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ABSTRACT

A numerical algorithm is presented for the solution of the one and two-dimensional
Euler Equations based on a conservative fotmulation. The objective of the study is to
combine the theory of characteristics with a conservative finite volume algorithm tesult-
ing in a numerical scheme with increased accuracy through the use of enhanced shock
capturing capability, and reduced levels of numerical dissipation. Characteristic
boundary conditions are developed for subsonic and supersonic flow regimes, and for
solid wall boundaries. The numerical scheme is fiirther broadened by the use of
unstructured triangular grid system with generalized placement of internal boundaiy

an

con

ditions.

The qjproach is to cast the Euler Equations in an uncoupled or approximately
uncoupled form based on the classical eigenvalue study. Using the similarity transforma
tion matrices from this study, a matrix operator is derived which splits a conservatively
calculated residual into components which are propagated along specified paths. The
matrix operator is derived for the quasi one-dimensional Euler Equations as well as the
two-dimensional Euler Equations. Boundary conditions are derived based on a first order
approximation of the compatibility equations for both the one and two-dimensional forms
and shown to be consistent with the interior scheme.

The numerical algorithm ia validated by various test cases with comparisons with
theory and other numerical flow solvers. Tlte algorithm is shown to give near ezact soiu-
tions for the one-dimensional steady state ducts with area variation. Salient features of
the two-dimensional algorithm include ezcellent shock capturing capability, use of
general unstractured grids for complex geometries, as well as the ability to accurately
model low and high speed flows with Uttle or no anificial dissipation required for stabU-
ity.
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1.0 INTRODUCTTON

With the introduction of the McCormack 1969 explicit Euler Solver [1], the numer

ical solution of the Euler Equations received much attention. Since then, considerable

research effort has been expended increasing the accuracy and reliability of Euler

simulations for practical applications. The methods of solution still in current use range

from techniques based on non-conservative formulations, to finite difference and finite

volume techniques, as well as the finite element method. Each of these schemes has

strengths which make it appealing for specific applications and unacceptable for others.

The current study takes advantage of many attributes of each of these schemes resulting

in a unique solution procedure.

Researchers Morretti [2] and Verhoff [3] have extended the concept of steady state

supersonic characteristics to space-time characteristics using finite difference concepts to

integrate local Riemann style variables. Techniques such as these render exceptional res

olution for shocks by applying the unsteady Rankine-Hugoniot jump relations after each

non-conservative pass to grid intervals which exhibit the characteristics of a shock. This

process, while viable in one dimension, creates tremendous bookkeeping problems in

multidimensional space and is not common place in the aerospace industry.

Finite difference and finite volume techniques in conservative form are by far the

most commonly used techniques for solving the Euler and Navier-Stokes Equations [4,5].

An integral or differential form of the equations is solved on a regular structured grid sys

tem taking advantage of the implied connectivity of its neighbors to define a differencing



stencil, for the differential form, or a surface volume for the integral form. These

techniques have been extended to include overlapped [6] and embedded [7] systems of

grids which conununicate by some interpolation process at the grid boundaries. The use

of structured grid systems have many advantages including the use of implicit solution

schemes, high vectorization on vector architecture machines, and general ease of pro

gramming. Disadvantages of these schemes include difficulty in achieving acceptable

local grid point distribution in areas of high gradients without overcompensating the grid

density elsewhere and difficulty in modeling complex geometries. It is these disadvan

tages that the finite element technique compensates by the use of unstructured grids.

Finite element techniques originally were applied to the solution of stmctural design

problems where their generality and applicability were shown superior to any previous

method. As applied to field theory, the continuum is discretized into a set of simple poly

gons or elements over which the variation of properties is locally approximated by a

given functional form'. This functional form is defined in terms of uiu-esolved constants

determined by the application of boundary conditions and the solution of each of the

other elements in the system. Typically the elements, defined by the nodes on the ele

ment vertices, are related to the other elements in the system by a hashing table that

relates element number to node numbers for each cell. The technique has been applied

1 commonly referred to as shape functions



successfully in the field of fluid mechanics as demonstrated by modeling the flow over a

complete aircraft [8]. This flexibility of unstructured grids is further extended by node

enrichment [9,10,11] and transport [12] in regions of large field gradients.

The general applicability of unstructured grids is also en^loyed by the finite vol

ume technique as demonstrated by Jameson in which the techniques used on structured

quadrilateral grid systems were amended and applied on regular [13], and general

unstructured triangular grids [14]. The cmrent study is similar to the work of Jameson in

that unstmctured grids are used with a finite volume integration scheme to define a cell

residual by summing fluxes about the boundary of each cell. One-third of the residual is

distributed to each node in the cell resulting in what is analogous to a central difference

scheme. To suppress instabilities, artificial dissipation is added based on second and

fourth order differences. The upshot of the current study is to distribute the residual

based on characteristic information so as to enhance stability of the scheme and thus

minimize or eliminate the need for artificial dissipation. This distribution process will

henceforth be referred to as the method of Characteristically Distributed Residual or

(CDR) technique.

Published work abounds on schemes which use characteristic information in the

solution of the Euler or Navier-Stokes equations. Coakley [15] extended the approximate

factorization technique of Beam and Warming to include extensive use of an upwind

diagonal form of the Jacobian matrices developed firom the work by PuUiam and

Chausse. Their work reduces a block tri-diagonal system of implicit equations to a sys

tem of uncoupled scalar equations through similarity transformations. Similarly, Steger



[16] makes use of characteristic theory for replacing the coefficient matrices used by his

block tri-diagonal solver with simplified (sparse) coefficient matrices derived through

characteristic theory. This effort shows that the Jacobian matrices that maintain similar

ity with the original Jacobian matrices can be used in place of the original without any

"deleterious properties" while reducing the computational work. More extensive use of

characteristic infoimation can be found in the work of Roe [17] who uses a locally exact

solution of the Riemann problem for the unsteady one-dimensional case or steady two-

dimensional supersonic case. Of more curious nature is the work of Johnston and Pal

[18] who integrate along one of the bicharacteristics of the system obtaining a new

integral system of equations.

Powell and VanLeer [19] describe a conservative cell-vertex method in which a dis

tribution function is derived based on stability analysis and an £q>proximate decomposi

tion of the Euler Equations. This decomposition procedure, stemming from the work of

Hirsch [20], is based on the premise that terms of the compatibility relations which

restrict the Euler equations from decoupling can be minimized or zeroed if the unit vector

defining the coordinate transformation is selected specifically for each of the compatibil

ity relations. This effort could be characterized as a CDR technique in that a conserva

tively calculated residual is calculated for a ceU and distributed to the cell vertices or

nodes using information derived firom characteristic theory.

More recent work which parallels closely the current study is the work of Giles et.

Al. [21]. This paper describes a new algorithm which is described as an "upwind control

volume approach in which a standard flux residual is distributed with a downwind bias".



This technique uses unstructiured triangular meshes and claims to handle distorted grids

without loss of accuracy. Flows which can be characterized as irrotational and isentropic

are treated by the addition of artificial dissipation based on entropy and vorticity smooth

ing. For cases which fall outside this regime, such as flows with a strong shock which

generate vorticity downstream of the shock, the author resorts back to Jameson [13] type

smoothing. The residual distribution function is based on a combination of geometrically

and characteristically derived weights which bias the distribution of the residual to the

downstream nodes. The current study varies from this methodology in that the distribu

tion function is based on a classical formulation of the transformation Jacobians and its

similarity matrices. Both of these methods are upwind schemes and are naturally

diffusive, thereby reducing the dependence on extemally introduced artificial dissipation.

