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ABSTRACT

Three fundamentally different finite strain consti

tutive formulations for describing elastic-viscoplastic

materials are considered. These are classified as:

(1) hyperelastic-viscoplastic, (2) hypolastic-viscoplastic,

and (3) updated hyperelastic-viscoplastic. The formulations

differ primarily in the kinetic and kinematic quantities

used to characterize the material constitutive equations.

Objectives are to: (1) establish the theoretical bases of

the three constitutive formulations; (2) evaluate the rela

tive numerical efficiency of the material models;

(3) determine under what conditions the various descriptions

yield comparable results; and (4) develop a computer program

which can be used to study finite strain, elastic-

viscoplastic constitutive equations in low, intermediate,

and high strain rate environments.

The three material models are based on the Perzyna

generalization of the Malvern and Sokolovsky viscoplastic

over-stress constitutive equations. Although an over-stress

model is used, other state-variable constitutive equations

may be described using the three constitutive formulations.

The implementation of the three constitutive formu

lations into a finite element computer program is discussed,

and both explicit and implicit methods for integrating the



V

equations of motion and constitutive equations are pre

sented.

Two problems are considered which deal with dynamic

plasticity and finite strains. The first problem involves

a right circular cylinder impacting a rigid wall (Taylor's

cylinder problem), and is dominated by finite dilatational

strains while the rotations are small. The second problem

is a cantilever beam loaded at its free-end by a triangular-

shaped impulse, and involves finite rotations with small

dilatational strains.

The results indicate that when the dilatational

strains are finite, the hyperelastic-viscoplastic consti

tutive equation may yield numerical results which differ

significantly from those obtained from the hypoelastic-

viscoplastic and updated hyperelastic-viscoplastic

constitutive equations. When the dilatational strains are

small, the three constitutive formulations yield similar

numerical results.
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CHAPTER I

INTRODUCTION

In recent years, a number of elastic-viscoplastic

constitutive equations have been developed which appear to

be capable of reproducing certain types of inelastic

material behavior [1-6].^ In particular, the fundamentally

different phenomena of rate sensitivity to dynamic loading,

and the combined plastic-creep response at elevated temper

atures can be simulated using elastic-viscoplastic consti

tutive theories. In addition, several state variable

elastic-viscoplastic constitutive theories are based on

microstructure or dislocation movement phenomena [4,5].

This coupling of microstructure physics with continuum-

based constitutive equations represents an important trend

which should lead to constitutive equations which treat in

a consistent manner the interaction between the physical

phenomena currently referred to as elastic, anelastic,

plastic, and creep.

The rate form of the inelastic strain and state-

variable evolution equations make elastic-viscoplastic

constitutive equations very attractive numerically.

Numerical implementation of elastic-plastic constitutive

equations requires a mechanism for ensuring that the

1
Numbers in brackets refer to similarly numbered

references in the Bibliography.
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equilibrium stress in a computed configuration lies on the

current yield surface. This is not a problem with elastic-

viscoplastic constitutive equations since the stress may be

outside the static yield surface. Some state-variable,

elastic-viscoplastic constitutive equations do not rely on

the concept of a yield surface.

Elastic-viscoplastic, state-variable constitutive

equations offer a convenient mathematical structure for

formulating or extending constitutive theories. Because of

experimental constraints, much of the experimental data

used to develop constitutive descriptions is limited to

small strains and is usually uniaxial in nature. Therefore,

the extension of these theories to finite strain environ

ments relies heavily on mathematics and invariance princi

ples. Unfortunately, it is possible to obtain a large

number of finite strain constitutive equations, all of

which reduce to the same small strain and rotation consti

tutive theory.

This investigation is concerned with the develop

ment and numerical implementation of finite strain, elastic-

viscoplastic constitutive equations. Specifically, three

fundamentally different finite strain constitutive formu

lations for elastic-viscoplastic materials are considered.

These are classified as: (1) hyperelastic-viscoplastic,

(2) hypoelastic-viscoplastic, and (3) updated hyperelastic-

viscoplastic. The three classes of proposed constitutive
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formulations differ primarily in their respective kinetic

and kinematic variables. They represent general classi

fications which are not limited to a specific elastic-

viscoplastic constitutive equation. However, for the

purpose of this investigation, only a Perzyna-type elastic-

viscoplastic constitutive equation is used.

Since the three constitutive formulations reduce to

the same infinitesimal strain and rotation equations, it is

important to: (1) establish the theoretical basis of the

three constitutive formulations, (2) determine when the

descriptions yield similar numerical results, (3) determine

the relative numerical efficiency of the different consti

tutive formulations, and (4) determine how well the

computed results obtained using the different constitutive

formulations agree with experimental data. Results from

this investigation will provide important information to

researchers working to develop general elastic-viscoplastic

constitutive equations. To the author's knowledge, the

literature covering this field does not contain the above

information.

Although elastic-viscoplastic constitutive equations

have several attractive features, their implementation into

computer programs has been very limited. The few computer

programs which do utilize elastic-viscoplastic constitutive

equations are limited to infinitesimal strain or geometri

cally nonlinear environments, and may treat only



one-dimensional problems. A few other programs utilize

methods which enable them to account for the strain rate

sensitivity of the yield stress, without using elastic-

viscoplastic constitutive equations. For example, the

finite element computer program HONDO [7] uses a hypo-

elastic-plastic constitutive equation, and accounts for

strain rate sensitivity effects by increasing the static

yield stress. This type of procedure is in general limited

to a specific phenomenon, and cannot be used to obtain

general constitutive equations capable of describing the

interaction of several phenomena. HONDO is also limited to

"wave propagation"-type problems, and is not suited to

quasi-static problems. "Hydro-codes" such as EPIC [8] also

suffer from the same limitations as HONDO. Therefore, to

accomplish the goals of this investigation, it was neces

sary to develop the required computer programs.

The three finite strain, elastic-viscoplastic con

stitutive equations were implemented into a new finite

element computer program. The computer program is appli

cable to two-dimensional and axisymmetric solid continua,

and treats geometric and material nonlinear problems

involving finite strains. Static, quasi-static, and

dynamic load environments may be considered, and the equa

tions of motion may be solved using either implicit or

explicit time integration schemes. Pre- and post

processing graphics programs were written to assist in



5

handling the large quantities of data inherent in nonlinear

finite element analysis.

An important feature of the finite element computer

program written during this investigation is its ability to

handle problems covering a wide range of load application

rates. It may be used to efficiently obtain solutions to

problems involving static, quasi-static, and low- and high-

frequency dynamic load application rates. Most finite

element computer programs are limited to only a small range

of load application rates. Since elastic-viscoplastic

constitutive equations are capable of reproducing the

inelastic behavior of materials over a wide range of load

application rates, this finite element program will permit

elastic-viscoplastic constitutive equations to be studied

over the complete spectrum of load application rates using

a single program.

In summary, this investigation has two specific

goals: (1) the development of a finite element computer

program which can be used to study elastic-viscoplastic

materials experiencing finite strains over a wide range of

load application rates, and (2) to perform a theoretical

and numerical comparison of three proposed finite strain,

elastic-viscoplastic constitutive formulations for a

Perzyna-type material description.

In Chapter II, the general structure of elastic-

viscoplastic constitutive equations is discussed, and then



specialized to a Perzyna over-stress model. The kinetic

and kinematic variables used to describe a general con

tinuum undergoing finite deformations are presented in

Chapter III, and then used in Chapter IV to describe the

behavior of elastic-viscoplastic materials experiencing

finite strains.

In Chapter V, procedures for solving the governing

equations of motion and constitutive equations using the

finite element method are presented. Since elastic-

viscoplastic constitutive equations are capable of

describing inelastic response over a wide range of appli

cation rates, both implicit and explicit schemes for inte

grating the equations of motion and constitutive equations

are presented. A description of the computer program used

to solve the equations is given in Chapter VI.

In Chapter VII, numerical results are presented for

a right circular cylinder impacting a rigid wall (Taylor's

cylinder), and a cantilever beam loaded transversely at its

free-end by a triangular pulse. Chapter VIII contains a

summary of the work performed during this investigation,

and Chapter IX presents conclusions and recommendations for

future research.



CHAPTER II

ELASTIC-VISCOPLASTIC CONSTITUTIVE EQUATIONS

One of the most well-known features of the stress-

strain curve for a crystalline solid is the characteristic

knee signifying the start of plastic deformation. The

stress at which the plastic deformation begins is called

the yield stress, and serves as an upper limit in many

failure criteria. In many situations, however, it is

necessary to consider the load and deformation capacity of

the material after the yield stress (strain) has been

exceeded. The development of constitutive equations

describing this nonlinear material response is the basic

problems addressed by plasticity theories.

Classical plasticity theory is based on three

important ingredients; (1) a yield function which deter

mines the onset of plastic deformation, (2) a flow rule

which governs the evolution of plastic strains, and (3) a

hardening rule which describes subsequent yield functions

after plastic deformation has occurred. For example, the

initial and subsequent yield condition for isothermal kine

matic or isotropic hardening is

f(5/a,n) =0 , (2.1)

where a is the stress tensor defined with respect to the

current configuration of the material, a is a symmetric
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tensor whose components locate the center of the yield

surface in nine-dimensional stress space and, n is a param

eter defining the size of the yield surface, which increases

during plastic deformation and is usually assumed to be a

function of either the plastic work or of an equivalent

plastic strain measure. For kinematic hardening, the

parameter ri is taken to be zero; for isotropic hardening,

the components of a are taken to be zero. The evolution of

the plastic strain components after the onset of yielding

is governed by a flow rule,

* (p) 1

where A is a scalar function, and are the components

of the plastic strain rate tensor. Since the yield con

dition is a function of the current values of a, a, and H/

it is history-dependent. However, it is not rate-

dependent, and plastic deformation will not occur without

an increase in the applied stress.

It is well known that metal plasticity is time-

dependent. The manifestation of the time-dependent nature

of inelastic deformation is controlled by the microstructure

of the particular material, temperature, age, and load

application rate. The time lag between the application of

loads and the movement of molecular dislocations appears to

be responsible for the phenomenon of strain rate sensitivity.
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Strain rate effects usually result in a decrease of the

inelastic deformation at high load application rates.

Materials having abrupt transitions between the elastic and

inelastic regimes usually demonstrate a more pronounced

strain rate sensitivity than those making a gradual tran

sition. For example, the yield stress of mild steel at a

2strain rate of 10 in./in./sec is reported to be 2.5 times

its static value, as shown in Figure 2.1.

Depending on the particular material, strain rate

effects may be of importance at rates of strain having

magnitudes greater than 1 in./ih./sec. A normal tensile

test is conducted at approximately 10~^ in./in./sec. Strain

rates greater than 1 in./in./sec are not uncommon during

dynamic load environments, and for metal forming processes,

explosive environments, or impact conditions strain rates

of 10^ in./in./sec are not uncommon. Figure 2.2 shows
strain rates and time scales associated with different load

rate environments.

Temperature also has a significant effect on the

strain rate sensitivity of metallic materials. Figure 2.3

shows the effect of temperature and strain rate on the

stress-strain curve of aluminum alloy 6061-T6.

At high temperatures, inelastic deformation occurs

under constant stress, and is properly referred to as creep

or relaxation. The creep phenomenon is a result of a

thermally activated diffusion of the molecular dislocations
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in the material. In addition, recent experiments performed

on several different materials (using servo-controlled load

application machines) have shown a definite strain rate

effect at room temperatures [12].

As evidenced by the different mechanisms and

environments controlling the time-dependent nature of metal

plasticity, constitutive equations describing inelastic

deformation should be capable of predicting a wide range of

mechanical and thermal responses. Elastic-viscoplastic

constitutive descriptions have been developed to account

for rate-dependent phenomena occurring in metal plasticity.

In general, the mathematical structure of elastic-

viscoplastic constitutive equations can be summarized by

the following equations [13],

^  ' '2.3)

,  (2.4)

'If = ' '2-5)

,  * (q) • fn)
where , and the elastic, inelastic, and

thermal strain rates, respectively; . is the stress

(k)tensor; T is the temperature; and q^^ are state variables.
The number of state variables varies in the different models

and they can be scalars or tensors. These state variables
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are assumed to completely characterize the present defor

mation state of the material, and the history-dependence of

the rate of inelastic strain up to the current time is

assumed to be completely taken into account by their current

values. It is important to note that the rates of the

inelastic strain and state variables at any time depend

only on the current values of the stress, state variables,

and temperature. This fact plays a key role in the compu

tational technique using a rate formulation.

Overstress constitutive models represent a par

ticular class of elastic-viscoplastic constitutive

equations used to describe the strain rate sensitivity of

the inelastic deformation of metals. In this investi

gation, the Perzyna [3] generalization of the Malvern [1]

and Sokolovsky [6] overstress constitutive model is used,

where the evolution of the viscoplastic strain rate com

ponents are controlled by the flow rule

= Y<4(F)> . (2.6)
So J

The overstress F is defined as

^ = _(vp) - 1 ' (2.7)

where is the value of the static stress-plastic

strain, curve at the current value, of the integral of
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the equivalent viscoplastic strain rate. The integral of

the equivalent viscoplastic strain rate is given by

7 (VP)
t:

=  _ ,2 3,

0

when a Von-Mises yield function is used; that is.

•p ' i j '^  ° ̂ ij ' (2-9)

* i. "i 'where a and are the contravariant and covariant com

ponents of the deviatoric stress tensor a. The brackets

<  > represent the function defined as

for < 0

(F) for > 0

(F) > = < . (2.10)

The overstress function, $, and strain rate sensitivity

parameter, y, are chosen to match experimental data. In

this constitutive model, the integral of the equivalent

viscoplastic strain rate serves as the state variable.

Also, the overstress F given by Eq. (2.7) provides a measure

of how much the yield function f exceeds the static stress-

strain curve. The rate of viscoplastic deformation

increases as F increases, provided it is greater than zero.
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Also, viscoplastic deformation will continue until the

overstress F decreases to zero.

Important characteristics of most elastic-

viscoplastic state-variable constitutive models can be

summarized by the following statements:

1. The inelastic deformation is postulatd to be

incompressible, which yields a deviatoric-type

flow rule.

2. The onset of inelastic deformation is controlled

by the concept of a yield stress.

3. The rate of inelastic deformation is a function

of the difference between the current stress

and the "static stress" at the same strain,

which relies on the concept of a static stress-

strain curve.

4. The process of inelastic deformation is postu

lated to be isothermal.
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CHAPTER III

THE KINETIC AND KINEMATIC VARIABLES OF

FINITE DEFORMATION

The study of finite deformation phenomena requires

that special care be taken in the definition of the kinetic

(stress) and kinematic (deformation) quantities used in the

formulation of the governing field equations. In this

chapter, the kinetic and kinematic quantities used in the

description of finite deformation motion will be developed.

Some of the concepts and definitions used in this chapter

are not found in texts on continuum mechanics, and had to

be gleaned from the literature pertaining to this field.

During a review of this literature, the investigator

observed some confusion with respect to the terminology

used to describe some of the quantities. It is not uncommon

to find different authors referring to the same quantity by

terminology which is associated with another completely

different quantity. The intent of this chapter is to bring

together in one place the kinetic and kinematic variables

used in the constitutive equations to be presented in

Chapter IV.

3.1. Kinematics of Finite Deformation Motion

Consider a body, B, with surface area 9B which

occupies a finite region of Euclidean space. The geometry

or configuration of the particles of B at a reference point



18

in time, t^, is defined as the reference configuration. In

the reference configuration (Figure 3.1), the particles are

identified by the coordinates X°', which are called material

coordinates. The relationship between the particles and

material coordinates does not change in time. Associated

with the material coordinates are the covariant base vectors

,  the contravariant base vectors G°', the metric tensor G
~  aB

and its dual G®'^.

When subjected to prescribed body forces and surface

tractions, the body B moves to a new position in space

referred to as the current configuration. In the current

configuration, the locations which the material particles

occupy are identified by the coordinates x^, which are

called spatial coordinates. Associated with the spatial

coordinates are the covariant base vectors g., the centra
's 1

variant base vectors g^, the metric tensor g^^, and its
dual g^^. It is often desirable to choose a common coordi

nate system for describing both the reference and current

configurations,

Standard tensor notation is used in this investi

gation where superscripted indices denote contravariant
components, and subscripted indices denote covariant com
ponents. Greek indices denote components referred to the
reference configuration base vectors. Capital Roman indices
denote components referred to the convected configuration
base vectors. Lower-case Roman indices denote components
referred to the current configuration base vectors.
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The spatial coordinates are related to the material

coordinates through the relationship,

= x^(x",t) . (3.1)

The functions define the motion of the particles as a

function of time. Therefore, x^ ate sought to completely

describe the deformation history of the body B to the pre

scribed loads.

In addition to the material and spatial coordinates,

convected coordinates defined by the material coordinates

as they deform and move with the body are often used. The

convected coordinates are denoted by . Associated with

the convected coordinates are the covariant base vectors a^,

the contravariant base vectors a^, and the metric tensor

a  , and its dual a^'^. The base vectors a^ are obtained
Ij '^-1.

