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The subject of this paper is the theory of linear

inequalities and linear programming. It aims, through use of
theory of the duals, to set some formal connections between
linear inequalities and linear progranmming problems, as well
as to lay theoretical foundations for certain practical
algorithms having been used to solve a general linear program.

In particular, this paper will attempt to present, at
the end, the simplex algorithm invented by Dantzig, and the
primal-dual algorithm developed later by Dantzig, Ford, and
Fulkerson in terms of the general theory, and the duality
theory of linear programs. Once the problems of foundation are
uncovered, certain features of both algorithms will be
presented, from which we could evaluate which one would be

more advantegeous than the other.
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CHAPTER 1

INTRODUCTION

Since linear inequalities are part of a linear program,
this paper will develop chapters for linear inequalities and
linear programs separately in such a way that properties
established for linear inequalities will be used to derive
properties of linear programs. Moreover, duality will be
developed for linear inequalities and linear programs in
additional chapters to indicate how the concept of the duals
are used to reduce a linear programming problem to a linear
inequality problem, as well as to develop different
algorithms.

The presentation of the paper is divided into four
chapters presented primarily in matrix notation. Chapter II
begins with some basic definitions related to the systems of
linear inequalities, emphasizing on the geometric ideas
accompanying their solution sets. The theory of faces will be
discussed and employed to prove Minkowski's theorem [6] in
that a nice structure of the solution set is presented.
Finally, the resolution theorem will be covered to give more
structural ideas about the solution sets.

In chapter III, the dual systems of linear inequalities
will be discussed. Basic definitions, constructive lemmas are

developed in details to make way for Farcas' theorem (6]




whereby a structure for a "dual" solution set is presented.

Finally, the separation theorem will be examined to give more
geometric insight into a pair of special solution sets.

As the foregoing chapters focus on the system of linear
inequalities, the last two chapters will be devoted to linear
programming problems, benifiting at hand the consequences
developed for the system of inequalities as a useful knowledge
for the system of linear constraints in a linear program.
Chapter IV is mainly concerned with general linear programs.
Extreme points and extreme directions will be presented as
main concepts from which a feasible solution and an optimal
solution of a linear program will be respectively
characterized. The simplex method will be discussed next,
based on general ideas of Theorem 4.8. And finally, the
tableau simplex algorithm will be formulated, using ideas
elaborated in Theorem 4.10, to fecilitate computations.

For the last chapter, chapter V, the dual linear
programs will be discussed. Many concepts and formal
properties are mentioned; especially, the duality theorem and
the existence theorem will be illustrated and utilized to
establish Theorem 5.6 in which the concept of complimentary
slackness is presented. This concept will be used as a main
source to improve the two-phase simplex algorithm, also
presented in this chapter, into the primal-dual algorithm,
which will be discussed in great detail for the remainder of

the chapter.




LINEAR INEQUALITIES

We will begin the chapter by giving some basic
definitions related to linear inequalities, and then develop
Minkowski's Theorem via using the theory of faces. Finally,
the resolution theorem will be disscussed. The main references
of this chapter are Gale [3], Goldman [5], and Goldman and
Tucker ([6].

Unless otherwise specified, E, will denote the
Euclidean n-dimensional real space. Using 't' for matrix

transpose, we first state a definition.

DEFINITION 2.1. A function L : E, -~ E,, defined by
LX) = CX, (2.1)
where
X=[x%X .. %], and C = [c, ¢, .. o]7 (fixed in E)),

is called a Linear Function.

DEFINITION 2.2. Let b, in E, (i = 1,2,..,m). If there
exists some vector X in E, such that

L; (X) < by, i=1,2, . .,m, (2.2)

where L;'s are linear functions, then we say that (2.2) is a

Consistent System of Linear Inequalities. Otherwise, we say

that it is an Inconsistent System of Linear Inequalities.




A consistent or inconsistent system of linear

inequalities will be called a System of Linear Inequalities,

and hence the form (2.2) can be named regardless of its

consistency.

DEFINITION 2.3. The set defined by
(x| L;y(X) <b;, i =1,2, . .,m} (2.3)
will be called the Solution Set the system (2.2).
Clearly, (2.3) is nonempty if and only if the system
(2.2) is consistent.
By letting
B=[b b .. bl
and
A= l[ay]l, J=1,2,. .,1,
where
i ax = LiX), 1 =1,2,..,m,
we put the system of linear inequalities (2.3) in a matrix
form:
AX < B. (2.4)
When B is a vector of zeros, the system will be called

Homogeneous. Otherwise, it will be called Nonhamogeneous.

Before going further into part of the theory related to
dual linear inequalities, we develop some geometric concepts
and properties related to general linear inequalities. We

first recognize geometric ideas, associated with the solution



set of a system of linear inequalities, in the following
definitions, noticing the fact that these geometric ideas will

motivate the use of language.

DEFINITION 2.4. Given a vector [a;]” in E,, and a
number b in E,. Then, the set
{clajl7] c = 0}
will be called a Half Line, and the set
{x]7 € By| Ligwmayx = b}
will be called a Hyperplane.

A hyperplane geometrically divides E, into two Half

Spaces, formally defined by the sets
(15)7 € B Dusma < b},
and
{Ix]" € Ey| Ligamayx 2 b}.

The intersection of finitely many halfspaces will be
called a Polyhedral Convex Set, which is, in fact, the
solution set of the system (2.4). The solution set of a
homogeneous system of linear inequalities will be called a
Polyhedral Convex Cone. We also call a polyhedral convex set
Vacuous when the system (2.2) is not consistent, and call a
polyhedral convex cone Trivial when the homogeneous system has

the unique solution, a vector of zeros.

From now on, unless differently stated, A will denote

an mxn real matrix, and A, j =1,2,..,n, will denote a Column



Vector of A, except for this chapter, where it means a row
vector, i.e., a one-column matrix whose entries are identified
with those in the corresponding row of A. Also, I will denote
an identity matrix, O will denote a matrix of 0's, 1 will
denote a .one-column matrix of 1's, and e, will denote a one-
column matrix of 0's except for 1 at the i-th position, having
the matrix sizes determined by the context. As a matter of
convenience, we sometimes write x; or (X); for the j-component
of a vector X, a;; or (A);; for the ij-component of a matrix A,

and (x,,%X,,..,%X,) for [x, x .. x]".

The following definition will be used to construct
Lemma 2.1, and Theorem 2.1, from which Minkowski's Theorem [6]

is derived.

DEFINITION 2.5. Let A* be defined by
A*x = {X| AX < 0O}, (2.5)
and
HcI-={1,2,..m}.
Then, a Face of A*, corresponding to H, is defined by
Fy;= {X|] A,X < 0 for each h in H} N L,
where
I, = {X| A’X = 0 for each h € I/H}.
The Dimension of a face F, is the dimension of L, i.e.,
dy=n - 1y

where r; is the maximal number of linearly independent vectors

6




in the set {A,| h € I/H}.
If A is of rank n, then d, = 0 and F, becomes the unique

zero-dimensional face, called the Vertex of A*, and the
resulting one-dimensional faces will be called the Edges of
Ax*,

If G is a proper subset of H such that both F, and Fg
are both nonempty, then F; is called a Boundary Face of Fy. The
union of all boundary face of Fy will be called the Boundary

of Fy.

EXAMPLE 2.1. Consider A* with

-1 1]
A:

1 -2

Find all of its faces and edges.

SOLUTION. Geometrically, A* can be easily pictured in
E,. The nonvacuous faces are
Fo = {(x,3%)] % <x} 0 {(&x,%)] 2% > x} (d, = 2),
F, = {(x,%)]| % <x } N {x,%)]| 2% = x)} (4, = 1),
= {(x,%) > 0| 2x, = X}
F, = {(x,%)] % =% } N {&,x)| 2% > x} (@ = 1),
= {(x,%,) >0] x = %}
x )N {x%) ]| 2% = x) (d, = 0),
= {0}.

The edges of A* are F,, F,, which can also have the forms:

3
|

e = {(XIIXZ)I X

F, = {tX,| t > 0}, where X, = (1,1/2);
7



F,= {tX| t > 0}, where X, = (1,1).

LEMMA 2.1. For each vector X, in a face F, that has
dimension d; > d, + 1, we have
X=X + X,
where X,, X, are in some boundary faces (of F;) of dimension >

d, but < dy.

PROOF. let I, be a linear space of dimension dy. Then,
F, ¢ L, and there exists a vector X' in L, such that X' is not
in the linear subspace L generated by X, and F, (since d; > 4,
+ 1). Thus, X, and X' span a 2-dimensional subspace L, of L

that consists of vectors X of the form:

X = tX, + sX'. (2.7)
Consider
M, = L, N A*,
Then,
X is in M,
if and only if
AX = t(AX,) + s(A7X') < 0 for each h. (2.8)

Note that for each h ¢ H, the form (2.7) satisfies the
form (2.8). This implies that
X e M,
if and oflly if
AX = t(AX,) + s(AX') < 0 for each h in H.

Since




dy >d, + 1 >d,

we have
H=+* o.

To determine s and t, we consider the graphs of the

equations
t (&%) + s(AX') =0, h € H,
in the (s,t) plane, which are the straight lines going through
the origin with the slopes
£, = - X pem.

T

AL X,

Note that
AX, < 0 for each h in H.

So, (2.8) can be reduced to the form
t > fis. (2.9)
It can be seen that the set of all straight lines must
have at least two elements. Hence, by letting f,., f,. be the
maximal and the minimal slopes, corresponding to some h', and
h" in H, we can define

£

S =
! fhl_ fh//,

L
fh/ - fh//,

and

1 fh//
fh/ - fhlll 2 fh/ - h//'

Thus, we obtain



X, = t,X, + 5, X, X, = t,X, + 5,X/,

so that

Moreover, (2.9) can be reduced to
fh’ 2 fh 2 fh”l VXl,XZ.

Now, X, satisfies (2.9), and hence (2.8), as as an
equation for h = h', and as a strict inequalitiy for h = h",
while X, does the same thing respectively for h = h", and h =
h'. And thus, each of X, and X, satisfies (2.8) as a strict
inequality for some, but not all, h in H.

Since X,, and X, are in I, they satisfy (2.8) as an
equation for each h ¢ H. Hence, each of X, and X, must lie in

a boundary face of Fy that has dimension > d,. #

EXAMPLE 2.2. Illustrate Lemma 2.1, using Example

2.1, with a particular vextor X, = (3/2,1).

SOLUTION. We may optionally choose X' = (-1,1). Then,
£, = A=1.1) (-1,1) _,
- 3 '
( 1,1)(2,1)
fz — (11—2) (_111) - 6,
(1,-2) (2,1)

10



It follows that

3,3 1 1
X =tX +sX' ==2(2,1) - —(-1,1) = (1,=),
; 2 X, . 5(2 ) lO( ) ( 2)
2,3 1 1 1
X, = X, +5,X = £(=2,1) + —(-1,1) = (=,=),
1 177e 1 5(2 ) 10( ) (2 2)
and
11 1 3
X + X, = =, = + 1, = = =,1 = X
1 5 (2 2) ( 2) (2 ) 0

It should be noted that the face F, can be identified

with the null space of A. Since the null space of A and its

dimension are unique, so are F, and d,. Now, suppose that there

exists a face F,; of dimension < d,. Then, we have
F, = {X| A,’X < 0, Vhe H n {X|] A’X = 0, V h ¢ H},
and
dimension of F, = dimension of {X| A/X = 0, V h ¢ H}
> dimesion of {X| A’X = 0, YV h € I} = d,.
Therefore,

d, > d,,

which is impossible. It follows that there exists no face of

dimension < d4d,.

11



DEFINITION 2.6. The set A*, defined in Definition 2.5,

has the following properties, which are called Nonnegative
Linear:

for k » 0, and X € A*, kX € A¥*, (2.10)

for X,, X, € A*, X, + X, € A%, (2.11)
These properties are equivalent to the following one:
For k,, k, = 0, X, X; € A%, kX, + kX, € A%,

whereby the sum kX, + k)X, is called a Nonnegative Linear
Cambination of X, and X,, which can be defined more
extensively for any finite number of vectors.

A set C ¢ E will be called a Convex Cone if it is
nonnegative linear. A set C ¢ E,, containing a set B, will be
called a Convex Cone Hull of B, if each element of C can be
express as a nonnegative linear combination of elements in B.
When this is the case, we also say that B Spans C, and write
B/ = C. In the same context, if each element of C can be
written as a Finite Convex Cambination of elements in B, i.e.,

for each X in C,

n n

X = Eijj, where k; » 0, B; € B, Ekj =1,
j=1 j=1

then C will be called a Convex Hull of B. And when the context

is clear, we also say that B Spans C.

