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ABSTRACT

A numerical model is developed to simulate the directional solidification of a den-
dritic metal analogue material, ammonium chloride and water, in support of a
planned series of microgravity experiments. The model is first validated by com-
parison with ground-based data. Undercooling (non-equilibrium) effects are shown
to be significant. The one-gravity computations correlate well with the ground-
based data for the initial diffusion limited growth and the transition to dominant
convective flows at a critical solutal and thermal Rayleigh number. The model is
then used to predict the directional dendritic solidification for a sample low gravity

run and the results are compared with one-gravity data.
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SECTION I

INTRODUCTION

At a recent international symposium on heat and mass transfer in manufacturing
and materials processing, a number of authors stressed the need for close coop-
eration between experimentalists and numerical modelers in the effort to investi-
gate and understand the complex phenomena involved in the science of materials
processing.! The objective of this dissertation research is to develop an advanced
numerical fluids and thermal model (FTM) to provide that degree of close support
for a series of experiments on the unidirectional dendritic solidification of binary
alloys.

The experiments being supported are a series of space and ground-based
studies being conducted under the Casting and Solidification Technology (CAST)
project.2~° The experiments are designed to study the development of the solutal
distribution in a solidifying binary dendritic system. The solidification of binary
systems is of interest because it is integral to a wide range of important processes
such as casting. The need to understand and control solutal distribution during
the solidification of a binary or multicomponent system is vital because of its direct
effect on segregation of solute and the quality of the final product.®

The fluids and thermal model (FTM) developed here combines recent ad-
vances in computational techniques and multicomponent conservation equations
to model the CAST unidirectional ground-based and space experiments. The pur-
pose of the FTM is to accurately model the existing ground-based studies during

the stages of growth for which diffusion is the dominant transport mechanism, and

to provide predictions for the planned microgravity experiments.
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The basic configuration of the simulated experiments is shown in Fig. I-1.
The experiments use a binary solution, the metal analogue ammonium chloride
and water. In a typical ground-based run, a 28 wt% NH,Cl - 72 wt% H;0 solu-
tion is solidified vertically by imposing a positive thermal gradient on the quartz
cuvette and then lowering the cuvette temperature at a controlled rate. As the
solidification progresses, solute, less dense than the bulk liquid for this solution,
is rejected by the newly formed dendritic solid and a densfty inversion develops in
and above the solid-liquid (dendritic) region at the bottom of the cuvette. Under
one-gravity conditions, this inversion leads to the onset of disruptive convective
flows.

In this research, the FTM was developed and then validated using three
selected ground-based unidirectional solidification experiments. For either one-
gravity or microgravity conditions, the FTM calculates the flow field, the growth
of the two-phase dendritic region, the temperature distribution, the solutal distri-
bution, and the corresponding density field. In addition, for the ground run com-
parisons, the model determines the conditions pertinent to convective breakdown,
in particular the time and critical Rayleigh number associated with the tran-
sition from diffusion to convection dominated solidification. The ground-based
runs, complicated by the effects of one-gravity convection, are more difficult to
numerically simulate than the microgravity spaceflight experiments and provide a
strenuous validation test for the model.

Once the FTM is validated by comparison with ground-based results, it is
then used to predict run conditions for the CAST microgravity experiment. The

one-gravity and microgravity cases are compared and the differences discussed.
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Figure I-1. Schematic of CAST cuvette and solidification assembly




SECTION II

BACKGROUND
The purpose of this section is to provide an introduction to the dendritic solid-
ification of binary materials including the mechanisms of heat and mass transport
inherent in the solidification process. This is followed by a limited review of pre-
vious solidification experiments on binary dendritic materials and past analytical

and numerical modeling efforts.
Fundamentals of Binary Dendritic Solidification

Binary Alloy Solidification

A binary material is composed of two components, A and B, such as Pb-Sn,
Al-Cu, and NH,CI-H, 0. Each component may contain multiple elements but must
maintain its integrity when combined with the other component. A sample binary
phase diagram is shown in Fig. II-1.

The solutal concentrations of the solid and liquid in equilibrium at a given
temperature are denoted by the intersection of a constant temperature line with
the solidus and liquidus lines. Between the liquidus and solidus, solid and liquid
coexist over a range of temperatures creating a two-phase region. The liquidus
indicates the temperature at which solidification begins for a given liquid con-
centration. Variation in the liquid concentration during solidification produces
variation in the solid. This solutal variation can be either on the scale of the
growth structure, referred to as microsegregation, or on a larger scale referred to

as macrosegregation.!?




TEMPERATURE

A COMPOSITION B

Figure II-1. Sample binary phase diagram (From Flemings!?)
Morphology

A binary material solidifies with either a faceted or non-faceted interface.
The parameter that indicates whether or not the interface will be faceted is the
dimensionless entropy of fusion,!! a = -A—Rs—f where R is the universal gas constant
and ASy is the entropy of fusion. Materials with an « less than two tend to be
non-faceted. Metals typically fall into this category.'?

A non-faceted interface can be planar or non-planar depending on the material
properties and the growth conditions. A simplified condition for planar stability of

binary materials is the constitutional supercooling criterion,'? i.e. the temperature
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gradient at the interface must be sufficiently large to prevent undercooling due to
concentration effects. This criterion can be expanded to include the effects of
surface energy using linear stability analysis,!* giving the following condition for
planar stability,

. 002
GZVATO kv

D D

where G is the temperature gradient at the interface, V is the interface growth
velocity, AT, the temperature difference between the solidus and liquidus, k the
partition coefficient, D the diffusivity, and T" the specific interface energy divided
by the entropy of fusion.!? Inspection of the above equation reveals that at low
growth rates the solutal, (V/D), term is reduced, tending to stabilize the interface
for a given temperature gradient. At the other extreme of high growth velocities,
(on the order of 1 cm/sec for typical metals),’® the surface energy term becomes
sufficient to stabilize the interface. The category of solidification addressed in this
study is for those materials and growth rates, e.g., the casting of metals, that
typically fall between these two extremes with the result that the solid-liquid in-
terface is dendritic. The NH,Cl-H;0 analogue material used in the CAST studies
solidifies dendritically as shown in Fig. II-2.

Metal Model NH,CI-H, 0O

The use of transparent compounds to model the freezing of metals was first
suggested by Jackson and Hunt!® based on the dimensionless entropy of formation
a = AS/R. One such compound, aqueous ammonium chloride, was used by Jack-
son and coworkers!® in studying the equiaxed zone in castings. It has since been
used extensively, including the current CAST studies. The ammonium chloride

and water phase diagram is provided in Fig. II-3.



Figure II-2. Ammonium chloride and water dendrites (Courtesy McCay)

Transparent metal analogue compounds, such as NHy Cl-H, 0, offer several ad-
vantages and some limitations in the investigation of metallic solidification. The
primary advantage of these compounds is that they are transparent and thus lend
themselves to flow visualization. Ammonium chloride and water has the particu-
lar advantage that it can be used to mimic the density characteristics of several
important alloys. This is accomplished by using a bulk fluid water concentration
that is less than the eutectic value (80.4 wt% water), such that the solute rejected
during solidification is lighter than the bulk liquid.!” Since buoyancy driven flows
depend directly on the density distribution, this similarity to an actual alloy is

critical.
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Figure II-3. Ammonium chloride and water phase diagram

Ammonium chloride and water also has the advantages that it is non-toxic,
solidifies near room temperature, and its properties are relatively well known.
Gray* has compiled many of these properties for aqueous ammonium chloride from
available sources. In addition, McCay and colleagues have measured the surface
tension variation with temperature and concentration,!? the partition coefficient,’
and the index of refraction variation with temperature and concentration.?? How
these properties are incorporated into the numerical model will be discussed in

the section on modeling.
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One limitation of ammonium chloride and water as a metal analogue is that,
relative to metals, it has a low conductivity. Its Lewis number, the ratio of solutal
diffusivity to the thermal diffusivity, is 0.015 which is an order of magnitude larger
than for a typical metal.!® This means that solutal effects are more important in
ammonium chloride and water than in metals, and direct extrapolations to metal

systems must be made carefully.

Thermal Diffusion

The solidification of any material necessarily involves extracting the heat of
fusion released during the process. This extraction can either be in the direction
of growth, i.e. through the liquid ahead of the growth front, or opposite to the
direction of growth, i.e. through the solid or mushy zone behind the growth front.
Heat extraction through the liquid implies the liquid is undercooled. This occurs,
for example, when isolated nuclei grow in undercooled regions produced at the
walls of a casting.!° Heat extraction through the solid or mushy zone implies that
the solid material is being cooled below the local freezing point. The liquid ahead
of the solidification front may or may not be undercooled. The extraction of heat
through the solid or mushy zone exists in a number of processes such as Czochral-
ski growth, Bridgman growth, float zone solidification, directional solidification of
turbine blades, and in the columnar region of a casting.!? In the CAST experi-
ments, the latent heat is extracted through the two-phase region in the direction
opposite to that of the solidification. Hence, the CAST experiments model the
type of heat ﬁéw found in the unidirectional solidification of turbine blades and

the columnar dendritic growth region of castings.
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Solutal Diffusion

In addition to thermal diffusion, the solidification process for most binary
materials involves diffusion of solute. Except in special cases, such as eutectic
solidification and congruent transformations where the solid has the same concen-
tration as the liquid, the transition from liquid to solid results in either a buildup
or depletion of solute at the growth front. The resulting solutal gradients drive
diffusive fluxes. Over short distances or in the case of minimal convection, these

diffusive fluxes can be the dominant means of solute transport.
Convective Flow

Fluid motion or convection during dendritic solidification is often a major
means of heat and mass transport and has been shown to influence the structure
and quality of the final product in a number of ways. For example, convection in
the form of rising columns of solute enriched fluid has been shown to be the cause
of an undesirable type of macrosegregation phenomenon known as ‘freckles.’?!
Convective flow has also been found to affect the shape of individual dendrites.??
Fluid motion can also effect the structure of a material by convecting nucleation
sites during solidification. Jackson et al.!® have postulated that the equiaxed
structure in the central regions of a casting develop from fragments of dendrite
arms that have been convected into the undercooled region. As another example
of the importance of convection, McDonald and Hunt?4:2% have demonstrated that
‘A’ type segregation found in steel castings can be eliminated by using dopants
to alter the density characteristics of the material, thereby suppressing buoyancy

driven convection.

In general, convection during solidification influences both the solutal and

thermal distributions. The possible causes of convection are numerous. Even in
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a relatively simple growth configuration, such as the unidirectional CAST experi-
ment, there are six distinct mechanisms for generating flows during solidification.
Each is discussed briefly in the following, with emphasis on flows significant to

microgravity solidification.

Residual Flow Any flows that were created in the liquid due to a previous
event such as stirring, sloshing, pouring, rotation, etc., may persist and still be
present at the onset of solidification. Such residual flows are always of concern
in the laboratory, and are of particular concern, for example, for short duration

microgravity experiments flown on aircraft® and sounding rockets.?®

Surface Tension Driven Flow Another type of flow that may dominate
in the microgravity environment is surface tension driven flow. This flow origi-
nates at fluid-fluid interfaces (free surfaces) due to gradients in the surface tension
caused by solutal or thermal variations. The dimensionless parameter that indi-
cates the magnitude of the surface tension effects relative to the viscous forces is
the Marangoni number, defined here for the thermal case as

o 26T /STL
pv
where o is the surface tension, §o/6T the variation of surface tension with tem-
perature, L the characteristic length scale, p the density, v the kinematic viscosity,
and AT the temperature difference acting over L. Similarly, the modified Bond
number, indicates the magnitude of surface tension effects relative to buoyancy

effects, 1.e.:

_ pgBrL?

Bo= Gso/sT)

where g is the local gravity and A7 the thermal coefficient of expansion.?” These

parameters express the relative importance of surface tension flows in a given
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process. In any case, on either the ground or in a low gravity environment, sur-
face tension driven flows can be prevented by either eliminating or isolating free

surfaces.

Contraction Flow Another category of flow that can occur, either with
or without gravity, is contraction flow. Density changes of either the solid or
liquid due to temperature or concentration variations generate contraction flows.
Similarly, if the density of the solid is different than the density of liquid, then
any phase change generates pressure differences that drive flow. If the fluid is
obstructed, such as by a dense mushy zone, then extremes of pressures can ensue

with the result that hot tears or vapor pockets may form in the material.!®

Buoyancy Driven Flow: Lateral Density Gradients In the presence of
gravity (or any acceleration), flow will arise when there is a density gradient that
is not precisely aligned with the gravity vector. In a binary solidifying system,
density variations occur due to both thermal and solutal gradients. When the
density gradients are perpendicular to the gravity vector, convective flow develops,
regardless of the magnitude of the gradient.?® Even the superposition of a vertically
stabilizing density gradient (light on the top) has been shown insufficient to prevent

natural convection in the presence of a lateral density gradient.?®

Buoyancy Driven Flow: Vertical Density Gradients When the den-
sity gradient is precisely aligned with the gravity vector, then the system is in a
state of static .equilibrium, even if the density variation is such that the lighter
fluid is on the ‘bottom.’ Unperturbed, the later case remains stratified. For a
single component system, in which the density depends only on temperature, the
stability of such a density inversion in response to a perturbation is measured by

the thermal Rayleigh number. The Rayleigh number is a ratio of the buoyancy
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forces to the viscous forces and, for a thermal driving force, is defined as
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where p is the density, g the acceleration, A7 the thermal coefficient of expansion,
AT the temperature change across the density inversion layer, L the height of the
inversion, v the kinematic viscosity, and o the thermal diffusivity. For a density
inversion due to solutal effects alone, a similar situation exists, governed by a

solutal Rayleigh number:
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where (s is the solutal coefficient of expansion, AC) the solutal change across the

density inversion layer, and D the solutal diffusivity.

Thermosolutal Flow If both solutal and thermal gradients are present
in the liquid, then an additional mechanism known as thermosolutal convection
may result. This is a dynamic effect cause by the disparity between the rates of
thermal and solutal diffusion. One of the best known examples of thermosolutal
convection is ‘salt-fountains’ found in the ocean.3? Even with a statically stable
density gradient due to a positive temperature gradient, a parcel of fresh water
rising from the bottom will continue to rise because it gains heat much faster
than salt and becomes lighter than the surrounding fluid. Salt fountains thus
occur when the component with the higher diffusion coefficient, e.g., temperature,
creates a statically stable density profile and is opposed by the gradient of the
component with the lower diffusion coefficient. The stability criterion proposed
by Stern3® for this phenomena is a critical combined Rayleigh number equal to
the sum of the vertical thermal and solutal Rayleigh numbers.

A second, related, type of thermosolutal convection, known as diffusive con-

vection, occurs when the component with the lower diffusion coefficient creates a
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stable density gradient while the component with the higher diffusion coefficient
is statically destabilizing. An example is fresh water over salt water, with tem-
perature increasing with depth. In this case, an upwardly displaced fluid element
is cooled, increasing its density and returning it to its original position with a
density higher than that of the surrounding fluid. As a result, the fluid element
drops below its original position and an oscillatory, overstable condition results.
Linden provided a discussion of both types of thermosolutal convection for verti-
cal temperature and solutal gradients and used linear stability theory to map the

stability boundaries of those systems for a range of conditions.?!

Thorpe, Hutt, and Soulsby have pointed out that thermosolutal mechanisms
also apply to horizontal gradients of temperature and solute.3? This is not to be
confused with horizontal gradients of density, which as stated earlier, always re-
sult in convection. Horizontal gradients of temperature and solute may combine
to produce flow. Thorpe et al. developed a stability criterion for such systems
based on thermal and solutal Rayleigh numbers that includes both lateral and
vertical length scales and gradients. Chen? has experimentally and analytically
investigated the interaction of lateral and vertical, thermal and solutal gradients
for a stratified salt solution in a wide container with lateral heating. From his
observations, Chen proposed a critical Rayleigh number®® based on lateral tem-
perature changes (AT) and a length scale equal to the distance a parcel of fluid
heated by AT would rise in the given density field.*

From theée and other stability studies, it may be concluded that the task of
predicting convective breakdown for even a relatively simple thermosolutal system
is not straightforward. The question of stability for these systems becomes even
more difficult with the inclusion of a non-uniform, transient mushy zone. The

formation of a solid-liquid zone not only influences the solutal and thermal fields
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but increases frictional influences in the mushy zone, providing an additional sta-
bilizing effect.” Further consideration of container wall effects, complex thermal
and solutal fields, and the transient nature of dendritic solidification indicates the

difficulty of predicting thermosolutal convection for a real system.

Flows in the CAST Ezperiments The flow mechanisms listed above
exist in the CAST unidirectional solidification experiments modeled here, with
the exception (by design) of surface tension and residual flows. What remains
are contraction effects, lateral density gradients, vertical density gradients, and
thermosolutal interactions. Contraction flows are driven by density changes caused
by cooling and solidification. In one-gravity, buoyancy flows may result from the
density inversion that develops in the dendritic region due to solute rejected during
solidification. In addition, opposing temperature and solutal gradients create the
potential for thermosolutal flow in the statically stable layer above this density
inversion. Buoyancy driven convection can also arise because of lateral gradients
of both temperature and solute due to side wall effects. These natural convection
flows are not limited to the ground studies, since the space flight experiment is
expected to have some buoyancy flow driven by gravity gradients, crew movement,
and other sources of acceleration.

The flow mechanism that dominates for a given set of run parameters depends
largely on the gravity level. Whenever the combined effects of the mass flow
is small, the primary mechanism of the transport of energy and solute will be
diffusion. Undér such conditions the process is termed diffusion dominated. The
effect of convection relative to diffusion is conventionally measured using the Peclet
number, which for energy is defined as Per = % and for solute as Peg = %
where U is the velocity, L a characteristic length, and o and D are the thermal

and solutal diffusivities respectively. As for stability, it is very difficult to define
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appropriate length scales and a single set of dimensionless parameters that can
be used to characterize such a complex process. It is because solidification of
binary materials is such a complicated process that detailed experimentation and

non-linear models are required.

