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Abstract

The aim of this dissertation was to investigate circle packings more general

than those which had been studied in the past. In particular, new techniques

were developed to explore these broader concepts. We found necessary and suf

ficient conditions for the existence of finite and infinite branched circle packings;

we proved the uniqueness of hexagonal circle packings of finite valence; we also

obtained a finite-valence generalization of the Ring Lemma. As a result, the

theory of circle packings was extended to incorporate branched circle packings.

Moreover, the extended theory was shown to be, in many aspects, a discrete

parallel of the theory of analytic functions. Especially, via branched circle pack

ings, we created objects termed discrete Blaschke products and discrete complex

polynomials which are discrete analogues of their classical counterparts. Then

we proved that any classical complex polynomial (resp. Blaschke product) can

be approximated uniformly on compacta by discrete complex polynomials (resp.

Blaschke products).
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Introduction

Over the last few years many researchers ([BStl,2],[H],[RS],[Sc],[Tl,2], etc -

please see the bibliography list) have been working on questions related to circle

packings, which are collections of circles in the plane with prescribed patterns of

tangencies of a combinatorial nature. Most of the results that have been proved

deal with univalent circle packings, i.e. "genuine" packings of circles (Figure 1).

Figure 1. Example; regular

hexagonal circle packing

The techniques that have been used in the proofs show profound influence of

geometric function theory and complex analysis ([BSt2],[HSc],[RS],[Sc]), although

ideas from graph theory ([HSc2],[St2]) and probability ([St2]) have also turned

out to be very useful.

One may ask the following question: If geometric function theory and complex

analysis have such an impact on the theory of circle packings, why have people

been concentrating their efforts primarily on univalent circle packings rather than



on non-univalent or even branched circle packings? On one hand the answer to

this question is that circle packing theory is such a new theory that there was "no

time" to investigate these more general packings. On the other hand there has

not yet been enough machinery developed to study these broader concepts. Our

attempt in this work is to establish such machinery and extend the theory so it will

incorporate non-univalent and branched circle packings. It will be seen that in

our process of creating such an expansion we are guided by the theory of analytic

functions. In particular, via branched circle packings, we create objects like

discrete Blaschke products and discrete complex polynomials which are discrete

analogues of their classical counterparts.

Let us now describe briefly what the reader will find on the next several pages.

First of all, we need to stress that we will be assuming one's familiarity with

the basic terms and results of the theory of circle packings. However, the first

chapter contains a brief introduction to the subject. Moreover, we would like to

point out that there is a vast list of references ([BSt2],[BDSt],[Sc]), with [DSt]

being probably most comprehensive, anyway the best suited for the reader from

our point of view.

In Chapter II we deal with finite branched circle packings which one may think

of as finite circle packings (in euclidean metric) on surfaces associated with com

plex polynomials. We find necessary and sufficient conditions for the existence of

such packings subject to given patterns of tangencies (in a form of finite trian-

gulations of a disc) and given branch sets (Theorem II.2). These conditions are

of combinatorial type and are encoded in a phrase branch structure (see Defini

tion II.l). It is worth mentioning that our proof of existence of branched packings

is an (practical) algorithm that allows one to construct them if the conditions are

satisfied.



Among finite branched circle packings there is a special class of packings which

we call Bl-type packings (Definiton II.6). These are branched versions of Andreev

packings, where an Andreev packing is a univalent finite circle packing that fills

the unit disc. Moreover, such packings induce an important group of simplicial

maps - discrete Blaschke products.

In general, let us consider two circle packings with the same patterns of tan-

gencies: one which is univalent and to which we will refer as the domain packing,

the other which is not necessarily univalent emd to which we will refer as the range

packing. Then there is a naturally induced map by these two packings which is

a simplicial map, whose domain is a triangulation in C obtained by joining the

centers of tangent circles in the domain packing by segments, and which maps

centers of the circles in the domain packing to centers of the corresponding circles

in the range packing and extends affinely to the faces in its domain.

Now, a discrete Blcischke product is a simplicial map "from" an Andreev pack

ing "to" a Bl-type packing. It is shown (Theorem III.4) that such maps are, mod

ulo a homeomorphism, classical Blaschke products. As each discrete Blaschke

product is uniquely determined by its values on a discrete set of points, which is

the set of centers of all circles from the domain packing, the term discrete is quite

valid. Moreover, as one of our main results, we prove that any classical Blaschke

product can be approximated uniformly on compacta of the unit disc by discrete

ones (Theorem V.8.3).

The generalization of techniques applied in case of finite branched circle pack

ings, the notion of discrete Blaschke products, and some other methods are used in

Chapter IV to show existence of infinite branched circle packings (Theorem lY.2).

As in the finite case, we find necessary and sufficient conditions for the existence

of infinite packings to be of combinatorial nature and equivalent to the branch



structure condition.

The existence of infinite branched circle packings allows us to define discrete

complex polynomials which are simplicial maps "from" univalent circle packings

that "fill" the complex plane C "to" infinite branched circle packings that are

"branched coverings" of C. In particular, each such map can be written as a

composition of a self-homeomorphism of C followed by a classical complex poly

nomial. The main result about discrete complex polynomials is Theorem VII.2.1,

which states that any classical complex polynomial can be approximated uni

formly on compacta of C by discrete ones. The key observation in our proof of

the approximation is Theorem VII. 1.1, which we believe deserves special atten

tion. It shows that a family of simplicial maps, induced by some infinite circle

packings (hexagonal packings), having a uniform finite bound on their valences

is a K-quasiregular family.

We finish this dissertation with a uniqueness result for infinite hexagonal

branched circle packings (Theorem VIII.2) and the classification of infinite

hexagonal circle packings whose underlying surfaces are of finite valence (Corol

lary VIII.3).



Chapter I

Preliminaries

We are going to introduce briefly some terminology and definitions related to

circle packings. For a more complete picture we refer the reader to [BSt2] or

[DSt],

1. Packings. Let T be a (locally finite) triangulation of a disc such that T is

finite when the disc is closed, infinite without boundary when the disc is open, and

infinite with boundary when the disc has partial boundary. We will be assuming

that T has an orientation induced from an orientation of the disc. The sets of

vertices, boundary vertices, and interior vertices of T will be denoted by F(T),

bdT, and intT, respectively.

Let P be a collection of circles in the plane. Then we say that P is a circle

packing for T if:

- there exists 1-to-l correspondence between the vertices v € P(T)

and the circles Cp{v) of P such that circles Cp{u) and Cp{w) are

externally tangent whenever u and w are vertices sharing an edge in

the complex T,

- P is orientation preserving, i.e. if ui, V2, V3 are the vertices of a face

in T taken in the positive order (with respect to the orientation of

T) then Cp(ui), Cp{v2), Cp{v3) form a positively oriented triple of

circles in the plane.

If P has all its elements contained in the unit disc A = {|2:| < 1} then it can be

viewed as a circle packing in the hyperbolic plane (i.e. in A with the hyperbolic

metric), and in such case we consider P as a hyperbolic circle packing.

A flower in P associated with a vertex v G V'(T) is a collection of the following



circles from P: the circle Cp(i'), called the center, and circles that correspond

to the neighboring vertices of v, called the petals. The number of petals is the

degree of v.

If a circle packing has the property that all its circles have mutually disjoint

interiors then it is called univalent. The reader should be aware of the fact that

for any triangulation T of a disc there exists a univalent circle packing associ

ated with T ([BSt2]). If T is finite then there is an important class of univalent

circle packings determined by T called Andreev packings. These are packings

contained in the unit disc such that their boundary circles are internally tangent

to the unit circle. Among univalent circle packings associated with infinite trian-

gulations there is one which will be of special interest for us. Its complex is an

infinite constant 6-degree complex identified with an infinite regular hexagonal

lattice in C, and the packing itself is a regular hexagonal circle packing in

C with all circles having the same radii.

2. Branched packings. If P is a circle packing for T then a function r :

V(T) I—» (0,oo) which assigns to each vertex in V^(T) the euclidean radius of

the corresponding circle in P is called the radius function of P. The function

r determines for each interior vertex of T its angle sum in the following way:

Write sp{u) for the center of Cp{u) and let v € intT, then the angle sum dr{v)

at u is ar{v, A), where the summation is over all faces A in the star of t; in T,

and A) == ar{v, A(u,ui,u2)) is the angle at a vertex sp{v) in the euclidean

triangle Asp{v)sp{ui)sp{u2) with the vertices sp{v), sp{ui), sp{u2).

It follows almost immediately from the definition of a circle packing that all

angle sums of P are multiples of 27r. A vertex in T with an angle sum determined

by P equal to 2n7r, n > 2, is called a branch point (vertex) of P of multiplicity



n. If we want to stress that a circle packing has (does not have) a branch point

then we refer to it as the branched (unbranched) circle packing. We observe

that univalent circle packings are necessarily unbranched.

3. Mappings. A circle packing P for T naturally induces a simplicial function

Sp : T t—> C which maps each vertex of T to the (euclidean) center of the

corresponding circle in P and then is extended via barycentric coordinates to

edges and faces of T. The geometric complex <Sp(T) is called the (euclidean)

carrier of P and denoted carr(^P). If P is univalent then the induced simplicial

map <Sp is an embedding and the carrier of P is a subset of C equal to the union

of images of all faces of T under Sp.

Let Q be another circle packing for T, and let rp and rq denote the radius

functions for packings P and Q respectively. Then the map Gq.p := Sp o Sg :

carr(Q) carr{P) is called the simplicial map from Q to P. The map

Gq p : carr{Q) (0,oo) defined by Gq p{Sq{v)) = rp{v)/rQ{v) on the set of
vertices of <Sq(T) and then extended affinely to faces of Sq{T) is called the ratio

function from Q to P (cf. [RS], [DSt]).

4. Radii and angle sums. One way of working with circle packings is by

working with their radius functions. Such an approach allows for certain general

izations. In particular, for any function p : V'(T) h-> (0,oo) (an "abstract radius

function) we can define an "abstract" angle sum at any interior vertex of T. To

achieve this we do the following construction:

Let A = A(uo,«i,«2) be the face in T with the vertices uo, ui,

U2 listed in the positive order. Let C(uo), C(ui), C{u2) be a positively

oriented triple of mutually and externally tangent circles in the plane

with radii p(uo), p{ui), p{u2) and centers s(uo), s{ui), 5(1x2) respec-



tively. Write 0!p(uj, A{uo,ui,U2)), j = 0,1,2, to denote the angle at

the vertex s{uj) in the triangle A5(uo)5(ui)5(u2). For v G intT we

define dp{v) ;= X) ^)) where the summation is over all faces A in

the stax of v in T. Then Op(^v) is called the ("abstract") angle sum at v

determined by p.

It is almost immediate from the above construction that if p happens to be

the radius function rp of a circle packing P for T then ̂ p(u) = ̂rp(^) for any

V € intT. It is common, therefore, to refer to a collection {p(w)}«€V(T) as a

collection of radii, even if p : F(T) (0,oo) is not the radius function for

any circle packing for T. Necessary and sufficient conditions for this are easily

established in terms of angle sums: p : F(T) •-> (0,oo) is the radius function

for some circle packing for T if and only if all values of 9p : intT t-> (0,oo)

jire multiples of 27r. This depends on the fact that T is "simply connected and

was proven in [BStl] for 6p = 27r; the proof can easily be extended for values

of 6p which are integral multiples of 27r. In such case, that is when the values

of 6p are multiples of 27r, a circle packing whose radius function is p is called a

circle packing induced by p. Such circle packing is determined uniquely by the

location in the plane of a pair of its tangent circles associated with a given edge of

T, i.e. if U\U2 is an edge in T, and P = {C(")}uev(T) F" = {C"(u)}„gv(T)

are circle packings induced by p such that C{uj) = C'{uj) for j = 1,2, then

P = P'. In other words, any circle packing induced by p is unique up to rigid

motions.

Whether or not p is a radius function, for u; € T we define the interior angle

7p(iu) at w by 7p(uj) := ^)i where the summation is over all faces A in

T with the vertex w. Then dp{-) and 7p(-) are related by the following euclidean

version of the Gauss-Bonnet formula



(GB) (27r - ̂p(u)) = 27r - (vr - 7p(u;)).
tu66</T

Finally, we would like to mention some monotonicity properties of Op(-). Sup

pose p', p : F(T) I-+ (0,oo) are such that p'{vo) < p{vo) for some uq G intT

and p' = p in F(T) \ {uq}- Let vq, ui, U2 be the vertices of a face in T.

Then (uq, A(uo, "2)) > o;p(uo, A(uo, "i, "2)), and Op/(uj, A(uo,"1, ̂2)) <

ap{uj,A{vo,ui,U2)) for j - 1,2. In particular, ̂ p(uo) < ̂p'{vo) and 6p{v) >

9p'(v) for V € intT \ {uo}. Moreover, if maps pn : I^(T) (0,oo) are such

that lim„_oo/>n(r'o) = 0 (lim„_»oo/'n(^o) = 00) and pn = p in V'(T) \ {uo} then

limn-.ooO(p„{vo,A{vo,ui,U2)) = TT (lim„^ooO(p„(vo, A(uo,ui,U2)) =0).

Since our prime interest will be in euclidean circle packings, we have introduced

radii and angle sums from the euclidean point of view, but the reader should be

aware that similar constructions and properties as above can be achieved in the

hyperbolic setting as well ([BSt2]).



Chapter II

Finite Branched Circle Packings

Let T be a finite triangulation of a disc. Suppose that and {u;,} are

the sets of interior and boundary vertices of T, respectively. Let bi,... ,b be

designated interior vertices of T. Suppose that ki,..., km are positive integers.

We want to construct a branched circle packing satisfying the following re

quirement:

0(bj) = (1 -t- kj)27r for j = 1,..., m, and

(*)
^(u) = 27r for u G mt T \ {6i,..., 6m},

where d(v) denotes the angle sum at the vertex v determined by the collection of

radii of circles from the packing. If there exists a circle packing P that satisfies

(+) then bj will be called a branch vertex of multiplicity 1 -f kj (order kj) and

hr(^P) = -[61, 6i, . . . , 6i, . . . , 6m 1 bm , • • • , 6m } (or {(61, ), (62 , ̂2 ), • ■ • , (6m , ̂m)} )
ki times fcm times

will be called the branch set for P. If kj = 1 then bj will be called a simple

branch vertex. If all branch vertices of P are simple then we will write shortly

br{P) = {61, 62,..., 6m}.

Before we settle the existence question of branched circle packings we need the

following

Definition 1. A set 05 = {ui, U2,..., Ufc} of interior vertices of T, perhaps with

repetitions, is called a branch structure for T if every simple closed edge-path 7

in T has at least 2f -t- 3 edges, where I is the number of points from 03 enclosed

by 7 (counting multiplicities).

We are now ready to state

10



Theorem 2. There exists an euclidean branched circle packing P for T with

the branch set ® = {(61, ki), (62, k2),... ,(bm,km)} if and only if 03 is a branch

structure for T.

Proof. We will first prove the existence part of the theorem. This will be done

by introducing an algorithm for construction of a branched circle packing, and

then by showing that such an algorithm really works.

Suppose 03 is a branch structure for T. Let A be any unbranched circle

packing for T (e.g. an Andreev packing). Write r(v) for the (euclidean) radius

of the circle in A associated with the interior vertex u, and write R{w) for the

(euclidean) radius of the circle in A associated with the boundary vertex w. Let

$(1;) be the angle sum at v in A, i.e. $(?;) is the angle sum at (= 27r) determined

by the collection of radii {r(i;i)}^^ lj{i2(u;i)}^i.

We now proceed to describe an algorithm for construction of a branched circle

packing determined by T and the branch set 03. The algorithm starts with the

radii of A, proceeds through a sequence of loops and their outputs, and ends

with a collection of limit radii. In each loop we will successively adjust radii of

all interior circles, and the results of adjustments will be called the output of the

loop. The boundary radii R{wi) will remain unchanged throughout. The loops

are going to be defined inductively as follows.

Loop(O): We set ro{vi) := r{vi) for i = 1,... ,N.

Output(O): The collection of radii {ro(ui)}ili-

Suppose that Loop(n) has been defined and produced the output {T'n(t^i)}iLi-

We are now going to describe Loop(n + 1).

Loop(n + Ij: Let us start with the vertex ui. Since 03 is a branch structure

for T, ui has at least 1 + d{vi)l'K neighboring vertices. Thus, we can adjust, if

11



necessary, r„(vi) to a value r„-|-i(ui) such that the angle sum at ui determined

by {rn+i(vi),r„(v2),... ,rn(vN)} is equal to 0(ui).

Next, we consider the vertex V2- Since ® is a branch structure for T, V2 has

at least 1 + 6{v2)fTr neighboring vertices. Therefore, we can adjust, if neces

sary, r„(u2) to a value r„+i(t;2) such that the angle sum at V2 determined by

{rn+i{vi),rn+i{v2),rn{v3),... ,rn{vN)}\J{Riwi)}^i is equal to e{v2).

