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Abstract

Various classes of multifractal processes, that is processes that display different properties at
different scales, are studied. Most of the processes examined in this work exhibit stable trends
at small scales and Gaussian trends at large scales, although the opposite can also occur.
Many natural phenomena exhibit a fractal structure depending on some scaling factor, such
as space or time. Thus, these types of processes have many useful modeling applications,
including Biology and Economics. First, generalized tempered stable processes are defined
and studied, following the original work on tempered stable processes by Jan Rosinski [16].
Generalized tempered stable processes encompass the modern variations on tempered stable
distributions that have been introduced in the field, including “Modified tempered stable
distributions [10],” “Layered stable distributions [8],” and “Lamperti stable processes [2].”
This work shows generalized tempered stable processes exhibit multifractal properties at
different scales in the space of cadlag functions equipped with the Skorokhod topology and
investigates other properties, such as series representations and absolute continuity. Next,
processes driven by generalized tempered stable processes involving a certain Volterra kernel
are defined and short and long term behavior is established, following the work of Houdré
and Kawai [7]. Finally, inspired by the work of Pipiras and Taqqu [13], the multifractal
behavior of more general infinitely divisible processes is established, based on the Lévy-Ito
representation of infinitely divisible processes. Numerous examples are given throughout the

entire text to exemplify the strong presence of processes of this type in current literature.
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Chapter 1
Introduction

This work is in the field of probability and involves modeling multifractal structures that
appear to have a normal distribution over large scales and a highly variable distribution over
small scales. Many natural phenomena exhibit a fractal structure that varies depending on
some scaling factor, such as space or time. For example, the edges of a cloud seem smooth
from a distance, but can be jagged if inspected closely. A wave hitting the sand may appear
to have a smooth structure if viewed from the air, but displays sharp, irregular patterns if
viewed from the beach. Internet traffic can display completely different patterns over short
periods of time than over long periods of time. A stock price can have dramatic changes by
day, but will tend to have a normal structure over years. Fractals are also helpful in modeling
flight turbulence, which exhibits sharp movements over small scales, and smooth movements

over large scales. Multifractal Lévy processes can be used to model some phenomena of this

type.

1.1 Background Information

“Stochastic processes are mathematical models of time evolution of random phenomena [19].”
Lévy processes are an important subclass of stochastic processes. Roughly speaking, they
are stochastic processes that have independent and stationary increments. Basic examples
of Lévy processes are Brownian motions and Poisson processes. Assume the existence of a
probability space (€2, F, P) on which all of the stochastic processes and random variables
throughout are defined. A process, {X; : t > 0}, has independent increments if for any
n > 1 and any sequence of times, 0 < tg < t; < ty < ... < t,, the random variables
KXy Xty — Xty ooy X, — Xy,

, are independent. And, a process has stationary increments if



the distribution of X,,; — X, does not depend on s. Below is a precise definition of a Lévy

process.

Definition 1.1.1. [19] A stochastic process, {X; : t > 0}, on R? is called a Lévy process if
the following conditions hold:

1. The process has independent increments

2. The process has stationary increments
3. Xog=0 a.s.

4. The process is stochastically continuous, that is for every ¢ > 0 and € > 0,

lim P X, — X;| > ¢] =0

s—t

5. There is an Qy € F with P[] = 1 such that for every w € Qp, X;(w) is right-

continuous in ¢ > 0 and has left limits in ¢ > 0.

A Lévy process, {X; : t > 0}, has the basic property that for every ¢, the distribution of
X, is infinitely divisible.

Definition 1.1.2. [19] A probability measure p on R? is infinitely divisible if for any positive

integer n, there is a probability measure p, on R? such that yu = u”.

In other words, a probability measure is infinitely divisible if it is possible to take an n-th
root of its characteristic function. Gaussian, Poisson, and stable distributions are examples
of infinitely divisible distributions, but uniform and binomial distributions are not infinitely
divisible.

There is an important known relationship between infinitely divisible distributions and
Lévy processes in law (“Lévy process in law” means that condition (5) is omitted). As was
mentioned before, if {X; : ¢ > 0} is a Lévy process in law, then for any ¢ > 0, the distribution
of X; is infinitely divisible. But a converse statement is also true. That is, if x is an infinitely
divisible distribution, then there exists a Lévy process in law such that the distribution of
X; equals p (see Theorem 7.10 in [19]).

Another fundamental property of Lévy processes is that fact that, because of their inde-
pendent and stationary increments, they are characterized by their distributions at time 1.
That is if {X;:¢ >0} and {X, : t > 0} are Lévy processes in law such that the distribution
of X, equals the distribution of X, then {X, : ¢ > 0} and {X, : ¢t > 0} are identical in law

2



(meaning that their finite dimensional distributions are the same). This result is also found
in Theorem 7.10 of [19].

The Lévy-Khintchine formula gives a representation of the characteristic functions of
all infinitely divisible distributions. It states that if £(X) is infinitely divisible, then its

characteristic function is given by

Eexp{i(u, X)}

= exp {—% (u, Au) + i (y,u) + /Rd (ei<“”“"> —1—i{u,x) 1\\x||§1(1')) V(dx)}

where u,7 € R?, A is a symmetric nonnegative-definite d x d matrix, and v is a measure

satisfying

J{0}) =0 and /Rd(||x||2/\1)y(dm)<oo

where throughout this paper, define a A b := min{a, b} and a V b := max{a, b}.

The parameter 7 is called the drift, A is called the Gaussian covariance matrix, and
v is called the Lévy measure. The generating triplet, (A, v,~) uniquely characterizes the
distribution. Moreover, note that if {X; : ¢ > 0} is a Lévy process and £(X;) has generating
triplet (A, v, ), then for any ¢, £(X;) has generating triplet (tA,tv,tv). This follows from
the fact that Lévy processes are characterized by their distributions at time 1 (See Theorem
8.1 and Corollary 8.3 of [19]). If v = 0, there is no “drift part.” If A = 0, “there is no
Gaussian part.” If v = 0, there is no “jump component.”

This paper is primarily concerned with Lévy process with no Gaussian part, that is, the
processes that are characterized only by the parameters v and v. The parameter v can be

most helpful in many applications varying from moment properties to convergence criteria.

/ lzllv(dz) < oo
[lz]|>1

if and only if X; has finite first moment for any ¢ and

/ ||:L‘H2V(dl‘) < 00
l|lzl|>1

if and only if X; has finite second moment for any ¢ (see Theorem 25.3 of [19]).

For example,

A Lévy process is a specific example of an infinitely divisible random measure, which will
be defined at this time. Let & be a set and Sy be a o-ring of subsets of S.



Definition 1.1.3. [17] A stochastic process M = {M(A)} scs, is called an infinitely divisible
random measure (IDRM) if

1. M(0) =0 as.

2. For every {A;} € So, {M(A;)} forms a sequence of independent random variables and
if Ui, A; € Sp, then

3. For every A € Sy, M(A) has in infinitely divisible distribution.

In particular, if the infinitely divisible distribution is a Poisson distribution, then M
is a Poisson random measure. And, if the infinitely divisible distribution is a Gaussian
distribution, then M is a Gaussian random measure. Also, a Lévy process can be viewed
as an IDRM where the indexing sets have the form A = (0,¢] so that X; = M((0,t]). See

Rosinski’s text [17] for a more through commentary on IDRM’s.

Definition 1.1.4. A process {X; : ¢t € R} is an infinitely divisible stochastic process if for

any sequence of times, t1,...,t; € R,
(Xey, -0 Xty)

has an infinitely divisible distribution.

The following is a powerful theorem that involves representing infinitely divisible pro-
cesses as stochastic integrals of deterministic functions with respect to Poisson random mea-

sures.

Theorem 1.1.5 (Generalized Lévy-Ito representation [17]). Let {X; : t € R} be a stochas-
tically continuous infinitely divisible process with no Gaussian or drift component. Let N be

a Poisson random measure on a measurable space (S,S) with intensity n. Then,

%= [t (¥ - 450

is a version of {X, :t € R} where {fi(s)} are measurable deterministic functions in Re.



Corollary 1.1.6 (Lévy-1to representation [17]). Let {X; : t € R} be a Lévy process with no
Gaussian or drift component. Let N be a Poisson random measure on a measurable space
(S,S) with intensity n. Then,

S=RxR* p(du,dw) = duv(dw),

and

felu, w) = 1pon (w)w

SO

th = Lo, (u)w (N(ds) —

RxRd

du v(dw) )

LV [[w][ o, (w)

is a version of {X; : t € R} where v is the Lévy measure of X;.

Stochastic integrals of this type will be investigated later in this paper. Now, we turn
our focus to notions of convergence of stochastic processes. This turns out to much more
simple for Lévy processes because of their independent and stationary increments. The
following theorem relates convergence of Lévy processes in the space of cadlag functions

with convergence of the marginals at time 1.

Theorem 1.1.7 (Skorohod (Theorem 15.17 of [9])). Let X, X', X2 ... be Lévy processes in
R? with X7 <X Then, there exist some processes Y" such that X™ = Y™ in distribution

and sups< |V — X7 L0 for all t > 0.

This means that in the special case of Lévy processes, in order to check the convergence
in the space of cadlag (right continuous with left limits existing) functions equipped with
the Skorokhod topology, one only needs to verify the convergence of the marginals at time
1. Note that convergence in this space makes sense for Lévy process since one can take a
version with cadlag paths by condition (5) of the definition of a Lévy process.

However, when the processes in question are not Lévy process, more work is needed to
investigate convergence. Suppose X and X" are random processes. Denote convergence of
the finite-dimensional distributions as “Z%%.” Thus, X" 79, X means that

(X7

t17°

ny d
..7th)H(Xt1,...,th> tl,...7tk€R

where “%” denotes convergence in distribution.
Now, for the process to convergence in the space of continuous functions, it first must
have continuous paths. Next, a criteria is presented that can be checked to determine if a

process has continuous paths.



Theorem 1.1.8 (Kolmogorov [9]). Let X be a process on RY with values in a complete

metric space (S, p) and assume for some a,b > 0 that

E{p(X, X)}* < Cls —t|* st ecR?

for some finite constant C. Then, X has a continuous version, and for any c € (0,b/a) the

latter is a.s. locally Holder continuous with exponent c.

Now, let C[0, 1] be the space of continuous functions on [0, 1] with the metric given by

p(z,y) := sup |z(t) — y(t)|.

0<t<1
To have weak convergence in this space, it is not enough to have convergence of the finite
dimensional distributions (see Example 2.5 of Billingsley [1] for a counterexample). But, as
is mentioned in Chapter 2 of Billingsley [1], “it does in the presence of relative compact-
ness.” And, tightness implies relative compactness by Prohorov’s Theorem. So, in summary,
to show weak convergence in the space of continuous functions, one needs to prove the con-
vergence of the finite dimensional distributions and the tightness of the sequence. Here is a

useful tool to verify if a sequence is tight.

Theorem 1.1.9 ([9]). Let X', X% X3, ... be continuous processes on R with values in a
separable, complete metric space (S, p). Assume that { X} is tight in S and that for some

constants a,b > 0

E{p(X", X"}* < C|s —t|*"™*  stcR) neN

uniformly in n. Then, {X"} is tight in C(R%,S), and for every ¢ € (0,b/a) the limiting

processes are a.s. locally Holder continuous with exponent c.

Obtaining this upper bound is often more simple than proving tightness directly, which
makes this theorem quite useful in practice.

Series representations are another important tool used to investigate properties of stochas-
tic processes, as they lead to simulations of the processes. The idea is to take well known
random variables, such as gamma or uniform, that are easy to simulate. Then, take certain
combinations of them to approximate the new process in question. Rosinski’s “Series repre-
sentations of Lévy processes from the perspective of point processes [15]” provides a useful
and highly recognized general theory on series representations of Lévy processes. The main

theorem of the paper is described here.



Let {V;} be a sequence of random elements in a measurable space S with a common
distribution. Let {I';} be a sequence of partial sums of exponential (1) random variables.
Assume {V;} and {T';} are independent and let H : (0, 00) x S — R be a measurable function

that is nonincreasing in r. Also, let

A= [ BUHE ) gadr

Theorem 1.1.10 ([15]). > .2, H(T;,V;) converges a.s. if and only if
() }
/ E(|H(r, V)’ A1) dr <
0

(i)
a:= lim A(s) exists.

Moreover, Y2 H(T';, Vi) has an infinitely divisible distribution with generating triplet (0, v, a)

where

W(B) = /OOO P(H(r,V) € B\ {0})dr.

This theorem proves the convergence of the sequence, but you must first know the proper
H function to use to get the desired infinitely divisible random variable with Lévy measure
v. Methods to generate H are also described in [15]. Examples include LePage’s method
and the rejection method. A series representation may still be obtained even if condition
(1) fails. In this case, one simply needs to introduce the correct centers to ensure proper
convergence. After introducing the centers, if necessary, the results extend easily to Lévy
processes on [0, 7] (see Theorem 5.1 of [15]).

This collection of background information relies heavily on known results and is not in-
tended to be exhaustive. The reader is encouraged to refer to Sato’s text [19] for extra
information on Lévy processes and infinitely divisible distributions and to refer to Billings-
ley’s text [1] for insight into convergence results for probability measures. Also, Kallenberg

[9] has written an excellent reference on topics in modern probability theory.

1.2 Motivation

Multifractal processes have been given much attention recently. Tempered stable processes
(TS processes) are a subclass of multifractal Lévy processes which have been heavily refer-

enced in Mathematics, Biology, and Economics. The processes are obtained by tilting the



Lévy measure associated with the process. The idea of tilting the Lévy measure corresponds
to the statistical notion of tilting a density. This is described in Rosinski’s paper on tempered
stable processes [16] and is summarized in the next few paragraphs.

Recall that if X is an infinitely divisible random variable with no Gaussian or drift term,

then its characteristic function is given by the Lévy-Khintchine formula:

EettwX) = exp { / ("™ — 1 — i (u,x) Ljuy<a(2)) V(dw)}
R4

where v is a Lévy measure satisfying:

v({0})=0 and /Rd(||l‘||2 A Dv(dr) < oo.

Suppose X is infinitely divisible on R and has a density, f. Also, suppose that X is nice

enough such that it can be expressed with the Laplace transform:

L(\) = Ee™™* = / e f(z)dr = exp { /R ) (e —1) I/(dx)} :

0

Now, consider a tilted density given by:

1 —0x
f@(m) = me f(l’) for 0 > 0.

Then, its Laplace transform is given by:

Lo(N) :/000 e fo(z)de = 70 /000 e e f()dx

LT 00 g =
L(e)/o f()dr = Fr LA +0)

= exp {— /R ) (7" —1) V(dzv)} exp { /R ) (e- 0w 1) V(d:l;)}
exp {— /R ) (7 — 1) v(dx) + /R ) (emF0r —1) u(da:)}

—exp {/Rd e M —1) e—9ﬂ’u(dx)} .

So, it can be observed that tilting a density is analogous to tilting the Lévy measure in the

~—

infinitely divisible case.



This idea of tilting the Lévy measure can be extended to Lévy processes, which have in-
dependent and stationary increments and infinitely divisible laws. For example, in stochastic
finance, the CGMY [3] model is obtained by tilting the Lévy measure associated with stable
distributions (which exhibits infinite activity, but does not account for small jumps) and has
been used to model assets that exhibit both small and large jumps. The CGMY model is

the Lévy process, {XC“MY} with Lévy measure given by

v(dz) = k(x)dx

where

Ce Cll|z|71=Y  if 2<0
k(x) =

Ce Mel|g|=1=Y  if >0

The parameter C' > 0 measures the overall activity and can provide control over kurtosis.
G > 0 and M > 0 control the rate of the exponential decay of the left and right tails,
respectively (skewness). And, Y, which in order for {X“MY} to remain a Lévy process,
must satisfy Y < 2, is used to describe the fine structure of the process where activity
refers to the number of jumps in any given time interval. Y < 0 implies finite activity,
0 <Y < 1 implies infinite activity, but finite variance, and 1 < Y < 2 implies infinite
activity and infinite variance. And remember, this is simply one example of an application
of TS processes.

As was mentioned earlier, there are many variations of T'S processes, which has motivated
this work to provide a generalization of TS processes. And, following the paths of others,
the next logical step is to study processes driven by this generalized T'S processes. However,
this family of TS like processes are not the only processes that exhibit short and long term
behavior. There is a more general class of infinitely divisible processes that exemplify multi-
fractal short and long term behavior. That is, they tend to an infinite variance limit as the
scaling factor, 3, goes to 0, and they tend to a Gaussian limit as 3 tends to oo, which will

be examined in this work.

