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ABSTRACT

The experimental part of this thesis consists of measuring the

optical absorbance of a collection of silver oblate spheroidal particu

lates as a function of wavelength, polarization, and angle of

The method of producing such a collection is described

along with measuring a few of the important characteristics like

particle size, separation, and density,

then compared with theoretical absorbances calculated using scattering

The cross sections are derived using

incidence.

The experimental data are

and absorption cross sections.

a dipole approximation.
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CHAPTER I

INTRODUCTION AND HISTORY

Man's curiosity about the scattering and/or absorption of light

This is evidenced byseems to have never been totally satisfied,

the enormous amount of published literature on the subject.

One of the first scientists to study such phenomena, and probably

He published several papers con

cerning the scattering of light, which he referred to as "electricity

the most famous, was Lord Rayleigh.

In one investigation, Rayleigh studied the scattering of

light by small metal spheres and ellipsoids [1.1] which was the

Rayleigh also

waves.

earliest work related to the present investigation,

solved analogous problems from acoustics using the mathematical for

malism for waves.

Many investigators followed the work of Lord Rayleigh.

Maxwell-Garnett published an often cited paper [1.2] concerning the

absorption by small metal spheres embedded in glasses,

showed that certain regions of the spectrum were preferentially

J. C.

This paper

absorbed by the metal particulates, thereby giving the glasses a

G. Mie worked extensivelydistinct color as viewed in transmission.

on scattering and developed a great deal of the theoretical formalism

for the scattering of light by spheres [1.3]. Following the work of

Mie, V. R. Gans published works on the scattering of light by objects

with spheroidal geometries [1.4].

optical properties of thin metal films [1.5] was done by Erwin David.

In 1939, experimental work on the

1
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He was the first to postulate the existence of disk-like metal

particles in thin metal films.

Beginning in the early 1960's, there seemed to be an increased

interest in the optical properties of thin discontinuous films of

Shi geo Yamaguchi, in 1962, published the results of optical

transmission measurements [1.6] made, as a function of angle of

me ta1s .

incidence and polarization, on thin heat-treated silver films,

heat treatment consisted of allowing the silver films to remain under

Yamaguchi,

His

vacuum while heating the films to approximately 200°C.

from the results of his measurements, postulated that his films were

In 1967,either roughened or broken apart during the heat treatment.

N. Emeric and A. Emeric published the results of optical transmission

measurements [1.7] made upon thin silver films,

displayed a definite angular dependence as well as the usual

The measurements

They qualitatively attributed the angularpolarization dependence,

dependence to the presence of ellipsoidal particles in the film.

However, very little was done to quantitatively relate the angular

The next year, D. C. Skillman anddependence to the particle shape.

C. R. Berry measured the optical absorbance of gelatins containing

silver prolate spheroids [1.8]. This paper contained electron micro-

The micrographs definitelygraphs of the particles in the gelatin,

revealed the prolate shape of the silver particles. Their measure

ments revealed two absorbance peaks corresponding to dipole

oscillations along the minor and major axes.

In the present work, optical absorbance measurements were made

on oblate rather than prolate silver spheroids. The difference being
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that prolate particles are shaped somewhat like an elongated watermelon

while the oblate particles take on a shape similar to that of a door-

In the work by Skillman and Berry the spheroids' minor and major

axes were randomly oriented so that two absorbance peaks were always

This is not the case in the present investigation.

knob.

Here,present,

most of the spheroids are aligned such that their minor axes are

This gives rise to an angular dependence in the absorbance

similar to that observed by Emeric and Emeric.

In an effort to quantify the shape dependence of the absorbance

parallel .

of silver particles, oblate spheroidal coordinates have been employed

These coordinates may bein the theoretical part of this thesis,

directly related to the minor-to-major axis ratio, which is a more

intuitive measurement of the shape. The theoretical absorbances.

calculated from the dipole scattering and absorption cross sections.

are compared with favorable results to experimental absorbance

measurements.

Much of the motivation for the present work is due to recent

measurements of radiative emission from silver spheroids excited by

electron bombardment [1.9]. In that work, the theoretical development

was quantum mechanical while the present work employs a purely

classical approach.



CHAPTER II

THEORY

In this chapter, the theoretical formalism is developed in some

First, a discussion of oblate spheroidal

This is followed by a discussion of the

solutions to Laplace's equation in oblate spheroidal coordinates.

detail from first principles.

coordinates is presented.

The

solutions are then applied to the problem of dielectric oblate

spheroid in a uniform, but time varying, electric field,

solution to this problem, expressions for the potential (both inside

and outside the spheroid), surface charge density, induced dipole

After this, the time averaged

From the

moments, and polarizability are found.

Poynting vector is used in calculating expressions for the absorption

and scattering cross sections in the dipole approximation,

expressions for the cross sections are analyzed in Section D to identify

The

In the final section.the main factors affecting the cross sections,

it is shown that, in the limiting case of a sphere, expressions for

the polarizabilities converge to the spherical polarizability.

A. OBLATE SPHEROIDAL COORDINATES

The coordinate system of interest here is oblate spheroidal

coordinates [2.1]. The three families of mutually orthogonal surfaces

associated with the coordinate system are confocal ellipsoids, single-

They are illustrated in a crosssheeted hyperboloids and half planes.

section given in Figure 2-1.

4



The three dimensional system isFigure 2-1. Cross section of oblate spheroidal coordinates,
formed by rotating the cross section about the z-axis.

U1
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The family of ellipsoids is generated by

2 2
X + y (2-1)

1 + n n

One can see that an ellipsoid can bewhere a is the focal length,

generated by holding the value of n constant and that an entire family

Here, n may take on all non-is generated by various values of n-

negative values (0 < n < ”).

The family of single sheeted hyperboloids is generated by

+

4 (2-2)a
2

1 y p

where a again is the focal length and y = cos 6, with g being the

angle which the asymptote of each hyperboloid makes with the z-axis.

One can also see that a single sheeted hyperboloid can be generated by

holding the value of y constant. The various values of y generate

confocal single sheeted hyperboloids that are orthogonal to the sur-

The range of y is given as -1 ^ y j< + 1 .

In Figure 2-1, a two-dimensional diagram [2.2] was constructed

that showed a series of confocal ellipses and hyperbolas.

faces generated by Eq. (2-1).

The three-

dimensional system is formed by rotation about the z axis. In

Figure 2-2, just the family of ellipses is shown along with the corres

ponding values of n for each ellipse. Figure 2-3 is the family of

hyperbolas with the corresponding values of y shown.
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z axis

n=1 ^
n=l .3

n=1.0

n=0^7

n=0.4

n=0.1

X or y

axi s

Set of ellipses with labeled shape parameters (n).
that all the ellipses have the same focal length.

Note
Figure 2-2.



z-axis

=0.5

y=0.3

y=0.1

X or y axis

y=0.1

Set of hyperbolas with labeled form parameters (y).
X or y axis while y=l is parallel to the z axis.

Figure 2-3.

oo
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The third set of surfaces are half planes with their edges being

The half-planes extend radially outward from the z axis.

The position of a half plane is described by the angle the half plane

This angle is the same as the azimuthal angle

used in spherical coordinates and is denoted by <}) where 0 _< 4) < 2it.

One can now show (see Appendix A) that any point in space (x,y,z)

can also be described by coordinates (n,u,il)) where

the z axis.

makes with the x axis.

2x1/22x1/2 (2-3a)X = a(l + n ) (1 - u") COS(|)

y = ad + - M2)^/^sin<}> (2-3b)

(2-3c)z = a n p .

It is important in this work to note that the surface of a spheroid

may be described as

= constant
= ^0n

while the inside of the spheroid is obtained for n < no and the out

side for n > n
0-

It should be noted here that Ho is referred to as the shape
0

approaches zero, the shape of the

approaches infinity, the

parameter in all work below,

spheroid approaches that of a disk and as n

spheroid assumes a spherical shape,

the shape in terms of the minor-to-major axis ratio R; this is related

As n
0

0

Often it is useful to describe

to the shape parameter by
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n
0

(2-4)R =
2x1/2 •

(1 + nj)

The ratio value, R, is zero for a disk and approaches unity as the

shape of the spheroid approaches that of a sphere, i.e., 0 < R < 1.

The scale factors used in transforming differential volume

elements for oblate spheroidal coordinates are given by [2,3]

r 2 2

J 1 +
(2-5a)h

n

2 ^ 2
+ yn

(2-5b)h a
2 ’y

h, = ajil + n^)(l - y^) . (2-5c)

The three unit vectors e , e and e, are related to the Cartesian
n y <t>

unit vectors i, j and k by [2.4]

2
1 1 +y n

2 ^ {2-6a)(coS(}) i + sincj) j) + ye
7

+2*.n y

2
11 + n - y

2^ (2-6b)2 (coS(j) i + sin(j) j) +e_. = -y n

2 .2 .y
n y n y

(2-6c)= -sin(|) i + coS()) j .e
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B. SOLUTIONS TO LAPLACE'S EQUATION WITH
BOUNDARY CONDITIONS

The forms for the potential inside and outside an oblate spheroid

are shown in Appendix B to be

loo

(2-7a)
S,=0 m=0 p=±l ^

V.
Jimp1 n

Jl00

Jo Jo pi, .
(2-7b)V

out £mp

In our samples, the spheroid size is much smaller than the

The problem to be solved is thenwavelength of the incident light.

that of a dielectric oblate spheroid in a time varying but uniform

-iwt
. This is often referred to as the dipoleelectric field, E„e

0

approximation.