2
from the relationship

= "',1 2i • '3-21

A fundamental, yet rarely seen, relationship between

the spatial, material, and convected coordinates is [14]:

= x^(X^,t) = x^(X^,t) . (3.3)

2
The subscripted cpmma denptes partial differ

entiation. For example, = 3x^/8X^.
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Equation (3.3) states that the functions relating the

material and spatial coordinates, also relate the convected

and spatial coordinates. The relationship between the

material coordinates and the convected coordinates is given

by

X" , (3.4)

where 6°'j'is the mixed KronecJcer delta function. Note that
although the material and convected coordinates are related

by the simple expression given by Eq. (3.4), the length of

the convected coordinate system base vectors has been

altered due to the deformation of the body.

To characterize the intensity or severity of the

deformation defined by Eqs. (3.1) and alternatively by

Eqs. (3.3), different measures of the stretching or

elongation of the material have been developed. The most

commonly used deformation measures are based on the change

in squared length of a material line element.

Consider an infinitesimal line element connecting

the point P(X°') to P'(X°' + dX^'), defined with respect to

the reference configuration (Figure 3.1). The squared

length of this line element is given by

(dS )^ = dX°' dX^ G „ . (3.5)
o  ap
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Reference Configuration Current Configuration

/V

3^
w

\

X^,x2,X^

1 2 3,Z^

spatial coordinates

material coordinates (Reference)

convected coordinates (Current)

basic Cartesian coordinates

Figure 3.1. Configurations of General Continua
Undergoing Finite Deformations.
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As a result of the motion , the point P has moved to the

spatial point Q(x^) and P' to the point Q'(x^ + dx^). In

the spatial coordinates, the new squared length is given by

(dS)^ = dx^ dx^ g^j . (3.6)

The change in squared length is given by

(dS)^ - (dS = dx^ dx^ g. . - dX^ dX^ G . . (3.7)
O  Ij Qp

The components of the differential line element in the

spatial configuration are related to the components in the

reference configuration by the relationship,

dx^ = x^ dx" , (3.8)
af

where the x^ ^ are the components of the deformation gradient
tensor. The components of the inverse deformation gradient

tensor are defined by

dx" = X°', . dx^ , (3.9)
1

and relate the components of a line element in the spatial

configuration to its components when it occupied the

reference configuration.

Substituting Eqs. (3.8) into (3.7) yields

(dS)^ - (dS )^ = f x^ x^ g - G ) dx" dX^ .(3.10)
o  ̂ ,a ,6 ID cB '
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Equation (3.10) may be written in an alternate form as

(dS)^ - (dS^)^ = - G^3)dx" dX^ (3.11a)

where

=  dX^ dX^ , (3.11b)

9ij '

and E^g are the covariant components of the well-known

Green's strain tensor E; are covariant components of the

right Cauchy-Green tensor C [15, page 158]. It is important

to note that the covariant components of Green's strain

tensor are referred to the reference configuration contra-

variant base vectors;

E = E^g g" G^ . (3.12)

A different, yet seldom used, deformation measure

is the Almansi strain tensor, which may be obtained from

Eq. (3.7) and the inverse deformation gradient tensor. The

covariant components of the Almansi strain, A, are defined

by the following equations,

(dS)^ - (dS^)^ = (g^j - c^j)dx^ dx^ (3.13a)

= 2A^j dx^ dx^ , (3.13b)
where

The covariant components of the Almansi strain are associ

ated with the current configuration contravariant base

vectors,

A = A^ g^ g^ . (3.14)
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In Eq. (3.13c), are the covariant components of the

left Cauchy-Green tensor C [15, page 158].

It is often convenient to deal with the rate at

which the deformation is occurring. The velocity field

expressed in terms of the spatial coordinates is,

Vjc " ̂j^(x^,t) . (3.15)
The relative velocity between the ends of the infinitesimal

material element currently occupying the spatial point

3
IS given by,

dx^, (3.16) ■

The velocity gradient, | ̂, may be separated into symmetric

and antisymmetric components,

^kll - °ki "ki ' "-17)

where are the components of symmetric rate of defor

mation tensor D, and the are the components of the

skew-symmetric spin or vorticity tensor co. The covariant

components of the rate of deformation tensor are given by,

■^ki = ^ ^llk' ' "-18)
and the covariant components of the vorticity tensor by,

j, . = i(v. I . - V. 1 1
ki 2 k' 1 1' kh - V, L ) . (3.19)

^The symbol | is used to denote covariant differ
entiation .
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The rate of deformation and vorticity tensors are used

extensively in the field of fluid mechanics, but also play

an important role in finite deformation theories in solid

mechanics. Physically, the rate of deformation is the rate

of change of the squared length of the infinitesimal material

element instantaneously occupying the spatial point under

consideration [15]; that is, ̂ [(dS)^] = dx^ dx^.
The covariant components of the rate of deformation

are associated with the current configuration contravariant

base vectors,

D = D.j g^ g^ . (3.20)

The rate of deformation may alternatively be expressed in

terms of the convected base vectors by

p = D^B ' (3.21)

where,

\b = °ij • <3.22)

Note that Eq. (3.22) represents a second-order tensor trans

formation between two coordinate systems defined in the

current configuration.

The rate of change of the squared length of a

material line element may also be found from Eq. (3.11b);
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|^[(dsft= 2E^g dX^dX^ (3.23a)

= 2fe„ x" . X^ . dx^ dx^ (3.23b)
up f 1 f J

= 2D^j dx^ dx^ . (3.23c)

Therefore, the components of the rate of deformation tensor

are related to the components of the rate of Green's strain

tensor through the expression,

D. . = E „ x" . X^ . (3.24a)
13 otB ,1 ,3

or.

Using Eqs. (3.4), (3.22), and (3.24a), the following rela

tionship between the convected coordinate components of the

rate of deformation and the components of the rate of Green's

strain tensor may be obtained:

°AB = Kb ■

Note that the relationship (Eq. (3.24b)) appears at

first glance to be simply a coordinate transformation for a

second-order tensor; it is actually quite different.

Equation (3.22) represents a transformation of the rate of

deformation from one coordinate system to another. However,

the coordinate axes are both defined with respect to the
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same configuration. Equation (3.24b) represents a trans

formation of a quantity defined in the current configuration

back to a quantity defined in the reference configuration.

As pointed out by Key et al. [14], the deformation gradient

tensor is the mechanism by which a quantity in the current

configuration is related to the reference configuration.

In Eqs. (3.8) and (3.9), the components of the deformation

gradient and inverse deformation gradient tensors are seen

to relate the components of a differential line element in

one configuration to the components of the same differ

ential line element in a different configuration.

3.2. Kinetics of Finite Deformation Motion

In the preceding section, a framework was developed

within which the motion experienced by a body undergoing

finite deformations could be examined. However, no

attention was given to the forces required to initiate and

maintain the motion. In this section, several kinetic or

force-related quantities will be discussed, with emphasis

placed on the physical significance of the various terms.

Consider a differential area, da, on the surface

9B of the body B in the current configuration. The unit

outward normal n to da may be expressed in terms of the

current configuration contravariant base vectors as,

n = ni g^ . (3.26 )
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Let df = df^ be the force vector acting on da from out

side B, then the surface traction per unit current area is

given by,

t = t^ g^ = (df^/da)g^ . (3.27)

The Cauchy stress tensor a = is related to the

surface tractions through the equations,

n^ . (3.28)

The components of the Cauchy stress tensor may be

transformed to local coordinate axes by following the rules

for second-order tensor transformations. For the particular

case of the convected coordinate system, the Cauchy stress

becomes,

£ " Si 2j " £i £j ' (3.29)

where,

.  . (3.30)
f 1 r 3

The Kirchhoff stress tensor [16] is another stress

tensor defined with respect to the current configuration.

It is related to the Cauchy stress through the relationship,

Po
T = — 0 . (3.31)

p  ~
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With respect to the convected base vectors the components

of the Kirchhoff stress tensor are given by,

.  . (3.32)
p  I ̂  f J

In the previous section, it was possible to relate

the rate of deformation (current configuration) to the rate

of Green's strain (reference configuration) through an

equation involving the deformation gradient. It is also

possible to relate the kinetic quantities in the current

configuration to quantities in the reference configuration;

the deformation gradient will again play a prominent role.

As mentioned previously, the force acting on an

element of surface area may be written in terms of the

Cauchy stress as,

df^ = n^ da . (3.33)

An element of area with unit normal in the current con

figuration is related to the same element of area with unit

normal in the reference configuration through the expression

(Malvern [15], page 222),

p

n. da = -S N X^ . da . (3.34)
1  p a , 1 o
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Substituting Eq. (3.34) into Eq. (3.33) yields,

dfi = N da , (3.35)
a  o

where.

la ^ x" . (3.36)
p a ,:

is the first Piola stress tensor. Physically, the first

Piola stress tensor relates the reference configuration

unit normal and element of area to the force vector acting

at the same point in the current configuration. In general,

the inverse deformation gradient tensor is not symmetric,

and Eq. (3.36) renders the first Piola stress tensor non-

symmetric.

A symmetric stress tensor may be obtained by

relating the surface force in the current configuration to

a surface force in the reference configuration by using the

deformation gradient; that is

df^ = _ df^ . (3.37)
f P

Combining Eqs. (3.35), (3.36), and (3.37) yields.

dfB = N da , (3.38)
a  o

where,

tBc = X® . x" . . (3.39)
,1 P ^ /I f3
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is the second Piola stress tensor. The second Piola stress

tensor is symmetric when the Cauchy stress tensor is

symmetric, and relates the surface traction df^ = . df^

(df^ defined with respect to the current configuration) to

the unit area and unit normal of the same point in the

reference configuration. Note that the contravariant com

ponents of the second Piola stress tensor are related to

the reference configuration covariant base vectors; hence,

T = T°'^ G G„ . (3.40)
~a ~3

It is of interest to compare the convected coordi-

dinate components of the Kirchhoff stress, Eq. (3.32), and

the components of the second Piola stress tensor, Eq. (3.39);

^  . , (3.41)
P  /I 'D

~Ba ^ _o ij . . (3.42)
P  ,1 ,3

Since, X^' . = X^ ■ (Eq. (3.4)), the convected coordinate
,1 ,1 1

components of the Kirchhoff stress are numerically equal to

the components of the second Piola stress. However, the

physical significance of the two stress tensors are quite

different; they are defined with respect to two different

configurations and associated with different sets of base

vectors. As pointed out by Key et al. [14], this seemingly

obvious distinction has been overlooked by many authors.
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Elastic-plastic and elastic-viscoplastic consti

tutive equations are expressed in terms of stress rates or

increments. "If the time rate of change of stress is to

affect the dynamics of the substance, it must do so only in

a way which is invariant under rigid motions" (Truesdell,

[17]). Therefore, stress rates used in elastic-plastic and

elastic-viscoplastic constitutive equations must be

invariant to rigid body translations and rotations.

The material derivative of the Cauchy stress tensor

may be considered as a candidate for the Cauchy stress rate

used in constitutive equations. Equation (3.28) gives an

expression which defines the components of the Cauchy stress

tensor in terms of the surface traction vector, unit out

ward normal and element of area. The components of the

Cauchy stress tensor will change if any of the quantities

df^, n^, or da changes. Therefore, the components of the
Cauchy stress are affected by changes in applied load,

surface geometry and orientation with respect to a fixed

coordinate system. Hence, the material derivative of the

Cauchy stress is not invariant to rigid body rotations, and

will yield a stress change without any deformation of the

material. Consequently, the material derivative of the

components of the Cauchy stress tensor should not be used

in constitutive equations.



33

Although the components of the Cauchy stress tensor

in a fixed coordinate system are not invariant to rigid

body rotations, the second Piola stress tensor behaves

differently. Consider Eq. (3.36), which can be written as,

df^ = . df^ . (3.43)
f 1

The current configuration surface force vector components

are related to the convected components through the

expression,

df^ = _ df^ . (3.44)
f -L

The combination of Eqs. (3.43) and (3.44) yield.

df^ = . x^ ^ df^ . (3.45:
f 1 / i

If the body experiences a rigid body rotation, the convected

surface force components do not change, and Eq. (3.45)

becomes,

df^ = df^ . (3.46)

Therefore, the components of the pseudosurface force vector

df in a fixed coordinate system are invariant with respect

to rigid body rotations. Since the components of the second

Piola stress tensor are referred to a fixed configuration,

the element of area and the components of its outward unit

normal do not change. Hence, the components in a fixed
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coordinate system of the material derivative of the second

Piola stress tensor are invariant with respect to rigid

body translations and rotations.

A stress rate which is invariant to rigid body

rotations and is written in terms of the components of the

Cauchy stress tensor may be obtained by taking the material

derivative of Eqs. (3.42) [18],

xV x6 . + ̂  x"- . x6 .
P  r j P ^i

+ -^ x" . ^ 0^3 X^ . X^ . . (3.47)
P  f f J P i ̂  fj

If the current and reference configuration are taken to be

instantaneously coincident, then,

jij =. 5^: + ai: - | ^ a" . (3.48)

To obtain Eq. (3.48), the identities P^/p = 1,

;^(P^/P) = I , and X°'| . = -x®'I v*^ | . were used. The
at. o c 1 c X

right-hand side of Eq. (3.48) is frequently referred to as

the Truesdell rate of the Cauchy stress tensor [19].

Equation (3.48) can be written alternatively as,

T^^ = + g^'^ V I - g^^ v, |
d' c ^ d' c

jd I ci ,
- 9 a , (3.49a)
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or

Equations (3.48), (3.49a), and (3.49b) represent the rate of

change of the second Piola stress tensor referred to the

current configuration geometry and base vectors. Since

= Pq/p by Eq. (3.31), = ̂ (p^/p) a^^ + p^/p .
When the current configuration is the reference configu-

Eq. (3.48) becomes

ration, this reduces toT ^=v| a^+ , and
' c

- v^l I , (3.50)
' c ' c

when the Kirchhoff stress (Eq. (3.31)) is used instead of

the Cauchy stress.

Other stress rates which are invariant to rigid

body motions may be obtained by considering the convected

coordinates which move and deform with the body. Consider

the case where the convected and current configurations are

instantaneously coincident at time t, and this configu

ration is taken as the reference configuration for a time

step 6t. Then a material line element,

dx(t) = dx^(t) g. = dX^(t) a^(t) , (3.51)
-V «».' 1 'V X



36

will have components

dx(t+6t) = dx^(t+6t) = dX^(t+6t) a^(t+6t) (3.52a)

= dX^(t) aj(t+6t) (3.52b)

at time t+6t, where 6t represents an infinitesimal incre

ment in time. (Note that for a given material element

dX^(t+6t) = dX^(t).) Also,

dx^(t+6t) = dx^(t) + 6t v^ ^ dx^(t) (3.53a)

= [ 6^c + v^l^ ] 6^^ dX^(t+6t) . (s.53b)
Hence,

dX^(t+6t) = 6^ [ - 6t v^l . ] dx^(t+6t) (3.54a)
C  X X

and, at t+6t,

^^,i " "^^c ^ ^^i - v^l^ ] . (3.54b)

The Cauchy stress tensor at time t+6t has the

components,

(t+6t) = a^^(t) + a^^(t)6t , (3.55)

which may be transformed to the convected coordinates using

Eqs. (3,30) and (3.54b). Hence,

a^'^(t+6t) = 6^ [6^. - 6t v'^l . ] 6^, [ 6^^, - 6t v'^l . J
c  X ' 1 d 3 ' j

[  (t) + (t)6t ] , (3.56)

which can be written in the form,
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+ [ 6'=^ 6^. (t) - v""! .

^ij
j

- V L 6 ^ o"-' ] 6t } + 0 [ (6t)^J . (3.57)

The convected derivative is the rate of change of

the Cauchy stress as seen from a coordinate system which

deforms and moves with the body. Therefore, for contra-

variant components

;cd _ -cd ,C| „id d| jc
r  -0 -v . a -v . a-^

1  ' 3
(3.58)

where the superscript ° represents a convected derivative.

The reader is referred to Malvern [15, page 403] for a

definition of the convected derivative of the covariant

components of the Cauchy stress. Equation (3.58) can be

written in the following equivalent forms,

ocd _ -cd on 1 id dn i jc ,0  - 0 - g v^l^ 0 - g v^lj 0-' (3.59a)
and

ocd • cd cn,.^ , , ido  = o - g (D^. + «^.)o

-  • (3.59b)

Comparing Eqs. (3.58), (3.59a), and (3.59b) to

Eqs. (3.48), (3.49a), and (3.49b) reveals that the

components of the convected derivative of the Cauchy stress

tensor differ from the components of the Truesdell
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rate by the term I which involves the dilatational
I c

components of the velocity gradient tensor. It should be

emphasized, however, that the Truesdell rate of the

Cauchy stress is equal to the rate of change of the second

Piola stress referred to the current configuration.

t+Stjmn ^ tjmn ^ ^ ,3^55,

The convected derivative is the rate of change of the Cauchy

stress as seen from a coordinate system which deforms and

moves with the body. Therefore,

t+6t IJ .1 .J

"  =« i « j .  (3.61

Note that (3.61) is defined with respect to

the current configuration and convected base vectors at t+6t;

t+6t^mn (3.60) is referred to the configuration and

base vectors of the current configuration at time t. There

fore, although the convected and Truesdell rates are

similar in appearance, they represent two physically

different quantities.

