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ABSTRACT

The purpose of this investigation has been to imple-
ment, in the form of computer programs, two algorithms
which are used in the synthesis of multiple level combina-
tional networks. The algorithms implemented were devised by
Professor Paul E. Wood, Jr., of M.I.T., and by Professor
Eugene L. Lawler, of The University of Michigan. In the
course of the investigation a more efficient way of imple-
menting the two algorithms was discovered. The combined
version of the algorithms takes advantage of the best
features of the original algorithms.

In the synthesis of multiple level combinational net-
works minimal complexity is high desirable. The whole point
of minimizing a network is that this leads to lower manufac-
turing cost, greater ease of construction, and greater
reliability for the electronic circuit being designed.

The computer programs which were developed to implement
the algorithms can minimize Boolean expressions with as many
as seven variables. Theoretically, there is no limit to the
number of variables per expression that can be minimized by
these algorithms. But when an expression has more than
seven variables, the processing time increases dramatically,
and for this reason this number was set as a limit.

The final solutions obtained from the compute programs
are minimal two and three level multiple-input single-output
Boolean expressions which realize a given set of conditions.
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CHAPTER 1

INTRODUCTION

Switching networks are used in the construction of
computers and many other electronic devices. In the design
of these networks minimal complexity is highly desirable.
The ideal minimum complexity network which has a specified
behavior has the least possible number of one or more of the
following: switch elements, gate inputs, gate elements,
gate fan-in, gate fan-out, and levels of switching.

The minimization of a given network can be achieved by
trial and error, or by systematically reducing the Boolean
expression which represents the network. The whole point of
minimizing a network is that this leads to lower cost,
greater ease of construction, and greater reliability for
the machine being designed.

The objective of this thesis is twofold: first, to
present the theoretical background leading up to three
algorithms used to minimize Boolean expressions; second, to
describe the computer programs which implement these
algorithms.

In 1854, George Boole, an English mathematician, pub-
lished a work on systematic logic (1). Since then this
system of logic has become known as Boolean algebra. The
first person to use Boolean algebra to analyze switching

1



2
networks was C. E. Shannon in 1938 (2). Thereafter Boolean
algebra has been used extensively in the analysis and
synthesis of switching networks, because the structure of
these networks can often be described in terms of Boolean
expressions.

As will be shown later, given a certain desired
behavior for a network, there are an infinite number of
equivalent network structures (Boolean expressions) which
will produce this desired behavior. There are trial and
error methods for finding minimal expressions, but if the
number of terms and/or the number of variables in the
expression are large, then these methods are time consuming
and unsystematic. This is where the value of systematic
algorithms lies. If they can be programmed, then the
computer can do all the tedious work in a matter of seconds.

In Chapter II the theoretical background of a minimiza-
tion algorithm devised by Paul E. Wood, Jr. of the Lincoln
Laboratory of M.I.T. (3) is presented. A number of theorems
associated with this algorithm will be stated without proof,
although the necessary references will be given. Chapter
ITII consists of an outline of Wood's algorithm and a
description of the program which implements the algorithm.
In Chapter IV, some additional theoretical background for
the second minimization algorithm, which was devised by

Eugene L. Lawler of the University of Michigan (4), is



presented. This also includes some additional theorems
(without proof) and their corresponding references. The
last part of Chapter IV is a description of the program
which implements Lawler's algorithm. Chapter V includes:
(a) a flow chart of an algorithm which combines the best
features of Wood's and Lawler's algorithms; (b) a comparison
of the three algorithms; (c) some studies on the relation-
ship between the number of variables of a Boolean expres-
sion, the number of minterms of a Boolean expression, and
the amount of time required by the three computer programs
to minimize various functions; (d) a summary of the thesis
and some conclusions. Finally, in the Appendices the
following are presented: Appendix A - a list of Boolean
theorems used in the minimization of Boolean expressions;
Appendix B - an example of a minimization using Wood's
algorithm; Appendix C - an example of a minimization using
Lawler's algorithm; Appendixes D, E, F, - listings of the
programs which implement Wood's algorithm, Lawler's
algorithm, and the combined algorithm, with some examples of
minimized functions.

Two previous theses have dealt with the general area
of minimization of Boolean expressions. The first (5)
presents a number of different methods for finding the prime
implicants of a Boolean expression. The second (6) deals

with the minimization of multiple-output-two-level Boolean



functions. This thesis is concerned with algorithms for
determining minimal two-and-three-level-single-output

Boolean functions.



CHAPTER 1II

THEORETICAL BACKGROUND FOR WOOD'S ALGORITHM

Most of the following material is presented in greater

detail in the book Switching Theory by Paul E. Wood, Jr.

(83). The following summary is presented here so as to
provide the reader with a frame of reference for the
pursuing work.

A switching network is a group of logical operators or
their electronic counterparts (AND, OR, NOT gates, for
example) interconnected in such a way as to perform some
useful function. Switching networks can be broken up into
two classes: combinational networks and sequential net-
works. A combinational network is one in which the present
output is uniquely determined by the present input. 1In a
sequential network the present output is a function of the
previous input(s). In this thesis only combinational net-
works will be considered.

A switching network can be considered from two points
of view, that is, in terms of its structure and/or in terms
of its behavior. The structure of a switching network is
the interconnection pattern of its components. The behavior
of a switching network is the cause-effect relationship
between the input and the output. From this point of view,

the structure of a network is considered as a '"'black box"
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which when given a certain input, produces a corresponding
output. This thesis will be concerned with the minimization
of the structure of switching networks and not with their
behavior.

The structure of the networks that will be considered
will be specified in terms of Boolean functions and expres-
sions. The combinational networks to be studied will be
two-valued, that is, their components can take on only one
of two values (0-1, true-false, on-off, etc.) at any given
time. It is for this reason that Boolean algebra is useful
in switching theory. It serves as a mathematical language
for the description of two-valued combinational networks.

The networks considered in this thesis will consist of
input terminals, switches or gates, interconnecting lines,
and output terminals. For each of the input and output
terminals there will be assigned a two-valued variable. The
input variables will be denoted by the sumbols ...,x,y,z,
and the output variable by ...,f,g,h.

The input-output relationship of a network can be
represented by a table of combinations (see Table I) or by a
Boolean function.

A Boolean function is an equation which states that the
output(s) of a switching network depends on the inputs and
on the internal structure of the network. This type of

function has the following general form: f(...,Xx,y,z) =



TABLE I

TABLE OF COMBINATIONS FOR F(X,Y,Z) = X'Y'Z' +
X'Y'Z + X'YZ' + XYZ

Input Output

Decimal XyZ f(x,y,2z) Minterm Maxterm
0 000 1 x'y'z' X+y+Z
1 001 1 X'y'z X+y+z'
2 010 1 x'yz' X+y'+2z
3 011 0 Xx'yz X+y'+z'
4 100 0 xy'z' X'+y+z
5} 101 0 Xy'z X'+y+z'
6 110 0 Xyz' X'+y'+z
7 111 1 Xyz X'+y'+z!

"expression,'" where 'expression'" is a combination of any of
the following:
(a) a constant (0 or 1)
(b) a variable or its complement (...,X,y,z or
X',y ,2")
(c) if A and B are expressions, then A + B (A or B),
AB (A and B), A' (not A), and B' (not B) are
expressions, where A and B are generic variables
that represent constants, variables, or other
expressions.

In Appendix A there is a list of postulates and



theorems on Boolean algebra which are used to describe and
to simplify Boolean expressions. By applying these theorems
any expression can be manipulated into an infinite number of
equivalent but distinct expressions. The following is an
example of some of these transformations with references to
the Boolean theorems (see Appendix A) used to obtain the
equivalent expressions.
f(x,y,z) = x'y'z' + X'y'z + X'yz' + Xyz

= x'y'(z' + 2) + Xx'yz' + xyz (Distributive Law)

= Xx'y' + x'yz' + Xyz (Idempotent Law)

= x'(y' + yz2') + Xyz (Distributive Law)

=x'"(y' +y) (y' + 2') + xyz (Distributive Law)

x'(y' + 2') + Xyz (Idempotent Law)
The fundamental theorems of the Boolean algebra of

expressions are the following:

Theorem 1. (The canonic-sum-form of an expression)
(3, p. 21).
f(xl,...,xn) = 2:(X1*x2°°°xnf(a1’a2’°°"an))
where x.* = x, if a., =1
i i i
or x.* =x."if a, =0
i i i

and Zdenotes the Boolean sum over all

(al,az,.,,,an)withai=1or(L i=1,2,...,n

Theorem 2. (The canonic-product-form of an expression)

(3, p. 21).



f(xl, .,xn) = fT(xl* + Xg¥ + ...+ X ¥ + f(a),8,5,...,2))
where xi* = X if B, - 0
or xl* = X, if a; = 1
and f¥fdenotes the Boolean product over all
(al,az,..,,an) with ai=1 or 0, i=1,2,...,n
The product term xl*xz*.,.xn* is called a minterm, and
the sum term Xy + x2* + ... + xn* is called a maxterm. Some

examples of these are given in Table I, p. 7. Any expres-
sion can be manipulated into either of two equivalent forms
(a sum of minterms or a product of maxterms) by applying the
Boolean theorems as in the example above (p. 8).

The sum-of-minterms expression is called a canonic sum,
and the product-of-maxterms expression is called a canonic
product. For the function shown in Table I, the canonic sum
is: f(x,y,z) = x'y'z + xX'yz' + X'yz + Xyz

= 000 + 001 + 010 + 111

= 2(0,1,2,7)
For the same function the canonic product is:
f(z,y,z) = (x+y'+2') (X'+y+z) X'+y+z') (X'+y'+z)
= (011) (100) (101) (110)
=4Y¥(3,4,5,6)

The above examples also illustrate a more compact
notation for canonic sums and canonic products which uses

the decimal numbers corresponding to the value of
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(al,a ..,an) considered as a binary number. The decimal

K
number is included in the notation if and only if (iff) its
corresponding minterm or maxterm appears in the canonic sum
or product.

Combinational networks can be realized and described in
terms of switch-elements or in terms of gate-elements. 1In
the description of networks, gate-elements will be used
since the relationship between a Boolean expression and its
corresponding network diagram is easy to visualize, and
especially because the number of 1levels of an expression is
easy to "see" (given its gate-element representation).

In the minimization of networks, the number of switch
elements will be the minimal complexity criterion. The
reason for this is that there is a one-to-one correspondence
between the number of switches in a logical circuit and the
number of literals in the corresponding Boolean expression.
The number of gates, or the number of inputs per gate, or
the gate-element fan-in could have been used as minimization
criteria, but, for the reason mentioned above, the number of
switch elements was chosen as the minimization criterion.

Gate-elements perform electronically the logical
operations associated with their respective names. The
following gate-elements (see Figure 1) will be used in the
description of the combinational networks considered in this

thesis.
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Figure 1.
elements.
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AND GATE

AB =1 iff A=1 and B=1

OR GATE

Il

1 and B

1 if A=1or B=1; or if A

NOT GATE

if A=1, A' = 0; if A =0, A' =1

Schematic diagrams of electronic gate-
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The levels of a network correspond to the number of
logical operators (AND, OR, NOT) or their electronic counter-
parts through which an input signal passes from the time it
enters the network to the time the output is produced. The
maximum number of levels of a network is called the level of
the network. Complemented variables are assumed to be
available and thus the NOT gates which would normally
complement the input variables are not counted as separate
levels.

In this thesis only two and three level networks will
be considered. A list of these networks, their operator
structure, their abbreviations, and some examples are shown
in Figure 2.

The number of gate inputs which are connected to a gate
output is called the gate-element fan-out. Networks
considered in this thesis will have a fan-out of 1. The
number of inputs per gate is called the gate-element fan-in,
Networks considered in this thesis will have unlimited
fan-in,

A gate-network path is any path from gate to gate via
interconnections in the arrow direction. If the same gate
is encountered twice in a path, then the path is closed and
forms a loop. A gate network is a feedforward network iff
it has no loops.

Theorem 3. An expression can be realized by a
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s f=wx+yz

»>f=(w+x) (y+2)

(3w
X °
o f=z+y (w+x)
Z o
(4)w
X +
V o f=z (wx+y)
zZ o
Network Operator Structure Abbrev.
(1) sum of products AND/OR sp
(2) product of sums OR/AND ps
(3) sum of products of sums OR/AND/OR sps
(4) product of sums of products AND/OR/AND pPsp

Figure 2. Examples of various network operator struc-

tures.
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feed-forward gate network, constructed of AND, OR, and NOT
gates with unity fan-out and such that gates of the same
type are never connected together, whose structure uniquely
specifies the expression (3, p. 61).

The minimization algorithms to be presented in this
thesis make extensive use of the concept of prime implicant.
An expression A implies the expression B (A-#B) iff B =1
for every valuation of variables for which A = 1. If A -» B,
then B is said to cover A,

All of the following material will be presented in
terms of product terms (sp expressions). A similar develop-
ment could be presented in terms of sum terms (ps expres-
sions).

The product term A subsumes the product term B iff
A = B. Considering a literal as any variable symbol or its
complement, then a product term A subsumes a product term B
iff every literal of B is a literal of A.

A product term A is a prime implicant of the function f
iff (a) A-=»f, and if (b) there does not exist an expression
B such that A -+ B — f, where the number of literals of B is
less than the number of literals of A.

Thorem 4., A prime implicant A of f has the following
properties:

(a) A contains no repeated literals.

(b) A never contains both a variable and its complement.
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(c) If any literal is deleted from A, the remainder

is not a prime implicant of f; that is, A never
contains a redundant variable (3, p. 75).

One of the more important steps in Wood's algorithm is
the generation of the prime implicants of the function being
minimized. This is accomplished by a method called iterated
consensus of minterms.

The operation of consensus is based on the identity
Xy + X'z = Xy + x'z + yz. In practice, the consensus of two
product terms xA and x'B is AB, where A and B are product
terms which contain neither x nor x'. All duplicate
literals are assumed to be deleted from terms xA, x'B, and
AB. No consensus term is generated if there is no opposing
pair of variables, and AB = 0 if there are two or more

opposing pairs of variables. For example,

First term Second term Consensus term
vyz v'xyz Xyz
XyZ x' yz
xXyz' y'z 0
Xyz' vz' None

The consensus operation is used in the following
theorem to generate the prime implicants of a function.

Theorem 5. Any sp expression for function f can be
converted to a sum of exactly all prime implicants of f by
the application of the following steps to the canonic-sum

expression of n variables.
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Step 0. Generate the minterms of f from the canonic-sum
expression of f.
Step i (i = 1,2,...,n). All terms are added to the expres-
sion which can be generated by consensus of pairs of terms
which were themselves generated at step i-1. After all such
terms are generated, all terms of step i-1 used in a
consensus operation are deleted from the expression. When
no more consensus terms can be generated, the remaining
terms are the prime implicants of f (3, p. 81).

The sum of these prime implicants may or may not be the
minimal solution, that is, some of these terms may be
redundant. An irredundant sp expression is the desired
result. Such an expression is a sum of prime implicants of
f such that no prime implicant can be deleted and the
expression still represent £,

The irredundant sp expression(s) for a function f can
be derived from a prime implicant table based on the follow-
ing theoremn.

Theorem 6. Each minterm of f must subsume at least one
term of an sp expression which represents f (3, p. 84).

In other words, the terms of an irredundant sp expres-
sion must cover all the minterms of f.

For any function f, the subsuming relationships between
the minterms and the prime implicants of f can be displayed

in a prime implicant table which is constructed as follows:
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(a) The minterms of f are listed along the horizontal
axis and the prime implicants of f along the
vertical axis.

(b) An x is placed at the intersection of a minterm and
prime implicant if the minterm subsumes the prime
implicant.

(c) A capital letter is associated with each prime
implicant of the table and this letter denotes the
statement that the corresponding prime implicant is
used as a term in a sum-of-prime-implicants
expression.

