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ABSTRACT 

This dissertation advances the field of manufacturing operations management through 

machine learning based modeling and optimization across multiple scales. Starting from 

the scale of a factory, the classical customer order scheduling problem with minimized 

completion time is investigated by automatically designing scheduling/dispatching rules 

via a novel genetic programming-based machine learning method. At this scale, discrete-

event dynamics under consideration includes customer order compositions and sequences 

while treating the whole factory as a single machine. Furthermore, a zoom-in perspective 

on the factory leads to additional challenges at the scale of a single machine tool, where 

tooling and operations cost of the machine tools must be considered. By incorporating 

machining dynamics, including machining stability and tool life, into the discrete-event 

dynamics for customer order scheduling, a learning-based cost function and a set of new 

optimization models and algorithms are developed to minimize machine tool operations 

costs. Lastly, by deeply diving into the machining process itself, the physics of machining 

dynamics are investigated. The second-order, coupled, delayed differential equations of 

motion governing machining dynamics are discovered by a cutting mechanics-based 

machine learning modeling method, that integrates existing physics in cutting mechanics 

and unknown physics in data to achieve automated model discovery. Taking these studies 

as a combined agenda, this dissertation establishes a systematic investigation linking 

operations management at different scales, which will contribute to both the fundamental 

understanding and practical applications towards smart manufacturing.  
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CHAPTER 1  

GENERAL INTRODUCTION 

In modern manufacturing enterprises, operations management involves planning, 

controlling, and optimizing production processes. The overarching goal is to ensure high 

product quality, high operational efficiency, and low operational cost. To achieve this goal, 

this dissertation investigates manufacturing operations management across multi scales, 

spanning from customer order scheduling in discrete-event dynamics at the scale of factory, 

to machine tool cost of multiple parts production at scale of machine tool, to machining 

modeling at scale of machining dynamics, thereby establishing a comprehensive study for 

improving operations performance of manufacturing enterprises. 

Efficient completion of customer orders is essential for the profitability of any 

manufacturing enterprise. Customer order scheduling represents a discrete-event dynamic 

process and has long been an important topic in traditional Industrial Engineering research. 

In a competitive market, customer orders are the main profit source. Along with the 

increase in the volume and diversity of orders, manufacturing factories are faced with the 

complicated task of planning and scheduling the production processes to ensure timely 

delivery and efficient resource utilization. This challenge can be formally modeled as a 

sequencing problem with constraints of diverse practical production requirements such as 

due dates and order of priorities. From the perspective of manufacturing factory, this 

research treats the manufacturing factory as a single machine and focuses on automatically 

designing new dispatching rules by developing a customized genetic programming-based 

machine learning method, together with an adaptive local search, to generate better 
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sequence of customer orders for large-scale customer order scheduling problem. Such 

optimization is critical for improving overall operational efficiency, reducing orders 

completion time, and enhancing customer satisfaction within manufacturing systems. 

Machine tool cost is a critical factor in manufacturing operations, comprising primarily 

machine tool operations costs and cutting tool costs. Both components are strongly 

influenced by process parameters, particularly spindle speed, which must be selected in 

consideration of machining dynamics to ensure stable cutting. Higher spindle speeds will 

shorten processing time and reduce the operating cost, whereas tool wear will be 

accelerated, and cutting tool cost is increased. Therefore, to optimize total machining 

operation cost, balancing operating cost and cutting tool cost is required.  Existing research 

in machining dynamics has largely focused on single part production with a single machine, 

neglecting the complexities of multiple parts in multiple customer orders considering 

discrete-event dynamics. From the perspective of the machine tool, this dissertation 

addresses this gap by integrating machining dynamics with discrete-event dynamics to 

optimize total machine tool costs across multiple parts and orders. A learning-based cost 

function is developed, along with a set of effective mathematical models and algorithms 

tailored to different production requirements. 

Machining dynamics and cutting mechanics are fundamental to understanding chatter, 

a self-excited vibration that limits productivity in metal cutting. In the machining process, 

the chatter phenomenon in the process of rotating and translating tool interacts with the 

workpiece through complex mechanics. Chatter was first formally defined as a scientific 

research question by Frederick Taylor in 1906 in his The Art of Cutting Metals as “Chatter 
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is the most obscure and delicate of all problems facing the machinist, and in the case of 

castings and forgings of miscellaneous shapes probably no rules or formulas can be devised 

which will accurately guide the machinist in taking the maximum cuts and speeds possible 

without producing chatter”. By the 1950s, researchers developed a classical model using 

delay differential equations, which couples machine tool structural dynamics with the 

cutting force at the tool tip and explains chatter through the regenerative time-delay effect. 

Although this model captures the fundamentals of machining dynamics, its accuracy is 

limited because it relies on a linear cutting force approximation, despite the inherently 

nonlinear nature of machining. Motivated by the limitation, this dissertation aims to 

discover nonlinear models of machining dynamics to advance machining dynamics 

modeling in practice. A cutting mechanics-based machine learning modeling method is 

proposed that integrates existing knowledge of machining physics and unknown physics in 

data to achieve nonlinear model discovery of machining dynamics. 

The remainder of the dissertation is organized as follows. Chapter 2 introduces the 

customer order scheduling problem and presents a detailed discussion of the proposed 

learning-based two-stage optimization method. The effectiveness of the proposed approach 

is evaluated through extensive computational experiments. Chapter 3 addresses the 

integrated problem of discrete-event dynamics and machining dynamics to study machine 

tool cost and presents a set of effective optimization models and algorithms tailored to 

various production requirements. The proposed models are validated through 

comprehensive computational experiments conducted under diverse problem settings. 

Chapter 4 focuses on the model discovery of machining dynamics. The proposed cutting 
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mechanics-based machine learning modeling method is introduced and validated through 

high-fidelity time domain simulation experiments. Chapter 5 concludes the dissertation. 
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CHAPTER 2  

A LEARNING-BASED TWO-STAGE OPTIMIZATION METHOD FOR 

CUSTOMER ORDER SCHEDULING  

This paper addresses the customer order scheduling problem in parallel production 

environment commonly appearing in the pharmaceutical and paper industries. To achieve 

the research objective of minimizing the total completion time of orders, a learning-based 

two-stage optimization method is proposed, comprising a learned dispatching rule in the 

first stage and an adaptive local search in the second stage. Numerical results demonstrate 

the effectiveness of the learned dispatching rule and indicate the proposed two-stage 

optimization method significantly outperforms state-of-the-art methods in the literature. 

2.1 Introduction 

This paper studies the customer order scheduling (COS) problem in parallel machine 

environment to minimize the total completion time of all the customer orders. The 

manufacturing facility consists of multiple machines and each machine is dedicated to 

produce one particular type of product. Each customer order is composed of several 

individual products each with a demand that needs to be processed by a dedicated machine. 

Since the products of an order are independent with each other, they can be processed on 

different machines in parallel. An order is completed when all its included products are 

completed. The objective is to find a schedule to minimize the total completion time of the 

orders. 
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Problem COS has a large number of practical applications in manufacturing. Typical 

industrial applications include equipment maintenance and repair [2], finishing paper 

processing [3] and pharmaceutical packaging [4]. Moreover, problem COS can also be 

regarded as a degenerate case of two-stage assembly scheduling problem if ignoring the 

assembly processing time in the second stage, such as part kitting [5] and semi-product 

manufacturing [6]. With the increasingly diversified demands from the customers, modern 

manufacturing is developing rapidly towards mass customization under the make-to-order 

production manner. To avoid additional handling and shipment cost, most of the customers 

prefer to receive all kinds products included in the order in a single shipment. This shifts 

the focus of attention from the availability of individual products to that of the holistic 

order for both the producers and the customers. 

In the literature, problem COS has attracted a lot of attentions since first studied in [7]. 

Many studies have considered this problem with configuration of parallel machines as that 

in this paper. Several studies focusing on the complexity analysis have shown that 

problem COS is strongly NP-hard even for two machines [8-10]. Blocher and 

Chhajed studied this problem to minimize the total completion time of orders with identical 

parallel machines [11]. Several heuristics were proposed by considering both the order 

sequence and job placement, and two lower bounds were also developed. With the same 

setting, Yang and Posner proposed a heuristic with tight worst-case bound 2 −

1/𝑚  where 𝑚  is the number of machines [5]. Additionally, two heuristics that are 

examined with the tight worst-case bounds 6/5 and 9/7 were developed for two machines 

case. In [2], two heuristics, namely earliest completion time first (ECT) and shortest 

https://www.sciencedirect.com/topics/engineering/mass-customization
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processing time first applied to the machine with the largest load (SPTL), were proposed 

where the former was proved to have the worst-case bound 𝑚. The authors also analyzed 

the other three dispatching rules, namely shortest total processing time first (STPT), 

shortest maximum processing time first (SMPT) and smallest maximum completion time 

first (SMCT) proposed by Wang and Cheng for arbitrary 𝑚 machines [12]. Along this line 

with problem COS, many studies focus on the different objective functions. In [13], 

a quadratic programming formulation was proposed to minimize the total weighted 

completion time. Some other objectives are minimizing the total weighted completion 

time [12, 14, 15], minimizing the maximum lateness and number of late orders [3], 

minimizing the total tardiness [16], and multi-objective of minimizing the linear sum of 

the total flowtime and the maximum tardiness [17]. In addition, many variants of 

problem COS have been studied. In [18], a branch-and-bound algorithm was proposed to 

solve the order scheduling problem with learning effect to minimize the total tardiness. 

Some studies also investigate the variant with order release times [19, 20]. A new order 

scheduling on a product-service system with time windows is studied in [21], where an 

order is composed of a product processed by a manufacturing plant and a service from the 

service center. In [22], the order scheduling problem with rejection was investigated to 

minimize a linear sum of the maximum completion time of the accepted orders and the 

total penalty of the rejected orders. De Athayde Prata et al. proposed two matheuristics to 

solve the order scheduling problem with sequence-dependent setup times [23]. Other 

variants in terms of different machine environments have also been addressed including 

single machine [24], two-stage assembly flowshop [25], parallel batch processing 

https://www.sciencedirect.com/topics/earth-and-planetary-sciences/quadratic-programming
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machines [26] and permutation flowshop [27]. In addition, metaheuristics are commonly 

used to solve problem COS and its variants, including genetic algorithm (GA) [28-

31], particle swarm optimization (PSO) [17, 32], simulated annealing [18, 21, 33], 

artificial bee colony algorithm [20, 27, 34], tabu search [21, 35] and differential 

evolution [36]. For more details about problem COS, the readers can refer to the survey 

paper [37]. 

Recently, Framinan and Perez-Gonzalez proposed an effective dispatching rule for 

problem COS by utilizing a look-ahead indicator to assess the impact of both the scheduled 

and unscheduled orders [38]. This dispatching rule denoted by NEW outperforms the 

existing dispatching rules in the literature. Based on this new dispatching rule, a greedy 

search algorithm was also developed to solve problem COS more efficiently. Riahi et 

al. proposed a new constructive heuristic by utilizing the processing times in multiple ways 

[39]. This heuristic was then integrated into a newly developed perturbative search 

algorithm (PSA). PSA achieves a powerful computational performance on the total of 720 

benchmark instances of problem COS and has updated the best solutions for almost all 

those instances. 

Although existing methods in the literature have been proposed for solving 

problem COS efficiently, there is still a lot of room for improvement especially for the 

large-scale problems. This paper aims to develop a learning-based optimization approach 

to solving problem COS. The main contributions are summarized as follows. We develop 

an efficient feature-enhanced genetic programming (FEGP) method for the automatic 

design of high-quality dispatching rules for problem COS in an off-line learning manner. 

https://www.sciencedirect.com/topics/engineering/genetic-algorithm
https://www.sciencedirect.com/topics/engineering/particle-swarm-optimization
https://www.sciencedirect.com/topics/social-sciences/tabu
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Two new dispatching rules learned by the proposed FEGP method outperform the existing 

well-known dispatching rules manually designed in the literature. Utilizing the high-

quality initial solutions provided by the new dispatching rules, we further develop an 

adaptive local search algorithm to form a two-stage optimization method denoted by LDR-

AS for problem COS. On solving a total of 1080 benchmark instances, LDR-AS achieves 

the best computational performance compared with the state-of-the-art methods and is 

capable of finding the best feasible solutions for 1016 instances. 

The remainder of this paper is organized as follows. Section 2 presents the problem 

definition and a mixed-integer linear programming (MILP) model. In Section 3, we 

propose the FEGP method for the automatic design of dispatching rules for problem COS. 

Section 4 presents two new dispatching rules learned by the proposed EFGP method. 

Based on the high-quality initial solutions provided by LDR, we further design an adaptive 

local search algorithm as the two-stage method in Section 5. We conduct the computational 

experiments to test the performance of the proposed methods in Section 6. 

Section 7 concludes this paper. 

2.2 Problem Definition and Formulation 

Problem COS can be described as follows. There are a total of 𝑛 available orders 

needed to be produced by a manufacturer for the customers. The manufacturing facility 

has 𝑚 parallel machines with each machine dedicated to produce only one type of job. 

Each order from the customer is composed of at most 𝑚 individual jobs, each of which 

should be manufactured exactly by a dedicated machine without preemption of 

interruption. Each machine can process at most one job at a time and the jobs in an order 

https://www.sciencedirect.com/topics/engineering/feasible-solution
https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec2
https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec3
https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec4
https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec5
https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec6
https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec7
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can be processed by multiple machines simultaneously. The completion time of each order 

is defined by the time at which all jobs in the order are completed. The objective of 

problem COS is to find a schedule to minimize the total completion time of the orders. 

An important optimality property of problem COS with minimization of total 

weighted completion time is that there exists an optimal schedule in which the permutation 

of orders on each machine is the same [11]. Based on this optimality property, Shi et al. first 

formulated problem COS as an mixed-integer quadratic programming (MIQP) model, and 

then an MILP formulation was derived through applying the reformulation technique (by 

introducing a new decision variable 𝛼𝑗𝑘
𝑡 ) on the proposed MIQP formulation [13]. This 

derived MILP formulation achieves the tightest LP-relaxation compared with the order 

models for this problem. 

However, there is no physical meaning and illustration provided for the new 

introduced variable 𝛼𝑗𝑘
𝑡  and the MILP formulation in [13]. In this paper, we introduce the 

same MILP formulation based on the following two purposes. First, we define the decision 

variable 𝛼𝑗𝑘
𝑡  by giving its the physical meaning and show that we can formulate this 

problem directly as the same MILP model rather than the reformulation technique in [13]. 

Second, with the development of optimization technique, the state-of-the-art commercial 

optimization solver like CPLEX 12.8 integrates plenty of efficient algorithms and has a 

strong power to search the best feasible solutions for a given MILP model. Therefore, we 

want to compare the solution quality of the proposed method with the best feasible 

solutions of this MILP model solving by CPLEX 12.8. The notations and decision variables 

are given as follows. 

https://www.sciencedirect.com/topics/engineering/optimality
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/quadratic-programming
https://www.sciencedirect.com/topics/engineering/mixed-integer-linear-programming
https://www.sciencedirect.com/topics/engineering/mixed-integer-linear-programming-model
https://www.sciencedirect.com/topics/engineering/feasible-solution
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Notations: 

𝑁: set of orders, 𝑁 = {1,2, … , 𝑛}; 

𝑀: set of machines, 𝑀 = {1,2, … ,𝑚}; 

𝑝𝑗
𝑡: job process time in order 𝑗 on machine 𝑡, where 𝑗 ∈ 𝑁, 𝑡 ∈ 𝑀. 

Decision Variables: 

𝑥𝑗𝑘: 𝑥𝑗𝑘 = 1, if order 𝑗 is at the position 𝑘 when the jobs are processed on machines. 

Otherwise, 𝑥𝑗𝑘 = 0, where 𝑗, 𝑘 ∈ 𝑁; 

𝐶𝑗: completion time of order 𝑗, where 𝑗 ∈ 𝑁; 

𝛼𝑗𝑘
𝑡 : 𝛼𝑗𝑘

𝑡 = ∑ ∑ 𝑥𝑗𝑘′𝑝𝑗
𝑡 − 𝑝𝑗

𝑡𝑛
𝑗=1

𝑘
𝑘′=1 , i.e., the stating time of order 𝑗  at position 𝑘  on 

machine 𝑡 if 𝑥𝑗𝑘 = 1, and otherwise, 𝛼𝑗𝑘
𝑡 = 0, where 𝑗, 𝑘 ∈ 𝑀, 𝑡 ∈ 𝑀. 

Based on the above notations and variables, problem COS can be formulated as the 

following MILP model. 

(MILP)   min ∑ 𝐶𝑗

𝑗∈𝑁

(1)

𝑠. 𝑡. ∑ 𝑥𝑗𝑘 = 1

𝑘∈𝑁

,                                                          ∀𝑗 ∈ 𝑁, (2)

        ∑ 𝑥𝑗𝑘 = 1

𝑗∈𝑁

,                                                          ∀𝑘 ∈ 𝑁, (3)

        0 ≤ 𝛼𝑗𝑘
𝑡 ≤ 𝑀𝑗

𝑡𝑥𝑗𝑘 ,                                                ∀𝑗, 𝑘 ∈ 𝑁, 𝑡 ∈ 𝑀, (4)

        ∑ 𝛼𝑗𝑘
𝑡

𝑛

𝑗=1

= ∑ ∑𝑥𝑗𝑘′𝑝𝑗
𝑡

𝑛

𝑗=1

𝑘

𝑘′=1

− ∑𝑥𝑗𝑘𝑝𝑗
𝑡

𝑛

𝑗=1

,           ∀𝑘 ∈ 𝑁, 𝑡 ∈ 𝑀, (5)

        𝐶𝑗 ≥ ∑ 𝛼𝑗𝑘
𝑡 + 𝑝𝑗

𝑡

𝑛

𝑘=1

,                                               ∀𝑗 ∈ 𝑁, 𝑡 ∈ 𝑀, (6)

        𝑥𝑗𝑘 ∈ {0,1},                                                            ∀𝑗, 𝑘 ∈ 𝑁. (7) 
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The objective function (1) is to minimize the total completion time of the orders. 

Constraints (2), (3) ensure each order can be assigned to only one position and each 

position can be occupied by only one order, which define a permutation of the orders. 

Constraints (4) ensure that 𝛼𝑗𝑘
𝑡 = 0 if 𝑥𝑗𝑘 = 0 and 𝑀𝑗

𝑡 is a large positive number where we 

set 𝑀𝑗
𝑡 = ∑ 𝑝𝑖

𝑡 − 𝑝𝑗
𝑡𝑛

𝑖=1 . Constraints (5) define the starting time equation for any order 

assigned at the position 𝑘 of machine 𝑡. Constraints (6) indicate the completion time of 

order 𝑗 on the machine 𝑡 is greater than or equal to the summation of its starting time and 

processing time. Based on the constraints (2)–(4), it is simple to check that the left-hand 

side ∑ 𝛼𝑗𝑘
𝑡𝑛

𝑗=1  of constraints (5) denotes the starting time of the order assigned at the 

position 𝑘 of machine 𝑡 and 𝛼𝑗𝑘
𝑡 = ∑ ∑ 𝑥𝑗𝑘′𝑝𝑗

𝑡 − 𝑝𝑗
𝑡𝑛

𝑗=1
𝑘
𝑘′=1  if 𝑥𝑗𝑘 = 1. According to this, 

∑ 𝛼𝑗𝑘
𝑡𝑛

𝑘=1  indicates the starting time of the order 𝑗  on the machine 𝑡  and thus 

constraints (6) hold. Constraints (7) are the binary variables restriction. Though the 

problem size that can be solved to optimality by the MILP model is small for most of 

scheduling problems, we will solve this model to compare the best feasible solutions 

obtained by CPLEX with our proposal method in Section 6. 

2.3 Proposed Learning Method: Feature-enhanced Genetic Programming 

In this section, we propose the feature-enhanced genetic programming, denoted by 

FEGP, for the automatic design of dispatching rules for problem COS. Genetic 

programming (GP) is a powerful evolution-based artificial intelligence approach for 

automatic design of computer programs proposed by [40]. GP can be regarded as a 

generalization of genetic algorithm (GA). The key focus of GP, instead of searching good 

https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd1
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd2
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd3
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd4
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd5
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd2
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd4
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd6
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd7
https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec6
https://www.sciencedirect.com/topics/biochemistry-genetics-and-molecular-biology/genetics
https://www.sciencedirect.com/topics/engineering/genetic-algorithm
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solutions from the solution space conducted by GA, is to search high quality algorithms 

from the algorithm space. GP iteratively evolves a population of individuals using genetic 

operators such as mutation and crossover to find high-quality computer programs (see 

reviews [41, 42]). During the last thirty years, extensive studies have been carried out, such 

as genetic operators [43, 44], representations [45], surrogate models [46, 47] and 

evaluation efficiency [48], to enhance computational performance of GP. 

In the proposed FEGP method, individuals in the population are dispatching rules for 

problem COS. By adequately utilizing the feature information of problem COS, the 

proposed FEGP is able to generate high-quality dispatching rules through an offline 

learning manner. Next, we first present the main idea of the proposed FEGP. Then we 

present the designs for the important components of the proposed FEGP in detail. At the 

end, we present the complete algorithm procedure of FEGP. For a better presentation, we 

summarize the notations used in FEGP in Table 2.1. 

2.3.1 Main Idea of the Proposed FEGP Method 

The main idea of the proposed FEGP method is to automatically generate effective 

dispatching rules for problem COS through an offline learning manner. The individuals in 

the population of the proposed FEGP are dispatching rules. FEGP iteratively evolves a 

population of dispatching rules, creates new dispatching rules through mutation and 

crossover, and selects the dispatching rules with superior performance to form new 

population. For ease of computer handling in FEGP, the dispatching rules of problem COS 

are transferred by tree-based representation. By adequately utilizing the feature information 

of problem COS to construct various tree-based dispatching rules, the proposed FEGP is  

https://www.sciencedirect.com/topics/engineering/surrogate-model
https://www.sciencedirect.com/topics/engineering/offline-learning
https://www.sciencedirect.com/topics/engineering/offline-learning
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Table 2.1. Notation for the proposed FEGP. 

𝒫 Population of the dispatching rules 

𝒫1 Population of the offspring dispatching rules 

𝑁𝒫 Number of dispatching rules in population 𝒫 

𝑔𝑚𝑎𝑥  Maximum generations of FEGP evolves 

𝐷𝑅𝑖 𝑖th dispatching rule in the population, 𝑖 ∈ {1,… ,𝑁𝒫} 

𝐷𝑅∗ Best evolved dispatching rule 

𝑓(𝐷𝑅𝑖) Fitness value of rule 𝐷𝑅𝑖 

𝑝𝑒 

Proportion of elite rules selected to form the next generation 

population 

𝑝𝑐 

Probability of crossover operator is chosen to create offspring rules; 

1 − 𝑝𝑐 is the probability of mutation operator is chosen; 

𝑑𝑚𝑎𝑥 Maximum depth of a tree 
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able to generate a large number of dispatching rules and select high-quality dispatching 

rules based on effective fitness evaluations. Then the learned dispatching rules can be used 

to solve problem COS directly. According to this idea, Figure 2.1 shows the detailed flow 

chart of our proposed FEGP method. 

As shown in Figure 2.1, the proposed FEGP generates a population 𝒫 of dispatching rules 

and selects the current best dispatching rule iteratively. The initial population of 

dispatching rules is first constructed using the features of problem COS. Then all the 

dispatching rules are evaluated using a developed fitness evaluation function and the 

current best dispatching rule DR* is updated.  If the maximum generation is not reached, 

FEGP utilizes genetic operators such as mutation and crossover to generate the next 

population and the algorithm iterates. When the termination condition of maximum 

generation holds, the best dispatching rule DR* is output and the FEGP method stops. 

There are several important components in the proposed FEGP significantly affecting 

the quality of the learned dispatching rules. First, the features of problem COS must be 

well designed such that useful problem information can be utilized to construct high-

quality dispatching rules. Second, a good fitness evaluation function should be developed 

such that superior dispatching rules can be accurately selected. Thirdly, to maintain the 

diversity of the population, specific mutation and crossover operators with duplicate 

removal strategy should be developed such that more powerful dispatching rules are 

possible to be discovered. Next, we present the designs of these important components in 

detail. 
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Figure 2.1. Flow chart of the proposed FEGP. 
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2.3.2 Feature and Function Design for FEGP to Construct Dispatching Rules 

In the proposed FEGP, dispatching rules are constructed using features and functions 

in tree-based form. A feature is a problem related attribute, variable of constant that 

contains useful information to help solve the studied problems. A function can be any 

arithmetic operator, logic operator and mathematical function. We use tree representation 

to express dispatching rules for problem COS in this paper. Figure 2.2 shows an illustrative 

example how the well-known dispatching rule ECT proposed in [2] for problem COS can 

be expressed as a tree. In this example, 𝐶𝑘 and 𝐶𝑗 at the leaf nodes of the tree are features. 

Besides, operator “−” at the internal node is the minus, which is an important part to 

construct the tree of ECT. Feature 𝐶𝑘 denotes the completion time of the last order 𝑘 in the 

partial schedule and feature 𝐶𝑗 is the completion time of order 𝑗 assuming it is selected to 

schedule immediately after 𝑘. By this means, 𝐶𝑘 − 𝐶𝑗 denotes the priority of order 𝑗, and 

the one with the earliest completion time thus has the largest priority to be scheduled next. 

Obviously, the features 𝐶𝑗 and 𝐶𝑘 are the key factors to determine the effectiveness of the 

dispatching rule ECT. 

Motivated by the fast and robust computational performance of the well-known 

dispatching rules manually developed in the literature, we conduct the feature design for 

the proposed FEGP method by extracting the important features from those well-known 

dispatching rules. Some of the well-known dispatching rules like ECT are 

also approximation algorithms. In general, a dispatching rule for problem COS contains 

one or several features that are key factors to determine its effectiveness for solving the 

problem. By thoroughly exploring dozens of well-known dispatching rules, including 

https://www.sciencedirect.com/topics/biochemistry-genetics-and-molecular-biology/tree
https://www.sciencedirect.com/topics/social-sciences/approximation-algorithms
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STPT, SMPT, SMCT, ECT, SPTL [2, 12] and eight dispatching rules proposed in [39], we 

design eighteen useful features of problem COS and summarize them in Table 2.2. These 

features cover most information of the unscheduled orders and the current partial schedule 

in solving problem COS. For example, the total job processing time of an unscheduled 

order denoted by OTPT, is the key feature of rule STPT. Furthermore, we include the 

constants 0 and 1 to increase varied structures of the dispatching rules. As discussed 

in Figure 2.2, the ECT rule uses 𝐶𝑘 − 𝐶𝑗 to calculate the priority of order 𝑗. According to 

Table 2.2, feature 𝑂𝐷𝐶𝑇 = 𝐶𝑗 − 𝐶𝑘 , thus ECT can also be expressed as 0 − 𝑂𝐷𝐶𝑇𝑗  to 

calculate the priority equivalently. 

In addition, we design the functions used to organize features into dispatching rules and 

present them in Table 2.3. The function set consists of basic arithmetic operators, the 

maximum function and the ternary version of the if-then-else function (if 𝑎 ≥

0 then 𝑏 else 𝑐; 𝑎, 𝑏 and 𝑐 are the related sub-expressions evolved). Involving such logical 

operators would enrich the search power to find more combinations of features and evolve 

advanced scheduling logic. 

Using the designed features and functions, population 𝒫  can be initialized by 

integrating well-known dispatching rules as initial individuals. We first transfer these 

dispatching rules into trees, then insert them into the initial population 𝒫 of FEGP. For 

example, rule STPT can be transferred into a tree (0 − 𝑂𝑇𝑃𝑇)  using the developed 

features, where smaller OTPT will have larger priority. Then, the rest rules are randomly 

generated by the well known Ramped half-and-half method [40]. Ramped half-and-

half creates a half of population by full method and the other half by grow method. The 
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full method cultivates a tree in a way that the features could only occur at nodes in the 

maximum depth 𝑑𝑚𝑎𝑥, and all the internal nodes are assigned with functions. The grow 

method, on the contrary, allows to select both the features and functions to assign on the 

nodes not at the 𝑑𝑚𝑎𝑥 depth. 

With the designed features in Table 2.2 and functions in Table 2.3, dispatching rules 

of problem COS can be constructed in the tree-based form. Consider the LDR in which all 

the leaf nodes grow to the maximum depth 𝑑𝑚𝑎𝑥 , it will give the worst-case time 

complexity for any LDR generated by FEGP. We present this complexity analysis in the 

following lemma. 

