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ABSTRACT

Inviscid and viscous stability analysis has been conducted numerically for the

strongly nonlinear baroclinic flow in an annulus. An Eady model, modified by two

Ekman layers of different strengths, is employed and by using a truncated spectral

expansion, the model is reduced to a nonlinear automomous system of equations

which describes the dyneunics of several zonal wave number disturbances with its

lower two meridional y-modes, and of the mean flow correction with its lowest

four meridional y-modes. Each y-mode consists of a baroclinic and a barotropic

pattern.

Linear instability of the flow in the annulus is discussed for the stratification

parameter S and dissipation 8. In the strongly unstable inviscid case, for differ

ent initial perturbation, the wave goes through an amplitude vacillation cycle for

different time length, and finally, develops into irregular motion. In the viscous

nonlinear analysis, axisymmetric flow, traveling steady waves and amplitude vac

illation are found in the model. The difference between the solutions of several

zonal wave number and that of single zonal wave number are checked. With S

decreasing, i.e., radial temperature difference decreases if the rotation rate is fixed,

the zonal wave number transition occurs, and this transition phenomena does not

depend on the initial perturbation but is determined by the characteristics of the

flow. The meridional mode nxunber transition occurs while the supercriticality

increases. The higher Ekman dissipation damps the flow faster than that of the

lower one. The large dissipation damps the distmbance more effectively than the

larger stratification does.

The comparison of the present numerical results with experiments and existing

analytical result shows good agreement.
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CHAPTER I

INTRODUCTION

§1.1 Technical Background

In an attempt to understeind the general circulation of the atmosphere and

the origin of the earth's magnetic field, a series of experimentsf^"^^ have been per

formed in the past. Basically, there were two kind of experimental settings in use.

Either a "dishpan" or an annulus was filled with fluid and moimted on a rotating

table. The dishpan was differentially heated at the bottom in an axially symmetric

manner, whereas the differential heating of the annulus was achieved by holding

the vertical walls at different uniform temperatures, the outer wall normally being

warmer than the inner one. The experiments made with the annulus proved to

be easier to control and to reproduce. As shown in Figure 1-1, an incompressible,

viscous, heat-conducting fiuid was filled in the annulus of rectangular cross section

with a rigid upper lid. The annulus was constrained to rotate about a vertical axis

at a constant angular velocity. The rotation vector coincides with the axis of the

annulus and is opposite to the direction of the gravitational acceleration. The

annulus represents a hemisphere of the earth, the fluid represents the atmosphere,

and the motion of the fiuid is intended to represent the atmospheric circulation.

The characteristics of the observed flow in the annulus^®^ depend mainly on the

dimensionless parameters. Rot fJ^d T, where Rot Is a measure of the impressed

horizontal temperature contrast and T is a measure of the fluid viscosity.

These two principal dimensionless parameters are known as the thermal Rossby

number and the Taylor number. They are defined by

o  _

- a)2



A-aTh-1
T  aTv T

T
T

AT
T.+
0 ■ 2

Q.

(ii)

Fig. 1-1. Schematic of annulus test model
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u^d

where b, a, and d are the outer radius, inner radius and depth of the annulus,

respectively, a is the thermal expansion coefficient, AT is the impressed temper

ature difference between outer and inner walls, and u is the kinematic viscosity, g

is the gravitational acceleration, and Q is the rotation rate.

Experimentally, it was found that there is a value of the Taylor number,

T namely the critical Taylor number, T*, below which axisymmetric zonal flow

arises irrespective of the value of Rossby number. Rot- However, when T > T*.

axisymmetric flow occurs only at sufficiently high values of Rqti namely Rqt >

Roti i-®- upper axisymmetric regime. In this regime, the axisymmetric flow

is stable because of the high static stability set up by the convective motion. At

sufficiently low values of RqTi namely Rqt < R'oti lower symmetric

regime. In this region, the flow is stable because of viscosity and conductive

dissipation. Rqt ̂.nd R^qj- depend on T and also on the Prandtl number, cr.

Within the range Rqj, < Rqt < Rqt^ nonaxisymmetric. Three

regimes of nonaxisymmetric flow have been identified. They are: a. The flow

pattern has the form of steady horizontal waves. These waves drift slowly, and

with very imiform angular velocity, relative to the rotating apparatus; b. the

flow is irregular in the sense that although vestiges of a wave-like pattern are

present, rapid and complicated fluctuations occur; c. "vacillation" has properties

somewhat intermediate between those of the steady wave regime and the irregular

regime, and in its most pronoxmced form represents a transitional phenomenon

between the other two regimes. This last region is referred to as vacillation in the

sense of implying regular fluctuation. Vacillation observed in annulus experiments

has been divided into three categories!® amplitude vacillation, structural (or



tilted-trough) vacillation, and wave number vacillation. These vacillations are

characterized by periodic variation in wave amplitude, in wave structure and in

the dominant zonal wavenumber, respectively. The characteristics of some of these

flow regimes as well as their location in the RoTi T plane are shown in Figure 1-2

and Figure 1-3, respectively.

There are a number of atmospheric features which are observed in the middle

and high altitudes on daily weather maps or in the data pertaining to these atmo

spheric regions. The simplest one is the presence of a quasi-axisymmetric zonal

flow, the prevailing westerlies. This flow contains cyclones and planetary waves

which alter its zonal symmetry. Another important feature of atmospheric dynam

ics of the middle and high latitudes is the presence of quasi-periodic fluctuations

in the quantities which describe these flows. For example, the data analyzed by

Webster and Keller showed a fairly regular variation, with a 20 day period,

in the ratio of eddy to zonal kinetic energy at 200mb and over a mid-latitude

belt in the southern Hemisphere. This regular fluctuation, called vacillation, is

sometimes characterized by quasi-periodic variations in wave shape, with troughs

titillating from the North-East to the South-West or from the North-west to the

South-East, or by the meridional distribution of the wave energy which may result

in a situation of blocking the high or poleir vortex. For example. Van Loon et

al.f^^l found oscillations which were out of phase between the middle and the high

latitudes in the winter stratosphere indicating that appreciable fluctuations in the

meridional energy distribution existed.

Comparing vacillations in the atmosphere and in the annulus experiments,

it can be seen that the vacillation in the atmosphere seems to be a mixture of

amplitude vacillation and structural vacillation, in which amplitude vacillation is

characterized by large periodic growth and decay of wave energy. On the other
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hand, structural vacillation denotes fluctuations of the wave shape and energy

distribution in the radial direction with time, with comparatively small variations

in the total wave energyt^°l.

Thus, although the geometry of the annulus and the nature of the fluid are

quite different from those of the atmosphere, annulus experiments, when viewed

as efficient generators of baroclinic eddies, can be used effectively to study quasi-

geostrophic, nonlinear, baroclinic instabilities and to learn some of the fundamen

tal features of these nonlinear flows.

§1.2 Objectives of the Present Work

As discussed in the last section, baroclinic instability has been observed in the

laboratory experiments on the rotating annulus. So called baroclinic instability

is the instability which hinges on the noncoincidence of the constant density and

the constant pressure surfaces. It is also the most important form of instability

in the large scale flow of the atmosphere which has the feature of being nearly

hydrostatic, nearly geostrophic, and wave-like in appearance. In fact, annulus ex

periments have not only guided studies concerning the predictability or periodicity

of the atmosphere, but also have become the subject of numerous theoretical and

numerical studies.

The previous theoretical and numerical studies on the baroclinic instability

can be classified as linear, weakly-nonlinear and strongly nonlinear. The pioneering

work of Charney and Eddy demonstrated that the existence of large-scale

cyclone waves in the atmosphere could be explained in terms of the instability

of a baroclinic zonal current to infinitesimal wave disturbances. Since that time

the original theoretical problem has been considerably extended, usually by con

sidering the effects of more realistic basic states (e.g., the effects of horizontal



shear, viscosity, or departures from geostrophic balance^^®!). In such elaborations

of the problem the wave disturbance is still considered to be an infinitesimal dis

turbance on the basic flow. The subsequent results of the linear instability theory

are only valid while the growing amplitude of the wave remains sufficiently small

for nonlinear effects to be ignored.

Some effects of nonlinearity have been computed by Phillips Starting

with an unstable wave of small but finite amplitude which exhibited exponential

growth, he computed the second-order changes in the basic current in which the

wave was embedded. An unavoidable defect in such a straightforward expansion

is that each succeeding term in the amplitude expansion grows more rapidly than

the previous term and therefore severely restricts the time for which the expansion

remains valid. Nevertheless, the results of Phillips' calculations should be correct

initially and it only remains to find a method to embed them in a perturbation

theory which remains uniformly valid in time.

In addition to seeking a theory which adequately predicts the nonlinear wave

effects on the mean flow, the evolution of the wave itself to finite amplitude is of

importance.

Stuart and Watson in their discussion of the stability of homogeneous

shear flows, showed that when nonlinear processes were considered in that problem,

the squared modules of the amplitude A satisfies

^\A\^ = \A\\KCi-N\A\'). (1.1)

This is known as the Landau equation, and in which « is the wavenumber in the

direction of the basic flow, Cj the imaginary part of the phase speed of the wave as

calculated by linear theory, while N is the real part of a complex number calculated

according to a recipe given by their nonlinear theory. If KCj > 0 (linearly unstable



wave) and N > 0 (finite-amplitude stability), the amplitude tends monotonically

(Figure 1-4) to a steady final value given by

(1.2)\A\' = KCi/N.

lAl*

Fig. 1-4. Amplitude growth as a function of time

Indeed, it has frequently been hypothesized that an equation of the form (1.1)

must hold as a description of the amplitude evolution in a large variety of stability

problems.

The results of previous theoretical studies of the hydrodynamics instability in

the quasi-geostrophic flow fall into two categories: weakly nonlinear theory, and

strongly nonlinear theory. In the first category, the points representing the system

under investigation lie within the unstable region and near the marginal curve.

The marginal curve (or neutral stability curve) is the knee-shaped curve in Figure

1-3 which separates the axisymmetric flow region from the wave-like flow (non-

ajcisymmetric region). In the second category, general studies with different modes

in the unstable region and away from the marginal curve have been conducted.

