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Abstract

Neural networks that use the Least Mean Squared learning rule or the Generalized
Delta Rule require the proper selection of a learning rate parameter to assure good
convergence while being trained. This thesis discusses algorithms that modify the learning
rate as the network is being trained, while still allowing for good convergence. Radial
basis function networks and backpropagation networks were used for the development and
testing of these adaptive algorithms. Research shows that modifying the learning rate for
gradient descent techniques based upon the history of the normalized error can eliminate
the need for the guesswork required to select a good static learning rate. Additionally, it
was found that for a given number of training epochs, an adaptive learning rate algorithm
can improve a neural network's convergence towards the global minimum of its error

surface when compared to a static learning rate algorithm.



Symbol Table

eta - the middle to output layer learning rate

tho - the input to middle layer learning rate

sigma - the standard deviation of the desired output
the number of training vectors
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input training vector
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input to middle weight vector delta (amount of change)
matrix of input to middle layer weight vectors
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weight vector for middle node j connecting to the output layer

weight vector for output node i connecting to the middle layer

middle to output weight vector delta (amount of change)
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AErr

output layer weight vector matrix

desired output vector

computed output vector

output layer error vector

error for output node i

error between middle and output layer in backprop networks
error for node i of the output layer in backprop networks
radial basis function center vector

width of RBF m

change of error from one epoch to the next
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CHAPTER 1

Introduction

1.1 Neural Networks

Neural networks are generally thought of as information processing systems that
are modeled on the biological mechanics found in the brain that control an animal's
organs and thought processes. Artificial neural networks are similar to nature's creations
in that both are systems of single processing elements (PEs) that are interconnected and
operate in parallel while offering distributed computation and data storage. Neural
networks theoretically operate in parallel, but their implementation is typically on serial
computers. Among the first to research artificial neural systems were McCulloch and Pitts,
who, with their knowledge of neurology, modeled neural networks in the early 1940's
without the benefit of computers. Their work was based upon neurological research done
in the late 19" and early 20" centuries [1].

There are two basic components that make up neural networks. The first is the
processing element, sometimes called a neuron in biological terms, or a node in artificial
neural system terminology. The second component is the interconnection between a PE
and all of the PEs in the next layer. In biological terms this is called a synapse, while in
neural networks it is simply called a connection. A PE takes an input, processes it and
outputs a value. This value is passed along the connections from that particular node to
all nodes in the next layer of the network. Each connection has a weight associated with
it. This weight modifies the output of the previous node before passing the value on to

the next node. This research concentrates on two types of feedforward networks: radial



basis function (RBF) networks and backpropagation (BP) networks. In these types of

neural networks, learning is accomplished by modifying the connection weights such that
the output of the whole network closely approximates the desired output of the network
for a given input. This procedure is called supervised learning. Biological neural systems
are not trained in this manner. They are able to learn from their given inputs without
knowing what the correct response should be. This procedure is called unsupervised
learning. There are many other types of neural network architectures in use, but they are
beyond the scope of this study. See [1] and [2] for introductions to neural networks.

Neural networks that employ supervised learning techniques based upon gradient
descent algorithms require that a suitable value be chosen for the learning rate. It is
difficult to make a guess as to what would be a proper leamning rate until there have been
several trial and error runs of the network with different learning rate values. The ability
to analyze the performance of a network for a given training data set and learning rate
requires a certain degree of expertise that comes with the experience of using neural
networks to solve different types of problems. An algorithm that would automate the
analysis of the network, and pick a learning rate that is appropriate for any given time
during the network's training phase, could be beneficial to many of those who spend time
searching for a "good" learning rate.

This research presents algorithms that modify the learning rate while the network
is being trained. The goal of this research is to eliminate the preliminary training runs of
the network that are usually required to nail down a static learning rate that strikes a good

balance between the neural network's speed of convergence and accuracy. Also, this thesis



will analyze whether networks trained with the adaptive learning rate algorithm (ALRA)

can learn faster than networks with well chosen static learning rates.

Chapter II analyzes the problems with gradient descent learning methods that this
research is concerned with. Chapter III presents a literature review and background
information on radial basis function networks, and backpropagation networks. Chapter IV
analyzes the gradient descent learning techniques that ALRA was applied to for this
research. Chapter V details the adaptive learning rate algorithm. Chapter VI presents the
results and conclusion obtained from this research in applying ALRA to the two neural

network architectures described in Chapter III.



CHAPTER 11

Problem Analysis

This chapter discusses some of the problems that are inherent to gradient descent
learning techniques such as the least mean squared learning rule and the generalized delta
rule. It examines the consequences of choosing a poor learning rate, and explains how a

neural network behaves when such a choice is made.

2.1 Choosing a Good Learning Rate

Choosing an appropriate learning rate is important because it will determine the
level of accuracy the network can converge to in a reasonable amount of training time.
Most neural network implementations use a learning rate that does not change while the
network is being trained. Choosing a fixed learning rate is difficult because there are no
hard and fast rules for determining one that would put a network on the road to rapid
convergence. A suitable learning rate varies depending upon the type of problem being
solved and upon the initial state of the network. For example, the learning rate for a
backprop network learning the XOR problem need to be around 0.8, while for the double-
spiral problem [3], the learning rate should be on the order of 0.002 [4].