Experimental Database
Ezperiments: Overview

The experimental investigation of dendritic solidification has covered a wide
and varied range of systems and configurations but can be loosely classified accord-
ing to the growth direction relative to the gravity vector. The first of these classi-
fications is multidirectional solidification where the growth direction may assume
any number of orientations relative to gravity. This configuration is representative
of most castings, where freezing propagates inward from the walls of a three dimen-
sional mold. Accordingly, this general configuration has been used in a number
of qualitative studies, using ammonium chloride and water and other transpar-
ent metal models to investigate segregation phenomena in castings.?16:24:25 This
general form of solidification is perhaps the most difficult to model because of
the complicated boundary conditions and multidimensional flows inherent in the
experimental configuration.

The next category of growth orientation is horizontal solidification where the
temperatures gradients are imposed such that the solidification direction is perpen-
dicular to the gravity vector. This configuration is less complicated than the first;
but buoyancy driven flows remain an important feature due to the lateral density
gradients. Mehrabian et al.3® used this orientation to study macrosegregation and
freckle formation in Al-Cu. The authors horizontally solidified an ingot in an insu-

lated mold, with one end water cooled. They analyzed the macrosegregation using
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wet chemistry and X-ray fluorescence. The results confirmed that interdendritic
natural convection causes segregation. Stewart and Weinberg®? also examined
horizontal solidification and provided a direct observation of interdendritic flow in
a metal using autoradiography to provide flow visualization for the interdendritic
flows in Sn-Pb alloys. Szekely and Jassal®® conducted perhaps the most meticulous
early experiments investigating the lateral solidification of a binary system. The
authors used dye tracing, Schlieren, thermocouples, still photography, and motion
pictures to record the horizontal solidification of ammonium chloride and water
in a 40 cm by 6 cm by 15 cm tank. The observed buoyancy driven flows were
strong enough to shear dendrite arms and the velocity field in the bulk was ob-
served to have a strong influence on the flow in the two-phase region. The authors
also saw evidence of salt fingers, eruptions of interdendritic fluids, and intensive
circulations in the dendritic region. This experiment has since been repeated by
other investigators with the added sophistication of solutal measurements. In one
of the subsequent studies,3? the solutal distribution was determined using a minia-
ture refractometer probe and, in another,*® by withdrawing fluid and measuring
the solutal concentration outside the test cell. In all of the horizontal growth

experiments above, convection played a dominant role.

In a third orientation, the solidification is parallel to gravity, i.e., vertical.
In this orientation, natural convection can theoretically be avoided if the crit-
ical Rayleigh number for the system is not exceeded. A number of processes,
such as the growth of single crystal turbine blades, use vertical growth to con-
trol convection. Caldwell et al.#! used this technique to reduce convection during
the solidification of Al-4.5 pct Cu in a study on the refinement of dendrite arm
spacings. Flemings et al.,*?*? also solidified Al-Cu vertically in order to measure

solutal redistribution in directional solidification. Verhoeven et al.4* solidified
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both with and opposite to gravity, using light and heavy solute, to investigate
the effects of convection on the dendritic to eutectic transition. Similarly, the
CAST experiments?~® use vertical growth to suppress convection below a critical
Rayleigh number, allowing the study of the diffusion dominated solidification in a
one-gravity environment.

When convection does occur in a vertical growth process, it can be significant,
as demonstrated by Copley et al. in their study?! on the origin of freckles in
unidirectionally solidified castings, such as found in vertically solidified castings
and electrode ingots. Ammonium chloride and water was solidified as a model
material and the freckling phenomenon was shown to be due to convective jets
of low density solute. Streat and Weinberg® showed the same freckling effect
in unidirectionally solidified Pb-20 wt pct Sn using radioactive tracer techniques.
Hellawell has subsequently investigated the mechanisms of the formation of these
jets using aqueous ammonium chloride and lead-tin systems.*®4” Thus vertical
solidification can either be diffusion dominated below a critical transition point or
convection dominated above that critical point.

The general conclusion from the above discussion is that either non-uniform
or localized natural convection can lead to undesirable non-uniformities in the
material being processed. The hope of producing improved materials has led,
therefore, to a fourth solidification ‘orientation’: i.e., reduce the gravity vector as
much as possible. This is possible using drop tubes, low-gravity parabolic flights
on aircraft, sounding rockets, and spacecraft. The objective of the CAST program
is to take advantage of these low-gravity environments to investigation dendritic

solidification in the absence of gravity driven flows.
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Casting and Solidification Technology (CAST)

The Casting and Solidification Technology (CAST) program has evolved from
a number of early low-gravity dendritic solidification experiments on sounding
rockets and the NASA KC-135 low-gravity aircraft. Johnston (McCay) et al.2¢
solidified NH,Cl-H,0 in a suborbital rocket at 10~°g and compared the results
with 1g. The microgravity solidification was observed to be diffusion limited and
the microgravity dendrite arm spacings were larger and more uniform. A simi-
lar experiment?® was conducted during low-gravity and level flight maneuvers on
board the NASA KC-135 aircraft where Mach-Zender interferometry was used
to observe the solidification under low-gravity and one-gravity conditions. Com-
parison of the two showed the dynamic effects of acceleration on the solutal and
thermal distributions. The restricted times of low-gravity in these experiments
(20 seconds) limited their quantitative value. This limitation has led to the CAST
proposal to unidirectionally solidify NH,Cl-H20 in the extended microgravity en-
vironment of the Fluids Experiment System (FES) on board the Space Shuttle.*®

Preliminary ground-based studies have been and are being conducted in sup-
port of this proposed space mission using the basic configuration shown in Fig. I-1.
In order to suppress convection, the experimental apparatus is oriented so that
growth is vertical. As a result, the initial solidification in the ground-based experi-
ments is diffusion dominated and is expected to be very similar to the initial phase
of the microgravity experiments. However, once development of the solutal field
causes the critica.l Rayleigh number to be exceeded, the ground-based experiments
transition to convective dominated growth.

In support of CAST, the initial development of the diffusion layer ahead of
the dendritic field has been recorded? using a confocal optical system. Particle

tracking techniques® were also used to record the flow patterns associated with
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the transition to convection dominated growth. These experiments demonstrated
that this transition was due to a Rayleigh instability and exhibited a cellular flow
structure at breakdown. After this set of investigations, a ruggedized version of
the basic experiment (similar to Fig. I-1), along with optics for flow visualization
was flows on the NASA KC-135 aircraft.® The objective was to use the low-gravity
environment to extend the diffusion dominated growth time for the higher cooling
rates (12°C/min) and compare the results with theory. Unfortunately, the results

were inconclusive due to background lateral accelerations of the aircraft.

A ground-based Mach-Zender interferometer system was also constructed®
in support of CAST and used to take data on the density field during solidifica-
tion. This permitted the analysis of the transient solutal and thermal distributions
above the interface and the determination of the combined thermal and solutal
Rayleigh number associated with convective breakdown. These data serve as the
foundation for the numerical comparisons made here. Details of the specific pro-
cedure and apparatus for these experiments can be found elsewhere®? and only a

brief overview is provided here.

The test section of the experiment consists of a 2.8 cm tall by 2.0 cm wide
by 1.2 cm deep quartz cuvette, with inside dimensions of 2.5 cm tall by 1.6 cm
wide by 0.8 cm deep, shown schematically in Fig. I-1. The cuvette is typically
filled with a 28% ammonium chloride - 72% water solution. The top and bottom
temperatures of the cuvette are monitored with thermocouples and regulated by
computer controlled thermoelectric devices. The walls are uninsulated to allow
for observation. In a typical experimental run, dendrites are first located on the
bottom of the cuvette, either by supercooling the solution until nucleation occurs
or with solid remaining from a previous run. In either case, the experiment is

then brought to its initial condition by imposing and holding a predetermined
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top and bottom temperature until conditions stabilize. The specific choice of
those temperatures depends on the desired thermal gradient and thickness of the
dendritic layer (mushy zone). This preparation phase of the experiment is referred
to as the gradient hold. The resultant thermal, solutal, velocity, and two-phase
distribution are referred to as the initial condition for the run. For all three sample
solidification runs used for model validation, the top and bottom temperature were
58.5°C and 21°C, respectively. Once the initial conditions for a given run have
stabilized and the mushy zone has reached its equilibrium height, the temperatures
of the top and bottom of the cuvette are reduced at controlled rates. This phase of
the experiment is referred to as either the thermal ramp or cooling phase. For the
validation cases, the top and bottom temperatures are lowered at three different

rates, 1°C/min, 2°C/min, and 3°C/min.

In the one gravity environment of the ground-based experiments, the cooling
phase consists of three stages of growth. In the first stage, a conditionally sta-
ble stratified density inversion develops at the bottom of the cuvette, formed by
the solute rejected during freezing. This stage is accordingly diffusion dominated.
In the second stage, the density inversion reaches a critical height and the den-
sity inversion layer breaks apart into a series of cells resembling Rayleigh-Benard
cells.> This is the transition stage of the experiment. After the inversion layer
breakdown, the process rapidly becomes dominated by convective growth as large
currents develop, transporting species and energy to the mushy zone and greatly
influencing the growth pattern. For all three stages of growth, interferometric data
are collected in order to determine the index of refraction distribution which is di-
rectly related to the solutal and thermal distributions.?? Additional experimental
data is obtained by seeding the solution with neutrally buoyant Plexiglas spheres

and using time-lapse photography for flow visualization.® For both the interfer-
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ometry and particle tracking, the plane of data acquisition is parallel to the front
and back faces of the cuvette relative to the view in Fig. I-1. Particle tracking
photographs, interferometric images, and ambient light photographs taken during

a run are used for direct comparison with the FTM numerical results.

Modeling Efforts

Early models of dendritic solidification were typically one-dimensional. In
1953, Tiller et al.!® derived a one-dimensional analytical expression for the solutal
distribution ahead of a planar growth front in the absence of convection. The
authors investigated the effects of transient growth rate and briefly discussed the
effects of dendritic materials. Tien and Geiger® subsequently calculated an exact,
one-dimensional solution for dendritic solidification. The analysis provided the
transient temperature distribution and the thickness of both the solid region and
mushy zone for a semi-infinite binary material chilled from the boundary. Exact
solutions for the solidification of a binary material in a semi-infinite region have
also been provided by Cho and Sunderland®® and more recently by Lipton et al.”!
These analytical solutions are idealizations of the actual process, neglecting a num-
ber of effects and often relying on ad-hoc boundary conditions such as estimates

of the solutal concentration at the dendrite tips.

The one-dimensional models can provide useful results for certain situations.
Brody and Flemings,5? for example, used an essentially one-dimensional numerical
model which included assumptions about the two-dimensional structure of den-
drites to study microsegregation during unidirectional solidification. The model
was primarily a thermal analysis that related the solutal concentration and fraction
of solid to local temperatures using conservation principles, subject to a number

of assumptions. These assumptions included no mass flow, a fixed rate of growth,
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planar isotherms and fixed plate-like dendrite geometries. The authors used the
model to investigate the effects of solid solutal diffusion on the final segregation
in unidirectionally solidified Al-Cu alloys.

Caldwell and coworkers?! also constructed a one-dimensional numerical heat
flow model and used it successfully to predict the local solidification times for Al-
4.5 wt pct Cu alloys in a study on the refinement of dendrite arm spacings. Their
model used empirical formulations to incorporate a number of effects including
the heat of fusion, heat transfer at the chill face, side wall heat loss, and even
convective effects by using an effective thermal conductivity. This work was also
one of the first to include undercooling effects in a numerical model by assuming
that the dendrite tips were undercooled by an amount sufficient to freeze .05

volume fraction of solid.

While these one-dimensional models provided quantitative information con-
cerning unidirectional solidification, they were fundamentally limited in their ca-
pability to model basic effects such as irregular interfaces, two-dimensional con-
vection, and other multi-dimensional phenomena. These early models were also
limited by such simplifying assumptions as specified growth rates, prescribed flow
and thermal fields, and simplified models for the solutal concentration. Although
the solidification process depends strongly on the interaction between the temper-
ature, solutal, and flow fields, early models decoupled these relationships in order

to make the problems tractable.

Subsequent models extended the domain to two-dimensions and included the
interrelated effects of energy, momentum, and solutal concentration. Flemings
and colleagues®*4 extended the one-dimensional Brody and Flemings microseg-
regation model®? to two-dimensions and included the effects of interdendritic con-

traction flow on the solutal distribution in the mushy zone. This new model was
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confined to the mushy zone, however, and neglected bulk flow effects. It also
assumed a flat interface, no diffusion in the solid and a fraction of liquid in the
mushy zone that varied linearly with temperature. Additional assumptions in-
cluded specification of the solidus and liquidus temperature translation speeds
and independence of the thermal field and solidification rates with respect to the

flow velocities. Thus the model did not include many of the effects of convection.

The above interdendritic flow model was extended®® to include buoyancy
driven convectionr in the mushy region, using Darcy’s porous flow equation to
account for the flow resistance in the two phase region. The analysis still retained
the earlier assumptions, including that the thermal field and flow field were decou-
pled. This shortcoming was rectified in a subsequent model,?® in which the heat
and momentum were linked and solved simultaneously in the interdendritic zone.
Even that version still included many of the limitations of its predecessors such as

specified growth rates and no bulk flow effects.

The first general coupling of the energy field with the momentum equations for
a solidifying system was done by Szekely and Jassal®® in support of their NH,Cl-
H,O solidification experiments. Their model predicted temperature, fraction of
solid, and velocity for the entire ammonium chloride-water domain, not just the
mushy zone. The effects of the bulk flow were included and the translation rate
of the growth front was calculated rather than specified. The model domain was
divided into three regions: the solid region, the mushy zone, and the fully liquid
region; each separated by planar boundaries. The conservation of energy and
momentum equations were written separately for each region and then linked at
the boundaries, i.e., between regions. The density was assumed to be a function
of the temperature and the fraction of solid. The authors were able to obtain

qualitative correlation between the observed and computed flow patterns for both
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the mushy zone and the bulk flow region. The temperature distribution across the
test cell and growth rates were also shown to correlate with the experimental data.
The main elements missing in the model by Szekely and Jassel were the solutal

transport equations.

The solutal transport equations were not incorporated into comprehensive
models similar to Szekely and Jassal’s for approximately a decade. In the interim,
solutal effects on dendritic solidification, in particular for vertical unidirectional
solidification, were investigated using linear and non-linear thermosolutal stabil-
ity models. The first stability analyses of vertical directional binary solidification
were linear,57 followed by non-linear analyses such as the study of thermosolutal
convection by McFadden et al.5® In that work, the authors solved for the flow, con-
centration, and temperature above a vertically solidifying planar interface. The
interface growth rate was set to a constant and an artificial upper boundary was
imposed at which the temperature, concentration, and velocity perturbations from
the steady state solution were fixed to zero. The solution was assumed periodic in
the horizontal direction so that, in effect, the domain had frictionless side walls.
The model was used to investigate thermosolutal flow patterns at various thermal
and solutal Rayleigh numbers. McFadden and Coriell®® later employed this same
model to investigate multiple flow solutions for a given set of boundary conditions.
Heinrich®® also analyzed the same idealized configuration using a different numeri-
cal approach (finite element vs. finite difference) to solve the non-linear equations.
He also made fhe problem more realistic by including solid side walls in his model
to determine their effect on the flow pattern. The model did not include a mushy
zone, however. This feature was added in later linear®! and non-linear®? analyses.
The conclusion of these later studies, was that simplified models which did not

include the mushy zone were inadequate for the analysis of convective stability of
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binary systems. In addition to predictions on the stability of the system, the non-
linear model predicted a qualitative flow pattern at convective breakdown that
consisted of an organized system of cells similar to those observed in the CAST
system.® Another conclusion from this model was for the Pb-Sn alloys under con-
sideration, the majority of the convection was predicted to be in the all-liquid
region with flow penetrating into the mushy zone no more than 20% of the zone
height. These later models provided new information about a solidifying binary
system, but applied only to an ideal system. The unperturbed state was assumed
to be steady state growth with flat isotherms, flat isoconcentrates, and a constant
mushy zone porosity. Thus certain aspects of a real system were neglected, such
as lateral gradients of temperature and concentration and the transient nature of

the mushy zone.

Voller and Prakash®? proposed a model for computing convection and diffusion
in phase change problems with mushy zones that was similar to the generalized
approach of Szekely and Jassal®® but with a number of improvements. They
used a conservative control volume technique in which one equation set is applied
over the entire domain, eliminating the need for artificially prescribed internal
boundaries found in the Szekely and Jassal model. In addition, the code solved
for all the conserved quantities, including solute. The authors demonstrated the
feasibility of the technique using a hypothetical material for which the fraction
of solid, f,, in the two-phase region was linearly proportional to the temperature
in the region between the liquidus and solidus. They used the model to compute
the evolution of the thermal, solutal, velocity, and dendrite distribution for this

hypothetical system subjected to cooling from the side.

Beckermann and Viskantat? developed a control volume technique similar to

that of Voller and Prakash in support of their own experiments on the horizontal
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solidification of the ammonium chloride and water system. This combination of
experiment and numerical model resembled the earlier work of Szekely and J assal38
but with the added sophistication of measuring and calculating the solutal distri-
bution. Beckermann and Viskanta improved on the model proposed by Voller and
Prakash®® by including a realistic specification of the fraction of solid in the two-
phase region as a function of both the temperature and the solutal concentration.
As with the Voller and Prakash model, the heat, solute, and mass transfer were
calculated over the entire domain using one set of conservation equations. The
model assumes Newtonian and laminar flow and incorporates a Darcy friction
factor in the two-phase region. Beckermann and Viskanta also incorporated other
common assumptions such as the Boussinesq approximation and the assumption of
equilibrium within each numerical control volume. In applying their model for the
case of ammonium chloride and water being chilled at a side wall, the authors were
unable to produce quantitative agreement between the numerical model and the
experimental data, but the model did provide qualitative agreement and further
established the feasibility of using control volume techniques to model a solidifying

binary system.

In order to address some of the shortcomings of the Beckermann and Viskanta
model, 4 Beckermann and Ni®4 developed a model based upon separate conserva-
tion equations for the solid and liquid phases, permitting the interactions between
the two to be ¢xplicitly included. This class of models is referred to as two-phase
average models, as opposed to one-phase models in which the solid and liquid are
treated as a continuum. One advantage to this approach is it enables the calcula-
tion of solid motion as well as fluid flow. This dual momentum equation approach
is essential for any system with either convected or settling solid fragments. (Such

a capability is not required for the CAST experiment where the dendrites are
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observed to remain fixed.) In general, the model®® provides an excellent format
for the explicit incorporation of solid-liquid interactions such as non-equilibrium
and kinetic effects. The ability to include non-equilibrium and kinetic effects is
not unique to two-phase averaged models, however, but can also be included in

one-phase models,®> such as the FTM.

