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ABSTRACT

Analytical, numerical and experimental studies on a rotationally oscillating

cylinder with or without a uniform flow have been performed. The analytical

solutions were obtained for no on-coming stream. A Stokes layer and the cur

vature effect of the cylinder on the vorticity generation and diffusion were dis

cussed. In the limit, the solution reduces to the classical oscillatory flat plat flow.

For steady or oscillating cylinders in a uniform stream, the flow was numerically

solved by taking the Navier-Stokes equation in the form of vorticity and stream

function. Shedding of vorticies with or without external excitation of oscillation

were discussed. Hydrodynamic forces were computed by integrating vorticity and

its normal derivative over the cylinder surface. The results showed that forces

acting on the cylinder strongly depend on the oscillation frequency and to a lesser

degree with the amplitude. Flow visualization was conducted in a water tunnel

for the above conditions. When the forcing frequency was near the natural vortex

shedding frequency, the shed vortex in the waive became more organized which

qualitatively agreed with the numerical prediction.

This study has proven that a rotational oscillation applied to a cylinder can

significantly change the wake flow' structure. A "resonant" flow state is reached

when the forced frequency is that of the natural vortex shedding frequency. Both

the unsteady lift and drag components reach their maximums when this resonance

occur. The time averaged drag is also a maximum at such a state. Results

indicated that no additional vorticity is created by the body but the vorticity

distribution is altered due to the oscillation. The significant change to the wake

flow and the mean values are attributed to the nonlinearity of convection in the

waive flow.
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CHAPTER I

INTRODUCTION

§1.1 Technical Background

Currently, several researchers are interested in studying the great potential of

enhancing vortex lift by various unsteady excitations^^"^^!. These excitations in

clude mechanical means of wing or flap oscillations, periodic jet blowing or suction,

acoustic, thermal excitation, and so on. A large body of work has been accumu

lated on this subject . It is worthwhile to emphasize that searching for super lift or

control of shear flow by means of unsteady excitation lies in creating and control

ling favorably generated vortices while avoiding and eliminating any unfavorable

influences. Among many kinds of excitations, it is believed that probably the

excitation by mechanical oscillation is most straightforward and efFectivet^^"^^.

The interaction between a moving body and the fluid includes the action of

the body to the fluid and the reaction of the fluid on the bodyt^^l For conventional

airfoils and wings, the underlying basic physical principles are established around

inviscid flows. Hence the viscous flow effect is limited to the thin boundary layer

and the subsequent narrow wake flow. Under the inviscid flow assmnption, the pe

riodic oscillation of flow to the first order does not contribute to the mean flow^^^^.

Nonlinearity is an intrinsic property of unsteady viscous flows, which is believed

to be the key factor for producing the hysteresis effects in the flows. However

man's understanding of them still remains shallow, and the field of unsteady and

nonlinear aerodynamics is still in its infancy but has a potential of great practical

applications in the future'^^'^^l.



§1.2 Objectives of Present Work

As far as an unsteady pure shear interaction is concerned, the simplest and

most direct boimdary geometry is the flat plate. Historically, one of the very

first imsteady viscous fluid mechanical problem was the Stokes oscillating plate,

in which the Navier-Stokes equations were solved!^®!. That problem illustrates

the flow engendered by an oscillating boundary, in which an important flow phe

nomenon was found. That is, accompanying the unsteady motion of the flat plate,

vorticity is constantly fed into the flowfield from the surface. Another problem is

the sudden acceleration of a plate to a constant velocity in a quiescent fluid (or,

a flat plate is suddenly placed in a uniform flow), in which an impulsive starting

process is studied. As a solution to the above two classical problems, the latter

indicates that the effect of plate motion diffuses slowly into the fluid at a rate

proportional to the square root of the kinetic viscosity. However, for the former,

the mathematical solution may be thought of as a damped viscous waves traveling

away from the wall, but the physical process occurring is again viscous diffusion.

The latter does not have a physical wave velocity, although one can trace, approx

imate, the depth of penetration of the diffusion effect as a function of time.

Although the above two problems show some important flow phenomena, they

do not involve any body length scales. Furthermore, the large flow separation,

which is one of the fundamental properties of unsteady viscous flowt^"^!, is missing.

Practical flows, especially associated with flow separation and unsteadiness,

are complicated. Consequently, in this work a simple geometry such as the circular

cylinder is used to avoid the additional geometric-dependent complication. The

cylinder problem requires minimum assumption, has only one characteristic length

scale, and is free from geometrical singularities. Of course, the flow around a



cylinder has obvious theoretical significance.

Flow around bodies have been manipulated through organized unsteady in

teractions by many authors. Under favorable flow condition, various features of

viscous flows such as boundary layers, shear layers and transition may be con

trolled through selective periodic interactions. Often, perturbation with forcing

frequencies equal to or in the neighborhood of natural characteristic frequencies

are most effective. Therefore, successful interactions depend on the identification

of the proper (length scale or) frequency and of a proper disturbance at the desired

frequency.

The viscous flowfleld around a cylinder is characterized by two length scales^^®!,

one being associated to the properties of the boundary layer, and the other to the

natural vortex shedding wavelength. These two length scales represent two fre

quencies which are relatively high for the former and low for the latter. We have

limited this study to the low frequency interactions only.

The cylinder is a typical bluff body, and the flow around it contains separated

and unsteady flows. Due to its symmetry, a simple shear interaction (which is

produced by a circumferential rotary motion of the cylinder) can be separated

from the more complicated motions. To our knowledge, from the existing literature

survey, this is the first time this fundamental problem has been addressed.

§1.3 Outline of the Approaches

There is no doubt that the fully separated and unsteady flow is dominated

by viscous effects. To understand the problem completely, solving the unsteady

Navier-Stokes equations is a necessity. As it is well-known, due to the adherence

condition, the action of a moving body on the fluid is factually a process of pro

duction of vorticity by the body. A direct solution of vorticity for the flow is



considered to be proper. The stream function vorticity method has some attrac

tive features. The pressure makes no appearance, and, instead of dealing with

the continuity equation and two momentum equations, we need to solve only two

equations to obtain the stream function and vorticity. Therefore the Navier-Stokes

equation in stream fimction vorticity formulation is recognized for its suitability

for the task at hand. However, even for the simple boundary geometry, this is still

a challenging problem. The only way to attack the full problem is to generate the

solution of the flow numerically by a high speed computer.

A complicated problem like the present one, however, can be attacked from

different angles. For simplicity, the we made a two dimensinal flow assumption

even though the general real flows are three dimensional. As shown in Figure

1-1 (a), the general unsteady motion on an arbitrary body can be decomposed into

normal and tangential components. Basically these two kind of interactions can be

simply reahzed by a piston and an oscillating flat plate as shown in Figure l-l(b).

For one step deeper, from the geometrical point of view, the best extension is with

a circular cylinder as shown in Figure l-l(c). The flow around the cylinder is still

too complicated to flnd the key mechanism of the interaction between the flow and

the unsteady boundary. As shown in Figure 1-2, the flow around the cylinder can

be separated as two cases with on-coming and without on-coming stream. The

work included in this dissertation contains several branches of problem as shown

in Figure 1-2, in which some of them are attacked by analytical methods and some

of them by numerical computations.

For a numerical solution, it is generally believed that the finite difference

method is better developed than the other numerical schemes^^®"'®'. It is well-

known, however, that one disadvantage of the finite difference method is the pos

sible error in satisfying boundary conditions because the geometric boundary is
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usually not on the grid point. Any extrapolation and interpolation will introduce

errors. For the problem in hand, however, due to the simplicity of the geometrical

shape, an analytical grid generation can be performed without increasing com

putational work. Therefore, the boundary condition is exactly satisfied on the

boundary grid points. In addition, the Alternate Direction Implicit (ADI) scheme

which is unconditionally stable and the over-relaxation factor in Successive Over-

Relaxation method (SOR) which can be used to speed up the convergence of

iteration are proposed to be used. A numerical solution by these two methods is

applied to the branch of the problem when there is a uniform far-stream around

both a steady and an oscillating cylinder.

Of course, a numerical approach does not help one to completely imderstand

the physics of a problem, which can only be found by proper experimental sim

ulations. A fiow visualization experiment was conducted for the fiow around an

oscillating and stationary cylinder in the water tunnel. To view the fiow pattern,

both laser induced fluorescence and color dye techniques were employed.

Additionally, for such a complicated problem it is extremely helpful to obtain

some key analytical results under proper assiimptions, even locally or partially,

which may shed some light on some general and important conclusions, unlike

numerical solutions which only provide discrete conditions of the problem. An

analytical analysis is conducted for several branches of the problem in Figure 1-2.

Theoretical, numerical and experimental approaches are complementary to

each other. What is reported in this dissertation is only the preliminary step to

understanding the problem. A turbulent fiow approach for high Reynolds num

ber flows and three dimensional consideration have more engineering significance.

That will be the author's future work.



CHAPTER II

ANALYTICAL SOLUTIONS

In the last century, Stokes solved the flow problem generated by an oscillating

infinite fiat plate in a stationary medium. Naturally the flow generated by a rota

tory oscillating cylinder in a stationary fluid is its extension problem as shown in

Figure 1-2. From the view point of mechanics, the flow extracted by a cylinder not

only has the geometric similarity to a flat plate, whose limiting geometry condi

tion is a flat plate when its radius approaches to infinity, but a finite characteristic

length has been introduced into the problem, making it more interesting than the

original Stokes problem.

§2.1 Governing Equations

For convenience of analytical solution, the Navier-Stokes equation in primitive

variables for incompressible, laminar flow is used. The governing equations in

cylindrical coordinates, which is shown in Figure 2-1, may be written as following:

dUr dUr , dur uj ( d ̂ \dvUr^ , 1 Q'^Ur 2 dUr\ I Op ^ ̂
— + UrQr +"^50 r dr ^ 89'' r' 89 ) p 8r ^ '

8ug 8ub 8ue ugur ( 8 .\8rue. 1 2 8uo\ 1 8p
^Ur-^^rUg-— — = ) + -T-7;z^ +

8i ^ 8r r89 r \8r r 8r 89' 89 ) pr89
(2.2)

where Ur, ug are the velocity components in the radial and circumferential direc

tions, p is the static pressure, u the kinetic viscosity, p the density of the fluid and

t is time.

For the present problem, the cylinder is only performing a purely circumferen

tial motion and there is no oncoming stream, it is reasonable to make a symmetry

assumption for the flow, that is, all physical quantities in the flow are a function
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of radial coordinate r. From the continuity equation, the radial velocity component

vanishes, i.e.,

d r.

SO the problem is simplified and the equations to solve are:

(2.3)ul 1 dp
r  p dr

due , '^due ue^
-w = + 7"ar -

There is no velocity component in the radial direction. The only contribution

to the inertia force on the left side of Equation (2.3) is from the centripetal force

which is simply balanced by the pressure gradient. At the same time, the imknowns

uq and p axe decoupled. Hence, ue can be solved from (2.4) first, then the pressure

p can be integrated directly from (2.3).