(d) Then the covering expression for f is formed as
follows:

(i) For every x that appears in a column write the
corresponding letter is "OR'ed" with the letters
corresponding to any other x's which may appear
in the same column,

(ii) Form the product of the sums of the columns.

(iii) Apply Boolean theorem G (Appendix A) to convert

the covering expression to sp form.

(iv) Reduce the covering expression as much as
possible by applying Boolean theorems H and L
so that no term has repeated literals and no
term subsumes another.

(e) Each term of the reduced expression specifies an
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irredundant sp expression for f where a prime
implicant is included as a term of the irredundant
expression iff its corresponding letter is included
in the terms of the covering expression.

The above process may yield more than one irredundant
expression for a given function. If so, then the one(s)
with the least number of literals is the one(s) with minimum
complexity.

For example, to find the minimal sp expression for the
function f = 2 (0,1,2,7) = x'y'z' + X'y'z + x'yz' + xyz the
process would be as follows:

(a) Find the prime implicants of f by iterated

consensus of the minterms (Theorem 5, p. 15).

pairs of terms
used in the

consensus consensus delete
step operation terms terms
1. X'y'z'-x'y'z X'y' x'y'z'
X'y'z
X'y'z'-z'yz' x'z' z'yz'®
X'y'z-Xyz 0
x'y'z-x'yz' 0
x'y'z-xyz 0
X'yz'-Xxyz 0
2. X'y'-x'z" none
X'y'-Xyz 0

X'z'-Xyz 0
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Since no new consensus terms were found in step 2,

I

then at this stage f the sum of its prime
implicants = Xx'y' + x'z2' + Xyz
(b) Find the irredundant expression(s) of f by using a

prime implicant table to form a covering expression

(Theorem 6, p. 16).

x'y'z' X'y'z z'yz' XyZ
A x'y' * *
B x'z' * *
C xyz *

Covering expression = (A+B)ABC = ABC + ABC = ABC
Therefore £f =A + B + C = x'y' + xX'2' + Xyz

The techniques presented thus far will yield the
minimal sp (or ps) irredundant expressions of a given
function. The ultimate objective of this thesis also
includes techniques for finding the minimal sps (or psp)
irredundant expressions of a given function.

An sps (psp) expression A is a prime sps (psp) impli-
cant of f iff A implies f and there does not exist an sps
(psp) expression B such that A implies B, and the number of
literals in B is less than the number of literals in A.

The generation of generalized prime implicants in a
recursive procedure; that is, prime ps implicants of f are
products of sum prime implicants of f, prime sps implicants

of f are sums of prime ps implicants of f, and so forth.
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This process can be carried to any number of levels. 1In the
algorithms presented here the number of levels of a network
will be restricted to at most three levels. The computer
programs included in this thesis are designed to implement
the following theorem.

Theorem 7. The structure of every minimum-switch-
element 3-level switch network which realizes function f is
represented by a sum of prime ps implicants of f (i.e., an
sps expression) or by a product of prime sp implicants of f

(i.e., a psp expression) (3, p. 100).



CHAPTER III

WOOD'S ALGORITHM AND PROGRAM DESCRIPTION

Based on the theorems presented in Chapter II, Wood's

minimization algorithm is as follows:

(a) Assume that the function to be minimized, f, has
been given as a sum of minterms (product of
maxterms) .

(b) Systematically consider all functions g which imply
f (2M-1 functions if f has m minterms (maxterms))
in order of increasing number of minterms
(maxterms) of f.

(c) For each of the g functions generate its prime ps
(sp) implicants by using iterated consensus of the
minterms (maxterms).

(d) Construct a prime-ps (sp) implicant table for f.

(e) A covering expression is then used to generate all
sums (products) of prime-ps (sp) implicants which
cover the minterms (maxterms) of f.

(f) The sum (product) of prime-ps (sp) implicants with
the least number of literals is the minimum sps
(psp) expression. Of course, there may be more
than one minimum sps (psp) expression.

This algorithm yields not only the minimum sps (psp)

expression(s) of a function, but also its minimum ps (sp)

21
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expression. The latter is the expression generated when the
minterms (maxterms) of a g function are the same as those of
f; that is, as the g functions are generated in order of
increasing number of minterms (maxterms), the last g func-
tion to be generated is the one whose minterms (maxterms)
are the same as those of the original function f. This last
g function is the irredundant ps (sp) function equivalent to
the original function f (see Appendix B).

The following is a description of the program which
implements Wood's algorithm (see Appendix D).

(1) The program inputs the following variables: N -
the number of minterms in the function to be minimized;
LENGTH - the number of literals in a minterm (maxterm);
MINDEC - the decimal equivalents of the minterms of the
function to be minimized,

(2) After reading in the data the program generates all
the minterms (maxterms) in a numerical form described in a
paper by H. Mott and C. C. Carroll (7). In this notation, a
"2" indicates the presence of a variable in a term, a "1"
indicates the presence of its complement, and a "O" indi-
cates the absence of a variable.

Subroutine MAXX generates the minterms (maxterms) as
follows:

(a) The number of terms = 2™, where m = the number of

variables in a term.
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(b) Each of the integers from 1 to 2M is converted to
its binary form by repeated division by 2,

(c) Wherever a "O" occurs in the binary form of a term,
a "1" is substituted, and wherever a "1" occurs in
the binary form of a term, a "2'" is substituted.

For example, when m = 3, Table II illustrates the

result of applying subroutine MAXX.

TABLE II

GENERATION OF MINTERMS (MAXTERMS) BY SUBROUTINE MAXX

Minterm Binary Form Numerical Form
x'y'z' 000 111
xX'y'z 001 112
x'yz' 010 121
x'yz 011 122
xy'z' 100 211
xXy'z 101 212
xyz' 110 221
XyZ 111 222

(3) Subroutine ONE performs step (b) of Wood's
algorithm as follows:
(a) First generate the combinations of subscripts that

will be used to select the minterms (maxterms)
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of the g functions of f. There are 20-1 such
combinations (n = number of minterms (maxterms) in
the original function f). These combinations are
generated by the subroutine MDD which uses modular
arithmetic to convert the numbers from 1 to 201-}1
into binary form, and finally into subscripts.
Table III illustrates the result of applying sub-

routine MDD for n = 3,

TABLE III

GENERATION OF COMBINATIONS OF SUBSCRIPTS BY SUBROUTINE MDD

Integer Binary Form Subscripts

1 001 1

2 010 2

3 011 1,2

4 100 3

5 101 1,3

6 110 2,3

7 111 1,2,3

(b) The selection of minterms (maxterms) of a g

function is accomplished by eliminating those which
will not be used in the consensus operation. For

example, if the g function includes the minterms
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(0,2,4), then the maxterms (1,3,5,6,7) will be
used in the consensus operation to find the
irredundant ps expression(s) for g. These terms
are stored in the array MIX.

The subroutine CONSNS uses the method described in

a book by E. J. McCluskey (8) and the numerical notation by

Mott and Carroll (7) to generate the prime implicants of the

given minterms (maxterms). The steps of the procedure are:

(a)

(b)

(c)

(d)

(e)

Arrange the maxterms in groups according to the
number of uncomplemented variables in each of the
terms.

Find the difference between two maxterms in
adjacent groups. If this difference = 101 (n =
0,1,2,...), then there exists a consensus term
equal to the smaller of the two terms minus 101,
Generate all possible consensus terms between
adjacent groups, and store them in the group with
the lower number of uncomplemented variables.

Tag the terms which are used to form a consensus
term; tag any duplicate consensus terms and
eliminate them from the consensus list; eliminate
those terms used in the consensus operation.
Generate all possible consensus terms between

adjacent groups.
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(f) Repeat this process using the new consensus terms
until no new consensus terms can be formed.
(g) The remaining terms and those which have not
entered into consensus anywhere in the process
are the prime implicants of g.
For example, if the maxterms of g are (0,2,4), the
prime implicants of g are found by CONSNS as follows:
group 1 0 111
group 2 2 121
4 211

Find differences between pairs of maxterms in adjacent

groups.
4 211
0 -111
100 = 102,
therefore the consensus term = 111 - 100 =
0ll =y + z
2 121
0 -111
10 = 10!,

therefore the consensus term = 111 - 10 =

101 = x + 2z
All of the original terms were used to form consensus terms.
Therefore, they are eliminated from the consensus list. The

consensus terms formed (011,101) have the same number of
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uncomplemented variables. Hence, no new consensus terms can
be formed from the, and the prime implicants of g are 0Oll1l,
101.

(5) After CONSNS finds the prime implicants, the sub-
routine TABLE constructs a prime implicant table which will
be used to determine the irredundant ps (sp) expression for
g. The maxterms of the g function being processed are
listed on the horizontal axis, and the prime implicants are
listed on the vertical axis. If maxterm, (mintermi),
includes implicantj, then JTAB(I,J) = 1, otherwise,
JTAB(I,J) = O,

In the program, whether or not a maxterm (minterm)
includes a prime implicant is determined in the following
way:

(a) If the sum of a maxterm (minterm) and an implicant
is made up of "1's" and/or "2's" and/or "4's", then the
maxterm (minterm) includes the prime implicant.

(b) If the sum contains any "3's'", then the maxterm

(minterm) does not include the prime implicant.

For example:

Maxterms
Implicants
X+y+z X+y+z' X+y'+z X+y+z
X+y * *
X+z * *

X+y+2Z *
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Maxterms
Implicants
111 112 121 222
110 221 222 231 332
101 212 213 222 323
222 333 334 343 444
Maxterms
Implicants
111 112 121 222
110 1 1 0 0
101 1 0 1 0
222 0 0 0 1

Next the subroutine selects the essential prime impli-
cants (if there are any). A prime implicant is essential if
there is at least one maxterm (minterm) which includes this
prime implicant and no other. In terms of the prime
implicant table, an essential prime implicant is one whose
corresponding row contains a "1" in a column with no other
"1's",

The reduced prime implicant table is then formed by
eliminating all those rows of the original table which
correspond to maxterms (minterms) implied by the essential
implicants. In this reduced table, if a row consists only

of "O's", then the corresponding implicant is absolutely
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eliminable; that is, it will never be part of the irredun-
dant expression(s) for g.

The final segment of the subroutine TABLE selects the
combinations of conditionally eliminable implicants that,
together with the essential implicants, form an irredundant
expression for g. All possible combinations are generated
by the subroutine MDD (see p. 24). These combinations are
then "OR'ed'" together and if the result of this "OR'ing"
covers all the maxterms (minterms) of the reduced table (all
"1's"), then the conditionally eliminable implicants used in
the operation form part of the irredundant expression for g.

(6) After all the g functions of the original function
have been generated the subroutine SPORPS selects the
minimal ps (sp) solution of function f. This solution
corresponds to the last g function generated (the (2B-1)th
one), since this one is the only g function which covers all
the minterms (maxterms) of the original function.

Subroutine SPORPS also calculates the maximum gate-fan-
in, the number of gate elements, the number of gate inputs,
and the number of switches of the minimal ps (sp) solution.

(7) The subroutine SPSPSP uses the subroutine ORR to
find the minimal sps (psp) solution(s) of the original
function as follows:

(a) All possible combinations of 2 numbers from 1 to

2n-]1 are generated by the subroutine MDD (see p.

24) .
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(b) Each of these pairs of numbers are '"OR'ed" by the
subroutine ORR.

(c) If the result of this "OR'ing" is all "1's", then
the two g functions corresponding to the numbers
"OR'ed" together form a solution.

(d) The solution(s) with the least number of literals
is the desired one.

(e) The above process is repeated for combinations of
3, 4,... numbers until the minimal solution found
during one pass is greater than the minimal
solution found during the previous pass. When this
occurs, the process stops, and the minimal solution
found during the previous pass is the minimal
solution of f,

(8) The subroutine CONVRT changes each term of the

solution from numerical form to the equivalent literal form

as follows:

Position of a digit from left to right

Digit

1st 2nd 3rd 4th S5th 6th 7th
2 it u' v' w’ x' y' x'
1 t u v w X y b ¢

0 ignored ignored ignored ignored ignored ignored ignored
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Parentheses are placed at each end of a term, and there is a
plus sign between successive literals.

(9) The subroutine CONMIN converts a product term from
numerical form to its equivalent literal form in a manner
similar to CONVRT, except that the prime signs are reversed,
there are no parentheses at each end of a term, and there is
no plus sign between successive literals.

(10) The last group of instructions selects the
maxterms of the original function which will be used in
generating the minimal sp and psp expressions. Then the
program goes through the whole cycle again, The reason for
re-cycling is that the minimal ps and sps solutions are not
necessarily absolutely minimal. The sp and psp solutions

may be the absolutely minimal solutions.



CHAPTER 1V
LAWLER'S MINIMIZATION ALGORITHM

The theoretical background necessary to understand
Lawler's algorithm is similar to that for Wood's algorithm,
but in addition the following is required.

Lemma 1. If g is a minimal sp (ps) expression of f
(the given function), and another expression implies g, and
g implies f; that is, h-+g—+f, then g is a minimal sp (ps)
expression for each and every other expression h*, where
h+ h*=>g-=+f (4, p. 286).

This lemma implies that when generating minimal
irredundant expressions of a function, it is not necessary
to use all of the subfunctions in the prime implicant table
because some of these will be covered by others with fewer
literals.,

Lemma 2, Let G = (gl,gz,o.n,gk) be the set of all

minimal sp (ps) expressions for h (a subfunction of f, the
original function). Then G contains all minimal sp (ps)

expressions for every other expression h*, where h-bh*—»gi

for any g; which is a member of G (4, p. 286).

This lemma implies that it is not necessary to use all
the minimal ps (sp) solutions generated from the 2M-1 (m =
the number of terms in the original function) subfunctions

32
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of f (the original function) in the final prime implicant
table used to form the minimal sps (psp) expression(s) of
f, The reason for this is that Lawler's algorithm generates
subfunctions of f in groups which are subsets of succeeding
groups (see Appendix B for detailed example). After each
group of subfunctions is generated, the minimal expression
which covers all the subfunctions generated up to that point
is found, and the minterms (maxterms) covered by the inter-
mediate solution are tagged. At the end of this process
(when all the minterms (maxterms) have been tagged), the
intermediate solutions are the ones used to find the minimal
sps (psp) solution of the original function (instead of all
of the subfunctions).

Any differences between Lawler's algorithm and Wood's
algorithm will be pointed out in the following outline of
Lawler's algorithm.

(1) Assume that the function to be minimized has been
given as a sum of minterms (product of maxterms).

(2) Systematically consider all functions which imply f
and are implied by the first minterm; generate the prime-ps
(sp) implicants of each function; select the one with the
least number of literals; tag the minterms (maxterms)
covered by this minimal expression. (At this stage in
Wood's algorithm, all of the g functions which imply f would
be considered, not just those implied by the first minterm

(maxterm) . )
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(3) Select the next untagged minterm (maxterm);
systematically consider all functions which imply f and are
implied by all subsets of minterms (maxterms) selected thus
far; find an irredundant ps (sp) expression for each of the
functions.

(4) After this group of g functions has been generated,
find the minimal ps (sp) expression which covers the
irredundant ps (sp) expressions generated so far. This
intermediate solution will be used in the final prime impli-
cant table. (In Wood's algoritkm all of the g functions are
generated before a covering expression is found; that is, no
intermediate solutions are found.)

(5) After each of the above intermediate solutions is
found, tag all the terms covered by the intermediate
solution, (In Wood's algorithm no tagging of the terms
takes place because ail of the g functions are used tc find
the minimal sps (psp) solution.)

(6) Repeat steps c, d, e, until all the terms have been
tagged. (In Wood's algorithm the equivalent steps would be
repeated until all the g functions have been generated.)

(7) Construct a prime-ps (sp) implilicant table for f
using the intermediate solutions and those g functiocns not
covered by the intermediate solutions. (In Wood's algorithm
the prime-ps (sp) implicant table is constructed using all
of the g functions.)

