
p Po P
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Now consider the spaces W' (R% R?) as points in the (¢,1/p)-plane. Choose (to,pio),
(t1,1/p1) so that (s,1/2) lies in the line segment joining them, i.e. so that there exists
0* € (0,1) such that

[Wior (RYRY), WP (RYRY),, = W (RERY)
By definition of the (anti)dual exponents ty, t}, pg, P},

[ (R RO, (AR RE R = (2R RO
for the same 6*. Note also that the spaces WP (R?% RY) and W»1(R% R?) lie on the same
line segment defined above. Thus, Steps I and II in tandem state that wl; 4 L is a bounded
linear operator from the complex interpolation scale [W'Po(R%R?), Wit (Rd;Rd)]a to
[[VV%’TJ6 (RE R, [WhP (RY; RE) ) . for any 6§ € (0,1), and it is invertible for some
0* € (0,1). We are now in a position to invoke the quantitative Schneiberg lemma, which
states that invertibility at the interior point (s, 1/2) of this line segment implies invertibility
on some open interval of the line segment containing the point (s,1/2). The width of the
line segment depends on the coercivity bound obtained in Step I and the continuity bounds
in Step II. The inverses obtained coincide with the inverse obtained at the point (s, 1/2)
on their common domains of definition. Finally, on every line segment through (s, 1/2) we
can choose an open interval of the same width containing the point, and they sum up to a

two-dimensional e-neighborhood of (s,1/2) in the (¢, 1/p)-plane, as desired. O

Proof of Theorem 5.3 when h = co. Let u € W%2(R%; R?) be a weak solution in the sense of
(5.2) corresponding to F € L?+:T%(R% RY) N L2 (R4 RY). Let € > 0 be as in Lemma 5.6,
and let p satisfy (5.3). Define t = g — % + s, and define t/, p" as in Lemma 5.6. We prove the
theorem by showing that the solution u lives in the space u € W?(R¢; R?) with appropriate
bound, and that the function | T*(u)|;»ge) < C'[[ullyy s (ga) - for some universal constant C.

The latter is proved for scalar functions in [4] and its extension to vector fields follows easily.
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To demonstrate the former we will use Lemma 5.6 and prove the estimate

||u||wt,p(Rd) < C( ||F||L2*s+5o(Rd) + [[F | 2. ®e) T ||u||wsy2(ﬂad)) : (5.7)

To that end, since u is a weak solution to the coupled system in the sense of (5.2), we write
(5.1) in the form
(wly+L)u=F + wu. (5.8)

in the dual space where w is as in Lemma 5.6 . Note that ¢t — s € (0,¢) by choice of ¢t and
by (5.3). Thus by Lemma 5.6, the operator wly + L : WH(R%; RY) — [W? (R4 RY)]* is
invertible, and by (5.8)

||u||wt,p(Rd) <CJ[F+ wu“[wt’,p’(Rd)]* ; (5.9)

provided the right-hand side is finite. We now show that this is in fact the case. Note that
t'p’ < 2s < 2 < d, and therefore by the fractional Sobolev embedding theorem and by choice

of t,
dp

Fllyes iy < CIF|rgay , 7= ———
1By gy < CIF ey Ry

The exponent r satisfies r > 2,_, with r — 2, as p — 2. Hence, for p satisfying (5.3) we

have r € (2,,,2,, + ). By the log-convexity of L? norms there exists 8 € (0,1) such that

IF | gay < ||F||§2*S+5O(Rd) ||F||;’i () and using the inequality a’b'=f < a+ b,
Il e < C (Il ooy + I o sy ) -

To control the (W *)* norm of u we follow a similar program. Treating u as a distribution
acting on functions in W** (R% R?) via the L? inner product, by Hélder’s inequality we
easily have ||ullyyep gay- < [[ullppgay- Since p € [2,2") we have by log-convexity of L?

norms

HuH[Wt’aP’(Rd)]* <C ||u||Lp(Rd) < C( ||u||L2(]Rd) + ||u||L2*S(Rd)> <C ||u||st2(Rd) )
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where the last inequality follows from Sobolev embedding. Combining the two estimates for

F and u gives
IF + @ gy oy < C(IF ety + 1Pl ooy + lyroeny ) - (5:10)

Thus, the bound (5.7) follows from (5.9) and (5.10). Putting together these inequalities we
obtain that

10 (@) ey < ey < C (1Pl eesiogany + 1Bl 2wty + oy ) o (5:11)

as desired. ]

Remark 5.7. One notices that in the course of the proof of Theorem 5.3 we actually
proved that weak solutions u of the coupled nonlocal system satisfy both higher integrability
and higher differentiability on a Sobolev scale. This self-improvement of solutions is of
independent interest that has been studied in [4, 49] for nonlocal elliptic scalar equations.

We restrict our attention to regularity of solutions in the scale of the Bessel potential spaces.

5.1.4 Higher Integrability When the Horizon is Finite

We now address the remaining case of the proof of Theorem 5.3 where the horizon 0 < h < oo,

and ¢, € (0,00). We begin with the following simple observation relating the bilinear forms

&y and E.

Proposition 5.8. For p € [1,00) there exists a bounded linear operator Py from LP(RY; RY)
to itself such that for any u,v € W2(R% R?), we have

E(u,v) = E(u,v) + / (Ppu(x), v(x)) dx.

R4
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Proof. We write

E(u,v)=¢ &

// () () - () - E=D v —viy)) - E2Y gxay,

x —y| x —y|

where k(x,y) = ¢y (1 — X5, 0)(|x — yl)) W is symmetric. Notice also that k is bounded

and has no singularity along the diagonal x = y. Moreover, it decays fast enough at infinity
that for a fixed x, the function k(x,y) is integrable in y. We may then apply Fubini’s

theorem, iterate the integrals and get

/Rd /Rd % y)ux) - uy)) - E= (v(x) - v(y)) - E=Y axay

x =yl [x =l
- [(- / ) gﬁiﬁf it - u(y) dy ) vix) ax.

We now define the operator Py : LP(R% R?) — LP(R% RY) as

P = [ ey SO ) < u) by, xR

It is clear that the operator is linear. To show that it is bounded, we notice that

P = [ ko) B EE = ) ay - Kixut

x —yl?

where easy estimates show that K(x) = [, k( %dy is a uniformly bounded

matrix-valued function. The first term, on the other hand, is a convolution type operator

and its magnitude is bounded from above by the function

ary+ [ul(x), where (&) = (1= xn,0 <\£|>)|£|d+2seL1<Rd>.

The boundedness of the operator P, on LP(R%; R?) now follows from Young’s inequality. [

Note that the same identity is true for the corresponding operators, i.e. Ly = ¢yl + Py.

120



Remark 5.9. It is now an easy corollary of the above proposition and Theorem 5.5 to state

that for 0 < b < oo, u € L*(R% R?), & (u,u) < oo if and only if u € W2(R% R?).

Proof of Theorem 5.3 when 0 < f < co. We begin with a solution u to the system of
nonlocal equations in the sense of (5.2) corresponding to F € L% (R R%) N L2+ (RY, RY).

Using Proposition 5.8, we can conclude that u satisfies

) = - (&) - [ (P vio)ax) = (7v)

Gy

for any v € W*%(R% R?), where we have defined Fy, = % (F + Pyu). That is, u solves a
nonlocal system corresponding to infinite horizon in the sense of (5.2) with modified right-
hand side data Fy. We can therefore apply all of the arguments in the previous subsection
so long as Py (u) belongs to the space [W# (R4 R%)]*. Since p € (2,2*) and u € L*” from
the fractional Sobolev embedding theorem, it follows from Proposition 5.8 that Py(u) €

LP(R?; R?). Moreover, by our choice of ¢ and p, we have the estimate

||Pb<u)||[wt’,p’(Rd)}* <C ||Ph(u)||Lp(Rd)
< (Pl gy + 1P (W) o ey )
< C (|lull p2(ay + [al| g2- (le))

< CHuHWs,z(Rd) .

