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ABSTRACT

A function is said to satisfy a maximum principle in a domain
@ if the function either is constant or does not attain a maximum
in Q. Moreover, if @ is a bounded domain, then a function which
satisfies a maximum principle in Q and which is continuous on Q
must attain its maximum value on 3Q . Maximum principles are
developed for certain P-functions; i.e., functions defined on
solutions of an elliptic partial differential equation. In turn,
these maximum principles are used to obtain information about solu-
tions of some second order semilinear elliptic equations as well
as solutions of higher order elliptic equations. Maximum principies
for P-functions associated with a system of second order elliptic

equations are also considered.
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CHAPTER 1

INTRODUCTION

One of the most useful tools in the study of elliptic partial
differential equations is the maximum principle. In general, we say
that a function satisfies a maximum principle in a domain @ if the
function either is constant or does not attain a maximum in Q .

Maximum principles allow us to obtain information about solutions of
differential equations without explicitly finding the solution.

Numerous applications of maximum principles for solutions of second
order linear equations can be found in the excellent text of Protter
and Weinberger [17]. We shall be interested in obtaining maximum
principles for functions associated with solutions of some second

order nonlinear equations as well as elliptic equations of higher order.
We adopt the terminology in Sperb's text [23] and refer to these
functions as P-functions.

Let u(xl’XZ""’XN) be a real-valued function defined on a
domain @ 1in Euclidean N-space RN . The Laplace operator or Laplacian

A is defined by

2 2 2

A:=—8—2—+8—2—+...+—a—2-

3X] 3%, Xy

The function u € C2(Q) is said to be subharmonic (superharmonic) in
Q@ if Aau>0 (<0). If Au=0 in Q , then u is said to be

harmonic. It is well known, e.g. [17], that a subharmonic (superhar-

monic) function satisfies the following maximum (minimum) principle.
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Theorem 1.1. Suppose Au >0 (<0) in Q@ . If u attains a maximum
(minimum) value at any point of Q , then u 1is constant. Consequently,
a harmonic function cannot attain a maximum or a minimum value at any
point of Q wunless it is constant.

Now, if Q@ 1is a bounded domain with boundary 32 and if u is
continuous on Q := Q U 30 , then u attains a maximum and a minimum
value on Q . From Theorem 1.1 then, a subharmonic (superharmonic)

function which is continuous on @ attains its maximum (minimum)

value on 32 . We can use Theorem 1.1 to prove the following result.

Theorem 1.2. Let Q be a bounded domain with smooth boundary 30 .

If uce C3(Q) n Cl(ﬁ) is harmonic in § , then
P := |grad u|2

takes its maximum on 3Q

We note that Theorem 1.2 follows directly from the subharmonicity
of |grad u|2 .

A related result is valid for biharmonic functions. A function

u € ¢¥(Q) s said to be biharmonic in @ if A%u = 0 , where

Azu = A(Au) . Miranda [8] proved the following.

Theorem 1.3. Let @ be a bounded domain in the plane with smooth

boundary 30 . If u € C4(Q) n Cz(ﬁ) is biharmonic in Q , then
- 2 _
P := jgrad u|” - uAu

takes its maximum on 3Q .



Again, the result follows directly from the subharmonicity of

IgmduF-tMu.
An important example of a biharmonic function is the torsion

function vy , which is a solution of

H
o

Ay + 2
P

in Q,

0 on 30,

where Q 1is a bounded domain in the plane. If we apply Theorem 1.3

to the torsion function y , we have that

P, := |grad w|2 + 2y

takes its maximum on 3R . Moreover, since Y is superharmonic in €,

from Theorem 1.1 we conclude that ¢ >0 in Q . Consequently, |grad wlz

takes its maximum on 3Q . Motivated by Miranda's result, Payne [10]

showed that for the torsion function ¢ , the associated function

P, := [grad wlz + 4y

takes its maximum where |grad y| = 0 provided @ s a convex domain.
In particular, P2 takes its maximum in Q@ where ¢ is a maximum.
Payne used this information to obtain bounds for the maximum shearing

stress, defined (up to a constant factor) as

T := max|grad y| |,
of



and the torsional rigidity given by

T := J |grad ¢|2 dx .
Q

Several authors have extended this technique of Payne to functions
defined on solutions of second order linear and nonlinear elliptic
equations under Dirichlet or Robin type boundary conditions, e.g.,
Payne and Stakgold [13], [14]; Payne, Sperb, and Stakgold [12];
and Schaefer and Sperb [19], [20]. Also, Sperb [22] and Protter [15]
have adapted this technique for more general uniformly elliptic
operators. These authors give various applications in the case where
the P-function attains a maximum value at a critical point of the
solution to the differential equation. Alternatively, we shall con-
sider P-functions which take their maximum on 3¢ .

Instead of the Laplacian, we consider more general elliptic
differential operators. In the following, we denote the partial deriv-

24 by u ., and adopt the summation convention for repeated

ative axi i

indices in a single term; e.g., for u(xl’XZ”"’XN) and V(XI’XZ""’XN)

we have

grad u - grad v :=u iV o5

and

AU -« U’_i,i .

Using this notation, we define for wu € CZ(Q) the elliptic operator



L by

(1.1) Lu := a..(x)u

where without loss of generality we assume aij(x) = aji(x) . The
operator L 1is said to be uniformly elliptic if there exists a posi-
tive constant u such that

N

(X)gig 3u|g[2 », X€eoc R,

a. . .
1] J
for any N-vector ¢ . A proof of the following maximum principle, due

to E. Hopf, can be found in Protter and Weinberger [17].

Theorem 1.4. Suppose u ¢ CZ(Q) satisfies the differential inequality

Lu := aij(x)u,ij + bi(x)u’i >0

in a domain @ , where L 1is uniformly elliptic. Suppose the coef-
ficients aij and bi are uniformly bounded. If u attains a maximum
value at any point of © , then u is constant.

As with the Laplacian, a corresponding minimum principle holds
for solutions of Lu <O .

Protter and Weinberger [16] used the Hopf maximum principle to
give a simp1e extension of Theorem 1.2 to second order elliptic equations

with variable coefficients. They showed that if u is a solution of

the Tinear elliptic equation

Lu + ¢(X)u := a. (x)u ;. + b, (X)u . + c(x)u=0,



where L is uniformly elliptic and c(x) <0 , then for y >0

sufficiently large the function

P := |grad u|2 + Yuz ,

and more generally, the function
P := [a(x)1%|grad ul? + yu® ,

does not attain its maximum in © wunless it is constant. In Chapter

IT we present a direct analogue for the function
- 2 2 u

(1.2) P :=[a(x)]"|grad u|® + v| f(t) dt ,
0

where u is now a solution of the related semilinear equation

for c(x) <0 and f'(u) bounded below by a positive constant. More-
over, we show this latter condition can be relaxed by making a suitable
adjustment in the function P defined in (1.2). Also, we develop a
maximum principle for a function associated with solutions of the

corresponding inhomogeneous equation

Lu + c(x)f(u) := aij(x)u’].j + bi(x)u,i + c(x)f(u) = q(x) ,

where c¢(x) <0 .



More recently, for the equation

(1.3)  Lu + f(u) := aij(X)u’ij + bi(X)u,i + f(u) =0

Lu and Yiang [6] established conditions under which the function

u
(1.4) P := |grad ul%g(u) + yu? - 2 J f(t)g(t) dt

0
takes its maximum on 3Q , where vy is a sufficiently Targe positive
constant and g(u) is a sufficiently smooth positive function. In
Chapter II we shall develop a corresponding maximum principle for the
function

u

P = [a(x)1%|grad ul2g(u) + vl - 2 JO F(t)g(t) dt

defined on solutions of the uniformly elliptic equation

with c(x) >0 . Moreover, we show that if u s a solution of (1.3),
then we can drop the integral term in (1.4) and still obtain a maximum
principle for the resulting function.

There is an extensive literature available on maximum principles
for second order elliptic equations and their applications to boundary
value problems. However, less attention has been given to maximum
principles for higher order elliptic equations. This can be partly

attributed to the fact that Theorem 1.1 does not immediately
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generalize to equations of the form APu = 0 , where APu = A(Ap'lu).
For example, wu(x,y) =1 - x2 - y2 on the unit disk @ = {(x,y):
x2 + y2 < 1} satisfies Azu =0 1in Q and although u does take

its minimum value on 30 = {(x,y): x2 + y2 =1} , u attains an

interior maximum at the origin. Nevertheless, a number of results
have been proven. For example, Schaefer [18] extended the maximum
principle of Miranda for the biharmonic equation, Theorem 1.3, to the
fourth order semilinear elliptic equation

20 + p(x,y)f(u) = 0,

where p(x,y) >0 and f satisfies the inequality

sf(s) >0 .
Also, Payne [11] established various maximum principles for certain

P-functions associated with solutions of the equation

in N > 2 dimensions based on specific assumptions on the form of
the function f ; e.g., f(u) >0 or f'(u) <0 . In general, these
P-functions depend on the dimension N .

D.R. Dunninger [2] obtained a maximum principle for the P-function

)2 2

P := (Au)" + cu” ,
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where ¢ is a positive constant and u is a solution of the fourth

order elliptic equation

0

Azu + Cu

in a bounded domain Q in RN . Moreover, if u satisfies the
boundary condition Au = 0 on 32 , Dunninger was able to deduce a
maximum principle for |u| . Chow and Dunninger [1] then developed a
corresponding P-function for the equation

A2u +c(x)u=0,

where c(x) > 0 , from which a pointwise estimate for lu| resulted.
Recently, Wang and Wang [25] established maximum principles for some
functions determined by solutions of the nonlinear fourth order elliptic

equation
(1.5) Ala(x)g(u)au) + b(x)f(u) = 0 .

Lu and Wang [5] also considered the equation (1.5) although most of
the results are given for g(u) =1 . 1In Chapter III, we improve the
result in [25] which greatly simplifies some of the theorems in [5].
Also, in Chapter III we establish a maximum principle for several P-

functions associated with the system of second order elliptic equations



| Lu + Fl(x,u,V)hl(u)gl(V) =0,

(1.6)
Lv + Fz(x,u,v)hz(u)gz(v) =0,

where L is the uniformly elliptic operator (1.1). Moreover, we show
that the system (1.6) includes the system considered by Lu and Wang
in [5].