The Jl=l terms of the Legendre functions of imaginary argument

are given by [2.5]

(2-8a)PlQ(in) = in ,

2^1/2
(2-8b)P-ll (in) = i (1 + n )

-1
(2-8c)Q^g(in) = n ctn

2x1/2 -1
(2-8d)QTi(in) = (1 + n ) [ctn n -

11

The £=1 terms of the real spherical harmonics are given by [2.6]
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''lo'B’*) - J,r (2-9a)cosB ,

sing coS({i ,
1

(2-9b)Yii(6j(t)) -

-1
sing coS(}) . (2-9c)YTn(B,4>) =

- i cjjt
, is initially given anThe applied electric field, E^e

arbitrary direction and so the potential, at large distances away from

the spheroid, due the applied electric field is

-iut -iojt -icjt
(2-10)V = -xE„. e - e zE^_e

Ox Oy Oz

By using the relations given in Eqs, (2-3), (2-8) and (2-9), it can be

shown that

1
(2-lla)Pii(in)YTn(g,(()) jX = -la

11

P^T(in)Y:;](g,<t>) , (2-llb)y = -la

(2-llc)z = -la

so the potential at large distances can then be written as

1

Jo pil
^-icjt
e (2-12)V

Imp

where the components of the applied electric field are written as

e]11 ^Ox ’
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-1

^11 " ^Oy ’

10 ^Oz •

The potential as shown in Eq. (2-12) is the potential outside of the

spheroid due only to the applied electric field. Any expression given

for the total potential outside the spheroid must contain Eq. (2-12).

The total exterior potential is then the sum of Eqs. (2-7b) and (2-12).

-iwt
time dependence of the incident field, it is

convenient here to take the Fourier transform of all physical quantities.

The Fourier transforms are given by [2.7]

Because of the e

+0O

f(t)e^'“^ dt
' %

(2-13a)t(<^) =
.00

+00

1 i u)t
f(a))e (2-13b)f(t) = dco

2tt
-oo

where the til da represents the Fourier transform to frequency space.

The Fourier components of the potentials inside and outside are now

given by

aCO %

plhl ’
(2-14a)V.

1 n

-111
m=0 p=±l

TTrr a.

ia P,Jin)Y (3,<}))E (o))V
3 Imp Impout

aoo

* l l l
£=0 m=0 p=±l ^

(6,(t)) . (2-14b)
£mp
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Now the two boundary conditions

(2-15a)I. V_. ^'/out1 n

n=nQn=nQ

8V3V_.
1 out1 1 n

{2-15b)-e{») ^II .
9(in)3(in) h

n-non n=n n
0

and B . The coefficients.are applied to find the coefficients A

with index Ji=l, are found to be

£nip Jimp

(2-16a)'V,

^mp
n=n

0

(2-16b)B
Imp

n=no

where n)
n^nn

Wronskian at the surface is given by [2.8]

Theis the Wronskian evaluated at the surface.

.(2-17)

n-HQ n non-no

The term Z.|^(in) is written for convenience and is given by

n-no

- e(w)P^"jj^(i n)
n=no n-no n=no

(2-18)



15

The term e((jj) is the complex dielectric response function for the

spheroid.

In the dipole approximation, the terms with £>1 are not of

interest, but are known to yield the resonance conditions for the

quadrupole and higher order modes of oscillation.

, for Ji>l.

potential for a charged spheroid and since the spheroid of interest

here has no free charge upon it, then A

Also one finds

The z=0 terms give thethat the coefficients A = B
Jimp Jimp

= B = 0.
Omp Omp

Finally, the potentials, for Ji=l, can be written as

. IE I’M
J3 ImpIJTS)

1

(e.cf)) (2-19a)I I
m=0 p=±l

PiJin)YV..
Impi.n

n=n
0

and

1

Y ia Y
K W 3 ^Imp Hmp''out ' J

m=0 p=±l

.(2-19b)

n=no

The incident field induces a surface charge density on the

spheroid which may be calculated by using [2.9]

• [Eout - (2-20)
1 n

"^0 'V'll

n=n
0

Taking the negative of the gradient of the potentials given in

Eqs. (2-19a) and (2-19b) to get the electric fields and using the unit

vector given in Eq. (2-6a), the dipole contribution to surface charge
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density is found to be given by

1 n=n

a jJ^
4 3

0

a= I I
m=0 p=±1 e(w)P^j^(in) L4'n-h

n=nn=n^0 00

(2-21)

The dipole resonance condition [2.10] is given by

^iJ'-o’-VIPolPiVin)
(2-22)

n=ri
0

and upon using Eq. (2-22) in Eq. (2-21), the expression for the dipole

surface charge density simplifies to

(B,(())[e(a3) - 1]Y

n=nQ Imp1
a ITn

1 V 3
I I

m=0 p=±l

^ _

a "
4TTh

n
0

(2-23)

The volume charge density is related to the surface charge

density by [2.11]

o6(n - Oq)
(2-24)P

h

>^0

The dipole volume charge density is then

-'5( n - Hn)

—rM ^
4Tra^(nn + a) 4 ni=0 p=±l

0%

P

0

(2-25)
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where the expression for the Wronskian [2.12] has been used.

With this expression for the dipole volume charge density, the

three components of the induced dipole moment can be found by using

[2.13]

h d(j) p X (2-26)h dn h^dpn

and also similar expression for the y and z components. Upon

substituting in the relations given in Eqs. (2-5a) through (2--5c),

(2-11a) through (2-11c) and (2-25) into Eq. (2-26), the three compo

nents of the dipole moments are found to be

2a^(l

~ 3Qii(ino)[G(w) - e^i(inQ)JPx = Pl1 = Ex(u)) = a^E^(a>) , (2-27a)

^ ^1 2a^(1 + ng)^'^^[e(w) - 1 ] ^ %
^y'^11 ~ 3Q^^{inQ)L£(w) - e-i](inQ)J ^y^“^ " “y^y^“^

’ (2-27b)

-a^ng[£(co) - 1 ]
Pz = PlO = 3Q^o(ino)[£([i)-£io(inoyJ ^ '

1
(2-27C)

The terms a , a and a are the polarizabilities of the spheroid along
X y z

The polarizability tensor is thus diagonal with two

of the elements on the diagonal being equal (a = a

From these expressions for the induced dipole moments, the

the three axes.

y>-

scattered fields at large distances from the spheroid can be calcu

lated [2.14]
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9c. '\i '\J
0) e

(2-28)[(n X p)x n]E
2^sca

c r

where n is a unit vector in the direction of observation and p is the
•V

induced dipole moment.

C. DIPOLE SCATTERING AND ABSORPTION CROSS SECTIONS

The total cross section is derived using the optical theorem

It is the sum of the scattering and absorption cross sections.[2.15].

Consider an oblate spheroid with a plane monochromatic

If the spheroid is made ofelectromagnetic wave incident upon it.

metal, then part of the incident energy contained in the electromagnetic

wave is absorbed and the rest is reradiated by scattering.

Poynting vector [2.16] gives the flux of energy per unit area per unit

The time-averaged Poynting vector outside the spheroid is given

The

time.

by

^ Re[E X H*] . (2-29)<S> =
8tt %a.%

Were it not for absorption, <S> would be zero when integrated over a
%

large sphere surrounding the spheroid, for then just as much energy

leaves as enters the sphere each second.

The electric field outside the spheroid is the sum of the

incident electric field and the scattered electric field. Similarly,

the magnetic field outside is the sum of the incident and scattered

This can be expressed asmagnetic fields.
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(2-30a)^ ■ ^0 ^sca
and

(2-30b)' = ^0 ^ iisca •O.

The time-averaged Poynting vector represents the power per unit

If Eq. (2-29) is integrated over the surface of a large sphere

that encloses the spheroid, then the result is the net flow of energy

Since the spheroid

area.

per second either into or out of the sphere,

within the sphere is a metal and will absorb energy, the power

absorbed within the sphere obtained from using Eqs. (2-29), (2-30a)

and (2-30b) is

c

sea x"o"Eo'‘"Jca"Esca>'"sca5- '^-31)Re[EnXH* + E
% •XT ^

^abs ' 8tt
% %

The scattered power, P , is the energy per second leaving thescat

sphere; viz..

P = —
scat 8ir X H*^^] • n da . (2-32)Re[E

T,sca

The sum of Eqs. (2-31) and (2-32) gives the total time-averaged power,

Ptotai ’ being dissipated by the spheroid from both scattering and

absorption.

c

'^"^^0^1i0"l0^!is*ca^lsca^!i0^*" • (2-33)^total 8tt

The first cross product of Eq. (2-33) is proportional to the time-

averaged Poynting vector of the incident electromagnetic wave. This
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can be shown to be zero upon integrating over the sphere and so the

total power dissipated by both scattering and absorption is

c
(2-34)''^t|o^^s*ca^^sca • n da .^total 8tt

The total cross section is the ratio of the total power

dissipated by absorption and scattering to the incident power per

unit area [2.17]. The total cross section is then

c
Re[E. xH* xH*] • n da

'vO 'i.sca %scaSit
(2-35)'^total ^ Re E„ ^

8 IT 0

From Maxwell's equations, it can be shown that the electric and

magnetic fields of a transverse electromagnetic wave in a vacuum are

related by [2.18]

(2-36a)E = n X H
a. a.

and

H = n X E . (2-36b)
'Xj

The total cross section can now be written

x(SqXE*)]-S da'\.sca
(2-37)“^total 2

Re E
0

The element of surface area da, in spherical coordinates, is

given by
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2
= r sine de dtf) . (2-38)da

The unit vector n is in the direction of observation and is related to

the cartesian unit vectors i, j, and k by

/S ^ .. ..

n = sinecoscjii + sinesincjij - cosek . (2-39)

The unit vector n^ is in the direction of propagation of the incident

wave and is related to the cartesian unit vectors by

(2-40)Q = sin 0 j - cos 0 k .n

The scattered fields are related to the incident fields (see

Eq. (2-28)) by the dipole moments in Eqs. (2-27a) through (2-27c).

