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ABSTRACT

The main purpose in this study was to collect pressure and
Tocalized shear stress data for laminar flow of a constant property
Newtonian fluid across two parallel smooth rings positioned extremely
close to each other. In particular, the case where one of the rings
was attached to a rotating disk and the other was attached to a sta-
tionary disk. The pressure and its distribution were obtained from
pressure taps located in the stator. The tangential shear stresses on
the stator were obtained by a flush mounted surface probe.

Along with showing what certain physical parameters did to
pressure and shear stresses, analytical expressions for pressure dis-
tribution, shear stress, and flow rates giving zero pressure difference

between the plenum in the test rig and ambient conditions.
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NOMENCLATURE

volumetric flow rate of air

radial velocity

tangential velocity

pressure

angular velocity of rotating disk

radial coordinate

spatial coordinate perpendicular to stator
distance between disks (gap width)

density of air

dynamic viscosity of air

coefficient in tangential velocity profile
coefficient in tangential velocity profile
coefficient in tangential velocity profile
mass flow rate of air

shear stress

shear stress on stator

shear stress on rotor

outside radius of disk (or of ring)

inside radius of ring

Reynolds No. in tangential direction (!ﬂﬁﬂ)
Reynolds Mo. in radial direction (gﬂei)
Reynolds No. Based on Q (gﬂi)

gap to radius ratio (g/ro)
ratio inside radius of ring to outside radius of ring (r;/r,)
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characteristic radial velocity (zﬂgr])

characteristic tangential velocity (rg8)

torque on control volume or rings

characteristic pressure



CHAPTER I
INTRODUCTION
A. General

The flow of o0il or air to cool a disengaged clutch, the pressure
distribution in a seal, and the process of manufacturing records are all
examples of situations that could be modeled as fluid flowing between a
closely spaced rotor and stator. Therefore, research on this type of
flow field has practical as well as academic importance. This investi-
gation studied the radial flow of a constant property Newtonian fluid
between two smooth closely spaced rings mounted on disks (Figure 1).
Investigations on similar types of flow regimes has taken many forms from
elaborate computer modeling, to making assumptions that reduce the Navier-
Stokes equations to a form that can be solved in closed form. There are
many examples of the above techniques: for instance, an integral analysis
of flow in a disengaged clutch that models a rotor with radial grooves,
has been developed by J. R. Missimer in a dissertation entitled "Analytical
Model of Flow Between Smooth Stationary Disc and Grooved Rotating Discs,"]
at the University of Tennessee, Knoxville. The investigation team of
Bayley and Owens2 studied the effects of a turbulent radial outflow
superimposed upon the motion of the fluid between a rotating and sta-
tionary plane disk. They developed the governing equations for this flow
by taking the Navier-Stokes equations and performing an order-of-magnitude
evaluation to reduce them to boundary layer -form. Basically, the only
assumption they made in the order-of-magnitude analysis was that the gap
width was much less than the radius of the two disks. Bayley and Owens

1
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3
had to depend on special numerical methods to solve their governing set
of equations. There was another team of investigators, Pelech and
Shapiro,3 who examined the problem of a thin flexible disk rotating
next to a flat plate with fluid flowing radially outward. Pelech and
Shapiro were able to obtain a closed form solution to their problem by
using an order-of-magnitude analysis. In this order-of-magnitude
analysis two assumptions were made. The first assumption was that the
velocity in the tangential direction was much greater than the velocity
in the radial direction. Secondly, they assumed that the gap width was
much Tless than the radius of the disk. By using an order-of-magnitude
analysis, Pelech and Shapiro obtained a pressure, viscous and centrifugal
force balance in the radial momentum equation, i.e., negligible inertia
forces. The basic equation they obtained is given by the following
(Appendix A):

U1 e ¥V (1)
322 uw dr u r

and the assumed couette velocity profile is given by:

v - [é]ér . (2)

After substituting Equation (1) into Equation (2), they achieved a
closed form solution for the pressure distribution by direct inte-
gration.

Flow in a disengaged clutch has several different characteristics
than the problem addressed by Pelech and Shapiro. For example, in a
disengaged clutch, fluid may be injected through the center of the

stator. Since the disks in a clutch have rings mounted on each facing
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surface (Figure 1), the analysis is usually begun by assuming that the
flow is purely radial until it reaches the rings, where it acquires a
tangential velocity (Figure 2). By assuming a couette profile for the
tangential velocity, one requires that the tangential shear stresses are
the same on both the rotor and stator. It is even though by some
investigators that the tangential shear stresses do not vary with radius
on the stator.2 However, it is now believed that there are radial varia-
tions in the tangential shear stresses. In fact, it can be shown, by
application of the moment of momentum princip]e,4 that there are dif-
ferences in the tangential shear stresses between the rotor and stator
due primarily to the acceleration on the fluid across the ring (Appendix B).

A linear velocity profile for the tangential velocity fails to
predict one flow phenomenon, namely that of differentiating shear (tan-
gential) stresses between that of the rotor and stator. A quadratic
profile in the axial direction, where the coefficients are functions of
the radius, instead of a linear profile would better account for this
phenomenon. This quadratic profile, like the linear profile would aiso
allow tangential shear stresses to vary in the radial direction on the

stator.

B. Statement of Problem

This investigation studied the laminar flow of a constant
property Newtonian fluid across two smooth rings positioned extremely
close to each other. In particular, this investigation looked at the
case where one of the parallel rings was attached to a stationary disk,

while the other ring was attached to a rotating disk (Figure 1). The
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study investigated various ratios of tangential velocities to radial

velocities and various gap widths to radial length ratios.

C. Method of Study

Since the assumption of a couette velocity profile leads to
certain‘inaccuracies in predicting shear stresses on the rotor and
stator, it was proposed to take Pelech and Shapiro's basic governing
equations and assume a quadratic velocity profile for the tangential
velcoity distribution in the axial direction. This was done in an
effort to extend the range over which the basic assumptions could be
applied and to better account for tangential shear stress differences
between the rotor and stator. Experimental data was collected to verify
the predictions made by the expressions obtained from the quadratic

analysis.




CHAPTER II

DEVELOPMENT OF BASIC EQUATIONS

When approaching a new fluid dynamic problem an investigator
usually starts with the general form of the Navier-Stokes equations
and then proceeds to simplify these equations. The simplification is
usually done by eliminating terms which are small for the particular
problem of interest. Bayley and Owens have studied the flow between a
smooth rotating disk and a closely spaced smooth rotor and have presented
a simplified form of the momentum and continuity equations for such a
situation. However, there are other sets of momentum and continuity
equations. Pelech and Shapiro proposed one such set. By imposing
certain conditions on the tangential and radial velocities as well as
the gap and radius ratios, they were able to simplify the Navier-Stokes
equation to a expression that had a closed form analytical solution.

In this analysis two assumptions about the flow were also made.
The first assumption was that the characteristic length in the radial
direction (z) was negligible compared to the radial characteristic length

(Ro), that is,

%0 << 1 (3)
Ro
and that the characteristic radial velocity (UO) was also negligible com-

pared to the tangential velocity (Vo), that is

U

<< 1 (4)
0



Applying these assumptions to the procedures used in simplifying the
Navier-Stokes equations, the simplified form reduces to the following
set of equations (governing equations)(Appendix A):

2

Vo1 df 3|3l
Ty T wr e [az ] (%)
2
o=3——‘2’—\ (6)
32
-1 oa(rl) |oaw
0=+ or " 32 (7)

The cylindrical coordinate system was attached to the stator to ensure
an inertial coordinate system (Figure 3). The above set of equations

are subject to the following boundary conditions:

u(r, o) = 0 (8)
u(r, s) =0 (9)
v(r, 0) =0 (10)
vir, g) = ré )
w(r, o) =0 (12)
w(r, s) =0 (13)

Boundary conditions 8-11 are non-slip conditions that must be met at
the wall. Conditions 12 and 13 represent no mass flux through the
stator and rotor surfaces, respectively.

Non-dimensionalizing the governing equations resulted in the

appearance of the following non-dimensional parameters:

Qr

_ 0
Re = 2ntVr gv (14)

Pv

]
—
—
w
~——

)
rog
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Re = g/r (16)

0
ri/rO (17)

D
]

Re is a Reynolds number based on radial flow of air. %V-can be
thought of as a Reynolds number for flow in the tangential direction.
Rr’ the gap ratio, is defined as the ratio of the gap width to the
outside radius. The radius ratio, 9, is simply the ratio of the radius
of the inner ring of the test section to the radius of the outer ring.
This is the only parameter that was held constant during the investiga-
tion.

Equation 6 in the set of governing equations was also obtained by
Pelech and Shapiro. This equation indicates a linear velocity profile
for the tangential velocity distribution profile with respect ot the
axial coordinate (z). Pelech and Shapiro had good success in predicting
the pressure distribution for small gaps in the range of 10'3 inches.
However, at larger gaps, 10'2 inches, more angular momentum is imparted
to the flow and the difference between the tangential shear stresses on
the rotor and stator becomes larger. In an effort to empirically account
for these added flow phenomena at larger gaps, a quadratic profile,
instead of a couette one, was assumed. The intent of the quadratic
profile was to empirically expand the basic analysis to larger gaps.