The far boundary condition for the problem is zero velocity at infinity. On the

cylinder surface the no-slip condition is applied. For the rotationally oscillating

cylinder, its motion can be described by the angular velocity in general form

Ct = Q,osin{u!t) (2-5)

where is the angular velocity and u is phase frequency of the oscillation. There

fore, the velocity at the cylinder surface is

ue{r — Rc,t) = Rc^osin{ut) (2.6)

in which Rc is the radius of the cylinder. The initial condition is

u^(r,t = 0)=0 (2.7)

which means that there is a stationary medium ai'ound the cylinder initially, also

the oscillation on the cylinder is applied with a zero initial velocity.
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The solution for uq in Equation (2.4), with the conditions (2.6) and (2.7) and

zero velocity at infinity, is obtained analytically in the following section.

§2.2 Analytical Solution

Under the restriction applied in this branch of the study, the governing equa

tions have been simplified to the forms of (2.3) and (2.4), which are linear. So all

the analytical solution procedures for linear differential equation can be applied.

The stability as well as limiting fiow trends can be analyzed as well.

From the boundary condition, we can suggest the complex number form of

solution as

u,(r,i) = e'"7('') (2.8)

Substituting this into (2.4), we have

wie'"'f(r) =
r  r

or

/"(-•) + \f'(r) - (^i + i)/(r) = 0
Let r' = r, we have

/"('■') + ^/'('•') - (■ + = 0 (2-3)
This is a standard form of modified Bessel function. The general solution is^^®'

/(r') = Ah{^^ir') + BKiiVir') (2.10)

where A and B are two arbitrary constants. From the boundary condition at

infinity, the first term in (2.10) is dropped. The solution becomes

f{r') = BKx{yfir') (2.11)
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From mathematical tables and after performing some algbraic operations ,

the function Ki can be written as

KtiVir') = + i A',j(r') (2.12)

where

,  ,, V2 , r- ^ (-1)^(4)") - 2^, + i ^ i,r(4 + 2) m
even

^  1 , iV
itr
odd

oo

^ r(fc + i)r(A: + 2) r(A: + i)r(fc + 2) I
ven odd /\ ̂\ even

_n( ̂  (-i)n^)" , (-i)'^(4)" V
* \ h + 2) ̂  r(«: + i)r(*: + 2) I'

\even odd /

V2 r' (-l)t(^)" 1 1

'  2r' 4^(2)^^, r().-+l)r(l: + 2)

k r(t + mk + 2) m

r  fir

odd

(-i)'(^)" V (-i)'^'(^)"
r(A: + i)r(*: + 2) ^r{k + I)r(i- + 2)

i  K — 0 K—'l

\ even odd

(

+(a + in^) 2_^ + 2) ̂  T{k + l)r(A; + 2)
\k—0 k'—L j
even odd /

in which the constant a = 0.57721566....
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By applying the boundary condition on the cylinder surface, we obtain that

This is the exact solution. It can be seen that the flow is also oscillating, its

amplitude is a function of the radial distance and there is a phase difference from

the forced oscillation over the boundary. The above solution, however, is in the

form of an infinite series and this series usually converges very slowly. So for more

quantitative discussion purpose, an approximate solution of the problem is used.

The approximate solution is in more compact form and convenient to discuss the

involved physics.

From the solution of the original Stokes problem, we knew that the region

of viscous effect in the normal direction is in the order of 0{y/v). Physically, the

viscous region should be smaller in the cylinder case than in the Stokes problem,

because the latter has an infinite moving boundary, while the cylinder has a finite

length scale. So, it is reasonable to consider 0(6c) < where 6c is the

effective thickness of the viscous layer in the present problem. This suggests

seeking an approximate solution near the cylinder surface.

For Equation (2.4), we can introduce a new variable Sr such that

r = Rc + ̂ (2.14)

geometrically Sr is the normal curvilinear coordinate, as shown in Figure 2-1.

Obviously, 0(9) < 0{y/u). Under the small 2^ assumption relative to Rc, the first

order approximation of (2.4) is

due ,d'^ue , 1 due ue.

^  ̂ '

In this equation, we have approximated the curvature of the thin viscous flow layer

by the curvature of the cylinder surface. Physically, this is acceptable as long as a
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restriction of 0{Rc) = 0(1) is satisfied. Now the problem is to solve (2.15) under

the boundary conditions of (2.6) and (2.7).

Assuming the same form of solution as in the exact solution by letting

(2.16)

substituting in (2.15) and canceling the common factor, we get an ordinary differ

ential equation for /(^)

which is a second order constant coefficients differential equation. The general

solution is

m = Cexp ± 5^^+4(^ + 7)^
where C is an arbitrary constant, and from the boundary condition at infinity the

positive branch is removed. By the condition at the cylinder surface, we obtain

the solution

= ̂"'^Cexp (-i + (2.18)
or

1.  s / Ir 1 /25 16a;2 i ,1 _i,U9{^,t) = uoexp{--[Y + (^ + —)'^os{-tg (
\  ̂ C

5u
))]^

1,25 16u;2 1 . ,1 _i4a;J22*sin[u;t- (2-19)

where uo = Rc^o, which is the oscillating velocity amplitude of the wall.

Equation (2.19) is the first order approximate solution of the cylinder per

forming a rotatory oscillation in a steady medium. At first, the limiting case is

considered. That is, when the cylinder radius approaches infinity and keeping uq

fixed to compare with the Stokes problem. Then the solution (2.19) reduces to

lim u(S>,t) — UQer^^^sin{ut - /^9) (2.20)
/£<;—t-OO Z \ U
Uofixed
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This is also exactly the solution of the classic Stokes problem as expected physi

cally.

For convenience to discuss the effect of radius Rc quantitatively, in which the

, Rc is the representative length scale, the reduced Reynolds number is introduced.

We define

(ujRc)Rc
tiijj —

U  V

Then, the solution (2.19) can be represented by

— UQCxp

(  [1 -f- (25 -b 16Rl)^*]^Jl + yjl + ̂R^ ~ ^
2v^(i + VI

^  /5\/\/^+ 25^ i Qc ^
Vs ^

The time dependent velocity profiles for a reduced Reynolds number R^ = 50,

which is roughly of the experimental value to be discussed in chapter IV, are

shown in Figure 2-2(a). The velocity profiles for different R^j are shown in Figure

2-2(b). Obviously, the viscous diffusion decays away from the body, which means

the velocity oscillation amplitudes decrease as the normal coordinate increases.

The amplitude and phase decay more quickly if the reduced Reynolds number

is lower. In addition, with setting up of the flowfield extracted by the cylinder

surface oscillation, a vorticity field is found, in whicli the vorticity is diffused from

the surface. The details about this is discussed in chapter V.

In addition, the effective viscous layer thickness 6c can be defined, which

represents the place where the amplitude has decreased to 1% of the wall value.

From (2.21), it can be found that:

6c 4.6\/ Rij}

Vi l + {2b + 16Rl)*cos(^tg-'^{^R^))
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The results axe shown in Figure 2-2(c). The effectively viscous region is larger if

the reduced Reynolds numbers are higher.

§2.3 Potential Flow Modeling of Stationary Vortex Pair

So far, the analytical solutions have been obtained for the flow generated by

the oscillating cylinder in a stationary medium. It has been seen that when the

body oscillates in the medium, its boundary acts like a vorticity source to con

stantly feed vorticity into the flow field. However if the cylinder is placed in a

uniform flow field, which is shown in Figure 1-2 as another branch, the physical

process is more complicated. In that flow, besides the vorticity diffusion phenom

ena, convection becomes very important. The vorticity generated from the surface

is carried downstream by the fluid elements, which consequently forms a vorticity

region, and thus a vortex is finally formed behind the cylindert^'^l Experiments

of flow around cylinders show that within a short time from starting, even for

flows at high Reynolds number, there is a symmetrical vortex pair formed initially

behind the cylinder; and as time increases the vortex pair grow in strength and

size, finally the symmetry is broken down and a non-symmetric wake is formed.

In order to understand this physical process, a simple potential model is used to

predict the vortex pair path and its stability.

A. Stationary vortex pair path

In this model, a pair of symmetrical viscous vorties is replaced by two po

tential, point vortices, which have the same strength, initially have a symmetric

position, but with opposite sign. From the image theory of potential flow, two

image vortices exist inside the cylinder; and the other two vortices locate in the

original point, but have opposite sign. The complete model is shown in Figure
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The complex velocity potentieil for the flow is

^ ^ ^

W{Z) = Z + — + ijiLn{— ) — i'i2Ln{— )7  ̂
^11^11  \\Zi\

(2.22)

where Z is the complex coordinate, 71 and 72 are the free vortex strengths which

are equal in this model, Zi is the location of free vortex 71, Zi is the complex

conjugate of Zi, which is the location of free vortex 72.

Completing some algebra operations, the stationary vortex pair path is de

rived as
1 „3 1

(2.23)„ Ir^-l
sind — — —

and the corresponding stationary vortex strength is

(r^ - l)(r'^ - 1)
7 (2.24)

For the stationary vortex pair, if its strength changes, then from Equation (2.23)

the path line can be seen in Figure 2 -4, which is the zero velocity position where

possibly the free vortices can stay.

72

Yi

u00

/ T2>Ti

Fig. 2-4. Stationary vortex pair path
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Physically, in starting flow, the size of the recirculating region grows and

vorticity is collected as time increases. This is consistent with the above analytical

results, in which the stationary points move out from the surface with the vortex

strength increasing. The time development process is simulated by the change of

the vortex strength. Some comparison of this result with numerical, viscous flow

solution will be given in the next chapter.

B. Flow stability

As discussed above, under the potential flow model, a stationary point exists

in the flowfleld for a given free vortex strength; by changing the vortex strength,

the stationary path lines have been obtained. This result shows that it is possible

that the vortex pair can stay in the flow, in fact, it does exist from flow experi

ment. However the non-symmetric wake will be finally formed unless the Reynolds

number of the flow is extremely low, e.g. 40. Therefore, the stability about the

flow pattern is considered next.

There are different procedures to make the stability analysis. A method is

used here in which a small vector displacement is introduced to one of the free

vortices, then if the induced velocity on the other vortex is in the same direction

as this displacement, we may say the system is not stable, otherwise it is stable.

More exactly, what will be performed is simply to analyze the static stability.