Clearly, if B spans C, then C is the smallest convex
cone or the smallest convex set that contains B. In addition,
if B is finite, then C is a polyhedral convex cone or a

12



bounded convex polyhedron defined later in Definition 2.8. In
particular, Let B = {B,,B,,..,B,} be a finite set of vectors in
E,. Then,

B = {YigeVsBs] v 2 0, § =1,2,..,n}. (2.12)
Identifying B as a matrix whose columns are By's, (2.12) can
be expressed in the form:

B’ = {BV| V > 0}.
Moreover, B is a convex hull of half lines
{v;B;| vy = 0}, J =1,2,..,n,
generated by B;'s in B.

On the other hand, identify A with {A,,A,,..,A,}, where
AL,A,,.., and A, are the row vectors of A. Then, we can put A*
in an equivalent form:

A* = {X| A’X< 0, B,X < 0,.., A/X < O}.

This new characterization of A* can be generalized into the

following definition for an arbitrary subset S of E,.

DEFINITION 2.7. (Polar) Let S ¢ E,. Then, the set
(X € B,| XY < 0 for all Y in 8}
is called the Polar of S, and denoted by S*. Also, S** will be

denoted for (S*)*.

It is in preceding general senses that an mxn matrix M
will have the following properties:
M = M, (2.13)

Mx** = Mk, (2.14)

13




((M)*)¢= (M) * = (M) *. (2.15)

THEOREM 2.1. A* is either exactly the (unique) d,-

face, or the convex hull of the d,-face, and the (d,+1) -faces.

PROOF. As mentioned in the statement preceding
Definition 2.6, A* has no face of dimension < d,. SO, suppose
that A* has more than one d,-face. Then, for the vectors in
the (d,+1)-faces, they must automatically lie in the convex
hull of these faces. As for any vector X in a face of
dimension > (d,+1), we can use Lemma 2.1 repeatedly to have X
as a finite sum of vectors each lying in a face of dimension
d+1, i.e.,

X=X+X + .. + X.
Hence,

X = (1/m) (mX,) + (1/m) (mX,) + .. + (1/m) (mX;) .

Since each mX;, 1 = 1,2, ..,m, is in the same (d,+1) -face
where X; lies, X is also in the convex hull C of these (d,+1)-
faces. Note that A* is a disjoint union of all the faces.
Hence, A* c C. In addition, since A* is convex (and certainly

contains the faces of dimension d,+1), it must contain C. H

Before giving corollaries which are direct results of
Theorem 2.1, it should be noted that F, = L,, and thus it is

a linear subspace of E,.

14



COROLLARY 1.1. The intersection of finitely many half
spaces is either a linear subspace of dimension d, or the
convex hull of finitely many half subspaces of dimension d,+1.
(Here, Dimension of a Half Space is defined to be the
dimension of the linear space that it spans. And when B = O
(related to Definition 2.3), the name Half Subspace will be

used for half space.)

COROLLARY 1.2. If the rank of A is n, then A* is
either {0} or the convex hull of {0} and the edges of A*.

We next present a theorem that gives a characterization

for a convex polyhedral cone.

THEOREM 2.2. (Minkowski's Theorem) For each
polyhedral convex cone A*, there exists a finite set B =

{B,,B,, ..,By} of vectors in E, such that A* = B‘.

PROOF. we need to construct a set B that spans A*.
Using Theorem 2.1, it suffices to construct B as a union of
finite sets which spans the face F, and each of the (d,+1)-
faces, one by one.

If 4, = 0, then take S, = {0} as a spanning set of F,.
Otherwise, with d, > 0, take {B,,B,,..,Bq}, d = d,, equal to a

basis of F,. Then, for each X in F,, we can write

15




Thus, for each i, set

W = max {c;,0} 2 O,
and
v; = max {-c;,0}.2 0
Then,
d, d,
x=Yus, ¥ viE

This implies that

s, = {B}%, Ui-B)%,

%]

is a spanning set of F,.
We next consider an arbitrary (d,+1)-face Fy.
write
Fy = Gy N Ly,
where
O: = {X| A,X < 0 for each h in H},
L, = {X| A’X = 0 for each h in I/H}.

Then,

It can be seen that I, is a (d,+1)-dimensional linear space

that contains F,. So, let By, € Fy ¢ L, then B, € L,/F,.

Furthermore, for each vector X in F;, we can write

X = X, + cB; for some X, in F,.
Multiplying both sides by A, for some h in H, we have
AX = AX, + CAYBy,

16



AX > 0, A7X, = 0, and A'B; > 0.

Hence,
and
is a spanning set for F,. B

EXAMPLE 2.3 Consider the polyhedral convex cone A%,

where
A =

-1 1
1 -2

Then, construct B such that A* = B‘.

SOLUTION. As shown in Example 2.1, d, = 0. Hence, take
s, = {(0,0)} as a spanning set of F,. Next, we consider the
(d,+1) -faces, which were obtained in the previous example:
F, = {(x,%)] % = 2%} = O, n Ly,

where

O = {(x,%)] % > X},

L, = {(x,%)] % = 2%}.
Note that I, is a one-dimensional space and contains F, =
{(0,0)}. So, we can optionally pick B, = {(2,1) }. Similarly,
we pick B, = {(1,1)}, associated with F,. As a result, we have

B = {(0,0),(2,1),(1,1)}, and A* = B‘.

17



EXAMPLE 2.4. To illustrate Theorem 2.2, with the case

d, > 0, we consider the polyhedral convex cone A*, where

Then,

F, = { (x,%) | x = X},
which is a one-dimensional space, and d, = 1. Therefore, we
can optionally take
B, = (1,1), and B, = (-1,-1)
to form a spanning set for F,. Note that

F, = {(x,%)] xx >x} n {x,x)]| x

X} =e, & = 0,
F, = {(x,%)] % < %} n {x,%)] ¥ =%} =¢, & =0,
Fo = {(x,%)| %, < % and x > X} N E,= o, d, = 0.
Hence, there is no face other than F,. Consequently, we have
B={(1,1),(-1,-1)}, and A*x = B’.

Besides, to display a situation with more than one

face, we may consider A*, where

!

Then,

Hence, we can take

18




(1,1), (-1,-1) from L,, and (2,1) from F,

to have

B = {(lll)l (_11-1)1 (211)}1 and A* = B-.

EXAMPLE 2.5. Consider

-3 -2 6
-1 1 -1
A = .
1 -2 -2
1 -8 4

Then, construct B such that B = A*.

SOLUTION. Note that since d, = 0, only one-dimensional
faces are used to compute the spanning vectors. Optionally, we
pick

(4,1,1) € F,, (4,3,-1) € Fy,
(20,9,13) € F,;, (4,9,5) € Fy.
Hence, we obtain

B = {(41111)/(4/31-1)1(2019113)r (41915)}/ and A* = B’.

The above theorem immediately implies the following

corollary.

CORO11ARY 2.2.1. The intersection of finitely many

half spaces is a convex hull of finitely many half lines.

The next purpose i1s to see how the solution set of a
nonhomogeneous system of linear inequalities can be broken

19




down and expressed in terms of a solution set of an
homogeneous system of linear inequalities. As this is done, we
have a constructive way to characterize all solutions of a
nonhomogeneous system by means of a finite number of vectors,
which are also the solutions of the system and called the
Fundamental Set of Solutions. For this purpose, we first need
a lemma that associates a polyhedral convex set S in E, to a

polyhedral convex cone in which S is embedded.

LEMMA 2.2. The rule
S={X| &X <B} - Cu, = {(X,t)| AX - Bt <0, t > 0}
is inclusion-preserving, well-defined, one-to-one, and maps
any nonvacuous polyhedral convex set S to a polyhedral convex
cone that lies in the half space {(X,t) € E.,| t = 0} and
meets the hyperplane {(X,t) € E,;| t = 1} . (Hence, it defines
a correspondence GC,,,(S) between the collection of all
nonvacuous polyhedral convex sets S ¢ E, and its range
consisting of polyhedral convex cones C,., < E,,, so that we

can also write S(C,.,) as the inverse map of C,.,(S).)

PROOF. a) Let
s = {X| &X < B}
be a nonvacuous subset of
T = {X| XX < D},
and

X' = (X,t) € {(X,£)] AX - Bt < O, t = 0}.

20



t, > 0,

then
X,/t, € S e T,
so that
X, € {(X,£)] XX - Dt <0, t > 0}.
If
t, = 0,
then

X, € {X| AX < O}.
Fix X, € S ¢ T. Then,
AX, < B, and AX, < O.
It follows that
AX, + aBX, = A(X; + aX;) < B,
and hence
X, + X, € Sc T for any a« 2 0.
Therefore,
X, + aCX, < D. (2.16)
Suppose that CX, ¢ O. Then, By denoting the i-th
component of a vector V by (V);, we have
(CX,); > 0 for some 1,
so that
a(CX,); > (D); - (CX;); for some a > O.
But this contradicts (2.16). It follows that
X, < 0,
so that

21



X, € {X| <X < 0}.

Therefore,

(X,,0) € {(X,£)] CX - Dt < O, t > O}.

\%

This implies that
{(X,£)| &X - Bt <0, t > 0} = {(X,£)] X -Dt <O, t 2 0},
and hence the rule is inclusion-preserving.
b) To show that the rule is well-defined, suppose that
S = T. Then, from (a), it immediately follows that
((X,t)| BX - Bt <O, t > 0} ¢ {(X,t£)] XX - Dt <0, t > 0},
so that the rule is well-defined.
c) To show that it is one-to-one, first notice that
s = {X| (X,1) € Cu..}. (2.17)
Suppose that S, T are mapped to G,.,, and D,., respectively,
such that C.,, = D..,. Then, by (2.17), we have that
s = {X| (X,1) € G} = {X| (X,1) € Dy} = T.
Therefore, the rule is one-to-one.
d) To prove the remaining part, suppose that S # o.
Then, there exists a vector X, in S such that AX, < B, i.e.,
AX, - B.1 < O.
It follows that
(X%,1) € Chns
and hence, C,., lies in the half space t > 0 and meets the half

plane t = 1. N

It should be noted that the inverse map S(C,,;) of Lemma

2.2 will map any polyhedral convex cone D, that lies in the

22



half space t > 0, and meets the hyperplane t = 1, to a

nonvacuous polyhedral convex set. To see this, write

D., = {(X,£)] AX - Bt < O, t > 0},
and note that since D,,, meets the hyperplane t = 1, there
exists (X,,1) € D.., such that AX, < B. This implies X, € S,

DEFINITION 2.8. Let P = {P,,P,,..,P,} be the set of
vectors in E,. Then, a set

n n
pa =={§: u;P;t u; 2 0, }: u; = 1}
= =

will be called a Bounded Convex Polyhedron.
Identifying P as a matrix whose columns are P;'s, we

can put the above expression in an equivalent form:

n
pA ={pUl U> o,z u; = 1}.
71

Clearly, P* is presisely a convex hull of a finite
number of vectors, namely P,,P,,..,P,. Moreover, it can be used

to construct the following theorem.

THEOREM 2.3. (Resolution Theorem) For each
nonvacuous polyhedral convex set S = {X| AX < B}, there exists

a bounded convex polyhedron
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n
pA ={py! U > o,E u; = 1},
7-1

and a polyhedral convex cone
o¢ =f{ovi vz o
such that
S = pA o+ 0f.

Conversely, each nonvacuous set of the form P* + ¢ is

a polyhedral convex set.

PROOF. By Lemma 2.2, there exists a polyhedral convex
cone C..,(S) in the half space t > 0. So, by Corollary 2.2.1,
there exists a finite set of vectors in E,,,, which spans
C.,(S). This set can be written as the disjoint union of two
sets:

{(P,,t)), (Py,t), .., (P, t,) }, where t;'s > 0O,
and
{(Q,,0),(Q,0),..,(Q,0)}.

Furthermore, since C,,(S) is a cone, we may assume t;'s
= 1 without loss of generality. Note that since C,,,(S) meets
the hyperplane t = 1, we have p > 0. Besides, when q = 0, we
set (Q,,0) = (0,0). From

s = {X| (X,1) € G (S)},

it follows that
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b q D
s={y uP; +3 v0;, u; 20, v; 20, Y u; = 1k
i=1 7=1 et

That is,
S = P+ ¢,
where
P=[P,P,,..,P], and Q = [Q,Q,..,Q].
Conversely, beginning with a nonvacuous set of the form
S = P+ ¢,

we first notice that

Then,
S = {X] (X,1) € D, (S)}.
This implies that
S = S(D,4) -
It follows from Lemma 2.2 that

Dn+1 = le (S) ’

so that
Q= {X] (X,0) € D, (8)}
= {X| (X,0) € G.(S)}
= {X| aX < o}.
Therefore,
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P+ @ = {X| (X,1) € Du.(S)},
where D.,, lies in the half space t = 1. By Lemma 2.2,
S(Dn.) = {X| (X,1) € Dy}

is a nonvacuous polyhedral convex set. W

EXAMPLE 2.6. Consider the set S = {X| AX < E},

where

-3 -2 -6
-1 1 1
A= , B = .
1 -2 2
1 -8 -4

Then, construct the polyhedral convex cone GC,.,(S) in Lemma

2.2, and illustrate Theorem 2.3.