The quadratic tangential velocity profile is given by:

B=A+Bz+Cz2 . (18)

The coefficients in this tangential velocity brofile were
determined by applying the boundary conditions. The first coefficient,
A, in the above equation, can be solved by noting the boundary condition

V (r, o) = 0. The second and third coefficients, B and C, may be
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related to each other by the boundary condition V (r, g) = ré. This
relationship is given by:

Bg + Cg2 = ré . (19)

A third condition was needed to solve for B and C. This condition was
obtained by the application of the moment of momentum (Euler's Turbine)4
equation,

T =m(V, Vv, r.). (20)

Y‘ -
8. i
out out in n

This T is the net torque transferred from the rotor to the stator. It
may also be viewed as the torque applied to a control volume whose
boundaries are the two disks and inner and outer radii of the test ring
(Figuré 4). The torques on the disk are found by integrating the tan-
gential shear stresses over the area of the test rings. The tangential
shear stress on the rotor is given by:

T, = u(b + 2 Cg) (21)

and the tangential shear stress on the stator is given by:

T T ub . (22)

Thus the net differential torque applied to the control volume is given
by:
u{b + 2Cg - b) = u2Cg (23)

Equations 20 through 23 may be combined and arranged to give a dif-
ferential equation for C. This differential equation,

4, ¢ 1, 2 . 6

. 6

fa]

is a first order linear ordinary differential equation with variable

coefficients, requiring one boundary condition on C. From the work
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done by J. R. Missimer,] who assumed that the tangential velocity pro-
file could be approximated as couette near the stator's wall, comes the
boundary condition on C. Missimer assumed that the non-dimensionalized
velocity at the inner radius of the ring was half of the rotor's speed
at the inner radius. Therefore, the profile was assumed to be close to
a couette profile. These assumptions lead to the boundary condition that
C = 0 at the inner radius of the ring. By using an integrating factor,

C was solved for and is given by:

(e et )

Two items should be noted about the coefficients B and C. First,
they are both functions of the radius. Secondly, B may be dropped out
of the velocity distribution, as was also done in the differential

torque equation, by making the substitution:

b = %f—- Cg (26)

Thus the tangential velocity distribution becomes

V=bz+Czl = ré [g] + 022 - g2) (27)

Substituting this velocity distribution into the set of governing
equations (5-7), one obtains the following expressions for %%, o
and V (Appendix I).

Derived expressions:

: 2. .4

dP _ _6Qu 3ré .9 ,.3°%¢C

dr =~ 3 +°[1o *C[ ]] (28)
g r

R T

g 4mug
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(2] B (e[ - )]

To solve for the pressure distribution, numerical techniques had

to be employed. It was decided to use CSMP, a user-oriented computer

1anguage,6 to obtain the pressure distribution from the ordinary dif-

ferential equation.




CHAPTER TII

EXPERIMENTAL APPARATUS AND CALIBRATION

A. General

The accuracy of the equations derived from the quadratic profile
needed to be verified by experimental data. Since no data existed, experi-
ments were conducted to acquire such data. A test rig was designed and
constructed to accomplish this task. Along with this test rig, equipment
was needed to monitor experimental variables and to collect the data. A
detailed description of the test rig, the support system and the data

acquisition system is given below.

B. Test Rig

The test rig was located in room M-7 of Doughtery Hall on the
University of Tennessee, Knoxville campus. The apparatus consisted of
two smooth rings mounted on two plane disks, a stator and a rotor, which
was attached to a 3 ft x 3 ft cast iron table. The rotor was spun by a
motor-belt-spindle arrangement. Air was injected through the stator from
the building's air supply system after passing through two filters. The

flow rates of air were measured by two air rotameters (Figure 5).

1. Disks
The stator and the rotor were machined out of 1 inch aluminum
sheets into disks having an outside diameter of 15 inches. The design
on the stator called for it to be cut down to 3/4 of an inch thick with
a 1/4 inch step placed at a radius of 5.85 inches. This placed the test
15
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region on the stator between a radius of 5.85 and 7.50 inches. The step
also created a plenum in the central region of the two disks. This plenum
acted as a damper to any flow pertubations. Ten pressure taps were placed
in the stator at radii of 3.00, 5.905, two at 6.265, 6.675, 7.088, 7.253,
7.335, 7.368, and 7.41 inches. (The two pressure taps at 6.265 inches
were used to check the axisymmetric condition, and is discussed later in
Chapter VI, Section E.) The mounting holes for the hot film surface probe
(see Section 3, Chapter III) were located in the stator at radii of 6.40,
6.675, and 6.95 inches. The air was symmetrically injected through the
stator by two holes which were four inches apart. Two air holes were
needed in the stator so that enough air could be injected into the test
rig. The use of one big air intake was avoided because of support reasons
for the stator. To have a reliable way of measuring the spacing between
the rotor and the stator a micrometer was mounted on the stator (Figure 6).

To maintain proper alignment of the rotor and stator, the stator
was mounted on a slide. By adjusting the slide the stator could be moved
axially changing the spacing between the two disks (i.e. the gap distance)
and still remain parallel to the rotor.

Before the rotor and spindle were secured to the table, they were
placed in a lathe where the ring or the rotor assembly was faced off to
ensure proper alignment about the rotor spin axis (z). The ring on the
rotor also had an inner radius of 7.5 inches, thus the test sections were
the same on both the rotor and stator.

Unlike the stator, the.rotor consisted of two parts, a detachable

ring and a disk. This increased the test rigs capability of gathering a

o
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variety of data on other parameters, such as a rotor whose face had
machined grooves in it. The rotor assembly was mounted on a spindle,
manufactured by Whitnon Manufacturing Company, and then bolted to the

cast iron table (Figure 7).

2. Support System

A General Electric variable speed motor rated at 5 H.P., which
also had a maximuﬁ speed of 3500 RPM, was used to turn the rotor. A
magnetic pick-up connected to a Monsanto Counter monitored the Angular
velocity of the rotor. Because the counter's digital output displaced
the speed of the rotor directly in RPM's, the speed could be continuously
monitored and/or corrected during experimental testing (Figure 8).

The air that was injected into the test rig was taken from the
building air supply after passing it through two filters and through two
Dwyer Visi-Float Flowmeters which were connected in parallel to the test
apparatus. These two rotameters were calibrated in standard cubic feet
per hour (SCFH). Since the experiment calls for air flow ranging from
0-500 SCFH, two sets of rotameters were used. The capacity of the
rotameters used was from 0-20 SCFM incremented in 1 SCFH and from 20-300

incremented in 5 SCFH (Figure 9).

3. Data Acquisition System

The data acquisition dealt mainly with obtaining two kinds of
data: radial pressure distributions and surface shear stresses on the

stator. Pressure distributions were obtained by recording individual

pressures from the pressure taps located in the test region of the rotor.

The pressures were measured by a Dwyer oil-filled inclined manometer
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Figure 7. Test Rig.

i

Figure 8. Inclined Mancmeters.
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which was calibrated in inches of water and incremented in hundredths of
an inch. Because the investigation dealt only with steady state con-
ditions, all of the pressures could be obtained from one manometer. The
other data required for experimental verification of expressions obtained
from the quadratic velocity profile were surface shear stresses. There-
fore, a means of measuring the stresses on the stator was essential. A
literature search revealed that a flush mounted hot film surface probe
could adequately measure surface shear stresses when air is the fluid

med1’um.7']0

The probe used to measure the surface shear stresses was a
1237W Flush Surface Probe manufactured by Thermo-Systems, Inc. (Figurel0).
The end of the probe was made flat so that when it was mounted properly

no flow disturbance was introduced. The sensor in the probe was made

from an aluminum coated platinum strip measuring 0.005 inches wide by
0.040 inches long. A stainless steel rod acted as a shield to a quartz
rod that had the sensor embedded in its end. The rod measured 0.125
inches wide and 1.50 inches long. The instrumentation used to power and

monitor the probe was a Thermo-Systems Monitor and Supply Series 1050

and a Data Precision voltmeter (Figure 11).

C. Calibration

The validity of any experimental study is only assured after the
instruments used in measuring important parameters and experimental data
have been calibrated. There exists several methods for calibrating equip-
ment. One way is to calibrate against some theoretical predictions. The

second way is to use some standard that has been previously calibrated.



23

____Quartz Rod

Alumina Coated
Hot Film Sensor
(0.005" Wide by 0.04" Long)

& 1.5"
0.125"

i

Stainless Steel Tube

’ Figure 10. Thermo-Systems 1237W Flush Surface Probe.



24

] L4
0o
| ™. .o . o

|

»

®

., ® oo
® @ 0o

Systems Supply and Monitor.

Thermo

Figure 11.



25

Some equipment may only have to be calibrated once during an investi-
gation, while others should be calibrated many times during an experiment,

The magnetic pickup counter system was an example of an instrument
that only needed to be adjusted once during the experiment. Since the
sensitivity of the magnetic pickup was primarily a function of the
distance between its probe and the teeth on the shaft connecting the
rotor to the motor, the counter was set for the entire experiment after
the gap had been adjusted once. The counter was calibrated, i.e., the gap
set, by two instruments, a stroboscope and a tachometer. By matching the
two outputs, the counter against the stroboscope or tachometer, indicated
the need adjustment of the probe.

It was imperative that the two disks remain parallel during the
investigation. This was checked regularly during the experiment. To
check the alignment, a micrometer was mounted on the rotor. Thereby
rotating the rotor in 90° increments the alignment could be checked. At
each position of the rotor the micrometer was read to an accuracy within
one half of‘a thousandth of an inch. A1l other measurements were also
held to within the same Timits.

Since the test section on the rotor was a ring attached by
eight screws, there was a tendency for the test surface to warp. This
condition was checked by using the micrometer mounted in the stator. By
using the micrometer the same way it was used to check the gap setting,
the surface variation on the rotor could be checked. By rotating the
rotor and measuring the gap at eight different tangential positions, the
gap could be set. The deviation of the eight different gap readings was

used to obtain the surface variation. The maximum allowable variation
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was less than + 0.0005 of an inch. When this limit was exceeded, the
spindle and rotor assembly were taken to the shop and the test surface
was machined back into tolerance.

