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ABSTRACT

The motivation behind this work was to define matrix scaling so
that process conditioning and process interaction applied to steady
state process gain matrices would be put on a common basis. Since
units are attached to the elements of a steady state gain matrix, it
is often difficult to interpret what these elements mean on’a physical
basis.

In order to lower condition number, both empirical scaling
methods and a numerical nonlinear search technique (NLST) were used.
Much of this work was based on the scaling techniques used by Prasad
(1). For analysis purposes, process steady state gain matrices were
arbitrarily classified into three categories depending on the number
and position of zeros in the matrix. These three categories were
noninteracting, partially interacting, and full.

For noninteracting matrices of dimension 2x2, 3x3, and 4x4,
geometric mean scaling and NLST yielded the same minimum condition
number. Full matrices of dimension 2x2 had the same minimum
condition when scaled either by geometric mean scaling or by a
nonlinear least squares technique. By using an analytical method
based on Tomlin's algorithm for geometric mean scaling, it can be
shown that the minimum condition number for full, 2x2 matrices is
the same for row followed by column scaling or for column followed
by row scaling. Results of scaling using other empirical techniques
such as arithmetic mean or equilibration were mixed. In general,

NLST was the more effective method in finding minimum condition




number for all types of low order matrices. Much more work is

needed to develop a framework for determining interaction for

multivariable processes on a common basis.




TABLE OF CONTENTS

CHAPTER PAGE
L INTRODUCTION « & + v o o o e o v o v o o n o o s oo 1
Definition of Matrix Scaling . « « o« ¢ « o o o ¢ & & 1
Categorization of Process Variables. « « « ¢ « o o & 2
Notation Conventions « « o« o« o o ¢ o o o o o o o o 3

2, A BRIEF REVIEW OF THE MULTIVARIABLE

CONTROL LITERATURE . . ¢« ¢ ¢ ¢ ¢ ¢ o ¢ o ¢ ¢ o o o o & 9
Interaction Measurement. . o« ¢« « ¢ o o ¢ o o o o o o 10
Relative Gain Array. « o+ « « ¢ o ¢ o o s o o o o« s o 10
Dynamic Interaction Measures . . « « ¢ ¢« « ¢« o o o 12
RGA Pairing RulesS. + « « « ¢ v o o o o o ¢ o o ¢ o o 15

Additional Guidelines on Interpreting
the RGA L] L] . . L] . . L] . . . L] . L] L] L] . [ ] L] L] * . . l 6

3. MATHEMATICAL BACKGROUND, . & ¢ ¢ o o o o ¢ o o o s o o 19

Vector and Matrix Norms. « « o« + « « o ¢ ¢ o o o o 19
Properties of SVD. v v v ¢ ¢ ¢ o 4 o 4 o e e 00 e 22
Four Fundamental Subspaces . « « « o« o o o o o o« o o 23
Orthogonal and Diagonal Matrices . « « « o o ¢ ¢ « & 24
Pseudoinverse. « o« o o o o o o o s o o o s s e o s e 27
Geometrical Interpretation of SVD. + . « ¢ ¢ ¢ ¢ « & 30
Condition Number « « « « o ¢ ¢ o o o s s o o o o o o 32
Numerical Computation of the SVD . . . + « « ¢« ¢ ¢« & 34

4. LITERATURE REVIEW OF MATRIX SCALING. . « « ¢« & « o« o & 38



CHAPTER

5. MATHEMATICAL DEFINITIONS AND THEOREMS
RELATING TO SVD . . L] L] L] . . . L * . L L L] L] L] L L] . .

Definitions. L] L] . L . . L] . . L] L L] L] L ] L L] L] L] L2 *
Classification of Square Matrices. « « « « « o ¢ « &

Theorems about SVD, Scaling, and Condition
NIlmber . . L] L] L ] L] L[] L] . L] L] L] L ] . L] L] L] L] - L ] . . L]

Unit S on SVD * L] . L] L] - e e o s 8 O L] L . L] L] L d L] L]
6. MATRIX SCALING STUDIES . ¢« ¢ « ¢ o o ¢ o ¢ o o s o o &

Description of a Nonlinear Least Squares Search
Technique L] . . . L] . L] . . L] . L] L] L] . L] L] L] . L] . L]

Results from Geometric Mean and NLST Scaling . . .
Comparison of Empirical Scaling Techniques . . . . .
PerturbationS. « « o o o ¢ o ¢ o o s o o o o o o s .
Types of Scaling and Scaling Factors Using NLST. . .
Condition Number Surface . « « ¢« o ¢ o ¢ o o o ¢ o &
Partial versus Full Scaling. . ¢« ¢ « ¢ o o ¢ o o o &
SVA Pairing. « o o o o o o o o o o o o o o o o o o o
Comparison of RGA and SVA Pairing. . « « « ¢ & & o

Comparison of Interaction Measures with an
Extruder L] L[] L] L) L ] L] L) L] L ] . L] . L] . * ® ® s & & s o

Conclusions and Recommendations. « « « ¢ « o o ¢ « &
BIBLIOGRAPHY . « v ¢ o & ¢ o o o o s s o o o o o« e s e e e
APPENDICES . & « o ¢ o o o o o o o o o o o s o o s o s o o o

APPENDIX A. FURTHER WORK ON GEOMETRIC MEAN SCALING. . . .
APPENDIX B. FLOWCHART AND TABLE FOR ITERATIVE

GEOMETRIC MEAN SCALING AND FLOWCHART
FOR NLST SCALING L] L] L] - L] L] L . L] - L4 . L] L] L]

PAGE

51

51

54

54

61

65

65

68

87

94

94

96

103

103

105

109
111
115

121

122

124

vi



CHAPTER
APPENDICES (Continued)
APPENDIX C. FOUR TRANSFER FUNCTION MODELS . . . . .

APPENDIX D. PROOF THAT A SQUARE, ORTHOGONAL MATRIX
HAS A CONDITION NUMBER OF ONE . . . . .

APPENDIX E. SCALING FACTORS FOR GEOMETRIC MEAN
SCALED MATRI CES . L] . L] L . L] L . L . L]

APPENDIX F. SCALING FACTORS FOR NLST SCALED
MATRICES L] L) . . . L] L L] L] . . L] L] L L] .

VITA e @ 8 ® & ® 6 e ® & 8+ 8 s 6 & » s & 5 & & o e+ 0+ 0>

vii

PAGE

141

143

145

154

157



viii

LIST OF TABLES

TABLE PAGE

4,1. Types of Empirical Scaling Techniques. . . « « « « « 41

3.1. Real, Symmetric Matrices with a
Condition Number of One . . . . . « + « « « « « « + 60

6.1. Effects of Two Scaling Methods on Condition
Number for 2x2 MatricCes. « « s+ « o o o o o o o o o o o 70

6.2. Effects of Condition Number of Partially
Interacting Matrices Scaled by a Nonlinear Least
Squares Technique. « « « « « o« o s ¢ o o o o o o o o o 72

6.3. Effects of Two Scaling Methods on Condition
Number for 3x3 MatriceS. « « « o« o o s o s o s o o o o 82

6.4, Effects of Two Scaling Methods on Condition
Number for 4x4 MatricesS. « « o ¢ o o o o o o o o ¢ o 84

6.5. Properties of Selected Real, Symmetric Matrices
with all Elements 1 . . ¢ ¢ ¢ ¢ o ¢ o o o o o o o o o 88

6.6. Effect of Iterative Geometric Mean Scaling on
Condition Number for 3x3 Matrices. . « « ¢ « ¢ « « o & 90

6.7. Effect of Different Scaling Techniques on
Condition Number for 3x3 Matrices. « « s+ o« ¢ o o o o & 91

6.8. Effect of Geometric Mean Followed by an Empirical
Scaling Technique on Condition Number for 3x3
Matrices . . L] L] L] L] L] . L] L . L] L L] . . . L) . . . L) . 9 2

6.9. Percent Change in Condition Number for Scaled
3%3 MALTICES o« « o o o o o o o o o s s o o o o o oo 93

6.10. Variations in Condition Number from Perturbations
of a Singular 3x3 Gain Matrix. . « « o ¢ & o ¢ ¢« « « & 95

6.11, Comparison of RGA and SVA for Scaled and Unscaled
MALTICES « o o o « o o o o o o s o o s o o o o o « o« 106

6.12. Comparison of Interaction Measures for a Plastics
E-xtrud er L] . L] . L] * L] . L ] L) L ] L . . . . L] . - . . L] L 112




TABLE PAGE

B.1. Sections of an Iterative Geometric Mean
Scaling Program. « « « + « « o« o o o o o o o s s o o o 125

c.l. Four Transfer Function ModelS. « o« « o s ¢ o o o o o o 142




LIST OF FIGURES

FIGURE PAGE
1.1, Process with Two Inputs and Two Outputs . . « « + + « & 4

1.2. State Space Model for a Continuous Time

Linear System « + o« o o o o o s o« o o o s s ¢ o o o o o 6
2.1. Figure -8- Type Interaction . « « ¢« ¢ o ¢ ¢ ¢ ¢ o« o« o« & 17
3.1. Four Fundamental Subspaces that Map X onto Y. . . . . . 25

3.2. The Relationship of a Matrix A and Its
Pseudoinverse A L) [ ] L] . . . L] L . . . L] L . L] L2 L] L L] L] 29

3.3. Geometric Space Interpretation of Rotations
and Scaling for a 2x2 SVA Controller. . . . « . . « .+ & 31

6.1. Flow Diagram for Nonlinear Least-Squares
Scaling Technique + « v « ¢ ¢« o ¢ o o o o o o o o « o » 67

1
6.2. The Reciprocal of Condition Number (i) as a
Function of Scaling Factors (Srl and Scl) for a

Transfer Function of Weischedel and McAvoy's
Column A . . L) . . L - . L] . L] L] L] . . * L] . L] L] L] . L] L] 98

1
6.3. The Reciprocal of Condition Number () as a
Function of Scaling Factors (Sr and SC ) for a
1 1
Transfer Function of Weischedel and McAvoy's
Column B L] L L] L] . L] L] . L ] L ] . [ ] L ] L ] . . L] L] L] L L] . L] . 9 9

1
6.4. The Reciprocal of Condition Number (%) as a
Function of Scaling Factors (Srl and S, ) for a
1

Transfer Function of Weischedel and McAvoy's
Column C [ . . * L] . L L ] L] L] * . . L] L] . L] L] L] . L] L] * . 100

1
6.5. The Reciprocal of Condition Number () as a
Function of Scaling Factors (Srl and S, ) for a
1

Transfer Function of Wood and Berry « « « + ¢« ¢« « ¢ « & 101

1
6.6. The Reciprocal of Condition Number () as a
Function of Scaling Factors (Srl and Scl) for a

Transfer Function of Lau. v v ¢ ¢« 4 o ¢ o o o o o o o » 102



FIGURE PAGE

6.7.

B.2.

B.3.

The Absolute Value of !Ulll as a Function of
Scaling Factors (Srl and Scl) for a Transfer
Function of Lau o v ¢ ¢ ¢ o &+ o ¢ o ¢ ¢ o s o o o o o 104
A Simplified Flowchart of Iterative Geometric
Mean ScaliNge « o o o o o o o s s s o o o o o s o o s o 126
A Flowchart for Subroutine PATERN . . . . . . . . . .. 132



xii
LIST OF SYMBOLS

A any general matrix
a any general vector
3 j scalar; one element in a matrix
c controlled variable

diag diagonal matrix
E error matrix

G(s) general transfer function matrix

8i j scalar transfer function between i~th output and j_th input

K process steady state gain matrix

m manipulated variable

r input

U left singular vectors, orthogonal matrix of SVD

v right singular vectors, orthogonal matrix of SVD

y output

K condition number; largest singular value divided by smallest
nonzero singular value

A relative gain array of a given process steady state matrix

oij elements of the relative gain array (RGA)

u eigenvalue

L diagonal matrix of SVD

g element of I matrix

O 4 minimum element of £ matrix

4 disturbance input



CHAPTER 1

INTRODUCTION

Definition of Matrix Scaling

A matrix is scaled if it is pre-multiplied, post-multiplied or
both pre- and post-multiplied by diagonal matrices. The general

form of a scaled matrix will be shown as

K.. = S.KS (1.1)

where S; and S, are diagonal matrices consisting of real, nonzero
elements and K is the matrix to be scaled. The nonzero elements of
Sy and Sy are called scaling factors. Pre-multiplication of K by S
performs row scaling while post-multiplication of K by 82 does
column scaling.

For mxn matrices, the following notation will be used for the

scaling matrices:

.2)
= di ..., S) 1
s, = diag (54> m

. (1.3)
g = diag (Sm+1’ o e Sm+n)



For example consider an arbitrary 3x3 matrix

sc

sC

— - -
5,0 0 Ky Ky Ky 5,0 0

= o s, 0 Ky; Ky Kys 0 s, 0 (1.4)
00 s3] Ky Kgp Ky 0 0 )
31 K11 8, S1Kp S5 Sy Kyg 8¢
SpKp1 84 52Ky S5 Sy Kpg S (1.5)
53 K31 %% 53 K355 S3K33 5

Categorization of Process Variables

Process variables can be categorized into the following two

classes:

1.

Independent variables (input variables) are process
variables that are not influenced by the operation of the
process but do affect its operation. These variables can
be subdivided into manipulated or disturbance variables:
a. Manipulated variables are adjustable variables.
b. Disturbance variables are neither adjusted nor
manipulated by a control system or human operator.
Dependent variables (output variables) refer to process
variables that are affected by the operation or state of
the process. Dependent variables can be classified
further into controlled variables and intermediate or
secondary variables:

Controlled variables are typically those sought to be

a.

maintained at given set point.



variables which are of secondary importance and may

3
b. Intermediate or secondary variables are those
not be measured.

Notation Conventions

Typically, transfer function descriptions of processes are
Qidely used in the chemical process industries. A process is often
described in terms of either fitted experimental plant data or a
model consisting of mass, component, energy, momentum, or other
balances. A linear, time invariant (LTI) model is the most common
and will be used throughout this work unless specified otherwise.
For multiple-input multiple-output systems (MIMO), transfer function
matrices are used. For a LTI system with two inputs and two

outputs, the general transfer function would be

g..(s) gy,(s)
cs) = | 12 (1.6)

where gij(s) is a scalar transfer function between the i-th output
and the j-th input. This transfer function description is shown in
Figure 1.1.

Another method of expressing the linearized process equations

is in state space form as

"
]

Ax + Bu (1.7) -

~
"

Cx + Du (1.8)



Figure 1.1,

ul(S)
- = e ®
————— g21(S)
e 812(s) >
u, (s + ¥, (s)
1 g o
+

Process with Two Inputs and Two Outputs.




where u input vector of dimension mxl
x state vector of dimension nxl

output vector of dimension pxl

>

system matrix of dimension nxn
B input or distribution matrix of dimension nxm
C output matrix of dimension pxn
D feedforward matrix of dimension pxm
The state space form for the closed loop system is shown in
Figure 1.2,
Most of this work will be limited to steady state analysis.
The process steady state gain matrix is obtained from the state

space equations (1.7, 1.8) by setting x=0.0.

1

x = -A "Bu (1.
-1

y = (-CA "B+D)u = Ku (1.

K = -CA"1B + D

Similarly the state equations (1.7, 1.8) can be written with

the LaPlace operator as

sX(s) = AX(s) + BU(s) (1.

Y(s) = CX(s) + DU(s) (1.

