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ABSTRACT

A function is said to satisfy a maximum principle in a domain

Q, if the function either is constant or does not attain a maximum

in . Moreover, if Q. is a bounded domain, then a function which

satisfies a maximum principle in Q, and which is continuous on

must attain its maximum value on dQ. . Maximum principles are

developed for certain P-functions; i.e., functions defined on

solutions of an elliptic partial differential equation. In turn,

these maximum principles are used to obtain information about solu

tions of some second order semilinear elliptic equations as well

as solutions of higher order elliptic equations. Maximum principles

for P-functions associated with a system of second order elliptic

equations are also considered.
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CHAPTER I

INTRODUCTION

One of the most useful tools in the study of elliptic partial

differential equations is the maximum principle. In general, we say

that a function satisfies a maximum principle in a domain if the

function either is constant or does not attain a maximum in Q, .

Maximum principles allow us to obtain information about solutions of

differential equations without explicitly finding the solution.

Numerous applications of maximum principles for solutions of second

order linear equations can be found in the excellent text of Protter

and Weinberger [17]. We shall be interested in obtaining maximum

principles for functions associated with solutions of some second

order nonlinear equations as well as elliptic equations of higher order.

We adopt the terminology in Sperb's text [23] and refer to these

functions as P-functions.

Let u(Xj jX^,... ,X|^) be a real-valued function defined on a

domain Q in Euclidean N-space f'**' . The Laplace operator or Laplacian

A  is defined by

2  2 2

2  2 • • • 2 ■3Xj^ 3X2 3X|^

2
The function u € C is said to be subharmonic (superharmonic) in

^  if Au ̂  0 (£ 0) . If Au = 0 in , then u is said to be

harmonic. It is well known, e.g. [17], that a subharmonic (superhar

monic) function satisfies the following maximum (minimum) principle.

1
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Theorem 1.1. Suppose Au ̂  0 (£0) in Q. . If u attains a maximum

(minimum) value at any point of Q , then u is constant. Consequently,

a harmonic function cannot attain a maximum or a minimum value at any

point of n unless it is constant.

Now, if is a bounded domain with boundary and if u is

continuous on := U 9S7 , then u attains a maximum and a minimum

value on . From Theorem 1.1 then, a subharmonic (superharmonic)

function which is continuous on attains its maximum (minimum)

value on dO, . We can use Theorem 1.1 to prove the following result.

Theorem 1.2. Let be a bounded domain with smooth boundary 3^2 .

3  1 —
If u 6 C ($7) n C {Q.) is harmonic in Q , then

P  := Igrad u 1^

takes its maximum on 3$7 .

We note that Theorem 1.2 follows directly from the subharmonicity

of [grad u|^ .

A related result is valid for biharmonic functions. A function

4  2
u € C (J2) is said to be biharmonic in ^ if A u = 0 , where

2
A u = A(Au) . Miranda [8] proved the following.

Theorem 1.3. Let be a bounded domain in the plane with smooth

4  2 —
boundary . If u 6 C (f2) n C (f2) is biharmonic in , then

2
P  := Igrad u| - uAu

takes its maximum on 3^^
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Again, the result follows directly from the subharmonicity of

[grad u] - uAu .

An important example of a biharmonic function is the torsion

function , which is a solution of

+ 2 = 0 in ,

ilj = 0 on ,

where n is a bounded domain in the plane. If we apply Theorem 1.3

to the torsion function ip , we have that

p
:= I grad ij^l + Zip

takes its maximum on dfi . Moreover, since ip is superharmonic in
O

from Theorem 1.1 we conclude that ip > 0 in . Consequently, |grad

takes its maximum on . Motivated by Miranda's result, Payne [10]

showed that for the torsion function ip , the associated function

P2 := [grad ip\^ +

takes its maximum where [grad 4^1 = 0 provided is a convex domain.

In particular, takes its maximum in where 4; is a maximum.

Payne used this information to obtain bounds for the maximum shearing

stress, defined (up to a constant factor) as

T  := max I grad 4j|



and the torsional rigidity given by

T : =
2

[grad ij; ] dx .
a

Several authors have extended this technique of Payne to functions

defined on solutions of second order linear and nonlinear elliptic

equations under Dirichlet or Robin type boundary conditions, e.g.,

Payne and Stakgold [13], [14]; Payne, Sperb, and Stakgold [12];

and Schaefer and Sperb [19], [20]. Also, Sperb [22] and Protter [15]

have adapted this technique for more general uniformly elliptic

operators. These authors give various applications in the case where

the P-function attains a maximum value at a critical point of the

solution to the differential equation. Alternatively, we shall con

sider P-functions which take their maximum on 9S7 .

Instead of the Laplacian, we consider more general elliptic

differential operators. In the following, we denote the partial deriv-

ative T-— by u . and adopt the summation convention for repeateddX^. ,1

indices in a single term; e.g., for u(xj^,X2,... ,X|^) and v(Xj^,X2 x^j)

we have

grad u • grad v := u .v .

and

Au := u • • .
9 1 1

2
Using this notation, we define for u € C (Jl) the elliptic operator



L  by

(1.1) Lu := a..(x)u .. + b.(x)u . ,
1 J 9 ' J ' 5 I

where without loss of generality we assume a..(x) = a..(x) . The
1 j j 1

operator L is said to be uniformly elliptic if there exists a posi

tive constant y such that

,  X € c ]R^ ,

for any N-vector ^ . A proof of the following maximum principle, due

to E. Hopf, can be found in Protter and Weinberger [17].

2
Theorem 1.4. Suppose u 6 C (j^) satisfies the differential inequality

Lu := a. .(x)u . . + b.(x)u . 0
I J 9 ' J I J I

in a domain , where L is uniformly elliptic. Suppose the coef

ficients a., and b. are uniformly bounded. If u attains a maximum
I vJ '

value at any point of Q , then u is constant.

As with the Laplacian, a corresponding minimum principle holds

for solutions of Lu £ 0 .

Protter and Weinberger [16] used the Hopf maximum principle to

give a simple extension of Theorem 1.2 to second order elliptic equations

with variable coefficients. They showed that if u is a solution of

the linear elliptic equation

Lu + c(x)u := a..(x)u .. + b.(x)u . + c(x)u = 0 ,
Ij j iJ 1
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where L is uniformly elliptic and c(x) _< 0 , then for y > 0

sufficiently large the function

2  2
P  := [grad u| + yu ,

and more generally, the function

P  := [a(x)]^lgrad u|^ + yu^ ,

does not attain its maximum in Q unless it is constant. In Chapter

II we present a direct analogue for the function

9  P fU
(1.2) P := [a(x)] [grad u] + y f(t) dt ,

•'0

where u is now a solution of the related semilinear equation

Lu + c(x)f(u) := a..(x)u .. + b.(x)u . + c(x)f(u) = 0 ,
I J j I J I ) I

for c(x) <_ 0 and f'(u) bounded below by a positive constant. More

over, we show this latter condition can be relaxed by making a suitable

adjustment in the function P defined in (1.2). Also, we develop a

maximum principle for a function associated with solutions of the

corresponding inhomogeneous equation

Lu + c(x)f(u) := a..(x)u .. + b.(x)u . + c(x)f(u) = q(x) ,
I J > ' J I > '

where c(x) < 0



More recently, for the equation

(1.3) Lu + f(u) := a..(x)u .. + b.(x)u . + f(u) = 0
IJ J ' J 1 j I

Lu and Yiang [5] established conditions under which the function

(1.4) P := |grad u|^g(u) + yu^ - 2 f(t)g(t) dt
0

takes its maximum on , where y is a sufficiently large positive

constant and g(u) is a sufficiently smooth positive function. In

Chapter II we shall develop a corresponding maximum principle for the

function

P  := [a(x)]^|grad ul^g(u) + yu^ - 2 f(t)g(t) dt
h

defined on solutions of the uniformly elliptic equation

Lu + c(x)f(u) := a..(x)u .. + b.(x)u . + c(x)f(u) = 0
I J 5 ' J ' » I

with c(x) ̂  0 . Moreover, we show that if u is a solution of (1.3),

then we can drop the integral term in (1.4) and still obtain a maximum

principle for the resulting function.

There is an extensive literature available on maximum principles

for second order elliptic equations and their applications to boundary

value problems. However, less attention has been given to maximum

principles for higher order elliptic equations. This can be partly

attributed to the fact that Theorem 1.1 does not immediately
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generalize to equations of the form a'^u = 0 , where A^u = A(a'^"^u).

For example, u(x,y) = 1 - x^ - on the unit disk = {{x,y):
2  2 2

X  + y <1} satisfies A u = 0 in and although u does take

2  2its minimum value on 9^2 = {(x,y): x + y = 1} , u attains an

interior maximum at the origin. Nevertheless, a number of results

have been proven. For example, Schaefer [18] extended the maximum

principle of Miranda for the biharmonic equation. Theorem 1.3, to the

fourth order semi linear elliptic equation

A^u + p(x,y)f(u) = 0 ,

where p(x,y) > 0 and f satisfies the inequality

sf(s) 0 .

Also, Payne [11] established various maximum principles for certain

P-functions associated with solutions of the equation

A^u = f(u)

in N ̂  2 dimensions based on specific assumptions on the form of

the function f ; e.g., f(u) >0 or f'(u) < 0 . In general, these

P-functions depend on the dimension N .

D.R. Dunninger [2] obtained a maximum principle for the P-function

P  := (au)^ + cu^ ,
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where c is a positive constant and u is a solution of the fourth

order elliptic equation

2
A u + cu = 0

in a bounded domain in . Moreover, if u satisfies the

boundary condition Au = 0 on dQ , Dunninger was able to deduce a

maximum principle for |u| . Chow and Dunninger [1] then developed a

corresponding P-function for the equation

2
A u + c(x)u = 0 ,

where c(x) > 0 , from which a pointwise estimate for |u| resulted.

Recently, Wang and Wang [25] established maximum principles for some

functions determined by solutions of the nonlinear fourth order elliptic

equation

(1.5) A(a(x)g(u)Au) + b(x)f(u) = 0 .

Lu and Wang [5] also considered the equation (1.5) although most of

the results are given for g(u) = 1 . In Chapter III, we improve the

result in [25] which greatly simplifies some of the theorems in [5].

Also, in Chapter III we establish a maximum principle for several P-

functions associated with the system of second order elliptic equations



(1.6)

10

Lu + Fj(x,u,v)h^(u)g^(v) = 0 ,

Lv + F2(x,u,v)h2(u)g2(v) = 0 ,

where L is the uniformly elliptic operator (1.1). Moreover, we show

that the system (1.6) includes the system considered by Lu and Wang

in [5].