The learning rate is typically arrived at after several test runs of the network with
different learning rates. The user observes how the network behaves with each one and
then begins the process of zeroing in on a choice that allows for good convergence within
a reasonable period of time. Pondering this trial and error search for the learning rate

suggests that an algorithm that can adjust the learning rate during the training phase
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would save many unneeded runs of the network and potentially reduce the training time

of the network. An adaptive learning rate algorithm could reduce the training time of the
network by allowing the network to take very large steps at the beginning of the learning
period via a large learning rate. To keep the network converging towards an optimal
configuration the algorithm would then reduce the learning rate as needed, thus avoiding

oscillations that occur when the learning rate is too large.

Local Minimum

Global Minimum

Figure 2.1.1: A MSE surface with both local and global minima.

It is easy to visualize the problems of gradient descent methods if we examine a
simplified two dimensional graph of a mean squared error (MSE) surface. Figure 2.1.1
illustrates an error surface that has a local and global minimum. Figure 2.1.2 shows how
the MSE of a neural network might change in the presence of a local minimum when the
learning rate is too small. In order for a neural network to converge to the global

minimum, a fixed learning rate must be large enough so that it does not oscillate within
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the local minimum and small enough so that the MSE of the network can reach a low
point within the global minimum. In the case of Figure 2.1.2 the MSE eventually is
confined within the local minimum and will never be able to recover, since the gradient
descent algorithms move the MSE down the slope of the error surface. In this instance
the learning rate is too small. If the learning rate were large enough the change of the

MSE would have jumped over the local minimum as in Figure 2.1.3.

Local Minimum

Figure 2.1.2: When the learning rate is too small the network is unable to jump out of
local minima.

At the same time Figure 2.1.3 illustrates the behavior of the MSE when the
learning rate is too large for the given problem. In this example the first reduction of the
MSE goes past the local minimum and subsequently goes past the global minimum and

up the other side of the error surface. With such a large learning rate the MSE continues



to oscillate well above the global minimum, resulting in a neural network that might not

ever train to within some reasonable error level.

Local Minimum

Global Minimum

Figure 2.1.3: When the learning rate is too large the network's error oscillates above the
global minimum.

Figure 2.1.4 is an example of the reduction of the MSE with a well chosen
learning rate. The step size of the MSE reductions is large enough to get past the local
minimum, and small enough so that it does not jump beyond the global minimum and
continue to oscillate over it. These are the difficulties ALRA was designed to overcome.
The idea behind ALRA is as follows. Start the network with a large learning rate, e.g. 0.8.
While the network is training keep track of the progréss the delta rule makes in reducing
the MSE. If, at the completion of an epoch (one pass through the training data set) the
MSE error goes up, then the previous jump was too large, i.e. it passed over the global

minimum. In this case, reduce the learning rate and reset the weights of the network to



their values prior to the last epoch. Conceptually, ALRA is moving the MSE back to the

point before the last epoch and reducing how far it will jump the next time. ALRA will
continue to back up and reduce the learning rate until the MSE decreases and avoid

jumping past the global minimum.

Local Minimum

Global Minimum

Figure 2.1.4: When the learning rate is of the appropriate magnitude the network
converges toward the global minimum.



CHAPTER I

Neural Network Background and Literature Review
This chapter gives a general overview of the RBF and BP neural networks, and
also surveys literature relevant to speeding network convergence by modifying the

learning rate during the training phase.

3.1 Radial Basis Function Networks

Neural networks modeled after the multilayer perceptron [S] require activity in
every PE for each input of the training data set. For large networks or large training data
sets this can take up a significant amount of processing time. A network architecture
which only requires activity in the PEs that have detectable activation for a given input
would reduce the amount of time required to train the network. The Radial Basis Function
neural network is such an architecture, which has a 3 layer topology, with the middle
layer made up of several locally tuned nodes. The output layer is connected to the middle
layer via a standard weighting mechanism and trained with the Least Mean Squared
(LMS) learning rule. Among the first to apply the RBF technique to neural networks were
Broomhead and Lowe [6] and Moody and Darken [7].

Each PE in the middle layer has a response function which is radially symmetric
and produces its highest output when the input is closest to its center, while decreasing
monotonically as the distance of the input from the center of the function increases [8].
Figure 3.1.1 is a graph of a RBF centered at point A. If the input to this RBF is either

less than or greater than A, the RBF will output a value less than its maximum of 1 that
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Figure 3.1.1: Radial Basis Function centered on a one dimensional point.

falls off with distance from the center A. For multi-dimensional inputs the center of the
RBF would have the same number of dimensions. A RBF graph centered on a two
dimensional point would be in the shape of a bell. In multi-dimensional instances the
difference between the input and the RBF center is their Euclidian distance from one

another. The response function generally chosen for RBF networks is:

(3.1.1)

x-¢ |
R(3?)=exp[— Ix-c.l ]

@)y

where C,, is the center and &, is the width of the radial basis function m.

The width of the RBFs can be determined by various "P nearest neighbor

techniques” [7]. These techniques allow the widths of the RBFs to vary such that the
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RBFs overlap one another, resulting in a smooth and contiguous interpolation of the

regions they represent in the input space [7]. The RBF network used for this research did
not attempt to modify each RBF width individually. Instead, an algorithm was used to
calculate the average distance between each RBF and its nearest neighbor. This distance
was used as the width of all RBFs in the network. The width of the RBF is important
because it is now generally accepted that the generalization performance of the network
is affected by a trade-off between the number of training examples in the data set, and
the capacity of the learning system [9]. In the context of the local learning algorithms, the
effective number of training examples is constrained by the width of the RBFs [10]. This
is because as the width of the RBF becomes narrower, the number of training examples
that are close enough to its center to evoke a significant response is reduced, resulting in
increased performance relative to the number of training examples.