The incident electric fields for both polarizations (s and p) are

given by

i(k-r).
(2-41a)E = E„ e 1

^0

i(k-r)
O/

(2-41b)(cos 0 j + sin 0 k) .E = E„ e
^0%p

Upon substituting the proper incident and scattered electric fields

and the equations given for the unit vectors n and rig, the cross

sections for both polarizations (s and p) are found to be

411^ T„ r 1
= — In. (2-42a)a

total
s-pol

2

^ sin^ 0} .= Im {a cos" 0 + a
c y

(2-42b)
total

p-pol
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The details of the integrations are rather long and tedious and are

included in Appendix C.

It is useful to distinguish between the incident light that is

The scattering cross section isabsorbed and that which is scattered.

defined as the ratio of the scattered power to the incident power per

unit area [2.19]

c

Sir
(2-43)'^sca — Re E ^8^ ^0

Substituting in the form of the scattered magnetic field given in

Eq. (2-36b) and simplifying the triple vector product gives

^] • n daRe[n E
a.sca

(2-44)‘^sca ‘ Re E„ ^
0

Using the relation for the scattered electric field given in

Eq. (2-28), the scattering cross section is seen to be

4
u

(p - n(p • n)) • (p*- n(f?'* n))] • n daRe[-
4 2

c r
(2-45)°sca 2

Re E. ^
0

The scattering cross sections take on different forms for each

polarization of the incident field. Thus,

4 r
2 7 7

I {1 - sin 9COS (ti}da
X

(JL)

(2-46a)a
sea

a

C^s-pol
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and

4
2 . 2

sin 0
2- CO

cos 0 + a
“sea o'* i Z

s-po1

2 2 2
sin^ 0 cos e

2 .2 .2
0 SI n 9si n (|) -

2
cosa,

- (ciyCiz “y“z^ sin 0 cos 0 sin0cosesin(t)}da ,
(2-46b)

Upon integrating Eqs. (2-46a) and (2-46b),the scattering cross

sections become

A

Sttu 2
(2-47a)a

“x3c'sea

s-pol

and

SlTO)'
(l^l'

2

^1^ sin^ 0} . (2-47b)cos 0 + a
"^sca 3c'p-pol

The cross sections for pure absorption are obtained by subtracting

Eq. (2-47a) from (2-42a) for s-polarization and Eq. (2-47b) from

(2-42b) for p-polarization.

It is obvious that, for the case where the spheroid is composed of

a lossless dielectric material, the total cross sections of Eqs. (2-42a)

and (2-42b) are zero,

the scattering cross sections of Eqs. (2-47a) and (2-47b).

For this case, the total cross sections are just

D. ANALYSIS OF THE CROSS SECTIONS

The total cross sections were given in Eqs. (2-42a) and (2-42b).

Most of the information concerning the heights and positions of the
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peaks in the cross sections are contained in the expressions for the

These were given in Eqs. (2-27a), (2-27b) andpolarizabilities.

(2-27c) and for convenience are given again here as

2a^(l + ng)^^^[e(w) - 1]
y " 3QiitinQ)Le(u) - eii(ino)J

(2-48a)
X

-a^HgCeCw) - 1]
z 3Q.jo(i "

{2-48b)

Peaks in the cross sections occur when the denominators of the

The peaks are then located

The peaks are kept

polarizability expressions are a minimum,

at the wavelength for which Re eiu}) =

finite by the imaginary part of the dielectric response function.

The real and imaginary parts of the dielectric response

function are obtained from the experimental bulk optical data [2.20]

for the material of interest.

It is now useful to examine the form of the resonance condition,

which is termed the shape dependent dielectric function,

two resonance conditions for the dipole mode (4=1) corresponding to

the two allowed values of the index m (m=0 or m=l).

corresponds to a dipole resonance along the minor (z) axis while the

m=l mode corresponds to a resonance along the major (x or y) axis.

A plot of the shape dependent dielectric function, ^■[^(■'ng). versus

The same curves, plotted

as a function of the minor-to-major axis ratio, are shown in

e(oo).

There are

The m=0 mode

the shape parameter is shown in Figure 2-4.
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0.0

m"0

Spherical Limit

DIELECTRIC

RESPONSE

m-1

I.
—6.0

0.0 4.0

SHPPE PfiRAMETER

The shape dependent dielectric response function, e-|fn(in),
versus the shape parameter n. Note that both the m=0 and

m=1 modes converge to the same value as the shape approaches
that of a sphere.

Figure 2-4.
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The two curves in each plot correspond to the twoFigure 2-5.

different modes. One can see that under certain conditions there may

be two peaks in the cross section owing to the two different dipole

Figure 2-6 is a plot of the shape parameter versus the wave

length at which the value of the shape dependent dielectric function,

ElmCino). is equal to the real part of the experimental bulk dielectric

response function, e(a)), for silver,

except the minor-to-major axis ratio occupies the axis of ordinates.

modes.

Figure 2-7 is the same plot

There are two factors determining the heights of the peaks,

first is the wavelength.

The

Note the factor of u/c in the absorption

The absorption is thus inversely proportional to the

The scattering cross section contains a factor J^/c^ and

so is inversely proportional to fourth power of the wavelength,

second factor affecting the height is the volume of the spheroid.

Note the factors of a^(l +

polarizabilities given in Eqs. (2-48a) and (2-48b).

The volume of an oblate spheroid is given by [2.21]

cross section.

wavelength.

The

or a^Og in the expressions for the

.4t7 2

T ^0 ^1V = (2-49)

where r is the semimajor axis length and z g is the semi mi nor axis

length. The semimajor axis length is related to the focal length and

0

shape parameter by

2^1/2
rg = a(l + ng) (2-50)

while the semimi nor axis length is related by
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DIELECTRIC

RESPONSE

j

0 1.0

MINOR-TO-MflJOR

AXIS RATIO

The shape dependent dielectric response function, eij^(in),
versus the mi nor-to-major axis ratio, R.

Figure 2-5.



28

3.0

SHPPE

Pf:«iqMEnZR

m=0

1 J L J I L J.0.0
I I i. J 1 L J

300 500

WAVELENGTH (nm)

Figure 2-6. Shape parameter versus wavelength. This is for silver

oblate spheroids and is the shape and wavelength for which

eii^(in) equals Ree(a)) from the experimental optical data.
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1.0

MINOR

-TO-

MPUOR

AXIS RATIO

m=1m=0

1 I 1 I I X I I I jJ L ±
0.0

500300

WAVELENGTH (nm)

Minor-to-major axis ratio versus wavelength. This is for

silver oblate spheroids and is the minor-to-major axis

ratio and wavelength for which ei^{in) equals Re e(uj) from

the experimental optical data.

Figure 2-7.
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(2-51)^0 = an
0 •

The volume of the spheroid in terms of the focal length and shape

parameter is then

w _ 4it 3/-I 2v
V = -y a (1 + OqIOq . (2-52)

Upon referring back to Eqs. (2-48a) and (2-48b), one can see that the

polarizabilities are proportional to the volume of the spheroid.

The scattering cross section is thus proportional to V'X

Upon combining Eqs. (2-4),

2,-4
, while

-1
[2.22],absorption is proportional to VA

(2-50) and (2.52) one can see that the volume of the spheroid may be

expressed in terms of the semi major axis length and the minor-to-major

axis ratio as

4tt 3
(2-53)V = r„ R .

3 '0

Note that a minor-to-major axis ratio value of unity corresponds to a

sphere and that this expression reduces to the usual expression for

In Figures 2-8 and 2-9, the scatter-the volume of a sphere for R=1.

ing and absorption cross sections versus wavelength have been plotted.

The cross sections were calculated for normally incident light of

either polarization. The various curves represent the cross sections

with several different minor-to-major axis ratios. All were calculated

using the same semi major axis length,

length constant and increasing the minor-to-major axis ratio, one can

see by Eq. (2-53) that the volume of the spheroid becomes larger.

By holding the semimajor axis
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12,500
R-0.8

Silver Oblate Spheroids
Major fix is Lensth 60nm

SCfiTTERING

CROSS

SECTION

(Sq. nm)

R-0.6

R-0.4

R-0.2

1J I I L i.
0.0

500300

WPVELENGTH (nm)

Figure 2-8. Scattering cross section versus wavelength. The cross

sections were calculated using minor-to-major axis ratios

of 0.2, 0.4, 0.6, and 0.8 but all with the same semi-
major axis length of 30 nm. All curves are for normal
incidence.
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R-0.8 R-0.6

R-0.4 R-0.2

12,500

Silver Oblate Spheroids
Major fix is Length 60nm

PlBSCtf^TIOtH

CROSS

SECTION

(Sq. nm)

1 1 I i I I I 1 i.0.0

300 500

WAVELENGTH (nm)

Absorption cross section versus wavelength,
sections were calculated using minor-to-major axis ratios

of 0.2, 0.4, 0.6, and 0,8 but all with the same semi

major axis length of 30 nm.