1.3 Overview

Chapter 2 is devoted to multidimensional GTS Lévy processes. This involves uniting all of

the variations of T'S processes, thus creating a generalized tempered stable (GTS) process and



proving it displays multifractal properties at different scales in the space of cadlag functions
equipped with the Skorokhod topology. Conditions under which the process is absolutely
continuous with respect to the underlying stable process are of great interest, as are the
series representations that lead to simulations of the process.

As an analog of fractional Brownian motion, Houdré and Kawai have introduced “Frac-
tional tempered stable motion” [7] in their 2006 paper by taking the integral of a Volterra
kernel, Ky ,(t,s), with respect to a TS process:

t
X, ::/ Ky ot,s)dXTs, t>0.
0

They showed that in short time, it is close to fractional stable Levy motion, but in the
long term is similar to fractional Brownian motion. In chapter 3, the short and long term
behavior of the processes driven by a GTS process are studied, which characterizes the class
of processes driven by the various TS modifications, that would previously have to be done
on a case by case basis.

Chapter 4 involves the generalization of a previous work by Pipiras and Taqqu [13] in
2006. In this paper, the authors examine processes with finite first moment given by the

integral representations:
X, = / fi(s)N(ds), teR,
S

where N is a compensated Poisson random measure on a measurable space S. They describe
general conditions for the normalized and time-scaled process to converge to a limit. In
chapter 4 we remove the moment condition imposed on the original process and study the
short and long term behavior. Without the moment condition, every infinitely divisible
process without Gaussian component can be represented as a stochastic integral of this type.
Moreover, the results are enlarged to the multidimensional case. Thus, our work expands the
scope of applications of this limit theory to include all classes of multidimensional infinitely

divisible processes without Gaussian part.

10



Chapter 2
Generalized tempered stable processes

Tempered stable processes (TS processes) were originally used as models in physics [12] and
and mathematical finance [3]. TS processes were studied rigorously by Koponen [11] and
Rosinski [16]. Recently, many new variations on T'S distributions have been introduced in the
field, including “Modified tempered stable distributions [10],” “Layered stable distributions
[8],” and “Lamperti stable processes [2].” Each variation displays a different method of tilting
the stable distribution, but all exemplify multifractal short and long term behavior. That
is, they tend to an infinite variance limit as the scaling factor, §, goes to 0, and they tend
to a Gaussian limit as § — oo. All of the modifications enjoy computable characteristics
and moment generating functions. This chapter involves uniting all of these variations, thus
creating a generalized tempered stable (GTS) process and proving it displays multifractal
properties at different scales in the space of cadlag functions equipped with the Skorokhod
topology. Conditions under which the process is absolutely continuous with respect to the
underlying stable process are given, as are the series representations that lead to simulations

of the process.

2.1 Preliminaries

Definition 2.1.1. A Lévy process is called a generalized tempered stable process if its Lévy

measure at time 1 is given in polar coordinates as

pGTs = b g(r r.&r“ldro )
B = [ [ 1080t iratas) 2.)

where B is a Borel set in R¢, a € (0,2), o is a finite measure on S?°!, and ¢ is a measurable

function from (0, 00) x S%* to (0, 00) such that:

11



Note: We write v to denote an a-stable Lévy measure with spectral measure o. Let
{X? >0 ~ Sa(o,m) denote a d-dimensional stable process with Lévy measure v¢ at time
1 and drift 5. And, let {XF75};50 ~ GTS4(0,q,n) denote a d-dimensional generalized
tempered stable process with Lévy measure v%7° at time 1 and drift 1. Recall that «dy

denotes convergence in the space of cadlag functions equipped with the Skorokhod topology.

Also, let

limq(r,-) = ci(+) in LS4 o).

r—0

o1(d§) = c1(§)o(ds).

It is well known that the characteristic function of X' is given by

Eexp{i(u, X{)} =

exp { [ (¢ = 1) v (da) | if ac(01)

exp {ng (e'we) — 1 — i (u, @) Ljpp<1 () V;(dl‘)} if a=1

| exp {ng (e"® — 1 — i (u,x)) Vg‘(dw)} if ae(1,2).

The characteristic function of X% is given by

Eexp{i (u, X{"*)} = exp {/Rd (ei<“"”> —1—i(u,z) 1< (z)) VGTS(dx)} :

2.2 Examples

Ezample 2.2.1. (Tempered Stable Processes) A Lévy process is called a Tempered stable pro-
cess if its Lévy measure at time 1 is given in polar coordinates as equation 2.1 where B is
a Borel set in R?, o € (0,2), o is a finite measure on S9!, and ¢ is a measurable function

from (0,00) x S%! to (0,00) such that q(-,€) is completely monotone and q(oo,§) = 0 for

0

each ¢ € S91. It is called proper if, in addition, ¢(0+,&) = 1 for each £ € %1,

Complete monotonicity means that (—1)”;7,—:(](7", §) > 0 foralr >0 &€ S and

n = 0,1,2,.... In particular, ¢(-,§) is strictly decreasing and convex. So, for example,

q(r,€) = e " is the g-function of a Tempered stable process.

12



Ezample 2.2.2. (Modified Tempered Stable (MTS) Distribution) An infinitely divisible distri-
bution is called a Modified tempered stable distribution if its Lévy measure is given in polar
coordinates as equation 2.1 where B is a Borel set in R, o € (0,2), o is a finite measure on

S4=1 " and ¢ is a measurable function from (0,00) x S9! to (0, 00) such that

a+1

2 (D (28)) 7 (Aan) F Kan (A1) if =1

q(r,§) =
23 (D () () Kan (W) if £=-1

2

where Ay, A_ > 0, a < 2, and K, is the modified Bessel function of the second kind with an

integral representation given by

1 p [ 22
o L) [Tt

Ezample 2.2.3. (Lamperti Stable Processes) A Lévy process is called a Lamperti stable pro-
cess if its Lévy measure at time 1 is given in polar coordinates as equation 2.1 where B is
a Borel set in RZ, o € (0,2), o is a finite measure on S, and ¢ is a measurable function
from (0,00) x S%! to (0,00) such that

G

(er _ 1)a+1

a+1

q(r, &) =

where f : S! — R is such that supgcga f(§) < o+ 1.

2.3 Long and short term behavior

In this section, the short and long term behavior of a GTS is studied. In small scales, the

process exhibits stable trends, while it exhibits Gaussian trends in large scales.

Theorem 2.3.1. Consider a generalized tempered stable process with no drift term, XZT ~
GTS,(0,q,0). And, let

,
~ Jipapeny £V (d) if € (0,1)

Ng 1= 0 if a=1

| sy v d) if ae(1,2)

13



Then,
Case(i): (Small Scales) as h — 0,

h—i{XgTS — htng}teso 4 {X{ b0

where { X }i>0 ~ Sa(01,0) is a stable process of index c.

Case(it): (Large Scales) assuming additionally that
[ el a) < o
{llz[>1}

it follows that as h — oo,

h2{XETS — htngd S {B}iso

where { By }+>0 is a centered Brownian motion with covariance matriz

/ zx'veTS (da).
RY

Remark 2.3.2. The assumptions on the behavior of the ¢ function near zero are inspired by
the behavior of the ¢ function associated with layered stable processes. The assumptions
made in this paper appear weaker, however, there is a slight error in the assumptions made
in Theorem 3.1 [8] and a counterexample to is described after a brief review of layered stable

processes.

Now, A Lévy process is called a layered stable process if its Lévy measure at time 1 is

given by

Y (B) = /sdl /Ooo 1(ré)q(r, )r~*tdro(dE)

where B is a Borel set in RZ and o is a finite positive measure on S¢°! and ¢ is a locally

integrable function from (0, 00) x S%~! to (0, 00) such that:

4(r,§) ~a§)  asr—0

and

14



rPq(r, &) ~ ca(€) as r— oo

for o-almost every £ € S9! where ¢; and ¢, are positive integrable with respect to o functions
on S ! and a € (0,2) and 8 € (0,00). And, where f(x) ~ g(z) as zy — o means that
f(z)/g(x) — 1 as xy — xy € [—00, 7).

Now, for o-almost every & € S9!, it is given that

q(r,§) ~a(§)  asr—0
which is equivalent to

i 40756

r—0 ¢1(§) -

And, this is equivalent to
l{% Q(ra 5) =0 (€>

for o-almost every &£ € S9 1.

So, for the counterexample, take d = 2 so S* = {£ = ¢ : 0 < § < 27} is a representation
of all the points on the unit circle. And, for any set B € St of the form: {¢ =¢? : 0 <a <
0 <b<2r}, let 0(B) =b—a. Now, let

L i 6e(0,r]
q(r, &) ==

1 else

So,
lim g(r. ) = (&)

for o-almost every £ € S9! where ¢;(€) := 1 and ¢ is locally integrable. But, in case (a) in

the proof of the small scales result, it is necessary to have:

/Rd 9(@) (T, 1 v (dz) — | g(z)vg (dz) as h—0.

d
RO

But, taking g() := 1jc o) (), one can see that

15



lim [ g(z) T, 1 v9T9)(dz) = lim h/ / har, &) ( har)*l’o‘ d(hér)a(df)
a Sd—1

h—0
=lim / / g(har, &) r~ =% dr o(d€)
h—0 Jgi-1 J,

2m o}
: 1 —a—1
~ lim /0 / T kO dras

which by simple calculation equals:

1 o
lim —1/ 2 %r = oo.
h—0 ha ¢

Thus, an application of Lebesgue Dominated Convergence Theorem in the proof of layered

stable is not valid. This is precisely why convergence in L' for small scales is assumed for
the ¢ function associated with generalized tempered stable processes. Now, for the proof of

Theorem 1.

2.4 Proof of the main theorem

For convenience, define a transformation of a measure p by (T,p)(B) = p(r~'B) for any
r > 0 and each Borel set B.

Case(i): Small Scales (h — 0).
By a theorem of Skorokhod (see Theorem 15.17 of Kallenberg) we only need to check the

weak convergence of the marginals at time 1. Now, ha (XETS —hn,) is an infinitely divisible

random variable with cumulant function given by:

Q%) 1 i (b)) > hvSTS(dx) — i (u, h' =

/]Rg (e i <u, J:> la<1(z) ) hv" 2 (da) — i <u, na>

_ i(u,(h~ @) R -1 . -1 GTS L

= /Rg (e< ) 1—1 <u, (h x)> 1\\h*az|\§1(h x)) hv=""(dx) — <u h'- na>

_ /Rd (0 =1 i (u, 2) Ty (2)) BT, 7)) = i (B3 )

0

16



Thus, h_é(XhGTS — hn,) is an infinitely divisible random variable with Levy measure

MT, 1 vOTS) | drift h'~« ng, and no Gaussian part. Now, Theorem 15.14 of Kallenberg

states that we only need to check that for some k € (0, 1), each of the following holds:

a) h(T, 1 vET%) converges vaguely towards v on Rg as h — 0

b) af = / za' (T, 1 VTS (de) — zx' vy (dz) as h — 0
=<k

=l <k

c) by = —/ xh(T, 1 VTS (de) — —/ rvy (dr) ash — 0.
k< zl|<1 k<||z]|<1

For case (a), to show the vague convergence of measures, it is necessary to show

/Rd g(x) T, 1 v (dx) — | g(z)ve (dx) as h—0

d
1RO

where g : R¢ — R is any bounded continuous function vanishing in a neighborhood of the
origin with lim,, .., g(z,) existing for every {z,} in R such that ||z,|| — oco. Since g is
bounded and vanishes on a neighborhood near the origin, there exists a C' and an € > 0 such
that |g(x)] < C < oo for all z and g(z) = 0 on {x € RZ: ||z|| < €}. Now,

[ at@nr, ) =n [ [ 06 athir) (bt dihi) ofas)

= [ ot atuirgyr - aratae),

which by a change of variable equals

/s/h hoerg) q(r,€) (W ar) ™' d(h” wr) o(d)

17



And, we will consider each integral separately. Now, notice, the second integral is bounded

independently of A since,
/ / Wwrd)| q(r,€) ™' dr o(dg)
Sd—1

<[ [ camorearos

=C V9T (dx)

[[]|>e

GTS

which is finite since v is a Lévy measure. Thus, the second integral,

/Sd 1/ arf (r,&)r 1" dro(d¢) — 0 as h— 0.

So, the second integral vanishes with the passage to the limit. Now, consider the first integral,

/Sd /h h=arg) q(r, &) r = dr o(d€)

which, by change of variable, equals

p [ e a0y dnt ) ot

and simplifies to

/S . / g(ré) q(har, €)1 et () r i dr o (d€)

which, by Fubini, is equal to

/EOO {/Sd_l g(r€) q(har,¢€) 1{T§h7é€}(7’) cr(dg)} pl-a gy

_ / T Qulr) v dr

Now, the goal is to use the Lebesgue Dominated Convergence Theorem to show the above

/:o /Sd_1 g(ré) ei(§) o(d€) r—*dr

18
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= [ [ a0 dm
-/ 95 (0),

So, it is necessary to show the show that Q(r) is bounded by an integrable function and

converges pointwise to

[, st ae) otae).

So, first, it is necessary to show there exists a function f : R™ — R such that
|Qn(r)] < f(r) for all h > 0 and r > 0

and

/OO |f(r)] r ¥ dr < oo.

To see this, notice that since

/Sd1 q(r,§) o(dg) — ci(§o(d) as r—0,

gd—1

there exists an ry such that:

sup /Sd—l q(r,&) o(dé) = Cy < oo.

r<ro

Now, we may assume 1y < €, S0 1 < eh~a implies that har < e < ry. Hence,

5 1 1 d€) = Cl
/Sdl q(r €> {r<h ae}(r) U( 5) < 0

and this implies

[ 000091,y 0@ < [ 100011, 1,0 0000

gd—1

90Ol [ a1, 1, () o(d€) < CCh.

gd—1
So, using f(r) := CC}, it follows that:

/eoo {/Sdl g(r€) q(har,€) 1{rgh*é€}(r> a(dg)} pola gy

19



< / |f(r)| v~ dr = CC’l/ T dr < 0.

Thus, it is clear that () is dominated by an integrable function. And, now it is necessary to
show that for each ¢ € S9!,

Qn(r) — g(r&) c1(&) o(df) as h—0 forallr>0.
gd—1

Well, lim, o q(r,-) = ¢1(-) in L}*(S% !, o), implies that given any 6 > 0, we can choose 7
such that:
sup [ 4l ) — ea(©)| () <.

S —1

r<ro

And, for h € (0,1), we have har < hary < 1o. So,

| lawdrg - @1, 1,00l <6
gd—1 <

Thus,
[ a9athir ) = g€ 1, o, 1) ()

<C " lq(h=r,€) — er(€)] LI —ée}(r) o(d€) <

and since ¢ can be made arbitrarily small, it follows that limy,_o g(r,-) g(har,-) = g(r,-) ¢1(-)
in L'(S?! o). So,

[ 008 atir oo — [ o9 a©at@) s h—o

and, so,

Qn(r) — g(ré) c1(§) o(df) = /Rd g(z) vy (dx) as h — 0.

d—1
S 0

20



For case (b), notice

ay = / zx' (T, _
lzl<k

k
_ 2 el 1 1 \-1-a <
=h [ [ e g @i it atas)

VGTS)(dx)

Q=

k
:/ / r2 e q(har, &) r== dr o(de)

sd-1 Jo
:/0 { 54_1&/ q<hir7§)1{r<k}(7")0<d§)} Ao gy,
::/OO Qu(r)r' =" dr

0

And, with intent to use the Lebesgue Dominated Convergence Theorem again, it must be

shown that there exists a function f : RT — R such that
1Qn(r)| < f(r) for all h > 0 and r > 0

where

/Ooo £ P dr < oo,

And,
Qn(r) — / £ 1<y (r) e1(€) o(de) as h—0 forallr>0.
gd—1

Well, to see that @, (r) is bounded by an integrable function, notice

|Qn(r)] =

. €€ q(har,€) Lgepy (r) o(dS)

S/’ﬂWM%QW%Wd@
Sdfl

= [ O 1) olae)

And, as in case (a), there exists an 7y such that:

o [ 4 o(d9) = €1 < .

r<ro

21



Now, r < k, implies har < hék, so, choose h small enough so that hak < rg. Then, we have

@< [ 0l ey () olde)
Sd—1
< Ol (r) == f(r)
> 11—« d — > Cl < 11—« d
/0 f(r)yr r /o Lip<iy(r)r r

k L2
C’l/ T dr = < 00
0 2 —

and

since a € (0, 2).