2)

10)

11)

12)



Figure 1.2,  State Space Model for a Continuous Time Linear System.



Solving equation (1.11) for X and substitution into equation

(1.12) gives

X(s) = (sI-ATIBU(s) : (1.13)
¥(s) = [C(sI-A) 1B + DU(s)] = G(s)U(s) (1.14)
G(s) = [C(sI-A)"'B + D]

The process transfer function matrix is represented by G(s).
To determine the steady state gain matrix, set s=0.0 so that

equation (1.14) becomes

1

Y(s) = [-CA” "B + DI(s)U(s) = Ku(s) (1.15)

which is the same result as equation (1.10). Equation (1.16) will
hold as long as A~l exists.

Further simplifications of equation (1.16) for the steady state
process gain matrix are frequently made if the output matrix is the
identity matrix. Therefore, equation (1.8) reduces in many cases to

y=x. Under these same assumptions, equation (1.16) becomes
K=-A"B (1.17)

This chapter contains a mathematical definition of matrix

scaling that will be used throughout this work. The effect of



scaling will be examined in relation to the interpretation of

process conditioning and interaction. Interaction of the process
gain matrix will be viewed in terms of the possible loop pairings
indicated by the relative gain array versus that of singular value

analysis which will be described further in subsequent chapters.



CHAPTER 2

A BRIEF REVIEW OF THE MULTIVARIABLE

CONTROL LITERATURE

Around 1869 scalar time response methods began with Maxwell's
work on steam governors (4). The origin of scalar frequency
response methods dates from 1932 with Nyquist's work. Around 1966
marks the beginning of multivariable, vector, frequency methods with
the work of Rosenbrock (5).

Foss criticized the application of modern optimal control
theory in the process industries (6). Several reasons for the lack
of success in optimal control implementations are the limited
knowledge of the actual processes and their often inherently
nonlinear character. More success has been attained by controlling
single~-input single-output (SISO) systems with modern control theory
than with multiple-input multiple-output (MIMO) systems. Problems
with right hand plane transmission zeros and difficulty in assessing
sensor failure were several reasons for the limited success of
optimal control in MIMO systems.

Rijnsdorp and Seborg prepared a survey of advanced control
applications in the process industries through 1976 (7). They
tabulated thirty industrial applications of advanced control into
the following nine categories:

1. dominant interaction;

2. decoupled or non-interacting control;

3. inverse and direct Nyquist array;
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4., characteristic loci;

5. optimal control;

6. modal or pole placement;

7. Lyapunov functions;

8. incomplete state feedback;

9. adaptive control.

Decoupling and optimal control were cited in two-thirds of the
applications (7). The other seven methods were divided among the

ten remaining applications.

Interaction Measurement

Pairing a manipulated variable with a controlled variable and
tuning each SISO loop independently is one simple method to control
MIMO systems. When there is not much interaction among the process
variables, SISO design techniques have been relatively successful.
This approach to formalizing control structure is often termed
multivariable single-input single—output (MVSISO).

Interaction is measured either at steady state or in terms of
its dynamic response. Both time and frequency domain methods are

used to examine dynamic interaction.

Relative Gain Array

A widely used measure of interaction is the relative gain array
(RGA) (8). In general, the RGA is defined to be multiplication of
corresponding elements of the steady state gain matrix by the

transpose of its inverse (9). Therefore, the RGA is limited to
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square, invertible systems. The RGA can be defined in relation to
process control as a measure of the gain of a process without any
control (the open loop gain) divided by the gain of the process with
all loops perfectly controlled except for the one being studied
(10).

Symbolically, the RGA, denoted by A, is represented as

dy,
(L)
Ju,
= —J U
o
du,
3y

AL,
1]

A = where m=n (2.1)

where ‘u jth process input, u
y ith process output, y
u input variable

y controlled variable
1
IST)
K11K22
Some of the useful properties of RGA are listed (3, 12, 13).

For the case of a 2x2 matrix All =
1

The properties are for nxn except for where noted as being listed as
2x2,

1. All rows and columns of the RGA matrix (A) add to one.

2. The elements of the RGA matrix are scale invariant and

unitless.
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3. A permutation of rows and columns in the steady state gain
matrix will result in the same permutations in the RGA,
4, Large elements (Aij) indicate that the process steady state
matrix is nearly singular,
5. RGA elements of completely isolated subsystems are the
same as the corresponding elements of the original system.
6. The RGA provides an estimate of the measure's sensitivity
to parameter changes.
7. For 2x2 systems, the RGA will be the identity matrix if
the steady state gain matrix is diagonal or triangular.
For the diagonal matrix, the system is called decoupled
while the triangular is referred to as one-way
interactive.
8. For a 2x2 steady state gain matrix with only nonzero
entries, the values of the RGA elements fit into
a. If there are an odd number of positive elements in
the gain matrix, then Aije(O,l) for i,j = 1,2.
b. If there are an even number of positive elements in
the gain matrix, then AijeC-w 0O U(Q,») fori,j=
1,2.

The RGA pairing rules will be described later.

Dynamic Interaction Measures

Rijnsdorp (11), proposed one of the first interaction measures

in the frequency domain for 2x2 systems. His interaction quotient
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was

[ o Bzt (2.2)

11822 .
s = jw

where gij(s) is an element of the plant transfer function matrix.

He concludes that if the steady state (s=jw=0) value is near unity

then interaction will cause poor control. Also, at frequencies when

the magnitude is close to one and the phase is negative, the

interaction leads to poor control. Good control can be achieved

when his interaction quotient is constant and negative.

Davison (12, 13) devised measures of interaction that consider

dynamic interactions. One measure is the performance index is

J, = max f y.(t)dt for i =1, . . ., D
i i
for all X(0) such that le(O)l‘ =1 (2.3)
which is used to calculate the Interaction Index
i _ JE)*-J(@{d)
&Ky - ) =755 (2.4)

where J(i) is the performance for the controlled system using only
the i-th control loop. J(i)* is the performance index of the system
for all control loops operational. K;, K, are controller gains.

In this representation the system must be described in state

variable form.
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A value of zero for the Interaction Index suggests there are no
interaction effects for the loop under study. A negative value
indicates that the system can be controlled by adding a control
loop. Positive values indicate unfavorable interaction. As the
positive index increases, the amount of interaction increases.

Davison (13) proposed an index for non-minimal phase systems:

r ‘ DT

D (Kgs Ky + ) = Trime (2.5)

where DT is the dead time for the process to leave or cross through
zero. TC is the dominant time constant in the process. Ky, K, are
the controller gains. The r-th controller is not connected to the
system. Non-minimal phase refers to dead time or right hand plane
zeros in the system's transfer function. His interaction index based

on the non-minimal phase index is the

T
I (KS, Kt’ e e L) = D(KS,Kt)—D(O,O,O. . ) (2.6)

where r-th controller being studied is tuned out by setting the gain
to zero. With values of the index classified as positive, negative,
or zero these measures have the same interpretation as previously
discussed.

The RGA has a serious shortcoming in that it does not address
the dynamic aspects of a process. Witcher and McAvoy (14) expanded

the RGA to the frequency domain for 2x2 systems. They demonstrated
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that a measure by Nisenfeld and Shultz (15) was equivalent to

Rijnsdorp's interaction measure at zero frequency.

Bristol (16) also generalized the RGA in the frequency domain
to a general square transfer function matrix. This dynamic RGA is
defined analogously to the steady state RGA. Thus, the transfer
function is required to have an inverse that is a function of
frequency. With this measure, systems with negative relative gain
elements at zero frequency correspond to a non-minimum phase
transfer function with either a right hand zero or pole in the

closed loop transfer function.

RGA Pairing Rules

McAvoy (1) has analyzed steady state RGA extensively and has
drawn up pairing rules for interpreting the RGA. His improved
pairing rules, compared to original rules, are listed as:

1. Positive elements in the RGA matrix nearest to one should

be considered first for pairing.

2. These pairings should be checked with Niederlinski's

Theorem which states that for an open loop stable system,
the closed loop system resulting from pairing

U1=¥1s Uo=V2s o « U =Y, is unstable if

<0 (2.7)

where ]K| is the determinant of the process steady state



3.

gain matrix. If this condition is encountered, another
positive pairing should be chosen with values closest to
one.

Negative pairings should be avoided whenever possible.

Additional Guidelines on Interpreting the RGA

McAvoy also provides some secondary rules for interpreting the

RGA.

1.

Decoupling should be considered when a relative gain
element (\) is outside the range of 0.67<)<1.50 to avoid
figure-8-interaction (Figure 2.1). Decoupling can be
achieved by detuning loops, linear decoupling, or by
changing variables. Linear decoupling involves linear
combinations of the inputs or the outputs. Changing
variables means that simple functions are formed of the
original manipulated or controlled variables.

For X >25, alternative control strategies should be
weighed over the RGA Single-Input-Single Output design.
For any value of relative gain, significant one-way
interaction may occur. For 2x2 systems, McAvoy suggests
that the criterion L%%%l<~% for all i,j i # j be checked

for a properly scaled gain matrix. All manipulated

16

variables are properly scaled if they are between zero and

K-.
one, Ifli%%1> %- , then one-way decoupling is advised.
ii

To avoid implementation problems when using linear

decouplers, the condition number can be determined from



https://0.67<X<1.50

Figure 2.1.

1}

Figure -8- Type Interaction.

17
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the SVD. McAvoy recommends that a condition number k >50
suggests that the given system is almost singular and
decoupling will not be feasible.

In summary, the most common methods of modern multivariable
control are listed. This work will involve noninteracting control
strategies. Interaction was defined and guidelines were set out for

the relative gain array,
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CHAPTER 3
MATHEMATICAL BACKGROUND

The singular value decomposition can be described by the
decomposition of an mxn matrix A into two orthogonal matrices and
one diagonal matrix as follows (17):

For m > n

(3.1)

where A is an mxn matrix, U is an mxm orthogonal matrix, V is an nxn

orthogonal matrix, I is [g g

T9y o o« 5, 0g) and 0y >09 > 03> . . . D000,

J is an mxn matrix with S = diag (v,

The singular values of A are the elements 0y, J9, « ¢ ., 0.
Singular values are defined as the positive square roots of the
eigenvalues of ATA. The columns of U, an orthogonal matrix, are
called the left singular vectors while the columns of V, an
orthogonal matrix, are the right singular vectors. The SVD exists
for all matrices. The rank of A is equal to the number of its

nonzero singular values. For a nonsquare matrix, the rank of A is

equal to the min(m,n).

Vector and Matrix Norms

Vector and matrix norms are used with SVD to provide bounds
relating manipulated variables to measured variables (18). The
notion of vector norms will be described and extended to matrix

norms. The purpose of vector norms is to determine the length of a
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vector. Probably the most common vector measure is the Euclidean or

12 -norm defined as
1
2

2
e 11, = Gl .2

In the general case the sum of the magnitude of each element of the
vector is raised to the p-th power and then the quantity is raised

to the %- power in the following form:

1

P
IERIENGEALS (3.3)

Besides the 1, -norm, two other easily computed norms are

the 1;- and 1 - norms., They are characterized as

(RS 1, - nom (5.4)

ll X l,w = max Ixi, 1 - norm (3.5)

Some of the properties of these vector norms are

|| ax [| = lal ] x [l (3.6a)
x+y [l =l = [+ 1]yl (3.6b)
|| x || >0 for all x # 0 (3.6¢)

and l| X || =0 for x =0

Matrix norms have properties similar to those of vector norms
as well as a consistency requirement when matrices are multipled

together. These properties for a matrix norm include
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| A||] >0 for all A# O and || A || =04iff A=0 (3.7a)
|| bA || = |b] || A || for any scalar b (3.7b)
[l a+B || <[l all+]]B]] (3.7¢)
[l a8 [[ <[l all I8l (3.7d)

Norms of matrices are called induced, natural, or operator when
they are based on the vector l-p norm and satisfy the above

properties. They are defined as

ax |l
Il A || = sup L for all x (3.8)

T

where sup is the supremum or the least upper bound on ||Ax

The one, two, infinity, and Euclidean matrix norms can be

n
All, =™ @ . )
At =7 §=1 lagy D (3.9)
n
max
Al =" (g g .
[ ||m : §=1 | a5 D (3.10)
n
2,0.
Tallg=G [a; 1D ° (3.11)
i,]
1A ll, = O max aTayt/? (3.12)

It is important to note, that although the Euclidean norm is
equivalent to the 1, - norm for vectors, the Euclidean matrix norm
is different from the 1, - matrix norm. For example, the Euclidean
norm for the identity matrix would be Y2 while the 1o - matrix norm

is 2 for this case.




Properties of SVD

SVD is generally recognized as a reliable numerical method for
determining the rank of a matrix (19). For finite precision, the
zero threshold value below which singular values are assumed zero
can be chosen. The value of the smallest singular value indicates
how far a matrix is from matrices of lower rank.

The rank of a matrix indicates how close to singular it is.
Thus, the rank shows how close the rows or columns of A are to being
linearly dependent.

Condition number is defined formally as

cay = [l all At (3.13)

For square steady state gain matrices, the condition number is
the largest singular value divided by the smallest nonzero singular
value. Mathematically, the condition number is useful in examining
the linear system Ax=b to show how errors in A and b be can be
magnified in obtaining the solution. Generally the larger the
condition number, the more nearly singular is the matrix A and the
solution x becomes more sensitive to errors in A and b.

A third property of the SVD depends on the smallest singular
value. The magnitude of the smallest singular value QU*) is a
measure of the minimum distance to the nearest singular matrix.
Therefore, it is a measure of the invertibility of the system. The
size of the smallest singular value provides information about

potential problems when implementing feedback control (20, 21).
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Four Fundamental Subspaces

Four subspaces can be used to describe a matrix that is
contained in a linear equation of the form y=Ax. In a control
context this equation states a matrix A is an operator that maps x
onto y so matrix A relates inputs and outputs. The subspaces are
Im(A), Im(Al), Ker(A), and Ker(AL) where A is a matrix orthogonal
to matrix A, Im refers to the image of the matrix, and Ker is the
nullspace or the Kernel of the matrix., The Kernel is associated
with the inputs, while the image relates to the outputs, The
following two equations relate the four fundamental subspaces as

follows:

1 T
Im(A ) =Ker(A")

(3.14)

In(aT) = Ker (&)

where Al is the transpose of A,

These subspaces are related to the SVD of any matrix (22, 23)

A= UZVT

(3.15)

>
|

= [Ule] S0 v

00 v

Image (A) represents the columns of Ul and all the possible outputs
of Image (Al) symbolizes the columns of U, and contains all the
values of y which are not possible outputs. It is the orthogonal
complement of image A. Kernel (A) contains all inputs x that map

into the nullspace of y. It represents columns of V,. Kernel (AT)
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is the orthogonal complement of Kernel (A) that contains all the
inputs x which lead to nonzero values of the output y. It

represents the columns of V;. Refer to Figure 3.1.

Orthogonal and Diagonal Matrices

Since SVD involves the decomposition of a matrix into three
component matrices, one diagonal and two orthogonal matrices, some
of the important characteristics of these types of matrices will be
described.

An orthogonal matrix P is a nonsingular, real, square matrix

with orthonormal columns and rows (17). It has the following

properties:
1. Plp=T
2. PPl=I

The first property implies that columns of P form an
orthonormal set of vectors while the second property states that the
rows form an orthonormal set. An orthonormal set of vectors means
that they are both normalized and mutually orthogonal.

