
Mathematical Analysis of a Nonlocal
System of Equations Arising in

Peridynamics

A Dissertation Presented for the

Doctor of Philosophy

Degree

The University of Tennessee

James Scott

May 2020



Copyright c© 2020 by James Scott

All rights reserved.

ii



To my brother Kevin, an artist whose work and perspectives always inspire me.

iii



Acknowledgments

This manuscript and I owe our existence to several individuals and organizations.

The support of the National Science Foundation under grant DMS-1615726 is gratefully

acknowledged.

I am deeply grateful for my advisor Tadele Mengesha. His constant support, continual

encouragement and boundless patience have been essential components in my doctoral

studies. His mathematical perspectives and style are no doubt closely reflected in this

dissertation.

I am indebted to my committee members Michael Frazier, Abner Salgado and Pablo

Seleson. I thank each of them for their helpful suggestions and grammatical corrections to

this dissertation. I thank Prof. Frazier additionally for giving me first-rate instruction in the

foundations of mathematical analysis and partial differential equations.

Many thanks to Pam Armentrout, for all the invaluable work she has done as Graduate

Coordinator to ensure my success in this program.

I thank Jed Herman for his large part in helping me return to school and study

mathematics.

I thank my collaborators Cory Hauck, Moritz Kaßmann and Ming Tse Paul Laiu for their

invaluable guidance and advice in producing our work.

Finally, I thank my friends, family and especially my wife Rochelle for their unconditional

love and support.

iv



Abstract

We analyze a strongly-coupled system of nonlocal equations. The system comes from a

linearization of peridynamics, a nonlocal model in continuum mechanics. It is an analogue of

the Navier-Lamé system of classical elasticity. The leading operator is an integro-differential

operator characterized by a distinctive matrix kernel which is used to couple differences of

components of a vector field.

We first demonstrate the convergence of a class of nonlocal systems to the Navier-Lamé

system in the event of vanishing nonlocality via the Fourier transform. We then study the

Dirichlet problem associated with a wide class of systems. We prove well-posedness and

demonstrate optimal interior Sobolev regularity of solutions.

Next, we analyze the energy space associated to the system. We first show that a certain

class of spaces of vector fields whose semi-norms involve projected difference quotients is in

fact equivalent to the class of fractional Sobolev spaces. The equivalence can be considered a

Korn-type characterization of fractional Sobolev spaces. Second, we show that functions in

Lp whose Marcinkiewicz-type integrals are in Lp in fact belong to the Bessel potential space

Lps. The distinction here is that the Marcinkiewicz-type integral exhibits the coupling from

the nonlocal model and does not resemble other classes of potential-type integrals found in

the literature.

We use these equivalence results in two ways. First, we show using the Korn-type

equivalence that weak solutions to the system enjoy both improved differentiability and

improved integrability. Second, we show that weak solutions belong to a potential space

with higher integrability via the potential space characterization.

Finally we revisit the question of solvability and prove existence and uniqueness of strong

(pointwise) solutions to the time dependent system posed on all of Euclidean space. For a
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wide class of kernels, we prove the L2-solvability of the steady-state system in a Bessel

potential space using the Fourier transform and a priori estimates. This L2-solvability and

the Hille-Yosida theorem is used to prove the well posedness of the time dependent problem.

For the fractional Laplacian kernel we extend the solvability to Lp spaces using classical

multiplier theorems.
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Chapter 1

Introduction

The objective of this dissertation is to build on the mathematical foundations of a nonlocal

model in continuum mechanics known as peridynamics. The first peridynamic model was

introduced by Stewart Silling of Sandia National Laboratory [81], with generalizations later

in [83], as a reformulation of the classical equations of elasticity that takes discontinuities

and long-range forces into account. To describe the mathematical formulation of the model

proposed [81], known as the bond-based peridynamic model, assume that a solid body

occupies a reference configuration, or a bounded domain Ω ⊂ R3. Each pair of particles

in the solid body interacts through a pairwise force density F which is a function of relative

position and displacement. Summing the forces acting at a point results in an integral

operator which represents the force per unit volume. Denoting the displacement vector field

by u : Ω→ R3, this integral operator is given by

L[u](x, t) :=

ˆ
Ω

F(u(y, t)− u(x, t),y − x) dy .

The constitutive equations of motion in the bond-based peridynamic model can now be

stated via Newton’s laws of motion as

∂ttu(x, t) = L[u](x, t) + b(x, t) , x ∈ Ω , t ≥ 0 , (1.1)
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where b is some prescribed external loading force density. The equilibrium (or steady-state)

equation is

L[u](x) + b(x) = 0 , x ∈ Ω .

A typical example of the function F is inspired by the Hookean energy for isotropic materials;

specifically

F(η, ξ) =

(
ρ(|ξ|)
|ξ|2

)(
|ξ + η| − |ξ|

)( ξ + η

|ξ + η|

)
. (1.2)

The scalar-valued function ρ is called the kernel or influence function, which represents the

strength and extent of interactions between particles x and y in Ω, and contains properties

of the modeled material. It is typically a function with compact support, usually within a

ball of radius δ. This parameter δ is the interaction extent, and is known as the horizon of

the material.

The defining feature of the peridynamic system is that it use of integrals in place of

partial derivatives, avoiding a direct use of objects in classical elasticity like stress tensor

and deformation gradient. This feature makes peridynamics extremely useful for modeling

systems involving cracks and damage, as has been demonstrated in a variety of settings; see

[11] for an overview.

Just as in classical elasticity, the simple peridynamic model described above is nonlinear,

making mathematical and numerical analysis as well as practical implementation of the

model challenging. For deformations with uniformly small strain, i.e. for u satisfying

sup
|x−y|<δ

|u(x)− u(y)| � 1 ,

the common practice is to linearize the equations. With the choice of (1.2) for F, linearizing

(1.1) leads to the linearized bond-based peridynamic model

∂ttu(x, t) = Lu(x, t) + b(x, t) , (1.3)
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where Lu(x, t) is the linearized internal force density given by

Lu(x, t) :=

ˆ
Ω

ρ(|x− y|)
((

u(x, t)− u(y, t)
)
· x− y

|x− y|

)
x− y

|x− y|
dy . (1.4)

The linearized equilibrium equation is then

Lu(x) + b(x) :=

ˆ
Ω

ρ(|x− y|)
((

u(x)− u(y)
)
· x− y

|x− y|

)
x− y

|x− y|
dy + b(x) = 0 . (1.5)

Thus strain of the bond y − x in (1.4) is given by the nonlocal linearized strain

D(u)(x,y) =
(
u(x)− u(y)

)
· x− y

|x− y|
. (1.6)

A portion of this strain contributes to the volume changing component of the deformation

and the remaining is the shape changing component. The operator Lu is then the linearized

internal force density function due to the deformation x 7→ x+u(x) and is a weighted average

of the linearized strain function associated with the displacement [59, 82]. Indeed, rewriting

(1.4) in terms of the nonlocal strain (1.6) we get Lu(x) =
´

Ω
ρ(|x− y|)D(u)(x,y) x−y

|x−y| dy.

Nonlocal models like (1.5) are becoming commonplace across application areas. Typically

these models involve averaged difference quotients instead of derivatives of quantities. As

a result model equations are formulated using integral operators and integral equations,

in contrast to classical ones that rely on differential operators and differential equations.

This characteristic makes nonlocal models amenable to describe singular and discontinuous

physical, social and biological phenomena, see [2, 3, 41, 67] for applications and analysis of

nonlocal equations. See the papers [59, 82] for derivation. See also the papers [26, 29, 34, 91]

for some mathematical analysis of linearized models. Nonlocal functionals related to the

peridynamic model are also studied in [37]. The nonlocal linearized strain has been used in

nonlinear models of damage and fracture [51, 52] as well.
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1.1 Properties of Peridynamic Models

The usage of the “projected” difference of u, D(u)(x,y), in (1.5) makes the operator L

distinct from other nonlocal operators that use the full difference u(y) − u(x). To see this

distinction, it suffices to note that for smooth vector fields

u(y)− u(x)

|y − x|
= ∇u(x)

(y − x)

|y − x|
+ o(|y − x|) ,

whereas
D(u)(x,y)

|y − x|
=

(y − x)ᵀ
(
∇sym(u)(x)

)
(y − x)

|y − x|2
+ o(|y − x|) .

Here ∇sym(u) = 1
2
(∇u(x) +∇u(x)ᵀ), the symmetric part of the gradient matrix, commonly

called the strain tensor. The action {}ᵀ denotes the transpose. As a consequence of this

relation, the nonlocal system (1.5) can be seen as a nonlocal analogue of the strongly coupled

system of partial differential equations

divC(x)∇sym(u)(x) = f(x) , (1.7)

where C(x) is a fourth–order tensor of bounded coefficients, which is not necessarily uniformly

elliptic but rather satisfies the weaker Legendre-Hadamard ellipticity condition. Systems of

partial differential equations of the above type are are commonly used in the theory of

linearized elasticity, and are well-studied, see [40].

For a class of kernels the connection between the nonlocal system (1.5) and the local

system (1.7) is often justified using the vanishing horizon limit, i.e. taking δ → 0. This

convergence of these linearized nonlocal peridynamic models to classical linearized elasticity

models as δ → 0 has been explored in [1, 29, 33, 60, 84]. The first efforts in [33, 34]

established the connection between the classical Navier-Lamé equations of elasticity and

peridynamic models for smooth functions via Taylor expansion, see also [59]. To be precise,

for u ∈ C2
c (Rd;Rd) and for a certain class of kernels ρ supported on a Euclidean ball of radius

δ,

Lu−→
δ→0

L1,1u := ∆u + 2∇(div u) ,
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where the operator Lµ,λ is the classical Lamé operator with parameters µ and λ, that is

Lµ,λu := µ∆u + (µ+ λ)∇(div u) .

Later, using the variational technique of Γ-convergence, the authors of [8, 60] proved the

convergence of minimizers of the nonlocal energies to minimizers of classical local elastic

energies as δ → 0.

In Chapter 2 we show that peridynamic-type models are closely connected to local

elasticity using a different type of limit. We assume that the kernel ρ is nonintegrable

with a singularity at 0, and is supported on the entire space. To be precise,

ρ(|ξ|) =
1

|ξ|d+2s
, s ∈ (0, 1) , ξ ∈ Rd .

These kernels are associated to the scalar nonlocal model known as the fractional Laplacian

(−∆)s, defined for vector fields u as

(−∆)su(x) := cd,s

ˆ
Rd

u(x)− u(y)

|x− y|d+2s
dy .

It is well-known [68] that lim
s→1−

(−∆)su = −∆u. We will show in fact that for u smooth and

for some normalizing constant C depending only on d and s

lim
s→1−

C

ˆ
Rd

(
x− y

|x− y|
⊗ x− y

|x− y|

)
u(x)− u(y)

|x− y|d+2s
dy = −L1,1u(x) .

Thus the system (1.5) with kernel ρ(|ξ|) = |ξ|−d−2s may be thought of as a fractional analogue

of the system (1.7). Included in our proof is the explicit calculation of the normalizing

constant.

1.2 Scope and Objectives of the Dissertation

Following successful demonstrations in computational mechanics of the potential for

peridynamics in modeling singularities, efforts have been made to give the model a firm
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mathematical background. This dissertation builds upon those efforts; its chief focus is

the analysis of the equations (1.3) and (1.5). In the following sections we describe the

dissertation’s contributions in detail. We first show well-posedness of the Dirichlet problem

associated to the nonlocal system and prove optimal Sobolev regularity of solutions for a

special class of kernels. We then analyze a class of function spaces motivated by an energy

space naturally appearing in the Dirichlet problem. We use the function space analysis to

prove regularity results for weak solutions to nonlocal systems with more general kernels. A

portion of the work in this dissertation appears in several journal articles [47, 78, 79].

1.2.1 Solvability of Boundary-Value Problems

In Chapter 3 we consider the Dirichlet problem

Lu = f in Ω; u = 0 in {Ω , (1.8)

where Ω ⊂ Rd is an open bounded set and d ≥ 1. The complement of Ω is denoted {Ω. We

write the nonlocal operator L as

Lu(x) = lim
ε→0+

ˆ
|x−y|>ε

k(x,y)

(
x− y

|x− y|
⊗ x− y

|x− y|

)
(u(x)− u(y)) dy , (1.9)

where the kernel k : Rd × Rd → [0,∞] is assumed to be measurable.

The goal of Chapter 3 is twofold. First, we formulate a variational problem for (1.8),

the resolution of which provides solutions to (1.8). For given data f in an appropriate

class, we describe a notion of solution and demonstrate existence of vector-valued solutions

u : Rd → Rd to the system (1.8). The second goal is to prove some results related to the

optimal regularity of solutions.

The authors of [33, 34] provided the earliest analytical result on the well-posedness of

the linear dynamic model (1.3) as an initial-value problem. The works [27, 29, 58, 59, 92]

built on these efforts to deliver results of well-posedness to the Dirichlet problem associated

to the equilibrium equations (1.5) both in the linearized bond-based and state-based models

using Fourier analysis and Hilbert space techniques. Regularity is also discussed in [29]. The
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work [59], for instance, studies the Dirichlet problem associated to linearized bond-based

peridynamic operators of the form (1.4), or equivalently

ˆ
Ω

ρ(|x− y|)
(

x− y

|x− y|
⊗ x− y

|x− y|

)(
u(x)− u(y)

)
dy . (1.10)

The operator (1.9) is therefore a generalization of the operators described by (1.10). The

kernel ρ belongs to the class of models for homogeneous materials, and thus depends only

on the relative distance between two material points |y − x|. The kernel k may depend on

their relative position y − x, or it may depend on x and y in a more general way. Thus for

general k the equation (1.8) may model heterogeneous and anisotropic materials.

Our study of the nonlocal system (1.8) begins with a mathematically rigorous understand-

ing of the operator L. The focus is to find a large class of kernels k that may not be symmetric

(k(x,y) 6= k(y,x)), may have singularity along the diagonal {(x,y) ∈ Rd × Rd : x = y}

or degeneracy on some directions such that both the operator L and associated system of

equations (1.8) make sense. Notice that even for smooth functions the limit in (1.9) does

not exist in general unless we put a condition on k. As with partial differential equations

in divergence form with measurable coefficients, we study variational solutions based on

quadratic forms. We use Hilbert space techniques to study the Dirichlet problem (1.8).

To describe some of our results, following [36, 77] we introduce a decomposition of k(x,y)

in terms of its symmetric part ks and its anti-symmetric part ka. They are given by

ks(x,y) =
1

2
(k(x,y) + k(y,x)) , ka(x,y) =

1

2
(k(x,y)− k(y,x)) .

Throughout Chapter 3 we consider kernels whose symmetric part has locally integrable

second moment; see (3.3). With this, we define the natural energy space of vector fields

associated to the problem (1.8) by

S(Rd; k) :=

{
v ∈ L2(Rd;Rd) : [u,u]S(Rd;K) :=

ˆ
Rd

ˆ
Rd
ks(x,y)D(u)(x,y)2 dy dx <∞

}
.

It turns out that S(Rd; k) is a separable Hilbert space with inner product (·, ·)L2 +[·, ·]S(Rd;k).
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Roughly speaking, we show the following results: for those kernels k whose antisymmetric

part is small relative to the symmetric part, the limit in (1.9) exists in the weak-* topology of

the dual space S∗(Rd; k), and therefore Lu ∈ S∗(Rd; k). This interpretation of the operator

allows us to define a generalized or weak notion of solution to the system of equations in (1.8).

The well-posedness of the problem is demonstrated via the application of the Lax-Milgram

theorem. To this end, we introduce a bilinear form on the space S(Rd; k)× S(Rd; k) that is

compatible with the system (1.8), and by imposing additional conditions on k we show that

this form is continuous and coercive on appropriate subspaces.

Systems of the type (1.8) have been studied extensively in the literature; see [26, 27, 34,

44, 58]. The results in Chapter 3 complement the well-posedness results described in these

works. Indeed, this work deals with kernels that give rise to non-symmetric bilinear forms

while earlier works are based on kernels associated to symmetric bilinear forms.

We also obtain local regularity results for variational solutions of the system (1.8)

corresponding to a special class of kernels. For this aspect of our study, we concentrate

on translation invariant operators with kernels of the form k(x,y) = k(x− y). Additionally

k is assumed to be even and comparable with the standard kernel of fractional order. We

allow this comparability to hold true in any double cone Λ with apex at the origin, i.e.

k(x− y) ≈ 1

|y − x|d+2s
, s ∈ (0, 1), x− y ∈ Λ .

For these types of kernels we show that the Hilbert space S(Rd; k) is equivalent to the

standard fractional Sobolev space

W s,2(Rd;Rd) :=

{
u ∈ L2(Rd;Rd) : [u]2W s,2 :=

ˆ
Rd

ˆ
Rd

|u(x)− u(y)|2

|x− y|d+2s
dy dx <∞

}
.

Such an equivalence will be proved using the Fourier transform; see [29, 57] for related results.

Our main regularity result is the following: Define the non-homogeneous potential space

L2s,p(Rd;Rd) := {u ∈ Lp(Rd;Rd) : (−∆)su ∈ Lp(Rd;Rd)}

8



for p ∈ (1,∞), where the fractional Laplacian (−∆)s is acting on each component. We show

that for any p ∈
[
2, 2d

d−2s

]
and f ∈ Lp(Ω;Rd), the unique variational solution u ∈ W s,2(Rd;Rd)

to (1.8) in fact belongs to L2s,p
loc (Rd;Rd). For nonlocal equations, results of the above type have

been proved in [10, 43, 50]. We follow an approach that is used in [9, 10], where a similar but

more general result is proved for the Dirichlet problem for the fractional Laplacian equation;

see Chapter 3 for a detailed discussion.

1.2.2 Analysis of Function Spaces

The main focus of Chapter 4 is to study two distinct function spaces of vector fields. The

first space is characterized by the projected difference quotient, namely

XK,p(Ω) :=
{

v ∈ Lp(Ω;Rd) : [v]pXK,p(Ω) <∞
}
,

[v]pXK,p(Ω) :=

ˆ
Ω

ˆ
Ω

K(y − x)

∣∣∣∣(v(y)− v(x)
)
· y − x

|y − x|

∣∣∣∣p dy dx .

The second space is given by the closure of Schwarz functions in a certain norm, precisely

Dps(Rd) := S(Rd;Rd)
‖·‖Dps (Rd) ,

where

‖v‖Dps (Rd) := ‖v‖Lp(Rd) + ‖Ds(v)‖Lp(Rd) ,

Ds(v)(x) =

ˆ
Rd

∣∣∣(v(x)− v(y)) · (x−y)
|x−y|

∣∣∣2
|x− y|d+2s

dy


1
2

.

Both of these function spaces arise naturally when studying problems like (1.8). Indeed,

in the case of the first space, note that for p = 2 and Ω = Rd, the space XK,2(Ω) is precisely

the space S(Rd; k). For the second space, the function Ds(v) is the natural measure of

the differentiability of u that is associated to the peridynamic energy. More precisely, a

vector field u ∈ L2(Rd;Rd) will belong to XK,2(Rd) with K(ξ) = |ξ|−d−2s if and only if

Ds(u) ∈ L2(Rd). These and other spaces associated to nonlocal models such as (1.8) have
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been investigated analytically in [56, 61]. The results in this section of the dissertation

extend these works.

Chapter 4 is divided into two sections. For a particular class of kernels, we show in the

first section that XK,p(Ω) is equivalent to a Sobolev space. In the second section we show

that the space Dps(Rd) is equivalent to a Bessel potential space.

The Sobolev Space

Some basic structural properties of XK,p(Ω) have already been investigated in [29, 59, 60].

There it is shown that for any 1 ≤ p < ∞, the space XK,p(Ω) is a separable Banach space

with norm
(
‖v‖pLp + [v]pXK,p

)1/p
, reflexive if 1 < p < ∞, and is a Hilbert space when p = 2.

Conditions on the kernel K can be imposed so that a Poincaré-Korn type inequality holds

over subsets that contain no nontrivial zeros of the semi-norm [·]XK,p . It is not difficult to

see that [v]XK,p = 0 if and only if v is an affine map with skew-symmetric gradient.

As a difference-based function space, it may seem that XK,p(Ω) contains functions with

some “differentiability.” This is not in general true, however. Taking a radial K that is

compactly supported and with the property that |x|−pK(x) is integrable, it is shown in

[60] that XK,p(Ω) = Lp(Ω;Rd). In the event that the space XK,p(Ω) is a proper subset of

Lp(Ω;Rd), the fact that the semi-norm utilizes the “directional” or “projected” difference

quotient
(
v(y) − v(x)

)
· (y−x)
|y−x| appears to make the space relatively big compared to those

that use the full difference quotient. Nevertheless, by averaging the projected difference

quotient over enough directions, it is reasonable to think that the semi-norm generated will

be comparable with the one that is associated with the full difference quotient. However,

this remains unclear in general. Finding general conditions on K and Ω so that equivalence

holds is an open problem, and so we restrict our discussion to the special class of kernels

K(ξ) =
1

|ξ|d+sp
, 0 < s < 1 , 1 < p <∞ .
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We denote the corresponding space by X s
p (Ω). These kernels are associated with the

fractional Sobolev spaces W s,p(Ω;Rd) given by

W s,p(Ω;Rd) :=

{
v ∈ Lp(Ω;Rd) : [v]pW s,p :=

ˆ
Ω

ˆ
Ω

|v(y)− v(x)|p

|y − x|d+sp
dy dx <∞

}
.

The question is now if X s
p (Ω) is the same as W s,p(Ω;Rd) for these fractional kernels.

A recent work [57] answers the above question in the affirmative for the special case

p = 2, and Ω = Rd or Rd
+. When p = 2, and Ω = Rd, the question is tractable because both

spaces X s
2 (Rd), and W s,2(Rd;Rd) can be characterized by Fourier symbols which makes the

comparison of norms more straightforward; see [29]. For functions defined over the half-space

Rd
+ and vanishing near the hyperplane xd = 0, one can use an appropriate extension operator

to control the semi-norm [·]W s,2(Rd+) by the semi-norm [·]X s2 (Rd+) of vector fields in the dense

class C1
c (Rd

+;Rd). This section of the dissertation is devoted to extending these results to

any p ∈ (1,∞) again providing an affirmative answer to the question of the equivalence of

these spaces. Let us introduce the function space

X̊ s
p (Ω) = Closure of C∞c (Ω;Rd) in X s

p (Ω) .

Theorem 1.1 (Fractional Korn’s inequality). For any s ∈ (0, 1) and 1 < p <∞,

X s
p (Rd) = W s,p(Rd;Rd) , and X̊ s

p (Rd
+) = W s,p

0 (Rd
+;Rd) .

Moreover, there exists a universal constant C = C(d, p, s) such that for all f ∈ W s,p(Rd;Rd)

[f ]X sp ≤ [f ]W s,p ≤ C[f ]X sp . (1.11)

While the first inequality in (1.11) is trivial, the second inequality is the interesting one,

as it gives a control of the integral norm of a pointwise larger function by the integral norm

of a pointwise smaller function. We call the second inequality a fractional Korn’s inequality

for the following reason. For a smooth vector field f , the semi-norm [f ]W s,p uses the full

11



difference quotient which locally behaves as∣∣∣∣f(y)− f(x)

|y − x|

∣∣∣∣p ≈ ∣∣∣∣∇f(x)
y − x

|y − x|

∣∣∣∣p +O(|y − x|)

while the semi-norm [f ]X sp uses the projected difference quotient and locally behaves as

∣∣∣∣f(y)− f(x)

|y − x|
· (y − x)

|y − x|

∣∣∣∣p ≈ ∣∣∣∣〈(∇sym(f)(x))
y − x

|y − x|
,

y − x

|y − x|

〉∣∣∣∣p +O(|y − x|)

The connection between the projected difference quotient and ∇sym runs deeper; multiplying

the semi-norm by the proper correcting constant (1− s) it has been shown in [56], following

the argument in [12], that the space X s
p (Ω) “converges” to

W 1,p
Sym(Ω;Rd) := {u ∈ Lp(Ω;Rd) : ∇sym(u) ∈ Lp(Ω;Rd×d)}

as s→ 1−. This association suggests that X s
p (Ω) is the fractional analogue of W 1,p

Sym(Ω;Rd).

In turn for 1 < p < ∞, the space W 1,p
sym(Ω;Rd) is known to coincide with W 1,p(Ω;Rd) via

the classical Korn’s inequality, a fundamental tool in the theory of linearized elasticity; see

[24] for a complete proof. This equivalence is false when p = 1, see [70], and when p = ∞,

see [23]. As such, establishing X s
p (Ω) = W s,p(Ω;Rd) when 1 < p < ∞ in the affirmative

amounts to proving a version of Korn’s inequality for fractional Sobolev spaces.

Our proof of Theorem 1.1 makes use of the classical characterization of functions in the

fractional spaces in terms of their Poisson integrals. See Chapter 4, Section 1 for a detailed

discussion.

The Bessel Space

We introduce the Bessel potential space, Lqs(Rd). For 0 < s < 1, 1 < q <∞

Lqs(Rd) :=

{
f ∈ S ′(Rd;Rd) :

((
1 + 4π2|ξ|2

)s/2
f̂
)∨
∈ Lq(Rd;Rd)

}
.
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The norm in Lqs(Rd) is given by

‖f‖Lqs(Rd) :=

∥∥∥∥((1 + 4π2|ξ|2
)s/2

f̂
)∨∥∥∥∥

Lq(Rd)

.

We will establish that for p ∈
(

2d
d+2s

,∞
)
, the space of functions in which both u and Ds(u)

are in Lp is precisely the space Lps. That is, Dps(Rd) = Lps(Rd).

Theorem 1.2. Let 2d
d+2s
≤ p <∞ and 0 < s < 1. Then f ∈ Lps(Rd) if and only if f ∈ Dps(Rd).

Moreover, there exist positive constants C1 and C2 such that for any f ∈ Lp(Rd;Rd),

C1‖f‖Lps(Rd) ≤ ‖f‖Lp(Rd) + ‖Ds(u)‖Lp(Rd) ≤ C2‖f‖Lps(Rd) .

We note that this characterization is in the same spirit as classical characterizations of

vector fields in the Bessel potential space. One such characterization is given by Stein in

[85, Theorem 1] or [86, Chapter V] in terms of smallness of the difference f(x + y)− f(x) via

the Marcinkiewicz integral Υs(f). The Marcinkiewicz integral Υs(u) (also called the carré

du champ operator associated to (−∆)s) is a measure of the local smoothness of u given by

Υs(u)(x) :=

(ˆ
Rd

|u(x)− u(y)|2

|x− y|d+2s
dy

) 1
2

.

The result in [85, 86] states that for 0 < s < 1 and 2d
d+2s

≤ p < ∞, f ∈ Lps(Rd;Rd) if

and only if f ∈ Lp(Rd;Rd) and Υs(f) ∈ Lp(Rd). A finer characterization that uses means

over balls is also given in [87] that is valid for the full range of p ∈ (1,∞). Various other

characterizations have also been explored throughout the literature. However, the essence

of Theorem 1.2 lies in the fact that to determine if f is a Bessel potential of an Lp vector

field we do not need the smallness of a measure of f(x + y) − f(x) but rather a measure

of the quantity [f(x + y) − f(x)] · y
|y| via another Marcinkiewicz-type integral of f , Ds(f).

The function Ds(u) is the natural measure of the s-differentiability of u directly related to

the peridynamic energy and satisfies the pointwise estimate Ds(u)(x) ≤ Υs(u)(x) for all

x ∈ Rd. From this pointwise estimate, Theorem 1.2 follows from the characterization in [85,

Theorem 1]. However, the left-hand side inequality is a refined version of [85, Theorem 1]
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since we are estimating ‖f‖Lps(Rd) in terms of the smaller function Ds(f) in place of Υs(f).

We will in fact show that the left-hand side inequality in the theorem is valid for p ∈ (1,∞).

Our proof of Theorem 1.2 follows the steps presented in the proof of [85, Theorem 1].

We first develop the necessary technical tools that allow us to relate the Marcinkiewicz-type

integral Ds(f) with the potential function of f . It turns out this is possible by using the

Poisson-type integral of f defined in the previous section and a corresponding Littlewood-

Paley g-function. We will show that, in parallel with classical results, this new g-function

can be used to characterize Lp norms of vector fields.

1.2.3 Regularity of Solutions

In Chapter 5 we use the function space analysis from Chapter 4 to obtain two regularity

results for weak solutions to peridynamic-type systems. The first regularity result states that

weak solutions to systems of the type (1.5) belong to certain Bessel potential spaces, and

the second regularity result states that weak solutions belong to certain fractional Sobolev-

Slobodeckij spaces. The latter result also holds for weak solutions to nonlinear nonlocal

equations. We describe both results below.

Bessel Space Regularity

For the first result we return our attention to nonlocal operators that use kernels ρ(x,y)

comparable to |x− y|−(d+2s). We write the strongly coupled system of equations as

Lhu(x) := ch

ˆ
Bh(x)

A(x,y)

|x− y|d+2s

(x− y)

|x− y|
⊗ (x− y)

|x− y|
(u(x)− u(y)) dy = F(x) , (1.12)

where d ≥ 2, 0 < s < 1 are fixed, and A(x,y) is a measurable function, which we refer to as

the coefficient, that is elliptic and symmetric in the sense that

0 < α1 ≤ A(x,y) ≤ α2 <∞ , A(x,y) = A(y,x) for all x,y ∈ Rd.

The number h is a positive constant. Weak solutions to (1.12) are defined in Chapter 5.
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Our goal in the first part of this chapter is to establish the higher integrability of the

measure of smoothness Ds(u) of weak solutions u to the peridynamic system of nonlocal

equations given in (1.12). Roughly speaking, we show that there exists an exponent p > 2

such that for any weak solution u to (1.12) corresponding to rough data F ∈ Lr(Rd;Rd)

with r < 2, both u and Ds(u) are in Lp. The higher integrability result holds under no

additional assumption on the coefficient A(x,y) other than ellipticity and measurability.

Then by Theorem 1.2 it immediately follows that u ∈ Lps(Rd;Rd) for some p > 2.

In light of the connection to local elasticity (see the discussion in Section 1.1) the

higher integrability result for weak solutions to (1.12) is a fractional analogue of Meyers

inequality for systems of differential equations. Meyers inequality states that weak

solutions of the strongly coupled systems (1.7) with measurable coefficients satisfying the

Legendre-Hadamard ellipticity condition and corresponding to highly integrable data are in

W 1,p(Rd;Rd) for some p > 2, see [62, 63]. The result we obtain is the fractional analogue of

this inequality in the Bessel potential spaces. This inequality will be proved using invertibility

of the operator I + Lh over a range of Sobolev spaces; see Chapter 5 for details.

Sobolev Estimates for Nonlinear Equations

We use Theorem 1.1 and classical embedding estimates to obtain Sobolev regularity of

weak solutions to nonlinear nonlocal peridynamic-type systems of equations with elliptic

measurable coefficients. The system is given as

Lsp,Ω(u)(x) = F(x) , (1.13)

where the operator Lsp,Ω is defined as

Lsp,Ω(u)(x) :=

ˆ
Ω

A(x,y)

|x− y|d+2s
|D(u)(x,y)|p−2D(u)(x,y)

x− y

|x− y|
dy .

We assume that s ∈ (0, 1), p ≥ 2, and that A(x,y) is a measurable function such that

α1 ≤ A(x,y) ≤ α2 and symmetric in the sense that A(x,y) = A(y,x) for any x, y ∈ Rd.

Weak solutions to (1.13) are defined in Chapter 5.
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The operator Lp,Ω is a nonlinear p-Laplacian-type version of the linear peridynamic

operator defined in (1.4). Indeed, for p = 2 the operator Lp,Ω takes the form of the operator

(1.4). For any 1 < p < ∞ and A(y,x) = a(|y − x|), well posedness of the coupled system

(1.13) has been established in [60] by using variational methods and imposing appropriate

volumetric conditions. Moreover, by exploiting the connection between the spaces X s
p (Ω)

and W 1,p
Sym(Ω;Rd) it has been shown that (1.13) is a fractional analogue of a strongly coupled

nonlinear system of partial differential equations of the type

div
(
|(∇u)sym|p−2 (∇u)sym(x)

)
= F(x) .

In fact, for specific variational problems, this relationship has been established via Γ-

convergence in [60] in the event of vanishing nonlocality (that is, s → 1−). Regularity

of solutions of the nonlinear system has been the subject of recent works, see [90].

The second main result of this chapter is an a priori estimate for the self-improving

properties of solutions to the nonlocal nonlinear coupled system (1.13). This result is stated

in the following theorem.

Theorem 1.3. Let s ∈ (0, 1), p ≥ 2, and Ω ⊂ Rd be a bounded domain. Let F ∈

[X s−ε(p−1)
p (Ω)]∗, and let u ∈ C1

loc(Ω;Rd) ∩ X s
p (Ω) be a weak solution to the coupled system

of nonlocal equations (1.13) corresponding to F. Then there exists a positive constant ε0

such that for all ε ∈ (0, ε0) the weak solution u belongs to W s+ε,p
loc (Ω). Moreover, for any

η ∈ C∞c (Ω), there exists a positive constant C such that

[ηu]W s+ε,p(Rd) ≤ C‖F‖
1
p−1[
X s−ε(p−1)
p (Ω)

]∗ + C‖u‖X sp (Ω) .

The potential implication of the regularity result in the theorem is that, with no additional

smoothness conditions on the coefficient A(x,y), a weak solution to the coupled system (1.13)

has improved fractional differentiability in response to improved regularity in the data. For

scalar equations, this type of self-improving property of solutions has been verified in [49]

using reverse Hölder inequalities and nonlocal Gehring-type lemmas, obtained in [76] via a

commutator estimate and later obtained in [4] via a functional analytic approach. The main
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contribution of this section is the extension of the a priori estimate for the self-improving

properties of solutions obtained in the above cited works to the nonlocal nonlinear system

(1.13). We should note that the application of appropriate embedding estimates imply both

improved differentiability and higher integrability.

To prove Theorem 1.3, we follow the approach in [76]; our strategy is close in spirit

with the technique of “differentiating the equation,” and finding relations between higher

derivatives of solutions and test functions in order to estimate derivatives of the solution.

These estimates are based on the norm [·]X sp . We then use Theorem 1.1 to conclude that

the estimates are also valid using the larger semi-norm [·]W s,p . See Chapter 5 for further

discussion.

1.2.4 Solvability Revisited: The Wave Equation

The last chapter of this dissertation is devoted to showing the solvability of the time

dependent system of wave-type equations
∂ttu(x, t) + Lu(x, t) = f(x, t) , (x, t) in Rd × [0, T ] ,

u(x, 0) = u0(x) , x in Rd ,

∂tu(x, 0) = v0(x) , x in Rd ,

(1.14)

where the operator L is given by

− Lu(x, t) = P.V.

ˆ
Rd

(
y ⊗ y

|y|2

)(
u(x + y, t)− u(x, t)− ε(u)(x, t)yχ(s)(y)

)
ρ(y) dy .

(1.15)

The definition of the operator L will be explained in a moment. We analyze (1.14) by proving

results for the equilibrium equations associated to the corresponding steady-state system,

which are given in (1.5) but we rewrite here for convenience:

ˆ
Rd
ρ(x,y)

((
u(x)− u(y)

)
· x− y

|x− y|

)
x− y

|x− y|
dy = f(x) . (1.16)
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The majority of Chapter 6 is devoted to obtaining results for (1.16), which are then leveraged

via semigroups to obtain results for (1.14). This semigroup approach will be explained in

detail in Section 6.5, and at present we focus on the system (1.16). Mathematical analysis of

(1.16) often considers the case when the kernel is compactly supported, radially symmetric,

ρ(x,y) = ρ(|x − y|), and bounded away from zero in a neighborhood of the origin [29, 56,

59, 91]. The time dependent linearized equation of motion (1.14) is also studied in [33, 34]

as an evolution equation in various spaces when the kernel is radial. For the well posedness

of the nonlinear peridynamic equations of motion we refer to [16, 30, 31]. In this case, the

integral operator is well-defined either as a convolution-type operator, when the kernel is

integrable, or in the principal value sense in when the kernel has strong singularity.

Similarly to Chapter 3, here we study models associated with kernels that are translation-

invariant but may be rotationally variant. To be precise, we assume ρ(x,y) = ρ(x−y), where

ρ is not necessarily symmetric. This assumption combined with a formal change of variables

leads to the nonlocal system

ˆ
Rd
ρ(y)

(
y ⊗ y

|y|2

)(
u(x + y)− u(x)

)
dy = −f(x) .

The integral operator on the left hand side converges when ρ ∈ L1(Rd). However, when ρ

is not integrable, it is not clear that the integral converges, even when u is smooth. We

therefore modify the integral operator to ensure that it is well-defined. To illustrate the

modification, first consider the specific choice of kernel ρ(y) := |y|−d−2s for s ∈ (0, 1), and

define the integral operator

−(−∆̊)su(x) := P.V.

ˆ
Rd

C

|y|d+2s

(
y ⊗ y

|y|2

)(
u(x + y)− u(x)

)
dy ,

where C is a normalizing constant. As indicated, the integral converges in the principal value

sense for u smooth enough, say C2. It is in fact a fractional analogue of the Láme operator

in linearized elasticity [59]. Since the kernel is radial, we can subtract any odd function in
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the integrand and get, for example,

−(−∆̊)su(x) = P.V.

ˆ
Rd

C

|y|d+2s

(
y ⊗ y

|y|2

)(
u(x + y)− u(x)−∇u(x)yχ(s)(y)

)
dy ,

where the function χ(s) is defined as

χ(s)(y) =


0 if s ∈ (0, 1/2)

1B1(y) if s = 1/2

1 if s ∈ (1/2, 1) .

Because of the presence of the rank-one matrix
(

y⊗y
|y|2

)
, the last term can be rewritten, giving

−(−∆̊)su(x) = P.V.

ˆ
Rd

C

|y|d+2s

(
y ⊗ y

|y|2

)(
u(x + y)− u(x)− ε(u)(x)yχ(s)(y)

)
dy ,

where ε(u)(x) is the symmetric part of the gradient matrix given by

ε(u)(x) =
1

2
(∇u(x) +∇u(x)ᵀ).

With this motivation at hand, we may now replace the kernel |y|−d−2s with any translation-

invariant kernel ρ(y) and introduce the integral operator L by

−Lu(x) = P.V.

ˆ
Rd

(
y ⊗ y

|y|2

)(
u(x + y)− u(x)− ε(u)(x)yχ(s)(y)

)
ρ(y) dy

which is precisely the operator defined in (1.15). With this new modification, it is clear now

that even for radially nonsymmetric kernels comparable to |y|−d−2s the integral converges

absolutely for smooth u. More generally, the kernel ρ that we will consider in Chapter 6 will

come from two classes.

Class A: Integrable kernels: ρ is a nonnegative integrable function in Rd. That is,

ρ(y) ∈ L1(Rd). In this case, in the definition of L in (1.15), we take χ(s)(y) ≡ 0. Integrable

kernels commonly used in applications have compact support.
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Class B: Nonintegrable kernels: ρ is a nonnegative singular kernel that is comparable

to |y|−d−2s. More precisely, we assume that the kernel ρ is of the form

ρ(y) :=
m(y)

|y|d+2s
1Λr(y) ,

where for some 0 < r ≤ ∞ the set Λr := Λ ∩ Br is a truncated double cone Λ := {x ∈

Rd
∣∣ x
|x| ∈ Γ ∪ −Γ} corresponding to a given measurable subset Γ ⊆ Sd−1 that has positive

Hausdorff measure, and the positive measurable function m : Rd → [0,∞) satisfies

0 < α1 ≤ m(y) ≤ α2 <∞ ,

for positive constants α1 and α2. We also assume that when s = 1/2, ρ satisfies the

cancellation condition

ˆ
∂Bµ

yiyjykρ(y) dσ(y) = 0 , ∀ i, j, k ∈ {1, 2, . . . , d} , ∀µ > 0 . (1.17)

Note that (1.17) is always satisfied when m(y) is an even function.

