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ABSTRACT

Several of the most important polymer processing operations
involve the deformation of melt streams in the absence of walls.

Such processes in which applied stresses act in the absence of walls
result in elongation of polymer melts. This includes uniaxial
elongation for melt spinning, multiaxial elongation for film casting,
tubular blown film extrusion, thermoforming, blow molding and stretch
blow molding. One of the most important problems associated with
these operations is the influence of the rheological properties of
the melts on the ability to form the desired products. To under-
stand these processes we must be concerned with the behavior of
polymer melts in elongational flow, especially multiaxial elongational
flow.

Instabilities undergoing multiaxial elongational flow (including
-uniaxial extension) were considered in both isolated (batch) systems
and continuous systems. Major attention was given to the differences
in geometry, conservation equations (such as the continuity and
force balance equation), and rheological properties.

The growth of disturbances in isolated sheets and annular
cylinders of viscoelastic fluids, Newtonian fluids, and elastic
solids undergoing multiaxial elongational flow was considered. Both
stable and unstable flow were of concern in the film extrusion
processes (including a melt spinning process). Unstable flows in the

draw down and blowing processes were considered. An attempt was made



vi

to develop a general perspective of the response or processability
undergoing continuous multiaxial elongation (including uniaxial
extension) of polymer melts as functions of their rheological
properties (such as steady shear flow behavior and uniaxial
&g]ongationa] flow behavior) and in terms of a convected Maxwell
model. This was correlated with molecular structure such as
molecular weight, molecular weight distribution, and degree of long

chain branching.
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CHAPTER I

INTRODUCTION

Polymer melt forming operations are of two general types. In
extrusion and injection molding, forming occurs between walls in
heated dies and molds. This involves shearing motions of melts.
Several of the most important polymer processing operations, however,
involve the deformation of melt streams in the absence of walls.

Such processes in which applied stresses act in the absence of walls
result in elongation of polymer melts. This includes uniaxial

elongation for melt spinning, but multiaxial elongation for film

One of the most important problems associated with these
operations is the influence of the rheological properties of the melt
on the ability to form the desired products. However, it has
scarcely been for a decade that extensional flow has received any
significant scientific attention, and there is far from complete
understanding. To understand these processes one must be concerned
with the behavior of polymer melts in elongational flow, especially
multiaxial elongational flow.

Both stable and unstable flow are of concern in the cast and

tubular blown film extrusion processes. Unstable flows are well
known in both the die (called "extrudate distortion" or "melt
fracture") and in the drawdown and blowing process (called "draw

resonance" and "bubble instabilities"). The close relationship of

1

casting, tubular blown film extrusion, thermoforming and blow molding.



2

instabilities to system geometry requires their study in experiments
approaching industrial conditions.

Generally, industrial researchers have found the processability
of polymer melts can be traced to a combination of the fluid mechanics
of the process and the rheological properties of the melts. The
problem of processability investigations often reduce to careful
rheological studies and to the determination of the relationship of
specific rheological properties and response to molecular structure.

In this dissertation we will investigate the elongational flow
(uniaxial and multiaxial including biaxial and planar deformation)
of polymer melts and investigate various multiaxial processing
operations of the same melts under quasi-industrial conditions. We
shall attempt to develop a general perspective of the response or
processability of these melts as a function of their rheological

properties. This will be correlated with molecular structure.



CHAPTER II

BACKGROUND

A. EXTENSIONAL POLYMER PROCESSING

There exist two groups of polymer processing operations based on
extensional flow. These are continuous and batch processes. Con-
tinuous methods involve a range of fiber and film manufacturing
processes. Batch methods are blow molding, stretch blow molding and
thermoforming processes.

Continuous filaments may be produced by extruding molten
polymers through a spinneret having single or multiple orifices and
drawing down with a take-up device. The molten polymer is solidified
by a surrounding air or quench bath. This process first appeared in
an English patent of 1845 by Brooman [B-16]. Films, on the other
hand, are formed by (i) extrusion from a slit die and taking up on
a rotating roll (or through a quench bath) or (ii) extruding
vertically from an annular die forming a cylinder shaped bubble into
which air is blown to generate an internal pressure which expands the
annular film. The bubble is cooled by an external air blast or with
an internal cooling cylinder. This is followed by eventual take-up on
a series of rotating rolls. The former process is called film casting

and later tubular blown film extrusion. Fibers may be made from film

by a splitting process [0-3].
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The most important continuous film process is tubular blown film
extrusion which is widely used for polyethylene. Bewley as early as
1845 used an external mandrel [B-10]; it had the same shape as within
the die and simply extended below it. It clearly was intended to
maintain a shape, not to develop a new one or orientation. The tubular
film process based on inflation of an emerging film with air dated
to 1949 [F-21,5-7]. Mandrel procedures have been applied to
extrusion of tubular film extrusion since 1955 [G-3]. The primary
purpose of this external mandrel was to increase cooling rate on the
bubble in order to increase productivity (high flow rate) and
secondarily to maintain bubble stability. Blown polyethylene film is
used extensively in packaging and for construction and agriculture
applications. Clear nonshrink biaxially oriented polypropylene
films are similarly used for many packaging applications. Shrink
wrap plastic packaging, which is produced by the conventional blown
film methods, is a rapidly growing segment of overwrap packaging.
Polyethylene, poly(vinyl chloride), polypropylene, and poly(vinylidene
chloride) are the most common films used for shrink wrapping.

A small amount (10 ~ 20%) of film is produced by the slit die
extrusion method (film casting). Rapid chilling gives better film
g]pss and c1ar1ty. The physical propertiegbéévcast film are also
afF?erent f;;ﬁﬂﬁaown film: thickness variations are less, and cast
film has a low degree of orientation as compared with blown film.

For different applications varying degrees of orientation are

described. This may be accomplished by a secondary stretching of



the film under controlled conditions to create more molecular

orientation and then freeze this orientation by rapid cooling. This

frozen orientation can be released when the film is heated. The film

then pulls back toward its original unstretched dimensions. This is |
the common shrinkable film. The other type of oriented film is heat

set film which is manufactured by holding the stretched film at a

high temperature just below its melting point. Such films have

improved properties and are not normal shrink films. They will, how-

ever, shrink if reheated above their heat set temperature.

Highly uniaxial oriented film may be produced by either tubular
blowing or casting by using heated differential speed rolls prior to
wind up. Some blown biaxially oriented film is produced by the
double-bubble process [D-9]. In this process, the film is blown into
a small bubble, cooled quickly, and passed through pulling rolls.
After the rolls, the tube is reheated to a temperature just below its
melting point and further expanded by internal pressure with or with-
out existence of a mandrel, while at the same time film speed along
the machine direction is increased by another set of pulling rolls.
Another way to introduce biaxial orientation in film, especially for
casting film, is simultaneous or sequential stretching in the
transverse direction with apparatus known as a tenter frame [A-10,
M-4,W-23], which consists of two endless chains equipped with gripper
clamps mounted on a Y frame and enclosed in an oven. Heat setting is
usually accomplished at the exit end of the tenter frame.

Batch inflation of finite membrances of polymer melts, i.e.,

blow mo1ding,.datés to a patent of Carpenter in 1881 [C-2]. This



6
process sees various modifications chief among which is stretch blow
molding [W-28]. Today there are three major techniques. These are

extrusion blow molding, injection blow molding, and stretch blow
molding.

The basic process of extrusion blow molding consists of three
stages: (1) melting or plasticating a resin, (2) formation of a
hollow tube or parison; (3) inflating the parison to form the end
product. Two methods are employed for parison formation: continuous
extrusion for smaller size and intgrmi}tgnt’extrusion for large and
heavier products. Injection b1o;”mo%afﬁg d%ffers from extrusion blow
molding in that the parison is injection molded on a blowing rod
instead of being extruded as a tube in free ajir. Since the distribu-
tion of the material is determined in the injection mold, the process
is more uniform and more automatic with few variables to worry about.
Stretch blow molding (also called orientation blow molding) is
capable of producing containers with marked orjentation in both
machine and transverse directions. A1l blow molding processes induce
orientation in the transverse direction, but none in the machine
direction in the case of extrusion blow molding and only a moderate
amount in the case of injection molding. There are two different
types of processes. One is simultaneous stretch blow molding in
which a hollow tube is stretched radially by the blown air and
mechanically stretched along the vertical axis. The other one is
sequential blow molding in which the parison is preformed by injection

molding or tube extrusion and stretched to preform to the full lenqgth

of mold on the blowing rod and then expand radially by blown air.



Practically any thermoplastic material can be blow molded.

Polyethylenes, rigid poly(vinyl chloride), and poly(ethylene
terephthalate) are used in quantity in the blow molding of containers,
bottles, toys, household and industrial products. Poly(ethylene
terephthalate) is processed by the stretch blow molding method.
Thermoforming, another example of extensional batch process, is
the process of forming thermoplastic sheet into a product by an
application of heat and pressure. This process can be dated at least
back to a 1901 patent of Thurber [T-4]. This process includes new
development such as the Dow "scrapless" thermoforming process [A-9].
The process uses a combination of compression molding of an extruded
sheet and thermoforming to form a part that has no scrap. There
exists other processes such as an injection thermoformer, called a
"monoformer," of Hayssen Manufacturing [S-9]. This process uses a
combination of injection molding, compression molding, and thermo-
forming. In thermoforming a heat softened sheet assumes a shape by
being forced into a mold where it cools and solidifies. The forming
pressure may be developed by a vacuum (against atmospheric pressure),
compressed air, or by mating matched molds. The major plastics used
for this process are high impact polystyrene and ABS. The major
products are packaging and disposable containers. Other low-volume
products produced in this manner are refrigerator door liners, heavy-

duty pallets, exterior signs, sail boats, snowmobile shrouds, etc.



B. ELONGATIONAL FLOW

B-1. General

Although simple shear flow has been most widely studied, the
occurrence of elongational flow in polymer processing operations such
as melt spinning, film casting, tubular film extrusion, blown molding
and thermoforming makes it an important area of study. This includes
not only uniaxial elongational flow but a]éo biaxial and planar
elongational flow. For incompressible fluids the kinematics
(deformation rate tensor d) of elongational flow can be expressed

in terms of two independent deformation rates (E1, Ez).

E, O 0
_ 1 T, _

d=5 M+ (w'l=|4 E, O
0 0 Ey
E, O 0

= |0 E, 0
0 0 -(E] + EZ)
1 0 0
= E, |0 E,/E, 0 (2.1)



where "1" is in the machine direction, "2" is in the transverse
direction, and "3" is in the free surface direction. Various possi-
bilities exist. For uniaxial extension [P-11,T-10],

E,

ET = -0.5 or E2 = E3 = -0.5 E1 (2.2a)

while for planar extension [D-5,P-11]

~n

m
It

1 0 or E2 = 0, Ey, = -E] (2.2b)

T 1.0 or E2 = E] = -2E3 . (2.2¢)

The total stress is usually divided into two parts for

convenience:
P]] 0 0
g=PLeR=pLr |0 Py O (2.3)
0 0 P33

where p is an isotropic pressure and P is the extra stress tensor
associated with deformation. When a fluid is in the static condition
(R = 0), "p" is identified as the hydrostatic pressure. In a dynamic
situation for incompressible fluids "p" should be considered as a

scalar value to be determined by boundary conditions. For elongational
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flow there exists at least one free surface as a boundary condition
so that elongational viscosities are determined as the measurable
material function. In general, it is only possible to determine
extensional viscosities as true material parameters under steady
state conditions in which either constant strain rate or constant
stress is achieved.

Reviews of research on elongational flow have been written by

Cogswell [C-18,C-19], Dealy [D-1], White [W-14], and Petrie [P-11].

B-2. Uniaxial Elongational Flow

As early as 1906, Trouton [T-10] showed that the uniaxial
elongational viscosity of a Newtonian fluid was three times the shear
viscosity. This fact is equivalent to Young's modulus for an
incompressible solid being three times the shear modulus.

From the mid-1960's there were several investigators who
measured the uniaxial elongational viscosity of polymer melts with
different experimental methods. There were often difficulties in
measuring the elongational viscosity under controlled kinematics.
Various methods of elongational viscosity measurement have been
developed for highly viscous mélts. These involve constant elonga-
tional rate, constant stress, and various approximate procedures
using more gross techniques. Such experiments should be carried out
at constant elongational rate or stress, if they are to specify true
material properties.

A constant elongational rate apparatus was originally developed

by Ballman [B-3]. Later instruments were developed and used by
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Meissner [M-18,M-19,M-20,M-21,M-22,M-23,R-2], Vinogradov, Fikhman,
Raduchevich and Malkin [V-1,V-2,V-5,V-6], Stevenson [S-28], Macosko
and Lorntson [Mﬁ]], Everage and Ballman [E-2], Ide and White [I-1,I-3,
I-4], Laun and Munstedt [L-3,L-4,M-46 ,M-47,M-48,M-49], Minoshima,
White, and Spruiell [M-40,M-42], Koyama and Ishizuka [I-7,K-13,K-14,
K-153, Au-Yeung, Macosko and Raju [A-12], and the author with Yamane,
Suetsugu and White. This was first described in a paper by Yamane
and White [Y-2].

Constant stress experiments were also carried out by Cogswell
[C-15,C-17,C-18,C-20], Vinogradov, Fikhman, and Radushkevich [V-4],
Munstedt and Laun [L-3,M-45,M-46,M-47 ,M-48,M-49], and Agrawell, Lee,
Lorntson, Richardson, Wissbrun and Metzner [A-5]. These techniques
are applicable only for high viscosity materials.

Everage and Ballman [E-4] who were concerned with lower
viscosity melts such as polycondensates developed a converging flow
rheometer with a Tubricated layer which is steady in both Lagrangian
(constant deformation rate) and Eulerian senses.

The view one develops on the basis of these experiments is that
with pure melts, there are two classes of responses. Polymers such
as low density polyethylene (LDPE) [C-16,C-17,I-4,L-3,L-4,M-20,M-22,
M-23,M-48,M-49], polystyrene (PS) [E-2,I-4,M-45,M-46,M-47,T-3,V-4,
V-5], and narrow molecular weight distribution polypropylene (PP)
[M-42] may be stretched uniformly. At Tow stretch rates, the
elongational viscosity, x, remained constant (around three times the

zero shear viscosity (3n0). This has been also observed for
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monodisperse hydrogenated polybutadienes [A-12]. At high elongation

rates x increases and some evidence exists that it may go through a
maximum and then decrease [L-4,M-46,M-47,M-48,M-49]. Broad molecular
weight distribution linear polymers such as most high density poly-
ethyrenes (HDPE), polypropylenes (PP), and polybutene-1s (PB-1)
stretch out in a non-uniform manner and fail by necking [I-4,M-42,
Y-2]. This would seem to indicate a decreasing elongational viscosity
function with elongation rate. However, there exists some question
as to whether steady state elongational viscosities have been
achieved.

Uniaxial elongational flow of filled systems was studied by Lobe
and White [L-6], Chan, White, and Oyanagi [C-5], Tanaka and White
[T-3], and Suetsugu and White [S-30]. Generally the addition of
particulate solids causes the elongational viscosity to become a

decreasing function of strain rate.

B-3. Other Elongational Flows

Investigations of multiaxial elongational flow behavior have
been fewer. Denson and his co-workers [D-5,D-6,D-7,J-1,d-2] using
sheet inflation experiments have investigated both equal biaxial
extension and planar extension (transverse dimension fixed in length).
This method, also called the bubble inflation technique, was
originally initiated by Treloar [T-8] in 1944, and used by Treloar
and Rivlin and Saunders [R-7] to test the theory of nonlinear large
strain elasticity. Similar experiments have been reported by Maerker

and Schowalter [M-3], Baily [B-2] and Rhi-Sausi and Dealy [R-6].
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While various other techniques have been suggested, 1ittle actual
experimental apparatus has been developed. Orthogonal stagnation
flow within a lubricated die, which is similar to Everage and
Ballman's technique [E-4] for uniaxial elongational viscosity measure-
ment, has been proposed by Winter, Macosko and Bennett [W-26] for
planar and equal biaxial elongational flow. This technique was
actually used by van Aken and Janeschitz-Kriegl [A-6,A-7] for equal
biaxial elongational viscosity measurement. A lubricated squeezing
flow was also used by Chatraei, Macosko and Winter [C-9] as a method
of measuring equal biaxial elongational viscosity. Stephenson and
Meissner [M-23,5-27] have described a planar equal biaxial stretching
apparatus.

There appears to be little in the way of experimental results
for those elongational flows. Clearly, for equal biaxial elongational
flow, the viscosity function for the polymer melts studied is six
times the zero shear viscosity. At low strain rates and the
planar extensional viscosity four times the zero shear viscosity.
This is expected from the theory of Newtonian fluids. Nonlinear
viscoelastic theories indicate that Newtonian fluid response should

be expected in long duration slow flows.
C. ELONGATIONAL FLOW IN POLYMER PROCESSING

In all polymer processing operations involving extrusion, such
as melt spinning, film casting, tubular blown film extrusion, blow

molding, thermoforming and simple extrusion itself, a smooth
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extrudate surface and controlled final dimensions are prime
necessities. These considerations involve the matter of extrusion
and melt stretching behavior and associated instabilities which in
turn involve viscoelastic properties and the associated molecular
parameters of the materials. Polymer processing operations are
carried out under nonisothermal conditions so that we must solve
simultaneously not only the equation of motion with the appropriate
constitutive equation and continuity but also the energy equation

[P-12,T-1].

C-1. Melt Spinning

Melt spinning produces a small diameter fiber by means of the
extrusion of a polymer melt through a capillary die. The molten
polymer rod exiting from die is drawn down by a take-up device. The

molten polymer is solidified by surrounding air or quench bath.

C-1-a. Kinematics. The velocity field of the flow in the

region between the die and the freezing point has been given
1= V] (x], x2), Vo =V, (x1, x2), V3 = Vg (x], x3) ,(2.4a)

where "1" denotes the axial direction and "3" the radial direction. The
velocity field intuitively has been assumed flat across the thread by
most researchers with the exception of those of Matovich and Pearson
[M-11] and Kase [K-4]. They considered this problem by expanding

the velocity and other variables into series and substituting them

into the continuity and momentum equation. Kase [K-4] obtained
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numerical results using a Newtonian fluid model with temperature
dependent viscosity and showed that under all conceivable melt
spinning conditions the distribution of velocity across the thread
is so small that the flow field can safely be regarded flat and

purely uniaxial elongation. Eq. (2.4a) can be rewritten
Vi =V (x1), v, (x2) = v3(x3) . (2.4b)

The deformation rate tensor is

=N
1]
Q
x
—

(@] [e»]
o .

1

o

o

C-1-b. Force balance. Several forces act on the descending

fiber take-up force, FL’ gravitation, Fgrav’ frictional drag, Fdrag’
inertial force, Finert’ and rheological force, Frheo' If we make a
balance between position "x]," and “L," we obtain

Frheo = FL* Fgrav - Fdrag - 0Q (v - Vx]) (2.6)

where p is the density of polymer and Q volumetric flow rate.
There have been numerous attempts to estimate the relative

magnitudes of the acting forces FL’ F , and F The greatest

grav drag’

difficulties have been associated with the air drag force, which
becomes quite important at high take-up speed. Extensive studies of

the air drag force were made by Hamana, Matsui, and Kato [H-2],
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Anderson [A-11], Fukuda [F-20], Sano and Orii [S-5], Matsui [M-12],

Bankar, Spruiell, and White [B-4], and Chen, White, Spruiell, and
Goswami [C-12]. In the force balance equation, inertia and surface
tension forces are generally small. Gravitational and frictional
drag tend to counterbalance each other; the former is important at
Tow take-up velocities and the latter at high take-up velocities.

Ziabicki and Kedzierska [Z-7], Han and Lamonte [H-7] and Bankar,

Spruiell, and White [B-4], showed the spinline forces Fgrav’ Fdrag’
Finerts and F o as a function of spinline position.
The acting stress is
4F F
11 (X1) = ;heo = rgeo v (X]) . (2.73)
m d (X])
Therefore the uniaxial elongational viscosity, Xgps can be
represented by
F v (x7)/Q
rheo "1 *71
Xep (X7) = (2.7b)
S dv,/dx,

The velocity distribution along the fiber axis should be the same as

the stress distribution.

C-1-c. Experimental studies of steady state spinline behavior.

Various experimental studies [K-8,M-32,Z-7] of descending streams of
viscous Newtonian fluids have been carried out. These generally
involve the action of gravity and externally applied forces. The

results of such experiments are in agreement with Xsp = 3n0-
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Isothermal experimental studies by Acierno et al. [A-2], Han and
Lamonte [H-7], Bankar, Spruiell, and White [B-4], Minoshima, White,
and Spruiell [M-40,M-41], Ishizuka and Koyama [I-8], and Yamane and
White [Y-1] show elongational viscosities vary with elongation rates.
These data show no consistent trend. These authors find that for

LDPE and Nylon 6, Xg increases with dv]/dx] or is constant, for HDPE,

P
PP, and PB-1 decrease with dv]/dx] and for PS and narrow molecular
weight distribution PP of Minoshima, White, and Spruiell [M-40,M-41]
are either constant or slightly decreasing. Most data also show that

X. 1S larger than Trouton viscosity.

sp

Nonisothermal melt spinning studies usually correlate the
interaction of temperature and threadline diameter profiles. The key
is the Xsp (T) function which is empirically determined. These

equations have the form

xsp(T) = A exp(B/T) . (2.8)

The classical study of heat transfer during melt spinning of
fibers is that of Kase and Matsuo [K-6] who determined a relationship
between Nusselt number and Reynolds number for air blowing longitudi-
nally along a hot wire. They [K-8] have reported an experimental
study of the melt spinning of PP and polyester fibers to check their
theory. Variations in extrusion rate, take-up velocity, ambient
temperature, air velocity, etc. were studied. The agreement between

theory and experiment is reasonably good.
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C-1-d. Experimental studies of unstable spinline behavior.

Various conditions can arise which lead to vibrating spinlines and
fluctuating fiber diameters. The later phenomena have received the
most study. One may divide this response into "forced oscillations"
and "natural oscillations."” The former are due to periodic
fluctuations in flow rate, melt temperature, heat transfer coefficient,
etc. The latter are natural instabilities, notably draw resonances
which occurs at a critical drawdown ratio dependent on the rheological
properties of the melt during melt spinning.

Forced oscillations due to changes of cooling or changes of
take-up speed were first studied by Kase and Matsuo [K-8] both
theoretically and experimentally, and later studied by Minoshima,
White, and Spruiell [M-40,M-41].

The instability, draw resonance, involves cyclic fluctuations
in fiber diameter and tension. It was described by Freeman and
Coplan [F-14], Kase and Matsuo [K-9], Han, Lamonte, Shah, Kim, and
Apte [H-4,H-6,H-13], Weinberger, Cruz-Saenz and Donnelly [W-8], White
and Ide [W-17], Matsumoto and Bogue [M-16], Minoshima, White, and
Spruiell [M-41], Chang and Denn [C-7], Nam and Bogue [N-2], and
Yamane and White [Y-1]. Draw resonance was observed at or above
certain drawdown ratios. The experimental observations sometimes
appear conflicting. Kase and Matsuo [K-9], White and Ide [W-17], and
Minoshima, White, and Spruiell [M-41] observed that nonisothermal
melt spinning is more stable than isothermal spinning; however, Han,
Lamonte, and Shah [H-13], Matsumoto and Bogue [M-16] (their PS sample),

and Han and Apte [H-4] observed the opposite. Matsumoto and Bogue
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[M-7] also suggest that the passage through a rheological transition
temperature (Tg or Tm) may induce major disturbances and diameter
variations.

White and Ide [W-17] and later Minoshima, White, and Spruiell
[M-41] argue that draw resonance in a spinline is the analog of
ductile failure of an extending filament. This shows good agreement
of experimental results that draw resonance readily occur in HDPE,

PP, and poly(ethylene terephthalate) (PET), strain rate softening
melts, and not LDPE, a strain rate hardening melt. Even in the same
polymer family draw resonance readily occurs under both isothermal

and nonisothermal conditions only in melts which exhibit strain rate
softening Xsp [M-41]. The above rheological character has been
related to molecular weight distribution indicating narrowing the
molecular weight distribution tends to show strain rate hardening

Xsp and spinline stabilization [M-41]. Minoshima, White, and Spruiell
[M-41] and Ghijsels and Ente [G-5] showed that narrowing the molecular

weight distribution of PP makes the spinline stable.

C-2. Film Casting

Film casting is a process whereby a thin sheet of hot molten
polymer is extrudated through a s1it die and falls into a quench bath
or onto a chilled roll. Film is normally drawn down to reduce its
thickness to the desired value. Chill roll cast film gives more

uniform film thickness.

C-2-a. Kinematics. Pearson [P-1] has pointed out that the

process may be interpreted to operate two-dimensionally. Later this
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assumption was used by Middleman [M-35]. There is no lateral force
so that the flow is in some sense equivalent to the axisymmetric
situation in melt spinning.

The velocity field of the fiow in the region between the die and
freezing Tine has been given assuming purely uniaxial elongation

(flat velocity profile cross the film)
Vi =V (x]), Vy =V (x], XZ)’ V3 = Vg (x], x3) , (2.9)

where "1" indicates machine direction, "2" transverse direction, and
"3" perpendicular to the 1-2 plane. The deformation rate tensor is

represented as

M1 1™
9%, 2 90X, 2 3%
av oV
N I 4 177
=% "m0 |- (2.10)
1 1
123 A |
2 3% 2 3%y

C-2-b. Force balance. The force balance equation is essentially

the same as the melt spinning one. If we make a balance between

position "x]“ and "L," we obtain

F,. =F +F

rheo ~ 'L = ‘grav ~ Fdrag - 0Q (v = v ). (2.11)

X

The acting stress is
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F F
_ rheo _ 'rheo

where "h" is the thickness of the film and "W" the width of the film.

C-2-c. Experimental studies of stable and unstable film casting.

Several experiments have been reported in film casting by Bergonzoni
and DiCresce [B-5] and Kase [K-5]. Kase showed that surging in film
casting is essentially the same phenomena as draw resonance in melt

spinning. Bergonzoni and DiCresce [B-5] also studied draw resonance
of various PP melts and found the higher the molecular weight the

more severe the draw resonance.

C-3. Tubular Blown Film Extrusion

The blown film extrusion process produces a thin film by means
of the extrusion of a polymer melt through an annular die. The molten
polymer tube exiting from the die is drawn upward by a take-up device.
At the bottom of the die, air is blown and inflates the tube to form
a bubble. An air ring is also used to cool rapidly the hot bubble
and solidify it at some distance above the die. Then, the inflated
solidified bubble is flattened as it passes through the nip rolls.
The nip rolls, driven by constant torque or constant speed, provide
the axial tension needed to pull the film upward, and they form an
air-tight seal so that a constant pressure, slightly above atmospheric
pressure, is maintained in the inflated bubble. The pressure inside
the bubble is controlled by adjusting the air supply to the bottom of
the die.
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C-3-a. Kinematics. The kinematics of the flow in the region
between the die and the freeze line have been discussed from a simple
physical viewpoint by Pearson and Petrie [P-4] using the theory of
thin shells as an assumption. The assumptions made are that the film
thickness, h, is small compared with other dimensions of the bubble
and its radii of curvature (i.e., h << R), permitting one to approxi-
mate the curved film by a plane film, and for the velocity gradients
to be approximated locally by those of a plane film being extended
biaxially.

The cylindrical coordinates (r,¢,z) are related with the local
Cartesian coordinates (v],vz,v3) at a point p in the film where 2
is in the direction of flow (meridional direction), Vo is in the
transverse (hoop) direction, and vy is normal to the film. In the
definition the origin p is taken on the inner surface; the v3-axis
meets the outer surface at V3 of h. Let (v1,v2,v3) be velocity
components in the coordinates (v],vz,v3). The deformation rate

tensor may be written as

1 dR, 1 dh
ReEtre 0 0
_Qcos e 1 dR
9i3(M>v2v3) = T 0 Raz 0 |- (213
1 dh
0 o &

where R is the radius of the bubble and 6 is the angle between

paraliel to film in the meridional direction and "z" direction.
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Basic experimental studies of kinematics are reported by Ast
[A-13,A-14], Farber and Dealy [F-1], Han and Park [H-8], Iwakura,
Yoshinari and Fujimura [I-10], Swerdlow, Cogswell and Krul [S-31],
and Kanai and White [K-2]. Farber and Dealy [F-1] and Kanai and
White discuss motion picture techniques for following deformation
history. Han and Park use photographs and carry out experiments
ranging from uniaxial to biaxial extension through variation of the
air pressure within the bubble. Iwakura et al. use photographs and
carry out planar extension with no deformation along the machine

direction under isothermal conditions.

C-3-b. Force balance. The dynamics of the tubular film process

are somewhat more complex due to the expansion of the bubble. A
force balance equation was first developed by Alfrey [A-8] and
Pearson [P-1] applying thin shell theory. Later the dynamics of this
process were developed by Pearson and Petrie [P-4,P-5], Petrie
[P-7,P-8] and Han and Park [H-8].

The force balance equations are essentially those used for
membrane theory. These are a balance of force over the whole cross
Asection in the machine direction ("z" direction) and the other local
balance between the forces in the film and the pressure difference
across it. If we make a balance between position "z" and "L" where

L is above the freeze line, we obtain

2 . RZ)Ap - F - F

f grav ~  drag Finert (2.14)
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F

=2nRho

cos 6 . (2.75a)

rheo 11

Here R is the radius of the bubble at an arbitrary position, Rf the
maximum radius, h the thickness of film, Ap the pressure difference,
6 the angle between the tangent to the film and the vertical, 911 the
stress in the film in the machine direction, p the density of polymer,

and Q volumetric flow rate. For constant volumetric flow rate,

Eqn. (2.15a) is reduced to

F v ’
511(2) = _EDEQ_JXZQ__ (2.15b)

Q cos 8

The radial force balance has the form, which neglects gravity,

inertia, drag force, and surface tension,

g a
=_Rll+%_ (2.16)
M H

AP
h

Here T9p is the circumferential (hoop) stress in the film, and RM

and RH are the principal radii of curvature in the meridional direction

and hoop direction, respectively.

Ry = rsecs , (2.17a)
3
R = . S€c” 8 (2.17b)
M er) ’
(&L
d 2

The effects of gravity and inertia on Newtonian fluids were
examined by Petrie [P-8]. He found that the effect of gravity is

small for small scale experiments but can be expected to be large for
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larger scale units. The effect of inertia appears to be negligible

for all practical purposes.

C-3-c. Experimental studies of stable blown film extrusion.

Some measurements of bubble shapes, velocity or strain rate as

functions of machine variable (take-up speed, volumetric flow rate and
air pressure) were studied by Ast [A-13,A-15], Farber and Dealy [F-1],
Han and Park [H-8], Wagner [W-1,W-2,W-3], Swerdlow, Cogswell and Krul
[S-31], and Kanai and White [K-2].

It was observed that the bubble shape was extremely sensitive to
the valiation in air pressure within the bubble and also take-up
speed [H-8].

Experimental studies of heat transfer in blown film extrusion
have been reported by Zeppenfeld [Z-4], Menges and Predohl [M-29,M-30,
M-31], Ast [A-13,A-14,A-15], Wagner [W-1,W-2,W-3], and Kanai and
White [K-2].

C-3-d. Experimental studies of the unstable blown film

extrusion. An instability occurs in the blown film extrusion which

is different from melt fracture or draw resonance in melt spinning
processes. This is the bubble instability. This phenemenon is
discussed in detail by Han and Park [H-10] and Han and Shetty [H-11].
Periodic variations in bubble diameter are found to arise. This wavy
surface is imparted to the bubble, when the size of disturbance was
greater than a critical value. Han et al. suggest blown film process

is very sensitive to a disturbance in processing variables, such as
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a mass flow rate, air pressure, temperature, and take-up speed. They
find their LDPE to be more unstable than HDPE. It is not clear

whether this is due to differences in operating conditions.
D. RHEOLOGICAL BEHAVIOR OF POLYMER MELTS

In general, rheology, especially polymer melt rheology, combines
two quite different approaches; a phenomenological approach which
aims to find a common relation between stress and strain history for
many polymers and a molecular based approach which looks for under-
standing of flow behavior in terms of molecular structure and

mechanisms [B-17,B-18,G-8].

D-1. Basic Viscoelastic Theory

The analysis of flow problems requires the solution of the
equations of conservation of mass, the equation of motion, the equation
of conservatfon of energy, and a constitutive equation, which relates
the stress tensor to the deformation history [P-12,T-1].

One of the fundamental problems of rheology is to establish the
relationship between the stress and the deformation rate [B-11,B-13,
H-3,L-9]. Polymeric liquids show elastic or memory effects in the
sense that the present stress state depends on the previous history
of deformation [B-11,B-13,H-3,L-9,T-11]. They are thus viscoelastic
fluids. Viscoelasticity theory, which originated in one dimensional
mechanical models for small strains, has been generalized to three
dimensional large strain models [B-11,B-13,H-3]. The total stress is

usually divided into two parts for convenience:
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g=-pL +PR (2.18)

where p is an isotropic pressure and P is the extra stress tensor
associated with deformation. When a fluid is in the static condition,
i.e., P being zero, p is identified as the hydrostatic pressure. 1In a
dynamic situation for incompressible fluids p should be considered as
a scalar value to be determined by boundary conditions.

The historical development of viscoelastic constitutive models

begins with Maxwell's equation [M-17]:

dP _
P+Td—t—GT

X, G=n, (2.19)
where P is the stress, y is the strain, G is the elastic modulus, and
1t denotes the relaxation time. This is the simplest viscoelastic
fluid model in one dimensional linear form.

The first generalization of Eqn. (2.19) independent of coordinate
system and valid for large deformations was given by Zaremba [Z-1].
Zaremba argued that the constitutive equation of a material should be
framed in a coordinate system embedded in the material; that is, from
the point of view of an observer attached to material points. How-
ever, human observers are in a stationary coordinate system fixed in
a space, and so it is necessary to transform tensors from a convected
to a stationary coordinate system. As the constitutive equation
relates stress to deformation, it should be independent of trans-
lation and rigid rotation of material. Thus Zaremba [Z-1] considered
an embedded coordinate system which translates and rotates with a

material point.
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Zaremba's theory predicts non-Newtonian viscosity and normal
stresses in simple shear flow. O0ldroyd [0-6] considered a coordinate
system which translates, rotates, and deforms with the fluid which he
termed a convected coordinate system. In succeeding years other
generalizations were described by Noll [N-4], White and Metzner [W-19],
Williams and Bird [W-24], and Spriggs and Bird [S-25,5-26]. When one
tries to apply some of these constitutive equations for various flow
problems, one encounters difficulty because of the number of material
constants. The expression developed by White and Metzner [W-19] is
the simplest but still describes many important features of nonlinear

viscoelasticity [I-3,I-3]. This is written as

8P
5+T6—“€=2ng , n=G6t, (2.20a)
where
d =1 [vy + (v)7] (2.20b)
N 2 N ~ ? *
GR SR
sttt (v - v)g -V P-P-vy. (2.20c)

White and Metzner [W-19] proposed that the relaxation time t is a

function of the second invariant d, i.e.,

<(11,) = <(tr ¢%) . (2.21)

Integral theories are based on Boltzmann's superposition
principle [B-14] which represents the stress response to a series of

infinitesimal strains.
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t d
() = [ alt-t)ar = | altes) Hoas (2.22)
1 -0

where G(t) is a relaxation modulus at time t, y is strain, and s is
time.

The one dimensional Boltzmann constitutive equation is limited
to infinitesimal deformations. It is necessary to extend the
Boltzmann theory to be valid at large deformation and to describe non-
linear viscoelastic behaviors. The first generalization to finite
strain was considered by Oldroyd [0-6] and more specifically by
Lodge [L-7] at about the same time Yamamoto [Y-3,Y-4,Y-5] and Lodge
[L-8] developed nonlinear generalization of Boltzmann's equation
based on network theories of flexible polymer chains. A general con-
stitutive theory accounting for nonlinear effects was developed by
Green and Rivlin [G-1] presuming that the stress is general
hereditary functional of the deformation history. An equivalent but
more elegant formulation of the Green and Rivlin concept has been
given by Noll [N-4] and later Coleman and Noll [C-23]. This is

expressed as a function of strain history

P =F [e (t-s)I32F . (2.23)

n S§==0

Here g(t) is a strain measure which we may take as a Finger
deformation. The constitutive equations of a single integral type
can be written as the following equation which is generally equivalent

to Eqn. (2.23).
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t
p(t) = J_w [y (t-5) ¢ (t-s) + m, (t-s) ¢ (t-s)] ds , (2.24a)
t ey -1 ¢
e 06 g e+ g ()T e, (2.200)
where g'] is the Finger deformation tensor and g is the Cauchy

deformation tensor. This form was first used by Bernstein, Kearsley
and Zapas [B-8]. The memory functions my (t-s), M, (t-s), or m (t-s)

are dependent upon the invariants of g']

» §» g, or R. Many constitu-
tive equations of this type have been proposed.
The memory function m of many of these constitutive equations

can be written

t dt"
oot [ 5 @)

Here Gi are relaxation moduli, T4 are relaxation times, and fi and 95
are functions of tensor invariants at time t' and t" (t' < t" < t).

In memory function for linear viscoelastic response may be expressed

m (t-s) 2?1 (-5, (2.26a)
1

1

= [m H(x) exp(--E)d n T . (2.26b)
O T T

} Eqn. (2.26) represents the case for fi = 9; 1. This form m, = 0 is
|
| called Lodge's fluid. The nature of the constitutive equation will

be dependent upon which invariant functions fi and g; are used.
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Another important form of the memory function m (t-s) has been
suggested by Bogue [B-12] and later modified by Bogue and White
[B-13]. This form has been found to successfully correlate data on
bulk polymers by Middleman [M-34], Chen and Bogue [C-10], Chen,
Hagler, Abbott, Bogue and White [C-11], Takaki and Bogue [T-2],
Furuta, Lobe and White [F-22] and Ide and White [I-1,I-4]. This form

is:

my (t-s) = Y ;i- exp(- - t ., (2.27a)
i 71 eff i eff
T.
;
T. = s (2.27b)
1 eff 1+a 1, <IId1/2>
z
ar/e =1 Jo [2tr 4212 4z , (2.27¢)

where z = t-s is time running back from the present.

The previous formulations are for isothermal behavior.
Traditionally, the effect of temperature has been considered in
rheology through using temperature dependent viscosity functions.

A more general perspective is suggested by the time-temperature
superposition behavior observed in small strain viscoelastic behavior
[F-2,W-25]. This approach was formalized by Morland and Lee [M-44]

in terms of the linear viscoelastic theory. In the continuum
mechanics, a series of papers by Crochet and Naghdi [C-25,C-26] present
non-isothermal theory based on the Coleman's thermodynamics of simple

material [C-21]. A specific nonlinear formulation of integral type
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was developed by Matsui and Bogue [M-14] and Matsumoto and Bogue

[M-15]. It was used to represent the rheological behavior of molten
polystyrene in experiments with programmed temperature fields. They

proposed a constitutive equation of form

- pp + 7 Lt) t 5 A ¢, t')dt!
PTTRRTLTT LT P  mE) e (2,28)

which may be seen to derive from Eqn. (2.24) in the special case of
m2(z) being zero. Marrucci [M-5] has approached this problem using
an elastic dumbbell (bead-spring) model, and derived a modified

form of Egn. (2.20) in which Eqn. (2.20a) is replaced with

&P
DanT v
R(]-TD—t)*“rﬁ—ZGTd, (2.29)

where t is considered to depend on temperature. Egn. (2.29) was
applied to non-isothermal melt spinning analyses by Fisher and Denn

[F-6]. A slightly modified form of Eqn. (2.29) has been developed

by Gupta and Metzner [G-12].

D-2. Theoretical Studies of Elongational Flow

D-2-a. Uniaxial elongational flow. Qualitatively, shear flow

of all polymer melts follow a similar pattern whereas uniaxial
elongational flow shows significant difference from polymer to
polymer [C-18,I-2,I-3,1-4,M-42].

The nonlinear character of the elongational viscosity was first

described by Yamamoto [Y-5] in 1957. He showed that, depending upon
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the constitutive equation, the elongational viscosity first increases
with elongational rate and then either goes to infinity in the

region of tE ¥ 0.5 or decreases after exhibiting a maximum. The
infinite elongational viscosity at finite elongational rate was later
described by Lodge in his monograph [L-9] using a constitutive
equation with constant relaxation times. It was, however, pointed

out by Denn and Marrucci [D-2] that the infinite stress indicates a
never achievable steady state and one should rather consider the
transient stress build-up.

Various researchers have compared transient uniaxial elongational
stress development of range of constitutive equations using material
parameters obtained from shear experiments or stress relaxation
experiments with experimental results. Petrie [P-9,P-11] discussed
in detail uniaxial elongational flow at constant strain, strain rate,
velocity, stress, and force for several Maxwell models.

Studies of stability of uniaxial elongational flow considering
nonlinear viscoelastic behavior of polymer melts were initiated by
Chang and Lodge [C-6], Ide and White [I-1,I-2,I-3,W-16] and Acierno
and LaMantia [A-3] using stability analysis techniques. Roughly they
predict that the influence of elasticity is to stabilize the
filaments. Ide and White [I-2,I-3,I-4] also note that in strain rate
softening materials, the neck continues to grow and ductile failure
results. This theory investigated through the deformation dependence
of 1, using a convected Maxwell model (Eqn. 2.19) with t given by

an expression similar to Eqn. (2.27b) where t depends on IId through
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a parameter "a." They reported that filament stability and elongation-
to-break depend on rOE and "a." At fixed rOE, filament stability
decreases with increasing "a." At small "a," stability incfeases

with increasing rOE while for "a" > 1//3 stability decreases with
increasing TOE. For smaller "a," ductile failure can occur for small
TOE’ but cohesive fracture should be the case of failure at large

TOE.

D-2-b. Multiaxial elongational flow. Several nonlinear

viscoelastic constitutive equations have been tested for biaxial
(equal) elongational flow experiment by Joye et al. [J-1,J-2]. Joye
et al. [J-2] compared steady state biaxial elongational viscosity
with a Rivlin-Ericksen third order fluid [B-13,T-11,W-11], Oldroyd
three constants model [B-12,B-13] using dynamic data. Another type
of constitutive equation in which fi and 9s in Eqn. (2.25) are
functions of some invariant of stress were compared with deformation
and stress growth data of Denson et al. [D-6,J-1,J-2] by Acierno et
al. [A-3].

Transient stress build-up during the early periods of biaxial
deformation was considered by Whife [W-13] using nonlinear integral
constitutive equations represented by Eqns. (2.24) and (2.27). He
showed that for Tow deformation rates it was possible to apply the
creeping flow Navier-Stokes equations, and for high deformation
rates the response approached that of an elastic solid subjected to

finite deformations.
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Stevenson et al. [S-29] suggested a general method for classifying
steady, isochoric elongational flow.