The crossFigure 2-9.
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From the maximums in the cross sections, one can see that scattering

will dominate for particles with larger volumes and at shorter wave-

The absorption cross section is affected less by changes

in volume and wavelength and so the maximum in its cross section

changes relatively little in magnitude for various shapes of

particles.

lengths.

E. SPHERICAL LIMITS

approaches infinity.In the limit where the shape parameter

the ellipsoids become spheres,

shown in Eqs. (2-48a) and (2-48b) should equal the well known form of

’ no>

In this limit, the polarizabilities

the polarizability of a sphere [2.23].

= [eCoj) - 1]
[e(u) + 2]

a

sphere

where r is the radius of the sphere.

The z component of the polarizability is given by Eq. (2-48b)

- - 1]

z 3Qig(iHq) - e-|Q(inQ)J
a

ImCing) approaches the value of -2From Figure 2-4, it is seen that e

approaches infinity so the terms containing the dielectricas n
0

functions are easily shown to converge properly

[e(w) - e-igling)] lelw) + 2J
- 1 ]1 im

0
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3
The remaining terms of Eq. (2-48b) must then converge to r .

The semiminor axis should equal the radius as Og approaches

infinity. Using the expression for QigC/ing) given in Eq. (2-8c) and

for the semi mi nor axis using Eq. (2-51), the remaining terms become

-z33

_

3Qy^TTli^
1 im lim 0

(2-54)
"0

^oo

-1]0 n 0

The series expansion for the inverse cotangent (for

by [2.24]

> 1) is given^0

11 1-1 1
ctn

■ 3 , 5 ■ ^7 •
Sng 5nQ 7rig

"0 = n
0

Now upon substituting in the series expansion into Eq. (2-54), one

can see that all but the first two terms will go to zero as n

approaches infinity and so keeping only the first two terms

0

-Z^
1 im = Z? (2-55)T 0
0"“ 3n2[l - - 1]

3no

and so the polarizability along the minor axis becomes

[e(w) - 1]1 im
(2-56)a

0 [e(a)) - = 100 0
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The polarizability along the major axis is given by Eq. (2-48a)

2a^(l + ,]

y ~ (ing)Le(to) -
a.. = a

e-ll'n’n^X

Again from Figure 2-4, the terms containing the dielectric functions

are seen to converge properly

[£((0) - 1 ] ^ _______
Le(co) - EiiCing)] Uiiii) + 2j

!g(ai) - rlim

0

For this case, the semimajor axis should equal the radius as Hq

approaches infinity. Using the expression for Q-iiCing) given in

Eq. (2-8d) and expressing the semimajor axis as in Eq. (2-50), then

the remaining terms in Eq. (2-48a) are

oJfi X 2J/2
2a (1 + Hg)

3Q-|i (ing)

2^0lim lim
. (2-57)

ng^ ^0
->00

1 *nr
2^3/2 -1

3(1 + nn) [ctn n
0

0

Again, all but the first two terms of the series expansion for inverse

cotangent will converge to zero as ng approaches infinity,

stituting in the first two terms of the expansion and after some

manipulation, Eq. (2-57) becomes

Upon sub-

2r3
lim 0

"o"” [3(1 - (1 ■
n "00



36

The terms in the denominator may be expanded using the binomial

expansion for (1+X)
n/2

[2.25], Upon keeping only the first two terms

of these expansions

31 im

= ^0 •31
[3(1 + 2)]) - (1 +

20^ 2n
00

The expression for the polarizability along the major axis in

Eq. (2-48a) is now seen to be

■ *^0 [£(0)) + 2J •
1 im 1 im

a a
-KO X yn

0



CHAPTER III

EXPERIMENT

In this thesis, the experimental work consists of measuring the

optical absorbance of silver particles on quartz substrates as a

function of wavelength, polarization and angle of incidence.

In the first section of this chapter, a description of the

sample preparation and characterization technique is given. In the

following section, the instrumentation is described. To enable a

rapid and quantitative analysis of the data, the data were digitized

This procedure is discussed in theand stored in computer memory.

last section.

A. SAMPLE PREPARATION AND CHARACTERIZATION

In the work presented here, silver films were evaporated onto

quartz slides at a pressure of approximately 5.0 x 10"® torr. All

film thicknesses were 5 nm (±0.5 nm) as measured by a quartz crystal

thickness monitor. In order to minimize the coalescence growth

[3.1] of the films, rather high rates of evaporation (=1 nm/sec) were

used. The quartz slides, which measured =1.7 cm x 6.0 cm x 0.16 cm,

were cut from a polished quartz plate [3.2]. The quartz slides

were cleaned first by hand with a mixture of MICRO [3.3] and dis

tilled water. The slides were then rinsed thoroughly with distilled

water, with isopropyl alcohol and finally with distilled water again.

37
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Immediately after the final rinsing, the slide was blown dry a.nd

placed in the vacuum evaporator.

After the evaporation of 5 nm of silver onto the surface, the

slide was placed into a resistively heated oven [3.4] for roughly

30 seconds. This time can be varied a few seconds with negligible

effect. The oven temperature, as measured with a chromel-alumel thermo

couple, was about 750°C. During heating, the film changed from a

violet to yellow color as viewed by transmission. The heat treatment

time was chosen such that it would yield a uniform sample color. A

shorter stay in the oven (around 10 seconds) produced the yellow color

around the perimeter of the slide while the center area was still

This indicated different particle characteristics in the

If the slide was placed in the oven shortly after

violet.

different regions,

ward, a larger portion of the slide appeared yellow as viewed by trans

mission. To obtain uniformity in color and particle characteristics,

all subsequent slides were placed in the oven for about 30 seconds.

This was sufficient to produce the requisite uniformity in color.

There was some concern about the formation of a contaminating

layer on the surface of the silver, especially during the heating

process. Silver is subject to the formation of silver sulfide on its

surface. Because of this concern, a slow but steady stream of argon

was allowed to flow through the oven while the sample was being heated.

Also, all data were taken on the sample within two hours of evaporation.

It is believed that these two factors were sufficient to minimize any

effect a contaminating layer on the surface may have had on the optical

measurements.



39

After the optical data were taken, the sample was overcoated with

a conducting layer (approximately 30 nm) of evaporated silver. (The

sample surface can only be viewed with the aid of a scanning electron

microscope (SEM) [3.5] if its entire surface is conducting.) The con

ducting layer was also evaporated at a rate of 1 nm/sec.

rate was thought to reduce the coalescence growth of the added film

and thus reduce the distortion of surface geometries.

When viewed with the SEM, the sample displayed many particles with

some variety in size. Nearly all of the particles appeared to have

circular cross sections as viewed at normal incidence. Views of the

surface profile from nonnormal incidence were not particularly reveal

ing. The oblate characteristics of the sample particulates could not

be clearly resolved by the SEM after the conducting layer was added to

the surface.

This high

It is important at this time to make a point concerning the

oblate shape of the particulates of the samples,

tion [3.6], similar samples, prepared on silicon substrates, were

shadow casting" was

Through this technique, it was

It was not

In a recent disserta-

For these samples a technique known as

used to determine the particle shape,

clearly shown that the particles were of oblate shape,

possible to use the shadow casting technique with the present samples

described.

The basis for thedue to the nonconducting quartz substrates,

assumption of the oblate characteristics of the particulates was the

similarity of the two sample preparation techniques and the optical

absorption results which are consistent with absorption by oblate

The results indicate that the use of quartzspheroidal particles.
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instead of silicon as a substrate had little effect upon the formation

of oblate spheroidal islands by the heating process, the bonding of

silver to quartz and to silicon being roughly the same.

For oblate spheroidal islands formed on the quartz substrate, the

orientations of all the spheroids' axes will be the same,

graph in Figure 3-1 shows, the silver islands all have very nearly

For spheroidal

islands, all the major axes would be aligned parallel with the plane of

the substrate while the minor axes would then be perpendicular to the

As the micro

circular cross sections as viewed from normal incidence.

substrate.

Electron micrographs were taken of the sample when viewed at normal

From these micrographs, much quantitative information such

as the particle size distribution, average center-to-center separation.

To obtain this information, the

incidence.

and particle density was determined,

electron micrograph was mounted on the surface of an Orthoplex

Coordinate Sensor [3.7].

will record the x and y coordinate of a point when it has been

The sensor surface is pressure sensitive and

depressed by a stylus. The coordinates of two points along the edges

but on opposite sides of each particle were fed into the computer. From

these coordinates, the average particle size and average center-to-

center separation were calculated with the aid of a FORTRAN program

For the samples used here, the average particle major axis was

60 nm with a typical center-to-center distance of 110 nm.

the average particle density is calculated to be <'^.83> particles/square

The particle size distribution histogram and particle spacing

[3.8].

