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Abstract

The central theme of our investigation is the concept of Decidability
in Algebra / Algebraic Geometry. To the best of our knowledge this
seems to be novel in the sense that there is no work known to isolate or
to focus on the concept of Decidability in the context of Commutative
Algebra. Decidability is more restrictive than Grothendieck’s concept of
formally unramafied, but weaker than the concept of étale. In this article
we study these relationships by characterizing Decidability for ring-
extensions of essentially finite type. In the absence of essential finiteness

we can only show, at present, that a separable algebraic extension of

fields is indeed Decidable.
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Chapter 1

Decidability

1 Preliminaries

We begin by defining the field of discourse:

Definition 1.1. We define to be the category whose objects are
commutative rings with identity and ring homomorphisms which pre-
serve it. We include in this category the ring with one element: 0 = 1
and call it the . We further set Calg(A),(where A is a commu-
tative ring) and Calg(k) to be the subcategories of A—, and k— algebras

respectively.

Remark:In Crng , Calg(k) and Calg(A),(where A is a commutative
ring) it is well known that push forwards exist. They are just the tensor

product over the integers Z, the field k, and the ring A respectively.



(See [3]Chapter IV section 7)

Definition 1.2. Let

B®ACLC
gT Tg
B 7 A

be the pushforward diagram. We will refer to g as the

Definition 1.3. Let f : A — B be a mng homomorphism. Let

B(}Z)AB-L B

be the pushforward diagram. Then, by the definition of pushforward

there exists a unique map s so that

B 'y
ny
B®sB<—B
B
o
B 7 A
commutes. We will refer to s as the or

associated with f, since it is well-known that p: b b — bb'. We may

leave u undecorated by f if the context ensures that no confusion will
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result.

Definition 1.4. In this paper we will distinguish between

and surjective maps, although the latter is an example of the former.
We define a f to be any map which is “right cancel-
able”. That is, f is an epimorphism if whenever gf = hf it must be

that g = h.

Example: The canonical map carrying a domain into its quotient

field is an epimorphism, though generally not surjective.

Lemma 1.1. Suppose f : A — B is a ming epimorphism. Then s s

an isomorphism.

Proof. Consider the pushforward diagram

B .
o
BesBL "B
B
b
B~——A4

Recall that the pushforward of an epimorphism is again an epimor-
phism. But since ut = 1p we have that iui = ¢ = 1pg,pt. The fact
that ¢ is an epimorphism ensures that iy = 1pg,p. That is that p is

an isomorphism with p=! = 1. []



2 Pushforwards

Lemma 2.1. Suppose f : C — B and g : D — C' are ring homomor-

phisms. Then, there exists a map ¢ so that

B<~'B&cB
1BT T¢
B <—qu3 ®p B
18 a pushforward diagram.
Proof. Let
B®cB<—B
|
B 7 C
and
B®@pB<+—B
ST ng
B D

be the pushforward diagrams. Then there exists a unique ¢ so that

B®c B




commutes. Now, fir4 is the unique map so that ps,r = 1p = pygs. But,
pror = pgp = 1p = pfyq = pses, whence,

B~ BguB

o

B'ﬁng@DB

commutes. Suppose now that

Z\
B%WB@cB

o I

B'WB@DB

Y

commutes. Then, z¢ = yuy,, thus, z¢r = yus,r = y. Thus, zp =y
Similarly xq = y. Now, consider the commutative diagram

Z

We thus have a unique map ¥ so that

Yp=zp =y,

and



Since substituting either x or yu; for 1 makes these equations true, we

must have that ypuy = z. In other words,

Z X
\y\\

commutes. y is clearly unique.

[l

Recall that the coequalizer of two ring homomorpisms f,g: A — B
is the ring B/J and projection p : B — B/J, where J is the ideal
generated by {f(z) — g(z)|z € A}.

Lemma 2.2. Let f : A — B be a ring homomorphism. Then, every A-

algebra coequalizer of a pair of maps with domain B is the pushforward

of uy
Proof. Consider the commutative diagram

g
B—=C-2-~D

h
11 s

A

where p : C — D is the coequalizer of g and h. Denote by < g, h >,

the unique map so that



\ g9
<g,h>
\ (2
A B®q4B<—RB
J Tf
B A

commutes. Now, both

and

commute.

Thus, so does

D B
R
C <—<g’h>B ®aB



Suppose

D B
b4 Tﬂf
c <g,h>B @4 B

commutes. Thus, we have ) < g,h >= ¢us, which implies g = ¢ =
wh. Since D is a coequalizer, there exists a unique map r : D — R so

that rp = 4. Thus, r is the unique map so that

¢
—ph
p PP
A
C%<g’h>3 ®aB

commutes. Thus p is the pushforward of y;.