SOLUTION. We first write

-3 -2 6],
X -1 1
ax - gt =@al-Ef | =| |  ln/s0 tz0.
1 -g alt

Then, from Example 2.5, we have
B ={(4,1,1), (4,3,-1),(20,9,13), (4,9,5) },
and
BY = A*.
Therefore,
C..(8) =B n {(r,s,t) in E| t > 0}.
Clearly, this is a polyhedral convex cone, and hence
there must exist some set B, such that
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BoZ = Cn+1(s) .

Geometrically, B, contains vectors of B except for (4,3,-1),

whose last component < 0. Its remaining vectors, which in fact

can be formally computed, are (1,1,0), and (2,1,0), so that

Bo = {(4/111) ' (2019113) ’ (419/5) ’ (11110) ' <2Illo)}’

To illustrate Theorem 2.3, we first note that

20 4
4 13 5 1 2
C... (8) ={u|1|+uy| 9 |+uy| 9|+vyl|+vy 1|t U,V 2 O
1 13 5 0 0
1 1

if and only if

It follows that

20] [4
4 13 5, 2
S—{ull+u2i+u32. U2 O,iz:;ul—l}+{v1
13 5
Therefore, S = P + ¢,

where

4 1
tX 2 1)

4 9

5 5
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DUAL LINEAR INEQUALITIES

This chapter aims to derive some basic theorems which
will be used to develop main theorems for the dual linear
programs in the next chapter. The main references of this

chapter are Tucker [12], Goldman [5], and Goldman and Tucker
[6].

DEFINITION 3.1. Let A, C be (given) mxn marices, and
U, X be (unknown) mxl, nxl1 matrices. Then, each of the
following pairs of systems of linear inequalities is called a
pair of Dual Systems:
AU >0, and AX = 0, X > O;
CU=>0, U>0, and -&X 2 0, X 2 O.

Each pair of dual systems will possess solutions which
will be stated in Theorem 3.2, and Theorem 3.3. To derive

these theorems we first need the following lemma.

LEMMA 3.1. The dual systems
AU >0, and AX =0, X 2 O (3.1)
possess solutions U and X such that

AU+ x >0. (3.2)
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Proof. We proceed by induction on n, the number of
columns in A. The initial case n = 1 is trivial: First, we can
take U = A. Then, if A, = 0, take

x, = 1. (3.3)

Otherwise, take
x, = 0. (3.4)
It follows, in both cases, that (3.1) and (3.2) are satisfied.
Now, assume that the lemma is true for a matrix A of n

columns, and proceed to prove it for a matrix

A=[AA,] =1[4 4, ..A4,.].
Applying the lemma to A, we get U, and X, that satisfy (3.1)
and (3.2). If A,,,"U, > 0, take
U=0, and X = [X,” 0] . (3.5)
Then, clearly, U and X satisfy (3.1) and (3.2). This extends

the lemma to the matrix A.

If A,,'U, < 0, apply the lemma to the matrix B, defined

by
B= [B, B, .. BJ = [A+AAL A+bAL .. A+AALT, (3.6)
where
A; = -AU, / AL, 20, J =1,2,..,0. (3.7)
Note that
BjU = (A;- ATJTU A.,,)TU =AU~ AjU=0.
AU
It follows that
BU = 0. (3.8)



Using the lemma again, it yields V, and Y, such that
BV, >0, BY, =0, Y, 2 0, and B,'V, + y;, > 0. (3. 9)

Take
Y = (Yo, Y1c5nhsY5) - (3.10)
Since
Yy > 0, and ¥, 5mhiys 2 0,
we have
Y > O,
and

AY = [A A,)Y = FigmaBYs = LigaPYs + PaalicgahsYs
= Yi5aBY5 + Licien (A3Ban) Vs = Lician (B + A3Rna) Y5
= [A+AA,, By+hAL, .. A+AA L)Y, = BY, = O.
Now, define
W=V + uU, (3.11)
where
po= - (BaV)/(ALT0) . (3.12)
Then,
Ao W= ALV o+ pALU = ALV - (ALV/ALTUIALTU = 0.
Since
BW = (A + AR, )W = AW + AR LW = AW,
we have
AW = BW.
Also,
BU

0.
We thus have

AW =BV + uB'U = BV > 0.
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with (3.9), this implies that

AW+yYy, =BV+y >0.
Hence, with W and Y from (3.11) and (3.10), we extend the
lemma to the matrix A = [A A,,)}. The induction on n is fully

established and the lemma holds for all n. @

EXAMPLE 3.1. Find the solutions U and X for (3.1) such

that
AU + X > 0 (likewise for A))

for each of the following cases:

-3 -3 -2

-1 _ -1 2
a) A= / b) =

1 1 -2

1 1 -8

SOLUTION. For (a), since A # O, using (3.4), we can
take
U=AandX =0.
For (b), we first set
A=[a 2] = [AA].
Using part (a) for A, we obtain
U= (-3,-1, 1, 1), and thus A,’U = -5 < 0.
we next compute
A, = 12/5 (by (3.7)),
and
B = (-39/5, 7/5, -19/5, -9/5) (by (3.6)).
Now, using (3.4) for B, we have
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V, =B, and Y, = O.

Hence, by (3.10), Y = (0,0). By (3.12), and (3.11), we have
U = 851/25, and W = 1/25(-2748,—816,756,396).

As a result,

U=W, aadX =Y

are desired solutions.

THEOREM 3.2. The dual systems
AU >0, and A&X =0, X 2O
possess solutions U and X such that
AU + X > 0.

PROOF . For each j = 1,2,..,n,

corresponding solutions U, X3 such that

(3.17)

(3.18)

there exists

AU >0, AX¥ =0, ¥ 20, Ay/U + X5 > O.

By taking
U= lejanjl and X = lejsn)cjl

we have

AU = Yi50AT 2 0, and AX = J5.AX

It follows that

(3.19)

= 0.

AU+ % = A7 (Ligeanl) + LioeanXy = Lickan (AU + X)),

and

AjTUk+ij>_O ( since AT¥ > O and Xk > O.)

Hence, we obtain
AU+ x5 2 AU + Xy > 0.
This immediately implies that
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ATU + X >0. B

The next two examples are given to illustrate

preceding theorem.

EXAMPLE 3.2. Let

-3 -2
-1 1
A= ,
1 -2
1 -8

find solutions U and X for (3.17) that satisfy (3.18).

SOLUTION. From Example 3.1, we have
U = 1/25(-2748,-816,756,396), and X* = (0,0).
To find U?, X?, let
-2 -3
1 -1

-2 1l
-8 1

Then, by using (3.4), we can take
U= [-21-28]", and X = O.

Since

[-3 -1 11]U=-5<0,

we obtain, via (3.7),

A, = 73/5, and B = 1/5(229,-68,63,33).

Using (3.4) for B, we have
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By (3.12), (3.11),
u = 523/25, and W = 1/25(99,183,-731,-4019) .

Therefore,
U2 = W, an.d X2 =Y.

By (3.19), we compute
U = 1/25(-2649,-633,25,-3623), and X = O.

COROLLARY 3.2.1. Let U, X' be be solutions of of
Theorem 3.2. Then, the (new) dual systems
[I A]'U > O, and [I A]JX =0, X 2O,
possess solutions U* and [0 X]” such that
[I A]"U" + X* > O, provided that U > 0.

PROOF. From Theorem 3.2, we have
[T A]U" > O,
[T A)J[OX7]" = I0 + AX* - AX" = O,

and
OX"]">0. B
EXAMPLE 3.3. To illustrate corollary 3.2.1, let

2 21 1 12

2 - 20 0 0 2 -

A= , = ’ = ’ = ’ = .

a) 1 b) A 11 c) E 1 d E 11 e) C=A
1 12 2 21

In each case, find solutions U* and X" such that
AU+ X, > 0 (likewise for A, E;, E)) (CU" + X >0).
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SOLUTION. a) Since A *# O, we can take
U = A, and X' = 0.
b) Let A = [A A,)] = [AA)]. From part (a),
U =24, and hence A,/U = 5 > 0.
It follows from (3.5) that
X =[X0]"=0, and U = U.
c) Since E # O, we can take
U = E, and X’ = O.
d) Let E = [E, E,] = [E E,]. From part (c),
U = E, and hence E,U =5 > 0.
From (3.5),
X=[X0]" =0, and U = U.
e) From (b) and (c), we obtain
U =A, X*=0, I? =E, ¥ =0.
It follows from (3.19) that
U =U+W=[32223]", and X =X + X* = 0.

THEOREM 3.3. The dual systems
U>0, CU>0and -CY 20, Y>>0 (3.20)
possess solutions U', and Y such that

U -CY >0and CU + Y > 0. (3.21)

PROOF. ILet A = [I C). Then, by Theorem 3.2, there
exist solutions U*, and X' for (3.17) such that AU" + X' > O.

Write

35



X = [W Y], and X* = [W™ Y7]".

Then,
[ICIU >0, [TCIW" Y] =0, [W'Y"]" 2>0. (3.22)
Moreover,
[T CIU + W Y"]" >0,
and thus

U+ W >0, and CU" + Y > O. (3.23)

It follows that
0 < IU =IU =1U, and cuU > 0. (3.24)

Note that, from (3.22),
W = -CY. (3.25)
Therefore, from (3.24), (3.25), (3.22), (3.23), we have
U220 CU >20and -CY =W 20, Y 20,

such that
U -CY >0, CU +Y > 0.

EXAMPLE 3.4. Find solutions U*, and Y* for (3.20), and

(3.21), where

=k NN
N PO B

SOLUTION. Write A = [I C]. Then, from Example 3.3 (e),
and corollary 3.2.1, there exist solutions

U'=[3223]", andX =0
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for (3.17) such that

AU + X' > 0.

So, we can find

W=0,and Y =0

such that
[T ClIU + W™ Y']" >0,
and thus
U +W >0, and CU + ¥ > O. (3.26)
From (3.17),

[I C][W™ Y']" = O, so that W = -CY".
Hence, by (3.26),
U -Crf >0and CU" + ¥ > O.

In computation, we have

3] [2 1 3
2 20[0}_2
ol T2 1fo) 2| 7 @
3 12 3

and

DEFINITION 3.2. lLet K be a skew matrix, i.e., K = -K.

Then, the following system
KW >0, and W >0 (3.27)

is called a Self Dual System.
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S

THEOREM 3.4. The self dual system, defined above, has

a solution W' such that
KW + W > O. (3.28)

PROOF. Let C = K. Then,

C"=K=-K = -C.
And hence, we have the dual system
CU >0, U220, and -CY > O, Y > O. (3.29)

By Theorem 3.3, there exist solutions U’, and Y* such that
U -CY >0and CU + Y > O. (3.30)
It follows that
U >0, KU >0, K >0, Y > 0,
U + KYY >0, and CU + ¥ > O.

Therefore,

K(U" + YY) 20, U +Y >0, K(U +Y) + (U +Y) > 0.
It follows that
W=U+7Y

igs a desired solution. N

EXAMPLE 3.5. Let

find a solution W that satisfies (3.28).
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SOLUTION. First, we need to find solutions U*, and Y~

for (3.29), and (3.30), where

0 -1

Since C, = [0 1], we take

Ul = Cll Xl = O.

Then,
Cc,’U, = 0.
It follows from (3.5) that
W®=U, X =[X,"0]"=0
Therefore,

U =0 +10=[-11]", and X* = [0 O]

are desired solutions for (3.29), and (3.30). It follows that

W =U +X= [-11]
is a solution for (3.27), and (3.28).

The following corollary will be used in chapter IV to
prove important theorems.

COROLLARY 3.4.1. Let

o A -B
K=-|-AaT 0 (|,
BT -CT O

where A, B, C are mxn, mxl, nxl matrices, respectively, and
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O's are square matrices whose sizes agree with other matrices

in the block matrix. Then, K is clearly a skew symmetric

matrix, and the self dual system (3.27) will have a solution

[U X, t.]7 such that
Bt, > AX,,
AT, > Ct,,
CX, > B,
CX, + £, > B'Uy,
U, + Bt, > AX,,
AU, + X, > Ct,,

.31)
.32)
.33)
.34)
.35)
.36)

where U,, and X, are mxl, nxl matrices, respectively, and t,

is a scalar.

