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ABSTRACT

The experimental part of this thesis consists of measuring the
optical absorbance of a collection of silver oblate spheroidal particu-
lates as a function of wavelength, polarization, and angle of
incidence. The method of producing such a collection is described
along with measuring a few of the important characteristics like
particle size, separation, and density. The experimental data are
then compared with theoretical absorbances calculated using scattering
and absorption cross sections. The cross sections are derived using

a dipole approximation.
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CHAPTER I
INTRODUCTION AND HISTORY

Man's curiosity about the scattering and/or absorption of light
seems to have never been totally satisfied. This is evidenced by
the enormous amount of published literature on the subject.

One of the first scientists to study such phenomena, and probably
the most famous, was Lord Rayleigh. He published several papers con-
cerning the scattering of 1ight, which he referred to as "electricity
waves." In one investigation, Rayleigh studied the scattering of
light by small metal spheres and ellipsoids [1.1] which was the
e&r]iest work related to the present investigation. Rayleigh also
solved analogous problems from acoustics using the mathematical for-
malism for waves.

Many investigators followed the work of Lord Rayleigh. J. C.
Maxwell-Garnett pub]fshed an often cited paper [1.2] concerning the
absorption by small metal spheres embedded in glasses. This paper
showed that certain regions of the spectrum were preferentially
absorbed by the metal particulates, thereby giving the glasses a
distinct color as viewed in transmission. G. Mie worked extensively
on scattering and developed a gﬁeat deal of the theoretical formalism
for the scattering of light by spheres [1.3]. Following the work of
Mie, V. R. Gans published works on the scattering of 1igﬁt by objects
with spheroidal geometries [1.4]. 1In 1939, experimental work on the

optical properties of thin metal films [1.5] was done by Erwin David.



He was the first to postulate the existence of disk-like metal

particles in thin metal films.

Beginning in the early 1960's, there seemed to be an increased ‘
interest in the optical properties of thin discontinuous films of
metals. Shigeo Yamaguchi, in 1962, published the results of optical
transmission measurements [1.6] made, as a function of angle of
incidence and polarization, on thin heat-treated silver films. His
heat treatment consisted of allowing the silver films to remain under
vacuum while heating the films to approximately 200°C. Yamaguchi,
from the results of his measurements, postulated that his films were
either roughened or broken apart during the heat treatment. In 1967,
N. Emeric and A. Emeric published the results of optical transmission
measurements [1.7] made upon thin silver films. The measurements
displayed a definite angular dependence as well as the usual
polarization dependence. They qualitatively attributed the angular
dependence to the presence of ellipsoidal particles in the film.
However, very little was done to quantitatively relate the angular
dependence to the particle shape. The next year, D. C. Skillman and
C. R. Berry measured the optical absorbance of gelatins containing
silver prolate spheroids [1.8]. This paper contained electron micro-
graphs of the particles in the gelatin. The micrographs definitely
revealed the prolate shape of the silver particles. Their measure-
ments revealed two absorbance peaks corresponding to dipole
oscillations along the minor and major axes.

In the present work, optical absorbance measurements were made

on oblate rather than prolate silver spheroids. The difference being
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that prolate particles are shaped somewhat 1ike an elongated watermelon
while the oblate particles take on a shape similar to that of a door-
knob. In the work by Skillman and Berry the spheroids' minor and major
axes were randomly oriented so that two absorbance peaks were always
present. This is not the case in the present investigation. Here,
most of the spheroids are aligned such that their minor axes are
parallel. This gives rise to an angular dependence in the absorbance
similar to that observed by Emeric and Emeric.

In an effort to quantify the shape dependence of the absorbance
of silver particles, oblate spheroidal coordinates have been employed
in the theoretical part of this thesis. These coordinates may be
directly related to the minor-to-major axis ratio, which is a more
intuitive measurement of the shape. The theoretical absorbances,
ca]cu]ated from the dipole scattering and absorption cross sections,
are compared with favorable results to experimental absorbance
measurements.

Much of the motivation for the present work is due to recent
measurements of radiative emission from silver spheroids excited by
electron bombardment [1.9]. In that work, the theoretical development
was quantum mechanical while the present work employs a purely

classical approach.




CHAPTER II
THEORY

In this chapter, the theoretical formalism is developed in some
detail from first principles. First, a diséussion of oblate spheroidal
coordinates is presented. This is followed by a discussion of the
solutions to Laplace's equation in oblate spheroidal coordinates. The
solutions are then applied to the problem of dielectric oblate
spheroid in a uniform, but time varying, electric field. From the
solution to this problem, expressions for the potential (both inside
and outside the spheroid), surface charge density, induced dipole
moments, and polarizability are found. After this, the time averaged
Poynting vector is used in calculating expressions for the absorption
and scattering cross sections in the dipole approximation. The
expressions for the cross sections are analyzed in Section D to identify
the main factors affecting the cross sections. In the final section,
it is shown that, in the limiting case of a sphere, expressions for

the polarizabilities converge to the spherical polarizability.

A. OBLATE SPHEROIDAL COORDINATES

The coordinate system of interest here is oblate spheroidal
coordinates [2.1]. The three families of mutually orthogonal surfaces
associated with the coordinate system are confocal ellipsoids, single-
sheeted hyperboloids and half planes. They are illustrated in a cross

section given in Figure 2-1.
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Z axis

t X or y axis

Figure 2-1. Cross section of oblate spheroidal coordinates. The three dimensional system is
formed by rotating the cross section about the z-axis.




The family of ellipsoids is generated by

2 2 2
X" +y 2 _ .2 7 -
+n n

where a is the focal length. One can see that an ellipsoid can be
generated by holding the value of n constant and that an entire family
is generated by various values of n. Here, n may take on all non-
negative values (0 < n < =).

The family of single sheeted hyperboloids is generated by
X% + y2 _z 2

- K H

(A

where a again is the focal length and u = cos 8, with B being the
angle which the asymptote of each hyperboloid makes with the z-axis.
One can also see that a single sheeted hyperboloid can be generated by
holding the value of u constant. The various values of u generate
confocal single sheeted hyperboloids that aré orthogonal to the sur-
faces generated by Eq. (2-1). The range of u is given as -1 < u < + 1.
In Figure 2-1, a two-dfmensiona] diagram [2.2] was constructed
that showed a series of confocal ellipses and hyperbolas. The three-
dimensional system is formed by rotation about the z axis. In
Figure 2-2, just the family of ellipses is shown along with the corres-
ponding values of n for each ellipse. Figure 2-3 is the family of

hyperbolas with the corresponding values of u shown.

O
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Figure 2-2. Set of ellipses with 1
that all the ellipses

abeled shape parameters (n). Note
have the same focal length.
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Figure 2-3. Set of hyperbolas with labeled form parameters (u).

Note that u=0 is parallel to the
x or y axis while p=1 is parallel to the z axis.
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The third set of surfaces are half planes with their edges being
the z axis. The half-planes extend radially outward from the z axis.
The position of a half plane is described by the angle the half plane
makes with the x axis. This angle is the same as the azimuthal angle
used in spherical coordinates and is denoted by ¢ where 0 < ¢ < 2r.
One can now show (see Appendix A) that any point in space (x,y,z)

can also be described by coordinates (n,u,¢) where

x = a(1 + 091201 - W5V 2054 (2-3a)
y =a(l + Y200 2 w8240 (2-3b)
Z=any . : (2-3c)

It is important in this work to note that the surface of a spheroid

may be described as
n=ng = constant

while the inside of the spheroid is obtained for n < o and the out-
side for n > g
It should be noted here that o is referred to as the shape
parameter in all work below. As o approaches zero, the shape of the
spheroid approaches that of a disk and as o approaches infinity, the
spheroid assumes a spherical shape. O0ften it is useful to describe
the shape in terms of the minor-to-major axis ratio R; this is related

to the shape parameter by
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n
0
R = (2-4)
2,1/2
(] + no)
The ratio value, R, is zero for a disk and approaches unity as the
shape of the spheroid approaches that of a sphere, i.e., 0 <R <1,
The scale factors used in transforming differential volume
elements for oblate spheroidal coordinates are given by [2.3]
2, 2
h =a (] ‘E , (2-5a)
n 1 + n
2 2 '
h =a 1 ks uz s (2-5b)
H 1 - U
n, = ad(1 4 a8 - %) (2-5¢)

The three unit vectors én’ éu and é¢ are related to the Cartesian

unit vectors i, j and k by [2.4]

2 2 -
~ 1 - 2 . 4 1 +
e =n r~§——ii? (cos¢ i + sing j) + u -—7——1L§ k (2-6a)
n tu n tu

2 2

A 1 - . P -

e“ = -y —71;1L§ (cos¢ i + sing j) + n J§——iL§ k (2-6b)
n tu n tu

e, = -sing i+ CoS¢ 3 . (2-6¢)
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B. SOLUTIONS TO LAPLACE'S EQUATION WITH
BOUNDARY CONDITIONS

The forms for the potential inside and outside an oblate spheroid

are shown in Appendix B to be

© %
. A i i 2-7
in ™ o Lo L Pampin 110)Pan (1) p(3:9) (2-7a)
© 2
v = B P (i in)Y R . 2-7b
out QZO mZO p};] ampPam{ 110 Qi)Y (854) (2-7b)

In our samples, the spheroid size is much smaller than the
wavelength of the incident light. The problem to be solved is then
that of a dielectric oblate spheroid in a time varying but uniform
electric field, Eoe'iwt. This is often referred to as the dipole
approximation.