To show well posedness of the time dependent problem, we establish the solvability of

the linear system

Lu(x) + λu(x) = f(x) in Rd , (1.18)

which is the first main goal of Chapter 6. The constant λ is nonnegative and the operator L

is assumed to possess a kernel from one of the above classes of kernels. For operators that

use kernels in the nonintegrable class, we prove the existence and uniqueness of a strong

solution in the Bessel potential space u ∈ H2s,2 corresponding to data f ∈ L2 satisfying

(1.18) almost everywhere. Further, when L = (−∆̊), for each f ∈ Lp there exists a unique

u ∈ H2s,p solving (1.18). Finally, we will show the well posedness of a wave equation closely

resembling (1.14) as a consequence of the solvability obtained for the steady-state problem.

These results described here will be precisely stated in Chapter 6.
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1.3 Notation

Generally, notation will be set within each chapter, but we state several conventions used

throughout the dissertation here. Given vectors a = (a1, a2, · · · , ad), and b = (b1, b2, · · · , bd)

in Rd, the tensor a ⊗ b is the rank-one matrix with aibj as its ijth entry. We define the

Fourier Transform of a function f as

Ff(ξ) = f̂(ξ) =

ˆ

Rd

e−2πıx·ξf(x) dx .

The notation F−1 or ·∨ denotes the inverse Fourier transform

F−1f(x) = f∨(x) =

ˆ

Rd

e2πıx·ξf(ξ) dξ .

We will retain the same Fourier transform notations even for distributions.

We denote the surface measure of the unit sphere Sd−1 ⊂ Rd as

ωd−1 =
2π

d
2

Γ(d
2
)
.
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Chapter 2

A Peridynamic Operator With

Fractional Kernel

The convergence of peridynamics to local elasticity has been thoroughly explored in the case

of integrable kernels. Here we show a similar connection in the case of non-integrable kernels,

specifically the fractional kernel |x− y|−d−2s.

For this chapter, we define the operator L as

Lu(x) := κd,s

ˆ
Rd

(
(x− y)⊗ (x− y)

|x− y|2

)
u(x)− u(y)

|x− y|d+2s
dy , (2.1)

for d ≥ 2 and s ∈ (0, 1). The positive constant κd,s depends only on d and s, and is defined

as

κd,s := (d+ 2s)
22ssΓ(d

2
+ s)

πd/2Γ(1− s)
= (d+ 2s)cd,s , where

cd,s :=
22ssΓ(d

2
+ s)

πd/2Γ(1− s)
=

(ˆ
Rd

1− cos(h1)

|h|d+2s
dh

)−1

.

(2.2)

Here, Γ denotes the gamma function

Γ(t) =

ˆ ∞
0

yt−1e−y dy .

To see that the two definitions of cd,s are the same we refer the interested reader to [14].
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2.1 A Formula via the Fourier Transform

We will show that Lu−→s→1− L1,1u using the Fourier transform. We begin by finding closed

expressions for two constants that appear in the Fourier transform of the operator L.

2.1.1 Calculation of Constants

We recall the following well-known identity concerning the Gamma function:

Γ(t+ 1) = tΓ(t) for every t > 0 . (2.3)

We also recall the definition of the Beta function with parameters a and b as B(a, b) via the

formula

B(a, b) :=

ˆ ∞
0

ta−1

(1 + t)a+b
dt , where a, b > 0 . (2.4)

The Beta function and Gamma function are related via the formula

B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
, where a, b > 0 . (2.5)

Finally, from [14, Appendix A.2],

1

(2π)2s

ˆ ∞
−∞

1− cos(2πt)

|t|1+2s
dt =

2

(2π)2s

ˆ ∞
0

1− cos(2πt)

t1+2s
dt =

π1/2Γ(1− s)
22ssΓ(s+ 1

2
)
. (2.6)

Definition 2.1. Define two constants `1 and `2 as

`1 :=

ˆ
Rd

1− cos(h1)

|h|d+2s

h2
1

|h|2
dh , `2 :=

ˆ
Rd

1− cos(h1)

|h|d+2s

h2
2

|h|2
dh .

Lemma 2.2. For d ≥ 2 and 0 < s < 1

`2 =
1

(d+ 2s)cd,s
=

1

κd,s
=

1

d+ 2s
· π

d/2Γ(1− s)
22ssΓ(d

2
+ s)

, (2.7)

and

`1 = (2s+ 1)`2 =
2s+ 1

κd,s
=

2s+ 1

d+ 2s
· π

d/2Γ(1− s)
22ssΓ(d

2
+ s)

. (2.8)
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Proof. We first prove (2.7). By a change of variables h = 2πx, we have

`2 =
1

(2π)2s

ˆ
Rd

1− cos(2πx1)

|x|d+2s

x2
2

|x|2
dx =

1

(2π)2s

ˆ
R

ˆ
Rd−1

(1− cos(2πx1))x2
2

(x2
1 + |x′|2)

d+2s+2
2

dx′ dx1 ,

where x = (x1,x
′). We change variables in the inner integral; let η = (η2, . . . , ηd) = (x2,...,xd)

|x1| .

Then using (2.6),

`2 =
1

(2π)2s

ˆ
R

ˆ
Rd−1

1− cos(2πx1)

|x1|d+2+2s(1 + |η|2)
d+2+2s

2

|x1|2η2
2 · |x1|d−1 dη dx1

=
1

(2π)2s

ˆ
R

ˆ
Rd−1

(1− cos(2πx1))η2
2

|x1|1+2s(1 + |η|2)
d+2+2s

2

dη dx1

=

(
1

(2π)2s

ˆ
R

1− cos(2πx1)

|x1|1+2s
dx1

)(ˆ
Rd−1

η2
2

(1 + |η|2)
d+2+2s

2

dη

)

=

(
π1/2Γ(1− s)
22ssΓ(s+ 1

2
)

)(ˆ
Rd−1

η2
2

(1 + |η|2)
d+2+2s

2

dη

)
.

(2.9)

To handle to remaining integral in (2.9), changing to polar coordinates gives

ˆ
Rd−1

η2
2

(1 + |η|2)
d+2+2s

2

dη =

ˆ ∞
0

ˆ
Sd−2

(rζ2)2rd−2

(1 + r2)
d+2+2s

2

dσ(ζ) dr

=

ˆ
Sd−2

ζ2
2 dσ(ζ)

ˆ ∞
0

rd

(1 + r2)
d+2+2s

2

dr

=
ωd−2

d− 1

ˆ ∞
0

rd

(1 + r2)
d+2+2s

2

dr ,

Where ωd−2 denotes the surface measure of the unit sphere Sd−2 ⊂ Rd−1. Letting t = r2 and

using the integral definition (2.4) of the Beta function,

ωd−2

d− 1

ˆ ∞
0

rd

(1 + r2)
d+2+2s

2

dr =
ωd−2

2(d− 1)

ˆ ∞
0

t
d−1

2

(1 + t)
d+2+2s

2

dt

=
ωd−2

2(d− 1)
B

(
d+ 1

2
,
1

2
+ s

)
.
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Using (2.5) and using the definition of surface measure,

ωd−2
1

2(d− 1)
B

(
d+ 1

2
,
1

2
+ s

)
=

2π
d−1

2

Γ(d−1
2

)
· 1

2(d− 1)
·

Γ(d+1
2

)Γ(1
2

+ s)

Γ(d
2

+ 1 + s)

=
π
d−1

2

Γ(d−1
2

)
· 1

(d− 1)
·
d−1

2
Γ(d−1

2
)Γ(1

2
+ s)

Γ(d
2

+ 1 + s)

=
π
d−1

2

2
·

Γ(1
2

+ s)

Γ(d
2

+ 1 + s)
.

In the second equality we additionally used (2.4). Thus

ˆ
Rd−1

η2
2

(1 + |η|2)
d+2+2s

2

dη =
π
d−1

2

2
·

Γ(1
2

+ s)

Γ(d
2

+ 1 + s)
. (2.10)

Combining (2.10) with (2.9), we get using (2.3) that

`2 =

(
π1/2Γ(1− s)
22ssΓ(s+ 1

2
)

)(
π
d−1

2

2
·

Γ(1
2

+ s)

Γ(d
2

+ 1 + s)

)

=
πd/2Γ(1− s)

22ss
· 1

2Γ(d
2

+ 1 + s)

=
πd/2Γ(1− s)

22ss
· 1

2(d+2s
2

)Γ(d
2

+ s)
=

1

d+ 2s
· π

d/2Γ(1− s)
22ssΓ(d

2
+ s)

,

which is (2.7).

To obtain (2.8), note that by the integral definitions of the constants `1, `2 and cd,s, and

by using rotations, that

(cd,s)
−1 =

ˆ
Rd

1− cos(h1)

|h|d+2s
dh

=
d∑
j=1

ˆ
Rd

1− cos(h1)

|h|d+2s

h2
j

|h|2
dh

=

ˆ
Rd

1− cos(h1)

|h|d+2s

h2
2

|h|2
dh +

d∑
j=2

ˆ
Rd

1− cos(h1)

|h|d+2s

h2
2

|h|2
dh = `1 + (d− 1)`2 .
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Thus, by (2.7)

`1 = (cd,s)
−1 − (d− 1)`2 =

(
(d+ 2s)− (d− 1)

)
`2 = (2s+ 1)`2 .

2.1.2 Fourier Transform of the Peridynamic Operator

Theorem 2.3. Let u ∈
[
S(Rd)

]d
. Then

L̂u(ξ) =
(
2π|ξ|

)2s
(

2s
ξ ⊗ ξ

|ξ|2
+ I
)

û(ξ) . (2.11)

Proof. By a change of variables h = y − x, write

Lu(x) = κd,s

ˆ
Rd

1

|h|d+2s

(
h⊗ h

|h|2

)(
u(x)− u(x + h)

)
dh . (2.12)

Thus,

L̂u(ξ) = κd,s

(ˆ
Rd

1− e2πıh·ξ

|h|d+2s

(
h⊗ h

|h|2

)
dh

)
û(ξ) := κd,sM(ξ)û(ξ) . (2.13)

We proceed to find a closed-form expression for M(ξ). For each ξ 6= 0, choose a rotation

R(ξ) ∈ O(d) such that R(ξ)e1 = ξ
|ξ| , where e1 = (1, 0, . . . , 0). By a change of variables

y = Rᵀh, we have

M(ξ) =

ˆ
Rd

1− e2πıRy·R|ξ|e1

|y|d+2s
R(ξ)

(
y ⊗ y

|y|2

)
Rᵀ(ξ) dy

= R(ξ)

[ˆ
Rd

1− e2πı|ξ|y1

|y|d+2s

(
y ⊗ y

|y|2

)
dy

]
Rᵀ(ξ) .

Again changing variables h = y|ξ|,

M(ξ) = |ξ|2sR(ξ)

[ˆ
Rd

1− e2πıh1

|h|d+2s

(
h⊗ h

|h|2

)
dh

]
Rᵀ(ξ) . (2.14)

Now,

=M(ξ) = |ξ|2sR(ξ)

[ˆ
Rd

− sin(2πh1)

|h|d+2s

(
h⊗ h

|h|2

)
dh

]
Rᵀ(ξ) ,
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and since sine is an odd function the integral

ˆ
Rd

sin(2πh1)

|h|d+2s

hihj
|h|2

dh = 0 for every i, j ∈

{1, 2, . . . , d}. Thus M(ξ) = <M(ξ).

Now, we claim that

ˆ
Rd

1− cos(2πh1)

|h|d+2s

hihj
|h|2

dh = 0 , i 6= j . (2.15)

Indeed, writing the left-hand side of (2.15) in polar coordinates,

ˆ
Rd

1− cos 2πh1

|h|d+2s

hihj
|h|2

dh =

ˆ ∞
0

1

r1+2s

ˆ
Sd−1

(1− cos(2πrw1))wiwj dσ(w) dr

Choose a rotation Rij taking wj to −wj and fixing w1 and wi. Changing coordinates and

letting z = Rijw,

ˆ
Sd−1

(1− cos(2πrw1))wiwj dσ(w) = −
ˆ
Sd−1

(1− cos(2πrw1))wiwj dσ(w) ,

which proves (2.15). Therefore,

M(ξ) = (2π|ξ|)2sR(ξ) diag(`1, . . . , `d)R
ᵀ(ξ) (2.16)

where

`i =
1

(2π)2s

ˆ
Rd

1− cos(2πh1)

|h|d+2s

h2
i

|h|2
dh =

ˆ
Rd

1− cos(h1)

|h|d+2s

h2
i

|h|2
dh, i = 1, . . . , d . (2.17)

Observe by using rotations and change of coordinates that `2 = `3 = . . . = `d. By Lemma

2.2,

M(ξ) =
(
2π|ξ|

)2s
R(ξ)

(
(`1 − `2)(e1 ⊗ e1) + `2I

)
Rᵀ(ξ)

=
1

κd,s

(
2π|ξ|

)2s
R(ξ)

(
2s(e1 ⊗ e1) + I

)
Rᵀ(ξ) .

Therefore, since

R(ξ)(e1 ⊗ e1)Rᵀ(ξ) =

(
ξ ⊗ ξ

|ξ|2

)
,
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we have

L̂u(ξ) = κd,sM(ξ)û(ξ) =
(
2π|ξ|

)2s
(

2s

(
ξ ⊗ ξ

|ξ|2

)
+ I
)

û(ξ) .

With Theorem 2.3, it is apparent that

lim
s→0+

Lu = u , and

lim
s→1−

Lu = −∆u− 2∇(div u) .
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Chapter 3

On A Variational Formulation

3.1 Introduction

We study the Dirichlet problem associated with the nonlocal system of equations

Lu = f in Ω; u = 0 in {Ω , (3.1)

where the vector-valued nonlocal operator L is of the form

Lu(x) = lim
ε→0+

ˆ
|x−y|>ε

k(x,y)

(
x− y

|x− y|
⊗ x− y

|x− y|

)
(u(x)− u(y)) dy, (3.2)

when the limit exists. The functions u and f are vector fields defined in their respective

domain. The kernel k : Rd × Rd → [0,∞] is measurable. From the very definition of the

nonlocal operator L, it is clear that (3.1) is a strongly coupled system of equations.

The goal of this chapter is twofold. First, we formulate a variational problem for (3.1),

the resolution of which provides solutions to (3.1). We treat more general kernels than

those covered in the literature. For given data f in an appropriate class, we describe a

notion of solution and demonstrate existence of vector-valued solutions u : Rd → Rd to

the nonlocal coupled system (3.1). The second goal is to prove some results related to the

optimal regularity of solutions. This will be carried out for a specific class of kernels.
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Recalling the discussion in Chapter 1, define the symmetric and anti-symmetric parts of

k(x,y)

ks(x,y) =
1

2
(k(x,y) + k(y,x)) , ka(x,y) =

1

2
(k(x,y)− k(y,x)) .

Throughout the chapter we consider kernels whose symmetric part has locally integrable

second moment, i.e., we assume

x 7→
ˆ
Rd

min{1, |x− y|2}ks(x,y) dy ∈ L1
loc(Rd). (3.3)

We also define the function space of vector fields

S(Rd; k) =
{
v ∈ L2(Rd;Rd)) : D(v)(x,y)k1/2

s (x,y) ∈ L2(Rd × Rd)
}
.

The mapping [u,v]H(Rd;k) :=
´
Rd
´
Rd ks(x,y)D(u)(x,y)D(v)(x,y) dy dx defines a bilinear

form on S(Rd; k). One can easily show that the function ‖ · ‖S(Rd;k), defined via the relation

‖v‖2
S(Rd;k) = ‖v‖2

L2(Rd) +

ˆ
Rd

ˆ
Rd
ks(x,y)(D(v)(x,y))2 dy dx,

serves as a norm for S(Rd; k). Moreover, adapting the argument used in the proof of [36,

Lemma 2.3], we can actually show that S(Rd; k) is a separable Hilbert space with inner

product (·, ·)L2(Rd) + [·, ·]S(Rd;k) . See also similar results in [29, 58, 59]. We denote the dual

space of S(Rd; k) by S∗(Rd; k).

Roughly speaking, we show the following results: for those kernels k whose antisymmetric

part is small relative to the symmetric part (e.g. the function x 7→
´
Rd

(ka(x,y))2

ks(x,y)
dy is

uniformly bounded for any u ∈ S(Rd; k)), the limit in (3.2) exists in the weak-* topology of

the dual space S∗(Rd; k), and therefore Lu ∈ S∗(Rd; k). This interpretation of the operator

allows us to define a generalized or weak notion of solution to the system of equations in (3.1).

The well-posedness of the problem is demonstrated via the application of the Lax-Milgram

theorem. To this end, we introduce a bilinear form on the space S(Rd; k)× S(Rd; k) that is

compatible with the system (3.1), and by imposing additional conditions on k we show that

this form is continuous and coercive on appropriate subspaces. Systems of the type (3.1) have
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been studied extensively in the literature, cf. in [26, 27, 34, 44, 58]. Our results complement

the well-posedness result in the above cited papers. Indeed, our work deals with kernels that

give rise to non-symmetric bilinear forms while earlier works are based on kernels associated

to symmetric bilinear forms. As we will see in the next section clearly, the non-symmetric

bilinear forms we study account for the the presence of lower order terms that may involve

“lower order fractional” derivatives, while the results in [58] deal with linear problems with

lower order terms that involve the unknown function without any derivatives.

Let us comment on the case where the vector fields are scalar. In this case, the quadratic

form under consideration becomes a regular Dirichlet form in the sense of [38]. For this

reason there is an associated strong Markov jump process, which can be used to study the

Dirichlet problem. In the particular case of translation invariant operators, i.e., when k(x,y)

depends only on (x− y), the process has stationary independent increments and is called a

Lévy process. The potential theory of Markov jump processes including fine properties of

heat kernels has been developed in great detail in recent years. It can be shown that our

notion of a variational solution coincides with the probabilistic notion of harmonicity [15, 53]

if the source term f vanishes. For the theory of nonlocal non-symmetric Dirichlet forms we

refer to [39, 45, 77]. In the case of scalar fields, the variational approach to the Dirichlet

problem has been used by several authors [36, 72, 80]. Note that we only comment on

nonlocal operators in bounded domains which are related to quadratic forms. For a survey

of results on nonlocal Dirichlet problem in the non-variational context, see [71].

Our study of the nonlocal system (3.1) for general kernels follows the variational approach

taken in [36] adapting it to the system of equations. This adaptation is not trivial because

of the structure of the operator. For instance, one can easily check that the seminorm

[u,u]S(Rd;k) vanishes over a class of affine maps of the type u(x) = Bx + c, where B is

skew-symmetric matrix. When proving coercivity of the form over a subspace, one has to

find a mechanism to remove this large class of maps, as opposed to constants in the case

of equations. We will see that we need to use fractional Poincaré-Korn-type inequalities for

the system in contrast to the standard fractional Poincaré inequality for problems involving

scalar fields.
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Let us mention that the system arising in (3.1) is related to the Euler-Lagrange system

generated by fractional harmonic maps. Those systems were studied first in [20] for the

half-Laplacian and then extended to more general situations [19, 21, 65, 73, 75]. In these

works, the systems arise as Euler-Lagrange equations for critical points of functionals like

‖(−∆)
s
2 u‖Lp for u ∈ Ḣs,p(Rd;M) where M ⊂ RN is a smooth closed manifold. Obviously,

these systems are nonlinear in general, which makes the regularity theory very challenging.

However, the systems generated by harmonic maps do not possess a strong coupling in the

main part of the operator as in (3.1).

In this chapter, we also obtain local regularity results for variational solutions of the

system (3.1) corresponding to a special class of kernels. For this aspect of our study, we

concentrate on translation invariant operators with kernels of the form k(x,y) = k(x − y),

that is even and comparable with the standard kernel of fractional order. We allow this

comparability to hold true in any double cone Λ with apex at the origin, i.e.

k(x− y) � 1

|y − x|d+2s
, s ∈ (0, 1), x− y ∈ Λ.

For these types of kernels we show that the Hilbert space S(Rd; k) is equivalent to the

standard fractional Sobolev space

Hs(Rd;Rd) :=

{
u ∈ L2(Rd;Rd) : [u]2W s,2 :=

ˆ
Rd

ˆ
Rd

|u(x)− u(y)|2

|x− y|d+2s
dy dx <∞

}
.

Such an equivalence will be proved using the Fourier transform. See [29, 57] for related

results. For such kernels we show that actually the operator L : H2s(Rd;Rd)→ L2(Rd;Rd) is

continuous. More generally, for any p ∈ (1,∞), if we define the non-homogeneous potential

space

L2s,p(Rd;Rd) = {u ∈ Lp(Rd;Rd) : (−∆)su ∈ Lp(Rd;Rd)}

where the fractional Laplacian (−∆)s is acting on each component, then it can be shown

that the nonlocal matrix-valued operator L is continuous from L2s,p(Rd;Rd) → Lp(Rd;Rd).

Most importantly, we show in this chapter that for any 2 ≤ p ≤ 2d
d−2s

and f ∈ Lp(Ω;Rd), the
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unique variational solution u ∈ Hs(Rd;Rd) to the zero Dirichlet problem

Lu = f in Ω, u = 0 in {Ω. (3.4)

belongs to L2s,p
loc (Rd;Rd). We say u ∈ L2s,p

loc (Rd;Rd) if uη ∈ L2s,p(Rd;Rd) for any η ∈ C∞c (Rd).

For nonlocal equations, results of the above type have been proved in [10, 43, 50]. We follow

an approach that is used in [9, 10], where a similar but more general result is proved for the

Dirichlet problem for fractional Laplacian equation when the right hand side comes from Lp

for any 1 < p < ∞. In the case of vector fields, we could not cover all ranges of p but only

with the additional assumption that the weak solution u ∈ Lp. In the scalar case such an

assumption is not necessary since it can be proven that a solution to the Dirichlet problem

of the fractional Laplacian with right hand side in Lp must also be in Lp, see [10, Lemma

2.5]. A similar Calderón-Zygmund type estimate for solutions is also proved in [50, Theorem

16]. Unfortunately we are unable to extend their proof to the vector-valued case because the

argument in [10] relies on a monotonicity property of an associated semigroup and in the

case of [50] it uses a Moser-type argument where a nonlinear function of the solution is used

as a test function. Neither of these arguments can be applied for systems.

The organization of the chapter is as follows: In Section 3.2 we introduce additional

notation, provide some auxiliary results, and show well-posedness of the Dirichlet problem

(3.1) using Hilbert space methods. We present sufficient conditions that imply the validity

of fractional Poincaré-Korn type estimates for a larger class of kernels. We also provide

examples of kernels for which the theorem is applicable. For a smaller class of kernels we

also link the energy space S(Rd; k) with classical Sobolev spaces. In Section 3.3 we prove

higher-order interior regularity of solutions to the Dirichlet problem corresponding to a

particular class of kernels.

3.2 The Variational Formulation

In this section we set up the variational approach to solve the system (3.1).
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3.2.1 Notation and Definitions

Throughout this chapter we will be using the following function spaces and their associated

norms. We assume that D ⊂ Rd is an open subset, and {D denotes its complement. We

begin with the function spaces

LpD(Rd) = {u ∈ Lp(Rd;Rd) |u = 0 a.e. on {D}

which collects Lp functions defined over Rd that vanish outside of D. We also use the notation

SD(Rd; k) to denote the space of functions in S(Rd; k) that vanish outside of D:

SD(Rd; k) = {u ∈ S(Rd; k) : u = 0 a.e. on {D}.

It is not difficult to show that SD(Rd; k) is a closed subset of S(Rd; k) and that from the

definition,
(
SD(Rd; k), ‖·‖S(Rd;k)

)
↪→

(
S(Rd; k), ‖·‖S(Rd;k)

)
. We denote the dual space of

SD(Rd; k) by S∗D(Rd; k).

To set up a variational problem, we will make necessary preparations. To begin with, we

introduce a bilinear form that will be used to define a generalized notion of a solution to the

nonlocal systems of equations.

Definition 3.1. Given two measurable functions u and v, we define

Fk(u,v) =
1

2

ˆ
Rd

ˆ
Rd
ks(x,y)D(u)(x,y)D(v)(x,y) dy dx

+

ˆ
Rd

ˆ
Rd
ka(x,y)D(u)(x,y)

(
v(x) · x− y

|x− y|

)
dy dx,

whenever the integrals exist.

We notice that the form is not necessarily symmetric. We aim to find conditions on

k that allow us to have good control on the quadratic functional Fk(u,u) for u in the

function space S(Rd; k). To that end, following [36, 77] let us assume that there exists a

symmetric kernel k̃ and constants A1 ≥ 1, A2 ≥ 1 such that for all x ∈ Rd, the measure
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|{y ∈ Rd : k2
a(x,y) 6= 0 and k̃(x,y) = 0}| = 0, and

ˆ
Rd

ˆ
Rd
k̃(x,y)(D(u)(x,y))2 dy dx ≤ A1‖u‖2

S(Rd;k) (3.5)

for all u ∈ S(Rd; k), and that

sup
x∈Rd

ˆ
Rd

k2
a(x,y)

k̃(x,y)
dy ≤ A2. (3.6)

Note that we can choose k̃ = ks, see [77] where it is used for scalar equations. The next

lemma describes the proper definition of Fk(u,v) and its continuity on S(Rd; k). It also

clarifies in what sense the operator (3.2) is defined.

Proposition 3.2. Let Ω ⊂ Rd be open and assume that k satisfies (3.3) and (3.5)-(3.6).

For n ∈ N, define the subset Dn = {(x,y) ∈ Rd × Rd : |x− y| > 1/n} and let

Lnu(x) =

ˆ
|x−y|>1/n

k(x,y)D(u)(x,y)
y − x

|y − x|
dy,

Fkn(u,v) =

¨
Dn

k(x,y)D(u)(x,y)

(
v(x) · x− y

|x− y|

)
dy dx .

Then we have that

i) (Lnu,v)L2(Rd) = Fkn(u,v) and lim
n→∞

Fkn(u,v) = Fk(u,v) for all u,v ∈ C∞c (Ω).

ii) Moreover, Fk : S(Rd; k)× S(Rd; k)→ R is continuous, and thus on SΩ(Rd; k).

Proof. We begin by noticing that if u ∈ C∞c (Rd), the expression Lnu(x) is finite for almost

all x ∈ Rd. This follows from the fact that for almost all (x,y) ∈ Rd×d, k(x,y) ≤ ks(x,y),

assumption (3.3), and that the integration is over Dn. Similarly, for u,v ∈ C∞c (Rd), Fkn(u,v)

is finite as well.

Now, for u,v ∈ C∞c (Rd) we have by Fubini’s theorem that

(Lnu,v)L2(Rd) =

ˆ
Rd

[ˆ
{B(x,1/n)

k(x,y)

(
x− y

|x− y|
⊗ x− y

|x− y|

)
(u(x)− u(y)) dy

]
v(x) dx

=

¨
Dn

k(x,y)

((
u(x)− u(y)

)
· x− y

|x− y|

)(
v(x) · x− y

|x− y|

)
dy dx .
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Split the last integral using the decomposition of k into ks and ka, and interchange x and y

to obtain that

(Lnu,v)L2(Rd) =
1

2

¨
Dn

ks(x,y)D(u)(x,y)D(v)(x,y) dy dx

+

¨
Dn

ka(x,y)D(u)(x,y)

(
v(x) · x− y

|x− y|

)
dy dx .

(3.7)

We will be using the Lebesgue dominated convergence theorem to pass to the limit in

both terms in (3.7). To pass to the limit in the first term we use the function (x,y) 7→

ks(x,y)D(u)(x,y)D(v)(x,y) as a majorant. It is integrable and by the Cauchy-Schwarz

inequality,

ˆ
Rd

ˆ
Rd
ks(x,y)D(u)(x,y)D(v)(x,y) dy dx ≤ [u,u]H(Rd;k)[v,v]H(Rd;k) <∞ (3.8)

due to (3.3), since u,v ∈ S(Rd, k). We next bound the integrand in the second term in (3.7)

as follows. For x,y ∈ Rd, using Young’s inequality we have that

ka(x,y)D(u)(x,y)

(
v(x) · x− y

|x− y|

)
≤ |ka(x,y)|k̃−1/2(x,y)|D(u)(x,y)| |v(x)|k̃1/2(x,y)

≤ 1

2

(
v(x)2k

2
a(x,y)

k̃(x,y)
+ k̃(x,y)|D(u)(x,y)|2

)
,

where assumption (3.5)-(3.6) guarantees that both functions on the right hand side are

integrable in the product space Rd × Rd. It is now clear that

lim
n→∞

(Lnu,v)L2(Rd) = Fk(u,v) .

To prove the continuity of the bilinear form Fk : S(Rd; k) × S(Rd; k) → Rd we estimate

the two terms of Fk separately. As has been shown in (3.8), the first term of Fk(u,v)

cannot exceed 1
2
[u,u]S(Rd;k)[v,v]S(Rd;k). To estimate the second term, we use (3.5)-(3.6) with
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A = max{A1, A2} and the Cauchy-Schwarz inequality to obtain that

ˆ
Rd

ˆ
Rd
ka(x,y)D(u)(x,y)

(
v(x) · x− y

|x− y|

)
dy dx

≤
ˆ
Rd

ˆ
Rd
|ka(x,y)|k̃−1/2(x,y)|D(u)(x,y)||v(x)|k̃1/2(x,y) dy dx

≤
(ˆ

Rd
v(x)2

ˆ
Rd

k2
a(x,y)

k̃(x,y)
dy dx

)1/2

×
(ˆ

Rd

ˆ
Rd
k̃(x,y)(D(u)(x,y))2 dy dx

)1/2

≤ A ‖v‖L2(Rd) ‖u‖S(Rd;k).

Combining the above estimates we have that

|Fk(u,v)| ≤ 1

2
[u,u]S(Rd;k)[v,v]S(Rd;k) + A ‖u‖S(Rd;k) ‖v‖L2(Rd) ≤ C ‖u‖S(Rd;k) ‖v‖S(Rd;k) ,

(3.9)

proving that Fk is indeed a continuous bilinear form on the space S(Rd; k).

Remark 3.3. A discussion on the nature of the “limiting operator” L = lim
n→∞

Ln is in order.

First, in the event that the kernel k(x,y) is integrable in the sense that if for every x ∈ Rd,ˆ
Rd
ks(x,y) dy < ∞ and the function x 7→

ˆ
Rd
ks(x,y) dy ∈ L1

loc(Rd), then for any u ∈

S(Rd; k) and for each n ∈ N, the value Lnu(x) is finite for almost all x ∈ Rd and for almost

all x ∈ Rd we have

lim
n→∞

Lnu(x) = Lu(x)

=

ˆ
Rd
k(x,y)D(u)(x,y)

x− y

|x− y|
dy

=

ˆ
Rd
ks(x,y)D(u)(x,y)

x− y

|x− y|
dy +

ˆ
Rd
ka(x,y)D(u)(x,y)

x− y

|x− y|
dy.

Moreover, the above proposition implies that the sequence {Lnu} is bounded in the dual

space of S(Rd; k), and converges in the weak-* topology to Fk(u, ·). In this case, since for

any v ∈ C∞c (Rd) one can verify using Fubini’s theorem that

〈Lu,v〉L2(Rd) = Fk(u,v) ,
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so we can identify Fk(u, ·) with the measurable vector field Lu.

More generally, for any kernel satisfying (3.3) and (3.5)-(3.6), and for any u ∈ S(Rd; k),

one may replace the L2 inner product by the duality pairing to define the sequence of

functionals Lnu defined by

〈Lnu,v〉 :=
1

2

¨
Dn

ks(x,y)D(u)(x,y)D(v)(x,y) dy dx

+

¨
Dn

ka(x,y)D(u)(x,y)

(
v(x) · x− y

|x− y|

)
dy dx ,

for v ∈ S(Rd, k). The proposition proved above shows that {Lnu} is bounded in the dual

space of S(Rd, k) and converges in the weak-* topology to Fk(u, ·). For u ∈ C∞c (Rn), the

limiting functional Fk(u, ·) can be identified with the function

Lu(x) = P.V.

ˆ
Rd
ks(x,y)D(u)(x,y)

x− y

|x− y|
dy +

ˆ
Rd
ka(x,y)D(u)(x,y)

x− y

|x− y|
dy.

In the event that k is not integrable and not necessarily symmetric, the second term in the

above expression corresponds to a term with “lower order derivatives;” see [36] for a detailed

discussion.

3.2.2 The Dirichlet Problem for the System of Nonlocal Equations

In this subsection we use the bilinear form we introduced earlier to define what we mean by

a variational solution to the Dirichlet problem of the nonlocal system of equations.

Zero Dirichlet Data

Definition 3.4. Assume that k satisfies both (3.3) and (3.5)-(3.6). Let Ω ⊂ Rd be open,

bounded. Let f ∈ S∗Ω(Rd; k). We say that u ∈ SΩ(Rd; k) is a solution of

Lu = f in Ω, u = 0 on {Ω, (D0)

if

Fk(u, ϕ) = (f , ϕ)L2(Rd) for all ϕ ∈ SΩ(Rd; k). (3.10)
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The main result of this section is the following well-posedness of the Dirichlet problem

(D0).

Theorem 3.5. Let Ω ⊂ Rd be open, bounded. Let k satisfy (3.3) and (3.5)-(3.6). Assume

further that

i) there exists CP ≥ 1 such that for all u ∈ L2
Ω(Rd),

‖u‖2
L2(Ω) ≤ CP

ˆ
Rd

ˆ
Rd
ks(x,y)(D(u)(x,y))2 dy dx, and (PK)

ii) for every ε > 0, there exists Cε ≥ 0 such that

Cε = sup
x∈Ω

ˆ
{B(x,ε)

|ka(x,y)| dy <∞, and (3.11)

iii)

inf
x∈Rd

lim inf
ε→0+

ˆ
{B(x,ε)

ka(x,y)

(
x− y

|x− y|
⊗ x− y

|x− y|

)
dy ≥ 0 (3.12)

in the sense of quadratic forms.

Then corresponding to any f ∈ S∗Ω(Rd; k) there exists a unique solution u ∈ SΩ(Rd; k) to

(D0). Moreover, there exists a constant c > 0 such that

[u,u]SΩ(Rd;k) ≤ c‖f‖S∗Ω(Rd;k).

Remark 3.6. Condition (PK) in the theorem is called a Poincaré-Korn type inequality. In

the theorem it appears as an assumption that restricts the choice of the kernel k. Later,

we provide sufficient conditions that guarantee the validity of (PK) for a class of kernels.

Conditions (3.11)-(3.12) should be treated as cancellation conditions on the antisymmetric

part of the kernel. Indeed, condition (3.11) is an integrability requirement on ka away from

the diagonal which allows us to apply Fubini’s theorem and use other properties of the

integral. Condition (3.12) on the other hand says that the term in the energy Fk[u,u]

involving the antisymmetric part ka(x,y) should not be “too negative.” This condition can

be relaxed a little bit, but verifying it may be a challenge. A relaxed condition is given in
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[36, Remark 3.3]. See also nonlocal variational problems that involve sign changing kernels

in a different sense in [58].

Proof of Theorem 3.5. We use the Lax-Milgram theorem to prove the result. Conditions

(3.11)-(3.12) will be used to show that Fk[u,u] is positive semidefinite, while (PK) implies

positive definiteness of the energy. We show step by step that all the assumptions in the Lax-

Milgram theorem are satisfied. We begin by noting that as in Proposition 3.2 the conditions

(3.3), (3.5)-(3.6) imply that the bilinear form Fk is a continuous form on S(Rd; k). Next,

we will show that Fk is coercive on the closed subspace SΩ(Rd; k) of S(Rd; k). We begin by

showing that

Fk(u,u) ≥ 1

2
[u,u]S(Rd;k) for all u ∈ SΩ(Rd; k). (3.13)

For any ε > 0, and for any u ∈ SΩ(Rd; k) we have that

¨
|x−y|>ε

D(u)(x,y)

(
u(y) · x− y

|x− y|

)
ka(x,y) dy dx

=
1

2

¨
|x−y|>ε

D(u)(x,y)

(
(u(x) + u(y)) · x− y

|x− y|

)
ka(x,y) dy dx

=
1

2

¨
|x−y|>ε

((
u(x) · x− y

|x− y|

)2

−
(

u(y) · x− y

|x− y|

)2
)
ka(x,y) dy dx .

where we have used the anti-symmetry of ka in the first equality. We use the integrability

assumption (3.11) in the last integral to apply Fubini’s theorem to obtain that

¨
|x−y|>ε

D(u)(x,y)

(
u(y) · x− y

|x− y|

)
ka(x,y) dy dx

=

¨
|x−y|>ε

(
u(x) · x− y

|x− y|

)2

ka(x,y) dy dx

=

ˆ
Rd

u(x)ᵀ
[ˆ

{B(x,ε)

ka(x,y)

(
x− y

|x− y|
⊗ x− y

|x− y|

)
dy

]
u(x) dx .
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We then conclude from (3.12) that

ˆ
Rd

ˆ
Rd
D(u)(x,y)

(
u(y) · x− y

|x− y|

)
ka(x,y) dy dx

= lim
ε→0

¨
|x−y|>ε

D(u)(x,y)

(
u(y) · x− y

|x− y|

)
ka(x,y) dy dx

=

ˆ
Rd

u(x)ᵀ
[ˆ

{B(x,ε)

ka(x,y)

(
x− y

|x− y|
⊗ x− y

|x− y|

)
dy

]
u(x) dx ≥ 0.

Hence, from the definition of the bilinear form we have that

Fk(u,u) ≥ 1

2

ˆ
Rd

ˆ
Rd

(D(u)(x,y))2ks(x,y) dy dx (3.14)

and (3.13) is proved. Therefore, by the Poincaré-Korn inequality (PK) and (3.13),

Fk(u,u) ≥ 1

4CP
‖u‖2

L2(Ω) +
1

4
[u,u]S(Rd;k) ≥

1

4CP
‖u‖2

S(Rd;k).

Finally, the Lax-Milgram Lemma implies that there exists a unique u ∈ SΩ(Rd; k) such that

Fk(u, ϕ) = 〈f , ϕ〉 for all ϕ ∈ SΩ(Rd; k).

A Sufficient Condition for the Poincaré-Korn Inequality

We emphasize that the Poincaré-Korn inequality (PK) is an assumption in Theorem 3.5.

Here we present a theorem that gives sufficient conditions on the kernel k for the validity

of thee Poincaré-Korn inequality. Given I an open subset of the unit sphere Sd−1 such that

the Hausdorff measure Hd−1(I) > 0, we call the set Λ =
{

h ∈ Rd \ {0} : h
|h| ∈ I ∪ (−I)

}
a double cone with apex at the origin. Note that for any such cone Λ = −Λ. Denote

ΛBr := Λ ∩Br(0), a part of a double cone with apex at the origin in Br(0).

Proposition 3.7. Let Ω ⊂ Rd be open, bounded. Assume that there is an even, nonnegative

function ρ ∈ L1(Rd) satisfying the following conditions:

i) There exists δ0 > 0 and a cone Λ with apex at the origin such that ΛBδ0
⊂ {ρ > 0}.
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ii) There exists c0 > 0 such that for all u ∈ SΩ(Rd; k)

ˆ
Rd

ˆ
Rd
ks(x,y)

((
u(x)− u(y)

)
· x− y

|x− y|

)2

dy dx

≥ c0

ˆ
Rd

ˆ
Rd
ρ(x− y)

((
u(x)− u(y)

)
· x− y

|x− y|

)2

dy dx .

(3.15)

Then, there exists CP = CP (Ω, c0, ρ, δ0,Λ) > 0 such that for all u ∈ SΩ(Rd; k)

‖u‖L2(Rd) ≤ CP

ˆ
Rd

ˆ
Rd
ks(x,y)

((
u(x)− u(y)

)
· x− y

|x− y|

)2

dy dx. (3.16)

In the next subsection we give a number of examples of kernels that satisfy the hypothesis

of the proposition. We need the following lemma which generalizes [89, Proposition 1.2] and

[29, Lemma 2.2] that give a characterization of infinitesimal rigid motions.

Lemma 3.8. Suppose that u : Rd → Rd is a measurable vector-valued function such that for

some fixed δ0 > 0, and J ⊂ Sd−1, an open subset of the unit sphere Sd−1 with Hd−1(J ) > 0,

it holds that for almost every x ∈ Rd,

(u(x)− u(y)) · (x− y) = 0 for almost every y ∈
{

y ∈ Bδ0(x) :
x− y

|x− y|
∈ J

}
.