3. If P is orthogonal, the det P=l, P is called properly
orthogonal if its determinant is +1 and improperly
orthogonal if its determinant is -1.

4, If two matrices P and Q are orthogonal, then fheir product
is also orthogonal,

5. An orthogonal matrix preserves both angles and lengths
when it is used for defining a linear transformation. If

P is orthonormal, it has all the properties of an
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X Y
1
Kernel [A]
(maps into nonzero y) Image [A)
A(mxn)
@
0 Jall possible solutions
y=Ax
L
Kernel {A] Image A
maps into {0} A unreachable
{

dim (X)=m dim (Y)=n

Figure 3.1. Four Fundamental Subspaces that Map X onto Y.




orthogonal matrix and it also satisfies for all x the

following properties:

e 1, =11 = 11, (3.162)

|| » |‘2 = 1 (3.16b)

Orthogonal matrices provide computational advantages when used
in conjunction with the 15 - norm. For example, the inverse of an
orthogonal matrix is its transpose. "The 1, - norm for an
orthogonal matrix is one, and the modulus of all real and imaginary
eigenvalues of the matrix is one." (9) One type of orthogonal

matrix is the elementary rotation matrix with the general form (23)

1
1
R(ijj) ars ass i (3.17)
1
1
a,., a,.
Ji J3 J
1
1
where aij = CoSs
aij = -sin
aji = Sin
ajj = cos
This is generally called a Givens reflection., If ajy = sin6 and
aji = -sin6 with ajy = ajj = cos 6 , the form is a Givens rotation.
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A diagonal matrix is defined as a matrix whose off-diagonal
entries are all zero. Pre-multiplying a mxn matrix A by a diagonal
matrix Sm involves multiplying the i-th row of A by the i-th
diagonal element of S . Post-multiplying A by Sn, a
diagonal matrix, involves multiplying the j-th column of A by the

j-th diagonal element of Sn. Thus Sm and Sn are called scaling

matrices.
5,0 0 FAH Ay, s, 0
0 5,0 AL, Ay 0 S, - (3.18)
; i

0 0 Sp3 A3 A23J

Sm1 411 Sm1 Sn1 421 842

Sm2 212 Sm1 Sm2 222 Sp2

“m3 413 a1 Sn3 A3 Sp2

Diagonal matrices will be employed in scaling procedures for
both square and nonsquare matrices. Although matrix multiplication
is generally not commutative, it is for the case for multiplying
diagonal matrices. The order of multiplication of diagonal matrices

is not important.

Pseudoinverse

The pseudoinverse or generalized inverse is useful for solving
problems that are underdetermined, singular, or overdetermined. The

pseudoinverse is defined as
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A =V U (3.19)

+
where I is

Af is the pseudoinverse

The solution found with the pseudoinverse is the minimum norm

. The

of all possible solutions that minimizes the norm lle—b|
pseudoinverse is identical to the standard inverse for full rank,
square matrices, and the solution represents the unique solution for
a set of linear equations. For the underdetermined case, the
solution calculated using the pseudoinverse is one vector or solution
out of infinitely many with a minimum norm. The overdetermined case
can be useful in solving the pseudoinverse that yields the least
square estimate for the solution. See Figure 3.2.
A few of the properties of the pseudoinverse are listed as
follows (24):
1. AY is an nxm matrix. A" originates with the b vector in
R™ and produces a vector x in R%,
2. The column space of A% is the row space of A and vice
versa, Therefore, the rank A*=rank A,
3. Usually AA*=I because A may not have a right-inverse.
However, Art always equals the projection of P onto the

column space

AAb = Ax =Pb =p (3.20)
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row column
space space

- -+ +
Ax=p and x=A p=A b

nullspace left null space

Figure 3.2. TE? Relationship of a Matrix A and Its Pseudoinverse
AT,
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Geometrical Interpretation of SVD

The manipulated variables for a specific steady state gain
matrix is considered to be a unit ball of inputs or the set of all
possible unit length vectors for the process (25, 26, 27). A single
vector mapped through a matrix results in a transformed vector. For
mapping a unit ball of vectors, the mapping will be an ellipsoid.
The ellipsoid will range from well-shaped representing a well-
conditioned process (low condition number) to a line, a degenerate
shape representing a poorly conditioned process (high condition
number). The length of the major axis of the ellipse is related to
the largest singular value while the length of the minor axis
corresponds to the smallest singular value, Size, shape, and
orientation of the ellipse are determined by the original matrix.
Geometrical linear transformations of orthogonal matrices can be
considered to be simple rotations in space. The component matrices
in the SVD may be viewed as three transformations for the input
vector. The orthogonal matrix vT gives a rotation of the input,

The second matrix I scales the rotated vector. The third matrix U
rotates the output. This transformation is illustrated in Figure
3.3. The coordinate system for U and the coordinate system for vT
are both orthogonal. However, one of these coordinate systems may

be rotated with respect to the other.
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‘ Figure 3.3. Geometric Interpretation of Rotations and Scaling for
a 2x2 SVA Controller.
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Condition Number

Condition number is defined for any nonsingular mxn matrix A as

(23).

<@ = || all || a7,
(3.21)

where HK I ’B is any matrix norm

In the case of the 12 - matrix norm, the condition number is

usually defined as

. (8) ¥ °1
= r=: =5 (3.22
2 n n )
where H; is the largest eigenvalue

W, is the smallest nonzero eigenvalue

0y is the largest singular value

0, is the smallest nonsingular singular value

The condition number provides a bound for the relative error in

x due to perturbation in A or b, Condition number implies how close
to singular a matrix is or how much a matrix has to be perturbed to
be singular. A small value of condition number implies that
perturbations in A or b introduce only small perturbations in x. 1In
this case, the problem is considered well-conditioned. However,
when the condition number is large (i.e. K >50 (2)), small
perturbations in A or b can cause large perturbations in x for

linear systems. In this case, the systems are considered ill-

conditioned. In application to process control, "the condition
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number quantifies the sensitivity of the system with respect to
uncertainties in the matrix (modeling errors)" (22).

Other measures of conditioning are weaker than the 1, -
condition number. For example, the determinant is a poor measure of
conditioning since it depends on scaling as well as the order of the
matrix and is limited to square systems (24).

When A1 does not exist, then condition number is considered to
be infinite since the SVD will have a zero singular value. A

perfectly conditioned system has a condition number of 1 since
- T =@ (3.23)
L=l =t = hall A ll=x -

Also condition number yields information about the rank since
if at least one singular value is zero then the matrix is rank
deficient.

When conditioning is considered in relation to process control,
the magnitude of the condition number of the process steady state
gain matrix is related to the difficulty of the control problem.
This difficulty is associated with the magnitude of change needed in
the manipulated variables to move the output variables in various
directions. If a process has a low condition number, the outputs
can be moved in any direction with the same magnitude of manipulated
variables. A process with a higher condition number is more
difficult to change or move in some output directions. The process
output is easiest to change in a direction associated with the

largest singular value by making an input change in the input
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direction associated with the largest singular value. A process
output is difficult to change in the output direction that is
associated with the smallest singular value. A direct relationship
between conditioning and ease of control is a too simplistic
concept. Other factors, such as interaction, should be considered
and judgments have to be made concerning the relative weights of
various factors for the given system.

The condition number applied to least square problems is
somewhat more complicated than that for square systems (28). For a
least squares system, the condition number consists of one to three
factors depending on whether or not the vector b lies in the row

space of A which has linearly independent columns.

2
llx—§]l? ) JJEELLL% + 4 2 llEzl‘Z l‘b2l|2 + 8K3 llfjjié

T, Tl el el Hall

(3.24)

where K = |lA||2 ||A+|| 2 Ey (bl) and E2(b2) are projections of
E(b) onto the row space of A and onto the orthogonal complement of

the row space of A.

Numerical Computation of the SVD

Computation of the singular vaiue decomposition involves robust
numerical procedures (29). Golub and Kahan devised a computational
method for calculating SVD (30). An ALGOL program was translated by
Golub and Reinsch for computing the SVD in FORTRAN (31). A somewhat

modified version of the SVD routine was used in EISPACK (32).
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The QR algorithm is used extensively in the computation of SVD
(23, 33, 34). This algorithm is used in subroutine packages such as
IMSL, EISPAC, and LINPACK., Two major steps are involved in
computing the SVD, First, the given matrix A is transformed into an
upper Hessenberg, bidiagonal or tridiagonal form. The given matrix
is transformed into an upper bidiagonal form by Householder
transformations. All the elements of the first column are zeroed
except for the diagonal element. Then elements of the first row are
zeroed except for the diagonal and superdiagonal elements. After
applying orthogonal matrices, a matrix remains with only nonzero
diagonal and superdiagonal elements.

The second step, based on a variation of the QR algorithm of
Frances (35), involves finding the singular values of this
bidiagonal matrix. This procedure proceeds iteratively as a series
of applications of orthogonal rotations and shifts to zero the
superdiagonal row.

Rutishauser proposed the algorithm using the LR transformation
to solve the algebraic eigenvalue problem for symmetric band
matrices (36). A sequence of matrices is formed in which each
matrix is decomposed into a lower triangular (Li) and upper

triangular forms.

(3.25)
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These L; and R; matrices are multiplied in reverse order to

form

(3.26)

[l
=
[

Ajp = Ryly

_ .-1
Ai+l = Li AiLi (3.27)

Assuming L; are nonsingular, Aisl and A; are related by a
similarity transformation. This algorithm is very difficult to
implement. It is not always numerically stable because of the
triangular decomposition and involves a considerable amount of
computation. Francis (35, 37) and Kubalovskaya (38) suggest that

the L matrix is replaced by a unitary matrix which results in the QR

algorithm,
= 3.28
Ay = QR ( )
A,,, = Q'lA Q (3.29a)
i+l i fivd
(3.29b)

R,Q, for i=1, 2, 3,

Implementation of the QR algorithm is only possible when the
matrix is pretreated to be in upper Hessenberg, bidiagonal, or
tridiagonal form. Inclusion of origin shifts in this algorithm
facilitates convergence of the algorithm and avoids convergence
problems if distinct eigenvalues have the same modulus.

Typically, SVD programs are written for the case when m>n. For
n>m, the transpose of the original matrix can be taken and the roles

of U and V are interchanged from that of the SVD of the original
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matrix, For the SVD programs in LINCON, IMSL, and EISPACK, the SVD

for the underdetermined case can also be found by squaring off the
original matrix with zeros. Least squares problems can be solved
more efficiently with LINPACK using SQRDC and SQRSL. SQRDC performs
the QR decomposition that is then acted upon by SQRSL which provides
various factors for the solution of the least squares problem. For
m>n, the routine DSVDC does the SVD so that the form of the diagonal
matrix is

vlay = [é] (3.30)

In the case of m<n, this subroutine performs the SVD so that the

matrix is

T (3.31)
ytav = [£ 0]

Matrix and vector properties related to SVD have been
introduced in this chapter. Most of the theorems that will be
presented in Chapter 5 can be proved using the properties of
orthogonal and diagonal matrices. The effect of conditioning on
square process gain matrices of low order will be discussed in
Chapter 6. The geometrical interpretation of SVD can be used in the

development of the singular value analysis controller (9, 18).
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CHAPTER 4

LITERATURE REVIEW OF MATRIX SCALING

The scaling problem is discussed widely in mathematics because
of the limitations on accuracy in numerical algorithms that are due
to machine computations. A properly scaled process gain matrix is
one in which information can be obtained about controlling the
process. Scaling in this thesis involves scaling the process gain
matrix for a minimum condition. This scaled gain matrix needs to
reflect the physical character of the original unscaled gain matrix
as well as be mathematically related to the original gain matrix.
Scaling can be defined as the '"variable transformation (that)
converts the variables from units that typically reflect the
physical nature of the problem to units that display certain
desirable properties during the minimization process" (39). Bauer
stressed the importance of a minimal condition number to decrease
error in numerical computations (40).

Bauer defined condition number of a matrix as the "ratio of its
least upper and greatest lower bounds with respect to a pair of
matrix norms" (41). For studying a process steady state matrix, the
1o —norm does not exist. Various numerical and empirical methods
are suggested for optimizing the scaling of a matrix. For instance,
A. van der Sluis (42) recommends row and/or column equilibration.
Analytical optimal scaling procedures exist for the 1y - and 1, -

norms for simultaneous row and column scaling to minimize condition
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number for irreducible matrices (43)., A matrix A is called fully
indecomposable if there do not exist permutation matrices P and Q of

the form

R S
pAQ = (4.1)

0T

No universally agreed upon criteria exist for a "well-scaled"
matrix. J. A. Tomlin considered a matrix with elements of nearly
the same magnitude to be well-scaled. He discussed three empirical
scaling techniques that were applied for linear programming problems.
These empirical scaling techniques include:

1. Equilibration

All the elements in each row (or column) are divided by
the largest element in each row (or column). In the
scaled matrix, the largest element of each row (or column)
is of order unity.

2. Geometric Mean

The square root of the product of the maximum element
times the minimum element in each row (or column) is
calculated. Each original element is divided by this
factor corresponding to a given row (or column). Row
followed by column scaling refers to row factors being
taken from the original matrix, column factors are then
obtained from the row scaled matrix, similarly, column

followed by row scaling involves column scaling factors
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being taken from the original matrix. Row scaling factors
are then obtained from the column scaled matrix.

3. Arithmetic Mean

The elements of each row are divided by the arithmetic
mean for that row. Elements for each column are treated
similarly.

Refer to Table 4.1 for the algorithm of each of these empirical
scaling techniques.

The order of the operation in each scaling technique may affect
the condition number. Also a combination of these scaling
techniques could be used, Equilibration can be appended to matrices
previously geometric mean scaled or arithmetic mean scaled. By
varying the order of the row or column scaling, 14 scalings are
possible with the three techniques of equilibration, geometric mean,
and arithmetic mean scaling. These combinations of empirical
scaling techniques are listed as follows:

1. Arithmetic mean RC;

2, Arithmetic mean CR;

3. Equilibration RC;

4, Equilibration CR;

5. Geometric mean RC;

6. Geometric mean CR;

7. Geometric mean RC, Arithmetic mean RC;

8. Geometric mean RC, Arithmetic mean CR;

9, Geometric mean CR, Arithmetic mean RC;



41

Table 4.1. Types of Empirical Scaling Techniques
Method Algorithm
1. Arithmetic mean matrix element

Equilibration

Geometric mean

arithmetic mean

matrix element

maximum element

matrix element

V[max. element| x |[min.

element |
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10. Geometric mean CR, Arithmetic mean CR;

11. Geometric mean RC, Equilibration RC;

12, Geometric mean RC, Equilibration CR;

13. Geometric mean CR, Equilibration RC;

14. Geometric mean CR, Equilibration CR;

where RC is row followed by column scaling,
CR is column followed by row scaling.

Bauer derives upper bounds of the minimal condition number
obtained by optimal scaling (41). For the 1, -norm, optimal scaling
is characterized by S;AS, and (SlASZ)"1 having equal row sums of
absolute values. Using the representation for a linear equation
Ax=b, row scaling of this system is the transformation of A by a
diagonal matrix S; on the left while column scaling is the
transformation of A by a diagonal matrix S, on the right,

The 1y - and 1, - norms can be used to bound the 1, -norm.