The hot film surface probe was checked against theoretical
predictions instead of another instrument. A procedure for calibrating
the surface probe had to be developed since there was no equipment avail-
able to perform this task. By maintaining the two 15 inch disks stationary
and shrinking the gap between them to 0.010-0.020 inches, the circum-
ferential effects of the test region could be neglected. Then by supplying
air through the plenum, flow between the two test rings at a particular
radius could be approximated by Poiseuille flow. This approximation could
only be made for small intervals in the radial direction. In Poiseuille
flow all derivatives in the direction of the flow are zero except the
pressure term in the momentum equation, i.e., nothing changes with respect
to the direction of flow. However, in the flow that was approximated as
Poiseuille flow the velocity and the pressure does change in the direc-
tion of the flow, i.e., in the radial direction. But by taking small
radial intervals and by making the gap width small, flow variables were
considered constant and thus approximated Poiseuille flow, Therefore, the

11

probe was calibrated in the test rig. In Poiseuille flow ' the wall shear

stress is given by:

—

T, T T 5'(9) ar . (31)

The radial pressure distribution term in the above expression
was approximated by recording the pressure difference between two pressure

taps, radially separated by the surface probe. The pressure taps were
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not located in the same general area of the probe. This was possible
because of the assumed axisymmetry of the flow. The expression for the
shear stress (Equation 31) is also based on the assumption of the flow
being fully developed. Yet, if one assumes that the hydrodynamic entry

length is approximated by:”’]2

Re

=N w

where the ReQ is based on the gap, all of the probe's mounting positions
were in the fully developed flow regime (Appendix D). So by measuring
the flow rate and pressure gradient across the surface probe, one could
then calculate the surface shear stress across the probe. Then by plotting
the calculated shear stress against measured voltage a calibration curve
was obtained, This procedure was done for various gap widths ranging
between 0.010 to 0.020 inches and varying flow rates. All these points
fell within experimental error, however, data taken at gaps widths of
0.010 inches or less had larger deviations from this curve. This devia-
tion of calculated shear stresses from the curve at a gap of 0.010 of an
inch was originally thought to be due to surface variations of the test
section. However, this was found not to be the only reason and will be

discussed later.



CHAPTER IV
EXPERIMENTAL PROCEDURES

Certain inspections and procedures dealing with equipment
had to be carried out before any testing could be conducted. One
instrument that required inspection after each time it had been
repositioned was the surface probe. Since the hot film surface
probe measurements heavily depended on direction, it was carefully
aligned after it was mounted. The probe was also sensitive to the
relative flushness between itself and the stator, therefore, this
was inspected once per remounting. Once the probe had been
inspected, other pieces of equipment could then be set. For
instance, the gap was then set by recording the spacing between
the two disks in eight different places. This was accomplished by
using the micrometer mounted on the stator and turning the rotor
in 45 degree increments and obtaining a gap reading at each interval.
The gap setting was obtained by averaging the eight readings. The
maximum variations of the reading were on the order of 0.0005 of
an inch. (Because of small surface variations in both the rings
on the rotor and stator plus the very small amount of misalignment
of the two disks, the gap widths were set to within +0.0005 of an
inch.) At this point, the o0il Tevel in the manometer was set to
zero and the level of the manoheter adjusted. The regulator between
the building's air supply and the line connecting the air filter
used in this experiment were then set at 50 psi. The monitor and

28
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supply system was then connected to the probe and switched on. Each
day the overheat resistance in the hot wire circuit was set according
to the procedures in the Thermo-Systems Manual, after a 10 to 15
minute warm-up period. Following the setting of the overheat
resistance, it was possible to set the desired volumetric air flow
rate using the valves in the two Dwyer rotormeters. The test rig,
after daily inspection and calibration procedures had been carried
out, was ready to be used in collecting data.
The process of collecting data went as follows:
1) Inspection and calibration of test rig and support system.
2) Air flow and rotor speed set by valves and motor control
respectively.
3) Recording of the pressure at nine different pressure
taps.
4) Recording voltage output of the probe from the 1050
monitoring system.
5) Resetting gap width, volumetric flow rate of air, and/or
motor speed.
6) Repeating steps 3 through 5 with the addition of
rechecking the probe's overheat resistance.
It should be noted that the variance of the speed was maintained
to less than plus or minus 10 RPM of the desired rotational speed
and the gap settings were considered to be set within 0.0010 of

an inch, even though the gap settings were set closer.



CHAPTER V
THE THERMO-SYSTEM 1237W FLUSH SURFACE PROBE

A large part of this experiment dealt with obtaining surface
shear stress data on the stator by the use of a Thermo-Systems 1237W
Flush Surface Probe. A literature survey failed to yield any
information concerning the directional characteristics of this flush
sensor. Tests were conducted to determine the 1237W Flush Surface
Probe dependence on direction and the effect of how positioning the
probe sensing surface relative to the test surface affected the output
signal of the probe.

To test the sensitivity of the probe to direction, a known
one-dimensional shear stress had to be generated. Therefore, the
flow that was used to approximate Poiseuille flow was an ideal choice.
I[f the probe was heavily dependent on direction, by positioning the
sensor 90 degrees out of phase the probe's signal should be greatly
reduced. Four gap widths (0.010, 0.014, 0.016, 0.020 inches) and
six volumetric flow rates (50, 100, 150, 200, 250, and 300 SCFH) were
used in determining the directional dependence. The probe's mount
(Figure 12) had lines inscribed radially ébout the center, 45 degrees
apart. (In referring to these lines the line parallel to a radius
will be called 0 degrees). Then the probe is also said to be mounted
in the zero direction (Figure 12). Thus when the probe is at 90

degrees it is positioned to measure radial shear. MNinety, 45, and
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}

/////_ Inscribed Lines
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Figure 12. Probe Mount.
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0 degrees were chosen as the angles to be studied. The voltage output
of the probe was usually in the range of 13.0 to 13.7 volts, thus the
percent of voltage output between two readings was given by:
vV -13.0
Error = [VE—:_T§_} x 100 (32)

The voltage output at 0 degrees was an average of 81.4 percent
of the 90 degree position, while the 45 degree position was 92 percent
of the 90 degree position. The probe did show a slight directional
dependence, but not, however, as much as a hot wire anamometer
(Appendix G.3B). It should be noted that the probe mount was not
designed for the sensor to rotate in and maintain the relative
flushness, and therefore, this may have influenced these results.
Also this mount was not designed to measure the probe's depth,
therefore the discussion of the influence of the probe mounting,
relative to being flush with the test surface, will be qualitative
in nature. Pushing or pulling the probe from the back side of the
stator, thus changing the depth the probe protruded or was reset
back into the aluminum, while still maintaining the sensor "close"
to the stator test section surface, could change the voltage output
by +0.10 volts. This amounted to a total output voltage change of
less than 1 percent. However, since all the reading ranged from
13.1 volts to 13.6 volts, this represents a larger error than 2 percent.
In fact, a 0.01 volt represents 20 percent of the range of voltage

measured,
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The Thermo Systems 1237W Flush Probe was also sensitive to
the conditions of incoming air.* For example, as the data was taken
during the day, starting in the morning, the overheat resistance
would change from about 5.67 to 5.73 ohms. It was concluded that
as the ambient air's temperature warmed up during the day, the
overheat resistance changed proportionally. To get good repeatability
of data, runs had to be made at or close (+0.01 ohm) to the same

overheat resistance,

*This condition was brought about after the building's air
compressor broke down and air was supplied by the Department of
Mechanical and Aerospace Engineering compressor.



CHAPTER VI
ANALYTICAL AND EXPERIMENTAL RESULTS
A. General

The experimental findings on pressure distributions, shear
stress profiles and necessary conditions for zero pressure differences
between the plenum and ambient condition are presented graphically.
Since the data were divided into the above-mentioned categories, the

results were also presented in the same groups.

B. Pressure

One of the main goals of this investigation was to obtain pressure
data. The range of pressure differences between the plenum and ambient
conditions ranged from a positive 3 inches of water to a negative of
1.5 inches of water. The data obtained and analysis presented showed
various influences on pressure due to changes in three physical
parameters (gap width, air flow rate, and rotor speed).

Increasing the ingested air flow to the test rig always was
associated with a positive increase in the pressure difference (i.e.,
pressure difference between the plenum and ambient conditions).

This was not a linear relationship, in other words increasing the

air flow rate from 50 to 200 SCFH would not increase the pressure
difference by a factor of four (Figure 13). This would be especially
true if the conditions were such that a flow rate of 50 SCFH located
the pressure difference in the negative regime (vacuum) and a flow rate

34



35

a2 ’
SE | | i I [
2.0 |— ﬁ‘@—— Inner Radius —
|\
P S —
\
\ RN
N
= 1.6 — } N —
3 \ N
s _1_ | N ]
5 | s N
$ ].2 | \‘ \ —
G P N
c N, N\
- 1 ! N, ]
o { \,\ N
£ 0.8|— \ e il A N ]
” | ~
g | ~., AN
a —— i ., AN —
) | ® ~. N
3 0.4 |— ! ~\\\\9 N —
(D L] ‘ l '\ \
0 21 | ! L .
ST | I
6.0 6.5 7.0 7.5
Radial Distance (R), Inches
(RPM = 500, Gap = 0.014)
Both Flow Rate
Data Analyses (SCFH)
. 50
° e 200
'y 300

Figure 13. Comparison of Measured and Analytically Predicted
Pressure Distributions I.