Mathematically, from equation (2.22), the complex conjugate velocity is

V = l--^+.T.(yV- ) (2-25)Z-Zi z- pfip ^ - -^2 Z -

in which Z2 = Zi and 71 = 72 = 7 at the initial time. Then by introducing a



22

small perttirbation A to the free vortex 71, the induced velocity is

1  Zi + A 1_
(Zi + A)(Zi + A) - 1 Zi+A-Zi (Zi+A)Zi-l^

(2.26)

After some algebra, finally, the induced velocity is

e  2 ..N • /n\ sin{d — 2ip) 2R^co3{2d)sin'dV = ̂{2cos(S - 3v.) + 2(R' + l)«n(tf) + _ i)

- i(2«n(tf - 3v>) -
- 1)(J?2 _ 1) I V iJ2 _ 1

2R^cos(2(p)co3i9 2R^cosi9 ... ^ .
~(R^ - l)(i?2 _ 1) + (iJ4 _ l)(iJ2 _ ^

in which Re"^ = Zi = Z2 and ee"' = A. Then we take the inner product

(3i?2 - 2)£2cos</p , (J22 - l)(2il« + AR" + 37?^ _ 2) .
(  2Jl^(3g-2W ^ ̂

(2.28)

where i9 can take any value. The criterion of stability is that if the inner product

is positive, the system is not stable; otherwise it is stable. Prom the result of

(2.28), it can be easily found that in some direction the system is stable, but in

some other direction it is not stable. So we may conclude that the fiow around

a cylinder with a stationary vortex pair is not stable in general. That means the

initial symmetry of the flow around a symmetric bluff body, like the cylinder, will

finally break down. This is consistent to the formation of nonsymmetric flow in

real situation.

To discuss the effectting factors on the stability, we introduce an influence

function, which is

"■"•'S;'?,!"' I""
For any location of the free vortex, i.e., R and t?, the stability is detectable. One

typical result is shown in Figure 2-5(a), in which R= 1.5 and i9 = 30°. Obviously,
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■ t
,  a

unstable

•j a

R=1.5

stable
a = f (R)

(a) Stability In pertubatlon direction

20

10

-10

-20

R=1.5

R=2.0

R=2.5
R

8  0 9

(b) Stability function of vortex location

Fig. 2-5. Flow stability
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the stability in various directions is a function of its location. The results of the

influence function for different position R is shown in Figure 2-5(b). From the

result, it can be seen that the farther away from the cylinder, the less stable it

becomes.

One must keep in mind that the viscous effect plays a very important part in

the stability, especially in the early stage of the formation of stationary vortex pair.

More details about real flow stability and formation process of the nonsymmetricity

needs to be addressed by the viscous flow theory. In fact, the vortex behind the

cylinder results from viscosity; and its motion is controlled by the cylinder over

which a viscous boundary condition is applied. The above simple potential flow

model, however, offers a qualitative and instructive result. It serves in explainning

the physics behind. The physical mechanism can be based on the fact that, when

the vortex is far enough away from the cylinder, the viscous effect from the cylinder

boundary is relatively low there.

C. Initial trajectory

It has been said in the above that the flow with a stationary vortex pair is

generally not stable. The disturbance sources always exist in real life. So the flow

development after receiving an arbitrary perturbation is extremely interesting. It

is not practical to use such a simple potential flow model to predict the complete

process. What follows is to show the initial free vortex trajectory after receiving

the position perturbation in different directions.

From (2.25), the complex conjugate velocity of both vortices 71 and 72 are

^ ~ iiziip -1 ~ Zi - Z2 Z1Z2 -
-  1 . , Z2 1 \ /r\ Q1 \

~ Z1-Z2 ~ z2Zi-i^
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Set Zi = rie'^i and Z2 - r2e'^^-, it should be carefully noted that the positions

Zi and Z2 are different and follow their own trajectories after receiving a small

perturbation. Then (2.30) and (2.31) can be recast by a velocity component in

rectangular coordinate

cos29i ,risin6i risinO^ - r2sind2 , nrlsindx - r2sin62^ rr,
=  ||z,-2.||^ + IIZ.Z2-1IP ' '

sin2di ,ricos6i ricosOi - rlcos92 rir^cos9i - r2Cos92^ oon
+ ̂(7rT + IIZ.-Z.IP IIZ.Z.-IIP ^

cos292 ^r2sin92 rism^i - r|sm^2 r2r\sin92 — risin9i ̂ zo o/.^
1 —11Z.-Z.1P 11Z2Z.-11P ' ^ '
sni2^2 / r2COs92 , ricos^i - r^cos^2 r2r?cos^2 - ̂icos^i ̂ zo oc\

iiz.-z.ip 11Z.Z. - IIP '
in which

1 1-^1 - -^211^ = rl + rl- 2rir2Cos{9i - ̂2)

and

\\Z1Z2 - lll^ = 112^2^1 - 111^ = rjrl + 1 - 2rir2cos(02 - ̂i)-

By introducing a small disturbance on the initial position of one of the free vor

tices, say, 71, from the stationary point, then integrating the above equations

numerically from that specific point, the trajectory can be predicted. However,

as discussed above the flow has different stabihty in regards to the disturbance

from different directions, thus, the vortex should have different responses to its

trajectory.

Numerically, the trajectory integration is usually sensitive to error. In this

work, a second-order Runge-Kutta method is used and the step length, that is the

time interval, is determined by comparing the results with the step length and half

step length. If the results obtained in the two cases agree adequately, the length

is considered a reasonable one.
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The results for the free vortices trajectories corresponding to position per

turbations in three directions are shown in Figure 2-6. The three directions are

^ = 0°, 90°, and 180°. All the results are obtained by assuming the initial position

of i? = 1.5, = 30° and the displacement length be 0.0001.

The striking property shown in Figure 2-6 is that by changing the perturbation

direction (e.g. 0 = 0°, 180°), the flow is changed totally. Originally these two

free vortices have the same opportunity, but a small change in the perturbation

direction can change their final fate. Tliis is consistent to real phenomena, that is,

it is impossible to predict which stationary vortex in the pair would be shed first.
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u oo

(a) pertubation in direction 0 = 0

u

(b) pertubation in direction 0 = 180

u

(c) pertubation in direction 0 = 90

Figure 2-6. Initial trajectory
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CHAPTER III

NUMERICAL APPROACHES

§3.1 Full Equation Formulation

In the last chapter, analytical solutions for the flow generated by an oscillating

cylinder in a stationary medium have been discussed, which is one of the branches

investigated in this study. Now, if there is a uniform freestream encountering such

an oscillating cylinder, the convection terms in the governing equations become

important. These terms are nonhnear. The equations must be solved by the

computer with proper numerical procedures. The configuration of the physical

problem of this branch of work is sketched in Figure 3-1. The circular cylinder

of radius Rc has its center at the origin of the coordinate system, which is fixed.

The cylinder stays stationary or performs a simple rotational oscillation about its

axis. Different frequencies and amplitudes are treated.

u oo

dB

lL-0637

Fig. 3-1 Uniform flow over an oscillating cylinder and coordinate definition
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To match the condition of our experiment to be discussed in chapter IV, the

problem is treated as laminar, time-dependent and two-dimensional. The vorticity

and the stream function V" are used here instead of the primitive variables v, p.

The cylindrical coordinate system remains the same as defined in the last chapter.

The governing equations in the form of vorticity-stream function are (see appendix

A for the details)

ac , „ _ 2
=  (3.1)

with

vv = C. (3-2)

where the stream function is defined by

dip dip , .
(3.3)Ur =

rde' " dr'

and V is the velocity vector, V is the nabla operator and it is expressed in cylindrical

coordinates (r, 6) by

^  d ̂  d ^

and

2  d"^ Id 15^
Qj,2 j. Qf J.2 QQ2

In what follows all variables, unless specified, will refer to nondimensional quanti

ties where lengths are nondimensionalized with Rc, velocities with Uooi time with

Rc/Uooi and the Reynolds number is based on the cylinder diameter(d = 2Rc),

the far field freestream velocity {Uoo) and kinetic viscosity (i/), which is expressed

by the formula

Re = (3.4)
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§3.2 Computational Procedure of Forces

One of the most important byproduct of the computation is the unsteady lift

and drag coefficients. The hydrodynamic forces come from two factors: one is from

the viscous shear stress, the other from the surface pressure. The advantage of

utilizing the vorticity stream function formulation is that the mnnber of variables

is reduced, and the pressure does not appear explicitly. As a main contributor to

the force, the pressme solution can be obtained from the numerical results for tj}

and C-

To obtain a pressure solution, one can start at an arbitrary point with an

arbitrary pressure level (constant of integration) and nmnerically integrate the

discretized momentum equations in primitive variables, velocity components being

obtained from the stream fimction solution . However, in this work, the main

concern is only with the calculation of lift and drag coefficients. That is, only the

surface pressure difference along the body surface is needed. The surface pressure

integration can be facilitated by using the vorticity solution directly.

Let n be the inward to the body normal vector, k be the normal to the plane

of the flow, T = n X k mid s the curvilinear coordinate as shown in Figure 3-1.

The conservation of momentum along r can be written

where Q, is the angular velocity of the cylinder. For the stationary cylinder, = 0.

Integrating the local stress t = pn Re~^(^T exerted by the fluid on the
—» —♦

cylinder along the contour of body, the pressure force Fp and the viscous force F„

are obtained by integration by part.

Fp = f pnds = —k X / -i^rds
Javo JdTo OS
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= -I- / X rds (3.6a)
JaTo

K=4- f Cfds (3.66)Re 7ar„

In component form, the drag and lift coefficients can be obtained by integration

over the body

It should be kept in mind that if a more accurate solution is required the

Poisson form of the pressure equation needs to be solved, because the value of

derivatives appearing in the above equations need to be found by finite difference

approximation.

§3.3 Numerical Method

Numerical integration is performed on the time-dependent full Navier-Stokes

equations in a finite difference form of Equations (3.1) and (3.2) to predict the

flow development for f > 0, where t denotes the time since the flow starts. What

follows in this section are the description of the numerical method.

A. Coordinate Transformation and Computational Grids

Now, the external flow is in an infinite domain, while numerical calculation

is confined within a finite region. For moderate to high Reynolds number flows,

the effective viscous-dominated regions are basically restricted near to, and down

stream of, the body. Consequently, grids with unequal sizes in physical space are

adapted in the numerical calculation. A coordinate transformation is performed
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analytically to produce unequally sized grids in the physical region, in which there

are enough grid points near the cylinder to guarantee that the large gradient re

gion is represntable by enough number of discrete grids, but the size of each grid

is constant in the computational plane.

A transformation of exponential stretching in the radial direction is used.

That is

r = e^, (3.8a)

0 = 7?. (3.86)

The outer boundary of the computational domain is controlled by choosing the

range of independent variable Then, the governing equations are converted by

the above coordinate transformation

W'W"-'- "■•>

where U — ^

As mentioned before, the computational region is always finite. We use one

parameter ^oo to define the outer boundary (dBoo) in physical plane which is

adjustable dei^ending on the problem. The ranges of ^ and rj the independent

variables are

0 < <^ < ^oo, -TT < 7? < TT. (3.11)

Numerically, (3.9) and (3.10) are solved on a rectangular finite difference grid of

dimension / by J, where the grid spacing is constant and is given by

= 7%T'
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An example for grids (21 x 41) obtained through this transformation is given

in Figure 3-2. Obviously, the radial grid size in the physical plane is larger when

the grid points are farther away from the cylinder. For simplicity the grid size

in the circumferential direction are taken as equal. The subscripts are used to

represent the independent variable coordinates. The first subscript i represents

the radial direction from the body to the outer boundary when i changes from 1

to J, and j denotes the circumferential direction from — tt to tt when j changes

from 1 to J, in which j = 1 and j = J are coincide with each other. This is more

convenient to apply periodic condition in this direction. The values for V* and ̂

are discretized on grid points into t/'ij and Cij.