We can now apply the higher integrability result in case of infinite horizon to conclude that

Y#(u) € LP(RY) with the appropriate estimates. That concludes the proof. O

5.2 Self Improving Properties of a Nonlocal Nonlinear

System

5.2.1 Introduction

As an application of the Fractional Korn’s Inequality (Theorem 4.1) we show improved

Sobolev regularity of weak solutions to a system of nonlinear nonlocal equations formally
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given as

L o(0)(x) = F(x), (5.12)
where the operator L} ¢, is defined as

X—Yy

x -yl

L)) i= [ =23 () )P D)) 2y

In the above 2 is a bounded subset of R¢ for d > 2, the functions F, u : R? — R?, and the

quantity D(u) is given by

Dw)(x,) = (u(x) —uly)) - =

We also assume that s € (0,1), p > 2, and that A(x,y) is a measurable function such that
a; < A(x,y) < as and symmetric in the sense that A(x,y) = A(y,x) for any x, y € R%.
Properly speaking, for a given vector field u € A35(Q2), the operator L; o(u) is a vector of

distributions acting on test functions ¢ € C5°(R%; R?) via

Ax,y)

L) = [ [ [P y)P Duey) - Plo)ey) T dyde. (513)

Let F € [X7(€2)]*, the dual space of X;(€2), be given. We say u € X;(Q) is a weak solution
to the nonlocal system 5.12 if for all ¢ € C5°(R%; RY),

(Lyau),0) = (F,¢)

where (-, -) is the duality pairing between [ (Q)]* and &7 (€2).
The second main result of this chapter is an a priori estimate for the self-improving
properties of solutions to the nonlocal nonlinear coupled system 5.12. The following is the

precise statement we will prove.

Theorem 5.10. Let s € (0,1), p > 2, and Q@ C R? be a bounded domain. Let F €
(255" (Q)]*, and let u € CL (:RY) N X2(2) be a weak solution to the coupled system of
nonlocal equations 5.12 corresponding to ¥'. Then there exists a positive constant €y such that

for all e € (0,g¢) the weak solution u belongs to W tP(Q). Moreover, for any n € C2(Q),

loc
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there exists a positive constant C' such that

1
I:/r]u]WS+E’p(Rd) S CHFHfXI.?lsfs(pfl)(Q)]* + C||u|

x5(9) -

To prove Theorem 5.10, we follow the approach in [76] and is close in spirit with the
technique of “differentiating the equation,” and finding relations between higher derivatives
of solutions and test functions in order to estimate derivatives of the solution. This is
possible for classical linear equations via integration by parts and transferring derivatives to
test functions. For a special case of the nonlocal system at hand, for p = 2, A = k4, (see
Chapter 2), and Q = R? we can demonstrate this easily. First notice that we can write the

operator ILj , in Fourier symbols as

F(Ljpo)(€) = (27]¢])” (ﬂ+ 2s¢ ®5) ;

138

2
(L3 gau, (—A) @) +((—A)*u, L gap) —((—A)"u, (—A)%p) holds, where for any o the operator

see [29, 57]. Then for ¢ > 0 small, via Plancherel’s theorem the equality (szgdu, ) =

(—A)%p is the a-fractional Laplacian. When working with the nonlinear “regional” operator
¥ o(u), such a clean transfer of derivatives to the test function is not possible. However, as
has been done in [76] one can measure the price of transferring the derivatives by estimating
the resulting commutator. Unlike [76], the estimates we establish are based on the smaller
[]xs norm, leading us to write some arguments closely resembling those in [76]. Afterward,
we use the fractional Korn-type inequality (Theorem 4.1) to conclude that the estimates are

also valid using the larger semi-norm [y s.».

5.2.2 Preliminaries

Given a ball B C R with radius r, kB represents a ball with the same center but with
radius xr. Note that for a given u € &7(2B) and n € C°(2B) with n = 1 in B, the function
nu € X5 (R?). Moreover,

[nu]X;(Rd) < CHUH«Y;@B)
for a constant C' independent of u.
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We also recall that for u € X;5(Q2), we have that L? (u) € [A;(Q2)]*. Indeed, by (5.13)

and Holder’s inequality we have

(L o), 9)| < Clulxs@)[@las@), forall g € X7(€2).

More generally, for ¢ € (0,1), we define the dual norm of L5 o (u) in X;(Q) by
”LZ,Q(U)H[QE;(Q)]* = Sgp [(Lye(u), o),

where the supremum is taken over all ¢ € C°(2; R?) such that [¢] xtrd) < 1. The fractional

Laplacian (—A)%u is defined as
(=8)"u(x) = coa FH([E[7F (),

where ¢, 4 > 0 is a normalizing constant.

The fractional Laplacian has a quasi-local behavior that has been quantified in the
following estimates: Let p,q € [1,00] and s € (0,1). For any €; and s be bounded,
disjoint open sets such that p := dist(€2;,Q23) > 0 and for any ¢ € C>*(R%),

1(=2)* (x| gy < P~ P10 0]l Lqy) - (5.14)

This is established in [74, Lemma A.1]. We also state the following technical lemma — in a
form needed for our purposes — that summarizes the action of the fractional Laplacian as a
potential. The result in this lemma is contained in an inequality in [76], but we will give the

proof here for the sake of completeness.

Lemma 5.11. Let p,q € [1,00] and s € (0,1). Let e € (0,1 — s). Suppose that B C R?
is a ball, p € C*(4B;R?) with [plasremay < 1, and n € C(6B) and n =1 on 5B. Then
the function n(—A)Zp € CP(6B;R?), and there exists a constant C' > 0, independent of ¢
such that

Ep

[1(=2)2 ] yomctr-1) gy < Cle]agepay - (5.15)
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Proof. Adding and subtracting n(y)(—A)7 ¢(x) we have

ep

[n(_A) 2 (p]p st(pfl (Rd)

/ / —A)%p(x) = n(y)(—2)Fe(y)) - £

x — y|dts—=-D)p

n(x Y)PI(=4)7 (%)
[( A) SO]WS e(p— 1)de "‘C/Rd/Rd |X— |d+s€p D)y dXdy

=I1+1I.

We estimate the first term [ first. We will use the following identity that relates Riesz and
Bessel potentials, which can be found in [86, Lemma 2, Chapter V], that there exists a finite

measure i that depends on € and p such that
(—A)Fp=(1-2)%(p * ).
Using the fact that the operator
(1- A)% L srep(RY) = emse-Diepe(RY) y pyre—e-Dp(RY)
is an isomorphism [86, Theorem 4’, Chapter V], we have
I < Clle * pllyyeresgay -

Now by Jensen’s inequality and Fubini’s theorem,

p o p)(x) = (0 * )l
/Rd /]Rd ‘X — |d+ (s+e)p dx dy
g 1
/]Rd /Rd /Rd (SD(Z X) (’D(Z Y)) ,u(z) —Y|d+(s+5)p xXdy

|x
_ —v)|P
< Rd p— 1/ / / Z X (Z Y)| d d d
g R JRd JRA |X—Y|d+ (s+e)p ple) dxdy

M(Rd) [SO]WS-FE P (R4) *

125



Similarly,
lo * ullze < n@®DPIolls < Cu®RDP[Ey s gy

where the last inequality follows from a Poincaré-Korn type inequality, Corollary 4.10, where
C depends on the support set 4B, p, and €. Combining the above two inequalities and using

the fractional Korn’s inequality we proved we have that,

I < Cu®) (el

X9+E (Rd)

To estimate the second term I we proceed as follows.

YIPI(=2) % p(x)
1< C/Rd\m/ ’X y|d+(s o) PRIE oy dy+0/ / -dxdy

S p(x)|P
<C - dxd
Il /]Rd\7B/B ’X_Y|d+(s -1 Y

ERaeli
+C||vn||L°°/ / ’X— |d+(5 e(p—1))p dXdy

p

<cf-as

<
LP(Rd) — ¢ H (’0

ste(pfl),p(]Rd) ’

We repeat the argument used to bound I and get that

11 < C ||90||Ws+sp (Rd) = < Cﬂ(Rd) [SO]XS+E(Rd)
where again we have applied the Poincaré-Korn and fractional Korn inequalities. Thus 5.15

is proved. [

Lemma 5.12. Let  C R? be an open set, and let s € (0,1), p > 2. Suppose u € X;(Rd)
such that suppu CC €. Then there exists a sequence (u,) € C®(2;R?) with the property
that

u, > u  n X;(Rd)

as n — 0.
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Proof. The sequence u,, will be obtained via mollification. Let ¢ € C°(R?) be a standard

mollifier, i.e.

$>0, suppo C By(0), P(x) dx =
Rd

For any 0 < %dist(supp u, R\ Q), introduce ¢5 € C=°(R?) by ¢5(x) := (Sidgb (%) Then take
Us := U * @5 € CCOO(Q,Rd)

Extending the vector fields with value zero outside of €2, we can easily show via basic estimates

that ||u, — u]

X;(Rd) — 0 as (5 — 0. O
The following is an adaptation to our setting of the interpolation lemma proved in [76].