The Jaumann rate is often encountered, and

represents the rate of change of a quantity as observed

from a coordinate system which rotates with the body, but

does not deform. The Jaumann rate of the Cauchy stress

tensor is derived in a manner similar to that used in
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obtaining an expression for the convected rate of the Cauchy

stress tensor. The Jaumann rate of the Cauchy stress is

given by,

Vij 'ij ^in dj jn di
0  = a - g o - g-" a , (3.62)

and is related to the convected derivative through

Vij oij , in _ dj , jn „ di ,,
a  -^ = a -^ + g a -" + g-' a , (3.63)

where the symbol V represents the Jaumann (co-rotational)

derivative.

3.3. Work Conjugate Stress and Strain Quantities

In the previous sections of this chapter, several

different tensor quantities and their respective rates were

discussed. However, the kinetic and kinematic quantities

were developed independently, and it may not be obvious

which quantities should be used together in constitutive

equations. Considerable insight may be obtained by con

sidering the rate at which work is being done on the body B

with surface 9B. In terms of the current configuration

surface tractions and body forces, the work rate is given

by

W = J' V. d(9B) + Jph^ V. dB . (3.64)
3B B
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Through the use of the divergence theorem and

Eq. (3.28), Eq. (3.64) may be written as.

= / v.| .W

■ B

dB . (3.65)

Since is equal to the rate of change of the

momentum, Eq. (3.65) becomes.

^ / i P "^i ^i ^i'i • ^3.66)W  „

B  B ^

The first term is the rate of change of the kinetic energy;

the second term is referred to as the stress power.

The stress power may alternatively be written as.

J  ̂ v^I . dB = J ^ . dB , (3.67)
B  B

since.

v.|. =D.. + a). . . (3.68)
I'd id id

The stress power in the reference configuration may

be obtained by substituting Eqs. (3.24a) and (3.29) into

(3.67) to yield.

/  0^^ D. . dB = / T^^ E - dB . (3.69)
J  ID -J aB o
B  ̂o
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In Eq. (3.69) the stress and deformation combinations D. .
13

and T ^ yield work conjugate stress and strain measures.

The Cauchy stress and rate of deformation tensors

are conjugate variables and are referred to the current

configuration. The second Piola stress and Green's strain

tensors are conjugate variables and are referred to the

reference configuration. Using Eq. (3.31) and Eq. (3.69),

the work conjugate deformation measure associated with the

contravariant components of the Kirchhoff stress is seen to

be D. ..

%
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CHAPTER IV

FINITE STRAIN, ELASTIC-VISCOPLASTIC

CONSTITUTIVE EQUATIONS

In Chapter II the mathematical structure of elastic-

viscoplastic constitutive equations was considered. Subse

quently, the kinematic and kinetic variables used to

describe finite deformation motion were discussed in

Chapter III. In the present chapter, three fundamentally

different finite strain constitutive formulations for

elastic-viscoplastic materials are considered. These are

classified as: (1) hyperelastic-viscoplastic,

(2) hypoelastic-viscoplastic, and (3) updated hyperelastic-

viscoplastic .

In many practical problems involving finite

inelastic deformations, the finite inelastic strains are

confined to localized regions. In other cases, the strains

and/or rotations may be of an intermediate magnitude, where

possibly more than one set of constitutive equations pro

vides a satisfactory material description. Additionally,

the constitutive equations should be amenable to numerical

implementation. Therefore, it is important to:

(1) establish the theoretical and experimental bases of the

various material models, (2) determine under what con

ditions the different descriptions yield comparable results,

and (3) evaluate the relative numerical efficiency of the
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different descriptions with respect to accuracy versus

computing time.

As a specific application, the Perzyna [3] gener

alization of the Malvern [1] and Sokolovsky [6] visco-

plastic constitutive equations will be considered.

Although the Perzyna over-stress viscoplastic description

is considered, the developments are also applicable to

other state-variable models.

4.1. Hyperelastic-Viscoplastic Constitutive Equations

The hyperelastic-viscoplastic constitutive theory

has been proposed by Kanchi et al. [20] and Nagarajan and

Popov [21] to treat problems where rotational or

"geometric" effects are important. The appropriate kinetic

and kinematic variables employed in the hyperelastic-

viscoplastic constitutive equations are the second Piola

stress tensor, T, and Green's strain tensor, E. Following

Green and Naghdi [22,23], it is postulated that the total

Green's strain may be separated into elastic and inelastic

contributions,

E = E^®^ + E^^P^ . (4.1)

In Eq. (4.1), only the total Green's strain is given a

kinematic interpretation, and the elastic and inelastic

components are obtained from constitutive postulates. For

a hyperelastic material, the second Piola stress tensor is
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related to the components of the Green's strain through the

expression.

<"-2'

where is the density in the undeformed configuration,

and is the strain energy function. For a linear, iso-

tropic material, the strain energy function is given by

i|; = y [ E G^^ E + 2pG^^ G^^ E g E_ ] , (4.3)
2  a6 ^ri a6 ?ri '

where A and y are Lame's isotropic material coefficients.

To obtain a hyperelastic-viscoplastic material description,

Eq. (4.2) is used to relate the second Piola stress tensor

to the elastic components of the Green's strain tensor

appearing in Eq. (4.1),

With regard to the present constitutive development,

it is desirable to express the constitutive variables in

terms of rates, and Eq. (4.1) is written as

E = + E<^' . (4.5)
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The rate form of Eq. (4.4) may be written as

jaB , g(e) ^ (4.6)

where

^a3?ri _

a6 5n

=  + 2yG^^^ G^"* ] . (4.7b)

The combination of Eqs. (4.5) and (4.6) may be written in

component form as

- eJ-p', . ,4.8)

The viscoplastic rate of Green's strain is found by

replacing the kinetic and kinematic quantities in Eq. (2.6)

by the second Piola stress and Green's strain,

3f(T)
E_^ = y<$(F)> . (4.9)

The over-stress in Eq. (4.9) is given by

f (T)

(p ( E^^P^ )

where the symbol < > denotes the function defined as
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4'{F) for F ^0

<^(F)> = < . (4.11)

.0. for F < 0

Several observations concerning the material

behavior described by Eqs. (4.7), (4.9), and (4.10) should

now be considered. First, the equivalent dynamic stress,

f(T), is expressed in terms of the components of the second

Piola stress tensor, which are defined per unit area of the

reference configuration. This is theoretically incon

sistent, since a mathematical change in the reference

configuration will alter the viscoplastic strain rate [18].

This statement has no significance when a state-variable

constitutive equation is used which does not rely on the

concept of a yield function.

Furthermore, the viscoplastic material description

should be consistent with classical inviscid plasticity,

which is correctly expressed in terms of kinetic and

kinematic quantities referred to the current configuration.

In particular, invariance of the loading and unloading

elastic moduli requires that the stress and strain measures

be referred to the current configuration. Hill [24] is

very distinct about referring the stress and strain

measures used in his book to the current configuration. An

excellent discussion of the experimental observation under

lying incremental plasticity theories is given by Lee [25].
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4.2. Hypoelastic-Viscoplastic Material Descriptions

The second constitutive model may be described as a

hypoelastic-viscoplastic material description which utilizes

the rate of deformation, D, as the appropriate kinematic

variable. Two formulations will be presented; the first

uses the Cauchy stress, a, while the other uses the

Kirchhoff stress, x. Depending on the type of numerical

integration procedure employed, one of the formulations may

be more desirable than the other. Hypoelastic-plastic

constitutive equations have been presented by

Hutchinson [26], Key et al. [14], Hibbitt et al. [27], and

McMeeking and Rice [28]. However, little theoretical or

numerical work appears in the literature for hypoelastic-

viscoplastic materials.

The first formulation to be considered will utilize

the Cauchy stress tensor. The basic hypothesis is that of

an additive decomposition of D into elastic and viscoplastic

components,

D=D^®^ +D^^P^ . (4.12)

Note that Eq. (4.12) does not involve any limitations as to

the magnitude of the instantaneous velocity.

For a hypoelastic description, the elastic contri

bution to the rate of deformation is expressed in terms of

the Jaumann rate of the Cauchy stress tensor by the

expression



48

,  (4.13

where,

^^3 - ^rij jn> ni t , ̂ ,c  -^ = a -' - g CO a -^ - g-' u) a , (4.14
^  mn ^ mn '

and

^ijkl ij kl ^ „ ik jl //i i c \C -" =g g A + 2)jg g-" , (4.15)

In Eq. (4.13), the superscripted dot signifies a material

time derivative, g^'^ is the contravariant metric tensor for

the fixed coordinate system to which the current configu

ration is referred, and co is the vorticity or spin tensor.
mn ^

Combining Eqs. (4.12) and (4.13) yields,

Vij cijkl ( ) _ ,4 15,

For a Perzyna-type material, the viscoplastic com

ponent of the rate of deformation is obtained by replacing

the kinetic and kinematic quantities in Eq. (2.6) by the

Cauchy stress and the viscoplastic component of the rate of

deformation.

fvn) 3f (o)
°]cl " T<^(F)> . (4.17)

9 a
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The over-stress function in Eq. (4.17) is given by

f (a)

F = -1 . (4.18)
4) ( £ )

The material derivative of the Cauchy stress obtained from

Eqs. (4.14), (4.16), and (4.17) is

^ij ̂  ̂ ijkl _ ^ijkl

9a

^  '^mn ^ '^mn

It will be shown in Chapter V that Eq. (4.19) is ideally

suited for use in a finite element program employing an

explicit time integration scheme. Also, it will be shown

that a constitutive equation employing the material

derivative of the second Piola stress tensor is required

when an implicit time integration scheme is employed.

Recall that the Truesdell rate of the Cauchy stress tensor

represents the rate of change of the second Piola stress

tensor referred to the current configuration geometry and

base vectors. The Truesdell rate of the Cauchy stress may

be written in terms of the Jaumann rate of the Cauchy

stress as

^  dc ^ dc

- g^^ . (4.20)
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Combining Eqs. (4.16), (4.17), and (4.20) yields

mij _ / ̂ ijkl , kl ij iJc Ij jk lii  -tc +g a -g a -' -g-' a }d
kl

iikl (cr)
-  Y<'f(F)> . (4.21)

9a

When referenced to the original configuration, Eq. (4.21)

may be written as

~a6 _ ya y6 „<)) r ^ijkl , kl ij ik Ij1  -X . A X . X -lC -' +g a -^ -g a *'
/ -^ r J r ̂  f

-g^^ } E -X°' X^ y«3>(F)> . (4.22)
^  rl g^kl

A hypoelastic-plastic equation similar to Eq. (4.22) has

been presented by Hibbit, Marcal, and Rice [27). Although

Eqs. (4.19) and (4.22) represent suitable constitutive

equations for use in conjunction with updated Lagrangian

and total Lagrangian implicit finite element procedures,

they will result in an unsymmetric stiffness matrix. It

k l i "1can easily be shown that the term g a -■ in Eqs. (4.19)

and (4.22) give rise to an unsymmetric matrix relating the

components of rate of stress and strain written in vector

form; that is.
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r  ~i
1

!

{22 i
unsymmetric

\ material

{12 =

coefficient

{23
matrix

-13
T

f  ̂
♦

E
11

^22

33

^2

^23

'13

(4.23)

It has been pointed out by Hutchinson [26], that if the

Kirchhoff stress tensor, t, is chosen as the kinetic

quantity used in the constitutive equation, then a symmetric

coefficient matrix can be obtained. Recall that the

Kirchhoff stress is defined through the relationship,

^  ̂ a • (4.24)
P  ~

Note that the material derivative of the Kirchhoff stress

is related to the material derivative of the Cauchy stress

through the relationship.

+ -^ a
P  ~

(4.25)

Combining Eqs. (3.47) and (4.25), and letting the reference

and current configurations be instantaneously coincident

yields a relationship between the rate of the Kirchhoff

stress and the material derivative of the second Piola

stress referenced to the current configuration;
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- V^l I . (4.26)
' C ' C

Equation (4.26) was given previously as Eq. (3.50), and can

be written in terms of the Jaumann rate of the Kirchhoff

stress as

. gin ^mj _ gjn ^

Therefore, if the elastic rate of deformation is related to

the Jaumann rate of the Kirchhoff stress, and the visco-

plastic rate of deformation is written in terms of the

Kirchhoff stress, a second hypoelastic-viscoplastic consti

tutive equation is obtained;

iikl
- B y<4)(F)> —^ , (4.28)

where

^ P_ Qijkl ^ (4.29)
Po

When referenced to the original configuration, Eq. (4.28)

may be written as
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.1 ,3 ,1

- gi"^ t")E,^-X'" . x6 , y<nT)> «<II (4.30
^ r f r J g ̂ KX

Note that Eqs. (4.28) and (4.30) do not contain a term

k 1 i "isimilar to g a in Eqs. (4.19) and (4.22). Therefore,

this constitutive equation will yield a symmetric stiffness

matrix when used in conjunction with an implicit time inte

gration scheme.

It should be pointed out, that the transformations

required by Eqs. (4.22) and (4.30) are expensive to carry

out numerically, and Eqs. (4.21) and (4.28) are preferable

and require an updated Lagrangian implementation. Recall

that the primary reason for choosing the Kirchhoff stress

over the Cauchy stress is the numerical advantage obtained

from wor]cing with a symmetric stiffness matrix versus an

unsymmetric stiffness. If the Cauchy stress is chosen, an

additional term involving the dilatational components of

the rate of deformation is encountered, which results in an

unsymmetric stiffness matrix. It can be argued that when

the hydrostatic stresses are small, the differences between

the two formulations will be small.

Within the last decade, a Icinematic theory for

finite strain, elastic-plastic deformation has been
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developed based on the work of Lee [29]. In this theory,

the total deformation gradient is given by

F = F^P^ , (4.31)

(e)where F is the deformation gradient obtained in going

from a stress-free intermediate configuration to the current

configuration, and F^^^ is the deformation gradient obtained

in going from the reference configuration to the inter

mediate stress-free configuration.

Significant to the current development, when the

elastic strains remain small, the kinematic postulate

(Eq. (4.31)) is equivalent to the additive composition of

the rate of deformation into elastic and plastic components

(Lee, [25]). For metals, not exposed to high hydrostatic

stresses, the elastic strains are bounded by plastic

yielding to magnitudes of the order 10~^. Therefore, for

elastic-plastic materials, Eq. (4.12) represents a good

approximation to the kinematic postulate (Eq. (4.31)). For

elastic-viscoplastic materials, the stresses are permitted

to exceed the static yield surfaces, and the decomposition

of the rate of deformation into elastic and viscoplastic

components may not be as good an approximation to the kine

matic postulate of Eq. (4.31).

Since the kinetic and kinematic variables in the

hypoelastic-viscoplastic constitutive equations are referred

to the current configuration, they are believed to more
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closely represent the behavior of real materials experi

encing finite strains than do the hyperelastic-viscoplastic

constitutive equations.

4.3. Updated Hyperelastic-viscoplastic

Material Description

The third material model is classified as an updated

hyperelastic-viscoplastic material description. A similar

constitutive development for elastic-plastic materials has

been presented by Bathe et al. [30]. This material

description is based on the updated Lagrangian analysis

procedure in which the reference configuration is taken to

be the current configuration, and is updated at each time

interval during the analysis. This updating procedure

yields the "updated Lagrangian" form of the incremental

equations of motion. The rate of Green's strain referred

to the current configuration is separated into its elastic

and viscoplastic contributions

_ t-(e) t-(vp) (4 32)
t^kl - t^kl ^ t^kl '

where the left superscript identifies the time at which the

quantity is known, and the left subscript identifies the

configuration to which the quantity is referenced. For

example, is the rate of Green's strain at time t,

referenced to the configuration at time t. Assuming the
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existence of a hyperelastic-type constitutive expression,

applicable in the neighborhood of the current configu

ration, one obtains,

t^ij = t^^e) _ (4.33)

Using Eqs. (4.32) and (4.33) the material derivative

of the second Piola stress referenced to the current con

figuration is given as

tji: .

In Eq. (4.34), the viscoplastic component of the rate of

Green's strain referenced to the current configuration is

t-(vp)
^kl = -ri- • (4.35

0 0

The second Piola stress at time t+At may be obtained by

integrating Eq. (4.34). For a simple Euler-type integration

where At is the integration time step.

The components of the Cauchy stress at time t+At

are obtained from the relationship
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^  . (4.37)

Up u ,u U ,p "C

Note that no left subscript is used with the Cauchy stress,

since by definition, the Cauchy stress is always referenced

to the current configuration. Also note the following

relationship between the Cauchy stress and the second Piola

stress referenced to the current configuration,

.  (4.38)

The updated hyperelastic-viscoplastic constitutive

description is similar to the hypoelastic-viscoplastic

constitutive equations presented previously. One difference

between the two models appears in the elastic coefficients,

which differ by a factor of p^/p when the Kirchhoff stress

is used;

(4.39)

Since the Cauchy stress is used in the Von-Mises yield

function instead of the Kirchhoff stress, the viscoplastic

strain rates given by Eqs. (4.17) and (4.28) will also

differ by approximately a factor of P^/p. For incompres

sible inelastic deformation of metals, the ratio P^/P is

approximately equal to one, and the effects of the density

change should be small.
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The main difference between the hypoelelastic-

viscoplastic and updated hyperelastic-viscoplastic consti

tutive equations is in the choice of the stress rate

appearing in the constitutive equations. For the hypo-

elastic description, the elastic coefficients must be modi

fied to account for rigid body rotations. The distinction

between the two descriptions arises purely from the choice

of the kinetic and kinematic variables selected for use in

the constitutive equations.