B. Finite difference approximation

The continuous flow region has been discretized into discontinuous grid points;

and continuous functions have been discretized as an isolated value at the grid

nodes. So it is necessary to find a proper approximation to the derivatives of the

dependent variables in the differential equations. In this work, we use a Taylor

expansion to obtain the finite difference approximation of the derivatives. Looking

into the governing equation of (3.9) and (3.10), it can be found that the equation

for vorticity has the parabolic nature in time, while the stream function is of elliptic

type and independent of time, t. When solving them, the solutions should match

in time with the satisfication of boundary conditions at the spatial boundaries. A

second order central difference scheme is used for the approximation of any spatial

derivatives, and one side differencing for time t is necessary in order to embody

the parabolic nature of the differential equation of vorticity in the time direction.

Usually, there axe two kinds of difference for the time variable, i.e., explicit and

implicit schemes. To guarantee numerical stability, an implicit scheme is adopted
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(a) grids in computational plane

(b) grids in physical plane

Fig. 3-2. Mesh 21 x 41 with ( = 2.0
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in this study. Hence, ̂  and for example, are approximated at the grid

point (i,i) by

dx 2Ax

Q^2 ^^2

^0»,j ~
dt At

In which H and x represent any dependent and spatial independent variables for

general purposes.

Thus, the governing differential equations (3.9), (3.10) can be approximated

by the finite difference form;

Af5 +, Ar,^

. 0.7' - c;.7 (c^c)s:T.y - mmy/ {vo)T+y -
At 2A^ 2A77

,(n+l) _ n*(n+l) . ^(n+1) ^(n+1) _ «>(n+l) , ^(n+1)

in which the superscripts represent the time step, and superscript n represents

time t, and n+l represents the t + At. In this way, the continuous differential

equations have been replaced by a discrete set of algebraic equations which are

only valid at the grid points. In the following section, the calculation procedure

for these discrete algebraic equations are described.

§3.4 Solution Procedure

In this section, ADI and SOR methods are introduced to solve the algebraic

governing equations. Also the corresponding solution conditions, both the bound

ary and initial conditions, are discussed.
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A. ADI and SOR

The vorticity equation is parabolic in time, and the stream ftmction equation

is elliptic (Poisson equation). To cope with the problem in hand, an alternat

ing direction implicit (ADI) method is proposed to solve the vorticity equation,

while the successive over-relaxation (SOR) is used to solve for the stream func

tion equation. The ADI method can provide enough numerical stability because

it still keeps the implicit nature of the scheme; a conventional implicit solution,

which requires a larger computer storage, is avoided. For each time step, the

two equations for stream function and vorticity are coupled and should be solved

simultaneously. The whole process in numerical calculation can be described in

general as: advancing the vorticity solution in time while ensuring that the stream

function equation and the spatial boundary conditions are satisfied. However, be

cause of the nonlinearity of the problem, as well as the unknown stream fimction

that initially provides the boundary condition for vorticity at each time step, an

iterative process is required to solve these two dependent variables.

The ADI method used to solve for the vorticity is of second order accurate in

time, also in spatial variables and the scheme is unconditionally stable. In applying

the ADI method, the time step in Equation (3.14) is split into two halfsteps, where

an intermediate solution is obtained at time t-\-hAt. Over the first halfstep

from t to t + ̂At, ?y-direction derivatives are expressed implicitly, while ̂ -direction

derivatives are kept at their values at t. Over the second halfstep from t +

to t 4- At, //-direction derivatives retain their values at t -|- ^At, while (^-direction

derivatives are expressed implicitly. While each halfstep is only first order accurate

in time, the total procedure is second order accurate in time.

The vorticity equation written in ADI two-step method is replaced by, for the
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first halfstep implicitly in rj direction,

■|At drj Re drf'

_ 2 ^
Re a^2

and for the second halftime in which implicitly in ^ direction,

^(n+l) _ ^(n+i) ^ 2 52^(n+l)
"  Wt Te 5^2

(3.15a)

2 g2^(n+l) a
Re drf drj

(3.156)

where a = .

In Equations (3.15a) and (3.15b), U~,V~,U'^ and V"^ are intermediate ap

proximations of U and V within one time step. The predictor value can be

considered as an approximation of the exact solution at time (n -t- |)At if U~,V~
and £/+, V'^ are suitable approximations. For example, if only first order accuracy

in time is required, the simple expressions U'^ = U~ = 17^"^ and = V~ =

where ?/(") = and = ^(C^"^), can be used. The accuracy is of second

order in the special case where U and V are constantst^°h

For second-order accuracy in time with U, V nonconstant, the general form

of approximation could be:

+ (1 - Co - Ci)f/(") -f (3.16a)

= Co'f("+^) -h (1 - Co - Ci)y(") -h (3.166)

where Co,Ci are constants chosen depending on accuracy requirement. In this

work, Co and Ci are simply taken as 0.5.
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For solving the vorticity equation, the velocity components in the equations

are computed from the known stream function by a second order central-difference

to match the same accuracy as in ADI. That is

Vij = (3.17a)

Uij =

Therefore, the Equations (3.15a) and (3.15b) can be simplified as the following

short form

F+ '•+cic;,"tF=<i>. (3.18)

+Bid,"'"'+Cidit" = (319)

where aj, bj, cj, dj, A,-, Bi, Ci and Di are approximated by evaluating from

previous iteration results. Thus for the interior grid points 2 < z < / — 1 and

1 < j < J, each of these expressions creates an algebraic equation and all of them

result in a tridiagonal system of equations, which are solved by using forward- and

backwaxd-substitution and matrix factorization, respectively (see appendix B).

The stream function equation, in the form of a Poisson equation, is replaced

by the difference equation (3.13),

+V'.-V.i ,
A^2 A772

its truncation error is of the second order 6{h'^), where h = y/Ar]'^ -f A^2_ xhe vor

ticity is adopted from the updated time level, and it plays the role as an influence

function (non-homogenient term) in the elliptic differential equation. Its algebraic
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nature has not created any instability to equation (3.20)^^^^ The equation can be

written in an approximate form:

-2A^2g2^i,,Q+i (3 21)

where /? = = grid size ratio, and the barred value is the newly iterated value.

Equation (3.21) is the classical " Jacob method", also called the "method of simul

taneous displacement". Alternatively, the newly-iterated values are used as soon

as possible during the sweeping. Thus, (3.21) caia be rewritten as,

-2A^2g2^.-,;- Q+1 (3 22)

which is called the "Gauss-Seidel method," a method of successive displacement.

It only used half as much storage as in the Jacobi method, and it converges as fast

as Jacobi's.

A further improvement of the rate of convergence upon iteration of (3.22) is

the "point successive-over (or under) -relaxation method"(SOR). Introducing the

relaxation parameter A, (0 < A < 2), Equation (3.22) becomes

-2A^2g2$.-,; Q+1 _ 2(1 + (3.23)

where A < 1, under-relaxation

A = 1, Gauss-Seidel

and

A > 1, over-relaxation.



40

It must be kept in mind that the V'-inner iteration is executed upon the

(n+1) time level. Values at n and n-1 time levels are temporary constants during

the iteration process, the barred and the unbarred values are the (k+l)th and

kth iterated values, respectively. A good estimate of A would reduce the rate

of convergence drastically. Youngt'^^^ and Vergat^^l have derived the optimum

relaxation parameter of SOR for a rectangular domain in solving Dirichlet type

boundary condition. Unfortunately, the gigantic matrices in the present work

do not satisfy the assumptions of their method, and therefore, the relaxation

parameter can only be determined by trial and error. As long as the time marching

procedure converges within an acceptable computer time, it is considered that the

chosen relaxation parameter is the one needed. With the iterative methods, a

basic question is when the iteration should be stopped. One criterion may be

defined in terms of the norm or the residue of the matrix. The

former approach is used in the present work. Because the solution at this step is

still an estimated value, the stop error should not be too low. The details will be

discussed later.

Finally, it needs to be noted, in the whole process of finding solutions, that

equations for vorticity (3.18), (3.19) and for stream function (3.23) are coupled

together by the iteration process. However at the beginning of the iteration solu

tion for each new time step t -|- At, the value of ip and the wall conditions for C

must be given. Also it should be pointed out that solving the vorticity equation

is the major difficulty in the stream function-vorticity approach because of the

nonhnearity and unknown boundary conditions. For each time step, advancing

the vorticity and then solving for the stream function, it gives an update approxi

mation which is used to repeat the solution process for the vorticity. The iteration

process for both vorticity and stream function within one time step is repeated
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until successive iterations differ by a norm as if used in the inner iteration for the

stream function solution alone. That is

(3-24)

It should be noted that here the iteration is for the outer iteration. Even though

the criterion is applied to the same variable i/>, it is totally different from that of

the previous inner iteration. This criterion is used to check the successive errors

of that variables in the outer iteration. Only when the conditions in (3.24) are

satisfied, are the results considered as the converged solution. Following the same

principle, another new time step can proceed until the expected time is arrived

for the time-dependent problem in hand.

B. Initial flow develoiDment

In view of the fact that an impulsively started flow at t = O"*" is basically still

a potential flow^'^^^, the inviscid flow field is assumed as the starting condition.

For t > 0, a thin vortex sheet is formed on the body surface due to the adher

ence condition. The generated vorticity is then diffused rapidly into the flowfield,

similar to that of the Rayleigh problem of a suddenly accelerated wall. However,

a numerical attempt to advance the viscous solution from the inviscid initial con

dition will generally fail to capture the instantaneously developed viscous region,

and thus it is an ill-posed numerical problem.

To overcome this difficulty, an asymjDtotic expansion around a small incipient

time can be employed to advance the solution to a present time t = to? such

that a sufficient number of grid points may fall into the larger gradient region.

Then the solution of the time-dependent flow for t > to could be advanced from

this incipient condition by numerical means. The details about the solution time

sequence will discussed later.
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Consequently, at t = O"*", the initial condition for the flow around a circular

cylinder of radius 1 is:

ue = at t = 0"^,

Ur = — ̂  cos6 at t — O"*". (3.25)
The familiar no-slip and no-penetration conditions are imposed on the surface

of the cylinder, or

Ur = U0 — 0 at r = 1

and the flow should merge smoothly into the undisturbed free stream at inflnity.

For the early stages of the starting flow, the Reynolds number and Strouhal

number are assumed to be the same order in the following analysis, say £~^, or

Re = 0(£-^), St = 0{e-^).

So an asymptotic expansion in powers of £ is then possible.

Introduce a stretch variable in the direction normal to the wall, or the radial

direction in the present problem,

_  r — 1
r = ——

£

and the familiar variable fj for inner region of the flow.