The 2=1 terms of the Legendre functions of imaginary argument

are given by [2.5]

Prolin) = in, (2-8a)
P (in) = i(1 + n9)1/ 2, (2-8b)
Qyglin) = nctn™ n -1, (2-8c)
0y in) = (1% 09 Peen o - 0 (2-84)

The 2=1 terms of the real spherical harmonics are given by [2.6]
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1 - /;i -
Y o(8:8) = [z cosB , (2-9a)
Y] (B,9) = 3 sing cos (2-9b)
114800 = @ b
Y'1(B ) = 2 sihs cos (2-9¢)
114859 e ¢ -

The applied electric field, Eoe']wt, is initially given an

afbitrary direction and so the potential, at large distances away from

the spheroid, due the applied electric field is

V= oxEg e 0t Ly et L ogp MUt (2-10)

-
0x® Oy 0

By using the relations given in Egs. (2-3), (2-8) and (2-9), it can be

shown that
. 4 . 1
x = -ia I e (i) (8se) (2-11a)
= —ia AT e (in)Y7 (6,0) | (2-11b)
y 3 1 n 11 s ¢ >

N
i
1
—e
=]
4
RE

so the potential at large distances can then be written as

1 . :
. . —iwt
Vo= ia /53 Py (in)Yy. (B,6)E, e ' (2-12)
mZO p2;1 3 '1Im Tmp Tmp

where the components of the applied electric field are written as
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m
1
m

Oy

E1o = Eoz -

The potential as shown in Eq. (2-12) is the potential outside of the
spheroid due only to the applied electric field. Any expression given
for the total potential outside the spheroid must contain Eq. (2-12). |
The total exterior potential is then the sum of Eqs. (2-7b) and (2-12).
Because of the e'i“’t time dependence of the incident field, it is
convenient here to take the Fourier transform of all physical quantities.

The Fourier transforms are given by [2.7]

-+

€

~—
{]

4o ot
J f(t)e'®" dt (2-13a)

+oo .
f(t) = é% j ¥lw)e Ut 4y (2-13b)

where the tilda represents the Fourier transform to frequency space.
The Fourier components of the potentials inside and outside are now

given by

o 2
Vip= L L I A

in " Ly Ly pj;] (1n)Qu(ing)Y, 0 (850) (2-14a)

zmppzm Lmp

] n
Vout = L 1 j@? ia P]m(in)Y1mp(s,¢)E1mp(w)

m=0 p=#1]
E ) B

+ Pomling)Quu(in)Y, (85¢) . (2-14b)
P mZO pjil gmp em* 07 em mp
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Now the two boundary conditions

I vin\ o voutl i (2-15a)
n_nO ﬂ—nO
av. v
1 in 21 out
11 -E(UJ) F_ m ) —-h,— m (2-]5b)
n n—no n ﬂ‘ﬂo

are applied tg find the coefficients A5me and Bzmp' The coefficients,

with index 2=1, are found to be

T M)y, (s
-1aji; E]mpwlm(1n)

v . . (2-16a)
A1mp - Q]m(1ﬁ0)zlm(1n) _
n'no
Pr (in)
v _ AT Mw) m
B-lmp = -1aj; E-lmp [E(w) - ]] W (2-]6b)
n=n0
where w1m(1n) is the Wronskian evaluated at the surface. The
n=n
Wronskian at the gurface is given by [2.8]
Mnlin) | = PrplingdQip(in) | = Qupling)Pip(in)| - (2-17)
nTng n¥ng n-ng
The term Z1m(in)} is written for convenience and is given by
n=ng
Z]m(in)i = e(Pln) | Qyp(ing) - Pypling)0gp(in)
n=ng n=ng n=nq

(2-18)
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The term e(w) is the complex dielectric response function for the
spheroid.

In the dipole approximation, the terms with 2>1 are not of
interest, but are known to yield the resonance conditions for the
quadrupole and higher order modes of oscillation. Also one finds
that the coefficients A =B

mp mp’
potential for a charged spheroid and since the spheroid of interest

for 2>1. The =0 terms give the

Omp B BOmp = 0.

Finally, the potentials, for 2=1, can be written as

here has no free charge upon it, then A

o~

= gy Wi (in)
Lt [T 20| Pl gplese)  (2199)

V., =
n m=0 p=%] _
n—no
and
v = -ia JFI_ E, % s )
out n= 0 o= +1 1mp
me(i”) . . )
W P]m(1no)Q]m(1n)[e(w) -1] - P1m(1n) .(2-19b)

n-no

The incident field induces a surface charge density on the
spheroid which may be calculated by using [2.9]

_1
0w 8, [Eput = Eqn) : (2-20)

n=n,
Taking the negative of the gradient of the potentials given in

Egs. (2-19a) and (2-19b) to get the electric fields and using the unit

vector given in Eq. (2-6a), the dipole contribution to surface charge



density is found to be given by

glolp (in)|

. % /____ ]mp -Im n=n0 W]m(Tan=n0[€(w) 1] ']mp(s ¢’)
g = T 5 T
m=0 p= +1 4“h e(w)P (1n)[n=n0 Q1m(in0)' P1m(1nO)Q1m(1n)|n=no
(2-21)
The dipole resonance condition [2.10] is given by
. (-]n )=P]m(in0)Q{m(iﬂ) (2-22)
1m0’ ", (ing )Py (in) i
n=n,

and upon using Eq. (2-22) in Eq. (2-21), the expression for the dipole

surface charge density simplifies to

M w)
E; ) W (m)ln " Y]mp(8,¢)[€(w)-1]

1 7 Tmp "1m
y= 11 5 —
° m=0 p=t] 4“h g 3 (1n JEOR E]m(]no)]

(2-23)
The volume charge density is related to the surface charge
density by [2.11]

o8(n - no) :
pE— (2-24)

"o

The dipole volume charge density is then

y Mg s b ) <1+m)'E§m;Y1mp< DICORE
P 4ﬂa2(ng + a2) 3 m=0 p=+] ]m (in )[E(w)_ € m(ino)j

(2-25)




17
where the expression for the Wronskian [2.12] has been used.
With this expression for the dipole volume charge density, the
three components of the induced dipole moment can be found by using

[2.13]
B, - 31] = J h, dn j h, du J h,do 5 X (2-26)

and also similar expression for the y and z components. Upon
substituting in the relations given in Egs. (2-5a) through (2-5c),
(2-11a) through (2-11c) and (2-25) into Eq. (2-26), the three compo-

nents of the dipole moments are found to be

g 20 e 1] “
Px P11 T3 1 1n0)[e(w)-€1(1n0)] Elw) = o,k

o 20 ey 1] N
By =B g Tmg Tt 1(1n0)] Eylo) = of o) (2-270)

N ] -a no[t-: w)-1] '\J
pZ p]O 3010(1n0)[5(w)'510(1n0)]

E(w) = E(u) . - (2-27c¢)

The terms @y ay and a, are the polarizabilities of the spheroid along
the three axes. The polarizability tensor is thus diagonal with two

of the elements on the diagonal being equal (a_ = o ).

X y
From these expressions for the induced dipole moments, the

scattered fields at large distances from the spheroid can be calcu-

lated [2.14]
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R [(Axp)x ] (2-28)

where n is a unit vector in the direction of observation and p is the
v

induced dipole moment.
C. DIPOLE SCATTERING AND ABSORPTION CRQOSS SECTIONS

The total cross section is derived using the optical theorem
[2.15]. It is the sdm of the scattering and absorption cross sections.
Consider an oblate spheroid with a plane monochromatic
electromagnetic wave incident upon it. If the spheroid is made of
metal, then part of the incident energy contained in the electromagnetic
wave is absorbed and the rest is reradiated by scattering. The
Poynting vector [2.16] gives the flux of energy per unit area per unit

time. The time-averaged Poynting vector outside the spheroid is given

by

. c
<i> " 8w

Re[E X Q*] . (2-29)

Were it not for absorption, <§> would be zero when integrated over a
large sphere surrounding the spheroid, for then just as much energy
leaves as enters the sphere each second.

