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PREFACE

In any human activity we progress in understanding by reducing complexity to simplicity. In 3
programming methodology, the story is quite familiar. As a result of work in structured !
programming by Dijkstra, Hoare, Parnas, Gries, Wirth, and many others, we have systematic %
procedures for program design. As a result of work in functional and denotational semantics by 3
Turing, Kleene, Scott, and others, we have systematic procedures for proving program correctness.
As a result, we now understand many deep simplicities that were formerly shrouded in the mystery
and complexity of programming lore.

However, since these understandings are quite recent, people regard them as graduate subjects.
Our belief is that the time has come for computer science students to start out with these ideas, not °
end up with them. At their roots, these deep simplicities can be formulated in classical mathematics, ]
discrete mathematics. This is material that undergraduates can learn easily, because understanding °
it does not require a wide context of programming experience. We believe that the world will be '§
astonished at how proficient young people can become in programming if we start them off right and -
expect great things from them!

Our objective is a basic course for computer science, much as calculus is a basic course for
mathematics and physical sciences, concerned primarily with methodology rather than subject
matter. In fact we introduce a “program calculus” in this book, which deals with deriving functions
from programs. The functions in the program calculus are the input-to-output functions defined by
the linear text of the program, itself a discrete, character-valued function.

This book will require more mathematical maturity than typical textbooks in programming
today. The mathematics per se is not difficult; the difficulty will occur in learning to use
mathematical reasoning in programming. It is natural to approach programming as a puzzle-solving
activity, in which solutions are found by cleverness and persistence in debugging, rather than as a
mathematically based problem-solving activity. As analogies, it is natural to look at the keys while
typing and to dog paddle while swimming. Touch typing and free-style swimming are unnatural
activities that take faith and practice to master (and as much faith as practice!). Structured
programming based on the program calculus and mathematical correctness is an unnatural activity
that also takes faith and practice to master. But the improvement of structured programming over
what comes naturally is as dramatic as that of free style over dog paddling, as touch typing over
hunt-and-peck.

To minimize the struggle programmers have in finding bugs and getting their programs to run,
we intend them to keep their programming under better intellectual control and make far fewer
errors. We understand the need in human learning and problem solving for unstructured thinking
and experimentation, but we believe it can be isolated and accelerated to a great extent in
programming with better methodology. In fact, we intend to replace the anxiety of haphazard
success in programming with the joy of intellectual control, consistent success, and predictability in
programming.

To the Teacher

Drafts of this text have been used for several years in the two-semester, eight-credit introductory
course for computer science majors at the University of Maryland. The course consists of two and
one half hours of lecture and two hours of recitation each week. The lectures covered the text book
and the recitation covered the computer system, the idiosyncrasies of the local Pascal compiler,
extra examples, and reviews of solutions to the homeworks and quizzes. The course has been taught
by each of the authors and by other instructors at the University of Maryland.

The course requires new ways of thinking even for experienced computer science educators.
The material is deep and quite different from the traditional “first course” in programming.
However, the authors believe the material is no harder for students than traditional introductory
courses in other scientific disciplines such as calculus or physics. The authors have a strong sense of
satisfaction teaching this course because it formalizes basic ideas of computer science and provides
the student with a solid foundation in the principles of programming.
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Because many students learn about computers before they come to the university, they enter
with very different computer bac!:grounds. Tl}ose who know.a lot about programming, even in
Pascal, will not be able to skip this course. It is not a course in Pa.sca.l‘programming. The mix of
backgrounds in computers and in mathematics causes student expectations and reactions to vary
widely. Some are disa.ppomted.that they are not writing big, realistic programs. They may think
the material is too simple until they.are surprised by the real depth in the course. Others are
initially overwhelmed because of their lack of background or intimidated by the programming
knowledge of classmates. There will always be a few good students who have trouble simply because
the course does not live up to their expectations. It is more important than usual to make it clear
early what the course is about and what is expected. This motivation should be reinforced at
regular intervals.

There is a great deal of material covered in this book so a teacher may pick and choose among
the topics and levels of depth. Certain chapters and sections are critical because they represent the
core ideas of the book and the material in later chapters builds upon them. For example, Chapter 2
covers the syntactic correctness of programs using context-free grammars. Grammars are later used
to discuss functional testing, program specifications, and semantic correctness. Chapter 5 is the
basis of the mathematical formulation of the programming language semantics and is used
throughout the book for correctness and specification. On the other hand, in many sections, there
are more examples given than might be covered in the lecture section. These extra examples can be
covered in the recitation sections or read independently by the student who needs to see several
examples. Certain sections can be omitted. For example, in Chapter 10, sections 2, 3, and 4 can be
omitted without penalty because they take basic ideas and use them to build larger examples.

A sample lecture schedule for two fifteen-week semesters with a midterm exam is given below.
It shows the time that might be given to each section, what should be emphasized, and what could
be left out.

Week Sections Covered (* emphasis)
First Semester Second Semester
1 1.1-14 Review of program calculus (Part II)
2 1.5,1.6,2.1* 13.1-13.5*
3 2.1(cont), 2.2*, 2.3, 2.4 14.1-14.3
4 3.1-3.3 14.3(cont), 14.4, 14.5
5 41,42 15.1-15.6
6 5.1-5.3 16.1-16.4
7 5.4%, exam 17.1-17.3, exam
8 6.1, 6.2* 6.3 18.1-18.3
9 7.1,72% 173 19.1-19.6
10 8.1, 8.2* 20.1, 20.2
11 8.3,84,9.1 21.1, 21.2
12 9.2% 9.3 22.1-22.5
13 10.1 23.1-23.3
14 11.1*%, 11.2,11.3 24
15 11.4, 12

Even though only one language is taught in the course, we believe the student is prepared to
learn other languages. In our curriculum at Maryland, students are exposed to many other
languages in succeeding courses, which we believe are easier to learn because of the material covered
in this course.

Over the years, we have learned that students have more trouble with some topics than with
others. Context-free grammars represent a new idea and need to be covered in great detail. The
material on sets, lists, functions, and relations needs lots of attention. Even though many students
have seen the concepts before, they are not always comfortable with the mathematics or its
application, e.g., inputs viewed as a list, execution states viewed as relations. The design rules are
not easy to use at first and need practice.
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We hope that you find this text as interesting to teach from as we found it to write. We
learned a great deal and are still learning, and we wish you the same experience.
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PART I: PROGRAMMING IN CF PASCAL

Today, everyone is touched by the.computer. It has come to affect almost everything in our daily
lives from our education to our retirement plans, how we are tested and diagnosed, how we buy our
groceries and entertain ourselves, how we are billed. Computers are an important component in our
appliances, digital watches, cars, and spacecraft.

Why has this one aspect of technology had such an impact and created an industry that
commands over 3 percent of the gross national product ($300 a year for every man, woman, and
child in the United States in 1982)? Is it because the computer simplifies our tasks, makes life easier,
or increases productivity by doing tedious work quickly? Is it because the information explosion in
many areas of science and industry requires more effective processing? Does the computer solve
existing problems or provide new opportunities? Computer science and technology do both; they
serve present needs and stimulate further progress.

What is a computer? A computer is a machine that can accept, store, and manipulate data.
It is not like most machines, which must be guided each time to perform a task. Computers in a
sense guide themselves by executing a set of step-by-step instructions called a program. To direct a
computer to solve a particular problem, someone must write a program, causing the computer to
solve that problem. The ability to write another program and change the calculation is what
differentiates the computer from the hand calculator. In a hand calculator, hitting the plus button
automatically adds the number displayed to the current sum. But to add two numbers the button

'* must be hit twice. A computer can be programmed to perform a lengthy series of operations, and
when started will carry them out in sequence to solve a complex problem.

Like a calculator, which accepts a number keyed into it digit by digit so that an arithmetic
operation can take place, a computer can accept data from an external source. The data accepted
by a computer are called input data. A computer can produce data as a result of its operations; for
example, the results of a series of computations can be printed. The data produced by a computer
are called output data, or the solution to the problem.

How does a program (a list of instructions) get placed into the computer? First, the program
must be written in a form acceptable to the computer—in a programming language. The computer
must already contain the instructions to read and to recognize the instructions of the programming
language as input. The program that reads the instructions in the programming language and
prepares them for execution is called a compiler. This book is based on Pascal, a programming
language invented by Niklaus Wirth. A Pascal compiler translates a set of instructions written in
the Pascal language into a machine program for the computer. That is, executing a Pascal program
typically requires a two-stage process (see Figure 1). In Stage 1, the Pascal program is the input,
and the machine program (ready to execute) is the output. In Stage 2 the machine program (just
created) transforms problem input data into the solution output data.

Programming is a problem-solving activity. But before solving any problem, you must clearly
define the problem and know that a computer can be used to solve it. Next, you must invent a
method for finding the problem’s solution, and state the method as a set of instructions to follow.
The next step is to write these instructions in a language the computer has been programmed to
accept—in our case, Pascal. You might ask, if you can solve the problem before writing the
instructions for a computer, why do you need the computer? The answer is that the sheer quantity
of data or the complexity of the data manipulation makes carrying out the solution tedious or
impossible for a human. If either of these premises is false, then you probably do not need a
computer.

’(l/. /1/17/5»'-»1*% (/a/‘/m, M{M‘Z /.71,5./ 4—,‘-&/-&—'(4 /W
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Figure 1: A Two-Stage Process for Executing Pascal Programs

Stage 1 Stage 2
Pascal Program Problem Data
(to be executed)

Pascal Compiler Machine Program
(in computer) (just created)

~

Machine Program Solution Data

(ready to execute)
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Programming in a Systematic Way

On the first day in a typing class, you could be shown how to insert a sheet of paper into a
typewriter, told how the keys work, and given a short letter to type. You could then spend the rest
of the day typing the letter, by the hunt-and-peck method. Chances are, you would start over
several times, forgetting to set the margins one time, running words off the edge of the page another,
not leaving enough space between the lines, and so on. But by the end of the day you would have an
acceptable looking letter, a reasonable facsimile of the original letter that you were given to copy.
You could repeat the process the next day with a slightly longer letter, and by the end of the week
you would be getting a two- or three-page letter out in a day. It would look like you were doing
something useful, just like a professional secretary. You couldn’t type before, but you can type now.
You have immediate confirmation in your new ability to do useful things.

Unfortunately, we know that learning to type proficiently can’t be done that way. A year from
now it will still take you a day to get out a five-page memo, but you would be expected to do it in an
hour, not a day. What went wrong? You did what came naturally, and you reached a certain level
of ability. But you also developed a set of bad habits that will prevent you from ever getting any
better. What went wrong was that you learned things that looked useful rather than learning useful
things. The deep lesson we learn in typing is not to do something that looks useful the first day but
to begin to learn useful skills instead. We know that we should learn to type in a systematic way
(that is, without looking at the keys) because it is a better way to type in the long run, even though
it is a terrible way to try to type on the first day.

Typing is simple; computer programming is complex. A day of learning in typing is more like
several weeks of learning in computer programming. But, just as you can learn to type a letter in a
day, you can learn to write a computer program in a week. If someone explains how the computer
works, using trial and error, you can get a simple enough program written and run just by doing
what comes naturally.

With this book, you can learn how to program computers in a systematic way. You will not be
asked to write a program that looks useful to begin with, even though you might be able to. Trying
to address adult problems in childish ways leads to bad habits that should never be formed.
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In the beginning, you will find that you can get more computing done with a hand calculator
than you can with a computer. In timg.you will acquirfa a systematic ability to design and write
computer programs of far greater capability and complexity than you could construct by doing what
comes naturally. So hang on to your hand calculator for the computing you may want to do for
now. Don’t get trapped by trying to puzzle out by trial and error how to get a computer to do
useful things for you immediately—instead, learn the useful skills in the first part of this book.
Otherwise, you are back in typing class getting a letter out on the first day.

CF (Character and File) Pascal

Part I introduces programming as a problem-solving activity in CF Pascal, a subset of the Pascal
programming language. Later, we will augment CF Pascal into the full Pascal language. In CF
Pascal, there is but a single kind of data (namely, characters A, a, B, b, .., 1, 2, 3,.. # §, ..
etc.) and a single data structure (namely, character files—sequences of characters that can only be
accessed one after the other without backing up). By restricting attention to CF Pascal, we can
concentrate on programming instead of the details of programming languages.

CF Pascal is a simple language, but that is not the most important reason why we begin with
it. Characters and files are fundamental building blocks for computing. Simple and easily stated
problems in programming require thought and organization to solve with characters and files. Yet
programming in CF Pascal is a complete microcosm of programming in any language. There are no
new problems encountered when programming in full Pascal; the more powerful language features
only allow the same problems to be handled more efficiently by a computer.

In the early days of automatic computing, it wasn’t obvious that simple characters and
sequences of characters would be fundamental to all computing. The earliest electronic computers
were inspired by problems of mathematical computation and dealt entirely with numerical data.
The entire data processing industry has grown out of the realization that computers can deal with
character data as well. But another, far deeper, realization came from experience with computers; it
was seen that mathematical computation itself is character processing—no more, no less!

Computers obey the laws of physics and electronics but not the laws of arithmetic. The
arithmetic in computers comes from clever design by engineers who have arranged for electronic
devices to simulate the arithmetic operations that the computer users desire. In fact, the computer
reads and writes only character sequences as it interfaces with humans. The digit “7” and the
number seven to humans are the same character 7 to the computer. The restriction to characters
in CF Pascal does not eliminate numerical operations; it simply makes the basis for numerical
operations more explicit. The most important data organization in computers is in sequences. Data
in computers are transferred from one place to another in sequential form. Communication between
one computer and another computer or terminal is in sequential form. CF Pascal files access
characters in sequence and give us the opportunity to study the sequence as a data structure in a
concentrated way. MA{:ML

By concentrating on two fundamental computer ideas of characters and sequences in CF
Pascal, it will be possible to illustrate and explain the important concepts of programming in the
simplest setting. Later, after these concepts are well understood, it will be clear how to apply them
to the more extensive data and structures of full Pascal.

Ruler and Compass Constructions

In mathematics, learning about geometrical constructions using only ruler and compass is a proven
educational strategy. By restricting the constructions to simple tools, we concentrate on the ideas,
not the apparatus. CF Pascal is intended to be a “ruler and compass” programming language. Just
as a good draftsperson soon augments basic tools with protractors, marked rulers, and other labor-
savers, so will CF Pascal soon grow to full Pascal. But we can learn more about principles with less
complex tools.

Consider the following geometrical problem: given a triangle, construct a rectangle of equal
area, using only a ruler and a compass. In thinking about the problem, the idea immediately comes
to mind that the area of a triangle is half its base times its altitude. But try telling that to a ruler
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and compass! Instead, we will make use of that formula ourselves in deciding on a proper ;
construction. After some more thinking, we arrive at a three-step solution (illustrated in Figure 2):

1. Given a triangle, select any vertex and construct a perpendicular to the line that includes the
opposite side.

2. Bisect the perpendicular constructed in step 1.

3. Construct a rectangle with a base equal to the length of the opposite side selected in step 1 and
with a height equal to the length of a bisected half of the perpendicular constructed in step 2.

2

A

R

=
o
Q

Figuré 2: Given triangle ABC, drop perpendicular from A to D on BC,.bisect AD at E, create
rectangle FGCB with sides of lengths BC and ED = %AD. The rectangle has the same area as
the triangle.

We can make the following three observations about this solution:

The solution is not unique. We can choose any of three vertices and decide to bisect either the
perpendicular or the opposite side. Indeed, by bisecting one side and doubling the other any
number of times, we can construct rectangles with the correct area that are different from any
of these solutions.

The solution is a set of instructions: do this, then that. That is, the solution is a program, as
in computer program. The person carrying out the instructions is given no latitude in the
solution method, and so the person plays the role of the computer.

The instructions of the solution are still above the level of ruler and compass, but perhaps they
can be carried out using those tools. For example, some instructions are: “construct
“perpendicular,” “bisect perpendicular,” “construct rectangle.” These instructions are
subprograms which can be useful in solving many different problems.

The next level of construction detail might start:

1. Given a triangle, select any vertex and construct a perpendicular to the line that includes the
opposite side.

1.1 Select a compass setting such that an arc with its center at the vertex intersects the line
twice.

1.2 Bisect the line segment defined by the arc intersections.

1.3 Construct a line segment from the vertex to the bisection point.
The next level of instructions might then continue:

1.2 Bisect the line segment defined by the arc intersections.

1.2.1 Select a compass setting such that arcs with centers at the endpoints of the line
segment intersect each other twice.
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1.2.2 Connect the intersection points with a line segment.

1.2.3 The line segment just drawn in step 1.2.2 bisects the original line segment at the
point of intersection.

Although the instruction to bisect a line segment has occgrred twice (in Steps 1 and 1.2), it will only
have to be described once. In a more complex construction, elementary instructions such as bisect,
construct perpendicular, etc., will be u§ed ‘many times. In fact, a small set of such elementary
instructions can be used in various combinations to define an unlimited set of constructions.

Imagine that a robot can read instructions and manipulate a ruler and compass to carry them
out. The complete set of instructions for the robot must be very detailed, describing every motion of
ruler, compass, and pencil. These detailed instructions are at the bottom of a hierarchy of higher-
level instructions, whose top is the original problem statement. In this case, the task has been
broken into three main parts (1, 2 and 3 above), then the first part broken into three parts (1.1, 1.2,
and 1.3), and so on. (A Dewey decimal notation is convenient for numbering these parts of the
hierarchy.)

The robot may not be capable of understanding higher-level instructions above the bottom of
the hierarchy. They are of value only to the person who has to write out all the detailed
instructions. The hierarchy allows this person to keep things straight. And if this person doesn’t
keep things straight, the robot will almost certainly go wrong. That is, if the high-level instructions
say one thing but the detailed instructions say something else, the robot does the something else. So
it is up to the person writing the program not only to have the right ideas but also to make sure
that those ideas get translated step by step into the right details.

The best way to keep things straight is to build this hierarchy of high-level instructions from
the top down, looking ahead all the time, and breaking each high-level instruction into a few next-
level instructions. But before beginning to build this hierarchy, the program writer needs to
understand the problem and find a solution strategy. Finding a solution strategy takes creative
thinking, no doubt about it. But converting a solution strategy into a solution program, step by step,
takes creative discipline as well.
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CHAPTER 1
AN INTRODUCTION TO CF PASCAL

‘Chapter Preview

In Chapter 1 you will learn how to read simple programs written in CF Pascal, and how to
predict the actions of a computer directed by these programs.

1.1 Pascal Programs

Preview

Simple Pascal programs have two parts: a program heading and a BEGIN statement. This
section presents a simple Pascal program that has no input and has a one-time message as its
output.

New ideas: Pascal program, Pascal machine, identifier, program part, program heading, BEGIN
statement, WRITELN statement.

A Pascal program is a written set of statements for a computer to carry out. A Pascal
program is written in the Pascal programming language. Another computer program (called a Pascal
compiler) makes the conversion from statements in Pascal to a machine program that the computer
can execute. Pascal programs have a precise form, which specifies a precise execution. We will use
the term Pascal machine to mean any combination of computer hardware and software (usually
including a Pascal compiler) that carries out the execution specified by a Pascal program. The exact
procedures for invoking a Pascal machine depend on the specific computer and on the installation.
Program 1 shown below with input and output is a Pascal program of four lines. Program 1
will ignore any data given it; indeed, it will execute without any input data.

Program 1: PRINTHELLO

PROGRAM PRINTHELLO (INPUT, OUTPUT) ;
BEGIN

WRITELN ("HELLO')

END.

Execution
OUTPUT : HELLO

When executed, Program 1 will print the characters HELLO as its output.

The detailed form in which a program must appear is called its syntaz. Program 1 begins with
the word PROGRAM and ends with the word END and a period. This is part of the syntax of every
Pascal program. The words PROGRAM, INPUT, OUTPUT, BEGIN, WRITELN, END are standard
words in the Pascal language. In a program they must be spelled exactly as given. The punctuation

marks mesa~nA  ‘inife bive ”
(.) ' (

must also be properly placed. The standard Pascal word WRITELN directs the Pascal machine to
write (print) a given line of data. The word INPUT is the name of the data to be used by the
program as input (which is ignored by Program 1). The word OUTPUT is the name of the output
data that will be printed as a result of the execution of this program. The words PROGRAM,
BEGIN, and END notify the Pascal machine that a program exists to be executed. The final period
signifies the end of the program. Notice that when standard Pascal words appear, they are set in a
different type font, so they will not be confused with the words of a sentence.
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The quoted letters 'HELLO' comprise a character string. Indeed, it is part of 'HELLO' thag;
the program prints and not the HELLO that is part of the name PRINTHELLO.

The word PRINTHELLO, found right after the standard word PROGRAM, is the name o
Program 1. The name of the program does not direct the Pascal machine in execution, but it shog
be descriptive to programmers, nevertheless. The word PRINTHELLO is called an identifier and
not a standard Pascal word, but because it appears in a program it is set in the same type font
Pascal words. The rules for forming Pascal identifiers are precise: An identifier must start with
letter and may contain additional letters or digits with no spaces or other characters intervening.

The line and indentation organization of a program do not effect execution. For example, the;
Pascal machine will treat the following program just as it does Program 1: )

PROGRAM PRINTHELLO (INPUT, OUTPUT) ;
BEGIN WRITELN ('HELLO') END.

The Pascal machine processes varying line and indentation organization with equal facility, but
people do not. When used consistently, good line and indentation rules make Pascal programs mucly
easier for people to read.

If the punctuation marks are deleted, the text

PROGRAM PRINTHELLO INPUT OUTPUT BEGIN WRITELN HELLO END

is no longer a Pascal program, just a list of words.
We can break a program into sections, called program parts, to improve comprehension. In
Program 1, the program part

PROGRAM PRINTHELLO (INPUT, OUTPUT)
is called a program heading. The next program part,

BEGIN
WRITELN ('HELLO')
END

(it does not include the final period) is called a BEGIN statement. The BEGIN statement consists of |
the word BEGIN, the word END, and everything in between. The program part
WRITELN ( 'HELLO')

is called a WRITELN statement, which instructs the Pascal machine to write the character string
HELLO as a line of data to OUTPUT.
Program 2 will print HELLO, not GOODBYE, because the data 'HELLO' are provided in the
WRITELN statement.
Program 2: PRINTGOODBYE
PROGRAM PRINTGOODBYE (INPUT, OUTPUT) ;
BEGIN
WRITELN ('HELLO')
END.
Execution
OUTPUT : HELLO
This example illustrates that the program name does not direct the Pascal machine.

PRINTGOODBYE is a misleading name, but it is only a name and not data.
If Program 2 were written as:

PROGRAM PRINTGOODBYE (INPUT, OUTPUT) ; BEGIN WRITELN ('HELLO') END.
it could be presented for easier reading in two steps:

Step one: Look for the standard words BEGIN and END. Start a new line at BEGIN; start
another new line just after BEGIN; and start a third new line at END, to get
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PROGRAM PRINTGOODBYE (INPUT, OUTPUT) ;
BEGIN

WRITELN ('HELLO')

END.

Step two: Indent the BEGIN line two spaces; then indent the new line just after BEGIN two
more spaces; and then indent the next line two spaces, to make END even with BEGIN, to get

PROGRAM PRINTGOODBYE (INPUT, OUTPUT) ;
BEGIN
WRITELN ('HELLO')

END.
which is exactly Program 2 given above. There is nothing special about indenting two spaces at a
time, rather than three or more. But in complex programs, more than two spaces may be difficult to

read.
In fact, if the words of Program 2 were given with the punctuation omitted, the resulting list of

words
PROGRAM PRINTGOODBYE INPUT OUTPUT BEGIN WRITELN HELLO END

can be made into a program by inserting the correct punctuation marks. First, the standard words
INPUT and OUTPUT must be separated by a comma, surrounded by parentheses, and the result
followed by a semicolon:

(INPUT, OUTPUT) ;
Second, the characters following WRITELN must be surrounded by single quote marks and then by
parentheses:
('"HELLO')
Finally, END must be followed by a period:
END.
When these rules are followed, the list of words above becomes
PROGRAM PRINTGOODBYE (INPUT, OUTPUT) ; BEGIN WRITELN ('HELLO') END.

which is exactly Program 2 given as a single string of characters above.
Unlike names (identifiers), which are made up of letters and digits, Pascal character strings can
be made up of any characters, including blanks, as illustrated in Program 3.

Program 3: PRINTSENTENCE
PROGRAM PRINTSENTENCE(INPUT,OUTPUT):
BEGIN
WRITELN('TAKE ROUTE 17, THEN 452.')
END.
Execution
OUTPUT: TAKE ROUTE 17, THEN 452.

Since the single quote mark is used in a special way to bracket data, some convention is needed to
signify a quote mark or apostrophe in a character string, as in CAN’T. Two adjacent quote marks
signify the presence a single quote mark or apostrophe, as shown in Program 4.

Program 4: PRINTWARNING

PROGRAM PRINTWARNING (INPUT, OUTPUT) ;
BEGIN

WRITELN('DON''T TAKE ROUTE 17.')
END.
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Execution
OUTPUT:DON’T TAKE ROUTE 17.

" 1.1.1 Exercises
1.1.1 For the following programs, give the name and output.

a) PROGRAM HELLO (INPUT, OUTPUT) ;

BEGIN
WRITELN (' GOODBYE ')
END.
b) PROGRAM NEEDLE (INPUT, OUTPUT) ;
BEGIN
WRITELN ('THE NEEDLE ISN''T IN THE HAYSTACK')
END.
¢) PROGRAM SAYONARA (INPUT, OUTPUT) ;
BEGIN
WRITELN ('' 'SAYONARA''"')
END.

1.1.2 Break the following programs into lines and indent the lines for good readability.

a) PROGRAM PIN (INPUT, OUTPUT); BEGIN WRITELN
('I HEARD THE PIN DROP!') END.

b) PROGRAM ANGELS (INPUT, OUTPUT) ; BEGIN
WRITELN('''ANGELS CAN BE HEARD ON HIGH''') END.

c) PROGRAM QUESTION (INPUT,
OUTPUT) ; BEGIN
WRITELN ('ISN''T THIS EASY?')
END.

1.1.3 Make the following texts into programs by inserting the needed punctuation, and break the
programs into lines and indent the lines for good readability. What is the name and output of each
program?

a) PROGRAM WESTERN INPUT OUTPUT BEGIN WRITELN HOWDY END
b) PROGRAM GERMAN INPUT OUTPUT BEGIN WRITELN GUTEN TAG END
c) PROGRAM GOODBYE INPUT OUTPUT BEGIN WRITELN SOLONG END

1.2 Sequential Execution

Preview

Pascal programs are executed by the Pascal machine one statement at a time. Pascal programs
can print character strings on the same line or on multiple lines.

New ideas: WRITE statement, execution table, continued printing on the same line, beginning a
new line of output, printing shapes.

Pascal machines execute Pascal programs sequentially; that is, they carry out statements one
at a time. Program 5 demonstrates sequential execution. The word HELLO is printed one or two
characters at a time instead of all at once. In Program 5 a new standard word WRITE defines a
WRITE statement that will write the data given but not close the line of data. The WRITELN

10 AN INTRODUCTION TO CF PASCAL




statement means to write the data given and to close the line of data for printing. The sequential
steps of execution are separated by semicolons, and for readability, we start a new line for each
statement. The BEGIN and END words are not separated from the statements between them by
semicolons.

Program 5: PRINTHELLOTOO

PROGRAM PRINTHELLOTOO (INPUT, OUTPUT) ; Le p 4 2120 -
BEGIN _,
WRITE ('HE') ”d/—vv( ﬁﬂ-
WRITE ('L"'):
WRITELN ('LO"')
END.

Execution
OUTPUT : HELLO

It will be useful to visualize the state of OUTPUT at various points in the execution sequence.
Just after the statement

WRITE ('HE')
OUTPUT will contain the characters HE. Just after the statement

WRITE ('L')
OUTPUT will contain HEL. That is, L is added to the line holding only HE up to that moment.
Finally, just after the statement

WRITELN ('LO‘)

OUTPUT will contain the whole word HELLO, and the line will be closed out for printing.

One way to describe sequential execution is by using an ezecution table, such as the following
for Program 5:

Execution Table for Program 5

After Execution of OUTPUT
PROGRAM PRINTHELLOTOO (INPUT, OUTPUT) —
BEGIN
WRITE ('HE') HE_
WRITE ('L') HEL_
WRITELN ('LO') HELLO/_
END. HELLO

The Pascal machine executes one statement at a time, as shown in this execution table. After
the first line (the program heading), OUTPUT is created to receive data during execution. OUTPUT
will always be shown as a string of characters ending with an underline cursor that points to the
next place a character may be written.

At the beginning of execution, there are no characters in OUTPUT, so the cursor begins the
string. The second line (the word BEGIN) does not affect OUTPUT. But the third line writes (with
WRITE) the two characters HE into OUTPUT, beginning at its cursor, and the cursor moves two
places to the right. The fourth line writes L into OUTPUT at its cursor and moves the cursor again.
Similarly, the fifth line writes LO (with WRITELN), and closes the line—shown here as a slash (/)
character as a line marker—and moves the cursor. The last line (the word END and the period)
terminates execution and precludes the possibility of writing any more data to OUTPUT. Thus its
cursor and line marker disappear, leaving the character string HELLO as the output of the program.

The slash (/) character used to mark the end of lines (each time WRITELN is used) is not an
actual character in OUTPUT. There is a character / that can be printed in Pascal, but we will not
use it in examples, to avoid confusion with line ends. The tabular execution table separates the lines
of a program, so the semicolons are omitted.
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Summary of Execution Table for Program 5
After execution of | OUTPUT

No characters in OUTPUT; #
cursor begins the string. PROGRAM...

BEGIN does not affect OUTPUT. | BEGIN

Writes HE into OUTPUT
beginning at its cursor and WRITE ('HE') HE_
moves the cursor two places
to the right.

Writes L into OUTPUT at its
cursor and moves the cursor WRITE ('L"') HEL,
one more space to the right.

Writes LO into OUTPUT,
closes out the line, and WRITELN ('LO') | HELLO/_
moves the cursor.

Terminates execution and
precludes any further END. HELLO
writing to OUTPUT.

Program 5 can be reconstructed from its list of words alone, by first forming proper WRITE or
WRITELN statements; second, separating successive statements with semicolons; and finally,
starting each statement on a new line, indented two spaces. That is, given the list of words '

PROGRAM PRINTHELLOTOO INPUT OUTPUT BEGIN WRITE HE
WRITE L WRITELN LO END

the rules can give back

PROGRAM PRINTHELLOTOO (INPUT, OUTPUT) ;
BEGIN
WRITE ('HE') ;
WRITE ('L');
WRITELN ('LO")
END.
which is exactly Program 5. Different programs can be produced if the quoted strings within WRITE
statements are different.
Strange as it may seem, a blank is a data character, so we can print a blank by itself, as
illustrated in Program 6.
Program 6: PRINTGREETING
PROGRAM PRINTGREETING (INPUT, OUTPUT) ;
BEGIN
WRITE ('HELLO') ;
WRITE (' ')
WRITELN ('THERE ')
END.
Execution
OUTPUT: HELLO THERE

The execution of Program 6 can be described by a table as before.
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Execution Table for Program 6

After Execution of OUTPUT
PROGRAM PRI NTGREETING (INPUT, OUTPJT) -
BEGIN
WRITE('HELLO') HELLO_
WRITE (' ") HELLO _
WRITELN ('THERE') HELLO THERE/_
-END. HELLO THERE

In Program 7, there is more than one line of output.
Program 7: VERTICALGREETING

PROGRAM VERTICALGREETING (INPUT, OUTPUT) ;
BEGIN
WRITELN ('HELLO') :
WRITELN ('THERE')

END.
Execution
OUTPUT: HELLO
THERE
Execution Table for Program 7
After Execution of OUTPUT
PROGRAM VERTICALGREETING (INPUT, OUTPUT) -
BEGIN
WRITELN ('HELLO') HELLO/_
WRITELN (' THERE') HELLO/THERE/_
END. HELLO
THERE

Within this execution table the output has two line markers (shown as slashes), because each
WRITELN statement moves the cursor to the beginning of a new line. After the first WRITELN
statement it is not possible to add any characters on the line with HELLO.

WRITELN can be used without any data to close the old line and start a new one. That is,
WRITELN allows data to be organized by lines. Indenting can be accomplished by writing blanks.
To illustrate this, Program 8 prints an indented greeting.

Program 8: INDENTGREETING
PROGRAM INDENTGREETING (INPUT, OUTPUT) ;
BEGIN
WRITE ('HELLO') :
WRITELN:
WRITE (' "
WRITE (' THERE') ;
WRITELN
END.

Execution

OUTPUT : HELLO
THERE

WRITE and WRITELN can be combined to produce printed patterns. The name of Program 9,
Cross, is the first to use lowercase letters. Pascal admits both cases, but not all Pascal machines
have the ability to use them.
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Program 9: Cross

PROGRAM Cross (INPUT, OUTPUT) ;

BEGIN
WRITELN(' C '):
WRITELN(' R ');
WRITELN ('CROSS') ;
WRITELN(' S ');
WRITELN(' S ')

END.

Execution

OUTPUT: C
R
CROSS
s
s

In the rest of this book, standard words will be given in uppercase letters, while invented names will
start with an uppercase letter followed by any letters or digits. The characters printed by Program
9 are all in uppercase, but if the Pascal machine allows it, lowercase could be printed as well.

One practical and satisfying use of computers is to print large block letters.

Program 10: BlockXYZ
PROGRAM BlockXYZ (INPUT, OUTPUT) ;

BEGIN
WRITELN('X X Y Y Z272Z');
WRITELN(' X X Y Y Z"');
WRITELN (' X Y zZ ')

)
WRITELN(' X X Y zZ '):
WRITELN('X X Y Z2zZZ')

END.
Execution
OUTPUT:X XY Y Z2222z2Z
XX YY Z
X Y Z
XX Y Z

X X Y 22222

1.2.1 Exercises

1.2.1 Determine the execution tables for:

a) Program 8, INDENTGREETING

b) Program 9, Cross
1.2.2 Break the programs listed into lines, indent the lines for good readability, and determine the
output. .

a) PROGRAM Poem (INPUT, OUTPUT) ; BEGIN WRITE
('ROSES ARE '): WRITELN ('RED,');
WRITE (' VIOL'): WRITE ('ETS ARE'); WRITELN
(' BLUE '): WRITE ('OTHERS CAN PR'): WRITELN
('OGRAM, ') : WRITE (' SO CAN'); WRITELN(' YOU') END.
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OGRAM Patternl (INPUT,OUTPUT) ; BEGIN WRITE(' *');

b)zgrn-:w: WRITELN(' * *'):; WRITE('* *'); WRITELN:

WRITE (' * +'): WRITELN; WRITELN(' *') END.

c) PROGRAM Pattern2 (INPUT, OUTPUT) ; BEGIN WRITE
¢ *": WRITELN; WRITELN('* *'): WRITELN
(* *'): WRITE('* '): WRITELN('*'):
WRITELN('* *'): WRITELN(' * ') END.

123 Make the following texts into readable programs by inserting punctuation marks and
i:;denting properly. Determine the output of each program.

a) PROGRAM ShortCreeting INPUT OUTPUT
BEGIN WRITELN Hi! END

b) PROGRAM Palindrome INPUT OUTPUT
BEGIN WRITE MADAM WRITELN IM ADAM END

c) PROGRAM Mozart INPUT OUTPUT BEGIN WRITELN
TWINKLE TWINKLE LITTLE STAR WRITELN
HOW I WONDER WHAT YOU ARE END

124 In programs 9 and 10, all the WRITELN statements have the same number of characters
between quotes (so that the appearance of the printed information lines up in the program). Which
blanks included between the quotes are unnecessary, and why?

1.3 Character Data

Preview

The simple Pascal programs in Sections 1.1 and 1.2 used WRITE and WRITELN statements to
produce output. In many programs it is necessary to read data values into program variables
for use in the program. Once a value has been read into a variable, it can be copied into other
variables or printed out.

New ideas: READ statement, VAR, CHAR, character-valued variables, identifiers, declaration
part, INPUT, normal execution, aborted execution, assignment statement, assignment operator,
character literal, comments, annotated output, echoed input.

A character-valued variable can be defined by a new program part, called a declaration part,
that is headed by the standard word VAR (for VARiables). This declaration part contains an
identifier followed by a colon, and the standard word CHAR (for CHARacter). A semicolon separates
the declaration part from the BEGIN statement that follows it. For example,

o 1u o éﬂ
e cuns w“"?‘l”‘wj' Zﬁ/fjxﬂ‘" ;'YM%

is a declaration part in which/the identifier is Ch. This name Ch is often called a varsable, and it
can be thought of as naming a value. Because CHAR follows the colon, the value will be a character.
We say that the variable Ch is declared to be of type CHAR in this declaration part, which is used in
Program 11 below.

In Program 11 the second line enclosed in braces { } is called a comment. It has no effect on
the Pascal machine, but can be used to place information about a program with the text so that it
will not be forgotten. Here the program meaning is not obvious at a glance, so it will not hurt to
remind ourselves of it by looking at the comment.
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Program 11: CopyChar

PROGRAM CopyChar (INPUT, OUTPUT) ;
{Writes the first character in INPUT to OUTPUT)}
VAR
Ch: CHAR:
BEGIN
READ (Ch) ;
WRITELN (Ch)
END.

Execution

INPUT :ABC
OUTPUT:A

The CHAR variable Ch can take on values that are single characters only—not values that are
several characters at once. In Program 11, the standard word READ defines a READ statement that
refers to variable Ch. The READ statement sets Ch to the value of the next character found in
INPUT. In turn, the WRITELN statement will place the character value to which Ch is set, in
OUTPUT. Notice that Ch is not surrounded by quotes in the WRITELN statement. This ability to
transfer variable values to OUTPUT is another capability of WRITELN.

The execution of Program 11 is described by the table below, in which there is a column for the
value of variables Ch and INPUT as well as for OUTPUT.

Execution Table for Program 11

After Execution of INPUT | OUTPUT | Ch
ABC
PROGRAM CopyChar (INPUT, OUTPUT) ABC _

VAR

Ch: CHAR ABC - ?
BEGIN

READ (Ch) ABC _ A

WRITELN (Ch) ABC A/_ A
END. ABC A

In addition to the new columns, this execution table has a new first row showing the initial data in
INPUT. INPUT holds the character string ABC before program execution begins. The underline
cursor for INPUT is created by the first line of the program, and it marks the first character of the
input string ABC as ready to read. The variable Ch does not exist until after the execution of the
third line of the program. When it comes into existence through the declaration, Ch can start off
being any value (for reasons we explain a little later). The question mark under -Ch does not mean
the character ? but indicates a state of ignorance: Ch can be literally any character value at this
point. READ (Ch) affects both INPUT and Ch. It gives the value at the cursor of INPUT (namely
A) to Ch and simultaneously moves the cursor to the mext character of INPUT. The
WRITELN (Ch) command writes the current value of Ch (in this case, A) to OUTPUT and moves the
OUTPUT cursor. After the final line, the cursors on INPUT and OUTPUT disappear, as does the
variable Ch.

The only record of execution that remains is the two files. Of course, INPUT contains no new
information, but OUTPUT contains the results of the execution. There is no trace of the variable Ch
which exists only within the program.

When a program takes input, it may be useful to examine several executions with different
input strings, which will be shown in a group following the program. For Program 11, for example:
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Program 11: CopyChar
PROGRAM CopyChar (INPUT, OUTPUT) ;
{Writes the first character in INPUT to OUTPUT}
VAR
Ch: CHAR:
BEGIN
READ (Ch) :
WRITELN (Ch)
END.

Executions

INPUT :ABC

OUTPUT:A

INPUT :A

OUTPUT:A

INPUT :XAABB

OUTPUT: X
You should read the executions section as: if the input is ABC, then the output will be A; if the
input is A, the output will be A, etc. These different cases do not occur together, but each

represents one execution of the program.
In Program 12, the sequence of READ/WRITELN in Program 11 is reversed.

Program 12: Garbage

PROGRAM Garbage (INPUT, OUTPUT) ;
{It is a mistake to write before reading.}
VAR

Ch: CHAR; l,ww‘agc\
BEGIN
WRITELN (Ch) ;

READ (Ch)
END.

Executions

INPUT :ABC
OUTPUT:?

INPUT :A
OUTPUT:?

INPUT :XYZ
OUTPUT:?

The question mark output in Program 12 means that there is a character in OUTPUT but this
character is entirely unpredictable, having nothing to do with the input. The WRITELN statement
will be executed by the Pascal machine before the READ statement. The value of Ch has not been
set, so anything may appear in the output. In a typical Pascal machine this value will be one left in
storage before execution began. Data with no sensible origin is usually called “garbage.” Following
the WRITELN statement, the READ statement will place the first value from INPUT in Ch, but
too late to be used, as the execution table below shows:
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Execution Table for Program 12

After Execution of INPUT | OUTPUT | Ch
A
PROGRAM Garbage (INPUT, OUTPUT) | & -
VAR
Ch: CHAR A - ?
BEGIN
WRITELN (Ch) A ?/_ ?
READ (Ch) A_ 2/ A
END. A >

There is a fundamental lesson in this simple example. The Pascal machine executes instructions %
the letter; the programmer’s intention must be represented precisely with instructions. If a
programmer is not careful, then some data can be lost and other data inadvertently reused.

Program 13 provides more practice in seeing exactly what the Pascal machine will do. It might
appear that CopyTwice would copy two characters from INPUT to OUTPUT, but it is not so.

Program 13: CopyTwice

PROGRAM CopyTwice (INPUT, OUTPUT) ;

{A mistaken attempt to copy two characters.}
VAR

Ch: CHAR:
BEGIN

READ (Ch) ;

READ (Ch) ;

WRITE (Ch) ;

WRITELN (Ch)
END.

Executions

oUTPUT BB , /j/

INPUT :XXY
OUTPUT : XX

Program 13’s instructions are literally to transfer the first character from INPUT to Ch, and then
to overlay that value by transferring the second character from INPUT, also to Ch. Thus when two
characters are subsequently written, they are one and the same (the second character from INPUT).
Notice what a bad test the second execution is: if the programmer is expecting a two-character
copy, that execution might confirm this wrong idea.

Program 14 shows how to correctly copy two characters from INPUT to OUTPUT.

Program 14: Copy2

PROGRAM Copy2 (INPUT, OUTPUT) ;

{Copies the first two characters from INPUT to OUTPUT}
VAR

Letter: CHAR:;
BEGIN

READ (Letter) ;

WRITE (Letter) ;

READ (Letter) ;

WRITELN (Letter)
END.
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Executions
INPUT :2Z
OUTPUT: 22
INPUT :AZURE
OUTPUT : AZ
INPUT :1234
OUTPUT: 12
INPUT :3.75
OUTPUT:3.

The variable Letter holds different values at different times, sometimes letters and sometimes
other characters, as befits its declaration as CHAR. As with program names, it is useful to invent
descriptive variable names, but don’t be deceived by them.

Programs can have one, two, ten, or more variables. The two variables in Program 15, Chl
and Ch2, appear in the declaration part and the READ and WRITE statements.

Program 15: CopyReversed

PROGRAM CopyReversed (INPUT, OUTPUT) ;

{The first two characters from INPUT are
copied to OUTPUT in reverse order}

VAR
Chl, Ch2: CHAR;

BEGIN
READ (Chl, Ch2):
WRITELN (Ch2, Chl)

END.

Executions

INPUT :ZA
OUTPUT:AZ

INPUT :AZURE
OUTPUT: ZA

When READ and WRITE statements are given more than one data item, they behave like
sequences of READ and WRITE statements with single data items. For example

READ (Chl, Ch2)
has the same effect as the sequence
READ (Ch1) ; READ (Ch2):
and similarly,
WRITE ('Value is: ', Chl)
has the effect of
WRITE ('Value is: '); WRITE (Chl)

A WRITELN statement with data item(s) behaves like a WRITE statement followed by a bare
WRITELN statement.

WRITELN(Chl, 'THEN', Ch2)
has the same effect as :
WRITE (Chl, 'THEN', Ch2); WRITELN
or as above:- ,
WRITE (Chl) ; WRITE ('THEN'); WRITE (Ch2); WRITELN

There are evidently many ways to group items in READ and WRITE statements; WRITELN
statements must be used to obtain the desired line structure. For example,
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WRITELN (Chl, Ch2, Ch3); WRITELN (Ch4, Ch5)
has the same effect as
WRITE (Ch1, Ch2); WRITELN (Ch3) ;: WRITE (Ch4): WRITELN (ChS)

and both produce two lines, the first of three values, the second of two. 4

It is easy to see how to extend Program 15 to copy three characters in reverse order, four }
variables in reverse order, etc., by declaring enough variables and then putting them in reverse order j
in the READ and WRITE lists.

1.3.1 Normal Execution and Aborted Execution

An execution is called normal if and only if it reaches the final period of the program. A program i}
including READ statements has the potential to abort if it attempts to obtain characters from ]}
INPUT when they are not present. If a READ statement is attempted when no characters are
available, the program is terminated and a message is printed saying what happened. For example,
suppose a program contains the READ statement

READ (Chl, Ch2, Ch3)

which is intended to obtain the first three characters on INPUT. If INPUT contains too few
characters, the program will abort.

There is a complication when input is divided into lines, which will be described in detail in
Section 4.3. At the end of each line there appears to be one additional character, whose value is
blank. Thus the three-character READ statement above, given as INPUT one line containing the
two characters XY, will set Chl to X, Ch2 to ¥, and Ch3 to blank. Given the single-character
INPUT 2z, the program containing this READ statement will abort. For some Pascal machines,
output written before an abort is printed ahead of the abort message; for some Pascal machines this
partial output is discarded. When partial output is lost, the programmer may be misled about what
has taken place in the program.

Aborted execution does not alter or damage the program, which may sensibly be executed
again with INPUT having enough data. But whenever a program contains READ statements the
possibility of too little data exists, and the program may abort.

1.3.2 The Assignment Statement

Up to this point, variables have been used to store data that are read from INPUT. The only way
to use data has been to write the variable values to OUTPUT. Values may also be copied from one
variable to another. The copying process is called data assignment and is written in an assignment
statement, which has the following forms:

Py »
Namel Name?2 ﬂl”‘é %d»‘ ANND oD —

Namel ‘!

where Namel and Name2 are CHAR variables declared in the YVAR section, and where z is any
character. The special double character := is called the assignment operator. In the first form of
the assignment statement, the value of the variable on the right side (Name2), is assigned as the new
value of the variable on the left side (Namel). The value of Name2 is not affected by the
assignment. In the second form of the assignment statement, Namel is assigned the character literal
z. Assignment is not defined for files. The text

OUTPUT := INPUT —e /e not ﬁ,é/av@(, o? o-v//

is not an assignment statement. Uﬂ»& 177 Corne
Assignment statements offer another way to reverse two characters.

20 AN INTRODUCTION TO CF PASCAL




Program 16: CopyReversedToo

PROGRAM CopyReversedToo (INPUT, OUTPUT) ;
{The first two characters from INPUT are
transferred to OUTPUT in reverse order}

VAR
Inl, In2, Outl, Out2: CHAR;

BEGIN
READ (Inl, In2):
Outl := In2:;
Out2 := Inl;
WRITELN (Outl, Out2)
END.
Execution
INPUT :AZURE
OUTPUT: Z2A
The assignment statement
Outl := In2 »
is read "Outl becomes in value the value of In2," or for short, "Outl becomes In2."

Execution Table for Program 16

After Execution of INPUT | OUTPUT | Inl | In2 | Outl | Out2
—
AZURE
PROGRAM CopyRev... AZURE | _
VAR
Inl, In2, ... AZURE | _ ? ? ? ?
BEGIN
READ (Inl, In2) AZURE | _ A z ? ?
Outl:=In2 AZIURE | _ A Z Z ?
Out2:=Inl AZURE | _ A Z z A
WRITELN (Outl, Out2)| AZURE | ZA/_ A z z A
END. AZURE ZA

Program 17 introduces two ideas that markedly improve the readability of program results.
Annotated output contains text to help explain the output. Echoed snput is a copy of the input,
transferred to the output. When input is echoed back, the need to keep separate records correlating
inputs with outputs is eliminated. If any trouble arises in program execution, it is very convenient to
have input and output together for inspection and analysis.
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Program 17: CopyAndShuffle

PROGRAM CopyAndShuffle (INPUT, OUTPUT) ;

{The first five characters U, V, W, X, Y of INPUT
are copied to OUTPUT, in the order U, X, V, Y, W.
For four input characters, Y appears to have been blank.
The program aborts if INPUT contains three or fewer
characters.}

VAR

Inl, In2, In3, In4, InS5: CHAR:;

BEGIN

READ (Inl, In2, In3, In4, InS):
WRITELN ('INPUT DATA');

WRITE (' '):

WRITELN (Inl, In2, In3, In4, InS5):;
WRITELN ('SHUFFLED DATA') :

WRITE (' '):
WRITELN (Inl, In4, In2, InS5, In3)
END.
Executions

INPUT :12345678
OUTPUT: INPUT DATA
12345
SHUFFLED DATA
14253

INPUT :BARE
OUTPUT:BEA R

Notice that the comment describing Program 17 is very specific about the kind of input that is
acceptable.

1.3.3 Exercises

1.3.1 Explain the difference between
WRITELN (Ch)
and
WRITELN ('Ch')
If you saw one of these in a program, and suspected it was meant to be the other, what part of the
program might provide a clue to the programmer’s intent?
1.3.2 Determine the execution tables for the following programs with the input given.
a) Program 14, Copy2. INPUT:ABC '
b) Program 15, CopyReversed. INPUT:ABC

1.3.3 Break the following program into properly indented lines, find a better program name, insert
OUTPUT annotations, and describe what it does.

PROGRAM Harry (INPUT, OUTPUT); VAR First,
Second, Third: CHAR:; BEGIN READ (First,
Second, Third):; Third := Second; WRITELN
(Third) END.

1.3.4 Punctuate the given texts properly into programs, break into lines, indent, find a better name,
insert OUTPUT annotation, and describe what the programs do.
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a) PROGRAM Print2 INPUT OUTPUT VAR First
Second Third CHAR BEGIN READ First Second
Third Second := First WRITELN Second END

b) PROGRAM PrFirst INPUT OUTPUT VAR First
Second Third CHAR BEGIN READ First Second
Third First := Second WRITELN First END

c) PROGRAM PrLast INPUT OUTPUT VAR First
Second Third CHAR BEGIN READ First Second
Third WRITELN Second END

1.3.5 Find out exactly what happens on your Pascal machine when you read past the available
data. Things to try: reading the extra blank at the end of data; INPUT containing no data at all;
WRITE with or without WRITELN before abort.

136 Whyis ‘CM/ LT
Ch2 := 'Chil’ Mmoo
pot a valid assignment statement? Under what conditions could

Ch2 := Chl thr wetdedared

not be a valid assignment statement?

1.3.7 Explain why it is impossible to write a program with the same effect as Program 15:
CopyReversed that uses only one variable. Is it possible to accomplish the task of Program 16:
CopyReversedToo using fewer variables? Explain.

1.3.8 Why is the annotation INPUT DATA in Program 17 misleading? Improve the annotation.

1.3.9 Find an input of English text such that Program 17 will appear not to shuffle it—that is, the

output and input will appear to be the same. Why is data of this kind useful or not useful in testing
a program?

1.4 Conditional Execution

Preview

Choosing between two alternatives is vital in programming a computer. A character variable
can be compared with a character literal or another character variable. Then the results of this
comparison can be used to direct the Pascal machine to execute one of two Pascal statements.

New ideas: precedes, succeeds, conditions, IF statement, BEGIN statement, component
statement, null statement, maximum character, minimum character.

Many familiar procedures contain conditional instructions. Tax forms specify that “if you are
self-employed, you must fill out Schedule C” or that “if your income is under $12,000, use the 1040S
short form, but if your income is $12,000 or above, use the 1040 regular form.” Vending machines
are built so that if the input is 40 cents for a 35-cent item, a nickel is returned and if the input is 50
cents, a dime and a nickel are returned. These conditional execution situations are frequent parts of
most programs and must be specified in a programming language. Pascal programs provide for
condstional execution. That is, the decision to perform one statement or another during execution,
depending on the outcome of a test.

1.4.1 Conditions

The Pascal machine has an ordering of the alphabet among either upper- or lowercase letters (when
both are available) and among digits. This ordering is given by the precedes symbol (<), such that:
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A <B< ...
a<bc«

ON N

<
<
0 <1< ... ¢¥ . . ]
However, the ordering between characters in different lines above and the ot.hel: charactgrs depends |
on the Pascal machine. You should find out the exact character set and its ordering for the
particular Pascal machine you are using. ]
Given two character variables Chl and Ch2, we can form a condition by asking: does the }
value of Chl precede the value of Ch2? Or, using the precedes symbol: Chl < Ch2 ? The answer §
depends, of course, on what the present values of Chl and Ch2 are. We give some examples in the
following table:

Chl |{ Ch2 | Chl < Ch2
A B yes
B A no
A A no
1 9 yes
3 2 no

Conditions can also be used to test the equality of two characters using the equality symbol (=), as in
the following table:

ch1 | ch2 |chl = ch2

A B no
A A yes
1 2 no

The succeeds symbol (>) means the opposite of precedes; that is, if Chl > Ch2 means Ch2 < Chl.
Examples:

cn1 | chz |cn1 > cn2

C D no
2 A yes
9 0 yes

Precedes or succeeds can be combined with equality, as in the question: Is Chl <= Ch2 ? Read
this as “Does Chl precede or equal Ch2 ?” Some examples are presented in the following two
tables:

Chl | Ch2 | Chl <= Ch2

A B yes
B A no
A A yes
1 1 yes

Chl | Ch2 | Chl >= Ch2

A B no
B A yes
A A yes
1 1 yes

The double symbol <> means not equal, as in the following table:
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Chl LChZ lChl <> Ch2

A A no
A B yes
B A yes

The double symbols <=, >=, and <> have no spaces in them. These double symbols cannot be
reversed; =<, =>, ><are meaningless in Pascal.

1.4.2 The IF Statement

Conditional execution is defined by the IF statement—a statement with the standard Pascal words
1F, THEN, and ELSE in the following form:
IF condition
THEN
THEN statement
ELSE
ELSE statement

where THEN statement and ELSE statement are other Pascal statements (such as assignment
statements). If the condition is satisfied, the THEN statement is executed; otherwise (if the condition
is not satisfied), the ELSE statement is executed.

As a rule, an IF statement should be written in the style above, with the IF, THEN, ELSE
lined up, and the text for the statements indented by two spaces. Such a standard style makes
reading easier and more accurate. Program 18 illustrates the use of an IF statement.

Program 18: MaxChar

PROGRAM MaxChar (INPUT, OUTPUT) ;
{The larger of the first two characters
in INPUT (in the sense of > )
is transferred to OUTPUT. The program aborts
if INPUT is empty, and the results are
uncertain i1if INPUT has but one character}
VAR
Chl, Ch2, Max: CHAR:;
BEGIN
READ (Chl, Ch2):
IF Chl > Ch2

THEN
Max := Chl
ELSE
Max := Ch2;
WRITELN('MAX OF ', Chl, ', ', Ch2,
''Is ', Max, '.'")
END.
Executions

INPUT :AZURE
OUTPUT:MAX OF A, Z IS Z.

INPUT :1234
OUTPUT:MAX OF 1, 2 IS 2.

INPUT :77
OUTPUT:MAX OF 7, 7 IS 7.

The form of this output, in which input is echoed and annotations are included, is a very common
one. A semicolon separates the IF statement from the READ statement preceding it and the
WRITELN statement following it, but there are no semicolons within the IF statement. In Program
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18, the first execution is described by the table below, which suppresses some of the information of a
full execution table in order to focus on the effect of the IF statement. '

Partial Execution Table for Program 18

After Execution of Condition | INPUT | Chl | Ch2 | Max
BEGIN ' AZURE ? ? ?
READ (Chl, Ch2) AZIRE A ' ?
IF Chl > Ch2 no
ELSE
Max := Ch2 AZURE A V4 2
WRITELN AZURE A z Z
END. AZURE

The absence of THEN and the presence of ELSE in this partial execution table means that the ELSE |
statement was executed.

The ELSE word and statement can be omitted from an IF statement, in this form:

IF condition
THEN
THEN statement

In this case, if condition is not satisfied, then nothing is done in the IF statement and the statement :
following it is executed. -
Program 19 illustrates an alternative program with identical behavior to that of Program 18,
but using an IF statement without an ELSE. After the IF statement, Chl will be the maximum of }
its original value and the value of Ch2. If it happened that the value of Chl was already the }
maximum, nothing needs to be done; on the other hand, if the value in Ch2 is the maximum, Chl is §
given this larger value in the THEN statement. Chl and Ch2 are echoed before the IF statement,
so that the original Chil value can be discarded, if need be, in the IF statement. Program 19 does
not need the variable Max. '

Program 19: MaxToo

PROGRAM MaxToo (INPUT, OUTPUT) ;
{The larger of the first two characters
in INPUT (in the sense of > )
is transferred to OUTPUT. The program aborts
if INPUT is empty, and the results are
uncertain if INPUT has but one character}
VAR
Chl, Ch2: CHAR:
BEGIN
READ (Chl, Ch2):
WRITE('MAX OF ', Chl, ', ', Ch2, ' IS '):
IF Chl < Ch2
THEN
Chl := Ch2;
WRITELN(Chl, '.')
END.

Execution
INPUT :AZURE

OUTPUT:MAX OF A, 2 IS 2.
1.4.3 The BEGIN Statement

Conditional execution applies not only to simple assignment statements but also IF statements. The
THEN statement or ELSE statement may be expanded to a BEGIN statement, a sequence of
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enclosed by a BEGIN-END pair and separated by semicolons. The individual component
BEGIN statement may be of any type, even other BEGIN statements, which may
n BEGIN statements, and so on. In a conditional execution, a BEGIN statement is
her in its entirety or not at all, depending on the condition.

statements
statements of a I
themselves contal

executed eit
PTogran120:h4axhdhn
PROGRAM MaxMin (INPUT, OUTPUT) ;
{The larger of the first two characters
{n INPUT (in the sense of > )
is transferred to OUTPUT, followed by
the smaller character. The program aborts
if INPUT is empty, and the results are
uncertain if INPUT has but one character}
VAR
Chl, Ch2: CHAR:
BEGIN
READ (Chl, Ch2):
WRITELN ('MAXMIN OF ', Chl, ', ', Ch2):
IF Chl > Ch2
THEN
BEGIN
WRITELN (Chl) ;
WRITELN (Ch2)
END
ELSE
BEGIN
WRITELN (Ch2) ;
WRITELN (Chl)
END
END.

Executions

INPUT :AZURE
OUTPUT : MAXMIN OF A, Z
z
A

INPUT :1234

OUTPUT: MAXMIN OF 1, 2
2
1

INPUT :wcFields
OUTPUT : MAXMIN OF w, ¢C
w
c

As a rule, a BEGIN statement should be written in the style above, with the BEGIN, END lined up
and the component statements indented by:two spaces. Such a standard style makes reading easier

and more accurate.
The group of statements in a BEGIN statement may be empty. The statement that isn’t there

occurs frequently enough to have a name: the null statement.

BEGIN
END

is obviously null. But examine the following carefully:
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BEGIN
Chl := Ch2;
END

Because of the semicolon separator, there are two component statements: an assignment before the |
semicolon, and a null statment after the semicolon. ‘

A null statement proves useful in certain circumstances. For example, the IF statement
IF Chl < Ch2
THEN
ELSE
Chl := Ch2

has a null statement for its THEN statement. This means “Do nothing if Chl < Ch2; otherwise, |
»

IF statements can be used as THEN statements or ELSE statements. In a pattern of IF ]
statements inside IF statements, the Pascal machine associates each ELSE_with the most recent §

THEN. In Program 21, two successive comparisons are needed to determine the maximum of three :
variables.

Program 21: Max3 9_/

PROGRAM Max3 (INPUT, OUTPUT) ; .»
{The largest of the first three characters ’
from INPUT is transferred to OUTPUT. For I&/
predictable results INPUT must contain at v

least three characters.} (?f

VAR
Chl, Ch2, Ch3: CHAR;
BEGIN
READ (Chl, Ch2, Ch3);
WRITE ('MAX OF ', Chl, ', ', Ch2,
', ', Ch3, ' IS ');:
IF Chl > Ch2
THEN
IF Chl > Ch3
THEN
WRITE (Chl)
ELSE
WRITE (Ch3)
ELSE
IF Ch2 > Ch3
THEN
WRITE (Ch2)
ELSE
WRITE (Ch3) ;
WRITELN('.")
END.

Executions

INPUT :AZURE
OUTPUT:MAX OF A, Z, U IS Z.

INPUT :1234
OUTPUT:MAX OF 1, 2, 3 IS 3.
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1.4.4 Exercises
141 Determine the execution table for the following programs using the given input.

a) Program 20, MaxMin; INPUT:ABC

b) Program 21, Max3; INPUT:ABC
1.4.2 Break the following programs into lines, indent properly, and say what the program does.

a) PROGRAM Dup (INPUT, OUTPUT) ; VAR Chl,
Ch2, Ch3: CHAR; BEGIN READ(Chl, Ch2,
Ch3): IF Chl = Ch2 THEN WRITE (Chl,
Chz, ' '): IF Chl = Ch3 THEN WRITE
(Chl, Ch3, ' '): IF Ch2 = Ch3 THEN
WRITE (CH2, Ch3); WRITELN END.

b) PROGRAM Order (INPUT,OUTPUT) ; VAR Chil,
Ch2, Ch3, Ch4: CHAR; BEGIN READ (Chl,
Ch2, Ch3, Ch4): IF Chl > Ch2 THEN IF
Ch3 > Ch4 THEN WRITELN ('YES') ELSE
WRITELN ('NO') ELSE IF Ch3 < Ch4 THEN
WRITELN ('YES') ELSE WRITELN ('NO') END.

1.4.3 Punctuate the given texts into programs, break into lines, indent, and say what the program
does.

a) PROGRAM Which INPUT OUTPUT VAR Chl Ch2
Ch3 CHAR BEGIN READ Chl Ch2 Ch3 WRITE
Answer 1s IF Chl < Ch2 THEN IF Chl < Ch3
THEN WRITE Chl ELSE WRITE Ch3 ELSE IF
Ch2 < Ch3 THEN WRITE Ch2 ELSE WRITE Ch3
WRITELN ' ' END

b) PROGRAM What INPUT OUTPUT VAR Ch CHAR
BEGIN READ Ch IF 'O' <= Ch THEN IF Ch
<= '9' THEN WRITELN YES ELSE WRITELN NO
ELSE WRITELN NO END

¢) PROGRAM MandM INPUT OUTPUT VAR Chl Ch2
CHAR BEGIN READ Chl Ch2 IF Chl < Ch2 THEN
WRITELN Chl Ch2 ELSE WRITELN Ch2 Chl END

1.4.4 Consider the following program fragment:
IF 'A' <= 'B'
THEN
WRITELN ('Yes. ')
ELSE
WRITELN ('No."')

Write another, simpler fragment that cannot be distinguished from this one in execution.
145 Suppose that there is inadequate documentation on your Pascal machine, in particular that

you cannot learn the ordering of some characters, say - and #. Write a program that will
determine the order of these two. Explain how one of programs 18 to 21 could have been used to do
this job.

1.46 In program 21, suppose every “>” symbol were changed to “>=" to form program 21°.
Discuss the difference between the operation of programs 21 and 21°.

1.4.7 1In program 21, suppose every “>” symbol were changed to “<” to form program 21°. Discuss
the difference in operation between programs 21 and 21°. What additional change should be made in
program 2177
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148 Suppose that A and B are conditions, and S and T are statements. Compare the fragments

of program:

IF A
THEN
S;
IF B
THEN
T
and
IF A
THEN
S
ELSE
IF B
THEN
T

Describe cases in which they behave differently.

1.5 Iterative Execution

Preview

It is essential for a computer program to execute statements repeatedly. The repetition is
controlled by a condition that must be satisfied if the statements are to be repeated.

New ideas: iteration, WHILE statement, DO statement, termination, end-of-data character,
endless execution.

One of the major advantages of using a computer is its capacity for repeating a simple
procedure over and over with extreme speed. Repetition, often called. steration, can be used to
compute the salaries of 200,000 employees; to carry out complex satellite orbital calculations with
1,000,000 steps; or to search a database of 10,000,000 patients to find a match for a kidney
transplant. Since computers can execute millions of statements in a second, and humans cannot
possibly write statements that fast, the key to all practical computer applications is iteration, in
which statements are written once, but executed many times. Pascal programs provide for the
repeated execution of a statement, depending on the outcome of a program condition.

1.5.1 The WHILE Statement

Iterative execution is defined by the Pascal WHILE statement, formed using the standard Pascal
words WHILE and DO:

WHILE condition
DO
DO statement

If the condition is satisfied, the DO statement is executed and the WHILE statement is executed
again, repeating until (if ever) the condition fails to be satisfied. If the condition is not satisfied at
the outset, then nothing is done in the WHILE statement. As a rule, a WHILE statement should be
written in the style above, with the WHILE, DO lined up, and the DO statement indented by two
spaces. Such a standard style makes reading easier and more accurate.

Program 22 uses a WHILE statement to copy any number of characters—tens, hundreds, even
thousands or more—from INPUT to OUTPUT. The number sign character (#) is used to mark the
end of the input file and stop the copying process.
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Program 22: Copy
PROGRAM Copy (INPUT, OUTPUT) ;

{Transfers all the characters that precede the
first # in INPUT, to OUTPUT. If #

first character in INPUT, a blank line is output.

The program aborts 1if INPUT contains no

VAR
Ch: CHAR:
BEGIN
READ (Ch)
WHILE Ch <> '#'
DO
BEGIN
WRITE (Ch) ;
READ (Ch)
END;
WRITELN
END.

Executions

INPUT :ABC#
OUTPUT:ABC

INPUT :Red#AZURE
OUTPUT:Red

INPUT :COPY AZURE#
OUTPUT: COPY AZURE

INPUT :Four score and seven years ago#
OUTPUT: Four score and seven years ago

As the second execution shows, any data that follow # are not moved to the output. Clearly, the

terminal character cannot be used as data.

Part of the first execution of Program 22 is shown below, with repeated rows corresponding to
the iterations of the WHILE statement. The data values are not repeated in the columns of this

table where they have not changed. (However, Ch has no value in the last line.)

1.5.1 The WHILE Statement
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Partial Execution Table for Program 22
After Execution of Condition | INPUT | OUTPUT | Ch

BEGIN ABC# -
READ (Ch) ABC A
WHILE Ch<>'#' DO yes

BEGIN
WRITE (Ch) A
READ (Ch) ABC# B

END

WHILE Ch<>'#' DO yes

BEGIN
WRITE (Ch) | AB
READ (Ch) ABC# c

END

WHILE Ch<>'#' DO yes

BEGIN
WRITE (Ch) ABC_
READ (Ch) ABC#_ #
END

WHILE Ch<>'#' DO no
WRITELN ABC/_
END. ABC# ABC

Y

What would happen if the input for Program 22 did not contain the character # ? As the comment
claims, the execution will abort. The WHILE repetition would not be stopped by the condition, and
eventually all the input would be exhausted, even the extra blank at the end; then the next °
iteration’s READ statement would abort.

1.5.2 Endless Execution

A WHILE statement may go into an endless ezecution if improperly written. For example, if the “
READ statement inside the WHILE statement of Program 22 were omitted, then the WHILE ]
statement

WHILE Ch <> '#'
DO
BEGIN
WRITE (Ch)
END

beginning with the value of Ch as A, would write an endless sequence of A, one for each iteration. ]
While true endless execution is theoretically possible, most Pascal machines would eventually® |
terminate the execution because too much time was used. Endless executions of WHILE statements }
can use up large amounts of computer time and produce large piles of uninteresting output paper. j
Therefore, the following is an important rule: The condition used in any WHILE statement should§$
cause the iteration to eventually terminate. ]

1.5.3 Programs MaxOfAll and CopyOdds

Program 23 determines the maximum character found in INPUT up to the character #. The first |
IF statement writes different messages, depending on whether any data are found in INPUT. The
value of the variable Max is a trial maximum—the maximum character found so far in reading °
INPUT. The concept of setting up a comparison variable often appears in programs. When the
execution of the WHILE statement is completed, the value of Max will be the maximum of the data
found.
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Program 23: MaxOfAll

PROGRAM MaxOfAll (INPUT, OUTPUT) ;

{Characters from INPUT up to but not including
the first # are considered: the largest such
character (in the sense of > ) is the output,
along with appropriate messages. The program
will abort if INPUT contains no #.}

VAR
Ch, Max: CHAR:;
BEGIN
READ (Ch) :
IF Ch = '#'
THEN
WRITELN ('NO DATA')
ELSE
BEGIN
WRITE ('INPUT DATA IS '):;
Max := Ch;
WHILE Ch <> '#'
DO
BEGIN
WRITE (Ch) ;
IF Ch > Max
THEN
Max := Ch:;
READ (Ch)
END;
WRITELN:;
WRITELN ('MAX OF ALL IS ', Max)
END
END.
Executions

INPUT :AZURE#
OUTPUT : INPUT DATA IS AZURE
MAX OF ALL IS 2

INPUT :A#
OUTPUT : INPUT DATA IS A
MAX OF ALL IS A

INPUT :#AZURE
OUTPUT:NO DATA

Program 24 copies only every other character from the input to the output. Since it is more
complicated than previous programs, it merits more explanatory text in comments, and these appear
throughout the program, as a running commentary on what the programmer intends. The program
uses variable Next to keep track of whether the next character read is odd-numbered, and
therefore, whether it should be copied.
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Program 24: CopyOdds

PROGRAM CopyOdds (INPUT, OUTPUT) :

{Copy every other character of INPUT to OUTPUT,
up to but not including the first #. The
program will abort if INPUT contains no #.}

VAR

Ch, Next: CHAR:
{Next is switched between odd (0) and even (E)}

BEGIN

Next := '0'; {odd}
READ (Ch) ;
WHILE CH <> '#'
DO
BEGIN
IF Next = 'O’
THEN {Copy odd-numbered characters}
WRITE (Ch) ;
READ (Ch) ;
{Switch value of Next}
IF Next = 'O'
THEN
Next := 'E' {even}
ELSE
Next := 'O' {odd}
END:;
WRITELN
END.

Executions

INPUT :AZURE#
OUTPUT : AUE

INPUT :A#BC
OUTPUT: A

INPUT :123456789#
OUTPUT: 13579

INPUT :SEE CAR EAT#
OUTPUT : SECRET

The second IF statement within the WHILE statement is:
{Switch value of Next}

IF Next = '0O'
THEN

Next := 'E' {even}
ELSE

Next := '0' {odd}

Next can only take on the value O or E. If the value is O, it becomes E; if it is E, it becomes O.
That is, this IF statement makes Next into a “flip-flop” between O and E.

Two partial execution tables can be used to analyze this IF statement. In the first the value of
Next begins as O; in the second it begins as E.
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Two Partial Execution Tables for Program 24

After Execution of Condition Next
IF Next = '0O' yes (o)
THEN

Next := 'E' E
IF Next = '0O° no E
ELSE

Next := 'O’ : (o]

1.5.4 Exercises

1.5.1 Determine the execution tables for the programs listed, using the given input.
a) Program 23, MaxOfAll, INPUT:BXC#
b) Program 24, CopyOdds; INPUT:AZ#

1.5.2 Break the programs below into lines, indent properly, and state what each does.

a) PROGRAM CopyThirds (INPUT, OUTPUT) ;
VAR Ch, Next: CHAR: BEGIN Next := '1°';
READ (Ch) ;: WRITE ('Third chars = ')
WHILE Ch <> '#' DO BEGIN IF Next = '3'
THEN WRITE (Ch); IF Next = '1' THEN
Next := '2' ELSE IF Next = '2' THEN
Next := '3' ELSE {Next = '3'} Next := 'l1';
READ (Ch) END; WRITELN END.

b) PROGRAM MaxDigit (INPUT,OUTPUT); VAR Max,
Ch: CHAR; BEGIN Max := ' '; READ(Ch); WHILE
Ch <> '#' DO BEGIN IF 'O' <= Ch THEN IF
Ch <= '9' THEN IF Ch > Max THEN Max :=
Ch; WRITE(Ch): READ(Ch) END; WRITELN;
WRITELN (Max) END.

: 1.5.3 Punctuate the following so that they become programs, place them in proper readable form,
: and add annotation to the output. What is the output for the given input?

a) PROGRAM More INPUT OUTPUT VAR Ch
CHAR BEGIN READ Ch WHILE Ch <> '#'
DO BEGIN WRITE Ch WRITE ' ' READ
Ch END WRITELN END

INPUT : HELP#

b) PROGRAM Less INPUT OUTPUT VAR Ch CHAR
BEGIN READ Ch WHILE Ch <> '#' DO BEGIN
] IF Ch <> ' ' THEN WRITE Ch READ Ch
‘ END WRITELN END

INPUT:HI OUT THERE#

¢) PROGRAM Medium INPUT OUTPUT VAR Chl
Ch2 CHAR BEGIN READ Chl READ Ch2 WHILE
Ch2 <> Chl DO BEGIN WRITE
Ch2 END WRITELN END.

INPUT:Heathrow Airport
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1.5.4 Consider:

PROGRAM MysteryLoop (INPUT, OUTPUT) :
VAR
Chl, Ch2: CHAR:
BEGIN
READ (Ch2) ;
WRITE (Ch2);
READ (Chl) ;
WHILE Chl <= Ch2
DO
BEGIN
WRITE (Chl) ;
Ch2 := Chl;
READ (Ch1)
END;
WRITELN (Chl, ' is distinguished.')
END.

Describe the behavior of this program when the input is a string of capital letters. In particular, are §
there strings for which the program fails to terminate? Ones for which it aborts? Add comments to |
the program to describe exactly what it does. "

1.6 Reading CF Pascal Programs

Preview

People must read programs to understand them or make changes to them. Careful choice of
variable names, neat formatting, meaningful organization, and sensible comments help the
reader of a program to comprehend its function. Programs should be read with great care

because even minor changes or typographical errors in the program can dramatically alter the
execution.

New ideas: program reading, counting, execution equivalence.

We read programs to discover what they direct the computer to do. We also read programs to
learn how to write other programs better. A competent programmer quickly recognizes common
patterns and can easily adapt them to novel circumstances. Not all programs are models of
excellence. Some programs are too inefficient, some are too arcane, and some are just plain wrong.
The Pascal machine simply executes the program as written, not as intended. People must judge the
quality of programs. One way to judge a program is to execute it to see if it does the right thing in
test cases. But to determine the degree of completeness, correctness, clarity, and efficiency of a
program, it is necessary to read and understand the program.

In the following examples, several CF Pascal programs are presented, along with some
discussion. After each program, slight changes are suggested. The problem in each case is to
determine how the changes will affect the program’s behavior. One lesson to be learned from these
reading problems is that even a slight change in a program, even a typographical error, can make a
radical change in its behavior.

1.6.1 Program DoubleChars

Searching for all adjacent identical characters in the input is a basic pattern that may be useful in
some programming tasks. Program 25 DoubleChars does this using a read-and-check pattern: it
stores the last character read in Last, reads the next character into Next, then compares the
characters to decide whether to write them out.
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Program 25: DoubleChars

PROGRAM DoubleChars (INPUT, OUTPUT) ;

{Input characters preceding # are examined,
and any adjacent pairs are printed. The
program aborts if INPUT does not contain #.}

VAR

Last, Next: CHAR;
BEGIN {DoubleChars}
READ (Last)
WHILE Last <> '#'
DO {Last holds last character read}
BEGIN
READ (Next) ;
IF Last = Next
THEN {Print this double char}

WRITE (Last, Next, ' '):
Last := Next {Last holds last character read}
END;
WRITELN
END. {DoubleChars}
Executions

INPUT :The Mississippi rivei rolls on and on#
OUTPUT:ss ss pp 11

INPUT :AAA#
OUTPUT:AA AA

Reading Problems for Program 25

Reading Problem 1. Suppose that the variables Last and Next are interchanged everywhere
they appear in the entire program. Describe the effect of the changed program.

Reading Problem 2. Suppose that the variables Last and Next are interchanged just in the
DO statement. Describe the effect of the changed program.

Reading Problem 3. Suppose that the variables Last and Next are interchanged just in the
assignment statement. Describe the effect of the changed program.

1.6.2 Program TwoCharacterWords

Printing all two-character words found in the input is another basic pattern. Program 26
(TwoCharacterWords) accomplishes this task using a more complicated read-and-check pattern.
Program 26 proceeds through INPUT putting each pair of adjacent characters in Chl, Chz2,
and the character preceding Chl, succeeding Ch2 in Last, Next respectively (so the four
characters in Last, Chl, Ch2, Next are adjacent in INPUT). The scan is initialized by reading
the first three characters into Chl, Ch2, Next, and setting Last to a blank (which is required if
an initial two-character word is to be found). Then characters from input are moved through the
four variables as they are encountered. Each iteration of the scan determines if Chl, Ch2
constitute a two-letter word, and if so they are printed. This determination is made by the sequence
of IF tests
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IF Last = ' ' THEN
IF Chl <> ' ' THEN
IF Ch2 <> ' ' THEN
IF Next = ' ' THEN ...

ELSE IF Next = '$' .

that appear at the beginning of the DO statement. (Notice that the usual mdentmg would proba. By
be less clear here than aligning all the tests) The WHILE statement is termmat.ed by Chz
becoming #, which means that no further two-character words are possible.
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Program 26: TwoCharacterWords

PROGRAM TwoCharacterWords (INPUT, OUTPUT) ;

AW

{All two-character words in INPUT before the

first # are printed.
if INPUT has no #.}

VAR
Last, Chl, Ch2, Next: CHAR:;
BEGIN {TwoCharacterWords}
READ(Chl) ;
IF Chl <> '#'

The program aborts

THEN {INPUT has at least 1 character, now in Chl}

BEGIN
READ (Ch2) ;
IF Ch2 <> '§'

THEN {INPUT has at least 2 characters,

now in Chl, Ch2}
BEGIN
Last := ' ';
READ (Next) ;
WHILE Ch2 <> '#'

DO {check if Chl, Ch2 are a 2-character
word, and get new characters }

BEGIN
IF Last = ' ' THEN
IF Chl <> ' ' THEN
IF Ch2 <> ' ' THEN
IF Next = ' '
THEN {Chl, Ch2 are 2-char word}
WRITE (Chl, Ch2, ' ')
ELSE

IF Next = '#'

THEN {Chl, Ch2 are 2-char word}

WRITE (Chl, Ch2);

BEGIN {get new character values}

Last := Chl;
Chl := Ch2;
Ch2 := Next;
IF Next <> '§'
THEN
READ (Next)
END
END; {INPUT exhausted}
WRITELN
END
END
END. {TwoCharacterWords}

Executions

INPUT :To be or not to be#
OUTPUT:To be or to be
INPUT :22 is two too#
OUTPUT:22 is
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Reading Problems for Program 26

Reading Problem 4. Suppose that Last and Next are interchanged in the WHILE statement. |
Describe the effect of the changed program.