Lemma 2.3. Let f : A — B be a ring homomorphism. Let
B®y4 B 'éi B

bl

B 7 A

be the pushforward diagram. Then, ps is the coequalizer of 1 and j.

Proof. By definition, pusi = puyj. Suppose that
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¢ I
B—<=B®sB—8B

"

T

is a commutative diagram of ring homomorphisms. Then, so is

T
\t ti
\ Z
\ B®yB<—20R
tj
J i)
B A

and so is

Thus, by uniqueness, t = tiu = tju. In other words,

B—=B®sB+—B

L

T

commutes. Since y is surjective ¢ is unique.

Lemma 2.4. Suppose



F T
e
D

P-——A |/,

S
A<TS

/
T

commutes, where the red and blue diagrams are pushforwards. By defi-

nition we then have a unique ¢ so that

a

18 a pushforward diagram.



Proof. First note that
aepurp = aelx = ae

beprq = belx = be.

By the uniqueness of ¢ we have that aeuy = ¢. Now, ¢p = ae thus
pg®p = pgae. Thus, by definition of ug, py@p = e, which implies that
pedpus = eps. We conclude that pgaeur = euy and so p,¢ = epy.
Thus, the diagram

commutes. Suppose

VA
\
e
y T X
“QT T“f
F p P

commutes. I claim then that

Z
T
N
e
y T X
l‘gT Tﬂf
F p P



also commutes. To see this note that zu; = y¢ which implies that

zusp = yop and since psp = 1x, £ = y¢pp = yae. Again,
yapgp = yaeps = Tup = yo.

Now, ¢ is an epimorphism since e is. Indeed, if w¢p = v¢, we have that
wep = vop, so wae = vbe. Since e is epi, wa = vb. But, since F is a
pushforward there is a unique map ¢ so that ca = ¢b. Thus w = v, and

so ¢ is an epimorphism. Thus, yau, = y. If

AT X
l‘gT T“f
F p P
also commutes it would be the case that yae = we. Since e is an

epimorphism, ya = 1, thus ya is the unique such map. Thus, 7T is the

pushforward of py and ¢. ]

Lemma 2.5. Let f: A — B and g : B — C be ring homomorphisms.

Then there exists a pushforward of py, call it ¢, so that the diagram

Hgf C
) //é/

C®pC

C®sC

commutes.

12



Proof. Let

B 1n
\u
f.
N
B®AB-Z%B
1p
J f
B 7 A
C\ lc
g
CepC<—C
le
s Tg
C~—F—A
C\l lc
N
CRsC<—C
i¥e]
v Tgf
C A

be the pushfoward diagrams. Then, there exists a unique ¢ so that

C®epC

commutes. Now, p,ou = p,r = 1o, and p,pv = pgs = lg.

uniqueness of u,, we must have that p,¢ = pyr. In other words,

13



C®sC

Mg g C
) %

CepC

commutes. We have left to show that ¢ is a pushforward of ps. Clearly

CepC i B

b

CWB@AB

commutes. Suppose now that

commutes. Since puy is surjective, and thus epi, and because Buy =
augpy, it is also true that 8 = aug. Thus, cupsrg = aug = B and,

aufly® = auplgr = a. In other words,

T\u 5
Qupg
< -
o CRpC B
AR
C B®s B

commutes. To see that aup, is the unique such map, observe that if
2¢ = a, then zgup, = aup,. So, zru, = cupy. Thus, z = aup,.

14



[l

Lemma 2.6. Let f : A — S and h : A — T be ring homomorphisms.
Let

be the pushforward of f and h. Then, u, is a pushforward of jiy.

Proof. Let
S®a - S
JT Tf
S 7 A
and
P T S®@aT
ST TQ
ST A

g

be the pushforward diagrams. Consider the commutative diagram

SeiT<—p<"

{0

S 1if S®AT'$A

where we’ve set b = shu s for ease of notation. Suppose

15



T S®ua 8

commutes. Since zpuy = xbimplies that zusif = zbif, thus, 2 f = zrgh.

Thus, we have the commutative diagram

commutes. Suppose P is the pushforward of h by ¢+f. Then, z is the

unique map so that zrg = zrg and zb = zus. But certainly

PUgrg = PligTyg

and
Bugh = dhiy = zpiy.

