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ABSTRACT

The subject of this paper is the theory of linear

inequalities and linear programming. It aims, through use of

theory of the duals, to set some formal connections between

linear inequalities and linear programming problems, as well

as to lay theoretical foundations for certain practical

algorithms having been used to solve a general linear program.

In particular, this paper will attempt to present, at

the end, the simplex algorithm invented by Dantzig, and the

primal-dual algorithm developed later by Dantzig, Ford, and

Fulkerson in terrns of the general theory, and the duality

theory of linear programs. Once the problems of foundation are

uncovered, certain features of both algorithms will be

presented, from which we could evaluate which one would be

more advantegeous than the other.
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CHAPTER I

INTRODUCriON

Since linear inequalities are part of a linear program,

this paper will develop chapters for linear inequalities and

linear programs separately in such a way that properties

established for linear inequalities will be used to derive

properties of linear programs. Moreover, duality will be

developed for linear inequalities and linear programs in

additional chapters to indicate how the concept of the duals

are used to reduce a linear prograimiing problem to a linear

inequality problem, as well as to develop different

algorithms.

The presentation of the paper is divided into four

chapters presented primarily in matrix notation. Chapter II

begins with some basic definitions related to the systems of

linear inequalities, enphasizing on the geometric ideas

accompanying their solution sets. The theory of faces will be

discussed and enployed to prove Minkowski's theorem [6] in

that a nice structure of the solution set is presented.

Finally, the resolution theorem will be covered to give more

structural ideas about the solution sets.

In chapter III, the dual systems of linear inequalities

will be discussed. Basic definitions, constructive lenmas are

developed in details to make way for Farcas' theorem [6]



wliBirBby 3 st]ructuir0 for a "dual" solution S6t is prssontod.

Finally, the separation theorem will be examined to give more
geometric insight into a pair of special solution sets.

As the foregoing chapters focus on the system of linear

inequalities, the last two chapters will be devoted to linear

programming problems, benifiting at hand the consequences

developed for the system of inequalities as a useful knowledge

for the system of linear constraints in a linear program.

Chapter IV is mainly concerned with general linear programs.

Extreme points and extreme directions will be presented as

main concepts from which a feasible solution and an optimal

solution of a linear program will be respectively

characterized. The siirplex method will be discussed next,

based on general ideas of Theorem 4.8. And finally, the

tableau sitrplex algorithm will be foimiulated, using ideas

elaborated in Theorem 4.10, to fecilitate conputations.

For the last chapter, chapter V, the dual linear

programs will be discussed. Many concepts and formal

properties are mentioned; especially, the duality theorem and

the existence theorem will be illustrated and utilized to

establish Theorem 5.6 in which the concept of coirplimentary

slackness is presented. This concept will be used as a main

source to iirprove the two-phase sirrplex algorithm, also

presented in this chapter, into the primal-dual algorithm,

which will be discussed in great detail for the remainder of

the chapter.



CHAPTER II

LINEAR INEQUALITIES

We will begin the chapter by giving some basic

definitions related to linear inequalities, and then develop

Minkowski's Theorem via using the theory of faces. Finally,

the resolution theorem will be disscussed. The main references

of this chapter are Gale [3] , Goldman [5] , and Goldman and

Tucker [6] .

Unless otherwise specified, will denote the

Euclidean n-dimensional real space. Using ' t ' for matrix

transpose, we first state a definition.

DEFINITION 2.1. A function L : E^ ̂  Ei, defined by

L(X) = CX, (2.1)

where

X = [Xi X2 . . x„]\ and C = [Ci C2 . . c^]" (fixed in E„) ,

is called a Linear Function.

DEFINITION 2.2. Let bi in E^ (i = 1,2, . . ,m) . If there

exists some vector X in E^ such that

Li(X) ^ bi, i = 1,2, . .,m, (2.2)

where Li's are linear functions, then we say that (2.2) is a

Consistent System of Linear Inequalities. Otherwise, we say

that it is an Inconsistent System of Linear Inequalities.



A  consistent or inconsistent system of linear

inequalities will be called a System of Linear Inequalities,

and hence the form (2.2) can be named regardless of its

consistency.

DEFINITION 2.3. The set defined by

{X| Li(X) ^ bi, i = 1,2, . .,m} (2.3)

will be called the Solution Set the system (2.2) .

Clearly, (2.3) is nonempty if and only if the system

(2.2) is consistent.

By letting

B = [bi b2 . . ,

and

A = [s^j ] , j =1,2,. ., n,

where

S Isjsn ~ ^ ~ 1/2,.., m,

we put the system of linear inequalities (2.3) in a matrix

form:

AX ^ B. (2.4)

When B is a vector of zeros, the system will be called

Homogeneous. Otherwise, it will be called Nonhcsnogeneous.

Before going further into part of the theory related to

dual linear inequalities, we develop some geometric concepts

and properties related to general linear inequalities. We

first recognize geometric ideas, associated with the solution



set of a system of linear inequalities, in the following

definitions, noticing the fact that these geometric ideas will

motivate the use of language.

DEFINITION 2.4. Given a vector [aj]"" in E^, and a

number b in E^. Then, the set

{c[aj]''| c ̂  0}

will be called a Half Line, and the set

{ [Xj]" e En I SjXj = b}

will be called a Hyperplane.

A hyperplane geometrically divides Ej, into two Half

Spaces, formally defined by the sets

{ [Xj]^ e e;,! Ei.j^^ajXj < b},

and

{ [Xj]" e E^\ Ei^j^^ajX, > b}.

The intersection of finitely many halfspaces will be

called a Polyhedral Convex Set, which is, in fact, the

solution set of the system (2.4) . The solution set of a

homogeneous system of linear inequalities will be called a

Polyhedral Convex Cone. We also call a polyhedral convex set

Vacuous when the system (2.2) is not consistent, and call a

polyhedral convex cone Trivial when the homogeneous system has

the unique solution, a vector of zeros.

From now on, unless differently stated, A will denote

an mxn real matrix, and Aj, j = 1,2, ..,n, will denote a Column



Vector of A, except for this chapter, where it means a row

vector, i.e., a one-column matrix whose entries are identified

with those in the corresponding row of A. Also, I will denote

an identity matrix, O will denote a matrix of O's, 1 will

denote a one-column matrix of I's, and Si will denote a one-

column matrix of O's except for 1 at the i-th position, having

the matrix sizes determined by the context. As a matter of

convenience, we sometimes write Xj or (X)j for the j-conponent

of a vector X, a^ or (A)ij for the ij-conponent of a matrix A,

and (Xi,X2, . . ,Xn) for [x^ Xj .. x^] ̂

The following definition will be used to construct

Lemma 2.1, and Theorem 2.1, from which Minkowski ' s Theorem [6]

is derived.

DEFINITION 2.5. Let A* be defined by

A* = {X| AX < O}, (2.5)

and

He I = {1,2,..m}.

Then, a Face of A*, corresponding to H, is defined by

Fh = {x| ̂ ^^X < 0 for each h in H} (1 I+i,

where

= {x| Ah^X = 0 for each h e I/H} .

The Dimension of a face Fh is the dimension of L^, i.e.,

dH = n - rH,

where rH is the maximal number of linearly independent vectors



in the set {^| h e I/H} .

If A is of rank n, then = 0 and becomes the unique

zero-dimensional face, called the Vertex of A*, and the

resulting one-dimensional faces will be called the Edges of

A*.

If G is a proper subset of H such that both Fh and Fg

are both nonenpty, then F^ is called a Boundary Face of Fh- The

union of all boundary face of Fh will be called the Boiandary

of Fh.

EXAMPLE 2.1. Consider A* with

A =
-1 1

1 -2

Find all of its faces and edges.

SOLUTION. Geometrically, A* can be easily pictured in

E2. The nonvacuous faces are

Fi2 = {(Xi,X2) I X2 < Xi} n {(Xi,X2) 1 2x2 > Xi} (di2 = 2),

Fi = { (Xi,X2) I X2 < Xi } n { (Xi,X2) I 2x2 = Xi} (di = 1) ,

= { (X2,X2) > 0| 2x2 = Xi}

F2 = { (Xi,X2) I X2 = Xi } n { (Xi,X2) I 2x2 > Xi} (d2 = 1) ,

= { (Xi,X2) > 0| X2 = Xi}

F, = { (Xi,X2) 1 X2 = Xi } n { {Xi,X2) I 2x2 = Xi} (d, = 0) ,

= {0}.

The edges of A* are F^, F2, which can also have the forms:

Fi = {tXil t > 0}, where Xi = (1,1/2);
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F2 = {txj t > o}, where X2 = (1,1).

LEMMA 2.1. For each vector Xq in a face Fh that has

dimension dn > d^ + 1, we have

Xo = Xi + X2,

where X^, X2 are in some boundary faces (of Fg) of dimension >

d^ but < dH.

PROOF. Let Lh be a linear space of dimension Then,

Fh c and there exists a vector X' in such that X' is not

in the linear subspace L generated by Xq and F^ (since (!„ > d^

+ 1) . Thus, Xo and X' span a 2-dimensional subspace Lq of Lh

that consists of vectors X of the form:

X = tXo + sX' . (2.7)

Consider

Mo = Lo n A*.

Then,

X is in Mo

if and only if

^^■'X = t(^''Xo) + s(;^"'X' ) < 0 for each h. (2.8)

Note that for each h c H, the form (2.7) satisfies the

form (2.8) . This irrplies that

X 6

if and only if

;^"'X = t(;^"'Xo) + ^ 0 for each h in H.

Since

8



dH > + 1 > d,,

we have

H ̂  0.

To determine s and t, we consider the graphs of the

equations

t(VXo) + s(Ah"X') = 0, h e H,

in the (s,t) plane, which are the straight lines going through

the origin with the slopes

ft - - he H.

Note that

< 0 for each h in H.

So, (2.8) can be reduced to the form

t > fhS. (2.9)

It can be seen that the set of all straight lines must

have at least two elements. Hence, by letting fh., fh" be the

maximal and the minimal slopes, corresponding to some h' , and

h" in H, we can define

f./1  ̂

~ f., - ty ' " ft' - ft"'

and

s  = - 1 t =
^  ft' " ft" ^ ff ft

Thus, we obtain



+ s^x', X^ = L^Xq + s^x',

so that

^1 + ̂ 2 = ̂ 0'

Moreover, (2.9) can be reduced to

^  ̂ V x,,x,.

Now, Xi satisfies (2.9), and hence (2.8), as as an

equation for h = h', and as a strict inequalitiy for h = h",

while X2 does the same thing respectively for h = h", and h =

h'. And thus, each of X^ and Xj satisfies (2.8) as a strict

inequality for some, but not all, h in H.

Since X^, and X2 are in Lh, they satisfy (2.8) as an

equation for each h c H. Hence, each of Xi and X2 must lie in

a boundary face of Fh that has dimension > d^. ■

EXAMPLE 2.2. Illustrate Lemma 2.1, using Example

2.1, with a particular vextor Xq = (3/2,1) .

SOLUTION. We may optionally choose X' = (-1,1) . Then,

^  _ (-1,1) (-1,1) _ ,
-^1 o(-1,1) (l-/1)

^ _ (1,-2) (-1,1) _
^2 n '(1,-2) (^/l)

10



^  s = ^
^  4+6 10' ^ 4+6 10'

and

t  ̂ = A t = - = —.
^  4+6 5' ^ 4+6 5

It follows that

z, = t,x, + = |(|,i) "

and

+ ̂ 2 = ^ = ̂ 0-

It should be noted that the face F^ can be identified

with the null space of A. Since the null space of A and its

dimension are unique, so are F^, and d^. Now, suppose that there

exists a face Fh of dimension < d^. Then, we have

Fh = {X| Ah^X < 0, V h e H} n {X| A^^X =0, V h C H} ,

and

dimension of Fh = dimension of {x| i^^'X =0, V h ̂  H}

^ dimesion of {x| i^"'X =0, Vhel} =d^.

Therefore,

d« > ca,,

which is iirpossible. It follows that there exists no face of

dimension < d^.

11



DEFINITION 2.6. The set A*, defined in Definition 2.5,

has the following properties, which are called Nonnegative

Linear:

for k ̂  0, and X e A*, kX e A*, (2.10)

for Xi, X2 e A*, X^ + X2 e A*. (2.11)

These properties are equivalent to the following one:

For ki, k2 ^ 0, Xi, X2 6 A*, kiXi + k2X2 e A*,

whereby the sum k^Xi + ksXj is called a Nonnegative Linear

CoEribination of X^ and X2, which can be defined more

extensively for any finite number of vectors.

A set C c En will be called a Convex Cone if it is

nonnegative linear. A set C c E^, containing a set B, will be

called a Convex Cone Hull of B, if each element of C can be

express as a nonnegative linear combination of elements in B.

When this is the case, we also say that B Spans C, and write

B^ = C. In the same context, if each element of C can be

written as a Finite Convex Conibination of elements in B, i.e.,

for each X in C,

n  n

X = V kjBj, where ic^ ^ 0, E B, ̂  kj = 1,
j=i j=i

then C will be called a Convex Hull of B. And when the context

is clear, we also say that B Spans C.

Clearly, if B spans C, then C is the smallest convex

cone or the smallest convex set that contains B. In addition,

if B is finite, then C is a polyhedral convex cone or a

12



bounded convex polyhedron defined later in Definition 2.8, In

particular, Let B = {Bi,B2, . . ,3^} be a finite set of vectors in

Em- Then,

B"^ = {Zisjsn'^j^j i Vj k 0, j = 1,2, . ,,n}. (2.12)

Identifying B as a matrix whose columns are Bj's, (2.12) can

be expressed in the form:

B^ = {BV| V ̂  O} .