A fairly complete weakly nonlinear theory of amplitude vacillation on the two

layer f-plane has been developed by Pedlosky (20][2i](22] asymptotic expan

sions near the neutral curve for a single unstable wave. Pedlosky suggested that

vacillation may be understood through the long time evolution of a nonlinearly
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unstable baxoclinic wave. For his analysis he used a two-level, quasi-geostrophic

model and accoimted for only weak nonlineaxity. By weakly nonlinear, it is meant

here that the analysis was confined to waves with parameters in the neighborhood

of the neutral stability curve in the regime diagram. He studied the inviscid, vis

cous and the weakly viscous cases. He found for the inviscid case, that the wave

went through an amplititude vacillation cycle which depended for all time on the

initial conditions. While for the viscous case, the distiubance evolved monoton-

ically towards a steady state. Only when the dissipation was very small, did

long term unsteadiness or amplitude vacillation appear. In all of these analyses,

only the interaction of single zonal and meridional waves with the basic state was

considered. Allowance was made for wave-wave interaction. Also by its nature

such em analysis is restricted to small supercriticality whereby the wave-mean flow

interaction weis very modest. In a later work, Pedlosky combined both dissi

pation and the ̂ -effect and found, again for the two-level model, that vacillation

may occur when both effects are small at fixed supercriticality. However, upon

increasing either of these effects only steady solutions existed.

In a related study Drazin considered the evolution of a weakly non

linear unstable baxoclinic wave in a continuously stratified fluid. His results were

to a certain degree similar to those found for the two level model. He again foimd

a steady state equilibration for large dissipation and periodic oscillation for the

inviscid case.

Baxcilon and Drazin^^®' used a weakly nonlinear theory to study the barochnic

instability in the quasi-geostrophic flow of a slightly viscous fluid in a rectangular

channel. The basic states differ slightly from Eady's model. Owing to these

differences, the critical layers lead to weak instabilities. The weak dissipation is

allowed to overcome exactly the growth on a marginal cmve different from Eady s.
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They found that in some regions of the parameter space amplitude vacillation

occurred.

Chou and Loescht^^^^^®' used the asymptotic approach, the ad hoc approach,

and the spectral numerical approadi to study the Eddy model modified by Ekman

dissipation on the lower boundary and a free upper boundary. The time evolution

of the disturbance is generally characterized by a single biunp pattern, a growth

stage to a maximmn amplitude followed by a decay stage. Dming the decay stage,

the spectral solution develops an amplitude vacillation. The asymptotic and the

ad hoc solutions qualitatively capture the growth and decay of the disturbance,

but fail to predict vacillation. They also employed both asymptotic and spectral

numerical methods to study finite-amplitude dynamics of baroclinic disturbance in

the presence of asymmetric Ekman pumping at the lower and upper boundaries.

The results exhibit that eventual equilibration, regular vacillation, and chaotic

vacillation depend on the actual values of supercriticality, dissipation, stratification

parameters, and fundamental zonal wave number.

Boville working with the two-level model of Pedlosky studied the

effects of strong nonlinearity on the evolution of a baroclinic wave. Thus, he was

able to perform calculations in which the parameters settings were fairly close to

those found in the atmosphere and the annulus experiments. His analysis admitted

any degree of supercriticality and also full interaction was allowed between the

original basic state and the unstable wave. However, the analysis permitted only

the interaction between the harmonics of one unstable wave. Boville found that

considerable difference existed in the dynamics of vacillation between the ji- and f-

plane analysis. The inclusion of a single zonal harmonic gave a good approximation

to the full solution for the latter while it did not in the former. He found that the

interaction between waves of different zonal scales to be of crucial importance to
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the vacillation cycle on the /?-plane. He also showed that vacillation will occur in a

system fairly closely related to the atmosphere at mid latitude when the parameter

values were close to those in the atmosphere.

Wengl^^l used a modified Eddy model to study analytically and numerically

the behavior of strongly nonlinear, baroclinic waves in her dissertation. By means

of a truncated spectral expansion, the model is reduced to a nonlinear automous

system of equation which describes the dynamics of a single zonal wave number

disturbance with its lowest two meridional modes, and of the mean fiow correction

with its lowest four meridional modes. Each meridional mode consists of a baro

clinic and a barotropic pattern. She gave a unified picture that described the four

regimes observed in the rotating annulus experiments, i.e. axisymmetric zonal

flow, traveling steady waves, amplitude vacillation and structural vacillation.

The transition from symmetric flow to steady wave flow is due to baroclinic

instability of the symmetric flow with respect to a lowest meridional mode, i.e.

siniry-perturbation. Steady waves are stable when the flow is energetically bal

anced between baroclinicity and the Ekman dissipation through nonlinearity.

The transition from traveling steady waves to amplitude vacillation is due to

the baroclinic instability of the traveling, steady, sinTry-wavy flow with respect to

a sinTry-perturbation. A typical amplitude vacillation is the vacillation of wave

potential energy with time, via interference of nonlinear barotropic and baroclinic

patterns of the lowest meridional mode of the wave.

The transition from amplitude vacillation to structural vacillation is due to

both the baroclinic instability of the vacillating, sinTry-wavy flow with respect to

a sin27ry-perturbation and the nonlinear mode-mode interaction. This transition

occurs gradually in a parameter region. A typical structural vacillation is the

vacillation of the redisturbance of wave kinetic energy in the meridional direction
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with time, via interference of the lowest two nonlinear meriodinal-modes of the

wave.

The Kkman dissipation seems to play two roles: large amounts of dissipation

are stabilizing, and small amounts of dissipation Jire destabilizing.

However, the results presented in Weng's dissertation are those of highly

truncated model and only for single zonal wave number. Those results can be

amplified and may be modified if a system with a large number of zonal and

meridional modes is considered.

The numerical study of the baroclinic instability associated with the annulus

experiment constitutes the objective of the present work. We try to study this

problem by means of a spectral expansion. Unlike the analytical approach in this

case, the length of the spectral expansion solution can be defined based on practical

requirements. Then the shortcoming of Weng's highly truncated model can be

overcome. Further, this work can be viewed as an extension of Weng's model to

include any numbers of modes in both the meridional and zonal directions, thus,

the possibility of wave number transition can be also investigated.

After the model is developed, the model is used to study the long term evo

lution of baroclinic waves, the manner in which flow transits from one regime to

another, and the phenomena of wave number transitions. The setup of such a

model and subsequent numerical simulation are the main content of this work.

From the literature search, it appears that this is the first time such a multi-wave

number model is used to study the inviscid and viscous instability of the flow in

the annulus as well as the wave number transition phenomenon numerically.

§1.3 Outline of the Approaches

In chapter II, a general mathematical formulation and the perturbation equa-
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tion under some simplification condition for the atmospherical flows and rotating

flow in annulus are derived. The numerical procedure is given in Chapter III. In

the last two chapters, the computed results axe presented and discussed, and the

conclusion and existing problems are pointed out.
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CHAPTER II

MATHEMATICAL FORMULATION

§2.1 Mathematical Formulation of Atmosphere Flow

2.1.1 General Full Equation Formulation

For fluid motion in the atmosphere, the governing equations of motion can

be derived from the three basic physical conservation laws in the traditional way.

These physical laws state the mass, momentum, and energy conservation of fluid

system, from which the continuity, momentum and energy equations can be derived

respectively.

The continuity equation can be written in the following general form

^ + v.(ptr) = o (2.1)
at

where p is the density and v is the velocity vector, t is the time variable. V is the

gradient operator.

The momentum equation, formulated in a inertia! coordinate system, takes

the following form

^ + u*Vt; = —^p + fb + ff (2-2)
at p

in which p is the static pressure, fh is the body force and f j is the frictional force.

The energy equation is written in the following form

^+ir.Ve+p-|(l)=-V^T + 0 + I> (2.3)
at at p p

where e is the internal energy per unit mass, k is the thermal conductivity, T is

the absolute temperature. Q is the rate of heat aguementation per unit mass, and

D is the dissipative energy by viscosity.
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To close the set of the governing equations for the unknowns, the thermody-

namic equation of state is introduced, which is

p = f(p,R,T) (2.4)

where R is the gas constant, f represents a function, which needs to be defined

based on the fluid and the state under consideration.

It is known that the above stated four equations are the basic set of the

governing equations for the fluid dynamic problems. For our concrete problem

in hand, the governing equations for solution are the adaptation of these basic

equations. Below we give a summarized version of the derivation .

2.1.2 Quasi-geostrophic Potential Vorticity Equation

2.1.2.1 Coordinate transformation

The equations given in §2.1.1 are valid for an inertial coordinate system .

Conventionally, the coordinate system is chosen to be fixed to the earth for a gen

eral fluid problems including atmospheric flow. However, the earth has a rotation

about its axis. So the momentum equation needs to be modified as, referring to a

earth oriented coordinate system,

^+i^»Vv + 2Qxv = --Vp + fb + ff (2.5)
ot p

where is the earth's angular velocity, and 2fi x u is the Coriolis force.

When solving the momentum equation (2.5), the vector form of the equation is

replaced by its three scalar component equations in the chosen coordinate system.

A natural choice is a spherical coordinate (r, 6, (f>), with the earth's center of

gravity as origin. Coordinate r is the radial distance from the earth's center, 9 is

the latitude angle, and (f> is the longitude angle. The velocity components in the
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eastward, northward and vertical directions are u, v, and w, as shown in Figure

2-1,

The continuity equation in the spherical coordinate is

dp ,dw 2w 1 d{vcos6) , 1 ^

The momentum equations are

^  2ncos««, = ^ {2.7a)
dt r r prcosed(p p

du ITU ^ „ 'i- dp fg N
1  1 tan6 + 2Q,stn6u = H (z.ioj

dt r r pr od p

^  _ 2SJco.«u = - 5 + ̂  (2.7c)
dt r par p

where /«, fr are the three components of the frictional forces acting on the

fluid, and the material derivative is;

d  d u d V d d
— = 1- 1 h Wrr-
dt dt rcosO d<f> r 66 dr

The equations of motion must be completed with the addition of a thermodynamic

equation:

Where 0 is the potential temperature, i.e..