We continue doing these adjustments to and including uyv-

Output(n -F Ij: The collection of radii {r„+i(ui)},^i.

Finally, we complete the description of the algorithm by defining the finaJ

output as the collection of radii where 'lZ{vi) = liminfn_^oo r„(ui).

In what will follow we shall show that the collection of radii

determines the desired branched circle packing.

We need to make a few comments about the loops and their outputs. First,

unless T has only one interior vertex, the output of Loop(n -f- 1) is never equal

to the output of Loop(n). In the case when T has only one interior vertex,

Output(n) = Output(l) for any n > 1.

Second, if ̂ ni^i) denotes the angle sum at the vertex Vi determined by the col

lection of radii ... ,r„(u,),r„_i(v,+i),... ,r„_i(uA^)} then

^n(vi) = B{Vi).

Third, since $(u,) < 0{vi) ior i — 1,..., iV, the monotonicity features of angle

sums imply the following two properties:

1) {r„(i;)}^jisa non-increasing sequence of positive numbers for any v G

int T,

2) if ^n(^) denotes the angle sum at v given by lj{i2(u',)}^i

then 6n{v) < 6{v) for any n and v G intT.

12



From property 1) we get that limn_>oo exists for any vertex v, so 7?.(u) —

lim„_voo though a priori 7?.(u) may be zero. We also observe

Remark 3. IfK{v) > 0 then {0n(v)}T=i converges to 6(v) (even ifK(vj) = 0

for some (or all) neighboring vertices Vj of v).

Proof. Let , tt2,..., u/ be all neighboring vertices of u in T listed in the positive

order as the boundary vertices of the star of v in T. Recall that if p : F(T)

(0, oo) then Op(v) denotes the angle sum at v determined by p. It follows easily

from the definition of dp(-) that Op(v) depends on the values of p at u and its

neighbors ui,U2,... ,ui. More precisely, dp{v) = 6p{p{ui),... ,p(u/); p(n)), where

dp{piui), • n n, Piui)] p{v)) =

(p(v) + p{uj)Y + (/>(^) + Pjuj+i))^ - (pj'^j) + pjuj+if
2{p{v) + p{uj)) (p(u) + p(u>+i))

I

arccos

j=lmod/

From this formula we see that for any ̂  > 0, Op{v) is continuous as a function of p

for p in [0, oo) x • • • x [0, oo) x [6, oo), and is uniformly continuous in any compact
V  '

I times

subset of the above product.

Let A := max {r(vj),R{wj) ; Vj,Wj € {ui,..., u/}}. We observe that each

argument of the angle function On{v) is at least as big as the corresponding

argument of the angle function $n+i(^) i^^t bigger than the corresponding

argument of $„(u). Thus, if 7l(i;) > 0 then 6p(v) is uniformly continuous for p

in [0, A]' X [7?.(n)/2,r(t;)] and, by property 1), one has

6{v) = $„(u) = lim $„(u) = lim dn{v)]
n—^oo n—►oo

that is, the limit of {0„(u)}^i exists and is equal to 6(v). □

Since 7?.(u) may be zero, we have to consider two cases.

13



CASE 1. TZ{v) > 0 for all v € intT.

It follows from Remark 3 that converges to d{vi) for any i, and,

as the 0{vi) are multiples of 27r, the collection of radii

defines the sought after branched circle packing.

CASE 2. There exists to, 1 < io ̂  such that 7l(vig) = 0.

We will show that this case is void.

We extend the definition of r„(-) and 7l(-) to the boundary vertices of T by

r„(wi) := R{wi) and Riwi) := lim„_oo r„(iOi) = R{wi). Now let us call a vertex

u a solid dot if Tl{u) > 0 and an open dot if R{u) = 0. Let OD be the

collection of all open dots and SD be the collection of all solid dots. Notice that

all boundary vertices Wi are solid dots. Hence SD ̂  0. Also, by hypothesis,

OD ̂  0 (because vi^ € OD).

We now need to introduce some technical notation which otherwise is quite

natural. If A is a subcomplex of T (not necessarily a 2-complex) then V{X) will

denote set of vertices of X. We will call v € V{X) an interior vertex of X

if V is an interior vertex of T and all neighboring vertices of i; in T belong to

V(X). If u G V{X) is not interior then it will be called a boundary vertex of

X. The sets of interior and boundary vertices of X will be denoted by intX and

bdX respectively. If 7 is an edge-path in T and X <Z V(T) then we will say that

7 is in A if V{j) C X.

If 7 is a closed oriented edge-path in T, possibly with self-intersections, then

the set {ui,... ,uj} of consecutive vertices of 7 will be denoted by Vdj) and

Uj+i will be called the successor of uj (j mod I, of course). We observe that

Viyd'j)) = v{j) c Vc{'y) with equality if and only if 7 is a simple closed path

(i.e. Vdj) has exactly the same elements as 1^(7) but they may appear with

14



repetitions in Vc{'j) if 7 has self-intersections). Finally, Uj_iUjUj.^-i will denote

an oriented path given by the part of 7 between uj—i and Uj^i that contains Uj.

A subset X C V(T) is called connected if any two vertices in X can be joined

by an edge-path in X; it is simply connected if there is no closed edge-path

in X which encloses an element from V(T) \ X. If X C I^(T) then hull(X) will

denote the combinatorial hull of X, i.e. a union of the set X and the collection

of all vertices in V(T) such that each vertex (from the collection) is enclosed by

some edge-path in X.

The next few definitions are only for subsets of intT. If X C intT then the

outer boundary outX of X is the set of all vertices in T which are not in

hull{X) but which have a neighboring vertex in hull{X). A subset X C intT is

said to be bounded by an edge-path 7 (or 7 bounds X) if hull{X) is connected

and 7 is the boundary curve of the union U{X) of open stars associated with the

vertices of hull{X)] in such case, 7 is closed and carries an orientation induced

by the orientation of the set U{X) (with respect to which U{X) stays to the left

of 7). We notice that any subset X C intT with connected hull{X) is bounded

by some edge-path that in fact encloses X and, in general, such a path may have

vertices or even edges of self-tangency (but not transverse). If X is bounded by

a path 7 then we will write deX for 7 and Vc{X) for Vc{deX)^ and we observe

that V{deX) = outX (Figure 2). If a subset X C intT is simply connected then

{bd{V{T) \X)\bdT)u{bdTn outX) = outX.

Let Cod and Csd denote components of OD and SD respectively. We say that

an edge-path 7 in T is a path of open (solid) dots if V{'-f) C OD {V{j) C SD).

We also remark that Cod {Csd) is simply connected if and only if there is no

closed edge-path in Cqd {Csd) that encloses at least one point from OD {SD).

We will now state a lemma; only the first four parts, (i)-(iv), will be needed
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Figure 2. A simply connected set of

vertices X and its outer boundary out X

to prove Theorem 2, the other parts, (v)-(vii), are stated for completeness and

will be used later.

Lemma 4. Under the assumption that {(6i, fci),..., (bm, ̂m)} is a branch struc

ture for the finite triangulation T and that sets OD and SD are defined for the

function 7Z as above, the following hold:

(i) There is no simply connected component Cod of OD;

(ii) There is no simply connected component CsD of SD except for V(T);

(hi) There is no subset S C intT that contains at least one solid dot and is

bounded by a path of open dots;

(iv) There is no subset S C intT that contains at least one open dot and is

bounded by a path of solid dots;

(v) There is no subset S C SDOintT so that S is simply connected and outS

consists only of open dots except one solid dot;



(vi) There is no connected subset S of SD r\ intT with outS having only one

solid dot;

(vii) There is no connected subset S in intT so that S contains at least one

solid dot and outS has only one solid dot.

Proof, (i). Suppose Cod is a simply connected component of OD. Since bdT C

5D, Cod C intT and deCoD is in SD (Figure 3).

C

C
OD

Figure 3. A set Cod and a path deCoD

with its orientation indicated by arrows

For three consecutive vertices on deCoD let Sj denote the part

of the star of uj that stays to the left of the path uj-iujuj+i (Figure 4).

Let r„ : V(T) (0, oo) be defined as above, and let 0n(')) ei;„(-,-) de

note 9r„{-), respectively (see the notation for (GB)). Let jninj) :=

Sa€S> A), i.e. Jniuj) is an interior angle with respect to uj-iUjUj+i C
deCoD at Uj £ Vc{Cod) determined by r„( ). Since each triangle A G Sj has a
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p.

Figure 4. The set Sj for Cod

vertex in Cod, we have that lim„—oo7n(ti;) = 0. Also, by 2), 0„(v,) < &{vi) for

any Vi € Cqd- By (GB)

(**) Y1 (27r - 0„(u,)) = 27r - ^ (7r-7„(uj)).
vi£CoD «jGVc(Cod)

Let bi^,...,bi^ be all 6,'s that are in Cqd- The hypothesis (i.e. {(6i, fci),...,

(&m, ̂m)} is a branch structure for T) implies that the number of u/s in Vc(Cod)

is at least 2(^2 kij + 1) + 1- Thus

(**)i lim 27r — (tt — "fniuj)) = 2ir — tt <
n-^-oo

ujeVc(CoD) J ujev^iCoo)

L  1 L

27r — 2(y ̂  kij + 1) + 1 TT = —TT — 2(y ̂  kij )7r.
7=1 7=1

On the other hand

L  L

(**)2 ^ (27r-0„(u,)) > ^ (27r-0(7;,)) = y^(27r-^(6i.)) =-^2fci.7r
Vi&CoD Vi^CoD 7=1 7 = 1

for any n.



Comparing (**)i and (**)2 one obtains a contradiction.

(ii). Suppose there exists CsD ̂  ̂(T) which is simply connected. Then bdTH

CsD = for otherwise the edge-path of boundary edges of T is a closed path

in CsD that encloses some Vi^ € OD, implying that CsD not simply connected.

Hence Csd C intT and deCsD is in OD.

For three consecutive (open) dots Uj-i,Uj,Uj-^-l on deCsD lot Sj denote the

part of the star of Uj that stays to the left of the path Uj-iUjUj.^i (Figure 5).

'  i.

Figure 5. The set Sj for Csd

Let Jn{uj) := "n("j, A) (notation as in the proof of Part (i)), i.e.

Jniuj) is an interior angle with respect to uj-iUjUj+i C deCsn at uj € Vc(Csd)

determined by r„(-). Since each triangle in Sj hzis a vertex in CsD, for each

Uj € deCsD there exists G CsD such that i;-', Uj-i, Uj are the vertices

of a triangle in Sj. Let <^n{uj, ,Uj,Uj-i)) and 7jj(uj_i) :=

a„(uj_i, A{v\uj,uj-i)), i.e. 7n(«j) (7n("j-i)) is the part of -yniuj) "restricted

to A{v\uj,Uj-i)" (the part of 7„(uj_i) "restricted to A(t;-',Uj,Uj_i)"). Since



n{uj-i) = n{uj) = 0 and n{v^) > 0, lim„^oo(7n(«>-i) + 7!x("j)) == t"-. From

this remark it follows that

(* * *) lim
n—^oo

^ (7r-7n(Wj))
uj €Vc(Csd)

— A, where A G (—oo,0].

Now, if Vi e CsD then lim„^oo = ̂{vi) by Remark 3.

Since 6{vi) > 27r, we have

L

lim
n—►<»

^ (27r - 0„(u,))
-ViECsD

= ~ S
j=i

(* * *)i

where 6,j,..., bi^ are all 6,'s that are in CsD- By (GB)

0 > — 2ki. TT — lim
'  n—►oo

>=i
XI (27r-^„(ui))

-Vi£CsD

lim
n—*oo

27r- X
Uj £Vc(Csd)

= 27r — A> 27r,

and one gets a contradiction.

(iii). Suppose there is such a subset S. Let Ssd be a component in hull(S) of
solid dots. We notice that Ssd is one of the Csd's because outS = out(hull{S)) C

OD. By Part (ii), Ssd is not simply connected. Hence there is a path in SsD

that encloses at least one open dot in hull{S). Let Sod be the component in

hull{S) of open dots that contains the above open dot. Since Sqd is enclosed by

a path in Ssd, Sqd is one of the Cqd's, and, by Part (i), is not simply connected.

We now apply to Sqd the same type of argument as we did above to Ssd, and

by continuing this process we will eventually end up with a simply connected

component of one type of dots. The last yields a contradiction to Part (i) or (ii).
(iv). This part follows from the same arguments that were used in the proof

of Part (iii).
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(v). Suppose that S exists. Let us denote the only solid vertex of outS by

u'. Then u' can not separate outS, i.e. outS \ {u'} must be connected. For if

u' separates outS then there is a closed path of solid dots (including u') that

bounds a region in mtT which contains one of the components of outS \ {"'}•

But by Part (iv) that is impossible.

Hence u' does not separate outS and therefore there exists unique ujg G Vc{S)

such that u' = uj^, i.e. Uj^ is the only solid dot in Vc{S). Moreover, if Sj^ is the

part of the star of uj^ that is in S, then consists of solid dots only (Figure 6).

5

Figure 6. The sets S and Sjo

Using the notation aa in the proof of Part (ii), we easily obtain from the def

inition of solid and open dots that lim„_oo 7n("jo-i) = = lim„_+oo 7n("io+i)-

Applying the arguments from the proof of Part (ii), the above observation, and

the fact that ujg is the only solid dot in Uc('S'), we conclude that

^  (tt - 7n(Uj))
«;eVc(S)\{ujo}

= C, where C € (—oo,0].



Since 7n(«io) ̂  from (1) we have

(2) E (tt - Jniuj)) < 3/27r for big n.
uyGVc(S)

As in the proof of Part (ii)

(3) lim
n—►OO

^{2ir - Onivi))
.Vi€.S

L

= - ̂  2ki. TT,
J=1

where 6,j, . .. , hij^ are all 6i's that are in S. Using (2), (3) and {GB)

0 > ^ (27r - 0„(uO) = 27r - (tt - 7n(«j)) > 7r/2 for sufficiently large n,
t),€S Uj€Vc(S)

but this is a contradiction.

(vi). Suppose that S exists. Then, by Part (v), S can not be simply connected,
and we have only two possibilities. The first one is that there exists a closed edge-

path in 5 C SD that encloses an element from OD, but this contradicts Part (iv).
Hence we are left with the second possibility which is: hull{S) C SD. Since

hull{S) is simply connected and outS = out{hull{S)), we get a contradiction to
Part (v).

(vii). Suppose that S exists. Let us take the component C of solid dots
in 5 U outS that contains the only boundary solid dot u' € outS. If C =

{«'} then there is a region which is bounded by a path of only open dots in
out (S U {outs \ {u'})) C SUoutS and which contains at least one solid dot from

S. But this contradicts Part (iii).

If C ^ {u'} then Part (vi) applies to C \ {u'}, and we again get a contradic

tion. □

Let us now finish the proof of Theorem 2.

Part (iv) of Lemma 4 says that our assumption that 'JZ{vig) = 0 is false. Hence

we are in Case 1 and one implication in our theorem is proved, i.e. the existence.
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The other implication (i.e. the necessity) follows easily from (GB), and this

completes the proof of Theorem 2. □

Before we go on, we observe that using (GB) and the arguments as in the

proof of Lemma 4 (even for {61,. . . , 6^} =0) oiie easily verifies

Remark 5. Let be a sequence of branched circle packings associated

with T and having identical branch sets. Write r„ : V(T) (0,oo) for the

radius function of Pn- Suppose that TZ{u) := lim„_,oo''n(w) € [0)Oo] exists for

any u G V(T). We say that a vertex u is a solid dot ifTZ(u) G (0, 00], otherwise

u is called an open dot. Let SD and OD denote the sets of solid and open

dots respectively. Using the terminology established in the proof of Theorem 2,

the conclusions (iii)-(vii) of Lemma 4 follow. Moreover, if bdT G SD then the

conclusions (i) and (ii) of Lemma 4 hold as well.

We will now state a theorem that addresses the boundary value problem for

branched circle packings in R^ and in the hyperbolic plane; i.e., having been

given geometry and prescribed radii for boundary vertices, can one construct

a packing in the given geometry with boundary circles having those prescribed

radii?

Theorem 6. Let T be a Enite triangulation of a disc. Suppose that 05 =

{(&i, ki),. . . , (bm, ^m)} is a branch structure for T. Then, in either euclidean or

hyperbolic geometry, there exists a branched circle packing determined by T and

03 with any prescribed boundary radii. Moreover, such a packing is unique up to

isometries in the corresponding geometry.

Proof. Euclidean Case. Let P be an unbranched circle packing for T that has

prescribed boundary radii. Such a packing exists by [CR]. We now replace A

in the proof of Theorem 2 by P, and we follow the method of construction of
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a branched circle packing in that proof. We observe that this construction does

not change the boundary radii of P. Hence we obtain the desired branched circle

packing with prescribed boundary radii.