Finally, in Chapter IV we consider the metaharmonic equation

(1.7) a"u + + ... + agU = 0 ,

where a^,..., a^_^ are real constants and := a(a'"~^) , .
Under appropriate conditions on the coefficients a^,..., a^ ^ in

(1.7), Chow and Dunninger [1] found that certain solutions to (1.7)

in a bounded domain Q satisfy a pointwise estimate of the form

(1.8) lu(x) I < k|u(xQ)1 ,

where k is a positive constant and Xq 6 . Dunninger [2] had

earlier obtained this estimate with k = 1 for the specific case

n = 2 . Also, Schaefer and Walter [21] extended the pointwise esti

mate (1.8) of Chow and Dunninger to a wider class of metaharmonic

equations without explicit knowledge of the constant k . In Chapter

IV, we give an estimate similar to (1.8) for the cases n = 2 and

n = 3 which is sharper than the corresponding estimate of Chow and

Dunninger. We conjecture that sharper estimates can be obtained for

n > 4 also .



CHAPTER II

SECOND ORDER EQUATIONS

We consider the uniformly elliptic equation

(2.1) Lu + c(x)f(u) := a..(x)u .. + b.(x)u . + c(x)f(u) = 0
I J » ' J • j 1

in a bounded domain $7 in Ir'^ , N ^ 2 , with coefficients

a.jjjb^. ,c€ C^(r2) and where f € C^(IR) . By uniformly elliptic, we
mean the symmetric matrix (a..) is positive definite and satisfies

' J

the uniform ellipticity condition

> n|Cl^ , X € € IR^

for some positive constant n .
3

In [16], Protter and Weinberger showed that if u €C is

a solution of (2.1) with c(x) £0 and f(u) = u , then for
2 _

a(x) 6 C {9.) there exists a positive constant y such that the

function

P(x) - [a(x)]^|grad u|^ + yu^

cannot attain its maximum in 9 unless it is constant.

More generally, we have the following, where for convenience we

set

11



12

(•U
(2.2) F(u) = f(t) dt .

-'0

Theorem 2.1. Let u 6 be a solution of (2.1) where c(x) £0 .

If f'(u) £ K > 0 , K constant, then for a(x) € C^(^) there exists

a positive constant y such that the function

(2-3) P(x) = [a(x)]^|grad u|^ + yF(u)

cannot attain its maximum in unless it is constant.

Proof. By a straightforward computation, we have

Lij ° ̂ "^",ik".jk ^ k",Ik

where f denotes differentiation with respect to u . Hence,

(2.4) LP . b,P_,

° 2«^^ij".ik",jk ^ 2aLa,jU_,j|^ + ''i^^k>^k

^ ®"",iLjLk",jk ̂  2a(a..a_,j +

" 2yi«,j^o",k",k " ^ -iffV.ij " "iYi'



13

By differentiating (2.1) with respect to X|^ , we get

(2.5) + b.u_,^ . - ̂ f'".k - f^k •

We substitute (2.5) into (2.4) and use the differential equation (2.1)

to obtain

(2.6) LP = 2c.2a,.u_,^u_ .^ - 2„2a, . . + 8aa_.a.jU_^u^j^

- 2A.k",l",k - - 2«^f'=,k",k

2
In order to remove the term -2a fc . u , from the right side of

,K ,K

(2.6), we define the elliptic operator L by

LP := LP + 2y"Vc .P .
s T T

where

+ 2a^fc .u . .

Hence from (2.6) we have
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^ 2 2(2.7) LP = 2a - 2a + 8aa_,a.jU_^u^j^

+ tY"Vc_jU_^u_j^ - 2a2b,_^u_.u_^ - 2a2cfu_^u_^

Y 4Y"ya^jC_,u_|^u^|^ + 2aa^ija,jU_|,li_^ + 2aa^,b,u^l^u_|^

* 2",1°,j'l/,k".k + Yf'aijb_,u_j - YCf2 .

For xgj2 , if a(x) = 0 (2.7) reduces to

LP - Yf'a,-TU aU . - ycf^ + 2a. -a -a Jgrad ul^

which is clearly nonnegative. If a(x) ̂  0 , the first four terms

on the right side of (2.7) can be combined by using an inequality from

[l6]- Let (A.jj) be the inverse of the positive definite matrix
(a..) . Since
' J

^ij^^ik 2 2^jq^qk^ - °

for any N x N matrix (s..) , we have
^ J

^jk^,jk - "®ij^,ik'^,jk ' 4%q^p|<^qk

By choosing

'jk ° i^j",k ̂  2Y"'a^c_jU_^

we get from (2.8)
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+ 2y-yc_ .u^^)u_j|^ > -la^Ap^Spi^Sql^ .

Using (2.9) we have

"  '-^k,r,".n nV.k ̂

t [yfa^j + (2ao_pp + 2a_pa^p)ap^6,j + 2aa_pbp6.j

- 2c,%_j - Pa^cfS.. + 4y-yc.^pC_pS..]u_,U_j - ycf

which after simplification results in

(2.10) LP - {yf'a. . + [2(aa - 3a a n)a_,-, + 2aa b - 2a^cf'
'J > kH IK HH 5 K r

- 2A,_j y 2a(2a_p + ■'"'Aq'.p'^qi

where denotes the Kronecker delta. Now, for y sufficiently

large the right side of (2.10) is nonnegative and the theorem follows

directly from the maximum principle. Moreover, the size of y de

pends only on a, f, and the coefficients in (2.1). ■

The preceding theorem can be used to obtain interior estimates

for [grad u| . For example, suppose that f is an odd function

which satisfies f'(u) ^ K > 0 . If hi £ m and jgrad u] £ M on
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8Q , then by Theorem 2.1,

(2.11) [a(x)]^Igrad u|^ £ + y f(t) dt
JO

for X ^ Q. , where a, = max |a|. Moreover, if a(x) vanishes on

,  then for x^ e Q , (2.11) becomes

,2, . . x/„ N ,2[^(Xq)] |(grad u)(Xq) I ^y f(t) dt .
0

Finally, by normalizing a such that a(xQ) = 1 we obtain

.  . 1/2(grad u)(Xq) | < v'y (j f(t) dt)
0

In Theorem 2.1, the positivity condition on f in $7 is some

what restrictive. We can formulate a weaker hypothesis if we consider

the function

(2.12) P(x) = |grad u|^ + yF((f)(u))

instead of (2.3), where we take a(x) = 1 for simplicity and where

(j)(u) is a function to be determined. For convenience, we let

/ = /(u) = f(4)(u)) and use a prime to indicate differentation with

respect to argument. We then have the following.

Theorem 2.2. Let u 6 C^(n) be a solution of (2.1) with c(x) £ 0
2

and f bounded below. Suppose there exists a function (j)(u) € C (IR)

such that for some positive constant B the inequality
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(2.13) /'(<})')2 + ff > 6

holds. Assume further that |/(j)'| >0 , f/cj)' ^ 0 , and that

^1 is bounded. Then for y > 0 sufficiently large, the
function P(x) given by (2.12) cannot attain its maximum in unless

it is constant.

Proof. We first note that nontrivial f and (p which satisfy

the conditions in Theorem 2.2 for a solution which is bounded below

are f(u) = arctan u^ and (})(u) = e^ . Now, proceeding as before.

2

P.ij = ̂ ^1k^jk ̂  . Y[r(V) + /♦■■]

+  ■

Then,

(2.14) LP := a,jP . b,P_, = . ^hj^.ijk + N".ik'".k

a y[/'(4')^ + /4"]a.ju_,u_ . + Y/4'(a,jU_.j . b,a_.) .

We again use (2.5) and the differential equation (2.1) in (2.14) to

obtain

(2.15) LP = 2a,ju_.^u_j^ - 2a.j_^u^^u_,j - 2b,_^u_.u^^ - 2cfu_^u^^

- 2fc .u . + y[^'(4' ')^ + ,u , - YcW .
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In order to eliminate the undesirable term -2fc .u . from the
5 K 5 K

/N

right side of (2.15), we consider the elliptic operator L defined

by

LP := LP + 2f(Y/(^')"^C .P .
» I 5 1

Since

)'^c^.P^. = + 2fc^.u^.

we have from (2.15)

(2.16) [p =

- YCf/(J>' .

We combine the first three terms on the right side of (2.16) by using

the inequality (2.8) where

Thus,
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which after simplification results in

(2.17) -2cfJ,. -2b._ .

- ycf/cf)' .

Because of (2.13), the right side of (2.17) can be made nonnegative by

choosing y large enough. Hence, the theorem follows from the maximum

principle. ■

We now present an analogue of Theorem 2.1 for an inhomogeneous

uniformly elliptic equation, where for simplicity we let a(x) e 1

in (2.3). For a..,b. ,c e C^(IT) and f € C^(]R) , let u be a solution
' J '

of the equation

(2.18) Lu + c(x)f(u) := a..(x)u .. + b.(x)u . + c(x)f(u) = q(x) ,
* J 5 ' J ' J I

where q(x) e C^(f2) . In addition, let i|)(x) be any nonnegative

function which satisfies in the differential inequality

(2.19) . + b.4._, < -1

Then, we have the following theorem.
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Theorem 2.3. Let u 6 C^(s7) be a solution of (2.18) with c(x) :< Cq < 0,
Cq constant, and suppose \p € C^(n} H C^(q) is a nonnegative solution
of the differential inequality (2.19). If f'(u) ̂  > 0 and

F(u) ̂  and constants, where F(u) is given by (2.2),

then there exists a positive constant y such that the function

(2.20) P(x) = |grad u]^ + yF(u) - [F(u) + b]

with

B = -K. + max[|grad q|^ + fy^q^]
Q

cannot attain its maximum in unless it is constant.

Proof. From (2.20) we find

P^i = 2u^,^u^.,^ + Yf(u)u^. - [F(u) + B]y^^- - f(u)^u^^. ,

- [F(u) + - fy.u_ . -

and thus

(2.21) LP := + b,P_, = ^ ''1^1k'",k
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-  [F(u) + B](a. .ij; . . + .)
IJ > IJ

Differentiating (2.18) with respect to , we obtain

<^•22) - "i.k",! - - '^k " ̂k

We substitute (2.22) into (2.21) and use the differential equation

(2.18) to get

(2.23) LP = - 2b,^^u_^u_, - 2cfu_|^u_^

" 2f<^,k",k ■ '"f "

+ f'(Y - *J^)a.TLi .u . - [F(u) + B](a. .ijj .. + b.^j .) .
IJ j' jJ IJ j'J

We employ the elementary inequalities

-^f^k^.k i - «(Yk".k)^

ql^ - u^^u^^

(y - ̂ )qf > - - |(y - ̂ )V .