Lemma 5.13. Let B C R? be a ball . Then for any § > 0 and any u € X;(4B), we have
that

C . 4 dlam —sp
[u]’jys(B)S(Sp[u] (4B)+5 <sup(va4Bu,¢>) +C - 1 / lu(x)|P dx,

where the supremum is over all ¢ € C>*(2B;RY) and [¢]xsmay < 1. The constant C' > 0
depends only on d, s, p, and the ellipticity constants oy and as. Moreover if sg > 0, and

s € (sg,1), then the constant C' can be made dependent on sy instead of s.

Proof. Let n € C°(2B), n =1 in B be the usual cutoff function in 2B.
Define

Y(x) =nxux),  ex) =)

Then

[Vlayme) + [Plagme < Cllullyszp) - (5.16)

By definition of ¢) and using the lower bound on K we have

K(x
Xs <a1//|D (x,y)] ‘ <|d25pdxdy

<o [ [ Pyl 00 T axay.
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We now use the following algebraic identity: for a, b, ¢, d real numbers
(ab — cd)* = (ab — cd)(a — )b+ ab(c — a)(b — d) + (a*b — d)(b—d) .

we can thus expand (D(¢))(x,y))? as

(D)) = (1) = 1y )P x )i - Y=

+ (n(y) = n(x))D(w)(x, y)¥(x) %

+ (D) (%, ¥)(D(u)(x,y))

Now, by adding and subtracting the appropriate quantities and splitting the integral
accordingly, we have

[u]’jw(B) <(L,ipu,p) + 11 + I,

P

where

D)o )2 n30) = ()| D)) ) - 22|

|X _ y|d+sp

D), y) [ Iny) = )] [0(x) - 224
I, :=A dxdy .
? /43/43 x—y ‘dJrSp i

Note that since the vector field ¢ € X*P(R?) and since supp¢ CC 2B, by the density of

smooth functions proved in Lemma 5.12

<LZ,4BU7 @) < 51(1151)(]14;,43“7 )¢l X3 (RY) <C SI;P@ZABW o) |lu] X5(4B) 5

where the supremum is over all ¢ € C>*(2B;R%) and [QS]X;(RGL) < 1. As for Iy, using the

estimate that ||Vnl|,;. < Cdlam(B),

s < i / / D) eyt PG ]

|x —y |t
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Let to =1—s. Then d+sp—1=d+ s(p—2)+ s —ty, and Holder’s inequality with ¢ = z%’
q' = £ implies that

. (x, y)l” > D)%, y)||u( )|
I, < Cdiam(B / /B x_y dx dy

d(p )+s(p—2) | y| +5 2

2/p
p/2 p/2
< Cdiam(B) ' [ufy?,p, < / / (x, y|J+sp|ut(2p)| dx dy> _

IXy

Applying Cauchy-Schwarz to the last integral,
1/p
h < Caim(B) il ([ [ o dxay)
Thus, since t5 > 0,
| / i |X_ |d — dxdy < C (diam(B)"" [ul, yp
Using again 5.16, the final estimate of I; is

I, < Cdiam(B)™* ||u| 4B) HuHLP (4B) -

The integral I can be estimated the same way as ;. Therefore,

X;(4B) + diam(B)_S

s 1
[uyep <C (sgp<Lp,4Bu,¢>IIUI 4B) ||“||Lp(4B>) )

where the supremum is over all ¢ € C®(2B;R%) and [¢] xsrey < 1. From the last estimate

we apply Young’s inequality to obtain the result and conclude the proof. O

5.2.3 Higher Differentiability of Solutions

In this section we prove the main result of Section 5.2. Before presenting the proof, we state
a commutator estimate that is an adaptation of the commutator estimate established in [76].
The proof of the theorem is essentially identical to the result given in [76], and we omit it

here.
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Theorem 5.14. Let s € (0,1), € € [0,1—s). Take B C R? a ball or all of R?. Letu € X3(B)
and ¢ € C>(B;R?). For a certain normalizing constant ¢ depending on s, p, and & denote

the commutator

Re(u, ) := (L j5u,¢) — (L pu, (=A)> ).

Then there ezists a constant C. = C(s,p,e,n, ) > 0 such that

|R(u, )] < Cee [U]ZEL(B) [@]x;“(u@d) :

Moreover, C. is monotone increasing in €. That is C. < C,, for any 0 < € < gg.

Proof of Theorem 5.10. Let g CC Q CC Qo CC 2 be given, and n € C°(€2;) such that

n=11in Q4. Let 1 = nu. The proof of the theorem will be done in two steps.

Step 1. In this step we establish that there exists g9 € (0,1—s) such that for any 0 < & < &,

we have

) g < € (I

—1 s ~
x5t (R ]/’)’(;(Rd) + HLp,QzuH[;"(Iffs(l’*l)(m)]*> : (5.17)

We apply the technique and the argument in [76]. First notice that since the support of

p—1 - p—1
X TERY) 2T

(Bi)_, C Qg so that Ufj:l By, D Q. We also may assume that Ufj:l 108 C Q9. Then we

is contained in §2;, we have that |||

|al Next, find finitely many balls
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have

[l

XS+8(Q)

// (x)) - |yx|!”dd+// u(x)) - |yx||pdd
O ‘y _ X’dJr (st+e)p e ‘y _ X‘d+ s+e)p
// 09) - = "'|pd dy +// dx dy
B, |y_x|d+ (s+e)p % Jovas |x y|d+(s+s)
SZ/ / 6~ = x||”dxdy
~ Js5, I, |y_X’d+ (s+e)p

(%)) 2=
—— dxdy + C. |Juf}
/Q\QBk /Bk |y X|d+ s+e)p € Lr(Q)

a7 +C(e) [allZr o

X5TE(2By)

<

WE

b
Il
—

This is because the second term on the second line and the second term on the third line
have disjoint support in the integrals. When using the constant C'(¢) we are emphasizing
that the constant depends on ¢, and it may also depend on other quantities.

Using Lemma 5.13 and the fact that the union of the finite number of balls By cover no

more than €2, we get for any 6 > 0

N »
/ s - p—1
60y < P gy + 06 2l + €30 (supsf,.0))
k=1
where the supremum is over all ¢ € C>°(4By; R?) with [¢] asrerey < 1. Choosing 67 = 5 and
by assumption on u we can absorb the first term in the right hand side towards the left hand

side to obtain the estimate

p
—1

||ﬁ| I/JY';JrE(Q) S C(S) ||u||}[7,P(Q) + CZ (Sgp<L;:g€Bkﬁ7 ¢>) )

k=1

=

131



where the supremum is over all ¢ € C°(4By; RY) with [¢]X;+E(Rd) < 1. With Theorem 5.14,

ep

adding and subtracting (L, g3p @1, (—A)2 ¢) we can estimate by

P _ ~
< Cre) [l + 277 Cale) [ e

+03- (s {@anm 27| 1)

where the supremum is over all ¢ € C°(4By; RY) with [¢)] xs+erdy < 1. Notice from Theorem
5.14 that for g small enough, we have that Cy(e) < Cy(ep) for all € € (0,¢) and therefore we

can absorb the right-hand side term involving [[al[... @
P

on the left-hand side for ¢ € (0, &).

The estimate becomes

[l

N .
- cp Pt
rree) < OO [ullze +; (Sup{’ Lpsn,m. (—4)2 M}) |

where the supremum is over all ¢ € C°(4By;RY) with [¢] xstemay < 1. Now for a given
¢ € C°(4By; RY) such that (@] xs+eray < 1 and for each 1 <k < N define

¢ = pk<_A)7¢’

where pp € C°(6By) and py, = 1 on 5Bg. Then by Lemma 5.11 we have that & € C°(6B),
and
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Now, since the support of (1 — px) and ¢ are disjoint we can apply the quasi-local behavior

of the fractional Laplacian described in 5.14 to obtain

Hv(u—pwcfn%¢)

HLDO(8Bk)

<[-voe- o]y, + - p0-0F|
L>(8By) Lo (8By)
1+¢
<o lli- N (5.19)
- Ck H( “LOO(GBk\5Bk + Ck H( HLDO(SB;C\SBk)

< Cdiam(By,) %" EP|4Bk| ||¢\|Lp (g, + diam(By)~ —d-1- 57"|4Bk\

< Cil@lapremay »

Nl

where we have used the Poincaré-Korn and fractional Korn inequalities. As a consequence

of 5.18 and 5.19, an application of Hélder’s inequality gives us

(L5 s, (—2) 6 - @\

v
< HV( 1 — p)( HLOO (85,) /Bk /Bk x — y|d+sp — dxdy
p

< Cla ]Xs (8By) (/Bk/Bk |X—y|d+PS 0 dxdy> < Cla ]Xs (RY) -

With the above, adding and subtracting (L; 35 @1, ®) and using the properties of ® shown

above, our estimate becomes

T

C'{|ull}

X (R4)

p

+ Z (Sup {‘(L;,SBkﬁ’ 77/)>{ CY € Cso(GBk;Rd)v [¢]X;—s(p—1)(Rd) < Ck;}) p—1 .
k=1

Lastly, we need to transform the support of the operator £ from 8By to €. Since suppy C
6By, the disjoint support of the integrals gives (using Hoélder’s inequality and then the

133



Poincaré and Korn inequalities on the v integral)

N V)P DW)(x,y)l
LS g 10, 00) — (L2 o 1, 4)) <2/ / dx dy
’< P8By ) < P02t ’ Q\8B;, J 6B, |X Y|d+8p

— [u]xs(Rd)[w] s—e(p— U(Rd)

Therefore,

< C|ualf?