Lemma 1. For a given maximum tree depth 𝑑𝑚𝑎𝑥, any learned dispatching rule by the 

proposed FEGP method is a polynomial-time algorithm with the worst-case time 

complexity of 𝑂(𝑚𝑛3/2 + 𝑛𝑓𝑛
2/2 + 𝑚2𝑛) , where 𝑛𝑓 = (3𝑑𝑚𝑎𝑥−1 − 1)/2  is the 

maximum number of functions in the tree-based LDR, 𝑚 is the number of machines and 𝑛 

is the number of orders. 

Proof. Let 𝜋 = {𝜋(1), 𝜋(2),… , 𝜋(𝑛)} be an order sequence, where 𝜋(𝑘), 𝑘 = 1, … , 𝑛 is 

the order at position 𝑘. LDR constructs a sequence by selecting one order a time from the 

unscheduled orders and appending at the end of current partial sequence, denoted by 𝜋 =

{𝜋(1), 𝜋(2), … , 𝜋(𝑘 − 1)} , 𝜋 = 𝜙  when 𝑘 = 1 . This implies for each position 𝑘 =

1, … , 𝑛, LDR needs to calculate the priority of 𝑛 − 𝑘 + 1 unscheduled orders, which gives 

∑ (𝑛 − 𝑘 + 1)𝑛
𝑘=1 = 𝑛(𝑛 + 1)/2  times of priority calculation using LDR. Next, we 

analyze the worst-case time complexity for one-time priority calculation using LDR. Given 

a maximum tree depth 𝑑𝑚𝑎𝑥, the worst-case time complexity of LDR is obtained if all the 
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leaf nodes of LDR grow to 𝑑𝑚𝑎𝑥 and all the internal nodes from depth 1 to 𝑑𝑚𝑎𝑥 − 1 are 

ternary functions, i.e. if-then-else(𝑎, 𝑏, 𝑐). This indicates the total number of functions in 

LDR is ∑ 3𝑑−1𝑑𝑚𝑎𝑥−1
𝑑=1 = (3𝑑𝑚𝑎𝑥−1 − 1)/2. Let 𝑛𝑓 = (3𝑑𝑚𝑎𝑥−1 − 1)/2, it follows 𝑛𝑓 time 

is needed to calculate the priority of one order if the features are ready. Next, we consider 

the feature with the maximum time complexity in the designed features in Table 2.2. 

Feature WLCPT first finds machine 𝑡′ = arg min
t

𝑇𝐶𝑇𝑡  where 𝑇𝐶𝑇𝑡  is the total 

completion time if following the order sequence on machine 𝑡 by sorting the jobs in non-

decreasing order of 𝑝𝑗
𝑡 . This takes 𝑂(𝑚2𝑛 + 𝑚𝑛 log 𝑛)  time. Then feature WLCPT 

calculates the order weight 𝑤𝑗  by using 𝑤𝑗 = ∑ 𝑝𝑗
𝑡𝑚

𝑡=1 /∑ ∑ 𝑝𝑗
𝑡𝑚

𝑡=1
𝑛
𝑗=1 , which takes time 

𝑂(𝑚𝑛) . Overall, 𝑊𝐿𝐶𝑃𝑇𝑗 = 𝑤𝑗𝑝𝑗
𝑡′

 takes 𝑂(𝑚2𝑛 + 𝑚𝑛 log 𝑛)  time. Since feature 

WLCPT is static constant, meaning they can be used repeatedly without recalculating. If 

all the nodes at depth 𝑑𝑚𝑎𝑥 are WLCPT, it takes 𝑂(𝑚2𝑛 + 𝑚𝑛 log 𝑛 + 𝑛𝑓𝑛(𝑛 + 1)/2) =

𝑂(𝑚2𝑛 + 𝑚𝑛 log 𝑛 + 𝑛𝑓𝑛
2/2) time. However, feature ODCT needs to be recalculated 

every time before priority calculation. As 𝑂𝐷𝐶𝑇𝑗 = 𝐶𝑗 − 𝐶𝑘 is obtained by applying partial 

sequence 𝜋 = {𝜋(1), … , 𝜋(𝑘), 𝑗}, it takes 𝑂(𝑚𝑛) time. Thus, if all the nodes at 𝑑𝑚𝑎𝑥 are 

ODCT, it takes 𝑂(𝑛(𝑛 + 1)(𝑚𝑛 + 𝑛𝑓)/2) = 𝑂(𝑚𝑛3/2 + 𝑛𝑓𝑛
2/2)  time. Therefore, a 

tree-based LDR will take worst-case time complexity if contains both WLCPT and ODCT. 

Overall, the worst-case time complexity for any LDR is 𝑂(𝑚2𝑛 + 𝑚𝑛 log 𝑛 +

𝑛(𝑛 + 1)(𝑚𝑛 + 𝑛𝑓)/2) = 𝑂(𝑚𝑛3/2 + 𝑛𝑓𝑛
2/2 + 𝑚2𝑛)  where 𝑛𝑓 = (3𝑑𝑚𝑎𝑥−1 − 1)/2 . 

Obviously, it is polynomial for any given 𝑑𝑚𝑎𝑥.∎ 
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Table 2.2. Designed features of problem COS for FEGP to construct dispatching rules 

Feature Description 

MINPT Minimum job processing time of order 𝑗, 𝑀𝐼𝑁𝑃𝑇𝑗 = min
t

𝑝𝑗
𝑡 

MAXPT Maximum job processing time of order 𝑗, 𝑀𝐴𝑋𝑃𝑇𝑗 = max
t

𝑝𝑗
𝑡 

OTPT Total processing time of order 𝑗, 𝑂𝑇𝑃𝑇𝑗 = ∑ 𝑝𝑗
𝑡𝑚

𝑡=1  

OTWPT 

Total weighted processing time of order 𝑗, 𝑂𝑇𝑊𝑃𝑇𝑗 = ∑ 𝑤𝑡𝑝𝑗
𝑡𝑚

𝑡=1 , herein 𝑤𝑡 =

∑ 𝑝𝑗
𝑡𝑛

𝑗=1 /(∑ ∑ 𝑝𝑗
𝑡𝑛

𝑗=1
𝑚
𝑡=1 )  

OTCWP

T 

Total completion time weighted processing time of order 𝑗, 𝑂𝑇𝐶𝑊𝑃𝑇𝑗 = ∑ 𝑤𝑡𝑝𝑗
𝑡𝑚

𝑡=1 , 𝑤𝑡 =

𝑇𝐶𝑇𝑡/∑ 𝑇𝐶𝑇𝑖𝑚
𝑖=1 . 𝑇𝐶𝑇𝑖 is the total completion time (TCT) if following the order sequence 

on machine 𝑡 by sorting the jobs in non-decreasing order of 𝑝𝑗
𝑡 

HMPT 

Job processing time on the machine with the highest total processing time, 𝐻𝑀𝑃𝑇𝑗 = 𝑝𝑗
𝑡′

, 

𝑡′ = arg max
t

∑ 𝑝𝑗
𝑡𝑛

𝑗=1  

LMPT 

Job processing time on the machine with the lowest total processing time, 𝐿𝑀𝑃𝑇𝑗 = 𝑝𝑗
𝑡′

, 𝑡′ =

argmin
t

∑ 𝑝𝑗
𝑡𝑛

𝑗=1  

LCPT 

Job processing time on the machine with the lowest TCT, 𝐿𝐶𝑃𝑇𝑗 = 𝑝𝑗
𝑡′

, 𝑡′ = argmin
t

𝑇𝐶𝑇𝑡 . 

𝑇𝐶𝑇𝑡 is the same with that in OTCWPT 

WLCPT 

Weighted job processing time on the machine with the lowest TCT, 𝑊𝐿𝐶𝑃𝑇𝑗 = 𝑤𝑗𝑝𝑗
𝑡′

, 𝑡′ is 

the same with that in LCPT, 𝑤𝑗 = ∑ 𝑝𝑗
𝑡𝑚

𝑡=1 /∑ ∑ 𝑝𝑗
𝑡𝑚

𝑡=1
𝑛
𝑗=1  

MAXCT Maximum completion time of jobs in order 𝑗 assuming it is selected next, 𝑀𝐴𝑋𝐶𝑇𝑗 = max
t

𝐶𝑗
𝑡 

MINCT Minimum completion time of jobs in order 𝑗 assuming it is selected next, 𝑀𝐼𝑁𝐶𝑇𝑗 = min
t

𝐶𝑗
𝑡 

ODCT 

𝑂𝐷𝐶𝑇𝑗 = 𝐶𝑗 − 𝐶𝑘, difference of completion time of order 𝑗 and that of order 𝑘 immediately 

before 𝑗, assuming 𝑗 is selected next 
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OMS 

Makespan of order 𝑗 assuming it is selected next, 𝑂𝑀𝑆𝑗 = 𝐶𝑗 − 𝐶𝑘
𝑡′

, where 𝑘 is the order 

immediately before 𝑗 and 𝐶𝑘
𝑡′

denotes the earliest completion time of jobs in order 𝑘 

EXPT 

Extra processing time of order 𝑗 assuming it is selected next, 𝐸𝑋𝑃𝑇𝑗 = 𝐶𝑗 − 𝐶𝑘
𝑡′

− max
t

𝑝𝑗
𝑡 

where 𝑘 is the order immediately before 𝑗 and 𝐶𝑘
𝑡′

 is the same with that in OMS 

NUO Number of unscheduled orders 

EST Earliest completion time of current partial schedule, 𝐸𝑆𝑇 = min
t

𝐶𝑡 

LST Latest completion time of current partial schedule, 𝐿𝑆𝑇 = max
t

𝐶𝑡 

AST Average completion time of current partial schedule, 𝐴𝑆𝑇 = ∑ 𝐶𝑡/𝑚
𝑚
𝑡=1  

Constant 0,1  
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Figure 2.2. An illustrative example on tree representation of dispatching rule ECT. 
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Table 2.3. Functions of the proposed FEGP for problem COS 

Function Description 

+  Addition, binary operator 

−  Subtraction, binary operator 

×  Multiplication, binary operator 

÷ (or div) Protected division, binary operator 

If-then-else(𝑎, 𝑏, 𝑐) If 𝑎 ≥ 0 then 𝑏 else 𝑐, ternary operator 

max(𝑎, 𝑏)  Maximum of 𝑎 and 𝑏, binary operator 
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2.3.3 Proposed Fitness Evaluation Function 

During the learning process of FEGP, fitness evaluation is a critical step as it 

determines the performance of a dispatching rule and guides the FEGP search on the space 

of dispatching rules. An individual with better fitness indicates it has larger probability to 

be selected to reproduce the next generation. We use the following equation to calculate 

the average relative deviation of a dispatching 𝐷𝑅𝑖 

𝑑𝑒𝑣𝑎𝑣𝑔(𝐷𝑅𝑖) ≔
1

𝑇
∑

𝑂𝑏𝑗(𝐷𝑅𝑖 , 𝐼𝑡
𝑠) − 𝑂𝑏𝑗(𝐷𝑅𝑟𝑒𝑓, 𝐼𝑡

𝑠)

𝑂𝑏𝑗(𝐷𝑅𝑟𝑒𝑓 , 𝐼𝑡
𝑠)

𝐼𝑡
𝑠∈{𝐼1

𝑠,𝐼2
𝑠,…,𝐼𝑡

𝑠}

, (8) 

where ℐ𝑠 = {𝐼1
𝑠, 𝐼2

𝑠 , … , 𝐼𝑡
𝑠} is a set of data instances having the same problem size 𝑠 ∈ 𝒮 and 

𝑇 denoted the total number of instances in this problem size. 𝒮 is a set of the total problem 

sizes. 𝑂𝑏𝑗(𝐷𝑅𝑖 , 𝐼𝑡
𝑠) and 𝑂𝑏𝑗(𝐷𝑅𝑟𝑒𝑓 , 𝐼𝑡

𝑠) are the objective values by applying 𝐷𝑅𝑖 and the 

reference rule 𝐷𝑅𝑟𝑒𝑓  on instance 𝐼𝑡
𝑠 , respectively. Thus, 𝑑𝑒𝑣𝑎𝑣𝑔(𝐷𝑅𝑖)  measures the 

average deviation between the objective values of 𝐷𝑅𝑖 and 𝐷𝑅𝑟𝑒𝑓. Herein we select ECT 

as 𝐷𝑅𝑟𝑒𝑓. 

Based on the above deviation equation, we propose the ranking based fitness 

evaluation function of 𝐷𝑅𝑖 as follows 

𝑓(𝐷𝑅𝑖) ≔ ∑𝑟𝑎𝑛𝑘(𝐷𝑅𝑖 , ℐ
𝑠)

𝑠∈𝒮

, (9) 

where 𝑟𝑎𝑛𝑘(𝐷𝑅𝑖, ℐ
𝑠) is the rank (ascending order) of 𝑑𝑒𝑣𝑎𝑣𝑔(𝐷𝑅𝑖) among the individual 

population on solving a set of instances ℐ𝑠 that have the same problem size 𝑠. By summing 

up the ranks in all problem sizes 𝑠 ∈ 𝒮, ∑ 𝑟𝑎𝑛𝑘(𝐷𝑅𝑖, ℐ
𝑠)𝑠∈𝒮  can represent the overall rank 

of 𝐷𝑅𝑖 on solving various sizes of problem instances. Thus, we define ∑ 𝑟𝑎𝑛𝑘(𝐷𝑅𝑖, ℐ
𝑠)𝑠∈𝒮  
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as the fitness of the dispatching rule 𝑓(𝐷𝑅𝑖). The pseudo-code of this proposed fitness 

evaluation function in Eq. (9), denoted by FitnessEvaluate, is given in Algorithm 

2.1. 

Algorithm 2.1 evaluates a 𝐷𝑅𝑖  using various problem instance sizes. Before 

evaluation, 𝑇  instances for each 𝑠 ∈ 𝒮  are generated and used to evaluate all the 

diapatching rules in the population. By Hildebrandt et al., we use the same data set for each 

generation to reduce the impacts of data uncertainty while avoids the 

premature convergency of the proposed FEGP method [49]. After the ranking information 

𝑟𝑎𝑛𝑘(𝐷𝑅𝑖 , ℐ
𝑠)  for each problem size 𝑠  is obtained, the ranking summation 

∑ 𝑟𝑎𝑛𝑘(𝐷𝑅𝑖 , ℐ
𝑠)𝑠∈𝒮  is set to be 𝑓(𝐷𝑅𝑖). The smaller 𝑓(𝐷𝑅𝑖) indicates the better fitness 

𝐷𝑅𝑖 can obtain. Such fitness evaluation function design is expected to reduce the impact 

of different value ranges of 𝑑𝑒𝑣𝑎𝑣𝑔(𝐷𝑅𝑖)  and focus on selecting individuals that can 

perform well and robustly for different problem sizes. 

2.3.4 Genetic Operators with Duplicate Removal 

After the fitness evaluation for each generation, genetic operators are used to select 

candidates from the current generation and produce new individuals for the next 

generation, such as selection, mutation and crossover operators [43]. In this study, we apply 

the tournament selection, subtree mutation and subtree crossover operators. In both the 

mutation and crossover, if the newly generated rules duplicate with existing rules on 

solving two instances with 𝑛 = 50 and 𝑚 = 2, i.e. having the same objective value, we 

abandon it and repeat applying the operators until different trees are obtained. In addition,  

  

https://www.sciencedirect.com/topics/engineering/convergency
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Algorithm 2.1 FitnessEvaluate (𝒫) 

1: Generate 𝑇 data instances for each 𝑑 ∈ 𝒮 

2: for 𝑠 ∈ 𝒮 do 

3: for 𝐷𝑅𝑖 ∈ 𝒫 do 

4: for 𝐼𝑡
𝑠 ∈ {𝐼1

𝑠, 𝐼2
𝑠, … , 𝐼𝑇

𝑠} do 

5: 𝑂𝑏𝑗(𝐷𝑅𝑖, 𝐼𝑡
𝑠) ⟵ apply 𝐷𝑅𝑖 on instance 𝐼𝑡

𝑠 

6: end for 

7: Calculate 𝑑𝑒𝑣𝑎𝑣𝑔(𝐷𝑅𝑖) by Eq. (8) 

8: end for  

9: 𝑟𝑎𝑛𝑘(𝐷𝑅𝑖 , ℐ
𝑠) ⟵ sort 𝐷𝑅𝑖 among 𝒫 in ascending order of 𝑑𝑒𝑣𝑎𝑣𝑔(𝐷𝑅𝑖) 

10: end for 

11: for 𝐷𝑅𝑖 ∈ 𝒫 do 

12: 𝑓(𝐷𝑅𝑖) ⟵ ∑ 𝑟𝑎𝑛𝑘(𝐷𝑅𝑖 , ℐ
𝑠)𝑠∈𝒮   

13: end for 

14: return 𝑓(𝐷𝑅𝑖) for all 𝐷𝑅𝑖 ∈ 𝒫 
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depth of the new trees is stilled constrained by 𝑑𝑚𝑎𝑥 ; otherwise repeat applying the 

operators. Details of the three operators are presented as following. 

Tournament(): Randomly select a predefined tournament size 𝑛𝑡  dispatching rules 

from 𝒫, return the rule with the best fitness value. 

Mutation(𝐷𝑅1
𝑝
): One parent tree 𝐷𝑅1

𝑝
 is modified by randomly choosing one part of 

it and replacing with a newly generated subtree. Check for constraints of 𝑑𝑚𝑎𝑥 and 

duplicates. For example, in Figure 2.3a, the left child node 𝐿𝑆𝑇 of the parent tree is 

picked and replaced with a newly generated subtree (𝑁𝑈𝑂 × 𝐻𝑀𝑃𝑇) to reproduce 

one offspring. 

Crossover(𝐷𝑅1
𝑝, 𝐷𝑅2

𝑝
): Two parent trees 𝐷𝑅1

𝑝, 𝐷𝑅2
𝑝

 are recombined by randomly 

picking a node in each tree and swapping over the subtree connected to the picked 

node. Check for constraints of 𝑑𝑚𝑎𝑥 and duplicates. For example, in Figure 2.3b, 

the subtree 𝑂𝑇𝑃𝑇 of parent 1 and subtree (𝐸𝑆𝑇 × 𝑂𝑀𝑆) of parent 2 are chosen and 

swapped over to create two new offsprings. 

2.3.5 Algorithm Procedure of the Proposed FEGP Method 

Based on the above developed components of the proposed FEGP method, we present 

the detailed algorithm procedure of FEGP in Algorithm 2.2. 

Algorithm 2.2 runs in the following procedure. Using the problem features and 

functions designed in Section 3.2, we first express several well-known dispatching rules 

into trees and insert these trees into the initial population. The rest individuals in population 

𝒫 are randomly are randomly initialized with the tree depth no exceeding the maximum  

https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec3.2
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Algorithm 2.2 FEGP 

1: Set 𝐷𝑅∗ ⟵ 𝑛𝑢𝑙𝑙 and 𝑓(𝐷𝑅∗) ⟵ +∞ 

2: Invoke the designed features and functions 

3: Initialize 𝒫 

4: 𝑔 ⟵ 0  

5: while 𝑔 < 𝑔𝑚𝑎𝑥 do 

6: 𝒫1 ⟵ ∅  

7: Apply FitnessEvaluate (𝒫) to obtain 𝑓(𝐷𝑅𝑖) for each 𝐷𝑅𝑖 

8: 𝑓(𝐷𝑅∗) ⟵ min 𝑖=1
𝑁𝒫 𝑓(𝐷𝑅𝑖)  

9: 𝐷𝑅∗ ⟵ argmin 𝑖=1
𝑁𝒫 𝑓(𝐷𝑅𝑖)  

10: 

Sort 𝐷𝑅𝑖 in 𝒫 in ascending order of 𝑓(𝐷𝑅𝑖); select the first 𝑝𝑒 × 𝑁𝒫 rules 

𝐷𝑅1, 𝐷𝑅2, … , 𝐷𝑅𝑝𝑒×𝑁𝒫
 

11: 𝒫1 ⟵ 𝒫1 ∪ {𝐷𝑅1, 𝐷𝑅2, … , 𝐷𝑅𝑝𝑒×𝑁𝒫
}  

12: while 𝑁𝒫1
< 𝑁𝒫 do 

13: Generate a random number 𝑟𝑎𝑛𝑑 ∈ [0,1] 

14: if 𝑟𝑎𝑛𝑑 < 𝑝𝑐 then 

15: 𝐷𝑅1
𝑝
 and  𝐷𝑅2

𝑝 ⟵ apply Tournament() twice to select two parents 

16: 

𝐷𝑅1
𝑝
 and  𝐷𝑅2

𝑝
 ⟵ apply Crossover( 𝐷𝑅1

𝑝
, 𝐷𝑅2

𝑝
) to create two 

offspring rules 

17: 𝒫1 ⟵ 𝒫1 ∪ {𝐷𝑅1
𝑐, 𝐷𝑅2

𝑐}  

18: else 
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19: 𝐷𝑅1
𝑝

⟵ apply Tournament()to select one parent rule 

20: 𝐷𝑅1
𝑚 ⟵ apply Mutation(𝐷𝑅1

𝑝
) to create one offspring 

21: 𝒫1 ⟵ 𝒫1 ∪ {𝐷𝑅1
𝑚}  

22: end if 

23: end while 

24: 𝒫 ⟵ 𝒫1  

25: 𝑔 ⟵ 𝑔 + 1  

26: end while 

27: return 𝐷𝑅∗ 
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tree depth 𝑑𝑚𝑎𝑥 . Then, we use the proposed fitness evaluation 

function FitnessEvaluate() developed in Section 3.3 to evaluate the performance 

of all dispatching rules based on various problem instance sizes and the performance 

ranking information of 𝐷𝑅𝑖  among population 𝒫 . After the fitness evaluation, the 

enhanced genetic operator crossover() and mutation() designed in Section 3.4, 

are applied to generate different offsprings with duplicate removal strategy for the next 

generation. The best rule 𝐷𝑅∗ is returned when the maximum generation is reached. 

Table 2.4 summarizes the training parameters setting of the proposed FEGP method. 

The systematical parameter tuning of GP has been thoroughly conducted in the 

literatures [40, 49, 50], and those parameter settings are widely adopted by the GP-related 

studies. The population size is set to be 600 to ensure the diversity of the population. For 

the number of generations, we run the proposed FEGP with 300 generations for 3 times 

and the best dispatching rule at generation 50, 100, 150, 200, 250 and 300 are selected to 

test the performance, respectively. The testing results show the best dispatching rule at 

generation 200 obtains the best performance, while dispatching rules after generation 200 

exhibit overfitting. The number of evaluations per individual is highly problem 

specific [51]. The choice of this parameter needs to be high enough to avoid over 

specialization within a single generation while it needs to be low enough to keep the 

experiments computationally feasible. Based on our proposed fitness evaluation function, 

we evaluate each dispatching rule using 120 randomly generated instances, which are 

further divided into 12 groups and each group is a combination from 𝑛 ∈ {50,100,200} 

orders and 𝑚 ∈ {2,5,10,20} machines with 10 instances. Among the 10 instances of each 

https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec3.3
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/population-size
https://www.sciencedirect.com/topics/social-sciences/over-specialization
https://www.sciencedirect.com/topics/social-sciences/over-specialization
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combination, 5 instances are generated following the processing time generation rule of 

Test-1 and the rest 5 following that of Test-2. It should be noted that the generations of 

Test-1, Test-2 and the following Test-3 are summarized in Section 6.1. Similar to [49], 

common random numbers are used for all dispatching rules in a certain generation while 

different random numbers are used for different generations to avoid overfitting and reduce 

the impact of data uncertainty simultaneously. As FEGP is trained using randomly 

generated data following generation rule of Test-1 and Test-2, the new dataset Test-3 

randomly generated following different generation rule can be used to cross-validate the 

performance of LDRs. The crossover proportion, mutation proportion, selection method, 

initialization method, and the maximum tree depth 17 are following recommendations 

from [40] and are mostly the default settings of ECJ,1 the evolutionary computation 

framework we use for our FEGP implementation. We also compared three sets of crossover 

and mutation proportions (85%, 15%)(95%, 5%)  and (99%, 1%)  with the default 

(90%, 10%). We found these settings do not lead to improved performance and thus 

retained using the default settings. While greater maximum tree depth with 17 can extend 

the search space of FEGP, we also choose this maximum tree depth to 5 to make the learned 

dispatching rules easier to analyze. Based on these settings and our computing 

environment, the proposed FEGP method takes the training time of 1.5 h to obtain the first 

new dispatching rule with the maximum tree depth of 5, of about 13 h to obtain the second 

new dispatching rule with the maximum tree depth of 17. 

  

https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec6.1
https://www.sciencedirect.com/topics/engineering/random-number
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fn1
https://www.sciencedirect.com/topics/engineering/search-space
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Table 2.4. Parameter settings of the proposed FEGP 

Population size 600 

Generation 200 

Number of evaluations per rule 120 

Crossover proportion 90% 

Mutation proportion 10% 

Elites 5% of population size 

Selection method Tournament selection (Size: 7) 

Initialization Ramped half-and-half (Depth range: [2,6]) 

Maximum tree depth 5 or 17 
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2.4 Two New Dispatching Rules Learned by FEGP 

In this section, we present two new dispatching rules for problem COS. These two 

new dispatching rules are automatically generated by the proposed FEGP method and all 

the related experimental details are presented in Section 6. 

2.4.1 New Dispatching Rule: LDR-I 

The first new dispatching rule, denoted by LDR-I, is obtained by setting the maximum 

depth of the tree representation to be 5 during the training process of the proposed FEGP 

method. The best learned dispatching rule in the final generation is selected as LDR-I. 

Figure 2.4 shows the tree structure of LDR-I. The corresponding closed-form of LDR-I to 

calculate the priority of an order 𝑗 is: 

𝑃𝑟𝑖𝑜𝑟𝑖𝑡𝑦(𝑗) = 𝑀𝐴𝑋𝑃𝑇𝑗

/ ((𝑁𝑈𝑂 + 𝑂𝐷𝐶𝑇𝑗) × 𝑁𝑈𝑂 × 𝑂𝑇𝑊𝑃𝑇𝑗 × (𝑀𝐼𝑁𝑃𝑇𝑗 + 𝑂𝑀𝑆𝑗)

× ((𝐻𝑀𝑃𝑇𝐽 + 𝑁𝑈𝑂) × 𝑂𝐷𝐶𝑇𝑗
2

+ 𝑁𝑈𝑂 × 𝑂𝑇𝑊𝑃𝑇𝑗 × (𝑁𝑈𝑂 + 𝑀𝐴𝑋𝑃𝑇𝑗)))                                             (10) 

In Eq. (10), all the features of problem COS such as the number of unscheduled orders 

NUO, are given in Table 2.2. By plugging in the value of each feature into Eq. (10), the 

order with the highest priority from the unscheduled orders is selected to schedule next. 

Let 𝜋 = {𝜋(1), 𝜋(2), … , 𝜋(𝑛)} be an order sequence where 𝜋(𝑘) is the order at position 𝑘, 

𝐶𝑗
𝑡 be the completion time of order 𝑗 on machine 𝑡, and 𝑤𝑡 be the weight of machine 𝑡. 