The purpose of the RBF network is to speed the learning process by using PEs
that will only respond to input data that is relevant. In order to accomplish this, the RBF
centers must be placed in the vicinity (in terms of Euclidian distance) of relevant data.
This is usually accomplished via self organizing clustering methods. Moody and Darken
suggested the standard k-means clustering algorithm [11] [12], or a Kohonen self-
organizing feature map neural network [13]. For this research the following merge-
clustering algorithm was used:

1. Find the two vectors whose euclidian distance from one another is the
smallest of the data set.

2. Average the two vectors together to determine the midpoint between them.

11




3. Remove the two vectors from the data set, and replace them with the
vector calculated in step 2.

4. Repeat steps 1-3 until the desired number of cluster centers is reached.
These clustering methods pre-process the input vectors into a high dimensional space,
aiming to exploit the fact that a classification problem cast in high dimensional space is
more likely to be linearly separable than would be the case in a low dimensional space
[14]. An example of this would be to place a RBF function at each input vector (this is
usually computationally infeasible), resulting in a "perfect” network. Simply stated, the
RBF nodes should be placed at points about which the input vectors cluster, thereby
allowing them to respond appropriately (only to those inputs that are near them). A RBF
node that is located away from any of the input vectors is useless, while multiple RBF
nodes placed within the same locality is wasteful.

Once the RBF centers have been appropriately placed in the input space it is the
job of the LMS learning rule (detailed in chapter 4.1) to modify the weights connecting
the middle layer to the output layer. This has the effect of modifying the amplitude of the
RBFs so that the network is able to successfully map the input data to the desired output
level (see Figure 3.1.2).

Using RBF networks is difficult because there are several aspects of the network's
configuration that require the user to guess or experiment: choosing the number of RBFs,
picking a good clustering algorithm, determining the width that each RBF should be, and
picking a learning rate that will allow good convergence and a reasonable training period.
This research concentrates on developing an algorithm that alleviates the need to choose

a good learning rate for the LMS rule.
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Output of RBFs

/

input to RBF network

Figure 3.1.2: An example of how RBFs are used to approximate the curve of a function.

3.2 Backpropagation Networks
Backpropagation neural networks are an outgrowth of the multilayer perceptron
which is based on Widrow's early work [5]. The BP network is typically a three (or more)
layer feedforward architecture that employs a different thresholding function, and most
importantly an extension of the LMS learning rule, called the Generalized Delta Rule
(GDR). As pointed out by Minsky and Papert [15], the standard multilayer perceptron is
unable to solve problems that are not linearly separable. The GDR enables the multilayer
feedforward architecture to handle such problems. According to Simpson, backpropagation
was discovered and rediscovered by several different peoplé over the past three decades:
The first to apply gradient descent methods to training multilayered
perceptrons was Amari [16], who introduced a single hidden layer PE to
perform nonlinear classification. Bryson and Ho [17] developed an
algorithm similar to backpropagation for nonlinear adaptive control.

Werbos [18] discovered backpropagation and several variants. Parker [19]
also rediscovered backpropagation calling it -- algorithm learning logic.

13



However, backpropagation did not get noticed until Rumelhart, Hinton and
Williams [20] began using backpropagation in their research. [21]

What actually makes a neural network a BP network is not the way that the PEs are laid
out and connected to one another, but the method by which the network learns.

The input to the BP network passes through the first layer to the middle layer via
the weighted connections. The weight of each connection is multiplied by the output of
the PE that is passing a value through it. Each PE in both the middle layer(s) and the
output layer has a connection to all of the PEs in the preceding layer. The group of
connections bringing all of the outputs from the previous layer to a PE is called the
weight vector. The input for each PE in the middle layer can be expressed as the dot

product of the input vector and the weight vector. The following is an equation that

calculates the input to a middle layer PE y}":

(3.2.1)

where X and \71 respectively are the input vector and the middle layer weight vector.

1
f(x) = ——— 3.2.2
O (322)

The output of the PEs in the middle and output layers is determined by the
response function given by Equation 3.2.2. This function is sigmoidal, monotonically
increasing, and it asymptotically approaches fixed values as the input approaches positive

or negative infinity (see Figure 3.2.1). These characteristics of the response function are
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necessary for BP to work (another function that has these qualities could also be used

in a BP network). A function such as this is needed for the GDR to work correctly.

Response function output

0 I ] | T
2 -1 0 1

o—

Input to response function

Figure 3.2.1: The sigmoidal response function.

The GDR is what makes the BP network so powerful. It gives the network the
ability to determine to what degree the middle layer nodes are responsible for the total
error generated by the network. This in turn gives the algorithm the information needed
to correctly modify the weights connecting the input layer to the middle layer. With the
ability to appropriately adjust nodes in the middle layer, a BP network will be able to
solve problems that are not linearly separable. The capability to make such complex
distinctions is due to the feature-detection and generalization abilities which are trained
into the middle layer [1].

