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ABSTRACT

This dissertation addresses the problem of state estimation by viewing it as a decision-
making process under uncertainty. An efficient structure for knowledge representation, in
an uncertain environment, is introduced in the framework of stochastic decision theory.
Compared to some alternate representations, this structure unifies the uncertain character
of the knowledge with the representation. Furthermore, this structure is exclusively armed
with manipulation capabilities which regulate information storage and retrieval.

The problem of incomplete information is also addressed in the context of stochastic
decision theory using the maximum entropy principle. A second important problem which
arises in any uncertain knowledge representation structure is the problem of statistical
independence/dependence between the propositions of the knowledge. The dissertation
provides an algorithm which simultaneously uncovers, for a given stochastic term, all the
independence and dependence classes.

The dissertation explores how this structure can be used to approach some classical
problems in state estimation. This provides a new visualization of the state estimation
procedure in terms of syntactic manipulation. The results of the entailment and the
statistical independence problem are used to devise a cluster decomposition scheme for
stochastic terms, similar to machine decomposition in automata theory, which allows the
decomposition of the state estimation problem into smaller sub-problems. This finding
helps avoid the crucial storage and computational explosion encountered in large scale

systems.
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CHAPTER 1

INTRODUCTION

Physical systems are designed to perform in a usually well-defined way. However,
without further precautions, this is rarely the case. As a result, one should be, at any
time, monitoring the system in operation to make sure that it is performing correctly
according to specifications. In other words, one must know the “state” of the system
at any time. The concept of state of a system, at a given time ty, is defined, in this
context, as the amount of information about the system at ¢ty which, together with all the
inputs, if any, applied to the system since time to, determine uniquely the behavior of the
system [11].

Because physical systems are always inaccurately modeled and always subject to ran-
dom disturbances, the state is always random. One must therefore take measurements or
observations on the system in order to determine its state. These observations are in turn
contaminated by noise caused by the sensors or measuring devices. State estimation is the
process of extracting the probable state of a system from corrupted measurements taken
on the system. This estimation process uses known relationships to infer the desired in-
formation from the measurements, taking into account measurement errors, the dynamics
of the system, and prior knowledge about the system.

The problem of estimation dates back almost two centuries to the work of Gauss and
still is of central importance in control systems theory. In order to observe a system,
control it, or optimize its performance, estimates of the state are always necessary. The

importance of the problem has led to a wide variety of solutions. The least squares tech-




nique approaches the problem from a statistical point of view. Difficulties in interpreting

the least squares solution suggested a probabilistic approach which not only rederived the
least squares solution, but also led to interesting results in both the linear and nonlinear
case. The minimum variance filter, the maximum likelihood filter, and the Kalman filter
are some of these celebrated results that broaden considerably the scope of state esti-
mation theory. The implementation of these filters, however, faces a serious problem of
computational and storage burden especially with the ever-increasing size of contemporary
applications. This has led many authors to settle for suboptimal filters; this dissertation is
another endeavor in this direction. This endeavor is, however, unique in the sense that the
estimation problem is looked upon from a different perspective: The stochastic decision
theory perspective views the state estimation problem as a decision—making process under
uncertainty. This theoretic decision setting requires a representation tool for uncertain
knowledge similar to the one used in expert system technology. In fact, many engineering
problems can be viewed, in this context, as an attempt to correct, update, or upgrade
a current state of knowledge specific to a given domain. We assume that this knowledge
not only reflects the current information about the solution of the problem, but also how
to extract additional information from the system environment such as information de-
rived from analysis or design tools, measurement devices, or humans. We also assume
that this knowledge is incomplete, corrupted, and not known with certainty. The updated
knowledge will be in turn scrutinized for further updating, and the process goes on.

The problem which naturally arises is how to make knowledge available in an efficient
manner which not only can cope with the large size of contemporary problems, but also
remains easy to manipulate. The size problem has been reduced by the continuing increase

in computational power per unit price. How well knowledge is represented with respect

to handling and manipulation is another matter. The nature of the problem and the




resources that are available restrict the capabilities of the representation structure.

This constitutes the starting point of this dissertation in which structures similar to the
ones used in expert systems are considered and a suitable representation tool is adopted
which not only deals with uncertainty but also with manipulating operations such as the
one involved in expert systems (e.g., information retrieval and storage).

The development of intelligent software or expert systems, which contain human-like
reasoning abilities, has emerged as one of today’s most exciting research areas. These
expert systems are an attempt to integrate human knowledge into a computerized struc-
ture, called a knowledge base. This structure constitutes the production system, which
is a collection of facts and rules describing the knowledge. Each piece of this production
system is referred to as a production rule. The most common pattern of production rule

is the following:
condition IMPLIES action.

The condition is usually one or more tests on the current state of facts; the result triggers
the action, if the tests are satisfied. The action may produce conclusions, or alter the
current state of facts, or both.

A production system consists of a set of condition/action production rules operating
in cycles. During each cycle, the conditions of each production rule are matched against
the current state of facts. When the current fact matches the condition in any production
rule, the action in that production rule is taken. This action usually changes the current
state of facts, producing new facts that will be subsequently tested. After each cycle,
a stopping condition is checked which, when it is true, terminates the process. In this

way, expert systems have been able to provide a reasonable simulation of human decision

making with efficiency and repeatability.




Decision processes can be well represented by means of decision trees. Decision trees

are a sequential evaluation procedure of concurrent processes where, at each step, a given
process is evaluated and the next action is chosen accordingly. Because decision trees are
a primitive and intuitive representation tool, they have been considered in a wide variety
of disciplines including switching theory, pattern recognition [22], machine diagnosis, and
expert systems [59,60]. They have also been criticized for becoming quickly inefficient
and hard to read and manage with increasing problem size [21]. As a result, rule-based
methods (“if-then—else rules”) for knowledge representation gained more popularity. The
reasons for this popularity stems perhaps from the fact that this representation is easy
to establish and to maintain and is compatible with logic programming languages such
as Prolog and Lisp. This fact and the availability of “inference engine” capabilities have
shifted attention from the important issue of complexity of rule manipulation (almost all
significant manipulations of rules are NP-complete) [19]. In [19], the authors addressed the
so—called control problem of rule-based representations. A pure backward (or forward)
chaining system cannot be used, always, to control the order in which rules are fired.
This problem has led to the introduction of meta—rules, a higher-level set of rules which
control the order of rule application. These meta-rules, in turn, need meta—meta-rules
themselves, and the problem remains unsolved. Decision trees do not have this problem,
as they provide a sequential procedure whose control is inherently represented in the
structure.

The use of decision trees to simulate production systems seems to be compatible with
a large class of problem solving techniques. For instance, suppose that medical assistance
is needed in a remote or inaccessible area. The diagnoses and remedies of any doctor

are actually the results of an implicit and intuitive manipulation of a decision-tree-like

structure in the doctor’s mind. As a result, the doctor’s knowledge can be represented




by a decision tree. A computer which has access to this decision tree will approximate a
doctor’s knowledge and thus can be a good replacement for the doctor in this area. The
success or the failure of a doctor to efficiently give his diagnoses and remedies depends
on how good this doctor is. A good doctor has to ask only the appropriate questions to
his patients and order, accordingly, the appropriate tests to be conducted. Based on all
that, a diagnosis and a remedy are prescribed. This process, which is done intuitively
by the doctor, is in fact an intelligent manipulation of this medical knowledge base. It is
desirable to copy this behavior within the expert system. The expert system must be able
to manipulate the decision tree structure using predefined rules. A general mathematical
basis for decision processes and, particularly, decision trees has to be established.

Because the knowledge base of expert systems is created by human experts, and be-
cause much human knowledge is vague and ill-defined, it is usually true that facts and
rules are neither totally certain nor totally consistent. For instance, in our doctor’s prob-
lem, the situation is not as simple as it seems. The diagnosis process is, at times, heuristic
and hypothetical. As a result the decision tree structure, to be constructed, must take
into account this important consideration. Several alternatives were proposed to approach
the problem (e.g., fuzzy sets [54]). A probabilistic approach to the problem is adopted for
this dissertation.

Many problems require the ability to handle uncertain knowledge. In principle the
theory of probability provides solutions to these problems. However, the representation
and manipulation of large amounts of probabilistic information in a flexible and efficient
manner remain a very difficult problem. Such cases arise, for instance, in arranging and
manipulating statistical data~bases, probabilistic knowledge-bases, and in large scale state
 estimation problems. The main issue in these problems is the evaluation of the available

representation tools with respect to what one expects when handling uncertain knowledge.




Efficiency and flexibility are naturally a first requirement. The candidate tool must also

incorporate probability or, at least, some kind of measure. It' is also highly desirable
for this representation to be operational even with incomplete information and arbitrary
complex statistical dependence. These goals are quite a challenge. The impact of such
a representation will affect several areas in computers and engineering. This dissertation
attempts to approach these problems by the use of stochastic decision trees, the stochastic
version of decision trees.

Decision trees are a much under-rated form of representation. Perhaps one reason
for this has been their reputation as being primitive and awkward. When used, decision
trees were not always mathematically motivated. As a result, their structure was not
fully discovered nor totally exploited. A mathematical foundation for the representation
of knowledge using decision trees, however, has been developed by Cockett [16,17,18], who
formalized the use of decision trees in the deterministic case, gave an interpretation of
these structures in the context of coalgebra theory, and defined a set of complete and
sound inference rules which regulate the mechanisms of storage and retrieval involved
in the manipulation of such structures. This provides an exact theoretical basis for the
development of manipulation algorithms involving decision trees [32,33]. However, as
many realistic applications are stochastic in nature, it is just as important to develop
the same tools to handle uncertain knowledge. To our knowledge, neither the formal
definition of stochastic decision trees nor their structural manipulations has been treated
in the literature. Because of a lack of a mathematical foundation, the tools for utilizing the
tree structure representation did not exist. The capabilities of manipulating the structure
in order to simplify the representation, to update it, or to retrieve information from it

were all lacking. Instead, authors used unnecessarily large structures, assumed restraining

simplifications, or processed probabilities quite separately from the structure.




This dissertation extends the results of Cockett [16,17,18] pertaining to discrete deci-
sion trees to the stochastic case. This extension, in many ways, parallels the developments
of discrete decision theory. However, the incorporated probabilities introduce significant
differences, which give the theory a rather different flavor. This theory has led to a new
approach to the problem of representing and manipulating uncertain knowledge. The ap-
proach is closely allied to two well-established representations: Nilsson’s semantic trees
and Pearl’s belief networks. While Nilsson used binary decision trees to conduct the com-
putation of probabilities (outside the structure), Pearl used belief networks—graphs which
indicate dependence between the linked propositions. The representation, in this disser-
tation, uses stochastic terms (graphically represented by stochastic decision trees) which
are terms of a stochastic decision theory. This representation has the main advantage of
having the probabilistic information as an integral part of the representation; stochastic
terms can thus be directly manipulated to perform many probability calculations. This
differs markedly from the manner in which Nilsson collects the probabilities into matrices
to be manipulated quite separately from the tree structure and the manner in which Pearl
propagates probabilities without changing the network structure.

Category theory offers a solid mathematical foundation for stochastic decision theory,
its terms, and the rules for their structural manipulation. The category of description
spaces provides a semantic and probabilistic setting in which models for this theory will
lie. The main issue in the theory is to show that the manipulations we propose are sound
and complete. This is the main concern of Chapter 4.

One of the major problems in uncertain knowledge representation is the problem of
incomplete information. This situation almost always arises in real-world applications.
For instance, in expert systems, many of the rules provided by the consulted human experts

or data collected from the environment are corrupted and not known with certainty. It is
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therefore necessary to define a probability distribution on these rules or data to associate
a measure of confidence or trust with them. Unfortunately, this probability distribution
is not always complete and, in many cases, it is necessary to provide a best estimate,
in some sense, of the missing probabilities. The above problem is often referred to as
probabilistic entailment. The probabilistic entailment problem is addressed in Chapter 5
when the uncertain knowledge is represented by means of a decision tree structure.

A solution to the probabilistic entailment problem is proposed and is based upon the
principle of mazimum entropy. Entropy, as defined by Shannon [64], is a measure of how
uncertain one is about the outcome of a given random experiment. It can also be viewed as
a measure of information “produced” by this experiment, when performed. If, for a given
random experiment, the probability distribution is totally or partially unknown and if an
estimate of the missing information is desired, one choice is a probability distribution which
assumes minimum a priori information for maximum entropy. This concept is embodied
in the mazimum entropy principle.

Many authors (see for instance [10,13,55,59]) adopted the maximum entropy principle
to solve the probabilistic entailment problem. In [10], Cheeseman presented a new method
based on the principle of maximum entropy for calculating the most unbiased probability
estimate under given constraints. However, similar to all previous approaches, Cheese-
man’s method remained computationally complex for realistic problems. The reason for
this is perhaps due to the fact that all these approaches used only the joint probability
distributions because of the lack of a general capability to systematically manipulate the
relationship between the individual conditional probabilities. We significantly alleviate the
computational burden by using stochastic decision theory, providing a recursive method
to compute entropy. This method significantly simplifies the problem of probabilistic en-

tailment in the context of the maximum entropy principle. Chapter 5 provides a solution




to the problem of incomplete information which often arises in many realistic knowledge
representation problems and gives an algorithm for information completion based on the
maximum entropy principle.

Many realistic problems in which uncertain knowledge is described by a number of
propositions have the sparse dependence property. This property means that, in the
stochastic decision tree representing the knowledge, many of the propositions (nodes of the
tree) are statistically mutually independent from one another. It is then desirable, when
dealing with sparse dependent structures, to take advantage of this in the representation
and in the manipulation of the structure’s stochastic terms. The main problem, though, is
to efficiently uncover the probabilistic independencies/dependencies among the decisions
featured in a given stochastic term. This is the subject of Chapter 6.

The stochastic term manipulations not only change the syntactic structure of the term
but also, simultaneously, the probabilistic information attached to it. This fact is perhaps
the biggest advantage the stochastic decision theory representation offers in comparison
to the existing uncertain knowledge representation tools. As a result, it is possible to
correlate basic manipulation rules with familiar probability calculations. This constitutes
the primary motivation and contribution of this dissertation. It is not only possible to
drive probabilistic calculations by structural manipulations, but also to ascertain whether
a particular probability calculation is possible by relating it to a structural requirement,
which can be easily checked. The main concern of this dissertation is to use stochastic
decision theory to address classical problems in control systems, such as state estimation
in a class of finite state systems. More specifically, this dissertation explores the structural
properties which affect some familiar probability calculations such as the ones involved in
information retrieval or state estimation problems. This is investigated in Chapter 7. This

chapter re-casts a state estimation problem in the context of stochastic decision theory and




interprets the estimation process in terms of stochastic term manipulations. The results

on probabilistic entailment from Chapter 5 and statistical independence in Chapter 6 are
then used to devise a cluster decomposition scheme for stochastic terms which decomposes
the problem of state estimation into a number of smaller state estimation problems. This
decomposition scheme will significantly alleviate the computational explosion encountered
with large scale systems.

The dissertation is organized as follows: Chapter 2 provides a survey of relevant lit-
erature. Chapter 3 gives some background concepts used in the dissertation. The first
section of this chapter reviews some basic results of estimation theory. The second sec-
tion introduces the basic concepts of category theory. Cockett’s discrete decision theory
is introduced in the Section 2.3. The last section reviews some fundamental concepts in
measure and probability theory. Chapter 4 defines stochastic decision theory in the math-
ematical setting of category theory. The first section sets the mathematical foundation of
the theory. The second section formally defines stochastic decision theory and develops the
basis of stochastic term manipulations. The concept of model satisfaction is discussed in
the following section. The last two sections introduce the notions of structural and general
retrieval properties of stochastic decision theory and establish the completeness proper-
ties of the manipulations. Chapter 5 addresses and solves the problem of probabilistic
entailment in stochastic decision theory in the context of the maximum entropy principle.
Chapter 6 is a complete characterization of statistical interdependence between decisions
in stochastic decision theory. Chapter 7 addresses the problem of state estimation in a

class of finite state static systems whose observation spaces are described by stochastic

decision trees, and shows how the estimation procedure can be viewed in terms of some




defined structural tree manipulations. A cluster decomposition scheme, for stochastic

terms, is then proposed for decomposing the state estimation problem. Chapter 8 is a

summary and assessment of the contributions of this research.
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CHAPTER 2

RELEVANT LITERATURE

Estimation problems were first addressed by Gauss almost two centuries ago. Gauss
was interested in determining orbits of celestial bodies based on many observations. The
technique he used has a statistical basis and is known today as the least squares technique.
A probabilistic approach to the problem was discovered nearly four decades ago, giving a
mathematical interpretation to the least squares solution and widening the scope of the
problem. In this dissertation, the estimation problem is addressed from the decision theory
point of view in the sense that one makes a decision under uncertainty when delivering an
estimate of a given variable. This decision theory setting requires a tool for representing
uncertain information or knowledge. This representation tool must also be flexible enough
to allow computations similar to the ones involved in estimation problems.

The problem of representing uncertain knowledge has long been and still is a challenge.
The impact of such a representation will affect several areas in computers and engineer-
ing. Many graphically-inspired tools for uncertain knowledge representation have been
proposed, most of which use decision trees and belief networks. Belief networks gained
popularity over decision trees even though they may be more expensive in terms of space
and efficiency. Decision trees had the reputation of becoming quickly un-readable and
un-manageable with increasing size. The reason for this is while belief networks offered
a dynamic architecture (to some extent) for knowledge manipulation, decision trees re-
mained a mere illustration tool. The work of Cockett with discrete decision theory may

change the situation. Cockett [16,17,18,19,20] has formalized the use of decision trees in
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the discrete case. He gave an interpretation of these structures in the context of coalge-
bra theory and defined a set of complete and sound inference rules which regulates the
mechanism of storage and retrieval involved in the manipulation of such structures. This
provided an exact theoretical basis for the development of manipulation algorithms in-
volving decision trees [32,33]. However, as many realistic applications are of a stochastic
nature, it is just as important to develop the same tools to handle uncertain knowledge.

There have been several attempts to incorporate probabilistic information into knowl-
edge representations. This dissertation extends the results of Cockett pertaining to discrete
decision theory to the stochastic case (see in particular [15]) and introduces stochastic de-
cision theory as a flexible and convenient uncertain knowledge representation tool. This
chapter reviews some of the literature on uncertain knowledge representation and com-
pares them to the stochastic decision theory representation. The work of Cockett will be
thoroughly discussed in Chapter 3.

This chapter briefly reviews some basic results of estimation theory and introduces
two of the well-established and accepted tools of uncertain knowledge representation:
Nilsson’s semantic trees and Pearl’s belief networks. We shall briefly review these two
tools of knowledge representation and compare them to the stochastic decision theory

representation.

2.1 STATE ESTIMATION THEORY

Consider the finite-dimensional discrete stochastic dynamical system described by the
equation

L+l = ¢(xk’tk+l’tk)+F(xkatk)wk-i-lv k= 0,1,..., (21)
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where z, an n-vector, is the state of the system at t, ¢ an n—vector function, I' an n X 7—
vector function, and {wg,k = 1,2,...} an r—vector white Gaussian sequence defined by its
mean and covariance (wr ~ N (0,Q)). The distribution of the initial state z¢ is assumed
given, and zg is assumed independent of {wy}. It is well known (see for example [35,26]),
in these conditions, that the random sequence {z;} generated by Equation 2.1 is Markov.

Let the discrete measurement process for the system be described by the equation
yr = h(zg,te) + vk, k=1,2,..., (2.2)

where i, an m-vector, denotes the noisy observation (or measurement) of the state
at time t;, h an m-vector function, and {vg,k = 1,2,...} an m-vector white Gaussian
sequence defined by its mean and covariance (v ~ N (0, Ri), Rr > 0). It is assumed, for
simplicity, that {wx} and {vi} are independent and {wy} is independent of z¢.
In view of the above, the discrete state estimation problem can be formulated as follows:
Given a realization of a sequence of observations from Equation 2.2, say Y; = {y1,...,u},
-

compute an estimate of the state z; based upon Y;.

There are three possibilities for this problem:

1. k = [: This is the filtering problem.
2. k < I: This is the smoothing problem.

3. k > [: This is the prediction problem.

This dissertation deals only with the discrete filtering problem, although we will refer to

it as the state estimation problem throughout.

The linearity of the system dynamics and the observation process constitutes an im-

portant special case of the state estimation problem. Linearity means that time and state
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are separable in Equations 2.1 and 2.2, i.e.,
P (Thstiprsth) = @ (thgr, te) 2k, (2.3)
where @ is an n X n—matrix, the matrix function T is independent of zj, and
h(zk,te) = M (t) zg, (2.4)

where M is an m x n-matrix. The linear state estimation problem admits a particularly
tractable solution because the sequence {z;} generated by the dynamics equation (Equa-
tion 2.1) is Gaussian as well as Markov. The point is, in this case, the state estimation
solution densities are sufficiently described by their means and covariances, while in the
non-linear case, the whole functions have to be characterized. In the former case, the filter
is said to have a finite-dimensional state (consisting of the mean and the covariance); the
filter state is said to be infinite~dimensional in the latter case.

Gauss first addressed the problem of discrete state estimation from a statistical point
of view using the least squares technique. This approach does not have a probabilistic
meaning as the sequences {wr} and {v;} of Equations 2.1 and 2.2 are regarded as errors of
unknown character rather than random inputs with well-defined statistics. The problem
1s, given a realization {y;,...,yn} of noisy observations from Equation 2.2, determine
estimates for {xg,1,...,2n} so that, simultaneously, the errors in the dynamical system

and the observation process are minimized. This minimization is done with respect to the

sequence {zo,21,...,ZN;w1,...,wN} of the following cost function:
1 1Y T
In = 5(550 — 20)T Py (o — @0) + 52 [ys — h(zk te)]” Ry [k — h(zky tr)]
N k=1 (2.5)
+—Zw1{Q;lwk7
2k=1

subject to the constraints of Equation 2.1.



The first term in Jy reflects the belief in the prior estimate @y of zg, the second term
reflects our belief in the measurement model, while the last term reflects the belief in
the dynamics of the system. Pj?, R;l, and Q,:l are the positive definite matrices which
quantify these beliefs. In practice, these matrices play the role of adjustment parameters
for the best least squares fit.

The re-interpretation of the sequences {wy} and {vx} of Equations 2.1 and 2.2 as
random sequences constitutes the so—called probabilistic approach to state estimation. In
their pioneering work, Kalman and Bucy [39] and Kalman [38] adopted the probabilistic
approach and completely solved this problem in the linear case. The non-linear case
was first treated by Kushner [42,43] and Stratonovich [66,67]. The probabilistic approach
adopts the so—called Bayesian point of view which considers the conditional probability

density function

p(zk | Yi) (2.6)

as the complete solution to the discrete filtering problem. Once Equation 2.6 is obtained,
there still be the question of which estimate of the state should be selected. A criterion of
closeness to the actual state must be set, and the estimate which minimizes it is optimal
and must be selected. In [35], Jazwinski showed that for a class of loss criteria and when
the conditional probability density function of Equation 2.6 is symmetric about its mean
and unimodal, this conditional mean is the optimal choice. These conditions are clearly
met when the conditional probability density function is Gaussian; this then constitutes
the solution to the linear state estimation problem. A particularly important solution for
this problem is a solution obtained for a quadratic loss function; this solution is called
the minimum variance or the minimum mean square error solution of the state estimation

problem. It turned out that the least squares problem defined in Equation 2.5 is equivalent
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to maximizing the conditional probability density function
p(os- - 2N | YN) (2.7)

with respect to {2g,...,2n} provided that the function I' in Equation 2.1 is independent
of 2. This is the joint mazimum likelihood (Bayesian) estimation. The solution is the peak
or mode of the conditional probability density function of Equation 2.7. The mazimum
likelihood estimate obtained by maximizing the marginal conditional probability density
function

plen | YN) (2.8)
is, in general, different from joint maximum likelihood estimate. The two estimates coin-
cides in the linear case.

The statistical approach (without a probabilistic interpretation) to the state estima-
tion problem is conceptually simpler than the probabilistic approach. There is no need to
make assumptions about the sequences {wi} and {vy}; they are viewed as deterministic
errors with arbitrary character. On the other hand, it is difficult to interpret the results
obtained with the statistical approach. The probabilistic approach is conceptually harder,
but provides a solid mathematical interpretation for the solution. Both methods, how-
ever, suffer, when implemented, from computational and storage problems. Many authors
proposed suboptimal filters to avoid this problem, e.g., the batch processing filter and the
recursive least squares filter (see [35] for more details).

The stochastic finite-dimensional case discussed above includes an important large
class of systems which can be described by maps between finite sets. Such a system is
referred to as a stochastic sequential machine or a stochastic finite automaton [6,23,45,57)

and is formally defined as a quadruple

M =(5,X,Y,{A(Y/X)}), (2.9)
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where §, X, and Y are finite sets of internal states, inputs, and outputs, respectively, and
{A(Y/X)} is a finite set containing card(X) x card(}’) square matrices of order card(5).
A matrix [a;;(y/2)] with 7,7 € S, y € Y, and 2 € X, has for elements a;;(y/z), the
probability of the machine going to state j and generating output y, given it had been in

state 7 and was given input z. Defining the vector

ny/z) = A(y/z)n

n(A/A) = 7

(2.10)

with 7 denoting a column vector with all entries equal to 1 and A the empty input, the
it" entry of the vector n(y/z) represents the probability of the machine generating output
y (and moving to some state) having been in state i and given input z. The information
about the current state of a machine can be completely determined by the so-called

information vector

I = [m,m,...,m,], (2.11)

with 7; being the probability that the current internal state of the machine is i. Defining

I(y/z) = MA(y/z)
T/ = 1 (2.12)
rn(y/z) = ln(y/z)

= I(y/z)n,

it follows that pri(y/z) is the probability of the machine generating output y when started
with the distribution IT over its states and given input z. Also, the 7t entry of the vector
II(y/x) represents the probability of the machine generating output y and moving to state
J when started with the distribution II over its states and given input z.

A transition-to-transition update of the information vector can be constructed as

follows: If II is the current information vector, the input has been z, and the output is y,
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then the new information vector II(y/z) is given by

(y/z) :
—_— f

fily/z) = { (/) H plyfz) # 0 (2.13)
undefined otherwise

This formulation allows us to treat a sequence of inputs or outputs as a single input or
output. This enables the lumping of transitions into a single one. For the matrix A, a

sequence of inputs/outputs can be decomposed as follows:

A(v/u) = [aij(v/u)] = A(yr /1) A(y2/x2) - - Alye/zk) (2.14)
aij(vy/uz) = Xk:aik(v/U)akj(y/x) (2.15)
n(vy/uz) = A(v/u)n(y/z) (2.16)

pr(vy/uz) = pr(v/w)pr,)(v/2) (2.17)

Finite state automata are assumed to have the important property (the Markov prop-
erty) that every transition (from a current state to a new state) is only dependent upon
the current state and input and is completely independent from the previous states and
inputs of the machine. When, in addition, these transitions are independent from the
inputs of the machine, in which case, the machine consists of a finite number of states
superseding one another at some discrete times, the machine is referred to as a discrete
Markov chain. For a complete investigation of the properties of Markov chains, see [62]
and [61].

The one—step Bayesian solution to the state estimation problem as formulated in the
finite—dimensional case is provided, in the finite state case, by Equation 2.13. The recursive

solution for the problem is given by Equation 2.17 and can be found in [7].
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2.2 NILSSON’S SEMANTIC TREES

Nilsson [55] proposed binary semantic trees for uncertain knowledge representation.
This representation is a semantic generalization of logic in which the truth value of a
sentence or decision is taken to be the probability of occurrence of that sentence. Each
one of these sentences can be either true or false. These binary semantic trees are the
graphical representation of the truth variables of the sentences in which the inconsistent
paths are simply closed off. For a particular sentence, there can be two sets of possible
worlds, one containing worlds in which the sentence is true and the other containing
worlds in which the sentence is false. The uncertainty about the actual world is given by
the probability p € [0,1] of the sentence being true. If we have more sentences, we can
define more sets of possible worlds. Each set of worlds contains a unique and consistent
set of truth values for the sentences. If we have L sentences, we might have as many as 2L
sets of possible worlds. Typically, though, we will have fewer worlds as some of the truth
value combinations might be logically inconsistent. The following example (given in [55])

illustrates the representation.