Studies of stability of biaxial elongational flow of polymer melts
were initiated by White [W-13] using stability analysis techniques.
Roughly he predicted that the perimeter around a nonhomogeneity
exhibits considerable reinforcing behavior and prevents the growth of
geometric (thickness and nonuniformity) and low viscosity (hot spot)
defects, and high viscosity (gel) defects will not neck down as

rapidly as a lower viscosity perimeter.

D-3. The Effects of Molecular Structure on Elongational Flow

Studies of the effect of molecular parameter on the rheological
response of polymer melts in elongational flow have been strongly
related to instabilities and failure studies. Because of strong
industrial interest in this kind of flow (e.g., melt spinning and
film extrusion), commercial broad molecular weight distribution
samples have often been employed. Thus detailed data on the effect
of molecular parameters were generally unavailable. In recent years
systematic studies of stress-strain and failure in elongation for
narrow molecular weight distribution materials and their blends, as
well as commercial broad molecular weight distribution materials,
have been investigated. However, as will be seen, the data are still
sparse compared with shear flow experimental results.

Using typical data of narrow molecular weight distribution PS,

White and Ide [I-1,1-2,W-16] by presuming a melt behaved like a New-

tonian fluid below the entanglement molecular weight and a convected
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Maxwell model above it predicted the elongation-to-break, L(tb)/L(O),
as a function of molecular weight at a constant elongation rate. At
Tow molecular weight a capillary failure occurs, at an intermediate
molecular weight (Mw > MC) a ductile failure occurs (viscoelastic
fluid), at high molecular weight a cohesive failure occurs at a
critical stress. In between the two regions the critical strain
reaches a maximum.

When one looks at the failure mechanism and uniaxial elongational
viscosity of various polymers, there exist two polymer groups. One
consists of HDPE and PP (normal or broad molecular weight distribution)
which fail by a ductile mechanism and show strain rate softening. The
other group consists of LDPE, PS and PP (narrow molecular weight
distribution) which fail by a cohesive fracture and show strain rate
hardening. These results are explained by Ide and White's interpre-
tation [I-3,I-4] and by deformation rate dependent relative relaxation

time, d log 7/d log v.

D-4. Rheological Properties of quxethy]ené Melts

There have been a number of experimental rheological studies of
PE melts, but these generally do not provide a detailed discussion of
the polymer used. Concerning polyethylene, one must remember that
commercial polymers possess a broad range of molecular weights, of
molecular weight distributions, and of chain branching, all of which
depend on the means of manufacture. For example, the Ziegler-type
of catalyst can produce a linear HDPE with a range of molecular

weights and molecular weight distributions. On the other hand, the
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Phillips-type of catalyst produce a HDPE with long chain branching and
only Timited molecular weight distributions; this type of catalyst can-
not produce a narrow molecular weight distribution HDPE (the Ziegler-
type can produce a narrow molecular weight distribution HDPE). Conven-
tional broad molecular weight distribution high pressure PE (LDPE) has
a more complex molecular structure than conventional narrow molecular
weight distribution high pressure PE, because of the existence of a
higher degree of long chain branching (and also short chain branching).
It is also known that linear low density polyethylene (LLDPE) has a
relatively narrow molecular weight distribution and almost no long
chain branching [F-9,F-11]. In addition to these complexities in the
molecular structure of polyethylenes, there exists peculiar phenomena
in conventional high pressure LDPE known as shear modification. The
rheological properties of LDPE are strongly dependent upon the pre-
vious shearing histories even without a change in the molecular
structure [F-15,F-20,H-17,R-9,R-10,R-13]. The changed rheological
properties can be reversed to the original states by two means; one
is to keep -the shear modified LDPE under high temperature for
several hours (heat treatment), and the other is to dissolve shear
modified LDPE (solvent treatment). This phenomenon is also observed
in acetal polymers [P-14] and ethylene-vinylacetate copolymers
[R-12]. Both polymers also contain long chain branching.

In general, studies of molecular weight distribution effects in
recent years have tended to utilize anonically polymerized systems
(6-8,6-10,M-6,M-8,M-36,M-38,N-3,0-1,0-7,P-13,R-1]. Studies also

exist for fractionated polymer melts [G-8,M-37]. The early literature
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has been reviewed by Graessley [G-8]. Certain trends in the behavior
are clear in this literature. The zero shear viscosity increases
with the 3.5 power of the weight average molecular weight. Broadening
the molecular weight distribution increases the non-Newtonian
character (shear rate dependence) of the viscosity function. The
principal normal stress difference-shear stress relationship is
independent of the temperature and molecular weight but is very
strongly dependent upon the molecular weight distribution. The same
trends are also found for a series of specially prepared polypropylenes
of varying molecular weight and distribution [M-40,M-42]. Information
on the effect of molecular weight distribution on uniaxial elongational
flow exists only for a series of polypropylenes of various molecular
weights and distributions [M-40,M-42].

Studies of the long chain branching effect have also been done
using anionically polymerized and well-characterized star-Tike poly-
mers [G-9,I-9,K-1,K-18,M-7,M-10,N-5,0-2,R-3,R-8,U-1,U-2,W-27,Y-7];
comb-1ike polymers [F-17,F-18,N-5]; and randomly branched polymers
[M-9]. These are all monodisperse polymers. The zero shear viscosity
is decreased by long chain branching in the low molecular weight
region but increases more rapidly with molecular weight, above
certain molecular weights [G-9,K-18,M-7,M-10,0-2,R-3,R-8]. The
viscosity crosses that for Tinear polymers. The steady-state com-
pliance for the long chain branched polymer is about one order
(decade) higher than that for the linear polymer [F-17,F-18,1-9,M-7,
0-2,R-8]. Some researchers have reported that the steady-state com-

pliance is approximately proportional to the molecular weight, even
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for relatively high molecular weights [G-9,M-10,U-1,U-2]. There is
apparently no literature on the effect of long chain branching on
uniaxial elongational viscosity.

There exist many studies of the rheological properties of HDPE,
conventional LDPE, and their fractionated samples. For HDPE shear
viscosity related studies such as the examination of the molecular
weight dependent zero shear viscosity (no) {Kk-17,m-27,R-4,5-3,5-8,
T-7], Cox-Meltz relationship [C-24,K-17,M-2,M-27], and Graessley's
theory for non-Newtonian shear viscosity [6-7,1-5,5-2,5-21] are
available. Some researchers have investigated the first normal
stress difference [H-4,H-12,H-15,1-5,K-11,K-17,M-28,5-4,5-23,W-5],
extrudate swell [B-1,F-19,K-10,M-26,5-15], and the onset of extrudate
distortion [S-15] for molecularly well-characterized samples. For

molecularly characterized conventional LDPE, the shear viscosity

studies such as the primary normal stress difference [H-5,H-12,M-22,W-5]

zero shear viscosity [K-16,M-27,M-39,P-6] and Graessley's theory for
non-Newtonian shear viscosity [K-17,5-21], and elasticity related
studies such as primary normal stress difference [H-5,H-12,M-22,W-5]
and extrudate swell [M-25,R-11,W-22] appear in the literature.
Relatively little has appeared on the effect of molecular weight and
its distribution on the uniaxial elongational flow behavior in PE.
Studies on conventional LDPE's and HDPE's have been carried out by
Munstedt and Laun [M-49], and on HDPE's by Koyama and Ishizuka [K-15].
Monodisperse linear hydrogenated polybutadienes have also been

studied [A-10]. Some additional studies of HDPE [C-5,I-4] and LDPE




40
(c-16,C-17,L-3,L-4 ,M-20,M-22,M-23,M-48] are available. Data on the
shear flow characterization and the uniaxial elongational flow

behavior of LLDPE are rare [F-12,5-10].

E. ANALYSIS OF PROCESSING OPERATIONS

E-1. Theoretical Studies of Melt Spinning

E-1-a. Theoretical studies of stable melt spinning. The steady

state spinline dynamics beyond the extrudate swell region were

first considered by Ziabicki and Kedzierska [Z-5,Z-6,Z-7] who made

a detailed analysis for the isothermal case where the fluid has con-
stant properties along the spinline. Further considerations of the
analysis of the isothermal spinning process were made by Matovich

and Pearson [M-1], Bogue and White [B-13] and Acierno, Dalton,
Rodriguez and White [A-2]. Acierno et al. carried out isothermal
melt spinning experiments and interpreted them in terms of both
elongational viscosities and a more rigorous nonlinear viscoelastic
theory. Similar isothermal melt spinning studies were carried out by
Chen et al. [C-11], Lamonte and Han [L-2], and Spearot and Metzner
[S-24]. Zeichner [Z-2], Denn, Petrie and Avenas [D-4], Fisher and
Denn [F-3,F-4,F-5,F-6], White and Ide [W-16], and Minoshima, White,
and Spruiell [M-40,M-41] have been of isothermal melt spinning of
viscoelastic fluids using a convected Maxwell model, and Ronca [R-15]
also discussed using the Lodge general temporary network model [R-14].
Denn and Marrucci [D-3] examined the effect of a relaxation time

spectrum and concluded that they could explain the observation that
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relaxation times obtained with a Maxwell type model from spinning
experiments are larger than those measured in dynamic or normal
stress measurements.

The above analyses were carried out with respect to the Eulerian
coordinates system (threadline spinning distance). Hyun and Ballman
[H-20] considered the steady state solution for the isothermal melt
spinning of Newtonian, power law and a Maxwell fluid with respect to
both the Lagrangian coordinates (threadline residence time) and the
Eulerian coordinates to demonstrate the unity of two coordinate
systems in revealing different characteristics of the spinning
process.

The problem of nonisothermal effects in épin]ine dynamics was
first considered by Kase and Matsuo [K-6] using a temperature dependent
elongational viscosity. This is further expanded and examined by
Yasuda, Sugiyama and Yanagawa [Y-6] and George [G-2]. Lamonte and
Han [L-2] proposed an analysis using temperature and deformation rate
dependent elongational viscosity. Abbott and White [A-1] and Matsui
and Bogue [M-13] suggested a method of carrying out analyses using
a nonlinear integral theory with temperature dependent relaxation
functions. An important problem is the heat transfer coefficient.
Generally the experimentally determined relation of Kase and Matsuo
[K-6] has been used.

A basic problem in the viscoelastic fluid analyses is initial
conditions. If the melt remembers its past history, will not flow

in the spinneret influence it? This problem has been realized by



many investigators beginning with Acierno, Dalton, Rodriguez and

White [A-2], but they were not fully able to cope with it. Denn,
Petrie and Avenas [D-4] and Fisher and Denn [F-5] argue that for the
theory using a convected Maxwell model only the initial stress need
be considered. Matsui and Bogue [M-13], Petrie [P-10], and Nam and
Bogue [N-2] have included the influence of Poiseville flow in the

spinneret in their analysis.

E-1-b. Theoretical studies of unstable melt spinning. The

analysis of diameter fluctuation (draw resonance or natural
oscillation) is due to Kase and co-workers [I-6,K-6,K-8] and by
Pearson, Matovich and Shah [P-2,5-11,5-12,5-14], Fisher and Denn
[F-3,F-4,F-5,F-6], Hyun [H-18,H-19], Chang, Denn and Geyling [C-7,
C-8], and by Geyling [G6-4]. Rheological aspects are considered by
White and Ide [W-17] and Minoshima, Whife and Spruiell [M-40,M-41].
Kase, Matsuo and Yoshimoto [K-9], Pearson, Matovich and Shah
[P-2], and Gelder [G-1] analyzed the problem of isothermal melt
spinning of Newtonian fluid using continuity and force balance. A
linear perturbation analysis was carried out, and it was shown that
the system becomes unstable when the draw ratios VL/VO exceed 20.217.
Shah and Pearson [S-14] and Ishihara and Kase [I-6] have
studied this problem using power law constitutive equation (x varies
with dv]/dx] to a power) and found that if x increases with E,
stability is increased. Zeichner [Z-2] performed a linearized sta-
bility analysis for an isothermal viscoelastic fiuid using a convected

Maxwell model. They found the stability increased with rv1(0)/L,
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the Weissenberg number. Fisher and Denn [F-5,F-6] generalized the
theory of both the isothermal and nonisothermal viscoelastic fluid
using a convected Maxwell model in which viscosity obeys a power law.
They predicted a complex effect of elasticity. For the isothermal
case, first the critical drawdown ratio (onset of draw resonance)
decreases with increasing elasticity, after the Weissenberg number
reaches about 0.01 the critical drawdown ratio begins to increase,
indicating a stabilizing effect of elasticity. And shortly there-
after the stability envelope turns back on itself, indicating
existence of stable region at high drawdown ratio. They also showed
the effect of nonlinearity based on the power law "n" in shear
viscosity. Increasing deformation rate softening shear viscosity
(i.e., lowering n value) tends to destabilize the spinline, smaller
critical drawdown ratio at fixed Weissenberg number.

White and Ide [W-17] and later Minoshima, White and Spruiell
[M-40,M-41,W-20] argue that draw resonance in a spinline is the analog
of ductile failure of an extending filament. The materials with
stronger strain rate softening, for which the neck continues to grow
and ductile failure results in the isolated stretching of a filament,
are sensitive to the disturbances and result resonance readily occur
from Tower drawdown ratio. This is the case of HDPE, PP (except
narrow molecular weight distribution ones), and poly(ethylene
terephthalate). On the other hand, materials with strain rate
hardening character are insensitive to the disturbances and heal

them out, resulting in absence of draw resonance. LDPE is the
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example of this case. The strain rate dependent character can be
restated in terms of spinline viscosities. The spinline elongational
viscosities of strain rate softening material decrease with increasing
velocity gradient; however, those of strain rate hardening increase
with increasing velocity gradient.

The influence of a spinline temperature gradient was investigated
by Shah and Pearson [S-11,5-12], Kase [K-5] and Fisher and Denn [F-6].
For the Newtonian fluids case, decreases in the ratio T

/T lead

melt
one from an unstable to a stable region, provided one is at a draw

air

ratio above the critical value and provided that one avoids extremes

in the Stanton number Nst’ which is defined as the following equation.

h
Ns¢ = 5T v (2.30a)
p

vr o= oL (2.30b)
where h is heat transfer coefficient at thread surface, p is density
of polymer melt, Cp is specific heat of melt, D is diameter of fiber
at spinneret, v is thread velocity at spinneret and L is spinline
Tength. Solidification of samples stabilize the spinline even in a
high Stanton number region. Similar effects on spinline temperature
gradient for a Maxwell fluid are suggested at fixed values of
elasticity by Fisher and Denn [F-6].

There are experimental observations that cannot be fit into the
above theory; Han and co-workers [H-6,H-13] have shown that spinning

into air is sometimes destabilizing, compared to spinning into an



45
isothermal chamber and that the length of the die has an effect on
the draw resonance. The latter effect is also observed by Matsumoto
and Bogue [M-16]. These authors also suggest that the passage through
a rheological transition temperature (Tg or Tm) may induce major

disturbances and diameter variations.

E-2. Theoretical Studies of Tubular Blown Film Extrusion

The steady state behavior of blown film extrusion was first
considered by Pearson and Petrie [P-4,P-5], later by Han and Park
[H-9], Petrie [P-7,P-8] and Wagner [W-1,W-2].

The solution for the dynamics of blown film extrusion for
isothermal Newtonian fluid is rather complex and Pearson and Petrie
[P-4,P-5] were only able to give numerical solutions by neglecting
gravity, inertia, drag force, and surface tension. Han and Park
[H-9] consider a power law fluid and Petrie [P-7,P-8] has investi-
gated a convected Maxwell model behavior and a neo-Hookean nonlinear
elastic model. Han and Park found that decreasing "n" gives rise to
a larger bubble radius and Tower bubble temperature at fixed
dimensionless distance from the die exit. In convected Maxwell
models there are difficulties in the numerical solution arising froh
the predictable inherent instability of the systems of equations
[P-7]. Petrie found that effects of the nonzero relaxation time are
that a tube of constant radius is not dynamically possible. He
found that elasticity reduces blow ratio and increases the thickness
reduction, both favoring an increase in machine direction drawing

as opposed to transverse drawing.
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Nonisothermal modelling of blown film extrusion has been
reported by Petrie [P-8], Han and Park [H-9], and Wagner [W-1,W-2].
Petrie combines the Pearson-Petrie Newtonian fluid model which has
temperature dependent viscosity and density with Ast's temperature
profiles, and found that velocity and deformation rate predictions
appear more sensitive to details of temperature profile and melt
rheology than bubble shape. Wagner combines the Pearson-Petrie
Newtonian fluid model which has temperature dependent viscosity and
density and energy balance equation with assuming: (1) heat transfer
between the inner surface and the air trapped within the bubble is
negligible; (2) the heat of crystallization is negligible; (3) the
heat conduction in the film is negligible; (4) the cooling of the
bubble is controlled by radiative and convective heat transfer;
(5) the heat generation due to the frictional force is negligible.
Also he has examined the neo-Hookean nonlinear elastic model and
the temperature dependent integral Maxwell model. Han and Park com-
bine the power law fluid which has temperature dependent viscosity
and energy balance equations with the same assumptions as Wagner.
They find that the accuracy of predicted bubble shapes and
temperature profi]es depends very much on the numerical values of
the overall heat transfer coefficient and the emissivity coefficient.
Bubble instability was theoretically analyzed by Yeow [Y-9] for

the isothermal Newtonian fluid using an assumption that the

infinitesimal disturbances possess axisymmetry. He correlated the



stability domains in terms of take-up force vs. inflation bubble

pressure and drawdown ratio vs. blow-up ratio.
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CHAPTER TIII

MATERIALS
A. GENERAL

The materials used in this study were polyethylenes (PE),
polypropylenes (PP), and polystyrenes (PS). These materials were
chosen as to represent a variety of rheological properties and
molecular structure. They are listed in Tables III-1, III-2, III-3,
I11-4, and III-5.

Polyethylenes included eight high density polyethylenes (HDPE),
four linear Tow density polyethylenes (LLDPE), and four conventional
Tow density polyethylenes (LDPE). Five of the samples were Mar]ex(D
made by Phillips Petroleum Company, three samples A]athonC)by E. I.
du Pont deNemours & Co., three samples Chemp]exC)by Chemplex Company,
two samples of GC)and two samples of DFDC)by Union Carbide Co., and
two samples Dow]exC)by Dow Chemical Co. The molecular weight distri-
bution (MWD) of the HDPE samples and two Chemplex LDPE samples were
kindly supplied to us by Dr. Ramesh N. Shroff of Chemplex Company.
The degree of long chain branching (LCB) of the Marlex samples (HDPE)
was supplied by Mr. R. T. Werkman. Molecular characterization data
of two Union Carbide LLDPE and two Union Carbide LDPE were measured
and supplied to us by Dr. George N. Foster of Union Carbide. They

are also listed in Tables III-1, III-2, and III-3.
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To a first approximation the HDPE samples can be subdivided
into two groups as either narrow, regular (or broad) molecular weight
distributions (MWD). Similarly, LDPE samples can be subdivided into
two groups: low degree of LCB with narrow MWD, and high degree of
LCB with regular or broad MWD. The code names of HDPE samples with
narrow MWD and LDPE samples with a low degree of LCB have two digit
numbers (for example, HDPE-11 or LDPE-12). On the other hand, other
HOPE and LDPE samples have only a one digit number (for example,
HDPE-1 or LDPE-2).

We have identified the LLDPE samples with a single digit. These
polymers generally have a narrow MWD (‘MW/Mn ~ 3~ 4) [F-9].

GPC curveé of eight HDPE and two Chemplex LDPE samples are
shown in Appendix A. Narrow MWD HDPE (HDPE-11, -12, and -13) and
LDPE with Tow degree of LCB (LDPE-11 and -12) have approximately
Tog normal MWD shapes. GPC curves of LDPE with a high degree of LCB
(LDPE-1 and -2) have shoulders in their high molecular weight regions
[F-9]. The MWD shape of LDPE-1 and LDPE-11 are similar to those of
HP-LDPE-A and HP-LDPE-C of Foster et al. [F-10], respectively [F-9].
Usually LLDPE have narrow MWD with log normal shapes [F-9].

Polypropylene samples, with varying molecular weights and
molecular weight distributions, were made by Diamond Shamrock Co.
(now part of ARCO). The molecular weight distributions were
measured and supplied to us by ARCO. They were already rheologically
characterized by the present author [M-40,M-41,M-42]. They are

listed in Table III-4 including the code names previously used by
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the author. The MWD shape of these samples is approximately log
normal.

Two PS materials were also used. One of the PS samples (Dow
Styron 678U) was previously used by Lobe and White [L-6] and Tanaka
and White [T-3]. The other PS sample is Dow Styron 685D. The MWD
characterization was measured and supplied to us by Dr. James M.

Rieke of Dow Chemical Co. They are also listed in Table III-5.

B. STABILIZATION

Samples used in the rheological characterization experiments
(Chapter IV) and in melt spinning (Chapter XI) had additional
stabilizer added to prevent thermal oxidation. Stabilizer in the
amount of 0.07 weight percent of BHT (2,6 di-tert-Butyl Hydroxy
Toluene) was added to HDPE, LDPE, PP, and PS samples. Similarly,
0.1 weight percent of Irganox 1076 were added to LLDPE-3 and -4.
LLDPE-1 and -2 were supplied in granular shape. After adding
0.12 weight percent of Irganox 1076 in LLDPE-1 and -2, they were
extruded at 155°C using a Brabender extruder (3/4-inch diameter,
L/D = 10) at screw speed of 20 rpm to form strands. "Pellet"
samples were made from these strands by Mr. Alan P. Rickards at
American Enka. They (the pellet samples of LLDPE-1 and -2) were

used for the steady shear flow and the melt spinning experiments.



CHAPTER IV

RHEOLOGICAL PROPERTIES OF POLYETHYLENES

A. INTRODUCTION

Polyethylene (PE) has long been one of the most important
commercial thermoplastics. It is widely used for films, bottles,
sheets, fibers, and injection molded products.

Until recently there were only two types of polyethylene.

These were high density polyethylene (HDPE), manufactured by several
low pressure processes and low density polyethylene (LDPE), manu-
factured by several high pressure processes. HDPE is an almost
Tinear polymer; HDPE manufactured by a Ziegler-type catalyst is a
linear polymer, and by a Phillips-type catalyst is a nearly linear
polymer, with only one or two long chain branchings (LCB) per 105 C
atoms [W-9]. The actual values are shown in Table III-1 (page 49).
LDPE has a complex molecular structure because of the existence of
short and long chain branching [A-16,8-7,B-15,C-27,C-28,H-14,K-12,
S-16,5-17,5-18,5-19,W-4]. Recently a new type of polyethylene,

known as linear low density polyethylene (LLDPE), has been developed.
LLDPE has a density similar to that of LDPE; however, it is a linear
polyolefin with short chain branching. LLDPE is manufactured by
copolymerization of ethylene and a-olefins, such as butene-1 or
octane-1 at Tow pressures. LLDPE is used in film extrusion, injection

and rotational molding, sheet and pipe extrusion, and wire and cable
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coating, and as a blow molding resin. The flow properties of molten
polyethylene, as in the other case of other thermoplastics, are of
great importance in determining the processing characteristics. In
the present chapter, we describe a detailed study of the rheological
properties of polyethylenes, including high density, linear low
density, and Tow density polyethylene; also we consider various
molecular weights and molecular weight distributions and various
degrees of long chain branching. We consider the implications of
these results in terms of nonlinear viscoelastic constitutive

equations and in terms of molecular structure.
B. EXPERIMENTAL

B-1. Materials

A series of HDPE, LDPE, and LLDPE materials were used. They are
listed in Tables III-T1, III-2, and III-3 (Chapter III, pages 49-51)
with molecular characterization data. Pellets of materials containing
additional stabilizer (Chapter III, Section B) were compression
molded at 170°C to form a sheet of 1.5 mm thickness for making the
shear flow measurements. For the uniaxial elongational flow experi-
ments, filament samples were prepared by extrusion from a Brabender
extruder (3/4-inch diameter, L/D = 10). A die with a diameter of 3 mm
and an L/D ratio of 11.5 was used. The extrusion speeds and tem-
perature were varied, depending on the material; temperatures ranged

from 135°C to 175°C, rotation speeds from 12 rpm to 20 rpm.
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B-2. Rheological Measurements

Complete rheological measurements were carried out at 180°C.

B-2-a. Steady shear flow measurements. The steady laminar

shear viscosity n and the principal normal stress difference
N](= 011-022) were measured in a Rheometrics Mechanical Spectrometer
(mode1 RMS 7200), using a cone-plate geometry of dimensions 25 mm
diameter and cone angle 0.1 radian. After placing a sheet-like sample
between the cone and the plate, 10 to 15 minutes were allowed reaching
thermal equilibrium for relaxing out compression stresses. During
this period both the upper cone and the lower plate were rotated
freely at a rotation speed of 0.1 radian/sec. Then an additional one
minute was allowed to pass after stopping the rotation. Only one
measurement was carried out on each sample.

For the cone angle o and the radius R, the shear rate is given

by [W-7]:
& = Qfa , (4~])

where @ is the rotational speed of the cone. The shear stress 919 is
determined from the torque M and the principal normal stress differ-
ence N], as determined from the normal force F. These are given by

W-7]:
n= 012/'; = -g— (M/“Rz)/; ’ (4.2&)

L =0y - Oy = 2F/ (vR%) . (4.2b)
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B-2-b. Uniaxial elongational flow measurement. The elongational

viscosity was determined as a function of elongational rate and time,
using an apparatus recently developed by the author in cooperation
with others in our laboratory (H. Yamane, Y. Suetsugu, and Dr. J. L.
White). This was first described in a paper by Yamane and White [Y-2].
This development was, in fact, an upgrading of a previous instrument,
the Ide-White apparatus [I-4]. It consists of a constant temperature
silicone o0il bath, a force transducer, and a take-up device (see
Figure 4.1). An AC operated linear variable differential transformer
(LVDT) (model FTA-G-50, Schaevitz Co., Pennsauken, NJ) was used

with a Digital Transducer Readout (model DTR-450, Schaevitz Co.).

The maximum linear operating region is #50 g. The output is recorded
on a single chart pen recorder (model SR-206, Health Company, Benton
Harbor, MI). A double-gear shaped roller device was used as the
take-up device. These gears were driven with a motor equipped with

a controller. Two 1/15 Hp motors were used: one 1.6 rpm maximum,
and a second 12 rpm maximum. The motor speed was controlled by a

B & B controller type ST-12. A silicone o0il (Dow Corning Fluid 200:

3 at

kinematic viscosity 100 centistokes and density 0.968 g/cm
25°C) was used. The temperature was controlled by a phase angle
fired temperature controller (model 2122 PA 03C, Athena Controls,
Inc., West Conshohocken, PA).

The filament sample was attached on one end to the LVDT. Ten
minutes were allowed for the filament to reach thermal equilibrium

and to eliminate frozen-in stresses and orientation. The other end

was clamped to the two-gear take-up device. Then, the filament
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was stretched at a constant elongational rate. For each material,
the measured cross-section area of the filament at room temperature

was corrected to 180°C, using dilatometory data and a shrinkage

factor.

The elongational rate E is determined by

E = E‘a{ = TT . (4.3)

In the present experiment, the deformation length L and the rotational
speed Vi remained constant with time, thus providing a condition of
constant strain rate. As long as the filament deforms uniformly,

the tensile stress o]](t) and the (apparent) uniaxial elongational

viscosity x(t) can be determined by

op1(t) = EE expet) (4.4a)
0
X(t) = oll(t)/E s (4.4b)

where F(t) is the total force, and A0 is the cross-sectional area of
the melted filament before stretching.

A qualitative study on the nature of the nonuniformities was
also carried out, in addition to observations made on the failure
mechanism during the constant elongational rate experiments. The
filament samples, which were marked with notches, were inserted in
a hot silicon oil bath at 180°C and then stretched out by "hand

pulling" after removal from an oil bath.
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C. RESULTS OF SHEAR FLOW

C-1. Shear Viscosity

The steady shear viscosity n is plotted as a function of shear
rate vy in Figures 4.2, 4.3, and 4.4 for HDPE, LLDPE, and LDPE,
respectively. The viscosity functions generally fall in the same
order as the molecular weights and approximately inversely with the
melt indices. At low shear rates, the shear viscosity is a constant
(no). At higher shear rates it is a decreasing function. It is
noted that: (i) narrow molecular weight distribution (MWD) HDPE,
such as HDPE-11, -12, and -13 behave in a quite Newtonian manner
(n is a weak decreasing function of y) compared with other HDPE
samples; (ii) LLDPE behaves similarly to narrow MWD HDPE; (iii) LDPE
(LDPE-11 and -12), which has a low degree of long chain branching
(LCB) and at the same time has a narrow MWD, behaves in a relatively
Newtonian manner compared with other LDPE; and (iv) LLDPE behaves
somewhere between narrow MWD HDPE and a LDPE with a low degree of

LCB.

C-2. Principal Normal Stress Difference

The principal normal stress difference N] is plotted as a
function of shear stress 917 in Figures 4.5, 4.6, and 4.7 for HDPE,
LLDPE, and LDPE, respectively, with the PS-1 data [T-3] (see
Table III-5, page 53). We adopt this type of plot following the
suggestion of Oda, White, and Clark [0-1], who found for polystyrenes

(PS) that it is independent of temperature and the average molecular
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Figure 4.7. Principal normal stress difference as a function of shear
stress for lTow density polyethylenes.
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weight, but strongly dependent on the molecular weight distribution.
The principal normal stress difference of linear PE (HDPE and LLDPE)
increases with the molecular weight distribution at a fixed shear
stress. Again it is found that LLDPE behaves in a manner similar
to narrow MWD HDPE (HDPE-11, -12, and -13). However, the gradient
(d Tog Ni/d Tog 012) of LLDPE is larger than that of a narrow MWD
HDPE. LDPE's having a higher degree of LCB and a broad MWD have the

largest principal normal stress difference at a fixed shear stress.
D. INTERPRETATION OF SHEAR FLOW DATA

We will attempt in this section to give a more critical discussion
of shear flow rheological properties in terms of molecular structure,
such as molecular weight, molecular weight distribution, and degree

of Tong chain branching.

D-1. Shear Viscosity

In Figure 4.8 we plot the zero shear viscosity o of HDPE as
a function of the weight average molecular weight Mw' For samples
which did not show any Newtonian viscosity (HDPE-1 and -2), ng was
estimated using Sabia's equation [S-1]. We obtained the result that

o varies with about the 3.9th power of Mw'

3.9

nOme .

The 3.9th power dependence on Mw is greater than the well-known
3.5th power, as is generally the case for melts with flexible polymer

chains. The 3.4 ~ 3.6th power for the fractioned linear PE has been
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Figure 4.8. Zero shear viscosity as a function of weight
average molecular weight for high density

polyethylenes.
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reported [K-17,M-27,R-4,5-3,5-8,T-7]. Polydispersity is evidentally
the cause of this higher power dependence [$-3]. However, there still
exists some discrepancy in the case of HDPE-11, -12, and -13. Zeichner

and Patel [Z-3] reported for log normal MWD polypropylene (PP) that

3.6

. 0.84
no v My ) :

CWAR (4.6)

However, Saeda [S-3] showed a more complex effect of MWD on the
molecular weight dependence of o> in the case of a Phillips-type com-

mercial linear HDPE:
ng v M - (MiD)" (4.7)

where the power m is also a function of MWD and increases with
broadening of the MWD. Various correlations between o and Mw
(based on Eqn. (4.7)) were attempted; however, no better method of
correlation was found. This may be responsible for not considering
the actual MWD shape (only the ratio of moments was used).

In Figure 4.9, as suggested by Vinogradov and Malkin [V-3] and

others [C-4], we plot the following function for linear PE:
n/ng = F(noi) . (4.8)

The data correlate much better when plotted in this manner, but show
a tendency to separate on the basis of MWD, with n/nO falling off
more rapidly with no} in the broader MWD samples, the same as with
PP [M-42]. Very much the same behavior is found in the formulation

and master plots of n/nO developed by Graessley and his colleagues
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[G-6,6-8,6-10], and applied by others [I-5,5-2]. In Figure 4.10,
the n/n, for linear PE at no& = 3 x 103 Pa as a function of MWD
(such as Mw/Mn and MZ/MW) are plotted. This clearly shows that n/nO
falls off more rapidly with no; in the broader MWD samples. The plot
of n/nO—MWD shows a better correlation by using Mw/Mn to represent
the MWD. However, Figure 4.10 suggests the need for a better
representation of the MWD which can take into account the actual
distribution shape. We give our attention now to LLDPE. In
Figures 4.9 and 4.10, the n/nO function of LLDPE falls off more quickly
than that of narrow MWD HDPE (HDPE-11, -12, and -13). However, the
N] function for LLDPE is almost the same as that for narrow MWD HODPE.
Saed, Suzuki, and Yamaguchi [S-2] reported that the n/nO function for
fractionated ethyl-branched polyethenes fall off more rapidly with
o Mw } than fractioned linear polyethyenes. Therefore, we must
conclude that the existence of short chain branching makes shear
viscosity more shear rate softening.
We now turn to the n/no-nOQ relationship for LDPE. This is
_Plotted in Figure 4.11. n/ny falls off more rapidly with ”09 in the
broader MWD samples and with higher degree of LCB. The effects of
LCB are not clear because the broad MWD LDPE has a higher degree of
LCB. The correlation of n/n0 with no§ for LDPE in the literature was
also carried out (using the data from Shroff and Shida [S-20] and
Mendelson, Bowles and Finger [M-27]). However, the effect of MWD and
LCB in LDPE on the n/no-nOQ function could not be clearly distinguished:
generally the same effects of MWD and LCB, as shown in Figure 4.11,

were observed.
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In Figure 4.12, we plot the n/no-n0§ function for linear and
star-branched (four star and six star branched) anionically
polymerized polyisoprene (PI) data for a 40 weight percent TD (tetra-
decane) solution. These data were supplied to us by Professor T.
Masuda of Kyoto University. Some of the data have appeared in the
papers of Graessley, Masuda, Roovers, and Hadjichristidis [G-9]. A1l
of the samples are narrow MID and well-characterized by dilute
solution methods [H-1]. The same sample names as were used by
Graessley et al. [G-9] are shown. These samples are considered to
have monodisperse MWD. n/n0 falls off more rapidly with n0§ with
increasing number of branches. The magnitude of n/nO falls in the

order (at fixed noé) as follows:
Linear PI > Four Star PI > Six Star PI .

We conclude that the effect on the shear viscosity of LCB, in star-
branched polymers, is shear rate softening. No data on the n-§
function for comb-branched polymers are available. LDPE has a more
complicated branched structure than star-branched polymers. The
existence of LCB makes the hydrodynamic volume small, depending on
what the LCB structure is (star-branched, comb-branched, or randomly
branched polymer). Therefore, we conclude that the effect of LCB

in LDPE on shear viscosity is to cause a shear rate softening effect.

D-2. Principal Normal Stress Differences

The correlation of the principal normal stress difference N1

with the shear stress 917 of linear PE, as shown in Figures 4.5 and
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4.6, is very similar to the results of Oda, White, and Clark [0-1]
and Racin and Bogue [R-1] for polystyrene (PS); Minoshima, White,
and Spruiell for polypropylene (PP) [M-42]; and Ishida, Shiga, and

Sakamoto for HDPE [I-5]. It is generally known that N, for the

1
linear polymers, at fixed 019> is greater for the broader MWD
samples. The slope of the log N1—]og 919 plot for the linear

broader MWD's is Tower; that is, if we write

_ b
N-l _AO'-IZ

the value of "b" is smaller. However, if we look carefully at

Figure 4.5 (page 66), we note that the N1'°12 function for HDPE is
not simply a funcfion of Mw/Mn’ Mz/Mw’ or Mz+1/Mz' There are two
questions: (i) Why is N] for narrow MWD HDPE, at fixed 919> greater
for the higher MW samples?; and (ii) why is N, for HDPE-1 greater than
that for HDPE-2 at fixed 012? (or, differently stated, why is the
slope of the Tog N]-1og 012 plot for HDPE-1 larger than that for

HDPE-2?). These two questions about the function N, for HDPE will be

1
considered after examining this function for LLDPE and LDPE

(Figures 4.6 and 4.7, pages 67 and 68). LLDPE shows similar values
in the N]-012 function for narrow MWD HDPE materials (HDPE-11, -12,
and -13), as expected from the MID data. However, the slope of the
log N]-log 912 plot for LLDPE is greater than that for narrow MWD
HDPE. The question is why? Among the various LDPE materials, the

values for N], at fixed ap» are greater for the samples with broad

MWD and with a high degree of LCB. The slope of the log N]-1og 912
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plot of LDPE is the highest among the polyethylenes. No effects of
MWD or LCB are seen. The slopes of the various log N]-1og ) plots

fall in the order
LDPE > LLDPE > narrow MWD HDPE > moderate and broad MWD HDPE .

Let us now consider the question: Why does LDPE have the highest
slope?

First we consider the effect of LCB on the principal normal
stress difference. In Figure 4.13 we plot the function N1-0]2 for
linear and star-branched (four star and six star branched) anionically
polymerized polyisoprene (PI). These are the same samples described
in connection with the LCB effects on shear viscosity (Section D-1).
These data were supplied to us by Professor T. Masuda of Kyoto
University. . A11 of these samples have a narrow MWD and are well-
characterized by dilute solution methods [H-1]. These samples are
considered to have monodisperse MWD. The values of N] for the star-
branched polymers, at fixed O1o» are larger than those for the linear
polymers. Both star-branched and linear polymers have slopes in the
plots of log N1-1og 919 of 2.0. No effect of the number of LCB on
the value of N] is found. In Egn. (4.9), the constant "A" increases
with the occurrence of LCB.

We now return to the matter of the nature of the function N]
for linear PE. Kume, Takahashi, Masuda, and Onogi [K-17] reported
that the function Ny for fractioned HDPE (M, = 5.94 x 10% ~ 2.03 x 10°,

Mw/Mn = 1.79 ~ 1.59, Mz/Mw = 1.24 ~ 1.63) increases with M{ at fixed
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Figure 4.13. Principal normal stress difference as a function
of shear stress for monodisperse polyisoprenes
(40 weight percent tetradecane solution: linear,
4 star and 6 star-branched polymer).
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P However, their fractioned samples showed increasing MWD with

4 Pa, which is

increasing Mi. Their stress levels are well above 10
the Timit of the cone and plate type of measurement. They also pre-
sented steady state compliance data (Je) obtained from dynamic
measurements. Their Je values show a 12.1 power dependence in the
Je-MZ/Mw relationship. It is known that Je is proportional to Mz/Mw
with exponents in the range 3.5 to 3.7, for non-polar linear flexible
chains, such as those of polystyrene and polymethyl disiloxane [M-8,
M-37]. Kume et al. [K-17] suggested that the effects of MW on Je

are important in the case of very narrow MWD HDPE materials and the
effects of MAD are dominant for rather broad MWD HDPE (commercial

HDPE). If we introduce the second-order fluid (low deformation rate)

asymptote, N1 may be expressed in terms of Je [C-22] as follows:

2

Ny = 2 Je n02 222 Je o1 (4.10)

In Figure 4.14, we plot Je for our HDPE data (defined as N]/ZO]ZZ at
9yp = 103 Pa) in comparison with the data of Kume et al. [K-17],

Mills [M-37], Wales [W-6], and Shroff et al. [S-22]. A1l data, except
Kume's, are obtained from the principal normal stress differences;
Wales and Shroff's data are estimated at 0o = 103 Pa. Figure 4.14
seems to support Kume's argument as to the effect of MWD and MW on

Je. However, one must be careful about fractionated HDPE samples.
There are two possibilities which might make the Je values so high:
(i) the existence of high Md fractions which cannot be detected by

GPC, or (i1) the existence of long chain branching. Recent studies




-3 [ T T TTTTT]
o
[
ot
o,
o LA
O
‘ [aY
-4 g —
®
T
©
Q.
0
-
o
°
-5 —
O ® this study
B Kume et.al.
O a Mill
-6 L L I PLLl
1. 10.
M,/M,,
Figure 4.14. Je as a function of M /Mw for high

density po]yethy]enes?



83
of the dynamic rheological properties of monodisperse hydrogenated
polybutadiene, which do not have any possibility of having LCB or
high MW fractions, sugge;t a Md dependence of Je in the case of mono-
disperse linear PE (Je is estimated from their G' and G" data) [R-31].
This also supports Kume's results for HDPE that Je increases with MW
for very narrow MWD samples; and also it supports the idea that the
effects of MD on Je are dominant in broad MWD samples. This may
explain why the values of N], at fixed 9195 for narrow MWD HDPE
(HDPE-11, -12, and -13) increase with increasing M. The slope of
the Tog N1-]og 19 plots and the values of N] at fixed 910 for
HDPE-1 are higher than those for other moderate and broad MWD HDPE
(note that HDPE-1 is not the broadest MWD nor the highest MW sample).
This may be explained by the existence of a higher level of LCB
compared with other HDPE samples. Unfortunately the degree of LCB in
HDPE-1 is not known.

Saed et al. [S-2] showed that the value of n/n0 for fractionated
ethyl-branched PE samples falls off more rapidly with nOMw y than
does the same function for fractionated linear PE. This suggests
that the effects of short chain branching (SCB) may be similar to
those of LCB, even though the effects of SCB are weaker than those
of LCB. It is certainly a fact that the slopes of the log N]-1og P
plots for LLDPE are greater than those of narrow MWD HDPE. The
effects of LCB, SCB, and MWD on N1 will be discussed again in terms
of the nonlinearity of the convected Maxwell model (see Sections D-3-b

and F).
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D-3. Implications in the Constitutive Equations

D-3-a. Characteristic time. In nonlinear viscoelastic

constitutive equations, the nonlinearity of the memory function

is often tied to the time average deformation rate dependence of

the relaxation times. In the special case in which the deformation
rate is independent of the time, the nonlinearity of the memory
function is tied to the deformation rate dependence of the relaxation
time (for reviews see Middleman [M-33], Han [H-3], and White [W-15]).
Recently Ide and White [I-3,W-17], White and Kondo [W-18], and

White and Minoshima [W-20] have re-emphasized the importance of this
dependence on hydrodynamic response in flow problems, especially those
involving elongational deformations.

The usually defined characteristic time is

N

_ W]
T(Y) =_2F=

1
20]2 Y

(4.11)

The relaxation timet falls off more rapidly as MWD broadens [M-42,

W-18,W-20].

The 1 - § dependence is related to the siope of the N]-c;]2 plots.
This may be shown by combining Eqns. (4.8) and (4.9)

b
N Ay

T =

20’-[2 ; 20"]2 Y

-1 *b- b- £ 4b-1
b=1 b=z _ 2 11

=B n By " [ngFlngy (4.12)
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For monodisperse polymer melts Oda et al. [0-1] find "b" is 2.0, as

expected, which leads to

T = Bp = BnOF(nO{() , (4.13a)

indicating that ¢ falls off at the same rate as does n. As MWD
broadens "b" decreases to values of the order 1.5, giving

) = B2 F(ny1 1075 (4.13b)

Y

Even if the n(y) functions are the same for narrow and broad MiD
samples, t should decrease more rapidly for broad MWD.
More detailed arguments are -presented by White and Minoshima

[w-20].