And, to see the pointwise convergence of Qy,(r), recall lim, g q(r,-) = ¢, () in L (8?1, o),
which implies that given any 6 > 0, we can choose ry such that:

sumer, [ 1atr.§) = (@)l a(d) <5

Now, choosing h small enough such that hak < ro implies

[ Jatht ) = (@) sy (1) () < 6
So,

[ g€t g) — ¢€a (O] 1oan() o(ds)

<

[ € lathtr.6) = a(©)] Trsar ) ()

/Sdl ’(I(hé'r’, £) —c1(§)] 1{r§k;}(7”) o(d€) <o

and since § can be made arbitrarily small, it follows that lim,_ f(-) g(har,-) = f(-) ¢1(-) in
LY(S% ! o) where f(€) = &€, So,

a1 &' qlher,€) o(d€) — £ er(§) o(d€)

as h—0
Sd—l
and so,

Qn(r) — &€ e1(§) o(df)

as h — 0.
Sd—l
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For case (c), (o = 1 case only) we have:

by :/ xh(T,
k<|lz||<1

[ [ et (e i o)

/Sd / ré& qlhar, &) r1=% dr o(df)
/ { gd— 1é q(har &) Ln<r<y (1) (df)} r~“dr

= [ @

And, again to apply the Lebesgue Dominated Convergence Theorem, it must be shown that

there exists a function f : RT — R such that

VGTS) (dl‘)

Q=

|Qn(r)| < f(r) forallh>0and r >0

where

/00 |f(r)] v dr < .
0

And,

Qn(r) — £ Lpr<py(r) c1(€) o(dE) as h—0 forallr>0.
Sdfl

Now, to see the boundedness by an integrable function, notice

|Qn(r)| =

. € q(har, €) Lpereny (1) o (dE)
< [Nl alhar ) Lpcren () o(de)
:/Sd_l (R, €) Lppepeny (r) o (dE).

And, as in case (a), there exists an 7y such that:

o [ 4 o(d9) = €1 < .

r<ro
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Now, r < 1, implies har < hé, so for h small enough so that ha < rp, we have

@0 < [l e () o)

< Cilgrer<ny(r) = f(r)

and o o
/ flr)yr—dr = / Crlgrer<ay(r) r=®dr
0 0

1 1
= C’l/ r-%dr = Cl/ r~tdr
k k

=Ci(—In k) < 0.

And for the pointwise convergence recall lim, o q(r,-) = ¢;(+) in L'(S?"!, o), which im-

plies that given any 6 > 0, we can choose ry such that:

sup [ Jalr.€) = (@) () <5

r<rg
which, if we choose h small enough such that ha < ro , implies

[ a9 = )l taren(r) ode) <

So,
[ a9 = (@) 1nsren() o(de)

<

L €l a5, = )] Tgsren () otde)

[ g = @)l ey olde) <5
and since & can be made arbitrarily small, it follows that limy,_o f(-) g(har,-) = f(-) e1(+) in
LY(S8% 1 o) where f(£) = £. So,

Eqlher,Qo(dl) — | Eal)o(d) as h—0

gd—1 gd—1

and, so,
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Qn(r) — Ecr(§)o(de)  ash—0

gd—1

as desired and the small scales case is, thus, proven.
Case (ii): Large Scales (h — 0).

Similarly to the proof of the small scales case we conclude, h_%(X GTS — hn,) is an in-

finitely divisible random variable with L evy measure h(Th,%VGTS), drift h'=2 Nea, and no

Gaussian part. So, again by Theorem 15.14 of Kallenberg, it is only necessary to check the

following convergences:

V919 converges vaguely towards 0 on Rg as h — oo

b) af = / I‘ZE’h(Th_%VGTSXdI) — | 22’95 (dz) as h — oo for some k € (0,1)
=<k RY

c) b= —/ Ih(Th_%VGTS)(d:L‘) —0 ash— oo forsomek € (0,1)
k<|lzf <1

where

h(T

e

vOTS)(dx) = h q(h2r,€) (h2r) 1= d(h2r) o(dE).

[N

For case (a), let g : R& — R be a bounded continuous function vanishing in a neighbor-
hood of the origin. So there exists a C' and an ¢ > 0 such that |g| < C < oo and g(z) =0
on {z € Re: ||z|| < €}. Also, suppose that lim,, ., g(x,) exists for every {z,} in R¢ such
that ||x,| — oc.

Now,

TSN do)| < [ lgte)] AT, o))
llz([>e

T
o,
Q
—
B
=
b‘*ﬂ
D=

R
<C h ——— (T _1v°"%)(dx)
T Jialse B2

which equals

1 1
¢ [ el (1, o))
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I,,1
<o gl (1)),

2
z||>e €

which by change of variable equals

C

@ el )

|z||>hZe

C
=3 1 2 GTS (4
€2 /Rg {le\|>h%6}(x)”$” v (dx)

which goes to zero as h — oo by the Lebesgue Dominated Convergence Theorem since
/ |2]|? v9T5(dz) < oo
R§

and 1{||x‘|>h%6}(x) — 0 as h — oo for each =.

For case (b), the convergence of the Gaussian part, notice

ay = / xa! h(Th,%I/GTS)(dm)
=<k

_ /” Bty (1, ) )

which by change of variables equals

/ . xa’ VTS (da)
lzll<h2k

_ / GTS
= /Rg T 1{Hx||§h%k}(x) v 2 (dr)

— xx’ v (dr)
RY

as h — oo by the Lebesgue Dominated Convergence Theorem since
/ |2]|? v9T5 (dz) < oo
R§

and 1 — 1 as h — oo for each z.

Hel<nbig (T
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And, lastly for part (c), the convergence of the drift term (o = 1 case only), we have

|bk|:‘—/ e h(T 3 579 (dx)
he<llel<t M
<[ bl (T, o) e
k<|lz)<1 h2
[ ey )
k<loll<t [h2a| o
which by change of variables equals

/k L nda)? (7,575 (da)

<|lz||<1 ]|

1
<[ kel (@, )
k<|lx||<1

1
— [y el TS
k Jhdk<iio|<nt

1
<= 1 2 GTS
“k /Rg {Ilw\\>h%k}($)”x’| V77 (dx)

which goes to zero as h — oo by the Lebesgue Dominated Convergence Theorem since

Hx||2 VGTS(dx) < 00
RY

and 1 — 0 as h — oo for each z.

(elsndiy ()

2.5 Absolute continuity with respect to a stable pro-

cess

In this section, absolute continuity of GTS processes with respect to the underlying stable
process is studied. This should be compared with the results of Rosinski [16] and Caballero,
Pardo, and Pérez [2].

Theorem 2.5.1. Let P and ) be two probability measures such that under P the canonical
process is a GTS process,{ XET} >0 ~ GT'S4(0,q,a), with spectral measure o and drift a
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and under @ it is an a-stable process, {X{}i>0 ~ Sa(01,b), with spectral measure oy and
drift b. Let {F;} be the canonical filtration. Then, we have the absolute continuity iff both
of the following conditions hold:

i)

1 1 2
]Qd ljﬁ a3 ( -—(ﬁ(f)) r=o L dr o (d€) < 0o (2.2)
i)
( /| - x v (dx) if a€(0,1)
a—b= /” - z (V975 — v} )(de) if a=1
/ z (V975 — 12 ) (dx) —/ r vy (dr) if ae€(1,2)
[lz]|<1 llz||>1

Proof. Since, for every Borel set B, v“79(B) is equal to

9ot = [ [ e Lo im0t ar e o)
L) fuidy 15095

= h r a(r,&) rldro =y
[ e S e = vz (4)

so it follows that the Radon Nikodym derivative is

1O (H$H &)

—(z) =
s, (Hxn)

And, by Theorem 33.1 in Sato [19], it is necessary to show:

/ (6¢($)/2 - 1)2 vy (dr) < oo
Rd
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where

Well, notice

et [ (58 ) rronie

[, [ (@o-d©) o

[NIES

And the second integral is finite, since

fo] G

<[ [avartan s [ a@r ot

= / VTS (da) +/ vy (dr) < oo
[[=[[>1

llz(|>1

1

(n6) — c}(©) r" dro(de)

[NIES

as %7 and vy, are Lévy measures. Thus,

/ (e¢(z)/2 - 1)2 vy (dr) < oo
Rd

/Sdl /01 (q (r,&) — c%(é“))2 = Ldr o(d€) < oo,

which completes the proof of Part (7).

if and only if

D=

For part (ii), notice X7 has cumulant function given by

/]Rd (e — 1 — i (u, @) Ljpy<i () vO75(d) + i (u, a) .

0
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And, X{ has cumulant function given by

/d (ei(u’””> —1—i(u, @) Ljg<a (@) vo (dz) +i(u, b+ na)
R

0

where

( / r vy (dx) if ae€(0,1)
]| <1
Ng = 0 if a=1
—/ r vy (dx) if ae(1,2)
\ ll=>1

Now, by Theorem 33.1 of Sato [19], it is necessary to show

a—(b+n,) — /”x”<1 z (V9 =8 (dz) = 0.

Well,
a—(b+na)—/ T (UGTS_V;) (da:)
=<1
a—b—/ wyg‘l(da:)—/ x (V975 —u2) (dx) if ae€(0,1)
[lzf|<1 [lz]|<1
= a=b— [l (VTS — 12 (da) if a=1
a—b+/ (dzx) —/ x (V95— 1) (dx) if ae€(1,2)
Hl‘ll>l [lz]|<1
(o—b- VTS (da) if a€(0,1)
||JUH<1
= a—b—/ WS — vl ) (dx) if a=1
\ac||<1
a—b—/ x (I/GTS—yg‘l)(dx)+/ v vy (dx) if ae(1,2)
\ =<1 ]| >1

which, of course, equals 0 if and only if condition (i7) is satisfied. So, this concludes the
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proof of the theorem. O]

Remark 2.5.2. Rosinski [16] mentioned that the rate of convergence directly impacts whether
or not a tempered stable process is absolutely continuous with respect to the underlying
stable process. Here, an attempt is made to quantify this fact. The goal is to find some
easier condition to check in lieu of condition (i) (equation 2.2) in the previous theorem by
looking at the rate of convergence with respect to r2. The claim is that it would be enough

to calculate:

‘q2(7' 5) - Cl (5)’ = for each é" c Sd_l and € > 0.

r—»O rz 5 te

Then, if C' < oo for some € > 0 condition (7) is satisfied, that is,

A

and if C' = oo for all € > 0 condition (7) is not satisfied since

/S /01 (q%(r,ﬁ) —c%(f))2 r=o L dr o (dg) =

Proof. If C' < 0o, then there exists an ry and a K such that

m\»—x

%(f))z r~*tdr o(d€) < oo

<K <o for each ¢ € gd-1,

Now, 1
/Sdl ; (5(7“ 5)—61(5)) r= "t dr o(dg)

equals
2

[ (£ o

which is less than or equal to

2

/Sd / K? 72 dr o(de) + /S / ( é7‘62;01(6)> 1 gy o (de)
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H(©) 1o drofde)

— K%(sd—l)/omr%-l dr+/8d1 /Tl (43 (r,6) -

which equals
=t dr o(d€)

/S/ (r,€) o~V dr o(d) + /S/

(Sd 1

K2 d—1
< L _|_/ I/GTS(dl‘) +/ Vgl(dl')
[lz[|>T0 ||| >r0

- 2¢
and v® are Lévy measures and ¢ is a finite measure on S?~'. Thus

which is finite since v¢T%

condition (7) is satisfied.
If C' = 0o, then there exists an K > 0 and an ry such that

lqz(r,&) — cf (§)] > K for each ¢ € Sl

sup 5
r<ro rate

which implies

since r < 1. And,
1 2
() retdro(dg)

L (e

which is greater than or equal to
T0
KQ/ O(dﬁ)/ r~dr
gd—1 0

Inrg—lim In r

_ 2 d—1
— K2 o(59Y) [ lim

| = oo

Thus, condition (7) is not satisfied
Remark 2.5.3. Of course this limit may not be easily computed. Actually, all that is really

needed for absolute continuity is to have an 7y and a positive integrable function k on S !
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such that

sup |q5<7", g)g—:ecf (§)| < k(f)

r<ro r

for each £ € S9! and some € > 0.
And, to show it is not absolutely continuous, it would be enough to show that there exists

an 7y and a positive integrable function k£ on S%! such that

[l VI

C

(©) > k(&) for each ¢ € 971

sup
r<rg

1
g2 (r, &) —
ra
This is clear by inspection of the proof of the previous remark.

Ezample 2.5.1. (A Tempered Stable Process) Let q(r,§) = e™", ¢; = 1, and o be any finite

measure on S%!. Then,

for any € < 1 — 5. So, there is absolute continuity with respect to the underlying stable

process.

Ezample 2.5.2. (Another Tempered Stable Process) Let q(r,&) = e, ¢; =1, and o be any

finite measure on S4~! where 0 < 3 < 5. Then,

1 S
g2 (r &) —ci(§) . Ve -1
71’1—I>I[1) r%""e o 11—1’»% r%+€
=1 =5 (e‘rﬁ)irﬁ_(%“) = 00
r—0 o + 2¢

for all e > 0. So, there is no absolute continuity in this case.

Ezample 2.5.3. (Lamperti Stable Processes) Let

G

(er _ 1)a+1

a+1

q(r, &) =

where f : S! — R is such that supgcga-1 f(§) < o+ 1. Then, it can be shown that

a8 = (E)

r—0 7“%+6

=0
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for some € > 0 where ¢; = 1. So, there is always absolute continuity of Lamperti stable

processes with respect to the underlying stable process.

2.6 Series representation

First, a series representation using LePage’s Method [15] is examined. It involves looking at

a decomposition of the Lévy measure of the form:

GTS 1 *d *d
v /Sdl/ A(r&) pu(dr, &) o.(d§)

where 0, (d€) = o(d€)/o(S?7Y) := o(d€)/||o|| is a probability measure on S¢~! and p, is a

measure on R such that

pe([z,00),8) = [lo| p([z, 20), &)

where

o, ), €) = / &) v dr, (2.3)

LePage’s Method requires that p, be a Lévy measure on R for each ¢ € S?°!, and it is, since:

[ antappersan = [ [Tanr) pang o <o
R4 Sd—1 Jo
which implies that

/00(1 A1) p,(dr,€) < oo

0

The inverse is defined as:
py ! (u, &) == inf{z > 0 : p.([r,00),£) < u}.

=inf{z > 0: p([z,0),§) < ﬁ}

=p (/o] &).

Theorem 2.6.1. Let {I';}i>1 be a sequence of partial sums of #id exponential random vari-
ables (1). Let {U,;}i>1 be a sequence of iid uniform random variables on [0,T] and let {V;}i>1

be a sequence of random variables in S¢=1 with common distribution o(d€)/||c||. Then,

Z{ (u I V‘)m{“ﬁ}‘c@'%} 24)
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converges uniformly a.s. to a process, {XFT%} 50 ~ GTS,(0,q,0) where

. — i -1 —S
6= / o <p (IIUHT’ Vl) ”1p‘1<u£w%><l> s

In particular, if there exists a function g on (0,00) such that q(r,&) = g(r), then p=* will

not depend on & and the above series representation is simplified to the following:

> {P ' (W) Viliui<y — Cz‘f} (2.5)
=1

w=200 [ (7 (i) b tmra) 2

Proof. A proof of this theorem is omitted, as it is merely a reformulation of the results

where

presented by Rosinski in [15]. The representation is generated by LePage’s method and the

series convergences by Rosinski.
O

Ezxample 2.6.1. (Lamperti Stable Processes) It is possible to find the inverse in some cases.

For example, consider a Lamperti stable process with

G

q(r,§) = e =1yt

a+1

and f(&) := 1. Then,

o rf(©) e
:/ md’f’ = (6 — 1)

which implies that
P, €) = In (14 (aw) %)

1
> al; '\ = t
§ In(1+(—= Vi liy.<iy — Ci—
{( (||o||T> ) ity = G

converges to a Lamperti stable process with f(&) := 1.

Thus,

—
~
[\
D
SN—
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Ezample 2.6.2. (Stable Processes) Consider a stable process with

q(r,§) = 1.

Then,

which implies that
_ 1
pH (u,€) = (au)™%.

> ozTi _é t
Z{(HUHT) Viliw<y _Cif} (2.7)
i=1

. 1
t as \ @
wm W) [ ((IIJHT) 13"TT§1) v

converges to an a-stable process.

Thus,

where

Ezample 2.6.3. (A tempered stable process) Consider a simple tempered stable process with

q(r,§) =e".