Golub and van Loan (44) list several useful relations between these

norms for AeREXD
atl, < Il atl Ilall 4.2)
= lall < Nl < mIHall (4.3)
1
— Hally < Hally<dmilall (4.4)

where m > n
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Various empirical scalings can vary the form of a matrix
without changing the nature of the problem in the context of linear
programming. Therefore, numerous attempts have been made to
determine techniques to well-scale a matrix that are also efficient
(e.g. Bauer (41, 45) Tomlin (46), Curtis and Reid (47), Fulkerson
and Wolfe (48), Haming (49), Orchard-Hays (50), and Saunders and
Schneider (51)). Fulkerson and Wolfe (48) examined the ratios of
nonzero elements in a nonnegative matrix, They defined a measure of
goodness of scaling for a matrix using a maximum ratio. Saunders
and Schneider (51) extended the work of Fulkerson and Wolfe for
matrices with negative elements so that absolute values are
considered in scaling. Curtis and Reid (47) applied a least square
approach rather than a maximal element approach to scaling.

Most scaling techniques are designed for only square systems.
Rothblum and Schneider (52) have developed a concept for scaling
nonnegative, rectangular matrix F

FSC = EFG (4.5)

where F # 0
E and G are nonsingular, nonnegative, diagonal matrices of the
appropriate dimension, Fsc is a scaled nonsingular, nonnegative
matrix.
They defined a measure of goodness of scaling as the maximum

ratio of nonzero elements of the given matrix. A minimal value of

the goodness of scaling can be determined in terms of cyclic
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products associated with a directed graph corresponding to the
matrix for the set of all scalings of a particular matrix. In other
words, the scaling problem is converted into a linear problem in

which extreme points of the polytope are characterized.

max Si Li' S,_l
= S I 4.6
a(S) Lij > o,Lkp >0 S L ol (4.6)
k kp p

where o is a scalar

n . ,
SeS, (set of square, nonnegative, nonsingular,
diagonal matrices) .

Analogously, the measure for a rectangular matrix F of

dimension nyxny is

nlinf 0, max Ei Fi' G_—l

- _1 1) 3 4.7

= > .

B = EeS_~ , GeS, Fij > 0, ka 0 - = (4.7)
k "kp p

where B is a scalar

inf (infinum) is the greatest lower bound

Rosenblum and Schneider developed a method for characterizing
the scalars @ and B for both square and rectangular matrices.

David Nash (53) generalized the Eckard-Young Principal Axis
Theorem which can be applied for scaling rectangular matrices. This
theorem states that "If {A;} is a set of complex mxn matrices such

*
J

there exist unitary matrices P and Q such that for each i the matrix

that AiAj* and Ai*A are Hermitean for all i and j with i = j, then
PAiQ is real and diagonal. (A rectangular matrix [apq] is diagonal
if apq=0 when p#q.)'" When there is only one matrix A in the set Aj,

classical singular value decomposition results.
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The algorithm used in this work geometric mean scaling
procedure of the form S;AS, was based on work from Tomlin (46) and
Gill (39). Gill recommends that a geometric mean program terminate
either after a fixed number of iterations or when the condition
number converges in some predefined manner. In the geometric mean
scaling program used in this thesis, the test for convergence
involves comparing condition numbers for the previous and present
values of row followed by column scaling or column followed by row
scaling or both.

For linear systems, the problem of scaling involves replacing a
given matrix A with S{AS; such that S5; and S, are diagonal matrices
that perform row and column scaling, respectively, on A (54).
Restating the scaling problem involves showing the equivalence of

the following two equations:

Ax = b (4.7)

(5,45,) (sz‘lx) = 5b ' 4.8)

Although two mathematically equivalent formulations of a
problem are truly identical, the numerical solutions may not be the
same because of rounding errors. Several sources of error in the
given matrix include measurement error, rounding error or truncation
from computation, and subsequent computation performed on A when the
computed solution is the exact solution of a slightly perturbed form

involving A+E. The matrix E consists of error elements for each of
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the corresponding elements of A, The computed solution depends on
how close to singular the original matrix A is.

A system with a large condition number is considered ill-
conditioned with respect to inversion if « (A) is 10K when the
linear solution is calculated in decimal arithmetic (t-digit) it
will be accurate to only t-k figures. For the condition number to
be significant, the elements of the error matrix corresponding to
the given system must be about the same size. Any useful scaling
strategy should involve estimating the absolute size of the errors
in the given matrix. Then this matrix should be scaled so that
these estimated errors are nearly the same magnitude as possible.

Various types of scaling procedures exist to precondition a
given matrix so that the elements are within at most a few orders of
magnitude (55). Even if an algorithm is numerically stable,
rounding errors of larger elements can become so large when compared
to smaller elements that the final calculated results are corrupted.
Some of these scaling techniques for preconditioning systems of
linear equations are optimal scaling (41) and equilibration (56,
57), balancing for the eigenvalue problem (58), and methods for the
generalized eigenvalue problem (55). Much of the variation in types
of scaling results from methods and purposes of scaling depending on
the particular problem. The routine BALANC is a numerically
reliable algorithm contained in the software package EISPACK for
state scaling by minimizing a 1 - or row sum norm for A=D;1 AD,.

An analytical solution for optimal scaling that minimizes the
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condition number associated with the 1, -norm is only possible when
both A and A~ have a checkerboard sign distribution (41), Williams
(55) has developed a scaling algorithm that minimizes the
Gerschgorin discs of a given matrix that has tight eigenvalue bounds
that are computationally inexpensive. This method can be used when
scaling over a frequency range to place the poles of the system in
the unit circle,

Bonvin and Mellichamp (59) have devised a scaling method based
on dynamic models of large-scale systems. Their method can be used
to analyze systems with linear or nonlinear, lumped or distributed
parameter models in which the input and state variables are
analyzed. The purpose of their scaling technique is to "normalize
state and input variables so as to eliminate the arbitrariness
associated with the choice of units but to keep the relative
strength of input/state coupling." They argue that scaling based on
steady-state values is insufficient because it does not include the
range of variables, Preconditioning variables on the basis of their
ranges is also inadequate since arbitrary gain characteristics are
introduced and it is subjective. Bonvin and Mellichamp propose
scaling input and state variables on a common basis with respect to
physical arguments., Their scaling factors are valid only in the
region near an operating point since they depend implicitly on
steady state values,

Lau (21, 60) has proposed a scaling method which he argues

reflects the physical basis of the system, He developed an
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algorithm to reformulate the scaling problem into two minimization
problems, namely variable normalization and equation equilibration.
He observed that linear dependency is related to condition number,
As the linear dependency between rows and columns increases, the
matrix is more likely to be singular and have a higher condition
number. He calculated scaling factors to minimize an index of both
linear row and column dependence which therefore minimizes condition
number, First the variables are normalized to limit variability of
the system's variables. Then the equations are scaled so that the
maximum term in each equation is of comparable magnitude, This
method is not dependent on the order of scaling so it overcomes a
deficiency inherent in the empirical scaling methods,

His scaling method will be summarized by the following steps
(21):

For any nxm matrix K

1. The measure of linear dependency between any two rows is

2
[kzl Fa Fqid <rj,rj>2
M,. = =
1] m , n <r_ ,r ><r, ,r > (4.9)
L okp I k2 it 37y
k=1 X =1 Ik

2. The total measure of row linear dependency will be given

I M, (4.10)




49
3. The original matrix is pre- and post~multiplied by

diagonal matrices S; and S,

- ' (4.11)
K, =5, KS,

4. The diagonal matrices S; and S, are found such that M is

minimized
_ n i=1 _
M=z I M (4.12)
i=2 j=1 M
m 2
2 2
_ LI R B S SRR
Mt = — = —4 (4.13)
2 2 <r. . r.><r.,r.>
I k, S I k, S R M R
oy 1k T2k C0 ik U2k
= di 4.1
S, diag (SZk) (4.14)
5. Differentiating M with respect to Sy;
oM n i=1 __
—_— = I r [2<x,,r.><r,,r,><r,,r.>k k,
8521 1=2 §=1 i’7j i’7i 37737 i1 i1
2. - - 2 - - 2
—<ri,rj> [<ri’rj>kjl + <rj,rj>kil]/
(4.15)

- - 2 - -
<ry TS <rj’rj> =0forl=1,2,...,nmn
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6. A first order numerical method such as Davidson-Fletcher
Powell of Steepest Descent can be used to solve the first
order system of nonlinear equations.

7. Then a similar procedure is applied to the columns as well
as the rows.,

The problem of scaliné is still unclear as to how it is
defined. This thesis examines scaling with the objective of
minimizing condition number. The algorithms for empirical scaling
techniques have been listed and will be used extensively in
Chapter 6. An overview of some of the representative work on

scaling since the early 1960s has been presented in the chapter.
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CHAPTER 5

MATHEMATICAL DEFINITIONS AND

THEOREMS RELATING TO SVD

In order to examine some of the properties of SVD and scaling,

the following Definitions (1-10) and Theorems (1-15) from Prasad

(1) will be stated as well as several additional theorems (60).

Theorems relating to condition number and those classifying steady

state gain matrices into three types of matrices will be utilized

later.

A set of matrices will be denoted by an offset letter while

an element of a set will be listed as a capital letter.

Definitions

1.

An identity matrix I is a square matrix having positive
ones as diagonal elements and zeros as off-diagonal
elements. It satisfies the relationship with another
square matrix A of the same dimension that AI=IA=A, No
units are attached to the elements of an identity matrix.

A square matrix will be called J if it consists of positive
ones along the secondary diagonal in the positions
(Jln'JZ(n-l)" "J(n-1)2’ Jnl) and the remaining elements
are all zero. Elements of a J matrix do not have units.

A set of square matrices is denoted iNI if it has the same
form as an identity matrix but it contains signed ones
along the diagonal. Units are incorporated in the

[ ]
elements of a matrix in lNI since these matrices refer to
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steady state gain matrices. For the case of 2x2 matrices

there are four INI“iNI

(5.1)

Similarly a set of nxn matrices is denotai’jNI if it has the form
of a J matrix except with signed ones along the secondary diagonal.

Elements of jNI have units. There are four examples of}‘.NI

matrices of dimension 2x2

(5.2)

4, uNI and 1)NI are a set of nonsingular, square,
orthonormal matrices that have only n nonzero elements so
that one element in each row and each column has one and
only one plus or minus one element. The remaining
elements in these matrices are all zeros. A matrix that
is an element of one of these sets, uNI and VNI will be
denoted Uyy or VNT» respectively.

5. A square, nonsingular matrix will be called orthogonal
(at) if AT = a7,

6. Scaling for mxn matrices will be defined as

Age = 545, (5.3)
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where S; and Sy are square, diagonal matrices, Ags is of
dimension mxn, A is of dimension mxn, Sl is of dimension
mxm, and 52 is of dimension nxn. Sl scales the rows of A
while S, scales the columns of A.

Sy and Sg can be redefined in terms of the square scaling
matrices Sp and S, respectively. One element in S; and
Sy is set to be one so that both Sp and S have one less

scaling parameter than S; and Sy. For example

= diag (sl,sz) (5.4a)
= diag (s3,54) (5.4b)
$1
= diag (—s—— , 1) (5.4¢)
2
S3
= diag (~—, 1) (5.4d)
S
4
s, 0 ][k k,.] [s, O
1 2
= 11 1 3 (5.4e)
S
0 Spfl*a kanf |0 s
S0 (k k..] [s o
R
e 11 ‘12 c (5.4£)
0 1] |ky kzzJ 0 1
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Classification of Square Matrices

The following three types of matrices will be assumed to be

nonsingular and square.

8. The matrix A will be considered noninteracting (ANI) if it
has only n nonzero elements ordered so that each row and
each column has one and only one nonzero element. In each
case if A is a process steady state gain matrix, each
input will affect one and only one output.

9. A is said to be partially interacting Apy if it has one or
more zero elements and at least n + 1 nonzero elements.

In this case an input u can affect one or more output(s) y
if A represents the steady state gain matrix (Ae Apy).

10, The matrix A will be called full or interacting if it
contains only nonzero elements. In this case each input
will affect each output.

Any matrices that do not fall into any of the above

classifications are singular,

Theorems about SVD, Scaling, and Condition Number

Theorem 1. The SVD of a matrix A is equal to A=U*z#VT,  1f
rows of A are interchanged, the corresponding rows
of U will be interchanged. Also, if the columns
of A are interchanged, the corresponding columns
of VI will be interchanged.

Theorem 2.  The singular values of Ayy, a square

noninteracting matrix are the same as the absolute
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values of the nonzero elements of Ayy.

Theorem 3. The necessary and sufficient condition for A to be
an nxn noninteracting matrix, ANI’ is that its U
and V from the SVD are elements ofll&l and ‘Lﬁl
defined in Definition 4.

Theorem 4. Only 2n-2 scaling factors are necessary to scale a
square matrix instead of 2n when investigating the
effect of scaling on U, V, or the condition number
of the matrix under scaling.

This minimum number of scaling factors was used extensively for
partial scaling of a matrix with a numerical nonlinear search
technique (NLST) to minimize condition number. In the case of a 3x3
matrix, only four scaling factors (2n-2) were necessary to
investigate the effect of scaling instead of six scaling factors.

Theorem 5. Kgpc (Equation 5.4f) can be scaled by a scalar so
that one of its elements is one,

Theorem 6. If a square, noninteracting matrix is scaled, the
diagonal scaling matrices S; and S, are associated
only with the diagonal matrix I for the SVD of the
given matrix.

Theorem 7. If any matrix A is multiplied by a positive scalar
s, this scalar will be multiplied with the each of
the diagonal elements of the I matrix of the SVD., -
In effect, scalar multiplication of the matrix A

does not affect U, V, or the condition number.



Theorem 8.

Theorem 9.

Theorem 10.

Theorem 11.

Theorem 12.

Theorem 13.

Theorem 14.
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Multiplication of a matrix A by a negative scalar
reverses the signs of the U matrix of the SVD
compared with the U matrix of the SVD from scaling
a matrix with a positive scalar of the same
magnitude.
A square, full or partially interacting matrix can
not be scaled to form a noninteracting matrix.
Any square noninteracting matrix A will be a
noninteracting matrix after scaling.
The necessary and sufficient condition for an
orthogonal matrix is that AT - 1,
If a square matrix can be scaled to be orthogonal,
then it will have a condition number of one.
If A;t = Aé%, then A can be scaled to be
orthogonal. A has a condition number of 1.
Any nxn noninteracting matrix can be scaled to
have a condition number of one.
Any matrix with all its singular values equal but
not equal to one can be scaled to have a condition

number of one. For example

g, =0, = 1.414

1 2
=1
Ki‘
1 1 2 0 ? KSC.. g,
ij i
1 -1 0 2
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gk = |0.707 0.707 =g, =1

0.707 -0.707

k =1
T 707 0.707
- [o0.707 o0.707 0.
KgeKge)
0.707 =-0.707 0.707 -0.707

Theorem 15. Any square matrix with all of its singular values
equal to one has a condition number of one and is

orthogonal. For example

- -

k=] 0.5 0.5 =-0.5  =0.5
0.5 0.5 0.5 0.5 0) =0y =0y=9,=1
-0.5 0.5 0.5 -0.5 -
-0.5 0.5 =0.5 0.5
wl= {1 0o o of =1

o 0 0 1 )

Grosdidier (61) et al.,, have several theorems concerning the
relationship between condition number and the RGA. One theorem

states that the minimum condition number for a matrix with dimension

2x2 is
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_ 2
Theorem 16 «_ = || A |'1+\/” TR (5.5)
Knin = L if and only if [ A lll =1 (5.6)
i.e. Knin < 2” A l,l
=2 A [l ()8 ]]" (5.7
where Il A Ill is the ll- norm

of the RGA
This theorem could have been expressed as easily in terms of

the 1_ -norm for 2x2 systems. If one element of the RGA for a 2x2
matrix is known, then the other three elements are determined since
the sum of each row or the sum of each column is one.