(8) A final covering expression is then used to
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generate all sums (products) of prime-ps (sp) implicants
which cover the minterms (maxterms) of f.

(9) The sum (product) of prime-ps (sp) implicants with
the least number of literals is the minimum sps (psp)
expression for f.

As with Wood's algorithm, Lawler's algorithm yields not
only the minimum sps (psp) expression(s) of a function, but
also its minimum ps (sp) expression. The latter is the
expression generated when the minterms (maxterms) of a g
function are the same as those of f.

Since much of the program which implements Lawler's
algorithm is the same as the program which implements Wood's
algorithm (see Appendix D), a separate chapter is not
necessary to describe the program which implements Lawler's
algorithm. Similarities and differences will be pointed out
in the description which follows.

(1) The input is the same as in the program which
implements Wood's algorithm (step 1, p. 22).

(2) The generation of all the minterms (maxterms) is
the same as before (step 2, p. 22).

(3) Subroutine FUN performs step (b) of Lawler's
algorithm as follows:

(a) Two sets of subscripts are gererated using the sub-

rountine MDD (see p. 24). The first set of sub-
scripts (KSUB) is used to generate combinations of

untagged minterms (maxterms) which will be used to



(b)

(c)

(d)

(e)
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produce subfunctions of the original function. The
second set of subscripts (ISUB) is used to generate
all the possible combinations of minterms (max-
terms) which can be used to generate subfunctions
of the original function (as in Wood's program,
step 3(a), p. 23).

The two sets of minterms are then compared. If the
former is a subset of the latter, then the latter
is used to select the minterms (maxterms) which
will be used in the consensus operation to find the
prime implicants of the subfunction being generated
(as in Wood's program, step 3(b), pp. 24, 25).
Next, subroutine CONSNS (Wood's program, step 4,
pp. 25, 26) finds the prime implicants of the
selected subfunction.

Then subroutine TABLE (called by CONSNS) finds the
irredundant ps (sp) expression for the selected
subfunction (as in Wood's program, step 5, pp. 25,
26, 27).

Subsequently, the number of literals of the sub-
function just generated is checked. 1If this number
is less than or equal to the minimum number of
literals of the expression(s) generated to this
point which are implied by the minterms (maxterms)
contained in the array MUZ, then the terms of the

subfunction just generated are stored in the arrays
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MINMIN (which is used in the subroutine COVER to
find the intermediate covering expressions) and
ISOL (which is used in the final steps to find the
minimal sps (psp) expression(s)).
Subroutine COVER finds the expression which covers
the minterms of the original function used thus far
to generate subfunctions. This operation is
performed after 1, 3, 7, 15, ..., 280-1 (n= 1,2,3,
...) subfunctions have been generated. It uses the
ones which were generated in the previous set(s)
as well as the subfunctions generated most recently
to form a prime implicant table which is then
simplified.
After the intermediate covering expression is found
the minterms which are covered by this expression
(stored in MINMIN) are tagged so that they will not
be used in the generation of the next set of sub-
functions by subroutine FUN.
Sometimes the intermediate covering expression is a
simple subfunction implied by the minterms tagged
thus far, instead of a combination of subfunctions
as found by the subroutine COVER. In order to
allow for this possibility, the simple subfunction
implied by the minterms (maxterms) tagged so far is
generated by the subroutines CONSNS and TABLE (as

in Wood's program, steps 4, 5, pp. 25-27). If the
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number of literals in this simple subfunction is
less than or equal to the number of literals of the
expression found by COVER, then the simple sub-
function is stored as an intermediate solution.
Next, the program checks to see if all the minterms
(maxterms) have been tagged. If not, then the
first non-tagged minterm (maxterm) is added to the
list of minterms (maxterms) used to generate
subfunctions, and the program goes back through the
main loop to generate the next set of subfunctions.
If all of the minterms have been tagged, then the
program uses the array MINMIN to form the final
prime implicant table as follows:

(i) First, it must be kept in mind that the array
MINMIN contains the minterms (maxterms)
covered by each of the subfunctions and inter-
mediate covering expressions generated by the
program.,

(ii) Each of these expressions is examined indi-
vidually, and its minterms (maxterms) are
compared to the minterms (maxterms) of the
original function. Whenever the minterms
match, a "1" is placed in the corresponding
column to indicate that the corresponding
minterm (maxterm) is covered by the expression

being examined. This operation was originally
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done in a two-dimensional array, but it was
discovered that the same effect could be
achieved by using a one dimensional array in
which the binary equivalents of decimal
numbers could be used to indicate which min-
terms were covered by which expression. For
example, if the original function is f =
3 (0,3,6,11), and one of the subfunctions
(intermediate covering expressions) covers the
minterms 0O, 6, 11, then the corresponding
entry in the prime implicant table would be 1011.

After the prime implicant table is constructed, the
minimal ps (sp) and sps (psp) solutions are found
and converted from numerical to literal form (as in
Wood's program, steps 6, 7, 8, pp. 29-30).

The last two steps are the same as in Wood's

program (p. 31).



CHAPTER V

CONCLUSION

In the process of writing the computer programs which
implement Wood's and Lawler's algorithms, the possibility of
combining the best features of the two algorithms was
considered, and the result was the combined algorithm illus-
trated in the flowchart in Figure 3.

The major disadvantage of Wood's algorithm is that the
final prime implicant table contains 2M-1 (m = number of
terms of the original function) g functions, which means
that a considerable amount of time is spent simplifying the
final prime implicant table when m is large. A major
disadvantage of Lawler's algorithm is that some of the g
functions are generated more than once, so that instead of
generating 2M-1 g functions, the algorithm generates two to
three times that many g functions. Another disadvantage of
Lawler's algorithm is that when the minterms (maxterms) of a
function are grouped '"'loosely" (see Figure 4), a consider-
able amount of time is spent trying to form intermediate
covering solutions which don't exist.

A major advantage of Wood's algorithm is that regard-
less of whether the minterms (maxterms) of a function are
grouped "tightly" (see Figure 5) or '"loosely'" (see Figure 4),
the processing time is reasonable (see Figure 6). A major

40
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of 1,3,7,...,2n-1,
n=1,2,..., using un-
tagged minterms (max-
terms) to determine
the groups

v

After each group of
subfunctions is gene-
rated, find the mini-
mal expression which
covers the minterms
(maxterms) used thus
far to generate sub-
functions

Tag the terms covered
by the expression
generated above

Check to see if all
terms have been tagged

Yes

Construct a prime
implicant table using
all of the subfunc-
tions

Construct a prime im-
plicant table using
the covering expres-
sions and all other
subfunctions not
covered by the cover-
ing expressions

Simplify the prime im-
plicant table to find
the minimal ps/sps
(sp/psp) expressions
equivalent to the
original function

Simplify the prime im-
plicant table to find
the minimal ps/sps
(sp/psp) expressions
equivalent to the
original function
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Input

Generate minterms
(maxterms)

Generate all subfunc-
tions which imply the
original function

Examine the subfunc-
tions in groups of 1,
3,7,...,2%-1, n=1,2,
., using untagged
minterms (maxterms) to
determine the groups

A

Find the minimal ex-
pression which covers
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Tag the terms covered
by the expression
generated above

Output
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Figure 3.

Check to see if all
terms have been tagged

No

Yes

Construct a prime im-
plicant table using
the covering expres-
sions and all other
subfunctions examined
in the groups above

Simplify the prime im-
plicant table to find
the minimal ps/sps
(sp/psp) expressions
equivalent to the
original function

Output

Flowcharts of the minimization algorithms,
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Figure 4.

Figure 5.
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wx
vz 00 01 11 10
00 X X
01 X X
11 X X
10 X X

Karnaugh map for f = g(0,3,5,6,9,10,12,15).

WX
VZ 00 01 11 10
00 X X
01l X X
11 X X
10 X X

Karnaugh map for f = £(0,1,2,3,4,5,6,7).
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advantage of Lawler's algorithm is that it can process
functions whose minterms (maxterms) are '"tightly" grouped
(see Figure 5) in considerably less time than either Wood's
algorithm or the combined algorithm (see Figures 6, 7, 8).

A major disadvantage of the combined algorithm is that
when the minterms (maxterms) of a function are grouped
"loosely" (see Figure 4) the algorithm spends a considerable
amount of time trying to form intermediate covering
solutions which don't exist. The major advantages of the
combined algorithm are: (a) only 2M.]1 g functions are
generated instead of two to three times that many as in
Lawler's algorithm; (b) the final prime implicant table
contains considerably fewer entries than the equivalent
table in Wood's algorithm, thus reducing the processing time
of the final prime implicant table.

Figures 6, 7, and 8 display the relationships between
the number of variables of a Boolean function, the number of
minterms of a Boolean function, and the amount of time
required by the three computer programs to minimize two
functions. The two functions used to obtain the time data
for Figures 6, 7, and 8 were a '"tightly" grouped function
(f =%(0,1,2,3,4,5,6,7), see Figure 5), and a "loosely"
grouped function (f =2%(0,3,5,6,9,10,12,15), see Figure 4).
In all of the graphs the processing time increases as the
number of minterms and/or the number of variables increases,

except in Lawler's algorithm when the number of minterms is
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a power of 2 and the minterms are grouped "tightly." The
reason for the reduction in processing time is that whenever
the minterms of a function are adjacent to each other
("tightly" grouped) in groups of 2, 4, 8, ..., 2%, this
"power of 2'"-group of minterms can be represented by a
simpler expression. For example, if f =3(0,1,2,3,4,5,6,7)
= w'x'y'z' + w'x'y'z + w'x'yz' + w'x'yz + w'xy'z' + w'zy'z +
w'xyz' + w'xyz (see Figure 5), then f = w'. Since a number
of minterms of the original function are covered by a
simpler expression, the covered minterms are tagged, and
therefore are not used to generate g functions (thus cutting
down the processing time considerably).

The least squares method of fitting a curve to a set of
data was used to find the following set of equations which
can be used to estimate the amount of time required by the
combined algorithm program to process a given function
(N = number of variables in the given function, X = number
of minterms in the given function).

0.03x3 + 0.71x2 - 3.91x + 6.58

(a) N = 3, time

(b) N = 4, time = 0.46x> - 3.15x + 5.95

3

(c) N 5, time = 0.52x" =~ 5.48x2 + 21.88x - 27.56

14.58x2 - 82.02x + 133.19

(d) N = 6, time
In the course of this investigation the following
conclusions were drawn:

(1) Even though theoretically the algorithms studied
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can minimize any Boolean function, having any number of
variables, made up of any number of minterms (maxterms), and
with any number of levels, in practice, this generality is
considerably limited for the following reasons:

(a) As the number of variables of a function increases,
the total number of minterms (maxterms) increases
exponentially (2m, m = number of variables in the
function), thus greatly augmenting the amount of
time required to generate the prime implicants of
the g functions by the iterated consensus of
minterms (maxterms) method.

(b) As the number of minterms (maxterms) of a function
increases, the total number of g functions
increases exponentially (2M-1, m = number of terms
of the function), thus greatly augmenting the
amount of time required to generate the g
functions.

(c) The generation of multiple level solutions of a
Boolean function is a recursive procedure; that is,
prime-ps implicants of f are products of sum prime
implicants of f, prime-sps implicants of f are sums
of prime-ps implicants of f, and so forth.

(2) The computer programs presented in this thesis were

limited to handling Boolean functions with at most seven
variables. The programs could have handled ten-

variable functions (since in Fortran IV the largest possible



49
number of digits-per-integer is 10), but the limit was set
at seven variables because of the great amount of time
required to process functions with eight or more variables.

(3) The most significant limitation of the computer
programs implemented in this thesis is the great amount of
time required to process functions with a large number of
minterms (maxterms) and/or variables. The programs were run
on an IBM 360-65 computer. On a faster machine the proces-
sing time would be reduced considerably. Perhaps another
way of reducing the processing time would be by implemenrting
the programs in an assembly language, thus taking advantage
of the binary representation of minterms (maxterms) to
perform the most time consuming operations; that is,
iterated consensus of minterms (maxterms), generation of
solutions of subsets of minterms (maxterms), and simplifica-
tion of the final prime implicant table.

(4) A possibility for future research would be to
develop an algorithm to determine whether a set of minterms
(maxterms) is either "tightly" grouped, or '"loosely"
grouped, or neither. Once this is established, then the
best method for simplifying the given function could be
easily determined; that is, if a set of terms is grouped
"tightly," then use Lawler's algorithm; if a set of terms is
grouped '"loosely,'" then use Wood's algorithm; if a set of
terms is grouped neither way, then use the combined

algorithm.
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APPENDIX A

BOOLEAN THEOREMS

Reflexive Theorem:

Symmetric Theorem:

Transitive Theorem:

Substitution Theorems:

Commutative Theorems:

Associative Theorems:

Distributive Theorems:

Idempotence Theorems:

Universal Bounds Thecrems:

Complements Theorems:

Dualization Theorems:

Absorption Theorems:

Involution Theorem:
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X=X

if

{
=

then Y=X

MK

if and Y=7Z then X=7Z
then X+Z=Y+Z
then XZ=YZ

then X'=Y'

i
i
i

NNT <X

f
f
f

X+Y=Y+X
XY=YX

X+ (Y4+Z)=(X+Y)+Z
X(Y+Z)=(XY)Z

X+YZ=(X+Y) (X+2)
X(Y+Z)=XY+XZ

X+X=X
XX=X

0+X=X
1X=X
1+X=1
0X=0

X+X=1
XX'=0

(X+Y) '=X'Y"'
(XY) '=X"+Y"'

X+XY=X
X(X+Y)=X

(X')'=X



APPENDIX B

EXAMPLE USING WOOD'S ALGORITHM

The following is an example of how Wood's algorithm
works. The steps in the example correspond to the steps in
the algorithm (pp. 21-22).

(a) f =2(0,2,4,7) = x'y'z' + x'yz2' + Xy'z' + xyz
(b,c) All the functions which imply f and their prime-ps

implicants are:

g, =2Z(0) =x'y'z'

gy = £(2) = x'yz'

g5 = Z(4) = xy'z'

g, = Z(7) = Xyz

g; = 2(0,2) =x'z'

gg = L(0,4) = y'z'

g, = &(0,7) = (x+2') (y'+2) (x"+y)
gg = Z(2,4) = z' (x'y+xy"')

gg = L(2,7) = y(x+2') (x' +2)

Ii

€10 = 2(4,7) x(y'+z) (y+z')

I
Il

2(0,2,4) z'(x'+y")

It
Ii

2(0,2,7)

(x4+2'") (x"+2) (x*+y)
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(d)

2(0,4,7)

£(2,4,7)

2(0,2,4,7)

(y+z') X+z') (y'+2)
(x+y) (y+z') (x+z2') (x'+y'+2)

(y+2'") (x+2') (x'"+y'+2)

Construct a prime implicant table for f.

=2.(0)
= 2(2)
=Z(4)
= 2(7)

= £(0,2)

2(0,4)

2.(0,7)
= ¥(2,4)
=£2,7)
= £(4,7)
= 2.(0,2,4)
=2(0,2,7)

=2.(0,4,7)

2(2,4,7)

2(0,2,4,7)

Minterms
o 2 4 7
1 0 0 O
0 1 0 O
0O 0 1 o
0O 0 0 1
1 1 0 O
1 0 1 O
1 0 0 1
0 1 1 o
0O 1 0 1
0O 0 1 1
1 1 1 o0
1 1 0 1
1 0 1 1
0 1 1 1
2 1 W
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(e) Possible

solutions

Number 9£ literals

10

8

11

11

15

13

11

11
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Possible solutions Number of literal
yumber oi literals

8g + 813 11
g9 *+ 815 12
810 * 811 8
810 * 812 2l
810 * 815 13
811 * 812 s
811 * 813 2
811 T 814 12
811 * 815 =
815 + E13 12
812 * 814 i
812 * 815 13
813 + 814 L
813 * 815 L
814 * 815 =

(f) The minimum 1i
literal sps solution i
nis g, + g; = xyz +
Z 1 L4 1 3 -
(x'+y'). The minimum literal ps solution is g =
16

2(0,2,4,7) = (y+z') (x+2) (x'+y'+2).