D-3-b. Material parameter determination and molecular structure

effects in the constitutive equations. The qualitative features of

shear flow may be interpreted in terms of nonlinear viscoelastic
constitutive equations. The simplest expression for doing this is
the convected Maxwell (White-Metzner) type of constitutive equation
used by Ide and White [I-3,W-17] and Minoshima, Spruiell, and White
[M-41,M-42]. This expression has the form

g = -p% + R . (4]4&)
sP
P = 26td - ¢ 6—“{ , (4.14b)

where
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0
T = 72 (4.14c¢)
1+ a g IId

This form for t was suggested by Bogue [B-12]. IId is the second

invariant of Q where g is the strain rate (or rate of deformation
} tensor. &( )/8t is Oldroyd's contravariant convected derivative.
\

In steady shear flow Eqn. (4.14) is written as

oy = Ny . (4.15a)
Gt
n=—-9 (4.15b)
'l+aroy
. -2
N, = 26 2 2 = 20]22/6 =yt (4.15¢)
T
Ter=—0 (4.15d)
'|+a"r0y

with N2(= Ono = 033) equal to zero.

There are several ways to determine the material constants G, T,
and "a", based on shear flow data (details are given by Yamane
[Y-1]). These are as follows:

(i) Method A

First determine 9 based upon Eqn. (4.15d) which leads to
Ve=1/tg+ay. (4.16a)
Then determine G using the zero shear viscosity

6 = ny/vg - (4.16b)
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Finally, determine "a" using Egns. (4.15b), (4.15c), and
(4.15d).
(i1) Method B

First determine G using Eqn. (4.15¢)

- 2
G = 20]2 /N1 . (4.17a)

at some 912

Then determine 0 using the zero shear viscosity
T = nO/G . (4.17b)

Finally, determine "a" using Eqns. (4.15b), (4.15c), and
(4.15d).
The material parameters for the PE samples used in this chapter, as
well as those for the polypropylene (PP) samples (see Table III-4,
page 52), will be determined in the following-

The material parameters determined using Method A are listed in
Table IV-1. Here, 1/t for any sample is not a linear relation with
vy, as expected from Eqn. (4.16a). A weighted Tinear (least squares)
method was employed to obtain a best fit. Less emphasis was put on
the t values in the lowest and highest shear rate regimes, because of
the lesser accuracy of the N] data in those regimes. Less than a 10%
difference between an actual t value and a calculated t value is
allowed. However, it is permitted to have larger differences between
the actual t values and the calculated t values at the highest and

lowest shear rates, if that is necessary. In Figures 4.15a through



Table IV-1. Material Parameters from Method A

nan (_)
G Based on
. -3 N

Polymer sec Pa x 10 n 1

HDPE-1 42.4 1.53 0.4 0.55 0.80
HDPE-2 45.7 1.20 0.25 0.6 1.40
HDPE-3 8.78 0.592 0.1 0.55 2.08
HDPE-4 7.55 1.04 0.2 0.6 1.43
HDPE-5 4.75 0.367 0.05 0.5 2.76
HDPE-11 1.13 4.98 0.1 1.2 3.66
HDPE-12 0.620 3.71 0.05 1.5 5.22
HDPE-13 0.142 5.06 0.05 1.5 7.77
LLDPE-1 1.68 7.82 0.2 1.4 4.82
LLDPE-2 1.54 4.66 0.2 1.2 4.10
LLDPE-3 1.73 3.34 0.1 1.4 4.34
LLDPE-4 1.29 4.00 0.2 1.2 3.59
LDPE-1 8.74 1.43 0.1 0.4 0.88
LDPE-2 4.06 2.32 0.4 0.5 0.80
LDPE-11 2.29 4.33 0.2 0.6 1.43
LDPE-12 0.844 6.44 0.2 0.8 1.70
PP-1 11.1 1.77 0.3 0.8 1.82
Pp-2 7.47 1.16 0.25 0.7 1.65
PP-11 2.80 3.57 0.2 1.4 3.67
PP-12 1.83 2.57 0.2 1.0 3.03
PP-13 0.462 3.68 0.3 1.3 3.34
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through 4.15f, the model prediction for different values of "a", for
six polymers which have typical rheological behavior, is presented.
The actual data are shown by circles (for n) and triangles (for N]).
In Table IV-2 the material properties determined by Method B are
listed. Here, G is calculated using N1 values at 12 ° 103 Pa. In
Figures 4.16a through 4.16f, the model prediction for different "a"
values, for the same polymer, are shown.

Generally, the predictions based on the two methods (Methods A
and B) show good agreement with the experimental data, if we use

different "a" values for n and N In Method A the difference in the

1°
"a" values for n and N] are sometimes very large. For example,

narrow MWD HDPE materials need "a" values for n of 0.05 ~ 0.1 and

for N] of 1.2 ~ 1.5. This effect is also observed for LLDPE and
narrow MWD PP. The need for having so different "a" values for n and
N1 is improved by employing Method B.

The best fit values for "a", based on shear flow properties, are
shown in Table IV-3. They show clear effects of MWD. The narrow MWD
linear samples have "a" values of 0.1 to 0.45. The moderate and broad
MAD linear samples have "a" values of 0.5 to 0.8. The results,
except for LDPE, indicate that "a" increases with the breadth of the
distribution. The low value of "a" for the LDPE is obviously

associated with LCB (the strain rate hardening effects on t by LCB

overcome the strain rate softening effects caused by the breadth of

the MWD).
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Table IV-2. Material Parameters from Method B

Ilall (_)
_ Based on
. G Best Fit for

Polymer sec Pa x 1073 n Ny n and N,
HDPE-1 36.5 1.80 0.5 0.6 0.55
HDPE-2 25.3 2.17 0.5 0.7 0.6
HDPE-3 1.95 2.67 0.5 0.65 0.6
HDPE-4 3.58 2.20 0.5 0.7 0.6
HDPE-5 0.548 3.18 0.5 0.9 0.5
HDPE-11 0.690 8.16 0.1 0.9 0.1
HDPE-12 0.253 " 9.09 0.1 1.1 0.1
HDPE-13 0.0549 13.1 0.1 1.0 0.1
LLDPE-1 1.07 12.2 0.3 1.3 0.3
LLDPE-2 0.828 8.70 0.35 1.1 0.35
LLDPE-3 0.744 7.75 0.3 1.0 0.3
LLDPE-4 0.670 7.66 0.4 1.1 0.4
LDPE-1 5.42 2.30 0.2 0.35 0.25
LDPE-2 3.43 2.74 0.4 0.4 0.4
LDPE-11 1.74 5.70 0.3 0.6 0.3
LDPE-12 0.673 8.08 0.3 0.6 0.3
PP-1 5.96 3.31 0.75 0.9 0.8
Pp-2 3.23 2.69 0.6 0.8 0.7
PP-11 1.36 7.38 0.4 1.0 0.4
PP-12 0.841 5.59 0.45 0.9 0.45
PP-13 0.237 7.17 0.45 0.9 0.45




IN Boj

ed

* (9 Poyla| wouy)

LopoW ADUZIY-3F LYM Y3 LM APz pue u) ejep Mo[j JAeays Apeals o uostdaedwo) -9y d4nbL4
v-3daH (9) L-3daH (@)
_.lm % 60j —lm .A 6oj
z- - - £-
4 f ]
3
an— 6 — ——
h
90
2760
o
(o]
-3
s
y-3d0aH So=¢

L 60j

ed




95

‘N o)

ed

[-3da11 (p)

(PBNULIU0D) 9| °p Bunb Ly

1-3dai1
|

L Boj

ed

LL-3daH (2)
—lw 4 60|
0 - iy

z ]
o
[(e]
S

¢ L
60
1L-3daH _ 1o =¢

L Boj

s-ed



96

(panu13uod) 91"y d4nbiyg

1-3da1 (3)

LL-3da1 (4)
Fl.w % WO—

N Boj
In 6oy

ed

Bd

L Boy

S-ed

1L~ 3407 e
| _

4 60|

s-ed



97

Table IV-3. "a" Parameter in Egn. (4.14c) for Relaxation Time of the
Convected Maxwell Model

Polymer a Mw/Mn Mz/Mw
HDPE-13 0.1 3.06 2.71
HDPE-11 0.1 3.36 2.97
HDPE-12 0.1 3.59 3.11
HDPE-5 0.5 4.67 6.56
HDPE-3 0.6 7.10 7.84
HDPE-4 0.6 8.08 7.12
HDPE-1 0.55 9.65 6.36
HDPE-2 0.6 14.1 8.29
LLDPE-2 0.35 3.36 -
LLDPE-1 0.3 3.81 -
PP-13 0.45 4.62 2.47
PP-12 0.45 4.67 2.81
PP-11 0.4 6.37 2.59
PP-2 0.7 7.83 4.82
PP-1 0.8 9.04 3.57
LDPE-1 0.25 11.2 -
LDPE-2 0.4 8.36 5.26
LDPE-T11 0.3 4.11 -
LDPE-12 0.3 3.29 5.61
pPS* 0.3~ 0.65 2 4

pp* 0.6 v~ 1.3 710

HDPE* 0.6 ~ 1.4 7 ~ 30

LDPE* 0.2 ~ 0.6 7~ 30

- *From analysis of literature data on commercial polymers.
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E. UNIAXIAL ELONGATIONAL FLOW

E-T. Results

Uniaxial elongational viscosities were measured only for HDPE-T,
HDPE-11, LDPE-1, and LPPE-11. Kanai and White [K-2] have reported
uniaxial elongational viscosities for HDPE-2, LLDPE-2, which are the
same lot samples that we used here. The data for other samples will
appear elsewhere.

The developing elongational viscosities x are shown as a function
of elongational rate E and time t in Figures 4.17-4.20. We plot only
the data where obvious nonuniform stretching was not observed.

HDPE-1 exhibits local deformation (necking) near the point of
maximum stress, and this is followed by ductile failure. The narrow
MWD HDPE, LDPE, and LLDPE samples elongated uniformly and in some
cases fractured abruptly, probably by a defect mechanism. Fracture
(which may be described as a cohesive failure) actually occurred

only in LDPE-1 at E = 0,1 and 0.05 sec” |

» Which are pointed out by
the arrow marks in Figure 4.19. This is illustrated in Figures 4.21-
4.23 for HDPE, LLDPE, and LDPE, respectively (hand-pulled filaments
were painted by black color). They clearly show that broad or
regular MWD HDPE filaments exhibit necks and are nonuniform, whereas
narrow MWD HDPE, LLDPE, and LDPE samples possess a higher l
uniformity. |

There are two types of stress build-up. One type, shown by

narrow MWD HDPE, LLDPE [K-2], and LDPE of low degree of LCB, exhibits

monotonic increasing stress build-up to an asymptotic value; this
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Figure 4.21. Elongated filaments of high density polyethylenes.
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Figure 4.23.

" LDPE-12 |

Elongated filaments of Tow density polyethylenes.
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value is close to three times the zero shear viscosity (3n0) at Tow
elongation rate. It shows higher values at higher deformation rates.
The other type, shown by HDPE of moderate and broad MWD and by LDPE
of high degree of LCB, exhibits a strong strain hardening effect after
achieving a certain strain level. However, the latter type shows

two subclassifications. One, shown by moderate and broad MWD HDPE,
never shows a constant viscosity value because of a ductile
instability. The other, shown by LDPE of high degree of LCB, exhibits
constant viscosity after a sharp stress build-up in the log x-log t
plots. The values of these constant viscosities scattered sometimes
by as much as 20 to 30%, depending on the experimental run. However,
there is almost no scatter in the region where the stress is still
building. This is clear in Figure 4.24, which shows plots of

log x vs. Et for LDPE-1. The strain hardening stress build-up of
HDPE-1 and LDPE-1 behaves in a somewhat different way; LDPE-1 exhibits
stronger strain hardening stress build-up than does HDPE-1.

The reduced steady (or maximum) elongational viscosity x/3n0 - E
is shown in Figure 4.25. There is no doubt that narrow MWD HDPE
(HDPE-11) and LDPE with a low degree of LCB (LDPE-11) achieved steady
state at any E. LDPE-1 is also believed to have achieved steady

state, except at £ = 0.1 and 0.05 sec™ ).

At these E values, LDPE-1
sometimes show constant x for 0.4 ~ 0.5 (as measured by the Hencky
strain) just before fracture; during this period no fluctuation of
diameter was observed. This constant x may be due to a defect

mechanism. There is no doubt that broad MWD HDPE never achieved

steady state because of a ductile instability.
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Figure 4.25. Reduced steady state (or maximum) elongational
viscosity as a function of elongation rate.
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For narrow MAD HDPE and LDPE with Tow degree of LCB, one obtains
a constant x at Tow E which is about three times the zero shear
viscosity (3n0). At higher E, x increases. x for LDPE with high
degree of LCB increases with E. For the broad MWD HDPE, the maximum
elongational viscosity is a decreasing function of E.

Elongation-to-break is plotted in Figure 4.26, where Et, is the

b
elongation-to-break as measured by the Hencky strain

(Etb = En[L(tb)/L(O)]). HDPE-1 and LDPE-1 at E = 0.1 and 0.05 sec']
actually exhibit filament failure, but not the other cases. The
elongation-to-break of "unfailed" filaments was determined by
assuming that the final diameter of the filament is the same as
diameter of the failed samples. For linear polymers, the elongation-
to-break of the narrow MWD samples exceeds that for broader MWD
samples. The effects of LCB are difficult to detect, except for the

cohesive fracture in LDPE-1 at E = 0.1 and 0.05 sec'].

E-2. Interpretation

During the uniaxial elongational stretching of the linear
moderate and broad MWD filaments, necks are observed. The material
in the necked region deforms more rapidly than the sample as a whole.
A theory of stability having to do with the necking of polymer melt
filaments was given by Ide and White [I-2,I1-3].

The free-elongation data of Figure 4.17 (for HDPE-1) may be
significantly influenced by the stress-elongation rate characteristics

in the neck (when they develop), as opposed to the sample as a whole.
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It is not known at what point on these curves the necks develop.
However, only the data where no visible necks were observed are
plotted. If we continue to plot after visible necks are observed,
the curves immediately reach a maximum and then decrease with time.
These curves have been reported for linear moderate and broad MWD
filaments, such as HDPE and PP [C-5,I-3,1-4,M-42,Y-2]. If we look
carefully at Figu re 4.17, we notice that the slope of the log x-
Tog t plot decreases just before reaching the maximum point. This
may be caused by the start of necks, although this is not visible,
because the strain is too small to reach to a steady state (compare

with LDPE-1, which has 1, = 5.42 sec, and with HDPE-1, which has

0
0 = 36.5 sec; see Table IV-2, page 93).

Our steady state (or maximum elongational viscosity x data on
Tinear PE suggest that the effect of MWD dominates in determining
the character.of linear polymer melts. Narrow MWD 1inear polymers
(HDPE, monodispersed linear hydrogenated polybutadiene, PP, and PS)
[A-12,E-2,1-4,M-42 ,M-46 ,M-47,T-3] shown constant values of x(= 3ng)
at Tow elongational rates (or TE]), and then become an increasing
function. On the other hand, x of moderate and broad MWD linear
polymers exhibits a decreasing function of E; also x/3nO values at
Tow E are very large. Similar behavior has been observed earlier
[C-5,1-4,M-49,Y-2]. For moderate and broad MWD HDPE
5

(M =2.20 x 10

! and 2.19 x 10°, M/M = 12 and 9, respectively)

Munsted and Laun [M-49] reported the existence of a maximum in the

x-E plot. At low E, x/3nO is unity, and after reaching the maximum
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value, x/3n0 decreases with E. However, they also report for HDPE

5 and 9.80 x 10%

(Mw = 1.52 x 10 . Mw/Mn = 13 and 10, respectively)
that x/3n0 is a decreasing function of E and unity at low E. It is
not clear what the cause of the difference in HDPE is.

Considering LDPE in an overall way, it is not easy to separate
the effects of MWD and LCB on elongational flow. However, based on
our data and those of Munstedt and Laun on LDPE with different
degrees of LCB and MWD [M-49], we may reasonably summarize the
behavior as follows: the strain rate hardening character on uniaxial
elongational viscosity increases with extent of LCB and the effects
of LCB overcome those of MWD.

The observed failure mechanisms are consistent with the trend
in the steady state (or maximum) elongational viscosity x. The
neck development in the moderate and broad MWD linear samples indi-
cates a decreasing elongational viscosity character. The uniformly
stretched filaments of the narrow MAD linear polymers and also the
branched (LCB) polymers, where defects are healed, presumably have

increasing viscosity functions (compare Ide and White [I-4] and

Minoshima, White and Spruiell [M-427).
F. SOME COMMENTS ON A CONVECTED MAXWELL MODEL

In the previous section (Section D-3-b) we have described two
different ways of determining the material parameters based upon the
convected Maxwell (White-Metzner) model (Eqn. 4.14). The material

properties are listed in Tables IV-1 and IV-2 (pages 88 and 93). If
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we look at these tables, we see a systematic difference in the "a"
values in the shear viscosity function and in the principal normal
stress difference function. Such differences are less for moderate
and broad MWD Tinear polymers and highly branched (LCB) polymers.

On the other hand, the differences for narrow MWD linear polymers
are very large. Similarly, LDPE with broad MAD and higher degree of
LCB show less differences in the "a" values than do LDPE with narrow
MWD and a lower degree of LCB.

More specifically, ¥ (= N]/}z) of narrow MWD linear polymers
(HDPE, PP, and LLDPE) falls off more rapidly with shear rate than
does n for these polymers, as expected from Eqn. (4.15). The differ-
ence between the shear rate dependency of n and ¥y becomes less by
the presence of LCB and broadening MID. If data in wider shear rate
ranges were available, these varying shear rate dependencies in n and
N, might be negligible. However, Eqn. (4.15) predicts a second power
dependence of N] on oy,- This is true only for monodisperse polymers.
It is generally known, as indicated previously, that the slope of
the Tog N1-1og 917 plot decreases with the breadth of MWD and that
N], at fixed 010 increases with the breadth of MWD in linear polymers.
LDPE with broad MWD and a high degree of LCB has the highest slope in
the log N]-]og 917 plot among the various PE samples (including
narrow MAD HDPE) (see Section D-2).

According to Eqns. (4.14) and (4.15), n/no for a convected

Maxwell model is given by
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n/no = T/TO = '-_1—. ) (4.]8a)
1+a T Y
_ 1
= . (4.18b)
1+adert

oY
where Je (= 1/G) is the steady state compliance. In Figure 4.27 we
plot n/nO—Je o 9 for linear and star-branched (four star and six
star) anionically polymerized polyisopre (PI) of a 40 weight percent
TD (tetradecane) solution. These data were supplied to us by
T. Masuda of Kyoto University. Some of the data have appeared in
Graessley et al. [G-9]. Figure 4.27 indicates that the presence of
LCB has a deformation rate softening effect on relaxation time; the
"a" value becomes large by increasing the LCB. It is difficult to
believe that their star-branched polymer has a broader MWD than
Tinear PI (see G-9 and H-1). This is inconsistent with the "a"
values for LDPE being smaller than those for PP (including narrow MWD
samples) and moderate and broad MWD HDPE (see Tables IV-1 and IV-2,
pages 88 and 93).

These phenomena suggest that the effect of shear rate on the
relaxation intensity and the relaxation time is different. This

leads to the following form for the convected Maxwell model

eQ
n

-pL+ P, (4.19a)
* & 5L (4.19)
i R = 26ytg “F 4 - 799 5% '

where the relaxation intensity and the relaxation time change with
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deformation, as indicated with the factors of "f" and "g", which are
functions of tensor invariants, respectively (see the more detailed
formulation of Eqn. 4.19 in Chapter XIII). Egn. (4.14) is a special
case of Eqn. (4.19) where

T(IId)
g="f= ;zijzfjgjjy s (4.20a)
. 1 75 - (4.20b)
1+a TOIId

In the steady shear flow Eqn. (4.19) is written as

n = 012/9 = Gotogz/f . (4.21a)
- <2 _ 2 3
¥, = N]/y = 2GOT0 g /f , (4.21b)
6.2 £
N
N-] = G 5 3 (42]C)
0
T =159 . (4.21d)

For uniaxial elongational flow

o179 =Py - P

2
i} ZTOGOEg /f _e-(1-ZTOgE)t/(Tog)
33 1-2T09E

(4.22a)

2
To6E9°/f ] -(1+709E )t/ (19)
1+TOgE -€

The steady state elongational viscosity is given by




o
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3G g2/
= g,,/E = 00
X =9 (T-275gE) (T+7E)

(4.22b)

[ 1]

As a special case, we may take "g" and "f" to be functions of
the second invariant of the deformation rate tensor. There is a good
possibility that we can eliminate contradictions and inconsistencies
in Eqn. (4.14), as previously mentioned, by introducing proper
functionalities for "g" and "f". However, these functionalities (or
at least one of the functionalities) should not be similar to
Eqn. (4.20). If the functionalities for "g" and "f" are given similar

to Eqn. (4.20), then

g = (4.233)

f = . (4.23b)

1/2
1+b T IId

The steady state uniaxial elongational viscosity exhibits a maximum
under certain combinations of "a" and "b" (such as a = 1.2 and

b > 2.0). However, the maximum values in steady state elongational
viscosity (xmax/3n0) never reach 2.0 for the case where 0.0 <a <4.0

and 0.0 < b < 4.0.
G. SUMMARY

An experimental study of steady shear and uniaxial elongational

flow rheological properties of a series of high density, linear low



density, and low density polyethylene melts of varying molecular
weight and distribution and different degree of long chain branching
has been carried out. Broadening the molecular weight distribution
increases the non-Newtonian character of the shear viscosity functions
and increases the principal normal stress differences at fixed shear
stress. Increasing the degree of long chain branching increases the
non-Newtonian character of shear viscosity functions and increases the
principal normal stress differences at fixed shear stress. However,
the existence of long chain branching in polydisperse systems makes
the principal normal stress difference and shear stress relationship
more linear than Tinear polydisperse systems. Uniaxial elongational
flow studies indicate that linear polyethylenes of moderate and broad
molecular weight distribution readiiy fail by neck development;

also the elongational viscosity appears to decrease with increasing
elongation rate. For polyethylenes of narrow molecular weight
distribution (including Tow density polyethylenes), the elongational
viscosity is an increasing function of elongational rate and never
fails. Highly branched Tow density polyethylene exhibits cohesive
fracture at high elongation rate and the elongational viscosity
strongly increases with elongation rate. Finally, the implications
of these experimental results in developing a constitutive equation

was developed.



CHAPTER V

MULTIAXIAL ELONGATIONAL FLOW OF VISCOELASTIC FLUIDS:
CONVECTED MAXWELL MODEL

A. INTRODUCTION

Simple shear flow in polymer processing operations has been
very widely studied. The occurrence of elongational flows in polymer
processing operations (such as melt spinning, film casting, tubular
blown film extrusion, blow molding and thermoforming) makes it an
important area for study. This includes not only uniaxial
elongational flow but also biaxial and planar elongational flow. This
makes it necessary to develop a general perspective of various
elongational flows.

In this chapter we present a general analysis of the homogeneous
elongational flow of incompressible fluids, which includes a kinemati-
cal classification of these flows, geometrical effects, and
characterization of the elongational viscosity under various kinemati-

cal conditions.
B. CLASSIFICATION OF ELONGATIONAL FLOW

B-T. Kinematical Classification

For incompressible fluids, the kinematics of elongational flow

can be expressed in terms of two independent deformation rates

119
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(E], E2). The physical components* of the deformation rate tensor
Q are defined as
E] 0 0
d=1 fvy + (vv)T] = 10 E 0
N2t N 2
0 0 E3
1 0 0
= E] 0 EZ/E1 0 , (5.1)
0 0 -(1+E2/E])

where "1" is in the machine direction, "2" in the transverse
direction, and "3" in the free surface direction. Various possibili-

ties exist. For uniaxial extension [M-24,P-11,T-10],

E2/E] = -0.5, or E2 = E3 = -0.5 E] . (5.2a)
while for planar extension [D-5,M-24,P-11],

E2/E1 =0, or E2 =0, E3 = -E] s (5.2b)
and for equal biaxial extension [D-6,M-24,P-11],

E2/E] = 1.0, or E2 = E-I = -2E3 s (5.2¢)

*Throughout this dissertation (except Chapter XIII) physical
components (coming from contravariant transformations) will be used,
even though these physical components are written in the same
notation as covariant components (i.e., A.. and Bk means A(ij) and
B(k), respectively). i
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The total stress is usually divided into two parts for

convenience:
P]] 0 0 ’
g=-pL+R=-pL+ |0 Poo 01, (5.3)
0 0 P

where p is an isotropic pressure and R is the extra stress tensor
associated with the deformation. When a fluid is in the static
condition (R = 0), "p" is identified as the hydrostatic pressure.
In a dynamic situation for incompressible fluids “p" is considered
as a scalar quanfity to be determined by boundary conditions. For
elongational flow there exists at least one free surface as a
boundary condition so that the elongational viscosity is determined
as the measurable material function.

In general, it is only possible to determine extensional
viscosities as true material functions under steady state conditions—
in which either constant strain rate or constant stress is achieved.
In other words, it is necessary to carry out elongational viscosity
measurements under steady state conditions in both the Lagrangian

and the Eulerian senses. The elongational viscosity is defined by

_n
. = -

(5.4)
E

*The definition shown in Eqn. (5.4) is effective only when
033 = 0. Under the conditions of an external hydrostatic pressure
pe?o33 = pe), compression mode, it is useful to define the elongational
viscosity as:

_ %11 7 933
X E1

Piq =P

E

11

33
1
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It is possible to apply further restrictions on the kinematics

from definitions of the relative magnitudes of the stretch rates:
s 2 Eq . (5.5a)
This leads to

-0.5 §_E2/E]_§ 1.0 . (5.5b)

By this restriction one may avoid confusion. For example, uniaxial
compression and equal biaxial extension are essentially the same
(EZ/EI = 1); however, these deformation modes are different deforma-
tions without the restriction given by Eqn. (5.5). Similarly, equal
biaxial compression and uniaxial extension are the same deformation
modes (EZ/E1 = -0.5). Egn. (5.5) suggests that two of the extreme
deformation modes among extension are uniaxial extension and equal
biaxial extension. Other extension modes, including compression, lie
between uniaxial and equal biaxial elongation. Generally in this

dissertation we shall consider:

E, >0 and E; <0 . (5.6a)
This leads to
E2/E] > -0.5 , (5.6b)

This definition for elongational viscosity has been used for
Tubricated orthogonal stagnation flow [A-6,A-7,W-25] and Tubricated
squeezing flow [C-9,C-19], where the driving force on the deformation
is the external hydrostatic pressure.
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where again "1" is the machine direction, "2" is the transverse

direction, and "3" is the free surface direction.

B-2. Geometrical Effects

Several different geometries can be suggested for understanding
polymer processing operations and material property determination,
i.e., elongational viscosity measurements. These include stretching
(or compressing) of sheets, cylinders, annular cylinders, and hollow

spheres.

B-2-a. Stretching of sheets. Consider the steady state

elongational flow of a fluid sheet having constant thickness and a
"1,2,3" Cartesian coordinate system embedded in the sheet with "3"
normal to the sheet and "1" and "2" in the directions of stretch

(Figure 5.1). We take the velocity field in the sheet as:
vy = v](x]), Vo = v2(x2), V3 = v3(x3) . (5.7a)

The deformation rate tensor is given by:

SV]
— 0 0
BX]
rC\.! = 0 '5;(— 0 . (5.7b)
2
oV
3

The velocity gradients will be expressed as

=0 (i) . (5.8)
J
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V1 = E1X1
E> X;
V3 = E3X;
SE, =0

Figure 5.1. Elongational flow of a sheet.
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The velocity gradient normal to the sheet may be written

3V3
5%, " B3 WOt Rt (5.9)

The velocity gradients are interrelated for a continuous fluid by

the continuity equation. Presuming incompressibility:

sv] av2 3v3

+ + =0 . (5.10a)
BX] BXZ 3X3
v
3_14dnh_
3%,  hdt" (B + E)) (5.106)
h = h(O)exp[-(E]+E2)t] = h(O)exp[-(1+E2/E1)E]t] . (5.10c)

where E] and E2 are considered as constant stretch rates.

B-2-b. Stretching of cylindrical filaments and compression

of discs. Consider the steady state elongational flow of a fluid
cylinder or disc of radius R and filament length L or disc thickness

h (Figure 5.2). The velocity field is

v.=v_(z), v.=v.(r), v. =cr, (5.11a)

where ¢ is a constant (for elongation flow c is zero). The

deformation rate is
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Figure 5.2. Elongational flow of a cylindrical filament and a disc.
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v 0
9 2
57 0
) r
d(z,e,r) = | O — . (5.11b)
v sy
_r
0 0 ar

At the center of the cylinder or the disc (r = 0.0), V. is zero,
and on the outer surface (r = R), V. = DR/Dt, so that, assuming a

flat velocity profile, we obtain
-_r_1DR_1dR
d qt (5.12a)

Also, by neglecting the variation of avz/az with z, we have

d =a£=
zZZ 9z

DL

1
t L

dL _ 1
& O Tnac (5.12b)

| —
p=s

Similarly, we obtain

\"
_.r_1
do =7 ° R

r 5.12
0 T (5.12¢)

[eXfe N
|0

There exist two possibilities as to which direction is the

machine direction ("1" direction). One case is

- = 1d - = LR - =1
b srae RETrae B3TE ST @& (5.13)
From the continuity equation, we have
1db _ 2 dR _ - -
Cat - "Rae EZ = E] -2E¢ = '2Er . (5.14)

This is the case of uniaxial extension. The other case is
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R . ¢ .ldn
It E3 = EZ *hat (5.15)

From the continuity equation, we have

o

1dR _ _2dh =f =F =_1
Rdt~ "hae BB =-7E . (5.16)

This is the case of equal biaxial extension (or one may say "unijaxial

compression™).

B-2-c. Elongation of an annular cylinder. Consider the

multiaxial elongational flow of an annular cylinder of radius R,

annular thickness h and length L (Figure 5.3). The velocity field is

= cr , (5.17a)

where ¢ is a constant (for extensional flow c is zero). The deforma-

tion rate tensor is

oV
Z
3N
dzoor) =10 L 0. (5.17b)
v
r
0 o S

On the inner surface of the annulus, Ve is zero, and on the
outer surface V. = Dh/Dt, so that, neglecting the variation of avr/ar
with r by assuming that the thickness h is small compared with other

dimensions of the annulus (i.e., h << R), we obtain

d :av—r=
rr ar

- %_a%_. (5.18a)

glo
|
o

> —
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Elongational flow of an annular cylinder.

Figure 5.3.
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Also, by neglecting the variation of avz/az with z, we have

v

-z _1D0L _1dL
Y2232 TUDE "L at - (5.18b)

<

%—%% . (5.18¢)

1 _ 1 dR _ 1 dh
;"Ta % "Rt Er=Fat- (5.19)

+

From the continuity equation, we have

E, *E, +E.=0. (5.20)

¢

Various possibilities of deformation exist. For uniaxial

extension of an annular cylinder

R “ha <0or E. = E¢ = - %-Ez <0 . (5.21a)

1 dL _ 1dR_  1dh
ra~% rat ™ "wmae> 0>
or
E, =0, E, = -E.>0. (5.21b)

1 dR 1 dh
&> % R’ % R

=
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or

¢) . ‘(5.21c)

m
v
(]
-
m
v
o
m
"

-(EZ + E

B-2-d. Expansion of a hollow sphere. Consider the expansion of

a hollow sphere of radius R and bubble thickness h. The velocity

profile is

v.=v.(r), v, =cr, vw = ¢r sine , (5.22a)

where ¢ is zero (for elongation flow ¢ is zero). The deformation

rate tensor is

oV
r
00
VY‘
dlriew) = |0 — 0}. (5.22b)
VY‘
0 0

On the inner surface of the bubble, Vi is zero, and on the outer
of the sphere V. = Dh/Dt, so that, neglecting the variation of avr/ar
with r by assuming that the thickness h is small compared with the

other dimensions of the hollow space (i.e., h << R), we have

v

M _1Dh 14
drr " %r " hDt hdt- (5.23a)
Similarly, we obtain
v
= . r_1d&R
d¢¢ = dW == R T (5.23b)




We may write

= _]—d— = ']—Q-R— = =l(_jﬁ
b ra B2°E rae B3 Epa- (5.24a)
From the continuity equation, we have
2 dR _ 1Dh .
Rdt - " K bee E¢ = E] = Ew = - ?’Er . (5.24b)

This is the case of equal biaxial elongation.
C. ELONGATIONAL VISCOSITY

In the previous section, the kinematics of elongational flow
(including compressive flow) is described in terms of an elongation
rate along the "machine direction" E], the "transverse direction" E2,
and the "free surface direction" E3. The dynamics of extensional
flow will be described for a Newtonian fluid and a viscoelastic fluid,
especially for a convected Maxwell model in terms of the elongation

rates E], E2, and E3.

C-1. Newtonian Fluids

The stress tensor in a Newtonian fluid may be expressed by
g=-pl+2nd. ~ (5.25)

For a multiaxial elongational flow one writes

o = P Fan ks,
Opp = =P + 2n E2 , (5.26a,b,c)
033 = =P + 2Zn E3 .
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The normal stress in the "3" direction is zero (the existence of
external hydrostatic pressure, Pe> makes 933 be Pes see Egn. (5.4)

and footnote on page 121).

033 = =P + 2n E3 =0. (5.27)
Using Eqn. (5.27) to eliminate p and Eqn. (5.1) to eliminate Es
yields:

oy = 2n(2E]+E2) = 2n(2+E2/E]) E] s (5.28a)

099 = 2n(E+2E,) = 2n(1+2E,/E,) E; . (5.28b)

The elongational viscosity defined by Eqn. (5.4) is given by
X = T = 2”(2+E2/E]) . (529)

For uniaxial extension defined by Eqn. (5.2a), we have

0]1 = 3n E-I, 022 = O, X = 3"\ . (5.30&)
For planar extension defined by Egn. (5.2b), this leads to

o171 = 4n E-I, Gpo = 2n E'I’ x = 4n . (5.30b)
For equal biaxial extension defined by Egn. (5.2c), this leads to

oq7 = 6n Eqs 0np = 6n E], X = 6n . (5.30c¢)
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C-2. Viscoelastic Fluids

C-2-a. Constitutive equation. We shall take the rheological

character of the viscoelastic fluid to be represented by the convected

Maxwell model [D-2,I-2,1-3,M-42,W-16,W-18]

6P ;
Pij = zTGdij -1 —?ﬁfl , (5.31b)

where GPij/Gt is the contravariant convected derivative defined by

SP. . DP.. V., v,
- _J_p _J_._1p (5.31c)
st Dt m X, axm mJj

Generally the relaxation time, t, is considered to depend upon the

deformation rate. It has been taken to be of form [I-3,W-16]

T

0

T 77 °

= (5.32)
1+ aTOIId

where IId is the second invariant Qs which we take as 2 tr gz.

In simple shear flow the stress field is predicted to be of form

O1p = GT;,
Ny = 267272, (5.33a,b,c)
N, = 0,

r=—9 (5.34)
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The deformation rate dependence of t through Egns. (5.32) and (5.34)

define the non-Newtonian shear viscosity in this model.

C-2-b. Elongational flow. For a multiaxial elongational flow,

Eqn. (5.31b) takes the form

faP” )
P]-l = ZTGE-I - Tk—a—t—- ZE]P]]J ’
raP22 )
P22 = 2TGE2 - T —at_ - 2E2P22J ’ (5.35&,b,C)
(3P )
_ 33
P33 = 2165 - 7|5 - 2E4P 45

In a biaxially stretched sheet, this is subject to the boundary
condition (existence of external hydrostatic pressure, Pas makes 033

be Pos see Eqn. (5.4) and footnote on page 121)
033 = -P + 933 =0 . (5.36)

If we take as an initial condition that the sheet is in virgin
condition at time t = 0, Eqns. (5.35) with (5.36) may be solved to

yield for constant stretch rates Ej

(t) =P,. - P J

21GE. -(1-2<E.)t/t
. = 1] - e
JJ JJ 33 1-2TEj

- T (j not summed), (5.37)

2TGE3 : -(1-21E3)t/t-
- e
3

where j may be "1" or "2" and E3 is -(E] + EZ)'

The steady state forms for 011 and gyo are
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. ZTGEJ ) ZTGE3
Ji ]-ZTEj 1-2<E, °

3
(5.38)
_ ZTG(EJ-E3)
(1-21Ej)(1-2TE3)
or more specifically
21G(2E,+E,)
giq = 1 2 (5.39)
1 (1—21E])I]+21(E1+E2)] > )
2tG(2E,+E,)
o = 2 1 (5.39b)
22 (1-21E2)[]+ZT(E]+E2)] : )
For small rEj, the expressions for o1 and g9, are
077 = 276(24E,/E; )E, [1-2¢(E,/E; )E+0(<E))?T (5.40a)
5pp = 21G(1+2E,/E, )E; [1-21E,+0(<E;)°] . (5.40b)

The characteristics of these functions vary with (EZ/E1)‘ We will
consider several cases.

Uniaxial extension:

077 = 3t6E; [1 +TE1+0(TE1)2] , (5.41a)

Opp = 0. (5.41b)
Planar extension:

opy = 4tGE; [1+0(<E))%] (5.42a)

+0(TE])2] . (5.42b)

Tpo = 21GE1[1-21E

1
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Equal biaxial extension:

011 = O = 6TGE[1-2TE1+0(TE])Z] . (5.43)

The stress has the Newtonian value at Tow TE]- The elongational
viscosity, 011/E], at first increases for uniaxial extension and when
E2/E] is less than zero. When E2/E] is greater than zero, including
equal biaxial extension, the elongational viscosity 01]/E] at first
decreases. The effect of EZ/E1 is deformation rate softening. How-
ever, for all values of EZ/E1

g
lim b

e w (5.44)

E1+1/21 1
This is shown in Figure 5.4. When E2/E] is greater than zero, 01]/E]
exhibits a minimum.

It should be noted from Eqn. (5.38) that the deformation-rate
softening character in elongational viscosity is dominated by P33
term. The P]]/E] component in 011/E1 is a monotonic increasing
function of TE], i.e., the qualitative nature of P]]/E1 does not
depend upon the kinematics (EZ/El)‘ On the other hand, the P33 com-
ponent determines the qualitative nature of the elongational viscosity.

We now consider the deformation rate dependence of the relaxation

1/2
d

time t. The invariant II of Eqn. (5.32) may be expressed in the

form

1154 =Vaerg® = al(eye)? v eye 112 g 2 ke L (5.45)
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which makes Eqn. (5.32) take the form

1+aKT0E1

Introducing Eqn. (5.46) into Eqn. (5.39) gives

26 (2+E,/E) (1+akeE, )E,
N [T-(2-aK) 7 E, T+ (2+ak+2E, /€, 158 ]

ZGT0(1+2E2/E1)(]+6KTOE])E1
°22 = TT=(2E,/E,-aK) 7 E; ITTH(ZFaKr2E , /E, Jr g T -

small T0E1, we may expand Egn. (5.47) to give

077 = 267GE; (2+E,/E ) [1-(ake2E,/E; ) E +0(TE])2] , (5.483)

1

Oy = ZGTOE1(1+2E2/E1)[1-(2+aK)T0E]+O(TE])2] . (5.48b)

The elongational viscosity is now an increasing function only when
E

a <% [ EZJ . (5.49)
1

This is possible in uniaxial extension where K is /3 and EZ/El is
(-1/2). "a" must be less than 0.577 for the elongational viscosity to
be an increasing function. For planar extension and equal biaxial
extension, 01]/E will always be a decreasing function at Tow E].

op7 Will rise to infinity according to Egn. (5.47a) when

1
Ey - (Z-ak)z -
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This can only occur for values of a for which
a < 2/K. (5.51)

This is 2//3 for uniaxial extension, unity for planar extension and
1/V/3 for biaxial extension. The dependence of 01]/E1 upon "a" is
shown in Figure 5.5.

The above discussion indicates that increasing E2/E] and the
deformation rate dependence of the relaxation time have similar
effects on the elongational viscosity. Both tend to decrease its

rate of increase and to transform it into a decreasing function.
D. SUMMARY

Various multiaxial elongational flows, including compressive
flow, are classified in terms of two individual elongation rates E1,

the elongation rate along the machine direction, and E2, the

elongation rate along the transverse direction, for various geometries.

Elongational viscosities are described for a Newtonian fluid and a
convected Maxwell model. It is shown that increasing the lateral
stretching (larger E2/E] values) makes the elongational viscosities

more deformation rate softening.
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CHAPTER VI

MULTIAXIAL ELONGATIONAL FLOW OF SHEETS AND ANNULAR CYLINDERS:
GROWTH OF DISTURBANCES AND GENERAL FORMULATION

A. INTRODUCTION

A problem of basic interest in the flow of polymer melts is the
instabilities which arise during the stretching of filaments and
sheets. The characteristics of the failure of molten polymer fila-
ments during uniaxial stretching has been reported in experiments by
Ide and White [I-1,1-2,1-3,1-4,W-17]. Theoretical analyses of the
growth of disturbances in Newtonian and viscoelastic fluid filaments
have been given by Chang and Lodge [C-6] and by Ide and White [I-2,
I-3,W-17]. 1In recent years, attention has increasingly been given
to polymer processing operations involving the multiaxial stretching
of sheets and films. This has led us to become concerned with basic

studies of the growth of disturbances in fluid sheets, and annular

cylinders. There have been few basic investigations of this problem.

Indeed, the only closely related study that we are aware of is that
of White several years ago [W-13].
It is our purpose here to present a theoretical investigation

of the growth of disturbances in Newtonian fluid sheets and annuli.

We give special attention to the force balance and continuity equation

which represent the state of growth of disturbances.
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B. ELONGATION OF A FLAT SHEET:

GROWTH OF DISTURBANCES

B-1. Homogeneous Deformation

144

Consider the steady state elongational flow of a fluid sheet

having constant thickness and a "1, 2, 3" Cartesian coordinate

system embedded in the sheet with "3" normal to the sheet and "1"

and “2" in the directions of stretch (Figure 6.7a).

direction is taken as the "machine direction."

field in the sheet as
Vi = v](x]), vy = v2(x2), V3 = v3(x3) .

The deformation rate tensor is given by:

BV-I
e 0 0
1
v
21 T . 2
ezl mpl=10 5 0
oV
° 0 5
3

The velocity gradients will be expressed as

We take the velocity

(6.7a)

(6.1b)

(6.1¢c)

(6.1d)
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The velocity gradients are interrelated for a continuous fluid by the

continuity equation. Presuming incompressibility:

Bv] 8v2 8v3

+ + =0, (6.2a)
ax] axz 8x3
oV
3 _14dh _
ot (B e (6.20)
h = h(0) exp[-(E4*E,)t] = h(0) exp[- (1+E,/E4)E, t] , (6.2c)

where E] and E2 are considered as constant stretch rates. There
arise here the value of E2/E] or (avz/axz)/(av1/ax]), which is a

characteristic value of the extensional flow.