36

of 200 SCFH located the pressure in a positive regime (i.e., the
pressure in the plenum was greater than the ambient condition)

(Figure 14). The quadratic analysis was able to predict positive and
vacuum pressure differences (Figures 13 and 14). For gaps less than
0.016 of an inch (Rr <1%8') the analysis predicted vacuum pressures
within 0.02 inches of water of experimental data. Since the least
count on the inclined manometer was +0.01 inches of water, pressure
predictions for pressure less than this amount were considered
correct if the data fell within this least count. A flow regime where
the predictions failed to predict the correct pressure differences
between the plenum and ambient conditions was for small gaps

(g < 0.010 inches or Rr 5—7%5') and for pressure difference of 1.5
inches of water and higher. To obtain these pressures, flow rates

of 200 and 300 SCFH had to be used at this width. This result, the
failure of the analysis to predict these pressures, was not surprising
since the radial velocity (UO) became equal to or the same order-of-
magnitude as the tangential (Vo). (Recall $§1<< 1 was a basic
assumption to the analysis.) In general, the analysis did a good

job of predicting the pressure distribution when it predicted the
correct pressure difference (Figure 14). There were cases, however,
where the analysis predicted the correct pressure difference but
failed to predict the correct pressure gradient (Figure 15). Generally
this type of error occurred when the difference between the plenum

and ambient conditions approached zero or when large pressure
differen;es existed between the plenum and ambient conditions (1.50

to 1.70 inches of water or higher).
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The rotor's speed had just the opposite effect on pressure
differences than did the air flow rate. For example, for a gap of 0.010
inches and flow rate of 50 SCFH, changing the rotor speed from 500 to
2000 RPM would change the pressure difference from 0.76 to 0.30 inches
of water (Figure 16). The analysis accounted for this effect. Taking
a condition that gives a negative pressure difference (vacuum) and
increasing the rotor speed would result in a greater vacuum. In other
words, increasing the rotor speed would cause an increase of pumping
action. This additional pumping action, due to an increase in rotor
speed, always decreased the pressure in the plenum (Figure 17).

The gap setting and rotor speed caused the pressure to respond
similarly. Decreasing the gap setting would cause the pressure
gradient across the test section (ring) to increase. The pressure
increased exponentially with decreasing gap (Figure 18). Conditions
where the pressure gradients across the ring exceeded 2.00 inches of
water or higher had prediction errors in excess of 45 percent. To
obtain these large pressures in the plenum required a large volumetric
air flow rate and/or small gaps. Even though the gap ratio was small
(Rr = 7%5 ) a basic assumption to the analysis, the large flow rates
associated with the small gap made the radial velocity (Uo) the same
order of magnitude as the velocity in the tangential direction (Vo).
Thus the basic assumption of g% <<1 was not satisfied. Many non-
dimensional groups and combinations of groups were examined, but the
combination of Re, Pv and Rr (radial Reynolds number, the reciprocal
of the tangential Reynolds number, and gap ratio respectively) formed

in the following relationship:




49

0.8 L.
0.6 |—
N
3 |
-]
=
Y
° 0.4 —
w
Q
S —
=
0.2 b—
g
3
"
[7,] e
@
(N
o
g 0
<
(&)
—
-0.2 |—
6.0 6.5 7.9 7.5
Radial Distance (R) Inches
Quadratic Curve Experimental DNata RPM
L 500
— a 2000
e e - 3900
(Gap = 0.01 inches, Q = 50 SCFH)
Figure 16. Comparison of Radial Pressure Distribution with

Experimental Data.



Plenum Pressure - Gage
(Inches of Water)

Plenum Pressure - Gage
(Inches of Water)

41

3 T
I | l [ ~d
~
S— ~ —
~
~
Q = 200 SCFH
2 —
1 p———
0}b——--
500 1500 2500 RPM
Quadratic Experimental ® -50SCFH
Analysis --- Data = e -200 SCFH
a -300 SCFH
+1
0 +—

Figure 17.

500

The Influence

1500 2500

of Rotational Speed on Pressure.



42

a v
HA3S 00€ HA2S 002
( 0L x sayoul) dey
€
8l 1A} ol 9
Y | I ) NJr
ARRERE _M%H_ Frrrrti
- i
- —+
I
—1
—T9
—1-'01

‘0¢

*24nssadd uo dey jo aduan|jul ayly ‘gL 94nbL4

0L X (90eb - 43IBM O S3YOUL) BUNSS3AUJ WNUd[d

sLsAleuy ‘penp

d Julod eyeq
H43S 0§ I1ey MOL4
Amo— X sayouy) dey
8l 14! oL 9
i 4 I e
T T 1T TTTT T 1T TT T 11T
S =
.|// ||A.
= / oy
\ .
- ey —
e / ———
= - —
\ -
ha N i
— ™\ \ ]
\ —
&= =

Wdd

Tl d

ot

*0¢

"G

CL x (3beb - uajem 40 saYoul) BUNSSBAUJ wWNu3|d



43

9
e < 38 (10)7, (33)

best predicted where the analytic results applied. Dimensionally the
above relation is a product of the Radial and Tangential Reynolds
number divided by the radius ratio. Physically the above ratio is the
product of the radial and tangential inertia forces divided by the
product of the radial and tangential viscous forces, that ratio divided
by the ratio of characteristic lengths (radius ratio - Rr = 9/Rg) .

Comparing the profiles predicted by the quadratic assumption
and the predicted profiles of Pelech and Shapiro shows that the
quadratic assumption made only second order corrections to the couette
assumption. An example where the two analyses predicted essentially
the same pressure gradient was for a gap of 0.01 inches, an air flow
rate of 200 SCFH, and a rotor's speed of 500 RPM. Differences in the
analyses tended to increase with rotor speed and qap width, while the
difference between the two predictions tended to decrease with
volumetric flow. Figure 19 shows a case where the quadratic and
couette coincided. However, Figure 20 shows a situation where the
quadratic assumption made second order corrections to the couette
predictions.

Both analytically and experimentally the pressure was found to
be a function of several parameters. The major parameter in determining
the pressure in the plenum seemed to be the radial velocity. Experi-
mentally the pressure difference was proportional to the flow rate
and inversely proportional to the gap cubed. The analysis showed this

as a ratio. That ratio is given by:

P = 93 (34)

g
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This proportionality just shows the influence that two parameters, Q,
the volumetric flow rate, and g, the gap setting, have on the pressure
difference between the plenum and ambient conditions. The pressure |
also had an influence from the rotor's speed. By increasing the speed
the pressure would decrease in the plenum. Again the analysis showed
this in the form:

JR L (34)
In other words the plenum pressure decreased in proportion to the square
of the rotor's speed. The analysis combined these two effects which

can be shown by the following equation:

P~ 8—3 - ézr‘z (35)

The above expression is only presented to give insight to what small
perturbations of physical parameters would have on the pressure
gradient across the test ring. (These influences are shown experi-
mentally and the trends are also predicted analytically.)

One last note on the pressure predictions. Although the analysis
had regions of errors, sometimes in excess of 50 percent, the predictions

always fell within the uncertainty of the data (Appendix D).

C. Surface Shear Stress

The shear stress was also affected by the same three variables
as the pressure, namely, the rotor speed, the spacing of the disks,
and-the ingested flow rate of air. The surface shear stresses seem
to have two different regimes. These regimes usually were separated
by a plenum gage pressure of zero. The shear stress characteristic
response was different in a positive pressure field than in a negative

pressure field.



47

Fixing the rotor's speed and air flow rate, the tangential shear
stress would be reduced by doubling the gap, but not necessarily by a
factor of two. The analysis did predict this halving trend. But in
this case the shear stress depended upon other factors, such as the
volumetric air flow. For example, maintaining the rotor's speed at
1000 RPM for three flow rates (50, 200, and 300 SCFH) of air while
changing the gap setting from 0.020 inches to 0.010 inches will
increase the shear stresses by factors of 1.55, 1.90, and 2.53,
respectively (Figure 21). Varying the flow rate of air, which was
injected into the disk pack, could change and have a big effect on
the shear stress measurements. A reasonable hypothesis about the
tangential surface shear stress on the stator would be, that it should
increase with volumetric flow rate. However, this was not necessarily
so. This depended on where the flow regime was (a positive, negative,
or a zero pressure difference between the plenum and ambient conditions).
The shear stress on the stator was dependent on the existing pressure
difference across the test section. Increasing the flow rate of air
from a positive pressure field would always result in an increase of
the shear stress on the stator. Changing the pressure in the plenum
from a vacuum, i.e. less than ambient, to zero pressure difference by
increasing the air flow rate would cause the tangential shear stresses
to decrease on the stator. Then increasing the flow rate past zero
pressure difference would cause the shear stresses to increase. Thus,
in all measurements for a given gap and rotor speed the minimum shear
stress occurred at or very near zero pressure difference between the

plenum and ambient conditions. Increasing the air flow rate from this
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condition would result in an increase in the shear stress experienced
by the stator (Figure 22). Both analyses predicted that the shear
stress would decrease when the air flow rate was increased. They
predicted shear stresses as they responded in the vacuum pressure
regime. This points out the fact that neither the quadratic analysis
nor the analysis done by Pelech and Shapiro could predict the two
regimes for the surface shear stress (Figure 22).

The rotor speed had a more direct influence upon the shear stress
on the stator than did the volumetric air flow rate. Increasing the
rotor speed while maintaining the gap and air flow rate constant would
always result in an increase in the tangential shear stress. This was
the case for all pressure gradients. Both analyses predicted a doubling
of the tangential shear stresses on the stator by doubling the speed.
However, this was not the case for most of the data taken. In fact,
there was no constant ratio obtained in the increase of shear stress
by doubling the rotor's speed.