The GDR modifies the weights of both the middle and output layers. For the

output layer, the difference between the actual output of a node and its desired output is
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multiplied by the derivative of the sigmoidal response function and then again by the
learning rate to determine the amount of change to make to the middle to output layer

weight vector. The calculation of the output error vector is as follows:

- - —_y. — 3.23
ez=f/(zout)( zdes_zou!) ( )

Adjusting the weights between the input and middle layers requires a similar approach.
The GDR propagates the error back through the connections between the middle and
output layers. To determine the amount of error to assign to each PE of the middle layer

the following equation is used:

ot = (3.2.4)
e, =f'(,")(w; €)

where Wj is the weight vector connecting middle layer node j to the output
layer and f(x) is the derivative of the sigmoidal response function.

The derivative of the sigmoidal response function in Equation 3.2.2 is:

(x) = f)(1 - fx)) (3:2:5)
Once the amount of error for a particular middle layer node has been calculated it is
multiplied by the learning rate and used to modify the input to middle layer weight vector
for that particular node. A detailed explanation of the GDR and its derivation can be
found in Rumelhart, Hinton and Williams [19].
The sigmoidal response function's importance in BP is that its derivative
approaches zero for large positive and negative values, while its maximum occurs when

the input is close to zero (see Figure 3.2.2). These characteristics prevent too much blame
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0

Figure 3.2.2: The derivative of the sigmoidal response function.

for the output error from being assigned to a middle layer node. When the output of a
middle layer node is either 0 or 1, the PE is in a stable state (see Figure 3.2.1). If the
output of a middle layer node is in the transitional phase of the sigmoid (around 0.5) the
PE is in an unstable state. The middle layer nodes should be in a stable state once the
network is trained, so when a PE is unstable the weights to that middle layer node should
be changed. The derivative of the response function will cause the greatest change in the
weight vector whenever the output of the response function is in this middle range. In
Figure 3.2.2 the maximum output of the derivative of the response function will occur
when the input to the response function is near zero. This illustrates how the derivative
function will indeed cause the greatest change in the input to middle layer weight vector
when the PE is in an unstable state. There is a trade-off in this ability to properly modify

the middle layer: since the weight changes are proportional to the derivative, a weight
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change may occur more slowly than desired for PEs which yield either small or large
responses, which can cause difficulties in training the network [1].

There are two main areas of difficulty in constructing a BP network. The first is
choosing how many PEs will make up the middle layer(s). It is important to make a good
choice because too many PEs in the middle layer will cause the network to memorize the
training patterns. Memorizing the patterns causes the network to loose its ability to
generalize the input data. When this happens the network is not able to respond correctly
to data that it was not trained with. Too few PEs in the middle layer will prevent the
network from performing well in any respect. The second problem with BP networks is
choosing a good value for the learning rate. If the learning rate is too small the network
will get stuck in a local minimum, and if it is too large the network will not converge to

a good error level, due to the oscillation of the MSE.

3.3 Literature Review

The remainder of this research is aimed at developing an algorithm that can adjust
the learning rate adaptively while the network is being trained, thereby removing the
guesswork from choosing a good learning rate value. There are several others who have
worked on ways to improve the training time of neural networks through modification of
the learning rate. Jacobs [22] developed the delta-bar-delta heuristic, in which a leaming
rate is assigned to each weight in the network. The learning rates vary over time based
on the sign changes of the network's error. Gluck, Glauthier, and Sutton [23] extended the

delta-bar-delta technique, by adding a "cue-salience or attentional model” to the LMS
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learning rule. Giving the network the ability to modify the learning rates when it

determines whether an input is relevant or not. This is determined by the correlation of
successive weight changes. Janakiraman and Honavar [24] developed an heuristic for
adapting the learning rate by computing the error three times for each epoch, with the
learning rate at values of x, x/2, and 2x, and choosing the one that produced the smallest
error. Fahlman [25] developed the Quickprop algorithm which modifies the derivative of
the sigmoid response function, and stops the training of PEs which have a quadratic error
of less than 0.01. Cater [26] developed an heuristic which doubles the learning rate for
the training vector which caused the largest error in the previous epoch, while keeping
a smaller learning rate for the other training vectors. The smaller learning rate is reduced
by one half whenever the total network error increases by more than 1%. Salomon [4]
dynamically adapted the learning rate by computing the error for a smaller learning rate
and a larger learning rate at the end of each epoch, and choosing the one that generated

the lower error sum.
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CHAPTER 1V

Gradient Descent Learning Techniques

This chapter presents the algorithms for the least mean squared learning rule and
the generalized delta rule which are employed in RBF and BP networks respectively. For

conciseness the mathematics are presented in vector notation.

4.1 Least Mean Squared Learning Rule
The Least Mean Squared (LMS) learning rule was developed by Widrow and Hoff,

and first published in 1960 [5]. This rule is used to adjust the weiglits in the RBF

networks described above. The difference between the actual and desired output of each

PE in the output layer is used in conjunction with the slope of the MSE surface to

calculate by how much to change the weights of that PE, and in which direction to

change them. Here is the algorithm as it applies to the training phase of a RBF network,

from Simpson [20]:

1. Initialize the weights between the middle and output layers of the network. For
network architectures with more than two layers the weights should be non-zero
and randomized (so the network can differentiate the hidden PEs). The weights
were initialized to zero for the RBF network used in this research (because RBF

networks are trained like two layer perceptrons).