16



Thus, £ = ¢u,y. In other words,

Z

i S®a8

commutes. The fact that u, is surjective insures that ¢ is unique. We

now only have left to show that

g

P T

sﬁufT h

S®45<—A
if

is a pushforward diagram. To see this, first note that the above diagram

can be factored into two commuting diagrams:

r

P SoAT< T

ST

S®48 ; S 7 A

The blue diagram is a pushforward, thus we need only show that

P T S®aT
A

sﬁuf h

\
S®y S S

i

is a pushforward diagram. Suppose that

17



commutes. Then, since
Apgshps = qhpy = nipg = n

and qu,r = q, we have that

n P " S®@sT

o

S®4 S S

i

commutes. To see that gu, is the unique such map, suppose that ar = ¢
and that ozsiz,uf = n. Note that « is the unique map so that ar = ¢
and as = as. But, qugr = ¢ and certainly, qugs = qugs. Thus, a = quy,
proving that P is the pullback of A by ¢f. The proof of the lemma is
thus completed.

18



3 Flatness

Definition 3.1. A ring homomorphism is iof the pushforward

of a monomorphism by it is a monomorphism.

Definition 3.2. A ring homomorphism is iof any pushforward of it

18 pre-flat.

Lemma 3.1. A ring homomorphism f : A — B 1is flat as we have
defined it if and only if for any monomorphism of A-algebras C — D,

the induced map B®4C — B ®4 D is also a monomorphism.

Proof. Suppose f : A — B is flat as we have defined it, and C' — D is

a monomorphism of A-algebras. Since both squares of the diagram

BsD<~—B®4C~<~—B

N

D C A

are pushforwards, as is the rectangle, the induced map B ® 4 C —
B ®4 D is also a monomorphism.

On the other hand, if given any monomorphism of A-algebras C' — D,
the induced map B ®4 C — B ®4 D is also a monomorphism, then
given any A-algebra A — C and A-algebra monomorphism C' — D
as in the diagram above, f is pre-flat. Thus f is flat according to our

definition. []

19



Lemma 3.2. The pushforward of a flat ring homomorphism is flat.

Proof. Suppose f: S — Ais flat and b: S — B is any ring homomor-
phism. Let

I

_
-

]

be the pushforward diagram. Let b : B — D and e : D — E be

monomorphisms. Consider the sequence of pushforward diagrams

é d P

K=-T1<%Pp A
e
E<;D-, B=38

Now, p is the pushforward of f by bd. By the definition of flat, p must
be preflat. Since e is a monomorphism and p is preflat, we have that
€ is monomorphism. Thus, since the pushforward of ¢ by an arbitrary

ring homomorphism is preflat, it follows that ¢ is flat. ]

Definition 3.3. A ring homomorphism f : A — B 1is said to be
iof 1t makes B a faithfully flat A-module.

Lemma 3.3. Suppose that f : A — B s a faithfully flat ring homomor-
phism, and that g : G — D s an A-algebra homomorphism. Suppose
that g@ 1p: G ®4 B — D ®4 B is a monomorphism. Then, so is g

20



Proof. Let K be the kernel of g. Then, we have the exact sequence

0 K ¢—2-p

Since B is flat we have the exact sequence

0— ~K@sB—>GesB22 De,B

Since g ® 1p is a monomorphism, however, K ® 4 B = 0. Since B is

faithful, K = 0, that is, g is a monomorphism. ]

Lemma 3.4. Suppose that M is a faithfully flat A-module, and that
N is an A-module so that M ® 4 N s flat. Then, N is also a flat A

module.

Proof. Suppose h : D — B is a monomorphism of A-modules. Then,
sois 1y ® 1y ® h since M ®4 N is flat since M is faithfully flat. The

last lemma implies then that 1y ® A must also be a monomorphism.

Thus, N is flat.

4 Decidability

Definition 4.1. A ring homomorphism f : A — Y 1s if its
codiagonal iy 1Y ®4Y =Y 1s flat.

Lemma 4.1. a. Suppose we have the commutative diagram

21



with e an epimorphism and f decidable. Then, g is also decidable.

b. Suppose that f and g are decidable ring homomorphisms. Then gf
15 decidable.

c. The pushforward of a decidable ring homomorphism s decidable.

d. Any epimorphism s decidable.

e. Suppose fg is decidable. Then, so is f.

f. A map f: A — B 1is decidable if and only if for every pair of A-
algebra homorphisms g, h : B — C, the coequalizer of g and h s flat
over C.

g. A map f: A — B is decidable if and only if for every pair of A-
algebra homomorphisms g,h : B — C with C' a quasi-local ring, the

coequalizer of g and h s either the identity or the zero map.