PROOF. By applying Theorem 3.4, the self dual system

posseses a solution W' such that KW' + W > O. Write
(U7 X7 t] = W,

Then,
OU,+AX,-Bt,

- |-AaTUr0x,+Cty| = KW® > O.
BU,-C"X,+0¢t,

This proves (3.31)-(3.33). Moreover,

OU,+AX,-Bt, U,
- |-FATU,vOX,+Cty| + |X| > ©
B"U,-C"X,+0¢t, Lo

|
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is equivalent to

B'U,-C"X,| [t,
- | AX,-Bt, | +|Uy| > o,
-ATU+CE| | %o

which proves (3.34)-(3.36). B

EXAMPLE 3.6. In each of the following matrices:

01 -1 1 0 -1 -11 O
a) A=|-10 -1|, b) A=10 -1 -1|, ¢) A =|-1 0 -1},
11 0 1 1 0 01 1

find solutions U, and X such that (3.2) holds true. Use these
results to compute U°, X° for (3.17) and (3.18), where A 1is

defined as in (a).

SOLUTION. a) Let A = [A, A, AJ]. Since A, * O, we can

take
U, =4, and X, = O.
Then,
AU =1 > 0.
So by (3.7),

U, =U and X, = [X, 0] .
Next, compute
AU, =1 > 0.
So, we can take, by (3.7),
U, =0, and X; = [X,” O] .
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Hence,
U(=U) =4, and X (= X;) = O.
b) Since A, * O, we take
U, = A, and X, = O.

Then,

AU, =1 2 0.
So, by (3.5), take

U, =0, and X, = [X, 0]".

Since

AU, = -1 < 0,

by (3.9), (3.8),

>
)
|

= _AlTU2/_A3TU2 2 2 O ’

lz = —A2TU2/—'A3TU2 = l 2 O,

A
|

= A + AMA, = [-1 -2 1]7,
B, = A, + AR, = [-1 -2 1] .
Now, repeat the process for B = [B, B,]. Since B, #
we can take
V, = B, and ¥, = O.

Since

by (3.5), we obtain
V, =V, and Y, = [Y,7 O]".
By (3.10), we compute
u = -AV/-AU, = 3,
U=~A + AA, = [-1 -2 1]7,
X = [Y 0] = 0.
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c) Similar to previous parts, we first obtain
A, = -AU/-ATU =2 2 0,
B, = A + AR = [1-12]".
So, by repeating the process for B,, we compute:
u = -AV/-A'U, = 3,
U, =V + uU, = [-2 -4 2]7,
X, = [Y 0]" = 0.
AU, = 6 > 0.
Therefore, by (3.5), we can have
U="U, and X = [X,” 0]" = O.
Finally, from (a)-(c), via (3.19),
= [0 -7 7], and X° = O.

EXAMPLE 3.7. (Related to Corollary 3.4.1) Let A = [1],
B = [1], and C = [-1]. Then, compute [U; X, t,]7 that

satisfies (3.31)-(3.36).

SOLUTION. Let

01 -1
K=-1-10 -1}.
11 0O

Then, by Example 3.6, we obtain
W =[0-77]", and X* =0
that satisfy (3.17), (3.18) with A = -K. Following the proof
of Theorem 3.3, with some computation, we find
U=[007]",and X =[110001]"
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that satisfy (3.18) with A = [I -K]. From this, we have

U =

which satisfy (3.20) and (3.21).

Theorem 3.4 that
W =U+Y

is a desired solution that satisfies

Corollary 3.4.1, we can take

[O]I Xo=
that satisfy (3.31)-(3.36):

UO =

Bto=8 2

AU, = 0

v

v

CX, = 0
CX, + t, =
Uo+ Bto=

o o o

AU, + X =

Also, it can be checked that
KW > O,

LEMMA 3.2. Let A,

respectively. suppose that for

Then, there exists an n-vector

PROOF .

[-A, Al"U > 0 and [-A, A] [x, X']" =

[007]7, and Y¥" =

[001],

It follows from the proof of

= [0 08 ]

(3.28) . Therefore, from

A, be mxn, mxl matrices,
each U with AU > O, A,’U > 0.

X, 2 O such that A, = AX,.

Consider the dual systems

0, [x X117 > 0. (3.37)

Then, by Lemma 3.1, there exist vectors U and [X, X"]™ such

that
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-A,U + %X, > 0. (3.38)

Furthermore, from (3.37), we also have
-A,U> 0, AU > 0, -A%X + A =0, X, 20, X2 0. (3.39)
Therefore, by the hypothesis,
-A,U > 0 (since AU > 0).
It follows from (3.39) that
X, > AU 2 0.
Let
X, = XX,
Then, by (3.39),
-AX, + A(XX,) = O,

COROLLARY 3.2.1. Let A, Y be mxn and nxl matrices,
respectively. Suppose that for each vector X with AX < O, YX
< 0. Then,

Y = DicianWiBs,
for some u,'s > 0. Here, A;'s denote row vectors of A.

PROOF. Let
B = -A", and B, = -Y.
Then, B is an nxm matrix and -B" = A. Therefore, by
hypothesis, B'X » O implies that ByX > 0. By Lemma 3.2, there
exists an m-vector U = [u uw, .. )" such that B, = BU. It

follows that
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-Y = (-A")TU,

Y = AU = leismuiAi‘ n

We next state and prove a theorem that characterizes

polar of a polyhedral convex cone in terms of convex cone
hull.

THEOREM 3.4. (Farcas' Theorem) For each mxn matrix A,

A = (AT)“.

PROOF. let Y € A"™. Then, by Definition 3.3,

YX < 0 for each X € A’.

So, by Lemma 3.2, we have

Y = Yigawd for u's 2 0.
It follows from (2.12) that

Y € (A")“.
For the reverse inclusion, let Y € A’. Suppose

Y = Y. awhA for ui's > 0.
Then, for each X € A™,

AX < O,

AX<0fori=1,2,..,m

Since

Y'X = (leismuiAiT)X = leismui (A1TX) < O,
it follows that

46




YeA”. 11

Theorem 3.4 implies that
(A = (A9,

noting that

and

THEOREM 3.5. (Weyl's Theorem) For each mxn matrix,
there exists a finite set B of vectors in E, such that

A" = B, and (A)¢ = (B")".

PROOF. That A* = B’ was already covered by Theorem 2.2.
To prove that (A7)‘ = (B")*, we first observe that
(B)" = (B")".
So, By the first part,
AY = (B)".
It follows from Theorem 3.4 that
(A4 = (B)". N

Theorem 3.5 immediately implies the following

corollary, that can be considered as a geometric version of

the theorem.

COROLLARY 3.5.1. The convex hull of finitely many half
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lines is the intersection of finitely many half spaces, and

conversely.

LEMMA 3.3. For each vector X, and each polyhedral
convex cone (A7)‘ = {AV| V 2> 0}, either X € (A")‘ or there
exists a hyperplane Y'X = 0 that separates X, from (A")¢, i.e.,
X, lies in the open half space XY > 0 and (A")‘ lies in the

closed half space X'Y < 0.

PROOF. By Theorem 3.4, we have
()¢ = A” = {X € E,| XY < 0 for all Y € A"}.
Suppose X ¢ (A")‘. Then, X, ¢ A, and hence there exists some
vector Y in A" such that YX, > 0. On the other hand, we have
YX < 0 for all X in (A7)“.

It follows that the hyperplane Y'X separates X, and (A")‘. B

THEOREM 3.6. (Separation Theorem) Let
pP= {PU| U> 0, ViamWs = 1},
and
o = {QV]| Vv > 0}

be a bounded convex polyhedron and a polyhedral convex cone,
respectively. Then, either PnQY # o, or there exists a
hyperplane XY = 0 that separates P* and Q‘, i.e., P* lies in
the open half space XY > 0, and ¢ lies in the closed half

space XY < O.
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PROOF. lLet P = {P,,P,,..,B,}. If p = 1, then, by Lemma

3.3, the desired results will follow. So, assume that p > 1,
and suppose that P'nQ’ = o.

We first prove that for each i = 1,2,..,p,

D; € S; = {-P,-Ps, .., =Py, ~Piy, - -1 P Q1 Q- -, Qg)
Suppose the contrary that

P, = Vi (-B) + Yi5av5Qy, for some w's, vi's 2 O.

Then,
VieiPe + Py = Y5080 for some s;'s.
Let
r.=u/a for k + i, r; = 1/a,
s; = v;/a for each j,
where

a =1+ Yigent
We then have
YilcPe = Lic5enS5Qy,
for some
U's 2 0, Yigek = 1, v5's 2 0.
But this is impossible since P* and Q“ are disjoint. Therefore,
P, ¢ S;.
It follows from Lemma 3.3 that, for each i = 1,2, ..,p,
there exists a vector Y; such that
Y,;"P, > 0 and Y;’X < 0 for each X € S;.
This implies that for each k = 1,2,..,p, and each X € o,
Y,’P; > 0 and Y,;’B, » 0 for k # i, and ¥,;’X < O.
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Y = leispYi'

Then, for each 1 = 1,2,..,p,

Moreover,

YTPi = YiTPi + Zk#iYkTPk > O.
it is clear that

YX = Y..:,%:X for each X € ¢¥.
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CHAPTER IV

LINEAR PROGRAMS

The object of this chapter is to present a linear
programming problem together with its basic properties, and
the simplex method that has been used to solve a linear
program. In particular, extreme points and extreme directions
will be treated as main concepts from which the simplex
algorithm will be derived. The main references of the chapter
are Bazaraa, Sherali and Shetty [1], Cooper and Steinberg [2],

and Noble and Daniel [10].

DEFINITION 4.1. (Linear Program in Inequality Form)
Let A and C be mxn and nxl matrices, respectively. If there
exists a vector X. € E, such that
Inf CX = CX., X, < B, and X =2 O,

then the problem

Minimize CX (4.1)
subject to AX < B, (4.2)
and X 20, (4.3)

will be called an Optimal Linear Program. Otherwise, it will
be called a Nonoptimal Linear Program. A Linear Program will

be meant for either of these programs.

Replacing Minimize by Maximize, or < by > (or =) in any
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inequality of (4.1), or even dropping (4.3), we obtain another
kind of linear program which is, indeed, reducible to the
Standard Form (4.1)-(4.3) above.

Moreover, replacing C, X by

X
X !

S

C
o

’

respectively, and (4.2) by
AX + IX, = B, X, > O,
where X, is an nxl matrix, we have a new standard form, called
a Slack Variable Form, for a linear program.
Now, since

X
AX+IXS=[A11[X},

S

we are prompted to define a linear program in terms of linear

equality constraints.

DEFINITION 4.2. (Linear Program in Equality Form) Let
A and C be defined as in Definition 4.1. If there exists a
vector X. € E, such that
Inf (or Sup) CX = CX.,, X, = B, X, = O,

then the problem

Minimize (or Maximize) CX (4.4)
subject to AX = B, (4.5)
and X > 0, (4.6)

will be called a Minimal (or Maximal) Linear Program.
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Otherwise, it will be called a Nonoptimal Linear Program.
Optimal will be used to mean minimal or maximal, and a Linear

Program will be used for an optimal or nonoptimal one.

As a matter of convenience, "Linear" may be dropped and
"Program" may be replaced by "Problem". Minimal (or Maximal)
is sometimes used for a general linear problem to be
minimized (or maximized) regardless of its optimality.
Moreover, by symmetry, a program may be represented by either
a minimal or a maximal one, and will be assumed to be minimal

for this chapter when the context is clear.

DEFINITION 4.3. (Constraint Set) (4.1) (or (4.4)),
(4.2) (or (4.5)), and (4.3) (or (4.6)) will be respectively
called the Objective Function, the Constraints, and the
Nonnegative Condition. The set of points in E, that satisty
the contraints and the nonnegative condition will be called

the Constraint Set.

DEFINITION 4.4. (Basic and Optimal Feasible Solution)
A vector X, > O in E, is called a Feasible Solution if it
satisfies the constraints of a linear program. A feasible
solution will be respectively called Basic, or Optimal if it
has at most m positive entries, or it is a vector X. defined

by Definition 4.1 or 4.2.
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EXAMPLE 4.1. Consider the problem
Minimize X, - 4x,
Subject to X, - 2X, 2 -4,
X+ X < 3,
X, X =2 0.
Then, illustrate the main concepts given in Definitions

4.1 and 4.2. Guess the optimal point, if any, graphically.

SOLUTION. By rewriting x, - 2X, 2 -4 as -X; + 2%, < 4,

we put the problem in the standard form (4.1)-(4.3):

Minimize X
subject to AX < B,
X > 0,
where
1} -1 2 4] X
C = , A= , B=||, X-=
-4 11 3 X,

By adding slack variables, we put the problem in the

standard form (4.4)-(4.6):

Minimize CX
subject to AX = B,

X > 0,
where

Graphically, the level curves of the objective function
are the straight lines, whose values decrease along the vector
-C = [-1 4]". Therefore, a reasonable guess for the optimal
solution would be the point [2/3 7/3]7, which is the
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1 1
-4 -1 210 4 X5
C = , A = , B = , X = .
0 1101 3 X,
0 X,

intersection of the lines defined by
Xl - 2X2 = _4,
and

X+ X = 3.