R/Cp

We suppose that the motion occurs in the mid-latitude region. For simplic

ity, as shown in the Figure 2-1, a local orthogonal coordinate system (x,y,z) is

introduced with its origin in the point 0 on the earth's surface
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/
f

^0
/

Fig. 2-1. Spherical coordinate and local orthogonal coordinate systems
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Let J, k stand for the unit vectors in the x, y and z directions, respectively.

The relationship between spherical and local coordinates system is given by

X = <j)rocosdo (2.9a)

y = {d- 0o)ro (2-96)

z = r — tq (2.9c)

where is central latitude, tq is the earth's radius.

Therefore, the corresponding momentum equations in a rectangular coordi

nate system with origin at the earth surface take the form

— = + 2^{vsind — wcosd) — (2.10a)
at p ox p

^ = _i|£ _ 2Qusine + ̂  (2.106)
dt pay p

^ =z + 2Q,ucos9 — g + — (2.10c)
dt paz p

In the above, we denote g = (0,0, —g)-, F = {fxify, fz)i ̂  = (0? ̂ cos9, Q,sin9).

2.1.2.2 Nondimensionalization of the governing equations

Before nondimensionlizing the governing equations, a scale discussion about

the atmospherical flow problems is helpful for reducing the complexity and under

standing more physics. In the atmosphere, the circulatory motions are important.

Atmospheric circulations are described by sorting out events according to size and

time. Small whirlwinds that carry dust skyward are far too small to show up, while

cyclones and anti-cyclones reveal large-scale wind patterns. A small eddy, like a

dust devil, lasts only a few moments; whereas, a large vortex, like a hurricane,

may persist for days.



20

The present study emphasizes the large-scale motions. This does not mean

that the motion systems of smaller scale are unimportant, but that the microscale

and medium-scale circulations are, to a large extent, controlled by the large-scale

motion system. Only large-scale motion czm be observed and analyzed over a large

portion of the globe.

To proceed systematically it is essential to introduce nondimensional vari

ables. The existence of characteristic scales is exploited by the introduction of

nondimensional variables denoted by primes, i.e.,

X = Lx' (2.11a)

y = Ly' (2.116)

and

z = Dz' (2.12)

r = ro + z = ro + DZ' (2.13)

while the time is scaled by the advective time T/i/, i.e.,

t = (2.14)
U

For the velocity components

and

u = Uu'

V = Uv' (2.15)

w = ̂Uw' (2.16)
Li

Where D is the vertical scale of motion and L is the horizontal scale of motion. U is

a characteristic horizontal speed. Since the atmosphere is very shallow compared

with the earth's radius, tq, r may be replaced by tq when r is undilFerentiated.
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The scaling for density, pressure and potential temperature is more subtle.

If the relative velocity is small (i.e., for small Rossby number), the pressure will

be only slightly disturbed from the value it would have in the absence of motion,

Paiz) , defined by the relation

= -P.(z)g, (2.17)

which is what (2.7a,b,c) reduce to if u,v,and w are zero. We can think of Psiz) and

Ps{z) as defining a "standard" atmosphere, i.e., a basic state upon which fiuctua-

tions due to the motion occur. The basic state is assumed known, although in fact

its determination from first principles requires the consideration of mechanisms

such as radiative transfer in the atmosphere, etc. Alternatively, ps and pa may be

defined as the global average of p and p at each level z. We then write

p = Pa{z)+Pix,y,z,t),

p = Pa(z) + p{x,y,z,t)

where p and p are spatially and temporally varying departures from the standard

values Pa and pa- How shall p and p be scaled? We anticipate that for the motions

of interest to us the horizontal pressure gradient will be of the same order as the

Coriolis acceleration. The order of the Coriolis acceleration at the latitude is

given by

p2ilusin6o = 0(2Q,sin6oU pa),

while the magnitude of the pressure gradient is pIL. thus we anticipate that

p = 0{paUfoL), where

/o = 2QsinBo (2.18)
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is the Coriolis parameter at the central latitude ̂ o- These considerations imply

that the pressure should be written

P = Ps{z) + PsUfoLp' (2.19)

with the expectation that p' is an 0(1) quantity with an 0(1) variation over

distances of 0(L). Note that p, in the above formula is a function of z alone.

Similarly we may anticipate that the buoyancy force per vmit mass due to

p will be of the same order as the vertical pressure gradient, since an observed

feature of large-scale motions is the excellence of the hydrostatic approximation.

The vertical pressure gradient associated with p is

f = o,i, = o(£^)

and hence if pg is to be of this order,

P = 0(p.v^)

so that the density should be written as

p = p,(z)(l + eFp') (2.20)

and for the potential temperature, we have

0 = 0,(z)(l-t-eF0') (2.21)

where

£ = = Rossby Number (2.22)
foL

f2 t2
F = —— = Froude number (2.23)

gD
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Pa--g [ Ps{z)dz. (2.24)
Jo

in which p,, pa and 0, axe functions of z in the basic state, s. Another dimension-

less quantity is the Ekman number defined as E = p/{2QL'^).

If equations (2.11)-(2.17), (2.19) and (2.20) are substituted into equations

(2.7a,b,c), we obtain, after division by the constants multiplying the pressure

terms,

,du L,. . mi . c
e{—^ [bruw — uvtand)] — v . , -|- OrW .

dt r^ sinOo sindo

cos9o rodp 1 (2.25a)
cos6 r, 1 -1- eFp p^Ufo

,dv L , ̂ 9 , sinO

r^dp I , /.+  (2.256)
r^dyl-^eFp p*U fo

„ .,eSldw eSr, o 2i Srucosd

-  ̂ + (2.25c)
Pa dz paUfo

and the continuity equation becomes

sF^+il + eFp)
fWdpa dw D Tfidv L rocosOodu /o oeix{ p- + -^+2—w + —^ vtane+ (2-26)
Pa dz dz Ta r« oy r, r, cosd ax

where

and

d  d cos9q ro d vq d d

dt dt'^^ cos9 r^dx " r» dy dz

6r = ̂  (2.27)
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Unprimed variables axe nondimensional, while dimensional variables are denoted

by asterisks.

To this point, no approximations have been made. It is now possible to

systematically exploit the smallness of the parameters e, Sr, L/ro, and F. The

parameters e, 6r,L/ro and F are all independent, and their relative orders will

vary somewhat from phenomenon to phenomenon. In the following, we will give

the scaling of the parameters for the case we consider and get the corresponding

approximate equations.

2.1.2.3 Geostrophic motion

For the large-scale atmospheric motion at mid-latitudes, the ordering rela

tionships are as follows:
U

6r = J= O(S')

- = 0(e) (2.28)
ro

- - 1 < 0(£')
ro

E < 0{e)

Once the ordering relationships are chosen in this way, each variable may be

considered as a function of e with the other parameters directly related to e by

the preceding considerations. Since e is small, we write, for example:

u{x,y,z,t,e) = uo{x,y,z,t) + eui{x,y,z,t) + ... (2.29)

where the Ufc are independent of e and 0(1). If the expansion (2.29) is applied

to each dependent variable and that expansion is substituted into the equations
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of motion, i.e. terms of like order in £ which result must balance, since £, while

small, is also arbitrary, and the equations must hold for all orders in e. In this

way equations (2.25-26) axe simplified as

dpo (2f 0 = a
ox

dpQ

.30a)

(2.30!i)

po = ---^(PsPo) (2.30c)
Ps 02

and

00 = ̂  (2.32)
OZ

The /9-plane approximation first emerges at this point. The /3-plane is defined

as a plane where the Coriolis parameter, f, is approximated by / = /o + /?y, in

which j3 = df/dy.

Equation (2.30c) is the hydrostatic approximation in the vertical direction.

Equations (2.30a,b) are the geostrophic approximations. Under the conditions of

the geostrophic approximation, the large scale atmospheric motion is called the

geostrophic motion. The wind with velocity of the geostrophic wind is the thermal

wind. By the geostrophic and hydrostatic approximation with aid of the equation

of state, the thermal wind equations are presented as^^®^

i-—-4--— r2 33aldz fTdy T dz ^ ^

=  + (2.336)
dz fTdx Tdz ^ ^

So, it can be shown that in a baxotropic atmosphere there can be no increase

of geostrophic wind with height due to du/dz = dv/dz = 0. However, in a
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baxoclinic atmosphere, the vertical wind shear depends mainly upon the horizontal

temperature gradients.

2.1.2.4 Quasi-geostrophic potential vorticity equation

The quasi-geostrophic motion is a particular class of motions, i.e. the large-

scale, essentially geostrophic motion.

Equations (2.30a) and (2.3Gb) further imply that the horizontal, 0(1) geostrophic

velocities, are horizontally non-divergent, since from (2.30a,b),

dvQ _
dy dx

So that (2.31) implies

^{Ps{z)wq) = 0
Hence, PsWq must be independent of z. If wq vanishes for any z it will be zero for

all z. If the region under consideration is bounded above or below by a horizontal

solid surface, then the 0(1) vertical velocity on that surface must vanish, i.e.

Wo = 0 (2.34)

and so:

W = £Wi -f- £^W2 (2.35)

If the vorticity equation is denoted by

^ ̂  (2.36)
dx dy ^ ^

the conserved vorticity equation in the quasi-geostrophic motion can be obtained

byi'^l
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where

do a , d ̂  d
dt dt dx dy

S is the stratification parameter, as the fiuid is stratified by a heavier fiuid

underlying a lighter one. It is defined as

(2.38)
fSL'

in which N is the Brtmt-Vaisala frequency. This frequency is also referred to as

the buoyancy frequency^'®'. It is defined as

(2.39)
0 dz

and is a measure of the static stability of the environmenti^^^.

The geostrophic and hydrostatic approximations allows us to express each

dependent variable in (2.37) in terms of

tj; = po (2.40)

So that (2.37) becomes the governing equation of motion, i.e.

dt dx dy dy dx dx"^ dy^ po dz \ 5 dz )

This is the quasi-geostrophic potential vorticity equation.