Regarding uniqueness, suppose Pi and P2 are two branched circle packings de

termined by 03 and T having the same boundary radii. Let 7^,( ) : ̂ (T) (0,00)

be the radius function for P,-, and define : L'(T) 1-^ (0,oo) by ̂ {u) =

TZi{u)/TZ2{u). Since Pi and P2 have the same angle sums at corresponding ver

tices, one easily verifies that satisfies the maximum and minimum principle.

This implies that Pi(-) = 'R-2{')i as restricted to fedT is equal to 1.

Hyperbolic Case. Theorem 2 gives the existence of a branched circle packing

determined by 03 and T in the hyperbolic plane (one just takes any euclidean

branched circle packing determined by 03 and T, scales it down so it will be con

tained in the unit disc). Using this information together with some straightfor

ward generalizations of the techniques used in [BStl] for the unbranched setting,

like the Perron method, one easily obtains the conclusion of the theorem in the

hyperbolic setting. □

We finish this chapter with

Definition 7. Let T be a finite triangulation of a disc. Suppose 03 is a branch

structure for T. Let P be a branched circle packing in the unit disc determined

by T and 03 with all boundary circles being horocycles. Then P will be called a

Bl-type packing determined by T and 03.
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Chapter III

Extensions of Simplicial Maps

Suppose that 03 = {{bi.ki),... ,{bm,km)} is a branch structure for a finite

triangulation T of a disc. Let A be an (orientation preserving) Andreev packing

for T, and let 5 be a (orientation preserving) Bl-type packing determined by T

and 03. Write / for the simplicial map from A to B. Our goal in this chapter is

to show that one can think about / as a discrete Blaschke product.

As in the previous chapter, let denote the set of boundary vertices of T.

Assume that the Wi^s are indexed so that they induce counterclockwise orientation

of the boundary of T. For any two points a and b in the unit circle dD, la, bl

will represent the oriented arc of dD from a to b, where the orientation of dD

is counterclockwise. Also, for any two points a, 6 G C, we will write [a, b] for

the segment in C with the ends a and b. For a vertex u G y(T), Ca{u) and

Cb{u) will denote the circles that correspond to u in A and B, respectively; u

will denote the center of Ca{u), so that f{u) is the center of Cb{u).

Suppose that a, b, and c are the points of tangency of Cb(u^2) with dD,

Cb{'Wz), and Cb{w\), respectively. Let all circles in A and B have counterclock

wise orientation. Since B is orientation preserving one has

Lemma 1. The ordered triple < a,b,c > has the order that agrees with the

orientation of Cb(w2), he. starting at a and going along the circle Cb{w2)

according to its orientation Erst we encounter b then c.

Proof. Let W3,ui,... ,ui,wi be a listing of neighboring vertices of W2 in counter

clockwise order. Notice that segments

[f{he3),f{ui)], [/("i),/("2)],- - -, [f(ui-i),f{ui)], [f{ui),f{wi)]

are in D but exterior to Cb{'W2).
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For x,y ̂  D let L{x,y) be the half line {t(y — x) + x : t > 0}. Let lOj =

dD n L(f{w2),f{'W3)) then, since B is orientation preserving, /(ui) is in the

region bounded by [a,f(w2)], [1(^2), w'^], and Iw'^^al C dD (Figure 7).

ft

ft

It

3 /

Figure 7. Points f(uj)

Now, since B is orientation preserving, /(U2) lies in the region bounded by

[a,/(u;2)], [/(^2),«i], and lu",al, where u'{ = dD D L{f(w2), f{ui)). Next,

as above, /(us) is in the region bounded by [a,/(u;2)], [fi'W2),U2], and lU2,al,

where u'^ = dD fl L(f{w2), f{u2)). Continuing this process one obtains that

f{wi) is in the region bounded by [a,/(ix;2)], [/(w'2))"'/]' lui,al, where u'/ =

9D n L(/(u;2),/(«/))• But {c} = Cb{'W2) (^[f{'W2), f{wi)], hence < a,6,c > has

an order that agrees with the orientation of Cb(«'2)- CD

Remark 2. Let w'- = dD D Csiwi). Then, using Lemma 1, one easily verities

that < order that agrees with the orientation of dD.

We are now going to build an extension of / to a map from D onto D as

follows:
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Let Wi - dDr\CA{wi). In each arc lwi,wi+il C dD pick a point Xi

such that [u;,-,a:i]nCA(u^i+i) = 0 = [ui.+i, Xi]nC^(u;i). Similarly, in any

arc C dD pick a point yi such that [f{wi),yi] fl Csiwi+i) =

0 = [/({yi+i),^;] n Csiwi). Then we extend our map / in the following

way;

1) Each closed triangle AxiWiWi+i is mapped simplicially onto

Ayif{wi)f{wi+i) by mapping Xi,Wi,Wi+i onto yi, fim), f{wi+i) re

spectively. Hence the extended map agrees with / on each segment

[u5i,u;i+i], so is well defined.

2) Next, each closed triangular region (bounded by

[x,+i,u;,+i] and lxi,xi+il C dD ) is mapped homeomorphi-

cally onto the closed triangular region A{yiyi+if{wiA-i)) so that:

• Xi,Xi+i,Wi+i are mapped onto y,-,yi+i,/(u;i+i) respectively,

• an arc is mapped onto lyi,y,+il, and the homeomorphism

agrees on segments [xi+i,uii+i] with the extension done in

step 1).

This completes the construction of an extension of /.

Let us call the extension defined above /. We observe that the "star" of Wi

(a union of: all faces in carr(A) having idi as a vertex, two triangles Awi-iWiXi

and Awi^iWiXi, and a triangular region A(x,Xi4.iU)i)) is mapped by / onto

the "star" of f{wi) (a union of: all faces in carr(B) having /(wi) as a ver

tex, two triangles Af{wi-i)f(wi)xi and A/(u;,-|-i)/(ii;,)x,-, and a triangular re

gion A{xiXi+if{wi))) which contains Csiwi). Also, from the definition of /

and Lemma 1 it follows that f\D\carr(A) ^ homeomorphism. Since

fl , ,T T 1 = fl /a^kiT t \ is also a local homeomorphism and the
•' lcorr(>l)\{5i,...,6„} J lcarr(A)\{6i ,...,6^}
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^larr(A)\d{carr(A)) ""^P' -^IdVI?;, ,...,6„} ^
homeomorphism and /Id is an open map. Using the definition of / and the fact

that firTi ,T T 1 is a local homeomorphism one easily verifies that / is light,

i.e. every component of /~^(0 i^ ̂  single point for any ̂  € f{D). Thus, we have

the following

Lemma 3. f : D D is a local homeomorphism in D \ {bi,... ̂bm}, /|d is

open and light, and f{dD) C dD.

Since, by Lemma 3, / restricted to D is continuous, open and light, Stoilow's

Theorem (see [LV]) implies that /|d = <foh, where /i is a homeomorphism of D

and 9? is a holomorphic function in h{D). A priori h(D) may or may not be equal

to C. If h(D) = C then (p is an entire analytic function that is bounded (because

/ : D i-> D). Hence (p is constant. But / is not constant — contradiction.

Therefore h{D) 7^ C. Since h{D) is simply connected, by the Riemann Mapping

Theorem there exists a conformal map g : h{D) 1—> D. Thus /|d = Vi where

hi : D D is a homeomorphism and tpi : D D is analytic.

Let {zn}'^=i be a sequence of points from D that converges to dD. Then

{hi^i^n)} converges to dD. Let = z'^. Since / is continuous in D and

f{dD) C dD, {/(^n)} converges to dD. Hence points (pi{zn) — fi^'n) converge

to dD. Therefore is a proper analytic map from D into D, so </?i is a finite

Blaschke product (please refer to the characterization of Blaschke products in

Chapter V).

All that we can summarize in

Theorem 4. Let f be an extended map from A to B described as above. Then

/j^, = (poh, where h is a homeomorphism of D and (p is a Unite Blaschke product

having branch points h(bi),..., h(bm) with orders ki,..., km, respectively.
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Since is a local homeomorphism near dD and, by construction, / is also a

local homeomorphism near dD we have

Fact 5. h can be extended to the homeomorphism h : D t—* D such that f = (poh

in D.

Theorem 4 justifies us to state the following

Definition 6. Suppose that 05 = {(h, ki),... ,(bm, km)} is a branch structure

for a finite triangulation T of a disc. Let A be an Andreev circle packing for

T, and let B be a Bl-type circle packing determined by T and 03. If f is the

simplicial map from A to B then f will be called the discrete Blaschke product

from A to B. Moreover, a map f will be called a discrete Blaschke product

induced by B if f is the discrete Bla.schke product from A to B for some A.

We finish this chapter with a lemma which says that overlapping petals of a

flower in a Bl-type packing must trap a branch value of any discrete Blaschke

product induced by the packing.

Lemma 7. Let T be a hnite triangulation of a disk. Suppose B is a Bl-type

circle packing determined by T and the branch set 03 = {(6i ,ki),..., (bm, km)}-

Write f for a discrete Blaschke product induced by B. Let vo be an interior

vertex of T. Suppose there are non-adjacent vertices vi and V2, both neighboring

Vo, such that C(vi) D C(v2) 0, where C(vj) is the circle in B associated with

Vj, j = 1,2. Then /(®) fl A/(uo)/(wi)/(v2) # 0, where v denotes the vertex in

the domain of f that corresponds to v € V'(T), and 03 = {(bi,ki),..., (bm,km)}-

Proof. Let / ; D —> £) be an extension of / described earlier. Choose a €

C{vi) n C(v2) n [/(ui),/(u2)]- Let ai and 02 be the preimages of a under / in

the star of ui and in the star of V2 respectively. Suppose that 7 is the curve
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built out of "segments" 71, [t;i,iSo], [uo,u^2] 72, where 71 is the component

of f~^ ([<^)/(^i)]) which contains ai, and 72 is the component of f~^ ([/(^2),o])

which contains 02- Then 7 is a simple (not closed) curve such that f{j) —

d{Af(vo)f(yi)fiv2)). By Theorem 4, f : D \ rU/C®)) ̂  D \ /(§) is a
covering map. In particular, D C D \ /(®) is a closed topological disk then

f~^(dT>) is a disjoint union of simple closed curves , /d/} such that f\^j is

a homeomorphism onto 91? for j = 1,...,/. Now, if/(®)n A/(i'o)/(t^i )/(i'2) = 0

then Af{vo)f{vi)f(v2) C D \ /(®) is a closed topological disk and 7 is forced

to be a simple closed curve, as its image under / is d{Af{vo)f{vi)f{v2)) -

contradiction. □
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Chapter IV

Infinite Branched Circle Packings

Suppose that T is an infinite triangulation of a disc. Let ,..., bm be interior

vertices of T, and let ki,..., km be positive integers. Our main objective in this

chapter is to give necessary and sufficient conditions for the existence of an infinite

branched circle packing for T with the branch set 03 = {(^>1, ? (^m? ̂m)}-

We need to allow for the possibility of infinite branch sets, though our results

concern finite ones.

Definition 1. Let T be an infinite triangulation, with or without boundary, of a

disc. A set 03 = {ui, 1x2,1x3,... }, possibly finite, of interior vertices ofT, perhaps

with finite repetitions, is called a branch structure for T if every simple closed

edge-path 7 in T has at least 2^ + 3 edges, where I is the number of points from

03 enclosed by 7 (counting multiplicities).

As in Chapter II, if 03 = {bi, bi,... ,bi,... ,bm,bm, n n n , bm, n n n } then we will
^ ^

iti times km times

write shortly {(&i, /^i), (^2) ̂2), • • • i (bm, km), n n ■} for 03, and call bj a branch point

(vertex) of multiplicity fcj + 1 (order kj).

We can now state

Theorem 2. Let T be an infinite triangulation, with or without boundary, of

a disc. There exists an infinite branched circle packing determined by T and

03 = {(bi,ki), . . . , (bm,km)} if and only if 03 is a branch structure for T.

Before we start the proof we need to give a general description of things to

come. Since the necessity part of the theorem is easy to show, the real work will be

in showing the existence part. We will construct the required infinite packing as

the "Bl-limit" of a sequence of circle packings associated with finite subcomplexes
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of the infinite complex. To be more precise, we require the following definition

Definition 3. Let T be an inSnite triangulation of a disc. Let {T(n)}^j be

a sequence of finite, simply connected 2-subcomplexes of T such that T(n) C

T(n + 1) and T(n) = T. Suppose that P(n) is a circle packing for T(n).

Write Tn : V'(T(n)) (0,oo) for the radius function of B{n). Let be

the set of vertices ofT with vq G T(1). Suppose that R(vj) := lim„—oo(7^^^)
exists for any j. If R{-) is the radius function for a circle packing P of T, then

we say that the sequence converges to P normalized at vq, which we

shortly write as P = lm(P(n); T(n), uq)- If ̂ 1 the packings P(n) are Bl-type

then we say that P is the Bl-limit of the sequence {P(n)|^_j of packings for

{T(n)}^j normalized at vq, and we write P = Bl-linr(P(n);T(n),up).

In order to obtain our infinite packing as a Bl-limit one must first come up

with an appropriate sequence of subcomplexes and Bl-type packings associated

with them. To do this we will rely on a diagonalization argument which is akin

to the method of "normal families" in the classical setting. Let us outline the

method in general terms before beginning our proof.

Given an infinite triangulation T with a finite branch structure

03 = {(bi,ki),... ,(bm,kTn)}, we fix a sequence {T(n)}^j of finite,

simply connected 2-subcomplexes of T such that T(n) C T(n -f 1),

{6i,..., bm} C T(l), and U^i T(n) = T. Suppose that for each n we

have a circle packing P(n) for T(n) with 6r(P(n)) = 53. Write Pn(') for

the radius function of P(n). Suppose further that the sequence {P(n)}

has the following property: Given any subsequence {Ik} of indices and

any vertex v G I^(T), there exists a further subsequence so that

limfc_>oo Rl',.if^) exists and lies in (0, oo). Then, by a standard diagonal-
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ization argument, there exists a subsequence {rifc} of indices so that

R{v) = lim Rjiki'") ̂  (0)°o)
k—*oo

exists for every v € V(T). Since angle sums depend continuously on

radii, one can verify that the limit function R{-) : V^(T) (0, oo) is the

radius function of a circle packing P for T with branch set 05.

Proof of Theorem 2. An infinite branched circle packing will be constructed by

applying the diagonalization method to a sequence of (scaled) Bl-type packings

whose complexes will exhaust T and will have the same branch set 05. The

difficulty in completing the proof will be to show that the limit radius function

obtained in the diagonalization process has values in (0, oo) at each vertex of

T. This very last goal will be obtained by generalization of the ideas from the

proof of Theorem II.2 and by applying properties of Blaschke products. More

precisely, we will show that if the limit radius function has value in {0,oo} at

some vertex then we can define non-emptv sets OD and SD of open and solid

dots, respectively, in the similar way as in Chapter II. Then the whole effort

will be to contradict "non-emptvness" of one of these sets. For example, if one

of the components of OD or SD is finite then we will reach a contradiction in

exactly the same way as in the proof of Theorem II.2. Unfortunately, since T is

infinite, all components of OD and SD may be infinite and we will be forced to

use some other techniques to show the contradiction. We will construct an edge-

path, which will be a part of the outer boundary of a component of OD, with the

property that, no matter how far along we are in our sequence of (scaled) Bl-type

packings, we can always find a point in that path which has more elements in its

preimage under a (scaled) discrete Blaschke product determined by one of the

Bl-type packings then the degree of such a product. The last will constitute an
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obvious contradiction and will complete the proof of the existence part of the

theorem. We now proceed to the actual proof.

NECESSITY. If IB is not a branch structure for T then 03 is not a branch

structure for some subcomplex K C T which is finite and is a triangulation

of a disc. Now Theorem II.2 implies that there is no branched circle packing

determined by K and 05. Thus there is no branched circle packing determined

by T and 05.

EXISTENCE. We have to consider two cases depending on whether the boundary

of T is empty or not.

Case 1. T has no boundary.

The proof of this case will be given in several parts.

Part 1. In this part we will construct a sequence of scaled Bl-type circle

packings to which we will apply the diagonalization argument. Moreover, if the

limiting radius function obtained from the diagonalization method turns out to

have values in (0,oo) then it will determine the sought after infinite branched

circle packing.

Let {T(n)}^j be a sequence of finite, simply connected 2-sub complexes of T

such that T(n) C T(n + 1), {hi,... ,bm} C int T(l), and T(n) = T. Write

{u„}^o vertices of T with vq € int T(l). Suppose that B{n) is a Bl-

type circle packing determined by T(n) and 03. Write r„(-) : y(T(n)) i—> (0, oo)

for the radius function of B{n) defined on the set y(T(n)) of vertices of T(n).