B-2. Conservation Equations: Perturbed State

We now introduce a disturbance into the flow of the flat sheet

along the lines:

y = g v, (6.3a)
h=h+¢, (6.3b)
%=§+g' . (6.3c)

where a superposed bar indicates the steady state.
Let us first consider kinematics of the flow by introducing

Eqns. (6.3a) and (6.3b). It follows,
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v -
3 _ 1 D(h + &)
X, T Dt ) (6.4a)

After linearization we obtain

sh 1D ¢ 3k
3t +FDt T 7t (6.4b)

1
[}

If we introduce Eqn. (6.3a) into Eqn. (6.2a), using Eqn. (6.4b),

we obtain
v, vl oV,  av! v Y
ax1+a1 +82+82+%_§+;g_%_£2g_*%=0, (6.5)
1 X2 %% *3 h R

Noting that the steady state form must also satisfy Eqn. (6.2a), we

obtain

av. v -
Sy, 1D g b
ax] * ax2 * h Dt 52 ot 0. (6.6)

If we 1imit ourselves to disturbances in the 1-3 plane, i.e.,

Vo is zero, we may write

v, V.
| —]: LR _3— ':l %_é&— _D_é
l X E] T Tk, T E3 Dt t] ~ T Dt (2] . (6.7)
1 3 h
We consider a force F] to be applied in the "1" direction to a
sheet (Figure 6.1). A uniform disturbance g(x]) is introduced. This
causes a disturbance in the cross-section of the 2-3 plane of A'. It

follows that if we write
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A=A+A", (6.8a)

917 + o, (6.8b)

the perturbed force balance equation is

_ vy _ v 3vy BVy . avy
PR T e i) A G )
c D B+ AT
= % (A a7 A o]]) . (6.9)

By neglecting inertia in the left-hand side of Eqn. (6.9), one

obtains

o (Rojp A" 57) =0 . (6.10)

Egn. (6.10) is equivalent to
A oi] + A’ o = 0. (6.11)
Noting that:

A=Wh+2¢e), A=Wh, A' = UWe , (6.12a,b,c)

we may write Eqn. (6.11)

] - _E;_ -
o1 + 911 [ﬁ] =0 . (6.13a)

or
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33)§§] =0 . (6.13b)

B-3. Newtonian Fluid Sheets: Growth of Disturbances

The stress tensor in a Newtonian fluid may be expressed by

g=-pL*+tong, (6.14a)
or
vy .
O;5 T - Pt 2n v (i not summed) . (6.14b)

1

The normal stress in the "3" direction is zero, so that

os: = 2n {5;% - 5;;} (i#3, i not summed) . (6.15)

The growth of disturbances in a sheet is governed by Egns. (6.7)

and (6.13). The mean stress and disturbed stress are

947 = - P * 2, = 2n(2E; + Ey) (6.16a)
' ' avi avi avé 6
917 =-p +2”E=2n25x_]+3_x2 . (6.16b)

Taking 3v,/3x, as zero and introducing Eqn. (6.7) gives

=Y

= _ M D

It follows that
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- % 2 (g, Ez)g] + 2n(2E; + E,) %: 0, (6.17a)
or
De 1 -
bt Tz E5 =0 - (6.17b)
Let the disturbance be periodic along the "1" direction:
. 1'kx1
£(t,x) = g(t)e (6.18a)

The wave number k decreases with time because of the extension of

the film. Under constant strain rate E] deformation

k(t) = k(0)e | . (6.18b)

This leads to

ikx
Dg _ 38 = ™
=3t TV

: (6.19)

38 _ 3%
1 x] at &

Eqn. (6.17) can be rewritten with the aid of Eqn. (6.19) for a

constant strain rate deformation:

E
[—E—Z-}E] . (6.20)

The disturbances vary exponentially in time according to

§(t) = £(0) exp(- 5 Ept) = (0) expl- 3 (Ep/EEE] . (6.21)

This is summarized in Figure 6.2.




10

10

151
[ [
Newtonian Fluid
Ez/ E1 ==0.5
B Uniaxial B
planar
—
0.5
biaxial 7
1.0
i ]

Figure 6.2. Growth of disturbance E(E]t)/é(o) as a function of E,t
for various EZ/El in the stretching of a sheet.
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For uniaxial extension, where E2 is (-1/2)E], we have

§(t) = 2(0) exp(g Eyt) (5.222)

For planar extension, where E2 is zero
E(t) = £(0) . (6.22b)
For equal biaxial extension, where E2 is E]

E(t) = £(0) exp(- 3 Eqt) (6.22¢)

In uniaxial extension, the disturbance grows. Increasing the
deformation rates in the transverse direction, parallel to the

disturbance, decreases the rate of growth of disturbances.

B-4. Ductile Failure

The usefulness of the analysis developed in the previous section
is that it allows the investigation of the relationship between the
kinematics of the deformation of sheets and the eventual occurrence
of failure.

It is noted from Eqn. (6.2c) that the sheet thins more rapidly
than the defect growth rate as we increase lateral stretching. We

take the criterion of failure to be

?,(tb) = F(tb) = h(0) exp[-(1 + EZ/E])E1t] , (6.23)

where ty is the time at failure. By combining Egns. (6.21) and

(6.23), the elongation to break of films of length L(tb), length
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along the "1" direction, and area A(tb), area in the 1-2 plane, are
given as

L(t,) 2 7(0)
= E.t, ) = [ [} s (6.24a)
Ty exp(Eqty) = exp (2%, 7E;) n : ] a

and

Alty) F(0)

_ _ 2
'Kraj— = exp(E]tb + Eth) = exp|[2 - (2+E2/E])]2n é(o)

. (6.24b)

Eqns. (6.24) indicate that increasing deformation rates in the trans-
verse direction make the elongation-to-break of the flat sheets
decrease in the "1" direction (i.e., machine direction). However,
the relative stretched area at break increases with increasing strain
rates in the transverse direction.

Although from Eqn. (6.23) the size of the defects is decreased
by the lateral stretching of the sheets, the homogeneous decrease in
thickness is much greater and the defect size reaches the mean thick-
ness level earlier, resulting in failure.

It is also useful to consider a "normalized disturbance," which

is defined as £(t)/h(t), the ratio of the defect size and the mean

thickness,

TV E,/E
SLLIACE) exp{(1 + 22 1)E1tJ : (6.25)
£(0)/h(0)

In these terms lateral stretching is destabilizing.
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B-5. Additional Comments: Disturbances Along
the Transverse Direction

In previous sections (Sections B-2 and B-3) we have described
the growth of disturbance Where thickness varies only along the "1"
direction, i.e., ¢ = g(t,x]) or 1limit disturbances in the 1-3 plane,
and E] is assumed to have a positive value. It is necessary to
describe certain less restricted states.

First we consider elongational flow where Ey < 0; however,
disturbances are still 1imited in the 1-3 plane (i.e., vé = 0). The
driving force of this deformation is acting along the "2" direction
not along the "1" direction, so that it is not necessary to consider
Euler buckling, as occurs during the compression of columns. The
growth of disturbances in a sheet is still governed by the previously
described conservation equations, Eqns. (6.7) and (6.13). Therefore,
the growth of disturbances of a Newtonian fluid sheet is given by

De v 1 ;-
gt t 7 E=0. (6.26a)

Applying the periodic disturbance given by Eqn. (6.18) leads to

38 , 1z,

51 + > E2€ 0. (6.26b)
and

E] <0, E2 >0 . (6.26¢)

E] is assumed to be less than zero (i.e., a compression mode

based upon the X1 direction), so that this applied restriction on the
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kinematics automatically makes E2 have a positive value and the
elongation rate in the "machine direction." This allows us to change
the problem from one of the growth of disturbances undergoing com-
pression, where disturbances are along the "1" direction (in the 1-3
plane) (see Figure 6.3a), to one undergoing extension where disturb-
ances are along the transverse direction (in the 2-3 plane) (see
Figure 6.3b). Then, we can interchange the subscript "“1", which
represents the transverse direction, in Eqns. (6.26), applied dis-
turbance defined by Eqn. (6.18), and conservation equations. There-

fore, the governing continuity and force balance equation are:

Vv
2 1D & oh _
_+:___—._0, (6.27&)
ax2 P t h2 P
av.! v
2 _ 3 1 {Dg £ 3 _ D (¢
— 2. -3 _ 1M g _ D [ (6.27b)
X2 2 3X3 FI— [Dt H 35] Dt {FJ

and

1]
o

1 - 1 D ) _§_
(Py - Pyg) + (P, P33)[HJ (6.28)
where the disturbance exists along the transverse direction as
g(t,xz). Eqns. (6.27) and (6.28) can also be derived by limiting the
disturbances in the 2-3 plane, i.e., vi is zero in Eqn. (6.6) and
making force balance along the "2" direction similar to Egn. (6.11).

For a Newtonian fluid sheet the growth of disturbances is

described by
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(a) Disturbances along the machine direction

(b) Disturbances along the transverse direction

Figure 6.3. Disturbances in a stretched sheet.
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Ly TEi=0 (6.29a)
where

E, <0, E; >0 (6.29b)
or

0> Ey/E; > - 0.5 . (6.29c)

One notes that Eqn. (6.29a) is the equation which represents the
growth of disturbances, that is, in the cross-section of the 2-3
plane or g(t,xz). Consequently, the applied restriction on the

kinematics can be expressed as:

E-l > O, EZ/E] _>_ = 0.5 ’ (6.30)

because there is not any reason to apply Egn. (6.29b) or (6.29c) from
a mathematical point of view. However, once the ratio of elongation
rate EZ/E] exceeds zero, the growth of disturbances may be expressed
by letting the "2" direction be the "machine direction." This case
has been already described in Sections B-2, B-3, and B-4. The con-
sideration of disturbances being along the transverse direction
g(t,xz) is necessary only when E2/E1 is less than unity.

The normalized disturbance, the elongation-to-break of films
of length L(tb), length along the "1" direction, and area A(tb), area

in the 1-2 plane, are given by



?E;;i;(;; = exp [(%-+ EZ/E])E]t] , (6.31a)
3

L(t,) r 2 R(0)

= on 2 : (6.31b)

{0 expt[1 ¥ 252/51)} n £(0)

Alty) ( . R(0) |

Ay o [[] O 2E2/E])])9'n 20| (6.81¢)
where

E] >0 and 1.0 3_E2/E] > - 0.5. (6.31d)

The limitation on the kinematics given by Eqn. (6.31d) has to again
be noted. Eqn. (6.31) suggests that the disturbance along the trans-
verse direction, g(t,xz), is less destabilizing than a disturbance
along the machine direction, g(t,x]). Indeed, uniaxial elongation
stretching never leads to failure with the transverse direction
disturbance. Equal biaxial elongation conditions give the same
elongation to break for disturbances both along the machine direction
and along the transverse direction, if the magnitudes of the disturb-
ances are the same.

In general, there exist disturbances both in the machine
direction and in the transverse direction. If the magnitude of the
disturbances in both directions are the same, the disturbances in the
direction which have the highest strain rate are dominant, i.e., it
may allow us to consider disturbances only in the direction which has

the highest strain rate. If we define the "1" direction to be the
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one with the highest strain rate, we need to consider the growth of

disturbances only
1.0 3_E2/E]_3 - 0.5 .
C. ELONGATION OF AN ANNULAR CYLINDER

C-1. Homogeneous Deformation

Consider the multiaxial elongational flow of an annular cylinder
of radius R, annular thickness h, and length L (Figure 6.4). The

velocity field is

v, = vz(z), v = vr(r), vV, = ¢cr , (6.32a)

where c is a constant (for elongational flow ¢ is zero). The

deformation rate tensor is

oV

Z
- O 0

VY‘
d(zssr) =0 — 0. (6.32b)

ov
r
0 0

On the inner surface of the annulus, Ve is zero, and on the
outer surface Ve = Dh/Dt, so that, neglecting the variation of
avr/ar with r by assuming that the thickness h is small compared with

other dimensions of the annulus (i.e., h << R), we obtain

r= == (6.33a)
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Also, by neglecting the variation of avz/az with z, we have

=_z_1dL
d,z = 9z ~ L dt (6.33b)

____.ﬁg%, (6.33¢c)

We may write

1 dh

_1dL 2] _ 1dh
E_ = E = s Er "N (6.34)

1
z Ldt> % R

ol
|20

From the continuity equation, we have

EZ+E¢+Er=0 . (6.35)

Various possibilities for the deformation exist. For uniaxial

extension of an annular cylinder

ﬁa—=—h_d_t—<00rE=E¢=-]?EZ<o. (60363)

or

E, =0, E =-E >0. (6.36b)

For simultaneous drawdown and inflation
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1dl 1 dR 1 dh
ra’>% g% @9

or
EZ > 0, E¢ > 0, Er = -(Ez + E¢) . (6.36¢)

We consider force FZ to be applied in the "z" direction to the
annulus and an internal pressure Ap to the annulus (Figure 6.4). The
force balances may be expressed from simple membrane theory [F-8,

L-10] by neglecting gravity and inertia

(6.37a)

FZ = 21rRhchz = Aozz s

x|

94y = O - (6.37b)

C-2. Newtonian Fluid Annular Cylinders: Stable Flow

The stable deformation of a Newtonian fluid cylinder annulus,
to which is applied a force FZ and a bubble pressure difference Ap

will now be considered. The stress field is

oV

"zz:'p*z”Tzz‘:'p‘Lz”%g_t’ (6.38a)
Yy 1 dR

U¢¢=-p+2n_r—=-p+2nﬁd_t—’ (6.38b)
v

Orr=_p+2na—:=—p+2n%%. (6.38(:)

The boundary condition is
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_ 1 dh

Opp = = P + 2n "t =0, (6.39a)

Q..

= pq L dh
p=2n¢ g - (6.39b)

The applied tension and pressure may be written from Eqn. (6.37)

F, = 2nRh2n(2 + «) T 35 » (6.40a)
_h 1) 14

op =g zn[z + K} R d% | (6.40b)

where we have written:

1 dR _ (1dL

ﬁa—t‘— K[L dt] . (6.40C)

For uniaxial extension of an annulus cylinder

TR _1dr 1

ﬁa—h t,K_-Z, (6.4]3)
- 1dL _ 1dL

FZ = 2wRh3n Tat" 6mRhn T dt ° (6.41b)

Ap = 0 . (6.41¢c)

For the inflation of an annular cylinder

1 dR 1 dh

ROt~ hde <7 (6.422)

F =0, (6.42b)



c-3.

Ap=4n%-§—t—.

Disturbances Along

Growth of Disturbances:
the Machine Direction

We now consider the influence of disturbances

annulus cylinder. We write
AR AR
with disturbances

h=h+¢g R=R+R'
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(6.42c)

on the flow of an

(6.43a)

(6.43b)

In this section, we will neglect the R' disturbance and also assume

the axisymmetric condition
2 =
2 0.

We may write:

R —
__r=l§_E+l_g_§t._%_a;E_
ar E‘B h h‘ 3
Similarly
e 18R
r R 3t

(6.44)

(6.45a)

(6.45b)

(6.46)
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From the continuity equation, we must have

ov!
~z,1Dg & dh_

iz Frdt T rzet s 0 (6.47a)

or
av!

N 4
Ez T3z
E$ =0, (6.47b)

If we introduce a disturbance g(z) into the annular cylinder,

we may write

A=RA+A", 0,7 = 0,y + S (6.48a)

where

R

27Rh, A' = 27Re . (6.48b)
The perturbed force balance is

Kbéz + A'Eéz =0 . (6.49)

Introducing Eqn. (6.48) into Egn. (6.49) leads to

o2 * Eﬁz Fﬂ =0, (6.50a)

or

(P! =P )+ (P.. -F )[-5-] -0 . (6.50b)



166

The perturbed conservation equations, the governing equations
for the growth of disturbance of an annular cylinder, Eqns. (6.47)
and (6.50), are essentially the same as the case of a flat film being
stretched. Here, the "z" direction and the "r" direction can be
taken as the "1" direction or the machine direction and the "3" direction
or the free surface direction in Section B in this chapter,
respectively. We can expect exactly the same growth of disturbances
in cylindrical annuli shapes as in flat sheet shapes; in the latter
case, one presumes that the disturbances are along the machine
direction.

For a Newtonian fluid the perturbed stresses are

av! av!
o= _zZ__r
o , = 2”[32 ar] s (6.51a)
v! av!
(- r__r
o¢¢ Zn[r arl (6.51b)

Taking v; as zero (neglecting variation of radius R) and

introducing Eqn. (6.47) into Eqn. (6.57a) gives

v =gl 1De, £ 3h
o] 4n{ " t+_2 8;] . (6.52)

Ly Ee=0. (6.53)

By assuming the disturbances are periodic along the "z" direction
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which is similar to Eqn. (6.18) and constant strain rate deformation.

Egn. (6.53) can be written as

E AR R I 7Y I
ot 2 "¢ 2 z’

™ |

which has the solution

E(t) = £(0) expl- H(E,/E,)E L] .

For uniaxial deformation
8(t) = £(0) exply E,t] .

For planar extension

while, for equal biaxial extension,

E(t) = £(0) exp[- 5 E,t] .

This has the same form as for the planar sheet.

C-4. Growth of Disturbances: Disturbances Along

the Hoop Direction

(6.54)

(6.55)

(6.56a)

(6.56b)

(6.56¢)

In previous sections we have described the growth of disturbances

of annular cylinders which have disturbances along the "z" direction.

We now turn our attention to the effects of disturbances along the

hoop direction of the annuli.
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The introduced disturbance is
v = g'+ v (6.57a)
h=nh+g(t,) (6.57b)
R=R+R' (6.57c)
and
I (6.57d)
3z : )
We again neglect R' disturbances (i.e., R = R(t)). We may write
deformation rates as
AV
drr = F e o) Bt (h +¢) . (6.58a)
After Tinearization this becomes:
&=l£+lgé__§_ﬁ (6.58b)
ar =5t Dt 2 3t ° ’
h h h
Similarly
3V
-2z _1dL
2z~ 3z L dt ° (6.59)
Vv AV av'
= r 1% 1dR T 779
d¢¢ —t 5 R dt + vl (6.60)

From the continuity equation, we have



or

Force balances may be expressed with the aid of classical

membrane theory [F-8,L-10] by neglecting gravity and inertia

o¢¢ h =R ap (6.62a)
9 _ .
57 (0,, BR) =0 . (6.62b)

The perturbed force balance equation is given by combining Egns.

(6.57) and (6.62a). After linearization we have

' +3 H = 0 (6.63a)
h

or

(Poy = Prp) (Fw-ﬁrr)[i] 0. (6.63b)
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Taking v! as zero (neglecting variation of radius R) and

introducing Eqn. (6.61) into Eqn. (6.64) gives

Vo 1D, e h
o¢¢ = 4q [- = n + ﬁz E] (6.65)
From Eqns. (6.35), (6.39), (6.63), and (6.65)
De .1 =
5t 7 Ezg 0, (6.66)
where
De(e) _ 3g(s) , = 2&( - 3&(¢) .—Vga&( - 3k
Dt~ st Yz 3z T Ve Yy 3 at - (6.67)
Therefore, Eqn. (6.66) leads us to
E
lag_ 1z
£ 5 {E ]E¢ s (6.68)
which has the solution
1 Ez
g(t) = £(0) exp|- = |==lE. t (6.69)
2 E¢ ¢

Egns. (6.68) and (6.69) have the same characteristic behavior as we

have previously described in Section B-5 in this chapter.

C-5. The Effect of the Variation of Radius: Disturbances
Along the Machine Direction
We have assumed annuli with constant radius R during deformation

It might be more useful to include the diameter variation along the
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machine direction ("z" direction) with film thickness h being varied
as g(t,z), h(t,z) = h(t) + £(t,z).

We shall assume the annular thickness h to be small compared
with other dimensions of the cylindrical annulus and its radii of
curvature (i.e., h << R). This will permit us to approximate the
curved film by a plane film, the velocity gradients to be approxi-
mated Tocally by those of a plane film extended multiaxially. The
cylindrical coordinates (z, ¢, r) are related to the local Cartesian
coordinates (v], Vs v3) at a point p in the film where v, is in the
"z" direction. However, vy is parallel to the film, Vs in the hoop
direction, and V3 normal to the film (Figure 6.5). The origin p is
taken on the inner surface, then v3-axis meets the outer surface
at V3 of h.

Let (v], Vos v3) be the velocity components in the coordinates
(v], Vs v3). The deformation rate is

d; §(v159593) =3 [;%%%3] (6.70)
where i or j may be "1", "2", or "3".

On the inner surface, Va is zero and at the outer surface
Vg = Dh/Dt, so that, neglecting the variation of 3v3/8v3 with Vg We

obtain

d33 =—=FD_t . (6.7]&)



Figure 6.5.
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6
—

Coordinate system:
portion of an annula

sectional plane and elevation of a
r film.
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Similarly, using the axisymmetry condition and the relation

Vo T T tan ¢, we have
-_2_1DR '
d,, = 0t (6.71b)

We may write

BV-I

E, = =— E, =

1 DR 1 Dh
1 Bv] 2 R

D = e —
5t E3 T h ot - (6.72)

From the continuity equation, we have

E1 + E2 + E3 =0. (6.73)

Treating R and h as functions of z, and using

9Z _

3;; = cos 9 , (6.74a)
and

W = V1(1 + sec 6) s (6.74b)

we obtain instead of Egn. (6.72)

BV]
d]] = E] = C0s 6 — , (6.75a)
Cp - 1fR ok

33 "3 " n

- _ 1{3h 3h 6.75¢c
d E [at + Vy cos 8 az) . ( )
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Force balances may be expressed from the classical membrane

theory [F-1,L-10] by neglecting gravity and inertia

) _
3z (oM hR cos 6) = ApR tan 6 , (6.76a)
oy, h o, h
M H
+ = Ap , (6.76b)
RM RH
0 -
% (oH h) =0, (6.76¢)
where
oy = 0O > Oy =0 . (6.77a)
Y™ V2V2
RH = R sec 6 , (6.77b)
= 36
Ry = - sec e/az . (6.77¢c)

The disturbances which are applied here are only functions of

z" or vyt The annular thickness varies as
h(t,z) = h(t) + £(t,z) , (6.78a)

which results

vy +y',

V] Y v

g=gtg s (6.78b)
R=R+R',

65 =0+29'
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It might be possible to make further assumptions such as
R _ 3(R+R') _ 3R' _ .
=7 32 =57 = tane' . (6.79%a)
This leads to:
8=0. (6.79b)
We may write
3vy aV] v . 871
d]] =C0S 0=+ —-sine' —. (6.80a)
After Tinearization this becomes:
dv 3v4 v dvd v,
S e 1 _1dL 1 _8R'" "M
dy =57t 57 - ¢ 52 "L dt 3z 0z a9z ° (6.80b)
Similarly:
_1 (3R oR} _ 1 3R . 1 (3R' , = 3R' R' 3R
G2 =riatt V18 05 " to |30t 132 T =3
R R R
(6.81)
_ 1 (3h oh) _13h . 1 (3¢ ., - 3¢ £ dh
d33'F[§?+V1C°sea_z]'%ﬁ+%[at 1327 7ot
(6.82)

From the continuity equation, we have

9Z Il ot

V4 |3-V— ' 1 |
[1_8R 1]+;[@R_+;]@B__R_£}
R
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or
" 3V R vy
1 3z 8z o5z °
. . 1 (R, < @R _R' K
Eo == 15t " V1 5z - T oat (6.83b)
R R
A I TS | S
EL == |2+ = - ==
3 E‘[at 1 3z FBE]
and
Jld 1R . 1R
Brertae B2co3e B3 Cae (6.84)
R h
The perturbed force balance equation is given by combining
Eqns. (6.76), (6.77), (6.78), and (6.79). After linearization we have
PR ~! ] - 7= oR [ .
RhoM+R£oM+R ﬁ-oM-RthY-R th-O (6.85)
For a Newtonian fluid, the stresses are
EM = 2n(E] - E3) = 2n(-E2 - 2E3) s (6.86a)
EH = Zn(E2 - E3) R (6.86b)
E& = 2n(Ei - Eé) = 2n(-Eé - ZEé) . (6.86¢c)
Introducing Eqns. (6.83b) and (6.84) into Eqn. (6.86) gives
— 1 3R |, 2 3h
= -2 - = + = . (6.87&)
- nft 28
(6.87b)
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1 ,9R! 3R'  R' R 1,9 — 3¢ £ 3h
o= |- Gy -y o (g S,
M [ﬁ' at ]32 ﬁat F 9 1 Z hat
(6.87¢c)
From Egns. (6.85), (6.87), and (6.84)
1 DR' 2 Dg R' £ 5R!
:—+:—- —-K:-(2+K)—E=O (6.88)
where
D _ 3 ,— 3
E‘E = 3_1; + V_l 37 (6.893)
3V = -
M _1d . 1R 10
E]' az'Ldt"ﬁat Fot’ (6.89)
_1OR 1L
K __§ - / Cqt - (6.89¢)

To solve Eqn. (6.88), it is necessary to have a relationship

between £ and R'. The total volume of V of the annular cylinder is

L(t) _ .
V = 2n J (R+R')(N+&)(1 + TET)dZ (6.90)
0
From the continuity equation, Egn. (6.90) can be rewritten as:
o LB g
ﬁJ(RUR h+Rh S)dz=0. (6.91)
0

By assuming the thickness variation is periodic along the "z"

direction, which is similar to Eqn. (6.18), and under constant strain

rate deformation, we have
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Dg _ Déeikz

t Dt

_ _ikz »g
= e % - (6.92)

We may write the diameter variation R' as:

R' = R(t) f(t,z) , (6.93a)
where

R(t=0)=0, (6.93b)

f(t, z=0) = f(t, z = L(t)) =0 . (6.93c)
And also

L(t) = L(0) exp(E]t) R

R(t) = R(0) exp(Ezt) . (6.94a,b,c)

h(t) = h(0) exp(E3t) .

Combining Eqns. (6.91), (6.92), (6.93), (6.94), and (6.73), we have

()t [eik(O)L(O) ) 1][@%@1» (€, + DEY)

_ L(t)
¢ 1 KOR(0) 4 i o1t2) o,

+ ik(OL(O)R(0)Ey e | AFLELLEN) - g (6.95)

Similarly the disturbance growth equation, Eqn. (6.88), becomes by

the help of Eqns. (6.92) and (6.93)
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.E Df(t,z) ‘ f(t,z) ) e1kz gé
R Dt R Iy 3
R eikz ~ 3f(t,z)
- = f(t,z) - « £ -(2 + «)R 2 E] =0 . (6.96)

The disturbance growth of an axisymmetrical annulus of a
Newtonian fluid is described by Eqns. (6.96) and (6.95). However, we
have three unknowns with only two equations. Unless we have one more
equation to represent the functionalities of f(t,z) based upon some
physical picture, we cannot obtain a solution for this case.

We have been assuming infinitesimal disturbances in the thickness
variation. Therefore, the radius variation is caused by the thickness
distribution. These are secondary effects in the propagation of the

disturbance growth.

D. SUMMARY

The growth of disturbances in sheets and annular cylinders
undergoing multiaxial elongational flow has been described. The
governing equations (force balance and continuity) are derived for
two different disturbances, one along the machine direction and the
other along the transverse (or hoop) direction. It is found that the
governing equations for flat sheets and annular cylinders are
essentially the same. Detailed analyses are given for a Newtonian
fluid undergoing constant stretch rates. Disturbances in the highest

strain rate direction dominate the stability of the system. When

disturbances are in the machine direction, lateral (or hoop)
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stretching of sheets decreases the size of the disturbances but at a
Tess rapid rate than the homogeneous decrease in thickness. The
elongation-to-break (limiting strain) in the machine direction is
actually decreased. However, the relative stretched area at break
increases with increasing strain rates in the transverse (or hoop)
direction. Disturbances in the transverse (or hoop) direction cause

to produce diametrically opposite effects in the disturbance growth

and the elongation-to-break on the lateral stretching of sheets.




CHAPTER VII

MULTIAXIAL ELONGATIONAL FLOW OF VISCOELASTIC SHEETS:
INVESTIGATION OF DEFECT GROWTH AND FAILURE

A. INTRODUCTION

Several of the most important polymer processing operations
involve the deformation of melt streams in the absence of walls.
Such processes, in which applied stresses act in the absence of
walls, result the elongation of polymer melts. This includes
uniaxial elongation for melt spinning and also multiaxial elonga-
tion for film casting, tubular blown film, thermoforming and blow
molding.

One of the important problems associated with these operations
is the influence of the rheological properties of the melt on the
ability to form the desired products. This leads to the study of
the instabilities which arise during the stretching of filaments,
films, sheets, and annuli.

The characteristics of the failure of molten filaments during
uniaxial stretching have been reported in experiments by Ide and
White [I-1,1-2,1-3,I-4,W-17]. The growth of disturbances in visco-
elastic fluid filaments have been investigated by Chang and Lodge
[C-6] and by Ide and White [I-2,I-3,W-16]. In recent years, the
authors' attention has increasingly been given to polymer processing

operations involving the multiaxial stretching of sheets, films and
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annuli. This has led us to concentrate on the stability of fluid
sheets. There has been few basic investigations of this problem for
viscoelastic materials. Indeed, the only one closely related study
that we are aware of is that of White [W-13], carried out several
years ago.

In the previous chapter, we have described the growth of
disturbances in Newtonian fluid sheets and annular cylinders. It is
found that the growth of disturbances in planar sheets and in
annuli has been described by the same governing equations (continuity
and force balance equations) and disturbances along the machine
direction make the system more unstable than along the transverse
direction. Lateral stretching of sheets decreases the elongation-to-
break (in the machine direction).

- It is our purpose in this chapter to present theoretical and
experimental investigations of the stability of extensional sheets

of viscoelastic fluids undergoing multiaxial elongation.

B. HOMOGENEOUS DEFORMATION OF FLUID SHEETS

B-1. Kinematics

Consider the steady state elongational flow of a fluid sheet
having constant thickness h. A "1, 2, 3" cartesian coordinate
system embedded in the sheet, with "3" normal to the sheet and "1"
and "2" in the direction of stretch; the "1" direction is taken as
the machine direction. The strain rate in the "j" direction is given

as Ej' Details on the kinematics have already been described in

Chapter VI, Section B-1.
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B-2. Constitutive Equation

The use of integral constitutive equations, involving a
spectrum of relaxation times, is required to quantitatively analyze
rheological properties or behavior of polymer melts. However,
integral constitutive equations are too complex to apply usefully
to analyze the growth of disturbances in deforming viscoelastic
fluid sheets. It is necessary to use a constitutive equation which
has sufficient complexity to qualitatively represent all the features
of viscoelastic behavior, yet is simple enough to be applicable to
a problem of the type being considered. We propose that the con-
vected Maxwell model is the most useful constitutive equation for

such applications. This has the form [D-2,1-2,1-3,M-42,W-17,W-20]

-PL+ R, (7.1a)

P
210G g - T3E e (7.1b)

°Q

oo
]

where éP/ét is the contravariant convected derivative defined by

GR DE
6_t=—t-’l\34.v'¥,-v¥.’e. (7.]C)

Generally the relaxation time t is considered to depend on the
deformation rate in order to predict non-Newtonian viscosity and
uniaxial elongational flow behavior observed in different melts

[1-3,I-4,M-42]. This will be taken to be form [I-3,W-17]
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™0
- 177 (7.2)
'l+aTOIId

where IId is the second invariant of g, which we take as 2 tr 92.

In simple shear flow, the long duration asymptotic stress field

is predicted to be of form

01p = G T Y (7.3a)
Ny = 03y - 0y = 2 G 252 (7.3b)
Ny = Oy = 033 = 0 (7.3¢)

with © from Eqn. (7.2) being

T
T = —0-— (7.4)
1+a Y

The deformation rate dependence of t through Eqns. (7.2) and (7.4)

defines the non-Newtonian shear viscosity in this model.

B-3. Stable Elongational Flow

For a multiaxial elongational flow of constant strain Ei’

Eqn. (7.1b) takes the form

raPH

P]] =2G E] -1 5t - 2E] P-I-I R (7.5a)
r3P22

P22 =2 G T E2 - T a—t' - 2E2 P22) N (75b)
3P33

P33 =2 G E3 L 2E3 P33 (7.5¢)
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In biaxially stretched sheet, this is subject to the boundary

condition
033 = - Pt P33 =0 . (7.6)

If we take as an initial condition that the sheet is in virgin
condition at time t = 0, Eqns. (7.5) with (7.6) may be solved to

yield

t
2GTE -(1-27E.)=

= - :4 - \]T
953(8) = Pj5 - Ps3 T-2xE [‘ ¢ }

t
2GtE -(1-27E,)=
3 ['] - e 3 TJ

1-21E3

(j not summed) , (7.7)

where j may be "1" or "2" and E3 is -(E1 + E2). The steady state
forms for 911 and Oy, are

26tE;  26tEg
ij = T-2rE, ~ J-2<E, °

o)

3

ZGT(Ej-E3)
- (T-zE)(-2eEy) (7.8)

For small rEj, the expressions for 11 and 0,y are
2
911 © ZGTE](Z + E2/E])[] - 2TE1(E2/E1) + O(TE]) 1, (7.9a)

opp = 26tE (1 + 2E,/E))[1 - 2:E, + 0(1E1)2] . (7.9b)

The characteristics of these functions varies with EZ/E1‘ We will

consider several cases.




Uniaxial extension:

o1y = 36eE,[1 + <€, + O(TE])ZJ ,

Opo = 0.

Planar extension:

913 4GTE][] + O(TE])ZJ s

0pp = 261 [1 - 21, + O(TE])Z] .

Equal biaxial extension:

2
911 = 9pp = 6GTE][1 - ZTE] + O(TE]) 1.
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(7.70a)

(7.10b)

(7.1a)

(7.11b)

(7.12)

The stress has the Newtonian value at low TE]. The elongational

viscosity, o]]/E], at first increases for uniaxial extension and

when EZ/E1 is Tess than zero. When E2/E] is greater than zero
including equal biaxial extension, the elongational viscosity,
o]]/E1, at first decreases. However, for all value of EZ/El
a
lim  l=w
E]+1/2T 1

When E2/E] is greater than zero, elongational viscosity o]]/E]
exhibits a minimum. The elongational viscosity decreases more
quickly by increasing the value of EZ/E]' The effect of E2/E]
results in a kind of deformation rate softening.

[t should be noted that deformation rate softening behavi

the elongational viscosity is determined by the P33 term. The

b

(7.13)

or in
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P]]/E] component in the quantity 01]/E] is a monotonic increasing
function of TE], i.e., the qualitative nature of P]1 does not depend
upon the kinematics EZ/EI' On the other hand, the P33 component
determines the character of the elongational viscosity. This leads to
the important conclusion that we cannot assume 11 N P]] in multiaxial
elongational flow, as several researchers have done to analyze uni-
axial elongational fiow and melt spinning [1-2,1-3,W-17,Z-2]. This
may cause some difficulties in analyzing the growth of disturbances
in multiaxial elongational flow.

We now consider the deformation rate dependence of the

relaxation time t. The invariant II(]j/2 of Egn. (7.2) may be

expressed as

IIJj/2 =J2 tr g2 - 2[(52/E1)2 tEE Y '/ By = KEy o, (7.14)

which makes Eqn. (7.21) take the form

1T +aKk TOE-l

(7.15)

T

Introducing Eqn. (7.15) into Eqn. (7.8) gives

ZGTOE](Z+E2/E])(1+aKTOE])
g = >
11 []-(Z-aK)TOE]][1+(2+aK+2E2/E])TOE]]

(7.16a)

2GTAE (1+2E2/E])(1+aKr E,)

g = 01 071 . (7.16b)
22 = TT=(2E,/E;-aK)woE, T+ 2#ake2E , /E | T E; ]

The characteristics of Eqn. (7.16) and elongational viscosities on
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effects of various multiaxiality EZ/E] and the strain rate softening
relaxation time have been already described in Chapter V,

Section C-2-b.
C. ANALYSES: GROWTH OF DISTURBANCES

C-1. Conservation Equations: Perturbed State

Consider the elongational flow of a liquid sheet. We take the
thickness of the sheet to be perturbed by an amount of £ (see

Figure 7.1) so that the velocity and stress fields vary according to

h=h+c¢,
yEy+ AR (7.17a,b,c)
RERTR

where a superposed bar indicates the steady state.
The detailed analysis of the perturbed state has been described
in Chapter VI, Section B-2. If we limit ourselves to disturbances

in the 1-3 plane, i.e., 2 is zero or ¢ = g(t,x]), the governing

conservation equations are

1 —_
A ) Ll =0 . (7.18a)
1 1 {h]

or

(Pyq - P33) *+ (Pyq - ﬁ33){_f_)= 0, (7.18b)

and
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C-2. Perturbed Constitutive Equation

We have introduced disturbances of the form of Eqn. (7.17) into

the flow. The stresses Ojj and ij are perturbed according to

p=p+p, (7.20a,b,c¢)

P.. .. + P!, .
JJ PJJ PJJ

The steady state and the perturbed stresses are given by

ij = ZGTEj ol 2Ej ij s (7.21)
v DP!. V!
[T _J e o7 Jd oo
ij 2GT BXJ. + 2Gt'E T { Bt ZEJ ij 2PJJ ij
5 -

where 1' is the perturbed relaxation time as shown by

T=1+ 1!

(7.23)

If the deformation rate dependency of the relaxation time is given
by Egn. (7.2) or (7.15), t' becomes, under the restriction of the

kinematics given by Egn. (7.19), as follows:

_ (2+E,/E,)
I 2 1 S (7.243)

J/(EZ/E])2+E2/E]+1
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., (2+E,/E,)
= 23 T2 ——ﬁ‘— . (7.24b)

The mean stress components are specifically

11 (1 5 -
T 251] Pyq = 2GE; , (7.25a)

T

P33 . 1 5
T

The perturbed stress components, with the relaxation time of the

form given by Eqn. (7.2) or Egn. (7.15), become

Pl | a(24Ey/E)y_ )
DPI . a(2+E /E )
33, 1 e R - A Y
(7.26b)

C-3. Growth of Disturbance: Viscoelastic Fluid

It is possible to obtain solutions from Egns. (7.25) and (7.26)
at various levels of approximation. The simplest approach is to take
t' to be zero, i.e., to neglect the variation of t with deformation
rate. Even in this simplest case we have to solve six differential
equations (Egqns. (7.18), (7.19), (7.25) and (7.26)).

The procedure is rather straightforward but the manipulations
are very tedious. Substitute Eqn. (7.78) into Eqn. (7.26b); then

the resulting equation is substituted into Eqn. (7.26a) to yield
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o1 D (e 5 1 E£(P. -

)
+ 2[26 - (2HEE)) (PP y) 2P33)Ei] . (7.27)

Then Eqn. (7.27) is substituted into Eqn. (7.26a) by assuming a con-
stant strain rate deformation. This leads, by help of Egn. (7.19), to

2
D¢ Dg -
A )2 + B BUE.T) +Ct =0, (7.28)

D(E]t 1

where

_ a — a _
A = (1 -2 K—(2+E2/E])] Py [3 r28 (2+E2/E1)]P33 + 46
(7.29)

B =2 [(3+2E2/E1)(1 - 2% (24E,/E,))Py;

a 5 1 a 2
- (3+ 2 % (2+E2/E]))P33 +2 L%E— - g (2HE,/E))° + EZ/E]]G] ,
! (7.29b)
- a )
C = (1+E2/E])(5+3E2/E1)[1 - 2 ¢ (2+E,/E))Py,
a —
- (HEL/E ) (3+E,/E ) (3 + 2 ¢ (24E,/E4)) Py
Eo/Ey a 2
+ 2|5 - 2(1+E,/E ) [ (24E,/E;)C + 1} G, (7.29¢)
TE]
and
TAE
— ___ 01
e, = TRake e - (7.29d)

K = 2[([—:2/51)2 +Ey/E, + 17V/2 (7.29)
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P]] and'ﬁ33 are the solution of Egn. (7.25). These are

_ 26TE, -(1-27E )t/
P]] = — [] - e ] ’ (7.303)

1-27E

1
_ 2G(1+E2/E])?E] -[1+2(1+E2/E1)¥E]]t/?
P33 = - — 1 -e (7.30b)
]+2(1+E2/E])TE]
Let the disturbance be periodic along the "1" direction
1kx]

e(t,xg) = g(t)e (7.31a)

The wave number k decreases with time because of the extension of the

film. Under a constant strain rate E] deformation,

-E]t
k(t) = k(0)e s (7.31b)
this Teads to
ikxy .2
and
2 ikx, .2 ikx, .22
D
——g=%[e 1%%]=e 1a°¢ (7.32b)
Dt ot
Eqn. (7.28) can be rewritten by the aid of Eqn. (7.32) for a
constant rate deformation:
A i g2 +CE =0 (7.33)
5(E t)2 a(E]tT

1
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One needs two boundary conditions to solve Eqn. (7.33), which is a
second order nonlinear ordinary equation. One of the boundary con-
ditions is the initial disturbance size

é(E]t = 0) = £(0) . (7.34)
The other boundary condition can be derived by assuming the stress
at E]t = 0 to be zero:

P]] = P33 = PH =0 . (7.35)

Combining Eqns. (7.19) and (7.27), and the resulting equation at t of

zero is

£ D—Dt (Pyq = P3q) - 4[8—% + E(1 + Ep/E))glG =0 . (7.36)
And from Eqn. (7.25)

D or Pas) t = 26(2 + E,/E,)E; . (7.37)

t=0

Then combining Eqns. (7.36) and (7.37) leads under constant strain

rate deformation:

- g]t [ = - 5 (E,/EE(0) (7.38)

A 5-th and 6-th order Runge-Kutta method canbe used to obtain a solution

of Eqn. (7.33) with the boundary conditions given by Eqns. (7.34) and
(7.38).
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The asymptote of tE; -~ 0 in Eqn. (7.33) becomes

28, 1 s
6T +5 (E5/E))e = 0 . (7.39)

This is the case of a Newtonian fluid which has been described in
Chapter VI.

Eqn. (7.28) or (7.33) and Eqn. (7.29) show that the rate of the
disturbance growth is determined three dimensionless groups, such as
Weissenberg number TE], the strain rate softening parameter "a", the
so-called Yamamoto number [W-20], and the degree of multiaxiality
E2/E].

There exist various levels of approximate solutions in
Eqn. (7.33). First, we consider the case where t' of zero, i.e., we
neglect the variation of the relaxation time with deformation rate.

The equation governing the growth of disturbances is

24 A
A a(s]i)z +B a(gft) +Ct=0, (7.40a)
where
A=Py 3ﬁ33 + 4G , (7.40b)
B = 2(3+2E,/E,)Pyy - 3Paq + 2[1/(<E;) + E,/E,1G , (7.40c)
C =

= (1+E2/E])(5+3E2/E])5A1 - 3(1+E2/E])(3+E2/E])§'33

+ 2[(E2/E])/(TE]) - 2(1+E2/E])]G . (7.40d)



196
This is plotted in Fiqure 7.2 for various viscoelastic levels TE1
and multiaxiality E2/E]. It is indicated that increasing multi-
axiality, i.e., the larger the EZ/E1 value, tends to make the
disturbance growth rate small, i.e., disturbances are damped out by
the Tateral stretching. The effect of the Weissenberg number TE]
is rather complex. In general, the disturbance growth rate decreases

with increasing elasticity <E However, the disturbance growth rate

1°
for a small Weissenberg number (for example, TE] = 0.1) is larger
than that for rE] = 0 (i.e., the Newtonian fluids case).