Then u is an affine map of the form u(x) = Ax + b, almost everywhere, where A is a

constant skew symmetric matrix (Aᵀ = −A), and b ∈ Rd.

Proof. For x ∈ Rd, define Γ(x) =
{

y ∈ Bδ0(x) : x−y
|x−y| ∈ J

}
. For each x, the set Γ(x) is an

open set and is in fact the intersection of the ball Bδ0(x) with the cone whose directions

lie in J with apex at x. Let {ei}di=1 denote a basis for Rd contained in J ; such a basis

exists because J is open and nontrivial. Then since the Lebesgue integral is continuous with

respect to translations, there exists a δ1 > 0 such that the function

δ 7→
ˆ
Rd

(
d∏
i=1

χΓ(δei)

)
χΓ(0) dx
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is positive. For x ∈ Rd, set Γ̃(x) :=
(⋂d

i=1 Γ(x+ δ1ei)
)
∩ Γ(x). By the discussion above,

Γ̃(x) is an open set of positive measure.

Now fix x0 ∈ Rd (up to a set of measure zero). Then by the main assumption in the

lemma, for almost every x ∈ Γ̃(x0) we have

((u(x)− u(x0)) · (x− x0)) = 0 (3.17)

and

((u(x)− u(x0 + δ1ei)) · (x− x0 − δ1ei)) = 0 . (3.18)

Therefore, adding and subtracting u(x0) in the first argument of (3.18) and x0 in the second

and using (3.17) we see that

(u(x)− u(x0)) · δ1ei = −(u(x0 + δ1ei)− u(x0)) · (x− x0).

So,

u(x) · ei =
1

δ1

((u(x0 + δ1ei)− u(x0)) · (x− x0)) + u(x0) · ei

for every x ∈ Γ̃(x0) and every i, which is clearly a linear map. Then, letting E = [ei] be the

matrix of basis vectors, and u = (u1, u2, · · · , ud), we have that

ui(x) =
(
E−1(Eu)

)
i

=
∑
j

e−1
ij (ej · u(x))

which, being a sum of of linear maps, is still linear. We conclude that for almost all x ∈ Γ̃(x0)

the vector field u is of the form A(x0)x + b(x0), where A is matrix with constant entries

(depending possibly on x0) and b is a constant vector (also depending on x0) in Rd.

Next given any two points in Rd, outside of a set of measure zero, we connect them by

finitely many sets of the form Γ̃(x), i.e. for any two points x0 and x1 in Rd there exists

a finite subcover of (Γ̃(x))x∈Rd , denoted (Γ̃(xk))
N
k=1, such that Γ̃(xk) ∩ Γ̃(xk+1) 6= ∅ and

x0 ∈ Γ̃(x0), x1 ∈ Γ̃(xN). This is possible, since the line segment connecting x0 and x1 is

compact. Therefore the u given above is the same in neighboring intersecting open sets and
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so u = Ax + b on Rd where A, b are now constants. Again from the main assumption, the

matrix A must be skew symmetric.

Corollary 3.9. Let Ω ⊂ Rd be open, bounded. Assume that there is a nonnegative even

function ρ ∈ L1(Rd) satisfying the following:

There exist δ0 > 0 and a symmetric cone Λ with vertex at the origin such that

Λ ∩Bδ0(0) ⊂ supp ρ.

Suppose that u ∈ L2(Rd;Rd) satisfies

ˆ
Rd

ˆ
Rd
ρ(x− y)

((
u(x)− u(y)

)
· x− y

|x− y|

)2

dy dx = 0.

Then u = 0 almost everywhere.

Proof. Since the integrand is nonnegative, we see that for almost every x ∈ Rd,

(u(x)− u(y)) · (x− y) = 0

for almost every y ∈ supp ρ+ x := {z : z− x ∈ supp ρ}. By assumption and Lemma 3.8, u

is an affine map. But since u ∈ L2(Rd), it follows that u must be the zero vector field.

Now, we are ready to prove the sufficiency for Poincaré-Korn inequality. The proof follows

the argument presented in the proof of [59, Proposition 2], that applies the case when ρ is

radial.

Proof of Lemma 3.7. Without loss of generality we assume that ρ has compact support of

positive measure. (else replace ρ by ρχB(0,r)). Then ρ satisfies (3.3). To prove the lemma, it

suffices to show that there exists a constant C > 0 such that for all u ∈ L2
Ω(Rd),

‖u‖L2 ≤ C[u,u]H(Rd;ρ).

Suppose to the contrary; that there exists {un} ⊂ SΩ(Rd; ρ) such that ∀n ∈ N ‖un‖L2(Rd) = 1

and [un,un]S(Rd;ρ) → 0 as n → ∞. Let u be the weak L2(Rd) limit of {un}. We first show
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that u = 0. Note that because of the properties of ρ the operator

Lρu(x) :=

ˆ
Rd
ρ(x− y)

(
x− y

|x− y|
⊗ x− y

|x− y|

)
(u(x)− u(y)) dy

is a bounded linear map from L2(Rd;Rd) to L2(Rd;Rd). Let ϕ ∈ C∞c (Rd). Then, by the

Cauchy-Schwartz inequality,

Fρ(un, ϕ) =

ˆ
Rd

ˆ
Rd
ρ(x− y)

(
(un(x)− un(y)) · x− y

|y − x|

)(
ϕ(x) · x− y

|y − x|

)
dy dx

≤

(ˆ
Rd

ˆ
Rd
ρ(x− y)

(
(un(x)− un(y)) · x− y

|y − x|

)2

dy dx

)1/2

×
(ˆ

Rd

ˆ
Rd
ρ(x− y)|ϕ(x)|2 dy dx

)1/2

= ‖ρ‖L1(Rd) [un,un]
1/2

S(Rd;ρ)
‖ϕ‖L2(Rd)

→ 0 as n→∞.

Now, since ρ is symmetric, Fρ is symmetric. Thus,

(Lρun, ϕ)L2 = Fρ(un, ϕ) = Fρ(ϕ,un) = (un,Lρϕ)L2 ∀n ∈ N.

Since Lρϕ ∈ L2(Rd;Rd), it follows that Fρ(ϕ,un)→ Fρ(ϕ,u) as n→∞. Therefore, for all

ϕ ∈ C∞c (Rd;Rd), (Lρϕ,u)L2 = (Lρu, ϕ)L2 = 0. Thus Lρu = 0 a.e. As a consequence, since

ρ is even and assumption ii)

(Lu,u)L2 = Fρ(u,u) =
1

2
[u,u]S(Rd;ρ)

=
1

2

ˆ
Rd

ˆ
Rd
ρ(x− y)

((
u(x)− u(y)

)
· x− y

|x− y|

)2

dy dx = 0 .

We can now apply Corollary 3.9 to conclude that u ≡ 0 on Rd.

Next we show that in fact, up to a subsequence, un → 0 strongly in L2, and arrive at

our contradiction. To show this it suffices to demonstrate that ‖un‖L2(Ω) → 0 as n → ∞.

Define K(ξ) = ρ(ξ)ξ⊗ξ|ξ|2 . Note that K ∈ L1(Rd;Rd×Rd) since ρ ∈ L1∩L∞(Rd). Then, define
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K ∗ u(x) and B as

(K ∗ u(x))i =
d∑
j=1

ˆ
Rd

(K(x− y))iju(y)j dy, B =

ˆ
Rd

K(ξ) dξ.

Both quantities converge absolutely and are well-defined. Further, Lρu(x) = K ∗ u(x) −

Bu(x). Note that B is a positive definite constant matrix, which follows from the fact that

Φ(v) = vᵀBv =

ˆ
Rd
ρ(ξ)

∣∣∣∣ ξ|ξ| · v
∣∣∣∣2 dξ is a continuous and positive function on the unit sphere

Sd−1. From the above estimate, we have that

(Lρun,un)L2 ≤ ‖ρ‖L1(Rd) [un,un]S(Rd;ρ) ‖un‖L2(Rd) → 0 as n→∞.

Since un ⇀ 0 weakly in L2(Rd), by compactness of the convolution operator [13, Corollary

4.28] we have that

K ∗ un(x)→ 0 strongly in L2(Ω;Rd).

Therefore, if B ≥ γI in the sense of quadratic forms, we have that

γ lim
n→∞

ˆ
Rd
|un|2 dx ≤ lim

n→∞
(Bun,un)L2(Rd) = lim

n→∞
(Bun,un)L2(Rd) + lim

n→∞
(K ∗ un,un)L2(Ω)

= lim
n→∞

(Lρun,un)L2(Ω) = 0.

That completes the proof.

Examples of Kernels

There are several examples of kernels that satisfy all the conditions of the theorem; a number

of them are discussed in detail in [36] in connection with the solvability of the Dirichlet

problem of nonlocal equations. For some of these examples, the verification of (PK) is

nontrivial. We list several examples of nontrivial kernels, for which we can verify all the

conditions. This shows that the nonlocal Dirichlet problem for the corresponding equations

is well-posed. Given I an open subset of the unit sphere Sd−1 such that Hausdorff measure

Hd−1(Λ) > 0, we call the set Λ =
{

h ∈ Rd \ {0} : h
|h| ∈ I ∪ (−I)

}
a double cone with apex
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at the origin. Note that for such cone Λ = −Λ. Denote ΛBr := Λ∩Br(0), a part of a double

cone with apex at the origin in Br(0).

Example 1: Suppose that ρ ∈ L1(Rd) is nonnegative and even. Define now

k(x,y) = ρ(x− y)χΛB1
(x− y) .

Since K is symmetric, we only need to verify the Poincaré-Korn type inequality (PK). But

this is a consequence of Lemma 3.7. See also [59, Proposition 2] for a similar result that

is valid for radial kernels. Note that for these types of kernels the space S(Rd; k) is just

L2(Rd;Rd).

Example 2: More generally, if C =
{

h ∈ B1(0) : h
|h| ∈ J

}
, and J is an open subset of

the unit sphere Sd−1 with Hausdorff measure Hd−1(J ) > 0, then k(x,y) = ρ(x−y)χC(x−y)

satisfies all the conditions of the theorem. In this case the kernel is not symmetric.

However, its symmetric part is ks(x,y) = ρ(x − y)χC∪(−C)(x − y), and the union C ∪ (−C)

is now a double cone with apex at the origin. The antisymmetric part of k is given

by ka(x,y) = 1
2

(
ρ(x− y)χC(x− y)− ρ(x− y)χ(−C)(x− y)

)
and satisfies both conditions

(3.11) and (3.12) as can easily be seen.

Before we give other examples let us first prove a lemma that helps us compare function

spaces. The result is an improvement of [29, Lemma 2.12], where the same result is shown

for radial kernels that are supported on ΛBr = Br.

Lemma 3.10 (Fractional Korn inequality). Let s ∈ (0, 1) and let m(ξ) be an even

function defined on Br(0) with the property that 0 < α1 ≤ m(ξ) ≤ α2 <∞ for some positive

constants α1 and α2. For a given Λ a double cone with apex at the origin and a given r > 0

define the kernel

kr(x,y) =
m(x− y)

|x− y|d+2s
χΛBr

(x− y).

Then the function space S(Rd; kr) is precisely Hs(Rd;Rd). Moreover, there exists a function

β(r) with the property that β(r)→ 0 as r →∞, and positive constants C1, C2 such that

C1[u,u]S(Rd;kr) ≤ |u|
2
Hs ≤ C2[u,u]S(Rd;kr) + C2β(r)‖u‖2

L2 . (3.19)
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If ΛBr is replaced by Λ, then β can be taken to be the zero function. The constants C1, C2

and the function β depend on αi, Λ, d and s.

Proof. We prove the lemma using the Fourier transform. First let us introduce the following

modification

m̃(ξ) =

m(ξ) ξ ∈ ΛBr ,

α1 ξ ∈ Λ ∩ {Br(0) .

Then m̃ is even, and m̃(ξ) ≥ α1 for all ξ ∈ Λ. Now, for u ∈ S(Rd; kr)

[u,u]S(Rd;kr) +

ˆ
Rd

ˆ
Rd
α1

∣∣∣(u(y)− u(x)) · (y−x)
|y−x|

∣∣∣2
|y − x|d+2s

χΛ∩{Br(0)(x− y) dy dx

=

ˆ
Rd

ˆ
Rd
m̃(x− y)

∣∣∣(u(y)− u(x)) · (y−x)
|y−x|

∣∣∣2
|y − x|d+2s

χΛ(x− y) dy dx

=

ˆ
Rd

ˆ
Rd
m̃(x− y)

∣∣∣(u(y)− u(x)) · (y−x)
|y−x|

∣∣∣2
|y − x|d+2s

χΛ(x− y) dy dx

=

ˆ
Λ

m̃(h)

|h|d+2s
‖τhu‖2

L2(Rd) dh

where τhu(x) = (u(x + h)− u(x)) · h
|h| . Note that the Fourier transform of τhu(x) is given

by

F(τhu)(ξ) = (eı2πξ·h − 1)F(u)(ξ) · h

|h|
.

Using Parseval’s identity and after a simple calculation we see that

‖τhu‖2
L2(Rd) = 2

ˆ
Rd

∣∣∣∣F(u)(ξ) · h

|h|

∣∣∣∣2 (1− cos(2πξ · h)) dξ.
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Plugging the last expression in the above semi-norm and interchanging the integral we get

that

ˆ
Λ

m̃(h)

|h|d+2s
‖τhu‖2

L2(Rd) dh = 2

ˆ
Rd

[ˆ
Λ

m̃(h)

|h|d+2s

∣∣∣∣F(u)(ξ) · h

|h|

∣∣∣∣2 (1− cos(2πξ · h)) dh

]
dξ

≥ 2α1

ˆ
Rd

[ˆ
Λ

(1− cos(2πξ · h))

|h|d+2s

∣∣∣∣F(u)(ξ) · h

|h|

∣∣∣∣2 dh

]
dξ

= 2α1

ˆ
Rd
|ξ|2s

[ˆ
Λ

(1− cos(2π ξ
|ξ| · h))

|h|d+2s

∣∣∣∣F(u)(ξ) · h

|h|

∣∣∣∣2 dh

]
dξ,

where in the last step we have made a change of variables h 7→ |ξ|h and used the fact that

Λ remains invariant under scaling. Notice that the last inequality can be written as

[u,u]S(Rd;k) +

ˆ
Rd

ˆ
Rd
α1

∣∣∣(u(y)− u(x)) · (y−x)
|y−x|

∣∣∣2
|y − x|d+2s

χΛ∩{Br(0)(x− y) dy dx

≥ 2α1

ˆ
Rd
|ξ|2s|F(u)(ξ)|2Ψ

(
F(u)(ξ)

|F(u)(ξ)|
,
ξ

|ξ|

)
dξ,

where the map Ψ : Sd−1× Sd−1 → [0,∞) is given by Ψ(ν, η) =
´

Λ
(1−cos(2πν·h))
|h|d+2s

∣∣∣η · h
|h|

∣∣∣2 dh. It

is not difficult to see that Ψ is a continuous positive function on the compact set Sd−1×Sd−1,

and therefore has a positive minimum, Ψmin. As a consequence we have

2α1Ψmin|u|2Hs = 2α1Ψmin

ˆ
Rd
|ξ|2s|F(u)(ξ)|2 dξ

≤ [u,u]S(Rd;k) +

ˆ
Rd

ˆ
Rd
α1

∣∣∣(u(y)− u(x)) · (y−x)
|y−x|

∣∣∣2
|y − x|d+2s

χΛ∩{Br(0)(x− y) dy dx.
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Next, we estimate the second term on the right hand side of the above inequality. Again

using the Fourier transform we have that

ˆ
Rd

ˆ
Rd
α1

∣∣∣(u(y)− u(x)) · (y−x)
|y−x|

∣∣∣2
|y − x|d+2s

χΛ∩{Br(0)(x− y) dy dx

= 2α1

ˆ
Rd

ˆ
Λ∩{Br(0)

(1− cos(2πξ · h))

|h|d+2s

∣∣∣∣F(u)(ξ) · h

|h|

∣∣∣∣2 dh dξ

≤ 2α1β(r)

ˆ
Rd
|F(u)(ξ)|2 dξ,

where β(r) =
´

Λ∩{Br(0)
dh

|h|d+2s → 0, as r →∞ and depends only on d, s, and Λ. We conclude

that there exists a constant C > 0 such that for every u ∈ S(Rd; k) we have |u|2Hs ≤

C[u,u]S(Rd;k) + Cβ(r)‖u‖2
L2 . The bound

[u,u]S(Rd;k) ≤ 2α2Ψmax|u|2Hs

can be proved in a similar fashion.

Let us now continue discussing examples of kernels that may satisfy our well-posedness result.

Example 3: Let kr be as in Lemma 3.10. Since the kernel is symmetric, to check the

applicability of Theorem 3.5 for this kernel, we need to verify only the Poincaré-Korn type

inequality. But this follows from Lemma 3.7 by taking ρ(ξ) = |ξ|2kr(ξ), for any r > 0. By

above lemma, the space S(Rd; kr) is in fact Hs(Rd;Rd).

Example 4: Another nontrivial non-symmetric kernel given in [36] is the following. For

s ∈ (0, 1), fix α ∈
(
0, s

2

)
. Let J be a double cone with apex at the origin. Given the cone

C =
{

h ∈ B1(0) : h
|h| ∈ J

}
, and J is a nontrivial open subset of the unit sphere Sd−1, such

that −J 6= J , let us consider the kernel

k(x,y) =
1

|x− y|d+2s
χΛ(y − x) +

1

|x− y|d+2α
χC(y − x).
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Then the symmetric and antisymmetric part of k are given by

ks(x,y) =
1

|x− y|d+2s
χΛ(y − x) +

1

2

1

|x− y|d+2α
χC∪(−C)(y − x)

ka(x,y) =
1

2

1

|x− y|d+2α
χC(y − x)− 1

2

1

|x− y|d+2α
χ(−C)(y − x).

Conditions (3.3) and (3.11)-(3.12) can be shown as in [36]. Let us show (3.5)-(3.6) with

k̃(x,y) = 1
|x−y|d+2s . Again, (3.6) is shown in [36] where the constant A2 depends on C and

s− 2α, but to show (3.5) we use the fact that ks(x,y) ≥ 1
|x−y|d+2sχΛ(y − x). Indeed, using

Lemma 3.10 and the remark following it, there exist constants c1, c2 > 0 such that

ˆ
Rd

ˆ
Rd
k̃(x,y)

∣∣∣∣(u(y)− u(x)) · y − x

|y − x|

∣∣∣∣2 dx dy ≤ c1|u|2Hs

≤ c2

ˆ
Rd

ˆ
Rd

χΛ(y − x)

|x− y|d+2s
|D(u)(x,y)|2 dx dy

≤ 2c2[u,u]S(Rd;k) .

The Poincaré-Korn inequality (PK) now follows from the standard Fractional Poincaré

inequality, because the function space S(Rd; k) coincides with Hs(Rd;Rd), and because by

Lemma 3.10

|u|2Hs ≤ C[u,u]S(Rd;k).

Variants of the Dirichlet Problem

As indicated earlier in the proof of Theorem 3.5, conditions (3.11)-(3.12) on the kernel k

are used to show the positive semi-definiteness of the bilinear form on S(Rd; k). There are

however kernels for which either these conditions are not true or difficult to verify. For this

class of kernels, well-posedness of the Dirichlet problem corresponding to the addition of a

positive multiple of the identity operator can be obtained.

Proposition 3.11. Let Ω ⊂ Rd be open, bounded. Let k satisfy (3.3) and (3.5)-(3.6).

Assume also that (PK) holds. Then there exists β0 > 0 such that for any β > β0 and any
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f ∈ S∗Ω(Rd; k), there exists a unique solution u ∈ SΩ(Rd; k) to

Lu + βu = f in Ω ,

u = 0 on {Ω .

(3.20)

Moreover, there exists a constant c > 0 independent of f such that

[u,u]SΩ(Rd;k) ≤ c‖f‖S∗Ω(Rd;k).

Proof. The proof follows from standard arguments once G̊arding-type estimates are estab-

lished. To that end, we show that there is a constant γ = γ(A1, A2) > 0 such that

Fk(u,u) ≥ 1

4
‖u‖2

S(Rd;k) − γ‖u‖
2
L2(Rd) for all u ∈ S(Rd; k). (3.21)

To prove this, let u ∈ S(Rd; k). From (3.5)-(3.6) and by Young’s inequality,

Fk(u,u) ≥ 1

2

ˆ
Rd

ˆ
Rd
ks(x,y)(D(u)(x,y))2 dy dx

−
ˆ
Rd

ˆ
Rd
ka(x,y)|D(u)(x,y)|

∣∣∣∣u(x) · x− y

|x− y|

∣∣∣∣ dy dx

≥ 1

2
[u,u]S(Rd;k) −

ˆ
Rd

ˆ
Rd
|D(u)(x,y)|k̃1/2(x,y)|u(x)|ka(x,y)k̃−1/2(x,y) dy dx

≥ 1

2
[u,u]S(Rd;k)

−
ˆ
Rd

ˆ
Rd

(
ε|D(u)(x,y)|2k̃(x,y) +

1

4ε
|u(x)|2k2

a(x,y)k̃−1(x,y)

)
dy dx

≥ 1

4
[u,u]S(Rd;k) − C(ε)‖u‖2

L2(Rd)

≥ 1

4
‖u‖2

S(Rd;k) − γ‖u‖
2
L2(Rd),

if ε is chosen sufficiently small such that A1ε < 1/4 and then γ = γ(A1, A2) chosen sufficiently

large.

We next discuss an example of a nontrivial kernel that satisfies all the conditions of the

proposition. The example is taken from [36, 39, 77] and discussed in detail there. For two
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given positive numbers 0 < α1 ≤ α2 < 2, let α : Rd → [α1, α2] be a continuous function,

with its modulus of continuity ω[α] satisfying
´ 1

0
(ω[α](r) ln(r))2

r1+α2
dr < ∞. We introduce the

non-symmetric kernel

k(x,y) =
b(x)

|x− y|d+α(x)
,

where b(x) is a continuous function bounded from below and above by positive numbers and

satisfying the inequality |b(x)− b(y)| ≤ c|α(x)− α(y)| for some c > 0 provided |x− y| < 1.

To see if Proposition 3.11 applies to this kernel, we need to verify (3.3), (3.5)-(3.6) and (PK).

It has been shown in [77] that this kernel satisfies (3.3) and (3.5)-(3.6), with k̃ taken to be

the symmetric part ks of k. What remains is the show the Poincaré-Korn inequality (PK)

holds for k. But this follows from Lemma 3.7 and the fact that ks(x,y) ≥ bmin
|x−y|d+α1

when

|x− y| < 1.

We would like to mention that in [36] for the modified kernel k′(x,y) = χBR(0)(y −

x)k(x,y), for 1 � R, the Dirichlet problem for scalar equations is shown to be well-posed

even for β = 0, see [36, Theorem 4.4]. This was possible using the Fredholm Alternative

theorem via the application of the weak maximum principle that is used to prove uniqueness

of the solution to the Dirichlet problem with zero right hand side. Following the argument

in [36], one can write a Fredholm Alternative theorem for the Dirichlet problem (D0) of the

system of nonlocal equations. However, since we are dealing with system of equations a

maximum principle is not applicable and we are unable to show uniqueness of the solution of

the linear system of equations (D0). The uniqueness of the zero solution (D0) corresponding

to f = 0 under the assumption of Proposition 3.11 or even the stronger assumption on k

given in [36, Theorem 4.4] remains an open problem.

We end this section by noting that well-posedness of the Dirichlet problem with nonzero

complementary data can also be proved. To that end, again following the set up in [36], let

us introduce the function space

V (D; k) =

v : Rd → Rd :
v|D ∈ L2(D;Rd) ,

(v(x)− v(y)) · (x−y)
|x−y| k

1/2
s (x,y) ∈ L2(D × Rd)

 .
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The mapping [u,v]V (D;k) given by

[u,v]V (D;k) :=

ˆ
D

ˆ
Rd
ks(x,y)

((
u(x)− u(y)

)
· x− y

|x− y|

)(
(v(x)− v(y)) · x− y

|x− y|

)
dy dx

defines a bilinear form on V (D; k). In the event that D = Rd, it is clear that V (Rd; k) =

S(Rd; k), where S(Rd; k) is defined in the introduction. For a given g ∈ V (Ω; k), we say

u ∈ V (Ω; k) is called a solution of

Lu = f in Ω, u = g on {Ω, (D)

if u− g ∈ SΩ(Rd; k) and (3.10) holds.

We now state the well-posedness of the Dirichlet problem. We omit the proof here as it

can be done following the argument in [36].

Theorem 3.12. Let Ω ⊂ Rd be open, bounded. Let k be a kernel that satisfies (3.3), (3.11)-

(3.12), and (PK). Assume further that there exists a k̃ such that for all u ∈ V (Ω; k)

ˆ
Ω

ˆ
Rd

((
u(x)− u(y)

)
· x− y

|x− y|

)2

k̃(x,y) dy dx

≤ A1

ˆ
Ω

ˆ
Rd

((
u(x)− u(y)

)
· x− y

|x− y|

)2

ks(x,y) dy dx

(3.22)

and such that (3.6) holds for this k̃. Then (D) has a unique solution u ∈ V (Ω; k), with

[u,u]V (Ω;k) ≤ C
(
‖f‖2

S∗Ω(Rd;k) + [g, g]V (Ω;k)

)
, (3.23)

where C = C(CP , A1, A2) > 0.

Remark 3.13. Condition (3.22) obviously holds if one chooses k̃(x,y) = ks(x,y). The

integration allows for more flexibility here, see [36] for examples. Note that Theorem 3.12

opens up an interesting question concerning data on {Ω. The result requires g ∈ V (Ω; k),

i.e., the data is given in all of Rd. This condition is similar to the condition g ∈ H1(Ω) when

searching for a solution v solving some partial differential equation of second order in Ω with

v − g ∈ H1
0 (Ω). From point of view of applications it is desirable to prescribe g only on the
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complement {Ω and to have some extension theorem. Such results are nowadays standard

for classical Sobolev function spaces. They put into relation the trace space H
1
2 (Ω) with

H1(Ω). For spaces with fractional order of derivative, a similar relation has been addressed

in [46].

3.3 Interior Regularity of Solutions

3.3.1 Setup and Main Results

We now turn to the question of regularity of solutions. We want to answer the following

question: if the data f are in Lp(Ω;Rd), what is the optimal space for the weak solution

u of the Dirichlet problem of the system of nonlocal equations (D0)? From the existence

result proved in the previous section, if f ∈ S∗Ω(Rd; k) then u ∈ SΩ(Rd; k), which is the

largest space to which the solution can belong. This space is, in general, not the optimal

space. Moreover, for general kernels k there is no good characterization of the space or

other finer subspaces in which the solution may live. With this in mind, in this section

we give a partial result concerning regularity of solutions. The result applies to systems

of equations with leading operator L defined using an even function comparable with the

fractional kernel. To be precise, let s ∈ (0, 1) and m(ξ) be an even function with the property

that 0 < α1 ≤ m(ξ) ≤ α2 < ∞ for some positive constants α1 and α2. For a given Λ, a

double cone with apex at the origin, and 0 < r ≤ ∞ we consider translation-invariant kernels

that may be supported on Λ:

kr(x− y) =
m(x− y)

|x− y|d+2s
χΛBr

(x− y). (3.24)

For kernels of this form we have shown in Lemma 3.10 that S(Rd; k) = Hs(Rd;Rd). Noting

that HΩ(Rd; k) = L2
Ω(Rd;Rd)∩S(Rd; k), we have that SΩ(Rd; k) = L2

Ω(Rd;Rd)∩Hs(Rd;Rd).

We denote the latter set by Hs
Ω(Rd;Rd). We also denote

H2s
loc(Ω;Rd) = {u ∈ L2(Ω;Rd) : ηu ∈ H2s(Rd;Rd), ∀η ∈ C∞c (Ω)}.
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We also need the following potential spaces. Denote the space of tempered distributions by

S(Rd;Rd). If u ∈ S ′(Rd;Rd), then

Ls,p(Rd) := {u ∈ S ′(Rd;Rd) : F−1[(1 + |ξ|2)s/2F(u)] ∈ Lp(Rd;Rd)},

where 1 < p <∞ and s ≥ 0. The space is equivalent to the space

{u ∈ Lp(Rd;Rd) : (−∆)s/2u ∈ Lp(Rd;Rd)} ,

where (−∆)s/2 is the standard fractional Laplacian operator applied componentwise. We

also denote

Ls,ploc(Ω;Rd) := {u ∈ Lp(Ω;Rd) : ηu ∈ Ls,p(Rd;Rd), ∀η ∈ C∞c (Ω)}.

When p = 2, Ls,2(Rd) = Hs(Rd;Rd).

The following theorem contains one of the results of this section.

Theorem 3.14. Assume that kr has the form (3.24). Let Ω ⊂ Rd be a bounded open set,

f ∈ L2
Ω(Rd;Rd) and u ∈ SΩ(Rd; k) be the unique weak solution to the system

Lu = f on Ω

u = 0 on {Ω.

(3.25)

Then u ∈ H2s
loc(Ω;Rd). Moreover, for any η ∈ C∞c (Ω), there exists a constant C > 0

depending on η such that

|ηu|H2s ≤ C‖f‖L2 .

Our second regularity result corresponds to the case when f ∈ LpΩ(Rd;Rd) for p ≥ 2.

For this result, we only study L corresponding to m = 1 and Λ = Rd. That is, k is the

standard fractional kernel given by k(x,y) = κd,s|x− y|−d−2s, where κd,s is the normalizing

constant defined in (2.2). To separate this special operator from generic ones, we introduce

56



the notation (−∆̊)s to denote the matrix operator. That is,

(−∆̊)su(x) = κd,s

ˆ
Rd

(
x− y

|x− y|
⊗ x− y

|x− y|

)
u(x)− u(y)

|x− y|d+2s
dy .

See Chapter 2 for the limit cases s↗ 1 or s↘ 0.

Theorem 3.15. Let p ∈ [2,∞), f ∈ LpΩ(Rd) and u ∈ SΩ(Rd; k) be the unique weak solution

to the Dirichlet problem (3.25) with L replaced by (−∆̊)s. Then u ∈ L2s,p
loc (Ω) provided

a) 2 ≤ p ≤ 2∗s, where 2∗s := 2d
d−2s

;

or

b) p > 2∗s and u ∈ Lp(Ω;Rd).

As we describe in the introduction, to prove Theorem 3.14 and Theorem 3.15 we follow

an argument used in [10], where a similar but more general result is proved for the Dirichlet

problem for fractional Laplacian equation when the right hand side comes from Lp for any

1 < p < ∞. The argument relies on an optimal regularity result for weak solutions of

the same system posed on the entire space. Multiplying the weak solution of the Dirichlet

problem by a cutoff function, the product becomes a weak solution of a system of equations

posed on Rd with a perturbed right hand side. The task is then to show that the perturbed

force term lives in the same space as the original right hand side function. In implementing

the strategy of [10] to our case, although the cutoff function argument remains the same, we

have to demonstrate the optimal regularity result for weak solutions of the strongly coupled

system in Rd. For strong solutions of nonlocal equations defined on Rd, optimal regularity

is obtained in [25].

We should mention that, for the scalar case, the result [10, Theorem 1.4] does not require

u be in Lp(Ω) for large p as we do in Theorem 3.15. Roughly speaking, they prove that

a solution to the Dirichlet problem of the fractional Laplacian with right hand side in Lp

must also be in Lp, see [10, Lemma 2.5]. A similar Calderon-Zygmund type estimate is also

proved in [50, Theorem 16]. Unfortunately we are unable to extend their proof to the vector-

valued case because the argument in [10] relies on a monotonicity property of an associated
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semigroup and in the case of [50] it uses a Moser-type argument where a function that is a

power of the solution is used as a test function. which we cannot do for systems.

3.3.2 Interior H2s Regularity for the Dirichlet Problem of the

System of Equations

Now we turn to the main point. We recall that for a given f ∈ L2(Rd;Rd), we say that

u ∈ S(Rd; k) is a weak solution to Lu = f in Rd if

〈Lu, ψ〉 :=

ˆ
Rd

ˆ
Rd
D(u)(x,y)D(ψ)(x,y)k(x− y) dx dy

=

ˆ
Rd

f(x) · ψ(x) dx, ∀ψ ∈ C∞c (Rd;Rd).

(3.26)

The following lemma gives an optimal regularity result for weak solutions of the system.

Lemma 3.16. Assume that kr has the form (3.24). Suppose that f ∈ L2(Rd;Rd). Let

u ∈ Hs(Rd;Rd) be a weak solution to the system of nonlocal equations

Lu = f , in Rd.

Then u ∈ H2s(Rd;Rd), and |u|H2s ≤ c (‖f‖L2 + ‖u‖L2) for some constant c depending only

on r, s, d, and Λ.

Remark 3.17. Note that [18] establishes very similar regularity results.

Proof. Let ψ ∈ C∞c (Rd;Rd). Then iterating the integral in (3.26) and changing variables we

have that

ˆ
Rd
kr(h)

ˆ
Rd

(
(u(x + h)− u(x)) · h

|h|

)(
(ψ(x + h)− ψ(x)) · h

|h|

)
dx dh = 〈f , ψ〉L2(Rd) .

We apply the Fourier transform and Plancherel theorem to rewrite the above integral in the

frequency space as

ˆ
Rd

(Mr(ξ)û(ξ)) · ψ̂(ξ) dξ =

ˆ
Rd

f̂(ξ) · ψ̂(ξ) dξ,
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where Mr(ξ) is the matrix of Fourier symbols given by

Mr(ξ) =

ˆ
Rd
kr(h)(eı2πξ·h − 1)2 h

|h|
⊗ h

|h|
dh.

We now use the density of the Fourier transform of C∞c (Rd;Rd) in L2(Rd;Rd) to conclude

that

Mr(ξ)û(ξ) = f̂(ξ), almost everywhere in Rd. (3.27)

Let us write kr = k − k̃r where k(z) = m(z)
|z|d+2sχΛ(z). Notice that k̃r is supported outside of

the ball Br. If we denote the matrix of symbols by M and M̃r, we have that

M(ξ)û(ξ) = M̃r(ξ)û(ξ) + f̂(ξ), almost everywhere in Rd. (3.28)

To estimate the relevant norms of u, let us first estimate the eigenvalues of the matrix M(ξ).

To that end, for any η ∈ Sd−1, noting the form of k we have that

(M(ξ)η) · η =

ˆ
Rd
k(h)(eı2πξ·h − 1)2

∣∣∣∣η · h

|h|

∣∣∣∣2 dh ≥ 2α1

ˆ
Λ

(1− cos(2πξ · h))

|h|d+2s

∣∣∣∣η · h

|h|

∣∣∣∣2 dh

≥ 2α1Ψmin|ξ|2s ,

where the last inequality is from the proof of Lemma 3.10. As a consequence the eigenvalues

of the matrix function |ξ|−2sM(ξ) are uniformly bounded from below by a positive number.

We also note that since M(ξ) is symmetric and positive definite for each ξ, the eigenvalues

of the square of M(ξ) are precisely the squares of the eigenvalues of M(ξ). It then follows

that for any vector w

|M(ξ)w|2 = M(ξ)w · (M(ξ)w) = M(ξ)M(ξ)w ·w ≥ |w|2 min
β
{β(ξ)2} ,

where the minimum is taken over the eigenvalues β(ξ) of M(ξ). We conclude that there

exists a positive number α0 that depends only on α1, s,Λ, such that for all vectors ξ and w

in Rd we have that

|M(ξ)w|2 ≥ α0(|ξ|2s|w|)2 .
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We now easily see from (3.27) that

‖(−∆)su‖L2(Rd) = ‖|ξ|2sû‖L2 ≤ α
−1/2
0 ‖M(ξ)û‖L2 = α

−1/2
0

(
‖f̂‖L2(Rd) + +‖M̃r(ξ)û(ξ)‖2

L2

)
≤ α

−1/2
0

(
‖f̂‖L2(Rd) + β(r)‖û‖2

L2

)
,

where in the last inequality β(r) is from Lemma 3.10. Thus, since we already know that

u ∈ L2(Rd;Rd), we get that u ∈ L2s,2.

Proof of Theorem 3.14. Let Ω1 b Ω2 b Ω. Let η ∈ C∞c (Ω2) be a real-valued function such

that

η(x) ≡ 1, x ∈ Ω1, η(x) ∈ [0, 1], x ∈ Ω2 \ Ω1, and η(x) = 0, x ∈ Rd \ Ω2.

Let f ∈ L2
Ω(Rd;Rd) and let u ∈ HΩ(Rd; k) be the unique weak solution to the Dirichlet

problem (3.25). Notice that because of the form of k, u is in fact in Hs
Ω(Rd;Rd). Now, it is

clear that the function ηu ∈ Hs
Ω(Rd;Rd). Using the identity

D(uη)(y,x) = (η(x)− η(y))u(x) · y − x

|y − x|
+ η(x)D(u)(x,y) + (η(y)− η(x))D(u)(x,y)

we see that for every v ∈ C∞c (Rd;Rd),

Fk(ηu,v)−Fk(u, ηv) = ([Lη]u,v)L2(Rd) − (Is(u, η),v)L2(Rd). (3.29)

where for almost all x ∈ Rd the vector valued function is

Is(u, η)(x) =

ˆ
Rd
k(y − x)(η(x)− η(y))D(u)(x,y)

x− y

|x− y|
dy,

which is finite via Hölder’s inequality. In the above and hereafter we suppress the dependence

of k on r. The matrix valued function Lη(x) is given by

Lη(x) =

ˆ
Rd
k(x− y)(η(x)− η(y))

(
x− y

|x− y|
⊗ x− y

|x− y|

)
dy.
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Let us justify the L2 inner products on the right hand side of (3.29). To that end, we

introduce the vector field

g := (Lη)u− Is(u, η),

and show that g ∈ L2(Rd;Rd). In fact, we also show that there exists a constant C > 0

independent of u (but depends on η) such that

‖g‖L2(Rd) ≤ C ‖u‖Hs . (3.30)

The rest of the argument is similar to that given in [10] adjusted to the system case. We

include it here fore clarity and completeness. We begin by noting that Lη is uniformly

bounded in Rd. Indeed, using the fact that η ∈ Cc(Rd) and k is even, we can easily show

that ‖Lη‖∞ ≤ C(‖D2η‖L∞ + ‖η‖L∞ .) As a consequence of this and the Poincaré-Korn

inequality, since u ∈ Hs
Ω(Rd,Rd) we have

‖(Lη)u‖2
L2(Rd) ≤ ‖Lη‖

2
L∞(Rd) ‖u‖

2
L2(Rd) ≤ C|u|2Hs . (3.31)

To bound the L2 norm of Is(u, η)(x), we begin by breaking the region of integration as

Is(u, η)(x) =

ˆ
Ω

k(y − x)(η(x)− η(y))D(u)(x,y)
x− y

|x− y|
dy

+

ˆ
Rd\Ω

k(y − x)(η(x)− η(y))D(u)(x,y)
x− y

|x− y|
dy

=

ˆ
Ω

k(y − x)(η(x)− η(y))D(u)(x,y)
x− y

|x− y|
dy

+ η(x)

ˆ
Rd\Ω

k(y − x)D(u)(x,y)
x− y

|x− y|
dy

:= I1(x) + I2(x).

Let us estimate the first integral I1(x). Using Cauchy-Schwarz,

|I1(x)| ≤
(ˆ

Ω

k(y − x)|η(x)− η(y)|2 dy

)1/2(ˆ
Ω

k(y − x)|D(u)(x,y)|2 dy

)1/2

.
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Since Ω is bounded, taking R = diam(Ω), we see that for any x ∈ Ω, Ω ⊂ B2R(x). We

now use the fact that η is smooth and the kernel is comparable with the fractional kernel to

obtain that a constant C > 0 depending on η such that for any x ∈ Ω

ˆ
Ω

k(y − x)|η(x)− η(y)|2 dy ≤ ‖∇η‖L∞
ˆ
B2R(x)

k(y − x)|y − x|2 dy

= ‖∇η‖L∞
ˆ
B2R(0)

k(ξ)|ξ|2 dξ ≤ C .