In parallel with the work of Voller and Prakash®® and Beckermann,*® Bennon
and Incropera®® formulated a set of continuum equations for momentum, heat,
and species transport in binary solid-liquid phase change systems. This set of
equations is predicated on the assumption that all the properties of the medium
are continuous. Given this premise, the equations were rigorously derived for a
general two-phase system. It is this equation set which was used to generate the

conservation equations of the FTM.

Bennon and Incropera also used the continuum equation set to develop a
model which was subsequently applied to to the NH;Cl-H20 binary system.3?:67:68
The authors made a number of assumptions to simplify the computations. They
incorporated the Boussinesq approximation and equated the solid and liquid den-
sities, thus neglecting all contraction flows. A Darcy term was used to account
for the momentum exchange between the solid and the liquid in the two-phase
region. The solid itself was assumed to be stationary and thermodynamic equi-
librium was enforced for each control cell within the domain. The model was
applied to the rapid, horizontal solidification of ammonium chloride and water in
a rectangular cavity with imposed lateral temperature gradients and the results
showed qualitative but not quantitative agreement. More recently,’® the model
has been applied to other configurations (solidification at the center of a cylinder)
and other binary materials (Na; CO;-H;0), again with good qualitative agreement

but limited quantitative correlation.
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The above models demonstrate the feasibility of using conservation equations
coupled with numerical control volumes technique to model the solidification of
binary systems. However, many improvements are still needed. In addition to
gross flow effects and qualitative features, subtle effects must also be incorporated
if model predictions are to match experimental data. This is particularly true
for the CAST experiments to be modeled by the FTM, since they involve the

development of thermal and solutal boundary layers on a very fine scale.



30

SECTION III
NUMERICAL MODEL

Overview

The CAST Fluids and Thermal Model (FTM) developed here is based on the con-
trol volume approach outlined by Patankar’® using the continuum conservation
equations as given by Bennon and Incropera.®® It is a transient, two-dimensional,
single fluid, computational fluid dynamics code which calculates the temperature,
solutal concentration, ﬂov:r field, and fraction of solid for a solidifying binary mate-
rial, in particular NH;CL-H,0. An overview of the code features and capabilities

are listed in Fig. III-1.

MODEL FEATURES AND CAPABILITIES

Domain: Quartz Cuvette and Ammonium Chloride/Water Solution
Type: Transient, 2-Dimensional, Single Fluid, Two-Phase
Output: Temperature, Concentration, Velocity

Fraction of Solid, Other Properties

Relevant Dimensionless Parameters

Figure III-1. Model features and capabilities

The model is specifically configured to mimic the CAST vertical directional
 solidification experiments?~® for the binary material NH4Cl-Hz0, including the
boundary conditions. For example, the temperatures in the experiments are com-

puter controlled via thermoelectric devices on the top and bottom of the quartz
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cuvette. Accordingly, the top and bottom temperatures in the code are specified
on the outside of the quartz and the model solves for the temperature throughout
the field, including the solution and the quartz container. As with the experiments,
these controlling temperatures are specified as polynomial functions of time. The
heat exchange with the environment for the exposed front, back, and side walls is

included via a Newton cooling model.

In the experiment, the density changes due to solidification and due to ther-
mal contraction require that fluid be added to the cuvette via a supply tube in
order to avoid bubble formation and container breakage. This physical compli-
cation caused by the density variation is often avoided numerically by assuming
that the density of the liquid varies only in the body force term (the Boussinesq
approximation), and by also assuming that the density of the solid and liquid are
equal. In the FTM, the densities of the solid and liquid are each treated as func-
tions of temperature and solutal concentration. Thus, the expansion flows due to
cooling and solidification are fully modeled. In order to account for the influx of
fluid into the domain, the code provides for a source of the fluid at the numerical
control volume corresponding to the physical location of the fluid resupply tube

attached to the cuvette.

The distribution of phases of the NH4Cl-H2O in a given control volume is dic-
tated by the net energy in the cell, the solutal concentration, and the equilibrium
phase diagram coupled with nucleation conditions. If the nucleation criteria (to
be discussed in the section on phase transformation), are not satisfied in a partic-
ular control volume, then the fluid is allowed to undercool and a non-equilibrium
condition results. This situation is known to exist in nature and is necessary
to achieve good correlation between model predictions and experimental results.

When solidification does occur, the dendritic solid is assumed to be stationary.
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The solid-liquid mixture which constitutes the mushy zone is treated as a con-
tinuum and the momentum exchange between solid and liquid in the region is
modeled using Darcy’s law. These and other assumptions of the model are listed

in Fig. I1I-2.

MODEL ASSUMPTIONS AND LIMITATIONS

Two-Dimensional

Laminar Flow

Zero Velocity Solid

Newton Cooling for Environmental Heat Transfer

Zero Diffusion in the Solid

Negligible Solute in the Solid

Darcy’s Law in the Mushy Zone

Nucleation a Function of Undercooling and Pre-existing Solid

Local Thermodynamic Equilibrium once Nucleated

Figure I1I-2. Model assumptions and limitations

The assumptions listed in Fig. III-2 have the following significance. In mod-
eling the CAST ground system, the most significant model limitation is that of
two-dimensionality. Even though the CAST experiment is designed as a pri-
marily one-dimensional, unidirectional solidification study, it has inherent three-
dimensional aspects. This is particularly true during and immediately after the
transition to convection dominated growth. Prior to that transition, however, the
two-dimensional assumption will be shown to be a reasonable approximation. Ex-

perimental observations indicate that the assumption of laminar flow is another
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model feature that is valid for the diffusion dominated growth phase, but inade-
quate for the fully convective growth stage. The third assumption in Fig. III-2,
zero velocity solid, is valid for the stages of growth modeled here since the con-
vection is not vigorous enough to break and transport dendrite arms. The sim-
plification of no diffusion in the solid is based on the low diffusivity of the solute
(water) in solid NH,Cl-H,0. Similarly, neglecting the water in the solid is based
on the small partition ratio (k = .004) for the material.’

A result of the above boundary conditions, assumptions, and limitations is
that three empirical terms must be defined in the model. These are the heat
transfer coefficient for the Newton cooling at the walls, the geometrical parameter
for the nucleation criteria, and the resistance coefficient used in the Darcy term.
All other input parameters for a given run are dictated by experimental boundary
conditions. Given these boundary conditions and empirical coefficients, the FTM
applies the basic principles of conservation of energy, solute, momentum, and
mass, coupled with the properties of the material to compute the properties of the
medium. Details of how these conservation equations and equations of state are

solved are provided in the following sub-sections.

Conservation of Energy
Conservation of Energy: Basic Equation

Based on the Bennon and Incropera continuum model,%¢ the energy equation

for the binary solution is

a -t -
ét-(glpzhz + gspshs) + V- (qipiVihi + gspsVahs) =V - [(9sks + k) VT). (1)

In the above, T is the temperature of the solid or liquid, and g, and g; are the

volume fractions of the solid and liquid, respectively. The solid and liquid densities
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are given by p, and p;, and 17, and 171 are the corresponding velocities. The solid
and liquid conductivities are k, and ki, and the solid and liquid enthalpies are h,
and h;. The enthalpies are related to temperature using two-dimensional truncated

Taylor series,

6h1 Ohy

7T~ To)+3 (Cl Co) + hio(To, Co) (20)

h, =~ 5:-[11(11 - To) + 5?:(03 - CO) + h’o(TO’ CO) . (2b)

The temperature, Ty, and the concentration, Cy, are the reference temperature and
concentration. Since the conservation equations deal only with relative enthalpy,
the liquid enthalpy at the reference point, h;,(Tp,Co), can be arbitrarily set to
zero and the solid enthalpy at the same point, h,,(To, Co), becomes equal to the
negative of the latent heat. In addition, for ammonium chloride and water, the
change of enthalpy with a change in liquid concentration gg is negligible. With
these simplifications for the enthalpy and the assumption that the solid is rigid,

(V, = 0), the conservation of energy can be rewritten in terms of temperature:

0 Oh oh, oh,
2 [gzpz ( Ohi p _ To)) + gaps (a_:r(T ~Ti)+ S - Co) + h)]

+V- [g,p,V, (%(T - TO))] =V [(g5ks + k) VT] . ¥

Regrouping gives the energy equation used in the numerical model:

0 oh Oh,
5 [(gzpz a:,f + 9sPs aT) T] +V- [gzszx ] V-[(gsks + gik1)VT]+S (4a)
where

a oh; Oh, Oh,
S = 5 [91/’1 5T To + gsps (8T —To - %’;(Ca - Co) - hao)]

~ (Ohy
+V- [glPlVl (ﬁTo)] .

(4b)
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Conservation of Energy: Control Volume Ezpression
The partial differential equation from above is integrated over a control vol-
ume using the implicit method outlined by Patankar.”® A sample energy control

volume is provided in Fig. III-1. Integrating the conservation of energy over the

control volume gives:

AzAy Ok Oh, 0 o_a_hz 0 .0 Oaha o)
At [(glplaTT+gapaaT )_ (glpl aTT + 9sPs aTT (5)

+Je— Jw+ Jn —J, = SATAY

where the J’s are the net energy fluxes across the control cell faces. These fluxes
include convection in the liquid and diffusion in both the solid and the liquid. As

an example, the flux at the east face is:

oT oT
Je — FeTc — Ay g1, k(e (5;) - Ay *gs. kae (_a_;) (6)

where F, is a modified mass flux defined as the actual mass flux, Flux,, times the

L

specific heat:
F, = Flux.-Cp,, where Flux,=Ay-gpiu, (7)

The source term, SAzAy, for the cell is:

AzAy ah, Oh, Oh, new
At aT° T ° "~ ac, 0) = hay p

_ Azhy dhy oh, oh, od  (g)
A [glPIaTT0+gapa <6TT - aC’(C’ —CO)_h’o)]P

+(F,—Fy+Fo—F,)-To+5,T +5.
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The ‘new’ and ‘old’ notations in Eq. (8) refer to the current and previous time
step values for the bracketed variables. The terms, S,T and S., have been added
in Eq. (8) to account for external energy sources. For example, $,T and S, can be
used to introduce a Newton cooling term. The S. term is also used in the domain
to account for the energy influx which results from mass addition at the supply
tube. In addition, the source term, S., may be used as a means of introducing error
corrections, as will be explained later. (Note that in the following discretization,
the S,T term will be moved to the left-hand side of the above equation since it

depends directly on the control volume temperature.)
Conservation of Energy: Assumplions

Equations (5)-(8) represents the conservation of energy in the control volume
centered on point ‘P’. This equation states that the change in energy in a cell
over time must equal the net flow of energy across the cell boundaries plus any
internal additions of energy over the same time interval. The principle difficulty
in applying the above equation is expressing the cell boundary terms as functions
of parameters stored at the cell centers. Since most of the parameters associated
with the energy control cell, such as pressure, temperature, concentration and the
physical properties, are either calculated or specified at the cell centers, a number
of assumptions must be made in order to determine the gradients and other values
at the cell faces. This ‘spatial’ offset of parameters requires that values be extrap-
olated either from node to face or from face to node. This necessary extrapolation
leads to significant complication of the linearized equations. More importantly,
the choice of the interpolation method may affect the solution convergence rate

and could even influence the final solution.
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The velocities, u;’s and v;’s, and the fraction of liquids, ¢:’s, are directly
calculated in the conservation of momentum and phase change subroutines and

stored at the cell faces, but the remaining parameters, T, p;, ki, ks, Cp,y Cp,,

(-g—f) ; and (g—:)’, must be interpolated or calculated based on nodal values.
To accomplish this, several assumptions are made. The solid and liquid thermal
conductivities, k, and ki, at a cell face are assumed to be the harmonic average
of the values at the adjacent cell nodes. The advantage of a harmonic average for
the conductivity, as opposed to an arithmetic average, is that harmonic averaging
ensures that the energy fluxes across the cell face are consistent.”® The gradient of
the solid temperature at the interface, (%%) , is based on a linear temperature

8
profile between the adjacent nodes. For the liquid conduction and convection, the

Oz

face, are based on the exact 1-D solution for the temperature distribution between

. .. oT
temperature, T, and the gradient in the liquid, (—) at the control volume cell
{

two points with fixed velocity, u, fixed density, pi, fixed conductivity, k, and fixed
specific heat, Cp;. The values of p; and Cp; incorporated in this one dimensional
approximation are the upwind values. A summary of the assumptions discussed

thus far are listed in Fig. I11-4.
Conservation of Energy: Discretized Fluzes

The above assumptions do not provide a direct means of computing the flux
terms, J., Jw, Jn, and J,, in Egs. (5)—«(8). The discretized expressions for those
flux terms are derived in this sub-section. The terminology and basic approach
used are consistent with that used in Patankar’s text.”® The first step is to move

the S,T source term to the left-hand side, and define the following diffusive flux

coefficients,
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1) Enthalpy is approximated as a function of temperature,
hi = Cp - (T - To)

Oh,
hy = Cp, - (T —Tp) +

aC,

(Cy - Cy) — L.

The above is the Taylor series given in Eq. (2) with hy, set to zero,
h .
% - (C; — Cp) assumed negligible, and hier, set to the negative of the
!
latent heat —L at Tp,Cy. The term gg" - (Cs — Cy) is retained and
s

used to ensure the correct latent heat for pure water or pure NH CI.

2) The solid and liquid temperature are equal in a cell:
T, = T,

3) The conductivities at the cell faces, k, and ki, are evaluated by harmonic
averaging:

kip ki , :
b = —tekilp d
1. P (uniform  grid)
ky, = L (uniform grid)

¢ kyp + kog

4) The density and specific heat at the faces are upwinded:

p'e = plup
Cp. =Cp,,

5) The temperature gradient between nodes in the solid is assumed linear:

oT\ _Tp—Tp
0z ,e_ LY

Figure I1I-4. Discretized energy equation assumptions
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A * e.ke Ay' l—gc .kae

Dy, = Y 59;_ I ’ D,, = ( &te’ )
D, = Av-an -k p. =Ay-(-g.) k.,

tw 6Ty ’ fw 8Ty ©)
D, = Az gk, D _Az-(1—gi,) ks,

In 6yn ’ 8 = 6yn
Dy -_-MIL D _Ax'(l—g'o)°k’-

y 8y, ’ s 8y,

so that the energy conservation Eq. (5) can be rewritten as,

AzAy
At

L (mCoiTrg1 + psCpsTrgs) — (P}CP Tha! + p3CP)TRgS)] (10)

+Je=Ju+Jn—J,—SpTp=10

where now, a sample flux term such as Eq. (6) is as follows:

aT aT
J.=F.T. - D, bz, - (5;):. - D, - bz. - (-3;) (11)

and the right-hand side of the energy equation has been regrouped to give:

AzAy
b=S.+To- [(nCpigi + psCpsgs) = (ICPIGH + P3CPeGs)] —17—

Bz8y (1 % o ) (pegs — 2040
At (L 3C, (Cs CO)) (Psga paga)'
(12)

The ‘b’ in this formulation of the conservation of energy equations is similar to the

+Ty-(F.— Fy+F,—F)+—=2

source term SAzAy in Egs. (5)-(8) except that S,T term has been moved to the
left-hand side of the energy equation and the specific heat, -g—;, has been relabeled
as Cp.

As mentioned at the beginning of this section, before the conservation of
energy equation can be solved, the unknown energy fluxes at the cell faces, Je,
Jw, Jn, and J,, must be expressed in terms of known values stored at the cell

centers. The approach’® adopted here is to compute the fluxes at the cell faces
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based on the exact solution for one-dimensional steady state flow between nodes.
For example, consider the east face flux. If the density, velocity, and specific heat
between nodes ‘P’ and ‘E’ (see Fig. III-1) are considered constant, then the flux

through the liquid at the east face as given in Eq. (12) has the form

J;(m) = KlT(:E) - K2 (-aa%) (13)

where, Ky = F, and K; = D, 6z.. Since Ji(z) in the above equation is constant

over the interval (the assumed profile is steady-state), the equation for Ji(z) can

o-(5)-%(5): -

The temperature distribution which satisfies this equation is

be differentiated to give:

T(z) = Cie¥1/K2 1 O, (15)

where, in order to satisfy the boundary conditionsof T=Tpatz =0and T =Tg

at = = 6z., the constants C; and C2 must be

C = Tg—-Tp
1= (K1 /K2)6ze — 1 16
C;=Tp-

o(Ki/K3)bze — 1

When this temperature distribution is substituted into the equation for the
flux in the liquid, Ji, and evaluated at the convenient location of z = 0 (remem-
bering that for this one-dimensional steady state approximation the energy flux is
constant between z = 0 and z = éz., so that it can be evaluated anywhere in the
interval), the flux of energy through the fluid at the east face, Ji,, is determined
explicitly as,

Tg - Tp
J,e =K; |Tp - e(K1/K2)xbz. _ 1 (17)
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or, substituting for K; and K,

Ji,=F, [TP— Tp — Tp ]

e(Fe/D) — 1 (18)
When this expression for the energy flux through the liquid at the east face of
the control volume is combined with the energy flux through the solid the resulting

total east face energy flux [Eq. (11)] becomes

F, F,
Je=FeTP+ [e(Ft/D’e)-—l] TP [ (FG/D'e)—l] TE DaeTE+D8¢TP° (19)

By analogy, substituting W for P, P for E, and w for e, gives an expression for

the total energy flux through the west cell face

F, F,
Jw =F,Tw+ [m] Tw— [m] Tp-D, Tp+D, Tw. (20)

When the above expression for the energy flux across the east and west face of the
control cell is substituted into a one-dimensional version of the energy equation

[Eq. (10)], it can be arranged in the form,

apTp = agTe + awTw + abTS + b (21a)
where
A
ap=aE+aw+(F¢ Cp,(l—gl)]—Sp
F,
ag = —=—5—— + D,
(Fe/D:.) _— e
et/ it (21%)
W= TEp,y —1 T Dow t Fe
AzAy
ap = —— [p{Cplgi + psCPa(1 — g7)]
and
AxA
b=5.+Ty- [(9CPigi + psCpags) — (p2CH Y + p2CPY)] =t
(21¢)

s — CO)) ' (paga - ngg)-

AzA h,
4Ty (F, = F,) + ==Y (L—a (C

At oc,
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Paralleling the development in Patankar,”® but including the extra terms due
to the solid, the exponentials in the east and west coefficients, (a. and a,,), are |
approximated as follows.