2.1.2.5 Boundary conditions for the potential vorticity equation

The boundary conditions for Equation (2.41) are determined by the vertical

velocity, the vorticity and the bottom topography as well as the upper-surface

status.
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For atmosphere flow, the lower-boundary condition depends on the Ekman

layer and is presented as

wi{x,y, 0) = y) + t^o • V (2.42)

where is the vertical Ekman number deflned as 2Avf{fD^), in which Av is

called the vertical turbulent viscosity coefficient^^^J, and is the elevation of the

lower boundary above the reference level z=0. In quasi-geostrophic scaling and

ordering, we have

^=£riB{x,y) (2.43)

- = (2.44)

Substituting Equations (2.43), (2.44) into (2.42) yields

il^I.=c, = y)-Vo' V,b(x. y) (2.45)
The upper boundary condition is a more difficult problem^^^^. The atmosphere

is not bounded above, although the most energetic "weather"-related motions of

synoptic scale are to a great extent confined to the troposphere. In physical terms,

it can be stated as follows, either the amplitude of the energy of the motion must

decay to zero for large z, or if it remains finite but nonzero, the flux of motion

energy must be directed upwards.

The mathematical formulation of the upper boundary condition is

uji(x, y, 1) = ■^~[CT(a;,y) - Co((p,y)] (2.46)
where is the upper vorticity at the level z=l. If the fluid flow is bounded

above by a free or rigid horizontal surface, then Equation (2.46) is expressed in

the following two boundary conditions:

— Q (free) at z = 1 (2.47a)
S at
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=  (rigid) at z = l (2.476)

Substituting Ekjuations (2.30a,b), (2.32), and (2.36) into (2.45), (2.47a,b) with

the aid of the equality = po, the equation for the lower boundary becomes

iA + (2.48)
dt^dz'^^dx dy dy ax' 2e ^

and, the upper boundary.

where

|[^] = 0 (free) (2.49a)

d  d dijf d dtp d

dt dt ̂  dx dy dy dx

§2.2 Mathematical Formulation of Flow in Annulus

In the above section, the full governing equations for the atmospherical flows

have been derived. However, in practice, flows in the atmosphere are very compli

cated. A direct numerical simulation of these flows in the atmosphere is stiU not

practical and too expansive. As introduced in the chapter I, the flow in an annulus

is proposed to model the flow in the real atmosphere and is studied in this work.

2.2.1 Basic Assumptions

Since the very similarity of the phenomenon in the atmosphere and in the

annulus experiment, the dynamics of baroclinic waves in an annulus is dealt with

instead of in the real atmosphere in this work.
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We consider a viscous, incompressible, non-conductive fluid flow in an annu-

lus. Although the entire fluid is viscous, the Ekman layers are assumed to be the

seat of the largest viscous dissipation.

Basically, there are three key effects which control the main charateristics of

these flows: the imposed temperature difference or the zonal-mean vertical shear

which constitutes the energy source of the system, the Ekman dissipation which

constituted the energy sink of the system, and the rotation rate. Other effects

may modify quantitatively each flow regime, but do not affect qualitatively the

properties of these flows. In the following work, the main assumptions are listed:

Al: A Boussinesq fluid. By the Boussinesq approximation the variation of

the density of the fluid is neglected in each term of the equation of the motion

except when coupled with gravity to produce bouyancy forces.

A2: The flow is taken as quasi-geostrophic.

A3: The basic flow is purely baroclinic.

A4: A constant Coriolis parameter is assumed.

A5: The Brunt-Vaisala frequency is taken to be a constant.

A6: The flow is confined in the vertical direction by two rigid horizontal

boundaries, and in the lateral direction by two vertical walls. Dissipation is foimd

at the top and bottom Ekman layers, which are of unequal strengths. There is no

flow normal to the lateral boundaries and the boundary layer dynamics at these

sidewalls is not considered, and since the gap between outer and inner cylinders is

much smaller than the mean radius of these two cylinders, the flow in the annulus

can be recognized as an infinite channel.

A7: Heat conduction is neglected because heat convection is dominant in the

main flow region.
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2.2.2. Governing Equations

A viscous incompressible, non-conducting flviid contained in a channel is con

sidered. The coordinate system is the Cartisian system, where x, y, and z measure

distance along the channel, across the channel and vertically, respectively. The

corresponding velocity components are u, v and w. The whole system is viewed

from a reference frame, rotating with angular velocity Q,k about the z-direction.

The equations of motion, continuity and heat transport aret^®^

^ + (v* V)v + 2ilk xv = ——Vp + ag{T - To)k, (2.50a)
ot po

V«{r= 0, (2.506)

^-h(u«V)r = 0, (2.50c)
at

where po is the density at the reference temperature Tq.

Finally p is a modified pressure representing the departure of the total pres-

sure field from the value necessary to balance the steady centrifugal term Qk x

{Q,k X and the hydrostatic term gpok. We have of course assumed an equation

of state of the form

p = Po[l-«(T-To)] (2.51)

We shall be concerned with the instability (to wave-like disturbances) of a

basic state that is a zonal flow, varying linearly with height, and in particular we

consider a zonal flow with linear vertical shear. Thus, taking the depth of the

annulus, d, as a vertical length scale and U as a horizontal velocity scale, we can

write

U = {Uld)zi, (2.52)
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which is in geostrophic and hydrostatic balance with the basic temperature and

pressure fields
AT 2QU /n co_\

T, = To + —z -y, (2.53a)
a  ago.

It is convenient to non-dimensionalize the variables, denoting dimensionless

quantities by tildes, so that we have

{x,y) = ib-a){x,y), z = dz

{u,v) = U{u,v), w = {Ud({b-a))ew

U  d agd

p = {agpo /2d)ATz^ + 2m{b - a)/?op (2.54)

here e = 17/(2(6 — a)Q,) is the Rossby number and we define the dimensionless

parameter Rot = gadAT/4Q,'^{b - af as the thermal Rossby number which gives

a measure of the stratification of the flow. The crucial importance of such a

parameter has been recognized since the earliest experiments of Hide We

shall assume Rqt = 0(1), d<(b-a) and e < 1 so that the baroclinic instability

will occur when w is 0(1) in the limit of small e.

We now drop the tildes and work with dimensionless quantities throughout.

The basic flow is therefore

U = zi

corresponding to temperature and pressure fields

Ts = -y, Ps = -yz-
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To examine its stability we write

v = U + if, T = T,+T', p = Ps+p'

where primes denote perturbed quantities, and substitute these into the equations

of motion, continuity and heat conduction.

After a little algebra we obtain the quasi-geostrophic equation for p', namely

the perturbation stream function $, which becomes,

[| + = 0 (2.55)

Where

^RoT - + ̂OT (^^^2 + ay2y ̂
J. (2.56)'J{x,y)U,9) Q^Qy QyQ^ V ;

As a result of assumptions Al, A3 and A5, the potential vorticity gradient

in the basic state vanishes, and the potential vorticity of the perturbation is con

served. If we assume that initially the potential vorticity is zero, it then remains

zero for all i > 0. Under the assumptions A4 and A5, the stratification factor,

S, which is approximately equal to the thermal Rossby number Rot (see section

2.2.3), is a constant. Thus, the governing equation for the flow in the annulus

becomes

££ M 1^^ (2.57)
dx^ dy^ Sdz^

For the boundary condition in the y direction, we assume that the rigid walls

exists at y = ±1 containing the region of the flow and the pertiirbations. Under

this condition it follows that for uq to vanish on y = ±1, i.e.,

^ = 0 at y = ±1, (2.58)
ox



34

If the zonal momentvim equation is integrated in x from —oo to oo (which is

equivalent to integration around a complete latitude circle), it follows that

(2.59)

where an overbar represents the averaging process

(7) = lim — / {.)dx
^ ̂  x-oo 2x '

Note that vq must be zero, since vq is geostrophic. Since both vx and vq must

vanish on y = ±1, it in turn follows that, in addition to (2.58), $ must satisfy

= 0, y = ±1 (2.60)
dtd

axe

y

But in the z direction, according to assumption A6, the boundary conditions

d  dF dG 2* + ^ ^ co fin

where

and

F = ̂ — z——h (2.62a)
oz oy oz

^  ro ROh\
G = —— (2.626)

ox oz

plf2
6 = (2.63)

2£

the tracer r is defined as

= {!•= , .. atz=l,0<7<l, (2,64)
1  Ett
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where 7 is the measure of the asymmetry between the upper and lower Ekman

layers. For 7 = 1, equal strength Ekman layers are found at the top and bottom

boundaries. In most of the our experiments we consider 7 ~ O(O.l).

2.2.3. Relevant Parameters

For a given Prandtl number, some of the key parameters used to describe a

given experiment are the imposed thermal Rossby number,

jl = gcxd^T ^2.65)
402(6 _a)2' ^ '

and the Taylor number,

T = (2.66)
V  '

the meaning of these terms can be inferred from Chapter I, but, we use a different

length scale for Taylor number.

When the intensities of the two Ekman layers are specified and kept fixed, it

is more convenient to select the following two parameters in our model to describe

a given experiment: the stratification parameter,

gadl^T, (2.67)
/2i,2 40^(6-a)''

and a measure of the Ekman layer dissipation at the lower boundary,

S = ̂ 5, (2.68)
2s

where AT„ is the interior vertical temperature difference, E is the Ekman number,

E = i//20ff^, and e is the Rossby number, e = U/2Q,{h — a).

If we use the thermal wind as the scale of the basic flow, i.e., take

ggrfATH -2 55)
2Sl(b-a)' ^ '
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where AT// is the interior horizontal temperature contrast, then

gaHATn ^2.70)
4ft2(6-a)2' ^ ^

Thus, AT„ and AT//, which characterize the theoretical basic state, are set-up

by intricate, and sometimes poorly imderstood, physical processes in these exper

iments. We will assume ATp and AT// to be known.

Observations show that AT» ~ AT and AT///AT» = £t << 1- For the upper

symmetric regime, £t does not vary too much as AT and Q change ( PefFer et

al.i^°i, Barciloni^^i). We will treat this ratio e/' as a constant; thus,

S = — « Rqt (2-71)
£T

and
-r~ 4

8 = ̂  = —, (2.72)
26/' Et

Therefore, the two important parameters in our model, S and are propor

tional to the two key parameters, Rqt T ~ S found in the annulus experiments.
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CHAPTER III

NUMERICAL PROCEDURE AND PROGRAMMING

§3.1 Eiganfunction Expansion

The formulation of the nonlinear problem for this study has been derivated

and discussed in the previous chapters. Because of the nonlinearity of the problem,

it is impossible to find an analytical solution, and a computer aid solution is

necessary. A spectral method was used in our study.