4.4. Comments on the Multiplicative Decomposition of

the Deformation Gradient

The majority of the constitutive equations used to

describe the inelastic deformation of crystalline solids

utilize the concept that the total strain increment may be

divided into elastic and plastic components. Hence, it is

maintained that the physical phenomena controlling the

evolution of the elastic and plastic components of the

total strain increments are basically uncoupled. Elastic

response is controlled by distortions of the crystal

lattice which do not result in permanent changes in the

microstructure of the material. According to Lee [25]:

Plastic deformation is that remaining when the
stress in a body subjected to elastic-plastic
deformation is reduced to zero and thus also is

the elastic strain. Physically, plastic strain
is caused by the migration of dislocations and
other defects through the crystal lattice.
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The above definitions of elastic and plastic defor

mations may be illustrated by considering the results of a

tensile test, as shown in Figure 4.1. As the tensile

specimen is loaded, the initial response may be charac

terized by the line segment from point 0 to A. Subsequent

unloading of the tensile specimen from point A will result

in a response along the same line OA obtained during

loading, and the unloaded specimen will return to its

original stress-free configuration. If the tensile speci

men is reloaded to a stress a^, the stress-strain curve

will become nonlinear, as shown by curve DAB of Figure 4.1.

Subsequent unloading from v/ill be along the line BC.

The total strain, e, at point B is seen to be comprised of

(e)a recoverable component, c (elastic), and nonrecoverable

/ T-w \

component, e ^ (plastic). It is important to note that

the configuration at point C used to define the plastic

strain has zero stress and zero elastic strain. If the

configuration at point C is used as the reference configu

ration, subsequent reloading from C to B will follow the

line CB, and will have the same slope as OA. Therefore, if

the )cinetic and )cinematic quantities are expressed in terms

of the current stress-free configuration, the elastic

properties are not affected strongly by prior plastic

deformation [31].

Although rather concise definitions for the elastic

and plastic components can be obtained from an examination
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Stress
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(P) e
Ae Ae

(e
Strain

Figure 4.1. Elastic and Plastic Strain Increments.
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of Figure 4.1, it is not always desirable to load and

unload the specimen to determine the plastic strain com

ponent. For two- and three-dimensional stress fields it is

seldom possible to obtain a stress-free configuration in

which no stress or elastic strains exist. Therefore, it is

desirable to consider increments in the elastic and plastic

strain components, which may be integrated to yield the

total elastic and plastic strain components.

Increments in the elastic and plastic strain com

ponents may be obtained by loading the specimen along the

curve DE in Figure 4.1, through application of the stress

increment Aa. Upon unloading back to the stress incre

ments in the recoverable (elastic) and inelastic (plastic)

strain components are obtained. Clearly, from Figure 4.1,

it is seen that both the elastic and plastic strain incre

ments can be functions of the current stress, stress

increment, total elastic strain, and total plastic strain:

= Ae^®^ (a,Ac,e ) , (4.40)

Ae^P^ = Ae^P^ (a,Aa,£ ) . (4.41)

In accordance with the previous discussion, the

elastic and plastic strains are generally maintained to be

uncoupled. Hence, it is natural to assume that the elastic

and plastic strain increments are not coupled to the total
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elastic and plastic strains, and Eqs. (4.40) and (4.41) may

be written as,

= Ae^®^ ( a,Aa,£^®^ ), (4.42)

Ae^P^ = Ae^P^ (a,Aa,£^P^ ). (4.43)

Assuming a linear elastic response. Eg. (4.42) may be

further simplified to.

Ae^®^ = Ae^®^ (Aa) . (4.44)

Therefore, the total strain increment may be written as.

As = Ae^®^ (Aa) + Ae^P^ ^ a,Aa,£^P^ ) . (4.45)

Equation (4.45) serves as a starting point for most incre

mental plasticity theories, and utilizes the current

configuration as the appropriate reference configuration.

It has been suggested by Lee [29], that the elastic

strain may distort the plastic strain increment to the

extent that the accumulated increments obtained by

Eq. (4.45) do not reflect the elastic and plastic strains

defined with respect to a stress-free configuration. To

accommodate this interaction. Lee proposed a finite strain

theory based on the multiplicative decomposition of the

deformation gradient into elastic and plastic components.
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F = F^P^ , (4.46

where F is the deformation gradient, F^®^ is the elastic

contribution, and F^P^ is the plastic contribution.

Since the introduction of Lee's kinematic

description for elastic-plastic deformation, a significant

amount of research has been directed toward developing a

consistent theory based on the kinematic postulate, and

interpreting it in light of previously established theories.

In the remainder of this section, certain aspects of Lee's

kinematic postulate will be developed and discussed with

respect to the finite strain, elastic-viscoplastic consti

tutive equations presented in the first three sections of

this chapter.

Consider an initially stress-free configuration, in

which the particles of the body are identified by the

material coordinates X°'. While undergoing elastic-plastic

deformation, the particles are moved to a new configuration

where the material particles occupy the spatial points

having coordinates x^. The components of a material line

element in the deformed configuration are related to the

components of the same line element in the initial configu

ration through the deformation gradient F, where.

dx^ = F^^ dX°' (4.47)
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and

^ia - ̂  • (4.48)

Suppose that the stress in the spatial configu

ration is removed so that the body goes along a reversible

path to a new stress-free state. The particles in the new

stress-free state are identified by the coordinates p^.

The configurations of the body corresponding to X, p, and x

are called the initial, intermediate, and deformed configu

rations, and are illustrated in Figure 4.2.

The intermediate configuration reflects the perma

nent deformation remaining after a plastically deformed

body has been unloaded to a state of zero stress, and is

consistent with the definition of plastic strain given

earlier in this section. The initial and intermediate con

figurations are related through the deformation gradient

, where,

dp^ = ' (4.49)

Similarly, the reversible de-stressing from the

deformed configuration to the intermediate configuration

corresponds to the elastic unloading of the tensile specimen

previously considered. The deformed and intermediate con

figurations are related through the deformation gradient

(e)
F  , where.
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dx^ = dp^ . (4.50)

In general, the deformation gradients and defined

respectively by Eqs. (4.49) and (4.50) are point functions,

and in general are not the partial derivatives 3p/3X and

8x/3p [29].

The composite elastic-plastic motion is thus

described by the multiplicative decomposition of the total

deformation gradient into its elastic and plastic com

ponents ,

F = F^®) F^P^ . (4.51)

Green's strain may be written as.

2E = f"^ F - I , (4.52)

where in Cartesian coordinates, I has one's on the diagonals

and is zero elsewhere; otherwise, I is the appropriate

metric tensor. Yaghmai [32] introduced Eq. (4.51) into

Eq. (4.52) to obtain the expression.

2E =  )f(P) + (f(P)T f^P^-I) , (4.53)

and concluded that if the first term on the right is defined

as the elastic strain and the second term as the plastic

strain, that Eq. (4.53) is in agreement with Eq. (4.1)

presented by Green and Naghdi [22]. Argyris [33] made the
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same observation, and used the three-configuration concept

of Lee to develop a finite strain, "natural strain" finite

element theory.

Although Eq. (4.53) may be obtained using consistent

mathematics, it does not address the physical phenomenon

which concerned Lee. That is, it does not show the inter

action between the elastic strain field, and the plastic

strain increments. Eq. (4.53) basically states that if the

total Green's strain is divided into elastic and plastic

components, the usual Icinematic interpretation cannot be

attached to the elastic and plastic components. Thus, it

is in agreement with Green and Naghdi, but neither proves

or disproves their basic hypothesis.

The velocity gradient in the deformed configuration

can be written as

v^lj = v^la X^i . (4.54)

or

L = F f"^ . (4.55)

The velocity gradient L may be written in terms of its

symmetric and antisymmetric components as

L = D + 0) , (4.56)
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where D is the rate of deformation tensor, and w is the

vorticity tensor. Substituting Eq. (4.51) into Eq. (4.55)

yields

L = F^P^ (4.57a)

=  + F^®^ , (4.57b)

( 0 )
where L corresponds to the velocity gradient associated

with the purely elastic deformation, and corresponds

to the velocity gradient associated with the purely plastic

deformation. Hence, Eq. (4.57b) shows that if the Icinematic

hypothesis of Eq. (4.51) is accepted, the elastic defor

mation gradient will influence the plastic rate of

deformation, or ultimately, the plastic strain increment.

Lubarda and Lee [34] have developed an elastic-

plastic rate constitutive equation which includes the

coupling between the elastic deformation field and plastic

rate of deformation, as represented by Eq. (4.59a). An

important premise in their work states that the elastic

de-stressing occurs without rotation. Wang [35] utilizes

the same premise in another elastic-plastic constitutive

development based on Eq. (4.57a). Based on rotation-free

de-stressing in conjunction with Eq. (4.57a), Lubarda and

Lee showed that for infinitesimal elastic strains, the

elastic coupling with the plastic rate of deformation is

reduced to the order of the elastic strains. Hence, the
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multiplicative decomposition of the deformation gradient

into elastic and plastic components is equivalent to the

additive decomposition of the current configuration rate of

deformation into elastic and plastic components under the

conditions of small elastic strains. For most metals not

exposed to high hydrostatic pressures, the elastic strains

are limited by the plastic yield surfaces to the order 10~^.

It is interesting to note the similarity between

the approaches used by Green and Nadghi [22] and Lubarda

and Lee [34] to develop elastic-plastic constitutive

equations based on completely different kinematic hypotheses,

In both developments, only the total Green's strain, or

rate of deformation, are given a true kinematic interpre

tation. The elastic and plastic components in both theories

are obtained from the same constitutive postulates appli

cable to either elastic or plastic material behavior. Thus,

the seemingly different theories have some ground of common

ality.

4.5. Hypoelastic-Plastic Constitutive Equation

This section presents a hypoelastic-plastic consti

tutive equation which was implemented during this investi

gation to provide a comparison between the inviscid and

viscous theories. The hypoelastic-plastic constitutive

equation is an extension of the small-deformation equations

presented by Tanaka [36], and can be used to describe both
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combined isotropic and Ziegler's modified kinematic hard

ening. Following Prager's [37] kinematic hardening theory,

the stress state of a body undergoing elastic-plastic

deformation must lie on the yield surface defined by

|(a^^ - - iij) = (a^(n))^ , (4.58)

where is the deviatoric Cauchy stress tensor; is

the deviatoric component of which denotes the center of

the yield surface; and 0^(1^) denotes the instantaneous

yield stress; n is the equivalent plastic strain defined by

n = / g" at . (4.59)

It is convenient to define the quantities

=  (jij _ cjij (4.60)

and

5^3 = - ii:

Then Eq. (4.58) can be written as

(4.61)

I  S^j = (0^(11) f . (4.62)
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The total rate of deformation is decomposed into elastic

and plastic components,

"ki = 4!' ̂ °ki' •

The elastic component of the rate of deformation is related

to the Jaumann rate of the Cauchy stress through the linear

hypoelastic relationship.

^^3 ̂  . (4.64)

The plastic component of the rate of deformation is defined

by the flow rule.

(d) • '

"ki = ̂  =ki •

To determine the unknown scalar function X in Eq. (4.65),

another relationship between the stress and rate of defor

mation is required. Consider the true stress-logarithmic

strain curve for uniaxial tension or compression as shown

in Figure 4.3. The hatched area BB'c of Figure 4.3 repre

sents the specific plastic work increment due to strain

hardening which is consumed while the stress varies from

to + da^^, and the plastic strain from to

^11^ + From Figure 4.3, the following uniaxial
relationship is obtained:
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Figure 4.3. Specific Plastic Work Increment,



73

,  (4.66)

or, in rate form

,  (4.67)

where E^ is the current slope of the stress-strain curve.

Using the uniaxial case of Eq. (4.63), Eq. (4.67) may be

written as

+ E^ . (4.68)

From the uniaxial case of Eq. (4.64)

•11 (e)

°  = E , (4.69)

where E is Young's modulus.

Combining Eqs. (4.68) and (4.69) yields the

expression

0^^ = H , (4.70)

where

E,p E
H = :=^ (4.71)

e-Et

The specific plastic work increment represented by the

hatched area in Figure 4.3 then becomes
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dejP^ = H de[P^ de|P^ . (4.72)

By analogy with Eq. {A.72), it is assumed that in multi-

axial stress fields the following relationship holds:

def?^ = K de!?^ g^^ g^^ dej^P^ . (4.73)

The constant K is chosen so that Eqs. (4.72) and (4.73) do

not contradict. Therefore,

K = I H (4.74)

and Eq. (4.73) becomes

dsjP' = I H d.jP' gjl de^P' . (4.75)

In rate form, Eq. (4.75) may be written as

°ij^ " I " °ij^ °)^1^ • (4.76)

The combination of Eqs. (4.62), (4.71), and (4.76) may be

written as

X(|)H(aQ(n))^ = S.j . (4.77)

Also, Eqs. (4.63) and (4.64) may be combined and written as

Ki--.!?') •
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Combining Eqs. (4.65), (4.77), (4.78), and solving for X

yields

A =

S. . ,
_jj kl

I H(a (n))2 +
y  0 mn rs

(4.79)

Combining Eqs. (4.64), (4.65), and (4.79) yields

mn

mn)cl ' • pijrs
,mnrs l. b.^ u

" I Sxy V
D  . (4.so:
rs

To complete the constitutive equation, it is neces

sary to obtain evolution laws for the location of the center

of the yield surface in stress space, and the instantaneous

value of the yield criteria. Consistent with Ziegler's [38]

modification of Prager's kinematic hardening theory, it is

assumed that the yield surface translates in stress space

along the direction from its center to the stress point;

that is.

Vij • , ij ij >
a (4.81)

From Eq. (4.60) one can write

i: ID ID
(4.82)
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It is now expedient to introduce a new parameter B, defined

such that

(4.83)

and

^ij^ = 2 °ij^ • (4.84)

An investigation of Eqs. (4.83) and (4.84) shows that

Eg. (4.82) is always satisfied. Combining Eqs. (4.65),

(4.81), and (4.83), yields

y = |(l-6) S.j ̂ ^V(a^(n))^ . (4.85)

Therefore,

Vij 3 ,, -> 'ij l Vmn,, , . v2a  ̂ (1-6) S a /(a^(ri)) . (4.86)

Considering the fact that the stress must stay on

the yield surface, the following consistency relationship

must hold during elastic-plastic deformation.

9 f ^H S - a^(n) = 0 . (4.87)

where

f = /3J^ , (4.88)
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S
i j

J2 = 2 ' (4.89)

and

= ̂ ^3 _ ^' ^3 ^ (4.90)

In component form, Eq. (4.87) may be written as

'  ̂ i j

or

Substituting Eq. (4.86) into Eq. (4.92), and using

Eq. (4.62), the following expression is obtained

(4.92)

ao(n) = I X H 6 a^(ri) • (4.93)

Using Eqs. (4.65) and (4.59), the scalar function X may be

written in an alternative form as

X = I fi/a^(n) . (4.94)

Substituting Eq. (4.94) into Eq. (4.93) yields the rela

tionship

0^(11) = H 6 n . (4.95)
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Equations (4.80), (4.86), and (4.95) represent the

complete set of hypoelastic-plastic constitutive equations.

These equations may be integrated in time to obtain the

stress history in the elastic-plastic body undergoing finite

deformations. It can be shown that if 6 is ta)cen to be

1.0, that these equations reduce to those for isotropic

hardening. For B = 0.0, they reduce to Ziegler's modified

)cinematic hardening. For 0.<B<1. they represent combined

modified ]cinematic and isotropic hardening.

Note that the elastic-plastic material tensor of

Eq. (4.80) does not depend explicitly on time (compare this

to Eq. (5.12), page 85). Also, it is required that a small

enough time step be used to insure that the computed

stresses remain on the yield surface during elastic-plastic

motion. This is not always easily achieved numerically,

and much literature exists describing techniques for satis

fying this condition. In this investigation an initial

strain method similar to that described by Bathe [39] was

employed. This technique is similar to the adaptive method

used to integrate the implicit viscoplastic constitutive

equations described later in Section 5.1.
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CHAPTER V

INTEGRATION OF EQUATIONS OF MOTION AND

CONSTITUTIVE EQUATIONS

In general, the governing field equations of solid

mechanics are highly nonlinear. The nonlinearities in the

governing equations may arise from either kinematic or

material considerations. Fortunately, for many practical

problems, the equations may be linearized by noting that

the strains and rotations are infinitesimal, and that the

material constitutive equations are basically linear.

Classical elasticity theory is based on the linearized

Green's strain and Hooke's law.

Although the concepts and equations surrounding

solid mechanics have been in existence for a long time,

attempts to solve the fully nonlinear equations have been

limited to approximately the last 25 years. The rapid

development of digital computers and peripheral hardware

has made it possible to obtain approximate solutions to

many highly nonlinear problems. Within recent years, the

finite element method has received considerable attention,

and represents a general technique for obtaining discrete

equations which yield approximate solutions to the

governing field equations.

In this chapter, techniques for the numerical

implementation of finite strain, elastic-viscoplastic
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constitutive equations will be developed. Since the consti

tutive equations are expressed in rate form, it is necessary

to investigate both the integration of the constitutive

equations and the equations of motion of the body. The

integration of the finite strain, elastic-viscoplastic

constitutive equations will be considered first.