Example 1 Consider the binary semantic tree of Figure 2.1 depicting the logical sentences
P, P D @, and @ in which the inconsistent paths of the tree are simply closed off. To
process probabilities, the author introduced the vectors P and IT and the matrix V. In this

h

example, the vector P is 4-dimensional column vector whose i*" component p; represents

the probability of the i** set of possible worlds. The set of possible worlds is characterized
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by the different consistent truth valuations that can be given to the four sentences, namely,

1 1 0 0
Vi=1]1{(,Va=1]0]|,Va=1]1], Va= |1
1 0 1 0

Figure 2.1: Nilsson’s Representation.

Letting the matrix V = [V | ... | V], if the i** component 7; of the 3—~dimensional
column vector IT denotes the probability of the i** sentence, the probability of the sen-

tences can then be related to the probability of the possible worlds by II = VP, or

Y41
TL=p1+p2 1 1 0 0
P2
T2 =p1+p3+ Py = 1 011
P3
T3 =p1+Pps 1 010
_p4j O
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Nilsson addressed the problem of probabilistic entailment of sentences given the joint
probability distribution and gave a graphical interpretation of the region of comsistent
probability assignment in the probability space. He gave an approximate solution to the
problem based on the method of projection approzimation and showed that the solution
coincided with the one obtained according to the mazimum entropy principle.

Nilsson also addressed the problem of updating the network representation when new
information is received by means of Bayes’ rule of probability update. The author did not
elaborate thoroughly on the subject, as his structure lacked manipulation capabilities.

Few remarks can be made about Nilsson’s approach. Nilsson did not incorporate the
probability distribution into the tree structure and, as a result, probability calculations
had to be carried out separately from the structure. Furthermore, the matrix form he
used for these calculations is restricted to binary decisions and to trees with complete
information and is not readily extendable to the non-binary case. Nilsson’s semantic
trees are primarily used for illustration purposes as no manipulation, at the tree level, is

attempted.

2.3 PEARL’S BELIEF NETWORKS

The work of Pearl [58] on belief networks was motivated by his attempt to model hu-
man’s inferential reasoning. Belief networks can also be used to represent generic knowl-
edge of a specific-domain expert. These networks are directed acyclic graphs in which the
nodes represent propositions (or variables), the arcs indicate direct dependencies between
the linked propositions. Pearl gave a method for constructing belief networks based on the

chain rule representation of joint probability distribution and a judgment on the depen-

dence (independence) relationship among the knowledge propositions. Pearl also outlined




a graphical method establishing a correspondence between the topology of the network

and familiar independence concepts.

Example 2 (The Murder Case)

Consider the example given in Pearl [58] of three murder suspects, one of whom has
definitely committed the crime. The murder weapon, with fingerprints, was later found
by the police. Let A stand for the identity of the killer. Let B stand for the identity of
the person whose fingerprints were left on the weapon, and let C represent the possible
readings of the fingerprint testing. The relations between these three decisions would

normally be conceptualized by the following belief network
A — B — C.

Each one of the decisions has three branches or siblings corresponding to the three possible
identities. Suppose that, under normal circumstances, the killer is likely to leave his
fingerprint on the weapon and thus the following probability distribution is to be used in

the trial:
0.80, if A; = Bj, 1,7 =1,2,3,

p(BJ' A,’) =

0.10, if A; # Bj, 1,5 =1,2,3.

Perhaps the merit of belief networks resides in the fact that this structure is not
only used to merely store knowledge data, but also to direct and activate the data flow
computations which manipulate the knowledge. Pearl [58] outlined an algorithm which
updates the network probability distribution when new information or evidence is received.
Evidence can be either definite or virtual [58]. Definite evidence corresponds to direct
observations which validate with certainty the values of some decisions in the structure.
Virtual evidence corresponds to to judgments based on undisclosed observations which

affect the belief in some decision in the structure. The new information or evidence
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is modeled by an additional node representing the undisclosed observation and through
which the information is injected through the network. The algorithm traces the flow of
this information throughout the network decisions until an equilibrium (or a steady state)
is reached.

This algorithm, however, is only possible with singly connected networks and is quite

complex even for small-size structures.

Example 3 (The Murder Case (Cont’))

Continuing with the example of the murder case, let Dy represent the results of the
fingerprint report and Dg all the other information related to the trial. The quantity
p(B; | Dg) will then represents our belief, prior to the fingerprint report, that the it* man
was last to hold the weapon. The quantity p(Dg | B;) is the fingerprint report and is, as
before, p(DFg | B;) = (0.80,0.60,0.50). Assuming that p(B | D};) = (0.60,0.30,0.10), the

probability of each suspect being the killer is given by, according to Pearl, by

p(B) = ap(Dgz | B)p(B | D})
= (0.80,0.60,0.50)(0.60,0.30,0.10)
= (0.48,0.18,0.05)
= (0.676,0.254,0.07),

where, in the last equation, a proper normalization factor was introduced.

The following remarks can be made about the belief network representation. The
method assumes complete information and total knowledge of the inter-dependence be-
tween the propositions (nodes) of the network. The graphical method given by Pearl
which uncovers, in a given belief network, all the (conditional) independence between the

network propositions. Although this information can be quite useful, it is not clear how it



https://0.676,0.254,0.07
https://0.18,0.05
https://a(0.80,0.60,0.50)(0.60,0.30,0.10
https://0.60,0.30,0.10
https://0.80,0.60,0.50

can be implemented efficiently. The problem is, for a given belief network, not every inde-

pendence relation is transparent. In fact, belief networks are strongly dependent upon the
selected order of the network propositions, meaning that a different network is obtained
for each possible ordering of these propositions. This is a major problem as the author
derived different treatments for different kind of networks.

The belief network structure will be, in general, smaller in size than the tree struc-
ture, however the storage requirements can be much higher than in the tree structure.
Furthermore, belief network structures are strongly dependent upon the arbitrarily cho-
sen decision order, and probability calculations can be quite complex even for small-size
problems and not always possible. For instance, only tree-structured belief networks (net-
works in which every node, except the root, has only one incoming node, meaning that
it depends upon only one decision) and singly connected belief networks (networks in
which a node is allowed to have multiple parents, but the graph is required to be singly
connected, namely, there could be only one undirected path, at most, between any two
nodes) can be processed by Pearl’s algorithm. Networks with arbitrary inter—-dependence
liaisons between decisions (multiply connected networks) may be transformed, under cer-
tain conditions, into tree-structured networks; otherwise no processing algorithm is given.
This transformation, when it is possible, introduces some auxiliary (dummy) variables
in the representation. This extension, however, has the major drawback of considerably

augmenting the size of the network.

2.4 THE STOCHASTIC DECISION THEORY REPRESENTATION

The stochastic decision theory approach to uncertain knowledge representation is some-

what similar to both of Nilsson’s and Pearl’s representations. Like Nilsson’s representa-




tion, it uses decision trees, deals with inconsistencies, and tolerates incompleteness. Like
Pearl’s representation, it also provides a dynamical structure for information updates and
retrievals. Unlike any other representation, the stochastic decision theory approach actu-
ally unifies the structure with its probabilistic data and provides structural manipulation
capabilities which also incorporate the probabilistic information.

The following example shows how Nilsson’s semantic trees can be modified into the
stochastic decision theory version of the representation. First, the probabilistic infor-
mation is incorporated into the tree structure, and second, the inconsistent paths are

eliminated rather than closed off.

Example 4 Reconsider Nilsson’s Example 1. Figure 2.2 shows how the stochastic de-
cision theory representation is constructed from Nilsson’s semantic tree of that example.
The leaves of the tree are first labeled by the probabilities of occurrence of the correspond-
ing paths. These probabilities correspond, in Nilsson’s representation, to the probability
vector P. Summing over the appropriate leaves’ probabilities, the conditional probabilities
of the sentences are easily computed. To obtain the unconditioned probabilities derived
by Nilsson, the transposition manipulation (Chapter 4, on Page 76) may be used to put
the desired decision at the top of the tree; this decision will then be labeled by the prob-
abilities obtained by Nilsson. For instance, since the decision P is already at the top of
the tree, this decision is labeled by the probability py + ps, which is the first component
7y of IT in Nilsson’s representation.

In fact, the stochastic decision theory representation does not represent inconsistent
paths; rather, it eliminates them. Figure 2.3 gives the stochastic decision theory repre-

sentation for the example.
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Figure 2.2: Stochastic Decision Theory Construction.

Figure 2.3: Stochastic Decision Theory Representation.




As to the belief network representation, the stochastic decision theory representation
has to be constructed from the probabilistic data as the two structures are conceptually

different. The following example illustrates the procedure.

Example 5 (The Murder Case (Cont”))

From the information provided in Pearl’s example, one can determine, uniquely, the initial
belief in the assertion A = A; which is computed by transposing the decision B to the
top of the tree. This gives p(4) = (2,2,0). The stochastic decision term representing
this example is depicted in Figure 2.4 and is bigger in size than the corresponding belief

network, because it explicitly depicts the branches of the decisions.

Figure 2.4: Stochastic Decision Tree Representation.

The problem, addressed by Pearl and Nilsson, of updating network representations
when new information is received, is closely related to a well known classical problem in
control systems, namely the state estimation problem. The control system in question is
supposed to be a finite state system whose initial probability distribution is represented

by a stochastic decision tree structure. The observation process is incorporated into the




structure of the tree describing the system by viewing each incoming observation as an
additional decision, called the observation decision, which is appended to the leaves of
the original tree, similarly to Nilsson’s and Pearl’s updating procedure. It will be shown
in Chapter 7 that the estimation procedure is equivalent to transposing the observation

decision to the top of the tree.

Example 6 (The Murder Trial (Cont’))
In Example 2, in order to model the reliability of the fingerprint laboratory test, Pearl
used a matrix p(Cy | B;), satisfying Zp(C’k | B;) = 1, Vj. Each entry in this matrix is

k
an if-then rule of the type:

If the fingerprint is of suspect B;, then

expect reading Cj, with certainty p(Cy | B;).
Suppose that the fingerprint report is p(Copserved | B) = (0.80,0.60,0.50), meaning that
there is an 80% chance the fingerprints left on the murder weapon belong to suspect By,
60% chance it belong to suspect B,, and 50% chance it belong to suspect Bs.

In this example Pearl assumed a a prior: probability of p(B) = (0.60,0.30,0.10) which
gives the belief in the identity of the last weapon holder based upon all the other trial
testimonies, but before the fingerprint report. Our purpose is then to update this belief
after the fingerprint report. This problem corresponds, in our stochastic decision theory
representation, to first transposing the decision B to the top of the tree in Figure 2.4 to

obtain the decision tree of Figure 2.5, and second to appending to that tree the observation

decision, C, from the laboratory report. This leads to the decision tree of Figure 2.6.
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Figure 2.5: Transposed Stochastic Decision Tree.

Figure 2.6: The Augmented Decision Tree.

Moving the observation decision C to the top of the tree, the stochastic decision tree
of Figure 2.7 is obtained. The subtree rooted at B in Figure 2.7 is labeled with the de-
sired updated probabilities which agree with Pearl’s results, namely, p(B | Cobserved) =
(0.64,0.26,0.1). Notice that as the observation decision (the fingerprint report) is inde-

pendent of the decision A (the killer identity), we could have appended the observation
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decision C' below the decision B (the last holder identity). In this way, we avoid the first

step in the transposition manipulation in which C' is moved above the decision A.

Figure 2.7: The Updated Decision Tree.




CHAPTER 3

BACKGROUND

Any decision-making process is an intelligent manipulation of some acquiescent
domain-specific knowledge (combination of facts and rules) for the purpose of produc-
ing new facts or rules about the domain. The mathematical theory of categories can be
a good vehicle for this decision process. Discrete decision theory uses category theoretic
concepts to model decision processes. In order to deal with uncertainty, we intend, in this
dissertation, to adopt a parallel approach to discrete decision theory in order to set similar
foundations to stochastic decision theory. Measure and probability theories are the main
tools in this approach.

This chapter briefly introduces the basics concepts used in this dissertation. Section 3.1
introduces the fundamental concepts of category theory along with some examples and
shows how this theory can be useful in modeling decision processes. Section 3.2 briefly
presents the work of Cockett [15,16,17] in which he formally defined discrete decision theory
in the context of coalgebras. Section 3.3 gives the tools from measure and probability

theory used in the definition of stochastic decision theory.

3.1 CATEGORY THEORY

Category theory, a relatively new branch of mathematics, provides a broad abstract
perspective for many already well-known mathematical entities. Although many have

often labeled it “abstract nonsense” and questioned its usefulness, others demonstrated




how the theory can be successfully and eloquently applied to practical problems in control
systems and computer science (see for instance [49]). The main motivation of this theory
is to offer an alternative to the classical set membership relation as the main tool for
developing mathematical constructions and expressing structural properties. This new
alternative relies on the concept of morphisms, abstracted from functions or mappings.
For instance, in order to define the properties of a collection, rather than consider the
collection’s members, the link of this collection with other collections will determine the
collection’s properties.

In this section, we intend to present, as briefly as possible, the theory of categories
and show how it can be used to model decision processes. The curious reader is referred

to any of the notable books on the subject [50,47,36,27,40).

Definition 1 A directed graph consists of objects A, B, C, ..., morphisms f, g, h,

., and two operations:
* Domain, which assigns to each morphism f an object A = dom f:

o Codomain, which assigns to each morphism f an object B = codom f

These operations on f are best indicated by representing the morphism f as an arrow

starting at its domain and ending at its codomain as f : A — B.

Definition 2 A category is a directed graph together with two additional operations:

o Identity, which assigns to each object A a morphism idg = 14 : A — A;

e Composition, which assigns to each pair (g, f) of morphisms with dom g = codom

fa morphism fg', called their composite, with fg : dom f — codom g.

!Throughout this dissertation, the composition to the right notation is used.




These two operations are required, in a category, to obey the associativity axiom and
the unit law axiom. The former axiom is the usual property of associativity stating that
for given objects and morphisms in the following configuration:

A-L.p ¢t p,

one has the equality

flgh) = (fg)h.
The latter axiom states that the identity morphism 1p of any object B is the identity for

the composition operation. This means that for any object B, we have that
flg=f and 1gg=g.

These identities in categories can also be pictured by diagrams consisting of vertices,

labeled by the objects of the category, and edges, labeled by the morphisms.

Definition 3 The following diagram
a_t _p

is called a commutative diagram if fg = h.

We shall say in this case that the morphism h factors through B. Likewise, a

diagram of the form




is commutative if fg = hk.

For example, the axiom of the unit law simply means that for all objects A, B, and C

and for all morphisms f and g, the following diagram is commutative

A4_f B

Categorical duality is the process “Reverse all arrows”. The dual of any statement ¥
about a given category is the statement £* formed by making the following replacements
throughout in I: “domain” by “codomain”, “codomain” by “domain”, and “h is the
composite of g with f” by “h is the composite of f with ¢”: arrows and composites are
reversed. Logic (and, or, ...) are unchanged. The dual category of a category is defined

as follows:

Definition 4 The dual category (or opposite category) of a category A, denoted by
A*, is a category whose objects are the objects of the category A and whose morphisms are
in one-to—one correspondence with the morphisms of A. For each morphism f:tA— B
of A corresponds a morphism in A*, f* : B —s A (the direction is reversed). The

composite, in A%, of two morphisms f* and g* is defined by g*f* = (fg)*.

It can be shown that the construction described above defines a category. Any result,
proved true for a given category, corresponds to a result, its dual, in the dual category.

A morphism f: A — B is called a coretraction if there is a morphism f': B — A
such that ff’ = 14. Dually we say that f is a retraction if there is a morphism f” :

B — A such that f”f = 1p. If f is both a retraction and a coretraction, it is called




an usomorphism, in which case f' = f” = f~! the inverse of f. A morphism whose
codomain is the same as its domain is called an endomorphism. An endomorphism which
is also an isomorphism is called an automorphism. A morphism f:1A— Biscalled a
monomorphism, or is said to be monic, if whenever af = 8f, we have that a = B, for all
pairs of morphisms (o, 3) with codomain A. A morphism f is called an epimorphism if
fo = fp implies that a = 3.

Examples of categories are numerous. The category Set has as objects all sets and as
morphisms all functions between sets, with the usual identity function and the usual com-
position of functions. The category Grp has groups as objects and group homomorphisms
as morphisms. The Category Top is formed by all topological spaces together with contin-
uous functions between topological spaces. Vector spaces and linear transformations form
the category Vect. The category Pos is formed by partially ordered sets and monotone
functions, and the list goes on. In the context of decision theory, the categories Set and

Pos are most useful.

Definition 5§ Given two morphisms a; : A} — A and oy : Ay — A with a common

codomain, a commutative diagram

P ﬂZ A2

B Qs

Ay A

(23]
is called a pullback for a; and oy if for every pair of morphisms Bi: P — A, and
B3 1 P — Ay such that Blay = Bhaq, there exists a unique morphism v : P — P such

that 8] = 41 and By = vBy. The object P, referred to as the pullback of ay and aq,

is denoted ay | ap. The maps By and B3 are called the projection maps and denoted by




p(1,a;1 | az) and p(2, 0y | o), respectively.

The dual of a pullback is a pushout. Thus, a pushout diagram is obtained by reversing

the direction of all the arrows in the pullback diagram.

Definition 6 An object F is called a final object for a category A if for every object A
in the category there exists a unique morphism A — F. In the dual category, the final

object becomes the initial object.

The properties of categories with final objects and in the presence of other assumptions
are of importance in the setting of decision theory. These categories uniquely tie attribute

maps to decisions (see [18]).

Definition 7 Let {A;},c; be a set of objects in a category A. A product [50] for the
family is an object A for which any family of morphisms {pi: A — Ai}ier called pro-
Jections, with the property that for any family of morphisms {a; : A’ — Ai}iey there is
a unique morphism a : A’ — A such that ap; = o; for all i € I. The object A will be
denoted by ®;e1A;. For a finite family of objects Ay, Ay, ..., A, the product is denoted as

A1 @Ay ® A,

Definition 8 The coproduct [50] of the family {A:i}ies is defined dually to the product.
The coproduct is thus an object A for which any family of morphisms {u; : A; — Alien
called injections, with the property that for any family of morphisms {a; : 4; — A'}Yier
there is a unique morphism a : A — A’ with u;a = o; for alli € I. The object A will be
denoted as @ic1A;. For a finite family of objects Ay, A, ..., A, the coproduct is denoted

as Ay D Az B A,

The concept of coproducts turned out to be very important in modeling decision pro-

cesses. Coproduct objects have the effect of partitioning their base object. This partition,




when disjoint, happens to be the effect one expects from a decision. Disjoint coproducts,
as Cockett notes in [18], are the main ingredient in open categories. As a result, open
categories will be our focus in this dissertation.

For the sake of clarity, we denote, in this dissertation, the injections u; defined in the
coproduct object by b#. These injections are sometimes referred to as inclusion maps.
Also, the unique map a is denoted, in the product definition, by (01,02,...,0,) and, in
the coproduct definition, by (ar'az’ -+ ay,) to emphasize duality. The following diagram

shows the product object A = A; ® A of two objects A; and A,y

AL © Ay Ay
Y41
r
«a
P2 (e3]
A . A’
a2

The following is a diagram of the coproduct object of A; and Aj,:

uy = bi‘h@x‘h

A 9 A, . Ay

o
Ug = b2A1 B4z (%]

A; A

ag

Definition 9 A product object for the family of objects {Ai};eq in which A; = A for any i

is denoted by Al and is referred to as the n—fold product [50] of the object A. The coprod-




uct of the same family is denoted by ' A and is referred to as the n—fold coproduct [50]
of the object A. The diagonal morphism A, with reference to the product/coproduct

example diagram, is defined as the map

A:A— Al such that Ap; =14 Vi€l
Dually, the codiagonal morphism V is defined as the map

V:IlA — A suchthat uV =14 Viel.

Definition 10 An operation [16] in a category A is a map from an n-fold product of a

base object back to the base object itself: w:Y @Y ®--- QY — Y.

Definition 11 An algebra [16] consists of an object together with a set of operations on

that object.
The dual concept [50] of these definitions is more useful for decision processes.

Definition 12 A cooperation [16] w, on an object X, is a map from X to the n—fold
coproduct [50] (disjoint union) of X, w: X — X & X @ ---® X. The arity of w is

the number of copies of X present in the coproduct.
These are the maps which will produce the decision maps as it will be later shown.
Definition 13 A coalgebra is an object together with a set of cooperations on that object.

Definition 14 The trace of a cooperation w on X is the endomorphism tr(w), defined by

the following commutative diagram, where V is the codiagonal morphism of the coproduct

as defined above,




Note that the codiagonal morphism V can also be represented by (1x'1x'---'1x).

Definition 15 A cooperation w is said to be idempotent if tr(w) = id(X). An idempo-

tent cooperation is called a decision.

Idempotence is a key property for a cooperation to be a decision. In fact, the repetition
and the distribution laws, which we will introduce in the upcoming section, are simple

consequences of idempotence in the discrete decision theory setting.

Definition 16 A category A has disjoint coproducts if
(i) A has a strict initial object, i.e., any map to the initial object is an isomorphism.
(i) Coproducts are stable, i.e., whenever the pullbacks f | g1 and f | g2 exist, the diagram

A f B

(p(1, f | g1)p(1, f | 92)) (91°92)

fland® fle C1 8 C;
P2, fla1)®p(2,f]g2)

is a pullback for all maps f: A — B,g;:Cy — B, and g5 : C; — B.
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(iii) The inclusion maps of the coproduct object Cy & Cy, blclq’cz :Cy — C19Cy and

bgl®c2 : Cy — C1 & Cy are monic.

(iv) The object bS19°2 | bS19C2 45 the initial object for Ay and A,.

It is well known that categories of sets, and indeed any topos [36], have disjoint co-
products. In a decision theory settings, it is necessary that the coproducts exist in the
category and that they be disjoints. Furthermore, the embedding maps for the coproduct
must belong to a set of monics for which pullbacks always exist. Such a setting arises in

categories which have image factorization systems.

Definition 17 (Immage Factorization System)
For a category A, an image factorization system is a pair (E, M), where E and M

are classes of morphisms in A satisfying the following four azioms:

1. Ife:A— Bie€ FEande : B — C,e¢' € E, thenee' : A — C, and ee' € E.
Dually, if m : A — B,m€ M and m' : B — C,m' € M, then mm' : A — C,
and m'm e M.

2. Ife: A — B,e € E, then e is an epimorphism. Dually, if m: A — B,m € M,

then m is a monomorphism or a monic.
3. If f: A — B is an isomorphism, then f € EN M.

4. Every morphism f: A — B in A has an E-M factorization which is unique up to
an isomorphism, i.e., there exists an E-M factorization (e,m) of f, meaning that
there exvist e € E and m € M such that f = em. This results in the existence of the

object f(A) withe: A — f(A) and m : f(A) — B.

Examples of such image factorization system are easy to construct. In the category of

sets, for example, the set £ of onto functions and the set A of one—to—one functions form
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an image factorization system. This property of categories is an important ingredient of

decision theory settings. Open categories cover all these requirements.

Definition 18 A Category A is said to be open if it has an image factorization system

{E, M}, pullbacks over the M~maps, and finite disjoint coproducts.

Cockett uses the setting of open categories for discrete decision theory. The same

setting is adopted in this dissertation for stochastic decision theory.

3.2 DISCRETE DECISION THEORY

This section is a review of the relevant work of Cockett pertaining to discrete decision
theory [16,17,18] upon which this dissertation is based. The importance of this work stems
from the fact that decision trees are formally viewed as terms of decision theories and, as
a result, they can be manipulated algebraically. This refutes the long popular criticism
of decision trees as being a primitive and “knowledgeless” representation of some process

flow of control.

A decision theory is an equational theory whose models are coalgebras, instead of alge-
bras. This means that its functions are cooperations, instead of operations. Cooperations
can be used, in a particular context, to simulate decision processes. Suppose we are given
two maps

ir:A— A, and at: A — |n]|,

where |n| denotes a set of cardinality n. A map (¢r,at) can be induced such that

(tr,at) : A — A x |n|.

As the object A x |n| is isomorphic to the n—fold disjoint union of A, there exists a




one-to-one map ¢, such that
i AX|n|— AD---8B A,

malking (tr,at)c, a cooperation. The map at is referred to as an attribute map. The map
tr is referred to by Cockett as a “twisting” endomorphism, and when it is the identity
in A (later referred to as the idempotence property), the induced cooperation is called
a decision. Its effect is similar to the one of a decision in a classification problem; it
distributes a set of objects into a number of disjoint subsets. Cockett, in [18], derived the
more general and important result that every cooperation can be uniquely factored into
an induced decision followed by an endomorphism.

Since cooperations are the dual of operations, the basic methods of manipulation are
analogous. For the sake of clarity, however, Cockett uses the notation (z1,...,z,)f for
operations and the notation f(zy'---'z,) for cooperations. The advantage of formulating
decision trees as terms of a decision theory is that their manipulations are induced by

identities which govern the cooperations of the theory.

Definition 19 A decision theory, D = (Q,E) consists of a set Q of cooperations
and a set E of identities. Fach ¢; € Q has an associated codomain, codom(g;) =
{a1,a2,...,am;}. The identities of E are of the form t; = ty, where t; and ty are terms
of D.

Terms are recursively defined as follows:

(i) There is a stock of variables x1,z2,... each of which is a term.

(i1) If t1,ta,...,tm are terms and q is a cooperation of arity m, then q(ty'ty -+ 'ty,) is a

term.

43




FEvery decision theory must satisfy the following identities for every q,q1,q2 € Q:
[D.1) gl -2y = 2

(Idempotence)

[D.2] q1{T1 T @(Y1  Yn ) Trp1’ i)

q2<q1 (:L'lv “ e ’wr—l’y1’$r+1’ “ee "'L‘m>1 eae 1(]1(2:11 oo 1$r_11ynyxr+11 . 1xm>>

(Distribution)

[D.3] @21 T Y1 Y ) Trp1 T

g{T1 T Y Trg1 T
(Repetition)

A model of a decision theory D = (Q,E) is a coalgebra (dual notion to algebra),
called a decision coalgebra, in a category C. Thus, a decision coalgebra is a base set A
together with an interpretation of the cooperations of Q as decisions on A. Decision
coalgebras, in turn, also form a category whose morphisms are morphisms of coalgebras
which commute with each cooperation in the obvious manner. The category C must,
however, be open (see [18] for more details). When, in addition, it has a final object, each
decision interpretation corresponds to an attribute map. In this way, this setting tightly
simulates decision processes. Each model of the theory is further required to satisfy
the identities [D.1]-[D.3] and those in E, when they exist, as well. In fact, a decision
coalgebra must always satisfies the identities [D.1]-[D.3] and, in addition, the identities
in E which characterize a particular decision theory. The identities [D.1]-[D.3] make

decisions theories simulate our intuition about decision trees. Thus, given a cooperation
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¢ € Q, with arity n > 2 and codomain codom(q) = {aj,...,a;,...,a,}, the quantity

g(ty -ty -+ t,) denotes the following decision tree:

91

An important identity, transposition, is due to Chen and Ras [12] and is implied by

the identities [D.1]-[D.3].

[D.4] @i{ga(z11 - 'T1n) ' @2(Tm1 - - T )

q2(q1 (xllv I yxml>v “ee 1q1 <$1n1 “ee vxmn))

(Transposition)

This provides alternative definitions of decision theories as seen from the following lemma.

Lemma 1
(1) The identities [D.2] and [D.3] imply [D.4].
(ii) The identities [D.1] and [D.4] imply [D.2].