Then,
o[, 00), ) = / e dr

which is not invertible, so we cannot get a closed form of the formula for p=! in this case.

Remark 2.6.2. As Rosinski mentioned in [16], it is not always easy to find the inverse! In the
case when the ¢ function is bounded, it may be advantageous to use the rejection method

to generate series representations.

Theorem 2.6.3. Let {I';}i>1 be a sequence of partial sums of iid exponential random vari-
ables (1). Let {U;}i>1 be a sequence of iid uniform random variables on [0, T] and let {V;}i>1
be a sequence of random wvariables in S with common distribution o(d€)/||c||. Also, let

{W.:}is1 be a sequence of iid uniform random variables that is independent of the rest.
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Now, suppose there exists a function g on (0,00) such that

(%) supgega-1 q(r,§) < g(r) for each 1 € (0,00)

And, let

Z{ (i) Vitenso — ez |

=) [ 8 (™ () 1sira)

be the series representation of the process with Lévy measure

_ /S / 1506 ) 1 dr ()

for each Borel set B in RY.
Now, let J? := p~! ( L > and

where

llellT

1 if f) =W
Bi =

0 else

where f(x) = q(llzll, i7p) /9(ll=]). Then,

> T, t
Bip™t ( ) Vilw, } (2.8)
Z{ lofT) "= T O

i=1

converges uniformly a.s. to a process, {XF15} 159 ~ GTS,(0,q,0) where

=200 [ 2 (0 (i) b tmas) 2

Proof. A proof of this theorem is also omitted, as it is merely a reformulation of the results

presented by Rosinski in [15]. It is based on the rejection method from [15] and relies on the
fact that if

sup q(r,&) < g(r) for each 1 € (0,00)
Eesdfl

then
dd‘;S (r.) = q(r,€)
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O
Remark 2.6.4. This theorem is useful when p is not invertible, but the ¢ function is bounded
by a g function that does have an invertible p.

Ezxample 2.6.4. (Tempered Stable Processes) Consider any proper tempered stable process.
Then we have that

sup ¢(r,§) <1
gesdfl

so we can use the series representation in Theorem 2.6.3 with g(r) = 1. Thus,

> O!FZ' 7§ t
{@‘ <W) Viliw,<ty — sz} (2.9)
i=1
‘ as ~a
= EWI)/H <(||a||T) 1?|fTs1) ds

converges to a tempered stable process where the 3;’s are given by

where

1 it f(J)) > W,
Bi =

0 else

where f(x) = q([l=l, i57) /9(l<]l) = a(ll=l, 777)- So, they are given by

1 it q(lyill, 7o) = Wi
Bi =

0 else

1
I ol \
o g = <|ra||T) (HUHT>

Note: this is analogous to rejecting terms from a stable process.

where

Ezample 2.6.5. (Lamperti Stable Processes) Again, consider a Lamperti stable process with

e

q(r,§) = G

a+1
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with f(§) = 1. Then,
p Hu, &) =pt(u) =In (1 + (ozu)’é) :
Now, assume only that f(£) < 1. Since

erf(©) " e
S —— D G
q(r,€) (er — 1)a+1r = (e — 1)a+lr

r
a+1

we can use

and get that

1
- al; \ = t
E ;In [ 1 - Vilig,<ty — Ci= 2.10
{5 ( +<HU||T> ) = ’“’T} 210

converges to a Lamperti stable process with f(£) < 1 where the 3;’s are given by

1 it fo(J)) = Wi
Bi =

0 else

where f.(x) = q([lz]l, 17p)/9([z]]). Now,

B erf(©) ot q B er w1
q(r,§) = 1)’ an g(r) (o — 1)1’
imply that
L 6) = eer — (-1

So,

2(95) _ 6W\(f(ﬁ)—l)

g
And,

pMw) = In (14 (au) %)

1
I al; \ @
J?::p_l( : ):ln 1+( 1) .
ol T lollT

f(J)) = oIl (7 (i) 1)

implies that

So,
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1

where y; ;== 1+ (@ﬂ%)ia. Thus,

1 i il (f () = 1) 2w,
Bi =
0 else

Q=

where y; := 1+ (%)
Note that in [2], an explicit representation was only given for the case f(£) = 1. Here, an
explicit representation is given when f(£) < 1. But, in general, the f function in Lamperti

stable processes satisfies supgcga-1 f(§) =7 < a + 1.

Example 2.6.6. (Modified Tempered Stable Distribution (MTS distribution)) Consider an
MTS distribution with

23 (D (%)) (n) F Kan (M) if £=1
q(r,§) =

273 (M (1) (o) Kan (M) if £=-1

where A, A\_ > 0, a < 2, and K, is the modified Bessel function of the second kind which
is defined by

R @2~ (@2
Kolo) = 5 ntom) <kzzo FT(k—p+1) & KT(k+p+ 1)>

and has an integral representation given by

1 > 2
Ko = L) [T Eera
0

This Bessel function satisfies

r 2\”
KAx)w%(;) as z— 0" and p>0

and

K,(x) ~e™™® T as r—o0o and p > 0.

2x
It also satisfies the property that

K@) = K_(2)
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since

(S @t & @
Ky(e) = 2sin(pm) (kz:% KD(k—p+1) Z “KID(k+p+ 1))
B T > (w/2)%k+P (x/2)%-P
~ 2(—sin(pn)) < KT(k+p+1) Zk‘Fk p+1)>

P (S @R & (o
2sin((—p)m) (kz:% KTk —(—p)+1) kz:% K'T(k+ (—=p) + 1))

since sin(x) is an odd function. And, notice that

Ky (a) < T2 (3)p

T
since
Kp(z) = K_p(2)
_! <f>_p/oo et~ 14
2\2 0
_! <£>_p/ e’iie Pt
2\2 0
p [es)
Sl (2) / e P ldt
2 \z 0
Tp) [(2Y
2 x/)
Thus,
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Now, let A := max{\,, A\_} and A* := min{\,, A\_}. Then, we have

11—« 1 -1 a+1
supeess 00 <27 (1 (251)) 00T Kap ()
(

2
1)) o 2D (2

and we set this equal to g(r) (although it does not depend on r). Then, we look at the series

representation associated with g and then reject appropriate terms from it. Now,

([, 00),€) = / " o) e dr

a1

I
o (€)= pH ) = ((%) N au) *

a+1

> A\ /el ) ¢ t
2 @((7) (W)) Vilwso — g 210

te[0,T7]

which implies that

Q=

Then,

converges uniformly a.s. to an M'TS process where

1 if  f(J)) > W,

0 else

and f(z) = q(||z]], H;—”)/g(HxH) And, lastly, the ;’s are computed explicitly below.

f,€) = qg(";) = (n6) = (%) a(r.€)
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+1

e [ 250 (D(32) ) T Kan(Mr)  if €=1

N}
.

—~

’1
—~

‘Q
vo|t-
—

))_1 ()‘fT)QTHKaTH()\,T) if ¢=-1

a+1

9l5e (T <a+1))*1 ()\71)\*)\#)7[(&%1()\#) if £€=1

253 (T (1)) (WVINA )T Kan(Ar)  if £=-1

So,
F.
=1 (i3)
() B
A\ al, |
720‘ O{/L (e
-/ ((7) () )
l1—a Oé+1 - —1x at1l
=272 | T 5 (AN Ay) 7 Kap (Ayi)
where
at+l _ 1
(M) (e
DY lolT) -
Thus,

Lt (I :) " Ko (\g) > 200 (D (552)) W5
Bi ==

0 else

and thus we have calculated the correct centers for the series representation of modified

tempered stable.

This chapter introduces GTS processes. As was mentioned before, the definition is con-
structed to describe the minimal necessary conditions for the short and long term behavior
to hold. The definition is a new result, to the best knowledge of the author, however the
short term behavior is similar to that of "layered stable processes” [8]. But, due to the error
in their definition (described in a remark following the result) a slight modification using
convergence in L' as opposed to pointwise convergence was necessary. After the definition
of GTS processes is stated, numerous example obtained from the literature in this area are
noted.

After establishing the definition of GTS processes, the main result of this section, the
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short and long term behavior is stated. The main result is a new advancement in this area
of research, as it displays that the short and long term behavior of these processes (which
has been investigated separately in the previous papers on variations of TS processes) still
holds under the minimal assumptions made by the definition of GTS processes. The result
is proven for the marginals at time 1 and then easily expands to convergence in the space of
continuous functions, as GTS processes are Lévy processes.

Next, the absolute continuity is studied, following the work of Jan Rosinksi in [16].
The absolute continuity condition is more complex in this case, as GTS processes are less
quantifiable than T'S processes. In order to assist in this manner, a limit condition is stated
as an alternative to the integrability condition 2.2 and examples are presented to represent
its ease of use.

The final topic of investigation is series representation. The first series representation
given by equation 2.4 is based on LePage’s method and relies on the condition that the p-
function (2.3) is invertible. Of course, since there is not always an invertible p, so a different
series representation (equation 2.8) using the rejection method is offered and examples of
generating series representations are given, which can be used for simulation of GTS pro-
cesses. The examples presented exemplify how to generate series representations of GTS

processes, which are unique to each case and must be specified separately.
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Chapter 3

Fractional generalized tempered

stable motion

In 2006, Houdré and Kawai in [7] introduced fractional tempered stable motion by taking a
stochastic integral of a Volterra kernel, a deterministic function, with respect to a tempered
stable process which are described by Rosinski in [16]. They observed that the process
behaves as fractional Brownian motion in large scales and behaves as fractional stable motion
in small scales. In this chapter, fractional generalized tempered stable motion (fGTSm) is
defined and studied and the short and long term behavior is investigated and established,

following the work of Houdré and Kawai in [7].

3.1 Preliminaries

First, a review of GTS processes is given. Please note that this is the same as the definition
of GTS processes introduced in the previous chapter, except for the fact that we will always

assume square integrability in this chapter.

Definition 3.1.1. A Lévy process is called a generalized tempered stable process if its Lévy
measure at time 1 is given in polar coordinates as equation 2.1 where B is a Borel set in R,
a € (0,2), o is a finite measure on S9!, and ¢ is a measurable function from (0, c0) x S¢-1
to (0, 00) such that:

limq(r,-) = c1(+) in LY(S™,0)

r—0
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and
/ 2l 575 (dz) < oo.
{llz][>1}

Also, assume that E(XFT9) = 0 for any ¢ > 0.

Also, recall that the characteristic function of X%79 is given by
Eexp{i (u, X{"%)} = exp {/ (ei<"’x> —1—i(u,z) Ljgy<1(2)) VGTS(dx)} :
R§

3.2 Definition of fractional GTS motion

Define the following Volterra Kernel, K : (RT,R") — R" as
" H-1/a H-l/a
Kuo(t,s) :=cgas | - (t—s)
s

1 t
_ <H . _) S1/a—H/ uH—l/a—l(u . S)H—l/a du}l[o.ﬂ(S)

(0%

where H € (1/ae—1/2,1/a+ 1/2) and

(G- 26)I(1/2— @)\ *
CHo = (P(2 —2G)0(1/2 + G) )

where G := H —1/a+1/2.

Below are some known properties of Ky, (see Houdré and Kawai [7]).
1. It is only defined on [0, ]
2. Kijaa(t,s) =1p4(s)
3. It He (1/a,1/a+ 1/2), then it may be simplified to

1 t
KH7a(t, S) _ CHya (H - _) Sl/a—H/ (U, . S)H—l/a—luH—l/a du ]-[O,t](s)

«

4. (Square integrability) Ky o(t,-) € L*([0,1])

5. (Scaling property) For each h > 0, Ky o(ht,s) = K=Y Ky ,(t,s/h)
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6. For t,s > 0,

(9 + 8*9 — |t — s*9) .

N —

¢
/ Kyo(t,u)Kyo(s,u)du =

0
Definition 3.2.1. Define fractional GTS motion (fGTSm) in R as {Y,! : ¢ > 0} where

¢
H :/ Kot s)dX s for t>0.
0

Let tq,...,t; be a finite nondecreasing sequence of times and let aq, ..., a; be real numbers.

Then, the finite dimensional distributions of f{GTSm are given by:

E[exp{iugailff}] :E[exp{iuzk: a; </tZ Ky o(ts, s)dXSGTS> }H
— Elexp{iu ( / ZalKHa tl,s)dXGTs> N

—exp{/ Yo (u aiKH,a(ti,S))dS}

where

Po(u) == /R (e — 1 —iuxly < (2)) V9% (dx).

ty k k
= exp/ / (exp {Zu Z a; Ky o(ti, s)x} —1—w Z a; Ky o(ti, s)x1|x<1(x)) VTS (dz) ds
0o JR i=1 i=1

Remark 3.2.2. Note that when H = 1/, fGTSm is simply a GTS process since

Kijaa(t,s) = 1p4(s)
implies that
yMe / Lo (s)dXETS = XETS for ¢ > 0.

Remark 3.2.3. As is mentioned in Houdré and Kawai [7], an advantage of using this Volterra

kernel as opposed to other kernels, such as the moving average kernel, is that it is only
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defined on [0, t]. So, while the moving average kernel has a more simple form, that is:

H-1/« H—-1/a
(k=) = (=s)Y

it has the disadvantage that it is defined on the whole real line.

3.3 Short and long term behavior

Some preliminaries are necessary before the main theorem of this section is stated. First, we

begin with a proposition that has been adapted from Houdré and Kawai [7].

Lemma 3.3.1. Let {Y,” : t > 0} be fGTSm in R. Then,

(a) {Y : ¢t > 0} has covariance structure given by
1
Coo(Y", Y1) = 2 (#9+ — |t — s"%) B(XTTS)?

where t,s € RT.
(b) For each t > 0 and h > 0, fGTSm satisfies what Houdré and Kawai refer to as

“second-order self-similarity.” That s,

E(Y)? = R*CE(Y,")?

(¢) For each t > 0 and s > 0, fGTSm satisfies what Houdré and Kawai refer to as

“second-order stationary increments.” That 1s,

EY =Y =t — s B(X{"°)* = E(Y",)*

Proof. (b) and (c) follow directly from (a), so it is only necessary to prove (a). Now, notice
that since E(Y,7) = 0 for each ¢ > 0, we have

Coo(Y, V) =BV Y]
t s
=F ( / Kpot,u)dX5"s / KH,a(s,u)dXETS)
0 0

tAs
—E(XC¢T5)2E ( / Kot u)KH@(s,u)quGTS)
0
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by the Wiener-Ito isometry. And, by the properties of the Volterra kernel, the above is equal

to

<t2G + SQG’ _ |t o 8|2G) E(XIGTS)Q.

DN | —

Thus, the lemma is proven. 0

Lemma 3.3.2. If H € (1/a,1/a + 1/2), then there exists a continuous version of {V;1 :
t > 0}. Moreover, for any ¢ € (0, H — 1/a), this continuous version is a.s. locally Holder

continuous with exponent c.

Proof. Since
Bl Y[ = |t — sPYE(XTTE),

there is a continuous version by Kolmogorov-Chentsov (see Theorem 3.23 in Kallenberg [9]).

And, the continuous version is a.s. locally Holder continuous with exponent

e (O’ 202—1) _ (O’ 2(H—1/a2—|— 1/2)—1) OH—1/a)

]

Now we define fractional Brownian motion and fractional stable motion since they arise

as limiting processes of f{GTSm.
Definition 3.3.3. Fractional Brownian motion (fBm), {BY : t € R} with G € (0,1] is a

centered Gaussian process with continuous paths and covariance given by:

Cov(By, BY) = = (9 + s*7 — |t — s*7)

N | —

where t, s € R.

Definition 3.3.4. Fractional stable motion (fSm) in R is defined as

¢
y, e ::/ Kpolt, s)dX¢ for t>0
0
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where { X7 : t > 0} is a stable process with characteristic function at time 1 given by:

( exp {fRo (e —1) ug;(d:c)} if a€(0,1)
Eexp{iuX{} = exp {fRo (e™® — 1 — duzliy<i(z)) Vil(dx)} if a=1
| e {IRO (e — 1 — juzx) uf,’l(d:v)} if ae(1,2).
Let t1,...,tx be a finite nondecreasing sequence of times and let aq, ..., a; be real num-

bers. Then, the finite dimensional distributions of fractional stable motion are given by:

E[exp{iuz a; Y,y :E[exp{iuz a; (/0 i Ky o(ts, s)dX;") H
=1 =1 . )
=FE[exp{iu (/0 ZaiKH,a<ti7 S)ng> }]
= exp {/0 ' ¢a(uz a; Ky o(ti, s))ds}

where
( fRo (e — 1) v9TS(dz) if o€ (0,1)
Ya(u) =1 [p (€ =1 —iurlp<(z) v"5(de) if a=1
L Jg, (€ =1 —dux)vT5(dz)  if a€(1,2).