We must in general consider the relaxation time to depend upon
deformation rate, i.e., the deformation rate softening relaxation
time as shown in Eqn. (7.2) or (7.29d). Figures 7.3a and 7.3b con-
tain plots of é(E]t)/é(O) versus E,t computed from Eqgns. (7.33) and
(7.29) for various values of "a" and EZ/E1 at TOE1 of 0.5 and 10.0.

It is found that at a fixed Weissenberg number TOE], increasing
"a" (greater strain rate softening character) increases the disturb-
ance growth rate. At small "a", increasing TOEl tends to decrease
the disturbance growth rate. However, above some intermediate "a"
value (depending upon the multiaxiality E2/E]) a higher Weissenberg
number increases the disturbance growth rate.

The present analysis is essentially equivalent to a
generalization of the Chang and Lodge analysis [C-6], which was for
finite disturbance growth in rods, to analysis for sheets with

multiaxial stretching. An exact generalization of Chang and Lodge's

finite disturbance solution requires numerical solution of a nonlinear
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integral equation.

solution for the asymptote of TE] > @,
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It is, however, possible to obtain an analytical

This would be the case for a

material such as vulcanized rubber [T-9].

Referring to Figure 7.4, the stress can be expressed as

=P - P =

1 11 33
where c']
¥
rate. %'] is given as
-1 _ .2 _ [A(0
(t) =N = |xx
-1 _ .2 _ W(t
C2(t) = %5 = |iG
-1 _ 2 _|n
ca3(t) = A3 = |

A simple force balance

A] and A2 but with the

b=
I
]

R
G (c]] - c33) (7.41)

is the Finger deformation measure and A5 is the extension

)}2 , (7.42a)
)}2 s (7.42b)
]2 . (7.42¢)

of two sheets of different cross-section area

same width W gives

(7.43a)

(7.43b)

W - (h-g) .

(7.44)
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The above expression seems to be able to approximate the disturbance

growth of elastic solids. In terms of thickness, the above equation

becomes
st) - it - g, (7.45)
£(0)

For a constant strain rate deformation, the above equation may be

expressed as

E(Eqt)
£(0)

=2 exp{-(1+E2/E])E]t} . (7.46)

We are also able to obtain an analytical solution without

neglecting the P33 term for this asymptotic case:

£(t) -, h(t) [We(0)nt(0) + wA(e)n(e) ]
207 7RO w2 (0ynt(0) + wi(ean(e)
1+ >\27\4
- 2, [—%J : (7.47)
1+ 3)\2)\3

For a constant strain rate deformation, the above equation may be

rewritten as

£(Eqt) 2
SR ON =72 exp[-(]+E2/E-|)E]t] {] T 7¥3 exp[2(2+E2/E])E]t] ’

(7.48)
The long-time asymptotic for growth of disturbance yields:
e(Eqt)
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We should note that neglecting P33 does not have an affect, but only
when we are concerned with the long-time asymptote of a very highly
elastic system. Eqn. (7.48) is shown in Figure 7.5 with the growth
of disturbances in Newtonian fluid sheets, Eqn. (7.39).
One should note that the thickness reduction ratios of
multiaxially stretched sheets are dependent upon the multiaxiality

E2/E1 as follows:

F(E]t) = h(0) exp{—(1+E2/E])E t} . (7.50)

1

If we compare the disturbance growth without compensating for the
thickness reduction, it might mislead us as to the effect of lateral
stretching. It seems better to define another quantity, instead of
%(E]t)/é(o), to describe the growth of the disturbance. Let us

define

to be a "normalized disturbance." Normalized disturbances of
Newtonian fluids and elastic solids, and viscoelastic fluids with
constant relaxation time are plotted in Figures 7.6a and 7.6b,
respectively. These figures are replotted from Figures 7.5 and
7.2. It is found that the normalized disturbance increases with
increasing multiaxiality EZ/E1 (i.e., lateral stretching).
Increasing the viscoelasticity rE1 tends to reduce the growth rate

of the normalized disturbance (i.e., tends to stabilize the system).
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Figure 7.5. Growth of disturbance é(E]t)/%(O) as a function of E]t
for Newtonian fluids and elastic solids.
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Especially elastic solids (i.e., TE] of ») never make normalized
disturbance more than 2.0. This suggests elastic solids will not

fail even under conditions of finite disturbances.

C-4. Disturbances Along Lateral Direction

In previous sections, analyses for viscoelastic fluids have
been made for disturbances which are only along the machine direction
g(t,x]). This leads one to question whether it is necessary to
also consider disturbance growths along the transverse direction
g(t,xz).

Exact consideration and formulations have already been made in
Chapter VI, Section B-5, for the disturbance growth of a Newtonian
fluid, where the disturbances are along the transverse direction.

The force balance and continuity equations for the perturbed state

are
! ~ § =
0pp * G33[H] 0, (7.51a)
ov4 v
w0 B
1 2
E-=_fv_'3=_l[_0§_§£J (7.51b)
2 8X3 H t F ot
where

£ = £(t,x,y) . (7.57c)



For a Newtonian fluid, the normalized disturbance is given

/(L) - oyor(i/2 + E,/Eq)Eqt] (7.52a)
£(0)/h(0)

where
1.0 > Ey/E; > 0.5 . (7.52b)

[f disturbances are along the machine direction, the normalized

disturbance of Newtonian fluids is given by

L) /R E,/E
LA, exp[(1 + & ])E]t] , (7.53a)
£(0)/h(0) )
where
E,/Ey > - 0.5 . (7.53b)

It is indicated that the existence of disturbances along the machine
direction propagates disturbances more rapidly than that along the
transverse direction.

We now consider the defect growth in elastic solids where the
disturbance exists along the transverse direction, i.e., g(t,xz).
Referring to Figure 7.4 where the "1" and "2" directions are inter-
changed with each other, the stress in the "2" airection can be

expressed as

p.. = a(cc) - c2ly = 6(a2 - xg) . (7.54)

= Pop = P33 = Glcyy - a5 2

922

A simple force balance of two sheets of different cross-section

areas A] and A2, but with the same film length L, gives



This leads to

2lt) - 2

F0) " M T (7.56)
3

For a constant strain rate deformation, the above equation may be

rewritten as

g(E,t)
18 2
EO exp['(]+E2/E1)E1t][1 - 3+exp[2(1+2E2/E])E]t]] ’
(7.57a)
E(E]t)/h(E]t) 2
Foy/R0) - 2| T Srexpl2(T#2E,/E; JE]) ° (7.57p)
where
1.0 > E5/E; 2 0.5 . (7.57c)

Eqn. (7.57) has a character very similar to Eqn. (7.52), even
though Egn. (7.57) is for elastic solids and Egn. (7.52) is for
Newtonian fluids, provided we compare these equations with disturb-
ances along the machine directions. The growth of the disturbance
rate is slower and smaller for the cases where disturbances are
along the transverse direction than that where disturbances are along

the machine direction. And also the disturbance growth rate of
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elastic solids along the transverse direction increases with
increasing E2/E1; that is similar to the system where disturbances
are along the machine direction. However, the rate of increase of
disturbances are slower where disturbances are along the transverse
direction. The normalized disturbances of elastic solids undergoing
uniaxial stretching never grow, if disturbances are along the trans-
verse direction. The disturbance growth of equal biaxial e]ongatfon
is not affected by the direction of the disturbances.

We have examined the growth of disturbances, where disturbances
are along the machine direction and along the transverse direction,
for both Newtonian fluids and elastic solids. In both cases, dis-
turbances in the direction which has the highest strain rate
dominate the stability of multiaxialy deformed elongated sheets.
Viscoelastic materials behave somewhere between Newtonian fluids and
elastic solids. Therefore, the effects of the direction of disturb-
ances for viscoelastic fluid are similar to those of Newtonian fluids
and elastic solids. Finally, we can conclude that the investigation
of disturbance growfh is sufficient if we consider disturbances

lying in the machine direction g(t,x]).
D. INTERPRETATION

D-1. Ductile Failure

The usefulness of the analysis developed in the previous section
is that it allows the investigation of the relationship between
rheological properties and the occurrence of ductile failure. If

one takes the criterion of ductile failure to be
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Q(E]tb) ='H(E1tb) ='ﬁ(O)exp[-(1+E2/E])E1tb] , (7.58)

where tb is the time to break, the length of sheet to failure in the
machine direction and the total area to failure (i.e., the area of

the 2-3 plane) are

L(0) exp(E]tb) , (7.59a)

A(0) exp[(1+E2/E])E]tb] . (7.59b)

Figures 7.7 show plots of L(tb)/L(O) and A(tb)/A(O) of convected
Maxwell materials with constant relaxation time as a function of
1E1, for various EZ/El' One assumes the magnitude of the initial
disturbance £(0)/h(0) to be 0.01.* It js seen that the elongation-to-
break, both L(tb)/L(O) and A(tb)/A(O), first decreases with increasing
TE], and after reaching minimum the elongation-to-break goes to
infinity, i.e., one can roughly state that increasing TE] (i.e., the
elasticity) makes the system more stable. The TE] value at which the
elongation-to-break on a minimum value decreased with increasing
EZ/E]' Quite contrary resufts are observed in Figures 7.7a and 7.7b.
L(tb)/L(O) decreases with increasing E,/E;, and tends to achieve
minimum values which are close to the Newtonian asymptote. On the
other hand, A(tb)/A(O) decreases and tends to show a more monotonic

increasing function of TE] with decreasing E2/E].

*An initial disturbance é(O)/F(O) of 0.01 will be used throughout
this chapter.
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The Ide and White analysis [I-2,1-3] disturbance growth of
uniaxialy stretching filaments did not show any minimum in their
limiting strain (elongation-to-break) curve as a function of TE1
where initial defect sizes are taken as 1%. There exists two
possibilities to explain the minimum in the present study. One is
that one dimensional disturbances are considered in the present study
instead of the two dimensional disturbances considered by Ide and
White. Another one is that Ide and White have not considered the
effect of the P33 or Prr terms. To determine why the limiting strain
due to the ductile failure has a minimum in the present study, the
Ide and White analysis (involving growth of the disturbances of a con-
vected Maxwell model for uniaxial elongational filaments) has been
developed again and generalized to include the P33 (or Prr) term with
a strain rate dependent relaxation time t of the form given by
Eqn. (7.2).

The final disturbance growth equation is

Al %, B 2% g =0 (7.60a)
g0 PHY ’
where
A" = (1 - /3a)Pyy + (2 + /3a)Py, + 36, (7.60b)
B' = 4(1 - V3a)Py, - 2(2 + /32)P,y - Y3aG + =2, (7.60c)

TE-]
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1 __7_ D - § -y
C' =3 (1 - /§a)P” T (2 + /§a)P33
-3+ 26 - 32, (7.60d)
TE]
T
T-—0 (7.60e)
1+ /3_a'cE]
£=R-R, (7.60f)
with boundary conditions given by
E(E,t = 0) = £(0) , (7.67a)
3 ]
3(E]t5 =5 Et . (7.61b)
E,t=0

Figure 7.8 shows a plot of the limiting strain L(tb)/L(O) caused
by ductile failure by taking the initial defect size being 1% and by
using a 5-th and 6-th order Runge-Kutta method. It is noted that
L(tb)/L(O) of the convected Maxwell filament (with strain rate
independent t(a = 0)) is a monotonic increasing function of Tofy-
Also the magnitude of L(tb)/L(O) for uniaxially stretched filaments
is smaller than that of uniaxially stretched sheets with one
dimensional disturbances; for example, L(tb)/L(O) of filaments has a
value of only 21.54% of that of sheets at TOE] = 0. Therefore, it

appears that the one dimensional disturbance is the cause of the

minimum in the elongation-to-break plot as a function of rE].
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Figure 7.8. Theoretical 1imiting strain L(tp)/L(0) caused by

ductile failure as a function of tE; for uni-
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Figures 7.9 and 7.19 show plots of L(tb)/L(O) and A(tb)/A(O),
respectively, as a function of TOE1 for different "a" values (i.e.,
strain rate softening parameter). Under any conditions, elongation-
to-break, L(tb)/L(O) and A(tb)/A(O), decreases with an increasing
"a" value (i.e., increasing strain rate softening character).

Certain interesting results concerning the TOE] dependence
should be noted. When the dependence of t upon strain rate is small
(i.e., small "a"), increasing 19E; increases the elongation-to-break
after the minimum. On the other hand, if the deformation rate
dependence of t is large (i.e., large "a") the elongation-to-break
decreases as TOE] increases. However, the quantitative effect of
"a" on elongation-to-break is rather complex.

Figures 7.11 and 7.12 show plots of L(tb)/L(O) caused by ductile
failure as a function of multiaxiality EZ/El’ for different TOE] and
"a" values. In general L(tb)/L(O) decreases with increasing E2/E].
Weak strain rate softeninglr(i.e., small "a") makes L(tb)/L(O) increase
with increasing rOE] at fixed EZ/E1’ and decrease with increasing
E2/E1 at fixed TOE1. The strain rate softening character of t being
above intermediate (for example, "a" = 0.5) makes L(tb)/L(O) tend to
have a minimum and then a maximum for high values of t4E,. The minimum
exists near E,/E; = 0 (planar extension) and the maximum Tlies between
E2/E] = 0.5 and 2.0. This phenomenon is enhanced by increasing TOE].
Quite different effects of the influence of t4E; on L(tb)/L(O) at
small E2/E] and large E2/E1 are also observed (see Figures 7.12d and

7.12e), especially for "a" = 0.6. Under small E,/E;, higher t4E,
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Figure 7.9. Theoretical limiting strain L(t,)/L(0) caused by ductile

failure as a function of rOE] for various "a" values.
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Figure 7.10. Theoretical limiting area A(ty)/A(0) caused by ductile
failure as a function of TOE] for various "a" values.
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tends to make L(tb)/L(O) smaller at fixed E2/E]; however, at large
E2/E1, higher TOE] makes the system more stable at fixed EZ/E1'

The materials which have strong strain rate softening T have smaller
L(tb)/L(O) by increasing ToEq» and still exhibit a minimum and a
maximum on L(tb)/1(0) for a higher ToE condition.

Figures 7.13 and 7.14 show plots of A(tp)/A(O) caused by ductile
failure as a function of the multiaxiality EZ/El’ for various values
of TOE1 and "a". One observes rather complex results compared with
those of Figures 7.11 and 7.12. In general, A(tb)/A(O) increases
with increasing E2/E]. Strain rate independent t (i.e., "a" = 0)
makes the system very stable and ductile failure occurs for TOE] of
less than 0.5. Weak strain rate dependent t (small "a") makes
A(tb)/A(O) increase with increasing t4E,, at fixed E,/Ey. A(tb)/A(O)
is a monotonic increasing function of E2/E] for the condition of
small TOE]. However, A(tb)/A(O) is a monotonic decreasing function
of E,/Ey for large TOE1’ For cases where "a" is not small (that is,
for a significant strain rate softening effect on 1), A(tb)/A(O) for
intermediate values of rOE] tend to exhibit minima (for example, when
"a" is 0.4, TOE] of about 1.0 exhibits a minimum at EZ/E] of 0.2).
This phenomenon becomes extreme at "a" = 0.5. Especially T0E1 = 10.0
exhibits a maximum after the minimum in A(tb)/A(O). The effect of
TOE] on A(tb)/A(O) at fixed E2/E1 gradually changes; A(tb)/A(O)
decreases with increasing TOE] at small E2/E], but higher TOE] still
makes A(tb)/A(O) larger at larger E,/E;. A typical example is the
case of "a" = 1/V/3. The value of E2/E1 at which A(tb)/A(O) exhibits
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Figure 7.13. Theoretical limiting area A(tb)/A(O) caused by ductile
failure as a function of E2/E] for various TOE] and
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a minimum decreases with decreasing TOE] and with increasing "a". A
stronger strain rate softening t makes A(tb)/A(O) small with increasing
TOE] at fixed E2/E].
D-2. Fracture

A viscoelastic fluid generally cannot be stretched rapidly
because cohesive fracture occurs. If we may presume that failure
occurs at a critical stress level or critical strain energy level, it

might be useful to assume that the fracture surface is similar to the

von Mises yield criterion [M-43,R-5] as:

2 _ 2
zacr = tr Tij , (7.62a)

where Tij is the deviatoric stress tensor given by

T..=o..-]§tr _— (7.62b)

It is expected that cohesive fracture occurs under a condition of
high elasticity.

We assume Oep = 6G and calculate the elongation-to-break due
to fracture by combining Egns. (7.7) and (7.62).

Figure 7.15 shows plots of L(tb)/L(O) and A(tb)/A(O) caused by
cohesive fracture of a convected Maxwell material with constant
relaxation time as a function of TE1 for different E2/E]. It is
found that the elongation-to-break decreases with increasing TE] and

reaches a constant value at high tEy. L(tb)/L(O) decreases with

increasing EZ/E1 at fixed TE1 for E2/E] of more than zero. L(tb)/L(O)



233

103

LIty l/Llo)

100

100

102

At 7A)

10°

1072

Figure 7.15.

101 100 10! 102
TE1 -

(b)

(a) Theoretical limiting strain L(ty)/L(0) caused by
cohesive fracture as a function of tE; for various
Eo/E7 (constant relaxation time); (b) theoretical
Timiting area A(ty)/A(0) caused by cohesive fracture
as a function of rE] for various E2/E] (constant
relaxation time).
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for EZ/El between -0.5 and 1.0 shows little variation. A(tb)/A(O)
again exhibits complex behavior. At high <E,, A(tb)/A(O) reaches
asymptotic values which. are highest for E2/E1 of 1.0 and lowest for
E,/Ey of -0.5. A(tb)/A(O) has the same asymptotic values for the
same value of E2/E] and E]/Ez. A(tb)/A(O) increases with decreasing
TE], then finally goes to infinity at a critical value of TE1,Cr.

The values of the critical rE] for each E2/E] are related to the

critical rE] for the inverse of each EZ/El as

(<E )+ (Ey/Eq) = 1E (7.63)

1,cr l,cr‘

E1/E;

These phenomena suggest that elongation-to-break, in terms of
stretched area due to cohesive fracture, is dependent on how the
extra stress along the machine direction and the transverse direction
balance each other. This explanation is reinforced by rewriting

Egqn. (7.62) as

2 1 ,
20 [(Pyy - Pyp)

o c3 + (Py3 - Pp)1 . (7.64)

Figures 7.16 and 7.17 show plots of elongation-to-break as a
function of TOE] for various values of "a". It is clearly seen that
increasing the strain rate softening character (i.e., increasing the
"a" value or E2/E]) decreases the elongation-to-break due to cohesive
fracture.

Figures 7.18 and 7.19 show plots of the limiting strain of the

L(tb)/L(O) caused by cohesive fracture as a function of multiaxiality
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EZ/EI for different values of t and "a". Generally, L(tb)/L(O) is

0%
a decreasing function of E2/E] with a maximum between EZ/E1 = 1.0 and
0.7. Large TOE1 or small "a" value makes L(tb)/L(O) exhibit a maximum
at low EZ/El‘ The magnitude of the maximum value and the difference
between this maximum value and the larger E2/E1 asymptotic value in
L(tb)/L(O) increases with decreasing TOEl and increasing "a".
Figures 7.20 and 7.21 show plots of the limiting stretched area
A(tb)/A(O) due to cohesive fracture as a function of multiaxiality
EZ/El for different values of TOEl and "a". The A(tb)/A(O) curves
exhibit a similar behavior to the L(tb)/L(O) plots. However, there
are some differences. The existence of a maximum A(tb)/A(O) is more
obvious than that for L(tb)/L(O). The EZ/E1 value at which
A(tb)/A(O) shows a maximum lies between 1.0 and 0.95. The larger

TOE1 and "a" values make the maximum point position near E2/E1 = 1.0.
_E. COMPARISON WITH EXPERIMENT

The theoretical analyses developed in the previous sections will
now be compared with certain experiments. In these experiments notched
polystyrene sheets were stretched under various conditions. We give
special attention to the growth of disturbances which Tie along the
machine direction. The defect development (thickness variation) was

measured for various stretch ratio sheets.

E-1. Material and Experimental Conditions

The material which was used here was a commercial polystyrene,

Dow Styron 685D with MI = 1.6, Mw = 3.06 x 105, Mw/Mn = 1.91, and
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Figure 7.20. Theoretical limiting area A(tp)/A(0) caused by cohesive
fracture as a function of E,/E, for various t,E, and
"a" values. 2'1 01
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Mz/Mw = 1.61. Molecular weight distribution data were supplied by

Dr. J. M. Rieke of Dow Chemical Co. Linear viscoelastic properties
(Figure 7.22) such as complex viscosity n*, storage modulus G' and
loss modulus G" were measured at 180°C in a sinusoidal oscillatory
mode. The measurements were carried out by Mr. Peter Herh of
Rheometrics, Inc., using a Rheometrics Mechanical Spectrometer
(Rheometrics, Inc., Union, NJ).

The strain rate softening parameter "a", the so-called Yamamoto
number [W-20], was determined with an assumption of one relaxation
time and a Cox-Merz relation [C-24]. A shear modulus G of
1.37 x 104 Pascals was chosen, based on the correlation of molecular-
weight distribution and steady state compliance Je of polystyrene melts
[M-40,M-42]. An "a" value of 0.2 was obtained. The estimated
relaxation time t at 180°C is about 8.3 sec. This leads by means of
the WLF equation [W-25] to a relaxation time t of 340 sec at 120°C.

The dimensions of the notched sheets are as follows (see
Figure 7.23): 60.0 mm square, thickness of the flat part 0.67 ~
0.75 mm, defect depth 0.10 mm, defect width 12.7 mm, number average
sheet thickness h of 0.644 ~ 0.724 mm, and defect size £ of 0.074 mm.
Thickness fluctuations of less than + 0.01 mm for the flat and
notched parts were allowed. These notched sheets were prepared by
using a hot press at a compression molding temperature of 180°C. A

10-minute molding time was used.

These sheets were placed in a T. M. Long Biaxial Tester (T. M.

Long Co., Inc., Somerville, NJ) with thickness variation due to the
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Figure 7.22. Dynamic property of polystyrene melts at 180°C.
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notch Tying along the "1" direction (the machine direction). Gauge
length between the grips was 49 mm. Sheets so placed were preheated
for 7 minutes at 120°C to reach temperature equilibrium, then
stretched at 120°C at a constant velocity of 460% and 1240% using an
initial sample Tength (49 mm) per minute in the machine direction
(the "1" direction) for various stretch ratio. The maximum stretch
ratio achieved was 7.2 in terms of sheet length. These speeds pro-
duce an initial velocity gradient in the machine direction of

1 and 0.2067 sec™'. Six different modes were employed:

0.0767 sec”
Vo/Vq = 0.0, 0.5, 1.0, 2.0, and 3.0 and uniaxial extension (free
transverse direction). v2/v] = 0.0 and 1.0 could achieve EZ/E] of
0.0 and 1.0, respectively, during deformation. Other deformation
modes (v2/v] = 0.5, 2.0, and 3.0) resulted in values of E,/E, of 0.5,
2.0, and 3.0 only at the start of deformation. These then gradually
decreased with the deformation. However, to define and indicate
these deformation modes, initial EZ/E1 values will be used. After
completing the extension, these stretched notched sheets were
immediately quenched to room temperature using an air blower to prevent
further deformation.

The thickness of the stretched sheet was measured along the

centerline of the "1" direction (the machine direction) by means of a

dial thickness gauge used every 0.5 cm. This dial thickness was

graduated in increments of 0.0001 inch.
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E-2. Results and Comparison with Theory

It should be noted that these experiments were carried out under
constant velocity deformation conditions, not under constant strain
rate deformation conditions. These experimental conditions are not
the same as we used in the disturbance growth analyses of the previous
sections. A linear stability analysis has been employed. Higher
perturbation terms are neglected. Therefore, it may be possible to
carry out a qualitative comparison between the experiments and the
theoretical analyses.

As mentioned previously, only E2/E1 = -0.5, 0.0, and 1.0 can
maintain the multiaxiality ratio E2/E] at a constant value throughout
the deformation. Special attention should be paid to the data for
E2/E] = -0.5, 0.0, and 1.0. However, the data for E2/E] = 0.5, 2.0,
and 3.0 may be used for qualitative or comparative purposes since the
values for EZ/El do not remain constant during the stretching.

A typical example for the thickness variation along the machine
direction (the "1" direction) of a stretched notched sheet is shown
in Figure 7.24. This sheet was stretched 4 x 4 at a velocity of 460%
per minute, and the initial thickness of the flat part and the notched
part were 0.7450 mm and 0.6425 mm, respectively. It is surprising
that the stretched notched sheets still show a clear difference in
thickness between the main part and the notched part. The number
average thickness of the stretched sheet h (i.e., nihi/z ni) and
the notched part of the stretched sheet Eﬁe were calculated. Defect

size £ was then determined by



253

(¢ X ¥ “sornuLw aad %09%)
139YS pPayd3adlsS e pue 393Yys |BLILUL UR JO UOLIRLUABA SSBUWYOLY] “pg [/ 34nbL4

wo *x
0¢ o] 0
_ _ ] _
—100
........ —c00 ~
3
00 3
b X b S
}99ys poayojails
I
09 ob wo X 0C
_ _ _
—{90
us
—.0 3
L .3
joays jeipiu; —80




254

(7.65)

Eqn. (7.65) is the same as Eqn. (7.17a).
Figure 7.25 shows plots of the defect size change £(v;)/£(0) as
a function of the Hencky strain in the machine direction strain Y1 for

various stretching modes. The Hencky strain is defined by

t t v]

E, dt' = j T dt' . (7.66)

Y'l = 2n (L/Lo) = J o

0
where L is the length of the stretching sheet along the machine
direction, and L0 is the initial sheet length. The effect of
deformation mode is very clear, the larger E2/E], the smaller
E(y])/E(O) (i.e., the lateral stretching makes the growth of defect
small). Incrgasing the strain rate E] also decreases the growth of
the defect. We should remember that the average sheet thickness is
also decreasing with stretching.

The "normalized defect" (or "normalized disturbance")

£(0)/h(0)

is plotted as a function of the stretch ratio v for various
deformation modes in Figure 7.26. The normalized defect increases
with increasing lateral stretching (larger EZ/E1) and decreasing
strain rate.

In most of the cases the failure occurred inside the notched

part of the sheets in the 2-3 plane. The only exception was for the
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Defect growth of notched polystyrene sheets.
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case of E2/E] = 3.0 with L/L0 = 3.0 at a stretching velocity vy of
1240% per minute. For this case one probably has cohesive failure
instead of ductile failure; the fracture surface is along the 1-3
plane, not the 2-3 plane. The mechanism might be cohesive fracture
instead of ductile failure, which was the failure mechanism of the
other failures. Uniaxial extension never reached the failure point
(the maximum stretch ratio L/L0 was 7.2). Figure 7.27 shows plots
of elongation-to-break as a funétion of EZ/E1’ deformation mode.

Exact elongation-to-break could not be measured because of the
Timitation of the instrument drive system; that is, the machine can
only be operated at discrete stretch ratio and therefore one can only
estimate the stretch ratio at failure.

Figure 7.27 indicates that L(tb)/L(O) decreases with increasing
lateral stretching while A(tb)/A(O) increases with increasing lateral
stretching. The effects of strain rate on elongation-to-break are
not clear. The Weissenberg number varies from 3.6 to 26 for a
stretching velocity of 460% per minute and from 10 to 70 for a stretch-
ing velocity of 1240% per minute. The general tendency of the
experimental results for elongation-to-break agree with the theoreti-

cal analyses developed in the previous sections.
F. SUMMARY

The growth of disturbances in viscoelastic fluid sheets

undergoing multiaxial elongation has been analyzed. Linear stability

analyses were carried out using a convected Maxwell model with a
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strain rate dependent relaxation time, which varies according to
T = ro/[l + a TO(Z tr 82)1/2]- Asymptote formulations, a Newtonian
fluid and an elastic solid were also considered. It is shown that
film stability and elongation-to-break depends upon the Weissenberg
number TOE] (where E] is the elongation rate in the machine
direction); on the strain rate softening parameter "a"; and on
the multiaxjality factor E2/E1 (where E2 is the strain rate in the
transverse direction). In general, an increasing strain rate
softening character (i.e., higher E,/E; values or larger "a" values)
decreases elongation-to-break in terms of length in the machine
direction (i.e., decreases 1limiting strain in the machine direction).
The T1imiting strain in the machine direction due to ductile failure
has a minimum near E,/E; = 0.0 (planar elongation) for larger "a" or
higher TOE1 conditions; however, larger "a" values are unstable
under higher T0E1 conditions. Material with smaller "a" values are
stable under higher TOE] conditions; however, larger "a" values are
unstable under higher TOE] conditions. The elongation-to-break,
expressed in terms of area, exhibits a complex dependence upbn EZ/E1’
T0E1, and "a". A cohesive fracture criterion was hypothesized for
various values of E2/E], T9E7» and "a". These results were compared
with experiments involving the stretching of melted notched poly-

styrene sheets.



CHAPTER VIII

MULTIAXIAL ELONGATIONAL FLOW OF A BINGHAM PLASTIC FLUID:
GROWTH OF DISTURBANCES

A. INTRODUCTION

Recently attention has been given to polymer melts filled with
small particles, such as carbon black, titanium dioxide, talc, and
calcium carbonate. These systems are found to exhibit yield values.
It is of interest to investigate the effect of yield values on the
growth of disturbances in flat sheets undergoing multiaxial
elongation. The growth of disturbances in a Bingham plastic filament
undergoing uniaxial stretching has already been described by White

and Tanaka [W-21].
B. CONSTITUTIVE EQUATION OF A BINGHAM_PLASTIC FLUID

The three dimensional Bingham plastic fluid, formulated by
combining the von Mises yield surface and a Newtonian fluid, is

written as [H-16,0-4,W-21]

g=-PL+Fk > (8.1a)
d=0 tr p? < 2v? | (8.1b)
2 2
P = 1+—Y—25 tr p% s 2v% (8.1c)
7tY‘H
Y]
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(8.1d)

where Y is the yield stress. For elongational flow, Eqn. (8.1c) can

be rewritten as

Y/E]

=g+ ¢

JELEN? + (E,/E]) + 1

In a biaxially stretched sheet, this is subjected to the boundary

condition 033 being zero. Therefore

(2 + E5/E)
011 = Y + 2n(2 + EZ/E-I)E.I .

JE/ET + (EprEp) + 1

The elongational viscosity is defined by

o (2 + Ey/Ey) Y

L E—+2(2n+E2/E]).

JE/EN? + (Ey/E) +1 ]

For uniaxial extension,
_ Y

x—3n+/§E—.

1

For planar elongation,

For equal biaxial extension,

x=6n+/§-EY—.
1

(8.5a)

(8.5b)

(8.5c)
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The existence of yield values results in strain rate softening in :
elongational flow. The effect of yield values on elongational
viscosity is a maximum for planar elongation (E2/E1 = 0), and

decreases for other values of the multiaxiality EZ/EI'
C. GROWTH OF DISTURBANCES

The conservation equations which represent the growth of
disturbance of flat sheets, where the disturbances are in the machine

direction ("1" direction), are given by

ol * T [% -0, (8.62)

£y = -Ej = - :]: (05 + (1 + Ep/E)EE] (8.6b)

Ey = 0, (8.6¢)
where

h(t,x;) = h(t) + £(t,xq) . (8.6d)

The perturbed stress along the "1" direction is

) = 4n E; . (8.7)

! - 2T'](EI _ El ]

N 1 3

Combining Egns. (8.3), (8.6), and (8.7) leads to

Dlng= _]_E_2+ (2+E2/E]) y (88)
DZE-I ) 2 E] 5 nE] ? )
4 J(E,/E))% + (Ep/E)) + 1

while for a Newtonian fluid (i.e., Y = 0):



E
3 1 52
5 nt£=‘§€1“' (8.9)

<
m
—

If the disturbance is periodic along the "1" direction:
N ikx]
e(t,xq) = g(t) e : (8.10)

This leads for a constant strain rate deformation to

ikx o
_ 1 3¢
= e TR (8.11)

lew) Luw )
(a4t

This leads to

R E (2 + E,/E,)
E(E1t) = £(0) exp ||- 5 22+ 2] Y et
1 2 E1 5 nE] 1
4/(E,/E) + (Ep/E)) + 1
(8.12)

For uniaxial extension, we have

. _ 2 1 . V3 ¥

g(E]t) = £(0) exp [{Z-+ TT'EE;JEltJ . (8.13a)
For planar extension,

- _ 2 1 Y

E(E,t) = £(0) exp [(o.o + —Z—FE-]—)E]t] . (8.13b)
For equal biaxial extension,

a _a 1, /3 Y

E(Eyt) = B(0) exp [(- 3+ Tﬁ)E]tJ . (8.13¢)

Existence of a yield value enhances the growth of disturbances.

The normalized disturbance of a Bingham plastic fluid sheet

undergoing a constant strain rate multiaxial deformation is
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E(E,t)/R(E4t) E,/E
A] — . exp((1 + 22 ]) Eqt
£(0)/h(0)
(2 + E,/E,) }
exp 2] HE £ t) . (8.14)
4 (Ep/E))" + (E/E) +1 | J
For uniaxial extension, where EZ/E1 is -0.5, one has
£(0)/h(0) ™ ' '
For planar extension, where E2/E] is zero
E(E,t)/R(E L) 1y _
- — = eXp[(] + ?-T]T) E-It} . (8-]5b)
£(0)/h(0) 1
For equal biaxial extension, where EZ/E] is 1.0,
E(E t)/h(Eqt)
A1 - exp[(%Jr '/—f%) E]t] . (8.15¢)
£(0)/n(0) ™

Generally the existence of a yield value decreases the stability,
the same as increasing the multiaxiality EZ/EI' However, the quanti-
tative effect of the Bingham number Y/(nE]) [0-5] is rather complex.
The effect of the yield values are the highest for planar elongation,
and decreases by decreasing or increasing multiaxiality E2/E].
Uniaxial and equal biaxial elongation are affected qualitatively to

the same degree by the existence of a yield value.
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D. SUMMARY

The growth of disturbances in Bingham plastic fluid sheets
undergoing multiaxial elongation has been described. The existence
of yield values acts to soften the material by a strain rate
mechanism. As expected, yield values enhance growth of disturbances.
The existence of yield values has the greatest effect for planar

elongation and less as EZ/E1 increases or decreases from zero.




CHAPTER IX

STABILITY OF CONTINUOUS FILM EXTRUSION PROCESSES, PART I:
CONSTANT WIDTH PROCESSES AND MELT SPINNING

A. INTRODUCTION

Polymer processing operations involving post die deformations
are known to exhibit a range of instabilities. Most striking are
the draw resonance characteristics exhibited during the melt spinning
of fibers [B-6,F-14,H-13,1-6,K-5,K-9,M-16,M-41,W-8,W-17]; similar
instabilities in film casting [B-5,K-5,K-9]; bubble instabilities
in tubular film extrusion [H-10,H-11]; and pleating of parisons in
blow molding [C-14,H-15,5-6]. Of these phenomena only the draw
resonance instability [C-8,F-3,F-4,F-5,F-6,G-1,H-13,I-6,K-5,K-9,S-11,
S-12,5-14,W-17] has received significant extensive theoretical
treatment.

We have initiated research to analyze the deformation and flow
of a polymer system involving multiaxial deformations. Earlier con-
siderations (Chapters VI, VII, and VIII) dealt with instabilities in
the bjaxial stretching of a sheet and an annulus. In the present
chapter, we turn our concern to continuous process operations.
Pioneering investigations of instabilities in film extrusion with
multiaxial deformations have been made by Yeow [Y-8,Y-9]. These
papers illustrate the complexity of the problems. In the present

chapter we describe useful asymptotic solutions for the continuous
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stability of films. We consider specifically cases in which the
dynamic equations for film extrusion and stability are analogous to
those of melt spinning fibers. The slit film problem has been
specifically considered by Kase and his co-workers [K-5,K-9]. This
chapter adds the consideration of other film extrusion processes,

specifically certain 1imiting cases of annular film extrusion.

B. DYNAMICS OF FILM EXTRUSION AND MELT SPINNING

B-1. General Formulation of Conservation Equations

Consider the three processing operations described in Figure 9.1.
These are the melt spinning of fibers, extrusion through a slit die
with take-up, and annﬁ]ar extrusion without significant film curva-
ture as in the case of extrusion over a lubricated mandrel. The

continuity equation for each case may be expressed

A 3 =
—3?+3_Z.(A VZ) =0, (9.]&)

where A is the cross-sectional area of the fiber or film and v, the
linear velocity in the machine direction. We will speak of the draw-

down DR as vZ(L)/vZ(O). In the steady state we will have

v_(L)
DR=%<W=%((%. (9.1b)

Neglecting air drag and gravity, the dynamics of each of these

processes is described by
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Figure 9.1. (a) Melt spinning; (b) flat film extrusion (film
casting); (c) annular film extrusion over a lubricated
straight mandrel.
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oF 3Ac
z _ zz _
5z - ez 0 0 (8.22)
or
Fo= Ao, s (9.2b)

where FZ is the applied tension and - the Tocal stress.
The mean temperature, T, of the fibers and films is governed by

the heat balance

pcA[—a-T-+v a—T)=-UC(T-T

ot Z 3z ) (9.3)

surr

where p is the density, C is the heat capacity, U the local heat

transfer coefficient, T the temperature of the surroundings,

surr
and C the circumference available for heat transfer.

B-2. Comparison of Balance Equations for Fibers and Films

The balance equations for fibers and films may'be further
investigated by noting that the cross-sectional areas and circum-

ferences can be expressed as

A=ﬁ C. = nd (9.4a)
f 49 f T™a .
AS = Nhs s CS =20, (9.4b)
(ambient
A, = 2«Rh_, C. = 4mR temperature (9.4c)
a a : .
interior),
= 27R (adiabatic

interior),



where the subscripts "f", s

annular film. It may be seen that

Ag
Ce =g =2 /mhs s

2
C.=—A_,
S hS S

2 1
C.=—=A or — A_ .
a ha a ha a

The heat balance equations for the three cases are then:

T aT 2/ U

T tv,—>=- (T -T ) ’

ot Z 3z DC/A_f surr

3T T _ _ 20 q

St Ve T pchg ( Tsurr) ’

T AT _ 2U (adiabatic
3t T V2327 pcha (T - Tsurr) interior) °

Newtonian Fluid Solutions

For the melt spinning of a fiber we have

Vv

_ z
9,y 3n 57 -
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and "a" refer to fiber, slit film and

(9.5a)

(9.5b)

(9.5¢)

(9.6a)

(9.6b)

(9.6¢)

(9.7)

Analogously for films with constant width dimension W (or radius R)

we have
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where the coefficient "4" rather than "3" follows from having planar
extension rather than uniaxial extension. The force balance,

Eqn. (9.2), becomes

3VZ

Ff = 3n A 37 ° (9.93)
BVZ

Fs = dn Ag 57 (9-50)
av,

Fa =t Ay 57 (9.9¢)

For stable isothermal flow of constant viscosity fluids we obtain

the solution

Ac(z) 2 v.(o) Fez
o _|dz)|T T f
Aco) {d(g)) TV2) T EXp{' 3 Qf} J (9.10a)
A (Z) h v (0) F y4
Aifo; ='H%§%‘= Vi(ET - eka' 4: QS} 5 (9.10b)

(9.10c)

A_(z) v_(0)
a _h{z) _ "a -
Aaioi - h%o; - valz5 R Q,

From Eqn. (9.1), Egns. (9.10a,b,c) with z set equal to L correspond

to reciprocal draw ratios "1/DR."
C. DISTURBANCES IN ELONGATIONAL FLOW

C-1. General Formulation of Conservation Equations

In this section we consider the introduction of disturbances

into a slit or annular film.
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We begin by introducing infinitesimal disturbances, which we

take to be axisymmetric in the case of the annulus and not to vary

through the thickness. We take:

h(z,t) = h(z,t) [1 + a(z,t)] , (9.11a)

v,(z,t) = v (z,t) [1 +8(z,t)] , (9.11b)

(9.11c)

0,,(2:t) =0,.(z,t) + 0 ,(z,t) ,

F(t) = F,(t) + Fy(t) (9.11d)

where the overbar denotes the steady state. The form of Egn. (9.11d)

is suggested by the force balance equation of Eqn. (9.2).

We use Egns. (9.1) and (9.2) as continuity and force balances

defining the dynamics of the system. If we introduce the disturbances

of Eqn. (9.11) and subtract out the steady state form, we obtain,

after linearization

3(v_ h B)
%Jr% Z—=0, (9.12a)
F _
A =%, =0, +o0,,a (9.12b)

C-2. Tensile Stretching of an Isolated Film or Annulus

To proceed further, we need to introduce greater restrictions

on the kinematics of the system. For the tensile stretching of an

isolated film or annulus



274

EE =0 E:Z =F (9.13a,b)

3z ? d z’
the continuity equation, Eqn. (9.12a), reduces to

3BV

Do z _

D_t+_32-—0 ’ (9.]43)
or

80, — 3(atB) -

stttV T o BEZ 0. (9.14b)

Eqn. (9.14) is the continuity equation for a disturbance
equivalent to the form used in Chapters VI and VII for constant
elongation rate stretching.
C-3. SIit and Annular Tubular Film Extrusion Qver a

Lubricated Mandrel

For continuous extrusion

= av_h

3h _ z_ _

F 0, i 0. (9.15a,b)
Eqn. (9.12a) becomes .

Do , — 938 _

ﬁ€-+ V, 37 T 0. (9.16)

D. ISOTHERMAL NEWTONIAN FLUID SOLUTIONS

C-1. 1Isolated Sheet and Annular Cylinder

For the case of constant strain rate stretching, Eqn. (9.12b)

can be simplified using Eqn. (9.8) and by the aid of the continuity

equation, Egn. (9.13a), to
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3V,
0, = 4n[a i - g—g‘] - 4n[a E, - g—g] . (9.17)
Therefore
® F!
Do z b4
_=aE --——:aE - — . (9.]8)
Dt z n z 8t R h n

The stability behavior is determined by Egn. (9.18). Let the

disturbance be periodic along the "z" direction so that we may write:

a(z,t) = a(t) k2, (9.19)

The wave number k varies with time because of the extension of the

annulus. With a constant deformation rate Ez’ we have

-Ezt
k(t) = k(o) e . (9.20)
This leads to

t at Z 3z ¥4

Eqn. (9.18) can be rewritten with the aid of Egns. (9.19) and

(9.20) for a constant strain rate deformation, when e, is zero:

= EZ . (9.22)

Q> |~
|
+|RQ >

The disturbance varies exponentially in time according to

a(t) = a(o) exp(E t) . (9.23)
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This is equivalent to the result originally obtained in Chapter VI,

where we set £ = o h.