Moreover, B'^ is a convex hull of half lines

{vjBj 1 Vj > 0}, j = 1,2, . . ,n,

generated by Bj' s in B.

On the other hand, identify A with {Ai,A2, . . ,An,}, where

Ai,A2, . ., and A^, are the row vectors of A. Then, we can put A*

in an equivalent form:

A* = {X| Ai^X < 0, A2"X < 0,.., An^X < O}.

This new characterization of A* can be generalized into the

following definition for an arbitrary subset S of E^.

DEFINITION 2.7. (Polar) Let S c Then, the set

{X 6 E,,! X"Y ^ 0 for all Y in S}

is called the Polar of S, and denoted by S*. Also, S** will be

denoted for (S*)*.

It is in preceding general senses that an mxn matrix M

will have the following properties:

M" = MA (2.13)

]y[*** = M*, (2 .14)

13



((iyr)*)^= (NT)* = (2.15)

THEOREM 2.1. A* is either exactly the (unique) de

face, or the convex hull of the d^-face, and the (d^+1)-faces.

PROOF. As mentioned in the statement preceding

Definition 2.6, A* has no face of dimension < d^. So, suppose

that A* has more than one d^-face. Then, for the vectors in

the (d^+1)-faces, they must automatically lie in the convex

hull of these faces. As for any vector X in a face of

dimension > (d^j+l) , we can use Lemma 2.1 repeatedly to have X

as a finite sum of vectors each lying in a face of dimension

d^+1, i.e.,

X = Xi + X2 + . . + X^.

Hence,

X = (l/m) (mXi) + (l/m) (mXs) + . . + (l/m) (mX^,) .

Since each mXi, i = 1,2, . . ,m, is in the same (d^+1) - face

where Xi lies, X is also in the convex hull C of these (d^+1)-

faces. Note that A* is a disjoint union of all the faces.

Hence, A* c c. In addition, since A* is convex (and certainly

contains the faces of dimension d^+1) , it must contain C. n

Before giving corollaries which are direct results of

Theorem 2.1, it should be noted that F^, = L^, and thus it is

a linear subspace of E^.

14



COROLLARY 1.1. The intersection of finitely many half

spaces is either a linear subspace of dimension or the

convex hull of finitely many half subspaces of dimension d^+l.

(Here, Dimension of a Half Space is defined to be the

dimension of the linear space that it spans. And when B = O

(related to Definition 2.3), the name Half SiJbspace will be

used for half space.)

COROLLARY 1.2. If the rank of A is n, then A* is

either {o} or the convex hull of {o} and the edges of A*.

We next present a theorem that gives a characterization

for a convex polyhedral cone.

THEOREM 2.2. (Minkowski's Theorem) For each

polyhedral convex cone A*, there exists a finite set B =

{Bi,B2, . . ,Bq} of vectors in such that A* = B^.

PROOF, we need to construct a set B that spans A*.

Using Theorem 2.1, it suffices to construct B as a union of

finite sets which spans the face and each of the (d^+1) -

faces, one by one.

If d^ = 0, then take = {o} as a spanning set of F^.

Otherwise, with d^ > 0, take {Bi,B2, . . ,6^}, d = d^, equal to a

basis of Fg. Then, for each X in F^, we can write

15



^ = E CiBi
i=l

Thus, for each i, set

Ui = max {Ci,o} ^ 0,

and

Then,

Vi = max {-Ci, 0} . ̂  0

i=l i=l

This implies that

5, = U

is a spanning set of F^.

We next consider an arbitrary (d^+l)-face Fh. Then,

write

where

Oh = {x| < 0 for each h in h} ,

Lh = {x| I^'^X = 0 for each h in I/h} .

It can be seen that Lh is a (d^+l) -dimensional linear space

that contains F^. So, let Bh e Fh <= Lh/ then Bh e Lh/F^.

Furthermore, for each vector X in Fh, we can write

X = X^ + cBh for some X^ in F^.

Multiplying both sides by for some h in H, we have

16



where

VX > 0, VXe = 0, and > 0.

Hence,

c > 0,

and

Sh = Sg u {Bfj}

is a spanning set for Fh- n

EXAMPLE 2.3 Consider the polyhedral convex cone A*,

where

A =
-1 1

1  -2

Then, construct B such that A* = B^.

SOLUTION. As shown in Exarrple 2.1, d^ = 0. Hence, take

=  {(0,0)} as a spanning set of F^. Next, we consider the

(d^+1)-faces, which were obtained in the previous exanple:

Fi = { (Xi,X2) I Xi = 2x2} = Oi n Li,

where

Oi = { (Xi,X2) 1 Xi > X2},

Li = { (Xi,X2) 1 Xi = 2x2}.

Note that is a one-dimensional space and contains F^ =

{ (0,0) }. So, we can optionally pick B^ = { (2,1) }. Similarly,

we pick B2 = { (1,1) }, associated with Fj. As a result, we have

B = { (0,0) , (2,1) , (1,1) }, and A* = B^

17



EXAMPLE 2.4. To illustrate Theorem 2.2, with the case

> 0, we consider the polyhedral convex cone A*, where

-1 1

1  -1

Then,

= { (Xi,X2) I Xi = X2},

which is a one-dimensional space, and d^ = 1. Therefore, we

can optionally take

=  (1,1) , and B2 = (-1, -1)

to form a spanning set for F^. Note that

Fi = { (Xi,X2) I Xi > X2} n { (Xi,X2) I Xi = X2} = 0, di = 0,

F2 = { (Xi,X2) I Xi < X2} n { (Xi,X2) 1 Xi = X2} = 0, d2 = 0,

Fi2 = { (Xi,X2) I Xi < X2 and x^ > X2} n E2 = 0, di2 = 0.

Hence, there is no face other than F^. Consequently, we have

B = { (1,1) , (-1,-1) }, and A* = B^

Besides, to display a situation with more than one

face, we may consider A*, where

A
-1 1

0 0

Then,

F^ = {(Xi,X2) I Xi = X2}, d^ = 1, (L^ = FJ ,

Fi = { (Xi,X2) I Xi > X2}, di = 2, (Li = E2) ,

F2 = {(Xi,X2) I Xi = X2}, d2 = 1,

Fi2 = {(Xi,X2) 1 Xi = X2}, di2 = 0.

Hence, we can take

18



to have

(1,1) , (-1,-1) from L^, and (2,1) from Fi

B = { (1,1) , (-1,-1) , (2,1) }, and A* = B'

EXAMPLE 2.5. Consider

-3 -2 6

-1 1 -1

1  -2 -2

1 -8 4

Then, construct B such that B^ = A*.

SOLUTION. Note that since d^ = 0, only one-dimensional

faces are used to conpute the spanning vectors. Optionally, we

pick

(4,1,1) e Fi2, (4,3,-1) e Fi4,

(20,9,13) e F23, (4,9,5) 6 F34.

Hence, we obtain

B = { (4,1,1) , (4,3,-1) , (20,9,13) , (4,9,5) }, and A* = B^

The above theorem immediately irrplies the following

corollary.

COROllARY 2.2.1. The intersection of finitely many

half spaces is a convex hull of finitely many half lines.

The next purpose is to see how the solution set of a

nonhomogeneous system of linear inequalities can be broken

19



down and ej^ressed in terms of a solution set of an

homogeneous system of linear inequalities. As this is done, we

have a constructive way to characterize all solutions of a

nonhomogeneous system by means of a finite number of vectors,

which are also the solutions of the system and called the

Fundamental Set of Solutions. For this purpose, we first need

a lemma that associates a polyhedral convex set S in to a

polyhedral convex cone in which S is embedded.

LEMMA 2.2. The rule

S = {X| AX < B} - = { (X,t) I AX - Bt ^ O, t ̂  O}

is inclusion-preserving, well-defined, one-to-one, and maps

any nonvacuous polyhedral convex set S to a polyhedral convex

cone that lies in the half space {{X,t) e En+i| t ^ o} and

meets the hyperplane {(X,t) e | t = l} . (Hence, it defines

a  correspondence (S) between the collection of all

nonvacuous polyhedral convex sets S c and its range

consisting of polyhedral convex cones Cn.i £ E^+i, so that we

can also write S(Cnn) as the inverse map of Cn.i(S) .)

PR(X>F. a) Let

S = {X| AX < B}

be a nonvacuous subset of

T = {X| CX < D},

and

Xo' = (Xo,to) e {(X,t)| AX - Bt ̂  O, t ̂  0}.

20



If

to > 0,

then

Xo/to 6 S c T,

so that

Xo' 6 { (X,t) I CX - Dt ̂  O, t ̂  0}.

If

to = 0,

then

Xo e {X| AX < O}.

Fix Xi e S c T. Then,

AXi < B, and AXo ̂  O.

It follows that

AXi + aAXo = A(Xi + aXo) ^ B,

and hence

Xi + aXo e S c T for any a ^ 0.

Therefore,

CXi + aCXo ^ D. (2.16)

Suppose that CXo ^ O. Then, By denoting the i-th

conponent of a vector V by (V) ̂, we have

(CXo)i > 0 for some i,

so that

a(CXo), > (D)i - (CXJi for some a ^ 0.

But this contradicts (2.16). It follows that

CXo < O,

SO that
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Xo e {X| CX ^ 0}.

Therefore,

(Xo,0) e {(X,t) I CX - Dt ^ O, t > 0}.

This inplies that

{(X,t) I AX - Bt < O, t > 0} = {(X,t) I CX - Dt s O, t ̂  O},

and hence the rule is inclusion-preserving.

b) To show that the rule is well-defined, suppose that

S = T. Then, from (a) , it immediately follows that

{(X,t) I AX - Bt ^ 0, t > 0} c {(X,t) I CX - Dt ^ O, t ̂  O},
so that the rule is well-defined.

c) To show that it is one-to-one, first notice that

S = {X| (X,l) E C^.i}. (2.17)

Suppose that S, T are mapped to Q,,!, and D^.i, respectively,

such that Q,.! = D^.i. Then, by (2.17), we have that

S = {X| (X,l) E = {X| (X,l) E Dn.i} = T.

Therefore, the rule is one-to-one.

d) To prove the remaining part, suppose that S 0.

Then, there exists a vector Xq in S such that AXq < B, i.e.,

AXo - B.l < O.

It follows that

(Xo,l) E Q,.!,

and hence, lies in the half space t ̂  0 and meets the'half

plane t = 1. n

It should be noted that the inverse map S(Cn,i) of Lemma

2.2 will map any polyhedral convex cone Dn.i that lies in the
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half space t ^ 0, and meets the hyperplane t = 1, to a

nonvacuous polyhedral convex set. To see this, write

= { (X,t) I AX - Bt ̂  O, t ̂  0},

and note that since meets the hyperplane t = 1, there

exists (Xo,l) e such that AXq < B. This implies Xq e S,

i.e., S * 0.

DEFINITION 2.8. Let P = {Pi,Pz, n •,Pn} b® the set of

vectors in E^. Then, a set

j=i j=i

will be called a Bounded Convex Polyhedron.

Identifying P as a matrix whose columns are Pj's, we

can put the above expression in an equivalent form:

= {pu\ u ̂

Clearly, P^ is presisely a convex hull of a finite

number of vectors, namely Pi,P2, . . ,Pn. Moreover, it can be used

to construct the following theorem.

THEOREM 2.3. (Resolution Theorem) For each

nonvacuous polyhedral convex set S = {x| AX ̂  b}, there exists

a bounded convex polyhedron
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= {pu\ U ̂  Uj = l),

and a polyhedral convex cone

= {QV\ V O)

such that

5 = pA + ^

Conversely, each nonvacuous set of the form is

a polyhedral convex set.

PRCX)F. By Lemma 2.2, there exists a polyhedral convex

cone Cn.i(S) in the half space t > 0. So, by Corollary 2.2.1,

there exists a finite set of vectors in En+i, which spans

Cn,i (S) . This set can be written as the disjoint union of two

sets:

{ (Pi,ti) , (P2,t2) , . ., (Pp,tp) }, where ti's > 0,

and

{ (Qi,0) , (Q2,0) , . ., {Qp,0) }.

Furthermore, since C^.i (S) is a cone, we may assume ti's

= 1 without loss of generality. Note that since Cn,i(S) meets

the hyperplane t = 1, we have p > 0. Besides, when q = 0, we

set (Qi,0) = (0,0). From

S = {X| (X,l) e Q,.i(S) },

it follows that
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5 = {^ u,P, + ̂  VjQj, u, ̂  0, ^0, 53 = l}.
1=1 j=l i=l

That is,

3 = 1^+0^,

where

P= [Pi,P2, . . ,Pp] , and Q = [Qi/Qs, • • /Qj] •

Conversely, beginning with a nonvacuous set of the form

S = P^ + Q',

we first notice that

= {X| AX ^ O}.

To see this, define

Or., = ^
i=l j=l

Then,

S = {X| (X,l) 6 D,,.i(S) }.

This implies that

S = S(D„.J .

It follows from Lemma 2.2 that

Dn+l - Qitl (S) ,

SO that

= {X| (X,0) e D,.i(S) }

= {Xj (X,0) 6 Q,.i(S) }

= {X| AX ^ O}.

Therefore,
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= {X| (X,l) e D„,i(S) },

where Dn^i lies in the half space t = 1. By Lemma 2.2,

= {X| (X,l) 6

is a nonvacuous polyhedral convex set. I

EXAMPLE 2.6. Consider the set S = {x| AX ̂  e},

where

A =

-3 -2' -6'

-1 1 1
, E =

1 -2 2
00

1

•

-4.

Then, construct the polyhedral convex cone (S) in Lemma

2.2, and illustrate Theorem 2.3.