Since η(x) = 0 for x ∈ {Ω, supp(η) ⊂ Ω2, and δ = dist(Ω2, ∂Ω) > 0,

ˆ
Ω

k(y − x)|η(x)− η(y)|2 dy =

ˆ
Ω2

k(y − x)|η(y)|2 dy ≤ ‖η‖2
L∞

ˆ
{|ξ|>δ}

k(ξ) dξ ≤ C.

Using the two preceding estimates, we see that there exists a positive constant C > 0, that

depends on η such that

ˆ
Rd
|I1(x)|2 dx ≤ C

ˆ
Rd

ˆ
Ω

k(y − x)|D(u)(x,y)|2 dy dx ≤ C|u|2Hs . (3.32)

To estimate the L2 norm of I2, again using Cauchy-Schwarz we get that

|I2(x)|2 ≤ |η(x)|2
(ˆ

Rd\Ω
k(y − x) dy

)(ˆ
Rd\Ω

k(y − x)|D(u)(x,y)|2 dy

)
.

As before, since η(x) = 0, and supp(η) ⊂ Ω2, and that δ = dist(Ω2, ∂Ω) > 0, we have that

the function

x 7→ |η(x)|2
ˆ
Rd\Ω

k(y − x) dy

is bounded. Thus,

ˆ
Rd
|I2(x)|2 dx =

ˆ
Ω2

|I2(x)|2 dx ≤ C

ˆ
Ω2

ˆ
{Ω

k(y − x)|D(u)(x,y)|2 dy dx ≤ C|u|2Hs . (3.33)

Therefore, the estimate (3.30) of g follows from (3.32) and (3.33). We have shown that ηu

is a weak solution to the equation

L(ηu) = F in Rd,
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where F = ηf + (Lη)u − Is(u, η) ∈ L2(Rd;Rd). By Lemma 3.16, ηu ∈ H2s,2(Rd;Rd). Thus

u ∈ H2s,2
loc (Ω) and the proof is complete.

3.3.3 Interior L2s,p Regularity for p > 2

In this section we prove Theorem 3.15. As before we start with an optimal regularity estimate

for the system of equations posed on Rd.

Lemma 3.18. Let p ∈ (1,∞). For f ∈ Lp(Rd;Rd) ∩ L2(Rd;Rd), if u ∈ Hs
Ω(Rd;Rd) ∩

Lp(Rd;Rd) is a weak solution of

(−∆̊)su = f in Rd.

Then u ∈ L2s,p(Rd;Rd), Moreover, there exists a constant C = C(d, s) > 0 such that

‖(−∆̊)su‖Lp ≤ C‖f‖Lp .

Proof. We proceed as in the proof of Lemma 3.16 to obtain that in the Fourier space the

equation is M(ξ)û(ξ) = f̂(ξ) almost everywhere, where M(ξ) is as given in (3.28) with k

replaced by the kernel
κd,s

|x−y|d+2s . For the particular form of the kernel, we can explicitly

compute the matrix of symbols; see Chapter 2. M(ξ) is given by

M(ξ) =
(
2π|ξ|

)2s
(
I + 2s

ξ ⊗ ξ

|ξ|2

)
,

where I is the d× d identity matrix. The matrix I + 2sξ⊗ξ|ξ|2 is invertible for any ξ 6= 0, with

(
I + 2s

ξ ⊗ ξ

|ξ|2

)−1

=

(
I− 2s

1 + 2s

ξ ⊗ ξ

|ξ|2

)
.

Using this formula, we can rewrite M(ξ)û(ξ) = f̂(ξ) as

(
2π|ξ|

)2s
û(ξ) =

(
I− 2s

1 + 2s

ξ ⊗ ξ

|ξ|2

)
f̂(ξ)

63



The conclusion of the lemma now follows from the assumption that u ∈ Lp(Rd;Rd) and for

any real numbers a and b, the matrix multiplier aI + bξ⊗ξ|ξ|2 is an Lp-multiplier for any 1 <

p <∞. The latter follows immediately from the Lp-boundedness of the Riesz Transforms.

We use this regularity theorem to prove the second main result of this section. Let begin

by review the standard fractional Sobolev spaces. For p ∈ [1,∞), Ω an open subset of Rd

and s ∈ (0, 1), we define

W s,p(Ω;Rd) :=

{
u ∈ Lp(Ω) :

ˆ
Ω

ˆ
Ω

|u(x)− u(y)|p

|x− y|d+sp
dx dy <∞

}
.

With norm ‖u‖p = ‖u‖Lp +
´

Ω

´
Ω
|u(x)−u(y)|p
|x−y|d+sp dx dy, it is well known that W s,p(Ω;Rd) is a

Banach space.

If s > 1, then let we write s = m + σ, where m is the largest integer less than s, and

define

W s,p(Ω;Rd) = {u ∈ Wm,p(Ω;Rd) : Dαu ∈ W σ,p(Ω;Rd), |α| = m}.

With the norm ‖u‖p = ‖u‖Wm,p +
∑
|α|=m ‖Dα‖Wσ,p , the space W s,p(Ω;Rd) is known to be a

Banach space.

We also need the Sobolev embedding result

W r,p(Rd;Rd) ↪→ W s,q(Rd;Rd), provided 0 < s ≤ r, 1 < p ≤ q <∞, and r − d

p
= s− d

q

If Ω is open and bounded with smooth enough boundary then

W r,p(Ω;Rd) ↪→ W s,q(Ω;Rd), provided 0 < s ≤ r, 1 < p ≤ q <∞, and r − d

p
≥ s− d

q
.

Let us recall the relation between the potential spaces and the fractional Sobolev spaces, [86,

Chapter 5, Theorem 5]. For our purpose it suffices to recall

Ls,p(Rd;Rd) ⊂ W s,p(Rd;Rd), if p ≥ 2.
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For p = 2, the spaces are the same; Hs(Rd;Rd) = Ls,2(Rd;Rd) = W s,2(Rd;Rd).

Proof of Theorem 3.15. Let f ∈ LpΩ(Rd). Since p ≥ 2, and Ω is bounded, f ∈ L2
Ω(Rd).

Therefore a unique weak solution u in Hs
Ω(Rd) exists. Let η be the cutoff function constructed

in the proof of Theorem 3.14. Then we have that ηu ∈ H2s(Rd;Rd) = W 2s,2(Rd). By Sobolev

embedding, ηu ∈ W s,2∗s (Rd;Rd). Now, let ω1, ω2 be open sets such that ω b ω1 b ω2 b Ω.

The cutoff function η was arbitrary, so therefore u ∈ W s,2∗s (ω2;Rd).

Part a. (p ≤ 2∗s) Since ω2 is bounded and p ≤ 2∗s , again by Sobolev Embedding

u ∈ W s,p(ω2;Rd). Moreover, since u ∈ Hs
Ω(Rd;Rd), we have that u ∈ W s;2(Ω) ↪→ LpΩ(Rd).

In summary, u ∈ Hs(Rd;Rd) ∩W s,p(ω2;Rd) ∩ LpΩ(Rd;Rd). Now we proceed as in the proof

of Theorem 3.14. With the same reasoning, ηu is a weak solution of

(−∆̊)s(ηu) = F in Rd,

where F = ηf +((−∆̊)sη)u−Is(u, η). Let g := ((−∆̊)sη)u−Is(u, η). We have shown already

that g ∈ L2(Rd;Rd). Noting that ηu ∈ Hs(Rd;Rd) ∩ LpΩ(Rd;Rd), we can now apply Lemma

3.18 to conclude that ηu ∈ L2s,p(Rd;Rd) provided we successfully show g ∈ Lp(Rd;Rd). In

fact, we demonstrate that for some constant C > 0 independent of u

‖g‖Lp(Rd) ≤ C(‖u‖W s,p(ω2;Rd) + ‖u‖Lp(Ω;Rd)). (3.34)

The last estimate follows from a similar argument as in Theorem 3.14. We sketch its proof.

More detail can be found in [10]. As before, the matrix function (−∆̊)sη ∈ L∞(Rd). Thus,

∥∥∥((−∆̊)sη)u
∥∥∥p
Lp(Rd)

=

ˆ
Rd

∣∣∣∣ˆ
Rd

η(x)− η(y)

|x− y|d+2s

(
x− y

|x− y|
⊗ x− y

|x− y|

)
dy u(x)

∣∣∣∣p dx

≤
∥∥∥(−∆̊)sη

∥∥∥p
L∞(Rd)

‖u‖pLp(Ω) .

The second term Is(u, η) can also be dealt with in the same way as in the proof of Theorem

3.14. We begin by breaking the integral as

Is(u, η)(x) =

ˆ
ω1

η(x)− η(y)

|x− y|d+2s
Du(x,y) dy + η(x)

ˆ
Rd\ω1

D(u)(x,y)

|x− y|d+2s
dy := I1(x) + I2(x).
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We estimate I1(x): Using Holder’s inequality with conjugate p′ = p/(p− 1),

|I1(x)| ≤
ˆ
ω1

|η(x)− η(y)|
|x− y|d+2s

∣∣∣∣(u(x)− u(y)
)
· x− y

|x− y|

∣∣∣∣ dy

≤
(ˆ

ω1

|η(x)− η(y)|p′

|x− y|d+sp′
dy

)1/p′ (ˆ
ω1

∣∣∣∣(u(x)− u(y)
)
· x− y

|x− y|

∣∣∣∣p 1

|x− y|d+sp
dy

)1/p

,

from which we get that

ˆ
Rd
|I1(x)|p dx ≤ C

(
‖u‖pW s,p(ω2) + ‖u‖pLp(Ω)

)
. (3.35)

Similarly, we also get that

ˆ
Rd
|I2(x)|p dx ≤ C ‖u‖pLp(Ω) . (3.36)

Therefore, the estimate (3.34) of g follows from (3.35) and (3.36).

Part b. (p > 2∗s) From Part a) we have that u ∈ W 2s,2∗s

loc (Ω;Rd), and so u ∈

W 2s,2∗s (ω2;Rd). By Sobolev Embedding we have that u ∈ W s,q1(ω2;Rd) with q1 =

min
{
p, N2∗s

N−s2∗s
}

= min
{
p, 2N

N−4s

}
. By assumption u ∈ Lq1(Ω;Rd). With this information,

we can now repeat the argument in Part a) to conclude that u ∈ W 2s,q1
loc (Ω;Rd). Now, if

2 ≤ p ≤ 2N
N−4s

, the proof is completed. Otherwise we iterate the above procedure to obtain

u ∈ W 2s,qj
loc (Ω;Rd) with qj = min

{
p, 2N

N−js

}
, for all j ≥ 2. For p ≥ 2∗s , we can now choose

j ∈ N such that 2 ≤ p ≤ 2N
N−js . That completes the proof of the theorem.
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Chapter 4

Analysis of Function Spaces

4.1 A Korn-Type Inequality

4.1.1 Introduction

The main focus of this section is to study the function space of vector fields given by

XK,p(Ω) :=
{

v ∈ Lp(Ω;Rd) : [v]pXK,p(Ω) <∞
}
,

[v]pXK,p(Ω) :=

ˆ
Ω

ˆ
Ω

K(y − x)

∣∣∣∣(v(y)− v(x))

|y − x|
· (y − x)

|y − x|

∣∣∣∣p dy dx ,

where Ω ⊂ Rd is an open subset and the kernel K is a nonnegative function with appropriate

integrability. For a particular class of kernels, our main result states that XK,p(Ω) is

equivalent to a Sobolev space.

As discussed in Chapter 1, we consider the special class of kernels

K(|ξ|) =
1

|ξ|d+ps−p , 0 < s < 1 , 1 < p <∞ .

We denote the corresponding space by X s
p (Ω). These kernels are associated with the

fractional Sobolev spaces W s,p(Ω;Rd) via the Gagliardo semi-norm, where W s,p(Ω;Rd) is
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given by

W s,p(Ω;Rd) :=

{
v ∈ Lp(Ω;Rd) : [v]pW s,p :=

ˆ
Ω

ˆ
Ω

|v(y)− v(x)|p

|y − x|d+sp
dy dx <∞

}
.

The question is now if X s
p (Ω) is the same as W s,p(Ω;Rd) for these fractional kernels.

The recent work [57] answers the above question in the affirmative for the special case

p = 2, and Ω = Rd or Rd
+. When p = 2, and Ω = Rd, the question is tractable because

both spaces X s
2 (Rd), and W s,2(Rd;Rd) can be characterized by Fourier symbols which made

the comparison of norms more straightforward; see [29]. For functions defined over the half-

space Rd
+ and vanishing near the hyperplane xd = 0, one can use an appropriate extension

operator to control the semi-norm [·]W s,2(Rd+) by the semi-norm [·]X s2 (Rd+) of vector fields in the

dense class C1
c (Rd

+;Rd). Here we extend these results to any p ∈ (1,∞), again providing an

affirmative answer to the question of the equivalence of these spaces. Let us introduce the

function space

X̊ s
p (Ω) = Closure of C∞c (Ω;Rd) in X s

p (Ω) .

Theorem 4.1 (Fractional Korn’s inequality). For any s ∈ (0, 1) and 1 < p <∞,

X s
p (Rd) = W s,p(Rd;Rd) , and X̊ s

p (Rd
+) = W s,p

0 (Rd
+;Rd) .

Moreover, there exists a universal constant C = C(d, p, s) such that for all f ∈ W s,p(Rd;Rd)

[f ]X sp ≤ [f ]W s,p ≤ C[f ]X sp . (4.1)

Our proof of Theorem 4.1 makes use of the classical characterization of functions in the

fractional spaces in terms of their Poisson integrals. Given a vector function f , its Poisson

integral is defined as u(x, t) = pt ∗ f(x), where for each t > 0, the function pt(x) is the

standard Poisson kernel. For s ∈ (0, 1), 1 < p < ∞ it is well-known [86, Proposition 7’,

Chapter V] that f ∈ W s,p(Rd;Rd) if and only if

ˆ ∞
0

(
t1−s‖∂tu(·, t)‖Lp

)p dt

t
<∞ .
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Moreover, the semi-norm [f ]W s,p is equivalent with
(´∞

0
(t1−s‖∂tu(·, t)‖Lp)p dt

t

)1/p
. To prove

Theorem 4.1, we compare the latter semi-norm with that of [f ]X sp . The key idea is the

introduction of a “Poisson-type” integral U(x, t) of a vector field f . We construct U using

a convolution with a modified “Poisson-type” matrix kernel whose components are some

linear combination of convolutions of components of the vector field f . The structure of the

Poisson-type kernel reveals that each component of U is related with components of the

Poisson integral u via Riesz transforms leading to the norm relations

‖∂tu(·, t)‖Lp ≤ C(d, p, s)‖∂tU(·, t)‖Lp for all t > 0 ,ˆ ∞
0

(
t1−s‖∂tU(·, t)‖Lp

)p dt
t
≤ C(d, p, s)[f ]pX sp .

Combining these inequalities with the characterization of W s,p(Rd;Rd) in terms of Poisson

integrals we obtain the equivalence of spaces. Interestingly, this approach also leads to

a characterization of the whole Besov scale of spaces Λs
p,q in terms of the newly defined

Poisson-type integrals.

This first part of the chapter is devoted to proving Theorem 4.1. In the next section we

recall the classical Poisson kernel and present some preliminaries. We will also review how

the Poisson kernel is used in the characterization of functions belonging to the fractional

Sobolev spaces. In Section 4.1.3 we introduce a Poisson-type kernel that is central to our

result. Its properties as well the relationship between associated Poisson-type integrals and

classical Poisson integral will be established. This relationship will be used to in Section

4.1.4 to prove the main result.

4.1.2 Preliminaries: Poisson Integrals and the Riesz Transforms

We recall the classical Poisson kernel and some of its properties that we will use in this

chapter. We begin with the formula

pt(x) :=
2

ωd

t

(|x|2 + t2)
d+1

2

, t > 0 , x ∈ Rd ,
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where ωd is the surface measure of the unit sphere Sd ⊂ Rd+1. It is easy to check that pt is

an approximation to the identity. Its Fourier transform is given by F(pt)(ξ) = e−2π|ξ|t for

every t > 0, where the Fourier transform operator F is given by the formula

F(g)(ξ) =

ˆ
Rd
e−ı2πξ·xf(x) dx .

It then follows from the Fourier transform expression that the Poisson kernel has the

semigroup property pt1 ∗pt2 = pt1+t2 for every t1, t2 > 0. Using the notation ∇ for the vector

of partial derivative operators (∇x, ∂t) = (∂1, ∂2, . . . , ∂d, ∂t), we have that ∇pt ∈ L1(Rd) with

the estimates

ˆ
Rd
|∂tpt(x)| dx ≤ c

t
,

ˆ
Rd
|∂xjpt(x)| dx ≤ c

t
, t > 0 , j = 1, · · · , d ,

for some constant c > 0. For any f ∈ Lp, 1 ≤ p ≤ ∞, its Poisson integral is given by

u(x, t) := pt ∗ f(x) =

ˆ
Rd
pt(y)f(x− y) dy .

The Poisson integral is a C∞ harmonic function in Rd+1
+ := Rd × (0,∞), with the property

that u(·, t) → f in Lp(Rd) as t → 0. For a vector field f its vector-valued Poisson integral

u(x, t) = pt ∗ f(x) will be defined where the convolution is taken component-wise.

The Riesz transforms will be used frequently throughout this work. We recall that for

1 ≤ j ≤ d and f ∈ S(Rd) the class of Schwartz functions, the jth Riesz transform is an

operator defined as

Rj(f)(x) :=
2

ωd
P.V.

ˆ
Rd

yj
|y|d+1

f(x− y) dy .

For any f ∈ S(Rd) we have F(Rj(f))(ξ) = −ı ξj|ξ|F(f)(ξ) . From this formula it is immediately

clear that the Riesz transforms commute with partial differential operators ∂xj . We recall

also the celebrated result of Lp boundedness (c.f. [86, Chapter III]), namely

‖Rjf‖Lp(Rd) ≤ C(p) ‖f‖Lp(Rd) , j = 1, . . . , d , 1 < p <∞ .
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The Riesz transforms can be used to establish relations between the partial derivatives of

functions. Let us display such relations for the Poisson integral of a function now. First note

that for f ∈ S(Rd;Rd), its Poisson integral u = pt ∗ f belongs to S(Rd;Rd). Further, for any

x ∈ Rd and t > 0 we have

∂tu(x, t) = −
d∑
j=1

Rj(∂xju)(x, t) , ∂xju(x, t) = Rj(∂tu)(x, t) for j = 1, · · · , d . (4.2)

We can verify the above identities by taking the Fourier transform in the x variable as

follows.

Fx

(
∂tu(·, t)

)
(ξ) = ∂t e−2π|ξ|tF(f)(ξ) = −2π|ξ|e−2π|ξ|tF(f)(ξ)

= −
d∑
j=1

(
− ıξj
|ξ|

)
(2πıξj)e

−2π|ξ|tF(f)(ξ)

= F

(
−

d∑
j=1

Rj

[
∂xju(·, t)

])
(ξ) ,

demonstrating the first relation in (4.2). Conversely,

Fx

(
∂xju(·, t)

)
(ξ) = (2πıξj)e

−2π|ξ|tF(f)(ξ)

=

(
−ı ξj
|ξ|

)
(−2π|ξ|)e−2π|ξ|tF(f)(ξ)

=

(
−ı ξj
|ξ|

)
∂t

(
e−2π|ξ|tF(f)(ξ)

)
= Fx

(
Rj

[
∂tu(·, t)

])
(ξ) ,

establishing the second identity in (4.2). The pointwise relation in (4.2) and the Lp

boundedness of the Riesz transforms implies that for every Schwartz vector field f ∈

S(Rd;Rd) and 1 < p <∞,

‖∂tu(·, t)‖Lp(Rd) ≈
d∑
j=1

∥∥∂xju(·, t)
∥∥
Lp(Rd)

(4.3)
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where ≈ represents equivalence of norms up to a constant independent of f . Using density

of S(Rd;Rd) in Lp(Rd;Rd) and the fact that |∇pt| ∈ L1(Rd), (4.3) remains true for all

f ∈ Lp(Rd;Rd).

Poisson integrals can be used to give a characterization of the Lp norm of a function; see

[86, Chapter IV] for details. Given a function f we introduce the Littlewood-Paley g-function

of f in terms of its Poisson integral u as

g(f)(x) =

(ˆ ∞
0

t |∇u(x, t)|2 dt

)1/2

, ∇u(x, t) = (∇xu, ∂tu) .

Theorem 1 of [86, Chapter IV] states that for 1 < p < ∞, if f ∈ Lp(Rd) so is g(f), and

its Lp norm is comparable with that of f . Most important to our work is the usefulness of

Poisson integrals in characterizing fractional Sobolev spaces W s,p(Rd;Rd).

Proposition 4.2 (Proposition 7′ in [86]). Let s ∈ (0, 1) and 1 < p < ∞. Let f =

(f1, f2, . . . , fd) ∈ Lp(Rd;Rd). Then f ∈ W s,p(Rd;Rd) if and only if

ˆ ∞
0

tp(1−s) ‖∂tu(·, t)‖p
Lp(Rd)

dt

t
<∞ .

Moreover, there exists constants C1 and C2 depending only on s, p, and d such that

C1

ˆ ∞
0

tp(1−s) ‖∂tu(·, t)‖p
Lp(Rd)

dt

t
≤ [f ]pW s,p ≤ C2

ˆ ∞
0

tp(1−s) ‖∂tu(·, t)‖p
Lp(Rd)

dt

t
. (4.4)

Proof. The inequality on the left-hand side in (4.4) is proved in [86, 88], and the right-hand

proved in [88]. However the inequality on the right-hand side is the one that we need later

and so for completeness we present its proof here. We will prove it for scalar functions,

and for the vector case it follows easily by making the comparison component wise. We let

u(x, t) = pt ∗ f(x). Let x, y be such that x and x + y are Lebesgue points of f . We choose

t = |y| and write

f(x + y)− f(x) =
(
u(x + y, |y|)− u(x, |y|)

)
+
(
f(x + y)− u(x + y, |y|)

)
−
(
f(x)− u(x, |y|)

)
.
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We estimate each of the integrals associated with the three differences separately. We denote

these integrals by I, II and III. Using the mean value theorem,

u(x + y, |y|)− u(x, |y|) =

ˆ 1

0

∇xu(x + τy, |y|) · y dτ . (4.5)

It then follows from Minkowski’s inequality that

(ˆ
Rd

∣∣u(x + y, |y|)− u(x, |y|)
∣∣p dx

)1/p

=

(ˆ
Rd

∣∣∣∣ˆ 1

0

∇xu(x + τy, |y|) · y dτ

∣∣∣∣p dx

)1/p

≤ |y| ‖∇xu(·, |y|)‖Lp(Rd) .

Then using polar coordinates (t = |y|) we get that

(I)p :=

ˆ
Rd

ˆ
Rd

|u(x + y, |y|)− u(x, |y|)|p

|y|d+sp
dx dy ≤

ˆ
Rd

‖∇xu(·, |y|)‖p
Lp(Rd)

|y|d+sp−p dy

≤ C

ˆ ∞
0

‖∇xu(·, t)‖p
Lp(Rd)

tsp−p+1
dt .

Now we repeat the same argument for the second difference; using (4.5),

f(x + y)− u(x + y, |y|) = −
ˆ 1

0

∂tu(x + y, τ |y|) |y| dτ .

Then Minkowski’s inequality gives us

(ˆ
Rd

∣∣∣f(x + y)− u(x + y, |y|)
∣∣∣pdx

)1/p

≤
ˆ 1

0

|y| ‖∂tu(·, τ |y|)‖Lp(Rd)dτ .

Calculations similar to the one above along with a second application of Minkowski’s

inequality show that

(II)p :=

ˆ
Rd

‖f(·+ y)− u(·+ y, |y|)‖p
Lp(Rd)

|y|d+sp
dy

≤ C

ˆ 1

0

(ˆ ∞
0

‖∂tu(·, τr)‖p
Lp(Rd)

rsp−p+1
dr

)1/p

dτ

p

.
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Changing variables t = τr in the inner integral we obtain that

IIp ≤ C

ˆ 1

0

(ˆ ∞
0

‖∂tu(·, t)‖p
Lp(Rd)

tsp−p+1
τ sp−p dt

)1/p

dτ

p

≤ C

ˆ 1

0

τ s−1 dτ

(ˆ ∞
0

‖∂tu(·, t)‖p
Lp(Rd)

tsp−p+1
dt

)1/p
p

=
C

sp

ˆ ∞
0

‖∂tu(·, t)‖p
Lp(Rd)

tsp−p+1
dt .

The quantity fj(x)− u(x, |y|) can be estimated exactly the same way, and so we obtain

(III)p :=

ˆ
Rd

‖f − u(·, |y|)‖p
Lp(Rd)

|y|d+sp
dy ≤ C

sp

ˆ ∞
0

‖∂tu(·, t)‖p
Lp(Rd)

tsp−p+1
dt .

We now invoke the comparison estimate (4.3) to conclude the proof.

4.1.3 Poisson-Type Integrals

In this section we introduce a Poisson-type matrix kernel Pt(x) that we convolve with vector

fields so that the resulting Poisson-type integral can be used to characterize X s
p (Rd) in the

same spirit as Proposition 4.2.

Definition of the Poisson-Type Kernel and Integral

Poisson-type kernel Denoting MJ(R) to be the space of J×J matrices with real entries,

we introduce the Md+1(R)-valued function P(x) =
(
pjk(x)

)d+1

j,k=1
as

pjk(x) :=
2(d+ 1)

ωd

(x, 1)j(x, 1)k

(|x|2 + 1)
d+3

2

, x ∈ Rd, j, k = 1, · · · , d+ 1

where (x, 1) is a d + 1 vector whose d + 1 component is 1. For t > 0, we denote the the

Poisson-type kernel Pt : Rd →Md+1(R) by

Pt(x) :=
1

td
P
(

x

t

)
, x ∈ Rd.
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We notice that the (d+ 1)× (d+ 1) matrix Pt(x) has the form

Pt(x) =
2(d+ 1)

ωd

t

(|x|2 + t2)
d+3

2

x⊗ x tx

tx t2

 ,

where x is considered both a row and column vector in Rd.

Poisson-type integrals Given F : Rd → Rd+1 with F = (F1, . . . , Fd+1) ∈ Lp(Rd), we

define U = (U1, U2, . . . , Ud+1) : Rd+1
+ → Rd+1 as the convolution

U(x, t) := Pt ∗ F(x) .

The convolution in the above equation is taken in the sense of matrix multiplication. That

is the ith entry component of U is given by Ui =
∑d+1

j=1 p
ij
t ∗ Fj.

Properties of the Poisson-type Kernel

We next establish basic but fundamental properties of Pt which are analogues of the

properties of the classical Poisson kernel. We begin by noting that P ∈ C∞(Rd;Md+1(R)),

and

(x, t) 7→ Pt(x) ∈ C∞
(
Rd+1

+ \B(0, ε) ; Md+1(R)
)
, for every ε > 0 .

Moreover, it is immediate from the definition to see that for every 1 ≤ p ≤ ∞, P ∈

Lp(Rd;Md+1(R)) with the pointwise estimate

|P(x)| ≤ C

(1 + |x|2)
d+1

2

, x ∈ Rd .

By the norm of |A| for a matrix A = (aij) we mean the Frobenius norm |A| =
√∑

i,j |aij|2.

In the following lemma we prove that the matrix kernel Pt is in fact an approximation to

the identity.
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Lemma 4.3. For any t > 0, if Id+1 denotes the (d+ 1)× (d+ 1) identity matrix, then

ˆ
Rd

Pt(x) dx =

ˆ
Rd

P(x) dx = Id+1 .

For any F ∈ L1
loc(Rd;Rd+1), the function (x, t) 7→ (Pt ∗ F)(x) ∈ C∞(Rd+1

+ ) with

lim
t→0+

(Pt ∗ F)(x) = F(x) for all Lebesgue points x ∈ Rd of F .

Moreover, for 1 ≤ p <∞ if F ∈ Lp(Rd;Rd+1), then

lim
t→0+
‖(Pt ∗ F)− F‖Lp(Rd) → 0 .

Proof. The conclusion of the lemma can be deduced from [55, Lemma 3.3] where it is shown

that similar properties are enjoyed by the Poisson kernel for the Lamé system. To be specific,

given constants µ, λ satisfying 3µ+ λ > 0, µ+ λ > 0, the matrix kernel K : Rd →Md+1(R)

defined by

K(x) :=
4µ

3µ+ λ

1

ωd

1

(|x|2 + 1)
d+1

2

Id+1 +
µ+ λ

3µ+ λ

2(d+ 1)

ωd

(x, 1)⊗ (x, 1)

(|x|2 + 1)
d+3

2

is shown to be the Poisson kernel for the Lamé system in the upper half space, see [54, Lemma

5.1]. In addition the scaled kernel Kt(x) := t−dK(x/t) is shown to be an approximation to

the identity. As a consequence, to prove the above lemma it suffices to note that for every

x ∈ Rd, t > 0,
µ+ λ

3µ+ λ
Pt(x) = Kt(x)− 2µ

3µ+ λ
pt(x)Id+1, (4.6)

where we recall that pt(x) the Poisson kernel of the Laplacian in the upper half space. For

each t > 0, we can now integrate both sides of (4.6) to get

µ+ λ

3µ+ λ

ˆ
Rd

Pt(x) dx =

ˆ
Rd

Kt(x) dx− 2µ

3µ+ λ

(ˆ
Rd
pt(x) dx

)
Id+1

which yields
´
Rd Pt(x)dx = 3µ+λ

µ+λ

(
1− 2µ

3µ+λ

)
Id+1 = Id+1 .
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The smoothness and the convergences of the matrix convolutions also follow from the

same results for K and pt. It can also be easily verified using Minkowski’s inequality and the

Lebesgue Dominated Convergence Theorem as follows:

‖Pt ∗ F− F‖p
Lp(Rd)

=

ˆ
Rd

∣∣∣∣ˆ
Rd

Pt(y)(F(x− y)− F(x)) dy

∣∣∣∣p dx

≤ C(d)

ˆ
Rd
|Pt(y)| ‖τyF− F‖p

Lp(Rd)
dy

= C(d)

ˆ
Rd
|P(y)| ‖τtyF− F‖p

Lp(Rd)
dy→ 0 ,

where τyF = F(x − y). The integrand in the last term is bounded by the L1 function

C |P(y)| ‖F‖pLp , and for each y the integrand converges to zero by continuity of translations

in Lp.

Remark 4.4. A connection between Pt and the semi-norm | · |X sp is obtained through the

following important relation that we use below. For any z, x ∈ Rd, we have

Pt(x)

z

0

 = P(x, t)

(
z · x

|x|

)
, z ∈ Rd ,

where the vector function P(x, t) is given by P(x, t) :=
2(d+ 1)

ωd

t|x|
(|x|2 + t2)

d+3
2

x

t

. As a

consequence of this and the approximation to the identity result, we see that if F = (f , 0),

then

U(x, t) = F(x) +

ˆ
Rd

Pt(y)(F(x + y)− F(x)) dy

= F(x) +

ˆ
Rd

P(y, t)(f(x + y)− f(x)) · y

|y|
dy .

The matrix Poisson kernel Pt also satisfies a semigroup property as documented in the

next lemma. The following arguments rely centrally on an explicit formula for the Fourier

transform of Pt.
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Lemma 4.5. For each t > 0, the Fourier transform of Pt(x) is given by

Fx(Pt)(ξ) := e−2π|ξ|t

Id+1 + (2π|ξ|t)

−ξ⊗ξ
|ξ|2 −ı ξ

|ξ|

−ı ξ
|ξ| 1

 . (4.7)

As a consequence Pt satisfies the semigroup property: for every t1, t2 > 0

Pt1 ∗ Pt2 = Pt1+t2 ,

where the convolution is understood in the sense of matrix multiplication.

Proof. To prove the semigroup property of Pt we use the property of convolution and the

explicit Fourier transform formula given in (4.7). To preserve the flow of the presentation

in this section, the Fourier transform of Pt is computed in the appendix. We carry out this

calculation via matrix multiplication. For any positive t1, t2 we have that

Fx (Pt1 ∗ Pt2) (ξ) = Fx(Pt1)(ξ) .Fx(Pt2)(ξ)

= e−2π|ξ|(t1+t2)

(
Id+1 + (2π|ξ|t1)

−ξ⊗ξ
|ξ|2 −ı ξ

|ξ|

−ı ξ
|ξ| 1



+ (2π|ξ|t2)

−ξ⊗ξ
|ξ|2 −ı ξ

|ξ|

−ı ξ
|ξ| 1

)
= Fx(Pt1+t2)(ξ) ,

where in the second equality we have multiplied the matrix of Fourier symbols and have also

used the fact that

−ξ⊗ξ
|ξ|2 −ı ξ

|ξ|

−ı ξ
|ξ| 1

2

= 0 , the zero matrix, which can be verified easily by

computation.

The next lemma summarizes integrability properties of the first derivatives of Pt that we

will be using later. The proof is purely computational and can be done following similar

calculations for the Poisson kernel. We omit it here.
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Lemma 4.6. For each j, k, and ` ∈ {1, . . . , d, d + 1} and for every t > 0 we have that

∂tp
jk
t (x) ∈ L1(Rd) and ∂x`p

jk
t (x) ∈ L1(Rd). In addition we have the following pointwise

estimates: There exists a constant c = c(d) > 0 such that

|∂tpjkt (x)| ≤ c |x|−d−1 , |∂tpjkt (x)| ≤ c t−d−1 , x ∈ Rd , t > 0 ,

for any j, k = 1, 2, . . . d+ 1.

Norm Equivalence of Poisson Integrals

We begin first by establishing relations between the Poisson integrals obtained from pt and

Pt.

Lemma 4.7. Suppose that F = (f , 0) ∈ S(Rd;Rd+1). Then for every t > 0 both Poisson

integrals u(x, t) = pt ∗ F(x) and U(x, t) = Pt ∗ F(x) are in S(Rd;Rd+1). Moreover we have

the following relations between u and U.

• For any j = 1, . . . , d, we have

Uj(x, t) = uj(x, t) +Rj(Ud+1)(x, t) , x ∈ Rd , t > 0 . (4.8)

•

∂tUd+1(x, t) = −divxu(x, t)−
d∑
j=1

Rj(∂xjUd+1)(x, t) , x ∈ Rd , t > 0 . (4.9)

• For any j = 1, . . . , d, we have

∂xjUd+1(x, t) = Rj

(
∂tUd+1 +

d∑
`=1

R` (∂tu`)

)
(x, t) , x ∈ Rd , t > 0 , (4.10)

where Rj is the jth Riesz transform.

Proof. We prove first the identity (4.8). For a fixed t > 0, since all the functions involved

are in S(Rd), it suffices to check that the Fourier transform of the right-hand side agrees
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with that of the left-hand side in (4.8). From the definition of U, we see that for any t > 0,

Fx(U(·, t))(ξ) = F(Pt)(ξ)F(F)(ξ). Now from the particular form of F and using the explicit

formula (4.7) for the Fourier transform of Pt we see that for any j = 1, . . . , d we have

Fx(Uj)(ξ, t) = e−2π|ξ|tF(fj)(ξ) + e−2π|ξ|t(2π|ξ|t)
(
− ξj
|ξ|

)(
ξ

|ξ|
· F(f)(ξ)

)
(4.11)

and that after simplification Fx(Ud+1)(ξ, t) = −ı2πt e−2π|ξ|tξ ·F(f)(ξ). To complete the proof

of the identity (4.8) we notice that the first term in (4.11) is precisely Fx(uj)(ξ, t), whereas

the second term can be rewritten to obtain

e−2π|ξ|t(2π|ξ|t)
(
− ξj
|ξ|

)(
ξ

|ξ|
· F(f)(ξ)

)
=

(
−ı ξj
|ξ|

)(
−ı(2πt)e−2π|ξ|t (ξ · F(f)(ξ))

)
= Fx (Rj(Ud+1)) (ξ, t) .

Let us proceed to show (4.9). Using a direct calculation and some rearrangement we get

∂tFx(Ud+1)(ξ, t) = (−ı2π)e−2π|ξ|tξ · F(f)(ξ) + ı(4π2|ξ|t)e−2π|ξ|tξ · F(f)(ξ) . (4.12)

The identity follows easily once we realize that the first term of (4.12) can be rewritten as

(−ı2π)e−2π|ξ|tξ · F(f)(ξ) = −2πıξ · e−2π|ξ′|tF(f)(ξ) = −Fx (divxu(·, t)) (ξ) ,

while the second term in (4.12) can also be rewritten as

ı(4π2|ξ|t)e−2π|ξ|tξ · F(f)(ξ) = (2π|ξ|)(ı2πt)e−2πξt (ξ · F(f)(ξ))

= −
d∑
j=1

(
−ı ξj
|ξ|

)
2πıξj(−ı2πt)e−2π|ξ|t (ξ · F(f)(ξ))

= −F

(
d∑
j=1

Rj (∂jUd+1)

)
(ξ, t) .
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Next we prove the identity (4.10). Again, by a direct calculation

F(∂xjUd+1)(ξ, t) = (ı2πξj)(−ı2πt)e−2π|ξ|tξ · F(f)(ξ)

=

(
−ı ξj
|ξ|

)
(4π2|ξ|t)e−2π|ξ|t(ıξ · F(f)(ξ)

)
.

(4.13)

We need to connect the last expression in (4.13) with ∂tUd+1. To do so, we observe from

(4.12) that

(4π2|ξ|2t)e−2π|ξ|t
(
ı
ξ

|ξ|
· F(f)(ξ)

)
= Fx(∂tUd+1)(ξ, t) + F

(
d∑

k=1

Rk [∂tuk(·, t)]

)
(ξ) ,

where the last term is a rewriting of the expression (−ı2π)e−2π|ξ|tξ · F(f)(ξ) in (4.12).

Substituting this into (4.13) we get the desired result.

Proposition 4.8. Let 1 < p <∞, f ∈ Lp(Rd;Rd). Set F = (f , 0) ∈ Lp(Rd;Rd+1), u(x, t) =

pt ∗F(x) and set U(x, t) = Pt ∗F(x). Then there exists a positive constant C = C(d, p) such

that for any t > 0 we have

‖∂tu(·, t)‖Lp(Rd) ≤ C ‖∂tU(·, t)‖Lp(Rd) (4.14)

and for each k = 1, . . . , d we have

‖∂xku(·, t)‖Lp(Rd) ≤ C ‖∂xkU(·, t)‖Lp(Rd) . (4.15)

Proof. We prove both inequalities for f ∈ S(Rd;Rd) and then the general case follows by

density. Both inequalities (4.14) and (4.15) follow from identity (4.8) in Proposition 4.7.

Indeed, for j = 1, . . . , d, we can differentiate the equation (4.8) in t to obtain that for any

x ∈ Rd and t > 0

∂tuj(x, t) = ∂tUj(x, t)−Rj

(
∂tUd+1

)
(x, t) .

In a similar fashion, if we differentiate the equation (4.8) in xk we obtain that

∂xkuj(x, t) = ∂xkUj(x, t)−Rj

(
∂xkUd+1

)
(x, t) .
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Both inequalities (4.14) and (4.15) now follow by taking the Lp norm on both sides of the

above two equations and summing over j = 1, . . . , d. Note that we have used both the fact

that the Riesz transforms commute with differential operators and that the Riesz transforms

are Lp bounded.

For general f ∈ Lp(Rd;Rd) take a sequence (fn) ⊂ S(Rd;Rd) converging to f in Lp(Rd;Rd).

Set Fn = (fn, 0). Then apply Lemma 4.3, Lemma 4.6 and Young’s inequality to see that

∂t
[
Pt ∗ Fn

]
converges to ∂t

[
Pt ∗ F

]
in Lp(Rd;Rd) and that ∇x

[
Pt ∗ Fn

]
converges to

∇x

[
Pt ∗ F

]
in Lp(Rd;Rd).

4.1.4 A Characterization of Fractional Sobolev Spaces

Equivalence of Spaces

In this subsection we prove the main result of Section 4.1, which is the equivalence of the

spaces X s
p (Rd) and W s,p(Rd;Rd). We paraphrase it in the following theorem.