D-2. S1it and Continuous Annular Film Extrusion Over
a Lubricated Mandrel

For the case of continuous slit film and annular extrusion,

Eqn. (9.12b) can be reduced by the aid of Eqns. (9.8) and (9.16) to

give:
F! o
op = 2= —E— = (at6) - —— 5 (9.24)
F 4n av_/3z 3v/ oz
z i
where
v F.v
z _ 'z 'z
3z 40 Q - (9.25)

Substituting the steady state solution of aVé/az into Eqn. (9.24) and

differentiating it with respect to "z" gives

z _ 3(atg) . 1 Da 13 By .y (9.26)

Combining Egqns. (9.16), (9.25), and (9.26), and then eliminating the

98/9%z term, we obtain:

2 2

L € Bg_ -0, (9.27a)
325V
4
or
(e y, 2y 22D By g (9.27b)

3t z 3z’ 3z Dt ‘sz
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This is exactly the same equation as derived by Pearson and Matovich
[P-2] for the stability of the isothermal melt spinning of a Newtonian
fluid.

Egn. (9.27) may be solved under various boundary conditions. The
solution obtained a(vZ(L)/vz(o), t) generally represents a forced
oscillation due to the applied boundary condition (i.e., applied
infinite disturbances to the system). The natural oscillation (or
draw resonance phenomenon) is the special or extreme case of the
forced oscillation which occurs when the time average of
a(vz(L)/vz(o), t) exhibits singular points in the boundary condition
domain. Therefore, Eqn. (9.27) is the equation which repfesents the
sensitivity of disturbances on the system.

The stability of slit film and continuous annular extrusion and
drawdown over a lubricated mandrel is determined by Egn. (9.27).

Introducing dimensionless time t* and distance Y* leads to

* — z Vz(o)
t* = t vz(o) - t —— an DR , (9.28a)
?% 'z
*: —— T e—
Y Z 7n O DR , (9.28b)

where we have used Egns. (9.1b) and (9.10). This allows us to

reduce Egn. (9.27) to
(2o+e' 2y 32 g (9.29)

This has the solution
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~Y*
=), (9.30)
y* Ly
o - J fler + e Myavx + g(ve) . (9.31)
0

The above result was obtained for the case of melt spinning by

Pearson and Matovich [P-2]. These authors evaluate Eqn. (9.31) with
an input of a(o, t*) equal to sin wt* and have shown that the time
average value of a(vz(L)/vZ(o), t*) exhibits singular points in the

w, vZ(L)/vZ(o) domain. There is an unstable operating point at a
drawdown ratio DR of 20.2. Similar conclusions have been obtained by
Kase et al. [K-5,K-9] and Gelder [G-1]. They predict that stable melt
spinning is not possible above a drawdown ratio of 20.2.

The results of the above paragraph indicate that a similar
solution should be valid here. Kase et al. [K-9] specifically con-
sidered s1it film casting. The phenomenon of draw resonance should
also occur in annular extrusion over a lubricated circular cylindri-
cal mandrel. The critical drawdown ratio for an isothermal Newtonian
fluid should be the same as in melt spinning.

E. OTHER PROCESSES LEADING TO THE
PEARSON-MATOVICH EQUATION

It has been found that the equation which describes the thickness
fluctuation in an annular tubular film being drawn down over a lubri-
cated straight cylindrical mandrel is exactly the same as for slit

film extrusion and melt spinning. We now consider this problem more
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generally. Let us reconsider the balance and stability equations for
extensional flow continuous polymer processing where the force

balance equation can be represented as

FZ = A O,y - (9.32)

It seems useful to consider the cross section perturbation

instead of dimension perturbation which we used earlier. Let

A(z,t) = A(z)[1 + a(z,t)] . (9.33)

This leads to the perturbed continuity equation

L L)
=&

- 98 _
T 0. (9.34)

where B is defined in Egn. (9.11b) and a perturbed force balance

equation of

(t) . (9.35)

oV v
2 _ z
5%, - f1 ez (9.362)
v v
3 _ Z
L U Pl (9.360)

where "z" is in the machine direction and "2", "3" are in the

cross-section perpendicular to flow. For the case of annular tubular
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film on a lubricated straight cylindrical mandrel and slit film

extrusion "“2" corresponds to the transverse direction of the film

and "3" is in the free surface direction.

We may write

3_2=K3_VZ_

3X2 Z

1 1

aﬁ: K'_ak

8X2 3Z

V. 1%

3 _ z

o UL

3

ov. av!

3 _ . Z

%, o 0K 5

3

For a Newtonian fluid

(dv.  av,) V.

- z 3| _ 7 _2Z

Il P LIV
\ J
(3v!  avi) ov!

] — _Z _3 = ! .._Z

922 = 20|57 - axg| 2n(2 + K') -+ .
\ J

(9.37b)

(9.37¢)

(9.37d)

(9.38a)

(9.38b)

Substituting Eqn. (9.38) into Eqn. (9.35) and combining with

Eqn. (9.34) gives

This can be further reduced if K' is not a function of "z".

(9.39)
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- 21’] Q (2+Kl)[ J a V _a__%_] = O . (9.40)

K' = K# f(z) , ) (9.41a)

or

av3/3x3 i} avé/ax3
avé/az

— # f(z) . (9.41b)
avz/az

Both s1it film extrusion and annular film extrusion over a lubricated

mandrel satisfy these conditions.
F. NON-ISOTHERMAL RESPONSE

In order for the dynamic stability under non-isothermal
conditions to be the same for film and fiber spinning, the heat
transfer conditions and temperature profiles must be the same.
Different rates of cooling will result in different degrees of
process stability.

The conservation equations, Eqns. (9.1), (9.2), and (9.3), for
a Newtonian fluid may be written by assuming temperature independent

fluid density and heat capacity:
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*

e+ o (A V%) =0, (9.42a)
*
Fx = p*(g) A* Z\z/_* , (9.42b)
90 28 C*
202, S, (9.42¢)
where
ax = A =L,
L
v t v_(o)

= Z _ z
V* - W t* - L 9

.z
* = L » (9.43)

F

* - Z +* = n(e) —Be
T Wy, L LR B
N.. = U g = T Tourr
St~ o c v,(o0) o) - T ypr

Here Ngy is a Stanton number [E-1]. 6 may be seen to depend upon the
value of the dimensionless group NSt C*/A* if fluids of the same
n*(8) are investigated.

If we specify the drawdown ratio DR for each case, we have from

Eqn. (9.10):

, (9.44)
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DR = 27(% (Film) , (9.453)
DR = (3-%)2 (fFiber) , (9.45b)

the film thickness h has been drawn down by a factor of vDR more
than the fiber diameter. In terms of the variation of C*/A* with

position, we have for an isothermal Newtonian model:

C* (fiber

1
ix exp(E-Z* 2n DR) spinning), (9.46a)
C (s1it film and
= v exp(Z* an DR) annular film  (9.46b)
extrusion),
* = F* * = *
V¥ = exp(n* q Z*) = exp(Z* an DR) . (9.46¢)

Eqn. (9.46) suggests that the cooling rate of the slit film and
annular film extrusion is greater than that of fiber spinning at the
same drawdown ratio DR.

To get a more detailed view of the cooling effect, we have to
consider the nature of heat transfer coefficient U or Stanton number
NSt' Using Kase and Matsuo's correlation [K-6,K-7] between U and v,
(or velocity difference between thread and cooling air) of fiber, we
may express the heat transfer coefficient of fiber and film as

2 1
3,3

U=PH Z’

(9.47)

where H is film thickness h or fiber diameter d and I' is a constant.
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Introducing Eqn. (9.47) into Eqn. (9.42c) of the steady state

condition gives

2

30 T T3 Cc*

LI (V¥ H*) ° 2- 6 . (9.48)

oz pc (v, (o) L)é/3 A
Let

_2
*

U= (v S ST (9.49)

The value U* varies as for fiber spinning
*
U* ~ exp(& an DR) ~ V170 (9.50a)

6

and for slit film or annular tubular film extrusion on a lubricated

straight cylindrical mandrel

U* ~ exp(Z* an DR) ~ V* | (9.50b)

Eqn. (9.50) again suggests that cooling rate of film processes are
greater than that of melt spinning of a fluid of the same n*(e) at

the same drawdown ratio.
G. SUMMARY

The stability of annular and cast film extrusion is analyzed
and contrasted to melt spinning. Generally melt spinning and slit
film extrusion are governed by the same equations in the isothermal

case. This is also true for other film processes including annular
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film extrusion under limited circumstances, notably extrusion over
a lubricated mandrel. Draw resonance observed in melt spinning and
slit film extrusion under similar circumstances should be observed

here. Detailed arguments are given for Newtonian fluid models.




CHAPTER X
STABILITY OF CONTINUOUS FILM EXTRUSION: PART II
A. INTRODUCTION

Polymer melt operations involving post die deformation are well
known to exhibit a range of instabilities. The most significant
ones are natural oscillation effects, draw resonance in melt spinning
of fibers [B-6,F-14,H-13,1-6,K-5,K-9,M-16,M-41,W-8,W-17], surging in
film casting [B-6,K-5,K-9], and bubble instabilities in tubular
blown film extrusion. Of these phenomena only the draw resonance
instability [C-8,F-3,F-4,F-5,F-6,G-1,H-13,1-6,K-5,K-9,5-11,5-12,5-14,
W-17] has received significant theoretical treatment.

We have initiated research to analyze the deformation and flow
of polymer systems involving multiaxial deformations. Earlier con-
siderations (Chapters VI, VII, VIII and IX) dealt with instabilities
in biaxially stretched isolated sheets and annuli, and some of the
simpler continuous film processings, such as constant width film
extrusions, including annular film extrusion over a lubricated
straight mandrel. Two of the most important film processing
operations are the tubular blown film extrusion process and the flat
film extrusion process, the latter involving a tentering frame
[A-8,M-4,W-23]. Pioneering investigations of instabilities in film
extrusion, such as film casting and tubular blown film extrusion,

have been made by Yeow [Y-8,Y-9] for an isothermal Newtonian fluid.
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These papers illustrate the complexity of the problem including film
width fluctuation in the film casting process, and complex changes
of kinematics along the machine direction with bubble diameter
fluctuation in the tubular blown film extrusion process. In the
present chapter, we consider two different flat film extrusion
processes with tentering frames, one involving a linearly varying
width change along the machine direction and the other involving a
constant ratio of kinematics between the machine direction and the
transverse direction throughout the process. And also an annular
film extrusion over a lubricated conical mandrel and annular unblown
film extrusion will be considered as part of tubular film extrusion
processes. The Tlast two film processes are the asymptotic cases of
a tubular blown film extrusion. Special interest will be paid to
the differences of processing geometries and kinematics of the
stability equations. To make the problems simpler, isothermal

Newtonian fluids will be considered.

B. DISTURBANCES IN FLAT FILM OR SHEET

-

In this section we consider the conservation equations for a
flat film or sheet to which disturbances are imposed. First we
consider the general case, then simplify them to certain special
cases: the isolated stretching case and the continuous film

extrusion case.
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B-1. Conservation Equations for Homogeneous Deformation

Consider a flat fluid film or sheet being stretched multiaxially.
Let the film thickness be h and the width be W, and imagine a
Cartesian coordinate system where "1" or "z" is the machine direction;
"2" is the transverse direction and "3" is the normal to sheet. If
we could assume that the flow field is completely elongational, the
continuity equation is given as follows, by assuming isothermal
conditions and incompressibility:

BV] 8V2 3V3

+ + =0 . (10.1)
BX-I BXZ 3X3

Eqn. (10.1) can be rewritten by neglecting the velocity gradient

along the "3" direction:

v v v
1 2 3 .
+==90 , (]0.23)
BX-I BX-Z h
or
oV vV
1 2 ,1Dh _
. T, Troe - O (10.2b)
1 2
or
av,h  3v,h
oh 1 _
'B-E-"' BX] + 3X2 =0 . (10.2¢)

For the special case of a molten polymer sheet where inertia,
gravity, and surface tension are small and may be neglected, the

force balance equation is
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= =0, (10.3a)
ax] ax]
and
sho 5F
22 2
= —=0, (10.3b)

B-2. Conservation Equations for Perturbed States

B-2-a. General formulation. We now introduce infinite

disturbances into the flow of a flat sheet or film, which we take not
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3hWo aF1
to vary through the thickness. We take

h(x7,%5,t) = F(x],t)[1 * alxysXp,t)] s (10.4a)
v](x],xz,t) = 9}(x1,t)[1 + B(x1,x2,t)] . (10.4b)
Vo(XysXo,t) = Vo(xpsxo, t)IT + y(xq5x,,)] (10.4c)
o]](x],xz,t) = 5}](x1,t) + Gi](X]’XZ’t) , (10.4d)
Opp (X1s%5t) = Top(X)sXost) + 050(XqX0,t) (10.4e)
Fit) = F(t) + Fi(t) (10.4f)

where the bar denotes the steady state. The form of Egn. (10.4f) is
proposed based on the force balance of Eqn. (10.3).

If we introduce the disturbances of Eqn. (10.4) into the
continuity equation of Eqn. (10.2) and subtract out the steady state

results, we obtain
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dv,h8  3v,hy
Da , 1 1 2
ot * o t =0, (10.5a)
Dt " [ax] ax2 J
where
Do _ 8a , = 3a = da
bt~ at " V13x, V2, (10.5b)

The perturbed force balance equations are

_ ' 1
— 1 e+ Dy = f(e) (10.6)
h W W
For the system where width W is constant (i.e., W' is zero), Egn.
(10.6) is rewritten as
_ Fi
$y = o971 * o097 & = — . (10.7a)
1 11 11 N W

And the force balance along the transverse direction is

9, = oéz + 5‘22 a . (10.7b)
Eqn. (10.7) might be reduced to

O,l FI

o =a+—=L=ar(y), (10.8a)
o1
o,I

0y = a + 5 = o (t) (10.8b)
922

To proceed further, we need to introduce more restrictions on

the kinematics of the system.
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B-2-b. Tensile stretching of an isolated sheet. For the

tensile stretching of an isolated sheet

oh _ oh  _

=0, <=0, (10.9a,b)
1 2

V. v,

_1_¢ _2 . (10.9¢,d)

et T - 0, (10.10a)
1 2

da oy latB) g dloty) L ope y g o (10.10b)

ot 17 e, 2 Tax, 17 Y2 . y

. (10.70) dis the equivalent equation for continuity whicy has been

in Chapters VI and VII where either g or y are assumed to be

B-2-c. Continuous film extrusion process. For a continuous

extrusion process we have

ah _ oh  _
Mo, - 0, (10.11a,b)

av]h av2h

-+ =0 . (10.11¢)
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The continuity equation, with the aid of Egqn. (10.11), becomes

V4B  AVay 3v, 9V,
Da 1 2 1 2
Do - 8( =0, (10.12a)
or
8, v 2lats) , ¥ 3(a+)+(_3)2=0 (10.12b)
ot V1 T ax, 2 T ax, Y Xy ' :

B-3. Newtonian Fluid Solution

B-3-a. General solution. In the case of a Newtonian fluid, the

stress field is given by
.- _
oV v, |
- _ 1 2
O'-I-I = 2n(2 3_)(—+ W N (10.136)
1 2]
_ faV} 3V, |
022 = 2T] a—X.I-+ 2 @ N (]0.]3b)
\ J
3V1 BVZY
o1 = 2n |2 X 3 s (10.13c)
1 2
3\_/-] BVZY
Tpo = 2n ax1 + 2 %, . (10.13d)

Introducing Egn. (10.13) into Eqns. (10.6) and (10.7b) yields

2 Va2 + W42
"

BVB BVY
1 + 2

- s (10.14a)
3%, Xy
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(aV] ) 3713 asz

o, = 2nf(z=—+2 —) o + + 2
2 ax] ax2 ax] ax2

8V2

(10.14b)

The sensitivity of the system to the applied disturbances, whose
constitutive relation may be represented as a Newtonian fluid, can
be derived from Egn. (10.14) with the aid of the continuity equation

Eqn. (10.5) and further restrictions on the kinematics.

B-3-b. Stretching of isolated sheets. For the case of constant

strain rate stretching and with the neglect of W', Eqn. (10.14a)

becomes
5, = 2n|E.[2 +E—2(+)]-V—3L-293 (10.15)
1 nikyLea E, Ty 2 3, Dt .

Eqn. (10.15) can be simplified, with the aid of the continuity
equation Egn. (10.10) and neglecting the v, variation (i.e., vy = 0
or vy = 0), to

Do 1 B2
E

d
- 1 -1
Do - a1+ ] s (10.16)

If we set ¢, equal to zero (i.e., Fi = 0), Egn. (10.16) is reduced
to

m

Do _ 1 -2
Be- (43 (10.17)

QR|—

Eqn. (10.17) has been already described in Chapter VI.
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B-3-¢c. Continuous film extrusion. For continuous film or sheet

extrusion processes, Eqn. (10.14) can be reduced with the aid of

Egn. (10.12) to

o V. 3V, 3V,

1 1 2 ! Da 2 = ¥y

== |2 s—t (e + B+ =) - 25+ (B~y) =— -V, =

2n ( ax] axz} W Dt ax2 2 ax2
(10.18a)

o V. vV,

2 _ | 2 _, D0 = 38

Zn - {ax] +2 axZ] (a48) - 2 57 - vy 3%y (10.18b)

If disturbances occur only along the machine direction ("1" direction)
and v and W' are assumed to be zero (i.e., vé =0 and W' = 0),
Eqn. (10.18) leads to

o V. 3V, 3V
1 1 2 _, Do 2
T [2 e + axz} (at+B) - 2 ot + B . (10.19)

Eqn. (10.19) will be differentiated with respect to "x;" (i.e.,
@ = f(t), therefore 39y/8%q = 0) and B will be eliminated from the
resulting equation by using continuity equation Egn. (10.12); then
the steady state solution will be substituted in order to obtain the

equation which represents the stability of the system.

C. FLAT FILM EXTRUSION PROCESS WITH TENTERING FRAME:
CONSTANT RATIO OF KINEMATICS

We now consider the flat film extrusion process where the film
is stretched not only in the machine direction but also in the
transverse direction with the aid of a tentering frame. The ratio

of the velocity gradient between the machine direction and the
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transverse direction is kept constant in any place (i.e., kept
constant along the machine direction) (see Figure 10.1). We shall
analyze the steady state and the unsteady state of this film
process.

A Newtonian fluid assumption will be made for the constitutive

equation.

C-1. Steady State Solution

A "z,2,3" Cartesian coordinate system with its origin at the
center of the die exit is used where "z" is in the machine
direction, "2" is in the transverse direction, and "3" is normal to
the film.

We may represent the force balance by neglecting inertia,

gravity and friction effects as

oF o}
Z _ g0 (22Z) .
“E-ql [Vz] 0, (10.20a)
or
- Q - Q -
Fz = S0, 7 (Pzz p33) (10.20b)
z z
where Q is the volumetric flow rate. The stress field of a
Newtonian fluid is given by
BVZ
PZZ = 2n —ﬁ N (102]&)
oV Vv vV Vv
- oon 3 - _Z, 2 _Z
P33 = 2n ax3 = -Zn{ 57 + 3X2] 2n(1+K) 57 (10.21b)
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slit die
L)
AN N N N
N N N N N N
-
J—
tentering

frame

Figure 10.1. Flat film extrusion with tentering frame (the ratio of
deformation rate is independent of position).
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where
vy BV,
The force balance equation becomes
v
- 20
F, = 2n(2+K) —2 v (10.22)
which Teads to the exponential solution
v, = v_(0) exp|5—r3 'z (10.23)
z~ V2 Plzn(2+K) Q| - :
The solution can be non-dimensionalized by using the following
dimensionless groups
- Z -
I* = K V* vz(z)/vZ(O) , (10.24a,b)

where L is the distance between the die exit and the take-up

position. Egn. (10.24) requires us to introduce another dimensionless
group for FZ motivated by the fact that V* is DR(= vZ(L)/vz(O)) at

Z* = 1.0:

F
_ L z _
F*x = a2+ k) q 2n DR . (10.25)

Finally, the dimensionless solution of the velocity profile of

this process is given with the aid of Egns. (10.24) and (10.25) by:

V* = exp(Z* 2n DR) . (10.26)
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The velocity profile of this process is the same as that already
described in Chapter IX, such as annular film extrusion over a
Tubricated straight cylindrical mandrel, constant width film casting,
and melt spinning processes. In a case of melt spinning K in
Eqn. (10.21c) is -0.5 and the other two film extrusion processes have
K of 0.0.

In this process, we assume that

— P4

By neglecting the deformation rate distribution along the transverse

direction (i.e., "2" direction)

v v
2 _1DW_ "z 3W
3x, TWDt T W a3z (10.28)

Egqns. (10.28) and (10.27) lead to

W(z) _ v_(z)
n WT%% = K en Vi 5T - (10.29)

Eqn. (10.29) is also non-dimensionalized to

we = v (10.30a)
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C-2. Stability of the System

We now consider the perturbed state with disturbances being
only in the machine direction and no fluctuation along the width of
film. Therefore the applied disturbances, Eqn. (10.4), may be

simplified to

h(z,t) = h(z)[1 + a(z,t)] , (10.37a)
v (z,t) = v, (2)[1 + 8(z,t)] , (10.31b)
Vp(Z,%p5t) = Vy(2,%,) (10.31c)
o,,(2,t) = 5,,(2) + ol (z,t) , (10.31d)
F(t) = F, + F (t) . (10.3%e)

The form of Egn. (10.31e) is suggested from the force balance
equation of Eqn. (10.20).

The perturbed conservation equations are (see Section B):

D(atg 38 _
Dt - R =0 ) (]032&)
or
dV_B v
Z z , Do _
57 " B 57 + Dt~ 0, (10.32b)
and
o! F!
6! = o + 2L = o'(t) = £ . - (10.33)
Z — Z =
o F
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The stress field of a Newtonian fluid is

5

- _ _
T =2 ?_V_Z - Ezi = 2n(2+K) av_z (10.34a)
7z "3z 3X n 5z ° y
( 1 1 - 1
v oV avV_B Vv
vz oonl—2 0 _ 3| - 2z, _2
02 57 " 5z T 2”[2 52+ axz} : (10.34b)
{ )

We have assumed v, to be zero; therefore, Egn. (10.34b) may be

simplified to

av, 37;6
1 - -
0,5 = 4n 5 - 4n 57 (10.34c¢)

Substituting Eqn. (10.34) into Egn. (10.33) gives

av_B
2 1 Y4
¢! = o + (57) — . (10.35)
z 2+K 3V /52 9z
z

With the aid of Eqn. (10.32), this leads to

- 2 2y _ 1 (Do

o, = a+ (2+K) g - (2+K) [Dt]' (10.36)

aV;/az
Substituting the steady state solution of aV%/az into Eqn. (10.36)

and differentiating it with respect to "z", then eliminating B with

the aid of Eqn. (10.32) leads to

z 1 z da 2 1 3 [Da
—_— 2 — —— = == . (———) - x5 [—J = O . (10-37)
2+K avz/az sz |Dt

Eqn. (10.37) can be rewritten as
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v
D [3a K "7z {3a| _
i3 [ﬁ) 7w [a—z'] =0, (10.38a)
where

D _ 3 , - 2

5 = 3% Y, 25 (10.38b)
av2/3x2

K= -— # f(z) . (10.38¢c)
82/32

v
= Z = -z
I* = i y* Vziﬁj.’ (10.39a,b,c)
=t
t* = [ vz(O)

Egn. (10.38) leads to

DE* [;?i] ' %’gg: (;?i] =0, (10.40a)
or

azizg‘t* +V a;ig FE -0, (10.40b]
where

V* = exp(Z* an DR) , (10.41a)

aV*

57% = 2n DR exp(Z* 2n DR) . (10.41b)
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Eqn. (10.40) is the equation which represents the sensitivity
of the system for the applied disturbances to the system. It is
expected that this flat film extrusion process could exhibit natural
oscillation phenomena on the film thickness (draw resonance), when
the time average value of o exhibits singular points in the applied
boundary conditions, including the drawdown ratio DR and the
kinematics constant K. Other cases are the response of a forced
oscillation.

D. FLAT FILM EXTRUSION PROCESS WITH TENTERING FRAME:
LINEARLY VARYING WIDTH

We consider another flat film extrusion process where the film
is stretched also in the transverse direction by the tentering frame
and the width of the film W changes linearly along the machine
direction (i.e., dW/dz = constant) (see Figure 10.2). This process
has been used for the production of biaxially oriented polymer films
of polyethylene terephthalate, polypropylene and polystyrene. There
are roughly two different manners of stretching. One is simultaneous
stretching and the other is two-stage successive stretching. Here
only the simultaneous stretching process of a Newtonian fluid will

be analyzed.

D-1. Steady State Solution

A "z,2,3" Cartesian coordinate system with an origin at the
center of the die exit is used where "z" is in the machine direction,,

"3" is in the transverse direction, and "3" is normal to the film.
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slit die
AN A . A
LN O N O W WL
)-.l
tentering

frame

Figure 10.2. Flat film extrusion with tentering frame (linearly
varying width along the machine direction).
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The velocity field of the flow between the die exit and the
freezing point (take-up position) has been treated by assuming a flat

velocity profile. The film width W changes according to
W(z) = wo + 2z tan 6 , (10.42)

where wo is the film width at the die exit and 6 is the angle between
the film edge and the machine direction.

The strain rate tensor d = %-[v¥ + (vv)T] is given by neglecting
n

1t n

the variation of av2/3x2 with "x2 and v3/ X3 with ”x3 as

avz '
dZz =357 0 (10.43a)
v v v
= _2 -1 dW_ "z oW -z

9335, WDt h oz (10.43¢)

dZZ + d22 + d33 =0. (10.43d)

By neglecting inertia, gravity, friction and shear effects, the

force balance becomes:

FZ = Whozz = Wh(PZZ - P33) . (10.44)
For a Newtonian fluid, Eqn. (10.44) can be rewritten as
ov oV i
= Q|_z,z
F, = 4n v, |72 + o7 tan 8}, (10.45)

where Q is the volumetric flow rate.
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Eqn. (10.45) has the solution
F
- 1 W Zr,
v, = vZ(O) exp{- ﬁ-zniwa- + jﬂﬁf} , (10.46a)
or
F
_ 1 2 tan o Z 'y
v, = vz(O) exp[- 5 2n}1 + Wy z| + 4nQ] . (10.46b)

From Eqn. (10.43b), the velocity in the transverse direction is

2 tan 8 v
V, = z X
2 W(0) + 2z tan & "2

+cC. (10.47a)

By taking the origin of the coordinate at the center of the die exit,

vz(z =0, Xy = 0) is zero. Therefore

2 tan o v, 2 tan 9 v,

VoSWlOY +2ztane 2w *2-

(10.47b)

The solution can be non-dimensionalized by introducing the

following dimensionless groups:

v
_z .z 0
I* = [ ° V* = m ’ W* = [ °® (10.48a,b,c)
v (L
- _z _ W*(1.0) _ W(L)
DR V*(].O) = w ’ B W*(O) w(o) Y (]O.48d,E)

where L is the distance between the die exit and the take-up position.

Egqn. (10.48e) leads to

W*(Z*

wx) (B-1)Z* + 1 . (10.48f)
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Eqn. (10.48) requires us to introduce another dimensionless group
related to the take-up force Fz’ the drawdown ratio DR and the trans-

verse stretch ratio B at Z* being unity as

FzL 1
Fr=gg =" OR+5 wn|B| - (10.49)

Eqn. (10.49) is led by

-2z _ 1 a3v* B -1
=g~ W T A 1] (10.50a)
or
F_L
F* = i = La_v* + _tan 8 . (]O.SOb)

The dimensionless velocity profile is

1

/2 exp|(an DR + % 2n[B|)2*| . (10.51)

Ve = [(B-1)Z* + 117

D-2. Stability of System: Disturbances in the
Machine Direction

We now consider the perturbed state with disturbances being only
in the machine direction and no fluctuation in the width of film.
The imposed disturbances are the same as the one in Section C.

The perturbed conservation equations are (see Section B):

D(

atg) _ 2B
Ot 5 0, (10.52a)

(10.52b)
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and

= o+ 2= ! (t) . (10.53)

The stress field of a Newtonian fluid is

oV 3V, | 3V 3V

- . z 3|, _z,_2

o, = 2n =7 " 3X3 -Zn{Z =7 + BXZ] , (10.54a)
favé avé‘ aVé avé

We have assumed vé to be zero; therefore, Eqn. (10.54b) may be
simplified to
8VZB

Oéz = 4n'—gz— . (]0.54C)

Substituting Egn. (10.54) into Eqn. (10.53) leads to

o' = (atp) - 2 Da (10.55)
z 5v.  oav.|Ot

_Z ., __Z

9Z 3X2

The force balance equation of the steady state of a Newtonian fluid

is (see also Section D-1):

v, V.
Fo=2,% [2 —Z, __ZJ _ (10.56)

Differentiating Eqn. (10.55) with respect to "z", and then
eliminating (2 372/32 + éVz/axz) and g from the resulting equatioh

(with the aid of Eqns. (10.56) and (10.52)) gives finally


https://9-(10.56
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av v
22 Doy 1 _2Da 'z z23a_gq (10.57)

Eqn. (10.57) can be further reduced to

V.
D ,da 2 do _
Dt (az ¥ 3x, ot =0, (10.58a)
or
D 9 tan 8 2o _ :
Dt (az) + i 3 0. (10.58b)

Eqn. (10.58) may be non-dimensionalized with the aid of Egqn. (10.48)

to
2 2

3a, 1 3 (B - 1) da _

7x2 VX 3L* otF YR 7] 56 - 0 ¢ (10.59)
where

v1(0)

th=t—p (10.59)

And V* is given as
- -1/2 1
Vx = [(B-1)Z* + 1] exp|(an DR + » an|B[)Z*| . (10.60)

Eqn. (10.59) is the equation which represents the sensitivity of
this system to the imposed disturbances. It is expected that this
flat film extrusion process could exhibit natural oscillation
phenomena on the film thickness (draw resonance), when the time

average of o exhibits singular points in the applied boundary
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conditions, including drawndown ratio DR and transverse stretching
ratio B. Other types of solutions for o« include the response of a

forced oscillation.

D-3. Stability of System: General Case

We now increase the complexity of the disturbances to include
those which vary in both the machine direction and the transverse
direction. Still no fluctuation of the width of film is assumed.

The imposed disturbances are

h(z,x,,t) = h(2)[1 + a(z,x5,t)] , (10.61a)
V,(2,%p5t) =V (2)[1 + B(2,x,,t)] , (10.61b)
v2(z,x2,t) = Vz(z,xz)U + y(z,xz,t)] , (10.61¢)
ozz(z,t) ='Ezz(z) + oéz(z,t) , (10.61d)
F(t) =F, + F2(t) . (10.61e)

The velocity along the transverse direction of this system is

given in Eqn. (10.47). The perturbed velocity of Vo is

' _
2 tan 9 vZ 2 tan o v, B8

= X

Vo = Voy = W Xo m (10.62)

o -

B = vy . (10.63)
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The perturbed conservation equations are (see Section B):

D(atB B _
5t - 5= 0 - (10.64a)
or
Ba . - 8(ot8) , - 3(atB) _
stttV st Vo T =0 . (10.64b)

O_I

> A

° = a+ = ¢Z(t) , (10.65a)
F 4
O,I

op = o+ 22 = (1) . (10.65b)
922

The stress field of a Newtonian fluid is

9z Z”r%'% = an2%+% ; (10.66a)
N \ ./

999 * 2”{% - 2—:‘; = Zﬂri;f’f 2 Z—Z—;— , (10.66b)

Oy = ZnKBBVZZ' - z—:ﬂ = 2n [2 azzs + z)\:?} , (10.66¢)

22 ra_:% ] ;Tﬂ ) Z”ra:f *2 2:? (10.66d)

Egns. (10.66c) and (10.66d) can be simplified with the aid of

Eqn. (10.63) to:
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[ o < )
o!_ = 2n|2 e (10.66e)
2z ”L 3z 3% :
' faVZB 3728
G99 = 2n 32 + 2 8X2 (10.66F)
Substituting Eqn. (10.66) into Eqn. (10.65) leads to
. 2 Da Vé I8
@Z = (OL+B) - — — D_t+ 7 Aol ? (10.67a)
avz av2 2
(2 £+ 552)
Y 3X,
. 2 Da . V1 28
@2 = (a+B) - — Dt + VAT (10.67b)
avZ av2 1
Gzt 2,

Differentiating Eqn. (10.67a) with respect to "z" and Eqn. (10.67b)
with "x2“, eliminating 828/32 Xy from the resulting equation, and
assuming zero shear components leads us to

D (3o _ 3 [ | a(a+s)
2 (az - axz) -2 5z T axZJ 3z

3z X, o 3z 3X,s
z
Vv, v v
2 Z da 2 Z d _
"= Sz, T = Sz st O (10.68)
v 2 Y
z z

The solution o in Eqn. (10.68) may possibly be available by
solving simultaneously Egns. (10.68) and (10.64) with the aid of the

steady state solution for the velocity profile.
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E. ANNULAR FILM EXTRUSION OVER A LUBRICATED

CONICAL MANDREL

In this section, we consider annular film extrusion over a
Tubricated conical mandrel with half cone angle & (see Figure 10.3).
This process has been analyzed by Gutteridge [G-14]; she considered
a post inflation, biaxially stretched process, in which tubular
blown films are again subjected to deformation just below their
melting points. An elastic solid model and a Kelvin-Voigt type
viscoelastic model were used. A slightly different process, where
conical mandrel was used without a lubrication layer, has also been
analyzed for a Newtonian fluid including a friction effect between
the mandrel and the deforming film layer [W-10]. This process has
actually been used by Flood et al. [F-7] to produce biaxially oriented
Kev1a#3 film.

One of the interesting features is that this process is the

asymptote of tubular blown film extrusion processes, including
annular film extrusion over a lubricated straight cylindrical mandrel.
Both steady state and unsteady state solutions for a Newtonian fluid

will be examined.

E-1. Steady State Solution

The most natural choice of a coordinate system for this process
is spherical coordinates. However, the choice of spherical coordinates

is not the most suitable one from the practical points of view. The

1] "

next best choice of coordinate systems is the "z,¢,r" cylindrical

coordinate system.
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The diameter of an annular film R (distance between the inner
surface of film and the center line of the conical mandrel) varies

according to
R(z) = R(0) + z tan 6 , (10.69)

where RO is the diameter at the die exit.

The assumption which we made here is that the film thickness
h is small compared to the other dimensions of an annular film.
This permits us to approximate the curved film by a plane film, and
the velocity gradients are approximated locally by those of a plane
film.

The cylindrical coordinates (z,¢,r) are related to the local

Cartesian coordinates (v],vz,v3) at point p in the film where vy is in

the "z" direction; however, parallel to the film, 2 is in the hoop
direction, and V3 is normal to the film. The origin p is taken on
the inner surface, and the v3-axis meets the outer surface at V3 of
h.

Let (v],vz,v3) be the velocity components in the coordinate

system (v],vz,v3). The deformation rate is

BV, AV, '
2 i j
di3(ovaov3) = 7 [‘@* 8\)1-] : (10.70)

where "i" or “j" is "1", "2", or "3". The subscript "M" will be used
where "i" or "j" is "1", "2", or "3". The subscript "M" will be used
instead of the subscripts "1" or "11" to eliminate confusion and to

indicate the machine direction (i.e., the 2 direction). The "H"

will be used for the subscripts "2" or "22".
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The physical components of deformation rate tensor are
Vv v
- - _M_ _M
dM = d11 = o cose — , (10.71a)
and using the axisymmetry condition assumption
v v
3 1R _ M dR | M
Also, by neglecting the variation of 3v3/8v3 with vy
_10h_ M dh _ M dh
d33_H-D—t.-TW— cos OTd—Z- (]0.71C)

Egqn. (10.71) must satisfy the continuity equation. For incompressible

fluids

dM + dH + d33 =0. (10.72)

Eqn. (10.72) leads to the following differential equation

between the velocity iy and the film thickness h:

tan 6

1 shy _
Hay, dane, L3 g (10.73)

Egn. (10.73) has a solution with the aid of Eqn. (10.69) and the

definition of the volumetric flow rate Q = 2 n r h Vy'

vy (0)h(0)R(0)
vM(z)[R(O) + z tan 6] °

h(z) = (10.74)
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For the special case where inertia, gravity and friction effects
are negligible, the thin shell theory [F-8,L-10] involves the follow-
ing two force balance equations, one a differential type and the

other one integral type:

athR
57— - H h tan 6 = 0 (10.75a)
where
Fy

cMhR =5 (10.75b)

and
IAG
(cMhR) = 5 - Jz Oy hR tan 6 dz , (10.76)
z

where FM is the take-up force along the vy direction and FM L is FM
at the take-up position L.
For a Newtonian fluid, the stress field, with 933 being zero,

is given by

( BV . Vi

oy = 2ni2 cos 6 <7 tsine ¢ > (10.77a)
f Vy VM

oy = 2nlcos @ el 2 sin o <! - (10.77b)

Substituting Egqn. (10.77) into the differential type force

balance equation leads to

2
3~ en v dan v 2

az2 2R 3z 2 R2
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Eqn. (10.78) has the solution

2 r3/2

3 tan o ¢

n vy = - wn R+ + C2 (10.79)

1

where C] and C2 are the integral constants. These integral constants
may be determined with the boundary conditions of " at the die exit,
z of zero, and the take-up position, z of L. However, our interest
is also in the relationship between the velocity “vM" and the take-
up force "FM".

Substituting Eqn. (10.77) into the integral type force balance

equation, with the aid of the volumetric flow rate, and integrating

from the position "z" to the take-up position "L" Teads to

5 _
3 en{vgR) F L
5 Mo (k) - tan’s | - dz
z 2nQ cos o 7 RZ
L 12 zn(vMR)
- tan ¢ J R = dz . (10.80)

Integration of the right-hand side of Eqn. (10.80) is carried out by

substituting Eqn. (10.79); then we have

F

- M,L -1/2 , tan ® 3/2
C] = (m) R(L) + ———Z—-R(L) . (]08])

Combining Egn. (10.79) and Eqn. (10.81) with the boundary condition

vM(z = Q) = vM(O) leads to
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F
C, = el (0)R(0)] - 57— [;’Lﬂ R(0)Y/% r(L)!/2

-1 [W(E%]yz , (10.82)

Therefore, the velocity profile of this process is

-3/2 F 3/2

sin 9
(10.83a)
where
_ R(L)
B = R(O) (10.83b)

The solution can be non-dimensionalized by using the following

dimensionless groups:

z M R
* = £ * = * =
Z i v W . R . (10.84a,b,c)
vy (L)
M R(0)
DR = V*(1.0) = R R¥ = ——~ (10.84d,e)
vM105 0 L
LF
- M,L
R (10.84F)

The dimensionless velocity profile is

-3/2( R%B
yx = [14100 7ep-] exp[s [ 0 F*+1] {(1+£gg_§ z*)3/2_1”_

Ra 3 |sin 6 H

(10.85)
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Or, noting the relationship between the drawdown ratio DR and the

take-up force F*:

siife (R +tan o) *1}3'3/2 =3(8%2-1)"" an(0R-B) . (10.86)

Eqn. (10.85) can be rewritten in terms of the drawdown ratio DR and

the transverse stretching ratio B as

veo= (143808 74)7] exp{(83/2 1) an(0r-B)- | (1+ 2208 7x)3/2 -1}].
0 0

(10.87)

E-2. Stability of System

We now consider the perturbed state with disturbances also
satisfying the axisymmetry condition.

The imposed disturbances are:

h(z,t) = h(z)[1 + o(z,t)] , (10.88a)
vy(z,t) = vy(2)[1 + 8(z,t)] (10.88b)
oy(z,t) = oy(z) + oylz,t) , (10.88c)
oy(z,t) = 5y(2) + of(z,t) , (10.88d)
Fu(z,t) = Fylz) + Fulz,t) , (10.88e)

where the bar denotes the steady state. The form of Eqn. (10.88e)

is based upon the force balance equation of Egn. (10.75).
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If we introduce disturbances given by Egn. (10.88) into the

n rate tensor of Egn. (10.71), and subtract out the steady

form, we obtain

aVMB
dM = C0S 6 5z ° (10896)
Ve

dH = sin 8 T (10.89b)

. . Da, MR |
d33 G + B = %2 s (10.89¢)
D o2 ycos oy, = (10.89d)
Dt ot Maz ° :
ituting Eqns. (10.89) and (10.71) into the continuity equation

(10.72), we obtain the perturbed continuity equation given by

5h vyB .
Do , cos 6 M sin 8 — _ _
E"' = 37 + R VMB =0 . (1090)

Similarly, after introducing disturbances into the force
ce equation Egn. (10.75), the perturbed force balance equation

e differential type becomes

hR<=-o0\ htan 6 =0. (10.91)

The stress field of a Newtonian field is
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The stress field of a Newtonian field is

( v, .
—_ M g8 —
oy = 2n|2 cos 8 o + S‘E vyl (10.92a)
( 3VyB . )
. M sin 6 —
oy = anZ cos 8 — =R VM8l o (10.92b)
v,,8 . )
Vo M sin 6 —
oy = ZnLcos 8 —— ¥ 2 R VMB| - (10.92¢)

Substituting Eqn. (10.92) into Egn. (10.91) with the aid of
Eqn. (10.90) yields

9 aA _sin 8 — _
37 ( ) t + cos @ vMB R VB B=20, (10.93a)
where
3V,
A2 My Eag—e , (10.93b)
m 9Z
M
3V,
=L 4t 8 (10.93¢)
MY
Eqn. (10.93a) leads to
- 5 _ 1 Da 3
cos 9 -VMB = A Ttan® [3A ot -2 =5 ( )] . (10.94)

Differentiating Egqn. (10.93a) with respect to "z", 38/3z term in the
resulting equation is subtracted out, with the aid of Egn. (10.94).

After considerable tedious manipulation and non-dimensionalizing the
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resulting equation, with the dimensionless groups of Eqns. (10.84)

and (10.83b), gives us

2 3
3-4nV* 3gnv* 21 37
2[2 prrabbie o b
-14 ?_E&ﬂ!:_{_ 4(2 danv* + f) 32,Q,nv*
*3 LYAd %2
LY 87
2
asanV 2y aanV 31 5°a
- (4F S+ 136) S - 5F ] 57%2
3 2
aanV* 3-anV* agnv* 2y 3_anV*
* [2(4 7+ + 3f) 3 + (4f S5 + 19F7) 2
2 3gnV* 2, nV* 4
+ (367 0+ 2F%) S - 12f]82*
oZanVx aanvr .2 534
+ 2 sec 9|2 > - f i 3f ——
dL* V* 9Z*¢ at*
- sec 94 —— 33QnV + 4(4 3anV* + f) ég&ﬂ!t - (8f aanV* + 25f2) aanv*
82*3 8L* 5 7%2 LF aL*
2
3 9 0
- 5F ] V= a7* ot%
+ sec 0[6(2 aanv* f) éf&ﬂ!j__ 4 3wy - 2(6 agnVx 5f) aany®
o 97#° 577 oL aL*
2
) 25f2J d zng*
dL*

* *
(2(3f 2NVY | g2y L0V, 3f2J Ve 12f4] s =0, (10.95)
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where
_tans _ (B -1)
f - R* - -I + Z*(B_'l) ] (10.95b)
vy (0)
t* = ¢t L (10.95¢)

The differential equation describing the responses of the
system on the imposed disturbances o is a third-order, instead of a
second-order, differential equation. A second-order equation was
previously derived for the flat film extrusion processes (see
Sections B, C, and D). The difference comes from the force balance

equations. For flat film extrusion processes

oF _
37 - 0. (10.96a)

—# 0. (10.96b)

The steady state take-up force ?M(z) (=2n§'ﬁ'EM) of this process
changes with position "z" according to Egn. (10.75). This feature

increases the order of the differential equation.
F. TUBULAR UNBLOWN FILM EXTRUSION

We now turn to the unblown tubular film extrusion process (see

Figure 10.4). This process is a special case of the tubular blown
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film extrusion process, where there is not any pressure difference

between the inside of the bubble or tube and the outside.