Hﬁ’ is+s Xs Rd

/

Sup{ pQgﬁa ¢>| : w € Cgo(6Bk7]Rd)7 [w]xs—f(P—l)(Rd) < Ck})p

< ¢ (|l

Step 2. In this step we estimate the right-hand side of 5.17 in terms of the dual norm
of F and ||u|

Ejz

e + Lpo, 87 o) -

x3(0)- By computation it is not difficult to show that [G]ysre) < Clluflxs@)

Moreover, one can also prove that

|| p,QQ ||p s e(p— 1)(Q — ||F||p a e(p— 1)( + ||u||p;(Q)

Indeed, this is possible to show by using the same argument as in [76, Localization Lemmal]

and in fact prove that for any ¢t € (2s — 1, s) we have

s ~ s -1
L5 0l g < © (M guligion + Iulisto, ) -

The proof is complete. O
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Chapter 6

Strong Solvability for
Peridynamic-Type Equations

6.1 Introduction

In this chapter we report a solvability result for the strongly-coupled system of linear

equations )
dpu(x,t) + Lu(x, t) = f(x,1), (x,t) in R x [0, 7],
u(x,0) = uy(x), x in R?, (6.1)
kﬁtu(x, 0) = vo(x), x in R?,

where the vector valued operator L is given by

—Lu(x,t) = P.V. /Rd <%> (u(x +y,t) —u(x,t) —e(u)(x,t)y X(S)(y)) p(y)dy. (6.2)

The function x®) is defined as

e

0 if s € (0,1/2)
X)) =S 1, (y) ifs=1/2

1 if se(1/2,1),

\
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and e(u)(x) denotes the symmetric part of the gradient matrix given by
1
e(u)(x) = 5 (Vu(x) + Vu(x)T).

We also recall the operator defined in (2.1) in Chapter 2, denoted here as

A)® = fds (YO (4(x —u(x
— (—A)%u(x) :=P.V. /le pRPEE ( p=p ) ( (x+y) ( )) dy . (6.3)

The kernel p that we will consider comes from two classes.

Class A: Integrable kernels: p is a nonnegative integrable function in R?. That is,
p(y) € LY(RY). In this case, in the definition of L in (6.2), we take x*)(y) = 0. Integrable
kernels commonly used in applications have compact support.

Class B: Nonintegrable kernels: p is a nonnegative singular kernel that is comparable

to |y|~%72. More precisely, we assume that the kernel p is of the form

m(y)
p( ) = b’|d+2s Ar(y)7
where for some 0 < r < oo the set A, := AN B, is a truncated double cone A := {x €
R? ﬁ € I'U —T'} corresponding to a given measurable subset I' C S¢~! that has positive

Hausdorff measure, and the positive measurable function m : R? — [0, 0o) satisfies
0<ag <m(y) <ay <0,

for positive constants «; and as. We also assume that when s = 1/2, p satisfies the

cancellation condition

/a viyyep(y)do(y) =0, Vi, 5, ke{l,2,...,d}, VYu>0. (6.4)
By,

Note that (6.4) is always satisfied when m(y) is an even function.
To show well posedness of the time dependent problem, we establish the solvability of

the linear system

Lu(x) 4+ Au(x) = f(x) in R, (6.5)
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which is the first main goal of this chapter. The constant A is nonnegative and the operator
L is assumed to possess a kernel from one of the above classes of kernels. For operators that
use kernels in the nonintegrable class, we prove the existence and uniqueness of a strong
solution in the Bessel potential space u € H?? corresponding to data f € L? satisfying
(6.5) almost everywhere. Further, when L = (—A), for each f € LP there exists a unique
u € H*? solving (6.5). These and other results will be precisely stated in Section 2. The
proof of the strong L? solvability result for the equation (6.5) is proved in Section 3. Section
4 contains the proofs leading to the strong L? solvability for 1 < p < oo of the equation (6.5)

when the choice of kernel p(y) = |y|~972% is used. In the last section we show well posedness

of a wave equation closely resembling (6.1).

6.2 Statement of Main Results

Before we state the main results, let us establish notation and define the relevant function
spaces. Euclidean balls of radius 7 centered at xg are denoted B, (xg) := {x € R?| [x — x| <
r}. If the center xq is 0, or if the center is clear from context, we omit it and write B,. We

denote the Fourier transform F by

-~

FIE) = (&) = / () ax.

We write the LP(€2)-norm of a function as the standard ||-[|,q,, with abbreviation |||,
whenever the domain of integration is all of R%. Let S(R?) and S'(R%) be the space of
Schwartz functions and tempered distributions, respectively. Denote the space of R%-valued
Schwartz vector fields by [S(Rd)}d, and its dual by [S’(Rd)}d. For p € (1,00) and s € (0, 1),

the Bessel potential space is given by
[H%mWﬂ%:{uepuwnﬂ(@+mﬂg%ﬁYe[mmwﬁ},

with norm

Hﬂmw:H«HAfmﬂﬁy

Lp
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Define the homogeneous space
(27 (RY)] = {u e [S®)]"| ((4mlef)a) = (-ayue [Lp(Rd)}d} ,

and denote the semi-norm [u]yzer@ey = [[(=A)"ul,ga . Since 1+ (47°[€]%)" can be

controlled by (1 + 47%|¢[?)” and vice versa, we have

HuHHZsm ~ ||u||Lp + [U]H2s,p .

With these notations and definition at hand, we can now state the first result of the chapter.

Theorem 6.1 (L? Solvability for general nonintegrable kernels). Suppose that p is in Class
B. There exists a constant \g = Xo(d, s, A, r,a1) > 0 such that the following holds: For
A > Xg and for any f € [LQ(Rd)}d there exists a unique strong solution u € [HQS’Q(]Rd)}d to

the equation (6.5) satisfying the estimate
(=)l 2 + VA[(=2)u| . + (A = Xo) [ull 2 < CI]] 2 (6.6)

where C' = C(d, s, \,a1) > 0.

For the solvability of the system corresponding to kernels in Class A, we have the

following result.

Theorem 6.2 (L? Solvability for general integrable kernels). Suppose that p is in Class
A. Then for any A > 0 and for any f € [LZ(]Rd)}d there exists a unique strong solution
ue [LQ(Rd)]d to the equation (6.5) satisfying the estimate

Mullpz < ClIEll 2, (6.7)

where C'= C(d, p) > 0.

L? solvability of problems of the type (6.5) have been considered in [29]. There, the
H?%? regularity of appropriately-defined weak solutions of (6.5) with A = 1 and p positive

and radially symmetric was obtained via the Fourier transform and inverting the positive
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definite operator IL 4 I, where I is the d x d identity matrix. Without much difficulty, the
same technique could be used to prove existence and uniqueness of strong solutions of (6.5)
with p positive and radially symmetric. Here, we prove this result of well posedness — but
for a wider class of kernels — using the Fourier transform in a slightly different way, via
a priori estimates and the celebrated method of continuity [48]. The novelty here is that
no symmetry assumptions of any kind are made on the kernel. We also assume that the
kernel can vanish on a substantial set, specifically outside of a double cone whose apex is at
the origin. This work may begin the mathematical analysis for a system of equations that
potentially model anisotropic interactions in materials, generalizing the model equations in
[29].