From this,

micron.

histogram are shown in Figures 3-2 and 3-3.
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Electron micrograph of the sample surface. The view is

along the surface normal. Note the scale bar in the
lower right hand corner has a length of 20 nm.
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Figure 3-2. Histogram showing particle size distribution. These are

obtained from micrographs such as the one in Figure 3-1.
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B. EXPERIMENTAL APPARATUS

All experimental optical data were taken on a CARY RECORDING

SPECTROPHOTOMETER (Model 14R, Serial 64) [3.9]. The CARY displays

directly, upon a strip chart recorder, the optical absorbance of the

sample. The optical absorbance is defined as

(3-1)Absorbance = log-]Q(lQ/I^) ,

where Iq is the intensity of the light incident on the sample and I^ is

the transmitted intensity.

The CARY has two chambers, these being referred to as the sample

A beam of monochromatic light is split into

two beams of equal intensity, one of which passes through the reference

chamber while the other passes through the sample chamber,

beams are alternately chopped before entering the chambers,

leaving the chambers, both beams fall upon the same photomultiplier

Through a system of relay switches, the CARY compares the signal

generated by the intensity of each of the two beams.

For all data taken in the present experiment, a clean quartz

and reference chambers.

The two

After

tube.

slide, cut from the same plate as the sample slide and cleaned in a

A sample, such assimilar manner, was placed in the reference beam,

the one described earlier in Section 3A, was placed in the sample beam.

The absorbance is then proportional to the ratio of the intensity of

the beam passing through the quartz slide (reference) to the intensity

The presence of the quartz slidepassing through the sample slide,

in the reference beam subtracts away from the displayed absorbance most



45

of the optical effects of the quartz substrate. The displayed data are

then due primarily to the presence of silver spheroids in the sample

beam.

One of the more important aspects of this study is the angular

In order to study this aspect, sampledependence of the absorbance,

mounts were constructed that would fit into both the reference and

The mounts allow one to vary the angle the quartz

The sample mounts were constructed

by mounting an ORIEL 3 Inch Precision Rotator [3.10] onto an aluminum

base that was milled to fit the sample or reference chamber.

sample chambers,

slide makes with the incident beam.

The slides

were then mounted onto the Rotator and the Rotator adjusted to the

The sample mounts allow one to set the angle to withindesired angle,

one degree.

The angular uncertainties were somewhat larger than one degree.

This was due to the effect of the focusing of the reference and sample

This source of error in the angle of incidencebeams onto the slides.

was measured to be about five degrees.

The CARY also allowed the user to choose a scan rate from 0.5 A/sec

In this experiment, a scan rate of 5 A/sec was used.to 500 A/sec.

The strip chart flow rate was set at two inches per minute.

The control of the polarization of the incident beams was an

A plastic Polaroid technical filterimportant part of this experiment,

was mounted in front of the entrance windows of both the sample and

The Polaroid filters and rotatable sample mounts

enabled the user to control the orientation the incident electric

reference chambers.

The conventionalfields made with respect to the spheroids' axes.
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Electric fieldslabelling of the polarization directions was used,

that are perpendicular to the plane of reflection are referred to as

being s-polarized while electric fields that are contained in the plane

of reflection are p-polarized.

The reference and sample slides were situated on the rotating

mounts such that s-polarized incident fields would always lie parallel

This was true regardless of the angle the

For p-polarization then, the

to the plane of the slide.

incident beam made with the slide.

electric fields lie parallel to the plane of the slide for normally

However, the perpendicularincident beams just as in s-polarization.

component of the p-polarized electric fields increases as the angle of

Figure 3-4 is a diagram of a typical sampleincidence is increased.

and its orientation relative to the two directions of polarization.

C. DIGITIZING THE DATA

The CARY displayed the data upon a strip chart recorder,

order to make the comparison of the data and theory easier, the

absorbance spectra were digitized from the strip chart recording.

This was accomplished with the aid of the coordinate sensor mentioned

The X and y coordinates of the digitized spectra were

recorded and then converted into the corresponding values of wavelength

and absorbance and stored in a designated file.

To make the analysis of the data easier, the data files were

reformatted to contain the absorbance value at equal increments of the

This was easily done with the aid of a FORTRAN program

The program fit a spline function between the existing data

In

earl ier.

wavelength.

[3.11].



ORNL-DWG 83-15081

z

y

s

Illustration of the sample orientation relative to incident beam and electric

fields.
Figure 3-4.

4^



48

points and then stored in a designated file a list of values of the

The program also enabled the increment in

This process

wavelength and absorbance,

the value of the wavelength to be set at 10 Angstroms,

enabled the location of the maxima in the absorbance to be determined

The data being stored in this form also allowed one to
more easily,

subtract one set of data points from another set of data points with

As will be seen later, this capability proved tolittle difficulty,

be very useful when analyzing the data.



CHAPTER IV

RESULTS AND ANALYSIS

In Chapter II, it was shown that the electrodynamic dipole cross

section for a silver oblate spheroid has wavelength, polarization and

angular dependencies which are determined primarily by its shape and

In Chapter III, a technique for producing abulk optical properties,

collection of these spheroids was described along with techniques for

analyzing experimental optical absorbance measurements made on the

spheroids. In the present chapter, it is shown how the cross section

can be related to the optical absorbance. The experimental results

are then compared to numerical theoretical calculations of absorbance

with favorable results.

A. RELATING THE CROSS SECTION TO THE ABSORBANCE

The cross sections, derived earlier in Chapter II, can be related

to the optical absorbance in a straightforward manner. Let the

intensity of the light falling upon the sample be denoted as Ig. Upon

reaching the sample, the incident light is either transmitted through

the sample, scattered by one or more of the spheroids or absorbed by

one of the spheroids. Mathematically, this is expressed as

(4-1)= ^t" Is " ^aI
0

where I. , I and I represent the transmitted, scattered and absorbed
L S 3
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Algebraically manipulating Eq. (4-1), oneintensities, respectively.

arrives at

'o 1 (4-2)
I■s't a

1

^0 ^0I

I^/Iq is the fraction of the incident light that is
scattered into all

This is related to the single spheroid scattering crosssolid angles.

section as

's (4-3)= N a
I sea
0

Similarly, for thewhere N is the number of spheroids per unit area,

absorption cross section, the relation is given by

^a (4-4)= N a
abs ■^0

Equation (4-2) then becomes

I
10

It 1 - N (j
total

where the total cross section, as defined earlier in Eqs. (2-42a) and

The optical absorbance is then related to the(2-42b), has been used.

total cross section as
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fl
10

(4-5)= logAbsorbance = log-jQ y- 10(1 - N a total

In deriving Eq. (4-5), the assumption has been made that none of

the scattered light reaches the detector. The detector is placed

behind the sample as shown in Figure 4-1. It measures the intensity

of the light falling upon it, independent of whether the light was

transmitted or scattered. To account exactly for the scattered intensity

reaching the detector, one would need to calculate the scattering cross

sections by integrating Eqs. (2-47a) and (2-47b) over all solid angle

except that subtended by the detector. The solid angle subtended by

the detector was measured to be about ir/10 steradian. Since this is

only 2.5% of the total solid angle, it was felt that neglecting the

light scattered directly into the detector would be a reasonable

approximation. An exact calculation was made for s-polarization

involving the integration of the differential scattering cross section,

Eq. (2-47a), over all solid angle but the detector. The only differ

ence was that the factor of Sir/S in the scattering cross section turned

out to be 8.03 in the exact cross section. This difference is small

enough so that neglecting the light scattered directly into the detector

is an adequate approximation.

B. EXPERIMENTAL RESULTS

The CARY, modified with the sample mounts mentioned earlier, is

capable of measuring the optical absorbance for all angles of incidence

up to around 70° throughout the near ultraviolet and visible spectrums.
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L is the light source; D is the detector; S isIllustration of the sample orientation,
the sample and 0 is the angle of incidence.

Figure 4-1.
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From the plots of the cross sections presented earlier, it is seen that

most of the interesting details concerning the scattering and

absorption of light by silver spheroids is contained within the wave-

From Eqs. {2-48a) and (2-48b), itlength region of 300 nm to 500 nm.

is seen that the cross sections for both polarizations (s and p) could

differ greatly for nonnormal angles of incidence,

observe this angular dependence, experimental optical absorbance measure-

Both polarizations of

In an effort to

ments were made at angles of 0°, 45° and 70°.

incident light were used in the wavelength region from 300 nm to 500 nm.

The samples were those described in Section 3A.

The digitized experimental data are shown in Figures 4-2 and 4-3.

Figure 4-2 is the data for s-polarization at the labelled angles of

incidence. Figure 4-3 is for p-polarization at the same angles of

incidence. In all data taken, there was a slight peak or shoulder

around the 354 nm region. From the experimental bulk optical data, it

is found that this occurs for frequencies, u, where Re e{(D)= -2. It

was shown, in Figure 2-4 on page 25, that ei^(inQ) converges to -2

as the shape approaches that of a sphere. It is therefore assumed that

the slight peak or shoulder in this particular region (=354 nm) is due

to the presence of small silver spheres that are not resolved in the

electron microscope or to a small portion of the particles, visible in

the micrographs, that have very nearly spherical shapes. The scattering

and absorption of light by spherical particles is a fairly well under

stood phenomenon and so, here, it is only a minor point of interest as

The peak or shoulder due to the spherical particlea limiting case,

contribution has thus been subtracted away from the experimental data.
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1.0

OPTICflL

ABSORBflNCE

0.0

300 500
WAVELENGTH (nm)

Figure 4-2. Optical absorbance as a function of wavelength for

s-polarization. This is the raw experimental data,
curves shown are for 0°, 45°, and 70° angles of
incidence.