5.1. Integration of Finite Strain, Elastic-

Viscoplastic Constitutive Equations

In 1972, Zienkiewicz and Cormeau [40] presented a

finite element formulation for the quasi-static response of

elastic-viscoplastic materials. The basic feature of their

formulation involved the additive decomposition of the

total strain tensor into elastic and viscoplastic com

ponents. The viscoplastic strain increment during the time

interval was obtained as

.  (vp) _ .(vp)
Ae = e At , (5.1)

the current viscoplastic strain rate times the time incre

ment At. Zienkiewicz's formulation considered only

infinitesimal strains and rotations, and is particularly

useful in describing creep phenomena where inertia effects

are not important. To obtain the viscoplastic strain rate,

a power law specialization of Perzyna's material description



81

was employed. Equation (5.1) represents an explicit Euler-

type integration.

The stability of the quasi-static solution algo

rithm was subsequently studied by Cormeau [41] in 1975, and

by Hughes and Taylor in 1978 [42]. For quasi-static

problems using the simple Euler integration scheme, Cormeau

demonstrated that the solution was stable if the inte

gration time increment was kept below a critical time

increment of

4(l+v)F

yAt, 1 3^ (5.2)

where v is Poisson's ratio, E is Young's modulus, y is the

strain rate sensitivity parameter, and At^ is the critical

time increment. Equation (5.2) was derived using a

von Mises yield function.

In 1974, Nagarajan and Popov [21] and subsequently,

Kanchi et al. [20], extended the work of Zienkiewicz and

Cormeau to include geometrically nonlinear effects. Their

formulation included dynamic effects, and was based on an

additive decomposition of the rate of Green's strain into

elastic and viscoplastic components,

E = e'®' + . (5.3)

As a direct extension of Perzyna's material description,
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the viscoplastic rate of Green's strain was expressed

directly in terms of the second Piola-Kirchhoff stress

tensor. This results in the hyperelastic-viscoplastic

constitutive equations discussed in Chapter IV, Section 4.1.

Nagarajan and Popov included inertia effects, and

supplemented the Euler-type, quasi-static scheme of

Zienkiewicz and Cormeau, with a conditionally stable

implicit integration scheme for the equations of motion to

solve a number of problems.

In 1974, Zienkiewicz [43] presented an implicit

"mid-interval time stepping scheme" for integrating the

rate evolution laws encountered with creep and viscoplastic

constitutive equations. The time stepping procedure is

more accurate than the Euler explicit scheme and almost

unconditional stability can be achieved. In later para

graphs, this method will be presented in more detail to

obtain an implicit integration scheme for finite strain,

elastic-viscoplastic materials.

In the period from 1978 to 1980, Argyris et al.

[44,45,46] developed a finite strain, elastic-plastic and

elastic- viscoplastic theory based on an additive

decomposition of the "natural strain" into elastic and

inelastic components. The theory involves the identifi

cation of three configurations used to describe plastic

deformation, and attempts to embody the concepts associated

with Lee's kinematic postulate. Argyris's interpretation
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of the multiplicative decomposition of the deformation

gradient into elastic and plastic components is discussed

in Section 4.4. Argyris employs a somewhat unconventional

technique known as the "natural approach," and builds his

theory around a particular element, the equivalent of a

constant strain triangle.

In the following paragraphs, Zienkiewicz's "mid-

interval time stepping scheme" for integrating the consti

tutive equations will be applied to obtain an implicit

constitutive equation for a hypoelastic-viscoplastic

material. The technique can be applied to the other finite

strain, constitutive equations in a similar manner. The

Jaumann rate of the Cauchy stress may be related to the

total and viscoplastic component of the rate of deformation

through the equation,

Jij , ̂ijkl . d(vP)), ,5.4,

where.

47' ' V<'KF)> ^ - (5.5:
3 O

The viscoplastic component of the rate of deformation at

any point between two instances in time may be approximated

by
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dIJP> = (l-t) Xr' + c t+At^(vp) _ ,5^5,

where ^ is a time parameter normalized to one over the time

interval At; i.e., ̂ =0 at time t, and ^=1.0 at time t+At.

The viscoplastic component of the rate of defor

mation at time t+At may be approximated by

3t+At (yp) , t (yp) ̂  ,5 7,
kl kl . mn

9 0

Combining Eqs. (5.6) and (5.7) yields

3^(vp) , tp(yp) ̂  " a"" . (5.8)
kl kl ^ r, mn

9 o

Equations (5.4) and (5.8) can then be written as

3 Pd^^P^
+ sAt ^ E"" = (D^, - ""d'JP') . (5.9)

^  . mn Kl Kl
9 o

After some manipulation, Eq. (5.9) can be written as

gmn , ̂mn (.ijlcl , (5.10)

where . is the inverse of the relationship
ID

3Pn'^P^
+ ^At . (5.11)inn m n #«. mn

do
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Equation (5.10) may alternatively be written as

•mn ^mn _ijkl,^ t^(vp), ,0  = K , , C J ) + g CO a ̂
kl

I  —J^k Im . I- T \
9  o . (5.12)

Zienkiewicz has shown that this type of consti

tutive equation integration demonstrates excellent stability

if C ^ 1/2. If ^ is taken to be 1/2, Eq. (5.12) amounts to

obtaining the stress rate at the mid-point in the time

interval using information at the beginning of the time

interval. This represents an extremely interesting concept.

To implement Eq. (5.12), it is necessary to

evaluate the partial derivative.

3 ^0^7' 3 /
Y<$(F)> • (5.13)

.inn .. mn \ " . rs
9a 9a \ 9a

For a power law overstress function $(F) = f", and

von Mises yield function f = /3J2/ Eq. (5.13) may be

written as

3  ,
^ IyF" ̂  — I . (5.14)n 3 rs

mn

where the bracket function notation <F^> has been omitted

for brevity.

/3J9a
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It is easily verified that Eq. (5.14) yields

8  , r 1rs _ 3 pH J n 1 I • '

aa"'" " 4J2 ^ - ̂ /^rs

+  I —^(<5 6 - T 5 <5 ) , (5.15)
2 /3^\ ̂  3 rs ran)

where a is the deviatoric Cauchy stress tensor.

In Eq. (5.12) it is necessary to obtain the inverse

of K defined by Eq. (5.11). The inverse is computed on

the element Gauss point level, and for a two-dimensional

finite element, requires a 4 x 4 matrix to be inverted (see

Section 6.10.4). When compared to the time step advantage

obtained, the inversion operation is only a minor consider

ation. Also, note that Eq. (5.12) depends explicitly on

the time step interval.

The accuracy of the computed stress can be improved

by dividing the time interval into subintervals and using

Eq. (5.12) to compute the stress rate at the mid-interval

of each subinterval. In this investigation, an adaptive

technique was programmed which limited the subinterval time

increment according to the following criteria;

3J2 At^ < 0.1 /3J2 . (5.16:

These criteria limited the stress increments during a sub-

interval to 10% of the current stresses. During the course



87

of this investigation, Eq. (5.12) in conjunction with the

subinterval selection criteria always gave a stable solution,

even when the viscoplastic components of the rate of defor

mation were very large. Figure 5.1 illustrates the concepts

involved in the adaptive subinterval computations.

In this section, explicit and implicit methods for

the numerical integration of finite strain, elastic-visco-

plastic constitutive equations have been presented. In the

following sections, the finite element equations required

for the solution of the equations of motion describing the

elastic-viscoplastic medium will be presented. These

equations are used as a basis for the numerical implementa

tion of the three finite strain, elastic-viscoplastic

constitutive theories presented in Chapter IV. The finite

element equations are general and may be used with other

constitutive equations.

5.2. Eulerian and Lagrangian Statements of

the Rate of Virtual Work

Equilibrium of the tractions and body forces at a

spatial point in the current configuration is given by

+ f^ = 0 , (5.17)

where is the Cauchy stress tensor, and f^ is the body

force per unit of the current volume. The traction vector

acting on an element of area having unit normal n, is given
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Figure 5.1. Illustration of Subintervals Used in
Constitutive Equation Integration.
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by Eq. (3.28) as

= 0^^ rij . (5.18)

Multiplying Eq. (5.17) by a virtual velocity 6v,

and integrating over the current volume yields

/(a^^L 6v. + 6v.)dB = 0 . (5.19)
B

The restrictions placed on the virtual velocity field are

that it satisfy the kinematic constraints imposed on B, and

does not vary with time (i.e., (6v) = 0, where the super

scripted dot signifies temporal differentiation). The

Eulerian statement of the rate of virtual work is obtained

by rearranging Eq. (5.19) to the form

J  dB = J 6v^ dOB) + / dB .(5.20)
B  3B B ^

A more useful form of the Eulerian statement of the

rate of virtual work may be obtained by substituting

Eq. (3.17) into Eq. (5.20), which yields

J  6D^. dB = J 6v^ d(3B) +/f^ 6v^ dB . (5.21)
B  3B B ^

The application of Eq. (5.21) requires that the

volume and surface geometry of B be known at the time at
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which the integration is being performed. In general, this

is not known since it is the deformation history of the

body which is being evaluated. One way of using Eq. (5.21)

is to consider a volume fixed in space, with the material

flowing continuously through it. This may be considered a

control volume-type approach and could be applied in the

context of fluid flow phenomena.

In the inelastic deformation of solids, where

initial anisotropy and anisotropy resulting from the defor

mation history influences the material behavior, it is more

desirable to follow the deformation and orientation of a

particular material particle through its complete motion.

In this context. Key [47] has used Eq. (5.21) in conjunction

with an explicit central difference scheme, by updating the

geometry at the end of each time step.

When implicit solution schemes are employed, or the

constitutive equations are written in terms of Lagrangian

variables, it is often more desirable to use a statement of

the rate of virtual work based on a Lagrangian frame of

reference.

A Lagrangian statement of the rate of virtual work

may be obtained by substituting Eqs. (3.24a) and (3.39)

into Eq. (5.21) to yield

/  6E „ dB^ = / t^ 6v. d(8B) + / f^ 6v. dB . (5.22)
J  aB o J 1 j 1
B  3B B
o
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If the current configuration is described with the same

base vectors as the reference configuration, 6v. = Sv and
1  a

Eg. (5.22) may be written as

= I I 'S ' '5-23)
o  o o

where t^ and f^ are based on the surface area and volume of

the reference configuration.

Equation (5.23) is the Lagrangian statement of the

rate of virtual wor)c, in which all variables are defined

with respect to the reference configuration. The inte

grations in Eq. (5.23) may now be carried out since the

geometry of the reference configuration is presumed to be

)cnown. Note that no reference to the material behavior was

made during the derivation of the rate of virtual wor)c

expression. Therefore, the rate of virtual worlc may be

used in conjunction with any consistent constitutive formu

lation .

Inertia terms may be introduced into the rate of

virtual wor)c expression (Eq. (5.23)) using D'Alembert's

principle. Hence, a body force f,j> = -p x is substi-
~(d) *^0 ~

tuted into Eq. (5.23) to yield



[ p x°' 6v dB + f
J  o a o J
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6E „ dB
a6 o

B  B
o  o

= jt^ 6v dOB^) +/ (° 6v^ dB^ . (5.24)
9B B
o  o

Equation (5.24) is basically an integral statement of equi

librium, and will serve as a basis for the numerical

implementation of elastic-viscoplastic constitutive

equations.

In the following sections, two different techniques

for the numerical implementation of the rate of virtual

work will be considered. The first technique is an

explicit central difference scheme; the second technique is

based on an incremental form of Eq. (5.24). To provide a

coherent and readable document, only the basic equations

will be given in the text of the following sections.

5.3. Explicit Integration of the

Rate of Virtual Work

Explicit time integration schemes have been used

extensively in finite difference computer codes for a number

of years. However, explicit integration schemes have been

used only recently with the finite element method. In

1974, Key [47] utilized an explicit time integration scheme

in conjunction with a finite element, spatial discreti

zation of the Eulerian statement of the rate of virtual
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work (Eq. (5.21)). Although the Eulerian or current con

figuration statement of the rate of virtual work is used by

Key, the overall procedure relies on an updating of the

geometry at the end of each time step. Integration of the

stress tensor was based on the rigid-convected (Jaumann)

stress rate.

In 1975, Belytschko [48] considered several tech

niques for removing the spurious oscillations inherent to

explicit time integration schemes, and compared the

computing times with an implicit algorithm. The explicit

procedure utilized by Belytschko was essentially the same

as that employed by Key.

In 1979, Bathe [49] presented results from calcu

lations performed using an explicit time integration scheme

in conjunction with the Lagrangian statement of the rate of

virtual work (Eq. (5.24)). For an updated Lagrangian pro

cedure, there is little difference between Bathe's and

Key's respective formulations.

In this investigation, the Lagrangian statement of

the rate of virtual work was employed in conjunction with

an explicit central difference time integration scheme.

The Lagrangian statement was chosen since it provided the

most flexibility. Specifically, it was possible to employ

much of the same software in both explicit and implicit

time integration schemes, since the implicit scheme (to be
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presented later) also utilizes the Lagrangian statement of

the rate of virtual work.

Consistent with standard finite element techniques,

the displacements and geometry of an element may be

expressed in terms of its node point values. Therefore,

the particle accelerations within an element may be written

as

x^ , (5.25)

where are a set of interpolation^ or shape functions

which relate the internal element parameters to the j node

point values. Throughout the remainder of this study,

barred (—) quantities will refer to node point values.

Substituting Eq. (5.25) into (5.24) and rearranging

the terms yields

p  N°' 6v d^B x^
0  6 a o

o

L.

r  6v doS ) + f 6v d^Bf  o a o o a o
t;:8 B ""B

o  o

f  • '5.26)
'Bo

The interpolation functions are not tensor
quantities; however, it is convenient to retain the inner
product subscript convention.
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In Eq. (5.26), the left superscripted "t" signifies

that the parameters are evaluated at time t (i.e.,

denotes the reference volume at time t).

The virtual velocity expressed in terms of the

interpolation functions may be written as

6v^ = N 6v,
a  a <)>

(5.27)

Combining Eq. (5.26) and Eq. (5.27) yields

p  n" N d^B 6v
0  3 a o ip

o

f  N d( } + f N d^B
I  o a o I o a o

'B

6v

as

6E dH
a3 o

(5.28)

'B

The virtual rate of Green's strain may be written

'Kb ' ^^6 ' (5.29:

d)
where is discussed in Section 6.8. Combining

Eqs. (5.28) and (5.29) yields, since the 6v^ are arbitrary.
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J
p  N dS = r t" N dO^B )
0  6 a o o a o

o  o

+  r f°' N d^B - r l''' ^ d^B . (5.30)
o  a o / aB o

o  o

In matrix notation, Eq. (5.30) may be written as

= {E} - {1} , (5.31)

where

[MJ = f P„ n/ d\ , (5.32a)

o

t  t

{£} = ft" N ^ d(sS ) + f N d^B , (5.32b)
o  a, o I o a o

.td tr3"B^ "B
o  o

t

{1} = f ^ d^B . (5.32c)
aB o./

o

The node point accelerations may be obtained from

Eq. (5.31) as

{h = LM]"^({E} - {I}) . (5.33)
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The well-known central difference time integration equations

are

X  - — ^ (5.34)

At

Solving Eq. (5.33) and Eq. (5.34) for the node point coordi

nates at time t+At yields

= At^[M]"^(^{E}-^{I} ) + 2^{x^}-^"^^{x^} . (5.35)

Equation (5.35) may be used to advance the solution in time

based on the information available from the previous two

time steps. Since constraints on the solution at time t+At

are not used to advance the solution, the recursive rela

tionship of Eq. (5.35) is an explicit expression.

To evaluate the integral in Eq. (5.32c), the com

ponents of the second Piola stress tensor at time t are

required. The stress components are obtained by inte

grating rate constitutive equations through time. In

general,

tjaB ^ t-AtjiB ^ tjae _ ,5^35,

If the reference configuration is updated, the second Piola

stress tensor must be referenced to the new configuration

using the inverse of Eq. (3.39),

x^ R • (5.37)
pQ
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The stability of the central difference time inte

gration scheme described by Eq. (5.34) has been studied by

many authors. For linear problems the time step must be

kept below the critical time step.

At = , (5.38)
max

where is the maximum eigenvalue of the computational

mesh. This may be estimated as the time required for a

uniaxial wave to travel across the minimum length,

associated with a particular element. Therefore,

Eq. (5.38) may alternatively be written as

At^^ = ̂ , (5.39)

where c is the bar wave speed for the material.