-2fa..u .4; . > - if^ - 6(a..u -ijj .)^ ,
TJ ~ 0 1J ,V ,J

and inequality (2.8) with Sjj^ = -a^i^ .jU ^ . Also, we use (2.19) to
obtain from (2.23)
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(2.24) LP > [f(Y - ♦)a,j - - 2b, - (2cf . 1)6. .

+ F(u) + 6 - Igrad q|^ - |(y - .

Since c(x) £ < 0 , we initially take y = Yq > ni£x 4)(x) such that
9,

(Yq - 4^)c + 0 in . Finally, since f ̂  > 0 and by the
choice of 6 , the right side of (2.24) is nonnegative for Y £ Yq
sufficiently large. The theorem follows directly from the maximum

principle. ■

We note that when f(u) = u the restriction c(x) £ Cg < 0 can
be relaxed; i.e. , Theorem 2.3 is valid for c(x) £ 0 . This follows

1  ?easily since for f(u) = u , we have F(u) = u so that (2.24)

reduces to

LPi[(Y-^)a,, 2b, (20.1)6,j
2

- 6c .c . - 6a. a. lii ip ]u .u . - (y - 4^)cu + 6
,1 ,J im jn^,m^,n^ ,i ,j

-  Igrad q|^ - |(y - i|j)^q^ .

We now investigate a class of P-functions defined on solutions

of (2.1) where c(x) > 0 . In particular, we consider the function

(2.25) P(x) = [a(x)]^lgrad ul^g(u) + yu^ - 2H(u) ,

2 — 2where y > 0 is constant, a € C (f2) , g € C (IR) with g(u) > 0 ,
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and where

(2.26) H(u) = J h(t) dt , h(t) = f(t)g(t) .
■'0

We also assume f and g and their first derivatives are bounded.

We differentiate the function P in (2.25) and obtain

+ 2yuu . - 2h(u)u . ,
> ' J 1

+ 2>^9",k",ijk "

^ """.jS^.k^.ik + 2a29'u,,u,k",jk ^ °^9'",1j",k",k
+  + 2aa^ .g'u_,u^^u_|^ + ""M^^.k^.jk

^ ^°",i9'",j",k\k ^ 2™,1j9",k",k 2'=',i»,jS",k",k

+ 2yuu . . + 2yu .u . - 2hu • . - 2h'u .u . .
»'J »T »J

Then, we have

(2.27) LP := . b,P_, = 2a'ga(jU_,k".jk
+ 2A(a. .u_, + "i^.ik'^.k ^ '"^9'®ij".k",ik",j
+ 8oa_jga,jU_|^u_j|^ + ^ "l^.i )",k",k

+ a2g"a, .u_iU_jU_kii_k^''««,j9'^ij".l",k",k
+ 2cg(a,ja_,j + b,a,)u_^u_|^ + 29a,ja_,a_
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+ 2Yu(a..u .. + b.u .) + 2Ya..u .u . - 2h'a..u .u .
Tj .TJ T .1 1J ,1 ,J 1J ,1 ,J

- 2h(a. .u . . + b.u .) .
ij 1 ,1

To eliminate the undesirable third and seventh terms from the

right side of (2.27), we consider the elliptic operator L defined by

LP := LP - 2g'g"^a. .u .P . ,
^ ^ ij ,J

where

+ 4aa .g'a..u .u ,u , + 4Yg"^ug'a..u .u . - 4fg'a..u .u . .
5' 'J j' jJ 'J j' jJ

3
Moreover, if u e C i^) , we use (2.5), (2.1), and (2.27) to get

(2.28) [P = + 8aa^jga,jU_|^u_
2  2 2- 2a gb^^i^u^i^u^. - 2a cf'gu^i^u^i^ - 2a fgc^j^u^,^

- a^cfg'u^i^u^i^ + a^[g" - 2(g')^g"^]a.jU^ .u^jU^l^u^l^

+ 2ag(a,.a_,. + b.c._,)g,fcU,|< + 2ga.ja_.cc_ - 2TCuf

+ 2Ya,,u ,u , + 2(fg' - f'g)a.,u ,u . + 2cf^g
I J 5 I S J ' J J ' 5 J

- 4Yg-'ug'a,jU_jU_j .

If a(x) = 0 at some x e , (2.28) reduces to
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(2.29) LP = 2ga..a -a .u - 2YCuf + 2(y + fg' - fg)a..u .u .

2  -1
+ 2cf g - 4Yg ug'a. .u .u . .

1J »T »J

Since f and g and their first derivatives are bounded, the right side

of (2.29) is nonnegative for y > 0 sufficiently large if, in addition

to the sign conditions c(x) ̂  0 and g(u) > 0 , we require uf(u) 5 0

and ug' (u) £ 0 .

We now assume a(x) f 0 . Here, we use inequality (2.8) with

to combine the first three terms on the right side of (2.28). Also,

we combine the sixth and fourteenth terms in (2.28) by

(2.30) 2cf^g - 2a^fgc |^u |^ = cf^g + c"^g[c^f^ - 2a^cfc j^u ^

^  4, ^2. 4 -1 , \2
^  ] - a c g(c^,^u^|^)

2 -1 2 2
> cf g + c g(cf - a

4 -1 I . ,2. ^ ,2
- a c  gigrad c] |grad u| ,

where we assume c(x) is strictly positive. Thus, from (2.28) we

obtain
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- 2a^cf' - a^cfg'u^,^u^,^ + a^[g" - 2(g')^g"^]

2YCuf + 2{y + fg' - f'g)a..u .u . - 4Yg~^ug'a..u .u .+ cf^g
u >' »J 1J ,1 ,j

+ c ^g(cf - - a\"^g|grad c|^|grad uj^

which after simplification becomes

(2.31) LP > {2(y + fg' - fg)ajj + [2gap^(ao_p^ - 3a_pa_^) + Zagb^a^p

- 2Af'g - a^cfg' - a^c'lglgrad - |"Vp,ap^_jap|^^.

- 2a^gb,.^j + 1agap,_ .c._p)u_,u_j

- a^g"^(g"h"a.,u ,u ,|grad u|^ - 2YCuf
1 J 5 ' »J

1  2 -1 2 2
- ̂ Yg ug'a. .u .u . + cf g + c g(cf - a c ,u .) .

The right side of (2.31) is nonnegative for y > 0 sufficiently large

in the case a(x) f 0 if we impose the conditions

2 -1(a) jgrad c| c bounded

(b) (g"^)"lO

(c) uf(u) £ 0

(d) ug'(u) £ 0

in addition to the sign conditions and smoothness assumptions already
/S

given. Thus, we have LP £ 0 in . By the maximum principle we

have the following theorem.



27

Theorem 2.4. Let u e C^(Q) be a solution of (2.1), where c(x) > 0

and the function f is such that uf(u) < 0 . In addition, assume

2-1 ? —Ivc] c and f, f are bounded in . Let a(x) e C (fl) and

2  -1suppose g(u) 6 C (R ) is a positive function such that (g" )" £0

and ug'(u) £ 0 where g, g' are bounded in . Then, for y > 0

sufficiently large, the function

P(x) = [a(x)]^|grad u|^g(u) + - 2H(u)

cannot attain its maximum in Q. unless it is constant.

Again, we can use Theorem 2.4 to obtain interior estimates for

|grad u| . For simplicity, assume f is an odd function which

satisfies the hypotheses of Theorem 2.4. If we set g(u) = 1 in

(2.25), then the function

P(x) = [a(x)]^|grad u|^ + yu^ - 2F(u)

takes its maximum on dQ . If |u| £ m and [grad u| £ M on , then

[a(x)]^ Igi^ad u £ a?M^ + ytii^ + 2 jf(t) | dt

for X , where a, = max|a(x) l . Here we have used the fact that

uf(u) £ 0 implies -F(u) £ 0 . Further, if a(x) =0 on , we

have

[a(x.)]^ 1 (grad u)(x )|^ < + zl lf(t)l dt
U  0 jg
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for Xq g Thus,

|(grad u)(xq)| < |a(xQ) | + 2^ |f(t)| dt)^/^ .
JO

Now, suppose u is a solution of (2.1) where c(x) ̂  Cq >0 ;

i.e., c(x) is bounded below by a positive constant. Here, we can

divide equation (2.1) by c(x) and consider the resulting uniformly

elliptic equation

(2.32) tu + f(u) := a..(x)u .. + fa.(x)u . + f(u) = 0 ,
I J j I J 1 5 I

where = a^.^c ^ = bx ̂  . In [6], Lu and Yiang prove the
analogue of Theorem 2.4 with a(x) s 1 in (2.25) and u a solution

of (2.32). However, in this case we can show that the simpler function

(2.33) P(x) = |grad u|^g(u) + yu^

satisfies the maximum principle in ^ . We prove the following

theorem.

Theorem 2.5. Let u 6 C^(s^) be a solution of (2.32), where f, f

are bounded in Q. and uf(u) £ 0 . Suppose g(u) € C (IR) is a

positive function such that g and g' are bounded in . If

(g ^)" £ 0 and ug'(u) £ 0 , then for y > 0 sufficiently large,

the function

P(x) = |grad ul^g(u) + yu^
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cannot attain its maximum in unless it is constant.

Proof. As in the proof of Theorem 2.4, from (2.33) we com

pute

(2.34) LP ^

" 9"''ij",i",j",k",k ' + b,u_,) Y 2Ya,.u_.u_j .

We differentiate (2.32) with respect to X|^ to obtain

(2.35) Y 6.u_ .^ = "''ij.k^.ij " N.k".! " f'",k '

Thus, we use (2.35) and the differential equation (2.32) to write

(2.34) as

(2.36) tP = 29a,jU_,k".jk " j.k",k",ij " ̂Sb^.k^.k",! " 2^'S",k",k

" ''9'"ij".k",1k\j - f9'u,k",k ' 9'V,i",j".k",k - 2Y"f

Y 2Ya.jU_.u_j .

Now, proceeding as in the proof of Theorem 2.4, consider the
/s

elliptic operator L defined by

LP := LP - 2g'g"^a..u .P .
' J > J 9 '

Then, from (2.36) we have
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(2.37) IP = 2ga,jU_,^u_j^ - 2ga.^^ .u_ - 296^,kU_^u_.