2. For each training pair ¥ and Z’ (training vector and desired output vector) do:
a. Pass X through the Gaussian functions making up the middle layer of the
network. The output of the middle nodes J* is then multiplied by W, the
matrix of weight vectors. The result is the output vector Z*
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(4.1.1)

E‘oul =W- }‘out

b. Calculate the error between Z°* and Z°

4.1.2)

Ze = zoul _zdes

C. Adjust the weights of each PE in the output layer

A‘;" = .n(zi"’) }"oul (4.1.3)

w (t+1) = W, (1) +Aw, 4.1.4)

the learning rate 1, is a positive number, where 0 <1 < 1. The LMS rule
adjusts the weights by doing gradient descent on the n-dimensional MSE
surface, this is done by calculating the gradient of the error with respect

to the weights. W,(f) is the weight vector at time 7.

3. Repeat step 2 until z{" for each output node is either equal to 0 or small
enough to satisfy the user's need.

4.2 Generalized Delta Rule

BP networks require a more complex algorithm than the LMS learning rule. A BP
network is made up of three or more layers. Each layer between the input and output
layers has a set of weight vectors connecting it to the previous layer. The basic LMS
learning rule has no provision for modifying the weight vectors of the internal layers. The
Generalized Delta Rule (GDR) has such a provision. The LMS learning rule is also called
the Delta Rule, but that appellation is avoided in order to reduce confusion with the GDR.

Here is Simpson's version of the GDR algorithm for BP networks in vector notation [20]:
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Assign random values in the range of [-x, +x] to all weight vectors v between the
first and second layers, to all weight vectors W between the middle and output
layers, and to each PE threshold in the middle and output layers.

For each training pair X and % do:

a.

Transfer X through the first layer and V, the matrix of input to middle
layer weight vectors, and calculate the activations for the PEs in the
middle layer using this equation:

P 4.2.1)

where £() is the sigmoid threshold function £(x) = (1 + €*)".

Pass the middle layer output vector j*, through the weight vector matrix
W to the output layer and calculate output vector Z” “ using the following
equation:

4.2.2
E‘oul = f(W }‘out) ( )

Compute the effective error for each output node (this is the difference
between the computed output and desired output for each PE multiplied by
the derivative of the response function) as shown below:

- - — — 4.2.3
el=f/(zou!)( zdcs_zoul‘) ( )

f(x) = f(x) (1 - f(x)) 4.24)

where f(x) is the derivative of the sigmoid response function (see Equation
3.2.2).

Compute the error that each middle layer node yj“ " is responsible for by
filtering the output error €, backwards through the output layer weight
vector W, and multiplying the result by the derivative of the sigmoid
transfer function acting on the activation of this middle layer node that
produced the output error vector:

22



(4.2.5)

out: -
e, =) (W, E,)

e. Adjust the weight vectors connecting the middle and output layers:
AW,. -1(e,) Fou (4.2.6)
4.2.7)

w (1 +1) =W (1) +Aw,

where AW, is the amount the weight vector has to change by, and 1 is the
learning rate.

f. Adjust the weight vectors connecting the input and middle layers:
&= pe,)x 4.2.8)
V(t+1)=V (1) +AV, (4.2.9)

where A\'f} is the amount the input to middle layer weight vector has to
change by, and p is the learning rate between the input and middle layers.

Repeat step 2 until z¢” for each output node is either equal to 0 or small enough
to satisfy the user's need.
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CHAPTER V

The Adaptive Learning Rate Algorithm
This chapter presents a detailed description of two versions of ALRA. Version I
applies ALRA to the LMS learning rule which was used in the RBF network examples
in this research. Version II applies ALRA to the GDR used in the BP network for this

research.

5.1 Applying ALRA I to RBF Networks

As stated above, the LMS learning rule adjusts the steps taken along the MSE
surface according to the magnitude of the error (difference) separating the desired and
computed output of the network for a set of training examples. The smaller the error the
smaller the size of the step along the MSE surface. The proportion of the step size in
relation to the error is determined by the learning rate 1, and the difficulty lies in
choosing what the learning rate should be. ALRA is designed to avoid the guesswork in
choosing a good learning rate for a given problem. It manages the selection of the
learning rate by comparing the MSE at the end of each training epoch with the MSE
generated by the previous training epoch. If the MSE is no longer decreasing or if it
remains unchanged, the learning rate is reduced. The following is a detailed description
of how to apply the ALRA to radial basis function networks.

Since it is useful to calculate the normalized error of a RBF network at the end
of each training epoch, we can use this as a measure of the current state of network on

the MSE surface relative to its position on the MSE surface at the end of the previous
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epoch. During each training iteration, the difference between the desired output and
calculated output (the network error) is calculated. The following equation is used to

calculate the MSE for a particular epoch:

P s

Y XY @) (5.1.1)

MSE= h=l i=]
p

where Zz;, is the error generated by the i node of the output layer, in response to
the A" training pattern.

The RBF network's normalized error is often used as a quantitative indicator of

the network's state of convergence. The normalized error is shown in the next equation:

E

NE = (5.1.2)

o
where © is the standard deviation of the output. If the output vector is multi-
dimensional then there will be a standard deviation and MSE for each node of the
output vector.