For nonlinear problems in which the material

properties change and/or the mesh changes, it is necessary

to use a variable time step. It is easily shown that for a

variable time, Eq. (5.35) can be written as

t+At2 R . „ At
^{x^} = ̂ {x^} + ̂

^1

tr-B,
ix ) - {x }

+ ̂ (At2 + At^) At2[Mj"^ (^{E} - ''^{l}) . (5.40)

A characteristic of high amplitude wave propagation

in solids is the presence of shock waves. Shock waves may

arise from the initial boundary conditions or from nonlinear
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materials. In addition, numerical shocks may develop due

to changing mesh size. One approach to handling both

physical and numerical shock waves is to model them as

mathematical discontinuities located along element

boundaries. Since the waves propagate through the body, it

would be extremely difficult to program a floating boundary

which depends on the solution. To handle physical and

numerical shock waves and to smooth the solution obtained

for hyperbolic problems, it is customary to introduce an

artificial viscosity into the solution. The form of the

artificial viscosity used in this investigation is taken

from Bertholf and Benzley [50]. The technique is based on

the work of Richtmeyer and Morton [51], and has been used

successfully by Key [47]. The artificial viscosity is used

to generate a viscous pressure given by

for i ||- > 0
p  St

(5.41)

where c is the bar wave speed; A is the area of the element;

and B^ and B2 are nondimensional constants designed to

spread the shock over a fixed number of elements. The

viscous pressure is added directly to the total stresses at

the particular instance in time under consideration.
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To account for artificial viscosity in the compu

tation of the critical time step, Bertholf and Benzley

suggest the following equation:

"crit • '5-42)

Figure 5.2 shows the effects of artificial viscosity on the

numerical solution for a long rod impacting a rigid barrier.

As seen in this figure, the artificial viscosity tends to

smooth the solution in the areas where steep gradients

exist. For more detailed treatments on artificial

viscosity, the reader is referred to Zukas [52] and

Wilkins [53].

Due to the small time step requirements displayed

by the central difference scheme, it is most commonly used

only for wave propagation problems. For dynamic problems

where the structure or shape of the stress waves are not

important, implicit time integration schemes are normally

used.

5.4. Implicit Integration of the

Rate of Virtual Work

To understand the basic concepts associated with

implicit methods used to obtain solutions to the Lagrangian

statement of rate of virtual work, it is instructive to
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consider Eq. (5.24) without the inertia terms:

f  6E . dB = / t^ 6v^ dOB^) + f 6v^ dB. . (5.43)
j  aS o J o a o j o a o
B  3B B
o  o o

To develop an implicit strategy for the solution of

Eq. (5.43), a constitutive equation relating the components

of the second Piola stress tensor to an appropriate kine

matic variable must be known. If the material can be

classified as a linear hyperelastic material, then

^a6 = gaari}) g ^ (5.44)
r<p

and Eq. (5.43) becomes

J B""'" = j"t^ aoB^)
=o

+  /f" 6v dB . (5.45:
o  a o

B
o

It can be shown that the solution of Eq. (5.45) using a

finite element spatial discretization yields a system of

nonlinear equations in which the node point displacements

are the unknowns.

For elastic-viscoplastic or elastic-plastic

materials, the constitutive equations are expressed in rate

form. Since the material response is history-dependent,

the constitutive variables are not analytic and a potential
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function relating the stress and deforination variables does

not exist. The history dependence of the material suggests

that a solution strategy which allows the loads to be

applied in small increments while following the solution

path is required.

Equation (5.43) states that the rate of virtual

work performed by the internal stresses must equal the rate

of virtual work performed by the externally applied loads.

Symbolically,

6Wj = 6Wg , (5.46a:

or alternatively,

6Wj - 6Wg = 0 . (5.46b)

As mentioned previously, Eq. (5.46b) represents an integral

statement of equilibrium. If equilibrium between the

surface tractions and internal stresses is not satisfied,

then Eq. (5.46b) is not equal to zero. Consider a Taylor's

series of expansion of Eq. (5.46b) about a state which is

not in equilibrium, then

^(6Wj - 6Wg) = ̂ (6Wj - 6Wg)

9  1 * * 2
-  <SWg)du + 0(du) , (5.47:
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where the left superscripted number 1 or 2 denotes the con

figuration {note that configuration 1 is considered not to

be in equilibrium). If configuration 2 in Eq. (5.47) is

chosen to be a configuration which is in equilibrium, then

^(6Wj - 6Wg) = 0 , (5.48)

and Eq. (5.48) becomes

1^ ̂ (6Wj - 6Wg)du = ̂ (6Wg - 6Wj) . (5.49)

The right side of Eq. (5.49) represents the amount by which

configuration 1 is out of equilibrium, and can be con

sidered an unbalanced force. As will be shown later, the

left-hand side of Eq. (5.49) represents a system of

equations with unJcnown displacement increments du. The

displacement increments du are the displacements required

to bring the unbalanced forces into equilibrium. The

expression 9/3u ^(6Wj - 6Wg) will be used in Section 5.5 to
obtain the coefficient matrix for a set of linear incre

mental equations. The coefficient matrix is commonly

referred to as the tangent stiffness matrix, and is denoted

by K^(^T , ̂ u). Note that the tangent stiffness matrix is
a function of the stresses and displacements in configu

ration 1.

In 1960, Turner et al. [54] used an equation similar

to Eq. (5.49) to investigate geometrically nonlinear
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structural problems. Turner's equations may be written

symbolically as

K^(^T , ̂ u)Au = AF , (5.50)

where AF represents an increment in the applied loads, and

can be considered as the unbalanced load of Eq. (5.49).

The displacements in configuration 2 are obtained as

^u = ̂ u + Au . (5.51)

Since Eq. (5.49) and equivalently, Eq. (5.50), were obtained

from a truncated Taylor's series expansion, the displacement

increments obtained by Eq. (5.50) are not exactly those

required to bring configuration 1 into equilibrium. In

general, the displacement solution will tend to drift away

from the true solution, as shown in Figure 5.3.

In 1970, Haisler [55] and Hofmeister, Greenbaum,

and Evenson [56] recognized the significance of the

unbalanced force term of Eq. (5.49). If the unbalanced

force term of Eq. (5.49) is taken to be

6(^Wg - ̂ Wj) , (5.52)

then the incremental solution scheme tends to be self-

correcting. Theoretically, Eq. (5.52) will tend to correct

the drift encountered with Eq. (5.50). This is shown

graphically in Figure 5.4.
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Figure 5.3. Drift Associated with
Incremental Solution Strategy.
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Figure 5.4. Correction of Solution Drift
Resulting from Unbalanced Load
Vector.
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It is now recognized that Eq. (5.49) can be gener

alized to yield a general Newton-Raphson-type solution

scheme in which iterations are performed to ensure equi-

1ibrium;

1^ ̂ (6Wj - 6Wg)^(du) = 6(^Wg - , (5.53)

where the superscript j denotes the configuration used to

evaluate the tangent stiffness matrix. The superscript i

denotes the number of the equilibrium iteration. The

improved displacement after i equilibrium iterations is

obtained as

i + 1u = ̂ u + ̂ du . (5.54)

The incremental solution scheme with equilibrium

iteration is shown graphically in Figure 5.5. By selecting

different configurations for the superscript j in

Eq. (5.53), a variety of solution strategies may be obtained.

Figure 5.6 shows three of the more common approaches; these

are: (1) constant tangent with iteration, (2) modified

Newton-Raphson with iteration, and (3) full Newton-Raphson

with iteration. In the constant tangent technique, the

load is applied in multiple increments, but the tangent

stiffness matrix is assembled only once. Convergence is

achieved at the expense of a large number of equilibrium
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AP

AP3
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APi

Displacement, 6

Figure 5.5. Incremental Solution Scheme with
Equilibrium Iterations.
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APc

Ap.

Ap,

AP-

APi

Constant Tangent

APc

AP/

Ap.

AP.

Ap,

Modified Newton

AP.

AP/

AP-

AP-

APi

Full Newton

Figure 5.6. Solution Strategies Available Using Load
Incrementation with Equilibrium Iteration.
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iterations. This approach will not always converge, and

should be used with care.

The modified Newton-Raphson method also applies the

load in several increments. At the beginning of each incre

ment, the new tangent stiffness matrix is found. There

fore, the computed solution is tangent to the actual

response curve at the beginning of each new load increment.

Convergence is achieved through the application of equi

librium iterations which use the same tangent stiffness

matrix obtained at the beginning of the load step.

In the full Newton-Raphson method, a new tangent

stiffness matrix is found at the beginning of each equi

librium iteration. The full Newton-Raphson method should

require fewer equilibrium iterations than the modified

Newton-Raphson method. However, the smaller number of

iterations are obtained at the expense of having to

recompute and factor a new tangent stiffness matrix. The

most efficient solution strategy is usually problem-

dependent; for highly nonlinear problems a combination of

methods may be required.

In 1974, Bathe et al. [30] generalized Eq. (5.53)

to include inertial and viscous damping terms. It can be

shown that the incremental equations of motion may be

written in m.atrix form as

[K ]{Au} = -^{F} - [MJ - [C] , (5.55
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where is the applied load vector at time t+At, {ii}

and {u} are the acceleration and velocity vectors, [M] and

[C] are the mass and damping matrices, respectively.

Equation (5.55) may be written in the alternative form,

[M] + [C] + [K^] {Au}

t+At{R} - {F} . (5.56)

A variety of numerical time integration schemes

could be used to solve Eq. (5.56). In this investigation,

the Newmarlc-6 method [57] is used. NewmarJc's equations may

be written as

t+At • t •
u = u +

oxt.. ^ ~ t+At..
(l-o) u + 6 u At

and

(5.57)

t+At t , t- ,
u = u + u At +

1  \t.. t+At..^-aju+a u At' (5.58)

Equation (5.58) may be rearranged to yield

t+At,.. (2~")t
^2 a

u =

aAt

u  . (5.59)

Substituting Eq. (5.59) into Eq. (5.57) yields

t+At.u  = l- - u+(l - ̂ )^u At + -4^ Au . (5.60)
a  ~ V 2a / - aAt



113

Combining Eqs. (5.55), (5.59), and (5.60), and rearranging

terms yields

[Keff]{Au} = . (5.61a)

where

"'effi = ̂  I"' + ^
aAt

+ ra 1(1 -1 )*""+( 4
-  '^{F} . (5.61c)

For linear problems, it can be shown that the Newmarlc-B

method is stable provided the parameters 6 and a are chosen

to satisfy

6 > I , (5.62a)

a > ^(6 + ^)^ . (5.62b)

For nonlinear problems, it is, in general, not

possible to establish the global stability of the Newmarlc-B

method. Local stability can be established by using values

for a and 6 which satisfy Eqs. (5.62a and b).
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Bathe [58] indicates that global stability may be

maintained by performing equilibrium iterations. For

dynamic problems, the accelerations, velocities, and

internal state variables must satisfy

-  [M] - [C] F = 0 . (5.63)

If Eq. (5.63) is not satisfied, equilibrium does not exist,

and the error in Eq. (5.63) represents the unbalanced load

required to bring the solution into equilibrium;

-  [M] - [C] ̂ {u} - ^{F} = • (5.64)

For each iteration after the first, it is necessary to

evaluate the unbalanced load from Eq. (5.64). The

displacement increment required to correct the unbalance is

obtained from

'{Au} = '{R^^j,}. (5.65)

The corrected displacement increment for the current load

increment is given by

Au = ^ ^Au + ^Au . (5.66)

The velocities and accelerations for the i^^ iteration are

given by Eqs. (5.59) and (5.60). In general, equilibrium
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iterations are performed until the Euclidean norm of the

unbalanced load vector is reduced to within a specified

tolerance.

5.5. Components of the Tangential Stiffness Matrix

In the preceding section, the equations necessary

for the numerical solution of the implicit incremental

equations of motion were presented. to utilize the implicit

technique, it is necessary to evaluate the tangential stiff

ness matrix defined in Eq. (5.49) by

^(6W^ - 6Wg)du = d^(6Wg - 6Wj) , (5.67a)

or

/dT°'^ 6E „ d^B + d(6E
J  aB o J aB o

B  B
o  o

/d^f" 6v d^B - jd^t" 6v dO^B ) . (5.67b)
a  o ^ a o

•^B 8 B
o  o

To evaluate Eq. (5.67b) it is necessary to have a

constitutive equation relating the increment of the second

Piola stress tensor and the increment in Green's strain;

symbolically,

dT°'6 = dE„, . (5.68)
r<p



116

Combining Eqs. {5.67b) and (5.68) yields the expression

* Ji"^ <3(«E„3)d\
o  ®o

Jd^f^ SV d^B - Jd^t'^ 6V d(3^B ) . (5.69)
o  o

Green's strain tensor may be written as

- 4 (9- ■ o ~ r o\ f (5.70)a6 2 1^13 ,a ,6 Gag/ '

where the current and reference configurations are described

with respect to a common frame of reference. The rate of

Green's strain may be written as

= 7 {9i: ̂ 'I c. ==',6-^ 9ij ^'le)

The rate of Green's strain resulting from a virtual velocity,

6v, can therefore be written as

6E o = i C6v. I + 6v.|_ x^ 1 . (5.72)
a3 21 j 'a ,3 :)'3 ,aj

Similarly, the increment in Green's strain is given by

dE_ = j fdx I x"^ + dx I x^ . (5.73)
rtp 2 1 m'r ,9 n'(J)
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In evaluating the second term in Eq. (5.69), the increment

in the virtual rate of Green's strain is required and is

given by

d.(6E„ft) = t(6v^I dx"" „ + 6v„L dx"" ) . (5.74)
ap n'a ,3 m'B ,ci/

Note that the virtual velocity, 6v, was chosen to have no

temporal or quasi-static variation (i.e., d(6v) =0).

The components of the deformation gradient may be

related to the components of the displacement vector u by

the expression (see Section 6.7)

.  (5.75)

Equation (5.75) is applicable to problems where the

reference and spatial configurations are Cartesian; it is

also applicable to problems where the reference and spatial

configurations are cylindrical; however, for the cylindrical

case the problem must also be axisymmetric. Substituting

Eq. (5.75) into Eqs. (5.72), (5.73), and (5.74) yields

° 7 ' <5-77)

= 7 {%la au-'lj. (5.78)
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The derivatives encountered in Eqs. (5.76), (5.77),

and (5.78) may be evaluated using the following general

relations:

v^l = v^ + v^ r^, (5.79a)
a  ,a ak

and

= ̂ l,a -

X  kwhere and are the appropriate Christoffel symbols.

i  IcFor Cartesian coordinates, = 0. For cylindrical

coordinates, the only nonzero Christoffel symbols are

^33 " ^ ' ̂23 ^32 ^ 2^ ' (5.80)
X

1 2 3
where x = z, x = r, and x = 0 are the components asso

ciated with the cylindrical system.

Using the physical components of the virtual and

differential strain rates, and carrying out the differ

entiation, one obtains for axisymmetric cylindrical coor

dinates

^  "",1 ' <5-Sla)

6E22 = S^2,2 «^n,2 "",2 ' <5-81b)

2<^®12' ° '''"2,1 ^^1,2 "^",2 '^''m,2 "",1 ' <5-81c)
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2 ,, 2,^6E22 = 5V2/X + 6V2 u /(x ) , (5.81d)

d(5E.. ,) = 6v , du^ , , (S.Sle)
ii m,1 ,i

d(6E,-) = 6v^ , du"^ , , (5.81f)
22 m,2 t 2 '

2d(6E,») = 6v , du^ „ + 6v ^ du^ , , (5.81g)

d(6E33) = 6V2 du^/(x^)^ , (5.81h)

dE,, = du, , + du , , , (5.811)
11 1,1 n,l ,1 '

dE~.> = du., + du„ - , (5.81j)
22 2,2 n,2 f 2 '

2dE, _ = du., , + du, ., + du , u^ - + du ., u"^ , , (5.81k)
12 2,1 1,2 n,l ,2 m,2 ,1'

2

dE^^ = du2/x^ + du2 u^/(x^) . (5.81S.)

Equations (5.81a) through (5.815.) are sufficient to permit

the evaluation of the first two terms of the tangential

stiffness matrix. It can be verified that the first two

terms of Eq. (5.69) can be written as

[K^] + [K2(^u)] + [K3(T)] {du} , (5.82)

where [K^] represents the standard finite element stiffness

matrix; [K2(^u)] represents the modification to [K^] to
account for the prior deformation; [K2(^u)] is a function
of the displacements at the beginning of the time increment.

If an updated Lagrangian formulation is employed, the
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initial displacement matrix [K2(^u)] will be zero; [K^CT)]
represents the modification to [K^] associated with doing

work on a stressed body; [K^IT)] depends explicitly on the

current stresses, and is referred to as the initial stress

or geometric stiffness matrix; [K^CT)] is routinely used to

determine the "buckling" loads associated with a structure.

The remaining two terms in Eq. (5.69) represent

corrections to the stiffness matrix to account for changes

in the distributed body and surface loads resulting from

the deformation. These terms can be used to represent non-

conservative loads due to pressure, etc. These latter two

terms are not significant to the current investigation, and

the interested reader is referred to Hibbitt, Marcal, and

Rice [27] for a more detailed treatment.
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CHAPTER VI

FINITE ELEMENT AND GRAPHICS COMPUTER PROGRAMS

In the preceding chapters and sections, a theo

retical framework necessary to solve problems in solid

mechanics involving time-dependent plasticity has been

presented. Detailed discussions were given concerning

possible finite strain elastic-viscoplastic constitutive

models, and methods for integrating both the equations of

motion and the constitutive equations. The notation

employed is compact and it may be difficult at times to

discern how to get from the mathematics to a working com

puter program which solves the governing equations. The

purpose of this chapter is to "fill in" some of the infor

mation necessary to implement the equations previously

presented, and to describe the computer programs developed

during the course of this investigation.