An obvious difficulty in using characteristic information in any conservative

scheme is that conservative forms of the multidimensional Euler equations can not be

represented as an uncoupled set of total derivative equations. While alternate forms exist

which approximately decouple the equations, such as in reference [3], these forms are

non-conservative and therefore do not treat discontinuities. By writing the Euler equa

tions in a non-conservative form [19], it is observed that the equations can be represented

by the propagation of entropy along the streamlines, and by the propagation of

"acoustic-like" variables along paths for which Vp is zero. Therefore, the simple

upwinding of conservative quantities based on the steamline eigenvalue, such as the Lax

class schemes, will propagate entropy correctly, but will distort the propagation of the

acoustic variables which are responsible for the placement of shocks. This distortion



accounts for the smearing of shocks for first order schemes, and oscillations for higher

order schemes. The goal of this study is to find common ground by which characteristic

information can be used to control the distribution of a conservatively calculated residual.

Following the classical eigenvalue and eigenvector analysis for hyperbolic systems,

the current study decouples the Euler equations (approximately in multidimensions) into

a system of scalar equations, each of which propagate information along characteristic

paths. With this, a matrix operator is found which decomposes a conservatively calcu

lated residual into individual components acting along the classical characteristic paths.

Based on the sign and magnitude of the eigenvalue along each characteristic path, the

decomposed residual is distributed to the vertices of the cell. These concepts are

explored by first considering the quasi one-dimensional Euler equations in which the

decoupling is complete. A numerical algorithm is constructed along with characteristi

cally well-posed boimdary conditions for supersonic and subsonic flows. The numerical

scheme is then exercised with a small suite of test cases and compared to

one-dimensional theory. Using the one-dimensional analysis as a model, the two-

dimensional Euler equations are extended similarly, resulting in an approximate decom

position of the equations. The computational domain is discretized into triangular cells in

which the vertices contain the conservative variables. An explicit finite volume

integration is applied for each cell producing a conservatively calculated residual. An

upwind distribution function is derived based on the similarity matrices of the equations.

The boundary conditions developed for the one-dimensional algorithm are extended to

two dimensions using a characteristic reference plane concept. The interior scheme along



with consistent boundary conditions are applied to a set of classical test cases and results

are compared with exact solutions where available and against the solutions of an estab

lished flow solver. To demonstrate the generality of the technique, the algorithm is then

applied to a series of test cases which include flow through a subsonic diverging channel,

supersonic flow (Mach Number = 5.0) over a cylinder, followed by a series of test cases

using single and multiple body airfoils in low subsonic to transonic flow regimes. For

some of the simple cases, triangular grids are generated from structured quadrilateral

grids. For the airfoil problems, true unstractured grids were used. Use of these unstmc-

tured grids allows a large variation of cell area over a small space, and in general, demon

strates the generality of the algorithm. The study is then summarized with

recommendations for future research.



2.0 ONE-DIMENSIONAL CONCEPTS

A one-dimensional treatment of the Euler equations is presented as a predecessor to

the multidimensional investigation as a means of simplifying the presentation of the

underlying concepts. Working equations for the interior scheme are derived after a brief

treatise of the classical eigenvalue study. The interior scheme is modified at the bound

aries and combined with extemal constraints to provide characteristically based boundary

conditions for supersonic and subsonic flow. Examples are given demonstrating the

accuracy of the interior scheme and the boundary conditions for subsonic and mixed

supersonic-subsonic flow regimes.

2.1 THEORY

The quasi one-dimensional Euler equations can be written in weak conservation

form as

dU BF „
"5—+-5— = //
ot Bx

(2.1.1)

where

with

' p« pua

u=- pua ■,F=' ipu^+p)a
Ea u{E+p)a

,H =

r 0
Ba
Bx
0

(2.1.2)

p = (Y-l)(£-ipu' (2.1.3)



Using Euler's Theorem for homogeneous functions of order one, Equation (2.1.1) written

in non-conservation form is

dt dx

(2.1.4)

A=^-
dU~

0 1

(3-y)m

0

Y-1

/  IN 3 " E ^(Y-l)M -Y- Y--(Y-1)3— yu
P  P ^

It is convenient to express equation (2.1.4) in terms of primitive variables

U = (pa, ua,pa f by application of the chain rule on the derivatives

dt "I dU
^ -\T~T

dt
= M

dt

(2.1.5)

(2.1.6)

dx du ^dx ̂
(2.1.7)

followed by pre-multiplication of M"' to give

du -du .
dt dx

(2.1.8)

where

A =

'u P 0"

0
1

u

p

0 yp M

(2.1.9)



M =

" 1 0 0. "
u P 0

1

_ 2 P«
Y-1.

(2.1.10)

A/~' =

u

P

0

1

P

0

0

-(Y-l)M Y-1

(2.1.11)

Using the corresponding right eigenvectors of A as column vectors, we can form a matrix

T which along with its inverse TT^ gives the similarity transformation which diagonalizes

A, namely,

where

T' =

A=TAr'

0  -pc

c' 0

0  pc

1

-1

1

(2.1.12)

(2.1.13)

T =

1 1 1  "

2c^ 2c^

1
0

1

2pc 2pc

1
0

1

2 2

(2.1.14)
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' u —c 0 0 1 (2.1.15)

A= 0 u 0

0  0 M+C

Pre-multiplying equation (2.1.8) by 7"' and using equation (2.1.12) gives

r'^+Kr'^ = T'M-'H (2.1.16)
dt dx

which decouples the system of partial differential equations into a set of ordinary

differential equations^ acting along characteristic directions. Defining 77' as the /''' row

of 7^'and A,, as the /'* diagonal of A, then

,3j/ , ,ai/_ , , (21-17)

defines the /'* equation along the path defined by the derivatives

dx , (2.1.18)

Therefore, equation (2.1.17) can be written as

(2.1.19)
77 = T~ M H

dt

along the path defined in (2.1.18). The equations can be solved in this non-conservative

form by integrating the compatibility equations along the characteristic paths by interpo

lating between time levels. This technique requires that special attention be given to

2 commonly referred to as compatibility equations
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shocks as the non-conservative fonnnlation does not admit discontinuous solutions. A

technique is sought which takes advantage of characteristic information while retaining a

conservative formulation of the partial differential equations without the need for interpo

lation between time levels.

Substituting equations (2.1.6) and (2.1.7) into equation (2.1.16) gives

t  ,dU t idU 1 , (2.1.20)
dt dx

For convenience, matrix N is defined as

N=MT (2.1.21)

iV"' = = (Mr)"' (2.1.22)

Substituting equation (2.1.22) into equation (2.1.20) gives

.dU ,dU , (2.1.23)n-'^+an-'^=n-'h
dt dx

Equation (2.1.23) represents a decoupled system of equations in terms of conserva

tion variable U. Departure is made at this point from the classical characteristic analysis

by introducing a pair of diagonal matrices S*,S~ to separate the equations which

propagate waves to the right from those that propagate waves to the left, respectively.

The matrices are related by

S=S*+S- = I (2.1.24)

The diagonal entries of denoted S*, are defined by the sign of the i'* eigenvalue A.,

such that

12



s:=
1  if A,,>1

0  if X,.^l
(2.1.25)

Pre-multiplying equation (2.1.23) by NS gives

NSN-'^+NSAN-'^ = NSN-'H {2.1.26)
at dx

Note the second tenn can be written as

NSAN-'=NSN-'NAN~'=ZA (2.1.27)

where

Z=NSN-' (2.1.28)

A =NAN-' (2.1.29)

Substituting equations (2.1.27) through (2.1.29) into equation (2.1.23) gives

dt dx

Equation (2.1.31) is the original set of partial differential equations acted upon by a

matrix operator Z. The significance of this operator is that it can be used to decompose a

conservative residual into its upwind components. Section 2.2 illustrates how this

splitting operator is used in a numerical algorithm for the solution of the Euler equations.