Finally, in Chapter IV we consider the metaharmonic equation
n - -
(1.7) Auta, AUt oL agu = 0,

where 8gseens @y are real constants and A" := A(A
Under appropriate conditions on the coefficients dgse+es Ap g in
(1.7), Chow and Dunninger [1] found that certain solutions to (1.7)

in a bounded domain @ satisfy a pointwise estimate of the form
(1.8) lu(x)| < kjulxg)]

where k 1is a positive constant and Xg € % . Dunninger [2] had
earlier obtained this estimate with k =1 for the specific case
n=2. Also, Schaefer and Walter [21] extended the pointwise esti-
mate (1.8) of Chow and Dunninger to a wider class of metaharmonic
equations without explicit knowledge of the constant k . In Chapter
IV, we give an estimate similar to (1.8) for the cases n =2 and

n = 3 which is sharper than the corresponding estimate of Chow and
Dunninger. We conjecture that sharper estimates can be obtained for

n>4 also .



CHAPTER II

SECOND ORDER EQUATIONS

We consider the uniformly elliptic equation

(2.1)  Lu + c(x)f(u) := aij(x)u,ij + bi(x)u,i +c(x)f(u) =0

N

in a bounded domain @ in R" , N > 2 , with coefficients

aij’bi’c € Cl(ﬁ) and where f € Cl(IR) . By uniformly elliptic, we
mean the symmetric matrix (aij) is positive definite and satisfies
the uniform ellipticity condition

aij(x)gigj znlgtz ,X€EQ,E€R

for some positive constant n .

In [16], Protter and Weinberger showed that if u € C3(Q) is
a solution of (2.1) with c(x) <0 and f(u) =u , then for

a(x) € Cz(ﬁ) there exists a positive constant vy such that the

function

P(x) = [a(x)]zlgrad u|2 + yuz

cannot attain its maximum in © wunless it is constant.
More generally, we have the following, where for convenience we

set

11
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(2.2) Flu) = J F(t) dt .

Theorem 2.1. Let u € C3(Q) be a solution of (2.1) where c¢(x) <0 .
2

If f'(u) >K >0, K constant, then for o(x) € C°(Q) there exists

a positive constant vy such that the function
- 2 2
(2.3) P(x) = [a(x)]"|grad ul= + yF(u)

cannot attain its maximum in Q wunless it is constant.

Proof. By a straightforward computation, we have

_ 2
Py = 2% u o, + 2aa’1u’ku’k + yf(u)u

91 ’ 9

)1

where f' denotes differentiation with respect to u . Hence,

b.P

(2.4) LP : aijp,ij + b, i

it

_ 5 2 2
= 20 335U kY gk * 200 (aiju,ijk + biu,ik)u,k

+ 8OL0.’,iaijU’kU,jk + ZOL(aijOL ..t b-(x ')u ku k

+ 20 .0 ,a,.u U, + yf'a

.. \ . +
»17,371 L,k L,k 1Ju,1u,J
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By differentiating (2.1) with respect to X s We get
(2.5)

+ biu b. u. -cf u,k - fc,k .

3i3Y,15k gk T T kM0 7 Lk,
We substitute (2.5) into (2.4) and use the differential equation (2.1)

to obtain

_ 5 2 2
(2.6) LP = 2q aiju,iku,jk - 20 aij,ku,ku,iJ 8cxoa’1a1J ,k ik
2 2 - 2
- 2a b1 K ,1u’k - 2¢ cf u’ku,k - 20 1‘°c,ku,k
+ Zua,ijaiju,ku,k + 2au’1biu,ku,k + Za, a’Ja1J ,k K
+ yf'a, - ycf2
LA N R R

In order to remove the term -2u2fc Yok from the right side of

(2.6), we define the elliptic operator L by

T -12

LPZ=LP+2Y OLC.iP.ia
where
-12 _ . -14 -13
2y o C,ip,i = 4y o ST + 4y o a,ic,iu,ku,k
2
+ 2a fc,i g

Hence from (2.6) we have
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2
B AR T e R LR

(2.7) LP = 2a2a

iJ ,1k »Jk

-14 2 2 ¢
+4Y OLC,J-U,kU,J-k = 2@ b] k ,] ,k = 2@ Cf U,ku’k

+ 4y 1a3a,1c’1u ku,k + 200 1.J.a1.ju Mot 200, 1b1u kYK
¥ 20 .0 ., + yfla. - yef?
RS R S SRR AR S AL B
For x e q , if a(x) =0 (2.7) reduces to
Lp = yfla,.u . - ycf 2a;.a ;o ;|grad u[2
ij,i,3 Y i3%,1%,]

which is clearly nonnegative. If o(x) # 0 , the first four terms
on the right side of (2.7) can be combined by using an inequality from

[16]. Let (A..) be the inverse of the positive definite matrix

1]
(a;5) . Since
1 + 1
aij(“ ik §'A1p pk)( ik ZAJq qk) > 0
for any N x N matrix (Sij) , we have
(2.8) S. U . > -l s U ., - Sa < s
JkT,dk = TT3T, 1k, 5k T 4"pgSpkqk

By choosing

_ -1 -172
Sik T 34k, + o @ 39kt 2y e su

»d sk

we get from (2.8)
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2 2 -1
(2.9) 2a a1J ,1k ik + 20 (-a ik, ;U i + 4y a,1a1J K

-12 12
¥ 2Y @ Csjusk)usjk - 2(1 qu pk Qk

Using (2.9) we have

-1 12
pq{"pk,mm T A e gl ¥ 2y ¢ ¥ k!

-1 -12
x ('aqk,nu,n + 4o a,nanqu K + 2y Ta C,qu,k)

+ f'a.. + (2 + 2 b
[vFragy + o0 g * 20 5o )85 * 2o D05

2y 2 ¢ -13 )
2a bi,j 2a-cf 6iJ + 4y q a,pc,p ]J]u’iu,. ycf

2

which after simplification results in

~N 2
2.10 LP = fla.. + [2 -3 + _ '
( ) {vy a1J [ (aa,pq a,pu,q)apq Zaa’ bp 20 cf

p
-13 -2 6 12
ls. . - 5

-4y "a"a 2y "7aA_c ¢ =0 A_a .a

p%,p ~ pa,p¢.q pa®pk,i%qk, j

1.3 2
Py TaTApC plagy ghu U g - vef

- 26%b, .+ 20(20

LIPN »q

where 61j denotes the Kronecker delta. Now, for y sufficiently
large the right side of (2.10) is nonnegative and the theorem follows
directly from the maximum principle. Moreover, the size of vy de-
pends only on o, f, and the coefficients in (2.1). =

The preceding theorem can be used to obtain interior estimates
for |grad u| . For example, suppose that f 1is an odd function

which satisfies f'(u) >K >0 . If |u|l <m and |grad u| <M on



30 , then by Theorem 2.1,

(2.11) [a(x)1°[grad u|? < o2M° + yjm f(t) dt
0

for x € Q , where 0 = max la|. Moreover, if a(x) vanishes on
af2
3 , then for Xg €9, (2.11) becomes

m

[a(x,)1% (grad u)(x,) |2 < on £(t) dt .

Finally, by normalizing o such that a(xo) = 1 we obtain

|(grad u)(x)| < ¥ (Jm f(t) at)l/2
0

In Theorem 2.1, the positivity condition on f' in q is some-
what restrictive. We can formulate a weaker hypothesis if we consider

the function
(2.12) P(x) = |grad u|® + vF(e(u))

instead of (2.3), where we take a(x) = 1 for simplicity and where
¢(u) 1is a function to be determined. For convenience, we let
f= flu) = f(¢(u)) and use a prime to indicate differentation with

respect to argument. We then have the following.

Theorem 2.2. Let u € C3(Q) be a solution of (2.1) with c(x) <0

2

and f' bounded below. Suppose there exists a function ¢(u) € CT(IR)

such that for some positive constant g the inequality
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(2.13) 6%+ fo" > B

holds. Assume further that |[f¢'| >0 , ff¢' > 0, and that
|f(j¢')'1| is bounded. Then for y > 0 sufficiently large, the
function P(x) given by (2.12) cannot attain its maximum in Q unless
it is constant.

Proof. We first note that nontrivial f and ¢ which satisfy

the conditions in Theorem 2.2 for a solution which is bounded below

are f(u) = arctan u’ and ¢(u) = e . Now, proceeding as before,
PJ =2u$qu+Yﬁ)%i’ ‘
= ) ! 2 w
Pig T AU Y gk YU U g DS (e)T + feM
+Yf¢lu,.ij .
Then,
(2.14) IR 2= 355 55+ 03P 5 = 2355 il i+ 208550 gt Byl 1
! ! 2 " : \
vl (o) + fotlaygu qu g+ vriet(aggu gs 4 bu L)

We again use (2.5) and the differential equation (2.1) in (2.14) to

obtain

(2.15) LP = 2a1.3.u,1.ku’\].k - Zaij,ku,ku,ij - 2b1.’ku,1.u’k - 2cf Uy

C vIF (6")2 + fo'a. .u - ycffo .

- 2fc ij4,i%5




18
In order to eliminate the undesirable term -2fc Yok from the
right side of (2.15), we consider the elliptic operator L defined

by

LP := LP + 2f(yf¢')_1C 1-P i

Since

l-l \=
2 (vs9") N P 4 = 4F(yse') he qu g+ 2fe Lu

we have from (2.15)

~

- ] "'1
(2.16) LP = Zaiju,iku,jk - Zajk,iu,iu,jk + 4f(vfe') C U Y 5k

' 1 |2 "
- 2b1.,ku,1.u,k - 2cf Uy + y[f'(6")" + fo ]aiju,iu,j

- yeffo! .

We combine the first three terms on the right side of (2.16) by using

the inequality (2.8) where

+ 2F(vfo') e .

*ik T T%k,iY,4 G4k

Thus,

~

1
-2 A -
LP > pq[ a

? pk,iY,i T

« [-a J 608+ seTagju

>J

k3’3 9",
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- 2b1,ju,1u’j - 2cf u’ku’k - ycffo!

which after simplification results in

. 1 112 " _ 1 - _l
(2.17) LP > {y[f'(¢")° + f¢ ]ajj 2¢f854 - 2by 2(quapk i%gk,j

S AT018) gl gy 5+ AT o) Phge e g8y gu

- ycffo!

Because of (2.13), the right side of (2.17) can be made nonnegative by
choosing Yy Tlarge enough. Hence, the theorem follows from the maximum
principle. n

We now present an analogue of Theorem 2.1 for an inhomogeneous
uniformly elliptic equation, where for simplicity we let o(x) = 1
in (2.3). For aij’bi’c € Cl(ﬁ) and f ¢ Cl(R) , let u be a solution

of the equation

(2.18) Lu + c(x)f(u) := aij(x)u,ij + bi(x)u’i + c(x)f(u) = q(x) ,

1= )

where q(x) € C°(Q In addition, let y(x) be any nonnegative

function which satisfies in Q the differential inequality
(2.19) 8,0 45 v by o<1

Then, we have the following theorem.
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Theorem 2.3. Let u € C3(Q) be a solution of (2.18) with c¢(x) <c, <0,

0
cy constant, and suppose y € CZ(Q) ncl@ isa nonnegative solution

of the differential inequality (2.19). If f'(u) > K1 >0 and

F(u) Z-KZ , K1 and K2 constants, where F(u) is given by (2.2),

then there exists a positive constant y such that the function
(2.20) P(x) = |grad u)? + yF(u) - [F(u) + 8]y
with

8 = -K2 + m%x[|grad q|2 %—Yzqz]

cannot attain its maximum in ¢ unless it is constant.