Reading Problem 5. Suppose that Chl and Ch2 are interchanged in the WHILE statement. |
Describe the effect of the changed program. 1

Reading Problem 6. Suppose that the sequence of four statements in the BEGIN statement |
with comment {get new character values} is reversed (so the IF statement is first, §
then Ch2 is set, then Chl, then Last). Describe the effect of the changed program. ‘

1.6.3 Program CountChars

Every computer has arithmetic capability, and so does full Pascal. Arithmetic has been omitted }
from CF Pascal, but the following example illustrates how it can be accomplished using character }
values. 1

Program 27 CountChars counts the characters of the input up to 999 or notes that there are ]
more than 999 characters. The count is maintained in three variables: Ones, Tens, and: ]
Hundreds. The BEGIN statement of the program is a variation of the following simple statement:

BEGIN
READ (Ch) ;
WHILE Ch <> ‘#'
DO
READ (Ch)
END

These instructions pass over all characters of the input up to the first #, and the number of }
iterations in the WHILE statement will be the same as the number of characters before #. Thus the }
characters can be counted by starting Ones, Tens, Hundreds at 0 before the WHILE statement, |
and advancing them appropriately just after the READ statement within the WHILE statement. }
First, if Ones is less than 9, only that digit needs to be incremented. Next, if Ones is 9, then it }
must be set to 0 and Tens incremented in the same way. Finally, if Tens is 9, then it must be
set to 0 and Hundreds incremented. If Hundreds is 9, there are more than 999 characters in
the input, and this fact is recorded by setting Over flow (which was initialized before the WHILE §
statement). Because the IF statements to do this work are repetitive and deeply nested, a tabular |
format is used instead of the usual nested format.

Program 27: CountChars

PROGRAM CountChars (INPUT, OUTPUT) ;

{The number of characters in INPUT preceding #
is printed, if less than 1000; otherwise a
message is printed. If INPUT contains no #,
the program aborts.}

VAR

Ch, Overflow, Ones, Tens, Hundreds: CHAR;

BEGIN

Overflow := 'N’';
Ones := '0';
Tens := '0';
Hundreds := '0Q';
READ (Ch) :
WHILE Ch <> '#'
DO
BEGIN
READ (Ch) ;
IF Ones = 'O' THEN Ones := 'l' ELSE
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IF Ones = '1' THEN Ones := '2' ELSE
IF Ones = '2' THEN Ones := '3' ELSE
IF Ones = '3' THEN Ones := '4' ELSE
IF Ones = '4' THEN Ones := '5' ELSE
IF Ones = '5' THEN Ones := '6' ELSE
IF Ones = '6' THEN Ones := '7' ELSE
IF Ones = '7' THEN Ones := '8' ELSE
IF Ones = '8' THEN Ones := '9' ELSE
IF Ones = '9'
THEN
BEGIN
Ones := '0':
IF Tens = 'O' THEN Tens := 'l' ELSE
IF Tens = '1' THEN Tens := '2' ELSE
IF Tens = '2' THEN Tens := '3' ELSE
IF Tens = '3' THEN Tens := '4' ELSE
IF Tens = '4' THEN Tens := 'S5' ELSE
IF Tens = 'S' THEN Tens := '6' ELSE
IF Tens = '6' THEN Tens := '7' ELSE
IF Tens = '7' THEN Tens := '8' ELSE
IF Tens = '8' THEN Tens := '9' ELSE
IF Tens = '9'
THEN
BEGIN
Tens := '0O’';
IF Hundreds = 'O' THEN Hundreds := 'l' ELSE
IF Hundreds = 'l1' THEN Hundreds := '2' ELSE

IF Hundreds
IF Hundreds
IF Hundreds

'2' THEN Hundreds : '3' ELSE
'3' THEN Hundreds '4' ELSE
'4' THEN Hundreds : 'S' ELSE

IF Hundreds = 'S5' THEN Hundreds := '6' ELSE
IF Hundreds = '6' THEN Hundreds := '7' ELSE
IF Hundreds = '7' THEN Hundreds := '8' ELSE
IF Hundreds = '8' THEN Hundreds := '9' ELSE

IF Hundreds '9!
THEN Overflow := 'Y'
END
END
END;
IF Overflow = 'N'
THEN
WRITELN ('Number of characters is ',
Hundreds, Tens, Ones)

ELSE
WRITELN ('Number of characters exceeds 999')
END.

Execution

INPUT :There are forty characters in this file.#
OUTPUT : Number of charactexrs is 040
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Reading Problems for Program 27

Reading Problem 7. Suppose that the variables Ones and Hundreds are interchange
throughout the WHILE statement. Describe the effect of the changed program. ¢

Reading Problem 8. Suppose that each ELSE word within the WHILE statement were repla.cedﬁ:
by a semicolon. Describe the effect of the changed program. "

Reading Problem 9. Suppose that the assignments of 0 to Ones and Tens within theii
WHILE statement are deleted. Describe the effect of the changed program.

1.6.4 Execution-Equivalent Programs

Different programs can lead to the same results in execution. It is not surprising that two programs
with similar statements and structure produce identical results. But it may be a surprise to discover 4
that very unlike programs can also produce identical results. For example, the following three }
statements cannot be distinguished in execution: "

BEGIN
Chl := Ch2;
Ch2 := Chl
END
IF Chl <> Ch2
THEN
Chl := Ch2
WHILE Chl <> Ch2
DO
Chl := Ch2
In each case, the result is the same as that produced by:
Chl := Ch2

In the BEGIN statement, the second assignment is superfluous, since Chl is set to Ch2 in the first ]
assignment and Ch2 is then set to its own value in the second. In the IF statement, if the values in }
Chl and Ch2 are the same, there is no need to make an assignment, while if they differ, the ]}
assignment is made in the THEN part. In the WHILE statement, the assignment is made only if }
necessary, and the iteration terminates as soon as the assignment has been made.

The execution steps are different in each case, but the results are the same. In the IF
statement, the condition will be evaluated once; in the WHILE statement, the condition will be
evaluated once or twice. Indeed, the unnecessary complexity in these examples can be repeated and
nested with larger statements that take more execution steps to make this simple assignment. One
such example is:

BEGIN
WHILE Chl <> Ch2
DO
BEGIN
Chl := Ch2;
Ch2 := Chl
END;
IF Chl <> Ch2
THEN
Chl := Ch2
END

No one would write this statement to do a simple assignment, but sometimes excessively complex
programs emerge from poor design or incompetent modification. It is very useful to learn how to
reduce complex statements to a simpler form with identical execution results. This knowledge can be
applied in reworking programs to increase readability, maintainability, and performance.
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1.6.56 Exercises

1.6.1 The following program TwoCharacterWords2 is intended to have the same behavior as
p'ﬂ;gmm 26, TwoCharacterWords, but does not. What does the program do wrong? Can you
isolate part of the program as being at fault?

PROGRAM TwoCharacterWords2 (INPUT, OUTPUT) ;
VAR
Chl, Ch2, Next: CHAR:;
BEGIN {TwoCharacterWords2}
Next := ' ';
READ (Chl):
WHILE Chl = ' '
DO
READ (Chl) ;
{Chl has the first nonblank}
WHILE Chl <> '#'
DO
BEGIN {Check this word for being
two characters long}
READ (Ch2) ;
IF Ch2 <> ' '
THEN
IF Ch2 <> '#'
THEN {Word is at least two char long}
BEGIN {Check if longer}

READ (Next) ;

IF Next = ' '

THEN {Word is exactly two long}
WRITE (Chl, Ch2, ' ')

ELSE {Next is not a blank}
IF Next = '§'
THEN {Word is two long}
WRITE (Chl, Ch2, ' ')
ELSE {Word is longer than two}
WHILE Next <> ' '

DO
READ (Next) ;
Ch2 := Next
END;
Chl := Ch2;
WHILE Chl = ' '
DO
READ (Chl)
END; {Handling a word}
WRITELN

END. {TwoCharacterWords2}

1.6.2 Modify Program 26, TwoCharacterWords, so that it finds three-character words instead.

1.6.3 Program 27 CountChars has two READ statements, one inside the WHILE statement, and

one before it. But the counting is done only within the WHILE statement. Why isn’t the count off
by 1?

1.6.4 Describe the effect on Program 27 CountChars of omitting each of the following portions of
the program.
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a) Initialization of OverFlow to N.
b) The first READ statement.
c¢) The second READ statement.

1.6.5 In the IF statement of Program 21 Max3, suppose that Ch3 is replaced by Chl. Write the
resulting statement, and simplify it. What does the program do with this change?

1.6.6 In Program 23 MaxOfAll, replace Max by Ch everywhere. What does the new program do" _,

1.6.7 Let B be a condition, and S and T be statements that are different. In any program, can the j
code fragment

IF B
THEN
S;
IF B
THEN
T

always be replaced by the fragment

IF B
THEN
BEGIN
S;
T
END

with the same results? Explain. Ne \,‘& s W 0

1.7 Chapter Summary

The programming language CF Pascal has been described in outline, and enough sample programs §
have been given to show something of how programs act when executed by the Pascal machine.
Programs have a rigid form, in which statements appear in sequence for execution. Variables are !
names for values that may change during execution; the list of variables precedes the statements {
using those variables. CF Pascal uses only character data—the input is a string of characters, as is |
the output, and internal values are single characters. Statements come in several forms: WRITE
statements to print text and the values of variables; READ statements to obtain variable values
from the input; IF statements that can select which group of statements is done next; WHILE j}
statements that allow arbitrary repetition of a statement group. BEGIN statements group 1
statements together and can be particularly useful within IF and WHILE statements.

The most important idea introduced in this chapter is the execution table. An execution table
summarizes the actions of the Pascal machine executing a given program in a clear, step-by-step
fashion. The rows of the table show the statements executed, and the columns show the values of !
variables, input, and output after each statement is executed. The table describes execution for only
a single input, but it is invaluable in understanding what a program does.

Programs may execute normally, if statements are executed in sequence through the program |
as IF and WHILE statements dictate, and the final END is reached. But execution may also abort,
if an attempt is made to read input that does not exist. Execution may also be endless, if the
condition tested in a WHILE statement remains true forever.

Programming is often a matter of recognizing the need for part of a program that has been |
written before, and reusing it. Several such ideas were introduced in this chapter: interchanging
values of variables; copying values from input to output; echoing input and annotating output;

finding the maximum of a set of values as they are obtained; isolating patterns in input; counting
using character values.
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CHAPTER 2
WRITING PROGRAMS IN CF PASCAL

Chapter Preview

In Chapter 2, you will learn how to write simple programs in CF Pascal, verify correct syntax,
and use principles of program design and development in a process of stepwise refinement to
write, execute, and test simple programs.

2.1 An Introduction to CF Pascal Syntax

Preview

CF Pascal programs are formed with an exact syntax. A precise set of rules defines this syntax,
and procedures for verifying correct syntax are given.

New Ideas: program syntax, BNF notation, syntax rule, alternative syntax rule, recursive syntax
rule, syntax tree, syntax correctness proof.

The first need in writing English is to master the syntax, to be able to write complete
sentences, form them into paragraphs, and so on. The syntax of English sentences takes many years
to master because English is a natural language and subject to innovation and modification in
general usage. ’

In the same way, the first need in writing CF Pascal is to master the syntax, to be able to
write complete statements and form them into programs. However, CF Pascal is a formal language
with a precise set of rules for its syntax. These rules permit the syntax of CF Pascal to be mastered
more quickly and completely than is possible with a natural language. Once the syntax is mastered,
you can turn to the question of what programs to write to solve problems at hand.

The Pascal machine treats a Pascal program as a sequence of characters. By contrast, people
recognize meaningful words and might guess what is intended in the following character string that
is not a Pascal program:

PROGRAM CopyChar (INPUT, OUTPUT) ;

VAR

Ch; CHAR;
BEGIN

READ (Ch) ;

WRITELN (Ch)
END.

The Pascal program with this name that appeared in Chapter 1 is:
PROGRAM CopyChar (INPUT, OUTPUT) ;

VAR

Ch: CHAR:
BEGIN

READ (Ch) ;

WRITELN (Ch)
END.

The single-character difference between these character strings (a colon/semicolon in the CHAR
declaration) will cause the Pascal compiler to reject the first string.
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Because of the need for absolute character-by-character precision in form.ing Pa.sg:al programs, |
this chapter introduces exact syntax rules for CF Pascal. Examplgs énc'l experimentation are useft}l |
during learning, but precise and concise rules allow you to ver3fy with confidence 'the syntactic |
correctness of programs. Learning Pascal only by examples and using the Pascal machine to copﬁrm |
guesses about correct syntax enforces not only a limited use of Pascal but also some wrong ideas

about writing programs.

2.1.1 Program Syntax

The CopyChar program is a special instance of a character string that conforms to the Pascal |
syntax rules. These rules of syntax define parts of programs (much like parts of speech in English) by |
defining syntax categories, and showing how parts of programs fall into those categories. ,

Syntax parts can be specified by the rules of grammar in BNF (Backus-Naur Form) notation. |
(John Backus and Peter Naur are computer scientists who, along with others, collaborated on an |
important programming language called ALGOL 60—a conceptual forerunner of Pascal.) A syntax }
Part is denoted by a word or phrase within angle brackets (<...>>) and is defined by a rule that may |
refer to other syntax parts.

Syntax Rule 1 (SR1) defines a syntax part called “program.”

SR1. <program> ::= <heading> ; <block>

Syntax Rule 1 states that any syntax part named <program> must be formed as a syntax part |
named <heading™>, followed by a semicolon, followed by a syntax part called <block>, followed by a §
Period. The angle brackets enclosing words signify that these are the names of syntax parts each |
defined by a syntax rule. This rule defines <program>, while <heading> and <block> will be °
defined by other rules. The semicolon and the period are syntax literals, or character strings that |
must appear exactly as shown in a Pascal program. J

The three-character symbol ::= means “is any instance of.” Syntax Rule 1 is read as:

A <program> is any instance of a <heading>, followed by a semicolon, followed by a
<block>, followed by a period.

The symbol ::= and the angle brackets < > are called metasymbols because they are not part of the |
language being defined. Neither ::= nor <program> will appear in a Pascal program except |
possibly in a comment. In the case of CopyChar, the character string

PROGRAM CopyChar (INPUT, OUTPUT)
corresponds to the syntax part <heading>, and the character string

VAR

Ch: CHAR;
BEGIN

READ (Ch) ;

WRITELN (Ch)
END

to the syntax part <block>. In order to form the whole program to correspond to the syntax part
<program>>, a semicolon needs to be inserted just after this <heading>, and a period must be
added after this <block>, as prescribed by Syntax Rule 1. We talk about parts of programs by
Saying which character string corresponds to which syntax part, and then referring to that string by
the name of the part. The angle brackets help to avoid confusion when the names within them are
English words.

Next, Syntax Rule 2 defines the syntax part <heading>.

SR2. <heading> ::= PROGRAM <identifier> (INPUT, OUTPUT)

A <heading™> begins with the literal character string PROGRAM, followed by an <identifier>, then
by the literal character string (INPUT, OUTPUT). In the program CopyChar, this <identifier™ is
the character string CopyChar itself.
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; dard words such 3s PROGRAM and <identifier>s must be separated from each other by at
' s“nb].nk (but there may be more than one) unless there is a punctuation character such as a
. one ;-eady separating them. In the syntax rules themselves blank characters are never shown
. e y ‘Blanks are used in the syntax rules just to make them more readable. Where one blank
dPh"ﬂ?' rted, any number may be; a line break may replace any blank.
may b;;nzeiden;;iﬁer> is any character string that begins with a letter and is followed by any
ber (zero or more) of letters and/or digits, with no intervening blanks or other characters.
pum Rule 3 gives the definition, using two new ideas. First, Syntax Rule 3 uses a vertical bar |
ho:x meaning is “or.” Second, this rule uses the very syntax part being defined (in this case,
2idenﬁﬁef>) in its own definition. The vertical bar is a another metasymbol for giving rules of

syntax.
SR3. <identifier> ::= <letter>
] <identifier> <letter>

I <identifier> <digit>

This is read:
An identifier is a letter, or an(other) identifier followed by a
letter, or an(other) identifier followed by a digit.

Each possibility in such a rule is called an alternative of the rule. Should it be necessary to refer to
one of the alternatives, a Dewey decimal notation will be used. For example, SR3 has first
alternative 3.1 (<letter>), and its other two alternatives are 3.2 and 3.3. In brief, Syntax Rule 3
states that any letter or digit added to the end of an <identifier™ makes a new <identifier>. That
is, an <identifier> of one letter is defined by 3.1, while 3.2 and 3.3 define <identifier>s of more than
one character in terms of <identifier™>s with one less character.

Syntax Rule 3 is called a recursive definition because <identifier> is used in its own definition.
No actual character string that is an <identifier> is used to define itself; some <identifier>s are
used to define others (one character longer). There is no limit to the length of an <identifier>.

The syntax parts <letter> and <digit> are defined to mean what they seem, namely:

SR4. <letter>:=A| Bl C|D|/EJF}{G|H|I|J]K|LIM|N|O}|P]QIR|S]|T
iujviwixjyizlaibjclidjelfigih{i][Jlkil|m|injo|p]|aq,]
risftiujviwlixiylz

SR5. <digit> =0} 1} 2} 3}4}5]6}7}|8]9

The alternative that allows a <letter> to be G (for example) is named 4.7. Now, using these
definitions, we can build up the <identifier> CopyChar a character at a time:

<identifier> By Syntax Rules

C | Ccis a <letter> by 4.3, hence an <identifier> by 3.1

Co | Cis an <identifier> as above, o is a <letter> by 4.41,
so Co is an <identifier> by 3.2

Cop | Similarly, by Co above and 4.42 and 3.2

CopyChar | Similarly, by CopyCha above and 4.44 and 3.2

AL B L A 4

Each step can be traced back to the syntax rules. Similarly, character strings Copyl, XxXxX,
One4Two are <identifier>s.

Because blanks appear in syntax rules only to improve readability, a separate rule must be
given for them: no blanks may appear within an <identifier>.
The following are not <identifier>s:

2.1.1 Program Syntax 47



Characters Not an <identifier™> because

2nd | does not start with a letter
C 75 | contains a blank
Ch1+Ch2 | the plus sign is not a letter or a digit

Identifiers appear so often in programs that their recognition and construction should becom
automadtic.

2.1.2 Syntax Trees

The syntax rules of CF Pascal define a step-by-step construction of any program as a string off
characters. Conversely, if there is no such construction of the character string, the string cannot be;
the text of a Pascal program. The construction of a program can be shown as a syntaz tree. Figurej
1 gives part of the construction for the <program> CopyChar. ]

<program>
<heading> <block> .
PROGRAM <identifier> (INPUT, OUTPUT)
\\
\
\
\
CopyChar

Figure 1: Partial Syntax Tree for CopyChar

At the top (called the root of the tree—it “grows” upside down!) is <program>>, and attached to it
lower down are the four parts from SR1: <heading>, the semicolon, <block>, and the period. }
Then hanging from <heading> are its three parts from SR2. The tree does not show the details of
the construction of <identifier>, but the result of that construction is shown attached with a dashed |
line, to indicate that the details have been abbreviated. The final result can be obtained by

assembling the characters at the lowest ends of lines (they are called the leaves of the tree) from left
to right, where there appear in order:

PROGRAM CopyChar (INPUT, OUTPUT) ; <block>

This is thus the <program>, complete except for its <block>, whose syntax rule has not yet been 1
given, and so cannot be filled out yet. A blank has been inserted between PROGRAM and CopyChar |}
according to the separate rule for separating standard words and <identifier>s; but, no blank was |

needed between CopyChar and INPUT, since the punctuation character intervened; blanks are not }
allowed within CopyChar.

Figure 2 gives a full construction of the <identifier> Copyl.
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<identifier>

N

<identifier> <digit>

/
/

<identifier> <letter>

/
/

<identifier> <letter>

[0

/
/

<identifier> <letter>

'

/
/

<letter>

C
Figure 2: Syntax Tree for <identifier> Copy1l

When a syntax tree is constructed using all the necessary syntax rules, the leaves of the tree
must all actually appear in the program. When these are read from left to right around the tree,
inserting blanks where required, they spell out the program part whose name in angle brackets
appears at the root of the tree. For example, part of Figure 1 is reproduced as Figure 3, showing
that a tree rooted at <heading> can construct

PROGRAM CopyChar (INPUT, OUTPUT)

2.12 Syntax Trees 49




<heading>

PROGRAM <identifier> (INPUT, OUTPUT)

/
/
/
/

CopyChar
Figure 3: Syntax Tree for a <heading>

For short we say that
PROGRAM CopyChar (INPUT, OUTPUT)

is a <heading™>. Then when we talk about “the <heading>,” it means this string. But often the
particular string will not matter, and a reference to “a <heading™>” means any string that could be:
so constructed. (In this example, the only thing that could change in the tree would be the.
<identifier>.)

Syntax trees can be used to prove the syntax correctness of any character string that is a
program part. Starting with a syntax rule having this part on the left side of ::=, the tree is
constructed from this and other syntax rules. The syntax of a character string is proved correct if it
is formed from the leaves of the tree by inserting blanks appropriately. The general blank insertion
rule is:

1. No blanks may be inserted in an <identifier>.

2. A blank must be inserted between standard words and identifiers, unless a punctuation
character already intervenes. A blank may be inserted before or after standard words,
<identifier>s, and punctuation characters.

3. Where one blank can be inserted, any number can be.

4 A line break may appear anywhere a blank can; however, a line break does not replace a blank °
for the purpose of 2. above.

For example, the <heading> tree above shows that (among others)
PROGRAM CopyChar (INPUT, OUTPUT)

is a <heading>, and so is:
PROGRAM

CopyChar
(INPUT, OUTPUT)

showing different choices of blanks and line breaks. In some Pascal machines a line break is literally
ignored; 1n others it does replace a blank. Rule 4. is a conservative one that is safe under all
circumstances.

As a check on the proper construction of a syntax tree, the numbers of the syntax rules used in
building it can be attached to each node, as shown for the <identifier™> B4U in Figure 4.
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<identifier> 3.2

T T

<identifier> 3.3 <letter> 4.21
<identifier> 3.1 <digit> 5.5
N /
<letter> 4.2 4
\
B

Figure 4: Syntax Tree for <identifier> B4U

For example, the rule used at the root is the 2nd alternative of SR3, so it is marked 3.2; the rule
used to get the literal character U is the 21st alternative of SR4, so marked 4.21.

With experience, these syntax proofs become easy and automatic. Once the idea is well
understood, it will seldom be necessary to draw a syntax tree. But until BNF becomes second
nature, the definition of syntax correctness requires drawing the tree.

2.1.3 Block Syntax
The syntax of <block> is given in Syntax Rule 6:
SR8. <block> ::= <declarations> ; <BEGIN sta.tement>
| <BEGIN statement>

and the block of PROGRAM CopyChar will turn out to be an instance of 6.1. The syntax of
<declarations> is given in Syntax Rules 7 and 8:

SR7. <declarations> ::= VAR <identifier list>> : CHAR
SR8. <identifier list> ::= <identifier>
| <identifier list> , <identifier>

Syntax Rule 8 gives a recursive definition for <identifier list>, which is any list of one or more
identifiers, separated by commas.
In addition to the syntax rules, CF Pascal programs must satisfy the following contezt rules:

CR1. All identifiers in a declaration’s identifier list must be unique.

CR2. No reserved word, e.g. IF, WHILE, etc. can be used as an identifier. (A list of the
reserved words in Pascal is glven in Appendix II.)
Figure 5 shows that
VAR Ch: CHAR
is a <declarations>.
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<declarations> 7

//\

<identifier list>> 8.1

\

<identifier> 3

Ch

Figure 5: Syntax Tree for a <declarations>

The style suggested in Chapter 1 for this <declarations> is
VAR
Ch: CHAR
illustrating the rule about blanks and line breaks. ,1
The syntax of <BEGIN statement> is given in Syntax Rules 9 and 10, and Context Rule 3!
applies, as well. ‘
SR9. <BEGIN statement> ::= BEGIN <statement list> END

SRI0. <statement list> ::= <statement>
| <statement list> ; <statement>

CR3. Any <identifier™> in a <statement>, other than standard identifiers e.g. READ, ..
' WRITE, etc., must appear in the <identifier list> of the <declarations>. (The standard
identifiers are listed in Appendix II.) 1

Syntax Rule 10 gives a recursive definition for <statement list>, which is any sequence of:
<statement>s, separated by semicolons. Note that no semicolon is required after the last]
statement, just before the END word. An example of a two-statement <BEGIN statement> is]
shown in Figure 6.
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<BEGIN statement> 9

TN~

BEGIN <statement list> 10.2

<statement list> 10.1 <statement>
<statement>

Figure 6: Syntax Tree for a <BEGIN statement>

2.1.4 Exercises
2.1.1 In each part below, does the definition given agree with SR3 for <identifier>? Explain why or
why not.
a) <identifier> ::= <letter>
| <letter> <identifier>
| <digit> <identifier>

b) <identifier> ::= <letter>
| <letter> <identifier>
| <identifier> <digit>

¢) <identifier> ::= <letter>
| <identifier> <next>
<next> = <digit> | <letter>

d) <identifier> ::= <letter>
| <identifier> <rest>
<rest> := <letter> | <digit>
| <letter> <rest>
| <digit> <rest>
2.1.2 Given the following rules, and the convention that no blanks can be inserted between the
leaves, what do the character strings defined by <both ends> look like? Describe them in English.

<both ends> ;= <letter>
| <letter> <both ends>
| <both ends> <digit>

2.1.3 Write a definition for <ident4max> in BNF that constructs identifiers consisting only of
<letter>s, which are of length one to four characters, and those identifiers only.
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2.1.4 Verify that
PROGRAM Al (INPUT, OUTPUT)
is a <heading> by constructing a syntax tree.

2.1.5 The following character strings are not <heading>s. By attempting to construct a synt‘f
tree, show where each one fails. 3

PROGRAM Al (INPUT;OUTPUT)
PROGRAM Al,Also (INPUT, OUTPUT)
PROGRAM, A35 (INPUT, OUTPUT)

2.1.6 Rules 1 through 8 are a grammar for automobile descriptions, starting with <cars>:

Rule 1. <cars> ::= <basics> <paint>
| <basics> <two-tone>

Rule 2. <basics> ::= <body> <engine> <transmission>
Rule 3. <body> ::= four-door
| <two-door options>

Rule 4. <two-door options> ::= two-door
| two-door hatchback

Rule 5. <engine> ::= four cylinder
| six cylinder
Rule 6. <transmission> ::= automatic
| four-speed manual
| five-speed manual
Rule 7. <paint> ::=red | blue | white | silver } green
Rule 8. <two-tone> ::= <paint> and <paint>

One blank must occur between each item taken from the leaf of a syntax tree to form sentences
using this grammar.

a) Write out an exhaustive list of all the sentences that are <ba51cs> that is, all the sentences
that can be constructed from synfax trees rooted at <basics>.

b) Now considering all eight rules, how many correct <cars> are there?
c) Find and write the <cars> with the fewest characters.

~d) Find and write the <cars> with the most characters.
e) Which sentence has the shortest syntax tree? Give the tree.

f) Which of a) - e) would change if the rule about blanks were changed to allow any number of
blanks between leaves?

2.1.7 Write syntax rules needed to define a mailing address that consists of a name, an address, and |
a place. The name consists of a first name, middle initial with a period or no middle initial at all, §
and a last name. The address consists of a number and a street name. The place consists of a city, {
followed by a comma, a two-letter abbreviation, and a five-digit zip code. What must be added to }
these rules before it is possible to construct any mailing addresses? ]

2.1.8 Write syntax rules to define valid telephone numbers (including area codes) in the form
(ABC)CDD-DDDD

where A is in the range 2 through 9; B is either 0 or 1; C is in the range 1 through 9; and D is in the .
range O through 9. What should be the convention about placing blanks when items are taken from |
the syntax trees?
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Suppose that two different syntax rules allow the construction of exactly the same character

2.1.985- Do the two syntax trees for the same string have to be the same using the different rules?

strin

Explain.
2.2 The Syntax of CF Pascal Statements

Preview

The syntax of <statement> is given, along with the auxiliary definitions needed to define each
kind of statement. Abbreviation in syntax trees is a powerful way to tailor a proof of syntax
correctness to the level of sophistication of the reader. Comments are inserted into programs
after the tree is constructed.

It will complete the definition of <block> and of <program> to define <statement>:

SR11. <statement> ::= <READ statement>

| <WRITE statement>

| <assignment statement>
| <null statement>

{ <BEGIN statement>

| <IF statement>

| <WHILE statement>

The syntax of READ and WRITE statements is:
SR12. <READ statement> ::=READ ( <identifier list> )
SR13. <WRITE statement> ::= WRITE ( <write list> )
| WRITELN ( <write list> )
| WRITELN
SR14. <write list> ::= <write item>
| <write list> , <write item>
SR15. <write item> ::= <identifier>
| ' <character string> '
SR16. <character string> ::= <character>
| <character string™> <character>

The definitions for <write list> and <character string>> are recursive, using the same pattern as
<identifier list> given above. In a <write list> there is a comma separator; in a <character
string> there is no separator, and no blanks may be inserted in a <character string>. However, we
do want blanks as <character>s, so to show them the special symbol O will be used.

SR17. <character> ::= <letter> | <digit> | <special character>

SR18. <special character>:= (} )} =} {} 3} )} "
0L <i>l. 0 -0#
Some Pascal machines have a larger set of <special character>s, but these are all we will need for
CF Pascal.

There are now enough definitions to establish that
WRITELN (Ch)
is a <statement>>, as shown in Figure 7.
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<statement> 11

<WRITE statement> 13.2

//\\

WRITELN <write list> 14.1 )

/

<write item> 15.1

<identifier> 3

Ch

Figure 7: Syntax Tree for a WRITELN statement

All the rules for a full syntax-tree construction of the simple program CopyChar have now ;
been given. Figure 8 abbreviates the construction. >
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<program> 1

<heading> 2 .
=: ’ .
PROGRAM CopyChar (INPUT, OUTPUT) <block™> 6
<declarati
= ons> 7 ; <BEGIN statement> 9
VAR Ch: CHAR
BEGIN <Zstatement list> 10.2 END
<s .
tatemen:. list> 10.1 7 <statement> 11.2
<READ sta:t
ff“e“” 12 <WRITE statement> 13.2
READ
(Ch) WRITELN (Ch)

Figure 8: i
gure 8: Abbreviated Syntax Tree for CopyChar

The abbreviations are
h . ;
shown with dashed lines. For example, the expansion of the <READ

statement> is given in Figure 9
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<READ statement> 12

<identifier list> 8.1 )

/

<identifier> 3.2

T

<identifier> 3.1 <letter> 3.34
<letter> 3.3 h
C

Figure 9: Expansion of Part of Figure 8

There are no rigid rules for abbreviating in syntax trees. The purpose of the tree is to prov
that a certain character string has correct syntax. If that proof is clear using abbreviations, the
they should be used.

The syntax tree of Figure 8 summarizes the proof that
PROGRAM CopyChar (INPUT, OUTPUT) ;

VAR
Ch: CHAR;
BEGIN
READ (Ch) ;
WRITELN (Ch)
END.

is a <program>. The proof consists of two parts: (1) checking that the tree is correctly formed,
that each syntax rule is correctly used to obtain the level beneath it; and (2) checking that the
leaves when assembled from the left, with blanks (or line breaks) inserted properly, do form this
character string.

Even the abbreviated tree for CopyChar has 19 lines, which may seem excessive effort to
prove that such a small program is syntactically correct. However, CopyChar requires a minimum of
72 characters, and a single character change can destroy its syntax correctness. So 19 lines may not
be excessive after all. The difference between using a syntax tree, and comparing a program to a set
of examples, is the difference between a powerful, complete method and guesswork. The examples™
may work in simple cases, but the method is needed to be sure when things get complex.

Continuing with the syntax of CF Pascal <statement>s:
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SR19. <assignment statement> ::= <identifier> := <expression>

SR20. <expression> ::= <identifier>
| ' <character> '

For example,
chl := Ch2’
Chl e= IAI
a <statement list> composed of two <assignment statement>s, but the following are not

is

Zassignment statement>s:
Text I Reason
'A' := Ch2 left side is not an <identifier>
Chl := 'ABC' | right side is not an <expression>

because ABC is not a <character>

SR21. <null statement> ::=
The right side of this rule is missing; thus, a null statement contains no characters at all.

SR22. <IF statement> ::= IF <condition> THEN <statement>
| IF <condition> THEN <statement> ELSE <statement>

SR23. <condition> ::= <expression> <comparison> <expression>
SR24. <comparison> =< }=]>]<=1<>|>=

In rule 24, notice that the symbols for less than, etc., are not the metasymbols < >, but <speclal
cha.ra.cter>s
For example,

IF Chl < Ch2 THEN Chl := Ch2

and
IF Chl < 'A'
THEN
Ch2 := 'B'
and

IE L} A L > 1] B 1]
THEN {nothing}
ELSE
Chl := Ch2
are all <IF statement>s, but:
IE‘ IA 1] > 1] B 1
THEN {nothing}:

ELSE
Chl := Ch2

is not an <IF statement> because it has an improper internal semicolon.
Finally, here is the syntax of the WHILE statement:

SR25. <WHILE statement> ::= WHILE <condition> DO <statement>
For example,

WHILE Chl <> Ch2 DO Ch2 := Chl
and
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WHILE 'A' < 'B'
DO
Chl := ‘A’
are <WHILE statement>s, but
WHILE Chl <> Ch2 DO; Ch2 := Chl

is not a <WHILE statement> because of an improperly placed semicolon. In fact, the last exampl ,
15 a <statement list™>, as Figure 10 shows.

<statement list> 10.2

N~

<statement list> 10.1 : <statement> 11.3
<statement> 11.7 <assignment statement> 19
1
]
]
)
]
<WHILE statement> 25 Ch2 := Chl
WHILE <condition> 23 DO <statement> 11.4
Chl <> Ch2 <null statement> 21

e

Figure 10: Syntax Tree for an Unusual <statement list>

If the programmer thought this was a <WHILE statement>, perhaps the <assignment statement> §
was to cause the <condition> to fail and the iteration to cease. But in fact the <statement list> }
that has actually been written will produce endless execution should it happen that Chl and Ch2 |
do not have the same value. The worst thing that can happen as a result of a mistake in syntax is }
not an error message!

Figure 11 summarizes a proof that

IF Chl < 'A'
THEN
Ch2 := Ch3

is an <IF statement>.
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<IF statement> 22.1

T T

IF THEN <statement> 11.3

/

<assignment statement>> 19

_— 7\

<identiﬁ\e‘r> 3 = <expression> 19.1
<condition> 23 C;12 <identifier> 3
<comparison> 24.1 <expression> 20.2 C;13
| T
<expression> 20.1 < ' <character> 4.1 '
\ \
<identifier> 3 A

\
\
\
\

Chl
Figure 11: Syntax Tree for an <IF statement>

The reader should check that the rules listed in Figure 11 are correctly used, and that the string can
be obtained from the leaves as claimed.
Figure 11 could be drastically abbreviated as shown in Figure 12.
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<IF statement> 22.1

IE//\\

<condition> 23 THEN <statement> 11.3
Chl < 'A' ' Ch2 := Ch3

Figure 12: An Abbreviated Version of Figure 11

The choice of which tree will be more helpful in showing that this fragment is syntactically correct
depends on the experience of the reader.

Comments in Pascal programs have not been mentioned in the BNF syntax rules, because they 1
have a very special rule:

A comment begins with the <special character> { and ends with }; between these markers j
any <character™>s may appear. A comment may be placed in an otherwise syntactically
correct <program>> at any position where a blank could appear, except within a <character
string> of a <write item>. :

The Pascal machine will attempt to execute any string satisfying the syntax and context rules j
as a CF Pascal program. Correct syntax is necessary for execution, but it in no way guarantees the |
results. The syntactically correct program may go into an endless iteration, it may abort because a |
READ statement calls for more data than is available, it may solve the wrong problem, etc. These }

problems lie beyond syntax, in another domain called semantics, which is the subject of the rest of j
this book. ;

2.2.1 Exercises

2.2.1 In each part of this exercise, choose the BNF syntax part <X> which most directly can be ]
used to construct the given string of characters. Give a syntax tree to show that indeed the given |
character string is an <X>. Use the following abbreviations: do not write out the details for ]
<identifiers>; where a part has appeared earlier, use it directly without redrawing the tree.

a) PROGRAM Ups (INPUT, OUTPUT)
b) Chl, Ch2

c) VAR Chl, Ch2: CHAR

d) READ (Chl, Ch2)

€¢)Chl < Ch2

fych2 <> '4'

g) Chl := Ch2

h) WRITE (Ch1)

i) IF Chl < Ch2

THEN
WRITE (Chl)

j) READ (Ch2)
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GIN
1F Chl < Ch2

) BE
THEN
WRITE (Chl)
chl := Ch2;
READ (Ch2)
END

1) WHILE Ch2 <> '#'
DO
BEGIN
IF Chl < Ch2
THEN
WRITE (Chl) ;
Chl := Ch2;
READ (Ch2) :
END

m) PROGRAM Ups (INPUT, OUTPUT) ;

VAR
Chl, Ch2: CHAR;
BEGIN
READ (Chl, Ch2);
WHILE Ch2 <> '#°

DO
BEGIN
IF Chl < Ch2
THEN
WRITE (Chl) ;
Chl := Ch2;
READ (Ch2) ;
END
WRITELN
END.

222 In each part of this exercise, the given string of characters is almost, but not quite, a
syntactically correct part of a Pascal program. Identify a syntax rule that would come close to
constructing a syntax tree for each part, and explain what is wrong with the string for that rule.

a) 'A' << Ch

b) 'A' := Ch

C) IF 'A' <= Ch

ELSE

Ch := 'B'

d) WHILE 'A' < Ch
READ (Ch)

e) READ (Ch, 'A')

f)Chi; ch2

g) IF Chl := Ch2

THEN
READ (Ch2)
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h) 'A ', Bu
i)Chl := 'AB' 1 ver
2.2.3 Determine the syntax correctness of the following examples by attempting to create synta :
trees for them. When no tree can be found, give an argument why this is so; otherwise, draw th_
tree. 3
a) BEGIN Chl := Ch2; Chl Ch2 END to
b) BEGIN Chl := Ch2, Chl Ch2 END '
c) IF Chl := Ch2 THEN Ch2 := Chl ]
d) IF 'A' < 'B' THEN Chl := Chl ! de
e¢) WHILE 'A' < 'B' DO BEGIN END wa
f)WHILE 'A' < 'B' DO BEGIN; END 4 in
2.2.4 Write out a complete syntax tree for the <program> CopyChar whose abbreviated tree is]
given in this section. Abbreviate for <identifier>s.

2.2.5 Write out an abbreviated syntax tree for the <program> CopyOdds given in Section 1.5.3 rec
(Program 24). Use the abbreviations to emphasize the <statement> structure of the program at thej
expense of other details. 1

2.26 Not only are there recursive definitions in the syntax rules (such as for <identifier> ar
<identifier list>, etc.), but there is additional recursion among the rules. For example, <BEGIN}
statement>> is defined using <statement>, which is defined using <BEGIN statement>. k

Determine which syntax classes are defined recursively in this broader sense. That is, which syntax]
classes have definitions which, when pursued step by step, can possibly lead back to the syntax class;
itself? 1 re
2.2.7 Develop an abbreviated syntax tree for the <program> MaxOfAll (Section 1.5.3, Program.
23) using your best judgment in deciding what to abbreviate. Then develop separate trees for each
abbreviation (possibly abbreviating these as well), and so on, until you have developed a complete
tree for MaxOfAll. '

2.2.8 Give a rule of thumb for estimating the number of lines that are needed to draw a completc‘
syntax tree, for a <program>, in terms of the number of lines in the <program>, its length of }
identifiers, and so on. 1

2.3 Program Design and Development

Preview

Knowing the correct syntax of Pascal statements is a beginning, but to write a correct program
requires a careful plan for what the program will do when it executes. Plans for a program can
be written informally as designs and then the details of the designs can be supplied in a stepwise
refinement process. An orderly design process accumulates design parts into executable
programs of increasing size. Designs can be tested during development through the execution of
well-considered test cases.

New ideas: program outlines, stepwise refinement, design part, program development, program
testing.

Programming is a form of writing, and the principles of good writing apply to programming as
well. However, programs are read and executed mechanically and relentlessly by a Pascal machine,
so the writing must state precisely what is intended. This requirement for precision does not weaken
the need for following the rules of good writing, but it does strengthen the value of one rule }
especially—the rule of writing with designs and sticking to the subject of the design at hand.

We intentionally use the expression “writing with designs” rather than “writing from designs”
because it is not always possible to create a complete design first and then follow it to the letter.
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But when 2 design proves inagiequate, it is es§ential to change it and continue following the updated
jon. Otherwise programming wanders off into details, and all control is lost.

Designs have a hielza.rchica.l structure of increasing detail. This structure allows the writer to
goom down into the details of one part of the design and then to zoom out again without getting lost
in the details. It allm.vs the writer to <':o'nt,m.uously examine and reflect on the overall composition
while the writing is going on. .If the writing is not going well, perhaps the design should be changed
to respond to an unexpected dlfﬁculty.

In natural-language writing the designing or outlining process goes only so far before the
composition of paragraphs and sentences begins. Programming is more precise, and designs will
carry through right down to the ﬁpal- program text. The whole of programming can be regarded as a
design process. We call that designing process stepwise refinement. The term stepwise refinement
was coined by Niklaus Wirth, the designer of Pascal. Each step in the composition process describes
in a new level of detail what the program is to be. The final steps describe every detail of the CF
Pascal text.

Good design organizes the writing of program text so that intellectual control of the task is as
easy as possible. By designing a program one step at a time, the chance of forgetting something is
reduced, and it is unnecessary to remember so many details.

Designs in the stepwise refinement of a program are written in a special and precise way. CF
Pascal text with correct syntax always forms the backbone of the design. Where low-level details
are not yet appropriate, a comment describes the task to be accomplished. Then at the next level
this comment is replaced by other CF Pascal text, perhaps with other comments hiding further
details. Those are then expanded, and so on. The final program will then consist of the CF Pascal
text from each step, and the original comments are retained to describe what the new text inserted
at each step does. In the end, every comment has its implementing Pascal text, and the program is
ready to run.

vers!

2.3.1 Paul Revere’s Ride

Listen, my children, and you shall hear

Of the midnight ride of Paul Revere,

On the 18th of April, in seventy-five,
Hardly a man s now alive

Who remembers that famous day and year.

He satd to his friend, “If the British march
By land or sea from the town tonight,

Hang a lantern aloft in the belfry arch

Of the North Church tower as a signal light,—
One, if by land, and two, if by sea;

And I on the opposite shore shall be,

Ready to ride and spread the alarm

Through every Middlesezx village and farm,
For the country folk to be up and to arm.”

- Henry Wadsworth Longfellow

In Paul Revere’s honor, a program will be designed to read a single character (assumed to be a 1 or
a 2)from the input. If the character is 1, the program is to issue this message:

The British are coming by land.
On input 2, the message is to be
The British are coming by sea.

Every <program> must have a name in the program <header>, and here PaulRevere is
appropriate:
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PROGRAM PaulRevere (INPUT, OUTPUT)

The plan is to read the input into a variable, which must be declared in the program’s <blockX}
Lanterns seems a good name, since those were the lights Paul Revere was looking for. Then ti§
program will have to examine the input value and produce the proper message, but the details 4
that will be deferred. Thus we have the first design in the scheme of stepwise refinement: i

PROGRAM PaulRevere (INPUT, OUTPUT) ;

{Print appropriate messages depending on the value
in INPUT: 'By land' for 1; 'By sea' for 2.}

VAR
Lanterns: CHAR:

BEGIN {PaulRevere}
{Read Lanterns};
{Issue Paul Revere's message}

END. {PaulRevere}

All that remains is to refine the two comments in the <BEGIN statement>. Is the syntax correct ,
far? Just to check, Figure 13 gives a syntax tree. }

<program>
_—/
<he'¢,1ding> : .
PROGR},\’I; PaulRevere (INPUT, OUTPUT) <block>
//
<declarations> : <BEGIN statement>

TN~

BEGIN <statement list> EN

/
’
/
’

’
VAR Lanterns: CHAR <null statement>

Figure 13: Syntax Tree for PaulRevere

Reading the character strings from this tree, inserting blanks, comments, and line breaks according ;
to the rules, gives back the original program design. Since PaulRevere is syntactically correct so }
far, the program could be executed. The <null statement> reads no input, and produces no output, 1
so the execution doesn’t solve the problem for which the program was intended, but giving it to the j
Pascal machine would check for typographical errors in transferring program to computer. [

A slight addition to the program can provide some useful output, reading and echoing the |
input:
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PROGRAM paulRevere (INPUT, OUTPUT) ;
{Print appropriate messages depending on the value
jn INPUT: 'By land' for 1:; 'By sea' for 2.}
VAR
Lanterns: CHAR:
BEGIN {PaulRevere}
{Read Lanterns}

READ (Lanterns) ;
WRITELN ('Lanterns is ', Lanterns): {Test statement}

{Issue Paul Revere's message}
END. {PaulRevere}

Executions

INPUT :1

OUTPUT:Lanterns is 1

INPUT :X

OUTPUT:Lanterns is X

Now it is time to take the next step in the stepwise refinement, to take the action called for by
the comment after WRITELN in PaulRevere. After Lanterns has been set by the READ
statement, its value can be checked with an IF statement:

{Issue Paul Revere's message}

IF Lanterns = '1'
THEN

WRITELN ('The British are coming by land.')
ELSE

WRITELN ('The British are coming by sea.')

This IF statement assumes that if Lanterns does not have value 1, then it must have value 2. It
would be better to be more careful about this:

{Issue Paul Revere's message}

IF Lanterns = '1'
THEN
WRITELN ('The British are coming by land.')
ELSE
IF Lanterns = '2'
THEN
WRITELN ('The British are coming by sea.')
ELSE
WRITELN ('The North Church shows only ''',Lanterns,'''.')

Now the program checks its input and doesn’t send Paul riding off on a wild goose chase. The lesson
is that if incorrect data are to be handled correctly, they must be expected and programmed for as
carefully as for correct data. Putting this compound IF statement in place of the test statement
that only echos the input suggests an improved comment:
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PROGRAM PaulRevere (INPUT, OUTPUT) ;
{Print appropriate messages depending on the value
in INPUT: 'By land' for 1; 'By sea' for 2:
otherwise an error message.}
VAR
Lanterns: CHAR:;
BEGIN {PaulRevere}
{Read Lanterns}
READ (Lanterns) ;
{Issue Paul Revere's message}
IF Lanterns = '1'
THEN
WRITELN('The British are coming by land.')
ELSE
IF Lanterns = '2' 7
THEN 4
WRITELN ('The British are coming by sea.') J
ELSE '
WRITELN ('The North Church shows only ''',Lanterns,'''.')
END. {PaulRevere}

INPUT :1
OUTPUT:The British are coming by land.

INPUT :A
OUTPUT: The North Church shows only ‘A’.

INPUT :2
OUTPUT:The British are coming by sea.

All three executions are required to try all the cases in the program’s IF statement.

2.3.2 Design Parts and Development Programs

In a small program like PaulRevere, stepwise refinement can be done in an informal way. i
However, as problems and programs grow more complex, an orderly and systematic approach saves }
time in the end. For very complex problems, an orderly and systematic approach means the
difference between solving the problem with a program or failing to solve it. ]

Programming has two distinct phases:
1) Design —thinking out what the program should be in order to solve the problem.
2) Development —putting the program text in exact form for use by the Pascal machine.

In the stepwise refinement of a program, the CF Pascal text designed to carry out a task in more §
detail will be called a design part. A design part may itself contain more detailed task descriptions
(in the form of comments) to be carried out by additional design parts. The result of the design
phase will be a hierarchy of design parts which collectively solve the problem at hand. Each design 1
part will be a CF Pascal statement—usually a BEGIN statement, an IF statement, or a WHILE ]
statement—typically of 5 to 15 lines each, perhaps with two to four tasks left to be designed at the :
next level.

After the program has been entirely refined into a hierarchy of design parts, the translation }
into machine-readable form can begin. At first glance, this might appear to be an easy step. |
However, if a large program is translated into Pascal with even one error, the outcome can be a
disaster. The best that can happen is that incorrect syntax will be detected by the Pascal compiler.
That gives the programmer a second chance to translate. If the program goes into execution, it may
produce obviously incorrect results, but the programmer may not suspect the translation and can
waste time examining the design for flaws. The results can be so bizarre that it is very difficult to
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¢ them t0 the source. For example, use of a wrong <con.d'ition>., e.g., < instead of >, can send
jon into an unexpected part of the program, a part written with something else in mind, with
+e undreamed of consequences. Perhaps the worst outcome is that the program appears to work
quite ly, because its tests do not expose the flaw in translation. Then the difficulties will arise at
ropei‘a);;r time, unexpectedly, and when the design is not fresh in anyone’s mind.
some A sequence of executable programs, each reflecting a larger part of the design, can facilitate
orderly and systematic translation into Pascal. Each program in such. a sequence yvill be called a
development program. Development programs are accumulations of design parts, which grow in size
antil the entire design has been tgrned into Pascal. .Each development program is defined so that it
can be executed and tested to v{erlfy correct' trapslatlon at each step of development.

In practice, the translation of a demgp into Pasc'al can be done' in chunks larger than one
design step, typi.cg.lly 15 to 50 lmes' at a time. That is, each successive development program is
created by combining a fe\y more design parts with _the last tested development program. In order to
verify correct execution, it may be necessary to include temporary WRITE statements to create

visible output.

.xecllt

2.3.3 Sarah Revere’s Letter

Longfellow did not mention Paul Revere’s cousin, Sarah Revere, because she has just been invented.
But suppose that she discovered the British route early enough to mail a letter to her cousin Paul.
Since the British could intercept and read letters before passing them on, Sarah sent her message in
code: whichever character string (land or sea) appears first in the letter is the message. For
example, if Sarah’s letter starts out

“Dear Paul: I have been to the Chelsea headland...”

then the British are coming by sea, since Chelsea appears before headland.
The program to be designed and developed in this section is to decode Sarah’s letter and create
the correct message in English as before.

2.3.3.1 The Design Phase for Sarah Revere’s Letter

There are many ways to go about solving this problem. One way is to look for the letter 1 or s
and then to check the next few letters to see if the character string and or ea follows, respectively.
However, in the string Chelsea, we would have to be careful not to miss the sea while looking for
and after the 1. A simpler way is to pass a four-character “window” along Sarah’s letter, moving it
one character at a time. Then we can look for the strings land and sea directly in the window.
For example, in the above letter the successive window contents are:

Dear, earll, arOP, rOPa, OPau, Paul,

and so on, where blanks have been shown as O. The window can be held in four character variables
(say W1, w2, W3, and W4). To get from one window view to the next, move the three rightmost
variables each one step to the left and then read the next input character into the rightmost
variable:

BEGIN {Move window}

Wl := W2;

W2 := W3:

W3 := W4;

READ (W4)
END

Once four characters are in W1, W2, W3, W4, check for land with this IF statement:
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{Check for 'land'}

IF W1 = '1'
THEN
IF W2 = 'a'
THEN
IF W3 = 'n'
THEN
IF w4 = '4d’

THEN {'land' has been found}

Checking for sea is similar, except that the three characters should be in the last three variables of |
the window. :

This preliminary thinking and trial statement writing suggests a general strategy for decoding
Sarah’s letter. The embryo outline consists of repeating three steps:

WHILE {'land' or 'sea' not found}
DO
BEGIN
{move window};
{check window for 'land'}:;
{check window for 'sea'}
END

The iteration must be started with a window and stopped when land or sea is found or the end of §
the letter is reached. To start, we could read the first four characters of Sarah’s letter into W1, W2, §
W3, W4. But this presumes that there are four characters to read, which is very likely but not }
logically necessary. The alternative is to set all four characters of the window to blanks and move |
the window a character at a time. The window move has to contend with the end of data at some §
point, and that capability can be used from the very start. It will take four iterations to fill the §
window to begin with, but that will do no harm; and certainly land or sea will not be found by j
mistake while filling the window. :

The information that the iteration should be stopped will be obtained inside the WHILE
statement, but the test itself must be made at its beginning. A variable can solve this dilemma—it
can be initialized to the “keep going” state, and set within the WHILE statement to a “stop now” |
state. The same variable can be used to remember what stopped the iteration. Looking seems an {
appropriate name for this variable, with values:

oo

N

Looking Meaning
Y keep looking.
L land was found.
s sea was found.
N at end of input, neither land
nor sea had been found.

With this general strategy in mind, the first design part can be written:
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. . 1
esign Part
ﬁ ' SarahRevere (INPUT, OUTPUT) ;

message about how the British are

{Print 2 : ' ! ' |
coming, depending on whether 'land' or 'sea
appears first in INPUT.}

VAR

W1, W2, W3, W4, Looking: CHAR;
BEGIN {SarahRevere}
{Initialize W1, W2, W3, W4, Looking}:
WHILE Looking = 'Y'
DO

BEGIN
{Move window, check end of data};

{Check window for 'land'}:
{Check window for 'sea'}
END;
{Create Sarah's message}
END. {SarahRevere}

This design part has correct syntax, with the English statements written as comments. The next
step is to replace these comments by CF Pascal BEGIN statements that carry out the intentions
expressed in the English statements. The comments become annotations in the BEGIN statements of
design parts. First, the window variables and Looking can be initialized as planned.

Design Part 1.1

BEGIN {Initialize W1, W2, W3, W4, Looking}
W1 :="'";

Next, the window can be moved as planned, but the end of input must be detected as well.
Assuming that the end of data is marked by the first #, it will first show up in W4.

Design Part 1.2

BEGIN {Move window, check end of data}
W1l := W2;
W2 := W3;
W3 := W4;
READ (W4) ;
IF W4 = '#'
THEN {End of Data}
Looking := 'N'
END

Checking the window for land has also been planned out, and Looking must be set if it is found.
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Design Part 1.3
BEGIN {Check window for 'land'}

IF W1 = '1'
THEN
IF W2 = 'a'
THEN
IF W3 = 'n'
THEN
IF W& = '4d’'
THEN {'land' has been found}
Looking := 'L'
END

sea will first appear in the window at the right, so:
Design Part 1.4

BEGIN {Check window for 'sea'}
IF W2 = 's'
THEN
IF W3 = 'e'
THEN
IF W4 = 'a'
THEN {'sea' has been found}
Looking := 'S’

END

The iteration will continue unless Looking is set within it, to one of the values L, 8, or N. This j
value will stop the WHILE statement’s execution, and allow Sarah’s message to be deciphered.

Design Part 1.5

BEGIN {Create Sarah's message}
IF Looking = 'L'

THEN
WRITELN ('The British are coming by land.')
ELSE
IF Looking = 'S'
THEN
WRITELN ('The British are coming by sea.')
ELSE

WRITELN ('Sarah didn't say')
END

Design Parts 1.1 to 1.5 fill all the gaps in Design Part 1, so the design is complete. None of the :
second-level designs were complex enough to require a third level of stepwise refinement. '

2.3.3.2 The Development Phase for Sarah Revere’s Letter

The entire <program> SarahRevere could be assembled into one piece of text immediately. But
the six design parts are easier to work with and change if any difficulties should be encountered.
Eventually, the entire program must be assembled for the Pascal machine, but it is wise to do it
carefully. The design parts can be used to create a sequence of programs, each of which can be
tested to check that the design works, and its translation into Pascal has been correctly
accomplished. The first three design parts together move the four-character window along the input.
The proper operation of this window motion can be checked by executing Program 1A, which
includes a WRITE statement printing each window as it is created. The successive window values
are separated by commas to make it easier to read the output. A WRITELN is also needed outside
the WHILE statement, so that the new output will appear.

72  WRITING PROGRAMS IN CF PASCAL



Development Program 1A

PROGRAM SarahRevere (INPUT, OUTPUT) ;

{Print a message about how the British are
coming, depending on whether 'land' or 'sea'
appears first in INPUT.}

VAR

W1l, W2, W3, W4, Looking: CHAR;

BEGIN {SarahRevere}

BEGIN {Initialize W1, W2, W3, W4, Looking}
‘ql ] 1]
w2
W3
w4
Looking

END;

WHILE Looking = 'Y'

DO
BEGIN

BEGIN {Move window, check end of data}

Wl := W2;

W2 := W3;

W3 := W4,

READ (W4) ;

IF W4 = '#'

THEN {End of data}

Looking := 'N';

- ® -
" Ne Ne Neo N

PY'

END;
WRITE (W1, W2, W3, W4, ','); {Test statement}
{Check window for 'land'}:;
{Check window for 'sea'}
END;
WRITELN; {Test statement}
{Create Sarah's message}
END. {SarahRevere}

Executions

INPUT :#
OUTPUT: ,

INPUT :D#
OUTPUT: D, D#,

INPUT :De#
OUTPUT: D, De, De#,

INPUT :Dea#

OUTPUT: D, De, Dea,Dea#,
INPUT :Dear Pau#
OUTPUT: D, De, Dea,Dear,ear ,ar P,r Pa, Pau,Pau#

Development Program 1A is 33 lines long—well within our rule-of-thumb limit of 50 lines. Six
of those lines are comments, and there are two repetitive patterns in the initialization and window-
moving parts. The comment {Test statement} serves as a reminder that the WRITE statements will
be removed later.

Development Program 1A executed as we expected it to. If it had not, the first step would
have been to check the mechanical process of combining the design parts to form the final text. If
that seemed all right, it would be time to reexamine the designs. By combining only some design
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parts, the process of detecting and correcting errors is simplified. In any case, before more desi
parts are incorporated, the current development program must do what is expected of it.

Design Parts 2.3 and 2.4 are incorporated in Development Program 1B, in which the window.
test WRITE statements of Program 1A have been replaced by a new test WRITE statement for th
value of Looking. Development Program 1B adds 18 lines to Development Program 2A. The ne
larger alternative would be to include Sarah’s message as well—10 more lines. We have chosen th
smaller step, but the design parts are quite simple, and the larger alternative would be reasonable.;
The following test executions exercise all three options for Looking.

Development Program 1B

PROGRAM SarahRevere (INPUT, OUTPUT) ;

{Print a message about how the British are
coming, depending on whether 'land' or 'sea'
appears first in INPUT.}

VAR W1, W2, W3, W4, Looking: CHAR:;

BEGIN {SarahRevere}

BEGIN {Initialize W1, W2, W3, W4, Looking}
L}

Wi := "' ';
w2 := "' ';
W3 := "' ';
w4a = ' ',
Looking := 'Y'
END;
WHILE Looking = 'Y'
DO
BEGIN
BEGIN {Move window, check end of data}
Wl := W2;
W2 := W3;
W3 := W4
READ (W4) ;
IF W4 = '4#'
THEN {End of data}
Looking := 'N'
END;
BEGIN {Check window for 'land'}
IF W1 = '1'
THEN
IF W2 = 'a'
THEN .
IF W3 = 'n'
THEN
IF w4 = '4d’
THEN {'land' has been found}
Looking := 'L'
END;
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BEGIN {Check window for 'sea'}

IF W2 = 's'
THEN
IF W3 = 'e'
THEN
IF W4 = 'a'
THEN {'sea' has been found}
Looking := 'S’
END
END;

WRITELN ('Looking is ', Looking): {Test statement}
{Create Sarah's message}
END. {SarahRevere}

Executions

INPUT :Dear Paul: I have been #
OUTPUT:Looking is N

INPUT :Dear Paul: I have been to Chelsea #
OUTPUT:Looking is §

INPUT :Dear Paul: My land lies along the sea #
OUTPUT:Looking is L

Development Program 1B appears to execute correctly, so the development can be completed by
adding Design Part 2.5 and removing the test WRITE statement. The result in Development
Program 1C should be a correctly executing final program:

(Final) Development Program 1C

PROGRAM SarahRevere (INPUT, OUTPUT) ;

{Print a message about how the British are
coming, depending on whether 'land' or 'sea'
appears first in INPUT.}

VAR W1, W2, W3, W4, Looking: CHAR;

BEGIN {SarahRevere}

BEGIN {Initialize W1, W2, W3, W4, Looking}
w1l ] n'.
w2
W3
W4
Looking :
END;
WHILE Looking = 'Y'
DO
BEGIN A ‘
BEGIN {Move window, check end of data}
Wl := W2;
W2 := W3;
W3 := W4;
READ (W4) ;
IF W4 = '#'
THEN {End of data}
Looking := 'N'
END;

e oo
e

~e

0o~
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BEGIN {Check window for 'land'}
IF W1 = '1°'
THEN
IF W2 = 'a'
THEN
IF W3 = 'n'
THEN
IF W4 = 'd’
THEN {'land' has been found}
Looking := 'L’
END;
BEGIN {Check window for 'sea'}
IF W2 = 's'
THEN
IF W3 = 'e'
THEN
IF W4 = 'a’
THEN {'sea' has been found}
Looking := 'S'
END
END:;
BEGIN {Create Sarah's message}
IF Looking = 'L’
THEN
WRITELN('The British are coming by land.')
ELSE
IF Looking = 'S'
THEN
WRITELN ('The British are coming by sea.')
ELSE
WRITELN ('Sarah didn''t say')
END .
END. {SarahRevere}

Executions

INPUT :Dear Paul: I have been #
OUTPUT: Sarah didn’t say

INPUT :Dear Paul: I have been to Chelsea #
OUTPUT:The British are coming by sea.

INPUT :Dear Paul: My land lies along the sea #
OUTPUT: The British are coming by land.

Creating design parts and a development programs is a process of analysis and synthesis. In the
analysis (design) phase, a general problem is decomposed into smaller problems at each step until
only CF Pascal text remains. In the synthesis (development) phase, larger pieces of text are
assembled at each step until the final program is created. The assembly of text parts proceeds in a
special way so that the construction can be tested at each step.

2.3.4 Principles of Program Design and Development

"This section summarizes the principles of design by stepwise refinement, and development with
testing.
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DESIGN PHASE

i’roblem Solving (in parallel with program design)
1. Understand the problem. If necessary, write a concise problem statement and keep it updated
" continuously as you discover how to solve it.

9. Develop a solution strategy. Outline a solution in English, in one or more levels of detail. Keep
" the solution strategy updated as you create your final program design.

3. Analyze and criticize your solution strategy. At every level of detail, look for simpler ways to
solve the problem. Is your solution no more complex than the problem demands?

4. Organize your solution by writing improved designs. Should some design part be reorganized
for better understandability? Can similar operations be found and organized into common

design parts?
Program Design (in parallel with problem solving)

1. Develop a writing plan by converting your solution strategy into a hierarchy of design parts
made up of program text and brief task descriptions. These task descriptions should serve in
turn as names for design parts at the next level of detail.

2. As a rule, keep design parts to 15 lines or less, with coherent and easily understood task
descriptions. Keeping design parts small and coherent takes discipline, but it is well worth the

effort.

3. Keep your design parts physically separate for writing and rewriting flexibility, but think of
them in a hierarchical structure when analyzing and simplifying your program.

4. Write and rewrite your design parts and your guiding solution strategy. Solve your problem, put
the solution away, come back to it and improve it.

DEVELOPMENT PHASE
Program Development (in parallel with program testing)

1. Develop a construction plan. Assemble design parts (beginning with a simple program) into a
sequence of larger and larger programs. The plan should be suitable for execution a step at a
time.

2. As a rule, add no more than 50 lines of design to a development at one time.

3. Don’t start on the first 50 lines until you have your design completed. It should be the last
design you have written out—not the first.

4. Get every 50 lines right the first time. Concentration now will save time and frustration later.
Program Testing (in parallel with program development)

1. Think as hard about your construction plan as about your final program. Create the right
sequence of programs to give positive feedback at each step of the construction.

2. Develop a test plan. Create programs with temporary WRITE statements to get meaningful
execution results (although not necessarily the final results that you are looking for).

3. Create test cases for every step of your construction plan, and don’t forget the exceptional
cases—even though they may seem unlikely.

2.3.5 Exercises

2.3.1 In each part modify the <program> PaulRevere as required.

a) To use a single WRITE statement for printing “The British are coming by” part of the
message.

b) To use inputs L and LL (for one or two lanterns) instead of 1 and 2.
¢) To include an input of 3 to stand for “The British are coming by air” (via balloon, of course!).

2.3.5 Exercises 77




232 In the course of developing PaulRevere, a test WRITE statement was inserted to echo the §
input. Explain why it would be superfluous to retain this statement as part of the final program.

2.3.3 For each part, break the named program into appropriate design parts and development 1
programs. '

a) MaxMin (Program 20, Section 1.4.3).
b) MaxOfA11 (Program 23, Section 1.5.3).
c¢) DoubleChars (Program 25, Section 1.6.1).

2.3.4 When Sarah Revere was thinking about how to send her coded message, why didn’t she make
things much simpler by using the first occurrence of the single letter 1 or s as the code? '

2.3.5 Write a design part, which could be added to SarahRevere, to check for the possibility of |
the British coming by air.

2.3.6 Each part below suggests a change in SarahRevere. For each answer: (i) Will the changed |
program give the same results as the original? (ii) What is the crucial test case to examine? (iii) Is
the change one of design or development?

a) Place the statements to move the window at the bottom of the DO statement.

b) Check for Sea using W1, W2, W3 instead of W2, W3, W4.

c) Both (a) and (b). :
2.3.7 Suppose that in solving Sarah Revere’s problem, it had been decided to move a three- }
character window, and should lan appear in it, to make a special check for d following. Where |

does such a change fit in the process of design and development? Make the change in the §
appropriate place. Is the resulting program better?

238 As SarahRevere stands, it can be fooled by changes of case; for example, it will report 5
“Sarah didn’t say” for the input Land Ho!. Modify the program to allow all changes of case in the }
code words, and discuss whether this is a design or development change.

2.3.9 In the test executions of Development Program 1B, why isn’t the value ¥ for Looking tested ,
along with the others?

2.4 Program Organization with Procedures

Preview

As programs grow larger, design part organization becomes a major technique in creating a
comprehensible program under intellectual control. CF Pascal offers convenient procedure

declarations to describe design parts and procedure statements to execute the declared
procedures.

New ideas: procedure declaration, procedure statement, appearance rule, copy rule, reusing
procedures.

2.4.1 Simple Procedures

CF Pascal provides a useful mechanism for grouping and executing <statement>s, the procedure.
The organization of a problem solution can make use of procedures to name each design part, and

then to use the name in development. A BEGIN statement can be named in a procedure declaration,
using a standard word PROCEDURE. For example,
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PROCEDURE Copy:
BEGIN {CopY}
READ (Ch) ;
WRITE (Ch)
END {CopY}

s Pascal procedure declaration. This procedure’s name is the <identifier> Copy. Procedure
declarations must be placed in a program just after the data declarations; any number may be given,
geparated by semicolons. ‘ ' |

Once a procedure declaration has been given in a program, a procedure statement can be placed
in the program’s BEGIN statement (not the BEGIN statment in the procedure declaration). The
procedure statement .has the form of the procedure name standing alone. The effect of executing the
procedure statement is the effect of the BEGIN statement named in its procedure declaration.

For example,

PROGRAM UsingCopy (INPUT, OUTPUT) ;
{Transfer two characters from INPUT to OUTPUT.
The program aborts if INPUT is empty.}
VAR ,
Ch: CHAR;
PROCEDURE Copy:
BEGIN {Copy}
READ (Ch) ;
WRITE (Ch)
END; {Copy}
BEGIN {UsingCopy statements begin here}
Copy:
Copy:
WRITELN
END. {UsingCopy}

Execution

INPUT :ABCDE
OUTPUT:AB

UsingCopy will transfer two characters, just as if the BEGIN statement of Copy appeared twice in
the BEGIN statement of UsingCopy. The statements of a procedure are not executed when
declared; they are executed when the procedure is named in a procedure statement during the
execution of the program’s BEGIN statement.

The execution table for a program with procedures reflects this delayed execution; for example:
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Execution Table for UsingCopy

After Execution of INPUT | OUTPUT | Ch
ABCDE
PROGRAM UsingCopy... ABCDE -
VAR
Ch:CHAR ?
BEGIN {UsingCopy...}
Copy
BEGIN
READ (Ch) ABCDE A
WRITE (Ch) A_
END
Copy
BEGIN
READ (Ch) ABCDE B
WRITE (Ch) AB_
END :
WRITELN AB/_
END. ABCDE AB

As another example, PaulRevere could have been designed with procedures:

PROGRAM PaulRevere2 (INPUT, OUTPUT) ;
VAR
Lanterns: CHAR;
PROCEDURE IssueMessage;
BEGIN {IssueMessage}

IF Lanterns = '1'
THEN
WRITELN('The British are coming by land.')
ELSE
IF Lanterns = '2'
THEN
WRITELN ('The British are coming by sea.')
ELSE )
WRITELN ('The North Church shows only ''', Lanterns,'''."')

END; {IssueMessage}
BEGIN {PaulRevere2}
{Read Lanterns}
READ (Lanterns) ;
{Issue Paul Revere's message}
IssueMessage
END. {PaulRevere2}

Procedures can be added to the formal syntax of CF Pascal by changing Syntax Rules 6 and 11|
and adding three new rules:
- SRB. <block> ::= <BEGIN statement>
| <declarations> ; <BEGIN statement>
| <procedure list> ; <BEGIN statement>
| <declarations> ; <procedure list> ; <BEGIN statement>
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SR11. <statement> ::= <READ statement>
| <WRITE statement>
| <assignment statement>
| <null statement>
| <BEGIN statement>
| <IF statement>
| <WHILE statement>
| <procedure statement>

SR26. <procedure list> ::= <procedure>
| <procedure list> ; <procedure>

SR27. <procedure> ::= PROCEDURE <identifier> ; <BEGIN statement>

SR28. <procedure statement> ::= <identifier>
An abbreviated syntax tree for the <program> UsingCopy is shown in Figure 14.

<program>

<heading>

N\

PROGRAM UsingCopy (INPUT, OUTPUT) <block>

//\\

<declarations> : <procedure list> : <BEGIN statement>

el

VAR Ch: CHAR BEGIN <statement list> END

A Y
~
A Y
AN
A

<procedure> Copy: Copy: WRITELN

T

PROCEDURE <identifier> : <BEGIN statement>

_— |

Copy BEGIN READ (Ch); WRITE (Ch) END

Figure 14: Syntax Tree for UsingCopy

Context Rule 3 also requires modification, and some new rules are needed:
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CR3. Any <identifier> in a <statement> that is not a <procedure statement>>, other than
standard identifiers (e.g., READ, WRITE, etc.) must appear in the <identifier list> of th

<declarations>.

CR4. (Appearance Rule) The <identifier> of a <procedure statement> must appear as the
<identifier> following PROCEDURE in a <procedure> appearing before the <procedure
statement>. :

CR5. Variable and procedure names can’t be the same <identifier>.

Context Rule 4 is called the appearance rule because it regulates where procedure declarations m
appear (before the corresponding procedure statement). For example, if UsingCopy were given tw
more procedures:

PROGRAM UsingCopyToo (INPUT, OUTPUT) ;
VAR
Ch: CHAR:;
PROCEDURE ReadOnly;
BEGIN
READ (Ch)
END; {ReadOnly}
PROCEDURE WriteOnly:
BEGIN
WRITE (Ch)
END; {WriteOnly}
PROCEDURE Copy:
BEGIN
ReadOnly:
WriteOnly
END; {Copy}
BEGIN {UsingCopyToo}
Copy:
Copy:
WRITELN
END. {UsingCopyToo}

then <procedure>s ReadOnly and WriteOnly must precede Copy by the appearance rule, since
the <procedure statement>s ReadOnly and WriteOnly appear in Copy. ;

When procedure statements appear within procedures, the execution effect is as before; it is as
if the BEGIN statement of the procedure named is copied in place of the procedure statement and
executed. This effect is called the copy rule for procedure statements.

2.4.2 CountChars Again

CountChars (Program 27, Section 1.6.3) is a good program to reorganize using procedures. The
large blocks of nested IF statements needed to increment the three counters are good candidates for
procedures:
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1F Ones = 'O' THEN Ones := 'l' ELSE
ié.Ones = '8' THEN Ones := '9' ELSE
iF Ones = '9'
THEN
BEGIN
Ones :='0':;
IF Tens = 'O' THEN Tens := 'l' ELSE
IF Tens = '8' THEN Tens := '9' ELSE
IF Tens = '9'
THEN
BEGIN
Tens := '0O':;
IF Hundreds = 'O' THEN Hundreds := 'l1' ELSE
IF Hundreds = '8' THEN Hundreds := '9' ELSE
IF Hundreds = '9' THEN Overflow := 'Y"“
END
END

The portion that adjusts the Hundreds digit can be made into a procedure (say) BumpHundreds;
the Tens adjustment into BumpTens (which will invoke BumpHundreds at the end), and
similarly BumpOnes will at the end invoke BumpTens. Then counting can be done by the
procedure statement: BumpOnes. To satisfy the appearance rule CR4, the procedure declarations
must appear in the order BumpHundreds, BumpTens, BumpOnes. Here is the sequence of design
parts that might have been devised:

Design Part 2

PROGRAM CountChars2 (INPUT, OUTPUT) ;
VAR
Ch, Overflow, Ones, Tens, Hundreds: CHAR;
BEGIN {CountChars2}
{Initialize Overflow and counters}:
{Count characters};
{Write results}
END. {CountChars2}

The most important part of the design is the character counting, so we tackle it next:
Design Part 2.1

BEGIN {Count characters}
READ (Ch) ;
WHILE Ch <> '#'
DO
BEGIN
BumpCounter:
READ (Ch)
END
END

Design Part 2.1.1

PROCEDURE BumpCounter;
BEGIN {BumpCounter}
BumpOnes
END {BumpCounter}
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Design Part 2.1.1.1

PROCEDURE BumpOnes:;
BEGIN {BumpOnes}

IF Ones = 'O' THEN Ones := 'l' ELSE
IF Ones = 'l1' THEN Ones := '2' ELSE
IF Ones = '2' THEN Ones := '3' ELSE
IF Ones = '3' THEN Ones := '4' ELSE
IF Ones = '4' THEN Ones := 'S' ELSE
IF Ones = 'S' THEN Ones := '6' ELSE
IF Ones = '6' THEN Ones := '7' ELSE
IF Ones = '7' THEN Ones := '8' ELSE
IF Ones = '8' THEN Ones := '9' ELSE
IF Ones = '9'
THEN
BumpTens
END; {BumpOnes}
Design Part 2.1.1.1.1
PROCEDURE BumpTens:
BEGIN {BumpTens}
Ones := '0';
IF Tens = 'O' THEN Tens := 'l' ELSE
IF Tens = '1' THEN Tens := '2' ELSE
IF Tens = '2' THEN Tens := '3' ELSE
IF Tens = '3' THEN Tens := '4' ELSE
IF Tens = '4' THEN Tens := 'S' ELSE
IF Tens = 'S' THEN Tens := '6' ELSE
IF Tens = '6' THEN Tens := '7' ELSE
IF Tens = '7' THEN Tens := '8' ELSE
IF Tens = '8' THEN Tens := '9' ELSE
IF Tens = '9'
THEN
BumpHundreds

END; {BumpTens}
Design Part 2.1.1.1.1.1

PROCEDURE BumpHundreds;
BEGIN {BumpHundreds}
Tens := '0';

IF Hundreds = 'O' THEN Hundreds := 'l1' ELSE
IF Hundreds = 'l' THEN Hundreds := '2' ELSE
IF Hundreds = '2' THEN Hundreds := '3' ELSE
IF Hundreds = '3' THEN Hundreds := '4' ELSE
IF Hundreds = '4' THEN Hundreds := 'S' ELSE
IF Hundreds = 'S' THEN Hundreds := '6' ELSE
IF Hundreds = '6' THEN Hundreds := '7' ELSE
IF Hundreds = '7' THEN Hundreds := '8' ELSE
IF Hundreds = '8' THEN Hundreds := '9' ELSE

IF Hundreds ‘g’
THEN
Overflow = 'Y’

END {BumpHundreds}
The initialization and results designs are simpler:
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Design Part 2.2
BEGIN {Initialize Overflow and counters}

overflow := 'N';

Ones := '0':

Tens := '0':

Hundreds := 'O’
END

Degign Part 2.3

BEGIN {Write results}
IF Overflow = 'N'
THEN
WRITELN ( 'Number of characters is ',
Hundreds, Tens, Ones)
ELSE
WRITELN ('Number of characters exceeds 999')
END

These design parts total about 85 lines—too many to combine into a program all at once. A more
reasonable two-step program development uses a test statement in BumpCounter and inhibits the
remaining procedure executions by putting the procedure statement BumpOnes (found in
BumpCounter) in a comment. The result is Development Program 2A, built from Design Parts 2,
22, 2.1, 2.1.1, and 2.3 above. The declaration of BumpCounter appears before the BEGIN
statement of the program as required by the appearance rule. The comment on this BEGIN
statement points to where execution begins. On execution with any input data containing a #,
Development Program 2A should print a line for each time BumpCounter is invoked, and a number
of characters of 000.
Development Program 2A

PROGRAM CountChars2 (INPUT, OUTPUT) ;
VAR
Ch, Overflow, Ones, Tens, Hundreds: CHAR;
PROCEDURE BumpCounter;
BEGIN {BumpCounter}
WRITELN ('Got to BumpCounter OK') {test statement}
{BumpOnes - inhibited procedure statement for test}
END; {BumpCounter}
BEGIN {CountChars2}
BEGIN {Initialize Overflow and counters}

Overflow := 'N';
Ones := '0';
Tens := '0O';
Hundreds := '0O'
END;
BEGIN {Count characters}
READ (Ch) ;
WHILE Ch <> '#'
DO
BEGIN
BumpCounter;
READ (Ch)
END
END;
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BEGIN {Write Results}

IF Overflow =

THEN

WRITE ('Number of characters is
Hundreds,

ELSE

WRITE ('Number of characters exceeds 999')

END

END. {CountChars2}
Execution

INPUT :ABC#
OUTPUT:Got to BumpCounter OK
Got to BumpCounter OK

Got to BumpCounter OK

Number of characters is 000

With execution as expected, BumpCounter can be restored to its original form and the remaing
design parts added. The result (Development Program 2B) should execute as expected.