- 2f'9",k".k - fg'",k",k + [g" - 2(9')V\.jP,,u_jU^^u_^
- Zyuf + 2Ya..u .u . - Ayg'^ug'a- .u .u .

'J j' jJ IJ jl jJ

Since

P,i = 2gu_,kU_^ + 9'u_,u_|^u_|^ ^ 2yuu_,

We next combine the first two terms on the right side of (2.37) by

using inequality (2.8) for the coefficient matrix (a..) and its

inverse (A..) with the choice s., = -a., .u . . This gives the
IJ JK JKjl ,!

differential inequality

(2.38) tP > {2Ya.. - 2gb. . - (2f'g + fg')6..
I J I j J IJ

■ 9"^(g-hv,.u_.u_ .|grad ui^
- 2YUf - 4Yg"^ug'a..u .u . .

U > • > J

The theorem follows from the maximum principle since the right side

of (2.38) is nonnegative for y > 0 sufficiently large. ■

We note also that Lu and Yiang [6] claim that if f is an

odd function such that uf(u) £ 0 with f bounded above, then a

solution u of (2.32) satisfies

(2.39) sup |uI = sup |u1 .
^2 9Q
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In fact, the requirement that f be odd is superfluous as is the

boundedness assumption on f . Indeed, if u is a solution of (2.32)

where uf(u) < 0 we have

Li/) - + 6.u^.)

= 2a. -u .u . - 2uf(u) ̂  0 .
' J » ' > J

2
Therefore, u satisfies the maximum principle. From this, we obtain

the conclusion (2.39), but we have not assumed that f is an odd

function or that f is bounded above. Of course, (2.39) also applies

to solutions of (2.1) where c(x) ̂  0 and uf(u) _< 0 .

We note that in [15] Protter obtained a slightly different maximum

principle. Following the Payne technique introduced in [10], Protter

showed that if u 6 C^(n) is a solution of (2.32) and if f'(u) ̂  K > 0 ,

K  constant, then for y > 0 sufficiently large the function

6(x) = Igrad u|^ + yF(u)

cannot attain its maximum at a point in where |grad u| ^ 0 unless

G  is constant. We observe that G coincides with the function

(2.3) of Theorem 2.1 where a(x) e 1 . However, the conclusion here

allows G to possibly take a maximum at a critical point of u ; i.e.,

where [grad u| = 0 . We avoid this by using the function (2.33) and

imposing different requirements on f .

We further note that Nile and Protter [4] have extended the

work of Protter mentioned above to the equation
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aij(x)u^ij + b.(x)u^. + g(x,u) = 0

and to weakly coupled nonlinear elliptic systems of the form

= 0 , k = .

Again, the P-functions used can attain a maximum in n where

|grad u| = 0 , |grad Vq] = 0 in the case of elliptic systems.

Finally, in his text [23], Sperb has examined the equation

(2.32) using differential geometry. Although similar in consequence

to those of Protter [15], the principles presented there depend heavily

on differential geometric quantities and the geometry of the domain.

One may consult [23] for numerous applications of principles of this

type.



CHAPTER III

FOURTH ORDER EQUATIONS AND ELLIPTIC SYSTEMS

We recall that Miranda [8] obtained a maximum principle for

the function

2
P  ;= Igrad uI - uAu ,

where u is a solution of the biharmonic equation

2  2
Au = 0 in Qc]r ,

although we see the solution u need not satisfy a maximum principle.

2  2 2For example, u(x,y) = 1 - x - y satisfies a u = 0 in = {(x,y):

2  2
X  + y <1} but takes its maximum at the origin rather than on

2  2
= {(x,y): X + y = 1} . However, in [2], Dunninger was able to

obtain a maximum principle for solutions of the fourth order equation

(3.1) A^u + cu = 0 ,

4  2 —
where c is a positive constant. In particular, if u G C n C (fi)

is a nonconstant solution of (3.1) in a bounded domain in Ir'^ ,

Dunninger showed that the function

P(x) » c[u(x)]^ + [Au(x)]^

cannot attain its maximum in SI . Consequently, if u is a nonconstant

33
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solution of (3.1) such that Au = 0 on 3^, then |u| cannot attain

its maximum in ; i.e., there exists a point Xq e 3^ such that

lu(x)l < |u(xq)

for all X € . Chow and Dunninger[l] obtained a corresponding

pointwise estimate of the form

(3.2) |u(x) 1 £ k|u(xQ) I ,

where k is a constant and Xq g 9!,7 , for certain solutions of the

equation

2
A u + c(x)u = 0 ,

2  0 —
where c(x) € C (fi) n C (s^) is a positive function such that either

c  or 1/c is superharmonic in Q . We note that if Ac £ 0 , then

k = 1 in (3.2) whereas if A(-^) £ 0 , k is given by

More recently, Lu and Wang [5] considered the equation

(3.3) A(a(x)g(u)Au) + b(x)f(u) = 0 .

If c(x) = a(x)b(x) is a positive function on q such that Ac £ 0

and if fg, (fg)' >0 on F, they showed that a nonconstant solution
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u € n C^(fi) of (3.3) for which Au = 0 on cannot attain

its maximum in ^2 . We note that under the conditions specified there
A  7 —

are no constant solutions of (3.3). Moreover, if u € C (f2) n C (f2)

is a solution of (3.3) such that Au = 0 on , then we can obtain

the same conclusion as Lu and Wang without the assumptions that c

is superharmonic and fg is strictly increasing. Indeed, suppose

c(x) = a(x)b(x) >0 in and fg > 0 on IR . We assume without

loss of generality that a(x), b(x) > 0 in and f(u), g(u) > 0

on IR . If we set

v(x) = a(x)g(u)Au ,

then from (3.3)

Av = -b(x)f(u) <0 in ^ .

Also, since au = 0 on , v(x) =0 on . By the minimum

principle for superharmonic functions, v > 0 in and, therefore,

AU > 0 in . By the maximum principle for subharmonic functions,

u  cannot attain its maximum in ^2 .

We now extend the result of Chow and Dunninger without the

assumption of Lu and Wang that fg is positive. We have the following

theorem.

4  ? —
Theorem 3.1. Suppose u e C (f^) n C (j2) is a solution of the

equation
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A(a(x)g(u)Au) + b(x)f(u) = 0

in Q , where f(u(x)) is not identically zero in . Define the

function

(3.4) 1p(x) =7[c(x)]"kv(x)]' +
u(x)

h(t) dt

where

(3.5)

v(x) = a(x)g(u(x))Au(x) ,

c(x) = a(x)b(x) ,

h(t) = f(t)g(t) .

If h € C^(F) , h'(t) > 0 and if c(x) e C^(.Q) n C°(J2) , c(x) > 0
on Q with Ac _< 0 in Q , then there exists a point Xq € such that

P(x) < P(Xq) , X e n .

Proof. We first note that since f(u) $ 0 and b(x) / 0 in

,  Av $ 0 in Q . Moreover, v is not constant. Taking deri

vatives in (3.4), we find

P  . = (l/c)vv . - . + h(u)u . ,
9 I j 1 C ,1 , I

P_i, = (1/C)(vv_,, + - 2c-2vv_.c_, -jc-Vc ..

+ v^c'^c -c . + h(u)u .. + h'(u)u -u • .
j l j l j ll ,1 ,1
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Thus, rearranging terms we have

(3.6) AP = (l/c)vAv + h(u)Au + h'(u)u .u . - -^"^v^Ac
,1 ,1 c.

+ (l/c)v -v • - 2c"^vv .c . + c'^v^c .c .
»1 »1 ,1 ,1 ,1 ,1

From (3.3) and (3.5),

(l/c)vAv = [a(x)b(x)]"Ha(x)g(u)Au][-b(x)f(u)] = -h(u)Au

so that the first two terms on the right side of (3.6) cancel. Also,

an easy computation gives

(v/c) . = (l/c)v . - c"^vc . ,
5  I J I 5 1

lgrad(v/c)|^ = c"^v .v . - 2c"^vv .c . + c'^v^c -c .
'  ' ,1 .1 ,1 ,1 ,1 ,1

Therefore, (3.6) becomes

(3.7) AP = h'(u)|grad u|^ + c|grad(v/c) - |c"^v^Ac

and since h'(u) ̂  0 , c(x) > 0 with Ac < 0 , the right side of (3.7)

is nonnegative; i.e., P is subharmonic.

We now show P is nonconstant. Indeed, if P is constant,

then AP E 0 . Necessarily, each term on the right side of (3.7)

must be identically zero. Now, since c(x) > 0 , the second term of

(3.7) vanishes if and only if v/c is constant; i.e., v(x) = kc(x)
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for some nonzero constant k . However, the third term of (3.7)

becomes

|c"^(kc)^Ac = - ̂ -k^Ac ,

which vanishes if and only if Ac e 0 . In this case, Av = 0 which

contradicts the fact that Av f 0 in ^ . Since P is subharmonic

and nonconstant, P cannot attain its maximum in . The theorem

now follows from the continuity of P . ■

We remark that Theorem 3.1 is a direct consequence of a weak

maximum principle for the function (3.4) given by Wang and Wang in

[25]. As an immediate corollary of the preceding theorem, we can

state a maximum principle for solutions of (3.3) when h(t) is an

odd function or h(t) ̂  0 .

Corollary 3.2. Suppose the hypotheses of Theorem 3.1 are satisfied

and let u be a solution of (3.3) such that au = 0 on .

(a) If h(t) is odd, then there exists a point Xq e such

that for X €

|u(x)| < |u(Xq)| .

(b) If h(t) ̂  0 , then there exists a point Xq g such that

for x ^ Q.

u(x) < u(Xq) .
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Proof. From Theorem 3.1, there exists Xq e an such that for

X 6

1  1 9 fUCx)(3.8) j [c(x)]-^[v(x)]^ +
^0

h(t)dt < j[c(X(,)]-^[v(Xjj)]2

■u(Xq)
h(t) dt .

Since Au = 0 on an , v(x) = 0 on aiT and since c(x) > 0 on

n , from (3.8) we get

(3.9)
u(x)

0
h(t) dt <

•"(Xq)
. 0

h(t) dt

for X € n. Now, h(t) is nondecreasing. Therefore, if h(t) 0 ,

from (3.9)

u(x) < u(Xq)

If h(t) is odd and nondecreasing, then th(t) > 0 so that

h(t) dt =
-s

h(t)dt > 0

for each real number s . From (3.9), we conclude

|u(x) I < lu(xp) I . ■

We remark that (a) of Corollary 3.2 can be applied to a nontrivial

solution of the equation
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(3.10) A(a(x)Au) + b(x)u^ = 0 ,

where p ̂  1 is odd and c(x) = a(x)b(x) satisfies the hypotheses

of Theorem 3.1, for which Au = 0 on 3^^ . Therefore, there exists

a point Xq 6 such that for x €

lu(x)| < |u(Xq)1 .