Proof. From (2.20) we find

P,i = 2“,ku,ik + yf(u)u’i - [F(u) + B]Y,i - f(u)yu

]

> 1

P..=2u

) R + ..+ ‘U .u .
,i] ik 5k T UERTIRULE

kYLK i

S LRGw) edy g - T g g - Uy - T gy - T

and thus
(2.21) LP := a].J.P’].j + bip,i = 2a1.ju,1.ku’jk + Z(aiju,ijk + biu,ik)u,k
Forflaggu gy b B i) ovflaggu pu g - Taggu U
} - 2faju v g - fula;ju 45+ b.u 3)
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- TF(u) + 8)aggb 45+ byv 4) -

Differentiating (2.18) with respect to X s We obtain

(2.22) 2559 55k + b1.u,1.k = a5kl T bi,ku,i - cf Uy - fc,k + a4

We substitute (2.22) into (2.21) and use the differential equation
(2.18) to get

(2.23) LP = Zaiju,iku,jk - 2a1j’ku’ku,1j - 2b1,ku’ku’1 - 2cf Uy

2
- ZfC’ku,k + Zq,ku,k + (v - ylaf - (v - p)ef” - Zfaiju,jw’j

- [F(u) + g)(a. v

! - . . .. + R . .
Uy - plagyu gu s i¥,i5 T b i)

We employ the elementary inequalities

'ch,ku,k > -%fz - 6(C,ku,k)2 R
2q U K 2 -lgrad q|" - u DR
(v - vlaf > - 22 - 3y - 9%,
-2fa1ju’1w’3 > --%fz - 6(a1ju’i ’j)z .
and inequality (2.8) with sjk = 'ajk,iu,i . Also, we use (2.19) to

obtain from (2.23)
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1

]-j = —2—A 2b- < = (chl + 1)6.

2.24) LP > [f'(y - v)a a. .- .
(2.24) 1P > [F'(y - ¥) pa®pk, 1%k, J i, ij

1,2
- 6c,1c’j - 6a1majnw,mw,n]u,iu,j - [y - y)c + ?Jf

OJ

+ F(u) + 8 - |grad q| §' - w)zq2 .

Since c(x) <cy < 0, we initially take vy = Yo > max v(x) such that
Q2

(yo - Y)c + %—5_0 in @ . Finally, since f' >K >0 and by the
choice of B , the right side of (2.24) is nonnegative for ¥ > ¥
sufficiently large. The theorem follows directly from the maximum
principle. n

We note that when f(u) = u the restriction c(x) < ¢y < 0 can

be relaxed; i.e., Theorem 2.3 is valid for c(x) <0 . This follows

easily since for f(u) = u , we have F(u) = %—uz so that (2.24)
reduces to
1
LP > [y - wlagy - 5A a0 i3ak,j ~ 2055 - (2¢ + 1)&y;

2
- 6C,1C,j - 6a1.majnxp’mxp’n]u,1.u,j - (y - y)cu™ + 8

3
- lgrad q -5y - »)5a?
We now investigate a class of P-functions defined on solutions
of (2.1) where c(x) >0 . In particular, we consider the function

(2.25) P(x) = [a(x)]zlgrad ulzg(u) + Yu2 - 2H(u)

where vy > 0 1is constant, o € Cz(ﬁ) » g € C2(IR) with g(u) >0,




and where

u
(2.26) Hu) = jo h(t) dt ,  h(t) = F(t)g(t) .

We also assume f and g and their first derivatives are bounded.

We differentiate the function P 1in (2.25) and obtain

P. = 2a2gu Yot azg'u ;U

,-I 9 E]

,ku,k + Zaa’igu’ku,k

+ 2yuu . 2h(u)u i

_ s 2 2 2
P .. =2 gu’].ku + 2 gu’ku,wk + 2479 u,ku’].kuh].

»1J »JK

2 2,
+ 4“a,jgu,ku,ik + 20 ¢ u,i ,k ik +ag u’U.u’ku’k

2

taghu Uk * 2o 07U U U dao G0u U g

,1 Ltk k

200 397U U U 200 540U (U 20 g0 QU (U

+ 2yuu i + 2vyu iy i 2hu ij 2h'u ;U i -

Then, we have

_ 2
(2.27) LP := aijp,ij + bip,i 20 9a.,
+ 2a2g(a

iJ ,1k ,jk

+ biu,ik)u,k 4a g'a,

ij4,1jk i34,kY, ik,

2_,
+ 8au,jgaiju,ku,ik +0°g (aiju,ij + b1.u’1.)u’ku,k

2.,
*orglagsu gu suu o+ doo sgtag LU LU Uy

" 2og(agge gy F byo U U 203550 a5 U

23
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+ 2yu(a +b.u )+ 2ya..u .u . - 2h'a..u .u

ig',i5 7 Pl i’ i, ij' 1,4

- 2h(a b.u .) .

UL+
17 1) 1,1

right side of (2.27), we consider the elliptic operator L defined by

LP := LP - Zg'g'laiju ,

P .
’\] ’]
where

1 = 4uzg'a..u KU ; + 20

2 -1
334,57, i3V,

[ 2 1
29'9 (87079 Tayg5u 3u 5¥ kY

| ']- | - |
+ 4au,ig aiju,ju,ku,k + 4vyg “ug aiju,iu,j 4fg aiju,iu,j .

Moreover, if u ¢ C3(Q) , we use (2.5), (2.1), and (2.27) to get

~

P 2
(2.28) LP = 2ua 92;5U 4V 5k " 20, 9355 kY kY 55 + 8oa 192559 Y 5k

1 1 sJ7

2 o 2
Zung‘,ku,ku,i - 20°cf gu’ku,k - 2o 1’gc’ku’k

To eliminate the undesirable third and seventh terms from the
i
|

- achg'u’ku’k + az[g“ - 2(9')Zg'ljaiju,iu,J.u’ku’k

+ Zag(aija,ij + biu,i)u,ku,k + 29a1ju,1a’ju’ku,k - 2ycuf
‘ + 2ya1ju,1u’j + 2(fg' - f'g)aiju’iu’j + 2cf29
‘ - llyg'lut_;‘ai\].u’].u’j .

If o(x) =0 at some x € Q , (2.28) reduces to
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A

(2.29) LP = 2ga..0 .o .U Yok o 2ycuf + 2(y + fg' - f'g)a

i3%,i%,3", ij¥,iY,5

+ 2cf29 - 4Y9-1u9|aiju,iu,j .

Since f and g and their first derivatives are bounded, the right side

of (2.29) is nonnegative for +y > 0 sufficiently large if, in addition

to the sign conditions c(x) > 0 and g(u) > 0 , we require uf(u) <0

and ug'(u) <0 .

We now assume o(x) # 0 . Here, we use inequality (2.8) with

_ -1
Sik T dp, Y, T A Ta ga5u

to combine the first three terms on the right side of (2.28). Also,

we combine the sixth and fourteenth terms in (2.28) by

2 2

2 2 2
- 20 cfc’ku’k

(2.30) 2cf’g - 2d°fge u | = cf’g + cTlglc’f

+ a4(c KU k)ZJ - a4c'lg(c’ku k)2

L] b

z_cfzg + c'lg(cf - azc KU k)2

- u4c'lg[grad Cl2|grad u|2 ,

where we assume c(x) 1is strictly positive. Thus, from (2.28) we

obtain

-1
+ 4o u,zanu,k)

- 2
x (-a u_+40 o _a u,) - 2a gbi,ku,ku,i

gk,m”,m ,mmg L,k
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2 ¢,
- 2a°cf Qu Uy - achg'u Mot az[g" - 2(9')29-1]

X a..u .u .
ij ’]uh]u’ku,k + Zag(aija,ij + b1.c>L,1.)u’ku’k + 2ga. .o .o .U kY K

13 -1 53,
- 2ycuf + 2(y + fg' - f'g)a..u .u . - dyg lug' 2
(v g g) 13”,1“,3 4vg “ug aiju,iu,j + cf g
o lg(ef - o2 2 4-1 2 2
glcf - a C,ku,k) - a'c “glgrad c|%grad u]
which after simplification becomes
2.31) LP > {2(y + fg' - f'g)a,. + [20a -3 + 20gb
(2.31) 1P > {2(y + fg 9)ajy * [29apglan g - 30 pa g) + 2agbpa o
2 oo 2 o 4 -1 2 12
- 20°cf'g - a“cfg a'c glgrad c| ]61j - 0 gquapk,iaqk,j
- 2ang. .+ doga . .o _Ju .U .,
1,] Q1,J .9 5,1 ,J
2 =2, -1\. 2
a"g (g 7) aiju,iu,jlgrad u|® - 2ycuf
-1 2 -1 2 2
- 4vyg “ug 35U U + cf"g + ¢ “g(cf - o C,ku,k) .

The right side of (2.31) is nonnegative for vy > 0 sufficiently large

in the case of(x) # 0 if we impose the conditions

(a) |grad c]zc'1 bounded
(b) (g7 <0

(c) uf(u) <0

(d) ug'(u) <0

in addition to the sign conditions and smoothness assumptions already

given. Thus, we have LP >0 in Q . By the maximum principle we

have the following theorem.
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Theorem 2.4. Llet u ¢ C3(Q) be a solution of (2.1), where c(x) > 0
and the function f s such that uf(u) <0 . In addition, assume
|Vc]2c_1 and f, f' are bounded in @ . Let a(x) ¢ Cz(ﬁ) and
suppose g(u) € CZ(R ) is a positive function such that (g'l)” <0
and ug'(u) <0 where g, g' are bounded in Q . Then, for vy >0
sufficiently large, the function

P(x) = [a(X)]Zlgrad UIzg(u) + yu?

- 2H(u)
cannot attain its maximum in Q wunless it is constant.