13



2.2 NUMERICAL ALGORITHM

Equation (2.1.1) is written as a conservative finite difference approximation as

5t/" , = 5r H"
V  '*5 Ax

(2.2.1)

which represents a second order spatial accurate Euler integration. The momentum term

in H is approximated at / + - by

da."
n— I —(n" I

'+7

(2.2.2)

The residual in equation (2.2.1) is divided into two components using the matrix operator

in equation (2.1.28) such that

ZW" , = (Z"+Z^5m" , = W+W^ = W" , (2.2.3)

with
'*2

Z = NSN-^ =N(S~+S^N-' =NS-N-' +NS*N-'=Z-+Z* = I (2-2.4)

The components Z"^ and Z~ of the Z operator provide the distribution function for 5U"

resulting in dU* being siunmed into the / +1 node and dU~ being summed into the /

node. Note that Z itself is an identity matrix.

1 - 1 1-i 1 U-L 1 +

6U. •
I\-i ' i

14



Equation (2.1.24) represents the statement of local conservation for each interval. Roe

[22] averaging is used to evaluate the matrix components at i +5.

Although the integration stencil as defined in equation (2.2.1) is second order accu

rate as defined at the midnode, the distribution function reduces the scheme to first order

when considering a single equation in which the sign of the eigenvalues are the same. It

is unclear for subsonic cases which contain mixed eigenvalues if a single order of accu

racy is definable when each of the scalar equations are upwinded. Numerical results as

presented in Section 2.4 indicate that this distribution function produces excellent results

in continuous and discontinuous regions of the flow.

2.3 BOUNDARY CONDITIONS

Boundary conditions determine the controlling influences which are passed to the

interior points of the continuum. The present effort includes a study of well posed

boundary conditions shown to be consistent with the interior scheme. The discussion of

boundary conditions includes steady supersonic and subsonic inflow and outflow condi

tions along with characteristic wall boundary conditions. The boundary conditions are

shown to be physically consistent with characteristic theory by taking advantage of

residuals calculated from the interior scheme where appropriate.

15



Supersonic inflow boundary conditions are the simplest to treat with no additional

information needed to complete the description. For supersonic flow, all three character

istics A,, = M- c,A2 = M,X3 = M+ care positive-valued or incoming indicating that all

information propagates into the interior from the boundary node.

U "C

u

u + c

2  3

Requiring that all properties be supplied from outside the domain is physically consistent

with characteristic theory.

The supersonic outflow boundary condition is equally trivial by virtue of the correct

propagation of information from the interior. For this case, all three characteristics are

positive-valued or outgoing indicating that all information propagates out of the interior.

16



u-c

u + c

nxnx-2 nx"!

The interior scheme contributes a residual from the last interval which is complete with

no additional information necessary to complete its description at the outflow node. Thus

having aU information supplied from the interior is physically consistent with characteris

tic theory.

For subsonic boundary conditions where the signs of the characteristics are mixed

at the boundary node, special treatment is necessary to complete the information supplied

from the interior with information provided extemally. This requires that the residual at

the boundary node be segregated into right and left moving components. This splitting is

by the linearization of equation (2.1.16) resulting in

r"'5l7 = 5/? (2.3.1)

with 5R calculated from the known state at the boundary node at time level n, and bU

being the component of the residual contributed from the interior scheme. The rows of

r~' represent a system of equations each of which correspond to a specific characteristic

direction. By eliminating those rows of T"' which correspond to incoming characteristics

and replacing them with additional equations relating to some desired constraint, the

17



system of equations defined in equation (2.3.1) can be solved for an unknown §(/,

provided that the resulting set of equations is non-singular. The row elimination is

generated by pre-multiplying T"' by S* or S~ corresponding to the component of the

residual contributed by the interior. Details of this procedure pertaining to subsonic

inflow and outflow boundary conditions are described individually.

For subsonic inflow conditions, two characteristics X2 = u,'Ki = u+c arc positive-

valued (incoming) corresponding to the second and third rows, respectively, of T~\ with

one characteristic Xi = u—c negative-valued (outgoing), corresponding to row one.

u
u-c

u 1- c

2  3

To extract the existing portion of T"' representing the propagation of information from

the interior to the boundary node, equation (2.3.1) is multiplied by S~ to give

S-T-'dU=S-dR

explicitly given by

(2.3.3)

(2.3.2)

"0 -pc r '8p
0 0 0 < du > = < 0

0 0 0 0

18



the diagonal components of 5" = (1,0,0). Since two equations are discarded, two addi

tional constraints are provided by requiring that total pressure and total temperature be

specified at the inflow plane. Convenient foims of these classic equations can be found

from [24] in the form

(2.3.4)
,  (Y-l)<7'

P =P^ 1-
Ct

P = Pi 1-
(Y-l)g'
2  cl

T-l
(2.3.5)

T = Tj 1-(Y-1)^'
(2.3.6)

The utility in this particular form is that each static property is only a function of q,

assuming total properties are constant. Equations (2.3.4) through (2.3.6) are an integrated

form of the pressure-energy or Euler's [25] energy equation, which when approximated

to first order is

dp+pqdq=0 (2.3.7)

with q equivalent to m in one dimension. The first equation from the system of equations

(2.3.3)

5p-pcS«=/?, (2.3.8)

can be subtracted from equation (2.3.7) to give an expression for 5u in the form

19



-R, (2.3.9)
5«=——4piu+c)

The step is completed by updating u to the new time level,

u"^' = u'' + 8u (2.3.10)

calculating p from equation (2.3.4), p from equation (2.3.5), and calculating other

properties from these and the equation of state.

Numerical considerations aside, this boundary condition, at the node it is applied,

simulates an upstream isentropic reservoir capable of maintaining constant total proper

ties. If a steady state solution is required, this boundary condition is ̂ propriate with no

further explanation. If temporal acciuracy is required, one of two possible conditions

must be met for this boundary condition to be appropriate: (1) the boundary node must be

far enough upstream such that it effectively represents the reservoir, or alternately, (2) the

process taking place upstream must be known in order to correctly calculate 5i?, and 6i?2

for equation (2.3.1), since this information is known to propagate to the boundary node

from the exterior. If the latter is trae, the right hand vector can be correctly calculated

and the system of equations solved for bU.

For subsonic outflow boundary conditions, two characteristics Xi = u,Xi = u +c are

positive-valued (outgoing) corresponding to the second and third rows, respectively, of

T~'with one characteristic A,, = « - c, negative-valued (incoming) corresponding to row

one.

20



U-C
U t c

nxnx-2 nx-1

To extract the existing portion of r~* which represents the propagation of information

from the interior to the boundary node, equation (3.3.1) is pre-multiplied by S~ to give

S^'5i7=5^6R (2.3.11)

explicitly given by

(2.3.12)

—1
o

o

o
1

6p 0

0
 

1-*
5
u •S
 

*
/?2

0
 

pc 
1

.Sp. 3^.

the diagonal components of S* = (0,1,1). For the equation discarded, one additional

equation is provided by requiring that the static pressure p be specified at the exit plane

or

Sp =Pexi,-p" = ̂p'
Substituting equation (2.3.13) into equation (2.3.12) gives

(2.3.13)
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"0 0 1  ■ r5pi 5p*
0 -1 4 5m R,

_0 pc 1 Pp. .^3.

(2.3.14)

Each equation in the system of equations (2.3.14) can be solved explicitly for 5p and 5m

giving

(2.3.15)/?2 + 5/7*
—J—= 5p

Rj-dp*
= 5m

(2.3.16)

The static pressure, velocity, and density are then updated followed by the calculation of

all other properties from these.