Let us normalize circles in the packings B(n) associated with vq by scaling each

B{n) by a factor l/rn(uo) to obtain a new packing ■^rj^B{n) and its radius
function := : I^(T(n)) i-> (0, oo).

We are now going to apply the diagonalization process to the sequence of pack-

, or equivalently to the sequence of corresponding radius
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functions Suppose that the diagonalization argument can be applied

to the sequence Then, by the earlier discussion, we get the radius

function of an infinite branched circle packing for T with branch set 53, and the

theorem is proved. In the remaining parts of the proof of the theorem we will

show that we can actually apply the diagonalization argument to

Part 2. Suppose that we can not apply the diagonalization argument to

means that there exist a subsequence {n;} of indices and a

vertex in T, say so that Rn,{vj) G (0,oo), j = — 1, and

Rn,{vt) € {0,oo}. Notice that t > 1 because i?„(uo) = 1- Moreover,

without loss of generality we may assume that lim/_oo Rni{vt) = co- (Otherwise,

i.e. if lim;—oo Rn,{'"t) — would substitute the sequence | ^i;,) ^
for the sequence then, with the role previously played by vq now

played by vt, we would proceed as in Part 1, which would eventually bring us to

Part 2, with the role of vt now played possibly by vt-i.)

Let

For j > t we define t)y induction as follows:

• if it is possible we choose from ^ subsequence

such that limn_>oo^n^^(wi+i) ̂  (0,oo),

• if the above is not possible we choose a subsequence such

that lim„_oo'^^'^^(uj+i) = oo,

• if the last is impossible we choose a subsequence such that

limn—oo'^^'^n^r+i) = 0-

Finally we define the sequence {??.„(• by Rni") •'= R-ni')- Notice that for
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any k

T^{vk) := lim 'Rn{vk) = lini 'R-ni'^k) £ [0,oo] for any I > k.
n—*-oo n—»'00

Also, by the construction, TZ{vi) = 0 for 0 < i < t, and R{vt) = 1 s Rn{vt) for

any n >t. Finally, we want to make the following

Remark 4. Rn{-) is a scaled version of a radius function r„/ (•) of B(n') for some

n' > n.

Part 3. In this part we will classify vertices of T into two groups with respect

to the values of the function 7i{-) constructed in Part 2.

The set V(T) is a disjoint union of the sets SD (solid dots) and OD (open

dots) which are defined as follows:

— Ufc e SD if R{vk) € (0, go],

— Vk E OD if R{vk) = 0.

We observe that both sets are not empty because vq G OD and Vt G SD.

We now remind the reader that terms such as component, simply connected

region, outer boundary etc. for subsets in F(T) were defined in Chapter II, and

they will be used below.

Let CsD and Cod denote components of SD and OD, respectively. Since ®

is a branch structure for T, by applying Remark II.5 to finite subsets T(n) of T,

one gets the following properties:

(i) CsD and Cqd can not be finite,

(ii) There is no finite region 5 in T that contains at least one solid dot and

whose outer boundary outS has only one solid dot,

(iii) If S is the star in T of a solid dot, and Ci and C2 are components in bdS

of open dots, then Ci and C2 are not contained in the same component

of OD.
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Let Cod be the component of OD that contains vq. We recall that, by the

definition, the outer boundary outCoo of CoD is contained in SD. Unlike in the

finite case, outCoo may have several components.

We may assume that there exist a component E of outCoo ̂ ^nd a vertex

Vko € 5] such that IZnivko) = 1 for any n, otherwise we can redefine SD and OD

in the following way:

Let Vko be a vertex in outCoD- Let := Then, as for

the we construct inductively sequences j = 0,1,....

Next we define the sequence by ^n(') fbe

limit radius function TZ'{-) by TViyk) '■ = lim„_»oo We observe

that 'R-'ni') is a scaled version of r„'( ) for some n' > n, hence Remark 4

will hold for 7^n(-) replaced by Then we redefine SD and OD

by saying that Vk € OD if TV{vk) = 0, otherwise Vk £ SD. This

new definition of the sets SD and OD implies that both are non-empty

(uo e OD and Vko € SD), and the "new" set OD contains the "old" one.
In particular, if Cqd is the ("new") component of OD that contains t;o

then Vko € outCoD and 'R.n{vko) = 1 for any n.

Choose any point from E and call it a. Let ^ € bd(star{a)) D Cqd, where

star(a) is the star of a. Let us start walking from P along the boundary of star{a)
with respect to the counterclockwise orientation (i.e. the positive orientation of

bd{star{a)) induced from the orientation of T). Suppose that 7 is the first solid

dot encountered in such a walk along the boundary of star{a). Obviously 7 € E,

and we will call this point the previous point on E prior to a. Notice that, by

(iii), 7 does not depend on the choice of Since we now know what we mean

by the next (or previous) point on E after given point, we have established an

orientation on E.
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We are now going to change notation slightly. Let us call vertex Vko by ao, the

vertex next after it in E (with respect to the orientation that we have established)

by oi, the next vertex after the last one by 02 and so on. In similar way we denote

vertices on E when we "walk in opposite direction" by a_i, a_2, a_3, This

defines a doubly-infinite sequence with no repeats; i.e., if one starts walking from

a vertex aj €. E along E (with respect to the orientation that we have established)

one will never return to a vertex that has already been visited (Figure 8).

M' mikSMBm

Figure 8. Cod and E

Part 4. Let us consider a part of E, say an edge path [ofc, Ofc+i,..., ajt+/]. Then

the set of all vertices of Cqu that have at least one neighbor in {ajt,..., ajt-i-/} will

be denoted by f2([a;t5 ojt-f./]). The property (ii) and the established orientation on

E imply that ft([ajt, ajt^.;]) is "on the left side" of the path [ofc, ajt+i,..., ojt+j].

Also it is easy to see that fl([afc,Ofc^./]) is a connected set.

Part 5. In this part we will be dealing with the following setup:

Suppose that ̂  > 3. Let {r„(0), r„(l),... ,r„(£)}^i be a sequence of (I -f 1)-



tuples of positive numbers such that lim„—oo^nO) € (0?°°] for j —

lim„_oo rn{i) = 0 for ;■ = 2,3, - 1. Let C„(i) and s„(j) denote a circle of
radius r„(j) and its center respectively. Moreover, suppose that the Cn(i) have

the following properties:

• Cn{j) is tangent and exterior to C„(0), j = 1,. . . ,
• Cn{j) is tangent and exterior to C„(jf + 1), j = 1, — 1;

• an orientation in 5(As„(0)s„(;)s„(j + 1)) induced by the ordered triple
< Sn(0),Sn{j),Sn{j + 1) > and the counterclockwise orientation on

d(Asn{0)s„{j)sn{j + 1)) are compatible for j = 1, — 1.

This finishes the setup (Figure 9).

AW

a

CJV)
Qsi

u.n

AW
L5-I

Figure 9. The setup

Let us now normalize things slightly. We will assume that the point of tangency

of Cn(0) and Cn(l) is always the origin in R^, and that s„(0) and s„(l) belong

to the positive and negative part of the y-axis, respectively.

Let r{j) = limn^oorn{j)- Suppose that Zn(j) denotes the angle at the vertex
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5„(0) in the triangle Asn{0)sn{j)sn{j + !)• As r{j) = 0 for j = 2, 1, we

have the following elementary

Lemma 5.

(i) limn_»oo ̂ n(i) = 0 for J = 1,..., i - 1. In particular, lim„_^oo — 0,

where Zn := ^n{j)-

(ii) If r(l) < oo or r(0) < oo then C„(2) converges to a point which is the

origin.

(iii) Suppose that r(0) = oo = r(l). Let Ln denote the line that goes through

the point Sn(2) and is parallel to the y-axis. Let pn and qn be the points

in such that n C„(2) and Ily(pn) > ny(q„), where IIj,

is the projection onto the y-axis. Then, for any e G (0,1/4), there exists

N such that for any n > N

ni(pn) 2

and

^^(Pn) + 4 2 C intCn(O)

C intC„(l),

where IIj; is the projection onto the x-axis, and intCn{j) is the interior

of the circle Cn{j)-

Part 6. Before we state the goal of this part we need to introduce some nota

tion.

Recall that in Part 2 we have defined the sequence of radius func

tions. Due to Remark 4, ??.„(•) = c„r„/(-) for some c„ € (0, oo) and n' > n, where

rn'(-) is the radius function of the branched circle packing B{n'). Hence Itni')

defines a branched circle packing which is just a scaled version of the packing
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B{n')] later we will refer to the scaled version as B{n). Let /„ be a discrete

Blaschke product induced by B{n) and let fn : D D be its extension defined

as in Chapter III. Then /„ = (pnO hn, where /i„ : D i-> D is a homeomorphism

and ; jD H-> £) is a Blaschke product of degree M — 1 + because each

of the B(n)'s is a Bl-type packing with the branch set 53. Let := Cnfn then

Fn is at most an M-to-1 mapping.

We are ready now to state our goal in this part. We will show, with the help

of the edge-path [..., a_i, gq, oi, • • • ], that for n sufficiently large we can find a

point which will have more elements in its preimage under Fn then the valence of

Fn. This will give a contradiction and the proof of Theorem 2 will be completed.

Let 5(a, , a,+i) denote the union of closed stars in T associated with vertices Ci

and Gi+i. Let N he a, positive integer such that there exists a sequence

with the following properties:

• the sets S{akj, are pairwise disjoint for j — 1,..., M + 1,

• A;i = 0 and kM+i = N — 1.

From now on we will be interested in the path [gq) •••, only-

If L is a line and ab is the line that contains the interval [g, b], a, b ̂  R^, then

ADL{ab) is defined as follows:

take the bigger of two angles which are obtained from the inter

section of L and ab if they intersect, or the angle tt if the lines do not

intersect, then subtract 7r/2 from it and the result is ADi,(ab).

As an immediate consequence of Lemma 5 one has

Fact 6. Let denote the vertex in the domain of fn (which is the carrier

of some Andreev packing associated with T(n)j that corresponds to the vertex
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ak e l^(T(n)) c V{T). Then

N-l

Ve > 0 3N, Wn>N, ̂  AD,„ (F„(a]J)F„(a]J+i)) <
k=o

where In is a line perpendicular to the line Fn(ao )Fn(a"); in other words, if n

is sufRciently large then aJl segments [Fn{a^), F„(a^^j)], k = 0,1,..., N — 1, are

nearly parallel to [Fn(ao ), Fn(ai)].

Let us now normalize things once again. Let Cn(ak) denote a circle in B(n)

associated with the vertex ajt. We will be assuming without loss of generality

that the tangency point of C„(ao) and C„(ai) is always at the origin (in R^), and

that F„(a") and F„(ao) belong to the positive and the negative part of y-axis

respectively. Let A(n) denote the smallest disc that contains all circles in B(n)

associated with vertices fl([ao,a^v])- Write p(n) for the radius of A(n). Since

f2([ao,aAr]) is connected, finite and contained in OD, lim„_H.oo p(n) = 0. Recall

that 7Zn(ao) = and observe that any two vertices ak and ajt+i, 0 < A: < iV — 1,

have a common neighboring vertex among vertices in fl([ao,un]). This together

with Part (ii) of Lemma 5 implies that A(n) converges to a point which is the

origin. Moreover, if 7Z(ak) < oo or fZlak+i) < oo, 0 < A: < — 1, then the

tangency point of Cn(ak) and C„(ak+i) will converge to the origin and, by Fact 6,

there exists a sequence {6„(A:)}^o such that

^n(k) > 0, lim ^n(A:) = 0 and
n—►oo

^{0} X [<5„(A:),7^(aifc,afc+i)]^ |J^{0} x [-7?.(ajt, a/t+i),-^„(A:)]^ C
intCn(ak) U intCn(cik+i) for sufficiently large n,

where 7^(ajt,Ojt+i) = min{7?.(ajt),7^(afc+i)}. Similarly, if 7^(ajt) = oo = 7^(ajt+i),

0 < A: < iV — 1, then Part (iii) of Lemma 5, Fact 6 and the convergence of A(n)
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to the origin imply that there exists a sequence {6„(fc)}^o such that

^n(^) > 0) lini Sn{k) = 0 and
n—►oo

({0) X U ({0) X c
intCn{ak) U mtC„(ait+i) for sufficiently large n.

Hence, there exists a point p G {0} x [—1,0) such that

Af+i

p G Pi (mtC„(afc. )UmtC„(ajfc.+i)) for any sufficiently large n.
i=i

Let S{akj ,akj+i)" denote the set in the domain of /„ that corresponds to the
set S{ak^,akj+i) C T(n) C T, i.e. 5(afc., is a union of closed stars in
the domain of associated with the vertices a^. and Since intCn{cikj) U

intCn{akj+i) C Fn {S{akj,akj+i)") and the sets S{akj,akj+i) are pairwise dis
joint (for j = 1,... ,M-|-1), one gets that F~^{p) has at least M -f- 1 elements.

As each Fn is at most M-to-1, the last conclusion is a contradiction. In other

words, we contradicted our assumption of Part 2 that the diagonalization argu

ment is not applicable to the sequence {i2„(-)} (which was converted in Part 3

to the equivalent assumption that both sets OD and SD are not empty). This

concludes the proof of Case 1.

Case 2. T has boundary.

We will show this case by discussing briefly how the proof of Case 1 can be

modified for T with boundEiry.

Let the objects T(n), J5(n), Vn, and r„(-) be defined as in Part 1 of Case 1.

Write Cn{v) for the circle in B{n) associated with v G y(T(n)). We will follow

the steps of the proof of Case 1, however we will work with the packings B(n)
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not their scaled versions to show that the diagonalization argument applies to

the sequence {5(n)}.

First we are going to define a collection of sequences of radius functions. Let

sequence For j > 0 we define

induction as follows:

• if it is possible we choose from ^ subsequence

such that lim„—oo ^ (0>oo))

• if the above is not possible we choose from ^ subsequence

such that lim„_oo'7^^'^H^i+i) = 0-

We observe that each is the radius function of one of the packings B(n),

and therefore the values of are always in (0,1]. Hence we do not need to

be concerned with lim„_+oo being oo in the above definition.

Finally we define a sequence := ̂n(')- Notice that for

any j

TZnivj) lim 7^„(uj) = lim V}^{vj) € [0,1] for any I > j.
n—^oo n—►oo

Let SD := 7^-l((0,l]) C F(T) and OD := ^^-^({O}) C V(T). We will now
show that SD is not empty by proving that any boundary vertex of T belongs to

SD. Let be a boundary vertex of T with € intT as a neighbor. If we view

the packings H(n) as hyperbolic packings then the Cn{'^*) are horocycles, and

the hyperbolic distance of the hyperbolic center of C„(r'*+) to the origin and the

hyperbolic radius of Cn(u+») are both decreasing as n oo (see [BStl]). This

implies that is bounded away from zero as n —> oo. Thus TZ.{v^) > 0, and

u* € SD. An easy argument shows that any boundary vertex belongs to SD.

Having shown that fedT C SD, we may proceed precisely as in the proof of

Case 1; namely, using discrete Blaschke products associated with the packings
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B{n), one shows that of the two sets SD and OD^ one has to be empty. Since

SD D bdT ̂  0, we get that OD = 0. The last implies that 7?.(y(T)) C (0,1]

and the proof of Case 2 is completed.

This concludes the proof of Theorem 2. □

From the proof of Case 2 of Theorem 1 we have the following

Remark 7. Let T be an inGnite triangulation of a disc which has boundary

vertices. Suppose that 03 is a branch structure for T. Then there exists an

inGnite branched circle packing B for T with br(B) = ^ so that B is contained

in the unit disc.

We finish this chapter with

Remark 8. The inGnite branched packing constructed in Case 1 in the proof of

Theorem 1 is a Bl-Iimit packing. The branched packing constructed in Case 2 is

a scaled version of a Bl-limit packing.
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Chapter V

Blaschke Products

In this chapter we will show (Theorem 8.3) that:

Any (classical) finite Blaschke product can be approximated uniformly

on compacta of D = (z : [z] < 1} by discrete Blaschke products.

The chapter is divided into several sections with the last one containing a proof

of the above assertion.

Section 1. We will recall now some facts about finite Blaschke products. Let

D and dD denote the closure and the boundary of the unit disc D respectively.

Suppose that xi,..., Xm are points in Z), and that ki,..., km are non-negative

integers. A holomorphic map F : D ̂  D given by F{z) — eni=i"( '

|c| = 1, is called a finite Blaschke product with branch points Xi,..., of orders

fcj,..., km, respectively (or equivalently, with branch set {(bi,ki),..., (bm,

Finite Blascke products have also another characterization: if F : D D is a

holomorphic, proper mapping then F is a finite Blaschke product.

Let a,b ̂  dD and a ̂  b. Suppose that 7 is a simple curve in D with the

end points a and b. Let D be a component of D \ 7. We will be assuming that

{xi,..., Xm} n = 0. Then we have the following two facts.