Proof:

See Cockett [16] for a complete proof.
a

Cockett derived the key result to decision tree manipulations by showing that if every
cooperation satisfies the identities [D.1]-[D.3], then so does every term of the decision

theory. This result is a necessary generalization of the identities [D.1}]-[D.3] for useful
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manipulations to be carried out. Another important result, derived by Cockett, is the

repeat reduction lemma which endorses the consensus of consistency in any decision mak-
ing process, meaning that decisions previously made will be made in the same way as the

process goes on.

Lemma 2 (The Repeat Reduction Lemma)

Let D = (Q,E) be a decision theory with ¢ € Q and w a term, then

q(le DY ’xr_l'w<yl‘ D 'yS—l’q(zly e an>v " 7ym)1 LIRS Yxn>

q(wl’ Y YxT_17w<le e sz_leT' . e ’ym)? “ e ’zn>.
Proof:

See Cockett [16] for a complete proof.
O

This lemma and the identities [D.1]-[D.3] point to the existence, for every term of the
decision theory, of “suitable” forms (in some sense), which are terms equivalent to it. The
following definitions introduce interesting forms of decision theory terms and how one can

produce them.

Definition 20
(i) A term of a decision theory is said to be repeat reduced if the repeat reduction
lemma cannot be applied to it.

(ii) A term of a decision theory is said to be idempotent reduced if no cooperation

can be eliminated by idempotence.

(iii) A term of a decision theory is said to be simply reduced if it is both idempotent

reduced and repeat reduced.
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Lemma 3

(i)  Every term of a decision theory has a unique repeat reduced form.

(ii) Every term of a decision theory has a unique idempotent reduced form.

The idempotent reduction and the repeat reduction are not confluent operations for
the simple reduction. A given term may have not have a unique simply reduced form.

The following example illustrates this problem.

Example 7 (The First Simple Reduction Example)

Consider the following decision tree:

Applying the idempotent reduction, the following simply reduced decision tree is obtained:




On the other hand, applying the repeat reduction yields the following simply reduced

decision tree:

Simple reduction must be done in this order: repeat reduction followed by idempotent
reduction. The reason for this is that if idempotent reduction is applied first, the repeat
reduction which follows may produce a non-idempotent reduced term. The following

example demonstrates this problem.

Example 8 (The Second Simple Reduction Example)

Consider the following decision tree:




q1

Applying the simple reduction (repeat reduction followed by idempotent reduction), the

following simply reduced decision tree is obtained:

a1

yes no

Ty T3

Doing the reverse operation (idempotence reduction followed by repeat reduction), the

following decision tree is obtained:




Obviously, this tree is not simply reduced; it further needs an idempotent reduction to

become simply reduced.
O

One way to avoid the problems described in the previous examples is to define the
simple reduction in this order: repeat reduction followed by idempotence reduction. The

following uniqueness result then holds:
Lemma 4 Every term of a decision theory has a unique simply reduced form.

At this point, the important question whether the identities [D.1]-[D.3], introduced for
the theory, are complete and sound. Completeness means that these identities can, alone,
derive any other identity which holds in all the coalgebras of a given decision theory even
when additional identities are present. Soundness means that there exists a non-trivial
coalgebra which satisfies the identities [D.1]-[D.3]. In [18], Cockett proves these results
in the general case and argues that decision trees can be viewed as coalgebraic entities
whose manipulation is completely determined by the identities [D.1]-[D.3].

The manipulation of decision theory terms also raises the important question of equiv-
alence between terms. There are several notion of equivalence for terms and one should

distinguish between them.
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Definition 21 Tuwo terms, t; and t,, of a decision theory D = (Q,E) are

(i) structurally identical, denoted t| = t5, if and only if t; is the ezact copy of ts.

(it) decision equivalent, denoted t; =, tq, if and only if they are equivalent with respect

to the identities [D.1]-[D.3].

(i) transposition equivalent, denoted t; =; t,, if and only if they are equivalent with

respect to the transposition identity alone.

To check that two terms are structurally identical, it suffices to compare the roots
of the two terms and then proceed recursively to the subtrees at the leaves of the root
decision. Checking decision equivalence, however, is a little harder. Two terms are decision
equivalent if by using the identities [D.1]-[D.3] alone, one must be able to manipulate each
term into the other. This does not provide us, though, with a method to check decision
equivalence. The following technique does it, but at the expense of augmenting the size of
the term. Suppose we want to check whether two terms t; and ¢, are decision equivalent.
We first form the term ?;/t; obtained by appending to each leaf of ¢; a copy of the term
t2. Denoting by idp(t) the idempotent reduced form of the term ¢ and by rpt(t) its repeat
reduced form, the following theorem claims that a necessary and sufficient condition for
two terms #; and ¢, to be decision equivalent is that the simply reduced form of the term

t1/t2 be structurally identical to the simply reduced form of the term ¢;.

Theorem 1 Tuwo terms, t; and tz, of a decision theory D = (Q, E) are [D.1]-[D.3] equiv-

alent if idp(rpt(t1/t2)) = idp(rpt(t1)).

Proof:

See Cockett [16] for a complete proof.




Cockett also provided another alternative in deciding upon term equivalence. This
alternative relies on path comparison. To this end, some definitions are necessary.

Given a decision ¢ with the codomain codom(q) = {a1,...,a;,...,am}, a branch in-
struction, g<?>a; is an indication that a; has been selected for decision ¢q. A path in
a decision tree starting from the root is completely determined by the list of branch in-
structions it follows until a leaf is reached. Such a path is called a root path and can be

represented by lists of the form [(1<?>ay, ..., ¢, <?>a,)].

Definition 22

(i) A spine of a term t is a pair p(P,z) where P = [(1<?>ay,...,q,<?>ay] is the root
path in t which leads to the variable  at some leaf of t. The set of all the spines

of t is denoted by Sp(t).

(it) A root path P is said to agree with a conjunct E of branch instructions if whenever

g<?>z or q<T>y are in either the root path or the conjunct, then z = y.

(iti) Given a root path P, the conjunct formed from its branch instruction is denoted

by &P.

(iv) For a term t and a conjunct E, as above, the retrieval of E in t is defined as
Ret(E,t) = {z | p(P,z) € Sp(t) and P agrees with E}.

The following theorem introduces another alternative test for decision equivalence

between terms in decision theory.

Theorem 2 Given two terms, t; and ty of a decision theory, t; =4 ty if and only if for

every spine p(P,z) in ty, Ret(&P,t3) = {z}.
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Proof:

See Cockett [16] for a complete proof.

The problem of optimizing decision trees has been traditionally approached with re-
spect to criteria measuring costs for evaluation, storage, and/or testing of these decision
trees. As the information required by these methods is frequently not available, Cock-
ett [17] proposed that the optimization be instead done with respect to a class of cost
criteria, called reasonable cost criterion, which agrees with a reasonable preorder. The
problem of optimizing a decision tree with respect to a reasonable criterion is that of
finding, among the class of terms which are semantically equivalent to the original tree, a
minimal element in the reasonable preorder (see [17,32,33] for more details). This minimal
element is said to be irreducible. In [20], Cockett argued that for every irreducible decision
tree, there exists a cost criterion with respect to which this decision tree is optimal. Con-
versely, given a cost criterion, the solution to the optimization problem is an irreducible
decision tree. The optimization problem can then be solved by developing techniques to
generate, for a given decision tree, all of its irreducible forms. For a given application, the
selection of the best tree or set of trees will then be narrowed down to the set of irreducible

forms. A characterization of irreducible forms is given in the following definition:

Definition 23 A term t is said to be irreducible if all of its transposition equivalent

terms are simply reduced.

In [32,33], the authors described an algorithm for generating all the irreducible forms
of a given term. This algorithm, for the sake of efficiency, must avoid the generation of
transposes of irreducible forms. This constitutes a big saving, as the number of these

transposes may be quite large. To solve this problem, the authors developed a technique
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called separation planning which considerably reduces the search space and guarantees
the generation of only representative irreducibles. Cockett [20] also developed a reduction
algorithm for reducing a decision tree to an irreducible form. This algorithm has the
property of generating irreducible terms which are always no-less efficient that the term
they are derived from.

The notion of transposition equivalence between terms is very important to discrete
decision theory. A method for determining transposition equivalence, due to Chen and

Ras [12], states that

Theorem 3 Two repeat reduced terms have bag-equivalent spine sets if and only if they

are transposition equivalent.

Proof:

See Cockett [16] for a complete proof.
]

The notion of bag-equivalence of two spine sets simply means that the conjunct of
every root path in one spine set agrees with a conjunct of some root path in the other
spine set and vice versa. In other words, all the root paths agree except for the order in
which the branch instructions are encountered in the root paths.

The following definition gives an important characterization of the decisions in a term
that allows these decisions to be transposed to the root of the term. This characterization,
which Cockett names “semi-essentiality”, is particularly important, as will be shown in

this dissertation, in stochastic decision theory.

Definition 24 A decision q is said to be semi—essential in a term t if it occurs in the root

path of every spine.
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Lemma 5 A decision q is semi-essential in a term t if and only if there exists a term t' ,

transposition equivalent to t, which has the decision ¢ at its root.

Proof:

See Cockett [16] for a complete proof.

3.3 MEASURE AND PROBABILITY THEORY

We adopt the intuitive concept of a set as a collection of objects, called elements or
members of the set. The void set is denoted by @ and is a subset of every set. If S is a
set, then the power set of the set S, P(9), is defined as the set of all subsets of §. The set

theoretic operations of union (U), intersection (N), and complementation (—) have their

usual meaning.

3.3.1 Definitions in Measure Theory

A ring (or Boolean ring) of sets is a non—empty class R of subsets of a set X such

that if £ € R and FF € R, then EUF € R and E — F € R. In other words, a ring is a

non—empty class of subsets of a set X which is closed under set union and set difference.

While a ring is always closed under the intersection operation, a class of sets closed under
intersection and difference is not necessarily a ring.

An algebra (or Boolean algebra) of sets is a non empty class R of subsets of a set

X such that

(i) if F€ Rand F € R, then EU F € R, and

(ii) if £ € R, then E' = X — E € R.




Every algebra is also a ring. An algebra may be characterized as a ring which contains

the whole set X.

A o-ring is a non empy class S of subsets of a set X such that

(1) ifE€eSand FeS,then E— FeS,and

(ii) if E; € §,i=1,2,..., then URX, E; € §.

In other words, a o-ring is a ring closed under countable union. A o-ring is also closed

under countable intersection.

A o—algebra of sets is a non empty class S of subsets of a set X such that

(i) if E; € §,i=1,2,...,then UR, E; € §, and

(i) if Ee S,then E'=X -FE € S.
Similarly, a oc—algebra may be characterized as a o-ring which contains the whole set X.

If S is a o-algebra in the set X, then X is said to be a measurable space and the
members of § are called measurable sets.
A positive measure is a function y, defined on a o-algebra S, whose range is in

[0, 0] and which is countably additive. This means that for a countable collection {4;} of
disjoint members of 5,

o0

WU, A = S (A,

=1

A measure space is a measurable space which has a positive measure defined on the

o—algebra of its measurable sets.

3.3.2 Probability Theory

Traditionally, probability theory deals with Boolean algebras of sets. An event is

viewed as a set, and its opposite event is its complementary set; mutually exclusive events
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are disjoint sets, and an event consisting of the simultaneous occurrence of two other
events is the intersection set. This interpretation is adequate for translating physical
terminologies into set theoretic terminologies for a class of simple problems. For other
more useful situations, however, it is necessary to make an additional assumption to
deal with countability: The system of events must be closed under the countable union,
meaning that we must deal with a o-algebra instead.

A probability space is a measure space (5,{,p), where § is the set of elementary
events,  is a o-algebra of subsets of 5, called the set of possible or measurable events,
and p is a measure on S, mapping ( into the unit interval [0,1] with p(S) = 1. The
measure p is also called a probability measure.

Given some event B € 2, with non zero probability, the conditional probability of

an event A, given that event B has occurred, is given by

_ Pp(4,B)
p(A| B) = B

The probability of an event A € , a o—algebra in the set §, can be expressed in terms
of the conditional probabilities of any partition of the set S into a number of mutually
exclusive events. This is the total probability theorem. Let B,,n = 1,2,...,N, be

the N mutually exclusive events whose union is the set 9; we have that

N

p(A) =Y _p(A| B)p(By).

=1

Applying the definition of conditional probability to the event A and to one of the

events defined above, say B,, we can write that

_ P(A, Br)

Combining these two equations leads to

p(Bn, A)

or p(B, | A4)= o(A)

p(4| Bn)p(Bn).

p(B. | A) = p(4)
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This is one of the forms of Bayes’ theorem. Another form is obtained by writing the

total probability theorem for the event A. This leads to

p(By | A) = LA Bn)p(Bn)
> "p(A | B))p(B;)
i=1

Independence between events is defined as follows:

Definition 25 Two events A and B € Q are statistically independent [56] if and only
if

p(A,B) = p(A)p(B).
In terms of conditional probabilities, this condition is equivalent to say that
p(A|B) = p(4),

whenever p(A|B) is defined (p(B) # 0).
The concept of independence can be extended to more than two events. For instance,

the independence conditions for three events A, B, and C € § are

p(A,B) = p(A)p(B)
p(A,C) = p(A)p(C)
p(B,C) = p(B)p(C)
p(4,B,C) = p(A)p(B)p(C).

Note that all the four conditions have to be simultaneously satisfied and that pairwise
independence is not sufficient for the entire set of events to be mutually independent.

Equivalently, the three events A, B, and C are mutually statistically independent if and
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only if
p(AlB) = p(4)
p(d|C) = pA)
ﬁ1>(BIC’) = p(B)
p(A|B,C) = p(4)
p(ClA,B) = p(C)
| p(BIC,A) = p(B),

whenever the conditional probabilities are defined.
In general, for n events Ay, Az, ..., A, € Q to be mutually statistically independent [56],

the following 2™ — (n 4+ 1) equations must hold:
p(Aia Aja RRE Ak) = p(Ai)p(Aj) te 'I)(Ak)a Vi, j,....k <n.
This is also equivalent to
p(AilAj,...,Ak) = p(Ai), Vi, 7,....k < mn.

In fact, these conditions are redundant and can be relaxed as it is shown in the following

theorem.

Theorem 4 Let Ay, Ay,..., A, € Q. The following statement are equivalent:

(i) The n events are mutually statistically independent.

(i1) Any ordering ly,lg, ..., 1, of these events satisfies the following n — 1 equations:

p(An, A,) = plAy)p(AL)

p(A, Ay, A) = p(Ay)p(A)p(AL)

p(All ) Alzv /1137 e 7Aln) = P(All )P(Alz )p(Als) o '])(‘4111)a
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or, equivalently,

])(A12 |A11 ) = p(A12)

p(Ala IA12 » All ) = p(Als)

P(AL|AL,_ys - Ay Ay Ay) = p(AL).
(iii) There exists an ordering ly,ls,...,l, of these events which satisfies the above equa-

tions.

Proof:

The proof is in Appendix A.1l on Page 155.
O

The concept of entropy, as defined by Shannon [64], is a measure, in some sense, of
how much information is “produced” by a given process. The term “information” is used
here in a special sense that must not be confused with its ordinary usage. It is a measure
of how uncertain one can be, in a random experiment, about the outcome, or equivalently,

it is a measure of the information obtained when one performs the experiment.

Definition 26 Suppose that, for a given random ezperiment with a probability space
(5,9,p), a partition U of events of the set of elementary events S is given by U =
{A1,As,..., Az}, with A; € Q and p(A;) = p;. The entropy of this partition U is
defined as the quantity

H@U) = - 3 pilogn:
=1

As an example, the entropy of a two—event partition // with probabilities pand ¢ = 1-p
is HU) = —plogp — (1 — p)log(1l — p). As a function of p, the entropy H(U) reaches a
maximum at p = 1/2 (and thus ¢ = 1/2). This is expected as this particular distribution

represents the case in which one is equally uncertain as to which outcome is more likely to
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occur. The experiment, once performed, produces the maximum increment in information,
over all p. On the other hand, if p = 1 and thus ¢ = 0, meaning that the first event is
certain, no information is produced by the experiment, and the entropy must reach an
absolute minimum, which it does as H(U/) = ~1 x log(1) — 0 x log(0) = 0. These results
can be trivially extended to multiple events.

If, for a given random experiment, the probability distribution on a given partition #/ is
totally or partially unknown and if an estimate of the missing information is desired, one
choice is a probability distribution on this partition which assumes minimum a priori
information for maximum entropy. This concept is embodied in the mazimum entropy
principle which states that if a probability distribution on a given partition of events of a
random experiment is unknown, the probability distribution which maximizes the entropy
of the random experiment subject to any known constraints is the optimal choice.

Entropy can also measure uncertainty in conditioned events. The following is a defi-

nition of conditional entropy.

Definition 27 Given the conditions of Definition 26, and given an event M € Q with

p(M) # 0, the conditional entropy of the partition U upon the event M is defined by

n

HU|M) = = > p(4

=1

M)logp(A; | M).

The conditional entropy H(U | M) measures the uncertainty about the partition ¢/ in the
subsequence of trials in which M occurs.
Let M be another partition of events such that M = {M;, My, ..., M, }. The condi-

tional entropy of the partition & upon every event M; is

HU|M;) = = 3 p(Ai | Mj)logp(Ai | M;).
=1
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The conditional entropy of the partition & upon the partition M is the following p(M;)-
weighted average of H(U | M;):

m

HUIM) = = > p(B)HU| M;).

=1
The concept of conditional entropy turns out to be quite useful to stochastic decision
theory. It not only provides a measure of information in decision processes, but also yields
a simple completion algorithm when information is missing. Chapter 5 will make these

points.
3.4 SUMMARY

This Chapter has introduced the basic concepts of category theory which are used all
along Chapter 4 in setting a mathematical model for stochastic decision theory. A brief
review of Cockett’s discrete decision theory is also presented. This material has dictated
the framework in which stochastic decision theory will be defined, the manipulation rules,
and the completeness results of Chapter 4. This chapter has also reviewed basic notions of
probability and measure theory and stressed the concept of statistical independence and
entropy. These two concepts are generalized to stochastic decision theory in Chapter 5
and Chapter 6. This generalization is essential to the cluster decomposition method which

we develop in Chapter 7.
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CHAPTER 4

STOCHASTIC DECISION THEORY

This chapter parallels in many ways Cockett’s development of discrete decision theory
as presented in Chapter 3 in the sense that we seek a stochastic version of this theory.
This stochastic nature, however, gives the theory a rather distinctive flavor and dictates a
somewhat different setting. Section 4.1 gives the intuitive considerations which lead to the
setting. The setting, for which much of the credit goes to Cockett [15], is then formally
described in Section 4.2, while Section 4.3 formally defines stochastic decision theory and
the manipulations of its terms. Section 4.4 introduces the problem of model satisfaction in
stochastic decision theory and derives the soundness result. Section 4.5 discusses structural
retrieval in stochastic terms and the equivalence between them. Section 4.6 introduces the
general retrieval algorithm and derives the completeness result. Section 4.7 summarizes

the results and gives some concluding remarks.

4.1 INTRODUCTION

The manipulations of idempotence, transposition, and repetition, introduced in dis-
crete decision theory, can be used, when modified to incorporate the probabilistic infor-
mation, to manipulate the terms of the stochastic decision theory. However, there are
two major differences: First, there is no stochastic equivalent for the distribution rule (see
Chapter 3), and second, in order to obtain a complete set of manipulations it is necessary

to introduce an additional rule, called indifference. Furthermore, not all the rules can be
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soundly applied in both directions: in particular, idempotence is a one-way rule, mean-
ing that more examples or what we later call models will be valid after a one-way rule
application. As a result, these manipulations must be regarded as inference rules on the
stochastic terms.

The main problem is to show that the manipulations we propose are sound and com-
plete. In order to achieve this, it is necessary to introduce a semantic setting in which
the models of the theory shall lie. Clearly, the setting must somehow involve probabil-
ity or, at least, measure. Furthermore, it must have disjoint coproducts and, in fact, be
an open category as in [18]. The category of description spaces provides such a setting.
This category is a slight generalization of the category of bounded measure spaces whose
morphisms do not increase measure. In this category, however, products do not exist.
Fortunately, coproducts do exist and there is an image factorization system of descrip-
tion space maps through measure preserving monics (the M—maps). These limitations,
however unconvenient, still allow the theory to be defined, as the chosen category is open.

Once the setting is in place, it is necessary to describe how a stochastic decision theory
may be interpreted within the setting. One is then in a position to show the completeness
and soundness of the inference rules. To this end, we must investigate the structural

retrieval properties of stochastic terms and their relationship to arbitrary retrievals.

4.2 THE SETTING

If we wish to develop a theory of stochastic decisions, it is necessary to know in which
category the models of this theory will lie. As there is no uniform consensus concerning
which is the correct category for interpreting stochastic events, we start by describing

the category in which these models shall lie. Obviously, the choice of this category is
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dictated by the theory we wish to develop; it therefore must capture the intuition behind
the development.

Before introducing this category more formally, let us discuss the intuition we have of
an object in this setting. An object consists of a set of descriptions, each of which has an
associated measure [63]. These descriptions belong to a Boolean algebra [28,29] referred
to as a descriptive language. A description space is a descriptive language together with
a measure on its descriptions.

If two descriptions are logically disjoint, then the measure of the union of the descrip-
tions must be the sum of the measures of the individual descriptions. The assignment of
values to descriptions must then obey the usual rules of additivity in measure spaces [63].

In specifying a category, one must describe its objects or models and specify the maps
between them. There are a number of choices available for specifying the maps, and each
would result in a theory with a different character. Using the example of the counting
measure as a guide, we note that set maps should not increase measure. This property is
described in terms of the image of subsets: namely the number of elements in the image
of a subset must never exceed the number in the subset itself. In order to mimic this set
based image map in Boolean algebras it is necessary to consider order preserving maps
which are left-adjoints (in the usual categorical sense, also see Definition 28 below) of a
Boolean algebra map.

A further essential consideration concerns the intuition of when two description spaces
are equivalent. If everything is in the same proportion, then all the statistical inferences
we can make from the two spaces will be the same. Thus, we should really like for two
such spaces to be equivalent.

We now formalize these ideas. The first concept we shall introduce is the adjoint map

pair between Boolean algebras, which is necessary in order to be able to discuss the image

65




of a map. To this end, consider a Boolean algebra B. There is a standard partial ordering

(L) associated with the algebra given by:
Vl‘l,ilfg € B, TSy 21 N9 = z7.

A map b: By — B;, where B; and B, are Boolean algebras, is said to be order-preserving
if

Vez,y € By, z <y = b(z) < b(y).

Definition 28 (Description Maps) An order-preserving map, b : B; —s Ba, between
partially ordered Boolean algebras is a description map if there is a Boolean algebra
morphism, b* : By — By (i.e., a map which preserves the operations of meet, join, and
negation) such that if 1 € By and x4 € By then b(z1) € z2 if and only if 2, < b*(z7).

The map b* is the right—adjoint of b and b is the left—adjoint of b*.

It is well-known that description maps uniquely determine and are uniquely deter-
mined by their right adjoints, the Boolean algebra morphisms. Boolean algebra morphisms
of finite Boolean algebras always have corresponding left-adjoint which are description
maps. In this case, the description map corresponds to the image map on the set of
atoms, while the Boolean map corresponds to the inverse image map as was discussed for
the counting measure above.

A measure on a Boolean algebra consists of a map, m : B — R+, from the elements
of the algebra to the non-negative real numbers such that, whenever b; and b, are disjoint
elements of the Boolean algebra (that is b; Nby = L, with L denoting the Boolean algebra

empty set) then m(by U b)) = m(b1) + m(by).

Definition 29 (Description Space Maps)

The category of description spaces, C, has as objects the pairs (B,m), where B is
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a Boolean algebra and m is a positive measure on B. A description space map, b :
(By,my) — (B2, m2), is a description map b : By — By which does not increase measure,

i.e., a description map which satisfies the following property:
mi(z) > meo(b(z)), Vz € By.

A description space is, despite the rather abstract definition, often a rather mundane

object. The example below illustrates this.

Example 9 (Example of a Description Space)
Suppose that a poll is taken on a population of a hundred people. The poll consists of the

following three yes—or-no questions or, to use this chapter terminology, decisions:
q1 : Do you agree with the president’s internal policy?
g2 : Do you agree with the president’s foreign policy?
g3 : Do you plan to vote for the president in the next elections?

The following table gives the result of this poll. Clearly, the poll classifies the poll

takers into eight groups. Each compartment in the table represents one of these groups.
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yes no
yes 6 9

yes g2
ho 11 14

N

yes 18 17

no q2
no 13 12




The description space for this example is X = (B, m), where the Boolean algebra B

is the power set of the cartesian product of the possible answers (or codomains, written

codom(g;) below) of the three decisions of the poll,
B = P(codom(q;) x codom(qz) X codom(gqs)),

where codom(q;) X codom(qz) X codom(qs) = {yes,no} x {yes,no} x {yes,no}. Every

element of the cartesian product
¢ = (c1,¢2,¢3) € codom(qy) x codom(gqz) X codom(qs3)

corresponds to a compartment of the table. For instance, the following element belongs
to B and is formed by the two elements of the cartesian product ¢; and ¢, corresponding

to the compartments with the numbers 11 and 6, respectively:

B = {(yes,no, yes), (yes, yes, yes)} .
If the number associated with each element ¢ of the cartesian product of the codomains
is num(c), this example gives the following measure on B € B:

m(B) = Znum(g,-).

E,'eB

The category does not have many limits: for example, products do not exist. There
are, however, an albeit very limited set of pullbacks, which turn out to play a crucial
role. The situation for colimits is slightly better: coproducts certainly exist. Clearly, the
category of finite sets with the counting measure forms a rather special (full and faithful)
sub—category of the category C, within which things are exceptionally well-behaved.

In addition, there is an image factorization system of description space maps through

measure-preserving monics. This is obtained by taking the Boolean algebra generated by
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the descriptions, in the codomain, which are contained in an image of a description of the
domain, and simply using the measure of the codomain. It is clear that the descriptions of
the codomain which are contained in an image description must, in particular, be contained
in the image of T, the Boolean algebra whole set. Thus, the image of a description space
map under this factorization is determined by the image of the T of the domain. Image
factorization systems were defined in Chapter 3; their formal properties are described in
[2,48]. The measure—preserving monics, which are the M-maps of the image factorization

system, play a rather important role in the results we need for the development below.

Definition 30 A measure—preserving monic, g : (B;,m;) — (B2,m3) is a de-
scription space map, which preserves the measure, in the following sense, VB € B,
m1(B) = ma(g(B)) and whose underlying description map is monic (faithful or in-

Jective) and hereditary (i.e., if B < g(By), then B = g(B}) for some B} € By ).

Theorem 5 (Measure—Preserving Monic Factorization)
Any description space map f : By — By can be factored into e( f)m(f), where m(f) is a

measure-preserving monic such that
(1) If f = fif2 and f; is a measure-preserving monic, then there is a unique comparison
measure-preserving monic, k, such that f; = e(f)k and kf; = m(f),
(i) If fi92 = g1f2, then there is a unique cross map, k, such that e(f1)k = gie(f) and

km(f2) = m( f1)ga.

The proof of this is straightforward. The result gives one form, in which an image

factorization system can be characterized.

Example 10 (A Measure—Preserving Monic)

An example of measure-preserving monic can be given using example 9. For any sub-




algebra of the underlying Boolean algebra B, we may define the same measure on the
descriptions. However, it is not quite as simple as that: we must exhibit a right adjoint
for the description inclusion.

Consider the sub—algebra By defined by By = P({yes} X codom(qz) x codom(gz)), in
which the branch instruction of the decision ¢y is restricted to “yes”. A sub-description
space X¢ = (Bo, mg) may be defined with mg being the restriction of m to the sub-algebra

Bg. Let g be the inclusion map defined by
g: Bo — B
B — B,
then the right adjoint, ¢g*, is given by
g: B — By
B — BNTg,.

To show that the map ¢* is right-adjoint to the map g, we need to show that
9(Bo) £ By <= By < g*(B1),

which is clearly the case. This shows that g is a description map. Clearly, as it uses the

same measure, it is also a measure-preserving map. Thus, it is a description space map.

]

The pullbacks which exist are, not surprisingly, those which are over the measure-

preserving maps.