Spectral methods involves seeking the solution to a differential equation in

terms of a series of known, smooth functions. They have recently emerged as a

viable alternative to finite difference and finite element methods for the numer

ical solution of partial differential equations. The key recent advance was the

development of transform methods for the efficient implementation of the spectral

equations. Spectral methods have proved particularly useful in numerical ffuid dy

namics where large spectral hydrodynamics codes are now regularly used to study

tmbulence and transition, numerical weather prediction, and ocean dynamics^^®'.

In chapter II, the nonlinear problem was shown to consist of the following

equations: the linear equation for the perturbation problem,

For the boundary condition in the y direction,

— = 0 at j/ = ±l, (3.2a)

-

$ = 0, at y = ±l, (3.26)
dtdy
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where an overbax represents the averaging process

(•) = ^x->oo zx Jj.

In the z direction,

OF aG , ^ , 1 1
"* ' = -2' 2

where

„  _ a$ a$ a$

a$ a$G = ̂ ^ (3.4)
ax a^

Viewing the above equations, we can see that the whole problem is a non

linear problem. But equations (3.1) and(3.2) consistes of a linear problem, so,

by separation of variables, we can get the corresponding eigenfunction. Then,by

means of an eigenfunction expansion, the trunctated solution to the whole original

nonlinear problem can be described as

kl Ll

$ = ̂  ̂{Ak,i{t)ch2fik,iz Bk,i{t)sh2nk,iz} e*'"sinl-Ky
k=ki 1=1
k^O

L2 1

+ ̂  {Ao^i{t)ch2fio,iz -H Bo^i{t)sh2fio^iz} (3.5)
/=i

where Hk,i = {{k^ + /^7r^)5}^/^/2, and the coefficients {A-k,i,B-k,i) are equal to

{Al I, Bl i) to insure that $ is real, where the star * denotes the complex conjugate.

The vertical structure of each component depends on the horizontal wavenumber,

(jfc^ -f- and on the stability parameter, S.
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The time-dependent coefficients Ak,i and Bk,i are determined by use of the

boundary conditions at z =

Differentiating $ with respect to x, y, z, and t, respectively,

Jbl Li

dx
= ̂  = ̂  t, z)e*'^®sm(/7rj/)iA: (3.6)

ik=ikl /=i

k=ki 1=1
k^O

y  k=ki 1=1

L2

+ 'Ŷa2il,t,z)(-sin(lTry))lTr (3.8)
1=1

%y = ̂ = X
^  jfc=jki /=i

kjiO

L2

+ X "2(^ z)cos(hy)){-l'^ir^) (3.9)
/=i

fcl Ll

=  X Y^<^h{k,l,t,zy^''sin{l'Ky)
dz

k=ki 1=1
k^o

L2

+ ̂a6(l,t,z)cos(liry) (3.10)
1=1

fcl Ll L2

= X Y^°i(k,^,^,z)e''"sin(l7ry)(4/Xk,i)+J^a2(l,t,z)cos(lxy)(4/xli)
k=ki 1=1 1=1
ik#o

(3.11)

in which

ai{k, I, t, z) = Ak,i(t)cosh(2^k,iz) + Bk,i{t)sinh{2fik,iz)
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a2{l,t,z) = [Ao,i{t)co3h{2fj.o^iz) + Bo,i{t)sinh{2no^iz)]/lTr

a3{k,l,t,z) = ̂̂ ^^^cosh{2fXk,iz) + ̂̂ ^^sinh(2fik,iz)
ai{l,t,z) = [^^^^cosh{2iJio^iz) + ̂̂°J^^*Kinh{2fio,iz)]/ln
a^{k,l,t,z) = [Ak,i{t)sinh{2nk,iz) Bk,i{t)cosh{2^k,iz)]2nk,i

a6{l,t,z) = [Ao,i{t)sinh{2fj,(i,iz) + Boj{t)cosh(2iJ.o,iz)]2fio,i/lTr

and

= ̂  + ̂̂ ■^^^cosh{2fj.k,iz)]e'''''sin{liry)2fj.k,i
dt ^ dt ^ ' dt

k=ki 1=1
kjiO

+ f^[^^sinh{2^lo,lz) + ^^coshi2f.o,iz)f-^^2fio,i (3.12)
1=1

Substituting equations (3.5) through (3.12) into equation (3.3) gives

Xy sinh{2nk,iz) + ^^^^^cosh{2iJ,k,iz)]e''"'sin(hy)2iJ.k,i
k=ki 1=1

+ —j—sinh(2tio,iz) + ———cosh{2fXojz)] ——2^o,/
1=1

= ^ - ̂  +2zr±«[ 52 52"1C'. '• ̂ )e''"^'"(fav)(-t' - !'»')
ik/0

L2 ,

+ ^a2{l,t,z)cos{lwy)){-l'^Tr^)] at z = ±- (3.13)
1=1

Multiplying both sides of the equation (3.13) by e~*'"sin{hy) and integrating by
parts with respect to x and y, the following expression are obtained:

±dAk,i(t) ^ dBk,i(t)sinh{nk,i) H —cosh{nk,i)



41

fir fl1  r f\dF dG
=  L L s,n(Hy)i.dy

Solving these two equations yields

dAt,,{t) Di+(t,0-»i,(t,0
dt 2sinh{fik,i)

+ dnAik,l) (3.14)

dB^ = ^ ,) (3 J5)
at 2cosh[fikj)

where

1  rir fl fijp cifi9i±{kJ) = J jf (— - —)\^^^ke''"sin{lTry)dxdy (k ̂  0) (3.16)

e^AikJ) = - [(^+ + r.)cosh{nk,i)Ak,iit)

+(r+ - r-)sinh{fik,i)Bk,i{t)] (k ̂  0) (3.17a)

9vB{kJ) = ~5^£|[~^t(r+ - r_)cos/i(//fc,/)Afc,,(t)
+(r+ + r-)sinh{/ik,i)Bk,i{t)] {k 0) (3.176)

To deal with the situation for the wave number k = 0, i.e. the mean flow

correction, multiply both sides of the equation (3.13) by cos{l'Ky) and integrate by

parts with respect to x and y. The following expressions are obtained:

±dAQi{t) dBoi{t)sinh[fio^i) + —^—cosh{fio,i)

= i " ̂)l=±i0osil.y)d.dy
T  ̂ [Ao,iit)cosh(fj.o^i) ± Bo,i{t)sinh(fj.oj)]
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Solving the above two equations yields, similarly to the case for k ̂  0,

where

+»„b(0,0 (3.19)
at 2coshyfiojj

I  f)P

2^^/,/ (^ --^)|„±jC03((x!,)<ixa!, (3.20)
^1,^(0.0 = ~ Ssinh(fto l) ̂̂'^''' "*"

+(r+ - r-)sinh{fioj)Bo^i{t)] (3.21a)

^„b(0,/) = -r-)cosh{no,i)Ao,i{t)

+(r+ + r_)sm/i(/io,/)5o,/(t)] (3.216)

Therefore, the final equations for all coefficients in the eiganfunction expansion

solution have been created. They are a set of simultaneous ordinary differential

equations. All coefficients A)t,/(<) and are fimction of time and can be

obtained by time integrating Equations (3.14) through (3.21).

§ 3.2 Numerical procedure

After applying the eiganvalue expansion and the subsequent manipulation

as discussed in the last section, a set of coupled ordinary differential equations

are obtained. In this section, the numerical procedure for integrating this set of

equations is discussed.
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3.2.1 Discretization

Applying the Discrete Fourier Transformation (DFT) techniquet^''^t'^^' to Equa

tion (3.5), and the following expressions axe obtained

Jbl Ll

k=ki 1=1
MO

^2 cosdir—)
i{t)Cosh{2tio^iz) + Boj{t)Sinh{2fio,iz)] y ̂  (3.22)

1=1

m = l,2, M n = l,2, N

where M and N are the number of grid points in x and y direction, respectively.

Similarly, the DFTs for $1, $j, and axe given by

Jfcl Ll

$i(m,n)= ̂  ̂ai(A:,/,t,2)e'^^'"5m(/7r-^) • ifc (3.23)
ife=jfei 1=1

kl Ll

$j,(m,n)= ̂  ̂ai(fc,/,<,z)e'*^"*cos(/7r^) •/tt
jfc=jki 1=1

MO

12

-f ̂ a2(/,f, z)(—sin/ir^) •/tt (3.24)
1=1

ibl Ll

$^(m,n)= a5(fe, /, t, z)e'*^"'.sm(/7r^)
fc=lki 1=1
MO

L2

+ y]]a6(/,<,^)cos(/7r^) (3.25)
1=1

For the numerical calculation. Equation (3.4) with the aid of Equation (3.22)-

(3.25) axe used to compute the DFT of F and G. Thus

jP(n, m) = $(n, m) — [z — ̂ y{n, m)]^z{n, m) (3.26)
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G(n, m) = $i(n, m)$z(n, m). (3.27)

According to Equations (3.14)-(3.21), the inverse DFTs of F(n,m) and G(n,m)

for the double integral Equations (3.16) and (3.20)are given by

ife=jki /=i

L2

+/7r 5] G(m, n)cos(/7r^)}e-'*^'" k^O (3.28)
/=i

fĉ O

Once 0±{k,l) has been determined, dAjdt and dB/dt can be found from

Equations (3.14) to (3.21). Up to here, we can use Merson scheme to integrate

the ordinary differential equations to get Ak,i{t) and Bk,i(t).

3.2.2. Merson Scheme

In practice, there is no single numerical method which is applicable to every

differential equation, or which is best possible for every member of even the much

smaller class of ordinary linear equations. The field is very large, and for the most

economic use of the computing machine, coupled with the necessity for producing

accurate answers, a variety of methods, each appropriate to its particular and

rather small class of problems are used. Usually, the speed, convenience and

accuracy are three points for comparing the merits and demerits of the numerical

methods.