So the inner and outer expansion in term of a stream function are made

and 'F = ^,t)-i- + • • •
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To match the inner and outer solutions at this level, an intermediate variable

is introduced

rj = y/er}

Finally a composition solution is obtainedt"^"^!

[r-^^sind + AeJ^
t

X  — 2

1- e~'' — y/7:fi(l — erffj) sin0

+ 46^^ |^-^er/j7+^^77^(1 - er/77) - |j7e ''' sin0

+ 4£2f3/2 r ■ sin 26 + 0(£^)
Jo

In which erf is the error function and
^^2

fiv) = - l)er/^77 + -^rje "^'erfx] + 1

Stt tt
1+3; (2,^ + 1)

{2rj + l)erfri + rie ^

C. Boundary Conditions

Since the equation for the vorticity is of parabolic natme in time, its solution

can be matched in the time direction with the initial condition discussed above.

But as the vorticity equation and stream function are of elliptic type in the spatial

variables, proper boundary conditions must be applied.

For the viscous flow, the solid body boundary conditions are no-slip and non-

penetrateable at the surface and uniform flow at inflnity. It should be addressed

that the boundary condition must be transformed into the computational plane

along with the governing equations. Due to the advantage of the chosen coordinate

system, the various dependent vai'iables have a periodic nature in the circumferen

tial direction. Therefore, real boundary conditions are only necessary in the radial

direction for any practical solution.
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(a) Boundary condition for stream function

Owing to the pure rotational motion of the cylinder, at any moment the cylin

der surface is always a stream surface. Any constants may be assigned to the value

of stream function ip on the surface. The conventional choice is V* = 0 at the wall

boundary C = 0 > which is in the same form for a stationary and moving cylinder.

However the evaluation of V* at the outer boundary dB^oi which is controlled by

choosing the parameters is one of the most interesting computational boundary

value problems. We must somehow neglect the details of farther downstream flow

and obtain realistic answers upstream. From the wind tunnel experience, if the

"test section" is long enough, the downstream flow is not important In this

work, a non-reflection boundary condition is applied to the downstream boundary

of the computational region. But care is needed to ensure that catastrophic in

stabilities are not propagated upstream from the outer boundary and destroy the

solution. On this point, what can be done is to check the solution by changing the

size of the outer boundary. If the change of the size influences the solution within

an acceptable value, the solution is considered to be realistic.

(b) Vorticity on boundaries

One of the problems in using the vorticity equation is that its boundary

conditions are miknown. Yet they must somehow be derived from the known

interior solutions, which could introduce errors if not treated correctly.

Physically, the diffusion of vorticity is the mechanism indicating the momen

tum loss in a viscous flow. Usually the greatest change of vorticity occurs near

the boundary of a surrounded body. More precisely, the vorticity transport equa

tion determines how vorticity is advected and diffused, but the total vorticity is
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conserved at interior points. At no-slip boundaries, vorticity is produced (either

source or sink). It is the diffusion and subsequent advection of this wall-produced

vorticity which actually drives the problem. So, should the wall vorticity be ob

tained by an incorrect means, the result will be either numerically unstable or

beyond the physical reality.

Before the general theory for unsteady viscous flow is built, some concepts of

steady flow had to be used. The absolute value of vorticity indicates the degree

of local momentum. The positive or negative sign only designates the orientation

of the pseudo-vectorial vorticity. A solid boundary, immersed in a viscous flow, is

equivalent to having a distributed source of vorticity. Separation occurs near the

point where the source and sinlc change orientations^'^^^ This concept is used in

predicting the flow separation, which is discussed later.

The boundary condition of the vorticity is so important for the solution,

that its treatment in the numerical solution should be extremely careful. Prior

to considering wall-boundary, a simple discussion is given of the outer boundary

of the solution region. The uniform flow far-upstream provides a zero vorticity

condition there. At the downstream boundary, the vorticity can be evaluated

from the stream function solution by using a one-sided finite difference.

On the wall-boundary, the vorticity is controlled by the no-slip condition.

From the relationship between vorticity and stream function, the boundary vor

ticity is

c = vV
an

(3.26)
BB

where dB represents the boundary of the body. The non-slip condition means that:

on the body surface, the normal velocity is zero, and the tangential velocity equals

the local velocity of the cylinder at the boundary for the present unsteady problem.

Generally, there axe two approaches to determine the vorticity on boundaries: one
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is the mirror-image technique directly from the stream function equation, the other

is by the Taylor expansion. The later is used here. We expand V'lu+ij by a Taylor

series from the wall values, V'lu.j

1
fpw+l,j — + Of + <5 0^2 "I" )

at, w,j z at; w,j

where ̂ is the local velocity Vt of the cylinder surface, which is known from
w,j

the given applied oscillation on the cylinder. Finally, the vorticity on the body

boundary can be obtained as

where w represents the cylinder surface. For the statiouciry cylinder case, equation

(3.27) can be simplified as

Ui = (3-28)

which will be used for the impulsively started flow calculations.

The first-order form of (3.28) was given as early as 1928 in the pioneering

work of Thomt^®! and has been used extensively since then. It is the safest form

to use, and it often gives result essentially equal to higher order forms. Here we

extend it to the flow with a moving boundary.

As described earlier, the boundary points always lie on the grids in this work.

So does the finite difference quotients. Therefore, the subscript w in (3.27) and

(3.28) can be replaced by subscript 1 as shown in Figure 3-3. The coincidence of

grid points and the wall is very much of advantage, otherwise an extrapolation

or interpolation is needed to apjDly boundary condition on the wall, which often

results in great errors.

The basic solution conditions for the usual solution procedures have been

introduced. However, since the ADI method is time-split, the time-split has effects
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i = 1

''x i = 2 i = 3

^
+ 1 + 2

Forward

j = l

-o

Backward

Fig. 3-3. Sketch of boundary grids
IL-0638

on the boundary conditions. In the following section, the time-split boundary

condition is discussed.

(c) Time-split on boimdary conditions

After getting each time-step boundary condition (3.27) or (3.28), we face a

question of how to obtain the value of intermediate quantities on the boundary.

Because in the ADI method, in which each time step is consistent with the original

equation, an increase of the truncation error with respect to time appears for

points adjacent to a boundary, if the exact time-Vcirying boundary values are

used to determine the provisional values on the boundaryf^"!. The usage of the

boundary value = C(" + 2^^) leads to a larger truncation error near

the boundary. The best way to overcome this difficulty is to define a boundary

value such that the combination of both time step yields second-order accuracy at

points adjacent to the boundary as well as inner points. This can be accomplished
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if the value is deduced from the finite difference equations themselves.

By using the two half-step equations (3.15a), (3.15b) and the no-slip boundary

condition, there is

An+^) _ 0|
^  dD ^2*^^ ^ Re dri'' ^ dB

(3.29)

This equation determines the value ^2^ on dB because and axe

known on this boundary.

§3.5 Computer Program and Results

In this branch of the work, the study of the interaction between unsteady

viscous flow and the surrounded body is emphasized. The numerical calculation

is performed by following a practical starting flow process. A schematic of the

solution time sequence is shown in Figure 3-4. The numerical solution of the flow

is initialized from an analytic impulsively started flow solution. After the impul

sively started flow gets well-developed, in which a non-symmetric wake with a

natural vortex shedding frequency, i.e., Karman vortex street, developed, a com

putation for the oscillating boundary is started. The above stated well-developed

flow around a stationary cylinder is used as its initial condition for the unsteady

problem.

In fact, an impulsively started flow itself is a very interesting subject for study

of the unsteady viscous flow. The basic mathematical formulation of flow with a

steady or a unsteady boundary is the same except the difference in boundary

condition. The computational process and the programming logic for both of

them are described in a sequence below.
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A. Computer Program

In order to visualize the numerical calculation process more clearly, the flow

diagram is shown in Figure 3-5, which is written in a form valid for the general

unsteady flow problems. Step 1. Call system to assign one INPUT file and one

OUTPUT file. It is more convenient to adjust the input parameters instead of

changing the original program.

Step 2. Call subroutine INPUT. All required parameters in the calculation

are stored in the INPUT, which includes the time interval, Reynolds number,

Strouhal number, oscillation amplitude, Geometries in terms of grids, convergence

parameters, maximum number of time steps and relaxation parameter. Natmally

when the oscillation amplitude is taken as zero, the corresponding flow is that

around a stationary cylinder.

Step 3. Because of the infinite flow region, a coordinate transformation is

needed. Before starting to solve the problem, a subroutine COOR is used to

generate the grids. In this program, a stretching in the radial direction is used

and grids are created based on the number of grids given in step 2. After this, all

physical quantities have been discretized on the grid points.

Step 4. Since the flow is initially at rest with a sudden starting, a subroutine

INIT is provided to give an initial condition for the numerical calculation. The

initial condition is obtained fi-om a small time expansion solution to the exact

Navier-Stokes equation. The initial time to is usually taken very small, so that

the order of approximation solution does not make a significant difference. In this

program, the fkst order approximation is adopted. The discrete values of stream

function and vorticity of the initial field on grid points are obtained directly from

the analytical solution.
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CALL system to set imput and output file.

T

CALL imput subroutine and read all required data.

VAX-Fortran

CALL coordinate generation subroutine to get the
coordinate grid.

T
CALL subroutine to set the initial condition at t ■= t fpr
numerical integration.

Read initial time step (N T = o)
Compute and print parameters.

Begin numerical integration and match in time direction
(or each new time step N T » N T +1.

Extrapolating vorticity boundary condition from
solution at time step NT - N T + 1.

CALL VORTICITY to compute C (n+1)

T
CALL STREAM to compute
Y (n + 1) (SOR)

I convergent

c s < c smin

Ey * ^vtnin

1 r no

Calculate wall vorticity
by using y (""''1)

yes .

Adjust relaxation
factor.

Rotate (Y , ^ )

NT ■No! no yos

r yes NT-No

Call subroutine
to compute

forces

Call
Output

I
STOP

CG-1130

Fig. 3-5. Flow diagram of vorticity stream function method
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Step 5. Compute the necessary constants, print out all constants and pa

rameters. Then the time marching process is started by setting time accounting

niimber NT = 1.

Step 6. For each new time step, the vorticity solution is designed to lead the

iteration in this program. So the boundary vorticity needs to be guessed for the

first circle of iteration. Here an extrapolation is used from the former two time

steps.

Step 7. Call subroutine VORTEX to solve for interior region by

solving two tridiagonal equation systems in the two coordinate directions, which

corresponds to the first half time step and second half time step respectively.

Because the governing equation is parabolic in time, no iteration is needed in

solving vorticity within every outer iteration.

Step 8. Call subroutine STREAM to compute at all interior points

by the over-relaxation procedure. It is noted that only the interior

points come into the computation. The number £j = 10~® is given as the criterion

value of convergence, and a maximum iteration time is set at 500. Should the

iteration exceed this value, it is considered that the problem has not been properly

arranged. Then the program will stop and give the detailed output. The situation

has to be reconsidered from the very beginning. Within this step, the iteration is

the inner iteration. The convergent results will join the outer iteration together

with the solution of the vorticity.