The east influence coefficient ag is first divided by D, giving,

ag — (Fe/Dle) D’e
Dle - e(Fe/Dle) — 1 + Dle ) (22)
Next, a local Peclet number is defined for the east face,
.z - F
Pe, = Y 5$ek‘(CPlPl)e - D: ’ (23a)
and is substituted into Eq. (22) giving:
agp Pee D,e
D, Fe-11D," (230)
. e 70 Pe, .
A power-law approximation ° for Pe. 1
Pe
Fe 1~ Pee Pe, < ~10
P.
e~ (1 0.1Pe.)® — Pe. —10 < Pe, < 0
Pe, s (24)
eTee—_—lz(l—O.lPee) OSPeeSIO
_Pee 0 Pe, > 10.
ePee — 1
The above four equations can be condensed to the form
Pe, 5
e—Peg—_l'%[O,(l—O.l IPCe |) ]+[0,—Pee]’ (25)

where the brackets imply that the maximum value inside should be used.

aE
D,,
equation for the east influence coefficient,

Substituting into the expression for and multiplying by D;, gives the desired

ag = D [0,(1-0.1]| Pe, |)°] + [0,—F.] + D... (26)
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For the west influence coefficient, aw, a similar substitution yields,

aw = Dy, [0,(1 = 0.1| Pey, |)°] + [0, + Ful + Ds, - (27)
Conservation of Energy: Final 2-D Discretization Equation

With the power-law expressions for the fluxes, the conservation equation can

be written in the final two-dimensional form used in the code:
apTp = agTe + awTw + anTnN + asTs + a(}):TIO: +b (28a)

where the influence coeflicients are

ag =Dy [0,(1-0.1| Pe, |)°*] + [0, —F.] + D,,
aw = Dy, [0,(1 = 0.1 | Pey, |)°] + [0, +Fu] + Ds,
an = Dy, [0,(1 — 0.1| Pey |)°} + [0, —Fa] + D.,

as = Dy, [0,(1 = 0.1 | Pe, |)°] + [0,+F,] + D, (28b)

ap=ag+aw +an + as + (Fe = Fy + F, — F}))

AzA
+ Zt Y [0iCrigi + p,Cps(1 — g1)) = S,
AzAy
ap = —— [piCrigl + PsCP(1 - 91)] -

The source term is

AzA
b=S.+ To - [(0iCpigi + psCpsgs) — (0] Cpig} + PSCPIg0)] —Z—tﬂ
+Ty-(F.— Fy+ F,— F,) (28¢)

AzA aha
Az y. (L - aC, -(C, — Cref)) (psgs — ngg)-

The modified Peclet numbers are

+

Pe. = F,/D,,
Pe, = F,/Dy,

(28d)
Pe, = F,/Dy,

Pe,=F,/D,,.
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The modified mass fluxes are

FC = (Ay .gle “Ue - plup) ) Cplup

Fo=(Ay- g1, " uw-pi,,) Chiy,

(28e)
F" = (Az *Gly " Un plup) : Cplup
Fy=(Az-gi, -v.-p1,,) Cpiyyo
and the diffusive flux coefficients are
Ay-qi, - ki Ay-(1—g1,) ks
= — Da — 2 e
DIe 633 ? e 5ze
Dl —_ Ay.glw.k’w’ Da —_ Ay.(l_glw).k‘w
v 6y v 6Ty (28)
D =Az.gln.kln D _Az.(l—gln).kan
T Gy " 5y
Dl‘=Ax-g1,-kz,’ D,‘=A$'(1_g")'k".
6.% 6y,

Conservation of Energy: Additional Sources

The above equation set is the final form used in the model. The presence of

the source terms, S; and S,, allows one to include additional effects.

Mass Addition:  One capability provided by the source term is the ability to
account for energy sﬁpplied by mass addition. This is critical in the current
application since mass is added to the computational region. This mass addition
is necessitated by the density changes inherent in the physical experiment. In
the laboratory, mass is added via a supply tube. In the model, the mass and
corresponding energy addition are accounted for via the S, source term. The
mass entering the domain is assumed to carry an enthalpy approximately equal to
the cell enthalpy of the previous time step. Accordingly, the source term, S, in

Eq. (28) is supplemented as follows:

Se =S, + h° -, (29)
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where A° is the previous time step cell enthalpy and i is the mass gain per second.
Newton Cooling: The source terms S, and S, can also be used to approximate the
effect of heat loss to the external environment. In this case, the energy lost from a
control cell is based on its exposed surface area, the temperature difference between
its own temperature, T, and the ambient, Tyoom, and a heat loss coefficient, hcoe-
This newton cooling effect is applied on all external cell faces. The specific term

is as follows:
SpT + Sc = —hcoet - area « T + heoet - area - Troom. (30)

Error Correction: The source term can also be used as a convenient means of cor-
recting the false energy source introduced by continuity errors. Since the velocity
field is also part of the iterative solution, continuity errors necessarily occur. The
effect on the energy equation can be illustrated by the following example. Given a
constant temperature flow field without any phase change, the temperature should
remain constant throughout the field. However, if there is a perceived mass influx
due to a continuity error, that mass error carries enthalpy with it and the conser-
vation of energy will respond to the corresponding influx of energy by raising the
average cell temperature, compounding a continuity error into an energy error.
The conventional solution” to this problem is to subtract the continuity equation
multiplied by the temperature from the energy equation during the derivation of
the discretization equations; thus, eliminating the flux terms from the discretized
equations. For a two-phase problem, the inclusion of a continuity error correction
term is not as straightforward. The main difficulty is that the average enthalpy
term is not a simple function of the temperature but also depends on the amount
of solidification. The approach adopted here was to include this error correction

term in the S, source term.
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The first step is to determine the continuity error for the cell,

AzA
= [(eha? + P293) = (P19t + ags)]

(31)
— Flux, + Flux,, — Flux, + Flux, + Smass = Masseror

where Spass is a legitimate mass source for the cell (e.g., at the supply tube)
but Masserror represents an unaccounted gain of mass. As a first approximation,
this mass error is assumed to be gained at the previous time step liquid enthalpy.
In order to compensate for this error, the erroneous source is subtracted via the

source term:

S. = 8. — h - Masserror (32)

Conservation of Solute

Conservation of Solute: Basic Equation

The conservation of solute (water) for the binary solution®® is expressed as:

0 - .
'aj(glﬂlcl + 94p5sCs)+V - [gzszzcz + g.,p,V,C,] = ()

V. [gaPaDaVCa + glPlDlVCI] .
Assuming that the solid is rigid, (V, = 0), and rearranging terms gives the solutal
equation used in the numerical code,

9 .
=—(g1p1C1)+ V - [yszzCz] =V . [gpDiVCi]
ot (34)

0
+V. [gaPaDaVC.s] - ét‘(gapaca)
where C; and C, are the weight percent of water in the liquid and in the solid,

respectively. The diffusivity of water in the liquid and in the solid are given by D;
and D,.




Conservation of Solute: Control Volume Ezpression

The partial differential conservation equation for solute is integrated over the
same control volume as the energy equation (Fig. III-1). The resulting equation

for the volume centered around point ‘P’ is:

AzA
At

Y [(niCigi + paCiga) — (A CP g + P2C200)]

(35)

where, for example, the solutal flux at the east face (having substituted the general

diffusive coefficient I in for D) is,

acC, oC,
Je - Fecle - Ay * gleplerle (3;) 9 - Ay * ga,Pa,Pa, (a—m) . (36)

and F, is the actual mass flux at the east face,
F, = Flux, = Ay - g1 p1,u1, (37

and

SAzAY = S,C + S.. (38)

At this stage in the derivation, the source term for the solutal equation is much
simpler than that for the conservation of energy formulation and only includes the
additional terms, S,C; and S, which are added to account for external sources
of solute. As with the energy equation, these external source terms are used to
account for the mass source introduced by a supply tube, and also to compensate
for continuity errors which occur during the iteration process. The source term
does not remain this simple. Eventually, all of the terms which do not contain
the dependent variable C; are collected on the right-hand side of the equation and

considered as an effective source term.
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Conservation of Solute: Assumptions

As with the energy equation, some assumption must be made in order to
express the conservation in terms of the ‘known’ values at the cell nodes. One
assumption for this particular NH,Cl and H,O system is that diffusion in the
solid is negligible, thereby eliminating the solid diffusion contribution to the flux

terms in Eq. (35). The remaining parameters which need to be approximated at
2,
0z

the same as for temperature. The mass flux, F, is based on upwind values. The

the cell faces are F, J, Ci, p1, I'1, and ( . The approximations used are
density and T pair in the diffusion term is computed using harmonic averaging,
and the net liquid solutal flux at a cell face is based on the one-dimensional steady
state solution for the solutal transport between two points with fixed velocity
and a constant diffusion coefficient. A summary of these assumptions is given in

Fig. III-5:

1) The diffusivity in the liquid is evaluated by harmonic averaging:

r, = —ells
¢ Tip+Ty

(uniform grid)
2) The solid solutal diffusivity is assumed to be negligible:
r,=0

3) The density in the diffusion termi is evaluated by harmonic averaging:

lp Pl
ol = PlpPlg

= uniform grid
Plp + Plg ( & )

4) The density in the mass flux term is upwinded:

ple = plup'

Figure III-5. Discretized solutal equation assumptions
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Conservation of Solute: Discretized Fluzes

As with the energy equation, the flux terms in the solutal Eq. (35) are ap-
proximated based on a one-dimensional solution. The above assumptions are first

incorporated into the definition of the diffusive flux coefficients:

D, = 2y 9. el

¢ 5:1:, ’ D’e = 0
Ay-q,-p,T
Dy, = y 916.; Pl 1.”’ D,, =0
oY (39)
Dy, = Az glé.y T, , D,, =0
Dy, = = .glé'y- PI»P,.’ D,, =0.

With these coefficients and some regrouping, the solutal conservation equation
[Eq. (35)] can be simplified to,

AzAy
At

[(plclgl) - (p?CIoflo)]P + Je - Jw + Jn - Ja - CIPSP =b (400)
where the flux terms no longer include diffusion in the solid, e.g.,

_ ‘ oC
Je"'FeCle_Dlg 638' (6$)e (40b)

and the right-hand side is:
AzA
b= S+ = [(PCI2) = (PsCafi)] p- (40c)

The variable ‘b’ represents the collection of all those terms in the conservation
equation that do not include the dependent variable (C;). The flux terms in
Eq. (40) are of the same form as those in the energy equation except there are no
solid diffusion terms. By analogy, the flux of solute in the liquid at the east face of

a numerical control volume in based on the steady state flow between two points:

Ji, =F, Cip — ClE — CIP ] . (41)

e(Fe/Dle) _— 1
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Continuing the derivation gives a combined solutal flux at the east face,

F, F,
J. = Ji, = F.Ci, + [W] Cip — [m] Cig (42)

and a combined solutal flux at the west face,

Fy Fy
Jw =1, = FuCly + [m)—] Ciw — [W] Cip. (43)

Using these expressions for the fluxes, a one-dimensional discretized conservation

of solute equation can be derived for a point P by substituting into Eq. (40) giving:

apCip = agCig + awCiy, + apCl, + b (44a)
where AzA
Az
ap =ag+aw + (Fe — Fy) + y(Plgl)p-SP
- __F
9E = AF/Di) —1
aw =L F (44b)
WeeFaDi)y 1 7Y
AzAy
g = 220 (0g0)
A:cAy

[pOCOfO - PaCafa]p

Again, the exponential terms in the link coefficients, a, and a,, are to be
approximated by the power-law approximation. Using the east face as an example,
coeficient ag is first divided by D;, giving

af - (Fe/Dle)
D;, = e(Fe/Di) —1°

(45)

Defining a Peclet number,

Pee= —=—— = (46)
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gives,
;’i = epff‘_ - (47)
As with the energy equation, ﬁ can be approximated as,
Pe, 5
o7 ~ [0:(1-0.1| Pec "] + [0, ~ Pec], (48)

where the brackets imply the the maximum value inside should be used.
ap
D,

Substituting this expression into that for and multiplying by D, gives,

ag = D [0,(1 - 0.1| Pe, |)*] + [0, - F.]- (49)
For the west influence coefficient, aw, a similar substitution yields,

aw = Dy, [0,(1 — 0.1 | Pey, |)°] + [0, +Fu]. (50)

Conservation of Solute: Final 2-D Discretization Equation

With the power-law approximation for the fluxes, the conservation equation

for solute can be written in the final form used in the code:
apC,,, = aEC“,; + aWC,w + aNC,N + asCIS + G%C?P +b (51(1.)

where the influence coefficients are

ag = D;[0,(1 - 0.1| Pe. |)°] + [0, - F]
aw = D [0,(1 - 0.1| Pey, |)°] + [0, + F.]

an = D;,[0,(1 -0.1| Pe,, )’} + [0, - F,]
. (51b)
as = D;,[0,(1-0.1| Pe, |)°] + [0, +F.]

Az A

Yy
A7 (p1g1)p — Sp

aP=aE+aW+(Fe_Fw+Fn_Fa)+
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the source term is

AzA
b= Sc+ -_At—y [chggg - PaCaga]p ) (51c)
the Peclet numbers are
Pe, = Fe/DI,
Pey = w/Dlw
(51d)
Pe,=F,/D,
Pe, = F,/D,,,
the mass fluxes are
F. = Fluz, = Ay - gi,.p1,u1,
Fy = Fluz, = Ay - g1,p1, U1,
(5le)
Fp = Fluz, = Az - g1, p1,,01,,
F, = Fluz, = Az - g1,p1,1,,
and the diffusive flux coefficients are
D, = Ay-gi. - ol
bz,
D, = Sy pruTie
et 51
D = Az - g, - p1,T, (51)
[ —
OYn
D, = Az g, - pi T, .
6y,

Conservation of Solute: Additional Sources

Mass Addition: Mass, rn, is pulled into the physical domain via a supply tube
and the associated solute is accounted for via the S, source term. As an ap-
proximation, the mass gained is assumed to have the same solutal concentration
as was contained in the supply tube control cell during the previous time step.

Accordingly, the source term in Eq. (51) is supplemented at this specific cell using

S.=8.+C} . (52)
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Error Correction: As with the energy equation, a correction for the continuity
error can be introduced via the S, source term. The mass error for each cell is
computed from the continuity equation and then a correction is made based on the

assumption the solute has the previous time step value of the cell concentration:

S. = S, — CP - Masserror- (53)

Conservation of Momentum

Conservation of Momentum: Basic Equation

The conservation of momentum equation for the ‘u’ component of velocity

6 .

derived by Bennon and Incropera®® is:

%(pﬁ) +V- (VD) =V- (Z ﬂkv(gkuk))
p (54)

s = _ o
-v. (}:pk(vk ~V)(ux - u)) — 5+ pB; — 4-giu — u.).
k z

In the above equation, p is the average density of the solid-liquid mixture defined
by

P = gip1+ gsPs, (35)
where ¢, is the volume fraction of liquid and p; is the density of the liquid phase
isolated from the mixture. The variables, g, and p,, are the corresponding param-

eters for the solid. The partial density, 5;, is the density of phase k relative to the

mixture and is related to the k—phase density via the volume fraction:

Pr = kP (56)

The ‘t’ in Eq. (54) is time and ‘@ is the z—coordinate component of the average

velocity, V. This average velocity is defined in terms of the liquid and solid velocity
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- 1 = -
V== (ahi+2.7.). (57)
Of the remaining terms, ‘y’ stands for the dynamic viscosity,'p’. represents the
pressure, and ‘B’ is any body force in the z—direction. The last term, %gl(ul -
r

u,), is the approximation to the phase interaction force based on Darcy’s law with

the permeability given by:6®

K. =Ko {(1—_921-)-2-] : (58)

In a slight deviation from Bennon and Incropera’s derivation, the following rela-

tionship,
> Aifhus = (V) + (me ~V)(ue —fz)) (59)
k k

is substituted into Eq. (54) giving

gt'(/’u) +V- (Z -ﬁkvkuk) =V. (Z #kV(gkuk))
k k

M
_9 g _H —u,).
6z+p . Kzgl(ul Usy)

(60)

By using this form of the momentum conservation equation, some of Bennon and

Incropera’s assumptions, such as V(p/p1) = 0 and V-(pf, le-},u,) = 0, are avoided.

Taking advantage of the assumption that the solid is rigid, V, = 0, the summations

in the above equation reduce to single terms containing only the liquid velocity:
E(Pﬂ) +V- (ﬁ,f};u;) =V - (uV(gu)) - %, pB: — g (61)
ot oz K,

Using the same assumption of v, = 0, together with the definition of the velocity

in Eq. (57), the p% term above can be expressed as g;p;u;. In addition, p can be

expressed as p;g; using the definition for p; given in Eq. (56). These substitutions
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result in the formulation of the conservation of momentum used as the basis of

the numerical code:

o ~ 0
E(Pzgzw) +V- (Plngzw) =V - (uV(igw)) — 5% + pB; — T’é’:yzw- (62)

The conserved variable that is sought in the solution of this equation is not simply
u but the variable pair gju;. This approach fits neatly into the general conservation
equation solution scheme,’® and makes physical sense because gju; represents the

total fluid momentum per unit mass in a control volume.
Conservation of Momentum: Control Volume Ezpression

The differential form of the momentum equation [Eq. (58)] is integrated over
a control volume and then discretized to generate a conservation of momentum
equation. Unlike the control volumes for energy and solutal concentration, the
momentum control volume, outlined by the dashed line, is offset from the main

grid, as shown in Figure III-6.