Sunilar treatments are given to other boundary conditions such as the specification

of constant mass flow. Given a constant mass flow rate m, the product pM is known at

the boundary node and can be linearized to first order as

(2.3.17)m5p + p5m =(5pM)* =—-(pm)"
a

Equation (2.3.17) completes the system of equations (2.3.14) if used at the outflow

boundary. However, if used at the inflow boundary, an additional equation would be

necessary to complete the system of equations.
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The combination of constraints at a boundary as applied to equation (2.3.14) are

determined consistent with characteristic theory given the resulting set of linear equations

have the same number of equations as unknowns and is non-singular.

2.4 EXAMPLES

To evaluate the results of the examples, a brief description of the nondimensionali-

zation procedvue is given. Static pressure and density are defined as a ratio of the dimen

sional reference properties and p,. given in equations (2.4.1) and (2.4.2).

_ p (2.4.1)

Pr

-  p (2.4.2)

The remainder of the properties derived from the previous are

^  p - 2 P. (2-4.3)
?=Y==-=Yr,

p  c; Pr

p t; ' Rp,

-  1-^ p E (2.4.5)

-  u (2.4.6)
W = — "r = Cr

"r
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In addition, the reference state is chosen to be the upstream stagnation state such that, for

example, p = plp^ = plpr-

The first example is a simple subsonic diverging nozzle with exit to entrance area

ratio of 2.0. The exit static pressure is held fixed at 0.95 with upstream total pressure and

density held at 1.0. The initial condition is uniform flow with Mach Number equal to 0.2.

Plots of Mach Number, static pressure, total temperature, and total pressure are shown in

Figures 1-4' along with the exact solution calculated using simple isentropic relations.

The test case indicates the boundary conditions correctly model the specified exit static

pressure, specified entrance total pressure and density. The boundary conditions and the

interior flow match the exact solution to at least plotting accuracy.

Test case two is a transonic converging/diverging nozzle with exit to throat area

ratio of 4.57. The exit static pressure is held iSxed at 0.55 with upstream total pressure

and density held at 1.0. The initial condition is impulsive flow with Mach Number equal

to 0.2. The area variation along the nozzle is given by

2 . 1 . 1 (2.4.7)a{x) = x +2^+2

with -1 ^ 1, giving an exit to throat area ratio of approximately 4.57:1. These

conditions generate a subsonic flow upstream of the sonic throat which expands through

the diverging portion of the nozzle after which the flow undergoes a shock and compres

ses up to a subsonic exit. Plots of Mach Number, static pressure, total temperature and

3 All figures are in the Appendix
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pressure are shown in Figures 5-8 and compared to exact theory calculated using

isentropic theory and the normal shock jiunp tables. This test case demonstrates that the

scheme is stable and accurate for subsonic and mixed supersonic and subsonic flows with

shocks.
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3.0 TWO-DIMENSIONAL EULER SOLUTIONS

The concepts explored in Section 2 for the quasi one-dimensional Euler equations is

extended into two dimensions. The theory is developed along with boundary conditions

for subsonic and supersonic flows consistent with the interior scheme. A numerical algo

rithm is presented which illustrates the effectiveness of the interior scheme with a series

of test cases involving low and high speed flows. The algorithm is developed for

triangular meshes which may be structured arbitrarily. The results of the test cases are

then compared to known solutions or another well known flow solver.

3.1 THEORY

The development of the working relationships for the two-dimensional Euler Equa

tions parallels closely the one-dimensional development in Section 2.1. The two-

dimensional Euler Equations written in conservative vector form is

^  ̂ dy

where 17,F, and G are defined as

p pu pv

u=-
pu

■,F=' pu^+p •,G=.
puv

pv puv pv +p
E MiE+p\ y(E+p)

(3.1.2)

with
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P = (Y-1) £-ip(u' + v') (3.1.3)

Equation (3.1.3) written in non-conservative form is

dU ^dU ^du ^
-r h5 -r:— = 0

dt dx dy
(3.1.4)

dU

0

y-3 2 Yv^-1
2  2

-uv

yEu
+ (Y-1)m(h^+v')

(3-Y)«

P  2

0  0

(1-Y)v y-1

u  0

-(Y-I)mv yu

(3.1.5)

fl= —-
at/

0

-uv

2  2

Y^« . ... ,^.....2 . ..2.+ (Y

0

V

-(Y-l)«

1

u

-1)v(m +v ) -(Y-l)«v
P

(3-Y)v

y£ (Y-1).., 2 n 2,
(3m +v )

0

0

Y-1

 Y^

(3.1.6)

 2

The dependent variable U will be replaced in equation (3.1.4) by a primitive

variable formulation given by U = (p,u,v,p/ where

dt ydU,
dU^ (dtj
dt r . dt

(3.1.7)
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dx I dU
f ̂
dx

^  fdu
=m\ ̂

d

(3.1.8)

x

dy yW,y

f  -\r-T \ f -^T-T \
= M

9}' v^)' J

(3.1.9)

After substituting equations (3.1.7) through (3.1.9) into equation (3.1.4) gives

M^+AM^+5M^ = 0
dt dx dy

(3.1.9)

dU

1

u

V

M^ + V^

0 0 0 "

p 0 0

0 p 0

P" pv
1

Y-1.

(3.1.10)

M"' =

u

p
V

0

1

P

0

0

0

1

P

0

0

0

-(Y-1)m -(y-1)v y-1

(3.1.11)
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Pre-multiplying equation (3.1.9) by M"' gives the non-conservative form using primitive

variables U given by

9t7 -9(7 -9(7 ^ (3.1.12)
—+5 —= 0 '

dt dx 9y

with the primitive Jacobians A, B defined as

'u p 0 0"

A=M-^AM =
0 u 0

1

P

0 0 u 0

_0 pc' 0

'v 0 P 0"

0 V 0 0

b=m~'bm =
0 0 V

1

p

0 0 pc' V

(3.1.13)

(3.1.14)

To control the propagation direction of the wave solutions in equation (3.1.12), an

orthogonal coordinate transformation is introduced

^ = ̂,j:+^y (3.1.15)

with constants - cos 0, = sin 0.

29



Solving equation (3.1.15) for x and y and differentiating gives

rai

a; dx

_d a

Substituting equation (3.1.16) in equation (3.1.12) gives

dO -dU -dU

with the transfonned primitive Jacobians P,Q given by

/ = M +lc^

Q=k^-k,B
Note that ̂  and /» are related through equations (3.1.13) such that

P = k^M'^AM +k^-^BM

(3.1.16)

(3.1.17)

(3.1.18)

(3.1.19)

MPM~^ = k^A +kfi=p (3.1.20)
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Similarly for Q,

MQM~^ = k^-k^B=Q (3.1.21)
As aconsequence of equation (4.1.19),/ andF have the same eigenvalues, namely,

X,, = X2 = A:,m +^v,X3 = X,j + c,X.4 = X,j-c (3.1.22)

Using the corresponding right eigenvectors of P as column vectors, a matrix T is formed

(3.1.23)
1 0

0

0  -ik,

0  0

r=

p P

2c 2c

kx

2 2

K ki

2 ~2
pc pc

2 2

which along with its inverse T~^

r"' =

1  0

0  k,

0  fc,

0  -ky -kj

0  -p
-ik, 0

^2 —
pc

J_
pc J

(3.1.24)

gives the similarity transformation which diagonalizes P
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r'PT=A=

A,, 0 0 0"

0  A, 0 0

0  0 A, 0

0  0 0 A,4

(3.1.25)

It is important to note that any one linear combination of the Jacobians P, Q can be

diagonalized, but not both simultaneously. Pre-multiplying equation (4.1.17) by r~' and

recognizing from equation (3.1.25) that T~^P = AT"' allows equation (4.1.17) to be

rewritten as

r'^+Ar-'^+r-'Q^=odt 9^ dn

(3.1.26)

Equation (3.1.26), unlike its one-dimensional analog in equation (2.1.16), does not

decouple into a set of ordinary differential equations acting along characteristic paths.