A closed-loop system is considered sensitive if it is unstable
for small amounts of model/plant mismatch. Process steady state
gain matrices with an odd number of negative elements tend to be
well behaved and are not sensitive. When significant interaction is
present, good control can usually be obtained using multivariable
compensation such as steady state decoupling.

The value of 2 ||A||1 is an upper bound for ¥ ... Large
elements in the RGA suggest that ||A||1 is large. This implies that

min 1S relatively large. Therefore, a 2x2 system with large RGA
elements is sensitive to modeling errors and is difficult to control
with any control strategy. These conclusions are supported by
Shinskey's work (10) on the relationship of X;; and decoupler error

sensitivity on the stability of decoupled 2x2 systems. The amount

of decoupler error necessary to destabilize the closed-loop system
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tends to decrease as IAIII increases for systems with
A1 <0 and A ;; > 1. Closed-loop stability of steady state process
gain matrices with 0<:X11< 1 was not affected by decoupler error.

Another theorem of Grosidier et al. (61) was based on their
numerical results is stated as follows:

Theorem 17. "No system larger than 3x3 with all nonzero

entries can have a minimum condition number of
unity." This theorem suggests that as the size

of an optimally scaled matrix grows, K ..
increases in magnitude., Thus, the matrix tends
to be more sensitive to modeling errors.

Theorem 17 will be shown to be incorrect by refuting their
proof in Appendix D and by listing examples of 7 cases of 4x4 full
matrices that are orthogonal and thus have a condition number of
one. Refer to Table 5.1.

Theorem 18. The relative changes in the elements of a square

arbitrary gain matrix (gij)’ inverse gain matrix

(éij) and RGA elements (Aij) are related by the

following expressions:

dx, . : dg

L o= aay ) A

X, i 5.
1j 17 844 (5.8)

da A=l dg

it - (5.9
ij ij g +9)
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Real, Symmetric Matrices with a Condition Number of One

Table 5.1.

4 x 4 Matrices

-1

1‘
— ~ ~
— L e I |
] o
-~ ~ o~ o~
I ] !
~i L e B s |
v | W — —
—~
L] ~ o~ o~
o
1_._ L e B |
~ Lo I o B |
i
— - ~ o~
1 N

1)

-1

1

1)
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Equation (5.8) shows that as the RGA elements become larger

than one, the Aij become more sensitive to changes in the elements

of the process gain matrix (gij). For large values of X;:, the

j!
relative change in Aij and 8ij are approximately equal as shown in
equation (5.9). However, for large values of Aij’ there is small
relative change in 81 that causes large relative change in éji‘

This suggests an error sensitive system.

Units on SVD

Questions concerning the consistency and distribution of units
for the steady state gain matrix and the component matrices of SVD
are not considered at all in the mathematical literature on SVD,
Prasad (1) states that the distribution of units in SVD is probably
unique because of the ordering of operations. He shows that the
units on U, I, vT must be of a form that the units of the U elements
are associated with the output units, units of the v elements are
associated with the input units, and the I matrix is unitless.

The distribution of units on SVD will be considered for a

matrix of dimension 2x2.

Assuming a linear system
y = Kx (5.10)

The SVD of the process steady state gain matrix is then -

K = UZV' (5.11)
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Substituting the SVD of the process steady state gain matrix in
equation (5.10) and writing the equation on an element by element

basis yields

T T T
+u, .0,V )xl+ (ullclvlz-l-ullczvzz)x2

. T 5.12)
vy = (0199997 Y9191 (

~ T T T T 5 13
Yy = (Uyq 01V ) 1905V )Xy + (8)107V75 +,5505795)%, (5.13)

By writing the above two equations, as four equations in terms

of inputs and outputs

[yl]

1 T T
[x;] (41199997 +U11%9Y57) (5.14)
[ﬁ]=(u ovE tu o.vL) 5. 15
[x,] 11717127 %1172Y22 (5.15)
[ZZ] = (u,,0 T tu..0 VT)
[x;1 7 2171711 T %2271 (5.16)
[y,]
727 _ T T
[x,] (4y191Vyp +Up,0,755) (5.17)
S PR ERN A ER e (5.18)
{y,]
_ T Y1
k1 = up9y9yp = [x]] (5.19)
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K, = (ugq0,v00) = Z—ﬂ (5.20)
kyp = (ugg0,v00) = %; (5.21)
Ky, = (uy0,v,) = g—i—; (5.22)
Ky = (a05v5)) = Z_ﬂ (5.23)
Ky, = (4,00,95) = Z—ﬂ (5.24)
kzzl = (uy,0,,0) = %—1 (5.25)

From equations 5.14 - 5.17, it appears that units can be put in
four places on [yq], [yals [%1], and [x9]. In equations 5.12 -

5.13, there are ten places for units. Four units could be placed on

the u.

ij’ four on the Vi and two on the 0j. This could be treated

as a problem of eight equations with the unknowns (Yl’ Yo X1» xz)
or as a problem for four equations and eight unknowns.

The most likely distribution of units can be shown by
considering equations S5.14 and 5.22. For this case the units are

distributed so that

[uij] is related to [yl] or that the first row of U has the
same units is Y1

[u2j] is related to [y2] or that the second row of U has the

same units as Yy
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T 1
V.. — i
[ lJ] corresponds to [x1] or that the first column of VT has

the same units as [;L
X

1!

T
[V. 1 _l_
ZJ] is related to [Xz] or that the second column of VT has

units on

1
[x2]

[oi] is unitless.

Definitions and theorems concerning SVD have been presented.
Definitions 8-10 classify a square, nonsingular matrix into three
types. This classification scheme was used in examining the effects
of scaling on low order, square process gain matrices. Theorem 4
concerning the minimum number of scaling factors needed to scale a
matrix will be verified with NLST so that partial scaling agrees
with full scaling. Scalar multiplication by a positive scalar that
was discussed in Theorem 7 implies that a matrix can be scaled in an
infinite number of ways and that the effect of the scalar will be on

the diagonal matrix of the SVD.



65

CHAPTER VI

MATRIX SCALING STUDIES

With the objective of minimizing condition number, empirical
scaling techniques and a nonlinear least squares method were applied
to low order, square process gain matrices. These techniques were
applied to linearized steady state models in terms of process
analysis. In general, the nonlinear least squares technique (NLST)
was more effective in determining the "apparent" minimum condition
number than any of the empirical techniques. However for full, 2x2
matrices and for NI matrices of dimension 2x2, 3x3, and 4x4, the
geometric mean scaling technique yielded the same minimum condition
number as NLST. Theorem 13 states that a condition number of 1
can be found for any square noninteracting matrix by scaling. This
is achieved by geometric mean scaling. A new theorem presented later
in this chapter shows that minimum condition number can be reached

for full, 2x2 matrices with geometric mean scaling.

Description of a Nonlinear Least Squares Search Technique

The PATERN search subroutine, an optimization technique for
minimizing or maximizing a unimodal function of up to 1000
independent variables with nonlinear constraints was used to seek
the lowest condition number and the scaling factors necessary to
scale the matrix to this condition number. This method is one of
the direct search techniques so it does not evaluate any gradient of

the function. It is quite easy to use; however, the primary
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disadvantage of this technique as with all numerical search
algorithms is that there is no guarantee that a global minimum can
be found. If the function contains ridges and valleys, a local
minimum can appear to be a global minimum. Documentation on this

search technique is given by Wilde (61) and Moore (62). Four

routines are needed to use PATERN for scaling as illustrated i,
Figure 6-1. The main program defines the search parameters and
calls PATERN. Subroutine PROC contains the objective function that
is evaluated when given the values of the search parameters.
Another subroutine BOUNDS checks if the search parameters have
violated any constraints. The scaling factors or search parameters
were never to be set to zero. For each run, the initial step size
for each search parameter, number of passes through PATERN, form of
the final output, and the initial values of the scaling factors are
specified by the programmer. A pass through PATERN is a complete
cycle in which the minimum condition number is found for the matrix
scaled from the initial steady state gain matrix to within the step
size given for the scaling factors. For each pass made through
PATERN the search step decreased by a factor of ten. Three passes
through PATERN were specified before the lowest condition number was
found, The condition number was considered optimal if the same
value was obtained by decreasing the step by a factor of ten with
other parameters held constant. If the initial step size was
1x10E-01 and three passes were used, the final step size was

1x10E-04 for a given type of scaling. Typically, the range of
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MAIN PROGRAM e m——
1 8
SUBROUTINE PATERN L"—"—
2 3
4 - SUBROUTINE BOUNDS 7
. "’7
————————
SUBROUTINE PROC ey
5 6
o SUBROUTINE DSVDC

Figure 6.1, Flow Diagram for Nonlinear Least Squares Scaling
Technique.
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scaling factors used as starting points was 0.1 to 2.0 with the
initial step search size set at 0.1. If the condition number
obtained from PATERN depended on the search starting point, then the
search is probably being carried out over a non-unimodal surface.

If the same optimum condition numbers are obtained from different
starting points, this indicates a unimodal surface although it is

not guaranteed.,

Results from Geometric Mean and NLST Scaling

Geometric mean scaling which was first discussed in Chapter 4
was used in this thesis with Tomlin's algorithm. Row followed by
column scaling refers to row scaling factors taken from the original
matrix. Column scaling factors are then generated from the row
scaled matrix. For NI matrices of dimension 2x2, 3x3, and 4x4 and
for full, 2x2 matrices, geometric mean scaling provided a lower
condition number than that of the unscaled matrix with both the
first RC scaling and the first CR scaling giving the same condition
number. A "zero criterion" was set at 1xE-08 for the smaller
singular values. That is, if a singular value was smaller than 1xE-
08, it was considered to be zero. This value is larger than
1.3878D-17, machine zero on the VAX/11-780, but it is much less than
most values used for engineering variables, In the geometric mean
scaling of a square matrix containing one or more zeros in any row
or column, a procedure was made to ignore the zero elements. That
is, if a zero(s) exits in a row or column, the element of that row

or colum which has the smallest absolute value, is used as the
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minimum element in the scaling factor. The main purpose of this was
to avoid division by zero in developing the scaling factors. The
zero element(s) would remain in the same position(s) of the matrix
for successive scaling iterations of the matrix. Refer to Table B.1
in the Appendix for the main program and subroutines of the
iterative geometric mean scaling program and to Figure B.2 for a
flow chart of the iterative geometric mean scaling procedure.

For NI, 2x2 matrices, geometric mean scaling gave the minimum
condition number on the first iteration of either row followed by
column scaling or by column followed by row scaling, This is shown
in Table 6.1. The scaling factors for these geometric mean scaled
matrices are listed in Appendix E.l. The scaling factors for these
NI matrices depend on to the absolute value of the nonzero elements.

These geometric mean scalings can be explained by Theorem 13
which states that any square matrix can be scaled to have a
condition number of one. The results of scaling NI, 2x2 matrices by
NLST are shown in Table 6.1. The scaling factors for these matrices
are presented in Appendix F.l. The U and V matrices for NI
matrices scaled by geometric mean scaling were elements of llNI and

Lﬁl‘ According to Theorem 3, the necessary and sufficient
condition for a square matrix to be noninteracting is that U‘llNI
and Vilﬁl. Theorem 2 states that the singular values for a square,
noninteracting matrix are the same as the absolute values of the

nonzero elements of the process steady state gain matrix. For
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Table 6.1. Effects of Two Scaling Methods on Condition Number for
2 x 2 Matrices

Iterative Geometric Mean

Gain Matrix Type Kun Kee CNBND %Z Difference
1 0 NI  1.00000 1.0000  2.00000 0.00
0o 1
1 0 PI  6.34233  2.39326  2.00000 ~41.78
3 4
0.58  -0.45) FULL 7.23819 7.06946 7.21092 -2.33
0.35  -0.48
NLST
*
1 0 NI  1.00000 1.000000 2.00000 0.00
0o 1
1 o\t PT  6.34233 1.548701 2.00000 ~75.58
3 4
0.58  -0.45)" FULL 7.23819  7.069464 7.21092 ~2.33
0.35  -0.48

*
SCAL41 k, = 0.1 to 2, STEP

0.01, NPASS = 3, I0 = 1, NP = 2.

1
*scar21 k, = 0.2 to 4, STEP = 0.001, NPASS = 3, 10 = 1, NP = 2.
K - K
CNBND = 2 max["A“1 "A"m]. % Difference = —EEE———EE-X 100.

un
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example, the process steady state matrix

[1 0 0 0]
06 00
0050
[0 0 0 3]

has the singular values of 6, 5, 3, and 1 after the SVD is
performed.

With partially interacting, 2x2 matrices, it was observed that
geometric mean scaling did not obtain the minimum condition number
as illustrated by one example in Table 6.1. Using NLST on this type
of matrix would yield the minimum condition number as shown in Table
6.2. Since it was not always obviousyon which iteration of
geometric mean scaling the "apparent" minimum condition number would
converge, PI matrices were studied in terms of their base matrix. A
class of matrices will be defined that consists of only the elements
0 and *1. These matrices will be referred to as base matrices. Any
matrix can be said to have a base matrix although not all matrices
can be scaled to base matrix form. For any given matrix, the
positive elements are replaced by positive ones, the negative
elements are replaced by negative ones, and the zeros remain in the
same positions to put the matrix into base matrix form. Geometric
mean scaling of this matrix has no effect in lowering condition
number since the unscaled condition number was the same as the RC

and CR scaled condition numbers. This occurs as the geometric mean




Table 6.2. Effects of Condition Number of Partially
Interacting Matrices Scaled by a Nonlinear-
Least Squares Technique

Gain Matrix K CNBND K % Difference
un sc

2 x 2 Matrices

1 o) 2.61803 2.00000 1.55929 -40.44
L 1 k, = 0.1 to 2, STEP = 0.01, NPASS = 3, 10 = 1
‘ 1 o0 6.34233 2.00000 1.54870 ~75.58
‘ [3 4} k, = 0.2 to 4, STEP = 0.001, I0 = 1, NPASS = 3
} 3 x 3 Matrices
| 1 1) 2.61803 2.00000 1.67778 -35.91
0 0 ’
1 o ky = 0.1 to 2, STEP = 0.01, I0 = 1, NPASS = 3,
NP = 4
4 5 2.85354 2.00000 1.34661 -52.81
0
7 0 k; = 0.1 to 2, STEP = 0.01, I0 = 1, NPASS = 3,
NP = 4
4 x 4 Matrices
1 0 0 o0 4.04892 2.00000 1.15168 -71.56
6 1 1 o
6 0 1 1
0 0 o0 1 ky = 0.1 to 2, STEP = 0.1, 10 = 1, NPASS = 3,
NP =6
1 0 0 o 10.0943 2.00000 1.84537 -81.72
0 6 7 0
0 0 5 2
0 0 0 3 k; = 0.1 to 2, STEP = 0.001, NPASS = 3, I0 = 1,

NP = 6

CNBND = 2 max [lol, Nol_J.
K - K
un

% Difference = ———?———EE x 100.
“sc
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scaling féctors for a base matrix are all one. This effect is shown
in Table 6.1. The elements of U and V for the unscaled and scaled
base matrix remained the same. When the matrix was not base scaled,
after NLST scaling the matrices were symmetrical so that

[y 1= Hogg 1, 1ol = oyl 111 = 1550 ] and 117,11 =
19,11

An iterative geometric mean scaling was developed to lower the
condition number of PI matrices of low order. In the iterative
geometric mean scaling, the RC scaling was alternated with the CR
scaling until the convergence criteria for minimum condition number
were reached.