Development Program 2B

PROGRAM CountChars2 (INPUT, OUTPUT) ;
VAR Ch, Overflow, Ones,

Ones)

PROCEDURE BumpHundreds:

BEGIN {BumpHundreds}
Tens := '0';

IF
IE
IF
IF
IF
IF
IF
IF
IF
IF

Hundreds
Hundreds
Hundreds
Hundreds
Hundreds
Hundreds
Hundreds
Hundreds
Hundreds
Hundreds

THEN

END:

86  WRITING PROGRAMS IN CF PASCAL

Overflow
{BumpHundreds}

THEN
THEN
THEN
THEN
THEN
THEN
THEN
THEN
THEN

Tens, Hundreds:

Hundreds
Hundreds
Hundreds
Hundreds
Hundreds
Hundreds
Hundreds
Hundreds
Hundreds

CHAR;

'1'
lzl
l3l
l4'
'5'
'6'
l7l
'8'
'9'




END;

DO

END;

PROCEDURE BumpTens:
BEGIN {BumpTens}

Ones := '0';

IF Tens = 'O' THEN

IF Tens = 'l1' THEN

IF Tens = '2' THEN

IF Tens = '3' THEN

IF Tens = '4' THEN

IF Tens = '5' THEN

IF Tens = '6' THEN

IF Tens = '7' THEN

IF Tens = '8' THEN

IF Tens = '9'

THEN

BumpHundreds

END; {BumpTens}

PROCEDURE BumpOnes;
BEGIN {BumpOnes}

IF Ones = 'O' THEN
IF Ones = 'l1' THEN
IF Ones = '2' THEN
IF Ones = '3' THEN
IF Ones = '4' THEN
IF Ones = '5' THEN
IF Ones = '6' THEN
IF Ones = '7' THEN
IF Ones = '7' THEN
IF Ones = '9'
THEN
BumpTens
END; {BumpOnes}

PROCEDURE BumpCounter;
BEGIN {BumpCounter}
BumpOnes

{BumpCounter }

BEGIN {CountChars2}
BEGIN {Initialize Overflow and counters}

Overflow := 'N';

Ones := '0';

Tens := '0';

Hundreds := 'O’
END;

BEGIN
BumpCounter;
READ (Ch)

END

Tens
Tens
Tens
Tens
Tens
Tens
Tens
Tens
Tens

Ones
Ones
Ones
Ones
Ones
Ones
Ones
Ones
Ones

BEGIN {Count characters}
READ (Ch) ;
WHILE Ch <> '#'

lll
I2l
I3l
141
lsl
'6'
l7l
l8l
'9'

lll
l2l
l3l
l4l
lsl
lsl
l7l
'8'
l8l

ELSE
ELSE
ELSE
ELSE
ELSE
ELSE
ELSE
ELSE
ELSE

ELSE
ELSE
ELSE
ELSE
ELSE
ELSE
ELSE
ELSE
ELSE
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BEGIN {Write Kesults}
IF Overflow - 'N°
THEN
WRITE ('Number of characters 1is ',
Hundreds, Tens, Ones)
ELSE
WRITE ('Number of characters exceeds 999')
END
END. {CountChars2}

2.4.3 Reusing Procedures

Design Parts 2.1.1 to 2.1.1.1.1.1, called by the procedure statement BumpCounter, are a package of
four procedures (about 50 lines of text) that can be reused to increment a counter defined by the |
variables Hundreds, Tens, and Ones. In order to use the package, these variables and
Over flow must be declared in a program, and the procedures must be included according to the
appearance rule.

Consider the problem of printing the natural numbers from 1 to 500, ten numbers to a line.
After initializing the counter variables, a print-and-bump action can be repeated until the counter
reaches 500. The highest-level design part can use the BumpCounter group of procedures as !
follows:

Design Part 3

PROGRAM PrintNaturals (INPUT, OUTPUT) ;
VAR
Counting, Ones, Tens, Hundreds, Overflow: CHAR;
BEGIN {PrintNaturals}
{Initialize Counting and counter variables}:
WHILE Counting = 'Y'
DO
BEGIN
{Print natural number found in counter};
{Start new line for each multiple of 10};
BumpCounter;
{Check if counter is 501}
END
END. {PrintNaturals}

Although Over flow will never be used, it must be declared because it appears in the procedures we
plan to use; if Over flow were not declared, the Pascal compiler would flag a violation of Context
Rule 3.

Design Part 3.1

BEGIN {Initialize Counting and counter variables}
Counting := 'Y’';

Ones := '1';

Tens := '0';

Hundreds := '0';

Overflow := 'N'
END
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Design Part 3.2
BEGIN {Print natural number found in counter}
IF Hundreds = 'o!
THEN {Counter less than 100}
IF Tens = 'O'
THEN {Counter less than 10}

WRITE(' '.' ', Ones, ' ')
ELSE {Counter between 10 and 99}
WRITE(' '. Tens, Ones, ' ')
ELSE
WRITE (Hundreds, Tens, Ones, ' ')

END
Design Part 3.2 suppresses printing of leading zeros; for example, when the counter variables are
003, 3 is printed.

Design Part 3.3

BEGIN {Start new line for each multiple of 10}
IF Ones = 'O’ ;
THEN

WRITELN

END

Design Part 3.4
BEGIN {Check if counter is 501}

IF Hundreds = 'S5’
THEN
IF Tens = 'O’
THEN
IF Ones = '1'
THEN
Counting := 'N'
END

Design Parts 3 through 3.4 comprise about 40 lines of text, which is not too much to assemble in a
single program skeleton along with the four procedures (which are already checked out and in
machine-readable form). Thus, we have designed and can assemble a program of 90 lines (40 new, 50
reused) to print the natural numbers from 1 to 500.

2.4.4 Exercises
24.1 Expand the syntax tree for UsingCopy given in Section 2.4.1 to a complete derivation
(except for the usual <identifier> abbreviations).

242 Demonstrate the syntactic correctness of the following programs from Section 2.4.1 by giving
a syntax tree annotated with the syntax-rule numbers used to create it. Abbreviate the
<identifier™> derivations.

a) PaulRevere2
b) UsingCopyToo
243 Generate the execution table for UsingCopyToo (Section 2.4.1) with input ABC#.
24.4 Restructure the design of SarahRevere (Section 2.3) using procedures for the design parts:

{Move window, check end of data}
{Check window for land}
{Check window for sea}
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24.5 In Design Part 2.1.1 BumpCounter consists of a single procedure statement, calling
BumpOnes. Explain why it isn’t a good idea to simply replace the former with the latter in Desigy
Part 2.1, and eliminate 2.1.1 (Hint: which name should be dropped if this were done?)

2.4.6 Identify a useful design part of the Sarah Revere problem (Section 2.3), and develop it as §
procedure. 3

2.4.7 If the SarahRevere program of Section 2.3 fails to work correctly, it will be helpful .f
examine what it is doing in detail. Insert a use of the counter subroutines developed in Section 2.4.3;
that prints the position at which the code word began, starting with the beginning as position 1]
What is a reasonable number to print if the result is that Sarah didn’t say? In changing the
program clearly mark the statements that will be removed later, when the program is made to work.}
Comment on whether or not the counter subroutines themselves should be removed at that time. .

2.4.8 Rewrite, using procedures of your choice, from Chapter 1:
a) MaxOfA1ll (Program 23, Section 1.5.3)
b) Copy0Odds (Program 24, Section 1.5.3)
c¢) DoubleChars (Program 25, Section 1.6.1)
d) TwoCharacterWords (Program 26, Section 1.6.2)

249 Design and develop a program like PrintNaturals that instead prints only the even
natural numbers {0, 2, 4, ...}. Use as much of Design Part 3 as you can. 3

2.4.10 Design and develop a program like PrintNaturals that reads two counter values, and}
prints the natural numbers between those limits. 4

2.4.11 Design and develop a reusable program part that reads one digit from the input and uses the
number it represents to control a loop so that its body is performed just that many times.

2.4.12 Use the program part developed in the previous exercise to modify PrintNaturals so that]
it reads one-digit number N, then prints every Nth natural number: {0, N, 2N, 3N, ...}. :

2.5 Chapter Summary

A Pascal program has two quite distinct aspects, its form (syntax) and its meaning (semantics). Inj
solving a problem with a program, perfect syntax is essential. The Pascal compiler will reject any }
program that is ill-formed by even a single character. When a mistake is made in syntax, the ]
greater danger is that the resulting program still happens to be syntactically correct. That is, it is
the wrong program, but the Pascal compiler will not detect the trouble. Fortunately, the rules of j
syntax are as precise as the penalties for violating them are severe, so with care programs can be 3
checked for the proper form. Program form is straightforward compared to program meaning. For }
a given problem, which program captures a solution? It is not enough that the program be well §
formed; it must have the right meaning, so that when executed it solves the problem. Program j
design is an art requiring human intelligence and training, but there are principles to guide the §
process. 3
Most of the syntax of Pascal is described by formal syntax rules, which tell how to construct a 3
syntax tree. Starting with <program> and its rule, the tree is constructed step by step until the
character string hanging from its leaves is the program whose syntax is to be checked. However,
there are restrictions on the use of Pascal standard words, and on the insertion of blanks into the §
program string. More important, there are context restrictions that connect one part of the tree to
another. For example, an <identifier> used in a <procedure statement™> must have appeared in the }
<procedure list> of the <block> in which it is used. The details of CF Pascal syntax are f
summarized in Appendix I. g

Program design can be organized and controlled through the process of stepwise refinement. At
each stage of this process a complete problem or subproblem is solved, but the details of the solution
are not permitted to grow. Instead, when the solution threatens to become too detailed, parts of it
are split off as new subproblems, to be attacked in the next stage. CF Pascal, with comments in
English for the deferred details, is an excellent vehicle for expressing the steps of a design. Once a
design is complete—that is, when all of its comments have been expressed as executable Pascal text,
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rogram can be acgumulated and executed. However, there are advantages to collecting and
testing it in stages. USIng the text from only a few design parts focuses attention on any defects
that may lurk in thg d-e81gn, and makes the task of transcribing into machine-readable form more
manageable. The principles of design and development are summarized in Section 2.3.4.

Procedures are a convenient feature of Pascal to use with stepwise refinement, because they
encapsulate and name blocks of Pascal text. Then when it comes time to turn the, design into a
program, they organize .the text as well. Procedures can be reused so that larger and larger
problems can be solved without repeating the design effort.

the P
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CHAPTER 3 f
BOOLEAN LOGIC AND CONDITIONAL EXECUTION

Chapter Preview

In this chapter you will learn how to use Boolean logic in designing conditional statements in CF
Pascal. The problem of sorting small character strings illustrates a systematic approach to the |
design of conditional statements. Finally, a new CF Pascal facility for using expressions in
Boolean logic is introduced and applied to the sorting problem.

New ideas: sorting a string of characters, finding the minimum character of a string, comparing °
two program designs.

3.1 Sorting with Conditional Execution

Preview

This section demonstrates how to design and analyze a family of sort programs, using status '
comments to maintain intellectual control of deeply nested CF Pascal statements. The analysis
leads to a new family of better sort programs.

New ideas: status comments, designing a family of programs, improving the design for a
problem.

Consider the problem of sorting a character string given in the input file to the output file.
The input characters are to be rearranged into ascending alphabetic order for output. If there are:
duplicate characters in the input, they are to be similarly duplicated in the output. For example:

input string | sorted output string

abc abc
cab abc
character aaccehrrt

The methods to be used for sorting will begin with simple cases and work up to the general problem.

In a discussion of character strings, it is convenient to name them so that the length is part of
the name. Thus a string of length n will be called an “n-string”. For example, cab is a 3-string. In
examples, blank characters will not appear unless they are explicitly shown using O.

3.1.1 The IFSort Programs

The simplest sorting problem might involve 1-strings, but that is no problem at all. Any 1-string is
already sorted.

For 2-strings a strategy immediately suggests itself: read the two characters, compare them, !
and write them out in the proper order. Thus, a 2-string can be sorted with a single IF statement:
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Design Part 1

PROGRAM IFSort2 (INPUT, OUTPUT) ;
{Sort a 2-string from INPUT to OUTPUT}
VAR
Chl, Ch2: CHAR:
BEGIN {IFSort2}
READ (Chl, Ch2);
WRITELN ('INPUT DATA ', Chl, Ch2):
WRITE ('SORTED DATA ')
IF Chl < Ch2
THEN {Sort Chl, Ch2 to OUTPUT,
knowing that Chl < Ch2}
WRITELN (Chl, Ch2)
ELSE {Sort Chl, Ch2 to OUTPUT,
knowing that Chl >= Ch2}
WRITELN (Ch2, Chl)
END. {IFSort2}

Executions

INPUT :ca
OUTPUT : INPUT DATA ca
SORTED DATA ac
INPUT :37
OUTPUT : INPUT DATA 37
SORTED DATA 37

Since Design Part 1 is fully realized in CF Pascal, it could also be called Development Program 1A.
The second line of output is completed by one of two WRITE statements, chosen by the IF
statement. The comments in the THEN and ELSE parts describe simpler problems because of the
known relationship between the values of Chl and Ch2.

The same sorting strategy can be applied to three characters using an IF statement and
variables Chl, Ch2, and Ch3. The development will illustrate the use of comments for intellectual
control of design. This time the task cannot be accomplished so easily in a single step, so the design

begins with the main task expressed as a comment for further refinement. Only reading and echoing
appear as Pascal code at this point:

Design Part 2

PROGRAM IFSort3 (INPUT, OUTPUT) ;
{Sort a 3-string from INPUT to OUTPUT}
VAR
Chl, Ch2, Ch3: CHAR:;
BEGIN {IFSort3}
READ (Chl, Ch2, Ch3):
WRITELN ('INPUT DATA ', Chl, Ch2, Ch3):
WRITE ('SORTED DATA ');
{Sort Chl, Ch2, Ch3 to OUTPUT}
END. {IFSort3}

To accomplish the sorting task at the next refinement step, Chl and Ch2 are compared first. The
choice is an arbitrary one, but it copies IFSort2. The comparisons add knowledge that makes the
task remaining simpler:
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Design Part 2.1

BEGIN {Sort Chl, Ch2, Ch3 to OUTPUT}
IF Chl < Ch2

THEN
{Chl < Ch2: Sort Chl, Ch2, Ch3 to OUTPUT}
ELSE
{Chl >= Ch2: Sort Chl, Ch2, Ch3 to OUTPUT}
END

The comments describing the remaining tasks give the additional information followed by a colon]
and the task to perform. At the THEN part, nothing is known about Ch3, so another IF statement
is needed to place it, say by comparing with Ch2:

Design Part 2.1.1

{Chl < Ch2: Sort Chl, Ch2 to OUTPUT}
IF Ch2 < Ch3
THEN {Chl < Ch2 < Ch3}
WRITELN (Chl, Ch2, Ch3)
ELSE
{Chl < Ch2, Ch2 >= Ch3: Sort Chl, Ch2, Ch3 to OUTPUT}

The new comments are derived by combining the new knowledge from the inner IF condition with -
the knowledge from the comment that begins Design Part 2.1.1. For example, the new IF statement -
guarantees that the value of Ch3 should follow the value of Ch2; but to enter this design part
required that the value of Ch2 followed that of Chl. Hence the comment on the THEN part states
the knowledge:

{Chl < Ch2 < Ch3}

which is enough to complete the task by writing the variables in the right order.

At this point, either the ELSE part from 2.1.1 or the ELSE part from 2.1 can be designed, or
the problem could be put aside without losing control of the design. Everything known about the
task and data is recorded in the comments. In the ELSE part of 2.1.1, Ch2 must be printed last,
but we need a comparison between Chl and Ch3 to determine their order.

Design Part 2.1.1.1

{Chl < Ch2, Ch2 >= Ch3: Sort Chl, Ch2, Ch3 to OUTPUT}

IF Chl < Ch3

THEN {Chl < Ch3 <= Ch2: Sort Chl, Ch2, Ch3 to OUTPUT}
WRITELN (Chl, Ch3, Ch2)

ELSE {Ch3 <= Chl < Ch2: Sort Chl, Ch2, Ch3 to OUTPUT}
WRITELN (Ch3, Chl, Ch2)

" In this design step enough new information was gained to obtain the proper WRITE statements for
all the new cases. Similarly, the ELSE part of 2.1 is:

Design Part 2.1.2

{Chl >= Ch2: Sort Chl, Ch2, Ch3 to OUTPUT}

IF Chl < Ch3

THEN {Ch2 <= Chl < Ch3: Sort Chl, Ch2, Ch3 to OUTPUT}
WRITELN (Ch2, Chl, Ch3)

ELSE
{Ch2 <= Chl, Ch3 <= Chl: Sort Chl, Ch2, Ch3 to OUTPUT}

And the final refinement is:
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Design Part 2.1.2.1

{Ch2 <= Chl, Ch3 <= Chl: Sort Chl, Ch2, Ch3 to OUTPUT}

IF Ch2 < Ch3

THEN {Ch2 < Ch3 <= Chl: Sort Chl, Ch2, Ch3 to OUTPUT}
WRITELN (Ch2, Ch3, Chl)

ELSE {Ch3 <= Ch2 <= Chl: Sort Chl, Ch2, Ch3 to OUTPUT}
WRITELN (Ch3, Ch2, Chl)

[n every case the comments have the form
{what is known: what is to be done}

These design parts together are small enough to assemble into a program in a single step.
Since “what is o be done” is the same in each case, only the “what is known” comments are retained
on the conditions:

Development Program 2A

PROGRAM IFSort3 (INPUT, OUTPUT) ;
{Sort a 3-string from INPUT to OUTPUT}
VAR
Chl, Ch2, Ch3: CHAR:
BEGIN {IFSort3}
READ (Chl, Ch2, Ch3):
WRITELN ('INPUT DATA ', Chl, Ch2, Ch3):;
WRITE ('SORTED DATA '):
BEGIN {Sort Chl, Ch2, Ch3 to OUTPUT}
IF Chl < Ch2
THEN {Chl < Ch2}
IF Ch2 < Ch3
THEN {Chl < Ch2 < Ch3}
WRITELN (Chl, Ch2, Ch3)
ELSE {Chl < Ch2, Ch3 <= Ch2}
IF Chl < Ch3
THEN {Chl < Ch3 <= Ch2}
WRITELN (Chl, Ch3, Ch2)
ELSE {Ch3 <= Chl < Ch2}
WRITELN (Ch3, Chl, Ch2)
ELSE {Ch2 <= Chl}
IF Chl < Ch3
THEN {Ch2 <= Chl < Ch3}
WRITELN (Ch2, Chl, Ch3)
ELSE {Ch2 <= Chl, Ch3 <= Chl}
IF Ch2 < Ch3
THEN {Ch2 < Ch3 <= Chl}
WRITELN (Ch2, Ch3, Chl)
ELSE {Ch3 <= Ch2 <= Chl}
WRITELN (Ch3, Ch2, Chl)
END
END. {IFSort3}

Execution

INPUT :cabaret
OUTPUT: INPUT DATA cab
SORTED DATA abc

Although a 3-string is only half again longer than a 2-string, IFSort3 (32 lines) is
considerably longer than IESort2 (14 lines). A little study shows why. There are 6 WRITE
statements in IFSort3, corresponding to the 3 X 2 X 1 = 6 orderings possible among Chl, Ch2,
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and Ch3. This compares with only 2 WRITE statements in IFSort2, corresponding to the 2 X 1
= 2 orderings possible among Chl and Ch2. The IF statement of IFSort3 is an expansion of the
IF statement of IFSort2, so each of the 2 WRITE statments in IFSort2 is replaced by an IF
statement containing 3 WRITE statements.

Similarly, if a program IFSort4 were written to sort a 4-string, if would have each of the 6
WRITE statements of IFSort3 replaced by a composite IF statement with 4 WRITE statements.
That is, IFSort4 would contain 4 X 3 X 2 X 1 = 24 WRITE statements. An IFSort5 would
contain 5 X 4 X 3 X 2 X 1 =120 WRITE statments, and so on. For a 10-string, 10 X 9 X8 X 7 X 6
X5X4X3X2X1=3,628800 WRITE statements would be required. Evidently the sorting
problem requires rethinking.

Three fundamental lessons emerge from the IFSort family of programs:

1. Design nested IF statements by expanding THEN or ELSE parts at each step, accumulating
knowledge until all the cases are explicit.

2. Critically analyze programs as you write them.
3. Look for a different problem solution when the analysis shows a design to be impractical.
There is also a fundamental problem-solving principle in the IFSort family:

To solve a problem think of a set of problems of increasing difficulty that includes the given
one. Then devise a family of solutions starting with the simplest problem in the set.

The principle of starting on the simplest member in a set of problems makes it easier to think
of the solution, which can be generalized to solve the real problem. If the solution idea is
impractical, analysis is easier when the problem is simple. For example, if you started to solve the -
problem of sorting 10-strings, and decided to use nested IF statements, you might write hundreds of
Pascal statements (with considerable pain and confusion) before abandoning the project. By solving

the problem for 2- and 3-strings the designs stayed under control, and the analysis showed clearly '
that the 10-string problem should not be done this way.

3.1.2 The MinSort Programs

Consider a new strategy for sorting three characters with fewer WRITE statements. Find the |
minimum character among Chl, Ch2, and Ch3, write it out, and make sure that the remaining
values are in Chl and Ch2. This reduces the original problem to a simpler one (that of sorting two
values in Chl and Ch2). If a variable other than Ch3 is written as the minimum, then the value of
Ch3 must be moved to the variable whose value was written.

This preliminary analysis suggests the following design:

Design Part 3

PROGRAM MinSort3 (INPUT, OUTPUT) ;
{Sort 3-string from INPUT to OUTPUT}
VAR Chl, Ch2, Ch3: CHAR:
BEGIN {MinSort3}
READ (Chl, Ch2, Ch3):
WRITELN ('INPUT DATA ', Chl, Ch2, Ch3):
WRITE ('SORTED DATA ');
{Write minimum value to OUTPUT,
remaining values in Chl and Ch2}:
{Sort Chl, Ch2 to OUTPUT}:
WRITELN
END. {MinSort3}
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Design Part 3.1

BEGIN {Write minimum value to OUTPUT,
remaining values in Chl and Ch2}
IF Chl < Ch2
THEN
{Write minimum of Chl, Ch3 to OUTPUT,
move Ch3 to Chl if necessary)}
IF Chl < Ch3
THEN
BEGIN
WRITE (Chl):;
Chl := Ch3
END
ELSE
WRITE (Ch3)
ELSE
{Write minimum of Ch2, Ch3 to OUTPUT,
move Ch3 to Ch2 if necessary}
IF Ch2 < Ch3
THEN
BEGIN
WRITE (Ch2) ;
Ch2 := Ch3
END
ELSE
WRITE (Ch3)
END

(Design Part 3.1, with 25 lines, violates the 5-15 line size rule for a design part, but is of a very
regular structure, and the comments show the situation clearly at every point in the design.) In
Design Part 3.1 the variables to be sorted after the minimum has been found are always Chl and
Ch2, arranged with appropriate assignments after the minimum value is printed. When the nested
IF statement thus falls through it remains only to order these two.

Design Part 3.2

BEGIN {Sort Chl, Ch2 to OUTPUT}
IF Chl < Ch2
THEN
WRITE (Chl, Ch2)
ELSE
WRITE (Ch2, Chl)
END

When assembled into a development program, MinSort3 has 6 WRITE statements, the same
as IFSort3. What would a MinSort4 look like? We need only alter Design Part 3 to include the
additional variable Ch4. A new design part will be required to find the minimum value in Chi,
Ch2, Ch3, Ch4, write it out, and leave the remaining characters in Chl, Ch2, and Ch3. Then
Design Parts 3.1 and 3.1.1 can be reused to complete the sorting. That is, MinSort4 could write a
minimum and reduce the problem to that of MinSort3.

In order to find the minimum value among four variables, an IF statement nested at least three
levels deep will be required because the minimum must precede or equal three other variables. In
fact, three levels are sufficient because the conditions of the IF statements can be organized as shown

in the table below.
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Comparisons to Find a Minimum 313 W
Among Four Variables INE
Condition Minimum ou?
Chl < Ch2 Wwill seve
Chl < Ch3 314 &
Chl < Ch4 Chl THI
Ch4 <= Chl Ch4 :
Ch3 <= Chl
Ch3 < Ch4 Ch3
Ch4 <= Ch3 Ch4
Ch2 <= Chl
Ch2 < Ch3
Ch2 < Ch4 Ch2
Ch4 <= Ch2 Ch4
Ch3 <= Ch2
Ch3 < Ch4 Ch3 .
Ch4 <= Ch3 Ch4 , Includin
) 315 V
The three-level IF statement will need 2 X 2 X 2 = 8 WRITE statements, so the number of WRI WRITE
statements in MinSort4 will be 8 + 4 + 2 = 14, compared to4 X 3 X 2 X 1 =24 for IFSort4. 316 !
The table below compares the number of WRITE statements in the two program families: r;aq.uires
2+4+8+16 + ... +2N1 (MinSortN) a) D¢
2X3X4X5X..XN(IFSortN) b) R
c) H
Number of WRITE Statements st
N IFSortN MinSortN
3 6 6 3.2 Box
4 24 14 W
5 120 30
6 720 62
7 5,040 126 Bool
8 40,320 254 IF st
9 362,880 510
' New
10 3,628,800 1,022 expr
A change in design has lead to much smaller programs. However, even the MinSort programs -
quickly grow ever larger. on the
The MinSort family of programs was discovered using another design strategy: _
To solve one problem in a family, think in terms of solutions to smaller problems in the family. .
The IfSort approach transforms solutions for smaller problems in the family into those for larger
problems; in contrast, MinSort goes in the opposite direction.
In analyzing these simple sort strategies two fundamental principles of program design appear:
1. Thinking harder about a design can lead to a smaller program. execu
2. A good design strategy is to sove a problem by reducing it to a simpler case. ;h?dv
olds
3.1.3 Exercises (afte)]
way
3.1.1 Check the syntax correctness of the main IF statement in IFSort2 by constructing an Thes
abbreviated generation tree. varis

3.1.2 Construct an execution table for Design Part 1 IFSort2 on input XT.
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313 Write a program named MySort2 that sorts a string of two characters in the format:

INPUT :ca
OUTPUT:THE INPUT (c, a) SORTS INTO (a, c)
will geveral design steps be required?
31.4 Consider the following portion that might be part of IFSort4:
THEN {Chl < Ch2 < Ch3: Sort}
IF Ch4 < Ch2
THEN {Chl < Ch2 < Ch3, Ch4 < Ch2: Sort}
IF Ch4 < Chil
THEN {Ch4 < Chl < Ch2 < Ch3}
{Ch4 < Chl < Ch2 < Ch3: Sort Chl, Ch2, Ch3, Ch4}
ELSE {Chl <= Ch4 < Ch2 < Ch3}
{Chl <= Ch4 < Ch2 < Ch3: Sort Chl, Ch2, Ch3, Ch4}
ELSE
{Chl < Ch2 < Ch3, Ch2 <= Ch4: Sort Chl, Ch2, Ch3, Ch4}
Including any needed comments, fully expand the THEN and ELSE parts that remain.

3.1.5 Write the IF statement that prints the minimum of the contents of four variables using eight
WRITE statements, as described in Section 3.1.2.

3.1.6 A file is “almost sorted” if all its characters are in order except for one. That is, sorting
requires only removing one character and inserting it elsewhere in the file.

a) Design and develop a program using IF statements to sort a 3-string that is almost sorted.
b) Repeat a) for a 4-string, but do only the design.

c) How many WRITE statements will be needed for almost sorted 3-strings, 4-strings, ..., 10-
strings?

3.2 Boolean Logic

Preview

Boolean logic provides a formal and systematic method for reasoning about data conditions in
IF statements. The method simplifies analysis of program behavior.

New ideas: truth values, Boolean values, NOT, AND, OR Boolean operators, Boolean
expressions, truth tables, Boolean identities.

The Pascal IF statement and WHILE statement provide for conditional execution, depending
on the outcome of a <condition> during execution. For example, the statement

IF Chl < Ch2
THEN
WRITE (Chl)
ELSE
WRITE (Ch2)
executes the THEN part or the ELSE part, depending on whether or not the value of Chl precedes
the value of Ch2 at that point in execution. Such a comparison has only two possible outcomes—it
holds or it doesn’t hold. Conditions with just two possible outcomes are called Boolean conditions
(after George Boole, 1815-1864, who was one of the first people to study this subject in a systematic
way). The outcomes are called truth values, or Boolean values, with the names TRUE and FALSE.
These are the values taken by a <condition> in an IF or WHILE statement, just as character
variables take character values. For example, immediately after the assignments
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l Chl := 'A‘':

Ch2 'c!
some Boolean values are:

<condition> | Boolean value
Chl < Ch2 TRUE
Chl >= Ch2 FALSE
Chl <= Ch2 TRUE
Chl = 'B' FALSE
Ch2z = 'C' TRUE
'X' = 'Yy’ FALSE

Conditions and Assertions

The IF statement above can be given status comments:

IF Chl < Ch2

THEN {Chl < Ch2}
WRITE (Chl)

ELSE {Chl >= Ch2}
WRITE (Ch2)

The <condition> Chl < Ch2 on the first line may have value TRUE or may have value FALS
depending on the values of Chl and Ch2. However, the THEN status comment {Chl < Ch2} on
the next line can be thought of as an assertion that the value of the <condition> must be TRUE o

entry to the THEN part of the IF statement. The basis for this assertion is an understanding of ho
Pascal IF statements execute. That is, no matter what has happened before, no matter what the:
values of Chl and Ch2 may be, upon entry to the THEN part (and every time the THEN part i
entered) the value of Chl < Ch2 must be TRUE.

3.2.1 Boolean Operators

The Operator NOT

The IF statement above illustrates how to reason about the status of variable values in a progra.m.;-
The THEN-part status comment asserts that the value of Chl < Ch2 is TRUE. The ELSE
comment reflects our knowledge that the >= operator is the opposite of the < operator, and FALSE !
is defined to be the opposite of TRUE. That is, the value of Chl >= Ch2 is TRUE when the value
of Chl < Ch2 is FALSE and vice versa. The Boolean operator NOT reverses a truth value. That .
is:

NOT(TRUE) = FALSE

NOT(FALSE) = TRUE
NOT is a unary (applies to a single operand), prefiz (preceding its operand) operator.

Since

NOT (NOT (FALSE)) = NOT (TRUE) = FALSE

NOT (NOT (TRUE)) = NOT (FALSE) = TRUE

and these are the only possibilities,
NOT (NOT (P)) =P

for any Boolean value P. An identity of this kind expresses a fact for all possible Boolean values P
in a single formula.
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I The Operator AND

Consider a nested IF statement with status comments:

IF Chl < Ch2
THEN {Chl < Ch2}
IF Ch2 < Ch3
THEN {Chl < Ch2 < Ch3}
WRITE (Chl)
ELSE {Chl < Ch2, Ch3 <= Ch2}
IF Chl < Ch3
THEN {Chl < Ch3 <= Ch2}
WRITE (Chl)
ELSE {Ch3 <= Chl < Ch2}
WRITE (Ch3)

The status comment

{Chl < Ch2 < Ch3}
expresses the two assertions that the value of Chl precedes that of Ch2, and the value of Ch2
precedes that of Ch3. The Boolean operator AND captures this intuitive meaning. AND is a binary
(two operands) nfiz (placed between its operands) operator that takes the value TRUE if the values
of both Boolean operands are TRUE; for all other Boolean values of the operands, it takes the value
FALSE. That is:

TRUE AND TRUE = TRUE

TRUE AND FALSE = FALSE

FALSE AND TRUE = FALSE

FALSE AND FALSE = FALSE

Comparison operations can be usefully combined with AND operator. When the same operands
appear in a combined condition, there is often a simpler condition with the same truth value. For

example:
Comparisons combined with Simpler equivalent
AND comparison
Chl <= Ch2 Chl >= Ch2 Chl = Ch2
Chl <= Ch2 Chl < Ch2 Chl < Ch2
Chl < Ch2 Chl > Ch2 FALSE

The simpler comparison is equivalent because AND requires both of the combined comparisons to
hold, precluding possibilities that are contradictory. In the second case, for example, equality cannot
hold in Chl <= Ch2 because Chl < Ch2 forbids it.

The Operator OR

In the preceding nested IF statement, there are two ways that a WRITE (Chl) can be reached. The
value of Chl < Ch2 must be TRUE and one or both of the values of Ch2 < Ch3, Chl < Ch3
must be TRUE. (If both these values are TRUE, it is the first WRITE statement that is reached.)
The Boolean operator OR is a binary infiz operator that captures this intuitive meaning:

TRUE OR TRUE = TRUE
TRUE OR FALSE = TRUE
FALSE OR TRUE = TRUE
FALSE OR FALSE = FALSE

Here are some useful combinations using OR:
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Comparisons combined with Simpler equivalent

OR comparison
Chl < Ch2 Chl > Ch2 Chl <> Ch2
Chl <= Ch2 Chl < Ch2 Chl <= Ch2
Chl <= Ch2 Chl >= Ch2 TRUE

In OR combinations, only one of the combined conditions need hold, so the equivalent is weaker than
either. For example, in the first case, one value is less than the other, but since it could be either
one, all that can be concluded is that they are not the same.

Truth Tables for Boolean Operators

The Boolean operators are defined by their actions on the two Boolean values TRUE and FALSE.
The truth table for a Boolean operator is a summary of this definition, giving in orderly rows all the ;
possible combinations of Boolean values and the outcome of the operation on those values. In truth
tables, TRUE is usually abbreviated T and FALSE abbreviated F.

Truth Tables for Boolean Operators
P| Q| NOTP | PANDQ | POR Q

T|T F T T
T|F F F T
F 1T T F T
FIF T F F

It is a good idea to memorize and use these definitions when dealing with NOT, AND, and OR.
Sometimes it is safe to reason using the intuitive ideas of negation (not), combination (and), and |
alternation (or), but not always. For example, in the “exclusive” meaning of “or”, “one or the other” °

means that one may be true, the other may be true, but they are not both true. As the truth table
shows, this is not the meaning of OR.

3.2.2 Boolean Expressions

Boolean operators and operands can be combined with parentheses into Boolean ezpressions. Any
such expression whose innermost operands are Boolean values can be transformed to a single truth
value using the truth table definitions. For example, using T and F for the truth values,

T OR ((NOT F) AND F) =T.

The result can be obtained one step at a time by repeatedly finding an innermost parenthesized

expression and replacing it with its value from the truth table. In this case, the successive
expressions are:

Ezxpression I Reduction Step I Reason
T OR ((NOTF) ANDF) | (NOTF)=T NOT.3
T OR (T AND F) (TANDF)=F | AND.2
TORF (TORF)=T OR.2

T

so the expression reduces to T. The “Reason” column identifies the table and line used to justify
each step.

102 BOOLEAN LOGIC AND CONDITIONAL EXECUTION




$.2.3 Boolean Identities
equation between two Boolean expressions that holds no matter what Boolean values are

consistently substituted, such as
NOT (NOT P) =P

is called

15.

a Boolean identity.

Fifteen useful Boolean identities are given below:

TRUE AND P = P

TRUE OR P = TRUE

FALSE AND P = FALSE

FALSEOR P =P

NOT (NOT P) =P

P AND (NOT P) = FALSE

P OR (NOT P) = TRUE

PORQ=QORP

PAND Q=QAND P
POR(QORR)=(POR Q)OR R

. P AND (Q AND R) = (P AND Q) AND R)

P OR (Q AND R) = (P OR Q) AND (P OR R)
P AND (Q OR R) = (P AND Q) OR (P AND R)
NOT (P OR Q) = (NOT P) AND (NOT Q)
NOT (P AND Q) = (NOT P) OR (NOT Q)

Proofs of Boolean identities can be organized as tables in which all the combinations of operand
Boolean values are systematically listed, and each part of the identity is evaluated from the basic
truth tables, then combined to find the value of the left and right sides. If those values are the same

for all cases, the identity is established. Here are proofs of some identities:

1. TRUEAND P=P

P | Left |

Right

T|T T
F F F

Qo

. P

RQ=QORP
| Left | Right

H:!EJHHE
T O
A

T

T
T
F
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r 12 17 Ot (Q AND I¢) = (P OR Q) AND (P’ OR Q)

'@ It|QANDE PORQ PORR Left  Right
o T T T T T
o B T T T T
T KT K T T T T
N N ) T T T T
FooToT T T T T T
F F F F T F F F
F F T F F T F F
F F F F F F F F

Identities 8 and 9 are called commutativity identities. They can be used to reverse terms an
get new identities, for example from Identity 4: :

P OR FALSE = P.

Identities 10 and 11 are called associativity identities. They permit expressions to be written without
parentheses, since the results are identical whether operations are associated to the left or to the
right. Identities 12 and 13 are called distributivity identities. They can usefully be reversed, using?
the commutativity identities, to get (for example from 13):

(P OR Q) AND R = (P AND R) OR (Q AND R)

Identities 14 and 15, called de Morgan’s laws, are the least obvious.
These identities are useful tools that should be understood and available for reference and use
in program design and analysis. Their use can be illustrated by simplifying the expression

P OR ((NOT P) AND Q).
In this case,
P OR ((NOT P) AND Q)
= (P OR (NOT P)) AND (P OR Q) by Identity 12
= TRUE AND (P OR Q) by Identity 9
= P OR @ by Identity 1

a much simpler expression.

3.2.4 Exercises

3.2.1 Calculate the value of each expression, giving each reduction and its reason in tabular form:
a) T OR (F AND (T AND (NOT F)))
b) (T AND (NOT F)) AND (F OR F)
¢) NOT ((T AND (T OR T)))
d) F AND (T OR (F OR (NOT T)))
e) (F OR (NOT T)) OR (T OR T)
3.2.2 Determine the validity of the following Boolean identities by using truth tables.
a) PAND (P OR Q) =P AND @
b) NOT (P AND (@ AND R)) = NOT ((P AND R) AND Q)
¢) NOT (P OR @) = (NOT P) AND (NOT (Q OR P))
d) POR (Q AND R) =(R AND Q)OR P
e) P OR (NOT (@ OR R)) = P AND (@ AND R)
3.2.3 Prove each of the following from Section 3.2.3:
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a) identity 4

b) identity 7

c) identity 10

d) identity 14

e) identity 15
324 There are additional Boolean operators in common use. For example, IMPLIES is defined by
the truth table

P| @ | PIMPLIES @
T[T T
T|F F
F|T T
FIF T

Write a Boolean expression A such that
8 = P IMPLIES Q
using only AND, OR, NOT, P, @ in 8.

32.5 Using the definition of IMPLIES from the previous exercise, define the Boolean operator
EQUIV as

P EQUIV Q = (P IMPLIES Q) AND (Q IMPLIES P)

Find a Boolean expression equivalent to P EQUIV @ using only AND, OR, NOT, P, Q. (Hint: work
out a truth table for EQUIV first.)

3.3 Boolean Conditions in CF Pascal

Preview

Boolean expressions can be included in CF Pascal IF statements and WHILE statements to
reduce the complexity of many programs. In illustration, MinSort is revised, using Boolean
conditions in place of nested IF statements where possible.

New ideas: Pascal Boolean expressions

NOT, AND, OR are standard words in CF Pascal, and Boolean expressions made with them can
be used in the <condition> of an IF or WHILE statement. That is, Syntax Rule 23 of Chapter 2 is
altered to the following:

SR23. <condition> ::= <expression> <comparison> <expression>
INOT ( <condition> )
| ( <condition> ) AND ( <condition> )
| ( <condition> ) OR ( <condition> )
The rule shows that any <condition> used with a Boolean operator must be surrounded by

parentheses.
The meanings of Pascal <condition>s are the counterparts of the formal Boolean expressions

introduced in Section 3.2.2. For example, the value of
NOT (Chl < Ch2)

is FALSE if and only if the value of Chl < Ch2 is TRUE, and vice versa. That is, if B is any
Pascal Boolean expression, the value of
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NOT( B )

and the value of B itself are opposites—one is NOT the other. The CF Pascal <comparison
operators also come in opposite pairs. For example, the value of

Chl = Ch2
and that of
Chl <> Ch2

are opposites. Hence applying the Pascal NOT operator to either of these expressions will yield t
same Boolean value as the other. For example, the expressions

NOT (Chl = Ch2)
and

Chl <> Ch2

will always have the same Boolean value, and hence one expression can be used in place of the other
Examples of the interchangeable combinations are:

Expressions with the Same Value

NOT (Chl < Ch2) | Chl >= Ch2
NOT (Chl > Ch2) | Chl <= Ch2
NOT (Chl = Ch2) | Chl <> Ch2

The AND operator also combines with the <comparison>s to yield some useful equivalents:

Expressions with the Same Value

(Chl <= Ch2) AND (Chl >= Ch2) Chl = Ch2
(Chl <= Ch2) AND (Chl < Ch2)|Chl < Ch2
(Chl <> Ch2) AND (Chl > Ch2)|Chl > Ch2

One combination,
(Chl < Ch2) AND (Chl > Ch2)

is usually only written by mistake, because it always takes the value FALSE. It is equivalent to
many other expressions, for example 'A' = 'B', but those would probably not be written either.

The OR operator has the following useful equivalents:
Expressions with the Same Value

(Chl < Ch2) OR (Chl > Ch2)| Chl <> Ch2
(Chl <= Ch2) OR (Chl < Ch2) Chl <= Ch2

The expression
(Chl = Ch2) OR (Chl <> Ch2)

is probably only written by mistake, since it always takes the value TRUE, as for example does 'O’
<> '1°'.

Boolean identities and facts can be used to create equivalent Pascal <condition>s. For
example, de Morgan’s law

NOT(P OR Q) = (NOT P) AND (NOT Q)

along with the combination properties of <comparison>s means that IF statements beginning

IF NOT((Chl = Ch2) OR (Ch3 < Ch4))
and

IF (Chl <> Ch2) AND (Ch3 >= Ch4)

will have identical actions; most people find the second one easier to understand.
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Boolean expressions are very useful in programming. For example,
WHILE (Ch = ' ') OR (Ch = '0')

READ (Ch)
will flush to the first nonblank, nonzero character.
IF (Ch >= '0') AND (Ch <= '9")
THEN
WRITE (Ch)

will write only digits.

3.3.1 The MinSort Programs Again

Boolean expressions allow the MinSort programs to be improved, creating a new family
MinSortB. Design Part 3.1 can be replaced by the following:

Design Part 3.1°

BEGIN {Write minimum value of Chl, Ch2, Ch3
to OUTPUT, other values in Chl, Ch2}
IF (Chl < Ch2) AND (Chl < Ch3)
THEN
{Write minimum value of Chl, Ch3 to OUTPUT,
moving Ch3 to Chl if necessary}

BEGIN
WRITE (Chl) ;
Chl := Ch3
END
ELSE

{Write minimum value of Ch2, Ch3 to OUTPUT,
moving Ch3 to Ch2 if necessary}
IF Ch2 < Ch3
THEN
BEGIN
WRITE (Ch2) ;
Ch2 := Ch3
END
ELSE
WRITE (Ch3)
END

Design Part 3.1° (say it is for one of a new family called MinSort3B) contains 3 WRITE
statements instead of 4, so using it, MinSort3B needs only 3 + 2 =5 WRITE statements. Looking
on to MinSort4B, the table below shows an organization of Boolean expressions in which a
minimum can be found among Chl, Ch2, Ch3, and Ch4 and written using only four WRITE
statements.

Comparisons to Find a Minimum Among Four Variables

Expression Minimum
(Chl < Ch2) AND (Chl < Ch3) AND (Chl < Ch4) Chl
(Ch2 < Ch3) AND (Ch2 < Ch4) Ch2
Ch3 < Ch4 Ch3
{else} Ch4

Therefore, the number of WRITE statements in MinSort4B need only be 4 + 3 +2 =9. In
general, the number of WRITE statements for sorting an n-string is
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n+(n-1)+..+3+2
The comparison with IFSort and MinSort is:

Number of WRITE Statements

N | IFSortN | MinSortN | MinSortNB
3 6 6 5
4 24 14 9
5 120 30 14 -l
6 720 62 20 .'
7 5,040 126 27 a3
8 40,320 254 35 k
9 362,880 510 44 ‘
10 3,628,800 1,022 54

The table tells a dramatic tale. The first reduction results from a better idea on how to sort. The |

second reduction results from a more powerful language facility in CF Pascal. However, to sort a .
1000-string using MinSort1000B will still require 500,499 WRITE staterments.

3.3.2 Exercises

3.3.1 Give a syntax tree for the <IF statement>
IF (Chl = 'A') AND ((Ch2 <> Chl) OR (Chl < 'H'))
THEN
Chl := 'Q'

abbreviating all but the structure of the Boolean expression.
3.3.2 Show that

NOT (Chl <> Chl) AND (Chl = Chl)

is not a <condition>. Give two other <condition>>s that the person who wrote this might have
meant, and abbreviated generation trees for them.

3.3.3 The syntax rule that requires parentheses in Pascal Boolean expressions has been said to be
good because it forces programmers to make their meaning clear in an area where people have
difficulty understanding. Give a counterargument based on the string

IF Chl = 'A' OR Chl = 'B' OR Chl = 'C’
THEN
Chl := ' '

and facts about Boolean expressions not in Pascal.

3.34 When X1 and X2 have character values, do the two program fragments
IF X1 = 'A'
THEN
IF X2 = 'B'
THEN
S

and

IF (X1 = 'A') AND (X2 = 'B')
THEN
S

have exactly the same effect, where S is a statement?

3.3.5 When X1 and X2 have character values, do the program fragments
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IF X1 = 'A' OR X1 = 'B'
THEN
S
have the same effect, where S'is a statement? (Hint: it matters what S does.)

3.3.6 In the SarahRevere program of Section 2.3.3, one might imagine combining the entire test
for 1land or sea into one <condition>:
IF (W1 = '1') AND (W2 = 'a’' OR W2 = 's') AND
(W3 = 'n' OR W3 = 'e') AND (W4 = 'd' OR W4 = 'a')
THEN {either 'land' or 'sea' has been found} |,

Criticize the syntax and the semantics of this idea.

3.3.7 The Boolean identities of Section 3.2.3 can be written in a Pascal-like syntax. For example,
pumber 10 would be

POR (Q ORR) = (P OR Q) OR R

a) Using the syntax for CF Pascal Boolean expressions, and a suitable definition for <Boolean
variable> that allows any uppercase letter between P and Z, write complete syntax equations
for Boolean identities.

b) The syntax of a) will permit things like
PORQ =P AND Q

that are not Boolean identities. Give a context rule that along with a) allows only the forms that
actually are identities.

3.4 Chapter Summary

Sorting using nested IF statements illustrates the problem-solving principle of generalizing a given
problem to a set of problems, and working up from its simplest member. Nested IF statements can
be difficult to keep under intellectual control. The status comment, a device to record the
relationship between variable values at each point in the computation, makes designs
straightforward even for deep nesting.

Status comments are an example of the use of Boolean logic to reason about the actions of
programs. Whenever complex situations involving negations, combinations, alternatives arise, the
Boolean operators NOT, AND, OR make formal analysis possible. Boolean expressions can always
be understood by constructing truth tables, but many facts about Boolean conditions can be best
expressed in Boolean identities, and properties of the <comparison> operators.

Pascal has NOT, AND, OR operators corresponding to those of Boolean logic, which can be
used to simplify IF statements and WHILE statements. When seeking an appropriate Pascal
Boolean expression, it is often helpful to use facts from formal Boolean logic.

3.4 Chapter Summary 109




CHAPTER 4
TEXT FILES AND ITERATIVE EXECUTION

Chapter Preview

In this chapter you will learn how to use a new Pascal facility, the TEXT file. Thus far, the
only variables available to hold working data are character variables. With TEXT files, working
data can be temporarily stored without regard for its volume. Reading and writing TEXT files
allows the sorting of strings of arbitrary length.

4.1 TEXT Files

Preview

A new Pascal data type, the TEXT file, is introduced to hold working data during program
execution. TEXT files can hold any number of characters in a sequence, for examination ore
character at a time.

New ideas: TEXT file data type, using files to store working data, REWRITE, RESET.

4.1.1 File Operations

INPUT and OUTPUT are standard identifiers naming files that can be read and written; these files §
are sequences of characters. Pascal also has variables whose values are sequences of characters— |
TEXT files. (The TEXT—FILE OF CHAR—file is the other data type in Character and File Pascal.) §
TEXT files may be created, written, and read back repeatedly, and TEXT file variables can contain i
multiple characters, as CHAR variables cannot. Files are declared in the VAR section using the 1
standard Pascal word TEXT instead of CHAR. For example: ‘
VAR
Ch: CHAR;
Chars: TEXT;
Once declared, a file must be prepared for writing with a REWRITE statement, in this case:
REWRITE (Chars)

Or a file can be prepared for reading (after some data have been written to it) by a RESET
statement, in this case:

RESET (Chars)

If a REWRITE statement has been executed for a file and there are no intervening RESET
statements, the file is open for writing and WRITE statements may refer to it, here for example:
WRITE (Chars, Ch, '#'):
WRITELN (Chars, Ch, Ch)

If a RESET statement has been executed for a file with no intervening REWRITE statements, then
the file is open for reading and READ statements may refer to it, as in:

READ (Chars, Ch)

Reading and writing programmer-declared files are similar in every respect to reading from
INPUT and writing to OUTPUT. The value of a file that is opened for reading or writing can be
thought of as a character string and a cursor. The REWRITE statement sets the cursor at the first -
place of a string of no characters, just as OUTPUT is set by the program header. The RESET
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sta.temept preserves the data of the file and moves the cursor to the first character (if any), just as
INPUT is set by the program header.

OUTPUT is always open for writing, and OUTPUT may be the file name in a WRITE statement,
so that, for example,

WRITE (Ch)

and
WRITE (OUTPUT, Ch)

have the same effect. Similarly, INPUT is always open for reading, and
READ (INPUT, Ch)

may be used.

4.1.2 File Syntax and Semantics

To incorporate file operations into the syntax and context rules of CF Pascal requires changes in
Syntax Rules 7, 12, and 13, and an additional Rule 29:

SR7. <declarations> ::= VAR <identifier list> : <type>
| <declarations> ; <identifier list> : <type>

SR12. <READ statement> ::=READ ( <identifier list> )
| RESET ( <identifier> )

SR13. <WRITE statement> ::= WRITE ( <write list> )
| WRITELN ( <write list> )
| WRITELN
| REWRITE ( <identifier> )

SR29. <type> ::= CHAR | TEXT
The corresponding context rule is:

CRS6. A TEXT identifier is an <identifier> declared to be of <type> TEXT. If a TEXT
identifier appears in a <READ statement> or a <WRITE statement>>, it must be the
first <identifier>. A TEXT identifier, other than INPUT or OUTPUT, that appearsin a
READ statement or WRITE statement must appear in <declarations>. Only TEXT
identifiers other than INPUT or OUTPUT may appear in RESET or REWRITE
statements.

Variables declared as TEXT must be properly prepared before READ and WRITE statements
are applied to them. The first operation must be a REWRITE statement, which makes the file ready
for writing. Until the REWRITE statement, the file has an unknown value, just as an uninitialized
CHAR variable does before assignment. A file may have REWRITE statements applied to it
repeatedly, each time beginning it with an empty string. The last write operation applied to a file
should be a WRITELN statement; then the file is ready for a RESET statement, which makes it
ready for reading. The characters previously written following REWRITE may then be read in order
following RESET. No file may be read beyond what has been written into it; to do so will cause the
program to abort in execution. However, the line marker that the final WRITELN attaches to a file
will be read as a blank; then on the nert READ statement the program will abort. A file may be
RESET many times.

4.1.3 Copying Files

A typical file operation copies one file to another. Program CopyTwice copies INPUT to OUTPUT
through an intermediate working file Chars. The first step is to copy INPUT to Chars; the
second step is to copy Chars to OUTPUT.
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Design Part 1

PROGRAM CopyTwice (INPUT, OUTPUT) ;
{Copy characters preceding # from INPUT to OUTPUT.
The program will abort if INPUT contains no #.}
VAR
Ch: CHAR: 5
Chars: TEXT; {Working file}
BEGIN {CopyTwice}
{Copy INPUT to Chars}:;
{Copy Chars to OUTPUT}

END. {CopyTwice}
Design Part 1.1

BEGIN {Copy INPUT to Chars}
REWRITE (Chars); {Prepare Chars for writing}
READ (INPUT, Ch):
WHILE Ch <> '#'
DO
BEGIN {Copy a single char to Chars}
WRITE (Chars, Ch):
READ (INPUT, Ch)
END;
WRITELN (Chars, '#') {Close out Chars with an end marker}
END;

Design Part 1.2
BEGIN {Copy Chars to OUTPUT}
RESET (Chars): {Prepare Chars for reading}

READ (Chars, Ch):
WHILE Ch <> '#'

DO
BEGIN
WRITE (OUTPUT, Ch):
READ (Chars, Ch)
END;
WRITELN (OUTPUT)
END

Without the # end marker that Design Part 1.1 puts on the intermediate file, Design Part 1.2 would
not be able to stop its iteration. (And since # was the input end marker, it is known to be safe to
use.)

These design parts are small enough to assemble into a program at one step.

Development Program 1A

PROGRAM CopyTwice (INPUT, OUTPUT) ;
{Copy characters preceding # from INPUT to OUTPUT.
The program will abort if INPUT contains no #.}
VAR
Ch: CHAR;
Chars: TEXT:; {Working file}
BEGIN {CopyTwice}
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BEGIN {Copy INPUT to Chars}
REWRITE (Chars) ; {Prepare Chars for writing}
READ (INPUT, Ch):
WHILE Ch <> '#'

DO
BEGIN
WRITE (Chars, Ch):
READ (INPUT, Ch)
END;
WRITELN (Chars, '#') {Close out Chars with an end marker}
END;

BEGIN {Copy Chars to OUTPUT}
RESET (Chars): {Prepare Chars for reading}
READ (Chars, Ch):;

WHILE Ch <> '4'
DO
BEGIN
WRITE (OUTPUT, Ch):
READ (Chars, Ch)
END;
WRITELN (OUTPUT)
END
END. {CopyTwice}

Executions

INPUT :ABCD#
OUTPUT : ABCD

INPUT :1#ABCD
OUTPUT: 1

INPUT :Four score and seven years ago#
OUTPUT: Four score and seven years ago

The comment describing the behavior of CopyTwice

{Copy characters preceding # from INPUT to OUTPUT.
The program will abort if INPUT contains no #.}

says nothing about the file Chars. The comment for the entire program should describe only the
behavior that can be observed from outside, because it is intended for someone who wishes to use the
program rather than understand how it works. Later comments apply to the internal details. This
generalizes to a principle for comments:

Use variable names in comments only after those names have been declared.

Observing this rule will automatically keep information about how a program works out of comments
intended only to say what it does.

The partial execution table below shows the contents of the files during execution.
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Partial Execution Table for Development Program 1A

After Execution of Condition | INPUT | OUTPUT | Chars | Ch
REWRITE (Chars) AB# _ - ?
READ (INPUT, Ch) AB# - - A
WHILE Ch<>'#' TRUE AB# - - A
BEGIN AB# - - A
WRITE (Chars, Ch) AB# - A_ A
READ (INPUT, Ch) AB# - A_ B
END AB# - A_ B
WHILE Ch<>'#' TRUE AB# - A_ B
BEGIN AB# - A_ B
WRITE (Chars, Ch) AB# - AB_ B
READ (INPUT, Ch) AB#_ - AB_ #
END AB#_ - AB_ #
WHILE Ch<>'#' FALSE AB#_ - AB_ #
WRITELN (Chars, '#') AB#_ - AB#/_ | #
RESET (Chars) AB#_ _ AB#/ #
READ(Chars,Ch) AB#_ | _ AB#/ A
WHILE Ch<>'# TRUE AB#_ - AB#/ A
BEGIN AB#_ _ AB#/ A
WRITE(OUTPUT,Ch) AB¥_ | A_ AB#/ A
READ(Chars,Ch) AB#_ A_ AB¢E/ B
END AB#_ A_ ABg/ B
WHILE Ch<>'#’ TRUE AB#_ A_ ABg/ B
'BEGIN AB#_ A_ AB#/ B
WRITE(OUTPUT,Ch) AB#_ | AB_ AB#/ B
READ(Chars,Ch) AB#_ AB_ AB#/ #
END AB#_ AB_ AB#/ #
WHILE Ch<>’#’ FALSE AB#_ AB_ AB#/ #
WRITELN AB#_ AB/_ AB#/ #
END. AB# AB '

4.1.4 Splitting Files

Consider the problem of splitting INPUT into its odd-numbered and even-numbered members and |
then printing the odd-numbered members followed by the even-numbered members. A switch can
keep track of the odd- and even-numbered members, which can then be copied to files 0Odds and
Evens, respectively. Then these two files can be copied in order to OUTPUT. Program Split

carries out this strategy.
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Design Part 2
PROGRAM Split (INPUT, OUTPUT) ;

{Copy INPUT to OUTPUT, characters in odd-numbered
positions first, followed by those in
even-numbered positions. Copying stops at
the first #, which must be present.}

VAR
Ch, Next: CHAR;
Odds, Evens: TEXT;
BEGIN {Split}

{Split INPUT between Odds and Evens};

{Copy Odds to OUTPUT};

{Copy Evens to OUTPUT}:

WRITELN

END. {Split}
Next is the flip-flop that records the disposition of the next character read:
Design Part 2.1 ;

BEGIN {Split INPUT between Odds and Evens}
REWRITE (Odds) ; {Prepare files for writing}
REWRITE (Evens) ;

Next := 'O'; {The first character is odd}
READ (INPUT, Ch):
WHILE Ch <> '#'
DO
{Write Ch to file chosen by Next, flip Next, read Ch}:
WRITELN (Odds, '#'):; {Prepare files for RESET}
WRITELN (Evens, '#')
END

Design Part 2.1.1.
BEGIN {Write Ch to file chosen by Next, flip Next, read Ch}:

IF Next = 'O’
THEN
BEGIN
WRITE (Odds, Ch);
Next := 'E'
END
ELSE {Next = 'E'}
BEGIN
WRITE (Evens, Ch):
Next := 'O'
END:;
READ (INPUT, Ch)
END

The Design Parts:
Design Part 2.2
{Copy Odds to OUTPUT}
Design Part 2.3
{Copy Evens to OUTPUT}

are just the same as Design Part 1.2, but with Odds, Evens, respectively, in place of the file
Chars.
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4.1.5 Exercises

4.1.1 Give a syntax tree that demonstrates the syntactic correctness of CopyTwice, using
abbreviations to emphasize the READ and WRITE statement structure.

412 Find out exactly what happens on your Pascal machine when each of the following is ba
attempted with a TEXT file variable: wl

a) WRITE without REWRITE.

b) RESET without previous WRITELN.
¢) READ without RESET. co
d) READ too many characters.

4.1.3 Suppose INPUT contains exactly two # characters, and call the character string preceding :
the first S, and that between them T, so the input form is

S#T #

(and perhaps another string follows this). Design a program to print first the string T and then the
string S on separate lines. Check your program with an execution table for a very short INPUT.

) i
414 When an intermediate file is used, it is often necessary to examine its contents, should

something go wrong. Design a program part that will print the contents of TEXT file BadFile,
which is to start and end in the RESET state. Do something clever to indicate where blank °
characters are in the file.

4.1.5 Design a program called Join to print alternate characters from two files (each terminated
with #). Be careful to consider the cases that both files are of the same length, and that one file is
longer than the other, in which case the leftover items should all be printed at the end.

4.1.6 Assemble Design Parts 2 through 2.3 into a Development Program and test it. How many
development steps are appropriate? '

4.1.7 Design a program that decides if a given file’s length is exactly divisible by 3.

4.1.8 Design a program to create a file whose length is the difference between lengths of two given
files, develop and test it.

4.1.9 Write a design part to multiply two file lengths, i.e., generate a file F3 whose length is the
product of the lengths of files F1 and F2.

4.1.10 Write a design part to divide two file lengths, i.e., generate a file F3 whose length is the
integer quotient of the lengths of files F1 and F2, and another F4 whose length is the remainder.

4.2 Sorting with Iterative Execution

Preview

The power of iteration can simplify the sorting problem for character strings.
New ideas: check for sortedness, sorting by selection, bubble sort.

4.2.1 Program SelectSort

Sorting a string of characters with IF statements as in Chapter 3 requires programs that grow with
the length of the string to be sorted, with more variables to hold larger strings. A single program to
sort a string of any length will now be designed. The string will be held in a TEXT file, using only
one variable no matter how long the string may be. The MinSort idea—to find and write
successively the minimum of the string, the minimum of the remainder of the string, and so on, until
the entire string has been written out, will work if a string can be copied from one file to another
while recognizing and holding out the minimum. Then the file just created (with the minimum
removed) could be used again to remove the next minimum, and this could be repeated until the
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riginal string was copied in sorted form to the output file.

tire O . . .
o At first glance it may seem impossible to copy one file to another and hold out the minimum.

trial minimum can be found as the characters pass by, but how can the final minimum value be

held out when it is unknown until all have pas§ed? The strategy is to put the old trial minimum
pack, to write each old trial minimum to the copied file as it is replaced by a new minimum. The file
will be copied out of its orlglpal ordgr by this process, because a value will be held, then put back out
of its original place. But in sorting it doesn’t matter how the file is scrambled so long as no
characters are lost, and the minimum held out.

How many files will be needed for repeatedly copying and selecting a minimum? If INPUT is
copied to 2 working file, say F1, with the minimum character held out in Min, then Min can be
printed, and F1 treated as INPUT was. But a new working file, say F2, would be needed to hold
the next copy, and then another F3, and so on, as many files as there are passes over the original
data. Since one character is removed from the data at each pass, the number of files needed will be
the same as the length of the input. The resulting program could only sort strings of length N if it
has N file variables, and would not realize the goal of a sort program for all strings.

If a sequence of files were created as suggested, only the last two would be used: once the data
had been copied out of (say) ES to F6, FS (and the others down to F1 and INPUT as well) will
never be needed again. This suggests that the intermediate files be reused, in the following scheme:

{Copy INPUT to F1}
WHILE {Fl1 contains data}
DO
BEGIN
{Print minimum character from F1};
{Copy other characters of F1 to F2};
{Copy F2 to F1}
END

Since F1 will have one less character each iteration (the one printed and not copied), this process
will eventually terminate with INPUT printed in sorted order.
Here is the design based on these ideas:

Design Part 3

PROGRAM SelectSort (INPUT, OUTPUT) ;

{Sort the characters preceding the first #
from INPUT to OUTPUT. The program aborts
if INPUT contains no #.}

VAR

Ch, Min: CHAR:;
Fi1, F2: TEXT;
BEGIN {SelectSort}
{Copy INPUT to F1 and echo to OUTPUT};
{Sort F1 to OUTPUT using SelectSort strategy}
END. {SelectSort}
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Design Part 3.1

BEGIN {Copy INPUT to Fl1l and echo to OUTPUT}
REWRITE (F1) ;
WRITE (OUTPUT, 'INPUT DATA:'):
READ (INPUT, Ch):
WHILE Ch <> '#'
DO
BEGIN
WRITE (F1, Ch):;
WRITE (OUTPUT, Ch):
READ (INPUT, Ch)
END;
WRITELN (OUTPUT) ;
WRITELN(F1, '#')
END

Design Part 3.2

BEGIN {Sort F1 to OUTPUT using SelectSort strategy}
WRITE (OUTPUT, 'SORTED DATA:');
RESET (F1) ;
READ(F1, Ch):;
WHILE Ch <> '#'
DO {Ch <> '#' and Ch is the first character of F1}
BEGIN
{Select the minimum character of F1l for Min,
and copy the rest of F1 to EF2};
WRITE (OUTPUT, Min):
{Copy F2 to F1};
RESET (F1) :
READ (F1, Ch)
END:;
WRITELN (OUTPUT)
END

The DO part status comment (assertion)
{Ch <> '#' and Ch is the first character of F1}

in Design Part 3.2 will be needed in Design Part 3.2.1, which implements the first task in the DO 1
part BEGIN statement. The first part of the assertion is TRUE because Ch <> '#' is the }
condition for getting into the DO part. The second part of the assertion is TRUE because this point
can only be reached from above the WHILE statement, or on its successive iterations; in either case
the last two statements executed are

RESET (F1) ;
READ (F1, Ch)

so Ch must be the first character of F1. Without this analysis, the initial assignment to Min in
3.2.1 would be suspect. '
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Design Part 3.2.1

BEGIN {Select the minimum character of Fl for Min,
and copy the rest of F1 to F2}
REWRITE (E2) ;
Min := Ch;
READ (F1, Ch):
WHILE Ch <> '#'

DO
BEGIN
{Select minimum(Ch, Min) for Min,
copy the other character to F2};
READ(F1, Ch)
END;
WRITELN(F2, '#')
END

Design Part 3.2.2

BEGIN {Copy F2 to F1}
RESET (F2):
REWRITE (F1) ;
READ(F2, Ch):;
WHILE Ch <> '#§'
DO
BEGIN
WRITE (F1, Ch):
READ (F2, Ch)
END;
WRITELN (F1, '#')
END
Design Part 3.2.1.1
BEGIN {Select minimum (Ch, Min) for Min,
copy the other character to F2}

IF Ch < Min
THEN {Ch is minimum(Ch, Min)}

BEGIN
WRITE (F2, Min);
Min := Ch

END

ELSE {Min is minimum(Ch, Min)}
WRITE (F2, Ch)
END

In order to gain confidence in Design Part 3.2, we give four partial execution tables for its
behavior (omitting its initial annotating WRITE statement). These tables treat the cases in which
F1 has no characters other than #; in which F1 has a single character; and, F1 has two characters,
reversed or in order. In each case, Min is assigned the minimum of the first two characters of F1,
and the other character is written to F2. -
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Execution Table for Design Part 3.2, No Characters

After Statement OUTPUT | F1 | F2 | ch | Min
_ £/ | ? ? ?
RESET (F1) t/
READ (F1, Ch) 2/ #
WHILE Ch<>'#'
WRITELN (OUTPUT) | /_

Execution Table for Design Part 3.2, One Character

After Statement OUTPUT F1l F2 Ch | Min
- A/ | ? ? ?
RESET (F1) a#/
READ (F1, Ch) Ag/ A
WHILE Ch<>'#'
BEGIN

BEGIN {3.2.1}
REWRITE (F2)

Min := Ch A

READ (F1, Ch) A#/ #

WHILE Ch<>#
WRITELN (E2, '#') #/_

END {3.2.1}
WRITE (OUTPUT, Min) | A_
BEGIN {3.2.2}
RESET (F 2) t/
REWRITE (F1)

READ (F2, Ch) #/ #
WHILE Ch<>'#'
WRITELN (F1, "#') #/_

END {3.2.2}
RESET (F1) &/
READ (F1, Ch) £/ #
END '
WHILE Ch<>'#'
WRITELN (OUTPUT) Afl_

The table illustrates sorting a single-character file by converting a row of values

After Statement | outpur | F1 | F2 | on | min

RESET (F1) | _ lag/ 12 | 2 1 2
to the final row
After Statement | outPuT | F1 | F2 | cn | Min
WRITELN (OUTPUT) | A/_ e/ e/ ] # 1 a

Studying the table, it is apparent the single character in F1 is appended to OUTPUT and assigned
to Min, regardless of the initial values of F2, Ch, and Min.
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Execution Table for Design Part 3.2, Two Characters Reversed

After Statement OUTPUT F1 F2 | Ch | Min
- ca#/_ | ? ? ?
RESET (F1) CA#/
READ (F1, Ch) ca+/ C
WHILE Ch<>'#$'

BEGIN

BEGIN {3.2.1}
REWRITE (F2)
Min := Ch C
READ (F1, Ch) CA#/ A

WHILE Ch<>'#"'

BEGIN
BEGIN {3.2.1.1}
IF Ch < Min

THEN
BEGIN ,
WRITE (E2,Min) ‘ Cc_
Min := Ch A
END
END {3.2.1.1}
READ (F1, Ch) CA#/ #
END
WHILE Ch<>'#'
WRITELN (E2, '#"') c#/_
END {3.2.1}
WRITE (OUTPUT, Min) A_
{Copy F2 to F1} c#/_ #
* RESET (F1) c#/

The details of Design Part 3.2.2 have been omitted in this table. When execution reaches the final
row marked by an asterisk, the minimum value from F1 is appended to OUTPUT and the remaining
problem has been reduced to sorting a single-character file as in the previous table. Because values
of F2, Ch, and Min are immaterial—the single character in F1 (this time C) is appended to
OUTPUT and assigned to Min. Therefore, the the two-character table should continue and end with
the row:

After Statement | OUTPUT | F1 | F2 | on | Min
WRITELN(ouTPuT) | ac/. | #/ 1 #/1 # 1 ¢

This is exactly the result obtained by completing the two-character table:
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After Statement OUTPUT | F1 F2 Ch | Min
* RESET (F1) A_ c#/ | c_ # A
READ (F1, Ch) ct/ (o]
END
WHILE Ch<>'#'
BEGIN

BEGIN {3.2.1}
REWRITE (F2)

Min := Ch Cc

READ (F1, Ch) c#/ #

WHILE Ch<>'#'
WRITELN (F2, '#"') #/_

END {3.2.1}
WRITE (OUTPUT,Min) | AC_
{Copy F2 to F1} #/_ #
RESET (F1) &/
READ (F1, Ch) 2/ | #

END

WHILE Ch<>'#'
WRITELN (OUTPUT) Ac/_

arises in the following table.

Execution Table for Design Part 3.2, Two Characters in Order

After Statement OUTPUT F1l E2 Ch | Min
- Ace/ | ? ? ?
RESET (F1) aAc#/
READ (F1,Ch) AC#/ A
WHILE Ch<>'#'
BEGIN
BEGIN {3.2.1}
REWRITE (F2) -
Min := Ch A
READ (F1,Ch) Act/ c
WHILE Ch<>'#'
BEGIN
BEGIN {3.2.1.1}
IF Ch<Min
ELSE
WRITE (F2,Ch) c_
END {3.2.1.1}
READ (F1, Ch) AcC#/ #
END
WHILE Ch<>'#'
WRITELN(E2, '#') c#/_
END {3.2.1}
WRITE (OUTPUT, Min) A_
{Copy F2 to F1} C#/_
RESET (F1) A_ c#/ c#/_ | # A
{Sort one-character file} | AC/_ #/ #/ # c
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The cases shown in the five execution tables above allow the behavior of the design to be
d for cases that F1 contains more than two characters. The minimum character of F1 is

inferre . A . X

gigned to Min, and !;he remamdgr (not necessarily in order) is copied to F2. If there are multiple
occurrences of the minimum value in F1, only the first one is assigned to Min. All other characters
(including the remaining minimum values) are written to F2.

To support the analysis, SelectSort can be assembled for testing. Perhaps the design is not
too long to assemble and test all at once, but combining parts 3, 3.1, 3.2, 3.2.1 seems a better idea.
Part 3.2.2 is replaced by a statement that writes the single character # to F1 so that only one

jteration occurs.
Development Program 3A

PROGRAM SelectSort (INPUT, OUTPUT) ;

{Sort the characters preceding the first #
from INPUT to OUTPUT. The program aborts
if INPUT contains no #.}

VAR

Ch, Min: CHAR:
F1, F2: TEXT:
BEGIN {SelectSort}
BEGIN {Copy INPUT to F1 and echo to OUTPUT}
REWRITE (F1) ;
WRITE (OUTPUT, 'INPUT DATA:'):
READ (INPUT, Ch):
WHILE Ch <> '#'
DO
BEGIN
WRITE (F1, Ch):;
WRITE (OUTPUT, Ch):
READ (INPUT, Ch)
END;
WRITELN (OUTPUT) ;
WRITELN (F1, '#')
END:;
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BEGIN {Sort Fl1 to OUTPUT using SelectSort strategy}
WRITE (OUTPUT, °'SORTED DATA:'):
RESET (F1) ;
READ(F1, Ch):
WHILE Ch <> '#'
DO {Ch <> '#' and Ch is the first character of Fl}
BEGIN
BEGIN {Select the minimum character of Fl1 for Min,
and copy the rest of F1 to F2}
REWRITE (F2) :
Min := Ch;
READ(F1, Ch):
WHILE Ch <> '#'

DO
BEGIN
{Select minimum(Ch, Min) for Min,
copy the other character to F2};
READ (F1, Ch)
END:
WRITELN(E2, '#')
END:

WRITE (OUTPUT, Min):
{For testing write an empty Fl...}
REWRITE (F1) {Test statement}:
WRITELN(El1, '#') {Test statement}:
{...in place of}
{Copy EF2 to F1}:
RESET (F1) ;
READ (F1, Ch)
END;
WRITELN (OUTPUT)
END
END. {SelectSort}

Execution

INPUT :XBZA#
OUTPUT: INPUT DATA:XBZA#
SORTED DATA:X

The test comes out as expected: the first character of the input is selected and treated as if it were
the only one in the file.

When the complete program is assembled, it remains to test the minimum-finding and file-
copying portions. If there is trouble in the former, it should be apparent in the (supposedly) sorted
output. But since the intermediate files disappear, trouble in the latter would be hidden. Therefore
it is wise to insert test statements to make the intermediate files visible:

Development Program 3B

PROGRAM SelectSort (INPUT, OUTPUT) ;

{Sort the characters preceding the first #
from INPUT to OUTPUT. The program aborts
if INPUT contains no #.}

VAR

Ch, Min: CHAR;
Fl1, F2: TEXT;
BEGIN {SelectSort}
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BEGIN {Copy INPUT to F1 and echo to OUTPUT}
REWRITE (F1) ;
WRITE (OUTPUT, 'INPUT DATA:'):
READ (INPUT, Ch):
WHILE Ch <> '#'
DO
BEGIN
WRITE (F1, Ch);
WRITE (OUTPUT, Ch):
READ (INPUT, Ch)
END;
WRITELN (OUTPUT) ;
WRITELN (F1, '#°')
END:
BEGIN {Sort Fl1 to OUTPUT using SelectSort strategy}
WRITE (OUTPUT, 'SORTED DATA:'):
RESET(F1) ;
READ (F1, Ch):
WHILE Ch <> '#'
DO {Ch <> '4#' and Ch is the first character of F1}
BEGIN
BEGIN {Select the minimum character of Fl1 for Min,
and copy the rest of F1 to F2}
REWRITE (F2) :
Min := Ch;
READ (F1, Ch):
WHILE Ch <> '#'
DO
BEGIN
BEGIN {Select minimum(Ch, Min) for Min,
copy the other character to F2}
IF Ch < Min
THEN {Ch is minimum(Ch, Min)}
BEGIN
WRITE (F2, Min):
Min := Ch
END
ELSE {Min is minimum(Ch, Min)}
WRITE (F2, Ch)
END;
READ (F1, Ch)
END;
WRITELN(E2, '#')
END;
WRITE (OUTPUT, Min):;
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BEGIN {Copy F2 to F1}
RESET (F2) ;
WRITE (' (Min) ') {Test of copying}:
REWRITE (F1) ;
READ (E2, Ch):
WHILE Ch <> '#'
DO
BEGIN
WRITE (Ch) {Test of copying}:
WRITE (F1, Ch):
READ (EF2, Ch)
END;
WRITELN ('#(F1) ') {Test of copying}:;
WRITELN (F1, '#°')
END;
RESET (F1):
READ (F1, Ch)
END; i
WRITELN (OUTPUT)
END
END. {SelectSort}

Execution

INPUT :CEDAR#
OUTPUT : INPUT DATA:CEDAR#
SORTED DATA:A(Min) EDCR#(F1)
C(Min) EDR#(F1)
D(Min) ER#(F1)
E(Min) R#(F1)
R(Min) #(F1)

This test shows that the minimum-finding and copying is working as expected. For example, the
output line beginning SORTED DATA shows that the minimum character found in CEDAR is A, and
the trial minimum C that held through D and E was tossed back in place of the original A. ,

The final SelectSort program can now be obtained by deleting the test WRITE statements
from Development Program 3B. Wherever possible, testing statements that will be later removed
should be inserted so as not to disturb the semicolon or BEGIN statement structure of the program.
Then they can be deleted mechanically.

4.2.2 Structural Testing

Testing programs to gain confidence that development and design are proceeding as planned takes
considerable thought. It is difficult to know which parts of a design to combine for testing, what
special information to print for the test, and above all, how to select test data that will ’expose
mistakes that might have been made. There can be no guarantee that testing will find every
difficulty with a program. Everyone who works with programs comes to understand Edsger
Dijkstra’s statement that tests can only detect the presence of errors, not their absence. However
the strong point of testing is its more or less mechanical nature, so it is important to havé
systematic ways to select test data.

Structural testing selects test data based on the program structure. The simplest method is to
choose test cases that guarantee that each statement in the program will be executed at least once.
The argument for structural testing is a negative one: if statements have not been tried, then
arbitrary errors could be lurking there, to crop up later. The converse is not true: wh’en all
statements have been tried, errors can still be lurking there, which the tests did not happen to excite
For all its deficiencies, structural testing is an organized approach to finding test data. If the
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rogrammer has ideas about what might be faulty in a design or development, and can be reassured
by testing, those tests are the most useful. When ideas are lacking, it would be foolish not to fall
pack on structural testing.

For example, consider the test of Development Program 3A with the input XBZA. It is evident
that each statement was executed; the only parts that could be missed are those inside WHILE
statements, should the entry condition prove initially FALSE. The test execution of Program 3B
with input CEDAR# is a little more difficult to analyze. All WHILE statements enter their DO
parts, but within Design Part 3.2.1.1 does the IF statement try both its THEN and ELSE parts? In
either case a character is written to F2, so this cannot be used to learn which way the condition
came out. The THEN part is executed when the trial minimum is replaced, and this happens on the
first pass for CEDAR#, since C is replaced by A in the fourth iteration of 3.2.1.1. On the other
hand, the ELSE part is executed when the trial minimum is still the real minimum, and this happens
on the second iteration, where C is less than E. Thus CEDAR# is an adequate structural test. The
analysis also shows that XHB# would not be an adequate structural test; the ELSE part would not
be covered.

4.2.3 Analysis of SelectSort

In contrast with the families IFSort and MinSort, whose progtams grow larger with the size of
the string to be sorted, SelectSort will sort a string of any size. That is, SelectSort, no
larger than IFSort4 or MinSort6B, will sort strings of hundreds or thousands of characters.
However, the execution time for SelectSort will depend on the length of the input string. The
number of steps required can be precisely determined. First, focus on the WHILE statements, which
appear in Design Parts 3.1, 3.2, 3.2.1, 3.2.2. Suppressing the other details of the program, the
WHILE statements in SelectSort can be numbered:

WHILE Statement Tasks in SelectSort

WHILE number Structure and Task
BEGIN
1 V.VI:I].ZLE {Copy INPUT to F1}
2 V;VI:IiLE {Repeat so long as Fl isn't empty}
BEGIN
3 “V.JHILE {Copy all but Min from F1 to F2}
4 \;VI:IiLE {Copy F2 to F1}
ENI‘). '
ENI'D' .

Suppose there are n input data characters. Then WHILE statement 1 will need n iterations.
WHILE statement 2 will likewise need n iterations because F1 is being shortened by one character
in each iteration. The number of iterations of WHILE Statements 3 and 4 depends on the iteration
number of WHILE Statement 2. In 2’s first iteration, WHILE Statement 3 will need n iterations and
WHILE Statement 4 will need n-1 iterations; in the second iteration, WHILE Statement 3 will need
n-1 iterations, WHILE Statement 4 n-2 iterations, and so on. Thus, the number of iterations will be

as follows:
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WHILE statement | Iterations Executed

1 n

2 n

3 n+(n-1)+ ... +1

4 (n-1)+(n-2) +...+1+0

Next, consider the READ/WRITE statements required in each iteration:

WHILE Statement | READ/WRITEs Executed

1 2
2 1
3 2
4 2

Therefore, the number of READ/WRITE statements N executed by SelectSort will be
N=2n+n+2n+(n-1) +... +1) +2((n-1) + (n-2) + ... +0)
=5n + 4((n-1) + ... + 1)
= 5n + 4n(n-1)/2
=5n + 2n2- 2n
= 2n2 + 3n.