The electric field outside the spheroid is the sum of the
incident electric field and the scattered electric field. Similarly,
the magnetic field outside is the sum of the incident and scattered

magnetic fields. This can be expressed as
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E EO + Esca : (2-30a)

m
il

and

Q = QO + Qsca . | (2-30b)

The time-averaged Poynting vector represents the power per unit
area. If Eq. (2-29) is integrated over the surface of a large sphere
that encloses the spheroid, then the result is the net flow of energy
per second either into or out of the sphere. Since the spheroid
within the sphere is a metal and will absorb energy, the power
absorbed.within the sphere obtained from using Eqs. (2-29), (2-30a)
and (2-30b) is

P =_i

* * * * . ~ _
abs 8n f Re[onfi +ES XH*+E, xH +E ngca] n da . (2-31)

mO ~sca m0 mO JSca  sca

The scattered power, Pscat’ is the energy per second leaving the

sphere; viz.,

p Re[E. . x H* ]+ nda . (2-32)

_c
scat = 8 J nsca © ,sca

The sum of Eqs. (2-31) and (2-32) gives the total time-averaged power,

Piotal> DEiNg dissipated by the spheroid from both scattering and
absorption. (
.. c s .
Potar = - 55 | RelEg XH3 *Eg XHica *Esca XH5 A da . (239)

The first cross product of Eq. (2-33) is proportional to the time-

averaged Poynting vector of the incident electromagnetic wave. This
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can be shown to be zero upon integrating over the sphere and so the

total power dissipated by both scattering and absorption is

__c - )
Ptotal = ~ Bm J RelEq xHica * Esca ¥Hgd - 1 da . (2-34)

The total cross section is the ratio of the total power
dissipated by absorption and scattering to the incident power per

unit area [2.17]. The total cross section is then

c N

_ _ Br J Rel[Ey xHE 4 *Egca ¥Hgd - 1 da
. _ _ (2-35)
total

c 2

From Maxwell's equations, it can be shown that the electric and
magnetic fields of a transverse electromagnetic wave in a vacuum are

related by [2.18]

E=nxH (2-36a)
ny n,

and
H=nxE. (2-36b)
n, n

The total cross section can now be written

_ J Re[EOX(nXE;ca) * Escax(noxf%)] " n da
o = (2-37)
total 2
Re|E0|

The element of surface area da, in spherical coordinates, is

given by
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da = rPsine do d¢ . (2-38)

The unit vector n is in the direction of observation and is related to

the cartesian unit vectors f, 3, and k by
h = sinecosei + sinesinej - cosek . (2-39)

The unit vector ﬁO is in the direction of propagation of the incident

wave and is related to the cartesian unit vectors by

ﬁo =sinej-cos 0k . (2-40)
The scattered fields are related to the incident fields (see

Eq. (2-28)) by the dipole moments in Eqs. (2-27a) through (2-27c).

The incident electric fields for both polarizations (s and p) are

given by
i(i-g)h
ES = EO e i (2-41a)
i(k-r) . .
Ep =E e (cos © j + sin 0 k) . (2-41b)

Upon substituting the proper incident and scattered electric fields
and the equations given for the unit vectors n and ﬁO’ the cross

sections for both polarizations (s and p) are found to be

_Aaw
otota] l =< Im {O.x} (2-423)
s-pol
4 2 .
Ototal l = —%9 Im {0, cos® 0 +a, sin o} . (2-42b)

p-pol
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Theldetai1s of the integrations are rather long and tedious and are
included in.Appendix C.

It is useful to distinguish between the incident 1ight that is
absorbed and that which is scattered. The scattering cross section is
defined as the ratio of the scattered power to the incident power per

unit area [2.19]

c J ~
- | Re[E_.. x H* J+n da
_38m nsta  asca . (2-43)

C 2

osca

Substituting in the form of the scattered magnetic field given in

Eq. (2-36b) and simplifying the triple vector product gives

~ 2 ~
Re[n|E___|“]:n da
o ca =J ~SCa > . (2-44)
ReIEOI
Using the relation for the scattered electric field given in
Eq. (2-28), the scattering cross section is seen to be
w4 - o i ~ -
[ Relg (p-nlp - 2« (p- (g 4))1 - 4 o
c Y'Z N AV N n
o = . (2-45)

2
RelEol

The scattering cross sections take on different forms for each

polarization of the incident field. Thus,

e ;

= EE J |aX|2 {1 - sin ecosz¢}da (2-46a)

g
SCa
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and
4
2 2 2 .2
G ‘ = L J {la,|” cos” e + |a_|” sin® 0
3€4 < _pol ¢t M z
- |ay|2 cos? o sinzesin2¢ - lazlz sin? o cos’e
- Fa;az + aya;) sin © cos @ sinscosesinelda ,
(2-46b)
Upon integrating Eqs. (2-46a) and (2-46b), the scattering cross
sections become
4
8w 2
o - o (2-47a)
sca s-pol 3C4 I xl
and
Isca = Bnﬁ_ {|a ]2 cos? o + |aZ|2 sin? o} . (2-47b)
p-pol 3¢ Y

The cross sections for pure absorption are obtained by subtracting
Eq. (2-47a) from (2-42a) for s-polarization and Eq. (2-47b) from
(2-42b) for p-polarization.

It is obvious that, for the case where the spheroid is composed of
a lossless dielectric material, the total cross sections of Egs. (2-42a)
and (2-42b) are zero. For this case, the total cross sections are just

the scattering cross sections of Eqs. (2-47a) and (2-47b).
D. ANALYSIS OF THE CROSS SECTIONS

The total cross sections were given in Egs. (2-42a) and (2-42b).

Most of the information concerning the heights and positions of the
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peaks in the cross sections are contained in the expressions for the
polarizabilities. These were given in Egs. (2-27a), (2-27b) and

(2-27¢) and for convenience are given again here as

23(1 + n)/?[etw) - 1]

* T % g TngI[e(o) = 77 (Tng)] (2-48a)

~adnglelw) - 1]

2 ™ 3y (g (@) = eqqUing)] (2-48b)

o

Peaks in the cross sections occur when the denominators of the
polarizability expressions are a minimum. The peaks are then located
at the wavelength for which Re e(w) = E]m(ino)' The peaks are kept
finite by the imaginary part of the dielectric response function,
e(w). The real and imaginary parts of the dielectric response
function are obtained from the experimental bulk optical data [2.20]
for the material of interest.

It is now useful to examine the form of the resonance condition,
which is termed the shape dependent dielectric function. There are
two resonance conditions for the dipole mode (2=1) corresponding to
the two allowed values of the index m (m=0 or m=1). The m=0 mode
corresponds to a dipole resonance along the minor (z) axis while the
m=1 mode corresponds to a resonance along the major (x or y) axis.

A plot of the shape dependent dielectric function, g]m(ino), versus
the shape parameter is shown in Figure 2-4. The same curves, plotted

as a function of the minor-to-major axis ratio, are shown in
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Spherical Limit

1 1 1

.l 1

Figure 2-4.

A 1 J

4.9
SHAPE PARAMETER

The shape dependent dielectric response function, E]m(in),
versus the shape parameter n. Note that both the m=0 and

m=1 modes converge to the same value as the shape approaches
that of a sphere.
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Figure 2-5. The two curves in each plot correspond to the two
different modes. One can see that under certain conditions there may
be two peaks in the cross section owing to the two different dipole
modes. Figure 2-6 is a plot of the shape parameter versus the wave-
length at which the value of the shape dependent dielectric function,
e]m(ino), is equal to the real part of the experimental bulk dielectric
response function, e(w), for silver. Figure 2-7 is the same plot
except the minor-to-major axis ratio occupies the axis of ordinates.

There are two factors determining the heights of the peaks. The
first is the wavelength. Note the factor of w/c in the absorption
cross section. The absorption is thus inversely proportional to the
wavelength. The scattering cross section contains a factor w4/c4 and
so is inversely proportional to fourth power of the wavelength. The
second factor affecting the height is the volume of the spheroid.
3( 8)1/2 or a3n0 in the expressions for the

polarizabilities given in Eqs. (2-48a) and (2-48b).

Note the factors of a“(1 + n

The volume of an oblate spheroid is given by [2.21]

Ax

_ 2
VvV = —3' Y‘O ZO (2-49)

where o is the semimajor axis length and Zg is the semiminor axis
Tength. The semimajor axis length is related to the focal length and
shape parameter by

2)1/2

rO = a(] + r]O (2‘50)

while the semiminor axis length is related by




Spherical Limit

DIELECTRIC
RESPONSE

MINOR-TO-MAJCR
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Figure 2-5. The shape dependent dielectric response function, eyg(in),
versus the minor-to-major axis ratio, R.



28

3.8

m=1

2.0 S

WAVELENGTH (nm)

Figure 2-6. Shape parameter versus wavelength. This is for silver
oblate spheroids and is the shape and wavelength for which
e]m(in) equals Ree(w) from the experimental optical data.
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MATJOR
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-
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Figure 2-7.

WAVELENGTH (nm)

Minor-to-major axis ratio versus wavelength. This is for
silver oblate spheroids and is the minor-to-major axis
ratio and wavelength for which e]m(in) equals Re e(w) from
the experimental optical data.
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z (2-51)

g = 2ang -
The volume of the spheroid in terms of the focal length and shape
parameter is then '

4 3 2 )
V—-—3—a(1+n0)n0. (2-52)

Upon referring back to Eqs. (2-48a) and (2-48b), one can see that the
polarizabilities are proportional to the volume of the spheroid.