SOLUTION. We first write

AX - Et = [A \ -E\

-3 -2 6"

X -1 1 -1
= X,

t 1 -2 -2

1

00
1

rH

t _

^ O, t ̂  0

Then, from Example 2.5, we have

B = { (4,1,1) , (4,3,-1) , (20,9,13) , (4,9,5) },

and

B' = A*.

Therefore,

Cn^i(S) = B^ n {(r,s,t) in E31 t > o}.

Clearly, this is a polyhedral convex cone, and hence

there must exist some set Bq such that
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Bo^ = C,,, (S) .

Gecmetrically, Bq contains vectors of B except for (4,3,-1),

whose last conponent < 0. Its remaining vectors, which in fact

can be formally computed, are (1,1,0), and (2,1,0), so that

Bo = {(4,1,1), (20,9,13), (4,9,5), (1,1,0), (2,1,0)}.

To illustrate Theorem 2.3, we first note that

C„.i(5)

n 20" n 4'

4' 13 5 1 2'

(Ui 1 + "2 9 + U3 9 1 + ̂2 1

1, 13 5 0, 0.

1 1 .

u,v > d

if and only if

E 1
j=i

It follows that

s = (u.

n 20' n 4'

4 13 5
+ u.

1. 2
9

3
9

13. 5.

L/ ^ o, ̂  = 1} + {v.
1=1

1 2

1. 2 1.
V ̂  o).

Therefore,

where

S = + QS

P =

4 1

20 19

13 13

4 9

5 5

,  Q =
1 1

2 1
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CHAPTER III

DUAL LINEAR INEQUALITIES

This chapter aims to derive some basic theorems which

will be used to develop main theorems for the dual linear

programs in the next chapter. The main references of this

chapter are Tucker [12] , Goldman [5] , and Goldman and Tucker

[6] .

DEFINITIC3N 3.1. Let A, C be (given) mxn marices, and

U, X be (unknown) mxl, nxl matrices. Then, each of the

following pairs of systems of linear inequalities is called a

pair of Dual Systems:

AhJ ^ O, and AX = O, X ̂  O;

CLU ^ O, U > O, and -CX ^ O, X ̂  O.

Each pair of dual systems will possess solutions which

will be stated in Theorem 3.2, and Theorem 3.3. To derive

these theorems we first need the following lemma.

LEMMA 3.1. The dual systems

A^^U ^ O, and AX = O, X ̂  O (3.1)

possess solutions U and X such that

AiTJ + Xi > 0. (3.2)
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Proof. We proceed by induction on n, the number of

columns in A. The initial case n = 1 is trivial: First, we can

take U = Ai. Then, if A^ = O, take

Xi = 1. (3.3)

Otherwi se, take

Xi = 0. (3.4)

It follows, in both cases, that (3.1) and (3.2) are satisfied.

Now, assume that the lerrina is true for a matrix A of n

columns, and proceed to prove it for a matrix

A = [A - [A-^ A2 • • n

implying the lemma to A, we get Uq and Xq that satisfy (3.1)

and (3.2). If A^^i^Uq ^ 0, take

U = Uo, and X = [Xq" 0]^ (3.5)

Then, clearly, U and X satisfy (3.1) and (3.2) . This extends

the lemma to the matrix A.

If An^iTTo < 0, apply the lemma to the matrix B, defined

by

B = [Bi B2 . . Bji] = [A^+liAn+i Aj+l^Aji+i • • / (3.6)

where

= -AjTJo / A^.iTJo ^ 0, j = l,2,..,n. (3.7)

Note that

B]U - = A]U - A]U = 0.

It follows that

BTJ = 0. (3.8)
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Using the lemma again, it yields Vq and Yq such that

B^o ^ 0/ BYo = O, Yq ^ 0, and Bi^o + Yi > 0. (3. 9)

Take

Y = (Yo,Ei,j,,Ajyj) . (3.10)

Since

Yo ^ O, and h.j.nhYi ^ 0'

we have

Y ̂  O,

and

■^Y = [A An+i] Y = ^isjsn+l-^Yj ~ Zlsjsn^Yj "*■ ■^+lLlsjsn^jYj

~ Elsjsn^Yj Llsjsn (^jAn+l) Yj ~ Elsjsn (-^ ^jAi+l)Yj
=  [Ai+liAji+i A2+A2An+l • • Ai+^rAi+l] Yq = BYq = O.

Now, define

W = V + /xU, (3.11)

where

M = - (An.i^) / (An.i^) • (3.12)
Then,

= A,,!^ - (A,,,^/A„,iTJ)A„,iTJ = O.

Since

BjT7 = (Aj^ + ljA„.r)W = AjT^ + = AjT7,

we have

= BTAT.

Also,

BTJ = O.

We thus have

A"T^f = B^ + /xB^U = B"V ^ O.
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with (3.9), this inplies that

+ Yi = + Yi > 0.

Hence, with W and Y from (3.11) and (3.10), we extend the

lenma to the matrix A = [A An+J . The induction on n is fully

established and the lemma holds for all n. n

EXAMPLE 3.1. Find the solutions U and X for (3.1) such

that

Ai"TJ + Xi > 0 (likewise for AJ

for each of the following cases:

a) A = b) A ̂

-3 -2

-1 1

1  -2

1  -8

SOLUTION. For (a), since A * 0, using (3.4), we can

take

U = A and X = O.

For (b), we first set

A = [A]^ A2] = [A A2] .

Using part (a) for A, we obtain

U = (-3,-1, 1, 1), and thus A2"'U = -5 < 0.

we next compute

= 12/5 (by (3.7)) ,

and

B= (-39/5, 7/5, -19/5, -9/5) (by (3.6)).

Now, using (3.4) for B, we have
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Vo = B, and Yo = 0.

Hence, by (3.10), Y = (0,0). By (3.12), and (3.11), we have
H = 851/25, and W - l/25(-2748,-816,7S6,396).

As a result,

U = W, and X = Y

are desired solutions.

THEOREM 3.2. The dual systems

ATJ ^ O, and AX = O, X ̂  O (3.17)

possess solutions U and X such that

ATJ + X > 0. (3.18)

PROOF. For each j = l,2,..,n, there exists

corresponding solutions tP, X" such that

ATP ^ O, AX = O, X" ^ O, AjTP + >0.

By taking

U = EisjsnU^' and X = (3.19)

we have

ATJ = Liij^nATP ^ O, and AX = Xi^j^nAX = O.

It follows that

AjTJ + Xj = Aj"" (^i,k,n^) + SliksnXj = (AjT?" + X'"j) ,

and

AjTf" + X'^j ^ 0 ( since ATJ" ^ O and X"^ O.)

Hence, we obtain

AjTJ + ^ AjTP + x^j >0.

This imnediately implies that
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+ X > O. n

The next two exannples are given to illustrate the

preceding theorem.

EXAMPLE 3.2. Let

-3 -2

-1 1

1  -2

1  -8

find solutions U and X for (3.17) that satisfy (3.18)

SOLUTION. From Example 3.1, we have

= 1/25(-2748,-816,756,396), and X^= (0,0).

To find IP, X^, let

-2 -3

1  -1

-2 1

-8 1

Then, by using (3.4), we can take

U = [-2 1 -2 8]", and X = O.

Since

[-3 -1 1 1]U = -5 < 0,

we obtain, via (3.7),

= 73/5, and B = 1/5(229,-68,63,33)

Using (3.4) for B, we have
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V = B, and Y = O.

By (3.12) , (3.11) ,

li = 523/25, and W = 1/25(99,183,-731,-4019).

Therefore,

U2 = w, and = Y.

By (3.19), we compute

U = 1/25 (-2649,-633,25,-3623), and X = O.

COROLLARY 3.2.1. Let iT, X* be be solutions of of

Theorem 3.2. Then, the (new) dual systems

[I A]Tr ̂  O, and [I A]X = O, X ̂  0,

possess solutions U* and [O X*"^] such that

[I A]"Tr + X* > O, provided that U* ^ O.

and

PROOF. From Theorem 3.2, we have

[I A]Tr ^ O,

[I A] [O X*^]^ = 10 + AX* - AX* = O,

[O X*"]" ^ o. n

EXAldPLE 3.3. To illustrate corollary 3.2.1, let

,  e) C = A.

2'

to

1

1 T 2

2 2 0 0 0 2

a) A =
1
,  b) A =

1 1
,  C) E =

1
,  d) E =

1 1

1, 1 2, 2

to

In each case, find solutions U* and X* such that

AiTT + x*i > 0 (likewise for Ai, E^, Ei) (CTJ* + X* > O) .
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SOLXTTION. a) Since A ̂  0, we can take

U* = A, and X* = O.

b) Let A = [Ai AJ = [A A2] . From part (a) ,

U = A, and hence AsTT =5^0.

It follows from (3.5) that

X* = [X^ 0]" = O, and U* = U.

c) Since E O, we can take

ir = E, and X* = O.

d) Let E = [El Ej] = [E E2] . From part (c) ,

U = E, and hence E2"'U = 5 > 0.

From (3.5),

X* = [X" 0]" = O, and If = U.

e) From (b) and (c), we obtain

= A, X^ = O, = E, X^ = O.

It follows from (3.19) that

ir = = [3 2 2 3]^ and X* = X^ + X^ = O.

TEJEOREM 3.3. The dual systems

U ̂  O, C"U > O and -CY > O, Y > O (3.20)

possess solutions U*, and Y* such that

ir - cr > O and dlT + Y* > O. (3.21)

PROOF. Let A = [I C] . Then, by Theorem 3.2, there

exist solutions IT, and X* for (3.17) such that A'^U* + X* >0.

Write
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X = [W TV, and X* = [W*^ Y*^]^

Then,

[I c]Tr ^ 0, [I C] [W*^ r^v = o, [w*^ r^V ̂  o. (3.22)

Moreover,

[I C]Tr + [W*^ > O,

and thus

U* + W* > O, and CTT + Y* > O. (3.23)

It follows that

O ̂  ITT = ItT = IT, and CTJ* ^ O. (3.24)

Note that, from (3.22),

W* = -CY*. (3.25)

Therefore, from (3.24), (3.25), (3.22), (3.23), we have

U* ^ O, CTT ^ O and -CY* = W* ^ O, Y* ^ O,

such that

U* - CY* > O, CTT + Y* > O.

EXAMPLE 3.4. Find solutions U*, and Y* for (3.20) , and

(3.21), where

c =

2 1

2 0

1 1

1 2

SOLUTION. Write A = [I C] . Then, from Exanple 3.3 (e),

and corollary 3.2.1, there exist solutions

U* = [3 2 2 3]", and X* = O
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for (3.17) such that

ATI* + X* > 0.

So, we can find

such that

W* = O, and Y* = O

[I c]Tr + [w*^ > o,

and thus

U* + W* > O, and CT* + Y* > O.

From (3.17) ,

[I C] [W*^ Y*^]^ = O, so that W* = -CY*

Hence, by (3.26),

ir - cr > o and err + y* > o.

In conputation, we have

2  1

2  0

1 1

1 2

> O,

and

'3'

2 2 11 2 0 is'
+ =

10 12. 2 0, 11.

.3,

> o.

(3.26)

DEFINITION 3.2. Let K be a skew matrix, i.e., K7 = -K.

Then, the following system

KW k O, and W ̂  O (3.27)

is called a Self Dual System.
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THEOREM 3.4. The self dual system, defined above, has

a solution W* such that

KW* + W* > O. (3.28)

PROOF. Let C = K7. Then,

CT = K = - K7 = -C.

And hence, we have the dual system

Cru k O, U ̂  0, and -CY > O, Y > 0. (3.29)

By Theorem 3.3, there exist solutions U*, and Y* such that

ir - CY* > O and CTU* + Y* > O. (3.30)

It follows that

ir > O, Kir ^ O, KT k O, Y* ^ O,

ir + KY* > O, and CTT + Y* > O.

Therefore,

K(ir + T) > o, XT + r ̂ o, K(ir + r) + (ir + r) > o.

It follows that

W* = ir + Y*

is a desired solution. n

EXAMPLE 3.5. Let

K -
0 1

-1 0

find a solution W* that satisfies (3.28)
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SOLUTION. First, we need to find solutions U*, and Y*

for (3.29), and (3.30), where

c = [q C2] =
0 -1

1  0

Since Ci = [0 1]^ we take

= C,, = O.

Then,

= 0.

It follows from (3.5) that

U2 = U2, = [X2" 0]^ = O.

Therefore,

ir = U' + = [-11]", and X* = [GO]"

are desired solutions for (3.29), and (3.30) . It follows that

W* = ir + X* = [-11]"

is a solution for (3.27), and (3.28).

The following corollary will be used in chapter IV to

prove important theorems.

COROLLARY 3.4.1. Let

0 A -B

K = - -A" 0 C

5" -c" 0 _

where A, B, C are mxn, mxl, nxl matrices, respectively, and
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O's are square matrices whose sizes agree with other matrices

in the block matrix. Then, K is clearly a skew symmetric

matrix, and the self dual system (3.27) will have a solution

[Uo" to]" such that

Bto ^ AXo, (3.31)

ATJo ^ Cto, (3.32)

CTXo ^ B"Uo, (3.33)

CTXo + to > BTJo, (3.34)

Uo + Bto > AXo, (3.35)

A"Uo + Xo > Cto, (3.36)

where Uq, and Xo are mxl, nxl matrices, respectively, and to

is a scalar.

PROOF. By applying Theorem 3.4, the self dual system

posseses a solution W* such that KW* + W* >0. Write

[Uo" Xo" to] = W*U

Then,

OU,+AX,-Bt,

-A''Ur,+OX^ + Ctr KW* ̂  O.