Number of READ/WRITE Statements N for input length n

n N 2n2

5 65 50

10 230 200
20 860 800
100 20,300 20,000
1000 2,003,000 2,000,000

It is clear that the 2n2 term controls the value of N as n gets large. We say that N is on the
order of 2n? for large n. In particular, if each READ/WRITE statement takes the same amount of
time, it will take about 100 times as long to sort a 1000-string as it will to do a 100-string; and it
will take 10,000 times as long to sort a 1000-string as it will to do a 10-string. If a 10-string can be
sorted in a second, the 1000-string will take 10,000 seconds—almost three hours!

Reversing by Selection

SelectSort needs only a small modification to become a string-reversing program, which could be
called SelectReverse. The only modification required is to replace Design Part 3.2.1 {which
selects the minimum value from F1) by a part with the comment:
{Select the last value in F1,
copying the remainder to F2}

It would also probably be appropriate to change the variable holding this value from Min to (say)
Last.

Sorting and Reversing Faster

Either SelectSort or SelectReverse can be speeded up by a factor of two by using the files
F1l and F2 symmetrically: that is, by selecting a character out of F1 while copying the remainder

to F2, then selecting a character out of F2 and copying to F1, back and forth. An even/odd
switch will be required to keep track of which way the copy is being made.
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In fact, SelectSort can be speeded up by another arbitrary factor. Internal CHAR
variables can be used to hold out not one, but several successive minima on each copying pass. For
example, with five variables Minl, Min2, Min3, Min4, Min5, the five smallest values can be
retained and printed on each pass. This will reduce the number of READ/WRITE statements by a
factor of 5.

Using both these tricks, say with 10 variables and copying back and forth, would reduce the
execution time of SelectSort by a factor of 20; from about three hours to ten minutes, for
example.

4.2.4 Exercises

4.2.1 Give the contents of OUTPUT and of file F1 on each pass of SelectSort with input:
a) CLOSET#
b) DCBA#

42.2 Design, assemble, and test a program SelectReverse as suggested at the end of Section
4.23.

423 Make up structural test cases for Design Part 2.1.1 of Split (Section 4.1.4), and show why
all statements will be executed.

4.24 Devise a structural test for IESort3 (Development Program 2A, Section 3.1.1).

425 In SelectSort, consider a modification more complex than the one that created
SelectReverse. In the first pass, select the first character of the file, in the second pass, the
second character of the (modified) file, the third character in the third pass, and so on. If the proper
numbered character isn’t available (because the modified file is too short), select the last character.

a) What should be the output of such a program on input 123456789 ? Describe the effect this
algorithm should have on a general input string.

b) Could a program developed from this algorithm pass the test in (a) and yet be wrong?
¢) Could such a program pass a structural test and yet be wrong?
d) How might you prove that the algorithm has the general effect you claim in (a)?

4.2.6 Structural testing is not a cure-all for program bugs: a test can be structurally complete and
yet show very little about a program. Demonstrate this by writing a program (with no IF or WHILE
statements, but it is essential to use READ and WRITE statements) such that (A) any test input
constitutes a complete structural test; but (B) the program is wrong for every input with a single
exception. State what would happen if the single good input were used in a test, then that test
pronounced sufficient because it is structurally complete. It is an essential part of this exercise to
say what your program is supposed to do. Explain why this is crucial.

4.2.7 Design and develop a program that uses three variables Minl, Min2, and Min3 to hold
successive smallest characters on each pass of a faster SelectSort, as suggested at the end of
Section 4.2.3.

428 What execution cost (if any) is associated with using more than one variable to hold
successive minimum values, as suggested at the end of Section 4.2.3 to cut the number of READ and
WRITE statements? For the computer you are using, find out (from documentation or by
experiment) how many variable comparisons can be done in the time required for a READ/WRITE.
What does this imply about the limits of the several-variable technique for speeding up sorting by
selection?

429 “Shufled” data result when two sorted files of the same length are merged so that the
characters of one file occupy the even positions while those of the other file occupy the odd positions.
Design a sorting routine that takes as input a shuffled file and produces as output a sorted file.
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4.3 TEXT File Markers

Pascal TEXT files are organized into lines, and a means is provided to detect the line boundaries and .
the end of files. It is the presence of line markers that accounts for the peculiar behavior of READ }
statements: one extra blank appears to be at the end of each input line. By using the conventional-
marker # for the end of a file, and putting all data on a single line, it is possible to ignore the real |
structure of Pascal files. The payment is a loss of power; if the input does not contain #, or has
internal line marks, programs could not properly handle it.

4.3.1 End of Line Markers

In execution tables the effect of WRITELN statements on files has been shown with the symbol / to
indicate a line break. This symbol is not printed or read from files; it is only a visible way of :
marking the line boundaries in our tables. We avoided confusion with the actual character / by
avoiding statements like
WRITELN('/')

which would create a line containing the literal character / followed immediately by a line marker. ;
Of course, the actual Pascal machine does not use / for the line marker, but some strange symbol
that cannot be confused with any character. This mark is placed into files each time a WRITELN
statement is executed. But what happens if an attempt should be made to read the mark itself? ;
Consider the following:
REWRITE (F1) ;
WRITE (F1, '#');
WRITELN (F1) ;
RESET (F1) ;
READ (F1, Chl) ;
READ (F1,Ch2)

Chl will have the literal character value #, and Ch2 will have the value of the blank character, the
printable replacement for the line marker.

If line boundaries are to be controlled by a program, it is necessary to detect them. It will not
do to test for the blank that is read instead of the marker, for a line might contain internal blanks.
Pascal provides a standard word EOLN that can be used as a <condition>, to test for an upcoming
line marker. When the INPUT cursor is positioned on a marker, so the next READ statement would
deliver the substitute blank character, then EOLN has the value TRUE; when the cursor is before
this point, so the next READ statement would deliver a character from the input, EOLN has value
FALSE. When a TEXT file, say F1, is being read, EOLN (F1) can be similarly used to decide if the
cursor is on a line marker.

For example, suppose file F1 contains one line, consisting of the single character A (followed of
course by the line marker). Here is an execution table showing how EOLN behaves:

After statement | F1 | EOLN(F1) | cn1 | cn2

RESET (F1) a/ FALSE ? ?
READ (F1,Chl) | A/ TRUE A ?
READ (F1,Ch2) | A/_ ? A m]

where O is an explicit way of showing the blank character. The question mark for EOLN value after
the final line mark has been read means that the value of the <condition> is not defined when no
more input remains. Most Pascal machines return something in this case, but there is no agreed-
upon value, so EOLN should not be used after the input is completely exhausted.
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4.3.2 End of File

Pascal also provides a standard Boolean <condition> EOF, whose value tells whether any data
remain to be read in a file. EOF has value TRUE if the INPUT cursor is beyond the last data item
(and hence beyond the line marker at the end of the last line); otherwise the value is FALSE. For file
F1, the <condition> is EOF (E1). For example, if INPUT contains one line, data A, here is the
situation:

After statement | ch | NPUT | EOF

? a/ FALSE
READ (Ch) A A/ FALSE
READ (Ch) o Af_ TRUE

A word of caution is needed about how various Pascal machines treat input lines ending with
blank characters. Many machines remove trailing blanks and insert a line character after the last
nonblank character. Others change the number of trailing blanks to adjust the line to some internal
storage boundary. In the latter case, blanks may appear or disappear from the actual lines.

The syntax for <condition> now becomes:

SR23. <condition> ::= <expression> <comparison>> <expression>
I NOT ( <condition> ) .
| ( <condition> ) AND ( <condition> )
| ( <comdition> ) OR ( <condition> )
VEOF | EOF ( <identifier> ) | EOLN | EOLN ( <identifier> )

CR6. A TEXT identifier is an <identifier> declared to be of <type> TEXT. If a TEXT
identifier appears in a <READ statement> or a <WRITE statement>, it must be the
first <identifier™>. A TEXT identifier, other than INPUT or OUTPUT, that appears in a
READ statement or WRITE statement must appear in a <declarations>. Only TEXT
identifiers other than INPUT and OUTPUT may appear in RESET or REWRITE

statements; only TEXT identifiers that have appeared in a RESET statement may appear
in EOF or EOLN <condition>s.

4.3.3 Copying Lines

When INPUT contains a sequence of lines, the Pascal READLN statement may be used to move
across the line boundary. The effect of a READLN statement is to skip over all characters through
the next line marker, if any, and leave the cursor on the first character of the following line. If there
are no line markers left in INPUT, a READLN statement will abort. READLN(F1 ... ) will act
on file F1.

READLN (Chl, Ch2, Ch3)
has the effect of the sequence:

READ (Chl) ; READ (Ch2): READ(Ch3);
READLN

Adding the READLN statement gives:
SR12. <READ statement> ::=READ ( <identifier list> )
| READLN ( <identifier list> ) |RESET ( <identifier> )

The value of EOLN and EOF <condition>s, and the actions of READ and READLN
statements, are defined only for situations in which tests are made and acted upon before th.e
corresponding boundaries pass. Therefore it is essential to use these in the proper pattern, which is
given exactly in the program:
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PROGRAM CopyLines (INPUT, OUTPUT) ;
{Copy INPUT to OUTPUT, preserving the line structure.}
VAR

Ch: CHAR:
BEGIN {CopyLines}
WHILE NOT EOF
DO
BEGIN {copy one line}
WHILE NOT EOLN

DO
BEGIN {copy one char}
READ (Ch) ;
WRITE (Ch)
END;
READLN;
WRITELN
END
END. {CopyLines}
Execution
INPUT :A
B
OUTPUT:A
B

The outer WHILE statement protects the inner one from a no-data condition using EOF. The inner
WHILE protects its DO part’s READ statement from the line marker using EOLN. After the inner
WHILE is finished with a line, the marker is passed with READLN, and created in the copy with
WRITELN. The following execution table shows the details, now showing the line markers in INPUT:

After statement Ch INPUT EOF EOLN OUTPUT
? A/B/ FALSE | FALSE | _

WHILE NOT EOF
WHILE NOT EOLN
READ (Ch) A | A/B/ FALSE | TRUE
WRITE (Ch) A_
WHILE NOT EOLN
READLN A/B/ FALSE | FALSE
WRITELN Afl_

WHILE NOT EOF
WHILE NOT EOLN
READ (Ch) B | A/B/ FALSE | TRUE
WRITE (Ch) A/B_
WHILE NOT EOLN
READLN A/B/_ TRUE ?
WRITELN A/B/_
WHILE NOT EOF

The pattern of READ and WRITE statements is different, and more natural in a program that
follows the line structure of a file. With the end marker #, the pattern is

132  TEXT FILES AND ITERATIVE EXECUTION




READ (E1, Ch);
WHILE Ch <> '#'
DO
BEGIN
WRITE (E2, Ch);
READ (F1, Ch)
END

put with the test for end of line, it is:

WHILE NOT EOLN (F1)
DO
BEGIN
READ (F1, Ch);
WRITE (E2, Ch)
END

This second pattern more nearly represents the copying operation—read from E1 then write to F2.

4.3.4 BubbleSort

SelectSort sorts files of arbitrary length n but executes on the order of 2n?2 READ/WRITE
statements to do so. Is a faster sort possible? The IFSort and MinSort program families sort
files of a fixed length by reading each character once and printing it once. That is, for a fixed n, they
take just 2n READ/WRITE statements. Since 2n2 is larger than 2n for all n > 1, it may be possible
to do better that SelectSort. A new sorting algorithm will also provide practice in using the
pattern of file operations using EOLN. :

An attempt to discover a faster sort might begin by noticing that SelectSort would still
require on the order of 2n2 READ/WRITE statements if the input were already sorted, since it would
pass over the data in exactly the same way. This observation suggests an initial pass over the data
to check if they happen to be sorted. Suppose that the data are all on a single line of file F1.

BEGIN {Check F1 for sortedness}
Sorted := 'Y';
RESET (F1) ;
IF NOT EOLN (F1)
THEN
BEGIN
READ (F1, Chl);
WHILE NOT EOLN (F1)
DO
BEGIN
READ (F1, Ch2);
IF Ch2 < Chil
THEN
Sorted := 'N';
Chl := Ch2
END
END
END :
Imagine executing this fragment on a file that is not sorted. At the first place where
characters appear out of order, the statement assigning Sorted to N will be reached. Instead of
only flagging it, why not put things right on the spot? FE1 could be copied to F2 so long as the
order is correct, but when Ch2 should precede Chl, they could be written out reversed. By
repeatedly passing over a file, interchanging characters out of order, the file would eventually be
sorted. This idea is the basis for an algorithm called “bubble sort,” so called because the smaller
values seem to bubble up toward the beginning of the file during sorting.
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Design Part 4

PROGRAM BubbleSort (INPUT, OUTPUT) ;
{Sort the first line of INPUT to OUTPUT.}
VAR
Sorted, Ch, Chl, Ch2: CHAR;
Fl1, F2: TEXT;
BEGIN {BubbleSort}
{Copy INPUT to F1}:

Sorted := 'N';
WHILE Sorted = 'N'
DO

BEGIN

{copy F1 to F2, checking for sorted and
reversing adjacent characters out of order};
{copy F2 to F1}
END;
{Copy F1 to OUTPUT}
END. {BubbleSort}

Design Part 4.1

BEGIN {copy F1 to F2, checking for sorted and reversing
the first adjacent characters out of order}
Sorted := 'Y';
RESET (F1) :
REWRITE (F2) ;
IF NOT EOLN(F1)
THEN
BEGIN
READ(F1, Chl):
WHILE NOT EOLN (F1)
DO {At least two characters remain for Chl, Ch2}
BEGIN
READ(F1, Ch2):
{Write minimum(Chl, Ch2) to F2,
record sorted status}
END;
WRITELN (E2, Chl) {Write last character to F2}
END
END

Design Part 4.1.1

{Write minimum(Chl, Ch2) to F2,
record sorted status}
IF Chl <= Ch2
THEN
BEGIN
WRITE (E2, Chl);
Chl := Ch2
END
ELSE
BEGIN
WRITE (F2, Ch2):
Sorted := 'N'
END
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Design Part 4.2

BEGIN {Copy INPUT to F1}
REWRITE (F1) ;
WHILE NOT EOLN
DO
BEGIN
READ (Ch) ;
WRITE (E1, Ch);
END;
WRITELN (F1)
END

The remaining tasks:
Design Part 4.3
{Copy F1 to OUTPUT}
Design Part 4.4
{Copy F2 to F1}

are similar to Design Part 4.2.

The BubbleSort design has an element of mystery to it: two characters are interchanged
deep within the program, and the result is that a file is sorted. Will it really work? Of course, the
program can be assembled and tested, but the best tests are unreliable for finding subtle design
flaws. Perhaps the program works for all but some peculiar pattern of data (say the whole file
sorted but the first and last characters interchanged), and that pattern might not be tested. An
argument carried out at the design level is the best assurance that a complicated idea works. Think
about an input file of length n, and the minimum data item m in the file. Unless it is first, m must
move up one place on each pass and thereby move up to the first place in n passes at most.
Similarly, the minimum-but-one item will move up (or down, relative to m) to its place in n passes at
most; likewise for the others. Therefore, the file will be sorted in at most n2 passes. (This argument
can be improved to show that at worst n passes are needed. See the Exercises.) Once the list is
sorted, Sorted is set to Y and never altered in Design Part 4.1.1. '

Is BubbleSort faster than SelectSort? With the improved argument above, the worst
case for BubbleSort on a file of length n is n passes and n iterations of the inner WHILE
statement for each pass, or a total of n? iterations. In the best case, when the input data are
already sorted, a total of n iterations is required. Between these extremes, a precise analysis is more
difficult. But the number of passes required is at least the maximum distance any character in the
input is from its final destination. For a file with characters randomly placed, this maximum
distance will probably be a large fraction of n. Therefore, BubbleSort can be expected to require
a large fraction of n? iterations—probably more than SelectSort would require. So
BubbleSort can be faster than SelectSort (when the file is close to sorted), but usually it is
not.

4.3.5 Exercises

4.3.1 Find out exactly what happens on your Pascal machine for the following:
a) Reading past the line marker with READ
b) Testing EOLN after the last line marker has passed
c) Reading after EOF takes the value TRUE
Be careful of using WHILE statements in these tests, because endless executions are easy to excite.

4.3.2 Write a program that reads multiple lines from INPUT and transfers them to OUTPUT as a
single line, with the literal character / marking the line-break positions.

4.3.3 Suppose that a Pascal machine alters the number of characters on actual input lines by
adding or removing blanks and the end. Explain why a program designed to copy input lines, like
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the one in Section 4.3.3, will not be disturbed. Find out if your Pascal machine does adjust lines in
this way.

4.3.4 Assemble and test BubbleSort from Section 4.3.4.

4.3.5 Give the contents of file F1 on each pass of BubbleSort with the input data:
a) CLOSET
b) DCBA

4.3.6 Add a design part to SelectSort (Section 4.2.1) that tests at each stage to see if the file is
already sorted and if so, avoids further processing. How does this design affect the worst-case
behavior? The best-case behavior?

4.3.7 The sorts in this chapter are in ascending order. A descending-order sort is the opposite—the
largest character in the file is to appear first, and so on down to the smallest character. Make the
design changes to turn

a) SelectSort (Section 4.2.1) into a descending sort
b) BubbleSort into a descending sort
4.3.8 In Design Part 4.1 of BubbleSort, the status comment on the DO part is:
{At least two characters remain for Chl, Ch2}
Using appropriate Boolean analysis, give an argument that shows this comment to be accurate.

4.3.9 Improve the analysis of Section 4.3.4 to show that BubbleSort makes no more than n
passes over a file of length n.

4.3.10 Rewrite BubbleSort to handle input files with multiple lines, where
a) Each line is to be sorted separately and printed as a line
b) The whole file is to be sorted together, and printed on a single line.
Do these changes require going back to the design, or are they merely development changes?

4.3.11 Rewrite SelectSort so that no # end marker is needed on the input file. Assume that the
input is all on one line.

4.4 Chapter Summary

CF (Character and File) Pascal variables may have values that are single characters or files of
characters, by declaring them to be <type> CHAR or TEXT, respectively. A TEXT variable
provides intermediate storage that is potentially unlimited. However, a rigid discipline is required
for manipulating TEXT files. They must initially be prepared for writing with a REWRITE
statement, closed out with a WRITELN statement, prepared for reading with a RESET statement.
The characters retrieved from a file during reading are in exactly the same serial order they were
written.

SelectSort is a true general-purpose sorting design because it can sort a file of unlimited
size, using TEXT files for intermediate passes. However, the restricted program families like
MinSort presented in Chapter 3 are faster: they sort a file of length n using on the order of n
operations, while SelectSort requires on the order of 2n2 operations. A different idea for sorting
leads to BubbleSort, but its speed is disappointing, sometimes faster than SelectSort, but
probably not faster on typical data. The execution speed of SelectSort can be improved, but its
fundamental behavior remains on the order of n2? operations.

Good program testing requires knowledge of the potential weaknesses in design and
development. The best tests are those a programmer uses to try dubious cases, to reassure himself
that design ideas work, and that transcription errors have not been made. But it takes familiarity
with a design (and a lack of wishful thinking) to devise such ideal tests. When the situation is less
than ideal, some systematic form of test selection is helpful, and has at least a chance of catching

mistakes. The structural testing method requires that test cases be found to force the execution of
every program statement.
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V

Pascal TEXT files can be organized in lines, and file boundaries processed using EOLN to detect
line breaks, READLN statements to pass over them, and WRITELN statements to create them. The
end of data in a file may be detected using EOF. The pattern of file reads is simpler when these

patural boundary markers are used than when an artificial end marker like # is used.
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PART II: PROGRAM CALCULUS OF CF PASCAL

The Next Step

Part I described how to write programs to solve elementary problems using a simple programming j
language, CF Pascal. Part II goes one level deeper by describing how to solve programming problems
using mathematical concepts that underlie all programs. Our goal continues to be learning to j
program in a better way than by trial and error, using a discipline comparable to touch typing. i
Part I developed the language tools while Part II develops techniques for systematic program design. 3

The small CF Pascal language was appropriate for Part I because it allowed us to concentrate
on the programming and not on the programming language. CF Pascal continues to be appropriate |
in Part II because it will allow a complete understanding of programs as mathematical objects more }
complicated than merely character strings. The ideas developed will scale up to programs of any .3
size, in the same way that learning to do long division with three place numbers makes it possible to
do any division problem, say with 30-place numbers.

This understanding of programs as mathematical objects is organized into a program calculus,
a treatment of the semantics of programs rather than their syntax.

What is a Program Calculus?

The introductory calculus course in mathematics is based on the concept of a smooth, real-valued
function. The “calculus” involved means calculation, of two related functions, the derivative and the
integral of a suitable given function. These calculations are of critical value to the physical sciences
and engineering—indeed, there would be no physical science as we know 1t today without the real-
variable calculus. The derivative function can be interpreted as a rate of change, with profound
a,pplica.tions to the description of motion; the integral corresponds to the area under a function’s
graph, again with far-reaching a.ppllca.tlon It is nothing short of astonishing that the operatlons of
calculating derivative and integral functions turn out to be inverses.

The program calculus also has functions as its fundamental objects, but discrete functions,
defined not on the real numbers, but on characters and other mathematical objects constructed from
characters. The functions are meanings for programs. Because any CF Pascal program instructs the
Pascal machine to transform input data to output data, the effect of such a program, as a
transformation, is a function carrying characters (from INPUT) to characters (in OUTPUT).

There are two main problems in the program calculus. First, given a program as a syntactic
object, find its meaning function. Second, given a meaning function, find a program with that
meaning. The second problem leads to systematic techniques for program design, while the first
problem leads to systematic techniques for verifying program correctness.

This ability to derive meaning functions from programs in the program calculus is of great
value in computer science and engineering. First, it permits a mathematical treatment of program
correctness, namely whether a program specifies correct behavior of the computer for every possible
input. Debugging incorrect programs is the principal cause of low productivity in the computer
industry today. Putting up with incorrect programs is the principal frustration users have with
computers today. But the ability to derive functions from programs in a systematic way is even
more important. It makes possible a step by step design discipline for writing programs that are
correct to begin with, and so do not require debugging. This systematic discipline of design is the
principle objective of Part II.

The Mathematical Basis for the Program Calculus

The mathematical basis for the real-variable calculus is the algebra of numbers, and the numerically

based coordinate systems of analytic geometry. The functions of the calculus can be pictured
geometrically, as curves in Euclidian space.

138  PART ll: PROGRAM CALCULUS OF CF PASCAL




The mathematical basis for the program calculus is the finite mathematics of discrete
structures based on character data. It is mathematics especially suitable for computers and
rogramming. Cha.l:ac_ter d.a,tz% are much .rlcher in hu{na.n meaning than numbers, and there are no
simple pictures to aid in thinking about discrete functions. For example, how do you draw a picture
of a sonnet of Shakespeare?
The mathematical basis for the program calculus is just five discrete mathematical structures
of character data, namely:

e strings—such as the string of characters in a sentence

e lists—such as the list of words in a sentence (in the order they appear),

e sets—such as the set of words in a sentence (with order and duplication ignored),
o relations—such as the set of pairs of consecutive words in a sentence,

o functions—such as the set of pairs of consecutive words in a sentence in which no word appears
twice.

These five structures have the important property that they can be treated at many levels of
formality, ranging from pure mathematics to informal English description. Some sets are more easily
and precisely described in English than in mathematics, but are sets, no less because of the mode of
their description. Many programming problems are better stated in English than mathematics, and
we need to be able to treat questions of program correctness and design independent of the mode of
description.

The treatment of programs as mathematical objects unifies and simplifies questions of program
correctness and design. Computer programs are new to the human experience, but already stand
among the most complex logical artifacts mankind has produced. In dealing with complexity,
mankind has no other tool equal to mathematics. But just as mathematics has been shaped in the
last five hundred years by the needs of the physical sciences, we can be sure that new demands of
computer science with have a major impact on mathematics in the next hundred years.

Programs as Mathematical Objects

It is fundamental in computer science to understand programs as mathematical objects that can be
reasoned about with mathematical rigor. Mathematically, a program is more than its representation
in a programming language such as CF Pascal. The same situations arises with numbers. The
number thirteen is a mathematical object which has the property of being thirteen independent of
how it might be represented in spoken or written form. For example, the word “thirteen”, the digit
string 13, or the Roman numeral XIII all represent the number thirteen, but are themselves simply
character strings. The difference between thirteen, the number, and “thirteen”, the word, is that the
number satisfies certain mathematical properties that the word does not, and these properties are
independent of the name (the word) we give it. Being the number thirteen means being one more
than twelve, having no integral divisors, etc., independent of the representation.

It was an achievement of the first rank in mathematics to isolate the concept of the natural
numbers in a set of postulates, as done by the Italian mathematician, Giuseppe Peano, less than a
hundred year ago.

Peano’s postulates use two undefined terms, natural number and successor, a literal symbol “0”,

W, W, ”

and variable symbols “x”, “y”. The postulates are:

z,) 0 is a natural number.

s;) O is not a successor of any natural number.

S,) Any natural number has a successor.

s;) If the successors of any natural numbers x and y are equal then so are natural numbers x and
y.

I,) If a set S of natural numbers contains 0 and if, when S contains any natural number x, S also
contains the successor of x, then S contains all the natural numbers.

(The last postulate formalizes the principle of mathematical induction.) Peano then proved from
these postulates the familiar properties of order and arithmetic for what we think of as the counting
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numbers 0, 1, 2, ... . The usual names of the numbers can be thought of as abbreviations for
awkward names that occur in Peano’s work. Let the successor of natural number n be written s(n).
Then the abbreviations are: '

1 for s(0)
2 for s(1) = s(s(0))

10 for s(9) = s(s(8)) = ...
100 for s(99) = s(s(98)) = ...

The mathematical properties of 0, 1, 2, ..., 10, ..., 100, ... depend only on O and s, and not on their
representation in decimal digits. For example, 10 > 8 because there exists a successor expression for
10 = s(s(8)); 5 = 3 + 2 because 5 = s(s(3)) (s used 2 times). It is remarkable that methods of
representing numbers are never mentioned in this development of Peano. The only symbol used is O,
which is quite arbitrary. ,

Most people deal only with the usual representations of numbers, for example in doing addition,
long division, etc. An understanding of the numbers themselves, for example through the Peano
postulates, is typically reserved to people who study mathematics in a university. But various
procedures such as long division, finding square roots, etc., done with one representation or another,
are based on the properties of the numbers themselves. For example, the ordinary grammar school
method of finding square roots is derived from an algebraic identity independent of the place
notation of the decimal number system. That same identity holds for numbers expressed in Roman
numerals, but the Roman numerals do not lead to such convenient calculations as do the Arabic
numerals with place notation.

Just as children can learn to find square roots without understanding the difference between a
number and its decimal representation, people can learn to write programs without ever knowing
about programs as mathematical objects. As long as programs are small and simple, nothing is lost.
But when programs become complex, understanding them as mathematical objects, which can be
reasoned about with mathematical rigor, provides essential intellectual control.

The property of programs that goes beyond their appearance, beyond their syntax, is their
control of computer behavior. A program to sort a string of course has its syntax, but its essence is
what it does—sorting. There are many CF Pascal programs that instruct a computer to sort strings
in a particular way, just as there are many expressions for the number thirteen (1241, 8+5, 17-4,
etc.). Indeed there are programs in other languages such as BASIC or FORTRAN that define the
same ways of sorting strings. Each programming language is a method of representation, just as
Roman numerals, decimal digits, etc., represent natural numbers. The functional behavior of a
program that sorts strings will be independent of the programming language and the exact form of
the program itself. That is, understanding a program as a mathematical object is understanding the
functional behavior it induces in a computer.

The Syntax and Semantics of CF Pascal

Since CF Pascal programs are complicated objects, they can be viewed in many ways. A person
having trouble getting a program to compile might (at least for the moment) consider the exact
syntax of paramount importance. A documentation specialist might be more concerned with the
cosmetic arrangement of indentation, and with the style and substance of comments, neither of any
concern to the compiler. Someone who had to study and modify a program would pay attention to
comments and format, but might also be concerned with its size, because a large program is harder
to master than a small one.

Imagining a program in execution brings out an entirely different set of important properties.
How long does it run? Could it abort in execution? Which statements actually get executed, and
how often? What resources (such as file space or memory) in the actual computer are required to
run the program? These execution-related questions depend on the input data used in executing the
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program. It usually happens that program behavior is different from input to input, and any set of
executions can be misleading if too few inputs have been tried or if the inputs are not representative.

BNF provides an exact way to describe much of the syntax of CF Pascal. Along with context
conditions (such as the rule that variables must be declared to be used) BNF syntax rules describe
exactly all possibilities for CF Pascal programs. Semantics, the complement to syntax, deals with
the meanings of programs. The semantics of the program calculus gives a precise description not of
what a program looks like, but rather of what it instructs Pascal machines to do. It is more difficult
to describe program-induced actions than it is to describe program form. The idea is simple,
however: the description must contain the information from execution tables. It must tell us what
happens to variables and files, and which statements make the actions happen. Here we run into the
problem of test data: for which inputs is the behavior to be described? The ideal answer is: for
every input. A complete semantic description of a program must describe all possibilities. This
requirement means that an execution table by itself will not do, because a different table is needed
for each input, and the number of potential inputs to most programs is unlimited. The person who
understands the program could, of course, create any execution table as needed, but what we are
after is a way of capturing that understanding formally—in a closed form.

The semantic meaning to be given for a CF Pascal program will be a mathematical relation or
function, a set of ordered pairs that defines a correspondence between one collection of data (the
inputs) and another collection (the outputs). The meaning of a program is the transformation
described by this correspondence: certain outputs are paired with certain inputs because given the
input, the program instructs the Pascal machine to compute that output. Thus, the inputs are the
potential contents of the file INPUT, and the outputs are the resulting contents of OUTPUT. The
program calculus allows the meaning of a program to be calculated from its form.
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CHAPTER 5
THE SEMANTICS OF CF PASCAL

Chapter Preview

Chapter 5 begins the development of the concept of a program’s meaning. In order to describe
this idea precisely, the mathematical structures of strings, lists, sets, relations, and functions are
introduced.

To know the meaning of a CF Pascal program is to be able to predict its output for any given
input. A pair of data items (x, y) forms part of the meaning if when INPUT contains data x, the
program will execute normally to make OUTPUT contain data y. The collection of all such pairs is
the complete program meaning. Remember that a program executes normally only if it reaches the |
final period in execution. If certain INPUT data Xg leads to an aborted execution, or to an endless
execution, then x, does not contribute to the meaning; there is no pair (x,, y) in the meaning, for any .
y.

Some meanings are easy to express. For example, consider the one-character copy program |
from Chapter 1:

PROGRAM Copy (INPUT, OUTPUT) ;
{Write the first character in INPUT to OUTPUT}

VAR

Ch: CHAR;
BEGIN

READ (Ch) ;

WRITELN (Ch)
END.

Its meaning contains all input-output data pairs such that the input string is not empty (has
characters or line markers) and the output string contains the first character of the input. If the
first character of the input is a line marker, then the output is a line containing a single blank
character, so these pairs are in the meaning, too. However, most programs do not have such a
convenient description of meaning. They handle an unlimited number of possible inputs, and the rule
for the output is complex. (Indeed, the program itself is a rule for getting the output from the input;
hence, a large, complex program is likely to have a large, complex meaning.) Some mathematical

machinery will be required to deal with programs in general, that of strings, lists, sets, functions, and
relations.

5.1 Character Strings

Preview

Character strings are mathematical objects with precise names, operations, and relationships.

New ideas: character string, literal character, literal string, empty string, concatenation,
composition, decomposition, sublist.

A literal string, or simply string, is any sequence of characters whose beginning is marked with t
and whose end is marked with t. For example

tstringt

is a string of six characters, while
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t+ string t

is a string of eight characters (beginning and ending with a blank character). It calls attention to a
string’s length to name it, so these are a 6-string and an 8-string, respectively. The blanks can also
be shown explicitly using the symbol O. (In the first part of this book, these two strings would have
been shown as string and OstringO respectively; now we will be more careful and include the
markers that identify them as strings.

The string with no characters, the unique O-string, is called the empty string, denoted tt
(11terally a string with no cha,ra.cters) The string with one blank character t 1 is not the empty
string, of course, but a 1-string.

A literal character (or simply character) when not in a string will be shown in a special type
font. For example, the characters of the 8-string above are in order: O, s, t, r, i, n, g, 0. The
collection of all possible literal characters must be agreed on in advance and must be finite. It could
include symbols from several type fonts, and it could be agreed that hand-written forms for these
characters may be used. But the collection of literals may not include the special string marker 1!
In this book, the special font will always be used, and when it is necessary to write characters by
hand, a good convention is to place a bar over the best facsimile you can make. In hand-written
strings overbars are not needed, because the bounding markers 1mply that the characters within
them are drawn from the agreed—on collection.

Characters and strings are not the same thing, but could be confused: a 1-string must be kept
distinct from the character it contains. For example, O is a character, but ¥ t is a 1-string.

It is convenient to give strings names. For example, the definition

S = tstringt
specifies that string tstringt has the name S. A given string may have several names, for example
T = tstringt

along with the above. To avoid confusion in a given discussion, of course the same name should not
be used for two different strings. The most important use of names is not to name particular explicit
strings, but rather to refer to strings that are fixed but of unknown value. We say, “let X be any
string...” when we want to talk about one particular string, but don’t care exactly which one it is.

CF Pascal itself provides a mechanism for-delimiting strings, using the single quotation mark.
The reason for using a different mechanism is that it will be needed to talk about CF Pascal itself.
For example,

t’string’t

is an 8-string which, used in a WRITE statement, will direct the Pascal machine to print the 6-string
tstringt.

The 20-string
{WRITE(Any, ’string’)t

is a <WRITE statement> in which {WRITE} is a standard word, tAnyt is an <identifier>, and
tstringt is data bounded by the 1-string 1°t. These statements would be less clear expressed in

the Pascal string notation—the last part would be “..data bounded by the 1l-string ''''”, for
example.

CF Pascal provides three operations that can be used to build up strings or extract characters
from them:

CF Pascal Statement | String Operation

WRITE ('ABC') Concatenation
WRITE (Ch) Composition
READ (Ch) Decomposition

These string operations form the basis for dealing with character strings as mathematical objects.
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5.1.1 String Concatenation

The output data of a program is a character string created by the execution of WRITE statements.
A WRITE statement whose <write list> is a <character string™> juxtaposes a new string with the
current data in OUTPUT. This operation for strings is concatenation, denoted &. The concatenation
of two strings is the string obtained by juxtaposing the second after the first. For example, given
strings

C = tcharactert
S = tstringt
then

C & S = tcharacterstringt
S & C = tstringcharactert
S & S =tstringstringt

By definition, the concatenation of two strings results in a string in every case. One special
concatenation is with the empty string. For any string S, both of

tt& s
S & #

are just S, because 11 adds no characters before or after S. That is, for any string S,
tHt&S=S&tt=S.

Given a string formed by concatenation, it can be used in another concatenation. For example,
given the 9-string C and 6-string S above, and

B=1 1t
(a 1-string of one blank), the 10-string
C & B = tcharacter t
can be concatenated with S to get
(C & B) & S = fcharacter stringt.
Or, first
B & S=1 stringt
could be formed, then concatenated with C to get
C & (B & S) = tcharacter stringt

which is the same final result. This illustrates a more general fact, that concatenation is assoctative:
for any strings X, Y, Z,

X&EN&Z=X&(Y & 2).

In concatenations the history is lost, and only the final result is visible. When an operation is
associative, parentheses are not needed in multiple applications:

C & B & S = tcharacter stringt.
Literal strings and their names can be used interchangeably in string expressions, for example,
C&t t&S=C&B & tstringt = fcharacter stringt.

An operation is commutative if 1ts operands can be interchanged without changing the result,
but concatenation is not commutative, as

S&CH#C&S
shows.
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5.1.2 Substrings
The string
W = {WRITE(Any, ‘string’)ft

and the string § = fstringt have an obvious relation: the characters of S appear in order within
W. That is, S is a substring of W. The idea of substring can be captured precisely using
concatenation:

A string p is a substring of string Q if and only if there exist strings X and Y such that Q =X
Lp &Y.

In the case of S and W above, W is a concatenation of three strings including S:
W = {WRITE(Any, ‘t& S& 1)t

so that
X = {WRITE(Any, ‘'t
Y=t1
in the definition, showing that, indeed, S is a substring of W. Or, consider the string
T = ttringt.
Clearly, the definition of substring should single string T out as a substring of S. In this case
S=1st & T

so the X of the definition is tst. But what is Y in the definition? The empty string will do. Since 1
adds nothing to a concatenation, we can satisfy the definition of substring by the equation

S=tst & T & tt

so that X and Y are identified explicitly. The empty string removes the need to define special cases
when a substring is found at the beginning or end of a string. The empty string is also a substring of
any string, since for any string B,

B=B&tt&tt
so X = B, Y =11 in the definition above.

5.1.3 String Composition

WRITE statements may perform another operation, attaching the value of a CHAR variable to the
string that is the value of OUTPUT. The operation of composition, denoted V, describes this action.
The composition of a string and a character is formed by attaching the character at the end of the
string. For example,

tstrint V g = tstringt.

Composition provides a way to convert a character to a string, namely to append it to the empty
string. For example,

1V g=tgt
This is the general relationship between a character and the 1-string containing that character.
Composition with the empty string is so useful that the empty string is suppressed if no confusion
arises, making V appear to be a unary, prefix operator:

Vg=tgt
tstrint & (V g) = tstringt

Composition requires a string as its first operand and a character as its second operand (or in the
abbreviated prefix form, a character operand). Thus the following are not defined, for the reasons
given:
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Not defined | Because

aVb first operand is a character, not a string
V txt operand is a 1-string, not a character
N V tt both operands are improper

5.1.4 String Decomposition

Just as WRITE statements use string concatenation and composition, READ statements decompose
strings. At each execution of a READ statement with a single variable, the available string of
characters in INPUT (the characters from the cursor on) is decomposed into two parts. The first
character of this string becomes the value of the variable in the READ statement, and the remaining
characters of this string become the new string still available to be read. The string operations of -
head and tail are precisely the ones used by a READ statement. Head (©) and tail (A) are unary,
prefix operators defined only on nonempty strings S:

© S is the first character of string S,

A S is the substring of S obtained by removing its first character.

For example, given

S = tstringt
T = ttringt
then
©S=s
A S=ttringt=T
OT=t
A T = {ringt.

Since the tail of a string is a string, it is subject to further decomposition, for example using
the above:

(A T)=r
A(A T) = tingt
A(A(A"T)) = tngt
O(A(A(A 1)) =n.
These examples illustrate that head and tail operations can single out any character of a string.

The kth character can be obtained by k-1 tail operations followed by a head operation.
There are two particular conditions to emphasize about head and tail operations:

1: Neither head nor tail operations are defined on the empty string.
2: The result of a head operation is a character, but the result of a tail operation is a string.

Since the head of a string is a character, a 1-string can be formed from it by composition, then
concatenated with the tail of the string to get the string back. For example

O tstringt =s
A fstringt = ttringt
and
V (© tstringt) = tst
SO
(V(© tstringt)) & (A tstringt) = tst & ttringt = tstringt.

This example illustrates the fundamental identity for character strings, which involves the
operations of concatenation, composition, and decomposition, namely:
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For any nonempty string S, (V(© S)) & (A S) = S.

The following table summarizes the string operations in examples:

Operation Symbol Example
concatenation & tmet & tyout = fmeyout
composition v tpluralt V s = tpluralst
character to 1-string v VvVv=tvt
head o O tFeett =F
tail A A trattlet = tattlet

5.1.5 Exercises

5.1.1 In each part below, name the operation(s) listed and determine the result of the given
operations, using E, F, and H as:

E = texercisest

F = tfrequentlyt

H = thelpt

) V(6(A E)) V(S(A F))
f) (A H) & V(© F) & V(&(A F))
5.1.2 Using string operations, create the following strings from the string C = tcomputert.
a) tet
b) fomputert
c) tputt
d) fcomet
e) fpromt
f) topt
5.1.3 Using string operations, isolate the character b (not the 1-string tbt!) in the string T =
tTabloidt.
514 If B=X & A & Y, then each of X, A, Y should be substrings of B. Explain why this is so,
using the formal definition of substring. Hint: B=1t & X & (A & V) =(X & A) & Y & tt.
5.1.5 Are O and A defined on 1-strings? Give examples and explain.
5.1.6 Show that any string is a substring of itself.
5.1.7 For any string S with more than one character, the expression 6(A S) is defined but A(© S) is
undefined, a result that depends only on the order in which the operations appear. Write syntax
rules in BNF to generate just those string operation sequences in &, V, ©, A, and the single variable
S, that are defined unless S is too short a string. Write a context condition to handle the latter

case. In writing these rules, be careful about which characters and strings are literal, and which
part of the BNF notation.

5.1.8 Show that string concatenation can be defined in terms of string composition and string
decomposition. Hint: note that if T = {t then S & T = S, and if T # {1 find an expression for S &
Tintermsof S,© T,and A T.
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5.1.9 Strings with only digit characters 0, 1, 2, ..., 9 can be used to form the conventiona§f
representatives for the natural numbers. If D is a string of digit characters, let val(D) be itg
numerical value. Find a rule for determining val(D) for any D. Hint: if the last character L werej
removed from D, leaving a leading string C, the the numerical value of D is ten times the numerica}
value of C with the numerical value of L added. But be careful about applying val to characters]
instead of strings.

5.1.10 Consider a new operator ® defined by
® S = the 1-string that begins S
for any nonempty string S. Write an equation that defines ® in terms of © and V. Is it so that
(2S)&(AS)=S .
for any string S¢ Suppose that " = & except that ®’(1t) = {1 (remember that ® is not defined for |
t1). Why is it false that
(" S)&(AS)=S7? _
Can you define a new A’ related to A so that the equation above is true for ®° and A°? Why would .
it not be better to get rid of © and A and use ®" and A’ in their place? (Hint: consider © S.)
5.1.11 Explain the following:
a) A tmonkeyt = {prehensilet
b) © tstatet = tpresidentt
¢) tdet V tsaltt = tsodiumt & tchlorinet
d) In (a) to (c), which operations are actually applied to and yield the right kind of objects?

5.2 List Structures

A useful technique in the study of a character string is to consider it a sequence of substrings, each a
character string. For example, a Pascal program is made up of words, blanks, and special |
characters; indeed, as noted in Chapter 1, a Pascal program is unintelligible to humans unless it is so 3
broken up. However, it is essential to preserve the original order so that the substrings might be |
recombined. An ordered collection of objects is called a list, written as a sequence separated by
commas and surrounded by angle brackets. For example, given the string

tthis is a list examplet,
the literal list

<ttht, tis t,tis f,ta t,{list examplet>

gives one arbitrary way to cut up the original string. In fact, the Pascal WRITE statement will
produce identical output if either the string, or the list of substrings is used, as in:

WRITE ('this is a list example')
WRITE('th', 'is ', 'is ', 'a ', 'list example')
Lists can be given names. For example,

L =<ttht, tis 1, tis 1, fa 1, t1ist examplet>,
M =<tthis is a list examplet>.

Such list definitions are represented by character strings themselves, including the angle brackets,
string markers, equal symbol, and commas, as well as the list name. Symbols and words are used,
even in mathematics, in different ways in different contexts—these angle brackets are quite different
here than in a discussion about Pascal syntax.

If an object z is in a list K, we denote this fact of membership by z € K. If list I has no such
object z in any place, we say z ¢ K. For example, tis + € L but tis t ¢ M, in the examples
above. The above list L has five strings, which can be numbered in sequence:
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L, = tthi

L,=tis 1
Ly = tis ¢
L4 = Ta T

Ly =1list examplet
while M has one string:
M, =1this is a list examplef

Subscripts will never be used with list names except to mean the members of a list in the positions
starting from 1. L is called a 5-list, M a 1-list. A list with no strings, a O-list, is called the empty
list, denoted <>. A list with but one string, such as M, is different from that string. That is, M is a
1-list with first (and only) member M;,

M =<M;> but M # M,.
Note, also that
<> # <>

since <ft> is a 1-list, whose single member string <tt>, is the empty string t1, but <> is a O-list
and there is no first member <>,.

Although the examples above show lists of strings, list members may also be characters or even
other lists. For example, the list,

C=<c h a r a ¢ t, e r>
is a list of characters that is not the same as the string fcharactert. A list of lists is
<M, M> =

<<tthis is a list examplet>, <tthis is a list examplet>>

where the members of this 2-list are the same 1-list used above.
A single list may have members of different kinds; for example, the list

Q = <a, <a>, tAt>

has members that are in order a character, a list, and a string. The list member @, has as first and
only member a character:

(QZ)I = A

5.2.1 List Operations

Lists can be manipulated using operations like those defined above for strings: concatenation,
composition, and decomposition, for which the same symbols are used.

Concatenation & for lists means juxtaposing elements from two lists to form one. The members
of list L & M are the members of L followed by the members of M.

Composition V for lists means attaching an element at the end of a list. The members of list L
V z are the members of L followed by z itself. (The special composition with the empty list
must be written in full, <> V z, not abbreviated as V z, because it would be confused with the
more common character-to-string composition 1 V z.)

In decomposition, the head operation © means the first element, if any, of a list; it is undefined
on the empty list. The ta:l operation A means a list formed by removing the first element from
the original list; it is also undefined on <>.

Sublists are defined using list concatenation as with strings. L is a sublist of M if and only if
there exist lists X, Ysuchthat M =X & L-& Y.

The following table summarizes the list operations:
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Operation Symbol Examples

concatenation & <A> & <A, B> =<A A B>
<t12f, <A>> & <x> = <t12%, <A>, X>
<t1t, 1> & <> =<t1t, 1>
composition v <A> VB=<A B>
<A> V<> =<4A,<>>
<Aa> V tt =<a, 1>
<>Vv=<v>
<> VLD =<<>>
head (5] 0<X <x>>=X
tail A A <X <x>> =<<ZxKx>>

Although natural numbers are used to denote places in a list, the concept of list does not
require natural numbers. The concept of order in a written sequence is simpler and more primitive
than natural number. To discover which of two distinct elements k¥ and m precedes the other in a
list @, form the sequence

©Q, 6(A Q), 6(A(A Q)), ...

and observe whether k or m appears first.

5.2.2 List Descriptions of Files

The mathematical idea of a list is useful in describing Pascal files. Consider INPUT. When a
program is executing, one essential thing to know about INPUT is the portion already read and the
portion that remains. In execution tables the division was marked with a cursor.

However, if the contents of INPUT is thought of as a 2-list of character strings, it makes the
past/future division explicit and allows a precise discussion of what happens when a READ
statement is executed. Imagine then that INPUT consists of a 2-list L of character strings, first L,
the part already processed (past string), and second L, the part remaining (future string). That is,
the contents of INPUT is <L,, L,>. For example, if an execution table shows a single line value for
INPUT as ABC, then

L, =1at, L, =1BCt V /

in list and string notation, where the line marker is shown as /.
List operations can be used to give the following description of READ and WRITE statements
for one character.

Let the contents of INPUT be L = <L,, L,> where L, # 1. Then READ (Ch) has the following
meaning:
(1) Ch is given the value © L,
(2) the contents of INPUT becomes <L; V(© L,), A L,>.
In the example above, following READ (Ch), Ch will have value:
©L,=6(tBCctV /)= B
and INPUT will have value:
<L, V(© L,), A L,>
= <tAat V(© tBCt V /), A(fBCt V /)>
=<tAt V B, fct V />
= <taBt, tct V />
Or, let the contents of OUTPUT be <L,, 11>, and v be the value of Ch. Then WRITE (Ch) has the
following meaning: the contents of OUTPUT becomes <L, V v, $t>.
While the 2-list description of a file is precise, it is inadequate to describe the CF Pascal

requirements that file operations be used only in proper sequences. For example, READ statements
executed against the file OUTPUT are illegal. Files declared TEXT may be both read and written,
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but not in arbitrary patterns. For example, the sequence

REWRITE (F1) ;
WRITE (F1, Ch):
WRITELN (F1) ;
RESET (F1) ;
READ (F1, Ch)

is legal, but
REWRITE (F2) ;

WRITE (F2, Ch):
READ (F2, Ch)

is not, because F2 is not closed out with a RESET statement before the READ.

To capture the file-usage patterns formally requires more information in file descriptions, so we
extend the definition to a 3-list consisting of the past string, the future string, and a file state, one of
the characters R or W indicating whether the file is Readable or Writable.

The complete rules for file states are given by the transition table below, where a blank entry
indicates an illegal operation:

Old Attempted operation and new file state
file state RESET REWRITE READ/READLN WRITE/WRITELN
R I R W R
w R w W

For example, if a file is in state R, a REWRITE statement puts it into state W. The blank entry
under READ/READLN in the W row means that a file in state W may not be read.

The first operation on any newly declared file must be a REWRITE; before this operation the
file is in an unknown state and all other operations are illegal; afterward it is in state W. INPUT
and OUTPUT are special cases; they are not declared, and always have R and W states, respectively.

The table below gives the meanings of several WRITE and READ statements using file values
in 3-list form. The table does not describe illegal combinations.

Meaning of legal file operations

Statement Contents of F1 Contents of Ch
before after (v before)
REWRITE (F1) <z, y, t> <tt, t1, w>
WRITE (F1, Ch) <z, tt, w> <z Vv, tt, w> v
WRITELN (F1, Ch) <z, tt, w> <zVvV/ tt, w> v
RESET (F1) <z, y, t> <tt, z & y, R>
READ (F1, Ch) <z,yV /[ R> <z V(6(y V /)), 6(y V 0)
Aly V /), R>
READLN (F1, Ch) <z, (yV))& 2,R> [ <z &(y V /), z, R> O(y V0O)
(y contains no /)

For example, the first line in the table gives the meaning of a REWRITE statement: it transforms a
file state of <z, y, t> to <tt, 11, W> for any strings z, y, and any file state ¢.
The execution table below shows successive operations on file F1 in 3-list form:
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After statement F1 Ch
VAR Ch: CHAR; ?
Fl1: TEXT; ?
BEGIN
Ch:='A"'; A
REWRITE (F1) ; <tt, tt, w>
WRITE (E1, Ch);: <tAt, t1, w>
Ch:='B’'; B
WRITELN (F1) ; <tAt V /, tt, w>
RESET (F1) ; <tt, tAt V /, R>
READ (F1, Ch): <tAt, V /,R> A
READ (F1, Ch) <tAt V /i1, R> o 5
END. f
’ f
After the first READ statement, EOLN is TRUE. After the final READ statement, EOF is TRUE. : ’I‘
Had the program executed one more READ statement, it would have aborted. ; .
5.2.3 Exercises P
5.2.1 Given the list of strings L 5
L = <tthisf, tist, tat, t t, fveryt, tsimplet, fproblemt> T
use list and string operations to create the strings for each part below.
a) fthis is a simple problemt
b) tthis is a messy problemt
5.2.2 Let N be the 5-list:
N=<1, 2, 3, 4, 5>. -
What is ©(A(A(A N)))? Why is it nonsense to write c
ON+ON=2? n
t

5.2.3 For a list or string X it makes sense to write
AA(..A X))

for any number of applications of A. However, this expression is not always defined. Explain the -
circumstances under which it isn’t. Why doesn’t it similarly make sense to write

o8(..0X..))?

Write an expression using nested © that does make sense and captures the same kind of meaning as
the repeated A expression. State clearly what your expression means.

5.2.4 Suppose you want to select the third character in a string X. Write an expression that does
so, using the string operators. What is the value of your expression when X = 1TW{?

5.2.5 Write an expression whose value is the substring of any string X that is the initial 3-string of
X. What is the value if X =1121?

5.2.6 Convert the following INPUT file values from execution-table form into 3-list form:
a) ABCDE
b) ABC_DE
c) ABCDE
d) ABCDE_
e) _ (not O!)
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5.2.7 Convert the following OUTPUT file values from execution-table form into 3-list form:
a,) ABC_
b) _ (not T!)

528 Given that the contents of F1 is <tABCt, {CDt, W>, and of Ch is E, determine their
contents, if defined, after each of the following:

a) REWRITE (F1)
b) RESET (F1)

¢) WRITE (F1,Ch)
d) WRITELN (F1)
e) READ (F1, Ch)

529 Give a formalization of INPUT as a 4-list <z, y, z, w>, where z and w are as in the 3-list
formalization, y is the future string without its first character, and z is the first character of the
future string. Describe the action of a single-character READ statement in your formalization.

This example of two different formalizations of the same idea should raise the important question:
can one formalism be “right” and another “wrong,” or are all equally valid? Which formalism do you
prefer in this case? ‘

5.3 Set Structures

Preview

Sets are collections of objects with order and duplication disregarded. Sets are basic
mathematical objects which are used in constructing relations and functions.

New ideas: set, set membership, subset, power set, set operations, union, intersection, difference.

Strings and lists are collections of objects in which order and duplication are essential. A
collection in which order and duplication plays no role, where objects are simply grouped together,
none first, none repeated, is a set. The members of a set are written between braces {}. Of course,
they must be set down in some order within the braces, but that order is insignificant. For example,

{A, B} and {B, A}

are two ways of writing the same set of characters.
Any list defines a set whose members are the list elements. For example,

L =<ttht, tis 1, tis 1, tfa 1, t1list examplet>
has the set of members
S = {ftht, tis t, ta f, tlist examplet}.

in which the duplicate list member tis } appears only once in the set. Since it is immaterial in
what order the strings appear in the set notation,

S = {f1ist examplet, ta t, fis t, ttht}
= {ttht, ta f, t1list examplet, tis 1t}

among others. The size of a set may be indicated in talking about it; here S is a 4-set.
Set members are not necessarily all the same kind of objects. For example, the 3-set

{A, tmixedt, <tcant, {toff, tbeanst}>}

has a character member, a string member, and a 2-list member. The 2-list has in order a string
member and a 2-set member, the latter with string members. (Now that sets have been introduced,
they are allowed to be members of lists, too.)
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The fundamental relationship between an object and a set is membership, for which we use the :
symbol €. In the example above,

tlist examplet € S,
but
tlistt ¢ S.

The set with no members at all, written {}, is called the empty set. The empty set {} is |
different from the empty list <>. For example, <> can be concatenated with a list, but {} cannot
be. A 1-set is called a singleton. A singleton is different from its one member, and is different from °
the list with the that same member. For example,

tstringt # {tstringt} # <tstringt>.
A set Sis a subset of a set T, denoted S C T, if every member of S is a member of T. That is,
S C T if and only if for every z, 2 € Tif z € S.

Sets S and T are equal, denoted S = T, if they have exactly the same members. That is, S =
Tifandonlyif SC Tand TC S. , '

The empty set is a subset of every set, including itself, since it has no members that can fail to
be members of the other set. That is, {} C S for all S.

If sets S and T have no common members, then they are said to be disjoint.

5.3.1 Rules for Describing Sets

An alternative to listing the members of a set explicitly is the so-called set builder notation, in which
we place inside the braces a name for a generic member of the set, and a condition describing this
member, separated by a colon. For example,

T = {z: 7 is any word in the string fthis is a rulet}
= {tthist, tat, tist, trulet}.

.This is read, “the set of all z such that...” To be in the set, a member must satisfy the condition
that follows the colon.

The condition describing set membership may have several parts. For example, the set

U= {z: =<y, z>, y is any word in the string tthis one listt, z is any character in the
string tABt}
means that z must simultaneously satisfy three conditions:
1. z must be a 2-list

2. z, must be a word in tthis one listt
3. r, must be a character in tABt

As a result, since Tthis one listt has three distinct words and tABt has 2 distinct characters,
set U will contain 6 (3 X 2) members, enumerated:

U = {<tthist, o>, <tthis}, B>, <tonet, A>, <tonetf, B>, <tlistt, A>, <tlistft,
B>}

A set’s generic member can take the form of a structure such as a list or a set. Part of the condition
may thus be given in the generic member. For example, the definition of U could also be

U = {<y, z>: y is any word in the string tthis one 1listt, zis any character in the string
taABt}.

When more information can be given in the generic member’s form, and thus eliminate conditions
that follow the colon, it is usually done. For example,
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{<z,y>:zisastring, y=2V [}
would usually be written
{<z,z V [>: zis a string}.

One set with sets as members occurs so frequently that it is given a name. The power set of
any set S is the set of all subsets of S, denoted power(S). For example, if

T = {tthist, tat, tist, frulet}
then
power(T) ={U: UC T}
= { {}, {ttnist}, {tist}, .., {tat, tist, frulet}, T}

contains (since T is a 4-set) one O-set (the empty set), four l-sets (4 ways to form a 1l-set from 4
members), six 2-sets, four 3-sets, and one 4-set (T itself), or 144+6+4+1 = 16 members. It is no
accident that 16 is 24 hence the name power set. For each of the four members of T, there are two
choices in forming a subset, to include the member or exclude it. Therefore the number of members
in the power set of T will be 2X2X2X2 = 16. In general if S is an n-set, power(S) will be a 27-set.

The set-builder notation is most useful when the sets to be descnbed are large, or infinite. For
example,

{p: p is a CF Pascal program}

cannot be described by listing its members.

5.3.2 Set Operations

Sets can be combined to make new sets, and three operations are especially useful:
Union (U): SUT ={2:2€Sorz €T}
Difference (-): S- T={2:2€ S,z ¢ T}
Intersection (N): SN T={z:z2€S,z€ T}

These operations are easily visualized in Venn diagrams, in which the component sets are shown as
circles, overlapping with the set resulting from the operation shaded:

SUT S-T SNT

’ ;

If two sets lie inside the same third set, then their union, difference, and intersection also
remain inside that set: if SC U and T C U, then

SUTCU,

S-TCU,

SNTCU.

For any set S, the empty set behaves as follows:
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Su{}={us=s
S-{}=5{-5={
sn{}=0ns={}

Union and intersection are commutative, that is:
SUT=TUS,
SNT=TnNS,

and associative, that is:
RUMBSUT)=(RUS)UT,
RN(SNT)=(RNS)NT,

so parentheses are not required to specify the order of multiple unions or intersections.
Difference is neither commutative nor associative.
As examples of these facts, let
S = {tthist, tist, tat, tsett)
T = {ftthist, tist, tanothert, {sett}.

Then

SUT=TUS = {tthist, tist, tat, tsett, tanothert}
S- T ={tat}

T - S = {tanothert}

SN T = {tthist, tist, {sett}

(S- YU (SN T) ={tthist, tist, tat, tsett}
(S-T)n(ESNT) =0

The following table summarizes the characteristics of set operations:

Operator Symbol Definition Properties
Union U SUT={z:z€Sorz€eT} associative
commutative
Intersection N SNT={zz€S5z€T} associative
commutative
Difference - S-T={zz€85,z2¢ T} neither

5.3.3 Relations and Functions

Any set of 2-lists (or pairs) is called a relation, and relations will be especially useful in discussing the
meaning of programs.

The English word “relation” can mean a rule of comparison, such as “equality,” “is a subset of,”
etc. Formal relations, that is, sets of 2-lists, can describe these informal rules precisely, by including
exactly those pairs whose members do stand in the intended relationship to each other. For example

the relationship between characters and 1-strings containing those characters is described by the
relation

C ={<z, V z>: z is a character} = {<a, tat>, <b, tbt>, ...}.

Since a relation is a set, an empty relation {} is a possibility, for example, the relation that
pairs odd natural numbers with their squares that happen to be even (there are none!).
Furthermore, set operations apply to relations; if r, s are relations then so are

rNs, rUs, r-s,

because they are just sets of ordered pairs, too.
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Relations with the special property that each first member is paired with a unique second
member, are called functions. Formally, a relation r is a function if and only if wherever <z, y> €Er
and <z, 2> € r, then y = 2. In this case, each first member can serve as a name for the second
member in the context of the relation. For example, the relation C between characters and 1-strings
defined above is a function.

The set operations also apply to functions. Although the result of set operations on the sets of
ordered pairs that are functions will necessarily be another set of ordered pairs, and hence a relation,
the result need not be a function. If f, g are functions, f N g and f- g must also be functions, but f U
g may Or may not be a function. For example, define the head relation

H={<Oy, y>: yis a string} = {<a, tat>, <a, taat>, ...}
and let C be the relation above. Then:

CNH=C
is a function,

H- C={<Oy, y>:yis a string with at least 2 characters}
is a relation that is not a function;

c-H=9
is the empty function, and
CUH=H

is a relation (these specific results are deducible from the fact that C C H).

The set of first members of a relation (or function) is called its domain; the set of second
members is called its range. In the members of a relation, say <z, y> € r, z is called an argument of
r and y is called a value of r.

When <z, y> € r and y is the only value for argument z, the value notation is:

y = r(z).

This is read “y is the value of r for argument z,” or more briefly, “y is the value of r at z.”

Given an arbitrary relation r and an arbitrary argument z, three possibilities are:

1. z ¢ domain(r). In this case r is undefined at z.

2. z € domain(r) and there exist distinct y, 2 such that <z, y> € r and <z, 2> € r. In this case
r is multiply defined at z.

3. z € domain(r) and there is a unique pair <z, y> € r. In this case r is uniquely defined at z,
and y = r(z).
Thus a function is a relation that is uniquely defined for all members of its domain.
Three kinds of special functions are important.

The empty function {} has no arguments or values; that is

domain({}) = {}, range({}) = {}.
An identity function is a function I such that if z € domain(/) then I(z) = z.

A constant function is a function whose range is a 1-set, that is, every argument has the same value.

Since they are sets, relations and functions can be described by enumerations or by rules. For
example,

r = {<tballft, tbatt>, <tballf, tgamet>, <tgamet, tballt>}
is a relation (because all its members are 2-lists) with

domain(r) = {tballt, tgamet}
range(r) = {{ballf, fgamet, {batt}
However, r is not a function because two distinct value strings are paired with the argument
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tballt. An example of a relation defined by a rule is:

s = {<z, y>: word z immediately precedes word y in the string
tthis is a relation that is not a functionf}

In this case the relation can also be enumerated:
s = {<fthisft, tist>, <tist, tat>, <tat, frelationt>, <trelationt, fthatt>,
<tthatt, tist>, <tisft, tnott>, <tnotft, tat>, <tat, tfunctiont>}.
It is evident that the string used in the definition of s is a true statement about s. The following
rule defines a function:

f = {<z,y>: the first instance of word z immediately precedes word y
in the string fthis is a relation that is also a functiont}

.

which can be enumerated:

/= {<tfthist, tist>, <tist, tat>, <tat, frelationt>,
<trelationt, fthatt>, <tthatt, tist>, <talsoft, tat>}.

5.3.4 Exercises
5.3.1 Given
A = {z: z is any four-letter word in the string tthis is a rulet}
a) Give A explicitly.
b) Is tist € A?
c)Is tthist € A?
5.3.2 Given
S = {tthist, tist, Taf, tsett}
T = {tthist, tist, tanothert, tsett}
determine the value of the expression in each part:
a)T-S
b)(S-T)N(SUT)
c)(SNT)-(T-S)
5.3.3 Give an example to show that set difference (-) is not associative.

5.3.4 Show that the following conditions statements about sets S and T are equivalent (that is, all
are true or all are false):

a) SCT

b)SNT=S
c)SUT=T
d)S-T={}

Which of these translates into the simplest English description of the relationship between S and T?
Give the translation.

5.3.5 Describe the circumstances under which each of the following equations holds for arbitrary

sets S and T:
a)SNT=T
b)S-T=T

c)SUT=S5SNT
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d)S-T=T-S
5.3.6 Explain why domain and range are themselves functions and give their domains and ranges.

5.3.7 Consider the problem of obtaining from a relation R, a function F that reflects a maximal
part of R, in the sense that F C R and if <z, y> € R, there is a z such that <z, 2> € F. Explain
why each of (a) and (b) fails to capture this idea:

a) F = {<z, y>: <z, y> is the first pair in R with first element z}
b) F = {<z, y>: <z, y> € R and for each <z, 2> € R, the length of y is less than the length of

z
¢) Give a definition that does capture this idea.
5.3.8 Given any list M, define
SM = {z: z occurs in M}.
a) Give an example of an n-list M in which SM has n elements.

b) Give an example of an n-list M in which SM has n-2 elements.
c) Why can’t it be the other way around in b)?

5.4 Program Meanings

Preview

Relations and functions are vital to describing the meaning of a program. Using these concepts,
a notation is devised to describe the meaning of a program. For simple programs, the meaning
will be clear, but from these simple examples, a full theory will emerge.

New ideas: box notation, program vs. meaning of program.

The set of input-output pairs from all possible normal executions of a Pascal program is called
the program meaning, or as the case may be the program function or program relation. It is
important to distinguish the program meaning from its members. On a particular input, the Pascal
machine instructed by a Pascal program may deliver an output. But the program meaning is much
more than a way of expressing the outcome of one particular execution; it expresses all possible
executions of the Pascal machine under its program’s rule.

A program can accept input broken into lines and produce output also broken into lines. Thus
the pairs in the program meaning will be pairs of lists of character strings.

5.4.1 The Box Notation

Any CF Pascal program is a character string presented to the Pascal machine. For example,

P =

+PROGRAM PrintHello(INPUT,OUTPUT) ;BEGIN WRITELN ‘HELLO’ )END. T
is the string for one of the first programs of Chapter 1. CF Pascal programs have a special form
(each begins with the string TPROGRAMYT and ends with the string tEND.t, for example), so there will
be no confusion in abbreviating a program by omitting the string markers. The special font used for

programs is a further reminder that a program is really a special kind of string. Thus the program
above will also be written:

P =
PROGRAM PrintHello (INPUT, OUTPUT) ; BEGIN WRITELN ('HELLO')END.
or even:
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P = PROGRAM PrintHello (INPUT, OUTPUT) :
BEGIN
WRITELN ('HELLO')
END.

The string P itself represents the syntaz of the program; its meaning will be written . The
meaning is a set of 2-lists (ordered pairs) of character-string lists, in which the arguments
represent program inputs, and the values represent program outputs. That is,

= {<L, M>: for input list of strings L, P executes normally to yield output list of strings
Mj}.

This boz notation for the program’s meaning keeps the syntax and semantics together, but clearly
distinguishes one from the other. For PrintHello above,

= {<L, M>: L is any list of strings and M is the 1-list <tHELLOt>}
= {<L, <tHELLO1>>: L is any list of strings}.
Putting the box around the program display directly:
[P]=[PROGRAM PrintHello ... END.]. |
Using the value notation, since is a function,

[PROGRAM PrintHello ... END.|(L) = <tHELLO}>

for any list of strings L.
The box notation hides the way a program instructs the Pascal machine on how to execute,
and displays only what the execution accomplishes. The term “black box” is often used to describe a
mechanism seen only on the outside, in terms of its inputs and outputs. Thus this notation is
appropriate for indicating the input-output meaning of a program. For example, the program R:
PROGRAM PrintHelloInSteps (INPUT, OUTPUT) ;
BEGIN
WRITE ('HE') ;
WRITE ('L');
WRITELN ('LO')
END.

has the same meaning as , that is, @=. From the outcome of any execution whatsoever, it
is impossible to tell whether P or R was executed. ,

The program named R above also has a CF Pascal name PrintHelloInSteps. But since
the string tPrintHelloInStepst appears as part of the string R, it is better not to use
PrintHelloInSteps as the program name with the box notation.

5.4.2 Determining Program Meanings Directly

Subsequent chapters will develop a program calculus which allows the calculation of for any
program P. However, it is often possible in simple cases (or as part of a complicated case) to
determine informally, to capture precisely what a program P does from an informal analysis.

Any program using a READ statement may encounter line markers or the end of file, which
complicates the program’s meaning. For example, let @ be the program:
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PROGRAM ReadWriteRead (INPUT, OUTPUT) ;

VAR
Ch: CHAR;
BEGIN
READ (Ch) ;
WRITELN (Ch) ;
READ (Ch)
END.

The input file may be organized into a list of strings (lines) each terminated by a line marker. There
are several cases to consider. If the list is empty, the first READ statement aborts. If INPUT is a
1-list and its one string is the empty string, the first READ statement reads the line marker (as a
blank) and the second READ statement aborts. If the first string of INPUT is not empty, then the
first READ statement gets the first character and the second READ statement gets either the second
character or the line marker if there is no second character; in this case @ executes normally and
writes the first character of the first string of INPUT to OUTPUT. If INPUT is a 2- or more list and
the first string is empty, then the first READ statement gets the line marker for the first string and
the second READ statement gets the first character of the second string (if any) or its line marker; in
this case @ executes normally and writes a blank to OUTPUT. This analysis is summarized in the
following set notation for a.s, a mapping from INPUT to OUTPUT:

[Q]={<L, M>: L#£<>, L 5#tt, M=<V(© L,)>} U
{<L, M>: L#<>, A L#¢<>, L,=tt, M=<{Ot>}.

(Recall that L, is the first component of list L, here the first line of INPUT.)
The domain and range of @ can be determined directly from by finding the first and second
members of its pairs. The domain is a list of strings:

domain([Q]) = {L: L#<>, L,#H} U {L: L#<>, A L#<>, L,=tt}

For range( ), the second members are 1-lists of 1-strings, and the one character is either the
initial character of an input string, or is blank. Thus

range( ) = {M: M is a 1-list containing a 1-string}.

Notice how the program meaning simply omits those pairs for which there is no normal execution, in
the example, those for which L is the empty list or a 1-list with an empty first string.
As a further example, consider R:

PROGRAM CopyTwice (INPUT, OUTPUT) ;
VAR
Ch: CHAR;
BEGIN
READ (Ch) ;
READ (Ch) ;
WRITE (Ch) ;
WRITELN (Ch)
END.

To write the meaning of R, find the second character (if any) of the list of strings L in INPUT,
taking account of line markers.
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Conditions Comments

L=<> abort
L #<> examine L,
L,=+tt examine existence of L,

AL=<> | abort

A L # <> | examine L,
L,=tt print blank twice
L, # 1t print © L, twice

L, #tt examine L,

AL =1t print blank twice

AL, #tt print &(A L,) twice

Each comment draws a conclusion or points to a next condition. As a result of this analysis, the °
meaning of R is

[R]=A{<L, M>: L#<>, L =tt, A L#<>, L,=t, M=<{OOt>} U
(<L, M>: L#<>, Li=tt, A L#<>, Ly#tt, M = <(V(6 L,)) V (8 L,)>} U
(<L, M>: L#<>, Li#tt, A L,=tt, M=<tOOt>} U ‘
(<L, M>: L#<>, Li#tt, A Li#t, M = <(V(&(A L,))) V (&(A L,)>}.

5.4.3 Exercises

5.4.1 Determine the program meaning in each part. Provide a description in English and
mathematically. (Although these programs were written before we described multiple-line input in
CF Pascal, include all possible cases in the meaning.)

a) VERTICALGREETING (Section 1.2).
b) CopyChar (Section 1.3)

¢) Copy2 (Section 1.3).

d) CopyReversed (Section 1.3)

5.4.2 Determine the program meaning for the program of Reading Problem 3 (Section 1.6.1) using
as much formal precision as you can.

5.4.3 Suppose that a program P contains no WRITE or WRITELN statements. What can you say
about ? (Hint: there is a complication in domain( ) should P not execute successfully.)

5.4.4 Suppose a program P contains no READ or READLN statements. What can you say about
its execution? Can this be said in terms of?
5.4.5

a) Write a program P such that | P|is the constant function, (x) = <tt> for all z.

b) Write a program @ such that E is undefined on all inputs.

c) Write a program R such that m (<tat>) = <t1>, but @is undefined for all other inputs.

5.5 Chapter Summary

Strings, lists, and sets provide a vocabulary for precisely defining the meanings of CF Pascal
programs. Strings and lists share the operations of concatenation (&), composition (V), and
decomposition (6 and A). By considering TEXT files as 3-lists, precise definitions can be given for
operations that manipulate files, including all difficult cases of line boundaries and legal sequences of
operations.

Sets have operations union (U), intersection (M), and difference (-). Sets are basic mathematical
objects used in constructing relations and functions that are used to give the meanings of programs.

The box notation distinguishes the syntax aspect of a program P (its character string) from the
semantic aspect (its meaning function).
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CHAPTER 6
THE CALCULUS OF SEQUENTIAL PROGRAMS

Chapter Preview

Chapter 6 begins the development of the program calculus for sequential programs and
culminates in design rules for creating BEGIN statements that execute correctly.

Although it is possible to determine the program meaning of a Pascal program directly from
the definition for small programs, larger and more complex programs are difficult to analyze directly.
The next chapters are devoted to a systematic method for determining program meanings a step at
a time. The parts of programs, declarations, procedures, and statements can be analyzed in
isolation, then combined to form the meaning of the whole. This treatment begins with the
decomposition of programs into blocks, declarations, and BEGIN statements, then continues with
statements of increasing complexity, namely sequential statements, conditional statements, and
iteration statements.

A program containing no IF or WHILE statements is a sequential program, which has execution
tables whose rows never change. That is, since the control flow necessarily passes straight through
the program, the program parts entered in each row are always the same, no matter what input
data is supplied. Values in the columns of the tables for one program, however, may differ depending
on the input data, for each column represents a value history of a program variable. Each row of an
execution table corresponds to a program part, which transforms one execution state (in which the
variables have the values of the previous row) to another (the values in the current row). These
transformations are the functions or relations that provide the basis for the program calculus.

6.1 The Meanings of Program Parts

Preview

Simple programs have simple meanings, but dealing with complex programs requires
decomposing them. The process for determining the meaning of a complex program is to find
the meanings of its constituent parts and then combine these meanings.

New ideas: execution states, composition of relations and functions, inverse functions, transpose,
the meaning of blocks and declarations.

The goal of the program calculus is to calculatefor any CF Pascal program P in terms of
the components of P. CF Pascal syntax provides the ideal method of breaking down a program into
appropriate parts whose meanings can be found, then combined. The intermediate transformations,
each corresponding to a single fragment of Pascal program, are called part meanings, to distinguish
them from the program meaning. These part meanings will be symbolized by boxing portions of
programs.

6.1.1 Execution States

In an execution table, variables other than INPUT and OUTPUT may be present to describe the
actions of the Pascal machine as declarations are encountered, assignments executed, etc. The
strings attached to INPUT and OUTPUT in the table are part of the program’s working data, but
not all of it. For example, consider the program defined in part as:
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PROGRAM Copyl (INPUT, OUTPUT) ;

VAR
Chl: CHAR;
Ch2: CHAR; ;
Fl: TEXT:

BEGIN

REWRITE (F1) ;
Chl := 'B’;
READ (Ch2) ;
WRITE (F1,Ch2) ;

END.
Its execution table for input <ABC> begins:

Partial Execution Table
After execution of INPUT | OUTPUT | F1 | Chl | Ch2

PROGRAM Copyl (...): | ABC/ -

VAR

Chl: CHAR; ?

Ch2: CHAR; ?

Fl: TEXT; ?
BEGIN

REWRITE (F1) ;

Chl := 'B'; B

READ (Ch2) ; ABC/ A

WRITE (F1,Ch2); A_

END.

The values of the variables INPUT, OUTPUT, F1, Chl, Ch2 shown in the table are an essential
part of the history of execution.

The essential information in an execution table is a listing of the current variables and their |
values—the information in one table row. An appropriate formal object to use in describing a row of
variables and values is a set of identifier-value pairs. For example, the data state following the
READ statement in the table above can be represented as a 5-set of pairs:

s = {<tINPUT{, <}At,1BCt V /R>>, <tOUTPUTY, <tt,t1,w>>,
<tF1t, <t1,t1,W>>, <tch1}, B>, <tch2}, a>}

Each identifier is paired with an appropriate value. For example, INPUT is paired with a 3-list
having a past string of fAt, a future string of tBCt V /, and a file state of R. This set of pairs
derived from an execution table is called an ezecution state. Execution state s is a function, whose
domain is a set of identifiers, and whose range is a set of values, of the kinds appropriate to the
identifiers.

The execution state changes from line to line in an execution table. The central problem of the
program calculus is to calculate execution states from line to line, using the program parts that
define them. The meaning of a program part is the function or relation that relates the execution
states between two lines of the execution table. For example, the execution state following s, after
the WRITE statement, is

t = {<tINPUT}, <tAt,{BCt V /R>> <{OUTPUTt, <tt,11,w>>,
<tF1t, <tat,tt,w>>, <tch1}, B>, <tch2t, A>}

That is, t is the same as s except for the pair <tF1t, <tAt},t1,W>>, which reflects the action of the
WRITE statement. The program calculus will provide a WRITE-statement rule for deriving ¢ from s
without reference to any other part of the program leading up to s.
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Since the execution states s and ¢ are functions, the value notation can be used. For example:
s(tINPUT}) = <tAt,tBCt V /R>

t(tfch1t) =B

The execution states for the early lines of this execution table are less obvious. In the program

header line, E1, Chl, Ch2, have no values because they have not yet been declared. Therefore, the
execution state for this line makes no mention of F1, Chl, Ch2, but is

u = {<tINPUTt, <tt,tABCt V /R>> <tOUTPUTt, <ttt w>>}

a function whose domain is {{INPUT}, tOUTPUT}}. Now, since u must eventually be transformed
into s, it is evident that the meaning of a program part may change not only the values of functions
with identical domains but may also change the domains of functions.

The declarations of CHAR variables Chl and Ch2 and file F1 in the execution table above
show the symbol ? as value. This symbol means that although these identifiers now have values, the
values are unknown. That is, the execution state following the declaration of Chl is one from a
whole collection of states. Each possibility has the same form:

v = {<tINPUT}, <tt,tABCt V /R>>, <toUTPUTt, <tt,ttw>>, <tCh1t, 2>},

where z is a character. One of these states, for some particufar value of z, results from the
declaration of Chl, but which one is not known. It still makes sense to use the value notation for
some identifiers, for example

y(tOUTPUTY) = <tt,t1,w>,

but for Chl, the best we can say is that v(tCh1t) is some unknown character value.
It will be convenient to use the symbol ? for the unknown initial value of a variable, and write

v = {<tINPUT}, <tt,tABC} V /R>>, <{OUTPUTt, <tt,+tw>>, <tCh1t, 7>}

as an abbreviation. But it is important to remember that ? is not a literal character value.

Many of the special symbols used to write execution states as sets of lists can be eliminated
without loss of precision; the resulting states are easier to read. The following abbreviations will be
used:

1. The angle brackets will be omitted around identifier-value pairs; instead the identifier and
value will be separated by a dot (-).