In this investigation only three positions were available for
shear measurements. These measurements seem to point out that the
shear stress on the stator reaches a maximum in the center of the test
section (i.e., r = 6.69 inches, or R = 0.89) for positive pressures.
However, for vacuum, the general trend was for the shear stress to
decrease montonically with radius. The only exception to this was
found at a gap of 0.014 inches. The couette and quadratic analyses
failed to predict maximum in the surface shear stress distribution.

In fact, the analyses predicted a shear stress distribution that

increased montonically with increasing radius (Figure 23).
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D. Zero Pressure Difference

Since zero pressure difference has been shown to minimize the
drag on the stator, it was imperative to predict the required flow
rate of fluid (air) that would give this condition. Both analyses,
the quadratic and the couette, predicted the flow rates required to
accomplish this task (Figure 24). It should be noted that the quadratic
analysis made second order correction to the predictions made by the
couette assumption. For example, the couette assumption predicted a
flow rate of 456 SCFH for a gap of 0.020 inches and a rotor speed of
3000 RPM, while the quadratic predicted a flow rate of 424 SCFH. In
this case, the only flow condition studied that both analyses failed
to predict the flow rate within the experimental range of data, was
360 SCFH. Because the quadratic analysis was only a few percent better
than the couette analysis, and since the couette equation giving the
required flow rate of fluid for zero pressure difference was in a simple
closed algebraic form, and the same equation for the flow rate developed
from the quadratic assumption required numerical technigues to solve,
the couette equation will be presented. This equation was given by:

AP =0 = oéz(r]z - roz) —%—- %%%-]n (;%) (36)

Equation (36) was arrived at by integrating equation (6) with respect
to the radial coordinate. Equation (36) successfully predicted the

flow rate for all gaps tested (gaps 0.010 - 0.020 inches or Rr from
1 ]

Tt - =)

750 ~ 375
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E. Assumption of Axisymmetry

As was previously stated, there were two pressure taps in the
test section of the stator to check the assumption of axisymmetry (in
particular %g-). The two taps located approximately 135 degrees apart
at a radius of 6.265 inches (R = 0.84). One of the taps was placed
directly on the bottom side of the disk (Figure 25). The Dwyer
manometer was then connected in series between the two pressure taps.
For a volumetric flow rate of 50 SCFH, no pressure difference was
recorded for any gap and speed combination used in this investigation.
But when a flow of 200 or 300 SCFH was tested there did exist a pressure
differential. The biggest difference recorded was not more than 0.04
inches of water. This was due to the proximity of the table to the
bottom tap location. However, it was believed that this was a local
perturbation. It should be noted that none of the mounting holes for
the flush surface probe or pressure taps used in data acquisition were

located in this area.
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CHAPTER VII
CONCLUSIONS

The pressure predictions made by both analyses, the couette
and the quadratic tangential velocity profile, were in many instances
within 1 percent of the data. In fact, the quadratic analysis made
only second order corrections to the analysis employing the couette
assumption. In the regime of ﬁvﬂg—ﬁF < 38 (10)9 the analysis predicted
the pressure difference within 20 percent or better. The quadratic
analysis was more accurate at bigger gap widths (g = 0.020 inches or
Rr = z1=) and at higher flow rates (200 SCFH or Py > 1725). This is
the only time that the quadratic profile should be used because of its
added complexity. It was found, analytically and experimentally, that
the pressure depended heavily on the radial flow. It was also found
the pressure increased exponentially with decreasing gap as the gap
approached 0.010 inches (Rr = 7%5) from the larger setting.

The shear stress was influenced by a number of physical char-
acteristics and flow regimes which the present analysis did not take
into account. The data indicated that the condition for optimum
operation, minimum drag, for a closely spaced rotor and stator is at
zero pressure difference. Another item that the computer models did
not predict was a peaking of tangential shear stress on the stator
mid-way across the test section (R = O.ég) for positive pressures.
This could be caused by the sharp inlet to the test section from the
plenum. For high flow rates of fluid (air), i.e. associated with
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large pressure differences between the plenum and ambient conditions,
separation might have occurred at the edge of the test section, thus
causing a decrease in shear stress at the inner radius. The only
exception to the shear stress trend of maximizing for positive pressure
differences occurred at a gap of 0.014 inches. The shear stress showed
a dip toward the center of the test section or in general decreased
along a radius for vacuums or zero pressure differences.

Because zero pressure difference represents the minimum drag
condition, an expression for predicting the flow rate required for a
given speed, gap (radius ratio) was found by Pelech and Shapiro to

be this expression:

. r
0 = 062 (r]2 - roz) §%-- %%§ n (F%) (37)

This expression showed good results in predicting the volumetric
flow rates of air (Figure 26). It should be noted why the equation
developed by the couette analysis was given and discussed instead of
the equation developed by the quadratic analysis. The equation,
developed from the assumption of a quadratic velocity predicting the
amount of volumetric flow, was not in a closed form and required
numerical techniques to obtain answers. The same equation developed
by assuming a couette profile for the tangential velocity distribution
yielded a simple closed algebraic form, differing from the quadratic
by only a few percent.

In general, the quadratic analysis only made second order
corrections to the couette analysis for air. However, Figure 20 (p. 44)
shows that the two analyses did have regions where there were differences

in predictions. The difference between the two analyses was the
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coefficient of the squared term in the tangential velocity distribution,

C. Equation 20 gives the expression for C, and is listed below:

C = %9@; (];) (1-exp[1§6\’ (r12 - vl (20)

[f SAE 10 weight oil had been used in this investigation instead of
air, the difference between the two analyses, couette and quadratic,
would have been more noticeable. This can be seen by noting that C
is a function of the kinematic viscosity, SAE 10 weight o0il has a
kinematic viscosity 85 times that of air at 77 degrees F. There are
fluids and flow regimes that the quadratic assumption might have a
significant advantage in predicting the correct pressure differences

and gradients over the couette analysis.



CHAPTER VIII
RECOMMENDATIONS

If further research is carried out in this field, and this
test rig is used in the collection of more data, three items should
be changed. The first item that should be changed is the addition
of several additional mounting locations for the surface shear stress
probe in the stator test section. This would help verify the shear
stress profile on the stator. Secondly, the stator test section
should be machined parallel to the back side of the stator. This
would allow only one setting on the probe mount and thus increase
reliability of readings while minimizing the effort involved in
repositioning the probe. The scatter in the calibration curve of
the shear probe could be reduced by the construction of a calibration
rig. The design of this rig should pay special attention to improve-
ments in setting gaps and supplying known and uniform flow rates of
air. This would cut down the scatter at higher shear stress readings.
A third modification that should be made to the rig has to deal with
the axisymmetry assumption. The flow disturbance due to the proximity
of the table could be corrected by either raising the disks or cutting
a slot in the table to allow air to move freely about the disk. Although
not very significant, this should be done to prevent circumferential
pressure gradients.

Finally the pressure predictions and the predictions for air flow
rates giving zero pressure difference should only be used in flow fields
where the value of —R&___ s less than 38 x (10)°.

PV * Rr
60
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APPENDIX A

DERIVATION OF GOVERNING EQUATIONS

This investigation studied the Steady State Laminar radial

flow of a constant property Newtonian fluid between two parallel

closely spaced rings mounted on two disks, one on a stationary disk,

the other on a rotating disk.

of the

The following list gives the assumptions made in the development

analytical analysis.

1

Laminar Flow

)

2) Constant Property Newtonian Fluid

3) Steady State Flow (%é—l-) = 0)

4) Axisymmetric Flow; this is due to the geometry of the flow

a( )
(g =0)

5) The characteristic length in the radial direction (the radius
ro) is much greater than the characteristic length in the
axial direction (gap width = g) (g/r'0 <<1).

6) The radial velocity (Uo) is much less than the tangential
velocity (VO) (i.e., Ug/Vy << 1.

Navier-Stokes Equations in Cylindrical Coordinates

Continuity:

1 3 13V, oW _°
voor (W tEsg izt O
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Radial Momentum:

U % Nar-v " 5ar ' Fr
okt k-l
Theta Momentum:
Axial Momentum:

U=-3—; Ve W=-ﬁ€ F=:—o(ro

7= %;- (ZO = gap width) P = %;
Non-dimensional Parameters

Re, = Vgro Pv = Vo;o 6 = ;% Rr

To begin the analytical analysis, start reducing

equation first.

Continuity:
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divided by Vo2/rg

2 - = 2 =
U ro  oU Walp ral o oU v 1 [Py r aP
el Tog s Moig fojgZ_ ¥ - 1k Il
[Vo] ro U oF ¥ [ Vo Zo] " 97 v P [”o ng} aF

— 2
Usy. r 15 = U U, ro 83U Usr,s U
(R bR el - e Y
recall go-<<1 => [%0 <<]
) 0
Wolagrg _ U WQPO
and Volro Volrg { 1 ]

Now take the coefficient

1 |P 1 P 2
_[-Foﬁaz}z.p_v%=]=>P0=pvo

P OVo 0

Now take the coefficient

Ug | ro, - v (Ul rd_ v [Ug) Zg v 4
v [Vg?] P02 Voro [VO] ?’0{ Voro [VO Zg ro o) 1 >0
1 0 0

Now the final coefficient in the radial momentum equation
>>1]

U r Vv r U

=0 __0.2 - _vY _ llorisoy - =

v 202 Vo VQZO {Zo} (Vo] Py ]
>>1

Therefore the non-dimensional form of the radial momentum

equation is




Now going to the Theta Momentum equation

V aV !V aV __U_igp_ -
§K+Ua+ra+wa_z+r‘-pra6+re
=& o a_ =
0= at ab ° ad ©
2

- a_ .
0= o6 af
ye eyl W da oaly o2y
ar al r Y \var ar aZl ~

Introducing non-dimensionalizing variables

_L_J_Q!Q_Dﬂ.pﬂoh wL+M.\7_Q_=
ZO al r

cdoyy Lo ol Yo ol Vo T
re2) 7 oF FoF Y 702 07 " v W
. Vo
now divide by v 7—2
(0]
2 -
1 (UVo Z7gygaV, (HlVo Zg
v ro VO of vZO VO aZ
2 - 2 2
Vo Zo%y 1 o paVy ,aV Vo Zo”
('r;? VO)F‘aV(rOLY‘)+a_ZZ(—Y‘—62 Vo

1 0
Lol 2% Volo (Yy(oy - 12 (U (2
r ro Vo v Vitrg v 0 0

¥

o 2
vlg Vo
0
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Recall Py is order 1 from radial momentum equation.