Step 9. Call subroutine BOUN to compute all boundary vorticity from the

updated interior stream function solution to continue the iteration process within

one time step. In this subroutine, the boundary conditions for vorticity can be

determined for the general cases as discussed in (3.27).

Step 10. After the computation of each time, it constitutes
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one time outer iteration. Also it is necessary to make the following checks in order

to determine whether to advance a new time step or continue the iteration:

(i) Check the convergence. In solving the stream function and vorticity, two

equations are coupled together by iteration. Two criteria are defined to two depen

dent variables, which axe = 10~® and Ss — 10"^, respectively. The convergence

is considered as within the time step, when the solution in successive iterations

differs from that in the former iteration by the amount less than the above values.

That is, in the mathematical form, the norms in (3.24) are taken as

Max\ipi^' - < s,

MaxKlj' -

here i G I and j G J, k is the kth outer iteration number. If this is satisfied, check

the next item. Otherwise, continue the iteration from step 7 to step 10.

(ii) If the time step number NT is greater than the assigned maximum number,

e.g., ICQ, output all the information. Otherwise, follow the next step. Here there

are two items that need to be considered. One option is for the solution of the

impulsively started flow. Usually the time of five natural periods is considered

long enough for the starting flow development. Then the boundary conditions are

changed into that with apphed oscillation. The time mjirching is continued until

the required time is arrived. All the details are shown in the results.

Step 11. Advance stream function and vorticity such that

Oli - OIJ'

(MIT ̂

for all i G I and j G J. Therefore the solution advances to a new time step NT =

NT + 1. Then repeat the cycle described from step 6 to step 11.
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B. Numericeil results

Calculations were performed on a VAX-11/785 computer at the University

of Tennessee Space Institute (UTSI). The over-relaxation factor for the stream

function is chosen by trial-and-error, and finally the value of 1.65 was used in

obtaining the results. The incipient time to used in the analytical initial condition

from starting was taken as 0.01. All the time is reduced time. Depending on the

Reynolds number, the grid numbers and time-step length are chosen to guarantee

numerical stability. Basically, the following limits need to be satisfied:

V

Uoo^t ^
—  1. ~ 2.
Ar

Under the above requirements, the different grid numbers are used for different

Reynolds number fiows.

The numerical results for various flows are presented here, which include the

impulsively started flow development process around a steady cylinder and the

flow charateristics when with a rotationally oscillating boundary.

1. Solution of Impulsively Started Flow

The development of the flow induced by an impulsively started circular cylin

der with time is a classic problem in fluid mechanics^^®"®^^. Although the geometry

is simple, the phenomena appears to be complex. The theoretical work on this

problem basically fall into two main classes. First, the flow for small times, before

the appearance of the wake, may be studied using boundary layer theory. Blasius,

etc., have considered this problem as the limiting case of infinite Reynolds num

ber. Collins and Dennist^^^ have extended the work to finite but still high values of
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Reynolds number. The results, however, only indicate the flow structure for small

times after starting. But for the flow with "any" values of the Reynolds num

ber, the effective means for that highly non-linear problem should be the purely

ntmaerical solution, which is classified as the second one.

In this work, the solutions of the Navier-Stokes equations are performed for

different Reynolds number flows. The properties of the development of the im-

steady walce, e.g., the length of the pair of the standing eddies formed behind

the cylinder, the separation angle which is a function of time for various values

of Reynolds number, the formulation of the secondary vortices and the vorticity

distribution along the body surface, will be presented in this part of numerical so

lution. The results are checked with the available experiment or numerical solution

by others.

a. Flow separation

(i) First or major separation: Because of viscosity and adverse pressure gradi

ent along the rear part of the cylinder, the main stream could not provide enough

kinetic energy to the fluid near the body surface to downstream, a reverse stream

is formed. For steady two-dimensional flow, the separation point is the zero skin-

friction point on the surface. But for unsteady flow, it is still a controversial

problem, even for two-dimensional flow. A simple criterion is adopted in this

computation, which is the vorticity vanishing point at the surface. The computed

separation time of flows with Reynolds numbers ranging from 150 to 550 are shown

in Figure 3-6. The analytical solutions^^^l are used to compare with this numerical

result. They agree with each other reasonably well.
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Fig. 3-6. Separation time vs. analytical results

(ii) Secondary separation: Besides the major separation, a secondary separa

tion phenomena also appears during the flow development. The secondary eddy,

which has a rotation opposite to that of the main eddy, is due to a second separa

tion of the flow, i.e., a separation of the baclvflow itself from the cylinder wall. Of

course, this occurs when the velocity in the recirculating zone is high enough, as in

the first separation case. The computed results for flow with Re = 550 presented

in Figure 3-7 is in good agreement with the available flow visualization photo,

b. Vorticity distribution on the surface

The presence of these first and secondary separation phenomena can be de

tected from the distribution of strength of the vorticity over the surface of the

cylinder. For flow without separation, the vorticity should keep the same sign on
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the surface, and for flow only with first separation, the vorticity is negative in

the whole separated zone; it decreases from zero (at the rear stagnation point),

reaches a minimum and regularly increase to take again a zero value at the point

of separation S. Beyond S, the vorticity is positive and still increases up to the

front stagnation point. The appearance of a bulge in the streamline pattern must

rise to an alteration in the vorticity of distribution and the "birth" of a secondary

eddy must be indicated by a positive vorticity in the separation zone. Figure 3-8

shows the results of the vorticity distribution sequence on the cylinder surface with

time for the flow with Reynolds number 300.

Computation, Re=550, t=13.0

U.oo

CO
0*"

r-3!

Flow visualizationt^^l, Re » 550

Fig. 3-7. Steady cylinder stationary waJte
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Re=300
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6>

\>-
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Fig. 3-8. Vorticity variation with time on surface

c. Exterior boundary of recirculating zone

For the problem in hand, the focus is on the flow detached from the wall. Our

goal is to find the internal flow mechanism, which may respond to the excitation

and the control of the energy associated with the detached vortex system in the

flowfield. The exterior boundary of the detached zero streamline limits the main

viscous region. Figure 3-9 shows the results of the exterior boundary on the

started flow with Re = 300 and Re = 550 at different time level. Actually, the

recirculating zone is a vortex flow. The zero velocity point in the region is referred

to as its center. This center point was found from the stream function solution by

a steepest gradient method. The computed results for vortex centers are shown in

Figure 3-10 at different times. The analytical result of free vortex pathline from
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tl=3.0

t2=5.0

t3=7.0

u t3oo

t2 Re = 300

Re = 550

IL-0646

Fig. 3-9. Evolution of the closed wake shape
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•  /
/
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IL-0647

Fig. 3-10. Zero velocity points of closed wake
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the potential flow model in chapter II are shown by a dashed line to compare

with each other. It can be seen that: when the vortex center is very close to the

wall, the two results have large deviation, wliich is attributed to the viscous effect.

Finally, a sequence of the stream function and vorticity contour lines at several

time stations for Re = 300 and Re = 550 are shown in Figure 3-11.

Re=300

t=0.5

^5
t=3.0

o
1=5.0

t=7.0

Fig. 3-11. Formation process of vortex behind cylinder



d. Non-symmetrical wake

As discussed above, once started, the flow separation develops further with

time. Consequently, the closed wake grows in size as time increases. For very

low Reynolds number flows, a steady solution is shown in Figure 3-12. A small

symmetrical separation bubble exists behind the cylinder. Both experimentally

and analytically, it has been shown that the stationary vortex pair is not stable

as the Reynolds number increases. Finally, the unsteady but periodic Karman

vortex street is formed in the wake.

Flow visualization^^^l, Re=19.6

Computation, Re=20., developed

Fig. 3-12. Flow around a steady cylinder with a bubble

The mechanism eind development process for the formation of an unsteady,

non symmetrical vortex system is a challenging problem. In order to obtain the

solution numerically, some authors introduce perturbation to the boxmdaxy con

dition to excite its natural unsteadiness, which comes from the nonlinearity of the

problem itself. Some authors make use of the computational errors to excite the
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flow, the latter is more convenient for numerical calculation. The code developed

here has the feature of capturing the inherent unsteadiness. The results shown

below are obtained without any man-made perturbation in the calculation.

The vortex is shed alternately from the two sides of the cylinder; hence the

lateral force on the cylinder exerted by the fluid oscillates with the same frequency.

Numerically, the flow pattern appears to repeat itself between, say, NTi and NT2.

Then, the vortex shedding frequency can be determined from the following equa

tion:

" RcAt{NT2 - NTi)

For the flow around a stationary cylinder, measurements show that the di-

mensionless frequency, which is called the Strouhal number,

S, = ̂  (3.31)
U 00

depends uniquely on the Reynolds number'^^h Therefore the Strouhal number in

(3.31) is given by the relation:

" At{NT2-NTi)

The period of vortex shedding, or more exactly the number NT2 — NTi,

is obtained from the computed lateral force varying with time. The computed

wake flow Strouhal numbers vs. experiments are shown in Figure 3-13. Typical

computed flow streamline pattern around the steady cylinder is given in Figure

3-14.
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t=15.0

t=20.0

t=25.0

t=30.0

t=35.0

t=40.0

Re=300

Fig. 3-14. Flow streamline pattern around a steady cylinder
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2. Solution of Flows with rotatory oscillating boundary

As mentioned earlier, a forced harmonic rotational oscillation is applied on

the cylinder. The unsteady motion of the boundary can be expressed

e = -eACos{Sf{t-T)) (3.33)

where 9 is the angular displacement, 0^ the amplitude and 5/ is the forcing

Strouhal number, which is defined as Sf = and // is the forcing frequency.

Finally, T is the time when the forced oscillation is applied. The velocity at the

cylinder boundary is

Vt = SfSAsiniSfit - T)) (3.34)

the forced motion gives a zero velocity at the beginning. The forced oscillation is

applied in such a way that any additional complication is avoided. If the initial

forced oscillating velocity is not zero, another starting process is created. It is

nothing new, but repeats the work involved in the initial condition.

There is an interaction between the flow and the boundary. Through the

boundary condition, the vorticity distribution instantaneously responds to the

boundary velocity. The surface friction, as well as the pressure distribution along

the surface, is obviously a function of the motion of the cylinder. The hydrody-

namic forces, which are the vector summation of the skin friction and pressure,

depend on the forced oscillation of its boundary. Whether a positive or a negative

contribution to the hydrodynamic forces on the body from its oscillation need to

be dealt with in detail. The computed results are the effects of reduced frequency,

amplitude and flow streanoline pattern, the gross flow characteristics of the lift

and drag coefficients.
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a. Initial flow development under forced oscillation

In order to show the effect of forced oscillation on the oscillating walce flow,

a sequence of studies has been conducted.