The LP theory, on the other hand, for systems of equations of the type (6.5) is relatively
unstudied. In Chapter 3, the Dirichlet problem for equations resembling (6.5) was studied,
where we used Hilbert space techniques to prove existence and uniqueness of weak solutions
satisfying a complementary condition (a “volume constraint problem” in peridynamics). In
this chapter, in place of weak solutions, we consider strong solutions solving an equation
almost everywhere. The equation is also posed on all of R? rather than on a bounded

domain. The Fourier matrix symbol associated to the operator L is

M(€) = /R ) <y|f|)2y) (¢ —1—2m& - yx“(y)) p(y)dy, (6.8)

which in general lacks the differentiability necessary to apply classical multiplier theorems.
The LP results obtained here are for the specific kernel |y|~¢=2%. This choice of kernel allows
for the use of Fourier multiplier theorems, specifically the Marcinkiewicz multiplier theorem.

The following theorem states the second main result of the chapter.

Theorem 6.3 (LP Solvability for Specific Kernels). For 1 < p < oo and corresponding to

any £ € LP and for any A\ > 0 the equation

o

(-AYu+iu=f inR? (6.9)
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has a unique strong solution u € [st’p(Rd)]d satisfying the estimate
Jall goes < ClIEN L (6.10)

where C' = C(d, s,p,\) > 0.

We finally remark on the case of scalar operators related to L, for example

Lux) = PV. [ (ulx-+y) = u(x) = V) (3) )oly) dy-

Rd

The operator L is a nonlocal elliptic operator associated to a stochastic process called a
Markov jump process, or specifically a Lévy process. For instance, see [5] for some earlier
work. The solvability in Sobolev and Holder spaces for parabolic equations associated to
the elliptic problem Lu + Au has been considered in [64] via a probabilistic approach. Lévy
processes were studied using Fourier multipliers in [5]. The Fourier multipliers studied in [5]
are quotients of symbols consisting of integrals. Because of their particular form, a priori
estimates for solutions to scalar-valued equations are easily obtained as a corollary. However,
the results of [5] do not directly apply to the matrix symbols necessary for the analogous a
priori estimates of solutions to (6.5), as matrix inverses take the place of quotients in the
symbols.

The work in this chapter is inspired by the paper [25] where it was shown that the
equation Lu + \u = f is LP-solvable, with p merely measurable and satisfying a certain
cancellation condition. The result was obtained via mean oscillation estimates of u, which
are used effectively in the method developed in [48] to treat second-order linear elliptic and
parabolic equations. These mean oscillation estimates of u were obtained using maximum
principle techniques coming from the study of viscosity solutions to fully nonlinear nonlocal
equations; see [6]. For the system (6.5) an analogous L solvability result remains unclear.

The maximum principle techniques in [25] do not apply to systems of the type (6.5).
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With Theorem 6.1 and Theorem 6.2, we show the well posedness of the nonlocal

hyperbolic system of wave equations

4

Oyu+Lu+ A u="f, (x,t) in R? x [0,7],
u(x,0) = ug(x), x in RY, (6.11)
ou(x,0) = vo(x), x in RY,

Well-posedness of systems of the type (6.11) have been established via techniques of
differential equations as initial value problems [17, 28, 31, 32, 35, 51, 52], but here we use
the approach of semigroups and the solvability of the associated elliptic steady-state system

(6.5). The main existence and uniqueness result we prove is the following.

Theorem 6.4. Let T > 0, and let f € C! ([O,T]; [LQ(Rd)]d), uy € [H%’Q(Rd)}d, and
vy € [HS’Z(Rd)}d. Suppose that p is an even function that is in Class B. Suppose that \ is
a nonnegative constant satisfying X > \g — 1, where Xy is the constant appearing in Theorem

6.1. Then there exists a unique solution
uec ([0, T]; [st’z(Rdﬂd> ne! ([o, 1], [Hsﬂ(Rd)}d) ne? ([o, 7); [L2(Rd)]d)

to (6.11). In the case that f(x,t) = fy(x), then the solution u additionally satisfies the

conservation law

(O + [ [ olox=y) ((u(x, H-uly,0) ) dy dx

x—y]
M) +2 [ (B u(t) dx

ol + [ [ ox=v) () - () ﬂ) dy dx

Ix -yl

(6.12)

Ml sy +2 [ (o) dx.
R

If Ao < 1, then X\ can be taken to be 0.

An analogous result when p is radial and integrable can be found in [29].
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6.3 L? solvability

In this section we will use the method of continuity to prove the solvability of the coupled
system of nonlocal equations. The general result of the method of continuity is stated as

follows.

Proposition 6.5 (The method of continuity). Suppose that X is a Banach space and V' is
a normed space. Suppose also Ty, Ty : X — V are bounded linear operators. Assume that

there exists C' > 0 such that for T, = (1 — t)Ty + tT1 we have
|z|lx < C||Tix|ly, Vte0,1],Vz € X.

Then Ty is onto if and only if T} is onto.

In our case, we take the operator T} to be L 4+ Al, where L is as defined in (6.2). In the
case of nonintegrable kernels, Ty will be al(—ﬁ)s + A for some appropriately chosen A > 0,
since the solvability of the system a;(—A)*u + Au = f in [H 2572(Rd)]d is well-known, see
[29] or Theorem 6.3 for p = 2. For the case of integrable kernels, we take the operator T} to
be the same operator I + Al but one with radial kernel where invertibility of the operator
will be proved. In both cases, in order to apply the method of continuity we need to show

boundedness of the operators and obtain a prior: estimates for the corresponding operator

1;.

6.3.1 The Nonintegrable Case

Let us introduce the parametrized linear operators

Lo = V. [ (Y5 (et y) - a0 - =)y () ) .

and the kernel p; is defined as

pu(y) ==tp(y)+(1— t)wﬁélﬁ~
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Notice that —LLy = ozl(—ﬁ)s and L; = L. In order to use the method of continuity, we
need to show that the operators Lo, and LL; are bounded from [H?*?(R%)] ?to [L2(R4)]  and
establish the a priori estimate for solutions of Lyu + Au = f for ¢ € [0, 1]. First let us prove

that the operators are continuous.

Lemma 6.6 (Continuity of the parametrized operator: nonintegrable case). Suppose that
p is in Class B. Then for each t € [0,1] the operator L; : [HQS’Q(Rd)}d — [L2(Rd)}d is
continuous. More precisely, there exists a constant C > 0 such that for allt € [0,1], and for

allu € [S(Rd)]d we have the estimate
[Leafl 2 < Clul e - (6.13)

Proof. Recalling that the symbol of L is the matrix symbol M(&) given by (6.8), to prove

continuity it suffices to show that there exists a constant C' = C(d, s, ap) such that
ML (€)] < C(2l€])*, (6.14)

where M (€) is the matrix symbol associated to L. To that end, if s € (0, 3), by definition

y®y Ty * : —ad—28
M, (§) = /Rd ( e ) (e® ve_ 1)p¢(y) dy. By using the upper bound p;(y) < awly|~*2,

we obtain
1

IM:(§)] < az /Rd Ty

Now a simple calculation shows that [e*™¢ — 1| = {/2(1 — cos(2my - £)). Using this and by

eFmyE 1‘ dy.

making the substitution h = 27 |€|y, we obtain

IM(€)| < az /Rd W%\/Q(l — cos(27y - §)) dy

2
< ap(2n|€])* /Rd |h|d%\/l — COS (h- |§—|) dh.

Notice that the last integral is uniformly bounded in &, since 1 — cos(a) = |a|* for a near 0

and s < 1/2.
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When s = 1/2, we have by the cancellation condition (6.4) on p that

M,(€) = /Rd (y @ y) (emyf 11— 2omE- y]lBl/(Z,,lg)(Y)> pi(y)dy .

|y [?
Then by the same substitution h = 27|€|y we have

M(E)] < o | i (11— con(2ey - )]+ [ sin(2ny - € = 27€ ¥ L, 1, (¥)]) Ay

i [0 (s (€ i (. )€
< oserle)* [ e ([ o ()| + o (- 5) = - ptme])

< C(2n(g])™.

The integral is again uniformly bounded in £ since |sin(a) — a| ~ |a|® for a near 0 and since
the term % -hlp, (h) vanishes for |h| > 1.

When s € (%, 1), again by using the upper bound on p and then making the substitution
h = 2wy,

IML(&)| < an /Rd W% (|1 — cos(2my - €)| + |sin(2my - £) — 27y - §|) dy

1
_ 012(27T|€|)28/Rd ‘h‘dJrQS(‘l — COS (h %)’—{— sin (h %) —h é—|‘>dh

< C(2r)g])*,

since the integral is once again uniformly bounded in &. O]

The next theorem gives us a priori estimates for solutions of the system that imply
uniqueness of strong solutions. It is also the key estimate to implement the method of

continuity to prove existence of a solution.