Then detailed pseudo-code of LDR-I is presented in Algorithm 2.3. 

https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec6
https://www.sciencedirect.com/topics/biochemistry-genetics-and-molecular-biology/tree
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd10
https://www.sciencedirect.com/topics/engineering/plugging-in
https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd10


 

35 
 

  

 

Figure 2.3. Illustration of subtree mutation and crossover operators. 
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Figure 2.4. Tree representation of LDR-I. 
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Algorithm 2.3 LDR-I 

1: Set 𝐷𝑅∗ ⟵ 𝑛𝑢𝑙𝑙 and 𝑓(𝐷𝑅∗) ⟵ +∞ 

2: Invoke the designed features and functions 

3: Initialize 𝒫 

4: 𝑔 ⟵ 0  

5: while 𝑔 < 𝑔𝑚𝑎𝑥 do 

6: 𝒫1 ⟵ ∅  

7: Apply FitnessEvaluate (𝒫) to obtain 𝑓(𝐷𝑅𝑖) for each 𝐷𝑅𝑖 

8: 𝑓(𝐷𝑅∗) ⟵ min 𝑖=1
𝑁𝒫 𝑓(𝐷𝑅𝑖)  

9: 𝐷𝑅∗ ⟵ argmin 𝑖=1
𝑁𝒫 𝑓(𝐷𝑅𝑖)  

10: 
Sort 𝐷𝑅𝑖 in 𝒫 in ascending order of 𝑓(𝐷𝑅𝑖); select the first 𝑝𝑒 × 𝑁𝒫 rules 

𝐷𝑅1, 𝐷𝑅2, … , 𝐷𝑅𝑝𝑒×𝑁𝒫
 

11: 𝒫1 ⟵ 𝒫1 ∪ {𝐷𝑅1, 𝐷𝑅2, … , 𝐷𝑅𝑝𝑒×𝑁𝒫
}  

12: while 𝑁𝒫1
< 𝑁𝒫 do 

13: Generate a random number 𝑟𝑎𝑛𝑑 ∈ [0,1] 

14: if 𝑟𝑎𝑛𝑑 < 𝑝𝑐 then 

15: 𝐷𝑅1
𝑝
 and  𝐷𝑅2

𝑝 ⟵ apply Tournament() twice to select two parents 

16: 
𝐷𝑅1

𝑝
 and  𝐷𝑅2

𝑝 ⟵ apply Crossover( 𝐷𝑅1
𝑝, 𝐷𝑅2

𝑝
) to create two 

offspring rules 

17: 𝒫1 ⟵ 𝒫1 ∪ {𝐷𝑅1
𝑐, 𝐷𝑅2

𝑐}  

18: else 

19: 𝐷𝑅1
𝑝 ⟵ apply Tournament()to select one parent rule 

20: 𝐷𝑅1
𝑚 ⟵ apply Mutation(𝐷𝑅1

𝑝
) to create one offspring 

21: 𝒫1 ⟵ 𝒫1 ∪ {𝐷𝑅1
𝑚}  

22: end if 

23: end while 

24: 𝒫 ⟵ 𝒫1  

25: 𝑔 ⟵ 𝑔 + 1  

26: end while 

27: return 𝐷𝑅∗ 
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Algorithm 2.3 constructs the order sequence by fixing one order a time at position 𝑘. 

Features related to the orders such as HMPT and MINPT are calculated before the 

scheduling process because they remain unchanged during the scheduling process. ODCT 

and OMS are calculated whenever they are required to be used during the scheduling 

process as they are dependent on the partial schedule. With all the needed features ready, 

priority of an order is calculated using Eq. (10) and the one with largest priority is chosen 

to append to 𝜋 to schedule next. Next, we give the analysis on the time complexity of LDR-

I. 

Corollary 1. The time complexity of LDR-I in Algorithm 2.3 is 𝑂(𝑚𝑛3/2 + 𝑛𝑓𝑛2/2), 

where 𝑛𝑓 = 14 is the number of the functions used in LDR-I, 𝑚 is the number of machines 

and 𝑛 is the number of orders. 

Based on Lemma 1, we first identify the features with the maximum time complexity 

in LDR-I that are static constants, namely features 𝐻𝑀𝑃𝑇𝑗 , 𝑀𝐼𝑁𝑃𝑇𝑗 , 𝑀𝐴𝑋𝑃𝑇𝑗  and 

𝑂𝑇𝑊𝑃𝑇𝑗  for order 𝑗 = 1, … , 𝑛. Feature 𝐻𝑀𝑃𝑇𝑗 = 𝑝𝑗
𝑡′

 where 𝑡′ = argmax
t

∑ 𝑝𝑗
𝑡𝑛

𝑗=1  takes 

𝑂(𝑚𝑛) time. Feature 𝑀𝐼𝑁𝑃𝑇𝑗 = min
t

𝑝𝑗
𝑡 , 𝑀𝐴𝑋𝑃𝑇𝑗 = max

t
𝑝𝑗

𝑡  and 𝑂𝑇𝑊𝑃𝑇𝑗 = ∑ 𝑤𝑡𝑝𝑗
𝑡𝑚

𝑡=1  

all take 𝑂(𝑚𝑛) time for 𝑗 = 1,… , 𝑛. Feature 𝑂𝐷𝐶𝑇𝑗 and 𝑂𝑀𝑆𝑗 are obtained by applying 

partial sequence 𝜋 = {𝜋(1),… , 𝜋(𝑘), 𝑗}, thus both of them take 𝑂(𝑚𝑛) time. Then using 

these features, calculating the order priority by Eq. (10) contains 𝑛𝑓 = 14  arithmetic 

operations. It follows 𝑂(𝑛(𝑛 + 1)(𝑚𝑛 + 𝑛𝑓)/2) time is taken for the two nested loops. 

Overall, the complexity of LDR-I in Algorithm 2.3 is 𝑂(𝑚𝑛 + 𝑛(𝑛 + 1)(𝑚𝑛 + 𝑛𝑓)/2) =

𝑂(𝑚𝑛3/2 + 𝑛𝑓𝑛
2/2). It should be noted that the term 𝑚2𝑛 in Lemma 1 is not appearing 

https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd10
https://www.sciencedirect.com/science/article/pii/S0305054821002355#lem1
https://www.sciencedirect.com/science/article/pii/S0305054821002355#lem1
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in the time complexity of LDR-I. This is because the features like ODCT, OMS and EXPT 

with time complexity 𝑂(𝑚2𝑛 + 𝑚𝑛 log 𝑛) are not involved in LDR-I. With depth to be 5 

and only 14 functions in the tree-based structure, LDR-I is very fast for solving 

problem COS. Among all the 1080 instances, LDR-I takes at most 0.07 s to solve each 

instance and achieves much better solutions than the existing dispatching rules (refer to 

Section 6.2 for more details). 

To shed the light of the composition structure of LDR and its impacts, we can have 

some intuitive analysis to LDR-I and how it exhibits better performance compared with 

the existing dispatching rules. For example, the most commonly used features in LDR-I 

are: NUO (4 times), ODCT (3 times), OTWPT (2 times) and MAXPT (2 times). From the 

definition of ODCT and OTWPT in Table 2.2, 𝑂𝐷𝐶𝑇𝑗 = 𝐶𝑗 − 𝐶𝑘 is exactly the feature of 

the ECT rule and 𝑂𝑇𝑊𝑃𝑇𝑗 = ∑ 𝑤𝑡𝑝𝑗
𝑡𝑚

𝑡=1  is exactly the feature of TWPT rule. With several 

divisions, both ODCT and OTWPT will finally be located at the denominator of a complex 

fraction. This reflects the basic principles from the rules ECT and TWPT, namely, orders 

with smaller ODCT and OTWPT will have larger priority and thus be scheduled earlier. It 

is intuitive to connect the good performance of LDR-I with these well defined features in 

the well-known dispatching rules. Moreover, LDR-I enhances these features through 

various combinations. We give an illustrative example of the solutions using LDR-I and 

ECT on an instance of 10 orders and 2 machines as shown in Figure 2.5. It can be seen 

LDR-I basically follows the dispatching of ECT with the exception of orders 1, 5, 6 and 9. 

LDR-I performs a pair swap for order pairs (6,5) and (9,1) on the basis of ECT sequence, 

resulting in the total completion time decreasing from 2899 to 2881. 

https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec6.2
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2.4.2 New Dispatching Rule: LDR-II 

In addition, by setting the maximum tree depth as 17 to further exert the power of the 

proposed FEGP method for learning dispatching rules, we obtained the second new 

dispatching rule, denoted by LDR-II. Compared with LDR-I, LDR-II is more complex in 

size and shape. If we write the closed-form of LDR-II as that of LDR-I in Eq. (10), it will 

take more than one page. Due to the space limit and for a better representation, we do not 

present LDR-II in the closed-form. Alternatively, the visualization of the tree structure of 

LDR-II is given in Figure 2.6. 

Figure 2.6 shows the overall tree structure of LDR-II without showing the explicit 

features composition. To further shed the light of LDR-II, Table 2.5 summarizes the 

statistics of the features and functions used in LDR-II, where the number in the parenthesis 

indicates the frequency of the feature or function being used. In LDR-II, 18 features among 

the total 20 are used except for feature MINPT and MINCT, while all the functions are 

used. The most commonly used features are 0(73 times), ODCT(68 times) and WLCPT(41 

times), where feature ODCT is the exactly the key feature of rule ECT. It is thus intuitive 

to connect the performance of LDR-II with the frequently used features to some extent. In 

addition, LDR-II contains 354 functions, where function “+” is used for 111 times and the 

ternary function if-then-else(𝑎, 𝑏, 𝑐) is used for 66 times. The limited total number of 

functions is important to the time efficiency of LDR-II. Next, we give the following 

corollary for the time complexity of LDR-II. 

  

https://www.sciencedirect.com/science/article/pii/S0305054821002355#fd10
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Table 2.5. Functions and features used in LDR-II 

Features 

(421) 

0(73), ODCT(68), WLCPT(41), EST(38), 1(37), LMPT(36), 

EXTIME(35), HMPT(17), OTCWPT(13), AST(13), NUO(12), 

MAXPT(11), OTPT(11),OMS(9), OTWPT(3), MAXCT(2), 

LCPT(1), LST(1), MINPT(0), MINCT(0) 

Functions 

(354) 

+(111), ×(78), if-then-else(𝑎, 𝑏, 𝑐)(66), ÷(46), max(4), −(13) 

Number in the parenthesis is the frequency of the feature or function being used in 

LDR-II. 
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Figure 2.5. Illustrative example of solutions by LDR-I and ECT. 
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Figure 2.6. Tree representation of LDR-II. 
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Corollary 2. The time complexity of LDR-II is 𝑂(𝑚𝑛3/2 + 𝑛𝑓𝑛
2/2 + 𝑚2𝑛) where 𝑛𝑓 =

354 is the number of functions used in LDR-II, 𝑚 is the number of machines and 𝑛 is the 

number of orders. 

Based on Lemma 1, Corollary 2 is immediate as it contains both features ODCT and 

WLCPT. Even setting 𝑑𝑚𝑎𝑥 to 17, LDR-II has only 354 functions, much smaller than the 

theoretical maximum number of functions 𝑛𝑓 = (317−1 − 1)/2. Thus, the time complexity 

of LDR-II is far smaller than the theoretical time complexity in Lemma 1. In fact, LDR-II 

takes less than 0.1 s for solving each of the 1080 instances and significantly outperforms 

all the well-known dispatching rules. LDR-II also obtains even much better performance 

than LDR-I(refer to Section 6.2 for more details). Comparing LDR-II with LDR-I, it can 

be seen the parameter maximum tree depth (𝑑𝑚𝑎𝑥)  plays an important role for the 

performance of LDR. While smaller 𝑑𝑚𝑎𝑥 produces small size trees for ease of analysis 

and implementation, it also suffers a little loss in performance compared with larger 𝑑𝑚𝑎𝑥. 

Meanwhile, larger 𝑑𝑚𝑎𝑥 results in increasing of training time due to the large size of trees 

for fitness evaluation. From the experiment, it takes 1.5 h to train FEGP to obtain LDR-I 

when 𝑑𝑚𝑎𝑥 is 5, and less than 13 h to obtain LDR-II when 𝑑𝑚𝑎𝑥 is 17. We also provide 

the source code and executable program file of both LDR-I and LDR-II online. We will 

compare LDR-I and LDR-II with existing well-known dispatching rules in Section 6. In 

the next section, we will develop a two-stage optimization method which uses LDR to 

provide initial solutions in the first stage. 

https://www.sciencedirect.com/science/article/pii/S0305054821002355#lem1
https://www.sciencedirect.com/science/article/pii/S0305054821002355#cry2
https://www.sciencedirect.com/science/article/pii/S0305054821002355#lem1
https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec6.2
https://www.sciencedirect.com/topics/engineering/source-coding
https://www.sciencedirect.com/science/article/pii/S0305054821002355#sec6
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2.5 Development of Two-stage Method 

To further enhance the quality of the solutions generated by LDR (LDR-I or LDR-II), 

we develop a two-stage optimization method denoted by LDR-based adaptive 

search (LDR-AS) in this section. Figure 2.7 shows the outline of the proposed LDR-AS 

method, i.e., LDR generates the initial solution in the first stage and then feeds the initial 

solution to an adaptive local search algorithm in the second stage. 

The detailed procedure of LDR-AS is given in Algorithm 2.4. The LDR-AS method 

consists of LDR initialization stage and adaptive search stage. In the LDR initialization 

stage, initial solution is obtained by applying LDR to problem COS. Then the adaptive 

search conducts an iterative search scheme to explore the solution space based on this 

initial solution. In every iteration, the newly discovered best solution is appended into a 

collection of schedules 𝐿𝑖𝑠𝑡, which ensures every solution in the historical iteration does 

contribute to the final best solution. 

Inspired by the PSA proposed in [39], the developed adaptive search algorithm also 

consists of two main operators: Intensification and Diversification. In the 

Intensification operator, the current best solution undergoes a bunch of local search 

operators to find if any potentially better solutions exist and can be accepted under certain 

acceptance criteria. Next, the Diversification operator introduces random 

disturbance to the solutions that have been trapped in the local optima. The iteration of 

adaptive search continues until the termination conditions are satisfied. 𝑂𝑏𝑗(𝜋)  is the 

objective value of using sequence 𝜋 to solve problem COS. We use 𝑖 to count the number 

of iterations. Parameter 𝑠  is used to count the times of reproducible results appear 
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consecutively. For instance, if the result after intensification of the 10th (current) iteration 

is the same with that of the 9th and 8th but differs from that of the 7th iteration, then 𝑠 = 3 

and otherwise 𝑠 = 1. Three stopping criteria are included: (1) maximum running time 

(𝑚𝑎𝑥𝑇𝑖𝑚𝑒), (2) maximum number of total iterations (𝑁𝑢𝑚), and (3) the maximum times 

of the reproducible results appear consecutively (𝑠𝑁𝑢𝑚). 

We first discuss the Intensification as described in Algorithm 2.5. The 

Intensification starts with an initial solution 𝜋 and then it proceeds with applying 

uniformly and randomly chosen local search operators from set insert, swap, 

insert-pair, swap-pair to 𝜋  until the termination criteria satisfy. The newly 

generated schedule 𝜋′ is further examined in correspondence of its performance 𝑂𝑏𝑗(𝜋′). 

Performance of a new schedule after applying local search operators is classified into three 

categories: good, moderate and poor. We define the good category to be the solution whose 

improvement is larger than a predefined threshold 𝛿 , the moderate category to be the 

schedule whose improvement is smaller than 𝛿  but larger than 0, and the others with 

negative improvement as the poor category. Only good category schedules are accepted in 

the algorithm. Parameters used in the algorithm are given as follows: 𝛿 is the threshold to 

decide whether a new schedule can be accepted, 𝑛𝑁𝑢𝑚 is the maximum times of moderate 

improvement, 𝑝𝑁𝑢𝑚 is the maximum times of poor improvement and 𝑟 is the range within 

which the local operators work. Let 𝜋∗ be the best schedule and 𝜋0 record the best schedule 

that is not accepted so far in current iteration. 𝑝 and 𝑚 are the counter of the moderate and 

poor improvement, respectively. 
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Figure 2.7. Flow chart of the proposed two-stage optimization method 

LDR-AS. 
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Algorithm 2.4 LDR-AS 

1: 𝑖 ⟵ 0; 𝑖 ⟵ 0; start counting running time 

2: 𝜋0 ⟵ Use LDR to obtain the initial solution 

3: 

while iteration number 𝑖 < 𝑁𝑢𝑚 and running time < 𝑚𝑎𝑥𝑇𝑖𝑚𝑒 and 𝑠 <

𝑠𝑁𝑢𝑚 do 

4: 𝜋1 ⟵ Intensification(𝜋0) 

5: Add 𝜋1 to 𝐿𝑖𝑠𝑡; update 𝑠 

6: 𝜋0 ⟵ Diversification(𝜋1) 

7: 𝑖 ⟵ 𝑖 + 1  

8: end while 

9: Return 𝜋∗ = arg𝑚𝑖𝑛𝜋′∈𝐿𝑖𝑠𝑡 𝑂𝑏𝑗(𝜋′) 
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The key factor of the Intensification to categorize the schedule performance 

lies on the determination of the acceptance threshold δ. In the LDR-AS method, we propose 

an adaptive update mechanism to refresh 𝛿 to appropriate value timely. We use 𝜋0 to store 

the best moderate (not accepted) schedule when the cumulative times of moderate 

improvements 𝑚 reaches 𝑛𝑁𝑢𝑚. Then 𝛿 is set to be the difference between the current 

best accepted schedule 𝜋∗ and the best moderate schedule 𝜋0, i.e., 𝛿 = max{1, 𝑂𝑏𝑗(𝜋∗) −

𝑂𝑏𝑗 (𝜋0)}. This ensures even if the search continues to find moderate improvement for 

accumulative 𝑚𝑁𝑢𝑚 times, the current best moderate schedule 𝜋0  will be used as 𝜋∗ . 

Note that the minimum value of 𝛿  is 1. Intuitively, if the search algorithm continues 

achieving unacceptable moderate improvement repeatedly, this implicates the 

threshold 𝛿 is too large and needs to be decreased down. In contrast, when the number of 

poor improvement 𝑝 exceeds its maximum 𝑝𝑁𝑢𝑚, it basically means there is no further 

potential improvement. In this case, it is not necessary to update the value of 𝛿 and the 

algorithm should be terminated. We tailor the local search operators by limiting its 

operators to work within range [max{𝑘 − 𝑟, 0} ,min{𝑘 + 𝑟, 𝑛}] where 𝑘 is the position in 

the sequence. The new local search operators in LDR-AS are given as follows. 

insert(𝜋, 𝑟): randomly and uniformly select a customer order at position 𝑘1 in 𝜋, and 

an insertion position 𝑘2 ∈ [max{𝑘1 − 𝑟, 0} ,min{𝑘1 + 𝑟, 𝑛}]  where 𝑘2 ≠ 𝑘1 . If 

𝑘1 > 𝑘2 , move the orders at positions 𝑘2 ≤ 𝑘′ < 𝑘1  to positions 𝑘′ + 1 . 

Otherwise, move the orders at position 𝑘1 < 𝑘′ ≤ 𝑘2  to positions 𝑘′ − 1. Insert 

order at position 𝑘1 to position 𝑘2 to obtain 𝜋′. 

  



 

50 
 

 

  

Algorithm 2.5 Intensification(𝜋) 

1: Initialize 𝜋∗ ⟵ 𝜋; 𝜋0 ⟵ 𝜋; 𝑝 = 0; 𝑚 = 0 

2: while 𝑝 < 𝑝𝑁𝑢𝑚 do 

3: 
operator ⟵ select an operator uniformly and randomly from operator set 

{insert, swap, insert-part, swap-pair}  

4: 𝜋′ ⟵ apply operator (𝜋∗, 𝑟) to 𝜋∗ 

5: if 𝑜𝑏𝑗(𝜋∗) − 𝑂𝑏𝑗(𝜋′) ≥ 𝛿 then 

6: 𝜋∗ ⟵ 𝜋′  

7: 𝑚 ⟵ 0; 𝑝 ⟵ 0 

8: else if 0 ≤ 𝑂𝑏𝑗(𝜋∗) − 𝑂𝑏𝑗(𝜋′) < 𝛿 then 

9: 𝑚 ⟵ 𝑚 + 1;𝑝 ⟵ 0 

10: if 𝑂𝑏𝑗(𝜋′) < 𝑂𝑏𝑗(𝜋0) then 

11: 𝜋0 ⟵ 𝜋′  

12: end if 

13: else 

14: 𝑝 ⟵ 𝑝 + 1  

15: end if 

16: if 𝑚 ≥ 𝑚𝑁𝑢𝑚 then 

17: 𝛿 = max{1, 𝑂𝑏𝑗(𝜋∗) − 𝑂𝑏𝑗(𝜋0)}  

18: 𝜋∗ ⟵ 𝜋0; 𝑚 ⟵ 0 

19: end if 

23: end while 

24: return 𝜋∗ 
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Algorithm 2.6 Diversification(𝜋) 

1: 𝑖 ⟵ 0; 𝑖 ⟵ 0; start counting running time 

2: 

operator ⟵ select an operator uniformly and randomly from set 

{insert, swap, insert-part, swap-pair} 

3: 𝜋′ ⟵ apply operator(𝜋, 𝑟) to schedule 𝜋 

4: 𝜋 ⟵ 𝜋′  

5: end for 

6: Return 𝜋 
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swap(𝜋, 𝑟): randomly and uniformly select a customer order at position 𝑘1 in 𝜋, and a 

swap position 𝑘2 ∈ [max{𝑘1 − 𝑟, 0} ,min{𝑘1 + 𝑟, 𝑛}]  where 𝑘2 ≠ 𝑘1 . Swap the 

orders at position 𝑘1 and 𝑘2 to obtain 𝜋′. 

insert-pair(𝜋, 𝑟): randomly and uniformly select a customer order at position 𝑘1 in 

𝜋, and an insertion position 𝑘2 ∈ [max{0, 𝑘1 − 𝑟} ,min{𝑘1 + 𝑟, 𝑛}] where |𝑘2 −

𝑘1| ≥ 2. If 𝑘1 > 𝑘2, move the orders at positions 𝑘2 ≤ 𝑘′ < 𝑘1 to positions 𝑘′ +

2. Otherwise, move the orders at positions 𝑘1 + 1 < 𝑘′ < 𝑘2 + 1 to positions 𝑘′ −

2. Move orders at 𝑘1, 𝑘1 + 1 to 𝑘2, 𝑘2 + 1 to obtain 𝜋′. 

swap-pair(𝜋, 𝑟): randomly and uniformly select a customer order at position 𝑘1 in 𝜋, 

and an insertion position 𝑘2 ∈ [max{0, 𝑘1 − 𝑟} ,min{𝑘1 + 𝑟, 𝑛}]  where |𝑘2 −

𝑘1| ≥ 2. Swap orders at 𝑘1, 𝑘1 + 1 with those at positions 𝑘2, 𝑘2 + 1 to obtain 𝜋′. 

Schedule obtained from obtained from the Intensification is highly possible to be 

trapped within local optima, we thus force to involve random disturbance to get rid of the 

local optima basin through the Diversification as presented in Algorithm 2.6. Local search 

operators are randomly and uniformly selected to diversify the schedule for dNum times, 

and the newly generated schedule π′ is always accepted regardless of its performance. 

2.6 Computational Experiments 

We conduct computational experiments to test the performance of the proposed 

algorithms and state-of-the-art methods for problem COS in the literature. A total of seven 

well-known dispatching rules, the MILP model, the efficient PSA method [39], a PSO [17] 

https://www.sciencedirect.com/topics/engineering/mixed-integer-linear-programming
https://www.sciencedirect.com/topics/engineering/particle-swarm-optimization
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and a GA [28] are used for the comparison with the proposed LDR and LDR-AS. Table 

2.6 briefly summarizes the selected seven well-known dispatching rules. 

All runs are made on a 64-bit Windows 10 platform with Intel Core i7-8750H 

2.20 GHz CPU and 16 GB RAM. The proposed FEGP is implemented based on the ECJ 

library, a Java-based evolutionary computation system. The PSO, LDR and LDR-AS 

algorithms are coded in Java as well. The executable program file of PSA algorithm is 

obtained from the authors of [39]. The MILP model is solved using CPLEX 12.8 with 

default configurations except that the time limit is set to be 3600 s and the “nodefile” 

configuration is turned on to avoid running out of memory. The source code and executable 

programs of LDR-I, LDR-II, the dataset and the best found solutions by our proposed 

methods are available online. 

2.6.1 Testing Instances 

• Test-1: a total of 360 instances are divided into 12 groups with 30 instances in each. 

Each group is a combination of 𝑛 ∈ {50,100,200} and 𝑚 ∈ {2,5,10,20}. For the job 

in order 𝑗  on machine 𝑡 , its processing time 𝑝𝑗
𝑡  is randomly generated from a 

uniform distribution [1,100) 

We use three classes of testing instances to validate the effectiveness of the proposed 

methods in this paper. Among them, Test-1 and Test-2 are the same with that in [39] and 

originally generated by Framinan and Perez-Gonzalez [38]. Test-3 is a new dataset 

randomly generated following the processing generation rule in [22]. In each class, a total 

of 360 instances are generated and the generation rules are given in details below. 

 

https://www.sciencedirect.com/topics/engineering/reliability-availability-and-maintainability-reliability-engineering
https://www.sciencedirect.com/topics/engineering/source-coding
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• Test-2: a total of 360 instances remain the same configurations with Test-1 except 

for the generation of job processing time. For each customer, the number of jobs 

included in this order, 𝑙 , is first randomly selected from a uniform distribution 

[1, 𝑚]. 𝑙 jobs are then randomly selected from the job set and then the processing 

time 𝑝𝑗
𝑡 is generated from uniform distribution [1,100] 

• Test-3: (newly generated): a total of 360 instances remain the same configurations 

with Test-1 except for the generation of job processing time. For a specific 𝑛 − 𝑚, 

30 instances are generated with job processing time 𝑠 randomly generated from 

uniform distribution [1, 𝑙𝑚𝑎𝑥] , where 𝑙𝑚𝑎𝑥 ∈ {20,50,100} . For each 𝑙𝑚𝑎𝑥 ∈

{20,50,100}, 10 instances are generated 

 
We use the metric, average relative percentage deviation (ARPD), to compare the 

computational performance of different methods on the given instances in each group. The 

ARPD is defined as follows. 

𝐴𝑅𝑃𝐷(𝐴𝑙𝑔) ≔
1

𝑇
∑

𝑂𝑏𝑗(𝐴𝑙𝑔, 𝐼𝑡) − 𝑂𝑏𝑗𝑟𝑒𝑓(𝐼𝑡)

𝑂𝑏𝑗𝑟𝑒𝑓(𝐼𝑡)
𝐼𝑡∈{𝐼1,𝐼2,…,𝐼𝑇}

× 100,  

where 𝑂𝑏𝑗(𝐴𝑙𝑔, 𝐼𝑡) denotes the objective value of algorithm 𝐴𝑙𝑔 for solving instance 𝐼𝑡, 

and 𝑂𝑏𝑗𝑟𝑒𝑓(𝐼𝑡)  denotes the best objective value among all the algorithms for solving 

instance 𝐼𝑡. 𝑇 = 30 is the total number of instances in each group. It is simple to check that 

smaller ARPD indicates better performance for a given algorithm. Particularly, if the 

ARPD of an algorithm is equal to zero, that means this algorithm outperforms all the others 

for each instance in the given group. 
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Table 2.6. Well-known dispatching rules for customer order scheduling 

STPT 

Arrange orders by non-decreasing sequence of the total job process time, i.e., 

∑ 𝑝𝑗
𝑡𝑚

𝑡=1 . 

SMPT 

Arrange the orders by the non-decreasing sequence of its maximum job 

processing time, i.e., max𝑡𝑝𝑗
𝑡. 

SMCT 

First arrange jobs on each machine by non-decreasing order of 𝑝𝑗
𝑡 and compute 

the completion time 𝐶𝑗
′ for each order 𝑗. Then schedule the orders in non-

decreasing sequence of 𝐶𝑗
′. 

SPTL 

First find the machine 𝑡′ with the smallest workload in the current partial 

schedule, then select the order with smallest 𝑝𝑗
𝑡′

 to schedule 

ECT 

Select the order with the earliest completion time to schedule, i.e., 𝑗∗ =

argmin𝑗(𝐶𝑗 − 𝐶𝑘) wherein 𝑘 is the order immediately before 𝑗. 

TWPT 

Arrange orders by non-decreasing sequence of total weighted job processing time 

of the orders ∑ 𝑤𝑡𝑝𝑗
𝑡𝑚

𝑡=1 , herein 𝑤𝑡 = ∑ 𝑝𝑗
𝑡𝑛

𝑗=1 /(∑ ∑ 𝑝𝑗
𝑡𝑛

𝑗=1
𝑚
𝑡−1 ). 

NEW 

Design a look-ahead indicator 𝜓1 = 𝐶(𝑆𝑙) + 𝐶∗(𝑆𝑙, 𝑅𝑙)/(𝑛 − 𝑘 + 1) includings 

the contribution of both the scheduled orders 𝑆𝑙 and unscheduled orders 𝑅𝑙. The 

order with the smallest 𝜓1 is selected to schedule. 
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2.6.2 Comparison Results of LDRs and Well-known Dispatching Rules 

Table 2.7 -Table 2.9 present the ARPD comparison of LDR-I, LDR-II and seven well-

known dispatching rules on Test-1, Test-2 and Test-3, respectively. In these tables, the 

entries of each column shows the ARPD value of the corresponding method over 30 

instances for the combination 𝑛 − 𝑚. 