6.1. Computer Programs FINITE and GRAFIX

A new nonlinear static and dynamic finite element

program called FINITE and associated interactive pre- and

post-processing computer program, GRAFIX, were developed

during this investigation. Both computer programs were

developed from scratch, and involve approximately 10,000

lines of code. The programs are written in FORTRAN, and

are currently operating on a VAX 11/780 computer. FINITE
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presently has two-dimensional and axisymmetric isoparametric

continuum elements, and geometrically nonlinear truss,

cable, and beam elements. The truss, cable, and beam

elements were implemented at the author's employer's request

so that FINITE could be used to solve problems encountered

in the design of micro-wave antenna and transmission line

towers. The two- dimensional elements can handle problems

involving hyperelastic, hypoelastic, hyperelastic-

viscoplastic , hypoelastic-viscoplastic, and updated

hyperelastic-viscoplastic materials. The explicit inte

gration portion of the program also has a combined hardening

elastic-plastic material capability.

The program is written in such a manner that addi

tional elements can be added simply by attaching additional

element subroutines to the program. For example, three-

dimensional continuum and plate/shell elements can be added

with very little modification to the existing code. Simi

larly, different material constitutive models can be added

with little modification to the existing code.

FINITE was designed to solve nonlinear problems,

but will default to the simpler linear problem. Depending

on the class of problem under consideration, either an

updated Lagrangian or total Lagrangian formulation may be

employed. During the course of the investigation, several

problems not involving elastic-viscoplastic materials were

solved and compared to published results to ascertain the
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correctness of the program. These problems involved such

phenomena as the linear elastic buckling of beams, arches,

and axisymmetric shells. An inherent feature of the finite

element method is its ability to be implemented in a very

general manner, enabling the same program to be used for

many different geometries and materials simply by changing

the input data.

FINITE was written to be used primarily as a

research program, but great care was taken to make it as

user friendly and as easy to use as possible. As a result,

the program has many features which enable it to be used in

a production mode. The most notable of these features is a

comprehensive pre- and post-processing program called GRAFIX,

which is directly compatible with FINITE. GRAFIX can be

used to interactively generate and display the finite

element model geometry. Portions or all of the model may

be viewed graphically from any vantage point. The model

may be modified or generated in more than one modeling

session simply by saving the model previously generated.

Files containing the node and element data for the model

are compatible with FINITE. During execution of a problem,

FINITE reads input data from files created by GRAFIX, and

creates post-processing files containing node point dis

placements, and element Gauss point stresses. The post

processing files can then be read by GRAFIX and displayed

in a variety of forms (i.e., displacement versus time.
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contour plots, distorted geometry plots, etc.). This is a

very powerful capability, and eliminates almost all paper

printout requirements. The contour plots contained in the

Appendix were created using GRAFIX.

6.2. Command Interpreter

FINITE contains a front-end program which is used

to input and generate geometry and material property data

required by implicit and explicit time integration modules,

as shown in Figure 6.1. Data necessary for the execution

of FINITE is divided into DATA SETS. The DATA SETS read by

the different portions of FINITE are contained within the

blocks shown in Figure 6.1.

In general, the only interaction a user will have

with FINITE is through the generation and input of the data

necessary for the solution of a particular problem. In

many cases, the volume of data will be quite substantial,

thereby requiring an efficient mechanism for transmitting

or communicating the data to the program. To minimize the

effort required to define the data, FINITE employs a command

interpreter. The command interpreter allows the use of

alphabetic words or abbreviations to assist in the data

input. The following items describe the essential features

of the command interpreter:
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Front-End Module

A JOB TITLE

B MAIN CONTROL PARAMETERS

C ELEMENT TYPE PARAMETERS

D MATERIAL PROPERTIES

E ELEMENT GEOM. PROPERTIES

F NODE POINT DEFINITIONS

G ELEMENT DEFINITIONS

Explicit Integration Module

H LOAD CASE CONTROL PARAM.

I LOAD CASE GLOBAL LOAD DATA

J ELEMENT PRESSURE LOADS

K SPECIFIED DISPLACEMENTS

L CONCENTRATED LOADS

M END OF DATA

Implicit Integration Module

H LOAD CASE CONTROL PARAM.

I LOAD CASE GLOBAL LOAD DATA

J ELEMENT PRESSURE LOADS

K SPECIFIED DISPLACEMENTS

L CONCENTRATED LOADS

M END OF DATA

Figure 6.1. Modular Construction of Program FINITE,
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1. Each line of input consists of a variable number

of positional parameters (i.e., items which

must be input sequentially). Parameters may be

alphabetic words or numbers.

2. Each parameter on a line of input must be sepa

rated by either a comma or a blank space.

3. Many parameters have values to which they will

default if no""" input is supplied. If no data

are needed beyond a specific parameter, the

data line may be terminated.

4. Parameters input in the form of alphabetic

words or abbreviations may contain more than

one character. For alphabetic words containing

more than four characters, only the first four

must be supplied.

Figure 6.2 shows the parameters input on FINITE's

main control "card." To illustrate the versatility of the

command interpreter, consider the following examples.

Assume that a dynamic analysis of a linear elastic structure

is to be performed, using a lumped mass matrix, no linear

constraint equations are employed, and the implicit time

integration module is to be used. The following are differ

ent ways of providing the same information:

1. DYNAMIC,NO,NO,NO,YES,LINEAR,IMPLICIT.

2. D,,,,YES,.

3. DYN,NO,,N0,YES,LINE,IMP. ■



127

lANAL, IMAT, ICONST, IGEOM, LMASS, ICLASS, INTYP

Parameter

lANAL

Description

Type of Analysis

Acceptable

Input

D, DYN, DYNAMIC,

S, STAT, STATIC,

blank

Default

STATIC

IMAT Nonlinear Material YES, Y, NO, N,

blank

NO

ICONST Linear Constraint

Equations
YES, Y, NO, N,

blank

NO

IGEOM Geometric

Nonlinear ities

YES, Y, NO, N,

blank

NO

LMASS Lumped Mass Matrix YES, Y, NO, N,

blank

NO

ICLASS Analysis

Procedure

LINE, LINEAR,

U, UP, UPDA,

UPDATED, T,

TOT, TOTAL,

blank

LINEAR

INTYP Integration

Procedure

I, IMPL, IMPLICIT

E, EXPL, EXPLICIT

IMPLICIT

Figure 6.2. Main Control Card Parameters,
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4. DYN NO NO NO YES LINEAR IMP.

5. D N N N Y L I.

Note that in Items 4 and 5, it was necessary to

input an acceptable input for each parameter separated by a

blank. Multiple blanks are interpreted as a single deli-

meter until the next alphanumeric character is encountered.

As a second example, assume that a static analysis

with no nonlinearities or constraint equations is to be

performed. The following are different ways of providing

this information:

1. STATIC,NO,NO,NO,NO,LINEAR.

2. S.

3. "A COMPLETELY BLANK LINE OF INPUT."

4. STAT NO NO,NO YES.

5. STATIC NO NO NO.

6. S,,,,,LINEAR.

7. STAT,,,,,,, THIS IS AN EXAMPLE.

Note that in Item 4 both a comma and blank were

used as a delimeter in the same line of input. Also, Item 7

has a comment positioned at the end of the line after all

parameters have been accounted for by the use of sequential

delimeters.
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6.3. Load Case Control

The implcit time integration module of FINITE

controls the problem execution during static, quasi-static

and dynamic problems in which the tangent stiffness matrix

is used. In the implicit time integration module, FINITE

provides two options for the input of load and boundary

condition information to the structure. In general, two

basic types of loads and boundary conditions may be

encountered:

1. Multiple loading conditions for a linear

structure.

2. A single set of loads which must be applied

sequentially.

Figure 6.3 shows the "Load Case Control Parameters"

required as input by the implicit time integration module

in FINITE. The KFORM parameter in Field One (Figure 6.3)

controls the type of load case under consideration.

Acceptable inputs for the KFORM parameter are:

1. NEW.

2. REFORM.

3. CONTINUE or CONT.

4. LOAD

A parameter input of NEW indicates that the loads

and boundary conditions contained in this load case are not

a continuation of the loads and boundary conditions from
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KFORM, NINC, KFORMF, NITER, ITYP, IPRT, TIME, CONTL

Parameter Description

Acceptable

Input Default

KFORM Matrix Formation

Control

NEW, REFORM,

CONT, CONTINUE,

LOAD

CONTINUE

NINC Number of Load

Increments

positive

integer,

blank

KFORMF Matrix Formation

Frequency

positive

integer,

blank

NITER Number of

Equilibrium

Iterations

positive
integer,

blank

ITYP Equilibrium
Iteration Type

NEWT, NEWTON,

MODI, MODIFIED,

blank

MODIFIED

IPRT Printout

Frequency

for Load

Increments

positive
integer,

blank

TIME Time at End of

Load Case

positive real

number, blank

0.0

CONTL Iteration

Convergence

Tolerance

positive real

number, blank

0.01

Figure 6.3. Load Case Control Parameters.
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the previous load case. A parameter value of NEW is usually

input for the first load case in a problem.

A parameter input of REFORM indicates that the

system matrix should be reformed at the beginning of this

load case. In addition, the loads and boundary conditions

are a continuation of those from the previous load case.

A parameter input of CONTINUE or CONT indicates

that the system matrix should not be reformed at the begin

ning of this load step. However, the loads and boundary

conditions are a continuation of those from the previous

load step. A parameter input of CONTINUE is normally used

during a "constant tangent matrix" solution sequence

(Section 5.4).

A parameter input of LOAD indicates that a new set

of loads is being supplied, and that the previous system

matrix is to be used. A parameter value of LOAD is usually

used with linear problems having multiple loading conditions.

Within each load case, the loads may be applied in

several increments. The number of increments per load case

is controlled by the NINC parameter in Field Two

(Figure 6.3). Due to cost, accuracy, or other constraints,

it may not be desirable to reform the system matrices at

the beginning of each load increment. Therefore, the KFORMF

parameter in Field Three (Figure 6.3) allows a matrix reform

frequency to be specified. The value of the KFORMF param

eter indicates how often the matrices are to be reformed
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and factored. For example, if KFORMF equals 2, the system

matrices will be reformed and factored every other load

increment during the current load case.

The maximum number of iterations to be performed at

the end of each load increment during the current load case

is controlled by the NITER parameter. If the solution has

not converged after NITER iterations, the program execution

will continue to the next load increment using the infor

mation available from the last equilibrium iteration. The

proper selection of the number of equilibrium iterations to

be performed is usually based on experience gained from

solving a particular class of problems.

The parameter ITYP controls the type of equilibrium

iteraton to be performed at the end of each load increment.

Two options are available:

1. Full Newton iterations.

2. Modified Newton iterations.

A full Newton iteration involves reforming the system

equations at the beginning of each equilibrium iteration,

and is obtained by an input of NEWTON or NEWT for parameter

ITYP. A modified Newton iteration is obtained by speci

fying MODI or MODIFIED for parameter ITYP. If a divergent

solution is encountered during a solution using modified

Newton iterations, the program will automatically switch to

a full Newton iteration. If a divergent solution is
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encountered after NITER iterations, the problem is termi

nated .

Figure 6.4 shows a basic flow chart for the implicit

time integration module in FINITE. The explicit time inte

gration module does not use the parameters discussed above

since a tangent matrix is not used. The only parameters in

Figure 6.3 which are used by the explicit time integration

module are IPRT {printout frequency for load increments)

and TIME (time at end of load case); all remaining param

eters are ignored. To switch from one integration module

to the other, only the INTYP parameter (Figure 6.2,

page 127) on the main control card must be changed. A

basic flow chart of the explicit time integration module is

shown in Figure 6.5.

6.4. Two-Dimensional Element Geometry and

Interpolation Functions

A typical two-dimensional or axisymmetric element

is shown in Figure 6.6. The element is defined by eight

points called nodes whose coordinates completely define the

boundary of the element. The node point coordinates are

defined with respect to a reference Cartesian or cylindrical

coordinate system; this element is called a physical element,

Also shown in Figure 6.6 is a square element defined by

eight node points defined with respect to a ^,g-coordinate

system; this element is called a parametric element. To
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From Front-End Module

Read Load Case Defii

(NINC.NI'

lition Parameters

PER)

Compute Element Matrices and Vectors

Assemble Unbalanced Load Vector

Yes
Converged

Assemble Effective Stiffness

Solve for:

1. Displacement Increments
2. Velocities and Accelerations

3. Element Gauss Point Stresses

ITER=ITER+1

No
ITER>NITER

Yes

Print Results

INC=INC+1

NO
INONINC

Figure 6.4. Flow Chart for Implicit Integration Module,
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Read Load Case Def

(^e
inition Parameters

id)

Compute New Spatial Coordinates

Compute Displacement Increments

Evaluate Constitutive Equations at

Element Gauss Points

Compute Stresses at Element Gauss Points

Compute Critical Time Step (Ate)

t2=ti(Atc) 0. 9

Yes Not2>tend

Figure 6.5. Flow Chart for Explicit Integration Module,
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X

V  4

Physical Element

n

,1) (1,1)
'2 ' 5  l'

6 8

3  7 4

(-1,-1) (1,-1)

Parametric Element

Figure 6.6. Two-Dimensional Iso-parametric Finite
Element Geometry and Node Identification
Numbers.
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numerically integrate the governing integral equations

presented in Chapter V, it is desirable to transform or map

the geometry and equations for the physical element into

the parametric element. This is accomplished by the use of

interpolating polynomials or functions.

The serendipity interpolation functions (Bathe [39],

page 200) for the parametric element are given by,

hs = |(l-5^)(1+n)

hg = ̂ (l-n^) (1-C)

h.^ = (1-h)

hg = ̂ (1-n^)(1+5)
(6.1)

h
8

hj = i(l-c)(1+n) - 1 hj - i

hj = i(l-E)(l-n) - I h, - 1 h,

h, = 1(1+E)(1-n) - 1 h, - 1 hg

Equations (6.1) can be used to relate points in the para

metric element to the corresponding point in the physical

element through the equations.



= h.X^-
1  1

2  —2x"^ = h.xr ,
1 1 '
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(6.2)

where the bar indicates that the quantity belongs to a node

point, and the subscript i identifies the node point. The

same interpolation functions can be used to describe the

variation of any other variable within the physical element

if the node point values of the variable are known. For

example, if the node point temperatures are known, the

temperature at any other point can be estimated from

T = h.T. , (6.3)

where T is temperature in the physical element corre

sponding to the parametric point ^,n at which the interpo

lation functions are evaluated.

The interpolation functions described by Eqs. (6.1)

allow a quadratic variation for the dependent variable

along the element boundary. A variety of different elements

can be obtained by leaving out particular nodes in the

element description. Figure 6.7 shows several possible

"degenerate" elements which can be obtained. Note that if

the mid-side nodes are not specified, a linear quadri

lateral element is obtained.
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(a)

m

(b)

X

o  1

(e)

Figure 6.7. Degenerate Two-Dimensional Iso-parametric
Element Geometries.
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The displacement field in the physical element can

be described in matrix form as

I"

h  0 h. 0 h 0 h 0 h 0 h, 0 h, 0 h„ 0
1 2 3 4 5 6 / 8

0 h 0 h_ 0 h- 0 h 0 h 0 h^ 0 h 0 h„
1 2 3 4 5 6 7 8J

-1 I
1!
_2 I

u

u
2

-1

^3/

u2
4

-1

-2 ?

. ®J

(6.4

where the variables in the column vector on the right-hand

side of the equation have the following superscript and

subscript convention. The superscript identifies the dis

placement component, and the subscript defines the element

node number where the displacement occurs. A much more

compact way of writing Eq. (6.4) is
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i  i —Ru-" = N^- i = 1,2
p

6 = 1,16 . (6.5)

Since the same interpolation functions are used to

describe both the geometry of the physical element

(Eq, (6.2)) and the variation of the dependent variables

within the physical element (Eqs. (6.3) and (6.4)), this

element is called an iso-parametric element. It is possible

to use different combinations of interpolation functions to

obtain sub-parametric and super-parametric element

descriptions; however, the iso-parametric formulation was

used exclusively during this investigation.

6.5. Derivatives of the Interpolation Functions

with Respect to the Parametric Coordinates

Throughout the iso-parametric element formulation

it is necessary to compute the derivaties of the interpo

lation functions with respect to the parametric coordinates.

In FINITE, the values of these derivatives are computed at

Gauss Quadrature points and stored in a 2x8 matrix, P. The

first row of the matrix contains the values of the deriva

tives of the eight interpolation functions with respect to

the ^-coordinate, the second row contains the values of the

The interpolation functions are not tensor
quantities; however, it is convenient to retain the inner
product subscript convention.
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derivatives of the eight interpolation functions with

respect to n» Each column corresponds to a particular

interpolation function. Since these derivatives are used

in subsequent sections, they will be presented now.

ahc

P(l,5) = — = - Ul+n)
0 h

P(l,6) = ̂  = - ̂ (1-n^)

ah.^
P(1,7) = — = - Ul-n)

P(l,8) = ̂  = fCl-h^)

^^1 1 1 1P(l,l) = = fd-h)- ̂ P(l,5)- ip{l,8)

^^2 1 1 1P(l,2) = ̂  = - 4d+n)- ̂ P(l,5)- ■|P(1,6)
3 hP(l,3) = ^ = - 1^(1.6)- ^P(l,7)
a^ 4 ^ ^

^^4 1 1 1P(l,4) = ^ = fd-n)- ^Pd,7)- ^Pd,8)
ahs 2

P(2,5) = 3— = ^d-^ )

9hg
P(2,6) = — = - nd-a

ah7 2_ 2

ahg
P(2,8) = — = - nd+d

(6.G)
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9 h

P(2,l) = ■|P(2,5)- ■|P(2,8)
9 hP(2,2) = -^ = ^P(2,5)- ip(2,6)
9 hP(2,3) = ^ = - |P(2,6)- |P(2,7)
9 h a -1 1 ^P(2,4) = ^ = - ^(1+U- lP(2,7)- ^P(2,8) .