F-1. Steady State Solution

The assumption which is made here is that the film thickness h
is small compared with the other dimensions of the annulus film.
This permits us to approximate the curved film by a plane film,
and the velocity gradients are approximated locally by those of a
plane film.

The cylindrical coordinates (z,4,r) are related to the local
Cartesian coordinates (v1,v2,v3) at a point p in the film, where v is
in the "z" direction; however, parallel to the film, 2 is in the
hoop direction, and V3 is normal to the film. The origin p is
taken on the inner surface, the v3-axis meets the outer surface at
V3 of h.

Let (v],vz,v3) be the velocity components in the coordinates
(v1,v2,v3). The subscript "M" will be used instead of the subscripts
“T" or "11" to eliminate confusion, and the subscript "H" will be
used for the subscripts "2" or "22".

The physical components of the deformation rate tensor are
dy, = dyq = = €0S 6 — , (10.97a)

and using the axisymmetry condition assumption

—d

_ IR .M AR _ .M
dH_dZZ_ﬁﬁt—_TT{_SmQT' (]097b)
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Also, by neglecting the variation of 3v3/av3 with V3
_10h _YM dh _ M dh
d33‘Fﬁ?__h—EW‘Coser_z' (10.97¢)
Egn. (10.97) must satisfy the continuity equation. For
incompressible fluid:
dM + dH + d33 =0, (10.98a)
or
S,y (tane , 1ahy g (10.98b)
Y4 MY R h 3z ) ’
For the special case where inertia, gravity and drag effects
are negligible, the thin shell theory [F-8,L-10] gives the force
balance equation:
32mR h oy €OS 6 i 3 COoS 8 FM i} aFZ o (10.9%8)
3z 3z 0z - °? ’
or
2R h oy = Fy = sec © Fo (10.99b)

where FM is the take-up force along the vy direction and FZ along
the "z" axis.

To proceed further with the analysis of the velocity profile,
we will make an additional assumption about the kinematics; that is,
we will assume that the unblown tubular film extrusion process is

approximately in uniaxial extension:
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dys - (10.100)

Combining Egns. (10.98), (10.100), and the volumetric flow rate Q
(=27R h vM) yields

dh 2« 2 _
a—z--—Q—taneh VM—O. (]0.]0])

Substituting Eqn. (10.100) into Egn. (10.101) gives

av
1 M, 23 _

Eqn. (10.102) has a solution, with the aid of volumetric flow rate

Q, as follows:

0)vy(0)R(z) (10.103a)

or

2 -
h (Z) = —TM—<?)— . (10.103[))
The angle & is given with the aid of Egn. (10.103) as

. any )
tan o = R o _ Q M. (10.104)

2 4ah(0)y (0,

For a Newtonian fluid, the stress field of this process is

BVM

oM = 3n cos 9 a7 (10105)
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Substituting Egn. (10.105) into Eqn. (10.99) yields

aznvM

F_.=3nQ cosze

7 (10.106)

3z

The differential equation for the velocity profile is obtained by

combining Egns. (10.104) and (10.106):

M 24nm h(0) 2 °'M 81 h(0) . 3 _
( 32] ) F, R(0) YW 3z TQR@OY Y™ T 0. (10.107)

The non-dimensionalized form of Eqn. (10.107) is also available:

2 2
av*} V* [av*J . ] 3
- vl = 0 (10.108)
[az* kQ* F* (3Z% kQ*
where
vM z
V* = 7707 * =T, (10.109a,b)
MY .
LF,
*: *=_
Q 5;_35%5;[7 , F* 30 (10.109¢c,d)
K = ﬁ(g) . (10.10%)

and L is the distance between the die exit and the take-up position.
The solution of Egn. (10.108) can be obtained only by numerical

methods, such as the Runge-Kutta method.
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F-2. Stability of System

We now introduce disturbances into the system, while continuing

to assume the axisymmetric condition:

h(z,t) = h(z)[1 + a(z,t)] , (10.110a)
vylzst) = vy(2)[1 + 8(z,t)] , (10.110b)
R(z,t) = R(z)[1 + v(z,t)] , : (10.110c¢)
8(z,t) = a(z)[1 + s(z,t)] , (10.170d)
oM(z,t) = EM(Z) + oﬁ(z,t) . (10.110e)
F(t) = F, + F (t) , (10.110f)
Fu(z,t) = Fy(z) + Fulz,t) . (10.170g)

The form of Egns. (10.110f) and (10.110g) is suggested from the force
balance equation of Eqn. (10.99). Egns. (10.110c) and (10.110d) can

be rewritten as

R(z,t) = k h(z)[1 + v(z,t)] , (10.110h)
3Ry(z,t)
0(z,t) = 8(z)|1 + —22—— . (10.1101)
1 + (8R/32)

If we introduce the disturbances of Eqn. (10.110) into the
continuity equation Eqn. (10.98) and subtract out the steady state

equations, we obtain the following, after neglecting diameter and

angle fluctuations (i.e., y is zero):
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D(ot+B) 38 _
5t - 3% 0, (10.117a)

or

Do — 98 _

5€-+ Cos 8 Vy 5, = 0, (10.111b)
where

D _ 3 7 8

Dt " 3t tCos 0 vy o . (10.111¢)

Similarly, after introducing disturbances into the force
balance equation Egn. (10.99), then subtracting out the steady state,

we have a perturbed force balance of

Q
-n

t
2= (a+ :ﬂ) cos 6= —2=20

— (t) . (10.112)
FZ

'
Z

In the case of a Newtonian fluid, the stress field is

3V,

Gy = 3n cos 6 75? , (10.113a)
OM = 2n(dM - dé3) s (10.113b)
where
aVMB
d! = cos o =7 (10.114a)
, . 1Dh _1DR
d33 N Dt - - T (10.114b)

Eqn. (10.114b) is simplified with the help of Egn. (10.100):
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3V
M
) cos 6 57 (10.114¢)

¢ _ Do

33 0 - (ot

| ™

Therefore, Eqn. (10.113b) becomes

: Yy
+ (o + 5lcos 0 | . (10.115)

- 7. 38 _ Da
oy = 2n|cos 6 M 37 " Dt
Substituting Eqns. (10.113a) and (10.115) into the perturbed

force balance equation Egn. (10.112), with the aid of Egqn. (10.111),

yields

4 Do

66! = ¢ = (5a + 38) cos § - ———— ==
z z (avM/az) Dt

®§(t) . (10.116)

Eqn. (10.116) is differentiated with respect to "z", then the 38/5z
term is eliminated with the aid of Egqn. (10.111). The resulting

equation is combined with Eqn. (10.106). After tedious manipulation
and non-dimensionalizing the resulting equation, with the dimension-

less groups of Eqn. (10.109), yields

% . 6 09,  oPgez¢> 2| 5%
3% g G - S T 52| o2
9Z* 297 aZ*
3F% Fx .2 2
2 16(29)2 + 22 (29 4z (379/37* )| da
" [6(32*) 7 G T e
R IS S B A 39, O
) A I YA dg/3L* 492J 3L*3t*
2 x
+ P + 5Fz (89) 4 (ag) . k2 (azg/az*z) dau
gv* 4g4 4g3 dL* 2g2 YA 4g2 (ag/aZ*)| at*

=0, (10.117a)
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where

g =cos 6 . (10.117b)

And the angle o defined by Eqn. (10.104) becomes

tan & = 2 %%i o l/2 AT (10.118a)
where
% = Mfol . (10.118b)

We have again obtained a third-order differential equation
which represents the response of the system to the imposed disturb-

ances. The steady state force take-up force F,(=27R h g,,) of this

M M
process again changes with position z. This feature increases the

order of the differential equation for the stability analysis.

G. ADDITIONAL COMMENTS

From the previous discussion on the stability of continuous
film extrusion processes (see Sections C through F), it has been
found that the stability equations for flat film extrusion processes
are second-order partial differential equations (see Egns. (10.40)
and (10.59)); however, those for annular film extrusion processes
are third-order partial differential equations (see Egns. (10.95)
and (10.117)).

The simplified form of these stability response equations are

listed below, including melt spinning processes (see Chapter IX):
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1. Flat film extrusion process, with avz/axz/gvz/az constant

at any position:

2 2
- 3 o da 3a
a = f][azz s 3z a2 at] . (10.119)

2. Flat film extrusion process, with a linearly varying width

change (aW/9z = constant):

o= f % 2% da (10.120)
2172 3z st 3t - :

3. Annular film extrusion over a lubricated conical mandrel:

3 2
3 a
a = fo—x ,
3[323

e]e) aza aza 0.

3o 3o da
272 Y 272 st 9% ot ot
(10.121)

4. Unblown annular film extrusion:

PR , 2 e R 39] . (10.122)
41,,3 822 3z 322 5t 3z ot ap

5. Melt spinning and special case of processes "2" and "3",

where film with or diameter is constant along the machine

direction:
2 2
_ 9 o 3
a = fs[azz s 37 at] . (10.123)

It is noted that the time derivative of the disturbance o is first-
order in any of the processes. However, the position derivative of

o varies in a second-order manner for flat film extrusion processes
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(processes "1", "2", and "5") and in a third-order manner for annular
film extrusion processes (processes "3" and "4").

The differences in the order of these partial differential
equations is caused by the force balance equations. For flat film
extrusion processes (including the melt spinning and an annular film
extrusion over a lubricated straight cylindrical mandrel) the force
balance equation is

oF
M
E-— 0 or F FM(Z) . (10.1246)

In contrast, the force balance equation for annular film extrusion
over a lubricated conical mandrel and for unblown tubular film

extrusion is

— + y](z) =0 or ?M = FM(z) . (10.124b)

where FM is the take-up force in the direction of the main (or
primary) deformation (i.e., v]-axis direction) and "y]“ is some

function of "z", which is dependent upon the geometry of the system.
With the aid of Eqn. (10.8), Eqn. (10.124a) suggests that we have

50! F!(t '(t
jié= i[ ' )} - doy(t) =0 . (10.125)

On the other hand Eqn. (10.124b) leads us to




335

aoé ; FM(z,t)
'_aE— = E ____yz(z’t) + Y3(Z3t) s (10.126)

Fy(2)

where "y2“ and “y3" are functions of "z" and "t". Egn. (10.126) is

rewritten as

Fyu(z)

8¢é FM(z,t) ayz(z,t) 3 [FM(Z,t)J X ay3(z,t)
9z

(10.127)
Yo and y3 are functions of "a", "g" and VM (or v,); this functionality

Z

comes about because "vM" (or vz) are functions of "z" and "t". The
stability equation should be a function of a, not a and 8, so that
Eqn. (10.127) has to be differentiated again by "z"; then eliminating

the Yo term from the resulting equation, by substituting Egn. (10.127),

leads to
82®' 3¢  Fl(z,t) ay,(z,t)
z _ 1 l z M\ S 2\
2 2., — 2 |9z = 3z
3z 3 FM(z,t)/aFM(z) FM(z)
8y3(z,t)] 12 rFh'4(z,t)]
- 3z 2 l-—
3z FM(z)
2
3y,(z,t)  3%y,(z,t) Fu(z,t) 3%y.(z,t)
+ |2 2 + 2 > éi _T + 3 5
92 3z z FM(z) 3z
(10.128)

In Eqn. (10.128), the B terms appearing in yz(z,t) and y3(z,t) are
differentiated by "z" at least once or twice, so that these B terms

can be eliminated by using perturbed continuity equations, such as
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Eqns. (10.90) or (10.111), by themselves or combined with the perturbed
force balance equations.

If we compare Eqns. (10.125) and (10.128), it is seen that the
order of the differential equation of a derived from Eqn. (10.128) for
a Newtonian fluid is at least one order higher than that from
Eqn. (10.125). In the last case the take-up force FM is not a function
of position.

In this chapter, we have derived the differential equations
which deal with the sensitivity of various continuous film extrusion
systems to the imposed disturbances. As we have described earlier,
those differential equations are very complicated, even though an
isothermal Newtonian fluid assumption has been used. The solutions
of these partial differential equations are not available in
analytical form. Numerical solutions, however, might be possible.

One of the objectives deriving those differential equations was to
specify the conditions (i.e., in terms of drawdown ratio and transverse
stretching ratio) where natural oscillation occurs. For this purpose,
an eigenvalue treatment of the differential equations might be the
only way to proceed.

Especially we are interested in obtaining the solution of
Eqn. (10.40) for a flat film extrusion with tentering frame in order
to achieve a kinematics ratio independent of position (1.e.,(av2/ax2)/
(avz/az) independent of position). Once we obtain that solution, we
could compare the differences of the continuity equations between

continuous processing systems and batch processing systems; the
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stability of the latter systems has been discussed in Chapters VI and

VII for both Newtonian fluids and viscoelastic fluids.

H. SUMMARY

The stability equations of various flat film and annular film
extrusion processes are analyzed and compared to each other. The
processes include: (1) flat film extrusion with tentering frames to
achieve a constant ratio of kinematics (i.e., the ratio of deforma-
tion rates is independent of positions); (2) flat film extrusion
with tentering frames to achieve a linearly varying width along the
machine direction; (3) annular film extrusion over a Tubricated
conical mandrel; (4) annular unblown film extrusion. A detailed

discussion has been presented for Newtonian fluids.



CHAPTER XI

INFLUENCE OF MOLECULAR STRUCTURE ON
ISOTHERMAL MELT SPINNING

A. INTRODUCTION

Melt spun filaments are often nonuniform, exhibiting fluctuating
diameters along their lengths. These diameter fluctuations may be
due to heterogeneities or forced oscillations on the system, induced
by temperature, extrusion rate, or tension variations. However,

"natural oscillations," in the sense of a basic hydrodynamic insta-
bility, may also occur under some circumstances and give rise to
periodic diameter fluctuations of large magnitude. This kind of
instability is known as draw resonance. Similar thickness
fluctuations are observed in extruded ribbons, cast films, and
extrusion coating processes [B-5,B-6,C-13,1-6,K-5,K-9].
Oscillations in fiber diameter due to fluctuations in system
parameters (such as heat transfer, spinline tension, extrusion rate,
etc.) were first clearly discussed by Kase and Matsuo [K-8]. These
researchers carried out experiments in which they suddenly changed
the rate of the cooling air being applied to a descending poly-
propylene fiber. Diameter fluctuations in the fiber resulted. The
existence of small amplitude random diameter fluctuations in melt

spun fibers has also been observed by various researchers. However,

such results are rarely reported in the Titerature. Such a study is
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presented by Minoshima, White and Spruiell [M-41], who noted that the
amplitude of the fluctuations depend upon the rheological properties
of the polymer. In the case of polypropylene larger amplitude
fluctuations are observed with moderate and broad molecular weight
distribution materials than with narrow molecular weight distribution
materials. They noted that this amplitude correlates with the uni-
axial elongational flow behavior of the polymer melt and with the
spinline elongational behavior. A rapid rate of decrease in the
spinline elongational viscosity function results in a larger ampli-
tude fluctuation.

Regular fiber diameter oscillations of large amplitude have been
described by various authors, beginning with the study of Freeman
and Coplan's study [F-14]. In more recent years studies have appeared
for polyethylene terephthalate [I-6,K-5], polypropylene [B-6,F-14,
G-5,H-4,H-13,1-6,K-5,M-41,W-8,W-17,Y-1], polystyrene [H-4,M-16,W-21],
high density polyethylene [H-4,H-13,W-8,W-17], and other melts. There
are only two studies on the effects of molecular weight distributions
with various molecular weights which are carried out for polypropylene
[G-5,M-41].

In the present chapter, we will examine the effects of molecular
structure, such as molecular weight, molecular weight distribution,
and degree of long chain branching, on the draw resonance phenomenon

for a variety of polymers (polyethylenes, polypropylenes, and poly-

styrenes). The steady state spinline behavior will be described.
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B. EXPERIMENTAL

B-1. Materials

A series of seven high density polyethylenes (HDPE), four Tinear
low density polyethylenes (LLDPE), four (long chain branched) low
density polyethylenes (LDPE), five polypropylenes (PP) and two poly-
styrenes (PS) were used. These materials are listed in Tables III-1,
I11-2, I11-3, 111-4, and III-5 (pp. 49, 50, 51, 52, and 53), with
molecular characterization data. Rheological properties of poly-
ethylenes (PE) were presented in Chapter IV. We also included poly-
propylenes which were previously used in the melt spinning experi-

ments and had been rheologically characterized by the author [M-41,

M-42]. One of the polystyrene samples (PS-2) was used in Chapter VII.

The other polystyrene sample (PS-1) had been used for the melt spinning

studies and rheologically characterized by Tanaka and White [T-3,

W-21].

B-2. Isothermal Melt Spinning

Isothermal melt spinning was éarried out at 180°C using an
Instron capillary rheometer as a delivery device (Figure 11.1). The
polymer was extruded at 180°C through a die of diameter 0.029 inch,
having a Tength/diameter ratio of 53.88. The extrudate directly
passes into an isothermal heated chamber (2.5 cm inside diameter and
6.0 cm long). It emerges from this chamber into a water quench bath.
Two sets of electrical heaters were used to heat the chamber. Both

sets of heaters were controlled using two temperature controllers by
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o. Instron Rheometer
180 C

Die L/D=53.88
e D = 0.029 in.

Flow Rate 1.508x 10'-3 cm3/ sec

..... x Heated Chamber

180C

180C

teflon tube E )

Water Quench
Bath

tensiometer

Take-up Device

Teflon Rod

Figure 11.1. Apparatus for isothermal melt spinning.
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means of two thermccouples, which were placed 0.5 cm and 3.0 cm below
the die exit. The take-up roll, which had a diameter of 8.77 cm,

was driven by a 1/15 Hp B & B motor (12 rpm and 86 rpm maximum

speed) with a B & B controller type ST-12. A volumetric throughput
of 9.05 x 1072 cm’/min. (v, = 21.236 cm/min.) was used.

A Rothschild tensiometer (100 mV full scale, 4 g and 40 g
measuring head) was placed near the take-up device to measure spin-
line tension. The measured tension was recorded on a strip chart
recorder (model EV-205-11, Heath Company, Benton Harbor, MI) with a
potentiometric amplifier (model EV-200-01, Heath Company, Benton
Harbor, MI). The development of diameter variations along the fiber
was detected by the tension measuring device, which instantaneously
provided a qualitative measure of the diameter fluctuation. Diameter
variations as observed directly on the spun fiber and indirectly
by means of the tensiometer readings agree well with each other.

That the on-line tensiometer readings gave the same periodicity and
a reasonable approximating of the diameter fluctuations has been
noted previously [M-40,M-41,N-1].

The onset of draw resonance was defined as the point where
periodic tension fluctuations first appeared. In our experiments
draw down ratio was gradually increased. The rate of increased
take-up speed was approximately 2 cm/min.2 (10.5 min. was necessary to
increase one unit of drawn down ratio). When the periodic tension
fluctuations detected were very small, compared with the average

tension, or had little periodicity, the draw down ratio was
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momentarily increased by pulling the solidified fiber by hand (the
position for doing so is indicated with an arrow in Figure 11.1). If
the draw down ratio was in an unstable (draw resonance) region, the
tension fluctuation grew rapidly to a very large value with time.

If the draw down ratio was in a stable region, the tension

fluctuation did not grow further.

B-3. Isothermal Ribbon Extrusion

Isothermal ribbon extrusion was carried out at 180°C. The same
setup as described in Section B-2 was used. A slit die (thickness
0.015 inch, width 0.15 inch, length/thickness ratio of 53.33 and
aspect ratio of 10.0) was used in place of the capillary die. A
volumetric throughput of 1.81 x 10'] cm3/min (v0 = 12.468 cm/min.)

.

was used. This produced an apparent wall shear rate of 32.7 sec

instead of 38.4 sec”! for the capillary die.
C. RESULTS

At the start of the melt spinning process, the descending
extrudate is pulled onto a take-up roll. It was found that moderate
and broad molecular weight distribution (MWD) linear polymers have to
be pulled very carefully to avoid ductile failure; this failure
occurs somewhere between the extrudate swell region and the middle
of the spinline.

Two types of extrudate diameter fluctuations were observed.

One of these is random in character, of small amplitude, and seems

to occur to a certain extent under all spinning conditions.  This
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behavior is not a die flow instability nor due to fluctuations in the
extrusion system, because we are using an apparatus which delivers
a constant volumetric throughput. The second type of diameter
fluctuation has a well-defined wavelength (or period) and a much
larger amplitude (see Figure 8 in Ref. [M-41]). It was this second
type of diameter fluctuation which was investigated in detail.

The draw down ratio DR is defined as

DR = VL/VO s (11.1)

where v is the velocity of fiber at the take-up position (qr the
solidification point) and Vo is the average velocity at die exit.
The critical draw down ratios (DRC) (onset of draw resonance) in
isothermal melt spinning are shown in Table XI-1 as molecular weight
distribution (MWD) and material parameters in a convected Maxwell
model (see Egns. (11.2), (11.3) and (11.4)).

Among the linear polymers (HDPE, LLDPE, PP, and PS) the onset
of draw resonance generally decreases with the breadth of the
molecular weight distribution (MWD). The existence of long chain
branching (LCB) delays the onset of draw resonance. However, the
LDPE threadline was fractured just above DRC.

The onset of draw resonance DRC in an isothermal ribbon
extrusion is shown in Table XI-2. The aspect ratio of solidified
ribbon are approximately 10.0 at any draw down ratio; the kinematics
of ribbon extrusion appear to be uniaxial elongation, as in the case

of melt spinning. HDPE-13 could not be spun into a ribbon shape; the
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Table XI-1. Onset of Draw Resonance in Terms of Molecular Weight
Distribution and Material Parameters

Onset of Draw 0 .
Material Resonance, DRC MW/Mn Mz/Mw sec a
HDPE-1 6.9 9.64, 6.35, 36.5 0.55
HDPE-2 5.75 14.104 8.285 25.3 0.6
HDPE-3 7.64 7.10, 7.84,  1.95 0.6
HDPE-5 6.13 4.664 6.55.  0.548 0.5
HDPE-11 10.2, 3.35; 2.97,  0.690 0.1
HDPE-12 10.63 3.59, 3.1, 0.253 0.1
HDPE-13 10.7¢ 3.054 2.70¢  0.0549 0.1
LLDPE-1 12.37 3.81 -- 1.07 0.3
LLDPE-2 12.6¢ 3.36 - 0.828 0.35
LLDPE-3 14.14 -- -- 0.744 0.3
LLDPE-4 11.6, -- - 0.670 0.4
LDPE-1 20.64 11.19 -- 5.42 0.25
LDPE-2 39.74 8.35, 5.26,  3.43 0.4
LDPE-11 36.7¢ 4.11 - 1.74 0.3
LDPE-12 39.7,4 3.29, 5.61,  0.673 0.
PP-1 6.8, 9.04 3.57 5.96 0.8
PP-2 6.24 7.83 4.82 3.23 0.7
PP-11 9.8, 6.37 2.59 1.36 0.4
PP-12 9.4, 4.67 2.81 0.841 0.45
PP-13 12.1, 4.62 2.47 0.237 0.45
PS-1 1.7, 2.6 -- 4. 0.4
PS-2 7.2, 1.91 1.61 8.3 0.2

*Best fit from shear viscosity and principle normal stress
difference data.



Table XI-2. Onset of Draw Resonance in Isothermal Melt Spinning
and Ribbon Extrusion

Onset of Draw Resonance, DRC

Material Ribbon Extrusion Fiber Spinning
HDPE-1 6.23 6.91
HDPE-2 5.72 5.72
HDPE-3 7.40 7.69
HDPE-5 5.84 6.13
HDPE-11 11.42 10.27
HDPE-12 11.54 10.63
HDPE-13 --* 10.15
LLDPE-1 10.89 12.31
LLDPE-2 11.95 12.66
LDPE-1 20.33 20.68
PP-1 6.54 6.87
PP-2 5.97 6.28
PP-11 10.89 9.87
PP-12 9.98 9.43

*Indicates ribbon could not be spun; spun material had a

circular cross-section.
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cross-section of the so]idified extrudates was circular. Narrow MWD
HDPE and PP show slightly higher critical draw down ratio in ribbon
extrusion, compared with melt spinning, using isothermal conditions
in both cases. On the other hand, moderate and broad MWD HDPE and
PP, LLDPE, and LDPE show slightly lower critical draw down ratio in
ribbon extrusion compared with melt spinning.

When the spinline length for the isothermal ribbon extrusion
was reduced to 1.5 cm from 6.0 cm, the aspect ratio of the solidified

extrudate was still about 10.0.
D. INTERPRETATION

D-1. Effects of Molecular Weight Distribution and
Long Chain Branching

Values for the onset draw resonance (DRC) for PE, PP and PS are

plotted against Mw/Mn and Mz/Mw in Figures 11.2 and 11.3, respectively.

These indicate that the narrowing MWD makes the threadline more
stable. The plot of DRC VS. Mz/Mw for PP exhibits a better correla-
tion than the others. This may be due to the relatively simplier
MWD shape of PP compared to HDPE.

The occurrence of LCB makes the spinline stable: critical draw
down ratios of LDPE's are 20 to 40 (20.7 for LDPE-1 and 36.8 to
39.7 for LDPE-1, -11, and -12); on the other hand, critical draw
down ratios for linear polymers (HDPE, LLDPE, PP and PS) are Tess

than 12.7. The effect of LCB appears more dominant on the spinline

stability than that of MWD.
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Figure 11.2. Onset of draw resonance as a function of M,/M, for
high density polyethylene and polypropylene.
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In Figure 11.4, the values of the onset of draw resonance are
plotted as a function of elongation-to-break during uniaxial elonga-
tion under constant strain rate conditions (eTongation-to-break data
for PE's are in Chapter IV, data for PP samples from Minoshima, White
and Spruiell [M-42], and PS-1 from Tanaka and White [T-3]).
Elongation-to-break data at £ = 0.002 ~ 0.1 sec_] are used. Melts
having a Tower elongation-to-break in uniaxial extension tend to
exhibit draw resonance at lower DR. White and Ide [W-17], later
Minoshima, White and Spruiell [M-41] and White and Tanaka [W-21]
argue that draw resonance is a continuous form of the neck develop-
ment accompanying a ductile failure. Melts which exhibit ductile
failure in uniaxial stretching tend to exhibit draw resonance at
low DR. This is indeed the case. Melts which failed in cohesive
fracture in uniaxial extension (at relatively high E) tend not to
exhibit draw resonance; they have higher values of onset of draw
resonance such as DRC of 40. Also their spinline broke just above
critical draw down ratio.

The softening effect of deformation rate on relaxation time
may be represented by expressing a relaxation time of the form

0

T = (11.2)
1/2 °
1+ a T4 IId

where IId is the second invariant of the deformation rate tensor and

"a" indicates the extent of deformation rate dependency (or deforma-

tion rate softening) on the relaxation time t. Values of 0 and "a



351

] | i ] | | ] ] I
40— ——
o PP
O HDPE
® LDPE
a PS
30 —
|
e 20 ® -
fa)
O
- —_——
10 o o —
50— —0
0 | | ] ]
0 1 2 3 4

log L(t,)/L(0) -

Figure 11.4. Onset of draw resonance as a function of elongation-to-break
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in Egn. (11.2) in a convected Maxwell (White-Metzner) model are also
shown in Table XI-1. Table XI-1 and Figure 11.4 indicate that
increasing the deformation rate softening character (i.e., a larger
"a" value in Egn. (11.2)) is destabilizing in the spinline and
induces draw resonance at lower draw down ratios. However, the
effect of a rate softening relaxation time always appears accompanied
by the effect of the Weissenberg number (or values of TO). This

combination of effects will be discussed in the following section.

D-2. Draw Resonance and Steady State Solutions

It would appear that there are two separate phenomena giving
rise to fluctuations in filament diameter in the threadline. There
are fluctuations brought on by system disturbances, as proposed by
Kase and Matsuo [K-8], which may be termed "forced oscillations."
Secondiy, there are the f]uctuationsbknown as "draw resonance" or
"natural oscillations." This latter phenomenon was first analyzed by
Kase, Matsuo, and Yoshimoto [K-9] and has since beén treated by
various investigators. The former phenomenon has received treatment
for the case of a nonisothermal Newtonian fluid only. The latter,
where the work is more extensive, has been studied for an isothermal
Newtonian fluid [K-9,P-2], an isothermal power law fluid [I-6,5-13],
an isothermal viscoelastic fluid represented by a convected Maxwell
model [C-7,F-5], and various nonisothermal models [F-6,K-5,5-11,
S-12].

From analyzing the various papers listed above, it would seem

that modifying any rheological model would give a more elongation
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rate thinning behavior. This results in draw resonance occurring
at Tower DR. Following White and Ide's formulation [W-14], the
Ma" parameter represents this deformation rate softening. Clearly,
as "a" increases (see Table XI-1, page 345), the spinline desta-
bilizes and the critical DR decreases. Analyzing Kase and Matsuo's
formulation [K-8] leading to forced oscillations, it would seem
clear that a similar influence on the spinline elongational viscosity
function would lead to accentuation of the diameter fluctuations.
This suggests that a steady state solution of the spinline behavior
will give us at least qualitative information on draw resonance.

The basic problem with the integral constitutive equation
formulation is its complexity. It is desirable to be able to use a
more simple model for such analyses. Zeichner [Z-2] has shown that
such a theory can be developed from the convected Maxwell model. This
view has been developed in succeeding papers by Denn, Petrie, and
Avenas [D-4], Fisher and Denn [F-5], Petrie [P-10], Chang and Denn
[C-7], and White and Ide [W-17].
| Let us begin with the convected Maxwell (White-Metzner) model

constitutive equation [C-7,D-4,F-5,1-3,M-35,M-41,M-42,P-10,W-17,W-19]:

-pl + P, (11.3a)

oQ
n

o o
| 2O

(17.3b)

2o
"

2Gtd - <
4"

where g is the extra stress, g is the rate of deformation, and G and
T parameters where t is assumed to be a function of IId, the second

invariant of d. This may usefully be taken as [1-3,M-41,M-42,W-17]:
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0

- , (11.4)
1+a 1, Hd”z

a functional form suggested by Bogue in connection with an integral
formulation [B-12]. In the study of Fisher and Denn [F-5] and
Chang and Denn [C-7], power law forms are used to represent the
deformation rate dependence of t (and G). This is unsatisfactory
because it leads to improper low deformation rate behavior.

For isothermal melt spinning [C-7,D-4,F-5,W-17,Z-2], where the

force acting is assumed to be only the rheological force, we have

v, = vz(z) . (11.5a)
v, = vr(r) . (11.5b)
3V vV
z ro_
-t 2 - = 0, (11.5c)
- 2 _ 2 _ Q
F = ozan = (PZZ - Prr)ﬂR = (Pzz - Prr) v . (11.6)

We follow now the analysis of White and Ide [W-17]. If we take Pzz
to dominate Prr and neglect the latter (Zeichner's asymptote), the
spinline behavior is given by combining Egns. (11.3), (11.4), and
(11.6)

d (Fv Fv dvq _ dv _Fv
g ) -2l B - (11.7)

where F is the take-up force, Q is the volumetric flow rate,
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v(=vz) is the spinline velocity along the machine (z) direction, and
z is the distance from the die exit (or the maximum extrudate swell
position). Egn. (11.7) is the case at high stress levels and for
highly elastic systems (Zeichner's asymptote).

Eqn. (11.7) can be nondimensionalized to

[(1- /3 a)Fsvx + 2N, 200 - Fovx = 0 (11.8)
Here

P = FEQO)’ (11.9)

N = Tov(0)/L , (11.9b)

V¥ = v(z)/v(0) or v(z)/v0 , (11.9¢)

* = z/L , 4 (11.9d)

where L is the spinline length and v(0) (or vO) is the velocity at
the die exit (or at the maximum extrudate swell position). The

solution to Eqn. (11.8) may be expressed alternatively as

2Nws wn Vv*
* =
F ) (11.10a)
or
e LoalR=1) ey e o) (11.100)

where



- = (1 - wv(0)
o = (] - /§ a)Nws (] }/§ a) L ’
and
V* = DR = v(L)/v(0) at Z*=1,0,
V¥ = 1.0 at Z* = 0.0 . (11.11b)

For a = 1/Y3, an exponential response is obtained similar to that of

a Newtonian fluid. For a = 0, Zeichner's solution [Z-2] is obtained.
The characteristics of Egn. (11.10) are illustrated in

Figure 11.5. Fiqure 11.5 gives us some information about limits on

melt spinning. These are (i) the take-up force should be finite

(an infinite or negative take-up force is not allowed), and (ii) the

spinline velocity should change continuously (a discontinuity in the

velocity profile is not allowed).

Finite take-up force requires (Eqn. (11.10a))
Z* - a(V* - 1) >0 . (11.12)

Discontinuities in the spinline velocity may occur only at Z* = 0.0
and 1.0. When a discontinuity in the spinline velocity occurs, the
velocity gradient becomes negative (see Fig. 11.4 and Egn. (11.10b))
at Z* = 0.0 and 1.0. Egn. (11.6b) leads to

v _ V* an DR
32 T - a(DR - 1 - V* gn DR) °

(11.13)

Eqn. (11.13) suggests



357

la>0,a<1/j§
a=0,a=1/3

! a<0,a>1/[3

DR

-
-
L d
”

|
|
I 7’
, .7 >0

(a) Take-up force-draw down ratio relationship for
various o

v*

(b) Velocity profile for various o

Figure 11.5. Theoretical prediction for isothermal melt spinning.




358

aV*

37 > 0 at 0<Z*<1 and 1.0 <V* <DR. (11.14)

Therefore, the velocity profile is continuous when
1-aDR-1-2nDR)>0 for ao>0, (11.15a)
and

1-a(DR-1-DR2nDR)>0 for a<O. (11.15b)

Zeichner [Z-2], Denn, Petrie ane Avenas [D-4], and later White
and Ide [W-17], discussed the existence of a critical draw down
rations due to the development of an infinite stress (or infinite
take-up force) which cause cohesive fracture on the spinline. The

critical draw down ratio is

-1
DR, =—+1. (11.16)

This is the same case as described in Eqn. (11.12). Nam and Bogue
[N-2] suggest that a computation using an integral formulation for iso-
thermal melt spinning is possible below the critical draw down ratio
when F* in Eqn. (11.10a) is below the maximum. After examining
Eqn. (11.70a), based on the convected Maxwell model, they concluded
that melt spinning is possible below the maximum take-up force.

The condition where melt spinning is possible (not unattainable)
is given by combining Eqns. (11.12), (11.15a), and (11.15b). This is

given as



359

1 ]
DR-1-DRenDR % “DR-1 ° (11.17)

The condition given by Eqn. (11.17) also corresponds to
F* >0 and <> 0. (11.18)

The physical meaning of Eqn. (11.17) may be interpreted as follows:
(i) the right-hand side is due to cohesive fracture on the spinline,
and (ii) the left-hand side (discontinuity of the spinline velocity
at the take-up position) may imply ductile failure in the spinline
at the take-up position because 3V*/3Z* - » when

o = 1/(DR - 1T - DR 2n DR).

It is necessary to carry out a stability analysis to determine
the critical draw down ratio for the phemenon of draw resonance. How-
ever, White ane Ide [W-16] described the difficulty of obtaining an
analytical solution (or a single differential equation) for stability
in the isothermal melt spinning of a convected Maxwell model.
Although a stability analysis is not involved in Egns. (11.17) and
(11.18), they do, nonetheless, provide a limiting case for stable
melt spinning and so it would be interesting to compare experimental
data for the onset of draw resonance and Egqn. (11.17), especially
the inequality in the left side. This is plotted in Figure 11.6.
Generally the critical draw down ratio increases with increasing
a(=(1 - V3 a)Nw ), except for LDPE's. The positions of LDPE's in

S

the DR, - « plot (well above the limitation caused by the right side

of Eqn. (11.6)) seem qualitatively reasonable; because the spinline
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for the LDPE samples fractured just above the critical draw down
ratio in a cohesive manner, after exhibiting the usual draw resonance
behavior. It is not clear whether there is a good correlation among
the linear polymers when the rheological constants in the convected
Maxwell model (rheological properties) are different. The following
are possible reasons for the scatter in the plots: (i) Eqn. (11.17)
is based on an assumption that neglects the extra stress in the
radial direction (assumed to be a highly elastic system);

(i) Eqn. (11.17) or Eqn. (11.3) neglects the distribution of

relaxation times; (iii) a(=(1 - V3 a)Nws =(1- /§a)rov(0)/L) is too
sensitive to the difference of "a" values as determined from shear

flow data; and (iv) the steady state solution for a hydrodynamic problem
cannot tell us anything about the qualitative tendency for hydro-
dynamic instabilities. Weissenberg numbers (Nws = rov(O)/L) for the
isothermal melt spinning varied from 2.15 to 0.00324. The relaxation
time used in Eqn. (11.3) is the second moment of the relaxation
spectrum. Yamane [Y-1] reported that the spinline velocity profiles

of thermally degraded PP is predicted by Eqn. (11.10b) but not for the

original nondegraded PP, which is believed to have a broad MWD. The

velocity profiles were measured well below the critical draw down
ratio (DRC) for thermally degraded PP, and just below DRc for the
original PP. Therefore, the first, second, and third reasons may be
the cause of the scatter on the DRC - o plot.

Eqns. (11.8) and (11.9) give a dimensionless spinline elongational

viscosity as




2Nw

* - S Fry*
Xep N E N T A
sp 1 - an aV*/3Z aV*/ 3L
S

(11.19a)

where

« _ “sp v(0) + 92z v(0)

Xsp =6 "L " av/ez GL ° (11.19b)

At the conditions where the velocity gradient goes to infinity near

the take-up position, o is

1

R T-DRIn DR (11.20)
Eqn. (11.19a) is modified under the condition of Eqn. (11.20)
*
XSp -0 . (11.21)

*=1.0

And Eqn. (11.79a) also suggests that the spinline elongational
viscosity tends to rapidly decrease near the take-up position with
the value of o decreasing toward 1/(DR - 1 - DR gn DR). Cx;p vs. Z*
(in linear scale) is plotted in Figure 11.7 for different values of
a, where C is an arbitrary constant (which is dependent on o and DR).
It is shown that (i) X;p changes from increasing functions of the
spinline position to decreasing functions of the position by
decreasing the value of aj (i1) xgp
spinline at a -~ 1/(DR-1); (iii) X;p is constant at @ = 0 (where the

increases linearly along the

velocity profile is the same as a Newtonian fluid); (iv) xgp falls off
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a->1/(DR-1)< 0

C'xSp

a->1/(DR-1-DRInDR)

00 i 1.0

Figure 11.7. Spinline elongational viscosity as a function of
spinline for various o (based on a convected
Maxwell model).
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more rapidly along the spinline position by decreasing the value of
o (a is less than zero); and (v) xgp falls to zero at (or near) the
take-up position when o« - 1/(DR - 1 - DR 2n DR). It becomes clear
again that the spinline may exhibit necking at « - 1/(DR - 1 -
DR en DR); because at the take-up position the velocity gradient
approaches infinity and the spinline elongational viscosity decreases

to zero. This may imply the draw resonance phenomenon which is

believed to be a continuous form of the neck.
E. SUMMARY

An experimental study of the influence of molecular structure
(molecular weight, molecular weight distribution, and degree of long
chain branching) on the onset of draw resonance in a series of poly-
olefins and polystyrenes is reported. The materials include high
density polyethylene, linear low density polyethylene, Tow density
polyethylene, polypropylene and polystyrene. Narrowing the molecular
weight distribution and the occurrence of long chain branching sta-
bilizes the spinline disturbances.- The results are interpreted in

terms of viscoelastic fluid mechanics and earlier experimental studies

on rheological properties.




CHAPTER XII
INSTABILITIES IN TUBULAR FILM EXTRUSION
A. INTRODUCTION

The most important continuous film process is tubular blown
film extrusion which is widely used for polyethylenes. There have
been, however, few basic experimental studies of this process. Some
measurements of bubble shape, velocity or strain rate as functions
of the operating variables (draw down ratio, blowup ratio, take-up
tension, blowing air pressure, flow rate of polymer melts) were
studied by Ast [A-13,A-14,A-15], Farber and Dealy [F-1], Han and
Park [H-8], Wagner [W-1,W-2,W-3], Swerdlow, Cogswell and Krul [S-31],
and Kanai and White [K-2]. Experimental studies of heat transfer
in blown film extrusion have been reported by Zeppenfeld [Z-4],
Menges and Predohl [M-29,M-30,M-31], Ast [A-13,A-14,A-15], and Kanai
and White [K-2]. There have only been three reports in the
literature about stabilities in tubular blown film extrusion. Han
et al. [H-10,H-11] found the development o% periodic variations in
bubble diameter. This wavy surface is imparted to the bubble when
the size of disturbance was greater than some critical value. Kanai
and White [K-2] studied an operational space (drawn down ratio,
blowup ratio, and frost line height) for three polyethylenes. These
were high density, linear low density, and low density polyethylene.

The relative stability of different melts over a range of operating

365
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conditions is not clear. There still appear to be some questions

on (i) the type of instabilities which exist, (ii) the effects of
the operating conditions, (iii) the influence of material properties
of polymer melts (rheological properties, heat transfer properties,
etc.). There is only one theoretical study on bubble instability.
Yeow [Y-9] presented an analysis for isothermal Newtonian fluids,
using the assumption of infinitesimal disturbances with axisymmetry,

In the present chapter, we describe comparative studies of the

stabilities of tubular blown film extrusion for a series of poly-
ethylenes, including high density polyethylenes, linear low density

polyethylenes, and low density polyethylenes.

B. EXPERIMENTAL

B-1. Materials

A series of four high density polyethylenes (HDPE), two linear
low density polyethylenes (LLDPE), and two low density polyethylenes
(LDPE) were used. These are HDPE-1, -2, -3, and -11, LLDPE-1 and
-2, and LDPE-1 and LDPE-11 and are listed in Tables III-1, III-2,

and ITI-3 (pp. 49, 50, 51) with molecular characterization data.