Lemma 6.7 (A priori estimates for parametrized operator: nonintegrable case). Suppose
that p is in Class B. Let A > 0 be a constant and let f € [LQ(Rd)]d. Suppose
u € [HZS’Q(]Rd)]d satisfies the equation Lyu + Au = f in R%. Then there exist constants
Ny = Ny(d, s, A, a1) > 0 and Ny = Na(ag, A, r) > 0 such that

I ull e+ VA (=2)"2u]| o + A full e < Ny (1E] + N2 ). (615)
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As a consequence,
I(=2)ull = + VA(=2)ul| o+ (A = NiNo) [l 2 < Ny ]l - (6.16)

Proof. Using the continuity of L;, Lemma 6.6 and the fact that [CCOO (Rd)}d is dense in
[HzS’Q(Rd)]d, it suffices to show (6.15) for u € [C?(Rd)}d. To accomplish this, we introduce
the modified kernel

o tay i ) y e ANCB,,
p(y) == pu(y) + [ XA, (v) =
Y p(y) otherwise,

and the associated operator L; i. e. IL; with p; in place of p;. Note that

~ « ~ (0%
pt(y> 2 O on Rd7 W S pt(Y> S |y|d3‘25 for y S A7t € [07 1] . (617)

Then we have that

]itu(x) = Liu(x) + /]Rd < |§,§|2 ) (u(x +y) —u(x) —e(u)(x)y X(s)(y))—m1 ifﬁ;ﬁg;(y) dy

= Lyu(x) + /Rd <y|§§|>2y> (u(x +y)— u(x)) fon Larcs, () ﬁ;ﬁ;ﬁi () dy

= Lyu(x) + Liu(x) .

<
<

The second equality follows from the definition of the function x*(y), the cancellation
condition (6.4), and the fact that the function 1,¢p (y) is an even function. It follows

by the triangle inequality that

Loa+ | | < JLou+ oz + [Lful] s (6.18)
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The operator L{u(x) has a Fourier matrix symbol that belongs to [L"O(Rd)]dXd, and is

therefore bounded from [L*(R?)] “to [L2(RY)] ? To be precise,

y ® y e27my-£ -1 R
o | ( ) dy (¢)
ants, \ Y2 |y |dt2s

> —1-2s 3
< 20, /(FU_F)da(u) / 2 dr [G(E))
= NoJi())],

Liu(é)| =

where do is the surface measure on S, Thus, ||L¢u||;, < N3|lul|z2. Next we need to show
that
M|

Lo+ | > [1(=8) alle + VA[(=2) 2| o + Al (6.19)

Note that

and thus to show (6.19) it suffices to estimate the first two terms. To that end, we begin

~ 2 ~ ~
Lo, = [ [EPax [ (Lua) dxr Xfuli,
L2 R4 Rd

writing p; as a sum of its even and odd parts:

=TT B = 3G+ AN, R = 53— Ay

py satisfies the same assumptions as p;. Let IE? and IE? be the operators with kernels pf and

72 respectively. Observe that L, = L¢ 4+ L? and that for any u € [C?(Rd)}d we have

/ <]’12§u,1'£,§u> dx = 0.
R4

Thus,

[ Earax> [ EueoPac= [ (TP e = [ e de.

where

() = [ (2F) (1 - costzny - )7 dy-

lyl?
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For every & € RY, the matrix Mf({) is symmetric with real entries, and therefore, the least
of the eigenvalues of Mf(f) is given by min,cgi—1 VTI\\7JI§(£)V. We will estimate the smallest

eigenvalue from below as as function of £&. By making the substitution h = 27 |€|y, we see

that
~ y |?
; TNTE — i — . A
Jmin VIME(§)v = min /Rd (1= cos(2my - €)) |v 31| A dy
1 — cos(2my - ?
> min a1/ ( EHQy 5)) V'—y dy
vesd—1 A |y‘ 8 ’y’
1 — cos (27Th- i) 2
. 2s €] h
— 2 -—| dh
min, a1 (2m(€]) /A TVGEES MY

= vgéﬂrh o (27r\€|)28\1! (é—| ,V) ,

2

dh. The

1— 2rh - h
where U : ST! x S71 — R defined by ¥(n,v) := /A C|OE|EI+ZS ) ‘V o

lower bound pf(y) > ay can be used since the integrand is nonnegative. Since A is a double

cone with apex at the origin, ¥ is a positive function. W is also clearly continuous on
the compact set ST! x S1 so there exists a positive constant C' = C(d, s, A) such that
. \l;religrdl—l U(n,v) = C > 0. We use this to estimate the least eigenvalue of the matrix. We
conclude that for any £ # 0, we have Vreréidr}l VTM§(€)V > C(2r|¢ ])28. We also use this lower
bound to estimate the smallest eigenvalue of (M¢)T(€) M¢(€) from below. Since ME(€) is
symmetric,

min vT(M)T(&) M¢(€)v = min{3 : 3 is an eigenvalue of M¢(£)}

veSd—1

> O(d, s, A, an)| (271€)) [ .
Therefore,

/Rd L dx = / (VI (€)T(e), M (€)a(8) ) de

sof
R4

) (6.20)
(2rl€]) ()| dg = C ll(-a)ulf}. .
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Similarly, by applying Plancherel’s theorem and noting that the matrix

i) = [ (Y5F) (contene -y - D) dy

is symmetric,

/Rd <ﬂtu,u> dx = /Rd <i;,ﬁ> d&
— / 3%<th;,ﬁ> d¢
R4
- [ (@) ) ae
> [ [P min vTM,(€)vd
Rd ve

>c [ | Crig) lae)Pae.

It then follows that
/ (L) dx > c/ (—A)2ul? dx. (6.21)
Rd Rd

The result (6.19) follows from the equality

I

and the estimates (6.20) and (6.21) above. Then (6.15) follows from (6.18) and (6.19). O

~ 2
Lou+ )\u‘ dx = [ |f[2dx
]Rd

Remark 6.8. Constants N; and N, satisfying (6.15) can be found explicitly. For example,
the constant Ny can be chosen to be
1
Ny = Y oru-T)r. (6.22)

S

It is clear that Ny — 0 as r — oo.

The proof of Theorem 6.1 now follows.

Proof of Theorem 6.1. We will apply Proposition 6.5. Pick A\g = Ny N,. Then for any A > A,

o

take To = a1(—A)+ A, T} = L+ AL, and therefore for t € [0, 1], T, = (1—t)To+tT7 = L+ A,
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where IL; is as defined at the beginning of this subsection. Now the continuity and a prior:
estimates assumptions of Proposition 6.5 are satisfied by Lemma 6.6 and Lemma 6.7. As a

consequence L + Al is onto if and only if a;(—A) + Al is onto. The latter is proved to be the
case in Theorem 6.3 for p = 2 or see [29] . O

6.3.2 The Integrable Case

For integrable kernels, we begin with a special case by assuming that p is radially symmetric.

Theorem 6.9. Suppose p is a nonnegative, integrable and radially symmetric function that
1s not identically 0. For every A > 0 and for any f € [Lz(Rd)]d there exists a unique strong

solution u € [LQ(Rd)]d to Lu + \u = f satisfying the estimate
[ull s < A7HE]] e - (6.23)

Proof. To show existence, we prove that the Fourier matrix multiplier M(&€)+ Al is invertible,
with inverse bounded in L*>. Since p is radially symmetric, the Fourier matrix associated to
L is

() = [ (Y52 (1 costony - )allyl)ay.

ly|?

Let R(§) be a rotation such that R(&)Te; = é—| Then setting h = |£|R(§)y,

[l T T
M(s) — /Rd IO <|€|> R(E) h® R(E) h<1 o COS(27Th1)) dh

€| b2
|
— R(£)T /deé'f) (}ﬁf) (1= cos(2rhy)) dh | R(€).

Using rotations, we see that the off-diagonal terms of RMRT are equal to 0 for every & € R%.
Thus,

M) = R(£)" diag(£1(£), €2(E), - -, La(§)) R(E) ,
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o (&) n

where ¢;(§) = / €17 ThP (1 - Cos(27rh1)) dh . Again using rotations, {, = l3 = ... = {,.
Rd
Thus,
M(&) + A1 = R(&)" diag (1(&) + X\, 62(€) + A, .., £o(€) + M) R(E) .
Therefore,

1 1 1
GE) + N L6+ N 6(E) +A) R(g).