Theorem 4.9. Let s ∈ (0, 1) and 1 < p < ∞. Then X s
p (Rd) = W s,p(Rd;Rd). Moreover,

there are constants Ci, i = 1, 2, 3 all depending only on s, p, and d such that for any f =

(f1, f2, . . . , fd) ∈ Lp(Rd)

[f ]W s,p

(EQ1)

≤ C1

ˆ ∞
0

tp(1−s) ‖∂tu(·, t)‖p
Lp(Rd)

1

t
dt

(EQ2)

≤ C2

ˆ ∞
0

tp(1−s) ‖∂tU(·, t)‖p
Lp(Rd)

1

t
dt

(EQ3)

≤ C3[f ]X sp ,

where F = (f , 0), u(x, t) = pt ∗ f(x), and U(x, t) = Pt ∗ F(x).

Proof. In the above (EQ1) is proved in (4.4) of Proposition 4.2 and (EQ2) follows from

the pointwise-in-t estimate proved in Proposition 4.8. What remains is the proof of the

inequality (EQ3). We prove it as follows. Recalling that
´
Rd Pt(x) dx = Id+1, we have

∂tU(x, t) =

ˆ
Rd
∂tPt(y)F(x− y) dy =

ˆ
Rd
∂tPt(y) (F(x− y)− F(x)) dy .
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To reveal the connection with the integrand in the semi-norm [f ]X sp we compute the derivative

∂tPt(y) in the above convolution directly. For j = 1, . . . , d the jth term is given by

∂tUj(x, t)

=
2(d+ 1)

ωd

d∑
k=1

ˆ
Rd

yj

(|y|2 + t2)
d+3

2

(
1− (d+ 3)t2

|y|2 + t2

)(
yk
(
fk(x− y)− fk(x)

))
dy

=
2(d+ 1)

ωd

ˆ
Rd

yj|y|
(|y|2 + t2)

d+3
2

(
1− (d+ 3)t2

|y|2 + t2

)((
f(x + y)− f(x)

)
· y

|y|

)
dy .

(4.16)

A similar computation also shows that

∂tUd+1(x, t)

=
2(d+ 1)

ωd

d∑
k=1

ˆ
Rd

t

(|y|2 + t2)
d+3

2

(
2− (d+ 3)t2

|y|2 + t2

)(
yk
(
fk(x− y)− fk(x)

))
dy

=− 2(d+ 1)

ωd

ˆ
Rd

t|y|
(|y|2 + t2)

d+3
2

(
2− (d+ 3)t2

|y|2 + t2

)((
f(x + y)− f(x)

)
· y

|y|

)
dy .

(4.17)

Notice that the differentiated kernel expressions inside the integrals in (4.16) and (4.17)

are linear combinations of the ∂tp
jk
t after factoring the unit vector y

|y| . As a result, these

expressions enjoy the same pointwise estimates as ∂tp
jk
t stated in the Lemma 4.6. That is,

the expressions are majorized by t−d−1 as well as by |y|−d−1. We will make use of these

pointwise estimates below.

By splitting the convolution integrals in (4.16) and (4.17) into an integral over Bt(0) and

Rd \Bt(0), we obtain that for any t > 0 and x ∈ Rd

|∂tU(x, t)| ≤ C

td+1

ˆ
|y|≤t

∣∣∣∣(f(x + y)− f(x)) · y

|y|

∣∣∣∣ dy

+ C

ˆ
|y|>t

∣∣∣∣(f(x + y)− f(x)) · y

|y|

∣∣∣∣ 1

|y|d+1
dy .
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Now, using Minkowski’s integral inequality we obtain that

‖∂tU(·, t)‖Lp(Rd) ≤
C

td+1

ˆ
|y|≤t

∥∥∥∥(f(·+ y)− f(·)) · y

|y|

∥∥∥∥
Lp(Rd)

dy

+ C

ˆ
|y|>t

∥∥∥(f(·+ y)− f(·)) · y
|y|

∥∥∥
Lp(Rd)

|y|d+1
dy . (4.18)

The remaining part of the argument that estimates the right-hand side of the above inequality

by the semi-norm [f ]X sp follows that of [86, Page 152] where it was done for classical Besov

spaces. We repeat it here for clarity. Changing to polar coordinates, write y = rw ∈ Rd,

with r = |y| and w ∈ Sd−1. Define

Ψ(r) :=

ˆ
Sd−1

‖(f(·+ rw)− f(·)) ·w‖Lp(Rd) dσ(w) .

Then the last inequality in (4.18) can be rewritten in terms of Ψ(r) to obtain

‖∂tU(·, t)‖Lp(Rd) ≤
C

td+1

ˆ t

0

Ψ(r)rd−1 dr + C

ˆ ∞
t

Ψ(r)r−2 dr .

We multiply both sides by t1−s and estimate the norm in Lp((0,∞); t−1 dt) on both sides.

The right hand side can be estimates using Hardy’s inequalities [86, Appendix A] on the

functions Ψ(r)rd−1, and Ψ(r)r−2 to obtain

(ˆ ∞
0

(
t1−s ‖∂tU(·, t)‖Lp

)p 1

t
dt

)1/p

≤ C

(1− s)(s+ d)

(ˆ ∞
0

(
Ψ(r)r−s

)p 1

r
dr

)1/p

.
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By Hölder’s inequality we have Ψ(r)p ≤ C
´
Sd−1 ‖(f(·+ rw)− f(·)) ·w‖p

Lp(Rd)
dσ(w) and so

we have(ˆ ∞
0

(
t1−s ‖∂tU(·, t)‖Lp

)p 1

t
dt

)1/p

≤ C

(1− s)(s+ d)

(ˆ ∞
0

ˆ
Sd−1

‖(f(·+ rw)− f(·)) ·w‖pLpr
−sp−1 dσ(w) dr

)1/p

≤ C

(1− s)(s+ d)

(ˆ ∞
0

ˆ
Sd−1

‖(f(·+ rw)− f(·)) ·w‖pLp
rd+sp

rd−1 dσ(w) dr

)1/p

≤ C

(1− s)(s+ d)

ˆ
Rd

∥∥∥(f(·+ y)− f(·)) · y
|y|

∥∥∥p
Lp

|y|d+sp
dy


1/p

= C[f ]X sp (Rd) .

where the last C depends only only on s, p, and d. This completes the proof of the theorem.

Applications

One may now use the equivalence of spaces we have established to obtain inequalities that

are important in applications. The simplest of all is the fractional Poincaré-Korn inequality.

Corollary 4.10. Let s ∈ (0, 1) and p ∈ (1,∞). Let B ⊂ Rd be a ball. Then there exists a

constant C = C(p, s, d, B) > 0 such that

‖f‖p
Lp(Rd)

≤ C

ˆ
Rd

ˆ
Rd

∣∣∣(f(x)− f(y)) · x−y
|x−y|

∣∣∣p
|x− y|d+sp

dx dy .

for any f ∈ W s,p(Rd;Rd) such that supp(f) ⊂ B.

The corollary follows from the fact that when f is compactly supported, its Lp-norm is

controlled by its W s,p-semi-norm which in turn is controlled by its X s
p -semi-norm via the

now-proved fractional Korn’s inequality.

Another corollary of Theorem 4.9 is a fractional Sobolev embedding [68] that uses the

X s
p -semi-norm.
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Corollary 4.11. Let s ∈ (0, 1) and p ∈ (1,∞) such that sp < d. Then there exists a constant

C = C(d, p, s) such that for f ∈ X s
p (Rd) we have

‖f‖p
Lp∗s (Rd)

≤ C

ˆ
Rd

ˆ
Rd

∣∣∣(f(x)− f(y)) · x−y
|x−y|

∣∣∣p
|x− y|d+sp

dx dy ,

where p∗s = dp
d−sp . As a consequence the space X s

p (Rd) is continuously embedded in Lq(Rd;Rd),

for any q ∈ [p, p∗s ], with the estimate that for q ∈ [p, p∗s) there exists a constant C =

C(q, p, d) > 0 such that ‖u‖Lq(Rd) ≤ C‖u‖X sp (Rd).

Proof. Suppose that f ∈ X s
p (Rd). Then by Theorem 4.9, f ∈ W s,p(Rd;Rd). By fractional

Sobolev embedding, which can be found in [68, Theorem 6.5 followed by Theorem 2.4], we

have that f ∈ Lp∗s (Rd;Rd) and that

‖f‖p
Lp∗s (Rd)

≤ C ‖f‖p
W s,p(Rd)

≤ C ‖f‖X sp (Rd) .

The embedding of X s
p (Rd) in Lq(Rd;Rd) for any q ∈ [p, p∗s) follows via interpolation.

We will also use Theorem 4.9 to prove fractional Korn-type inequalities for functions

defined on the half-space Rd
+. The argument to prove such results is standard. We first

extend vector fields to be defined over Rd such that the norm of the extended vector field is

controlled by the original one. Such an extension theorem is recently proved in [57], which

we state below.

Theorem 4.12 (Extension operator). Let d ≥ 1, p ∈ [1,∞) and 0 < s < 1 and ps 6= 1.

There exists an extension operator

E : X̊ s
p (Rd

+)→ X s
p (Rd)

and a positive constant C = C(p, d, s) such that for any f ∈ X̊ s
p (Rd

+), and f̃ = Ef we have

that f̃ = f a.e. in Rd
+, f̃ ∈ X s

p (Rd) and

|f̃ |X sp (Rd) ≤ C|u|X sp (Rd+).
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The theorem is proved in [57]. We emphasize that the proof of the above extension

theorem is nontrivial as the commonly-used reflection across the hyperplane xd = 0 would

not preserve the semi-norm | · |X sp . Extending by zero is also not appropriate, since it is not

clear how to control the norm of the extended function. Rather we use an extension operator

that has been used by J. A. Nitsche in [69] in his simple proof of Korn’s second inequality. In

showing the boundedness of the extension operator with respect to the semi-norm | · |X sp we

need to first establish the fractional Hardy-type inequality. See [57] for more details. With

this extension at hand the proof of the result below is standard.

Proposition 4.13. For s ∈ (0, 1), 1 < p < ∞, sp 6= 1, there exists a constant C =

C(d, p, s) > 0 such that for any f ∈ X̊ s
p (Rd

+) it holds that

ˆ
Rd+

ˆ
Rd+

|f(x)− f(y)|p

|x− y|d+sp
dx dy ≤ C

ˆ
Rd+

ˆ
Rd+

∣∣∣(f(x)− f(y)) · x−y
|x−y|

∣∣∣p
|x− y|d+sp

dx dy .

In future work we hope to report on the natural next step of establishing the equivalence

of the spaces X s
p (Ω) and W s,p(Ω;Rd) defined over domains with sufficiently regular boundary.

4.1.5 The Fourier Transform of the Poisson-Type Kernel Pt

Here we obtain the Fourier transform of the Poisson-type kernel Pt that has been used to

establish relations between various Poisson integrals. Recall that the (d+1)× (d+1) matrix

Pt(x) = (pjkt ) has the form  P̃t(x) P
[d+1]
t (x)

P
[d+1]
t (x) pd+1,d+1

t (x)

 .

Here, P̃t(x) : Rd →Md(R) is a d× d matrix function given by

P̃t(x) =
2(d+ 1)

ωd

t

(|x|2 + t2)
d+3

2

x⊗ x .
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The function Pd+1
t : Rd → Rd is a vector valued function, which we consider both a row and

column vector, given by

P
[d+1]
t (x) =

2(d+ 1)

ωd

t2x

(|x|2 + t2)
d+3

2

.

Finally the (d+ 1)× (d+ 1) entry is given by the function pd+1,d+1
t : Rd → R defined as

pd+1,d+1
t (x) =

2(d+ 1)

ωd

t3

(|x|2 + t2)
d+3

2

.

We compute the Fourier transform of each of these functions and put those transforms

together to obtain the Fourier transform of Pt. We begin by writing some useful Fourier

transform formulas. Rather than write the calculations explicitly in-line each time during a

proof, we instead reference the formulas in their full generality. For completeness they are

listed here and their proofs can be found in many textbooks, for example [66].

• Let n ∈ N, λ ∈ (0, n), fλ(x) = |x|−λ, x ∈ Rn. Then,

F (fλ) (ξ) =
Γ(n−λ

2
)

Γ(λ
2
)
πλ−n/2|ξ|λ−n .

• Let n ∈ N, n ≥ 3. Then for each j, k ∈ {1, 2, . . . , n} we have

F−1

(
ξjξk
|ξ|4

)
= 4π2

[
1

2(n− 2)ωn−1

· δjk
|x|n−2

− 1

2ωn−1

· xjxk
|x|n

]
in S ′(Rn) , (4.19)

and as a consequence we have that

F
(
xjxk
|x|n

)
=

1

4π2

[
ωn−1

δjk
|ξ|2
− 2ωn−1

ξjξk
|ξ|4

]
in S ′(Rn) . (4.20)

• For a ∈ (0,∞) and x ∈ R, define f(x) = 1
x2+a2 and g(x) = x

x2+a2 . Then

F(f)(ξ) =
π

a
e−2πa|ξ| for every ξ ∈ R and in S ′(R) , (4.21)
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and

F(g)(ξ) = −πı sgn(ξ) e−2πa|ξ| in S ′(R) . (4.22)

We assume throughout that d ≥ 2.

Proposition 4.14. For every t > 0, we have the following:

1) Fx(P̃t)(ξ) = e−2π|ξ|t Id − (2π|ξ|t)e−2π|ξ|t
(

ξ⊗ξ
|ξ|2

)
in S ′(Rd) .

2) Fx(P
[d+1]
t )(ξ) = (2π|ξ|t)e−2π|ξ|t

(
−ı ξ
|ξ|

)
in S ′(Rd) .

3) Fx(pd+1,d+1
t )(ξ) = (1 + 2π|ξ|t) e−2π|ξ|t in S ′(Rd) .

Proof of Item 1). Let j, k ∈ {1, 2, . . . , d}. Since P̃t = (pjkt ) ∈ Lp(Rd;Md(R)) for every 1 ≤

p ≤ ∞ we have that pjkt ∈ S ′(Rd) for every t > 0. Thus, its Fourier transform is a well-

defined object in S ′(Rd) and agrees with its Fourier transform as a function in L1(Rd). The

plan is to make use of partial Fourier transforms. Specifically, we will compute Fx

(
pjkt

)
(ξ)

in S ′(Rd) by using the Fourier transform of pjk in S ′(Rd+1). To that end, we first compute

the Fourier transform of pjkt (x) = 2(d+1)
ωd

xjxkt

(|x|2+t2)
d+3

2
in S ′(Rd+1). We use several properties of

the Fourier transform. We denote the Fourier variables in Rd+1 by (ξ, η).

Using the observation that pjkt (x) = − 2
ωd

∂
∂t

(
xjxk

(|x|2+t2)
d+1

2

)
, we have that

Fx,t(pt
jk)(ξ, η) =

4πıη

ωd
Fx,t

(
xjxk

(|x|2 + t2)
d+1

2

)

= −4πıη

ωd
· 1

4π2

[
ωd

δjk
|ξ|2 + η2

− 2ωd
(ξ, η)j(ξ, η)k
(|ξ|2 + η2)2

]
= − ı

π
η

[
δjk

|ξ|2 + η2
− 2

(ξ, η)j(ξ, η)k
(|ξ|2 + η2)2

]
.

(4.23)

where in the second equality we have applied the Fourier transform formula (4.20) with

n = d + 1. By taking partial inverse Fourier transform in η and using the definition of Pt,

we see that for j, k ∈ {1, 2, . . . , d}

Fx(pt
jk)(ξ) = F−1

η

(
Fx,t(pt

jk)(ξ, η)
)
(t)
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for every ξ ∈ Rd \ {0} and for every t > 0. Our task is to compute the right hand side.

Applying F−1
η to the right hand side of (4.23) we obtain for j, k ∈ {1, 2, . . . , d} that

F−1
η

(
− ı
π

[
ηδjk

(|ξ|2 + η2)
− 2

ηξjξk
(|ξ|2 + η2)2

])
(t)

=
−ı
π
F−1
η

(
ηδjk

(|ξ|2 + η2)

)
(t) +

2ı

π
F−1
η

(
ηξjξk

(|ξ|2 + η2)2

)
(t)

=
−ıδjk
π
Fη
(
−η

|ξ|2 + η2

)
(t) +

2ıξjξk
π
Fη
(

−η
(|ξ|2 + η2)2

)
(t)

(4.24)

where in the in the second inequality we used that F(F(f))(x) = f(−x). We will use the

formula (4.22) to compute and simplify the first term of (4.24) as

−iδjk
π
Fη
(
−η

|ξ|2 + η2

)
(t) =

iδjk
π

(
−πi sgn(t)e−2π|ξ||t|) = δjk sgn(t)e−2π|ξ||t|

The second term in the expression (4.24) can be computed using (4.21) and can be simplified

as

2iξjξk
π
Fη
(

−η
(|ξ|2 + η2)2

)
(t) =

2iξjξk
π
Fη
(

d

dη

(
1

2(|ξ|2 + η2)

))
(t)

=
2iξjξk
π
· (2πit)

2
Fη
(

1

|ξ|2 + η2

)
(t)

= −2ξjξkt

(
π

|ξ|
e−2π|ξ||t|

)
= −ξjξk
|ξ|2

(2π|ξ|t)e−2π|ξ||t| .

In the above calculation we have use the fact that |ξ|, 1
|ξ| are in S ′(Rd) and that for any

multi-index α and any number k < |α| the quantity (ξ)α

|ξ|k e−|ξ| ∈ L1(Rd), hence in S ′(Rd).

Finally, plugging the last expressions into (4.24) we obtain that for each j, k ∈ {1, 2, . . . , d}

F(pt)
jk(ξ) = e−2π|ξ|tδjk − (2π|ξ′|t)e−2π|ξ|t ξjξk

|ξ|2

for every ξ ∈ Rd \ {0} and t > 0.
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Proof of item 2). This proof is much the same as the last one. Let j ∈ {1, 2, . . . , d}. As

before, we compute the Fourier transform of pj,d+1
t (x) = 2(d+1)

ωd

xjt
2

(|x|2+t2)
d+3

2
in S ′(Rd). First

notice again that

pj,d+1
t (x) =

∂

∂xj

[
−2t2

ωd(|x|2 + t2)
d+1

2

]
Now we can use (4.20) with n = d+ 1 to obtain

Fx,t(p
j,d+1
t )(ξ) =

−2

ωd
· (2πıξj)Fx,t

(
t2

(|x|2 + t2)
d+1

2

)

= −4πıξj
ωd
· 1

4π2

[
ωd

1

|ξ|2 + η2
− 2ωd

η2

(|ξ|2 + η2)2

]
= − ı

π
ξj

[
1

|ξ|2 + η2
− 2

η2

(|ξ|2 + η2)2

]
.

(4.25)

Again taking partial Fourier transforms we see that

F(pj,d+1
t )(ξ) = F−1

η

(
Fx,t(p

j,d+1)(ξ, η)
)
(t)

for every ξ ∈ Rd \ {0} and for every t > 0. Our task is to compute the right hand side.

Applying F−1
η to the right hand side of (4.25) we obtain

F−1
η

(
− ı
π

[
ξj

(|ξ|2 + η2)
− 2

ξjη
2

(|ξ|2 + η2)2

])
=
−ı
π
F−1
η

(
ξj

(|ξ|2 + η2)

)
+

2ı

π
F−1
η

(
η2ξj

(|ξ|2 + η2)2

)
=
−ıξj
π
Fη
(

1

|ξ|2 + η2

)
+

2iξj
π
Fη
(

η2

(|ξ|2 + η2)2

)
=
−ıξj
π

(
π

|ξ|
e−2π|ξ||t|

)
+

2ıξj
π

1

−2πı

d

dt
Fη
(

η

(|ξ|2 + η2)2

)
.

(4.26)

In the third equality we used the identities (4.21) and (4.22). We also used the identity

F(xf)(ξ) = − 1
2πi

d
dξ
F(f)(ξ) . Now, just as in the proof of item 1) we can show that

Fη
(

η

(|ξ′|2 + η2)2

)
(t) = −πıt

(
π

|ξ′|
e−2π|ξ′||t|

)
. (4.27)
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Now putting together (4.26) and (4.27) we obtain that

F(pj,d+1
t )(ξ) = −ı ξj

|ξ′|
e−2π|ξ||t| − ξj

π2

d

dt

(
−π2ıt

|ξ′|
e−2π|ξ||t|

)
= −ı ξj

|ξ|
e−2π|ξ||t| + ı

ξj
|ξ|
(
e−2π|ξ||t| − (2π|ξ|t)e−2π|ξ||t|)

= (2π|ξ|t)e−2π|ξ|t
(
−ı ξj
|ξ|

)
.

Proof of item 3). Writing t3

(|x|2+t2)
d+3

2
= t

(|x|2+t2) d+1
2

−
∑d

j=1

tx2
j

(|x|2+t2)
d+3

2
. we notice that

pd+1,d+1
t (x) =

2(d+ 1)

ωd

t

(|x|2 + t2)
d+1

2

−
d∑
j=1

pjjt (x).

That is, pd+1,d+1
t (x) = (d + 1)pt(x) −

∑d
j=1 p

jj
t (x) . Taking the Fourier Transform on both

sides we get

Fx(pd+1,d+1
t ) = (d+ 1)e−2π|ξ|t −

d∑
j=1

(
e−2π|ξ|t − (2π|ξ|t)e−2π|ξ|t ξ

2
j

|ξ|2

)
= (d+ 1)e−2π|ξ|t − d e−2π|ξ|t + (2π|ξ|t)e−2π|ξ|t

= (1 + 2π|ξ|t)e−2π|ξ′|t ,

as desired.
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4.2 A New Characterization of Potential Spaces

4.2.1 Introduction

Recall that we have defined the function space Dps(Rd) as the closure of the Schwarz space

S(Rd;Rd) in the norm ‖u‖Lp(Rd) + ‖Ds(u)‖Lp(Rd), where

Ds(u)(x) =

ˆ
Rd

∣∣∣(u(x)− u(y)) · (x−y)
|x−y|

∣∣∣2
|x− y|d+2s

dy


1
2

.

The function Ds(u) is related to the energy space W s,2(Rd;Rd). A vector field u ∈ L2(Rd;Rd)

will belong to W s,2(Rd;Rd) if and only if Ds(u) ∈ L2(Rd). This can easily be seen using

Theorem 4.1.

We recall also the space of Bessel potentials, Lqs. For 0 < s < 1, 1 < q <∞

Lqs(Rd) :=

{
f ∈ S ′(Rd;Rd) :

((
1 + 4π2|ξ|2

)s/2
f̂
)∨
∈ Lq(Rd;Rd)

}
,

where S ′(Rd;Rd) is the space of vector-valued tempered distributions. The norm in Lqs(Rd)

is given by

‖f‖Lqs(Rd) :=

∥∥∥∥((1 + 4π2|ξ|2
)s/2

f̂
)∨∥∥∥∥

Lq(Rd)

. (4.28)

Our second main result of the chapter is the characterization of functions in the potential

space Lqs in terms of the integrability of the function Ds(f). Throughout this section we

use the following standard notations for the fractional Sobolev exponents and its Hölder

conjugate (denoted by the prime notation):

2∗s =
2d

d− 2s
, and (2∗s)′ := 2∗s =

2d

d+ 2s
.

Theorem 4.15. Let 2∗s ≤ p <∞ and 0 < s < 1. Then f ∈ Lps(Rd) if and only if f ∈ Dps(Rd).

Moreover, there exist positive constants C1 and C2 such that for any f ∈ Lp(Rd;Rd),

C1‖f‖Lps(Rd) ≤ ‖f‖Lp(Rd) + ‖Ds(u)‖Lp(Rd) ≤ C2‖f‖Lps(Rd) .
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The main objective of this section is to prove Theorem 4.15. Our proof follows the steps

presented in the proof of [85, Theorem 1]. We first develop necessary technical tools that

allows us to relate the Marcinkiewicz-type integral Ds(f) with the potential function of f .

4.2.2 The Poisson-Type Kernel and Integral

We recall the standard Poisson kernel pt(y) and the modified Poisson-type kernel Pt(y)

defined in Section 4.1. The properties that we will need are restated here for convenience.

First, the Fourier transforms of both kernels are given by

p̂t(ξ) = e−2π|ξ|t , P̂t(ξ) = e−2π|ξ|t

Id+1 + (2π|ξ|t)

−ξ⊗ξ
|ξ|2 −ı ξ

|ξ|

−ı ξ
|ξ| 1

 .

Notice that Pt(y) is a (d + 1)× (d + 1) matrix of functions which is explicitly given by the

formula

Pt(x) =
2(d+ 1)

ωd

t

(|x|2 + t2)
d+3

2

x⊗ x tx

tx t2

 (4.29)

where x is considered both a column and row d-vector. Next, the matrix kernel Pt is in fact

an approximation to the identity. For any t > 0, if Id+1 denotes the (d+ 1)× (d+ 1) identity

matrix, then ˆ
Rd

Pt(x) dx =

ˆ
Rd

P(x) dx = Id+1 . (4.30)

Moreover, for each j, k, and ` ∈ {1, . . . , d, d+ 1} and for every t > 0 we have that ∂tp
jk
t (x) ∈

L1(Rd) and ∂x`p
jk
t (x) ∈ L1(Rd). We also have the following pointwise estimates: there exists

a constant c = c(d) > 0 such that for any j, k = 1, 2, . . . d+ 1,

|∂tpjkt (x)| ≤ c |x|−d−1, |∂tpjkt (x)| ≤ c t−d−1, ∀x ∈ Rd, t > 0.

In addition, one can easily establish |∂ttPt(x)| ≤ C
td+2 and |∂ttPt(x)| ≤ C

|x|d+2 .

Throughout, functions f : Rd → Rd+1 are of the form f = (f1, f2, . . . , fd, 0). We treat f

both as being a vector field in Rd and Rd+1, as well as column and row vectors; it will be

clear from context.
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We recall the Poisson integral of f given by u∆(x, t) := pt ∗ f(x), where the convolution

is component-wise. A Poisson-type integral of f can now be naturally defined using the

Poisson-type kernel Pt = (pijt ) as

U(x, t) := Pt ∗ f(x) .

The convolution in the above is taken in the sense of matrix multiplication. That is, the ith

entry component of U is given by Ui =
∑d+1

j=1 p
ij
t ∗ fj, where Pt = (pijt ). Notice that taking

the Fourier transform in x transforms the convolution into the matrix multiplication

Û(ξ, t) = P̂t(ξ)f̂(ξ) .

The key connection of Pt with Ds(f) is obtained through the following important relation

that we will be using below. For any z,x ∈ Rd, we have

Pt(x)

z

0

 = P(x, t)

(
z · x

|x|

)
, z ∈ Rd ,

where the vector function P(x, t) is given by

P(x, t) :=
2(d+ 1)

ωd

t|x|
(|x|2 + t2)

d+3
2

x

t

 . (4.31)

In particular, P(x, t) and all its derivatives in t satisfy the same estimates as Pt(x) and

corresponding derivatives. Using this relation and (4.30), we see that

U(x, t) = f(x) +

ˆ
Rd

Pt(y)(f(x + y)− f(x)) dy

= f(x) +

ˆ
Rd

P(y, t)(f(x + y)− f(x)) · y

|y|
dy .
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4.2.3 Littlewood-Paley-type g-function

We can define the analogue of the classical Littlewood-Paley g-function corresponding to the

new Poisson-type integral U(x, t). The following definition is natural:

g̊1(f)(x) :=

(ˆ ∞
0

t |∂tU(x, t)|2 dt

) 1
2

. (4.32)

In what follows we denote ∇ = (∇x, ∂t), and |∇U(x, t)|2 = |∂tU|2 +
∑d+1

k=1 |∇xUk|2. We can

use these functions to characterize the Lp norm of a vector field. The following is a result

similar to [86, Theorem 1, Chapter IV].

Theorem 4.16. Suppose that 1 < p < ∞. Then there are constants C1, C2 such that for

any f ∈ Lp(Rd)

C1 ‖̊g1(f)‖Lp(Rd) ≤ ‖f‖Lp(Rd) ≤ C2 ‖̊g1(f)‖Lp(Rd)

To prove the theorem we follow the steps and the approach given in [86] for the proof of

[86, Theorem 1, Chapter IV]. We first prove the theorem for p = 2.

Lemma 4.17. Let f ∈ L2(Rd). Then g̊1(f) ∈ L2(Rd) with

‖̊g1(f)‖2
L2(Rd) =

1

4

ˆ
Rd

∣∣∣∣(Id +
ξ ⊗ ξ

|ξ|2

)
f̂(ξ)

∣∣∣∣2 dξ . (4.33)

The proof is tedious but elementary. It is given in Section 4.2.5. In the next proposition

we prove one of the inequalities in Theorem 4.16.

Proposition 4.18. Let 1 < p < ∞. If f ∈ Lp(Rd), then g̊1(f) ∈ Lp(Rd). Moreover, there

exists a positive constant depending only on p and d such that for all f ∈ Lp(Rd),

‖̊g1(f)‖Lp(Rd) ≤ C ‖f‖Lp(Rd) . (4.34)

Proof. We use the theory of singular integrals for Hilbert space-valued functions outlined in

[86, Chapter II, Section 5]. We use the notation of that section as well. Define the Hilbert

space H to be the L2 space on (0,∞) with the functions taking values in Rd with measure
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t dt, i.e.

H :=

{
h : (0,∞)→ Rd

∣∣∣ ‖h‖2
H :=

ˆ ∞
0

t |h(t)|2 dt <∞
}
.

The absolute value |h| is the norm in Rd. Denote the Banach space of bounded linear

operators from Rd to H by B(Rd,H ). Let ε > 0 be fixed for now. For each x consider the

matrix-valued function

Kε(x, t) := ∂tPt+ε(x) .

Then for any fixed x ∈ Rd, we identify the matrix function Kε(x, ·) by Kε(x). Now we show

that Kε(x) ∈ B(Rd,H ). This is equivalent to showing that the integral
´∞

0
t |∂tPt+ε(x)|2 dt

is finite. Indeed, from the formula (4.29) we have that |∂tPt(x)| ≤ C

(|x|2+t2)
d+1

2
, and therefore

for each x ∈ Rd we have the estimate after change of variables that

‖Kε(x)‖2
B(Rd,H ) = sup

|y|≤1

‖〈Kε(x),y〉‖2
H

≤ sup
|y|≤1

|y|
ˆ ∞

0

t|∂tPt+ε(x)|2 dt ≤ C

ˆ ∞
0

t

(|x|2 + (t+ ε)2)d+1
dt ≤ Cε

and

‖Kε(x)‖2
B(Rd,H ) ≤ C

ˆ ∞
0

t

(|x|2 + (t+ ε)2)d+1
dt ≤ 1

|x|2d

ˆ ∞
0

t

(1 + t2)d+1
dt =

C

|x|2d
.

From the above two estimates we also conlcude that

x 7→ ‖Kε(x)‖B(Rd,H ) ∈ L
2(Rd) . (4.35)

Similarly, for 1 ≤ j ≤ d, again referring to (4.29) that

∥∥∂xjKε(x)
∥∥2

B(Rd,H )
≤ C

ˆ ∞
0

t

(|x|2 + (t+ ε)2)d+2
dt

≤ C

ˆ ∞
0

t

(|x|2 + t2)d+2
dt

=
C

|x|2d+2
.
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Thus, ∥∥∂xjKε(x)
∥∥
B(Rd,H )

≤ C

|x|d+1
, 1 ≤ j ≤ d . (4.36)

Now define the operator

Tε(f)(x) =

ˆ
Rd
Kε(y)f(x− y) dy .

Notice that from the definition of Kε(y), Tε(f)(x) in terms of the Poisson-type kernel U

as Tε(f)(x) = ∂tU(x, t + ε). It then follows that Tε is a vector field since the integrand is

a matrix multiplying a vector. In fact, Tε(f)(x) take their values in H for each x ∈ Rd.

Moreover, we have

‖Tε(f)(x)‖2
H =

ˆ ∞
0

t |∂tU(x, t+ ε)|2 dt

=

ˆ ∞
0

(t+ ε) |∂tU(x, t+ ε)|2 dt−
ˆ ∞

0

ε |∂tU(x, t+ ε)|2 dt

=

ˆ ∞
ε

t |∂tU(x, t)|2 dt− ε
ˆ ∞
ε

|∂tU(x, t)|2 dt

≤
ˆ ∞

0

t |∂tU(x, t)|2 dt =
[̊
g1(f)(x)

]2
.

Therefore, by Lemma 4.17, x 7→ ‖Tε(f)(x)‖H is square integrable and

‖Tε(f)‖L2
x(Rd) ≤

1

2

(ˆ
Rd

∣∣∣∣(Id +
ξ ⊗ ξ

|ξ|2

)
f̂(ξ)

∣∣∣∣2 dξ

)1/2

≤ ‖f‖L2(Rd) ,

and thus, we obtain ∥∥∥K̂ε(x)
∥∥∥
B(Rd;H )

≤ 1 . (4.37)

Now using (4.35), (4.36) and (4.37) we can use the theory of singular integrals [86, Chapter

II, Section 5] and conclude that

‖Tεf‖Lp(Rd) ≤ C ‖f‖Lp(Rd) , 1 < p <∞ ,
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with C independent of ε. Notice from the above calculations that for each x, the positive

function ‖Tε(f)(x)‖H increases to g̊1(f)(x) as ε→ 0 and therefore, we have that

‖̊g1(f)‖Lp(Rd) ≤ C ‖f‖Lp(Rd) , 1 < p <∞ .

That completes the proof.

Next, we prove the reverse inequality in Theorem 4.16 by establishing a comparison of

norms of operators with matrix symbols Id and Id + ξ⊗ξ
|ξ|2 .

Lemma 4.19. Let f ∈ Lp(Rd;Rd) for 1 < p < ∞. For ` ∈ {1, . . . , d} denote the `th Riesz

Transform by R`. Then the translation-invariant operator L(f) defined by

[Lf(x)]k := fk(x)− 3Rk

[
d∑
j=1

Rjfj

]
(x) , 1 ≤ k ≤ d ,

satisfies

‖f‖Lp(Rd) ≤ C ‖Lf‖Lp(Rd) .

Proof. Clearly by the Lp boundedness of the Riesz transforms,

‖Lf‖Lp(Rd) ≤ C ‖f‖Lp(Rd) ,

so the Lp norm of Lf is finite. Applying the kth Riesz transform to (Lf)k and summing gives

d∑
k=1

Rk(Lf)k =
d∑

k=1

(
Rkfk − 3RkRk

( d∑
j=1

Rjfj

))
= −2

d∑
k=1

Rkfk .

Thus, by the Lp boundedness of the Riesz transforms we have∥∥∥∥∥
d∑
j=1

Rkfk

∥∥∥∥∥
Lp(Rd)

≤ C ‖T f‖Lp(Rd) . (4.38)
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Now write each component fk as

fk(x) = fk(x)− 3Rk

(
d∑
j=1

Rjfj

)
(x) + 3Rk

(
d∑
j=1

Rjfj

)
(x) ,

and so taking the Lp norm on both sides and using the Lp boundedness of the Riesz

transforms gives

‖fk‖Lp(Rd) ≤

∥∥∥∥∥fk − 3Rk

(
d∑
j=1

Rjfj

)∥∥∥∥∥
Lp(Rd)

+

∥∥∥∥∥3Rk

(
d∑
j=1

Rjfj

)∥∥∥∥∥
Lp(Rd)

= ‖(Lf)k‖Lp(Rd) +

∥∥∥∥∥3Rk

(
d∑
j=1

Rjfj

)∥∥∥∥∥
Lp(Rd)

≤ C ‖(Lf)‖Lp(Rd) + C

∥∥∥∥∥
d∑
j=1

Rjfj

∥∥∥∥∥
Lp(Rd)

(4.38)

≤ C ‖Lf‖Lp(Rd) .

Summing over k finishes the proof.

Remark 4.20. The symbol associated to L is Id + 3ξ⊗ξ
|ξ|2 , which will appear in the proof of the

reverse inequalities for g̊1.

The next proposition proves the remaining inequality in Theorem 4.16.

Proposition 4.21. Let 1 < p < ∞. Then there exists a positive constant C such that for

any f ∈ Lp(Rd),

‖f‖Lp(Rd) ≤ C ‖̊g1(f)‖Lp(Rd) .

Proof. Let f1, f2 be in L2(Rd;Rd) with respective Poisson-type integrals U1, U2. Polarization

of the identity (4.33) leads to

ˆ ∞
0

ˆ
Rd
t 〈∂tU1(x, t), ∂tU2(x, t)〉dxdt

=
1

4

ˆ
Rd

〈(
Id +

ξ ⊗ ξ

|ξ|2

)
f̂1(ξ),

(
Id +

ξ ⊗ ξ

|ξ|2

)
f̂2(ξ)

〉
dξ

=
1

4

ˆ
Rd

〈(
Id + 3

ξ ⊗ ξ

|ξ|2

)
f̂1(ξ), f̂2(ξ)

〉
dξ

=
1

4

ˆ
Rd
〈Lf1(x), f2(x)〉 dx ,

(4.39)
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where the last inequality follows by Parseval’s relation. Now suppose in addition that

f1 ∈ Lp(Rd;Rd) and f2 ∈ Lp
′
(Rd;Rd) with ‖f2‖Lp′ (Rd) ≤ 1. Then using the Cauchy-Schwarz

inequality, Hölder’s inequality and Proposition 4.18 we have∣∣∣∣ˆ
Rd
〈Lf1(x), f2(x)〉 dx

∣∣∣∣ ≤ 4

ˆ
Rd

g̊1(f1)(x)̊g1(f2)(x) dx

≤ 4 ‖̊g1(f1)‖Lp(Rd) ‖̊g1(f2)‖Lp′ (Rd) ≤ C ‖̊g1(f1)‖Lp(Rd) .

Taking the supremum on both sides over all f2 ∈ L2(Rd;Rd)∩Lp′(Rd;Rd) with ‖f2‖Lp′ (Rd) ≤ 1

gives

‖Lf‖Lp(Rd) ≤ C ‖̊g1(f)‖Lp(Rd) (4.40)

for every f ∈ (L2 ∩ Lp)(Rd). Using Lemma 4.19,

‖f‖Lp(Rd) ≤ C ‖̊g1(f)‖Lp(Rd) (4.41)

for every f ∈ (L2 ∩ Lp)(Rd). The passage to the general case f ∈ Lp follows by density. Let

fm be a sequence of functions in (L2∩Lp)(Rd) which converges in Lp to an arbitrary function

f ∈ Lp. Then

|̊g1(fm)(x)− g̊1(f)(x)|2 =

∣∣∣∣∣
(ˆ ∞

0

t |∂tUm(x, t)|2 dt

) 1
2

−
(ˆ ∞

0

t |∂tU(x, t)|2 dt

) 1
2

∣∣∣∣∣
2

=

ˆ ∞
0

t
(
|∂tUm(x, t)|2 + |∂tU(x, t)|2

)
dt

− 2

(ˆ ∞
0

t |∂tUm(x, t)|2 dt

) 1
2
(ˆ ∞

0

t |∂tU(x, t)|2 dt

) 1
2

.

By Cauchy-Schwartz inequality the last expression cannot exceed

ˆ ∞
0

t
(
|∂tUm(x, t)|2 + |∂tU(x, t)|2 − 2 〈∂tUm(x, t), ∂tU(x, t)〉

)
dt ,

and so

|̊g1(fm)(x)− g̊1(f)(x)|2 ≤
ˆ ∞

0

t |∂t(Um −U)(x, t)|2 dt = |̊g1(fm − f)(x)|2 .
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Therefore by Theorem 4.18, g̊1(fm) converges to g̊1(f) in Lp(Rd), so we obtain (4.41) for a

general f ∈ Lp(Rd) and the proof is complete.

Now we come to the final preliminary inequality that must be established before proving

our main result. Recall that the Riesz potential Is and the Bessel potential Js acting on a

function f are given by

Is(f)(x) := cd,s

ˆ
f(y)

|x− y|d−s
dy , (4.42)

Js(f)(x) := (Ĝs f̂)∨ = Gs ∗ f , Gs(x) :=
(
(1 + 4π2|ξ|2)−s/2

)∨
(x) , (4.43)

where cd,s is an appropriate normalizing constant.