Lu and Wang [5] deduced this same conclusion for the equation (3.10)

but under much more stringent conditions on the coefficients a(x)

and b(x) .

We now consider the system of elliptic equations

Lu + f^(x,u,v)g(v) = 0 ,

(3.11)

Lv + f2(x,u,v)h(u) = 0

N
in a bounded domain o. in Euclidean N-space ]R with boundary dO. ,

where L is the uniformly elliptic operator defined by

(3.12) L := a. .(x) + b.(x) ^ij^ ' 9X^3X. r ' 3X.

such that

a.. = a^. , > nlCl^ . x e , c € IR^

2  .
for some positive constant n • If li,v € 0 {9.) is a solution pair
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of (3.11), then Lu and Wang [5] showed the following.

(1) If g € , h € C^(fi) and gh(fj + g'f^) < 0 , h' > 0 ,
(g^)" ̂  0 , then the function

^^(x) = 2H(u) + [g(v)]2 ,

where H'(u) = h(u) , cannot attain its maximum in Q un

less it is constant.

(ii) If g,h € and gh(f^ + f^) £ 0 , h' ̂  0 , g' 0 ,

then the function

,(x) = H(u) + G(v) ,

where H'(u) = h(u) , G'(v) = g(v) , cannot attain its

maximum in $7 unless it is constant.

(iii) If g,h e C^{Q.) and gh(h'f^ + g'f2) £ 0 , (h^)" ̂  0 ,
2

(g )" > 0 , then the function

,(x) = [h(u)]2 + [g(v)]^

cannot attain its maximum in SI unless it is constant.

2
Similarly, we can show that for a solution pair u,v € C (Sl) of (3.11)

if g € C^(S2) , h € C^(s^) and gh(h'fj + f^) £ 0 , g' £ 0 , (h^)" £ 0 ,
then the function

(3.13) $4(x) = [h(u)]^ + 2G(v)
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where G'(v) = g(v) , cannot attain its maximum in ^2 unless it is

constant. This follows as an easy consequence of the next theorem.

Suppose we have the system of elliptic equations

Lu + F^(x,u,v)h^(u)g^(v) = 0 ,
(3.14)

Lv + F2(x,u,v)h2(u)g2(v) = 0

in a bounded domain in Euclidean N-space f'**' with boundary ,

where L is again the uniformly elliptic operator (3.12). We note

that the system (3.14) includes the system (3.11), where we make the

identification h^(u) = g2(v) s 1 , g^ = g , h^ = h , and F. = f. ,

i  = 1,2 . We have the following theorem.

Theorem 3.3. Let u,v € C^(fi) be a solution pair of (3.14).
(a) If g^g^ e C^(.Q) , 6 C^(f2) and +

°  > 0 ' (g^g^)" > 0 . then the
function

(3-15) P^(x) = 2H(u) + [gi(v)g2(v)]^ ,

where H'(u) = hj(u)h2(u) , cannot take its maximum in n

unless it is constant.

(b) If g^g^, h^h^ € C^(f2) and g^h^Ch^F^ + g^F^] < 0 ,
(hjh2)' ̂  0 , (g^g2)' ̂  0 , then the function

(3.16) P2(x) = 2H(u) + 2G(v) ,
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where H'(u) = h^(u)h2(u) , G'(v) = g^(v)g2(v) , cannot

attain its maximum in unless it is constant.

(c) If gjg2, h^h^ € C^(fi) and gjh2[h^(h^h2)'Fj + g^(gjg2)'F2] < 0 ,
(hjh^)" ̂  0 , (g^g^)" ̂  0 , then the function

(3.17) P3(x) = [hj(u)h2(u)]2 + [g^(v)g2(v)]2

cannot attain its maximum in unless it is constant,

(d) If g^g2 € C^(Q) , h^h2 € and gjh2[hj(hjh2)' F^
+ g2f2^ - ° » (9192)' > 0 » (h^h^)" ̂  0 , then the
function

(3.18) P^(x) = [h^(u)h2(u)]2 + 2G(v)

where G'{v) = gj^(v)g2(v) , cannot attain its maximum in

unless it is constant.

Proof. We prove (b) and (c) noting that (a) and (d) are- proved

in a similar manner.

(b) From (3.16),

^2,i " 2h^(u)h2(u)u^. + 2g^(v)g2{v)v^. ,

= 2hj(u)h2(u)u^.. + 2(hjh2)'u_ .u_.

+ 29i(v)g2(v)v_ .j + 2(gjg2)'v_,v_j

Hence,
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(3.19) LPj := a,jP2_.. + b.P^^. = Zhjh^Lu + PChjhj)'a. .u_.u_j

+ Zgjg^Lv + 2(gjg2)'a,jv_.v_j .

We use (3.14) to write (3.19) as

(3.20) LPj = -ZgjhjEh^Fj + g^F^] + Zdijh^)■a u_.u .
F 2(gjg2)'a.jv_ .v_ . .

Since L is uniformly elliptic and (h^h^)' ^0 , (9^92)' ^0 ,
2  29jh2[h^F^ + ^2^2} - ^ ri9ht side of (3.20) is nonne9ative.

Thus, P2 cannot attain its maximum in q. unless it is constant. ■
(c) From (3.17),

^3,i " 2[h^(u)h2(u)](hjh2) 'u^ . + 2[9^( v)92(v)](9ig2)' v .

•"s.ij = 2[hi(")h2(")](''ih2)'u_ .j +

+ 2[9^(v)92(v)](9]^92) 'v^.jj + (9ig2)"VjVj .

Hence

(3.21) LP3 := a, .P_ . . f b^P_, = 2hjh2(h,h3)'Lu . (h2h2)"a,jU_ .u^j
+ 29ig2(gig2)'Lv + (9ig2)"a. .V .V . .

1 J > ^ > J

A9ain, usin9 (3.14), (3.21) becomes
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LP3 = -2gjh2[hj(hjh2)'Fj + + (hjh^)"a.j.u^ .u^^.

From the uniform enipticity of L and since (h^h^)" > 0 ,
(9^92)" > 0 , and g^h2[h^(h^h2)'Fj + g2(g^g2)'F2] < 0 , we have
LP3 >_ 0 . The result follows from the maximum principle. ■

As an illustration of the preceding theorem, consider the system

..2 2
Lu - ue" -V = 0 ,

(3.22)
2  2

Lv - ve^ = 0 .

2  2If we set F^(x.u,v) = F2(x,u,v) = -1 , hj(u) = ue" , h2(u) = e"" ,
_ 2 2

g]^(v) = e , and g2(v) = ve^ , then the hypotheses in each of the
parts (a)-(d) of Theorem 3.3 are satisfied. In this case, we have

that the functions P^ , n = 1,2,3,4 , all reduce to

P(x) = [u(x)]^ + [v(x)]^

which by Theorem 3.3 cannot attain a maximum in unless it is con-

2  0 —
stant. Moreover, if u,v € C (fj) n C (fi) , then there exists a point

Xg 6 such that for x e

iu(x)|, |v(x)| < ([u(x„)]^ + [v(x„)]^)l^^ .

We observe that for the system (3.22), only case (iii) of Lu and Wang
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with h(u) = g(v) e ±1 is applicable. However, in this case

tjlx) = [h(u)]2 + [g(v)]2 E 2

which does not lead to pointwise estimates for u or v .

Motivated by the above example, we can formulate the following.

2  0 —Corollary 3.4. Let u,v e C n C {q) be a solution pair of

(3.14) such that h^(u)h2(u) = u , g^lvjg^Cv) = v , and

gih^Ch^Fi + g^F^) < 0 .
(1) If u = 0 on 3^2 , then there exists a point Xq e

such that for y. ^ Q.

|u(x)| , |v(x)| < 1v(xq)| .

(2) If V = 0 on , then there exists a point Xq g

such that for x e si

lu(x)|, Iv(x)| < |u(Xq)| .

(3) If u = V = 0 on 3S1 , then u = v e 0 in Q. .

Proof. Since the hypotheses in each of the parts (a)-(d) of

Theorem 3.3 are satisfied and u,v g C^(q) , there exists a point

Xg € dn such that for x £ 9,

(3.23) lu(x)|, |v(x)l < ([u(Xq)]^ + [v(Xg)]^)^^^

Under the appropriate assumption that u = 0 on 3Si or v = 0 on
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9f2 we have the desired result. Also, if u = v = 0 on 957, then

from (3.23), u(x) = v(x) = 0 for every x e $7 . ■

Finally, we consider the equation

(3.24) L^v + f(x,Lv,v) = 0 ,

where L is defined by (3.12). We can express (3.24) equivalently as

the system

Lu + f(x,u,v) = 0 ,

(3.25)

Lv - u = 0 .

Moreover, the system (3.25) has the form of (3.14) where

F^(x,u,v) = f(x,u,v) , F2(x,u,v) e -1 , h^(u) = g^(v) = g2(v) e 1 ,
and h2(u) = u . We immediately obtain the following corollaries of

Theorem 3.3.

Corollary 3.5. Suppose sf(x,s,t) < 0 for x e and s,t g F .

If f(x,0,t) f 0 for X e and t e K > then there is no solution

4  2 -
V € C (rO n C (S7) of the equation (3.24) for which Lv = 0 on 9J7 .

Moreover, if f(x,0,t) = 0 for x e and t € F , then v e 0

is the only solution of (3.24) such that v = Lv = 0 on 9^7.

Proof. We express (3.24) as the system (3.25) and note that the

hypotheses (a) in Theorem 3.3 are satisfied since uf(x,u,v) < 0

by assumption and h^h2 = u , g^g2 e 1 . Therefore, from (3.15), the

function
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Pl(x) = [u(x)]^ + 1

takes its maximum on 9Q . Consequently, there exists Xq 6 such

that for X 6 12

WM\ 1 |u(Xq)| .