(M(€) + )\]I)_l = R(&)" diag (

Now, it is clear that 0 < (;(§) < 2||p|| 1 (ga) for almost every & € R Thus, (M(&) +
/\]I)_1 € [LOO(Rd)}dXd, so the linear operator T : [LQ(Rd)]d — [LZ(Rd)]d defined by Tf :=
<(I\\/JI(E) +)\]I)1/f\>v is bounded, with ||Tf]|;. < A7!||f||;.. Further, u := Tf solves the
equation (6.5).

For uniqueness, we show that any solution u € L? of (6.5) with data f = 0 is identically
0. This follows from the fact that if Lu+ Au = 0, then (Lu + Au, 1) zs) = 0 and as proved

earlier (Lu, u) 2 ga) > 0. O

Lemma 6.10 (Continuity of the operator: integrable case). Suppose that p is in Class A.
Let 1 < p < oco. The operator L : [Lp(Rd)]d — [Lp(Rd)]d is continuous. More precisely, we

have for every u € [Lp(Rd)}d the estimate
L, < Clulg, (6.24)

where C'= C(p) > 0.

Proof. Since p € L*(RY),

Lu(x) = (/Rd p(y) (y‘jzy) dy) u(x) — /Rd p(y) (ﬂj!) u(x —y)dy

= Au(x) + Kxu(x),

A= /de(y') (%) dy,  K(y):=»nly) (%) :
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Using the bound [A| < ||p||;: and Young’s inequality for integrals,

||Lu||LP < HAuHLP + || K * uHLp <2 HpHLl ||u||LP .

]

Lemma 6.11 (A priori estimate: integrable case). Suppose that p is in Class A. Let A > 0
be a constant and let £ € [Lz(]Rd)]d. Suppose u € [LQ(Rd)}d satisfies the equation (6.5) in
Re. Then there exists a constant C = C(\) > 0 such that

. < A7Vl - (6.25)

Proof. Since [C?(Rd)}d is dense in [L2(]Rd)}d, by Lemma 6.10 it suffices to show (6.25) for
ue [C?(Rd)]d. Since

/ \dex—/ ILu + Aul® dx—/ Lul? dx+2>\/ (Lu, u) dx+)\2/ lu)? dx,  (6.26)
R4 Rd R4 R4 R4

it suffices to show only that

/ (Lu,u) dx > 0. (6.27)

Then (6.25) follows by dropping the first two terms on the right-hand side of (6.26). To
prove (6.27), note that

[ = [ (Tu®) de = [ (M) 7@) ¢
- \ﬁ<e>|2<M<§> u¢) u() > ac.

R (@)l [ag)|

Notice that (M(&)) is in general a matrix with complex entries. However, for every v € C?

with |v| = 1, a simple computation shows that

p(y)(l _ eme'ﬁ) ((%V ’ Y) ‘;_’2(%" ’ Y) > dy )

aaev.v) = [

Rd
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Since / (Lu,u) dx is real-valued, it follows that
Rd

where

i) =€) = [ (Y5F) (1 - costeny - )ty ay.

Clearly, <M(€)V,V> > 0 for all |[v| =1, and so

| tuwax= [ ra<s>\2<1\7ﬂ<¢> ue) o )>d£zo,

which is (6.27). O

The proof of Theorem 6.2 for general p in Class A now follows by applying the method
of continuity, treating the operator L;u := t(Lou+ Au)+ (1 —¢)(Lu+ Au). Here, Lu denotes
the operator with a general kernel p belonging to Class A, and Lou denotes an operator with
a kernel py of the type considered in Theorem 6.9, i.e. belonging to Class A and radially
symmetric. Thus the kernel of the operator I, has the expression tp(y) + (1 — t)po(|y]),
and satisfies the criteria of Class A with bounds independent of t. Therefore the a priori
estimates of Theorem 6.11 can be leveraged for the operator IL;+ A\ in the method of continuity

program, and the results of Theorem 6.2 follow.

6.4 LP solvability

We use traditional Fourier multiplier techniques. The analogous result for the fractional
Laplacian in the scalar case seems to be known, but we are unable to find a proof in the

literature. We provide a proof of Theorem 6.3 using the Marcinkiewicz multiplier theorem

[42].
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Let s € (0,1) and let 145 be the constant defined in (2.2). Consider the operator

~Arue = [ (YY) (ko) - ) dy.

ly[?

In the following calculation, we assume that u € [S (Rd)}d. Using the Fourier transform we

—
o

can write —(—A)*u as follows:

~Cayu©) = (s [ Trt (B2 an) ae) - 2@te)

From Theorem 2.3,

() = (2algl)™ (1425 (S5 )

Theorem 6.3 hinges on the following lemma concerning Fourier multipliers.

Lemma 6.12. For s € (0,1), 1 <p < oo and A > 0. Define the matriz of symbols
M(E) == (1+4r%|€*) " (M (&) + AL) .

Then both MM(€) and M~Y(E) LP-multipliers; that is, there exists a constant C = C(d, s, p, \)
such that for every u € [S(Rd)}d

Y

| ()"

<Clully, and H(sm—lﬁ)

< Clully, (6.29)

We postpone the proof of the lemma for the moment, and prove Theorem 6.3.

Proof of Theorem 6.3. First we show that the a priori estimate (6.10) holds for every
u € [HQS’p(]Rd)}d solving (6.9). By Lemma 6.12 the operator (—A)* + \ [st’p(Rd)}d —
[LP (Rd)}d is continuous. Therefore, we need only show that (6.10) holds for u € [S (Rd)}d.
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Then by definition and by Lemma 6.12 we have that

S \
fall e = | (1 47°1) )

Lr(R)

= [ om (o2 + am)i)”

Lr(R4)

<cC H (a2 + 2n)@)” =c |(=A)u+ /\uHLP(Rd) = C ]

Lr (R

which is (6.10). Uniqueness clearly follows from the a priori estimate as well.
To see that a solution to (6.9) exists, simply note that for every f € [L”(Rd)]d the

distribution

1N\ vV
u(x) = ((Mf + AI) 1f> (x)
belongs to [8’(Rd)}d, and that
~\ V
(1 + 4n2(g) )" = (zm*lf) e [Lr(R%)] (6.29)
by Lemma 6.12. Thus u is a function in [H*?(R%)] ? that solves (6.9). The proof is complete.
[

We use the Marcinkiewicz multiplier theorem to prove the lemma,; see [42].

Proof of Lemma 6.12. We begin by showing that 9(€) is an LP multiplier. By a direct

computation, the function (&) has the explicit expression

_(_ATlElE ¢ A
M) = (1 +47r2re|2> (“25( e )> T ameny

The symbol % is a matrix symbol whose ¢j-th entry is the symbol of the composition of

Riesz transforms —R; R;. Thus the matrix symbol is an LP-multiplier. The second expression

in the sum defining 91 is the Bessel potential of order —2s, and is also an LP-multiplier; see
[86, Chapter 5, Section 3.3]. Finally, it is established in [86, Chapter V, Section 3.2., Lemma
2] that the symbol (%) is a finite measure. Putting all this together gives us the

result.
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Next, we show that 9~1(&) an LP multiplier. Again by direct computation, the inverse
M ~1(¢) has the expression

o (€)= (1+47T2|S£|2)s (]I—( 28(47T2|€|2): <€®§>) '

(472(€]2)" + A 1+ 2s)(4m2[€]2)" + A \ [€]?

It suffices to show that the symbols

e (ramer
1(5) T (47’(2‘€|2)8 +>\ ) 2(5) T

2s(4r%(€)%)°
(1+2s) (472[€]2)" + A

are LP-multipliers. Using this, we then observe that 91! is a matrix whose entries consist
of sums and products of LP-multipliers, and the lemma is proved.

We use the Marcinkiewicz multiplier theorem; specifically, we show that m, and ms verify
condition (6.2.9) in [42, Corollary 6.2.5]. We introduce the auxiliary function F : R4 — R
defined by

(Im>+ n']?)°
1725 4 |m2]?

F("?) = , N = (77177727-"777d+1777d+2)7 7’/ = (77377747"'7nd+1777d+2)~

By inspection it is clear that F' is bounded on R%*? and belongs to the class C%*? away from
the coordinate axes on R*2. Also by inspection, for any n; # 0 and 7, # 0 the function
F(n1,m2,-) is bounded on R? and belongs to the class C% on R?\ {0}. The function F is

invariant under weighted dilation: for any p > 0, and s > 0

F(pn, p1°n2, pm') = F (1, m2,m').