APPENDIX C

EXAMPLE USING LAWLER'S ALGORITHM

The following is an example of how Lawler's algorithm
works. The steps in the example correspond to the steps in
the algorithm (pp. 32-35).

(a) f =%0,2,4,7) = x'y'z' + x'yz' + xy'z' + Xyz

(b) The functions implied by x'y'z' are:

g, = 2(0) = x'y'z"'

g, = (0,2) = x'z'

g5 = 2(0,4) = x'y'

g, = £(0,2,4) = z'(x'+y")

g5 = T(0,7) = (x+z') (y'+2z) (x'+y)

gg = 2(0,4,7) = (y+z') (x+2") (y'+2)

g, = L(0,2,7) = (x+z') (x'+2) (x'+y)

gg = £(0,2,4,7) = (y+z') (x+2") (x"+y'+2)

83 is minimal; tag x'y'z' and xy'z’'.

(cl) The next untagged minterm is x'yz'; the subsets of the
minterms selected thus far (x'y'z' and x'yz') are G1 =
(x'y'z'), G2 = (x'yz'), and G3 = (x'y'z', x‘yz'); the

functions implied by G1 have already been generated in

step (b); the functions implied by G2 are:

g]. = 2(2) = X'YZ'
8o = (0,2) = same as above
g5 = 2(2,4) = z2'(xX'y+xy"')
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II
I

x(2,7)

g5 = 2.(0,2,4)
gg = &(0,2,7)
T(2,4,7)

¥(0,2,4,7) = same as above

y(x+z') (x"+2)

same as above

Il

i

same as above

(x+y) (y+z') (x+2') (X"+y'+2)

(1je}
]
0l

gq is minimal:

the functions implied by G3 are:

g = (0,2) = same as above
8o = =(0,2,4) = same as above
g5 = (0,2,7) = same as above

gy = 2(0,2,4,7) same as above

8o is minimal.

The intermediate covering solution for the g functioans
generated thus far is i = (0,2,4) = z'(xX"+y').

Tag x'y'z' (already tagged) and x'yz' and xy'z'
(already tagged).

The next untagged minterm is xyz; the subsets of the

minterms selected thus far (x'y'z' and x'yz' and xyz)

are:

G1 = (x'y'z'"), G2 = (x'yz'), G3 = (x'y'z', x'yz'),

Gy = (xyz), Gy = (x'y'z', xyz), Gg = (x'yz', xyz),

G7 = (x'y'z', x'yz', xyz); the functions implied by Gl’

G2,G3, have already been generated in steps (b) and (cl);

the functions implied by G4 are:
g, = (7 = Xyz
gg = 2(0,7) = same as above



(d

gq = &(2,7)
gy = 2(4,7)
gg = 2(0,2,7)
gg = &(0,4,7)
g7 = =(2,4,7)

g8 = 2(072;477)

g4 is minimal;

60
same as above
x*xy'+z) (y+z')
same as above
(y+z") (x+y ') (y'+2)
same as above

same as above

the functions implied by G5 are:

(0,7)
g, = 2(0,2,7)
g3 =z(09477)

g4 = E(0,2,477)

g1

g3 is minimal;

the functions implied by G

g, = (2,7

g, = &(0,2,7)
g5 = £(2,4,7)
g, = £(0,2,4,7)

g1 is minimal;

Il

li

same as above

same as above

same as above

same as above

are:
6

same as above
same as above

same as above

same as above

the functions implied by G, are:

gl = Z(2y4y7)
g, = 2(0,2,4,7)

g5 is minimal.

Il

7

same as above

same as above

The intermediate covering solution for the terms

selected thus far (x'y'z' and x'yz' and xyz) is i =

2(0,2,4,7) = (y+z') (x+2') (x"+y'+2) .
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(e2) Tag x'y'z', x'yz', xy'z' (all three have already been
tagged) and xyz.

(f) All the terms of the original function have been

tagged.
(8) Minterms
o 2 4 7
minimal G1 =3(0,4) 1 o0 1 O
minimal G2 = %32(0,2) 1 1 0 O
minimal G5 = (0,2,4) 1 1 1 o
minimal G, = (7) 0O 0 0 1
minimal G, = 2(0,4,7) 1 0 1 1
minimal G, = 2(2,7) 01 0 1
minimal G,7 =2(0,2,4,7) 1 1 1 1
(h) Possible solutions Number of laterals

G1 + G6 7

G1 + G7 9

G2 + G5 8

G2 + G7 9

G3 + G4 6

G3 + G5 9

G3 + G6 8

G3 + G7 10

G4 + G7 10

G5 + G6 11

G5 + G7 13

G. + G 12

(o)
)



(1)
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G, + G, = xyz + z'(x'+y') is the minimal sps solution

3 4
because it has the least number of literals. The
minimal ps solution is the irredundant ps expression

2(0,2,4,7) = (y+z') (x+z2'") (x"+y'+2) .



APPENDIX D

COMPUTER LISTING OF WOOD'S ALGORITHM PROGRAM

THIS PRUOGRAM 1 MAPLEMENTS WO0OD'S MINIMIZATION ALGORITHH

oM

DIMENSIODN [SUB(32),MINDEC(123),MAXT(128),MIN(999),
C MIX(999) ,MINUIND(16) yMTAG(LlE6),LINF(16) 4MAX(L128)
COMMON ITT1,NMLTEX(512),ISOL(L10,512)4NJJJII(512),+503J
COMMON MINLIT,MINMIN(8,8),ITAB(32),NEX(32),NLIT(32)
CUMMON MAXCHK,KSOL(10,32)
N IS THE NUMBER GF MINTERMS
LENGTH IS THE WUMBER UOF LITERALS TN A TERM
1000 READ (5,10) Ny LENGTH
[IF(N.EQ.O) STOP
1G FCRMAT (212)
MINDEC IS fHE DECIMAL EQUIVALENT OF A 4INTERM
READ (5,12) (MINDEC(L)y I=1,N)
12 FORMAT (2513)
CALL ZEROTK
MAXT IS AN ARRAY IN WHICH ARE STDRED THE MAXTERMS 0OR
c MINTERMS
CALL MAXX (LENGTH, MAXT)

(@] OO

o

C MAXCAK=0 WHILE FIRNDING PS AND SPS SOLUTIONS
& MAXCHAK> (O WHILE FINDING SP AND PSP SUOLUTIONS
2 MAXCHK=0
DO 7 I=1,N
& MIN IS THE NUMERIC EQUIVALENT OF A MINTERM
7 MIN{T)I=MAXT(MINOEC({I)+1)
PRINT 5
S FORMAT (LHNy YMINTERMS OF THE ORIGINAL FUNCTINN®)
PRINT 649 (MIN(L)y I=1,yNI
6 FURMAT (1H ,6110)
GU 70 11
9 PRINT 8
8 FORMAT (1HO, "MAXTERMS OF THE ORIGINAL FUNCTIONY)
PRINT 64,{MIN{1)ys I=1,4N)
¢ NN IS THE TOTAL NUMBER OF SUBFUNCTIONS THAT MUST
& BE GENERATED
11 NN=2%%N-1
C NUMTER IS THE TOTAL NUMBER NF TERMS GENERATED
NUMTER=2%%LENGTH
MINLIT=100

CALL ONE (NNyNyNUMTER yMAXT yMINy LENGTH)
CALL SPORPS (NN)

CALL SPSPSP (NNyN)

CALL TIMETK (T)

PRINT 1, T
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1 FGRMAT (1H 5 *'TIME=?', F6.2)
[F{(MAXCHK «GT.0) GO TO 1000
THE NEXY FEW INSTRUCTIONS SELECT THE AAXTERMS TO BE
USED IN FINDING THE MINIMAL SP AND PSP EXPRESSINNS
799 DO 800 1=1yN
DO 800 J=1, NUMTER ;
IFIMINC(I)EQeMAXTLJ)) MAXT(J)=—MAXT(J)
800 CONTINUE
J=0
DG 3801 I=1,NUMTER
TF{MAXT(I)«LT.N) GO TO 801
J=J+1
MIN(J)=MAXT(I])
801 CONTINUFE
N=J
DO 802 I=1,NUMTER
802 MAXT(1)=TA8S(MAXT(I))
MAXCHK=MAXCHK+1
CaLL ZEROTK
G4 T3 9
END
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710

720

750
740

700

729
C

730
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SUBRJUTINE MAXX (LENGTH, MAXT)

THIS SUBROUTINE GENERATES ALL THE MAXTERMS OR MINTERMS
IN NJMERICAL FORM

THE NUMBER OF LITERALS IN EACH OF THE TERMS IS
SPECIFIED BY "LENGTH®"

DIMENSI{ON MAXT(128)

COMMION TITeNMLTEX(SL1Z2)yISOLILGy512)NJJJI(S12),JJJJ

COMMON MINLITyMINMIN(B,8)yITABL32),wEX(32)4NLIT(32}

COMMON MAXCHKKSOL(L10,32)
N=LENGTH

NN=2% %N

DO 7092 I=1,4AN

MAX={)

IDIv=1I[-1

J=1

[QUB=101IV/2

INCW=TQUG*2

IDIF=1IDIV-TIEW
IF(IDIF.EQ.D) GO TIJ 710

MAX=MAX+2%]0%%{J-1)

J=J+1

IDIV=IQuUr;

IF(IDIV.ERaN) GO TO 720

GO T 705

MAX=MAX+10Q%x(J=-1)

J=J+1

IF(IDIV.ERN.N) GO TO 720
IDIV=1IQuN

GG TI 705

NML=N-1

DC 740 K=1,HM1

NTEMN=10%%K

IF{MAX LToNTEN) GO TO 750

GO T 740

MAX=4AX+NTEN

CGNTINUE

MAXT(T)=MAX

CONTINUE

PRINY 729

FORMAT (1HD, 'ALL MAXTERMS QR MINTERAMS IN WUMERICAL
FORM!')

PRINT 730,(MAXT{I)y 1=1,NN)

FORMAT (L1HO,6110)

KETURN

END



aieNeNe]

4]

OO

[N e] OO

(OO MW

OO

607

€20
622

630

600

66

SUBRAOUTINE ONE (NNyNyNUMTERyMAXT ,J1IN, LENGTH)

THIS SUBROUTINE GENERATES ALL THE G FUNCTIDNS OF THE
FUNCTION BEING MINIMIZED

DIMENSION ISUB(32),MAXT(128)+MIN(999),MIX(999),
MAX(128)

COMMON TII4NMLTEX(512),1S0LCL0s512)4yNJJJI(D12),JdJJ
COMMON MINLIT MINMIN(8,8)s1TAB(323NEX(32),NLIT(32)

COMMON MAXCHK,KSUOL(10432)

DO 600 I=14NN

IIT IS THE NUMBER OF THE SUBFUNCTICGN BEING GENERATED
II1I=1

THE NEXT FEW INSTRUCTIUNS GENERATE THE COMBINATIONS OF

TERMS THAT WILL ENTER INTO THE CONSENSUS GPERATION
CALL MDDI(Ny ISUR,T1,J)

JJJ IS THE NUMBER OF TERMS THAT WILL ENTER INTC THE

CONSENSUS OPERATION

JJd=Jd-1

DU 615 L=1,MUMTER

MAX IS AN ARRAY IN WHICH ARE STURED THE MINTERMS UR

MAXTERMS TEMPCRARILY

MAX{L)=MAXT(L)

THE NEXT FEwW INSTRUCTIONS SELECT THE MINTERMS GK
MAXTERMS THAT WILL BE USED IN THE CUNSENSUS QPERATIGN
DO 620 L=1,y,JJJ

DO 620 LL=1,NUMTER

TAG TERMS THAT WILL NOT BE USED IN THE CONSENSUS
UPERATIUN

IF{MAX(LL)LEQeMIN(ISUB(L))) MAX(LL)=-MIN(ISUB(L))
CCMNTINUE

J=1

DO 630 L=1,NUMTER

IFIMAX(L).LT.0) GO TO 630

STORE IMN MIX THE TERMS THAT WILL BE USED IN THE

CONSENSUS OPERATION

MIX({J)=MAX(L)

J=J+]

CONMTINUE

NTERMS IS THE NUMBER UOF TERMS TQ BE USED IN THE
CUNSENSUS OUPERATION

NTERM4S=J-1

CALL CONSNS(NTERMS,MI Xy LENGTH)

CONTINUE

RETURN

END
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SUBROUTINE MDD(N,ISUB,I,J)

THIS SUBROUTINE USES MODULAR ARITHMETIC TO CONVERT
WHOLE NUMBERS TO THEIR MIRRGR BINARY EQUIVALENTS;
THEN, WHENEVER A ®1" QCCURS IN THE MIRROR BINARY
NUMBER, THE *"1" IS CONVERTED TO ITS DECIMAL POSITIONAL
VALUE AND STORED IN ISUB3 THUS ISUB CONTAINS ALL THE
POSSIBLE COMBINATIONS OF NUMBERS FROM 1 TO N

DIMENSION ISuB(32)

COMMOM TIT,NMLTEX(512),ISOL(105512)9yNJJJJI(512),JJJJ
COMMON MINLIT,MINMIN{8,+8)4+ITAB(32) 4NEX(32),4NLIT(32)
CCMMON MAXCHK,KSOL(10,432)

J=1

N IS THE NUMBER OF TERMS THAT WILL Bt USED TO FORM
COMBINATIONS

DO 604 II=1,N

I IS THE NUMBER BEING CCONVERTED TO MIRROR BINARY FGRM
[ISUB(J) =MOD(T/2%%(I1-1),42)

IF(ISUB(JI.EQ.L) GU TO 603

GG TO 604

ISUB(J) =11

J=J+1

CONTINUE

RETURN

END
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SUBROUTINE CONSNS (NyMINyLENGTH)

THIS SUBROUTINE USES NUMERICAL ITERATED COMSENSUS TO
FIND THE PRIME IMPLICANTS 3F THE FUNCTION WHOSE TERMS
AKE STORED IN MIN

DIMENSION INDX{500,9),J41(9),L(9)

DIMEMSION MIN(999),MINCON(999),MAXT(128)
CCGMMON TII,NMLTEX(512),IS0L(10,512)yNJJJJI(512),JJIJ
COMMON MINLITyMINMIN(848), [TAB(32)yNMEX(32),NLIT(32}
COMMON MAXCHK,KSOL(10,32)

NN=N

NG 15 I=1,yN

MAXT(T)=4AINC(IL)

LP1=LENGTH+1

D8 99 I=1,LP1

J(I)=0

DO 100 I=1,N

NUM2S=0

MTEMP=MIN(I)

COUNT THE NUMBER DF UNCOMPLEMENTED VARIABLES
MQUO=MTEMP/10

MDIF=MTEMP-MQUO*10

IF(MDIF.EQe2) NUM2S=NUM2S+1

IF(MQUD.EQ.0) GO TO 102

MTEMP=MQUN

GO TO 101

DO 103 I2=1,LP1

NO2S=12-1

IF(NUM2S.NE.NO2S) GO TO 103

JUI2)=J(12)+1

STORE TERMS ACCORDING TU NUMBER OF UNCOMPLEMENTED
VARTABLES

INDX(J(TI2)912)=MIN(I)

GO T 1090

CCNTINUE

CONTINUE

L{LPl)=0

NTOT=0

00 109 I=1,LENGTH

K=0

NCON=0

[3=0(1)

IF(I3.EQ.D) 50 TO 114

I14=J(1+1)

IF(I4.EQ.0) GO TO 114

ATTEMPT TO FORM CONSENSUS:TERMS BETWEEN ADJACENT GKOUPS
DO 194 15=1,1I3

DO 104 [6=1,14

MINL=TABS (INDX(1551))
MIN2=TABSUINDX{16,I+1))
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MDIF=IABS (MIN1-MIN2)

CHECK TO SEE WHETHER A CONSENSUS TERM HAS BEEN FORMED
IFIMDIF.EQ.1) GU TO 106

IF(MDIF.EQ.10) GO TO 106

IF(MDIF.EQ.100) GO TO 106

IF(MDIF.EQ.1000) GO TO 106

IF{MDIF.EQ.1Q000) GO TO 106

IF(MDIF.EQ.100000) GO TO 106

IF(MDIF .EQ.1002000) GO TO 106
IF(MDIF.EQ.10000000) GO TO 106

GO TO 104

NCON=NC ON+1

NTOT=NTCT+1

STORE THE CONSENSUS TERM

MINCON(NTOT)=MINO (MINLyMIN2)-MDIF

TAG THE TERMS USED IN THE CONSENSUS CPERATION
INDX(I5,10==MIN1

INDX(I641+1)=-MIN2

CONTINUE

NCNN IS THE NUMBER OF CONSENSUS TERMS (WITHOUT
DUPLICATES) GENERATED BETWEEN THE PREVIOUS PAIRS OF
GROUPS (IF ANY)

NCNN=NTOT—NCON

CHECK TO SEE WHETHER 2 OR MORE CONSENSUS TERMS HAVE
BEEN FORMED; IF NOT GO TO THE NEXT PAIR OF ADJACENT
GROUPS; IF YES, CHECK FOR DUPLICATES
IFINCGN.LT.2) GU TO 114

NTOTML=NTOT-1

NPLUS=NTOT-NCON+1

TAG DUPLICATE CONSENSUS TERMS

DN 110 K1=NPLUS,NTOTM1

MINL=IABS (MINCOM(K1))

K1PLl=KL+1 -

DO 110 K2=K1PlsNTOT

MIN2=TIABS(MINCGN(K2))

IF(MINL.EQ.MIN2) MINCON(K2)=—MIN2

CONTINUE .