However, from (3.25), u = Lv so that if Lv = 0 on 3^2 , we have

Lv E 0 in Q, . Hence, if f(x,0,t) ̂  0 we reach the contradiction

0 = L(Lv) = -f(x,Lv,t) = -f(x,0,t) 0 . If f(x,0,t) = 0 for

X € f2 , t € ]R and v = 0 on 3f2 , then we have Lv = 0 in ,

V = 0 on 3^2 . By the maximum principle, v e 0 in . ■

Corollary 3.6. Suppose s[f(x,s,t) - 1] < 0 for x e ̂ 2 and s,t e F

If V € C^(f2) n C^(J2) is a solution of (3.24) such that Lv = 0

on 3f2 , then there exists a point x^ € 9^2 such that for x t

v(x) < v(Xq) .

Proof. Again, using (3.25), the hypotheses (d) in Theorem 3.3

are satisfied. Thus, from (3.18), the function

p4(x) = [u(x)]^ + 2v(x)

takes its maximum at a point Xq t 3fi . Since u = Lv = 0 on 3S2 ,

we have
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2v(x) < P^(x) < P^CXq) = 2v(Xq)

for X £ Q from which the result follows. ■

We note that f(x,s,t) = -s satisfies the condition on f in

Corollary 3.5 since sf(x,s,t) = -s^ < 0 . Likewise, f(x,s,t) = e"^

satisfies the condition on f in Corollary 3.6 since s[f(x,s,t) - 1]

= s(e"^ - 1) < 0 .



CHAPTER IV

METAHARMONIC EQUATIONS

It is well-known (Gilbarg and Trudinger [3], Corollary 3.2,

p. 33) that if u C C^(f2) n C^(j^) is a solution of

(4.1) Au + a^u = 0

in a bounded domain c IR , where < 0 is constant, then

sup |U I = sup |u I .

Moreover, if u is a nonconstant solution of (4.1), then |u| can

not attain its maximum in $7 . To see this, consider the function

P(x) = [u(x)]2 .

Then,

AP = 2uau + Zjgrad u|^ = ®

and since u is nonconstant, we have by the maximum principle for

subharmonic functions that P cannot attain its maximum in .

Since P is continuous on , there exists a point Xq € 9$^ such

that

[u(x)]2 < [u(X(,)]2
50
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for all X 6 and the result follows by taking square roots.

In [2], Dunninger extended this result to fourth-order equations

of the form

(4.2) A u + a^Au + a^u = 0 ,

where the constants ag, a^^ satisfy £ 0 and ag > 0 . In parti-
4  2 —cular, if u 6 C (n) n C (fl) is a nonconstant solution of (4.2) such

that Au = 0 on dO. , then Dunninger showed that |ul cannot attain

its maximum in n . As before, the result follows as a direct conse

quence of the subharmonicity of the function

(4.3) P(X) = [au(x)]2 + a(,tu(x)]^ .

In general, consider a differential equation of the form

(4.4) a"u + a^_jA""^u + ... + a^Au + agU = 0

where a^, ..., a^_j are real constants. A function

u 6 C^"(fi) n which satisfies (4.4) in a bounded domain
Nn c R is called an n-metaharmonic function. Moreover, if we set

n 1Uj^ = u , u = AU, ... , u^ = A ~ u then
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(4.5) AU = -AU ,

where A is the n x n matrix

A =

0

0

0

a.

-1 0

0  -1

0  0

ai a^

0

0

-1

"n-1

Now, define the characteristic equation

(4.6) + ... + a^c + a^ = 0•ic, "0

associated with (4.4) and suppose the roots of (4.6) satisfy

both of the conditions

(4.7)

(a) Re > 0 ,

(b) If Re = 0 , then 5^. is a simple root.

In this case. Chow and Dunninger [1] showed that if u is a solution

of (4.4) such that
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(4.8) Au = A^u = ... = a""^u = 0 on ,

then there exists a positive constant k and Xq € dO. such that

for all X € Q

|u(x) I < k|u(xQ) 1 .

More specifically, since the eigenvalues of A are given by

p^ = , we have from a well-known result in Liapunov stability theory

(Massera [7], Theorem 4*, p. 183) that there exists a symmetric positive

definite matrix B and a symmetric positive semidefinite matrix C

satisfying

(4.9) A^B + BA = -C .

Consequently, the function

(4.10) V = U^BU

is subharmonic since from (4.5) and (4.9)

t  f N t
(4.11) AV = (AU)^BU + U^B(AU) + 2 Z (U^ ) B(U^ )

i=l ^i ^i

t  t N t= -U^(A^B + BA)U + 2 Z (U )^B(U )
i=l ^i ^

N
UTU + 2 Z (U )''B(U^ ) > 0

i=l >^i ^i -

and thus V attains its maximum at some Xq € 9^ • From the boundary
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conditions (4.8) and since B is symmetric positive definite, it

follows that for x 6 ̂

Ai(B)[u(x)]^ < X^(B)U^U < V(x) < V(Xq) = bj^[u(xQ)]2 ,

where Aj(B) is the minimum eigenvalue of B . This yields the

estimate

(4.12) |u(x)| < ^ ̂

given by Chow and Dunninger. Of course, since B is symmetric posi

tive definite, b^^ and Aj(B) are positive. Finally, we remark

that if u is a nonconstant solution of (4.4), then V cannot attain

its maximum in ^ . Thus, for x ^ Q. , m obtain strict inequality

in (4.12).

The question as to whether the estimate in (4.12) can be improved

arises naturally. Moreover, since the preceding analysis applies for

the particular choice n = 2 in equation (4.4), a comparison of the

bound (4.12) can be made with Dunninger's original work for the equa

tion (4.2). In the remainder of this chapter we examine the matrix

B  in the function (4.10) for n = 2 and n = 3 . Using a variation

of the Chow and Dunninger proof we give an improvement of their esti

mate in these two cases. Moreover, when n = 2 we can obtain the

function (4.3) of Dunninger by an appropriate choice of the matrix B

in (4.10).

4  2 —Suppose u € C (fi) n C {^) is a nonconstant solution of (4.2),

where aQ and a^^ are real constants, in a bounded domain c
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such that Au = 0 on 9^2 ; i.e..

A U + dj^AU + dgU = 0 in ,

(4.13)

Au = 0 on 9J7

Moreover, assume that the roots 5^, of the characteristic equation

(4.14) ^  + dg - 0

satisfy (4.7). Consider the function

(4.15) V = [u Au]B
u

Au

where B is a symmetric positive definite matrix which satisfies (4.9),

Without loss of generality, we assume

(4.16) B =

''ii "''12

■"12 1

where > 0 , - b^^ > 0 (Noble and Daniel [9], Theorem 11.4,
p. 427). For convenience, we set

(4.17) bii = b^2 '

where a = det B > 0 . From the form (4.16) and (4.17), (4.15) becomes
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/  ,2
.. ... . .... .lAi i -L rAi i \*-

12 ^''12'
V(x) = (bL + a)u^ - 2b,5UAu + (Au)^

and completing the square we have

(4.18) V(x) = (Au - b^2")^ + ctu^ ,

Now, from the calculation (4.11) V is subharmonic and nonconstant.

Hence, there exists a point Xq € 3^ such that

(4.19) V(x) < V(Xq) , X €

Using the boundary condition in (4.13), it follows from (4.18) and

(4.19) that for x €

a[u(x)]^ 1 [Au(x) - b^2L'(x)]^ + ct[u(x)]^ < (b^^ "*■ a)[u(xQ)]^

or since a > O ,

u(x) | < (b^2 + ^)^^^"'^''^Iu(Xq) | = (b^^)^/^{det B)"^/^|u(x^

We thus have the following theorem.

Theorem

the conditions

4.1. Suppose the roots (4.14) satisfy both of
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(a) Re ^0 ,

(4.20)

(b) If Re = 0 , then is a simple root.

4  2 —
If u € C (n) n C in) is a nonconstant solution of

(4.21) A^u + a^AU + aQU = 0

which satisfies on

Au = 0 ,

then there exists a symmetric positive definite matrix B and

Xq € dQ. such that

(4.22) |u(x)l < (b^p^/^(det 8)"^^^ 1u(Xq) | , x € .

We remark that the bound (4.22) is an improvement over that of

Chow and Dunninger in (4.12). Indeed, consider the characteristic

polynomial for B

(4.23) p(a) := det(xl - B) = - (b^^ + l)x + (b^^ - b^^)

=  - (b^2 a + 1)X + a ,

2
where we have used (4.17). Then, p(0) = a > 0 and p(a) = -b^^ot <. 0

It suffices to show that 0 < x^ < det B . We have the following two

cases.
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Case 1. If ^ ̂  P(c) < 0 . Hence,

0 < Xj(B) < a = det B .

Case 2. If b^2 " 0 > P(ct) = 0 so that a is an eigen

value of B . Consequently, by the definition of Aj^(B) we have

0 < X^(B) j< a . More specifically, if b^2 ~ 0 "the characteristic

polynomial (4.23) becomes

p(x) - X^ - (a + 1)X + a = (X - a)(X - 1) .

Thus, since a = det B is an eigenvalue of B , 0 < X^(B) < det B

iff det B > 1 and 0 < X^(B) = det B iff 0 < det B £ 1 .

We now give an explicit method for constructing the symmetric

positive definite matrix B in Theorem 4.1. First, however, we note

that since the roots and O"'' ('^•14) given by

it follows that and satisfy (4.20) iff one of the following

holds:

(1) Sq > 0 and a^ £ 0 ;

(2) aQ = 0 and a^ < 0 .

Therefore, for convenience, we express equation (4.21) in the form

(4.24) A^u - qAu + pu = 0 ,

where p, q 1 0 and p + q ^ 0
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As a vector equation (4.24) becomes

AU = -AU ,

where

u 0  -r

u = ,  A =

_AU_ _p -q_

Now, from (4.16) and (4.17), the desired matrix B has the form

"k2 ,
0^2 ■*" '12

-b
12

for a > 0 and satisfies

A^B + BA = -C ,

where C is symmetric positive semidefinite. An easy calculation gives

2b 12P ^12(^12 ~ 4) ~ p ot
C =

bi2(bi2 - q) - p + a Z{q - b^^)12'
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Now, C is positive semidefinite iff (1) , 2{q - 6^2)

and (2) det C ̂  0 (Strang [24], Theorem 6E, p. 244). We consider

the following two cases.