The following lemma will be used to prove Lemma 4.2
that gives a connection between (4.2)-(4.3) and (4.5)-(4.6).

we omit the proof since it is simple.

LEMMA 4.1. The constraint set of a linear program

defined by (4.4)-(4.6) 1s a convex set.

DEFINITION 4.5. (Extreme Point) A vector X € S ¢ E, is
called an Extreme Point (Vector) of S if it can not be written

as a convex combination of any two distinct points in S.

Clearly, X is an extreme point of S if and only if it
is not a mean of any two other vectors of S, i.e., if
X =1/2 (X, + X,), where X;, X, € S,
then
X =X or X =X, (and hence X = X = X,.)
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LEMMA 4.2. For each nonvacuous polyhedral convex set
P = {X > 0| X < B}, (4.7)
the set
Q={[X s] > 0| AX + S = B} (4.8)
is a nonvacuous polyhedral convex set that has its extreme

points corresponding to the extreme points of P.

PROOF. First, by writing

we see that Q is the intersection of two polyhedral convex
sets, so that it is also a polyhedral convex set.
Furthermore, it is clear that Q is nonvacuous since P
is nonvacuous. Let X be an extreme point of P. Then, by (4.7),
we have
AX < B.
Hence, there exists a vector S € E, such that
AX + S = B.
This implies that [X® S7]" € Q.
To show that this point is also an extreme point of Q,
let us suppose that
X" 81" = 1/2 ([X" S,7]" + [X7 S;7)17), (4.9)
where
[X,m 8,717, [X;7 8,717 € Q.
Then, we have that X;, X, € P, and
X" S = [1/2[X" X°1 1/21[8,” S,71].
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It follows that
X = 1/2(X, + X)), and S = 1/2(S, + S,) .
Since X is an extreme point of P, we must have
X =X, =X, and hence S = S, = S,.
By (4.9), we have
X" s] = [X;” $,7] = [X™ S)7).
Thus,
[X" §7]" is an extreme point of Q,
so that
[X/2 87/2]" € Q.
Next, let [X" S']" be an extreme point of Q. Then, X €
P. Suppose that
X =1/2(X, + X,), where X, X, € P.
Then, there exist S,, S, € E, such that
[X,” 8,717, [X7 S,7]7€ Q,
and hence
[X™ (S, + S,)7]" € Q.
This implies that
S

S, + S,.
By Lemma 4.1, Q is a convex set. It follows that
1/2([%7 817 + [X7 8717) = [1/2(X+X,)7 1/2(S, + 8;)7]7
= [X" S7]" € Q.
But [X  S']" is an extreme point of Q. Therefore,
X 8] = X" 8,71 = [X7 S,7].
We immediately have

X=X1=X2,
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and hence, X is an extreme point of P. B

The next three theorems are fundamental and useful in
proving many characterization theorems. Their proofs can be
found in Cooper and Steinberg [2], or Bazaraa, Sherali and
Shetty [1]. Also, when not specified, a linear program and its
constraint set will be used in the sense of (4.4)-(4.6). we
also note that a matrix A can be modified into a full rank
one, so that without loss of generality we may assume that A

is of rank m.

THEOREM 4.1. Let
S={XeE| A =Band X 2 O} # o.
Suppose that A, A,,..,A, k < m, are linear independent column
vectors of A such that
XA + XA + ..+ XA = B,
where all x;'s > 0. Then, the vector
Xo = (X4,%5,-+,%,0,0,..,0)

is an extreme point of S.

THEOREM 4.2. A nonvacuous constraint set of a linear

program has at least one extreme point.

THEOREM 4.3. X, is an extreme point of a nonvacuous
constraint set if and only if A can be decomposed into [D NJ,

and X into [X," X,'] such that D is an mxm invertible matrix,
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Matrix D of Theorem 4.3 will be called a Basis Matrix,
and the collection of all of its column vectors will be called

a Basis. This theorem has an immediate result.

COROLLARY 4.3.1. The number of extreme points in the

contraint set of a linear program is finite.

THEOREM 4.4. If a linear programming problem is
optimal, then there exists an extreme point in the contraint

set at which the objective function assumes the optimal value.

PROOF. By symmetry, it suffices to prove only for the
maximal problem. By Corollary 4.3.1, let X,,X,,..,X be all of
the extreme points. From hypothesis, Let X, be an optimal

point which is not an extreme point. Then, we can write
t t
Xy = Y AKX Aks 20, Y Ay = 1.
k=1 k=1
It follows that
t t
CX, = C7Y AX, = Y ACTX.
k=1 k=1

Since for some p = 1,2,..,t,
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we have

But, CX, is the maximal wvalue of the objective
function. We thus have
CX, > CX,.
It follows that
CX, = CX,.
This means that the objective value function assumes its

maximal value at the extreme point X,. B

DEFINITION 4.6. (Extreme Directions) Let S be a
nonvacuous closed convex set in E,. A nonzero vector D in E;
is called a Direction of S if for each X € S,

X + AD € S for all 4 > 0.
Two directions D,, D, are called Distinct if
D, * aD, for any « > O.

A direction is called Extreme if it cannot be written
as a positive linear combination of two distinct directions,
i.e., if

D= AD + A,)D, for Ai,, A, > 0O,
then

D, = aD, for some a > O.

Clearly, a nonzero vector of a polyhedral convex cone
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is a direction, and it becomes extreme if it lies in an edge
of the cone. Moreover, if S is a nonvacuous constraint set,
then it follows from the structure of S that a vector D # o is
a direction of S if and only if
AD = 0, and D > O.

This characterization of a direction is useful in
proving the next theorem that characterizes an extreme
direction. However, as also for Theorem 4.7, we omit the

proof, and direct interested readers to Bazaraa, Sherali and

Shetty [1].

THEOREM 4.5. Let S be a nonvacuous constraint set of
a linear program. A vector E is an extreme direction of S if
and only if A can be decomposed into [D N] such that
DA, < O for some A; of N,

and
E is a positive multiple of [(-D7'A)" 7] .
THEOREM 4.6. ILet S be the nonvacuous constraint set of
a linear program. Let X;,X,, ..,%X be all of the extreme points,

and D,,D,,..,D, be all of the extreme directions of S. Then, X

€ S if and only if it can be written as

where
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and

p; 20 for 3 =1,2,..,r.

We next state and prove a theorem that characterizes

the optimality of a linear program.

THEOREM 4.7. let D,,D,,..,D, be all of the extreme
directions of the nonvacuous constraint set S of a minimal
linear program. Then, this program has a finite optimal
solution if and only if

CDy > 0 for j = 1,2,..,r.

PROOF. From Theorem 4.6, we write the given program in
the following form:
Minimize

k r
CT(Y AsX; + le K;D;)

Jj=1

Subject to
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and

p; 20 for j =1,2,..,r.

If C'D; < 0 for some j, then the objective function can
be made arbitrarily small by choosing pu; large. This shows
that a necessary and sufficient condition for a finite optimal
solution is that l

CDy » 0 for j = 1,2,..,r.

Furthermore, if this condition holds true, then, by

choosing
puy = 0 for j = 1,2,..,r,

we can reduce the problem to the new one:

Minimize
k
CT(Y Ax;)
j=1
subject to
k
YAy =1; 4,20 forj=1,2,..,k
j=1
Let

A; =1, and A; = 0 for j # i,
where i1 is given by
Cx; = inf {C¥X| j = 1,2,..,k}.

Then, an extreme point is chosen to optimize the problem. R

The following theorem will set up a framework for an
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algorithm that can be used to solve a linear program in

practice.

THEOREM 4.8. If X. is an extreme point of the
constraint set of a minimal linear program, then it is optimal
or there exists a vector E such that

C (X, + AE) <« CX, for A > 0.
Moreover, E will be an extreme direction of X or there

exists some A, > 0 such that X. + A,E is an extreme point.

PROOF. By Theorem 4.3, A can be decomposed into [D NJ,
where D = [D,,D,,..,D.] is an mxm matrix of full rank, N is an
mx (n-m) matrix, and X. can be written as

X = [Xg" X'l = [B7 O],
where
B =D'B > O.
Let X € S. Then, it can be written as
X = [X7 X1, where X,, X¢ > O,

and

= DX, + NX, = B.

AX =D M|,

Hence,
X = D'B - D NX, .

It follows that
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X
cx =[5 o] XD
N

= CpX, + CnXy

= C,DB - CyDINX, + CyXy
= DB + (G - CDIN)X.
Therefore, if
Cy - CGDIN > O,
then, since X, = 0, we have

CX > CX,,

and X is an optimal extreme point. Otherwise, suppose that

S

- DA < O,

and consider

X = X, + AE;, where E; = [(-D'A))" &7] .

Then,
CX = CX. + ACTE,
= CX + AT G I(-D'A)T &1
= CX + A([G(-DA) +Gyey])
= CX, + A(c;-GDA) .
Therefore, since c;-G'D'A; < 0, we have

CX< CX, for A > 0.

We next consider two cases for y; = DA;.

IA

Case 1: y; < O. Then, E; > O. Consider

AE, = [D N] [(-DA))" e

]

Since AX, = B, for X = X. + AE;, we have

AX=AX,+AAEj=AX*=BforallJL.

Hence, X is feasible if and only if
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X > 0 for E; 2 O.

It follows from (4.10) that the objective value function is
unbounded. In this case, we have found an extreme direction E;
with
CE; = ¢;-G/D*A; < 0.
Case 2: Yy ¢ O. Let B' = D'B. Define
A =min {(B):/(¥5):] (¥): >0} = (B).(¥), 2 0, (4.11)
where (B'v)i and (Yy); denote the i-th component of B' and Yj,
respectively. For each basis element S, denote the element of

X corresponding to S by X%,. Then, the components of X. + AE;

are given by

x, = B/, - (v,), for i ef1,2,..,r-1,r+1,..,m.

x, = B/ (¥),, (4.12)
other x,'s are equal to zero.

Therefore,

Xp 1 Xp o - s Xp 4 Xp 1 Xp 1 X;
are the only positive components of X, so that X has at most
m components to be positive. Moreover, The corresponding

columns of A are linear independent. It follows from Theorem

4.3 that X is an extreme point. WM

DEFINITION 4.7. (Simplex Algorithm) The following
procedure is called the Simplex Algorithm:

Initialzation step: Start with an extreme point X.
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Main steps:

1. Write X in terms of D defined in Theorem 4.3, and
calculate C,DN - C. If this vector is nonpositive, then
stop; X is an optimal extreme point. Otherwise, pick the most
positive GD?*A; - c;. If ¥y = D'A; < O, then stop; the
objective value is unbounded along the the ray

(X + A0(-¥y)" &1 & 2 0}.
If ¥; £+ O, then go to step 2.
2. Compute the index r from (4.11) and form the new

extreme point X in (4.12). Repeat step 1.

DEFINITION 4.8. (Degeneracy) If a basic feasible
solution, defined in Definition 4.4, has exactly m positive
entries, then it is called a Nondegenerate (Basic Feasible)
Solution. Otherwise, it is said to be Degenerate. A linear
program of which each basic feasible solution is not

degenerate is called a Nondegenerate Program.

Clearly, a degenerate basic solution accompanies some

coincidence of basic solutions. For example, if

110 1
A = ’ B = ’
L 1 2} [3}

then, choosing x,, X,, Or X;, X, leads to the same Dbasic
solution, and hence degeneracy must occur. Conversely, a
degenerate basic solution of AX = B, say X = [1 0 0]7, can
determine a coincidence of two basic solutions corresponding
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to basic variables x,, X,, Or X,, X; , respectively. For

theoretical simplicity, nondegenerate programs will be assumed

throughout this paper.

THEOREM 4.9. If the simplex algorithm is applied on a
nondegenerate linear program, then it stops in a finite number

of iterations.

DEFINITION 4.9. (Related to Theorem 4.3) If X is an
extreme point, and D is the basis matrix corresponding to X,
then the following block matrix (or its transformation) will

be called a Simplex Tableau:

If T is transformed to T by any elementary row
operation on the upper submatrix [0 N D B] or the row
operation performed on the bottom row by adding to which a
multiple of a higher row, then T' will be called an Equivalent
Simplex Tableau of T. The corresponding linear programs to T
and T' will be said to be Equivalent programs.

THEOREM 4.10. If
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O N D B
1 -cy -C5 ul

and

/ON’ D' B
T = /

1 -¢cy -chiu

are equivalent simplex tableaux, then the corresponding

programs:

Minimize CX +u (C = [ &G])
subject to AX=B, (A= [ND]),

and

Minimize C'X +u' (C7 = [Cy™ ChT7))
subject to AX =B, (& = [N D])

have the same constraint set, and the objective functions,
restricted to the (common) constraint set, are actually

identical.