ELIMINATE TAGGED TERMS FROM THE CONSENSUS LIST
DG 111 KL=NPLUS,NTOT

IF(MINCON(K1).LT.0) GO TO 117

NCNN=NCNN+1

MINCON{NCNN)=MINCON{K1)

GO T3 111

K=K+1

CGNTINUE

NTOT=NCNN

L (1)=NCON-K

CONTINUE

CHECK TO SEE WHETHER ANY CONSENSUS TERMS HAVE BEEN
FORMED DURING THIS PASS

IF{NTOT.EQ.0) GO TO 199
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108
118
113

199

116
115
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KK=0

ELIMINATE THE TERMS USED IN THE CONSENSUS OPERATION
DO 113 I=1,4LP1

K=0

12=J(1)

I[IF(I2.EQ.0) GO TO 113

DO 107 13=1,12
IF{INDX(I3,1).LT.0) GO TO 107
K=K+1

INDX{K,I)=INDX(I3,1)

CONTINUE

I[3=L(1)

IF(I3.EQ.0) GO 70 118

ADD THE NEW CUONSENSUS TERMS TO THE CORRESPONDING
GROUP S

DO 108 I4=1,13

KK=KK+1
INDX(K+14,1)=MINCONI(KK)
J{I)=K+L (1)

CONTINUE

GO BACK THROUGH THE LOOP AND ATTEMPT TO FORM NEW
CONSENSUS TERMS

GO 10 98

KK=0

DO 115 I=1,LP1

12=001)

IF(12.EQ.0) GO TO 115

DO 116 I3=1,I12

KK=KK+1

MIN(KK)=INDX(I3,1)

CONTINUE

N=KK

CALL TABLE {NyNNyMIN,MAXT)
RETURN

END
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SUBROUTINE TABLE (KsN9IMP,MAXT)

THIS SUBROUTINE CONSTRUCTS A TABLE IN WHICH THE
HORIZONTAL AXIS REPRESENTS THE TERMS OF THE FUNCTION,
AND THE VERTICAL AXIS REPRESENTS THE PRIME IMPILITANTS
OF THE FUNCTION; JTAB(I,J)=1 IF TERM(I) INCL!
IMPLICANT (J)y OTHERWISE JTAB{I,J)=0

INTEGER*2 JTAB

DIMENSION JTAB(128520)yIMP(999) yMAXT(128)
DIMENSTION ISUB(32)

COMMON TIIToNMLTEX(512)¢ISOL(105512)4NJJJJ(512),dJJJ
COMMON MINLIT,MINMIN(848),4ITAB(32),NEX(32),NLIT(32)
COMMON MAXCHK,,KSUOL(10432)

DO 305 J=1,K

DO 300 I=1,N

[ SUM=MAXT(T)+IMP{J)

IQUO=ISUM/10

IDIF=ISUM—-IQUO%*10

IFCIDIF.NE.3) GO TO 302

GO T3 303

ISUM=1QUOD

IF(ISUM.EQ.0) GO TO 304

GO TO 301

JTAB3(I,4)=0

GO T3 300

JTAB(I,J)=1

CONTINUE

CONTINUE

THE SUBROUTINE NEXT SELECTS THE ESScNTILAL IMPLICANTS
(IF ANY) AND FGRMS A REDUCED TABLE WHICH HAS ON ITS
HORIZONTAL AXIS THE MINTERMS OR MAXTERMS WHICH DO NOT
COVER THE ESSENTIAL IMPLICANTS, AND ON THE VERTICAL
AXIS THE CONDITIUNALLY ELIMINABLE IMPLICANTS (IF ANY)

DO 400 J=1,N

ISUM=0

DO 410 I=1,K
[SUM=ISUM+JTAB(J,I)
IF(ISUM.EQ.1) GO TO 420

GO TO 400

DO 430 II=1,4K
IF(JTAB(JyII)EQ.Ll) GO TO 440
GO T3J 430

IF(IMP{II).LT.0) GO TO 400
IMP(II)=—IMP(II)

GO T3 400

CONTINUE

CONTINUE

DO 450 I=1,K
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IFCIMP(I).LT.0) GD TO 460
GO T3 450
460 DO 470 J=1,yN
IF(JTAB(J,y1)eFQel) MAXTUJ)=-TABS{MAXT(J))
470 CONTINUE
450 CONTINUE
J=1
DU 480 I=1,4N
IF(MAXT{[).LT.0) GO TO 480
DO 479 JJ=1,K
479 JTAB(JyJJ)=JTAB(I+dJdJ)
J=J+1
480 CONTINUE
N=J-1
JJJd=0
DO 4985 I=1,K
IF{IMP(]I).LT.0) GO TO 496
GO TO 495
496 JJJJI=JJJd+l
IF(JJIJ.GT.10) GO TO 492
IF(JJJJGTMINLIT) GO TO 501
[SCL(JJJILITT)=TABS(IMP(I))
NJJJJLTITD)=JJJJ
495 CONTINUE
IFIN.EQ.O) GO TO 492
JJd=0
J=1
DO 481 I=1,K
IFC(IMP(I).LTL0) GO TO 482
DO 483 JJ=1,N
483 JTAB(JJ,J)=JTAB(JJ,I)
IMP(J)=IMP(I)
J=J+1
GO TO 48l
482 JJJ=JJJ+1
481 CONTINUE
K=K=JJJ

NEXT, THE SUBROUTINE SELECTS THE COMBINATIUGNS OF
CONDITIONALLY ELIMINABLE IMPLICANTS THAT TOGETHER WITH
THE ESSENTIAL IMPLICANTS FOKM AN IRREDUNDANT
EXPRESSION

NN=2%%K~-1
NSuUB=1

500 DO 600 I=14NN
CALL MDD(Ny ISUByIsJ)
JJdd=Jd-1
IF(JJJ.EQ.NSUB) GO TO 601
GO TO 600

601 DO 640 L=1,4N



630

640

670

600

492

712

707

711

501

I1SUM=0

DO 630 M=1,JJJ
ISUM=ISUM+JTAB(L,ISUB(M))
CONTINUE

IF(ISUM.EQ.0) GO TD 600
CONTINUE

DO 670 II=1,JJJ
JJJdd=JdJddd+l1l
IF(JJJJ.GT.10) GO TO 492
1F{JJJJGTLMINLIT) GO TO 501
ISOL(JJII, TTII=IMPLISUB(II))
NJJJI(TITI=JJddJ

CONTINUE

GO TO 492

CONTINUE

NSUB=NSUB+1
IF(NSUB.GT.N) G3 TO 492
GO T3 500

LITSUM=0

NNN=NJJJJILIIT)

DO 711 L=14NNN
ITEMP=1SOLIL,III)
IQUO=ITEMP/ 10
IDIF=ITEMP-IQUO%*10
IF(IDIF.EQ.O0) GO TO 707
LITSUM=LITSUM+]
IF(IQUO.EQ.0) GO TO 711
ITEMP=TQUU

GG TO 712

CONTINUE
NMLTEX(IIT)=LITSUM
RETURN

NMLTEX(ITT)I=JJdJdJ

RETURN

END
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SUBROUTINE SPORPS (NN)

THIS SUBROBUTINE SELECTS AND QUTPUTS THE MINIMAL SP
(PS) SOLUTION

DIMENSION IMPOUT (22)
COMMON TITI,NMLTEX{512),ISOL(10,512),NJJJJI(512),ddJJ
COMMON MINLIT,MINMIN(848),ITAB(32),NEX(32),NLIT(32)
COMMON MAXCHK,KSOL(104532)
[F(MAXCHK.EQ.0O) PRINT 708
IF(MAXCHK«GTo0) PRINT 803
803 FORMAT (1HO, *MINIMUM SP SOLUTION?')
708 FORMAT (1HO, *MINIMUM PS SOLUTION?)
NTWM2L=0
MAXLIT=1
NSWTCH=0
IF(MAXLIToLE«NJIJJIJIINN)) MXGTFI=NJJIJJ(NN)
[IF(MAXLITGE«NJJJIJ(NN)) MXGTFI=MAXLIT
NNN=NJJ JJ (NN)
NGTEL=NKNN+1
DO 700 I=1,NAN
IMPIN=ISOL(I4NN)
IF(MAXCHK.EQ.0) CALL CONVRT (IMPIN,IMPOUT,LENGTH)
[F{MAXCHK .GT«0) CALL CONMIN (IMPIN, IMPOUT,LENGTH)
723 NSWTCH=NSWTCH+LENGTH
PRINT 752,IMPOUT
752 FORMAT (lH , 25A1)
700 CONTINUE
NGTIN=NSWTCH+NNN
718 PRINT 709,3NSWTCH
709 FORMAT(IH , "NUMBER OF SWITCHES=',12)
PRINT 715,NGTIN
715 FORMAT(LH 5 'NUMBER 0OF GATE INPUTS=?', 12)
PRINT 713 ,NGTEL
713 FORMAT(LIH , *NUMBER NF GATE ELEMENTS=t, [2)
PRINT 714,MAGTFI
714 FORMAT(LIH o *MAXIMUM GATE FAN-IN=', [2)
RETURN
END
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719

751

758
757

752
753

755

760

75
SUBRJOUTINE SPSPSP (NSOL4sN)

THIS SUBROGUTINE FINDS THE NUMERICAL SPS (PSP) SOLUTION

DIMENSION IMPOUT(22)yISUB(32) yMAXLIT{(9) NTWM2LI9)
COMMON TIIyNMLTEX(512),IS0OL{109512),NJJJJ(512),JJJJ
COMMON MINLIToMINMIN(B8y8),ITAB(32),NEX(32),NLIT(32)
COMMON MAXCHK,KSOL(10932)

THE NEXT FEW INSTRUCTIONS GENERATE THE COMBINATICNS CF
FXPRESSIONS THAT FGRM A SOLUTION AND SELECT THOSE
THAT HAVE THE LEAST NUMBER OF LITERALS

NN=NSOL

MINSUM=100

NM1=NSOL-1

DO 700 I=1,NM1

IP1=1+1

DO 700 J=1P1lyNSOL

NMLTEX(1)=0

NTWM2L (1) =0

MAXLIT(1)=1

NMLTEX(2) =0

NTwM2L(2)=0

MAXLIT{(2)=1

CALL ORR (Iy9J9K)

IF(K.NE.NN) GO TO 700
LITSUM=NMLTEX{I)+NMLTEX(J)
[FILITSUMSGT.MINSUMY GO TO 700
MINSUM=LITSUM

IF(MAXCHKEQ.0) PRINT 751

FORMAT (lHO,y *MINIMUM SPS SOLUTION®)
[F(MAXCHK.GT.0N) PRINT 758

FURMAT (1HO, *MINIMUM PSP SOLUTION®')
NNN=NJJJJ ()

III=1

DO 753 K=1,yNNN

IMPIN=ISOL(K,I)

[F(MAXCHK«FNeO) CALL CONVRT (IMPIN, IMPOUT,LENGTH)
IFI(MAXCHK «GT.0) CALL CONMIN (IMPIM, IMPUGUT LENGTH)
TF{LENGTH.GTo1l) NTWM2L(ITI)=NTWM2L(III)+1
ITF(LENGTHHFMAXLIT(III)) MAXLIT(TIII)=LENGTH
NALTEX(ITII=NMLTEX(ITI)+LENGTH

PRINT 752, IMPUUT

FORMAT (1lH ,22A1)

CONTINUE

IFI{MAXCHK.GT.0) GO T3 760

PRINT 755

FCRMAT (LH 4, 'ORED WITH?!)

GO TO 761

PRINT 762
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762 FORMAT (1H , YANDED WITH?!)
761 NNN=NJJJJ(J)
I11=2
DO 754 K=1,4NNN
IMPIN=ISOL(KyJ)
[F(MAXCHK<EQ.O) CALL CONVRT (IMPIN, IMPOUT,LENGTH)
[F(MAXCHK«GTo0) CALL CONMIN (IMPINy IMPOUT,LENGTH)
545 IF(LENGTH«GT«l) NTWM2L{ITI)=NTWM2L(III)+1
IF(LENGTHeGEeMAXLIT(ITI)) MAXLIT(III)I=LENGTH
NMLTEX(III)=NMLTEX{III)+LENGTH
PRINT 752, IMPOUT
754 CCNTINUE
NSWTCH=MMLTEX(L)+NMLTEX(2)
NGTIN=NSWTUCH+NTWM2L{LI+NTWM2L(2)+2
NGTEL=NTWMZ2L(1)+NTWM2L(2)+3
IF(MAXLIT(Ll)«GEMAXLIT(2)) MXGTFI=MAXLIT(1)
MXGTFI=MAXLIT(2)
IFINJJJI(T) e GEMXGTFI ) MXGTFI=NJJJJII(I)
[FINJJJJI(J) e GEaMXGTFI ) MXGTFI=NJIJJI(J)
PRINT 709,NSWTCH
PRINT T715,NGTIN
PRINT 713,NGTEL
PRINT 714 ,MXGTFI
709 FORMAT(1H , *NUMBER OF SWITCHES=',12)"
715 FORMAT(LIH o 'NUMBER QF GATE IMNPUTS=¢, I2)
713 FGRMAT(1H 4 *NUMBER OF GATE ELEMENTS=¢, I2])
714 FORMAT(LH o '"MAXIMUM GATE FAN-IN=', I2)
700 CONTINUE
799 RETURN
EMND
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SUBROUTINE 0ORR(I9yJeK) FORMS THE BONLEAN UNION CF I AND
Js» AND STORES THE RESULT IN K

START
SAVE
BALR
USING
L

L

L

L

0OR

L

ST
RETURN
END

0

(14,412)
15,0
*¥515
10,0(0y1)
9,0(10)
1044(041)
8,0(10)
8’9
105s8(0,112
8,0(10)
(14412)

LOAD REG. 10 We ADD. OF 1ST ARS5,

LD. RGe 9 We CNTo. UF ADDe IN KG.