In addition to these tables, HDPE-1, LLDPE-1 and -2, and LDPE-1 and
-11 are film grade, HDPE-2 is a blow molding resin and HDPE-3 and -11
are injection molding grade. The rheological properties (steady
shear viscosity, principal normal stress difference, and uniaxial

elongational flow) are described in Chapter IV. HDPE-2, LLDPE-2,
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and LDPE-11 were already used by Kanai and White [K-2] for their

tubular blown film extrusion investigations.

B-2. Tubular Film Extrusion

The tubular film extrusion was carried out at 180°C using a
Kissam single screw extruder (Ed-X-Truder, model 75 x 20:1, screw
diameter 3/4 inch, L/D = 20, Kissam Manufacturing, Inc., Mpuntainside,
NJ) with an a?pular blown film die (outer diameter = 5/é’%hch, inner
diameter = 9;{6 inch). The die was designed by the author in
cooperation with Y. Shimomura. A volumetric flow rate of 1100 cm3/
hour was used. An extruded bubble was surrounded and covered by a
cardboard "protector" between the nip rolls and the annular die in
order to minimize the influence of the surroundings. In addition to
the guide rolls, two sets of stabilizing bars were added to minimize
the sliding motion of the bubble along the nip rolls. Films were

extruded with a range of values for the draw down ratio (DR), the

blowup ratio (BUR), and the frost line height (FLH). These are

defined as
DR = VL/VO R (12.1a)
BUR = RL/RO , (12.1b)

where Vi and Vo is the velocity of the solidified polymer film and
at the die exit, respectively, and RL is the diameter of the final

film and
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o - (futer diameter of , fomer dtameter of) 12,10

The draw down ratio was controlled by take-up speed. The blow
up ratio was controlled by changing the air pressure (indicated as
Ap in Figure 12.1). The frost line height varied by the cooling air
coming from an air ring. The experiments on the observation of
stability are carried out by the following procedures: (1) find
stable operating conditions, (2) the operating conditions are
gradually changed to set certain values for FLH and DR, (3) if this
operating condition is unstable, the operating parameters are again
set at a stable operating condition, (4) step (2) is again carrfed
out. Two different frost line heights were used (FLH = 5 cm and
12 cm). For the case of FLH = 5 cm, film extrusion without internal

pressure could not be carried out because of insufficient cooling.
C. RESULTS

There would seem to be three important kinematic variables to
represent tubular blown film extrusion in a global manner. These
are the draw down ratio (DR), the blowup ratio (BUR) and the frost
1ine height (FLH). The former two quantities determine the machine
direction stretching rates and the hoop direction stretching rates,
respectively. FLH represents the distance through which the
deformation occurs. We note that this is a first approximation
of the kinematics.

One of the most surprising experimental results in our studies

of the stabi]ity of tubular blown film extrusion is that the response
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of the system is very slow, compared with an isothermal melt spinning
of the same polymer melt. Sometimes it takes more than 30 minutes
after setting operating variables to find out whether a system is
stable or not.

Four different types of unstable bubble shapes were observed.
In unblown film extrusion, there exists a periodic diameter fluctuation
whose period (%) corresponds to the length between the first nip rolls
and the die exit (see Figure 12.2). The magnitude of diameter
fluctuation is almost constant with time change. This phenomenon
appears only at very high DR. The phenomenon has exactly the same
character as "draw resonance" in melt spinning and film casting.
We will therefore again refer to it as "draw resonance." The maxi-
mum DR of the present study is 11.0 and this type of instability
never occurred in any of the samples.

In blown film extrusion there are three types of unsteady state
operation. The first is the so-called "bubble instability" which
has been described by Han et al. [H-10,H-11] and Kanai and White [K-2].

Photographs are shown in Figure 12.3. The characteristics of
this instability are (i) the period of diameter fluctuation corres-
ponds to the length between the first nip rolls and die exit,
(ii) the magnitude of the diameter fluctuation increases with time
and finally causes breakage of the tubes, and (iii) the fluctuations
are axisymmetric. The second type may be called a "meta-stable

condition" (see Figure 12.4). The characteristics of this type are
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diameter

L

I‘

length along film

Figure 12.2. Schematics for unstable operation of an
unblown film extrusion.
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(i) the final diameter of bubble is constant (RL does not change with
time), (ii) the frost line height (FLH) fluctuates between two
positions, (iii) the value of the tension (measured by a Tensitron
Web Tensiometer) for the low FLH case is larger than the higher FLH
case, (iv) the transition time between one bubble shape to the other
is relatively quick (less than 10 sec), and (v) the period does not
correspond to the length between the first nip rolls and the die exit
(the period is of the order of minutes). These are schematically
shown in Figure 12.5. The "bubble instability" and the "meta-stable
condition" are easily distinguished by noting the period and the
magnitude of the diameter fluctuation. The third type may be called
a "helical bubble" (see Figure 12.6). The characteristics are
(i) the bubble rotates in a helical manner (not axisymmetric),
(i1) this phenomena appears only at higher blow up ratios (BUR),
(i11) when BUR is increased from a stable operating condition to high
BUR, the bubble first starts to rotate between the nip rolls and the
die exit, before showing an obvious helically rotated bubble if any
bubble stabilizing bars were not added, and (iv) once it achieves a
certain level of helical movement, the magnitude never grew.

In Figure 12.7, the DR-BUR diagrams are shown with open circles

representing stable operating conditions, circles with straight lines

through them helical bubble behavior, closed squares unstable operation

(bubble instability), and open squares meta-stable operating con-
ditions. LDPE and LLDPE samples could not have their FLH lowered to

5 cm for BUR of about 1.5 because of insufficient cooling air (this

is indicated by the oblique lines in Figure 12.7).
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(A) (B)

tension

time

Figure 12.5. Schematics for meta-stable condition of
tubular blown film extrusion.
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Photographs for helical bubble of tubular blown film extrusion.

Figure 12.6.
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“Unblown" film extrusion (uniaxial stretching of a tube) is
always stable under the experimental conditions. Investigated bubble
instabilities (unstable behavior) are observed at relatively low BUR,
and sometimes continue to higher (BUR x DR) regions. Meta-stable
behaviors are observed in only LDPE-1 and LLDPE-2 at larger BUR and
higher (BUR x DR) regions. Helical bubble behaviors appear only at
high BUR regions.

Generally a shorter FLH makes the stable operating regions
expand to lower BUR and higher DR regions; however, the helical
bubble regions become broader toward a Tower DR. The effects of FLH
on the unstable operating regioné for HDPE samples are small com-
pared with those for LLDPE and LDPE samples. Meta-stable behaviors
only appear LDPE-1 and LLDPE-2 (FLH = 5 cm).

For any sample, bubble instability was observed in the regions
between the unblown film extrusion condition and a BUR of less than
2.5; planar extension or near planar extension condition always

exhibits bubble instability.
D. INTERPRETATION

The problem of bubble stability was first described in a paper
by Han and Park [H-10] and later by Han and Shetty [H-11]. They
examined only the effects of applied disturbances (sudden change in
take-up speed and the air pressure of bubble) in tubular blown film

extrusion. Kanai and White [K-2] examined the effect of operational

variables such as DR, BUR, and FLH.
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A theoretical stability analysis of instabilities due to
axisymmetric disturbances in an isothermal Newtonian fluid has been
given by Yeow [Y-9]. VYeow's results are presented in terms of
kinematic and dynamic variables, specifically for each input
infinitesimal disturbance frequency, the instability occurs at a

corresponding value of

BUR = RL/RO’ H=1/(DR x BUR), X = FLH/R0 . (12.2)

Yeow presents neutral stability curves on plots of H-BUR for
specific X. It is not possible to carry out a detailed comparison
of this theory with our experimental results, because our system
is nonisothermal viscoelastic polymer fluids.

The H-BUR plots for unstable behavior (bubble instability) are in
Figures 12.8 and 12.9. Figures 12.8(a) and 12.8(b) are for HDPE
samples at FLH = 12 cm and 5 c¢cm, respectively. Figure 12.9 is for
LLDPE and LDPE at FLH = 12 cm. LLDPE samples and LLDPE-2 do not show
any unstable behavior (bubble instability) at FLH = 5 cm.

Figure 12.10 is the H-BUR pliots for meta-stable behavior.

Figure 12.11(a) and 12.11(b) are the H-BUR plots for helical bubble
behavior of HDPE samples at FLH = 12 cm and 5 cm, respectively.
Figures 12.12(a) and 12.12(b) are the H-BUR plots for the helical
behavior of LLDPE and LDPE samples at FLH = 12 cm and 5 cm,
respectively. LDPE-1 does not show any helical bubble shapes at
FLH = 12 cm.
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Figure 12.9. Plots of H versus BUR showing regions of stable
and bubble instability; LLDPE and LDPE,

X =15.91.
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Figure 12.10. Plots of H versus BUR showing regions of stable
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The general tendency of stability in the H-BUR plots is
illustrated in Figure 12.13. The experimental data do not correspond
to Yeow's prediction (Figure 12.14(a)). Figure 12.14(b) plots the
DR-BUR based upon the Yeow's theoretical prediction of the H-BUR
plot [Y-9]. Experimental data on tubular blown film extrusion
(Figure 12.14(c)) indicate that a stable operating condition exists
above certain BUR and below some DR. The differences between Yeow's
theoretical prediction and our experimental data are not surprising,
because Yeow's analysis is for an isothermal Newtonian fluid.

It is clear that the stable operating 1imits (region) (bubble
instability vs. stable bubble) at FLH = 12 cm fall in the order:

LDPE - 1 > LDPE - 11 >

moderate and broad MWD HDPE
> LLDPE > narrow MWD HDPE
where MWD indicates molecular weight distribution. The effect of
Md (molecular weight) is not clear. At FLH = 5 cm, the stable
operating limits (region) fall in the order:
LDPE, LLDPE - 2 > LLDPE - 1, modérate
and broad MWD HDPE > narrow MWD HDPE.

It would be reasonable to describe the differences of bubble
stabilities or instabilities of these samples in terms of unjaxial
elongational flow behavior.

There are two types of stress build-up. One type, shown by
narrow MWD HDPE, LLDPE [K-2], and LDPE of low degree of long chain

branching (LCB), exhibits monotonic increasing stress build-up to an
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stable

unstable increasing

FLH

BUR

(@) H versus BUR plots of Yeow's theoretical analysis

increasing

unstable FLH

DR
stable

(b) DR versus BUR plots based on Yeow's theoretical analysis

uniaxial—stable
unstable

DR increasing FLH

stable

BUR

(c) DR versus BUR plots of actual experimental data

Figure 12.14. Yeow's theoretical prediction on bubble stability [Y-3]
and comparison with actual experimental data.
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asymptotic value; this value is close to three times the zero shear
viscosity (3n0) at Tow elongation rate. It shows higher values at
higher deformation rate (deformation rate hardening). The other
type, shown by HDPE of moderate and broad MWD and by LDPE of high
degree of LCB, exhibits a strong strain hardening effect (on
Tog x(E,t) - log t plots) after achieving a certain strain level.
However, the later type shows two subclassifications. One, shown
by moderate and broad MWD HDPE, exhibits the maximum elongational
viscosity decrease with increasing elongation rate (deformation rate
softening). The other, shown by LDPE with high degree of LCB,
exhibits the steady state (or maximum) elongational viscosity increase
with increasing elongation rate (deformation rate hardening).

The material (LDPE-1) which exhibits strain hardening and
deformation rate hardening is the most stable. The intermediate
group (moderate and broad MWD HDPE) exhibits strain hardening but
deformation rate softening behavior in uniaxial elongational flow.
The most unstable materials (narrow MWD HDPE and LLDPE) show strain
softening but deformation rate hardening in uniaxial elongational
flow. By lowering FLH, LLDPE becomes relatively stable. By lowering
FLH (namely, by increasing the heat transfer or by imposing rapid
cooling), LLDPE becomes relatively stable.

It might be useful if we interpret the above discussion in terms
of viscoelastic fluid mechanics using a convected Maxwell (White-
Metzner) model. There are two dimensionless groups which determine

the characteristics of the system. These are the Weissenberg number
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(having to do with elasticity) and the Yamamoto number (having to do
with the deformation rate dependency of the relaxation time) [W-20].
Here, relaxation time is taken as

‘0

T = (12.3)
1/2 °
1+ a Ty IId

where IId is the second invariant of deformation rate tensor and

"a" is a so-called Yamamoto number. This functional form was

suggested by Bogue in connection with an integral formulation [B-12].
Values of the Weissenberg number and "a" in Egn. (12.3) are

shown in Table XII-1 including molecular weight distribution, degree

of long chain branching, and flow activation energy. The Weissenberg

number is defined as

N, = T Yo/l s (12.4)

W
S

where Vo is the average melt velocity at the die exit and L is the
distance between the frost line and the die exit. Values of 0 and
"a" were obtained based on shear flow measurements at 180°C (see
Chapter IV) (variation of temperature along the machine direction
was not considered). Bubble instability is considered to be a
function of the Weissenberg number, the "a" value and the heat
transfer (more specifically the flow activation energy). We may
roughly state that the material (or system) which has a larger Nw .

S
or a smaller "a" value, or a higher flow activation energy has a
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wider operating region. However, the functionality of these parameters
on bubble instability is not known.

Previously we interpreted bubble instability in terms of uniaxial
elongational flow behavior. "Strain hardening" behavior is responsible
for a large value of 70 (which leads to a larger Weissenberg number)
and “deformation rate softening” behavior is responsible for a large
value of "a", and conversely, "deformation rate hardening" behavior is
caused by a small value of "a".

Meta-stable behavior appears only in LDPE-1 (FLH = 12 and 5 cm)
and LLDPE-2 (FLH = 5 cm). In these materials, stable operation was
poésib]e at Tower FLH and at the same DR and BUR. The FLH was
gradually increased from the stable operating condition by adjusting
the cooling air. After reaching a certain FLH, the bubble tended to
exhibit passage between two stable states. The cause is not known;
however, heat transfer processes must certainly play a role.

HDPE-1 and LDPE-1 have the strongest resistance for helical
bubble behavior. However, there is not any tendency to exhibit helical
bubble behavior among the other polymers. Increasing FLH inhibits the
helical bubble behavior. A helical stream 1ine of cooling air around
inflating tube could be the cause of this phenomenon. The maximum BUR
of commercial tubular blow film extrusion is less than 4.0. There-
fore, the helical bubble behavior may not be so important as other
instabilities (bubble instability and meta-stable behavior).

Our experimental data on stability of tubular blown film

extrusion are very confusing, if we try to correlate with rheological
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properties of these polymers. In uniaxial stretching (including
uniaxial elongational flow and melt spinning), the deformation rate
softening character dominates the stability of the system [M-41,W-17]
(see Chapters IV and XI). This may be due to the complex elongational
flow fields of tubular blown film extrusion (see Kanai and White
[K-2]) and highly nonisothermal processing conditions.

It is necessary to investigate the change of dynamics and
kinematics in tubular film extrusion by gradually changing the
operational variables toward the unsteady conditions from the stable
operating conditions. This will give a more complete picture of the

behavior of bubbles.
E. SUMMARY

An experimental study was carried out to investigate the effects
of rheological properties and molecular structure on unstable flow
behavior in tubular film extrusion. High density, linear low density,
and Tow density polyethylenes were used. Four types of unsteady state
behavior are observed. These are: (i) a draw resonance-type of insta-
bilities in unblown film extrusion; (ii) a draw resonance-type of (wavy
diameter fluctuation); (iii) meta-stable behavior; and (iv) helical bubble
behavior in tubular blown film extrusion. Regions of stability and
instability are described and discussed in connection with the
rheological properties of polymer melts. Attention is given to uni-
axial elongational flow behavior. The existence of strain hardening

and deformation rate hardening gives a system more stable operating

regions.




CHAPTER XIII

NON-ISOTHERMAL CONSTITUTIVE EQUATION:
DIFFERENTIAL TYPE

A. INTRODUCTION

Almost all polymer processing operations involve the cooling of
a polymer, during or after deformation and shaping, from the molten
state to the solid state. In order to make a complete model of a
polymer processing operation, we should have a constitutive relation
of polymer melts which includes the effects of temperature change.

In most mathematical modeling of polymer processing the
rheological responses are handled by simply assuming temperature
dependent (and sometimes deformation rate dependent)_viscous fluids.
Examples of this kind of mathematical modeling are the melt spinning
analysis of Kase and Matsup [K-2,K-7,K-8], Ziabicki and Kedzierska
[Z-5,Z-7], Yasuda, Sugiyama and Yanagawa [Y-6], and Toriumi, Konda
and Shimizu [T-6], the models of tubular blown film extrusion
process of Han and Park [H-9], Petrie [P-8], Wagner [W-1] and Kanai
and White [K-3], and the modeling of injection molding, as summarized
by White [W-12]. These simple viscous fluids models seem to work in
many cases. However, it is not clear that neglecting elastic effects
(memory effects) can be done in general.

Efforts to develop a constitutive equation for viscoelastic

fluids which account for the histories of temperature and deformation

400
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have been made by various researchers. A more general perspective is
suggested by the time-temperature superposition behavior observed in
small strain viscoelastic behavior [F-2,W-24]. This approach was
formalized by Morland and Lee [M-44] in terms of the linear visco-
elasticity theory, and by Bernstein, Kearsley and Zapas [B-9] in terms
of a non-equilibrium thermodynamics to describe a viscoelastic fluid
of finite deformation. From the view of continuum mechanics, a series
of papers by Crochet and Naghdi [C-25,C-26] present the most general
non-isothermal theory based upon Coleman's thermodynamics of

simple materials [C-21]. A specific non-linear formulation of
integral type was developed by Matsui and Bogue [M-14] and Matsumoto
and Bogue [M-15]. It was used to represent the rheological behavior
of molten polystyrene in experiments with programmed temperature
fields. They proposed a constitutive equation of form similar to the
model of Carreau [C-3] except relaxation time varies according to
temperature changes. A similar constitutive equation, where the
relaxation time was assumed to be deformation independent, was also
proposed by Wagner [W-2]. Marrucci [M-5] has approached this problem
using the elastic dumbbell (bead-spring) model for a dilute polymer
solution and derived a differential type constitutive equation. A
slightly different form of Marrucci's equation has been derived by
Gupta and Metzner [G-12] using the flexible dumbbell model for a
dilute polymer solution. A convected Maxwell model with free volume
dependent relaxation time was applied by La Mantia [L-1] to represent

the rheological behavior of molten polyisobutylene under heating.
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Applications to the mathematical modeling of polymer processing
operations of these non-isothermal viscoelastic fluids are very few.
Marrucci's model was applied to the meTt spinning analysis by Fisher
and Denn [F-6]. Matsui and Bogue's model has been used for the
injection molding process by Dietz and White [D-8] and for a tubular
blown film extrusion process by Wagner [W-2]. Less sophisticated
approaches for the modeling have been carried out by Matsuirand Bogue
[M-13] for a melt spinning process and Gupta and Metzner [G-13] for
a tubular blown film extrusion process using their own proposed non-
isothermal constitutive equations. In both cases, the calculated
stress distribution based on the actual measured temperature profiles
were compared with experimentally determined stress profiles.

In the mathematical modeling of polymer processing operations,
three conservation equations such as the force balance, the continuity
or mass balance, and the energy balance have to be coupled with a
rheological equation which can represent the material behavior of
viscoelastic fluids undergoing both deformation and temperature
change. The three conservation equations are often expressed in
differential forms, so that for most of the cases, the differential
type is more convenient to solve (in connection with conservation
equations) than is the integral type. It is also possible to carry
out stability analyses of processing operations using differential
types but not integral types.

It is our object here to develop a differential type

non-isothermal constitutive equation using a phenomenological approach.
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B. ISOTHERMAL VISCOELASTIC THEOQRY

The total stress is usually divided into two parts for

convenience:
=_pr]\:,+E,’ (13.])

where p is an isotropic pressure and R is the extra stress tensor
associated with deformation. When a fluid is in the static condition,
i.e., P being zero, p is identified as the hydrostatic pressure.
In a dynamic situation for incompressible fluid p should be considered
as a scalar value to be determined by boundary conditions.

The historical development of viscoelastic constitutive models

begins with Maxwell's equation [M-17].

P+ P . Gt dy

at’ Gt = n (13.2)

+

where P is the stress, y the strain, G the elastic modulus, and <
denotes the relaxation time. This is the simplest viscoelastic fluid
model in one dimensional linear form.

The first generalization of Eqn. (13.2) which is independent of
the coordinate system and valid for large deformation was given by
Zaremba [Z-1]. He considered an eﬁbedded coordinate system which
translates and rotates with a material point (i.e., corotational
coordinates). Zaremba's theory predicts non-Newtonian viscosity and
normal stresses in simple shear flow. 0ldroyd [0-6] considered a
coordinate system which translates, rotates, and deforms with the

fluid which he termed a convected coordinate system. In succeeding
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years other generalizations were described by various researchers
[N-4,5-25,5-26,4-18,W-24]. The expression developed by White and
Metzner [W-19] is the simplest but still describes many important

features of nonlinear viscoelasticity. This is written as

O

$
S

P+ 1
ny

E

= ZGTQ, n = Gt (13.3)

prs

where g is the deformation rate tensor, &( )/st is Oldroyd's contra-
variant convected derivative, and relaxation time t is a function of
the second invariant of the deformation rate tensor.

Integral theories are based on Boltzmann's superposition
principle [B-14] which represents the stress response to a series
infinitesimal strains

a4

t
pE) = 6T (et )ay = [ 6T(ee) oot (13.4)

where G+(t-t') is a time dependent elastic modulus, y is Strain, and
t' is past time (the variable of integration). With an exponential
form for G(t-t') the Boltzmann's equation can be a solution to the
differential equation for the Maxwell model. The expansion of the
Boltzmann's equation to large deformation has been discussed by
Oldroyd [0-6], Lodge [L-7], Yamanoto [Y-3,Y-4,Y-5], Lodge [L-8], and
Green and Rivlin [G-11], respectively. Most of the integral type

constitutive equations have the form

t
pe-t) = [ Imp(eet)g™ (t0) + my(t-t)g(e-t) Tat' , (13.5)
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ol and ¢ are

where m](t-t') and m2(t-t') are memory functions, and ¢ c

the relative Finger and Cauchy deformation tensors, respectively.
The memory functions for Eqn. (13.5) (for example, m]) may be

expressed in terms of a discrete spectrum of the form

Z‘;l exp[-(t-t')/7,] , (13.6)
1

where Gi are the elastic moduli, T; are the relaxation times.

There exists a large literature dealing with deformation
dependent (nonlinear) memory functions within the framework of
Egns. (13.5) and (13.6). The memory functions are expanded to be
dependent upon the invariants of g'], Cs g or R by various research-
ers. In general, the memory function of m of most of these con-
stitutive equations may be written in terms of a discrete spectrum

of the form

G. t dt"
m (') = ] ¢ exa(- | ) . (13.7)
-t' T Y

Here f{ and g; are functions of tensor invariants at time t' and t"
(t' < t" < t) and indicate the change of relaxation intensity and

relaxation times due to deformation, respectively.

C. NON-ISOTHERMAL CONSTITUTIVE EQUATION:
DIFFERENTIAL TYPE

Time and temperature are closely related variables which have
been recognized for many years. Leaderman [L-5] first stated

explicitly the temperature superposition principle which allows one
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to normalize experiments carried out at different rates (or times)
and temperature. For example, the relaxation moduli at different
temperatures can be superposed by shifting the times in logarithmic
scale. Later Ferry [F-2] generalized the change of modulus with
temperature for viscoelastic fluid, after the similar work by
Tobolsky and Andrews [T-5] with vulcanized rubbers. Time-temperature
superposition has been widely used and applied, even when we lack
convincing molecular theory.

In summary, the "vertical" shift of modulus G and the
"horizontal" shift of the time constant t can be expressed by the

following equations, where the subscript "0" denotes a reference

state:
a(T)
«n . T (13.8)
0 ar
0
and
GéT) - Ap¥ . (13.9)
0 0’0

The shift factor aT(T) is usually correlated with an equation due
to Williams, Landrel, and Ferry [W-25] which has the form

log a(T) = ———.
T C2+T-TO

(13.10)

In the present work, we use the same ideas applied by Matsui
and Bogue [M-14] in developing their integral type of non-isothermal

constitutive equation. However, our intention is to develop a

differential type.
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The stress field of Eqn. (13.1), which is expressed in a fixed

space coordinate, can be written in terms of a convected coordinate

system*

8 = -p YOtB + g0 (13.11)
where 1% and ©'*® are total stress and extra stress, respectively,
and v*® is the conjugate metric tensor.

Boltzmann's superposition equation of Egn. (13.4) may also be

expressed in terms of a convected coordinate:

t aB
B(t) = j 67 (t-t) 4 are (13.12)
The time dependent modulus G+(t-t') can generally be expressed after

introducing the time-temperature superposition principle of

Egqns. (13.8) and (13.9)

67 (e-t') = G 7 oLy < G i oG (1313

where ¢ is an aribtrary function of time but with the requirement

o(t' = t) = 1.0, o(t' =-=)=0. (13.14)

*Following Oldroyd [0-6], stresses are taken to transform by a
contravariant law. In this chapter tensors in a convected
coordinate will be expressed by using component notation.
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Let us consider the case where the temperature changes stepwise
from T2 to T] at time t], i.e., the time constant of the material
changes T(Tz) to r(T]) at time t,. This temperature change can be
translated into a change in time scale by the time-temperature super-

position as

o1 T] : t-t, t-t! ]
¢ ’ t,<t <t.
059 T *lag(T))ry * a7(T,)5, 1
(13.15)

GT(t-t') = 6

If the temperature change is continuous, Eqn. (13.13) leads to

t, -t
+ ( ) 1YY
67(t-t') = G, o[ lim 1, (13.16a)
o T at-0 k=1 31T Tg
where
tp=t, ti=t . (13.16b)
In continuous form
t
s o L o(t)T(t) dt"
RS (e Pl s (G
0 ‘o At 0
t dt"
= G(t) ¢ m (13.17a)
where
a(t) = 6. 2T )] = aT(t) Jen . (13.17b)

Substituting Egn. (13.17) into Eqn. (13.12) yields
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t t n aB
7 #8(t) = f_m G(t) ¢[jt| T[$ftn)]] iﬁ. dt' . (13.18)

Integrating Eqn. (13.18) by parts follows:

t |
r8(t) = G(t) w d
t' T

(13.19)
In Eqn. (13.19), ¢ is generally assumed to have an exponentially
decreasing form that is then to be a solution of the differential
equation for the simple Maxwell model. Therefore, Eqn. (13.19) may

be expressed as

t

t "
w0 =60 cprteryy ool | eI+ (0l
(13.20)

After counting the distribution of time constants, Eqn. (13.20)
can be rewritten in terms of a fixed spaced coordinate with neglecting

m, terms in Eqns. (13.5) and (13.6) as

o(t) = b b 4y T oy
,\J(t) = g Gn(t)f-mm exp[- Jtl mj (t,t')dt' ,
(13.21a)
where
T [T(8)] = aplT(t)] 7 4 (13.21b)

and
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G (t) =G

n n,0 T . (13.21¢)

with .0 and Gn’0 designating the time constants and moduli at
some reference temperature TO at which ar is unity, respectively,
and g'] is the relative Finger deformation tensor. Eqn. (13.21) is

the same integral type non-isothermal constitutive equation which
Matsui and Bogue [M-14] has derived. They also assumed that relaxation
time is a function of the second invariant of the strain rate tensor.

Eqn. (13.20) is equivalent to

t! dt" d af t! .
eXD[J_m T[T(t")j] ! dt(i' )dt .
(13.22)

t '
n'as(t) exp[J ;TT%%TTT] = -G(t) J

-0

Differentiating Eqn. (13.22) with respect to present time t using

Leibnitz's rule yields

(éé? ﬂg‘?zgﬂ i eXp[Jl T[%')]][d“I:i(t) ¥ "2?3” ’
(13.23a)
) - 5w et it 242
- 6(t) exp[Jl Ty dCUE) | (13.23)
Eqn. (13.23) leads (combine Eqns. (13.23a) and (13.23b)) to
% L (L %ﬂ)ﬂ'“s = -G(t) Q(in—s , (13.24a)

or
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aB af
+ 6(t) g5 [greyd = -6(t) dét : (13.24b)

In terms of a fixed space coordinate Eqn. (13.24) is expressed
(convected derivative for scalar is the same as the material deriva-

tive of that scalar):

§P
N 1 D2anG T) _
st [T T Dt J P=26(T) ¢, (13.25a)
or
P+ G(T)t & L = 26(T) = d (13.25b)
Y §t GZT; ] .
where
T T
G(T) = G, & , (13.25¢)
0 °0 TO
and
6P DP
[a"]
sTooE - W R-FR-wy. (13.25d)

If we neglect the density change with temperature, Egn. (13.25)

becomes

§P

N 1 danT _

5_t+ [¥ - Tt_} R- ZGQ . (13.26a)
or

s (%

R + G'rE€' Gl ZGTQ s (13.26b)
where

G=G

T%—tl. (13.26¢)
0
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Eqn. (13.26) is the identical form of which Marrucci [M-5] has
derived from the elastic dumbbell (bead-spring) model for a dilute
polymer solution.

Isothermal forms of Eqn. (13.25) or (13.26) cannot predict
non-Newtonian shear viscosities nor shear rate dependence on first
normal stress difference coefficients. Therefore, it is necessary
to expand Eqns. (13.25) and (13.26) to be able to predict this
additional nonlinear character. Let us assume that the relaxation
intensity and relaxation time changes by deformation with factor of
“f" or "g" which are functions of tensor invariants, respectively.

The Boltzmann's superposition equation, Eqn. (13.19), may be written

LU -G(t)Jf

t
1 By aB dt"
Frey D5 = 00l et Sarery?

(13.27)
After assuming ¢ being a Maxwell type exponentially decreasing form,

Egqn. (13.26) becomes:

TT|0CB

t 1 t dt"
() = -a(t)] T[r<t')1f(t'7exp['r-t- T[T(t")]g‘t"’]

[Y“B(t') - yo‘s(t)]dt' . (13.28)

After counting the distribution of time constants, Eqn. (13.28)
can be rewritten in terms of a fixed spaced coordinate with neglect

of the m, term in Eqns. (13.5) and (13.6) as
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t dt" B
JTFE") e"p{‘ Jt. T I Jgremy |6 (Et)de"

(13.29)

1

t
R(t) = g Gn(t)J- Tn[T(t'

For an isothermal condition, Eqn. (13.29) can be reduced to
Eqn. (13.7).
Eqn. (13.28) leads to

o t t dt" d | aB/piy gt
m B(t) = -G(t)J- EXP[‘Jtl T[T(t")]f(f“) dt’ Y B(t ) f(t

Differentiating Eqn. (13.30) with respect to "t" gives

108
dndt ¥ [th)]g(t) = jmdtaﬁ')]"'qB = -G(t) %[YGB %((%)T) - (13.31)

Eqn. (13.31) leads to
0

'8 d|n'*B t) d of ) d t
Togrey * & a?[‘e‘m} - -o(0) Hif - GHHY)
(13.32)

In terms of a fixed space coordinate, Eqn. (13.32) becomes
s | R} 2(1)
R+ &(Me(t)g(t) 55 |grry] =26(M(t) Frey- 4 - (13.33)

When f and g are unities, Eqn. (13.33) is equivalent with Eqn. (13.25).

As a special case we may assume that

9(t) = f(t) = =57 > (13.34a)
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when IId is the second invariant of deformation rate tensor. More
specifically, we may choose Bogue's type expression for a deformation

dependent relaxation time [M-14,W-20] in the following form:

LTt L (13.34b)
0] "y oy (o) (0172 '
or
a;[T(t) 1
t(t)g(t) = T 72 0 . (13.34c)
1+a IId(t) aT[T(t)]rO
Eqn. (13.33) may be simplified using Eqn. (13.34):
5p
£ (52580 ¢
or
s (X,
P + 6(T)eg gy = 26(Trag - (13.35b)

Eqns. (13.33) and (13.35) are the generalized White-Metzner type
convected Maxwell model including temperature change.

The differential type constitutive equations, Eqns. (13.25)
and (13.35), which have been derived based upon the Boltzmann's
superposition principle to describe non-isothermal behaviors of
viscoelastic fluids are identical to the integral type non-isothermal
constitutive equation developed by Matsui and Bogue [M-14]. The
developed non-isothermal differential type constitutive equation is
purely phenomenological equation, however, Eqn. (13.25) has the

same form developed from the elastic dumbbell (bead-spring) model
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for a dilute polymer solution by Marrucci [M-5], and special form of
Gupta and Metzner's [G-12] where parameter B is taken as zero. How-
ever, molecular models used by Marrucci and Gupta and Metzner are
essentially for dilute polymer solutions so that there is not any
motivation to apply those models to regions where intermolecular
forces exist.

It is also possible to include the distribution of time constants
in Eqns. (13.25), (13.33), and (13.35) by employing multiple
relaxation times and moduli, as applied by Spearot and Metzner
[S-24] and Ide [I-1].

The developed constitutive equations indicate the temperature
dependence of relaxation time has more dominant effects on the visco-
elastic behavior than that of modulus, i.e., the effect of temperature
dependent modulus is affected only by natural Togarith. The choice
of the shift factor ar for cooling rate has been discussed by
Matsumoto and Bogue [M-15] and later by Carey, Wust and Bogue [C-1]
in terms of the equilibrium glass transition temperature and a cooling
rate dependent glass transition temperature. They argue that the
higher cooling rate makes shift factor larger than the slower cooling
rate conditions or isothermal conditions even though fluid still
remains above the glass transition temperature.

The comparison of these developed constitutive equations with

experimental data such as Matsumoto and Bogue's [M-15] will appear

elsewhere,




416
D. SUMMARY

A convected Maxwell model which accounts for the temperature
history was developed in a phenomeno]ogicé] way, based upon the
Boltzmann superposition method and the time-temperature superposition
principle. It was shown that the non-isothermal convected Maxwell
model so developed is equivalent to Matsui and Bogue's non-isothermal

integral model [M-14].



CHAPTER XIV

CONCLUSIONS AND RECOMMENDATIONS

A. CONCLUSIONS

The influence of the rheological properties of polymer melts
on the processing behavior undergoing multiaxial extension
(including uniaxial elongation) was investigated both theoretically
and experimentally. Major attention was given to the effects of the
geometry, conservation equations (such as the continuity and the
force balance equation), rheological properties, and molecular
structure (such as molecular weight, molecular weight distribution,
and degree of long chain branching).

A-1. Studies on Extensional Polymer Processings and
Multiaxial ETongational Flows

Various multiaxial elongational flows, including compressive
flow, were classified in terms of two individual elongation rates
E], the strain rate along the machine direction, and E2, the strain
rate along the transverse direction, for various ééometries.
Elongational viscosities were described for a Newtonian fluid and a
convected Maxwell model. It is shown that increasing the lateral
stretching (larger EZ/EI values) makes the elongational viscosities
more deformation rate softening.

- The growth of disturbances in sheets and annular cylinders

undergoing multiaxial elongational flow was described. The governing

417
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equations (force balance and continuity) were derived for two
different disturbances, one along the machine direction and the
other along the transverse (or hoop) direction. It was found that
the governing equations for flat sheets and annular cylinders were
essentially the same. Detailed analyses were given for a Newtonian
fluid and an elastic solid undergoing constant stretch rates. Dis-
turbances in the highest strain rate direction dominate the stability
of the system. When disturbances are in the machine direction,
lateral (or hoop) stretching of sheets decreases the size of the
disturbances but at a less rapid rate than the homogeneous decrease
in thickness. The elongation-to-break (limiting strain) in the
machine direction is actually decreased. However, the relative
stretched area at break increases with increasing strain rates in
the transverse (or hoop) direction. Disturbances in the transverse
(or hoop) direction cause diametrically opposite effects in the
disturbance growth and the elongation-to-break on the lateral
stretching of sheets.

The growth of disturbances in viscoelastic fluid sheets and
Bingham plastic fluid sheets undergoing multiaxial elongation was
also analyzed. Linear stability analyses were carried out using a
convected Maxwell model with a strain rate dependent relaxation
time, which varies according to t = ro/[1 tar, (2 tr Q2)1/2]- It
is shown that film stability and elongation-to-break depends upon the
Weissenberg number TOE] (where E] is the elongation rate in the

machine direction); on the deformation rate softening parameter "a";
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and on the multiaxiality factor E2/E] (where E2 is the strain rate in
the transverse direction). In general, an increasing strain rate
softening character (i.e., higher E2/E] values or larger "a" values,
and also large yield values in the case of a Bingham plastic fluid)
decreases elongation-to-break in terms of length in the machine
direction (i.e., decreases limiting strain in the machine direction).
The 1imiting strain in the machine direction due to ductile failure
has a minimum near E2/E] = 0 (planar elongation) for larger "a" or
higher TOE] conditions; however, larger "a" values are unstable under
higher TOE] conditions. Material with smaller "a" values are stable
under higher TOE] conditions; however, larger "a" values are unstable
under higher TOE] conditions. The elongation-to-break, expressed in
terms of area, exhibits a complex dependence upon EZ/E1’ TOE], and
"a". A cohesive fracture criterion was hypothesized for various
values of E2/E], rOE], and "a". These results were compared with
experiments involving the stretching of melted notched polystyrene
sheets.

The stability of continuous film extrusion processes was
analyzed and contrasted to melt spinning. The processes included:
(1) cast film extrusion; (2) annular film extrusion over a straight
cylindrical mandrel; (3) flat film extrusion with tentering frames
to achieve a constant ratio of kinematics; (4) flat film extrusion
with tentering frames to achieve a linearly varying width along the
machine direction; (5) annular film extrusion over a lubricated

conical mandrel; (6) annular unblown film extrusion. A detailed
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discussion is presented for Newtonian fluids. Generally melt spinning
and flat film extrusion (with constant film width) are governed by
the same equations in the isothermal case. This is also true for
other film processes including annular film extrusion under limited
circumstances, notably extrusion over a lubricated straight cylindri-
cal mandrel. Draw resonance observed in melt spinning and film
extrusion under similar circumstances should be observed here.

An experimental study of the influence of molecular structure
(molecular weight, molecular weight distribution, and degree of
Tong chain branching) on the onset of draw resonance in a series of
polyolefins and polystyrenes was carried out. The materials include
high density polyethylene, linear low density polyethylene, low
density polyethylene, polypropylene and polystyrene. Narrowing the
molecular weight distribution and the occurrence of long chain
branching stabilize the spinline disturbances. The results are
interpreted in terms of viscoelastic mechanics and experimental
studies on rheological properties.

An experimental study was also carried out to investigate the
effects of rheological properties and molecular structure on
unstable flow behavior in tubular film extrusion. High density,
linear low density, and low density polyethylenes were used. Four
types of unsteady state behaviors are observed. These are: (1) a
draw resonance-type of instabilities in unblown film extrusion;

(2) bubble instability (wavy diameter fluctuation); (3) meta-stable

behavior; and (4) helical bubble behavior in tubular blown film
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extrusion. Regions of stability and instability were described and
discussed in connection with the rheological properties of polymer
melts. Attention is given to uniaxial elongational flow behavior.
The existence of strain hardening (which was caused by large T
values) and deformation rate hardening (which was caused by small
"a" values) gives a system more stable operating regions.

A convected Maxwell model which accounts for the temperature
history was developed in a phenomenological way, based upon the
Boltzmann superposition method and time-temperature superposition
principle. It was shown that the non-isothermal convected Maxwell

mode]l so developed is equivalent to Matsui and Bogue's non-isothermal

model.

A-2. Rheological Properties of Polyethylene Melts

An experimental study of steady shear and uniaxial elongational
flow rheological properties of a series of high density, linear Tow
density, and low density polyethylene melts of varying molecular
weight and distribution and different degree of long chain branch-
ing was carried out. Broadening the molecular weight distribution
increased the non-Newtonian character of the shear viscosity
functions and increased the principal normal stress differences at
fixed shear stress. Increasing the degree of long chain branching
increased the non-Newtonian character of shear viscosity functions
and increased the principal normal stress differences at fixed
shear stress. However, the existence of long chain branching in

polydisperse systems makes the principal normal stress difference-
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shear stress relationship more linear than linear polydisperse
systems. Uniaxial elongational flow studies indicated that linear
polyethylenes of moderate and broad molecular weight distribution
readily fail by neck development; also the elongational viscosity
appeared to decrease with increasing elongation rate. For poly-
ethylenes of narrow molecular weight distribution (including Tow
density polyethylenes), the elongational viscosity is an increasing
function of elongational rate and never fails. Highly branched
Tow density polyethylene exhibits cohesive fracture at high
elongation rate and the elongational viscosity strongly increases
with é]ongation rate. Finally, the implications of these experi-

mental results in developing a constitutive equation was discussed.
B. RECOMMENDATIONS

Several of the most important polymer processing operations
involve the deformation of melt streams in the absence of walls
result in elongation of polymer melts. This includes uniaxial
elongation for melt spinning, but multiaxial elongation for film
casting, tubular film extrusion, flat film extrusion with tentering
frames, thermoforming, blow molding and stretch blow molding. These
processes are operated not only under extensional flow (generally
multiaxial elongational flow) but also under non-isothermal con-
ditions. A range of materials, having varying molecular structure
and rheological properties, have been used for these processes to

produce desired products.
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B-1. Rheological Properties of Polymer Melts

The following further studies are recommended:

1. The development of new instruments to measure planar and
equal biaxial elongational viscosities under constant strain rate
conditions. Orthogonal stagnation flow within a Tubricated die
method [W-26,A-6,A-7] is the most feasible one.

2. An upgrading of an uniaxial elongational viscometer. This
should operate wider elongation rates (either constant elongation
rate or constant stress), measure an actual sample diameter in on-line,
and eliminate ends effects.

3. The development of a new instrument to measure uniaxial
elongational viscosity of low viscosity materials.

4. Further study of cooling effects during various kinds of
flows, including multiaxial extension.

5. Experimental studies on rheological properties of linear,
star-branched, comb-branched and randomly branched monodispersed
hydrogenated polybutadine melts and their blends. This should include
not only linear viscoelastic properties but also simple shear and
elongational flow properties.

6. The investigation of rheological properties of intermediate
polyethylenes. Comparison should be made with other types of poly-
ethylenes including fractionated samples and their blends.

7. The development of a new differential type constitutive

equation whose parameters can reflect the molecular structure (such
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as molecular weight distribution, degree of long chain branching and

short chain branching, and structure of branchings).

B-2. Studies on Polymer Processing Operations

The following further studies are recommended:

1. Experimental and theoretical studies on kinematics, dynamics,
heat transfer, and crystallization of film extrusion processes
(including tubular film extrusion and melt spinning). The data
obtained should be compared in terms of dimensionless operating
variables from stable operating conditions toward unsteady state
operating conditions.

| 2. Experimental and theoretical studies of crystallization
under elongational flows in not only uniaxial extensional flow but
alco complex stretching field. The flow field should be highly
nonisothermat.

3. Stability analyses of various continuous film extrusion
processes including melt spinning. Emphases should be given for
geometrical effects, elasticity (Weissenberg number), deformation
rate softening characteristics, and cooling effects.

4. Experimental and theoretical studies on thickness variation

of various batch extensional processes (such as blow molding,

stretch blow molding and thermoforming).
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