The
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1.0

p-polarization

OPTICAL

ABSORBANCE

I I I JJ.I I I

0.0
500300

WAVELENGTH (nm)

Optical absorbance as a function of wavelength for
p-polarization. This is the raw experimental data,
curves shown are for 0°, 45°, and 70° angles of incidence.

Figure 4-3.
The
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To remove the spherical particle contribution, the short wavelength

tail of the m=l absorbance peak was extrapolated through the 354 nm

region such that it passed through without a shoulder or peak,

shown for the normal incidence data in Figure 4-4.

all s-polarized data and then it was digitized again,

form, shown in Figure 4-5, that the s-polarized data are compared with

The s-polarized data without the spherical contribution is

This difference

The resulting

This is

This was done for

It is in this

theory,

then subtracted from the original s-polarized data,

was then subtracted from the p-polarized data,

p-polarized data are shown in Figure 4-6 and it is in this form that

it is compared with theory.

C. COMPARISON: THEORY AND EXPERIMENT

The theoretical absorbance for a single shape of silver spheroid

Figure 4-7 is forwas calculated and is shown in Figures 4-7 and 4-8.

s-polarized incident light at the labelled angles of incidence while

The number of particles per unitFigure 4-8 is for p-polarization.

area was chosen so that the experimental and theoretical peak maxima

would be the same height. Note that all the theoretical peaks are

narrower than the experimental peaks. The additional peak broadening

in the experimental data is attributed primarily to the presence of a

The particles are known to have adistribution of particle shapes,

distribution of sizes (see Figure 3-1 on page 41 and Figure 3-2 on

page 42) and so it is reasonable to assume that there exists on the

sample some distribution of particle shapes,

smaller peaks about the experimental peak, then there should exist on

Since there are no
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1.0

Normal Incidence

OPTICflL

PBSORBANCE

1
0.0

300 500

WAVELENGTH (nm)

Figure 4-4. Optical absorbance as a function of wavelength for normal

incidence; spherical particle subtraction. The dotted
curve is the original experimental data. The solid curve

is the same data but with the spherical particle contri
bution taken out.
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1.0

s-polari

OPTICflL

ABSORBANCE

0.0

300
500

WAVELENGTH (nm)

Figure 4-5. Optical absorbance as a function of wavelength for
s-polarization at nonnormal angles of incidence. The
spherical particle contributions have been taken out.
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1.0

p-polarization
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ABSORBANCE
45

70
70

45

J I L 1 I j1 i.1 I J.J. 1i.
0.0

500300
WAVELENGTH (nm)

Optical absorbance as a function of wavelength for
p-polarization at nonnormal angles of incidence,
spherical particle contribution has been taken out.

Figure 4-6.
The
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1.0

Dotted Line—Experiment
Solid Line—Theory
p-polarization

0
OPTICflL

ABSORBfttCE
L'***,

</4!

70

70

J*-

0.0 1 i. i. 1 i. j

300 500

WAVELENGTH (nm)

Figure 4-8. Optical absorbance as a function of wavelength for
p-polarization. The dotted curves are experimental data.

The solid lines are the best theoretical fit using a single
minor-to-major axis ratio of 0.16.
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the sample a distribution of shapes centered about a single shape of

particle. Theoretically, this has been accounted for by calculating

a weighted cross section for single particles with a Gaussian dis

tribution [4.1] of shapes.

(R-Ro)^
rl 2s21

(4-6)dR .ea

Q '^totalWt
s

The weighted cross section shown above was numerically calculated with

Rq, the central minor-to-major axis ratio, being chosen so that the

location of the theoretical and experimental (m=l) peaks would be at

the same wavelength. The variable s is the standard deviation in the

The value of s is varied to make theGaussian distribution of shapes.

width of the theoretical absorbance match as closely as possible to

1
the experimental data. The term is a normalization factor.

/2^ s

From Figure 2-7 (page 29), one can see that the position of the m=l

peak shifts significantly with small changes in the minor-to-major

axis ratio while the m=0 peak shifts relatively little. This lends

greatly to the broadness given the peaks by the Gaussian distribution

in shapes. The theoretical absorbance for normal incidence is now

much closer to the experimental absorbance at normal incidence as is

The theoretical absorbance was calculated usingshown in Figure 4-9.

a central minor-to-major axis ratio of 0.155 and a standard deviation

of 0.04. The constant N, chosen to match the peak height, is

-7
8.2 X 10 This converts to 82 particles/particles/square Angstrom.
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1.0

Dotted Li ne—Experiment
Solid Line—Theory

Normal Incidence

OPTICPIL

PBSORBPINCE

0.0

300 500

WAVELENGTH (nm)

Figure 4-9. Optical absorbance as a function of wavelength for normal

incidence. The dotted curve is the experimental data.
The solid line is the best fit using a Gaussian distribu
tion of minor-to-major axis ratios.



64

square micron which is very close to the measured particle density of

83 particles/square micron determined from the electron micrographs

Figures 4-10 and 4-11 are curves for the theoretical

and experimental absorbance at nonnormal angles of incidence for each

Again a central minor-to-major axis ratio of 0.155

in Section 3A.

polarization.

along with a standard deviation of 0,04 was used for the shape

For the s-polarized calculations, nonnormaldistribution calculation.

incidence, the constant N chosen to match the experimental peak

heights turned out to be less than the measured particle density. The

reason for this is thought to be that s-polarized light is partially

reflected by the quartz slide in the reference chamber,

reduce the measured value of Iq and cause the measured absorbance

The p-polarized calculations displayed a

This would

values to be too small.

different effect. For p-polarized incident light, the constant N

needed to fit the peak maxima was greater than the measured particle

density. This increase is thought to be due to the presence of more

particles in the beam caused by the converging and diverging path

that the beam follows in passing through the slide.

In matching theory and experiment, the theoretical minor-to-major

axis ratio was chosen so that the location of the longer wavelength

peaks would coincide. This meant that most of the differences

between the theoretical and experimental absorbance curves would lie

in the location and height of the shorter wavelength (m=0) peak. One

can see this in Figure 4-11. Probably a more accurate method of

determining particle shape is to use the locations of both the m=0
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1.0

Dotted Line—Experimental
Solid Line—Theory
s-pol ari zati on 70

45

OPTICfiL

flBSORBftlSCE

I I I 1 I I 1 jI
0.0

500300

WAVELENGTH (nm)

Figure 4-10. Optical absorbance as a function of wavelength for

s-polarization at nonnormal angles of incidence,
dotted curves are the experimental data. The solid
curves are the best theoretical fit using a Gaussian
distribution in minor-to-major axis ratios.

The
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1.0

Dotted Line—Experiment
Solid Line—Theory

p-polarization

OPTICAL

ABSORBANCE

0.0
500300

WAVELENGTH (nm)

Optical absorbance as a function of wavelength for
p-polarization at nonnormal angles of incidence,
dotted curves are the experimental data. The solid
curves are the best theoretical fit using a Gaussian
distribution in minor-to-major axis ratios.

Fi gure 4-11.
The
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Figure 4-12 allows one to use the locations of bothand tn=l peaks.

the experimental peaks to determine the most probable shape.

Figure 4-12, the experimental data has been placed below the graph

The experimental data is for p-polarization at 70°,

In

from Figure 2-7.

To determine the shape from this figure, vertical lines are drawn

from the experimental peaks extending through the curves in the

Ideally, a horizontal line could be drawnfigure immediately above,

through the two intersection points which would intercept the shape

Inaxis at the appropriate value of the minor-to-major axis ratio,

practice, the best measurement of average shape is made by construct

ing a horizontal line from the shape axis that almost passes through

This has been done in Figure 4-12the two points of intersection,

and the minor-to-major axis ratio determined in this manner is 0.2.

D. SOURCES OF ERROR

The presence of a quartz substrate may contribute some errors

that are not completely compensated for by the use of the quartz slide

in the reference beam. One effect may be that of an image charge in

the substrate. The image charge is a dipole charge distribution on

an oblate spheroid within the quartz but opposite in sign and smaller

in magnitude than the distribution within the silver spheroid. The

calculations of this effect [4.2] reveal that the effect of the image

upon the absorbance is negligible until very small minor-to-major axis

ratios are reached. The effect, if any, of the image on the

absorbance is to shift the position of the m=l peak to longer
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1.0

m=lni=0
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Figure 4-12. .Two-peak method for determining the minor-to-major axis

ratio. The bottom curve is experimental data for p-
polarization at 70°. In the top figure are the curves
from Figure 2-7 on page 29.
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wavelengths (lower energies),

actual minor-to-major axis ratio of the silver spheroids is slightly

If the effect is significant, then the

larger than the one used in matching the experimental and theoretical

With a larger minor-to-major axis ratio in the theoreticalcurves.

calculations, the position of the m=0 peak would be shifted to a

longer wavelength and slightly better agreement between theory and

experiment might be attained.

Another possible source of error is the bulk optical data used

An error in the real part of e(a))in the numerical calculations.

would produce an error in the position of the peaks and any error in

the imaginary part would show up in the heights of the peak. For all

calculations, the real and imaginary parts of the dielectric response

were determined by a linear interpolation between the nearest two sets

of values for e((jj) given in the experimental data.