Theorem 4.22. Let f ∈ Lp(Rd), 1 < p < ∞ and let 0 < s < 1. Denote fs := Is(f). Let U

and Us be the Poisson-type integrals of f , fs respectively. Then for every x ∈ Rd we have

g̊1(f)(x) ≤ C Ds(fs)(x) .

Proof. We first claim that

∂tU(x, t) =
−1

Γ(1− s)

ˆ ∞
0

∂ttUs(x, t+ r)r−sdr , (4.44)

where Γ denotes the Gamma function. This identity can be established using the Fourier

transform and will be done in Section 4.2.6. We will use this to estimate g̊1(f) pointwise.

To that end, we write

g̊1(f)(x) =

ˆ ∞
0

t |∂tU(x, t)|2 dt =

ˆ ∞
0

t

∣∣∣∣ −1

Γ(1− s)

ˆ ∞
t

∂ttUs(x, r)(r − t)−s dr

∣∣∣∣2 dt.
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Dividing the intervals of integration in the inside integral, we see that

g̊1(f)(x) ≤ C

ˆ ∞
0

t

∣∣∣∣ˆ 2t

t

∂ttUs(x, r)(r − t)−s dr

∣∣∣∣2 dt

+ C

ˆ ∞
0

t

∣∣∣∣ˆ ∞
2t

∂ttUs(x, r)(r − t)
1
2 (r − t)−

1
2
−s dr

∣∣∣∣2 dt

≤ C

ˆ ∞
0

t

(ˆ 2t

t

|∂ttUs(x, r)|2(r − t)−s dr

)(ˆ 2t

t

1

(r − t)s
dr

)
dt

+ C

ˆ ∞
0

t

(ˆ ∞
2t

|∂ttUs(x, r)|2(r − t) dr

)(ˆ ∞
2t

1

(r − t)1+2s
dr

)
dt,

where we have used the Cauchy-Schwartz inequality in the last inequality. Simplification

and interchanging of the integrals via Fubini implies that

g̊1(f)(x) ≤ C

ˆ ∞
0

t2−s
ˆ 2t

t

|∂ttUs(x, r)|2(r − t)−s dr dt

+ C

ˆ ∞
0

t1−2s

ˆ ∞
2t

|∂ttUs(x, r)|2(r − t) dr dt

= C

ˆ ∞
0

|∂ttUs(x, r)|2
(ˆ r

r/2

t2−s(r − t)−s dt+

ˆ r/2

0

t1−2s(r − t) dt

)
dr

≤ C

ˆ ∞
0

r3−2s|∂ttUs(x, r)|2 dr = C

ˆ ∞
0

t3−2s|∂ttUs(x, t)|2 dt .

(4.45)

Notice also that using the fact that Pt integrates to Id+1 we see that

∂ttUs(x, t) =

ˆ
Rd
∂ttPt(y)(fs(x− y)− fs(x)) dy

=

ˆ
Rd
∂ttP(y, t)(fs(x− y)− fs(x)) · y

|y|
dy ,

where we used the relation (4.31). By computation of ∂ttPt it is not difficult to show that

|∂ttUs(x, t)| ≤
ˆ
Rd
|∂ttP(y, t)|

∣∣∣∣(fs(x + y)− fs(x)) · y

|y|

∣∣∣∣ dy .
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We now divide the integration region in the right hand side and estimate using Hölder’s

inequality to obtain

|∂ttUs(x, t)|2 ≤
(ˆ
|y|≤t
|∂ttP(y, t)|

∣∣∣∣fs(x + y)− fs(x) · y

|y|

∣∣∣∣ dy +

ˆ
t≤|y|
· · · dy

)2

≤
(ˆ
|y|≤t
|∂ttP(y, t)| dy

)(ˆ
|y|≤t
|d(fs)(x,y)|2 |∂ttPt(y)| dy

)
+

(ˆ
|y|>t
|∂ttP(y, t)| dy

)(ˆ
|y|>t
|d(fs)(x,y)|2 |∂ttP(y, t)| dy

)
.

where we introduced the notation d(fs)(x,y) := fs(x + y) − fs(x) · |y||y| . We now use the

estimates for |∂ttP(y, t)| to get

|∂ttUs(x, t)|2 ≤
(ˆ
|y|≤t

C

td+2
dy

)(ˆ
|y|≤t
|d(fs)(x,y)|2 |∂ttP(y, t)| dy

)
+

(ˆ
|y|>t

C

|y|d+2
dy

)(ˆ
|y|>t
|d(fs)(x,y)|2 |∂ttP(y, t)| dy

)
≤ C

t2

(ˆ
|y|≤t
|d(fs)(x,y)|2 |∂ttP(y, t)| dy

)
+
C

t2

(ˆ
|y|>t
|d(fs)(x,y)|2 |∂ttP(y, t)| dy

)
.
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As a consequence, combining the above with (4.45), and interchanging the integrals we have

that

[̊
g1(f)(x)

]2 ≤ C

ˆ ∞
0

t3−2s

(
1

t2

)(ˆ
|y|≤t
|d(fs)(x,y)|2 |∂ttP(y, t)| dy

+

ˆ
|y|>t

. . . dy

)
dt

= C

ˆ
Rd
|d(fs)(x,y)|2

(ˆ |y|
0

t1−2s|∂ttP(y, t)| dt

+

ˆ ∞
|y|

t1−2s|∂ttP(y, t)| dt

)
dy

≤ C

ˆ
Rd
|d(fs)(x,y)|2

(ˆ |y|
0

t1−2s

|y|d+2
dt+

ˆ ∞
|y|

t−d−1−2s dt

)
dy

= C

ˆ
Rd

|d(fs)(x,y)|2

|y|d+2s
dy = C

[
Ds(fs)(x)

]2
.

The proof is complete.

4.2.4 Proof of Theorem 4.15

Finally we are ready to prove the second main result of the chapter, Theorem 4.15. As we

have indicated, since for any x ∈ Rd the pointwise estimate Ds(f)(x) ≤ Υs(f)(x) holds, the

right-hand side inequality in Theorem 4.15 follows from the characterization in [85, Theorem

1]. What remains is to prove the left-hand side inequality in Theorem 4.15 which is stated

in the following theorem.

Theorem 4.23. Let s ∈ (0, 1) and 1 < p <∞. If f ∈ Dps(Rd), then f ∈ Ls,p(Rd). Moreover,

there exist positive constants C such that

‖f‖Lps(Rd) ≤ C
(
‖f‖Lp(Rd) + ‖Ds(f)‖Lp(Rd)

)
Proof. It suffices to establish the inequality for vector fields in the Schwarz space S(Rd;Rd).

To that end, we will show that for any f ∈ S(Rd;Rd), the tempered distribution(
(1 + 4π2|ξ|2)

s/2
f̂
)∨

belongs to the space Lp(Rd;Rd) with the appropriate estimate. In what
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follows we use a key result that relates the Riesz potentials Is and the Bessel potentials Js.

From [86, Lemma 2, Chapter V] there exists a pair of finite measures νs and λs on Rd with

Fourier transforms ν̂s(ξ) and λ̂s(ξ) respectively such that

(
1 + 4π2|ξ|2

)s/2
= ν̂s(ξ) + (2π|ξ|)sλ̂s(ξ) .

Then for any f ∈ Lp(Rd;Rd), we have that in the sense of distributions

((
1 + 4π2|ξ|2

)s/2
f̂
)∨

= f ∗ νs + ((2π|ξ|)sf̂)∨ ∗ λs

We now estimate the Lp norms of the terms in the right-hand side. We notice first that

‖f ∗ νs‖Lp ≤ C‖f‖Lp , which follows since νs is a finite measure. To estimate the second term

we use again the fact that λs is a finite measure to get

∥∥∥((2π|ξ|)sf̂)∨ ∗ λs
∥∥∥
Lp
≤ C

∥∥∥((2π|ξ|)sf̂)∨
∥∥∥
Lp
≤ C

∥∥∥̊g1

( (
(2π|ξ|)sf̂

)∨ )∥∥∥
Lp
,

where in the last inequality we have applied Proposition 4.21. We now use Theorem 4.22 to

estimate

∥∥∥((2π|ξ|)sf̂)∨ ∗ λs
∥∥∥
Lp
≤ C

∥∥∥̊g1

( (
(2π|ξ|)sf̂

)∨ )∥∥∥
Lp

≤ C

∥∥∥∥Ds

(
Is
((

(2π|ξ|)sf̂
)∨))∥∥∥∥

Lp

= C‖Ds(f)‖Lp ,

where we used the identity Is
((

(2π|ξ|)sf̂
)∨)

= f .

4.2.5 Proof of Lemma 4.17

Proof. Using Fubini’s Theorem and Plancherel’s Theorem,

‖̊g1(f)‖2
L2(Rd) =

ˆ ∞
0

t

ˆ
Rd
|∂tU(x, t)|2 dx dt =

ˆ ∞
0

t

ˆ
Rd
|∂̂tU(ξ, t)|2 dξ dt .
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By a direct computation, for 1 ≤ k ≤ d,

|∂tÛk(ξ, t)|2 =

∣∣∣∣∂t(e−2π|ξ|tf̂k + (2π|ξ|t)e−2π|ξ|t
(

ξ

|ξ|
· f̂(ξ)

)(
−ξk
|ξ|

))∣∣∣∣2
= 4π2|ξ|2e−4π|ξ|t |Ak(ξ, t)|2 ,

where

Ak(ξ, t) := f̂k(ξ) +

(
ξ

|ξ|
· f̂(ξ)

)(
ξk
|ξ|

)
− (2π|ξ|t)

(
ξ

|ξ|
· f̂(ξ)

)(
ξk
|ξ|

)
.

(Note that here we are using the modulus | · | for complex numbers.) Next,

∣∣∣∂tÛd+1(ξ, t)
∣∣∣2 =

∣∣∣∣∂t((2π|ξ|t)e−2π|ξ|t
(
−ı ξ
|ξ|
· f̂(ξ)

))∣∣∣∣2
= 4π2|ξ|2e−4π|ξ|t

∣∣∣∣ ξ|ξ| · f̂(ξ)

∣∣∣∣2 (1 + 2π|ξ|t)2 ,

Expanding the Ak terms,

d∑
k=1

|Ak(ξ, t)|2 = |̂f(ξ)|2 + 3

(
ξ

|ξ|
· f̂(ξ)

)2

− (8π|ξ|t)
(

ξ

|ξ|
· f̂(ξ)

)2

+ (4π2|ξ|2t2)

(
ξ

|ξ|
· f̂(ξ)

)2

.

Now we prove (4.33). By the above formulas,

∣∣∣∂tÛ(ξ, t)
∣∣∣2

= 4π2|ξ|2e−4π|ξ|t

(
d∑

k=1

|Ak(ξ, t)|2 + (1 + 2π|ξ|t)2

∣∣∣∣ ξ|ξ| · f̂(ξ)

∣∣∣∣2
)

= 4π2|ξ|2e−4π|ξ|t

(
|̂f(ξ)|2 +

(
3− 8π|ξ|t+ 4π2|ξ|2t2 + (1 + 2π|ξ|t)2

) ∣∣∣∣ ξ|ξ| · f̂(ξ)

∣∣∣∣2
)

= 4π2|ξ|2e−4π|ξ|t|̂f(ξ)|2 + 4π2|ξ|2e−4π|ξ|t
(

4− 4π|ξ|t+ 8π2|ξ|2t2
) ∣∣∣∣ ξ|ξ| · f̂(ξ)

∣∣∣∣2

107



Thus,

ˆ ∞
0

ˆ
Rd
t|∂tÛ(ξ, t)|2 dξ dt =

ˆ
Rd

1

4
|̂f(ξ)|2 +

(
1

2
− 1

2
+

3

4

) ∣∣∣∣ ξ|ξ| · f̂(ξ)

∣∣∣∣2 dξ

=
1

4

ˆ
Rd

∣∣∣∣(Id +
ξ ⊗ ξ

|ξ|2

)
f̂(ξ)

∣∣∣∣2 dξ .

where we have used the formulas: by a change of variables η = 4π|ξ|t,

ˆ ∞
0

8π2|ξ|2te−4π|ξ|t dt =
1

2

ˆ ∞
0

ηe−η dη =
1

2
Γ(1) =

1

2
,

ˆ ∞
0

16π2|ξ|2te−4π|ξ|t dt =

ˆ ∞
0

ηe−η dη = 1 ,

−
ˆ ∞

0

32π3|ξ|3t2e−4π|ξ|t dt = −1

2

ˆ ∞
0

η2eη dη = −Γ(2)

2
= −1 ,

ˆ ∞
0

64π4|ξ|4t3e−4π|ξ|t dt =
1

4

ˆ ∞
0

η3e−η dt =
Γ(3)

4
=

3

2
.

4.2.6 Proof of (4.44)

This can be done using the Fourier transform. Denote

A(ξ) =:

−ξ⊗ξ
|ξ|2 −i ξ

|ξ|

−i ξ
|ξ| 1

 .
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Then

−1

Γ(1− s)

ˆ ∞
0

∂ttÛs(ξ, t+ r)r−s dr

=
−1

Γ(1− s)

ˆ ∞
0

4π2|ξ|2e−2π|ξ|(t+r)
(
Id+1 − 2A(ξ) + 2π|ξ|(t+ r)A(ξ)

)
× (2π|ξ|)−sf̂(ξ)r−s dr

=
−1

Γ(1− s)
2π|ξ|e−2π|ξ|t

(ˆ ∞
0

(2π|ξ|r)−se−2π|ξ|r(2π|ξ|) dr

)
×
(
Id+1 − 2A(ξ) + 2π|ξ|tA(ξ)

)
+

−1

Γ(1− s)
2π|ξ|e−2π|ξ|t

(ˆ ∞
0

(2π|ξ|r)1−se−2π|ξ|r(2π|ξ|) dr

)
A(ξ)

=
−1

Γ(1− s)
2π|ξ|e−2π|ξ|t Γ(1− s)

(
Id+1 − 2A(ξ) + 2π|ξ|tA(ξ)

)
+

−1

Γ(1− s)
2π|ξ|e−2π|ξ|t Γ(2− s)A(ξ)

= (−2π|ξ|)e−2π|ξ|t
(
Id+1 − 2A(ξ) + (2π|ξ|t)A(ξ) +

Γ(2− s)
Γ(1− s)

A(ξ)

)
= ∂tÛ(ξ, t) .

In the last equality we used the identity Γ(x+ 1) = xΓ(x) for every x > 0. By a change of

variables we have

∂tU(x, t) =
−1

Γ(1− s)

ˆ ∞
t

∂ttUs(x, r)(r − t)−s dr .
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Chapter 5

Applications: Regularity For

Peridynamic-Type Operators

5.1 A Potential Space Estimate For Weak Solutions

5.1.1 Introduction and Statement of Main Results

This section focuses on a peridynamic-type system that uses interaction kernels ρ(x,y) which

behave like |x− y|−(d+2s) for |x− y| close to zero and infinity. To be precise, we study the

system of nonlocal equations of the type formally given by

Lhu(x) := ch

ˆ
Bh(x)

A(x,y)

|x− y|d+2s

(x− y)

|x− y|
⊗ (x− y)

|x− y|
(u(x)− u(y)) dy = F(x) (5.1)

where d ≥ 2, 0 < s < 1 are fixed, and A(x,y) is a measurable function, which we refer to as

the coefficient, that is elliptic and symmetric in the sense

α1 ≤ A(x,y) ≤ α2, A(x,y) = A(y,x) for all x,y ∈ Rd.

In what follows we assume that the horizon h is given and fixed. We will not track the

dependence of generic constants on the horizon.
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To state the higher integrability result we first introduce the quadratic bilinear form

associated with the operator Lh in (5.1):

Eh(u,v) =
ch
2

ˆ
Rd

ˆ
Bh(x)

A(x,y)

|x− y|d+2s
(u(x)− u(y)) · (x− y)

|x− y|
(v(x)− v(y)) · (x− y)

|x− y|
dy dx .

We use the notation E to represent the bilinear form when both integrals are on Rd, that

is formally, the horizon h = ∞. In this case we take c∞ = 1, and write the operator as L.

For u ∈ L2(Rd;Rd), the vector valued map Lhu is a vector of distributions acting on test

functions φ ∈ C∞c (Rd;Rd) as

〈Lhu, φ〉 := Eh(u, φ).

It is now clear that if u is in the energy space {u ∈ L2 : Eh(u,u) < ∞}, then Lhu is in

its dual space. We will shortly characterize that the energy Eh(u,u) is finite if and only if

u ∈ W s,2(Rd;Rd). This assertion follows from the lower and upper bounds of the coefficient

A(x,y) and using the equivalence of spaces that is recently proved in [57]. The notion of

weak solution to (5.1) is standard and is given in terms of the bilinear form E .

Definition 5.1. Given F ∈ W−s,2(Rd;Rd), we say that u ∈ W s,2(Rd;Rd) is a weak solution

to (5.1) if

Eh(u, φ) = 〈F, φ〉 (5.2)

for any φ ∈ W s,2(Rd;Rd). In the above 〈·, ·〉 denotes the duality pairing.

Existence and uniqueness of weak solutions to this particular system will be demonstrated

shortly, see also Chapter 3 for when complementary boundary conditions are imposed on the

solution. However, the focus of this section will be the issue of regularity of solutions. We

seek to address the following question: If the data is regular, how regular is the solution? In

particular, we are interested in data F coming from a class of low integrability. Just as in

Chapter 4 we use the following standard notations for the fractional Sobolev exponents and

its Hölder conjugate (denoted by the prime notation):

2∗s =
2d

d− 2s
, and (2∗s)′ := 2∗s =

2d

d+ 2s
.
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The main result of this section states that any weak solution u to the system (5.1) with

Poisson data F in the described class in fact belongs to the Bessel potential space Lps(Rd) for

some p > 2. Note that when p > 2, the Bessel potential space is finer than the Sobolev space,

i.e. Lps(Rd) ⊂ W s,p(Rd;Rd). For precision, we state the result in the following theorem.

Theorem 5.2. Suppose that 0 < α1 ≤ α2 < ∞, 0 < s < 1, d ≥ 2, δ0 > 0 and 0 <

h ≤ ∞ are all given. Let A(x,y) be symmetric and measurable with α1 ≤ A(x,y) ≤ α2

and u ∈ W s,2(Rd;Rd) be any weak solution in the sense of (5.2) corresponding to a given

F ∈ L2∗s+δ0(Rd;Rd)∩L2∗s (Rd;Rd). Then there exists ε > 0 depending only on α1, α2, d and

s with the following property: If p ∈ [2,∞) satisfies

p ∈ [2, 2∗s) , p− 2 < ε ,
dp

(2− p
2
)d+ sp

− 2d

d+ 2s
< δ0 , (5.3)

then u ∈ Lsp(Rd;Rd). Moreover, there exists a constant C > 0 such that

‖u‖Lsp(Rd) ≤ C
(
‖F‖L2∗s+δ0 (Rd) + ‖F‖L2∗s (Rd) + ‖u‖W s,2(Rd)

)
. (5.4)

The constant C depends only on α1, α2, d, p, δ0 and h.

The main implication of the regularity result is that, with no additional smoothness

condition on the coefficient A(x,y), a weak solution satisfying (5.2) has a higher integrable

fractional “s-derivative”. For scalar equations, this type of nonlocal analogue of Meyers

inequality was obtained in the recent work [7]1. It has been shown in several subsequent

works that solutions to fractional equations surprisingly also improve in differentiability,

again with no additional smoothness conditions on the coefficients. Some of these approaches

use reverse Hölder inequalities and nonlocal Gehring-type lemmas as in [49], or prove the

result via a commutator estimate as in [76] and in [4] using a functional analytic approach.

The approaches in [49, 76] are local in nature and application of appropriate embedding

estimates in their work show improved local differentiability will lead to improved local

integrability. The approach in [4] is rather robust and implies local and global regularity

1The argument presented in the paper appears to have a gap that we are unable to fix as of the writing
of this dissertation.
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results. We should mention that the results in [49, 76] hold for vectorial systems of fractional

equations, even for coupled systems of fractional equations such as the vectorial fractional p-

Laplacian, which are uniformly elliptic in their natural energy space. However, none of these

works apply directly to the system of coupled nonlocal equations under consideration here,

as the system (5.1) has a weaker ellipticity property in the spirit of Legendre-Hadamard.

The proof of Theorem 5.2 we present in this section follows the argument presented in [4]

for nonlocal scalar equations extending its applicability to the system of coupled nonlocal

equations and for rough data.

We also remark that for δ0 small, the exponent 2∗s + δ0 can be smaller than 2, and the

higher potential space estimate holds true for rough data F ∈ Lr(Rd,Rd) and r < 2. We

note that there are vector functions F that are in L2∗s+δ0(Rd;Rd) ∩ L2∗s (Rd;Rd) but not in

L2(Rd;Rd). Indeed, for δ0 sufficiently small and τ = dδ0
2∗s (2∗s+δ0)

it is straightforward to verify

via Sobolev embedding that vector fields in W τ,2∗s (Rd;Rd) will belong to the former class

but not necessarily the latter. While the higher integrability result remains true in the event

F ∈ L2(Rd,Rd), this case must be treated differently. In fact for nonlocal scalar equations

an argument is presented in [4, Corollary 4.9] that is also applicable to our case.

In Sections 5.1.3 and 5.1.4 we prove the higher integrability result when h = ∞ and

h < ∞, respectively. We first establish invertibility over a range of Sobolev spaces for the

operator Id+L. For a given weak solution u to the nonlocal elliptic system (5.1), we will use

this invertibility to prove higher integrability of Ds(u). We state this higher integrability

result precisely in the following theorem.

Theorem 5.3. Suppose that 0 < α1 ≤ α2 < ∞, 0 < s < 1, d ≥ 2, 0 < h ≤ ∞, and δ0 > 0

are given. Then there exists ε > 0 depending only on α1, α2, d and s with the following

property: if p > 2 satisfies the conditions (5.3), then there exists a constant C > 0 such

that for any A(x,y) symmetric, measurable with α1 ≤ A(x,y) ≤ α2 and any weak solution

u ∈ W s,2(Rd;Rd) in the sense of (5.2) corresponding to F ∈ L2∗s+δ0(Rd;Rd) ∩ L2∗s (Rd;Rd),

we have

‖u‖Lp(Rd) + ‖Υs(u)‖Lp(Rd) ≤ C
(
‖F‖L2∗s+δ0 (Rd) + ‖F‖L2∗s (Rd) + ‖u‖W s,2(Rd)

)
.
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The constant C depends only on α1, α2, d, p, δ0 and h.

By the log-convexity of Lp norms the data F belongs to Lr(Rd;Rd) for any r ∈ (2∗s , 2∗s +

δ0). In fact, we will see that one can replace the two Lp norms of F on the right-hand side

of the regularity estimate with the single term ‖F‖Lr , where r = dp
(2− p

2
)d+sp

.

We notice that Theorem 5.2 now follows as a corollary of this theorem. Indeed, applying

the Bessel potential space characterization theorem (Theorem 4.15) we see that u ∈ Lps(Rd).

Moreover, by applying the well-known embedding [86, Chapter V] of the spaces Lps(Rd) ⊂

W s,p(Rd;Rd) for p > 2, Theorem 5.2 implies a higher Sobolev space regularity result for

solutions.

5.1.2 Key Inequalities

Before we prove Theorem 5.3, we first state two inequalities. The first inequality is the

classical fractional Sobolev embedding. The second inequality is the Fractional Korn’s

Inequality proved in Chapter 4, stated here for convenience. This inequality will be used to

prove an invertibility result for the operator $Id + L for some $ > 0.

Lemma 5.4 ([4], Lemma 4.2). Suppose s ∈ (0, 1) and q ∈ [1,∞). Suppose also that sq < d.

Then

‖u‖Lq∗s (Rd) ≤ C[u]W s,q(Rd) . (5.5)

In particular, W s,q(Rd;Rd) ⊂ Lq
∗s

(Rd;Rd) and W s,q∗s (Rd;Rd) ⊂ Lq(Rd;Rd).

Theorem 5.5 (Chapter 4, Theorem 4.1. Fractional Korn’s inequality). For any s ∈ (0, 1)

and 1 < q <∞,

X s
q (Rd) = W s,q(Rd;Rd) .

Moreover, there exists a universal constant κ = κ(d, q, s) such that for all vector fields

f ∈ W s,q(Rd;Rd) we have

[f ]X sq (Rd) ≤ [f ]W s,q(Rd) ≤ κ[f ]X sq (Rd) . (5.6)
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For a given bounded domain Ω, the function space X s
q (Ω) is defined in the same way as

X s
q (Rd) but the functions are defined in Ω and the integrations in the semi-norm are on Ω.

5.1.3 Higher Integrability When the Horizon is Infinite

In this subsection we will prove Theorem 5.3 when the horizon is infinite. In this case we

recall that the bilinear form we use is E , the operator is written L, and c∞ = 1. We will

show that there exists a constant $ > 0 such that the operator $Id+L from W s,2(Rd;Rd) to

[W s,2(Rd;Rd)]∗ is invertible, where we use the notation Y ∗ for the dual space of Y . We then

use a perturbation lemma of Schneiberg reproduced in [4] to deduce that in fact $Id + L is

invertible on a range of “nearby” fractional Sobolev spaces forming a complex interpolation

scale. This is the key step in proving the higher potential space regularity result for weak

solutions in the sense of (5.2).

Lemma 5.6. Let 0 < α1 ≤ A(x,y) ≤ α2 < ∞, 0 < s < 1 and d ≥ 2. Let t, t′ ∈ (0, 1) and

p, p′ ∈ (1,∞) satisfy t+ t′ = 2s and p′ = p
p−1

. Then there exists ε > 0 such that if 1
2
− 1

p
< ε

and t− s < ε, then

$Id + L : W t,p(Rd;Rd)→ [W t′,p′(Rd;Rd)]∗

is invertible, where $ = α1

κ
and κ is as in (5.6) corresponding to q = 2. Any inverse agrees

with the inverse obtained for t = s and p = 2 on their common domains of definition. Both

ε and the norms of the inverses depend only on d, s, and the ellipticity constants α1 and α2.

Proof. The objective here is to show that the perturbation lemma of Schneiberg (see [4,

Theorem A.1]) can be applied to the operator $Id + L. We will prove the theorem in three

steps.

Step I: We show that $Id + L : W s,2(Rd;Rd)→ [W s,2(Rd;Rd)]∗ is bounded and invertible.

To verify the boundedness of the operator, it suffices to check if L is a bounded operator

W s,2(Rd;Rd) to its dual space. But this is a consequence of the definition of L and Hölder’s

inequality. Indeed, it follows from the fact that for any u,v ∈ W s,2(Rd;Rd)

| 〈Lu,v〉 | = |E(u,v)| ≤ α2[u]X s,2(Rd)[v]X s,2(Rd) ≤ α2 ‖u‖W s,2(Rd) ‖v‖W s,2(Rd) .
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To see that $Id + L is invertible, note that by the ellipticity assumptions on A and by the

fractional Korn’s inequality (Theorem 5.5) applied to q = 2, we have and

| 〈Lu,u〉 | ≥ α1[u]2X s,2(Rd) ≥
α1

κ
[u]2W s,2(Rd) = $[u]2W s,2(Rd),

implying that 〈$u + Lu,u〉 ≥ $ ‖u‖2
W s,2(Rd). Invertibility of the operator $u + L is now a

consequence of the well-known Lax-Milgram theorem.

Step II: The operator $Id + L extends from C∞c (Rd;Rd) by density to a bounded

operator W t,p(Rd;Rd) → [W t′,p′(Rd;Rd)]∗, also denoted by $Id + L. To see this for any

u ∈ W t,p(Rd;Rd) and any v ∈ W t′,p′(Rd;Rd), by Hölder’s inequality

|〈$u + Lu,v〉| ≤ $ ‖u‖Lp(Rd) ‖v‖Lp′ (Rd)

+

∣∣∣∣∣
ˆ
Rd

ˆ
Rd
A(x,y)

(
u(x)− u(y)

)
· x−y
|x−y|

|x− y|
d
p

+t
·

(
v(x)− v(y)

)
· x−y
|x−y|

|x− y|
d
p′+t

′ dy dx

∣∣∣∣∣
≤ $ ‖u‖Lp(Rd) ‖v‖Lp′ (Rd) + α2[u]W t,p(Rd)[v]W t′,p′ (Rd) .

Since C∞c (Rd;Rd) is dense in all fractional Sobolev spaces involved, it follows then that

the operator $Id + L : W s,2(Rd;Rd) → [W s,2(Rd;Rd)]∗ extends to a bounded operator

W t,p(Rd;Rd)→ [W t′,p′(Rd;Rd)]∗.

Step III: The remaining argument is essentially the same as the one presented in [4] with

the modification that it now applies to fractional Sobolev spaces of vector fields. We include

it here for completeness. We begin by displaying the complex interpolation scale of the

fractional Sobolev spaces of vector fields, and then use the two steps we proved above to verify

the assumptions of Schneiberg’s lemma [4, Theorem A.1]. Denoting the scale of complex

interpolation spaces between two Banach spaces X0 and X1 by [X0, X1]θ for θ ∈ (0, 1), it is

well-known that [
W t0,p0(Rd;Rd),W t1,p1(Rd;Rd)

]
θ

= W t,p(Rd;Rd)

for t0, t1 ∈ (0, 1) and p0, p1 ∈ (1,∞) with t and p given by

1

p
=

1− θ
p0

+
θ

p1

, t = (1− θ)t0 + θt1 .
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Now consider the spaces W t,p(Rd;Rd) as points in the (t, 1/p)-plane. Choose (t0,
1
p0

),

(t1, 1/p1) so that (s, 1/2) lies in the line segment joining them, i.e. so that there exists

θ∗ ∈ (0, 1) such that

[
W t0,p0(Rd;Rd),W t1,p1(Rd;Rd)

]
θ∗

= W s,2(Rd;Rd) .

By definition of the (anti)dual exponents t′0, t′1, p′0, p′1,

[
[W t′0,p

′
0(Rd;Rd)]∗, [W t′1,p

′
1(Rd;Rd)]∗

]
θ∗

= [W s,2(Rd;Rd)]∗

for the same θ∗. Note also that the spaces W t′0,p
′
0(Rd;Rd) and W t′1,p

′
1(Rd;Rd) lie on the same

line segment defined above. Thus, Steps I and II in tandem state that $Id +L is a bounded

linear operator from the complex interpolation scale
[
W t0,p0(Rd;Rd),W t1,p1(Rd;Rd)

]
θ

to[
[W t′0,p

′
0(Rd;Rd)]∗, [W t′1,p

′
1(Rd;Rd)]∗

]
θ∗

for any θ ∈ (0, 1), and it is invertible for some

θ∗ ∈ (0, 1). We are now in a position to invoke the quantitative Schneiberg lemma, which

states that invertibility at the interior point (s, 1/2) of this line segment implies invertibility

on some open interval of the line segment containing the point (s, 1/2). The width of the

line segment depends on the coercivity bound obtained in Step I and the continuity bounds

in Step II. The inverses obtained coincide with the inverse obtained at the point (s, 1/2)

on their common domains of definition. Finally, on every line segment through (s, 1/2) we

can choose an open interval of the same width containing the point, and they sum up to a

two-dimensional ε-neighborhood of (s, 1/2) in the (t, 1/p)-plane, as desired.

Proof of Theorem 5.3 when h =∞. Let u ∈ W s,2(Rd;Rd) be a weak solution in the sense of

(5.2) corresponding to F ∈ L2∗s+δ0(Rd;Rd) ∩ L2∗s (Rd;Rd). Let ε > 0 be as in Lemma 5.6,

and let p satisfy (5.3). Define t = d
2
− d

p
+ s, and define t′, p′ as in Lemma 5.6. We prove the

theorem by showing that the solution u lives in the space u ∈ W t,p(Rd;Rd) with appropriate

bound, and that the function ‖Υs(u)‖Lp(Rd) ≤ C ‖u‖W t,p(Rd) , for some universal constant C.

The latter is proved for scalar functions in [4] and its extension to vector fields follows easily.
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To demonstrate the former we will use Lemma 5.6 and prove the estimate

‖u‖W t,p(Rd) ≤ C
(
‖F‖L2∗s+δ0 (Rd) + ‖F‖L2∗s (Rd) + ‖u‖W s,2(Rd)

)
. (5.7)

To that end, since u is a weak solution to the coupled system in the sense of (5.2), we write

(5.1) in the form

($Id + L) u = F +$u . (5.8)

in the dual space where $ is as in Lemma 5.6 . Note that t − s ∈ (0, ε) by choice of t and

by (5.3). Thus by Lemma 5.6, the operator $Id + L : W t,p(Rd;Rd) → [W t′,p′(Rd;Rd)]∗ is

invertible, and by (5.8)

‖u‖W t,p(Rd) ≤ C ‖F +$u‖[W t′,p′ (Rd)]∗ , (5.9)

provided the right-hand side is finite. We now show that this is in fact the case. Note that

t′p′ < 2s < 2 ≤ d, and therefore by the fractional Sobolev embedding theorem and by choice

of t,

‖F‖W t′,p′ (Rd)]∗ ≤ C ‖F‖Lr(Rd) , r =
dp

(2− p
2
)d+ sp

.

The exponent r satisfies r > 2∗s , with r → 2∗s as p → 2. Hence, for p satisfying (5.3) we

have r ∈ (2∗s , 2∗s + δ0). By the log-convexity of Lp norms there exists β ∈ (0, 1) such that

‖F‖Lr(Rd) ≤ ‖F‖
β

L2∗s+δ0 (Rd)
‖F‖1−β

L2∗s (Rd)
, and using the inequality aβb1−β ≤ a+ b,

‖F‖[W t′,p′ (Rd)]∗ ≤ C
(
‖F‖L2∗s+δ0 (Rd) + ‖F‖L2∗s (Rd)

)
.

To control the (W t′,p′)∗ norm of u we follow a similar program. Treating u as a distribution

acting on functions in W t′,p′(Rd;Rd) via the L2 inner product, by Hölder’s inequality we

easily have ‖u‖[W t′,p′ (Rd)]∗ ≤ ‖u‖Lp(Rd). Since p ∈ [2, 2∗s) we have by log-convexity of Lp

norms

‖u‖[W t′,p′ (Rd)]∗ ≤ C ‖u‖Lp(Rd) ≤ C
(
‖u‖L2(Rd) + ‖u‖L2∗s (Rd)

)
≤ C ‖u‖W s,2(Rd) ,
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where the last inequality follows from Sobolev embedding. Combining the two estimates for

F and u gives

‖F +$u‖[W t′,p′ (Rd)]∗ ≤ C
(
‖F‖L2∗s+δ0 (Rd) + ‖F‖L2∗s (Rd) + ‖u‖W s,2(Rd)

)
. (5.10)

Thus, the bound (5.7) follows from (5.9) and (5.10). Putting together these inequalities we

obtain that

‖Υs(u)‖Lp(Rd) ≤ ‖u‖W t,p(Rd) ≤ C
(
‖F‖L2∗s+δ0 (Rd) + ‖F‖L2∗s (Rd) + ‖u‖W s,2(Rd)

)
, (5.11)

as desired.

Remark 5.7. One notices that in the course of the proof of Theorem 5.3 we actually

proved that weak solutions u of the coupled nonlocal system satisfy both higher integrability

and higher differentiability on a Sobolev scale. This self-improvement of solutions is of

independent interest that has been studied in [4, 49] for nonlocal elliptic scalar equations.

We restrict our attention to regularity of solutions in the scale of the Bessel potential spaces.

5.1.4 Higher Integrability When the Horizon is Finite

We now address the remaining case of the proof of Theorem 5.3 where the horizon 0 < h <∞,

and ch ∈ (0,∞). We begin with the following simple observation relating the bilinear forms

Eh and E .

Proposition 5.8. For p ∈ [1,∞) there exists a bounded linear operator Ph from Lp(Rd;Rd)

to itself such that for any u,v ∈ W s,2(Rd,Rd), we have

Eh(u,v) = ch E(u,v) +

ˆ
Rd
〈Phu(x),v(x)〉 dx.
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Proof. We write

Eh(u,v) = ch E(u,v)

+
1

2

ˆ
Rd

ˆ
Rd
k(x,y)(u(x)− u(y)) · (x− y)

|x− y|
(v(x)− v(y)) · (x− y)

|x− y|
dx dy ,

where k(x,y) = ch
(
1−χBh(0)(|x− y|)

)
A(x,y)
|x−y|d+2s is symmetric. Notice also that k is bounded

and has no singularity along the diagonal x = y. Moreover, it decays fast enough at infinity

that for a fixed x, the function k(x,y) is integrable in y. We may then apply Fubini’s

theorem, iterate the integrals and get

1

2

ˆ
Rd

ˆ
Rd
k(x,y)(u(x)− u(y)) · (x− y)

|x− y|
(v(x)− v(y)) · (x− y)

|x− y|
dx dy

=

ˆ
Rd

(
−
ˆ
Rd
k(x,y)

(x− y)⊗ (x− y)

|x− y|2
(u(x)− u(y)) dy

)
v(x) dx.

We now define the operator Ph : Lp(Rd;Rd)→ Lp(Rd;Rd) as

Phu(x) = −
ˆ
Rd
k(x,y)

(x− y)⊗ (x− y)

|x− y|2
(u(x)− u(y)) dy, x ∈ Rd.

It is clear that the operator is linear. To show that it is bounded, we notice that

Phu(x) =

ˆ
Rd
k(x,y)

(x− y)⊗ (x− y)

|x− y|2
u(y) dy −K(x)u(x)

where easy estimates show that K(x) =
´
Rd k(x,y) (x−y)⊗(x−y)

|x−y|2 dy is a uniformly bounded

matrix-valued function. The first term, on the other hand, is a convolution type operator

and its magnitude is bounded from above by the function

α2γ ∗ |u|(x), where γ(ξ) = ch

(
1− χBh(0)(|ξ|)

) 1

|ξ|d+2s
∈ L1(Rd).

The boundedness of the operator Ph on Lp(Rd;Rd) now follows from Young’s inequality.

Note that the same identity is true for the corresponding operators, i.e. Lh = chL + Ph.
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Remark 5.9. It is now an easy corollary of the above proposition and Theorem 5.5 to state

that for 0 < h ≤ ∞, u ∈ L2(Rd;Rd), Eh(u,u) <∞ if and only if u ∈ W s,2(Rd;Rd).

Proof of Theorem 5.3 when 0 < h <∞. We begin with a solution u to the system of

nonlocal equations in the sense of (5.2) corresponding to F ∈ L2∗s+δ0(Rd,Rd)∩L2∗s (Rd,Rd).

Using Proposition 5.8, we can conclude that u satisfies

E(u,v) =
1

ch

(
Eh(u,v)−

ˆ
Rd
〈Phu(x),v(x)〉 dx

)
= 〈Fh,v〉

for any v ∈ W s,2(Rd,Rd), where we have defined Fh = 1
ch

(F + Phu). That is, u solves a

nonlocal system corresponding to infinite horizon in the sense of (5.2) with modified right-

hand side data Fh. We can therefore apply all of the arguments in the previous subsection

so long as Ph(u) belongs to the space [W t′,p′(Rd;Rd)]∗. Since p ∈ (2, 2∗s) and u ∈ L2∗s from

the fractional Sobolev embedding theorem, it follows from Proposition 5.8 that Ph(u) ∈

Lp(Rd;Rd). Moreover, by our choice of t and p, we have the estimate

‖Ph(u)‖[W t′,p′ (Rd)]∗ ≤ C ‖Ph(u)‖Lp(Rd)

≤ C
(
‖Ph(u)‖L2(Rd) + ‖Ph(u)‖L2∗s (Rd)

)
≤ C

(
‖u‖L2(Rd) + ‖u‖L2∗s (Rd)

)
≤ C‖u‖W s,2(Rd) .

We can now apply the higher integrability result in case of infinite horizon to conclude that

Υs(u) ∈ Lp(Rd) with the appropriate estimates. That concludes the proof.

5.2 Self Improving Properties of a Nonlocal Nonlinear

System

5.2.1 Introduction

As an application of the Fractional Korn’s Inequality (Theorem 4.1) we show improved

Sobolev regularity of weak solutions to a system of nonlinear nonlocal equations formally
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given as

Lsp,Ω(u)(x) = F(x) , (5.12)

where the operator Lsp,Ω is defined as

Lsp,Ω(u)(x) :=

ˆ
Ω

A(x,y)

|x− y|d+2s
|D(u)(x,y)|p−2D(u)(x,y)

x− y

|x− y|
dy .