PROOF. First, it clear that elementary row operations
performed on [0 N D B] will not change the constraint set. For
the row operation performed on the bottom row, we have

[-Cy™ -Cp” | Ul = [-G -G | ul + WIND | B]
for some W € E,. Note that

WIND | Bl = [WIND] | WB].
Thus, we have
-C'y” -Cp" = -G + WIND | B],

and
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u' = u + WB.
let Z be in the common constraint set. Then, by
defining
M=CZ+u, and M = C"Z + u',
we have that
M-M=(C-CT2Z+ (u-u")
= WI[ND]Z - WB
= W ([N D]Z - B)
= O (since [N D]Z = B.)

This implies that M and M' are really the same function. ®

Consequently, we immediately have the following result.

COROLLARY 4.10.1. Theorem 4.10 is still true if the

nonnegative conditions are added to the constraints.

Indeed, by multiplying the constraint rows by D7,
adding G times the new constraint rows to the objective row,
we can identify the previous simplex tableau with the

following one, where B' = D'B:

0 DN I B’

C,DIN - G




DEFINITION 4.10. (Tableau Simplex Algorithm) The

following procedure is called a Tableau Simplex Algorithm:
Initialization step: Start with an extreme point X, and
the preceding simplex tableau.

Main steps:

1. If DN - G < O, then stop; the current extreme
point is optimal. Otherwise, pick a nonbasic variable
with negative ;DA - ¢; (upon examining the objective
row) . If D*A; < O, then stop; the problem is unbounded.
Otherwise, go to step 2.

2. Compute the index r from (4.11), and pivote (Yj), as

follows:
i)  Divide the r-th row by (Y¥;)..
ii) Multiply the new r-th row by -(¥;);, and add the
result to the i-th constraint row for i =
1,2,..,m, i # r.
iii) Multiply the new r-th row by -(GD'; - c) and
add the result to the cbjective row.

Repeat step 1.

EXAMPLE 4.2. Solve the following linear program:

Minimize X, - 4%,

A
NN

subject to -X, + 2%,
X, + X, < 3,

X, X, > 0.
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SOLUTION.

Using slack variables x;2> 0, and x, = 0, we

write the given problem in the following form:

Minimize

subject to

Or, in terms of matrix notations,

Minimize

subject to

where

and

If

then

Therefore,

X, - 4%,

X, X5,

X, + 2%, + X =

X2 +X4 =

X, X, 2 0.

CX

-1210
A= :
[1101}

X X7] = [0 (D'B)7]

X =

[0 0 4 3]

is an extreme point by Theorem 4.3.

Using X as a starting point,

simplex tableau:
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Continuing applying the tableau simplex algorithm, we

generate the following tableaux:

0 1/2 1 1/2 0 2
0 3/2 0 -1/2 1 1
1 1 0 -2 0 -8
0 0 1 1/3 1/3 7/3
0 1 0 -1/3 2/3 2/3
1 0 0 -5/3 -2/3 -26/3

Therefore, the optimal point is [2/3 7/3]7, and the
optimal value is -26/3. This result can be rechecked with that

of Example 4.1.
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In this chapter, we will define a dual linear program

from a given one, and then discuss certain basic theorems that
will be used to prove the duality theorem and the existence
theorem. Finally, we will develop the concept of complementary
slackness to derive the primal-dual algorithm. The main
references of this chapter are Cooper and Steinberg [2],

Goldman and Tucker [7], Hadley [9], and Tucker [12].

DEFINITION 5.1. The following linear programs will be

called Dual Linear Programs:

Maximize z = CX

subject to AX < B, (5.1)
X >0,

and

Minimize w = BU

subject to AU : C, (5.2)
U > 0.

In other words, one of the forms will be called the

Dual of the other, which is called the Primal.

Clearly, it follows from Definition 5.1 that the dual

of the dual (of a primal) will be the primal.
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Conventionally, we may choose the maximal problem to be
a primal and the minimal one to be a dual. Furthermore, by
using slack variables, we can verify that the following pair

of linear programs is, in fact, the dual pair:

Maximize z = CX

subject to AX = B, (5.3)
X 2> 0,

and

Minimize w = BT,

subject to AU > C. (5.4)

Note that U is free from nonnegative conditions. The
later pair of linear programs is, in fact, an equivalent form
of the former one. We will use the later one to derive the
primal-dual algorithm, and use the other to derive basic

theorems.

We first state two basic lemmas whose proofs can be

found in Cooper and Steinberg [2].

ILEMMA 5.1. If X and U are feasible solutions of the
primal and the dual, respectively, then

CX < B'U.
LEMMA 5.2. If X and U are feasible, and C'X = B'U, then
they are optimal.

We note that a pair of dual linear programs is totally
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defined by fixed matrices A, B, C, which altogether define
matrix K in Corollary 3.4.1. Moreover, corresponding to a
solution [U,” X,” t,]7, we have U,, X, as feasible solutions to
the dual and the primal, respectively, provided that t, = 1.
This situation can be extended, more generally, to the

following theorem.

THEOREM 5.1. (Related to Corollary 3.4.1) If t, > O,
then there are optimal vectors X and U for the dual programs

such that
CX =BU, U+ B >2AX, AU + X > C.

PROOF. Suppose t, > 0. Then,
[U X* t] = 1/t, (U, X" to] = [Uo/ty X7/t0 1]
is a solution of the self dual defined by the following matrix
(o) t,A -t,B

K'= t,K=|"tA" 0 tC
t,BT -t,CT O

such that all properties (3.31)-(3.34) of Corollary 3.4.1
remain the same. Hence, by (3.31) and (3.32) with t, = 1, we
have U, X as feasible solutions. By (3.33), Lemma 5.1 and
Lemma 5.2, U, X are optimal and C'X = B'U. By dividing (3.35)
and (3.36) by t,, we have

U+B>AX, andAU + X >C. 1

EXAMPLE 5.1. (Related to Example 3.7) Using Theorem
76



5.1, find the optimal solution of the following Ilinear

program:
Maximize -X
subject to X <1,

x 2 0.

SOLUTION. The dual linear program is

Minimize u
subject to u > -1,
u > 0.

By the comment preceding Theorem 5.1, we have

0 -11
K=|1 0 1/.
-1 -1 0

Thus, by Example 3.7,
X, =0, U =0, t, = 8
form a solution for the self dual system (3.27).
It follows from the proof of Theorem 5.1 that
X, = %/8 =0, w. =1,/8 =0

are optimal solutions of the primal and the dual that defined
by fixed matrices A' = 8A, B' = 8B and C' = 8C. Noticing that
optimality of one system will imply optimality of the other,
we conclude that x, = 0, u, = 0 are optimal solutions of the
dual and the primal that defined by fixed matrices A, B and C.
Clearly, the optimal value 1is zero. Moreover, it can be

checked that
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u, + B > Ax,, and A'y, + X, > C.

It should be noted that Theorem 5.1 offered a way to
solve a linear program by reducing the dual programs to the
self dual system of linear inequalities, and solving this self
dual system by means of Corollary 3.4.1 and Theorem 5.1.
However, as has been seen, even though this way is valuable in
theory, it is unfavorable in practical computations. This
situation can be overcome by using the simplex algorithm of

Chapter IV, or other modified algorithms that will be

presented next.

THEOREM 5.2. (Related to Corollary 3.4.1) Suppose that
t, = 0. Then, the following statements are true:

a) At least one of the dual programs has no feasible
vector.

b) If the maximal problem has a feasible vector, then
the set of its feasible vectors is unbounded and CX is
unbounded on this set. (A dual statement can be established

for the minimal problem.)

PROOF. To prove (a), suppose that X is a feasible
vector for the primal. Then, by (ii), we have
AU, > O (since t, = 0 by hypothesis.)
It follows that
U, AX > O (since X > 0.)
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Besides, by (3.34) of Corollary 3.4.1, with t; = 0, we have
BU, < CX,.
Since X is feasible, AX < B. This implies that
0 < U'AX < U,B < C%,. (5.7)
Now, suppose also that the dual has a feasible vector
U. Then, by a similar argument, we have
0 > UAX, > CX,.
But this contradicts (5.7), and thus (a) is proved.
To prove (b), for each A > 0, consider
X' =X + AX,,
where X is a feasible solution of the primal and X, is as in
the Corollary 3.4.1. Then, clearly, X' > O. Hence, by (3.31)
of this corollary, with t, = 0, we have
A(X + AX,) = AX + AAX, < AX < B.
Hence, X' defines an infinite ray of feasible wvectors, and
this proves the first assertion of (b).
It follows from (5.7) that
X, > 0.
Therefore, by choosing A,
C (X + AX,) = CX + ACX,
can be made arbitrarily large. This proves the second

assertion. #

We immediately have the following Corollary.

COROLLARY 5.2.1 If one of the dual problems (and thus
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both) is optimal, then t, > 0.

We state next two theorems that characterize optimality
in terms of boundedness, and duality. Interested readers may

find the proofs in Cooper and Steinberg [2].

THEOREM 5.3. (Boundedness Theorem) A necessary and
sufficient condition for either (and thus both) of the dual
programs to have optimal vectors is that either C'X or B'U is
bounded on the corresponding nonvacuous set of feasible

vectors.

THEOREM 5.4. (Duality Theorem) A vector X, 1s an
optimal solution for the primal if and only if there exists a
feasible solution V, for the dual such that

BV, = C%,.

(A similar dual statement can be obtained.)

For convenience of later use, we restate the duality

theorem in another version.

COROLIARY 5.4.1. The primal is optimal if and only if
the dual is optimal. Moreover, If X,, and U, are optimal
solutions for the primal and the dual, respectively, then we
have

CX, = BU,.
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Before presenting the existence theorem, we give an

example to illustrate the duality theorem.

EXAMPLE 5.2. Solve the following program by using its

dual:
Minimize -X, + 4%,
Subject to X + X < 3,
-X, + 2X, < 4,
b} < 2,
-X, < -1,
X, X, =2 0.
SOLUTION. The dual program is given by
Maximize 3y, + 4u, + 2u; - Y ‘
Subject to 0 - U+ U, > -1,

U, + 24, -y = 4,
U, W, U, u =2 0.
We apply the tableau simplex algorithm, using surplus

variables, to generate the following simplex tableaux:

1 -1 1 0 -1 0 -1
1 2 0 -1 0 -1 4
| -3 -4 -2 1 0 0 0
|
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3/2 0 1 -1/2 -1 -1/2 1
1/2 1 0 -1/2 0 -1/2 2
-3 -4 -2 1 0 0 0
3/2 0 1 -1/2 -1 -1/2 1
1/2 1 0 -1/2 0 -1/2 2
2 0 0 -2 -2 -3 10
1 0 2/3 -1/3 -2/3 -1/3 2/3
0 1 -1/3 -1/3 1/3 -1/3 5/3
0 0 -4/3 -4/3 -2/3 -7/3 26/3

The optimal point and optimal value for the dual are

U= [2/35/300]", and w = 26/3.

By Theorem 5.4, we have

where G =

X - (CDTD—I) T’

[3 4], and



Hence,

Wl wlto
Wik w|k

and

X = [2/3 7/3]".

The next theorem characterizes optimality as

feasibility of both programs.

THEOREM 5.5. (Existence Theorem) A linear program has
a finite optimal solution (and so does its dual) if and only

if it and its dual are feasible.

We next gives two examples, illustrating circumstances
in which at least one of the dual programs has a nonempty
constraint set, i.e., nonfeasible, and hence each of the

programs must be nonoptimal by the existence theorem.

EXAMPLE 5.3. Consider the following problem:
Maximize X - X,
Subject to X - X < -2,
X, +2%x, < 1,
X, X, = 0.
Since x, < -1, and X, > 0, the primal is not feasible.
Next, consider its dual program that is given by

83



Minimize 20, + U,
Subject to -0+, 2 -1,
-, + 2u, = -1,
u,, u, = 0.
Then, U = [0 0] meets the constraints. Hence, the dual is

feasible. However, it is not optimal by the existence theorem.

EXAMPLE 5.4. Consider the following problem:

Maximize -X;, + 2X,
Subject to 0x, + 2%, < -2,
ox, - 1x, < 1,

X, X =2 0.
Since x, < -1, and X, > 0, the primal is not feasible.

Next, consider its dual program that is given by

Minimize -2u; + U,
Subject to Ou, + Ou, = 1,
21.11 = U2 pd 2,

u, 4 = 0.

Then, it is also not feasible.

To illustrate how the theorem works at another case, we

give the following example.