Preceeding on to the next coefficient

WoVo Zo~ . _Wo _ro._ - Lo
rZy Vo > recall 1 Zo " Uo = > Wo = Ug Vo
Mo Vo Zo®_ Ug Vo Zo° _Uo Vo 2% _1 z
v Z-(;VO o Vv Vo rqg r 0 P ) 0

=0

Taking the next coefficient
Vol Zo”
ro VO

and finally the last coefficient

2.
This reduces the Theta Momentum equation to %7% = 0 (non-

dimensional form). Finally, the axial momentum equation

0 = 0= =— o0 = > no body forces
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finally
W Z (U Zgg7 JA
v =\) Or "Q: v 0 =
7g2 ng LoV VoZo (%ﬁj( o) =0

Therefore, the overall momentum equation is reduced to

=P
0=- a

z

[i.e., pressure constant across the gap].

This means %€ = 9% gince
ar dr
dP _ ob _
a8 "az " ¥

The set of non-dimensional governing equations to the fluid

dynamics problem are:

continuity .
1 a(rl), ol 0
r af o
radial momentum
-!‘2=-£+ﬁ2
F ar al
Theta momentum
o - ¥
ol 2
axial momentum
- aP
0= al

unphysical variables
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APPENDIX B

DERIVATION OF MOMENT OF MOMENTUM EQUATION

Assuming a couette velocity profile for the tantential velocity

(Curve A).
rotor ]
—Ppro
A R R A A
Tr
A B

T

S
TITT T TT I 77 777777 7777 stator

results in a zero net shear stress on the Control Volume:

= (L -, eV _re
V= (g) re => = g
o= e
r al |Z=0 g
e L
s al 7=g g
re o
T + Tg = (—a - —5) =0

Thus, the air has no net resisting force in the tangential direction.
However, if a quadratic profile is assumed, in which the coefficients
are functions of r (figure, : Curve B), the magnitudes of the shear

stresses on the rotor and stator may be different as shown below:

Vebl+czl=>%=p+2c12
al
aV
T= — =ub
S al 7=0
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Tp = -u =% = - (b + 2cq)u

Thus, the net shear stress on the Control Volume is not zero for
the quadratic profile.

Now by application of the Moment of Momentum equation

V. r

L= (v out Tout = ¥ in ' in)



APPENDIX C
FLOW REGIME

Calibration of the surface probe was based on the assumption of
fully-developed flow. Therefore, knowing where the radial flow could be
assumed fully developed was imperative. The hydrodynamic entry length
was obtained by the following equation: (reference 11 and 12)

Rey - X
D

<k

where ReQ is based on volumeteric flow and ri1 D is equal to the gap
width (D=g) and X is the hydrodynamic entry length measured in a radial

direction beginning from the inner radius (ri) of the test section.

Re =gl’_‘_g.
Q v
where
U:-Q__
r 2nr]g
therefore
ReQ - 2nr]v
substituting
Q (l_) =X
2nr]v 20 g
__Qg_zx
40ﬂP]V
combining
09 .y
37.6

Calibration of the surface probe took place in gaps ranging from
0.010 - 0.020 inches and air volumeteric flow rates up to 400 SCFH.
Therefore, the longest hydroynamic entry length corresponded to a flow
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rate of 400 SCFH and a gap of 0.020 inches. Thus X equals 0.0177 of an
inch. This clearly places the positions of all the hot film surface

probe mounts in the full-developed flow regime.




APPENDIX D

DATA UNCERTAINTY ANALYSIS

In any study where data is recorded an estimate of the uncertainty
of each measurement and how that measurement will effect the final result
is import. This experiment assumed the following list of inherent errors

in the text rig or in data acquistion:

Measurement Uncertainty

Air Flow Rate 5 SCFH

1+

Gap Setting 0.001 inches

I+

Radial Distance 0.0005 inches

1+

Hot Film Surface

Probe Voltage 0.005 volts

I+

The uncertainty in the reading the hot film surface probe voltage
results in the following uncertainty in obtaining the local shear stress

from the hot film surface probe's calibration curve:

Voltage Range Uncertainty

13.1 - 13.2 0.5 x 1073 (1b/ft?)
13.2 - 13.3 2.5 x 1073 (1b/ft%)
13.3 - 13.4 4.0 x 1073 (1b/Ft%)

Since the quadratic assumption made only second order corrections to the
couette approximation and since the equation developed in this irvestiga-
tion required numerical techniques to solve for the pressure, the equa-
tion developed by Pelech and Sharpio will be used to estimate the

uncertainty of the pressure data. The equation they developed is given by:
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p = (%6) 082p2 _ %%8-]n )

To obtain this estimate of the uncertainty, the method developed by Kline

and McClintock's

will be followed. This method essentially consists of
summing the squares of the uncertainties of each primary measurement,
then taking the square root of this sum. The influence of each measure-
ment upon the uncertainty of the final result is obtained by taking the
partial derivative of the final result with respect to each measurement
and then multiplying that derivative times the possible error in that
measurement. (This is the item that is squared.) These quantities

were obtained for six different variables in the equation given above.

The partial derivatives are listed below:

dP 3 . 2 6Qu
dr (_26) po T - mrg3

P _ 6
dy mg% In r
& = (35) pbr

In the above mentioned equation the value used for p was 0.0763 1bm/ft3

and the value used for py was 0.0453 1bm/(ft-sec). In the uncertainty
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analysis these values were assumed to be known within 10 per cent. The
partial derivatives also gives an indication of how the dependent final
result is on the measurement. The numerical values of the partial deriv-
atives are listed below for 50 SCFH, gap width = 0.010 inches and a
rotor's speed of 500 RPM.

_gg = - 27 %
g = 606 2zse
&~ 0.0185 Hd
- 30.308(10)3 %
160 Eggz
§§_= ~21(10)® g%E

The dependence on the gap width was not surprising, since the data
showed the same trend. Table 1 1ists the uncertainty of the pressure

measurements {(in inches of water).

[oN[=X ajla
| w |o
(]



TABLE 1

PRESSURE UNCERTAINTY
(IN INCHES OF WATER) vs.
FLOW LOCATIOM

80

Q 500 1000 1500 2000 2500 3000

SCFH RPM RPM RPM RPM RPM RPM
Gap Width = 0.010 inches

50 0.33 0.34 0.34 0.35 0.38 0.43

200 1.18 1.18 1.18 1.18 1.19 1.21

300 1.76 1.76 1.76 1.76 1.77 1.78
Gap Width = 0.014 inches

50 0.10 0.11 0.12 0.16 0.21 0.28

200 0.35 0.35 0.36 0.37 0.40 0.44

300 0.52 0.52 0.53 0.54 0.55 0.58
Gap Width = 0.020 inches

50 0.03 0.04 0.07 0.12 0.18 0.26

200 0.10 0.11 0.12 0.16 0.21 0.28

300 0.15 0.16 0.17 0.19 0.24 0.30




APPENDIX E

COMPUTER PROGRAM
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APPENDIX F

DATA

TABLE 2

AVERAGE PRESSURE DATA IN INCHES IM WATER

Pressure 500 1000 1500 2000 2500 2500

Taps RPM RPM RPM RPM RPM RPM
Flow Rate = 50 SCFH Gap = 0.010 inches

1 0.75 0.61 0.37 0.04 -0.37 -0.91

2 0.73 0.64 0.49 0.29 0.06 -0.21

3 0.52 0.45 0.33 0.19 0.01 -0.21

4 0.32 0.26 0.19 0.10 -0.02 -0.17

5 0.15 0.125 0.09 - 0.04 -0.03 -0.10

6 0.08 0.067 0.04 -0.02 -0.04 -0.09

7 0.05 0.04 0.02 -0.02 -0.05 -0.08

8 0.04 0.03 0.02 -0.005 -0.01 -0.02

9 0.03 0.02 0.01 0 -0.2 -0.03
Flow Rate = 200 SCFH Gap = 0.010 inches

1 -- 2.81 2.50 2.17 1.76 1.33

2 2.68 2.59 2.35 2.12 1.87 1.57

3 1.96 1.82 1.64 1.48 1.26 1.04

4 1.18 1.13 1.00 0.89 0.75 0.60

5 0.54 0.51 0.44 0.38 0.31 0.24

6 0.28 0.25 0.22 0.17 0.13 0.07

7 0.18 0.17 0.13 0.09 0.07 0.03

8 0.12 0.11 0.09 0.07 0.06 0.04

9 0.09 0.08 0.05 0.05 0.03 0.02
Flow Rate = 300 SCFH Gap = 0.010 inches

1 +3 +3 +3 +3 +3 2.72

2 +3 +3 +3 +3 2.96 2.63

3 2.71 2.69 2.44 2.24 2.07 1.76

4 1.70 1.66 1.51 1.37 1.25 1.04

5 0.77 0.74 0.65 0.58 -.52 0.42

6 0.40 0.37 0.30 0.25 0.21 0.16

7 0.26 0.24 0.18 0.14 0.12 0.08

8 0.16 0.14 0.11 0.08 0.07 0.05

9 0.11 0.10 0.06 0.04 0.03 0.02
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TABLE 2 (€ontinued)