In the above Ω is a bounded subset of Rd for d ≥ 2, the functions F, u : Rd → Rd, and the

quantity D(u) is given by

D(u)(x,y) := (u(x)− u(y)) · x− y

|x− y|
.

We also assume that s ∈ (0, 1), p ≥ 2, and that A(x,y) is a measurable function such that

α1 ≤ A(x,y) ≤ α2 and symmetric in the sense that A(x,y) = A(y,x) for any x, y ∈ Rd.

Properly speaking, for a given vector field u ∈ X s
p (Ω), the operator Lsp,Ω(u) is a vector of

distributions acting on test functions ϕ ∈ C∞0 (Rd;Rd) via

〈Lsp,Ω(u), ϕ〉 =

ˆ
Ω

ˆ
Ω

|D(u)(x,y)|p−2D(u)(x,y) · D(ϕ)(x,y)
A(x,y)

|x− y|d+sp
dy dx . (5.13)

Let F ∈ [X s
p (Ω)]∗, the dual space of X s

p (Ω), be given. We say u ∈ X s
p (Ω) is a weak solution

to the nonlocal system 5.12 if for all ϕ ∈ C∞0 (Rd;Rd),

〈Lsp,Ω(u), ϕ〉 = 〈F, ϕ〉

where 〈·, ·〉 is the duality pairing between [X s
p (Ω)]∗ and X s

p (Ω).

The second main result of this chapter is an a priori estimate for the self-improving

properties of solutions to the nonlocal nonlinear coupled system 5.12. The following is the

precise statement we will prove.

Theorem 5.10. Let s ∈ (0, 1), p ≥ 2, and Ω ⊂ Rd be a bounded domain. Let F ∈

[X s−ε(p−1)
p (Ω)]∗, and let u ∈ C1

loc(Ω;Rd) ∩ X s
p (Ω) be a weak solution to the coupled system of

nonlocal equations 5.12 corresponding to F. Then there exists a positive constant ε0 such that

for all ε ∈ (0, ε0) the weak solution u belongs to W s+ε,p
loc (Ω). Moreover, for any η ∈ C∞c (Ω),
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there exists a positive constant C such that

[ηu]W s+ε,p(Rd) ≤ C‖F‖
1
p−1[
X s−ε(p−1)
p (Ω)

]∗ + C‖u‖X sp (Ω) .

To prove Theorem 5.10, we follow the approach in [76] and is close in spirit with the

technique of “differentiating the equation,” and finding relations between higher derivatives

of solutions and test functions in order to estimate derivatives of the solution. This is

possible for classical linear equations via integration by parts and transferring derivatives to

test functions. For a special case of the nonlocal system at hand, for p = 2, A = κd,s (see

Chapter 2), and Ω = Rd we can demonstrate this easily. First notice that we can write the

operator Ls
2,Rd in Fourier symbols as

F(Ls2,Rdu)(ξ) =
(
2π|ξ|

)2s
(
I + 2s

ξ ⊗ ξ

|ξ|2

)
;

see [29, 57]. Then for ε > 0 small, via Plancherel’s theorem the equality 〈Ls+ε
2,Rdu, ϕ〉 =

〈Ls
2,Rdu, (−∆)εϕ〉+〈(−∆)su,Lε

2,Rdϕ〉−〈(−∆)su, (−∆)εϕ〉 holds, where for any α the operator

(−∆)αϕ is the α-fractional Laplacian. When working with the nonlinear “regional” operator

Lsp,Ω(u), such a clean transfer of derivatives to the test function is not possible. However, as

has been done in [76] one can measure the price of transferring the derivatives by estimating

the resulting commutator. Unlike [76], the estimates we establish are based on the smaller

[·]X sp norm, leading us to write some arguments closely resembling those in [76]. Afterward,

we use the fractional Korn-type inequality (Theorem 4.1) to conclude that the estimates are

also valid using the larger semi-norm [·]W s,p .

5.2.2 Preliminaries

Given a ball B ⊂ Rd with radius r, κB represents a ball with the same center but with

radius κr. Note that for a given u ∈ X s
p (2B) and η ∈ C∞c (2B) with η ≡ 1 in B, the function

ηu ∈ X s
p (Rd). Moreover,

[ηu]X sp (Rd) ≤ C‖u‖X sp (2B)

for a constant C independent of u.

123



We also recall that for u ∈ X s
p (Ω), we have that Lsp,Ω(u) ∈ [X s

p (Ω)]∗. Indeed, by (5.13)

and Hölder’s inequality we have

|〈Lsp,Ω(u), φ〉| ≤ C[u]X sp (Ω)[φ]X sp (Ω), for all φ ∈ X s
p (Ω) .

More generally, for t ∈ (0, 1), we define the dual norm of Lsp,Ω(u) in X̊ t
p(Ω) by

‖Lsp,Ω(u)‖[X̊ tp(Ω)]∗ := sup
φ
|〈Lsp,Ω(u), φ〉| ,

where the supremum is taken over all φ ∈ C∞c (Ω;Rd) such that [φ]X tp(Rd) ≤ 1. The fractional

Laplacian (−∆)βu is defined as

(−∆)βu(x) = cs,dF−1(|ξ|2βF(u)) ,

where cs,d > 0 is a normalizing constant.

The fractional Laplacian has a quasi-local behavior that has been quantified in the

following estimates: Let p, q ∈ [1,∞] and s ∈ (0, 1). For any Ω1 and Ω2 be bounded,

disjoint open sets such that ρ := dist(Ω1,Ω2) > 0 and for any ϕ ∈ C∞c (Rd),

‖(−∆)s(ϕχΩ2)‖Lp(Ω1) ≤ ρ−d−2s|Ω1|1/p|Ω2|1−1/q ‖ϕ‖Lq(Ω2) . (5.14)

This is established in [74, Lemma A.1]. We also state the following technical lemma – in a

form needed for our purposes – that summarizes the action of the fractional Laplacian as a

potential. The result in this lemma is contained in an inequality in [76], but we will give the

proof here for the sake of completeness.

Lemma 5.11. Let p, q ∈ [1,∞] and s ∈ (0, 1). Let ε ∈ (0, 1 − s). Suppose that B ⊂ Rd

is a ball, ϕ ∈ C∞c (4B;Rd) with [ϕ]X s+εp (Rd) ≤ 1, and η ∈ C∞c (6B) and η ≡ 1 on 5B. Then

the function η(−∆)
εp
2 ϕ ∈ C∞c (6B;Rd), and there exists a constant C > 0, independent of ϕ

such that

[η(−∆)
εp
2 ϕ]X s−ε(p−1)

p (Rd)
≤ C[ϕ]X s+εp (Rd) . (5.15)
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Proof. Adding and subtracting η(y)(−∆)
εp
2 ϕ(x) we have

[η(−∆)
εp
2 ϕ]p

X s−ε(p−1)
p (Rd)

=

ˆ
Rd

ˆ
Rd

∣∣∣(η(x)(−∆)
εp
2 ϕ(x)− η(y)(−∆)

εp
2 ϕ(y)

)
· y−x
|y−x|

∣∣∣p
|x− y|d+(s−ε(p−1))p

dx dy

≤C[(−∆)
εp
2 ϕ]p

W s−ε(p−1),p(Rd)
+ C

ˆ
Rd

ˆ
Rd

|η(x)− η(y)|p|(−∆)
εp
2 ϕ(x)|p

|x− y|d+(s−ε(p−1))p
dx dy

= I + II .

We estimate the first term I first. We will use the following identity that relates Riesz and

Bessel potentials, which can be found in [86, Lemma 2, Chapter V], that there exists a finite

measure µ that depends on ε and p such that

(−∆)
εp
2 ϕ = (1−∆)

εp
2 (ϕ ∗ µ) .

Using the fact that the operator

(1−∆)
εp
2 : W s+ε,p(Rd) = W s−ε(p−1)+εp,p(Rd)→ W s−ε(p−1),p(Rd)

is an isomorphism [86, Theorem 4’, Chapter V], we have

I ≤ C ‖ϕ ∗ µ‖p
W s+ε,p(Rd)

.

Now by Jensen’s inequality and Fubini’s theorem,

ˆ
Rd

ˆ
Rd

|(ϕ ∗ µ)(x)− (ϕ ∗ µ)(y)|p

|x− y|d+(s+ε)p
dx dy

=

ˆ
Rd

ˆ
Rd

∣∣∣∣ˆ
Rd

(
ϕ(z− x)− ϕ(z− y)

)
dµ(z)

∣∣∣∣p 1

|x− y|d+(s+ε)p
dx dy

≤ µ(Rd)p−1

ˆ
Rd

ˆ
Rd

ˆ
Rd

|ϕ(z− x)− ϕ(z− y)|p

|x− y|d+(s+ε)p
dµ(z) dx dy

= µ(Rd)p[ϕ]p
W s+ε,p(Rd)

.
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Similarly,

‖ϕ ∗ µ‖pLp ≤ µ(Rd)p‖ϕ‖pLp ≤ Cµ(Rd)p[ϕ]p
W s+ε,p(Rd)

where the last inequality follows from a Poincaré-Korn type inequality, Corollary 4.10, where

C depends on the support set 4B, p, and ε. Combining the above two inequalities and using

the fractional Korn’s inequality we proved we have that,

I ≤ C µ(Rd)p[ϕ]pX s+εp (Rd)
.

To estimate the second term II we proceed as follows.

II ≤ C

ˆ
Rd\7B

ˆ
7B

|η(x)− η(y)|p|(−∆)
εp
2 ϕ(x)|p

|x− y|d+(s−ε(p−1))p
dx dy + C

ˆ
7B

ˆ
7B

· · · dx dy

≤ C ‖η‖L∞
ˆ
Rd\7B

ˆ
7B

|(−∆)
εp
2 ϕ(x)|p

|x− y|d+(s−ε(p−1))p
dx dy

+ C ‖∇η‖L∞
ˆ

7B

ˆ
7B

|(−∆)
εp
2 ϕ(x)|p

|x− y|d+(s−ε(p−1))p
dx dy

≤ C
∥∥∥(−∆)

εp
2 ϕ
∥∥∥p
Lp(Rd)

≤ C
∥∥∥(−∆)

εp
2 ϕ
∥∥∥p
W s−ε(p−1),p(Rd)

.

We repeat the argument used to bound I and get that

II ≤ C ‖ϕ‖p
W s+ε,p(Rd)

≤ Cµ(Rd)p[ϕ]pX s+εp (Rd)

where again we have applied the Poincaré-Korn and fractional Korn inequalities. Thus 5.15

is proved.

Lemma 5.12. Let Ω ⊂ Rd be an open set, and let s ∈ (0, 1), p ≥ 2. Suppose u ∈ X s
p (Rd)

such that supp u ⊂⊂ Ω. Then there exists a sequence (un) ∈ C∞c (Ω;Rd) with the property

that

un → u in X s
p (Rd)

as n→∞.
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Proof. The sequence un will be obtained via mollification. Let φ ∈ C∞c (Rd) be a standard

mollifier, i.e.

φ ≥ 0 , suppφ ⊂ B1(0) ,

ˆ
Rd
φ(x) dx = 1 .

For any δ < 1
4
dist(supp u,Rd \ Ω), introduce φδ ∈ C∞c (Rd) by φδ(x) := 1

δd
φ
(
x
δ

)
. Then take

uδ := u ∗ φδ ∈ C∞c (Ω;Rd) .

Extending the vector fields with value zero outside of Ω, we can easily show via basic estimates

that ‖un − u‖X sp (Rd) → 0 as δ → 0.

The following is an adaptation to our setting of the interpolation lemma proved in [76].

Lemma 5.13. Let B ⊂ Rd be a ball . Then for any δ > 0 and any u ∈ X s
p (4B), we have

that

[u]pX sp (B) ≤ δp[u]pX sp (4B) +
C

δp′

(
sup
φ
〈Lsp,4Bu, φ〉

)p′
+ C

diam(B)−sp

δp(p−1)

ˆ
4B

|u(x)|p dx ,

where the supremum is over all φ ∈ C∞c (2B;Rd) and [φ]X sp (Rd) ≤ 1. The constant C > 0

depends only on d, s, p, and the ellipticity constants α1 and α2. Moreover if s0 > 0, and

s ∈ (s0, 1), then the constant C can be made dependent on s0 instead of s.

Proof. Let η ∈ C∞c (2B), η ≡ 1 in B be the usual cutoff function in 2B.

Define

ψ(x) := η(x)u(x) , ϕ(x) := η2(x)u(x) .

Then

[ψ]X sp (Rd) + [ϕ]X sp (Rd) ≤ C ‖u‖X sp (2B) . (5.16)

By definition of ψ and using the lower bound on K we have

[u]pX sp (B) ≤ α1

ˆ
B

ˆ
B

|D(u)(x,y)|p K(x,y)

|x− y|d+sp
dx dy

≤ α2

ˆ
4B

ˆ
4B

|D(u)(x,y)|p−2 (D(ψ)(x,y))2 K(x,y)

|x− y|d+sp
dx dy .
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We now use the following algebraic identity: for a, b, c, d real numbers

(ab− cd)2 = (ab− cd)(a− c)b+ ab(c− a)(b− d) + (a2b− c2d)(b− d) .

we can thus expand (D(ψ)(x,y))2 as

(D(ψ)(x,y))2 = (η(x)− η(y))(D(ψ)(x,y))u(x) · (y − x)

|y − x|

+ (η(y)− η(x))D(u)(x,y)ψ(x) · (y − x)

|y − x|

+ (D(ϕ)(x,y))(D(u)(x,y)) .

Now, by adding and subtracting the appropriate quantities and splitting the integral

accordingly, we have

[u]pX sp (B) ≤ 〈L
s
p,4Bu, ϕ〉+ I1 + I2 ,

where

I1 := Λ

ˆ
4B

ˆ
4B

|D(u)(x,y)|p−2 |η(x)− η(y)| |D(ψ)(x,y)|
∣∣∣u(x) · x−y

|x−y|

∣∣∣
|x− y|d+sp

dx dy ,

I2 := Λ

ˆ
4B

ˆ
4B

|D(u)(x,y)|p−1 |η(y)− η(x)|
∣∣∣ψ(x) · x−y

|x−y|

∣∣∣
|x− y|d+sp

dx dy .

Note that since the vector field ϕ ∈ X s,p(Rd) and since suppϕ ⊂⊂ 2B, by the density of

smooth functions proved in Lemma 5.12

〈Lsp,4Bu, ϕ〉 ≤ sup
φ
〈Lsp,4Bu, φ〉‖ϕ‖X sp (Rd) ≤ C sup

φ
〈Lsp,4Bu, φ〉‖u‖X sp (4B) ,

where the supremum is over all φ ∈ C∞c (2B;Rd) and [φ]X sp (Rd) ≤ 1. As for I1, using the

estimate that ‖∇η‖L∞ ≤ C 1
diam(B)

,

I1 ≤ C diam(B)−1

ˆ
4B

ˆ
4B

|D(u)(x,y)|p−2 |D(ψ)(x,y)| |u(x)|
|x− y|d+sp−1

dx dy .

128



Let t2 = 1− s. Then d+ sp− 1 = d+ s(p− 2) + s− t2, and Hölder’s inequality with q = p
p−2

,

q′ = p
2

implies that

I1 ≤ C diam(B)−1

ˆ
4B

ˆ
4B

|D(u)(x,y)|p−2

|x− y|d( p−2
p

)+s(p−2)
· |D(ψ)(x,y)||u(x)|
|x− y|d( 2

p
)+s−t2

dx dy

≤ C diam(B)−1[u]p−2
X sp (4B)

(ˆ
4B

ˆ
4B

|D(ψ)(x,y)|p/2|u(x)|p/2

|x− y|d+ sp
2
− t2p

2

dx dy

)2/p

.

Applying Cauchy-Schwarz to the last integral,

I1 ≤ C diam(B)−1[u]p−2
X sp (4B)[ψ]X sp (4B)

(ˆ
4B

ˆ
4B

|u(x)|p

|x− y|d−t2p
dx dy

)1/p

.

Thus, since t2 > 0,

ˆ
4B

ˆ
4B

|u(x)|p

|x− y|d−t2p
dx dy ≤ C (diam(B))t2p ‖u‖pLp(4B) .

Using again 5.16, the final estimate of I1 is

I1 ≤ C diam(B)−s ‖u‖p−1
X sp (4B) ‖u‖Lp(4B) .

The integral I2 can be estimated the same way as I1. Therefore,

[u]pX sp (B) ≤ C

(
sup
φ
〈Lsp,4Bu, φ〉‖u‖X sp (4B) + diam(B)−s ‖u‖p−1

X sp (4B) ‖u‖Lp(4B)

)
,

where the supremum is over all φ ∈ C∞c (2B;Rd) and [φ]X sp (Rd) ≤ 1. From the last estimate

we apply Young’s inequality to obtain the result and conclude the proof.

5.2.3 Higher Differentiability of Solutions

In this section we prove the main result of Section 5.2. Before presenting the proof, we state

a commutator estimate that is an adaptation of the commutator estimate established in [76].

The proof of the theorem is essentially identical to the result given in [76], and we omit it

here.
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Theorem 5.14. Let s ∈ (0, 1), ε ∈ [0, 1−s). Take B ⊂ Rd a ball or all of Rd. Let u ∈ X s
p (B)

and ϕ ∈ C∞c (B;Rd). For a certain normalizing constant c depending on s, p, and ε denote

the commutator

Rε(u, φ) := 〈Ls+εp,Bu, ϕ〉 − c 〈Lsp,Bu, (−∆)
εp
2 ϕ〉 .

Then there exists a constant Cε = C(s, p, ε, n,Λ) > 0 such that

|Rε(u, ϕ)| ≤ Cε ε [u]p−1

X s+εp (B)
[ϕ]X s+εp (Rd) .

Moreover, Cε is monotone increasing in ε. That is Cε ≤ Cε0 for any 0 < ε < ε0.

Proof of Theorem 5.10. Let Ω0 ⊂⊂ Ω1 ⊂⊂ Ω2 ⊂⊂ Ω be given, and η ∈ C∞c (Ω1) such that

η = 1 in Ω0. Let ũ = ηu. The proof of the theorem will be done in two steps.

Step 1. In this step we establish that there exists ε0 ∈ (0, 1−s) such that for any 0 < ε < ε0,

we have

‖ũ‖p−1

X s+εp (Rd)
≤ C

(
‖ũ‖p−1

X sp (Rd)
+ ‖Lsp,Ω2

ũ‖
[X̊ s−ε(p−1)
p (Ω2)]∗

)
. (5.17)

We apply the technique and the argument in [76]. First notice that since the support of ũ

is contained in Ω1, we have that ‖ũ‖p−1

X s+εp (Rd)
= ‖ũ‖p−1

X s+εp (Ω)
. Next, find finitely many balls

(Bk)
N
k=1 ⊂ Ω2 so that

⋃N
k=1Bk ⊃ Ω1. We also may assume that

⋃N
k=1 10Bk ⊂ Ω2. Then we
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have

‖ũ‖pX s+εp (Ω)

=

ˆ
Ω

ˆ
Ω1

|(ũ(y)− ũ(x)) · y−x
|y−x| |

p

|y − x|d+(s+ε)p
dx dy +

ˆ
Ω

ˆ
Ω\Ω1

|(ũ(y)− ũ(x)) · y−x
|y−x| |

p

|y − x|d+(s+ε)p
dx dy

≤
N∑
k=1

ˆ
Ω

ˆ
Bk

|(ũ(y)− ũ(x)) · y−x
|y−x| |

p

|y − x|d+(s+ε)p
dx dy +

ˆ
Ω0

ˆ
Ω\Ω1

|ũ(y)|p

|x− y|d+(s+ε)p
dx dy

≤
N∑
k=1

ˆ
2Bk

ˆ
Bk

|(ũ(y)− ũ(x)) · y−x
|y−x| |

p

|y − x|d+(s+ε)p
dx dy

+
N∑
k=1

ˆ
Ω\2Bk

ˆ
Bk

|(ũ(y)− ũ(x)) · y−x
|y−x| |

p

|y − x|d+(s+ε)p
dx dy + Cε ‖u‖pLp(Ω)

≤
N∑
k=1

[ũ]pX s+εp (2Bk)
+ C(ε) ‖u‖pLp(Ω) .

This is because the second term on the second line and the second term on the third line

have disjoint support in the integrals. When using the constant C(ε) we are emphasizing

that the constant depends on ε, and it may also depend on other quantities.

Using Lemma 5.13 and the fact that the union of the finite number of balls Bk cover no

more than Ω, we get for any δ > 0

‖ũ‖pX s+εp (Ω)
≤ δp‖ũ‖pX s+εp (Ω)

+ C(δ, ε) ‖u‖pLp(Ω) + C
N∑
k=1

δ−p
′
(

sup
φ
〈Ls+εp,8Bk

ũ, φ〉
) p

p−1

where the supremum is over all φ ∈ C∞c (4Bk;Rd) with [φ]X s+εp (Rd) ≤ 1. Choosing δp = 1
2

and

by assumption on u we can absorb the first term in the right hand side towards the left hand

side to obtain the estimate

‖ũ‖pX s+εp (Ω)
≤ C(ε) ‖u‖pLp(Ω) + C

N∑
k=1

(
sup
φ
〈Ls+εp,8Bk

ũ, φ〉
) p

p−1

,
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where the supremum is over all φ ∈ C∞c (4Bk;Rd) with [φ]X s+εp (Rd) ≤ 1. With Theorem 5.14,

adding and subtracting 〈Lsp,8Bkũ, (−∆)
εp
2 φ〉 we can estimate by

‖ũ‖pX s+εp (Ω)
≤ C1(ε) ‖u‖pLp(Ω) + ε

p
p−1 C2(ε) ‖ũ‖pX s+εp (Ω)

+ C
N∑
k=1

(
sup
φ

{∣∣∣〈Lsp,8Bkũ, (−∆)
εp
2 φ〉
∣∣∣ }) p

p−1

,

where the supremum is over all φ ∈ C∞c (4Bk;Rd) with [φ]X s+εp (Rd) ≤ 1. Notice from Theorem

5.14 that for ε0 small enough, we have that C2(ε) ≤ C2(ε0) for all ε ∈ (0, ε0) and therefore we

can absorb the right-hand side term involving ‖ũ‖pX s+εp (Ω)
on the left-hand side for ε ∈ (0, ε0).

The estimate becomes

‖ũ‖pX s+εp (Ω)
≤ C(ε) ‖u‖pLp(Ω) +

N∑
k=1

(
sup
φ

{∣∣∣〈Lsp,8Bkũ, (−∆)
εp
2 φ〉
∣∣∣}) p

p−1

,

where the supremum is over all φ ∈ C∞c (4Bk;Rd) with [φ]X s+εp (Rd) ≤ 1. Now for a given

φ ∈ C∞c (4Bk;Rd) such that [φ]X s+εp (Rd) ≤ 1 and for each 1 ≤ k ≤ N define

Φ = ρk(−∆)
εp
2 φ ,

where ρk ∈ C∞c (6Bk) and ρk ≡ 1 on 5Bk. Then by Lemma 5.11 we have that Φ ∈ C∞c (6Bk),

and

[Φ]X s−ε(p−1)
p (Rd)

≤ Ck[φ]X s+εp (Rd) ≤ Ck . (5.18)
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Now, since the support of (1− ρk) and φ are disjoint we can apply the quasi-local behavior

of the fractional Laplacian described in 5.14 to obtain

∥∥∥∇((1− ρk)(−∆)
εp
2 φ
)∥∥∥

L∞(8Bk)

≤
∥∥∥−∇ρk · (−∆)

εp
2 φ
∥∥∥
L∞(8Bk)

+
∥∥∥(1− ρk)(−∆)

1+εp
2 φ
∥∥∥
L∞(8Bk)

≤ Ck

∥∥∥(−∆)
εp
2 φ
∥∥∥
L∞(6Bk\5Bk)

+ Ck

∥∥∥(−∆)
1+εp

2 φ
∥∥∥
L∞(8Bk\5Bk)

≤ Cdiam(Bk)
−d−εp|4Bk|

p−1
p ‖φ‖Lp(4Bk) + diam(Bk)

−d−1−εp|4Bk|
p−1
p ‖φ‖Lp(4Bk)

≤ Ck[φ]X s+εp (Rd) ,

(5.19)

where we have used the Poincaré-Korn and fractional Korn inequalities. As a consequence

of 5.18 and 5.19, an application of Hölder’s inequality gives us

∣∣∣〈Lsp,8Bkũ, (−∆)
εp
2 φ− Φ〉

∣∣∣
≤
∥∥∥∇((1− ρk)(−∆)

εp
2 φ
)∥∥∥

L∞(8Bk)

ˆ
8Bk

ˆ
8Bk

|D(u)(x,y)|p−1

|x− y|d+sp−1
dx dy

≤ C[ũ]p−1
X sp (8Bk)

(ˆ
8Bk

ˆ
8Bk

1

|x− y|d+p(s−1)
dx dy

)1/p

≤ C[ũ]p−1
X sp (Rd)

.

With the above, adding and subtracting 〈Lsp,8Bkũ,Φ〉 and using the properties of Φ shown

above, our estimate becomes

‖ũ‖pX s+εp (Ω)
≤ C ‖ũ‖pX sp (Rd)

+
N∑
k=1

(
sup

{∣∣〈Lsp,8Bkũ, ψ〉∣∣ : ψ ∈ C∞c (6Bk;Rd), [ψ]X s−ε(p−1)
p (Rd)

≤ Ck

}) p
p−1

.

Lastly, we need to transform the support of the operator L from 8Bk to Ω2. Since suppψ ⊂

6Bk, the disjoint support of the integrals gives (using Hölder’s inequality and then the
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Poincaré and Korn inequalities on the ψ integral)

|〈Lsp,8Bk ũ, ψ〉 − 〈L
s
p,Ω2

ũ, ψ〉| ≤ 2

ˆ
Ω\8Bk

ˆ
6Bk

|D(u)(x,y)|p−1 |D(ψ)(x,y)|
|x− y|d+sp

dx dy

≤ Ck[ũ]p−1
X sp (Rd)

[ψ]X s−ε(p−1)
p (Rd)

.

Therefore,

‖ũ‖pX s+εp (Ω)
≤ C ‖ũ‖pX sp (Rd)

+C
N∑
k=1

(
sup

{∣∣〈Lsp,Ω2
ũ, ψ〉

∣∣ : ψ ∈ C∞c (6Bk;Rd), [ψ]X s−ε(p−1)
p (Rd)

≤ Ck

})p′
≤ C

(
‖ũ‖pX sp (Rd)

+ ‖Lsp,Ω2
ũ‖p

′

[X̊ s−ε(p−1)
p (Ω2)]∗

)
.

Step 2. In this step we estimate the right-hand side of 5.17 in terms of the dual norm

of F and ‖u‖X sp (Ω). By computation it is not difficult to show that [ũ]X sp (Rd) ≤ C‖u‖X sp (Ω).

Moreover, one can also prove that

‖Lsp,Ω2
ũ‖

p
p−1

[X̊ s−ε(p−1)
p (Ω2)]∗

≤ ‖F‖
p
p−1

[X̊ s−ε(p−1)
p (Ω)]∗

+ ‖u‖pX sp (Ω).

Indeed, this is possible to show by using the same argument as in [76, Localization Lemma]

and in fact prove that for any t ∈ (2s− 1, s) we have

‖Lsp,Ω2
ũ‖[X̊ tp(Ω2)]∗ ≤ C

(
‖Lsp,Ωu‖[X̊ tp(Ω)]∗ + ‖u‖p−1

X sp (Ω)

)
.

The proof is complete.

134



Chapter 6

Strong Solvability for

Peridynamic-Type Equations

6.1 Introduction

In this chapter we report a solvability result for the strongly-coupled system of linear

equations 
∂ttu(x, t) + Lu(x, t) = f(x, t) , (x, t) in Rd × [0, T ] ,

u(x, 0) = u0(x) , x in Rd ,

∂tu(x, 0) = v0(x) , x in Rd ,

(6.1)

where the vector valued operator L is given by

−Lu(x, t) = P.V.

ˆ
Rd

(
y ⊗ y

|y|2

)(
u(x + y, t)− u(x, t)− ε(u)(x, t)yχ(s)(y)

)
ρ(y) dy . (6.2)

The function χ(s) is defined as

χ(s)(y) =


0 if s ∈ (0, 1/2)

1B1(y) if s = 1/2

1 if s ∈ (1/2, 1) ,
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and ε(u)(x) denotes the symmetric part of the gradient matrix given by

ε(u)(x) =
1

2
(∇u(x) +∇u(x)ᵀ).

We also recall the operator defined in (2.1) in Chapter 2, denoted here as

− (−∆̊)su(x) := P.V.

ˆ
Rd

κd,s
|y|d+2s

(
y ⊗ y

|y|2

)(
u(x + y)− u(x)

)
dy . (6.3)

The kernel ρ that we will consider comes from two classes.

Class A: Integrable kernels: ρ is a nonnegative integrable function in Rd. That is,

ρ(y) ∈ L1(Rd). In this case, in the definition of L in (6.2), we take χ(s)(y) ≡ 0. Integrable

kernels commonly used in applications have compact support.

Class B: Nonintegrable kernels: ρ is a nonnegative singular kernel that is comparable

to |y|−d−2s. More precisely, we assume that the kernel ρ is of the form

ρ(y) :=
m(y)

|y|d+2s
1Λr(y) ,

where for some 0 < r ≤ ∞ the set Λr := Λ ∩ Br is a truncated double cone Λ := {x ∈

Rd
∣∣ x
|x| ∈ Γ ∪ −Γ} corresponding to a given measurable subset Γ ⊆ Sd−1 that has positive

Hausdorff measure, and the positive measurable function m : Rd → [0,∞) satisfies

0 < α1 ≤ m(y) ≤ α2 <∞ ,

for positive constants α1 and α2. We also assume that when s = 1/2, ρ satisfies the

cancellation condition

ˆ
∂Bµ

yiyjykρ(y) dσ(y) = 0 , ∀ i, j, k ∈ {1, 2, . . . , d} , ∀µ > 0 . (6.4)

Note that (6.4) is always satisfied when m(y) is an even function.

To show well posedness of the time dependent problem, we establish the solvability of

the linear system

Lu(x) + λu(x) = f(x) in Rd , (6.5)
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which is the first main goal of this chapter. The constant λ is nonnegative and the operator

L is assumed to possess a kernel from one of the above classes of kernels. For operators that

use kernels in the nonintegrable class, we prove the existence and uniqueness of a strong

solution in the Bessel potential space u ∈ H2s,2 corresponding to data f ∈ L2 satisfying

(6.5) almost everywhere. Further, when L = (−∆̊), for each f ∈ Lp there exists a unique

u ∈ H2s,p solving (6.5). These and other results will be precisely stated in Section 2. The

proof of the strong L2 solvability result for the equation (6.5) is proved in Section 3. Section

4 contains the proofs leading to the strong Lp solvability for 1 < p <∞ of the equation (6.5)

when the choice of kernel ρ(y) = |y|−d−2s is used. In the last section we show well posedness

of a wave equation closely resembling (6.1).

6.2 Statement of Main Results

Before we state the main results, let us establish notation and define the relevant function

spaces. Euclidean balls of radius r centered at x0 are denoted Br(x0) := {x ∈ Rd
∣∣ |x−x0| <

r}. If the center x0 is 0, or if the center is clear from context, we omit it and write Br. We

denote the Fourier transform F by

Ff(ξ) = f̂(ξ) =

ˆ
Rd
e−2πιx·ξf(x) dx .

We write the Lp(Ω)-norm of a function as the standard ‖·‖Lp(Ω), with abbreviation ‖·‖Lp

whenever the domain of integration is all of Rd. Let S(Rd) and S ′(Rd) be the space of

Schwartz functions and tempered distributions, respectively. Denote the space of Rd-valued

Schwartz vector fields by
[
S(Rd)

]d
, and its dual by

[
S ′(Rd)

]d
. For p ∈ (1,∞) and s ∈ (0, 1),

the Bessel potential space is given by

[
H2s,p(Rd)

]d
:=

{
u ∈

[
S ′(Rd)

]d ∣∣∣ ((1 + 4π2|ξ|2
)s

û
)∨
∈
[
Lp(Rd)

]d}
,

with norm

‖u‖H2s,p =

∥∥∥∥((1 + 4πs|ξ|2
)s

û
)∨∥∥∥∥

Lp
.
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Define the homogeneous space

[
Ḣ2s,p(Rd)

]d
=

{
u ∈

[
S ′(Rd)

]d ∣∣∣ ((4π|ξ|2)sû)∨ := (−∆)su ∈
[
Lp(Rd)

]d}
,

and denote the semi-norm [u]H2s,p(Rd) = ‖(−∆)su‖Lp(Rd) . Since 1 +
(
4π2|ξ|2

)s
can be

controlled by
(
1 + 4π2|ξ|2

)s
and vice versa, we have

‖u‖H2s,p ≈ ‖u‖Lp + [u]H2s,p .

With these notations and definition at hand, we can now state the first result of the chapter.

Theorem 6.1 (L2 Solvability for general nonintegrable kernels). Suppose that ρ is in Class

B. There exists a constant λ0 = λ0(d, s,Λ, r, α1) > 0 such that the following holds: For

λ > λ0 and for any f ∈
[
L2(Rd)

]d
there exists a unique strong solution u ∈

[
H2s,2(Rd)

]d
to

the equation (6.5) satisfying the estimate

‖(−∆)su‖L2 +
√
λ
∥∥(−∆)s/2u

∥∥
L2 +

(
λ− λ0

)
‖u‖L2 ≤ C ‖f‖L2 , (6.6)

where C = C(d, s,Λ, α1) > 0.

For the solvability of the system corresponding to kernels in Class A, we have the

following result.

Theorem 6.2 (L2 Solvability for general integrable kernels). Suppose that ρ is in Class

A. Then for any λ > 0 and for any f ∈
[
L2(Rd)

]d
there exists a unique strong solution

u ∈
[
L2(Rd)

]d
to the equation (6.5) satisfying the estimate

λ ‖u‖L2 ≤ C ‖f‖L2 , (6.7)

where C = C(d, ρ) > 0.

L2 solvability of problems of the type (6.5) have been considered in [29]. There, the

H2s,2 regularity of appropriately-defined weak solutions of (6.5) with λ = 1 and ρ positive

and radially symmetric was obtained via the Fourier transform and inverting the positive
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definite operator L + I, where I is the d × d identity matrix. Without much difficulty, the

same technique could be used to prove existence and uniqueness of strong solutions of (6.5)

with ρ positive and radially symmetric. Here, we prove this result of well posedness – but

for a wider class of kernels – using the Fourier transform in a slightly different way, via

a priori estimates and the celebrated method of continuity [48]. The novelty here is that

no symmetry assumptions of any kind are made on the kernel. We also assume that the

kernel can vanish on a substantial set, specifically outside of a double cone whose apex is at

the origin. This work may begin the mathematical analysis for a system of equations that

potentially model anisotropic interactions in materials, generalizing the model equations in

[29].

The Lp theory, on the other hand, for systems of equations of the type (6.5) is relatively

unstudied. In Chapter 3, the Dirichlet problem for equations resembling (6.5) was studied,

where we used Hilbert space techniques to prove existence and uniqueness of weak solutions

satisfying a complementary condition (a “volume constraint problem” in peridynamics). In

this chapter, in place of weak solutions, we consider strong solutions solving an equation

almost everywhere. The equation is also posed on all of Rd rather than on a bounded

domain. The Fourier matrix symbol associated to the operator L is

M(ξ) :=

ˆ
Rd

(
y ⊗ y

|y|2

)(
e2πιy·ξ − 1− 2πιξ · yχ(s)(y)

)
ρ(y) dy , (6.8)

which in general lacks the differentiability necessary to apply classical multiplier theorems.

The Lp results obtained here are for the specific kernel |y|−d−2s. This choice of kernel allows

for the use of Fourier multiplier theorems, specifically the Marcinkiewicz multiplier theorem.

The following theorem states the second main result of the chapter.

Theorem 6.3 (Lp Solvability for Specific Kernels). For 1 < p < ∞ and corresponding to

any f ∈ Lp and for any λ > 0 the equation

(−∆̊)su + λu = f in Rd (6.9)
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has a unique strong solution u ∈
[
H2s,p(Rd)

]d
satisfying the estimate

‖u‖H2s,p ≤ C ‖f‖Lp , (6.10)

where C = C(d, s, p, λ) > 0.

We finally remark on the case of scalar operators related to L, for example

Lu(x) := P.V.

ˆ
Rd

(
u(x + y)− u(x)−∇u(x) yχ(s)(y)

)
ρ(y) dy .

The operator L is a nonlocal elliptic operator associated to a stochastic process called a

Markov jump process, or specifically a Lévy process. For instance, see [5] for some earlier

work. The solvability in Sobolev and Hölder spaces for parabolic equations associated to

the elliptic problem Lu+ λu has been considered in [64] via a probabilistic approach. Lévy

processes were studied using Fourier multipliers in [5]. The Fourier multipliers studied in [5]

are quotients of symbols consisting of integrals. Because of their particular form, a priori

estimates for solutions to scalar-valued equations are easily obtained as a corollary. However,

the results of [5] do not directly apply to the matrix symbols necessary for the analogous a

priori estimates of solutions to (6.5), as matrix inverses take the place of quotients in the

symbols.

The work in this chapter is inspired by the paper [25] where it was shown that the

equation Lu + λu = f is Lp-solvable, with ρ merely measurable and satisfying a certain

cancellation condition. The result was obtained via mean oscillation estimates of u, which

are used effectively in the method developed in [48] to treat second-order linear elliptic and

parabolic equations. These mean oscillation estimates of u were obtained using maximum

principle techniques coming from the study of viscosity solutions to fully nonlinear nonlocal

equations; see [6]. For the system (6.5) an analogous Lp solvability result remains unclear.

The maximum principle techniques in [25] do not apply to systems of the type (6.5).

140



With Theorem 6.1 and Theorem 6.2, we show the well posedness of the nonlocal

hyperbolic system of wave equations
∂ttu + Lu + λu = f , (x, t) in Rd × [0, T ] ,

u(x, 0) = u0(x) , x in Rd ,

∂tu(x, 0) = v0(x) , x in Rd ,

(6.11)

Well-posedness of systems of the type (6.11) have been established via techniques of

differential equations as initial value problems [17, 28, 31, 32, 35, 51, 52], but here we use

the approach of semigroups and the solvability of the associated elliptic steady-state system

(6.5). The main existence and uniqueness result we prove is the following.

Theorem 6.4. Let T > 0, and let f ∈ C1
(

[0, T ];
[
L2(Rd)

]d)
, u0 ∈

[
H2s,2(Rd)

]d
, and

v0 ∈
[
Hs,2(Rd)

]d
. Suppose that ρ is an even function that is in Class B. Suppose that λ is

a nonnegative constant satisfying λ > λ0− 1, where λ0 is the constant appearing in Theorem

6.1. Then there exists a unique solution

u ∈ C
(

[0, T ];
[
H2s,2(Rd)

]d) ∩ C1
(

[0, T ];
[
Hs,2(Rd)

]d) ∩ C2
(

[0, T ];
[
L2(Rd)

]d)
to (6.11). In the case that f(x, t) = f0(x), then the solution u additionally satisfies the

conservation law

‖∂tu(t)‖2
L2(Rd) +

ˆ
Rd

ˆ
Rd
ρ(x− y)

((
u(x, t)− u(y, t)

)
· x− y

|x− y|

)2

dy dx

+ λ ‖u(t)‖2
L2(Rd) + 2

ˆ
Rd
〈f0,u(t)〉 dx

= ‖∂tu0‖2
L2(Rd) +

ˆ
Rd

ˆ
Rd
ρ(x− y)

((
u0(x)− u0(y)

)
· x− y

|x− y|

)2

dy dx

+ λ ‖u0‖2
L2(Rd) + 2

ˆ
Rd
〈f0,u0〉 dx .

(6.12)

If λ0 < 1, then λ can be taken to be 0.