By accuracy, it means the difference between the true solution of the problem

and the computed approximation, and the aim is to limit the discrepancy to

the amount justified in the particular context, and to know that this has been
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achieved. Speed and convenience are more difficult to define. They include both

the human programming time and the machine computing time, and the latter

will also depend upon the size of its storage.

We should select the available numerical procedure which is believed to be best

for this problem. Here we select the Merson scheme [^2-44] integrating

scheme which may varies time step automatically to ensure a given accuracy (see

appendix A).

§3.3 Computer Program

In order to visualize the numerical calculation process more clearly, the flow

diagram is shown in Figure 3-1, which is written in a form valid for the general

purpose. The program is written in FORTRAN language.

Step 1. Call system to assign one INPUT file and one OUTPUT file. It is

more convenient to adjust the input parameters instead of changing the original

source program. Output file is used for a systematic data plot and analysis after

the computer run for each conditions.

Step 2. Call subroutine INPUT. All required parameters in the calculation

are stored in the INPUT, which includes the maximum time interval, total time

length, meridional mode and zonal wave number, Ekman layer dissipation, Ekman

layer asymmetry tracer and stratification factor.

Step 3. Calcvdate the coefficients in the linear relationship by using Equation(l-

6) in appendix B.

Step 4. Giving initial conditions. As a time-dependent problem, a initial

condition is necessary. In this work, we give different initizil conditions for the
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c START

T
3

/ INPUT /

CONSTANTS

E
INITIAL VALUE

1
DFT

1
INVERSING DFT

MERSON INTEGRATION ^

STEP LENGTH

Yes

T=T+DT

No
T > Tt

Yes

OUTPUT

i
(  STOP )

Fig. 3-1. Flow diagram of computational process
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Ajfc,j(0), and the Bk,i{0) axe calculated from the linear relation, i.e., equation (4.2)

and (4.3) (see chapter II), so that the initial wave state can be described by the

hnear dynamics.

In addition, to avoid repeat calculation of the eiganfunction values at the grid

point or zonal wave number and meridional mode number, a common matrix is

used and prevalued in this subroutine.

Step 5. Look for the streamfunction from the above initial value by using

DFT technique, from which F(M,N) and G(M,N) are found.

Step 6. Find the right hand side term of the differential equation from the

inverse DFT of F and G.

Step 7. Use the Merson scheme to integrate one time step, a updated time

step solution is obtained.

Step 8. Estimate errors by a general trunction error formula.

Step 9. Error criterion:

If the error falls into the given error margin, start a new time step solution by

going back to step 5 and using the previous step solution as the new step initial

value and keeping the same time step length;

If the error is greater than the upper limit of the given margin, the time step

length will be reduced to half of the previously used one and go back to step 7;

If the error is smaller than the lower limit of the given margin, the time step

length will be doubled and go back to step 7.

For the later two cases, the process will continue until the error falls into the

given margin. Otherwise, a given maximum and minimum time step length will

be adopted.

Step 10. Look for the time change rate of wave components, together with

corresponding wave components, to plot the phase diagrams.
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Step 11. Check the total time. If a given time length is reached, the program

will stop; otherwise continue the integrating process.

Step 12. Output the results for each time step, which include wave compo

nents, the time rate change of the wave components and streamfunction used for

the final display of the results.
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CHAPTER IV

COMPUTATIONAL RESULTS AND DISCUSSION

All the calcxilations for the results of this section were performed partially on

a VAX-11/785 computer at the University of Tennessee Space Institute (UTSI)

and partially on the NASA/MSFC-Cray XMP Computer at Huntsville, Alabama.

The computations are divided into three parts. The first part deeds with the linear

analysis; the second and the third parts discuss the inviscid nonlinear and viscous

nonlinear analysis, respectively.

§4.1. Linear Analysis of the Stability

Before examining the nonlinear system, a linear approximation is made to

provide a low accuracy solution and to gain some physical guide to further numer

ical experiments.

In the linear analysis, the instability of the basic, baroclinic flow is discussed

when a small perturbation with single zonal wavenumber and single meridional

mode is introduced. The effects of stratification, S, and dissipation, 6, on the

wave selection are discussed separately.

The baroclinic stability of the basic zonal flow, = —yz, can be tested

directly. If a perturbation with a wavenumber equal to k and a mode number

equal to 1 is applied to this basic state, the linear stability problem obtained from

Equations (3.14) through (3.21) becomes

—77^ = —OiiAk,i{t) -f (a2 +
at

— — ~<^4-Hfc,j(f) + (as + (4-1)

where the coefficients ajt are defined in appendix B.
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Let

(4-2)

and solving for A, it can be shown that

A = - 0:4 ± [(«! -ociT +4(a5 +ia6)(a2 + ia3)]^/2}, (4.3)

and upon substituting (4.2) and (4.3) into (4.1), we obtain

= (^k,iAk,iit) = {kci - ikcr)Akj{t) (4.4)

where

(^k,i = -oil + A{a2 + ia^) (4.5)

and kci, ikcr are the linear growth rate and phase speed, respectively.

From Equation (4.5), the real part of sigma equals zero, i.e. Cr = 0 is the

marginal stability criterion. By manipulation, the neutral curve can be obtained

in the following form:

S  ̂ /4gh
jfc2 + /27r2 ̂  7 ^ ^ ^

where

,, , 0,, _ [1 - Ak, I, S)thMk, I, S))Mk, I, S) - th(Ak, I, g))l
"  th{Ak,l,S))

while the linear growth rate and phase speed are:

kci = i2e{-^(ai + 0:4) ± - 04)^ +4(a2 + ia:3)(a5 + ̂ae)} (4.8)

ikcr — /m{ —■^(ai + 04) ± -\/(oi — 0:4)^ + 4(q;2 + m3)(a:5 + iae)} (4.9)
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Since the problem is treated as linear, there is no coupling between the dif

ferent wave numbers and mode numbers and each can be considered separately.

There are five parameters, namely k, 1 ̂ (or S), 7, and 8 in Equation (4.6).

Whenever four of these parameters are prescribed, the remaining value is the

critical one given by equation (4.6). Thus, if we fix k, 1, and 7 Equation (4.6) gives

the relationship between S and 8 for the marginal curve.

Figure 4-1 shows two set of marginal curves for the modes 1 and 2, in the (5-S

plane, when 7 is fixed and k=l, 2, 3, 4, 5 and 6. Some of the two sets of curves

cross; but, at least in the physical space, there is no parameter setting for which

both modes with the same k are marginally unstable.

For fixed k, 1, and 7, we find that Y[^i) has a maximum (see Figure 4-2) and so

does 8c- Only when 8 < 8c^^^, are there two critical values of S that correspond to

two points on the upper and lower marginal curves, respectively. When 8 < 8c^^^,

the flow is stable. Equation (4.6) shows that ̂ cmai increases when 7 decreases.

Figure 4.3(a,b) shows different marginal curves for the case of 7 = 0.5 and 7 = 1.0.

These suggest that the Ekman layer asymmetry has a destablizing effect, for it

extends the range of the unstable waves and increases the growth rate of these

waves by modifying the marginal curves in the parameter space.

In what follows we let 7 = 0.1. Then, the most unstable wavenumber depends

on the location of the representative point in the 6-3 plane. Figure 4-4 shows the

linear growth rates and phase speeds for different zonal wavenumbers, k, and for

meridional wavenumbers 1=1,2 and for 8=0.1 and 8 = 0.01. For this parameter

setting, the most unstable zonal wavenumber for the sinxy-mode is k=5. The

abscissa represents the observed wavenumbers which are necessarily integers. To

investigate the effects of S and 8 on the wave selection, we consider representative

points along two perpendicular lines crossing at the point 3=0.1 and 8 = 0.01 in
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the (5-S plane. We then calculate the linear growth rates for wavenumber from 1

to 10 along these lines, respectively.

As shown in Figure 4-5 for a fixed S, as 6 changes, the most unstable wavenum

ber will not change significantly. The most unstable wavenumber is still k=5 in

most of the region where 6 < Sc, except in a small region near 6c where the most

unstable wavenvunber is k=4. This means that the most unstable wavenumber is

almost the same for fluids with different viscosity when the imposed temperature

difference and rotation rate are fixed. Basically, the Ekman dissipation does not

affect the wave selection, but it does affect the growth rates of all the unstable

modes. Figure 4-6 shows that the most unstable wavenumber becomes larger and

larger as S decreases, implying that the higher wavenumbers form more readily

in a wide annulus than in a narrow annulus when the fluid depth, rotation rate,

dissipation and the imposed temperature difference are fixed, since S oc (6 — a)~^.

When the rotation rate is fixed, higher wavenumbers will occur at the lower im

posed temperature difference for the same annulus geometry with the same flmd,

since S oc AT.
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§4.2. Nonlineax analysis

For the initial value integration, Merson scheme was used in the numerical

calculations with an initial time step t=0.02. The practical step length can vary

automatically to ensure a given accuracy. All the results presented in this work

has an absolute truncation error of 1.0 x 10"^. This error value was obtained by

testing several values and finding no significant change in the numerical solution

if the error goes down further. The initial values for and Ak,2{t) were

specified, and Bjt.i(O) and 5^^2(0) are calculated by using Equations (4.2), (4.3)

so that the initial wave state is described by the linear dynamics. In the viscous

fiow analysis, the parameter which reflect the asymmetry between the two Ekman

layers is chosen such that 7 = 0.1 for all cases, i.e. the dissipation in the upper

layer is ten times weaker than that in the lower layer. This value was chosen so

as to bring the model closer to atmospheric dynamics.

4.2.1 Analysis of inviscid nonlinear instability

For the physical model described in chapter II, a linear analytical study has

been persuade in section 4.1. In this section the nonlinear stability characteristics

are first examined without the effects of dissipation, i.e., for a completely inviscid

problem. The model employed here consists of an inviscid homogeneous incom

pressible fluid with variable density where the lighter fluid is above and rotating

with an angular velocity, Q,.

Under the above approximation, the governing equations are reduced to:

II+ +1^1=0 (4.10)

dx dydt
= 0 at y = 0, 1. (4.11)
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dF dG ^ 1 1
— -7^1 = — at z = , — (4.12)
dt^dz^ dx dy 2' 2 ^ ^

It can be seen that the only difference between this set of governing equations

and the one for the full equations is in the boundary condition in the z-direction.