2500
RPM

2500
RPM

2000
RPM

1500
RPM

500 1000
RPM RPM

Pressure
Taps

Gap = 0.014 inches

Flow Rate = 50 SCFH

— AN OO 0o

Gap = 0.014 inches

Flow Rate = 200 SCFH

---------

—ANMOSETOONOO

Gap = 0.014 inches

Flow Rate = 300 SCFH

~ NSO ONOO
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TABLE 2 (Continued)

Pressure 500 1000 1500 2000 2500 2500
Taps RPM RPM RPM RPM RPM RPM
Flow Rate = 50 SCFH Gap = 0.016 inches
1 0.18 0.05 -0.17 -0.49 -0.90 -1.40
2 0.18 0.10 -0.03 -0.20 -0.43 -0.69
3 0.13 0.07 -0.03 -0.16 -0.34 -0.53
4 0.08 0.04 -0.03 -0.11 -0.23 -0.36
5 0.04 0.02 -0.02 -0.06 -0.12 -0.18
6 0.02 0.02 -0.02 -0.04 -0.08 -0.13
7 0.015 0.01 -0.01 -0.03 -0.06 -0.10
8 0.01 0.01 0 -0.015 -0.03 -0.04
9 0.01 0.005 -0.005 -0.01 -0.03 -0.05
Flow Rate = 200 SCFH Gap = 0.016 inches
1 0.83 0.69 0.52 0.24 -0.15 -0.60
2 0.73 0.65 0.51 0.33 0.08 -0.17
3 0.54 0.47 0.37 0.22 0.04 -0.15
4 0.34 0.29 0.23 0.05 0 -0.12
5 0.16 0.13 0.10 0.05 -0.005 -0.07
6 0.09 0.07 0.50 0.002 -0.02 -0.06
7 0.05 0.05 0.03 0.01 -0.02 -0.04
8 0.04 0.03 0.02 0.01 -0.01 -0.02
9 0.03 0.02 0.01 0 -0.01 -0.02
Flow Rate = 300 SCFH Gap = 0.016 inches
1 1.38 1.26 1.07 0.81 0.46 0.05
2 1.16 1.07 0.92 0.73 0.49 0.23
3 0.85 0.76 0.65 0.50 0.32 0.13
4 0.54 0.48 0.38 0.30 0.18 0.06
5 0.25 0.22 0.17 0.12 0.07 0.005
6 0.14 0.11 0.08 0.05 0.02 -0.02
7 0.09 0.06 0.04 0.02 0.01 -0.02
8 0.06 0.04 0.02 0.02 -0.005 -0.01
9 0.04 0.03 0.01 0 0.005 -0.01
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TABLE 2 (Continued)

2500
RPM

2500
RPM

2000
RPM

1500
RPM

1000
RPM

500
RPM

Pressure
Taps

Gap = 0.20 inches

= 50 SCFH

Flow Rate

AN OO0

Gap = 0.020 inches

= 200 SCFH

| Flow Rate

— NSO~

Gap = 0.020 inches

Flow Rate = 300 SCFH

---------

—ANMT WO OO
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TABLE 3
AVERAGED TANGENTIAL SHEAR STRESS DATA
IN VOLTS
Position 500 1000 1500 2000 2500 2500
RPM RPM RPM RPM RPM RPM
Flow Rate = 50 SCFH Gap = 0.010 inches
Inner 13.257 13.342 13.404 13.453 13.494 13.528
Middle 13.309 12.392 13.453 13.499 13.537 13.571
Quter 13.221 13.294 13.344 13.382 13.411 13.435
Flow Rate = 200 SCFH Gap = 0.010 inches
Inner 13.349 13.388 13.430 13.468 13.502 13.532
Middle 13.397 13.438 13.478 13.514 13.546 13.571
Quter 13.290 13.326 13.358 13.367 13.411 13.431
Flow Rate - 300 SCFH Gap = 0.010 inches
Inner 13.411 13.479 13.459 13.487 13.515 13.540
Middle 13.457 13.479 13.507 13.533 13.559 13.584
Outer 13.340 13.359 13.380 13.399 13.417 13.431
Zero Pressure Difference Gap = 0.010 inches
Inner 13.242 13.338 13.402 13.451 13.477 13.524
Middle 13.296 13.385 13.447 13.495 13.534 13.564
Quter 13.256 13.334 13.388 13.425 13.454 13.477
Flow Rate = 50 SCFH Gap = 0.014 inches
Inner 13.214 13.291 13.348 13.393 13.430 13.462
Middle 13.256 12.333 13.387 13.430 13.466 13.495
Quter 13.180 13.248 13.297 13.355 13.362 13.386
Flow Rate = 200 SCFH Gap = 0.014 inches
Inner 13.280 13.323 13.364 13.400 13.435 13.464
Middle 13.319 13.363 13.403 13.439 13.470 13.495
Quter 13.232 13.268 13.302 13.337 13.355 13.424
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Position 500 1000 1500 2000 2500 2500
RPM RPM RPM RPM RPM RPM
Flow Rate - 300 SCFH Gap = 0.014 inches
Inner 13.320 132.354 13.382 13.413 13.422 13.467
Middle 13.365 13.390 13.420 13.451 13.477 13.383
Quter 13.273 13.294 13.317 13.339 13.358 13.374
Zero Pressure Difference Gap = 0.014 inches
Inner 13.198 13.283 13.340 13.376 13.412 13.442
Middle 13.248 13.330 13.386 13.428 13.462 13.492
Quter 13.178  13.253 13.301 13.381 13.397 13.417
Flow Rate = 50 SCFH Gap = 0.016 inches
Inner 13.20 13.277 13.332 13.377 13.413 13.446
Middle 13.207 12.280 13.332 13.372 13.407 13.435
Outer 13.232 13.299 13.345 13.381 13.409 13.579
Flow Rate = 200 SCFH Gap = 0.016 inches
Inner 13.258 13.303 13.346 13.383 13.415 13.442
Middle 13.258 13.301 13.351 13.377 13.408 13.433
Outer 13.325 13.309 13.345 13.375 13.399 13.423
Flow Rate - 300 SCFH Gap = 0.016 inches
Inner 13.304 13.330 13.360 13.393 13.420 13.445
Middle 13.297 13.323 13.362 13.384 13.414 13.350
Quter 13.305 13.329 13.354 13.378 13.398 13.417
Zero Pressure Difference Gap = 0.016 inches
Inner 13.196 13.278 13.332 13.385 13.423 13.455
Middle 13.192 13.270 13.323 13.363 13.399 13.429
Quter 13.227 13.298 13.343 13.330 13.361 13.375
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TABLE 3 (Continued)
Position 500 1000 1500 2000 2500 2500
RPM RPM RPM RPM RPM RPM
Flow Rate = 50 SCFH Gap = 0.020 inches
Inner 13.212 13.215 13.341 13.377 13.424 13.539
Middle 13.108 12.239 - - - -
Quter 13.177 13.235 13.274 13.305 13.491 13.574
Flow Rate = 200 SCFH Gap = 0.020 inches
Inner 13.248 13.297 13.341 13.347 13.411 13.514
Middle 13.239 13.244 - - - -
Quter 13.203 13.239 13.269 13.294 13.367 13.563
Flow Rate - 300 SCFH Gap = 0.020 inches
Inner 13.282 13.311 13.347 13.351 13.411 13.485
Middle 13.268 - - - - -
Quter 13.229 13.264 13.269 13.287 13.341 13.551
Zero Pressure Difference Gap = 0.020 inches
Inner 13.184 13.289 13.339 13.378 13.385 13.465
Middle 13.170 13.240 13.288 13.326 13.353 13.419
Quter 13.175 13.233 13.266 13.293 13.337 13.534
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TABLE 4
AVERAGED RADIAL SHEAR STRESS DATA
IN VOLTS
Position 500 1000 1500 2000 2500 2500
RPM RPM RPM RPM RPM RPM
tlow Rate = 50 SCFH Gap = 0.010 1nches

Inner 13.221 13.276 13.318 13.351 13.376 13.397
Middle 13.301 12.361 13.408 13.447 13.479 13.506
Outer 13.215 13.262 13.296 13.324 13.346 13.364

Flow Rate = 200 SCFH Gap = 0.010 inches

Inner 13.344 13.358 13.375 13.390 13.404 13.416
Middle 13.453 13.468 13.487 13.507 13.526 13.543
Outer 13.329 13.337 13.347 13.357 13.366 13.372

Flow Rate

300 SCFH Gap = 0.010 inches

Inner 13.420 13.460 13.429 13.437 13.441 13.446
Middle 13.540 13.546 13.555 13.565 13.574 13.584
Quter 13.398 13.396 13.397 13.397 13.398 13.398

Zero Pressure Difference Gap = 0.010 inches

Inner 13.198 13.264 13.311 13.343 13.372 13.397
Middle 13.245 13.339 13.395 13.438 13.473 13.504
Outer 13.189 13.250 13.292 13.322 13.344 13.362

Flow Rate

50 SCFH Gap = 0.014 inches

Inner 13.191 13.291 13.348 13.393 13.430 13.462
Middle 13.252 12.311 13.356 13.392 13.422 13.447
Outer 13.194 13.242 13.278 13.305 13.327 13.351