Again, we can use Theorem 2.4 to obtain interior estimates for
|grad u| . For simplicity, assume f is an odd function which
satisfies the hypotheses of Theorem 2.4. If we set g(u) =1 1n
(2.25), then the function

P(x) = [a(x)]%]grad u|® + vu° - 2F(u)

takes its maximum on 3@ . If |u| < m and |grad u|] <M on 23 , then

[u(x)]Z[grad u[2 5_u§M2 + ym2 + ij [f(t)] dt
0

for x €0, where o) = max|a(x)| . Here we have used the fact that
i)
uf(u) <0 implies -F(u) > 0 . Further, if a(x) =0 on 30 , we

have

m

2 2 2
d < M+ 2 f(t)] dt
[a(xg)1" [ {grad u)(x )" < v Jo [f(t)]
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for Xg € Q- Thus,
m
[(grad u)(xg)| < |alxy) | yn® + 2]0 F(t)] at)/?

Now, suppose u is a solution of (2.1) where c(x) > ¢ > 0
i.e., c(x) 1is bounded below by a positive constant. Here, we can
divide equation (2.1) by c(x) and consider the resulting uniformly

elliptic equation

(2.32) Lu + f(U) o= aij(x)u,ij + b'i(x)u,'i + f(u) =0,

- -1 _
where aij = aijc , bi bic

analogue of Theorem 2.4 with o(x) =1 in (2.25) and u a solution

1o [6], Lu and Yiang prove the

of (2.32). However, in this case we can show that the simpler function

(2.33) P(x) = |grad u|2 g(u) + yuz

satisfies the maximum principle in Q . We prove the following

theorem.

Theorem 2.5. Let u € C3(Q) be a solution of (2.32), where f, f'
are bounded in @ and uf(u) <0 . Suppose g(u) € CZ(BQ) is a
positive function such that g and g' are bounded in ¢ . If
(g-l)“ <0 and ug'(u) <0, then for y > 0 sufficiently large,

the function

2

P(x) = |grad ulzg(u) + yu
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cannot attain its maximum in Q unless it is constant.
Proof. As in the proof of Theorem 2.4, from (2.33) we com-

pute

(2.38) LP :=a..P ..+ b.P . = Zgaiju’iku + 2g(a

+
ij ,iJ i, biu

ik 154,15k kY K

+ 49'a, + g'(a, .U .. + b.u .)u Yok

it kY, kY, ii%,45 T Y,k

+ g"a Ut 2yula,.u .. + b.u .) + 2va,.u .u

ij¥,i4,34, 7,13 i, ij%,i%,d

We differentiate (2.32) with respect to Xy to obtain

(2:35) aggtqgkc* Ot ek T gLk T Bkt T Tk

Thus, we use (2.35) and the differential equation (2.32) to write
(2.34) a

(2.36) P = Zga1J iKY, 5k Zgaij,ku,ku,ij - 29b1’ku,ku,i 2f'qu KUK

+t4g'a, - 2yuf

§3Y, KU kY5 T TOU Ut gy gu U Y

*Byaggu gy
Now, proceeding as in the proof of Theorem 2.4, consider the
elliptic operator [ defined by
~ -1

LP := P - 2g'g a1J ,JP,1 .

Then, from (2.36) we have
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~

(2.37) LP = 29a13 kU ik 29<:L‘].k,1.u’1.u,jk - 29b1,k“,k“,1

- | I - ] " "1
2ftqu - fatu 4 9" - 209000 Taggu U e

- 2yuf + 2va, - 4yg g

ij4,i%,3 434,143

since

P. = 29“,1ku,k +g'

. + ..
i u ,u ku,k 2yuu j

91 L] 3
We next combine the first two terms on the right side of (2.37) by
using inequality (2.8) for the coefficient matrix (aij) and its

inverse (Aij) with the choice Sjk = - This gives the

fik,it,i
differential inequality

(2.38) 1P > (2yayy - 2gb; 5 - (2f'g + fg')s

iJ ij
1 =2, -1y,
§g Pq pk i qk J}u,i g g (g ) a1J i ’Jigrad u[
- 2yuf - g g “i5,9%,5

The theorem follows from the maximum principle since the right side
f (2.38) 1is nonnegative for y > 0 sufficiently large. n
We note also that Lu and Yiang [6] claim that if f is an

odd function such that uf(u) <0 with f' bounded above, then a

solution u of (2.32) satisfies

(2.39) supju| = sup|u] .
§ af
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In fact, the requirement that f be odd is superfluous as is the
boundedness assumption on f' . Indeed, if u is a solution of (2.32)

where uf(u) < 0 we have

2.
LuT) = Zagu qu o+ 2ulagsu 5+ byu )

]

2 - 2uf(u) >0 .

434,14, 3 -
Therefore, u2 satisfies the maximum principle. From this, we obtain
the conclusion (2.39), but we have not assumed that f is an odd
function or that f' is bounded above. Of course, (2.39) also applies
to solutions of (2.1) where c(x) >0 and uf(u) <O .

We note that in [15] Protter obtained a slightly different maximum
principle. Following the Payne technique introduced in [10], Protter

showed that if u € C3(Q) is a solution of (2.32) and if f'(u) > K>0,

K constant, then for y > 0 sufficiently large the function
_ 2
G(x) = |grad u|® + yF(u)

cannot attain its maximum at a point in @ where |grad u| # 0 unless
G is constant. We observe that G coincides with the function

(2.3) of Theorem 2.1 where o(x) =1 . However, the conclusion here
allows G to possibly take a maximum at a critical point of u ; i.e.,
where |grad u| = 0 . We avoid this by using the function (2.33) and
imposing different requirements on f .

We further note that Hile and Protter [4] have extended the

work of Protter mentioned above to the equation
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aij(X)u’ij + bi(X)uﬂ- + g(x,u) =0

and to weakly coupled nonlinear elliptic systems of the form

(X)Vk,ij + b (x)vk + hk(X’VO""’V y=0 , k=20,...,m.

%ij i m
Again, the P-functions used can attain a maximum in Q where
lgrad u| = 0 , |grad vol = 0 1in the case of elliptic systems.
Finally, in his text [23], Sperb has examined the equation
(2.32) using differential geometry. Although similar in consequence
to those of Protter [15], the principles presented there depend heavily

on differential geometric quantities and the geometry of the domain.

One may consult [23] for numerous applications of principles of this

type.




CHAPTER III
FOURTH ORDER EQUATIONS AND ELLIPTIC SYSTEMS

We recall that Miranda [8] obtained a maximum principle for

the function
P := |grad u|2 - UAu ,
where u is a solution of the biharmonic equation
A'u=0 in < R,

although we see the solution u need not satisfy a maximum principle.

For example, u(x,y) =1 - x2 - y2 satisfies A2u =0 in Q= {(x,y):

x2 + y2 < 1} but takes its maximum at the origin rather than on

= {(x,y): X + y2 = 1} . However, in [2], Dunninger was able to
obtain a maximum principle for solutions of the fourth order equation

(3.1) Azu +cu=0,

where ¢ 1is a positive constant. In particular, if u € C4(Q) n Cz(ﬁ)
is a nonconstant solution of (3.1) in a bounded domain Q 1in RN s

Dunninger showed that the function
2 2
P(x) = cfu(x)]® + [Au(x)]

cannot attain its maximum in Q . Consequently, if u 1is a nonconstant

33
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solution of (3.1) such that Au =0 on 32, then |u| cannot attain

its maximum in Q@ ; i.e., there exists a point Xp € o8 such that

0 < Julxg)|

for all x € @ . Chow and Dunninger [1] obtained a corresponding

pointwise estimate of the form
(3.2) lu(x)] < k|u(x0)| ,

where k is a constant and xO € 30 , for certain solutions of the

equation
2 -
A"u + c(x)u =0,

where c¢(x) ¢ CZ(Q) n Co(ﬁ) is a positive function such that either
¢ or 1/c 1is superharmonic in @ . We note that if Ac. <0 , then

k=1 in (3.2) whereas if A(%Q <0, k 1is given by
k = [c(x)14min c(x)17Y/%

Q

More recently, Lu and Wang [5] considered the equation
(3.3) a(a(x)g(u)au) + b(x)f(u) =0 .

If c(x) = a(x)b(x) is a positive function on Q such that aAc <O

and if fg, (fg)' >0 on R, they showed that a nonconstant solution
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u € C4(Q) n Cz(ﬁ) of (3.3) for which Au =0 on 302 cannot attain
1fs maximum in Q . We note that under the conditions specified there
are no constant solutions of (3.3). Moreover, if u € C4(Q) n 02(5)
is a solution of (3.3) such that Au =0 on 3Q , then we can obtain
the same conclusion as Lu and Wang without the assumptions that ¢
is superharmonic and fg is strictly increasing. Indeed, suppose
c(x) = a(x)b(x) >0 in @ and fg >0 on R. We assume without
loss of generality that a(x), b(x) >0 in @ and f(u), g(u) >0

on R. If we set

then from (3.3)
Av = =b(x)f(u) <0 in @ .

Also, since Au =0 on 30, v(x) =0 on 30 . By the minimum
principle for superharmonic functions, v > 0 in @ and, therefore,
Au >0 1in @ . By the maximum principle for subharmonic functions,
u cannot attain its maximum in @ .

We now extend the result of Chow and Dunninger without the
assumption of Lu and Wang that fg 1is positive. We have the following

theorem.

Theorem 3.1. Suppose u ¢ C4(Q) n Cz(ﬁ) is a solution of the

equation
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ala(x)g(u)au) + b(x)f(u) = 0

in @, where f(u(x)) 1s not identically zero in @ . Define the

function
1 -1 2, u(x)
(3.4) P(x) = $Lc()T 7 v(x)1% + JO h(t) dt
where
v(x) = a(x)g(u(x))au(x) ,
(3.5) c(x) = a(x)b(x) ,
h(t) = f(t)g(t)

If heCl(R), h'(t) >0 and if c(x) € c2(@) nc@) , c(x) > 0

on @ with Ac <0 in Q , then there exists a point x, € 3Q such that

0

P(x) < P(xo) sy XEQ .