The scattering cross section is thus proportiosal to sz'a, while
absorption is proportional to ya! [2.22j. Upon combining Eqs. (2-4),
(2-50) and (2.52) one can see that the volume of the spheroid may be
expressed in terms of the sgmimajor axis length and the minor-to-major

axis ratio as

Tl | (2-53)

V =
Note that a minor-to-major axis ratio value of unity corresponds to a
sphere and that this expression reduces to the usual expression for

the volume of a sphere for R=1. In Figures 2-8 and 2-9, the scatter-
ing and absorption cross sections versus wavelength have been plotted.
The cross sections were calculated for normally incident light of
either polarization. The various curves represent the cross sections
with several different minor-to-major axis ratios. A1l were calculated
using the same semimajor axis length. By holding the semimajor axis
length constant and increasing the minor-to-major axis ratio, one can

see by Eq. (2-53) that the volume of the spheroid becomes larger.
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R=0.8

Silver Oblate Spheroids
Major Axis Length 68nm

c% %) $51% %)
WAVELENGTH (nm)

Figure 2-8. Scattering cross section versus wavelength. The cross

sections were calculated using minor-to-major axis ratios
of 0.2, 0.4, 0.6, and 0.8 but all with the same semi-
major axis length of 30 nm. A1l curves are for normal
incidence.
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R=0.8 R=43.6
R=8.4 R=@.2
12,569 ~
Silver Oblate Spheroids
i Major Axis Length &Bnm
ABSORPTION
CROSS
SECTION =
(Sq. nm)
e.e L 1 I3 1 1 [ ' 1 1 [ I 1 gy
300 500
WAVELENGTH (nm)
Figure 2-9. Absorption cross section versus wavelength., The cross

sections were calculated using minor-to-major axis ratios
of 0.2, 0.4, 0.6, and 0.8 but all with the same semi-
major axis length of 30 nm.
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From the maximums in the cross sect{ons, one can see that scattering
will dominate for particles with larger volumes and at shorter wave-
lengths. The absorption cross section is affected less by changes
in volume and wavelength and so the maximum in its cross section
changes relatively little in magnitude for various shapes of

particles.
E. SPHERICAL LIMITS

In the 1imit where the shape parameter, o> approaches infinity,
the ellipsoids become spheres. In this limit, the polarizabilities
shown in Eqs. (2-48a) and (2-48b) should equal the well known form of

the polarizability of a sphere [2.23].

_23 Lelw) - 1]

“sphere [e(w) + 2]

where r is the radius of the sphere.

The z component of the polarizability is given by Eq. (2-48b)

) -a3n0[8(w) - 1]
aZ " 3Q]0(1n0)[e(w7 - E]O(ino)] ..

From Figure 2-4, it is seen that E]m(ino) approaches the value of -2
as ng approaches infinity so the terms containing the dielectric

functions are easily shown to converge properly

Tim [e(w) - 1] _ [e(w) - 1]
ng™ Lelw) - g1pling)] — [elw) + 2]
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The remaining terms of Eq. (2-48b) must then converge to r3,
The semiminor axis should equal the radius as g approaches
infinity. Using the expression for Q10(1n0) given in Eq. (2-8c) and

for the semiminor axis using Eq. (2-51), the remaining terms become

3
lim %9 lim "Iy ‘ (2-50)
ng* 3qpoling] ~ ng= 3ngIngCtn” ng = 11 :

_a3

The series expansion for the inverse cotangent (for ng > 1) is given

by [2.24]

B 13 . 15 i 17 .
n
0 3ny 5ng T

Now upon substituting in the series expansion into Eq. (2-54), one
can see that all but the first two terms will go to zero as o

approaches infinity and so keeping only the first two terms

. -z
e TR 5
0 3n0[1 -5 - 1]
3n0
and so the polarizability along the minor axis becomes

no->00 V4 0 [e(w) = €~|0(1n0)] )
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The polarizability along the major axis is given by Eq. (2-48a)

2a3(1 + n2) P [e(w) - 11
By T %y T 3011(1n0)[e(w) - e lingd 1~

Again from Figure 2-4, the terms containing the dielectric functions

are seen to converge properly

1im [e(w) - 1] _ fe(w) -1
o [e(w) - 811(1n0)] [e(w) + 2

J
T

For this case, the semimajor axis should equal the radius as g
approaches infinity. Using the expression for Q]1(in0) given in
Eq. (2-8d) and expressing the semimajor axis as in Eq. (2-50), then

the remaining terms in Eq. (2-48a) are

3 2,1/2 3
Tim 2a(1 + nO) - 1im (2-57)

ng>  3Qy;{ing) o> 2.3/2 g
) 5]
1 + g

Again, all but the first two terms of the series expansion for inverse
cotangent will converge to zero as g approaches infinity. Upon sub-
stituting in the first two terms of the expansion and after some

manipulation, Eq. (2-57) becomes
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The terms in the denominator may be expanded using the binomial

n/2

expansion for (1+X) [2.25]. Upon keeping only the first two terms

of these expansions

The expression for the polarizability along the major axis in

Eq. (2-48a) is now seen to be

1im o = 1im 0 = Y‘3 [e(w) - 1]
N> X Ng™ Y 0 Telw) + 21 -



CHAPTER ITI
EXPERIMENT

In this thesis, the experimental work consists of measuring the
optical absorbance of silver particles on quartz substrates as a
function of wavelength, polarization and angle of incidence.

In the first section of this chapter, a description of the
sample preparation and characterization technique is given. In the
following section, the instrumentation is described. To enable a
rapid and quantitative analysis of the data, the data were digitized
and stored in computer memory. This procedure is discussed in the

last section.
A. SAMPLE PREPARATION AND CHARACTERIZATICN

In the work presented here, silver films were evaporated onto
quartz slides at a pressure of approximately 5.0 x 10'6 torr. Al
film thicknesses were 5 nm (+0.5 nm) as measured by a quartz crystal
thickness monitor. In order to minimize the coalescence growth
[3.1] of the films, rather high rates o% evaporation (=1 nm/sec) were
used. The quartz slides, which measured =1.7 ¢m x 6.0 cm x 0.16 cm,
were cut from a polished quartz plate [3.2]. The quartz slides
were cleaned first by hand with a mixture of MICRO [3.3] and dis-
tilled water. The slides were then rinsed thoroughly with distilled

water, with isopropyl alcohol and finally with distilled water again.
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Ihmediate]y after the final rinsing, the slide was blown dry and
placed in the vacuum evaporator.

After the evaporation of 5 nm of silver onto the surface, the
slide was placed into a resistively heated oven [3.4] for roughly
30 seconds. This time can be varied a few seconds with negligible
effect. The oven temperature, as measured with a chromel-alumel thermo-
couple, was about 750°C. During heating, the film changed from a
violet to yellow color as viewed by transmission. The heat treatment
time was chosen such that it would yield a uniform sample color. A
shorter stay in the oven (around 10 seconds) produced the yellow color
around the perimeter of the slide while the center area was still
violet. This indicated different particle characteristics in the .
different regions. [f the slide was placed in the oven shortly after-
ward, a larger portion of the slide appeared yellow as viewed by trans-
mission. To obtain uniformity in color and particle characteristics,
all subsequent slides were placed in the oven for about 30 seconds.
This was sufficient to produce the requisite uniformity in color.

There was some concern about the formation of a contaminating
layer on the surface of the silver, especially during the heating
process. Silver is subject to the formation of silver sulfide on its
surface. Because of this concern, a slow but steady stream of argon
was allowed to flow through the oven while the sample was being heated.
Also, all data were taken on the sample within two hours of evaporation.
It is believed that these two factors were sufficient to minimize any
effect a contaminating layer on the surface may have had on the optical

measurements.
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After the optical data were taken, the sample was overcoated with
a conducting layer (approximately 30 nm) of evaporated silver. (The
sample surface can only be viewed with the aid of a scanning electron
microscope (SEM) [3.5] if its entire surface is conducting.) The con-
ducting layer was also evaporated at a rate of 1 nm/sec. This high
rate was thought to reduce the coalescence growth of the added film
and thus reduce the distortion of surface geometries.

When viewed with the SEM, the sample displayed many particles with
some variety in size. Nearly all of the particles appeared to have
circular cross sections as viewed at normal incidence. Views of the
surface profile from nonnormal incidence were not particularly reveal-
ing. The oblate characteristics of the sample particulates could not
be clearly resolved by the SEM after the conducting layer was added to
the surface.

It is important at this time to make a point concerning the
oblate shape of the particulates of the samples. In a recent disserta-
tion [3.6], similar samples, prepared on silicon substrates, were
described. For these samples a technique known as "shadow casting" was
used to determine the particle shape. Through this technique, it was
clearly shown that the particles were of oblate shape. It was not
possible to Use the shadow casting technique with the present samples
due to the nonconducting quartz substrates. The basis for the
assumption of the oblate characteristics of the particulates was the
similarity of the two sample preparation techniques and the optical
absorption results which are consistent with absorption by oblate

spheroidal particles. The results indicate that the use of quartz
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instead of silicon as a substrate had 1ittle effect upon the formation
of oblate spheroidal islands by the heating process, the bonding of
silver to quartz and to silicon being roughly the same.

For oblate spheroidal islands formed on the quartz substrate, the
orientations of all the spheroids' axes will be the same. As the micro-
graph in Figure 3-1 shows, the silver islands all have very nearly
circular cross sections as viewed from normal incidence. For spheroidal
islands, all the major axes would be aligned parallel with the plane of
the substrate while the minor axes would then be perpendicular to the
substrate.

Electron micrographs were taken of the sample when viewed at normal
incidence. From these micrographs, much quantitative information such
as the particle size distribution, averagelcenter-to-center separation,
and particle density was determined. To obtain this information, the
electron micrograph was mounted on the surface of an Orthoplex
Coordinate Sensor [3.7]. The sensor surface is pressure sensitive and
will record the x and y coordinate of a point when it has been
depressed by a stylus. The coordinates of two points along the edges
but on opposite sides of each particle were fed into the computer. From
these coordinates, the average particle size and average center-to-
center separation were calculated with the aid of a FORTRAN program
[3.8]. For the samples used here, the average particle major axis was
60 nm with a typical center-to-center distance of 110 nm. From this,
the average particle density is calculated to be <v83> particles/square

micron. The particle size distribution histogram and particle spacing

histogram are shown in>Figures 3-2 and 3-3.
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Figure 3-1.