Fact 1.1. If F\t> is a homeomorphism onto F(V) then there exists i, 1 < i < m,

such that F(xi) ̂  F{D).

Fact 1.2. Let 7' = 7 \ {a, b}. If F\-p is not a homeomorphism onto F(D) then

F(j') has at least one self-intersection. Moreover, the length of the path F(j) is

at least in{i<i<m{dist(F(xi),dD)}.

Section 2. Suppose that T is a triangulation of a disc and r : V(T) (0,oo).

Then r(-) is said to be subharmonic at u € ̂ (T) if r(v)
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where vi,... ,Vn are the neighboring vertices of v. T is called hexagonal if each

interior vertex has exactly 6 neighboring vertices and each boundary vertex has

at most 6 neighbors. We have the following

Lemma 2.1. Let r(-) be the radius function of a circle packing P of a hexagonal

complex T. Then r(-) is subharmonic at interior vertices of T.

Proof. It was shown in [BFP] (see also [Rl]) that r(-) is subharmonic at any inte

rior vertex with the angle sum 27r and with non-overlapping petals of the flower

associated with the vertex. However, one can easily verify that the condition that

petals are disjoint is irrelevant as long as the angle sum is 27r. Thus, the radius

function r(-) of P is subharmonic at any interior vertex which is not a branch

point.

Suppose that 6 is a branch vertex and vi,... ,ve are its neighboring vertices.

Recall that the angle sum at b is The monotonicity properties of the angle

sums imply that if one keeps r{vi),... ,r{ve) fixed and continuously increases

r(b) to CO then the angle sum at b continuously decreases to 0. Thus, there

is a value ro(fe), ro{b) > r(b), such that the angle sum at b given by radii

ro{b).,r{vi),... ,r{ve) is equal to 27r. But then r(b) < ro{b) < |(r(ni) -t- • • • -|-

i.e. the radius function r(-) of B is subharmonic at b. □

Section 3. The property that the radius function for a branched circle packing

is subharmonic at interior vertices is very special. Since we will need such a

property later, from now on we are going to work in this chapter only with

branched circle packings associated with hexagonal complexes, namely, simply

connected 2-sub complexes of the infinite regular hexagonal 2-complex. Therefore

we need to introduce some notation.

Let H denote an infinite regular hexagonal 2-complex of mesh 2 with vertices
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at points 2k + Z(1 + \/3i), k,l € Z. Write H(n) for a subcomplex of H that

consists of all faces of H whose closures are contained in {2: |2|<n — 1}. Let

ff(n) := iH( n) and let B'(n) be a subcomplex of ff(n) obtained by removing

boundary faces from H(n) (where a face is a boundary face if it has a vertex in

bdH{n)). We will refer to H, H(n), H{n), and H'{n) sometimes as simplicial

complexes (triangulations) and sometimes as subsets of C, but the reader should

not have any problems with this duality of notation, as it will be clear from the

context to which one we refer.

Let Ph be a regular hexagonal circle packing whose carrier is H. Write Puin)

for the part of Ph which corresponds to H(n) C H, and PH(n) for ^PH(n)- We

remark that PH(n) is contained in the unit disc.

Let us fix n. Suppose that P is a Bl-type packing for H{n). Let g be the

simplicial map from Pfjin) fo B and be the corresponding ratio map (i.e.

g = SboS^' and g* = (5soSp' )*). Using a method analogous to that in

Chapter III, one constructs an extension of gr to a map g : D ̂  D such that; 1)

g = ipoh, where h is a self-homeomorphismof D and </? is a Blaschke product with

the branch set {h{bi),..., h{bm)}, where {bi,... ,bm} is the branch set for B, 2)

the image under g of the "star" (see Chapter III) of a boundary vertex of H{ri)

contains the circle of B associated with this vertex. If it is clear from the context

which H{n) is complex for B then we will refer to g and g as the simplicial map

induced by B and an extended simplicial map associated with B, respectively.

Finally, we will say that B fixes a point p 6 H{n) and maps q G H(n) to R+ if

the induced map g fixes p and g{^q) G R+.

Let A{n) be an Andreev circle packing associated with H{n) which fixes the

origin and maps 1/2 to R+. Then, by [St] or [RS], the euclidean radii of bound

ary circles of A{n) converge uniformly to zero as n —> 00. Moreover, due to the
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normalization of A(n), the simplicial maps induced by the A{n) converge uni

formly on compacta of D to the identity function. In particular, for fixed r < 1,

D{r) = {z : |2| < r) is mapped under such simplicial functions into D{r) for

sufficiently large n, where f =

Although our goal in this chapter is to proof the approximation of classical

Blaschke products by discrete ones, due to technicalities, most of our work will be

in showing that extended simplicial maps approximate classical Blaschke prod

ucts. Let us be more specific. For a given finite classical Blaschke product F we

will construct an appropriate sequence {B/r(n)} of Bl-type packings associated

with the sequence of complexes H(ti). Suppose that F is normalized so that

F(0) = 0 and ̂ (1/2) G R+, then the packings Bpin) will fix the origin and map

1/2 to R^.. Let fn be an extension of the simplicial map from Pn^n) fo Bpin)

(Figure 10). Let A{n) be aa above. Write F„ for the discrete Blaschke product

from A(n) to Rf(") and (?„ for the simplicial map from Pn^n) fo A{n). We want

to show that F„ i-^ F uniformly on compacta of D. In order to prove this, we

will first show that fn^F uniformly on compacta of D. Then, since G„ ido

uniformly on compacta of D, we may conclude that F„ = fnoG~^ •--> F uniformly

on compacta of D.

Section 4. Let F be a finite Blaschke product with {{xi,ki),..., (xm, ̂m)} as

its branch set. Furthermore, suppose that F is normalized so that F(0) = 0 and

F(l/2) € R4-. We remark that such a normalization is merely a convenience, not

a restriction for what we are going to do. We need to introduce the following

Definition 4.1. If is a sequence of Bl-type packings such that

k' Tit
(1) B{n) is determined by H{n) and a branch set fixes the

origin, and maps 112 to R4.,
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A

Figure 10. Packings and simplicial maps

induced by them; bri^Bp (")) = {(^1)}

(2) there exists Z G N such that the combinatorial distance of Vij{n), for

any n and j = 1,... ,ki, to the star in H(n) that contains Xi is at most L

then {B{n)] will be called an approximating sequence of Bl-type packings for F.

The reader should be aware of

Remark 4.2. Because of the nature of H, and Theorems II.2 and II.6, there al

ways exists an approximating sequence of Bl-type packings for a given F. More

over, the similar definition to Definition 4.1 can be given for F without the nor

malization by the use of an appropriate Mobius transformation which preserves

the unit disc.

Let us fix an approximating sequence for F and denote it by {5f(u)}. Our

aim in the reminder of this chapter is to show that the introduced terminology is
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justified, namely, that discrete Blaschke products induced by the packings 5f(«)

converge uniformly to F.

Section 5. Let v"(n) and v"{n) denote the centers of the circle associated with

vertex v{n) € H{n) in A{n) in euclidean and hyperbolic geometry respectively.

Write v'{n) and v'{n) for the centers in Ff(") in euclidean and hyperbolic geom

etry, respectively. Let Vo{n) denote the vertex in H(n) that corresponds to the

vertex at the origin in H(n).

Proposition 5.1. There exists r G (0,1) such that v'- j(n) G D{f) for i =

1,..., m, j = 1,..., fc,- and any n.

Proof. Since C D{r) for some r G (0,1), it follows from the choice

of the Vij(n) and Section 3 that there is M E (0,oo) such that p(0,v'f j{n)^ < M

for I = 1,2,..., m, ; = 1,2,..., ki and any n, where p is the hyperbolic metric

in D. By Thm[4] of [BStl], /9(0,n-j(n)) = />(f'o(n),f^i,/")) < Pivo{ri),Vi -(n)) =

p(0,v'j'j{n)), and the assertion of our proposition is proved. □

Section 6. In this section we will prove

Lemma 6.1. The (euclidean) radii of circles in Bpin) go uniformly to 0 as

n —» oo.

Proof. The following proof is a generalization of the Rodin-Sullivan length-area

argument (see [RS]). Let /„ be an extended simplicial map associated with Bpin),

then fn{vo{n)) = /n(0) = Uo(n) = 0 and /n(l/2) G R+. Moreover, by Theo

rem IIL4, fn can be written as a composition of a self-homeomorphism of D and

a Blaschke product with the values of branch points at /„(ni j(n))'s.

a). Recall that fn{vi,j{n)) = u- ^(n) G D{f) for any i,j and n. Let us fix n.
Let Sj be a chain of rij circles in Bpin) of radii rji that starts and ends at the
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boundary of D. Then, by the Cauchy-Schwarz inequality,

Let Ij = rji. Simple computations show

Now, let us consider a boundary vertex u» of if(n) and the collection of edge

paths Sj in B(n) that are as in Figure 11 (i.e. sj starts and ends at dB, it omits

the Vij(n) and it cuts out a "wedge" of D, denoted by Dj, that does not contain

the Vij{n) and has u* in "the middle" of dH{n) fl Dj).

Figure 11. Paths Sj and a wedge Dj

Let Sj be a chain of circles in Bpin) associated with vertices of Sj. We will

show the following inequality

Ij > (1 -r)r„(u*).



where r„(-) is the radius function of Bp{n). By Part 2, we have two possibilities

for fixed j:

(1) /nl p. is a homeomorphism,

(2) the path /n(-Sj) has self-intersection.

In case (1) the circle in Bpin) associated with u* is contained in fn{Dj) and, by

Fact 1.1, D \ fn{Dj) contains at lea.st one value fn{vi,j{n)). Thus

Kfni^j)) > mmi^imn{dist{fn{vij{n)),dD)] ,r„(i;»)| > min{l -r,r„(u»)},
where l{fn{sj)) denotes the length of the path fnisj)- Since Ij = l(fn(sj))^ one

has (**) in case (1).

In case (2), by Fact 1.2 we get

Kfn{sj)) > min {dist{fnivij{n)),dD) } > 1 - r.

Thus (**) holds in case (2) as well.

Combining inequalities (*) and (**) one obtains

(..») [E;!-
b). We will now divide the set of double indices ji into four pairwise disjoint

groups Ji, J2, J3, J4. First let us mark the vertices in the paths sj as in Figure 12

(i.e. if j is odd then every second vertex in sj is marked by 1 and every other

vertex in sj is marked by 2, if j is even then every second vertex in s j is marked

by 3 and every other vertex in Sj is marked by 4).

Then we say that a double index ji is in Jjt if fji is associated with the vertex

that was marked hy k, k = 1,2,3,4. Notice that the stars in H{n) associated

with distinct vertices in Jk are disjoint. Moreover, if Cn(v) is the circle in Bp(n)
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Figure 12. Marking of vertices

associated with the vertex v in H{n) then C„(i') is contained in fn{star(v)),

where as before star^v) denotes the star in H{n) associated with the vertex v.

We also observe that the star in D is mapped homeomorphically by /„, except

for the stars that correspond to the vertices Vij{n). Thus, since /„ is M-to-1, we

have

Trr^i < Mn for k — 1,2,3,4,
ji&Jk

where M = 1 + Hence

Trr^,- < 4M7r.

The last inequality and (* * *) show that

Now, as n oo the series ̂  - ^ diverges because rij = 0(7), and the last

inequality implies that the radii of circles in Bfi'n.) associated with boundary
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vertices of H{n) go to 0 uniformly in n. By Lemma 1.1, the radius function

of Bp{n) is subharmonic, which gives that the radii of all circles in Bpin) go

uniformly to 0 as n —> oo. □

Section 7. In this section we will be assuming that all branch points of F are

simple. In particular, since fc, = 1 for i = 1,. . . , m, we will write Vi{ri) for u,-,i(n).

Let fn be an extended simplicial map associated with (n). We recall that
/„ = ifnO hn, where : D D is a homeomorphism and ip„ is a Blaschke

product with branch points /i„(ui(n)). Since /n(0) = 0 and /n(l/2) € R-|-, we
will assume that /i„(0) = 0 = (^„(0) and /i„(l/2) € R+. (If necessary we use the

appropriate Mobius transformation and its inverse composed with hn and (pn,

respectively, to obtain a new factorization of fn-) Moreover, we observe that all

the products are of the same order m + 1.

In order to keep our notation as clear as possible, we will write fn{'^i) ^^nd

hn{vi) for fn{vi{n)) and /i„(ui(n)), respectively, if there is no reason for confusion.

Let us now recall some facts from the theory of quasiconformal and quasireg-

ular functions that will be stated in two parts a') and a"). All of them can be

found in [LV] or [V].

a'). liC C AcB? are such that A is open and C is compact then {A,C) will

be called a condenser and cap(A,C) will be the conformal capacity of {A,C).

All the {A,C) condensers we consider will be bounded, which simply means that

is a bounded set. If E = (>1,C) is a bounded condenser in R^ then

capE = M{i\{C,dA\A)),

where M{A(C, dA] >4)) is the modulus of the curve family A(C, dA] A) of paths in

A that connect C with dA. Moreover, if C C C, C is compact, then E' := {A,C')
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is a bounded condenser in and

M(r) > M(r'),

where F = A{C,dA-,A) and F' = A{C\dA-,A). In particular capE > capE'.

If X> = (Co, Ci) is a condenser and Cq \ Ci is a doubly connected domain then

V is called a ring. The modulus of V is

/A/rACC. \
modV =

^M(A(Ci,aCo;Co\Ci))y

Moreover, modV = t if and only if V can be mapped conformally onto the

annulus {z : 1 < |zl < e'}. Also, the capacity capV (= cap{Co,Ci)) of fhe ring

T> is equal to M(A(Ci,5Co;Co \Ci)), so

, _ 2n
modV =

capT>

If p{r) := mod((iD, [0, r])) then p{r) is continuous in (0,1), monotonically de

creasing, and limr->i p{r) = 0, limr—o p{r) — oo. In addition one has

Modulus Theorem. If the ring V separates the points 0 and r from the circle

{z : \z\ = 1} then modV < p{r).

a"). Let f : G ̂  R^ be a continuous function. We say that {A,C) is a normal

condenser for / if {A,C) is a condenser such that A C G and f{dA) = df{A).

If / is non-constant and quasiregular then

cap{A,C) < Koif)Nif,A)cap{fiA,C)),

for all normal condensers (.4,C) for / in G, where Koif) denotes outer dilatation

of /, W(/, A) is the maximal number of preimagies in A of any point from f{A),
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and f{A,C) = (/(>!),/(C)). In particular, if / is a Blaschke product of order

m + 1 then

cap{D,C) <{m + l)cap(D,f{C)),

for any compact subset C of D. Moreover, if C is simply connected, C C D, and

C is a component of /~^(C), then

modT>2 < (m + l)modX>i,

where "Di {D,C) and T>2 := {D,C').

After all these preliminaries, we return now to our functions and </?„.

a). Recall that, by Section 5, the images fn{vi) of branch points /i„(ui) of ipn

are in 5(0, f), where B{zq, g) = {z : \z-zo\ < g}. We will now use K-quasiregular

arguments for K=1 to show that the sets <Pn^{fnivi)) are contained in a compact

subset of D. Since each is a Blaschke product of order m + 1, by part a") we

get that

— Inf = mod{p, 5(0, f)) < (m + l)mod(5, <^"^(5(0, f))).

The Modulus Theorem implies that there exists 6 > 0 such that (/?~^(5(0, f)) C

5(0,1—6) for any n. Thus we have

36 > 0 9 <Pn^{fn{vi)) C 5(0,1-6) for any n and z = 1,2,... ,m.

In particular, all the points hn{vi) are contained in 5(0,1 — 6) for any n.

b). Suppose that e > 0. Let di{n) := supfdzamC^ (n)}, where sup is taken over

all components C,-(n) of (5(/n(i'i), f)) (Figure 13). Let d^(n) := supj{di(n)}.

Once again, by quasiregular arguments and the fact that images of branch points

of functions are in 5(0, r) we obtain that d^(n) —> 0 as e —» 0 uniformly in
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Figure 13. Mappings and sets

n (i.e. for any cr > 0 there exists e(o") such that d^(n) < a for any n and any e,

e < e{cr)).

c). We will now prove a lemma about quasiconformality of the functions h„.

Lemma 7.1. Let Ul{n) be the union of all components of f~^{B{fn{vi),e))

that have non-empty intersection with the set {vj{n) : j = 1,2, ...,m}. Let

He(n) := H'{n) \ Then for any e > 0 there exists Nf such that hn is

K-quasiconformal in He(n) for any n > N{, where K does not depend on n or e.