At the end of each epoch, the change in normalized error, AErr, is calculated by
subtracting the current normalized error from the normalized error of the previous epoch.
If AErr is less than zero then the normalized error is greater than it was at the end of the
previous epoch. Initially, whenever the normalized error was on the rise the learning rate
was reduced. The reasoning behind this was that the previous change of weights resulted
in a jump beyond the global minimum of the MSE surface. Experimentation showed that

immediately reducing the learning rate usually did not result in good convergence of the

network. The reason for this poor convergence was that the learning rate was decreasing
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too fast in relationship to network's approach to the global minimum. This caused the

change in weight vectors to be very small, resulting in unusably slow convergence.

In order to solve this problem a feature was introduced that would track rising
normalized error trends. This would not modify the learning rate for minor perturbations
of a descending normalized error pattern, but would trigger the reduction of the learning
rate when there was a noticeable rising trend in the normalized error. Here is how the
method was implemented. Before the training of the network began, a trigger value for
the rising error count detector is selected. For the chaotic time series problem a value of
3 was used for the rising error trigger. This means that if the normglized error has
increased from one epoch to the next for three consecutive epochs then the learning rate
is reduced. Experimenting with rising error triggers ranging from 1 to 5 proved 3 to be
the best choice. With values below 3 the learning rate became too small too fast, causing
the network to converge too slowly. Values greater than 3 slowed the convergence of the
network too much by allowing the network to stray too far off course before reducing the
learning rate.

One of the characteristics of a RBF network is that for a given static learning rate
the network will approach the global minimum, but rarely (if ever) hit it. When the
learning rate is too large the normalized error will jump across the global minimum and
for all practical purposes will jump back right across to the place where it was at the end
of the previous epoch (it actually descends an infinitesimal amount). Conceptually the
normalized error is bouncing back and forth between the same two places on the MSE

surface (see Figure 2.1.3). Because of this characteristic it is necessary to detect when
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AErr approaches zero (indicating the MSE is not being reduced anymore) and to then
decrease the learning rate.

Initially a linear decay method was used to modify the learning rate, simply
reducing it by a fixed factor, usually 3%. After some experimentation it was realized that
picking the learning rate reduction factor was going to be problem dependent. In essence,
the tricky learning rate selection was replaced with another choice that still involved
guesswork but not as much. Preliminary results showed that a small learning rate
reduction factor would allow good convergence toward the global minimum in a
reasonable amount of time. These results also indicated that network convergence could
be speeded up if the learning rate reduction factor varied as the normalized error
decreased. The learning rate reduction factor needed to be reduced by a large amount
during the beginning of the RBF network's training and then only reduced by a small
amount as the network approached the global minimum of the MSE surface. This
behavior is similar to the way the network's weight vectors are modified.

My advisor suggested a method that would reduce the learning rate by half the
distance between the current learning rate and a moving target. If the learning rate starts
out to be much larger than the target then the distance between the two will be relatively
large. With each reduction of the learning rate it comes closer to the moving target. Since
the learning rate is reduced by half the distance between it and the moving target then it
will never hit the target. The moving target is reduced by a factor ranging from 0.1% to
0.5% at the end of each epoch. This creates a learning rate reduction schedule that calls

for large reductions at the beginning of the training, and only allows small reductions
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Figure 5.2.1: Normalized error at each epoch for a BP network with the learning rate
held at 0.8.

once the learning rate comes into close proximity to the moving target. For example, if
the learning rate is initially 0.8, and the moving target is initially 0.1, then if learning rate
reduction is called for within the first few epochs the learning rate would be reduced by
about 0.4. Eventually the learning rate will become very close to the moving target, and
will then be effectively reduced by the rate of the moving target's reduction factor,
thereby causing the small learning rate reductions that are desired when the normalized

error is approaching the global minimum.

5.2 Applying ALRA 1I to Backpropagation Networks
ALRA I did not work when applied to backpropagation networks. The reason for

this is that the error surface of a BP network is different than that of a RBF network.

28




When ALRA I is applied to BP networks, the descent of the normalized error is erratic.

Figure 5.2.1 is a graph of the normalized error generated by a BP network when the
learning rate was held constant, and at a high value (0.8). In it you can see that the
normalized error tends to decrease in an orderly fashion until the network takes a bad
jump. When the network takes a bad jump, the normalized error soars, and then relatively
quickly falls back down, making the graph look spiky. If ALRA I is used, then the
learning rate is reduced whenever there is an increase in the normalized error. So, there
would be a reduction of the learning rate at the top of each spike. This will not lead to
good convergence in a BP network. In Figure 5.2.1, the learning rate is held constant, so,
when there is a spike, the network can relatively quickly reduce the normalized error
down to a level near the normalized error before the spike. This is because it was the
weight vectors' relationships to one another that brought the normalized error to where it
was before the spike. The change in the weights that caused the spike was not a large
change, but the effect of that change on the normalized error was large. Since the
relationship between the weight vectors was good and has not changed very much, and
the learning rate has not changed, it does not take the network very long to return to a
normalized error close to what it was before the spike. Since ALRA I would reduce the
learning rate at the top of each spike, then the network would have a hard time getting
its normalized error back to its pre-spike levels.