LD. REG. 10 W. ADD OF 2ND ARG,
LDe RGeB We CNT. IJF ADD. IN RG.

19

10

"ORM™ THE CONTENTS OF REbe 3 -AMND 9

LDe ADDS Ik 3R ARG IN RGe 10

STORE CnNT.2F RG.8 IN ADDs IN G,

1
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SUBROUTINE CONVRT (IMPIN, IMPOUT,LENGTH)

THIS SUBROUTINE CONVERTS MAXTERMS FROM THEIR NUMERICAL
FORM TO THEIR LITERAL FORM

INTEGER*4 PLUSy»BLANK,PRIME,RPAREN
DATA LETVyLETWyLETXyLETY LETZ,PLUS,3LANK,PRIME,LPAREN,

C RPAREN/LIHV s 1HWy LHXy LHY g LHZ y IH+ 3 1H 4 1H" g LH(41H)/

DATA LETUSLETT,LETS/1HU1HT,1HS/
DIMENSITON IMPOUT (22)
COMMON TIIoNMLTEX(512)yISOL(109512)eNJJIJIILS12)9JdJJJ
COMMON MINLIT,MINMIN{B8,8),ITAB(32),NEX(32)NLIT(32)
CCMMON MAXCHK,KSOL(10432)
I=1

LENGTH=0
IMPOUT{I)=LPAREN
IQUO=IMPIN/2000000
IF(IQUO.EQ.1) GO TO 60
IQUO=IMPIN/1000000
[F(IQUO.EQ.1) GO TO 70
GO T9I 89

I=1+1

IMPOUT(I)=LETT
LENGTH=LENGTH+1

[=1+1

IMPGUTI(I)=PRIME

I=1+1

IMPOUT(I)=PLUS
{MPIN=IMPIN=2000000

GO 70 89

i=I+1

IMPOUT(I)=LETT
LENGTH=LENGTH+1

[=1+1

IMPOUT(I)=PLUS
IMPIN=IMPIN—-1000000
IQUO=IMPIN/200000
IF{IQUO.EQ.1) GO TO 80
IQUO=IMPIN/100000
IF(IQUO.EQ.1) GO TO 90
GG TO 99

[=1+1

IMPOUT{I)=LETU
LENGTH=LENGTH+1

[=1+1

IMPOUT (I)=PRIME

[=1+1

IMPOUTI(I)=PLUS
IMPIN=IMPIN—-200000

GO TO 99

I=1#]



99

100

110

120

130

140

150

160

IMPOUT(I)=LETU
LENGTH=LENGTH+1
I=1+1

IMPOUT (I)=PLUS

IMPIN=IMPIN-100000

[QUO=IMPIN/ 20000
IF(IQUU.EQ.1) GO
IQUO=TMPIN/11000
IF(IQUN.EQ.1) GO
GO TO 120

I=1+1
IMPOUT(I)=LETV
LENGTH=LENGTH+1
I=1+1

IMPGUT (I)=PRIME
I=1+1
IMPOUT(I)=PLUS

IMPIN=IMPIN-20000

GO TO0 120

I=1+1
IMPOUTH{I)=LETV
LENGTH=LENGTH+1
[=1+1
IMPGUT(T)=PLUS

IMPIN=IMPIN-10000

[QUO=IMPIN/2000
IF{IQUG.EQ. 1) GU
IQUD=IMPIN/1000
TFUIQUCLEQe1) G
GG TO 1%0
I=1+1
IMPOUT(I)=LETW
LENGTH=LENGTH+1
=[+1
IMPOUT(I)=PRIME
[=1+1
IMPOUT (1) =PLUS
IMPIN=TIMPIN~2000
GG T3 150
I1=1+1
IMPOUT(I)=LETW
LENGTH=LENGTH+1
I=1+1
IMPOUT(TI)=PLUS
IMP IN=IMPIN-1000
IQUO=IMPIN/200
IFIIQUO.EQA.1) GO
IQUO=TIMPIN/100
I[F{IQUO.EQ.1) GO
GO T3 180
[=1+1

TGO 100

TO0 110

TO 130

TO 140

TO 160

TO 170



170

180

190

200

210

220

230

IMPOUT(I)=LETX 80
LENGTH=LENGTH+1
I=1+1

IMPOUT{ I)=PRIME
I=1+1
IMPOUT (1) =PLUS
IMPIN=IMPIN—200
GO T3 180

I=1+1
IMPOUT (1) =LETX
LENGTH=LENGTH+1
I=1+1
IMPOUT (1) =PLUS
IMPIN=IMPIN=100
IQUO=IMPIN/20
IF(INUO.EQ.1) GG TO 190
IQUO=IMPIN/10
IF(1QUO.EQ.1) GO TO 200
GO TN 210

I=1+1
IMPOUT(I)=LETY
LENGTH=LENG TH+1
[=1+1
IMPOUT (1) =PRIME
I=1+1

IMPOUT ([)=PLUS
IMPIN=IHPIN=20
GO T3 210

I=1+1
IMPOUT(I)=LETY
LENGTH=LENGTH+1
I=1+1
IMPOUT(I)=PLUS
IMPIN=IMPIN-10
IF(IMPINGEQ.2) GO TO 220
IF(IMPIN.EQ.1) GO TO 230
GO TO 240

I=1+1
IMPOUT(I)=LETZ
LENGTH=LENGTH+1
1=1+1
IMPOUT(1)=PRIME
I=1+1
IMPOUT(1)=RPAREN
GO TO 250

I=1+1
IMPOUT(I1)=LETZ
LENGFH=LENGTH+1
I=1+1
IMPOUT(1)=RPAREN
GG T3 250



240 IMPOUTI(I)=RPARE

250 IF(l.GEF.22) GO
[=1+1
IMP3UT(IJ=BLANK
GG T3 250

260 RETURN

END

N
TO 260
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SUBROUTINE CONMIN (IMPINy IMPOUT,LENGTH)

THIS SUBROUTINE CONVERTS MINTERMS FROM THEIR NUMERICAL
FORM TO THEIR LITERAL FORM

INTEGER*4 LETU,LETT

INTEGER*4 LETV.LETWSLETX,LETY,LETZ,BLANK,PRIME,
C IMPOUTI(22)

NATA LETV LETWyLETXyLETYyLETZyPRIME yBLANK/ IHV,1HWy1HX,
ClHYylHZ y1H' 4y 1H /

DATA LETU,LETTHLETS/LHU4L1HT,1HS/
COMMON III,NMLTEX(5120,IS0L(104512),NJJJJ(512),JJJJ
COMMIN MINLIT,MINMIN(8,+8),1TAB(32),NEX{(32) NLIT(32)
COMMON MAXCHK,KSOL(10,32)

=0

LENGTH=0

[QUO=IMPIN/2000000

IF(IQUO.EQ.1) GO TO 60
IQUOG=IMPIN/1000000

iF(IQUC.EQ.1) GO TO 70

GO TO 89

I=1+1

IMPOUT(I)=LETT

LENGTH=LENGTH+1
IMPIN=IMPIN-2000000

GO TO 89

I=1+1

IMPOUT(I)=LETT

LENGTH=LENGTH+1

[=1+1

IMPOUT(I)=PRIME
IMPIN=IMPIN—-1000000
IQUO=IMPIN/200000

IF(IQUC.EQ.1l) GO TO 80
IQUO=IMPIN/100000

IF{IQUO.EQ.1) GO TO 90

GO TO 99

[=1+1

IMPOUTI{I)=LETU

LENGTH=LENGTH+1
IMPIN=IMPIN-200000

GO TO 99

I=I+1

IMPOUT(I)=LETU

LENGTH=LENGTH+1

I=1+1

IMPOUT(I)=PRIME
IMPIN={MPIN-100000
1QUU=TIMPIN/20000

IF(IQUO.EQ.1) GO TO 100
[IQUO=IMPIN/10000



100

110

120

130

140

150

160

170

180

190

IF(IQUO.EQ.1) GO TO 110
GO TO 120

I=1+1]

IMPOUT(I)=LETV
LENGTH=LENGTH+1
IMPIN=IMPIN-20000

GG T3 120

[=1+1

IMPGUT(I)=LETV
LENGTH=LENGTH+1

[=1+1

IMPOUT(1)=PRIME
IMPIN=IMPIN-10000
IQUU=IMPIN/2000
IF(IQUO.EQ.1) GO TO 130
IQUD=TIMPIN/1000
IF(IQUO.EQ.1) GO TO 140
GO T3 150

[=1+1

IMPOUT(I)=LETW
LENGTH=LENGTH+1
IMPIN=IMPIN-2000

GO T3 150

I=1+1

IMPOUT(I)=LETHW
LENGTH=LENGTH+1

i=1+1

IMPOUTI(I)=PRIMFE
IMPIN=IMPIN=1000
[IQUU=TIMPIN/200
IF(IQUO.EN.1) GO TO 160
IQUC=IMPIN/100
IF(IQUO.EQ.1) GO TO 170
GO TO 180 ’

[=1+1

IMPOUTII)=LETX
LENSGTH=LEMNGTH+1
IMPIN=IMNPIN=-200

GO TO 180

I=1+1

IMPOUT(I)=LETX
LENGTH=LENGTH+1

i=1+1

IMPOUT(I)=PRIME
IMPIN=IMPIN—-100
[IGUO=IMPIN/20
IF(ICGUO.EQ.1) GO TO 190
IQUO=IMPIN/10
IF(IQUO.EQ.1) GO TO 200
GG TN 210

I=1+1
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200

210

220

230

250

260

IMPQUT(I)=LETY
LENGTH=LENGTH+1
IMPIN=IMPIN=-20

GO 1) 210

I=1+1

IMPOUT(I)=LETY
LENGTH=LENGTH+1

I=1+1

IMPOUT(I)=PRIME
IMPIN=IMPIN-10
IF(IMPIN.ERL.2) GO TO 220
IF(IMPINCEQ.1) GO TO 230
GO T3 250

=1+l

IMPOUT(I)=LETZ
LENGTH=LENGTH+1

GO TO 259

I=1+1

IMPOUT(I)=LETZ
LENGTH=LENGTH+1

[=1+1

IMPOUT(1)=PRIMFE
IF(1.GE.22) GO TO 260
[=1+1

IMPOUT (I)=BLANK

GO TO 250

RETURN

END
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APPENDIX E

COMPUTER LISTING OF LAWLER'S ALGORITHM PROGRAM

THIS PROGRAM IMPLEMENTS LAWLER'S ALGORITHM

DIMENSION ISUB({32),MINDEC(128),MAXT(128]1,MIN(999),
C MIX{999),MINUZD(16) ¢ MTAG(16),LINE(16)sMAX(128)
COMMON IITsNMLTEX(512),ISOL(1045121)4yNJJJIJ(512),dJJJ
COMMON MINLIT,MINMIN(8+8),ITAB(32),NEX(32),NLIT(32)
COMMON MAXCHK KSOL(10,32)

READ (5,10) NyLENGTH

FORMAT (312)

IFIN<.EQ.O) STOP

CALL ZEROTK

READ (5,12) (MINDEC(I), I=1,4N)

FORMAT (2513)

CALL MAXX (LENGTHyMAXT)

MAXCHK=0

DO 7 I=1yN

MIN(I)=MAXT (MINDEC{I)+1)

PRINT 5

FORMAT {1HO, 'MINTERMS OF THE ORIGINAL FUNCTION?')
PRINT 649 (MIN(I)y I=1,N)

FORMAT (1H ,6110)

GG TO 11

PRINT 8

FORMAT (1HO» *MAXTERMS OF THE ORIGINAL FUNCTION®)
PRINT 60“‘4”\”1)7 I=10N’

NN=2%%N—L

NUMTER=2%%L ENGTH

DO 644 J=1,N

DO 644 I=1,NUMTER

IF{MIN(J) .NE.MAXT(I)) GG TO 644

MTAG(J) =1

CONTINUE

DC 646 J=1,8

DO 646 1=1,8

MINMIN(I,J)=0

MINUZD{L)=MIN(1)

NSOL=0

NO=1

N2=2%%N{-1

N1=N2-NSOL

DO 101 I=N1,N2

KKK=1

NSOL=NSUL+1

IIT=NSOL+1
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114
115
105

127

122

121

123
622

128

125

131

126

124

109

86

CALL ONE {(NNyNy NUMTER yMAXT yMIN,KKKyMINUZDy LENGTH)

NNN=NJJJJ(NSOL)

CONTINUE

CALL COVER (NSOLsNDyLINEyNLINES,LITSUM)
DO 105 J=14NLINES

DO 115 KK=1,4N

BO 114 K=1,N

IFIMINMIN(KKyLINE(J)) dEQeMINI(K)) MTAG(K) =
-IABS(MTAG(K))

CONTINUFE

CONTINUE

CONTINUE

DO 127 I=1,NUMTER

MAX (I )=MAXT (1)

K=0

DO 121 J=1,N

[FIMTAG(J)«LT.0) GO TO 122

GG T9J 121

K=K+1

MINDECT{KY=MIN(.))

CONTINUE

DO 123 L=1,K

DO 123 M=1,NUMTER

[F(MINCEC(L) e EQeMAX(M)Y) MAX(M)=—MAX (M)

CONTINUE

MM=0

DO 128 [=149NUMTER

[FIMAX(I).LTs0) GO TO 128

MM=MM+1

MIX(HMM)=MAX(T)

CONTINUF

CALL COUNSKNS (MMyMIX,LENGTH)
ITF{NMLTEX(III)eGTLLITSUM) GC Ti} 124
MNN=NJJJJ(TTT)

NJJJJ INSOL)=NJJJJUTT T
NMLTEX(NSOL)=NMLTEX(IITI)

DO 125 J=1,NNN

ISOL{JZNSOL)=ISOL(J,ITI1)

K=1

OGO 126 J=14N

IF(MTAG(J).LT.0) GO TO 131

GO T3 126

MINMIN(K,HNSOL)=MIN(J)

K=K+1

CONTINUE

NLINES=1

LINF(1)=N

DO 109 J=
[IF(MTAG(J

GO T8 110

CONTINUE

SaL
1N
)eLT.0) GO TO 109



()

110

111
120

118

1717

800

801

802

87

GG T3 111

NG=NO+1

MINUZD(NO)=MIN{(J)

GO T2 100

DC 120 J=1,NSOL

[TAB(J) =0

DO 118 I=1yN2

CC 118 J=1yN

DO 118 K=1,yN

TFOMINMINCI » 1) cEQ.MIN(K)) ITAB(I)=ITAB(I)+2%*(K-1)
CONTINUE

CALL SPQRPS (NSOL)

CALL SPSPSPINSOLsNN)

CALL TIMETK (T)

PRINT 777, T

FORMAT (1HO, 'TIME=', F6.2)
IF(MAXCHK.GT.0) GO TO 1

THE NEXT FEW INSTRUCTIONS SELECT THE MAXTERMS TO BE
USED IN FINDING THE MINIMAL SP ANG PSP EXPRESSIONS
0 8OO0 I=1,N

00O 800 J=1,NUMTER
IF(MIN(I).EQeMAXT(J)) MAXT{JI)=—MAXTI{J)
CONTINUE

J=0

DC 801 1=1,NUMTEK

[F(MAXT(I).LT.0) GO TO 801

J=J+1

MIN(J) =MAXT(I)

CONTINUE

N=J

DO 802 I=1,MNUMTER
MAXT(I)=TABS{MAXT (1))

MAXCAK=MAXCHK+1

CALL ZEROTK

GG T3 9

END
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SUBROUTINE ONE (NNyNyNUMTER yMAXT yMINsKKKyMUZHyLENGTH)

THIS SUBROUTINE SELECTS THE EXPRESSIGN(S) WITH THE
LEAST NUMBER OF LITERALS IMPLIED BY THE MINTERMS
(MAXTERMS) IN MUZ

DIMENSION KSUB(32),ISUB(32),MAXT(128),MAX{128),
C MIX(999),MIN(999),MUZ(16)