Proof. Let e > 0. Let 5jt(u, n) denote the simplicial complex of faces of k gen

erations in H{n) around vertex v 6 By Lemma 6.1, there exists N( such

that for any n >

/n(5'3(i;,n))p|{/„(v,)}i^i

for any vertex v € H'in) \ |J,- fn c))- Thus, according to Lemma III.7,

for any vertex v G H'{n) \ \Ji fn^ iB(fnivi),e)) no flower in Bpin) eissociated
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with a vertex of Si{v,n) has overlapping petals. Hence, the Ring Lemma in

[RS] (applied to fn\s3{v,n)) implies the existence of a constant K (associated

with the complex H) such that /i„ restricted to H'{n) \ (J,-/n ̂ (R(/„(i',), e)) is

K-quasiconformal for any n, n > Ne-

Let V/(n) denote a component of f~^(B(fn{vi), e)) f) ife(n). To complete the

proof of the lemma we only need to show now that there exists Ne such that

/n|vf(n) is K-quasiconformal for n > Ne and i = 1,..., m.

A property of Blaschke products tells us that <^nU„(Vf(n)) i^ ̂  homeomorphism,

thus /n|vf(n) is a homeomorphism. Lemma III.7 and Lemma 6.1 imply that there

exists Ne such that the following hold;

(1) If n > and p € H'{n) such that fn{p) G \ Uj -®(/n(^«)» ̂ /2) no

flower in Bf(") associated with any vertex of 5io(up,n) has overlapping

petals, where Vp is a vertex in H'{n) closest to the point p,

(2) If n> Ne and p e H'{n) such that /„(p) € B{fn(vi), e/2) for some i then

/„(54(up,n)) C B{fn{vi),e), where Vp is defined as in (1).

Let be a vertex in V/(n), then:

1) If n > iVe and w is such that S3{w,n) C V/(n) then there are no over

lapping circles in Bp{n) associated with vertices of 82(10,12) because

/n|s3(u;,n) is a homeomorphism,

2) If n > Ne and w is such that fn(io) € £> \ (J, B(fn(vi), tl2) then, by (1),

no flower in Bpin) associated with any vertex of 83(10, n) has overlapping

petals,

3) If n > Ne and there exists i' such that fn(io) G B(fn(vi')),el2) then

10 for some component C of f~^(B(fn(vii)),e)). By (2), 83(10,12) C C.

Moreover, C does not contain any of Ui(n)'s, otherwise, according to the
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definition of H({n), C n H^^n) = 0 and we get a contradiction with the

fact that w eCf) Hf{n). In particular, fn\c is a homeomorphism and so

is fn\s3(w,n)- Thus there are no overlapping circles in Bpin) associated

with vertices of S2{w,n).

Let p be a point in V/(n) but not a vertex. Let Wp be a vertex in H'{n) closest

to the point p, then;

4) The cases l)-3), as above, follow for w replaced by Wp.

From the cases l)-4), the fact that p G star{wp), and the Ring Lemma in [RS],

we obtain that /inlvf(n) is K-quasiconformal iov n > N^. □

d). In this part we will establish properties of the families {fn} and {/in}-

Let us start with the family {<Pn}- We observe that {<Pn} is a normal family,

and each (p„ is a Blaschke product of order m+1. Thus, there exists a subsequence

{Vn/fe} that converges uniformly on compact subsets of JD to a function (p. From
part a) and Hurwitz's Theorem it follows that (p is a Blaschke product of order

m + 1 with branch points 6i, 62, . .. , 6/ € B(0, f). We will now prove

Lemma 7.2. If {(fuk} h,. . . ,bi are defined as above then I — m.

Proof. Since cpn's have m simple branchpoints, it follows that 1 < I < m. Thus, if

m = 1 there is nothing to prove, so let us assume that m > 1. From the definition

of (p we get that {61,. . . , 6j} is the limit set of the set {/infc(vi),. . . , hn^{vm)}'^Q

and, without loss of generality, we may assume that there exist 1 < < • • • <

ii <m such that limfc_.oo — bj for t — + 1,.. . ,tj. In order to prove

that I = m one has to show that Iimjfc_.oo /infc(^i) ^ linifc_.oo when i ^ i'.

Let Ci{n) be as in part b). Let CKn) denote C,-(n) that has non-empty inter

section with the set {/i„(uj)}^j. Write d^i{n) := sup ^diam h~^ |, where
the sup is taken over all C,^(n)'s.
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Proposition 7.3. If ̂ ■(n) is defined as above then

(fl) Vcr > 0 Bccr Ve < 3N, Vn > Vz d-(n) < cr.

Proo/. Since, by Lemma 6.1, fn{dH'{n)) approaches dD uniformly as n oo

(i.e. fn{dH'{n)) is in a small neighborhood of dD for large n), the Schwarz
Lemma applied to (^„ shows that d(/i„(df'(n))) = hn{dH'{n)) approaches dD
uniformly as n —^ oo. Thus, we may assume without loss of generality that

B(0,1 - S/2) C hn{H'{n)) for any n, where 6 is as in part a) (i.e. S is such that
hni^i) is in B(0,1 — S) for any i and n). The last and part b) show that there
exists Co such that Cf(u) C P(0,1 — S/2) for any i,n and e < cq.

Let C'{n) := \jCl{n) and E\n) := (/i„(P"'(n)),C^(n)), where C^(n) denotes
the closure of C^{n). Then E^{n) is a bounded condenser and, by quasiregular

arguments, part b), and above remarks, capE^{n) 0 as e ^ 0 uniformly in n.

Let W{n) •.= using the notation of Lemma 7.1, and note that

hn{U^{n)) — C«(n). Writing E^(n) for the bounded condenser (jl' ,
we have by part a'),

(*) capE^{n) < KcapE^{n) for n >

where N( is as in Lemma 7.1. Thus

(**) V(T > 0 3e„ Ve < e„ 3Ne Vn > capE^{n) < a.

Since E^{n) is a bounded condenser for any i, n, and e < eo, so is the ring

(^hn(H'{n)),Cj{nfj and, by part a'),
(* * *) cap (^H'{n), h~^ < capE^{n) for any z, n, and e < cq.
The Modulus Theorem, (**), and (* * *) imply the assertion (fl). □
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Proposition 7.4. limt—oo = bp if and only if limk-,00 hn^(xi) = bp,

where x, is one of the branch points of F.

Proof. The definition of u,(n) and the fact that the mesh of H(n) goes to 0 as

n  00 imply that u,(n) —» x,- as n —> 00 for 1 < ? < m. Now Proposition 7.3

gives

m

(*) Vcr > 0 3Na \/n >
i  i=l

where K-{n) is defined as in Lemma 7.1. Let

X = min < min |xi — Xjj, min dist(xi,dD)> .
I  l<«<m J

Suppose that a < x/100. Let e„ and Na be as in (*). We may again assume

without loss of generality that IJ,- B{xi,xl^) C H'ip) for any n. Let

Vi{a) := ̂ B(xi,x/2),B(xi,<T)) .

Then Vi{a) C H'(n) \ B{xi,a) for n > Nt,, and by (*) one has

Vi(a)cH,An).

Lemma 7.1 implies that for every a, a < x/100, the homeomorphism hn is K-

quasiconformal in Bi^a) for sufficiently large n, so we can assume, by making

Nf, larger if necessary, that /i„ is K-quasiconformal in X>i(c) for n > N^. In

particular, modT>i(a) < Kmodhn(T>i{a)) for n > N^, and there exists K^r such

that

(**) modT>i{(j) < Kmodhni^{'Di{a)) for k > Kcr-

Since the rings Vi{a) are such that lim<r_o modVi{a) = 00, the Modulus Theo

rem and (**) give

Vr > 0 3<Tr Vcr < (Tr diamhn^ {B{xi,cr)) < r for k > A'^.
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As lim„_too Vi{n) = Xi, the last shows that limfc—oo l^nfc(w,) — hn^(xi)\ — 0. This

finishes the proof of our proposition. □

Proposition 7.5. Iimfc_oo ^ Iimfc_oo hn^i^i') for i ^ i'.

Proof. Suppose that the assertion of the proposition is not true. Then, without

loss of generality, we can assume that limjfc_oo ^nife(a^i) = limfc_oo ^71^(3:2) and,

by Propostion 7.4, limjt—00 Part b) and the definitions of C-{n)

and Ul{n) imply
/

(*) Va > 0 BCff, Kg VA: > Kg
i  1=1

Let

X = min •< min jfe, — fcj|, min dist{bi,dD) > .
t  i<«<' j

Since fixes 0 and (pn^{hn^{dH'{nk))) = fnk{dH'(nk)) approaches dD as

k —» 00, the Schwarz Lemma applied to (pn^ shows that 5(/i„^(/i''(nfc))) ap
proaches dD as k 00. Therefore, we can assume without loss of generality

that B(6i,x/2) C hn^ {H'{nk)) for any k > Kg and a < x/100, where Kg is

defined as in (*). Moreover, for any cr < x/100 and k > Kg one has
I

P,(<t) := (B(i.,x/2),B(6i,<r)) C K,(H'(nt)) \ (J C
t=l

Now Lemma 7.1 implies that for any cr, a < x/100, the homeomorphism h~^ is K-
quasiconformal in Hf^{nk) D h~l for sufficiently large k. Therefore, by

making Kg large enough if necessary, we can assume that h~^ is K-quasiconformal

in h~l ^I>i(cr)^ for k > Kg. Hence
(**) modV\{a) < Kmodh~^{'Di{cr)) for k > Kg and a < x/100.

Since limjt—oo ^nife(3^1) = h = \inik^oohnk{^2), for any a there exists kg such

that hn,,{vi),hnk{v2) € B(bi,a) for k > kg, and without loss of generality we
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may assume that Kcr > k^. In particular, V2(nfc) € h~^{B{bi,a)) for

k > K^. Now recall that limfc_oo ui(n]t) = xi and limfe->oo = X2i hence

diam h~^{B{b\ ̂ o)) > x/2 for sufficiently large k, say k > where x is defined

as in the proof of Proposition 7.4. The Modulus Theorem shows that for any

a < x/100

(* * *) modh~^(T)i{a)) < const{x) for k > Kcr ,

where const(x) depends only on x- Combining (**) and (***), and letting a —^ 0,

we obtain a contradiction. This finishes the proof of the proposition. □

The above proposition completes the proof of Lemma 7.2. □

We can summarize the results about subsequences {'Puk) ^-nd {hnk} which we

have obtained so far in the following

Lemma 7.6. The limit function <p of the sequence [puk} is a Blaschke product

with simple branch points at bi, . . . ,bm, where bi = limk-,oo huki^i) fo^ i =

1,2,. . . , m.

We now turn our attention to quasiconformal properties of the family {hn^}.

Let Dn {z : |z| < l-l/n}\U^j 1/n) and {z : |z| < l-l/n}\

Ul^i B{bi^l/n). Since dH'{n) tends to dD, (*) in the proof of Proposition 7.4
shows that for any / € N there exist e/ and Ni such that Di C Hc,(n) for n > Ni.

In particular, from Lemma 7.1 it follows

(★) V/ € N 3A'; VA: > Ki /in/tlDi is K-quasiconformal.

Similarly, (*) in the proof of Proposition 7.5 and the fact that d{hnk{H'{uk)))

tends to dD show that for any / € N there exist ei and A',' such that Di C

hnkiHe,{nk)) for k > K[. Thus

(★) V/ G N 3Ki VA: > Ki is K-quasiconformal.
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The way the functions hn^ are defined, (★), (^), a^nd standard quasiconformal

arguments show

Lemma 7.7. The family {/in*} of uniformly bounded functions has the following

properties:

(1) {/injt} is a normal family in D \ {xi,X2) • • • > ^m},

(2) any convergent subsequence of {/in/t} tends uniformly on compacta of

D \ {xi, X2,..., Xm } to some K-quasiconformed function h,

(3) the limit function h is the restriction of a K-quasiconformal homeomor-

phism h, h : D y-* D, with h{xi) = bi for i = 1,2,..., m, and

(4) due to the normalization condition on the functions hn^, the function h

fixes 0 and h(l/2) € R+.

We are now going to prove

Lemma 7.8. Let ^ convergent subsequence of {hn^}. Let h be the

limit function of and h be the function described as in Lemma 7.7 (3).

Then h = ido-

Proof. In order to prove our statement we will show that h is 1-quasiconformal,

i.e. conformal. Then also h is 1-quasiconformal, and the Riemann Mapping

Theorem implies that h — id[).

Let zq E D \ {xi,...,Xm}- Choose ̂  > 0 so that B(zo,S) C D \ {xi,..., x^}-

Then converges uniformly to Since h{zo) € D\ {6i,..., 6^},

h(zo) is not a branch point of ip, and there are e and ko such that <^n)t |B(ft(zo),«)

are 1-to-l for k > kg. The equicontinuity of the normal family {hn'^} implies the

existence of a, cr < 6, and ki, ki > ko, such that hn'J^B{zo,(7)) C B{h(zo),e) for

k > ki. Thus fnk\b(zo,<t) is 1-to-l for k > ki.
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Now we are ready to make a crucial step in showing that h is 1-qusiconformaI.

As k oo, we have an ever increasing number of generations of i7(n'j^.)'s around

zq in B(zo,cr) and associated with them univalent (i.e. non-overlapping) hexago

nal circle packings that are parts of the corresponding packings B From the

Hexagonal Packing Lemma in [RS] we conclude that the quasiconformal distor

tion of the fn'^ at Zo goes to 0 as A: oo. (We remark here that in [RS] circle pack

ings are, by definition, univalent packings.) Hence / := ipoh = lim^j-^ ooi}pn'^ )

has the quasiconformal distortion at zq equal to 0. As zq was arbitrary, this shows

that / is 1-quasiregular and h is 1-quasiconformal. □

As an immediate consequence of the above lemma we have

Corollary 7.9. The sequence {/in*} converges uniformly on compacta of D to

ido-

From Corollary 7.9 and Lemma 7.6 it follows that Xi = bi. Since ip and F are

finite Blaschke products with identical branch sets and satisfy V'(O) = -F'(O) and

(^(1/2), 7^(1/2) > 0, we conclude that (p = F. Hence {/n*,} converges uniformly

on compacta of D to F. Thus, by standard arguments, the full sequence {fn}

converges uniformly on compacta of D to F.

Recall that fn is an extension Fn of the simplicial map from Pnin) fo

Bpin). Therefore, we have shown that these maps Fn converge uniformly on

compacta of D to F.

Section 8. We must discuss how the restriction in Section 7 that F has only

simple branch points can be removed. The only reason why we did not prove all

the results in Section 7 in the general case was that we would be overwhelmed

by notation, due to double indices for example, that would shadow the essence

of the arguments.
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In general, suppose that F is a finite Blaschke product with a branch set

{(xi,fci),... (not necessarily simple branch points) such that F(0) = 0

and F(l/2) G R4.. Let be an approximating sequence of Bl-type pack

ings for F with branch sets (see Section 4). Let /„ be an extended

simplicial map associated with Then Lemma 6.1 and Proposition 5.1 im

ply that the results in Section 7 a), b) and c) hold with the various quantities

C-(n), d\{n), etc, of Section 7, replaced by their doubly-indexed counter

parts. As in Section 7 d), {vn} has a convergent subsequence with a limit

function y?, and, since all the u,-j(n) are in S(0, f), is a Blaschke product with

branch points 61,..., 6/ G B(0, f). We also remark that the degree of ip is the

same as degree of each (pnt- Using the same quasiregular techniques as in the

proofs of Propositions 7.3 - 7.5 one shows

Lemma 8.1. The limit function (p of the subsequence {ipnk} ^ Blaschke prod

uct with the branch set {(6i,A:i),... ,{bm,km)], where bi — limk-*oo hnki^i)-

Finally, since all quasiconformal properties of the family discussed in

Section 7 carry over to our current setting, {/nt} converges uniformly on com-

pacta of D to F. Moreover, since fn is an extension of the simplicial map Fn

from F//(n) to Bpin), Theorem 1 of [DSt] (see Comments after the proof of the

theorem) implies that the functions F^^ converge uniformly on compacta of D

to |F'|. Thus we have

Theorem 8.2. Given a finite Blaschke product F, let {Bf(n)} be an approxi

mating sequence of Bl-type packings for F, and write Fn for the simplicial map

from PH{n) to Bpin). Then functions Fn and F* converge uniformly on com

pacta of D to F(z) and |F'(2)| respectively.

An almost immediate consequence of the above result is
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Theorem 8.3. Let F be a finite classical Blaschke product. Then there exists

a sequence {Fn} of discrete Blaschke products such that functions Fn and F^

converge uniformly on compacta of D to F and |F'| respectively.

Proof. Since a discrete (classical) Blaschke product followed by a map M{z) —

|a| < 1, lc| = 1, is also a discrete (classical) Blaschke product, we may

assume without loss of generality that F{0) = 0 and F(l/2) E R+. Suppose that

A(n) is an Andreev circle packing for If(n) that fixes the origin and maps 1/2 to

R+. Let Bp{ri) be an approximating sequence of Bl-type packings for F. Write

F„ for the discrete Blaschke product from A{n) to Bp{n). Let Fn and Gn be

the simplicial maps from PH{n) to and from PH(n) to A{n) respectively.