Except for the complication of the offset position of the momentum cell, the
conservation of momentum is treated essentially the same as the other conserved
quantities and is similar in form to both the thermal and solutal discretized equa-
tions with the inclusion of additional source terms. The integrated conservation
of momentum for the ‘u’ velocity is:

dzAy
ot

(gt — pigiu] + Je = Jw + Ju — Jo = Ay(pw — pe) + SézAy.  (63a)

The J’s above are the net flow of momentum across the momentum cell control

faces. The net flow of ‘u’ momentum across the east face is for example:

7]
Jo=F,- (glul)e — Aype ( (gl:l)) ’ (63b)
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where the term, F,, is a modified mass flux. It is modified in the sense that it is
the flux that would cross a fully open east face with velocity u;. The actual mass
flux would be less, due to the reduced flow area, g;,, caused by the solid blockage.
For computational convenience, this g;, term is not included with the flux term
but is grouped with the dependent variable so that (g;u;) can be solved for as a
pair. The motivation for this grouping is the presence of (giu;) in the gradient
term in Eq. (62) and the desire to preserve the general solution form. With the

actual mass flux across a face (east) defined as
Flux, = Aypi, g1, w1, (63¢)

the resulting modified flux is:

_ Flux. _ Aypi g1 w.

F, = . 63d
gi. gi. (63d)

The source term, SézAy, in Eq. (63a) is:
SézAy = pB 6z Ay — %—(g,ul)&cAy + 8, - (giu) + Se. (63¢)

In addition to the body force and Darcy friction, the source terms, S, - (g;%;) and
Se¢, have been added to account for any other external sources of momentum for
the cell. In the current version of the code, these extra source terms are not used,

but are programmed for the sake of completeness.

Conservation of Momentum: Interpolations and Assumptions

Due to the offset grid, the interpolations needed before applying the above
conservation of momentum equation are more complicated than those for the other
conservation equations. Figure III-6 provides the grid notation. The rectangle

outlined by the dotted line is the (j, k) u~momentum control volume. The main
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grid, corresponding to the thermal and solutal control volumes is indicated by the
solid lines.

The modified fluxes at the east and west faces of the u—momentum control
cell (F, and F,,, respectively) must be interplolated based on ‘known’ velocities
corresponding to the centers of the momentum cells and ‘known’ densities corre-
sponding to the center of the main grid cells. This interplotation is done using

harmonic averaging’® as follows:

F, = harmonic average of k) o —SULE)
gl‘(i-*) gle(j-l-l,k) (64a)
Fu="Fe; ;.4
where
Fluxe(ivk) = Ay(k) ) p‘up * (gle(,',k) : UI(’.',‘)). (64b)

The modified flux at the north face of the u—-momentum control cell must also
be computed and is the sum of the appropriate flux from the north faces of the

two main grid control volumes which overlay the momentum control volume:

F, = l:Flux,,p :.1] {Flux,,(h“ k)]

P (65a)

gl“(:+1 k)
Fy=Fo,

where

Fluxn; ., = AZ) * Pryp  (ghngay < ViGay)- (65b)

The diffusion flux coefficients are similar to those defined for the other conser-
vation equations, but require more algebra. For the east and west face of the
u—-momentum cell, the diffusion flux coefficients are directly related to the vis-
cosities stored at the momentum cell faces. The north and south diffusion flux

coefficients, however, must be averaged, based on the overlapping main grid cells




60
and interpolated viscosities, i.e.:
Dy = AYm iy
Az (1)
Dlw = D‘¢(j—1,k) (66 )
a
D - 7 [A-’v(nrzn(,-,.)] +3 [Azu+1>°1’zno+l,.)]
" Sy
Dy, = Dy -1y
where
Fle(j+1,k) = H(j+1,k) (668)

Fl..(,-,.) = harmonic average of (y(j,k) and p(,-,,,.,.l)).

One implication of the above north/south harmonic average of the viscosity
I';, at the north (south) face of the u-momentum cell face is that at a boundary the
boundary cell viscosity has an influence on the effect of the boundary shear. With
harmonic averaging, setting the boundary viscosity to zero (e.g., in the quartz),
results in zero shear at the wall. The correct viscosity for a solid wall is, instead,
an infinite solid viscosity in the boundary cell. Density interpolation involving the
boundary cell are also required for the flux across the boundaries; but, these terms
are inconsequential in this application since these boundary fluxes are explicitly
set to zero. One remaining interpolation needed in Eq. (66a) is for the the density
at the cell center, p;., since it is not directly available. This u-momentum cell
density is calculated as the arithmetic average of the density values to the east

and west.

Conservation of Momentum: Discretized Fluzes

If the diffusion flux coefficients defined above [Eq. (66a)] are substituted into

the definition of the net flux such as that for the flux across the east face of the
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u-momentum cell [Eq. (63b)], the result is an equation of the form:

Je=F, - (qiw)e — Dy, - Az (3_(‘%_1;_1_1_2) . (67)

This equation has the basic form:

Ji(z) = K - (gru) — Ko (ﬂg‘f’—)) . (68)

This form is similar to the flux equations for the other conserved quantities
[Eq. (13)], and the resulting discretized equations are also similar. This set of
finalized two-dimensional discretized momentum equations is provided in the next

section.

Conservation of Momentum: Final Discretized 2-d Egquations

Defining an effective velocity component ‘u’ as:
u = qiuy, (69)

and using the one-dimensional approximation for the fluxes referred to above, the
r—direction momentum equation at a point, P, can be expressed in terms of a

source term, a pressure term, and the influence of its four nearest neighbors as:

apup = agugp + awuw + aNuy + agug + b+ area - (py, — pe)- (70)

The coefficients aup, Gug, Guy , Guy, and ayg are referred to as the u-momentum
link coefficients since they link the velocity at point ‘P’ to the neighboring values
of velocity. Using the code notation for the staggered grid and the additions of
the subscript, u, to denote that these are the momentum link coefficients for the

‘u’ velocity component, the notation for this equation becomes:

QupU(jk) = Qupth(j41,k) T Quw U(-1,k) T Quy U@ k+1) T CusU(jk-1)

(71)

+ bug; iy + By - (PGE) — PG+1,5))
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where j, k are the indices for the two dimensional variable arrays. In the above
equation, each u(; ) has its own set of momentum link coefficients which, based
on the power law scheme, are defined as follows:

Qup = Qug + Quyy +aun+au5+(Fe_Fw+Fn_Fa)

62 () Ay(x) [
At (o1, - G1eG.] = | SPiwy — E&CAy

awy =Dy, [0,(1-0.1] Pe, )°] + [0, -F.]

auw = D1, [0,(1=0.1| Pey, |)°] + [0, +F.)

(72a)
auy = Dy, [0,(1 - 0.1 | Pe, |)°] + [0, — Fy]
= D,,[0,(1 = 0.1| Pe, |)°] + [0, +F.]
a?”, 5$(J)Ay(k) [ En .,)]
b= aup Uold + (Sc(,.',,) + pB,&xAy) ,
and where the modified Peclet numbers are
Pe. = F./D,,
Fow = Ful D1 (725)
Pe, = Fy /Dy,
Pe,=F,/D,,

based on the definitions of the modified fluxes, F’s, and diffusion coefficients, D;’s,
given in Eqgs. (64), (65), and (66).
For the upwind scheme the above coefficients reduce to:

Qup = Qyug T Qyy + Auy + Gy +(Fe—Fw+Fn—Fa)

6z () Ayx) n
— At let, - 91e.] = { Py = E‘S“’Ay
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Qug = Dl¢ + [09 —Fel
Quyy = Dlw + [0a +Fw]

Qyy = Dl,. + [01 _Fn]
(73)
aus = D', + [0, +Fa]

bz (nA
0o _ 9TW)AYK) [ o 0
w T T A [” Iy 'glw»n]

b=a? -u+ (Sc(,.',,) + sz5sz) .

a

up
Conservation of Momentum: Additional Sources

Two sources of momentum have already been included in the formulation of
the discretization equations provided in Eqs. (72) and (73). These sources are the
Darcy friction, I’:,—:(gzuz)ész, and the body force term, pB,ézAy. The value of
the constant, Ko, used in this study®” is 5.56 x 107 cm?. One note concerning
the body force term is that in the FTM the density in this term is assumed to
be the liquid density, as opposed to the éverage density as derived in the Bennon
and Incropera formulation,%¢ [Eqs. (54) and (55)]. The use of an average density
would be necessary if the solid moved with the fluid, but is not required in the
current study.

An additional, potential source of momentum is the fluid entering the cuvette
from the supply tube. However, since this flux is normal to the two-dimensional
plane modeled by the FTM, it does not introduce any significant u or v momentum
into the domain. Accordingly, the momentum source at the supply tube is set to
zero. The result is that the mass from the tube enters the solution domain with

no u or v velocity and is accelerated to the local velocity.
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Conservation of Momentum: Velocity Corrections

The above derivation has provided a conservation of momentum equation that
includes an additional unknown, the pressure field. Accordingly, a relationship be-
tween the pressure and velocity must be established before the system of equations
can be solved.”® Given the best estimate of the pressure field, p*, an estimated

velocity field, u*, is calculated which satisfies Eq. (71) from:

Gupl(jx) = Za“nbu;b + by + Ay - (P(i k) — Pi+1,6))> (74)

where the subscript ‘nbd’ is shorthand for the neighboring points. The solution to
the above does not necessarily satisfy conservation of mass. The true pressure, p,
that satisfies both conservation of momentum and mass can be expressed in terms
of a pressure correction as p = p* +p' and the corresponding correct velocities, u’s,
can be expressed as u = u* +u', where p’ and «' indicate the pressure and velocity
corrections to the original estimates. Substituting the expressions for p and u into

the momentum Eq. (71) and subtracting Eq. (74) for the starred quantities gives

Qupt(jp) = Z Qupy inpy + AY - ({5 16) = Pli+1,5))- (75)

Neglecting the Y a,,,u’,, and dividing by a,, yields

uGky R i) + de(P( k) = Pit1,k)

76
4, = B¥) (76)

Qyup

The neighboring correction terms, Y a,,,ub;, are neglected since as a correction
they will converge to zero. This equation is the basis of the velocity/pressure
correction relationship used in the original ‘SIMPLE’ algorithm development by
Patankar.” Since in the initial stages of iterating to a solution, the neighboring
corrections may not be small, Van Doormaal and Raithby’! recommended a mod-

ified algorithm, SIMPLE-C, in which the 3 ay,,u{; ;) is subtracted from both
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sides of Eq. (75), and then the term Y aq,, Uy — 2 @Gu,, Y(; 1) is neglected instead
of ¥ a,,,u',; to obtain a better initial approximation of the velocity as a function

of pressure correction as follows:

Uk N Ui xy + de(p{,-,,,) - sz+1,k))

dc=( Ay ) (77)

Gup = 2. Gupy
The only difference between the Doormaal and Raithby and the Patankar expres-
sion [Eq. (75)], is in the definition of the d, term. (This modification is coded into
the FTM but is not used for the calculations presented in the current work.)
Equation (77) provides a means of correcting the velocity field based on the
pressure corrections. First, however, the pressure correction field must be deter-
mined via the continuity equations.”® The continuity equation for the pressure

control volume is shown in Fig. III-7.

Conservation of Momentum: Pressure Correction Equation

The continuity equation for this volume is:

AzAy
At

[(prg1 + ps(1 = g1)) — (P27 + PS(1 — 7)) — Semase

+ [Plupue - Plupuw] Ay + [p;upv,. - pzupv,] Az =0.

(78)

Substituting ue = ugjk) = ue;,, + de(P ) — Py +1,¢)) and similar expressions
from Eq. (77) into the above continuity Eq. (78), gives,

AzAy
At

[(1g1 + pa(1 — g1)) = (97 + P3(1 = 7))] — Semass
+ [prpve — Plptin) Ay + [p1,0n — p1,v;] AT (19)
+ [, dePp — P1,,dePE] AY — [pro,duwPw — p1,,duPp] By

+ [propdnPp — Plupdnpn] BT — [p1,,dsP's — p1,,dspp] Az = 0.

The above can be regrouped to give the familiar form,

apP;:» = aEP,',J + aw.P{,V + GNPIIV + asP;; +b (80(1)
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where
ap=ag+aw +an +as
Ay
ap = pi,de 91, - By, de= o5y
up Und
aw = QE;_, 4 (80b)
Az,
an = pi,,dn - g1, - Dz, d, = (G = %J:)a )
vp Unbd
@S = QN;,x-1)
and
A:r
b= "= (g} + 221 — 97)) — (pugt + pul1 = 91))] + Smas (€00)

[plup plup w] Ay [Plup Plupv ] Ax.

Conservation of Momentum: Pressure Equation
If a pseudo-velocity, @ x), is defined™ as
QupT(ig) = ) Guny iy + bu
then from the momentum equation [Eq. (74))

ul; ry = UG k) + de(Pp — PE) d. =

(81)

Ay(k)

(82)
ap

While the ‘de’ defined above is different than that used in the derivation of the

pressure correction equation, (since it does not include the Doormaal, Raithby

SIMPLE-C term), the form is the same as Eq. (77). Therefore, substitution of

this expression for velocity into the continuity equation and repetition of the steps

for the derivation of the pressure correction equation gives a similar result:

apPp = agPg + awPw + anPN + asPs + bpress, (83)

where, except for the definition of the d’s, the link coefficients are the same as for

the pressure correction equations [Eq. (80)]

aE = Pl pde - 1. - AY, d, =

AW = GE(j_1,1)

aN = pi,,dn - g1, - A2, d, =

s = GNj,x-1y

Ay(x)

Qup

84
Az(j) (84)
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and the source term is the same if % and v are substituted for u* and v*, giving

a pseudo source term similar to Eq. (80c) but based on the pseudo-velocities

[Eq. (81)]:

AzA
bress = —2 " [(p}0} + 31 = 91)) = (p191 + Po(1 = 90)] + Simass

- [plupae - plupaw] Ay - [Plupan - Plupaa] Ax-

(85)

Conservation of Momentum: The Solver Algorithm, SIMPLER

The conservation of momentum, conservation of mass, pressure correction,
and velocity correction equations are linked together and solved using the SIM-
PLER algorithm.”® Step one computes the link coefficients for the u-momentum
equation using either equation set [(Eq. 72)] for the power law scheme or equation
set [Eq. (73)] for the upwind scheme. Similar coefficients are computed for the
v—momentum equations. Step 1 also computes the pseudo-velocities ¥ and u as
defined by Eq. (81). Step 2 calculates the link coefficients for the pressure and
then uses Eq. (83) in conjunction with the ¥ and v from Step 1 to compute the
pressure field. This new pressure field in then used in Step 3 to compute an im-
proved velocity field using the conservation of momentum Eq. (71). Step 4 solves
the pressure correction based on the continuity error associated with the velocity
field computed in Step 3 and uses this pressure correction and Eq. (77) in Step 5
to again improve the velocity field. The maximum continuity error and the maxi-
mum change in the ‘u’ velocity are then used as criteria to determine whether the
velocity field is converged sufficiently. If not, Steps 1-5 are repeated until either
the convergence tolerances are met or the number of iterations exceeds a preset

limit.
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Phase Change

Fundamental Conssderations

The equations developed above conserve mass, momentum, energy, and solute
but provide no means for determining when a phase change occurs, how much ma-
terial solidifies, and what the relative liquid and solid solutal concentrations must
be. These parameters are determined by the properties of the material. Numer-
ically, the common approach to determine when and how solidification occurs is
to assume the solid and liquid in a numerical control volume are in thermody-
namic equilibrium. In this equilibrium approach, the temperature throughout a
given numerical control volume is assumed uniform and equal in both the solid
and liquid phases. The solutal concentration in the liquid, Cj, in a control vol-
ume is assumed uniform as is the solutal concentration in the solid, C,, with the
relationship between the two at a given temperature directly determined by the
equilibrium phase diagram. The fraction of liquid, ¢;, in the control volume at a
given temperature and solutal concentration is based on conserving the net solute,
C.,, in the cell. This relationship is given by: C, = ¢;Ci + (1 — ¢;)C, and is known
as the ‘equilibrium lever rule.’’® The rationale for this approach is that for suffi-
ciently small control volumes the solid and liquid are in close proximity and the
diffusion distances are small. Even for a small numerical control volume; however,
the assumption that the concentration in the solid is uniform may not be valid.
In the limit of zero solid diffusivity, only the solid in contact with liquid is at the
equilibrium concentration dictated by the phase diagram. Thus, a non-uniform
distribution of solute in the solid, known as coring results. This effect can be
modeled by using the ‘Scheil’ equation®® to determine the fraction of liquid and

concentrations for a control volume based on the equation, (C; — C;)dg; = ¢:dC],
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where C? is the solid concentration at the solid-liquid interface. The Scheil equa-
tion conserves the net solute in a cell but assumes zero diffusion in the solid. In
addition to the lever rule and Scheil equation, other assumptions for the solid and
liquid thermal and solutal profiles in a given control volume may be adopted.®* In
the FTM, the equilibrium lever rule approach is used for each numerical control
cell, but only after nucleation has occurred within that cell. A simple nucleation
model is incorporated in the model and is explained below along with the details

of the solidification algorithm.

Phase Change Calculations

For the ammonium chloride and water system, the equilibrium phase diagram
relating the phase to the temperature and concentration was shown in Fig. II-3. In
the FTM, the solidification for each numerical cell is based on the net energy and
solute in that cell, the equilibrium phase diagram, and the amount of solid pre-
existing in the current and neighboring control volumes. If the nucleation criteria
for a given cell are satisfied, the lever rule is applied to compute a new fraction of
liquid based on the net solute in the cell and the given temperature. After this cal-
culation, the net solutal concentration in the control volume has been conserved,
but energy has not. In most models, this discrepancy is corrected later, during
the conservation of energy algorithm, but in the FTM the solidification subrou-
tine has its own internal iteration on the energy, using the lever rule to satisfy the
phase diagram while adjusting the temperature to conserve net energy in the cell.
This results in improved values for the volume fraction of liquid, the temperature,
solid concentration, and the liquid concentration. This approach, while requiring
additional computational effort in iterating for the temperature while computing

liquid fractions, reduces the number of iterations required by the external nu-
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merical loops containing the conservation of energy calculations. Because of the
interdependent nature of energy, concentration, momentum, and mass, multiple
iterations of the phase change along with all the conserved quantities are typically
required before the solution converges to a fraction of liquid distribution which
simultaneously satisfies the boundary conditions, the conservation equations, and

the phase diagram.