EXAMPLE 5.5 Consider the problem:

Maximize -X, + 2X,
Subject to ox, + 2x, < -2,
84
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ox, - 1x, < 1,
X, X, 2 0.
Then, it is clear that [3 1]7 is a feasible solution.
Now, consider the dual linear program:
Minimize 2u, - u,
Subject to uy - u, = 1,
-u; + 20, > 2.
w, u =2 0.
Then, [4 3] is clearly a feasible solution. So, by the
existence theorem, both programs are optimal. (The common

optimal value can be immediately obtained.)

We now develop the so-called two-phase tableau simplex
algorithm which is more effective than the tableau simplex
method in the sense that it can be used to find an initial
feasible solution and then use this solution to obtain the
optimal solution. This algorithm, in fact, has features on

which the primal-dual algorithm is developed.

DEFINITION 5.2. For each maximal linear program of the

Form (4.4)-(4.6), the following program:

Maximize z, = -1'X,
subject to AX + X, = B, (5.9)
X X,] =0

is called the Artificial Linear Program generated by the given

maximal one. X, is called the vector of Artificial variables.
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From (4.4)-(4.6), we may assume B > O.

DEFINITION 5.3. (Two-Phase Tableau Simplex Algorithm)
The following procedure 1is called the Two-Phase Tableau
Simplex Algorithm:

Phase I: Solve the artificial problem (5.9), using the
tableau simplex algorithm (Definition 4.10). Note that since
the artificial problem is bounded above by 0, it is always
optimal. Furthermore, its initial feasible solution can be
immediately obtained by treating artificial variables as basic
ones. If the optimal value * 0, then stop; the original
problem is unbounded. (Otherwise, go to Phase II.)

Phase II: Apply the tableau simplex algorithm again for
the original problem, using the optimal point of Phase I as

an initial point.

EXAMPLE 5.6. Solve the following program:

Maximize -X, + 4%,
Subject to X, + 4%, + X, + 2%, = 10,
2X, + 5%, + X + X, = 14.

SOLUTION. Let x,, X, be the artificial variables.
Then, an initial solution for the artificial problem is
X =X =X =X=0, X5 =10, X = 14.
Phase I: By applying the tableau simplex algorithm, we

generate the simplex tableaux for the artificial problem:
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1 14
1 0
0 10
1 14
0 -24
0 5/2
1 3/2
0 -3/2
-1/3 2
4/3 2
1 0

Each entry of the objective row is nonnegative. So,

87



Phase I is ended with an optimal point X given by

X=[2200001]",
and the optimal value is
Z, = 0.
Phase II: We use the point X = [2 2 0 0]" as an initial
extreme point for the original problem. Again, by applying the

tableau simplex algorithm for the original problem,

generate the simplex tableaux:

we

0 1 4 1 2 10
0 2 5 1 1 14
1 1 -4 0 0 0
0 1 0 -1/3 -2 2
0 0 1 1/3 1 2
1 0 0 5/3 6 6

Since each entry of the objective row is nonnegative,

the original problem is optimized with the optimal point [2 2
0 0]7, and the optimal value is 6.

The next lemma and its corollary are important in
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establishment of the equilibrium theorem.

LEMMA 5.3. The self dual, defined in Definition 3.2,

possesses a solution W such that each of the pairs

Y kiwy 2 0, wy 2 0 (§=1,2,..,n), (5.10)

J=1

contains ‘exactly one inequality that is strict with respect to

W .
PROOF. For any solution W, we have
n b n
D WAPIEIANDY E Wik 3w;)
1=1 j=1 i=1 Jj=1
n n n
= }E: (2: W, (- - }E: 2: W5kj1uﬁ
i=1  j=1 i=1
= - Y (Y wikjw,) = -WTKW
Jj=1 1i=1
Hence,

n
o=WTKw=E Eklj )
i=1

It follows that each pair of (5.10) must have at least
one inequality which is an equality. This implies that at most
one of the pair can be strict with respect to some solution.

On the other hand, by Theorem 3.4, there exists a
solution W such that
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n

/ / .
Zkijwj +w; >0 for each i =1,2,..,n.
51

That is, one of the pair (5.10) must be strict with respect to

W', and therefore, exactly one of the pair will be slack. N

The preceding lemma immediately has the following

result.

COROLLARY 5.3.A. Let K be defined as in Corollary
3.4.1. Then, the self dual system, defined by Definition 3.2,
possesses a solution W = [UT X7 t]™ such that exactly one
inequality from each following pair must be strict with

respect to W':

m m+r1

(E kijuj + E KisX5 + Ki gt 20, wy 2 0),
j=1 J=m+1
where
Uiifi-‘-l,Z,,,,m
Wi = Xi if i = m+ll L.y,

t if 1 = m+n+1

In general, we say that a linear inequality is Slack if
it is strict with respect to some solution, and when this is
the case we also say it 1is slack with respect to this

solution.
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THEOREM 5.6. Consider a pair of dual programs defined
in Definition 5.1. Then, for each pair of optimal solutions to
this dual linear programming problem, say (X,X;) and (U,U;),
we have that

0 for each j

1,2,..,n,

#;Us;
and (5.11)

0 for each i 1,2,..,m.

U;Xes

PROOF . By adding slack variables and surplus
variables, respectively for the primal and the dual, we can

reduce the given dual problem to the following equivalent one:

Maximize z = CX

subject to AX + X, = B, (5.12)
X, X, >0,

and

Minimize w = BU

subject to AU - U, = C, (5.13)
U, U, : 0.

Multiplying (5.12) by U, we have
UAX + UX, = UB.
Taking the transpose for both sides,
X'A'U + X,'/U = B'U. (5.14)
Similarly, multiplying (5.13) by X', we get
XAU - XU, = XC = CX. (5.15)
Since (X,X.) and (U,U,) are optimal, by Corollary 5.4.1,

we have

91



CX = BU. (5.16)
Therefore, adding up (5.14) and the negative of (5.15), it
follows from (5.16) that
UX, + XU, = 0. (5.17)
Since X, U, X, U; are all ncnnegative, we have
UX, = 0, XU, = 0. (5.18)

That 1is,

X Ug; 0 for each j = 1,2,..,n,
and (5.19)

0 for each i = 1,2,..,m. &

n

Ui X

EXAMPLE 5.7. Consider the the pair of dual linear
programs given in Example 5.2. Then, we have
X = [2/3 7/3]7, X, = [0 0 4/3 4/3]",
and
U= [2/35/300]", U, = [00]".
Clearly,
UX, = 0, and XU, = 0,

which verify (5.18), and (5.19).

DEFINITION 5.4. Property (5.18), or (5.19), is called

Camplementary Slackness (or Equilibrium) .

The following alternative proof for Theorem 5.6 is
essentially obtained by using Lemma 5.3 for matrix K defined

in Corollary 3.4.1.
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ALTERNATIVE PROOF. (For Theorem 5.6) Since the given
dual linear programs are optimal, t, > 0 by Corollary 5.2.1.
By applying Corollary 5.3.A, we have the following cases.

Case 1: 1 = 1,2,..,m. Then, w; = u;. If u, = 0, then

wX,; = 0. So, suppose u; > 0. Then, by Corollary 5.3.A, we

have
m m+n
E kijuj * E kijxj + ki,m+n+1t = 0.
Jj=1 J=m+l

Hence, since ky = 0 for 1 € {1,2,..,m}, we have

m+n

J=m+1

Denote the k-th column vector of a general matrix, say
M, by M,. Then, we can write
(-A");"X + bt = 0.
That is,
(A7);"X = bit.
From the proof of Theorem 5.1, without Iloss of
generality, we may assume that t = 1. Hence, we have
(A),;X = b;. (5.21)
Since X is feasible (in fact, it is optimal), we can compare
(5.21) with the form
(A");X + X = by,
so that
X4=0 for i =1,2,..,m.

Case 2: 1 =m+l,m+2, .., m+n. With a similar argument as
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in case 1, we can obtain
u; = 0 for i = m+l,m+2, .., m+n,

provided that x; > 0. ®

As the existence theorem characterizes optimality by
the existence of a pair of feasible solutions, the following
theorem together with Theorem 5.6 will characterize a specific
pair of optimal vectors. As will be seen later, it plays an

important role in establishment of the primal-dual algorithm.

THEOREM 5.7. The feasible solutions (X,X,), and (U,U)
of the primal and the dual, respectively, are optimal if the

complementary slackness holds.

PROOF. Suppose that complementary slackness holds.

Then, we have

UX, + XU, = 0.

Hence,
UX, = -XU, = -U.X.
Adding UAX to both sides of this equation, we have
URX + X.) = (UA - U)X = X (AU - U,).
Since
AX + X, = B, and AU - U, = C,
we have
UB = X'C.

That is,
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CX = B'U.

Hence, by Lemma 5.2, X and U are optimal. B

Inmediately, we have the following Corollary.

COROLLARY 5.7.1. Solutions X and U of the primal and

the dual, of the form (5.3), (5.4), respectively, are optimal

if and only if
XU, = 0,

where U, is the solution of the dual slack variables.

EXAMPLE 5.8. Consider the pair of dual
programsi
Maximize -X, + 4%,
Subject to X+ X+ X = 3,
-X; + 2%, + X, = 4,
X, + X5 = 2,
- X5 + X = -1,

Xll X2/ X3l ><4;1 XSI XG 2 OI

and
Minimize 3u, + 4u, + 2u; - Yy,
Subject to U - U, + U > -1,

Ul + 2u2 - U.4 2 4,
u, W, U, u =2 0.

First, it can be verified that

(5.22)

linear

X = [2/3 7/3 0 0 4/3 4/3]", and U = [2/3 5/3 0 0]”
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are feasible solutions of the primal and the dual. This
implies that
U, = [00 2/3 5/3 0 0]".
Therefore,
XU, = O.
By Corollary 5.7.1, we conclude that X and U are optimal

solutions for the primal and the dual problem, respectively.

DEFINITION 5.5. Without loss of consistency, we also
call (5.22) Complimentary Slackness (or Equilibrium) .

The next development aims to construct the so-called
primal-dual algorithm basing the ideas on complimentary
slackness. In particular, Corollary 5.7.1 will be used to test
optimality for the problem in this algorithm.

The two-phase tableau simplex algorithm actually
generates a finite sequence of extreme points of the
artificial linear program (5.9) after Phase I is terminated.
Furthermore, the last extreme point of this sequence, say

X = (X5 Xos - o Xnr K Xni2r -+ 1 ¥om)
has its first n entries forming an extreme point, say
(X,,%X0, - -, %), for the original problem (4.4)-(4.6). As a
result, this extreme point may be far away from the optimal
point of the original problem when Phase II starts.

To improve the situation, we rely on the dual problem,

which is carrying vector C in the constraints, to select a
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vector (to enter a basis) that guarantees complimentary
slackness for a dual solution and the first n entries of the
new extreme solution. Therefore, an initial dual solution is
really required to implement the ideas. Since the initial
solution for the artificial program has its first n components
to be zeros, we must have complimentary slackness for the
first n components and the initial dual solution. Hence, the
next performance is to choose vectors to enter and to leave
the basis so that the next tableau still maintains
complimentary slackness.
By (5.22), we actually need part of the dual solution
that associates with n slack variables. From this, we define
W= {A] Vg = 0}, (5.23)
where A;'s denote column vectors of A. Then, by allowing only
A's to enter the basis, we will preserve complimentary
slackness. For if V,; > 0, then the corresponding x; cannot be

a basic variable, and hence remains zero.

To formally develop the algorithm, we first state the
following theorem whose proof is actually contained in Theorem

5.10, developed later.

THEOREM 5.8. Let W be defined as in (5.23), D be the
basis obtained when the optimality criterion is satisfied for
all vectors in W, and C be the vector of prices of the

artificial program (5.9). Then, there exists a 6 > 0 such that
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V' =V + 0GD? (5.24)

is a new solution to the dual, and the corresponding cbjective
value
w o< W,
where V, and C are respectively the dual solution, and the
vector of prices in C corresponding to D.
Moreover, the dual will be bounded (and hence optimal)
if and only if the set of all 8's that hold for (5.24) is

bounded. If this is the case, we have

Vg = Vg + 0,(25 - &), (5.25)
where
z; = GDA;,
and
8, = min {-vg/(2;-%&) | %-¢ < 0 and vy > 0}.  (5.26)
Otherwise, we have
2, - & 2 0 for j=1,2,..,n, and z, < 0. (5.27)

This theorem and the preceding discussion can be made

in effect by means of the following definition.

DEFINITION 5.6. (Preliminary Primal-Dual Algorithm)
The following procedure will be called The Preliminary Primal-
Dual Algorithm:

Initialization Step: Start with an initial (not
necessarily feasible) point of the dual constraints (5.4), for

which W = {&;] v = 0} # o.
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Main steps:

1. If %, - & 2 0 for j = 1,2,..,n, then stop; the original
program is either optimal (if z, = 0) or unbounded (if z, < 0).
Otherwise, if %, - & > 0 for all A; € W, then compute 6,
by (5.26), V, by (5.25), and then update V;, and W. (Otherwise,
go to the next step.)
2. Drive a vector A; in W with 2; - & < 0 into D, drive a
corresponding vector out of D, and update the tableau in the
same way done in Phase I of the two phase algorithm. Repeat

step 1.