Since the general objective of geometric mean scaling for 2x2

matrices is to make all the elements approximately one, a full

matrix can be scaled with four equations and four unknowns.

s, O k

1 11 K12 $3 0 Sp K11 83 sp kgp 8y
0 s, kyy ko 0 s, Sy ky1 83 sy Kyp 8,
+1 +1
~ (6.1)
+1 +1
by scalar scaling
: )
Sl S3 Sl T
5. s, M1 5. Ko
2 %4 ) +1 +1
1
j§ = s, sa +1 +1 (6.2a)
s, k k
! 22 | i J




Kk 11 #7- -
a8k M2 | 1 (6.2b)
~ a
3 +1 +1
a; Ky k22
where s s
S2 l 34 2 4

Rewritten in this form there are four equations and three
unknowns. Therefore, the form of all elements of a matrix equal to
%] can not be reached.

For a PI, 2x2 matrix to become a base matrix

kll 0 +1 0
= (6.3)
ka1 kg 1 1
by equation 6.2b, this equation becomes
alaZkll 0 _ 1 1 0 6.5
a .
3k Ky +1 21

Generally an nxn, PI matrix has n-l row scaling factors, n-1
column scaling factors, and one scalar scaling. Therefore such a
matrix can have at most 2n-l1 nonzero elements and be scaled to its
base matrix form. In other words, a PI matrix of dimension nxn

2

which has at least n“ -(2n-1) zeros can be scaled to its base

matrix. For all the examples in Table 6.2 that can be scaled to a

base matrix reach that form to within three decimal places by the

74
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last iteration of geometric mean scaling. The matrix

r -

1 0 0 0
0 6 7 0
0 4 5 2
L8 0 0 3

with eight nonzeros can not reach the base scaled form so that by

the thirty-fifth CR scaling the matrix is

(1 0 0 0 ]
0 0.0174 0.9829 0
0 0.9829 1.0174 1.00054
| 0.00038 0 0 0.99962J

As noted previously for full, 2x2 matrices the order of row and
column scaling when using geometric mean scaling did not make any
difference since column followed by row scaling gave the same
condition number as row followed by column scaling.

In general, the minimum condition number could always be found
for 2x2, full matrices with either GM or NLST scaling. If the
condition number of the GM scaled matrix was not one, the elements
of U and V are from the set of UI and 1/]: matrices. The UI and VI

matrices are both defined as

r
0,707 $0.707

+0.707 $£0.707
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However if the original matrix scaled by geometric mean forms a
matrix with equal singular values (kx = 1), then the elements of the
scaled orthogonal matrices Ug. and Vg are not both elements of‘LLI
and‘bﬁ. There appear to be no set forms for the U and V matrices
when there are multiple eigenvalues in the process gain matrix. An

example of this case is

GAIN uns Vuns
1 1 0 -1 -0.707 -0.707
k = 100
100 -100 -1 0 +0.707 -0.707
RC1 - U, v,
1 1 -0.707 -0.707 -1 0
=1
1 -1 -0.707 +0.707 0 -1 s¢
-
A"
CRL _ U, i
1 1 0 -1 -0.707 -0.707 -1
sSC
1 -1]|-1 o +0.707 =0.707

where uns is unscaled
sc is scaled by geometric mean.
For this case the USC of the first row followed by column
iteration is related to U matrices of the original matrix, first
column followed by row iteration, and subsequent iterations by a

Givens rotation.
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Givens rotation U U
RC1 uns
+0.707 -0.707 -0.707 -0.707 0 -1
= (6.5)
+0.707 +0.707 -0.707 +0.707 -1 0

The analytical formulation for full, 2x2 matrices adapted from
Tomlin's algorithm will be shown for both row followed by column

scaling or by column followed by row scaling.

ROW FOLLOWED BY COLUMN GEOMETRIC MEAN SCALING (RK)C

—1
AL *kyg
1 ||
® g Ty,
s, sk,

oy tkoy

Mgy TTkgal 7lkgy 1Ty,

>

r~

11 thyp )

*k /]kllilk

*k

/Tx

12T ll]lk12}

21 tkyy

(4

y—
k11K12K01%)7

k11 k21

4

Vlkyy Ty, !

—
0 Tkyykyokorkyy

"Tkay 1Tkg, 1

-

0

1

1

4

kgl TRy,

]

-
4

"Tkgpl Ty, | /[kléTTk2i1;
J

=
where a /k11k12k21k22

(6.6)

(6.7)
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COLUMN FOLLOWED BY ROW GEOMETRIC MEAN SCALING R(KC)
*k

tk,, tk 11
11 12 1 - 0
0 TTe, ]
sy | | Tt Tl
21 -
1 1 o (6.8)
O /T, I, 0 ‘
kyal kg2 kgl %2
[ 4 ] thyy o
- —
a2 T T,
T Tk, T
TP s,
4 . —2
o "k11%12%01 %02 ikypllky,
i Vikgy kg J
s1 £l
MMeppTleg T ey T,
(6.9)
= a
£l £l

4

=Y
where a k11k12k21k22

Another scheme for geometric mean scaling would be to use both

the row scaling factors and the column scaling factors from the
given process steady state matrix. This scheme will be called
simultaneous row and column scaling, This result will be shown in

the following equation:

1

1

Ty T (tk“)(m)

L +k 1 )
e Tl )( 1 Hfﬁcullknl

u

(/]—I'rknlkzz ) \tkn“ﬂin!llknll lv’l?nlllkzzll (ﬂ‘n] {fr‘klzjlrkzz'{'}u

( 1
£1 *1
kpok91 k11%92
o o (6.10)
L kypkyg Ykyokoy )
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Equations 6.7 and 6.9 illustrate that the scaled matrix is the
same independent of the order of geometric mean scaling. Row
followed by column scaling gives the same condition number as column
followed by row scaling for full, 2x2 matrices. These two equations
are related to equation 6.10 by a scalar. According to Theorem 7,
any of these scaling procedures will lead to the same condition
number since the U, I, and V matrices are unchanged by scalar
scaling.

Grosdidier et al, (61), outlined a proof for scaling that
yields a minimum condition number for full 2x2 matrices. The

scaling factors for this scaling method are shown as:

s 0
1 1 (6.11)
s, = >
1 k11k12,2
0 sllk i
2122
s, 0 .
5, = 5
2 , . lkukZLZ (6.12)
27Ky gkgy

where s1 and sp are positive scalars

If S; of equation 6.11 is multiplied by L
. 59 O/Tie 1 1Ty, D

/Ellk12k21k22

Sz‘lkll ko1

and S, is multiplied by , then Tomlin's row

followed by column scaled matrices are obtained in equations 6.13

and 6.14, respectively.



L TLLY) = (6.13)

y—
k) 1K12K21%97

ML TULY

32=a 4
A
0 k11812591599

L Tlkppllkgal ]

0

(6.14)

4

Y
Let a = Yk, k) pkyiko2

Thus Tomlin's row followed by column scaling is proportional to
simultaneous row followed by column scaling., These results can be
summarized by the following new theorems.

Theorem 6.1, For full, 2x2 matrices geometric mean scaling

gives the minimum condition number.

Theorem 6.2, For full, 2x2 matrices scaled by geometric mean
scaling, the same minimum condition number can
be obtained by row followed by column scaling as
by column followed by row scaling.

Since simultaneous row and column scaling is related to
Tomlin's geometric mean scaling by a scalar the same minimum
condition number can be obtained with this scaling method.

Geometric mean scaling for noninteracting, 3x3 matrices
provided an optimum condition number after at most one iteration.
The GM/RC scaling after one iteration yielded the same condition
number as the GM/CR scaling, and the condition number was equal to

one. When the SVD was performed on the RC scaled matrix or CR
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scaled matrix their U matrices were elements of llNI and their V
matrices were elements of 1)NI'

For PI, 3x3 matrices that are not base scaled, geometric mean
scaling would lower the condition number although the nonlinear
least squares technique would provide an even lower condition
number. Using this scaling technique elements of the geometric mean
scaled matrix had the same absolute values although the order was
different.

In the case of full, 3x3 matrices, geometric mean scaling
usually decreased the condition number. The scaling factors that
correspond to these matrices are presented in Appendix E.2. Unlike
the case for full, 2x2 matrices, no full, 3x3 matrices that
consisted of elements equal to L%§| were found that were also
orthogonal. Either the full matrix had a «=2 if it contained
multiple singular values or «=« if the matrix were rank deficient.

It can be shown that a 3x3 matrix with all elements equal to |4§l
can not be orthogonal. Of the following eleven forms of matrices of
this type, that the first two are singular and the other nine have

multiple eigenvalues.

0.577 -0.577 -0.577 0.577 -0.577 0.577
-0.577 0.577 0.577 -0.577 0.577 -0.577
-0.577 0.577 0.577 0.577  -0.577 0.577
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Table 6.3. Effects of Two Scaling Methods on Condition Number for
3 x 3 Matrices

Gain Matrix Type Kun Ksc CNBND % Difference
Iterative Geometric Mean (SCAL 33)
3 0 o) NI  2.33333 1.00000 2.00000 +57.14
0 7 0
0 0 5
(0 1 1) PI 2.61803 2.61803  2.00000 0
1 0 o0
0 1 0
1 1 -0.1 FULL 42.25010 49.6327  24.41509 -17.47
0.1 2 -1
-2 -3 1
NLST (SCAL 33)
3 o o NI 2.33333  1.00023 2.00000  +57.13
0 7 0
b o 3
(0 1 1)" PI  2.61803 1.677784 2.00000  +35.91
1 0 o0
(o 1 0
1 1 -0.1)"  FULL 42.25010 24.37407 24.41509  +42.31
0.1 2 -1
-2 -3 1

*
k; = 0.1 to 2, STEP = 0.01, NPASS

Il
w
H
o

Il
[

]
£~

CNBND = 2 max[HAHl Il 7.
Kun = '3 .
% Difference =-__TZ—__§_ x 100.

un



[ -0.577]
0.577 -0.577 0.577 0.577  0.577 -0.577
~0.577  0.577 0.577 0.577  0.577  0.577
0.577  0.577 0.577) |-0.577  0.577  0.577]
’ 77]

0.577  0.577 0.577 -0.577  0.577 0.5
0.577  0.577  =0.577 0.577 =0.577  0.577
0.577 -0.577 0.577] | 0.577  0.577 ~0.577]

- - 7]

0.577 0.577 -0.577 0.577 0.577 0.57
0.577 -0.577 0.577 -0.577 0.577 -0.577
-0.577 0.577 0.577 -0.577 -0.577 0.577 |
5 77]

0.577 0.577 -0.577 0.577 0.577 0.5
0.577 -0.577 0.577 0.577 -0.577 0.577
0.577 0.577 0.577 -0.577 0.577 0.577]

0.577 0.577 -0.577
0.577 0.577 0.577
-0.577 0.577 0.577

For noninteracting matrices, the general trend persists that
minimum condition number is achieved for geometric mean scaling for
the first iteration of RC or CR scaling as shown in Table 6.4.
Scaling factors for these matrices are shown in Appendix E.3.

If the partial interacting matrix were not base scaled, the
condition number usually decreased with geometric mean scaling. The
condition number could be lowered below that of geometric mean
scaling by NSLT. Scaling factors for matrices scaled by NLST are
given in Appendix F.2. Elements of Ug. and V . by geometric mean
scaling contained the same elements when base scaled. However, the
elements of Ug. and Vg appeared to show no relationship to each
other when not base scaled.

In the case of 4x4, full matrices, geometric mean scaling

usually lowered the condition number although NLST could lower it

83
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Table 6.4, Effects of Two Scaling Methods on Condition Number
for 4x4 Matrices

t A
Gain Matrix Type <an L CNBND % Difference

Iterative Geometric Mean (SCALT4)

1 0 0 0
0 6 0 0
NI 6.00000 1.00000 2.00000 +83.3
0 0 5 0
o 0 o0 3
1 0 0 0
0 6 7 0
PI 10.09430 2.76998 2.00000 +72.6
0 0o 5 2
0 0 0o 3
3.3 5.6 7.6 4.5
4.5 7.6 5.6 3.3
FULL  10.5099 9.6755 8.68788 17.34
12.4 3.6 7.5 4.7
4.7 7.5 3.6 ~12.4
NLST (SCAL4)
1 0 0 ©
0 6 0 ©
NI 6.00000 1.00166 2.00000 - 483.31
0 0 5 0
0o 0 o0 3
1 0 0 0
0 6 7 0
PI 10.09430 1.52190 2.00000 +84.92
0 0 5 2
o o o0 3
3.3 5.6 7.6 4.5
4.5 7.6 5.6 3.3
FULL  10.5099 8.292711  8.68788 17.34

12.4 3.6 7.5 4.7

4.7 7.5 3.6 -12.4

k; = 0.1 to 2, STEP = 0.01, NPASS = 3, 10 = 1, NP = 6.
CNBND = 2 max['ﬂnl Ial_j.

K - K

———=% x 100.

un

% Difference =
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more. Scaling factors for NLST scaled matrices of dimension 4x4 are
shown in Appendix F.3. There is no discernible pattern in the U and
V matrices that were scaled by geometric mean or by NLST.

The basic algorithm for geometric mean scaling can be extended
to nonsquare systems. For example, 3x2 systems were briefly

considered and scaled in the following manner:

1 ("

s 0 0 k k s 0
Kee = s, 0 kjp Koy 0 5
0 s k k

12

23

L JL ]

Scaling factors for empirical scaling methods or for NLST have
the only constraint that they can not be zero.

Grosdidier et al. (61) plétted smallest singular value or o,
versus IIA]| 1 for a large number of 3x3 and 4x4 matrices with
random coefficients between -100 and +100, They stated in a theorem
that no full matrix of dimension greater than 3x3 can have a
condition number of one. An effort was made to test their
conjecture. A series of real, symmetric matrices were generated
with most elements equal to +1 and with varying combinations of -1.
For example, the following combinations were possible in the 4x4
case: a set of 3 pairs out of a set of 6 pairs of symmetric

elements equal to -1 are interchanged

é = 6
() =15
6 20

~~
w
~
]
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(4) = 15
6y _
(5) = 6
6

(6) = 1

63 total combinations

3 PairS 1,2 2 2,1; 2,3 z 3’2; 1.4 2 4.1
’ ’

6 possible pairs 1,2 7 2,1; 2,3 $3,25 3,4 274,3; 1,3 3 1
b b 3 B b ; b - b ;

1,4 7 4,1, 2,4 2 4,2

The rank deficient cases for these matrices were eliminated. Then,
the SVD was performed on the remaining matrices. Tentatively, no
cases of full orthogonal matrices were found for these real,
symmetric matrices of dimension 3x3 and 5x5. However, seven cases
were found for x = 1 for 4x4 matrices as shown in Table 5.1. Their
theorem is not quite correct and a proof by counterexample using
properties of orthogonal matrices will be shown in Appendix D. For
the 4x4 matrices the condition number of the absolute value of the
elements of the U matrix were not the same as the corresponding
elements of the V matrix. For real, symmetric matrices with
elements equal to -1 along the diagonal or the secondary diagonal of

dimension 3x3, 5x5, and 6x6, the absolute values of the elements of
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the U matrix were the same as the elements of the V matrix within
the corresponding column. Table 6.5 summarizes the information
about unscaled condition number for these matrices.