Instead, information propagates into time along a characteristic surface defined by

coupled partial derivatives along what is referred to as the characteristic coniod. The

inability to decouple is due to the similarity matrices T and 7^' to diagonalize both

primitive Jacobians simultaneously.

Equation (3.1.26) is recast in terms of the conservation variable U using equations

(3.1.7) through (3.1.9) as

A"' ̂  -I- AN-' ̂  -I- T'QM-' ̂  = 0
dt 9C 9n

(3.1.27)
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Substituting for Q from equation (3.1.21) into the third term of equation (3.1.27) and

pre-multiplying by iVS gives

,ac/ ,8c/ , 8c/ (3.1.28)iVSiV"'^+iVSAA/"' ^ = 0
8r 8^ 8r|

with S a diagonal matrix to be defined. Note that the coefficient from the second term

can be written as NSAN~^ = NSN'^NAN'^ which when substituted into equation (3.1.27)

gives

,8c/ , ,8c/ , 8c/ (3.1.29)NSN'' ̂+NSN-' NAN~^ ̂ +NSN'^Q^ = Q
dt 8C 8n

Substituting equation (3.1.20) into equation (3.1.25) gives

NAN~^=P (3.1.30)

which when substituted into the second term of equation (3.1.29) gives

dU ?U ^ (3.1.31)

Z defined by

Z=NSN-' (3.1.32)

The original partial differential equation, being acted upon by a matrix operator Z, is

reproduced despite the fact that the second Jacobian is not diagonalized.

3.2 NUMERICAL ANALYSIS

The fluid continuum is discretized as a finite number of triangular sub-domains

with fluid properties stored at each vertex. The connectivity between the sub-domains is
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maintained in a table indexed by cell number referencing the three node numbers in each

cell. This table is referred to as a Nodal Connectivity Map (NCM) with an example

given in Figure 9.

The numerical analysis begins by integrating equation (3.1.1) over each triangular

sub-domain

(3.2.1)

Applying the Mean Value Theorem to the first term and Gauss's Theorem to the second

term, equation (3.2.1) is rewritten in the form of a temporal residual as

(3.2.2)

where F = (F, G),« is a surface normal on the bounded surface S and V is the area of the

triangle.

dS

6
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Equation (3.2.2) applied to each of the three piece-wise segments of the surface with

equation (3.2.2) is written as

5f 3 _ (3.2.3)
5U^ = --lF(U)-ndS

V I ml

where AU„u is defined at the geometric centroid of the cell. To evaluate F(U) in

equation (3.2.3) along each of the three surfaces, a linear distribution of the conservative

variables U is assumed, namely,

(Ui + U,) , , (3.2.4)U,=--^-^ + OiAx\Ay')

U; and C/* are nodal values of U along edge e. Having a cell residual calculated,

conservation requires that the total cell residual W„u be distributed to the three nodes

such that

W„u = 5f/, + + 5C/3 (3.2.5)

Each node in the global system potentially receives a residual contribution from each cell

for which that node is conunon. The total residual for each node is therefore the

cumulative sum of all contributions fi-om all cells that have that node in common. The

remaining task is to find the function that will generate the nodal distribution within each

cell as described in equation (3.2.5).
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To construct a distribution function analogous to the one-dimensional model, the

splitting operator Z (equation (3.1.32)), which approximately decomposes the Euler equa

tions into individual waves, is applied to the discrete form of the conservative residual

(equation (3.2.2)) and appears in the form

+Z(*2)8£/„»+Z(t,)W„„ = 5£/,cell (3.2.6)

The unit vector in equation (3.2.6) substitutes for the general unit vector k defining the

Z matrix and is defined by the three vectors originating at the geometric centroid of each

cell extending to each of the three vertices.

Equation (3.2.6) requires that

Z$,)+Z(k^ +Z(k,) = I (3.2.7)
The Z is defined in terms of a similarity transformation matrix, its inverse, and a yet

undefined diagonal matrix S. Therefore the only degrees of freedom available to satisfy

the system of equations in (3.2.7) is in the definition of the diagonal matrix 5. Carrying

out the matrix multiplies in equation (3.2.7) and equating to the identity matrix provides a
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system of eight linear equations which must be simultaneously satisfied. Defining 50> as

the /"■ diagonal of the /* node, the following equations are given as the general solution
to Equations (3.2.7).

3  (3.2.8)
SSl''=l

(3.2.9)

j-i

(3.2.10)

1S^^+S^^ = 2
j'i

(3.2.11)

= 0
(3.2.12)

y-i
2 "-jr 2

(3.2.13)

j-i 2.

(3.2.14)

Combining equations (3.2.12) through (3.2.14) gives
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,)_ (3.2.15)
15^=1
j-i

Equation (3.2.12) gives the constraint

S«'+S<" ,,, (3-2-16)
2  -5j" = 0,j= 1,2,3

Combining equations (3.2.9), (3.2.10) and (3.2.16) leaves

=  +5'sina^\; = 1,2,3 (3.2.17)

Sf = 5f-B'sina^',; = 1,2,3 (3.2.18)

where

sina,=rt<'>-itV (3-2.19)/Vjj IVy IVjj IV^

=  (3-2-20)

sma, = kl"k^-k'X'
withB' an arbitrary constant. Therefore, is the angle opposite node j (See Figure 10).

Equations (3.2.8), (3.2.15), (3.2.17), and (3.2.18) represent the genefal solution to Equa

tion (3.2.7). Unfortvmately, the general solution only provides constraints that must be

observed to satisfy equation (3.2.7) and does not uniquely identify the diagonal

components of the S matrix. To identify these components, the one-dimensional equiva

lent of this scheme (Section 2.1) is examined for analogies that can be used in the
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multidimensional case. Of immediate note is that in one dimension there are only two

ways information can propagate in the spatial sense. This suggests that the components

of the respective S* or S~ matrices have only positive-valued entries. The implication is

that the residual can only contribute to upwind nodes which follows the domain of

influence principle. This requires that the components of 5 be positive-valued. Note also

from the one-dimensional study that the components of the S matrices are not coupled,

for example, is not a function of such as the case for the multidimensional

splitting operator as presented. A plausible explanation for this is that the one- dimen

sional equations fiilly decouple whereas the multidimensional equations only approxi

mately decouple.

The requirement that the components of 5 be positive-valued presents a dilemma

when forced to con^ly with equation (3.2.7). Following the one dimensional model, the

/'* diagonal element of matrix S is related by some function of the /'* eigenvalue of the

matrix P or zero if the corresponding eigenvalue is negative. Examination of equations

(3.2.8), (3.2.15), (3.2.17), and (3.2.18) would imply would have to be zero. This con

dition reduces the splitting operator to a scalar operation where the residual distributed to

each node is simply a scalar multiple of the residual for the cell. This distribution is

feasible for supersonic flow, but does not work for subsonic flow under the requirement

that the diagonal entries of S be positive valued. Therefore the distribution function,

while being the obvious extension of the one-dimensional function, is not an acceptable

general upwind distribution function in this form.
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The inability of the fore-mentioned two-dimensional distribution function to pro

vide a physical distribution of the cell residual is attributed to the failure of the transfor

mation matrices to simultaneously diagonalize both Jacobians as is possible for the

one-dimensional case. This distribution function is documented in this study as the most

natural extension of the one dimensional distribution function. However, it has been

found that it does not provide proper upwinding features for general two-dimensional

flow problems, but altemate distribution functions are found which apply the same basic

principles based on the similarity matrices and how been found to work well in two-

dimensional problems.