Lemma 6 The category C has pullbacks over measure—preserving monics, and the pullback

of a measure-preserving monic 1s, in turn, a MeaAsSUre—Preserving monic.
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Proof:

The proof is given in Appendix B.1 on Page 157.

O

As mentioned above the category has finite coproducts. Actually, they are rather
special coproducts as they are disjoint, that is the intersections of the embeddings are

initial.

Lemma 7 The category C has finite coproducts whose embeddings are measure-preserving

monics and disjoint.

Proof:

The proof is given in Appendix B.1 on Page 157.
O

The initial description space has a single description which has measure zero. As
there are no Boolean algebra maps from the final Boolean algebra to a non-final algebra,
it follows that this is a strict initial object. It is also clear that the embeddings of a
coproduct intersect in the initial description space. In fact, as coproducts are disjoint
in Boolean algebras with description maps, they are disjoint in description spaces. This
means that the category C is an open category in the sense defined by Cockett [18] and in

this dissertation (Chapter 3, on Page 42).

4.3 STOCHASTIC DECISION THEORIES

Since the category C has finite coproducts, we may discuss cooperations, decisions, and
coalgebras over this category. A cooperation, q, as introduced in Section 3.1 of Chapter 3,
on an object (a description space) X = (B, m), is a map from X to its n—fold coproduct,

with n being the arity of q. A coalgebra over this category is any description space together
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with a collection of cooperations defined on it. A decision coalgebra is a coalgebra all of

whose cooperations are idempotent or decisions.

Example 11 Continuing with example 9, the poll questions can be interpreted as deci-

sions on the description space X = (B,m) as follows:

g : B — BoB
B +— (B4, B2),
such that By = {c€ B | ¢; = yes}and B, = {c€ B | ¢; = no}.
As each copy of the coproduct space is just a sub—algebra of B, the measure de-
fined on the coproduct space is unchanged and VB € B, m(B) = m(B;) + m(Bs).
For instance, the questions ¢; and ¢ of Example 9 are interpreted on the element

{(yes, yes, yes), (yes, no, yes)} of the Boolean algebra B as follows:

a1({(yes,yes, yes), (yes,no,yes)}) = ({(yes, yes, yes), (yes, no, yes)}, L),

02({(yes, yes, yes), (yes, no, yes)}) = ({(yes, yes, yes)}, {(yes, no, yes)}).

Lemma 8 Given an object S, a decisionqg : § — S®SP:---P S, and a measure—
preserving monic v : R ~— S, making R a subobject of S, there exists a unique induced
decision on the subobject R, q|r : R — R®R®---® R, which makes the following

diagram a pullback:

S q L, S®---0S

r r@...@r

R . R®---BR
qlr
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Proof:

The proof is given in Appendix B.2 on Page 158.

The manipulations of decision coalgebras are the same as those described in Cock-
ett [16,17] when the presence of measure is ignored. The theory becomes more interesting
if the measure aspects are considered. It is the presence of measure that makes the
stochastic theory look somewhat different.

Using categorical notation of Cockett [16,17] which we introduced in Chapter 3, we
denote the terms as

a1{z1 g2(22 " 23)),
where “(22 ' z3)” denotes a co-comparison map from the coproduct. However, as decisions
often correspond to attribute maps, a more informative notation is to label the arguments

by their attribute values:
g1 : [yes > 1,n0>> g2 : [yes > z3,n0 > x3]].

This notation also allows us to label the branches of a decision by their probability of

occurrence in the following fashion:
q1 : [ves/0.2> z1,n0/0.8 > q2 : [yes/0.4 > z3,n0/0.6 > z3]].

The set of labels or attributes associated with a decision is called the codomain of the
decision. Stochastic terms can also be usefully graphically represented by a stochastic
decision trees—the stochastic version of the familiar decision trees in which the branches
are also labeled by the probability of occurrence. For instance, the previous stochastic

term is represented by the following stochastic decision tree:
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Definition 31 A stochastic decision theory, SD = (Q,E) consists of a set Q of de-
cisions and a set E of stochastic identities. Fach ¢; has an associated codomain,
codom(q;) = {a1,ay,...,am,;}. A decision’s action is to select a member of the codomain
based on tests to be performed upon known information.

Terms of stochastic decision theory are called stochastic terms and are recursively de-

fined as follows:

(i) There is a stock of variables z1,zs,... each of which is a stochastic term.

(ii) If ty,t2,...,ty are stochastic terms and q is a decision of arity m, then

q:[al/pl > tl,---aam/pm > tm]

is a stochastic term with the p;’s being probabilities satisfying 5%, p; = 1. This
notation is equivalent to the statement that, for each a; € codom(q), the probability

of occurrence of a; is p;, and its occurrence results in the action t;.

A stochastic identity is a stochastic term in only one variable. To distinguish between

identities, we used the distinguished variable 2, called the “full” variable.

In the next section, we shall describe how these terms are interpreted as decisions in

the category of description spaces. Intuitively, however, the branching probabilities should




correspond to the conditional probabilities in the underlying description space model.

A stochastic term not only defines a decision, but also all the probabilities involved
in that decision. It is clear that not every model will satisfy the constraints defined by
the probability distribution. For this reason, stochastic terms act more like identities.
Indeed, given a stochastic term, one can always form a stochastic identity by uniformly
substituting the variables by the full variable 2. In fact, we shall restrict our attention
to stochastic decision theories in which E contains a single stochastic identity. Although
this restriction still allows the derivation of the completeness result, it leaves unexplored
the theories with many identities.

The manipulations of the terms of a discrete decision theory can be adapted to the
stochastic case. This is done by incorporating the effect of the manipulations on the
branching probabilities. Stochastic terms can then be manipulated in conjunction with
their associated probability distributions. This constitutes an important merit of the
stochastic manipulations, as they actually drive the changes in the branching probabilities.

The manipulations of stochastic terms are given by inference rules. An inference rule is
of the form t; = ¢; and allows #,, with its variable substituted in some way, to be inferred
whenever ¢y is valid. Until the notion of validity in this setting is formally introduced,
these manipulations can, of course, only be regarded as formal devices.

The following are inference rules for stochastic terms:

For ¢, q1, and ¢, € Q, with arities m, m,, and m,, respectively, we have

[SD.1] g:lai/p1> z,...,am/pm > 2] = =

(Idempotence)
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@i [0 Tiy ot [Pm > T

—

q3[a1/1’1 >>.Z'1,...,ai/0>> _,...,am/pm>>mm]

where “ _ 7 is any variable which has not occurred in the term

[SD.2] g:la/pr > 21,
[SD.3]

q:lai/p1 > z1,.
[SD4] q [(Zu/pl > q2

oy @imy [Pmy D 2

g2 :[a1/m1 > @1

...,a2m2/rm2 >> (I1

with

wherei = 1,

(Indifference)

q:lar/pr > 21,00 /pi > Tis ey U [P D T

—
..,a,-/pi>>q:[a1/0>>x1,...,a,-/1>>x,~,...
Am /0> Tm], .- s am/Pm > Tm)

(Repetition)

taz21/p11 > 211y - -+ 5 Q2my [PAmy > Timy ), - -

a21/Pmi1 > Tmity - v @2my /Pmymy 3> Tmym, )]
—

da11/7T11 > T11s e o5 Qimg [TImy D Tmgl),y - -

(@11 /Tma1 > Timys - > C1my [Tmamy 3> Tmyms ]

(Transposition)
4 mi

ri > (pipji)

i=1

PkDPki
mi
> pipsi
=1

.e.y,mae, and 7,k=1,...,mq.

DPkDPki
L

Tik

\




An example of how these inference rules may be used is provided by the proof of the

following theorem.

Theorem 6 For any q € Q,

[SD.5] q:[a1/0> z1,...,ai/1> iy...,an /0> 2] = z;

(Certainty)

Proof:

The proof is in Appendix B.2 on Page 159.

A composite decision is an encapsulation of a stochastic term and thus is equivalent
to it. Any stochastic term can be encapsulated as a composite decision. The resulting
composite decision will have as its codomain the set of variables of the stochastic term.
The probability associated with each element of this codomain is then the probability of
reaching the variable in the original term. When a stochastic term is so encapsulated, it
becomes a black box the innards of which cannot be seen. This device is useful both in
programming, as it is a subroutining facility, and as a theoretical tool.

The following examples illustrate how terms involving composite decisions may be
formed from stochastic terms. Composite decisions shall be denoted by the letter w,

rather than the letter ¢, which we shall reserve for primitive decisions.

Example 12 (Composite Decisions and Composite Terms)
If the composite decision w; is defined by

wy : [21/.08,22/.32,23/.18,x4/.42]
A

¢ a1/ 4> q2 1 [01/.2>> 21,b2/.8 > 29] ,a2/.6 > g3 1 [e1/.3> 23,¢2/.T > 24]],
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and the composite decision wq by

wy : [21/.02,29/ .44, 23/.54]
A

q1 :[al/.l > qq: [bl/.2>> $1,b2/.8>> wg],(lg/.g > (g3 [C]/.4>> $2,C2/.6>> 1123]],

one may form the composite term

wy :[z1/.08 > we i [21/.02> y1,22/.44 > yo,23/.54 > y3],
22/.32>> y4,23/.18 > y3,24/.42 > ys],
in which the composite decisions w; and wsy stand for the respective stochastic terms to

which they are equivalent.

The following result says that composite decisions may be handled in exactly the
same way as primitive decisions are handled. This is an essential ingredient of a sensible

subroutining facility.
Theorem 7 Composite decisions satisfy [SD.1] — [SD.4].

Proof:
The proof is by induction on the height of these composite terms. The height of a
composite term is defined as the number of decisions in the longest path in the term. The

complete proof is given in Appendix B.2 on Page 160.

The following corollary uses composite decisions as a tool in deriving a useful manip-
ulation, called deep repetition, which allows the elimination or introduction of a repeated

decision at an arbitrary height above the first occurrence.
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Corollary 1 (Deep Repetition Lemma)

[SD.6] q:lar/pm > t,.. . ai/pi > wi e /ri > X1,..z5/r > X,
ces T[T > Xaly e O [Pm >t
—
q:la1/p1 >ty aifpi > w iz /ri > Xq,..,z5/r; > g (a1 /0> ty, ...
@i 1> X am /0>ty 20T > Xnl o G [P > ]
(Deep Repetition)
Proof:

The complete proof of this corollary is given in Appendix B.2 on Page 165.

This allows some of the manipulations introduced for terms in a discrete decision theory
to be generalized to stochastic terms. However, in introducing the generalizations, it is
necessary to distinguish between the manipulations which give an equivalence of stochastic
terms and those which give only a one-way inference.

For instance, applying the idempotence manipulation, which is only a one-way opera-
tion, repeatedly, until no idempotent sub—term is left, will result in an idempotent-reduced
term. Every stochastic term has a unique idempotent-reduced inferred term. Notice,
however, that the term obtained is not equivalent to the original.

The use of (deep) repetition, which is a two-way manipulation, allows the introduction
of the analogue of the discrete notion of repeat reduction (see Cockett [16]). This reduces
the tree size by removing previously occurring decisions. Applying this repeatedly to a
stochastic term, until it is no longer possible, is of obvious utility and produces a repeat-

reduced stochastic term. This process is called repeat-reduction and results in an equivalent

stochastic term.
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The two-way indifference manipulation is also important. If it is repeatedly applied in
the direction which reduces the size of the term, thus introducing the “don’t care variable”
“.”, an indifference-reduced term is obtained. A term which is both indifference-reduced
and repeat-reduced is said to be a reachable-reduced term. The notion of reachability shall
be important in the sequel and is intuitively connected to the fact that, in a stochastic
term, only parts with non-zero probability can be visited. In the process of obtaining
a reachable-reduced term, the order in which the manipulations are performed is unim-
portant, as these manipulations are indeed confluent and often reinforce each other. As
shall be seen, the indifference manipulation can also be very useful in introducing non
semi—essential decisions on the paths on which they are missing, thus allowing other ma-
nipulations, such as the reachable transposition, to be carried out.

The application of deep repetition can be considered to be equivalent to the one-
way application of certainty. However, it is important to note that a certainty reduction,
resulting in a certainty-reduced term, will not give an equivalent term. These rather subtle
differences are in practice quite important, as it is often highly desirable to maintain
equivalence.

As it will be seen in the next section, if the stochastic identity ¢; can be inferred from
a stochastic identity to, then the set of models which satisfy ¢; includes those which satisfy
to. However, If the inference rule is only one-way, then one of the main results of this
chapter shows that the inclusion is proper. Thus, equivalence of terms is the assurance

that one is handling the same class of models.
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4.4 MODELS OF STOCHASTIC DECISION THEORIES

The models of a stochastic decision theory lie in the category of description spaces
which we defined in section 4.3. This section will address the issues of model satisfaction
and consistency.

A model M of a stochastic decision theory SD consists of an object X in the category
C and for each ¢; € Q, the set of decisions of the theory, an appropriate interpretation as
a decision on X,

Mg): X — XX -9 X,
such that each stochastic identity of E is satisfied. The notion of satisfaction is intuitively
simple, namely that all the conditional probabilities must be correct. Stating this formally

is more difficult. To simplify the notation, M(¢;) will be simply written as g;.

Definition 82 Let M be an interpretation of the decisions of Q on an object X of the

category C, then X satisfies (or is consistent with) a stochastic term t if
(1) t is a variable, or if
(i) t=q:[ar/p1 > t1,...,an/pp > t,] and for each i = 1,...,n, the decision coalgebra

X; induced by the map m; : X; — X and given in the following pullback:

X q X@...@X

s bi

X; ~ X

1s such that

(a) X satisfies t;, and

81




(b) mx(Tx)pi = mx,(Tx,), where Tx and Tx, are the “top” of the Boolean

algebras Bx with the measure my and By, with the measure my,, respectively.

Notice that an interpretation into a description space with zero measure will satisfy
every identity. Furthermore, expanding an interpretation using an expansion functor will

not affect the validity of the interpretation.

Theorem 8 (Soun[Bdness of the Inference Rules)
Given a model M of a stochastic decision theory SD and an object X of the category C,
if X is consistent with a stochastic term t, then applying [SD.1] — [SD.4] results in a

consistent stochastic term.

Proof:

The proof is given in Appendix B.3 on Page 167. -

Definition 33 A stochastic term is said to be repeat—consistent if for any repeated
decision, the probabilities are zero except on the appropriate argument or the path to the

repeated decision has zero probability.
Example 13 (Repeat—Consistent Stochastic Terms)

(1) The stochastic term

Qo [al/.3 > l‘l,ag/.4 > q: [bl/.Q >aq: [al/O > (L'z,az/l > 3,
(L3/0 > 174] ,bz/.S > (L‘5] ,a3/.3 > :L‘e]
is repeat—consistent.

(2) The stochastic term

q1:{a1/.3> z1,a2/ 4> ¢ [b1/0>> ¢1 : [a1/.6 > z2,a2/.1 > 23,

az/.3 > 4],b2/1 > 25],03/.3 > 6]

is repeat—consistent.
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(3) The stochastic term

q - [al/.3 > .’L'l,(lg/.4>> go : [b1/2 >qn [CLl/.G > .’112,(12/.1 > &3,
a3/.3 > :134],1)2/]. > .’L‘5] ,a3/.3 > CEG]

is not repeat—consistent.

Definition 34

(i) A description space X = (B, m) is said to be full if

VB € B, mx(B) =0 = B = L.

(i) A description space X = (B, m) is said to be non—trivial if mx(Tx) > 0.

A set with the counting measure, is an example of a full and non-trivial description space.

Theorem 9 (Consistency of Repeat—Consistent Stochastic Terms)
A stochastic term t is repeat—consistent if and only if there ezists a model over a non-trivial

full description space which satisfies t.
Proof:

The proof is given in Appendix B.3 on Page 170.

Thus, the only stochastic terms which are satisfied by non-trivial models are the
repeat—consistent terms. The remainder of the chapter is, thus, concerned with the prop-

erties of repeat counsistent terms.
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4.5 STRUCTURAL RETRIEVAL AND EQUIVALENCE

Given any stochastic term, one may write a path from root to leaf as a list of branch
instructions. With each such path, one can associate the variable at the leaf and the
probability of the path. Such an association is called a stochastic spine of the term and is
denoted

path ([g1<?™>a1, 2<™>ay,...,¢:<?>a,],2/p(z)),

where “<7>” is the branch operator which associates a decision with a specified element of
its codomain. The set of all stochastic spines with a non-zero probability, of a stochastic
term ¢, is referred to as the reachable stochastic spine set of the term and is denoted Sp(t).
A bag is a list in which the order is unimportant. Two lists of branch instructions are

bag—-equivalent if one can be re—ordered into the other.

Definition 35

(i) A decision is said to be semi—essential in a stochastic term t if it occurs in every

path of t.

(it) A decision is said to be reachable semi-essential in a stochastic term t if it occurs

in every non-zero probability path of t.

The notion of reachability is quite important in the sense that when a decision is
missing in a zero probability path, we can always assume that it is present in view of the
indifference rule [SD.2]. Clearly, every semi-essential decision of a stochastic term % is a
reachable semi-essential decision; but the converse is not necessarily true. The following

lemma demonstrates the utility of the concept.
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Lemma 9 (Characterization of Reachable Semi-Essentials)
If a decision q is reachable semi-essential in a stochastic term t, then there is a stochastic

term t’', rooted at q, such that t <= t'.

Proof:

The proof is given in Appendix B.4 on Page 172.
o

The previous lemma shows how the transposition rule [SD.4] may be applied in con-
junction with the indifference rule [SD.2] to change the order of decisions in the term.
When this technique is used, we obtain stochastic terms which are reachable transposition
equivalent. Clearly, the effect of the usual transposition and the reachable transposition

on the stochastic terms is very similar, especially if we only consider the reachable parts

of the term.

Example 14 (Reachable Semi-Essential Decisions)

Consider the following stochastic term ¢:

Clearly, the decision ¢, is not semi-essential in ¢, but since p(g;<?>yes) = 0, ¢; is reachable
semi—essential in ¢. By the indifference rule [SD.2], the stochastic term ¢ is equivalent to

the stochastic term t;
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where the decision ¢ is inserted at the impossible path of . The decision g, is now semi-
essential in the stochastic term ¢;, and the transposition rule [SD.4] can thus be used to
transpose ¢z at the root of the stochastic term ¢;. The stochastic term t,, equivalent to

t; is obtained and is

a1 T3 T2 T4

The stochastic terms ¢ and ¢, are reachable transposition equivalent.

]
Definition 36 Two stochastic terms t; and t; are stochastic spine set bag-
equivalent if there is an isomorphism of sets
a: Sp(t1) — Sp(12)

path(Pr,z1/p(z1)) — path( Py, z2/p(z2))




such that P; is bag—equivalent to Py, x1 = x4, and p(z1) = p(x2).

Theorem 10 (Stochastic Version of Chen and Ras’ Lemma)
Two repeat consistent repeat-reduced stochastic terms are stochastic spine set bag-

equivalent if and only if they are reachable transposition equivalent.

Proof:

The complete proof is given in Appendix B.4 on Page 172.

A conjunction is a sequence of branch instructions and has the following form
S = qa<™>a, & @2<">a;y, & - & ¢ <">aq;,.

Two conjunctions S; and S; are logically equivalent (S; <= S7) if using the usual identities
of & (associativity, commutativity, idempotence) one can infer one conjunction from the
other. The empty conjunction is logically always true and is denoted by T.

A root path in a tree is a path starting at the root of the tree and working down towards
the leaves. An occurrence of a subtree is determined by its root path. Given a path P,

the conjunction of its branch instructions is denoted by & P.

Definition 37 (Structural Retrieval)

(i) A query, Q = (go<?>ag | C), is a pair where gqo<?>aq is called the event and C
ts called the condition.

(i1) A structural retrieval tree for Q = (g<?>ao | C) has a reachable root path P
such that &P is equivalent to the condition of the query and the subtree determined
by P has the event decision as its root decision. The structural retrieval, denoted

by Rets(Q,t) is the branch probability of the event in the subtree determined by P.
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(iii) A query Q can be structurally retrieved in a repeat consistent tree t, if there is

a tree t', with t = t', where t' is a structural retrieval tree for Q.
For instance, in order to structurally retrieve the query
Q= (q<?>a0 | 1<™>ay & @<?>a;, & - & q.<?>aq;,),

in a given stochastic decision term ¢, the latter must be manipulated into a structural

retrieval tree ¢’ which is equivalent to ¢ and has the following form:

q1

ayi a1: \0m;1
q2

a2 @2 \0my2
qn

Q1n Ain\Ampn
s

bio big bmgO

Ret (Q,1)

The ordering in which the decisions of the conjunction appear in the root path of the
term does not matter.
Of course, it will not always be the case that a structural retrieval can be performed.

Also, as we shall see in the next section, there are retrievals which can be performed even
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when a structural retrieval fails, However, the structural retrievals of a stochastic tree
are important as, not only do they characterize the tree, but also they underlie the more
complex retrievals introduced in the next section.

All retrievals correspond to conditional probability computations. Structural re-
trievals, in particular, do so in a very straightforward way as the root path gives the
condition. This makes them an attractive vehicle for these computations.

For notational convenience, the “&” separator in conjunctions is dropped in favor of
the more usual separator “,” for probabilistic events. Furthermore, as the retrieval of Q

is the conditional probability of the event ¢o<?>b;, given C in a model,
Rets(Qat) = p(q0<?>bio | C)’

when the term in which the retrieval is being performed is clear from the context, we shall

use the usual conditional probability notation for the retrieval.

Example 15 (Structural Retrieval)

Considering the poll of Example 9, suppose that the person conducting the poll acted
improperly in two ways. Firstly, he asked the poll questions in an unusual order. Secondly,
he assumed that if a person is not going to vote for the president in the next elections and
yet agrees with the president foreign policy, this person cannot agree with the president’s
internal policy. The poll, as it was conducted, produced the stochastic decision tree, ¢, of
Figure 4.1.

Suppose that, based on this poll, incomplete as it is, we would like to know what
percentage of the population, who like the presidents internal policy but dislike his foreign
policy, might still vote for him in the next elections. This can be expressed as the following
query,

QO = (qga<?™>Yes | 1<?>Yes,q2<?>No).

=<
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q3

Figure 4.1: The Stochastic Decision Tree t of the Retrieval Example.

To answer this query, @ must be retrieved in ¢ and the stochastic decision tree ¢t must
be manipulated into one in the required form. The resulting stochastic decision tree t’ is

depicted in Figure 4.2. From this tree, the retrieval of the query Q is clearly

p(q1<?>a1 I q2<?>b2,q3<?>c1) = 0.89.

This means that 89% of the population, which agree with the president’s internal policy

vet disagree with his foreign policy, will still vote for the president in the next elections.

(]

Structural retrievals are conceptually very clean as they may be driven by the structural
form which must be achieved. Thus, the usual conditional probability computations can
be entirely viewed in terms of some structural manipulations of stochastic terms. This

gives a very practical method for doing some conditional probability calculations.
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q2

Figure 4.2: The Stochastic Decision Tree ¢’ Under the Structural Retrieval Procedure.

The result, we now prove, although it is quite simple, has rather important ramifi-
cations. It is simply that in “computing” a retrieval by manipulating the tree into a

structural retrieval tree, we may restrict our attention to the two—way manipulations.

Lemma 10 A query @ can be structurally retrieved in a stochastic term t if and
only if there exists a stochastic term t' such that t <= t' and t' is a structural retrieval

tree.

Proof:

The proof is given in Appendix B.4 on Page 173.
O

The fact that the manipulations can be chosen from the two-way inferences is useful as
these manipulations preserve the reachable semi-essential properties of decisions of repeat

consistent terms. This can be seen {rom an inspection of the rules. We use this fact
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to obtain the following result which also holds for the more complex notion of retrieval

introduced in the next section.

Lemma 11 Given a query
Q = (90<?>boi, | 1<?>01i),92<7> 020y, , G <> i, )
and a repeat consistent stochastic decision tree t such that
t <= to = q:lan/pin >t 0145 /Pri D by, 1 /P1a > ],
Q can be retrieved in t if and only if the query
Q' = (go<™>boiy | 2<?>0a2iy, <>, )

can be retrieved in the subtree t;, of to and Ret,(Q,t) = Ret,(Q',t;,).

Proof:

The proof is given in Appendix B.4 on Page 174.

If a query has an empty condition then it is clear that the decision of the event must be
reachable semi—essential in the term if it is to be structurally retrieved. This observation
is crucial to the main result of this section which uses the structural retrievals in one tree

to force a second tree into the same shape.

Theorem 11 (Characterization of Inference by Structural Retrieval)
For two repeat consistent stochastic identities t; and ta, t1 => 13 if and only if every
query Q which can be structurally retrieved in ty can be structurally retrieved in t; and

Rets(Q,tl) = Rets(Q,tg).

92




Proof:

The proof is given in Appendix B.4 on Page 175.
O

This provides a method for determining the equivalence of two repeat consistent
stochastic decision trees. They could be tested for equivalence by testing their structural
retrievals, although that might be time consuming. The implied technique of rearranging
one tree into the other is much more promising and may provide a tractable algorithm to

determine stochastic term equivalence and whether one stochastic term implies another.

4.6 GENERAL RETRIEVAL AND COMPLETENESS

In this section, we wish to show that the retrieval properties of a stochastic term
are equivalent to the computation of conditional probabilities on the non—trivial models.
Thus, if all we know is that the identity holds, the only conditional probabilities we may
compute, independently of further information on the model, are those which can be
retrieved from the identity. Once this is established, it is easy to show that the identities
are complete.

The retrieval of a query is a conditional probability computation. The structural
retrievals only cover those conditional probability computations that can be performed
by a structural manipulation of a stochastic term. It is therefore necessary to extend our
notion of structural retrieval to the notion of general retrieval, even though we shall still

use the structural retrievals, as they play an important role in the results.

Example 16 (The Failure of a Structural Retrieval)

Consider the retrieval of the query (go<?>yes | ¢;<?>n0,g,<?>yes) in the following
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stochastic term:

g3 : [yes/0.2 > q1 : [yes/0.5> z1,10/0.5 > 2 : [yes/0.25 > qo : [yes/0.3 > za,
no/0.7 > x3],10/0.75 > z4]],n0/0.8 > ¢2 : [yes/0.4 > ¢1 : [yes/0.3 > x4,
no/0.7> qo : [yes/0.6 > z2,n0/0.4 > 23]],n0/0.6 > z1]].
The query cannot be retrieved by a structural retrieval, as neither ¢; nor ¢, are reach-
ably semi—essential. However, since the query appears in every reachable subterm below
the arguments of the first decision (g¢3), the conditional probability can still be computed.

The following development shows the derivation:

p(q<?>yes, 1 <T>no,g2<T>yes)
<T>yes | 1<T>n0, @a<T>yes) = —
Pl yes | a1 & yes) p(1<?>no,g,<?>yes)

_ ple<?>yes, 1 <?>no, ga<?>yes, 3<>yes) + - -
a p(1<?>n0,02<T>yes,q3<I>yes) + -+

<o+ p(go<?>yes, 1 <T>no, g2 <> yes, g3<T>no)
s p(r<T>n0, g2 <> yes, g3<T>n0)

03X 0.5x025%x0.2 + 06 x0.7x04x0.8 — 057
- 0.5x% 0.25x 0.2 + 0.7 x 0.4 x 0.8 oo

Definition 38 Let C = ¢1<™>a; & ¢2<?>ay & -+ & ¢, <?>a, be a conjunct and t a

repeat-consistent stochastic term, then
1. The retrieval of the conjunction C in the stochastic decision term t is denoted
Ret(C,t) and has its existence and value recursively defined as follows:
[Ret.1 ] IfC =T, then Ret(C,t) exists and has value 1.

[Ret.2a] Ift=¢q;:[...,a;/0 > t,...], where ¢; appears in C, then Ret(C,t) exists and

has value 0.
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[Ret.2b] Ift=¢;:[...,a;/pi > t,...], where ¢; appears in C and p; # 0, then Ret(C,1)
exists and has value Ret(C,t) = p;Ret(C’,t') if and only if the residual re-
trieval Ret(C',t"), with C' being C diminished by ¢;<?>a;, ezists.