An analogous result when ρ is radial and integrable can be found in [29].
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6.3 L2 solvability

In this section we will use the method of continuity to prove the solvability of the coupled

system of nonlocal equations. The general result of the method of continuity is stated as

follows.

Proposition 6.5 (The method of continuity). Suppose that X is a Banach space and V is

a normed space. Suppose also T0, T1 : X → V are bounded linear operators. Assume that

there exists C > 0 such that for Tt = (1− t)T0 + tT1 we have

‖x‖X ≤ C‖Ttx‖V , ∀t ∈ [0, 1],∀x ∈ X.

Then T0 is onto if and only if T1 is onto.

In our case, we take the operator T1 to be L + λI, where L is as defined in (6.2). In the

case of nonintegrable kernels, T0 will be α1(−∆̊)s + λ for some appropriately chosen λ > 0,

since the solvability of the system α1(−∆̊)su + λu = f in
[
H2s,2(Rd)

]d
is well-known, see

[29] or Theorem 6.3 for p = 2. For the case of integrable kernels, we take the operator T0 to

be the same operator L + λI but one with radial kernel where invertibility of the operator

will be proved. In both cases, in order to apply the method of continuity we need to show

boundedness of the operators and obtain a priori estimates for the corresponding operator

Tt.

6.3.1 The Nonintegrable Case

Let us introduce the parametrized linear operators

−Ltu(x) := P.V.

ˆ
Rd

(
y ⊗ y

|y|2

)(
u(x + y)− u(x)− ε(u)(x)yχ(s)(y)

)
ρt(y) dy ,

and the kernel ρt is defined as

ρt(y) := t ρ(y) + (1− t) α1

|y|d+2s
.
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Notice that −L0 = α1(−∆̊)s and L1 = L. In order to use the method of continuity, we

need to show that the operators L0, and L1 are bounded from
[
H2s,2(Rd)

]d
to
[
L2(Rd)

]d
and

establish the a priori estimate for solutions of Ltu + λu = f for t ∈ [0, 1]. First let us prove

that the operators are continuous.

Lemma 6.6 (Continuity of the parametrized operator: nonintegrable case). Suppose that

ρ is in Class B. Then for each t ∈ [0, 1] the operator Lt :
[
H2s,2(Rd)

]d → [
L2(Rd)

]d
is

continuous. More precisely, there exists a constant C > 0 such that for all t ∈ [0, 1], and for

all u ∈
[
S(Rd)

]d
we have the estimate

‖Ltu‖L2 ≤ C ‖u‖H2s,2 . (6.13)

Proof. Recalling that the symbol of L is the matrix symbol M(ξ) given by (6.8), to prove

continuity it suffices to show that there exists a constant C = C(d, s, α2) such that

|Mt(ξ)| ≤ C(2π|ξ|)2s , (6.14)

where Mt(ξ) is the matrix symbol associated to Lt. To that end, if s ∈ (0, 1
2
), by definition

Mt(ξ) =

ˆ
Rd

(
y ⊗ y

|y|2

)(
e2πıy·ξ − 1

)
ρt(y) dy. By using the upper bound ρt(y) ≤ α2|y|−d−2s,

we obtain

|Mt(ξ)| ≤ α2

ˆ
Rd

1

|y|d+2s

∣∣∣e2πıy·ξ − 1
∣∣∣ dy.

Now a simple calculation shows that |e2πıy·ξ − 1| =
√

2(1− cos(2πy · ξ)). Using this and by

making the substitution h = 2π|ξ|y, we obtain

|Mt(ξ)| ≤ α2

ˆ
Rd

1

|y|d+2s

√
2(1− cos(2πy · ξ)) dy

≤ α2(2π|ξ|)2s

ˆ
Rd

√
2

|h|d+2s

√
1− cos

(
h · ξ

|ξ|

)
dh .

Notice that the last integral is uniformly bounded in ξ, since 1− cos(a) ≈ |a|2 for a near 0

and s < 1/2.
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When s = 1/2, we have by the cancellation condition (6.4) on ρ that

Mt(ξ) =

ˆ
Rd

(
y ⊗ y

|y|2

)(
e2πιy·ξ − 1− 2πιξ · y 1B1/(2π|ξ|)(y)

)
ρt(y) dy .

Then by the same substitution h = 2π|ξ|y we have

|Mt(ξ)| ≤ α2

ˆ
Rd

1

|y|d+1

(
|1− cos(2πy · ξ)|+ | sin(2πy · ξ)− 2πξ · y 1B1/(2π|ξ|)(y)|

)
dy

≤ α2(2π|ξ|)2s

ˆ
Rd

1

|h|d+1

(∣∣∣∣1− cos

(
h · ξ

|ξ|

)∣∣∣∣+

∣∣∣∣sin(h · ξ

|ξ|

)
− ξ

|ξ|
· h1B1(h)

∣∣∣∣) dh

≤ C(2π|ξ|)2s .

The integral is again uniformly bounded in ξ since | sin(a)− a| ≈ |a|3 for a near 0 and since

the term ξ
|ξ| · h1B1(h) vanishes for |h| ≥ 1.

When s ∈ (1
2
, 1), again by using the upper bound on ρ and then making the substitution

h = 2π|ξ|y,

|Mt(ξ)| ≤ α2

ˆ
Rd

1

|y|d+2s

(∣∣1− cos(2πy · ξ)
∣∣+ |sin(2πy · ξ)− 2πy · ξ|

)
dy

= α2(2π|ξ|)2s

ˆ
Rd

1

|h|d+2s

( ∣∣∣∣1− cos

(
h · ξ

|ξ|

)∣∣∣∣+

∣∣∣∣sin(h · ξ

|ξ|

)
− h · ξ

|ξ|

∣∣∣∣ ) dh

≤ C(2π|ξ|)2s ,

since the integral is once again uniformly bounded in ξ.

The next theorem gives us a priori estimates for solutions of the system that imply

uniqueness of strong solutions. It is also the key estimate to implement the method of

continuity to prove existence of a solution.

Lemma 6.7 (A priori estimates for parametrized operator: nonintegrable case). Suppose

that ρ is in Class B. Let λ > 0 be a constant and let f ∈
[
L2(Rd)

]d
. Suppose

u ∈
[
H2s,2(Rd)

]d
satisfies the equation Ltu + λu = f in Rd. Then there exist constants

N1 = N1(d, s,Λ, α1) > 0 and N2 = N2(α1,Λ, r) > 0 such that

‖(−∆)su‖L2 +
√
λ
∥∥(−∆)s/2u

∥∥
L2 + λ ‖u‖L2 ≤ N1

(
‖f‖L2 +N2 ‖u‖L2

)
. (6.15)
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As a consequence,

‖(−∆)su‖L2 +
√
λ
∥∥(−∆)s/2u

∥∥
L2 +

(
λ−N1N2

)
‖u‖L2 ≤ N1 ‖f‖L2 . (6.16)

Proof. Using the continuity of Lt, Lemma 6.6 and the fact that
[
C∞c (Rd)

]d
is dense in[

H2s,2(Rd)
]d

, it suffices to show (6.15) for u ∈
[
C∞c (Rd)

]d
. To accomplish this, we introduce

the modified kernel

ρ̃t(y) := ρt(y) +
tα1

|y|d+2s
χΛ∩{Br(y) =


tα1

|y|d+2s + ρt(y) y ∈ Λ ∩ {Br ,

ρt(y) otherwise ,

and the associated operator L̃t; i. e. Lt with ρ̃t in place of ρt. Note that

ρ̃t(y) ≥ 0 on Rd ,
α1

|y|d+2s
≤ ρ̃t(y) ≤ α2

|y|d+2s
for y ∈ Λ , t ∈ [0, 1] . (6.17)

Then we have that

L̃tu(x) = Ltu(x) +

ˆ
Rd

(
y ⊗ y

|y|2

)(
u(x + y)− u(x)− ε(u)(x)yχ(s)(y)

)tα1 1Λ∩{Br(y)

|y|d+2s
dy

= Ltu(x) +

ˆ
Rd

(
y ⊗ y

|y|2

)(
u(x + y)− u(x)

)tα1 1Λ∩{Br(y)

|y|d+2s
dy

:= Ltu(x) + Lctu(x) .

The second equality follows from the definition of the function χs(y), the cancellation

condition (6.4), and the fact that the function 1Λ∩{Br(y) is an even function. It follows

by the triangle inequality that

∥∥∥L̃tu + λu
∥∥∥
L2
≤ ‖Ltu + λu‖L2 + ‖Lctu‖L2 . (6.18)
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The operator Lctu(x) has a Fourier matrix symbol that belongs to
[
L∞(Rd)

]d×d
, and is

therefore bounded from
[
L2(Rd)

]d
to
[
L2(Rd)

]d
. To be precise,

∣∣∣L̂ctu(ξ)
∣∣∣ =

∣∣∣∣tα1

ˆ
Λ∩{Br

(
y ⊗ y

|y|2

)
e2πιy·ξ − 1

|y|d+2s
dy û(ξ)

∣∣∣∣
≤ 2α1

ˆ
(Γ∪−Γ)

dσ(ν)

ˆ ∞
r

τ−1−2s dτ |û(ξ)|

:= N2|û(ξ)| ,

where dσ is the surface measure on Sd−1. Thus, ‖Lctu‖L2 ≤ N3‖u‖L2 . Next we need to show

that

N1

∥∥∥L̃tu + λu
∥∥∥
L2
≥ ‖(−∆)su‖L2 +

√
λ
∥∥(−∆)s/2u

∥∥
L2 + λ ‖u‖L2 . (6.19)

Note that ∥∥∥L̃tu + λu
∥∥∥2

L2
=

ˆ
Rd
|L̃tu|2 dx + λ

ˆ
Rd

〈
L̃tu,u

〉
dx + λ2‖u‖2

L2 ,

and thus to show (6.19) it suffices to estimate the first two terms. To that end, we begin

writing ρ̃t as a sum of its even and odd parts:

ρ̃t = ρ̃et + ρ̃ot , ρ̃et (y) =
1

2
(ρ̃t(y) + ρ̃t(−y)), ρ̃ot (y) =

1

2
(ρ̃t(y)− ρ̃t(−y)) .

ρ̃et satisfies the same assumptions as ρ̃t. Let L̃et and L̃ot be the operators with kernels ρ̃et and

ρ̃ot respectively. Observe that L̃t = L̃et + L̃ot and that for any u ∈
[
C∞c (Rd)

]d
we have

ˆ
Rd

〈
L̃etu, L̃otu

〉
dx = 0 .

Thus,

ˆ
Rd
|L̃tu|2 dx ≥

ˆ
Rd
|L̃etu(x)|2 dx =

ˆ
Rd
|̂̃Letu(ξ)|2 dξ =

ˆ
Rd
|M̃e

t (ξ)û(ξ)|2 dξ ,

where

M̃e
t (ξ) :=

ˆ
Rd

(
y ⊗ y

|y|2

)(
1− cos(2πy · ξ)

)
ρ̃et (y) dy .
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For every ξ ∈ Rd, the matrix M̃e
t (ξ) is symmetric with real entries, and therefore, the least

of the eigenvalues of M̃e
t (ξ) is given by minv∈Sd−1 vᵀM̃e

t (ξ)v. We will estimate the smallest

eigenvalue from below as as function of ξ. By making the substitution h = 2π|ξ|y, we see

that

min
v∈Sd−1

vᵀM̃e
t (ξ)v = min

v∈Sd−1

ˆ
Rd

(
1− cos(2πy · ξ)

) ∣∣∣∣v · y

|y|

∣∣∣∣2 ρ̃et (y) dy

≥ min
v∈Sd−1

α1

ˆ
Λ

(
1− cos(2πy · ξ)

)
|y|d+2s

∣∣∣∣v · y

|y|

∣∣∣∣2 dy

= min
v∈Sd−1

α1

(
2π|ξ|

)2s
ˆ

Λ

1− cos
(

2πh · ξ
|ξ|

)
|h|d+2s

∣∣∣∣v · h

|h|

∣∣∣∣2 dh

= min
v∈Sd−1

α1

(
2π|ξ|

)2s
Ψ

(
ξ

|ξ|
,v

)
,

where Ψ : Sd−1 × Sd−1 → R defined by Ψ(η,v) :=

ˆ
Λ

1− cos (2πh · η)

|h|d+2s

∣∣∣∣v · h

|h|

∣∣∣∣2 dh. The

lower bound ρ̃et (y) ≥ α1 can be used since the integrand is nonnegative. Since Λ is a double

cone with apex at the origin, Ψ is a positive function. Ψ is also clearly continuous on

the compact set Sd−1 × Sd−1 so there exists a positive constant C = C(d, s,Λ) such that

min
η,v∈Sd−1

Ψ(η,v) = C > 0 . We use this to estimate the least eigenvalue of the matrix. We

conclude that for any ξ 6= 0, we have min
v∈Sd−1

vᵀM̃e
t (ξ)v ≥ C

(
2π|ξ|

)2s
. We also use this lower

bound to estimate the smallest eigenvalue of (M̃e
t )

ᵀ(ξ) M̃e
t (ξ) from below. Since M̃e

t (ξ) is

symmetric,

min
v∈Sd−1

vᵀ(M̃e
t )

ᵀ(ξ) M̃e
t (ξ)v = min{β2 : β is an eigenvalue of M̃e

t (ξ)}

≥ C(d, s,Λ, α1)
∣∣(2π|ξ|)2s∣∣2 .

Therefore,

ˆ
Rd
|L̃tu|2 dx =

ˆ
Rd

〈
M̃e

t (ξ)û(ξ), M̃e
t (ξ)û(ξ)

〉
dξ

≥ C

ˆ
Rd

∣∣∣(2π|ξ|)2s
û(ξ)

∣∣∣2 dξ = C ‖(−∆)su‖2
L2 .

(6.20)
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Similarly, by applying Plancherel’s theorem and noting that the matrix

M̃t(ξ) :=

ˆ
Rd

(
y ⊗ y

|y|2

)(
cos(2πξ · y)− 1

)
ρ̃t(y) dy

is symmetric,

ˆ
Rd

〈
L̃tu,u

〉
dx =

ˆ
Rd

〈̂̃Ltu, û〉 dξ

=

ˆ
Rd
<
〈̂̃Ltu, û〉 dξ

=

ˆ
Rd

〈
M̃t(ξ)û(ξ), û(ξ)

〉
dξ

≥
ˆ
Rd
|û(ξ)|2 min

v∈Sd−1
vᵀM̃t(ξ)v dξ

≥ C

ˆ
Rd

(
2π|ξ|

)2s|û(ξ)|2 dξ .

It then follows that ˆ
Rd

〈
L̃tu,u

〉
dx ≥ C

ˆ
Rd
|(−∆)s/2u|2 dx . (6.21)

The result (6.19) follows from the equality

ˆ
Rd

∣∣∣L̃tu + λu
∣∣∣2 dx =

ˆ
Rd
|f |2 dx

and the estimates (6.20) and (6.21) above. Then (6.15) follows from (6.18) and (6.19).

Remark 6.8. Constants N1 and N2 satisfying (6.15) can be found explicitly. For example,

the constant N2 can be chosen to be

N2 =
1 + α1

s
σ(Γ ∪ −Γ) r−2s . (6.22)

It is clear that N2 → 0 as r →∞.

The proof of Theorem 6.1 now follows.

Proof of Theorem 6.1. We will apply Proposition 6.5. Pick λ0 = N1N2. Then for any λ > λ0,

take T0 = α1(−∆̊)+λI, T1 = L+λI, and therefore for t ∈ [0, 1], Tt = (1−t)T0+tT1 = Lt+λI,
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where Lt is as defined at the beginning of this subsection. Now the continuity and a priori

estimates assumptions of Proposition 6.5 are satisfied by Lemma 6.6 and Lemma 6.7. As a

consequence L+λI is onto if and only if α1(−∆̊) +λI is onto. The latter is proved to be the

case in Theorem 6.3 for p = 2 or see [29] .

6.3.2 The Integrable Case

For integrable kernels, we begin with a special case by assuming that ρ is radially symmetric.

Theorem 6.9. Suppose ρ is a nonnegative, integrable and radially symmetric function that

is not identically 0. For every λ > 0 and for any f ∈
[
L2(Rd)

]d
there exists a unique strong

solution u ∈
[
L2(Rd)

]d
to Lu + λu = f satisfying the estimate

‖u‖L2 ≤ λ−1 ‖f‖L2 . (6.23)

Proof. To show existence, we prove that the Fourier matrix multiplier M(ξ)+λI is invertible,

with inverse bounded in L∞. Since ρ is radially symmetric, the Fourier matrix associated to

L is

M(ξ) =

ˆ
Rd

(
y ⊗ y

|y|2

)(
1− cos(2πy · ξ)

)
ρ(|y|) dy .

Let R(ξ) be a rotation such that R(ξ)ᵀe1 = ξ
|ξ| . Then setting h = |ξ|R(ξ)y,

M(ξ) =

ˆ
Rd

ρ
(
|h|
|ξ|

)
|ξ|d

R(ξ)ᵀh⊗R(ξ)ᵀh

|h|2
(
1− cos(2πh1)

)
dh

= R(ξ)ᵀ

ˆ
Rd

ρ
(
|h|
|ξ|

)
|ξ|d

(
h⊗ h

|h|2

)(
1− cos(2πh1)

)
dh

R(ξ) .

Using rotations, we see that the off-diagonal terms of RMRᵀ are equal to 0 for every ξ ∈ Rd.

Thus,

M(ξ) = R(ξ)ᵀ diag(`1(ξ), `2(ξ), . . . , `d(ξ))R(ξ) ,
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where `i(ξ) =

ˆ
Rd

ρ
(
|h|
|ξ|

)
|ξ|d

h2
i

|h|2
(
1− cos(2πh1)

)
dh . Again using rotations, `2 = `3 = . . . = `d.

Thus,

M(ξ) + λI = R(ξ)ᵀ diag
(
`1(ξ) + λ, `2(ξ) + λ, . . . , `2(ξ) + λ

)
R(ξ) .

Therefore,

(
M(ξ) + λI

)−1
= R(ξ)ᵀ diag

(
1

`1(ξ) + λ
,

1

`2(ξ) + λ
, . . . ,

1

`2(ξ) + λ

)
R(ξ) .

Now, it is clear that 0 ≤ `i(ξ) ≤ 2 ‖ρ‖L1(Rd) for almost every ξ ∈ Rd. Thus,
(
M(ξ) +

λI
)−1 ∈

[
L∞(Rd)

]d×d
, so the linear operator T :

[
L2(Rd)

]d → [
L2(Rd)

]d
defined by T f :=((

M(ξ) + λI
)−1

f̂
)∨

is bounded, with ‖T f‖L2 ≤ λ−1 ‖f‖L2 . Further, u := T f solves the

equation (6.5).

For uniqueness, we show that any solution u ∈ L2 of (6.5) with data f ≡ 0 is identically

0. This follows from the fact that if Lu+λu = 0, then 〈Lu + λu,u〉L2(Rd) = 0 and as proved

earlier 〈Lu,u〉L2(Rd) ≥ 0.

Lemma 6.10 (Continuity of the operator: integrable case). Suppose that ρ is in Class A.

Let 1 ≤ p <∞. The operator L :
[
Lp(Rd)

]d → [
Lp(Rd)

]d
is continuous. More precisely, we

have for every u ∈
[
Lp(Rd)

]d
the estimate

‖Lu‖Lp ≤ C ‖u‖Lp , (6.24)

where C = C(ρ) > 0.

Proof. Since ρ ∈ L1(Rd),

Lu(x) =

(ˆ
Rd
ρ(y)

(
y ⊗ y

|y|2

)
dy

)
u(x)−

ˆ
Rd
ρ(y)

(
y ⊗ y

|y|2

)
u(x− y) dy

= Au(x) + K ∗ u(x) ,

where

A :=

ˆ
Rd
ρ(y)

(
y ⊗ y

|y|2

)
dy , K(y) := ρ(y)

(
y ⊗ y

|y|2

)
.
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Using the bound |A| ≤ ‖ρ‖L1 and Young’s inequality for integrals,

‖Lu‖Lp ≤ ‖Au‖Lp + ‖K ∗ u‖Lp ≤ 2 ‖ρ‖L1 ‖u‖Lp .

Lemma 6.11 (A priori estimate: integrable case). Suppose that ρ is in Class A. Let λ > 0

be a constant and let f ∈
[
L2(Rd)

]d
. Suppose u ∈

[
L2(Rd)

]d
satisfies the equation (6.5) in

Rd. Then there exists a constant C = C(λ) > 0 such that

‖u‖L2 ≤ λ−1 ‖f‖L2 . (6.25)

Proof. Since
[
C∞c (Rd)

]d
is dense in

[
L2(Rd)

]d
, by Lemma 6.10 it suffices to show (6.25) for

u ∈
[
C∞c (Rd)

]d
. Since

ˆ
Rd
|f |2 dx =

ˆ
Rd
|Lu + λu|2 dx =

ˆ
Rd
|Lu|2 dx + 2λ

ˆ
Rd
〈Lu,u〉 dx + λ2

ˆ
Rd
|u|2 dx , (6.26)

it suffices to show only that ˆ
Rd
〈Lu,u〉 dx ≥ 0 . (6.27)

Then (6.25) follows by dropping the first two terms on the right-hand side of (6.26). To

prove (6.27), note that

ˆ
Rd
〈Lu,u〉 dx =

ˆ
Rd

〈
L̂u, û

〉
dξ =

ˆ
Rd

〈
M(ξ)û(ξ), û(ξ)

〉
dξ

=

ˆ
Rd
|û(ξ)|2

〈
M(ξ)

û(ξ)

|û(ξ)|
,

û(ξ)

|û(ξ)|

〉
dξ .

Notice that 〈M(ξ)〉 is in general a matrix with complex entries. However, for every v ∈ Cd

with |v| = 1, a simple computation shows that

〈M(ξ)v,v〉 =

ˆ
Rd
ρ(y)

(
1− e2πıy·ξ)((<v · y)2 + (=v · y)2

|y|2

)
dy .
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Since

ˆ
Rd
〈Lu,u〉 dx is real-valued, it follows that

ˆ
Rd
〈Lu,u〉 dx =

ˆ
Rd
|û(ξ)|2

〈
M(ξ)

û(ξ)

|û(ξ)|
,

û(ξ)

|û(ξ)|

〉
dξ

=

ˆ
Rd
|û(ξ)|2

〈
M̃(ξ)

û(ξ)

|û(ξ)|
,

û(ξ)

|û(ξ)|

〉
dξ ,

where

M̃(ξ) := <M(ξ) =

ˆ
Rd

(
y ⊗ y

|y|2

)(
1− cos(2πy · ξ)

)
ρ(y) dy .

Clearly,
〈
M̃(ξ)v,v

〉
≥ 0 for all |v| = 1, and so

ˆ
Rd
〈Lu,u〉 dx =

ˆ
Rd
|û(ξ)|2

〈
M̃(ξ)

û(ξ)

|û(ξ)|
,

û(ξ)

|û(ξ)|

〉
dξ ≥ 0 ,

which is (6.27).

The proof of Theorem 6.2 for general ρ in Class A now follows by applying the method

of continuity, treating the operator Ltu := t(L0u+λu)+(1− t)(Lu+λu). Here, Lu denotes

the operator with a general kernel ρ belonging to Class A, and L0u denotes an operator with

a kernel ρ0 of the type considered in Theorem 6.9, i.e. belonging to Class A and radially

symmetric. Thus the kernel of the operator Lt has the expression tρ(y) + (1 − t)ρ0(|y|),

and satisfies the criteria of Class A with bounds independent of t. Therefore the a priori

estimates of Theorem 6.11 can be leveraged for the operator Lt+λ in the method of continuity

program, and the results of Theorem 6.2 follow.

6.4 Lp solvability

We use traditional Fourier multiplier techniques. The analogous result for the fractional

Laplacian in the scalar case seems to be known, but we are unable to find a proof in the

literature. We provide a proof of Theorem 6.3 using the Marcinkiewicz multiplier theorem

[42].
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Let s ∈ (0, 1) and let κd,s be the constant defined in (2.2). Consider the operator

−(−∆̊)su(x) :=

ˆ
Rd

κd,s
|y|d+2s

(
y ⊗ y

|y|2

)
(u(x + y)− u(x)) dy .

In the following calculation, we assume that u ∈
[
S(Rd)

]d
. Using the Fourier transform we

can write − ̂(−∆̊)su as follows:

− ̂(−∆̊)su(ξ) =

(
κd,s

ˆ
Rd

e2πιh·ξ − 1

|h|d+2s

(
h⊗ h

|h|2

)
dh

)
û(ξ) := −M∆

s (ξ)û(ξ) .

From Theorem 2.3,

M∆
s (ξ) =

(
2π|ξ|

)2s
(
I + 2s

(
ξ ⊗ ξ

|ξ|2

))
.

Theorem 6.3 hinges on the following lemma concerning Fourier multipliers.

Lemma 6.12. For s ∈ (0, 1), 1 < p <∞ and λ > 0. Define the matrix of symbols

M(ξ) :=
(
1 + 4π2|ξ|2

)−s (M∆
s (ξ) + λI

)
.

Then both M(ξ) and M−1(ξ) Lp-multipliers; that is, there exists a constant C = C(d, s, p, λ)

such that for every u ∈
[
S(Rd)

]d
∥∥∥(Mû

)∨∥∥∥
Lp
≤ C ‖u‖Lp , and,

∥∥∥(M−1û
)∨∥∥∥

Lp
≤ C ‖u‖Lp . (6.28)

We postpone the proof of the lemma for the moment, and prove Theorem 6.3.

Proof of Theorem 6.3. First we show that the a priori estimate (6.10) holds for every

u ∈
[
H2s,p(Rd)

]d
solving (6.9). By Lemma 6.12 the operator (−∆̊)s + λ :

[
H2s,p(Rd)

]d →[
Lp(Rd)

]d
is continuous. Therefore, we need only show that (6.10) holds for u ∈

[
S(Rd)

]d
.

153



Then by definition and by Lemma 6.12 we have that

‖u‖H2s,p(Rd) =

∥∥∥∥(1 + 4πs|ξ|2
)s

û
)∨∥∥∥∥

Lp(Rd)

=
∥∥∥(M−1

(
M∆

s + λI
)
û
)∨∥∥∥

Lp(Rd)

≤ C

∥∥∥∥((M∆
s + λI

)
û
)∨∥∥∥∥

Lp(Rd)

= C
∥∥∥(−∆̊)su + λu

∥∥∥
Lp(Rd)

= C ‖f‖Lp(Rd) ,

which is (6.10). Uniqueness clearly follows from the a priori estimate as well.

To see that a solution to (6.9) exists, simply note that for every f ∈
[
Lp(Rd)

]d
the

distribution

u(x) =
((

M∆
s + λI

)−1
f̂
)∨

(x)

belongs to
[
S ′(Rd)

]d
, and that

(
(1 + 4π2|ξ|2)sû

)∨
=
(
M−1f̂

)∨
∈
[
Lp(Rd)

]d
(6.29)

by Lemma 6.12. Thus u is a function in
[
H2s,p(Rd)

]d
that solves (6.9). The proof is complete.

We use the Marcinkiewicz multiplier theorem to prove the lemma; see [42].

Proof of Lemma 6.12. We begin by showing that M(ξ) is an Lp multiplier. By a direct

computation, the function M(ξ) has the explicit expression

M(ξ) =

(
4π2|ξ|2

1 + 4π2|ξ|2

)s(
I + 2s

(
ξ ⊗ ξ

|ξ|2

))
+

λ(
1 + 4π2|ξ|2

)s .
The symbol ξ⊗ξ

|ξ|2 is a matrix symbol whose ij-th entry is the symbol of the composition of

Riesz transforms −RiRj. Thus the matrix symbol is an Lp-multiplier. The second expression

in the sum defining M is the Bessel potential of order −2s, and is also an Lp-multiplier; see

[86, Chapter 5, Section 3.3]. Finally, it is established in [86, Chapter V, Section 3.2., Lemma

2] that the symbol
(

4π2|ξ|2
1+4π2|ξ|2

)s
is a finite measure. Putting all this together gives us the

result.
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Next, we show that M−1(ξ) an Lp multiplier. Again by direct computation, the inverse

M−1(ξ) has the expression

M−1(ξ) =

(
1 + 4π2|ξ|2

)s(
4π2|ξ|2

)s
+ λ

(
I−

2s
(
4π2|ξ|2

)s
(1 + 2s)

(
4π2|ξ|2

)s
+ λ

(
ξ ⊗ ξ

|ξ|2

))
.

It suffices to show that the symbols

m1(ξ) :=

(
1 + 4π2|ξ|2

)s(
4π2|ξ|2

)s
+ λ

, m2(ξ) :=
2s
(
4π2|ξ|2

)s
(1 + 2s)

(
4π2|ξ|2

)s
+ λ

are Lp-multipliers. Using this, we then observe that M−1 is a matrix whose entries consist

of sums and products of Lp-multipliers, and the lemma is proved.

We use the Marcinkiewicz multiplier theorem; specifically, we show that m1 and m2 verify

condition (6.2.9) in [42, Corollary 6.2.5]. We introduce the auxiliary function F : Rd+2 → R

defined by

F (η) :=

(
|η1|2 + |η′|2

)s
|η′|2s + |η2|2

, η = (η1, η2, . . . , ηd+1, ηd+2) , η′ := (η3, η4, . . . , ηd+1, ηd+2) .

By inspection it is clear that F is bounded on Rd+2 and belongs to the class Cd+2 away from

the coordinate axes on Rd+2. Also by inspection, for any η1 6= 0 and η2 6= 0 the function

F (η1, η2, ·) is bounded on Rd and belongs to the class Cd on Rd \ {0}. The function F is

invariant under weighted dilation: for any µ > 0, and s > 0

F (µη1, µ
sη2, µη

′) = F (η1, η2,η
′).

As a consequence, for any multi-index β = (β1, β2, . . . , βd+1, βd+2) differentiation yields

µ|β|+(s−1)β2(∂βF )(µη1, µ
sη2, µη

′) = ∂βF (η1, η2,η
′) . (6.30)

Now for fixed η1 6= 0 and η2 6= 0 and every vector of the form η = (η1, η2,η
′) ∈ Rd, we will

choose µ = µη such that (µη1, µ
sη2, µη

′) has unit length in Rd+2. Such a µ > 0 satisfies the
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equation

µ2η2
1 + µ2sη2

2 + µ2|η′|2 = 1,

and its existence can be shown as an intersection point of the quadratic function µ 7→

µ2(η2
1 + |η′|2) and the curve µ 7→ 1 − µ2sη2

2. Note that as |η′| → 0, µη → µ0 > 0, the

intersection of the quadratic function µ 7→ µ2η2
1 and the curve µ 7→ 1 − µ2sη2

2. Also as

|η′| → ∞, µη → 1. Moreover, for any η′ 6= 0, µη < |η′|−1. As a consequence the set of unit

vector

V = {(µηη1, µ
s
ηη2, µηη

′) : η′ ∈ Rd} ⊂ Sd+1

avoids all points of singularity of F and its derivatives. Now, if β is a multi-index with

β1 = 0 = β2, then by construction µ
βj
η ≤ |ηj|−βj for j ∈ {3, 4, . . . , d+ 1, d+ 2}. Plugging this

µη in (6.30), we have that for any η′ 6= 0,

|∂βF (η1, η2,η
′)| ≤ sup

v∈V
|∂βF (v)|µβ3+β4+...+βd+2 ≤ C|η3|−β3 · · · |ηd+2|−βd+2

for some constant C that depends on η1, η2, β and s. Therefore, for any multi-index γ =

(γ1, . . . , γd), γi ∈ {1, 2, · · · , d}, we set β = (0, 0, γ1, . . . , γd) and obtain

|∂γm1(ξ)| =
∣∣∣∂βF(1,

√
λ, 2π|ξ|

)∣∣∣ ≤ C|ξ1|−γ1 · · · |ξd|−γd .

Thus the hypotheses of [42, Corollary 6.2.5] are satisfied for m1(ξ).

A similar strategy fails for m2(ξ) because the numerator fails to be bounded away from

zero. Specifically, m2(ξ) is Cd on Rd away from the coordinate axes. We must check the

derivatives directly. Introduce the auxiliary function Ga : (0,∞)→ R defined by

Ga(η) :=
ηs

ηs + a
=

1

1 + aη−s
, a > 0 .

Then it is clear that for every n ∈ N the function Ga satisfies

∣∣G(n)
a (η)

∣∣ ≤ Cη−n .
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Let a = λ
(2s+1)4π2 , and let β be a multi-index with βj ∈ {0, 1}. Then

∂βm2(ξ) =
2s

2s+ 1
G(|β|)
a

(
|ξ|2
)

2|β|
d∏
j=1

ξ
βj
j

and so ∣∣∂βm2(ξ)
∣∣ ≤ C|ξ|−2|β|

d∏
j=1

|ξj|βj ≤ C

d∏
j=1

|ξj|−βj .

Thus m2 also satisfies the hypotheses of of [42, Corollary 6.2.5], and the proof is complete.

Remark 6.13. It is also possible to prove that m2(ξ) is an Lp-multiplier without using the

Marcinkiewicz multiplier theorem. In fact, one can show using the proof of [86, Chapter 5,

Section 3.2, Lemma 2] that m2(ξ) is in fact the Fourier transform of a finite measure, hence

an Lp-multiplier.

6.5 The Peridynamic-Type Wave Equation

In this section we turn our attention to the system of time dependent equations given in

(6.11) and prove Theorem 6.4. We recall that we are interested in the system
∂ttu + Lu + λu = f , (x, t) in Rd × [0, T ] ,

u(x, 0) = u0(x) , x in Rd ,

∂tu(x, 0) = v0(x) , x in Rd ,

(6.31)

where f ∈ C1
(

[0, T ];
[
L2(Rd)

]d)
, u0 ∈

[
H2s,2(Rd)

]d
, and v0 ∈

[
Hs,2(Rd)

]d
.

We use the semigroup approach described in [13, Chapter 10]. To this end, we assume

for the rest of this section that ρ is in Class B and that m(y) is an even function. In this

case L becomes

− Lu(x) = P.V.

ˆ
Rd

(
y ⊗ y

|y|2

)(
u(x + y)− u(x)

)
ρ(y) dy . (6.32)
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Let λ0 be the quantity defined in Theorem 6.1, and for λ > λ0 − 1 define the operator

Lλ := L + λI :
[
H2s,2(Rd)

]d → [
L2(Rd)

]d
. (6.33)

Note that by the symmetry assumption on L,

〈Lu,u〉L2(Rd) =

ˆ
Rd

ˆ
Rd
ρ(x− y)

∣∣∣∣(u(x)− u(y)
)
· x− y

|x− y|

∣∣∣∣2 dy dx ≥ 0

for every u ∈
[
H2s,2(Rd)

]d
. Therefore for any λ ≥ 0 we have

〈Lu + λu,u〉L2(Rd) ≥ 0 ∀u ∈
[
H2s,2(Rd)

]d
. (6.34)

Further, Theorem 6.1 implies that:

for every g ∈
[
L2(Rd)

]d
there exists a unique u ∈

[
H2s,2(Rd)

]d
satisfying Lλu + u = g in Rd ,

(6.35)

since λ > λ0−1. Equations (6.34) and (6.35) define Lλ as a maximal monotone operator for

any nonnegative λ satisfying λ > λ0− 1. Since the unbounded operator Lλ is symmetric, by

(6.34) and (6.35) it is self-adjoint on
[
H2s,2(Rd)

]d
as well, see [13, Proposition 7.6]. Therefore

the positive square root of Lλ, denoted L1/2
λ , is well-defined. Therefore, by the estimate in

Theorem 6.1 we have that for every u ∈
[
H2s,2(Rd)

]d
the norm

〈
L1/2
λ u,L1/2

λ u
〉
L2(Rd)

= 〈Lu,u〉L2(Rd) + λ ‖u‖2
L2 (6.36)

is equivalent to the norm
∥∥(−∆)s/2u

∥∥2

L2(Rd)
+ ‖u‖2

L2(Rd) . Thus
〈
L1/2
λ

(
·
)
,L1/2

λ

(
·
)〉

defines

an equivalent inner product on
[
Hs,2(Rd)

]d
.
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Now, we rewrite the system (6.31) as a larger system of equations



v = ∂tu , (x, t) in Rd × [0, T ] ,

∂tv + Lu + λu = f , (x, t) in Rd × [0, T ] ,

u(x, 0) = u0(x) , x in Rd ,

∂tu(x, 0) = v0(x) , x in Rd ,

(6.37)

or equivalently ∂tU + AλU = F , (x, t) in Rd × [0, T ] ,

U(x, 0) = U0(x) , x in Rd ,

(6.38)

where U = (u,v)ᵀ, F = (0, f)ᵀ, U0 = (u0,v0)ᵀ and the operator Aλ is defined as

Aλ :=

 0 −I

Lλ 0

 .

We denote the Hilbert space H :=
[
Hs,2(Rd)

]d× [L2(Rd)
]d

, and we define the domain of the

operator Aλ by D(Aλ) :=
[
H2s,2(Rd)

]d × [Hs,2(Rd)
]d ⊂ H. By (6.36), the inner product on

H can be defined by

〈U,V〉H :=

ˆ
Rd

〈
L1/2
λ u1,L1/2

λ v1

〉
dx +

ˆ
Rd
〈u1,v1〉 dx +

ˆ
Rd
〈u2,v2〉 dx (6.39)

where U = (u1,u2), V = (v1,v2).
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Denoting the identity operator onH by I, we note that the operator Aλ+I is nonnegative.

Indeed, for any U = (u,v)ᵀ ∈ D(Aλ) we have using (6.39) that

〈(Aλ + I)U,U〉H

= 〈AλU,U〉H + 〈U,U〉H

= −
ˆ
Rd

〈
L1/2
λ u,L1/2

λ v
〉

dx−
ˆ
Rd
〈u,v〉 dx +

ˆ
Rd
〈Lλu,v〉 dx

+

ˆ
Rd
|L1/2

λ u|2 dx +

ˆ
Rd
|u|2 dx +

ˆ
Rd
|v|2 dx

= −
ˆ
Rd
〈Lλu,v〉 dx +

ˆ
Rd
〈Lλu,v〉 dx +

ˆ
Rd
|L1/2

λ u|2 dx

+

ˆ
Rd
|u|2 dx−

ˆ
Rd
〈u,v〉 dx +

ˆ
Rd
|v|2 dx

=

ˆ
Rd
|L1/2

λ u|2 dx +
1

2

ˆ
Rd

(|u|2 + |v|2) dx +
1

2

ˆ
Rd
|u− v|2 dx ≥ 0 .

(6.40)

In addition, the operator Aλ+2I is invertible. To see this, note that inverting Aλ is equivalent

to solving the system

{
−v + 2u = g1 , Lu + λu + 2v = g2 , x ∈ Rd , (6.41)

for any (g1,g2)ᵀ ∈ H, which is equivalent to solving

Lu + (λ+ 4)u = 2g1 + g2 , x ∈ Rd . (6.42)

Since λ+4 > λ0 and since 2g1+g2 ∈
[
L2(Rd)

]d
, (6.42) has a unique solution u ∈

[
H2s,2(Rd)

]d
.

Then v = 2u− g1 ∈
[
Hs,2(Rd)

]d
and so U = (u,v)ᵀ ∈ D(Aλ) solves (6.41).

Therefore, since Aλ + I is maximal monotone for λ > λ0 − 1 nonnegative, by the Hille-

Yosida theorem [22, Theorem 1, Chapter XVII, section 3], there is a continuous contraction

semigroup SAλ+I(t) : L2 → L2 such that for any G ∈ [L2(Rd)]2d the solution U of

∂tU + AλU + Iu = G , (x, t) in Rd × [0, T ] ,

U(x, 0) = U0(x) , x in Rd ,

(6.43)
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can be given by the formula [13, Theorem 7.10]

U(x, t) = SAλ+I(t)U0(x) +

ˆ t

0

SAλ+I(t− s)G(x, s) ds .

Taking G = etF and making the substitution W = etU, we see that W is the unique

solution to (6.38) with source data F. Thus the first component of W is the unique solution

to (6.31).

The conservation law (6.12) follows from multiplying the equation by ∂tu and integrating

by parts.
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