Electron micrograph of the sample surface. The view is
along the surface normal. Note the scale bar in the
lower right hand corner has a length of 20 nm.
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Figure 3-2. Histogram showing particle size distribution. These are
obtained from micrographs such as the one in Figure 3-1.
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Figure 3-3.
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B. EXPERIMENTAL APPARATUS

A1l experimental optical data were taken on a CARY RECORDING
SPECTROPHOTOMETER (Model 14R, Serial 64) [3.9]. The CARY displays
directly, upon a strip chart recorder, the optical absorbance of the

sample. The optical absorbance is defined as

Absorbance = Togq(1g/14) > (3-1)

where IO is the intensity of the light incident on the sample and It is
the transmitted intensity.

The CARY has two chambers, these being referred to as the sample
and reference chambers. A beam of monochromatic light is split into
two beams of equal intensity, one of which passes through the reference
chamber while the other passes through the sample chamber. The two
beams are alternately chopped before entering the chambers. After
leaving the chambers, both beams fall upon the same photomultiplier
tube. Through a system of relay switches, the CARY compares the signal
generated by the intensity of each of the two beams.

For all data taken in the present experiment, a clean quartz
slide, cut from the same plate as the sample slide and cleaned in a
similar manner, was placed in the reference beam. A sample, such as
the one described earlier in Section 3A, was placed in the sample beam.
The absorbance is then proportional to the ratio of the intensity of
the beam passing through the quartz slide (reference) to the intensity

passing through the sample slide. The presence of the quartz slide

in the reference beam subtracts away from the displayed absorbance most
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of the optical effecps of the quartz substrate. The displayed data are
then due primarily to the presence of silver spheroids in the sample
beam.

One of the more important aspects of this study is the angular
dependence of the absorbance. In order to study this aspect, sample
mounts were constructed that would fit into both the reference and
sample chambers. The mounts allow one to vary the angle the quartz
slide makes with the incident beam. The sample mounts were constructed
by mounting an ORIEL 3 Inch Precision Rotator [3.10] onto an aluminum
base that was milled to fit the sample or reference chamber. The slides
were then mounted onto the Rotator and the Rotator adjusted to the
desired angle. The sample mounts allow one to set the angle to within
one degree.

The angular uncertainties were somewhat larger than one degree.
This was due to the effect of the focusing of the reference and sample
beams onto the slides. This source of error in the angle of incidence
was measured to be about five degrees.

The CARY also allowed the user to choose a scan rate from 0.5 A/sec
to 500 A/sec. In this experiment, a scan rate of 5 A/sec was used.

The strip chart flow rate was set at two inches per minute.

The control of the polarization of the incident beams was an
important part of this experiment. A plastic polaroid technical filter
was mounted in front of the entrance windows of both the sample and
reference chambers. The polaroid filters and rotatable sample mounts
enabled the user to control the orientation the incident electric

fields made with respect to the spheroids' axes. The conventional
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1a5e]11ng of the polarization directions was used. Electric fields
that are pérpendicu]ar to the plane of reflection are referred to as
being s-polarized while electric fields that are contained in the plane
of reflection are p-polarized.

The reference and sample slides were situated on the rotating
mounts such that s-polarized incident fields would always lie parallel
to the plane of the slide. This was true regardless of the angle the
jncident beam made with the slide. For p-polarization then, the
electric fields lie parallel to the plane of the slide for normally
incident beams just as in s-polarization. However, the perpendicular
component of the p-polarized electric fields increases as the angle of
incidence is increased. Figure 3-4 is a diagram of a typical sample

and its orientation relative to the two directions of polarization.
C. DIGITIZING THE DATA

The CARY displayed the data upon a strip chart recorder. In
order to make the comparison of the data and theory easier, the
absorbance spectra were digitized from the strip chart recording.
This was accomplished with the aid of the coordinate sensor mentioned
earlier. The x and y coordinates of the digitized spectra were
recorded and then converted into the corresponding values of wavelength
and absorbance and stored in a designated file.

To make the analysis of the data easier, the data.files were
reformatted to contain the absorbance value at equal increments of the
wavelength. This was easily done with the aid of a FORTRAN program

[3.11]. The program fit a spline function between the existing data
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Figure 3-4.

ITlustration of the sample orientation relative to incident beam and electric
fields.
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points and then stored in a designated file a 1ist of values of the
wavelength and absorbance. The program also enabled the increment in
the value of the wavelength to be set at 10 Angstroms. This process
enabled the location of the maxima in the absorbance to be determined
more easily. The data being stored in this form also allowed one to
subtract one set of data points from another set of data points with
i little difficulty. As will be seen later, this capability proved to

be very useful when analyzing the data.



CHAPTER 1V
RESULTS AND ANALYSIS

In Chapter II, it was shown that the electrodynamic dipole cross
section for a silver oblate spheroid has wavelength, polarization and
angular dependencies which are determined primarily by its shape and
bulk optical properties. In Chapter III, a technique for producing a
collection of these spheroids was described along with techniques for
analyzing experimental optical absorbance measurements made on the
spheroids. In the present chapter, it is shown how the cross section

can be related to the optical absorbance. The experimental results

“are then compared to numerical theoretical calculations of absorbance

with favorable results.
A. RELATING THE CROSS SECTION TO THE ABSORBANCE

The cross sections, derived earlier in Chapter II, can be related
to the optical absorbance in a straightforward manner. Let the
intensity of the light falling upon the sample be denoted as IO. Upon
reaching the sample, the incident 1ight is either transmitted through
the sample, scattered by one or more of the spheroids or absorbed by

one of the spheroids. Mathematically, this is expressed as
I+ T : (4-1)
where It, IS and Ia represent the transmitted, scattered and absorbed
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intensities, respectively. Algebraically manipulating Eq. (4-1), one

arrives at
I
0. __'—Tj_—'_f_ (4-2)
t . 585_ 2
o o

Is/IO is the fraction of the incident light that is scattered into all
solid angles. This is related to the single spheroid scattering cross

section as

I
_S= N o (4-3)

0 sca
where N is the number of spheroids per unit area. Similarly, for the

absorption cross section, the relation is given by

I

a _
_0 = N Uabs . (4—4)

Equation (4-2) then becomes

Lo _ 1

T; 1 -Ngo

total

where the total cross section, as defined earlier in Eqs. (2-42a) and
(2-42b), has been used. The optical absorbance is then related to the

total cross section as



I
0 1
Absorbance = 10g4n|s—| = log ( . (4-5)
10[It] 10T - Noy i

In deriving Eq. (4-5), the assumption has been made that none of
the scattered light reaches the detector. The detector is placed
behind the sample as shown in Figure 4-1. It measures the intensity
of the 1light falling upon it, independent of whether the 1ight was
transmitted or scattered. To account exactly for the scattered intensity
reaching the detector, one would need to calculate the scattering cross
sections by integrating Eqs. (2-47a) and (2-47b) over all solid angle
except that subtended by the detector. The solid angle subtended by
the detector was measured to be about n/10 steradian. Since this is
only 2.5% of the total solid ang]é, it was felt that neglecting the
light scattered directly into the detector would be a reasonable
‘approximation. An exact calculation was made for s-polarization
involving the integration of the differential scattering cross section,
Eq. (2-47a), over all solid angle but the detector. The only differ-
ence was that the factor of 8n/3 in the scattering cross section turned
out to be 8.03 in the exact cross section. This difference is small
enough so that neglecting the light scattered directly into the detector

is an adequate approximation.
B. EXPERIMENTAL RESULTS

The CARY, modified with the sampie mounts mentioned earlier, is
capable of measuring the optical absorbance for all angles of incidence

up to around 70° throughout the near ultraviolet and visible spectrums.
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Figure 4-1. Illustration of the sample orientation. L is the 1ight source; D is the detector; S is
the sample and 0 is the angle of incidence. '
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From the plots of the cross sections presented earlier, it is seen that
most of the interesting details concerning the scattering and

absorption of light by silver spheroids is contained within the wave-
Tength region of 300 nm to 500 nm. From Eqs. (2-48a) and (2-48b), it

is seen that the cross sections for both polarizations (s and p) could
differ greatly for nonnormal angles of incidence. In an effort to
observe this angular dependence, experimental optical absorbance measure-
ments were made at angles of 0°, 45° and 70°. Both'po1arizations of
incident 1ight were used in the wavelength region from 300 nm to 500 nm.
The samples were those described in Section 3A.