[Ret.3 ] Ift = qo : [ao1/por > t1,- -+, G0om/Pom > tm,], where qu does not occur in C,
then Ret(C,t) exists and has value ;¢ ; pojRet(C,t;) if and only if for every
J € J = { indices for which po; # 0}, the residual retrieval Ret(C,t;) erists.

[Ret.4 ] Ift = X, a variable, and C # T, then Ret(C,t) fails.

2. The conditional retrieval of the branch instruction ¢<?>a given the conjunct C
exists whenever Ret(q<?>a & C,t) and Ret(C,t) ezist and is well-conditioned if

Ret(C,t) # 0, in which case it has a value

Ret(g<?>a & C,t)
Ret(C,1)

Ret(g<™>a | C,t) =
If Ret(C,t) = 0, then the conditional retrieval is said to be ill-conditioned.

Let M be a model for a stochastic decision theory SD, then each branch instruction
g<7>a determines an element of the underlying Boolean algebra, which we may denote
as M(¢<?>a). This element also determines a measure-preserving monic and its corre-
sponding submodel, which we denote My<s,. A retrieval of a conjunct C, in a model, is

defined probabilistically as

m(M(C))

Ret(C, M) o (Tar)

where M(C) = M(qi<?™a1) N -+ N M(g.<?>ay).

These observations lead to the following results:

Theorem 12 Let t, t1, and ty be repeat—consistent stochastic decision terms and M be a

non-trivial model, then




(i) If M satisfies t and Ret(C,t) exists, then Ret(C, M) = Ret(C,t).
(it) Ifty = ty and Ret(C,1;) exists, then Ret(C,t,) exists and Ret(C,t1) = Ret(C,t3).
(111) If Ret(C,t) does not ezist, then there erist at least two models M, and M, both

satisfying t for which Ret(C, M) # Ret(C, M).

Proof:

The complete proof is given in Appendix B.5 on Page 176.

Definition 39

(i) Let C be a set of conjuncts which includes T, then C, a conjunct in C, is said to be
a simple conjunct in C if
(a) C=TEeC, or
(b) C =q<?™>a & C', with C' being a simple conjunct in C.

(i) A conjunct C is said to be degenerate in a stochastic term t (in a model M), if

Ret(C,t) = 0 (Ret(C, M) =0).

Lemma 12 Let

M(t) {M | M is a model which satisfies t} and
C]\/[(t) = {C | VM, M, € M(t), Ret(C’, .All) = Ret(C,Mz)},
then C is non-degenerate in t, simple in Cry, and C&q<?>a € Cpyy if and only if

Rets(g<?>a | C,t) exists.

Proof:

The proof is given in Appendix B.5 on Page 179.




Theorem 13 (Completeness)

ty =ty if and only if M(t;) C M(t2).

Proof:

The proof is given in Appendix B.5 on Page 176.

4.7 SUMMARY AND CONCLUSION

In this chapter, we have described a mathematical framework for stochastic decision
theory. We have shown, with respect to this framework, that the rules we have introduced
for their structural manipulation are sound and complete, and they result in a consistent
theory.

The applications of this theory range over a wide varieties of disciplines. Because
probability calculations are simultaneously handled in the manipulations, in conformance
with the laws of probability, classical problems of a stochastic nature, such as state esti-
mation, can be approached and visualized via structural manipulations. In Chapter 7, a
classical state estimation problem is re-cast from the stochastic decision theory point of
view, and a cluster decomposition scheme of the terms of the theory is used to reduce the
state estimation problem into solving a set of smaller state estimation sub—problems.

Another point of interest is the representation of uncertain knowledge for knowledge-
based systems. In this area, the new capabilities provided by this theory for manipulating

stochastic tree structures, retrieving information from it, and updating it, provide poten-

tial improvements to the current state of the art.




CHAPTER 5

PROBABILISTIC ENTAILMENT IN STOCHASTIC DECISION

THEORY

As introduced in Chapter 4, stochastic decision theory can be used to represent uncer-
tain knowledge. The tool of this representation is the stochastic term, which, within this
theory and its identities, completely characterizes the knowledge. The theory, as it was
shown in Chapter 4, not only can deal with complex dependence among the propositions
(decisions) of the knowledge, but also with the case in which the conditional probabilities
describing this dependence may be missing. This problem of incomplete information is
a familiar occurrence in practically all realistic problems. In many instances, stochastic
decision theory is incapable of recovering the needed information. Such instances occur
mainly when the transposition rule is attempted or when a structural or general retrieval
is needed. These problems were thoroughly discussed in Chapter 4 (see also [15]). This
chapter addresses the following question: How can missing probabilities be estimated in
an “optimal” way? This problem is often referred to in the literature as probabilistic
entailment [55]. The consensus in approaching this problem is to complete the missing in-
formation, subjectively, in the sense of the maximum entropy principle. This principle has
been traditionally used to determine unknown probability distributions possibly subject
to some known constraints. This chapter solves the problem of probabilistic entailment

using the maximum entropy principle in the presence of

1. constraints imposed by the stochastic decision theory, and
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2. linear constraints.

The chapter also outlines algorithms for this completion in the context of decision theory.

Section 5.1 extends the concept of entropy, introduced in Subsection 3.3.2 of Chapter 3,
to stochastic decision theory and giveEs a new recursive method to compute entropy for
stochastic terms. Section 5.2 states the maximum entropy principle and its relevance to
the probabilistic entailment problem and derives the uniformity results of the missing
information in the presence of constraints imposed by the stochastic decision theory and
outlines, in this case, a simple algorithm for probabilistic entailment. In the presence
of linear constraints, the probabilistic entailment problem becomes equivalent to solving
a set of nonlinear programs. Section 5.3 applies the results to an illustrative example.

Section 5.4 concludes the chapter.
5.1 ENTROPY IN STOCHASTIC DECISION THEORY

Let ¢ be a stochastic decision term of a stochastic decision theory as defined in Chap-
ter 4 (see also [15,72]). The leaves of this stochastic term can be viewed as the possible
events of the random experiment which consists of the combined sub—experiments of the
decisions in this stochastic term. As a result, the entropy for this stochastic term is

H = -3, p;logp;, with p; being the probability of occurrence of the it* leaf.

Lemma 13 Lett be a stochastic term of a stochastic decision theory. The entropy int is

recursively computed as follows:

n n
(i) Ift=gq:[a1/p1 > ti,...,an/pn > t,], then H(t) = —Zpilogpi—{-zpi}[(ti).

=1 i=1

(i1) Ift = x, where z is a variable, then H(t) = 0.
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Proof:

The proof is given in Appendix C.1 on Page 181.

O
Lemma 14 For two stochastic terms t; and tq, if t; = t3, then H(t;) > H(t3).
Proof:
The proof is given in Appendix C.1 on Page 181.
0
Corollary 2 For two stochastic terms ty and ty, if t1 <= to, then H(t;) = H(13).
Proof:
The proof is given in Appendix C.1 on Page 182.
O

Lemmas 13, 14, and Corollary 13 render the problem of probabilistic entailment of
stochastic terms, using the mazimum entropy principle, trivial. This will be demonstrated

in the next section.

5.2 THE MAXIMUM ENTROPY PRINCIPLE

Suppose we have of a stochastic term ¢ which has incomplete information; some de-
cisions do not appear in all the reachable paths of the term f. These decisions are not
reachable semi-essential. A complete characterization of reachable semi-essential deci-
sions is available in Chapter 4 (see also [15]). Suppose that a probability distribution for
these decisions is required. This is the case, for instance, in which we seek a judgement on
the independence of the decisions in a stochastic decision tree, as addressed in Chapter 6
(see [73]). This problem corresponds to the problems addressed by Cheeseman in [10]

and Nilsson in [55]. There is a notable difference, however, that must be understood.
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In stochastic decision theory, stochastic terms are always subject to the the probabilis-
tic constraints imposed by the models satisfying these terms. As a result, in stochastic
decision theory, the unconstrained case corresponds to the constrained case addressed by
Cheeseman and Nilsson with the constraints taking the form of (conditional) probability
equations. Many other constraints ( such as linear equalities or inequalities) cannot be
viewed in the context of stochastic decision theory and when considered, constitute the
constrained version of the problem.

In the presence of constraints (including the one imposed by stochastic decision the-
ory), the unknown probabilities are constrained to a specified range. Nilsson [55] gave a
geometric characterization of the range to which these probabilities are constrained. The
problem of probabilistic entailment is to find unique values for these probabilities within
the allowed range. These solution values are selected, according to the maximum entropy
principle and are the best estimates, given the available information, of the true probabil-
ity values in the sense that the least amount of the missing information is assumed. This
solution is the probability distribution which maximizes entropy. This estimate can be
computed using Lagrange multipliers [3]. In [10], Cheeseman outlined the steps which give
a complete solution to the problem by solving n + m Lagrange multiplier equations, where
n is the number of the joint probabilities and m is the number of constraints imposed on
these joint probabilities.

The method we proposed in Lemma 13 of computing the entropy in a stochastic term
t avoids the computational complications by allowing the known part of the probability

distribution to be separated from the unknown part and only deals only with the unknown

part of the distribution.




5.2.1 The Unconstrained Case

In the absence of additional constraints, stochastic terms are always subject to the
constraints imposed by the models satisfying these terms. As a result, from the stochastic
decision theory point of view this is the unconstrained case of the problem. The stochastic
decision theory constraints take the form of equations relating or prescribing some of
(conditional) probabilities of the given stochastic term. In this case, the method of entropy
computation proposed in Lemma 13 reduces the problem of probabilistic entailment to an
assignment of uniform probability distribution on the missing information. The following

theorem supports this claim.

Theorem 14 All the conditional probability distributions of the missing information in a

stochastic term t which achieve mazimum entropy are uniform.

Proof:

The complete proof is given in Appendix C.2 on Page 183.
O

The results of Theorem 14 reduces the probabilistic entailment to a simple assignment
of uniform probability distribution on the paths of the missing stochastic terms. Note that,
in view of Lemma 14, missing stochastic terms can be inserted at any height of the tree
provided that the condition of “semi-essentiality” is respected. This can be achieved by
completing the tree in appropriate paths. The next section gives an illustrative application

example of these results.

5.2.2 The Constrained Case

In addition to the constraints imposed by stochastic decision theory, other constraints

are possible. Linear or nonlinear equalities or inequalities are examples of such constraints.
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As these constraints are commonly present, it is important to derive a general solution
to the probabilistic entailment problem in the presence of such constraints. Only linear
equality or inequality constraints are considered in this dissertation. Other constraints can
be handled in similar fashion at the expense, perhaps, of some computation complexity.
In the constrained case, the probabilistic entailment problem is equivalent to solving a
set of nonlinear programs [46]; the nonlinearity is due to the objective functions of these

programs, namely, the entropy functions. The following theorem summarizes this result.

Theorem 15 All the conditional probability distributions of the missing information in a
stochastic term t which achieve mazimum entropy under linear constraints are solutions

to a set of nonlinear programs.

Proof:

The complete proof is given in Appendix C.2 on Page 184.

5.3 AN APPLICATION EXAMPLE

Consider a problem in which we seek to determine the position of a non-moving target
in a four-quadrant grid (Figure 5.1). The states of the system can be selected to be the
four numbered quadrants z;, 22,23, and 24.

Suppose that our knowledge about the system is represented by the stochastic term
t; of Figure 5.2 in which the probability distribution for the decision “top.or_bottom”
is missing. Suppose that we want to evaluate the probability distribution over the

states of the system given that the target is in a top quadrant, namely, p(z; |

top-or_bottom<?>top), Vi€ {1,2,3,4}.




1 T3

T2 T4

Target

Figure 5.1: The 4-Quadrant Non-Moving Target Problem.

left _or_right

Figure 5.2: The Stochastic Term t;.
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This conditional probability can be computed only if the decision “top_or_bottom”
is semi-essential in the stochastic term ¢, which it is, except the missing probability
distribution is needed. According to the unconstrained case of the maximum entropy
principle, these probabilities can be uniformly assigned. Figure 5.3 depicts the resulting

stochastic term, t,.

left_or_right

top-or_bottom

bottom
.5

bott.
.6

top
5

I T2 I3 T4

Figure 5.3: The Stochastic Term t,.
The desired conditional probability can be easily obtained by applying the inference

rule [SD.4] to the stochastic term t2 to put the decision “top.or_bottom” at the top of

the stochastic term t3 of Figure 5.4, from which we conclude that

p(z; | top-or.bottom<?>top) = 0.88,
p(z2 | top-or_bottom<?>top) = 0.00,
p(z3 | top-or_bottom<?>top) = 0.12,
| (24 | top-or_bottom<?>top) = 0.00.
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top-or_bottom

bottom
.59

top

41
left or_right left or_right

left
.88

right left
120 .92

right
.08

T 3 T2 T4

Figure 5.4: The Stochastic Term t3.

54 CONCLUDING REMARKS

In this chapter, we presented a recursive method for the computation of entropy in
stochastic decision theory. The problem of probabilistic entailment in the context of the
maximum entropy principle with and without constraints is solved. The no-constraint
probabilistic entailment problem is reduced to a simple assignment of uniform probabil-
ity distributions on the missing information. The constrained case (linear equalities or
inequalities) is equivalent to solving a set of nonlinear programs.

The results of this chapter are very important to the stochastic decision theory. It al-
lows many operations to be carried out, in a stochastic term, without excessive assumption

on the model satisfying this stochastic term. In the following chapter, where the statistical

independence relations among the decisions in a stochastic term is needed, the entailment
results allow all such relations to be derived in an optimal way. This will contribute to

the decomposition scheme in stochastic decision theory to be discussed in Chapter 7.




CHAPTER 6

STATISTICAL INDEPENDENCE IN STOCHASTIC DECISION

THEORY

The stochastic decision theory setting depicts the concurrence of a possibly large num-
ber of theorems (or decisions) in a probabilistic space. Nominally, the theory assumes a
complete dependence among these theorems. This assumption could severely undermine
the efficiency and practicality of the stochastic decision theory representation. This fact
has led many authors to assume, unrealistically, independence.

Many realistic problems exhibit “sparse dependence”, meaning that most of the the-
orems are actually statistically independent. This property may be the key to the rep-
resentation and manipulation of realistic (large scale) problems. The question is: Given
a stochastic term, how can one extracts its dependence and independence classes in an
efficient way, and can this lead to a useful decomposition of, for example, an estimation
problem. This chapter addresses the first question while Chapter 7 addresses the second.

Section 6.1 re—casts the familiar concept of statistical independence in probability
theory into the terminology of stochastic decision theory and gives the necessary and
sufficient conditions for an arbitrary set of decisions, in a stochastic term, to be mutually
statistically independent. Section 6.2 provides an algorithm which can be applied to a
stochastic term to generate simultaneously all the dependence and independence classes

of its decisions. Section 6.3 applies this result to a small example, and Section 6.4 gives

some concluding remarks.




6.1 STATISTICAL INDEPENDENCE

Let t be a stochastic term in a stochastic decision theory. The set of measurable events

in t is the set of paths in ¢ of the form
P ={q1<M>a15, @2<T> 025, , qu<T>Cmi },

where the symbol ¢;<7>a;; represent the elementary event that query ¢ is decided by

response a;; belonging to its finite cardinality codomain set codom(q;).

Definition 40 Two decisions ¢, and ¢o of the stochastic term t and with codomains of

cardinalities my and mgy, respectively, are statistically independent if and only if

P(1<>a1;,2<">az;) = p(1<?>a1:)p(ga<?>az;),
Vie{l,...,mi} and Vj€ {1,...,ms}.
In the case of three decisions ¢1,¢2, and g3 with codomain cardinalities mq, m,, and

mg, respectively, the independence conditions are

(

Pl <?>a14,q2<?>a;) = plg1<?>a1i)p(g2<?>az;j)
p(1<?>a1;,g3<7>az;) = plg1<?>a1:)p(ga<?>ask)
P(q2<">azj, ¢3<7>azx) = p(g2<7>az;)p(gs<?>azy)
p(@i<?>a1i,2<T>0a25,q3<™>a3r) = p(1<?>a1:)p(g2<?>a2;)p(g3<?>az;),

Vie{1,...,m}, Vje{l,...,my}, and Vk € {1,...,m3}.

This result can be extended to the case of ! decisions qq,¢s,...,q of respective

codomain cardinalities my, my,...,m; as follows. The [ decisions ¢,qs,...,q are mu-
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tually statistically independent if and only if

g, <T>an:,q,<?>ani,,. -, a, <> Qi )

Pl <?>anyi )P(a, <T>ani; ) - P4y, <>, ),
Vi; € {1m1} Vi€ {l,....lo}, and Vi, l,... 0 <1,

with [, #lg whenever a # f.

These definitions are a straightforward application of Definition 25.

Theorem 16 Let qi,q2,...,q bel decisions with codomain cardinalities my, ma, ..., my,

respectively. The following statements are equivalent:

(i) Thel decisions q1,q2,...,q are mutually statistically independent.

(ii) Any ordering ly,l2,...,1l; of these decisions satisfies

p(ql2<?>a’l2i2 I qll<?>a11i1) = P(q12 <?>a12i2)’
p(q13<?>(113i3 |q12<?>a12,‘2,q11<?>a11,’1) = p(713<?>a13i3)v
P((Il,<?>fll,i, | qn_, <?>a1,_1,-,_1 yooo ,q12<?>a12,-2,q11 <?>a11,-1) = p(qll<?>a1m),

Vi; € {1,...,77111} and Yy € {1,...,1},
with my,; being the cardinality of the codomain of q,.

(iit) There exists an ordering ly,l3,...,1; of these decisions which satisfies the above equa-

tions.

Proof:

The proof is in Appendix D.1 on Page 186.
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Proposition 16 is quite important in the sense that it provides a test for mutual sta-

tistical independence which can be performed on any stochastic term which depicts these
decisions at its root in an arbitrary ordering. Note that in the independence test, there
is no need to compute the a priori probabilities of the tree decisions, and all we need
to check is that the conditional probabilities, in these independence conditions, remain
constant. This greatly simplifies the independence test as the need for further stochastic

term manipulations is avoided.

Corollary 3 In order for the l decisions q,,q,,...,q, from a stochastic term t to be de-
termined to be mutually statistically independent, they must all be reachable semi-essential

mn t.

Proof:

The proof is given in Appendix D.1 on Page 188.
O

This corollary allows non-reachable semi—essential decisions in stochastic terms to be
disregarded for possible independence inter-relationships with other decisions. If there
is not enough information, namely no prior probabilities, in the given stochastic term,
the probabilistic entailment results derived in Chapter 5 can be used to complete the
stochastic term at hand and make of it a full stochastic term in which every decision is

reachable semi—essential.

6.2 DEPENDENCE/INDEPENDENCE GENERATING ALGORITHM

In this section, an algorithm which generates simultaneously all the dependence and in-
dependence inter-relationships among the reachable semi—essential decisions of a stochas-

tic term t is outlined. Some preliminary developments are necessary.
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6.2.1 Preliminaries

Let S be a set of N elements. The power set of S, denoted as P(S5), is defined as
the set of subsets of S and has exactly 2"V elements. A non empty element of a power set

P(S) (a subset of S) is an atom if its only subsets are the empty set and itself.

Definition 41 Let S be a set, a an arbitrary element of S, and P(S) the power set of S.

The a—fized power set Po(S) of the power set P(S) is defined by
Pu(S)={X € P(S)|a€ X}.

As an example, if § = {1,2,3} and @ = 1, then the power set of S is the set P(S) =
{0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}. The 1-fixed power set of P(5) is the set

P1(8) = {{1},{1,2},{1,3},{1,2,3}}.

Lemma 15 Let S be a set of | elements a1, az,...,a;, then P(S§) = Pq,(S)UP(S1), where

51 = S - {(11}.
Proof:
The proof is given in Appendix D.2 on Page 188.
O
Corollary 4 Let S be a set of | elements ay,as,...,a;, then
P(8) = [UZiPu(Sic1)] UP(Siz1),
where So = S and 5; = § — Ui_;{a;}.
Proof:
Apply Lemma 15 repeatedly for the power sets P(S5;-1), with i € {1,2...,1 - 1}.
(]
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Corollary 5 Let S be a set of | elementsay,az,...,ak,...,a;. Forany Sy = S—Ufﬂ{aj},

where k € {1,2,...,1 — 1}, we have that Py, (Sk—1)U P(Sk) = P(Sk-1), with So = 5.

Proof:

This is a direct result of Lemma 15.
]

Corollary 5 provides a recursive formula to form power sets. Furthermore, it is impor-
tant to point to the “nice” structure provided by this decomposition. This structure is

best described by the following equivalence:

vk e {1,2,...,01 -1}, X € P(Sk) <= X U{ar} € Pa,(Sk-1)-

6.2.2 Statistical Independence

At this point, we would like to make the connection between the above definitions
and the concept of statistical independence. Let S be a set of [ decisions ¢1,q2,...,q
from a stochastic decision theory. An independence class of S is any set of mutually
statistically independent decisions. A dependence class of S is any set of statistically
dependent (non-independent) decisions. An independence (dependence) class is said to be
of order k, if it consists of & mutually statistically independent (statistically dependent)
decisions. Clearly, every independence (dependence) class belongs to P(.5). In fact, more

can be said in the up—coming lemmas. The proofs are obvious, and are omitted.

Definition 42 Let S be a set of | decisions q1,qz2,...,q from a stochastic decision theory.
The power set of S, P(S), is the set of all the candidate independence (dependence) classes

of these | decisions.

Note that, in Definition 42, even though atoms of the set P(S) are irrelevant classes,

they are considered to be independence classes. This will later appear convenient as the
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structure of power sets is quite useful in the results to be derived.

Lemma 16 Let S be a set of | decisions q1,qa,...,q from a stochastic decision theory.
If Dy € P(5) is an independence class, any D; € P(S) such that D; C Do is also an

independence class.

This lemma excludes subsets of independence classes from further tests; they are au-

tomatically independence classes.

Lemma 17 Let S be a set of | decisions q1,qa,...,q from a stochastic decision theory. If
Do € P(S5) is a dependence class, any D; € P(S) such that D; D Dy is also a dependence

class.

This lemma excludes sets which contain groups of dependent decisions from further
testing; they are automatically dependence classes.

In view of the power set decomposition provided by Corollaries 4 and 5, the search for
independence (dependence) classes is recursive. We outline it for the union P, (Sk-1) U
P(Sk), for some k € {1,2,...,1 — 1}, given that the set of independence classes in P(S%)
has been determined. Using Lemma 17 and the structure of Py, (Sk—1) U P(Sk), it is clear
that only elements in P,, (Sk~1) whose corresponding elements in P(Sx) are independence
classes need to be checked. This is very crucial to the efficiency of the algorithm which

follows. As to the dependence classes, they are generated simultaneously by the algorithm.

6.2.3 Generating Dependence/Independence Classes

Suppose we are given a stochastic term depicting a number of decisions, and we are
asked to find all the independence classes. According to Corollary 3, if a decision is not

reachable semi-essential in a stochastic term, it cannot be judged to be (even though it
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might be) statistically independent from any other decision in the stochastic term. In
this case, there is simply not enough information in the stochastic term to conclude about
dependence or independence. There are two alternatives one can choose to deal with the

problem:

(i) Deal only with the stochastic term’s reachable semi-essential decisions.

(ii) Use the probabilistic entailment results presented in Chapter 5 to complete the

stochastic term.

If one selects the first alternative, the stochastic term at hand must be manipulateed
into an equivalent stochastic term having all the reachable semi—essential decisions above
the ones which are not and only keep the reachable semi-essential part. In the second
alternative, all the decisions are reachable semi—essential. Thus, we can assume that we
are given a stochastic term ¢ depicting a set S of [ reachable semi-essential decisions

labeled as they are ordered in t by ¢1,¢2,....¢,...,q.
An algorithm which generates the dependence/independence classes is outlined as fol-

lows:

Given that the set of independence classes I(S;) and the set of dependence classes D(S%)

in P(Sk) have been determined (I(Sk), D(Sk) C P(Sk)), do the following:
1. Form the test set T, (Sk—1) C Py, (Sk—1) as follows:
X € I(S;) <= X U{qr} € Tg,(Sk-1).
2. Test Ty, (Sk—1) for independence.

3. After testing Ty, (Sk-1) = Ig,(Sk-1) U Dy, (Sk—1), where I, (Sk-1) is the set

of independence classes in T, (Sk—1) and Dg, (Sk—1) is the set of dependence
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classes in Ty, (Sk—1). Thus, the set of independence classes I(Sk—1) in P(Sk—1) is
I(Sk-1) = I(Sk) U I, (Sk—1) and the set of dependence classes D(Sk—1) in P(Si-1)

is D(Sk—1) = D(Sk)U Dy, (Sk=1)-

4. Continue the same procedure with I(Sx—1) and D(Sk_1) until the set of independence

classes I(.Sg) of P(Sp) and the set of dependence classes D(So) of P(Ss), with 5o = S,

are determined.
5. The final set of independence classes I in P(.5) is refined as follows:
I=1(So)—{X € I(S); 3Y € I(Sp),such that X C Y}.
The final set of dependence classes D in P(.5) is refined as follows:

D = D(Sp) — {X € I(So); 3Y € I(Sp),such that Y C X}.

Testing independence in a test set 7°(.) is done as follows:

(a) Pick an element X of T'(.) with the highest cardinality.

(b) Use the inference rules [SD.1]-[SD.5] to manipulate the stochastic term into an

equivalent term in which the decisions in X are at its root.
(c) Apply Theorem 16 to determine if the decisions are independent.

(d) If X is an independence class, then, according to Lemma 16, every class Y € T(.)

such that Y C X is automatically an independence class.

(e) Set T'(.) to T'(.) — {Y'} and go to (a).
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6.3 EXAMPLE

Consider the binary stochastic term t; of Figure 6.1 which depicts three reachable

semi—essential decisions ¢q,¢2, and ¢3. We would like to automatically uncover, from

Figure 6.1: The Stochastic Term t;.

this tree structure, all the dependence/independence inter-relationships among the three
featured decisions. Let S = {¢1,q2,q3} be the set of these three decisions. The power
set of S, P(S5), is the set of all the candidate independence classes. Using the power set

decomposition of Corollary 4, we write that

P(S) = Po({01,92:93}) U Py, ({92, g3}) U P({gs})-

The dependence/independence generating algorithm will then proceed as follows:

e Set the initial conditions to J/({g3}) = {0,{¢s}} and D({gs}) = {0}. These are the

set of independence classes and dependence classes in P({g3}), respectively.
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T({q2,93} = {{g2},{¢2,¢3}}. These are the only classes in P,,({¢2,¢3}) which need

to be checked.

Manipulate the stochastic term #; of Figure 6.1 into the stochastic term ¢, of Fig-

ure 6.2.
From testing the stochastic term ts, the set {g2,¢s} is not an independence class.

Set I({¢2,¢3}) = {0,{¢2},{gs}}. This is the set of independence classes in
P({g2,¢3}). Set D({¢2,¢3}) = {{¢2,93}}. This is the set of dependence classes

in P({g2,43})-

T({91,92,9}) = {{a1}, {01,902}, {01, 45}}. These are the only classes in Py, ({g1, 2,

g3}) which need to be checked.

Manipulate the stochastic term #; of Figure 6.1 into the stochastic term ¢3 of Fig-

ure 6.3.

From testing the stochastic term t;, the set {g;, ¢z} is an independence class. Simi-
larly, testing the stochastic term t;, reveals that the set {¢;,¢3} is also an indepen-

dence class.

Set I({q1,42,43}) = {0,{a1}:{e2}, {3}, {21,902}, {q1,93}}. This is the set of inde-
pendence classes in P({q1,¢2,¢3}). Set D({¢1,92,43}) = {{g2,93}}. This is the set

of dependence classes in P({¢1,42,93}).

Finally, the set of independence classes is refined to I = {{q1,¢2},{¢1,93}}, while

the set of dependent classes is I = {{¢2,¢3}}-

117



Figure 6.2: The Stochastic Term t,.