Case 1. If p = 0 , then det C = -['>i2^'^12 " ® *

Hence, det C = 0 iff a = b^2(Q " ̂12) • Therefore, since a > 0 ,

C  is positive semidefinite iff 0 < 6^2 Q " " ̂12^^ " *^12^ '

Case 2. For p > 0 we have that C is positive semidefinite

iff 0 £ bj^2 i. 1 det C £ 0 . Moreover, since

det C = 4pb^2U " *^12^ " '^^12^^12 ' - P + ct]^

it follows that det C > 0 iff

([bljU - < a < ([bj2(? -

Of course, we must have a > 0 . Thus, for the equation (4.24) the

entries of B are chosen as follows:

(1) If P = 0 , then for 0 < bj2 ^ choose a = bj^2(^ " '^12)

(4.25)

(2) If p > 0 , then for 0 _< bj^2 1 4 choose a ̂  0 such that

([bi2(q - bi2)]l/2 - ^ ^ pi/2j2

From (4.17), the estimate (4.22) becomes

(4.26) lu(x)l < (b^2 ■*" 1u(Xq) I
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so that by choosing = 0 we have

|u(x)| < |u(Xq)| ,

which coincides with the result of Dunninger [2]. Of course, from

the discussion above, the choice b^^ = 0 is possible only when p > 0

in equation (4.24). In this case, from (4.25) when = 0 we have

a = p and the function (4.18) reduces to Dunninger's function (4.3).

Moreover, in terms of the coefficients of the differential

equation (4.24), if bj^^ ~ 0 > (4.23) we have

p(X) = (X - 1)(X - p) ,

since a = p in this case, and using (4.17) we can write (4.12) as

(4.27) |u(x)| <

Therefore, if b^^ = 0 , it follows that (4.26) and (4.27) yield the

same estimate provided 0 < p £ 1 . Otherwise, (4.26) is the better

estimate since for p > 1 , min(l,p) = 1 .

We now proceed to derive an improved estimate for the equation

(4.28) A^u + a^A^u + a^Au + agU = 0 ,

where aQ, a^^, and a^ are real constants. To this end, let
r  A

u e C (f^) n C (SX) be a nonconstant solution of (4.28) in a bounded

N
domain c IR such that
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(4.29) Au = A u = 0 on dQ .

Again, assume that the roots of the characteristic equation

(4.30) f(^) := + a^?^ + a^^ + a^ = 0

satisfy (4.7). Consider the function

(4.31) V = [u Au A u]B

u

Au

A^U

where B is a symmetric positive definite matrix which satisfies

(4.9). Without loss of generality, we assume

hi -"12 ^13
(4.32) B = "'^12 ^22 "^23

''13 ""^23 1

where from [9]

(i) ^11 ' ̂22 ^ ̂ »

(ii) bii - > 0 ^22 - "L' ° 9

(iii) ^11^22 ^ ^12 '
(iv) det B > 0 .

For convenience, we set

(4.33) "n = ^13^ ot , ^22
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a =

^11 "^13

^13 1

,  3 =

^22 "^23

-b
23

By the form (4.32) and (4.33), (4.31) becomes

V(x) = (b^^ + a)u^ - 2b^2^^u ^ + (^>23 + 3)(Au)^

- 2b22AuA^u + (A^u)^

and completing the square, we have

(4.34) V(x) = (A^u - bp.Au + b,oU)^ + 3(Au - [b,. - b,ob.-lB'^u)^
73"" "13 12 "13"23-

+  (a - z)u ,

where

(4.35) z  (b^2 " ̂13'^23^2.-1

Since V is subharmonic and nonconstant, there exists Xq 6 9n such

that

(4.36) V(x) < V(Xq) , X € .

From the boundary condition (4.29), it follows from (4.34) and (4.35)

that for X € n
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Now, using (4.33) we have

det B = B(a - z)

and since 6 > 0 and det B > 0 , necessarily a - z > 0 . Hence,

we divide (4.37) by a - z to obtain the estimate

lu(x)| <

= bj(^[(clet B)(det |u(X(j) | ,

where

'23

*^22 "^23

"^23 ^

We have the following theorem.

Theorem 4.2. Suppose the roots C3 0^ (4.30) satisfy both

of the conditions

(4.38)

(a) Re C- >

(b) If Re = 0 , then is a simple root.
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If u € C ($7) n C {q) is a nonconstant solution of

3  2A u + a^A u + a^Au + agU = 0

which satisfies on 9^^

Au = A^u = 0 ,

then there exists a symmetric positive definite matrix B and

Xg 6 9fi such that

(4.39) |u(x)| < b}(^[(det B)(det B23)"^]"^/%(Xg) [ , x € ,

where B23 is the submatrix formed by deleting the first row and

column of B .

We now show that the bound (4.39) is again an improvement over

(4.12). Indeed, consider the characteristic polynomial for B

p(x) := det(xi - B) = - (b^^ + b^^ + 1)A^

+ {^11^22 " ̂12 ̂  *^11 " ̂13 ̂  ̂ 22 " ̂23^^

-  - '■L' - '"^''22 - ("12 - 2'>i2bi3b23)] .
We complete the square in the constant term and use (4.33) and (4.35)
to write
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(4.40) p(x) = - (b^2 ^23 3 + l)x^

+ ([b^3 + a][b23 + S] - bj2 + a + 6)X - g(a - z) .

Then, p(0) = -g(a - z) < 0 . Again, it suffices to show that

0 < X^(B) _< (det B)(det B^^) ̂  , where

(det B)(det 623)"^ = a - z .

After a rearrangement of terms and simplification, we find

(4.41) p(a - z) = (a - z)[(b^3 + z)(b23 + g) - b^2 + ̂  - z)(bi3 + z)]

2
Now, from (4.35), 2 >0 and hence bj3 + z ̂  0 . However, we

2  2shall later show that b^^ + z / 0 . Therefore, assume bj^3 + z > 0 .

In this case, we express (4.41) as

p(a - z) = (a - z)(b^3 + z)[b23 + g + 1 - R - (a - z)] ,

where

(4.42) R = (b^3 + b^2)(bi3 + z)"^ .

We consider the following three cases.

2

Case 1. If a - z < b23 + g + 1 - R , then p(a - z) > 0 .

Hence, 0 < X^(B) < a - z .
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2
Case 2. If a - z = + 3 + 1 - R , then p(a - z) = 0 so

that a - z is an eigenvalue of B , and hence 0 < X^(B) < a - z .

Moreover, the characteristic polynomial (4.40) becomes

where

P(A) = (A - [a - z])r(X) ,

r(A) = A^ - (b^3 + b23 + 6 + z + 1)A +

Now, r(0) = B > 0 and

r(a - z) = -[R(b23 + B + 1 - R) - B] - (b^^ + z)(a - z)

A straightforward algebraic manipulation using the definition of R

given by (4.42) and the definition of z in (4.35) shows that

(4.43) R(b23 + B+ l-R)-BlO .

2
Hence, r(a - z) £ "(^13 - z) < 0 and hence A^(B) must be

the smaller root of r(A) . Therefore, 0 < A^(B) < a - z .
2

Case 3. If a - z > b23 + B + 1 - R , then p(a - z) < 0 .
2

However, from (4.43) we have b23 +B+1-R>0 and if we evaluate
2the characteristic polynomial (4.40) at b23 + B + 1 - R » we obtain

after simplification
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p(b23 + 6 + 1 - R) = [(a - 2) - + 6 + 1 - R)]

X [R(b23 + 3 + 1 - R) - 3]

Since a z > b23 + 3 + 1 R  by hypothesis and by (4.43), we have

P(b23 + 3 + l-R)^0 . Therefore, 0 < X^(B) £b23 + 3+ l - R<a
2^0 . From (4.35) we have ^^3 + 2 =
0  . We claim that there does not exist aif and only if b^2

symmetric positive definite matrix B with b^^^ ^ *^13 ^ which

satisfies (4.9). Indeed, with

0 0 0 -1 0

DO

II

0 b22

1

cr
ro

CO

M

0 0 -1

0
"^23 1 ^0 ®2

we find

a'b + ba = - ''11 ^0*^23

''11 * ®o''23

^^'^23

(82623 +632) - aj

(82623 +622) -

-2(623 + 82)

:= -C

where C is symmetric positive semi definite. However, if the sym

metric matrix C is positive semidefinite, then all principal sub-

matrices have nonnegative determinants (Strang [24], Theorem 6.3,

p. 244). Necessarily, Sq = 0 which in turn gives b^^ = 0 .

Obviously, this contradicts the fact that B is symmetric positive

2
definite. Thus, b^3 + 2 / 0 and therefore the estimate (4.39)
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is sharper than the estimate (4.12) for any suitable choice of the

matrix B since for + z 0 we have 0 < X^(B) < (det B)(det

We claim that the roots ^3 of the characteristic equa

tion (4.30) satisfy (4.38) iff one of the following holds:

(1) aQ = 0 , a^ > 0 , and a2 1 0 ;

(2) a^ < 0 , a^ > 0 , a2 < 0 , and la^a^l ^ ja^l .

Indeed, if a^ = 0 , then the roots of (4.30) are = 0 and

Now, a^ ^ 0 since ^ = 0 must be a simple root. Moreover, if

a^ < 0 , then Re ^2 = ^2 a^^ > 0 and consequently

a^ £ 0 for otherwise Re C3 < 0 .

If aQ ^ 0 , then there are two cases in which the roots of the

characteristic equation (4.30) satisfy (4.38). Either f(0 = 0 has

three positive real roots or it has one positive real root and two

complex conjugate roots with nonnegative real parts. If f(C) = 0

has exactly three positive real roots, then there must be exactly

three variations of sign in (4.30); i.e., a2 < 0 , a^ > 0 , a^ < 0 .

If f(0 = 0 has exactly one positive real root , then the

characteristic equation (4.30) can be written as

f(?) := (5 - + [82 + + [a^ + + ?*)]) = 0

and thus has roots and
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^3 ̂  ^ - ̂ (®2 ■" + ^*(^2 ■" '

where by hypothesis

(4.44) (32 + C*)^ - 4[aj + ^*(32 + C*)] < 0

It fonows that ^2 ?3 l^^ve nonnegative real parts iff
92 £ 0 . Hence, 32 5 -^* < 0 . Consequently, from (4.44) we
obtain

^ ¥^2 ° •

Finally, since 32 < 0 and a^ > 0 , we must have aQ < 0 for
otherwise the characteristic equation (4.30) has two variations in

sign and hence we reach the contradiction that f(^) = 0 has at

least one negative real root. Thus, if a^ ^ 0 , we must have the
sign conditions a^ < 0 , a^ > 0 , 32 < 0 . Consequently, for con
venience we rewrite (4.30) in this case as

(4.45) f(5) := - p = 0 ,

where p, q, n. > 0 . Let us now show that the roots of (4.45) satisfy

(4.38) iff ^q > p ■ We consider the following two cases.