The digitized experimental data are shown in Figures 4-2 and 4-3.
Figure 4-2 is the data for s-polarization at the labelled angles of
incidenceﬁ Figure 4-3 is for p-polarization at the same angles of
incidence. In all data taken, there was a slight peak or shoulder
around the 354 nm region. From the experimental bulk optical data, it
is found that this occdrs for frequencies, w, where Re e(w)* -2. It
was shown, in Figure 2-4 on page 25, that e]m(ino) converges to -2
as the shape approaches that of a sphere. It is therefore assumed that
the slight peak or shoulder in this particular region (=354 nm) is due
to the presence of small silver spheres that are not resolved in the
electron microscope or to a small portion of the particles, visible in
the micrographs, that have very nearly spherical shapes. The scattering
and absorption of light by spherical particles is a fairly well under-
stood phenomenon and so, here, it is only a minor poiht of interest as
a 1imiting case. The peak or shoulder due to the spherical particle

contribution has thus been subtracted away from the experimental data.
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8.9

300 500
WAVELENGTH (nm)

Figure 4-2. Optical absorbance as a function of wavelength for
: s-polarization. This is the raw experimental data. The
curves shown are for 0°, 45°, and 70° angles of
incidence.
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OPTICAL |
ABSORBANCE

0.8

WAVELENGTH (nm)

Figure 4-3. Optical absorbance as a function of wavelength for
p-polarization. This is the raw experimental data. The
curves shown are for 0°, 45°, and 70° angles of incidence.




To remove the spherical particle contribution, the short wavelength
tail of the m=1 absorbance peak was extrapolated through the 354 nm
region such that it passed through without a shoulder or peak. This is
shown for the normal incidence data in Figure 4-4. This was done for
all s-polarized data and then it was digitized again. It is in this
form, shown in Figure 4-5, that the s-polarized data are compared with
theory. The s-polarized data without the spherical contribution is
then subtracted from the original s-polarized data. This difference
was then subtracted from the p-polarized data. The resulting
p-polarized data are shown in Figure 4-6 and it is in this form that

it is compared with theory.
C. COMPARISON: THEORY AND EXPERIMENT

The theoretical absorbance for a single shape of silver spheroid
was calculated and is shown in Figures 4-7 and 4-8. Figure 4-7 is for
s-polarized incident light at the labelled angles of incidence while
Figure 4-8 is for p-polarization. The number of particles per unit
area was chosen so that the experimental and theoretical peak maxima
would be the same height. Note that all the theoretical peaks are
narrower than the experimental peaks. The additional peak broadening
in the experimental data is attributed primarily to the presence of a
distribution of particle shapes. The particles are known to have a
distribution of sizes (see Figure 3-1 on page 41 and Figure 3-2 on
page 42) and so it is reasonable to assume that there exists on the
sample some distribution of particle shapes. Since there are no

smaller peaks about the experimental peak, then there should exist on
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Figure 4-4. Optical absorbance as a function of wavelength for normal
incidence; spherical particle subtraction. The dotted
curve is the original experimental data. The solid curve
js the same data but with the spherical particle contri-
bution taken out.
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Figure 4-5. Optical absorbance as a function of wavelength for
s-polarization at nonnormal angles of incidence. The
spherical particle contributions have been taken out.
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Figure 4-6. Optical absorbance as a function of wavelength for
p-polarization at nonnormal angles of incidence. The
spherical particle contribution has been taken out.
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Solid Line—Theory ' 70
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|
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WAVELENGTH (nm)

Figure 4-7. Optical absorbance as a function of wavelength for
s-polarization. The dotted curves are experimental data.
The solid curves are the best theoretical fit using a
single minor-to-major axis ratio of 0.16.




Figure 4-8.

Dotted Line—Experiment
Solid Line—Theory
p-polarization

WAVELENGTH (nm)

Optical absorbance as a function of wavelength for
p-polarization. The dotted curves are experimental data.
The solid lines are the best theoretical fit using a single
minor-to-major axis ratio of 0.16.
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" the sample a distribution of shapes centered about a single shape of
particle. Theoretically, this has been accounted for by calculating
a weighted cross section for single particles with a Gaussian dis-

tribution [4.1] of shapes.

2
1 2
1 2s
Oyye = J o —e dR . (4-6)
Wt 0 total JZ_‘n'- S

The weighted cross section shown above was numerically calculated with
RO’ the central minor-to-major axis ratio, being chosen so that the
location of the theoretical and experimental (m=1) peaks would be at
the same wavelength. The variable s is the standard deviation in the

Gaussian distribution of shapes. The value of s is varied to make the

width of the theoretical absorbance match as closely as possible to

the experimental data. The term is a normaljzation factor.

V2n s

From Figure 2-7 (page 29), one can see that the position of the m=]
peak shifts significantly with small changes in the minor-to-major
axis ratio while the m=0 peak shifts relatively little. This lends
greatly to the broadness given the peaks by the Gaussian distribution
in shapes. The theoretical absorbance for normal incidence is now
much closer to the experimental absorbance at normal incidence as is
shown in Figure 4-9. The theoretical absorbance was calculated using
a central minor-to-major axis ratio of 0.155 and a standard deviation

of 0.04. The constant N, chosen to match the peak height, is

8.2 x 10'7 particles/square Angstrom. This converts to 82 particles/



Dotted Line—Experiment
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0.8
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Figure 4-9. Optical absorbance as a function of wavelength for normal
incidence. The dotted curve is the experimental data.
The solid line is the best fit using a Gaussian distribu-
tion of minor-to-major axis ratios.



64

square micron which is very close to the measured particle density of
83 particles/square micron determined from the electron micrographs

in Section 3A. Figures 4-10 and 4-11 are curves for the theoretical
and experimental absorbance at nonnormal angles of incidence for each
polarization. Again a central minor-to-major axis ratio of 0.155
along with a standard deviation of 0.04 was used for the shape
distribution calculation. For the s-polarized calculations, nonnormal
incidence, the constant N chosen to match the experimental peak
heights turned out to be less than the measured particle density. The
reason for this is thought to be that s-polarized light is partially
reflected by the quartz slide in the reference chamber. This would

. reduce the measured value of IO and cause the measured absorbance
values to be too small. The p-polarized calculations displayed a
different effect. For p-polarized incident 1light, the constant N
needed to fit the peak maxima was greater than the measured particle
density. This increase is thought to be due to the presence of more
particles in the beam caused by the converging and diverging path
that the beam follows in passing through the slide.

In matching theory and experiment, the theoretical minor-to-major
axis ratio was chosen so that the location of the longer wavelength
peaks would coincide. This meant that most of the differences
between the theoretical and experimental absorbance curves would lie
in the location and height of the shorter wavelength (m=0) peak. One
can see this in Figure 4-11. Probably a more accurate method of

determining particle shape is to use the locations of both the m=0
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Figure 4-10.

WAVELENGTH (nm)

Optical absorbance as a function of wavelength for
s-polarization at nonnormal angles of incidence.
dotted curves are the experimental data. The solid
curves are the best theoretical fit using a Gaussian

distribution in minor-to-major axis ratios.
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Dotted Line—Experiment
5 Solid Line—Theory
p-polarization

OPTICAL
ABSORBANCE

WAVELENGTH (nm)

Figure 4-11. Optical absorbance as a function of wavelength for
p-polarization at nonnormal angles of incidence. The
dotted curves are the experimental data. The solid
curves are the best theoretical fit using a Gaussian
distribution in minor-to-major axis ratios.
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and m=1 peaks. Figure 4-12 allows one to use the locations of both
the experimental peaks to determine the most probable shape. In
Figure 4-12, the experimental data has been placed below the graph
from Figure 2-7. The experimental data is for p-polarization at 70°.
To determine the shape from this figure, vertical lines are drawn
from the experimental peaks extending through the curves in the
figure immediately above. Ideally, a horizontal line could be drawn
through the two intersection points which would intercept the shape
axis at the appropriate value of the minor-to-major axis ratio. In
pracfice, the best measurement of average shape is made by construct-
ing a horizontal line from the shape axis that almost passes through
the two points of intersection. This has been done in Figure 4-12

and the minor-to-major axis ratio determined in this manner is 0.2.
D. SOURCES OF ERROR

The presence of a quartz substrate may contribute some errors
that are not completely compensated for by the use of the quartz slide
in the-reference beam. One effect may be that of an image charge in
the substrate. The image charge is a dipole charge distribution on
an oblate spheroid within the quartz but opposite in sign and smaller
in magnitude than the distribution within the silver spheroid. The
calculations of this effect [4.2] reveal that the effect of the image
upon the absorbance is negligible until very small minor-to-major axis
ratios are reached. The effect, if any, of the image on the

absorbance is to shift the position of the m=1 peak to longer
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.Two-peak method for determining the minor-to-major axis

ratio. The bottom curve is experimental data for p-
polarization at 70°. In the top figure are the curves
from Figure 2-7 on page 29.
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wavelengths (lower energies). If the effect is significant, then the
actual minor—to-m;jor axis ratio of the silver spheroids is slightly
larger than the one used in matching the experimental and theoretical
curves. With a larger minor-to-major axis ratio in fhe theoretical
calculations, the position of the m=0 peak would be shifted to a
longer wavelength and slightly better agreement between theory and
experiment might be attained.

Another possible source of error is the bulk optical data used
in the numerical calculations. An error in the real part of e(w)
would produce an error in the position of the peaks and any error in
the imaginary part would show up in the heights of the peak. For all
calculations, the real and imaginary parts of the dielectric response
were determined by a linear interpolation between the nearest two sets
of values for e(w) given in the experimental data.