Figure 6.3: The Stochastic Term 3.
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This algorithm produces a set of independence classes which consists of the elements

of the set I and displays the following result:

1. The decisions ¢; and ¢, are statistically independent.
2. The decisions ¢; and ¢3 are statistically independent.

3. The decisions ¢; and ¢3 are statistically dependent.

6.4 CONCLUSION

This chapter describes an algorithm which can be performed on a stochastic term to
determine all the dependence/independence inter-relationships among the reachable semi—
essential decisions of this stochastic term. The question is how to take advantage of these
results to alleviate the problem of state estimation’s computational explosion in large scale
systems. This problem is addressed in the following chapter where a cluster decomposition
scheme for stochastic terms is proposed based on, first, the probabilistic entailment results

derived in Chapter 5 and, second, the dependence/independence algorithm.
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CHAPTER 7

A STATE ESTIMATION PROBLEM

In this chapter, we formulate a state estimation problem for a class of static finite
state systems whose initial state probability distributions are described by a stochastic
term. The classical solution is given, and the difficulties with large scale systems are
demonstrated. The problem is then approached from the stochastic decision theory point
of view. This provides a new insight into the problem of state estimation as the estimation
procedure is viewed in terms of the basic stochastic term manipulations introduced in
Chapter 4. This approach has also led to a cluster decomposition scheme for stochastic
terms which optimally decomposes the problem of state estimation into a number of
smaller sub—problems. This decomposition scheme, based on the probabilistic entailment
results derived in Chapter 5 and also upon the statistical independence inter-relationships
between the decisions of stochastic terms which have been uncovered in Chapter 6, is an
attempt to alleviate the computational explosion of state estimation in large scale systems.

Section 7.1 formulates and solves a classical state estimation problem. Section 7.2
discusses the difficulties and limitations encountered in large scale systems. Section 7.3
approaches the problem of state estimation from the stochastic decision theory point of
view and gives a simple illustration. Section 7.4 uses the results of probabilistic entailment
derived in Chapter 5, the results of statistical independence discussed in Chapter 6, and an
approximation method for joint probability distributions to propose a new cluster decom-
position scheme for stochastic terms. Section 7.5 uses this cluster decomposition scheme

to reduce the state estimation problem into a set of small sub-problems and illustrates the
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results with an example. Section 7.6 summarizes these results and gives some concludin
P

remarks.

7.1 A CLASSICAL STATE ESTIMATION PROBLEM

Consider a static finite state system [6] whose state is one value from a finite set
X = {z;| i =1,N} of possible states. Suppose that the a priori knowledge about the
state of the system is represented by a stochastic term that consists of M decisions. We
assume that there is a one-to-one correspondence between the set X of the system states
and the leaves of the stochastic term describing the system; otherwise, minor modifications
should be made. In our case, these decisions not only partition the state space into a
number of disjoint sets, but also provide an initial evaluation of the a priori probability
density functions of the system states, namely, p(z;), Vi=1,...,N,with Ef\;l p(z;) = 1.

Suppose that measurements were taken on a number (M’) of observable decisions,
which may or may not be represented in the stochastic term describing the initial knowl-
edge about the system. Each measurement, on a given decision ¢;, with arity m; and
codomain codom(gq;) = {a;j, j = 1,...,m;}, selects one element of that decision codomain.

The set Y of all the possible observations is referred to as the observation space, and is
MI

Y = EB codom(g;),

=1

with the ¢;’s being the observable decisions, from a stochastic decision theory SD, some of
which are not necessarily featured in the stochastic term describing the system. We assume
that this observation process provides on—line data about the system. These data must be
used, in real-time, to update the current knowledge about the system. The observations
are assumed to be corrupted by noise. We also assume that we are provided, a priori,

with the conditional probability density function of each observation y € codom(g;), for
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some j € {1,2,...,M'}, conditioned over each of the system states, namely,
J y
plylx), VYi=1,...,N.

When an observation y is received, the estimate of the system state is updated to the
a posteriori conditional probability density function of the states, conditioned over the
received observation,
p(zily), Vi=1,...,N.
The state estimation problem [35,26] can now be forlﬁalized as follows: Given a se-

quence of observations,

Vi = {(v1:0)s(¥2, 055 )5- -5 (Uky i)}

with yr € Y being the observation from an observable decision g;, (this means y; €
codom(q;, )), with i € {1,..., M'}, and given that the a posteriori conditional probability

density functions of the system states, based on Y},
p(zi | Vi), Vi=1,...,N,

is known, compute the updated a posteriori conditional probability density functions of

the system states,

p(2;i| Y1), Vi=1,...,N,

where

Yk+1 = Yk ) {yk-}-l} = {3/1,3/2,---7yk,3/k+1},

when a new observation yxi1 (yx+1 € codom(g;,,,)) is received. For this observation, we
are provided with

P(’yk+1|l'i)7 Vi:lv"'aNa
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which is the state-conditioned probability density function of the new observation y41.
The solution of this recursive filtering problem is the update

, p(yr z;) X plz; | Yo
])(iL'z‘ I yk+1) — ~ ( +1 l ) ( 1 | )

> p(ykr [ &) X p(zi | i)

i=1

7.2 STATE ESTIMATION IN LARGE SCALE SYSTEMS

Some engineering problems, such as the ones dealing with power systems or commu-
nication networks, involve large scale discrete systems for which the number of states is
quite large (in the thousands). For such systems, the amount of data inherent in the
problem far exceeds the capacity of any foreseeable computer. In practice, limitations
on the allowable complexity of the equipment are almost always imposed for operational
and maintainability reasons. As a result, the performance of (the necessarily suboptimal)
estimators for large scale systems is almost entirely determined by the size of the available
machine and how the computer resources are used.

The state estimation procedure, as we described in the previous section, when applied to
large scale systems, faces the serious problems of exponentially increasing (in the number
of states) storage memory and computational operations which remain outside the bounds
of engineering practicality despite the ever increasing performance of current computers.

For instance, consider a system described by a stochastic term ¢t with n binary deci-
sions (say ¢i,¢2,...,¢n). This system may have up to 2" states. The joint probability
distribution defined by this stochastic term %, p(¢1,42,...,qn), must be encoded in the
computer. The explicit storage of the joint probability distribution would require, in this
particular case, a table with 2" entries. The storage of this information as a stochastic

term would need more machine memory (up to 2"*! — 2 entries) but has the advantage
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of explicitly providing some marginal probabilities. For example, computing the marginal
probability p(g;) from the joint probability would require summing p(qi, g2, .., ¢x ) over all
the 277! combinations of the remaining n — 1 decisions, while in the stochastic term form,
this probability is readily provided when decision ¢; is at the root of the stochastic term
t. The severity of these constraints upon the storage requirement worsens at each step
of the estimation algorithm, as the probabilities of the observation process, conditioned
upon every state of the system, must be encoded into the storage structure. This requires
up to 2" additional memory entries.

From the computational point of view, updating the a priori probabilities p(z;) at a
given step of the estimation procedure after an observation y is recorded, is computing
the a posteriori conditional probabilities p(z; | y), which involves dividing two marginal
probabilities, each resulting from summation over an exponentially large number (in terms
of the number of decisions) of combinations of decisions.

These requirements dictate a scheme in which the probability distributions are approxi-
mated by the use of simplifying assumptions, such as statistical independence. The next
section approaches the state estimation problem from the stochastic decision theory point
of view. In this context, a decomposition scheme is devised to reduce the storage problem

and the computational explosion experienced with large scale systems.
7.3 THE STOCHASTIC DECISION THEORY APPROACH

7.3.1 The Insight of Stochastic Decision Theory

This estimation problem can be approached from the stochastic decision theory point
of view by exploiting the structure of the stochastic term which describes the system. The

estimation procedure can then be interpreted in terms of stochastic term manipulations.
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To accomplish this, the observation process is incorporated into the stochastic term de-
scribing the system. This is done by the introduction, at each step of the estimation
procedure and for each observation, of an additional decision, the observation decision,
which depicts the observation conditional probabilities. This decision, which has a single
branch, is appended to each leaf of the stochastic term describing the system before this
observation is processed, with the corresponding conditional probabilities. The following

theorem proves the above conjecture.

Theorem 17 The recursive static state estimator is equivalent to transposing, to the root,
the observation decision in the stochastic term which describes the system and its obser-

vation process before the current observation is recorded and to which this decision is

appended.

Proof:

The complete proof is given in Appendix E.1 on Page 190. O

Note that if the observations are perfectly received, the retrieval properties as intro-
duced in Chapter 4 (see also [15]) can be used to generate an estimate of the state of the

system. The above results are best illustrated by an example.

7.3.2 An Example

Consider a static system whose state is one value from a set X = {z1,22,23,24} of
possible states. Suppose that the a priori knowledge about the state of the system is given
by the stochastic term depicted in Figure 7.1 featuring three decisions ¢, g2, and ¢3. This

stochastic term makes available to us the a priori probability density functions of the four
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states:

p(zy) = 9x.4 = .36
p(ze) = 9x.6 = .54
p(zs) = .1x.2 = .02
p(zs) = .1x.8 = .08

Suppose that the three decisions in the stochastic term of Figure 7.1 are observed.
Each observation is associated with a particular decision ¢; and selects an element from its
codomain set codom(g¢;). Suppose that a first observation, y;, which monitors the decision
g2 of the stochastic term, is received, with y; being the selection of the branch labeled

a1, (i.e., y1 = az1). Suppose that we are given the following conditional probability

densities: )
p(yilz1) = 0.6
p(yrlze) = 03
p(yles) = 07
plylze) = 0.2.
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Given this, we can compute the a posteriori probability of the actual state being one
of the four system states, given this observation and the a priori information,

p(zr|y) = Py [21) X p(21) = .53

> p(n | @) x p(z)
=1

1 T X T
p(mglyl) _ P(J1| 2) X p(z2) — 40

>_p(n | 2:) x p(z:)

) Z X T
])(-’UB | yl) — ! (?/1 I 3) p( 3) = .03

Zp(yx | ) X p(2:)

p(-734|y1) - p(yl I]}4)X])(IL‘4) = .04.

> p(n | e) x p(z)
=1

This estimation procedure can be interpreted in terms of a transposition manipulation
performed on the original stochastic term. The stochastic term is first augmented with
the “observation decision”, by appending to each leaf z; a decision Y consisting of a single
branch labeled y; with the probability p(y;, | z;). Figure 7.2 represents the augmented

stochastic term of the example after observation y; has been received.

The transposition manipulation ([SD.4]) can be applied to move the observation de-
cision Y to the top of the stochastic term. Figure 7.3 illustrates the manipulation. This
produces the updated version of the stochastic term given in Figure 7.4. This updated
version is obtained by omitting the observation decision and keeping the stochastic term

probability distribution conditioned upon this observation. This stochastic term tells us

that




Figure 7.2: The Augmented Stochastic Decision Tree.

( p(z1|y) = .93x .57 = .53
p(za]y) = 93x.43 = .40
p(ea|y) = 07x.49 = .03
plza| ) = 07x.51 = .04.

These results agree with the ones obtained by direct computation. These a posterior:
conditional probability density functions are the estimates of the system states based

upon the observation y;. These will become the a priori conditional probability density

of the states for the next stage of the estimation process, when a second observation is
received. This means that the stochastic term of Figure 7.4 will be used for the next stage
transposition manipulation.

Suppose now that the observations are perfectly received and that definite arguments

are recorded for the decisions. In this case, the retrieval procedure provides the estimate of




Figure 7.3: The Augmented Decision Tree after the Estimation Procedure.

Figure 7.4: The Updated Stochastic Decision Tree of the Example.
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the system state. Referring to Figure 7.1, suppose that our observation y;, which selects
the branch a;2 of decision gy, was recorded with certainty. Let C be the conjunction
q1<7>a12, which means that branch a;s is selected for decision ¢;. Two queries, @; and

Q, (see Chapter 4 or [15]), can be conditioned upon this conjunction. They are

Q1 = p(@<?>an|a<™a;)

Q = p(@<™>an|a<>a2).
The stochastic term of Figure 7.1 already has the required form described in Chapter 4
(also in [15]) for these two queries, and therefore no manipulation is needed. This stochas-
tic term tells us that both @; and @, can be retrieved in that stochastic term and that

their retrievals are

©
I

P(Q2<?>a21 | q1<?>a12) = .20

O
L&)
li

p(q2<?>a22]q1<?>a12) = .80.

Thus, the a posteriori probability density functions of the system states are

p(z1|y) = .00
p(z2|y) = .00
p(zs|p) = 20
\ p(za| 1) = .80.

7.4 A CLUSTER DECOMPOSITION SCHEME

In this section, a cluster decomposition scheme for stochastic terms is proposed. The
motivation behind this decomposition stems from the difficulties of storage and compu-
tation explosion encountered with the state estimation problem in large scale systems.
The proposed decomposition scheme relies upon a method which optimally approximates

the joint probability distribution in a given stochastic term by another joint probability



distribution which can be represented via a set of smaller (in size) stochastic terms. These
smaller stochastic terms optimally approximate the information contained in the original
stochastic term and the independence/dependence classes of this term. This stochastic
term cluster decomposition then allows the state estimation problem to be reduced into
a set of smaller sub—problems, reducing the storage and computation required for a large

scale system.

7.4.1 Objective

As werecall in Chapter 6, we are motivated from the fact that most realistic problems
exhibit the property of sparse dependence, meaning that in a given stochastic term, most
decisions are mutually statistically independent from one another. The decomposition we
propose in this chapter exploits this property. Ideally, one would like to replace a given
stochastic term t whose decisions belong to a set S by a set of equivalent stochastic terms
t;, each of which has decisions belonging to a set 5;, with the 5;’s forming a partition of

the set S. This partition {S;} is further required to have the following properties:

(i) The decisions in .S; are statistically dependent upon one another.

(i1) Every decision in S; is statistically independent from any other decision in §;, Vj # <.

Such a decomposition is, unfortunately, not always possible because the relation “is de-
pendent upon” is not an equivalence relation. This relation is only symmetric and it may
be considered reflexive. One can, however, artificially make this relation an equivalence
relation by enclosing into the dependence classes the decisions which fail transitivity. The
price for this is that, in a given cluster, not all the decisions are dependent upon one
another. The important point of pairwise independence between clusters, however, still

holds after this operation.
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Making the relation “is dependent upon” reflexive is a matter of choice. In chapter 6,
the relation “is independent of 7 was considered reflexive for convenience. Considering the
relation “is dependent upon” reflexive will not contradict this in any way. It remains to
make it transitive. This is done by completing the classes for which transitivity did not
work. Formally, this is done as follows:

Call the binary relation “is dependent upon” R and consider the binary relation Rq defined
on the set S of decisions by
a1Rqz, or
@1 Rog2 <= § 3 a sequence of decisions in S, {qasqby---+qn},
such that 1 R¢s, G Rab,--- R a2,

for any ¢1,92 € S.
Lemma 18 The binary relation Ro is an equivalence relation.

Proof:

The complete proof is given in Appendix E.2 on Page 191. o

As the relation Rg is an equivalence relation on the set of decisions S, its equivalence
classes define a unique partition on this set. This partition precisely determines the

desired cluster decomposition.

7.4.2 Probabilistic Entailment

As cluster decomposition is based upon statistical independence, one needs to first
complete the stochastic term at hand in order to uncover all ‘the dependence/independence
inter-relationships between the decisions of the term. In Chapter 5, we introduced an
optimal way of completing stochastic terms in the context of the maximum entropy prin-

ciple. In terms of the decomposition we are seeking, this completion means that the least
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additional information have been assumed and that this decomposition is optimally ap-
proximative of the original stochastic term. From now on, we assume that the stochastic

term at hand is completed (full).

7.4.3 Statistical Dependence

The algorithm described in Chapter 6 generates simultaneously all the independence
and dependence classes in a full stochastic term. Let D be the set of all dependent classes
of decisions in a given stochastic term ¢. In Subsection 7.4.1 the binary relation Ro
which we defined from the binary relation R, “is dependent upon”, was proven to be an
equivalence relation. The equivalence classes of this relation form a partition of the set
of decisions S; call this partition set P. Let Dy be the set obtained from the set D by
repeatedly fusing together all the non-disjoint elements of the set D. The set Dy can be

formally described as follows:

X €D, or
X €Dj =
X =UL,X;, with X; € D, and Vt, 35 | Xin X; # 0.
Clearly, the set Dy defines a partition on the set of decisions in §. The following lemma

claims the following:
Lemma 19 P = Dy.

Proof:

The proof is given in Appendix E.2 on Page 192. ]

Lemma 19 provides a method for determining the partition defined by the binary
relation R, simply fuse repeatedly together all the non—disjoint dependent classes of the
set D. This determines the desired partition of the decisions of the stochastic term .

In view of this partition, the stochastic term ¢ is manipulated, by transposition, into the
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equivalent stochastic term ¢’ for which decisions of the same partition are gathered together
to form a subterm. The decomposition we wish to have will substitute for the stochastic
term ¢ the subterms taken independently from one another. This is, unfortunately, not
possible because the conditional probabilities of these subterms may vary from instance to
instance in the original stochastic term. Such decomposition is only possible when these
partitioning sets are all singleton sets, meaning that all the decisions in ¢ are mutually
statistically independent. In realistic problems, though, this is very unlikely to happen;
when it does, a decomposition into the prior probabilities is possible. This case is, however,
un—interesting from the stochastic decision theory point of view as this theory is mainly
devised to deal with complex dependencies. To illustrate these points, let’s take the
example of a stochastic term ¢ in n decisions and suppose that its set Dy contains two
classes: D; containing n; decisions and D, containing n, decisions (n = ny + ng). If
D¢ = {D1, D;}, then there exists a stochastic term, t', equivalent to the stochastic term

t such that

' = Wy [a11/p11 > Wa : [a21/phy > 211, -+, G2ny [Phny > Tiny) 5 -
ey Qg [P1ny > Wat [agl/pgi S Tyt Gony [Pog, > iEnlm” ;
with W; consisting of only the n; decisions of D;, and W; consisting of only the nj
decisions of D,. Contrary to one’s expectation, the W,’s may carry different conditional
probabilities. Examples of when this occurs can be easily constructed (see for instance
the example of the stochastic term ¢ of Figure 7.5 on Page 142). This is certainly a major
inconvenience to cluster decomposition. This difficulty can be avoided if one approximates
the conditional probabilities of the subterm W; by its prior probabilities. In other words,

we assume that

péingi, Vi=1,...,np and Vj=1,...,nq,




where the p,,’s are the probability obtained for the subterm W, when it is transposed
to the root of the stochastic term #'. The stochastic term ¢t can then be decomposed

(approximately) into two stochastic term ¢; and #; such that

t1 = Wi tla1/p11 > (211U UZing)ye ooy 01ny [P1ng > (Tng1 U e U Znyny )]
and

ty =Wy :laai/pa1 > (211U Uny1)s. o5 G2y /D202 3> (T1ny U+ U Znyny)]

in which the variables have been properly unified.

This raises the important questions of whether or not this approximation is reasonable,
how close it is from the original stochastic term, and whether a better approximation
exists. The following subsection justifies this approximation and shows that, under certain

conditions, it is optimal in the sense of the maximum entropy principle.

7.4.4 The Approximation Method

The problem of approximating a stochastic term by another stochastic term of lower
height reduces to the problem of approximating a discrete joint probability distribution
of a given order by a probability distribution of lower order. This is because a stochastic
term is in fact no other than a convenient tool for writing joint probability distributions
by use of the Chain rule. For example, for the two binary variables z; and z, there are

two ways of writing the joint probability distribution p(z1,z2):

p(z2 | 21)p(z1)

p($1’$2)

)
p(z1,22) p(%2 | z1)p(21)
1)p(%1)

]7(1'_1“”6—2) = ])(fL'_2|CL'_1)]7(.T_1‘),

p(T1,22) = plaz |




or

p(x1,22) = pley | 22)p(ee)
p(T1,22) = p(a1 ]| 22)p(22)

p(z1 | @2)p(22)

p(‘rlv :17_2)

p(21,%2) = p(a1 | F2)p(T2).
The first set of equations corresponds to the stochastic term ¢;, with
t1 = z1: [21/p(21) > 2t [22/p(22 | 21) > O, 82/p(22 | 21) > O,
£1/p(F1) > a2 : [z2/p(22 | £1) > Q,22/p(<2 | £1) > QY]

while the second set of equations corresponds to the stochastic term t;, with

ty = xg 2 [w2/p(22) > 21 ¢ [21/p(z1 | 22) > Q, 21 /p(21 | z2) > Q]
Eo/p(F2) > =1t [21/p(21 | 22) > Q,81/p(a1 | 22) > Q).
Noté that ¢; and ¢, are transposition equivalent.

The problem of approximating a joint probability distribution of a given order by a
probability distribution which is a function of some of its lower order distributions has
been addressed by many authors [8,14,31,41,44]. The work of Hartmanis in [31] was
motivated by storage problems from information and coding theory. Hartmanis defined,
for a given probability distribution, the set of probability distributions of higher order
which are consistent with this distribution and which he called eztensions of the original
distribution. For a given probability distribution, there are infinitely many extensions.
This definition is closely related to the concepts of marginal probability distributions and
lower order probability distributions. Given a set of variables X = {z1,z2,...,2n} &
probability distribution p on X, a probability distribution p, on a subset X,, of X is
said to be a marginal probability distribution of p if p,, results from p when the
latter is properly summed [56]. A probability distribution p; is said to be a lower order

probability distribution if it involves only variables from a proper subset X; of X.




Clearly, every marginal probability distribution of a given probability distribution is also
a lower order distribution of that given distribution, but the converse is not true, in
general. An equivalent definition to that used by Hartmanis [31] for extensions, but

without assuming ergodicity, is

Definition 43 Given a set of variables X = {z1,z2,...,ZN} and a probability distri-
bution p on X, then a probability distribution p. on a subset X. of X is said to be an

extension of the probability distribution p if p. is a marginal probability distribution of p.

There is a simple method, inspired from stochastic decision theory, for constructing
extensions of lower order distributions. Given a lower order distribution, an extension can
be obtained by appending to the leaves of the stochastic term corresponding to the given
lower distribution the desired subterm whose conditional probabilities sum to 1.

In [44], Lewis argued that if this approximation is to alleviate the storage problem, we
should limit ourselves to approximations which use only component distributions that are
particularly important in characterizing the distribution to be approximated. However,
the problem of picking up the most influential components in a distribution is ill-posed
as no definite meaning for the word “influential” can be made. It all depends on how
much information one is willing to throw away (from the original distribution) to solve a
particular problem. For that reason, a measure of the quality of the approximation and
thus a selection criterion has to be established. This criterion, based on the concept of
entropy, is an information theoretic measure of how close an approximating probability

distribution is to the actual probability distribution. This measure is defined as follows:

Definition 44 Given an nt* order probability distribution p(z1,22,...,&,) with probabil-

ities p1,P2, - ., Pm, and another nth order probability distribution p'(z1, 2,...,%n) with



probabilities py,ph,...,pl., the quantity
m
Pi
I= E log —
izlpl gp:

is a measure of how close the two distributions are from each other.

This measure can be interpreted as the difference between the information contained p and
that contained in p’ about p. More importantly, it has the following interesting property:
I >0, with I = 0 if and only if the two probability distributions are identical.

Lewis’ formulation of the approximation problem assumes that several of the lower
order distributions are available or known and that the approximating candidate distri-
butions are the common extensions of these lower order distributions. A particularly
tractable solution to this approximation problem is the product approximation. The
product approximation of a given probability distribution, as defined by Lewis [44],
is an approximation to this probability distribution made up of the product of some of
its lower order probability distributions such that the product is a common extension of
these lower order components. Intuitively, this corresponds to the constraint that these
lower order distributions must be picked up from a single Chain rule writing of the higher
order distribution. This approach is certainly not the general case, but it perfectly fits,
as it will later become clear, our objective of stochastic term decomposition. Lewis then

derived the following important result:

Theorem 18 (Lewis’ theorem) Given a probability distribution P and a set of some
of its lower order probability distributions Py, Ps,..., Py such that their product P' =
P, P,--- P, is a product approzimation to P, then the distribution P’, of all the possible

extensions of Py, Py, ..., Py, has mazimum entropy.
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Proof:

The proof, due to Lewis [44], is given in Appendix E.2 on Page 193. O

Theorem 18 is very important as it gives a quite simple way of obtaining the optimal
approximation for a given probability distribution provided that a suitable set of lower
order distributions are available. The optimization is in the sense of maximum entropy
which we adopted in Chapter 5. Lewis then uses the closeness measure of probability dis-
tribution to compare between various product approximations and concludes that better
product approximations are obtained if for two interchangeable components, the compo-
nent with no independence is used. The product approximation’s measure of closeness to
the actual distribution takes a particularly simple form. For instance, if the probability

distribution P’ = PP, --- P,, is an approximation of the distribution P, we have
I = Y plog
i=1 B

= Sopilog—D
im1 CT ppai P

= Y, (pilogp; — pilogpri — pilog pa; — - - — p;log pmi)

= 2T (pilogp; — prilog pi; — pailogpai — -+ — Pmilog pmi)

= H(P)—-(H(P)+H(P)+ -+ H(Pn)).
This means that a measure of closeness of a distribution to its product approximation is
the difference between the entropy of the original distribution and the sum of the entropies
of each of its approximating products.

As we recall in Subsection 7.4.3, a decomposition for stochastic terms was proposed.

Clearly, the probability distribution defined by this decomposition determines a set of
lower order distributions. The product of these lower order distribution is a product

approximation. This product corresponds to the decomposition of a stochastic term into




a set of lower height stochastic terms taken separately. As a result, the decomposition we

proposed is optimal in the sense of the maximum entropy principle.

7.5 THE CLUSTER DECOMPOSITION AND THE STATE

ESTIMATION PROBLEM

This section demonstrates how the cluster decomposition scheme we devised for
stochastic terms can be used to decompose the problem of state estimation into a set

of smaller sub-problems. An illustrative example is also given.

7.5.1 Decomposition of the State estimation Problem

Consider a full stochastic term ¢ with n decisions describing a M-state system. Sup-
pose that, at a given stage an observation y is received along with the conditional probabil-
ities p(y | z;), Vi = 1,2,..., N. In order to update p(z;) to p(a:, |y), Vi=1,2,..., M, the
stochastic term ? is augmented with the observation decision and the state-conditioned
probability. Call this augmented term t'. The application of the cluster decomposition
method to the stochastic term t’ yields a family of stochastic terms {w;, ¢ = 1,2,...,m}
of lower height. The observation decision appears in only one of these subterms, say wj,.
Let {g:;,, j = 1,2,...,7;} be the family of decisions in w;. Recall that for any i, with
i = 1,2,...,m, the decision g;, is statistically independent from %, for any ¢’ # ¢ and
j'=1,2,...,5. The decomposition method assumes that the clusters are approximately

statistically independent. The following development gives the “decomposed” solution of
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the state estimation problem:

p(qllsn'aqu]a'"7qi01""7qi0(k—1)’y7(ﬁo(k+l)1"‘1qi0j,07'"7(J7n1,"'7q'mjm)

Plaity o @iy ) P(Qig1s -+ + > Qig(k=1) s Us Dig(k41) s+ + - » Tiogig ) " * " P(Gmls- -+ » Gmjim )-

As a result, the posteriori probability

p(Qllv" o Q1Gpa e s Bigls e s o s Qig(k=1)s Tig(k+1)s -+ -9 Qivjigr+++ 2 Gmls o+ s Gmjp ’ y)

])((]11’---a(hj],--w(h'ola---ino(k—1)7y7Qio(k+1)7---aqiojioa---a(Imla---vajm)
»(y)

P(QII, sees 14y ) T 'p(qiolv seos Qi (k=1)> Yo Tig(k41) -+ - » Tio iy ) ot 'p(lea s 7qmjm)
p(y)

p(qllv e ,(11j1) . 'p(qiola ey Qio(k—l)7Qio(k+l)’ v 7qioj.'o l y) o 'p(qml’ oo ,Qmj,,.)-
From above, the procedure of state estimation reduces to locally updating the subterm
containing the observation decision and then taking the product of the corresponding

probabilities for the update. The next subsection illustrates the procedure by an example.