Even with a steady boundaxy, the flow is inherently tmsteady if the wahe

flow contains a Karmmi street. When a forced oscillation is introduced into the

problem through its oscillating boundary, these two frequencies will interact with

each other. The flow developments under forced oscillations of its boundary are

shown in Figure 3-15. Comparing these to the Karman vortices, it is obvious that

the forced oscillation frequency has a strong effect on the vortex shedding from

the cylinder. Basically when the forced frequency is lower than that of the natmal

one, the net effect coimteracts the natural frequency. Thus, the period of vortex

shedding increases. If it is higher th^ the naturcil frequency, the forced oscillation

speeds up the vortex shedding.

b. Long time flow development under forced oscillation

After a sufficient time, the two frequency interactions reach an equilibrium.

That is, the final flowfield appears to have a combined single frequency. The

established flowfields under various forced oscillation frequencies are shown in

Figure 3-16. The wake flows are greatly influenced by the forced oscillations. Due

to viscous effect, there is a defect in the velocity profile at each walte station. The

streamlines are divergent in the far walce. Figure 3-17 shows the typical results of

flows with steady and unsteady boundary conditions.

c. Cylinder siurface flow properties

To show the surface flow charateristics, the surface vorticity development



67

S^-O.IO

Sj=0.17

Sf=0.25

Sj=0.50

Re=300

Fig. 3-15. Initial flow development under forced oscillation (T=10.)
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Re=300

t=15.0

t=20.0

t=25.0

t=30.0

t=35.0

t=40.0

(a) flow with Sf = 0.10

Fig. 3-16. Flow streamline pattern under forced oscillation
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l:=15.0

t=20.0

t=25.0

C=30.0

t=35.0

t=A0.0

(b) flow with Sf = 0.17

Fig. 3-16. Continued
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c=15.0

t=20.0

t=25.0

l=30.0

t;=35.0

t=A0.0

(c) flow with Sf = 0.50

Fig. 3-16. Continued
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Re=300, developed

(a) wake flow around steady cylinder

Re=300, 5/=0.178, developed

(b) wal<e flow aroiuid oscillating cylinder

Fig. 3-17. Wake comparison of both steady and oscillating cylinder



after receiving a forced osculation is shown in Figure 3-18.
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(b) Surface vorticity over oscillating cylinder

Fig. 3-18. Surface vorticity over cylinders



73

3. Hydrodynamic forces

Referring to § 3.4 and Figure 3-4, an impulsively started flow with an unsteady

wake is used as the initial condition in solving the moving boundary case. A

typical variation of lateral force, with forced Strouhal number of 0.19 and Reynolds

number 300, is shown in Figure 3-19. Till time t = T, the forced oscillation is

not applied on the cyhnder and the flow has its natural frequency. After i = T,

once the forcing is applied, the drag reacts to the forced oscillation on the body's

boundary. The flow reaches an equilibrium with boimdary in about three shedding

periods (Fig. 19).

before oscillation after oscillation

T

Rc = 300

5m ima 1500 2000 2500

L_

Fig. 3.19. Lateral force development with time

As can be seen from Figures 3-20 and 3-21, the force ampliflcation effect is not

uniform for the various forcing frequencies. The increase in lateral or axial forces

is not directly proportional to the forcing frequency, even though more energy is

imported onto the body for higher oscillation frequencies. It appears
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that the maximum interaction happens at a frequency corresponding to the natmal

vortex shedding frequency of the flow. Also, some details can be gained from

analysis of the cylinder drag under forcing conditions. The pressme drag, in

addition to the skin friction drag, is of significance for the cylinder. If the pressure

in the base flow region of the cylinder is lowered, then the overall cyhnder drag will

increase. Any changes in vortex shedding will certainly affect its base pressure and

thus the drag. The forced oscillation now interacts with the natural imsteadiness

of the flow and alter its vortex shedding. Prom this analysis, we learned that the

preferred mode of interaction occurs at the natural shedding frequency. Under

this condition, the vortex shedding and the wake organization is influenced by the

forced oscillation. Drag varies with time and the forcing frequency is manifested

in its trace. Time averaged variation of drag against the forcing Strouhal number

is plotted in Figure 3-20. The peaks of the drag in Figure 3-20 are striking features

of these results. The first peak occurs at oscillation frequency equal to the natural

shedding frequency. The second pealc, which is of lower amplitude, lies at twice

that frequency.

Through a recent communication we have learned that Prof. Hsiao's group

has experimentally measured a 20% drag rise with acoustic flow, (i2e = 2 x 10"^),

when the excitation frequency is that of the natural frequency of the cylinder.

This is on the same order as we predicted in our analysis.

Finally, from the total energy point of view, the ratio of argumented flow

energy to the total import energy is most important for practical application. It

was not considered in this dissertation.
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CHAPTER IV

EXPERIMENT APPROACHES

As indicated earlier, the present study consists of two parts. The theoretical

part has been discussed in the former chapters; the visualization of the flows

around an oscillating and stationary cylinder was conducted in the University of

Tennessee Space Institute (UTSI) water tunnel. This facility is recognized for its

flow uniformity.

Two flow visualization techniques were employed: a) Colored dye (food color

in milk-alcohol mixture), and b) Laser induced fluorescence. A variable speed elec

tric motor with a mechanical rotation system was designed to provide oscillations

with desired amplitude and frequency. The cylinder model is designed to be long

enough in the axial direction relative to its diameter to obtain approximate two-

dimensionality. As discussed in the theoretical part, our goal in the experiment

is to find the effect of the forced oscillation on the cylinder to the flowfleld. The

effecting factors mainly include the forced frequency and the amplitude.

§4.1 Water Tunnel Facility

The UTSI water tunnel is one of the largest in the United States. It was de

signed to provide excellent flow quality for flow visualization studies. The detailed

description of this facility can be found in the UTSI report by Collins (1982)1®^'.

Some of the major features are discussed here.

The water tunnel is a closed circuit continuous flow facility. It lies in a hor

izontal plane and is powered by a 25 cm diameter two-bladed propeller which

is located at the second bend downstream of the test section. The propeller is

connected to a continuously variable speed transmission which allows the tunnel
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speed to be varied from 1.5 to 60 cm/sec. The fluctuations from the propeller are

damped by the long return pipe leading to the stilling chamber. The motor is

mounted on a vibration isolated mount and is flexibly connected to the propeller

shaft. The length to diameter ratio of this pipe is about 75. The fluctuations

in the test section due to the propeller are extremely small. The characteristics

frequency of the empty tunnel is about twelve Hertz. The precaution was taken

of avoiding test conditions with a characteristic frequency too close to this value.

Test section dimensions are 30.5 cm high, 45.7 cm wide and 150 cm long (12 in

X 18 in X 60 in). The test section walls are made of Plexiglas for versatility in

observing and photographing the flow fleld. The test section is enclosed in a light-

tight building with blackened inside walls for photographic purposes. The general

layout of the water tunnel facility is shown on Figure 4-1.

The stilling chamber is a cylindrical shaped tank which is 1.55 m in diameter

and 2.85 m long. There are four stainless steel screens and two aluminum honey

combs located in this chamber. The length to diameter ratio of the honeycomb

is 6. It was designed to give a turbulence level of 0.1% in the test section. The

nozzle is a bell mouth that continuously changes from a circular shape to a rect

angular shape with a contraction ration of 13.5. In the flrst bend downstream of

the test section, a portion of the main flow is bypassed through a filter to control

the particle size in the tunnel to less than 10 microns.

The tunnel is controlled from a master control panel inside the building. All

valves are operated by solenoids. The tunnel speed is measured with a digital

meter on the control panel that indicates the rotational shaft speed. This meter

was calibrated against tunnel flow velocity^^^^.
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§4.2 Set-Up of Model and Working System

A. Model

In order to be convenient for mounting the test model in the test section

of the water tunnel, the model was designed to be inserted into the water from

the top of the test section. In the experiment, the laser beam is through the

test section from the side wall. The cylinder was made from steel stock with a

good axisymmetricity and without serious distortion during the test. To keep

two-dimensionality geometrically, the cylinder model was designed to have the

length which is neaarly 20 times its diameter. The dimension of the cylinder is

schematically shown in Figure 4-2.

(po.s

IL-0639

Fig. 4-2. Schematic of test model

For convenience of observation, there are four Mark lines marked on the cylin

der surface along the axial direction by slightly painting. The mark lines are sep

arated by 90°. The model is supported by a top circular base-plate, to which a

oscillation motion created by the driving system is delivered. There are three holes

on the top circular base-plate, which have different distance Ra to its axial line.
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The distance Ra can be used to adjust the oscillation amplitude. In conjunction

with other parts, any desired amplitude can be produced by this setup.

B. Working system

The general arrangement of the whole equipment is shown in Figure 4-3. A

variable speed electric motor is used as the power source, which has a speed from

10 to 1000 RPM. A vibrator is designed to transform the motor rotation into an

oscillating motion of the cylinder model. This is shown in Figure 4-4.

From the planar mass-point kinetics, it can be proved that the vibrator per

forms a harmonic oscillation. Let r,, be the radius of the connection point on the

driving wheel, then the relation for the amplitude is

Ra ■

By using different connection points on the driving wheel and the top circular

base-plate, different amplitudes 0^^ can be obtained.

§4.3 Flow Visualization Techniques

Two kinds of flow visualization techniques were used in this work. It is cheaper

for viewing three-dimensional effect in the flowfield to use the standard dye tech

nique: The dye used was a mixture of alcohol, milk, and commercial food color in

sucli a composition to ensure a specific gravity equal to that of water. A pointed

dye source is placed upstream of the expected section of the model. When the

dye comes out constantly from the source, it will follow the movement of the local

fluid elements and show the flow pattern. In order to show a two-dimensional fea

ture more clearly, the visualization techniques like the laser induced fluorescence

is necessary. Three chemicals were used as laser light exciting agents. These are

Rhodamine 6G, Rhodamine B and Fluorescein Sodium Salt. Once dissolved in
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water, and under the excitation of a laser light sheet, they give yellow, red and

green fluorescent colors respectively on the light sheet cutting a selected section of

the flowfield. Dye was stored in a cylindrical can and injected into the flow field

at controlled rates by a adjustable pressure system. Just by turning the pressure

valve, a required dye rate can be obtained easily.

An Argon ion laser light source (LEXEL, model 95) with maximum power

output of 10 watts was used for the laser fluorescence flow visualization. A 4mm

cylindrical lens in front of the laser beam was used to spread the pointed laser light

into a plane laser light sheet. Rotation of the cylindrical lens resulted in rotation of

the light sheet plane. Combined translation and rotation of the light sheet plane

provides visibility into the complete flow field at any desired orientation. This

sheet of light excited the fluorescent dye to obtain a clear cross-section view. The

results and analysis of the flow visualization are discussed in the following section.