A series of full, square matrices with all elements equal to
one except the diagonal elements being -1 were run. The same matrix
could be rotated 180° either clockwise or counterclockwise and have
the same decomposition except for the signs on the elements of
corresponding U and V matrices., For matrices of dimension 4x4 to
20x20, the following formulas could be generated for their
respective condition number and singular values. Matrices with

dimension greater than 20x20 were not run.

_2_n2
K g 2
n
ol = n-2
02,...,cn=2

Comparison of Empirical Scaling Techniques

Five forms of empirical scaling namely arithmetic mean (AM),
geometric mean (GM), geometric mean followed by equilibration
(GM/EQ), and arithmetic mean followed by equilibration (AM/EQ) were
combined in various order to form 14 combinations. When Prasad ¢h)
examined five full transfer functions, he found that arithmetic mean
scaling with row followed by column scaling (AM/RC) tended to
increase the condition number in comparison with the unscaled

condition number. This is not thought to be a general result.
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Nine empirical scaling techniques were examined on selected PI
and full matrices of dimension 3x3. Refer to Tables 6.6-6.9.
Arithmetic mean increased the condition number in four of the six
" examples. However for the first example of Table 6.6, AM/CR
decreased the condition number more than by any of the other
empirical methods. Geometric mean increased the condition number in
three of the examples. On the basis of this limited number of
examples, it is not apparent that geometric mean is as effective in
lowering the condition number as it appears to be for 2x2 matrices.
In all cases the lowest condition number was obtained using NLST.
When the minimum condition number using NLST is less than the CNBND,
it appears that this bound is fairly tight.

The following example from Grosdidier et al. (61) illustrates
how sensitive a system can be with a 5% difference between the model

and the plant gain matrices.

1 1.05

n T 0.95 1 (6.17)
(1 1.05

K, = . . (6.18)

where Km is the model transfer function

Kp is the plant transfer function
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Table 6.9. Percent Change in Condition Number for Scaled 3 x 3

93

Matrices
% Difference
Empirical No. 1 2 3 4 5 6
Methods Type PI FULL PI PI FULL FULL

AM

RC +95.05 -465.10 | -23.50 | +94.10 | -10.86 ~-2.09

CR +95, 68 -465,10 | -23.50 | +94.77 | -11.26 -84,94
EQ

RC +92.17 0 -18.69 | +91.94 -0.87 -39.33

CR +95. 50 0 ~18.69 | +93.10 +0.41 —-39,33
cM +41.71 | +1.44x1073 -16.38 | 492.99 | -20.71 | +17.47
GM/AM

RC +93.26 - - +96.07 - -

CR +93,26 - - +96.07 - -
GM/EQ

RC +90.66 - - +95.15 - -

CR +90.66 - - +95.15 - -
Nonlinear Least
Squares +97.42 +0.00 +0.00 | +96.09 +3.63 +42.31
Technique

K - K
% Difference = —15%;——J59 x 100,

AM
EQ
GM
RC
CR

un

arithmetic mean
equilibration
iterative geometric mean (RC)
row followed by column
column followed by row
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K -K
M1 Kun “min -un M ¥ 100
min
K 400 1602 1598 0.0250
K -70 82.04 81.99  0.062
p
Perturbations

Symmetric perturbations of two elehents, four elements, and six
elements of a 3x3 singular matrix had unscaled condition numbers
varying from 6143.25 to infinity. These perturbed matrices are
shown in Table 6.10. The perturbations of these matrices ranged
from 0.625% to 2.5%. These same eight matrices when scaled by
iterative geometric mean had condition numbers ranging from 5845.84
to infinity. The range of condition number obtained for the
perturbed matrices illustrates how sensitive a matrix can be to

slight changes.

Types of Scaling and Scaling Factors Using NLST

Prasad examined three types of scalings using the nonlinear
least squares search technique and applied these methods to five
full, 2x2 steady state process gain matrices. For individual row or
column scaling, only one scaling factor is changed in the row
scaling matrix or in the column scaling matrix. All of the other

scaling factors are not one, Partial scaling refers to scaling the
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Table 6.10. Variations in Condition Number from Perturbations of a
Singular 3 x 3 Gain Matrix

Gain Matrix K K % Difference
un GM

(1 2.05 3 _

3.95 5 6.05 6143.3 5845.8 +4.84
| 7 7.95 9
(1 2.05 3

3.95 5 6 13565 12997 +4.19

7 8 9
(1 2.05 3.05)
3.95 5 6.05 24770 23699 +4.32
6.95  7.95 9 |
(1 2 3.05)

5 6 24526 23578 +3.87

6.95 8 9
(1 2 3 )

A 5 6.05 121970 116076 +4.83

7 7.95 9
( 2 3.05)

5 6.05 ® ® 0

6.95 7.95 9 |
(1 2.05 3.05)

3.95 5 6 ® ® 0
6.95 8 9 |
(1 2 3 )

4 6 o o 0

7 8 9

Kun~ Fsc

% Difference = —EI—K——— x 100.
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minimum number of rows and columns in a matrix simultaneously as
defined by Theorem 4. Full matrix scaling varies all the scaling
elements in the scaling matrices and thus scales all the rows and
columns simultaneously. For a 2x2 system, only one element out of
four is changed in the scaling matrices by individual scaling. One
row and one column are scaled simultaneously in partial scaling of
2x2 systems by changing one element in each scaling matrix. Full
scaling would vary all four elements of the scaling matrices.

The following notation will be applied to equation 1.1 for a

scaled 2x2 system.

(6.19)

sC

Therefore, there are four combinations of partial scalings for
a 2x2 matrix (sl,s3;sl,54;sz,s3;sz,s4).

For the 2x2 systems he studied, Prasad found that partial
scaling was required to scale a system optimally based on Theorems 4

and 5. His numerical examples illustrated these results.

Condition Number Surface

Some information about the conditioning of a process can be
determined from the condition number surface of the process under
scaling., Lau obtained sensitivity of operability information by
plotting contours of the condition number on reactor volume versus
conversion of one component and by plotting minimum singular value

on reactor volume versus conversion for the value of the steady
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state gain matrix over a region defined by state and constraint
equations (22). The order of scaling by the empirical methods of
GM/EQ,EQ, or EQ/GM affected his contours of sensitivity and inverti-
bility profoundly. With his method of variable normalization and
equation equilibration, the sensitivity changed less than a factor
of two in his example of a first-order endothermic reaction in a
CSTR.

Prasad found that there was variation in condition numbers of
up to 99.4% for five transfer functions using partial and full
scaling. He proposed that these effects were due to a rough
condition number surface. However it appears that he was mistaken
by using step sizes that were too small. His initial and final step
size for partial scaling were 1x10E-3 and 1x10E-6. For full scaling
his step sizes were 1x10E-2 and 1x10E-5. Three dimensional plots
were generated for the same five full, 2x2 transfer functions listed
in Table C.1 under partial scaling. Figures 6.2-6.6 illustrate
these plots and their associated unscaled condition numbers. For
each of these transfer functions, partial scaling was performed over
certain ranges. The data were plotted on axes corresponding to
Sr1 - -% - SCl in most instances. By using -% instead of «k, the
condition number varies from O to 1. In Figure 6.4 which scales the
transfer function of Weischedel and McAvoy's Column C the surface of
the plot is smooth. The point corresponding to %-= 0.0138 is near

the "hump" of the plot which is in the optimal operating region.

The plot of Sr1 - |U11] - Sc1 shows a surface that is smooth over
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the range of partial scaling which is illustrated in Figure 6.7,

The row scaling factor Sr ranges from 0.1 to 10 while the column

1
scaling factor Scl ranges from 0.1 to 2.

Partial versus Full Scaling

According to Theorem 4, a square gain matrix scaled using NLST
will have approximately the same minimum condition number as one
fully scaled. This theorem was supported by numerous examples of
process gain matrices that were minimally scaled by varying the
number of scaling factors required for partial or full scaling while
the other parameters were held constant. For these selected full
gain matrices, the minimum condition numbers for partial and full

scaling were as follows:

GAIN =~ TYPE OF SCALING K,
min
0.58 =0.45| PARTIAL 7.069464
FULL 7.069464

0.35 -0.48{ STEP = 0.01, NPASS = 3, I0 =1

1 1 -0.1| PARTIAL 24.37407
FULL 24.37407
0.1 2 -1 STEP = 0.01, NPASS = 3, I0 = 1
-2 -3 1
J

SVA Pairing

Pairing of manipulated variables with measured variables can be
done with the SVD of the process gain matrix. A singular value is
associated with a right and left singular vector. The left singular

vector U corresponds to the process outputs while the right singular
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Figure 6.7. The Absolute Value of U;; as a Function of Scaling Factors

(S.. and Sc ) for a Transfer Function of Lau.
1

Ey



GAIN 105
-0.788 -0.615

-0.615 0.788
RGA :
0.621  0.379 0~+1
1 1
0.379  0.621 2 2
SVA :
5 T
-0.788 -0.615| |1.43581 O 1 0 01
1 1
~0.615 0.788| {0 1.43581| |0 1 2 2

where 0 is the output variable
I is the input variable

Comparison of RGA and SVA Pairing

Selected examples of 2x2, 3x3, and 4x4 process gain matrices
were scaled using the iterative geometric mean scaling and with NLST
for minimum condition number. Table 6.11 shows the pairings of
manipulated and measured variables from the RGA, unscaled SVA,
geometric mean scaled SVA, and the NLST scaled SVA for each of the
selected gain matrices. For these PI, 2x2 matrices, the SVA
pairings do not have a physical interpretation because the second
manipulative variable is not connected to any of the measured
variables of the process gain matrix. It was hypothesized that the
pairings for the RGA would be the same as those for the NLST scaled
SVA for all types of matrices, but this prediction will be shown not
to hold.

For noninteracting matrices of this table, the RGA pairings are

in agreement with those of the NLST scaled SVA and the GM scaled
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Table 6.11. Comparison of RGA and SVA for Scaled and Unscaled

Matrices
Gain Type RGA SVA__ SVA SVA__ .
2 x 2
(0-1) U-v) (u-v) w-v)
(1 0 NI 1-1 1-1 1-1 1-1
0 1 2-2 2-2 2-2 2-2
( ‘ *
1 0 PI 1-1 2-1 2-1 1-1
1 1 2-2 1-2 1-2 2-2
1 o PI 1-1 2-2 2-1 1-1
3 4 2-2 1-1 1-2 2-2
’0.58 -0.45 FULL 1-1 None None None
0.35 -0.48 2-2
3 x3
(3 0 0) NI 1-1 2-2 1-1 1-1
0o 7 0 2-2 3-3 . 2-2 2-2
0 0 5 3-3 1-1 3-3 3-3
. *
o 1 1) PI 2-1 1-2 1-2 1-2
0 3-2 2-3 2-1 2-1
*
o 1 0/ 1-3 3-3 3-3 3-3
(0 4 5) PI 2-1 1,3-2 1-2 1-2,3
0 0 3-2 1,3-3 2-1 2-1
o 7 0 1-3 2-1 3-3 3-2,3
(1. 1. -0.1 FULL 3-1 3-2 1-1,2,3 3-2
0.1 2. -1. 1-2 2-1 2-3 2-1
-2. -3. 1. 3-3 1-3 3-2 3-2 3
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Table 6.11 (continued)

Gain Type RGA SVA__ SVA L, SVA__.
4 x 4
1 0o o0 o NI 1-1 2-2 1-1 1-1
0 6 0 0 2-2 3-3 2-2 2-2
0 0 5 0 3-3 b4t - 3-3 3-3
o 0o o 3 b4ty 1-1 b=t b=t
1 o o o PI 1-1 3-3 3-3 3-3
1 1 o0 2-2 2-4 2-4 1-1
0 0 1 3-3 1-1 1-1 2-2
0 0 o0 1J 4=t 4-2 4-2 3-2
1 0o o0 0 PI 1-1 2-3 3-3 3-3
0 6 7 0 2-2 3-4 2-4 2,4-4
0 0 5 3-3 42 1-1 1-1
0 0 0 3 A 1-1 3-2 3-3
3.3 5.6 7.6 4.5\ FULL  3-1 3,4-1,4  1,2-3,4  1,2-2,3
4.5 7.6 5.6 3.3 2-2 1,2-2,3  1,2-1,4  3,4-3,4
-12.4 3.6 7.5 4.7 1-3 3,4-3,4  3,4-1,4  3,4-1,4
4.7 7.5 3.6 -12.4 4=t 1,2-2,3  1,2-2,3  1,2-2,3

*
Corresponding elements of luijl and Ivijl have a percent

difference < 14.12%.

+, R
The comma denotes that several inputs or outputs are paired
with corresponding outputs or inputs.
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vector V corresponds to the process inputs. Permutations in the
manipulated and measured variables of the process gain matrix are
associated with interchanges in the rows of U and V. Thus, columns
of the process gain matrix are used for pairing., The largest
singular value is paired with the elements with the largest absolute
value in the first columns of U and V. Then the next largest
singular value is paired with the elements of U and V that have the
next largest absolute value in the second columns of these matrices.
Quantitative or semi-quantitative rules do not exist for SVA as for
RGA. McAvoy's rules for RGA pairing were listed in Chapter 2. Some
of the main rules for RGA pairing are summarized as follows:

1. RGA elements close to one are first to be considered for
pairing.

2. The stability of the resulting pairing should be checked
using Niederlinski's theorem. If this theorem shows that
if the pairing ry - y1, Ty = ¥9,.esy Ty — ¥, for the

closed loop system is unstable if

;

<0 (6.20)

hap
=

il:l.i

where | K| is the determinant of the steady state gain
matrix if this pairing is unstable, then another positive
pairing is chosen.

3. Whenever possible negative pairings should be avoided.

For example the RGA and SVA pairing for this matrix is
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SVA. The unscaled SVA matrices have the same inputs and outputs
paired as those for the NI, RGA matrices except for the order of the
pairings. This is an expected result since condition number is
equal to one when these matrices are scaled by geometric mean or by
NLST. Two by two, PI matrices have the same pairing by RGA as by
NLST scaled SVA in both the base scaled and not base scaled forms
whereas the results for unscaled SVA and GM scaled SVA differ. The
pairing by RGA and the NLST scaled SVA for the remaining examples of
3x3 and 4x4 matrices are not the same. For most full 2x2 matrices,
there is no pairing after geometric or NLST scaling since UellI
and VE‘L&. Thus, it appears that there is no relationship between
RGA and NLST scaled SVA when the matrix is scaled for minimum
condition number except for 2x2, PI or NI, square matrices that are

of any dimension.