Nucleation Criteria

The nucleation criteria in the FTM solidification subroutine require that at
least one of three conditions be met before solid can form in a local numerical
control volume. The first condition is preexisting solid, i.e., if solid already exists
in the control volume from the previous time step then additional solidification is
allowed. The second condition that results in nucleation is sufficient undercooling.
Ammonium chloride-72 wt% water has been shown to undercool from 15°C to
30°C prior to solidification.”® The lower limit, 15°C, was used as a conservative
value for the criterion, since it corresponds to the threshold of possible nucle-
ation due to undercooling. This approach was considered adequate for the CAST
run conditions modeled since this degree of undercooling was not anticipated, as
validated by the fact that during the simulation this second criterion was never
invoked. If the run conditions were modified, e.g. faster cooling rates resulting
in greater than 15°C undercooling, a more sophisticated undercooling criterion
would be needed. The third condition for allowing solid to form in a numerical
control volume is the proximity of solid, i.e., if solid in any of the neighboring
cells exceeds a threshold value. This requirement is a geometrical constraint that
attempts to account for the dendritic structure, by assuming that only if a critical

amount of solid exists in the neighboring cell is there sufficient probability that
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the dendrites in that cell can provide a nucleation site for growth within the given
cell. A rough estimate can be made based on empirical observations of dendrite
geometries and growth rates for the material being modeled. A threshold value of 1
percent volume fraction solid for current simulation was found to give a significant
improvement over the assumption of zero threshold (the equilibrium assumption),

and produced reasonable correlation with mushy zone growth data.

Properties

An accurate knowledge of the properties of the solidifying binary material is
essential. Figure I1-3 gave an idealized phase diagram for the NH4Cl-H20 system.
The phase diagram is idealized in that the liquidus and solidus lines are approxi-
mated by straight lines. At the small length scales (on the order of millimeters)®
and boundary conditions examined in this study, the slope of this line can be sig-
nificant. For the sample case of a 7°C/cm temperature gradient near the mushy
zone, a third of a degree error in the temperature results in a translation of the
liquidus, and therefore the mushy zone, by almost half a millimeter. A change in
solutal concentration of 0.07 weight percent would have a similar effect. These sen-
sitivities point to the importance of incorporating realistic properties values in the
numerical simulation. Fortunately the ammonium chloride and water system has
been well researched and its properties published in a number of sources.*62:73-7¢

The specific method of calculation for each property used in the model are given

below.

Thermal Conductivity

The conductivity of the liquid NH4CIl-H,O is approximately constant over
the range of temperatures and concentrations of the CAST experiments. The

conductivity used in the FTM is 5.02 x 10* —2E which corresponds to 28
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wt% NH,CI-H,0 at 25°C.* Similarly, the conductivity of the solid NH,CL-H20 is
approximated as a constant at 3.93x10* —=E=_ 7 The quartz has a conductivity
of 1.38 x 10° 2L 73
Diffussvity

The diffusivity of the liquid NH,Cl-H, O is approximated as 2.3x 10~ cm? /sec
which is an extrapolation of existing data over the range 0 wt% to 28 wt% NH,Cl-
H,0 at 25°C to 28 wt% NH,Cl-H,0 at 25°C.™* The diffusivity of solute in the

solid NH,CI-H,0 and the quartz is negligible and assumed zero.%”

Density

The density of the liquid NH,CIl-H;0 is computed as a function of the tem-
perature and concentration based on a two dimensional Taylor series expansion.
The series is expanded about 25°C and 72 wt% solute density of 1.0767 gm/cm?
with a constant thermal expansion coefficient, 3; = 2.95 x 10* ;-lc—;, and a con-
stant solutal expansion coefficient, fs = —2.81 x 1073 w—:%-.4 The density of the
solid NH4CIl-H,0 (hypoeutectic) used is 1.5256 £5 corresponding to its value at

cm

20°C."® The value of the quartz density used was 2.2 £ 73

Enthalpy

The enthalpy of the liquid NH,CI-H,O is computed relative to an arbitrary
enthalpy reference line at 18°C. The specific heat % used to compute the en-
thalpy relative to this reference line is calculated as a function of the liquid

concentration,’®
Cp=(43x107*-(100 - C})? — 4.4 x 1072 - (100 — C) + 4.189) x 107 ;g8
and the liquid enthalpy is then calculated based on this specific heat:

hi=C,- (T —18°C).
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The specific heat for the solid enthalpy is also calculated as a function of the
solutal concentration based on a proportional combination of the specific heat for
the solid enthalpy of pure solid NH,Cl and the specific heat for pure ice. The

specific heat for pure NH,Cl is computed from:

(6h,) 1780 X 107 . (9.8 +.0368 - (273. + 18.)) o
9T ) nm,cL 53.49

The specific heat for pure ice is 2.89 x 107 .—9(55_5;;573 and the combination of

the two is:

(%) - (?L) Lo (3’%) _ (%)

The dependence of the solid enthalpy on solutal concentration is calculated by

a linear interpolation between the latent heat for pure water and pure NH,CL
Since the latent heat, L, for pure NH,CL is 2.764 x 10° gﬁi and for pure water is
3.327x10° ;:n’ ,’% the change in enthalpy for the solid as a function of concentration

is assumed to be:

aha _ 2.764 - 3-327 9 ergs
(ac,) =" 10 <Y e

Combining all the above gives an enthalpy of the solid NH,CIl-H;0 calculated as

oh oh
= 2. — ° ——21. —_ ergs
h, (6T) (T —18 C)+(aC‘) C,—L g

The enthalpy of the quartz is computed based on a reference enthalpy line of zero

at 18°C and a specific heat of 7.54 x 10° .—g’%‘;.n

Viscosity
The viscosity of the liquid NH,Cl-H,O is set to 1.06 x 1072 sz:%;g, the
value at 28 wt% NH,Cl and 25°C.”® The error introduced by the assumption of

constant viscosity is less than 10% over the temperature range from 10°C to 40°C.
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The viscosity of the quartz is set to 1.0 x 10?°. Setting the viscosity of the quartz
to a high number allows the numerical solver to implicitly account for the rigidity
of the quartz rather than having to directly specify its effect on the neighboring

fluild momentum.

Phase Diagram

The liquidus temperture, Tj;q of the NH;Cl-H; 0 phase diagram from 70 wt%
to 80.4 wt% H,O (eutectic) was approximated (o = .83%), as a linear function

of liquid concentration, Ci, Tjiq = 360.03 — [%] C;.”™ The solidus was then

dictated by the partition coefficient, the ratio of the concentration in the solid to
that in the liquid, which has been measured by McCay et al.® as .004. A list of
the property values used in this study is provided in Table III-1.

Numerics

The discretized conservation of momentum, mass, energy, and solute equations,
along with the phase change algorithm and the properties above must be linked
together in an iterative scheme in order to calculate a solution. This interlaced
program structure is outlined in the flow chart in Fig. III-8. The chart reflects the
coupled nature of the equation system. Within a time step, the fraction of liquid
is first evaluated over the domain based on the best estimates of temperature and
concentration. This calculation is followed by the calculation of the density. Next
the flow field is solved to satisfy the momentum force balance and continuity. The
resulting improved estimates of the fraction of liquids, densities, and velocities
are then used in the computation of the transport of heat and solute which will
be passed back to the top of the main loop to provide an improved value for
computing the fraction of solid. The complete process is repeated until tolerances

are met or a maximum iteration number is exceeded.
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TABLE III-1. Material Properties

NH,Cl-72 wt% H,0
Solid Liquid Quartz
Specific heat s5iey 1.61 x 107 3.30 x 107 7.54 x 108
Conductivity sEemy 3.93 x 10 5.04 x 10* 1.38 x 10*
Density (gm - cm™3) 1.53 1.06 to 1.08  2.20
Diffusion Coefficient (cm?- s™!) 0 2.3x 1075 0
Viscosity (dyne - s - cm™2) — 1.06 x 1072 1x10%°
Enthalpy (ergs - gm™!) (-2.56 x 10°  (2.31x 10®  (1.74 x 107
to —1.71 X 10°) to 2.17 x 10°) to 5.40 x 10°)
Thermal expansion coef (°C™!) 0 295x107% 0
Solutal expansion coef (wt%~!) 0 -28x%x107% —
Equilibrium partition ratio 004

The convergence tolerances and maximum iteration numbers associated with
the program structure are an important set of numerical parameters, since specify
the desired degree of accuracy and iteration limits for various blocks of the pro-
gram. For example, the calculation of the pressure in Step 2 of the SIMPLER
flow solver (Fig. ITI-8b), is regulated by a tolerance and maximum number of
iterations for pressure (labeled as toler (pfess) and loop (press)). These two pa-
rameters are critical since the flow field is very sensitive to small errors in pressure.
This sensitivity is the primary reason the model requires double precision and the
tolerance for the pressure is set to the minute value of 1 x 1077 d—c%%‘l, only 10710

of the maximum value of the pressure. The mass error tolerance is another critical
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input and is set to an absolute value of 1.0 x 10~® grams per control volume.
Since the density is critical, the temperature tolerance is set to 0.001°C and the
concentration tolerance to .0001 weight percent water.

As a general rule, all of the numerical tolerances in the model were kept
very small to assure accuracy of the solution. This was done at the expense of
computational time. For a time step of 0.25 sec, a physical second of simula-
tion using a 386/33 MHz personal computer required about 2.5 minutes during
the diffusion dominated growth stage. Once convective breakdown occurred, the
computational requirement increased dramatically to approximately 1.6 hours per
second of simulation. A sample listing of the code is to be released in the Casting
and Solidification Technology (CAST) Final Report, M. H. McCay, NASA CR,
NAS8-37292, Marshall Space Flight Center, Huntsville, Alabama.

One other important numerical feature of the FTM is the choice of grid. The
grid used for the simulation is shown in Fig. III-9. Experimental results® have
indicated that the solutal boundary layer which forms ahead of the liquid-solid
region is on the order of 1 millimeter, thus necessitating the need for a fine grid
in and above the mushy zone. The height of a control volume at the bottom of
the cuvette is 0.125 mm. The lateral dimension of the interior grid cells is 0.625

mm. Even this small scale will be shown to be inadequate to resolve some of the

detailed flow structures associated with the current experiment.
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Figure I1I-8a. FTM flowchart
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Figure III-8b. FTM flowchart (cont.)
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SECTION IV
MODEL VALIDATION
Introduction

Prior to using the FTM to predict solidification in microgravity, a number of
validation cases were run. These cases included basic hydrostatic problems, no-
flow thermal transient predictions, simple flow problems such as Poisieulle flow,
and natural convection of water in a square cavity. A representative set of the

natural convection comparisons is provided below.

The FTM was further validated by comparison with CAST ground-based
data. This comparison provided a more comprehensive test of the model’s capa-
bilities since it included all aspects of the process (conduction in the quartz, phase
change, thermal and solutal convection, etc.) required for the microgravity simu-
lation. The ground-based CAST runs also serve as a reference for the microgravity

predictions.

Buoyancy (Thermal) Driven Convention

The FTM’s ability to model thermally driven flows was tested by comparison
with a set of numerical and experimental data for the natural convection of water
in a square cavity. The experiments used for this comparison were conducted by
Inaba and Fukuda’” and the numerical predictions were computed by Lin and

Nasteel.”®

The natural convection experiments’’ were for water in a tilted, rectangu-
lar test section 1.5 cm tall by 1.5 cm wide by 10 cm deep with fixed side wall

temperatures. The remaining front, back, top, and bottom walls were insulated.
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The depth of the container was chosen by the experimenters to be large relative
to the height and width to make the experiment approximately two-dimensional.
The angles of inclination (about the long axis) ranged from 0 to 180 degrees and
the fixed side wall temperatures ranged from 0°C to 8°C. A test run consisted
of imposing the desired angle and temperatures on the test section and holding
those conditions until the resulting flow stabilized. Particles in the water were
then illuminated and photographed using long exposure times in order to record
the flow pattern. These particle traces constituted the basis for comparison with
the FTM predictions.

The Inaba and Fukuda study was chosen for comparison with the FTM for
two reasons: the properties of water over the temperature range of the Inaba
experiment (4°C + 4°C) are well known,”®® and it provided flow visualization
data for a geometry and Rayleigh number (1.24 x 10°) similar to those of the

CAST experiment. The properties are listed in Fig. IV-1.

p=(1.789 — .0489 - T) - p- 1072, (_L,_d ;;-sec)

p = 0.99997 - [1 — oy |T — 4.029325["894816] (&%)

k = .558 x 10° +.0019 x 10° . T (%)
Cpi = 4.226 x 107 — .0031 x 107 - T. (w25)

Figure IV-1. Properties of water near 4°C as a function of temperature
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The first set of experimental conditions used for comparison was for 8°C on
the left wall, 0°C on the right, with zero inclination (the imposed temperature
gradient was orthogonal to the gravity vector). The time-lapse photograph for the
resultant steady state flow pattern is shown on the right-hand side of Fig. IV-2.
The streamlines predicted by the FTM for these conditions are provided on the
left-hand side of the same figure. The imposed temperature distribution from 8°C
to 0°C generated a pair of vortices. In the middle of the test cell the flow was
downward, corresponding to the maximum density of water near 4°C. Comparison
of the computations and the data shows that the FTM has predicted this basic
flow pattern. The small differences in shape between the predicted and the ex-
perimental streamlines are attributed to three-dimensional effects inherent in the
physical experiment.

As a second comparison, the FTM was used to compute the flow for a similar
case in which the side wall temperatures were the same as above, except the
container was rotated counterclockwise 60°. A comparison of the predicted and
experimental steady state flow pattern for this case is given in Fig. IV-3. Again
the qualitative comparison is good, with small differences in the streamline shapes
probably due to three-dimensional effects.

In order to obtain a quantitative validation for buoyancy driven convection
using a strictly two-dimensional problem, a comparison was made with the two-
dimensional numerical prediction of Lin and Nansteel® for the first of the experi-
ments discussed above (Fig. IV-4). Their numerical model computed the temper-
ature distribution along the centerline of the container and those results are given
in Fig. IV-4 along with the FTM prediction. The two numerical predictions cor-
relate to within 0.25 °C. The difference may be attributed to Lin and Nansteel’s

assumption of constant properties (other than for density).
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CAST Ground Based Runs: Initial Conditions

The quantitative comparison with Lin and Nansteel’s numerical computa-
tions and the qualitative comparison with Inaba and Fukada’s experiments demon-
strated the FTM’s capability to compute the coupled effects of flow and temper-
ature for steady state natural convection in water. This capability is only part
of that required for the modeling of the more complex transient, two-phase, ther-
mosolutal phenomena inherent in the CAST solidification experiments.

The major verification of the model’s capability to accurately simulate all

aspects of the CAST space experiment was accomplished by comparison with

existing data from the CAST ground-based experiments. Three ground-based
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runs were chosen for comparison, each initiated from the same set of initial steady
state conditions. Thus the first requirement for the FTM was to predict these
initial conditions. The method used by the FTM to compute the initial state and
the accuracy of those computations are discussed below.

For the three cases to be presented, the initial conditions consisted of 72 wt%
H,0-NHCl solution with 58.5°C imposed on the top of the cuvette and 21°C
on the bottom. With these boundary conditions, the solution at the bottom of
the cuvette is below the liquidus temperature but above the eutectic temperature,
resulting in a thermally stratified solution with a two-phase dendritic mushy zone
at the bottom of the cuvette.

An intricate process is required to achieve the initial state in the laboratory.
As the first step, solid NH,Cl-H20 must be formed if not already present. Next,
the initial temperature gradient is imposed on the cuvette and held for a ‘suffi-
ciently’ long period to allow the system to stabilize. This procedure involves nu-
cleation kinetics, solidification, dendrite coarsening, convection due to expansion
(pressure driven) flows, and mass transport due to diffusion. In the one-gravity
environment, buoyancy driven flows and settling of dendrite fragments further
complicate the process.

The end result of the above procedure is a set of initial steady state con-
ditions which depend only on fixed boundary conditions. Hence, the method of
preparation of the initial state is not critical if the final boundary conditions are
held sufficiently long to allow the system to equilibrate. In the laboratory, three
hours of thermal hold time is considered sufficient to establish equilibrium, since

additional holding does not result in any perceptible change in the state of the

system.®
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The FTM prediction of the CAST initial conditions is also path independent if
the boundary conditions corresponding to the initial state are held sufficiently long.
This provides the freedom to compute the initial state by the most numerically
expedient computational path. As in the laboratory, it is determined that the
system has attained steady state based on the subjective assessment that the

system is no longer undergoing any significant change.

The specific path used in the FTM to compute the initial conditions for the
three CAST runs under consideration was to first compute a steady state without
gravity and then adjust to one-gravity conditions. This avoided the difficulty of
computing the vigorous natural convection associated with the coarse readjust-
ment of the dendritic layer that typically occurs when the initial temperatures are

first imposed on the cuvette.

The details of the numerical initial state predictions are as follows. The
ammonium chloride and water solution in the numerical domain was input as
liquid NH4C1-72 wt% H,O. The bottom and top temperatures of the cuvette were
fixed at 21°C and 58.5°C, respectively. The temperature distribution between the

top and bottom was estimated and specified (but not fixed) as linear.

The boundary temperatures were then held constant while the model was run
to simulate 160 hours of holding time without gravity effects. The large simulated
run time (large relative to the three hours required in the laboratory) was needed
because setting gravity to zero eliminated natural convection, leaving diffusion
as the only transport mechanism, and thus increased the ‘real’ time required to
obtain equilibrium. Numerically, however, it was still more expedient to simulate
160 hours of diffusion (using one hour time steps) then to simulate 3 hours of
combined diffusion and convection. In order to verify that the 160 hour results

were in fact steady, the boundary conditions were imposed for an additional 1600
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hours using 10 hour time steps. The results indicated that the mushy zone height,
the thermal field, and the solutal distribution had all stabilized to within the

numerical error.