§4.4 Results of Flow Visualization

A series of tests were conducted in order to study the effect of a rotary oscil

lation of cylinder on the flowfield. The vorticity within the flowfield comes from

two sources. One is from the pressure gradient along the smface, another is from

the unsteady motion of the boundary. The vortex shedding frequency varies with

the frequency of body motion. Whether this produces more or less vorticity will

depend on the resulting interaction of these two sources of vorticity. Similar to

the theoretical treatment, the forced oscillation of the cylinder was applied after

flow around the stationary cylinder with a natural frequency in its wake was well-

established. Therefore, the effect can be measured by comparing the flow patterns

with or without oscillation. In order to be consistent with the numerical calcula-
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tion, the cylinder starts its oscillation from the maximum amplitude point. That

means the perturbation velocity from the forced oscillation was zero at the start

of the oscillation.

The cylinder performed a harmonic, rotary oscillation, 6 = Qacos{2'kfft),

where // is the forced oscillation frequency of the cylinder. The experiment was

conducted at the room temperature of 30°C. The tunnel flow speed was 1.80 cm/s

(0.71in/sec) The experiment Reynolds number based on the cylinder diameter was

Re«300. The frequencies was limited to near natural frequency(with St « 0.18,

when Re = 300). The flow visualization was performed with two amplitudes and

tliree frequencies in the water tunnel. These three frequencies are slightly lower,

near, and slightly higher than its natural frequency.

Figure 4-5 shows the flow pattern when the cylinder stays stationary. There

is a Karman vortex street in the wake. Figure 4-6 shows a set of flow patterns with

the same amplitude but different Strouhal numbers. These Strouhal numbers are

respectively 0.206, 0.179, 0.137. In order to find the amplitude effect, another set

of experiments with different oscillation amplitude from the previous set but at

the same Strouhal number and Reynolds were made. Figure 4-7 shows the results.

It needs to be noted that the wake divergence angle observed in the photographs

is not true because of the camera location. This is shown schematically in Figure

4-8. This camera angle causes a distortion in the perceived flowfield.

From the above visualization results. It is interesting to find that the forced

oscillation frequency plays a key role in controlling the wake flow. The physical

details will be discussed in next chapter.
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CHAPTER V

DISCUSSION OF FLOWFIELD

Analytical, numerical and experimental studies have been performed on the

flows around an oscillating cylinder with or without a uniform stream. When no

uniform stream is present, the flowfield is in oscillation and the solution is reduced

to the classical result of oscillating flat-plate as the cylinder radius approaching

to infinity. When in a uniform stream, the flows are fully separated. It has been

shown both by the computation and by flow visualization that the wake behind

a cylinder can be significantly modified by applying a rotary oscillation to the

cylinder. The detailed mechanism is discussed below.

§5.1 Vorticity Generation

Seeking for high fluid dynamic force is the utilization of vortex or vorticity in

the flowfield. The problem is how to generate vorticity, and then how to guide and

control the vorticity to become more useful for the purpose of force generation.

So the vorticity generation mechanism is discussed first.

The solid wall acts "like" a vorticity source. From the momentum equations,

it can be shown that the production rate of the total vorticity in the flowfield is

£
dt
[ (^ds = —u f ^dl (5.1)
JD JdD'

The vorticity flux at the body surface is defined as'^^^

du)
(5.2)

We see that the only source of vorticity for the flow is viscous diffusion from the

solid surface.
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The vorticity flux at the surface is determined by the vorticity gradient, which,

in turn, is set up by the velocity field. However, the momentum equation along the

surface provides a direct expression for the viscous vorticity flux on the cylinder

surface,

dt prde ^
The first term in the right hand side of this equation is directly responsible for

the unsteadiness. The second term is the contribution of the vorticity flux from

the pressure gradient along the cylinder surface. The pressure fleld is created

and controlled by the whole flowflled, in which part of the effect from unsteady

motion on the boundary is also included. So this term, just as the problem itself,

is nonlinear.

In the present work, the boundary performs a harmonic oscillation along

its tangential surface. The time-averaged vorticity flux for steady and unsteady

flow, with different forced reduced frequency S"/, are shown in Figure 5-1. It

reveals that the vorticity flux is a weak function of the forced oscillation frequency.

When the forced frequency is equal to the natural one, there is no change on the

averaged vorticity flux. This means that, no additional vorticity is created from

the moving boundary when it is in phase with the natural vortex shedding. If the

forced frequency does not match the natural one, less vorticity is created from the

boundary.

A time-average can be taken on the cylinder Stokes flow when there is no

uniform stream. The averaged flow values are zero. In fact, we can directly take

a time average on (5.3). When the cylinder performs a harmonic oscillation, the

time-average of the first term is zero. The net effect comes from the second term.

So it can be seen that the nonlinearity is the key factor of the physical excitation

mechanism.
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§5.2 Vortex Flow Control

The computed forces show that when the forced frequency is equal to the

natural one, the amplifying effect appears in spite of the fact that no additional

vorticity is fed into the flow. The corresponding visualization experiment also

shows that the vortex wake behind the cylinder becomes better organized in that

situation.

The time-averaged flowfield was also studied. The resxilts of mean flows with

different reduced frequencies Sf are shown in Figme 5-2. It is not surprising to

find that when the rotary oscillation on the cylinder boundary has a frequency

equal to the natural vortex shedding frequency, the mean flow has the smallest

size of the mean wal<e and the vortex center is the closest to the cylinder. The

averaged drag (Fig. 3-20) is a direct reflection of this result.

The maximmn amplifying effect on the hydrodynamic forces on the cylinder

occurs when the cylinder has a rotary oscillation with the reduced oscillation

frequency equal to the natural one. The reason is that each vortex, before shedding

into the fax wake, keeps closer to the wall whicli results in the smallest size of mean

flow separation region instead of more vorticity is created on the boundary.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

The following conclusions are drawn from the present study.

• The cylinder Stokes problem, generated by an oscillating cylinder in a sta

tionary medium, has the velocity profile in the radial direction that is damped in

the same way as the classical Stokes problem; there is a layer of fluid with a depth

to which viscosity makes itself felt that is proportional to y/u and the smaller the

radius is, the thinner the layer will be (with a restriction 0(Rc)=0(l)).

• When there is a uniform flow over a stationary cyhnder, there exists a

pair of zero velocity, symmetrical critical points behind the cylinder by using a

potential flow approximation. The flow pattern with a vortex pair at these critical

points is generally not stable and the initial trajectory of the vortices has different

responses to different direction perturbations. Further work is needed, possibly by

using the first order boundary layer approximation near the rear stagnation point,

to develope a viscous stability theory.

• The separation region behind the cylinder can be significantly influenced by

the rotational oscillation frequency and amplitude. This will, in turn, influence

the spacing between shed vortices in the wake.

• For the nondimensionalized oscillation frequency of unity, representing res

onance, the lateral force on the cylinder is doubled and the drag is increased by

about 20% at an oscillation amplitude of 30°.

• At higher frequencies of oscillation, subharmonic resonance takes place with

amplifying effects lower than that for the natural resonance frequency.

• The vorticity within each shed vortex is the same as that of natural shedding.

At the resonance state, the average separation point is moved downstream toward
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the rear stagnation point and with the aid of tangential motion of the body, the

vortex is more compact in size. This effect results in closer spacing between the

alternating shed vortices in the wake.

• The pathline for the wake flow obtained from the computations resemble

the visualization of wake flow observed in the water tunnel.

The study carried out in this research is one simple physical model for under

standing vorticity production and transport mechanisms by the unsteady motion

on the body surface. The practical flow is much more complicated. Even for a

simple geometry problem, what has been done in this dissertation is only in a pre

liminary step. For further work, this study should be expended to cover turbulent

effect at high Reynolds number and the three-dimensionality.
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APPENDIX A

VORTICITY AND STREAM FUNCTION EQUATION

One kind of formulation of the Navier-Stokes equations makes use of the

vorticity vector uj as the dependent variables

J = Vx U (>1-1)

which satisfies the following equation:

-^ + (v • V)u - (u ■ V)v = (A-2)

where u = ̂. This equation is associated with an equation for a solenoidal stream-

function vector tp such that

V = 'V X xf (A — 3)

which automatically satisfies the incompressibility condition. The equation satis

fied by %p is derived by applying the cml operator to (A — 3) and using definition

(A — 1) to obtain

S7^'tp + uj = 0 (A - 4)

In the present work, we mainly treat the two dimensional flow around a cylinder,

in which the procedure is not with loss of general properties for three dimensional

fiow following the above formulation.

For plane flow, the vorticity and stream-function become scalar functions, and

(A — 2) and (A — 4) become the scalar equations.

^-f (F-V)a; = z/V^u;, (^-5)

VV+w = 0. (A-6)
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By choosing the stream-function vorticity formulation, an important feature

has been obtained which is that the pressure is no longer explicit in the equa

tions. So the pressure field can be solved separately from the velocity when the

aerodynamic forces are interested.

Usually it is more convenient for computation by computer to use (A — 5)

and (A — 6) in its conservation form. Easily by using continuity equation, (A — 5)

becomes immediately

1^ -h V • (^u;) = uV'u (A - 7)
To non-dimensionalize the above governing equations, the following reference quan

tities are tahen:

u.

r

= -;r
R.

oo

/

t/oo

/  ̂xj) =
UooRc

t = i—
Uoo

where Rc is the radius of cylinder, Uoo is the free stream velocity.

Then the final non-dimensional equations are

| + V-("C) = |^V^C. (A-8)

VV-C = 0. (^-9)

where Re = 2RcUoo/^-
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APPENDIX B

SOLUTION OF TRIDIAGONAL ALGEBRA EQUATION

As discussed in chapter III, the discretized algebraic equation can be classified

as of two kinds. They are represented in matrix form as follows:

r h ci
02 62 ^2

03 ^3 C3

Xi ■ " di ■

X2

X3
—

<^3 (R-1)

and
bi ci

02 62 C2

0.3 ^3 C3

CL

or AX = D in abbreviated form.

ol hi.

Oi

XL-

 ..

1

Xi ■ [dn
X2 d2

X3 = dz

XL.

1

. .

1

(R-2)

To solve the above tridiagonal system of equations, a forward and backward

substitution and matrix factorization methods have been used.

for (B-1), first compute

Pi = bi- with I3i = 61
Pi-l

and

di aiTj—i dj
ri = with n = —.

Pi Ol

The dependent variables Xi are then computed from

XL = ri

and

Xi — r,- ' with 1 < i < L — 1.
/3i
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For {B — 2), a factorization method is used. Let A = LU and

r 1

£2 1

£3 1

in which

then

L =

<72

£l-i 1
£L + fL-l 1

U =

Ci

^2 C2
P3 C3

Pi

P2

P3

/3l-i cl-i+pl-1
I3l

'  = 61, <7i/3i = CL, Pi = 0.1, 61 = di

^i+1 ^ ) /^i+1 ^i+1 £t+l''i? ^t+1 —

Pi+1 = —^i+lPi,^i+l = di^i — £i+i6i

It =
/Ji-l

L-2

^L = hL- Y, (^iPi - i^L + OL-l)(cL-l + pL-l)
i=l

L-2

Sl — di - Y ~ {^L + Oi,-i)8l-1
1 = 1

"I" Pi^L — — I5 2^ ' • * X'
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