Proof. We first note that since f(u) £ 0 and b(x) # 0 in

Q@ , Avx0 in Q . Moreover, v is not constant. Taking deri-

vatives in (3.4), we find

1.2 -2

P’1 = (l/c)vv,i i AR h(u)u .
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Thus, rearranging terms we have

(3.6) AP = (1/c)vav + h(u)au + h'(u)u U5 - 'szAc

N(Ln—t

-2 -
+ (1/c)v ;v . = 2¢ v .c . +¢ 3v2c .C . .
51 51 s1 51 s 1 51

From (3.3) and (3.5),
(1/c)vav = [a(x)b(x)1  alx)g(u)aull-b(x)F(u)] = -h(u)Au

so that the first two terms on the right side of (3.6) cancel. Also,

an easy computation gives

(v/c) ;= (1/¢c)v . c “ve . ,

E] 3 ’1

[grad(v/c)|2 = c_zv .V . =-2c 7w .c . +c¢c v .C

Therefore, (3.6) becomes

(3.7) 2P = h'(u)|grad u|2 + c[grad(v/c)|2 - %C—ZVZAC

and since h'(u) >0, c(x) >0 with Ac <0, the right side of (3.7)
is nonnegative; i.e., P is subharmonic.
We now show P is nonconstant. Indeed, if P is constant,
then AP = 0 . Necessarily, each term on the right side of (3.7)
must be identically zero. Now, since c(x) > 0 , the second term of

(3.7) vanishes if and only if v/c 1is constant; i.e., v(x) = kc(x)




for some nonzero constant k . However, the third term of (3.7)

becomes

- %c'z(kc)zAc = - %szc ,

which vanishes if and only if ac = 0 . In this case, Ay = 0 which
contradicts the fact that Av $0 in o . Since P is subharmonic
and nonconstant, P cannot attain its maximum in @ . The theorem
now follows from the continuity of P . »

We remark that Theorem 3.1 is a direct consequence of a weak
maximum principle for the function (3.4) given by Wang and Wang in
[25]. As an immediate corollary of the preceding theorem, we can
state a maximum principle for solutions of (3.3) when h(t) is an

odd function or h(t) >0 .

Corollary 3.2. Suppose the hypotheses of Theorem 3.1 are satisfied

and Tet u be a solution of (3.3) such that Au =0 on 3 .
(a) If h(t) ds odd, then there exists a point Xy € 9 such

that for x ¢ Q

lu(x)] < |u(xo)|

(b) If h(t) >0, then there exists a point Xg € 3 such that

for x en

u(x) < u(xo) .
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Proof. From Theorem 3.1, there exists Xg € 30 such that for

X €

(3.8) 7 LT w001 + |

o

Since Au =0 on 32, v(x) =0 on 3 and since c(x) >0 on

Q , from (3.8) we get
( )
(3.9) Ju ) h(t) dt < Ju(xo h(t) dt

for x € 9. Now, h(t) is nondecreasing. Therefore, if h(t) >0 ,

from (3.9)

u(x) < u(xo) .

If h(t) is odd and nondecreasing, then th(t) > 0 so that

for each real number s . From (3.9), we conclude

Julx)] < Julxg)] - =

We remark that (a) of Corollary 3.2 can be applied to a nontrivial

solution of the equation
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(3.10) aa(x)au) + b))’ =0,

where p > 1 is odd and c(x) = a(x)b(x) satisfies the hypotheses
of Theorem 3.1, for which Au =0 on 32 . Therefore, there exists

a point X0 € o0 such that for x € Q

lu(x)| < lu(xo)l .

Lu and Wang [5] deduced this same conclusion for the equation (3.10)
but under much more stringent conditions on the coefficients a(x)
and b(x) .

We now consider the system of elliptic equations

Lu + f;(x,u,v)g(v) =0,
(3.11)

1]
o

lv + fz(x,u,v)h(u)

in a bounded domain @ in Euclidean N-space RN with boundary 350 ,

where L 1is the uniformly elliptic operator defined by
(3.12) L= 2y (%) s *+ b (x) 2

such that

= 2 N
aij = aji R aij(X)EiEj >nlg], xen,c€eR

for some positive constant n . If u,v € CZ(Q) is a solution pair
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of (3.11), then Lu and Wang [5] showed the following.

(i) If ge¢ CZ(Q) , h e Cl(Q) and gh(f, +g'f,) <0, h' >0,
(92)“ > 0 , then the function

o (x) = 2H(u) + [g(v)]? ,

where H'(u) = h(u) , cannot attain its maximum in Q un-
less it is constant.
(ii) If g.,h e cl(n) and gh(f

+f,)<0,h"'>0,49" >0,

1 2 - =

then the function
8,(x) = H(u) + 6(v) ,

where H'(u) = h(u) , G'(v) = g(v) , cannot attain its
maximum in Q wunless it is constant.

(111) If ghec’(a) and gh(h'f, +g'f) <0, ()" >0,
(92)” > 0 , then the function

05(x) = [(u)]® + [g(v)7°

cannot attain its maximum in Q wunless it is constant.
Similarly, we can show that for a solution pair u,v € CZ(Q) of (3.11)
it gecta),hecka) and gh(h'f, +f,) <0, g >0, () >0,

then the function

(3.13) 3,(x) = [h(u)]? + 26(v) ,



Theorem 3.3. Let u,veC

where G'(v) = g(v) , cannot attain its maximum in © unless it is
constant. This follows as an easy consequence of the next theorem.

Suppose we have the system of elliptic equations

Lu + Fl(x,u,V)hl(U)gl(V) =0,
(3.14)

Lv + Fz(x,u,v)hz(u)gz(v) =0

N

in a bounded domain § in Euclidean N-space R~ with boundary 50

where L is again the uniformly elliptic operator (3.12). We note
that the system (3.14) includes the system (3.11), where we make the

identification h,(u) = g(v) =1, 99=9,h,=h,and F =f.,

2
1 =1,2 . We have the following theorem.

2(Q) be a solution pair of (3.14).

2 1 2
(a) If 9,9, € C Q) , h1h2 € C°(Q) and gth[thl +

9%(9192)'F2]_5 0, (hhy)' >0, <g§g§>"_3 0 , then the
function
(3.15) P1(x) = 2H(u) + [9;(V)g, ()17,

where H'(u) = hl(u)hz(u) , cannot take its maximum in
unless it is constant.

1 2 2
(hlhz)' >0, (glgz)‘ > 0, then the function

(3.16) P2(x) = 2H(u) + 2G(v) ,

42

2
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where H'(u) = hl(u)hz(u) , G'(v) = gl(v)gz(v) , cannot

attain its maximum in © wunless it is constant.

2 2 : 2 \
(c) If 91955 hih, € C°(2) and glhthl(hlhz) Fi+ 92(9192) F,1 <0,
(h%hg)"_i 0, (g?gg)"_z 0 , then the function
(3.17) Po(x) = [hy(uh, (u)1% + [g, (v)g,(v)1?
y 3 AL 9,19,

cannot attain its maximum in ©Q unless it is constant.

1 2 .
(d) If 919, € C'() , hyhy € C°(2) and g h,[h3(h hy)'F,

2 ) 2,24y
tg,Fo] <0, (g9,)' 20, (h{h5)" >0, then the
function
- 2
(3.18) P4(x) = [hl(u)hz(u)] + 2G(v) ,

where G'(v) = gl(v)gz(v) , cannot attain its maximum in
Q unless it is constant.
Proof. We prove (b) and (c) noting that (a) and (d) are proved
in a similar manner.

(b) From (3.16),

Hence,



(3.19) LP2 = aijPZ,ij + biPZ, = 2h1h2Lu + 2(h1h2) 13”,1u,j

+ ZgngLv + 2(9192)'a1jv,iv,j .

We use (3.14) to write (3.19) as

- 2 2
(3.20) LP2 Zglhz[th1 + 92F2] + 2(h1h2) 1Ju’iu,j

+ 2(9192) aijv,iv,j .

Since L s uniformly elliptic.and (hlhz)' >0, (9192)' >0,
glhz[hiF1 + 9§F2]_i 0 , the right side of (3.20) is nonnegative.
Thus, P2 cannot attain its maximum in @ unless it is constant.

(c) From (3.17),

P3,i = 2lhy (whhy(u)I(hyhy) u 5 + 209, (v)g,(v)1(gy9,)'v 5
P. .. = 2[h, (Wh.(u)](h.h)'u .. + (h2hS)my .y
3,1j p\uh, 127U 53 11277 Y 5
+ 209,(v)3,(v)1(g,9,)"v +(“)'v
9 919207V 45 T \91970 7V 4V 5
Hence
(3.21) LP, := a..P .. + b.P . = 2h.h.(h.h.)'Lu + (h°h2)"a. .u .u .
' 3 7T 2457 5 F ByP AW 112773554 34 5

2 2
*2919,(919,)"'Lv + (9795)"a a5V 4.5 -

Again, using (3.14), (3.21) becomes

44
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_ 2 ' 2 ' 2,24,
LP3 = —Zglhz[hl(hlhz) F1 + 92(9192) F2] + (h1h2) a..u

ig',i%,4

2 2.,
(9190 255V 4V 5 -

From the uniform ellipticity of L and since (h%hg)".z 0,
22" 2 ] 2 !

(979,)" > 0, and g,h,[h](h h,)'F) + g5(g,9,)'F,] < 0 , we have

LP3_3 0 . The result follows from the maximum principle. ]

As an illustration of the preceding theorem, consider the system

(3.22)
ViUt g

Lv - ve

—
=
]
[
D
=4
n
o
-

2 2
If we set Fl(x,u,v) = F2(x,u,v) -1, hl(u) = ue¥ h2(u) =V
2 2

gl(v) =e™V , and gz(v) = ve' , then the hypotheses in each of the

parts (a)-(d) of Theorem 3.3 are satisfied. In this case, we have

that the functions Pn s, h=1,2,3,4 , all reduce to

2 2
P(x) = [u(x)]” + [v(x)]
which by Theorem 3.3 cannot attain a maximum in Q unless it is con-

stant. Moreover, if u,v € CZ(Q) n Co(ﬁ) , then there exists a point

Xy € 3 such that for x €EQ
[u(x)]s [v(x)] 5_([U(x0)]2 + [v(xo)]z)l/2 :

We observe that for the system (3.22), only case (iii) of Lu and Wang



with h(u) = g(v) = 1 1s applicable. However, in this case

which does not lead to pointwise estimates for u or v .

Motivated by the above example, we can formulate the following.

Corollary 3.4. Let wu,ve¢ CZ(Q) n Co(ﬁ) be a solution pair of

(3.14) such that hl(u)hz(u) =u, gl(v)gz(v) =y , and
2 2
gth(thl + gZFZ)-i 0.
(1) If u=0 on 3Q , then there exists a point Xg € 30

such that for x €
W00 V] < Vx| -

(2) If v=0 on 30 , then there exists a point Xy € 30

such that for x € Q

lu(x)], Jv(x)] < |u(x0)| .

(3) If u=v=0 on 20 , then u=v=z=0 in .

Proof. Since the hypotheses in each of the parts (a)-(d) of
Theorem 3.3 are satisfied and u,v € Co(ﬁ) , there exists a point
Xy € 80 such that for x € @

(3.23) WO [vO0] < (Tulxg)1? + [vixg) 1) Y2 .