In order to solve this problem with BP networks, ALRA I had to be modified. The
main difference between ALRA I and ALRA II is that when ALRA II detects a rising

error trend it must return the network to the state it was in before the rising error trend
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began. Then it will reduce the learning rate, resulting in a smaller jump. In effect, the
network has realized that it made a mistake, and will go back to try the same jump again,
but with a slightly different target in mind. ALRA II will also increase the learning rate
when the BP network's normalized error stops decreasing and remains the same
(indicating it has reached a flat spot on the MSE surface). The problem that the BP
network was applied to did not require the use of the moving target algorithm for
reducing the learning rate. However, this does not mean that the moving target algorithm
cannot be used with ALRA II and BP networks.

The BP network with ALRA II was trained to solve a simple OCR (optical
character recognition) simulation problem. Several 5x7 bitmaps were created for

characters of the alphabet (see Figure

5.2.2). The BP network was trained to 5x7 bitmap of the Ietter "O"

recognize the characters and to output 01110
10001

an 8-bit ASCII code for the character. 10001
10001

The BP code was taken from Maureen 10001
10001

Caudill's Neural Networks Primer Part 01110

III [27]). Caudill's BP code did not

Figure 5.2.2: An OCR bitmap.
track the normalized error as the RBF

network used for the ALRA I example did. Instead it tracked the RMS (Root Mean
Squared) error. Since the normalized error is based on the RMS error (see Equation 5.1.2),

then the RMS error can be used in place of the normalized error in ALRA II.
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ALRA II begins in much the same manner as ALRA 1. First AErr (error delta -

the amount of change in the RMS error from one epoch to the next) is calculated at the
end of each epoch. If there is a rising error trend (detected by the same mechanism in
ALRA 1) then the weights must be restored and the learning rate modified downward. If
there is no rising error trend then the weights must be saved, and the descent of the RMS
error must be checked to see if the network is in a flat spot of the MSE surface. To check
if the network is within a flat spot a slow descent detector was used. The slow descent
detector was a mechanism similar to the rising error trend detector in ALRA 1. A network
will activate the slow descent detector if AErr has decreased by only a small amount (less
than 1%) from the previous epoch, for several consecutive epochs. For the OCR network
the slow descent detector trigger was set to 3 epochs. So if AErr decreased by less than
1% for three consecutive epochs the learning rate would be increased. This increase would
allow the network to take bigger steps when on a flat spot of the MSE surface. The

learning rate is modified in either the positive or negative direction by 3%.
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CHAPTER VI

Results and Conclusion

Chapter VI presents a description of how the programs used in this research were
developed. It also presents the results of applying ALRA to the neural networks and

problems described in the previous chapters.

6.1 Computer Systems Overview

To test the usefulness of ALRA I, the chaotic time series prediction problem was
used. This problem was described in [7]. ALRA II was tested on an OCR simulation that
was described in [2]. IBM 386 and 486 PC compatible computers were used for all
programming and testing. The RBF network was programmed in Borland C++ 3.1 for the
Microsoft Windows 3.1 environment. The BP network code was taken from Caudill's
examples in [2] and modified. The BP network code was in ANSI C and was compiled
with IBM's C Set/2 for the OS/2 2.0 operating system. When research was started on the
RBF network, 0S/2 2.0 had not yet been shipped (hence the choice of Windows 3.1 as
a multitasking environment). OS/2 was used for its multitasking abilities and because C
Set/2 would generate 32-bit code that would execute faster than the 16-bit code generated
for the MS Windows environment. Since different operating systems and processors were
used during the testing phase there will be no references to the amount of CPU time it
took to train the neural networks. Instead, the measure used to judge how well each
algorithm works is the number of passes through a training data set (epochs) required to

reach a particular normalized error level.
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6.2 Radial Basis Function Network Results

A description of the chaotic time series problem by Moody and Darken is as follows:

As it is usually formulated, this problem requires finding a real-valued
mapping fR" — R which takes a sequence of n recent samples of a time
series and predicts the value of the time series at a future moment. It is
assumed that the underlying process which generates the time series is

unknown. ... This particular time series results from integrating the
Mackey-Glass differential delay equation:
Al _ _pirgea XEH (6.2.1)
t 1+x[t-1]"°

... The characteristic time of the series, given by the inverse of the mean
of the power spectrum, is f,,, = 50. ... The network has four real valued
inputs (x[#], x[t - Al, x[t - 2], x[t - 3A]) and one real-valued output x{¢
+ Tl with A=6and T=85>1¢,, [7]

Function Value
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Figure 6.2.1: Mackey-Glass chaotic time series, 500 steps with delay T = 17.
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Figure 6.2.2: A RBF network's normalized error vs. epoch for a static learning rate of
0.8.

For this research, there were 500 training examples in the data set used for this
problem. The RBF network had a middle layer consisting of 50 gaussian units. The
gaussian centers were positioned by the merge clustering algorithm described in chapter
3.1. The width of the gaussians was determined by the nearest neighbor technique to be
0.14. Figure 6.2.2 is a graph of the normalized error decreasing through several training
epochs. In this graph the learning rate is held constant at 1 = 0.8. This is an example of
a bad guess for the learning rate when using a standard RBF network. Since the learning
rate is so large the RBF network converges to a normalized error of about 0.47. In Figure
6.2.3 the value of the static learning rate is 1} = 0.3. This is a better choice, it allows
convergence to a normalized error of about 0.22, substantially reducing the normalized

error over the learning rate of 0.8.
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Figure 6.2.3: A RBF network's normalized error vs. epoch for a static learning rate of
0.3.