We observe that F„ = o G~^. By [RS], functions Gn converge uniformly on

compacta of D to the identity map of D while, by Theorem 8.2, maps Fn converge

uniformly on compacta of D to F. Hence the functions Fn converge uniformly

on compacta of D to F.

The approximation of |F'| by maps Fjf is a consequence of Theorem 1 of

[DSt]. □

Before we finish this part let us make three remarks.

Remark 8.4. Let «„ : H(n) i-> H be the natural inclusion and let /?„ : Hii^) ^

H be the map o t„, where in : H{n) i-> H(n) is a scaling by multiplication by

n. Recall that uo(n) = 0 for any n, so /3„(t;o('^)) = 0 for any n. Suppose that

vertices Ui(n), i = 1, . . . ,m, have the same combinatorial location in H{n) with

respect to uo(") for any n, i.e. I3n{vi{n)) = Pn'iyiip')) for any n,n' G N and any

i = 1,2, . . . ,m (in other words, for a fixed i, the vertices ldn{vi{n)) have fixed

location in H as n changes).

Let B{n) he the Bl-type packing for ff(n) with br(B(n)^ = {vi(n),. . . , (")}
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Exing 0 and mapping 1/2 to R^.. Then B{n) is an approximating sequence of

Bl-type packings for F(z) = In particular, if Fn is the simplicial map from

^H(n) B(n) then the functions Fn converge uniformly on compacta of D to

the function

Remark 8.5. Let F(z) = z'" and let {Bpin)} be an approximating sequence of

Bl-type packings for F. Suppose that 0 < to < ti < 1. Then for any S > 0 there

exists Ns such that

< '"tr' +s
+6- rn{v) - mt^-^ -8

where v,w are vertices of H(n) that are in {z : to < \z\ < and r„(-) is the

radius function of Bp{n).

Proof. Since Fff(v) = rn{v)/(l/n) for any vertex v in H(n) and \F'{z)\ =

for \z\ = t, the assertion of our remark follows from Theorem 8.2. □

Remark 8.6. Suppose that Q, is a bounded simply connected domain in C. Let

F : Q I—^ D be a proper analytic map with a branch set {(xi, ki), . . . , (xm, km)}

(i.e. F = G o CO, where u : D is a BJemann mapping and G : D D is a

Enite Blaschke product with a branch set {(a;(xi), ki),. . . , (oj(xm), km)} )■ Write

Hai'iT') for a subcomplex of which is a union of all closed faces of contained

in Q. Let be the part of the circle packing ^Fh which corresponds to
the subcomplex Hii(n) of ^H. We deEne points Vij(n) and Bl-type packings
Bfin) as we did in Section 4 but this time for the complexes HQ(n) instead of

the H{n). If Fn is the simplicial map from HQ(n) to Bpin) then functions Fn

and F^ converge uniformly on compacta offl to F and |F'| respectively.

69



Chapter VI

Infinite Hexagonal

Branched Circle Packings

In this chapter we return to infinite branched circle packings. Let H and

H(n) be as in Chapter V. Suppose that B is a branched circle packing for H (i.e.

an infinite hexagonal branched circle packing) which is obtained as the Bl-limit

Bl-lim(JB(njfc);H(njt),0) (see Chapters IV and V for notation). Let / : C i-+ C

be the simplicial map from Pa to B. Our purpose in this chapter is to prove

that / serves as a discrete analogue of a classical complex polynomial.

We begin with preliminary results on the radius function R(-) : V(H) i—> R_(_

of the packing B.

Section 1. The goal of this section is to show the following

Theorem 1.1. The function i?( ) is subharmonic with its infimum obtained in

{bi,b2,... ,b„,} = br(B).

Proof. Let : V'(H(nit)) ̂  R+ be the radius function of B{nk). Let Rn,, '■

y(H(nfc)) H-f be defined by Rnki') = limit of

{R„^(-)}. We may assume without loss of generality that = n, i.e. that B is

the Bl-limit of a sequence {B{n)} of Bl-type packings for {H(n)} normalized at

0, and that R{-) is the limit of radius functions Rn{-) = ^

Bl-type packing for H(n), with the branch set {6i, . . . ,bm}, such that it fixes the

origin and maps 1/2 to R+ (that is, the simplicial map from ^-PH(n) fo ■6'(")

fixes 0 and maps 1/2 to R-|., where ^PH(n) is defined as in Section V.4). We will
now prove that B is also the Bl-limit of a more rigid sequence of packings, i.e.

the sequence {B'(n)}, in which all the packings fix 0 and map 1/2 to R-|., and

therefore are uniquely determined due to Theorem 11.6.

70



Lemma 1.2. {B'{n)] is a sequence of Bl-type packings for {H(n)} that con

verges to B normalized at 0, i.e. B — B]-lim(B'(n);

Proof. By Theorem II.6, B{n) — ipn{B'{n)) for some ipn{z) = e'^" i-Jp i where

A„ € [0,27r), pn € C, and |p„| <C 1. Let i—> I^+ he the radius

function of B'(n). Write s„{v) and s'„(v) for the centers of circles associated

with the vertex v € V(H(n)) in {j5(n)} and {B'(n)} respectively. Let us fix

our attention on some vertex a 6 Suppose n is big enough so that a €

V(H(n)). From Lemma V.6.1 we have that da{n) := dist{sQ{n), ̂^(n)) and r'^(a)

go to 0 as n —> oo. We will show that

w  =n-oo r;,(0)

For simplicity of computation we may assume without loss of generality that

A„ = 0 and s'^(n) G [0,1). Then

|1 - da{n){pn +p„) + |p„p(d„(n)2 - r;,(a)2)|'

^ <(Q)(i-bnP)
^  1 - |p„PrU0)2 •

Hence

rn{a) r'„{a) 1 - |p„pr;,(0)2

•^n(O) ''n(O) |1 -<^a(")(Pn +Pn) + bnP(c?a(n)2 -r;,(a)2)|
, and

^n(o) ,. rnfa) .
hm = hm —7— = R(a).
n-^oo r|j(0) n->oo r„(0)

Thus we have shown (*) and proved the lemma. □

Since our goal is to show that R{-) has its minimum at one of the vertices 6,,

we will be assuming that {B(n)} is in fact

Fix an index k such that F(H(A:)) contains the vertices 6,. We will show that

for any v G V'(H(/:)) there is N such that mini{i?„(6,)} < Rn{v) for n> N.
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Suppose this is not true. Then there exist vq E y(H(/:)) \ {&i, ̂2, • • • , ̂ m} and

a subsequence {n/} such that RnX^o) < Rn,{^i) foi' i — 1,2,... ,m and any I.

In the subsequent discussion, for p < n, H(n,p) will denote a subcomplex of H

whose boundary is a simple closed edge path that lies in H(n) \ H(p). It follows

from Lemma V.2.1 and [BFP] that R{-), Rni'), 1/R{'), and l/7?„( ) are subhar-

monic in F(H), m<H(n), V(H) \ , 62,..., fcm}) and mtH(n) \ {bi,b2,... ,bm},

respectively. Since l/i2„(-) is subharmonic in mtH(n) \ {61,... ,bm}, the maxi

mum of l/i?„(-)|v(H(n.p)) is obtained in 6dH(n,p) U{fei, 62, • n. ,bm} lor p = k,k +

1. Our hypothesis about Do says that the maximum of l/i2„,(-)|H(n,,p) is

obtained in 6dH(n/,p) for any p, k < p < n/ —1; i.e., the minimum of i?n,(-)lH(n,,p)

is obtained in 6dH(n;,p). Since Rn,i-) is subharmonic in mtH(n;), i2n,(-)lH(n/,p)

attains its maximum and minimum in 6dH(n/,p) for any p, k < p < ni — 1. Let

vi{p) and V2{p) be the points in 6<iH(n/,p) such that i2n,(')lH(ni,p) attains its

maximum and minimum, respectively. Then

W  for aUv,w€ V(H(n,,p)).Rn,(vi(p)) Rn,(w) RniMp))

Let to,ti E (1/4,3/4) and to < ti- Suppose that ti — to and 5 > 0 are small,

then

,  , {m + l)t^ -6 j (m -f- l)t^ + 8 1 ^ 1
(**) and — r are close to 1.

(m -h l)t^ -1- 8 (m + — 8

It is evident that there exists lo such that for any I, I > Iq, we have

1) C B(0,<o/2) and

2) there exist pi, k < pi < ni — 1, and a subcomplex H(n/,pj) such that

bdK{ni,pi) C {z : to < \z\ < <i}.

Let us recall now that Rni') = ̂'n(-)/^n(0). From Remarks V.8.4 and V.8.5, there
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exists Is, 16 > 'o, such that if I > Is then

(m + - 6 ̂  Rn,{v) ̂  (m + l)t7' + 6 ^ bdH{ni,pi),
{m + l)t^+8- Rn,iw)- {m + l)t^-6

where H(n;,p;) is as in 2) above. By applying the last double inequality to

V := vi{pi) and w := V2{pi), and using (*) and (**), one obtains that ~ 1

for any v,w € V(H(n/,p/)) and I > Is- In particular, ~ 1 for any

v,w e H(A:) and I > h- Thus « 1 for I > Is, where w G V(star{bi)).

The last approximation implies that the angle sum at vertex bi is approximately

27r rather than Att, as required of a simple branch point, and we end up with a

contradiction.

Therefore, for any vertex v in H(fc) there exists N such that min,{i?„(6i)} <

Rn{v) for n> N. Hence mini{i2(6i)} < R{v) for any vertex v in H(A:) and, as k

was arbitrary, this finishes the proof. □

Section 2. In this section we prove that the function / : C i—»■ C, which is the

simplicial map from Ph to B, is a polynomial-like map. Although this conclusion

can be reached as a corollary to a theorem from the next chapter, which states

that / is in fact quasiregular, we present here alternative arguments that prove

our assertion.

Using a translation and rotation we may assume without loss of generality

that /(O) = 0 and /(2) G R+. By Lemma 1.2 we can assume that the packings

P(njt), which give B as the Bl-limit, are such that the center of the circle in

B{nk) associated with 0 G U(H(njt)) is the origin and the center of the circle in

P(njfc) associated with 2 G U(H(njt)) is on R-|-. Recall that H(n) = ^H( n), and
let fk : H{nk) i-> P be the simplicial map from PH(nk) B{nk) (PH(n) defined

as in Section V.3). Let fk : H(nfc) i-» C be defined by fk{z) := /fc(7^'2r)/r„^(0),
where rni,{-) is the radius function of B{nk). Since all functions fk are at most
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m + 1-to-l, all functions fk are at most m + 1-to-l. Moreover, as centers of circles

of the packings ■^B{nk) converge to centers of the corresponding circles of B,
fk—^f uniformly on compacta of C. Thus, since the maps fk and / are open

and discrete, we get

Proposition 2.1. The function f is at most m + 1-to-l.

We have the following

Lemma 2.2. The function / ; C i—» C is a proper map with /(C) = C.

Proof. Using properties of /?(•) we will first investigate distances between certain

points in the carrier of B.

From Theorem 1.2 we have that R{v) > mini<,<m{-R(^'i)} for any v € U(H).

For our purposes, we may assume without loss of generality that infimum of

/?(•) is 1 and is obtained at bi. Let AV1V2V3 denote a face in H with vertices

vi,V2,V3. Then f(AviV2V3) = Af{vi)f{v2)f{v3) is a triangle with heights of

length at least 1. Let Av'^v'^vz be the triangle with vertices v'l,02,03., where

o'- € [v3,r'i] is chosen so that lujusj = 10/6 for i = 1,2, where |a6| denotes

the length of the segment [a, 6]. Then / maps Ao[o203 onto Af{o[)f(o2)f{o3)

in an affine way. In particular, the segments /(uj)/(i'2) and f{oi)f{o2) axe

parallel and |/(wi)/('^3)|/l/(ui)/(u3)l = 5/6 = |/(u2)/(^3)|/|/(v2)/(v3)|- Let h

be the height of Af[oi)f[o2)f{o3) from vertex /(r'3), and h' be the height of

the trapezoid Of{o[)f{oi)f(o2)f{o2) from vertex f{o[) to the side f{oi)f(o2).

Then {\h\ - \h'\)/\h\ = \f{v[)f{o3)\/\f{oi)f{o3)\ = 5/6, and \h'\ = \h\/6 > 1/6.

Therefore the distance of any point from Af(o[ )f{o2 )/(v3) to the side f{oi )/(u2)

is at least 1/6.

Let ,. . . , ue; 1*0) denote the star of i>o in H with vi,. . . , ue as its boundary

vertices. Let st{o[,. . . ,Oq-,oo) := AugUjUo U where points o'- are
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defined cis above. Suppose vq ^ {&i, 62, • • • 5 ̂ m}, then / maps st{vi^... ,ve-,Vo)

homeomorphically onto f {st{vi,..., v^', vq)). Since |/i'| > 1/6, it follows that

the distance from the boundary of f{st(vi,...,ve',vo)) to any point in the set

,..., Ug; uo)) is at leaat 1/6. Finally, we observe that for any point in C

there is a vertex uq ̂  ̂(H) whose star ... ,Vg; vq) contains that point.

Using what we have just established, we will now show that if {pn} is a se

quence of points in C that converges to 00 as n —» 00, then lim„_^.oo f{Pn) — 00.

Suppose that this is not true. Then there exist a constant M > 0 and a sub

sequence {p„;fc} such that |/(p„J| < M as k ̂  00. Since {/(pnj} is a bounded

sequence we can assume that it is convergent. Let p be the limit of {/(pn* )}• Then

IpI < M. Now, for every Pm, there exists a vertex vo{nk) in V'(H) such that pn^ €

^'nk '■ = ■ ■ ,VQ{nky,Vo{nk)) C := (nt), . . . , uo(njt))-
Since pn^ —> 00, we can assume without loss of generality that the sets Sn,, are

pairwise disjoint and have empty intersection with the set {61, 62, • • • , &m}- Since

fiPrik) ~^ P and the distance of f{pnk) to the boundary of /(Sn,,) is at least 1/6,
there exists ko such that P\k>kQ fi^nk) 7^ 0- The last gives a contradiction to
Proposition 2.1. Thus we have proved that lim„_»oo f{Pn) = 00.

To finish the proof of the lemma it is sufficient to show that S^\/(C) = {00},

where is the Riemann sphere.

Suppose there is a 6 df(C) such that a ^ 00. Hence there exists a sequence

{Pn} of points in C such that {/(pn)} converges to a as n 00. Suppose
that {p„} has a bounded subsequence {pnt}- We can assume that {pn^} is

convergent. Let p be the limit of {pntli then |p| < oc. Since / is continuous,

limit—00/(Pn/fe) = /(p)- Moreover, by the choice of {p„}, /(p) = a. The fact
that / is open says that a can not belong to df(C). Therefore {p„} does not

have a bounded subsequence. The last implies that {pn} converges to 00. Hence

75



{/(P")} converges to oo, which contradicts the assumption that a ̂  oo. □

Now we are ready to prove

Theorem 2.5. Let / ; C i—> C be the simplicial map from Ph to B, where

B = H(nfc),0) is an inhnite hexagonal branched circle packing

with the branch set {bi, . . . ,bm}- Then f has a decomposition f = (p o h, where

h : C C is a homeomorphism and <p : C i—y C is a polynomial with simple

branch points h(bi), h(b2), . . . , h{bjn)- Moreover, if /(O) = 0 and /(I) € R+ then

ip and h may be chosen so that <^(0) = 0 = h(0), h(l) € R+ and (p(h(l)) E R+.

Proof. From the construction of / one has that / is continuous, open and discrete.

Hence, by Stoilow's Theorem, / = (pok, where b : C t-> b(C) is a homeomorphism

and (p is analytic in b(C). Moreover, if /(O) = 0 and /(I) G R+ then we

can obviously require that tp and h satisfy conditions; V'(O) = 0 = b(0) and

b(l) € R+, (p(h{l)) € R+.

Now suppose that b(C) ^ C. By the Riemann Mapping Theorem, there

exists conformal map rp : D b(C). Let (p := ip o xp and h := ip~^ o h, then

/ = ip oh, where ip : D C is analytic and h : C i-* D is a homeomorphism.

By Proposition 2.1 and Lemma 2.2, <p is proper, at most m + 1-to-l map and

maps D onto C. But quasiregulaj arguments show that such map (p does not

exist. Hence b(C) = C, and is a proper entire function with branch points

only at the h(bi). Thus (p is a polynomial with branch points Moreover,

since f = ipo h and the 6, are simple branch points of /, it follows that the h{bi)

are simple branch points of (p. □

The above theorem justifies us to state the following

Definition 2.6. A map / : C i—> C will be called a discrete complex polynomial
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if the following are satisfied:

(i) there exist an inhnite triangulation T of C and a univalent circle packing

P for T whose carrier is C,

(ii) there exists an infinite branched circle packing B for T such that f is the

simplicial map from P to B,

(iii) / has a decomposition f = oh, where h is a self-homeomorphism of C

and (fi is a complex polynomial.