This proves (3.31)- (3.33). Moreover,

OU,+AX,-Bt, ' 'Uo

-A^U,+OX, + Ct, + ^0 > 0

n-
o
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is equivalent to

'b^u,-c^x. 'to'
+ Uo > 0,

-A-U, + Ct, ,^0,

which proves (3 .34)- (3.36) . n

EXAMPLE 3.6. In each of the following matrices:

0

1

1  0 -1 -1 1 0'

a) A = -1 0 -1 , b) A ̂ 0 -1 -1 ,  c) A ̂

1

0

1

11 0. 1  1 0. 0 1 1.

find solutions U, and X such that (3.2) holds true. Use these

results to compute U°, X° for (3.17) and (3.18), where A is

defined as in (a).

take

Then,

SOLUTION, a) Let A = [Ai A2 A3] . Since A^ O, we can

Ui = Ai, and X^ = O.

So by (3.7),

Next, conpute

As'Ui = 1 > 0.

U2 = Ui and X2 = [Xi" 0]".

Aj^Us = 1 ̂  0

So, we can take, by (3.7),

U3 = U2, and X3 = [X2" 0]
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Hence,

U (= U3) = Ai, and X (= X3) = O.

b) Since Ai 0, we take

Ui = Ai, and X^ = O.

Then,

A2^Ui = 1 > 0.

So, by (3.5), take

U2 = Ui and X2 = [Xi"" 0] .

Since

A3^U2 = -1 < 0,

by (3.9), (3.8),

A3 = -A3^U2/-A3"U2 - 2 > 0,

A 2 = -A2"U2/-A3"U2 =1^0,

B3 = A3 + A3A3 = [-1 -2 1]\

B2 = A2 + A2A3 = [-1 -2 1]^

Now, repeat the process for B = [B3 B2] . Since B3 O,

we can take

V3 = B3, and ¥3 = 0.

Since

^2^1 = 6 > 0,

by (3.5), we obtain

V2 = V3, and Y2 = [Yi"" O]"".

By (3.10), we corrpute

= -A3^/-A3^U2 = 3,

U = A3 + A1A3 = [-1 -2 1]^

X = 0]" = O.
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c) similar to previous parts, we first obtain

= 2 > 0,

Bi = Ai + X1A2 = [1 -1 2]^

So, by repeating the process for B^, we corrpute:

= -A2^/-A2^Ui = 3,

U2 = V + /iUi = [-2 -4 2]\

X2 = [IT 0]" = O.

A3Tr2 = 6 > 0.

Therefore, by (3.5), we can have

U = U2, and X = [X2"' 0] = O.

Finally, from (a)-(c), via (3.19),

U° = [0-7 1]\ and X° = O.

EXAMPLE 3.7. (Related to Corollary 3 .4 .1) Let A = [1] ,

B = [1], and C = [-1]. Then, coirpute [Uq" X^" to]" that

satisfies (3 .31)-(3.36) .

SOLUTION. Let

K

0 1 -1

-1 0 -1

11 0

Then, by Exarrple 3.6, we obtain

\f = [0-7 7]", and X° = O

that satisfy (3.17), (3.18) with A = -K. Following the proof

of Theorem 3.3, with some conputation, we find

ir = [0 0 7]", and X* = [1 1 0 0 0 1 ]"
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that satisfy (3.18) with A = [I -K]. From this, we have

ir = [0 0 7]^ and Y* = [0 0 1 ]\

which satisfy (3.20) and (3.21). It follows from the proof of

Theorem 3.4 that

vr = u* + r= [0 08 ]^

is a desired solution that satisfies (3.28). Therefore, from

Corollary 3.4.1, we can take

Uo = [0] , Xo = [0] , to = 8,

that satisfy (3.31)-(3.36):

Bto = 8 ̂  AXq = 0,

A"Uo = 0 > Cto = -8,

(TXo = 0 > B^Uo = 0,

+ to = 8 > B^Uo = 0,

Uo + Bto = 8 > AXo = 0/

A-^Uo + Xo = 0 > Cto = -8.

Also, it can be checked that

KW ^ O, W > O.

LEMMA 3.2. Let A, Aq be mxn, mxl matrices,

respectively, suppose that for each U with A'^U ^ O, Aq'^U ^ 0.

Then, there exists an n-vector Xq ^ O such that Aq = AXq.

PRCXDF. Consider the dual systems

[-Ao A]UJ ^ 0 and [-Aq A] [Xq X"] ̂ = O, [Xq X^] ̂ > O. (3.37)

Then, by Lemma 3.1, there exist vectors U and [Xq X^]"" such

that
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-Ao^U + Xo > 0. (3.38)

Furthermore, from (3.37), we also have

-vu > 0, A^U ^ 0, -AqXo + ax = O, Xo ^ 0, X ̂  O. (3.39)

Therefore, by the hypothesis,

-Aq'^U > 0 (since ATJ ^ O) .

It follows from (3.39) that

Xo > Ao""!! ^ 0.

Let

Xo = Xo'^X.

Then, by (3.39),

-AqXo + A(XoXo) = 0,

i.e.,

Ao = AXo. n

CDROLLARY 3.2.1. Let A, Y be mxn and nxl matrices,

respectively. Suppose that for each vector X with AX ^ O, Y"X

< 0. Then,

for some u^'s > 0. Here, Ai's denote row vectors of A.

PROOF. Let

B = -A'", and Bq = -Y.

Then, B is an nxm matrix and -B"" = A. Therefore, by

hypothesis, B^X ^ O implies that Bq^X ^ 0. By Lemma 3.2, there

exists an m-vector U = [Ui Us .. Un,]"" such that Bq = BU. It

follows that
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-Y = (-A^)U,

i.e.,

Y = A^U = Ei,i,,UiA,. n

We next state and prove a theorem that characterizes

polar of a polyhedral convex cone in terms of convex cone

hull.

THEOREM 3.4. (Farcas' Theorem) For each mxn matrix A,

A** = {N)'.

PROOF. Let Y e A**. Then, by Definition 3.3,

Y^X < 0 for each X e A*.

So, by Lemma 3.2, we have

Y = Ei,,,„UiAi for Ui's ^ 0.

It follows from (2.12) that

Y e (A^)^

For the reverse inclusion, let Y e A^. Suppose

Y = Eia.mUiAi for Ui's ^ 0.

Then, for each X e A",

AX ^ O,

i.e.,

Ai'^X < 0 for i = l,2,..,m.

Since

=  (Ei.i.mUiAi^)X = Ei,i.mUi (Ai^X) ^ 0,

it follows that
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Y e A**

Theorem 3.4 inplies that

(A*)' = ((A^)')*,

noting that

(A*)^ = A*,

and

({N)')* = (A**)* = A*.

THEOREM 3.5. (Weyl's Theorem) For each mxn matrix,

there exists a finite set B of vectors in such that

A* = Bh and (A")' = (B^)*.

PROOF. That A* = B^ was already covered by Theorem 2.2.

To prove that (A^)^ = (B")*, we first observe that

(BO* = (BOh

So, By the first part,

A** = (BOh

It follows from Theorem 3.4 that

(AO' = (BO*. n

Theorem 3.5 immediately implies the following

corollary, that can be considered as a geometric version of

the theorem.

COROLLARY 3.5.1. The convex hull of finitely many half
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lines is the intersection of finitely many half spaces, and

conversely.

LEMMA 3.3. For each vector Xq and each polyhedral

convex cone (A^)^ = {A^| V ^ O}, either X e (A"')^ or there

exists a hype]:plane TX = 0 that separates Xq from (A'')'^, i.e.,

Xq lies in the open half space X"'Y > 0 and (A"")^ lies in the

closed half space X7Y < 0.

PRCXDF. By Theorem 3.4, we have

(N)' = A" = {X e En| X"Y ^ 0 for all Y e A*}.

Suppose X $ (A^)^. Then, Xq € A**, and hence there exists some

vector Y in A* such that Y^Xq > 0. On the other hand, we have

Y^X ^ 0 for all X in (A"")^.

It follows that the hyperplane Y^X separates Xq and n

THEOREM 3.6. (S^aration Theorem) Let

= {PU| U > O, = 1},

and

= {QV| V ̂  0}

be a bounded convex polyhedron and a polyhedral convex cone,

respectively. Then, either * 0, or there exists a

hyperplane K'Y = 0 that separates and Q^, i.e., P^ lies in

the open half space X'Y > 0, and lies in the closed half

space X'Y ^ 0.
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PROOF. Let P = {Pi,P2, . . ,Pp}. If p = 1, then, by Lemma

3.3, the desired results will follow. So, assume that p > 1,

and suppose that P^'nQ^ = 0.

We first prove that for each i = 1,2,..,p.

Pi € Si = {~Pi*~P2/ - * /~Pi-l / ~Pi+l / • • / Pp / Ql / Q2 / • • ' Qq} •

Suppose the contrary that

Pi= Lk.iUk(-Pk) + Li.j.nVjQj, for some u^'s, v^'s ^ 0.

Then,

Ek.iUkPk + Pi = Ei.j.nSjQj for some Sj's.

Let

^k = 'i-'-k/a for k i, ri = l/a,

Sj = Vj/a for each j,

where

^  I Xiiksm^k •

We then have

Zk^kPk ~ Elsj^n^jQj/

for some

Uk'S > 0, Euk^mUk = 1/ Vj'S ^ 0.

But this is impossible since P and are disjoint. Therefore,

Pi € Si.

It follows from Lemma 3.3 that, for each i = 1,2, . .,p,

there exists a vector Yi such that

Yi'^Pi > 0 and Yi'^X < 0 for each X e Si.

This implies that for each k = 1,2,..,p, and each X e QS

YyPi > 0 and Yi'Pk ^ 0 for k ̂  i, and Yyx < 0.

Let
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Then, for each i =

= Yi^Pi + Ek-iYk^Pk > 0.

Moreover, it is clear that

Y'X = Eisi^pYi'^X for each X 6
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CHAPTER IV

LINEAR PROGRAMS

The object of this chapter is to present a linear

programming problem together with its basic properties, and

the simplex method that has been used to solve a linear

program. In particular, extreme points and extreme directions

will be treated as main concepts from which the simplex

algorithm will be derived. The main references of the chapter

are Bazaraa, Sherali and Shetty [1] , Cooper and Steinberg [2] ,

and Noble and Daniel [10] .

DEFINITION 4.1. (Linear Program in Inequality Form)

Let A and C be mxn and nxl matrices, respectively. If there

exists a vector X* e such that

Inf CTX = CTX., AX. < B, and X. k 0,

then the problem

Minimize CTX (4.1)

subject to AX ̂  B, (4.2)

and X ^ O, (4.3)

will be called an Optimal Linear Program. Otherwise, it will

be called a Nonpptimal Linear Program. A Linear Program will

be meant for either of these programs.

Replacing Minimize by Maximize, or ̂  by ̂  (or =) in any
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inequality of (4.1) , or even dropping (4.3) , we obtain another

kind of linear program which is, indeed, reducible to the

Standard Form (4.1)- (4.3) above.

Moreover, replacing C, X by

c x'

q
f

respectively, and (4.2) by

AX + IXg = B, X3 k O,

where Xg is an nxl matrix, we have a new standard form, called

a Slack Variable Form, for a linear program.

Now, since

AX + IX^ = [A I]
X

x^

we are prompted to define a linear program in terms of linear

equality constraints.

DEFINITION 4.2. (Linear Program in Equality Form) Let

A and C be defined as in Definition 4.1. If there exists a

vector X* e En such that

Inf (or Sup) C^X = C7X., AX. = B, X. ̂  O,

then the problem

Minimize (or Maximize) C7X (4.4)

subject to AX = B, (4.5)

and X ^ 0, (4.6)

will be called a Minimal (or Maximal) Linear Program.
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otherwise, it will be called a Nonqptimal Linear Program.

Optimal will be used to mean minimal or maximal, and a Linear

Program will be used for an optimal or nonoptimal one.

As a matter of convenience, "Linear" may be dropped and

"Program" may be replaced by "Problem". Minimal (or Maximal)

is sometimes used for a general linear problem to be

minimized (or maximized) regardless of its optimality.

Moreover, by symmetry, a program may be represented by either

a minimal or a maximal one, and will be assumed to be minimal

for this chapter when the context is clear.

DEFINITION 4.3. (Constraint Set) (4.1) (or (4.4)),

(4.2) (or (4.5)), and (4.3) (or (4.6)) will be respectively

called the Objective Function, the Constraints, and the

Nonnegative Condition. The set of points in that satisfy

the contraints and the nonnegative condition will be called

the Constraint Set.

DEFINITION 4.4. (Basic and Qptiinal Feasible Solution)

A vector Xq ^ O in is called a Feasible Solution if it

satisfies the constraints of a linear program. A feasible

solution will be respectively called Basic, or Qptimal if it

has at most m positive entries, or it is a vector X* defined

by Definition 4.1 or 4.2.
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EXAMPLE 4.1.

Minimize

Subject to

Consider the problem

Xi - 4X2

Xi - 2X2 s: -4,

Xi + X2 < 3,

Xi, X2 0.

Then, illustrate the main concepts given in Definitions

4.1 and 4.2. Guess the optimal point, if any, graphically.

1
,  ̂ =

-1 2
,  B =

4
,  ̂ =

-4 1 1, 3. X2

S0LX3TIQN. By rewriting x^ - 2X2 ^ -4 as -x^ + 2X2 < 4,

we put the problem in the standard form (4.1)-(4.3):

Minimize C"'X

subject to AX < B,

X ^ O,

where

c

By adding slack variables, we put the problem in the

standard form (4.4)-(4.6):

Minimize CTX

subject to AX = B,

X ^ O,

where

Graphically, the level curves of the objective function

are the straight lines, whose values decrease along the vector

-C = [-1 4]"". Therefore, a reasonable guess for the optimal

solution would be the point [2/3 7/3] which is the
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c =

0

4 -12 10 4

,  A = ,  B =
0 1 10 1. 3.