As a consequence, for any multi-index 5 = (84, f2, ..., Bat+1, Bare2) differentiation yields

=B (9 FY (i, g, um)') = 0 F (1, 12, ') - (6.30)

Now for fixed 7; # 0 and 7, # 0 and every vector of the form 1 = (n;,72,1") € RY, we will
choose 1 = pi,y such that (uny, p*ne, um’) has unit length in R42. Such a u > 0 satisfies the
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equation

e+ P+ P =1,

and its existence can be shown as an intersection point of the quadratic function p —
p?(ni + |0'?) and the curve g — 1 — p?*n3. Note that as || — 0, uy, — po > 0, the
intersection of the quadratic function p — p?n? and the curve pu — 1 — p?n3. Also as
/|—1

In'| = oo, py, — 1. Moreover, for any 1’ # 0, p, < |7’|~'. As a consequence the set of unit

vector

V = { (s, iz, pigm’) - m' € R} € ST

avoids all points of singularity of F' and its derivatives. Now, if § is a multi-index with
B1 = 0 = (3, then by construction /ng < |n;| 7% for j € {3,4,...,d+1,d+2}. Plugging this
iy in (6.30), we have that for any i’ # 0,

|6BF(771’ 9, 77/>| < sup |aﬁF(V)’M53+ﬁ4+...+Bd+2 < C|7]3|—ﬁ3 L. |77d+2|_ﬁd+2
vev

for some constant C' that depends on 7y, 10, 8 and s. Therefore, for any multi-index v =

(717 s 77d>a Vi € {17 2, 7d}7 we set 6 = (07 07/717 s a’yd) and obtain
0,1 ()] = |05F (1, VX, 2nlg]) | < Cléal ™ -+ Jeal .

Thus the hypotheses of [42, Corollary 6.2.5] are satisfied for m4(§).
A similar strategy fails for mq (&) because the numerator fails to be bounded away from
zero. Specifically, my(€) is C¢ on R? away from the coordinate axes. We must check the

derivatives directly. Introduce the auxiliary function G, : (0,00) — R defined by

n’ 1
G, = = , a>0.
(77> n®+a 1+an—s

Then it is clear that for every n € N the function GG, satisfies
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Let a = m, and let § be a multi-index with 3; € {0,1}. Then
25 d
= B G0 (ep) 29 T €
aﬁm2(€) 28+1Ga (|£| ) i f]
and so

d d
|0sma(&)] < ClE[ATT 11" < CTT16
j=1 i=1

Thus my also satisfies the hypotheses of of [42, Corollary 6.2.5], and the proof is complete.
O

Remark 6.13. It is also possible to prove that ms(€) is an LP-multiplier without using the
Marcinkiewicz multiplier theorem. In fact, one can show using the proof of [86, Chapter 5,
Section 3.2, Lemma 2] that ms(&) is in fact the Fourier transform of a finite measure, hence

an LP-multiplier.

6.5 The Peridynamic-Type Wave Equation

In this section we turn our attention to the system of time dependent equations given in

(6.11) and prove Theorem 6.4. We recall that we are interested in the system

4

Opu+Lu+ A u=f, (x,t) in R? x 0,77,
u(x,0) = ug(x), x in RY, (6.31)
ou(x,0) = vo(x), x in RY,

where f € C! <[0,T]; [L?(Rd)}d), uy € [H22(R)]?, and vy € [H*2(R%)]".
We use the semigroup approach described in [13, Chapter 10]. To this end, we assume
for the rest of this section that p is in Class B and that m(y) is an even function. In this

case L becomes

— Lu(x) =P.V. /Rd <y = y> (u(x+y)—ux))p(y)dy. (6.32)

ly|?
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Let A\g be the quantity defined in Theorem 6.1, and for A > Ay — 1 define the operator
Ly := L+ AL : [H*?(R%)]) = [L2(RY]". (6.33)

Note that by the symmetry assumption on L,

2
X-Yy
(Lu, u) 2 pa) = / / p(x—y) |(u(x) —uly)) - dydx >0
R4 JRd x — ]
for every u € [H 2572(Rd)]d. Therefore for any A > 0 we have
(Lu+ A, u) o ey >0 Yue [H*2(RY)]". (6.34)

Further, Theorem 6.1 implies that:

for every g € [LQ(Rd)]d there exists a unique u € [HQS’Q(]Rd)}d (6.35)
6.35

satisfying Lyu +u = g in R?,

since A > Ao — 1. Equations (6.34) and (6.35) define L as a maximal monotone operator for
any nonnegative A satisfying A > Ay — 1. Since the unbounded operator LL, is symmetric, by
(6.34) and (6.35) it is self-adjoint on [H?*?(R%)] * as well, see [13, Proposition 7.6]. Therefore
the positive square root of ILy, denoted ]Li/ 2, is well-defined. Therefore, by the estimate in

Theorem 6.1 we have that for every u € [H 25’2(Rd)}d the norm
1/2, 1 1/2 2
(L Ly ) = (L) g+ full (6.36)

is equivalent to the norm ||(—A)s/2uH;(Rd) + HuHiz(Rd) . Thus <]L}\/2( : ),IL&/Q( : )> defines

an equivalent inner product on [H S’Q(Rd)}d.
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Now, we rewrite the system (6.31) as a larger system of equations

(

v =0, (x,t) in RY x [0,77,
Ov+Lu+iu="f, (x,t) in R% x [0, 7],
(6.37)
u(x,0) = up(x), x in RY,
\@u(x, 0) = vo(x), x in RY,
or equivalently
KU +2AU=F, (x,t) in R? x [0, T,
(6.38)
U(x,0) = Up(x), x in R?,

where U = (u,v)", F = (0,f)7, Uy = (uo, vo)T and the operator 2, is defined as

0 —I
Ly O

Ql)\ =

We denote the Hilbert space H := [H S’Q(Rd)}d X [LQ(]Rd)}d, and we define the domain of the
operator 2y by D(2,) := [HQS’Q(Rd)}d X [HS’Q(Rd)]d C H. By (6.36), the inner product on
‘H can be defined by

(U, V), ::/ <L}\/2u1,]L}\/2v1> dx+/ (uy, vy) dx+/ (uy, vo) dx (6.39)
Rd Rd Rd

where U = (uj,ug), V = (vq, va).
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Denoting the identity operator on H by J, we note that the operator 2(,+7J is nonnegative.
Indeed, for any U = (u,v)T € D(2(,) we have using (6.39) that

(R +3)U,U),,
= <Q[/\U7 U)H + <U7 U>7—L

= —/ <I[‘,i/2u,]1‘,1/2 >dx / (u,v) dx—i—/ (Lyu,v) dx
Rd

/ \Ll/Qu\de—l—/ \u\de+/ lv|*dx (6.40)
—/ (Lyu,v) dX+/ (Lyu,v dx+/ |]Ll/2u|2dx
Rd

/|u|2dx—/ (u,v) dx+/ lv|* dx
Rd

1
:/ |L;/2u|2dx+—/ <|u|2+yv|2)dx+-/ u— v[2dx > 0.
Rd 2 Rd 2 Rd

In addition, the operator 2, +27 is invertible. To see this, note that inverting 2, is equivalent

to solving the system

{—V+2u—g1, Lu+ A Au+2v=gs, x € R?, (6.41)

for any (g1, g2)T € H, which is equivalent to solving
Lu+ (A +4)u=2g +g, xecRe (6.42)

Since A+4 > A and since 2g1+g> € [L*(R?)] ¢ (6.42) has a unique solution u € [H?**(R?)] ¢
Then v=2u—g; € [HS’Z(Rd)}d and so U = (u,v)T € D(2,) solves (6.41).

Therefore, since A\ + J is mazimal monotone for A > Ay — 1 nonnegative, by the Hille-
Yosida theorem [22, Theorem 1, Chapter XVII, section 3|, there is a continuous contraction

semigroup Sy, 15(t) : L? — L? such that for any G € [L?(R%)]?*? the solution U of

U+ U+ Ju=G, (x,t) in R? x [0, 7],
(6.43)

U(x,0) = Uy(x), X in R,
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can be given by the formula [13, Theorem 7.10]
t
U(x,t) = Sy, +3(t)Up(x) —I—/ Sa,+3(t — 5)G(x, 5)ds.
0

Taking G = e'F and making the substitution W = e'U, we see that W is the unique
solution to (6.38) with source data F. Thus the first component of W is the unique solution
to (6.31).

The conservation law (6.12) follows from multiplying the equation by d,u and integrating

by parts.
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