In Table 2.7, LDR-II outperforms all the other rules in all the combinations of 𝑛 − 𝑚. 

In particular, LDR-II obtains an ARPD of zero in rows 100-2, 200-2, 200-5 and 200-10, 

and generates the best solution for the 30 instances in combinations of 200-2 and 200-10. 

At row 50-20, LDR-II obtains the largest ARPD 0.23, but is still significantly smaller than 

that of the others. This indicates LDR-II is able to better handle more complex and large-

scale problem instances than the other rules. In terms of LDR-I, it performs slightly worse 

than LDR-II but still significantly better than all the well-known dispatching rules for 

all 𝑛 − 𝑚 combinations. In Table 2.8, LDR-II obtains the best ARPD on 9 rows while 

LDR-I obtains the best ARPD on 5 rows. LDR-I generates the best solution for all the 30 

instances in combination 200-5, having an ARPD of zero. This shows LDR-I can perform 

very well even with much simpler algorithm structure comparing with LDR-II. The 

superiority of both LDR-I and LDR-II is more obvious when comparing with well-known 

dispatching rules. For instance, SPTL obtains the smallest ARPD 12.71 at row 50-2 but the 

largest ARPD of 30.50 at row 200-20 while LDR-II obtains 0.06 and 0.03 on corresponding 

rows. Notably, NEW performs the best among the seven selected well-known dispatching 

rules, and followed by ECT. In terms of the solution quality, LDRs outperform the existing 

dispatching rules for all the combinations in Test-1 and Test-2. It should be noted that the  
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n-m STPT SMPT SMCT SPTL ECT TWPT NEW LDR-I LDR-II 

50-2 3.60 6.03 5.08 4.10 1.48 2.83 0.28 0.09 0.01 

50-5 6.50 10.97 8.93 5.39 1.53 5.52 0.70 0.21 0.04 

50-10 8.04 12.71 9.11 5.22 1.26 6.99 0.85 0.21 0.12 

50-20 7.82 12.17 9.18 4.97 1.03 7.25 0.58 0.28 0.23 

100-2 3.27 6.40 5.59 4.35 2.42 2.71 0.29 0.05 0.00 

100-5 6.31 11.21 8.94 5.64 1.53 5.60 0.80 0.14 0.01 

100-10 7.03 11.33 9.36 5.62 1.36 6.28 0.87 0.17 0.01 

100-20 7.42 11.21 8.78 4.98 0.95 6.93 0.62 0.10 0.05 

200-2 2.70 6.26 5.32 4.18 2.90 2.26 0.28 0.05 0.00 

200-5 4.92 10.64 9.08 6.07 1.91 4.44 1.04 0.15 0.00 

200-10 5.35 10.96 9.20 6.06 1.51 4.95 0.93 0.20 0.00 

200-20 5.77 10.98 8.77 5.21 1.19 5.43 0.75 0.12 0.02 

Table 2.7. ARPD comparison of LDR with well-known dispatching rules on Test-1. 



 

58 
 

  

n-m STPT SMPT SMCT SPTL ECT TWPT NEW LDR-I LDR-II 

50-2 7.02 9.90 6.47 12.71 2.20 5.04 0.54 0.06 0.06 

50-5 12.10 20.96 14.88 19.84 2.78 9.69 1.16 0.20 0.10 

50-10 15.15 25.89 19.03 23.19 2.09 13.42 1.13 0.31 0.16 

50-20 14.70 28.25 19.81 22.67 1.72 13.22 1.36 0.29 0.18 

100-2 5.96 9.71 6.81 13.29 2.80 4.76 0.53 0.05 0.05 

100-5 10.55 20.99 15.60 23.16 3.43 8.58 1.52 0.07 0.08 

100-10 13.23 26.29 20.21 23.54 2.54 11.94 1.44 0.13 0.12 

100-20 13.54 28.61 21.83 27.22 1.73 12.67 1.26 0.28 0.09 

200-2 3.79 8.61 6.76 13.67 3.73 2.74 0.40 0.03 0.06 

200-5 9.91 20.50 16.18 23.32 4.19 8.19 2.05 0.00 0.04 

200-10 11.20 25.82 22.04 29.09 2.77 10.24 1.58 0.24 0.03 

200-20 11.48 29.85 24.22 30.50 2.02 10.74 1.24 0.35 0.03 

Table 2.8. ARPD comparison of LDR with well-known dispatching rules on Test-2. 
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n-m STPT SMPT SMCT SPTL ECT TWPT NEW LDR-I LDR-II 

50-2 3.39 6.30 5.35 4.02 1.75 2.91 0.29 0.05 0.12 

50-5 6.40 11.39 8.87 5.84 1.50 5.55 0.64 0.19 0.10 

50-10 7.29 11.09 8.87 5.37 1.22 6.70 0.51 0.15 0.17 

50-20 7.46 10.15 8.08 5.10 1.02 6.99 0.69 0.29 0.15 

100-2 2.64 5.96 5.04 4.15 2.39 2.37 0.24 0.07 0.02 

100-5 5.59 10.86 8.47 5.52 1.50 4.93 0.75 0.14 0.04 

100-10 6.88 11.32 9.00 5.41 1.23 6.28 0.74 0.16 0.03 

100-20 6.56 11.23 8.68 5.02 0.98 6.14 0.49 0.18 0.09 

200-2 2.89 5.79 -5.56 4.08 2.69 2.38 0.19 0.13 0.01 

200-5 5.11 10.31 8.67 5.90 1.83 4.62 0.96 0.22 0.00 

200-10 5.40 10.72 8.99 5.81 1.36 4.99 0.86 0.25 0.00 

200-20 5.74 10.27 8.23 4.97 1.07 5.38 0.62 0.23 0.01 

Table 2.9. ARPD comparison of LDR with well-known dispatching rules on Test-3. 



 

60 
 

  

n-m STPT SMPT SMCT SPTL ECT TWPT NEW LDR-I LDR-II LDR 

Test-1 0 0 0 0 0 0 9 66 287 351 

Test-2 0 0 0 0 0 0 7 132 223 353 

Test-3 0 0 0 0 2 0 25 77 257 333 

Total 0 0 0 0 2 0 41 275 767 1037 

Table 2.10. Number of best found solutions by LDR and the selected dispatching rules. 
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(a) ARPD comparison on Test-1 

 

(b) ARPD comparison on Test-2 

 

(c) ARPD comparison on Test-3 

Figure 2.8. Comparison of LDRs and NEW. 
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maximum solution times for each instance by LDR-I and LDR-II are 0.07 and 0.1 s 

respectively, much faster than 0.6 s by NEW. All the other testing dispatching rules take 

less than 0.01 s to solve each instance. 

In Table 2.9, LDR-II achieves the best ARPD on 10 rows while LDR-I achieves the 

best ARPD on 2 rows for Test-3. As LDR-I and LDR-II are learned by FEGP using 

randomly generated data following generation rule of Test-1 and Test-2, this indicates 

LDRs have robust performance regardless of the data structure information. Figure 

2.8 graphically shows the ARPD comparison of LDR-I, LDR-II and NEW according to the 

results in Table 2.7 -Table 2.9. Obviously, LDR achieves much better solutions than the 

dispatching rule NEW in all combinations of problem instance sizes. 

Table 2.10 summarizes the number of best found solutions by LDR and the existing 

well-known dispatching rules. As shown in this table, LDR-I and LDR-II obtain the best 

solution for 275 and 767 instances, respectively. In total, LDR-I and LDR-II altogether 

obtain the best solution for 1037 instances compared with 41 by NEW among the total 

1080 instances. There are only two instances that ECT achieves the best solution. All the 

other dispatching rules are not capable of finding the best solution for any of the instances. 

2.6.3 Comparison Results of LDR-AS and State-of-the-art Methods 

We further compare the proposed two-stage method LDR-AS with PSA, MILP 

(solving the MILP formulation using CPLEX) and two representative metaheuristics (PSO 

and GA) on Test-1, Test-2 and Test-3. For PSO and GA, LDR-I, LDR-II and NEW are 

used to create initial solutions, respectively. 
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We perform the executable program of PSA 5 times on each instance. The 

maximum iteration number IterMax in the PSA method is set to be 2000. The smallest 

objective value of these 5 runs together with the published records in [39] is selected as the 

best performance of PSA method. Accordingly, we run LDR-AS method 5 times on each 

instance and the smallest among the 5 runs is chosen as the best performance of the LDR-

AS method. Based on a number of preliminary testing with consideration of convergence 

speed and solution quality, we set the parameters of the LDR-AS method as follows: 

𝑁𝑢𝑚 = 400 , 𝑠𝑁𝑢𝑚 = 5 , initial 𝛿 = 20 , 𝑛𝑁𝑢𝑚 = 1500 , 𝑝𝑁𝑢𝑚 = 5000 , 𝑑𝑁𝑢𝑚 = 2, 

𝑟 = 0.1 × 𝑛 where 𝑛 is the number of the orders in the problem instance. In addition, we 

adopt the well-tuned PSO method developed in [17] wherein pairwise swap operator is 

used to improve the solution in every PSO iteration. The same parameters in that paper are 

also adopted as following: 𝐵1 = 0.5 , 𝐵2 = 0.5  and 𝑤 = 0.5 . We set the number of 

particles 𝑁 = 2 × 𝑛, number of PSO iterations 𝐼𝑇𝑅𝑁 = 300 and number of local search 

improvement 𝑁𝑁 = 20  after a number of testing experiments considering both the 

problem size and algorithm convergency. Regarding to the GA, we adopt the hybrid GA 

with a variable neighborhood local search in [28]. We use the well tuned parameters in the 

original paper as following: local search probability 𝑃𝑀 = 0.1, mutation probability 𝑃𝑚 =

0.1 and crossover probability 𝑃𝑐 = 0.8. Considering both the problem size the comparable 

time with other algorithms, we set the population size 𝑃𝑆 = 2 × 𝑛 and the iteration for 

local search 𝐼𝑛𝑙𝑜𝑜𝑝𝑚𝑎𝑥 = 500. PSA, LDR-AS, PSO and GA are executed with a time 

limit 𝑚𝑎𝑥𝑇𝑖𝑚𝑒 = 600 s. It should be noted that the PSA executable file does not support 

https://www.sciencedirect.com/topics/engineering/iteration-number
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setting the running time limit with the input parameters, we realize this through controlling 

the running time of the executable file using Bash script. 

Table 2.11 - Table 2.13 present the comparison results of MILP, PSA, PSO, GA and 

LDR-AS on Test-1, Test-2 and Test-3, respectively. In addition, we use LDR-I, LDR-II 

and NEW to create initial solutions for PSO and GA. Accordingly, we have methods NEW-

PSO, LDR-I-PSO, LDR-II-PSO, NEW-GA, LDR-I-GA, LDR-II-GA, LDR-I-AS and 

LDR-II-AS. For the corresponding method in those tables, column “ARPD” indicates the 

ARPD value and column “T (s)” is the average solution time (in seconds) over the whole 

30 instances in each combination. 

As shown in Table 2.11, the proposed LDR-AS method obtains the best solutions 

among all the methods. Specifically, LDR-II-AS obtains the best ARPD on 11 rows, both 

LDR-I-AS and PSA obtain the best on 2 rows whereas LDR-II-PSO obtains the best ARPD 

on only 1 row. LDR-II-AS outperforms PSA in both solution quality and solution time. 

Comparing with LDR-II-AS, LDR-I-AS performs slightly worse. Only at combination 

200-5, LDR-I-AS outperforms LDR-II-AS. This indicates with the same adaptive search 

method in the second stage, the good quality of initial solution is critical to improve the 

overall performance. Nevertheless, LDR-I-AS still outperforms PSA, achieving the best 

ARPD on 9 rows comparing with PSA. The performance improvement brought by LDR 

can also be seen by comparing NEW-PSO with LDR-I-PSO and LDR-II-PSO, and also 

comparing NEW-GA with LDR-I-GA and LDR-II-GA. Specifically, LDR-I-PSO and 

LDR-II-PSO obtain the best ARPD on 12 and 11 rows respectively comparing with NEW-

PSO. Both the LDR-I-GA and LDR-II-GA outperform the NEW-GA on 10 rows. The GA  
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Table 2.11. Comparison of MILP, PSO, GA, PSA and LDR-AS on Test-1. 
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Table 2.12. Comparison of MILP, PSO, GA, PSA and LDR-AS on Test-2. 
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Table 2.13. Comparison of MILP, PSO, GA, PSA and LDR-AS on Test-3. 
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Figure 2.9. Comparison of PSA and LDR-AS on Test-1, Test-2, Test-3. 

  

(c) ARPD comparison on Test-2 (d) ARPD comparison on Test-2 

(a) ARPD comparison on Test-1 (b) ARPD comparison on Test-1 

(e) ARPD comparison on Test-1 (f) ARPD comparison on Test-1 
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Table 2.14. Number of best found solutions by PSA and LDR-AS 

Instances PSA LDR-I-AS LDR-II-AS LDR-AS 

Test-1 122 191 245 327 

Test-2 169 194 297 333 

Test-3 50 187 285 356 

Total 341 572 827 1016 
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performs quite similarly with PSO on ARPD. On rows 50-2, LDR-I-AS, LDR-II-AS, PSA 

and LDR-II-PSO obtain the same ARPD value of zero. This is reasonable for less machines 

result in less computational challenge, and thus all the four methods are capable of finding 

similar near-optimal solutions. While for the instances with more orders and machines, the 

ARPD values of PSA are much larger than that of LDR-AS. For instance, the ARPD of 

PSA at 100-20 is 0.057 while that of LDR-I-AS and LDR-II-AS are 0.011 and 0.005, 

respectively. As almost all the best solutions are generated by LDR-AS, this indicates 

LDR-AS exhibits better computational performance on solving large-scale instances. 

In terms of the solution time, either LDR-I-AS or LDR-II-AS is the fastest comparing 

with other methods in Table 2.11. Also, LDR-I-AS and LDR-II-AS take almost the same 

time for solving each 𝑛 − 𝑚  combination. The time superiority of LDR-AS is more 

obvious at large instance cases. For example, PSA takes 576.25 s on row 200-10 while 

LDR-II-AS takes 168.36 s. Also, for row 200-20, the solution time for PSA on all instances 

exceeds time limit 600 s. There is no obvious relationship of the times of GA and PSO. In 

general their computational times are comparable. It should be noted that CPLEX cannot 

find good enough solutions for all the instances by solving the MILP model within one 

hour. 

The comparison results on Test-2 and Test-3 are presented in Table 2.12 and Table 

2.13. Since solving MILP models is not able to obtain good results in Test-1 and Test-2, 

we do not present the MILP results in Table 2.13. The conclusions of comparing LDR-AS 

with state-of-the-art methods in both Table 2.12 and Table 2.13 are consistent with that 
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in Table 2.11. We thus conclude that the proposed two-stage optimization method achieves 

the better computational performance using less solution time on all the instances. 

Figure 2.9 shows the comparison of PSA and LDR-AS based on the ARPD value and 

solution time in Table 2.11 - Table 2.13, respectively. As shown in the figure, the LDR-

AS method obtains the smallest ARPD over all combinations of the problem instances, 

which shows that LDR-AS outperforms PSA in terms of the solution quality. The 

superiority of LDR-AS is more significant when the number of machines increases. This 

indicates that the proposed LDR-AS is more efficient for solving large-scale instances. 

Also, LDR-AS uses less solution time compared with PSA. 

Table 2.14 summarizes the number of best solutions obtained by PSA, LDR-I-AS and 

LDR-II-AS on Test-1, Test-2 and Test-3. As shown in this table, LDR-I-AS has found the 

best solutions for 572 instances, LDR-II-AS obtains the best solutions for 827 instances 

compared with 341 by PSA. In total, LDR-I-AS and LDR-II-AS altogether has found the 

best solutions for 1016 instances among the total of 1080 instances. 

2.7 Conclusions 

In this paper, we address the customer order scheduling problem in parallel production 

environment with multiple products in each order. Each product needs to be produced on 

a dedicated machine in parallel and the objective is to minimize the total completion time 

of the customer orders. By exploring the problem structure and extracting the important 

features from the well-known dispatching rules manually designed in the literature, we 

propose an artificial intelligence method, denoted by the feature-enhanced genetic 

programming (FEGP), to achieve the automatic design of dispatching rules for this 
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problem. Through an off-line learning manner, two new dispatching rules are automatically 

generated by the proposed FEGP method. Utilizing the high-quality initial solutions 

provided by the new dispatching rules as the first stage, we develop an adaptive local search 

algorithm for the further solution quality improvement to form the two-stage optimization 

method for this problem. Based on the large-scale testing on a total of 1080 instances, two 

learned dispatching rules outperforms all the efficient well-known dispatching rules 

manually designed for this problem previously. The proposed two-stage optimization 

method also achieves the best computational performance using less solution time 

compared with the state-of-the-art methods in the literature and is capable of finding the 

best solutions for almost all the benchmark instances. Future work should be focused on 

improving the search efficiency of the proposed FEGP method to obtain better dispatching 

rules and extending the proposed method to other complex production systems with 

uncertainty. In addition, we will investigate to apply the proposed FEGP method into 

practical case studies to further validate its effectiveness on handling practical production 

problems. 

 

  

https://www.sciencedirect.com/topics/social-sciences/case-study
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CHAPTER 3  

INTEGRATION OF DISCRETE-EVENT DYNAMICS AND MACHINE 

DYNAMICS FOR MACHINE TOOL: MODELING, ANALYSIS AND 

ALGORITHM 

This study integrates machining dynamics with discrete-event dynamics in machine shop 

operations to reduce machining costs. A learning-based cost function is developed, 

leveraging predicted tool life across stable cutting speeds to optimize speed selection. 

Mathematical models are then formulated to address production objectives including cost, 

makespan, and due date. Numerical results validate the effectiveness and practical 

applicability of the proposed approach.  

3.1 Introduction 

The daily operations of machine tools aim to produce products to fulfill orders with 

various production requirements at the minimum cost. This involves both the machining 

dynamics that govern the material cutting by the machine tool, and the discrete-event 

dynamics that govern the production of a series of parts queued at the machine tool. Studies 

in the two fields have independently made important contributions to the operational 

excellence of machine tools in production environments. 

The research of machining dynamics has laid a solid foundation for the operational 

excellence of machine tool by providing a set of stable cutting parameters, including 

spindle speed. The related studies focus on the physical constraints and modeling of 

machining processes [52, 53], the stable and chatter machining parameters identification 
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[54, 55], tool wear and tool life prediction [1, 56], cutting force modeling and measurement 

[57, 58] and etc. The machining of a single part is typically considered in these research 

studies. However, few research efforts have considered the practical production 

requirements for hundreds or even thousands of parts from multiple accepted orders. 

In the meantime, the discrete-event dynamics research for manufacturing typically 

considers the production scheduling of a series of parts that are in the queue of the machine 

tool. The operational excellence is usually achieved at the machine shop level by 

considering various production requirements, such as order scheduling on parallel 

machines [13, 15, 59], production scheduling on batch machines [26, 60], buffers for 

machines [61, 62], due date requirement [16] and etc. However, these studies do not 

consider the physical constraints and practical operating of the machine tools, such as the 

machining stability and tool life, which can significantly impact the accuracy of processing 

times. Most existing studies assume that the processing times are fixed and known. As 

such, the solutions from these studies are often impractical. 

Therefore, the integration of machining dynamics and discrete-event dynamics is 

critical and promising. In the literature, a few studies have considered the production 

scheduling of machine tool, such as machine tool feed rate scheduling for processing parts 

with various geometry [63, 64], computer numerical control (CNC) machine scheduling 

with controllable processing times constrained by tool life [65, 66], tool replacement 

scheduling to balance cost of machining conditions, product quality and tool life [67, 68]. 

However, to our knowledge, no research to date addresses how to integrate machining 

dynamics, including the machining stability, various cutting speeds and tool life, into 
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discrete-event dynamics for the operational excellence of machine tool. We seek to fill this 

gap. 

In this paper, we address the problem of integration of discrete-event dynamics and 

machining dynamics, denoted by IDM, to increase the profit of machine shop. In industrial 

practice, cutting speed, feed, depth of cut along with cutting geometry and tool material 

system (substrate, coating, and type of coating method) make a difference in the cutting 

time, tool life, makespan and eventually the cost. As the first attempt for such integration, 

the scope of this paper is to select an appropriate cutting speed for each order to reduce the 

total cost. We analyze the problem under two scenarios of the practical production 

constraints with increasing complexities: 1) The integrated optimization of cost and 

makespan; 2) The integrated optimization of cost and due date. While only optimizing cost 

is the foundation, the above two scenarios increase the fidelity of our studied problem to 

practical production. We show that we can take advantage of high speed machining and 

proper production schedule to reduce the overall cost. 

We organize the rest of the paper as follows. In Section 2, we present the detailed 

problem settings for both the discrete-event dynamics and the machining dynamics. A 

learning-based cost function for machine tool is given in Section 3. Different production 

scenarios are studied in Sections 4 and 5. The mathematical optimization models, analysis 

and algorithms are provided. In Section 6, we present numerical results for the proposed 

methods. Section 7 concludes this paper. 
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3.2 Problem Setting 

In this section, we describe our problem settings of IDM in terms of orders and parts, 

stable spindle speed, processing time and tool life, and machine shop production and the 

cost. 

3.2.1 Discrete-event Dynamics: Order and Part Setting 

We specify the production for 𝑛 accumulated orders, each consisting of a number of 

parts. For example, a machine shop may receive more than 10 orders from the master 

production plan for daily operations. We address how to schedule the production of the 

machine tool by identifying the best speeds for each of these orders and scheduling their 

sequences in the queue of the machine tool to save total production cost. 

Mathematically, we define the set of 𝑛 orders as 𝒥 = {1,2, … , 𝑛}. Each order consists 

of a specific quantity of parts, denoted by 𝑙𝑗, 𝑗 ∈ 𝒥. In this paper, we assume all the parts 

of an order are the same type, but parts for different orders can be different. The different 

part types can be resulted by different situations, such as material type, part geometry, and 

etc. For the single type of part in an order 𝑗, let the volume to be remove for each part be 

𝑣𝑗 , such that the total volume to be removed (i.e., workload of order 𝑗) can be calculated 

by 𝑣𝑗𝑙𝑗. All the orders are released at time zero. A due data 𝑑𝑗 is associated for order 𝑗 

before which all parts of the order must be produced. 

The challenges for such discrete-event dynamics research are that the processing times 

of orders are various due to different cutting speeds for different part types. To obtain the 

operational excellence for machine tool, the critical issue is to obtain the accurate 

estimation of processing time for orders. 

https://www.sciencedirect.com/topics/materials-science/materials-class
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Figure 3.1. Stability lobe diagram (SLD) to determine the stable and unstable cutting 

(chatter) by choosing parameters spindle speed (Ω) and axial depth of cut (𝑏). 
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3.2.2 Machining Dynamics: Spindle Speed and Tool Life Setting 

Machining dynamics provides the foundation for accurate processing time estimation 

via the machining stability and tool life estimation under a wide variety of spindle speeds. 

Without loss of generality, we adopt the milling settings throughout this paper. The stability 

lobe diagram (SLD) enables to select the best stable spindle speeds at increased axial depth 

of cut, as shown in Figure 3.1. The machining process can either be stable, that are the 

green circles below the stability boundary (blue curve), and chatter (red cross). In practice, 

for a given tool-material combination, the SLD can be obtained by conducting impact test. 

For more details, see the SLD and its governing relationship in [69]. In this paper, we 

assume the stable spindle speeds are selected from SLD generated by impact test. 

Given a stable spindle speed Ω by SLD and a part with the volume to be removed as 

𝑣, the machining time then can be calculated as  

𝑡 =
𝑣

𝑀𝑅𝑅
=

𝑣

𝑎𝑏𝑓𝑡𝑁𝑡Ω
(1) 

where MRR is the material removal rate defined as the average volume of material 

removed per unit time with a chosen stable spindle speed Ω from the SLD, 𝑎 and 𝑏 the 

radial and axial depth of cut, and 𝑓𝑡 is the feed per tooth. In this paper, we calculate 𝑡 by 

considering various Ω with fixed 𝑎, 𝑏 and 𝑓𝑡 as the same setting in [1]. 

Notably, the tool life is decided directly given by the machining parameters, like the 

spindle speed Ω. In general, this is given by the Taylor’s tool life equation [70]: 

𝑉𝑇𝑁 = 𝐶, (2) 
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Where the cutting speed 𝑉 is the peripheral velocity by 𝑉 = 𝜋𝐷Ω, 𝐷 is the diameter of the 

tool, and 𝑇 is the tool life. 𝑁 and 𝐹 are constants. Whilst higher spindle speed can increase 

the machining efficiency of jobs with less machining time 𝑡, it leads to reduction of tool 

life. Thus, there exists a balance of tool life and the machining time which will eventually 

impact the cost. To obtain the tool life model is usually by machine learning methods. In 

this paper, we use a state-of-the-art machine learning model in [1] to generate the tool life 

as input for our method, as discussed in Section 3. 

3.2.3 Production and Cost Settings 

For production setting, we specify there is a single machine tool. There are sufficient 

tool edges of the same type for processing all the 𝑛 orders. In practice, it is often infeasible 

to complete a fractional number of a part for a tool edge as it requires to change the tool 

edge in the middle of the cut. As a result, when the rest of tool life is not long enough for 

machining a single part, the tool edge needs to be changed with a new one. The orders are 

produced sequentially in the queue of the machine tool. No preemption and interruption of 

orders are allowed. For all parts in one order, the chosen cutting speed is the same. For 

different orders, the cutting speeds can be different. 

The objective is to minimize the overall cost introduced by machine tool operating 

cost for machining parts plus the tool edges. In [1], a cost model per part was provided as 

𝐶𝑝 = 𝑟𝑚𝑡 +
(𝑟𝑚𝑡𝑐ℎ + 𝐶𝑡𝑒)𝑡

𝑇
, (3) 

where we denote 𝑟𝑚, 𝑡𝑐ℎ, 𝐶𝑡𝑒 and 𝐶𝑝 as the machine tool operation cost in $ per unit time, 

the time required for changing a tool edge, the cost in $ per tool edge and the total cost per 
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part, respectively. This model, however, considers the cost for a single part, rather than the 

overall cost of orders for hundreds or even thousands of parts made by different materials. 

In this study, we extend the above model to represent the overall cost for producing 

multiple parts in multiple orders as 

𝐶0 = ∑[𝑟𝑚𝑝𝑗 + (𝑟𝑚𝑡𝑐ℎ + 𝐶𝑡𝑒)𝑞𝑗]

𝑗∈𝒥

, (4) 

where the first term 𝑟𝑚𝑝𝑗 calculates the machine tool operating cost for processing order 𝑗 

and 𝑝𝑗  refers to the total machining time with a chosen speed. The second term 

(𝑟𝑚𝑡𝑐ℎ + 𝐶𝑡𝑒)𝑞𝑗 calculates the cost induced by changing tool edges, and 𝑞𝑗 is the number 

of tool edges needed for processing order 𝑗. 

Eq. (4) is the generalized form of Eq. (3) to include all orders in the practical machine 

shop production. In next section, we will present a new cost function through the 

calculation of 𝑝𝑗 and 𝑞𝑗 under the context of multiple orders in machine shop. 

3.3 Learning-based Cost Function for Machine Tool 

The determination of cost of the orders depends on the machining time and number of 

tool edges used, which is directly decided by the prediction of tool life. In this section, we 

present a new cost function based on the tool life prediction in the sense of expectation 

with a state-of-the-art machine learning model. 

3.3.1 A Machine Learning Model for Tool Life Prediction 

Karandikar et al. (2021) [1] developed a physics-guided logistic regression model to 

predict tool worn probability with cutting speed 𝑉 and cutting time 𝑇 as inputs. Through 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0015
https://www.sciencedirect.com/topics/engineering/cost-function
https://www.sciencedirect.com/topics/engineering/cost-function
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introducing into machine learning Taylor’s power law-based tool life description (see 

Eq. (2)), the model has a powerful performance in prediction accuracy. The logistic 

decision boundary of the model, that is, when the probability of tool worn is 0.5, provides 

an accurate estimation for tool life in the sense of expectation as 

log(𝑇) = −
𝜃1

𝜃2
log(𝑉) −

𝜃0

𝜃2
, (5) 

where the coefficients 𝜃0 = −89.57 , 𝜃1 = 13.57  and 𝜃2 = 5.26  are estimated through 

experimental data for a single-insert end-mill (Kennametal KICR073SD30333C) with 𝐷 =

19.05 mm diameter and a square uncoated carbide insert (Kennametal 107,888,126 C9 JC). 