2. The identifiers will be shown in the special program font, not as strings.

3. String bounding markers will be omitted when a value cannot be confused with a character.
Using these abbreviations, the state s following the READ statement above, instead of being shown
as

s = {<tINPUT}, <tAt,tBCt V /R>>, <tOUTPUTt, <ttt w>>,
<tF1t, <tt,1t,w>>, <tCh1t, B>, <{Ch2t, A>}
will be abbreviated
s = {INPUT-<tA%},BC/,R>, OUTPUT-<tt,1t,Ww>, F1-<tt,1},W>, Chl:B, Ch2-A}.
When line markers are not of particular interest, they will be shown as part of the strings they end.

6.1.2 The Meaning of the Program Header and Period

The first and last parts of a program (the program header and the final period) have a special role to
play in the program calculus. They match the interior part meanings, whose domains and ranges are
execution states, to the external program meaning, whose domain and range are lists of strings. The
correspondence between internal and external values makes use of INPUT and OUTPUT, which occur
in the execution states as variables, but whose contents outside the program are lists of strings.
Whatever list of strings L is applied as external program input is converted by the program
header into the future string of INPUT with line markers appropriately inserted. That is, a list
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L=<L,L,,..,L,>
of input strings is converted into the internal string
LiVH&L,VNHNE&. . &(L,V))

which becomes the future-string value for INPUT.
Given program header H = 1PROGRAM 1 & N & t+(INPUT,OUTPUT)? for any identifier named

N, the part meaning of H is:
= {<<L,, Ly, .., L,>, s>: s = {INPUT-<tt,2,R>, OUTPUT-<tt,t1,W>} where
t=(L, V))& L, V))& ..&(L,V /)}.
When the string markers are omitted, it is usual to write:
H = PROGRAM N (INPUT, OUTPUT)

and say, “where N is an identifier.” This is an abbreviation for the form that shows each part of the
string explicitly, and for the phrase "N names a string that conforms to the syntax of <identifier>.”

For example,
[PROGRAM Copy1 (INPUT, OUTPUT) |(<tABt,tCD}>) = ;
{INPUT-<{t,(AB V /) & (CD V /)R>, OUTPUT-<tt,tt,W>}.

At the completion of execution, the final period converts the past string of OUTPUT into

program output, namely a list of character strings where the line markers define the separation of
members.

Thus the meaning of the final period is defined to be:
[]=1{<s, <Ly, Ly, ..., L,>>
s(OUTPUT) =<(L, VN & (LyV /) & ... & (L, V /), t1,w>}.

Thus the pairs in the state s other than the one with argument OUTPUT are simply lost. For
example,

[[]{xnpuT-<aBC V /,11,R>, OUTPUT-<(AB V /) & (CD V /),}1,w>, Ch1-B}) =

<tABf, tCD1>,
so the printed result will be:
AB
CD

In summary, the domains and ranges for the part meanings introduced so far are given in the
following table:

Table of Domains and Ranges of Part Meanings

Program part__| Domain | Range
program lists of strings lists of strings
program header | lists of strings execution states
final period execution states | lists of strings

8.1.3 Compositions of Relations and Functions

The part meaning of a program header converts an external list of strings to a value attached to
INPUT in an execution state; the part meaning of the final period converts a value attached to
OUTPUT in an execution state to an external list of strings. In between, the remainder of the
program transforms the first execution state into the final one. That is, the header function supplies
the input for the main part of the program, whose output in turn is the input for the period part
function. The result of relations and/or functions acting one after the other in this way is called
their composition.
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The composition of relations r and s, denoted r o s, is a new relation of all possible pairs <z,
2> such that for some intermediate value y, <z, y> € r and <y, 2> € 5. Informally, in set-builder
notation,

ros = {<z, 2>: for some y, <z, y> € r, <y, 2> € s}.

The new idea of “for some y” can be defined in terms of an idea already presented, the domain of a
relation. Consider the relation between pairs and intermediate values:

t ={<<z, z>, y>: <z, y> €r, <y, 2> € s}.

An argument <z, z> is paired with y in ¢ just when the intermediate y does exist, and thus the
meaning of r o s is all possible arguments of ¢,

r o s = domain(¢).

The program calculus is being defined to capture the intuitive meaning in execution tables, but
there is a profound difference between the box functions of the calculus and the tables. The box
functions describe program meaning in its entirety, while the execution table gives only one instance
of the meaning (for a particular input value). The information in the table is obtained by evaluating
the box function for a single argument. Starting with this argument, the part meanings produce
each intermediate set of values in the table. Thus the whole table represents the composition of the
part meanings, but evaluated for one argument. The composition of box functions themselves is a
function, not merely the value of a function, and as such it can be used in calculating the meaning of
larger program parts, whereas a value such as the table provides is useless in such calculations.

The definition of composition uses an intermediate value, which can be eliminated for functions.
If r is uniquely defined at z, the definition can be rewritten as follows, using value notation:

ros = {<z, 2>: for some y, y = r(z), <y, 2> € s}
and if in addition s is uniquely defined at y,

ros = {<z, 2>: for some y, y = r(z), z = s(y)}-

Substituting for y,

ro s = {<z, s(r(z))>: r uniquely defined at z, s uniquely defined at r(z)}

and in this form the intermediate y does not appear. When r and s are uniquely defined in this way,
the resulting values are also unique. For functions, all values are uniquely defined, and thus the
composition of two functions is a function.

The value notation provides a way to find the value of a composition of functions. To
calculate

(fo 9)(=)
first find y = f(z), then find g(y).
For example, the function defined by the composition

[PROGRAM Any (INPUT, OUTPUT) |o[.]
can be calculated directly for any list of strings L. First find
y =[PROGRAM Any (INPUT, OUTPUT) |(L),
and then El(y) That is,
[PROGRAM Any (INPUT, OUTPUT) |o[.](L) =[](¥)
where y =[PROGRAM Any (INPUT, OUTPUT) |(L).
The result 1s
y = {INPUT-<t},u,R>, OUTPUT-<tt,11,#>}, and [](y) = <tt>

independent of the string u created from the list L. The past string of the OUTPUT value is empty,
and that is enough for the result. Thus this composition is a constant function with value <tt> for
any argument list of strings L.
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Composition is associative. That is, for any relations r, s, ¢
(ros)at=ro(80t)
because
(ros)ot={<z,u>:for some z, <z,2> € (ro s), <z,u> € t}
= {<z,u>: for some z, for some y, <z,y> € r, <y,z> € s, <z,u> € t}
= {<z,u>: for some y, <z,y> € r, for some z, <y,z> € 5, <z,u> € t}
= {<z,u>: for some y, <z,y> € r, <y,u> € (s o t)}
=Tro (s o t).
Therefore, compositions of more than two relations need not be parenthesized, and r o s o ¢t can be
calculated from either (ros)ot or ro(sot), whichever may be more convenient.

Composition is not commutative. However, an identity function and the empty function
commute with any relation. That is for any relation s:

if domain(s) C domain(]), then sol =Ios=3s
so{l=1{}os=1{}

Functions or relations whose actions exactly undo one another’s in composition are called
tnverses. That is, s is a right inverse of r if and only if

ros=I,.,

where I_is the identity function over domain(r).
The transpose of a function or relation r, denoted rT, is r with all its pairs reversed, that is,

1T ={<z, y>: <y, 2> € r}

The transpose may be an inverse, and it is in this role that it will be used in the program calculus.
A useful test is the following:

If the transpose of a relation r is itself a function, then that transpose is a right inverse for r.
To see this, suppose the transpose of r is a function. Then by the definition of composition, :
rorT ={<z, z>: for some y, <z, y> € r, <y, 2> € rT}
= {<z, z>: for some y, <y, 2> € rT, <y, 2> € rT}
Now, since T is a function, any two values paired with the same argument in it must be identical, as
are z and z paired with y above. Thus ;
rorT = {<z, z>: for some y, <z, y> € r, <y, 2> € rT}
= {<z, >: for some y, <z, y> € r}
=1,, the identity function over domain(r).

Therefore rT is a right inverse for r.

6.1.4 The Meaning of Declarations

The syntactic object that falls between a program header and the final period is a CF Pascal block.
The part meanicg of a block therefore transforms the initial execution state into the final one. This
transformation may have several distinct parts, resulting from variable and procedure declarations
and the BEGIN statement of which the block is composed.

The effect of a declaration on the execution state is to add to that state one or more new
identifiers. Before a declaration occurs, the identifiers have no existence; after the declaration they
may have values. The part meaning of a declaration must therefore alter the domain of the
execution state, adding an identifier. It will be convenient to separately define the meaning of VAR
declarations for CHAR, VAR declarations for TEXT, and PROCEDURE declarations.
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The 'mea.ning of VAR declarations will be defined using relations that are not functions. The
relation will pair all possible values with the identifier being declared, capturing the idea that the
value is unknown. For a CHAR variable N, define:

[VAR N : CHAR|={<s, t>:t =s U {<N, 2>} for some character z}.

(Remember that this is an abbreviation for: the string N conforms to the syntax of <identifier>
and the string

V=1VAR t & N & t: CHAR?
is being considered.) In the notation using ? for the value of V:
[VAR N : CHAR|={<s, t>:t =s U {N-?}},

it is not so obvious that every possible character is paired with the identifier. For example, let s be
an argument of IVAR Ch: CHAR|. Then s is paired with values

s U {Ch-A},
s U {ch-B},

for all possible characters.

Although |VAR N : CH.Aﬁlis not a function, [VAR N : CHAR|T s a function, because its
pairs are of the form

<s U {N-A}, s>

<s U {N-B}, s>

and each argument has a unique value.
The treatment of a file declaration is similar. Let N be an identifier. Define:

[VAR N : TEXT|={<s, t>:t = s U {N-<z,y,2>} for some strings
z and y, and some z € {R,W}}.

The abbreviated notation attaches the 3-list <?,?,?> to the newly declared identifier.

Declarations of more than a single variable are a straightforward generalization: several
identifiers are added to the state, each paired with all possible characters or 3-lists, as appropriate.
This can be expressed by composition. For example,

[VAR Chl, Ch2: CHAR|=|VAR Chl: CHAR|.[VAR Ch2: CHAR]
= {<s, t>: t = s U {Ch1l-?} U {Ch2-?}}
which includes pairs such as
<s, s U{Ch1-c} U {Ch2-F}>

and all other combinations of two character values.
Suppose that

z = {INPUT-<tt,t1,R>, OUTPUT-<tt,1t,W>}
is an argument of the relation IVAR Ch: CHARI. Then z is paired in this relation with values

{INPUT-<tt,}1,R>, OUTPUT-<tt,tt,W>} U {Ch-c}

for all characters c. We abbreviate this information with the formula:

[VAR Cch: CHAR|({INPUT-<tt,1},R>, OUTPUT-<tt1t,W>})
= {INPUT-<tt,t1,R>, OUTPUT-<tt,t,W>, Ch-?}.

Procedure declarations apparently do not affect the values displayed in an execution table.
When later the procedure identifier is used in a procedure statement, however, the <body> of the
procedure must be invoked. It is the business of the declaration to record the information that
makes this later action possible, namely the text of the <body>. This text is attached to the
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procedure identifier as value in the execution state. For procedure identifier N and declared
<body> T, define:

[PROCEDURE N : T |={<s, t>:t =5 U{<N, T>}}.

In the definitions of declaration part meaning, and throughout the further definitions to follow,
the programs and program parts must be syntactically correct. No meanings are assigned to strings
that do not obey the syntax and context rules. By assigning meanings only to correct programs, we
avoid repeating all the complications of syntax in semantics. For example, if it were possible to
encounter a declaration of an already-declared variable, the definition would have to do something
special about this situation. But since redeclaration is a syntax error, the semantic definitions can
ignore 1it.

6.1.5 The Meaning of Blocks

A block may contain zero or more variable and /or procedure declarations, but it must conclude with
a single BEGIN statement. The simplest <block> is one that contains neither declarations nor
statements:

BEGIN
END

In an execution table, this block would not alter any variable values, so as a transformation from
execution states to execution states its meaning is an identity function I:

BEGIN END|=I.

When a block contains declarations, identifier-value pairs are added to the execution state

before the BEGIN statement is executed, then removed after its execution. For example, variables
are added by the part meaning deﬁned in the previous section; then later, T is
just what’s needed to delete those variables.

A simple block with declarations is:

VAR

Ch: CHAR;
BEGIN
END

with the part meaning:
VAR Ch: CHAR: BEGIN END|
=|VAR Ch: CHAR|o|BEGIN END|o[VAR Ch: CHAR|T

namely, a composition that first adds Ch-? to the state, then performs the identity transformation,
then removes Ch and its value from the state. Beginning with execution state

{NPUT-<t1,V /R>, OUTPUT-<t1,t,W>}
this composition has the value

(VAR Ch: CHAR|o|BEGIN END[o|VAR Ch: CHAR|T)
({INPUT-<t1,V /R>, OUTPUT-<t1,1t,W>})

= (|BEGIN END|o[VAR Ch: CHAR]|T)
({INPUT-<tt,V /R>, OUTPUT-<t1,tt,W>, Ch-?})

=|VAR Ch: CHAR|T({INPUT-<t1,V /R>, OUTPUT-<tt,1,W>, Ch-?})
= {INPUT-<t1,V /R>, OUTPUT-<tt,tt,W>}
That is, as expected, IVAR Ch: CHAﬁ[ contains all pairs of the form
<s, s U {Ch:c}> for character ¢
(which we abbreviate to adding Ch-? to the state); does not alter the state; and
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|VAR Ch: CHAR|T removes the pair abbreviated as Ch-?.

The general case of a block’s part meaning follows the example above closely. When there are
no declarations, the block meaning is just the meaning of its BEGIN statement. When there is a
VAR or PROCEDURE declaration F followed by a block B, the meaning is:

A block with a single variable declaration and a single procedure declaration would be
analyzed as follows:

[VAR...; PROCEDURE...; BEGIN...END|
=[vAR. . .|o|PROCEDURE. .; BEGIN...END|o|[VAR...|T
=[VAR. . .|o|PROCEDURE. . .|o[BEGIN. . .END|o[PROCEDURE. . .|To[VAR. . .]|T.

The part meaning of a block is typical of the program calculus. A substring of a program
corresponding to a syntactic part is further divided into components. Then the meaning of the
original substring is defined as in terms of its components’ meanings.

The remainder of this chapter defines the part meanings for statements of CF Pascal. But by
considering statement actions in execution tables it is possible to anticipate the formal definitions,
and work out a complete example of the program calculus. Consider the program Q:

PROGRAM CopyChar (INPUT, OUTPUT) ;

VAR
Ch: CHAR;

BEGIN |
READ (Ch) ; I
WRITELN (Ch)

END.

can be calculated for input the 1-list <tABC}> as:
[@](<taBct>) =[PROGRAM .. .END.|(<tABCt>)
= ([PROGRAM. . .]o[VAR. . .END|o[.])(<tABCt>) (1)
= ([vAR...END|o[.]) ({INPUT-<tt,ABC/,R>, OUTPUT-<tt,11,W>}) (2)

= ([vAR...]+[BEGIN. . .END|o[VAR...|T0[.])
({1NPUT-<tt,ABC/,R>, OUTPUT-<tt,tt,W>}) (3)

= ([BEGIN. . .END|o[VAR. . .]|To[.])
({INPUT-<tt,ABC/,R>, OUTPUT-<tt,tt,W>, Ch-?}) (4)

= ([var...]To[.]) {INPUT-<tAt,BC/,R>, OUTPUT-<A/,},W>, Ch-A}) (5)
=[.]{xnPUT-<tAt,BC/R>, OUTPUT-<A/11W>}) (6)
= <tat> (1)

Step 1 expands the program meaning E by definition into the composition of its header, block, and
period meanings. Step 2 records the value of the first header meaning of the composition. Step 3
expands the block meaning into the composition of its declarations, BEGIN statement, and
declaration transpose meanings. Step 4 records the value of the first declaration meaning of the
composition. Step 5 records the value of the BEGIN statement meaning (by direct inspection). Step
6 records the value of the declaration transpose meaning. Step 7 records the value of the final period
meaning.

The domains and ranges of the part meanings introduced so far are given in the following

table:
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Table of Domains and Ranges of Part Meanings

Program part Domain Range
program lists of strings lists of strings
program header lists of strings execution states
final period execution states | lists of strings
block execution states | execution states
declaration execution states | execution states
BEGIN statement | execution states | execution states

8.1.6 Exercises

6.1.1 Write out in full detail the final execution state (just before the end of execution) in the |
partial execution table for Program 22 given in Section 1.5.1. !
6.1.2 1If P is the program:

PROGRAM Read2 (INPUT,OUTPUT) :

VAR }
Cl, C2: CHAR;
BEGIN
READ (C2) ;
READ (C1) ;
WRITELN(C1, C2, 'REV')
END.

a) What is by direct inspection?

b) What is the execution state (in the abbreviated notation) just after the second READ
statement has been executed, for input <tABCt>?

6.1.3 If r o rT = I, where I is the identity over domain(r), is it always the case that rTor = I?
Explain.

6.1.4
a) Give an example of a relation that is not a function, but its transpose is a function.
b) Give an example of a function whose transpose is a relation that is not a function.

6.1.5 Is the transpose of a function or relation always its right inverse? Why or why not? (Hint:
the results of this section show that only if the transpose is not a function, could it fail to be the
inverse.) :

6.1.6 In the definition of , identifier-value pairs are added with set union to the
argument state to form the result state.. Explain why it never happens in actual programs that the
added identifiers are already in the argument state.

6.1.7 Suppose that an execution state s contains the identifier-value pair Ch-F (the result of an
assignment, as the next section shows). Carefully explain how

[VAR Ch: CHAR|T(s)

is computed. Do not make use of the ?-abbreviation.

6.1.8 Given program R:
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a2

PROGRAM PrintA (INPUT, OUTPUT) ;
VAR
Chl, Ch2: CHAR;
BEGIN
READ (Chl) ;
WRITELN ('A')
END.

Work out the program meaning of R for input <tX¥zt>, identifying intermediate execution states
determined by the VAR part meaning and its transpose. Obtain the part meaning of the BEGIN
statement by direct inspection.

6.1.9 Describe the relation defined by
[.]-[PROGRAM Any (INPUT, OUTPUT)]

(ie., give its domain and range, and what values it takes; is it a function?).
6.1.10 Given program S:

PROGRAM PrintB (INPUT, OUTPUT) ;

PROCEDURE WriteB;

BEGIN

WRITELN('B')

END;
BEGIN {PrintB}

WriteB
END.

Work out the program meaning of S for input <tAB1>, identifying intermediate execution states

determined by the procedure part meaning and its transpose. Determine the part meaning of the
BEGIN statement by direct inspection.

8.2 The Meaning of Sequential Statements

Preview

This section defines the meanings of the CF Pascal sequential statements: assignment

statements, null statements, BEGIN statements, WRITE statements, READ statements, and
simple procedure statements.

New ideas: semantics for statements

Sequential programs have no IF or WHILE statements, so control passes directly from one
statement to the next in sequence. Each kind of CF Pascal sequential statement will have a part
meaning defined for it, a transformation from execution states to execution states. The box notation
symbolizes the part meaning of each statement.

/

6.2.1 Assignment Statements ’

The meaning of an assignment statement is a function from execution states to execution states. In
an execution table, an assignment statement causes the left-side identifier to be associated with a
new value, obtained from the expression on the right side.

The box notation can be extended to give meaning to the expressions that appear on the right
side of assignments. The part meaning of such an expression is the value taken for a given execution
state. If the assignment statement is

Chl := Ch2

the expression on the right is a variable, and its value is directly available in the current execution
state. For example, in a state containing the pair Ch2-B the value is B. Thus for an identifier W
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declared CHAR, the part meaning of the expression W in state s is the value W(s) paired with W,
that is,

IE= {<s, s(W)>}.
For example,
({INPUT-<ﬁ,ﬁ,R>, OUTPUT-<tt,tt,W>, Ch-F, V1-C})
= {INPUT-<tt,11,R>, OUTPUT-<tt,1t,W>, Ch-F, V1-C}(Ch)
= F.
Values of literal character expressions are easier to calculate, for they do not depend on the

execution state at all. No matter what may be in that state, the literal itself gives the value. For
example:

[R](s) = A
['](s) =B

and so on.

This definition of a part meaning for character expressions leads to a concise definition for the
part meaning of an assignment statement with left-side identifier V and right-side expression E:

= {<s, t>:t =(s- {<V, ¢>: c is a character}) U {<V, (s)>}}

The set difference removes any old value for V, then the union adds the appropriate new value.
Using sample identifiers V1 and V2 and the literal character expression 'A', the definition
becomes:

= {<s, t>: t is the same as s except that (t) =(s)}
V1l := 'A'[={<s, t>: tis the same as s except that (t) = A}.

Here are five examples:

[Vi := "B'|({vi-a, .})={v1B, .},

[V2 == vi]({vi-a, v2-B, ..}) = ({V1-A, V2-A, .}),
[Vi := vi]({vi-a, v2B, ..}) =({V1-A, V2B, ..}),
[Vi := Vv2]({v1i-?, v2-a, ..}) =({V1i-A, V2-A, ..}),
[Vi:= v2]({vi-a, v2?, .}) =({v1?, V22, .}).

The domain and range elements for the part meanings introduced so far are given in the
following table:

Table of Domains and Ranges of Part Meanings

Program part Domain Range
program lists of strings lists of strings
program header | lists of strings execution states
final period execution states | lists of strings
block execution states | execution states
declaration execution states | execution states
statement execution states | execution states
expression execution states | characters
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6.2.2 Null Statements

A null statement “does nothing,” which means that whatever execution state exists before its
execution is unchanged afterwards. The meaning with this behavior is an identity function I. Thus,

D= I ={<s, s>}.

6.2.3 BEGIN Statements
A BEGIN statement must contain one or more constituent statements, separated by semicolons.
There must be at least one statement (even

BEGIN
END

contains a null statement). The first statement is either the only statement of a BEGIN statement,
and there will be no semicolons; or it will be the statement preceding the first semicolon. If there is
a semicolon, there is a statement following it, if only a null statement.

The meaning of the BEGIN statement can be defined a constituent statement at a time. Let S
be a single statement and T be a sequence of one or more statements separated by semicolons:

[BEGIN S END|=([S]

[BEGIN S : T END|= [S]o[BEGIN T END|.

For example:
[BEGIN V1 := v2; V2 := V3 END|
=|V1 := V2|o[BEGIN V2 := V3 END|=|V1 := V2|s|V2 := V3],

and

[BEGIN v1 := v2; V2 := V3; V3 := V4 END|
=|v1l := V2|o[BEGIN v2 := v3; v3 := v4 END|

=|V1 := v2|o[v2 := V3|o[v3 := v4|.

BEGIN statements can change values of several variables. For example:
[BEGIN v1 := 'A'; v2 := 'B' END|({V1-X, V2.V, .}

=([vi := 'A'fo]vz := 'B'|)({vix, v2:v,..}) (1)

=[v2 := 'B'|([vl := 'A'|({vix, V2V, ..}) (2)

=[vz := 'B'|({via, v2v,.})  (3)
=({v1i-A, V2B, ..}). (4)

Step 1 expands the part meaning of the BEGIN statement into the composition of its constituent
statements. Step 2 converts to the value notation, step 3 applies the first constituent meaning, and

step 4 the second constituent meaning.
BEGIN statements can also change values of one variable several times. The only visible effect

is the last change. For example:
[BEGIN V1 := 'A'; V1 := 'B' END|({V1‘H, V2K, .})
=([vi := 'A'lo[vl := 'B'[)({Vi-H, V2K, .}
=[vi := 'B'|({v1-A V2K .})
= {V1-B, V2K, ...},
and in this case, no trace is left that V1 ever had value A.
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Moving a two-character window from V1,V2 to V2,V3 can be analyzed as follows:
[BEGIN v3 := v2; v2 := V1 END|({V1X, V2:¥, V3Z, ..})
=([v3 := v2]o[va := vi|) ({vi-X, v2:¥, V3.2, ..})

=[v2 := vi]({vix, v2:y, V3, .})

= {V1-X, V2-X, V3-Y, ..}

The familiar pattern used to exchange the values of two variables V1 and V2 can be analyzed
as a composition of three meanings as follows:

[BEGIN v1 := v2; v2 := v3; V3 := vi END|({V1'X, V2-¥, V3.2, ..})
=([vi := v2]o[v2 := v3]o[v3 := vi])({v1-x, v2.¥, v3.2, .})

=([vz := v3|o[v3 := vi|) ({v1-¥, v2-¥, V3.2, .}
=[v3 := vi]({v1-y, v2-2, V3.2, ..})

= {V1-¥Y, V2-2, V3-Y, ..}.

6.2.4 WRITE Statements

Files have values that are 3-lists, and the actions of READ and WRITE statements have been
precisely described in Section 5.2.2. It is not difficult to translate that description into formal -
meaning—the statements’ effect on execution states. Let f be a file identifier, and e a character
expression.

[REWRITE ( f )|={<s, t>:t =(s- {<f, u>: uis a 3-list}) U {<f, <th, 11, w>>1)
WRITE (f. eﬂ= {<s, t>: s(f) = <z, t1, W> where 7 is a string,

t=(s- {<J, u>: uis a 3-list}) U{<[, <z V[¢](s), 1, w>>}}.
IWRITELN( 7)) |=1{<s, t>: s(f) = <z, t, W> where 7 is a string,

t=(s-{<f, u>: uisa 3list}) U{<f, <z V /, 1, w>>}}.

When the file identifier is missing, OUTPUT is the file for WRITE and WRITELN statements, for
example,

= {<s, t>: s(OUTPUT) = <z, t1, 2> where 7 is a string,
t = (s - {<OUTPUT, u>: u is a 3-list}) U {<OUTPUT, <z V /, 1, W>>}}.
For example:
|[REWRITE (F1) |({F1-<AXB,1t,w>, ..}) = {F1-<t},11,w>, ..},
[WRITE (F1, ch)|({F1-<AB,}t,W>, Ch-C, ..}) = {F1.<ABC,}tW>, ch-C, ..},

[WRITELN]({OUTPUT-<Line1,ttW>, ..}) = {OUTPUT-<Line1/,ttW>, ..}.

WRITE statements involving several expressions were defined as combinations of simpler statements;
composition of meanings is just the right notion to use in these definitions. For example,

|[WRITE (Ch, 'A')|=|WRITE (Ch)|o[WRITE ('A")],
|WRITE ('AB')|=[WRITE ('A')|o|WRITE ('B")],
|WRITELN (F1, Ch)|=|WRITE (F1, Ch)|o[WRITELN (F1)]|.

Enough of the program calculus has been presented to handle in complete detail programs like
the first ones seen in Chapter 1. For example, consider
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PROGRAM WriteHello (INPUT, OUTPUT) :

VAR
LetterL: CHAR:;
BEGIN
LetterlL := 'L';
WRITELN ('H', 'E', LetterL, LetterL, '0O')
END.
Successive calculations reveal the meaning of this program, applied to the input line <ABC>:
[PROGRAM WriteHello ... END.|(<ABC>)
= ([PROGRAM . ..]o[VAR ... BEGIN ... END|o[.])(<ABC>)
=([vAR ... BEGIN ... END|o[.]) ({INPUT-<t},ABC/R>, OUTPUT-<tt,1t,W>})
= (|VAR. . .[o[BEGIN ... END|o[VAR...|To[.])
({INPUT-<tt,ABC/,R>, OUTPUT-<tt,1t,W>})
= ([BEGIN ... END|o[vAR...]To[])
({INPUT-<tt,ABC/,R>, OUTPUT-<tt,11,W>, LetterL-?})
=([LetterL := 'L'|

o[WRITELN ('H', 'E', LetterL, LetterL, '0')]o[VAR...|To[.])
({1NPUT-<t}t,ABC/,R>, OUTPUT-<tt,1t,W>, LetterL-?})

= (|WRITELN ('"H', 'E', LetterL, LetterL, '0")]o [VAR...]T0[])
({INPUT-<tt,ABC/,R>, OUTPUT-<tt,tt,W>, LetterL-L})

= To[.]) {(INPUT-<t1,ABC/,R>, OUTPUT-<HELLO/,t,W>, LetterL-L})
=[.]{zNPUT-<tt,ABC/R>, OUTPUT-<HELLO/,tt,W>})

= <HELLO>.
Thus the meaning of the program on this input is <HELLO>:
|[PROGRAM WriteHello ... END.|(<ABC>) = <HELLO>.

6.2.5 READ Statements

The actions of READ statements given in Section 5.2.2 can also be translated into mappings of
execution states. Let f be a file identifier and ¢ a CHAR variable. Then:

IRESET( S |= {<s, t>: s(f) = <z, y, R> where z, y are strings,
t=(s-{<f, u>: uisa 3list}) U {<[, <tf, z & y, R>>}}.
IiEAD( f . ¢ )|= {<s, t>: s(f) = <z, y, R>, where z, y are strings, y # 11,
t =((s- {<f, u>: uis a 3-list}) - {<c, v>: vis a character})
U{</f, <z V(8y), Ay, R>>}
U{<c,8y>:0y#/}U{<c,0>:0y=/}}
IT{EADLN( f )|= {<s, t>: s(f) =<z, y, R>, where z, y are strings,
y=( V /) &k, [/ not a substring of j,
t=(s-{<f,u>ruisadlist}) U{<Sf, <z & (j V /), k, R>>}}.

When the file identifier is missing, INPUT is the file for READ and READLN statements, for
example,
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= {<s, t>: s(INPUT) = <z, y, R>, where z, y are strings, y # 11,
t = ((s - {<INPUT, u>: u is a 3-list}) - {<c, v>: v is a character})
U {<INPUT, <z V(O y), A y, R>>}
U{<c,®y>:0y# [/} U{<c, 0> 0y=/}}
For example:

[RESET (F1) | ({F1-<aB,cD/R>, ..}) = {F1-<t},ABCD/R>, ..},

[READ (F1, cn)|({F1-<AB,cD/R>, Ch-=Q, ...})
= ({F1.<ABC,D/,R>, Ch-C, ...}),

[READLN]({INPUT-<AB,CD/,R>, ...}) = ({INPUT-<ABCD/,t1,R>, ...}).

More complicated READ statement meanings are defined as compositions, for example:

[READ (Ch1, Ch2)]|=|READ (Ch1)]|0|READ (Ch2)]|,
[READLN (Ch) |=|READ (Ch) |0 [READLN|.
As an example, consider the program:

PROGRAM Change2 (INPUT,OUTPUT) :
VAR
C2: CHAR:
BEGIN
READ (C2):
WRITE (C2);
READ (C2):
WRITELN ('2')
END.

In calculating IEROGRAM Change2 ... END. |(<']'ABCT>), the first steps are the same as those for
WriteHello above:

|[PROGRAM Change2 ... END.|(<tABC}>) =
(|PROGRAM Change2 ...|o[VAR...|o [BEGIN ... END|o [VAR.. .|Ta|:|) (<taBct>)

= ([BEGIN ... END|o[VAR...]T0[.])
({1NPUT-<tt,ABC/,R>, OUTPUT-<tt,1t,Ww>, C2-?})

= (|READ (C2) |o[WRITE (C2) |o|READ (C2)]o [WRITELN ('2")]o[VAR . .JTOD)
({1iNPUT-<tt,ABC/,R>, OUTPUT-<t1,1t,W>, C2-7})

= (|WRITE (C2) |o|[READ (C2) |0 [WRITELN ('2") |0 [VAR .jToE])
({1NPUT-<tAt,BC/,R>, OUTPUT-<tt,1t,W>, C2-A})

= ([READ (C2) |0 [WRITELN (*2")]o[VAR ...]To[.])
({inpPUT-<tAt,BC/,R>, OUTPUT-<tAf,tt,W>, C2-A})
= ([WRITELN ('2")]o[VAR ...]T0[])

({1NPUT-<AB,Cc/,R>, OUTPUT-<tAf,t1,W>, C2-B})
=([vAR ...|To|t.1]) ({INPUT-<AB,c/R>, OUTPUT-<A2,T1’¥W>, C2'B})
=[.]{xnPUT-<AB,c/,R>, OUTPUT-<A2,}t,W>})
= <tA2}>.

Thus
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[PROGRAM Change2 ... END.|(<tABCt>) = <tA2{>.

6.2.6 Simple Procedure Statements

The declaration of a CHAR variable adds its identifier paired with an unknown value to the state, so
that later the value can be changed (with assignment or READ statements), or obtained for use in
evaluating expressions. A procedure declaration also adds the identifier to the state, but paired with
the full text of the procedure <body>. Later, this <body> text supplies the meaning for a
procedure statement. For example, in the program,

PROGRAM SimpleProc (INPUT, OUTPUT) ;

PROCEDURE Demo;

BEGIN

WRITELN ('Invoked. ')

END;
BEGIN

Demo
END.

the procedure declaration adds the pair
<tDemot, tBEGIN WRITELN(’Invoked.’) END}>
to the state, and the subsequent procedure statement has the meaning

[Demo|=|BEGIN WRITELN ('Invoked.') END|.

The formal definition of procedure statement part meaning follows the example exactly. Let N
be a procedure identifier. Then:

[N]={<s,[s (M)](s)>}.

8.2.7 Exercises

6.2.1 For the program in each part, work out the program meaning for input <tABCDt>, showing
all intermediate states.

a) VERTICALGREETING (Program 7, Section 1.2).
b) CopyTwice (Program 13, Section 1.3).
¢) CopyReversedToo (Program 16, Section 1.3.2).

6.2.2 For the program in each part, work out the program meaning for input <tA}>, showing all
intermediate states.

a) CopyReversedToo (Program 16, Section 1.3.2).
b) CopyAndShuffle (Program 17, Section 1.3.2).

6.23 Work out the program meaning for SimpleProc given in Section 6.2.6, giving each
intermediate state, when the input is an arbitrary string z. Can you write the result without
mentioning z?
6.2.4 Let P be the program

PROGRAM AssignThem (INPUT, OUTPUT) ;

VAR

Chl, Ch2: CHAR:
BEGIN

Ch2 := Chl
END.

Explain why the formal definitions make this program meaning a constant function:
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= <tt>.
It seems intuitively reasonable to some people that the definition for this program should be:
={}
that is, the empty function.
a) Give an argument why the definition as a constant function is right.
b) Give an argument why the definition as the empty function is right.

The lesson is that although definitions are always “true” (by definition!), there can be honest dispute

about how to make them correspond with intuition. But don’t forget which #s the definition that you
must use.

6.2.5 If a sequential program S contains two READ statements, then is never defined for all
input strings. Explain which strings are not in domain( ) and why not.

6.3 The Analysis of Sequential Statements

Preview

The meaning of a BEGIN statement with constituent sequential statements can be summarized
by a concurrent assignment that lists the variables and their final values. Symbolic execution
recorded in trace tables can be used to derive the meanings of BEGIN statements as concurrent
assignments or to verify the correctness of meanings given independently.

New ideas: concurrent assignments, symbolic execution, trace tables.

.

The program calculus has the goal of calculating the meaning of any program P. The
principle is simple, and the definitions of meaning for program parts, along with composition, allow
working out the meaning for an entire program. In practice, however, using the definitions directly
may be a long and tedious procedure. In this section, some shorthand methods are given that make
practical program analysis easier. ’

6.3.1 Concurrent Assignments

BEGIN statements can assign values to more than one variable. The ability to summarize the effect
of a BEGIN statement is so important that it will be made into a formal comment in CF Pascal,
called a concurrent assignment. The Pascal machine does not have the ability to execute concurrent
assignments—they are not part of Pascal syntax. However, the form of the comment is a simple
extension of the CF Pascal assignment statement. A list of variables is written on the left side of the
assignment operator, and a list of expressions on the right side, these two lists being of equal length.
A concurrent assignment expresses the knowledge that the expressions, computed all at the same
time, are the values taken by the corresponding variables. For example, the effect of the BEGIN

statement:
BEGIN
V1 := 'A';
v2 := 'B'
END

is given by the concurrent assignment
<V1,V2> := <'A','B'>
while the BEGIN statement
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V1l := 'A';
V1l := 'B'
END
has the effect given by:
<V1> := <'B'>.
When no confusion can arise, the angle brackets of the lists are omitted; for example:
Vi,V2 := 'A','B'

in the first example above. Concurrent assignments make excellent comments, because they express
exactly what the result of a BEGIN statement must be. For example,

BEGIN {V1 := 'B'}
vl := 'A';
vVl := 'B'

END

assures the reader that this peculiar construction is intended, not a typing mistake.
For any characters z, y, z, X

[BEGIN V3 := V2; V2 := V1 END|({V1-z, V2-y, V3-z ..})
= {V1.z, V27, V3-y, ..},

so the concurrent assignment of

BEGIN
V3 := V2;
V2 := V1
END
is given in the commented version:
BEGIN {V2,V3 := V1,V2}
V3 := V2;
V2 := V1
END

The advantage of concurrent assignments over part meanings is that only changed variables figure in
a concurrent assignment. Other variables may be present in the execution state, but if they do not
appear on the left side of a concurrent assignment, their values do not change.

Concurrent assignment comments make the effect of a program part explicit. The above
examples are straightforward, but consider the following BEGIN statements:

E F
BEGIN BEGIN
V1l := V2; V1l := V2;
V2 := V3; V3 := V1;
V3 := V1 V2 := V3
END END

in which the second and third assignments are interchanged. We can work out the part functions for
E and F, letting z, y, z stand for any characters, as

[E]({vi-z, V2uy, V32, ..})

=([vl := va]o[vz := v3|o[v3 := vi|)({Vi-z, V2:y, V3-z ..})
=([vz := v3|o[v3 := vi|)({V1l-y, V2:y, V3-z ..})

=[v3 := vi]({vi-y, V2.2 V32 ..})
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= {V1.y, V2-2, V3-y, ..}.
and

[F]l({v1-z, v2.y, V3-z ..})

=([v1 v2|o[V3 Vijo[v2 := Vv3|) ({Vi-z, V2-y, V32 ..})
=(|v3 := vi|o|v2 v3|) ({vi-y, V2-y, V3:z, ..})
=[v2 := v3]({Viy, V2-y, V3y, ..}

= {V1-y, V2-y, V3-y, ..}.

In E, the net effect is to destroy the value of V1 and exchange the values of V2 and V3, as
summarized in the concurrent assignment: ‘

V1,Vv2,V3 := V2,V3,V2
while F has quite a different effect, namely to give all the variables the original value of V2:
V1,V3 := V2,V2

Adding concurrent-assignment comments to the statements makes their actions clear:

F F
BEGIN {V1,V2,V3 := V2,V3,V2} BEGIN {V1,V3 := V2,V2}
V1 := V2; V1 := V2;
V2 := V3; V3 := V1;
V3 := V1 V2 := V3;
END END

E is an important BEGIN statement that exchanges the values of V2 and V3 using V1 as a '
temporary holding variable; F' is often created by mistake when trying to write E.

68.3.2 Symbolic Execution and Trace Tables

The concurrent assignment of a BEGIN statement can be determined by direct inspection or from
the part function. However, for complex BEGIN statements, there is a need for a quick, accurate
~ way to obtain the concurrent assignment directly. For example,

BEGIN
Vi := V2;
V2 := V4;
V3 := V1;
V4 := V3
END

is tedious to analyze using the definition of part meaning, and direct inspection is likely to get the
Wrong answer.

Symbolic ezxecution is a method of tracing the values of variables through execution using only
their names, not particular values. A trace table is a systematic method for carrying out symbolic
execution. Like an execution table, a trace table has a row for each statement that is executed, and
a column for each variable that might acquire a new value during execution. However, the “values”
in a trace table are expressions, and the rows keep track of current expressions in terms of the

original, starting expressions. For example, the trace table for the four-assignment BEGIN
statement above is:
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Statement I V1 I V2 ' V3 I V4

V1 := V2| V2 |V2 | V3| V4
V2 = V4| V2 | V4 | V3 | V4
V3 := V1| V2 | V4 | V2 V4

V4 := V3| V2 | V4 | V2 | V2

The expressions in the columns represent the original values of the named variable. Thus before the
first assignment is executed, the variables have their own original values. But following the first
assignment (first row in the table), V1 has acquired the value that V2 originally had, and this is
shown by listing V2 in the V1 column. The other variables are unchanged, so their values are
copied from above. In the second row, V2 acquires the value of V4 (which happens to be its original
value). In the third row, the V2 in column V3 comes from the V1 column in the second row,
because V3 acquires the current value of V1, which happens to be the original value of V2. The
rule is that only original values are used in the table, but the proper ones are always available in the
row above.

The concurrent assignment for a BEGIN statement can be written directly from a trace table
for its constituent statements, by using the list of identifiers at the top of the table on the left side of
the assignment and the list from the last row on the right side. The concurrent assignment for the
example above is: '

V1l,V2,V3,V4 := V2,V4,V2,V2
It simplifies a trace table to omit values that remain unchanged from the row above, making

entries only when there is a change. For example, the incorrect attempt to interchange v2 and V3
above has the trace table:

Statement I V1 | VZJ V3
V1 := V2| V2

V3 = V1 V2
V2 := V3 V2

with concurrent assignment
V1i,Vv2,V3 := V2,V2,V2
or equivalently:
V1,V3 := V2,V2
The trace table for BEGIN statement

BEGIN
V1 := V4;
V2 := V3;
V3 = V2;
V4 := V1
END

1s:
Statement I Vi I v2 | V3 | v4
V1 := V4| V4

V2 := V3 V3
V3 = V2 V3
V4 := V1 V4

The concurrent assignment can then document the BEGIN statement:
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BEGIN {V1,V2 := V4,V3}

V1 := V4.

V2 := V3;

V3 := V2;

V4 := V1
END

This concurrent assignment may be a surprise, because the last two assignments are unnecessary.
Chances are that the programmer intended something else, and working out the concurrent

assignment has shown up a mistake. If this concurrent assignment was intended, then the BEGIN '_

statement can be simplified by eliminating the last two assignments.

6.3.3 Nested BEGIN Statements
A BEGIN statement may itself be made up of other BEGIN statements. Each constituent statement

may alter several variables, and its concurrent assignment can be worked out, just as above. For

example,
BEGIN
BEGIN {V1,V3 := V2,V4}
V1 := V2;
V3 := V4
END;
BEGIN {V2,V3 := V4,V1l}
V2 := V4;
V3 := V1
END;
BEGIN {V1,v4 := V2,V3}
V1 := V2;
V4 := V3
END
END

has the inner concurrent assignments already worked out and documented as comments. Then a

trace table can be constructed using these concurrent assignments, instead of the original
assignments they summarize:

Statement | vi|v2|v3|va
V1,V3 := v2,va| v2 va
V2,V3 := va,vi va | v2
vi,va := v2,v3| va v2

The resulting concurrent assignment,
V1i,vV2,V3,V4 := V4,V4,V2,V2

may also be a surprise, because it can be attained more simply with:
BEGIN {V1,V2,V3,V4 := V4,6V4,6V2,6V2}

V1 := V4;

V3 := V2;

V2 := V1;

V4 := V3
END

Just to be certain, here is the trace table:
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Statement | vi | v2 | v3 | va

V1 := V4| V4

V3 = V2 V2

V2 := V1 V4

V4 := V3 V2

8.3.4 Exercises

6.3.1 For each BEGIN statement below, give the concurrent assignment, and demonstrate that it is
correct by constructing a trace table.

a) BEGIN
Wl := W2;
W2 := W3;
W3 := W4
END
b) BEGIN
Wl := W2;
W2 := W3;
W3 := W4
END
c) BEGIN
Wl := 'A';
W2 := 'B';
W3 := 'C';
BEGIN
W1l := W3;
W2 := W1
END
END
d) BEGIN
Temp := W1:;
W1l := W2;
W2 := Temp
END

6.3.2 Explain how a BEGIN statement can involve k variables on the left sides of its assignments,
but its description using a concurrent assignment involves less than k variables on the left.

6.3.3 Is there a CF Pascal BEGIN statement containing two assignment statements that is
correctly described by the comment:

{Vi,v2 := v2,V1}

Explain.

6.3.4 Write an actual Pascal assignment statement described by the concurrent assignment
< > = < >

6.3.5 The statement
READ (V1)

is in some sense an “assignment” to V1. Explain why it isn’t very satisfactory to describe the effect
of this “assignment” with a concurrent assignment.
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6.3.6

a) Write a fragment of Pascal program that might be described by the concurrent assignment 3
<V1, V2> := <?, ?> and place it as an appropriate comment.

b) Explain why concurrent assignments using “?” are never needed to describe any actual Pascal
assignment statements.

6.3.7
a) Write Pascal statements that are described by the concurrent assignment:
V1i,v2 := 'A','A’

b) Is the answer to a) unique?
c) Is the concurrent assignment V1,V2 := 'A',V1 different than a)? Explain.

6.4 The Design of Sequential Statements

Preview

Design rules describe the systematic implementation of concurrent assignments in CF Pascal.
New ideas: design rules.

With a simple intended concurrent assignment, it is usually possible to puzzle out a BEGIN
statement to implement it, and then to verify that the implementation is or is not correct. However,
in complicated cases it is better to design BEGIN statements in a more systematic way than by trial
and error.

The symbolic execution of a BEGIN statement provides a basis for design. Observe that every
row of a trace table represents the concurrent assignment achieved by the statements down to that
row. For example, in the trace table:

Statement l Vi I V2 | V3

V1 := V2| V2 | V2 | V3
V2 :=V3]V2 | V3| V3
V3 = V1| V2 | V3 | V2

three concurrent assignments can be identified,

V1i,V2,V3 := V2,V2,V3
V1,V2,V3 := V2,V3,V3
V1i,V2,V3 := V2,V3,V2

corresponding to the three rows of the table.

In any trace table row, the history of assignments leading up to that row is immaterial to
future concurrent assignments; only the information summarized in that row matters. In particular,
if the original variable values have been lost, no future assignments can use them. For example, at
row 2 of the example above, the original value of V1 has been lost, and the original value of V2 has
been destroyed but a copy exists in V1. Any assignments after row 2 (say in row 3) can use only the
original values of V2 and V3, because only those expressions exist in row 2 of the trace table. If it
was desired to assign the original value of V2 to V3 in row 3, the assignment

V3 := V2
would be incorrect, since in row 2 V2 is found in the V1 column; therefore, the assignment
V3 := V1

is required instead.

A design process that proceeds one row of the trace table at a time might be blocked for want
of variables to hold values that must be saved; in this case temporary variables must be created.
For example, suppose it is desired to exchange the values of V2 and V3, and a first line of the trace
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table

Trace table to achieve V2,V3 := V3,V2
Statement | V2 | V3

? I |

is to be constructed. It cannot be either
V2 := V3

or

because either would destroy a value needed for the final assignment. Therefore, a temporary
variable must be created to save a value for later use. A temporary variable is just another
variable, with its own column in the trace table. Since it has no final intended value, a temporary
can be used as needed to meet another design objective.

6.4.1 A Design Rule for BEGIN statements

Design of a BEGIN statement begins with an objective, stated as an intended concurrent assignment.
The design rule provides a systematic, step-by-step way to create a BEGIN statement that achieves
the intended concurrent assignment.

The design rule will first be explained in an example. Suppose that the intended concurrent
assignment is:

V1,V2,V3 := 'A',V1,V2
For an initial execution state s, the set of values needed to accomplish the assignment is

1 = ([ 6, [ o) [F2] o1

Care must be taken not to destroy values in this set. Begin by assigning one of the variables its
required value, but only if this assignment destroys no value in H. The possible assignments are

vl := 'A’ V2 := V1 V3 := V2
but observe that the first two destroy values in H. Therefore, the only possible choice is the third
assignment, leading to the partial trace table:
Trace table to achieve V1,V2,V3 := 'A',V1l,6V2
Statement | V1 | w2 | vs3
v :=v2| w1 Rz [ vz

The value (s) is now preserved in V3, so the assignment to V2 can be made, with a new partial
trace table:

Trace table to achieve V1,V2,V3 := 'A',V1,V2

Statement | V1 | V2 | v3
V3 := V2 l Vi ' V2 ‘ V2
V2 := Vi Vi V1 V2

At this point (s) is preserved in V2, so the assignment to V1 can be made, with a final trace
table: :
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Trace table to achieve V1,V2,V3 := 'A',V1,V2

Statement \A1 V2 V3

V3 := V2 V1 V2 V2 !
V2 := V1 V1 A& V2 ]
V1l := 'A' A’ V1 V2 3

The last row of this trace table gives the intended concurrent assignment exactly, so the design is
completed, and the BEGIN statement can be written and documented as follows:

BEGIN {V1,V2,V3 := 'A',V1,6V2}

V3 = V2;

V2 := V1;

Vi := 'A'
END

If any doubt arises during design, a trace table can be developed simultaneously; however, the table |
is seldom necessary. X

An intended concurrent assignment can be realized as a BEGIN statement using the following 4
design rules: :

1. All original values on the right side of the intended concurrent assignment must be preserved _
at each step (preservation rule).

2. Stop when all variables on the left side of the intended concurrent assignment have been
assigned their intended values (stopping rule).

3. At each step, if a variable can be assigned its intended value, do so; otherwise introduce a 1
temporary variable and assign to it a value that must be preserved (assignment rule).

When the design is complete, if temporary variables were required, they should be added to the .
intended concurrent assignment for documentation.

Ezample 1: For the intended concurrent assignment
Ch2,Ch3,Ch4 := Chl,Ch2,Ch3
the design rules lead to the following steps:
1. BEGIN {Ch2,Ch3,Ch4 := Chl,bCh2,Ch3}.
(statement of the design problem); 1
2. BEGIN {Ch2,Ch3,Ch4 := Chl,Ch2,Ch3} ]

Ch4 := Ch3
(only assignment possible—the value of Ch4 need not be preserved);
3. BEGIN {Ch2,Ch3,Ch4 := Chl,Ch2,Ch3}
Ch4 := Ch3;
Ch3 := Ch2
(only assignment possible—the value of Ch3 has been preserved in Ch4);
4. BEGIN {Ch2,Ch3,Ch4 := Chl,Ch2,Ch3}
Ch4 := Ch3; ;
Ch3 := Ch2; 3
Ch2 := Chl

(only assignment possible—the value of Ch2 has been preserved in Ch3);
5. BEGIN {Ch2,Ch3,Ch4 := Chl,Ch2,Ch3}

Ch4 := Ch3;

Ch3 := Ch2;

Ch2 := Chl
END

(all variables have been assigned their intended values).
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In this case the design rules force a unique sequence of assignments.

Ezample 2: A temporary variable will be needed to realize the intended concurrent assignment:
Chl,Ch2 := Ch2,Chl

The design rules lead to the following steps:
1. BEGIN {Chl,Ch2 := Ch2,Chl}

2. BEGIN {Chl,Ch2 := Ch2,Chl}
Templ := Ch2

(neither Chl nor Ch2 can be assigned without violating the preservation rule, so preserve the value
of Ch2in Templ);

3. BEGIN {Chl,Ch2 := Ch2,Chl}
Templ := Ch2;
Ch2 := Chl

(only assignment possible—the value of Ch2 has been preserved in Templ);

4. BEGIN {Chl,Ch2 := Ch2,Chl}
Templ := Ch2;
Ch2 Chl;
Chl := Templ

(only assignment possible—the value of Chl has been preserved in Ch2);

5. BEGIN {Chl,Ch2 := Ch2,Chl}
Templ := Ch2;
Ch2 := Chl;
Chl := Templ
(all variables have been assigned their intended values);
6. BEGIN {Chl,Ch2,Templ := Ch2,Chl,Ch2}
Templ := Ch2;
Ch2 := Chl:;
Chl := Templ
END
(Templ has been added to the concurrent assignment for documentation).

n

In step 2, the choice to preserve the value of Ch2 is arbitrary. If instead Chl were preserved,
the result would be:

BEGIN {Chl,Ch2,Templ := Ch2,Chl,Chl}
Templ := Chl:
Chl := Ch2;
Ch2 := Templ

END

As assignments are created according to the design rules, the portion of the design remaining
can be isolated as a new problem.

Ezample 8: For an intended concurrent assignment
Chl,Ch2,Ch3,Ch4 := Ch4,Ch3,Ch2,Ch2
the first assignment is necessarily to Chl by the preservation rule, giving:

1. BEGIN {Chl,Ch2,Ch3,Ch4 := Ch4,Ch3,Ch2,Ch2}
Chl := Ch4

At this point, a new design problem can be deduced as a concurrent assignment, namely
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2. BEGIN {Chl,Ch2,Ch3,Ch4 := Ch4,Ch3,Ch2,Ch2}
Chl := Ché4;
BEGIN {Ch2,Ch3,Ch4 := Ch3,Ch2,Ch2}

and only Ch4 can be assigned:

3. BEGIN {Chl,Ch2,Ch3,Ch4 := Ch4,Ch3,Ch2,Ch2}
Chl := Ch4:
BEGIN {Ch2,Ch3,Ch4 := Ch3,Ch2,Ch2}
Ch4 := Ch2;
BEGIN {Ch2,Ch3 := Ch3,Ch2}

The remaining design problem is exactly the one solved in Example 2, so the design can be completed
by copying that result:

4. BEGIN {Chl,Ch2,Ch3,Ch4, Temp := Ch4,Ch3,Ch2,Ch2,Ch3}
Chl := Ch4;
BEGIN {Ch2,Ch3,Ch4 := Ch3,Ch2,Ch2}
Ch4 := Ch2;
BEGIN {Ch2,Ch3 := Ch3,Ch2}

Temp := Ch3;
Ch3 := Ch2;
Ch2 := Temp
END
END
END

6.4.2 Exercises

6.4.1 Check the final design in Example 3 above using a trace table.
6.4.2 Design BEGIN statements to implement the following intended assignments:

a)Vi,v2,v3 := V3,v2,Vv1
b)Vi,v2,Vv3,V4 := V4,V3,V2,V1
c)V1i,V2,V3,v4 := V3,V3,Vl1,V1
d)vi,v2 := 'c','B'

6.4.3 Find a different application of the design rules to Example 3 that will eliminate the use of a
temporary variable, or explain why this is impossible.

6.4.4 What happens when the design rules are applied to the concurrent assignment:
< > 1= < >
Is the result correct?

6.4.5 What is the minimum number of assignment statements required to accomplish any
concurrent assignment that has four variables on the left side? What is the maximum number that
might be required? Explain.

6.4.6

a) Give an example of an intended concurrent assignment and its realization using the design
rules that uses more than one temporary variable.

b) The assignment design rule could be modified to free temporary variables as soon as possible:

At each step, if a variable can be assigned its intended value, do so using a value stored in a
temporary variable if possible; otherwise introduce or reuse a temporary variable and assign a
value to be preserved to it (optimized assignment rule).

If the optimized rule is used, is a single temporary variable sufficient for the design of any BEGIN
statement? Explain.
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6.5 Chapter Summary

The semantics of sequential CF Pascal programs can be defined in a straightforward manner. Since
CF Pascal assignment statements are limited to having a right side which is either a variable
declared as a CHAR or a literal character, the semantics are kept simple. The null statement does
nothing and therefore has an identity function as its meaning. BEGIN statements have as meaning
the composed meaning of their constituent statements. WRITE statements append to the value of
the appropriate file. READ statements set a value taken from a file. A procedure statement has as
its meaning, the meaning of the BEGIN statement from its declaration.

The concurrent assignment is a notation for expressing the meaning of a BEGIN statement
more concisely than as a part function. BEGIN statements can be analyzed directly using trace
tables, yielding the concurrent-assignment meaning.

The design rules for BEGIN statements provide a systematic method for realizing a given
concurrent assignment.
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CHAPTER 7
THE CALCULUS OF CONDITIONAL STATEMENTS

Chapter Preview

Chapter 7 continues the development of the program calculus for conditional statements and
culminates in a design rule for creating correct conditional statements.

The execution table for a program containing no iteration cannot have more rows than the
program has statements. When there are IF statements, the input data of the table may cause
different parts of the program to be used, but the program parts listed will be a subset of the
program statements. IF statements have meanings that can be composed to form the meaning of
the program, but the meaning of the parts, and hence of the whole, will depend on the conditions in
those statements.

7.1 The Meaning of Conditional Statements

Preview

IF statement meaning depends on the meaning of the <condition> that is tested in statement
execution. The <condition> is a Boolean expression whose meaning can be defined just as
character-expression meanings were. The meaning of an IF statement can then be given in
terms of its constituents, which are the <condition> and the statements executed depending on
the condition’s outcome.

Much of the power (and complication) in computer programs comes from conditional
statements, which provide a means for making decisions based not only on program input, but on
intermediate values determined during execution of the program. In isolation, however, a single IF
statement is not complicated, and its meaning can be easily defined.

7.1.1 Meaning of Boolean Expressions

Since conditional statements include Boolean expressions as program parts, the box notation is -

extended to cover Boolean expressions. Just as the meaning of a character expression is a mapping
from execution states to character values, so the meaning of a Boolean expression maps from
execution states to Boolean values, that is, to the set {TRUE, FALSE} described in Chapter 3. For
the purpose of giving the semantics of CF Pascal using only character values, the Boolean values
TRUE and FALSE will be represented by the characters T and F respectively, here and in Chapter
8. Because Boolean expressions may be combined to create arbitrarily complex <condition>s using
the operators AND, OR, and NOT with parentheses, the definition of meaning must be recursive.

The simplest <condition> is either two character expressions with a <comparison> operator,
or one of the file conditions EOF or EOLN. These meanings must be given first.

Let f be a file identifier, and z and y strings. Define:

= {<s, T>: s(f) =<z, tt, R>}
U {<s, F>: s(f) =<z, y, R>, y # 11},
= {<s, T>:5(f) =<=z,y, R>, 0y =/}
U{<s, F>:5(f) =<z,y, R>, y #1t, 0y # /}.

When there is no identifier f, the conditions apply to INPUT, and the meaning can be found by
substituting INPUT for fin the definitions:
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r !
|EOE|=(EOFE (INPUT) ] .
[EoLN|=[EOLN (INPUT)]

(Note that when EOF has the value T, the string y in EOLN is empty, so neither condition applies
and EOLN is undefined.)

. . .. . ‘
For example, to determine the value of (say) |[EOF (F1)|(s) in a state s containing the pair 3

abbreviated F1-<A2, 345/, R>, one of the two sets whose union is the definition of
must be identified by the condition following the colon. In this case only the second set |
ts, because y = 1345/1 # t1. Thus F is paired with this s, that is,

ET

Three of the character-comparison operations are defined as follows:

= {<s, T>: (s) is the same character as @(s)}
U {<s, F>: (s) is not the same character as El(s)},
= {<s, T>: (s) precedes lzl(s)}
U {<s, F>: (s) does not precede lzl(s)},
[ d-[<d.

For example, let s be a state containing Ch-A, so (s) = A. Then
EXNOER |
G- 7
G A~ »

EEmsET

In the definition of |¢ < d|the result turns on whether the first character value precedes the second.
This idea is defined for all Pascal machines, for all possible characters recognized by the machine.
However, there is no standard definition of “precedes” except that no character precedes itself, and:

A precedes B precedes C ... precedes Z
a precedes b precedes c ... precedes z

0 precedes 1 precedes 2 ... precedes 9.

The relationships between other characters are defined, but vary in different Pascal machines. In
examples, this text will use only the cases above, such as 0 precedes 5.

On this basis, the composite Boolean <condition>s can be given meanings. Let b be a Boolean
condition whose meaning is known. Then

= {<s, T>: [El(s) = F} U {<s, F>: E(s) =

Simila,rly, for Boolean conditions b and ¢, define:

[6 AND ¢]={<s, T>:[b](s) = T,[c](s) = T} U

)
{<s F>:[b](s) = T,[c](s) = F} U
{<s, F>:[b](s) = F,[c|(s) = T} U
{<s, F>:[b](s) = F,[c|(s) = F},
[6 orR ¢]={<s, ™>:[b](s) = T,[c](s) = T} U
{<s, T>: E(s) = T,|c|(s)= F}U
{<s, T>:[b](s) = F,[c|(s) = TIU
{<s, F>:[b|(s) = F,[c|(s) = F}.

The Boolean operations NOT, AND, and OR of Chapter 3 are mirrored in these definitions, if T is
taken to be TRUE, and F to be FALSE. Then the definitions can be given as follows:
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(s) =NoT [3](s),
[0 AND c](s) =~[5](s) AND [¢](s),
[6_0r <](s) =[] (s) OR [] (s).

Thle Pﬁ,scal Operators NoT, AND, OR appear on the left side of these definitions. On the right side,
only the component copditions b and ¢ appear, along with the (mathematical) Boolean operations

NOT, AND, and OR. T} Pagcal meaning is thus defined to agree with the mathematical meaning,

and this is very convepjent in calculations, where all the facts about Boolean expression from
Chapter 3 can be brought to bear.

Here are some €xamples of Boolean-condition meanings:

[NOT (Ch = "ATy]({cha, .}) = F,

(Chl = "A') "AND (Ch2z <> Chil) [({Ch1-A, Ch2-F, ..}) = T,
[(ch1 = "A" YR (Ch2 <> chl)|({Ch1B, Ch2'F, ..})= T

. Tie remaining pPart meanings for Boolean conditions can be defined in terms of those already
given. Let c and d be character expressions. Define: )

< -

)
[ =d-

b
(> d-[or <))

defi _To work out 4 meaning for a composite Boolean condition it is necessary to apply the
elinitions ln.the Proper order so that at each step the result is carried nearer to one of the base
meanings, which €Ventuyally can be evaluated. For example, let

s ={Ch'F, INPyT.<LineO, 34/, R>, ..}.
Then

(Ch <> "#'y AND (NOT(E_OLN))](S)

=ch < "4 7](s) AND [NOT (EOLM) (5
- () AND o (0T 0
= (NOT (s)) AND (NOT [EOLN](s))

=(NOT F) AND (NOT F)= TAND T=T.

:il‘hfils'gxample could probably be correctly evaluated by inspection, but recourse to the formal
€ mt};on may be Tequired to handle more difficult cases or to record reasoning about them.
art meanings pow have the following possible domains and ranges:

Table of Domains and Ranges of Part Meanings

Program part Domain Range
program lists of strings lists of strings
program header lists of strings execution states
final period execution states | lists of strings
block execution states | execution states
declaration execution states | execution states
statement execution states | execution states
character expression execution states | characters
Boolean expression execution states | Boolean values
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7.1.2 Meaning of IF Statements

The part meaning of an IF statement can now be expressed simply and directly as a function. As for
other statements, the meaning is a mapping from execution states to execution states. Let b be a
Boolean <condition>> and let T and E be statements. Define:

[IF b THEN T ELSE E|=

{<s, (s)>: El(s) = T} U {<s, (s)>: lzl(s) = F}.

The first set contains all state pairs for which condition b holds of argument s, and the second set
contains those pairs in which b does not hold of s. Since no value can be both T and F, there are no
states s that occur as argument in both sets. It is important to note the way that “undefined” can
occur in the definition. The sets are not evaluated in any particular order; they simply contain or
fail to contain certain pairs. If @fails to be defined for some s, neither condition holds, so s is not
an argument in either set; that 1s, the whole part meaning is undefined for an s on which is
undefined. Even if g is defined at s, the part meaning may be undefined, if E(s) = T and is
undefined at s, or if [8](s) = F and is undefined at s.
For example, let u be:

IF V1 < V2
THEN
V1 := V2
ELSE
V2 = V1
Then

[u]={<s,[v1i = v2|(s)>:[V1 < v2|(s) = T} U
{<s, |v2 1= Vll(s)>:|Vl < vz|(s) = F}.
For state s = {V1-A, V2B, ..},
[Vi < v2|({vi-a, v2B, . })=T,
so the value osz]for this argument is given by the value of:
[u]({vi-a, v2:B, ..}) =[V1 := v2|({V1-A, V2:B, ..}) = {V1'B, V2'B, ..}.

The definition of IF statement part meaning agrees with the results of an execution table, but the
ideas are different. In an execution table there is a definite sequence of activity: (for the example)
evaluate the condition V1 < V2, then do the assignment V1 := V2. The function definition on
the other hand has no concept of sequence in it.

An IF statement without an ELSE part is composed of just a Boolean condition b and a
statement T

[IE b THEN T|={<s,[T](s)>:[b](s) = T} U {<s, s>:[b](s) = F}.
For example,

[IE EOF THEN WRITELN('Oops...')|
({INPUT-<XXX, XX/, R>, OUTPUT-<tt, tt, W>, ...})

= {INPUT-<XXX, XX/, R>, OUTPUT-<tt, tt, W>, ..}

because

({INPUT-<XXX, XX/, R>, OUTPUT-<tt, 1}, w>, ...}) = F,
and the second set of the definition is the one in which this state is paired with itself.
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7.1.3 Exercises

7.11 Give the value of each of the following, showing each step in the evaluation from the }
definitions:

a) [V1 = v2|({v23, vix, ..}

b) V1 <> v2|({v2:3, Vi-X ...})

c) |EOLN (Int) [({Int-<2Z/, /22/, R>, ...})

d) [(Ch <= '9') OR (Ch >= '6'")[({Ch-3,..})

7.1.2 In each part below a <condition> ¢ and a state s are given. If the meaning is undefined 7%
on s, explain why; if it is defined, give the value. Show all the calculations. i

a)Ch = 'X', {Ch-B, ..}

b) EOF, {INPUT-<t1, tt, R>, ...}

c¢) EOLN, {INPUT-<tt, t1, R>, ...}

d) EOF (Who), {Who-<123, tf, w>, ...}
7.1.3 Let C be the IF statement:

IF V1 < V2
THEN

Vi := 'X'
ELSE

V1 := V2

Evaluate on each of the following states:
a) {V1-xX, v2-Y, ...}
b) {Vi-# v2-# ..}
c) {v1-7, v2.5, ..}
7.14 In each part below, a state s and an IF statement @ are given. If E is not defined on s,
explain why; otherwise calculate (s). Show all the intermediate steps in either case.
a) {INPUT-<tt, A/, R>, Ch<?, ..}
IF NOT (EOF)
THEN
READ (Ch)
ELSE
Ch := 'Z°'
b) {INPUT-<t1%, /2/3/, R>, Ch?, ...}

IF EOLN
THEN
READ (Ch)

c) {Ch-X, INPUT-<t/%, t}, R>, Temp-<tt, /More/, R>, ..}
IF EOLN (Temp)
THEN
READ (Ch)

d) {Temp-<No/, 11, R>, OUTPUT-<YesUorD, tf, w>, ...}

IF EOLN (Temp)
THEN

WRITELN ('Done')
ELSE

WRITELN
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7.15
a) Explain why

{<s, (s)>: E;](s) = T}
is not the meaning for
IF b6 THEN T

-

b) Give a Pascal statement for which this ¢s the meaning.

7.2 The Analysis of Conditional Statements

Preview

The meaning of an IF statement can be summarized by a conditional assignment, an extension
of the idea of a concurrent assignment. The symbolic execution of programs with conditional
statements can be recorded in a set of trace tables, with a new column added to keep track of
condition values. Conditional trace tables can be used to derive the meaning of an IF statement
as a conditional assignment, or to analyze conditional statements directly.

7.2.1 Conditional Assignments

A conditional assignment is a generalization of a concurrent assignment that allows IF statements to

be analyzed directly, just as the concurrent assignment made BEGIN-statement analysis easier. The

part meaning of an IF statement has two possibilities, depending on the <condition>. The

conditional assignment displays the alternatives along with the Boolean condition that decides

between them. The syntax is not part of Pascal, but can be attached to statements as a comment.
Conditional assignments can be defined recursively by the following rules:

1. A concurrent assignment is a conditional assignment.

2. If b is a Boolean condition and ¢ is a conditional assignment, then ( &6 — ¢ ) is a conditional
assignment.

3.If b is a Boolean condition and ¢, d are conditional assignments, then (b — ¢ ) | disa
conditional assignment.

A conditional assignment that happens to be a concurrent assignment C can be written
(T — C ). Then a conditional assignment is of the form

(by—¢cy) | (by—cy) | - | (b,—cy,)

for any number of Boolean conditions (b,, by, ..., b,) and conditional assignments (¢, ¢y, ..., ¢,;). In a
state s, its meaning is the first conditional assignment, say c;, such that

(i) all Boolean conditions before b; (i.e., b, by, ..., b, ;) have value F in state s, and
(ii) Boolean condition b; has value T.
The meaning is undefined for state s if any of the following:
(i) none of the Boolean conditions by, ..., b, evaluates to T in s;
(i) the first Boolean expression that does not evaluate to F is undefined for s;
(iii) the conditional assignment selected by the Boolean expression is undefined for s.

For example, the IF statement
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IF V1 <= V2

THEN
vl := '2'
ELSE
BEGIN
V1 := V2;
v2 := 'A'
END
has a conditional assignment:
(V1 <= V2 — V1 := '2') | (T — V1,V2 := V2,'A")

expressing the knowledge that for an initial execution state s, should |Vl <= V2|(s) be T, the result
is described by the concurrent assignment

Vi := '2'
while if [V1 <= v2|(s) is F,
Vi,V2 := V2,'A'
describes the result, because its Boolean condition is T. On the other hand,
(NOT (EOLN) — Ch := 'Z') | (EOF — Ch := 'A' )
describes a statement that aborts for the execution state
{INPUT-<AllOgone/, 11, R>, ...}

because [EOLN]is not defined on this state so the conditional assignment is not defined.

The Boolean conditions are called guards of the assignments; in the general form each term
consists of a guarded assignment. In the special case that a guard always holds, a term may be
written without it, for example:

((V1 = V3) OR (V1 <> V3)) — Chl,V3 := 'A', V1)
is the same as the concurrent assignment:

(Ch1l,V3 := 'A',V1)

When such an unguarded term appears, there is no point in including terms following it: its

condition #s T, so the meaning must be fixed when that term is reached, if not before.- The form first
introduced to describe an IF statement, for example, shown as a comment on:

{(V1 <= V2 — V1 := '2') | (V1,V2 := V2,'A')}
IF V1 <= V2
THEN
vi := '2"
ELSE
BEGIN
V1 := V2;
v2 = 'A'
END
is thus one with an unguarded last term. It could as well have been written
(VI <= V2 — V1 := '2') | (V1 > V2 — V1,V2 := V2,'A")

since if the first guard evaluates to F, the second must evaluate to T.
The concurrent assignment

< > = < >
in which no variable values are changed, with a T guard,
(T = < > := < >)

can be written simply
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()

and expresses the meaning of a null statement: an identity function. Including this term at the end
of a conditional assignment guarantees that a meaning will always be defined: if all the guards
before prove F, the meaning will be identity from the last term.

An IF statement without an ELSE part can be described by a conditional assignment, as shown
by the following example:

{(V1 < V2 = V1 :=V2) | ()}
IF V1 < V2
THEN

V1 := V2

The final term, a null concurrent assignment, is crucial because when the condition is F, the IF
statement does have the meaning of an identity function. The conditional assignment

(VI < V2 — V1 := V2)

is not the meaning of this statement, because it states that when the value of V1 does not precede
that of V2, the IF statement aborts, which is not the case.

Consider a conditional assignment in which the guarded assignment is another conditional
assignment; e.g.: '

(Ch > 'A' — ((Ch = 'B' — Ch := 'C") |

(Ch = 'C' — Ch := 'D')))

In order for the inner conditional expression to be the meaning, its outer guard must evaluate to T,
and for either of the inner assignments to be used their guards must evaluate to T. Therefore the
outer guard can be distributed among the inner guards with AND operators to produce a conditional
assignment with one less nesting level. For this example, the following conditional assignment
describes the same meaning:

((Ch > 'A') AND (Ch = 'B') — Ch 'cr) |

((Ch > 'A') AND (Ch = 'C') — Ch := 'D')
Conditional assignments within conditional assignments capture the meaning of nested IF
statements. For example, consider:

IF V1 < V2
THEN
Vi := V2
ELSE
IF V2 < V1
THEN
V2 := V1

A conditional assignment can be written directly:
(VI < V2 — V1 := V2) | ((V2 < V1 — V2 :=V1) | ())
which is an abbreviation for:

(V1 < V2 = V1 :=V2) | (T — ((V2 < V1l — V2 := V1) | ()))
Distributing the final condition yields the three terms:
(V1 < V2 — V1 :=V2) | (V2 < V1 — V2 := V1) | ()

It can be seen that in this meaning V1 and V2 each acquire the larger (in the sense of the
“precedes” ordering) of their original values. This could be described by inventing an operator max
for “maximum value of” in the concurrent assignment:

V1i,V2 := max(V1,V2),max(V1l,V2)
Thus a good comment for the original statement would be:
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{Vi,v2 := max(V1,V2),max(V1l,V2)}

IF V1 < V2
THEN
V1 := V2
ELSE
IF V2 < V1
THEN
V2 := V1

This IF statement was probably written to be efficient, to use no unnecessary assignments, and thus
was hard to understand at a glance. But the concurrent assignment tells the story. And if this

fragment of program appeared in a BEGIN statement, the concurrent assignment could be used in
working out its trace table.

The comment
{V1,V2 := max(V1,V2),max(V1,V2)}
is more concise and revealing than the conditional assignment
{(V1 < V2 — V1 :=V2) | (V2 < V1l — V2 := V1) | ()}

that expresses the same meaning. Any well understood mathematical function can be used for a

revealing comment in this way. For example, to describe a program part that sorts a file F1 back
into itself,

{F1 := sort(F1)}

is concise and meaningful if sort (F1) has a mathematical definition as a function from file values
(lists of strings) to file values.

As an illustration of a more general comment, consider the IF statement:

IF Digit = 'O' THEN Digit := '1' ELSE
IF Digit = '1' THEN Digit := '2' ELSE
IF Digit = '2' THEN Digit := '3' ELSE
IF Digit = '3' THEN Digit := '4' ELSE
IF Digit = '4' THEN Digit := '5' ELSE
IF Digit = '5' THEN Digit := '6' ELSE
IF Digit = '6' THEN Digit := '7' ELSE
IF Digit = '7' THEN Digit := '8' ELSE

IF Digit = '8' THEN Digit := '9'
whose meaning could be described by the comment:

{((Digit >= 'O') AND (Digit < '9') — Digit := character to the
right of Digit in the string 0123456789)
P ()}

The mathematical function here is “character to the right of Digit in the string $0123456789%.”

7.2.2 Conditional Trace Tables

The trace tables that deal with BEGIN statements can be extended to handle IF statements. A
conditional trace table is a trace table with an additional column of conditions, namely those required
for the assignments in the table to take place. For example, the BEGIN statement R
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BEGIN
V1 := V2;
V2 := V3;
IF V1 < V2
THEN
V3 := V1
ELSE
V3 := V2
END
will use one of two sequences of assignments, namely
V1 := V2; V2 := V3; V3 := V1

or
V1 := V2; V2 := V3; V3 := V2
depending on whether the THEN or ELSE part of the IF statement is selected during execution.

Each sequence can be handled by a separate conditional trace table labeled R(T), R(E) (T and E for
THEN or ELSE part) as follows: ,

Trace Table for R(T)

Statement Condition | v1 | v2 | v3
V1 := V2 v2

V2 := V3 v3

IF V1 < V2 V2 < V3

THEN V3 := V1 V2

Each row of the table shows values in terms of the original variables. The condition V2 < V3 in
the third row is the value of V1 < V2, because at that point V1 has the original value of V2, and
V2 has the original value of V3 (obtained from the row above). The net result for this conditional
trace table is a conditional assignment

(V2 < V3 — V1,V2,V3 := V2,V3,V2)

where the guard is the final condition of the trace table, and the concurrent assignment is obtained
as before.

Trace Table for R(E)

Statement Condition I V1 | V2 | V3
V1 := V2 V2

V2 := V3 V3

IF V1 < V2 V2 >= V3

ELSE V3 := V2 V3

In this case, the condition is that required to reach the ELSE statement, and the net result is the
conditional assignment

(V2 >= V3 — V1,V2 := V2,V3)

The conditional assignment for the entire BEGIN statement R is obtained by combining these two
conditional assignments:

(V2 < V3 — V1,V2,V3 := V2,V3,V2) | (V2 >= V3 — V1,V2 := V2,V3)
As another example, BEGIN statement S has two IF statements:
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BEGIN

IF V1 < V2
THEN

V1l := V2
ELSE

V2 := V3;
V1l := V3;
IF V2 < V3
THEN

V2 := V3
ELSE

V3 := V1

END

which will execute in one of four sequences, depending on which of the THEN or ELSE parts of the
two IF statements are selected. Identify these sequences using T or E for the THEN or ELSE
alternatives in order, so S(T,T) means the two THEN parts are taken, while S(E,T) means that the
first ELSE is taken, then the second THEN. Each sequence has a conditipnal trace table:

Trace Table for S(T,T)

Statement Condition | V1 | V2 | V3
IF V1 < V2 V1 < V2

THEN V1 := V2 V2

V1l := V3 V3

IF V2 < V3 V2 < V3

THEN V2 := V3 V3

For this particular sequence to be executed, the two conditions must both hold. Thus, the guard for
the assignments in this table is

(V1 < V2) AND (V2 < V3)
which makes the conditional assignment for S(T,T):

((V1 < V2) AND (V2 < V3) — V1,V2 := V3,V3)
Similarly,
Trace Table for S(T,E)

Statement Condition | V1 { V2 | v3
IF V1 < V2 V1 < V2
THEN V1 := V2 V2
V1l := V3 V3
IF V2 < V3 V2 >= V3
ELSE V3 := V1 V3

with conditional assignment:
((V1 < V2) AND (V2 >= V3) — V1 := V3)
The table

202 THE CALCULUS OF CONDITIONAL STATEMENTS




Trace Table for S(E,T)

Statement Condition Vi | v2 | v3
IF V1 < V2 V1 >= V2

ELSE V2 := V3 V3

V1 := V3 V3

IF V2 < V3 V3 < V3

THEN V2 := V3

yields:
((V1 >= V2) AND (V3 < V3) — V1,V2 := V3,V3)

The guard is always F, because of V3 < V3, so the execution sequence represented by S(E,T)
cannot occur.