Remark 3.3.5. In [7], Houdré and Kawai claim that fSm has stationary increments. That is,
for any t > s,

L — Lo £ Lt
But, as is mentioned by Pipiras and Taqqu in [13], this is not true.

Proof. To see this, let t := 2 and s := 1. Then,
2 1
Elexp{if(L"* — L%*)}] = Elexp{if (/ Ky o(2,u)dX; — / KHya(l,u)dXL?) }
0 0
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~ slesptio (Kpa(2ou) — Kigo(10) x2 )L

which is not equal to

Pt [ Kl Waxs )}l

which is the same as
Elexp{if(L{"$)}].
This is due to the fact (letting o := 1) that
2 1
/ ’KH,l(Zau) —KHJ(LU)‘adU#/ KH71(1,U)CZU.
0 0

To see this, consider H € (1/a,1/a+ 1/2). Then the kernel may be simplified to

1 t
KH@(t,u) = CHq (H _ a) ul/a—H/ (w . u)H—l/a—le—l/a dw 1[0715}(“)’

which is positive (since H > 1/a) and increasing in t. Thus, Ky 1(2,u) — Kg1(1,u) > 0 and

2 2
/ Kua(2,0) — Kua(1,0)|" du :/ (Kua(2,0) — Ky (1, 0)) du
0 0

Now,

KH@(Q,’U,) — KH,Q(l, U)
2
— Kul/a—H{/ (w o u)H—l/a—le—l/a dw 1[072}(11,)

1
_/ (’LU o u)H—l/aflefl/a dw 1[071}(,“)}

for some constant K. And, this is equal to

2
Kul/aH{/ (w . u)Hfl/aflefl/a dw 1[071)(u)

1
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2
‘|‘/ (w_u)H—l/a 1. H— 1/adw 1[12]( )}
2
:Kul/aH/ (w_u)Hfl/a 1, H— 1/adw 1[01( )
1
2
+Ku1/a—H/ (w_u)H—l/a 1, H— l/adw 1[12]( )

= A+ B.

Now, consider the expression involving A. We have,

2
Kul/a_H/ Adu
0

_K/ 1/a— H/ )H 1/a—1 H l/adw 1[01)( )d

1 2
=K / / (ul/o‘_H(w — u)H_l/a_le_l/o‘) dwdu = 1.
0o J1

And, for the B component, notice

2
Kul/a_H/ Bdu
0

—K/ / 1/a— H )H 1/a—1 H 1/adw 1[12]( )d

2 2
= K/ / (ul/a_H(w - u)H_l/"‘_le_l/a) dwdu = I1.
1 U

And,

1
KH,(y(l,u) :Kul/oc—H/ (w_u)H—l/a 1, H— l/adw 1[0 1]( )

Now,

C.

/Cdu_K/ 1/a— H/ )H 1/a—1 H 1/adw1[01]( )d
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11
= K/ / (ul/a_H(w - u)H_l/o‘_le_l/a) dwdu = I1I1.
0 u

And, T — II # III, thus,
Elexp{if(L{"* — L*)}] # Elexp{i6(L{)}],

so fSm does not have stationary increments.

Now, we are in a position to state the main theorem of this section.

Theorem 3.3.6. Consider a fractional GTS motion with no drift term. Let

t
ky ::/ Ky o(t,s)ds
0

and
( ~ Jiaj<y 2V (dx) if a€(0,1)
fla = 0 if a=1
| Sy 2 de) if e € (1,2).
(a) Then,

Case(i): (Small Scales) as h — 0,

_ _1/a dd o
{h Hthg —h' Y nakt}tZO f——> {YtH }tgo

where {Y;"*}Y,=0 is a fractional stable motion of index .

Case(ii): (Large Scales) as h — oo,

_ dd
{(h OV L2 (B%Y sy

where { B¢}i>0 a centered fractional Brownian motion with G == H — 1/a + 1/2.

(b) Moreover, for H € (1/a,1/a+1/2), the convergence results in case (ii) can be strength-

ened to weak convergence in the space C([0,00),R).
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Proof. Part (a) Case(i): (Small Scales) Let
Zp = h W) = h gk

Then, we need to show that when ¢;,...,%; is a finite nondecreasing sequence of times
and aq,...,a; is a sequence of real numbers, we have that Zle aiZt’:, converges in law to
S a;Y,"" as h — 0. So, first notice that

t

Zh = Ty — Ve k= / (W Kpgo(ht,s)) dXFT5 — h' Y n,ky,
0

which, by the scaling property equals

t
/ (AR Ky o (¢, s/h)) dXETS — BV ngk,
0

t
= / W YKy o(t, s/h)dXETS —
0

—IV [T [ eny TRt s) v6TS(dx) ds if a € (0,1)

0 if a=1

_ t ,
\ pr=te [ Jijas1y @B malt,s) veTS(dx)ds  if ae(1,2).
Thus, the finite dimensional characteristic function of Z = h=# (Vi) — h'=Y/t nk, is given
by

k

tr k
exp {/ Yo(uh~/e Z a; K o(ts, s/h))ds — b1~y Z a; nakt}
0

i=1 =1

tr k k
= exp {/ hwg(uh’l/o‘ Z a;Kpo(ti,s))ds — Ry, Z a; nakt}

0 i=1 i=1

which equals

th k
exp {/ hap(uh~Y ZaiKHya(ti,s))ds}

0 i=1
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where

( Jo (€ = 1) 15T (da) if o€ (0,1)
(u) =4 fo, (€™ =1 —iurlp« () v9"(d) if a=1
J, (€ =1 — dux) V9T (d) if ac(1,2).

For case (i), we need to show

exp{/ hap(uh™ UO‘ZOJZKHQQ,S) }Hexp{/ Yo (u ZazKHatl,s }

0

as h — 0 where

( Jo, (€™ =) w8 (dx) if a€(0,1)

Py I (em® — 1 —duzly<i () v (dz) if a=1

fRo (eiux — 1 — iux) Vg‘l(d:c) if ae(1,2).

Observe that

k k
hlp(’U/hil/a Z aiKH,Oz<ti7 5)) - wa(u Z aiKH,a<ti7 S))
i=1

=1

as h — 0. To see this, consider o = 1 and, for simplicity, let K := Zle a; K o(ti,s). Then,

k
hap(uh =1/ Z @i Kma(ti, s))

=1
_ / <6i“’f”°“m 1 z‘uh‘l/“K931|x\51(93)> h 1 (de)
Ro

which equals

/ (ei“Kh_l/am —1- iuKh’l/axl‘hfl/%‘gl(h’l/o‘x)) hv9TS (dx)
Ro
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— /R (e"™5* — 1 — iuKaly<i(z)) (9" o ¢y)(dx)

where
on(x) == h'/ oz,
So,
h(vTS o ¢p)(dx) = hvETS(d(RYr), d€)
equals
h q(RYor) (BYor)y=e=L (W or) o (d€)
= q(hYor)r=o L dr o (df).
Now, since

lithOQ(hl/ar, ) - Cl(') in Ll(Sd_lﬂ 0)7

and since ¢;(§)o(d€) := 01(d€), we have

/R (eiqu 1 iuKiL’1|z|§1($)) h(v o ¢h)GTS(dx)

R (eiuK!B —1- @'uKI1|m|§1(x)) Vgl(dx)
Ro

as h — 0. And, the Lebesgue Dominated Convergence Theorem applies by the known
inequality
e — 1 —itly<i ()] < 2{1 A [t}

since

tE )
/ / ™R — 1 — iuKal < (2)] h(vCTS o ¢p,) (dx)ds
0 JRe

— /tk / /OO |€iuKT§ 1= iuK?”élMSl(ré)‘ Q(hl/a’r, g)riaildT’U(df)ds
0 S J0O

is less than or equal to

/ ) / / " 21 A [uKre P Y gV, €y Ldro (d€)ds
0 S JO

tk o]
<9 / LV [uK[? ds / / (1 A2y g(hor, €)1 dro(de)
0 S JO
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= Q/Otk 1V [uK| ds /000{1 A2} [/Sq(hl/o‘r, {)J(df)} rldr

And, notice that since

/Sd1 q(r,€) o(dg) — ci(§)o(d) as r—0,

Sd—1

there exists an rg such that:

sup /sdl q(r, &) o(d€) < oo.

r<ro

So, we can choose h small enough such that

/q(hl/ar, &o(dé) = C < 0.
S

Thus, .
2 “B (is T q h/l/ ,{ :| !

is less than or equal to

tr (o)
20/ 1V [uK|)? ds/ {1Ar?}r " Ydr < 0o
0 0

tg
:20/ 1v
0

since Ky al(ti,-) € L2([0,]) and ]zj;l ;K o(ti, )

2

k
u Z aiKHﬂ(ti, S)

i=1

ds/ {IAr}r o ldr < o
0

2
<k Z?:l (a:Kma(ti,s))*.

Part (a) Case(ii): (Large Scales) Let
Zh = h Oy — B2 k.

Let t1,...,t; be a finite nondecreasing sequence of times and ag, ..., a; be a sequence of real

numbers. Now, notice that

t
Zh = oyl = /0 (W Kpa(ht,s)) dXET°
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which, by the scaling property equals
t t
/ (h_GhH_l/aKH’a(t, S/h>) dXsGTS _/ (h—(H—l/a+1/2)hH—l/aKH’a@_,S/h)) dXSGTS
0 0

t
= / (WP Kpya(t, s/h)) dXET9
0

t
- / W Y2 Ky o(t,s/h)dXETS
0

Thus, the finite dimensional characteristic function of Z = h=¢Y}X is given by

tr k
exp {/ Q/Jo(uh_l/2 Z a; Kot s/h))ds}
0 i=1
the k
= exp {/ hapo (uh =12 Z a; Ky o(ti, s))ds}
0

=1

where

Yo(u) := / (e — 1 —iualyy < (2)) v9"° (dx).
Ro
Now, it is known that there exists a constant C' such that

. +2
e — 1 —itly<i(t) + 7| < Ct?

Now, letting K := Zle a; K o(t;, s) we see that

(uh™'\2Kx)?

R S iuh_l/QKxhx\gl(l’) - 9

is less than or equal to
Chluh™Y?Kx|?

= h V2. CluK oty s)z> -0 as h— oo

Thus,

k k 2
1
hf(uh~1/? Z a;iKpy oty s)) — -5 (u Z a; K o(ts, s)a:) as h — oc.

i=1 i=1
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where
f(@) == €™ — 1 —ijuzl < ().

And, the Lebesgue Dominated Convergence Theorem applies since
it : 2
e — 1 — il (1)) < 21

implies

TS (dx)ds

I
L

is less than or equal to

hapo (uh ™/ Z @i Kot s))| v

=1

L S iuh_1/2Kx1|x‘§1(x)’ hvST5 (dx)ds
tg
/ / 2 |uh_1/2Kx}2 hvCT5 (dx)ds
0 JRo

ty
/L
0 Ro
k

2
tg
:2u2/ (ZaiKH,a(ti7S)> ds |x|2 v (da)
0 Ro

=1

which equals

VTS (da)ds

. 2
U Z a; Ky o(tiy,s)x

=1

which is finite since [, |z|” vGTS (dz) < oo and since Ky o(t;,-) € L2([0,]).

Now, the finite dimensional characteristic function of the limiting process is:

2
tk 1 k

—— | u a; Kyo(t;,s)x v (dx)ds.
//2<2 o >> (dr)

And, the marginal characteristic function of the limiting process is:

t
1
/ / — = (uK g o(t, s)x)* vET9 (dx)ds
0 S 2

which equals

1 t
——u2/ 2 GTS(da:)/ (KH,Q(t,S))2 ds
2 Ro 0
1
_ —§t2ch2

using property (6) of the Volterra kernel and letting ¢ := [, 2?0975 (dz) < oo
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Part (b) Case(ii) We will show the tightness of the sequence {h~¢Y}?} using Corollary
16.9 of Kallenberg [9]. Since,

B —v[")? =t — sPYB(XTT5)
we have that

E|n Yl = h= Y1 = h72F |ht — hs]?C B(XTT5)?
— |t _ 8|2GE(X1GTS)2.

Thus, the sequence is tight in C'([0, 00), R) and convergence in the space C(]0, c0), R) follows
immediately.
[

Remark 3.3.7. Beware of the typo in the convergence result in Houdré and Kawai [7]. They
claim that the limit in the Gaussian case is fBm with exponent H — 1/2 + 1/a, which is

incorrect. The correct exponent is H — 1/a + 1/2, as is stated in this theorem.

Remark 3.3.8. Recall that when H = 1/a, fGTSm is a GTS process, and the above results
are analogous to the short and long term behavior of GTS processes. Notice that the short
time limiting process is a stable process and the long time limiting process is actually a

Brownian motion when H = 1/a.

The purpose of this chapter is to examine processes driven by GTS processes, just as
Houdré and Kawai studied processes driven by TS processes in “On fractional tempered
stable motion” in 2006. Houdré and Kawai introduced fractional tempered stable motion
(fT'Sm) as an analog of fractional Brownian motion (fBm). As is discussed in [7], the light
tails of fBm are often inadequate for modeling phenomena with higher variability. On the
other hand, stable generalizations have infinite second moments. So they proposed fT'Sm as
an alternative, since it possesses properties of both fBm and stable generalizations. They
found that fTSm has the same covariance structure as fBm. Also, in the long term it behaves
as a fBm while behaving like fractional stable motion in the short term. This chapter
establishes the appropriate analog definition of {GTSm and establishes the corresponding
short and long term behavior. And, please note that the convergence results obtained in this

chapter required more work to prove than the convergence results for GTS processes. This
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is due to the fact that GTS processes are Lévy processes, but f{GTSm is not necessarily a

Lévy process.
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Chapter 4

Multifractal infinitely divisible

processes

In their 2007 paper “Small and large scale asymptotics of some Lévy stochastic integrals,”
Vladas Pipiras of University of North Carolina at Chapel Hill and Murad S. Taqqu of Boston
University described general conditions for normalized, time-scaled stochastic integrals of
independently scattered Levy random measures to converge to a limit [13]. The idea is to
provide general conditions to bypass the use of characteristic functions, which can sometimes
have tedious calculations, to simplify and shorten the proofs of convergence of infinitely
divisible processes, which have previously been done on a case by case basis. It is of particular
interest to study both small and large scale asymptotics, since there are many applications,
such as modeling internet traffic. The purpose of this chapter is to generalize these results to
the greater class of all stochastically continuous (or, more generally, separable in probability)
infinitely divisible processes with no Gaussian part and to expand the results to the multi-
dimensional case. There are some interesting examples where rescaling towards a small
time scale yields an infinite variance limit and rescaling towards a large time scale yields a

Gaussian limit. These examples are presented at the end of the chapter.

4.1 Preliminaries

Let X be a d-dimensional stochastically continuous infinitely divisible processes, without

Gaussian component and drift. All such processes have an integral representation given by

X, = /S £.(s) (N(ds)—%) (4.1)
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where (S, S) is a measurable space, {f;(s)} are measurable deterministic functions in R¢ and
N(ds) is a Poisson random measure on (S, S) with intensity measure v(ds).

It is known by Theorem 2.7 of Rajput and Rosinski [14] that the integrals exist if and
only if

/Sm 1£()I[2(ds) < oo. (4.2)

The process X has finite-dimensional characteristic function given by

Eexp{iz (0;, X1,)} = exp {/s (exp{iz (0;, fr,(s))} —1— ZZ %) V(ds)} :

j=1 j=1

for 0]‘ S Rd, t; € R.

4.2 Lemmas

We will need the following technical lemmas in the proof of the main theorem. Please
understand that we are not making any assumptions about integrability yet, we merely need

these inequalities to hold true so they may be used later.

Lemma 4.2.1. Let
. . ',:U'
E = exp{zZ(Qj,xj>}—1—zzlj—j+§ Z(9j,xj> .
ps = LV ‘=
where x;,0; € RY. Then,
n 3
£<c (31
j=1
for some constant C' depending only on n and 60+, ...,0,.