Equivalently, this model can be transformed into the below Taylor’s tool life model after 

using logarithmic transformation, 

𝑇 = (
𝐶

𝑉
)

1
𝑁

= (
𝐶

𝜋𝐷Ω
)

1
𝑁

, (6) 

where 𝑁 = 0.388  and 𝐶 = 735.2  m/min using the above values of 𝜃0 , 𝜃1  and 𝜃2 . 

The  logistic model in the logarithmic and original space of 𝑉 and 𝑇 is shown in the two 

panels of Figure 3.2. The gray scale indicates the probability of tool worn with a cutting 

speed 𝑉 (horizontal axis) and cutting time 𝑇 (vertical axis). We will use Eq. (6) throughout 

this paper for tool life prediction. 

  

https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0010
https://www.sciencedirect.com/topics/engineering/logistics-decision
https://www.sciencedirect.com/topics/engineering/logistics-decision
https://www.sciencedirect.com/topics/materials-science/carbide
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0030
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Figure 3.2. Probability of tool worn as a function of cutting speed (logarithmic/original 

scale in left/right panel) from the trained logistic model; the train data points are shown 

in light blue, while the test data points in dark blue (tool not worn) and red cross (tool 

worn). The gray scale indicates the probability of tool worn with a cutting speed 

(horizontal axis) and cutting time (vertical axis). Good extrapolation outside of the train 

data space of cutting speed can be obtained, as shown by the dark blue dots and red cross. 

This extrapolation capability enables the accurate prediction of tool life for wide range 

of cutting speeds, which will be used in the experiments. Figures are reproduced from 

[1]. 
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3.3.2 Calculation of Learning-based Cost Function 

Based on the learning-based tool life model in [1], a cost function is developed for 

multiple orders. As the parts for different orders can be made by different materials, the 

SLD of the same tool edge for different orders (parts) are different. As a result, the 

candidate stable spindle speeds for orders are also different. Thus, we define the matrix of 

spindle speed as 

𝛀 = [

Ω11 Ω12 ⋯ Ω1𝑛

Ω21 Ω22 ⋯ Ω2𝑛

⋮ ⋮ ⋱ ⋮
Ω𝑚1 Ω𝑚2 ⋯ Ω𝑚𝑛

] (7) 

where the entry Ω𝑖𝑗 refers to the spindle speed for processing order 𝑗 with spindle speed 𝑖, 

𝑖 ∈ ℐ, and ℐ = {1,2, … ,𝑚} is defined as the index set of available stable spindle speed. 

For a given spindle speed Ω𝑖𝑗 to process order 𝑗, the tool life 𝑇𝑖𝑗 is calculated by Eq. 

(6). Also, the total machining time 𝑝𝑖𝑗  for processing order 𝑗  with spindle speed Ω𝑖𝑗 

calculated as  

𝑝𝑖𝑗 =
𝑣𝑗𝑙𝑗

𝑎𝑏𝑓𝑡𝑁𝑡Ω𝑖𝑗
, (8) 

where 𝑣𝑗𝑙𝑗 indicates total volume of order 𝑗 by multiplying its part quantity 𝑙𝑗 with the part 

volume 𝑣𝑗 . When arranged 𝑇𝑖𝑗 and 𝑝𝑖𝑗 in matrix form, we can obtain the below matrices 

for tool life and machining time: 

𝐓 = [

𝑇11 𝑇12 ⋯ 𝑇1𝑛

𝑇21 𝑇22 ⋯ 𝑇2𝑛

⋮ ⋮ ⋱ ⋮
𝑇𝑚1 𝑇𝑚2 ⋯ 𝑇𝑚𝑛

]  and 𝐏 = [

𝑃11 𝑃12 ⋯ 𝑃1𝑛

𝑃21 𝑃22 ⋯ 𝑃2𝑛

⋮ ⋮ ⋱ ⋮
𝑃𝑚1 𝑃𝑚2 ⋯ 𝑃𝑚𝑛

] , (9) 
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Using 𝐓, we can now compute the number of tool edges needed for each order with 

different spindle speeds as matrix 

𝐐 = [

𝑞11 𝑞12 ⋯ 𝑞1𝑛

𝑞21 𝑞22 ⋯ 𝑞2𝑛

⋮ ⋮ ⋱ ⋮
𝑞𝑚1 𝑞𝑚2 ⋯ 𝑞𝑚𝑛

] , (10) 

where each entry is calculated by 

𝑞𝑖𝑗 = ⌈
𝑙𝑗

⌊𝑇𝑖𝑗/𝑡𝑖𝑗⌋
⌉ , and 𝑡𝑖𝑗 =

𝑣𝑗

𝑎𝑏𝑓𝑡𝑁𝑡Ω𝑖𝑗
. (11) 

The term 𝑡𝑖𝑗 is the machining time for a single part of order 𝑗 with spindle speed Ω𝑖𝑗. Thus, 

with floor function, ⌊𝑇𝑖𝑗/𝑡𝑖𝑗⌋ refers to the number of parts of order 𝑗 that can be finished by 

a single tool edge. Finally, the number of tool edges for processing 𝑙𝑗 parts can be obtained 

by the ceiling function. 

We can further obtain the summation of total machining time and tool edge change 

time for each order under all its candidate spindle speeds. This summation, denoted by ℎ𝑖𝑗, 

represents the total processing time occupied by order 𝑗 if with speed 𝑖: 

ℎ𝑖𝑗 = 𝑝𝑖𝑗 + 𝑡𝑐ℎ𝑞𝑖𝑗. (12) 

The associated total time matrix is denoted by 

𝐇 = [

ℎ11 ℎ12 ⋯ ℎ1𝑛

ℎ21 ℎ22 ⋯ ℎ2𝑛

⋮ ⋮ ⋱ ⋮
ℎ𝑚1 ℎ𝑚2 ⋯ ℎ𝑚𝑛

]. 

Finally, with matrices 𝐏, 𝐐 and 𝐇, we can obtain the cost function for processing all 

orders as 
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𝑓𝑐𝑜𝑠𝑡(𝑥) = ∑∑(𝑟𝑚ℎ𝑖𝑗 + 𝐶𝑡𝑒𝑞𝑖𝑗)𝑥𝑖𝑗

𝑖∈ℐ𝑗∈𝒥

. (14) 

Note here we introduce a binary variable 𝑥𝑖𝑗 defined as 

𝑥𝑖𝑗 ≔ {
1, if speed 𝑖 is chosen for processing order 𝑗,

0, otherwise.
(15) 

Eq. (14) integrates both the machining dynamics, that is, term 𝑟𝑚ℎ𝑖𝑗 + 𝐶𝑡𝑒𝑞𝑖𝑗 based on cost 

function for parts of orders, and the discrete-event dynamics, that is, discrete variable 𝑥𝑖𝑗 

in Eq. (15) for choosing different speeds for different orders to achieve the reduction of 

production cost. 

In next section, we will optimize the speed selection through controlling 𝑥𝑖𝑗 under the 

discrete-event dynamics environment of machine shop such that 𝑓𝑐𝑜𝑠𝑡(𝑥)  can be 

minimized for processing all orders. Before that, we show an illustrative example. 

3.3.3 Illustration of Cost Saving by the Proposed Integration 

As an illustrative example of our proposed integration, we show two scenarios 

in Figure 3.3 for processing an order: with faster speed in (a) obtained by the expected cost 

method in [1], and slower speed in (b) by solving our developed M1 model in Section 4. 

The light grey period is for tool machining, the light green period is for changing the tool 

edge. The red dashed sections refer to the waste time that is not enough for machining a 

single part before its tool life comes to end, while the one in the last tool edge is wasted 

because all parts are done. 

By choosing slower speed in (b), we process one more part per tool edge in (b) in 

comparison with (a), namely from 9 part per tool edge to 10. The last three parts on the 4th  

https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0070
https://www.sciencedirect.com/science/article/pii/S2213846323001578#s0050
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Figure 3.3.  Illustrative example for choosing different speeds to process multiple parts 

of an order by the expected cost method in [1] and solving our developed model M1 in 

Section4. By choosing slower speed, we process one more part per tool edge in (b) in 

comparison with (a). The last three parts on the 4th too; edge of (a) are thus moved back 

to the 3rd tool edge. This leads to saving the last tool edge and reducing the waste time 

for each tool edge in (a), and importantly, reducing the cost from $244.18 to $233.14. 

See details in Section 6. 
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tool edge of (a) are thus moved back to be processed with the 3rd tool edge, saving the last 

tool edge and reducing the waste time for each tool edge in (a). Notably, the production 

cost is reduced from $244.18 to $223.14. The makespan is increased from 80.82 min to 

81.09 min as a sacrifice of the reduced cost. Such trade-off between cost and makespan is 

meaningful in practical production. Note Figure 3.3 only gives the case when smaller speed 

will lead to cost reduction, it is more often and realistic to reduce cost by increasing the 

speed for high speed machining, and this exactly shows our motivation for this study. 

3.4 Integrated Optimization of Cost and Makespan 

We denote our problem when only cost is considered as IDM-C, which is studied in 

Sections 4.1–4.2. In Section 4.3, we study the IDM problem when integrated optimization 

of cost and makespan is considered, denoted by IDM-CM. Integer optimization (IO) 

models are presented for both problems. 

3.4.1 Model with Only Cost Consideration 

When only cost is under consideration, the below IO model M1 aims to find the optimal 

spindle speed for each order, such that the cost function can be minimized. 

min 𝑓𝑐𝑜𝑠𝑡(𝑥) (𝑀1)

𝑠. 𝑡.∑𝑥𝑖𝑗

𝑖∈ℐ

= 1, ∀𝑗 ∈ 𝒥, (16)

               𝑥𝑖𝑗 ∈ {0,1}, ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 (17)

 

The objective is to minimize the overall cost 𝑓𝑐𝑜𝑠𝑡(𝑥)  of producing n orders. 

Constraints (16) ensure that each order must be processed by only one spindle speed. 

Constraints (17) provide the binary variable restriction on 𝑥𝑖𝑗. 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#s0065
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0120
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0125
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We show the constraint matrix of formulation M1 is totally unimodular. Thus, the IO 

model can be solved as a linear programming (LP) model. To do this, we arrange the 

variables in the sequence of 𝑥11, 𝑥21, … , 𝑥𝑚1; 𝑥12, … , 𝑥𝑚2; 𝑥1𝑛, … , 𝑥𝑚𝑛 as columns of the 

constraint matrix. The constraint matrix 𝐀 ∈ ℤ𝑛×𝑚𝑛 for constraints (16) is as below: 

𝐇 =

[
 
 
 
 1

𝑡ℎ⋯𝑚𝑡ℎ(𝑚 + 1)𝑡ℎ⋯2𝑚𝑡ℎ⋯((𝑛 − 1)𝑚 + 1)
𝑡ℎ

⋯𝑛𝑚𝑡ℎ

1 ⋯ 1 0 ⋯ 0 ⋯ 0 ⋯ 0
0 ⋯ 0 1 ⋯ 1 ⋯ 0 ⋯ 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 ⋯ 0 0 ⋯ 0 ⋯ ⋯ ⋯ 1 ]

 
 
 
 

. (18) 

The above 0, 1 matrix 𝐀 is totally unimodular because it satisfies the following two 

conditions: (1) there are at most two nonzero elements in each column of 𝐀, which is 

number 1 and there is only one entry for each column to be 1; (2) 𝐀 admits an equitable 

row-bicoloring. In particular, the rows of 𝐀 can be partitioned into two sets, say “red set” 

as row 1 and “blue set” as rows 2 to 𝑛. It’s easy to check that the sum of the red rows minus 

the sum of the blue rows is a vector with entries ±1. 

As a result, the polyhedron for formulation M1 is integral, which has integral extreme 

points. Thus, it always admits an integral solution and is equivalent to solving the LP 

relaxation: 

min 𝑓𝑐𝑜𝑠𝑡(𝑥) (𝑀1 − 𝐿𝑃)

𝑠. 𝑡.∑𝑥𝑖𝑗

𝑖∈ℐ

= 1, ∀𝑗 ∈ 𝒥, (19)

               𝑥𝑖𝑗 ∈ [0,1], ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 (20)

 

where we relax the binary variable constraints 𝑥𝑖𝑗 ∈ {0,1} into the interval 𝑥𝑖𝑗 ∈ [0,1]. 

Next, we develop an exact algorithm. 

https://www.sciencedirect.com/topics/engineering/nonzero-element
https://www.sciencedirect.com/topics/engineering/extreme-points
https://www.sciencedirect.com/topics/engineering/extreme-points
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3.4.2 Decomposition-based Greedy Algorithms 

Formulation M1 naturally adopts a decomposition for both the objective and the 

constraints for each order. While every order must be assigned with a spindle speed, there 

are no additional constraints that couples the assignment of spindle speed for different 

orders. Therefore, the assignment of spindle speed for each order is independent. That is, 

for each order 𝑗 we can select the optimal speed from m candidates that minimize its cost 

𝑟𝑚ℎ𝑖𝑗 + 𝐶𝑡𝑒𝑞𝑖𝑗  in the objective. In general, we denote the described procedure as 

Decomposition-based Greedy (DG) and summarize as the below Algorithm 3.1. 

For Algorithm 3.1, we have the below lemma to show the optimality of its solution.  

Lemma 4.1. Given 𝑛 orders and 𝑚 candidate speeds, Algorithm 3.1 solves problem IDM-

C optimally in 𝑂(18𝑚𝑛 + 𝑛) times. 

Proof. To prove DG algorithm is optimal, we do it by contradiction. Suppose the solution 

of DG is notoptimal, there must exist at least one order, denoted by 𝑗̂, that selects a spindle 

sped with smaller cost 𝑟𝑚ℎ𝑖𝑗 + 𝐶𝑡𝑒𝑞𝑖𝑗 than 𝑗̂. This contradicts with steps 7–9 of DG, which 

selects the spindle speed with the smallest cost. Thus, Algorithm 3.1 is an exact algorithm. 

Next, we consider the solution time of Algorithm 3.1. For preparing 𝐓, 𝐐, 𝐏 and 𝐇, it 

takes 2 operations to calculate 𝑇𝑖𝑗, 6 operations to calculate 𝑞𝑖𝑗, 3 operations to calculate 

𝑝𝑖𝑗  and 2 operations to calculate ℎ𝑖𝑗 . Together with the coupled loops, this 

takes 14mn times. For each j, it takes 3𝑚  operations to compute 𝑂𝑏𝑗𝑖𝑗  for all 𝑖 ∈ ℐ , 𝑚 

operations to find the speed 𝑖∗ with minimum 𝑂𝑏𝑗𝑖𝑗, and 1 operation to update the overall 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#n0010
https://www.sciencedirect.com/science/article/pii/S2213846323001578#n0010
https://www.sciencedirect.com/topics/engineering/optimality
https://www.sciencedirect.com/science/article/pii/S2213846323001578#n0010
https://www.sciencedirect.com/science/article/pii/S2213846323001578#n0010
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cost 𝑓𝑐𝑜𝑠𝑡(𝑥), respectively. To sum up, we can get the total time complexity of Algorithm 

3.1 is 𝑂(18𝑚𝑛 + 𝑛), which complete the proof. 

3.4.3 Integration with Makespan 

Makespan constraint refers to the hard constraint that all the orders must be completed 

within a given time period. For example, this can describe the fixed time length for the 

worker shift. To model problem IDM-CM, we need an additional parameter: 

𝑐: a given constant of the upper bound for the makespan. 

With this additional parameter, we can model problem IDM-CM by modifying 

formulation M1 with makespan constraint as below IO model, denoted by M2: 

min 𝑓𝑐𝑜𝑠𝑡(𝑥) (𝑀2)

𝑠. 𝑡.∑𝑥𝑖𝑗 = 1

𝑖∈ℐ

, ∀𝑗 ∈ 𝒥 (21)

∑∑ℎ𝑖𝑗𝑥𝑖𝑗 ≤ 𝑐

𝑗∈𝒥𝑖∈ℐ

, (22)

𝑥𝑖𝑗 ∈ {0,1}, ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 (23) 

 

Constraint (22) ensures the makespan of producing all the orders not exceeding the given 

time length c. The makespan constraint adds additional complexity for the problem. We 

remark the complexity of problem IDM-CM is still open. 

3.5 Integrated Optimization of Cost and Due Dates 

We consider problem IDM when the integrated optimization of cost and due date is to 

be achieved, denoted by IDM-CD. Due to the due date constraints, the sequences of order 

processing need to be considered to determine the cost. We propose three categories of 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0145
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model based on the choices of decision variables which determine the order sequences. 

That are, completion time variables (5.1), linear order variables (5.2) and positional 

variables (5.3) of orders, respectively. In the first category, we propose a mixed-integer 

optimization (MIO) model that can be efficiently solved by off-the-shelf optimization 

solvers. The latter two categories of model involve quadratic constraints. Considering that 

off-the-shelf optimization solvers cannot efficiently deal with this kind of nonlinear 

problem, we adopt linearization strategies for the proposed formulations. 

3.5.1 Modeling with Completion Time Variables 

In the first model, we use completion time variables to indicate the order sequence 

for problem IDM-CD. The needed additional variables are defined as follows: 

𝑦𝑗𝑘: 𝑦𝑖𝑗 = 1  if order 𝑗  is processed before order 𝑘 , ∀𝑗, 𝑘 ∈ 𝒥  and 𝑗 ≠ 𝑘 . Otherwise 

𝑦𝑖𝑗 = 0; 

𝐶𝑗: completion time of order 𝑗, ∀𝑗 ∈ 𝒥.  

The problem IDM-CD can be formulated as below. 

min𝑓𝑐𝑜𝑠𝑡(𝑥) (𝑀3 − 1)

𝑠. 𝑡.  ∑𝑥𝑖𝑗 = 1

𝑖∈ℐ

,                                                     ∀𝑗 ∈ 𝒥, (24)

         𝐶𝑗 ≥ ∑ℎ𝑖𝑗𝑥𝑖𝑗,

𝑖∈ℐ

                                              ∀𝑗 ∈ 𝒥, (25)

         𝐶𝑗 + ∑ℎ𝑖𝑘𝑥𝑖𝑘 ≤ 𝐶𝑘 + 𝑀(1 − 𝑦𝑗𝑘),         

𝑖∈ℐ

∀𝑗 < 𝑘 ∈ 𝒥, (26)

         𝐶𝑘 + ∑ℎ𝑖𝑗𝑥𝑖𝑗 ≤ 𝐶𝑗 + 𝑀𝑦𝑗𝑘

𝑖∈ℐ

,                      ∀𝑗 < 𝑘 ∈ 𝒥, (27)

         𝐶𝑗 ∈ [0, 𝑑𝑗],                                                       ∀𝑗 ∈ 𝒥, (28)

         𝑥𝑖𝑗 , 𝑦𝑗𝑘
∈ {0,1},                                                ∀𝑖 ∈ ℐ, 𝑗, 𝑘 ∈ 𝒥. (29)

 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#s0075
https://www.sciencedirect.com/science/article/pii/S2213846323001578#s0080
https://www.sciencedirect.com/science/article/pii/S2213846323001578#s0095
https://www.sciencedirect.com/topics/engineering/nonlinear-problem
https://www.sciencedirect.com/topics/engineering/nonlinear-problem


 

92 
 

Constraint (25) ensure that the completion time of each order is no later than its processing 

time. Constraints (26), (27) are disjunctive constraints which ensure that either order j is 

processed before order 𝑘, i.e. 𝑦𝑗𝑘 = 1 in constraints (26), or order 𝑘 is before order 𝑗, that 

is 𝑦𝑗𝑘 = 0 in constraints (27). 𝑀 is a sufficiently large number. Constraints (28) enforce 

the completion time is non-negative and no larger than the due date. In this formulation, 

the M is a natural upper bound for 𝐶𝑗  for arbitrary 𝑗 ∈ 𝒥 . Thus, we can set 𝑀 =

∑ max
i∈ℐ

{ℎ𝑖𝑗}𝑗∈𝒥 . The total number of variables for formulation M3-1 is 𝑛2 + 𝑚𝑛 + 𝑛 , 

which includes 𝑛2 + 𝑚𝑛  binary variables and 𝑛2 + 3𝑛 constraints.  

Remark 1. If 𝑑𝑗 = 𝑐 for 𝑗 ∈ 𝒥, problem IDM-CD is reduced to problem IDM-CM. 

To check the above remark is valid, it’s obvious to see that when 𝑑𝑗 = 𝑐 for 𝑗 ∈ 𝒥, then the 

makespan of any feasible solutions to problem IDM-CD also satisfy the makespan limit 𝑐. 

Thus, problem IDM-CM is a special case of problem IDM-CD. It is more general for us to 

study problem IDM-CD. 

3.5.2 Modeling with Linear Ordering Variables 

3.5.2.1 Proposed Integer Optimization Model 

This formulation is based on the linear order variables 𝑦𝑗𝑘 and 𝑦𝑘𝑗 that either of them 

should be equal to 1 for arbitrary 𝑗 < 𝑘 ∈ 𝒥. The following formulation M3-2 is considered. 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0165
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0170
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0170
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0175
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min𝑓𝑐𝑜𝑠𝑡(𝑥) (𝑀3 − 2)

𝑠. 𝑡.  ∑𝑥𝑖𝑗 = 1

𝑖∈ℐ

,                                                  ∀𝑗 ∈ 𝒥, (30)

         𝑦𝑗𝑘 + 𝑦𝑘𝑗 = 1                                               ∀𝑗, 𝑘 ∈ 𝒥, 𝑗 < 𝑘, (31)

         𝑦𝑗𝑘 + 𝑦𝑘𝑙 + 𝑦𝑙𝑗 ≤ 2,                                    ∀𝑗, 𝑘, 𝑙 ∈ 𝒥, 𝑗 ≠ 𝑘 ≠ 𝑙, (32)

         ∑∑ℎ𝑖𝑗𝑥𝑖𝑗𝑦𝑗𝑘 + ∑ℎ𝑖𝑘𝑥𝑖𝑘

𝑖∈ℐ𝑖∈ℐ𝑗∈𝒥

≤ 𝑑𝑘         ∀𝑘 ∈ 𝒥, (33)

         𝑥𝑖𝑗 , 𝑦𝑗𝑘 ∈ {0,1},                                             ∀𝑖 ∈ ℐ, 𝑗, 𝑘 ∈ 𝒥 (34)

 

Constraints (31) are a set of conflict constraints, which ensure that either order 𝑗  is 

processed before order 𝑘  or vice versa. Note here 𝑗 < 𝑘  because of symmetry. 

Constraints (32) indicate the transitivity constraints that ensure a linear order of three 

arbitrary orders. Constraints (33) indicate the starting time of order 𝑘 plus its processing 

time must be no larger than its due date. The total number of variables of formulation M3-

2 with 𝑚 speeds and 𝑛 orders is 𝑛2 + 𝑚𝑛, which are all binary variables and involve 𝑛3 −

2.5𝑛2 + 3.5𝑛 constraints.  

Note that M3-2 is a quadratically constrained IO formulation due to constraints (33). 

Considering that the current optimization solvers like CPLEX cannot efficiently deal with 

this kind of nonlinear problem, we adopt linearization strategies for this formulation in the 

following section. 

3.5.2.2 Reformulation with Linearization Technique 

To enhance the solvability of formulation M3-2, we first apply the linearization 

technique proposed in [71] to derive an MIO model, which is equivalent to M3-2. For 

arbitrary 𝑗 ∈ 𝒥 , 𝑘 ∈ 𝒥 , let 𝛼𝑗𝑘 = (∑ ℎ𝑖𝑗𝑥𝑖𝑗𝑖∈ℐ )𝑦𝑗𝑘  and substitute the cross-product 

∑ ℎ𝑖𝑗𝑥𝑖𝑗𝑦𝑗𝑘𝑖∈ℐ  in M3-2 using the following inequalities: 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0190
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0195
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0200
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0200
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{

∑ℎ𝑖𝑗𝑥𝑖𝑗 − 𝑀(1 − 𝑦𝑗𝑘) ≤ 𝛼𝑗𝑘

𝑖∈ℐ

≤ ∑ℎ𝑖𝑗𝑥𝑖𝑗 + 𝑀(1 − 𝑦𝑗𝑘),

𝑖∈ℐ

−𝑀𝑦𝑗𝑘 ≤ 𝛼𝑗𝑘 ≤ 𝑀𝑦𝑗𝑘 ,

(35) 

where 𝑀  is a sufficiently large number. For arbitrary 𝑗, 𝑘 ∈ 𝒥 , if 𝑦𝑗𝑘 = 1 , then 𝛼𝑗𝑘 =

∑ ℎ𝑖𝑗𝑥𝑖𝑗𝑖∈ℐ , and the inequalities become ∑ ℎ𝑖𝑗𝑥𝑖𝑗𝑖∈ℐ ≤ 𝛼𝑗𝑘 ≤ ∑ ℎ𝑖𝑗𝑥𝑖𝑗𝑖∈ℐ  and −𝑀 ≤ 𝛼𝑗𝑘 ≤

𝑀. Clearly, the equivalence holds. Otherwise, if 𝑦𝑗𝑘 = 0, the inequalities are ∑ ℎ𝑖𝑗𝑥𝑖𝑗𝑖∈ℐ −

𝑀 ≤ 𝛼𝑗𝑘 ≤ ∑ ℎ𝑖𝑗𝑥𝑖𝑗𝑖∈ℐ + 𝑀 and 0 ≤ 𝛼𝑗𝑘 ≤ 0, which indicates 𝛼𝑗𝑘 = 0. Thus, we get an 

equivalent model to M3-2. 

We further reduce the above inequality constraints (35) as 

{

∑ℎ𝑖𝑗𝑥𝑖𝑗 − 𝑀(1 − 𝑦𝑗𝑘)

𝑖∈ℐ

≤ 𝛼𝑗𝑘 ,

0 ≤ 𝛼𝑗𝑘 ≤ 𝑀𝑦𝑗𝑘.

(36) 

Thus, we obtain a new linearized formulation M3-2-L as below: 

min 𝑓𝑐𝑜𝑠𝑡(𝑥) (𝑀3 − 2 − 𝐿)

𝑠. 𝑡.  Constraints (30) − (32) (37)

         ∑𝛼𝑗𝑘 + ∑ ℎ𝑖𝑘𝑥𝑖𝑘 ≤ 𝑑𝑘

𝑖∈ℐ𝑗∈𝒥

,                                                 ∀𝑘 ∈ 𝒥, (38)

         ∑ℎ𝑖𝑗𝑥𝑖𝑗 − 𝑀(1 − 𝑦𝑗𝑘)

𝑖∈ℐ

≤ 𝛼𝑗𝑘 ≤ 𝑀𝑦𝑗𝑘 ,                         ∀𝑗, 𝑘 ∈ 𝒥, (39)

         𝛼𝑗𝑘 ≥ 0,                                                                                   ∀𝑗, 𝑘 ∈ 𝒥, (40)

         𝑥𝑖𝑗 , 𝑦𝑗𝑘 ∈ {0,1},                                                           ∀𝑖 ∈ ℐ, 𝑗, 𝑘 ∈ 𝒥. (41)

 

This formulation is obtained by eliminating the right-hand-side of the first inequality and 

the left-hand-side of the second inequality in (35). The value of 𝑀 is set as the maximum 

total processing time of the orders, that is 𝑀 = max
𝑖,𝑗

ℎ𝑖𝑗 . The total number of variables 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0085
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is 2𝑛2 + 𝑚𝑛 , which involves 𝑛2 + 𝑚𝑛  binary variables and 𝑛3 + 0.5𝑛2 + 3.5𝑛 

constraints. For formulations M3-2L and M3-2, we have the below Lemma 5.1. 

Lemma 5.1. For arbitrary optimal solution to M3-2-L, there exists an optimal solution to 

M3-2 with the same objective value. 

Proof. For arbitrary optimal solution (𝑥∗, 𝑦∗, 𝛼∗) to M3-2-L, we can show (𝑥∗, 𝑦∗) as an 

optimal solution to M3-2 with the same objective value. 