Even though an inviscid fluid is taken into consideration, the formulation is still

nonhnear, so the solution can only be foimd by numerical integration.

In a series of numerical experiments, the three lowest wave numbers, i.e.,

wave number k=l, 2, 3, with two meridional modes for the perturbations sinTry

and sin27ry and four meridional modes for the mean flow correction are considered.

Only the initial values for the principal mode amplitudes A3_i(0) and ̂ 3^2(0) are

varied, while the other modes axe set at zero amplitude initially. In these numerical

experiments, we fix the stratification parameter, S at S=0.65.

Figure 4-7 shows the time development of the wave for different initial con

ditions for A3,1(0) and A3,2(0) and in Figure 4-7(a) A3,i(0)=0.01, A3,2(0)=0.01i,

and in Figure 4-7(b) A3,i(0)=0.02, A3,2(0)=0.01i. It can be seen that the wave

goes through an amplitude vacillation cycle, and finally, the wave reaches an irreg

ular state. The structure of the wave and the time at which the irregular solution

sets in, fj, depends on the specified initial conditions. The phase diagram for the

wave amplitude evolution for the same initial conditions as in Figure 4-7 (a) (b)

are presented in Figure 4-8 (a) (b). It is clearly seen that the phase diagram has

good periodicity up to but a random state is found for time greater than fj.

Strictly speaking. Figure 4-8 shows a broadening of the amplitude period with

time for t < tb indicating that the wave is not exactly periodic. Thus the ampli

tude undergoes a slight variation in periodicity with time for the time period t:

t < tb.
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The stream fimction contour plotting of the wave field at the mid-depth in

the x-y plane are shown in Figure 4-9. The contour lines and curves represent a

uniform series of pressure, and the difference in pressure between adjacent lines

or curves is the contour interval of the given map. Thus, contours represent the

shape of the undulation of the flow field on the fiat surface map.

We have considered basic zonal flows that are strongly unstable, and fovmd

that a zonal flow together with a nonlinear wave which is periodic in space and

time exists before tj. And for different initial disturbances, they develop into

irregular motion within different time intervals. It is strongly felt this irregularity

is due to numerical break down. However, the main characteristics shown here up

to point breakdown are similar to those observed in the annulus experiments and

analytic resultst^^l.

4.2.2 Nonlinear baroclinic waves analysis with viscous effect

Next a series of five numerical experiments are seen, labeled A, B, C, D and

E, as shown in Figure 4-1, to study the evolution of the nonlinear autonomous

system Equations (3.14-3.21) under different parameter settings.

In the series A and B, we change both S and 6 such that the following ratio

is preserved

■^0 _
S  ̂ 6^ '

This implies that, in each series, the imposed temperature difference and dissi

pation are fixed, and only the rotation rate is changed. These two sequences are

similar to those found in the data collected in the annulus experiments by Pfeffer

et Computationally, in series A, we consider only one zonal wave with

wave number k which is basically a repetation of the weng's work . While in
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series B, we consider the first k zonal waves simultaneously. By comparing these

two series of resiilts, the difference between the single wave number solution and

multi-wave number solution can be analyzed.

Series C and D axe calculated for fixed the sequence starting from the upper

point to the lower point of the line imply that the imposed temperature difference

decreases while the rotation rate is held fixed. These sequences axe similar to

those found in the data for the annulus experiments conducted by Koschmider and

Whitet^l. In that work, the radial temperature differences at which the transition

from one wave number to the next occur was measmed with either increasing or

decreasing positive radial temperature gradients, at five different rotation rates,

while the fluid being always in thermal equilibrium and in contact with an upper

rigid Hd.

In series E, several cases with different dissipation rates, i.e. 6, are examined

in order to investigate the effect of the Ekman dissipation on the evolution of

nonhneax baxoclinic waves.

4.2.2.1 Evolution of the nonlinear system in experiment of series A

In these series, only one zonal wave with wave number k, with two meridional

modes sinTry and sin27ry and four meridional modes for the mean flow correction

are considered. The initial values chosen in all of these series are : A.jt_i(0)=0.01,

-Afc,2(0)=0.01, and Bk,2iO) are calculated from Equation (4.2) and (4.3) so

that the initial wave state is described by the linear dynamics, all the whole of the

rest of the components Ao,/(0) and Bqj{0) (1=1, 2, 3, 4) are set at zero.

i) Axisymmetric flow

The paxameter setting for the case (AO) is k=3, 8=0.65, 6 = 0.01, which lies
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in the stable region in the S — S plane for the linear stability (see Figure 4-1).

The growth rates from the linear theory for both sinTry- and sin27r y- modes are

negative: i.e. kcn = —0.00, kci2 = —0.01. From Figure 4-10 we can see that

all the wave amplitudes and mean flow correction components decay to zero with

time. Thus, an axisymmetric flow prevails.

ii) Steady waves

Linear theory predicts there is no region of steady waves in parameter space

even when dissipation exists. Yet, when we consider the nonlinearity, steady waves

may exist in what was the unstable region of the parameter space in the linear

problem with dissipation.

Case(Al) (shown in Figvure 4-11) is an example of such a class of steady waves.

The parameter setting for A1 is k=3, S=0.30, 6 = 0.008. The growth rates from

the linear theory for this case is ken = 0.23 and kci2 = —0.01. From Figure 4-11,

we can see that after an initial period of adjustment, the wave and the mean flow

correction components attain equilibrium values. While the sin27ry-mode decay

to zero with time.

iii) Amplitude vacillation

Case (A2) (shown in Figme 4-12) is an example of amplitude vacillation. The

parameter setting is k=4, S=0.15 and 6 = 0.0067. The growth rates from the

linear theory of the sinTry- and sin27ry- modes are kcn = 0.48 and Arc,2 = 0.00,

respectively. After the initial adjustment, the wave and the mean flow correction

components exhibits a limit cycle behavior (Figure 4-12). Figure 4-13 shows the

streamfrmction of the wave field at the mid-depth in the x-y plane for this code.

Prom these three cases, namely, AO, Al and A2, it is found that the present

results are in agreement with Weng's , in which as the parameter sets are varied
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Fig. 4-10. The evolution of the wave components in the case AO,
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along the line AA' in the S-^ plane, three flow states are predicted. The main

characteristics shown here are similax to those observed in the annulus experiments

[io][45]_ Based on the above comparisons with Weng's analytical and numerical

results and the annulus experiments, it is concluded the code developed for this

work is validated.

2. Evolution of the nonlinear system in experiments of series B

This sequence of numerical experiments is similar to series A, in which the

same parameter settings are used as in series A. The only difference is we deal here

with the lowest k zonal waves simultaneously instead of considering only one zonal

wave with wave number k. The initial values chosen here are : A.jt,j(0)=0.01, where

1=1,2, A.jtjfc^/(0)=0, where kk=l,2,...(k-l), 1=1,2, and all the mean flow correction

components being set to zero.

From Figure 4-14(a), it can be seen that, for the case (BO) where k=l, 2, 3,

S=0.65, and 6 = 0.01, the wave amplitude with wave number k=3 and mean flow

correction components approach zero at the flnal state and the waves amplitude

with wave number k=l,2 are zero. Figure 4-14(b) are the phase diagrame for

the components A(3,l) and B(3,l). Comparing the case (BO) with the case (AO),

we can see that, for this setting, the solution of the multi-wave number model is

similar to that of a single wave number.

The parameter setting for B1 (shown in Figure 4-15) is k=l, 2, 3, S=0.30,

5=0.008 and B2 (shown in Fig. 4.16) is k=l, 2, 3, 4, S=0.15, 5=0.0067, which

corresponds to the case A1 and A2, respectively. From Figure 4-15 and 4-16, we

C8U1 see, when t < 400 (for case Bl) and t < 450 (for case B2), the wave component

with wave ninnber k=3 (for Bl) and k=4 (for B2) and mean flow correction are

similar to those in ca.se A1 and A2, and the value of the wave components with
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wave number k=l, 2 (for Bl) and k=l, 2, 3 (for B2) are zero, i.e. unperturbed.

But, 35 time increases beyond 400 (for Bl) or 450 (for B2), the wave component

with wave niunber k=l, 2 (for Bl) and k=l, 2, 3 (for B2) have some finite value,

and the wave component with a wave number k=3 (for Bl) and k=4 (for B2)and

the mean fiow corrections are different from that in the case A1 and A2. This

means for these two cases, the solutions of multi-wave number are different from

that of the single wave number. Mathematically, the model of multi-wave number

should represent a better approximation to the practical problem than that of the

single wave number. Thus, it is necessary to study and develop the multi-wave

number model to get more accurate result.

3. Evolution of the nonlinear system in experiments of series C

This sequence of experiments is performed along the line 6 = 0.001 in the

S — S plane. Here, the three lowest wave numbers, i.e. wave number k=l, 2,

3, with two meridional modes sinTry and sin27ry and four meridional modes for

mean flow correction are considered. The initial values chosen are A(k,l)=0.005

and A(k,2)=0.005 for k=l, 2, 3. That means the lowest three zonal waves are

considered and the same initial perturbation for each wave component are forced.

The only parameter that changes for different cases is S. The sequence of numerical

experiments is performed from upper to lower along the line CC as S decreases.

Figures 4-17, 4-18, and 4-19 show the wave component development for S=0.65,

8=0.35, and 8=0.20, respectively. It can be seen that when 8=0.65, wavenum-

ber k=l is clearly dominant; but, while 8 decreases, the wavenumber k=l decays

and wave nvunber k=2 and k=3 becomes stronger than before. For 8=0.35 (see

Figure 4-18), the values of the amplitude for wave numbers k=l, k=2 and k=3

components axe in the same range. When 8=0.20 (see Figure 4-19), the amplitude
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Fig. 4-17. The evolution of the wave components in the case CO

k=l,2,3, S=0.65, (5=0.001, 7=0.1
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of wave number k=2 and wave number k=3 are stronger than that of wave number

k=l , and wave number k=2 is stronger than wave number k=3, that is, at this

time, the wave number k=2 becomes dominant.