,  X

intersection of the lines defined by

Xi - 2X2 = -4,

and

Xi + X2 = 3.

The following lemma will be used to prove Lemma 4.2

that gives a connection between (4.2)-(4.3) and (4.5)-(4.6).

we omit the proof since it is simple.

LEMMA 4.1. The constraint set of a linear program

defined by (4.4)-(4.6) is a convex set.

DEFINITION 4.5. (Extreme Point) A vector X e S £ is

called an Extreme Point (Vector) of S if it can not be written

as a convex combination of any two distinct points in S.

Clearly, X is an extreme point of S if and only if it

is not a mean of any two other vectors of S, i.e., if

X = 1/2 (Xi + X2) , where X^, X2 e S,

then

X = Xi or X = X2 (and hence X = X^ = X2.)
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LEMMA 4.2. For each nonvacuous polyhedral convex set

P = {X ^ 0| AX < B}, (4.7)

the set

Q = { [X^ > 0| AX + S = B} (4.8)

is a nonvacuous polyhedral convex set that has its extreme

points corresponding to the extreme points of P.

PROOF. First, by writing

Xa;s: + 5 = [A j) ̂

we see that Q is the intersection of two polyhedral convex

sets, so that it is also a polyhedral convex set.

Furthermore, it is clear that Q is nonvacuous since P

is nonvacuous. Let X be an extreme point of P. Then, by (4.7) ,

we have

AX ^ B.

Hence, there exists a vector S e such that

AX + S = B.

This inplies that [X^ S^] e Q.

To show that this point is also an extreme point of Q,

let us suppose that

[X" s"]" = 1/2 ([Xi" sy]" + [xy (4.9)

where

[xy sy]y [xysyl^eQ.

Then, we have that X^, X2 e P, and

[x^ s^] = [1/2 [xy X2^] 1/2 [sy 82^] ] .
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It follows that

X = 1/2 (Xi + X2) , and S = 1/2 (S^ + S2) .

Since X is an extreme point of P, we must have

X = Xi = X2, and hence 8 = 81 = 82.

By (4.9), we have

[X^ 8^] = [Xi^ 81^] = [X2^ 82^] .

Thus,

[X"" 8^] is an extreme point of Q,

so that

[XV2 8V2]" e Q.

Next, let [X"" 8""] be an extreme point of Q. Then, X e

P. Suppose that

X = 1/2 (Xi + X2) , where Xi, X2 e P.

Then, there exist 81, 82 e such that

[xy sy]^ [X2^82^]^eQ,

and hence

[X^ (81 + 82)^]^ e Q.

This implies that

8 = 81 + 82.

By Lemma 4.1, Q is a convex set. It follows that

1/2 ([xy sy]^ + [X2^ 82^^) = [i/2(Xi+X2)" 1/2(81+ 82)^]^

=  [X^ 8^]" e Q.

But [X^ S""]"" is an extreme point of Q. Therefore,

[x^ 8^] = [xy 8/] = [X2^ 82^ .

We immediately have

X = Xi = X2,
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and hence, X is an extreme point of P. n

The next three theorems are fundamental and useful in

proving many characterization theorems. Their proofs can be

found in Cooper and Steinberg [2], or Bazaraa, Sherali and

Shetty [1] . Also, when not specified, a linear program and its

constraint set will be used in the sense of (4.4)- (4.6). we

also note that a matrix A can be modified into a full rank

one, so that without loss of generality we may assume that A

is of rank m.

TEIEOREM 4.1. Let

S = {XeEnI AX = B and X > O} ^ 0.

Suppose that Ai,A2, . . ,Ai,, k < m, are linear independent column

vectors of A such that

XiAi + X2A2 + . . + = B,

where all Xj's ^ 0. Then, the vector

Xq = (X]^, X2, . . , ,0,0, . . , 0)

is an extreme point of S.

THEOREM 4.2. A nonvacuous constraint set of a linear

program has at least one extreme point.

THEOREM 4.3. Xq is an extreme point of a nonvacuous

constraint set if and only if A can be deconposed into [D N] ,

and X^ into Xn""] such that D is an mxm invertible matrix,
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and

D'^

0 .
> o.

Matrix D of Theorem 4.3 will be called a Basis Matrix,

and the collection of all of its column vectors will be called

a Basis. This theorem has an immediate result.

COROLLARY 4.3.1. The number of extreme points in the

contraint set of a linear program is finite.

THEOREM 4.4. If a linear programming problem is

optimal, then there exists an extreme point in the contraint

set at which the objective function assumes the optimal value.

PROOF. By symmetry, it suffices to prove only for the

maximal problem. By Corollary 4.3.1, let Xi,X2, . . ,Xt be all of

the extreme points. From hypothesis. Let X^ be an optimal

point which is not an extreme point. Then, we can write

ic=l ic=l

^0, E^^ = 1

It follows that

- C'j; XA = E
jc=l

since for some p = 1,2,..,t,
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Max {CXkl k = 1,2, . . ,t} = CXp,

we have

t

c^x, < c^x;£ X, = c^x^.
k=l

But, C7Xn, is the maximal value of the objective

function. We thus have

^ C7Xp.

It follows that

CX, = CXp.

This means that the objective value function assumes its

maximal value at the extreme point Xp. n

DEFINITION 4.6. (Extreme Directions) Let S be a

nonvacuous closed convex set in A nonzero vector D in

is called a Direction of S if for each X e S,

X + AD e S for all A ^ 0.

Two directions D^, D2 are called Distinct if

Di * aDs for any a > 0,

A direction is called Extreme if it cannot be written

as a positive linear combination of two distinct directions,

i.e., if

D = AiDi + A2D2 for Ai, A2 > 0,

then

Di = aD2 for some a > 0.

Clearly, a nonzero vector of a polyhedral convex cone

60



is a direction, and it becomes extreme if it lies in an edge

of the cone. Moreover, if S is a nonvacuous constraint set,

then it follows from the structure of S that a vector D 0 is

a direction of S if and only if

AD = O, and D ̂  O.

This characterization of a direction is useful in

proving the next theorem that characterizes an extreme

direction. However, as also for Theorem 4.7, we omit the

proof, and direct interested readers to Bazaraa, Sherali and

Shetty [1] .

THEOREM 4.5. Let S be a nonvacuous constraint set of

a linear program. A vector E is an extreme direction of S if

and only if A can be deconposed into [D N] such that

D'^Aj < O for some A^ of N,

and

E is a positive multiple of [(-D'^Aj)'' ej""] h

TEJEOREM 4.6. Let S be the nonvacuous constraint set of

a linear program. Let Xi,X2, . . ,Xk be all of the extreme points,

and Di,D2, . .,Dj, be all of the extreme directions of S. Then, X

e S if and only if it can be written as

^ = E * E I'A'
J=1 J=1

where
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k

^ Xj = 1, kj ̂  0 for j = 1,2, .. ,k,
j=i

and

p, . ^ 0 for j = 1,2,.., r.

We next state and prove a theorem that characterizes

the optimality of a linear program.

THEOREM 4.7. Let Di,D2,..,Dj. be all of the extreme

directions of the nonvacuous constraint set S of a minimal

linear program. Then, this program has a finite optimal

solution if and only if

CTDj > 0 for j = 1, 2, . ., r.

PROOF. From Theorem 4.6, we write the given program in

the following form:

Minimize

j=i j=i

Subject to

k

^  = 1, kj ̂  0 for j = 1,2, .. ,k,
j=i
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and

lij ^ 0 for j = 1, 2 , . . , r.

If CTDj < 0 for some j, then the objective function can

be made arbitrarily small by choosing /Xj large. This shows

that a necessary and sufficient condition for a finite optimal

solution is that

CTDj > 0 for j = 1,2, . ., r.

Furthermore, if this condition holds true, then, by

choosing

/Xj = 0 for j = 1,2, . . ,r,

we can reduce the problem to the new one:

Minimize

subject to

k

^  = 1; kj > 0 for j = 1,2, . . , k.

Let

Ai = 1, and Aj = 0 for j i,

where i is given by

CTXi = inf {CTXj l j = l,2,..,k}.

Then, an extreme point is chosen to optimize the problem. n

The following theorem will set up a framework for an
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algorithm that can be used to solve a linear program in

practice.

THEOREM 4.8. If X. is an extreme point of the

constraint set of a minimal linear program, then it is optimal

or there exists a vector E such that

Cr(X. + AE) < C7X. for A > 0.

Moreover, E will be an extreme direction of X or there

exists some A* > 0 such that X* + A.E is an extreme point.

PROOF. By Theorem 4.3, A can be deconposed into [D N] ,

where D = [Di,D2, . . ,Eu] is an mxm matrix of full rank, N is an

mx(n-m) matrix, and X. can be written as

xy = [X.B^ XV] = [B'" O] ,

where

B' = D-^B > O.

Let X e S. Then, it can be written as

X'" = [Xe^ V] / where V), X^ > O,

and

AX = [D N] = DX^ + NX„ = B.

Hence,

Xb = D-^B - D-^NXn.

It follows that
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= [ci c;] = cx +

= Cd"D-^B - Cd"D-^NXn +

= Cd^D-^B + - c^^d-in)Xn.

Therefore, if

- Cd"D-^N ^ O,

then, since ^ 0, we have

(TX ̂  CTX*,

and X is an optimal extreme point. Otherwise, suppose that

Cj - Cc'^D'^Aj < 0,

and consider

X = X* + AE^, where Ej = [(-D-^A^)" Sj"] ̂

Then,

CTX = ex. + AeEj

= ex. + A[Co"Cn^] [(-D-^Aj)^

= ex. + A ( [Cd^ (-D-^Aj) +Q,^ej] )

= ex. + A (c^-Cd^D-^A,) . (4.10)

Therefore, since Cj-Cn'^D'^Aj < 0, we have

ex < ex. for A > 0.

We next consider two cases for yj = D'^Aj.

Case 1: Yj < O. Then, Ej > O. Consider

AEj = [D N] [(-D-^Aj)^ ej^]^

= -Aj + Nej = 0 (since NSj = Aj) .

Since AX. = B, for X = X. + AEj, we have

AX = AX. + AAEj = AX. = B for all A.

Hence, X is feasible if and only if
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X ̂  O for Ej ^ O.

It follows from (4.10) that the objective value function is

unbounded. In this case, we have found an extreme direction Ej

with

C7Ej = Cj-Qj^D-^Aj < 0.

Case 2: Yj i O. Let B' = D'^B. Define

A = min {(B')i/(Yj)i| (Yj)i > O} = ^ 0, (4.11)

where (B')i and (Yj)i denote the i-th conponent of B' and Yj,

respectively. For each basis element S, denote the element of

X corresponding to S by Xg. Then, the coirponents of X. + AEj

are given by

B ̂
i " -jyj- ^ e (1,2, . . ,r-l,r + l, . . ,/n}.

^  j' r

x^=B'J{Y^)r, (4.12)

Other Xi' s are equal to zero.

Therefore,

are the only positive coirponents of X, so that X has at most

m components to be positive. Moreover, The corresponding

columns of A are linear independent. It follows from Theorem

4.3 that X is an extreme point. n

DEFINITION 4.7. (Simplex Algorithm) The following

procedure is called the Sirplex Algorithm:

Initialzation step: Start with an extreme point X.
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Main steps:

1. Write X in terms of D defined in Theorem 4.3, and

calculate Cd^D'^N - Q". If this vector is nonpositive, then

stop; X is an optimal extreme point. Otherwise, pick the most

positive - Cj. If Yj = ^ O, then stop; the

objective value is unbounded along the the ray

{X + A[(-Yj)^ k ^ 0}.

If Yj i O, then go to step 2.

2. Conpute the index r from (4.11) and form the new

extreme point X in (4.12) . Repeat step 1.

DEFINITION 4.8. (Degeneracy) If a basic feasible

solution, defined in Definition 4.4, has exactly m positive

entries, then it is called a Nondegenerate (Basic Feasible)

Solution. Otherwise, it is said to be Degenerate. A linear

program of which each basic feasible solution is not

degenerate is called a Nondegenerate Program.

Clearly, a degenerate basic solution acconpanies some

coincidence of basic solutions. For exarple, if

A =

then, choosing x^, Xj, or x^, X3 leads to the same basic

solution, and hence degeneracy must occur. Conversely, a

degenerate basic solution of AX = B, say X = [10 0]'^, can

determine a coincidence of two basic solutions corresponding
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to basic variables X2, or x^, X3 , respectively. For

theoretical sinplicity, nondegenerate programs will be assumed

throughout this paper.

TEIEDREM 4.9. If the simplex algorithm is applied on a

nondegenerate linear program, then it stops in a finite number

of iterations.

DEFINITION 4.9. (Related to Theorem 4.3) If X is an

extreme point, and D is the basis matrix corresponding to X,

then the following block matrix (or its transformation) will

be called a Siitplex Tableau:

0 N D B

1 -C ̂ -Co^ 0

If T is transformed to T' by any elementary row

operation on the upper submatrix [O N D B] or the row

operation performed on the bottom row by adding to which a

multiple of a higher row, then T' will be called an Equivalent

Simplex Tableau of T. The corresponding linear programs to T

and T' will be said to be Equivalent programs.

TEJEOREM 4.10. If
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T =

ON D B

1 ~ ~ Cd u

and

T
/ -
0 n' d'

1 -C'l, -c'l, u'

are equivalent sinplex tableaux, then the corresponding

programs:

crx + u (cr = Cd^] )

AX = B, (A = [N D] ) ,

Minimize

subject to

and

Minimize

siibject to

C'^X' + u' (C^ = [C'n/ C'd."])