To define an upwind distribution function, a cell residual is calculated using the

flnite volume concept as previously defined in Equation (3.2.3). The cell residual is split

in the direction of the streamline, resulting in 5i7 = 0 if the flow is supersonic, a BU and

a BU~ if the flow is subsonic. For each regime, there are two possible cases to consider

based on the orientation of the cell nodes with respect to an imaginary line constmcted

through the cell centroid normal to the stream-wise direction. This line subdivides the

cell continuum into an area which is influenced by right moving waves or left moving

waves. The distribution proceeds based on the position of the nodes with respect to this

line. The diagonal components of 5 are determined by first calculating the eigenvalues in

the direction of the split and then applying Equation (2.1.25).

For supersonic flow, if the cell is oriented such that one node is downstream of the

influence hne, the downstream node gets all of the residual for the cell.
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2  \

dU, = dU„M

1 nfIuenoe LIne

If two nodes are downstream of the influence line, then the cell residual is shared

between the two downstream nodes, being split in the direction of the vector between the

nodes using the splitting operator in Equation (3.1.32).

= dU, » dU,

dU

dU

©dU

1nfluence Llne

For both cases since 6U~ is zero, the downstream nodes receive no contribution of the

cell residual. Therefore for supersonic flow, zero or one application of the splitting oper

ator is required.
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For the subsonic case, splitting the cell residual in the direction of the influence line

will result in a non-zero W* and bU~. For the case where one node is downstream of the

cell centroid, the downstream node receives 6C/'^. The 5f/~ is shared between the two

upstream nodes being split in the direction of the vector between the nodes.

dU dU, = dU'

dU = dUj ♦ dUj
dU

©
dU

dU. 3

1nfIuence L1ne

For the case where two nodes are downstream of the influence line, the upstream node

receives W* with the downstream nodes sharing W~ being split in the direction of the

vector between the two nodes.

3  dU3

^ dU, » dU,dU

©dU

dU

©
dU

1 nf luence Line
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Thus subsonic flow requires two applications of the splitting operation.

For flows containing shocks, a small amount of fomth order artificial dissipation is

necessary to damp large transients and non-linear convective instabilities. The artificial

dissipation model used is derived from Mavriplis [26] with a simplification made to

reduce floating point operations. A Laplacian stencil is approximated by

(3.2.22)
dq,=

kml

where the k index represents the neighbors of node i. A biharmonic operator is then

formed by repeating the above step

^  .J, dqk-dqi (3.2.23)
=  I —-—to,

*-i V

where Ej is an empirical constant and 7 is the average area of the cells either side of the

line segment formed by the i and j node pair. The scaling factor to, in Equation (3.2.23)

is given by

o>« =1"e • ii I+cJ 1 (3.2.24)

with local velocity and sound speed averaged between the ik node pair. The dissipation

residual BU'i is then subtracted from the flux residual at each node after the distribution

function is applied. The range of coefficient £2 used in the two-dimensional examples

ranged from 0.0 for some flows with no shocks, to 3.0/256.0 for flows with strong shocks

or other complexities.

43



3.3 BOUNDARY CONDITIONS

Development of bovmdary conditions is based on a concept where eigenvalues are

restricted to one direction with derivatives in the other direction being represented as

source terms. The restriction is due to the inability to fully diagonalize the Euler Equa

tions. In all cases, the ̂  direction is chosen to be aligned with an outward normal to the

boimdary at the boimdary nodes. Success of this technique depends on correct

information transported to the boundary nodes from the interior and vice versa. As in the

one-dimensional case, the emphasis is to develop boundary conditions primarily for

steady flows, though much of the analysis is applicable to unsteady flows as well.

For supersonic outflow normal to the boundary, all eigenvalues are outgoing with

information propagating to the boundary node from the interior, therefore, no additional

information need be applied to the boundary. Similarly for supersonic inflow, all eigen

values are negative-valued with all information propagating into the interior from the

boundary, therefore, all information must be specified at the boundary node. For

supersonic cases, the interior scheme coupled with boundary conditions are complete and

are consistent with the characteristic theory. Subsonic boundary nodes, however, contain

eigenvalues with mixed signs and therefore have pieces of information which must be

supplied from the interior as well as from some external constraints.

For subsonic outflow, the eigenvalues A,, = A, = + A^v, X, = A,, + c are greater

than zero with A,4 = A,, - c less than zero. The negative eigenvalue represents information
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which enters from the boundary and therefore must be supplied extemally, classically, the

specification of static pressure, As in the one-dimensional case, a first order approx

imate form of the compatibility equations is used in the analysis with

r~'5t/ = 5R

The inappropriate information is removed from the equation by pre-multiplying equation

(3.3.1) by 5^ where = (1,1,1,0), effectively removing the last equation from the

system. Replacing the lost equation with 5p = 5p* = - p" results in the non-singular

system of linear equations given by

1 0 0 -
ĉ

0  ̂2 ~ 0

pc

10  0 0

Solution of this system gives

f5pl 5R,

hu 6/?2

hv
•  «

hR,

.5p, 5R,

hp = hp*

8p = 5/?,+%
c

(3.3.2)

(3.3.3)

(3.3.4)

hu = htR~k~ + ki hRj-—
I  pc

(3.3.5)
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f  ̂ (3-3.6)5v=d6/?3-^J-M^2

The primitive variables p,M,v,p are updated with total intemal energy calculated from

£=ip(M' + v') +1  , , . p (3.3
Y

.7)
-1

Subsonic inflow also has mixed eigenvalues with A,, 2, and Xj less than zero with X,4

greater than zero. Thus, there are three pieces of information incoming and one outgoing

requiring that three addition equations be provided. Typically, these constraints are the

specification of two total conditions and flow angle. To eliminate the unwanted equa

tions, equation (3.3.1) is multiplied by S*, with St = (0,0,0,1) leaving only

-k,bu - k2bv +— = &R4
'  ̂ pc '

To solve the system, as for the one-dimensional case the steady form of the energy

equation is used in the form

Sp+pm5m-i-pv5v =0 (3.3.9)

along with the specification of the flow angle of the form

t • 5^ =0 (3.3.10)

where ? is a unit vector tangent to the surface, Sq with components (5m, 5v). This linear

system is written in matrix notation as
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1  PM pv '5p 0

1  - A:,pc - k^pc < 5m • SS * pc5/?4

1

o

5v 0

Solving equation (3.3.11) for 5m and 5v gives

-ctiBRi
5m =

5v =

(m + kic)t2 - (v + ̂c)r,

ct^SR^

(m + kiC')t2 - (v + k2C)ti

(3.3.11)

(3.3.12)

(3.3.13)

After updating u and v in time, static pressure and temperature are calculated using

(3.3.14)
Y

P=P, 1-
Y-1(m' + vO
2

-l

T = T.
Y-1(m^ + v^)
2

l-
(3.3.15)

For characteristically based slip wall boundary conditions, the process is similar to

that for the subsonic outflow. By taking ̂  normal to the wall, X,, A, are zero by requiring

that flow normal to the wall be zero, or equivalently,

T| • M* = 0 (3.3.16)

This implies from the compatibility equations that the first two equations propagate

information normal to the t plane. The third equation of the compatibility equation is
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kept since its corresponding eigenvalue is always outgoing. The fourth equation is be

discarded since its corresponding eigenvalue is incoming representing information propa

gating from outside the boundary. This process can be automated by multiplying

equation (3.3.1) by S\St = (1,1,1,0). Replacing the discarded equation by the

differential form of equation (3.3.16) gives

1 (3.3.17)
1 0 0 -^

c

0 ^2

0  k,

0  Tl,

0

K —
pc

0

f5pl 5«,

5m 5^2

5v
* S «

5^3

0

Solving the linear system of equation (3.3.17) gives

5m =r\y5R2

bv=-Ti^2

5p = pc(5/?3 - kydu - kydv)

5p = 5R,+%
c

(3.3.18)

(3.3.19)

(3.3.20)

(3.3.21)

^4 ORGANIZATION OF THE COMPUTATION

The following examples are designed to demonstrate the theoretical concepts of the
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interior scheme and boundary conditions. As with any numerical scheme, however, there

are mechanical processes which occur outside the theory of the scheme which makes the

computations possible. The section begins with a brief explanation of the tools created to

generate the examples for this effort. Afterward, a detailed description of each of the test

cases are given, preceded by a statement defining the goals each test case is directed to

address. Definition of the geometry and initial conditions for each example are given in

some detail. Comparisons are made between the current study, known exact solutions

where possible, and niunerical computations produced by a well established flow solver.