7.5.2 An Example

Consider the stochastic term ¢ of Figure 7.5 already augmented with the observation
decision . The technique we described in Chapter 6 can be used to uncover all the

independence and dependent classes. The following results are obtained:

1. The decisions ¢2 and Y are statistically dependent.
2. The decisions ¢q; and g, are mutually statistically independent.

3. The decisions q; and Y are mutually statistically independent.
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Figure 7.5: The Already Augmented Stochastic Term.

The cluster decomposition of ¢ leads, in view of these independence/dependence classes, to
two stochastic terms, t; and t,, depicted in Figure 7.6. How close this decomposition is to
the original stochastic term is given by the measure of closeness of the two corresponding

probability distributions. In this case this measure is

I = H@#)-H(t) - H(ty) = 0.18.

This corresponds to an absolute error (I/H(t)) of less than 10%.
Transposing the observation decision, only in the term where it appears (2), leads to

the stochastic terms of Figure 7.7 which gives that

p<?>a11,@<?>a |y) = p(@<T>axn | y)p(<?>an) = 0.22
pa<?>a11,q2<?>a2 ly) = p(g2<?>an | yr(a<?>an) = 0.28
p(<T>a12,2<?>0a21 | y) = p(@<>an | y)p(a<t>az) = 0.22
p<?>a12,2<?>a2 | y) = p(@<T>axn|yp(a<?>a2) = 0.28.
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Figure 7.6: The Terms of the Cluster Decomposition.

These approximate updates are to be compared with the exact solutions which are ob-
tained by transposing, in the stochastic term of Figure 7.5, the observation decision } to

the top. They are

pla<?>a1,@<™>ay |y) = 0.125
p(<?>a11,¢2<?>az |y) = 0.375
p(<?>a12,q2<?>a9 | y) = 0.3125
p(i<T>a12,02<?>az |y) = 0.1875.

7.6 CONCLUDING REMARKS

This chapter has approached the state estimation problem from the stochastic decision
theory point of view. This approach not only visualizes the state estimation procedure
as stochastic term manipulations, but also allows a cluster decomposition scheme to be

devised, reducing the state estimation problem into a set of smaller problems.




Figure 7.7: The Cluster Decomposition Terms After the Estimation Procedure.




CHAPTER 8

CONCLUSIONS AND FUTURE DIRECTIONS

This dissertation has introduced a new framework for uncertain knowledge representa-
tion in the context of stochastic decision theory. The major advantage this representation
offers is the manipulation capability which is lacking in alternate representation tools such
as belief networks. The manipulation rules, which are inspired from those introduced by
Cockett for discrete decision theory, are sound and complete, and thus result in a consistent
theory.

The terms of stochastic decision theory (stochastic terms) incorporate the probabilistic
information into the representing structure. The manipulation rules then not only deal
with the structure of the term but also with the probabilistic data, in conformance with
the laws of probability theory. This important feature has directed the dissertation to-
wards familiar problems in control systems theory which involve probability, such as state
estimation. In this direction, a state estimation problem was re—cast from the stochastic
decision theory point of view, aiming at resolving some of the obstacles encountered in
large scale systems. The investigation not only introduces a new interpretation of state
estimation in terms of stochastic term manipulations, but also allows, in the context of
stochastic decision theory, a decomposition of a state estimation problem into a set of
smaller sub—problems, alleviating difficulties in large scale system.

The cluster decomposition scheme devised for stochastic terms used very useful con-
cepts that led to the solution of some known problems in uncertain knowledge representa-

tion such as the entailment problem and the detection of statistical independence (depen-




dence). A simple algorithm is given which solves the problem of probabilistic entailment
in stochastic decision theory according to the maximum entropy principle. Another al-
gorithm is outlined, which, for a given stochastic term, simultaneously uncovers all the
independence and dependence classes. All these results are used to construct, optimally,
a cluster decomposition scheme for stochastic terms.

Stochastic decision theory may be applied in a wide variety of disciplines. An obvi-
ous area of application is the representation of uncertain knowledge for knowledge-based
systems. In this area, the new capabilities provided by this theory for manipulating the
stochastic term structure, retrieving information from it, and updating it, provide signif-
icant improvements over the current state of the art. Real-time system applications are
an attractive test for the cluster decomposition method.

The problems addressed in this dissertation suggests some areas for future research.

These are

1. Stochastic decision theory with many identities: Chapter 4 is restricted to stochastic
decision theories with a single identity. It is important to investigate the behavior of
these theories in the presence of several identities. This can lead to a decomposition

method for stochastic terms similar to the one of Chapter 7.

2. Combined random experiment modeling: Stochastic decision theory can be intro-
duced via a purely probabilistic setting. Stochastic terms can be viewed as a random
experiment which consists of a set of sequentially performed and interdependent
random experiments. In this setting, it is important to investigate whether the

completeness results established in Chapter 4 can be derived.

3. Conditional independence/dependence: The algorithm we described in Chapter 6 si-

multaneously detects all the independence and dependence classes in a given stochas-
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tic term. This algorithm can theoretically be used to uncover conditional inde-
pendence/dependence as well. However, the complexity grows exponentially with
the number of the stochastic term decisions which makes the problem untractable.
An efficient algorithm is needed for the detection of all the conditional indepen-
dence/dependence relationships. A criterion for best representation can be devised,

accordingly, and an optimal representation for stochastic terms can be obtained.

. State estimation in dynamic systems and its decomposition: The state estimation
problem addressed in Chapter 7 deals with finite state static systems. Dynamic
systems can be similarly treated in the same context, provided that the dynamics of
the system states are incorporated into the stochastic term describing the structure.
This can be done by viewing these dynamics as an additional decision, the dynamics
decision, and appending it to the system’s stochastic term after each step of the

estimation procedure.

. Knowledge acquisition in expert systems: Stochastic decision theory not only pro-
vides a convenient and flexible representation tool for expert system knowledge bases,
but also offers a good potential in solving open problems in the expert system area.
The problem of knowledge acquisition, because of its statistical nature, may be
approached from the stochastic decision theory point of view. The manipulation ca-

pability of the theory may be the key for extracting, from the examples, stochastic

terms that better represent expert system knowledge.
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APPENDIX A

APPENDIX TO CHAPTER 3

A.1 APPENDIX TO SECTION 3.3

A.1.1 Proof of Theorem 4 on Page 59

The proof consists of the following cyclic implications (i) = (i) = (412) => (7).
( (1) = (i1) )
Obvious by definition.
Obvious.
( (i2t) = (4) )
We need to show that if, for a given ordering ly,!;,...,l, of these n events, we have
p(Ay, Ay) = p(Ay)p(AL)

p(A11 ’ Al2 ’ Als) = p(All )p(Al2)p(A13)

(AL, A, Atyy - A) = p(An)p(AL)p(4AL) -+ p(Ar,),

then, for all distinct indices 4,7,...,k < n, we have that

p(Ai, Ajyoo oy Ar) = p(A)p(4;) - p(Ak).




Clearly,

])(A,',A]',...,Ak) = ZZ ])(All,Alw---»Aln)
[ —
non-matching indices

= >y p(Ay)p(As,) -+ p(AL,)
N —’
non—-matching indices

p(A:)p(A4;) -+ p(Ak)-




APPENDIX B

APPENDIX TO CHAPTER 4

B.1 APPENDIX TO SECTION 4.2

B.1.1 Proof of Lemma 6 on Page 70

If the pullback exists, then it is a direct consequence of the factorization that the

pullback must be a measure-preserving monic. It suffices thus to show that the pullback

exists. A measure-preserving monic is determined by the image of the T of the sub~

description space. Using the boolean map of the description map over which the pullback

is being formed, allows this T to be carried into the domain of the description map. This

gives a hereditary sub-object of the domain of this description map. It is easy to check

that this indeed gives a pullback of description spaces.

B.1.2 Proof of Lemima 7 on Page 71

We shall show that C has finite coproducts. Let X; = (By,m;) and X, = (B2, m3)

be objects of the category C, then define X; & X5 to be (B; ® Bz, m; @ ms), where

(my @ mq) (B1,Bz) = my(By) + mao(B2).

It is easy to see that

b Xy
By
by 1 Xo
B,

—_

—

X180 X,
(Bl’l)v and

X1 0 X2

(-L’B2)




are measure—preserving monics on X; and X, respectively. The hereditary subobjects
are generated by, respectively, (T, L) and (L, T).

Suppose that, for an arbitrary object Xo = (Bg,mo), f : X1 — Xoand g: X7 — Xo
are description space maps, then we have the boolean algebra maps f* : By — B
and ¢* : Bo — B, which give a unique map to the product boolean algebras, namely
< f*,g* >: By — B1®B,. The map we require is the description map which corresponds
to this, which is simply the join of the original maps in Bo. Thus, the fact that it is a
coproduct follows from the fact that it is a product in boolean algebras, as does the fact
that they are disjoint. Furthermore, the map does not increase measure as the measure

of a joint image is bounded by the sum of the measures of the individual images.

B.2 APPENDIX TO SECTION 4.3

B.2.1 Proof of Lemma 8 on Page 72

Given a decision

qg: 85 — Se6Se---95S5,

if r : R — S is a measure—preserving monic on the subobject R of S, then the right-hand
square of the following diagram is a pullback of the map r and codiagonal map Vg of the

object S.
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Tr(q) = i(5)

s g S@---BS Vs 5
T rd---Pr r
R R&---@R . R

T

Tr(q|r) = i(R)

The object R, with maps r.¢ and i(R), is a candidate pullback for the right square and
thus has a comparison map to R @ --- @ R. This map has been denoted ¢ | 7. However,
the outer square is clearly a pullback. Thus, the leftmost square must be a pullback.

Furthermore, ¢ | r is a decision as (¢ | 7).V g is the identity.

B.2.2 Proof of Theorem 6 on Page 77

Using [SD.2] for each variable with zero probability and substituting, at each occur-

rence the “ _ ”by z;, we obtain

q:la1/0> 21,...,ai/1 > Tiy. ., 0 /0> 2]
—

q:[a1/0> ziy.. . 0 /1> Ty am 05> )
=

Ti,

where the last step uses [SD.1].




B.2.3 Proof of Theorem 7 on Page 78

1) The proof is by induction on the height of these composite terms. The height of
a composite term is defined as the number of decisions in the longest path in the term. If
the height of w is 1, then w is a primitive decision and the result holds by [{SD.1]. Suppose
that the result hold for any stochastic term of height less than or equal ton — 1. If w is

a stochastic term of height n, then there exists a decision g € §) such that

w:[xl/Pl > z,--‘ya:m/pm >>$]

g:lar/ry > wy [z /pin > 2,21/ Pim > T,
e U [T > Wi 2 [@1 [ Pm1 D Ty T /P > 2]
where the w;’s are stochastic terms of height at most n — 1. For these stochastic terms,

idempotence is assumed to hold, and when applied to each w; yields
w [xl/pl > z»---’$m/pm > .’E] = q: [a'l/rl > x,---’am/rm > 17] = T,

where the last implication is due to [SD.1], as ¢ is a primitive decision. Thus, idempotence
holds for stochastic terms as well.

2) Again by induction on the height of the stochastic term w. If the height of w is 1, then
w is a primitive decision and the result holds by [SD.2]. Suppose that the result hold
for any stochastic term of height less than or equal to n — 1. If w is a stochastic term of

height 7, then there exists a decision ¢ € ) such that

w [xl/Pl >>t17"-7xi/0>>ti""7zm/pm >>t’m]

g :lay/r > wy:[z11/pin >ty 21/ P10 tiy oo Tm/Pim S tim] e

ceey am/7'm > Wy o [wl/]’ml > tmla-'-a"’:i/pmi > tmia-'-axm/pmm > tmm]]a




where the w;’s are stochastic terms of height at most n — 1 exactly one of which (say w;,)
must have a subtree #;,; = t; and p;,; = 0. Use the hypothesized indifference to replace,

in w;,, ti,; (which is in fact ¢;) by “ _”. Reversing the above operations leads to

w:lz1/pr >t T /0> TP D ],

which is the desired result.

3) Again by induction on the height of the stochastic term w. If the height of w is 1, then
w is a primitive decision and the result holds by [SD.3]. Suppose that the result hold
for any stochastic term of height less than or equal to n — 1. If w is a stochastic term of

height n, then there exists a decision ¢ € () such that

w [331/1’1 >>t1,---’zi/Pi >>ti»---7xm/17m >>t'rn]

q:lar/r > wr i [z1a/pin >ty /P D s T [ Pim D tm ]
ca @[T > wi s [T /i Dty Tii [Pii D by Tim [Dim > tm] ..
ey G [T > Wi @1 [Pm1 D 1y e s i [ Pmi D by Tmm [ Pmm D )],
where the w;’s are stochastic terms of height at most n — 1. Use the repetition rule [SD.3]
for the primitive decision ¢ to repeat that decision at every one of its leaves to obtain that

the previous expression is equivalent to

q:la1/r1> q:la1/1> wr:[z11/p11 >ty 21/ P D i,

e T [ P1m D tm] s 5@ /0> i an /0> ], ...

vy @[T > g [ar /0> o0/ > wis [z /P > ...
e T [Pi D iy Tim [Pim D tm] s am /0> ],

ey [T > i [ar /0> 6 /0> a1 Wyt [T/ Pmr > 1,

e ,l'mz'/])mz' > tz’,- .. ,mmm/pmm > t’m]]] .




We then use the transposition manipulation [SD.4], for composite terms, provided that it
holds, which will be shown next, to put each of the composite term w;’s above the decision ¢
and then use the certainty manipulation [SD.5], for terms, to remove the decision ¢ except

at the 5t" leaf of every w;, and obtain that the previous expression is equivalent (along the

left—to-right way only) to

q1[“1/"‘1>>w11[xn/Pn>>t1,---,w1i/p1i>>q:[a1/1>>t1-,...,a,~/0>> —
s /0> ], T [Pim D by wi [T /pa >,
vz /P > g [a /0> L@/l >t an /0> ],
e s Tim [ Pim S b e s O [T D> Wiy [T/ Pm1 > 1,
ey T [Pmi > g [ /0> — 60> ..
@ [1> ] T Pmm > tm]] -
We now use the hypothetized repetition to repeat each one of the w;’s at its ith leaf to

obtain that the previous expression is in turn equivalent to

q:lar/r1 > wi i [z/pin >ty /o > w2 /0> ..
ozl g la /1>ty 0 /0> e /0> J], T /0> .
s T [ Pim D ]y aifTi > wi s [ /pa Dt
TP > wi (2 /0> e/ g [a/0> e /1>,
et /0> ), i /0> ], i [ Dim D tms ],

ey G [T > Wi ¢ [Tmd [Pma > Uy oo T [ Pmi > W [Tm1 /0> — ...

ey i /1> g [ar/0> — /0> L an /1> ],

s Zmm /0> — ], Zmm/ Pmm > )]

Composing back ¢ and the w;’s, the previous expression is identified to
p g q p p

w2 pr >ty i/pi > w2 /0> b,z /1>

...,zm/O > tm],---al'm/])m > tm]
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This proves the left-to-right implication of [SD.3]. The right-to-left implication is obvi-
ous if we use [SD.2] in which we let — = t; and then apply [SD.1].

4) The proof is a double induction on the height of two stochastic term w; and wy. If
both of these terms have a height of 1, the transposition manipulation [SD.4] provides
the result. We first need to show that any stochastic term, wq, of an arbitrary height, n,
can be transposed with any stochastic term wy of height 1 (primitive term). This proof is
again by induction on the height of the stochastic terms w;. Suppose that the result hold
for any stochastic term of height less than or equal to » — 1. Suppose now that w; has

height n. Then, given w;, there exists a decision ¢ € @ such that

wy : [z1/p1 > wo i (21 /P11 > t1ye oy Timy/Pimg > tima) s - -

ey Timy /pm1 > wy: [xll/Pmll > tm;la"' 3x1m2/pm1m2 > tm;’mz]]

q :lar/p} > wir i [@1/s11 > wa [T /P11 > t1s- -« s T1my [ Pima) s - -
"‘73:7711/31771,1 > wsy L [1:11/])17111 > tm117"'7x1m2/pm1m2 > tmlmz]]a"'
s Uy [Py > Wimy ¢ [T1/Smy1 > we [11/p11 > tin,- s Timy [ P1my > timy ) -

. '7$m1/8mlml >> w2 . [:L'll/pmll >> tm;lv .. amlm2/pm1m2 >> tmlmz]]] k)

where the w;;’s have a height of at most n — 1 and
my
Z])}s]-k = p for k=1,...,my.
i=1

Now, for each j = 1,...,my, transposing wy; and wy, the previous expression is equivalent
to
q: [aa/p) > wa: [T11/uar > wr : [2/vf > t1s- o Tmg [Vmy > tmg1] e
ey Timy [ Uimy > W11 ¢ [T/ V), > timgs- - 1 Tmy [Vymy > tmyma)] e
e Oy [Pl > W [$11/Um11 > Wi, ¢ [zl/vﬁl > 1y s Tmy [V, tmll] yen

ey Z1my [ Umymy D Wimg © [xl/vzél > Hmgse - Tmy [ Umimy > tmlmz]H ,
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with

mq
wki = SkiPji
J=1
v _ SkiDPji
vij = —
Uk

wherei=1,...,mq, and j,k=1,...,m.

Using [SD.4] to transpose ¢ and wy,the previous expression is in turn equivalent to

Wy : [.’L‘ll/?‘l >q: [al/lll > Wyt [zl/vh > tll,"'v'zTn]/v%ml > tmll] ’
Ay [Ty > Wi, [?Cl/vﬁl > tll,...,xml/v;”"l” > tmll]] ,
~9331m2/7’m2 > q: [al/lmzl 2> wiy [a:l/vvlngl > tlmw""xml/v}ngml > tmwnz] yeoe

. 7am1/lm2m1 > Wim,g ¢ [wl/v:nnél > tlmz)'-wxml/vm;ml > tmlmQH] )

with m
1
— Lo,
o= ) phug
=1
1o
L - Pii
iy - )
T

wherei=1,...,mg, and j=1,...,mg.

Grouping ¢ and the wi;’s back together, the previous expression is in fact no other

than
wy : [T11/71 3> wr i [21/m11 >ty Ty [Timg D tmg1]s - - -
1+ [xl/rmgl > tlmgv--vxml/rmgml > tmlmz]]’
with
mi
]J U sk-p~ P PiiP;
ri; = Zlik'l’fj Z( D Uki J.ﬂ) _ ( ]t> Zkak] = _J;_.J.’
k=1 k=1 ki 1
and

mi mi mi my1 mi mi
= ZPQW = Z{Pg X [Zsjkpki}} = ZZPQ%’}:PM = Zpkpki,
j=1 k=1 k=1

i=1 j=1lk=1
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where 1 = 1,...,mq, and j =1,...,my. This is the desired result. The induction must
be completed by allowing the composite term wy to have an arbitrary height. This can

be easily done following the same procedures.

B.2.4 Proof of Corollary 1 on Page 79

(=)

Using the certainty manipulation [SD.5] for the sub-term rooted at w, we obtain that

q:lar/m >t ai/pi>wiz/r1 > Xy,
v zifry > g ar/0> e /1> X an /0> t],
e s T[T > Xnl ooy @ [Pm >t
—
q:lar/p1 >ty ,ai/pi > w i [z/r1 > Xy, .25 /r > X,
cesZn [T > Xul ooy @m/Pm > tm)
(=)
Using the repetition manipulation [SD.3], the decision ¢ is repeated at its ith argument

to obtain that

q:la/pr >ty ai/pi > w iz /> X,z > X,
cesZa T > Xul sy am/Pm >t
<~
g:lar/p1>t1,..,ai/pi > q:[a1/0> t,...,a; /1> w:z/r1 > Xy, ...

ey @i [T > Xy s @ [T > Xl s @ [0 B ]y G [P > ]

Using the indifference manipulation [SD.3], for composite terms, the composite decision




w is duplicated at the remaining leaves of the repeated decision g. We thus obtain that
q:lar/pr >t a /v g @ /0> 4, a4 /1> w [z /re > Xy,
@1 Xy x> Xl an [0S tr] L am [P > ]
E—
q:lar/pr >ty /pi > g la/0> w2 /r > Xa, .25/ > X,
e T T > X0, @ /1> wei ey /T > Xy, x> X,
e[t > Xn] am /0> wi [z /Ty > X, 25/ > X,

e [T > Xl @ [P > ]

We now use the transposition manipulation [SD.4], for composite terms, to move the
composite term w right above the repeated decision ¢ to obtain that
g:la1/pr >ty ,aifpi > q:lar /0> w: [z /r > X1, 25/ > X5,
v T[T > Xn], e /1> w [z /r > Xy, 5/ > X,
s T T > Xn] st /0> w2 /T > Xy, 25/ > X,
s [T > Xul), o G /P >t
==
g:lar/p1 > t1,...,ai/pi> wile/r1 > ¢ [a1 /0> Xq,...,a/1 > Xy,...
ey @ 0> Xq),o x5/ > g [ /0> X, e /1> X,
v [0 XG], . xnfre > g [a1 /0> Xp, a0 /1> Xy,
ces @ 0> X0l am/Pm > )
-
q:lay/p1 > t,..ai/pi>w [z /r1 > Xy, ..
v @i > g la /0> by, 0 /1> X am /0> ],

ces T[T > X0, s am /P > ],

where the last transformation is due to either idempotence ([SD.1]) or certainty ([SD.5])

for composite terms.




B.3 APPENDIX TO SECTION 4.4

B.3.1 Proof of Theorem 8 on Page 82

1) If ¢’ is obtained from ¢ by [SD.1], then ¢ can be written as
t = q:laa/pr >, an/pa > 1]

If ¢’ is a variable, then by definition X is consistent with t'. If ¢’ is not a variable, the fact
that X is consistent with t implies that X; is consistent with ¢/, for i = 1,...,n. As X is
isomorphic to the coproduct (disjoint union) X; 9 X2&---® X,, and each X; is consistent
with ¢/, X is consistent with ¢'.

2) If t' is the equivalent of ¢ by [SD.2], then ¢t can be written as
t = q:lai/p1 >ty 50i /0> by 0 /Pn > ]

and t’ as

' = q:lar/pr >ty ,ai/0> a0 /pa > t].

Suppose that X satisfies the stochastic term ¢, then replacing t’ by a variable will certainly
result in a term which is satisfied by X. The difficulty lies in showing the converse: that
is if t' is satisfied by X then so will ¢. For X to satisfy the term t, it suffices to show that
any stochastic term is satisfied by X;. Since mx(Tx) x 0 = 0 = mx,(Tx,), every
identity in the theory is satisfied by X; as the latter has zero measure. As a result, X
satisfies t.

3) If t' is equivalent to t by [SD.3], then ¢ can be written as

t = q: {n’l/pl > tla""ai/pi >>ti,---,an/pn >>tn]
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and t' as
= q:lay/pr >t 0 /pi > @i [ /0> e /1> 8
ey [0 1], Pr > ]
Let ty be

to = q:[a1/0>t1,...,a;/1 > ti,...,an /0> t,].

Suppose that X satisfies t, for X to satisfy ', the X;’s, for j # ¢, have to be consistent
with the t;’s, which they are as X satisfies . Furthermore, X; must satisfy tg. This
happens when mx,(Tx,) X 1 = m(x,),(T(x,);), which is true as (X;); is X;, which follows
from the fact that ¢ | #; = b;. Therefore, X satisfies t'.

Conversely, suppose that X satisfies ¢/. To show that X satisfles ¢, we only need
to show that X; satisfies ¢;. Since X; satisfies g9, we have that (X;); is satisfies ¢; and
mx,(Tx;) X 1 = mx,),(T(x,);) and as a result (X;); is almost all of X;. Therefore, X;
satisfies t;, which proves that X satisfles ¢.

4) If t and t' are equivalent by [SD.4], then ¢ can be written as

t = q:lenn/pr>@: la21/p11 > $11,---,02m2/])1m2 > $1m2],---

cees Q1my /Pm1 > Qg [021/Pm11 > Tmylse- -aa2m2/pm1m2 > $m1m2]] s

and t' as
t = qo:la/r1> @ lann/m > T Qimg [Timg D Tyl ye--
sy a2m2/7‘m2 > g1 - [all/rmgl > $17n2, ey a]ml/rmgml > xmlmz]] )
with
r my
ri =D _pipii
Jj=1
_ PkPki  _ PkPki
Tik - mi - r )
1
ijpji
i=1
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where ¢ = 1,...,m9, and 5,k =1,...,my.
Suppose that X satisfies t. We need to show that it satisfies ¢’ as well. Since X satisfies
t, we have that

mx(Tx)p; = mx,(Tx,), Vi=1,...,mq,
and also
mx (Tx,)pji = m(Xj)i(T(X,),-), Vi=1,...,mj,andi=1,...,mq.
We then have the following equalities:
mx(Tx)p;pii = m(XJ)l(T(XJ)'.), Vi=1,...,my,and e =1,...,mq.

These equalities give the consistency constraints for the paths of the stochastic term
t as obtained from the usual consistency constraints written for the branches. As the
transposition manipulation, [SD.4], does not affect paths and only alters the decisions on
these paths, these consistency constraints do hold for the transposition—equivalent term ¢’
of t. To obtain the consistency constraints for the branches in t/, let’s form the following

equalities by summing over the index j the above equalities for : = 1,...,ma:

™m1 mi
mx(Tx) O pipii) = D _mux,)(Tex,y) = myvi(Tv.), YVi=1,...,ma.
' 7

j
m)
Since r; = Z])]-pﬁ, these equalities become
i

my
777«X(TX)7'1 - Z:Tn(XJ)I(T(X])i) = 771)".(1_}"), vl: 1,...,m2.
J

Also, by the previous equality,

mix. (T .
my,(Ty,) = mx(Tx)ri = o) (T, (X’)')n
D;Pji




This means that

. . .
my,(Ty;) X ]]r# = 771(X,).(T(X,-).)a Vi=1,...,my, andz=1,...,mg.
(3
' 97
Since r;; = PiPsi ,
T;

my,(Ty,)ri; = 771(XJ)¢(T(X]);)» Vi=1,...,my,andi=1,...,mg.
We thus checked that all the consistency constraints for the stochastic term t’ are satisfied.
Therefore X satisfies the stochastic term t' as well.
B.3.2 Proof of Theorem 9 on Page 83

(=)
If X is consistent with the stochastic term ¢, then t is either a variable and thus is naturally

a repeat—consistent term, or ¢ can be written as
q:[ar/pr > tr,. . ai/pi > iy G0 /P > ]

where the t;’s are stochastic terms satisfied by the objects X;. Suppose that one of the
t;’s (say t;,) repeat the decision ¢, at some level. Sitting on a particular occurrence of
a repeated decision, either there exists a zero probability on the path, in which case

everything is consistent, or ((---(Xi, )i, ***)i,_; )i, has a non-zero measure and
(¢ (Xig)iz  Divair = (G (K i == Jipma i i -
This implies that, in the consistency constraint of the ith argument

(X JigYips Vi (T((...(X,.] Yig = ir_y )i )p;

(X iz dig o Dir Jorgn T AX )iz Vg 2y i Vi)
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the probability p; must be 1. Therefore, the remaining probabilities must be all zeros.
Thus, for the repeated decision, the probabilities are zeros everywhere except on the
appropriate argument, where the probability is 1. This proves that ¢ is a repeat—consistent
stochastic term.

(=)

Let t be a stochastic repeat—consistent term and P the set of all non—zero probability
paths in ¢t. Let B be the boolean algebra on the set of subsets of P and let m be the

positive measure defined as follows:
VP, Py Pr € P, m({P1,Ps,...,Pu}) = > _p(P).
1=1

where p(P;) is the probability of the path P;. Denote the obtained description space as
X = (B,m). Each decision ¢; in the stochastic term ¢ is interpreted as a decision from X
to the m;—fold coproduct of X, where m; is the arity of ¢;. The interpretation of ¢; places
a path, in which ¢; occurs, in the argument corresponding to the branch associated with
¢; in that path. If ¢; does not occur the path is put in the first argument. This recipe
provides a method of splitting any set B = { Py, Pa,..., Py} of the boolean algebra B into
m; disjoint subsets. The fact that the stochastic term ¢ is repeat—consistent guarantees
that, along a given path, only a single branch of a given decision will be selected. The

obtained decision coalgebra, X, together with the interpretation of the decisions is, by

definition, a model over a non-trivial full description space which satisfies ¢.