A'X' = B', (A' = [N' D'])

have the same constraint set, and the objective functions,

restricted to the (common) constraint set, are actually

identical.

PRCXDF. First, it clear that elementary row operations

performed on [O N D B] will not change the constraint set. For

the row operation performed on the bottom row, we have

[-C'n." -Cp,^ I u'] = [-C^^ -Q," I ^ [N D 1 B]

for some W e E^. Note that

W" [N D 1 B] = [vr [N D] I W^B] .

Thus, we have

-C'd/ = + Vf [N D I B] ,

and
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u' = u + VTB.

Let Z be in the coinmon constraint set. Then, by

defining

M = CTZ + u, and M' = C'^Z + u' ,

we have that

M - M' = (C7 - C'")Z + (u - u')

= lAr [N D] Z - W^B

= VT ( [N D] Z - B)

= 0 (since [N D] Z = B.)

This inplies that M and M' are really the same function. n

Consequently, we immediately have the following result.

COROLLARY 4.10.1. Theorem 4.10 is still true if the

nonnegative conditions are added to the constraints.

Indeed, by multiplying the constraint rows by

adding Cd"" times the new constraint rows to the objective row,

we can identify the previous sinplex tableau with the

following one, where B' = D"^B:

0 D-^N I B'

1 Cd^D-^N - 0 Cd^B'
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DEFINITION 4.10. (Tableau Siirplex Algorithm) The

following procedure is called a Tableau Siirplex Algorithm:

Initialization step: Start with an extreme point X, and

the preceding siirplex tableau.

Main steps:

1. If Cd'^D'^N - ^ O, then stop; the current extreme

point is optimal. Otherwise, pick a nonbasic variable

with negative Cp^D-^Aj - Cj (upon examining the objective

row) . If < 0, then stop; the problem is unbounded.

Otherwise, go to step 2.

2. Compute the index r from (4.11), and pivote (Yj)^ as

follows:

i) Divide the r-th row by (Yj)^..

ii) Multiply the new r-th row by -(Yj)i, and add the

result to the i-th constraint row for i =

1,2,..,m, i ̂  r.

iii) Multiply the new r-th row by - (Cp'^D'^Aj - Cj) and

add the result to the objective row.

Repeat step 1.

EXAMPLE 4.2. Solve the following linear program:

Minimize Xi - 4X2

subject to -Xi + 2X2 < 4,

Xi + X2 s 3,

Xi, X2 ^ 0.
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SOLUTION. Using slack variables X3 ̂  0, and X4 ^ 0, we

write the given problem in the following form:

Minimize - 4X2

subject to -X3 + 2X2 + X3 = 4,

Xi + X2 + X4 = 3,

Xi, X2, X3, Xi ^ 0.

Or, in terms of matrix notations,

Minimize CTX

subject to AX = B,

X > O,

where

and

C = [1 -4 0 0]\ B = [4 3]^

A =
-12 10

110 1

If

then

X" = [Xn^ Xo^ = [O (D-^B)"] > O,

AX = B.

Therefore,

X = [0 0 4 3]"

is an extreme point by Theorem 4.3.

Using X as a starting point, we have the starting

simplex tableau:
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0 -1 2 1 0 4

0 1 1 0 1 3

1 -1 4 0 0 0

Continuing applying the tableau simplex algorithm, we

generate the following tableaux:

0 1/2 1 1/2 0 2

0 3/2 0 -1/2 1 1

1 1 0 -2 0 -8

0 0 1 1/3 1/3 7/3

0 1 0 -1/3 2/3 2/3

1 0 0 -5/3 -2/3 -26/3

Therefore, the optimal point is [2/3 1/3]^, and the

optimal value is -26/3. This result can be rechecked with that

of Example 4.1.
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CHAPTER V

DOAL LINEAR PROGRAMS

In this chapter, we will define a dual linear program

from a given one, and then discuss certain basic theorems that

will be used to prove the duality theorem and the existence

theorem. Finally, we will develop the concept of corrplementary

slackness to derive the primal-dual algorithm. The main

references of this chapter are Cooper and Steinberg [2] ,

Goldman and Tucker [7] , Hadley [9] , and Tucker [12] .

DEFINITION 5.1. The following linear programs will be

called Dual Linear Programs:

Maximize z = CX

subject to AX < B, (5.1)

X ̂  0,

and

Minimize w = B""!;

subject to ATJ ^ C, (5.2)

U ̂  0.

In other words, one of the forms will be called the

Dual of the other, which is called the Primal.

Clearly, it follows from Definition 5.1 that the dual

of the dual (of a primal) will be the primal.

74



Conventionally, we may choose the maximal problem to be

a primal and the minimal one to be a dual. Furthermore, by

using slack variables, we can verify that the following pair

of linear programs is, in fact, the dual pair:

Max.imize z = CTX

subject to AX = B, (5.3)

X ̂  0,

and

Minimize w = BhJ,

subj ect to ATI ̂  C. (5.4)

Note that U is free from nonnegative conditions. The

later pair of linear programs is, in fact, an equivalent form

of the former one. We will use the later one to derive the

primal-dual algorithm, and use the other to derive basic

theorems.

We first state two basic lemmas whose proofs can be

found in Cooper and Steinberg [2].

LEMMA 5.1. If X and U are feasible solutions of the

primal and the dual, respectively, then

C7X ^ B^U.

LEMMA 5.2. If X and U are feasible, and CTX = B'^U, then

they are optimal.

We note that a pair of dual linear programs is totally
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defined by fixed matrices A, B, C, which altogether define

matrix K in Corollary 3.4.1. Moreover, corresponding to a

solution [Uo^ Xo^ to]^ we have Uq, Xq as feasible solutions to

the dual and the primal, respectively, provided that to = 1.

This situation can be extended, more generally, to the

following theorem.

THEOREM 5.1. (Related to Corollary 3.4.1) If to > 0,

then there are optimal vectors X and U for the dual programs

such that

CTX = B^U, U + B > AX, A^U + X > C.

PROOF. Suppose to > 0. Then,

[IT X^ t] = l/to[lTo Xo^ to] = [ITo/to XoVto U

is a solution of the self dual defined by the following matrix

k' = t^K

O  t,A -t,B

-t,A- O t,C

-toC- O ^

such that all properties (3.31)-(3.34) of Corollary 3.4.1

remain the same. Hence, by (3.31) and (3.32) with to = 1, we

have U, X as feasible solutions. By (3.33), Lemma 5.1 and

Lemma 5.2, U, X are optimal and CTX = B'^U. By dividing (3.35)

and (3.36) by to, we have

U + B > AX, and A""!! + X > C. n

EXAMPLE 5.1. (Related to Example 3.7) Using Theorem
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5.1, find the optimal solution of the following linear

program:

Maximize -x

subject to X ̂  1,

X ̂  0.

SOLUTION. The dual linear program is

Minimize u

subject to u ̂  -1,

u ̂  0.

By the coiment preceding Theorem 5.1, we have

K =

0 -11

1 0 1

-1 -1 0

Thus, by Exanple 3.7,

Xo = 0, Uo = 0, to = 8

form a solution for the self dual system (3.27).

It follows from the proof of Theorem 5.1 that

X* = Xo/8 = 0, u. = Uo/8 = 0

are optimal solutions of the primal and the dual that defined

by fixed matrices A' = 8A, B' = 8B and C = 8C. Noticing that

optimality of one system will imply optimiality of the other,

we conclude that Xq = 0, Uq = 0 are optimal solutions of the

dual and the primal that defined by fixed matrices A, B and C.

Clearly, the optimal value is zero. Moreover, it can be

checked that
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Uo + B > AXo, and NUq + Xq > C.

It should be noted that Theorem 5.1 offered a way to

solve a linear program by reducing the dual programs to the

self dual system of linear inequalities, and solving this self

dual system by means of Corollary 3.4.1 and Theorem 5.1.

However, as has been seen, even though this way is valuable in

theory, it is unfavorable in practical computations. This

situation can be overcome by using the simplex algorithm of

Chapter IV, or other modified algorithms that will be

presented next.

THEOREM 5.2. (Related to Corollary 3.4.1) Suppose that

to = 0. Then, the following statements are true:

a) At least one of the dual programs has no feasible

vector.

b) If the maximal problem has a feasible vector, then

the set of its feasible vectors is unbounded and CX is

unbounded on this set. (A dual statement can be established

for the minimal problem.)

PROOF. To prove (a) , suppose that X is a feasible

vector for the primal. Then, by (ii), we have

A'"Uo > O (since to = 0 by hypothesis.)

It follows that

Uo"'AX > O (since X ̂  O.)

78



Besides, by (3.34) of Corollary 3,4.1, with to = 0, we have

B^Uo < CrXo.

since X is feasible, AX < B. This inplies that

0 < Uo'AX ^ Uo^B < CCXq. (5.7)

Now, suppose also that the dual has a feasible vector

U. Then, by a similar argument, we have

0 ̂  ITAXo > CCXq.

But this contradicts (5.7), and thus (a) is proved.

To prove (b), for each A > 0, consider

X' = X + AXo,

where X is a feasible solution of the primal and Xq is as in

the Corollary 3.4.1. Then, clearly, X' ^ O. Hence, by (3.31)

of this corollary, with to = 0, we have

A(X + AXo) = AX + AAXo ^ AX < B.

Hence, X' defines an infinite ray of feasible vectors, and

this proves the first assertion of (b).

It follows from (5.7) that

CTXo > 0.

Therefore, by choosing A,

cMx + AXo) = c"x + AcrXo

can be made arbitrarily large. This proves the second

assertion. n

We immediately have the following Corollary.

CXDROLLARY 5.2.1 If one of the dual problems (and thus
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both) is optimal, then to > 0.

We state next two theorems that characterize optimality

in terms of boundedness, and duality. Interested readers may

find the proofs in Cooper and Steinberg [2].

THEOREM 5.3. (Boundedness Theorem) A necessary and

sufficient condition for either (and thus both) of the dual

programs to have optimal vectors is that either CTX or BTJ is

bounded on the corresponding nonvacuous set of feasible

vectors.

THEOREM 5.4. (Duality Theorem) A vector Xq is an

optimal solution for the primal if and only if there exists a

feasible solution Vq for the dual such that

= C%.

(A similar dual statement can be obtained.)

For convenience of later use, we restate the duality

theorem in another version.

CDROMjARY 5.4.1. The primal is optimal if and only if

the dual is optimal. Moreover, If Xq, and Uq are optimal

solutions for the primal and the dual, respectively, then we

have

CTXo = B^Uo.
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Before presenting the existence theorem, we give an

exanple to illustrate the duality theorem.

EXAMPLE 5.2.

dual:

Minimize

Subject to

Solve the following program by using its

-Xi + 4X2

Xi + X2 3,

-Xi + 2X2 4,

Xi < 2,

-X2 -1,

Xi, X2 ^ 0.

SOLUTION. The dual program is given by

Maximize Bu^ + 4U2 + 2U3 - U4

Subject to Ui - U2 + U3 > -1,

Ui + 2U2 - U4 2: 4,

Ui, U2, U2, U4 ^ 0.

We apply the tableau sinplex algorithm, using surplus

variables, to generate the following sinplex tableaux:

1 -1 1 0 -1 0 -1

1 2 0 -1 0 -1 4

-3 -4 -2 1 0 0 0
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3/2 0 1 -1/2 -1 -1/2 1

1/2 1 0 -1/2 0 -1/2 2

-3 -4 -2 1 0 0 0

3/2 0 1 -1/2 -1 -1/2 1

1/2 1 0 -1/2 0 -1/2 2

2 0 0 -2 -2 -3 10

1 0 2/3 -1/3 -2/3 -1/3 2/3

0 1 -1/3 -1/3 1/3 -1/3 5/3

0 0 -4/3 -4/3 -2/3 -7/3 26/3

The optimal point and optimal value for the dual are

U = [2/3 5/3 0 0]\ and w = 26/3.

By Theorem 5.4, we have

X = (Co^D-l)^

where Cd"" = [3 4], and

D
1 -1

1  2
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Hence,

D-1

A 1
3  3

1 1
3  3

and

X = [2/3 7/3]

The next theorem characterizes optimality as

feasibility of both programs.

THEOREM 5.5. (Existence Theorem) A linear program has

a finite optimal solution (and so does its dual) if and only

if it and its dual are feasible.

We next gives two examples, illustrating circumstances

in which at least one of the dual programs has a nonempty

constraint set, i.e., nonfeasible, and hence each of the

programis must be nonoptimal by the existence theorem.

EXAMPLE 5.3. Consider the following problem:

Maximize -x^ - X2

Subject to -Xi - X2 < -2,

Xi + 2X2 < 1,

Xi, X2 ^ 0.

Since X2 ^ -1, and X2 > 0, the primal is not feasible.

Next, consider its dual program that is given by
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Minimize -2\i^ + U2

Subject to -Ui + U2 > -1,

-Ui + 2u2 > -1,

Ui, U2 ^ 0.

Then, U = [0 0] meets the constraints. Hence, the dual is

feasible. However, it is not optimal by the existence theorem.

EXAMPLE 5.4. Consider the following problem:

Maximize -x^ + 2X2

Subject to OXi + 2X2 < -2,

OXi - 1X2 < 1,

Xi, X2 ^ 0.

Since X2 < -1, and Xj > 0, the primal is not feasible.

Next, consider its dual program that is given by

Minimize -2Ui + U2

Subject to OUi + OU2 ^ 1,

2Ui - U2 ^ 2,

Ui, U2 ^ 0.

Then, it is also not feasible.

To illustrate how the theorem works at another case, we

give the following exanple.