The table
Trace Table for S(E,E)
Statement Condition | V1 | V2 | V3
IF V1 < V2 V1 >= V2
ELSE V2 := V3 V3
V1l := V3 V3
IF v2 < V3 V3 >= V3
ELSE V3 := V1 V3
yields:
(V1 >= V2 — V1,V2 := V3,V3)

Collecting the three possible conditional assignments S(T,T), S(T,E), S(E,E) produces the conditional
assignment for S, namely

((V1 < V2) AND (V2 < V3) — V1,V2 := V3,V3) |
((V1 < V2) AND (V2 >= V3) — V1 := V3) |
(V1 >= V2 — V1,V2 := V3,V3)

This meaning can be simplified using Boolean logic. Notice that the concurrent assignments in
the first and third terms are the same. That is, the same actions should be taken if either of these
guards is T. Because the second guard can never be T if either of the others is, the order of the
guarded assignments can be changed, and the first and third combined:

(((V1 < V2) AND (V2 < V3)) OR (V1 >= V2) — V1,V2 := V3,V3) |
((V1 < V2) AND (V2 >= V3) — V1 := V3)

Distributing the OR (from Boolean identities 10 and 8, Section 3.2.5), the first guard is equivalent to
((V1 < V2) OR (V1 >= V2)) AND ((V2 < V3) OR (V1 >= V2))

which by the character ordering with OR is the same as
T AND ((V2 < V3) OR (V1 >= V2))

so the conditional assignment could be replaced by:

((V2 < V3) OR (V1 >= V2) — V1,V2 := V3,V3) |
((V1 < V2) AND (V2 >= V3) — V1 := V3)

The second guard is always T when the first is F, so this is the same meaning as:
((V2 < V3) OR (V1 >= V2) — V1,V2 := V3,V3) | (V1 := V3)

The assignment to V1 is the same under both conditions, so this meaning goes with the program
part:
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BEGIN
IF ((V2 < V3) OR (V1 >= V2))
THEN
V2 := V3;
V1l := V3
END

which is a considerable simplification of the original IF statement, developed a step at a time:
through analysis.
7.2.3 Comparing Conditional Assignments

Two IF statements may have the same meaning, although they appear quite different. As a simple
example,

[IF V1 < v2 THEN V1 := V2 ELSE V2 := Vi|
=|IF V2 < V1 THEN V2 := V1 ELSE V1 := V2|

because both have the meaning of the concurrent assignment:
V1,V2 := max(V1,V2),max(V1,6V2)

The execution of these statements is different, and they have different descriptions as conditional
assignments:

(V1 < V2 — V1 := V2) | (V1 >= V2 — V2 := V1)
and - 4
(V2 < V1 — V2 :=VZ) | (V2 >= V1 — V1 := V2)

respectively. These meanings can be compared by reducing both to a common conditional "
assignment. The last terms can be broken into two; for example, the first above becomes

(V1 < V2 — V1 :=V2) | (V1 =V2 = ) | (V1 > V2 — V2 := V1)

because in the equality case the assignment is superfluous. The expansion of the second conditional
assignment above gives exactly the same terms, but in a different order. Because the guards are .
mutually exclusive, the order is arbitrary, so these two conditional assignments express the same .
meaning, another way of proving that the IF statements they describe mean the same thing.

For more complicated comparisons between conditional assignments, systematic procedures are
needed to determine if they describe the same meaning.

Recall the definition of the form of a conditional assignment:

1. A concurrent assignment is a conditional assignment.

2. If b 1s a Boolean condition and c is a conditional assignment, then (b — ¢ ) is a conditional
assignment.

3.If b is a Boolean condition and ¢, d are conditional assignments, then (b — ¢ ) | disa
conditional assignment. :

Rules 2 and 3 may lead to nested guards, and the first step in comparing two expressions is to
eliminate these and obtain a reduced form in which each term has at most one guard. This can be
done by repeatedly distributing outer guards into inner ones until the nesting is eliminated. For
example, in

(V1 = V2 — (V2 < V3 — V1 := V3)) | (V3 := V2)
the first term becomes
((V1 = V2) AND (V2 < V3) — V1 := V3)

and one distribution suffices. When all nested guards have been eliminated, a conditional assignment
must be in one of three forms:

1. (¢ )
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2.(b —c¢c)
3.(b —¢c) |d

where b is a Boolean expression, and d is a conditional assignment, but now c is a concurrent
assignment.

Suppose that two conditional assignments in reduced form are to be compared to see if they
express the same meaning. Each might be in any of the three forms, so the comparison might fall
into any of the slots in the table:

Form of first Form of second assignment
assignment (9 | U= | U—=9 1 &

(¢) case 1 case 2 case 3

(b — ¢) case 4 case 5

(b = ¢) | d case 6

The blank entries are symmetric, so there are only six cases to be treated.

Case 1. The two conditional assignments to be compared are both concurrent assignments.
Two concurrent assignments express the same meaning if and only if the variables in the list on the
left are the same, and the corresponding expressions on the right are also the same. (Variables
whose values do not change are omitted from the assignments.) For example, the conditional
assignment

(V1,V2,V3 := V3,V1,'A')
does not express the same meaning as

(V3,V1 := 'A',V3)

because although the variables that appear do correspond to the same expressions, V2 does not
appear in both.

Case 2. The first conditional assignment is a concurrent assignment (c), and the second is a
guarded concurrent assignment (f — g). These express the same meaning if and only the guard f
always holds (that is, mis defined on every state s, and m(s) = T), and the concurrent assignments ¢
and g have the same meaning (Case 1 above).

Case 3. The first conditional assignment is (c¢), and the second is (f — g) | h. These can

be put into the same form by artificially introducing the guard into the first without changing its
meaning,

(f =0 | ¢
which converts the problem to Case 6 below.

Case 4. The first conditional assignment is (b — ¢), and the second is (f — g¢). Each of
these is undefined except for states on which its guard takes the value T. Hence for the conditional
assignments to have the same meaning requires that IZI= m In states s for which @(s) = m(s) =
T, the concurrent assignments ¢ and g must agree.

For example, the assignment

(V1 = V2 — V1,V2,V3 := V3,Vl,'A")
has the same meaning as .
(V1 = V2 — V3,V1l := 'A',V3)

because only states in which V1 = V2|takes the value T are involved, and on these states the
assignment to V2 adds nothing to the first. Similarly, the meaning of

(V1 = 'X' — V2 := 'X")
is the same as that of
(V1 = 'X' = V2 := V1)

because these are both defined only when V1 has the value X, and when that occurs, the meanings
are both to give V2 the value X.
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Case 5. The first conditional assignment is (b — c), and the second is (f — g) | A
where ¢ and g are concurrent assignments, but A is a conditional assignment. The second assignment

is broken into two cases in its two terms; these can be inserted into the first assignment by rewriting
it as

(f = (b —¢)) | (b—c)
or
(f/AND b — ¢) | (b — ¢)

Thus for these conditional assignments to agree, three subdomains are of interest:

On states where I The condition is
fand b both hold ¢ and g must agree
b holds but fdoesn’t | (b — c¢) and h must agree
b doesn’t hold (f — ¢) | h must be undefined

The first subdomain reduces to Case 1 above. The second subdomain is an example of Case 2 or
Case 4 above, or a simpler example of Case 5, depending on the form of A.

Case 6. The first conditional assignment is (b — ¢) | d, and the second is (f — g) | h

where ¢ and ¢ are concurrent assignments, but d and h are conditional assignments. Inserting each
assignment’s condition in the other, these are:

(fAND b — ¢) | (b — ¢) | d
and
(bAND f — g) | (/= 9) | A
The following table describes the situations under which these assignments have the same meaning:

On states where I The condition 1s Reduced to

fand b both hold ¢ and g must agree Case 1

f holds but b doesn’t | d and ¢ must agree | Case 1,2 or 3
b holds but f doesn’t | ¢ and A must agree | Case 1,2, or 3
neither fnor b holds | d and A must agree Cases 1-6

In each of the Cases 1-6, this analysis will either decide if the two conditional assignments have
the same meaning, or will reduce the situation to one of the cases for further analysis, with the

assignments to be further analyzed being simpler than the originals. Thus eventually the decision
will come down to examples of Case 1 or Case 4 for direct comparison.
For example, the conditional assignment b:

(V1 = V2 — V1 := V3) | (V1 = V3 — V2 := V1) | (V1,V2 := V3,6V1) '
can be shown to have the same meaning as c: ¥
(V1,V2 := V3,V1)
as an example of Case 3. Inserting the first condition from b into ¢
(V1 = V2 — V1,V2 := V3,Vl) | (V1,V2 := V3,V1)
gives an instance of Case 6. For states in which the value ofis T, the meanings of ¢ and
V1 := V3 must be the same (Case 4), and they are, since in this situation the assignment to V2 in
c is unnecessary. On the other hand, where is F, it is required that ¢ and
(V1 = V3 — V2 := V1) | (V1,V2 := V3,6V1)
be the same. This is an example of Case 3 again, reduced to Case 6 by inserting the condition in c:
(V1 = V3 — V1,V2 := V3,V1) | (V1,V2 := V3,6Vl)

Now the states to consider are those in which |[V1 = V3|is T, where ¢ must be the same as V2 :=

V1, as Case 4 shows that it is, since the assignment to V1 is redundant. When |V1 = V3|is F, it is
required that ¢ be the same as the final term of b, which is ¢ itself, an example of Case 1. Thus the
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two original conditional assignments have the same meaning.

7.2.4 Exercises

721 In each part below, determine the conditional assignment for the given IF statement.
a) IF V1 < V2

THEN
V1 := V2
b) IF V2 < V3
THEN
V1 := V3
ELSE
V1 := V2
¢) IE (V1 < V2) OR (V2 < V1)
THEN
V1 := V2
ELSE
V2 := V1
7.2.2 Show that the nested conditional assignment
(VI < V2 — V1 := V2) |
(VI >= V2 — ((V2 < V1 — V2 := V1) | (V2 >= V1 — )))
simplifies to:
(V1 < V2 = V1 :=V2) | (V2 <Vl — V2 := V1) | (V1 = V2 — )

What program do these give a meaning for?

7.2.3 In each part below, give a conditional assignment for the given IF statement, and simplify the
assignment.

a) IF V1 < V2
THEN
V3 := V1
ELSE
IF V2 < V3
THEN
V2 := V1

b) IF (V1 < V2) OR (V2 < V3)
THEN
V1l := V2
ELSE
V2 := V3

¢) IF V1 = V2
THEN
V3 := V1
ELSE
IF V2
THEN
V1 := V3

V3
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d) BEGIN

V1 := V4; 4
V3 := V2: 4
IF V1 < V3
THEN ;
V2 := V1 ;
ELSE
V4 := V3
END

7.2.4 Consider the conditional assignment:
(V1 = 'Q" — V1 := 'V') | (V1 = 'V' = )
Give a Pascal statement with this meaning.

7.2.5 Using the max function from Section 7.2.1, write a concurrent assignment with the same 1
meaning as the conditional assignment:

(V1 < V2 — V1 :=V2) | (V1 >= V2 — )

7.2.6 Explain why

IF b

THEN
A

ELSE
C

1s a statement whose meaning is
(b — A) | (NOT( b) — O)
but that
IF b g
THEN 4
A 3
is not a statement with the meaning:
(b — A)
Can you give a program that has the latter meaning?

7.2.7 Suppose b and ¢ are Boolean expressions that are never true together, but both may be false
together.
a) Explain why

IF b
THEN
X
ELSE
IF ¢
THEN
Y

is not a program with the meaning:
b —=X) | (¢ > 7Y
b) Give a program that does have this meaning.
c¢) Give a conditional assignment that is the meaning of the given IF statement.

7.2.8 Use conditional trace tables to find the conditional assignments that describe each statement:
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ELSE
V3 = V1
END

b) IF V1 < V2
THEN
BEGIN
V2 := V3;
IF V1 < V3
THEN
V2 := V1
END

c)BEGIN
IF V1 < V2
THEN
V3 := V1
ELSE
V3 := V2;
IF V2 < V3
THEN
V1l :
ELSE
vl :
END

d) BEGIN
V1 := V2;
V2 := V3;
IF (V1 < V2) OR (V2 < V3)
THEN
BEGIN
V2
V3
END
END

V2

V3

= V3;
V1

729 In a conditional trace table, suppose that the composite condition of the table simplifies to F.
What use is then made of this table, and why?

7.2.10 Suppose a BEGIN statement has been analyzed so that a conditional assignment is available
for each of its statements. Describe a method for generating all the conditional trace tables for this
statement.

7211 Compare each pair of conditional assignments, and either prove them to have the same
meaning, or find a state on which their meanings disagree:

a) (V1 <= V2 — V1 := V2)
(V2 <= V1 — V2 := V1)
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b) (V1 = V2 — V1 := V2)
(V2 = V1 — V2 := V1)

c) (V1 <> V2 — V1 := V2)
(V2 <> V1 — V2 := V1)

7.2.12 Compare each pair of conditional assignments, and either prove them to have the same |
meaning, or find a state on which their meanings disagree:

a) (V1 < V2 — V3 := V1) | (V1 = V2 — V3 := V2)
| (V1 > V2 — V3 := V2)
(V1 > V2 — V3 := V2) | (V1 := V3)
b) (V1 = V2) — V1 := V3) | (V1 := V2)
(V1 <> V2 — V1 := V2) | (V1 := V3)
c) (V2 < V1 — V3 :=V2) | (V2 >= V1l — V3 := V1)
(V2 = VI — V3 := V1) | (V2 <> V1 — V3 := V2)

7.3 The Design of Conditional Statements

Preview

An IF statement can be systematically designed to have the meaning of a given conditional
assignment.

The design of IF statements permits an intended assignment to be split into two simpler
assignments. The creative part of the design is the choice of a condition to make the split.

7.3.1 Design Rule for IF statements

Consider the intended concurrent assignment:

V1 := max(V2,V3)
This meaning can be attained by comparing V2 and V3, and using two assignments:
IF V2 > V3
THEN
V1 := V2.
ELSE
V1 := V3
The choice of Boolean expression is critical. For example, any of
V2 < V3 V2 <= V3 V2 >= V3
will do as well (with different assignments to follow), but none of
V1 < V2 V2 = V3 V2 <> V3

is any good at all. The critical idea, which is at the heart of creative design, is to find a Boolean
expression for the IF condition such that both the THEN statement and the ELSE statement are
easier to complete than the intended assignment. These statements can be easier to complete,
because the knowledge that the Boolean expression takes T or F values can be exploited within
them.

For any Boolean expression b and any statement S, if

domain( ) C domain( [IZ])

then
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[S]=[1F_b THEN S ELSE 9.

That is, any statement can be converted into an IF statement in a trivial way by choosing a Boolean
expression that is defined for all states where the statement executes normally. This trivial IF
statement does not have THEN and ELSE parts simpler than the original statement, but it could
happen that

[S]=[IF b THEN T ELSE E]

for some statements T and E that are less complex than S, because each is used only for some cases,
separated by b. When S is not a CF Pascal statement, but only an intended concurrent or
conditional assignment, an IF statement is often the best choice for its implementation. In the
example above, the concurrent assignment

V1 := max(V2,V3)
was realized with two simple assignment statements, based on the separate cases of an IF statement.
The design rule that results from this analysis, though simpler than for BEGIN statements,

puts more burden on the creative powers of the designer. Given an intended assignment A, construct
the IF statement

IF b

THEN {b — A}
T

ELSE {NOT b — A}
E

for some b such that T and E are simpler than A. The IF statement will have the intended meaning

if the domain of A is a subset of domain( I__b__l) and the conditional-assignment comments correctly
describe T and E.

Ezample 1: For the intended assignment:
V1,V2 := max(V1,V2),max(V1,V2)

choose a splitting condition of V1 < V2; then the design becomes:
{V1,V2 := max(V1,V2),max(V1,V2)}

IF V1 < V2

THEN {(V1 < V2 — V1,V2 := V2,V2)}
V1 := V2

ELSE {(V1 >= V2 — V1,V2 := V1,Vl)}
V2 := V1

Ezample 2: For the intended assignment:
V1,V2 := max(V1,V2),min(V1l,6V2)
choose a splitting condition of V1 < V2; then the design becomes:
{V1i,Vv2 := max(V1,V2),min(V1,V2)}
IF V1 < V2
THEN {(V1 < V2 — V1,V2 := V2,V1)}
{use BEGIN statement}
ELSE {(V1 >= V2 — )}
{no action needed}

This can be completed as follows:

7.3.1 Design Rule for IF statements 211




{V1i,V2 := max(V1l,V2),min(V1,V2)}

IF V1 < V2
THEN
BEGIN {V1,V2 := V2,V1}
Temp := V1;
V1 := V2;
V2 := Temp
END
Ezample 8: For the intended statement:
V1,V2 := max(V1,V2),V1
a design is:
{V1,V2 := max(V1,V2),V1l}
IF V1 < V2
THEN {(V1 < V2 — V1,V2 := V2,V1)}
{use BEGIN statement}
ELSE {(V1 >= V2 — V1,V2 := V1,V1)}
V2 := V1

7.3.2 Designing IF Statements for Conditional Assignments

Because conditional assignments express the meaning of IF statements directly, an intended ;
conditional assignment can be immediately translated into a design. It is best to put the conditional
assignment in reduced form (eliminate nested guards by distributing the outer ones into the inner
ones). In that way there is less chance of confusing the nesting in the designed IF statement. The
most general form the intended assignment can take is then

(b - C) | D

where b is a Boolean condition, C is a concurrent assignment, and D is a conditional assignment. °
The design is:

IF b
THEN {b — C}

{BEGIN statement design for C}
ELSE

{continue the design for D}

The design for D will be done in the same way, leading to a regular program structure in which each |
item of the intended assignment has its IF statement, nested from left to right in the conditional
assignment.

For example, the following is a design for the intended assignment that is its heading comment:

{((Ch <= '9') AND (Ch >= '0') — Result := 'D')
| (Ch <> 'N' — Result := Ch) | (Ch,Result := 'Y',6'N')}
IF (Ch <= '9') AND (Ch >= '0')
THEN {((Ch <= '9') AND (Ch >= '0') — Result := 'D')}
Result := 'D'
ELSE

IF Ch <> 'N'
THEN {(Ch <> 'N' — Result := Ch)}
Result := Ch
ELSE
BEGIN {Ch,Result := 'Y',6'N'}
Ch := 'Y"';
Result := 'N'
END
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7.3.3 Exercises

7.3.1 In each part below, design an IF statement that implements the intended assignment.
‘ a)Vl,V2 := max (V1,V2) ,min(V2,V3)

b)V1,V2,V3 := max(V1,V2,V3),min(V1,V2,V3),min(V1,V2,6V3)
c)Vv1i,v2 := max ('0',V2) ,min('9"',V1)

7.3.2 In each part below, design an IF statement that implements the intended assignment.
a) (V2 < VI — V3 :=V2) | (V2 >= V1 — V3 := V1)

b) (V2 = V1 — V3 := V1) | (V2 <> V1 — V3 := V2)

7.3.3 Design an IF statement for the conditional assignment with nested guards: i
(V1 <> V2 —
(V1 < V3 = V1,V2 := V2,V1) | (V3 < V2 — V1,V2 := 'A','Z"))
| (V2 = V3 — V1 := V2)

a) directly from the assignment;
b) by first distributing the guard to get the assignment in reduced form.

‘Use comments to make the structure of each design clear.

7.4 Chapter Summary

Like character expressions, Boolean expressions in CF Pascal have meanings that are mappings from
execution states to values, Boolean values T and F. IF statements have meanings that map states
into states, but these meanings separate into two sets: the pairs of states for which the Boolean
expression takes the value T on the argument, and those for which it takes the value F. In the first
set the THEN part of the IF statement determines the mapping; in the second set it is the ELSE
part.

Conditional assignments provide a concise notation for describing the meaning of IF
statements, by expressing the Boolean condition as in CF Pascal, and the alternative actions as
concurrent or conditional assignments. The conditional trace tables provide a means of direct
analysis and for obtaining the conditional assignment of a given IF statement. It is possible to
systematically compare two conditional assignments to see if they express the same meaning.

Design of IF statements requires more creativity than design of BEGIN statements. The
designer must choose a Boolean expression for the IF statement that splits the intended assignment
into simpler parts, and this can only be done through experience and trial. Once the splitting
expression is chosen, however, the knowledge of being in the THEN or ELSE part simplifies the
design of statements that must be placed there. If the intended assignment is a conditional one, of
course, the design follows its form in a mechanical way.
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CHAPTER 8
THE CALCULUS OF ITERATION STATEMENTS

Chapter Preview

The program calculus is extended to cover WHILE statements. Although there is no general
method for calculating part functions of WHILE statements, and even deciding termination is in
general an unsolvable problem, methods are given for checking the correctness of iteration
statements, and for designing them.

The meanings of programs without iteration can be calculated directly, a step at a time. First,
the meaning of expressions is obtained; then meanings for assignment statements, READ and WRITE |,
statements; then for BEGIN and IF statements; then for declarations, blocks, and the program |
header and period. In every case, the part meaning is defined using the text of a program part, and °
that text is used only once in the definition. For iteration, the texts of 'the WHILE condition and DO
statement can be used many times in execution, so the meaning definition is more involved.

There is no general way to calculate the meaning of an arbitrary iteration statement directly
(any more than there is a way to trisect an angle with ruler and compass). But there is a general
way to check the correctness of any candidate meaning for an iteration statement. Since design by
stepwise refinement provides candidate meanings before statements are written to satisfy them,
checking these meanings ensures the correctness of iteration statements inserted in a design.

8.1 The Meaning of Iteration Statements

Preview

The execution of a WHILE statement can be thought of as repeating the entire statement,
leading to a recursive definition of meaning. This meaning can also be described in terms of the
number of times the DO part is repeated.

8.1.1 The Meaning of WHILE Statements Defined Recursively

The meaning of a WHILE statement can be defined directly from the way it is executed. Let w be
WHILE b DO d

where b is a Boolean expression and d is a statement. In an execution state where b has the value
T, d is executed, perhaps changing the state, and then w is executed again with the new state. If b
has the value F for some state, then w acts as a null statement on that state. This behavior of w
can be described by the IF statement

IF b THEN BEGIN d; w END
and thus the formal definition is:
[w]=[IF b THEN BEGIN d; w END|.
Simple WHILE statements can be analyzed directly. For example let v be:
WHILE V1 < V2 DO V1 := V2
By definition:

[v]=[IF V1 < v2 THEN BEGIN V1 := V2: v END|.

Since the v in the right side will always be applied to a state on which the assignment V1 := V2
has just acted, the Boolean expression V1 < V2 in this v will always evaluate to F. Therefore v
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can be removed from the right side, because it has the effect of a null statement. Thus
[v]=[1F_v1 < v2 THEN v1 := v2|.

The meaning of v is now easy to understand, since the iteration has been eliminated.
As a second example let u be

WHILE V1 <= V2 DO V1 := V2

which differs from v only in the comparison operator of the condition. This small change leads to
radically different behavior. By definition,

[4]=[1F V1 <= v2 THEN BEGIN V1 := V2; u END|

As for v, the state that the repeated WHILE statement sees has the same value for V1 and V2,
because of the assignment. But the Boolean expression of u is always T for such a state, so the
WHILE statement will be used again, and again the expression will be T, and so on forever. That is,
for any state in which the Boolean condition is T, an endless execution will ensue. No such
argument states can enter El; and for any other state, Elis the identity. Thus,

E;]: {<s, s>: (s) = F}.
In terms of a conditional assignment, this meaning is:
(VL > V2 — )
As a more complex example, let ¢ be:
WHILE V1 < V2

DO
BEGIN
V1 := V2;
V2 := V3
END

The DO part of £ can be summarized in the concurrent assignment:
V1,V2 := V2,V3
If the DO part were repeatedly executed, its trace table would look like:

Statement I V1 I V2

V1i,v2 := V2,V3| V2 V3
V1i,V2 := V2,V3| V3 V3
Vi,vV2 := VvV2,V3| V3 | V3

That is, after the second iteration, both V1 and V2 would hold the original value of V3 and from
then on nothing would change. This trace table provides an easy way to analyze ¢. The condition
for termination is V1 >= V2, and the table shows that this always occurs after no more than two
iterations. The second iteration occurs only when the original value of V2 does not precede that of
V3 (because those are the values for V1 and V2, respectively, following the first iteration). This
information is summarized in the conditional assignment meaning for ¢:

(VI >= V2 — ) | (V2 >= V3 — V1,V2 := V2,V3)
| (V1,V2 := V3,V3)

The first term is the case of no iterations, the second of one iteration, and the third of two
iterations. Writing out the full guard for each term:

(V1 >= V2 — ) | (V1 < V2 — (V2 >= V3 — V1,V2 := V2,V3))
| (V1 < V2 — (V2 < V3 — V1,V2 := V3,V3))

and distributing into reduced form:
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(V1 >= V2 — ) | ((V1 < V2) AND (V2 >= V3) — V1,V2 := V2,V3)
| ((V1 < V2) AND (V2 < V3) — V1,V2 := V3,V3)

The three guards of the reduced form define non-intersecting regions in domain( El) In each region
the guarded assignment gives the meaning of .

8.1.2 Counting Iterations in WHILE Statements

In an execution table, the effect of a WHILE statement arises from repetition of the statement(s) of
its DO part. The repetition continues until the termination condition is met. When the number of -
repetitions can be determined, it provides another way to understand the meaning of a WHILE
statement.

Let w be

WHILE b DO d j
where b is a Boolean expression and d is a statement, as before. Domain( is the set of execution
states for which the execution of w terminates. For each state s € domain ), the iteration count |

must be some natural number k. (Otherwise an endless execution would occur for state s, and it
would not be in domain( |w . )-) For example, in the third WHILE statement ¢ above, k was 0, 1, or 2.
Several facts about_w and the initial state s can be deduced from k.

If £k =0 then |3E|( s) = F, because otherwise there would be at least one iteration. Furthermore ;
@(s) = s because dIs not executed. 1
If k =1, then

[6](s) = =,
[w](s) =[d](s),
([d]o[8])s) =

The first equation is needed for any iterations to occur. The second reflects the effect of exactly one
execution of the DO part d. The third explains why a second iteration does not occur. After the DO !
part is executed, the new state is E(s), and in this state the Boolean condition must fail, that is

[6]([d](s) = ([d][8])(s) = F.
If k =2, then

[6](s) = =,

([d]-[e])s) = T,

@(s)=@o@(s),

([d][d]-[e])s) =

Here the first two evaluations of ﬂ must allow the iteration to continue, the DO part d will be used
twice, and the third evaluation o u must cause termination.

The pattern of facts is clear, and can be expressed in general as follows. For k > 0 iterations
of w beginning with state s € domam( )

([4]° < [8])(s)
([d]*o El)(s)— T,

El"‘ o [6])(s) =
[](s )=|z|"(8),
([d]* o8] )s) =

The power notation means repeated composition. For any relation r,
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r0 = {<z, z>: 7 € domain(r)},
rm=ror™l forn>0.

The special case of zero compositions of r, written r% is defined as an identity function. This
happens to be just the right definition to handle the case of zero iterations of a WHILE statement.

In the example WHILE statement ¢ above, the facts for two iterations beginning with state s
would be written

vVl < V2[(s)= T,

([vi := v2; v2 := Vi[le|vl < v2|)(s)= T,

[t](s) =[v1_:= v2; v2 := vi]¥s),

([vi := v2; v2 := vi|2e|vl < Vv2|)(s) = F.

The convenience and power of these iteration facts is that in many cases the number of
iterations is an effective way to partition domain( ) for study and analysis. For example, a
WHILE statement to flush blanks will iterate exactly as often as the number of leading blanks in the
future part of a file. 1

An iterative definition of WHILE statement meaning can be given along the lines suggested by
this discussion:

[WwHILE & DO d] |
= {<s, t>: for some natural number k, the following conditions hold:

1.t =[d]¥s),

2. for every natural number i less than k, ( Izl‘ oEI)(s) = T,
3. [b]()=rF}
This definition can be seen to be the same as the recursive one
[WHILE & DO d|=[IF b THEN BEGIN d; WHILE b DO d END]

by considering the cases of each iteration count k¥ =0, 1, 2, ... However, the recursive definition is
the one we will use.

A WHILE statement w can be analyzed by considering the termination condition for each s €
domain( [w]), to find the iteration count k. The meaning is then a k-fold composition of the meaning
of the DO part. For example, consider the WHILE statement:

WHILE V1 < V2

DO
BEGIN
V1 := V3;
V3 := V2;
V2 := V4
END

The DO part has the meaning of the concurrent assignment:
V1i,v2,V3 := V3,V4,V2
Three iterations of this meaning are shown in the trace table:

Statement | vi | vz | vs

V1,V2,V3 := V3,V4,V2| V3 | V4 | V2
V1i,V2,V3 := V3,V4,V2| V2 | V4 | V4
V1,V2,V3 :=V3,v4,Vv2| v4 | V4 | V4

From the table it can be seen that the conditions for termination in terms of the original values of
the variables are as follows:
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Iterations Condition

0 V1l >= V2
1 V3 >= V4
2 V2 >= V4
3 V4 >= V4

Thus there can be no more than three iterations, because the termination condition is always
satisfied after the third. From these two tables the conditional-assignment meaning of the WHILE
statement can be constructed. The guards come from the iteration-count table, and the concurrent
assignments from the trace table:

(V1 >= V2 — ) | (V3 >= V& — V1,V2,V3 := V3,V4,V2) |
(V2 >= V4 — V1,V2,V3 := V2,V4,V4) | (V1,V2,V3 := V4, V4,Va)

As another illustration, consider the WHILE statement intended to flush blanks from INPUT:

WHILE (Ch = ' ') AND (NOT EOF)
DO
READ (Ch) :

Suppose the initial execution state for this WHILE statement is
S ={Ch-0, INPUT-<z, DOOTHE & y, R>, ...}
Where z and y are any character strings. The execution table will contain

After Execution of | Condition INPUT Ch
z & ODOTHE & y @]
WHILE Ch = ' ' T
READ (Ch) z & ODOTHE & v o
WHILE Ch = ' ' T
READ (Ch) & ODOTHE & y | O
WHILE Ch = ' ' T
READ (Ch) z & OOOTHE & y @]
WHILE CH = ' ' T
READ (Ch) r&OOOTHE & y | T
WHILE Ch = ' ' F

That is, the WHILE statement is iterated four times, and terminates in the fifth evaluation of the
WHILE condition. On the other hand, if the initial execution state for this WHILE statement is
{chN, INPUT<z, y, R>, ..},

then the Boolean expression Ch = ' ' has value F at the outset, and the WHILE statement is
iterated zero times.

This information is enough to deduce the meaning of this WHILE statement as the conditional
assignment:

((Ch = ' ') AND (INPUT = <z, y,R>) —
Ch,INPUT := C, <z&uV C, v,R>) |
((Ch <> ' ') OR (INPUT = <z, tt,R>) — )

where
y=uV C & v, and
u is a (possibly empty) string of blanks,
C is a character other than blank or line marker, and
z, v are arbitrary strings.

Considerable liberties have been taken with the conditional-assignment form, utilizing expressions
that are not part of Pascal, but whose meaning is clear.
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8.1.3 Exercises

8.1.1 Is it possible to write a WHILE statement in isolation that will always, in any context,
a) iterate exactly once?
b) never iterate at all?
c) never terminate?
d) always iterate more than 1000 times?
Explain your answers and give examples where possible.
81.2 In each part, determine a conditional assignment for the WHILE statement by (i) writing a

trace table of DO statement iterations; (ii) determining the number of iterations for any condition;
and (iii) collecting results of (i) and (ii) into the conditional assignment.

a) WHILE V1 < V2
DO
V1,V2 := Vv2,V1

b) WHILE V1 <= V2
DO
vi,v2 :

¢) WHILE V2 < V3
DO
V2,V3 :

d) WHILE V3 < V1
DO
V1,V3 := V2,Vl

v2,V1

v3,Vvl

e) WHILE V1 < V2
DO
V1,V3 := V3,V2

f) WHILE V1 < V2

DO
V1 := V2
g) WHILE (V1 < V2) OR (V2 < V3)
DO
BEGIN
V1 := V2;
V2 := V3
END
h) WHILE (V1 < V2) AND (V2 < V3)
DO
BEGIN
V2 := V3;
V1l := V2
END
i) WHILE Ch = ' '
DO
READ (Ch)
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jJ)WHILE (Ch >= 'O') AND (Ch <= '9'")

DO
READ (Ch)
k) WHILE (Ch >= 'O') AND (Ch <= '9')
DO
BEGIN
WRITE (EOut,Ch):
READ (FIn, Ch)
END

8.1.3 Let b be any Boolean expression, and S any statement. For each part, determine the part
function of the given WHILE statement.

a) WHILE b
DO
{statement is empty}

b) WHILE Ch = Ch

DO ‘ ;
S i
¢) WHILE Ch <> Ch

DO
S

8.1.4 In the iterative definition of WHILE-statement meaning, the case k = 0 is combined with the

other cases. Write out this case from the definition, and show that it agrees with the discussion that
lead up to the definition.

8.2 The Analysis of Iteration Statements

Preview

A general method is given to verify that a candidate meaning for a WHILE statement is correct.
New ideas: WHILE statement verification rule.

Because the meaning of a WHILE statement w is defined in terms of w itself, calculating the
meaning directly is possible only for very simple examples. In general there is no way to calculate w
from the definition. Neither can the iterative definition be used for direct calculation, because the
number of iterations cannot in general be determined. However, if a meaning is given, a candidate
meaning for a WHILE statement, there is a general method for checking it. This checking method
requires only calculations such as IF- and BEGIN-statement meanings, and composition of meanings.
Conditional assignments are a valuable aid in dealing with the necessary calculations.

8.2.1 The WHILE Statement Verification Rule

Let w be any WHILE statement with Boolean expression b6 and DO statement d:
WHILE b DO d

Let f be a candidate for the meaning , that is, a function one hopes to show the same as
IWHILE b DO dI. The WHILE statement verification rule is a general method for deciding if

7 =[u]
bolds or not, and rigorously proving this equality if it does hold.
To use a method that checks a given function rather than calculating one, there must be a

source for the candidate meaning. In program development using stepwise refinement, the meaning
is given at each step before statements to obtain it are designed. In this case then a candidate
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meaning will always be available. When a WHILE loop has been designed in a refinement step, its
meaning can be checked against the desired meaning. If they agree, the design is correct.

On the other hand, to calculate the meaning of a WHILE statement that is already written,
the intuitive analysis using execution tables, trace tables, and case analysis by iteration counts can
be used to obtain a candidate meaning. If this candidate is verified, it can be used to summarize the
action of the WHILE statement.

In either case, the verification rule can be used to confirm or deny the equality between the
WHILE statement meaning and the candidate meaning. If the equality fails in stepwise refinement,
the WHILE statement must be changed. If the equality fails in calculating the meaning of an
existing statement, the candidate meaning must be changed.

The plan for developing the WHILE statement verification method is to solve the definition for
the statement’s meaning, which occurs on both sides of the equation. This requires putting the
definition in a slightly different form. Written in full, the definition is:

[WHILE b DO d|=[IF b THEN BEGIN d; WHILE b DO d END].

An ELSE part could be added to the IF statement on the right side without altering anything, so
long as the ELSE part acts as a null statement. An ELSE part of WHILE b DO d has this
property, because to invoke the ELSE part, b would have to fail in the IF statement, hence it would
also fail in the added WHILE statement, and there would be no iterations of d. Thus

|[WHILE & DO d|=

|[IF b THEN BEGIN d; WHILE b DO d END ELSE WHILE b DO d|.

Now, since WHILE b DO d is the last statement in both THEN and ELSE parts, it can be moved
behind the IF statement, so that

|WHILE b DO d|=

|BEGIN IF b THEN d; WHILE b DO d ENDJ|.
The BEGIN statement meaning can be worked out directly, to get:

|WHILE b DO d|= [IF b THEN d|o[WHILE b DO d]
The meaning of the WHILE statement itself has been separated out on the right side.
Now suppose a candidate function f is the correct meaning of the WHILE statement, that is,
J=[WHILE b Do d|.
Then f must satisfy the equation for IWHILE b DO d|above:
S=[IF b THEN dlo .

Such an equation in which an unknown function occurs on both sides is called a recurrence equation.
A correct candidate function must satisfy the recurrence equation for its WHILE statement,

but it does not follow that any function satisfying the equation is in fact the meaning of the WHILE

statement. A simple case will show the pitfall. Consider a WHILE statement that never terminates:

WHILE 'A' = 'A' DO {nothing}

It is clear that this WHILE statement has a meaning that is empty—it contains no ordered pairs
because the WHILE statement does not terminate on any input. But the recurrence reduces to

=1
for this WHILE statement, since
[IF 'A' = 'A' THEN {nothing}|

is an identity function. Any function f satisfies f = f, yet all save the empty function are wrong for
the WHILE statement.

A remedy for this problem is to add a condition ruling out extraneous solutions to the
recurrence equation. The pitfall above can be avoided by not allowing candidate functions that are
defined when the WHILE statement does not terminate. That is, we require that
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domain(f) = domain( [WHILE b DO d|)

in addition to f satisfying the recurrence equation.
Another pitfall is contained in a WHILE statement that never iterates, for example:

WHILE 'A' <> 'A' DO {nothing}

In this case the WHILE statement has a meaning that is an identity function; it acts as a null
statement. But, again, since

[IE 'A' <> 'A' THEN {nothing}|

is the identity function, the recurrence equation reduces to f = f, an equation any function satisfies.
This WHILE statement has a meaning that is an identity function, but many non-identity functions
satisfy both the recurrence equation and the domain constraint above. A condition that will permit
only the identity function for this WHILE statement is the following:

For any execution state s € domain( IiHILE b DO dl),

iflzl(s) = F then f(s) =s.
That is, f must act as an identity on any state s where Iz](s) = PF. This condition can be expressed
as the equality of two conditional assignment meanings:

(NOT () — f) = (NOT(b) — I)

where I is the identity function. Happily, just these two additional conditions ensure that a function
satisfying the recurrence equation must be the meaning of the WHILE statement.
Thus the WHILE statement verification rule is:

To prove
f=|wHILE b DO d|

it 1s necessary and sufficient to prove
1. domain(f) = domain( [WHILE b DO d|),
2. (NOT(b) — f) = (NOT(b) — I,
3.f=|IFE b THEN dl. /.

8.2.2 Composition of Conditional Assignments

Conditional assignments are a powerful notation for expressing meanings of individual statements.
They were invented to describe IF statements, but they are useful in analyzing WHILE statements,
too. To check condition 3 of the WHILE statement verification rule requires calculating the
composition of an IF statement meaning with the candidate function. Often the candidate function,
and the function of the DO part in the WHILE statement, can be expressed as conditional
assignments. Conditional trace tables provide a way to calculate the meaning of composed
conditional assignments.

Let b and ¢ be Boolean conditions, ¢ and A be concurrent assignments, ¥« and v be conditional
assignments. The most general composition of two conditional assignments in reduced form is:

(b — g | u) o (¢c = h | v)
This function separates into four cases, corresponding to combinations of the guards:
(b= g) o (¢c — h)
U (b — g) o (NOT(c) — v)
U (NOT(b) — u) o (¢ — h)
U (NOT(b) — u) o (NOT(c) — v)
If the conditional assignments are less complex, some of these cases may be missing. These terms

can be evaluated with conditional trace tables, and the results recombined into a conditional
assignment.
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For example, suppose we wish to show that the meaning of
IF V1 < V2 THEN V1 := V2; V1 := V2
and
Vi := V2
are the same. The first meaning is
[IE V1 < V2 THEN V1 := V2|o[V1 := V2|,
or in conditional-assignment form:

((V1 < V2 = V1 :=V2) | ()) o (VL := V2)
= (V1 < V2 = V1 := V2) o (V1 := V2)
U (NOT(VL < V2) — ) o (V1 := V2)

Each term on the right side can be worked out in a conditional trace table:

Statement I Condition lll
(V1 < V2 — V1 := vz)I V1 < V2 Ivz
V1 := V2 V2

i

Result: (V1 < V2 — V1 := V2).

Statement | Condition | V1
(NOT (V1 < V2) — W V1 >= V2 |
V1 := V2 V2

Result: (V1 >= V2 — V1 := V2).
Thus the result is

(V1 < V2 = V1 := V2) U (V1 >= V2 — V1 := V2)
and since the guards are mutually exclusive, the whole can be given as a conditional assignment:
(V1 < V2 = V1 := V2) | (V1 >= V2 — V1 := V2)

That is, we have calculated
[IF Vi < V2 THEN V1 := V2|o|V1l := V2|
= (V1 < V2 — VI := V2) | (V1 >= V2 — V1 := V2).
The calculation was undertaken to determine if this function is the same as|V1 := V2|, conditional
assignment (V1 := V2), which can be seen directly. However, in more complex cases the methods

of Section 7.2.3 may be needed to compare the resulting conditional assignments. Using those
methods in this example, to show that

(V1 := V2) = (V1 < V2 — V1 := V2) | (V1 >= V2 — V1 := V2)
falls under case 3 of section 7.2.3, and the result is immediate.

8.2.3 WHILE Statement Verification Examples

Consider the statement w:
WHILE V1 < V2

DO
{V1i,v2,V3 := V3,vV4,V2}
with the candidate function:
f= (V1>=V2 — ) | (V3>=V4 — V1,V2,V3 := V3,V4,6V2) |

(V2>=V4 — V1,V2,V3 := V2,V4,V4) | (V1,V2,V3 := V4,V4,V4)

f is equivalent to:
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(V1>=Vv2 — ) |

(V1<V2 AND V3>=V4 — V1,V2,V3 := V3,V4,V2) |

(V1<V2 AND V3<V4 AND V2>=V4 — V1,V2,V3 := V2,V4,V4) |
(V1<V2 AND V3<V4 AND V2<V4 — V1,V2,V3 := V4,bV4,V4)

Since f was constructed directly, unless a mistake was made, it should be correct. To illustrate the
WHILE statement verification rule, we will verify that

1 =[v]
by showing that:
1. domain(f) = domain( @) ‘
2. (V1>=V2 — f) = (V1>=V2 — )
3.f=|IF vi<v2 THEN {V1,V2,V3 := V3,vV4,V2}|o /.

1. domain(f) = domain( EI ).

[ is defined for all values of V1, V2, V3, V4 since in its original form the last conditional"
assignment has no guard. By referring to the trace table of iterations in section 8.1.2, it can be seen

that V1 and V2 both eventually have the original value of V4 and and w will terminate then, if not
before.

2. (V1>=V2 = ) = (V1>=V2 — ).
Rewrite (V1>=V2 — f) by distributing V1>=V2 in each guard of f:
(V1>=V2 AND V1>=V2 — ) |
(V1>=V2 AND V1<V2 AND V3>=V4 — V1,V2,V3 := V3,V4,6V2) |

(V1>=V2 AND V1<V2 AND V3<V4 AND V2>=V4 — V1,V2,V3 := V2,V4,6V4) |
(V1>=V2 AND V1<V2 AND V3<V4 AND V2<V4 — V1,V2,V3 := V4,6V4,6V4)

Simplifying the guards results in
(V1>=V2 — )

since in each of the last three guards V1>=vV2 AND V1<V2 evaluates to F. Thus the left side is |
identical to the right side.

3. f=|IF Vv1<v2 THEN V1,V2,V3 := V3,V4, V2o /.

The composition on the right side must be calculated and compared with f. Since the IF conditional

assignment has two conditions and the f conditional assignment has four conditions, there are eight
trace tables to consider.

Condition: V1<V2 AND V3>=V4
Assignment: V1,V2,V3 := V3,V4,V2

Case 2
Part | Condition | vi | v2 v3
IF V1<V2 ’ V3 l va ‘ V2
f V3<V4 AND V2>=V4 V2 V4 V4
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Condition: V1<V2 AND V3<V4 AND V2>=V4

Assignment: V1,V2,V3 := V2,V4,V4
Case 3
Part | Condition | vi | v2  v3
IF V1<V2 I v3 | va ‘vz
£ V3<V4 AND V2<V4 AND V4>=v4 | v4 | va | va

Condition: V1<V2 AND V3<V4 AND V2<V4 AND V4>=V4
Assignment: V1,V2,V3 := V4,V4,V4

Since V4>=V4 always takes the value T, it may be removed from the composite condition.

Case 4
Part Condition vi | v2  v3
IF V1<V2 V3 |V4 |vz
£ V3<V4 AND V2<V4 AND V4<V4a *

This is the empty function since V4<V4 always takes the value F.

Case 5
Part | Condition | vi | v2 v3
IF | V1>=V2 I I |
f Vi>=V2
Condition: V1>=V2
Assignment: V1,V2,V3 := V1,V2,V3
which is an identity function.
Case 6
Part | Condition | vi [ v2 v3
IF V1>=V2 l } '
£ V1<V2 AND V3>=V4

which is the empty function since V1>=V2 AND V1<V2is F.

Cases 7 and 8 are also empty functions since they have the same contradiction. Assembling the
nonempty functions yields

(V1<V2 AND V3>=V4 — V1,V2,V3 := V3,V4,V2) |

(V1<V2 AND V3<V4 AND V2>=V4 — V1,V2,V3 := V2,V4,V4) |
(V1<V2 AND V3<V4 AND V2<V4 — V1,V2,V3 := V4,6V4,V4)
(V1>=V2 — V1,V2,V3 := V1,V2,V3)

which is identical to f as part 3 of the verification rule requires.
As a second example of using the verification rule, consider:

WHILE Ch <> ' '
DO
BEGIN
WRITE (Ch) ;
READ (Ch)
END

First, a candidate part function is needed. Informal methods are not always trustworthy for
obtaining meanings, but here they are fine, because once a candidate is chosen, the rule can be used
to check it. The loss in considering an incorrect candidate is only the effort of applying the rule
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several times. '

If Ch is not blank, then the WHILE statement will copy Ch and the next contiguous sequence
of nonblank characters from INPUT to OUTPUT. If Ch is blank, then nothing happens. In order toj
express the meaning formally, consider the conditions under which the DO part of the statement will
execute. First, the value of Ch will not be blank. Second, the input string must contain a blank in
order for the loop to terminate. That is, INPUT, (the second list element of INPUT, its future
string) should be of the form:

(zVe)&y,
where z is a possibly empty string of nonblank characters, ¢ is a blank or line marker,
and y is any string. :
Third, the final value of Ch will be blank, INPUT will have been advanced over the blank followingi‘;.
z, and OUTPUT will have the initial value of Ch, with the string z appended.
This information is conveniently expressed in a conditional assignment. Subscripted file

identifiers indicate the corresponding components of their list values. Then the candidate meaning f-
1s: 3

((Ch <> ' ') AND (INPUT, = (z V ¢) & y) — ,
Ch, OUTPUT,, INPUT,, INPUT, :=
O, (OUTPUT, V Ch) & z, (INPUT, & 7) V ¢, y) |
(Ch="'""'= )

To show that this is in fact the meaning of the WHILE statement,

f=|WHILE Ch <> ' ' DO BEGIN WRITE (Ch); READ(Ch) END|
requires checking the three conditions of the verification rule:

1. domain(f) = domain( [WHILE ... END|),
2. (Ch="'"'m—=f)=(Ch="'"'=I,
3.f=[1F ch <> ' ' THEN BEGIN WRITE (Ch): READ (Ch) END|o /.

1. domain(f) = domain( [WHILE ... END|).

In the analysis that led to the candidate f, it was established that the WHILE statement terminates
for nonblank values of Ch if the INPUT future string contains a blank or line marker; no repetitions
occur if Ch has a blank value. The two conditional expressions in f define it for exactly these cases. .
Thus the domains of these functions are the same.

2. (Ch=""'—=f)=(Ch="'"=I.

The states on which the candidate f must be the identity are those in which Ch is blank, that is, |
those of the second guard in its definition. That is exactly how f is defined in that case.

3.f=|IF Ch <> ' ' THEN BEGIN WRITE (Ch): READ(Ch) ENDJo f.

First find the meaning of the IF statement, starting with its BEGIN statement. The WRITE
statement computes the function expressed as a conditional assignment:

WRITE (Ch)|= (OUTPUT, := OUTPUT, V Ch).
And for the meaning of the READ statement:
READ (Ch) |= (INPUT, <> {t —
Ch, INPUT,, INPUT, := © INPUT,, INPUT, V ©(INPUT,), A (INPUT,) ).

Combining these two statements, the conditional assignment of the BEGIN statement is:
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[BEGIN WRITE (Ch): READ (Ch) END|=
(INPUT, # 1t —
Ch, OUTPUT,, INPUT,, INPUT, :=
© INPUT,, OUTPUT, V Ch, INPUT, V ©(INPUT,), A (INPUT,)).

The IF statement

IF Ch <> ' '
THEN
BEGIN
WRITE (Ch) ;
READ (Ch)
END

therefore has part function

g=[IF Ch <> ' ' THEN BEGIN WRITE (Ch); READ(Ch) END|=
(Ch <> ' ' AND INPUT, <> tt —

Ch, OUTPUT,, INPUT,, INPUT, :=

© (INPUT,) , OUTPUT, V Ch, INPUT, V ©(INPUT,), A(INPUTZ)) |
(Ch="'""'"= ).

Next, ¢ and f must be composed. There are four cases, each described by a conditional trace table.
INPUT; is abbreviated I; and OUTPUT; is abbreviated 0; in these tables.

Case 1
Part Condition Ch OUTPUT, INPUT, INPUT,
g (Ch <> ' ') AND &(1,) 0, Vch 1, V&1, A(I,)
I, <> 1)
/ (©(1;) <> ' ') AND o (0, Vcn) | (1, VEI,) & y
(A(I) = (z Vo) & y) Ve(1,y) & = (zVe

where z is a (possibly empty) string of nonblank characters, ¢ is a blank or line marker, and y is any
string.
Condition: (Ch <> ' ') AND (INPUT, <> {t) AND (©(INPUT,) <> ' '
AND (A (INPUT,) = (z V) &)
Assignment: Ch, OUTPUT,, INPUT,, INPUT, :=
O, ((OUTPUT, V ch) V ©(INPUT,)) & z,
(INPUT, V ©(INPUT,)) & (z V), y

At each domain point where &(INPUT,) is defined, INPUT, <> 1} evaluates to T. Therefore,
the presence of ©O(INPUT,) <> ' ' in the condition makes INPUT, <> f redundant.
Furthermore,

© (INPUT,) <> ' '
A(INPUT,) = (2 V¢) &y

where z is a string of nonblank characters, imply that INPUT, can be written
(zVe)&y

where z is a nonempty string of nonblank characters. Thus the condition
INPUT, =(2V )&y

can replace both of the other conditions on INPUT, in the guard, and occurrences of
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(V ©(INPUT,)) & =z

in the assignment can be replaced by z.
Thus for Case 1, the part meaning is:

((Ch <> ' ') AND (INPUT, = (2 V¢) &y) —
Ch, OUTPUT,, INPUT, , INPUT, :=

O, (OUTPUT, V Ch) & z, (INPUT, & z) V c,y)

Case 2 !

Part Condition ch | outpur, | 1NPUT, | INPUT, ]
g (Ch <> ' ') AND | 6(I,) | 0, VCh | I, VE(I,) | A(T,)

2 <> 1) ]

/ e(r;)) =" *

Condition: (Ch <> '

') AND (INPUT, <> 1) AND (©(INPUT,) = '
Assignment:

")
Ch, OUTPUT, , INPUT,, INPUT, :=

© (INPUT,) , OUTPUT, V Ch,INPUT, V ©(I,),A (INPUT,)

Once again, the presence of ©(INPUT,) in the guard makes the condition INPUT,
redundant, INPUT, has value O & y for some string y, and the part meaning is

<> 1’1“
((Ch <> ' ') AND (©(INPUT,) = ' ' —
Ch, OUTPUT,, INPUT, , INPUT, :=
O, OUTPUT, V Ch,INPUT, V O,y) |
Case 3 ’
Part Condition Ch OUTPUTI INPUTl
P) (Ch = ' ') AND
(I, = (zVe) &y)
f Ch <> ' '

The table has not been filled in, because the condition reduces to F; that is, this case cannot occur
because Ch cannot be both blank and nonblank

Case 4

Part | Condition | ch | outpuT, | INPUT, | INPUT,
AESHE
f len=1

Condition: Ch =
Assignment: ( )

This is identical to the second conditional assignment of f.
Collecting the part meanings for go f:

((Ch <> ' ') AND (INPUT, = (2 V ¢) & y) —
Ch, OUTPUT,, INPUT,, INPUT,

0, (OUTPUT, V Ch) & 2z, (INPUT & z) Voe,y) |
((Ch <> ' ') AND (©(INPUT,) = —

Ch, OUTPUT,, INPUT,, INPUT, := O,0UTPUT, V Ch,INPUT, V O,y) |
(Ch=""=)

where z is a string of nonblanks, ¢ is a blank or line marker, and y is a string. The second
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conditional assignment can be seen to be a special case of the first (with z = 1 and ¢ =0), so it can
be eliminated. The result is identical to f. That is, it has been shown that fo g = f as condition 3 of
the WHILE verification rule requires.

These sample verifications are more difficult than the calculations of Chapters 6 and 7, and
have a fundamentally different nature. For iteration-free statements, the meaning of programs can
be calculated directly from the definition. For WHILE statements things are not so nice. It is
necessary to find the meaning by some informal means, then verify that it is correct. The situation
is appropriate to the power of iteration. In practice, the need for a candidate function is not often a
problem. A helpful comment often supplies it or intuitive understanding of the code can be used to
work it out. Once the hypothesis is in hand, however, the program calculus establishes that it is or
is not correct, with rigor equal to that used to derive the part functions of simpler constructions.

8.2.4 Exercises

82.1 Consider the recurrence equation:

f=Jolf.
Find two different functions that satisfy this equation.
8.2.2 Which of the three conditions in the WHILE statement veriﬁé:ation rule
a) is most difficult to establish?

b) requires the greatest knowledge about the WHILE statement, as opposed to the candidate
function?

8.2.3 In each part, use the WHILE statement verification rule to show that the meaning of the
given WHILE statement is the concurrent assignment given as a comment:

a) {V1 := max(V1,V2)}
WHILE V1 < V2
DO
V1 := V2

b) {V1 := min(V1,V2)}
WHILE V2 < V1
DO
V1 := V2

¢) {V2 := min(V1,V2)}
WHILE V2 < V1
DO
V2 := V1

d) {V2 := max(V1,V2)}
WHILE V2 <= V1
DO
V2 := V1

8.2.4 For each WHILE statement given in Exercise 8.1.2, find a candidate function for the meaning,
and use the WHILE statement verification rule to prove that your candidate is correct.

8.3 The Design of Iteration Statements

Preview

WHILE statements can be designed in a systematic way to satisfy an intended assignment. The
design rules are derived from the WHILE statement verification rule.
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A WHILE statement determines a repeated composition of its DO part dynamically, depending :
on its WHILE condition, just as a BEGIN statement determines a composition of its constituent
statements statically. Thus, a WHILE statement is more complex to design than a BEGIN
statement, but there are still important lessons to be learned from the BEGIN statement design rule. !

8.3.1 WHILE Statement Design Rules

In design, an intended function f is given, and a WHILE statement W:

WHILE b
DO
d

must be obtained. Since the meaning of W is to be f, this is exactly the situation of the WHILE:
statement verification rule:

J=|W|=|WwHILE b DO d|
if and only if
1. domain(f) = domain( ), :
2. (NOT(b) — f) = (NOT(b) — I),
3.f=|IF b THEN d|o .
A design rule can be derived from these three conditions.
1. domain(f) = domain( )
The condition requires that b and d be designed so that W terminates for every state in domain(f).
2. (NOT(b) — f) = (NOT(b) — I).

Since W terminates only when b evaluates to F, range( ) is just those states for which b |
evaluates to F. Since any state for which b evaluates to F can also be an initial state, ‘

range( ) C domain( )-

Therefore, f must have this property or no WHILE statement can have the desired meaning:
range(f) C domain(/).

The execution of WHILE statement W can be pictured as follows. Suppose the initial state s is in
domain( | W|) but not in range( ) Then the state ¢ after execution of the DO part may again be
in domam{ | W|) - range( ), and this may continue through many such states u, ..., y. If the.
execution terminates, it must do so because a state z € range( ) is reached. On the other hand,

if the initial state is in range( ) the DO part is never executed at all, and the final state is
unchanged. ;
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Since b_evaluates to F within range( ), the WHILE statement W acts as a null statement in
range( E) Unless f has this same property—that is, if s € range(f), then f{s) = s, no correct
WHILE statement exists.

These two requirements on the intended function f should therefore be checked before design
begins, for if they do not hold, no WHILE statement can be designed:

range(f) € domain(f), and
f behaves as the identity function in range(/).

The first step in the design itself is to determine the Boolean expression b. b must hold for any
execution state in domain(f) - range(f); otherwise W would stop its iteration before reaching a proper
state in range(f). b must not hold for any state in range(f); otherwise W would continue iteration
instead of terminating when it reaches a state in range(f). Thus @must divide into two cases such
that its value is T on domain(f) - range(f) and F on range(/).

Once b has been derived from f, it remains to determine d. d must bring about the eventual
termination of W from any state in which b holds, by transforming to a state in which b does not
hold. In addition, condition 3 of the WHILE statement verification rule,

3.f=|[IE b THEN d|o,

is the primary constraint on d. When b holds, if d preserves the expression values needed in f, then
those values will be mapped the same by both sides of the equation. Thus, designing d to satisfy
condition 3 is similar to designing the first statement of a BEGIN.statement.

This discussion can be summarized in the following design rule for WHILE statements:

Given an intended meaning f:
1. (Ezistence Rule) Verify that:

a. range(f) C domain(y)

b. if s € range(f) then f{s) =s.
otherwise no WHILE statement can be designed for f.
2. (Boolean Condition Rule) Determine b such that:

a. @evaluates to T in (domain(f) - range(f))

b. @evaluates to F in range(f).
3. (DO Part Rule) Determine d such that:
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a..lIE‘ b THEN d|preserves all values f requires to define the final state.

b. WHILE b DO d terminates for every state in domain(/).
For example, suppose the intended function is described by the concurrent assignment f:
V1,V2 := max(V1l,V2),min(V1,6V2)

For the existence rule, note that domain(f) is all values of V1 and V2, and range(f) is all values of
V1 not preceding V2; hence .

range(f) C domain(f)

as required. Also, for any state in the range(f), where V2 does not precede V1, the variables aref

properly ordered, and f does not alter them; that is, f is identity on range(f).
To satisfy the Boolean condition rule, b can be
V1l < V2

whose value is F on range(f), and T elsewhere. The design is therefore:
WHILE V1 < V2

DO
d

where d is yet to be determined.
For the final step, the DO part rule, exchanging the values of V1 and V2 is a p0331b111ty
Should the exchange occur, termination is 1mmed1ate Exchanging preserves both :

max (V1,V2)
min (V1,V2)

so the design is finished:
WHILE V1 < V2

DO
{V1,V2 := Vv2,V1}

As another example, consider the problem of removing extra blanks. In Section 8.1.3, the:
required function f was defined as *

((Ch = ' ') AND (INPUT = <z,y,R>) — Ch,INPUT := ¢, <z & v V ¢, v, R>) [

((Ch <> ' ') OR (INPUT = <z,tt,R>) — ) :
where

y=(uVe) &y,

u is a (possibly empty) string of blanks,

¢ is a character other than blank or line marker, and

z, v are strings.
A WHILE statement will be designed using the WHILE statement design rules.
1. (Existence Rule)
a. range(f) C domain(y)

Domain(f) is all values of Ch and INPUT, and range(f) is all nonblank values of Ch and values of |
INPUT where the future string is empty. Thus condition (a) is satisfied.

b. if s € range(/), then f{s) =s

For any state in range(f), Ch is a nonblank character or the future string of INPUT is empty, cases
in which f acts as the identity.

2. (Boolean Condition Rule)
a. evaluates to T in (domain(f) - range(f))

b. |b|evaluates to F in range(/)
The Boolean condition
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(Ch = ' ') AND (NOT EOF)
evaluates to F in range(f) and to T in domain(f) - range(f) and therefore satisfies both conditions.
3. (DO Part Rule)
a. rIE b THEN4d] preserves all values f requires to define the final state.
b. WHILE b DO d terminates for every state in domain(/).

A statement d must be chosen that advances the WHILE statement closer to termination. This can

be done by reading INPUT and ignoring blanks and line markers. READ (Ch) should work because

it moves any state in which Ch is O closer to a state in which either Ch is nonblank or EOF is T.
Thus the WHILE statement designed is:

WHILE (Ch = ' ') AND (NOT EOF)
DO
READ (Ch)

which is exactly the WHILE statement from which function f was derived.

8.3.2 WHILE Statement Design from Concurrent Assignments

H
When the intended meaning is a concurrent assignment, a list of variables assigned a corresponding
list of expressions, the design rules can be more simply stated.

The condition rule requires that b evaluate to T when at least one variable does not have the
value of the corresponding expression. When all the required assignments have been achieved, b
must evaluate to F. Since there are a fixed number of variables and expressions, this condition can
be written directly using the OR operator.

The DO part rule requires that each of the expressions be preserved by each application of d.

For example, redoing the design for

V1,V2 := max(V1,V2),min(V1,V2)
the literal translation of the statement that some variable has not achieved its intended value is:
(V1 <> max(V1,V2)) OR (V2 <> min(V1,V2))
or:
(V1 < V2) OR (V2 > V1)
which simplifies to
V1l < V2
as before.

8.3.3 Exercises )
8.3.1 Does the existence rule for WHILE statement design allow the following intended function to
be implemented as a WHILE statement?

(Vi € {0,1,2,3,4,5,6,7,8,9} —
V1 := next character after V1 in the string }01234567890%) |
()

8.3.2 Design WHILE statements for the following intended functions, or explain why they cannot be
implemented as WHILE statements.

a)Vl1l,V2 := max(V1,V2),max(V1,V2)

b)Vv1,v2 := max(V1,V2,V3),min(V1l,V2,V3)

c)V1,v2 := v2,V1

d)v1i,v2,V3 := max(V1,V2,V3),min(V1,V2,V3),min(V1l,6V2,V3)
8.3.3 Given any statements S, the WHILE statement
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WHILE New = 'Y'
DO
BEGIN
S:
New := 'N'
END

will execute those statements, where New is chosen to be a variable that does not occur in S. ;

Reconcile this fact with the assertion that some intended functions cannot be realized with a WHILE 3
statement.

8.4 The Theory of Iteration Statements

Preview

The proof of the WHILE statement verification rule is by contradiction, so an example of a
contradiction proof by Euclid is given first. Finally, it is shown that there is no general way to
decide whether an arbitrary WHILE statement terminates for any initial condition.

8.4.1 A Proof By Contradiction

In mathematics, some problems are tmpossible to solve. For example, Euclid’s proof that there is no
fraction whose square is the natural number 2 is given below. Thus the problem of finding a fraction
whose square is 2 has no solution. It is not that the problem is difficult to solve, or that no one
knows if it can be solved; there is a proof that it cannot be solved. The proof that a problem has no
solution is often by contradiction. ‘
To show that no fraction can be the square root of 2, Euclid supposed to the contrary that the
fraction with numerator p and denominator q had the square 2, that is, (p/q)(p/q) = 2. Let p/q be }
in lowest terms, where p and q have no common factors. Multiplying twice by q, :

pXp=2XqXaq.

Since the right side is divisible by 2, the left side must also be (otherwise one would be odd and the '
other even), and that means that p itself is divisible by 2. It can therefore be written as 2X(p=-2),
and the equation rewritten as

4 X (p=2) X (p2) =2 X q Xq.
Dividing both sides by 2, S

2 X (p+2) X (p+2) =a Xq.
This equation is in the same form as the original, but with q playing the role of p, and (p=2) the role
of q. Hence by the same argument, q must be divisible by 2. But recall that p was also divisible by
2, and at the same time the fraction was initially in lowest terms. This is a contradiction, because
removing the common factor would reduce the fraction. Hence the assumption that there is a
fractional square root of 2 must be in error, and that is what Euclid wanted to prove.

' The form of the proof is simple: first assume the opposite of what is to be proved (in this case

that there is the fraction p/q); manipulate this fact and others that are available (here by

multiplying out and reasoning about what divisors terms must have) until a contradiction is
obtained. Then the original assumption is at fault, and the proof is complete.

8.4.2 The WHILE Statement Verification Rule

The WHILE statement verification rule is an if-and-only-if statement, asserting that when when two
functions are equal, three conditions hold; and, if the three conditions hold, the functions are equal:

234  THE CALCULUS OF ITERATION STATEMENTS




r=[w]
where Wis

WHILE b DO d
if and only if

1. domain(f) = domain( ),

9. (NOT(b) — f) = (NOT(b) — I),

3.f=|IF b THEN d|o /.
It is straightforward to show that the three conditions follow from the equality of the functions; the
difficult part of the proof (which we will do by contradiction) is to show that when the three

conditions hold, the functions must be equal. (And of course it is this difficult direction that is
utilized when the rule is used for a verification.)

We begin with the easy part of the proof. Suppose that f = . Then conditions 1, 2, and 3
can be demonstrated.

1. domain(f) = domain( ) ;
When two functions are the same, so are their domains.
2. (NOT(b) — f) = (NOT(b) — I).

This equation is true with replacing f, by definition of the WHILE statement meaning. But since
f=, it holds for f as we

3./=|IF b THEN djo f.

In the definition of _Vﬂadd an ELSE part that has no effect, then separate out the statement W and
replace it with f:

f=[W]=[IF b THEN BEGIN d; W ENDJ
=|IF b THEN BEGIN d; W END ELSE W|
=|IF b THEN d|o[W]|

=|IF b THEN djo f.

Thus if f = W|then conditions 1, 2, and 3 hold.
Conversely, suppose that the three conditions hold. The proof that f = .1s by contradiction,
so assume the opposite:

f#[W].

From this assumption the contradiction that W executes endlessly for an element of domain( )
will be derived. Because f and diﬂer, they must do so on at least one point of their common
domain, by condition 1. Let this point be s.

What is the value of@(s)? Since s is in domain( ), Emust be defined there, and it cannot
be F. If@(s) were F, by condition 2 f would be identity, that 1s

f(s) =s.
But by definition:
[W](s) =[IE_b THEN BEGIN d; W END|(s) =s.

Thus 1f|z](s) were F, fand Uwould agree at s, and they do not, so E(s ) must be T. This means
that

[W](s) =[IE_b THEN BEGIN d: W END|(s)

=[BEGIN d; W END|(s)
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=[W]([4](s)).

And it also means that, by condition 3,
f(s) =(|IE b THEN d|o f)(s)
= ([d]o X9)
= [([4](s)).
That is, as a consequence of f(s) #(s), we have
A [d] () #[W]([d](s))-
The same argument may then be repeated, and repeated again without end, with the result that
[l([d]sn =
[6]([d]*s) = T
[Bl([d]¥s) = T

i . .
That is, W never terminates beginning with state s. But this contradicts the choice of s as in

domain( )-
Thus we have shown by contradiction that there can be no point s on which f and disa.gree,
and that proves the difficult part of the verification rule.

8.4.3 The Undecidability of WHILE Statement Termination

WHILE statements allow a single program to process data whose extent is unlimited. For example, -
by iterating a READ statement, all the characters of a file can be processed. But this potential for :
unlimited repetition carries a corresponding drawback: the iteration may never terminate. WHILE :
statements can lead to endless execution. It would be very valuable to be able to analyze programs -
for termination. Ideally, the analysis would be mechanical, itself done by a program. If it were :
possible to decide in some general way if a program’s WHILE statements could fail to terminate, a |
great deal of wasted computer time would be saved. “

Unfortunately, automatic analysis for termination is not possible, as we will now prove. The
proof is by contradiction, and it uses an idea fundamental to computer science—the idea of self
reference. The essence of the proof is to imagine that an automatic termination-analyzing program
did exist, and to think about asking that program to analyze itself. It can be arranged that a
contradiction arises: the program can be made to execute endlessly as a consequence of deciding
that it terminates.

The idea of programs that analyze other programs was once a radical one, but today it is
commonplace. The whole of programming is built on such a base, because programs written in
languages like Pascal are translated into machine terms by a compiler, a program-analyzing
program. Compilers are complex programs, but other analysis programs are easy to imagine and
understand. For example, a “pretty printing” program that creates a standardized listing for a CF
Pascal program is not difficult to write. The pretty-printer looks for Pascal key words, and prints
lines so that the key words begin them with the proper indentation.

To show that there is no way in general to learn if a program will terminate or execute
endlessly for a given input, make the assumption that such an analysis is possible. Suppose that
there were a CF Pascal procedure to do it, which might look like this:
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PROCEDURE Terminate:;
{Analyze the contents of Fl as a CF Pascal program
and F2 as its input, setting the variable Result
to 'T' or 'N' depending on whether or not
the program in F1l will terminate in execution with
the data in F2 as input. Restore Fl and F2 to their
original condition.}
BEGIN

END

It might be expected that the body of Terminate would be difficult to write, and would use many
clever ideas. Perhaps its text would be very long, and would require a great deal of execution time.
Nonetheless, if it is possible to do the task at all, the comment on Terminate would be realized.

But Terminate cannot be written, no matter how clever we are. For if it could, it would be
possible to turn it on itself using the following design:

PROGRAM OhYeah (INPUT, OUTPUT) ;
VAR )

Fl1, F2: TEXT:

Result: CHAR:;

PROCEDURE Terminate;

{Analyze the contents of F1 as a CF Pascal program
and F2 as its input, setting the variable Result
to 'T' or 'N' depending on whether or not
the program in F1 will terminate in execution with
the data in F2 as input. Restore Fl and F2 to their
original condition.}

BEGIN

END;

BEGIN {OhYeah}

{Copy INPUT to F1}:

{Copy F1l to F2 and reset both files};

Result := 'T';

WHILE Result = 'T'

DO

Terminate;

WRITELN (Result)

END.

This program uses the procedure Terminate on its input, but in a somewhat peculiar way. It can
be seen that the only result it can write is N, since if Terminate returns T, the WHILE statement
will keep going. Thus OhYeah itself will not terminate if it is given input for which Terminate
returns T. The other peculiar feature of OhYeah is that it treats the input as both program and
data; that is, it sets Terminate to analyzing a program working on its own text as input. Perhaps
OhYeah isn’t a very sensible program. Its action is to print N if the input, treated as a CF Pascal
program working on its own text, would fail to terminate; otherwise, OhYeah executes endlessly.
All this supposes that Terminate can be written, of course. But OhYeah wasn’t written to be
sensible, but to lead to a contradiction, in order to show that Terminate cannot be written. The
contradiction appears if we ask the question:

What will OhYeah do if it is given as input a copy of its own text?

Assuming that Terminate can be filled in, OhYeah is a CF Pascal program, so this question must
have an answer. Perhaps OhYeah fails to terminate for that case, or perhaps it prints N, the two
possibilities. But in fact neither of these can occur. Suppose OhYeah prints N. Then the input,
with its own text as data, fails to terminate. That input was OhYeah, and it did terminate, a
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contradiction. On the other hand, if OhYeah fails to terminate with this input, it means that
Terminate is returning the value T repeatedly, that is, OhYeah has been analyzed to terminate
with input OhYeah. But that is also a contradiction.

The only assumption made in creating OhYeah is that Terminate could be written to
analyze program termination in general. Hence that assumption is false, and the general problem of -
termination is unsolvable. In particular cases, this result has no force. No program can be designed
to correctly analyze all programs for termination. But an analysis of any individual program can be
attempted, and enough hard work may lead to a proof of termination. The WHILE statement
verification theorem requires (in the domain condition 1) that programs be subjected to this analysis, |
and that it succeed. In practice, the program, the intended function, the programmer can be*
changed until the proof is realized.

8.4.4 Exercises

8.4.1 If a CF Pascal procedure were written to pretty-print CF Pascal programs and procedures,
could it be used to pretty-print itself? If you decide it can, explain why an OhYeah program cannot *
be written to produce a contradiction. If you decide no, outline your proof.

8.4.2 Make up a paragraph to precede the sentence “This sentence is false.” which creates a
dilemma of undecidability.

8.4.3 Since CF Pascal syntax has been given with recursion, e.g.,

<identifier> ::= <letter> | <identifier> <letter> | <identifier> <digit>

is the problem of deciding if a given string can be obtained from a given syntax rule unsolvable? ’
Explain your conclusion. ]

84.4 In the discussion about Terminate and OhYeah, could the program data be eliminated
from the discussion by making it a constant? That 1s, could Terminate treat F1l as a program,
and decide termination for the fixed input string (say) fTEST}? If so, what would have been proved?

8.4.5 Why is it necessary to restore F1 and F2 in the supposed Terminate procedure?
8.4.6 It is iteration (and recursion) that causes the problem of termination to be undecidable.

a) Explain why CF Pascal programs without iteration (and without recursion) can be analyzed to
learn if they terminate.

b) Explain how iteration enters the proof in Section 8.4.3. That is, why can’t the same proof be
used to show that termination for CF Pascal programs without iteration is unsolvable?

8.5 Chapter Summary

The meaning of a WHILE statement can be defined recursively to follow the meaning expressed in
execution tables, in which the entire statement is repeated after each successful iteration. The
execution will terminate only if the iteration count is finite, leading to an alternate expression of
WHILE statement meaning.

Formal analysis of WHILE statements is more difficult than the other parts of the program
calculus. Instead of calculating meaning directly it is necessary to obtain it independently, then
check its correctness. The WHILE statement verification rule provides a way to perform this check.

The design of WHILE statements is also difficult, but rules that combine insights about the role
of the Boolean condition with those for designing BEGIN statements were presented.

In general it is impossible to systematically predict the termination of programs, and this
undecidability is traceable to the termination of WHILE statements. .

238  THE CALCULUS OF ITERATION STATEMENTS




PART III: DEVELOPING LARGER PROGRAMS

Most of the fundamental ideas of good programming have been presented, and the program calculus
given for most of CF Pascal. However, just as the novice typist may find some newly learned typing
skills awkward and difficult to use, so you may find it easier to attack a programming problem
directly, without using the program calculus. Its ease and naturalness of use will come only with
practice. For this reason you must design, develop, and analyze programs using the program
calculus even though it may be clumsy at first. Programs should be developed from their functions
and analyzed by abstracting out their functions. As new ideas about problem solving and
programming are presented, you can take the opportunity to practice and refine the basic skills
learned in the first two parts of this text. Just as with touch typing, in time the skill will become
second nature and you will be able to solve problems that would be impossible by direct, hunt-and-
peck programming.

Procedures and Libraries

As problems get larger, the programs to solve them must be made of independent parts. This is
because the whole can be understood only by analyzing one part at a time, and parts must be used
more than once—both within a single program, and in different programs. Once a standard program
part has been developed to implement a function, it can be used wherever that function is needed.
Once it has been proved that the program part has been designed correctly, the analysis need not be
repeated each time it is used. The gain in intellectual control that comes from breaking a problem
into independent parts is so substantial that large tasks cannot be accomplished without it.

Procedures are the CF Pascal mechanism for dividing a program into independent parts. The
simple procedures introduced in Section 2.4 will be extended to more closely represent functions, so
that they can be tailored to a wide variety of applications. By grouping procedures in “libraries”
dealing with a single subject, the programmer can more easily find the standard parts needed for
each problem. Since procedures in the libraries can be used over and over again, it is important to
correctly derive each procedure from the specified function, and to document the function well so
that it can be understood at a later date, possibly by another programmer. Libraries of procedures
aid program development because they represent higher-level functions than those supplied by the
programming language. Using these more abstract functions, the programmer can think more about
the problem and less about details of the programming language. The fewer ideas a person has to
juggle the more likely a correct solution to a problem will be found.

As examples of useful libraries, we will develop procedures for string processing, for operating
with natural numbers, and for text manipulation.

Recursion

The most powerful and general problem-solving method is called “divide and conquer.” The idea is
to solve a problem by reducing it to one or more simpler problems, then in turn reducing each of
those, and so on, until ultimately each problem is trivial to solve, and the solutions can be combined.
Recursion is the most elegant form of divide-and-conquer programming. A procedure is written to
solve part of the problem, and its central statement is an invocation of itself, for a smaller version of
the same problem. When the procedure is invoked to handle a large problem, it thus repeatedly calls
itself until the problem can be trivially solved. Recursion seems almost magic, because the solution
to all problems and subproblems is written just once.
Recursive CF Pascal procedures will be an important programming technique.

Specification and Correctness

A program derived correctly from a problem statement should solve that problem, and we have
emphasized that at each step of the programming process the program calculus should be used to
verify that the correspondence between problem and solution is being maintained. However, the
programming process can never be perfect, and many programs are designed for one purpose, then
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modified for another. When program and problem statement become separated, the question arises
of whether or not the two fit together. A problem statement divorced from a program is called a
specification; it may be a relation giving many acceptable solutions rather than a function indicating:
just one. When a program P agrees with a specification S, we say that P is correct with respect to
S.

In these terms, program development has the goal of starting with a specification and deriving
a program that is correct with respect to it. If program P and specification S are given separately, |
the proof that P is correct with respect to S must be constructed, and its first step is to compute ,
for comparison with S.
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CHAPTER 9
CF PASCAL PROCEDURES

Chapter Preview

CF Pascal procedures are much more flexible and powerful than the simple ones introduced in
Chapter 2. A procedure may have parameters that tailor it to many applications, making a
single text serve many times. A procedure may declare internal variables, whose values are
available only within the procedure, and thus protected from any external access. To illustrate
the use of procedures, a small library of operations on natural numbers will be developed.

Procedures are the most important part of CF Pascal (and many other programming
languages) because they allow a program to be broken into small sections for understanding. Each
section is largely self-contained and can therefore be understood in isolation. When a procedure is
used, it is unnecessary for the person using it to read the full declaration; instead, it is usually
enough to go by the mnemonic meaning of the procedure name, or to read a summarizing comment.
In a way, the procedure is the idea behind part functions: a portion of a program’s effect can be
captured and proved in a part function, then this meaning can be used in place of the text for
understanding. The advantage of procedures over other CF Pascal constructions is that they may
include arbitrary text, and thus have a greater power to abstract and summarize. Furthermore, the
mechanism of parameters allows one procedure to generalize for many tasks, with a further saving in
intellectual effort.

9.1 Procedures with Parameters

Preview

Procedures can be declared with formal parameters, so that the text stored in the execution
state may be adapted to many different procedure statements, in which those parameters are
replaced by different variables. '

New ideas: parameters, all-or-nothing rule.

9.1.1 Simple Procedures and Parameters

The procedures described in Chapter 2 and given formal meaning in Chapter 6 are a mechanism to
declare a CF Pascal BEGIN statement, then invoke it with a procedure statement using only the
procedure identifier. The declaration adds the identifier to the execution state, with the value of the
body text; the procedure statement has the same meaning as this text value.

For example, the declaration

PROCEDURE SwitchOneTwo;

BEGIN
Hold := OneV;
OneV := TwoV;
TwoV := Hold
END

might be written to exchange the values of OneV and TwoV, destroying the value of Hold. This
declaration adds the pair
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<Switch0neTwo, Hold := OneV: OneV := TwoV: TwoV := Hold>
to the state, and a following procedure statement

SwitchOneTwo
has the meaning

IiwitchOneTwol = <s, Is (Swi tchOneTle (s)>
= <s,|Hold := OneV; OneV := TwoV; TwoV := Holdusﬁ>
= (Hold, OneV, TwoV := OneV, TwoV, OneV)

expressed as a conditional assignment. This part function is the meaning of any procedure :

statement using SwitchOneTwo, so once it has been calculated, it can be used whenever the j}

procedure is called.
The drawback in using simple procedures is that all their data storage must come from the

surrounding context. In the example, SwitchOneTwo interchanges just two particular variables,

using a particular temporary variable; to change to any other variables requires another procedure.

Parameters are the mechanism that eliminates this restriction.