Under the appropriate assumption that u =0 on 32 or v =0 on

46
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3¢ we have the desired result. Also, if u=v =0 on 3, then
from (3.23), u(x) = v(x) =0 for every x €@ . n

Finally, we consider the equation

(3.24) Ly + F(x,Lv,v) = 0 ,

where L is defined by (3.12). We can express (3.24) equivalently as

the system

Lu + f(x,u,v)

"
[an]
-

(3.25)

1
o

lv - u

Moreover, the system (3.25) has the form of (3.14) where
Fl(xauaV) = f(X,U,V) s Fz(xsusV) = -1 ’ hl(u) = gl(V) = 92(V) =1 ’
and hz(u) = u . We immediately obtain the following corollaries of

Theorem 3.3.

Corollary 3.5. Suppose sf(x,s,t) <0 for xe¢qn and s,t ¢ R.

If f(x,0,t) # 0 for xegqn and t e R, then there is no solution

V€ 04(9) n c2

(2) of the equation (3.24) for which Lv =0 on 5.
Moreover, if f(x,0,t) =0 for xe€ o and t € R, then v =0
is the only solution of (3.24) such that v =Lv =0 on 3Q.

Proof. We express (3.24) as the system (3.25) and note that the

hypotheses (a) in Theorem 3.3 are satisfied since uf(x,u,v) < O
by assumption and h1h2 = U, 949, = 1 . Therefore, from (3.15), the

function
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P (x) = [u(x)1% + 1

takes its maximum on 32 . Consequently, there exists x. € 3Q such

0
that for x € Q

u(x)] < Julx)]

However, from (3.25), u =Lv so that if Lv =0 on 30 , we have
Lv =0 in Q. Hence, if f(x,0,t) # 0 we reach the contradiction

0= L(LV) = -f(X,LV,t)

-f(x,0,t) # 0 . If f(x,0,t) =0 for

0 on 32 , then we have Lv =0 1in Q ,

XxX€e€EN ,t€R and v

\

0 on 32 . By the maximum principle, V=0 in Q. »

Corollary 3.6. Suppose s[f(x,s,t) - 1] <0 for xeQ and s,t € R.

If vecta)n c®@) is a solution of (3.24) such that Lv = 0

on 30 , then there exists a point x, € 30 such that for x ¢ @

0
v(x) g_v(xo) .

Proof. Again, using (3.25), the hypotheses (d) in Theorem 3.3

are satisfied. Thus, from (3.18), the function
_ 2
Pa(x) = [u(x)]™ + 2v(x)

takes its maximum at a point Xg € o0 . Since u=Lv=0 on 3,

we have
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.2v(x) 5_P4(x) §.P4(x0) = 2v(xo)
for x € @ from which the result follows. .
We note that f(x,s,t) = -s3 satisfies the condition on f in
Corollary 3.5 since sf(x,s,t) = -54_5 0 . Likewise, f(x,s,t) =e™>
satisfies the condition on f in Corollary 3.6 since s[f(x,s,t) - 1]

=s(e™-1)<0.




CHAPTER 1V
METAHARMONIC EQUATIONS

It is well-known (Gilbarg and Trudinger [3], Corollary 3.2,
p. 33) that if u ¢ CZ(Q) n Co(ﬁ) is a solution of

(4.1) AU+ a.u =0

in a bounded domain Q< RN ,» Where < 0 1is constant, then

)

sup|u| = supju| .
9 3N
Moreover, if u is a nonconstant solution of (4.1), then lu] can-

not attain its maximum in Q . To see this, consider the function

Then,

24 2|grad u|2 >0

AP = 2upu + 2|grad u|2 = -2apu
and since u 1is nonconstant, we have by the maximum principle for
subharmonic functions that P cannot attain its maximum in Q .
Since P is continuous on Q , there exists a point X0 € 30 such

that
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for all x € @ and the result follows by taking square roots.
In [2], Dunninger extended this result to fourth-order equations

of the form

2 -
(4.2) A"u + 3 Au + apu = 0,
where the constants 39> g satisfy ay <0 and a5 > 0 . In parti-
cular, if u € C4(Q) n Cz(ﬁ) is a nonconstant solution of (4.2) such
that Au =0 on 23Q , then Dunninger showed that |u| cannot attain
its maximum in Q@ . As before, the result follows as a direct conse-

quence of the subharmonicity of the function
(4.3) P(x) = [au(x)1% + aglu(x)3? .

In general, consider a differential equation of the form

n-1

n =
(4.4) Au+a, ;A Tut Lo+ aautagu =0

OU

where a,, ..., 3 _; are real constants. A function

u € Czn(ﬂ) n Cz(n'l)(ﬁ) which satisfies (4.4) in a bounded domain

Qc RN is called an n-metaharmonic function. Moreover, if we set
- = - An-1
Up = U, u2 = AUy vee up, A" “u then
Yy
Uu=1:
u



satisfies the vector equation
(4.5) AU = -AU ,

where A 1is the n x n matrix

0 -1 o 0 |
0 0 -1 0
A = ,
0 0 0 -1
% P qn-1

Now, define the characteristic equation

n-1

(4.6) e+ a,qE ...t aEta, =0

0

associated with (4.4) and suppose the roots E; of (4.6) satisfy

both of the conditions

(a) Reg; >0,
(4.7)

(b) If Re £y = 0 , then Ei is a simple root.

In this case, Chow and Dunninger [1] showed that if u

of (4.4) such that

52

is a solution
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2i= .= =0 on 30,

]
>
[ =g

n

(4.8) Au

then there exists a positive constant k and x. € 32 such that

0
for all x € Q

lu(x)| §_k|u(x0)
More specifically, since the eigenvalues s of A are given by

i

U, = -gi , we have from a well-known result in Liapunov stability theory
(Massera [7], Theorem 4*, p. 183) that there exists a symmetric positive

definite matrix B and a symmetric positive semidefinite matrix C

satisfying

(4.9) A"B + BA = -C .
Consequently, the function

(4.10) v = utsu

is subharmonic since from (4.5) and (4.9)

t u. )te(u
) KORLIN

, N
(4.11) &V = (aV)*BU + UtB(AU) + 2 2

1
N
t(AtB + BA)U + 2 I (UX_)tB(U' )

i=1 7§ %3

-U

t

w+2 3 (u, )B(U
I
i=1 % X3

U ) >0

and thus V attains its maximum at some Xg € 92 . From the boundary
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conditions (4.8) and since B is symmetric positive definite, it

follows that for x e @
A BIu()I% < 4 (BT < V(x) < V(xg) = by [u(x)1%

where Al(B) is the minimum eigenvalue of B . This yields the
estimate

(4.12)  u)| < b Y BTV (x| L x €T

0
given by Chow and Dunninger. Of course, since B 1is symmetric posi-
tive definite, b11 and AI(B) are positive. Finally, we remark
that if u 1is a nonconstant solution of (4.4), then V cannot attain
its maximum in Q@ . Thus, for x € Q , we obtain strict inequality

in (4.12).

The question as to whether the estimate in (4.12) can be improved
arises naturally. Moreover, since the preceding analysis applies for
the particular choice n =2 in equation (4.4), a comparison of the
bound (4.12) can be made with Dunninger's original work for the equa-
tion (4.2). In the remainder of this chapter we examine the matrix
B in the function (4.10) for n=2 and n =3 . Using a variation
of the Chow and Dunninger proof we give an improvement of their esti-
mate in these two cases. Moreover, when n = 2 we can obtain the
function (4.3) of Dunninger by an appropriate choice of the matrix B
in (4.10).

Suppose u € C4(Q) n Cz(ﬁ) is a nonconstant solution of (4.2),

where a and a, are real constants, in a bounded domain Q < RN
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such that Au =0 on 93Q ; i.e.,

2 .
ATu + alAu + aou 0 in @,

(4.13)

1
o

Au on 90 .

Moreover, assume that the roots gl, gz of the characteristic equation

(4.14) 2y ajf + ay = 0

0

satisfy (4.7). Consider the function

(4.15) V= [u Au]B{?:] ,
Au

where B 1is a symmetric positive definite matrix which satisfies (4.9).

Without loss of generality, we assume

bjp by
(4.16) B = s
-b12 1
2 .
where b11 >0, b11 - b12 > 0 (Noble and Daniel [9], Theorem 11.4,

p. 427). For convenience, we set

(4.17) b11 = b12 ta,

where o = det B > 0 . From the form (4.16) and (4.17), (4.15) becomes
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2 2
2t aju” - 2b12uAu + (Au)

and completing the square we have

(4.18) V(x) = (Au - b12u)2 + au2

Now, from the calculation (4.11) V ds subharmonic and nonconstant.

Hence, there exists a point Xg € o2 such that
(4.19) V(x) < V(xo) , X €EQ .

Using the boundary condition in (4.13), it follows from (4.18) and

(4.19) that for x €

afu(x)1° < [ou(x) - bu(x)1? + alu(x)1? < (b, + a)[u(x))1? |
or since o >0 ,

)l < 0%, + )22 lu(x )] = (b)) 2 (det B) M2 ulxg)] -

We thus have the following theorem.

Theorem 4.1. Suppose the roots £15 & of (4.14) satisfy both of

the conditions
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(@) Reg, >0,
(4.20) |
(b) If Re £y = 0 , then £; is a simple root.

If uce C4(Q) n 62(5) is a nonconstant solution of
2 _
(4.21) Au + a,Au + au =0
1 0
which satisfies on 23Q
Au

then there exists a symmetric positive definite matrix B and
Xg € 90 such that

(4.22) u(x)] < (b))% (det 8) 2 u(xg)] L x €a .

11

We remark that the bound (4.22) is an improvement over that of
Chow and Dunninger in (4.12). Indeed, consider the characteristic

polynomial for B

(4.23) p(xn) := det(Al - B)

1]
>
[}
—
o

where we have used (4.17). Then, p(0) = o >0 and p(a) = -b%za <0.
It suffices to show that 0 < Aq < det B . We have the following two

cases.
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Case 1. If b12 # 0, then p(a) <0 . Hence,
0 < kl(B) <a=detB.

Case 2. If b12 =0, then p(a) = 0 so that o is an eigen-
value of B . Consequently, by the definition of xl(B) we have
0 < Al(B) <a . More specifically, if b12 = 0 the characteristic

polynomial (4.23) becomes

Thus, since o = det B is an eigenvalue of B, 0 < xl(B) < det B
iff det B>1 and 0 < xl(B) = det B iff 0 <detB<1.

We now give an explicit method for constructing the symmetric
positive definite matrix B in Theorem 4.1. First, however, we note

that since the roots gl and 52 of (4.14) are given by

2

2 1/2 1 )
hag)™"1 5 €, = 5l-ay + (ay - 4ag

g, = 3l-a, - (a] - )12

it follows that £ and £s satisfy (4.20) iff one of the following
holds:

(1) 3y > 0 and a,

(2) ag = 0 and CH

Therefore, for convenience, we express equation (4.21) in the form

<03
<0.