Proof. First, notice that E is equal to

2
exp{zZ(@-,xg)}—l—zZ1\/JH;” 5 Z (0;,2;)
iz j

J=1 Jj=1

3

n

2
. < 1
< eXp{ZZ<0j,Ij>}— 1_ZZ 0]7‘7:] 5 ( ‘9]7‘7:] >
Jj=1 J

j=1

=
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"L (0, ;)
Ze N

Jj=1

= El + EQ.
Now, for Fy, we will use the inequality:

2

t 1
exp{it} — 1 —it + 7| < 6|t|3,

which is true for any value t € R (not to be confused, of course, with the time variable). So,

we have,

By = exp{iy_(0j,a)} —1—i) (0;,2;) + % <Z <91’$J'>>

j=1 j=1
1 |« ’
G Z (0, ;)

j=1

< (Z |<9ja%‘>|>

by the triangle inequality and the fact that f(z) := 2 is increasing for x > 0 (and, of course
the fact that % <1). Now,

<Z |<9j,ffj>|> < (Z 101] - H%‘H)

by the Cauchy-Schwarz inequality. And, if we let 0* := max{||61]|, ..., [|0n]}, then

(Z 16511 - H%H) < (67 (Z II:ij>

So, we have an upper bound for F;. Now, we will turn our attention to 5. Observe that if

<

|z;|| < 1 for all of the s then E; would equal zero, since Ey would be equal to

n

> (0 - )

j=1 j=1

9
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which indeed equals zero. So, in order for Ey to be nonzero, we must have ||z;|| > 1 for at
least one z;, or equivalently, max;<, ||z;|| > 1.

Now,

E2:

(0;, x; 2
>0 = X 1

>0 (1 i)

j=1
<> (05,25
=1

by the triangle inequality and the fact that

= i <
Vs

for any z;. And,

n

> 18z <1651 s
j=1 j=1

by the Cauchy-Schwarz inequality. And, if we again let 0* := max{||6:]],...,||f.]}, then

D 1Oz [ <D 60 sl <67 ) Nl
j=1 j=1 j=1

Now, since max;<, [|z;]| > 1, it must be that > 7, [lz,]| > 1, so

n n 3
0" " llayl| < 6* <Z ||ij|>
j=1 j=1

since < 2® for any real number,z > 1. So, we have an upper bound for Fs.
Now, let C':= 2 - max{6*, (#*)’}. Then, we have,

n 3
E<E +E<C <Z iju>

Jj=1

which is the desired inequality.
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Lemma 4.2.2. Let

E = exp{iz<9jvxj>} —1 _ZZ%

j=1 j=1

where z;,0; € RY. Then,
E<C-> {In]z%}
=1

for some constant C' (possibly different) depending only on n and 6, ...,0,.

Moreover, since
{LTA 51"} < [l

for each x; we can also conclude that
B<C->
j=1

Proof. Notice
E <

o o 2 (05, )
exp{lz (0j,2;)} =1 — Z1 V| Z?d (05, 25) | |

J=1

Z?:l <‘9j7 xj> . i <6j7 xj>

+ m
IV 5 O | 4 1V ]

= E1 + EQ.

First, we will find an upper bound for E;. To do this, we will need the following inequality,

which is true for any ¢t € R:

t
exp{it} — 1 — im <3-{|tF A1}

To verify the inequality, we will consider 2 cases: |t| < 1 and [¢| > 1. If we assume first that
[t| <1, we get that the RHS of the inequality is equal to 3|t|* and the LHS is equal to
t?

t
lexp{it} — 1 —it| < o

< 3Jtf?
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which is equal to the RHS of the inequality. And, for the case |t| > 1, notice that the RHS
of the inequality equals 3, while the LHS equals

exp{it} — 1

t t
z—‘ <|exp{it}| + |1 + i

i

by the triangle inequality, and this is less than or equal to 1 + 1 + 1 = 3, which is the value

of the RHS of the inequality, so the inequality is verified.

Now,

- D e (05, 7))
Ey = lexp{iy (0;,z;)} —1—i I=
' jzl Y 1V|Z] L (05,75 |
N 2
<30 (5,25 A

j=1

<3 (iuej,xm) A

by the triangle inequality and the fact that f(z) := 2 A 1 and g(z) := 22 are both nonde-
creasing functions for x > 0. Then, by Cauchy-Schwarz, we get that

3 (Z\(@»%H) Alp <3- (ZH@H-H%H)

Now, once again letting 0* := max{||01]|, ..., [|0.||}, we obtain

3. (Zneju-nasjn) abes Iy (znxj@ Al
j=1 Jj=1

<3 {{(e*)%i Hmy?} A 1}

using the fact that (377 a;)> <m 3 7", af for any a;. Now, notice that since f(z) ;=2 A1

is a nondecreasing function for x > 0,

3~{{(0*)2n§;“%“2}/\1}SB-{9* 2pv1}- {ZijHZ/\l}}
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<3 {(9*)2n v} Z{H%H2 A 1}}

=C" - AllallP A1y
j=1
where C' depends only on n and 6, ...,60,. So, we have proven that
Bi< S {2 A1),
j=1
Now, we will shift our focus to Es, which you will recall is given by

B, — Z; 1(9],1’j> B & (0;,2;)
1\/ ‘Zj:l 9j,$j> 1\/ ||Q§']||

i=1

First, it is necessary to observe that, under certain conditions, F, = 0, so it is certainly
bounded. To see this, notice that if |37, (¢, 2;)| < land ||lz;[| < 1, then

‘Z] 1 (05, 25) B i ‘
which indeed equals zero.
Now, we must alter these conditions somewhat, to suit our purposes. So, let Cy :=

{1A nlw}, which is another constant from our point of view, since it only depends on n and

01,...,0,. Then, if we suppose that

max ||z; || < Co,
Jj<n

this will imply that |3 7, (6;,2;)| < 1, since
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n

> (;,2;)

Jj=1

n

<> 105,25
7=1
<> 1650 - Ml
j=1
<O [l
j=1

SH*nC’O

=1

by the triangle inequality and Cauchy-Schwarz inequality. Also, this condition implies that
|z;|| < 1 for each j since ||z;|| < max;<, |lz;|| < Cy < 1. Thus, E; can only be nonzero
when max;<, ||z;|| > Cy. So, for the rest of the proof that Es is bounded, we may assume
max;<y ||| > Co.

Now,

2w~ (05,)
— 1V [|z;]]

Es =
1v ‘Zj:l (0, ;)

<> {05,350 |-
j=1

<> {0575 |
7=1

n
<D M5l i)
j=1

n n
< DG D s
j=1 j=1

J

1 1
LV (05,2 [ 1V [l

by the Cauchy-Schwarz inequality. And,

SOOI D g2 < Vnb* -
j=1 j=1
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=/nb*Cy -

Now, notice that max;<, |lz;|| > Co implies that Z >y lloill> > 1, so if we use the fact
- 0
that /z < x for z > 1 then we get that

Vb Cy - CQZH%H <f9* ZII:EJII2

n
=C" ) Nl
j=1

Now, if we could show that Fy < C** for some constant C**, then we could let C5 :=
{max{C*, C**}V1} and we would have Fy < Cy 377, [|z;|* and we would also have Ey < Cy
which would imply:

By < {02 NCYY ||rvj||2}

i=1

Cs - {1 /\Z||%‘H2}~
=1

So, we need to show that Fy < C** for some constant C**.

To see this, notice

B Z] 1(93,% Z 9]7%
y =
S 5] S VI
|Z] 1(‘917% ejax]
V[ )] E TV

<1+ nb* .=C".
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Thus, we have

E<E+E <C-{1AY ] [lallPt + Co- {1 A [lz;)1%}

j=1 j=1

<C{IAY =07
j=1

where C' := 2 - max{C, Cy}. And,

C-{IAY NPy < O 1A a1}
j=1 Jj=1

So, the lemma is proven.

4.3 Theorem

We now present the main theorem of this chapter, the short and long term behavior of

infinitely divisible processes.

Theorem 4.3.1. Suppose 3 is a positive parameter tending to some value By. Also suppose
there are one to one invertible measurable maps ¢g from S into S and normalizing sequences

ng and mg such that for any t € R,

ma fpe(dp(s)) — he(s) a.e.— v

lmsfoa(ps(s))] < ki(s)  ae —v

d(v o ¢p) n
dv - () (_ﬁ

M(S) (%

dv mg

)2 <i(s)  ae —v

as 3 — [y for some functions ki, hy, g and l on the space S. Let

o — /S( n3fpi(s) nﬁfﬁt(s))u) o(ds).

LV s far(s)l - 1V [ farls
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Then,

ngXpt — cpr — Vi

in the sense of finite dimensional distributions as 3 — [y where Y; is characterized in the

following cases:

() If
RN
mg
and
l-kt2 e L,(S)
then,

Yt:/sht(s)Z(ds)

where Z is an independently scattered, Gaussian random measure with control measure g - v.

(i) If
mg = Ng
and
L-{1AK} € L,(S)
then,

Yt:/sht(é‘) (M(ds) 1\</|)\h5?5))\|)

where M 1s a Poisson random measure with intensity measure g - v.

Proof. Notice that the In of the finite dimensional characteristic function of nzXg — cg; is

given by

In F exp {2 Z <6’j, ngXps, — 057tj>}

j=1
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zlnEeXp{ Z (9 nngt <9j,65,tj>)}
7j=1
which is equal to

In E'exp {z Z <9j7 ”ﬁXﬁtj> - ZZ <9jv Cﬁ,tj>}
j=1 J=1

and this equals

- 05, 3 fst;
(exp{@Z (85, mafan, } 1 Z<1v||ﬁfﬁi >||>>”(d8)

Jj=1

o (o L5 vﬁfﬁﬁfzsw 7 36\{;;(< )>||) @)

J

:/S<exp{ i(e ns far, (5) } 1—i Zfﬁ‘ﬁjﬂ ||>>V(ds)
‘Z/ (5 (Tt~ T
/(p{ Z (85 ma oy (s >} b va?@ift >|r>> /()
2 <1ev [k <fj§7ﬁ?£ffjt(ss>?|>) )

. (05, n5.f51,(5))
/(Xp{z s o, (<) } Y Zlvunﬂfﬁmu) )

which is the same as

" 9j,nftjqb s dv o
/(eXP{ Z<9 nﬁfﬁt ¢B ))>} Z:;1<\/Hni3j€;]<(¢i((s)>)>>”> dy¢ﬁ<5)y(d5>

- /S Fy(s)w(ds)

For case (i), observe that
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Fs(s) — —@ (Z (0;, htj(s)>> a.e.—v

as 3 — [y since

Fi(s) + ;d” dofﬂ< ) (Z—Z) (Z {0, mgfmj<¢@<s>>>>

" (05, ngfpt,(da(s)) dv o
(eXp{ > (05, n5f o, (65(5) } 1—125\/”7;% (S))>“> dfﬁ(S)

7j=1

+;d’/d‘°y¢ﬁ( <Z<0j,n,@f@tj(¢ﬂ(8))>> ‘

J=1

which is less than or equal to

dvods LN~ ) oy b g s (05 e, (95(5))
dy (s) p{ ;<937 ﬁfﬂt;(?bﬂ( ))>} 1 ;1\/Hnﬁfﬂtj(¢ﬁ(3)>”

+% (Z (6;, nﬁfﬁtj(¢ﬁ(s))>> ‘

j=1

3
dv o
<C- Vd % (Z nsfae; (Dp(s ))H)

by Lemma 4.2.1. And this is equal to

3
dv o
o220 (2 (2) (S msn o)

— C - g(s O<Z||ht] )
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as 3 — [y. So, we have proven that

Fs(s) — —@ (Z (0;, htj(s)>> a.e. —v

i=1

as # — f[y. Now, to finish the proof, we would like to apply the Lebesgue Dominated

/S Fis(s)v(ds).

So, it is necessary to prove that Fj(s) is bounded by a function in L,(S). To do this, notice,

Convergence Theorem to

. (015 fny (05(5))) | dv o
|Fs(s)| = |exp {@2 0, s ft, (Ps(s ))>} —1 _ZZ; 1<\/ ||nig%j(¢i(3))i| du%(s)
<0 20D () S g o (5

Jj=1

by Lemma 4.2.2; and this is equal to
d(v © ¢p) )+ 2
a1 O IO L ACEC

which is
<C- Zz ) - ko, (s

which is € L, (S) since [ - k7, € L,(S) for each ¢; by the assumptions of the theorem, and
we are taking a finite sum of these functions in L, and then multiplying them by a constant.
So, thus, Fj(s) is in L, (95).

So, we can apply the Lebesgue Dominated Convergence Theorem to get

/5 Fy(s)v(ds) — /S _@ (Z <ej,htj(s)>> v(ds)

j=1
as 3 — [y. So, case (i) is proven.

For case (ii) observe that

5



3

0, hy,
Fs(s) — (exp{z; 0, he, (s }—1— ;m> g(s) a.e. —v

as 3 — [.
Now, we would like to have Fjs(s) € L,(S) so we could apply the Lebesgue Dominated

/S Fy(s)w(ds)

Convergence Theorem to
to get

< Jo ht]
/SFﬁ v(ds) — / (exp{@ (0;,he(s)) — 1 — ZZ TV e, (5) > g(s)v(ds)

as 3 — [ and the result would be proven. So, it remains to be shown that Fj(s) € L,(.5).
To do this, notice

n " {0, ngfa vo
(o)l = eXp{"Z<9ﬁ”ﬂfﬂtﬂ'<¢@<s))>} Sl 1<v]’||nﬁ;;ii o )>)>>|| Al
<o T2 Z{munﬁfﬁtﬂwm]( NIz

by Lemma 2. And, this is

<C-l(s Z{l/\Hkt I}

from the observation that ||ngfs:, (¢s:; (5))| < k¢, (s) and dw%’( ) < I(s) by assumption (and,
again, using the fact that f(x) := x A 1 is nondecreasing for z > 0).
And, the above is equal to

n

C- Y Us) AL A Ik 1P}
j=1
which is a constant times a finite sum of functions that are in L, (S) by assumption. So, we

have proven Fp(s) € L,(S), so we have proven case (i) and, hence, the theorem.
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4.4 Corollaries

Corollary 4.4.1. Let X be a d-dimensional stochastic process given by

X, = /S £(s) (N(ds) — v(ds)) (4.3)

It is known by Theorem 2.7 of Rajput and Rosinski [14] that the integrals exist if and only if

/SHft(S)H NI fe(s)|IPv(ds) < oo. (4.4)

(1) Then, assuming the conditions of Theorem 4.5.1 case (1), we get

ngXp — Y = / hi(s)Z(ds)
s

in the sense of finite-dimensional distributions as 8 — [y where Z is an independently
scattered, Gaussian random measure with control measure g - v.

(1) Then, assuming the conditions of Theorem 4.3.1 case (ii) and assuming further
that |- {k; Nk} € L,(S), we get

ma X = Vi = [ h(s)((ds) = g(s)v(ds)
s

in the sense of finite-dimensional distributions as 3 — [3y where M s a Poisson random

measure with intensity measure g - v.

Proof. First, write

xi= e (v - i) = 5 (1w e

=X —

and note that a, exists under the condition [ ||f;(s)|| A [l fi(s)||*v(ds) < oo since

I

v(ds)
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v(ds)

I/glft(s)ll>1<5)||ft(5>‘| H<1 N m)

which is less than or equal to

[ st vias)

< / 1)) A o) P (ds)
since {11l :(8)1} < {IAE) ) A )]}

Now,

n[ngt = ngX;t — Npagt

= (ng X35 — cs4) + (cas — ngag:)

and ng X3, — cg, converges in the sense of finite dimensional distributions to Y;* a.e. —v as
B — By by Theorem 4.3.1. So, now we will characterize the limit in two cases.

In case (i),
Y, = / hi(s)Z(ds).
S
And, since we hope to prove that nzXg converges to

| muts)z(as).

we need cgy — ngag: to converge to zero. To see this, notice cg; — ngag: is equal to

npfals)  mafa(s) o[ e (1 1 (ds
/slvnnﬁfﬁmn TV s /sﬁfﬁt”(l 1V||fﬁt(8)||> (@)

and since the last two integrands are in L,(5), they can be combined under one integral to

get

ng fpe(s) npfals) oo s fou(s) \ oo
/( el >||) (@)

LV Ingfa(s)ll - 1V || fae(s LV || fat(s

which is equivalent to
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é<wﬁﬁﬁ@u‘wm“ﬂﬂﬁ>

B ngfe(@s(s) N S d(v o ¢5) $)u(ds
a /5 <1 V [[ns foe(dp(s))]l Jal9s! ))) dv )

And, we claim that this converges to zero. In order to prove this, we will use the Lebesgue

Dominated Convergence Theorem. So, first we will prove that the application of the Lebesgue
Dominated Convergence Theorem is valid. To see this, first notice that if || ng fa:(ps(s))|| < 1,
then this integrand is zero, and hence integrable. Now, if ||ngfs:(¢5(s))|| > 1, then the norm

of the above integrand is equal to

| (ot — agtonton) )|

Im5.f5:(05(5))
d(v o ¢g)
1
< lnsfuosM | o =1
which is less than or equal to
d(v © ¢p)

Ims fan( ()| S22 s)

2 d(V o Qb[@)

< lInsfor(os(I” —

since ||ngfsr(dp(s))|| > 1. And this is equal to

lmafaton(sI (2 ) 222

e

< k()" - 1(s)

which is integrable with respect to v by the assumptions of the theorem. So, an application
of the Lebesgue Dominated Convergence Theorem is valid.