Gravity effects were then included to account for lateral variations in density.
In order to include gravitational effects in the numerical computation of the initial
conditions, the results from the 1600 hour hold at zero-g were input into a second
transient simulation using the same steady state boundary conditions with the
exception of the gravity term, which was set to one earth gravity. For this more
difficult problem, the numerical time step was first reduced to 0.25 seconds and the
boundary conditions held for 10 minutes, followed by 50 minutes of holding using
15 second time steps. The end result was that buoyancy driven flows had developed
due to lateral temperature gradients. As verification that these predicted flows
were steady, the simulated hold was extended to 10 hours using 150 second time
steps. These 10 results were accordingly used as the FTM prediction of the steady

initial state corresponding to the ground-based experimental initial conditions.

The FTM model parameters used to establish the initial conditions are pro-
vided in Fig. IV-5. The first three inputs (i.e., the top temperature, the bottom
temperature, and the solutal concentration) correspond to the initial conditions of
the ground-based experiments. The next input, K,, is the constant in the Darcy
flow term in the momentum equations and relates to the flow resistance in the two-
phase region. The value used is the same as that used by Bennon and Incropera®’
for NH,CI-H,0 and is based on available dendrite arm spacing data. The last two

terms, Tg and heoef, are the room temperature and the heat loss coefficient, used

in the FTM to account for the heat lost from the walls of the cuvette.

The initial steady state temperatures, flow field, solutal field and the mushy

zone height predicted by the FTM are compared with the experimental data below.
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Top Temperature = 58.5°C

Bottom Temperature = 21.0°C

Concentration = 72 wt% H;0 - 28 wt% NH,Cl
K, =5.56 x 107 cm?

Tr = 22°C

heoet = 24000 3

Figure IV-5. Model parameters: Initial conditions

The computed initial temperature distribution is shown in Fig. IV-6. The distri-
bution exhibits a nonlinear profile in both the vertical and horizontal directions
due to heat loss through the side walls and the mismatch between the conductivity
of the quartz container and the solution. Parametric calculations indicate that the
heat lost from the exposed walls is the primary cause of the vertical non-linearity
shown in the Fig. IV-6.

The capability to account for the effects of spatially varying conductivities
is an integral part of the FTM, but the heat lost to the environment must be
included using an empirical model based on a loss coefficient times the temperature
difference between the quartz wall and the environment. Although the FTM is
essentially two-dimensional, this loss is numerically accounted for at all exposed
walls, including the front and back walls. For the CAST ground-based cases, the
room temperature was approximately 22°C and the heat loss coefficient was set
at 24,000 —#5=. This coefficient is roughly four times that for natural convection

on a vertical plate and accounts for the more complex geometry and additional

forced convection in the laboratory.
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The combined effects of heat loss to the ambient and the difference in conduc-
tivity between the quartz and fluid influence the initial conditions in several ways.
One is the lateral temperature gradient in the fluid, evidenced in the predicted
isotherms (Fig. IV-6a). These small lateral temperature gradients are sufficient
to drive flow. The non-uniform initial temperature field also affects the initial
height of the mushy zone and influences the morphology of the system by reduc-
ing the temperature gradient near the mushy zone. This gradient is calculated
to be approximately 6°C/cm compared with a 13.4°C/cm gradient for a linear

temperature distribution between the top and bottom.

The predicted streamlines for the initial condition flows are shown in Fig. IV-
7. Thermally driven vortical rolls are evident in the upper corners with velocities
on the order of 0.005 cm/sec. The FTM also predicts weak roll structures at
the bottom of the cuvette with velocities on the order of 0.001 cm/sec, shown in
the expanded view of the velocities in Fig. IV-7(b). The presence of these flows
is significant since they provide a preexisting perturbation source for convective

instabilities.

The solutal distribution computed for the initial conditions is shown in Fig. IV-
8. The solutal contours and the centerline solutal distribution versus cuvette height
indicated equilibrium to within .005 wt% solutal concentration. In the liquid re-
gion, the bulk concentration is nearly constant at approximately 72.465 weight
percent solute (water). The difference between this concentration and the origi-
nal liquid concentration of 72.00 wt% is due to salt (NH,CL) being preferentially
incorporated into the solid. The resultant bulk liquid concentration coupled with
the equilibrium temperature distribution determines the height of the mushy zone
and the solid fraction. The 0.99 fraction of liquid contour in Fig. IV-9 provides
an outline of the initial mushy zone shape. The mushy zone thickness is relatively

uniform except at the side walls. The detailed distribution of the solid in the
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mushy zone is provided in the expanded view in Fig. IV-9.

The above figures, IV-6 through IV-9, show the initial state of the CAST
ground-based experiments as predicted by the FTM. The primary experimental
data used for comparison with the FTM results were recorded interferometer im-
ages. Since the index of refraction of the ammonium chloride and water is a known
function of concentration and temperature, interferometer fringe patterns are eas-
ily computed from the FTM results, providing a direct means of comparison with
the observed fringe patterns, as shown in Fig. IV-10. The view is the lower two
thirds of the cuvette and the scale is indicated by the grouping of dots. These
dots have a vertical incremental spacing of 1 mm. The interval between fringes
corresponds to a temperature change of 0.457°C. Inspection of Fig. IV-10 thus in-
dicates that the temperature gradient above the mushy zone is predicted to within

0.5°C/cm.

In addition to interferometer images, the initial velocity fields computed by
the model were qualitatively compared with ground-based data obtained using
time lapse photography of suspended neutral density particles. The predicted vor-
tical flows at the top of the cuvette were observed in the laboratory with velocities
on the order of 0.008 cm/sec, compared with the computed velocities on the order
of 0.005 cm/sec. The predicted weak roll structures at the bottom of the cuvette
with velocities on the order of 0.001 cm/sec were not evident in the particle track-
ing photographs. The lack of empirical evidence of the rolls in the lower corners

may be due to the difficulty of using particle tracking for such weak phenomena.

The final parameter used for comparison is the shape and height of the mushy
zone. The predicted curvature of the mushy zone near the side walls Fig. IV-9 is
evident in the experiments and substantiates the isotherm curvature in Fig. IV-6.
The absolute height of the mushy zone, however, is over-predicted as 0.44 mm,

compared to an average measured!? value of 0.34 +.06 mm.




96

(surpejusd) 1yStay ‘sa pmbiy jo uorpoeq (q) (maia [ejuocyy) Mojuo) (B) D,Ig = Inje

-1odurey wojjog 0),G'8¢ = aanjerodusy doy, ‘uolnqruisip pmbi| jo uoldeRI} PIYRIPaL] SUOKIPUOD [BINU] “6-Al a3t g

(o) YipIM
0¢ Sl o'l S0 00
00
uojjoel - pinbiq —- ¢0
o w0 AN (66" = 1)
T auoz Aysnpy vO
{oezo 90
i T |
' q 20 mw mo
S |
Eno.-..-.rﬂ.i Hose  —* O—
wne I 3 .
- =
(ma1A papuedx3) It w
Luonoel4 pinbi 'sa ybisH 81
(@) 0¢
q
0 22
ve
0,012 = dwsy 10g .
0,585 = dway doj 9¢
:suonpuo?) Arepunog 8z

uonoel4 pinbiy :sinojuo)

(a1e15 Apeals) (e)
SUO}IPUO] |elllu] ‘SUoIP3ld N1




Height (cm)

1.2

0.8

0.4

. . _. -
.' .. —p b -
L. . e T
" e == - B
B —
T e

97

0.0
0.0

1.0
Width (cm)

2.0

Figure IV-10. Initial conditions: Interferometer fringe comparison. Top tempera-

ture = 58.5°C; Bottom temperature = 21°C (a) Experimental (b) Predicted



98

This error of 0.1 mm in the predicted height of the interface could be due
to a combination of several factors, including the step function nature of the
interface position due to the finite grid; errors in the properties; the lack of three
dimensional effects; an error in the environmental heat transfer coefficient; or
thermocouple measurement errors introduced through the boundary conditions.
Without specific knowledge on the source of the error, the discrepancy must be
considered a model inaccuracy.

The error in the position of interface was a concern, in particular, for the
prediction of the ground-based runs in which the net height of the mushy zone is
small over the course of the experiment. For the ground base initial conditions,
the 0.1 mm error in predicting the location of the mushy zone front is equivalent
to a 30% error in the mushy zone thickness, which is expected to have some influ-
ence on the convective stability of the system. Fortunately, both numerical results
and the experiments have shown®?8 that for a given thermal gradient (i.e., density
gradient), variations in initial mushy zone height on this order have a weak influ-
ence on the primary growth phenomena such as the development of the inversion
layer, mushy zone growth, and time of convective breakdown. Only the critical
Rayleigh number associated with convective breakdown is significantly affected by
the initial zone height. As such, the 0.1 mm error in the mushy zone height is not
expected to significantly degrade the model’s capability to predict the transient
phenomena, with the exception of the critical Rayleigh number. Accordingly, the
FTM initial conditions as computed above were accepted as the starting condi-
tions for the three ground-based solidification predictions to be discussed in the

next sub-section.
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CAST Ground Based Runs: Directional Solidification

The initial conditions calculated by the FTM demonstrated the capability
to compute steady state conditions for the CAST experiments. The capability
to compute the transient phenomena, in particular directional solidification, was
validated by simulating the directional solidification stage of the CAST ground-
based experiments. The validation is based on predictions of the growth of the
mushy zone, the development of the density inversion layer, the transient two-
dimensional thermal and solutal fields, and the spatial and temporal onset of
convective breakdown. Results of this simulation are presented for the three cases
outlined in Table IV-1.

The 2°C/min cooling rate was chosen as the primary verification case because
of the extensive data available for that cooling rate.® The initial conditions were
those of the previous section. Starting from those steady boundary conditions,
the top and bottom temperatures were lowered at 2°C/min to produce directional
solidification.

The predicted growth of the mushy zone is compared with experimental data
in Fig. IV-11. A similar set of results for the density inversion layer is provided in
Fig. IV-12. The heights in these figures are relative to the floor of the cuvette and
the times are elapsed time relative to the start of cooling. The mushy zone height
was specified as the centerline location corresponding to a 0.99 liquid volume frac-
tion as determined by interpolation, and the vertical coordinate of the centerline
numerical control volume with the maximum density was considered to be the top

of the density inversion. Due to the finite nature of the grid, both heights exhibit

step function characteristics.
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TABLE IV-1. Numerical and experimental run parameters

Parameter CASE1 CASE 2 CASE3

Cooling Rate 1°C/min 2°C/min 3°C/min

Initial Top Temp. 58.5°C 58.5°C 58.5°C

Initial Bottom Temp. 21°C 21°C 21°C

Ambient Temp. 22°C 22°C 22°C

Heat Loss Coefficient 24000 %gi—; 24000 ;Ciff%; 24000 ,—gf:nj-
Bulk Concentration 72 wt% H,0 72 wt% H,0 72 wt% H,0
Permeability const. Ko  5.56 x 1077 cm?  5.56 x 10~7 cm?  5.56 x 1077 cm?

Two sets of predictions are included in Fig. IV-11 and Fig. IV-12. The first set,
denoted by the dashed lines, assumed thermodynamic equilibrium within each
numerical control volume. The second set, denoted by the solid lines, included the
non-equalibrium approximation which incorporates the nucleation criteria.

A comparison of the equilibrium and non-equilibrium predictions with the
experimental data indicates that non-equilibrium effects must be included to ac-
curately simulate the physical process. Without accounting for non-nucleation
effects, the calculations grossly overestimate the growth rates of both the density
inversion layer and the mushy zone. With the inclusion of non-equilibrium effects,
the predictions were improved to within the experimental error. Based on these
results, non-equilibrium predictions were used for all subsequent ground-based and

microgravity predictions.
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The incorporation of the nucleation criterion also provides a more accurate
prediction of the transition from diffusion dominated to convection dominated
solidification, i.e., convective breakdown. In the experiments, this transition is
judged to occur when the the top of the density inversion layer, as indicated by a
thick interferometric null, begins to undulate and form a series of cells.*:5:" Prior to
this stage, the density field is primarily stratified with the exception of some small
perturbations at the side walls. As soon as the null fringe begins to break into cells,
however, the stratified density field deteriorates and strong buoyancy driven flows
quickly ensue.*® For the 2°C/min cooling rate ground-based experiment (Case 2),
the observed onset of breakdown, based on the formation of these fringe cells, was
95 + 10 seconds.®

In the numerical simulation, the onset of dominate convective activity was
best indicated by the net kinetic activity in the domain. The computed net kinetic
energy during directional solidification for Case 2 is given in Fig. IV-13, for both
equilibrium and non-equilibrium predictions. The non-equilibrium prediction of
the net kinetic energy in the cuvette indicated that after 75 seconds of cooling,
convection begins to build rapidly and by 95 seconds the strength of the flow
field, as reflected in the kinetic energy, has increased an order of magnitude. This
predicted kinetic energy profile appears consistent with the significant increase in
convective activity observed in the experiments® at 95 + 10 seconds. In contrast,
the equilibrium model did not predict any significant increase in kinetic energy
until 135 seconds, well past the experimentally observed convective breakdown

time.
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Another indicator of the convective stability of the CAST double-diffusive

system is the combined thermal-solutal Rayleigh number as proposed by Stern®’:

_ 9Bs(AC)L? + 9Br(AT)L?

Ra vD var

’

where ‘L’ is the appropriate length scale, i.e., the height of the density inversion
layer’. AT and AC are the respective variations of temperature and concentra-
tion across this layer. When the resultant combined Rayleigh number exceeds
a certain value, the critical Rayleigh number, the system becomes unstable and
strong convective flows are expected to ensue.

At 95 seconds, the predicted critical combined Rayleigh number is 11,200 as
shown in Fig. IV-13. This value is 1.4 times the experimental® critical combined
Rayleigh number of 8150. The difference between the two can be accounted for by
the fact that the experimental Rayleigh number incorporated a linear extrapola-
tion of the solutal concentration across the density inversion layer to estimate AC,
while the FTM used predicted values corresponding to a more realistic non-linear
solutal profile. Considering this difference in the method of calculating the critical
Rayleigh number and the sensitivity of Rayleigh number to the subjective deter-
mination of the precise time of breakdown, the correlation between the predicted
and observed critical Rayleigh number is considered reasonable.

The next set of FTM results to be examined is the predicted evolution of
the flow field, which directly affects the interface shape, the density distribution,
and the solutal segregation during solidification. A review of the initial conditions
(Fig. IV-7) shows that flows are predicted to be present prior to the initiation of
the cooling phase of the experiment. The FTM predicts steady vortices in each
of the lower corners during the thermal gradient hold. These upward flows are

driven by the warmer side walls.
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Figure IV-14 shows the status of the predicted flow field at the bottom of
the cuvette after 60 seconds of cooling. The initial thermally driven vortices have
increased in magnitude and counter-rotating rolls have appeared deep in the lower
corners. These rolls have a maximum velocity of less than .001 cm/sec. The lower
left of these rolls is evident in the expanded velocity vector plot at the bottom of
Fig. IV-14. These embryonic vortices are driven by the lateral solutal gradients
caused by non-uniform solidification along the cuvette bottom due to the warmer
side walls. If the lower left vortex in Fig. IV-14 were instead directly driven by
thermal effects, the flow would have been clockwise, corresponding to the warmer
side wall to the left.

By 90 seconds, during the transition to convection dominated solidification,
the developing corner solutal rolls have formed doublets and strengthened over an
order of magnitude compared with their magnitude at 60 seconds. Their maximum
velocities at 90 seconds are on the order of 0.02 cm/sec (Fig. IV-15). By 110
seconds these cells extend upward over 0.5 cm and have propagated across the
cuvette bottom as shown in Fig. IV-16. In addition, four new cells are forming
along the bottom of the cuvette as evident in the streamline plot.

The predicted thermal and solutal distributions corresponding to the cooling
phase of Case 2 are shown in Fig. IV-17 and Fig. IV-18, respectively. The tem-
perature field shows the effects of solutal rolls. It also indicates that the lower side
walls are warmer than the neighboring solution, providing the lateral variation in
solidification which creates the lateral gradients in the solutal concentration. Solu-
tal contours, along with an outline of the mushy zone, are provided in Fig. IV-18
for_ 60, 90, and 110 seconds into the cool down. As with the thermal profiles, the
influence of convection is clearly evident after the onset of significant convection

at approximately 90 seconds.
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Examination of the mushy zone outline shows that at 110 seconds the interface is
developing a depression due to a locally high concentration of solute underneath

the solutal plumes. These depressions correspond to the onset of channeling.46

Figure IV-19 provides the predicted centerline solutal concentration as a func-
tion of height at 60, 90, and 110 seconds after initiation of cooling. The linear
segments of the profiles are in the mushy zone where the concentrations are di-
rectly related to the linear thermal profiles via the phase diagram. To the right of
these straight line segments, denoted by ‘mz’ and corresponding to the limit of the
mushy zone, is the solutal boundary layer ahead of the mushy zone. This has been
measured experimentally® and is included on the plot for 60 and 92 seconds. The
correlation between the prediction and data is within the .04 wt% measurement

€Iror.

The temperature and solutal fields directly determine the density distribution
of the liquid. Figure IV-20 provides the computed density contours for Case 2 at
60, 90, and 110 seconds. The spacing between contours represents a change in
density of 1.43 x 10~* gm/cm®. Again, the effects of the convective flow after
transition are clearly evident. One means of verifying the combined temperature
and solutal fields is to examine their combined effect on the index of refraction of
the liquid. This is done by calculating interferograms using the predicted index of
refraction. In order to compare the numerical and experimental interferograms,
a split image composite is presented in Fig. IV-21. Because of the symmetry of
the experiment, the two halves of this composite should mirror each other. The
left-hand side shows the experimental fringes, the right-hand side provides the
simulated numerical fringes after 60 seconds of cooling. The five dots on the left
are scaling marks spaced 1mm apart. The dark region at the left-hand bottom of

the cuvette is the mushy zone. On the right-hand side, the predicted mushy zone
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height is shown for comparison. Above the mushy zone, the experimental fringes
have begun to show a slight effect of the vortices developing in the lower corners,
as predicted, but the system is still stratified and the transport of heat and mass
is primarily by diffusion.