(4.24) A2u - qhu + pu =0,

where p, ¢ >0 and p + ¢ #0 .




As a vector equation (4.24) becomes

AU = =AU ,

where

Now, from (4.16) and (4.17), the desired matrix B has the form

for a >0 and satisfies

Ats + A = ¢,

59

where C 1is symmetric positive semidefinite. An easy calculation gives

— f—

2by b bio(byy =) - p+o

_b12(b12 - Q) - p ta Z(Q - b12)




Now, C 1is positive semidefinite iff (1) 2b12p s 2(q - b12) >0

and (2) det C > 0 (Strang [24], Theorem 6E, p. 244). We consider

the following two cases.

Case 1. If p =0, then det C = -[b,(b, - q) +al° <0 .
Hence, det C =0 iff o = blz(q - byp) . Therefore, since o >0,
C 1is positive semidefinite iff 0 < b12 <qg and a = b12(q - b12) .
Case 2. For p >0 we have that C 1is positive semidefinite

iff 0 §_b12 <q and det C > 0 . Moreover, since

- 2
det C = 4pb12(q - b12) - [blz(blz - Q) -pt a]
it follows that det C >0 iff

Y8 - P2 o 1Y+ 37

j ([byp(q - bjy [byp(q - by
Of course, we must have a > 0 . Thus, for the equation (4.24) the

entries of B are chosen as follows:

(1) If P =20, then for 0 < b;, < ¢ choose o = blz(q - b12) .
(4.25)
(2) If p>0, then for 0 §_b12 < q choose o # 0 such that

From (4.17), the estimate (4.22) becomes

2

1/2 -1/2
12 o

(4.26) lu(x)] < (b3, + a) lu(xq)|
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so that by choosing b12 = 0 we have

luCx) ] < Julxg)] >

which coincides with the result of Dunninger [2]. Of course, from

the discussion above, the choice b12 = 0 1is possible only when p > 0

in equation (4.24). In this case, from (4.25) when b12 = 0 we have

a = p and the functicn (4.18) reduces to Dunninger's function (4.3).
Moreover, in terms of the coefficients of the differential

equation (4.24), if b,, = 0 , then from (4.23) we have

12

p(x) = (x = 1)(x - p) ,
since o = p 1in this case, and using (4.17) we can write (4.12) as

(4.27) u(x)| < p/2min(1,0)172 Ju(xy)].
Therefore, if b12 =0, it follows that (4.26) and (4.27) yield the
same estimate provided 0 < p <1 . Otherwise, (4.26) is the better
estimate since for p > 1, min(l,p) = 1.
We now proceed to derive an improved estimate for the equation
3

2 -
(4.28) Au + ay,A7u + ajhu + agu = 0,

where ao, al, and a, are real constants. To this end, let

2
u e C6(Q) n C4(§) be a nonconstant solution of (4.28) in a bounded

domain Q c IRN such that




62

(4.29) pu=0%0=0 on oq .
Again, assume that the roots £1° &2 3 of the characteristic equation
(4.30) f(g) := g3 + a gz +a,f+a,=0

’ ' 2 1 0

satisfy (4.7). Consider the function

["u
(4.31) V=[u su 2%18|au
12y

where B 1is a symmetric positive definite matrix which satisfies

(4.9). Without loss of generality, we assume

by by by3
(4.82) B= P12 by by | s
bjz  by3 1
where from [9]
(1) b11 . b22 >0 ;
.. 2 2 .
(i1) b11 - b13 >0, b22 - b23 >0 ;
. 2
(1ii) b11b22 > b12 :
(iv) det B >0 .
For convenience, we set
2

- ne -
(4.33) b11 = b13 + 0, b22 b23 + B
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where «, B > 0 are given by

SERN. -by3 1

2 2 2 2 2
V(x) (b13 + a)u 2b12uAu + 2b13uA u+ (b23 + B)(Au)
2 2
- 2bysAubTu + (A u)2

and completing the square, we have

= (A% - 2 -1 .,2
(4.34) V(x) = (A°u b23Au + b13u) + B(Au - [b12 - b13b23]e u)
¥ (o - 208,

where

_ _ 2_-1
(4.35) z = (b12 b13b23) B © -
Since V 1is subharmonic and nonconstant, there exists x0 € 90 such
that
(4.36) V(x) < V(xo) , X €0 .

From the boundary condition (4.29), it follows from (4.34) and (4.35)

that for x € Q
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(4.37) (@ - 2)[u()1? < (Y3 + )lulx)1’ .
Now, using (4.33) we have
det B = B(a - z)

and since g >0 and det B > 0 , necessarily o -z > 0 . Hence,

we divide (4.37) by o - z to obtain the estimate

Ju(x)| < (b§3 + o)y - Z)_l/zlu(x

0l
1/2

= b))

[(det B)(det B,5) 172 Ju(xy)]

23

where

23~

We have the following theorem.

Theorem 4.2. Suppose the roots g, £,, £ Of (4.30) satisfy both

of the conditions

(@) Reg; >0
(4.38)
(b) If Re £, =0, then ¢, 1is a simple root.




If uce CG(Q) n C4(§) is a nonconstant solution of

A3u + azAzu + alAu + aou =0

which satisfies on 3Q

then there exists a symmetric positive definite matrix B and
Xg € 82 such that

-1,-1
)yl

(4.39)  Ju(x)| < b3/2[(det B)(det B

11 |u(x0)| s X €0,

23

where 823 is the submatrix formed by deleting the first row and
column of B .
We now show that the bound (4.39) is again an improvement over

(4.12). Indeed, consider the characteristic polynomial for B

p(x) := det(hI - B) =27 - (b

2 2 2
+(byybyy = bly + by = bYy + by - by
) 2 2 2
[by1(byp = b33) = bysbyy = (b, - 2by,b14b,2)] .

We complete the square in the constant term and use (4.33) and (4.35)

to write

-
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+ o+ g+ 1)>\2

2

+ ([b5, + allboy + 8] - b5, + o+ B)r - Bla - 2) .

Then, p(0) = -g(a - z) < 0 . Again, it suffices to show that

0 <2 )—1

(B) < (det B)(det B , where

1 23

(det B)(det B,,) >

23/ Ta-Z.

After a rearrangement of terms and simplification, we find

Now, from (4.35), z > 0 and hence b§3
2

2
13 +z #0 . Therefore, assume b13 +2z2>0.

In this case, we express (4.41) as

+ 2 >0 . However, we

shall later show that b

plo - 2) = a - 2)(b5, + 2)[B33 + g+ 1 -R - (a - 2)] ,

where
(4.42) R = (b

We consider the following three cases.

Case 1. If o -2z« b§3 +8+1-R, then p(a-12)>0.

Hence, 0 < Al(B) <a-2.
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Case 2. If o -z = b§3 +8+1-R, then pla - 2)

"
(]
wn
o

that o - z s an eigenvalue of B , and hence 0 < Al(B) <a-2Z.

Moreover, the characteristic polynomial (4.40) becomes

p(x) = (A - [a - 2])r(n) ,

where

+R+z+1)A+RB.

rlo - 2) = =[R(by + 8+ 1= R) - 8] - (b]; + 2)(a - 2) .

A straightforward algebraic manipulation using the definition of R

given by (4.42) and the definition of z 1in (4.35) shows that
(4.43) R(b,, + 8+ 1-R)-8>0.

Hence, r(a - z) 5_-(b§3 + z)(a - z) < 0 and hence Al(B) must be

the smaller root of r()X) . Therefore, 0 < Al(B) <o -2z .

2
23

However, from (4.43) we have b§3 + 38+ 1-R>0 and if we evaluate

the characteristic polynomial (4.40) at b§3 + 8+ 1-R, we obtain

Case 3. If a-z>b,,+R8+1-R, then p(a -2) <0.

after simplification
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(b2, + 8 +1-R) = 2 |
p 23 B f ) = [(a - Z) = (b23 + B8+ 1- R)] |
\
2
x [R(b,, + B+ 1 -R) -g].
23 ) ]

2

Since o - z > b23 + B8+ 1-R by hypothesis and by (4.43), we have
2
p(b23 +8+1-R)>0. Therefore, 0 < xl(B) §_b§3 +B+1-R<a-2z.
We now show that b§3 +2#0. From (4.35) we have b§3 +z2=20

if and only if b12 = b13 =0 . We claim that there does not exist a

symmetric positive definite matrix B with b12 = bl3 = 0 which
satisfies (4.9). Indeed, with
b11 0 0 0 -1 0
B = 0 b22 -b23 s, A=10 0 -1
] 0 —b23 1 ] La0 3y az_
we find
0 by * agby; -a,
11 + aob23 2a1b23 (62'.')23 + b22) - al = -C ,
"3 (agbp3 * byy) - a, -2(by3 + )

where C 1is symmetric positive semidefinite. However, if the sym-

metric matrix C 1is positive semidefinite, then all principal sub-

matrices have nonnegative determinants (Strang [24], Theorem 6.3,
p. 244). Necessarily, ay = 0 which in turn gives b11 =0 .
Obviously, this contradicts the fact that B is symmetric positive

2

A8+ BA=- | b

definite. Thus, b13 + z # 0 and therefore the estimate (4.39)
|
|
|
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is sharper than the estimate (4.12) for any suitable choice of the

matrix B since for b§3 +2#0 we have 0 < xl(B) < (det B)(det 823

)L,
We claim that the roots gl, gz, £3 of the characteristic equa-
tion (4.30) satisfy (4.38) iff one of the following holds:

(1) a = 0, ay > 0, and 3, < 0 ;

(2) ay<0,a >0, a, <0, and Jaja,] > |a0| .

Indeed, if a; =0, then the roots of (4.30) are £, =0 and

2

£, ='%[-a2 - (aj - 1729

)21, gy = g, + (ag - 4

1 1

Now, a; #0 since & =0 must be a simple root. Moreover, if

<0, then Re EZ = £2 <0 . Thus, > 0 and consequently

3 3
3, < 0 for otherwise Re £y < 0.

If a, # 0 , then there are two cases in which the roots of the
characteristic equation (4.30) satisfy (4.38). Either f(£) = 0 has
three positive real roots or it has one positive real root and two
complex conjugate roots with nonnegative real parts. If f(g) =0
has exactly three positive real roots, then there must be exactly
three variations of sign in (4.30); i.e., a, < 0, a; > 0, 3 < 0.