EXAMPLE 5.5 Consider the problem:

Maximize -x^ + 2X2

Subject to OXi + 2X2 ^ -2,
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OXi - 1X2 ^ 1,

Xi, X2 ^ 0.

Then, it is clear that [3 1] is a feasible solution.

Now, consider the dual linear program:

Minimize 2Ui - U2

Subject to Ui - U2 > 1,

-Ui + 2U2 2: 2.

Ui, U2 ^ 0.

Then, [4 3]^ is clearly a feasible solution. So, by the

existence theorem, both programs are optimal. (The common

optimal value can be immediately obtained.)

We now develop the so-called two-phase tableau sitrplex

algorithm which is more effective than the tableau simplex

method in the sense that it can be used to find an initial

feasible solution and then use this solution to obtain the

optimal solution. This algorithm, in fact, has features on

which the primal-dual algorithm is developed.

DEFINITION 5.2. For each maximal linear program of the

Form (4.4)-(4.6), the following program:

Maximize z^ =

subject to AX + Xa = B, (5.9)

[X Xal ^ O

is called the Artificial Linear Program generated by the given

maximal one. X^ is called the vector of Artificial variables.
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From (4.4)-(4.6), we may assume B s; 0.

DEFINITION 5.3. (Two-Phase Tableau Sairplex Algorit±ni)

The following procedure is called the Two-Phase Tableau

Sinplex Algorithm:

Phase I: Solve the artificial problem (5.9) , using the

tableau siirplex algorithm (Definition 4.10) . Note that since

the artificial problem is bounded above by 0, it is always

optimal. Furthermore, its initial feasible solution can be

immediately obtained by treating artificial variables as basic

ones. If the optimal value 0, then stop; the original

problem is unbounded. (Otherwise, go to Phase II.)

Phase II: ̂ ^ply the tableau sinplex algorithm again for

the original problem, using the optimal point of Phase I as

an initial point.

EXAMPLE 5.6. Solve the following program:

Maximize -x^ + 4X2

Subject to Xi + 4X2 + X3 + 2X4 = 10,

2Xi + 5X2 + X3 + X4 = 14.

SOLUTION. Let X5, Xg be the artificial variables.

Then, an initial solution for the artificial problem is

Xi = X2 = X3 = X4 = 0, X5 = 10, Xg = 14.

Phase I: By applying the tableau sinplex algorithm, we

generate the sinplex tableaux for the artificial problem:
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0 1 4 1 2 1 0 10

0 2 5 1 1 0 1 14

1 0 0 0 0 1 1 0

0 1 4 1 2 1 0 10

0 2 5 1 1 0 1 14

1 -3 -9 -2 -3 0 0 -24

0 1/4 1 1/4 1/2 1/4 0 5/2

0 3/4 0 -1/4 -3/2 -5/4 1 3/2

1 3/4 0 1/4 3/2 9/4 0 -3/2

0 0 1 1/3 1 2/3 -1/3 2

0 1 0 -1/3 -2 -5/3 4/3 2

1 0 0 0 0 1 1 0

Each entry of the objective row is nonnegative. So,
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Phase I is ended with an optimal point X given by

X = [2 2 0 0 0 0 ]",

and the optimal value is

Za = 0.

Phase II: We use the point X = [2 2 0 0]" as an initial

extreme point for the original problem. Again, by applying the

tableau simplex algorithm for the original problem, we

generate the simplex tableaux:

0 1 4 1 2 10

0 2 5 1 1 14

1 1 -4 0 0 0

0 1 0 -1/3 -2 2

0 0 1 1/3 1 2

1 0 0 5/3 6 6

Since each entry of the objective row is nonnegative,

the original problem is optimized with the optimal point [2 2

0 0]", and the optimal value is 6.

The next lemma and its corollary are important in
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establishment of the equilibrium theorem.

LEMMA 5.3. The self dual, defined in Definition 3.2,

possesses a solution W such that each of the pairs

n

5] k^jWj > O, Wj ̂  O (j=l,2, . .,n) , (5.10)
j=i

contains exactly one inequality that is strict with respect to

W .

PROOF. For any solution W, we have

n  n

W^KW = 5^ S (£ W^k^^w.)
i=l j=l i=l j=l

E  = - E ̂E
i = l j = l i=i j = l

= - E (E
J = 1 2=1

Hence,

n  n

O = W^KW = E ^E •
i=l j=l

It follows that each pair of (5.10) must have at least

one inequality which is an equality. This irrplies that at most

one of the pair can be strict with respect to some solution.

On the other hand, by Theorem 3.4, there exists a

solution W such that
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+ w[ > 0 for each i = 1, 2, . . , n.

That is, one of the pair (5.10) must be strict with respect to

W', and therefore, exactly one of the pair will be slack. I

The preceding lenma immediately has the following

result.

COROLLARY 5.3.A. Let K be defined as in Corollary

3.4.1. Then, the self dual system, defined by Definition 3.2,

possesses a solution W = [U"" X'^ t]"" such that exactly one

inequality from each following pair must be strict with

respect to W :

j=l j-m+l

where

Uj if i = 1,2, . . ,m
if i = m+1, . . , m+n

t  if i = m+n + l

In general, we say that a linear inequality is Slack if

it is strict with respect to some solution, and when this is

the case we also say it is slack with respect to this

solution.
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THEOREM 5.6. Consider a pair of dual programs defined

in Definition 5.1. Then, for each pair of optimal solutions to

this dual linear programming problem, say (X,Xs) and (U,Us) ,

we have that

XjUgj = 0 for each j = l,2,..,n,

and (5.11)

UiXgi = 0 for each i = l,2,..,m.

PROOF. By adding slack variables and surplus

variables, respectively for the primal and the dual, we can

reduce the given dual problem to the following equivalent one:

Maximize z = C7X

subject to AX + Xg = B, (5.12)

X, Xg ^ o,

and

Minimize w = B^U

subject to A""!! - Ug = C, (5.13)

U, Ug > O.

Multiplying (5.12) by 17, we have

17AX + I7Xg = 17B.

Taking the transpose for both sides,

XWU + Xg^U = B^U. (5.14)

Similarly, multiplying (5.13) by X"", we get

X^ATJ - X^Ug = X"C = C7X. (5.15)

Since (X,Xg) and (U,Ug) are optimal, by Corollary 5.4.1,

we have
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crx = B"U. (5.16)

Therefore, adding up (5.14) and the negative of (5.15), it

follows from (5.16) that

17X3 + X^Ug = 0. (5.17)

Since X, U, Xg, Us are all ncnnegative, we have

ITXs = 0, XTJs = 0. (5.18)

That is,

XjUsj = 0 for each j = l,2,..,n,

and (5.19)

UiXgi = 0 for each i = 1,2, . .,m. I

EXAMPLE 5.7. Consider the the pair of dual linear

programs given in Exanple 5.2. Then, we have

X = [2/3 7/317 Xs = [0 0 4/3 4/3] 7

and

U = [2/3 5/3 0 017 Us = [0 0]7

Clearly,

ITXs = 0, and X^Us = 0,

which verify (5.18), and (5.19).

DEFINITION 5.4. Property (5.18), or (5.19), is called

Canplementary Slackness (or Equilibrium) .

The following alternative proof for Theorem 5.6 is

essentially obtained by using Lemma 5.3 for matrix K defined

in Corollary 3.4.1.
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ALTERNATIVE PROOF. (For Theorem 5,6) Since the given

dual linear programs are optimal, to > 0 by Corollary 5.2.1.

By applying Corollary 5.3.A, we have the following cases.

Case 1: i = 1,2, ..,m. Then, w^ = Ui. If Ui = 0, then

UiXsi = 0. So, suppose Ui > 0. Then, by Corollary 5.3.A, we

have

^ E ^ = 0-
j = l j=m+l

Hence, since kij = 0 for i e {l,2,..,m}, we have

E  = 0.
j=7n+l

Denote the k-th column vector of a general matrix, say

M, by I\. Then, we can write

{-N)CX + bit = 0.

That is,

(A^)i^X = bit.

From the proof of Theorem 5.1, without loss of

generality, we may assume that t = 1. Hence, we have

(A^)i^X = bi. (5.21)

Since X is feasible (in fact, it is optimal), we can conpare

(5.21) with the form

(A^)i^X + X3i = bi,

so that

Xgi = 0 for i = l,2,..,m.

Case 2: i = m+l,m+2, . . ,m+n. With a similar argument as
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in case 1, we can obtain

Usi = 0 for i = m+l,m+2, . .,m+n,

provided that > 0. I

As the existence theorem characterizes optimality by

the existence of a pair of feasible solutions, the following

theorem together with Theorem 5.6 will characterize a specific

pair of optimal vectors. As will be seen later, it plays an

inportant role in establishment of the primal-dual algorithm.

THEOREM 5.7. The feasible solutions (X,Xs) , and (U,Us)

of the primal and the dual, respectively, are optimal if the

conplementary slackness holds.

PROOF. Suppose that conplementary slackness holds.

Then, we have

ITX3 + XTJ3 = 0.

Hence,

ITX3 = -X^U3 = -U3-X.

Adding ITAX to both sides of this equation, we have

ir(AX + X3) = (ITA - U3")X = XMATJ - U3) .

Since

AX + X3 = B, and A"U - U3 = C,

we have

I7B = X"C.

That is,
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CX = B"U.

Hence, by Lemna 5.2, X and U are optimal. I

Immediately, we have the following Corollary.

COROLLARY 5.7.1. Solutions X and U of the primal and

the dual, of the form (5.3), (5.4), respectively, are optimal

if and only if

XTJs = 0, (5.22)

where Us is the solution of the dual slack variables.

EXAMPLE 5.8. Consider the pair of dual linear

programs:

Maximize -x^ + 4X2

Subject to Xi + X2 + X3 = 3,

-Xi + 2x2 + X4 = 4,

Xi + X5 = 2,

-  X2 + Xg = -1,

Xi, X2, X3, X4, X5, Xg ^ 0,

and

Minimize + 4u2 + 2U3 - U4

Subject to Ui - U2 + U3 ^ -1,

Ui + 2u2 - U4 ^ 4,

Ui, U2, U3, U4 ^ 0.

First, it can be verified that

X = [2/3 7/3 0 0 4/3 4/3]", and U = [2/3 5/3 0 0]"
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are feasible solutions of the primal and the dual. This

implies that

Us = [0 0 2/3 5/3 0 0]h

Therefore,

XTJs = O.

By Corollary 5.7.1, we conclude that X and U are optimal

solutions for the primal and the dual problem, respectively.

DEFINITION 5.5. Without loss of consistency, we also

call (5.22) Ccanoplimentary Slackness (or Equilibriuin) .

The next development aims to construct the so-called

primal-dual algorithm basing the ideas on complimentary

slackness. In particular. Corollary 5.7.1 will be used to test

optimality for the problem in this algorithm.

The two-phase tableau simplex algorithm actually

generates a finite sequence of extreme points of the

artificial linear program (5.9) after Phase I is terminated.

Furthermore, the last extreme point of this sequence, say

X = (X]^, X2 , . . / Xj^, Xj^+i, 5^+2 I •' I /

has its first n entries forming an extreme point, say

(Xi,X2, . . ,Xn) , for the original problem (4.4)-(4.6). As a

result, this extreme point may be far away from the optimal

point of the original problem when Phase II starts.

To improve the situation, we rely on the dual problem,

which is carrying vector C in the constraints, to select a
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vector (to enter a basis) that guarantees conplimentary

slackness for a dual solution and the first n entries of the

new extreme solution. Therefore, an initial dual solution is

really required to iiiplement the ideas. Since the initial

solution for the artificial program has its first n coirponents

to be zeros, we must have conplimentary slackness for the

first n conponents and the initial dual solution. Hence, the

next performance is to choose vectors to enter and to leave

the basis so that the next tableau still maintains

conplimentary slackness.

By (5.22), we actually need part of the dual solution

that associates with n slack variables. From this, we define

W = {Aj l = 0}, (5.23)

where Aj's denote column vectors of A. Then, by allowing only

Aj's to enter the basis, we will preserve conplimentary

slackness. For if Vgj > 0, then the corresponding Xj cannot be

a basic variable, and hence remains zero.

To formally develop the algorithm, we first state the

following theorem whose proof is actually contained in Theorem

5.10, developed later.

THEOREM 5.8. Let W be defined as in (5.23) , D be the

basis obtained when the optimality criterion is satisfied for

all vectors in W, and C be the vector of prices of the

artificial program (5.9) . Then, there exists a 0 > 0 such that
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V = V + 0CdD"^ (5.24)

is a new solution to the dual, and the corresponding objective

value

w' < w,

where V, and Co are respectively the dual solution, and the

vector of prices in C corresponding to D.

Moreover, the dual will be bounded (and hence optimal)

if and only if the set of all 0's that hold for (5.24) is

bounded. If this is the case, we have

v'sj = Vgj + 00 (Sj - Cj) , (5.25)

where

and

00 = min {-Vgj/(gij-Cj) | gj-Cj < 0 and v^j > o}. (5.26)

Otherwise, we have

gj - dj > 0 for j = l,2,..,n, and < 0. (5.27)

This theorem and the preceding discussion can be made

in effect by means of the following definition.

DEFINITION 5.6. (Preliminary Primal-Dual Algorithm)

The following procedure will be called The Preliminary Primal-

Dual Algorithm:

Initialization Step: Start with an initial (not

necessarily feasible) point of the dual constraints (5.4) , for

which W = {Aj I Vgj = 0} 0.
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Main steps:

1. If - Cj > 0 for j = 1,2, ..,n, then stop; the original

program is either optimal (if = 0) or unbounded (if < 0) .

Otherwise, if - Cj > 0 for all Aj e W, then corrpute 0o

by (5.26), Vg by (5.25), and then update Vg, and W. (Otherwise,

go to the next step.)