A subsequent interferometer comparison is provided in Figure IV-22 during
convective breakdown at 90 seconds into the cooling phase. The FTM image
indicates significantly perturbed fringes at the side wall. The extent of this per-
turbation is consistent with the experimental image within the resolution of the
relatively coarse lateral dimensions of the numerical grid cells. These rapidly de-
veloping perturbations portend the complete breakdown of the stratified density

inversion layer. In the laboratory experiment, the subsequent deterioration of
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the layer occurs nearly simultaneously across the cuvette. In the numerical com-
putations, the breakdown flows propagate inward from the sides of cuvette more
slowly, leaving the center relatively unperturbed. This contrast in the extent of the
breakdown is evident in the comparison of the post convective breakdown fringe
patterns in Fig. IV-23. This limitation in the extent of the predicted convection
and its effect on the fringe pattern most likely occurs because the FTM is two-
dimensional and does not include the effects of flow structures developing on the
front and back walls of the cuvette. If the FTM were three-dimensional, it could
predict analogous flows on the front and back walls. These flows are expected,
since lateral gradients, caused by the mismatch in the conductivity between the
solution and the quartz, must exist perpendicular to those surfaces, as they at
the side walls. In the experiment, front and back wall flows would affect the in-
terferometer images and could also expedite convective breakdown by providing

additional perturbations to the system.

In general, the predicted results indicate that the FTM is capable of predict-
ing the transient two-dimensional thermal and solutal fields during the diffusion
dominated phase of the ground-based solidification and should accordingly simu-
lated the diffusion dominated solidification in microgravity as well. The ability to
compute the three-dimensional flow pattern associated with the convective break-
down on the ground is not critical for predicting the microgravity experiments,

and thus the two-dimensional model is considered adequate for the task.

The two other ground-based cases listed in Table IV-1 were also simulated.
Figure IV-24 shows the predicted interface and density inversion growth for all
three cooling rates, 1°C/min, 2°C/min, and 3°C/min. Figure IV-25 gives the
kinetic energy and Rayleigh number temporal behavior for each. The predicted

times of convective breakdown, as dictated by the steep rise in kinetic energy at
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Figure IV-23. Interferometer fringe comparison (experimental vs. numerical):

2°C/min cooling rate: Post-breakdown (t = 110 sec)
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approximately 1.7x1075 ergs, are 140, 85, and 68 seconds for the respective cool-
ing rates of 1°C/min, 2°C/min, and 3°C/min. The corresponding critical Rayleigh
numbers fall in the range of 10,000 to 12,000. While there is limited experimental
data for quantitative confirmation of these additional results, the trends are real-
istic and the correlation of a constant (approximately) critical Rayleigh number

with breakdown is consistent.

In summary, the FTM was been tested in preparation for the CAST micro-
gravity predictions. The first validation test was a comparison with experimental
data for the thermally driven convection of water in a container. The results
demonstrated qualitative agreement with the observed flow patterns. The next
test was a quantitative comparison with numerical results from a validated model
for the case of thermally driven natural convection of water. The correlation was
found to be within 0.25°C (3%). After these thermal convection comparisons, the
steady state capabilities of the FTM were tested by comparison with the initial
conditions for the CAST ground-based runs. The predicted and experimental ini-
tial conditions were found, in general, to correlate closely. The predicted thermal
and solutal field and the general shape of the interface agreed closely with the data.
The major discrepancy was an error of 0.1 mm in the absolute height of the pre-
dicted mushy zone thickness. Based on the comparison with the experimental data,
the FTM initial conditions were determined to be sufficiently accurate to use as
starting conditions for the numerical simulation of the three CAST ground-based
directional solidification runs. The results compared favorably with experimental
parameters, including the thermal, solutal and density distribution, the growth of
the mushy zone and density inversion layer, the formation of vortices at the side
walls, and the time of convective breakdown for a 2°C/min cooling rate. A corre-

lation between the numerically computed combined Rayleigh number and the time
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of convective breakdown was also demonstrated for three different cooling rates.
The weakness of the FTM in modeling the transient, ground-based solidification
was its inability to predict the effect of the fully three-dimensional flow pattern on
the solutal and thermal distribution after convective breakdown. The capability
to predict such flows is non-critical in this study, however, since the microgravity
experiment does not entail vigorous natural convection. Based on these validation
results, it was concluded that the essential elements needed to predict the CAST
microgravity experiments have been incorporated into the FTM. The next step

was to provide a sample prediction for a CAST microgravity run.
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SECTION V
MICROGRAVITY PREDICTIONS
Introduction

The primary purpose of the FTM is to predict directional solidification of
the metal analogue, NH,CIl-H;0, in a microgravity environment. The results
presented here are for a planned run for the CAST experiment to be flown on the
Shuttle International Microgravity Laboratory (IML-1). The sample cooling rate
is 2°C/min, providing for direct comparison with the Case 2 ground-based results.

The information from this (and future) FTM microgravity simulations sup-
port the CAST study in several ways. Prior to the flight, the model results provide
experimental planning guidance for selection of critical parameters such as the du-
ration of the initial temperature hold, the values of the cuvette top and bottom
temperatures, the rate of cooling, and the duration of cooling. The FTM pre-
dictions can also provide pre-flight guidance pertaining to data acquisition, such
as the optimum camera view and time interval between holographic exposures.
In addition, the numerical predictions indicate the relative significance of such
potential phenomena as subtle microgravity flow patterns.

After the flight, the model will aid in data analysis, and conversely, the mi-
crogravity experimental results will provide additional benchmarks for the FTM.
Key elements of the model, such as the nucleation criterion, become more criti-
cal at the extended space experiment growth times and will be thoroughly tested
by the microgravity experiments. The comparison between the numerical results
and flight data will either validate these basic model elements or indicate the nec-

essary improvements. The final objective is an improved understanding of the

solidification process.
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FTM predictions for the 2°C/min cooling rate microgravity run are presented
in this section and compared with analogous one-gravity results. The effects of
reduced buoyancy driven convection and the implications for the space flight ex-

periment are discussed.
Microgravity Run: Initial Conditions

The initial bottom and top boundary conditions of of 21°C and 58.5°C for the
microgravity run are identical to those used for the one-gravity case, but the heat
loss boundary condition at the side walls and the body force term are different
and need to be reevaluated for the numerical simulation.

Orbital flight reduces the effective acceleration forces on a payload and ac-
cordingly reduces, but does not eliminate, buoyancy driven convection of fluids
on board. The acceleration forces in the Shuttle environment are on the order of
1x 1075 g,, with the magnitude and direction of the acceleration dependent on a
number of transient phenomena such as thruster firings, crew movement, and the
attitude of the spacecraft relative to earth. As a first approximation, the model
assumes a steady acceleration vector of 1 x 10~° g., aligned opposite to the growth
direction. This level of acceleration is sufficient to generate natural convective flow
for the microgravity steady initial conditions as illustrated in Fig. V-1. As with
the one-gravity case, large convective cells form in response to lateral density gra-
dients. At the reduced acceleration levels, these flows are predicted to be four
orders of magnitude less than for the related initial state in one-gravity.

The low gravity levels on the Shuttle are also expected to reduce the cool-
ing flows normally present on the external surfaces of the cuvette to the extent
that the heat loss to the environment is assumed negligible for the micrograv-

ity numerical simulations. The effect of this reduced heat transfer on the initial
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temperature distribution in the cuvette, as compared with the corresponding one-
gravity prediction, is shown in Fig. V-2. Although the microgravity predictions
still exhibit the lateral non-linear temperature gradients caused by the mismatch
of the quartz and water-ammonium chloride solution conductivities, the vertical
non-linearity of the temperature distribution is virtually eliminated. As a result,
the gradient at the bottom of the cuvette has steepened approximately two-fold
and the average temperature near the bottom of the cuvette is higher. This more
linear temperature distribution directly affects the density distribution and the

mushy zone height.

The resultant predicted mushy zone distribution for the microgravity steady
state is provided in Fig. V-3. Compared with the the liquid fraction distribution
computed for the initial conditions in one-gravity, the mushy zone height in micro-
gravity is predicted to be smaller by .13 mm (.31 mm vs. .44 mm at the vertical
centerline). At the edges, the mushy zone is predicted to melt back completely,
due to the reduced heat loss, and no longer covers the bottom of the cuvette as it
did under one-gravity conditions. The average liquid solutal concentration corre-
sponding to the reduced mushy zone in the IML initial state prediction is 72.315

wt% solute as opposed to 72.465 wt% for the one-gravity case.

Thus, although the initial end temperatures of 21°C and 58.5°C are the same
for both the one-gravity and microgravity initial gradient hold, the resulting steady
state for the IML CAST experiment is expected to be different. The FTM predicts
that in microgravity the temperature distribution will be more linear, the mushy
zone reduced, the average liquid concentration lower, and the flow velocities sig-
nificantly smaller. These numerical results were used as the initial conditions for

the microgravity directional solidification simulation below.
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Microgravity Run: Directional Solidification

As with the ground experiments, the cuvette and the NH;Cl-H;O solution
are cooled at a specified rate in order to induce directional solidification. The
specified cooling rate for these calculations was 2°C/min and the resulting growth

rates of the mushy zone and density inversion layer are shown in Fig. V4.

The initial growth rates for the one-gravity and the microgravity runs are
predicted to be similar, despite the difference in the initial conditions and gravity
levels. This is because the early stage of the ground-based experiments was de-
signed to minimize convection and thus, like the microgravity run, was diffusion
dominated. However, above a critical Rayleigh number the ground-based experi-
ment becomes convection dominated with a resulting rapid growth of the mushy
zone and the disruption of the inversion layer (not shown). In contrast, the mushy
zone and inversion layer in microgravity continue to grow smoothly, unperturbed

by strong convective flow.

After 10 minutes of cooling in microgravity, the growth rates of the mushy
zone and density inversion layer are predicted to approach an approximately con-
stant value of 1.19 x 10~3 cm/sec as shown in Fig. V-4. The absolute difference
between the density inversion, which corresponds closely with the extent of the
solutal boundary layer, and the height of the dendritic zone is .065 cm during
the steady growth phase. The steady nature of this growth is confirmed by the
concentration distribution in Figure V-5 which shows that at 800 seconds the pre-
dicted solutal distribution in front of the advancing front is close to the classic

exponential distribution for steady state growth.”

Figure V-6 provides the net kinetic energy and the combined Rayleigh num-

ber for both the ground-based and microgravity run. The kinetic energy and
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Figure V-4. Predicted mushy zone height and density inversion height vs. time.

2°C/min cooling rate: One-gravity and microgravity
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Rayleigh number are predicted to remain small over the full course of the mi-
crogravity experiment. The result is a diffusion dominated process, void of the
significant convective transport of energy and mass that occur post-breakdown in
the one-gravity environment. This contrast can be seen in the comparison of so-
lutal contours in Fig. V-7. After the point at which convective effects are clearly
evident in the ground-based run, the microgravity case continues to develop with

a uniform diffusion front.

The convection that is predicted to occur during the microgravity solidifica-
tion is primarily caused by contraction of the material due to cooling and phase
change. Figure V-8 provides numerical particle tracks and velocities for the flight
experiment after 800 seconds of cooling. The dominant flow is fluid being drawn
from the supply tube. The magnitude of these contraction flows is on the or-
der of 1 x 1075 cm/sec and they obscure the weaker (two orders of magnitude)
natural convection flows that were evident in the initial state in Fig. V-1. The
corresponding mushy zone and solutal distribution at 800 seconds from the start
of cooling is given in Fig. V-9. While these contours exhibit some irregularities,
they are still predominantly planar, as expected for diffusion dominated directional

solidification.

In general, the FTM predicts that the reduction of buoyancy driven convection
in microgravity influences virtually every aspect of the directional solidification
experiment including the establishment of the initial conditions for which the lack
of convective cooling external to the cuvette makes the internal temperature more
linear and reduces the extent of the initial mushy zone. The most significant effect
of the microgravity environment is that the combined solutal and thermal Rayleigh
number remains below a critical value over the course of the experiment, allowing

the heat and mass transport in the system to remain diffusion dominated and the
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solidification front to establish a steady growth rate. This is in sharp contrast
with the convective breakdown and vigorous convection observed in the ground
laboratory.

The model predicts the influence of convection in microgravity to be minimal,
but nonzero. For the given cooling rate and boundary conditions, the convection
that does exist is primarily due to contraction flows on the order of 11075 cm/sec.
The buoyancy driven flows are secondary at approximately 1x10~7 cm/sec. When
compared with the 1.19 x 10™3 cm/sec translation rate of the solidification front,
these buoyancy driven flows are negligible. However, for either slower growth rates
or an unfavorably aligned body force vector, the relative influence of natural con-
vection, even in microgravity, might be significant. Thus, the absence of convective
effects in microgravity cannot be assumed, but must be evaluated for each differ-
ent set of boundary conditions. For the current case, however, the FTM results
confirm that the conditions of the experiment meet the CAST objectives to study
directional solidification with negligible convective influence. This confirmation is
based on very specific predictions for the development of the thermal, solutal, and
velocity fields, and the extent of solidification. The detailed verification of these

results awaits flight data.
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SECTION VI
CONCLUSIONS

A two-dimensional computational fluids model was developed for the express pur-
pose of supporting experimental research on the directional solidification of a den-
dritic binary material in microgravity. The model required the extension of exist-
ing control volume techniques to include the presence of a solidifying two-phase
mushy zone. A single set of continuum two-phase conservation equations for mass,
momentum, species, and energy, coupled with the physical properties of the mate-
rials, was applied over the experimental domain, including both the test solution
and its quartz container. This reduced the empirical inputs required in the model
to a set of nucleation criteria, an external heat loss coefficient, and a Darcy co-
efficient to account for flow resistance in the two phase region. All phenomena
internal to the domain, such as the position of the growth front, fraction of solid,
temperature, concentration, and velocity were then computed as a function of the

specific transient boundary conditions corresponding to a given run.

The model avoided simplification of the governing equations in order to main-
tain fidelity and generality. As such, the body force terms were retained in the
momentum equations despite the weak influence of this term in microgravity. Sim-
ilarly, the density was treated rigorously, allowing for the calculation of contraction
flows which are traditionally neglected. Most significantly, the numerical control
volumes were not constrained to be in equilibrium. The liquid in a local control
volume was allowed to undercool, depending on the nucleation criteria. This later
feature was found essential for the accurate simulation of the solidification pro-
cess. The general capabilities of the model enabled it to be used in support of

ground-based studies as well as the microgravity research.
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A set of model predictions for a ground-based run correlated favorably with
the ground-based data during the early diffusion dominated stages of solidification,
i.e., before convective effects became dominant. Using an effective heat loss coeffi-
cient based on interferometer data from the initial steady state run conditions and
an estimate of the nucleation parameters and Darcy coefficient, the model pre-
dicted the growth of the mushy zone; the development of the solutal, thermal, and
density fields ahead of the growth front; the time of the transition to convective
domination, i.e., convective stability; and the qualitative low pattern preceding
the transition for a sample ground-based run. Since microgravity solidification is
inherently diffusion dominated, the success of the ground-based predictions was

taken as verification of the model’s capability to provide microgravity predictions.

The model was then used to calculate a representative microgravity experi-
ment in support of pre-flight preparation. The results for the given case confirmed
the buoyancy driven flows in microgravity to be subordinate to contraction flows
which, in turn, were shown to be small relative to the growth rate of the mushy
zone and the transport of energy and solute during solidification. Without the
transition to vigorous convection encountered in the one-gravity environment, the
solutal and thermal fields developed smoothly over the duration of the simulated
experiment and the mushy zone growth achieved an approximately steady growth
velocity within the time frame of the run. A secondary effect of the microgravity
environment was shown to be the reduction of the initial mushy zone height due
to the reduced convective cooling on the exterior of the test cell. In general, the
model verified that for the representative run parameters, the test objective of
investigating dendritic directional solidification with minimal convection will be
achieved, as long as initial conditions are adjusted to allow for increased prepara-

tion time and reduced heat loss to the ambient.
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In modeling the ground-based experiment and providing a prediction for the
microgravity experiment, the FTM demonstrated the usefulness and validity of
applying the numerical control volume conservation technique to a solidifying
dendritic system and a number of conclusions can be drawn. One is that the
inclusion of the solution container, in this case the quartz cuvette, is necessary for
the correct simulation of the temperature field in such a system. In the ground-
based simulation, the presence of the quartz sidewalls was shown to be the primary
driver for the initial convective flows. In addition, the inclusion of non-equilibrium
effects is critical in the model in order to realistically model the growth of the two-
phase region and the corresponding effect on the solutal, thermal, and velocity
fields. In microgravity the effects of low levels of convection due to either natural
convection or contraction flow, while negligible for the current run parameters,
were concluded to be potentially significant for other cooling rates or boundary
conditions and must also be included for the accurate simulation of microgravity
solidification. For the ground-based simulations, the incorporation of the non-
equilibrium effects provided good correlation with the experimental results during
diffusion dominated growth, predicting the perturbation mechanism and approx-
imate onset time for convective breakdown. As such, the model could be used to
do sensitivity studies on the effect of various parameters such as cooling rate and
mushy zone resistance on direction solidification and convective breakdown. By
changing the properties, the FTM could be used to model other materials as well.
In addition, the convection dominated solidification growth stage could be modeled

by including a turbulence model and extending the FTM to three dimensions.

While these and other improvements in the FTM are possible, they are sec-
ondary to the primary purpose of the model, support of basic research on the

diffusion dominated directional solidification of a dendritic binary material, as
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planned for the CAST microgravity experiment. Once available, data from the
CAST experiments will be compared with the quantitative predictions of the model
and used to refine the physical models. The thermocouple and index of refrac-
tion data will be used to dictate the correct effective external heat loss coefficient.
The position of the growth front relative to the liquidus will reveal the degree of
undercooling ahead of the mushy zone and allow for refinement of the nucleation
criteria. These criteria are seen as the weak link in the extrapolation to micro-
gravity since they are difficult to verify in the one-gravity environment due to
the limited growth of the mushy zone prior to the dominant effects of convection.
Perhaps the greatest contribution of the flight data will be unanticipated results
and deviations from the model predictions, revealing the significance of phenom-
ena normally overlooked in one gravity, thus leading to both improved modeling
capabilities and a more fundamental understanding of the solidification process as

it occurs in the earth and orbiting laboratory.
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