We first show (𝑥∗, 𝑦∗) is a feasible solution to M3-2. For arbitrary 𝑗, 𝑘 ∈ 𝒥, if 𝑦𝑗𝑘
∗ =

0, then 𝛼𝑗𝑘
∗ = 0 based on constraints (39) and (40). Then we have ∑ ℎ𝑖𝑘𝑥𝑖𝑘

∗ ≤ 𝑑𝑘𝑖∈ℐ  in 

constraints (38). This indicates (𝑥∗, 𝑦∗)  satisfies constraints (33) in formulation M3-2 

when 𝑦𝑗𝑘
∗ = 0 . If 𝑦𝑗𝑘

∗ = 1, then by substituting into constraints (39) first and then (38), we 

have 

∑ℎ𝑖𝑗𝑥𝑖𝑗
∗

𝑖∈ℐ

≤ 𝛼𝑗𝑘
∗ ≤ 𝑀, (42)

 ∑∑ℎ𝑖𝑗𝑥𝑖𝑗
∗

𝑖∈ℐ𝑗∈𝒥

+ ∑ℎ𝑖𝑘𝑥𝑖𝑘
∗

𝑖∈ℐ

≤ ∑𝛼𝑗𝑘
∗

𝑗∈𝒥

+ ∑ℎ𝑖𝑘𝑥𝑖𝑘
∗

𝑖∈ℐ

≤ 𝑑𝑘 (43)
 

Inequalities (43) indicate (𝑥∗, 𝑦∗) satisfies constraints (33) when 𝑦𝑗𝑘
∗ = 1 . To sum up, 

(𝑥∗, 𝑦∗) is a feasible solution to M3-2. 

Next, we prove the objective value of (𝑥∗, 𝑦∗) is less than or equal to that of any 

feasible solutions to M3-2. Let 𝒮2 be the solution space of formulation M3-2, i.e., 

𝒮2 ≔ {(𝑥, 𝑦): Constraints (30) − (34)}. (44) 

As M3-2-L is a relaxation of M3-2, the objective value of the optimal solution (𝑥∗, 𝑦∗, 𝛼∗) 

will be less than or equal to that of any feasible solutions to M3-2. That is 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#n0035
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𝑓𝑐𝑜𝑠𝑡(𝑥
∗) = ∑∑(𝑟𝑚ℎ𝑖𝑗 + 𝐶𝑡𝑒𝑞𝑖𝑗)𝑥𝑖𝑗

∗ ≤ 𝑓𝑐𝑜𝑠𝑡(𝑥),

𝑖∈ℐ𝑗∈𝒥

        ∀(𝑥, 𝑦) ∈ 𝒮2 (45) 

Note 𝑓𝑐𝑜𝑠𝑡(𝑥
∗)  is also the objective value of feasible solution (𝑥∗, 𝑦∗)  to M3-2. This 

indicates the objective value of is (𝑥∗, 𝑦∗) is no larger than any feasible solutions to M3-2. 

Therefore, (𝑥∗, 𝑦∗)  is an optimal solution to M3-2 with the same objective value 

𝑓𝑐𝑜𝑠𝑡(𝑥
∗), which completes the proof.∎ 

3.5.3 Modeling with Positional Variables 

3.5.3.1 Proposed Integer Optimization Model 

This model is based on the positional variables that describe the relationship between 

arbitrary order with the position it is assigned in the schedule. The additional decision 

variables are defined as follows. 

𝑧𝑗𝑘: 𝑧𝑗𝑘 = 1 if order 𝑗 is assigned on position 𝑘, ∀𝑗, 𝑘 ∈ 𝒥. Otherwise 𝑧𝑗𝑘 = 0; 

𝐶𝑘: completion time of the order at position 𝑘, ∀𝑘 ∈ 𝒥. 

A new IO model can be formulated as below. 
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min𝑓𝑐𝑜𝑠𝑡(𝑥) (𝑀3 − 3)

𝑠. 𝑡.  ∑𝑥𝑖𝑗 = 1

𝑖∈ℐ

,                                                  ∀𝑗 ∈ 𝒥, (46)

          ∑ 𝑧𝑗𝑘 = 1

𝑘∈𝒥

,                                                 ∀𝑗 ∈ 𝒥, (47) 

          ∑𝑧𝑗𝑘 = 1

𝑗∈𝒥

,                                                 ∀𝑘 ∈ 𝒥, (48)

         0 ≤ 𝐶𝑘 ≤ ∑𝑑𝑗𝑧𝑗𝑘
𝑗∈𝒥

,                                    ∀𝑘 ∈ 𝒥, (49)

         𝐶1 ≥ ∑∑ℎ𝑖𝑗𝑥𝑖𝑗𝑦𝑗1

𝑖∈ℐ𝑗∈𝒥

(50)

         𝐶𝑘 ≥ 𝐶𝑘−1 + ∑∑ℎ𝑖𝑗𝑥𝑖𝑗𝑧𝑗𝑘
𝑖∈ℐ𝑗∈𝒥

                  ∀𝑘 ∈ 𝒥/{1}, (51)

         𝑥𝑖𝑗 , 𝑦𝑗𝑘 ∈ {0,1},                                             ∀𝑖 ∈ ℐ, 𝑗, 𝑘 ∈ 𝒥 (52)

 

Constraints (47), (48) ensure that a particular order can only be assigned to exactly one 

position and each position can be assigned with exactly one order. Constraints (49) ensure 

the completion time of order at position 𝑘 is non-negative and no later than its due time. 

Constraints (50), (51) describe the completion time of the order at position 𝑘. The total 

number of variables in this formulation is 𝑛2 + 𝑚𝑛 + 𝑛, which involves 𝑛2 + 𝑚𝑛 binary 

variables and 6𝑛 constraints. Note that M3-3 is a quadratically constrained IO formulation. 

We will also apply linearization technique to reformulate M3-3. 

3.5.3.2 Reformulation with Linearization Technique 

For arbitrary 𝑗, 𝑘 ∈ 𝒥, define a new variable 𝛽𝑗𝑘 = (∑ ℎ𝑖𝑗𝑥𝑖𝑗𝑖∈ℐ )𝑧𝑗𝑘. An equivalent MIO 

model can be obtained by substituting ∑ ℎ𝑖𝑗𝑥𝑖𝑗𝑧𝑗𝑘𝑖∈ℐ  in M3-3 and with the below additional 

constraints 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0250
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0255
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0260
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0265
https://www.sciencedirect.com/science/article/pii/S2213846323001578#e0270
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{

∑ℎ𝑖𝑗𝑥𝑖𝑗 − 𝑀(1 − 𝑧𝑗𝑘) ≤ 𝛽𝑗𝑘

𝑖∈ℐ

≤ ∑ℎ𝑖𝑗𝑥𝑖𝑗 + 𝑀(1 − 𝑧𝑗𝑘),

𝑖∈ℐ

−𝑀𝑧𝑗𝑘 ≤ 𝛽𝑗𝑘 ≤ 𝑀𝑦𝑗𝑘 ,

(53) 

Note the equivalence validation of the above inequalities is the same with (35). For 

concise presentation we skip it. 

We further reduce the above inequality constraints (53) as 

{

∑ℎ𝑖𝑗𝑥𝑖𝑗 − 𝑀(1 − 𝑧𝑗𝑘)

𝑖∈ℐ

≤ 𝛽𝑗𝑘,

0 ≤ 𝛽𝑗𝑘 ≤ 𝑀𝑧𝑗𝑘 .

(54) 

Thus, we obtain a new linearized formulation M3-2-L as below: 

min𝑓𝑐𝑜𝑠𝑡(𝑥) (𝑀3 − 3 − 𝐿)

𝑠. 𝑡.  Constraints (46) − (49) (55)

         𝐶1 ≥ ∑𝛽𝑗1

𝑗∈𝒥

, (56)

         𝐶𝑘 ≥ 𝐶𝑘−1 >= +∑𝛽𝑗𝑘

𝑗∈𝒥

,                                       ∀𝑘 ∈ 𝒥/{1}, (57)

         ∑ℎ𝑖𝑗𝑥𝑖𝑗 − 𝑀(1 − 𝑧𝑗𝑘)

𝑖∈ℐ

≤ 𝛽𝑗𝑘 ≤ 𝑀𝑧𝑗𝑘 ,              ∀𝑗, 𝑘 ∈ 𝒥, (58)

         𝛽𝑗𝑘 ≥ 0,                                                                       ∀𝑗, 𝑘 ∈ 𝒥, (59)

         𝑥𝑖𝑗 , 𝑧𝑗𝑘 ∈ {0,1},                                                          ∀𝑖 ∈ ℐ, 𝑗, 𝑘 ∈ 𝒥. (60)

 

The value of 𝑀 is set as the maximum total processing time among all the orders, that is 

𝑀 = max
𝑖,𝑗

{ℎ𝑖𝑗} . The total number of variables is 2𝑛2 + 𝑚𝑛 + 𝑛 , including 𝑛2 + 𝑚𝑛 

binary variables and 2𝑛2 + 6𝑛 constraints. For formulations M3-3 and M3-3-L, we have 

the below Lemma 5.2. 

Lemma 5.2 For arbitrary optimal solution to M3-3-L, there exists an optimal solution to 

M3-3 with the same objective value. 
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Proof. The proof odea is similar to Lemma 5.1. For arbitrary optimal solution 

(𝑥∗, 𝑧∗, 𝐶∗, 𝛽∗) to M3-3-L, we will construct (𝑥∗, 𝑧∗, 𝐶∗) as an optimal solution to M3-3 

with the same objective value. 

We first show (𝑥∗, 𝑧∗, 𝐶∗) is a feasible solution to M3-3. It is simple to check (𝑥∗, 𝑧∗, 𝐶∗) 

is feasible when 𝑧𝑗𝑘
∗ = 0  by substituting 𝑧𝑗𝑘

∗ = 0  into (58) and then (56) and (57). 

Otherwise, when substituting 𝑧𝑗𝑘
∗ = 1 we have 

∑ℎ𝑖𝑗

𝑖∈ℐ

𝑥𝑖𝑗
∗ ≤ 𝛽𝑗𝑘

∗ ≤ 𝑀,                          ∀𝑗, 𝑘 ∈ 𝒥 (61)

𝐶1
∗ ≥ ∑𝛽𝑗1

∗

𝑗∈𝒥

≥ ∑∑ℎ𝑖𝑗𝑥𝑖𝑗
∗

𝑖∈ℐ𝑗∈𝒥

, (62)

𝐶𝑘
∗ ≥ 𝐶𝑘−1

∗ + ∑∑ℎ𝑖𝑗𝑥𝑖𝑗
∗

𝑖∈ℐ𝑗∈𝒥

,                 ∀𝑘 ∈ 𝒥/{1}. (63)

 

Inequalities (62) and (63) indicate (𝑥∗, 𝑧∗, 𝐶∗) is a feasible solution when 𝑧𝑗𝑘
∗ = 1. 

Next, similar to Lemma 5.1, we define the solution space of formulation M3-3 as 𝒮3 ≔

{(𝑥, 𝑧, 𝐶): Constraints (46) − (52)},  and we can get that 𝑓𝑐𝑜𝑠𝑡(𝑥
∗) ≤ 𝑓𝑐𝑜𝑠𝑡(𝑥) , 

∀(𝑥, 𝑧, 𝐶) ∈ 𝒮3 as M3-3-L is a relaxation of M3-3. Thus, we conclude (𝑥∗, 𝑧∗, 𝐶∗) is an 

optimal solution to M3-3. ∎ 

Based on Lemmas 5.1 and 5.2, we will directly solve models M3-2-L and M3-3-L 

using MIO solver instead of M3-2 and M3-3, respectively. The comparison of the three 

MIO formulations is discussed in next section. 

3.6 Computational Experiments 

Comprehensive computational experiments are conducted for different problem 

settings. For problem IDM-C, we compare the performance of methods by solving models 



 

100 
 

M1 and M1-LP with modern optimization solver CPLEX, DG algorithm and the expected 

cost method (ECM henceforth) from [1]. For problem IDM-CM, we compare methods by 

solving M2 using CPLEX with ECM. The three MIO models for problem IDM-CD, i.e., 

M3-1, M3-2L and M3-3-L, are solved by CPLEX and compared in terms of their 

computational efficiency. 

All the methods are coded in Python. The optimization solver CPLEX 20.1.0 is used 

for solving all the IO and MIO models with the Python interface docplex. All the settings 

for CPLEX remain default except for time limit as 600 s. The experiments are deployed on 

a mobile workstation with Intel(R) Xeon(R) W-10885 M CPU @ 2.40 GHz, 128 GB 

memory, 64 bit Windows 10 Pro operating system for workstations. 

3.6.1 Data Generation 

Machine tool. The settings for machine tool including the tool geometry, cutting 

parameters (except for spindle speed set) and tool life model are the same with that in [1]. 

In particular, the tool is a single-insert endmill with diameter 𝐷 = 19.05 mm and 𝑁𝑡 = 1. 

The radial depth of cut is 𝑎 = 4.7 mm, the axial depth of cut is 𝑏 = 3 mm and the feed per 

tooth is 𝑓𝑡 = 0.06 mm, respectively. The constants in the Taylor tool life equation are 𝑁 =

0.388 and 𝐶 = 735.2 m/min. 

Order and part. The number of orders 𝑛 is from a set {2,4,6,8,10,12,14,16,18,20}, 

with one single part type for each order. Then quantity 𝑙𝑗  of the part for one order is 

an integer number randomly sampled from uniform distribution 𝑈[10, 200]. The volume 

𝑣𝑗  to be removed per part is an integer number randomly sampled from uniform distribution 

𝑈[5000,15000] with unit mm2. The makespan limitation 𝑐 under each case of 𝑛 is decided 

https://www.sciencedirect.com/topics/engineering/greedy-algorithm
https://www.sciencedirect.com/topics/engineering/integer-number
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by considering two values: the makespan of the solution by solving problem IDM-C which 

only considers the cost, and the minimum makespan when adopting the minimum ℎ𝑖𝑗 for 

each order 𝑗. We set 𝑐 as the integer number by rounding the average of these two values. 

Due date. We specify the due date by generating the data without regarding for 

feasibility and then discarding instances that have no feasible schedule. Specifically, we 

first obtain the expected cutting speed for each order using the ECM in [1]. Henceforth, 

the makespan 𝐶𝑚̅𝑎𝑥 and the mean value of total processing time ℎ̅ among the 𝑛 orders can 

be obtained. The initial due date 𝑑𝑗  is generated by randomly sampling from uniform 

distribution 𝑈[0.4𝐶𝑚̅𝑎𝑥 , 0.5𝐶𝑚̅𝑎𝑥]. A schedule is then generated using earliest due date rule 

based on 𝑑𝑗, and the completion time 𝐶𝑗 for each order is thus obtained. We then check the 

feasibility of 𝑑𝑗 , i.e., 𝑑𝑗  is accepted if 𝑑𝑗 ≥ 𝐶𝑗 ; otherwise 𝑑𝑗 = 𝐶𝑗 + 𝑟 , where 𝑟  is a 

randomly sampled integer number from uniform distribution 𝑈[0, ℎ̅] . By this way of 

setting 𝑑𝑗, we ensure at least the expected speeds are feasible solution to problem IDM-

CD. 

Production and cost. The candidate cutting speed 𝑉 is evenly spaced in [220,420] 

m/min with the interval 2 m/min. Thus, in total 𝑚 = 100 speeds are used for one order. 

Note there without loss of generality, we use the same set of cutting speed for all the 𝑛 

orders. The spindle speed matrix 𝛀 is thus constructed, with the equivalent minimum 

spindle speed 3676.02 rpm and the maximum spindle speed 6984.44 rpm. Lastly, the 

coefficients of the cost model are set as 𝑟𝑚 = 1 $/min, 𝑡𝑐ℎ = 2 min and 𝐶𝑡𝑒 = $12.5 per 

tool edge. 
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For each order number, 10 independent data instances using different random seeds 

are generated with the above data generation procedure. Therefore, in total 100 instances 

are used. All the reported results are the average values obtained by the 10 independent 

instances for each order number. 

3.6.2 Results for Problem IDM-C 

Table 3.1 presents the results for solving problem IDM-C by the ECM in [1], solving 

models M1 and M1-LP, and the DG Algorithm 3.1. The columns show the objectives 

(minimum cost in $ by each method) and the solution time in second. In the column “CRR”, 

we calculate the cost reduction ratio (CRR) as 

𝐶𝑅𝑅 =
𝑂𝑏𝑗𝐸𝐶𝑀 − 𝑂𝑏𝑗

𝑂𝑏𝑗𝐸𝐶𝑀
× 100% (64) 

Where 𝑂𝑏𝑗𝐸𝐶𝑀 and 𝑂𝑏𝑗, respectively, refer to the objective value from ECM and other 

methods under comparison. 

As shown in Table 3.1, solving M1 and M1-LP by CPLEX, and the DG algorithm all 

find the optimal solution for all the 100 instances within 0.1 second, shown as the bold 

numbers. Remarkably, the DG algorithm preforms as the fastest among the three, within 

0.005 s for all the 100 instances. In comparison with the ECM, formulations M1 and M1-

LP and DG algorithm show that, by selecting different cutting speeds, the overall 

production cost can be reduced by 3% − 5% on average, as shown by the highlighted 

columns in gray in Table 3.1. Figure 3.4 shows results of CRR in Table 3.1. Note the CRR 

for formulations M1, M1-LP and DG are the same and thus are overlapped. 

 

https://www.sciencedirect.com/science/article/pii/S2213846323001578#n0010
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/greedy-algorithm
https://www.sciencedirect.com/science/article/pii/S2213846323001578#t0005
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Table 3.1. Numerical results of solving problem IDM-C by the expected cost method (ECM) [1], 

solving models M1 and M1-LP, and the exact algorithm DG. 
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Figure 3.4. The comparison of cost reduction ratio (CRR) for problem IDM-C. M1, M1-

LP and DG are overlapped as they all obtain the optimal solutions. 
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Essentially, the cause of 3% − 5% CRR comes from the rationale of our integration 

idea. That is, the ECM from machining dynamics view considers only one part to choose 

the best speed. Thus, when multiple parts of an order are considered from the discrete event 

dynamics view, this speed might not be optimal since it might lead to larger waste at the 

rear of the tool life, then larger tool edge quantities and higher cost. Instead, our methods 

choose the best speed with a balance of the number of tool edges and the tool life, thus 

could avoid such waste of tool life and save the cost (see illustrative example in Figure 3.3). 

3.6.3 Results for Problem IDM-CM 

Table 3.2 shows the results for solving problem IDM-CM. In the column “Makespan 

Limit: 𝑐”, we show the average makespan limit within which all parts must be finished. 

Formulation M2 is solved to optimality (with the gap 0.00) for all the 10 instances under 

each order number within 0.11 second, shown as the bold numbers. The LP relaxation 

results show M2 is tight, which can explain for its good computational efficiency. 

Notably, due to the makespan limit, the minimum cost obtained in solving problem 

IDM-C in Table 3.1 cannot be obtained in solving problem IDM-CM. Nevertheless, all 

these optimal solutions satisfy the makespan limit. While the ECM does not support to set 

makespan limit, the results here show that our integration provides the capability to set 

many practical production requirements. Furthermore, for all the 10 order numbers, both 

the cost and makespan of ECM solutions are larger than those of the M2 solutions. In 

summary, by using our method, it is practical for the machine shop to achieve solutions 

that lead to both smaller cost and shorter makespan. 

https://www.sciencedirect.com/topics/engineering/optimality
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Table 3.2. Numerical results of solving problem IDM-CM by expected cost method (ECM) [1], and solving 

model M2. 
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Table 3.3. Numerical results of problem IDM-CD by solving models M3-1, M3-2-L and M3-3-L. 



 

108 
 

3.6.4 Results for Problem IDM-CD 

In general, the problem with due date consideration (IDM-CD) is harder to solve. The 

proposed three formulations (M3-1, M3-2L and M3-3-L) can perform differently in terms 

of their solution quality (measured by Gap, the smaller the better; the Number of instances 

solved to optimality, the larger the better) and time efficiency (measured by Time, the 

smaller the better). 

Table 3.3 presents such numerical results. Obviously, the solution quality of M3-2L is 

the best among the three. This can be seen from the number of instances solved to 

optimality. Among all the 100 instances, M3-2L solves 98 to optimality except for 2 

instances at 𝑛 = 20 orders, while that of M3-1 and M3-3-L are 72 and 66, respectively. 

The same conclusions can be drawn from the gap and the solution time. For example, 

at 𝑛 = 18, M3-2L takes 184.39 seconds to solve all 10 instances to optimality, while M3-

1 takes 600.30 seconds yet still has gap 6.47%, and M3-3-L takes 602.33 seconds with gap 

8.06%. Note that time above 600 seconds means the solving procedure is terminated due 

to time limit of CPLEX. It is interesting to see although with different gaps for the three 

models, the objectives are the same. In our experience, it can often be the case 

that CPLEX has found the optimal solution in 5 minutes, though it takes much longer time 

to certify its optimality. Thus, formulations with fast increasing lower bounds can certify 

the optimality in shorter time. 

In summary, these models consider the cost, makespan and due date, and could have 

large potentials to be used for industrial practice. Among them, model M3-2L is the best 

one that gives the best solution within the smallest time. This validates our idea of 



 

109 
 

integrating discrete event dynamics with machining dynamics for the operational 

excellence of machine tool. 

3.7 Conclusion, Discussion and Future Work 

We have identified and studied a significant problem of the integration of discrete-

event dynamics and machining dynamics for the operational excellence of machine tool 

for the first time. The machining stability, various cutting speeds and tool life were 

incorporated into the production of a series of parts from multiple orders in the queue of 

machine tool. Based on a state-of-the-art logistic regression model for tool life prediction, 

a new cost function was developed for orders with cutting speed choices as the variables. 

Then the cost was minimized via choosing different stable cutting speeds. 

We have demonstrated a set of models and algorithms by considering various practical 

production scenarios, including cost, makespan and due date. When considering the 

integrated optimization of cost and makespan, we developed integer optimization models 

and exact algorithm. Then, we considered the integrated optimization of cost and due date. 

Three categories of mixed-integer optimization models were presented based on the 

choices of decision variables. The linearization technique was applied to obtain the models. 

The results showed while satisfying the makespan and due date requirements, our methods 

achieved on average 3% −  5% reduction of the cost, which has the potential for cost 

saving in practice. 

Future work includes the deeper integration from both the discrete-event dynamics and 

the machining dynamics. Besides cutting speed, other machining parameters can be as 

decision variables, including axial depth of cut and feed rate. Thus, we may have nonlinear 
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and nonconvex constraints from the stability lobe diagram. Also, the stochastic tool life 

prediction can be considered. In the meantime, the complexities of the problems for 

makespan and due date constraints are one future direction. The practical extensions of the 

problems are to consider different candidate speeds for orders, various part types of an 

order, and multiple machine tools in the machine shop. 
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Nomenclature 

𝒥  𝒥 = {1, … , 𝑛} is the set of 𝑛 orders, indexed by 𝑗, 𝑘 or 𝑙 

ℐ  ℐ = {1,… ,𝑚} is the index set of 𝑚 candidate speeds, indexed by 𝑖 

𝑙𝑗  the quantity of parts for order 𝑗 

𝑣𝑗   volume to be removed for each part in order 𝑗, mm3 

𝑑𝑗  the due date for order 𝑗, min 

𝑎  radial depth of cut, mm 

𝑏  axial depth of cut, mm 

𝑓𝑡  feed per tooth, mm 

𝑁𝑡  number of teeth 

Ω  spindle speed, rpm 

𝑉  cutting speed, mm/min 

𝐷  diameter of the tool edge, mm 

𝑡  machining time for one part, min 

𝑇  tool life, min 

𝑀𝑅𝑅  material removal rate, mm3/min 

𝑟𝑚  machine tool operating cost, $/min 

𝑡𝑐ℎ  time required for changing a tool edge, min 

𝐶𝑡𝑒  cost per tool edge, $ 

𝐶𝑝  total cost per part, $ 

𝐶0  total cost per order, $ 

Ω𝑖𝑗  𝑖-th spindle speed for processing order 𝑗, rpm 

𝑇𝑖𝑗  tool life when using speed 𝑖 to process order 𝑗, min 

𝑝𝑖𝑗  total machining time of order 𝑗 with speed 𝑖, min 

𝑞𝑖𝑗  number of tool edges needed for order 𝑗 by speed 𝑖 

ℎ𝑖𝑗  total processing time of order 𝑗 with speed 𝑖, min 

𝛀  spindle speed assignment matrix, 𝛀 = {Ω𝑖𝑗}𝑚×𝑛
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𝐓  tool life time matrix, 𝐓 = {𝑇𝑖𝑗}𝑚×𝑛
 

𝐏  total machining time matrix, 𝐏 = {𝑝𝑖𝑗}𝑚×𝑛
 

𝐐  matrix for number of tool edges, 𝐐 = {𝑞𝑖𝑗}𝑚×𝑛
 

𝐇  total processing time matrix, 𝐇 = {ℎ𝑖𝑗}𝑚×𝑛
 

𝑥𝑖𝑗  
binary variable, 𝑥𝑖𝑗 = 1 if speed 𝑖 is chosen for processing order 𝑗; 

otherwise 𝑥𝑖𝑗 = 0 

𝑓𝑐𝑜𝑠𝑡(𝑥)  cost of all orders as a function of 𝑥, $ 

𝑐  a given constant of the upper bound for the makespan, min 

𝑀  𝑀 is a sufficiently large number 

𝑦𝑗𝑘  
binary variable, 𝑦𝑗𝑘 = 1  if order 𝑗  is processed before order 𝑘 ; 

otherwise 𝑦𝑗𝑘 = 0 

𝐶𝑗  completion time of order 𝑗, min 

𝑧𝑗𝑘  
binary variable, 𝑧𝑗𝑘 = 1  if order 𝑗  is assigned on position 𝑘 ; 

otherwise 𝑧𝑗𝑘 = 0 

𝐶𝑘  completion time of the order at position 𝑘, min 
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CHAPTER 4  

A CUTTING MECHANICS-BASED MACHINE LEARNING MODELING 

METHOD DISCOVER GOVERNING EQUATIONS OF MACHINING 

This paper presents a cutting mechanics-based machine learning method for automated 

discovery of governing equations in machining dynamics. By integrating known cutting 

mechanics with data-driven approaches, the proposed method establishes a general model 

structure using differential-algebraic equations. Then, a nonlinear learning function space 

and discrete optimization algorithm enable the identification of unknown dynamics. Time 

domain milling simulations experiments validate that the proposed method can accurately 

discover governing equations of motion for machining dynamics systems with considering 

of nonlinear damping and edge forces, from noisy data. Results also indicate the potential 

of proposed method to be used for advancing machining modeling in practice with the 

development of effective metrology systems. 

4.1 Introduction 

Machining dynamics studies the physical process of metal cutting due to the 

interaction of computer numerical control (CNC) machine, tool, and workpiece. In the 

machining process, dynamic tool-workpiece engagement induces dynamic cutting forces, 

that can further excite the structural dynamics of machine tool to vibrate at the tool tip point, 

and eventually form the material surface of workpiece [69]. As such, modeling machining 

dynamics generally needs to integrate two parts: the structural dynamics of machine tool 

and cutting forces of dynamic cutting process. 
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Significant modeling efforts on machining dynamics have been made in the past 

decades. A consensus in the research community is that machining dynamics can be 

mathematically described by second order, coupled, time delayed differential equations 

(DDEs) of motion. The first model of machining dynamics was developed in [72] as a 

single degree of freedom DDE for turning dynamics. It described that chatter, or self-

excited vibration, is primarily caused by regenerative chip thickness due to time delayed 

effect. The pioneer research findings of stability laws for turning then were concurrently 

and independently presented in [73, 74]. This single degree of freedom DDE for orthogonal 

cutting, however, cannot describe multiple degrees of freedom cutting like milling. For 

milling, the first model was then developed in [75] where time periodicity and time delay 

were formulated to characterize the milling dynamics. In addition to the time delayed 

effect, it was observed that the stability increases at low spindle speeds. This is attributed 

to the process damping effect caused by the penetration of cutting edge into wavy cut 

surface [76]. The process damping for turning and milling was studied in [52, 53, 77] by 

adding a process damping force, that is dependent on the surface normal velocity, chip 

width, cutting speed, and empirical coefficients. Other force models like edge force and 

runout were also studied based on different cutting mechanics [78]. What’s more, the 

receptance coupling substructure analysis approach, analytically joining substructure 

receptance of tool, holder, and spindle-machine, was proposed in [79, 80] to advance 

machining modeling for better structural dynamics prediction. These models are 

experimentally verified and widely used in academia and industry. 
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However, due to the complexity of stability solutions of DDEs, most of the existing 

physical models are developed in linear form. Nonlinear models are seldom explored. One 

representative nonlinear method is time domain simulation that can well capture the 

nonlinearities caused by tool jumping out of the cut, runout, and varying tool geometry 

[81-83]. A few other studies of nonlinearities on structural dynamics and cutting forces are 

summarized in [84]. On the other hand, for data-driven methods, machine learning (ML) 

models (generally nonlinear) have been applied to machining dynamics. One research 

focus is developing mechanics-based ML methods to improve the accuracy of coefficient 

estimation for existing mechanistic force models [85-87]. Another research focus is 

developing ML methods to improve the accuracy of stability maps, including neural 

networks [88], support vector machine [89], k-nearest neighbors [90], transfer learning 

[91], and physics-based Bayesian learning [55, 92-94]. However, those ML models are 

mainly designed to generate more accurate stability solutions based on existing DDEs and 

experimental data, rather than discovering governing equations of machining dynamics. 