EXAMPLE 5.9. Solve the following program, using the

preceding algorithm, assuming initially Vi = [0 7 4 3]7:

Maximize -X, + 4%,
Subject to X, + 2%, + X = 4,
X+ X + X = 3,

X, X X3, X4 2 0.

SOLUTION. Applying the preliminary primal-dual

algorithm, we generate the following simplex tableaux:
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TABLEAU I -1 4 0 0
S X5 Basis A A, A, A,
-1 4 e -1 2 1 0
-1 3 e, 1 1 0 1
Z, -7 25- 8, 0 -3 -1 -1
w - Vej 0 7 4 3

TABLEAU II -1 4 0 0
& X Basis A A, A, A,
0 2 A, -1/2 1 1/2 0
-1 1 e, 3/2 0 -1/2 1
Za -1 25-%; -3/2 0 1/2 -1
w - Ves 0 0 5/3 2/3
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Since z; - ¢ = 0, and z, = 0, we obtain an optimal

point X = [2/3 7/3 0 0]7, and the optimal value
z = -1(2/3) + 4(7/3) = 26/3.

We now derive the primal-dual algorithm by improving
the ideas developed for the preliminary primal-dual algorithm.

Again, we consider a linear program:

Maximize z = CX
subject to AX = B, (5.28)
X220,

where C, A, B are nxl, mxn, mx1l matrices. Add a new constraint
Xo + YacjenXy = Doy (5.29)
where %, > 0 and b, is a positive real number that is large
enough so that (5.29) places no restriction on X.
We then modify the primal into the following one:

Maximize z = CX
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subject to

Bi<A
0O Al X B
[x, X']™ = O.

This modified primal problem has its dual in the form:

Minimize w = byv, + BV

subject to
1 O \4) 5 O}. (5.31)
1A7]|V C

By defining ¢, = 0, the preceding dual problem
immediately has an initial feasible solution:
v, = max {c;}, and V = O. (5.32)

Substracting surplus variables from (5.31), we obtain

Minimize w = BV
subject to
1 0} |v, |11 O |Vso _ 0} (5.33)
1A7|v] [0I]|V, cl’
(X V17 2 O.
If v, = 0, then we obtain
Minimize w = byv, + BV
subject to AV -V, = C, (5.34)
(or AV > C.)

This newly defined linear program is actually the dual
of the primal defined by (5.28), and any solution of (5.33)
with v, = 0 can be considered as a solution for this dual
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problem (5.34). Moreover, by Corollary 5.7.1, if [x, X']" is a

feasible solution that preserves complimentary slackness,
i.e.,
XV + X'V, = 0,
then [x, X'1°, and [v, V]7 are optimal solutions to the
modified problems (5.30), and (5.31). Hence, if v, = 0, then
z = CX = BV = w,
which is the optimal value of the dual problems (5.28),
(5.34) . Otherwise, if v, # 0, then
Z =W =Dbyv, + BV,
which is the optimal value of the dual problems (5.30),

(5.33).

The preceding discussion has actually proved the

following theorem.

THEOREM 5.9. If [x, X']" and [v, V'] are respectively
feasible solutions to the modified dual programs (5.30) and
(5.33), then X and V are respectively optimal solutions to the
original problems (5.28) and (5.34) if and only if

Vv, = 0 and X;vg, + X'V = 0. (5.35)

From this theorem, we will use the same technique used
for the preliminary primal-dual algorithm to develop an
algorithm for the modified linear program (5.30), having

(5.32) as an initial solution.
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By adding artificial variables for the modified

problem (5.30), we obtain the modified artificial problem:

Maximize Z, = X - 1X,

subject to
117 [%o} |1 O] |Xao| _ [P0 (5.36)
0 A XJ o I!lx, B

(X, X" X0 X7] 2 O.

Let a5, J = 0,1,2,..,n be the j-th column of the first
matrix, D be a basis matrix, T be the the vector of prices,
and & as the vector of prices corresponding to basic
variables. Initially, D will be chosen to consist entirely of
artificial vectors. Besides, from (5.33), we have

1v, + AV - V.= C.
Therefore, Initially, since V = O, we have
V, = vl - C. (5.37)
This implies that at least one component of V, vanishes (since
Vo = max {c}.)

What can be seen from the artificial problem (5.36) 1is
that any feasible solution [x, X™ 0 O], once obtained, will
maximize it with the maximal value of zero. Also, it supplies
[x, X']™ as a feasible solution for the modified primal problem
(5.30) . This situation motivates the idea of maximizing the
artificial problem (5.36), and maintaining complimentary
slackness at the same time. For when z, = 0, we will find a
feasible (and hence optimal) solution to the modified problem
(5.30), whose optimal value is
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Z=w=b0VO+B1V.

In particular, we want to use the dual solution as a
guide to select the vectors to enter the basis D at each
iteration. From (5.37), we defined

W= {aj]| v = O}. (5.38)
It is clear that, initially, W # . Therefore, by allowing
only a;'s of W to enter the basis at any iteration, we
maintain complimentary slackness. The vector to leave the
basis and the updated tableau can be obtained in the same way
performed in the simplex method. We continue iterating until

. > 0 for each «; in W, (5.39)

; - €

3
where
5, = DA,
When this condition occurs, we can still improve the

dual solution by using the following theorem.

THEOREM 5.10. Let D be the basis in terms of condition
(5.39). Then, there exists a 6 > 0 such that
v, V] = [v, V'] + 65D* (5.40)
is a (new) solution to the dual and the corresponding
objective value w' < Ww.
Moreover, the dual is bounded if and only if
0 = 6,
where
0, = inf {vy/(%-%)| 2;-8; < 0} < 0 and vy > 0}  (5.41)

< 0,
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In this case,

Vg = V,

]

Otherwise, we have

Y.

J

- % 2 0 for j

PROOF. Since

initially, we have W # o. For each 6 » 0, consider

[viy V7]

Then, by multiplying both sides by «; € W, we have

[V|O V'T] a]
But
[VO VT] aj

Thus,

+ eo(zj - é]) .

sJ

=1,2,..,n, and z, < O.

Vo= vl + C,

= [v, V'] + 6D,

= [VO VT] o + GCDD_laj.

- Vg = &, and vy = 0.

a;"[v, V]7 = & for each a; € W.

In addition,
]
It follows that

Z;

&, =0 for each j = 0,1,2,..,n.

- C] = 23 - CDD—laj-

Combining (5.45)-(5.47), we obtain

[V.O V'T] aj =

So, by (5.39), we have

[V, VT]lay 2 & for ay € W, and 8 > O

Now, consider a; ¢ W. Then, it is clear that

Let r defined by

& + 8(%; - &) for a; € W.

[VO VT]aJ > CZJ.

106

(5.

.42)

.43)

.44)

.45)

.46)

.47)

.48)

49)




r = [r, r, .. X, = &GD?.
Then, if
r'a; < 0 for some J,
we have
[V VTay = [vo V]ay + 8X7ay 2 & (5.50)
if and only if
0 < -([v, V]ay - &) /xay.

From this, if

ra; < 0 for some j,
then
8 <0, =min {-([v, V]ey - éj)/rTaj| r'ay < 0}
< o {(and > 0).
If

it is clear that [v, V']™ will be a solution to the dual no
matter how large 6 becomes. In this case, we define
0, = .
Hence, for 0 < 8 < 8, < », we have
w = [b, B'l[v, V7]T
= [v, V][b, B']" + 6xr"[b, B']" (from (5.50))
=w + 6, D*[b, B']" = w + 82z,.
Since
z, < 0, and 8 > O,
we have
W o< W.

This concludes the first part.
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Next, from (5.40), for j = 1,2,..,n, we have

[V VTlay = [vo Vley + 0o7ajy. (5.51)
Note that for j = 0,1,2,..,n,
Ve VTlay = vy + &y,
and (5.52)
Vo Vley = vg5 + &5,
Hence, by substituting (5.52) into (5.51), we have

V o

; = Vg + 0or7ay for j =0,1,..,n.

Therefore, by (5.47), we have
V'Sj = Vsj + BO(ZJ = é]) fOI‘ j = O,l,..,n.
Finally, the remainder of the proof can be immediately

established. N

From (5.42), there is at least one vy = 0. This
implies that at least one new vector a; in W can be used to
enter the basis, and the process can be repeated until

%.

; - % 2 0 for all e in W.

Pl
Then, again, Theorem 5.10 can be used to iterate the same
process until

Y.

; - & 2 0 for all j=1,2,..,n.

In particular, we have the following algorithm.

DEFINITION 5.7. (Primal-Dual Algorithm) The following
procedure is called the Primal-Dual Algorithm:
Initialization step: Start with a simplex tableau for

the modified artificial problem (5.36) (some arrangement may
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be required.)
Main steps: Compute V; by (5.37), and construct
W= {a;| vy = O}.

1) If 2, - & 2 0 for all j = 1,2,..,n, then stop; the
original program is either optimal (if z, = 0 and v, = 0) or
unbounded (if z, < 0 or v, # 0.)

Otherwise, if %, - & 2 0 for all e; € W, then compute
6, by (5.41), V', by (5.42), update V, = V', and W = {a;| vy =
0}.

2) Drive a vector e; in W with 2%y - & < 0 into D; then
drive out a basis vector, and update the current tableau both
in the same way done in Phase I of the two-phase algorithm.

Repeat Step 1.

The next example is given to illustrate the primal-dual

algorithm.

EXAMPLE 5.11. Use the primal-dual algorithm to solve

the following program:

Maximize -X, + 4%, + 2X%; + 4%,
Subject to X, + 4%, + X3 + (1/2)x%, = 10,
2%, + 5%, + X3 o+ X, = 14.

X, X, X3, X 2 0.

SOLUTION. We first obtain the modified problem:

Maximize - X + 4%, + 2%, + 4%,
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Subject to Xp + X + X + X+ X = by,
X, + 4% + X + (1/2)x, = 10,
2%, + 55X, + X3+ X = 14.
KXo Xy, KXoy X3, X 2 0.
By applying the primal-dual algorithm, we generate the

the following tableaux:

TABLEAU I 0 -1 4 2 4
& X Basis 0o o, 0, 05 o,
-1 b, e 1 1 1 1 1
-1 10 e, 0 1 4 1 1/2
-1 14 e, 0 2 5 1 1
Z, -24-b, 2,-&; -1 -4 -10 -3 -5/2
w - Vj 4 5 0 2 0
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TABLEAU ITII 0 -1 4 2 4

&, X5 Basis a, a, a, o, o,
-1 b,-6 e 1 -1 0 4/3 0
0 2 o, 0 0 1 1/3 0
0 4 o, 0 2 0 ~2/3 1
z, 6-b, | z-& | -1 1 0o |-4/3 0
w - Vs 5/2 | 13/2] o0 0 0
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TABLEAU IV 0 -1 4 2 4
& X Basis oo o, o, 0, o,
-1 b,-14 e 1 -1 -4 0 0
0 6 ' 0 0 3 1 0
0 8 oy 0 4 2 0 1
Z, 14-b, | 2% | -1 1 4 0 0
w - Vg3 0 0 9 10 0
TABLEAU V 0 -1 4 2 4
& X Basis , o, a, s o,
0 b,-14 o, 1 -1 -4 0 0
0 6 o 0 0 3 1 0
0 8 o, 0 4 2 0 1
z, 0 %, - 0 0 0 0 0
w 44 Vs 0 0 9 10 0

Graphically, the dual attains its minimal value 44 at
the point [-4 6]7. This result can be used to check with the

maximal value of the primal: 2(6) + 4(8) = 44.
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FINAL REMARK. 1. If a linear program is given an
initial feasible solution, then it could be reasonable to
compare the regular simplex algorithm with the preliminary
primal-dual algorithm. Then, the Ilarger the number of
contraints are given, the more disadvantageous the latter
algorithm would be. However, if this is the case, then we can
use it to solve the dual (instead of the primal). The point is
that the latter algorithm needs to drive out merely a number
of artificial vectors that are relatively small, comparing
with the number of variables of the original program.

2. If.a linear program is not given an initial feasible
solution, then it must be reasonable to compare the two-phase
simplex algorithm with the primal-dual algorithm. Then, the
latter algorithm is more advantegeous than the former one in
the sense that it need only one phase. The disadvantage of the
latter is that it has to deal with one more variable (from the
additional constraint.) However, if the problem is given with
a large number of variables (or constraints), then one in
addition would not mean much.

Therefore, theoretically, and especially in regard of
probability, the primal-dual algorithm would be superior to

the previous ones.
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