Flow Rate

200 SCFH Gap = 0.014 inches

Inner 13.284 13.302 13.320 13.337 13.351 13.365
Middle 13.363 13.381 '13.404 13.426 13.446 13.453
Outer 13.278 13.289 13.304 13.317 13.329 13.337
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Position 500 1000 1500 2000 2500 2500
RPM RPM RPM RPM RPM RPM
tlow Rate - 300 SCFH Gap = 0.014 1nches
Inner 13.350 13.355 13.363 13.376 13.377 13.383
Middle 13.435 13.443 13.453 13.466 13.477 13.488
Quter 13.353 13.337 13.346 13.344 13.348 13.352
Zero Pressure Difference Gap = 0.014 inches
Inner 13.177 13.240 13.283 13.315 13.342 13.364
Middle 13.222 13.295 13.376 13.385 13.421 13.456
Quter 13.178 13.235 13.274 13.301 13.321 13.335
Flow Rate = 50 SCFH Gap = 0.016 inches
Inner 13.176 13.226 13.265 13.296 13.288 13.375
Middle 13.228 12.286 13.328 13.366 13.395 13.434
Quter 13.163 13.211 13.246 13.274 13.296 13.476
Flow Rate = 200 SCFH Gap = 0.016 inches
Inner 13.254 13.273 13.291 13.368 13.324 13.338
Middle 13.325 13.345 13.368 13.371 13.410 13.476
Quter 13.235 13.248 13.268 13.277 13.292 13.365
Flow Rate - 300 SCFH Gap = 0.016 inches
Inner 13.314 13.319 13.328 13.335 13.342 13.350
Middle 13.391 13.399 13.410 13.422 13.435 13.447
Quter 13.287 13.288 13.293 13.294 13.303 13.337
Zero Pressure Difference Gap = 0.016 inches
Inner 13.159 13.220 13.261 13.293 13.318 13.341
Middle 13.213 13.280 13.328 13.368 13.405 13.437
Quter 13.153 13.208 13.245 13.270 13.288 13.337
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Position 500 1000 1500 2000 2500 2500
RPM RPM RPM RPM RPM RPM

Flow Rate = 50 SCFH Gap = 0.020 inches
Inner 13.157 13.208 13.245 13.275 13.366 13.466
Middle 13.187 . 12.243 13.283 13.316 13.381 13.476
Outer 13.165 13.211 13.271 13.299 13.429 13.490
Flow Rate = 200 SCFH Gap = 0.020 inches
Inner 13.216 13.237 13.255 13.272 13.293 13.440
Middle 13.260 13.282 13.304 13.326 13.344 13.447
Outer 13.218 13.243 13.254 13.267 13.317 13.493
Flow Rate - 300 SCFH Gap = 0.020 inches
Inner 13.266 13.272 13.281 13.381 13.303 13.409
Middle 13.312 13.322 13.333 13.346 13.361 13.438
Outer 13.268 13.266 13.272 13.279 13.300 13.482
Zero Pressure Difference Gap = 0.020 inches
Inner 13.156 13.206 13.243 13.273 13.302 13.430
Middle 13.176 13.239 13.286 13.326 13.363 13.419
Quter 13.157 13.208 13.244 13.265 13.294 13.475
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TABLE 5

AVERAGED ZERO PRESSURE DIFFERENCE DATA
PRESSURES IN INCHES CF WATER

FLOW RATES IN SCFH
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TABLE 6
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TABLE 7
DIRECTIONAL DATA FROM FLUSH SURFACE PROBE
IN VOLTS
Degrees 50 100 150 200 250 300
SCFH SCFH SCFH SCFH SCFH SCFH
Gap Width = 0.01I0 inches
0 13.172 13.231 13.274 13.310 13.343 13.369
45 13.193 12.255 13.279 13.345 13.379 13.407
90 13.209 13.275 13.300 13.368 13.404 13.434
Gap Width = 0.014 inches
0 13.131 13.171 13.203 13.229 13.250 13.264
45 13.149 13.196 13.234 13.266 13.298 13.316
90 13.163 13.215 13.254 13.288 13.316 13.340
Gap Width = 0.016 inches
0 13.114 13.153 13.182 13.206 13.223 13.237
45 13.128 13.170 13.200 13.227 13.248 13.262
90 13.141 13.188 13.221 13.249 13.272 13.288
Gap Width = 0.020 inches
0 13.096 13.129 13.155 13.176 13.192 13.204
45 13.113 13.148 13.174 13.197 13.214 13.228
90 13.125 13.161 13.190 13.213 13.230 13.241




APPENDIX G
CALIBRATION PROCEDURE FOR SURFACE PROBE

The manometers used for pressure readings were checked before

each series of tests to ensure they were level and the scale was zeroed.

The calibration procedure for the hot film surface probe

consisted of the following steps:

1) Set the thermo system power supply on standby.

2) Adjust the power supply reference set until the meter
indicates 2 volts.

3) Adjust the probe resistance until pushing the temperature
resistance measurement toggle switch makes no resulting
deflection in the voltage meter.

4) The probe resistance to be set in for oberation is then
given by the probe resistance set in step (3), divided by
the ice point resistance of the probe and then multiplied
by the operating resistance of the probe. The last two
resistances are specified by the manufacturer for the
specific probe in use.

5) Set in the final probe resistance found in step (5).

6) Readjust the reference set on the power supply until the
voltage on the meter indicates 2 volts.

7) Set power supply to run,

8) Adjust signal conditioner suppression as desired.

The probe is ready to take data at this point.
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APPENDIX H

DERIVED EXPRESSIONS

Taking the assumed tangential velocity distribution V = bZ + cZz.

Relating b + ¢ by the following boundary condition v = r6 at Z = g.

re
—=b+c
g g

From the radial momentum equation and substituting in the velocity profile

-2

r

[

vVa

ala
"SI"U
+
A
N

=1
o)

22U P 1 (b2y2 + 2bcyS + c2y4)

S I L
aZl "~y dr vr
Integrating with respect to Z (axial coordinate) twice

P A L N6 AN o
i

o

F Tttty ) vdlte

[

Solving for the constants d and e from boundary condition

aty=0 U=0= e=20
aty=0 U=0= d-=
vr " la 20 30 2u dr

Therefore, U is given by

3 3 4 4
2(g” - 7°) , 2bc(g” - Z2")
4P Z-9g4y;,_1 b +
u ar ( 7 )Z ( 12 20
2, 5 5
s Mg =77y 2
3C r
The average U is given by
dA = 2nrdZ
=1 =
Yar =& UdA A= 2nrg
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or

UAV = 2;85-(from conservation of mass)
by s =k o @ (2
AV  amrg ™ \dr 2 u
L o A AL o e A

v 12 20

2, 5 6
s0g8z-2)1 dz
30 r
2 4 5 2 6

_dp 1y 2,1 3b°g" _4bcg” , Cg7)1
V=g 12 9 *5 g 170t 8 v
= Q/(2nrrg)

Setting the two equations for UAV equal

2 4 5

TP N IR MR 1 i
Znrg dr \T2n! Tor V720 T 120 T TEh
Solving for %;

¢ _  3ro® _eg’C, 3C294) _ 80r g

dr ~ ° 70 5 70r nVgd

(=8

Solving for C form Moment of Momentum shear stress - 1 = yu —%

The net tangential shear stress appiied to control volume

Thet - (Tr - TS) = u(b+2cg-b)= u2cg-
ro Substituting into Moment of Momentum Equation
T = -—
. net (2rrr)dr = B(Ve, Vo ¢ @g{n r%74)
0 O
=v h V
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. 100
9
2C9u2nr2dr‘ = % r J (by + cyz)dy

o
] 2 2
4gmu J.Crzdr = pQr(-£% - E%- + Q% )

now taking the derivative of this equation with respect to r

2 2
4gty cridr = oQr (ﬁ St .t )
2 2 3
2
A - E Y S o )

Combining flow variables into non-dimensional groups

2 1

Q_ro a - §-ReRe

2

dimensionalizing Cg,

_raé
= 152
2
Qg ) =1 2
4gr0re(6)ryc ~ 12 Re 97Rr
g°r 1 Repg Rr

F - (CHCF) =0

or

Cr + r(% + Kr) = 6, where K = 12/(Re82Rr)




Solving for C by use of U integrating factor

1 -
= ofPdr o o S+ Kr)dr _

re 2 =1Jre2 (6)+6

2
re Kr 1
oy=f0dx+c=%[Kr92+Co

1]
[ans
Q.
[
I
1)
c

U = Ki%/2
du = Kr
K K 72
re 2 C=6e 2+C
K
=2
=08 +1l¢- i? ¢
rK r Y
=2
=6 .1 -k
C=%*Fe 7~ Co
Boundary condition on C.
C=0atr=9
0=2 +1 'K_gi c!
ok 75 € o]
2
6 e ¢l
K 0
Thus C is given by:
% (6% - )

€= gﬁ (1 -e )



Nen-dimensionalizing shear stress and pressure

T=ub=U(ﬁ

S + cg) dimensionalizing shear in
7Y
0 g
c= T, =Uros df
0 g al
Yoo, (fe®y r-UCg _y
t u g ) Ure
I=7 _12_6 C
o
- gE_ red
BN _32' ¢
T=r-C Non-dimensional
Dimensional pressure shear stress
- YA

2 2
P _ _r 3 rog - 89 ro8
T op(rgd)e ° (10 1 5 g

+ 3 g 1,8 6Qu
o "o 9 B r,rg

3 r
0

T, 3t 12 perpy?
5 * 707

R

-5
-—
~J

Non-dimensional pressure distribution
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