Any deviations in the average particle density or shape as a

function of position on the slide would also produce some error. The

slit width in the spectrophotometer is automatically varied by the

instrument to allow for the spectral response of the photomultiplier

tube. At various wavelengths, the slit width differs and so either

more or less area of the sample slide is illuminated by the incident

beam. Any variations with position on the slide of the average

particle shape or average particle density would then produce some

This type of error is thought to be small because the coloringerror.

of the sample slide appeared to be uniform when viewed by transmission

and also there was no detectable difference in particle density as a

function of position when the sample surface was viewed with a SEM.
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E. CONCLUSIONS

Many workers (referenced in Chapter I) have studied the

scattering and absorption of electromagnetic waves by various means.

The uniqueness of the work presented here stems from the fact that

the shape of the object can be quantitatively determined from simple

measurements of optical absorption and scattering. The analysis

requires that the bulk optical properties of the spheroid material be

The theory, while somewhat long andknown in the region of interest,

algebraically tedious, is a straightforward calculation utilizing only

So long as the size of the scatter-classical electromagnetic theory,

ing or absorbing object is small compared to the wavelength of the

incident electromagnetic wave, the theory can be applied to any

The theory can also be easily modified foroblate spheroidal object,

the presence of an exterior dielectric.

Recently, samples such as the ones used in this work have been

used as substrates in surface enhanced Raman scattering (SERS) experi-

It is believed that the electric field enhancements near thements.

spheroid, which occur at the resonant frequencies, aid in producing a

Oblate spheroids produce large electric field

enhancements at different wavelengths depending upon their shape and

shape and material,

strong Raman signal.

Thus, by selecting the spheroidscomposition.

SERS substrates may be tuned for maximum enhancement at selected

Therefore, these substrates may prove to be very usefulwavelengths.

to workers in that field.
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The theoretical section should be useful to future workers in

any field who find that a spherical approximation will not adequately

A more exact treatment may be found with thedescribe their problem,

use of oblate spheroidal coordinates,

asphericities can produce some of the more interesting and important

As was shown by this work.

aspects in the study.
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APPENDIX A

RELATING CARTESIAN TO OBLATE SPHEROIDAL VARIABLES

In this appendix, the three cartesian variables, x, y and z are

and (j). Theeach related to the three oblate spheroidal variables

end result should be that given by Eqs. (2-3a) and (2-3c).

2 2 2
From Eq. (2-1), first let x + y = r and after some manipulation.

n» u

the relation becomes

2 1/2
r

(A-1)2 = an 1 -

a^d + r,^)

Now, upon taking the derivative of z with respect to r in Eq. (A-1)

one arrives at

dz rn
(A-2)7 T72dr

r

a(l + n

a^(l + n^),

2 2 2
From Eq. (2-2) and again letting x + y = r and solving the equation

for z, one gets

r^ 1/2

(A-3)- 1z = ap

a^(l - y^)

Again, the derivative of z is taken with respect to r but this time in

Eq. (A-3), so one gets

78



79

dz ry (A-4)
ll/22dr

r

a(1 1

a^(l - y^)

Since the ellipses of Eq. (2-1) and the hyperbolas of Eq. (2-2)

required to be orthogonal, the derivative in Eq, (A-2) must equal

Upon setting these equal

are

the negative of the reciprocal of Eq. (A-4).

and after some manipulation one gets

11/2'l/2[ ^2
a^d - y^)

r2
r^ny = a^(l + n^)d - y^) 1 - (A-5)1

a^d *n^)

From Eqs. (A-1) and (A-3) one can see that

1/2r^ z
(A-6)1

a^(l +n^). an

and

11/2
z

(A-7)- 1

a^d -y2) ay

Upon substituting Eqs, (A-6) and (A-7) into Eq. (A-5) one gets

.2 _ .2 (1 +n^)(l -y^)
r - z 2 2

(A-8)

n y

Upon taking the square of Eq. (A-1) and inserting the result into

Eq. (A-8), one can manipulate the result to get

2x1/2 2x1/2 (A-9)r = a(l + n ) (1 - y )
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The variable r may be related to x and y by the azimuthal angle (p.

The relations are

X = r cos p

and

y = r sin (t> .

This leaves x and y in the form given in Eqs. (2-3a) and (2-3b) where

2^1/2 2^1/2 (2-3a)(1 - y")X = a(l + n ) cos 4)

and

2^1/2 2^1/2 (2-3b)y = a(l + n ) (1 - y") sin 4) .

To find the relation forz, refer back to Eqs. (2-1) or (2-2) and insert

the relation for r found in Eq. (A-9) into either of these equations.

After some manipulation one arrives at Eq. (2-3c)

(2-3c)z = a n y .



APPENDIX B

SOLUTIONS TO LAPLACE'S EQUATION

Laplace's equation in oblate spheroidal coordinates is given by

[B.l]

-f(n^ + 1) - aVl.12
V V u

a^(n^ + /) 3n 3y _ 3y3nl

3^V^2 , 2
n + V ■

^)(1 - y^) 3(|)^
(B-1)= 0 .+

(1 + n

The method of solution is the standard separation of variables

Upon inserting the potential as given bytechnique.

V = F(n)G{y)J(<^)

and dividing by the potential, Eq. (B-l) becomes

(1 + n^)(l - y^)]fl 3
2 , 2

+ y

, 2 , ,, 8F1 , 1 3 f,, 2, 361, 1 3^0
^ ' d<i) }

= 0.
F 3n

n

(B-2)

Note that the last term is dependent only upon the variable (j) and

2
Let the constant be -m ,thus it must separately equal a constant.

then the last term becomes

= -n.2j(y . (B-3)
d(j)^

81
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Here the partial derivative is allowed to be a total derivative because

The solutions toit is a function of only the one variable (<>.

Eq. (B-3) are [B.2]

K _ cos(m(j)) p = +1
mp

(B-4)J.J't-) =
mp

L sinCmcJ)) p = -1
" mp

Equation (B-2) can now be written as

2 2 1
1 3 {!-, 2^^ 3F1 - + 1-i f

2 G 3m
2^ 3G1 mm

(1 - y")
3y 11 + n

(B-5)

Note that each of the terms in the large brackets is dependent only

Each term then must separately equal a constant;

because their sum must be zero, one must be the negative of the other.

Upon letting the constant be Eq. (B-5) may be separated into

upon n or p.

two differential equations

2

(d . On

1 d m
(B-6)■2 = ail + 1)n

F dn
1 + n

and

2
1 d 2x dG m

(B-7)2 = -iia + 1) .(1 - y
G dp dp 1 y

The solutions to the differential equation (B-7) are the familiar

Legendre polynomials [B.3]
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(B-8)

The solutions to the differential equation (B-6) are the Legendre

functions of imaginary argument [B.2]

(B-9)

The complete solution to Laplace's equation in oblate spheroidal

coordinates is obtained by combining the solutions of Eqs. (B-4), (B-8)

and (B-9)

K cos(mil))'
mp

lCO

'I - I I I
2,=0 m=0 p=±l

L__sin(m<)))
mp

(B-10)

Upon applying the solutions to a spheroid, the potential must remain

Note that for B = 0 and B = tt, y = ±1 and also

Therefore,

The remaining terms containing B and (})

dependencies may be combined to form the real spherical harmonics

finite everywhere,

that Q (±1) approaches infinity at these points [B,4].
)Clil

= 0.the coefficients B
Jim

This leaves the solutions as

(B-11)

io Jo •
V

The real spherical harmonics are obtained from [B.5]
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1/2■(2-5“)(2j+1)(!!:-»i)!1
P„{p)(6p'cos(Tii,|,) + 6‘'sin(m(,)) .4 iT(£.+m)!

If the solutions are separated into interior and exterior

solutions, one may write

i00

Jo Jo ^
(B-12a)V.

iimp1 n

and

l00

(3,^) . (B-12b)

jl=0 mL pi+i ^ Jimp

Again the condition that the potential must remain finite everywhere

Note that Q, (iO) approaches infinity [B.6], so that the
X/llI

= 0, Similarly, since P^i^(inQ) approaches infinity, the

= 0. Finally, Eqs. {B-12a) and (B-12b) are written as

is applied.

coefficients D
^,m

coefficients C nm

(B-13a)I I I C P (in)Y„„_(3,i))
1=0 m=0 p=±l

V.
Jimp1 n

and

(B-13b)

pi, •

The potential needs to be continuous at the surface of the spheroid

so Eqs. (B-13a) and (B-13b) are written as

Jl=0 m=0 p=±l ^
V_.

Jimp1 n
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= I I I ■
Jl=0 in=0 p=±1 ^

V
out

This is the general form for the potential, both inside and outside

the spheroid, as is given in Eqs. (2-7a) and (2-7b) of Chapter II.



APPENDIX C

DERIVATION OF THE TOTAL CROSS SECTION

This appendix fills in the details between Eq. (2-37) and

Only the important steps are given here;

the purely algebraic steps are deleted for brevity.

The numerator of Eq. (2-37) will simplify to

Eqs. (2-42a) and (2-42b).

sea

The scattered electric fields are given by Eq. (2-28).

vector in the direction of observation is n and is given in Eq. (2-39).

The unit

The unit vector in the direction of propagation is ng and is given in

The incident electric field takes on different forms

The form of the electric fields for

Eq. (2-39).

depending upon the polarization,

both polarizations (s and p) is given in Eqs. (2-41a) and (2-41b).