Case 1. n.q = p . Here,
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f(c) = U - + q)

and f(^) = 0 has roots = a. and ' ̂3 • Hence.

(4.38) is satisfied.

Case 2. Kq f p . Here,

fiO = + iq^ - p) ■

If A.q < p , fiO <0 f(^) >0 for ^ > p/q .

Therefore, all real roots of (4.45) lie in the interval {a,, p/q) .

If A-q > p , f(c) <0 for ^ < p/q and f(^) >0 for ^ > a. .

Therefore, all real roots of (4.45) lie in the interval (p/q, a.) .

Now, (4.45) has at least one real root ^* > 0 and hence we write

f(e) = (C - 5*)(?^ + U* - A.1^ + [q + C*(C* - /l)])

so that f(5) = 0 has roots and

^2 = - C*) + - 5*)(a. + 3c*) - 4q}^/^] .

C3 = |[(/L - ?*) - {(/L - e)U + 3^*) - 4q}^/^] .

If A.q < p > then 0 < a. < ^* < p/q so that - C* < 0 and hence

{a. - C*)(a. + 3C*) - 4q < 0 ; i.e., C2 ^nd C3 are complex with

Re C2 - C*) < 0 • Therefore, (4.38) does not hold for

A.q < p . If, however, A.q > p , then 0 < p/q < ^* < a. so that

A - C* > 0 • Hence, if C2 and C3 are complex, we have
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Re ^2 " ?3 ~ - C*) > 0 . Also, if ^3 ^re real, then

we have already shown 0 < p/q < ^3 < ̂  . Thus, (4.38) is satisfied.

We next construct the matrix B of Theorem 4.2 under each of

the conditions (1) and (2), where in either case we can consider an

equation of the form

(4.46) 3  2
Au->^Au+qAu-pu = 0 ,

where p>;0 , q>0 , ;i. >_0 such that > p - Equivalently, as a

vector equation, (4.46) becomes

AU = -AU ,

where

U =

~ u ~ "0 -1 0~

AU ,  A = 0 0 -1

A^U -P 4 -n.

From (4.32) and (4.33), the symmetric positive definite matrix B of

Theorem 4.2 has the form

(4.47) B =

13

-b

+ a "'^12

1—»
CO

12 "^23

13 ■*^23 1

where a, 6 > 0 , (b^^ a)(b23 + 3) > b^2 det B > 0 , and B
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is such that

A^B + BA = -C

for a symmetric positive semidefinite matrix C . Again, an easy

calculation gives

(4.48) c =

2pb^3

2
bj3 + a - (qbj3 + pb23)

P + ̂ bj3 - b32

bi3 + a - (qbj3 + pb23)

2((jb23 - bj2)

b23 + B + bj3 - iq + Ab23)

P + ̂ b33 - bi2

b23 + B + bj3 - {q + ̂ b
23'

2(^ - b23)

It is easy to see that a special class of symmetric positive

definite matrices of the form (4.47) are those for which

*^12 ' ^13^23 •

For simplicity, we suppose that the matrix B of Theorem 4.2 has this

form. In this case, the matrix C in (4.48) takes the form

c =

2pb^3

a - b33(q - bj3) - pb23

p + b^3U - b23)

a - b,3(q - b,3) - pb23

2b23(q - b33)

- b23(/i - b23) - (q - b^j)

p + b,3(l - b23)

- b23(A. - - (q - bjj)

2U - b23)

Again, C is positive semidefinite iff

(1) 2pbj^2 ' 2b23(q - b^^) , 2(a - b23) ̂  0 *,

(2) 4pb23(''L - ^23) ~ [p b3^(^ - bp^)] ^ 0 jI3VU ..23'
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(3) 4pbj^2'^23 ~ - [ot - ~ ^13^ ~ ^^^23^ — ̂  '

(4) ^^23^^^ ~ ^13^^''^ ~ ^23^ ~ [B ~ ^23^''^ ~ ^23^ ~ (q ~ ^2^3)^ ^ ̂ »

(5) det C ̂  0 ;

or equivalently, after algebraic simplification,

(1 ) P^23 ' ̂23^*^ ~ ^13^ i ^ ~ ^23 — ̂  '

(2') [p - b^^^^ - b23)]^ < 0 ;
(3') a^ - 2a[b^3((j - b^^) + pb23] + [b^^C^ - b^^^) - pb23]^ lO ;
(4') 3^ - 23[b23U - b23) + [q - b^3)]

+  - b23) - {q - bj3)]^ < 0 ;

(5') b23{q - b^3)Q^ + [3 - b23U - b23) - [q - b^3)]
X Q(b23Q + b^^P - a) + (/L - b23)(b23Q + b^33 - a)^ £ 0 ,

where Q = p - b^3(A - b23) .

Immediately, from (2') ,

(4.49) p = b^3(A. - b23) ; i.e., Q = 0 ,

and from (3') and (4') we get the sign restrictions

^13^^ " ̂13^ ^^^23 ^ ° '
(4.50)

'^23^'^ - b23) + {q - b^3) > 0 .

Moreover, from (3) and (4) we obtain the inequalities
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(4.51)

la - [5^^2(4 " ̂13) ^ ~

|6.- [b23(^ - b^g) + (q - bjg)]] < 2[b23(q - bj3)(^ - b23)]^/^

Now, since Q = 0 , (5') reduces to

(4.52) (a - b23)(bj36 - a)^ < 0 .

We first suppose p = 0 . By (4.49), b^3 = 0 or b23 = a. .

However, if p = bi3 = 0 , the first sign condition of (4.50) does not

hold. Therefore, =/i . From (4.51), we have

a = bj3(, - bj3) ,

6 = q - b
13

and, consequently, 0 < bj3 < q since a, 3 > 0 . Thus, for p = 0

the matrix B has the form

B =

'"13

"'^''13

"13

-Kb
13

+ q - b
13

-K

13

-K

where 0 < bj3 < q .

Now, assume p > 0 and suppose Kq > p . From (1') and (4.49),

bj^3 > 0 , K - b22 ̂  0 .
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Consequently,

^23 > 0 , c? - > 0 ,
13

where ^23 iq - f 0 , since > 0 and the sign

restrictions (4.50) must hold. In particular, from (4.49), we must have

0 ̂  ̂ 13 ~ bp-^) _£
23'

with strict inequality if b^^ = 0 • Finally, from (4.52), we must

have b^^P = a . We note that by multiplying the second inequality of

(4.51) by b^2 > 0 , we get

1^13^ - [b^;:^b^.^(A. - bp^) + h^^iq - b^.^ )]I13 23 23' "13' 13'

- ̂̂^13^^23^^ " *^13^^^^ " *^23^^ ^

which is precisely the first inequality of (4.51) since b^^B = a and

p = " b23) • Thus, for p > 0 and n.q > p the matrix B has

the form

^13^^13 ̂

"^^13^23

13

"*^13^23

"23 " 6 -b

-b
23

13

23

1

where 0 £ b23 < n. , b^^ ~ ~ *^23^"^ 'and
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iB - 1^23^^ " *^23^ - 2[b23(Q "

For p > 0 and A.q = p , we must look outside the class of sym

metric positive definite matrices for which b^2 ^ '^13'^23 ' = P >

the matrix C in (4.48) takes the form

c =

2/i,bj3

a - bjgCq - bjj) - /Kjb,
23

a - bjjiq - bjj) - A-qb^j

2(qb23 - bj2)

^(q + bj3) - bj2

/i(q + bj3) - bj2 B - b23(^ - b23) - (q - bj3) 2(/i - b,,)

-  - b23) - (q - bj3)

23'

Now, C is positive semidefinite iff

(1"

(2"

(3"

(4"

(5"

Since a

2Aqb.^2 > ~ ^^19) » ~ 1^99) ̂  »23 "12 23' -

AAqb^^iA - 823) - [A{q + b^.,) - b,,] > 0 ;
13' "12-

'}

4/'i(^b^3((jb23 - ^ ~ ~ ^13^4 ~ ^13^ " ''^4^9'^^ ^ ̂ >
"13' '23-

^{a - b23)((i;b23 - ̂ ^2^ ~ [3 ~ ^23^''^ ~ ^^23^ ~ iq ~ ^ ̂ »

det C > 0 .

q, p > 0 , we have b^3 ̂  0 , qb23 - b^2 1

A - b23 ̂  0 from (1"). Also, by combining terms and completing the

square, we obtain from (2")

0 ̂  "^''^^13^4^23 ~ ^12^ ~ ^''^^4 ~ ^13^ ~
13' "12-

Necessarily,

^13^'^^23 ~ ^12^ ~ ^ 3nd ^iq ~ ^13) •12 '13'
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If qb^s > b^2 » then ~ 0 hence b^^ " ̂9. • This, however,

leads to the contradiction

''Lq ~ ^12 ^^23 '

Therefore,

(4.53) ^5^3 = bj2 ^ '^(q " ̂13) •

Immediately, from (3") and (4") we have

ot — ^]^3(q ~ ^13^ ^4^23 '

(4.54)

B ~ ^23^^ ~ ^23^ ^ (q ~ ^13^ '

Furthermore, from (4.53) and (4.54), it follows that det C = 0 .

Since a, B > 0 , we use (4.54) to deduce that 0 5 b^3 < q and

0 < b23 = A.q"^(q - b^^^) 1-^ • fi^om (4.53), we can express (4.54) in
terms of 5^3 as

2
ot - (q - b.|.3)(/'L + bin) ,13/^'t ^13'

13)(1 ^ ""13'3 = (q - bT.)(l + /L^q~'^b,^)

Hence, for p > 0 and ^q = p the matrix B has the form
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B =

[q - bjjK +

-i{q - bjj)

"13

-n.[q - bi3) 13

(q - bjjJtl + -iq ^(q - bjg)

-/iq"^(q - bjj) 1

and B is positive definite iff 0 < ^ •

It appears that the procedure used in this chapter to obtain bounds

can be extended to metaharmonic functions of higher order. Hopefully,

this extension can be done for the general equation (4.4) without having

to consider each value of n separately as we have done here for n = 2

and n = 3 . Furthermore, if the roots of the characteristic

equation (4.6) satisfy (4.7), it appears that an entirely similar

procedure can be used to obtain bounds for , i = l,2,...,n-l ,

where u is a nonconstant solution of (4.4) such that

u = Au = ... = a''"^u = A^''"^u = ... a""^u =0 on ,

which could possibly improve those obtained by Chow and Dunninger [1].
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