Parameter identifiers are placed in the procedure header, and throughout its text they are |
“dummies,” that is, they are merely placeholders for the variables that will actually be used in a

subsequent procedure statement. For example, the header
PROCEDURE SwitchThese2 (VAR V1, V2, Temp: CHAR)

has three formal parameters with character values. The body of the procedure may use these, say as \‘

follows:
PROCEDURE SwitchThese2 (VAR V1, V2, Temp: CHAR) ;
BEGIN
Temp := V1;
V1 := V2;
V2 := Temp
END

Procedure statements may now use the procedure identifier, followed by actual parameters that are .:’
any variables (of the same type as the formal parameters) that are in existence at the position of the .

i e

procedure statement. For example, if variables Hold, OneV, and TwoV have been declared in a !

program, the procedure statement
SwitchThese2 (OneV, TwoV, Hold)

will exchange values just as did the original simple procedure. But in addition,
SwitchThese2 (OneV, AnyV, Hold)

will exchange the values of OneV and AnyV, without any change in the declaration of §
SwitchThese2. It is as if the text in the declaration has the actual variables substituted for the %

formal ones. In the last example,
[SwitchThese2 (OneV, AnyV, Hold)|
=I&>ld := OneV; OneV := AnyV; AnyV := Hold]
= (Hold,OneV,AnyV := OneV,AnyV,OneV).

Procedures can have parameters of more than one type. For example,
PROCEDURE Copy (VAR F1, F2: TEXT:; VAR Ch: CHAR)

could be used as a procedure heading whose BEGIN statement copies file F1 into file F2 preserving %

the line structure. (Note that VAR is required with each type of parameter.)
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PROCEDURE Copy (VAR F1, F2: TEXT:; VAR Ch: CHAR) ;
BEGIN {Copy}
WHILE NOT EOF (F1)
DO
BEGIN
WHILE NOT EOLN(F1)
DO
BEGIN
READ (F1, Ch):
WRITE (FE2, Ch)
END;
READLN (F1) ;
WRITELN (F2)
END
END {Copy}

This procedure could then be used with any existing files, which substitute for the dummies F1 and
F 2, and using any existing variable in place of Ch. For example,

Copy (INPUT, OUTPUT, Temp) ;
would echo the input to the output.

9.1.2 Procedure Parameter Syntax and Context Rules

To incorporate procedures with parameters into the syntax rules of CF Pascal requires changing
Syntax Rules 27 and 28 and adding three rules:

SR27. <procedure> ::= <procedure heading> ; <BEGIN statement>

SR28. <procedure statement> ::= <identifier> |
<identifier> ( <actual parameter list> )

SR30. <actual parameter list> ::= <identifier list>

SR31. <procedure heading> ::= PROCEDURE <identifier> |
PROCEDURE <identifier> ( <formal parameter list> )

SR32. <formal parameter list> ::= VAR <identifier list> : <type> |
<formal parameter list> ; VAR <identifier list> : <type>

The context rules must also be modified:

CR4. The procedure identifier used in a <procedure statement™> must appear in a
<procedure heading> of a <procedure> declaration. The <actual parameter list> of a
<procedure statement>> must agree in length with the <formal parameter list> of the
associated <procedure heading>. The identifiers in the <formal parameter list> and
the <actual parameter list™> must agree in type.

CRS6. Any identifier declared in a procedure’s <formal parameter list™> may only be
referenced in the <BEGIN statement> of the procedure. Such identifiers are said to be
local to the procedure.

9.1.3 Splitting Files

In Section 4.1.5 a program was designed to transfer the input to the output, but with the even-
numbered characters preceding the odd-numbered ones. A procedure with parameters can simplify
this design. In addition the line structure of the input is handled explicitly, instead of using an end
marker #. The top-level design was:
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PROGRAM Split (INPUT, OUTPUT) ;

{Copy INPUT to OUTPUT, odd-numbered characters first,
even-numbered characters last}

VAR
Odds, Evens: TEXT:;

BEGIN {Split}
{Split INPUT between Odds and Evens}:
{Copy 0Odds to OUTPUT}:
{Copy Evens to OUTPUT};
WRITELN

END. {Split}

The two tasks

{Copy 0dds to OUTPUT}
{Copy Evens to OUTPUT}

can be accomplished by a common procedure CopyOut, if there is a parameter for which Odds and
Evens can be substituted: E

PROGRAM Split (INPUT, OUTPUT) ; !
{Copy INPUT to OUTPUT, odd-numbered characters first,
even-numbered characters last}
VAR
Ch: CHAR:
Odds, Evens: TEXT;
PROCEDURE CopyOut (VAR F1: TEXT:; VAR Chl: CHAR):;
{Copy F1 to OUTPUT, ignoring line markers};
BEGIN {Split}
{Split INPUT between 0dds and Evens};
CopyOut (0Odds, Ch);
CopyOut (Evens, Ch):
WRITELN
END. {Split}

Here is the definition of CopyOut:

PROCEDURE CopyOut (VAR F1l: TEXT; VAR Chl: CHAR):
{Copy F1 to OUTPUT, ignoring line markers}
BEGIN {CopyOut}

RESET (F1) ;
WHILE NOT EOF (F1)
DO
BEGIN
WHILE NOT EOLN (F1)
DO
"BEGIN
READ(F1, Chl):
WRITE (Chl)
END;
READLN (F1)
END
END {CopyOut}

The BEGIN statement for CopyOut only uses the parameters F1 and Chl declared in the
procedure heading. In contrast, a procedure without parameters makes use of variables declared in
the program containing the procedure. A procedure with parameters could employ a mixture—some
parameter variables and some from the surrounding program. However, procedures that use only
their own parameters are more easily understood in isolation and are easier to reuse. The statement
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that it is better to use only parameters is called the all-or-nothing rule.

9.1.4 The Calculus of Parameters

The text of a procedure’s BEGIN statement is stored in the execution state as the value of the
procedure identifier. This text may contain references to the formal parameters. Suppose for a
moment that variables with the same identifiers as the formal parameters are used as the actual
parameters in a procedure statement. Then the definition for simple procedures would give the right
result. For example,

PROGRAM Sample (INPUT, OUTPUT) ;
VAR
Vin: CHAR;
PROCEDURE Bump (VAR Vin: CHAR);
BEGIN {Bump}
IF Vin = 'A'
THEN
Vin := 'B'
END; {Bump}
BEGIN {Sample
Vin := 'Q';
Bump (Vin)
END. ({Sample}

has

|PROCEDURE Bump ... END|(s)
= s U {<{Bumpt, {BEGIN IF Vin = ‘A’ THEN Vin := ‘B’ END}>}

so the simple definition would give

ﬁump (Vin) 3|(s) =|s (Bump) I(s)
=[BEGIN IF Vin = 'A' THEN Vin := 'B' END|(s)
which is the correct meaning.

When the part function is calculated in isolation, from the declaration alone, parameter
identifiers appear within the result. In the procedure Bump above,

[IF vin = 'A' THEN Vin := 'B'|
= (Vin = 'A' — Vin := 'B') | ( )
expressed as a conditional assignment. The identifier Vin is a “parameter” of this function, in the
mathematical sense.

Formal and actual parameters are not always the same, but the same definitions would work if
when the value of the procedure text is used, it had the actual parameters inserted for the formal
ones. That is, if in the example the procedure statement were

Bump (DiffV)

(where the actual parameter DiffV is suitably declared CHAR), then the meaning would be
obtained by inserting DiffV everywhere Vin appears in the text value of Bump. Thus

[Bump (Di££V)|=|BEGIN IF DiffV = 'A' THEN DiffV := 'B' END|.

In the general case, if P is a procedure identifier, and its declaration has formal parameter X,
then with actual parameter Y, define

IP (Y )|(3)=|3(P)X<—Y|(s)

where attaching the subscript X+ Y means that within s(P) each occurrence of X is replaced by Y.
The generalization to more than one parameter is obvious: each actual-parameter identifier replaces
the corresponding formal-parameter identifier.
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The meaning of the procedure statement for Bump above can also be obtained from the
“parameterized” conditional assignment by substituting the actual parameter. That is,

IBump(DiffV)]= (Vin = "A' — Vin := '"B')yinepigev | ()
= (DiffV = 'A' — DiffV := 'B') | ( ).

But there is a subtle flaw in making this substitution in the general case. It can happen that a
confusion in identifiers gives the wrong meaning. For example, the program

PROGRAM Alias (INPUT, OUTPUT) ;
VAR
One, Two: CHAR;
PROCEDURE SwitchThese2 (VAR V1, V2, Temp: CHAR):
{Vi,v2,Temp := V2,V1,V1l}
BEGIN {SwitchThese2}

Temp := V1;
V1 := V2;
V2 := Temp

END; {SwitchThese2}
BEGIN {Alias}

SwitchThese2 (One, Two, Two)
END. {Alias}

has (from the declaration)

ISwitchTheseZ (One, Two, Two)l

=|Two := One; One := Two; Two := Twa= (Two := One)

but substituting in the conditional assignment worked out from the declaration gives the wrong 1
result:

(Two,Two,One := One,Two,Two) = (Two,One := One, Two).

This difficulty with parameter names is called “aliasing,” because one actual identifier has two
formal names; in the example, Two has the distinct names V2 and Temp.

When ahasmg occurs, and the parametrized definition gives the wrong result, it is usually 1
because the procedure has not been written carefully enough, and it is giving an unmtended result. -
In the example above, the programmer probably did not consider the case that the temporary
variable was the same as one of those being interchanged, and neither provided for it, nor warned }
potential users. A comment of the form

{Actual parameters must be distinct identifiers}
would have been helpful.

When there is no aliasing it is safe to calculate the procedure’s part function in isolation and
substitute the actual parameters in the result; when aliasing occurs, however, the definition must be
used directly, copying in the actual parameter before the part-function calculation.

9.1.5 Exercises

9.1.1 Create procedures with parameters for:
a) SelectSort (Section 4.2.1),
b) SelectReverse (Section 4.2.4),
c) Do a) and b) together with a single procedure, using a parameter to choose sorting or reversing,
d) BubbleSort (Section 4.3.4).

Be careful to precisely define the state that files must be in before your procedures are invoked, and
after their execution.
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9.1.2 Write a test-driver program for sorting procedures like those of a), b), d) in the previous
exercise. The file to be sorted comes from the test-driver input, and the result goes to its output.
Give an input file which when used in this way will force a complete structural test of SelectSort.

9.1.3 For the version of Split described in Section 9.1.4:
a) Write out the complete program.

b) Write out the part function for CopyOut as a conditional assignment (that is, the part
function of a procedure statement in which CopyOut has the same actual parameters as its
formal parameters).

c) Is there any way aliasing can occur with CopyOut?
d) Write out the complete meaning for Split as a conditional assignment.

9.1.4 Consider a procedure that sometimes prints values of a variable MonitoredV:
PROCEDURE BugOut:;

BEGIN
IF Buggy = 'Y'
THEN
IF MonitoredV <> HoldV 3
THEN
BEGIN
HoldV := MonitoredV:;
WRITELN ('Changed value is: ', HoldV)
END
END

a) What declarations and initializations are needed to go with this procedure?
b) Explain in English how the procedure might be used for debugging.
c) Work out the part function of the procedure statement; that is, calculate .

9.15 A parametrized version of BugOut (previous exercise) can be written to deal with any
variable.

a) Write BugOut with parameters to that it is maximally useful, but self-contained. Observe the
all-or-nothing rule.

b) Initializations will still be required with the modified procedure, so write another procedure
StartBug to initialize for use of BugOut. Write comments on both procedures that explain
how to use them, so that users need not read their BEGIN statements.

9.1.6 The all-or-nothing rule suggests inside a procedure avoiding the use of program variables
declared outside. Explain why actual parameters are really declared outside, but why this doesn’t
violate the spirit of the rule.

9.1.7 Often a procedure would like to distinguish between the first call on it, and all subsequent
calls.

a) Explain how to do this using a variable declared outside the procedure.
b) Explain how to do it using a parameter.
¢) Which way seems better, and why?

9.1.8 Write a procedure NextDigit with one parameter that advances the value of the parameter
around the cycle 01234567890.

9.1.9 Some parameters are intended for input to a procedure, others for output from the procedure,
and occasionally for both. These parameters are for communication with the rest of the program.
But sometimes parameters only serve as a kind of “memory” for the procedure itself, as in
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PROCEDURE ManyCalls (VAR First, Last: CHAR):;
BEGIN
IF First = 'Y'
THEN
BEGIN
Last := '0';
First := 'N'
END
ELSE
NextDigit(Last); {see previous exercise}
WRITELN ('This is call ', Last)
END

Assuming that the actual parameters supplied for First and Last have no other usage, rewrite

the procedure with a single parameter to give the same effect. Include comments that explain §
clearly how the procedute is to be used. i

9.1.10 Aliasing can involve several parameters instead of a parameter and a globally declared §
identifier as in the text. Analyze the situation in the example: , :
PROGRAM AliasToo (INPUT, OUTPUT) ; 3
PROCEDURE MessUp (Fi1i1V: TEXT) ;
BEGIN {MessUp}
WRITE ('A'):
WRITE (FilV, 'B')
END; {MessUp}
BEGIN {AliasToo}
MessUp (OUTPUT) ;
END. {AliasToo}

9.1.11 Formulate a rule that can insure the absence of aliasing, so that a procedure statement’s.
meaning can be obtained by substituting actual identifiers for formal ones in the meaning of the

procedure body. (Hint: the relevant ideas are variables not local to the body, and actual -
parameters.)

9.1.12 For the procedure Copy (Section 9.1.1),
a) Calculate the meaning of the procedure statement:
Copy (InE, OutF, Temp)
b) If aliasing occurs in calling Copy, does anything unexpected happen? How is this reflected in
the formal definition?

9.1.13 Calculate lCompare (First, Second, YesNoﬂ, for the declaration:
PROCEDURE Compare (VAR Chl, Ch2, Result: CHAR):

BEGIN
IF Chl = Ch2
THEN
Result := 'Y'
ELSE
Result := 'N'
END

Does aliasing occur in this call? Can aliasing occur in any call? Explain.
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9.2 Procedures with Declarations

—

Preview

In addition to the variable names that are the parameters of a procedure, local variables can be
declared for use only within the procedure. These variables can hide others declared outside the
procedure. The existence of variables at different positions in a program raises the topic of
variable scope. To illustrate the use of local variables, a basic library of string-comparison
operations is given.

New ideas: declaring local variables in a procedure, variable scope, resolving variable-name
conflicts, string comparison, lexicographic ordering.

Parameters are used, as well as other program variables, in statements within the procedure.
However, during execution formal parameters are replaced by corresponding actual parameters,
program variables that exist outside the procedure. Therefore, in effect, procedure executions are
carried out entirely using variables declared in the calling program.

Sometimes, however, variables used in a procedure execution should be simply temporary or
working variables, whose values never involve the calling program. For example, the procedure to
exchange the values of two variables using a third temporary variable, has been written as

PROCEDURE SwitchThese2 (VAR V1, V2, Temp: CHAR);

BEGIN
Temp := V1;
V1l := V2;
V2 := Temp
END

with Temp as a parameter. Then, in order to exchange the values of two variables, say One and
Two, the using program will need to supply an additional variable to serve as the temporary, e.g.,

SwitchThese2 (One, Two, Ch)
which will exchange the values of Two and One, and also set Ch to the old value of One.

The ability to declare local variables in CF Pascal allows variables like Temp to be hidden
within the procedure that uses them. For example,

PROCEDURE Exchange (VAR Chl, Ch2: CHAR):
{Exchange Chl and Ch2}

VAR
Temp: CHAR:
BEGIN
Temp := Chl:
Chl := Ch2;
Ch2 := Temp
END

does the exchange in this way. Like the formal parameters Chl and Chz2, the local variable Temp
is not known to, and cannot be referenced by, statements outside the procedure Exchange. The
procedure statement

Exchange (One, Two)

will exchange the values of One, Two, and Exchange can be described for external use and reuse
more simply than SwitchThesez2, since it uses and affects only two variables instead of three.

Local variables have a fleeting existence. They enter the execution state at the beginning of
execution of a procedure statement (just as a program’s variables enter the state at the beginning of
its execution), and they disappear from the state when the procedure-statement execution is
completed. Execution tables show this behavior just as they did for the variables of programs. For
example, the program:
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PROGRAM Copy2 (INPUT, OUTPUT) ;
{Copy to the first two characters from INPUT to OUTPUT}
PROCEDURE CopyChar (VAR F1, F2: TEXT);
{Copy to EFz the next character from F1}
VAR
Ch: CHAR:
BEGIN {CopyChar}
IE NOT EOF (F1)
THEN
BEGIN
READ(F1, Ch):
WRITE (F2, Ch)
END
END; {CopyChar}
BEGIN {Copy2}
CopyChar (INPUT, OUTPUT):
CopyChar (INPUT, OUTPUT):
WRITELN !
END. {Copy2}

Execution

INPUT :ABC
OUTPUT:AB

has the execution table:

After execution of INPUT | OUTPUT | Ch EOF

PROGRAM Copy?2 (INPUT, OUTPUT) ABC/
BEGIN {Copy2}

CopyChar (INPUT, OUTPUT)
VAR Ch: CHAR ?
BEGIN

IF NOT EOF (F1) FALSE
READ (INPUT, Ch) ABC/ A
WRITE (OUTPUT, Ch) A_

END §

CopyChar (INPUT, OUTPUT)
VAR Ch: CHAR ?
BEGIN

IF NOT EOF (F1) FALSE
READ (INPUT, Ch) ABC/ B
WRITE (OUTPUT, Ch) AB

- FALSE

END §
WRITELN AB/_
END. {Copy2} ABC AB

The local variable Ch ceases to exist in the state at the places marked § in this table. Thus even
though the two procedure statements invoking CopyChar are together, the value of Ch is lost,
indeed the variable ceases to exist, between them.

Within a procedure there may be local procedure declarations as well as local variable
declarations. Local procedures may be invoked only within the procedure in which they are declared,
and are entirely invisible outside it. The value that enters and leaves the execution state for a local |
procedure is its text. The entire business of declarations within procedures is exactly like
declarations in a program, except that identifiers may only be referenced within the procedure, and
enter/leave the execution state at each procedure statement.
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8

9.2.1 Identically Named Variables

In a large program, the procedures may be developed concurrently by different people. If every local
variable had to have a unique name, this kind of parallel development would be difficult, since
variable names would have to be assigned by some central authority. Furthermore, a requirement
for unique local names would make it difficult to reuse a procedure, since its names might conflict
with the new application. Fortunately, Pascal allows local names to be used over and over. This is
in accord with the idea that local identifiers have no existence outside the procedure in which they
are declared, and so there should be no reason not to reuse them. It is more surprising that Pascal
allows a local identifier to override one that exists in the surrounding context. Variables that could
be used in a procedure, but are not declared there, are called global.

Consider the following program in which there is a global variable Ch, and also a local Ch,
whose values exist simultaneously, even though only one is accessible at any time:

PROGRAM CopyR (INPUT, OUTPUT) ;
{Copy to OUTPUT, in reverse order, the
first two characters from INPUT}
VAR
Ch: CHAR: ,
PROCEDURE CopyChar (VAR F1, F2: TEXT):
{Copy to F2 the next character from F1}
VAR
Ch: CHAR:
BEGIN {CopyChar}
IF NOT EOF (F1)
THEN
BEGIN
READ(F1, Ch):
WRITE (F2, Ch)
END
END; {CopyChar}
BEGIN {CopyR}
READ (Ch) ;
CopyChar (INPUT, OUTPUT) :
WRITELN (Ch)
END. {CopyR}

Execution

INPUT :ABC

OUTPUT:BA
The READ statement of CopyR:

READ (Ch)
references the global Ch declared in CopyR. However, during the execution of the procedure
statement

CopyChar (INPUT, OUTPUT)
the local Ch (declared in CopyChar) supersedes the global, and this local Ch is referred to in the
READ, WRITE statements of the procedure:

READ (F1, Ch):

WRITE (F1, Ch)

During the time that the local Ch supersedes the global Ch, the global is not lost; no reference to it
is possible, but its value is maintained by the Pascal machine. Then when the execution of
CopyChar is completed, the local Ch disappears, the global is again available, with its value intact.
Thus, the final WRITE statement:
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WRITE (OUTPUT, Ch)

refers to the global Ch. The execution table below traces the values of both Ch variable§. Thy
symbol § is used to explicitly mark a variable that does not exist. The region between the hor‘lzont
lines in the global Ch column is the portion of execution during which this variable is inaccessible.

global | local
After execution of INPUT | OUTPUT Ch Ch
ABC
PROGRAM CopyR (INPUT, OUTPUT) | ABC/ _ § §
VAR Ch: CHAR ?
BEGIN {CopyR}
READ (Ch) ABC/ A
CopyChar (INPUT, OUTPUT)
VAR Ch: CHAR ?
BEGIN
READ (INPUT, Ch) ABC/ _ B
WRITE (OUTPUT, Ch) B_ J
END §
WRITELN (Ch) BA/_
END. {Copyl} ABC BA

Thus, in this execution, A is read first, but written last, after B is read and written by CopyChar.'
At the second declaration of Ch the value of global Ch is hidden, and it reappears when the local
Ch disappears. E

9.2.2 Scope of Identifiers

Declarations within procedures, possibly of other procedures that in turn may contain declarations,
raise tricky questions about which identifiers can be used at each point in a program. The scope of-
an identifier is the set of statements in which the identifier can be referenced. In Pascal an identifier
can only be referenced within the <block> containing its declaration. The scope of an identifier is
at most the BEGIN statements nested within the PROCEDURE or PROGRAM containing the
identifier’s declaration, (i.e., the BEGIN statement and any nested procedures’ BEGIN statements). ;
However, the scope can be smaller than this, if there is a nested block within which the same
identifier is declared. Then the global scope has a hole in it, the inner block, in which the conflicting
local has sway.

Most of the complications of identifier scope can be understood by mastering an example. In
the figure below, the scope of each identifier is shown by a vertical line running beside those !
statements in which it can be referenced. To distinguish the same identifier declared in different '
places, the name of the procedure/program is used.
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Identifier A A B
Declaredin s P

PROGRAM S (INPUT, OUTPUT) ;
VAR A, B: CHAR;

PROCEDURE P (VAR C: CHAR):;
VAR A: CHAR:;

PROCEDURE Q (VAR D: CHAR)
VAR B: CHAR: |
BEGIN{Q} |

I

I

ENb;.{Q}

BEGIN {P}

END; {P}

PROCEDURE R (VAR B: CHAR):
VAR D: CHAR;
BEGIN {R}

END; {R}

|
BEGIN {S} I
END. {S} |

Notice that P can be referenced in P, Q, R, and S because it is declared in S, all these procedures
are contained in S, and none of the procedures contains a new declaration for P. R doesn’t have
the same scope as P only because of its later declaration: it is not visible in P or Q because Pascal
insists that identifiers be declared before they are used. In Q, the declarations of A and B in S are
hidden by a declaration in P and Q, respectively. The B in S is visible in P outside the definitions
of Q and R.

Because Pascal’s rules of scope depend on the structure of the text of a program rather than its
execution behavior, they are called static scope rules. The scope of an identifier is determined once
and for all by the syntax of the program in which it appears, and all questions about scope can be
answered by examining the program text.

9.2.3 Syntax and Context Rules

Because the form of a procedure is exactly like that of a program, the syntax quantity <block>
describes the declaration and statement structure, so it is only necessary to change rule 27:

SR27. <procedure> ::= <procedure heading> ; <block>

to accommodate the additional forms.
The discussion of scope permits a simple context rule:

CR7. An identifier may not be used outside its scope.
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9.2.4 String Manipulation Procedures

To illustrate the use of local variable declarations, two useful string-comparison procedures will be
developed. These procedures have two file input parameters for the strings, and a character result
parameter. The remainder of the working storage is internal to the procedures. ,

Consider the problem of comparing the lengths of strings stored in distinct files F1 and F2.
The result of the comparison is returned in Result: 1 if the string in F1 is shorter, 2 if the
string in F 2 is shorter, and O if they are of equal length.

Design Part 1

PROCEDURE Length (VAR F1, F2: TEXT; VAR Result: CHAR):
{Result is O, 1, 2 if length of F1 =, <, >
length of F2 respectively. The actual parameters
corresponding to F1 and F2 must be distinct.}
VAR
Chl, Ch2: CHAR:
BEGIN {Length}
RESET (F1) :
RESET (F2) : !
WHILE NOT EOF (EF1) AND NOT EOF (E2)
DO
BEGIN
READ (F1, Chl):
READ (F2, Ch2)
END;
{Analyze F1, F2 and set Result for length}
END {Length}

Design Part 1.1
BEGIN {Analyze F1l, F2 and set Result for length}

IF EOF (F1)
THEN {Fl1 is empty}
IF EOF (F2)
THEN {Fl1l and F2 are both empty}
Result := 'O’ i
ELSE { F1 is empty but F2 has more characters}
Result := '2'

ELSE {F1l has more characters, but F2 is empty}
Result := '1'
END

The lexicographic order of strings is their order of appearance as words in a dictionary—their
alphabetic order, where the alphabet is the character set of the Pascal machine. If two strings of
different lengths agree throughout the shorter one, the shorter precedes the longer. For example,
+ABCt precedes TABCDEFt but 1XYZt precedes tY2t.

It is a simple matter to determine the lexicographic order of two strings—compare their
characters pairwise until a nonequal pair or the end of one (or both) strings is found. Although
Lexico is meant to be used with strings on a single line, it is robust enough to be used with strings
that cross line boundaries.
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Design Part 2

PROCEDURE Lexico (VAR F1, F2: TEXT:; VAR Result: CHAR);
{Result is O, 1, 2 if lexicographic order of
Fl1 =, <, > that of F2. The actual parameters
corresponding to F1 and F2 must be distinct.}
VAR
Chl, Ch2: CHAR:
BEGIN {Lexico}
RESET (F1) ;
RESET (F2) :
Result := '0O';
WHILE (NOT EOF (F1)) AND (NOT EOF (F2)) AND (Result = '0')

DO
BEGIN
READ (F1, Chl):
READ(F2, Ch2):
IF (Chl < Ch2) OR (EOE(F1)) )
THEN {Chl < Ch2 or F1 shorter than F2}
Result := '1'
ELSE
IF (Chl > Ch2) OR (EOE (F1))
THEN {Chl > Ch2 or F2 shorter than F1}
Result := '2'
END

END {Lexico}

Length and Lexico are useful building blocks in solving problems involving strings. The
programs SelectSort and SelectReverse developed in Section 4.2 can also be converted into
procedures. This nucleus can be extended to form a library of routines for manipulating strings.
The proper routines to have in a library is a matter for personal taste and experience. As the
library is used, and as more is learned about string algorithms, it can be expected to evolve into a
powerful aid to solving problems.

When library routines are to be used in a design, it is convenient to give their names and a
summary comment, but not the full text. The comment should be enough to correctly employ each
procedure, and the full text will be inserted (perhaps by some automatic system) when the design is
complete. The standard form used in this text is an include comment. For example, if Lexico
were needed in a design, the comment would be:

{Include PROCEDURE Lexico
(VAR F1, F2: TEXT; VAR Result: CHAR)
Result is O, 1, 2 if lexicographic order of
Fl1 =, <, > that of F2. The actual parameters
corresponding to Fl and F2 must be distinct.}

Thus each procedure in the library must begin with the information needed to construct the
include comment. The procedure heading supplies the name and detailed information about the
parameters. The remainder of the include comment comes from documentation that allows the use
of a procedure without examining its text; in particular, it must note restrictions and special cases
carefully.

Unless otherwise noted, the strings in parameter files contain no line breaks; input files will be
initially RESET by the procedures, but will not necessarily be left in the RESET state; output files
will have an initial REWRITE and will be left open for writing; aliasing of actual parameters is not
allowed.
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PROCEDURE InString (VAR Fl: TEXT)
{Create the string in F1l from the characters
in INPUT, up to the next line break}

PROCEDURE OutString (VAR F1l: TEXT)
{Print the string in Fl as a separate line of output}

PROCEDURE CopyOpen (VAR F1, F2: TEXT)
{Copy string in F1 into F2 without RESET or REWRITE:;
thus F1 must be ready to read and F2 ready to write,
but the past strings of these files may not be empty}

PROCEDURE Sort (VAR F1, F2: TEXT)
{F2 is characters of string F1l sorted}

PROCEDURE Reverse (VAR F1, F2: TEXT)
{F2 is characters of string Fl1 in reverse}

PROCEDURE Concatenate (VAR F1, F2, F3: TEXT)
{Create F3 as the contents of Fl1l concatenated
with the contents of F2}

Library routines are often used in writing other library routines. For example, the design for
Concatenate might be:

Design Part 3

PROCEDURE Concatenate (VAR F1, F2, F3: TEXT):
{Create F3 as the contents of Fl1l concatenated
with the contents of F2}
{Include PROCEDURE CopyOpen (VAR F1, F2: TEXT)
Copy string in F1 into F2 without RESET or REWRITE;
thus F1l must be ready to read and F2 ready to write,
but the past strings of these files may not be empty}
BEGIN
RESET(F1) ;
RESET (F2) ;
REWRITE (F3) ;
CopyOpen (F1, E3):
CopyOpen (F2, E3)
END

i

9.2.5 Identifier Confusion

In most cases no additional definitions are needed to use the program calculus on CF Pascal
procedures with local variables. Local variables occur within the <block> of the declaration, which
is attached as value to the procedure identifier in the state. The meaning of a procedure statement
1s obtained from this value, and the local variables will enter the state through , and
leave it through T, just as global variables do. Consider, for example, the program:
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VAR
Global: CHAR;
PROCEDURE HasLocal;
VAR
Local: CHAR;
BEGIN {HasLocal}
Local := 'L’
END; {HasLocal}
BEGIN {NoCon}
Global := 'G';
HasLocal
END. {NoCon}

PROGRAM NoCon (INPUT, OUTPUT) ;

’

The execution state just before the procedure statement is

S = {INPUT-<z,tt,R>, OUTPUT-<tt,1t,W>, Global-G}

where z is the input string, and

(S') =[S (HasLocal)J (S) )

=|VAR Local: CHAR; BEGIN Local := 'L' END|(S)

= rVAR Local: CH.AE] T( E..ocal

= 'L'I(IVAR Local: CHARJ(S)))

=[VAR Local: CHAR|T(|Local

o= ILI

=[VAR Local: CHAR|T

of:

VAR
MixedUp: CHAR:
PROCEDURE HasLocal:
VAR
MixedUp: CHAR:
BEGIN {HasLocal}
MixedUp := 'L'
END; {HasLocal}
BEGIN {Confuse}
MixedUp := 'G':
HasLocal
END. {Confuse}

({1NPUT-<z,}},R>, OUTPUT-<tt,11,W>, Global-G, Local-?}))

({iNPUT-<z,}1R>, OUTPUT-<{t,ttW>, Global-G, Local-L})

= {INPUT-<z,}1,R>, OUTPUT-<tt,1t,W>, Global-G}

which has exactly the proper effect: the local variable enters the execution state, is present for the

statements within the procedure to act on, then disappears.
Unfortunately, the definition goes wrong if it is blindly applied to programs in which there is
duplication of local and global identifiers. Consider what would happen in calculating the meaning

PROGRAM Confuse (INPUT, OUTPUT) :

This program ought to have exactly the same meaning as the first one, since the scopes of the two
variable identifiers do not permit them to be simultaneously available: the local has the L
assignment, and the global the G assignment. But applied literally, the definition for the procedure
statement would add to a state containing the pair

<MixedUp, G>
(for the global variable), all other pairs
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<MixedUp, A>
<MixedUp, B>

for the local variable. This is evidently wrong; there has been a literal confusion of the identifiers
that should have been kept distinct. '

The difficulty is precisely that local identifiers are not supposed to have any connection with -
those that already exist in an execution state to which the local IVAR. . .|part function is applied.
And the strictly transitory nature of a local identifier supplies a way out of the difficulty: it can be
systematically replaced without altering the meaning of the procedure, because it is a dummy
variable.

The meaning of a procedure statement in which local declarations conflict with global ones .
therefore requires systematic replacement of the local identifier in the procedure declaration’s text,
using an identifier that does not already appear in the execution state. One way to create such a .
new identifier is to append the character N to the one in conflict, and if that is still in conflict, :
append N again, etc. Eventually an identifier not in the execution state will be created; and by
using 1t throughout the procedure declaration, the confusion will be avoided.

The formal definition of the part function of a procedure statement for the declaration

PROCEDURE P (VAR X : CHAR) ; VAR Z : CHAR: BEGIN ... END
thus becomes:

(s) =[3(P) xooy, 20-27|(5)

when Z € domain(s), where Z” is a new identifier. _
For the example above, using the scheme of appending the character N to make a new .
identifier, the result is

[Fastoca1](s) - [SEastecan] (s
=|VAR MixedUpN: CHAR; BEGIN MixedUpN := ‘L' END|(S)

and now everything works as it should.
Technically, it is not necessary to examine the execution state to determine that an identifier |
substitution must be made, nor how many N characters must be appended. Because of Pascal’s
static scope rules, all potential conflicts can be deduced from the program’s structure, and a
conflict-free program could be written in which no substitutions are necessary.
Here is an example program called W in which confusion of identifiers could lead to doubt
about what the program actually does.

PROGRAM WhichWhich (INPUT, OUTPUT) ;
VAR
Which: CHAR:;
PROCEDURE Zap:
BEGIN {Zap}
Which := 'Z' {Zap it, but which?}
END; {Zap}
PROCEDURE Invoke;
VAR
Which: CHAR:;
BEGIN {Invoke}
Which := 'B';
Zap;
WRITE (Which)
END; {Invoke}
BEGIN {WhichWhich}
Which := 'A':
Invoke;
WRITELN (Which)
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END. {WhichWhich}

The variables used in the WRITE statements are clear; the local to Invoke is used in the WRITE
there, and the global in the outer WRITELN. However, between the assignments and the WRITE
statements, one of the variables gets Zapped. If the local is overwritten, then the program’s
meaning is the constant function

= <tZAt>

or, if the global is changed, the meaning is

= <tBZt>.

In difficult cases like this one, there is a way to guess the meaning without calculating the program
function. Imagine changing one of the Which identifiers systematically. If the local were changed
the program would still be syntactically correct, and the output would be tBZt. If the global were
changed, the program would not be syntactically correct, since the reference to Which in Zap
would be to an undeclared variable. Hence it ought to be the global variable that gets Zapped.
Formal definitions are useful in deciding difficult cases, however.

Using the modified definition on the execution state

S = {INPUT-<z,1t,R>, OUTPUT-<tt,1t,W>, Which-A}

that exists at the outer procedure statement,
IInvokel(S’) =[S (Invoke)|(S)
=[VAR WhichN: CHAR; BEGIN WhichN := 'B'; ... END|(S)
=|[VAR WhichN: CHAR|T(|BEGIN WhichN := 'B'; ... END]
(]JVAR WhichN: CHAR|(S)))
=|VAR WhichN: CHAR|T([BEGIN WhichN := 'B'; ... END
({1NPUT-<z,11,R>, OUTPUT-<tt,11,W>, Which-A, WhichN-?}))
=|VAR WhichN: CHAR|T(|WhichN := 'B'; Zap: WRITE (Which)]
({1NPUT-<z,t1,R>, OUTPUT-<tt,tt,W>, Which-A, WhichN-?}))
=|VAR WhichN: CHAR|T([Zap: WRITE (Which)]
({1NPUT-<z,t1,R>, OUTPUT-<t1,t1,W>, Which-A, WhichN-B}))
=|VAR WhichN: CHAR|T([WRITE(Which)
({1NPUT-<z,tt,R>, OUTPUT-<tt,t1,W>, Which-Z, WhichN-B}))
=|VAR WhichN: CHAR|T
({1NPUT-<z,t1,R>, OUTPUT-<{Bt,tt,W>, Which-Z, WhichN-B})
= {INPUT-<z,t1,R>, OUTPUT-<{Bf,1},W>, Which-2}
From this point it is easy to calculate that

= <{BZt>.

Although it is always possible to write programs in which there are no possible confusions
between local and global identifiers, CF Pascal allows this confusion. It can be eliminated by
systematically changing the names of the local identifiers, whose existence is in any case fleeting.

9.2.6 Exercises

9.2.1 Consider the problem of aliasing raised in SwitchThese2 (Section 9.1.4).

a) Explain why it is impossible for the programmer to allow arbitrary aliasing and still get the
intended results, so long as local variables are not used.
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b) Rewrite the procedure so that it gets proper results no matter what aliasing occurs.

9.2.2 When a parameter is used only for “memory"” in a procedure, as is Last in ManyCalls
Exercise 9.1.9, why can’t it be made local to the procedure that needs the memory?

9.2.3 Suppose that several procedures, written independently by different people, are to be combin
into a single program. A procedure may contain: (1) references to variables not declared within it
(2) parameters, and (3) local variables. For each case (1)-(3) explain why difficulty can or cannot
arise because of a chance use of the same identifier by the different programmers. If there is a
difficulty, give an example to illustrate it.

9.2.4 If a program uses only one identifier (say Unique) in all of its VAR declarations (in the main,
block, procedure blocks, parameters, etc.), can it make use of more than one value mmultaneouslyf
Explaln why or why not. Can it retain more than one value at a time? Explain.

9.2.5 Can a procedure’s name, its parameter names, or its local variable names use exactly the
same identifier? Can each of these be the same identifier as a variable declared external to the
procedure? Explain. '

9.2.6 Give an example in which a variable’s scope has a “hole” in it; that is, exhibit a syntactically‘;

contiguous part of a program that starts within a scope and ends there,, but the scope does not cover
it all.

9.2.7 Formulate a rule that elaborates on the “all or nothing” rule of Section 9.1.3, to help a}
programmer decide when to use a variable declared outside a procedure, when to use a parameter,
and when to use a local variable. The intent of your rule should be to make procedures as self- :
contained as possible, and to eliminate problems with aliasing.

9.28 Make up a set of structural tests for Length and Lexico of Section 9.2.4.
9.29 For Length (Section 9.2.4):

a) Rewrite the summary comment as a conditional assignment, making it as complete and precise
as possible.

b) Calculate the meaning of the procedure, in terms of its parameters. Can anything unintended :

occur if there is aliasing with the parameters of the procedure? If so, give an example of |
unexpected behavior; if not, explain why not. '

9.2.10 Rewrite the comment for each of the procedures in the starter library of Section 9.2.4 as a
conditional assignment, making it as complete as possible.

9.2.11 The restrictions on parameters in the string-processing routines forbid aliasing.
a) Give an argument why such restrictions are inappropriate for library routines.

b) How could the routines be written so that the aliasing restriction was removed? (Consider
Concatenate as an example.)

9.2.12 If the original definition were blindly applied to the example Confuse in Section 9.2.5, what !
would the execution state be just after the procedure statement? Would MixedUp be present?

9.2.13 Explain why, when a program is being written, identifier confusion like that shown in the
program WhichWhich of Section 9.2.5 can be avoided by simply keeping a list of variables, and not
reusing them—that is, show that programmers are only accidentally confused in this way.

9.2.14 Can it happen that the declaration to which a certain identifier refers changes during
program execution? That is, for a given program and one particular occurrence of an identifier V'
within it, could there be one execution where this occurrence of V refers to one declaration, and yet
another execution where it refers to a different declaration? Explain, and comment on whether this
aspect of Pascal is good the way it is.
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9.3 Processing Natural Numbers

Preview

Natural numbers can be represented as character strings. This section demonstrates how to
perform arithmetic on such representations. The procedures created form a useful library.

New ideas: natural numbers as character strings, arithmetic on strings.

9.3.1 The Natural Numbers

Everyone learns the counting numbers zero, one, two, three, four, five, ..., as a child. The
mathematical name for this collection is the natural numbers. “Natural” does not mean originating
in nature, but means in common use. Usually we learn the natural numbers from our parents, who
learned them from their parents, and so on. But going back far enough, nobody’s parents knew the
natural numbers. They are human artifacts, just as language, the plays of Shakespeare, the
Constitution of the United States, are.

Natural numbers can be studied as an endless series of mathématical objects such that, given
any one of them, the next object is always defined. In order to get started, one assumes there is a
distinguished starting object, which describes all empty collections, called zero, or 0. Then

next after 0 is 1;
next after 1 is 2;
next after 2 is 3;

and so on, where the symbols are conventional names for these “next after” objects. These
conventional names might be thought of as unique digit strings. In particular, the strings

101, +14, t21, ..., +10%, 114, ..., +1004, ...

are familiar names of natural numbers. These representations are given in place notation, in base
ten. Place notation has been widely known for little more than a thousand years. It is so simple and
elegant that it eluded the best minds of the ancient world. Euclid did not know the place notation,
even though he knew many deep things about the natural numbers (for example, that there is no
largest prime, and how to find the greatest common divisor of two natural numbers).

Natural numbers can be represented in place notation in bases other than ten:

Base Natural Numbers

two 0 1 10 11 100 101 110
three | 0 1 2 10 11 12 20
four 0o 1 2 3 10 11 12

ten 0 1 2 3 4 5 6

In base b, digits 0, 1 ..., b-1 are used, and the number b in base b is always written 10, b2 is written
100, etc. To tell whether 11 is three (base two), four (base three), ..., eleven (base ten), etc., the base
must be known. Unless specified otherwise, the base will be ten, and when the numbers are written
out in English the emphasis is put on the number itself (as two is the idea of all pairs, while 10 is
merely the base-two representation of this idea, for example). It is dangerous to use the phrase “base
10” in place of “base ten”. Every representation in any base b is “base 10” because b is always
written 10!

Arithmetic is what natural numbers do best. Two natural numbers can be (for example)
multiplied to get another natural number. There are numbers for which multiplication is not
useful—for example, license plate numbers or telephone numbers. On the other hand, dates are
numbers, and while multiplication of dates isn’t of interest, subtraction can be: the difference
between two dates is the elapsed time from the later to the earlier.
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9.3.2 One-Digit Addition

Every school child knows the base-ten addition table, but CF Pascal does not. Therefore, to writ
programs for addition in general, one way is to begm with a procedure for one-digit addition. Th
addition table has rows and columns labeled with the digits 0..9. At each intersection of a row an
column is the sum of the row and column digits:

One-digit Addition Table

0 1 2 3 4 5 6 7 8 9
010 1 2 3 4 5 6 7 8 9
1]1 2 3 4 5 6 7 8 9 10
2|2 3 4 5 6 7 8 9 10 11
3|3 4 5 6 7 8 9 10 11 12
414 5 6 7 8 9 10 11 12 13
515 6 7 8 9 10 11 12 13 14
6| 6 7 8 9 10 11 12 13 14 15
717 8 9 10 11 12 13 14 15 16
818 9 10 11 12 13 14 15 16 17
9/9 10 11 12 13 14 15 16 17 18

Let the one-digit addition procedure be AddDigits with the procedure heading:

PROCEDURE AddDigits (VAR D1, D2, S1, S2: CHAR):
{Add digits D1, D2 to get sum as digits S1, S2
where S1 is O for a one-digit sum in S2, or 1
for a two-digit sum whose unit digit is S2.}

The procedure could be written directly in a single deeply nested IF statement by selecting the row:
defined by D1, column defined by D2, then returning the proper S1, S2 values given in the table.
Such a procedure would have hundreds of lines of text, but it would work r

The regularity of the addition table suggests that there is a shorter way to write AddDiglts
The brute-force approach makes no use of this regularity. The units digit of a sum is particularly }
regular, as can be seen by giving it a table of its own:

Unit’s Digit Addition Table
3 5 6

O WO W =O
O WOk WN=O|O
QW= Ut i QN - | -
—_OWOo =AU WN|N
= O WO IO Uk W
W= OO~ U |
O OO K,
b W= O ©WwI™
U W =O WO T
O U R W= O ©Oo| o
WU W =OO|O

Across each row, the digits increase in natural-number order, if digit O is considered to be next after
digit 9. Thus the last digit in (say) the row for 7, column for 5, can be obtained by counting to 5
starting with 7: 8,9,0,1,2. And the first digit of the result is 1 just in case this count has gone
through 0. The design for AddDigits uses these ideas, with the counting done by a procedure
NextDigit:

262 CF PASCAL PROCEDURES



Design Part 4

PROCEDURE AddDigits (VAR D1, D2, S1, S2: CHAR);
{Add digits D1, D2 to get sum as digits S1, S2
where S1 is O for a one-digit sum in S2, or 1
for a two-digit sum whose unit digit is S2.}
VAR
Count: CHAR;
PROCEDURE NextDigit (VAR D1l: CHAR):;
{D1 is replaced by its successor in the
sequence 0123456789012...}
BEGIN {AddDigits}
S1 := '0';
S2 := D1;
Count := '0O';
WHILE Count < D2
DO
BEGIN
NextDigit (S2): !
IF s2 = '0'
THEN
S1 := '1"';
NextDigit (Count)
END
END {AddDigits}
Design Part 4.1
PROCEDURE NextDigit (VAR D1l: CHAR):
{D1 is replaced by its successor in the

sequence 0123456789012...}
BEGIN {NextDigit}

IF D1 = 'O' THEN D1 := 'l' ELSE
IF D1 = '1' THEN D1 := '2' ELSE
IF D1 = '2' THEN D1 := '3' ELSE
IF D1 = '3' THEN D1 := '4' ELSE
IF D1 = '4' THEN D1 := 'S' ELSE
IF D1 = 'S' THEN D1 := '6' ELSE
IF D1 = '6' THEN D1 := '7' ELSE
IF D1 = '7' THEN D1 := '8' ELSE
IF D1 = '8' THEN D1 := '9' ELSE
IF D1 = '9' THEN D1 := 'O'

END {NextDigit}
This procedure has about 30 lines of noncomment text—some improvement over the first try.

To test AddDigits structurally, first consider the procedure NextDigit. It must be given
each different digit for all statements to be used. This can be arranged by taking the D2 value to be
9 so there will be nine iterations, with the actual parameter Count to NextDigit taking values
0, 1, 2,.., 8. If the parameter S2 takes the value 9, which will happen for any D1 value except
0, the missing case of 9 will be tried. Thus the values 9 for D2, 3 for D1 will structurally test
NextDigit. This case will also cause execution of all statements of AddDigits itself, since it
does result in setting S1 to 1. The most important thing to test in AddDigits, however, might
be the counting within the iteration: is the initial value for Count, and the relational operator used
for WHILE statement termination correct? Any single test case (if the result is examined, an
important part of testing that is sometimes forgotten!) will show this to be correct.
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9.3.3 Representation and Comparison of Natural Numbers

The procedures of elementary-school arithmetic operate on natural numbers digit by digit. In CF
Pascal, all the digit characters of a number cannot be placed in variables or parameters, because
that would limit the maximum size of numbers a procedure could handle. Instead, natural numbers |
must be stored as strings in TEXT files, and the digits that comprise these strings must be processed
a few at a time. Fortunately, the elementary-school processes do confine themselves to one part of
the number at a time. Any new natural number, say a sum or product, must likewise be created and
written to a file, one digit at a time. There is no need to place any surrounding markers in a file
that contains a string representing a natural number in base ten. Leading zeros will be eliminated
(except of course if the number is zero), and the automatically added line marker can be detected
using EOLN.

The procedure Lexico of Section 9.2.4 compares two strings. It will not properly compare
natural numbers represented as strings, however. For example,

lexicographically 11734t < +268%
numerically 1734 > 268

The trouble is that the digit-by-digit comparisons of lexicographic compatison take no account of the ;
greater weight of leading digits. To compare strings as if they were natural numbers, the following
will work: ;

Compare lengths:
for unequal lengths, the shorter string is the smaller number;
for equal lengths, lexicographic comparison is correct.

(This rule fails if care is not taken to suppress extra leading zero digits.) The design is
straightforward:

Design Part 5

PROCEDURE CompareNaturals (VAR F1, F2: TEXT:; VAR Result: CHAR);

{Compare natural numbers nl, n2 in files F1, F2.

Set Result to 0,1,2 when nl is =, <, > n2, respectively.

Fl and F2 may not be the same file.}-

{Include PROCEDURE Length (VAR F1, F2: TEXT; VAR Result: CHAR)
Result is 0, 1, 2 if length of F1 =, <, >
length of F2, respectively. The actual parameters
corresponding to F1 and F2 must be distinct.}

{Include PROCEDURE Lexico (VAR F1, F2: TEXT:; VAR Result: CHAR)
Result is O, 1, 2 if lexicographic order of
Fl1 =, <, > that of F2. The actual parameters
corresponding to F1 and F2 must be distinct.}

BEGIN {CompareNaturals}
Length(F1, F2, Result):
IF Result = '0O'
THEN

Lexico(F1, F2, Result)
END {CompareNaturals}

9.3.4 Addition of Natural Numbers

In adding two natural numbers with pencil and paper we start with the digits at the end of the
number strings, not the beginning. As we add each pair of digits, we keep track of whether or not to
add an extra 1 (the carry) to the next pair. Thus to add two natural numbers as strings in files,
reverse those strings, create the sum string digit by digit keeping track of carries, and finally reverse
the sum string. Design Part 6 outlines this strategy, introducing a procedure AddReverse, which
will be written to carry out the digit-by-digit add and carry.
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Design Part 6

PROCEDURE AddNaturals (VAR F1, F2, F3: TEXT):
{Add natural numbers nl in Fl1l and n2 in F2,
and put the sum nl+n2 in F3. The actual

parameters must be distinct.}
VAR
T1l, T2, T3: TEXT;
{Include PROCEDURE Reverse (VAR F1, F2: TEXT)
F2 is characters of string Fl1 in reverse}
BEGIN {AddNaturals}
Reverse (F1, T1):
Reverse (F2, T2):
AddReverse (T1, T2, T3):
Reverse (T3, FE3)
END {AddNaturals}

Procedure AddReverse must read digits from from its two input files, then write a sum digit to its
output file keeping track of the carry. For example, to add 63725 and 418 the reverse strings are
52736 and 814, which are processed as follows:

Input 1  Input 2 Output Carry Explanation

22736 814 3_ 1 5+8=13
52736 814 34_ 0 2+1+1=14
52736 814 341_ 1 7+44+0=11
52736 3414_ 0 3+1=4
52736 34146_ 0 6+0=6

In this example Input 2 is exhausted before Input 1, but processing must continue until the end of the
longer input is reached. Even if the inputs are of the same length, AddReverse must be prepared
to add a final carry to the output, as in the addition

71 + 65 = 136.

Therefore, a strategy for AddReverse would be to add and carry so long as neither input is
exhausted; then copy in whichever input was not exhausted, being careful with the carry; and lastly
insert a final carry, if any. The copying after one input is exhausted is a good candidate for a
procedure AddRemainder, with a parameter to select the remaining input.
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Design Part 6.1

PROCEDURE AddReverse (VAR Tl1, T2, T3: TEXT):
{Add natural numbers in reverse format in Tl, T2 into
reverse format in T3}
VAR
Carry: CHAR;
BEGIN {AddReverse}
RESET (T1) ;
RESET (T2) :
REWRITE (T3) ;
Carry := '0';
{Place sum digits into T3 so long as both
Tl and T2 have digits; keep track of carry.}:
AddRemainder (T1, T3, Carry):
AddRemainder (T2, T3, Carry):
IF Carry = '1'
THEN
WRITE (T3, '1'):
WRITELN (T3)
END {AddReverse}

Design Part 6.1.1

BEGIN {Place sum digits into T3 so long as both
Tl and T2 have digits; keep track of carry.}
WHILE NOT EOLN(T1) AND NOT EOLN (T2)

DO
BEGIN
READ (T1,D1) ;
READ (T2,D2) ;
{D3, Carry := (D1+D2) mod 10, (D1+D2) div 10};
WRITE (T3, D3)
END
END
Design Part 6.1.1.1
BEGIN {D3, Carry := (D1+D2) mod 10, (D1+D2) div 10}
LastCarry := Carry:
AddDigits (D1, D2, Carry, D3);
IF LastCarry = '1'
THEN
BEGIN
IF D3 = '9'
THEN
Carry := '1';
NextDigit (D3)
END
END
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Design Part 6.2

PROCEDURE AddRemainder (VAR T1, T3: TEXT; VAR Carry: CHAR);
{Append the remaining digits of Tl to T3
keeping track of the carry.}
VAR
D1, D3: CHAR;
BEGIN {AddRemainder}
WHILE NOT EOLN (T1)

DO
BEGIN
READ (T1,D1) ;
{D3, Carry := (Dl+Carry) mod 10, (D1+Carry) div 10};
WRITE (T3,D3)
END;
READLN (T1)

END {AddRemainder}
Design Part 6.2.1 ,

BEGIN {D3, Carry := (Dl+Carry) mod 10, (Dl+Carry) div 10}
IF Carry = '1'
THEN
IF D1 = '9"'
THEN
D3 := '0O'
ELSE
BEGIN
Carry := '0';
NextDigit (D1) ;
D3 := D1
END
ELSE
D3 := D1
END

This completes the design of AddNaturals. In combining the design parts into a CF Pascal text,

care must be taken to properly position declarations for variables and procedures introduced in the
development.

9.3.5 Multiplication of Natural Numbers

An example of the tabular form of multiplication is:

1543

X 372
3086

108010
462900

573996

1543 is the multiplicand and 372 the multiplier, and each digit of the multiplier is used to create a

partial product by multiplying it by the multiplicand. These partial products, suitably shifted, are
then added to get the final product 573996.
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This form of multiplication can be carried out in CF Pascal using only additions. :
Multiplications by powers of ten can be done by shifting in 0, and multiplications by single digits by ;

repeated addition. In the example, the calculation is as follows:

1543 X 372 =1543 X2
+ 1543 X 70
+ 1543 X 300
= (1543 X 2
+ 15430 X 7)
+ 154300 X 3 where
1543 X 2 = 1543 + 1543
15430 X 7 = 15430 + ... + 15430 (7 terms)
154300 X3 = 154300 + 154300 + 154300

The design for multiplication along these lines will omit the file reversals needed to begin and K

to put the answer in proper form.
Design Part 7
PROCEDURE MultiplyReverse (VAR N1, N2, Product: TEXT):

{Multiply natural numbers in reverse format in N1, N2
and put the result in reverse format in Product}

VAR
Dl1: CHAR;
Temp: TEXT;

BEGIN {MultiplyReverse}
{Initialize files, put O in Product};
WHILE NOT EOLN (N1)

DO
BEGIN
READ (N1, D1):
{Product := Product + D1 * N2}:;
{N2 := N2 * 10}
END

- END {MultiplyReverse}
Design Part 7.1

BEGIN {Initialize files, put O in Product}
RESET (N1) ;
RESET (N2) ;
REWRITE (Product) ;
WRITELN (Product, '0O')

END
Design Part 7.2
BEGIN {Product := Product + D1 * N2};
WHILE D1 > 'O'
DO
BEGIN
AddReverse (N2, Product, Temp)
RESET (Temp) ;
REWRITE (Product) ;
CopyOpen (Temp, Product)
PreviousDigit (D1)
END
END
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Design Part 7.3

BEGIN {N2 := N2 * 10}
RESET (N2) ;
REWRITE (Temp) ;
WRITE (Temp, '0'):
CopyOpen (N2, Temp) ;
RESET (Temp) ;
REWRITE (N2) ;
CopyOpen (Temp, N2)

END

Design Part 7.2.1
PROCEDURE PreviousDigit (VAR D1: CHAR):

’

{((D1 > '0') AND (D1 <= '9') --> D1 := D1 -1) |
(DL = 0 --> D1 := '9')}
BEGIN {PreviousDigit}
IF D1 = '9' THEN D1 := '8' ELSE
IF D1 = '8' THEN D1 := '7' ELSE
IF D1 = '7' THEN D1 := '6' ELSE ’
IF D1 = '6' THEN D1 := 'S' ELSE
IF D1 = 'S' THEN D1 := '4' ELSE
IF D1 = '4' THEN D1 := '3' ELSE
IF D1 = '3' THEN D1 := '2' ELSE
IF D1 = '2' THEN D1 := '1' ELSE
IF D1 = '1' THEN D1 := 'O' ELSE
IF D1 = 'O' THEN D1 := '9'

END {PreviousDigit}

9.3.6 A Starter Library for Natural Numbers

The procedures developed in the previous section are the nucleus of a library to operate on natural
numbers stored without extra leading zeros as strings in files. The procedure headers are collected
below:

PROCEDURE NextDigit (VAR D1: CHAR) :;
{D1 is replaced by its successor in the
sequence 0123456789012...}

PROCEDURE AddDigits (VAR D1, D2, S1, S2: CHAR):
{Add digits D1, D2 to get sum as digits S1, S2
where S1 is O for a one-digit sum in S2, or 1
for a two-digit sum whose unit digit is S2.}

PROCEDURE CompareNaturals (VAR F1, F2: TEXT:; VAR Result: CHAR):;
{Compare natural numbers nl, n2 in files F1l, F2.
Set Result to 0,1.2 when nl is =, <, > n2, respectively.
Fl and F2 may not be the same file.}
PROCEDURE AddNaturals (VAR Fl, F2, F3: TEXT):
{Add natural numbers nl in F1l and n2 in F2,
and put the sum nl+n2 in F3. The actual
parameters must be distinct.}

PROCEDURE AddReverse (VAR T1, T2, T3: TEXT):
{Add natural numbers in reverse format in Tl, T2 into
reverse format in T3}
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PROCEDURE MultiplyReverse (VAR N1, N2, Product: TEXT):
{Multiply natural numbers in reverse format in N1, N2
and put the result in reverse format in Product}

PROCEDURE PreviousDigit (VAR D1: CHAR):
{((D1 > '0') AND (D1 <= '9') --> D1 := D1 -1) |
(DL = 0 --> D1 := '9")}

9.3.7 Exercises ;
9.3.1 Show the sequence of execution states for procedure AddDigits, starting with state {D1.9;
D2-1}. )

9.32 Compute the meaning function for AddDigits, by first calculating the meaning of;
NextDigit. Rewrite the summary comment for the procedure making it as complete and formal as
possible. ]

9.3.3 In structurally testing AddDigits one might think of separating out the test of:
NextDigit. ]

a) Write a test-driver program with NextDigit in it that will allow a structural test of thlsf
procedure to be done in isolation. Specify a complete structural test. B

b) Compare the complexity of testing NextDigit separately, to testing it within Adleglts
Which test do you think is better at finding errors in NextDigit?

c¢) Consider the general case of testing a procedure embedded in a program—will it be harder to"
generate complete structural tests for it than if it were first isolated? Will the tests be better
in isolation? Explain.

9.3.4 Suppose that in AddDigits, S1 were initially set to 1 instead of to 0. Modify the text 50
that AddDigits still works properly.

9.3.5 Modify procedure AddDigits to permit addition of digits in

a) base 2

b) base 8

c) base 16 (with 16 digits: 0,1,2,3,4,5,6,7,8,9, A, B, C, D, E| F)

d) Explain why a different approach might be appropriate in a) than in c).
9.3.6 Show the sequence of execution states for each of the following:

a) CompareNaturals starting with {F1-<t2t,t31 R>, F2-<t24t%,1t,R>}.

b) AddNaturals starting with {F1-<t2t,t31R>, F2-<t7%,t1,R>, F3-<{3t1,t1,w>}.
9.3.7 Calculate the part function for CompareNaturals.
9.3.8 Why can’t Design Part 6.2.1 be simply:

AddDigits (D1, Carry, Carry, D3)

and what does this suggest about AddDigits?
9.3.9 Show that AddNaturals cannot improperly insert a leading zero in its result.
9.3.10 Give a set of structural tests for each of:

a) CompareNaturals, :

b) AddNaturals,

c) AddReverse.

9.3.11 When data must be transmitted over uncertain media (for example, radio broadcasts subject -
to static), it is worth augmenting the data itself with redundant information. One common scheme
is to add a “checksum.” In the file representation of natural numbers this might be an additional
character at the end of each number file, which is the final digit of the sum of all the digits in the
number. For example:
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Number | Digit sum | Check digit I Number with check

0 0 0 00

123 6 6 1236
57 12 2 572
10091 11 1 100911

a) This scheme isn’t foolproof. Give an example of two numbers that differ by just one digit, yet
have the same check digit, and explain the significance of such an example.

b) Write a routine to compute the check digit for a given number that lacks it, using procedure
AddDigits.

c) Write a routine that checks if the last digit of a number is or is not the correct check digit.

d) For two numbers assumed to have check digits, write an add routine, using AddNatural, the
check routine of ¢), and as little new code as possible.

9.3.12 Subtraction is usually defined as the partial inverse of addition; that is, x - y is that natural
number z such that z + y = x, if x > y; otherwise x - y is not defined in the natural numbers. Use
this definition to directly compute x - y, using trial and error with AddNaturals. What would
your procedure do if it failed to check first for x > y?

90.3.13 Neither Length nor Lexico detect the end of a file using EOLN, yet this is the convention
assumed for string representing natural numbers. Decide whether or not this causes trouble, and
explain. .

9.3.14 The input files F1 and F2 are not RESET in CompareNaturals. Is this wrong for the
assumed conventions? Explain.

9.3.15 The comment on CompareNaturals forbids aliasing of the parameters.
a) Explain why this restriction could be troublesome for a user of CompareNaturals.

b) Explain why this restriction is needed, giving an example of what would go wrong if it were
violated.

c) Repair the procedure so that the restriction is not needed.

9.3.16 Design a procedure to compare natural numbers which examines the natural numbers only
once (instead of twice, as CompareNaturals sometimes does).

9.3.17 Write a digitXdigit multiply routine for the library of Section 9.4.4:

PROCEDURE MultiplyDigits (VAR D1, D2, Pl, P2: CHAR)
{Multiply digits D1, D2 to get product P1l, P2}

and give a more precise comment to describe it.
9.3.18 Write a digit by natural number multiply routine for the library of Section 9.4.4:

PROCEDURE MultiplyDigitByNatural (VAR Dig: CHAR; VAR N1, N2: TEXT)
{Multiply the digit Dig by the contents of file N1,
result to N2}

use any many other library procedures as possible, including the result of the previous exercise.

9.3.19 Use the results of the previous two exercises to rewrite MultiplyReverse with less
addition.

9.3.20 Utilize MultiplyReverse to construct a natural number multiplication routine, as
AddNaturals was constructed using AddReverse.

9.3.21 Using your knowledge of paper-and-pencil subtraction, design a subtraction procedure similar
to AddNaturals that returns an error character if the numbers are not in the proper order for
natural-number subtraction.
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9.4 Chapter Summary

Adding parameters to CF Pascal procedures allows a single procedure to be used several times, with §
an effect appropriate to each application. The meaning of the procedure can be calculated once, and |
documented so that it need not be checked each time the procedure is used. Aliasing of parameters
can cause a difference between the meaning calculated in isolation and that found by repeating the
calculation at each application. Aliasing must therefore be documented, and where possible, this §
unpleasant effect eliminated, if procedures are to be reused.
A procedure has almost exactly the same structure as a program, in that it is a <block> that"
may contain declarations. The local variables (and local procedures) declared within a procedure are 1
truly only dummy names, that by definition cannot conflict with any others in the program.
However, if identifiers are reused, confusing situations can arise in which the scope of an identifier is
complicated. This complication is reflected in the meaning of procedures with local variables. '
CF Pascal has no built-in operations for manipulating natural numbers, but procedures to
compare, add, and multiply numbers of arbitrary size can be written, where the numbers are
represented by digit strings in files. '
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CHAPTER 10
PROGRAMMING WITH WORD STRINGS

Chapter Preview

A library of procedures for text and file manipulation will be constructed. BNF grammars can
aid in the statement of a text-manipulation problem and can suggest alternatives to achieve a
more effective system design.

10.1 Word Strings

Preview
}

BNF is an aid to program design when text is involved. A program for removing extra blanks
from a string is designed.

10.1.1 Words and Languages

People communicate in spoken and written languages using sequences of sounds and characters.
Words are the meaningful parts of these sequences. Written words can be found in dictionaries, and
words of one language can be translated, more or less accurately, into words with similar meanings
in another language.

Words are formed by arranging characters in sequence, but not all such arrangements are
words. Similarly, sentences are formed by arranging words in sequence, but not all such
arrangements are sentences. One sentence-forming rule in English is that a sentence must have a
subject and a predicate. Sentence structure can be shown by BNF syntax rules, as was done for CF
Pascal. However, English sentence structure cannot be captured by syntax and context rules,
because no complete set of rules exists. English is a natural language which will continue to evolve
through human usage. Pascal is a formal language, whose structure is agreed upon and fixed once
and for all. :

In many languages words are set off from each other by blanks and punctuation marks. In
fact, most languages use spaces and punctuation marks that are not available for forming words.
Language text in a Pascal file can similarly be analyzed by looking for spaces and punctuation.

Since words have no length limitation, the only way to hold any possible word using CF Pascal
is in a file. (If the length of a word is known, a fixed number of CHAR variables can hold the
individual characters.) Similarly, files must be used to hold sentences. It is more difficult to process
at the word level than character by character, because the individual items are harder to
manipulate. But text processing is difficult mostly because many more things can be imagined and
usefully carried out at the word level.

10.1.2 Using BNF in Program Design

When text files have a structure that can be described by BNF, the rules of this description will be
useful in designing programs to operate on the text. In fact, in word-string problems, it is good
practice to work out a BNF description of both the input file and the output file and to refer to that
description during program design. Many difficulties that arise in manipulating text result from
imperfect understanding of its detailed appearance. A BNF description helps in thinking about the
text, because it describes the form exactly.
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10.1.3 Removing Extra Blanks

One of the simplest structures a file can have is an alternation of words and blanks, where a word is
defined as any string of nonblanks. Perhaps the simplest interesting problem that can be posed for a
word /blank file is the removal of extra blanks, so that the words are separated by single blanks, and
no blanks precede the first word or follow the last word. This might be done to a file containing a
CF Pascal program, for example, to reduce its size.

Consider a text string containing extra blanks in a file FilelIn:

t Four score and seven years ago t
It is to be copied to FileOut without the extra blanks:

tFour score and seven years agof

The text in FileIn may begin with blanks or with a word; it will always appear to end with a
blank resulting from the final line marker. Except for that line mark, the file may be empty. It is
remembering all the possibilities that makes solving text problems difficult. BNF can help by
capturing all the variations. If we agree not to distinguish between line marks and blanks (since line

marks read as blanks), the following rules describe the input: .

1. <FileIn> ::= <WBIlist> <blank> | <blanks> <WBIlist> <blank>
2. <WBIist> ::= <empty string> | <word> <blanks> <WBlist>
3. <word> ::= <nonblank> | <word> <nonblank>

4. <blanks> ::= <blank> } <blanks> <blank>

where <empty string>, <blank>, <nonblank> describe the string of no characters, one blank.
character, and one nonblank character, respectively. A <WBIlist> may be empty, but a <blanks>
or a <word> must contain at least one character.

If the output consists of a single line it can be described by just two more syntax rules:

5. <FileOut> ::= <Wlist> | <empty string>
6. <Wlist> ::= <word> | <word> <blank> <Wlist>

That is, a <FileOut> is either empty, or it must begin and end with a <word>, and all adjacent
<word>s must be separated by a single blank. E
The BNF describes the input and output format precisely, but it does not capture an important
part of the problem: it does not state that the words of the output are required to be the same as
those of the input, in the same order. This kind of statement must be made with a context rule:

CR. The <word>s of <Wlist> must be the same as those of <WBIlist>, in the same order.

In thinking how to read FilelIn, remove the extra blanks, and write FileOut, two useful ;
program patterns are flushing blanks, and copying a word. Using a CHAR variable Ch with initial
value O, the program part: '

{flush blanks}
WHILE NOT EOF (FileIn) AND (Ch = ' ')
DO

READ (FileIn, Ch) ;

will begin anywhere in FileIn, and advance to the first nonblank character, which will be held in -
Ch when the WHILE statement terminates. If it happens that the next character in Fileln is -
nonblank, that is, there are no blanks to flush, that character is read into Ch and the WHILE
statement terminates. 1
When Ch contains the initial character of a word (as it will if blanks have just been flushed),
that word can be copied to FileOut by:
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{copy word}
WHILE Ch <> ' '
DO
BEGIN
WRITE (FileOut, Ch) ;
READ(FileIn, Ch)
END

When Ch has the value O, the WHILE statement is never executed, so nothing is done, the right
action for copying a nonexistent word. Since a TEXT file ends with a line marker (which appears as
a blank), the end of file cannot be encountered while copying a word.

The program parts that flush blanks and copy a word can be used as high-level operations in
processing files, in particular for designing a procedure RemoveExtraBlanks. According to BNF
rule 1 describing the input, there are two possible cases a design must face in a <FileIn>, namely:

1. <WBIlist> <blank>
9. <blanks> <WBIist> <blank>

Case 2 is reduced to case 1 by initially flushing blanks. Whether, or not there are blanks, the first
character of <WBIlist> will be read into Ch. Thus the initial design is:

Design Part 1

PROCEDURE RemoveExtraBlanks (VAR FileIn, FileOut: TEXT):;
{Copy FileIn words to FileOut, removing leading and
trailing blanks, and extra blanks between words}

VAR
Ch: CHAR:;
PROCEDURE FlushBlanks (VAR Ch: CHAR) :;
BEGIN {FlushBlanks}
WHILE NOT EOF (FileIn) AND (Ch = ' ')
DO
READ(FileIn, Ch)
END; {FlushBlanks}
BEGIN {RemoveExtraBlanks}
{initialize}:;
FlushBlanks (Ch) ;
{remove extra blanks for case 1}
WRITELN (FileOut)
END {RemoveExtraBlanks}

where the program part for flushing blanks has been made into a procedure.
Design Part 1.1
BEGIN {initialize}
RESET (Fileln):
REWRITE (FileOut) :;

Ch := "'
END

To remove extra blanks for case 1, the <WBlist> term is expanded using rule 2, resulting in
two cases:

1.1 <blank>
1.2 <word> <blanks> <WBIlist> <blank>

The sequence:
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{copy word}:;
FlushBlanks (Ch)

will reach either a <WBIlist> or the end of file in every case. If a <WBIist> is reached (case 1.2);’
this sequence should be repeated; if the end of file is reached (case 1.1), processing should terminate.;
Thus these operations should be placed in a WHILE statement with the termination condition
EOF (Fileln). f

After each word but the last is copied, a single blank must be written to separate the words,
according to BNF rules 5 and 6 describing the output. The last word can be identified by testing for
end of file following FlushBlanks, which will skip the line marker at the end. This analysis is-
summarized in the following design part. ]

Design Part 1.2

BEGIN {remove extra blanks for case 1}
WHILE NOT EOF (FileIn)
DO
BEGIN
{copy word}:
FlushBlanks (Ch) ; !
{insert blank if not last word}
IF NOT EOF (Fileln)
THEN
WRITE (FileOut, ' ')
END
END

The complete design for RemoveExtraBlanks is:

PROCEDURE RemoveExtraBlanks (VAR FileIn, FileOut: TEXT):;
{Copy FileIn words to FileOut, removing leading and
trailing blanks, and extra blanks between words}

VAR
Ch: CHAR:
PROCEDURE FlushBlanks (VAR Ch: CHAR):
BEGIN {FlushBlanks}
WHILE NOT EOF (FileIn) AND (Ch = ' ')
DO
READ (FilelIn, Ch)
END; {FlushBlanks}

BEGIN {RemoveExtraBlanks}
BEGIN {initialize}
RESET (Fileln) ;
REWRITE (FileOut) ;
Ch := ' '
END;
FlushBlanks (Ch) ;
BEGIN {remove extra blanks for case 1}
WHILE NOT EOF (Fileln)
DO
BEGIN
BEGIN {copy word}
WHILE Ch <> ' '
DO
BEGIN
WRITE (FileOut,Ch) ;
READ (FilelIn, Ch)
END
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END;
FlushBlanks (Ch) ;
{insert blank if not last word}
IF NOT EOF (FilelIn)
THEN
WRITE (FileOut, ' ')
END
END;
WRITELN (FileOut)
END {RemoveExtraBlanks}

10.1.4 Testing RemoveExtraBlanks

In order to test RemoveExtraBlanks, it would be useful to mark the beginning and end of strings
so that blanks are easy to spot. The character # will serve this purpose. By reading the test string
from INPUT and writing the results to OUTPUT, many cases can be tried at once, as in this test
program:
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PROGRAM TestREB (INPUT, OUTPUT) ;
VAR Ch: CHAR:
TestIn, TestOut: TEXT;
{Include
PROCEDURE RemoveExtraBlanks (VAR FileIn, FileOut: TEXT):
Copy Fileln words to FileOut, removing leading and
trailing blanks, and extra blanks between words}
BEGIN {TestREB}
WHILE NOT EOF
DO
BEGIN
{Copy one line of INPUT to a file, with echo}
REWRITE (TestIn) ;
WRITE ('Input is #'):
WHILE NOT EOLN
DO
BEGIN
READ (Ch) ; !
WRITE (Ch) ;
WRITE (TestIn, Ch):
END;
READLN;
WRITELN('#');
WRITELN (TestIn) ;
RemoveExtraBlanks (TestIn, TestOut):;
{Copy result to OUTPUT}
RESET (TestOut) ;
WRITE ('Output is #');
WHILE NOT EOLN (TestOut)
DO
BEGIN
READ (TestOut, Ch):;
WRITE (Ch)
END;
WRITELN ('#')
END
END. {TestREB}

Execution

INPUT : Pack my box with six.
SOLIDPACKEDOO

OUTPUT:Input is # Pack my box with six.#
Output is #Pack my box with six.#
Input is #SOLIDPACKED #
Output is #SOLIDPACKED#

The program passes each input line to RemoveExtraBlanks and prints the result. The BNF
description of all possible inputs (rules 1 and 2) provides a way to select test data. If we believe that
the parts of RemoveExtraBlanks for flushing blanks and copying words work properly, what must
be tested is the combinations of <word> and <blanks> positions described by those rules. There
are four patterns possible from the rules:
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<blank>

<word> <blanks> <WBIlist> <blank>
<blanks> <blank>

<blanks> <word> <blanks> <WBIlist> <blank>

Particular test cases fitting each pattern, except for a final <WBIlist> <blank>, are:

tt
tthe t

t f

+ the 1

In addition, a string fitting the second pattern, in which that pattern is repeated several times, is
tThe quick brown fox jumped t

Thus if the final <WBIlist> is chosen as <empty string™> and the final <blank> is supplied by the
line mark that terminates the input, these cases try the four possible BNF descriptions.

Testing in this way is called partition testing, because the input space is divided up into groups
of strings that are expected to be handled in the same way. Partition testing is very different from
structural testing. First, it relies not on the program, but on the problem definition. It can therefore
be planned before a program is ever written. Second, it has a chance of detecting omissions in the
program (as structural testing cannot hope to do). The cases selected represent all the input
possibilities, so if the program fails to handle one, the error will be caught. The method is not
perfect, however, because it does not try all values for <WBIlist> in each possible position. It could
happen that the program fails only (say) when there are more than 1000 words i the input. But if
the program was designed systematically, such failures are unlikely, and partition testing is a good
method of finding errors.

10.1.5 Analyzing RemoveExtraBlanks
To demonstrate that RemoveExtraBlanks does what it was designed to do, its part function can
be calculated. The design for the DO part of the inner WHILE statement is:

{copy word}:
FlushBlanks (Ch) ;
{insert blank if not last word}

The intended function for each of these three parts can be written as a conditional assignment.
The intended part function C for copying a word is:

c=0C1] C2
where
C1

((Ch <> ' ')
AND (NOT (EOF (FileIn))) AND (FileIn.2 = (z V B) & y)
AND (FileIn.3 = R) AND (FileOut.3 = W) —
Ch,FileOut.l1,FilelIn.1,FilelIn.2 :=
O, (FileOut.1 V Ch) & z,FileIn.1 & (z V B),y)

and

C2=(Ch=""'=)
where z is a string of nonblank characters containing no line marker, y is-a string, and B is either a
line marker or O. In this conditional assignment and the ones to follow, the members of the 3-list file
values are indicated by the subscript following a dot. For example, FileIn.2 means Fileln,,
the second member (which is the future string) of this file value. This notation allows conditional

assignments to be written as comments in programs, where subscripts are not available.
The intended function F for FlushBlanks (Ch) is:
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F = (FO — (F1 | F2)) | F3

where
FO = ((Ch = ' ') AND (NOT (EOF (FileIn))) AND (FileIn.3 = R)
F1 = (FileIn.2 = bV Z & w —
Ch, FileIn.l, FileIn.2 := 7, FileIn.1 & b6 V Z, w)
F2 = (FileIn.2 = b4 V / —

Ch, FileIn.l, FileIn.2 := 0O, FileIn.l & FileIn.2, 1))
F8 = ((Ch <> ' ') OR (EOF (FileIn)) — )

where b is a string of blank and line-marker characters (possibly empty), Z is a character other tha '
blank or a line marker, and w is a nonempty string of characters.
The proofs that

|BEGIN {copy word} ... EN5|= C

and

|[ElushBlanks (Ch)|=F

are similar to the one in Section 8.2.3 for a fragment of code that gopies nonblank characters, so
they are omitted. ]
The proof that I below is the meaning for the conditional blank insertion is straightforward. :

I=1 | I?2
where
In =
((NOT (EOF (FileIn))) AND (FileOut.3 = W) AND (FileIn.3 = R —
FileOut.l := FileOut.l1l V 0O)

I2 = ((EOF (FileIn)) AND (FileIn.3 = R) — )

The meaning of the DO part is therefore the composition of these three functions C o F o I
The composition can be calculated using conditional trace tables. Each condition is labeled; there
are two for C, three for F, and two for I, for 12 total combinations. Each table will be labeled with
the combination it covers. For example, (C1,F1,I1) represents the first condition of C, the first
condition of F, and the first condition of /. FileIn and FileOut will be abbreviated by FI and
FO, respectively. :

The 12 cases are:

Case 1 (C1,F1,I1) | Case 5 (C1,F38,11) | Case 9 (C2,F2,11)

Case 2 (C1,F1,12) | Case 6 (C1,F8,I2) | Case 10 (C2,F2,12)
Case 3 (C1,F2,I11) | Case 7 (C2,F1,I1) | Case 11 (C2,F3,I1)
Case 4 (C1,F2,I2) | Case 8 (C2,F1,I2) | Case 12 (C2,F3,I2)
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4

Case 1 (C1,F1,I1)

Condition Ch FO.1 FI.1 FI.

(Ch <> ' ') AND O F0.1 V Ch & =z FI.1 & z V B y
(NOT (EOF (EI))) AND
(F1.2 =2z VB & y)
AND (FI.3 = R)
AND (FO.3 = W)

(O ="' ') AND z FI
(NOT (EOF (<FI.1 &

z V B,y,F1.3>)))
AND (FI.3 = R)

AND (y=bV Z & w)

S
TR
4y

NOT (EOF (<FI.1 & =z FO0.1 Vch & 2 V O
VB&bV Z, w,
FI.3>)) AND )
(FI.3 = R)

AND (FO.3 = W)

Condition: (Ch <> ' ') AND (NOT(EOF (FI))) AND (FI.2 =z VB &y)
AND (FI.3 = R) AND (FO.3 = W) AND (O = 0O)
AND (NOT (EOF (<FI.1 &2z VB, y, FI.3>))) AND (y =b VZ & w)
AND (NOT (EOF (<FI.1 &z VB &b V Z, w, FI1.3>)))

Several parts of this condition are equivalent to TRUE.

Condition TRUE because

O=20 Obvious.
NOT (EOF (<FI.1 & z V B, y, FI.3>)) | By the next condition, y=6V Z
& w and w is not empty.