If f(£) = 0 has exactly one positive real root £* , then the

characteristic equation (4.30) can be written as
£(£) = (£ - £)(° + [a, + €% + [a, + £%(a, + £%)]) = 0

and thus has roots £ = g£* and
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1

£y = 3l-(a, + %) + {(a, + £%)°

- Ala, + £x(ay + £ 132,

63 = gl-(ap * %) - ((a, + £9)7 - Ala; + £x(a, + ) DV/2Y

where by hypothesis

(4.44) (a, + £%)° - ala; + £%(a, + £4)] < 0 .
It follows that £o and £3 have nonnegative real parts iff
a, + g*¥ <0 . Hence, a5 < -g* < 0 . Consequently, from (4.44) we

obtain

>

(32 + g*)(az = 35*) 2 0.

)=

3

Finally, since 2, < 0 and a; > 0 , we must have ay < 0 for
otherwise the characteristic equation (4.30) has two variations in
sign and hence we reach the contradiction that f(g) = 0 has at
least one negative real root. Thus, if a, # 0 , we must have the

sign conditions a, < 0 , a; > 0, a, < 0 . Consequently, for con-

0
venience we rewrite (4.30) in this case as

(4.45) fg) t= &> - gl 4 g6 - p =0,

where p, ¢, 2 > 0 . Let us now show that the roots of (4.45) satisfy
(4.38) iff ng > p . We consider the following two cases.

Case 1. ng = p . Here,




Cf(E) = (£ - a)(EP + q)

and f(£) = 0 has roots g1 =1 and £y s E5 = t(ql/z)i . Hence,
(4.38) is satisfied.
Case 2. xg # p . Here,
_ 2
flg) =e7(g - n) + (¢ - p) .

If )Lq<p,f(£)<0 for £ < and f(€)>0 for EZp/q.
Therefore, all real roots of (4.45) lie in the interval (x, p/q) .
If ng>p, flg) <0 for £ <p/g and f(g) >0 for &> .
Therefore, all real roots of (4.45) lie in the interval (p/q, #) .

Now, (4.45) has at least one real root z* > 0 and hence we write
f(g) = (£ - £%)(% + [g* - ade + [g *+ £*(£* - 1)])
so that f(g) = 0 has roots £1 = g* and

g, = Ll - £%) + ((n - £%)(n + 3e%) - 43120,

£5 = 2lln - £%) - {(n - £9)(n + 38%) - 43740

If ng <p, then 0 < <g*<p/qg sothat o -¢g* <0 and hence
(n - £%)(n + 3t%) - 4¢g <0 ; i.e., &, and g are complex with

Re En = Re £3 = %(n - g*) <0 . Therefore, (4.38) does not hold for
ng < p . If, however, xg >p , then 0 < p/q < E* < so that

n-&%>0 . Hence, if £o and g3 are complex, we have

71
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= = l. - * 3
Re &5 Re £3 Z(n £*) >0 . Also, if £, and 53 are real, then
we have already shown 0 < p/q < gz, £3 <n . Thus, (4.38) is satisfied.
We next construct the matrix B of Theorem 4.2 under each of
the conditions (1) and (2), where in either case we can consider an

equation of the form
3 2 _
(4.46) A'u - rA7U + qAu - pu =0,

where p >0, ¢ >0, >0 such that x¢g > p . Equivalently, as a

vector equation, (4.46) becomes

AU = -AU ,
where
u 0 -1 0
U= Au , A=10 0 -1
A2u -p q -n

From (4.32) and (4.33), the symmetric positive definite matrix B of

Theorem 4.2 has the form

2 _
bygta  -by, b3
} 2
(4.47) B by, b2, + 8 by,
| b3 "b23 L]

: 2
where o, 3 >0 , (b13 + a)(b23 +B8) > b12 and det B>0 , and B
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is such that
A'B + BA = -C

for a symmetric positive semidefinite matrix C . Again, an easy

calculation gives

2
i 2Pby3 by + a - (qby3 + pbys) p+ab.,-b

13 12

2
4.4 C=|bl,+a- (gb,., + - Z
( 8) i3te-fe 13 * Pba3) 2(qb23 blZ) ba3 * Bt by - g+ 2by3)

= 2
p + /Lb13 b12 b23 + B+ b13 - (q + nb23) 2(x - b23)

It is easy to see that a special class of symmetric positive

definite matrices of the form (4.47) are those for which

byp = bysbys .

For simplicity, we suppose that the matrix B of Theorem 4.2 has this

form. In this case, the matrix C 1in (4.48) takes the form

2rby 5 @ - bygla - by5) - pbyy P+ bygln - byy)
€= | o= b3l - bys) - pbyg 2by3(q - by3) B - by3(n - by3) - (a - by5)
P+ by3l - byy) B = byaln = by) - (g = byy) 2(n - by3) |

Again, C 1is positive semidefinite iff
(1) ZPb13 s 2b23(q = b13) s 2()L = b23) R 0 ;

(2) dpbyg(n - by3) = [p+ bysln - 5,017 > 0 5
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(3) 4pb13by3(q = byg) - Lo = bysla = byg) - pbysl” > 0 5
(4) 4b23(q - b13)(4 - b23) = [B = b23(n - b23) = (q = b13)]
(5) det C>0 ;

2 >0 3

or equivalently, after algebraic simplification,

(11 pbyg 5 bygla = byg) s x - byy > 05
(2') [p - byl - b)) <05
(31) o - 2albyzlq - byg) + phyg) + [byzlq = byg) - pby]
(4') 8% - 28[bysln - byy) + (g - byy)]
+ [byglt = bys) - (¢ = by3)1° <0 ;

2 g,

. 2
(5 ) b23(q - b13)Q + [B - b23(& - b23) = (q = b13)]
% QlbygQ *+ bygh - o) + (1 = by )(bysl + byge - w)2 < 0,

(- b

where Q =p - b

13 23) ’

Immediately, from (2') ,

(4.49) P = b13(1 = b23) ; i.e., Q=0,
and from (3') and (4') we get the sign restrictions

by3(q - byg) + pbyg >0,

(4.50)

b23(n - b23) + (q - b13) >0 .

Moreover, from (3) and (4) we obtain the inequalities
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)]1/2 |

s la - [by3(g - byg) + pbys]| < 2[pb3bya(q - byy ;
4.51

Now, since Q =0, (5') reduces to

2

(4.52) (1 - byg)(bs8 - a)* < 0.

We first suppose p =0 . By (4.49), b13 =0 or b23 =n .
However, if p = b13 =0 , the first sign condition of (4.50) does not

hold. Therefore, b From (4.51), we have

23~
@ = bzl - by3)

B=gq - b13

and, consequently, 0 < b13 <gq since o, B8 >0 . Thus, for p=20

the matrix B has the form

b3 by 3 b3
_ 2
B = -nb13 o+ g - b13 -,
b13 - 1_

where 0 <bj3<q.

Now, assume p > 0 and suppose xg >p . From (1') and (4.49),
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Consequently,

b2320s Q'b13_>_0a
where b23 + (¢ - b13) # 0, since b23(q - b13) > 0 and the sign

restrictions (4.50) must hold. In particular, from (4.49), we must have

with strict inequality if b23 =0 . Finally, from (4.52), we must
have b138 = o . We note that by multiplying the second inequality of

(4.51) by b13 >0 , we get

D338 = [bysbysln = byg) + byglg - byg)]]

2 1/2
13°23(0 = byg)n = bpg) 100,

< 2[b
which is precisely the first inequality of (4.51) since b136 = o and
p =bysln - bys) . Thus, for p >0 and xg > p the matrix B has

the form

by3(by5 + 8) ~by3bsg by3

i 2
B =1 -by3byg byg *+ 8 ~by)3
b3 ~bys 1

-1

where 0 < b,y <1 , bjg = pln - byy) ™, and
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18 - Topgln = by3) + (a = by3)]] < 2lbygle = by3)(x - by)1H/%

|
metric positive definite matrices for which bip = bygbyy - If ng =p,
the matrix C in (4.48) takes the form

2nqb) 4 o - by3le - by3) - 1qbyy {q + by3) - byy
C=fa=-byzle-by3) - rgbyg 2(qby3 - byp) B - by3(n - by3) - (q - by3)
Ha +by3) - by B - bygln - by3) - (4 - byy) 2(r - by3)

Now, C is positive semidefinite iff

(1") 2agb 2(gb,, - b 2(n - bya) > 0 ;

|
|
For p >0 and 2ng = p , we must look outside the class of sym-
13 ° 23 ~ 12) ? 23
(2') 4rgby4ln - byg) - [alg + byg) - b,1° > 0 ;
(3") 4rgby5(abys - byy) = Lo = byylg - bys) - agbysle > 0
(4") 8(x - byg)lebyy = byp) = [8 = byglr = byg) = (g - b)3)I2 > 0 ;
(5") det C>0.

Since %, g, p >0 , we have b,, >0, qb23 - b12 >0, and

13
n - b23 >0 from (1"). Also, by combining terms and completing the

square, we obtain from (2")
0 < -4, o(gbyz - bro) - [rlg = bia) - by,12
= 13Y4°23 7 P12 4 13 12- -
Necessarily,

bl3(qb23 - b12) = 0 and b12 = n{q - b13) .
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If qb23 > b12 . then b13 = 0 and hence P12 = nqg . This, however,

leads to the contradiction

ng = by, < qb23 <ng .
Therefore,
(4.53) qb23 = b12 = nlq - b13) .
Immediately, from (3") and (4") we have

o = by3lg = byg) + ngbys
(4.54)
8= bpgln - byg) + g - by3)

Furthermore, from (4.53) and (4.54), it follows that det C = 0 .

Since a«, B > 0, we use (4.54) to deduce that 0 < b13 < q and

0 <byz = &q-l(q - b13) <n . From (4.53), we can express (4.54) i

terms of b13 as

o= (g - byl + by)

2 -2

q¢ b

w
H

(¢ - b13)(1 + 1 13) .

Hence, for p >0 and xg = p the matrix B has the form
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r 2
(¢ - byghn? + abyg -alg - byy) by ]
' 2 -1 -1
B=| - -alq - bj3) (g - by3)(1+2% ") -nq (q - byj)
b 1" Hq - bys) 1
13 ¢ \q - D3
i B

and B 1is positive definite iff 0 < b13 <q .

It appears that the procedure used in this chapter to obtain bounds
can be extended to metaharmonic functions of higher order. Hopefully,
this extension can be done for the general equation (4.4) without having
to consider each value of n separately as we have done here for n = 2
and n =3 . Furthermore, if the roots 51 of the characteristic
equation (4.6) satisfy (4.7), it appears that an entirely similar
procedure can be used to obtain bounds for Aiu , 1 =1,2,...,n-1,
where u 1is a nonconstant solution of (4.4) such that

u=u=...=a s e a2 0 on o ,

which could possibly improve those obtained by Chow and Dunninger [1].
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