These limitations of current physical and ML models motivate this study to design an 

integrated physics-based and data-driven modeling method, that can leverage existing 

physics in cutting mechanics to explore unknown physics in data and therefore discover 

nonlinear governing equations of machining dynamics. 

This paper presents the first attempt to develop a cutting mechanics-based machine 

learning (CMML) modeling method to discover governing equations for machining 

dynamics. Based on existing physics in cutting mechanics, CMML first establishes a 

general modeling structure through representing the traditional DDEs of machining 
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dynamics by a set of unknown differential algebraic equations. Then, to discover these 

unknown differential algebraic equations, effective nonlinear learning function space 

design and discrete optimization-based learning algorithm are developed as the ML 

component of CMML. Experimentally verified time domain simulations of milling with 

considerations of nonlinear process damping and edge force are used to validate the 

proposed CMML modeling method. Numerical results demonstrate CMML can 

successfully discover the exact milling dynamics models from noisy data. This indicates 

the proposed CMML modeling method has the potential for advancing machining 

modeling in practice with the development of effective metrology systems. 

This paper is organized as follows. Section 2 presents the proposed CMML modeling 

method. The simulation experiments, numerical results and analyses are given in Section 

3. Section 4 concludes this paper. 

4.2 Proposed Cutting Mechanics-based Machine Learning Modeling Method 

The proposed CMML modeling method is technically presented based on two 

sequential components: Establish a general cutting mechanics-based modeling structure by 

first principles (Section 2.1); and discover governing equations of machining dynamics 

from data by ML algorithm design (Section 2.2). 
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Figure 4.1. Schematic illustration of two fundamental principles of cutting mechanics: 

1) time delayed effect, and 2) dynamic cutting force generation and projection, The 

resultant dynamic cutting forces excite structural dynamics to vibrate on machine tool’s 

coordinate. 
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4.2.1 Establish Cutting Mechanics-based Modeling Structure by First Principle 

4.2.1.1 Time Delayed Effect and Dynamics Cutting Force 

Metal cutting consists of various processes, including the most common turning, 

milling, and drilling, and followed by special operations such as boring, broaching, and 

shaping. Although the tool geometry and tool kinematics of these cutting operations may 

differ from each other, they share the same principles of cutting mechanics [95]. Two 

fundamental principles of cutting mechanics are introduced below: 1) time-delayed effect, 

and 2) dynamic cutting force generation and projection. They lay a solid foundation to 

establish a general modeling structure for the proposed CMML modeling method. 

Without loss of generality, a simple case of two-dimensional orthogonal cutting is used 

to explain these two fundamental principles, as shown in Figure 4.1. The tool edge is 

orthogonal to the cutting speed 𝑉. A metal chip with an instantaneous chip thickness ℎ(𝑡) 

is sheared away from the workpiece. Let the chip thickness direction be normal or radial 

direction, and the direction of cutting speed 𝑉 be tangential direction. 

Time delayed effect determines the instantaneous chip thickness ℎ(𝑡), as shown in Eq. 

(1). 

ℎ(𝑡) = ℎ + 𝑛(𝑡 − 𝜏) − 𝑛(𝑡). (1) 

ℎ  is the static chip thickness attributed to rigid body motion of the cutting tool, and 

𝑛(𝑡 − 𝜏) − 𝑛(𝑡) is the dynamic chip thickness caused by time-delayed effect. 𝑛(𝑡 − 𝜏) and 

𝑛(𝑡) are the vibrations of tool along chip thickness direction at previous and current cuts. 

The time delay 𝜏 is dependent on the spindle speed and can be different for different cutting 

processes. For example, 𝜏 = 1/Ω for turning where Ω (rps) is the spindle speed. The time 
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delay can be explained as follows. As soon as the cutting tool encounters the workpiece, it 

starts to vibrate because of the mass and stiffness. This leaves a wavy surface on the 

workpiece, as shown in Figure 4.1. The vibrations contribute to generating variable cutting 

force, and the cutting force will again generate vibrations of the cutting tool. Due to 

periodic movement of the spindle, when the next vibrating cutting edge encounters the 

wavy surface left by the previous cut, the dynamic chip thickness presents. 

The resultant dynamic cutting forces are exerted on the tangential and normal 

directions, denoted by 𝐹𝑡 and 𝐹𝑛. In general, the cutting forces are functions that can be 

described as in Eq. (2): 

𝐹𝑡(𝑡) = 𝑓𝑡(𝑛(𝑡 − 𝜏) − 𝑛(𝑡), 𝑛̇(𝑡), 𝒖), (2𝑎)

𝐹𝑛(𝑡) = 𝑓𝑛(𝑛(𝑡 − 𝜏) − 𝑛(𝑡), 𝑛̇(𝑡), 𝒖). (2𝑏)
 

𝑛̇  denotes the velocity of tool vibration on the normal direction, and vector 𝒖 ∈ ℝ1×𝑟 

consists of 𝑟 cutting process parameters (e.g., spindle speed Ω, cutting depth 𝑏, and feed 

rate 𝑓𝑡 ). The cutting forces 𝐹𝑛  and 𝐹𝑡  on the cutter’s coordinate are projected onto the 

machine tool’s coordinate as 𝐹𝑥  and 𝐹𝑦  to excite structural dynamics to vibrate in both 

directions. The projection relationship in Figure 4.1 can be resolved as 

𝐹𝑥 = −𝐹𝑡 𝑐𝑜𝑠(𝜙) + 𝐹𝑛 𝑠𝑖𝑛(𝜙) , (3𝑎)

𝐹𝑦 = 𝐹𝑡 𝑠𝑖𝑛(𝜙) + 𝐹𝑛 𝑐𝑜𝑠(𝜙) . (3𝑏)
 

𝜙 is the angle between the chip thickness and machine tool’s 𝑦 (normal) directions. In 

general, the projection angle 𝜙 can be a constant or time dependent variable. For example, 

in turning, this angle is a constant, while in milling this angle is a time varying rotational 

angle of cutting edge. The projection relationship in Eq. (3) is critical for studying 
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structural dynamics as it shifts the dynamic cutting forces on the varying coordinate of tool 

to the fixed Cartesian coordinate of machine. 

4.2.1.2 Cutting Mechanics-based Modeling Structure Design 

The dynamic cutting forces on 𝑥 and 𝑦 directions of machine tools excite the structural 

dynamics on both directions to vibrate at the tooltip during machining processes. Thus, to 

model machining dynamics is to understand the sources of force generation and the 

resultant machine tool’s structural dynamics excited by these forces. In the following, the 

structural dynamics of machine tool is assumed to have 𝑝  and 𝑞  modes on 𝑥  and 𝑦 

directions, as shown in Figure 4.1. 

In prior studies, the governing equations of motion for machining dynamics are 

commonly modeled by second order, coupled DDEs as shown in Eq. (4):  

𝒎𝑥𝒙̈
𝑇 + 𝒄𝑥𝒙̇

𝑇 + 𝒌𝑥𝒙
𝑇 = 𝐹𝑥(𝑡, 𝒙(𝑡), 𝒙(𝑡 − 𝜏), 𝒙̇), (4𝑎)

𝒎𝑦𝒚̈𝑇 + 𝒄𝑦𝒚̇𝑇 + 𝒌𝑦𝒚𝑇 = 𝐹𝑦(𝑡, 𝒚(𝑡), 𝒚(𝑡 − 𝜏), 𝒚̇), (4𝑏)
 

where 𝒙, 𝒙̇, 𝒙̈, 𝒎𝑥, 𝒄𝑥, and 𝒌𝑥 are the displacement, velocity, acceleration, modal mass, 

viscous damping, and stiffness on 𝑥 direction and all vectors in ℝ1×𝑝; and 𝒚, 𝒚̇, 𝒚̈, 𝒎𝑦, 𝒄𝑦, 

and 𝒌𝑦  are the displacement, velocity, acceleration, modal mass, viscous damping, and 

stiffness on 𝑦 direction and all vectors are in ℝ1×𝑞. The left-hand-side of Eq. (4) represents 

the structural dynamics of machine tool with respect to displacement, velocity, and 

acceleration. The right-hand-side of Eq. (4) is the cutting force model considering the time 

delayed term and projection. Common assumptions are imposed like orthogonality of 𝑥 

and 𝑦 directions, linear model structure, and viscous damping [96]. These models are well 
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studied and experimentally verified through decades of research efforts in the machining 

community. 

Based on the time delayed effect and dynamic cutting force, a general cutting 

mechanics-based modeling structure is proposed in state-space form through representing 

the governing DDEs in Eq. (4) by a set of differential algebraic equations (DAEs) in Eq. 

(5) as follows. 

First, the governing differential equations for displacement and velocity that describe 

the structural dynamics of machine tools can be formulated as the unknown equations in 

Eqs. (5a) - (5d): 

𝒙̇ = 𝒇1(𝒔(𝑡), 𝒖, 𝑭(𝑡)) , (5𝑎)

𝒗̇𝑥 = 𝒇2(𝒔(𝑡), 𝒖, 𝑭(𝑡)), (5𝑏)

𝒚̇ = 𝒇3(𝒔(𝑡), 𝒖, 𝑭(𝑡)), (5𝑐)

𝒗̇𝑦 = 𝒇4(𝒔(𝑡), 𝒖, 𝑭(𝑡)). (5𝑑)

 

Notations 𝒗𝑥  and 𝒗𝑦  are introduced by letting 𝒗𝑥 = 𝒙̇  and 𝒗𝑦 = 𝒚̇.  Note that 𝒔(𝑡) ≔

[𝒙(𝑡)  𝒗𝑥(𝑡)  𝒚(𝑡)  𝒗𝑦(𝑡)]  in ℝ1×(2𝑝+2𝑞) consists of all the state variables and 𝑭(𝑡) ≔

[𝐹𝑥(𝑡)  𝐹𝑦(𝑡)] in ℝ1×2 is the vector of cutting forces. 

Then, by integrating the projection relationship from 𝐹𝑛 and 𝐹𝑡 to 𝐹𝑥 and 𝐹𝑦 in Eq. (3), 

the governing equations for cutting forces can be modeled as the following algebraic 

equations in Eqs. (5e) - (5h): 

𝐹𝑛 = 𝑔1(𝒙(𝑡), 𝒙(𝑡 − 𝜏), 𝒚(𝑡), 𝒚(𝑡 − 𝜏), 𝒖), (5𝑒)

𝐹𝑡 = 𝑔2(𝒙(𝑡), 𝒙(𝑡 − 𝜏), 𝒚(𝑡), 𝒚(𝑡 − 𝜏), 𝒖), (5𝑓)

𝐹𝑥 = −𝐹𝑡(𝑡) 𝑐𝑜𝑠(𝜙) + 𝐹𝑛(𝑡) 𝑠𝑖𝑛(𝜙) , (5𝑔)

𝐹𝑦 = 𝐹𝑡(𝑡) 𝑠𝑖𝑛(𝜙) + 𝐹𝑛(𝑡) 𝑐𝑜𝑠(𝜙) . (5ℎ)
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It should be noted that Eqs. (5e) and (5f) are known and once they are determined, the 

analytical forms of 𝐹𝑥 and 𝐹𝑦 in Eqs. (5g) and (5h) are determined. The general coupled 

dynamics on 𝑥 and 𝑦 directions are considered for both differential and algebraic equations. 

The coupled dynamics can be decoupled by assuming that zero cross talk is between the 

two orthogonal directions of machine tools. 

Therefore, a general cutting mechanics-based modeling structure is obtained through 

representing the traditional governing equations of DDEs by a set of unknown DAEs, i.e., 

Eq. (5) including Eqs. (5a) – (5h). This general modeling structure for machining dynamics 

enables the possibility that utilizing existing physics in cutting mechanics to explore the 

unknown physics in data by developing effective machine learning algorithms to discover 

those unknown DAEs. 

4.2.2 Discover DAEs from Data by Machine Learning 

The discrete-optimization based machine learning method for discovering differential 

equations of nonlinear dynamics in [97] is extended as the ML component of the proposed 

CMML modeling method, to discover all the unknown DAEs. 

4.2.2.1 Cutting Mechanics-based Nonlinear Learning Function Space Design 

Throughout this paper, let [𝑃] = {1, 2, … , 𝑃}  for any given positive integer 𝑃 . In 

addition, for given process parameters 𝒖, the state variables 𝒔(𝑡), time derivatives 𝒔̇(𝑡), 

and cutting forces 𝑭(𝑡) are assumed to be measurable in time series form. The resulting 

data matrices are denoted by 𝐒 ∈ ℝ𝑁×(2𝑝+2𝑞) , 𝐒̇ ∈ ℝ𝑁×(2𝑝+2𝑞) , and 𝐅 ∈ ℝ𝑁×2 , 

respectively. This assumption is reasonable. For example, the dynamometers, capacitance 
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probes, laser vibrometers, and accelerometers were used to concurrently measure cutting 

force, displacement, velocity and acceleration of cutting tools [98]. For ease of 

presentation, the process parameter vector 𝒖  is rewritten in a matrix form 𝐔 =

𝐈𝑁×𝑟𝑑𝑖𝑎𝑔{𝒖} ∈ ℝ𝑁×𝑟 with the same row number as 𝐒. Herein, 𝐈𝑁×𝑟 ∈ ℝ𝑁×𝑟 is a matrix 

with all entries set to 1, and 𝑑𝑖𝑎𝑔{𝒖} ∈ ℝ𝑟×𝑟 is a diagonal matrix with diagonal entries set 

to 𝒖. In this way, 𝒖 is constructed as paired data of 𝒔(𝑡), 𝒔̇(𝑡), and 𝑭(𝑡). The data in 𝐒, 𝐒̇, 

and 𝐅 can be injected with noises. 

Note that the developed machine learning algorithm can be applied to all unknown 

DAEs in Eq. (5). Therefore, without loss of generality, the discovery of governing equation 

of displacement 𝑥𝑗 of the 𝑗-th mode is used throughout, to illustrate the developed machine 

learning algorithm. The learning function space design for unknown DAEs is to create an 

augmented function space by expanding the function space that current DDEs-based 

governing equations live. Existing physical knowledge in cutting mechanics can be 

incorporated for the design of this expanded learning function space. 

The governing equation 𝑥̇𝑗 = 𝑓𝑗(𝒔, 𝒖, 𝑭) is to be discovered using data matrices 𝐒, 𝐔, 

𝐅, the process parameters 𝒖, and the 𝑗-th column 𝒙̇𝑗  of matrix 𝐒̇ for method illustration. 

The subscript 𝑗 is further omitted for notational simplicity. First, a cutting mechanics-based 

candidate set 𝜽(𝒔, 𝒖, 𝑭) consisting of a total of 𝑃 candidate physical terms for 𝑓(𝒔, 𝒖, 𝑭) 

should be constructed as follows: 

𝜽(𝒔, 𝒖, 𝑭) ≔ [𝜃1(𝒔, 𝒖, 𝑭) 𝜃2(𝒔, 𝒖, 𝑭)⋯𝜃𝑃(𝒔, 𝒖, 𝑭)], (6) 

where 𝜃1(𝒔, 𝒖, 𝑭),⋯ , 𝜃𝑃(𝒔, 𝒖, 𝑭)  represent the candidate physical terms that can be 

contained in the unknown function 𝑓(𝒔, 𝒖, 𝑭). Existing physics in cutting mechanics needs 



 

124 
 

to be incorporated into the design of candidate set. For example, in milling dynamics, 

besides the time delayed term and cutting force projection, the periodic immersion angle 

𝜙  caused by the rotary milling cutter should also be taken into consideration. The 

corresponding cutting mechanics-based candidate set can be constructed as 

𝜽(𝒔, 𝒖, 𝑭) = [1 𝒔 𝒖 𝑭 𝒔2 𝒔 ⊗ 𝒖 𝑛(𝑡 − 𝜏) − 𝑛(𝑡) sin𝜙 … ]. (7) 

The operator ⨂ denotes the element-wise products of vectors. The basic physical terms in 

𝜽(𝒔, 𝒖, 𝑭) can include constants, polynomial terms of 𝒔, 𝒖, and 𝑭, etc. In addition, the time 

delayed term and trigonometric terms of 𝜙  are also included based on cutting force 

projection. By constructing the candidate set 𝜽(𝒔, 𝒖, 𝑭) , nonlinearities of machining 

dynamics can be introduced through the nonlinear combinations of state variables, process 

parameters, and cutting forces. 

Then, the constructed candidate set 𝜽(𝒔, 𝒖, 𝑭) is used to expand the function space for 

the unknow functions in Eq. (5). In this paper, two important assumptions are made. The 

first assumption is that all functions 𝑓(𝒔, 𝒖, 𝑭) in Eq. (5) live in the affine functional space 

expanded by 𝜽(𝒔, 𝒖, 𝑭). That is, a cutting mechanics-based learning function space can be 

established as 

𝑓(𝒔, 𝒖, 𝑭) = 𝜽(𝒔, 𝒖, 𝑭) ∙ 𝝃, (8) 

where 𝝃 = [𝜉1  𝜉2  ⋯ 𝜉𝑃]𝑇 ∈ ℝ𝑃×1 represents the vector of the coefficients. The second 

assumption is that physical terms in the right-hand side of Eq. (8) are sparse in predefined 

function space, namely, the number of active terms (terms with nonzero coefficient in 𝝃) 

in 𝑓(𝒔, 𝒖, 𝑭) is much smaller than that in the candidate set 𝜽(𝒔, 𝒖, 𝑭). 
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4.2.2.2 Discover DAEs by Discrete Optimization-based Learning Algorithm 

A discrete optimization-based learning algorithm is presented to estimate the 

coefficients 𝝃 in Eq. (8) for data-driven discovery of unknown DAEs. A physical term in 

𝜽(𝒔, 𝒖, 𝑭) can be either present or not in 𝑓(𝒔, 𝒖, 𝑭). A new binary variable vector 𝜸, where 

𝜸 = [𝛾1 𝛾2 ⋯𝛾𝑃]𝑇 ∈ 𝔹𝑃×1, is introduced to indicate the presence of each physical term 𝜃𝑝 

in 𝜽(𝒔, 𝒖, 𝑭). Each binary variable 𝛾𝑝 in the Boolean domain 𝔹 is 

𝛾𝑝 = {
1, if 𝑓(𝒔, 𝒖, 𝑭) includes 𝜃𝑝

0, otherwise
, ∀𝑝 ∈ [𝑃]. (9) 

With the indicator vector 𝜸, a sparse linear regression model can be established as in Eq. 

(10) to minimize the sum of squared errors between the measurements 𝒙̇  and model 

predictions of 𝑓(𝒔, 𝒖, 𝑭) with regularizations. 

min
𝜸,𝝃

‖𝒙̇ − 𝚯(𝐒,𝐔, 𝐅) ∙ (𝜸 ∘ 𝝃)‖2
2 + 𝜆0‖𝝃‖0 + 𝜆2‖𝝃‖2

2. (10) 

𝚯(𝐒,𝐔, 𝐅) ∈ ℝ𝑁×𝑃 denotes the augmented matrix consisting of values of candidate terms 

that are calculated by evaluating the candidate set 𝜽(𝒔, 𝒖, 𝑭) on datasets 𝐒, 𝐔, and 𝐅. By 

introducing the element-wise product 𝜸 ∘ 𝝃, Eq. (10) enables to control the presence of 

active physical terms in 𝜽(𝒔, 𝒖, 𝑭) for the purpose of discovering parsimonious function 

𝑓(𝒔, 𝒖, 𝑭). Two regularization terms are introduced. The number of active physical terms 

is implicitly controlled by the 𝑙0-norm in the penalty 𝜆0‖𝝃‖0, which constrains the number 

of nonzero entries of 𝝃. Another 𝑙2-norm of 𝝃, 𝜆2‖𝜉‖2
2, is introduced to reduce the effects 

of noisy process measurements. The penalty weights 𝜆2 and 𝜆0 are hyperparameters that 

control the strength of regularizations. 
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The sparse regression problem in Eq. (10) can be equivalently reformulated as a 

discrete optimization formulation as follows: 

min
𝜸,𝝃

∥ 𝒙̇ − 𝚯(𝐒, 𝐔, 𝐅) ⋅ 𝝃 ∥2
2+ 𝜆2 ∥ 𝝃 ∥2

2 (11𝑎)

𝑠. 𝑡.  − 𝑀𝜸 ≤ 𝝃 ≤ 𝑀𝜸,                                 (11𝑏)
〈𝜸, 𝒆〉 = 𝑘,                                  (11𝑐)

𝜸 ∈ 𝔹𝑃×1, 𝝃 ∈ ℝ𝑃×1.                (11𝑑)

 

The ℓ0-norm and the relationship between 𝝃 and 𝜸 in the objective function are converted 

to the constraints as shown in Eqs. (11b) - (11c), and the inequalities in Eq. (11b) indicate 

the element-wise relationship. When 𝛾𝑝 = 0 , the 𝑝 -th term in 𝜽(𝒔, 𝒖, 𝑭)  is not in 

𝑓(𝒔, 𝒖, 𝑭). As such, both sides of Eq. (11b) are equal to zero, leading to 𝜉𝑝 = 0. When 𝛾𝑝 =

1 , 𝜉𝑝  is bounded by a range [−𝑀,𝑀],  where 𝑀  is a constant number.[−𝑀,𝑀]  is the 

predefined lower and upper bound interval for coefficient 𝝃. The number of active physical 

terms is controlled by the inner product of 𝜸 and 𝒆 in Eq. (11c), where 𝒆 ∈ ℝ𝑃×1 is a vector 

with all entries set to 1. 

To solve the discrete optimization problem in Eq. (11), a two-stage optimization 

algorithm presented in [97] is applied to determine 𝜸 and 𝝃 separately. First, the column-

wise normalization of data matrices 𝚯(𝐒, 𝐔, 𝐅) and vector 𝒙̇ is conducted to decrease the 

impacts of noise and physical scale of the data. The optimal term combination, 𝜸∗, will be 

determined by solving Eq. (11) using column-wise normalized data of 𝚯(𝐒,𝐔, 𝐅) and 𝒙̇. 

Then, the coefficients 𝝃∗ on the original data scale can be identified by using the least 

square algorithm on the original data matrices 𝚯(𝐒, 𝐔, 𝐅) and 𝒙̇. The column corresponding 

to nonzero value in 𝜸∗ is used for 𝝃∗ estimation. 

Thus, the discovered governing DAE for displacement 𝑥̇ can be given as follows: 
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𝑥̇ = 𝜽(𝒔, 𝒖, 𝑭) ⋅ (𝜸∗ ∘ 𝝃∗). (12) 

The above algorithmic procedure is repeated to discover all the unknown DAEs in Eq. (5). 

In addition, chatter stability analysis can be conducted from both frequency and/or time 

domains by using the discovered governing DAEs of machining dynamics. 

As a summary, the proposed CMML modeling method consists of two sequential 

parts: a mechanics-based DAEs model structure as the physical foundation and a data-

driven machine learning model as the governing equation discovery. The DAEs model 

structure constrains the learning space for the exploration of machine learning modeling to 

fully respect existing cutting mechanics. Then, the discovery of governing equations can 

be achieved by solving the sparse optimization problem in Eq. (11) to optimality by using 

off-the-shelf discrete optimization method, i.e., the branch-and-bound algorithm adopted 

in [97]. Theoretically, the time complexity of branch-and-bound algorithm is exponential, 

and its scalability is not good for very large size of 𝜽(𝒔, 𝒖, 𝑭) . However, modern 

optimization techniques can solve the problem in Eq. (11) to optimality for a relatively 

large problem size. In addition, the size of candidate terms in 𝜽(𝒔, 𝒖, 𝑭) can be easily 

manageable based on existing physical knowledge of machining. That means it is unwise 

to put any unnecessary candidate terms violating the physics of cutting mechanics in 

𝜽(𝒔, 𝒖, 𝑭). Consequently, the proposed CMML modeling method is sufficient for the use 

of model discovery of machining dynamics. 

4.3 Simulation Experiments 

Experimentally verified high-fidelity time domain simulation of milling is used to 

generate dynamic process data to validate the proposed CMML modeling method, in terms 
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of its accuracy, efficiency, and robustness. All simulation experiments are performed on a 

mobile workstation with Intel(R) Xeon(R) W-10885M CPU @ 2.40GHz, 128 GB memory, 

and 64-bit Windows 11 Pro operating system for workstations. 

4.3.1 Simulation Experiments Setting 

Time Domain Simulation of Milling. Experimentally verified time domain simulator 

of milling in [96] is used for dynamic process data generation. This sim-to-real simulator 

enables the high accuracy numerical solution of the second order and coupled DDEs for 

milling dynamics by forward Euler method and has shown good agreement with physical 

machine tools [81-83]. It is well suited to incorporate the inherent complexities of milling 

dynamics, including complicated tool geometries (e.g., runout, different radii, number of 

the cutter teeth, non-uniform teeth spacing, and variable helix angles) and the nonlinearity 

that occurs due to interrupted cutting. Two case studies of governing equations discovery 

for milling dynamics are presented with increasing complexities: 

The above two milling cases refer to the most representative milling dynamics models 

that are dominantly used for decades of machining research. The use of these cases can 

demonstrate the general applicability of CMML method. It is noted that since turning 

dynamics can be regarded as a special case of milling dynamics by assuming constant 

immersion angle, the case study of turning is not presented in this paper. In both cases of 

milling, time series data is generated by time domain simulation. Gaussian noise is added 

to each measurable variable, namely the displacement, velocity, acceleration, and cutting 

forces as shown in Eq. (13): 

𝑺𝑛𝑜𝑖𝑠𝑒 = 𝑺 + 𝑟𝜎𝑆𝝐. (13) 
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𝑺 ∈ ℝ𝑁×1 is an arbitrary column of data matrices 𝐒, 𝐒̇, and 𝐅. 𝜎𝑆 is the standard deviation 

of the data column. 𝝐 ∈ ℝ𝑁×1 is the added noise vector with each entry drawn from a 

standard normal distribution 𝒩(0,1). 𝑟 is the noise ratio, where 𝑟 ∈{0, 0.01%, 0.1%, 1%, 

10%, 50%, 100%}. Larger noise ratios indicate larger noises in data. A total of seven noise 

ratios are used to validate the proposed CMML modeling method. 

• Case I: Milling dynamics with only time delayed effect in the cutting force model. 

• Case II: Milling dynamics with time delayed effect, process damping, and edge 

force in the force model. 

Parameter Settings of CMML. The setting of three parameters of CMML is given as 

follows. The number of active terms 𝑘 is set to be the exact number of physical terms in 

the milling dynamics model, to test the capability of exact model discovery by CMML. 

The ℓ2-norm weight 𝜆2 is set to be 100 for dealing with data under large noise. The 𝑀 

value for the bounds is set to be 1000. The hyperparameter tuning procedure for parameters 

𝜆2 and 𝑘 by cross validation in [97] can also be applied. The discrete optimization problem 

in Eq. (11) is solved by branch-and-cut algorithm in modern discrete optimization solver 

CPLEX with version 20.1. 

Performance Metric. To show the capability of CMML for exact governing equations 

discovery, the metric on the number of exactly discovered DAEs in Eq. (5) is defined as: 

𝐴 ≔ ∑ 1
𝜸𝑖

∗=𝜸𝑖
† = {

1,    if 𝜸𝑖
∗ = 𝜸𝑖

†

0,    if 𝜸𝑖
∗ ≠ 𝜸𝑖

†

2𝑝+2𝑞+2

𝑖=1
. (14) 

𝜸𝑖
∗ indicates the active terms of the 𝑖-th DAE discovered by CMML, and 𝜸𝑖

†
 indicates the 

ground truth terms in the given governing equations of the studied milling system.  Note 
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here once the two algebraic equations for 𝐹𝑡  and 𝐹𝑛  are discovered, 𝐹𝑥  and 𝐹𝑦  will be 

determined. As such, in total 2𝑝 + 2𝑞 + 2 DAEs need to be discovered by CMML. 