COMMON TIII NMLTEX(512),1ISOL(10,512),NJJdJJIJ(512),JJJJ
COMMON MINLIT,MINMIN(8,8),ITAB(32) 4NEX(32),NLIT(32)
COMMON MAXCHK,KSOL{10,32)

CALL MDO(NyKSUB KKKy J)

NKSUB=J-1

MINLIT=100

D0 600 I=1,NN

THE NEXT FEW INSTRUCTIONS GENERATE THE COMBINATIONS OF
TERMS THAT WILL ENTER INTO THE CONSENSUS OPERATION

CALL MDD(NyISUByI4J)
JJJd=J-1

DO 200 M=1,NKSUB

DO 206 L=1,JJJ
[IF(MUZ{KSUB(M)) .NE.MIN(ISUB(L))) GO TO 206
GO TO 200

CONTINUE

GO TO 600

CONTINUE

DO 615 L=14NUMTER
MAX (L)=MAXT(L)

THE NEXT FCW INSTRUCTIONS SELECT THE TERMS
THAT WILL BE USED IN THE CONSENSUS OPERATION

DO 620 L=1yJJJ

DO 620 LL=1,NUMTER

IF{MAX(LL) «EQeMIN(ISUB(L))) MAX(LL)=-MIN(ISUBI(L))
CONTINUE

J=1

DO 630 L=15NUMTER

IF(MAX(L).LT.0) GO TO 630
MIX(J)I=MAX{L)

J=J+1

CONTINUE

NTERMS=J-1

IMLI=ITI-1

CALL CONSNS(NTERMS,MIXysLENGTH)
IF(NMLTEX(III)eLEMINLITY GO TO 202
GO TO 600

MINLIT=NMLTEX(IITI)
NJJJJ(IML)=NJJJJ(TIIT)



204

205
600

NMLTEX(IM1)=NMLTEX(III)

DG 204 L=1,J4J4J

MINMIN(CL, IML)=MIN(ISUB(L))
NNN=NJJJJL{TIIT)

DO 205 L=1,NNN

[SOL(L, IM1)=ISOL(L,ITT)
CONTINUE

RETURN

END
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601

630
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90
SUBROUTINE COVER (NROWSyNCOLSyLINEyNLINES,LITSUM)

THIS SUBROUTINE FINDS THE COVERING EXPRESSION FOR THE
TERMS USED SO FAR TO GENERATE SETS OF SUBFUNCTIOGNS

DIMENSION ISUB(32),MINSUM(16),LINE(LG6)
COGMMON TITyNMLTEX(512),ISOL(10y512)¢NJJJJ(512),3JJJ
COMMON MINLIT,MINMIN(848),1TAB(32)4,NEX(32),NLIT(32)
COMAON MAXCHK,KSOL(10+32)

NSuB=1

NN=2%%*NROWS—1

DO 598 I=1,NROWS

MINSUM(I)=100

DO 600 I=1,NN

CALL MDD{NROWS,ISUByI +J)

JJdd=J-1

IF(JJJ.EQ.NSUB) G3Q TO 601

GO T3 600

IARG=0

DO 630 M=l,JJJ

JARG=ISUBI(M)

CALL ORR (IARGs JARG+KARG)

I ARG=KARG

IF(IARG.NE.NROWS) GO TO 600

LITSUM=0

DO 650 M=1,JJ4J

LINE(M)=ISUB(M)
LITSUM=LITSUM+NMLTEX(ISUB(M)})
IF(LITSUM.GT.MINSUM(NSUB)) GG TO 600
CONTINUE

NLINES=JJJ

MINSUM(NSUB)=LITSUM

CONTINUE

NSUB=NSUB+1

IF(NSUB.GT.NROWS) GO TO 603
[F(NSUB.EQ.2) GO TO 599
IF(MINSUM(NSUB-1) «GT+ MINSUM(NSUB=2}) GO TO 603
GG TO 599

LITSUM=MINSUM(NSUB-1)

RETURN

END
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SUBROUTINE SPSPSP (NN,NSOL)
THIS SUBROUTINE FINDS THE NUMERICAL SPS (PSP) SOLUTIGN

DIMENSION IMPQOUT (22), ISUB(32)yMAXLIT(9),NTWM2L{9)
COMMON TIT,NMLTEX(512)sISOL(10,512)yNJJIJI(512)9JJJJ
COMMON MINLIT,MINMIN(B8,8),ITAB(32)yNEX(32),NLIT(32)
COMMON MAXCHK,KSOL(10,432)

THE NEXT FFW INSTRUCTIONS GENERATE THE COMBINATICNS (OF
EXPRESSIONS THAT FORM A SOLUTIGN AND SELECT THOSE
THAT HAVE THE LEAST MUMBER OF LITERALS

MINSUM=100
NM1=NSOL-1

DO 700 I=1,NMl
IP1=1+1

00 700 J=1P1,NSOL
NMLTEX(1)=0
NTWwM2L (1)
MAXLIT(1)
NMLTEX( 2)
NTWM2L (21
MAXLIT(2)
IARG=1TAB
JARG=ITAB
Isusll)=I
1sup{2)=J
CALL ORR {IARG,yJARG,sK)

IF(KeNE.NN) GO TO 700

LITSUM=0

DO 711 M=1,2

NNN=NJJJJ(ISUB(M))

DO 711 L=1,NNN

ITEMP=ISOL(L,ISUB(M))

IQUO=ITEMP/10

IDIF=ITEMP-IQUO*10

IF(IDIF.EQ.O) GO TO 707
LITSUM=LITSUM+1

IF(IQUO.EQ.0) GO TO 711

ITEMP=10QUO

GO TO 712

CONTINUE

IF(LITSUM.GT.MINSUM) GO TO 700
MINSUM=LITSUM

IF(MAXCHK.EOD.0) PRINT 751

FORMAT (1HO, *MINIMUM SPS SOGLUTIGN?)
IF(MAXCHK«GT«G) PRINT 758

FORMAT (1HO, *'MINIMUM PSP SOLUTION®)
NNN=NJJJJ(T)

ITI=1

=0
=1
=0
=0
=1
(I
(J

)
)
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752
753

155

160
162
761

545

754

709
715
713
114
700
799

92

DO 753 K=1,NNN

IMPIN=TSOL{K,1)

[FIMAXCHKEQ.O) CALL CONVRT(IMPIN, IMPOUT,LENGTH)
IF{MAXCHK «GT«0) CALL CONMIN{IMPIN, IMPOUT,LENGTH)
IF{LENGTHeGTol) NTWM2LUITITI)=NTWM2L(III)+1
IF(LENGTHeGE.MAXLIT(III)) MAXLIT(III)=LENGTH
NMLTEX(III)=NMLTEX(III)#LENGTH

PRINT 752, IMPGUT

FCRMAT (1H ,25A1)

CONTINUE

IF(MAXCHK.GT.0) GU TO 760

PRINT 755

FORMAT (1H 4 'ORED WITH')

GO TO 761

PRINT 762

FORMAT (1H , *ANDED WITH®')

NNN=NJJJJ(J)

I11=2

DO 754 K=1,4NNN

IMPIN=1SOL(K,yJ)

[F(MAXCHK«FQRs0) CALL CONVRT(IMPINy IMPUUT,LENGTH)
IF(MAXCHK«GTo0) CALL CONYMIN(IMPIN, IMPOUT,LENGTH)
IF{LENGTHGT 1) NTWM2L(IIE)=NTWM2L(ITI)+1
IFILENGTHeGESMAXLIT(III)) MAXLIT(ITTI)=LENGTH
NMLTEX(III)=NMLTEX{III)+LENGTH

PRINT 752, IMPOUT

CONTINUE

NSWTCH=NMLTEX(1) +NMLTEX(2)
NGTIN=NSWTCH+NTWM2L(1)+NTWM2L(2)+2
NGTEL=NTWM2L(LI+NTWM2L(2)+3
IF(MAXLIT(1)sGEMAXLIT(2)) MXGTFI=MAXLIT(L)
MXGTFI=MAXLIT(2)

IFINJJJI(T) o GESMXGTFI) MXGTFI=NJJJIILT)
IFINJJIJILI ) CGEMXGTFI ) MXGTFI=NJJJII(I)

PRINT 709 NSATLH

PRINT 715,NGTIN

PRINT 713,NGTEL

PRINT 714,MXGTFI

FORMAT(1H , "NUMBER OF SWITCHES=%",12)

FORMATI{1H , *NUMBER OF GATE INPUTS=?', [2)
FORMAT(LIH 5, *NUMBER OF GATE ELEMENTS=', I2)
FORMAT{1H , *MAXIMUM GATE FAN—IN=t', 12)
CONTINUE

RETURN

END
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SUBROUTINE MAXX {(LENGTH, MAXT)
THIS SUBROUTINE IS THE SAME AS IN THF PROGRAM
IMPLEMENTS WOOD'S MINIMIZATION ALGURITHM

SUBROUTINE MOD(N,ISUBsI,J)
THIS SUBROUTINE IS THE SAME AS IN THE PROGRAM
IMPLEMENTS WOGOD*S MINIMIZATION ALGORITHM

SUBROUTINE CONSNSE (Ny,MINyLENGTH)
THIS SUBROUTINC IS THE SAME AS [N THE PROGHAM
IMPLEMENTS WOGD*S MINIMIZATION ALGORITHM

SUBRUOUTINE TABLE (KyN,IMP,MAXT)
THIS SUBROUTINE IS THE SAME AS IN THit PROGPAM
IMPLEMENTS WOOD'S MINIMIZATINN ALGGPITHM

SUBRBUT INF SPURPS (NN)
THIS SUBRODUTINE IS THE SAME AS IN THE PROGRAM
IMPLEMENTS ~0GL*S MINIMIZATION ALGORITHM

SUBROUTINE GRR{IyJyK)
THIS SUBROUTINE IS THE SAME AS IN THE PROGKAM
IMPLEMENTS w0OD®'S MINIMIZATINN ALGORITHM

SUBHROUTINE CONVRT (IMPIN, IMPQOUT,LENGTH)
THIS SUBRUUTINE IS THE SAME AS IM THE PROGRAH
IMPLEMENTS W{GOD*S MINIMIZATION ALGURITHM

SUBROUTINE COMMIN(IMPIN, IMPOUT,LENGTH)
THIS SUBROGUTINE IS THE SAME AS IN THE PROGRAM
IMPLEMENTS WOOD®*S MINIMIZATIONM ALGORITHM

WHICH

WHICH

WHICH

WHICH

WHICH

WHICH

WHICH

WHICH
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APPENDIX F

COMPUTER LISTING OF THE COMBINED ALGORITHM PROGRAM

THIS PROGRAM IMPLEMENTS THE COMBINED ALGODRIiTHM

DIMENSTON ISUB(32),MINDECI{L128),MAXT(128)+¢MIN(999),
C MIX{999),MINULZD(L16) MTAG(LE),LINE(1E),MAX(128)
COMMON TII,NMLTEX{(512),ISOL(10,512),NJJJI(512),4dJJJ
COMMON MINLITyMINMIN(848),ITAB(32),,NEX(32),NLIT(32)
CUMMON MAXCHKKSOL(10,432)

N IS THE NUMBER GF MINTERMS INPUT

LENGTH IS THE NUMBER OF VARIABLES IN A MINTERM

READ (5410) NyLENGTH

FORMAT (3129

IF(N.EQ.0) STOP

CALL ZEROTK

MINDEC IS THE DECIMAL EQUIVALENTY {OF A MINTERM

READ (54,12) (MINDEC(I), I=1,4N)

FORMAT (2513)

MAXT IS AN ARRAY WHICH CONTAINS ALL OF THE MINTERMS
CALL MAXX (LENGTH, MAXT)

MAXCHK=0 WHEN THE PROGRAM IS FINDING 2S/SPS SCLUTIONS

MAXCHK=0

DO 7 I=1,N

MIN IS AN ARKRAY WHICH CONTAINS THE MINTERMS NF THE
FUNCTION BEING MINIMIZED

MIN(I)=MAXTI{MINDEC(I)+1)

PRINT 5

FORMAT {1HO, '"MINTERMS OF THE DRIGINAL FUNCTION?')
PRINT &y (MIN(IYy I=1,4N)

FORMAT {14 ,6I110)

GO 10 11

PRINT 8

FORMAT (1HO, *MAXTERMS OF THE ORIGINAL FUNCTION?')
PRINT 64 (MIN(I)y I=1,4Ni

NN IS THE TOTAL NUMBER OF SUBFUNCTIONS

NN=2%%=N-1

NUMTER US THE TOTAL NUMBER UF MINTERMS
NUMTER=2%%LENGTH

MINLIT=100

CALL ONE (NNyNyNUMTER yMAXT yMINyLENSTH)

CALL SPORPS (NN)

DO 644 J=1,N

DO 644 I1=1,NUMTER

IF(MIN{J).NF.MAXT(L)) GO TO o644

MTAG IS AN ARRAY WHICH IS USED TQO TAG THE MINTERMS
WHICH ARE CUVERED BY INTERMEODIATE SOLUTIONS

94
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644

646

100

101

114
115
105

888

125

85

MTAG(J) =1

CONTINUE

DO 646 J=1+8

DO 646 [=1,8

MINMIN IS AN ARRAY WHICH COUNTAINS THE MINTERMS OF THE
MINIMUM LITERAL SUBFUNCTIONS

MINMIN(IyJ)=0

MINUZD IS AN ARRAY WHICH CONTAINS THE MINTERMS WHICH

ARE BEING USED TO GENERATE SUBFUNCTIUNS
MINUZD(1)=MIN(1)

NSOL KFEPS COUNT OF THE NUMBER OF SUBFUNCTICNS WHICH

WILL BE USED IN THE FINAL PRIME IMPLICANT TABLE TO
FIND THE MINIMAL SPS (PSP) SOLUTION

NSOL=0

NO IS THE NUMBER OF MINTERMS BEING USED TO GENERATE
SUBFUNCTIONS

NO=1

N2=2%%N(-1

N1=N2-NSUL

DO 101 I=NLl,N2

KKK=1

NSOL=NSOL+1

[II=NSOL+1

CALL FUN (NNyNyNUMTER sMAXT yMIN,KKKy,MINUZD)

NNN=NEX (NSOL)

CONTINUE

CALL CCVER (NSOL,NO,LINEyNLINES,LITSUM)

THIS LOOP TAGS THE MINTERMS WHICH ARE COVERED BY THE
INTERMEDIATE SOLUTIONS GENERATED SO FAR

DO 105 J=14NLINES

DO 115 KK=1,N

DO 114 K=1,N

IF(MINMIN(KKyLINE(J)) cEQ.MIN(K)) MTAG(KI)=
-IABS(MTAGI(K))

CONTINUE

CONTINUE

CONTINUE

JJJdJd=0

DO 888 K=1,yN

[IF(MTAG(K) «LT0) JIII=dJII+2%Fx(K-1)

CONTINUE

[IFINMLTEX(JJJJ)«GT.LITSUM) GD TQ 124

NNM=NJJJJ (JJJJ)

NEX(NSOL)=NNN

NLITONSOL)=NMLTEX(JJJJ)

DO 125 J=1,NNN

KSOL(JsNSOLY=ISOL(d,JJJJ)

K=1

DO 126 J=1,N

IF(MTAG(J).LT.0) GO TO 131

GO TO 126
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131

126

124

109

110

111
1290

118

77

799

800

801

802

MINMIN(KyNSUL)=MIN(J)

K=K+1

CONTINUE

NLINES=1

LINE{1)=NSGL

DO 109 J=1,yN
IF(MTAG(J)«LT.0) GO TO 109
GO TO0 110

CONTINUE

GO T3 111

NO=N+1

MIMNUZD(NO)=HMIN(J)