The total cross section is then obtained by dividing Eq. (C-1) by the

incident power per unit area

P.

_L E 2
8tv '"O

(C-2)1 nc

area

First, the integration is

Upon making the required

, ^g, n and ng, the integral for the s-polarized

and integrating over all solid angles,

carried out for s-polarized incident fields.

substitutions for ^

total cross section can be shown to be

sea

86



87

ikr(n n.)2 r

*(1 - sin^e cos^(j))
X

0
e eRe

r

-ikr(n*nQ)

a

° total
s-pol c r '■

i kr
(sin 9 sin0 si ncj) -

/\

cos 0 cose+ e e a

3 3
- 2 sin 0 sin 6 cos (j) si n<j)

2 2
+ 2 cos 0 sin 0 cose cos (!>) da . (C-3)

This integral can be done rather easily if some substitutions are

±ikr(h*hQ)
[C.1 ] in terms of realmade. The plane wave expansion for e

spherical harmonics and spherical Bessell functions is

±ikr(n*nn) lCO

0

= 4Tr )^Jj;(kr) i I Y„„„(0,<t))Y
il=0 m=0 p=+l

(0,$) • (C-4)e
£mpX-mp

The coordinates r, e and are the spherical coordinates of the wave

The angles 0 and $ are the polar and azimuthal

From Figure C-1, one can see that 4> = it/2 and

The terms in Eq. (C-3) containing 0 and $ are now recast

in terms of the real spherical harmonics [C.2].

with wave vector k.

angles of incidence.

0 = IT - 0.

These are found to be

I ^ 3/T " eJ~V
2 2

- sin 0 cos (}> = Y22(e,(())1

(C-5)

^ Y^](0,<^) (C-6)sine SI nij) =

(C-7)cose
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z

/

/

r

/
0 /»

✓

' 0 = Tf-0
✓

T> y

I

I<I>=tt/2
I

n
0

X

This diagram shows the angles 0 and $ that the unit vector

makes with respect to the z and x axes.
Figure C-1.

n
0
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T 5 Yn(0»<)>)
4^77 1 Y""' ro
T 30sin^e cos^<t> sin* =jll^ ^

417 1

(C-8)

'ir 0 ’'lo'®'*'.2 2 /
sin e COS0 cos (() =/

4S0Tr 1 vT 3.1
-7-30 Y32U.<t>)

(C-9)

The integrations may now be carried out rather easily because of

Upon integrating, thethe orthogonality of the spherical harmonics,

first term turns out to be

2
41707 r

g (i)*^ 4i7 jQ('^'^)YQQ (0517/2)

(6,»/2)- (i)^

= -Re
°1 c2

^' J¥ ¥^rnlM1) 3 20

(C-10)

The spherical Bessel functions for t=0 and z=2 [C.3] are

sin(kr) (C-11)
jQ(l<r) = kr

sin(kr)3 sin(kr) _ 3 cos(kr)
(kr)^ (kr)^

(C-12)
j2(l<r') = kF

If the integration is carried out over a sphere with a large enough

, then terms with 1/r^ and 1/r^ will converge to zero,

upon letting k = w/c, Eq. (C-10) becomes

. wr

Thus
radius

-1

n 4170)
"1 = -Re — e " “x (C-13)

Similarly, Eqs. (C-6) and (C-4) are substituted into Eq. (C-3) to

yield
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2

sin 0 4TT(i)"'j-j (kr) ;-y Y
-1i krw r

. (C-14)(0,Tr/2)= -Re
n

c

The Ji=1 spherical Bessel! function [C.3] is given by

cos(kr)sin(kr) (C-15)j-,(kr) = (Ir](kr)21

and Eq. (C-14) can be shown to be

. uir
1

^ (i) cos(-^)si n^ 0 .n 4tTU
“2 ' — V

(C-16)

The third term in Eq. (C-3) is found in a similar manner to be

. ^

^ (i)cos(^)cos^ 0 . (C-17)

The fourth and fifth terms in the integration of Eq. (C-3) will

utilize the <1=3 term of the spherical Bessell function

15 1615
cos(kr) . (C-18)sin(kr) -j3(kr) =

■

(kr)'' ’ ,(kr)2

Upon following the described technique, these terms are found after

some manipulation to be zero.

(C-19)= 0 .
4 = ^5a

The total cross section for s-polarization is obtained by taking

the sum of Eqs. (C-13), (C-16), (C-17) and (C-19) and after some

manipulation the cross section is found to be
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. ur cjr
-1 1

4tt(o

' sin(if) + ia^cos{f)e . (C-20)= -Re-T X ^'^total a

s-pol

±ikr
Now use Euler's equation [C.4] for e , the cross section becomes

4110)

cos(if)sin(^)(a* x)= -Re^total
- a

s-pol

• Z/CoPx/. , 2/cor*\/. \
- sin (-^)(ia*) + cos (-^)(Ta^) (C-21)

By letting

= Re a + i Im a
A

. a
X ’X

a* = Re a - i Im a , and
X X X

“I - “x •

then Eq. (C-21) is shown to be

[s)„(J^) cos()f)(-2i Im a^)= -Re
total

s-pol

,(s1n2(f)+cos2(i£))l-i Re c.^(cos2(i^)-sin2(If))-Im a

(C-22)

Taking only the real part, the total cross section for s-polarization

becomes

4ito)
(C-23)Im a

total X 'c

s-pol

The total cross section for p-polarization is found by following

The incident electric field now takes thethe same basic procedure.
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form given in Eq. (2-41b) and is substituted into Eq. (C-2) along with

the relations used previously for ^^ca’ ^ ^
section is then

The total cross
0-

2 f ikr(,n*nr,)
Re e (a*cos

c^r ^
^ 0 (1 - sin^e sin^(j))

total
p-pol

+ a* sin^ 0 sin^e - (a* + a*)sin 0 cos 0 sine cose sincj))

-il<r(n*nn) 'ii kr 0

[-a^cos 0 cose + a^sin 0 sine sine] da.
(C-24)

Again the terms containing the angles e and (j) are recast into a

+ e e

form using the real spherical harmonics. These are found to be

(1 . S(n2*) = I ^ Y^o(6,*)

- I '§Jt

sine cose sin(}> = Y^ICe.ct))

]5y]„(6.*)

Jt ’'I't®'*) •

1IT

22^ ^

(C-25)

..2
(C-26)sine

(C-27)

(C-28)cose

(C-29)sine sin<|) =

If Eqs. (C-25) through (C-29) are substituted into Eq. (C-24) along

with the plane wave expansion of Eq. (C-4), then the integration can be

carried out with relative ease because of the orthogonality of the
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spherical harmonics. The results, after integrating, contain the

spherical Bessell functions for £=0, 1 and 2.

are given in Eqs, (C-11), (C-15) and (C-12), respectively.

The forms for these

After con

siderable manipulation, the results of the integrations are found to

be

. cjr
-1

41703 j.
-T- ct* e ^ sin(-^) cos^ 0]

^ sin(-^) sin^ 0]
- T

^ sin(^) sin^- 0 cos^ 0]

y e cos(^) cos^ 0]
. ^

^ cos(^) sin^ 0] .

(C-30)

. ojr
-1

n r^TTCO
“2 “

t>3 = + aj)e

“4 -

(C-31)a*I ^

. o)r
-1

(C-32)

. 03r

(C-33)1 a

n r4lT03 .
Og = Re[— 1 e (C-34)

The total cross section for p-polarization is the sum of

Eqs. (C-30) through (C-34). Upon taking the sum and manipulating

properly, the cross section turns out to be

. 03r
-1

= -Re e
2 2

0 + a| sin 0]

2 2 1
0 + i sin 0]

C . / tljr* \ r ^

sin(-^)[a*

c / cor \ r .
cos(—)[i

cos
'^total

p-pol
. 03r
1

(C-35)+ e cos

Now, upon letting
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2 . 2
a cos“ 0 + a_ Si n“ 0a

zy

2 2
* COS 0 + a* sin 0a* = a

zy

(C-36)= Re a + i Im aa

a* = Re a - i Im a

a* - a = -2i Im a

±i kr
, Eq. (C-35) becomesand using Euler's equation for e

-2i Iniacos(f)sin(if)+i Re a[cos2(if) - sin^C^^)]

- im a[sin2(if)+cos2{^^)]] .

4Tra)
= -Re-

'^total
p-pol

(C-37)

Taking only the real part and using the relation for a given in

Eq, (C-36), the final form of the total cross section for p-polarization

is seen to be

.224iTa)
(C-38)Im a cos" 0 + a_ sin~ 0

°total zc y
p-pol

The total cross sections derived here in Eqs. (C-23) and (C-38)

are those given in Chapter II by Eqs. (2-42a) and (2-42b).



VITA

Stephen Webster Kennerly was born on June 30, 1956, in Radford,

He is the son of Mr. and Mrs. Robert G. Kennerly of

He was graduated from Grimsley High School

He entered Appalachian

Virginia.

Greensboro, North Carolina,

in Greensboro, North Carolina, in June, 1974.

State University in the Fall of 1974 and received the Bachelor of

Science degree in physics in December, 1978. He entered graduate

school at The University of Tennessee, Knoxville, in the Fall of 1980

and received the Master of Science degree in December, 1983. He is

married to the former Miss Terri Lynn Martin of Raleigh, North

Carolina.

95