Proof. a.: By definition f decidable implies that i, the diagonal of f,
is flat. By 2.4 p, is a pushforward of u; since e is an epimorphism.
But, 2.1 then implies that p, is also flat. That is, g is decidable.

b.: By 2.6, pyr = py¢ where ¢ is a pushforward of uy. Since f and
g are decidable, us and p, are flat. By 3.2, ¢ is also flat. Since the

composition of flat homomorphisms is flat, p,¢ is flat. Thus gf is

22



decidable.

c.: Let g be a pushforward of a ring homomorphism f. Then by 2.5,
Ly is the pushforward of uy By 2.1, p, is flat since py is. Thus, by
definition, g is decidable.

d.: Suppose f : A — S is an epimorphism. Then, by 1.1, us is an
isomorphism and thus is flat. Thus, f is decidable.

e: By Lemma 2.1,

B~ BgyB

o

B'WB(@DB

is a pushforward diagram. Since the pushforward of a flat map is flat,
and pg, is flat by supposition, we have that uy is flat. That is, f is
decidable.

f: Follows from Lemmas 2.3 and 2.4.

g: Suppose f : A — B is decidable and g,h : B — C' are A-algebra
homomorphisms with coequalizer p : C — D. Suppose C' is quasi-local
and D # 0. Then p is a local map. Since f is decidable, part f of this
lemma implies that p is flat. Thus, p is faithfully flat, and, so, it is
one-to-one. Since p is also surjective, p is an isomorphism.

On the other hand if the condition holds for all quasi-local C' and

g,h : B — R are a pair of A-algebra homomorphisms with coequal-

23



izer p : R — D, we have that every localization of p is either 0 or an
isomorphism. In particular, then, every localization of p is flat, and

thus, so is p itself.

Lemma 4.2. Consider the pushforward diagram
BesC<=—C

| ls

B A

Then, if f s faithfully flat, and g is decidable, so too is g.
Proof. Since g is decidable, the codiaganol map
pg: B®4C - BR4C®cB®aC

is as well. But, clearly, u; ~ py ® 1p. Indeed, if

is the pushforward, then each rectangle in

Bo,C<2 _p- ' Bg,cl _p
4 T AT
C iy C®sC - C 7 A

24



are pushforwards, where P = B ®4 C ®c B ®4 C and 7 and p are the
pushforwards of f and f by themselves respectively. But, by definition,
then, u; = py ® 1p. Thus, since B is faithfully flat, we have that p,
must be flat, and so g is decidable. ]

Remark: Since every inclusion of fields is faithfully flat this last lemma
implies that if a k-algebra S is decidable under base change £ — L

then it is decidable over k.

Theorem 4.1. Let I be an ideal of a ring R. Then the following are

equivalent.

(i) The canonical epimorphism h : R — R/I is flat.

(ii) aR = al for alla € I.

(iii) There ezxists G C R such that GR = I and gR = gl for all g € G.

Proof. Assume (i). Let J be an ideal of R and let ¢ : J — R be the

natural inclusion. Since h is flat,
t®1: J®rR/I - RRgR/I

is injective. Identifying J ®r R/I with J/IJ and R ®p R/I with R/I
we conclude that I N J = JI. Thus I N J = JI for every ideal J of
R. In particular consider a € I and let J = aR. Then aR =1NaR =
(aR)I = al. Evidently (ii) holds.

25



The implication (ii)=>(iii) is obvious.

Now suppose (ii) holds. Then, for each g € G there exists b, €
I with g = b,9. Consider a prime ideal P of R and let hp be the
map Rp — R/I ®r Rp induced by h. If I is not contained in P, then
R/I ®r Rp = 0 and hence hp is flat. Henceforth assume I C P. It
follows that 1 — b, is in the multiplicatively closed set R\ P for all
g € G. Thus the canonical homomorphism R — Rp maps I to 0; as a
consequence hp is an isomorphism onto (R/I)p. Flat-ness being a local

property, (i) follows. ]

Corollary 4.1. With the above notation, if h is flat, then I = I?.

Proof: Clearly, al C I? for all a € I. Hence, using (ii), it follows that
ac’Pforallaelie ICI% 0O

Corollary 4.2. We continue to use the notation of Theorem 1. As-
sume R to be quasilocal and I is a proper ideal. The map h s flat if
and only if it is the identity map i.e. I = 0.

Proof. From the proof of Theorem4.1 it is clear that flat-ness of h is

equivalent to hp being an (onto) isomorphism for all prime ideals P of

26



R containing I. In particular letting P be the maximal ideal of R our

assertion follows. ]

Corollary 4.3. We continue to use the notation of Theorem/.1. As-
sume I is a finitely generated ideal of R. Then, the following are equiv-

alent.
(i) The canonical epimorphism h : R — R/I is flat.
(ii) I = I>

Moreover, in case (i) holds, I is a principal ideal generated by an idem-

potent.