GO 17O 100

D0 120 J=1,NSOL

[TABLJ) =0

DU 113 I=1,N2

DU 118 J=19MN

DO 1138 K=1l,NM

TF(MINMINOI yT)eEQeMINIKY) ITABII)I=TTAB[] )+ 2%%x(K-1)
CUNTINUF

CALL SPSPSP (NSCL,NM)

CALL TIMETK (T)

PRINT 777, T

FORMAT (1HG, 'TIME=', Fb6.21
IF{MAXCHK «EN.O) GO TO 1

THE NEXT FEVW INSTRUCTIONS SELECT THE MAXTERMS TO BE
USED IN FINDING THE MINIMAL SP AND PSP SGOLUTIONS
DO 800 I=1,N

DO 800 J=1,NUMTER

[IFIMIN(I) EQeMAXT{J)) MAXT(J)=-MAXT(J)
CONTINUE

J=0

DU 801 I=1,NUMTER
I[F(MAXT(IJ.LT.0) GO TO 801
J=J+1

MINTJ)=MAXT (I

CONTINUE

N=J

DO 802 I=1,MNUMTER
MAXT(I)=TABS(MAXT(I)?
MAXCHK=MAXCHK +1

CALL ZEROTK

GO 73 9

END
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200

202

204
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600

SUBRIOUT INE FUN (NNyNg9NUMTERy MAXTyMIN,KKK,yMUZ)

THIS SUBROUTINE SELECTS THE EXPRESSION(S) WITH THE
LEAST NUMBER GF LITERALS IMPLIED BY THE MINTERMS
(MAXTERMS) IN MUZ

DIMENSION KSUB(32),ISUB(32},MAXT(128),MAX(126),
C MIX(999) yMIN(999),MUZ(16)

COMMON TIIT,NMLTEX(512),1S0L(10,512),NJJJJ(512),JJJJ
COMMON MINLIT,MINMIN{8,8)y ITAB(32)4NEX(32)yNLIT(32)
COMMON MAXCHK,KSOL(10,32)

CALL MDD(NysKSUBsKKK,J)

NKSUB=J-1

MINLIT=100

DO 600 I=14NN

CALL MDDIN,ISUB,yI,4J)

JJdd=J-1

DO 200 M=1,NKSUB

DO 206 L=1,J4J4J

IF{MUZ{KSUB(M)) .NE.MIN{TISUB(L))) GO TN 206
GO TO 200

CONTINUE

GO TO 600

CONTINUE

IMLI=TII-1

IF{NMLTEX{I)LESMINLIT) GO TO 202

GO TO 600

MINLIT=NMLTEX(I)

NEX(IML)=NJJJI(T)

NLITCIML)=NMLTEX(I)

DO 204 L=1,J4JJ

MINMIN(L, IM1)=MIN(ISUB(L))

NNN=NJJJJ(T)

DO 205 L=1»NNN

KSOL(LyIM1)=1ISNOLIL,I)

CONTINUE

RETURN

END
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SUBROUTINE SPSPSP {NSOL,NN)
THIS SUBROUTINE FINDS THE NUMERICAL SPS (PSP) SOLUTION

DIMENSION IMPOUT(22),ISUBI(32),MAXLIT(9),NTHKM2L(9)
COMMON ITII,NMLTEX(512),ISOL(10,51L2)yNJJJI(512),dJJJ
COMIAGN MINLITyMINMIN(8,8),ITAB(32),NEX(32),NLIT(32)
COMMON MAXCHK,KSOL(10+32)
NSUB IS THE NUMBER Of EXPRESSIGNS BEING COMBINEODO TO
FORM A SOLUTION
NSuB=2
MINSUM=100
N2=2%*(NSOL-1)-1
N3=2%8%NSOL-1
NCHK=0
THE NEXT FEW INSTRUCTIONS GENFERATE THE C3MBINATIONS OF
EXPRESSIONS THAT FORM A SOLUTION AND SELECT THE ONES
THAT HAVE THE LEAST NUMBER OF LITERALS
[1M1=N2
[2M1=N2
IF(NSUB.EQ.2) GO TO 2
IF(NSUB.EQ.3) GO TO 3
IF (NSUB«GT+4) RETURN
GENERATE NUMBERS WHOSE BINARY EQUIVALENTS
HAVE 2,4, 3, 4 "1'Sn
DO 104 IL=3,N2
IIMl=11-1
DO 103 12=2,11M1
I12M1=12-1

DO 102 I3=1,12M1

DO 102 I14=1,13

15=13-14

ICOM=2%%[3+2%%]5
IF{ICOM.GT.N3.0RsICOM.LT.0) GO TO 105
[F{NSUB.EQ.2) GO TO 106
ICOM=ICOM+2%*]2
IF{ICOMeGT e N3.0ReICOMeLT.0) GO TO 105
[F(NSUB.EQ.32) GO TO 1086
ICOM=ICOM+2%*%T1
IF(ICOMeGToN3.2R.,ICOMLLT.0) GO TO 105
J=1

GENERATE COMBINATIONS OfF 233949..s SUBSCRIPTS
DO 604 II=1,NSOL
ISUB(J)=MOD(ICOM/2%*(1I-1),2)
IF(ISUB(J).EQ.1) GO TO 603

GO TO 604

ISUB(J)=1II

J=J+1

CONTINUE

JJdd=J-1

CHECK TO SEE IF THE NUMBER OF SUBSCRIPTS = THE NUMBER
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630

638

639
640

702

751

758

157

445

752
753

99

OF EXPRESSIONS BEING COMBINED IN THIS PASS
[ARG=0

b0 630 M=1,JJ4J

JARG=ITAB(ISUBIM))

"OR® THE MINTERMS COVERED BY THE EXPRESSIONS BEING
CUOMBINED IN THIS PASS ’

CALL ORR (IARGyJARGyKARG)

[ ARG=KARG

CHECK TQO SEE IF THIS COMBINATION OF FXPRESSIONS COVERS
ALL MINTERMS

IF(IARG.NE.NN) GO TO 102

LITSUM=0

D0 640 M=1,JJJ

NNN=NEX(ISUB(M))

COUNT THE NUMBER OF LIVERALS IN THE COMBINED
EXPRESSION

DO €39 MN=1,NNN

INDIV=KSOL (MNy ISUB(M}))

IQUO=IDIV/10

IDIF=IDIV-1IQUO*10

IF(IDIFeNEL.O) LITSUM=LITSUM+ 1

IF(IQUG.EQ.0) GO TO 639

IDIV=1IQUU

GO 7O 638

CONTINUE

CONTINUE

CHECK TO SEE IF THE NUMBER OF LITERALS IS MINIMAL
IF(LITSUM.GT.MINSUM) GO TG 102

NCHK=1

MINSUM=LITSUM

DO 702 J=1,J4JJ

NTWM2L(J)=0

MAXLIT(J)=0

IF(MAXCHK«EQeQ) PRINT 751

FORMAT (140, *MINIMUM SPS SOLUTION')
IF(MAXCHK«GT«0) PRINT 758

FURMAT (LHO, *MINIMUM PSP SOLUTION')

OUTPUT MINIMAL SOLUTIONS

DO 798 M=1,JJJ

NNN=NEX (ISUBI(M))

DO 753 K=1,NNN

IMPIN=KSOL(K,ISUB(M))

CONVERT SOLUTION FROM NUMERICAL TO LITERAL FORM
[F(MAXCHK «FQe0O) CALL CONVRT(IMPIN,IMPOUT,LENGTH)

[F(MAXCHK.GT.0) CALL CONMIN(IMPIN, IMPOUT,LENGTH)

TF(LENGTHeGT<1l) NTWM2L(M)=NTWM2L{M)+1
IFILENGTH.GEMAXLIT(M)} MAXLIT{M)=LEMNSGTH
PRINT 752, [MPOUT

FORMAT (1H , 22A1)

CCNTINUE

IF(M.GE.JJJ) GO TO 798
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755

760
762
798

797

709
715
713
714
102

103

104

105

799

100

[F(MAXCHK.GT.0) GO TO 760

PRINT 755

FORMAT (1H 4 *ORED WITH')

GO TQ 798

PRINT 762

FORMAT {1H 4 *ANDED WITH?)

CONTINUE

MXGTFI=1

NSWTCH=LITSUM

NGTIN=0

00 797 M=1,JJJ
IF(MAXLIT(M) e GT «eMXGTFI) MXGTFI=MAXLIT(M)
[IFINEX(ISUB(M)) «GT.MXGTFI) MXGTFI=NEX(ISUBI(M))
NGTIN=NGTIN+NTWM2L{M)
NGTEL=NGTIN+JJJ+1
NGTIN=NGTIN+NSWTCH+JJJ

PRINT 709,NSWTCH

PRINT 715,NGTIN

PRINT 713,NGTEL

PRINT 714 ysMXGTFI

FORMAT(LH y *NUMBER OF SWITCHES=',12)

FGRMAT(1H , 'NUMBER OF GATE INPUTS=¢', 12)
FORMATU1H o 'WNUMBER OF GATE ELEMENTS=¢', [2)
FORMAT(1H , "MAXIMUM GATE FAN-IN=?', I2)
CONTINUE

IFINSUB.GE«3) GO TO 103

GO TD 105

CONTINUE

IF{NSUB«.ZQe4) GO TO 104

GO T3 105

CONTINUE

IF A MINIMAL SGLUTION WAS FOUND ON THIS LAST SET OF
PASSES USING "NSUB™ EXPRESSIONS, TRY T3 FIND A "MORE"Y
MINIMAL SOLUTION USING "NSUB + 1" EXPRESSIONS
IFINCHKeERQ.0O) GO TOQ 799

NSUB=NSUB+1

GO TO 701

RETURN

END
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SUBROUTINE MAXX (LENGTH, MAXT)
THIS SUBROQUTINE IS THE SAME AS IN THE PROGRAM WHICH
IMPLEMENTS WOOD®*S MINIMIZATICN ALGORITHM

SUBROUTINE ONE (NNyN,y NUMTER y MAXT ¢MIN,LENGTH)
THIS SUBROUTINE [S THE SAME AS IN THE PROGRAM WHICH
ITMPLEMENTS WOOD'S MINIMIZATIGN ALGORITHM

SUBRBUTINFE MDD (N, ISUB,I,J)
THIS SUBROUTINE IS THE SAME AS IN THE PROGRAM WHICH
IMPLEMENTS WOOD'S MINIMIZATION ALGORTTHM

SUBKOUTINE CONSNS (NyMINy,LENGTH)
THIS SUBROUTINE IS THE SAME AS IN THE PROGRAM WHICH
IMPLEMENTS WOOU'S MINIMIZATION ALCORITHM

SUBRAOUTINE TABLE (KyN,IMP,MAXT)
THIS SUBROUTINE IS THE SAME AS IN THE PROGRAM WHICH
IMPLEMENTS wWwOOD?'S MINIMIZATION ALGORITHM

SUBROUTINE SPORPS (NN}
THIS SUBRBUTINE IS THE SAME AS IN THE PROGRAM WHICH
IMPLEMENTS WOON®*S MINIMIZATION ALGORITHM

SUBROUTINE COVER (NRUWSsNCOLS,LINEFyNLINES,LITSUM)
THIS SUBROUTINE IS THE SAME AS IN THE PROGRAM WHICH
IMPLEMENTS LAWLER®S ALGORITHM

SUBROUT INE ORRI(I4JyK)
THIS SUBRQOUTINE IS THE SAME AS IN THE PROGRAM WHICH
IMPLEMENTS W0OOD'S MINIMIZATION ALGORITHM

SUBROUT INE CONVRT {IMPIN, IMPOUT,LENGTH)
THIS SUBROUTINE IS THE SAME AS IN THE PROGRAM WHICH
IMPLEMENTS WOGD'S MINIMIZATINON ALGORITHM

SUBROUTINE CONMIN(IMPIN, IMPOUT,LENGTH)
THIS SUBRUBUTINE IS THE SAME AS IN THE PROGRAM WHICH
IMPLEMENTS WOOD'S MINIMIZATION ALGURITHM
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EXAMPLES OF MINIMIZED FUNCTIONS

EXAMPLE 1.

ALL MAXTERMS OR MINTERMS IN NUMERICAL FORM
111 112 121 122 Z11 212 221 222

MINTERMS OF THE ORIGINAL FUNCTIUGN
111 121 211 222

MINIMUM PS SOLUTION
(X+Z2V)(Y+Z21)(X'+Y*+7)
NUMBER 0OF SWITCHES = 7
NUMBER (F GATE INPUTS = 10
NUMBER OF GATE ELEMENTS = 4
MAXIMUM GATE FAN-IN = 3

MINIMUM SPS SOLUTION
XYZ # 2v(X*+Y?)

NUMBER OF SWITCHES = 6
NUMBER OF GATE INPUTS =
NUMBER OF GATE ELEMENTS
MAXIMUM GATE FAN-IN = 3

Ne}

%4

MAXTERMS OF THE ORIGINAL FUNCTION
112 122 212 221

MINIMUM SP SOLUTION

XvZv + Y'YZ' + XVZ

NUMBER OF SWITCHES = 7
NUMBER OF GATE INPUTS = 10
NUMBER OF GATE ELEMENTS
MAXIMUM GATE FAN-IN = 3

]
»

MINIMUM PSP SOLUTION
{Z'+XY) (X'+Y?+7)

NUMBER OF SWITCHES = 6
NUMBER OF GATE INPUTS =
NUMBER OF GATE ELEMENTS
MAXIMUM GATE FAN-IN = 3

n o
»

EXAMPLE 2.

ALL MAXTERMS 0OR MINTERMS IN NUMERICAL FORM
1111 1112 1121 1'1.22 1211 1212 1221
2111 2112 2121 2122 2211 2212 2221

1222
2222

102



MINTERMS OF THE ORIGINAL FUNCTION
1111 1122 1212 1221 2112

MINIMUM PS SOLUTION

(WEXEYFZT) (XY P HZ){X AYHZ ) (WPHZ)(WIHY ) (WO 4XT)
(X'+Y2 g 71)

NUMBER OF SWITCHES = 19

NUMBER GF GATE INPUTS = 26

NUMBER (JF GATE ELEMENTS = 8

MAXIMUM GATE FAN-IN = 7

MINIMUM SPS SOLUTION

(X+Y) (X+Z)IYHZI (W) (XT4Y1+Z21) + (W+Z') (W +Z)(Y*X?)
NUMBER fF SWITCHES = 16

NUMBER OF GATE INPUTS = 24

NUMBER OF GATE ELEMENTS = 9

MAXIMUM GATE FAN-IN = 5

ANOTHER MINIMAL SPS SOLUTION IS:

(X+Y) (W'Z) (X 4Y ") + (X+4Y?)(XP+Y)(W'Z*') + (WX?'Y'Z)
NUMBER OF SWITCHES = 16

NUMBER OF GATE INPUTS = 23

NMUMBER GOF GATE ELEMENTS = 8

MAXIMUM GATE FAN-IN = 4

EXAMPLE 3.

ALL MAXTERMS OR MINTERMS IN NUMERICAL FORM

11111 11112 11121 11122 11211 11212 11221
11222 12111 12112 12121 12122 12211 12212
12221 12222 21111 21112 21121 21122 21211
21212 21221 21222 22111 22112 22121 22122

22211 22212 22221 22222

MINTERMS COF THE ORIGINAL FUNCTION

11111 11112 11121 11211 12111 12112 12121

12211 22111 22112 22211

MINIMUM PS SOLUTION

(YY4+Z ) (XT+Z0) (X +Y ) {UT+Y 1) (U'+W)
NUMBER OF SWITCHES = 10

NUMBER OF GATE INPUTS = 15

NUMBER OF GATE ELEMENTS = 6
MAXIMUM GATE FAN-IN = 5

MINIMUM SPS SOLUTION
YOOXP+Z2 ') (UY+W) + U X*12?
NUMBER OF SWITCHES = 8
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NUMBER DOF GATE INPUTS =
MUMBER 0F GATE ELEMENTS
MAXIMUM GATE FAN-IN = 3

12
= 5
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