NOT(EOFE(<F1.1 & z VB & b V 2Z,
w, FI.3>)) w is nonempty.

Thus, substituting for y, the condition reduces to:

Condition: (Ch <> ' ') AND (NOT (EOF (FI))) AND
(F1.2 =z VB&b VZ&w) AND (FI.3 = R) AND (FO.3 = W)

Assignment: Ch, FO.1, FI.1, FI.2 :=
Z,F0.1 VCch&zV 0O F1.1&£2 VB&b VZ,w
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Case 2 (C1,F1,12)
Condition Ch FO.1 FI.1 FI.2

(Ch <> ' ') AND O | FO.1 VCh & z |FI.1 & 2z V B y
(NOT (EOF (FI))) AND
(FI1.2 =2z VB & y)
AND (FI.3 = R)
AND (EO.3 = W)

(O ="' ') AND V4 FI.
(NOT (EOF (<FI.1 &

z V B,y ,F1.3>)))
AND (FI.3 = R)

AND (y = bV Z & w)

S
&
ds

(EOF (<FI.1 & z V B
& bV Z, w, FI.3>))
AND (FI.3 = R) )

Since w contains at least one character, EOF (<FI.1 &z VB &b V Z, w, FI.3>) has th
value FALSE. Thus Case 2 of the composition does not occur.

Case 3 (C1,F2,11)
Condition Ch FO.1 FI.1 FI.2

(Ch <> ' ') AND m FO.1 VCh & =z F1.1 & z V B y
(NOT (EOF (FI))) AND
(FI1.2 =z VB & y)

AND (FI.3 = R)

AND (FO.3 = W)

(@ ="' ') AND o FI.1 & z tt
(NOT (EOF (<FI.1 & VB&y

2 V B,y,F1.3>)))
AND (FI.3 = R)
AND (y = b V /)

NOT (EOF (<FI.1 & =z FO.1 VCch & z V O
V B & y, 11,
FI.3>)) AND
(FI.3 = R)
AND (FO.3 = W)

In the F2 portion of the function F, FileIn.2 acquires the value {1, so EOF (FileIn) has value
TRUE. Thus the condition of /1 for conditionally inserting blanks cannot hold, and Case 3 does not
occur.
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Condition

Case 4 (C1,F2,12)

Ch

FO.1

FI.1

FI.2

(Ch <> ' ") AND
(NOT (EOE (FI))) AND
(1.2 =2 VB & y)

AND (FI.3
AND (FO.3

R)
W)

AND

(D - L] ')
(NOT (EOF (<FI.1 &
z V B,y ,FI1.3>)))

AND (FI.3 = R)

O

FO0.1 V Ch & =z

FI.1 & 2z V B

R &
@ 8

Tt

AND (y = b V /)

(EOF (<FI1.1 & 2z V B
& y, 1, FI1.3>))
AND (FI.3 = R)

H

Condition: (Ch <> ' ') AND (NOT(EOF (FI))) AND (FI.2 =z VB &y)
AND (FI.3 = R) AND (FO.3 = W) AND (O = O)
AND (NOT (EOF (<FI.1 &z VB, y, FI.3>)))
AND (y =b V /) AND (FI.3 = R)
AND (EOF (<FI.1 &z VB &y, tt, FI.3>)) AND (FI.3 = R)
which reduces to:
Condition: (Ch <> ' ') AND (NOT (EOF (FI))) AND

(FI1.2 =z VB &b V /) AND (FI.3 =
by arguments similar to those for Case 1.

Assignment: Ch,FO.1,FI.1,FI.2 :=
0,F0.1 V Ch &2,FI.1 &z VB &b V /,tt

R) AND (FO.3 = W)

Case 5 (C1,F38,11)3

Condition Ch FO.1 FI.1 FI.2
(Ch <> ' ') AND O | F0.1 VCh & z |FI1.1 & 2z VB y
(NOT (EOF (FI))) AND
(F1.2 =2z VB & y)

AND (FI.3 = R)
AND (FO.3 = W)

(O <> O) OR
(EOF (<FI1.1 & z V B,
y. FI1.3>))

NOT (EOF (<FI.1 & =z
V B, y, FI.3>)) AND
(FI.3 = R)

AND (FO.3 = W)

Not all the state information has been filled in, because the condition for F'8 requires that either Ch
<> ' ' or EOF(<FI.1 & z V B, y, FI.3>) have value TRUE. Under the conditions
established by C1, the value of Ch is O. Hence the EOF condition must be the one that holds.
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However, I1 requires its negation. Thus Case 5 cannot occur.

Case 8 (C1,F3,12)
Condition Ch FO.1 FI.1 FI.2

(Ch <> ' ') AND O FO.1 VCh & z | F1.1 & z V B Y
(NOT (EOF (FI))) AND
(FI.2 =2 VB & vy)
AND (FI.3 = R)
AND (FO.3 = W)

(0 <> O) OR
(EOF (<FI.1 & z V B,
y. FI1.3>))

EOF (<FI.1 & z
V B, y, FI.3>) AND
(FI.3 = R) ,

C1 leaves Ch with the value O. In F8, for EOF (<FI.1 &z V B,y,FI.3>) to have value TR
y must be the empty string and B must be a line marker.

Condition: (Ch <> ' ') AND (NOT (EOF (FI))) AND (FI.3 = R)
AND (FO.3 = W) AND (FI.2 =z VB &y) AND (y = 1)
which reduces to:

Condition: (Ch <> ' ') AND (NOT(EOF (FI))) AND (FI.3 = R)
AND (FO.3 = W) AND (FI.2 =z V /)
Assignment: Ch,F0.1,FI.1,FI.2 := 0,F0.1 V Ch &z,FI.1 &z V /, 1t

Case 7 (C2,F1,11)
Condition Ch FO.1 FI.1 FI.2
Ch = ' '

(Ch = ' ') AND VA FI1.1 & b V Z w
(NOT (EOF (FI)))

AND (FI.3 = R) AND
(FI.2 =b V Z & w)

NOT (EOF (<FI.1 & b Fo.1 V O
V Z, w, FI1.3>))
AND (FI.3 = R)
AND (FO.3 = W)
Condition: (Ch = ' ') AND (NOT (EOF (FI))) AND (FI.3 = R)

AND (FI.2 =b V Z & w) AND (NOT (EOF (<FI.1 & V Z, w, n>)))
AND (FO.3 = W) AND (FI.3 = R)
which reduces to:
Condition: (Ch = ' ') AND (NOT (EOF (FI))) AND (FI.3 = R)
AND (FI.2 =b VZ & w) AND (FO.3 = W)
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Assignment: Ch,FO.1,FI.1,FI.2 := Z,F0.1 VO,FI.1 &b VZ, w

In Case 8 (C2,F1,I2) as in Case 2, F1 leaves w (a nonempty string) in FileIn.2 but I2
requires that FileIn.2 be empty. Thus Case 8 cannot occur.
In Case 9 (C2,F2,I1) as in Case 3, F2 leaves an empty string in FileIn.2. Thus the
NOT (EOE (. - -) ) part of the guard for I1 cannot be satisfied, and Case 9 cannot occur.

Case 10 (C2,F2,I2)
Condition Ch | FO.1 FI.1 FI.2
Ch ="' '

(Ch = ' ') AND O FI.1 & FI.2 tt
(NOT (EOF (FI)))
AND (FI.3 = R)
AND (FI.2 = b V )

(EOF (<FI.1 & FI.2,

tt., FI.3>)) )
AND (FI.3 = R)

Condition: (Ch = ' ') AND (NOT (EOF (FI))) AND (FI.3 = R) AND
(FI.2 =b V /) AND (EOF (<FI.1 & FI.2, tf, R>))

AND (EFI.3 = R)
which reduces to:
Condition: (Ch = ' ') AND (NOT (EOF (FI))) AND (FI.3 = R)

AND (FI.2 =b V /)
Assignment: Ch,FI.1,FI.2 := O,FI.1 & FI.2, 1t

Case 11 (C2,F2,11)
Condition Ch | FO.1 |FI.1|FI.2

Ch="'"
(Ch = ' ') OR (EOF (FI))

(NOT (EOF (FI))) AND (FI.3 = R)
AND (FO.3 = W)

The condition is that

(Ch = ' ') AND ((Ch <> ' ') OR (EOF (FI)))
AND ( (NOT (EOF (FI))) AND ...)

which has the value FALSE. Thus Case 11 does not occur.

10.1.5 Analyzing RemoveExtraBlanks 285



Case 12 (C2,F2,12)

Condition Ch | FO.1 |FI.1|FI.2
Ch = '
(Ch = ' ') OR (EOF (FI))
(EOF (FI)) AND (FI.3 = R)

Condition: (Ch = ' ') AND (EOF (FI)) AND (FI.3 = R)

Assignment:

Collecting together the cases that can occur, the composition of the three functions C o F o
has the conditions and assignments:

(Case 1)

Condition: (Ch <> ' ') AND (NOT (EOE (FI))) AND
(FI.2 =2 VB&b VZ&w) AND (FI.3 = R) AND (FO.3 = W)

Assignment: Ch, FO.1, FI.1l, FI.2 :=
Z,F0.1 VCh&z VO FI1.1&2 VB&b VZ, w
(Case 4)
Condition: (Ch <> ' ') AND (NOT (EOF (FI))) AND
(FI.2 =2 VB &b V /) AND (FI.3 = R) AND (FO.3 = W)
Assignment: Ch,F0.1,FI.1,FI.2 :=
O0,F0.1 V Ch &2,FI.1 &z VB &b V /,tt
(Case 6)
Condition: (Ch <> ' ') AND (NOT (EOF (FI))) AND (FI.3 = R)
AND (FO.3 = W) AND (FI1.2 =z V /)
Assignment: Ch,FO0.1,FI.1,FI.2 := 0O0,F0.1 V Ch &z,FI.1 &2 V /,tt
' (Case 7)
Condition: (Ch = ' ') AND (NOT (EOF (FI))) AND (FI.3 = R)
AND (FI.2 =b VZ &w) AND (FO.3 = W)
Assignment: Ch,FO.1,FI.1,FI.2 := Z,F0.1 VO,FI.1 &b V_Z,w

(Case 10)
Condition: (Ch = ' ') AND (NOT (EOE (FI))) AND (FI.3 = R)
AND (FI.2 =b V /)
Assignment: Ch,FI.1,FI.2 := O,FI.1 & FI.2, 1t
| (Case 12)
Condition: (Ch = ' ') AND (EOF(FI)) AND (FI.3 = R)

Assignment:

Ignoring the conditions that the input file be readable and the output writeable, cases 1, 4, and

6 apply when the value of Ch is not O, and the input not at end of file, according to the value of
Fileln.2:
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Case | FileIn.2 I Following word z | Added toFileOut.1
1 ztVB&bV Z&w | <blank>-<word> pairs Vch& VO
4 tVB&bV/ <blanks> Vch &z
6 zV/ final line marker Vch &z

z is a string of nonblank characters containing no line marker; B is a blank or line marker; b is a
string of blanks or line markers; w is a nonempty string; Z is a character that is neither blank or a
line marker.

Cases 7 and 10 apply when the value of Ch is O, and the input is not at end of file:

Case I FileIn.2 I Following <blanks> & | Added to FileOut.1

7 l bV Z& w | <word>-<blank> pairs vao
10 bV / final line marker

Case 12 applies when the input is at end of file; nothing is added to FileOut.

The part function ¢ = C o F o I can be written as a conditional assignment by combining
similar cases above:

4

g=
((Ch <> ' ') AND (NOT (EOE (FI))) AND (FI.3 = R) AND (FO.3 = W) —
(1) (F1.2 =2 VB &b VZ &w —
Ch,FO.1,FI.1,FI.2 :=Z,F0.1 V ch &z V 0O,
FI.1 &z VB &b VZ, w) |
(4) (F1.2 =2 VB &b V / —
Ch,F0.1,FI.1,FI.2 := 0,F0.1 V Ch &z,
 FI.1 &z VB &b V /,tH) |
(6) (F1.2 =2 V / —
Ch,FO.1,FI.1,FI.2 := O0,F0.1 V Ch &z,FI.1 &z V /, t1)) |
((Ch = ' ') AND (NOT(EOE (FI))) AND (FI.3 = R) —
(7) ((F1.2 =b VZ &w) AND (FO.3 = W) —
Ch,FO.1,FI1.1,FI.2 :=Z,F0.1 VO,FI.1 &b V Z, w) |
(10) (F1.2 =6V / — Ch,FI.1,FI.2 := O,FI.1 & FI.2,11)) |
((Ch = ' ') AND (EOF (FI)) AND (FI.3 = R) — )
(12)

The numbers at the left are to identify the cases for the discussion below. This part function
describes copying a word from FileIn to FileOut, starting with the character value of Ch
(unless it is blank); when Ch is blank, a single blank is added to FileOut unless Fileln is
positioned at the end of file.

In the design of RemoveExtraBlanks, the input and output files were described using BNF
notation. Strings described by BNF can also be described using the formal string operations, as in
the definition of g. The correspondence between these two descriptions helps in understanding why
the program solves the problem. In Case 1, the guard shows that the input string is:

Vch&z2VB&bV Z&w
Up to the final string w this can be described in BNF notation as:
<word> <blanks> <nonblank>

where <word> is a nonempty string of nonblank characters, <blanks> is a nonempty string of O,
and <nonblank> is a nonblank character. (B and b may have line markers, but these will be
converted to blanks before they can be examined in Ch.)
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The output string for Case 1 of g is modified by adding:
V ch&zVD0O,

which can be described in the BNF as:
<word> <blank>

In Case 1, g converts a string described by
<word> <blanks> <nonblank>

stored in Ch and part of Fileln into a string of the form
<word> <blank> <nonblank>

in part of FileOut and Ch.
Similarly, in Case 4 of ¢ strings of the form
<word> <blanks>

in Ch and Fileln are converted into strings of the form
<word> ]

in FileOut. Case 6 converts strings of the form <word> <blank> to the form <word>.
Cases 7 and 10 occur when Ch contains a blank character. Case 7 squeezes multiple blanks
a single blank, converting strings of the form

<blanks> <nonblank>

into strings of the form <blank>. Case 10 removes trailing blanks, converting strings of the for
<blanks> to <empty string>.

Case 12 takes no action.

The table below summarizes these conversions from strings in Ch and part of Fileln
strings in part of FileOut.

BNF description of the DO part function ¢

Case Ch,Fileln FileOut Ch EOF
1 <word> <blanks> <nonblank> | <word> <blank> <nonblank> FALSE
4 <word> <blanks> <word> <blank> TRUE
6 <word> <blank> <word> <blank> TRUE
7 <blanks> <nonblank> <blank> <nonblank> FALSE
10 <blanks> <empty string> <blank> TRUE
12 <blank> <empty string> <blank> TRUE

The DO part of the main WHILE statement in RemoveExtraBlanks has part function g-
derived above. The BNF table describing ¢ helps in understanding the iteration. The WHILE |
statement is: :

WHILE NOT EOF (FilelIn)
DO
{Compute g}

Any of the six patterns may occur in the input, and g will produce the corresponding pattern in the
output, setting up the next pattern, until end of file is reached on the input. 3

Using the table, a BNF description of the files actually processed by the WHILE statement can !
be obtained. Wherever <nonblank> appears in Ch and part of FilelIn, the pattern can repeat. |
Let <R> stand for the strings involved. Only cases 1 and 4 are involved, because only they begin
with a <word> that the <nonblank> begins. (Case 6 is a less general version of case 4.) Thus the
recursive rule is:
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<R> = <word> <blanks> <R> (1)
| <word> <blanks> (4)
Cases 7 and 10 can apply only initially, since they require Ch to be blank, and no case leads to this

situation-—all the cases that produce a blank in Ch occur at end of file, where the WHILE statement
terminates. Thus if <File1> is the input to the WHILE statement:

<File1> ::= <word> <blanks> <R> (1)
| <word> <blanks> (4)
| <blanks> <R> (7)
| <blanks> (10)

Case 12 is a less general version of case 10.) It can be seen that the first two alternatives are just
<R>, so
<File1> ::= <R> (1,4)
| <blanks> <R> (7)
| <blanks> (10)
The output file created by the program can be described usiﬁg BNF for <File2> in a similar

way. Cases 4 and 6 are duplicates, as are 10 and 12. The repetition occurs in cases 1 and 4 as
before, leading to strings <S>:

<8> = <word> <blank> <S> (1)
| <word> (4)

The other cases can appear only initially:

<File2> ::= <word> <blank> <S> (1)
| <word> (4)
| <blank> <S> (7)
| <empty string> (10)
Or inserting <S> for the first two alternatives:

<File2> ::= <S> (1,4)
| <blank> <S> (7)
| <empty string> (10)
It is evident from the table for g that the <word>s from <Filel> are moved to <File2> in

the order they appear. Thus the function f of the WHILE loop converts <Filel> to <File2>
preserving the <word> order if EOF (FileIn) is FALSE, and is the identity otherwise, i.e.

f = ((NOT (EOF (FileIn)) AND FilelIn.3=R AND FileOut.3=W) —
FileIn,FileOut := <FileIn.l & FileIn.2, {},R>,
<FileOut.l & convert(FileIn.2), 1, Ww>) |
(EOF (FileIn) AND FileIn.3=R — )

where convert takes as an argument a string of the form <Filel> and produces as value a string of
the form <File2>, subject to the condition that their <word>s are the same, in the same order.

A formal proof that f is the function performed by the WHILE statement will not be given, but
the three conditions of the WHILE verification rule will be discussed informally.

1. domain(f) = domain( )

From the definition, domain(f) is those states for which

(FileIn.3=R AND FileOut.3=W AND NOT (EOF (FileIn)))
OR (FileIn.3=R AND EOF (Fileln))

is TRUE. The WHILE statement terminates immediately if EOF (FileIn). For this condition to
be defined, FileIn must be open for reading. If EOF (FileIn) is FALSE, at least one character
is read (by Flushblanks if a blank, otherwise by {copy word}), so FileIn must be the in the
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R mode. Similarly, the WRITE statements of {copy word} require FileOut to be in the W
mode. The WHILE statement cannot read past end of file. FlushBlanks checks for end of file,

and {copy word} stops on a blank, which must end the file because of the final line marker. Thus
domain(|[WHILE ...|)Iis the same as domain(}).

2. (EOF (FileIn) — f) = (EOF (Fileln) — )

In states where EOF (FilelIn) has value TRUE, the second condition of f applies, where f is the
identity as required.

3. f=|IF NOT EOF (FileIn) THEN {compute g}|of

The table above shows that g transfers a single <word>, thus since f transfers sequences of
<word>s, the same result is obtained by applying f, or by first applying g and then f.
In terms of the WHILE-statement function f, RemoveExtraBlanks has the form:

BEGIN {RemoveExtraBlanks}
BEGIN {initialize}
RESET (Fileln) ;
REWRITE (FileOut) ;
Ch := ' ’
END;
FlushBlanks (Ch) ;
{compute f};
WRITELN (FileOut)
END {RemoveExtraBlanks}

The initialization statements establish a state s with the partial contents
{FileIn-<tt,z,R>, FileOut-<tt,tt,W>, Ch-0},

where z is the input string. FlushBlanks has a meaning with three cases F1, F2, F8 given above.
The conditional trace tables for FlushBlanks (Ch) beginning in state s are:

Case F1
Condition | cn | FI.1 | FI.2
I = l t leZ&w
(Ch = ' ') AND (NOT EOF(EI)) | Z | F1.1 & b V Z w

Thus in Case F1, Ch becomes the first nonblank character, and the remainder of input w is
nonempty.

Case F?2
Condition Ch | FI1.1 | FI1.2
o | t [6V/
(Ch = ' ') AND (NOT EOF (FI)) ) bV / tt

Case F2 adds nothing to the output, because the entire input string of blanks is flushed.

Case F38
Condition | ch | 1.1 | EI.2

TT|TT

o
(Ch <> ' ') OR (EOE (FI)) l '

Thus after the initialization statements and FlushBlanks (Ch) have been executed, the state
either has EOF (FileIn) TRUE, or Ch has as value the first nonblank character in FileIn.
Thus the function f for the WHILE statement is not applied to any leading blanks in FileIn, and
case 7 of the DO part function g (where a single blank was transferred) cannot arise. The
description of the program’s action in BNF can now be completed. Eliminating the case 7 rule from
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the WHILE statement description,

<Filel1> ::= <R>| <blanks>
<R> = <word> <blanks> <R> | <word> <blanks>
<File2> ::= <8> | <empty string>
<8> = <word> <blank> <S> | <word>
The initial Flushblanks adds a case to the input, but not the output:

<FileIn> ::= <File1> | <blanks> <File1>
<FileOut> ::= <Flle2>

It can be seen that this describes the same file structure as the original specification.

This concludes the analysis of RemoveExtraBlanks. The treatment has not been
completely formal, but the program calculus has been used to gain a solid understanding of each
program part and of their effect in combination. In analyzing a program, analysis can use more or
less rigor. The goal is to understand, with appropriate confidence, the effect of the program.
Sometimes the analysis requires a great deal of rigor and sometimes informal analysis is sufficient.
For example, if the program part is difficult to understand or hfe critical (for example, the control
program for a manned space flight), then a detailed analysis mlght; be required to assure confidence
in the correctness of the program. On the other hand if the program part is readable and easy to
understand, then going through a rigorous analysis would not provide a proportionately greater level
of confidence for the cost involved. In practice, the level of rigor must be weighed against the cost.

Program analysis makes use of many different formalisms. This example used string notation
and BNF notation as well as conditional assignments and trace tables. Formalisms are invented to
make the task of difficult analysis easier, and new ones may be invented for other problems.

10.1.6 Exercises

10.1.1  Supply the proof that lElushBlanks (Ch)|= F omitted in the analysis of
RemoveExtraBlanks.

10.1.2 Suppose that RemoveExtraBlanks is given an input file that consists of more than one
line. Explain in detail what will happen at the line boundaries.

10.1.3 Modify the design for RemoveExtraBlanks so that it preserves the line structure of the
input, while still removing extra blanks on each line. Begin by writing a BNF description of the
changed problem, using <line mark> for the line marker. Comment on how much of the analysis
would have to be changed to handle the modified program.

10.1.4 Modify the design of RemoveExtraBlanks (to get RemoveAllWords) so that the action
is reversed: write out only all the blanks and discard the words. For input string S, let the output
from RemoveExtraBlanks be the string W, and that from RemoveAllWords be B. Explain
why

length(S) # length( W) + length(B).

10.1.5 Prove that the implementation for
{insert blank if not last word}
could also be

IF Ch <> ' '
THEN
WRITE (FileOut, ' ')

10.1.6 A file of characters contains representations for numbers in base three, separated by blanks
(perhaps several), and the numbers may have leading zero characters (perhaps several, or none). The
problem is to reformat the file with single-blank spacers and no leading zeros (except that the
number zero is to be represented by 0).
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a) Describe the problem using BNF.

b) Partition the input space according to strings that should be treated the same, and create test
data for each such partition.

c) Give a design that solves the problem.

10.1.7 Given an input of two lines, the first a string of blanks, the second words and blanks,
consider the blank string to specify a width by its length, and print each word from the second line
centered in this width, on a separate line.

10.2 Sorting Word Strings

Preview

Sorting by words is more useful than by characters, but typical problems require a faster
technique than those of Chapter 4. That technique is a repeated splitting and merging of
strings.

]
There are few good reasons for sorting character strings, but there are many good reasons for

sorting word strings. One example is in compiling the concordance of a book, that is, a list of words
found in a book along with the page numbers where they appear. Such a concordance should be -
alphabetized, so sorting is required right there. However, just creating the list is a difficult job in
which sorting plays a key role.

Consider a 400-page book with 500 words per page—a 200,000-word book. Suppose there were ;
3000 unique words in the book—how could they be found? One of the simplest ways would be to sort
the entire book of words, then go through the sorted string and cast out duplicates, which will be all -
together after sorting. That sounds like a lot of work, and it is.

SelectSort requires n? reads and writes to sort a file of n characters. Suppose the average
word size is 5 characters, with a blank between each word pair. SelectSort will require 200,000
X 200,000 = 4 X 101 word reads and writes or 24 X 1010 character reads and writes. Since there are
only 315,360 seconds in a year, even at a million reads and writes a second this would amount to
over 9 months of execution, hardly practical. Another way to create the list would be to sort the
words of the first page, cast out duplicates, then sort this list together with the next page, cast out
duplicates again, and so on for 400 pages. At first there will be less than 500 words to sort for a
page, but the majority of the 3000 unique words may occur within a few pages; once they do, there
will be 3500 words to sort for each page. The worst case is to assume each sort is of 3500 words,
done 400 times. The number of words to read and write for each page will be 3500 X 3500 = 1.225 X
107, and for the book 3500 X 3500 X 400 = 4.9 X 109 or a total of 2.94 X 1010 character reads and
writes, a factor of 8 better, but still over a month of execution.

The sorting strategy to be developed next requires only n X k reads to sort an n-character file,
where k is the least integer such that

2t > n.

For n = 200,000, the number of words in the book, the number of reads required by such a sort
would be:

n X k = 200,000 X 18 = 3,600,000
(because 218 = 262,144 > 200,000).

Again assuming words to have five characters and to be separated by a space, sorting the words
requires 21,600,000 character reads (a little more than 21 seconds). For simplicity and comparison
with SelectSort, this new strategy will be developed to sort characters.
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10.2.1 Sorting by Splitting and Merging

Two sorted strings can be merged into a single sorted string by repeatedly comparing their first
characters, and moving the one that should come first to the end of the new string.

" For example, with the two sorted strings:

cow
art
first ¢ and a are compared and a is chosen to start the new string. Comparing ¢ and r results in

appending ¢ to the end of the string. The steps of the completed merge are shown in the following
table:

After step Old strings New string

0 cow art

1 cow rt a

2 ow rt ac

3 w rt aco ,
4 w t acor

5 w acort
6

acortw

Thus, if a file can be split into sorted parts, called runs, it can be sorted by merging the runs.

An arbitrary string cannot easily be broken into two runs in one pass, but it can be broken into
two strings, each of which contains several runs. By repeatedly splitting and merging a sorted string
can be obtained. The process can be understood through an example. Consider the string

character

which contains four runs: ch, ar, act, er. By moving characters to two new strings and
switching strings each time a run ends, the strings

ch-act
ar-er

are created. (The dot is not part of the string, but shows the break between runs.) Merging these
character by character, the result is:

After step Old strings New string
0 chact arer
1 chact rer a
2 hact rer ac
3 act rer ach
4 ct rer acha
5 t rer achac
6 t er achacr
7 t r achacre
8 t achacrer
9 achacrert

The merged string now has three runs: ach, acr, ert. Again splitting into two strings by runs
gives

ach-ert
acr

and another merge produces
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aacch-errt
Splitting a third time gives
aacch
errt
and a third merge yields the sorted string
aaccehrrt

Another way of merging is to observe the run boundaries and move all characters in a pair
runs before considering the next pair of runs. In the example, the first split:

ch-act
ar-er

would merge by runs to

achr-.acert

and a second split and merge then glves the sorted string, more qu1ckly than merging by characters.

The difference between merging by characters and merging by runs is profound Mergmg by
runs guarantees to reduce the number of runs to roughly half, because each pair of runs is turned
into a smgle run. Merging by characters does not have this property. Therefore, even though the
programming is more complex, sorting using splitting and merging by runs is now demonstrated.

A file to be sorted may already contain long runms, but it may not. The only runs certain to
exist are those of length one—the individual characters. If the file is split on alternate characters,
each split will have runs of length one. These can be merged to guarantee runs of length two.
Splitting on every two characters and merging will give runs of length four, and so on. In this.
process the longer accidental runs that may appear in the files are ignored, but the procedure gains
in regularity. It will be unnecessary to count if the (artificial) run boundaries are marked, for which ;
we use the character #. An example of this process is shown below using an original string:
wrcaot: ‘

Step Split strings Merged string
wEr#cfato#t#

Split wi#c#o# ri#a#¥t#
Merge rw#ac#ot#
Split rwiot# ac#
Merge acrwi#ot#

Split acrw# ot#
Merge acortw#

The process stops when the text has only a single run. A procedure MergeSortl will now be
designed using these ideas. '
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Design Part 2
PROCEDURE MergeSortl (VAR Txt: TEXT):
VAR
Templ, Temp2: TEXT;
Sorted, Ch: CHAR:
{Include PROCEDURE CopyOpen (VAR F1, F2: TEXT)
Copy string in Fl into F2 without RESET or REWRITE;
thus F1l must be ready to read and F2 ready to write,
but the past strings of these files may not be empty}
BEGIN {MergeSortl}
{set Sorted to 'Y' if Txt is sorted
and to 'N' otherwise};
{divide the n characters in Txt into
n runs of length 1 separated by '#'s};
WHILE Sorted = 'N'
DO
BEGIN \
{split the n/k runs of length k in Txt
into n/2k runs in each of Templ and Temp2};
{merge the n/2k runs of length k in
Templ and Temp2 into n/2k runs of length
2k in Txt};
{set Sorted to 'Y' if Txt is sorted
and to 'N' otherwise}
END
END {MergeSortl}

10.2.2 Merging Runs

When the number of runs is odd, it cannot be split evenly into two files. For example, rw#ac#ot#
splits into rw#ot# and ac#. Thus during the merge, after one split file has been completely read,
the other may contain one more run, which must be copied into the merged file without any

comparisons.
The part

{merge the n/2k runs of length k in
Templ and Temp2 into n/2k runs of length
2k in Txt}

will be designed as a procedure statement
MergeRuns (Templ, Temp2, Txt)
with the declaration:
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Design Part 2.1

PROCEDURE MergeRuns (VAR Inl, In2, Result: TEXT):;
{merge the runs in Inl and In2
into the runs in Result}
VAR
Chl, Ch2: CHAR:
BEGIN {MergeRuns}
{initialize file parameters};

WHILE NOT EOLN (Inl) AND NOT EOLN (In2)
DO

BEGIN

{merge runs from Inl and In2 into Result}
END;

{copy the last run of Inl or In2 (if any) into Result}:;

{reset file parameters}
END {MergeRuns}

During a merge, the characters contained in one of the two runs will be exhausted first.
remainder of either the first or second run needs to be copied to the resulting file.

Design Part 2.1.1

BEGIN {merge runs from Inl and In2 into Result}
READ (Inl,Chl);

READ (In2,Ch2);

WHILE (Chl <> '#') AND (Ch2 <> '#')

DO
{copy the lesser of Chl and Ch2 to Result
and get the next character from the
corresponding file};

{copy the rest of Inl's run}:;

{copy the rest of In2's run};

WRITE (Result, '#')

END

Design Part 2.1.1.1

BEGIN {copy the lesser of Chl and Ch2
to Result and get the next
character from the corresponding file}

IF Chl < Ch2
THEN
BEGIN
WRITE (Result,Chl)
READ (Inl,Chl)
END
ELSE {Ch2 <= Chl}
BEGIN
WRITE (Result,Ch2);
READ (In2,Ch2)
END
END
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Design Part 2.1.1.2

BEGIN {copy the rest of Inl's run}
WHILE Chl <> '#'
DO
BEGIN
WRITE (Result, Chl);
READ (Inl,Chl)
END
END
Design Part 2.1.1.3

BEGIN {copy the rest of In2's run}
WHILE Ch2 <> '#$#'
DO
BEGIN
WRITE (Result,Ch2);
READ (In2,Ch2)
END )
END

Design Part 2.1.2

BEGIN {copy the last run of Inl or In2 (if any) into Result}
IF EOLN(Inl) AND EOLN (In2)
THEN
WRITELN (Result)
ELSE
IF NOT EOLN (Inl)
THEN {copy the last run of Inl (if any) to Result}
CopyOpen (Inl,Result)
ELSE {copy the last run of In2 (if any) to Result}
CopyOpen (In2,Result)

END
Design Part 2.1.3

BEGIN {initialize file parameters}
RESET (Inl) ;
RESET (In2) ;
REWRITE (Result)

END

Design Part 2.1.4

BEGIN {reset file parameters}
RESET (Inl);
RESET (In2):
RESET (Result)

END

10.2.3 Splitting Runs

A procedure also hides the details of splitting one file into two; the part

{split the n/k runs of length k in Txt
into n/2k runs in each of Templ and Temp2}

will be designed as the procedure statement
SplitIntoRuns (Txt, Templ, Temp2)
with the declaration:
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Design Part 2.2

PROCEDURE SplitIntoRuns (VAR FileIn, Resultl, Result2: TEXT):
{split the runs in FileIn into runs in each
of Resultl and Result2}
VAR
Switch, Ch: CHAR:;
BEGIN {SplitIntoRuns}
RESET (EilelIn) :
REWRITE (Resultl) ;
REWRITE (Result2) :
{copy runs alternately into Resultl, Result2}:
WRITELN (Resultl) ;
RESET (Resultl) ;
WRITELN (Result2);
RESET (Result2)
END {SplitIntoRuns}

SplitIntoRuns requires two character variables: Ch for copying character values and Switch
for keeping track of the current copying file.

Design Part 2.2.1
BEGIN {copy runs alternately into Resultl, Result2}

Switch := '1"';
WHILE NOT EOLN(Fileln)
DO

BEGIN

READ(FileIn,Ch) ;

{copy Ch to Resultl if Switch='1l"

and to Result2 otherwise};

{if end of run, flip switch to indicate other file}
END

Design Part 2.2.1.1

BEGIN {copy Ch to Resultl if Switch='1l"'
and to Result2 otherwise}
IF Switch = '1'
THEN
WRITE (Resultl, Ch)
ELSE
WRITE (Result2, Ch)
END

Design Part 2.2.1.2

BEGIN {if end of run, flip switch
to indicate other file}

IF Ch = '#'
THEN
IF Switch = '1'
THEN
Switch := '2'
ELSE
Switch := '1'
END
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10.2.4 Completing MergeSort1l

The merged file is checked to determine if it is sorted in two different places in the program, so this
check is also a natural candidate for a procedure statement:

{set Sorted to 'Y' if Txt is sorted
and to 'N' otherwise}

designed as
CheckIfSorted (Txt, Sorted)

CheckIfSorted sets Sorted to Y if there is only one run in the file (i.e., if the first #
encountered immediately precedes the end of line).

Design Part 2.3

PROCEDURE CheckIfSorted (VAR FileIn: TEXT; VAR Sorted: CHAR);
{set Sorted to 'Y' if FileIn contains
one run and to 'N' otherwise}
VAR
Ch, EndRun: CHAR:;
BEGIN {CheckIfSorted}
RESET (Fileln);
IF EOLN (Fileln)
THEN {empty file is sorted}
Sorted := 'Y’ '
ELSE
{set Sorted to 'Y' if there is only
one run in the file and to 'N' otherwise};
RESET (Fileln)
END {CheckIfSorted}

The local variable EndRun is set to Y as soon as the end of the first run is discovered. The first run
must also be the last run if the file is really sorted. Thus, if the end-of-line condition is true after the
first run in the file, the file is sorted.

Design Part 2.3.1

BEGIN {set Sorted to 'Y' if there is only
one run in the file and to 'N' otherwise}

EndRun := 'N’';
WHILE NOT EOLN(FileIn) AND (EndRun = 'N')
DO
BEGIN
READ (FileIn,Ch);
IF Ch = '"#'
THEN
EndRun := 'Y’
END;
IF EOLN(FileIn) AND (EndRun = 'Y')
THEN
Sorted := 'Y'
ELSE
Sorted := 'N'
END

Finally, to start the whole process of splitting and merging, Txt is divided into one-character
runs separated by # characters. A new character-valued variable, Ch, is added to the local
declarations of MergeSortl for the copying.
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Design Part 2.4

BEGIN {divide the n characters in Txt into
n runs of length 1 separated by '#'s}
RESET (Txt) :
REWRITE (Templ) ;
WHILE NOT EOLN (Txt)
DO
BEGIN
READ (Txt, Ch) ;
WRITE (Templ, Ch, '#')
END;
WRITELN (Templ) ;
RESET (Templ) ;
REWRITE (Txt) ;
WHILE NOT EOLN (Templ)
DO
BEGIN )
READ (Temp1, Ch) ;
WRITE (Txt, Ch)
END;
WRITELN (Txt)
END

This completes the design of MergeSortl.

10.2.5 Exercises

10.2.1 Make up a set of test data that will structurally test each of the following program parts:
a) the procedure MergeRuns
b) the procedure SplitIntoRuns
c) the procedure CheckI fSorted
d) the procedure MergeSortl

10.2.2 Part d) of the previous exercise includes all the other parts. What advantage is there to
testing procedures separately if they will eventually be tested together? ‘

10.2.3 Devise a partition of the input space for a file marked off into runs, and use it to partition °
test SplitIntoRuns and CheckIfSorted.

10.2.4 Give a formal proof that CheckI fSorted does what it is supposed to do.
10.2.5 Consider splitting and merging runs to and from three files instead of two.
a) Describe how a procedure similar to MergeSort1l would sort using three files.
b) Explain why such a sort would be faster, using an example.
c) Repeat b) for four splitting files.

10.2.6 Discover a fast way to reverse a file by considering an example file that is in the reverse of
sorted order, and examining its sorting by MergeSortl. From this example work out a design for
reversing a file by splitting and merging.

10.2.7 Modify MergeSortl to take advantage of runs already in the original string and of runs
accidentally created on each merge pass. How much would this help on randomly ordered strings?

10.2.8 Modify MergeSortl so that its action is exactly the same, but isolate the information that
it 1s sorting characters. Do this by replacing all direct character operations, e.g.,

IF Chl < Ch2
by procedure statements, e.g.,
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BEGIN
Compare (Chl, Ch2, Result):
IF Result = '<' ...

END

The text of these procedures would be trivial. (This kind of work, changing a program to behave no
?rently, but to use a structure that is adaptable to future changes, is called preventive
aintenance. See the following two exercises.)

1029 Modily MergeSortl so that it sorts words instead of characters. Use the scheme of the

evious exercise, but now write the procedures you've inserted with appropriate TEXT arguments
words.

10 )Modify MergeSortl so that it sorts lines instead of characters. (See the previous
ercise.

0.3 An Improved MergeSort

Preview

MergeSortl is a much better sorting algorithm than SelectSort, but it can be further
mproved to take advantage of accidental runs.

Each time MergeRuns executes, the size of each run in Txt is doubled. The following table
's the sizes of the runs after each execution of MergeRuns.

Merge Run Size

00 o bSO

16
32
2k

O A W~

is sorted when only a single run remains. For n characters, this will occur when k merges have
done, and 2% > n. Since each merge must read and write all n characters of the file and k
zes are needed, the number of reads and writes performed by this program is n X log, n. It is
-resting to compare MergeSortl with SelectSort, which sorted a file of size m in m X m
s and writes. To make a fair comparison, assume SelectSort works on a file of length n and
geSortl works on a file of length 2n. (MergeSortl initially doubles the length of the file with
# run markers. These marks decrease in number as the sorting proceeds, but taking the length
27 is more than fair to Selectsort.) The comparison is:

Number of reads and writes
Length of file | SelectSort | MergeSortl
n n? 2n X log, 2n
10 100 86
100 10,000 1,520
1000 1,000,000 22,000
10000 100,000,000 840,000

MergeSortl could be improved by taking advantage of the parts of a file that are already
.2 Instead of inserting arbitrary run markers, the actual runs might be used. With fewer,
.r runs, fewer calls to MergeRuns are needed. Of course if the file is in descending order, all
have length 1, but this will rarely be the case. Run markers are unnecessary since one run ends
1other begins wherever the last character read is greater than the current character.
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An example of the improved sort is shown below. The dots that mark runs are not actualls
present. )

Step Split strings  Merged string

wrcaot
Split w-c¢ r-aot
Merge rw-acot
Split rw acot
Merge acortw

The first split kept the run aot together because the letters were already in ascending order. Only
two merges are needed instead of three.

It is difficult to analyze the effect of using the natural runs in the merged files, because how
much is gained depends on the way in which runs deviate from the worst case of a reverse-ordered
file. However, even in the worst case the number of read and write operations is reduced from 2n =
logy 21 to 1 X log, n, which is better than a factor of six when n = 10,000.

The design for an improved MergeSort2 using actual runs is nearly the same as that for
MergeSortl, except that the # markers need not be inserted:

Design Part 3

PROCEDURE MergeSort2 (VAR Txt: TEXT):
VAR
Templ, Temp2: TEXT;
Sorted: CHAR;
BEGIN {MergeSort2}
CheckIfSorted (Txt, Sorted) ;
WHILE Sorted = 'N'
DO
BEGIN
SplitIntoRuns (Txt, Templ, Temp2) ;
MergeRuns (Templ, Temp2, Txt) ;
CheckIfSorted (Txt, Sorted)
END
END {MergeSort2}
Each design part of MergeSortl can be reused, with the changes below (numbered to correspons
to the numbers in Section 10.2)
Design Part 2.2.1 must be modified to provide a new method for copying runs alternately inte
Resultl and Result2. By passing a two-character window (LastCh and Ch) over Fileln, the
end of one run and the beginning of another occurs when the value of Ch precedes the value of
LastCh.
Design Part 3.2.1

BEGIN {copy runs alternately into Resultl, Result2}
Switch := '1';
Ch := "#';
WHILE NOT EOLN (FilelIn)

DO

BEGIN
LastCh := Ch;
READ (FileIn, Ch) ;
{if end of run, flip switch to indicate other file};
{copy Ch to Resultl if Switch='1l"'
and to Result2 otherwise}

END

END
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Ch is assigned the arbitrary value # before entering the WHILE statement so that the window exists
=ven at the first character.

Runs are no longer explicitly marked, so Design Part 2.2.1.2 must be modified as shown below.
Design Part 3.2.1.2

BEGIN {if end of run, flip switch to indicate other file}
IF Ch < LastCh

THEN
IF Switch = '1°'
THEN
Switch := "2
ELSE

Switch := '1'
END

Merging by runs is more complex than splitting when the runs are not explicitly marked. If the
character of the next run of a file is smaller than the remaining characters in the current run of
ther file, the run boundaries could be violated. The solution to this problem is to continue
ing characters from the same run as long as possible. If the last character added to the merged
is less than either of the characters at the heads of the runs to be merged, then both runs still
ave characters to process. However, i this character is greater than one of the characters at the
of a run but not the other, then the first run has ended but the second has more characters to
ess. As an example, consider the details of the first merge operation above:

Step Split strings  Merged string

wrcaot
Split w.¢ r-aot
Merge
1 WeC aot r
2 c aot w
3 c ot rw-a
4 ot rw-ac

r step 1 of the merge, the r added to the merged string is less than the w on the first split
, so the run there has not ended; but, r is greater than the a on the second split string, so
run has ended.

A more systematic analysis of this situation can be accomplished using a table to analyze the
ions between the last character added to the merged run m, the next character s in Templ,
the next character ¢ in Temp2.
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s<i s>t
m< s t>s>m s>t>m
< both runs continue both runs continue
next char from Templ | next char from Temp2
m<s t>s>m>t s>m >t
m >t impossible condition Temp2’s run finished
next char from Templ
m>s t>m>s s>t>m>s
m <t Templ’s run finished impossible condition
next char from Temp?2
m> s m>t>s m>s>t
m >t both runs finished both runs finished
next char from Templ | next char from Temp2

This analysis leads to an altered design for MergeRuns. The most obvious change is that c»
must be initialized to the smaller of the first characters in Inl and In2, so that the above tests

can be applied.
Design Part 3.1

PROCEDURE MergeRuns (VAR Inl, In2, Result: TEXT) ;
{merge the runs in Inl and In2
into the runs in Result}
VAR
Ch, Chl, Ch2, Choice: CHAR:
BEGIN {MergeRuns}
{initialize file parameters};
READ (Inl,Chl):;
READ (In2,Ch2) ;
{if neither Inl nor In2 are empty, Ch := min(Chl,Ch2)};
WHILE NOT ECE (Inl) AND NOT EOF (In2)
DO
BEGIN {merge runs from Inl and In2 into Result}
{set Choice to 'l' to read from Inl,
'2' to read from In2}:
{replace Ch with Chl or Ch2 depending on the value
of Choice and get a new value for Chl or Ch2}
END;
{copy the last run of Inl or In2 into Result};
{reset file parameters}
END {MergeRuns}

Design Part 3.1.5

BEGIN {if neither Inl nor In2 are empty, Ch := min(Chl,Ch2)}
IF NOT EOF (Inl) AND NOT EOF (In2)
THEN
{Ch := min(Ch1l,Ch2)}
IEF Chl < Ch2

THEN

Ch := Chil
ELSE

Ch := Ch2

END
The choice of where to read the next character is made according to the analysis above:
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Design Part 3.1.1

BEGIN {set Choice to 'l' to read from Inl,
'2' to read from In2}
IE (Ch <= Chl) OR (Ch <= Ch2)
THEN {current run can be preserved}
IE (Ch2 > Chl) AND (Chl >= Ch)
OR (Chl >= Ch) AND (Ch > Ch2)
THEN
Choice := '1'
ELSE
Choice := '2'
ELSE {start new run with lesser character}
IF Chl < Ch2
THEN
Choice := '1°
ELSE
Choice := '2°'
END

 Finally, the last value that was written to Result becomes the new value of Ch. Whichever of
Chl or Ch2 had its value copied to Ch must be replaced with a new value from Inl or In2
appropriately.

Design Part 3.1.2

BEGIN {replace Ch with Chl or Ch2 depending on the value
of Choice and get a new value for either Chl or Ch2}
IF Choice = '2'
THEN
BEGIN
Ch := Ch2;
WRITE (Result, Ch2) ;
READ (In2, Ch2)
END
ELSE
BEGIN
Ch := Chl:
WRITE (Result,Chl) ;
READ (Inl,Chl)
END
END

Zither Chl or Ch2 (the one whose value was not chosen as the value of Ch) and any remaining
characters that follow them in Inl or In2 respectively must be added to Result.
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Design Part 3.1.3

BEGIN {copy the last run of Inl or In2 into Result}
IF NOT EOF (Inl)
THEN {copy the last run of Inl (if any) to Result}
BEGIN
WRITE (Result, Chl) ;
CopyOpen (Inl,Result)
END
ELSE {copy the last run of In2 (if any) to Result}
BEGIN
WRITE (Result,Ch2);
CopyOpen (In2,Result)
END
END;

All that remains is to modify CheckIfSorted to reflect the fact that # is no longer used to mark
runs.

Design Part 3.3

PROCEDURE CheckIfSorted (VAR FileIn: TEXT; VAR Sorted: CHAR):
{set Sorted to 'Y' if Fileln contains
one run and to 'N' otherwise)}
VAR
Ch, LastCh: CHAR:
BEGIN {CheckIfSorted}
RESET (Fileln);

Sorted := 'Y';
IF NOT EOLN(Fileln)
THEN

READ (FilelIn, LastCh):
WHILE NOT EOLN(FileIn) AND (Sorted = 'Y')
DO

BEGIN

READ (FileIn,Ch);
IF Ch < LastCh
THEN
Sorted := 'N':
LastCh := Ch
END:;
RESET (FilelIn)
END {CheckI fSorted}

The complete design for MergeSort2 may now be assembled using Design Parts that begin with 3
where they have been given, and otherwise those that begin with 2 from MergeSortl.

10.3.1 Exercises

10.3.1 In MergeSortl and MergeSort2 there are a number of differences between Design Parts

2.1.2 and 3.1.3, that play a very similar role in the different versions of MergeRuns. Account for
each difference.

10.3.2 In the analysis of merging natural runs without boundary markers, a table was given to
determine whether runs are ended or not, based on the values of characters heading the split files,

and the character just merged. Prove each of the statements in this table that refer to runs being
finished.
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10.4 Chapter Summary

Word strings offer a substantial challenge for the programmer. Although this is a very simple string
and substring structure, there are problems in processing it that require all the power of good design
1d analysis to solve correctly. '

The problem of removing extra blanks from a file was used to demonstrate problem description
sing BNF, and the method of partition testing based on such a description. The proof that the
design does what it is supposed to do is the most difficult seen so far in this text.

Sorting by splitting and merging files is a far more efficient technique than those investigated in
Chapter 4. It sorts a file of length n using roughly n X log, n read and write operations.
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CHAPTER 11
PROGRAMMING WITH RECURSION

Chapter Preview

Recursion is a problem-solving approach in which a problem to be solved is reduced to a simpler
problem of the same type. The complete problem solution takes the form of a recursive
procedure, which makes the necessary reduction, then invokes itself to solve the simpler problem.

11.1 Recursive Procedures in CF Pascal

Preview

Procedures in CF Pascal can include procedure statements naming themselves. For some
problems, recursion is the natural and comprehensible approach, superior to an iterative
solution.

New ideas: recursion and its implementation in CF Pascal

11.1.1 Problem Solving with Recursion

The family-of-problems method presented in Chapter 4 leads to recursive solutions. As 1llustrated Fi
the IFSort and MinSort families of programs, this approa.ch sorted longer strings
previously developed sorts for short strings. For example, in the MinSort family of progra
MinSort4 (which sorted 4-strings) could be described in terms of MinSort3; MinSortS could
described in terms of MinSort4; etc. The solution to sorting an m-string is to use an (m-1)-stri
sort.

This is precisely the concept in SelectSort; given an m-string to sort, the minimum character
removed. But this leaves an (m-1)-string to sort, which SelectSort completes by continuing &
process, getting an (m-2)-string, ..., 2-string, 1-string to sort in turn. The final problem, sorting a 1-
string, has a trivial solution.

This problem-solving strategy finds a way to repeatedly reduce a problem to a smaller problem
of the same form, until at last a problem is reached which can be solved directly. Suppose
procedure can be written to solve a problem for any member of such a family, with the problem data
in the procedure parameter. Then, this procedure should be able to call itself with a parameter
containing the data of a smaller member of the family. For example, imagine a procedure to sort &
string in file F1 to OUTPUT:
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PROCEDURE RSort (VAR Fl: TEXT):

VAR
Min: CHAR;
E2: TEXT:

BEGIN {RSort}
RESET (F1) ;
IF NOT (EOLN (F1))
THEN
BEGIN
REWRITE (F2) ;
{Place the minimum character of Fl in Min,
and copy the other characters to F2}:;
WRITE (Min) ;
- {Copy F2 back to F1}:
{***}
END
END {RSort}

At the place marked {***} F1 holds a string one character shorter than it did when the
- procedure was begun, and the first character of the sort has been written. That is, the problem has

been reduced to sorting a shorter string, in exactly the same format for which RSort was designed.
- Thus {***} can be replaced by the procedure statement:

RSort (F1)

1 the case of an empty file, there is nothing to write to OUTPUT, and RSort does exactly that,
because of its test for EOLN.

Now suppose RSort appears in a procedure statement:
PROGRAM DoRSort (INPUT, OUTPUT) ;
VAR
Raw: TEXT;
{Include PROCEDURE RSort (VAR F1l: TEXT)}
BEGIN {DoRSort}
REWRITE (Raw) ;
{Copy a line of INPUT to Raw}:
WRITELN ('Sorted output is:');
RSort (Raw) ;
WRITELN
END. {DoRSort}

ere appears to be something magical about this sorting program. RSort seems to process only
character, not to sort at all. But it will be executed over and over within itself, each time
ocessing one character, until finally the parameter file becomes empty. Every character in the file
be added to OUTPUT, and in sorted order.

.2 Recursive Procedure Execution

‘hen a procedure declaration includes a procedure statement with its own name—a recursive call—
othing very special happens. Newly activated parameters and variables suppress any references to
previously activated namesakes, which just happen to include their own previously activated
stances. Neither does anything special happen when such a procedure completes execution. The
=st activations of the procedure variables disappear, leaving the previous namesakes accessible,
=d the statement following the procedure statement is executed.

Because each invocation of a recursive procedure uses the same local-variable names (and often
same parameter names), there is potential for confusing the separate values attached to these
ames. Keeping track of values requires care, but is not much different than the care required to
dle scope confusions that occur without recursion. Consider the recursive procedure in the
owing program:
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PROGRAM RunReverse (INPUT, OUTPUT) :
PROCEDURE Reverse (VAR Filel: TEXT) ;
VAR ‘
Ch: CHAR:
BEGIN {Reverse}
IF NOT (EOLN (Eilel) )
THEN
BEGIN

READ (Filel, Ch):
Reverse (Filel) ;
WRITE (Ch)
END
END; {Reverse}

BEGIN {RunReverse}
Reverse (INPUT) :
WRITELN

END. {RunReverse}

Execution

INPUT :AB
OUTPUT: BA

In this execution Reverse is invoked three times, the first time in the procedure statement of the
program, the last two times in the procedure statement of the procedure. Each such procedure
statement causes the execution of the procedure block, beginning with the VAR declaration. Each
such declaration defines a new copy of variable Ch, and the Pascal machine holds and hides the
previous variable of the same name.

The first two executions include execution of a procedure statement using Reverse again, but
the third execution is completed without any effect because the IF condition fails. At completion of
each procedure statement, two things happen, namely (1) the variable Ch for that procedure
execution disappears, exposing a hidden Ch (for the two calls within Reverse), and (2) the next
statement is executed. In the inner two executions, this next statement is WRITE (Ch), and in the
outer execution the program terminates.

The execution table below shows in detail what happens.
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e

Execution Table for RunReverse

After execution of

INPUT

OUTPUT

EOLN (Filel)

Ch in execution

1

2

3

PROGRAM RunReverse.. .

BEGIN
Reverse (INPUT)
BEGIN
VAR Ch: CHAR
IF NOT (EOLN(...
BEGIN
READ (Filel, Ch)
Reverse (Filel)
BEGIN
VAR Ch: CHAR
IF NOT (EOLN (...
BEGIN
READ (Filel, Ch)
Reverse (Filel)
BEGIN
VAR Ch: CHAR

IF NOT (EOLN(...

END
WRITE (Ch)
END
END
WRITE (Ch)
END
END
WRITELN
END.

The next example reverses the statements within the recursive procedure: first it writes, then
es the recursive call. The result is to copy in the original, not reversed, order.

PROGRAM RunCopy (INPUT, QUTPUT) ;

AB
AB/

AB/

AB/

AB

BA/_
BA

PROCEDURE Copy (VAR Filel: TEXT):

VAR
Ch: CHAR;
BEGIN {Copvy} -

IF NOT (EOLN (Filel))

THEN
BEGIN

READ(Filel, Ch);

WRITE (Ch) ;

Copy (Filel)
ND

END; {Copy}
BEGIN {RunCopy}
Copy (INPUT) :
WRITELN
END. {RunCopy}

FALSE

FALSE

TRUE
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Execution

INPUT :AB
OUTPUT: AB

In the iterative version of copying, each character is moved from the input file through a program
variable to the output file. The recursive version doesn’t work this way at all; instead, each input
character is held in a different local variable, and all exist in the Pascal machine at the same time.
These characters can be recovered, as in the next example, a program which first copies the input
characters, then adds them in reversed order.

PROGRAM RunPalindrome(INPUT,OUTPUT);
PROCEDURE Palindrome (VAR Filel: TEXT):
VAR
Ch: CHAR:
BEGIN {Palindrome}
IE NOT (EOLN (Filel))
THEN
BEGIN
READ (Filel, Ch);
WRITE (Ch) ;
Palindrome (Filel);
WRITE (Ch)
END
END: {Palindrome}
BEGIN {RunPalindrome}
Palindrome (INPUT) ;
WRITELN
END. {RunPalindrome}

Executions

INPUT :AB
OUTPUT: ABBA

INPUT :123456789
OUTPUT: 123456789987654321

11.1.3 Exercises

11.1.1 In the program DoRSort that begins this chapter, why can’t the WRITELN statements be
put inside the procedure RSort?

11.1.2  Create an execution table for the first sample execution of RunPalindrome.

11.1.3  Make up data that will structurally test RunPalindrome.

11.1.4 The danger in recursive programming is that the recursion will be unending. It is essential
within a recursive procedure to (A) test for termination, and (B) reduce the problem to a strictly
simpler one before making the recursive call. Consider the program:
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{Include PROCEDURE NextDigit (VAR Di: CHAR) ;
Dl is replaced by its successor in the
sequence 0123456789012...}

PROCEDURE CountUp (VAR Now: CHAR) ;

BEGIN {CountUp}
IF Now < 'g°
THEN
BEGIN
WRITELN (Now) ;
NextDigit (Now) ;
CountUp (Now)
END
END {CountUp}

a) Write out the execution table starting with a state in which Now is initially 3.
b) Why is the test in general inadequate (see (A)
CountUp were interchanged. Why then has t
above)?
1115 “Tail recursion” occurs when th
EunCopy, so the execution sequence is:

work /call/work /call/ ... [work fcall /return/ ... /return/return.
The opposite is “initial recursion”
EunReverse, with execution sequence:

above)? Suppose the calls on NextDigit and
he problem not been properly reduced (see (B)

e unit of work is done before the recursive call, as in

where the work is done after the recursive call, as in

call feall/ ... [eall/work freturn/ ... /work freturn /work /return.
2) Show where the tests for termination should appear in each of these sequences.

b) Which kind of recursion does RunPalindrome use?

11.2 Sorting and Reversing with Recursion

Preview

Recursion often leads to program designs that are simple and elegant. The idea behind fast
sorting using splitting and merging can be applied recursively.

New ideas: recursive sorting, recursive reverse

11.2.1 Recursive Sort

ESort sorts using the idea of repeated selection, iterativel
MergeSort is a much faster iteration sort than SelectS
MergeSort? To apply recursion effectively,

the halves are separately sorted, they can be
example:

¥y expressed in SelectSort. However,
ort. Is there a recursive counterpart to
the string to be sorted must be divided, say in half. If
merged to give the desired result, as indicated by the
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Given:
tcharactert
Split into half strings:
tcharat tctert
Sort half strings:
taacgrt tcertt
Merge half string into sorted string:
taaccehrrtt
The recursion will occur in the second step: the same procedure can be used to sort the half strings
that was applied to the whole.
It remains only to find a way to split a file into halves. One way is to copy every other
character of the first file into a “counting file,” then use this counting file to measure out the first
half of the original file into another file, then copy the rest of the original into yet another file. But
the counting file itself is half the original, just not the first half. It is an essential feature of sorting
that it doesn’t matter how the original file is scrambled, so long as no characters are lost, and so
taking alternate characters for the split will do, as this example shows:
Given:
tcharactert

Split odd and even characters:
tcaatrt threet

Sort half strings:
taacrtt tcehrt

Merge half strings into sorted string:
taaccehrrtt

The half strings are different, but the final result is the same as before.

Each recursion will be sorting a file that is no more than half the length of the one it began on.
Eventually this division will produce a file of one character, which is already sorted. Thus the
recursion is ended by checking the file length.

These ideas lead to a design for a fast recursive sort:
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Design Part 1

PROCEDURE RecursiveSort (VAR F1: TEXT) :
VAR
F2, F3: TEXT:
Ch: CHAR;
{PROCEDURE Split (VAR F1, F2, F3: TEXT)
Split F1 between F2,F3}
{PROCEDURE Merge (VAR F1, F2, F3: TEXT)
Merge F2,F3 into F1}
BEGIN {RecursiveSort)
RESET (F1) ;
IF NOT (EOLN (F1))
THEN

BEGIN
READ (F1, Ch);
IF NOT (EOLN (F1))
THEN {File has at least 2 characters}
BEGIN
Split(F1, F2, EF3);
RecursiveSort (E2);
RecursiveSort (F3):
Merge (F1, F2, F3)
END
END
END {RecursiveSort}

Design Part 1.1

PROCEDURE Split (VAR F1, F2, F3: TEXT) ;
{Split F1 between F2, F3}
VAR
Ch, Switch: CHAR;
BECIN {Split}
RESET (F1) ;
REWRITE (F2) ;
REWRITE (E3) ;
{Copy F1 alternatively to F2, E3};
WRITELN (F2)
WRITELN (E3)
END {Split}
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Design Part 1.1.1

BEGIN {Copy F1 alterna
Switch := "2,

WHILE NOT (EOLN (E1))
DO

tively to F2, F3}

BEGIN
READ (F1, Ch);
IF Switch = '2

THEN
BEGIN
WRITE (E2, Ch);
Switch := '3°
END
ELSE
BEGIN
WRITE (F3, Ch) ;
Switch := '2°¢
END
END

END
Design Part 1.2

PROCEDURE Merge (VAR F1, F2, F3: TEXT) ;
{Merge F2, F3 in sorted order into EF1}
VAR

Ch2, Ch3: CHAR:
BEGIN {Merge}
RESET (E2) ;
RESET (F3) ;
REWRITE (F1) ;
READ(F2, Ch2);
READ (F3, Cha);

WHILE (NOT (EOF (F2))) AND (NOT (EOF (E3)))
DO

IF Ch2 < Ch3
THEN
BEGIN
WRITE (F1, Ch2);
READ (F2, Chz2)
END
ELSE
BEGIN
WRITE (F1, Ch3) ;
READ (F3, Ch3)
END:
{Copy rest of F2 to F1};

.

{Copy rest of F3 to F1};
WRITELN (E1)
END {Merge}
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Design Part 1.2.1

BEGIN {Copy rest of F2 to F1}
WHILE NOT (EOF (F2))

DO
BEGIN
WRITE (F1, Ch2);
READ (F2, Ch2)
END
END

Design Part 1.2.2

BEGIN {Copy rest of F3 to EFl}
WHILE NOT (EOF (F3))

DO
BEGIN
WRITE (F1, Ch3);
READ (E3, Ch3)
END
END

2e Tecursive solution is cleaner than the iterative one, because it need not identify or preserve run
oundaries.

2.2 Recuraive Reverse

sion can be used to reverse a string in a similar way, as indicated by the example:
Given:
tcharactert
Split string into first half, second half:
tcharat, tetert
Reverse half strings:
tarahet, fretct
Interchange reversed half strings:
tretet, farahet
Combine interchanged reversed half string into reversed string: |
tretcarahct ‘
, the awkward half split can be avoided. Suppose the file were split by alternate characters, as

sorting. If these parts were each reversed, then woven back together alternately, the result
d be the reversal of the original string, as in the example:

Given:
tcharactert
Split string into odds, evens:
tcaatr}, thrcet
Reverse half strings:
frtaact, teerht
Interweave half strings:
tretcarahet
e example shows that care is required when interweaving the reversed strings: the first character

come from the split that received the last character of the original. These ideas lead to a
gn for fast recursive reversal:
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Design Part 2

PROCEDURE RecursiveReverse (VAR Fl: TEXT) ;
VAR
F2, E3: TEXT;
Ch, Last: CHAR:
BEGIN {RecursiveReverse}
RESET (F1) :
IF NOT (EOLN(E1))
THEN
BEGIN
READ(E1, Ch):
IF NOT (EOLN(F1))
THEN {File contains at least two characters}
BEGIN
{split F1 into F2 and E3 and record which
receives the final character in Last}:
RecursiveReverse (F2):
RecursiveReverse (F3):
{Interweave F2 and F3 into Fl beginning
according to what is recorded in Last}
END
END {RecursiveReverse}

The remaining parts of the design are similar to those in RecursiveSort.

11.2.3 Exercises

11.2.1 The procedure Reverse of Section 11.1.2 does string reversal.
a) Work out the number of read /writes needed to reverse a file of length n.
b) Similarly analyze RecursiveReverse and compare.
¢) Contrast these two reversing routines by where they hold the characters before releasing them
d) Discuss using the idea of Reverse to do sorting.

1122 Make up a set of data that will structurally test each of the following parts of
RecursiveSort.

a) the procedure Split
b) the procedure Merge
c) the complete procedure RecursiveSort
11.2.3 Create an execution table for RecursiveSort with input string tcharactert.

1124 RecursiveSort may carry out unnecessary recursion by failing to recognize files which are
already sorted. Modify it to check whether F1 is sorted before using the recursive procedure
statements.

11.2.5 Complete the design of RecursiveReverse.

1126 In RecursiveReverse, explain why the variable Last must be a local of the procedure,
rather than a global in a program that calls the procedure. Is the same true for F2 and E3?7
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11.3 Solving Problems with Recursion

Preview

Recursion is a general problem-solving technique which can be helpful in many situations. The
classic Towers of Hanoi problem has an elegant recursive solution.

New ideas: Towers of Hanoi.

11.3.1 The Towers of Hanoi

e Towers of Hanoi is an ancient puzzle which uses a board with three pegs and a set of disks of
distinct sizes, each with a hole which permits it to be slid onto a peg. A set of disks stacked on a peg
s called a fower if no disk rests on a smaller disk: otherwise the set is called a rubble. By this
Zefinition there is a tower on a peg with no disks. It is convenient to represent a disk with a number,
= larger number signifying a larger disk. In this form, here is a representation of a board:

S

e first and second pegs hold towers; the third peg holds a rubble.

The Towers of Hanoi begins with one tower on the board. The puzzle is solved if this tower
be transferred to another peg by moving only one disk at a time, never creating a rubble. That
at every step, the board must contain three towers. If the number of disks is n, we say it is an n-
puzzle. For example, a 4-disk puzzle begins with the board:

1
2
3 T1
4
would be solved with the board
1
2
3 T2
4

the proper moves to make the transition).

The Towers of Hanoi puzzle is a worthy adversary for the intuition. It would be an important
rmediate step to get disk 4 from the first peg to the second peg. That could be accomplished
the position:

T3

e

suggests, in turn, a new objective, namely to create the board:

D S U

= which disk 3 can be placed on top of disk 4:

|
Wk
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| )

4
then disk 1 moved to the third peg:

| -

4 1
and the puzzle finished by moving disk 2, then disk 1 to the second peg.

The board T5 seems to be a good objective, but it may he hard to realize. However, the

boards T6, T7, T2 were created step by step from T5, and provide a basic pattern that can be
generalized and expanded.

In order to see how to move a subtower from one peg to another, consider moving a 2-disk
tower from the first peg to the second peg:

|

2
As in TG, first move disk 1 to the third peg:

| |

then disk 2 to the second peg:

2
and finally disk 1 to the second peg:

1
2

Here are several observations about this move:

1. The entire move takes three steps.
2. The first disk goes to the peg not intended as the final destination for the tower.

3. The move of tower 1/2 can be a step in moving subtower 1/2/3, by regarding the latter as 2
two-disk problem where one disk is the composite (1/2), the other is 3.

Observation 3 returns to the 4-disk problem, and how to get from T1 to T3, namely how to move
subtower 1/2/3 from the first peg to the third peg. Regard the subtower 1/2/3 as a 2-tower (1/2)/3
with composite disk 1/2. By observation 2, (1/2) must not go to the destination, That is, we want
to move 1/2 to the second peg. But in order to do that, its first disk (disk 1) must go to the
nondestination, namely the third peg (the destination for the subtower 1/2/3, but not 1/2). This
discussion has outlined the steps needed to move from T1 to T3:

T1

T8

S W— bWt
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In this process the composite disk (1/2) is moved twice, each move requiring 3 steps, and disk 3 is
moved once, so there are 3 +3 +1 =7 steps in moving the 3-tower.

A final observation generalizes the solution for a 4-disk puzzle to that for an n-disk puzzle.
The moves from T1 to T3 to T4 to T2 may be thought of as a 2-disk move with composite disk
(1/2/3) and disk 4: _

1
2
3 ‘ T1
4
l 2 T3
: 3
l 2 T4
] 3
1
2
3 T2
3

erefore, an n-disk puzzle can be solved by a 2-disk move with composite disk (1/2.../n-1) and disk

.3.2 Mathematical Induction

hough the Towers of Hanoi puzzle can be solved in a few steps with a few disks, it is very difficult
more disks. The legend has it that a 64-disk puzzle, the disks made of gold on diamond spindles,
worked on day and night by specially trained monks. When they solve it, the world will end.
en will that be? The principle of solution is simple, but the number of steps is immense. If the
isk puzzle took 16 times as many steps as the 4-disk puzzle (because it is that many more disks),
would be tedious, but could be done at one sitting. If it took 162 = 256 times as many steps, the
onks would be bored, but the world would soon end. Could it require more steps?

The number of steps required to solve an n-disk puzzle in the way indicated above can be
culated. For a few cases:
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Number of Disks n i Steps S

3 U WD
B B B BD GO
=3
P

Each S, is obtained as the number of steps required to move a composite (1/2/.../n-1) disk twice and
disk n once. The number of steps in the composite move can be obtained from the previous line of
the table. In fact even S; and S, can be described by the same formula, since 1 =2(0) + 1, and 3 =
2(1) + 1. Do the number of steps 1, 3, 7, 15, 31, ... have a pattern? FEach is one less than the
successive powers of 2, as seen in a table with an additional column:

n (Disks) | S, (Steps) | 2n

1 1 2
2 3 4
3 7 8
4 15 16
5 31 32

But what of the general case? Is
S, =2n- 17

Mathematical induction is a method for proving formulas of this kind.

Let a Boolean expression B(n) be written in terms of some natural number . Suppose that for
one natural number n,, the expression holds:

H1: B(n;) = TRUE,

and that for every n > ny, if B(n) holds, then so does B(n+1):
Hg: if B(n) = TRUE then B(n+1) = TRUE, all n > n,

Then it follows that in fact B(k) holds for every natural number k > ny;
C: B(k) = TRUE, all k > n,.

This principle of mathematical induction is intuitively correct, because to establish B(64), given that
B(1), proceed as follows:

Identification  Conclusion Reason
co B(1) by Hi1
C1 B(2) by C0 and H2
c2 B(3) by C1 and H2
o B(64) by C68 and H?

H1 is called the initial hypothesis (or base case), and H2 is called the induction hypothesis. C is called
the induction conclusion. Proving HI and H2 in order to conclude C is called a proof by induction.
For the Towers of Hanoi, B(n) is

S, =2"-1.
Starting with a 1-tower, one move is required, and this establishes
Hi: § =21-1.

H2 is the statement:
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Heg: if S, =2"-1, then Sppy =211,
‘The relationship that is known from the method of solution of the puzzle is that
S,,.H = 2Sn + 1.

requires that from S, = 27 - 1 it should follow that 5,41 =2"1- 1. Substituting the formula for
in terms of n:

Spp1 =25, +1=2(2"1) +1 =20+ .2 4 ] =0+l . ],
was to be proved. Thus with HI and H2 established,
C: Sy, =2F-1 fork>1
been proved by induction.
The 64-disk puzzle will therefore take 264 -1 steps to solve, which is about 50,000,000,000,000
, even if the monks move one disk a second and never make a mistake. The world appears safe

h, unless of course the monks can find some clever way to solve the puzzle faster. It is
bly not in their nature to seek better methods while they work.

A Recursive Procedure for the Towers of Hanoi

solution devised for the n-disk Towers of Hanoi puzzle is in terms of a solution to the (n-1)-disk

Thus a recursive procedure should solve the puzzle most easily, the recursion terminating
there is only one disk to move. To describe the moves, the spindles can be given character
,say A, B, and C. Then “move A to C” means to transfer the top disk from spindle A to the
of the tower on spindle C. In these terms the solution to the 2-disk puzzle is given by:

move A to C
move Ato B
move C to B

The design for a recursive procedure to solve the puzzle is:
Design Part 3

PROCEDURE MoveTower (VAR Size, From, Onto, Via: CHAR) ;

{Move the top Size disks from tower From
to tower Onto via tower Via. The tower names
must be sensibly related and Size between 1 and 9.}

VAR
Sizel: CHAR;

{Include PROCEDURE PreviousDigit (VAR D1: CHAR) ;
((P1 > '0') AND (D1 <= '9') --> D1 := D1 -1) |
(DL = 0 --> D1 := '9')} '

PROCEDURE PrintMove (VAR Orig, Dest: CHAR);
BEGIN {PrintMove}

WRITELN (' ', Orig, ' -> ', Dest)
END; {PrintMove}
BEGIN {MoveTower}
IF Size > '1°'
THEN
BEGIN
Sizel := Size:
PreviousDigit (Sizel):
MoveTower (Sizel, From, Via, Onto):
PrintMove (From, Onto):
MoveTower (Sizel, Via, Onto, Erom)
END
ELSE
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PrintMove (Erom, Onto)
END {MoveTower}

This procedure can be tested by including it in a program that assigns labels to the spindles:
PROGRAM HanoiPuzzle (INPUT, QUTPUT) ;
VAR
Order, S1, S2, S3: CHAR;
{PROCEDURE MoveTower (VAR Size, From, Onto, Via: CHAR) ;
{Move the top Size disks from tower From
to tower Onto via tower Via. The tower names

must be sensibly related and Size between 1 and 9.}
BEGIN {HanoiPuzzle}

READ (Order, S1, Sz, S3);
IF (Order < '1') OR (Order > '9')

OR (S1 ="' ') OR (S2 ="' ") OR (S3 ="' ')
OR (S1 = S2) OR (S2 = S3) OR (S3 = S1)
THEN
WRITELN ('Input is badly formed.')
ELSE
BEGIN

WRITELN ('Moves in order:'):
MoveTower (Order, S1, S2, S§3);

WRITELN('...which solves the puzzle.')
END

END. {HanoiPuzzle}
Executions
INPUT :2AAB
OUTPUT:Input is badly formed.
INPUT :2LMR
OUTPUT:Moves in order:

L - R
L - M
R- M

...which solves the puzzle.

11.3.4 Exercises

11.3.1 Prove by mathematical induction that the sum of the natural numbers up to n,
04+14+24+..4+n

is n(n+1)/2.

11.3.2 Work out an execution table for the 2-disk case using HanoiPuzzle with input
<f{2PQRt>.

11.3.3 Do the executions shown with HanoiPuzzle constitute a structural test of this program?
11.34 Explain why the introduction of the local variable Sizel is or is not essential to the
operation of MoveTower. That is, could the parameter Size be used instead?

11.3.5 Modify MoveTower to eliminate the parameters Erom, To, and Via. That is, allow the
procedure to assign its own spindle names, ¢liminating the possibility that they will be improperly
assigned.

11.3.6 Modify MoveTower so that it is permitted to move two disks together, so long as towers are
preserved. Does this reduce the number of moves by a factor of 27 What happens to the number of
moves required if larger and larger towers may be moved as a unit?
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11.3.7 What changes would be needed in MoveTower

2) if the rule were that the tower began inverted (larger disks on top) and must be moved to
another peg inverted, creating only inverted towers along the way?

b) if the tower starts off right side up, has to be moved inverted, to wind up right side up?

11.4 The Calculus of Recursive Procedures

Preview

Recursion is a powerful programming technique, but it poses difficulty in obtaining the meaning
of procedure statements, for they can be defined in terms of themselves. The definition leads to
2 recurrence equation, which can be solved for the part function of a recursive procedure.

When there are procedure statements within the <block™ of a procedure, the part-function
d=finition of Section 9.2.5 might have to be applied within itself, to get the meaning of the inner
siatements as a part of obtaining the meaning for an outer procedure statement. Each procedure
whose text is retrieved from the execution state might contain procedure statements, to be handled
Sy retrieving their texts, and so on. In general there are just two possibilities for this repeated
process. One: it may eventually happen that all the texts needed are retrieved, the last ones
containing no procedure statements, and the meaning may then be calculated without any
complication. Or, two: the procedure statements form a cycle, in which inside the text of one
procedure that same procedure text is needed. This can happen directly, if a procedure calls itself
secursively, or indirectly, for example, if procedure X calls Y and Y calls X. There are only these
“wo possibilities, that the procedure statements can be eventually eliminated, or they form a cycle,
Secause a program can contain only a finite number of procedure declarations, so any sequence of
one procedure invoked within another must be finite unless one is repeated.

11.4.1 Calcuiaﬁing the Meaning of Recursive Procedure Calls

The definition of Section 9.2.5 is adequate for calculation in case recursion does not occur. The
calculation of meaning proceeds from one procedure statement to the next, and in the end all are
seplaced by text whose meaning can be calculated directly. The recursive case is more interesting.
The meaning cannot be calculated directly, because any attempt to calculate from the recursive text
will once again require getting that text and calculating its meaning, a process with no end.

The situation is rather like the one for WHILE statements, and some of the same ideas can be
used. Sometimes the recursion can be seen to terminate for a particular state, and the definition can
Be used directly. For example, consider the program P:

PROGRAM LengthOfInput (INPUT, OUTPUT) ;
{Counts the number of characters moduloc 10 in a
one-line INPUT using the symbols 0 - 9.}
VAR

Nc, Number: CHAR;

{Include PROCEDURE NextDigit (VAR D1: CHAR) ;
D1 is replaced by its successor in the
sequence 0123456789012...}

PROCEDURE Count:;

BEGIN {Count}

IF EOLN
THEN
Number := 'O’
ELSE
BEGIN
READ (Nc) ;
Count;
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NextDigit (Number)
END
END: {Count}
BEGIN {LengthOfInput}
Count:;
WRITELN (Number)
END. {LengthOfInput}

Suppose the input is <tTW>. The state s when Count is first called is
s = {INPUT-<tt,TW,R>, OUTPUT-<11,11.W>, Nc-?, Number:?

(omitting the procedure identifier and attached text in the interest of space). In the text (e;
the ELSE branch is taken, and when the inner call on Count occurs, the state is

{INPUT-<tT} twiRr>, OUTPUT-<tt,t1.W>, Nc-T, Number?}.
Repeating this operation a third procedure statement occurs against the state

{INPUT-<$TW}t,R>, OUTPUT-<11,tt.W>, Nc+W, Number-?}.

Now the EOLN IF statement within the third procedure statement takes the THEN branch, s=
another procedure statement does not occur, and the state that is in existence just after the thire

call is
{INPUT-<tTWY,11,R>, OUTPUT-<t1,}1.W>, Nc-W, Number-0}.
This is in the midst of the second call, which can be completed now, returning to the first call the
state
{INPUT-<tTWt,tHR>, OUTPUT-<t},11.W>, Nc-W, Number-1}.
The original procedure statement finishes now, with the result:

{INPUT-<tTW}, 11 R>, OUTPUT-<t},t1.W>, Nc'W, Number-2},
and thus the result is

(<HTW>) = <t21>.
Although there are potentially an infinite number of procedure statements to consider, in fact for =
file containing a first line of M characters, only M+1 procedure statements will occur.

11.4.2 A Recursive Procedure Verification Rule

Just as it is not always possible in practice to expand WHILE statements until they terminate, or to
see the general case so that the number of iterations can be calculated, so it is not always practical
to unwind recursions. It can happen that the values of the expressions controlling the recursion are
too complex for analysis and another technique is needed. For WHILE statements it was enough to
unwind the loop once to obtain a recurrence equation; for recursive procedure statements such az
equation can be obtained directly. There are already at least two procedure statements in the
program: the original invocation, and the recursive call.

Calculating  the meaning of the procedure statement in the BEGIN statement of
LengthOfInput, :

[Count|=[BEGIN IF EOLN THEN ... END)

~ (<o, 1>:[ESA]() - TRUE,  ~ Fsmmor = 737]()
U {<s, £>: [EOLN|(s) = FALSE,
t = (|READ (Nc) o [_Couﬁlo Ba‘extDigit (Number) |)(s)}.

The function |Countlstands explicitly on both sides of this recurrence equation. The solution to suck
equations in gemeral is very difficult. but it is less hard to test a particular function to see if it is a
solution. Here if we believe the comment, the meaning of Count is the function J given by the
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