Any deviations in the average particle density or shape as a
function of position on the slide would also produce some error. The
s1it width in the spectrophotometer is automatically varied by the
instrument to allow for the spectral response of the photomultiplier
tube. At various wavelengths, the slit width differs and so either
more or less area of the sample slide is illuminated by the incident
beam. Any variations with position on the slide of the average
particle shape or average particle density would then produce some
error. This type of error is thought to be small because the coloring
of the sample slide appeared to be uniform when viewed by transmission
and also there was no detectable difference in particle density as a

function of position when the sample surface was viewed with a SEM.
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E. CONCLUSIONS

Many workers (referenced in Chapter I) have studied the
scattering and absorption of electromagnetic waves by various means.
The uniqueness of the work presented here stems from the fact that
the shape of the object can be quantitatively determined from simpie
measurements of optical absorption and scattering. The analysis
requires that the buik optical properties of the spheroid material be
known in the region of interest. The theory, while somewhat long and
algebraically tedious, is a straightforward calculation utilizing only
classical electromagnetic theory. So long as the size of the scatter-
ing or absorbing object is small compared to the wavelength of the
incident electromagnetic wave, the theory can be applied to any
oblate spheroidal object. The theory can also be easily modified for
the presence of an exterior dielectric.

Recently, samples such as the ones used in this work have been
used as substrates in surface enhanced Raman scattering (SERS) experi-
ments. It is believed that the electric field enhancements near the
spheroid, which occur at the resonant frequencies, aid in producing a
sfrong Raman signal. Oblate spheroids produce large electric field
enhancements at different wavelengths depending upon their shape and
composition. Thus, by selecting the spheroids' shape and material,
SERS substrates may be tuned for maximum enhancement at selected
wavelengths. Therefore, these substrates may prove to be very useful

to workers in that field.




The theoretical section should be useful to future workers in

any field who find that a spherical approximation will not adequately

describe their problem. A more exact treatment may be found with the
use of oblate spheroidal coordinates. As was shown by this work,

asphericities can produce some of the more interesting and important

aspects in the study.
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APPENDIX A

RELATING CARTESIAN TO OBLATE SPHEROIDAL VARIABLES

In this appendix, the three cartesian variables, x, y and z are
each related to the three oblate spheroidal variables n, y and 4. The

end result should be that given by Egs. (2-3a) and (2-3c).
2 2 2

From Eq. (2-1), first let x“ + y© = r° and after some manipulation,
the relation becomes
r2 1/2 :
z=an1-2—2— . (A-])
a“(1 + %)

Now, upon taking the derivative of z with respect to r in Eq. (A-1)

-

one arrives at

dz rn

dr (A-2)

Z \1/2

21+ a1 - =
a®(1 +n%)

From Eq. (2-2) and again letting x2 + y2 = r2 and solving the equation

for z, one gets

z rt 1) (A-3)
= a —————— - . -
“[az(] - ) ]

Again, the derivative of z is taken with respect to r but this time in

Eq. (A-3), so one gets
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dz _ ru

dr 2 1/2
2 r
a(l - ) |———%— -1
[62(1-112) }

Since the ellipses of Eq. (2-1) and the hyperbolas of Eq. (2-2)
are required to be orthogonal, the derivative in Eq. (A-2) must equal
the negative of the reciprocal of Eq. (A-4). Upon setting these equal

and after some manipulation one gets

2 1/2[ 2 1/2
2 2 2 2 r r
= a“(1 (1 -1 - o
rnu=a n u { a2(1'*n2)) [62(1_ u2) ]

From Eqs. (A-1) and (A-3) one can see that

2 1/2
V- T (A-6)
ac(1 +n%) an
and
2 1/2
-7 " ‘] " (A-T)
a~(1-y%) s

Upon substituting Eqs. (A-6) and (A-7) into Eq. (A-5) one gets

2 2 (0 +'n2)(1 - uz) _

r- =12 27
nu

(A-8)

Upon taking the square of Eq. (A-1) and inserting the result into

Eq. (A-8), one can manipulate the result to get

r=a( o) 20512 | (A-9)




The variable r may be related to x and y by the azimuthal angle .

The relations are

>
n

r cos ¢

and

r sin ¢ .

~<
]

This leaves x and y in the form given in Eqs. (2-3a) and (2-3b) where

a(l + n2)1/2(] . u2)1/2

x
]

cos ¢ (2-3a)

and

a1 + )2 V2 g0y (2-3b)

~<
!

To find the relation for z, refer back to Egs. (2-1) or (2-2) and insert

the relation for r found in Eq. (A-9) into either of these equations.

After some manipulation one arrives at Eq. (2-3c)

zZ=anu . (2-3c)



APPENDIX B
SOLUTIONS TO LAPLACE'S EQUATION

Laplace's equation in oblate spheroidal coordinates is given by

(8.1]

e [ Y 0D
a(n +u) n n H U
2 2 2
+ n 2+ u 5 3 g} =0 . (B-1)
(1 + 07000 - u%) 8¢

The method of solution is the standard separation of variables

technique. Upon inserting the potential as given by

and dividing by the potential, Eq. (B-1) becomes

| —

2

2 2
{(1 + ﬂz)(1 - )]{l.ii [(n2 +1) %%} + %-ﬁ% [(1 - uz)-gg]+

2
é_ﬂ] = 0.

Note that the last term is dependent only upon the variable ¢.and
thus it must separately equal a constant. Let the constant be -mz,

then the last term becomes

d79(e) _ _n24(4) . (8-3)
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Here the partial derivative is allowed to be a total derivative because
it is a function of only the one variable ¢. The solutions to

Eq. (B-3) are [B.2]

1]

K__ cos(m¢) p = +1

mp
(¢) = . (B-4)

me sin(mo) p

Jnp

1]
}
—

Equation (B-2) can now be written as

(B-5)
Note that each of the terms in the large brackets is dependenf only
upon n or u. Each term then must separately equal a constant;
because their sum must be zero, one must be the negative of the other.
Upon letting the constant be ¢(g+1), Eq. (B-5) may be separated into

two differential equations

1d ((1 + 2) -‘E] + __Zm = o(g + 1) (B-6)
Fdn { T BT

and
Ly [(1 - 8 ﬁ) LM e (8-7)
G du du 1 - 112

The solutions to the differential equation (B-7) are the familiar

Legendre polynomials [B.3]



6(n) = [A, P, () +B, 0

(w)] . (B-8)

Lm

The solutions to the differential equation (B-6) are the Legendre

functions of imaginary argument [8.2]

F(n) = [C, P,(in) + D, Q (in)] . (B-9)

LmTam

The complete solution to Laplace's equation in oblate spheroidal
coordinates is obtained by combining the solutions of Egs. (8-4), (B-8)
and (B-9)

. Kmpcos(m¢)

V= zzo mzo p}ﬂ [ComP om0 4Dy (1) TGP (1) 48 50y (1) ]

mesin(m¢)
(B-10)
Upon applying the solutions to a spheroid, the potential must remain
finite everywhere. Note that for g = 0 and 8 = 7, u = +] and also
that sz(tl) approaches infinity at these points [B.4]. Therefore,
the coefficients Bzm = 0. The remaining terms containing B and ¢

dependencies may be combined to form the real spherical harmonics

ngp(8,¢). This leaves the solutions as

V= T T T e Pan(in) + g0 (i) 1Y, (8se) (8-11)

2=0 m=0 p=#1 AmLm &mp

The real spherical harmonics are obtained from [B.5]
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(2-60) (20+1) (1-m) 1)1/ a
Yzmp(8’¢) ) L A 2+m) | sz(“)(dp

cos(mg) + 5;1sin(m¢)) .

If the solutions are separated into interior and exterior

solutions, one may write

@ 2
v, = N . )
n QZO mZO p= z"‘][ S?,mp Q,m ) DQmPQQm(]n)]YQmp(B’M (B 123)
and
© L |
Yout = Lo Ly L EoampPan( ) ngp I ¥ (8,0) . (B-120)

Again the condition that the potential must remain finite everywhere

is applied. Note that Q, (i0) approaches infinity [B.6], so that the
Lm

coefficients D, = 0. Similarly, since Poq(ing) approaches infinity, the

coefficients Cp = 0. Finally, Egs. (B-12a) and (B-12b) are written as

V. = C, P in)Y s B-13
mn 220 mzo p2;1 wmpPam 1) wmp(£29) (8-13a)
and
v = (in)Y Byd) . B-13b
out ZEO mzo pj;] Qmezm n) Qmp( ( )

The potential needs to be continuous at the surface of the spheroid

so Egs. (B-13a) and (B-13b) are written as

v. =) Y I A (iny)P, (in)Y _ (8,9)
in 220 m=0 p=t1 zmp gm0’ am mp



= I I B, P (ing)Q, (in)Y, (8,¢) .

Vout 2mp m mp

2=0 m=0 p=z]

This is the general form for the potential, both inside and outside

the spheroid, as is given in Eqs. (2-7a) and (2-7b) of Chapter II.




APPENDIX C

DERIVATION OF THE TOTAL CROSS SECTION

This appendix fills in the details between Eg. (2-37) and
Eqs. (2-42a) and (2-42b). Only the important steps are given here;
the purely algebraic steps are deleted for brevity.

The numerator of Eq. (2-37) will simplify to

B é% Re[(Eg - Kica) +(n 'ﬁo)(gsca '56)"(ﬁ '56)(ﬁo 'Esca)] -0 da . (C-1)

The scattered electric fields are given by Eq. (2-28). The unit
vector in the direction of observation is n and is given in Eq. (2-39).
The unit vector in the direction of propégation is 60 and is giVen in
Eq. (2-39). The incident electric field takes on different forms
depending upon the polarization. The form of the electric fields for
both polarizations (s and p) is given in Egs. (2-41a) and (2-41b).