The above result shows that when S decreases, i.e., the imposed radial temper

ature difference decreases while the rotation rate is fixed, wave number transition

occurs and the dominant wave number changes from low to larger, which agree

with those observed in the annuals experiments of Koschmider and White'®'.

Figures 4-17, 4-18, 4-19, 4-20 and 4-21 are a set of example of meridional

mode number transition. Comparing the Figures 4-20 and 4-21 with Figures 4-17,

4-18 and 4-19, we can see that for larger S (i.e. S=0.65, 0.35, 0.20 ) meridional

mode number 1 is dominant. But in the first two cases where S is smaller ( i.e.,

S=0.15, S=0.10) the meridional mode number 2 become more dominant than mode

mimbpr 1. That means, for lower supercriticality, the meridional mode number

1 with the sinTry structure is the most unstable, the second y-mode with the

sin27ry structure becoming unstable when the supercriticahty is increased beyond

a certain value. This characteristic is similar to those observed in the annulus

experiments of Pfeffer et al and agree with linear predictions (see Figure 4-1),

i.e., for some zonal wave number, the second y-mode with the sin27ry becomes

unstable for the smaller stratification parameter S when compared with the first

y-mode for the sinTry structure.

4. Evolution of the nonlinear system in experiments of series D.

This sequence of experiments is similar as in series C, i.e., it is performed

along the line 8 = 0.001 in the S-6 plane and the only parameter which changes

for different cases is the stratification parameter S. The three lowest wave numbers

with two meridional modes sinTry and sin2Try and four meridional modes for the
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Fig. 4-21. The evolution of the wave components in the case C4
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mean flow correction are considered. But, different initial pertvirbations axe forced

to examine the impact of the initial condition on the dominant wavenumber. The

initial values chosen are i43,i(0)=0.02, i43,2(0)=0.01i while all other wave compo

nents are set at zero initially. That means we just give wavenumber k=3 a nonzero

initial disturbance.

The plot for the wave component development are shown in Figure 4-22, Fig

ure 4-23 and Figure 4-24. As can be seen, the resvdts are similar to those in series

C. For S=0.65, the wavenumber k=l is clearly dominant. While as S decreases,

wavenumber k=l decays, and wavenumbers k=2 and k=3 become stronger, and

at S=0.35, the values for these three wavenumber components become almost of

the same importance. For S=0.30, the wavenumbers k=2 and 3 become more

important and wave number k=2 is dominant.

This result shows that the initial disturbance does not effect the dominant

wavenumber, while the character of the flow plays an important role in the deter

mination of the dominant wavenumber.

5. Evolution of the nonlinear system in experiment of E.

In this sequence of experiments, the influence of the dissipation 6 on the

solution is examined. Figure 4-25 and Figure 4-26 are two examples of different

dissipation, S, for fixed stratification parameter S=0.65, in which 6 = 0.01 and

S = 0.001, respectively. As in the series C and D, the three lowest wave numbers

with two meridional modes zmd four meridional modes for the mean flow correction

are considered. The initial value are A.jk_i(0)=0.02, i4fc,2(0)=0-01i) k=l, 2, 3; and

all the mean flow corrections are set to zero initially.

From Figure 4-25, it can be seen that for higher dissipation, i.e., 6 = 0.01, all

the wave and mean flow correction components decay very fast and vanish at the
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final state. Thus, an axisymmetric flow prevails. In Figure 4-26, the amplitude

of the mean flow correction has small nonzero value, and the components of wave

number k=2 and 3 decays to zero with time but slower than that in Figure 4-25.

The biggest difference between Figure 4-25 and Figure 4-26 is in the component

of wavenumber k=l. In the case of Figure 4-26, the amplitude of wave number

k=l approachs a nonzero constant with time.

From the time history, we flnd that the case in Figure 4-25 damps faster than

in Figure 4-26. Comparing Figures 4-25, 4-26 with Figures 4-17, 4-18, we conclude

that the larger dissipation seems to damp the disturbance more effectively than

the larger stratification does.
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CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS

The following conclusions are drawn from the present study.

1. From the linear analysis of the instability:

A. We get the neutral instability curve, it shows the flow regime can be separated

into upper stable, lower stable and unstable regime for different S and 8. Only

when 8 < 8cmaxi there are two critical values of S which correspond to two points

on the upper and lower marginal curves, respectively. When 8^ 8email flow

is stable.

B. The Ekman layer asymmetry has a destability effect.

C. For a fixed S, as the Ekman dissipation, 8, changes, the most unstable wave

number does not change too much. The Ekman dissipation does not affect the

wave selection, but it does affect the growth rates of all the imstable modes.

D. The most unstable wavenumber becomes higher and higher as the stratification

parameter, S, decrease.

2. From the inviscid analysis:

A series of numerical experiments for different initial perturbations have been

performed. We considered basic zonal flows which are strongly unstable, and

found that for different initial disturbance, the wave goes through an amplitude

vacillation cycle for different time length, and finally, they develop into irregular

motion. We strongly feel this irregularity is the result of numerical break down.
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3. From the nonlinear baxoclinic wave analysis with viscous effect:

A. Different flow regimes are obtained from this model and based on the series A

of niunerical experiments, the existence of various flows observed in the annulus

experiments may basically depend on whether or not an equilibrium state, or

a periodic equilibrium state can be reached when the external parameters are

changed. There are three important external parameters: the energy source (AT),

the energy sink (i/) and the effect of the rotation (fi), which are expressed in

terms of two parameters in the present model, they are S and S. In the unstable

region, the nonlinear interaction between the baroclinic and barotropic patterns

of the sinTry-mode and the mean flow results in equilibrium of the flow field,

and a steady wave state is observed when the supercriticality is high enough so

as to endow the baroclinic and the barotropic patters of the sinTry-mode with

different time behavior, but still not high enough to sustain the sin27ry-mode. The

nonlinearity results in a periodic or quasi-periodic variation of these two patterns,

and amplitude vacillation is observed.

B. Numerical experiment series B shows, for certain parameter setting (case BO),

the solution of single wave number (k=3) is similar to that of multi-wave number

(k=l,2,3); but not for all parameter settings. For case B1 and B2, the solution

of single wave number (k=3 for case Al, k=4 for case A2) is different from that

of multi-wave number (k=l,2,3, for case Bl, k=l,2,3,4, for case B2) situation.

It shows that it is necessary to study and develop the model with several wave

number components.

C. Zoned wavenumber transition are foimd in the numerical experiment series C

and D. When we change S from high to low, the dominant wavenumber changes.

That means the imposed radial temperature difference decreases if the rotation
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rate is kept constant, wavenumber transition occurs. Comparing numerical exper

iment series C and D, we found that the initial disturbance does not influence the

dominant wavenumber for a given flow parameter setting, but the characteristics

of the flow plays an important role.

D. Meridional mode number transition is displayed in Figures 4-17,4-18,4-19, 4-20

and 4-21. It shows that, for lower supercriticality, the meridional mode number

1 with the sinTry structure is most imstable. The second y-mode with the sin27ry

structure becomes unstable when the supercriticality is increased beyond a certain

value.

E. From numerical experiment series E for different dissipation 6, we found that the

higher dissipation damps faster than lower dissipation; and the large dissipation

seems to damp the disturbance more effectively than the large stratification does.

Finally, it should be noted that the wavenumber transition is a primary prob

lem. In here, we obtain some preliminary results. For a deeper understanding

and clear interpretation for this phenomena, further work need to be done. A

lot of cases need to be run to determine the boundary between different regimes.

However,the numerical model constructed in this work appears to be adequate to

answer these questions.
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APPENDIX A

MERSON SCHEME

As an improved vision of the classic Runge-Kutta method, Merson scheme

uses almost the same idea as Rimge-Kutta. Runge-Kutta Method has proved

most useful for the solution of ordinary differential equations using high-speed

equipment. The process is such that, for initial value problem

(A-l)

it is possible to obtain the value of y(x-t-h) from the knowledge of y(x) and step

length h only. Thus, it is obvious that, for the solution of an initial value problem,

no special procedure is required to start the integration.

Basically, using Rimge-Kutta method, it is extremely easy to program a

change of interval size, whereas it is fairly difficult to decrease the step length.

Sometimes, it is difficult to make practical use of Rimge-Kutta scheme to de

termine the size of the integration interval which ought to be used to give the

required ax:curacy. An efficient technique was proposed by Merson, which gives an

automatic and rapid determination of the interval with a predetermined accuracy.

Basically the Merson scheme is a slight modification of the Range-Kutta

scheme as mentioned above. The formulae are

= i/n + 2(^1 ^^4 + ̂5) + ~ 2)

where

h = ̂hf{xn,yn)
h = ̂hf{xn -I- ^h,yn + h)
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^3 = ̂hf{xn + ̂h,yn + + ifca)
1  1 3 9^4 = -^hfixn + 2^^yn + g^l + g^^a)

*;5 = ̂hf{xn + h,yn + |fci - + Qh)
The advantage of this method is that an estimate of the truncation error, e,

is given by

5e = fci - ̂̂ 3 + 4^4 - -^*^5 (^ ~ 3)
The interval changing criterion is the following:

If the right hand side of (A-3) is greater than five times the preassigned

accuracy, the interval h is halved and the computation for the step is begun again.

If the right hand side of (A-3) is less than ̂  of the preassigned accuracy, the

interval h may be doubled and the calculation for the step is repeated.

Otherwise, the calculation is proceeded to next time step.

At first sight, it might appear to be slower than the Runge-Kutta methods

but since, to be on the safe side, the interval length is usually imderestimated

when it is fixed throughout the calculation, this flowing down is only apparent.

In fact, the Merson process is 20 per cent faster than the standard fixed interval

procedure.
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APPENDIX B

COEFFICIENTS

The coefficients used in Equation (4.1) axe listed below:

oi =k{l - fik,ithnk,i)l2fik,i

OC2 =-Sfik,i{i'+ -r-)/S

az =k{l - Hk,icthfik,i)/2fik,i

Q!4 =^(r+ + r^)fik,ithiJ,k,i/S

as =-Sfik,iir+ - r_)/5 = 02

as =k{l - fik,ithfik,i)/2nk,i
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