In addition to the metric in Eq. (14), the accuracy of coefficients of discovered 

governing equations is characterized by the mean absolute percentage error (MAPE): 

𝑀𝐴𝑃𝐸 ≔
1

∑ ‖𝜸𝑖
†‖

0

2𝑝+2𝑞+2
𝑖=1

∑ ∑ |
𝜉𝑖𝑝

∗ − 𝜉𝑖𝑝
†

𝜉𝑖𝑝
†

|
‖𝜸𝑖

†
‖

0

𝑝=1

2𝑝+2𝑞+2

𝑖=1
× 100%. (15) 

In Eq. (15), 𝜉𝑖𝑝
∗  and 𝜉𝑖𝑝

†
 denote the discovered coefficient and ground truth coefficient for 

the 𝑝-th physical term of the 𝑖-th equation, ‖𝜸
𝑖

†‖
0
 is the number of physical terms in the 𝑖-

th ground truth governing equation. For correctly discovered governing equations, MAPE 

can quantify the deviation of model coefficients from the ground truth coefficients. 

4.3.2 Case I: Milling with Time Delayed Effect in Forces 

4.3.2.1 Exact Milling Governing Equations of Case I 

In this case study, the milling system with two orthogonal directions and a single mode 

on each direction is considered, namely 𝑝 = 1 and 𝑞 = 1. The force models only include 

regenerative time-delayed effect as shown in Eq. (16). 

𝑚𝑥𝑥̈(𝑡) + 𝑐𝑥𝑥̇(𝑡) + 𝑘𝑥𝑥(𝑡) = 𝐹𝑥(𝑡), (16𝑎)

𝑚𝑦𝑦̈(𝑡) + 𝑐𝑦𝑦̇(𝑡) + 𝑘𝑦𝑦(𝑡) = 𝐹𝑦(𝑡). (16𝑏)
 

Cutting forces on the 𝑥 and 𝑦 directions are 

𝐹𝑥 = −𝐹𝑡 cos(𝜙) + 𝐹𝑛 sin(𝜙) , (16𝑐)

𝐹𝑦 = 𝐹𝑡 sin(𝜙) + 𝐹𝑛 cos(𝜙) . (16𝑑)
 

The tangential and normal force models are 
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𝐹𝑡(𝑡) = 𝑘𝑡𝑐𝑏(𝑓𝑡 sin𝜙 + 𝑛(𝑡 − 𝜏) − 𝑛(𝑡)), (16𝑒)

𝐹𝑛(𝑡) = 𝑘𝑛𝑐𝑏(𝑓𝑡 sin𝜙 + 𝑛(𝑡 − 𝜏) − 𝑛(𝑡)). (16𝑓)
 

𝑘𝑡𝑐 and 𝑘𝑛𝑐 are cutting force coefficients for tangential and normal directions, 𝑓𝑡 is feed 

per tooth and 𝑓𝑡 sin(𝜙) + 𝑛(𝑡 − 𝜏) − 𝑛(𝑡) is instantaneous chip thickness. 

To validate the proposed CMML modeling method, the DDEs in Eq. (16) are further 

equivalently represented as a set of DAEs for the studied milling system in Eq. (17). 

𝑥̇ = 𝑣𝑥 , (17𝑎)

𝑣̇𝑥 =
−𝑐𝑥𝑣𝑥 − 𝑘𝑥𝑥 + 𝐹𝑥

𝑚𝑥
, (17𝑏)

𝑦̇ = 𝑣𝑦 , (17𝑐)

𝑣̇𝑦 =
−𝑐𝑦𝑣𝑦 − 𝑘𝑦𝑦 + 𝐹𝑦

𝑚𝑦
, (17𝑑)

𝐹𝑡 = 𝑘𝑡𝑐𝑏(𝑓𝑡 sin𝜙 + 𝑛(𝑡 − 𝜏) − 𝑛(𝑡)), (17𝑒)

𝐹𝑛 = 𝑘𝑛𝑐𝑏(𝑓𝑡 sin𝜙 + 𝑛(𝑡 − 𝜏) − 𝑛(𝑡)), (17𝑓)

𝐹𝑥 = −𝐹𝑡 cos(𝜙) + 𝐹𝑛 sin(𝜙) , (17𝑔)

𝐹𝑦 = 𝐹𝑡 sin(𝜙) + 𝐹𝑛 cos(𝜙) . (17ℎ)

 

Note that only Eqs. (17a) - (17f) are the six DAEs that need to be discovered by CMML. 

Eqs. (17g) - (17h) will be determined once Eqs. (17e) - (17f) are determined. 

To discover the DAEs in Eqs. (17a) - (17f), the second-order polynomials are used to 

construct candidate terms in candidate set 𝜽(𝒔, 𝒖, 𝑭) of CMML. By assuming zero cross 

talk between 𝑥  and 𝑦  directions, 𝒔 = {𝑥, 𝑣𝑥} , 𝒖 = {𝑏} , and 𝑭 = {𝐹𝑥}  are used for 

discovering Eqs. (17a) - (17b); similarly, 𝒔 = {𝑦, 𝑣𝑦}, 𝒖 = {𝑏}, and 𝑭 = {𝐹𝑦} are used for 

discovering Eqs. (17c) - (17d). For discovering Eqs. (17e) - (17f), let Δ𝑛 = 𝑛(𝑡 − 𝜏) −

𝑛(𝑡) denote the time delayed term. Thus, 𝒔 = {Δ𝑛}, 𝒖 = {𝑏, sin𝜙}and 𝑭 = ∅ are used to 

construct 𝜽(𝒔, 𝒖, 𝑭). Δ𝑛 can be calculated with 𝑥 and 𝑦 based on the time delayed effect 

and projection relationship of cutting mechanics. Note that the spindle speed is not 
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necessary to be included into 𝒖, for it is used to calculate the time delay 𝜏 as 𝜏 = 1/(Ω𝑁𝑡) 

with a given Ω in rps and the number of teeth 𝑁𝑡. 

4.3.2.2 Time Domain Simulation Setting for Case I 

The setting of time domain simulation for Case I is given as follows. The modal 

parameters of the symmetric structural dynamics used are: 𝑚𝑥 = 𝑚𝑦 = 0.198 kg, 𝑘𝑥 =

𝑘𝑦 = 5 × 106 N/m, and 𝑐𝑥 = 𝑐𝑦 = 19.91 N s/m. The cutting force coefficient and angle 

used are: 𝐾𝑠 = 750 × 106  N/m2 and 𝛽 = 68 degree. Thus, the tangential and normal 

cutting force parameters used are: 𝑘𝑡𝑐 = 𝐾𝑠 sin(𝛽) = 695,387,669.36  N/m2 and 𝑘𝑛𝑐 =

𝐾𝑠 cos(𝛽) = 280,954,790.02 N/m2. The cutter has a diameter of 20 mm and four equally 

spaced straight teeth. Up milling with 25% radial immersion and feed rate 𝑓𝑡 =  0.1 

mm/tooth is used. The time domain simulation is executed for 40 revolutions and each 

revolution is discretized into 1000 steps. A set of process parameters 〈Ω, 𝑏〉 is sampled to 

obtain dynamic process data from stable and unstable cuts, where Ω ∈

{4000, 6000, 8000, 10000, 12000}  rpm and 𝑏 ∈ {2, 4, 6, 8, 10, 12} mm. Notably, the 

transient state data, which contains rich information of milling dynamics, is used for 

training of CMML. Thus, the first 2000 data points are used for each combination of 〈Ω, 𝑏〉. 

As the cutting depth 𝑏 is treated as a variable, all the six datasets from six cutting depth 𝑏 

under one spindle speed are stacked as a single dataset. Thus, in total 12000 data points for 

each spindle speed are used for training of CMML to discover the set of DAEs in Eq. (17). 
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4.3.2.3 Numerical Results and Analyses of Case I 

The numerical results of CMML for Case I of milling dynamics under different noise 

ratios are displayed in Table 4.1, Table 4.2, and Table 4.3. Table 4.1 shows the number of 

exactly discovered DAEs, based on the 𝐴  value, defined in Eq. (14). The number 6 

indicates that all 4 differential equations to describe structural dynamics and 2 algebraic 

equations to represent 𝐹𝑛  and 𝐹𝑡  are exactly discovered. Under Ω = 6000 rpm, CMML 

modeling method can exactly discover all the six DAEs from noisy data with noise ratio 

up to 50% (grey cells). Correspondingly, the discovered DAEs are presented in Table 4.2. 

The MAPE of coefficients of correctly discovered governing equations by CMML are 

shown in Table 4.3. For the dynamic data with noise levels under 1%, the MAPE metric in 

Eq. (15) is almost zero. For the extremely high noise level of 50%, the MAPE is still less 

than 8%. This shows the high model accuracy of CMML in terms of both the discovery of 

the physical terms and determination of model coefficients. Moreover, the computing time 

of CMML is 7.67 seconds on average for all noise levels for discovering the set of DAEs 

in Eq. (17). In general, this shows the feasibility of the proposed CMML modeling method 

for use to discover governing equations of milling dynamics from highly noisy 

experimental data. 

Using the discovered DAEs with noise ratio from 0.00% (exact governing equations) 

to 50%, stability lobe diagrams are plotted in Figure 4.2 by using zero order method [99]. 

It is seen the stability lobes with noise ratio 𝑟 = 0.01%, 0.1%, 1%, and 10% almost overlap  



 

134 
 

 

  

Table 4.1. Number of correct DAEs (A value) discovered by CMML for the milling 

dynamics in Case I (with only time delayed effect in force models). 

 Spindle Speed Ω (rpm) 

Noise ratio 𝑟 4000 6000 8000 10000 12000 

Noise Free 6 6 6 6 6 

0.01% 6 6 6 6 6 

0.1% 6 6 6 6 6 

1% 6 6 6 6 6 

10% 6 6 6 6 6 

50% 5 6 5 4 4 

100% 4 4 4 4 4 

500% 4 4 3 4 3 

1000% 2 2 2 2 2 
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Table 4.2. Discovered DAEs for the milling dynamics in Case I (with only time delayed 

effect in force model for Ω = 6000 rpm in Table 4.1). 

Noise ratio 𝑟 Discovered DAEs 

Noise Free 

(exact governing 

equations) 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25266187.27𝑥 − 100.53𝑣𝑥 + 5.05𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25266187.27𝑦 − 100.53𝑣𝑦 + 5.05𝐹𝑦

𝐹𝑡 = −695387890.93Δ𝑛𝑏 + 69538.79 sin𝜙 𝑏
𝐹𝑛 = 280954945.06Δ𝑛𝑏 − 28095.50 sin𝜙 𝑏

 

0.01% 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25266192.30𝑥 − 100.53𝑣𝑥 + 5.05𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25266191.61𝑦 − 100.53𝑣𝑦 + 5.05𝐹𝑦

𝐹𝑡 = −695387669.36Δ𝑛𝑏 + 69538.81 sin𝜙 𝑏
𝐹𝑛 = 280954790.02Δ𝑛𝑏 − 28095.48 sin𝜙 𝑏

 

0.1% 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25266237.52𝑥 − 100.53𝑣𝑥 + 5.05𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25266230.73𝑦 − 100.53𝑣𝑦 + 5.05𝐹𝑦

𝐹𝑡 = −695385675.23Δ𝑛𝑏 + 69539.00 sin𝜙 𝑏
𝐹𝑛 = 280953394.63Δ𝑛𝑏 − 28095.36 sin𝜙 𝑏

 

1% 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25266679.36𝑥 − 100.55𝑣𝑥 + 5.05𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25266620.77𝑦 − 100.50𝑣𝑦 + 5.05𝐹𝑦

𝐹𝑡 = −695365734.00Δ𝑛𝑏 + 69540.87 sin𝜙 𝑏
𝐹𝑛 = 280939440.76Δ𝑛𝑏 − 28094.17 sin𝜙 𝑏

 

10% 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25270056.27𝑥 − 99.72𝑣𝑥 + 5.04𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25270392.27𝑦 − 98.84𝑣𝑦 + 5.03𝐹𝑦

𝐹𝑡 = −695166321.72Δ𝑛𝑏 + 69559.61 sin𝜙 𝑏
𝐹𝑛 = 280799902.02Δ𝑛𝑏 − 28082.23 sin𝜙 𝑏

 

50% 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25262721.75𝑥 − 75.51𝑣𝑥 + 4.70𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25282589.36𝑦 − 66.14𝑣𝑦 + 4.43𝐹𝑦

𝐹𝑡 = −694280044.90Δ𝑛𝑏 + 69642.87 sin𝜙 𝑏
𝐹𝑛 = 280179729.87Δ𝑛𝑏 − 28029.19 sin𝜙 𝑏
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Figure 4.2. The stability lobe diagrams for Ω = 6000 rpm in Table 4.2. The stability 

lobes under noises 0.01%, 0.1%, 1%, 10% almost perfectly overlap with stability lobes 

by exact governing equations. 
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Table 4.3. MAPE of model coefficients of correctly discovered governing 

equations in Table 4.2 by CMML for Case I. 

Noise ratio 𝑟 0.01% 0.1% 1% 10% 50% 

MAPE  0.00% 0.00% 0.01% 0.33% 7.92% 
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(a) Trajectory of exact governing equations 

• (b) Trajectory of discovered DAEs under noise 𝑟 = 1% in Table 4.2. 

Figure 4.3. Both (a) and (b) show the time domain displacement (on 𝑥 

direction) and the Poincaré map of discovered equations in Table 4.2 using 

parameters Ω = 6000 rpm and 𝑏 = 2 mm. The single group of red points from 

once-per-tooth sampling shows the cut is stable. 
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with that by the exact governing equations. This shows that the discovered DAEs are 

sufficiently accurate and robust for supporting stability analysis. As the noise ratio 

increases to 50%, the stability lobes (red virtual lines) deviate from the ground truth lobes 

(blue solid line). 

In addition, the time domain simulation results of the discovered DAEs are also 

presented. The time domain displacement and Poincaré maps obtained from the cut of Ω = 

6000 rpm and 𝑏 = 2 mm are shown in Figure 4.3. The results for exact governing equations 

and equations discovered under noise ratio 𝑟 = 1% are presented in  Figure 4.3(a) and 

Figure 4.3 (b), respectively. The Poincaré map plots the velocity against the displacement. 

The single group of red points in Poincaré maps from once-per-tooth sampling indicate 

that the sampled points repeat, and the milling operation is stable. In general, both the time 

domain displacement and Poincaré map by the discovered DAEs align well with those by 

the exact governing equations. 

4.3.3 Case II: Milling with Time Delayed Effect, Nonlinear Process Damping and Edge 

Force 

This section presents the numerical results and analyses for milling dynamics in Case 

II with time delayed effect, process damping, and edge force. Nonlinear process damping 

is used to validate CMML for nonlinear DAEs discovery. 

4.3.3.1 Exact Milling Governing Equations and Simulation Data Generation of Case II 

The exact governing equations used for Case II are the same as those in Case I for Eqs. 

(16a) - (16d), except for the following cutting force models: 
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𝐹𝑡 = 𝑘𝑡𝑐𝑏(𝑓𝑡 sin𝜙 + 𝑛(𝑡 − 𝜏) − 𝑛(𝑡)) + 𝑘𝑡𝑒𝑏 − 𝐶𝑡

𝑏

𝑉
 𝑛̇2, (18𝑎)

𝐹𝑛 = 𝑘𝑛𝑐𝑏(𝑓𝑡 sin 𝜙 + 𝑛(𝑡 − 𝜏) − 𝑛(𝑡)) + 𝑘𝑛𝑒𝑏 − 𝐶𝑛

𝑏

𝑉
𝑛̇2. (18𝑏)

 

Instead of using the linear process damping force in [77], nonlinear process damping terms 

−𝐶𝑡
𝑏

𝑉
𝑛̇2 and −𝐶𝑛

𝑏

𝑉
𝑛̇2 are informally introduced in the cutting force model in Eq. (18) for 

demonstrating the capability of CMML for nonlinear model discovery.  For the introduced 

nonlinear process damping term −𝐶
𝑏

𝑉
𝑛̇2 ,  𝑛̇, 𝑏, 𝑉, and 𝐶 are the normal velocity, chip 

width, cutting speed, and constant coefficient. For the cutting force coefficients 

𝑘𝑡𝑐 , 𝑘𝑛𝑐, 𝑘𝑡𝑒 , and 𝑘𝑛𝑒 , subscripts 𝑡 and 𝑛 refer to the tangential and normal directions, 𝑐 

and 𝑒 refer to the cutting and edge effects. 

The simulation data is obtained from time domain simulation using the same parameter 

settings in Case I except for the following: process damping coefficients 𝐶𝑡 = 𝐶𝑛 =

1.4 × 103 N s/m2, and edge force coefficients 𝑘𝑡𝑒 = 𝑘𝑛𝑒 = 2.5 × 104  N/m. Because of 

the introduced nonlinear process damping term, third-order polynomials of 𝒔 = {Δ𝑛, 𝑛̇} 

and 𝒖 = {𝑏, sin𝜙} are used by CMML for discovering the algebraic equations of cutting 

forces. Δ𝑛 and 𝑛̇ can be calculated with 𝑥,𝑣𝑥, 𝑦, and 𝑣𝑦 based on the time delayed effect 

and projection relationship of cutting mechanics. Other settings of CMML modeling 

method remain unchanged as in Case I. 

4.3.3.2 Numerical Results and Analyses of Case II 

The numerical results of CMML to discover the DAEs of milling dynamics in Case II 

under different noise ratios are summarized in Table 4.4, Table 4.5 and Table 4.6, and 

Figure 4.4. The number of exactly discovered DAEs for milling dynamics in Case II is 
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presented in Table 4.4,. It is seen that CMML can exactly discover all the six DAEs from 

noisy data with noise ratio up to 50%. The computing time of CMML is 9.23 seconds on 

average for discovering a set of DAEs of milling dynamics in Case II. In addition, it is seen 

a lower value of Ω can lead to better performance of CMML for exact DAEs discovery. 

This can be used for guiding experiment design as lower value of spindle speed is good for 

tool life and can reduce potential damage to machine tools. 

In addition, Table 4.5 shows the discovered DAEs of Ω = 6000 rpm under different 

noise ratios (see grey cells of Table 4.4,). All physical terms including the nonlinear process 

damping are discovered correctly. Table 4.6 shows the MAPE of coefficients of all 

correctly discovered governing equations by CMML in Table 4.5. Clearly, CMML obtains 

high model accuracy in terms of coefficients determination, with 0.68% of MAPE for noise 

level of 10%, and 8.03% for the extremely high noise level of 50%. In Figure 4.4, the time 

domain displacement and Poincaré maps are plotted for the exact governing equations and 

the DAEs obtained under noise ratio 1% in Table 4.5 with parameters Ω = 6000 rpm and 

𝑏 = 2 mm. Similar conclusions can be made as in Case I. The stability lobe diagram is not 

presented due to no available methods to obtain the stability solutions of nonlinear 

governing equations. In general, the numerical results of Case II show that CMML can 

discover accurate nonlinear governing equations of machining dynamics from highly noisy 

data. 
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Table 4.4. Number of correct DAEs (𝐴 value) discovered by CMML for the milling 

dynamics in Case II with time delayed effect, nonlinear process damping, and edge 

effect in the force models. 

 Spindle Speed Ω (rpm) 

Noise ratio 𝑟 4000 6000 8000 10000 12000 

Noise Free 6 6 6 6 6 

0.01% 6 6 6 6 6 

0.1% 6 6 6 6 6 

1% 6 6 6 6 6 

10% 6 6 4 5 6 

50% 6 6 2 2 4 

100% 4 4 3 3 3 

500% 2 3 2 2 2 

1000% 2 2 2 2 2 
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Table 4.5. MAPE of model coefficients of correctly discovered governing equations 

in Table 4.5 by CMML for Case II. 

Noise ratio 𝑟 Discovered DAEs 

Noise Free 

(exact 

governing 

equations) 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25266187.27𝑥 − 100.53𝑣𝑥 + 5.05𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25266187.27𝑦 − 100.53𝑣𝑦 + 5.05𝐹𝑦

𝐹𝑡 = 25000.00𝑏 − 695387890.92Δ𝑛𝑏 + 69538.79 sin𝜙 𝑏 − 222.82𝑛̇2𝑏

𝐹𝑛 = 25000.00𝑏 + 280954945.06Δ𝑛𝑏 − 28095.49 sin𝜙 𝑏 + 222.82𝑛̇2𝑏

 

0.01% 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25266185.24𝑥 − 100.53𝑣𝑥 + 5.05𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25266192.35𝑦 − 100.53𝑣𝑦 + 5.05𝐹𝑦

𝐹𝑡 = 25000.44𝑏 − 695388128.39Δ𝑛𝑏 + 69538.33 sin𝜙 𝑏 − 222.81𝑛̇2𝑏

𝐹𝑛 = 24999.86𝑏 + 280954746.63Δ𝑛𝑏 − 28095.88 sin𝜙 𝑏 + 222.82𝑛̇2𝑏

 

0.1% 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25266166.88𝑥 − 100.54𝑣𝑥 + 5.05𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25266237.93𝑦 − 100.53𝑣𝑦 + 5.05𝐹𝑦

𝐹𝑡 = 25004.41𝑏 − 695390265.56Δ𝑛𝑏 + 69534.22 sin𝜙 𝑏 − 222.80𝑛̇2𝑏

𝐹𝑛 = 24998.61𝑏 + 280952960.82Δ𝑛𝑏 − 28099.37 sin𝜙 𝑏 + 222.83𝑛̇2𝑏

 

1% 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25265972.09𝑥 − 100.59𝑣𝑥 + 5.05𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25266678.29𝑦 − 100.46𝑣𝑦 + 5.05𝐹𝑦

𝐹𝑡 = 25044.14𝑏 − 695411637.29Δ𝑛𝑏 + 69493.07 sin𝜙 𝑏 − 222.61𝑛̇2𝑏

𝐹𝑛 = 24986.10𝑏 + 280935102.62Δ𝑛𝑏 − 28134.27 sin𝜙 𝑏 + 222.96𝑛̇2𝑏

 

10% 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25262914.86𝑥 − 99.77𝑣𝑥 + 5.04𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25269532.49𝑦 − 98.42𝑣𝑦 + 5.03𝐹𝑦

𝐹𝑡 = 25441.38𝑏 − 695625354.64Δ𝑛𝑏 + 69081.56 sin𝜙 𝑏 − 220.80𝑛̇2𝑏

𝐹𝑛 = 24861.03𝑏 + 280756520.68Δ𝑛𝑏 − 28483.26 sin𝜙 𝑏 + 224.26𝑛̇2𝑏

 

50% 

𝑥̇ = 𝑣𝑥

𝑣𝑥̇ = −25227362.02𝑥 − 69.90𝑣𝑥 + 4.73𝐹𝑥

𝑦̇ = 𝑣𝑦

𝑣𝑦̇ = −25249866.63𝑦 − 62.19𝑣𝑦 + 4.69𝐹𝑦

𝐹𝑡 = 27206.92𝑏 − 696575209.50Δ𝑛𝑏 + 67252.64 sin𝜙 𝑏 − 212.71𝑛̇2𝑏

𝐹𝑛 = 24305.18𝑏 + 279962823.18Δ𝑛𝑏 − −30034.33 sin𝜙 𝑏 + 230.01𝑛̇2𝑏
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Table 4.6. MAPE of model coefficients of correctly discovered governing 

equations in Table 4.5 by CMML for Case II. 

Noise ratio 𝑟 0.01% 0.1% 1% 10% 50% 

MAPE  0.00% 0.00% 0.05% 0.68% 8.03% 
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(a) Trajectory of exact governing equations 

(b) Trajectory of discovered DAEs under noise 𝑟 = 1% in Table 4.5. 

Figure 4.4. Both (a) and (b) show the time domain displacement (for 𝑥 

direction) and the Poincaré map of discovered equations in Table 4.5 using 

parameters Ω = 6000 rpm and 𝑏 = 2 mm. The single group of red points from 

once-per-tooth sampling shows the cut is stable. 
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In summary, numerical results in Section 3.2 and 3.3 demonstrate the effectiveness, 

accuracy, and robustness of the proposed CMML modeling method for discovering 

governing equations of machining dynamics. Under high noise levels, CMML can 

successfully discover the exact DAEs for machining dynamics in both Cases I and II with 

time delayed effect, process damping, and edge effect. This indicates that CMML has the 

potential to be used for advancing machining modeling in practice with the development 

of effective metrology systems. 

4.4 Conclusions 

This paper proposes a cutting mechanics-based machine learning (CMML) modeling 

method, that provides a new pathway to integrate existing physics in cutting mechanics 

and unknown physics in data, to discover governing equations of machining dynamics. In 

CMML, existing well-established physical principles of cutting mechanics are utilized at 

first to establish a general modeling structure to guide data-driven algorithm design. This 

is done through representing the second order, coupled, time delayed differential equations 

(DDEs) by a set of unknown differential algebraic equations. This representation strictly 

follows the known physics in both structural dynamics and cutting forces. Then, CMML 

can achieve data-driven discovery of these unknown differential algebraic equations by 

applying customized machine learning method, consisting of nonlinear learning function 

space design, loss function setting and discrete optimization-based training algorithm. 

Experimentally verified time domain simulation of milling is used to validate the proposed 

modeling method. Numerical results show CMML can discover the exact milling dynamics 
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governing equations with time delayed effect, process damping, and edge force from noisy 

data. 

Future work will focus on developing effective metrology systems to simultaneously 

measure the cutting force and at least one among the displacement, velocity and 

acceleration. For example, a force dynamometer and two accelerometers can be set up for 

simultaneously measuring the cutting forces and accelerations on 𝑥 and 𝑦 directions of the 

machine’s Cartesian coordinate. The proposed CMML modeling method can therefore be 

used for discovery of nonlinear governing equations of machining dynamics from 

experimental data to advance machining modeling, especially for nonlinear process 

damping models. In addition, for dealing with the potential nonlinear DDE models 

discovered by CMML combined with various tool geometries, efficient time domain 

simulation-based stability methods will be considered to accurately and fast generate 

stability lobe diagrams. 
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CHAPTER 5  

CONCLUSIONS 

 
In conclusion, this dissertation contributes to advancing manufacturing systems by 

developing machine learning based modeling and optimization methods for problems 

across multiple scales of manufacturing factories, from factory-scale order scheduling to 

machine tool-scale cost optimization and machining dynamics-scale machining modeling. 

The main contributions of this dissertation are summarized as follows: 

• To address large-scale customer order scheduling problem in discrete-event 

dynamics, a learning-based two-stage optimization method is developed, which 

combines a feature-enhanced genetic programming algorithm to automatically 

design high-quality dispatching rules and further enhance the solution quality with 

an adaptive local search algorithm. Experimental results demonstrate that the 

learned dispatching rules outperform state-of-the-art dispatching rules in literature, 

and the proposed two-stage optimization method outperforms existing approaches 

in terms of both solution quality and computational efficiency. 

• To address the machine tool operations cost optimization problem, this study 

proposes a cost function that integrates discrete-event dynamics with machining 

dynamics. A set of mathematical models and optimization algorithms are developed 

to tackle the integrated optimization problems with considerations of different 

practical production requirements. Numerical experiments validate the effectiveness 

of the proposed approach and highlight its potential use for cost saving in practice. 
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• To automate the discovery of governing equations for machining dynamics, a 

cutting mechanics-based machine learning modeling method is presented. Based on 

existing machining knowledge of cutting mechanics, a general modeling structure 

represented by differential algebraic equations is established, and the unknown 

governing equations will be further discovered by interpretable machine learning 

algorithm. By enabling accurate identification of governing equations, the proposed 

CMML method advances the understanding of machining dynamics, therefore can 

be used for nonlinear governing equations discovery of machining dynamics from 

experimental data to advance machining dynamics modeling. 

 

Overall, these systematically structured studies and their corresponding contributions 

uniquely contribute to the field of manufacturing operations management. By developing 

machine learning based modeling and optimization techniques, this dissertation 

demonstrates their effectiveness to improve operational efficiency, reduce production 

costs, and enhance overall manufacturing system performance, thereby establishing a 

strong foundation for future research and practical implementation in more productive and 

competitive manufacturing enterprises.  
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