The use of unstructured grids for fluid dynamics is a relatively new practice in the

aerospace industry with few tools available to the researcher. The flow solver is designed

internally to store arbitrarily configured unstractured grids, however, for early exper

imentation of the flow solver for simple geometries, this generality may not be needed.

Instead, grids were generated using existing structured grid programs [26] and then

processed into a node file containing node coordinates indexed by node number, and a

cell file consisting of three node numbers indexed by cell number. This process similar

to that of Jameson [13], results in a regular grid composed of triangulated cells with node

numbers on the boundaries either contiguously numbered, or containing a constant skip

factor, reducing the work of specifying boundary conditions. Boundary conditions are

generated and edited by an extemal program which requests a boundary condition type,

followed by the node numbers involved in the boundary condition, which can be individ

ually specified, or specified alternately by a start/stop/increment indexing scheme useful

for grids originating from structured grids. The flow solver reads the description of the
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boundary condition, allocates memory for the storage of the boundary condition data, and

checks the continuity of the nodes to make sine each subsequent node in the boundary

condition specification shares a cell face with the previous node. To observe the node

numbers needed in specifying boundary conditions and to visualize the results of the flow

solver, a CAD style program is written which optionally displays node and cell numbers,

intemal and external cell faces, and solid and line contours of the most common static

and total properties. A future version will contain a preprocessing boundary condition

module for visual specification of boundary conditions, replacing the earlier simplistic

program. Because of the generality of the unstractured grid technique with the seemingly

random distribution of node numbers along boundary faces, the automation of boundary

condition specification is necessary for large scale practical use of the method. The use

of graphics workstations or personal computers is indicated for this function.

There are many techniques available for generating trae unstructured grids in the

literature. The technique used in the present study for airfoils is to generate an "O" mesh

about each airfoil using regular quadrilaterals. Any vertices which fall into the volume of

an airfoil are removed and the remaining vertices connected using Delaunay triangula-

tions[26]. A Laplacian operator is applied over the mesh to further remove any skewness

in the grid. This process allows a large local gradient in grid density to accommodate

large changes in grid density over a small distance. This effect is easily seen in the airfoil

test cases presented. Points are heavily clustered near the foil surfaces, in particular, at

the leading and trailing edges accounting for several hundred points around the surfaces.
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The farfield boundary, however, only contains 128 points around the entire circumfer

ence which is over a hundred chord lengths away. This stretching requires a large varia

tion in cell area as the surface is approached from the farfield.

The stmcture of the flow solver, written in the portable ANSI C computer language,

is quite simple by design, but allows a great deal of flexibility in the application of the

interior scheme and boundary conditions. From the command line, the program option

ally accepts the names of the node file, cell file, boundary condition file, and restart file,

each of which have default names if not specified. The program first reads through the

node file to ascertain the number of nodes, dynamically allocates the memory needed to

store the nodes, then loads the node data into memory. The program then performs the

similar function for the cell data after which a table is built (called a Cell Connectivity

Map) defining neighboring cells which share common faces with the cells, or alternately,

read off of disk from a previous run since this task can be time consuming the first time

performed. If an initial condition or restart file exists, the data is read from that file for

each node, the memory having been allocated at the time the nodes were defined. If the

initial condition file does not exist, a routine is called which creates user defined impul

sive start values at each node . With data in memory, the program starts its computation

cycle for a maximum number of time steps, during which the program generates data on

convergence, mass flow rates (input as a pseudo boundary condition), and Cp. On termi

nation, the program generates a new restart file for plotting of data and as initial condi

tions for the next start of the program.
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3.4.1 SUBSONIC DIVERGING CHANNEL

The first example is a simple source flow through a diverging channel with exit to

entrance area ration of 2:1. This example is chosen because it has a simple exact solution

and exhibits large defects in entrance and exit static conditions if the computations has

even small losses in total conditions. The grid for this test case (Figiure 11) is formed by

taking a 31 by 47 stractuied grid (Figure 12), removing every other grid point in the theta

direction, and constructing an regular triangular mesh consisting of 775 nodes. The sides

of the channel extend to meet at the origin with entrance radius of 8.0 and exit radius of

16.0 representing a 0.3 radian slice. Initial conditions are impulsive flow at Mach Num

ber of 0.2 with flow angle at each node defined by the position vector from each node to

the origin. The boundary conditions are specified upstream total pressure, total

temperature, and flow angle, slip wall boimdary conditions on the sides of the channel,

with specified static pressure specified at the exit. Results of this test case are shown in

Figures 13 and 14, with contour plots of Mach number and static pressure. Comparison

with the exact solution, and the industry standard PARC code [5] are shown in Figures

15,16, and 17 with plots of static pressure, Mach Number, and total pressure, respec

tively, along the bottom wall. The PARC code is run to convergence with second order

dissipation set to zero and fourth order dissipation set to default values. No artificial

dissipation is necessary for the present method with results reproducing the exact solution

to plottable accuracy. Note that the present computations exhibits no losses in total quan

tities and thus produces an accurate solution. The PARC code indicates a significant
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error in static properties as well as an oscillatory nature in total temperature and pressure

at the boundaries. This demonstrates not only the viability of the scheme, but also the

accuracy for this class of problems.

,1.4.2 SUPERSONIC FLOW PAST A CYLINDER

The second example is Mach 5.0 freestream flow over a circular cylinder. This

example is chosen because the shock detachment distance is sensitive to losses in total

pressure across the shock. The strength of the shock is great enough that many CFD

codes require large amounts of second order dissipation near the shock to maintain stabil

ity. Since the present work requires no second order dissipation for stability and only

small amounts of fourth order dissipation, this test case demonstrates the increased

acctiracy for mixed regime flows. Since no exact solution is known for this problem, the

present work is compared with the PARC code with the detachment distance compared to

experimental data in reference [28]. The grid size for the quadrilateral grid (Figure 18)

used with the PARC code is 91x91 resulting in 8281 nodes. To generate a triangular grid

of approximately the same number of nodes, a structmed quadrilateral grid is generated

of dimension 161x101 resulting in 8231 nodes for the triangular grid (Figure 19 ). Fig

ures 20 and 21 are contoiu: plots of static pressure for the PARC code and present work,

respectively. The plots indicate that while the PARC code generates a sharper shock,

there is odd-even decoupling in the upstream supersonic region. The present computa

tion requires fourth order dissipation ( E4=8/256) to maintain stability because of the

strong shock in front of the cylinder followed by stagnation and rapid expansion.
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However, the shock is non-oscillatory and the computed solution is smoother than that

obtained by the PARC code. Figures 22 and 23 are contour plots of the sonic line for the

PARC code and present work, respectively. A comparison plot of Mach Number along

the center-line is given in Figure 24 between the PARC code and present work. These

results show the shock smearing of the present effort and the oscillations of the PARC

code approaching the shock, substantiating the results of the contour plots. Note how

ever, that both codes correctly positioned the Mach 1.0 location as given in reference

[28].

TRANSONIC FLOW OVER A NACA-0012 AIRFOIL

The third example is a NACA-0012 airfoil in a uniform flow of Mach = 0.8 at 1.25

degrees angle of attack. The grid is a general unstructured system generated with the use

of Delaunay triangulation [26] and containing 2048 cells and 1088 nodes (Figure 25).