Now, notice that the norm of the integrand is equal to
H nﬂfﬁt(¢ﬂ(5)) d(V 0 ¢3) (S)
LV [[n foe(ds(s dv

and, as in the proof that this is in L,(S), notice that the above is only nonzero when
Ing fae(Pp(s))|| > 1. And, from the proof that it is in L, (S), we know that

))H - nﬁfﬁt(‘bﬁ(s))
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H nﬁfﬁt(gbﬁ(s)) — ngfﬁt(¢5(5))

LV [[ns for(dp(s)) ]|

< lmsfnlop() X202 )

And since [|ng fa(d3(s))|| > 1, we get that |[ngfa(ds(s))]l < lInsfa(@s(s))]®, so

s 5N X222 (5) < g () P D20 ).

And, this is equal to

n 3 (N 2 d(v o ¢p)
2 s (s (22 ) A

mg

— 0 hy(s)* - g(s) =0

as 0 — (. Then, we apply the Lebesgue Dominated Convergence Theorem to get that
cpt — Mpag, converges to zero.

Now, we have

ngXp = (n3 X5 — cg) + (cpe — npag)

— Y +0 a.e.—v

as 0 — [y by Slutsky’s Theorem. And this equals

/S he(s)Z(ds).

So, we have proven case (7).

For case (ii), we know that the limit of ng X7, — cs; is

= [t (M““) 15|)|hfgls>)u> e

by Theorem 4.3.1 case (i7).

So, we need to find a limit for cs; — ngag:. Notice cgy — ngag is equal to
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— n f t(¢ (8)) d(uogb )
N /S <1 v Hﬁ”Sf,é’t(ﬁﬁbﬂ(s))H - ”ﬁfﬁt(¢ﬁ(5))) Tﬁ(s)ﬂ(ds)

as in case (7). And this converges as f — [, via the Lebesgue Dominated Convergence

Theorem to

by = /S (% _ ht(s)> os)ulds)  ae —p

Note that the application of the Lebesgue Dominated Convergence Theorem is valid for

mafu(@() ooy} 40008) o
/S(lvunﬁfgt((bg(s))u 8o (ds( ))) . ulds)

since

H (1 v?ﬁ{j}jﬁ%z)m - nﬁfﬁt(¢6(3))) H d(%fﬁ)(s)

.

which is less than or equal to

Ling fe(@s(s)I>1(8) 13 5t (Ba(s)) (||nﬁfﬁt(1¢@< T 1)H M( )

d(v o
Lo oo (5) 5 Far(05(5)) | (d—f%)

< Liy(s)>1(8)ke(s) - U(s)

< {ke(s) Ak (s)} - U(s)

and [ - {k; A k?} € L,(S) by assumption.

Now,
ngXpe = (n3 X35 — cp) + (o — npag)

— Y+ b a.e.—

as 3 — [ in the sense of finite dimensional distributions by an application of Slutsky’s

Theorem. And, note that this limit is equal to
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forr (e = ) + L0 (g - o) e

3 ) o 9pds)  g(s)ulds) oo
‘L“”(MW)1vmmw+1wm@niMM””d0

= [ uls) () = s)utes)
Thus, the result is proven using Theorem 4.3.1. O

Corollary 4.4.2. Let X be a d-dimensional stochastic process given by

&zéﬂ@M%) (4.5)

It is known by Theorem 2.7 of Rajput and Rosinski [14] that the integrals exist if and only if

LWMﬂMDWM<w. (4.6)

(1) Then, assuming the conditions of Theorem 4.3.1 case (i), we get

n,ngt — b/g’t — 1/;/ = /;ht(S>Z<d8)

in the sense of finite-dimensional distributions as 8 — [o where Z is an independently

scattered, Gaussian random measure with control measure g - . and
1 f5:(5)
bs.t ::/ v(ds).
s 1V ||ngfa(s)|

(i1)  Then, assuming the conditions of Theorem 4.3.1 case (ii) and assuming further
that 1 - {k, N1} € L,(S), we get

ngXg — Y = /Sht(s)M(ds)

in the sense of finite-dimensional distributions as 3 — [y where M s a Poisson random

measure with intensity measure g - fi.

Proof. First, write

N 9
&‘Lﬁ”(md)lwm@0+/1wmmnw)
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=X+

and note that g, exists under the condition [ (|| fi(s)|| A1) v(ds) < oo since

_ fils)

s

:/S(”ft( )Hlet <t + 1 1yps H>1) v(ds)

- / (f)]| A 1) (ds)
S

which is finite by assumption.

Now for case (i), notice

ngXpe — bpe = np X + ngag — bpy

= (ns X3 — ca) + (cpt + ngag — bgy)

and, notice cg; + ngag: — bg equals zero. To see this, observe that cg; + ngag: — bg is equal

to

[ () _radal) Y [ sl

LV [nafa(s)l - 1V | fals)l s 1V [fa(s)l

_/ ng fpe(s) v(ds)

s 1V [Insfau(s)ll

and the three integrands can be combined into one since they are all in L, (.S) and there are

cancellations and the resulting integral equals zero. Thus, cg; + ngag — bs; equals zero.
So,
ng X — bpe = naXp — gy

and by Theorem 1, ng X}, — cg, converges in the sense of finite dimensional distributions as
8 — By to Y; where

Y, = /S ha(5)Z(ds).
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So, we get

ngX g — bgr 125 : he(s)Z(ds),

as 3 — [y as desired.

For case (ii),

nngt = n/gX;t + naagg

= (ns X5 — ca) + (cae + ngag)

and ngXg, — ¢z, converges in the sense of finite dimensional distributions to Y;* where

Y = /Sht(s) (M(ds) - %) ae. —pu

as 3 — [y by Theorem 4.3.1. Now, it is necessary to determine the convergence of cg++ngags;.

Well, Cat + ngage

:/S( nafpe(s)  ngfas ))II) (d8)+/m (ds)

LV ngfae(s)] 1V || fpe( s LV I fae(s)]l

and the two integrands on the right can be combined into one since they are both in L, (.5).

Then, there is a cancellation and we arrive at

”ﬂfﬁt<3) Ulds
/Slvungfgxs)n (d5)

B ngfa(p(s))  dvogg ulds
- / TV nsfa(da(s)] da )

and this converges to

L hi(s)
dy == /Smg(s)u(ds) a.e. —

as 8 — [ by the Lebesgue Dominated Convergence Theorem since

H nﬁfﬁt((bﬁ H VO¢5 ( )
LV [|ng fa(ds(s))l
— {Unsfan(ds(s)ll AL} - d(%fﬁ)w)
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< [k A1) -1(s)

and {k; A1} -1(s) € L,(S) by assumption.
So,

ngXg = (n X5 — cgy) + (cae + ngag,)

—>}/t*—|—dt

in the sense of finite dimensional distributions as § — 3y by Slutsky’s Theorem. And, note

that this limit is equal to
g(s)pu(ds) s)
[t (WS) TV HMS)H) + [ oo

_ /S ha(s) M (ds)

and this concludes the proof. O

4.5 Examples

Remark 4.5.1. Please recall that for the special case when the process is a Lévy process, it

has a version given by the integral representation:

X, = /R+><]Rd vl (u) (N(du,dv) — 1vd||1:;17((5l;}()u)”> ) (4.7)

Ezxample 4.5.1 (Stable Lévy motions). Consider a SaS Lévy motion X,

X, = /Sft(s) (N(d3> - %) ’

where,
S=RxR, s=(u,w), v(du,dw)= duclw| * dw,

and

fe(u,w) = i, (u)w

such that ¢ > 0 is a constant.
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Take ¢pg(u,w) := (ﬁu,ﬁiw) and mg = ng := ﬂ_é. Then, notice:

mg fe (95w, w)) = B3 1o oy (Bu) Baw = fi(u,w).

So, hi(s) = fi(s) and
dvodgs Bduc|Baw| =B dw

= =1.
dv duclw|=*1dw

So, g(s) = 1.
Thus, by Theorem 4.3.1,
_1 dd
B ;‘Xﬁt — Cat —f——> Y;

vie [ ) (w0 - )

and M is a Poisson random measure with intensity measure v.

where

The purpose of the previous example is to illustrate how to use the main Theorem.
There is actually no convergence here, only equality. It is merely a reformulation of a scaling
property and holds for all 5. Pipiras and Taqqu considered this example in the case a € (1,2)
only. Theorem 4.3.1 expands this result to all a such that o € (0, 2).

The purpose of the next example is to illustrate the power of Theorem 4.3.1. The short
and long term behavior of tempered stable processes were considered by Rosinski in 2007.
The goal here is to prove Theorem 3.1 of [16] without the use of characteristic functions
and other calculations. This demonstrates the fact that we can use our Theorem to bypass
the use of characteristic functions to prove convergence. Also, it provides an example where
short and long term behavior yield different limits. Moreover, it provides another extension

of Pipiras and Taqqu from the case o € (1,2) to the case a € (0, 2)

Ezample 4.5.2 (Tempered stable Lévy motions). Consider a tempered stable Lévy motion
Xt7

B v(ds)
Xy = Sft(S) (N<d8) B m> 7

where,
S=R'xR, s=(u,w), v(dudw)=duagw||lw/ *"dw,

and

felu,w) = 1pon(w)w
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where ¢(w) is a positive, bounded function satisfying ¢(0+) = 1.
First, consider small scales, that is 5 — 0. Take ¢g(u, w) := (ﬁu,ﬁéw) and mg = ng 1=

B*i Then, notice:
M fin(93(u,w)) = 57 Lo o0 (Bu) Bew = fi(u, w).
So, hi(s) = fi(s) and

dvo ¢y  Bdu aglf=wl||few| > fe dw

dv du aq|w||w|*=1 dw

_ du aq|Bew||w| = dw

du aqlw||w|~o=1 dw
_glfruw] 1
glw| gl

as [ — 0.

So, g(s) = ﬁ.
Thus, by Theorem 4.3.1 case (i),

_1 fdd
ﬁ aXﬁt —C3t — Y:

nzéﬁﬁ@mw_ﬁﬁ%m>

and M is a Poisson random measure with intensity measure g(s)v(ds) where

as 0 — 0 where

1 1
s)v(ds) = —v(du, dw) = —du ag|w||w|™* dw = du alw|™* ! dw
ole)(ds) = v (du,duw) = o aghijul v

So, the limit is a stable process at small scales.
Now, consider large scales: 3 — oo. Take ¢g(u,w) := (fu,w) and mg := 1 and ng :=
ﬁ_%. Then, we have
mp 1

mg G2
as 3 — oo. Also,
Mg foe (D, w)) = L aey (Bu)w = fi(u, w)
s0, h(s) = fi(s). And,

dvods  Bdu ag(—w)w| " dw
dv  du agq(—w)|w|~e"! dw

= 3.
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So,

Thus, g(s) = 1.

So, if we assume that

[ el < oo
R

then, by Theorem 4.3.1 case (i),

ﬂféXﬁt — Cgt Jdd, Y, = / fi(s)Z(ds)
S

as  — oo where 7 is an independently scattered, Gaussian random measure with control

measure V.

Ezample 4.5.3 (Standard Poissonized Telecom process). This example is inspired by the
standard Poissonized telecom process studied by Pipiras and Taqqu in [13]. They consider

a Poissonized telecom process X, as originally described in [4], given by,

X, = / f(3) (N(ds) — v(ds)).

where,
jwi<1ydw

S=(0,00) x RxR s=(z,u,w) v(dr,du,dw)=dxdu ]

and
Je(z,u,w) = ([(t +u)A0) + ]y — [(uA0) + l’]+) Lo1=k)-L

for o € (1,2) and k € (0,1 — 1) .
We wish to prove that as § — 0,

_ 1 fdd
& (k+a)Xﬁt Iy,

where Y; is given by

/S fu(s) (M(ds) — p(ds))

and p
p(ds) = p(de, du, dw) = dz du 0

|w|a+1'
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Here, we will take ¢g(z,u,w) = (Bz, Bu, ﬁ%w) and notice that this ¢g satisfies the
conditions of the Theorem. It is necessary to choose the appropriate ng to apply the Theorem.

It is obvious to choose

(et
ng == B F+a),

We know that
ng fan(2,u,w) = B~ fo (@, u,w)

and we wish that

ng fo(P(x,u, w)) = fi(, u, w)

as 3 — 0.

so we calculate

For(ds(w,u,w)) = far( Bz, Bu, fow)
. ([(615 T Bu) A0) + Bals — [(BuA0) + ﬁx]+> (Ba)-1-H% g

= gF+a ([(t +u) AO) + ] — [(uA0)+ x]+) a0y
:ﬁ“éft(x,u,w).

Thus,

nﬁfﬁt(¢ﬁ<x’ u, w)) = B_(k+é)ﬁk+éft(xu u, w) = ft(xa u, w)‘

Now to check the conditions:

(*) ngf5t<¢g(l‘,u,w)) - ft<xauaw)
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as [ — 0 as before, and

20,2 ol
dv o gy _ Bdz Bdu 1{|ﬂ%w\<1}6& |Baw|™* tdw

(%)

du dx du |w|=*"tdw
—a—1
— B35 525 = doduly gz, ylwl™ dw

dx du |w|=1dw

—1 as [ —0.

{jwl<p=a}

So,
9(s) =1, hu(s) = fi(s), p(ds) = p(dz, du, dw) = du du |w|™* dw.

Thus, by Corollary 4.4.1,
C(ktl dd
J&; (k+°‘)Xﬁt f__> Y,

as 3 — 0 where
n=/ﬁ®mmm—mw»
S

and M is a Poisson random measure with intensity measure p where p(ds) = p(dz, du, dw) =
dz du ‘w“lT“’H.

Now, for large scales (f — o0), we can get a result where the limit is a Gaussian-type
ID process. So, we want to use the second part of the Theorem to prove:

14 fdd
5“ g 1Xﬁt — Y

as 3 — oo where
Y, = / fi(s)Z(ds)
S

and Z is an independently scattered, Gaussian random measure with control measure v.
Here, we will take ¢s(z,u, w) := (B, fu,w) and notice that this ¢4 satisfies the con-

ditions of the Theorem (and is a multiplicative flow). Again, it is necessary to choose the

appropriate ng and mg to apply the Theorem. Recall that for the second part of the Theorem,

it is necessary for

n
0 as 3 — oo
mg
so this suggests setting
ng = 5é_k_1 and mg = ok,

So, we calculate that mgfg(dp(x,u, w)) equals
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gk ([wt 4 Bu) A0) + Bals — [(Bun0) + 6x]+) (B2) 09k

= Ba~kg+a ([(t +u) AO) + 2] — [(uA0) + x]+)x(1k)«iw

thus,

mﬁfﬁt(¢ﬂ($, u, ’LU)) = ft(xv Uu, U)).

Now to check the conditions:

(*) mﬁfﬂt(¢ﬁ(mau7w)) - ft(l‘7u7w)

as 3 — oo as before, and

liiw|<1rdw
dv o ¢g _ ﬁdmﬂdu% _ g
dv da dy Hiwl<rdw
fwfeTT
So,
d(v o ¢p) "3 ’ 2/ 3—1)2
—_— —_— = pu— ]_
() SRR (1) =)
and we get

Lijwlenndw
9() = 1, huls) = fuls), plds) = p(da, du, du) = drdu =2 E25=
Then, by Corollary 4.4.1,

s L / fi(5) Z(ds)
S

as 0 — oo where Z is an independently scattered, Gaussian random measure with control

measure v. So, the limit is a Gaussian-type ID process at large scales.

Example 4.5.4 (Layered Stable Processes).