Proof. In view of Corollary 4.1, we only need to derive (i) from (ii).

Assume (ii) holds. Let {z1,--- ,2,} be a set of generators of I. Write

n

<
Il

z; = a;jzj for1<j<mn
1

J

where a;; are elements of I. Then the determinant of [6(4,j) — ajj],
where § denotes the Kronecker delta function, is of the form 1 — b for
some b in I and (1 —b)z; = 0 for 1 < j < n. Thus (iii) of Theorem 1

holds. Clearly, bR = I and b = b. O

Theorem 4.2. Let f : A — B be a homomorphism of rings. For
a prime ideal P of B let Q := f~1(P) and let fp denote the ring-

homomorphism Ag — Bp induced by f. Then, f is decidable if and

27



only if fp s decidable for all prime ideals P of B. In other words,

decidability is a local property.

Proof. Set R := B®4 B and let h := py be the codiagonal map associ-
ated to f. For a prime ideal P of B, let m := h™!(P). From the proof of
Theorem 4.1, it is clear that flat-ness of h is equivalent to h, : R, — Bp
being an isomorphism onto Bp for each such P. Let Q := f~!(P). Note
that there is a multiplicative set 7' C R \ 7 such that Bp ® AgBp is
(canonically ismorphic to) T~ R. Hence flat-ness of p, is equivalent to

h, being an isomorphism onto Bp. ]
Definition 4.2. Let f : A — B be a homomorphism of rings.

(1) f s said to be of if there exist finitely many
elements by, -+ ,b, of B and a multiplicatively closed subset T' of
f(A)[b1,--- ,by] such that B="T"'f(A)[b1,--- ,by).

(2) f is said to be at a prime ideal P of B if upon letting
Q := fYP), the ring Bp/f(Q)Bp is a field separably algebraic
over the field Ag/QAg. f is said to be of 1t 1s unramified

at every prime ideal P of B.

Theorem 4.3. Suppose a homomorphism f : A — B of rings is of

essentially finite type. Then the following are equivalent.

(i) f is decidable.

28



(ii) Qp/a = 0 where Qp/4 denotes the module of Kdhler differentials.
(iii) f is unramified.

Proof. Replacing A by f(A) we may assume, without loss, A to be a
subring of B. Set R := B ®4 B and let I be the kernel of the codiag-
onal map u. Observe that u is the canonical epimorphism from R to
R/I and Qp 4 = I/I?. Furthermore, by hypothesis B is of essentially
finite type over A and hence I is a finitely generated ideal of R. Thus
the equivalence of (i) and (ii) follows from Corollary 1.3. Under our
hypothesis the equivalence of (ii) and (iii) is well-known; for instance

see 17.4.1 of [2]. O

Corollary 4.4. Let L be a field and let k be a subfield of L such that
L 1s an algebraic field-extension of k. If L is separable over k, then the

wnclusion map k — L is decidable.

Proof. If E C F are subfields of L containing k, then observe that the
canonical map F ®; E — F ®; F is injective and I = Ip N (F ®y
F), where I, Ir denote the kernels of the codiagonal maps pg, ur
respectively. It follows that the ring L ®j L is the union (i.e. the
colimit) of rings K ®; K, and I, is the union (z.e. the colimit) of ideals
I, where K varies over all finite extensions of k£ contained in L. A finite

extension field K of k contained in L is necessarily separable over k and

29



hence from Theorem 4.3 it follows that the inclusion & — K is indeed

decidable. In view of (ii) of Theorem 4.1, our assertion is evident. [

Corollary 4.5. Let F be a function-field over a ground-field k and let
L be a finite separable extension of F. Let R be a domain containing k
and with quotient-field L. Assume R 1is of essentially finite type over k
and set S := RN F. Then the inclusion map S — R is decidable if and

only if it is unramified.

Proof. Since k C S, it is clear that R is of essentially finite type over S.

Hence the assertion follows from Theorem 4.3. (]

Corollary 4.6. Let F, L be as above. Suppose V' is a valuation domain
with quotient field L and W =V N F. Assume that the integral closure
of W in L 1s a finite module over W. Then, the inclusion map W — V

18 Decidable if and only if it s unramified.

Proof. Again, V being of essentially finite type over W, Theorem 4.3
applies. ]

Remarks: The integral closure of W in L is well-known to be a finite

module over W in the following cases (see for example Chapter VI of
[6]).

1. W (and hence also V') is Noetherian.
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2. The residue field of W (hence also that of V') is of characteristic 0.

3. L is a normal extension of F' and [L : F] is not divisible by the

characteristic of F.
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