Figure 6.2.4 is an example of a RBF network that takes a long time to train due
to a learning rate that is too small. Notice that the curve of the normalized error plot 1s
shallower in this graph. This is because it takes the network more runs through the
training data set to reach a normalized error level comparable to that in Figure 6.2.3.

Figure 6.2.5 shows an example of the same network configuration. The difference
is that ALRA 1 is applied to the learning algorithm. This graph depicts how ALRA I will
make this network perform when it is using the linear decay method (see Section 5.1)
for reducing the learning rate. Notice that it takes longer for the normalized error to fall
below 0.2 (about 450 epochs). At 750 epochs the normalized error was about 0.185521.

After 6 runs of the network with the following static learning rates: 0.0005, 0.07, 0.15,
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Figure 6.2.4: A RBF network's normalized error vs. epoch with a static learning rate of

0.0005.
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Figure 6.2.5: A RBF network's normalized error vs. epoch when using the linear decay

learning rate.
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0.3, 0.5 and 0.8. The best normalized error that was achieved was about 0.199, with | =

0.07. With the learning rate held at 0.0005 the network would probably converge to
normalized error of less than 0.185, but it would have taken much longer than 750 epochs
(see Figure 6.2.4).

Figure 6.2.6 shows how the same network configuration performs with ALRA I
using the moving target mechanism for learning rate reduction. The normalized error was
0.19027 at 500 epochs. Using this method for adjusting the learning rate offers speed of
convergence that is comparable to the static learning rate networks, and at the same time
offers the convenience of the linear decay eta networks by not requiring trial and error
in selecting a good learning rate. At 750 epochs the linear decay network was able to

converge to a smaller normalized error, 0.185521. The moving target algorithm, however,

RBF mvg-eta.out - Moving Target ETA
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Figure 6.2.6: A RBF network's normalized error vs. epoch when using the moving target
algorithm.

37



allowed the network to converge to a normalized error of about 0.194 in only 200 epochs.
Conversely, the linear decay network had a normalized error that was greater than 0.2 at
500 epochs.

The important difference between the two learning rate modification algorithms
is that the moving target network's normalized error behaves very similarly to the
normalized error of the static learning rate networks. It decreases very rapidly at first and
approaches its point of convergence asymptotically in a relatively short period of time.
The linear decay network takes a leisurely approach to its point of convergence but can
result in a smaller normalized error if given enough time. This is because the method that
is used to reduce the learning rate is not as radical as the moving target method. With the
moving target algorithm the network's speed of convergence is significantly reduced once

the difference between the learning rate and its moving target becomes insignificant.

6.3 Backpropagation Results

The BP network was trained on the OCR simulation data described in Section 5.2.
There were 10 character bitmaps, see Figure 5.2.2 for an example. The BP network
consisted of 3 layers. The input layer was a 5x7 matrix through which the whole bitmap
would be passed. The middle layer had 4 nodes, and the output layer had 8 nodes, one
for each bit of the ASCII character to be output.

Figure 5.2.1 shows a run of this BP network while training on the OCR data, with
the learning rate held at 0.8. The RMS error fluctuates rather erratically because the

learning rate is too large. There are several instances where the RMS error is reduced to
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a value less than 1, but the network is not able to continue converging from these good
points since it eventually makes a bad jump to some far off place on the MSE surface.
This is what prompted the idea behind ALRA II. The concept was to make the network
detect when it made a bad jump, and to then try to correct its learning rate, in the hopes
of making a better jump from the same position. Figure 6.3.1 illustrates how this BP
network converges when a good value for the static learning rate is chosen, in this
instance 0.3. The RMS error descends gracefully during the bulk of the training on the
OCR data. Around epoch 230 the network makes a bad jump but recovers rather quickly
and continues converging.

Figure 6.3.2 shows the RMS error as it decreases when ALRA II is applied to this
BP network. For every large increase in the RMS error there is a corresponding decrease

in the learning rate. Examine the graph at epochs 35 and 60 to see ALRA II adapting the
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Figure 6.3.1: Normalized error for a BP network with a static learning rate of 0.3.
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Figure 6.3.2: Normalized error for BP network using the linear decay algorithm.

learning rate. This graph also shows how ALRA II is able to detect when the network has
reached a flat spot on the MSE surface. Around epoch 190 the RMS stops oscillating and
flattens into a very gradual descent. ALRA II detects this and raises the learning rate in
order to speed the network's convergence. At epoch 200 the learning rate is increased and

the RMS error continues downward.

6.4 Conclusion

Neural networks that use gradient descent learning techniques require the user to
determine a good learning rate for each particular network configuration and its associated
problem. Determining a good learning rate usually involves training the network several
times with various learning rates, keeping track of which ones offer the best combination

of accurate results and reasonable training time. ALRA I and ALRA II were developed
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to reduce the amount of trial and error guesswork the user must deal with when training
her network. ALRA I offers the user two methods for modifying the learning rate as the
radial basis function network is being trained. The linear decay method allows the
network to train to a lower normalized error over a longer period of time. The moving
target algorithm allows the network to converge to a higher normalized error, but over a
shorter period of time. ALRA II offers an adaptive learning rate option to the
backpropagation network user, and faster convergence than using the GDR alone. An area
of further study is to assign a different learning rate to each weight in the network and
use ALRA to modify each one individually. Another area of study is to employ the

moving target mechanism in ALRA II for backpropagation networks.
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