Definition 4.5.2. A Lévy process is called a layered stable process if its Lévy measure at time

1 is given by

s = h s(ré)q(r ro
@)= [ [ 1509 aratae
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where B is a Borel set in RZ and o is a finite positive measure on S¢~! and ¢ is a locally

integrable function from (0, 00) x S471 to (0, 00) such that:

q(r.&) ~a(gr " asr—0

and

q(r, &) ~ cp(E)r— ! as r — oo

for o-almost every £ € S9! where ¢, and c; are positive integrable with respect to o functions
on S ! and a € (0,2) and «a; € (0,0).

Remark 4.5.3. As was mentioned in Chapter 2, the assumptions on the behavior of the ¢
function near zero are incorrect. There is a slight error in the assumptions made in the layered
stable paper [8] and a counterexample is described in Chapter 2. The correct assumption is

the following;:

lim alr ) =c(+) in  L'(S4 o).

r—0 p—a—1
Notation: Notice that if ¢(r,£) = r=*~!, then we have an a-stable Lévy measure, so
Layered Stable is a generalization of a-stable. We write v$ to denote an a-stable Lévy

measure with spectral measure o. Also, let

o1(d€) = c1(&)o(dE)

oa(d§) := ca(§)o(dE)

and let X2 ~ LS., (0,q,m) denote a Layered Stable Process with Lévy measure v-9

at
time 1 and drift 7.

Consider a Layered Stable Process with the integral representation:

X, = /Sft(S) (N(d3> - %) ’

where
S=R"xRY s=(u,w), v(du,dw)=dur"(dw),

and

fr(u,w) = 1 (uw)w.
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Case(i): (Small Scales). As 8 — 0,

_1 fdd
B D‘Xﬁt —Cpt — Y,

Y, = /Sft(S) (M(ds) - %)

du vg (dw)
_ / wloq(u) | M(du, dw) —
R+ xRd 1V lwloq(w)ll
Case(ii): (Large Scales).
(a) If B €(0,2), then as  — oo,

where

fdd
g alXﬁt—Cﬁt — Y,

Yt:/sft(S) (M<d 1§|)|ff?8))||)

/ Lo )(M(d ) du gl (dw) )
= w u u, dw) —
RExgd LV [[wlg(u)]

(b) If § € (2,00), then as § — oo,

where

_1 fdd
B QX,Bt —C3y — Y,

E—Lﬁ@ﬂ%)

and Z is an independently scattered Gaussian random measure with control measure v

where

LS
Case (i). Take ¢g(u,w) := (Bu, Baw) and mg = ng = 3. Then, notice:
i fon (B, w)) = 57 1o gy (Bu) Bow = f(u, w).

So, hi(s) = fi(s). And, ||mgfa(dp(s))| < ki(s) where k(s) := || fi(s)]|-
And,

dv o ds ( e ) _dvods o dBW v d(Bw))

dv mg dv du v (dw)

and letting r := ||w|| and £ := Ty We get that the above is equal to
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e a5 €) drofae
du vt (dw)

_ g+t du q(Bar, &) dr o(dE) (du [r|7 "t dr 1 (&) a(d§)>
B du |r|==1tdr ¢ (€) o(d€) du vt (dw)

which equals

(du dra(df)) q(Bar,€) (du 7= dr 1 (€) U(dé))
du dr o(d§) |Bar|=o=1 e (€) du vS (dw)

- (du |T|;u:ig(3£)g(d€)>

as [ — 0, so

o(6) = gt g) = (P A,

Which implies
g(s)v(ds) = du \T\"“l dr oq(d¢€)

And,

Yo b (1) <u

where

g [ alBEr ) du |[r|="dr c1(€) o(d€)
U(s) = L, 7,€) = A1+ <|r|a1c1<s>>< o))

L q(Bar, &) dr o(dE)

R T

Now, to have the Poissonian-type limit, we need to have

L {IAKY € Lu(S)

Well,

/ {1 A k2 u(du, dw)H
Rt xR4

Lq(Bar, &) dr old
= /R+ /sd_1 © )ﬁHa = Zi}(d;)a( 5){1 A {110 (w) Hydu v (dw)
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which equals

/ t / B A 1) du q(BEr,€) dr o(de)
0 JSd-1x(0,00)

_ / BYELL A 2} q(BFr,€) dr o(dE)
Sd=1x(0,00)

and is equivalent to

[Tomian e { [ aeine oo} a
:t/ooo{l A 2} {/S% (dg)} ro=1dy.

And, for [ sufficiently small, this is

< Kt/ {1 AP} || dr < .
0
Thus, by Theorem 4.3.1, as § — 0,

_1 fdd
3 O‘Xﬁt —Cpt — Y,

Ytz/sft(S) (M(d 1§|)|ft(zls))||)

Lv le(O,t( u)l

where

which is a representation of an a-stable process.

]

Case (ii): Note that for part (a) since a; € (0,2) we get a result similar to the result in case

(1) since we can take a; = a and use the fact that

q(r,&) ~ 02(5)1“_0‘1_1 as r — oo

to see that as § — oo,

fdd
B alXﬁt —cgy — Y,
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where

vi= [t (M - S

du v2! (dw) )
= wlg.q(w) | M(du,dw) — iR
ot (artan o) - 78 P

which is a representation of an «;-stable process since a; € (0,2). Just look at the proof for

case (i) and substitute 5 — oo for § — 0 and oy for .
But, for part (b) since ag € (2,00), we have a different convergence result. To see this,
let ng := B3, mg =1, and ¢g(s) = ¢s(u, w) := (Pu,w). Then, clearly

ma fai(dp(u, w)) = 1y (Bu)w = fi(u,w).
So, hi(s) = fi(s). And,

()] = [1fe(u, w)| < [Jwl[ T (w) = ke(u, w) = ki(s)

And,

SIS

d(v o ¢g) ng \ 2 d(v o ¢g) B~ ’
e () =) <T>
() 5 )

=1.
du vt (dw)

So, g(s) =1 and

v o) (@) < 1= ()

as [ — oo and

Well,
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which clearly goes to zero as 3 — oo and

/l.kt2 u(ds) :/ Hw|]21(07t](u) du ULS(dw)
S R+ xR4

—t [l v (aw)
Ra

—¢ / ]2 o5 (dw) + t / leoll? v (dw).
[Jw||<1

[[w][>1

LS

The first integral is obviously finite since ¥ is a Lévy measure. So, we need only show

that the second integral is finite. Well, the second integral is equal to

2LSd — d d
t/w||>1”w” w) t/s/ 4(r,€) dr o (de)

t/sdl /ﬂooall (Ba17)2 q(Boir, €) d(Bair) o (de)

which equals

And, for sufficiently large 3, this is

= KBt/Sd 1/ 60‘17’ W?llrralil@(g) d(ﬂafllr) U(df)

< t/Sdl /ﬂooai (ﬁiT’)l*alCQ(g) d(ﬁir) o (d€)

[ et

- [, a©d)

which is finite since o is integrable with respect to ¢ by assumption. Thus, by Theorem
4.3.1, as § — o0,

which equals

_1 fdd
154 2Xﬁt —C3y — Y,

YtZ/Sft(S)Z ds

and Z is an independently scattered Gaussian random measure with control measure v

where

LS
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And, the result is proven. O]

As was mentioned previously, the work presented in this chapter is based on the work
of Pipiras and Taqqu in [13]. The short and long term behavior theorem, Theorem 4.3.1,
is the main result and is new to the best of the author’s knowledge. The most important
advancement made in this work is the removal of the moment condition imposed by the main
theorem of Pipiras and Taqqu. Their main theorem arises as a corollary to our main theo-
rem. However, Corollary 4.4.1 is still more general than their result, as it holds in multiple
dimensions and Corollary 4.4.2 is a new result. And, most of the examples investigated in

this chapter are obtained from the original paper, but are studied in more generality.
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Chapter 5
Summary

The purpose of this work is to unify the variations of multifractal processes and make general
statements in regards to their short and long term behavior. It is of particular interest to
study the small and large scale asymptotics of multifractal processes because of the many
modeling applications. This work addresses many known papers in this field and expands,
corrects, and exemplifies many previous results.

Since real life occurrences are not always describable by a normal distribution, stable
distributions were introduced as an alternative, since they allow for more extreme outliers to
occur because of their fat tails and since they have a desirable scaling property. But, stable
distributions are not practical in applications because of their infinite variance. As a result,
tempered stable distributions were introduced to tilt the tails of the stable distribution,
making it have finite variance, thus making it useful in applications, such as physics formulas.
Since then, many modifications of tempered stable distributions and their corresponding
Lévy processes have been introduced.

In an attempt to unify the many modifications of tempered stable processes, generalized
tempered stable processes are defined and studied in chapter 2. It is proven that the processes
display multifractal properties at different scales in the space of cadlag functions equipped
with the Skorokhod topology. Conditions under which the process is absolutely continuous
with respect to the underlying stable process are given. Also, the series representations that
lead to simulations of the process are discussed. This work unifies the area of tempered
stable processes by identifying the minimal conditions necessary for the short and long term
behavior.

In chapter 3, we take the integral of a Volterra kernel, Ky ,(t,s), with respect to a

generalized tempered stable process:
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t
X, ::/ Kpolt,s)dXETS, ¢ >0.
0

In short time, it is close fractional stable Levy motion, but in the long term is similar
to fractional Brownian motion. The short and long term behavior of processes driven by
a generalized tempered stable process are considered so that it is not necessary to study
processes driven by the different variations of tempered stable processes separately. Also,
errors in the work of Houdré and Kawai in “Fractional tempered stable motion” [7] are
identified.

In chapter 4, a much more general class of infinitely divisible processes is considered. This
involves the generalization of a work by Pipiras and Taqqu [13] in 2006. As was mentioned
earlier, in their paper the authors examine processes with finite first moment given by the

integral representations:

X, ::/Sft(s)N(ds), t R,

where N is a compensated Poisson random measure on a measurable space S. They describe
general conditions for the normalized and time-scaled process to converge to a limit. The
main advancement made in this chapter is the removal of the moment condition imposed on
the original work of Pipiras and Taqqu, thus expanding the results to include every infinitely
divisible process without Gaussian component, which can be represented as a stochastic
integral of this type. Also, the multidimensional case is considered, as the earlier result only
held in dimension one.

Please note that generalized tempered stable processes and fractional tempered stable
motion could be thought of as special cases of the infinitely divisible processes studied in
chapter 4. However, the short and long term behavior results obtained in chapter 4 in-
volve convergence of finite dimensional distributions only. In the case of Lévy processes,
convergence of finite dimensional distributions is enough to obtain convergence in the space
of cadlag functions equipped with the Skorokhod topology. However, fractional tempered
stable motion, which is considered in chapter 3, is not a Lévy process in general. So, more
work is needed to obtain convergence results in the space of cadlag functions. The large
scales case result is given and proven in this paper and the author is currently investigating
the short scales case. It is proving to be quite a challenge due to the fact that the limiting
processes do not actually have stationary increments as was earlier claimed by Houdré and
Kawai [7]. But, due to preliminary calculations, it appears that the short scales case will

hold in the space of cadlag functions.
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Appendix A

Simulations of standard Lamperti

stable processes

Some series representations using Example 2.6.1 are implemented in MATLAB in dimension
one and are shown here. The representations are adapted from a code given by Jan Rosinski
for stable processes. Recall that the series representation using LePage’s Method [15] was
modified to the case of GTS processes. It involves looking at a decomposition of the Lévy

measure of the form:

GTS 1 *d *d
) = [T 108 par ) oag)

where 0, (d€) = o(d€)/o(S?Y) := o(d€)/||o|| is a probability measure on S~ and p, is a

measure on R such that

p+([2,00),8) = llo|l p([x, 00), &)

where

p([l‘, OO),f) = /OO Q(T,g) T_a_l dr.

The inverse is defined as:
py (1, €) :=inf{z > 0: p,([z,00),8) < u}.

=inf{z > 0: p([r,),§) < ﬁ}

=p (/o] &).

But, a problem is that p is not always invertible. As is mentioned in Example 2.6.1, in
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the special case of Lamperti stable processes when f = 1, this p-function is actually invert-
ible. So, we are able to present some sample simulations directly. Below is a sample code,
which produces Figure A.1. It considers the case o := .25, although other stable indices
can be obtained by simply changing this number. And, for convenience, the Lamperti stable

processes are referred to as "standard” when f = 1.

a = .25; % stable index

T=1; % time length

n = 2000; % number of simulations

m = 1000; % number of partitions of [0,T]

t=0:(T/m):T,; % time goes from 0 to T with interval T/m
G =cumsum(-log(rand(1,n)));
% Gamma random variable: Sum of n exponential(1) random variables
U = T*rand(n,1); % times of jumps
V = 2*(rand(1,n)<= 0.5) -ones(1,n); % random signs m
% rand(1,n) <= 0.5 gives 1 x n matrix of zeros or ones with probability 1/2
J = V.*(log(repmat(1,1,n) +G. A (=1/a)));

% Gives the jumps: T'71/@

with random signs
clear G V;
X = J*(repmat(U, 1, m + 1) <= repmat(t,n,1));

% repmat(U, 1,m 4 1) <= repmat(t,n, 1) produces 1,,<
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figure
plot(t, X, .7’ 'markersize’, 6); % graphs X

Various ranges of the parameter o are represented in the simulations. Notice that as «

increases, the frequency and size of large jumps decreases.
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Figure A.1: Lamperti Stable Process, a = .25, f =1
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Figure A.2: Lamperti Stable Process, a = .75, f =1
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Figure A.4: Lamperti Stable Process, a = 1.75, f =1
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Appendix B

Simulations of non-standard Lamperti

stable processes

Recall that in chapter 2 section 6, it was mentioned that Caballero, et. al. in [2] only con-
duct simulations of Lamperti stable processes in the case where f(£) = 1. Here, simulations
where f # 1 are given using the series representation derived in Example 2.6.5 for various
ranges of a. This code works for any values of the function, as long as f < 1.

a = .25; % stable index

T=1; % time length

b=.5; % f(1):=.5

c=—.75; % f(—=1):= =75

n = 2000; % number of simulations

m = 1000; % number of partitions of [0,T]

t=0:(T/m):T,; % time goes from 0 to T with interval T/m

G =cumsum(-log(rand(1,n)));
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% Gamma random variable: Sum of n exponential(1) random variables
U = T*rand(n,1); % times of jumps
% gives an n x 1 matrix of random values from (0,1)
W = T*rand(1,n); % new uniform random variable
V = 2*(rand(1,n)<= 0.5) -ones(1,n); % random signs m
% rand(1,n)<= 0.5 gives 1 x n matrix of zeros or ones with probability 1/2
% produces one or negative one with probability 1/2
L =log(repmat(1,1,n) +G. A (—=1/a))
B =abs(log(L)).*(((b)*(sign(L) >=0) +(c)*(sign(L) <=0)) -1)
% produces the V;’s.
J =V*(L).*(B >= log(W)); % jumps I'~1/® with random signs and rejection term
% J =30 ;e
clear G 'V,
X = J*(repmat(U, 1, m + 1) <= repmat(t,n,1));
% repmat(U, 1,m 4 1) <=repmat(t,n, 1) produces 1<
figure

plot(¢, X, .r’, 'markersize’, 6); % graphs X
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Figure B.1: Lamperti Stable Process, a = .25, f £ 1
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Figure B.2: Lamperti Stable Process, a = .75, f £ 1

115



0.2

-1.2

-1.4

Y
- - - .q——. .M‘r
-u'-'.-‘ Es i o
o S -
L —r A © -
- W= o . -
-~ < o
L
1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure B.3: Lamperti Stable Process, a = 1.25, f # 1

116




0.4

0.2

-1.2

-1.4

td
e
-
. s %
- o, o
-2 -~
-
.
- -
ce - .
- .
—d - o o=
e @a SF°
> e S
-* 4 -
- - -
s -
L -
.
. ™ e,
.
3
H
.
- -e
3
%
.
B -
-
Jo
2 =&
= -
o
L ° . .

e ‘..-' -..- o .
N . -~
. . = . &
& =~
Iy
- xon

0.1

0.2 0.3

Figure B.4: Lamperti Stable Process, a = 1.75, f # 1

117



Vita

Jennifer Sinclair was raised in the metro Atlanta area of Georgia. She graduated from
Norcross High School in May 1999 and attended the University of the South in Sewanee,
Tennessee in August. She graduated from the University of the South in May 2003 with a
Bachelor of Science in Mathematics. The next Fall, she began her time as a doctoral student
of Mathematics at the University of Tennessee, Knoxville, working as a Graduate Teaching
Assistant. The next year, she was promoted to Graduate Teaching Associate. Eventually, she
received a partial fellowship provided by the Science Alliance of the University of Tennessee,

which continued through 2009. She successfully defended her dissertation in July 2009.

118