We will say that f is a discrete complex polynomial determined by T and the

branch set 03 = {(fei, hi),. -.,(fcm, ̂ m)} if (l)-(hO hold with B in (ii) being a

branched circle packing for T with the branch set OS.
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Chapter VII

Discrete Complex Polynomials:

Distortion and Approximation Aspects

Our main goal in this chapter is to show (Theorem 2.1) that:

Any complex polynomial can be approximated uniformly on compacta

of C by discrete complex polynomials.

Before a proof of the above assertion is given, we will establish some important

results related to families of simplicial maps induced by circle packings.

Section 1. In this section we will show that certain families of maps axe K-

quasiregular.

Let H be the regular hexagonal complex defined in Chapter V. Any circle

packing for H will be called an infinite hexagonal circle packing. We will

say that a map / : C i—> C is the simplicial map induced by an infinite hexagonal

circle packing B if / is the simplicial map from Ph to B.

Let Prn be a family of simplicial maps / induced by infinite hexagonal circle

packings (unbranched or branched, even with infinitely many branch points) such

that / has valence at most m.

Theorem 1.1. Pm is a family of K-quasiregulas mappings, where K depends

only on m.

Proof. Trivially, is not empty because id € Pm- Second, all maps in Trn are

open and discrete, which follows from the construction of these maps. Moreover,

if / € Pm has branch points then they are simple branch points.

For / € J-fn let Bf denote the infinite hexagonal circle packing that induces

/. Let Rf{-) : V(H) i—R^. be the radius function of Bf. To prove the theorem
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we will show that there exists K > 1 such that

(★) ^ K for any / G and any neighboring vertices u,w eRf{w)

Suppose (★) is not true. Then there are a sequence {/"} of functions from

and a sequence of vertices {u„, u;„} in V(H) such that and are neighboring

vertices, and rn(u„)/r„(ti;„) > n, where r„(-) := Rfn{-). By applying a simplicial

self-isometry of H, we may assume without loss of generality that Wn = 0 G V^(H)

and u„ = 2 G V^(H) for any n.

Let Wo, ^^2, • • • denote vertices in H with uq = 0 and vi — 2. Notice that

(*) r„(t;i)/r„(uo) > n for any n.

Let H( n) be defined as in Chapter V. We observe that H(n) C H(n + 1) and

H = IJ^i H(n). We will now follow the steps of the proof of Theorem IV.2 for

T := H with T(n) := H(n). We start with the sequence {rn(-)} and, because

of (*), we can construct, using the same method as in Chapter IV (except that

now our collections of radii are infinite), the sequence with the following

properties:

1) Rni') is a scaled version of r„'(-) for some n' > n, and

2) ̂ -(vk) := lim„_oo'^n(i^ifc) € [0, oo] for any A: G N, and 1l(vo) = 0,

Rnivi) = 1-

Since the family is scale-invariant, we observe that the simplicial map /„

induced by a circle packing with the radius function Rn{') belongs to J-m-

By choosing a subsequence of {/n} if necessary, one may assume one of two

cases obtains:

Case 1.

(1.1) There are uq, u.-j,... (possibly a finite sequence) such that uq. is a branch

point of Bf^ for any sufficiently large n.
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(1.2) If Vk € I^(H) \ {vi- then Vk fails to be a branch point of for any

sufficiently large n.

(1.3) The set }j C I^(H) is a branch structure for H.

Case 2.

(2.1) Any vertex Vk € V'(H) fails to be a branch point of B for any sufficiently

large n.

Notice that the condition (1.3) in Case 1 follows from the condition (1.1) and

the definition of a branch structure for a finite set of branch points. In particular,

for any p G N there exists Up such that

(*) Vujt e y(H(p)) Vk € Vn > Up Vk e br(Bf^),

where in Case 2 we understand that {vi- = 0.

Let the sets SD and OD be defined as in Chapter IV (but for defined as

above), i.e.

- Vk £ SD ii llivk) € (0, oo],

- Vk ̂  OD if 7l{vk) = 0.

Then SD ̂  ^ OD because i;o € OD and vi € SD. Moreover, using (*)

above. Lemma 11.4 and Remark II.5, and proceeding the same way as we did

in Chapter IV, we obtain the properties (i)-(iii) stated in Part 3 of the proof of

Theorem IV.2. Next we define CoD and points a, exactly the same way as in

Chapter IV. Then, using arguments from Part 5 of the proof of Theorem IV.2,

one finds a path [oq, ... ,ayv] (notation as in Chapter IV) and then shows that

for any sufficiently large n there is a point whose preimage under the function

fn defined as above (in Chapter IV it was the function F„) has more then m

elements. The last is a contradiction to the assumption that all the functions fn

are in J-m, i-e. are at most m-to-1 maps. □
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We can now draw a few conclusions but first we need the following remark

which is an easy consequence of Stoilow's Theorem.

Remark 1.2. Let / ; C i-+ C be a K-quasiregular mapping of Unite valence.

Then f = ipoh, where h : C i—>- C is K-quasiconformal and is a polynomial. In

particular, f has finite branch set. If {(61, fci),..., (6^, hm)} is the branch set of

f then {{h(bi), ki),... ,{h{bm), km)} is the branch set of ip.

Proposition VI.2.1, Theorem 1.1, and the above remark give an alternative

proof of Theorem VI.2.5. However, from Theorem 1.1 and Remark 1.2 we obtain

this more general

Corollary 1.3. Let f be a simplicial map induced by an infinite, possibly

branched, hexagonal circle packing B. If f has hnite valence then it has at

most finitely many branch points, say bi,... ,bm, and a decomposition f = p oh,

where /i : C i-> C is K-quasiconformal, K depending only on the valence, and p

is a polynomial with simple branch points h(bi),..., h(bm)-

Before we state the next result, we need the following

Definition 1.4. Let P be a circle packing for a complex K, Unite or infinite.

We say that P has valence m if for any univalent circle packing Q for K the

simplicial map from Q to P has valence m.

Applying the same methods of argument as in the proofs of Theorem IV.2 and

Theorem 1.1 above, one easily gets

Corollary 1.5. Let Lq C Li C L2 ... be a nested sequence of subcomplexes of

H, finite or infinite, such that (J.^ L„ = H. Let vq be a vertex in Lq . Suppose that

{5n} is a sequence of (branched) circle packings for the complexes L„. Write rn(-)

for the radius function of Bn- If aii packings Bn have a uniform finite bound on
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their valences then there exists a constant K such that IjK < r„(ta)/rn(uo) < K

for any n and any neighboring vertex w of Vo-

As a consequence of the last corollary we have

Corollary 1.6 (Ring Lemma in the Large). Suppose m > 0 is an integer. Let

B„, be the family of circle packings P such that

(1) ifLp is the complex of P then Lp is a subcomplex of H,

(2) P has valence at most m.

Then there exist an integer N = N(m) and a positive constant K = K{m) such

that

P G Bm, H(t;, N) cLp => — < < Kfor any neighboring vertex w of v,
K  rp{v)

where rp(-) is the radius function of P, and H(v,N) denotes the subcomplex of

H consisting of n generations ofH around the vertex v.

Section 2. In this section we are going to show the following

Theorem 2.1. Let F be a classical complex polynomial. There exists a sequence

{/„} of discrete complex polynomials such that functions fn and converge

uniformly on compacta of C to F and |F'| respectively.

Proof. The proof will be given in several parts; the maps /„ will be discrete

complex polynomials associated with infinite hexagonal circle packings.

a). Suppose that xi,..., Xm are the branch points of F of orders fci,...,

respectively. We will be assuming that F is normalized so that F(0) = 0. Let

r > 0 be such that xi, 0:2,..., Xm G G := F~^ (B(0, r)). Let p £ {z E dG : \z\ =

dist{0.,dG)}. By multiplying F by e''^, A G [0,27r), we may assume that p' :=

F{p) G R+.
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b). Let H„ = LH. Write Ph„ for the regular hexagonal circle packing whose

carrier is H„, i.e. Ph„ = ̂Ph-

We now define, for any sufficient large n, P„ to be an infinite hexagonal

branched circle packing and : H„ = C i—> C to be the simplicial map from

to Bn SO the following properties are satisfied:

1) Bn has a branch set

^r(Pn) {^li (ri)? (rr It ̂  (u), , bnii (n), bm2 (rr)) • • • ■, bmkm ('^)}

of simple branch points that are located in Hn in the following way:

For any i € {1,2,... , m}, vertices bi^ (n), . . . , 6,,^ (") in a fixed com

binatorial distance from Xi and this distance does not depend on n or i (i.e.

there is a number i (independent of i or n) such that bi^(n), . . . , bii^ ,(n)

are always within i generations around the closest vertex in Hn to Xi,

and this is for any i and n),

2) /„ has finite valence,

3) /„ is normalized (or rather P„ is normalized) so that /n(0) = 0, /n(p) €

R+, fniG) C D(r) and a/„(G) n dD{r) ^ 0.

Let us notice that the existence of such maps fn (or packings Bn) is given by

Theorem IV.2 and Theorem VL2.5, and that condition 1) above is analogous to

condition (2) in Definition V.4.1.

It follows from Corollary 1.3 that there exists K > 0 so that each /„ has a

decomposition fn = ° hn, where : C i-» C is K-quasiconformal, (pn is a

complex polynomial, and /i„(0) = 0 = Vn(0), hn(p) = p. In particular, {/i„} is

a sequence of entire K-quasiconformal mappings that fix 0,p and oo, therefore

{/in} is a normal family.

Let {/inifc} be a subsequence of {/in} that converges uniformly on compacta of
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C to some limit function h. Then h is an entire K-quasiconformal map that fixes

0, p, and oo. In particular, there exist and ̂ 2) ̂ 2 > > O5 such that

(*) hn.idG) C 3(0,62) \ B{0,6i) for all k.

From the construction of the fn, Corollary 1.3, and the fact that the ipn are

polynomials fixing 0, one has

(**) ^n{z) = ai(n)z + a2(n)z^ H 1- aM{n)z^,

where the ai(n) are complex numbers and M = 1 + ki. Moreover,

9?„^(5(0,^i)) C D(r) for any k

because fn(G) C D(r) and .B(0,^i) C hn^{G) by (*). Thus, by (**), there exists

A > 0 such that

(* * *) |ai(njt)| < A for any k and i = 1,..., m.

From (**) and (* * *) it follows that {ipn^} is a normal family. That means that

there exists a subsequence {Vn'^} that converges uniformly on compacta of C to

some analytic function (p such that (,^(0) = 0. Moreover, (p is not a constant

function because of (*) and the condition that dfn{G) (1 dD(r) ̂  0 for any

n. The last observation and (**) imply that is a polynomial with (p(0) = 0

and <p(p) € R+. Finally, the uniform convergence of {/int} on compacta of C

and the condition 1) show that 9? is a polynomial with a branch set br((p) =

{(h(xi), ki),..., (h(xr„), km)}.

c). Arguing as we did in Section V.8 (or Section V.7), we easily show that

h is 1-quasiconformal in C \ {xi,X2,... Thus h is conformal in C. Since

h(0) = 0 and h(p) = p, we get that h = idc- Therefore ip is the polynomial
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with the branch set hr{(p) = {(xi, (xm 1 )}, and (y?(0) = 0, ip{p) G R+.

Hence if — F, and by standard arguments we get that not only {/n'^, } but the

full sequence {fn] converges uniformly on compacta of C to F.

Finally, since the fn converge uniformly on compacta of C to F, by Theorem 1

of [DSt] we get that functions ff converge uniformly on compacta to |F'|. This

completes the proof. □

Remark 2.2. We observe that one can use any sequence of discrete polynomials

fn :Hn = c ^ C in an approximation of F in Theorem 2.1 as long as the

conditions 1) and 3) from the above proof are satisfied, which translate, respec

tively, to the following conditions: i) the branch sets of the fn have to converge

to the branch set of F counting multiplicities, and ii) the fn are normalized

appropriately (which is easily achieved by applying similarities of C).

We also want to point out that, since the functions used in the proof of The

orem 2.1 were explicit discrete complex polynomials, we have a practical way of

approximating complex polynomials by discrete ones.

The following result is an immediate consequence of Theorem 2.1 and Runge's

Theorem

Corollary 2.3. Let Q C C be simply connected. Any analytic function on f2

can be approximated uniformly on compacta of Cl by the restrictions of discrete

complex polynomials.
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Chapter VIII

Uniqueness of Finite-Valence Infinite

Hexagonal Branched Circle Packings

Our goal in this chapter is to prove the following

Theorem 1. Any two infinite hexagonal branched circle packings of finite va

lence with identical branch sets are the same up to similarities in C.

Proof. Let Bf and Eg be finite-valence infinite hexagonal branched circle pack

ings associated with simplicial maps / and g defined on H and assume that they

have identical branch sets. Let fniz) := f{sn{z)) and gn{z) gisn{z)), where

Sn{z) = nz. Then /„ and are simplicial maps from Ph„ to Bf and Bg re

spectively, where Ph„ is as in the previous chapter. From Corollary VII. 1.3 and

the proof of Theorem VII.2.1 (see also Remark VII.2.2) it follows that there are

c„ € C such that functions fniz) := Cnfn{z) converge uniformly on compacta of

C to the function 2*", where m — 1 is the number of branch points of / (and also

g). Similaidy, there are d„ € C such that functions <?„(z) := dngn{z) converge

uniformly on compacta of C to the function z"^. The definition of /„ shows that

fn is the simplicial map from Ph„ to Bf^ ;= CnBf. Similarly, gn is the simplicial

map from Ph„ to Bg„ := dnBg. Let Rf,Rg : V(H) (0,oo) and Rf„,Rg„ n

V(H„) I—V (0,oo) be the radius functions of Bj, Bg, Bf^, Bg^ respectively. Then,

by Theorem VII.2.1, /*{■) = P/„(•)/(!/") and g*{-) = Rg„{-)/il/n) converge
uniformly on compacta of C to |(2*")'|. In particular, for any e > 0 there exist

6 > 0 and N such that for n > N,

(*) ^ ^ € V(H„) n (D \ P(0,1 - 8)).
t + e Rg„{'") t-e

Let n be fixed for the moment, and let C be any subcomplex of H„ bounded by
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a simple closed edge curve in H„. Then

(**) max ' ,—r = max -;r——rrv€V{C) Rg„{w) webdC Rg„{w)

because if the maximum were obtained in intC then (since Bj^ and Bg^ have

the same angle sums at corresponding vertices) the ratio ^ j would have to
stay constant in V(C) otherwise one of packings or Bg^ would not have the

proper angle sum at one of the vertices of C. Similarly

/  Rgni'^) Rgni'^)(**)" max " .—r = max ———r.
^  ̂ w&V{C) Rf^{w) w^bdc Rf^(w)

For n > N, let C„ be a subcomplex of H„ such that 0 ̂  Cn, bdCn C D\B(0,1 —

and the boundary of C„ is a simple closed edge curve in H„. Then (*), (**)' and

(+*)" give

^  ' K|is,(0) iS,.(0) - »€MC. - l-e
and

(* * *)" < Rgni^) < i±£^  ̂ knli?/(0) RfM - Ru(w) - 1 - e
Hence limn_^oo |cn|/Mnl = Rg{0)/Rf{0).

Let V E y(H). If n is sufficiently large then s~^(v) E intCn and, as in (* * *)'

and (***)", we have

1 -g \Cn\Rfiv) ̂  Rfn{Sn\^)) < 1 + ̂
1 + e - \dn\Rg(v) Rg„{sn\v)) ~ 1 - e'

Since limn—oo Icnj/Mnl = Rg{0)/Rf{0), by letting e 0, one gets

Rgi'^) _ Y k"l _ Rgi^)
Rf(v) -nloo \dn\ ~ RfiOy

As V is an arbitrary vertex of H, the last shows that Rf{-) is a scaled version of

R,{). □

As a result of Theorem 1, Corollary VII. 1.3, and the uniqueness of infinite

univalent hexagonal circle packings (see [RS]), we get the following discrete analog

of a classical theorem
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Corollary 2. The only infinite hexagonal circle packings of finite valence are

the range packings of discrete complex polynomials. Moreover, any such packing

is uniquely determined, up to similarities in C, by its branch set.

Remark 3. The a.ssumption about finiteness of valence in Corollary 3 is essential

as the examples of infinite hexagonal spiral circle packings of [BDSt] show.

We finish with an example which should be easily verified by the reader.

Example 4. Let Bi denote an infinite hexagonal branched circle packing of

finite valence and with only one branch point. Let B be an infinite univalent

circle packing associated with complex fC, where IC has all vertices of degree 6

except for one of degree 3. Then B and the projected image of B\ are identical up

to similarity. In particular, there is only one, up to similarity, infinite, unbranched

circle packing of finite valence associated with complex AC.
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