2. Drive a vector A, in W with 2;j - Cj < 0 into D, drive a

corresponding vector out of D, and update the tableau in the

same way done in Phase I of the two phase algorithm. Repeat

step 1.

EXAMPLE 5.9. Solve the following program, using the

preceding algorithm, assuming initially Vg = [0743]^:

Maximize -x^ + 4X2

Subject to -Xi + 2X2 + X3 = 4,

Xi + X2 + Xj = 3,

Xi, X2, X3, X4 ^ 0.

SOLUTION. implying the preliminary primal-dual

algorithm, we generate the following simplex tableaux:
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TABLEAU I -1 4 0 0

Xd Basis Ai As A3 A4

-1 4 ©1 -1 2 1 0

-1 3 ©2 1 1 0 1

Za -7 0 -3 -1 -1

W - Vsj 0 7 4 3

TABLEAU II -1 4 0 0

Xd Basis Ax As A3 A,

0 2 A2 -1/2 1 1/2 0

-1 1 ©2 3/2 0 -1/2 1

Za -1 -3/2 0 1/2 -1

W - Vsj 0 0 5/3 2/3
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TABLEAU III -1 4 0 0

Xd Basis Ai As A3 A,

0 7/3 0 1 1/3 1/3

0 2/3 1 0 -1/3 2/3

Za 0 0 0 0 0

W 26/3 Vsj 0 0 5/3 2/3

since Zj - Cj = 0, and Zg = 0, we obtain an optimal

point X = [2/3 7/3 0 0] ̂  and the optimal value

z = -1(2/3) + 4(7/3) = 26/3.

We now derive the primal-dual algorithm by improving

the ideas developed for the preliminary primal-dual algorithm.

Again, we consider a linear program:

Maximize z = CTX

subject to AX = B, (5.28)

X > O,

where C, A, B are nxl, mxn, mxl matrices. Add a new constraint

Xo + = bo, (5.29)

where Xq ^ 0 and bo is a positive real number that is large

enough so that (5.29) places no restriction on X.

We then modify the primal into the following one:

Maximize z = CX
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subject to

1 '^0'
p A, X, B_

(5.30)

T 0 '^0 0'

1 A"". V, c

[Xo ^ O.

This modified primal problem has its dual in the form:

Minimize w = boVo +

subject to

(5.31)

By defining Cq = 0, the preceding dual problem

immediately has an initial feasible solution:

Vq = max {Ci}, and V = 0. (5.32)

Substracting surplus variables from (5.31), we obtain

Minimize w = B"^

subject to

T 0 ■^0' 1 0 0

1 A1 V. 0 I c
(5.33)

[X30 V3^]^ ^ O.

If Vq = 0, then we obtain

Minimize w = boVo + B^

subject to - Vg = C, (5.34)

(or A"^ ^ C. )

This newly defined linear program is actually the dual

of the primal defined by (5.28) , and any solution of (5.33)

with Vq = 0 can be considered as a solution for this dual
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problem (5.34) . Moreover, by Corollary 5.7,1, if [Xq X""] is a

feasible solution that preserves coiiplimentary slackness,

i.e.,

X0V30 + = 0,

then [Xo X"]"", and [Vq AT]"' are optimal solutions to the

modified problems (5.30), and (5.31). Hence, if Vq = 0, then

z = C7X = Bh; = w,

which is the optimal value of the dual problems (5.28),

(5.34). Otherwise, if Vo ̂  0, then

z = w = boVo + B"^,

which is the optimal value of the dual problems (5.30),

(5.33).

The preceding discussion has actually proved the

following theorem.

THEOREM 5.9. If [Xq X""] and [Vq are respectively

feasible solutions to the modified dual programs (5.30) and

(5.33) , then X and V are respectively optimal solutions to the

original problems (5.28) and (5.34) if and only if

Vq = 0 and XoVgo + X"^s = 0. (5.35)

From this theorem, we will use the same technique used

for the preliminary primal-dual algorithm to develop an

algorithm for the modified linear program (5.30), having

(5.32) as an initial solution.
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1 I'' ^0
+

1 0 "^0'
0 A x_ 0 J B_

By adding artificial variables for the modified

problem (5.30), we obtain the modified artificial problem:

Maximize = -Xgo - I'^Xg

subject to

(5.36)

[Xo Xao V] > O.

Let Oj, j = 0,l,2,..,nbe the j-th column of the first

matrix, D be a basis matrix, C be the the vector of prices,

and Cd as the vector of prices corresponding to basic

variables. Initially, D will be chosen to consist entirely of

artificial vectors. Besides, from (5.33), we have

Ivo + - Vg = C.

Therefore, Initially, since V = O, we have

V3 = Vol - C. (5.37)

This implies that at least one component of Vg vanishes (since

Vq = max {Cj}.)

What can be seen from the artificial problem (5.36) is

that any feasible solution [xq X"" 0 O]"", once obtained, will

maximize it with the maximal value of zero. Also, it supplies

[xq X""] ̂  as a feasible solution for the modified primal problem

(5.30). This situation motivates the idea of maximizing the

artificial problem (5.36), and maintaining complimentary

slackness at the same time. For when z^ = 0, we will find a

feasible (and hence optimal) solution to the modified problem

(5.30), whose optimal value is
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z = w = boVo +

In particular, we want to use the dual solution as a

guide to select the vectors to enter the basis D at each
iteration. From (5.37), we defined

W = {cj I V3j = 0}. (5.38)

It is clear that, initially, VI * 0. Therefore, by allowing

only Oj' s of W to enter the basis at any iteration, we
maintain corrplimentary slackness. The vector to leave the

basis and the updated tableau can be obtained in the same way

performed in the sirrplex method. We continue iterating until
gij - Cj s 0 for each in W, (5.39)

where

When this condition occurs, we can still inprove the

dual solution by using the following theorem.

TEIEOREM 5.10. Let D be the basis in terms of condition

(5.39). Then, there exists a 0 > 0 such that

[v'o V^] = [Vo \r] + eCoD-^ (5.40)

is a (new) solution to the dual and the corresponding

objective value w' < w.

Moreover, the dual is bounded if and only if

0 = 00;

where

00 = inf {V3j/(2j-e,) I < 0} < 0 and Vsj > O) (5.41)
< °o .
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In this case,

v'sj = V33 + 00 (2j - Cj) . (5.42)

Otherwise, we have

- Cj ^ 0 for j = l,2,..,n, and < 0. (5.43)

PROOF. Since

V3 = VqI + C,

initially, we have W ^ 0. For each 0 ^0, consider

[v'o V'^] = [Vo V^] + 0CDD-h (5.44)

Then, by multiplying both sides by aj e W, we have

[v'o V""] ttj = [Vo V"]aj + 0Ci>D"^aj. (5.45)

But

[Vo V"]aj - Vgj = bj, and Vgj = 0.

Thus,

aj"'[Vo V]^ = bj for each aj € W. (5.46)

In addition,

bj = 0 for each j = 0,1,2, ..,n.

It follows that

bj - bj = bj = CioD-^a^. (5.47)

Combining (5.45)- (5.47), we obtain

[v'o V'"]aj = bj + 0 (bj - bj) for aj 6 W.

So, by (5.39), we have

[v'o V""] aj ^ bj for aj e W, and 0^0 (5.48)

Now, consider aj c W. Then, it is clear that

[Vq Ih] aj > bj. (5.49)

Let r defined by
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=  [ro ri . . r^] = .

Then, if

r^ttj < 0 for some j,

we have

[v'o = [Vo Vjttj + 0r"'aj ^ Cj (5.50)

if and only if

0 ^ - ( [Vq V^] ttj - Cj) /r^aj.

From this, if

r^ttj < 0 for some j,

then

0 ̂  00 = min {-([Vo Vjaj - ej)/r''aj| < 0}

< 00 (and > 0) .

If

^ 0,

it is clear that [Vq will be a solution to the dual no

matter how large 0 becomes. In this case, we define

00 = ~-

Hence, for 0 < 0 < 0o < oo^ we have

w' = [bo B^] [v'o

=  [Vo V] [bo + 0r"[bo B^] ̂ (from (5.50))

= w + OCp^D-Mbo B"]" = w + Oz^.

Since

Zg < 0, and 0 > 0,

we have

w' < w.

This concludes the first part.
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Next, from (5.40), for j = l,2,..,n, we have

[v'o V'^]aj = [Vo V"]aj + 0or"'aj. (5.51)

Note that for j = 0,1,2,..,n,

[v'o = v'3j + Cj,

and (5.52)

[Vo ATjaj = Vgj + Cj.

Hence, by substituting (5.52) into (5.51), we have

v'sj = Vsj + 0or^aj for j = 0,1,..,n.

Therefore, by (5.47), we have

v'sj = Vsj + 00 (2j - bj) for j = 0,1,..,n.

Finally, the remainder of the proof can be immediately

established. n

From (5.42), there is at least one v'sj = 0. This

inplies that at least one new vector Uj in W can be used to

enter the basis, and the process can be repeated until

gj - Cj > 0 for all ttj in W.

Then, again. Theorem 5.10 can be used to iterate the same

process until

bj - bj ^ 0 for all j = 1,2, . ., n.

In particular, we have the following algorithm.

DEFINITIONS.?. (Primal-Dual Algorithm) The following

procedure is called the Primal-Dual Algorithm:

Initialization step: Start with a sinplex tableau for

the modified artificial problem (5.36) (some arrangement may
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be required.)

Main steps: Conpute by (5.37), and construct

W = {aj l V3j = 0}.

1) If - dj ^ 0 for all j = l,2,..,n, then stop; the

original program is either optimal (if = 0 and Vo = 0) or

unbounded (if z^ < 0 or Vq ^ 0.)

Otherwise, if - dj ^ 0 for all e W, then conpute

00 by (5.41), V'3 by (5.42), update V3 = V'3, and W = {aj | Vgj =

0}.

2) Drive a vector aj in W with 2j - dj < 0 into D; then

drive out a basis vector, and update the current tableau both

in the same way done in Phase I of the two-phase algorithm.

Repeat Step 1.

The next example is given to illustrate the primal-dual

algorithm.

EXAMPLE 5.11. Use the primal-dual algorithm to solve

the following program:

Maximize -x^ + 4X2 + 2X3 + 4X4

Subject to Xi + 4x2 + X3 + (i/2)x4 = 10,

2Xi + 5X2 + X3 + Xj = 14.

Xi, X2, X3, X4 ^ 0.

SOLUTION. We first obtain the modified problem:

Maximize - + 4X2 + 2X3 + 4X4
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Subject to Xo + Xi + X2 + X3 + X4 = bo,

Xi + 4X2 + X3 + (1/2) Xj = 10,

2X3 + 5X2 + X3 + X = 14.

X/ ̂ 1/ ^2/ X3, X ̂ 0.

By applying the primal-dual algorithm, we generate the

the following tableaux:

TABLEAU I 0 -1 4 2 4

Xd Basis etc 0-2 0-2 "4

-1 bo ei 1 1 1 1 1

-1 10 ©2 0 1 4 1 1/2

-1 14 ©3 0 2 5 1 1

Za -24-bo -1 -4 -10 -3 -5/2

W - Vsj 4 5 0 2 0
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TABLEAU II 0 -1 4 2 4

Xd Basis tto «! 0.2 as £*4

-1 bo-5/2 ei 1 3/4 0 3/4 8/7

0 5/2 0.2 0 1/4 1 1/4 1/8

-1 3/2 ©3 0 3/4 0 -1/4 3/8

Za 1-bo -1 -3/2 0 -1/2 -5/4

W - Vsj 4 5 0 2 0

TABLEAU III 0 -1 4 2 4

Xd Basis tto Oi 0.2 as "4

-1 bo-6 ©1 1 -1 0 4/3 0

0 2 0-2 0 0 1 1/3 0

0 4 "4 0 2 0 -2/3 1

Za 6-bo -1 1 0 -4/3 0

W - Vsj 5/2 13/2 0 0 0
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TABLEAU IV 0 -1 4 2 4

Co Xd Basis ac ttl d2 03 04

-1 bo-14 ei 1 -1 -4 0 0

0 6 "3 0 0 3 1 0

0 8 ^4 0 4 2 0 1

Za 14-bo -1 1 4 0 0

w - Vs: 0 0 9 10 0

TABLEAU V 0 -1 4 2 4

Xd Basis do 0.2 03 04

0 bo-14 tt o 1 -1 -4 0 0

0 6 "3 0 0 3 1 0

0 8 a4 0 4 2 0 1

Za 0 0 0 0 0 0

w 44 0 0 9 10 0

Graphically, the dual attains its minimal value 44 at

the point [-4 6]^. This result can be used to check with the

maximal value of the primal: 2(6) +4(8) =44.
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FINAL REMARK. 1. If a linear program is given an

initial feasible solution, then it could be reasonable to

compare the regular simplex algorithm with the preliminary

primal-dual algorithm. Then, the larger the number of

contraints are given, the more disadvantageous the latter

algorithm would be. However, if this is the case, then we can

use it to solve the dual (instead of the primal) . The point is

that the latter algorithm needs to drive out merely a number

of artificial vectors that are relatively small, comparing

with the number of variables of the original program.

2. If a linear program is not given an initial feasible

solution, then it must be reasonable to compare the two-phase

simplex algorithm with the primal-dual algorithm. Then, the

latter algorithm is more advantegeous than the former one in

the sense that it need only one phase. The disadvantage of the

latter is that it has to deal with one more variable (from the

additional constraint.) However, if the problem is given with

a large number of variables (or constraints) , then one in

addition would not mean much.

Therefore, theoretically, and especially in regard of

probability, the primal-dual algorithm would be superior to

the previous ones.
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