Comparison of Interaction Measures with An Extruder

The transfer function of a 40 mm diameter screw extruder used
for blow injection of LDPE (65) was analyzed to determine if there
were relationships between pairings of the RGA, unscaled SVA, and
minimally scaled SVA. The steady state gain matrix consisted of
four manipulated variables and two controlled variables as is shown

below:

8 Q Tw Tw5

P 0.15 0.11 -0.132 -0.01

Tm 0.045 0.118 +0.928 0.445
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where Tm melt temperature at the die inlet, °C
Pm melt pressure at the die inlet, Eg
I ) m
6 die restrictor angle, deg
Q2 screw speed, rpm
Tw barrel wall temperature, °C

Tw5 set point temperature at the die, °C

Six combinations of 2x2 matrices were analyzed from the steady

state gain matrix. These subsystems are listed as follows:

GAIN NO.
GAIN NO. } 0
Q Tw Q Tw5
y
P 0.11 -0.132 Pm 0.11 -0.01
m 1 4
T 0.118 0.928 Tm 0.118 0.445
m -
) Tw5 8 Tw
P 0.15 -0.01 W Pm 0.15 -0.132
i 2 28 >
T 0.045 0.445 Tm 0.045 0.9
m
Tw Tw5 6 Q
. 0.11
Pm -0.132 -0.01 5 Pm 0.15 }
T 0.928 0.4h5 Tm 0.045 0.118
m

By choosing square subsystems of the gain matrix, the RGA which is
limited to square systems that can be directly compared with the

SVA. The unscaled SVA obtained from the gain matrix indicates that
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the second controlled variable (Tm) should be paired with the third
manipulated variable (Tw) and that the first controlled variable
(Pm) should be paired with the first manipulated variable (8). The
comparison of possible loop pairings of the RGA, unscaled SVA, and
minimally scaled SVA is shown in Table 6.12.

Interpretation of these results is difficult. One case (3) of
the unscaled SVA pairings disagrees with that of the RGA. Three

cases of the minimally scaled SVA pairings correspond with the RGA.

Conclusions and Recommendations

With the objective of minimizing condition number, NSLT was
found to be more effective than GM for 3x3 and 4x4 process gain
matrices. For 2x2, full process gain matrices, GM was as efficient
in lowering the condition number as NLST, There appears to be no
relationship between RGA pairings and the SVA pairings that
correspond to the minimally scaled matrix except for NI, 2x2, 3x3,
and 4x4 matrices and PI, 2x2 matrices. The minimum condition number
is somewhat difficult to determine with certainty. Using NLST an
apparent minimum can be local or global, Grosdidier, Morari, and
Holt's bound of 2 max[[|A|!l||A|[w] was used as a guide for minimum
condition number as well as running the NLST consecutively while
decreasing the step size by a factor of ten with the other
parameters held constant.

The question can be raised whether the optimal or minimum

condition number is a suitable criterion for scaling. Grosdidier et

al. state that "optimal scaling ensures that the least conservative




*o]qeTaea pojeTndruew = w foyqeriea Indino = £ fuorjeisadiajur = Jut

112

-1 Cu-T4 51 ‘-4
) SUoN o-d Tu-t4 o- d Tw-%4 9
- n_ouw < ¢
olEm - Ig HIEH. a- £
- auoyN B.H...E.H A o- d Tn- T4 8
c olEm Ty g c mlEm Ty_tg olam Tu_%g
nu ¢, T m_u [ S
I- 1 u-"4 - w-" £ Mmow
il I- 1 - T4 y
Mnouw .. 1 m3 w Z T W3 w
c I- 1 w-"£ L- 4 wu-"& I- 1 Culx
M_w Mmoo
L Ty L Ty %k 1-d Ty T4 €
Sm_ w w
-1 Cu-Tg ¢ b= d Tu_%g ¢ 5-a Tu2g
w w
5 d Tu_%g B.H.l 1 Cu T4 B.H...E.H. (AR z
w T T nou (A4
- auoy - d u- £ I-1 w-"K
w
b u Cu-% 5- d Tu-Tg 1
JUT utu uyu ut
P % Mas TE Byps “yas Y yoy vou - oN

I9pnaixy SOT1se[d B JA0] mmhlmmwz uoTlorvio3uyl JoO GOmﬁHQQEOU *C2T°9 =19eL




113

value of the condition number is obtained and it should not be given

' A minimally scaled matrix may be

a physical interpretation.'
mathematically related to the original unscaled matrix although the
physical system that it represents may be altered by the scaling.

By Theorem 7 which involves the scalar multiplication of a matrix,
positive scaling can be performed in an infinite number of ways.
Which scaling is best for a particular process gain matrix is a
poorly understood problem.

More effort needs to be placed on the relationship of
conditioning and interaction. A noninteracting process gain matrix
that has a low condition number does not present a control problem.
In most instances that type of structure could be controlled in the
open loop. A noninteracting process gain matrix with a high
condition number can be scaled to a condition number of one. Such a
process could be controlled with a gain compensation system. A’
process that is highly interacting but with a low condition number
can be controlled with an SVA controller (9) or a structural
compensator (22) that decouples the interaction in the process. A
process that is highly interacting and has a high condition number
will need both a structural compensator and a gain compensator (22)
and will be quite difficult to control over the entire frequency
range.

It is recommended that the iterative geometric mean scaling and
the NLST could be extended to nonsquare process gain matrices.

These two programs would be easier to use and understand if they
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were made interactive and if they used structured programming. A
different algorithm for the nonlinear least squares technique that
is more efficient (i.e. requires less storage space in computer
memory) is needed for scaling process gain matrices with dimension
greater than 4x4.

Extending the SVD to the frequency doﬁain would provide more
information about robustness and the dynamic behavior of the system.

Further work is needed to examine the interaction present in
multivariable systems on a consistent basis. The RGA and SVD
provide a rough quantitative means for obtaining information about a

process steady state gain matrix.
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APPENDIX A
FURTHER WORK ON GEOMETRIC MEAN SCALING

Another scheme for the iterative geometric mean scaling for
optimizing condition number was briefly considered. The scaling
algorithm for row scaling was as follows:

first row

GM = (aj1.819,813, -+ 531y)

first column

@M = (a13,891,8315 ¢+ 587])

Preliminary results were inconclusive for this algorithm for
3x3 matrices.

A procedure for generating full, nxn orthogonal matrices would
be useful as an analytical tool. The primary steps generating for a
4x4 matrix are listed below:

1. Nine elements would be designated randomly.

2. Each row and/or column would be made orthonormal.

3. The matrix would be tested to determine if it were

orthogonal (AAT=I).

4. If the matrix were orthogonal, then it would be printed

out. If it were not orthogonal, steps one through four

would be repeated.



APPENDIX B

FLOWCHART AND TABLE FOR ITERATIVE GEOMETRIC
MEAN SCALING AND FLOWCHART

FOR NLST SCALING



Table B.l. Sections of an Iterative Geometric Mean Scaling

Technique
Sections Purpose
MATIN PROGRAM
SUBROUTINES
GMRC ROW FOLLOWED BY COLUMN GEOMETRIC MEAN SCALING
} GMCR COLUMN COLLOWED BY ROW GEOMETRIC MEAN SCALING
} ARETRN RETURNS THE ORIGINAL GAIN MATRIX
ACHANG STORES THE ORIGINAL GAIN MATRIX
DSVDC PERFORM SINGULAR VALUE DECOMPOSITION
SVDOUT PRINTS OUTPUT OF DSVDC




Figure B.2.

START

MAIN
PROGRAM

1

INITIALIZE
AND
DIMENSION
MATRICES

!

SUBROUTINE
DSVDC

l

SUBROUTINE
SVDOUT

A Simplified Flowchart of Iterative Geometric
Mean Scaling.
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l

SUBROUTINE
ARETRN

%

MAIN
PROGRAM

|

IC=1
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——
10 Ip=IC-1

!

C PREPARATION
FOR ROW/COL
SCALING

|

SUBROUTINE
GMRC

SUBROUTINE
ACHANG

|

SUBROUTINE
DSVDC




SUBROUTINE
SVDOUT

!

WRITE
COND

!

SUBROUTINE
ARETRN

!

MAIN
PROGRAM

%

C PREPARATION
FOR COL/ROW
SCALING

I

SUBROUTINE
GMCR
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l

SUBROUTINE 129

ACHANG

\

SUBROUTINE
DSVDC

i

SUBROUTINE
SVDOUT

/=7
i

SUBROUTINE
ARETRN

!

MAIN
PROGRAM




YES

NO

TEST FOR
CONVERGENCE

i

TEST1=COND
-COND2

TEST2=COND1
-COND3

IF(|TEST1| <0.01
OR|TEST2| <0.01)

et

COND2=COND
COND3=COND1
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IC=IC+1

!

A(I,D)=
AGMCR(I,J)

%

GO TO 10
(1P=1C-1)
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132

START

INITIAL
BOUNDARY

CHECK AND

COST EVALUATION

l

CALL BOUNDS

CALL PROC

RETURN

Figure B.3. A Flowchart for Subroutine PATERN,
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NO WRITE
ITTER, Cl
J,P(J)
YES
BEGIN
PATERN
SEARCH
-
S(1)=s(1)/10
i |
NO WRITE
3,5(3)

YES

IFAIL=0.0




4

PERTURBATION
ABOUT T

P(1)=T(1)+S(1)
I1C=IC+1l

CALL BOUNDS

10UT > O

YES

NO

CALL PROC
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NO

L=L+1

YES

S(I)=-5(I)

m

!

(21)

IFAIL=IFAIL+1

!

P(I)=T(I)

CONTINUE

T(1)=P(I)

Cl=C2

CONTINUE

'
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St OL 0o
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\
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(1)z9=(1)4
(1)zd=(1) 19

¢0=1D
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ON

T+T91=T141




138

ICK=0

ITTER=ITTER+1

ITTER,C1
J,T(J)



https://ITTER.Cl

SJ=1

#

T(I)=B2(I1)+S8J
*(B2(1)-B1(1))
P(I)=T(I)
$J=5J-0.1

CALL BOUNDS
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NO

CONTINUE

140

YES

ICK=11

B1(I)=B2(I)

ﬁ

TO TO 20
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APPENDIX D

PROOF THAT A SQUARE, ORTHOGONAL MATRIX

HAS A CONDITION NUMBER OF ONE



Theorem 11:

Proof:

APPENDIX D

PROOF THAT A SQUARE, ORTHOGONAL MATRIX

HAS A CONDITION NUMBER OF ONE

If a square matrix is scaled to be orthogonal,
then it will have a condition number of one.
Let K = K

where is orthogonal

By singular value decomposition

K=0 VI
KV = U
UlRV = U-lxv since UT = U1

Ty wl = v lxv  since UTu =1, Wl =1
= Ulgy

where U_l,K, and V are all

Since each matrix, U“I,K, and V are , then
their product is orthogonal, is and
diagonal.

By definition an orthogonal matrix has a condition

number of one.
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SCALING FACTORS FOR GEOMETRIC

MEAN SCALED MATRICES




Table E.1. The Decomposition of Process Gain Matrices and Their
Geometric Mean Scaled Matrices with Their Scaling Factors
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Type 2 x 2 Matrix
NI Gain
1.000 0.000
0.000 1.000
U v
-1.000 0.000] (-1.000 0.000
0.000 1.000 0.000 1.000
GM RC(1)
1.000 0.000
0.000 1.000
\
sC sSC
-1.000 0.000] (-1.000 0.000
0.000 1.000 0.000 1.000
-1 -1
S1 S2
1.000 0.000 1.000 0.000
0.000 1.000 0.000 1.000
PI Gain
1.000 0.000
3.000 4.000
Y v
-0.12218 -0.99251) [-0.61541 -0.78821
-0.99251 0.12218) |[-0.78821 0.61541
GM RC(1)
1.07457 0.00000
0.930605 1.00000




Table E.1 (continued)

Type 2 x 2 Matrix

PI U v

(continued) -sc -S¢

[—0.57659 -0.81704] [—0.86040 -0.50948]

-0.81704 0.57659) (-0.50948 0.86040

-1 -1
Sy S,

1.00000 0.00000 0.930605 0.00000
0.00000 3.46410 0.000000 1.15470

FULL Gain

0.5800 -0.4500
0.3500 -0.4800

U | v

-0.77996 -0.62583| (-0.71774 ~-0.69632
-0.62583 0.77996 0.69632 -0.71774

GM RC(1)

1.15305 -0.867267
0.867267 -1.15305

U \

sc sc
-0.70711 -0.70711}] |-0.70711 -0.70711
-0.70711 0.70711 0.70711 -0.70711

-1 -1
51 52
0.510882 0.00000 0.984602 0.00000
0.000000 0.409878 0.000000 1.01564
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Table E.2, The Decomposition of Process Gain Matrices and Their
Geometric Mean Scaled Matrices with Their Scaling
Factors (3 x 3 Matrix)

Type 3 x 3 Matrix
NI Gain

3.00000 0.00000 0.00000
0.00000 7.00000 0.00000
0.00000 0.00000 5.00000

L\ y

-1.00000 0.00000 0.000004 |-1.00000 0.00000 0.00000

0.00000 0.00000 -1.00000 0.00000 0.00000 -1.00000
0.00000 1.00000 0.00000 0.00000 1.00000 0.00000

GM RC(1)

0.00000 1.00000 0.00000

1.00000 0.00000 0.00000
0.00000 0.00000 1.00000

U v

=< _sc
-1.00000 0.00000 0.00000} {-1.00000 0.00000 0.00000
0.00000 -1.00000 0.00000 0.00000 -1.00000 0.00000
0.00000 0.00000 1.00000 0.00000 0.00000 1.00000

-1 -1
51 52

3.00000 0.00000 0.00000 1.00000 0.00000 0.00000

0.00000 7.00000 0.00000 0.00000 1.00000 0.00000

0.00000 0.00000 5.00000 0.00000 0.00000 1.00000
PI1 Gain

0.00000 1.00000 1.00000

1.00000 0.00000 0.00000

0.00000 1.00000 0.00000

U y

0.00000 -1.00000 0.00000 {0.85065 0.00000 0.52573

0.85605 0.00000 -0.52573) {0.00000 -1.00000 0.00000
0.52573 0.00000 0.85065

0.52573 0.00000 -0.85065




Table E.2 (continued)
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Type 3 x 3 Matrix
PI GM RC(1)
(continued)
0.00000 1.00000 1.00000
1.00000 0.00000 0.00000
0.00000 1.00000 0.00000
U \Y
=< _sc
0.85065 0.00000 -0.52573} (0.00000 -1.00000 0.00000
0.00000 -1.00000 0.00000| {0.85065 0.00000 0.52573
0.52573 0.00000 0.850651 (0.52573 0.00000 -0.85065
-1 -1
S1 82
1.00000 0.00000 0.00000} {1.00000 0.00000 0.00000
0.00000 1.00000 0.00000{ {0.00000 1.00000 0.00000
0.00000 0.00000 1.00000j (0.00000 0.00000 1.00000
FULL Gain
0.34000 6.00000 98.0000
0.25000 5.40000 2.70000
0.12000 67.0000 34.0000
u v
-0.86541 -0.49487 0.07848} |-0.32968 -0.09574 -0.93923
-0.10788 0.03107 -0.99368| |-0.33459 0.94212 0.02141
-0.48931 0.86841 0.08027/ {-0.88282 -0.32131 0.34263
GM RC(1)
1.09075 0.323486  3.09132
3.06869 1.11394 0.325872
0.326456  3.06320 0.909479
U v
s5C sc
-0.57850 -0.77647 0.24989) }{-0.59579 -0.02128 -0.80286
-0.59727 0.19460 -0.77807f |-0.57528 0.70887 0.40812
-0.55552 0.59936 0.57634) {-0.56043 -0.70502 0.43458

|

|




Table E.2 (continued)
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Type 3 x 3 Matrix
FULL sl‘1 sz'1
(continued) _ <
5.77235 0 0 .0499275 0 0
0 2.83549 0 0 4.95590 0
0 0 2.83549 0 0 14.2680
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SCALING FACTORS FOR NLST

SCALED MATRICES
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