B.4 APPENDIX TO SECTION 4.5

B.4.1 Proof of Lemma 9 on Page 85

If the decision ¢ is semi—essential in ¢, the proof of Cockett [16,17], developed for
the deterministic case, applies provided that the stochastic version of the transposition
manipulation, [SD.4] is used. If the decision ¢ is reachable semi-essential in ¢, use the

indifference rule [SD.2] to put ¢ where it is missing to make g semi-essential.

B.4.2 Proof of Theorem 10 on Page 87

(=)
Clearly, the transposition rule preserves the decisions and only alters their order. We,
therefore, only need to show that the stochastic spine probabilities are preserved. For that,
consider two reachable transposition—equivalent stochastic terms w; and w;. Referring to
[SD.4)], the probability of an arbitrary stochastic spine bag, in the right—hand side of the

rule, going through branch ¢ (of wy), then through branch k (of wy) is

my -
DPkDki
TiTik = ZPiji X rl— = DPkDPki

=t > pibi
j=1
which is the probability of the same stochastic spine in the left-hand side of the rule.
(=)
Consider two stochastic spine set bag—equivalent stochastic terms. Consider the first
decision in the first stochastic term. This decision occurs in every reachable stochastic
spine of the first stochastic term. It therefore also occurs in every reachable stochastic

spine of the second stochastic term. If this decision is not already at the root of the second

stochastic term, it is a reachable semi—essential decision in this second term. In view of




lemma 9, this decision can be moved to the root. As the terms are repeat consistent and
repeat reduced the stochastic spine sets of the subterms are bag equivalent. Thus, repeat
the procedure to the stochastic subterms of this common root until the second stochastic
term has the same decision order as the first one. The transformed second stochastic
term is completely identical to the first one. Thus the two stochastic terms are reachable

transposition—equivalent.

B.4.3 Proof of Lemma 10 on Page 91

Suppose there is a series of manipulations, some of which are one-way, which leads
to a stochastic term ¢/ in which the query Q can be retrieved. We need to show that the
one—way manipulations (idempotence) can actually be avoided in the process of obtaining
the stochastic term t’ and still obtain the same retrieval for the query. To this end, suppose
that, at a given height in a two—way equivalent stochastic term of ¢, say t”, there was a
decision ¢ which would have been eliminated by the use of the one-way manipulation of

idempotence. Thus ¢t must have the following form:

Regarding the subtree at the leaves of the decision ¢ as a composite term, the transposition

manipulation can be used to move ¢ to the leaves of t” as in the following diagram:
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This has an effect which is equivalent to idempotence. As a result, the remaining manip-
ulations can be carried out until the desired form in which the retrieval of the query Q is

reached.

B.4.4 Proof of Lemma 11 on Page 92

(=)
As Q' can be retrieved in t;,, there exists a stochastic term ¢t} such that ¢;, <= t;, with

ti. having the required form for the query Q’. We then have that

t < to = q:lan/pin >ty 5014 /Priy D tiyse e, Q10 /P > tn)
= th = q:lenn/pi >ty 010 /P Dty 010 /Pl S el
Clearly, the stochastic term tj has the required form for the query Q. Thus, Q can be
retrieved in t.
(=)
As Q can be retrieved in t, there exists a stochastic term t/, which we may assume is

repeat consistent and repeat reduced, such that t <=t with ¢’ having the required form

174




for the query Q. As
t == to = q :len/pi >t 0 /Py Dty e, G/ P1n > tn),

the stochastic decision t/ <= t5. Clearly, the decision ¢; is semi-essential in tg, thus it
must be reachable semi—essential in t’. As a result, there exists a stochastic term tj <= t,
rooted at ¢; and obtained by transposing the decision ¢; to the top of the tree. We then
also have tj <= to and both of these terms are rooted at the same decision ¢;. Clearly,
ti,, repeat reduced if necessary, and the corresponding subtree in ty are stochastic path
set bag—equivalent, therefore, they are reachable transposition equivalent. As this subtree
of t§ has the required form for the query Q’, this query can be retrieved in the subtree ¢,

of t.

B.4.5 Proof of Theorem 11 on Page 92

(=)
If Q can be retrieved in t5, there exists a stochastic term ¢}, such that t; <= 1), with t}
having the required form for the query Q. Ast; => t,, we have that t; = t5. This
means that @ can be retrieved in t;.
(=)

By induction on the height of t5. If the height of ¢5 is 1, then
to = q:lar/m > Q.0 /pi> Q. am [P > Q]

Clearly, any query Q of the form (¢g<?>a; | T) can be retrieved in t3. Therefore, by
hypothesis, it can also be retrieved in ¢;. As a result, there exists a stochastic decision

¢} such that ¢; <= t with #] rooted at ¢ and with the same probabilities pi’s on the

branches of ¢q. Clearly, t] = t, by idempotence and thus t; = 5.




Suppose that the result holds for stochastic terms of height less than or equal to n —1.

Suppose that t, is of height n, then
g = ¢q: [al/pl > ta, ... aaj/pj > t2j’---5am/pm > t2m]

with the t,;’s having a height of at most n— 1. By hypothesis, every query Q which can be
retrieved in 15 can be retrieved in t; and Rets(Q,t1) = Rets(Q,t2). In particular, consider
the queries of the form (g<?>a;). Clearly, these can be retrieved in t3, thus they can also
be retrieved in t; and Ret,(Q,t;) = Rets(Q,t2). As a result, there exists a stochastic
term t], rooted at ¢ and with the same probabilities p;’s on the branches of ¢, such that

t; <= t|. Thus, t] has the following form:
t; = q: [al/pl > tlll,. N ,aj/Pj > tllj, .. ,am/pm > tllm]

Consider now the arbitrary query whose conjunction contains the branch instruction
g<?>aj. If this query can be retrieved in 2, it can also be retrieved in ?; and
Ret(Q,11) = Rets(Q,t2). In view of Lemma 11, this query, diminished by the the branch
instruction ¢<?>aj, can be retrieved in t3; and #;;. Since both of t5; and ?}; are of height

n — 1, this implies that 2o; == 7;. As a result, we have that ¢; <= t; = {5.

B.5 APPENDIX TO SECTION 4.6

B.5.1 Proof of Theorem 12 on Page 95

(i) The proof is by induction on the height of the stochastic term ¢:
If t has a zero height (i.e. a variable), the only retrievals which exist are of the form

Ret(T,t) = 1. Let M be a model satisfying ¢, it is clear that Ret(T,) = 1 and

the result follows.




Suppose that the result holds for terms of height N. Consider the term
t=yq:[ar/p1 >, san/pn > ta,]

of height N + 1. If C = T, then Ret(C,1) exists, has value 1, and for every model

satisfying t, Ret(C,M) = 1. If C # T, we have either

1. ¢g<™>a; €C

If p; = 0, then Ret(C,t) exists and has value 0. As

m(M(C))
771(T1\,[)

m(M(¢g<?>a;))
771(T1\,[) ’

Ret(C, M) = < Ret(g<?>a;, M) =

and m(M(q<?>a;)) = 0 as M satisfies ¢, the result follows. If p; # 0, then
Ret(C,1) exists and has value p;Ret(C’,t;), with C' = C — {g<?>a;}, provided
that Ret(C’,t;) exists. Letting M be a model which satisfies ¢, and using the

fact that m(M(g<?>a;)) = m(T M, n,, ), We have that

Ret(C, M) ——mn(f(‘{r(j)) )
m(M(g<?>a;) N M(C'))
m(T ar)

m(Mocpa,(C7) | m(M(g<?>a:))
m(T Myena,) m(T )

= p;Ret(C',t;),

as M(M (T M,ep, ) # 0, and by the induction hypothesis for the conjunction

C'.




2. ¢<>a; g C

Ret(C,M) = m(My<na,(C)) +m(-_.r-M;. m(My<nan,(C))
nz(jwll(bal(c)) ﬂl(]\lq(ban(C))

+

P (M (q<T>m)) P X (M (¢<7>an))

= leet(C,tl) + - 4 anet(C,tn)

The result then follows using the induction hypothesis for the conjunction C’.

(ii) If t;, = t2, then the set of models satisfying #; is included in the set of models

satisfying t. As a result, any non-trivial model M which satisfies ¢, also satisfies ¢;.
Since Ret(C,t,) exists, it is equal to Ret(C,M). Thus, Ret(C,t1) = Ret(C,t2) =
Ret(C, M), provided that Ret(C,t;) exists.

Therefore, it remains only to show that Ret(C,t) exists. To this end, we need
to show that the existence of a retrieval is inherited through each application of
[SD.1]—[SD.4] in the opposite direction to the inference. As ?; is repeat—consistent,
all its derivations are repeat—consistent. As a result, we only need to consider one
single application between repeat—consistent terms. Furthermore, as the retrieval is
recursively defined on subtrees, there will be no loss of generality if we assume that
the rule is applied to the root of the term.

Among the four rules, only [SD.1] will be checked, as the result is quite obvious for

the remaining rules. So, consider the rule
to = q:lai/pr>t...,an/pn>1] = t

Suppose that Ret(C,t) exists. If ¢ does not occur in C, the result is clear. If ¢
does occur in C, then in order for ¢ : [a1/p1 > t,...,an/Pn > t,] to be repeat—

consistent, either ¢ occurs in a reachable path of ¢ and is certain along the same
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branch at both occurrences, or ¢ does not occur in any reachable path of t. In the
former case, the inheritance of the retrieval is clearly insured. In the latter case,
the only way in which Ret(C,t) exists is the case where Ret(C,t) = 0, but then
Ret(C',t) = Ret(C — g<?>a;,t) = 0. Therefore, Ret(C’,ty) = 0, which implies that

Ret(C,to) = 0 and thus exists.

(iii) If Ret(C,t) fails, there must be a non-empty set of leaves of the stochastic term
t for which it is necessary to be able to perform a non-empty residual retrieval.
The term t can be extended, at these leaves, in a repeat—consistent manner, by
idempotently adding all the decisions from the condition of the residual retrieval
with an arbitrary probability distribution. Each probability distribution defines
a stochastic decision term and a different and disjoint set of models satisfying it.
Consider the two particular stochastic decision terms, say ¢; and tg, defined by the
probability distributions which assign, to a given element of the codomain of the
added decisions, a probability of 1 and 0, respectively. Clearly, for any model M;

satisfying t; and a model M satisfying ta, The retrieval of C is, in general, different.

B.5.2 Proof of Lemma 12 on Page 96

(=)
The structural retrieval provides a non-degenerate sequence of conjuncts on the path of
the retrieval.
(=)
By induction on the length of C. Suppose that it has length 0, that is C' = T, then for

Ret(qg<?>a | T,t) to exist the decision ¢ must be reachable semi—essential in the stochastic

term t and thus Ret (¢<?>a | T,t) exists.
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Suppose that the result holds for conjuncts of length N and C has length N +1, then there
exists a simple and non—degenerate conjunct C’, of length N, such that C = C'&qe<7>ao.
By the induction hypothesis, Rets(g<?>aq | C’,t) can be performed. This implies that
there exists a term t' with a root path that corresponds to C such that ¢ <= t. As
C&q<?>a can be retrieved in t', ¢<?>a can be retrieved in the subtree below C. This
means that the decision ¢ is reachable semi-essential in this subtree implying that the

structural retrieval Rets(¢<?>a | C,t) can be performed.

B.5.3 Proof of Theorem 13 on Page 97

(=)
By soundness.
(=)
As M(t1) C M(t2), we have that Cpz(y,) € Cps(s,)- Every non—degenerate simple conjunct
in Cpf(,) transmits by containment to one in Car(t;)- This means that every structural

retrieval in ¢ can be performed in t; and thus t; = t,. |




APPENDIX C

APPENDIX TO CHAPTER 5

C.1 APPENDIX TO SECTION 5.1

C.1.1 Proof of Lemma 13 on Page 99

If t = z, a variable, then ¢ is certain and H(t) = 0. If ¢ is not a variable, then
it is a stochastic term of the form ¢ = ¢ : [a1/p1 > t1,...,8n/Pn > tn], in which the
subterm t; has n; paths each of which, say the jt* path, has a probability of occurrence
of 7;;. As a result, the entropy H(t;) of the stochastic subterm t; is by definition H(¢;) =

- Z?‘zl ri;logri;. The entropy H(t) of the stochastic term ¢ can then be computed as

follows:
n ng n L n ng
Ht) = =Y. pirijlog(pirs) = =D _pilogpid rij— Y piy_rijlogri;
1=1j5=1 1=1 1=1 =1 =1
= =Y pilogpi— > piH (L)
i=1 =1

C.1.2 Proof of Lemma 14 on Page 100
As the inference rule [SD.5] results from a combination of [SD.1] and [SD.2], we
only need to check the lemma for the inference rules [SD.1]-{SD.4].
(1) [SD.1]): If t; = t; by idempotence, then there exists a decision ¢ such that
t1 =q:la1/pL >ty oy am/[Pm > ta].

In view of Lemma 13,

m m m
H(ty) = =Y pilogpi+ Y piH(ts) = =) pilogpi+ H(ta).
=1 =1

=1




Obviously, H(t;) > H(t2).

(2) [SD.2]: Obvious as, in view of Lemma 13, terms occurring on a zero—probability

path do not contribute entropy.
(3) [SD.3]: If t; <=> t, by repetition, then there exists a decision ¢ such that
ty=q:[aa/pr > @1y, @/Pi > Tie O [P > T

and

ty=q:lar/pr > 1,0 0i/Di > loye ooy O /P > Tm],

where

to=gq:[a1/0> z1,...,a;/1> iy, @ [0> Th].

Using Lemma 13,

m

H(ty) = =Y (pilogp:) +piH(to) = H(t),

=1

as H(tg) =0.

(4) [SD.4]: The transposition manipulation conserves the probability of all the paths
and simply alters their order. As a result, the entropy remains unchanged after a

transposition manipulation.

C.1.3 Proof of Corollary 2 on Page 100

As 1y <=> 1o, t; = {3 and t; = t;. This implies that H(t) > H(t) and H(t) >

H(t1), respectively. Thus, H(t1) = H(t2).
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C.2 APPENDIX TO SECTION 5.2

C.2.1 Proof of Theorem 14 on Page 102

Consider a stochastic term ¢ in which a number of stochastic terms, #;,,%1,,...,%1,,,
not necessarily distinct, are missing on M given paths P, P,,...,P;,, among the N
paths Py, P,..., Py of the stochastic term t. Let py,pa,...,pn be the probability of
occurrence of the paths of the stochastic term ¢. The entropy H(t) of the stochastic term
tis H(t)= — XN, pilogp;. In order to complete the stochastic term ¢ with the missing
information (the stochastic terms #;,’s), append each t;, to the leaf of the corresponding
path Pj; where it is missing. Call the resulting stochastic term t’. Clearly, according to
Lemma 13, the entropy H(t') of the stochastic term ¢’ is
M
HE) = H@®) + > p,H(t,).
j=1
Let 7j1,7;2,...,Tjn, be the unknown probability of occurrence of the paths of #;;. The
entropy of each stochastic term ¢, is by definition H(t,) = - 221—.1 riklogrir. As a
result, the entropy H(t') of the stochastic term t’ becomes
M n,
H(') = H(t) - Z j28 Z Tk log k.
=1 k=1
We now seek a probability distribution of the r;;’s which maximizes the entropy H(t') of
the stochastic term ¢. For that, we only need to maximize Zé‘il pi, H(t;;) with respect

to the rjx’s, which are constrained by v =1
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T
Let nA = [ PP PO VY ] be a vector of Lagrange multipliers which solves

( Al ny
9> pi,H(t,) a1l = Y i)
o=t . k=1
rir + Aj X Bron 0

7
1 - :E: Tk = 0,
k=1

for 5 = 1,...,M. The first equation leads to r;; = exp(l — —J—) The second equation
m,

vields that A; = p;,(1 +logn;), which implies that r;; = %

C.2.2 Proof of Theorem 15 on Page 103

Consider a stochastic term ¢ in which a number of stochastic terms, #1,,%,,...,%,,,
not necessarily distinct, are missing on M given paths P, P,,...,P,, among the N
paths Pi, Py,..., Py of the stochastic term . Let pi,ps,...,pn be the probability of
occurrence of the paths of the stochastic term ¢. The entropy H(t) of the stochastic term
tis H(t) = = 2N, pilogp;. In order to complete the stochastic term ¢ with the missing
information (the stochastic terms t;;’s), append each t;, to the leaf of the corresponding
path Pj; where it is missing. Call the resulting stochastic term t’. Clearly, according to

Lemma 13, the entropy H(¢') of the stochastic term ¢’ is

M
H() = H®) + >, pHt,).
J=1
Let 7j1,7j2,...,7jn, De the unknown probability of occurrence of the paths of ¢;;. The

entropy of each stochastic term #;, is by definition H(%,) = — S, riklogrik. As a

result, the entropy H(t') of the stochastic term ¢’ becomes

ny

M
HY) = H(@®) - > szZ Tiklog k.

7=1 k=1




We now seek a probability distribution of the 7;;’s which maximizes the entropy H (t") of
the stochastic term t/. For that, we only need to maximize Eﬁ\il pi; H (1) with respect
to the r;z’s, which are constrained by ZZJ:I r;x = 1. Suppose that additional m linear

inequalities also constrain the 7;;’s. These constraints may take the form of

ayra 4+ anyTin, <0,

Am1Tj1 + -+ amn] Tjn_, _<. 0’
To recapitulate, the problem of probabilistic entailment in the presence of linear inequal-

ities is equivalent to solving the following set of nonlinear programs for j = 1,..., M.

minimize 7j1log T + -+ 755, 10g Tin;

a1 + -+ @in,Tin, <0,

subject to am1751+ ** + Amn,Tin; <0,

185




APPENDIX D

APPENDIX TO CHAPTER 6

D.1 APPENDIX TO SECTION 6.1

D.1.1 Proof of Theorem 16 on Page 109

The proof consists of the following cyclic implications (i) == (41) == (i1) = (1).
()= (ii))
Given that the ! decisions are mutually statistically independent, any ordering of these
decisions satisfies the above [ — 1 conditional probability equations. The following devel-

opment shows that any one of these equations (say the (k — 1)**) indeed holds.

(@, <> | Gy <T> Uy _gigys e e o U <T> iy, Gy <T>00504)

p((j1k<?>a1kik sQl.q <?>alk-1ik_1 gy q12<?>a12i2 y 41, <?>a11,-1)
]J(qlk_1 <?>a1,€_1ik_l, RN/ <?>a12,~2 »qn <?>a11,-1)

P(q, <> i )Py <T> 0 _gig_y ) - P(0, <> a0, )p(q, <> auiy )
p(qlk_l <?>alk_1ik_1) v 'p(qlz <?>a12i2 )p(qll <?>a‘11i1)

= plq.<?>anq)

Note that if one or more of the pre—conditions in this conditional probability has a zero
probability, thus making the conditional probability undefined, this conditional probability
can be arbitrarily set, by the use of the indifference rule {SD.3] to satisfy the desired
condition. This is equivalent to say that events occurring on a zero-probability path can

be simply simply ignored, which makes sense.
o b
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( (i6) = (iii) )
Obvious.
( (#ie) = (1) )

Given that we have an ordering ly,lg,...,{; of the [ decisions g1,¢2,...,q, for which we

have |
P, <>, | g <?>any) = pla,<?>an,),
(@1, <>, I Qi <T>an4,, <?>a11i1) = p(ql3<?>a13i3)’
(g, <T>ay;, L@t <T>a0_ iy s U <> iy Qi <M>awyi,) = pla,<?>ay )

Vi; € {1,...,mlJ} and Vj € {1,...,1},

we need to show that VLi,Lo,...,Lr, <[, we have that

])(QLI <?>(1L11'1 sqLo <?>aL21'27 oo 7‘ILL0 <?>aLL0iL0)

p(qu<?>aL1,-1)p(qL2<?>aL2,~2)---p(qLL0<?>aLLO,'L0),
Vi; € {1,...,mLJ} and Vj e {1,...,Lo}.

We now take the joint probability distribution
p(qL, <7>ari;, 9L, <T>Lyip5 -5 L, <> QL ig, )

in which the decision indices Lx’s match only Lg < ! indices of the ordering ly,1s,...,1.
Rewrite the joint probability distribution to include the decisions of the un-matched in-

dices by summing over the codomains of the un-matched decisions as follows:

P(QL, <T>aL40, 9L, <?>aLyips - - QL <T>0Ly iz, )

Z e Z ])((111 <?>(111il ,q12<?>a121~2,. .. ,q1,<?>a1m).
[T —
I-Lo times




In view of this result, using the chain rule formula [56], we obtain that

Z i Z Py, <T>aniy @ <>y, @, <T>ay;)
N———
I-Ly times

§ e E ; p(qll <?>a11i[ | q1,_1 <?>all_1il_1 PRI 912 <?>a12i29 QII <?>a11i1 ) o
—
I-Lo times

e p(qy <> iy | G <T>ip, @ <> 01540 )P(q1, <T> 1y, | @y <T>a10)P(@, <?>ani,)

Z T z p((lll<?>alm) e '])(‘(113<?>(Ll3z‘3 )])((112 <?>a12i2 )p((ﬂl <?>alli1)
————
[-Ly, times

p(qu <?>aL11'1 )P((IL2<?>GL2i2) o 'p(QLLO <?>a‘LL0iL0 )
D.1.2 Proof of Corollary 3 on Page 110

The necessary and sufficient conditions for mutual statistical independence require
that the conditional probabilities of the decisions (depicted in some order) be equal, in all
the paths of the stochastic term, to the a priori probabilities of these decisions. Clearly,

all the decisions must be reachable semi-essential for these requirements to hold.
D.2 APPENDIX TO SECTION 6.2

D.2.1 Proof of Lemma 15 on Page 111

(i) We first need to prove that P(S) C Pq,(S)UP(S1). For that, let X € P(S); then
we either have a; € X or a; € X. If a1 € X, then by definition X € P, (S). If

a; € X, then X € P(51).
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(ii) We then need to prove that Py, (§)UP(S1) C P(S). Consider X € Pq,(5)U P(51),
then we either have X € P,,(5) or X € P(S1). If X € P,,(5), then by definition

X € P(S). If X € P(S1), then X € P(S)as 51 CS.
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APPENDIX E

APPENDIX TO CHAPTER 7

E.1 APPENDIX TO SECTION 7.3

E.1.1 Proof of Theorem 17 on Page 125

The proof is by induction on the number of observations in the sequence. Let tp be
the stochastic decision tree describing the system before any observation is received. This
stochastic decision tree will feature the decisions partitioning the state space of the system
and give the a priori probability of the states, namely p(z;), Vi =1,...,N. Suppose
that k observations have been processed and that the system given these observations is
described by the the stochastic decision tree tr. The decision tree i can be encapsulated

as a composite term (see Chapter 4 or [15]), and thus can be written as
te = w :fer/p(zr | Vi), ... an/p(an | Ya)]-

Suppose now that the observation yiy1 is received and the conditional probabilities
p(yrg1 | i), Vi = 1,...,N are available. This observation can be viewed as an ad-
ditional decision Yi11, the observation decision, with only one element of the codomain
(yks1), which is appended at the leaves of ¢ (the system states) with the corresponding

conditional probabilities. A stochastic decision t} is obtained and is

th=w :[z1/p(z1 | Ya) > Visr : [Yrt1/P(Yr+1 | 21)],-..

v an/p(an | Ye) > Ve o vk /p(ks1 | 2N)]] -
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Moving Yj41 to the top of the tree t} by the use of the transposition manipulation ([SD.4))

for composite terms, an equivalent (to t},) stochastic decision t}.41 is obtained, with
ther = Y tlukna/p> w tfz1/p1,. . an/pN],

with N
p o= Y plyesr |2 xplei |[Ye) = p(yksr | Ye)

=1

p(yk+r | 2i) X plai | Vi)

. :
> p(yksa | @) x p(zi | Ye)

=1

Clearly, the conditional probabilities p;, Vi = 1,..., N, labeling the branches of the subtree

i

te41 of tj 1, rooted at w, coincide with the estimator updated conditional probability after
the observation y41 is processed. The induction is completed by noting that #o is the

decision tree defined by the initial probability distribution p(z;), ¢ =1,...,N.
E.2 APPENDIX TO SECTION 7.4

E.2.1 Proof of Lemma 18 on Page 132

We need to show that the relation Rg is reflexive, symmetric, and transitive.

(i) Reflexivity: follows from the reflexivity of the binary relation K.

(ii) Symmetry: follows from the symmetry of the binary relation R and from the sym-

metry of the expression in the definition of Ro involving the sequence of decisions.

(iii) Transitivity: Suppose that for q1,¢2,¢3 € 5, we have that ¢;Roqs and ¢2Rogs. We
need to show that ¢;Rogs as well.

There are four possibilities in the hypothesis; they are:
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1. 1 Rq2 and ¢2Rgs.
2. 1R¢z and there exists a sequence of decisions in S, {¢a,qb,---,¢n}, such that

(IZR(IM q(Lqu7 oy and ¢gnRys.

3. There exists a sequence of decisions in S, {¢a, g, - - ., gn }, such that g1 Rqa, ga R,

..., and ¢, Rq2 and ¢2Rgs.

4. There exists a sequence of decisions in S, {¢a1,9s1,---,qn1}, such that
1R a1, 91 Rap1,- - - and g1 Rge and there exists a sequence of decisions in

S, {qa2, W2, - - -+ qn2 }» such that R qa2, Ga2a R b2, - - -, and gn2Rgs.

We have to prove transitivity (¢1Rog¢3) in each one of these four cases.

Case 1: {q2} is the sequence connecting ¢; to g3. Thus, by definition, ¢ Roqs.

Case 2: {¢2,9a,Qb,---,qn} is the sequence connecting ¢; to ¢g3. Thus, by definition,

¢1Rogs-

Case 3: {qa,qb,--->qn, G2} is the sequence connecting ¢; to gz. Thus, by definition,

q1R0q3-
Case 4: {qal,(]b],...,qnl,(]g,(]ag,qw,...,qng} is the sequence connecting ¢; to g¢s.

Thus, by definition, ¢; Rogs.

E.2.2 Proof of Lemma 19 on Page 133

The proof is established by the two-way inclusion:

1. P C Dy If X € P, then the decisions in X are either dependent on each other

or connected to each other by a sequence of dependent decisions. This means that




X € Dor X = U, X;, with the X;’s being at least pairwise non—disjoint. This implies
g p

that X € Df.

2. P D Dy: If X € Dy, then either X € D, in which case X must belong to P, or

X = U; X;, with the X;’s being at least pairwise non-disjoint. This also means that

XeP.

E.2.3 Proof of Theorem 18 on Page 138

Given a set of lower order probability distributions Py, P;,..., Pn, such that their
product P’ = Py P, --- Py, is a product approximation to their higher probability distribu-
tion, we need to show that of the entire class of common extensions of these lower order
components, P’ has maximum entropy.

To this end, consider an arbitrary common extension of Py, Ps,..., and Pp; call it P”.

According to a well-known result in information theory (see for example [25]),
> _P{log P > > _Plog P},
j j

The right-hand side of this inequalities can be developed to

S Pllog P! = > P!log(PiP;-- Pn)
j J
= ZP;’ log P, + ZP]" logPy+ -+ ZP;’ log P,,.
J J J
Since P” is also an extension of Py, Ps,..., and P, the right-hand side of the above

equalities can be properly summed to obtain that
PIACI A Y PlogPi+ Y PilogP+::-+ ) PnlogPn = Zleong-
j j

Thus, the original expression becomes ZP]{’ log P/ > ZP]’ log P/, which is the desired
3 J
result.
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