Example 4 is also a NACA-0012 airfoil with the same run conditions as the previous

example, but with a finer grid of 4088 nodes and 2010 cells (Figure 26). These plots

indicate a higher concentration of nodes on the fine grid (228 points) as compared to the

coarse grid (84 points). Figures 27 and 28 are contours of constant static pressure for the

coarse and fine grid solutions, respectively. The shock on the top and bottom surface is

sharper for the fine grid solution. Figure 29a is a comparison plot of Pressure Coefficient

(Cp) for the coarse grid solution and Reference 26. Figure 29b is a comparison plot of

Pressure Coefficient for the fine grid solution and Reference 26. Note that the coarse

solution nominally predicts the correct levels of Cp, but does not capture the shock loca-
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tion as well as the fine grid solution due to the lack of surface grid resolution. However,

the coarse grid solution of the present scheme predicted nearly as good as Mavriplis [26]

who uses the fine mesh in his test case. In the transonic case, the present scheme requires

minimal fourth order dissipation (e4=.8/256) and no second order artificial dissipation.

This test case demonstrates the better solution quality obtainable by the present scheme

for transonic flows with unstructured grids.

3.4.4 FLOW OVER AN AIRFOIL WITH FLAP

The fifth example is a Karman-Trefftz dual airfoil with the main airfoil at 0° inci

dence and the flap at 10® incidence. The geometry of the airfoils originates from a con-

formal mapping and has an incompressible exact potential flow solution [27]. To

compare these results with the present scheme, the freestream Mach Number is set to

0.125 which should result in a compressibility error of less than one percent, according to

the Prandt-Glauert rule. The unstructured grid used for this example is shown in Figure

30. This grid is constructed by taking two separate "O" grids for the airfoil and the flap,

merging the two sets of points, and applying Delaunay triangulation. This produces a

truly unstructured grid not only at the interface between the two grids but also near the

trailing edge of the main airfoil and the leading edge of the flap. The grid has a large

variation in the size of the triangles. The ratio of the smallest to largest areas of triangles

is about 1 to 10'. Thus this example provides an excellent test case for the present

unstructured grid flow solver.
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Contours of constant static pressure and Mach Number are shown in Figures 31 and

32, respectively. These contours indicate a smooth solution with the leading edge stagna

tion point of the main foil well below the centerline, and a large suction along the upper

leading edge. A close-up vector plot of the trailing edge of the main airfoil and leading

edge of the flap are shown in Figure 33 and indicate the tangency condition at the sur

faces as well as the acceleration of the flow between the two airfoils. A comparison plot

of Cp with the exact solution is shown in Figure 34 and indicates good overall agreement.

This test case demonstrates the accuracy of the solution obtained by the current scheme

for a complex grid.

3.4.5 FLOW OVER A FOUR FLAP AIRFOIL

This test case is flow over an airfoil with a leading edge flap and two trailing edge

flaps in a landing configuration at a Mach Number of 0.125 with the incidence angle at

zero degrees. The geometry for the following test case (Figure 35) does not represent a

real aircraft. Its original authors' intent was to experiment with different grid generation

concepts. Its inclusion in this study is to demonstrate the flexibility of the flow code in

solving problems with complex grids and boundary conditions. This example represents

a more severe test than the previous for an unstructured grid algorithm with an area ratio

of about 1 to 10'" between the smallest and largest triangles. This grid resolution is not

practical with a stractured grid system and illustrates the capability of unstmctured grids

to have locally large grid point distributions.
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Figure 36 is a contour plot of constant Mach Number for the four flap airfoil. These

contours indicate a smooth solution with large gradients on the upper and lower leading

edge of the main airfoil. Various close-up velocity vector plots are shown in Figures

37-39 with the vectors colored according to Mach Number. These plots illustrate how

the combination of the leading and trailing edge flaps move the stagnation point down the

leading edge of the main foil effectively increasing the angle of attack and thus the lift.
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4.0 rONCLIJSIONS AND FUTURE WORK

The method of Qiaracteristically Distributed Residual (CDR) as applied to the

quasi one-dimensional Euler equations results in a numerical scheme that reproduces near

exact steady state solutions. The high accuracy of the scheme is attributed to the exact

decoupling of the Euler equations, predicating a matrix operator which splits a conserva

tively calculated temporal residual into upwind and downwind spatial components.

Appropriate application of the classical compatibility equations coupled with residuals

contributed from the interior scheme is shown to provide accurate, consistent, and well-

posed boundary conditions for steady state in the supersonic and subsonic flow regimes.

Examples are provided that exercise examples from the subsonic and supersonic regimes

with excellent con^arison to theory.

Simple extension of the quasi one-dimensional algorithm to two dimensions is not

trivial. The inability of the transformation Jacobians to simultaneously diagonalize

results in inability of the analogous distribution function to provide a physically meaning

ful upwind scheme. As a result, an altemate distribution function is presented which is

intuitively upwind based on the Domain of Influence Principle. While exhibiting many

of the same properties as the one-dimensional scheme, the two-dimensional algorithm

requires that fourth order artificial dissipation be added for stability. Weak shocks are

captmed well, but strong shocks tend to smear over several cells. This is credited to the

inaccurate treatment of the waves not propagated in the direction of the streamline which
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control the position of the shock. However, static properties at the shock do not exhibit

oscillations and smears the shock over the equivalent number of cells as the structured

flow solver.

The use of unstructured grids is shown to be an excellent method to use in the solu

tion of the Euler equations. The modeling of complex geometries as well as the ease in

specification of boundary conditions are saUent features of this philosophy. However, for

the method to compete with impUcit flow solvers for computational efficiency, some

form of acceleration is needed such that the time step is not restricted to the smallest cell

in the field. There are many methods available for this. The simplest is to use local time

stepping where each cell uses its own maximum allowable time step. However, for this

technique to work well, residual smoothing is required due to the artificially large varia

tion of residual possible in the field due to large area variation. This process distributes

locally large variations in temporal residual to its neighboring nodes, thus aiding stability

and over-coming the time step constraint. Enthalpy dampening often accompanies this

technique which makes the steady state assumption that total enthalpy is locally constant.

This technique tends to damp the temporal residual, and like residual smoothing, intro

duces no error in the steady state. Another method to accelerate time convergence is the

use of implicit solution algorithms. With this technique, the residuals are simultaneously

solved for in the flow field, thus requiring the solution of a large linear system of equa

tions. An improvement to this is the concept of a "locally implicit" scheme [29,30]

which implicitly solves for the solution using only immediate neighbors for the implicit

solution. This technique has the appeal that only a small number of equations are
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required to be solved while retaining unconditional stability. However, there is no

obvious technique for extending the current solution algorithm such that it has an implicit

form. The discontinuous nature of the algorithm would suggest that a multi-gridding

technique would be appropriate, and indeed, has already been explored in the literature

[26].

As was true in going from the one-dimensional case to the two-dimensional case,

extending to three dimensions from two-dimensions is not trivial. Consider an influence

plane passing through the centroid of a tetrahedral cell and normal to the flow direction.

As in the two-dimensional case, nodes downstream of this influence plane would receive

the contribution of bU* and the nodes upstream of this plane would receive 5(7", if it

existed. If two nodes are upstream with two nodes downstream, then each corresponding

upwind and downwind residual would be split between each respective node pair. Simi

larly, if one node is downstream of the influence plane and the flow is supersonic, then

that node receives the entire residual. However, if three nodes are to one side of the

influence plane, there is no obvious way to treat the distribution between the three nodes.

There are many approaches which might solve this problem, such as weighting the nodes

based on orthogonal distance to the influence plane, or as a series of one or more two-

dimensional distributions, and many others. The author hopes that the work presented in

this study motivates others to continue research on this topic.
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Figure 12. Structured grid for PARC code for divergent channel
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Figure 18. Structured grid for PARC for flow around cylinder
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