The total cross section is then obtained by dividing Eq. (C-1) by the
incident power per unit area

P.
inc _

c
area 8w IEO

2
| (Cc-2)
and integrating over all solid angles. First, the integration is

carried out for s-polarized incident fields. Upon making the required

substitutions for s EO’ n and ﬁO, the integral for the s-polarized

Rsca

total cross section can be shown to be
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2 .. ikr{(n np)
Stotal ‘ = - J Re i%— [e'1kre 0 a;(1 - sinze cosz¢)
-pol cr :
. -ikr(nen,)
+ e1kre 0 ax(sin O sin® sin¢ - cos ©O CosH

3

- 2 sin o sin’s cos3¢ sing

+2cos 0 sins cose c052¢)]]da ) (C-3)

This integral can be done rather easily if some substitutions are
tikr(ﬁ-ﬁo)
made. The plane wave expansion for e [C.1] in terms of real
spherical harmonics and spherical Bessell functions is
tike(nen % %

)
e 0 can J s i lke) T T ¥ (0,00

(0,9) . (C-4)
2=0 m=0 p=+] <P

Lmp

The coordinates r, 6 and ¢ are the spherical coordinates of the wave
with wave vector &. The angles © and ¢ are the polar and azimuthal
angles of incidence. From Figure C-1, one can see that ¢ = n/2 and
=1 - 0. The terms in Eq. (C-3) containing © and ¢ are now recast

in terms of the real spherical harmonics [C.2]. These are found to be

. 2 1 [f4rn 1] 1 12
1 - sin%e cos%y = 3 /o Yéo(e,¢) + 53[5 Yoolo.8) -5 [~ Y;2(6,¢)
(C-5)
sing sing = fi? Y{}(e,¢) (C-6)

e 1
cose = [ ¥]q(0.0) (c-7)




Figure C-1. This diagram shows the angles © and ¢ that the unit vector

ﬁo makes with respect to the z and x axes.
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. . 1
sins c052¢ sing = / 430" ég 33(8 o) + jﬁ; ; (e 6) - {ﬂiﬂ é% 3}(9 )

(C-8)
sinze cos® cosz¢ =/—E;E-é%-Y;2(e,¢) -jggi-% YLO(G o) +jzE ; 10(e,¢) .
(C-9)

The integrations may now be carried out rather easily because of
the orthogonality of the spherical harmonics. Upon integrating, the

first term turns out to be

2 %y

2 ! jT J,(kr)Y 20 (o,n/2) - (i ) j@ J'z(kr)Y122 (6,ﬂ/2)]]

) (C10)

2 .
_ dmw r -ikr .10 2 . 1 =
oy = -ReF————-e a* [(1) 3 4 Jo(kr)YOO (6,n/2)

The spherical Bessel functions for 2=0 and 2=2 [C.3] are

jglkr) = STRUkT) (c-11)
. _ 3 sin(k 3 (kr) in(kr) .
3(kr) = ?L:)3r) } ?Ei)zr ) S1Er r (c-12)

If the integration is carried out over a sphere with a large enough
radius, then terms with 1/r2 and 1/r3 will converge to zero. Thus
upon letting k = w/c, Eq. (C-10) becomes

. owr
_'] —
= -Re Amw e € ox sin(%?) (C-13)

o}
1 c X

Similarly, Egs. (C-6) and (C-4) are substituted into Eq. (C-3) to

yield
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_ w'r ikr . 1 fm -1 =
g, = -Re 7;? ae sin Q 4r(d) Jl(kr)“ 5 1 (o,m/2)} . (C-14)

The 2=1 spherical Bessell function [C.3] is given by

j1(kr) _ sin{kr) _ cos(kr) (C-15)

(kr)z - (kr)

and Eq. (C-14) can be shown to be

" —

wr
o, = —Re[ﬁIE a_e C(1') cos(%—r—)sin2 @] . (C-16)

The third term in Eq. (C-3) is found in a similar manner to be

. wr

'l —

Y € (5 WPy sl }
oq = -Re[ T o8 (i)cos( c)cos O} . (C-17)

The fourth and fifth terms in the integration of Eq. (C-3) will

utilize the 2=3 term of the spherical Bessell function

. 15 6 . 15 1
33(kr) = [(kr)4 - (kr)zJ sin(kr) - [(kr)z - (kr)} cos(kr) . (C-18)

Upon following the described technique, these terms are found after

some manipulation to be zero.

= =0 . (C-19)

The total cross section for s-polarization is obtained by taking
the sum of Eqs. (C-13), (C-16), (C-17) and (C-19) and after some

manipulation the cross section is found to be



4 T er . L
Ototal I = -Re{«—g9 [a; e S1n(%;) + 1axcos(%;)e C]J . (C-20)
s-pol J
Now use Euler's equation [C.4] for et]kr, the cross section becomes
9total ‘ = -Re 5%2 [cos(%;)sin(%g)(a; - 0‘x)
s-pol
- sin?(¥T) (ia*) + cos(2) (fa.) (C-21)
C X o X '
By letting
@, = Re ey + 1 Im ay s
* = -3
ay Re a, -1 Im a s and
a* = o =-21 Ima_ ,
X X X

then Eq. (C-21) is shown to be

_ e [ . el wr .
o ‘ = -Re|—= |sin(*X) cos(®)(-2i Im o)
total s-po] { C c c X
. 2,wr . 2,00 . 2,0 2,00
-i Re ax(cos (730 -sin (7;))- Im ax(swn (7;)-+cos (7;))}]

(C-22)
Taking only the real part, the total cross section for s-polarization

becomes

2 Amw o (C-23)

The total cross section for p-polarization is found by following

the same basic procedure. The incident electric field now takes the
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form given in Eq. (2-41b) and is substituted into Eq. (C-2) along with

the relations used previously for , n and ﬁo. The total cross

Esca
section is then

2 ¢ ikr(n-n.)
Ttotal l = - { Re-ﬁ%~[e ' 0 (a*cos2 o (1 - sin% sin%)
p-pol cr Y
+ a; sin2 €] sinzef- (a; + az)sin ® cos © sind cosH sin¢)
- ikr -ikr(ﬁ-ﬁo)
+e e [-aycos 0 cosd + azsin 0 sind sine]} da.

(C-24)
Again the terms containing the angles 6 and ¢ are recast into a

form using the real spherical harmonics. These are found to be

(1 - sinfo sine) = & /B v (0,00 +3[T h(0,0) +[TET ¥)o(5,0)
(C-25)
sinfe = £ /Ix Yéo(e,¢)--§f§§ Y;0(9,¢) (C-26)
sine cose sing = % TEF Yé}(e,¢) (C-27)
cosg = jzg Y}O(e,¢) (C-28)
sing sing = jz; Y71(8,4) (C-29)

If Eqs. (C-25) through (C-29) are substituted into Eq. (C-24) along
with the plane wave expansion of Eq. (C-4), then the integration can be

carried out with relative ease because of the orthogonality of the




spherical harmonics. The results, after integrating, contain the

spherical Bessell functions for 2=0, 1 and 2. The forms for these
are given in Egqs. (C-11), (C-15) and (C-12), respectively. After con-

siderable manipulation, the results of the integrations are found to

be
- Re[ATY o B w_cr‘ sin(®0) cos? o] (C-30)
oy = T o e -
= Re[2TY 4 B w_cr in(“0) sin® o] (C-31)
o,y e[ ot e sin(=Z
. wr
—'| —
o4 = Reﬂigg(a;-+a;)e ¢ sin(%?) sinz-e cos2 0] (C-32)
dnw i wTr wr 2
oy = ReE—E— i o, e cos(T;) cos” 0] (C-33)
= Reﬁﬂlg i ei %; cos(Bﬁ) sin2 0] (C-34)
95 c ' 9%z c y

The total cross section for p-polarization is the sum of
Egs. (C-30) through (C-34). Upon taking the sum and manipulating

properly, the cross section turns out to be

. wr
draf 7 Why o 2 . 2
% total p-io] Re[ c [e sin(=Z )[ay cos” © + a* sin® @]

. wr
'I —
+e ° cos(%?)[i ey cos2 0+ i o, sin2 G]}J . (C-35)

Now, upon letting



- 2 .2
o ay cos 0O + az sin- 6
a* = a; cos_2 0+ a; s1’n2 0
@« =Rea+1i1lIma (C-36)

a* =Reg-1Ima

a* - a = -21 Im a

and using Euler's equation for ei1kr, Eq. (C-35) becomes

I =-Re[£gg [-Zi Im<xcos(9£)sin(%F)+1 Re a[COSZ(%;)- sinz(%?)]

Otota] ¢
p-pol

- Im a[sinz(%§)-+cosz(%§)]}l . (C-37)

Taking only the real part and using the relation for a given in
Eq. (C-36), the final form of the total cross section for p-polarization

is seen to be

‘ =319 n le cos? oo+ o, sin o . (C-38)
p-pol

%total y

The total cross sections derived here in Egs. (C-23) and (C-38)

are those given in Chapter II by Eqs. (2-42a) and (2-42b).
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