6.6. Derivatives with Respect to the

Reference Configuration

Derivatives with respect to the reference configu

ration will be used in subsequent sections, and are given

here for completeness. Through application of the chain

rule for partial derivatives, the derivative of a variable

with respect to the parametric coordinates may be written

as

a  - a ax^^i^ ,5^,,
H

and

 3x1 as 3x2 as

^ ^ a 1!^ , a ,,
9ri gj^l 9ri ^^^2 3ti
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Writing Eqs. (6.7) and (6.8) in matrix notation yields

fa 1 [3x1 ax^' r 9) ac
\  _

3C ac
/ ax

a ax^ ax2 \
a

an an an
.  ax

(6.9)

The matrix of derivatives in Eq. (6.9) can be

computed using Eqs. (6.2) and (6.6); that is.

aX^ _ ^^i
ac 9^ i '

(6.10)

ax^ _
ac 9C i '

(6.11)

ax^ = ̂
an an i '

(6.12)

ax^ = y2
an 9n i

(6.13)

For a single valued transformation, the matrix of

derivatives will possess an inverse, and Eq. (6.9) can

alternatively be written as

ax^

2
ax

V  ̂

ac an

3x-^ 3X'

aji_
2  2

ax ax

^_a_>
a^

an

(6.14)
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6.7. Deformation Gradient

The deformation gradient previously defined in

Eq. (3.9) as

(6.15)
a  f a

is used in FINITE to compute the components of the Cauchy

stress tensor when the second Piola stress tensor com

ponents are )cnown. In the discussion in Chapter III, no

mention was given concerning displacements; all

deformation-related quantities were written in terms of the

deformation functions, Xr defined in Eq. (3.1). In this

section, an expression for the deformation gradient in

terms of the gradients of a displacement vector will be

developed.

Let the position vector (defined with respect to a

global Cartesian system) locating a particle with curvi-

ct
linear coordinates X in the reference configuration be

defined as R. Similarly, define a position vector at the

same particle in the spatial configuration as r. The

covariant base vectors of the reference and spatial curvi

linear coordinate systems are defined as

3R

=
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and

3r

g. = ̂  . (6.17)
ax""

Introduce a displacement vector, u, which relates

the reference and spatial position vectors through the

vector equation,

r = R + u . (6.18)

The partial derivatives of Eq. (6.18) with respect to the

reference system curvilinear coordinates can be written as

9 r 9 R 9 u

+ —^ , (6.19)

or

9X^ 9X^ 9X^

= ( 6°^ + u"| ) G = (6.20)
9x^ 9X^ ^ 6 ~a

If the right-hand side of Eq. (6.20) is shifted to the base

vectors of the reference configuration, Eq. (6.20) may be

written as

where the "shifter," is defined as

,cx
gf = §i • G" • (6.22)
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The components of Eq. (6.21) are given by

g. - ( 6 g + u 1^ ) . (6.23)

When the reference and spatial coordinate systems are

Cartesian, the shifter is given by

= Si"" , (6.24)

and Eq. (6.23) reduces to

^  . (6.25)
3X^ 6 ,6

When the reference and spatial coordinate systems are

cylindrical, the shifter is more complicated than Eq. (6.24),

and in general can be evaluated from Eq. (6.22). However,

for the special case of axisymmetric analyses, parallel

transport can be used since the displacement vector does

not depend on the e-direction, and the deformation gradient

is given by

= 6^ + u^ + u^ , . (6.26)
, a a , a ak

For two-dimensional problems in Cartesian coordi

nates , the components of the deformation gradient written in

matrix form are
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[F] =

1+u^ , _
f ± , z

u

,1

0

1+u „ 0
r ̂

0

(6.27)

For axisymmetric problems in cylindrical coordinates, the

components of the deformation gradient written in matrix

form are

[F] =

1+u
,1

u
,1

0

^ ,2 °

1+u^ 0
f ̂

1 +
u

X

The displacement derivatives are given by

(6.28)

,

,a 6,a
(6.29)

where are components of the matrix of interpolation

tt3functions given in Eq. (6.4), and u are the node point dis

placements .

6.8. Strain Increment-Displacement Matrix

As pointed out in Section 5.5, the implicit inte

gration of the governing incremental equations of motion

requires the formation of a tangential stiffness matrix.

To evaluate the tangential stiffness matrix it is necessary
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to establish a matrix which relates the increment in Green's

strain to the displacement increments. The increments in

the components of Green's strain tensor are related to the

displacement increments through Eqs. (5.81i through 5.8l£,)

which are repeated here for completeness:

dEfi = dUj^ ^ + du^ ^ u'^fl , (6.30a)

dE22 = ̂ ^2 2 2 ' (6.30b)

2dE, = du„ , + du, + du , u'^,2 + du - u^,l , (6.30c)
JL ̂  ^ ̂ 1. iu f ̂

dE22 = dU2/x^ + dU2 u^/(x^) . (6.30d)

2
In Eq. (6.30d), the coordinate x is the radius in a

cylindrical coordinate system. For plane strain compu

tations, = 0- Eor two-dimensional and axisymmetric

problems there are only two displacement components, and

the dummy indices m and n take on values from 1 to 2.

It will be convenient to write Eqs. (6.30a through

6.30d) in the following matrix form:

{dE} = [ [Bq] + [B^] ] {du} , (6.31)

where

.-.T

1-1 T

= I dE^3_'  '^^22 ,  2dE^2 f dEjj]
t (6.32)

= [ du]^ , duj , ' ''"s 'dS^ ,

duj , du^ , ,  du^ , du^ , dil2 , (6.33)

du^ , du^ , dijl , du2]  .
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The matrix [Bq] contains terms not depending explicitly on

the current displacements, and the matrix [B^] contains all

terms depending explicitly on the current displacements.

Recall that the superscript appearing on the components of

{du} identifies the displacement increment component, and

the subscript identifies the node number associated with

the displacement increment.

The displacement increments and displacements within

a finite element can be written in terms of the node point

values using the interpolation function matrix defined by

Eqs. (6.4) and (6.5); that is,

du. = N.„ du^ i = 1,2 , 6 = 1,16 (6.34)
1  1 p

and

u^ = N^B i = 1,2 , B = 1,16 . (6.35)

Differentiating Eq. (6.34) with respect to the reference

configuration coordinates yields

du. . = N. . du^ , (6.36)
1,3 ip , 3

where the derivatives of the interpolation functions are

obtained by using Eqs. (6.6) and (6.14). For example.

9hi 9h^ 9h^
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The matrix [B^] is seen to have the following com

ponents for axisymmetric cylindrical coordinates:

[Bnl =

h. , 0 h_ , 0 h- . 0 h. , 0
1,1 2,1 3,1 4,1

0  h. „ 0 h- _ 0 h, - 0 h. -
1,2 2,2 3,2 4,2

^1,2 ̂ 1,1 ̂ 2,2 ̂ 2,1 ^3,2 ̂ 3,1 ̂ 4,2 ̂ 4,1

°  4 A
,2

^3 ^4
0  -1

X
(6.38)

^5,1 ° ^6,1 ° ^,1 ° ^8,1 °

°  ̂5,2 ° ^6,2 ° ^,2 ° ^8,2

^5,2 ̂ 5,1 ^6,2 ̂ 6,1 ̂ 7,2 ̂ 7,1 *^8,2 *^8,1

[5
.2

X X X

Consider the term du_ , u",l appearing in
n, X

Eq. (6.30a). This term can be written as

(6.39a)

" ̂1B,1 u ,1 + du^ u^,l (6.39b)

= {^B,1 ̂ ''1 ̂  ̂ 28,1 (6.39c)

In Eg. (6.39c) the term u ,1 is given by

u  ,1 = N, ,
'  la, 1

(6.40)
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and similarly, u ,1 is given by

(6.41)

Similar expressions can be obtained for displacement

dependent terms in Eqs. (6.30b} to (6.3Qd), and the com

ponents of the matrix [B^] are given as, for axisymmetric

cylindrical coordinates.

r hj^^^ u ,1 h^^^ u ,1 u ,1 h2^^ u ,1

^1,2 ^1,2

4x16

>1,2 ̂

^2,2 ̂ h2,2 u ,2

h,i A Ai,i A /A,i h i^2.i
I

h^ u

..

(X2)'

h2,2 u ,1 / \ h2^2 ̂

h^ u

2(X^)

1 ,

^8,1 u ,1

1 o

^8,2 u ,2

/ 1 o

/^8,1 u ,2

>>8,1 "

>^8,2

hg,i u^2

\^R 2 ̂  > j \^8,2 ̂\"8,2

(6.42)

ho u

(X^)
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It is important to recognize that for an updated

Lagrangian analysis, the reference configuration is the

current configuration, and the matrix [B^] is zero. Also,

the matrix [Bq] is the infinitesimal strain-displacement

matrix used in linear finite element programs. That is.

Linear Small Strain Analysis:

{£} = [Bq]{u} , (6.43)

where {e}'^ = {e , £22' ̂^12' ̂33^ ^ vector containing
the components of the infinitesimal strain tensor.

Updated Lagrangian Analysis:

{dE} = [B^Kdu} , (6.44)

Total Lagrangian Analysis:

{dE} = [ [Bq] + [B^] ]{du} . (6.45)

A comparison of Eqs. (5.81a,b,c,d) with

Eqs. (6.30a,b,c,d) reveals that the matrices [B^] and [B^]

also relate the virtual rate of Green's strain to the node

point velocities. That is,

{6E} = [ [Bq] + [B^] ]{6v} , (6.46)

where {<Sv} are the virtual node point velocities. Equation

(6.46) appears in both the implicit integration of the
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incremental equations of motion (Eq. {5.67b)) and tlie

explicit integration of the equations of motion

(Eq. (5.28)).

A convenient way of writing Eq. (6.46) is,

6E - = 6v^ ,
a6 a6 ())

where represents the combination of the [B^j and [B^]

matrices; that is,

[B] = [Bq] + [B^] . (6.47

The oB subscripts identify the component of the virtual

rate of Green's strain tensor, which is related to a

particular row of the [B] matrix. The dummy index <})

identifies a particular column in the [B] matrix.

6.9. Elastic Stress-Strain Matrix

In subsequent sections, a matrix containing the

material constants for an isotropic elastic material will

be used to relate conjugate stress and strain measures.

The material constants are written in terms of Young's

modulus, E, and Poisson's ratio, v. For axisymmetric and

plane strain conditions the material matrix is given by
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[C] =

A B 0 B

B A 0 B

0 0 D 0

B B 0 A

(6.48)

where,

A = E(l-v)/(l+v)(l-2v)

B = Ev/(1+v)(l-2v)

D = E/2(l+v) .

The corresponding stress and strain vectors for infini

tesimal strain theory are

^11

/ ^22

''12

k°33J

and

11

22

2e
12

L ̂ 33;

(6.49)

Note that for plain strain, £^3 ~ 'i' •

The same material constants are used to define a

linear hyperelastic material,

{T} = [C]{E} , (6.50:

and a linear hypoelastic material,

ih = [C]{d} . (6.51

In the above equations, (t) is the vector of second Piola

stress components, {E} is the vector of Green's strain
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components, {^} is the vector containing components of the

Jaumann derivative of the Cauchy stress, and {d} is the

vector of rate of deformation components.

6.10. Constitutive Equations

Figure 6.8 shows the elastic-viscoplastic consti

tutive equations implemented during this investigation.

These implementations were controlled by the method used to

solve the governing equations of motion (i.e., implicit or

explicit), and the choice of the reference configuration

(updated or total Lagrangian). In this section each of the

six constitutive equations shown in Figure 6.8 will be

presented in detail for the axisymmetric cylindrical coor

dinate case. Beside the title of each subsection, the type

of integration method used for the equations of motion and

for the constitutive equations, respectively, will be given

in parentheses.

6.10.1. Hypoelastic-Viscoplastic (Implicit, Explicit)

This constitutive equation is given by Eq. (4.28)

and is repeated here for completness:

jij , (gijki . gik . gjk ^11,

3f (T)
-  y<'KF)> ^ . (6.52
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Equation (6.52) was irapleraented using an updated Lagrangian

formulation in which all quantities are referenced to the

current configuration. Multiplying the constitutive

equation by At, yields an incremental form given by

~ij r^ijkl ik Ij jk li, .=  -g z T } Acj^^

At , (6.53)
9t

where

°

Using matrix notation, Eq. (6.53) can be written as

{at} = lAj {Ae} - (AT^'^P)} ^ (6.55)

where

{AT}'^ = [ AT^^,AT^^,AT^^,AT^^ ] , (6.56)

{Ae}^ = r Ae^j_,A£22'2Ae^2'^^33 ̂ ' (6.57)

{AT^"^P^} = [ AT^^ , AT^^ ,AT^^ , AT^^ ] . (6.58)

The matrix {A] is given by

[A] = [DJ - IC] , (6.59)



159

where

"1

[21^^ 0 0 1
I  0 2t22 ,21 Q I

=  i 21 21 11 22 ' '

0  0 0 2T^^i

and [D] is the matrix of elastic coefficients.

The components of {AT'^^^} are obtained from

=  iDjlAe^'^P^} , (6.61)

where

= [Ae<^P',Ae^7' Ae^7' Aa^7'] . (6.62)

For a power law overstress function, the visco-

plastic strain increments are obtained from

As^^P^ = y<(F)^> I —— At , (6.63)
2 /3J^

where n is the power law exponent.

/3J^
F = . -1 (6.64)t-{vp) j

is the overstress function, and are the deviatoric

components of the Kirchhoff stress tensor; J2 is the second

invariant of the deviatoric Kirchhoff stress tensor, and
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^(t^(vp)) value of the stress-strain curve evaluated

at the current value of the integral of the equivalent

viscoplastic strain rate. The equivalent viscoplastic

strain increment is computed using the following relation

ship,

.1/2

2 -|

)■+ i
3

(6.65)

The integral of the equivalent viscoplastic strain rate is

computed using the recursive relationship

t+At-(vp) ^ tj(vp) ^^-(vp) _

The incremental strains in Eq. (6.55) can be related

to the finite element incremental node point displacements

through the [B^] matrix presented in Section 6.6; that is,

{Ae} = IBqJIAu} . (6.67)

Substituting Eqs. (6.67) and (6.61) into (6.55) yields the

equation

{AT} = [A][Bq]{Au} - [D]{Ae^^P^} . (6.68)
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Equation (6.68) is used to assemble the tangential stiffness

matrix for the element, with the incremental node point

displacements as the unknown variables. The term

contributes to the element unbalanced load

vector, and serves as a correction term when computing the

incremental stresses.

The second Piola stress components at time t+At are

obtained by adding the Truesdell stress increments to the

second Piola stress components at time t;

= J{T} + ̂ {AT} . (6.69)

The left superscript identifies the time at which the

variable is known, and the left subscript identifies the

configuration to which the variable is referenced. The

components of the Kirchhoff stress tensor at time t+At are

obtained from

t+At^ _ t+Atg t+At~ t+AtgT ^ (6.70)

where is the deformation gradient at time t+At,

referenced to the geometric configuration at time t.

Note that two different stress quantities are used;

the constitutive equation is a function of the Kirchhoff

stress, and the incremental Lagrangian equations of motion

require the increment in the second Piola stress.
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6.10.2. Updated Hyperelastic-Viscoplastic (Implicit,

Explicit)

This constitutive equation is discussed in

Section 4.3, and is written in compact form in Eqs. (4.34)

to (4.37). Similar to the development in the previous

section, the rate equations are cast into incremental form

^~ij ̂  ̂ ijkl ^ _ ^e^vp) j ^ (6.71)

where

" Y<^(F)> At , (6.72)
3a

and all quantities are referenced to the current configu

ration .

Using matrix notation, Eq. (6.71) can be written as

{AT} = [C]{Ae} - {AT^^P^} , (6.73)

where

{AT}'^ = [ AT^^,AT^^,AT^^,AT^^ ] , (6.74)

T{Ae} = I Ae^^,Ae22f2Ae^2'^^33 ] / (6.75)

{4f(vp), ̂ t"(vp),

^J12(vp) _^j33(vp) j

and [C] is the matrix of elastic coefficients.
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where

The components of are given by

)= [c] {Ae''°'P' ) , (6.77)

= [Ae|lPhAe^7',2Ac^JP',AE<7'] . (6.78)

For a power law overs tress function, the visco-

plastic strain increments are obtained from

t

= y<(F)"> I At , (6.79)
/3J^

where n is the power law exponent,

/3jT
F = ^ -1 (6.80:

\

is the overstress function, and a, , are the deviatoric
kl

components of the Cauchy stress tensor; is the second

invariant of the deviatoric Cauchy stress tensor, and

jj,(t^{vp)) value of the stress-strain curve evaluated

at the current value of the equivalent viscoplastic strain

integral. The equivalent viscoplastic strain integral is

computed using Eqs. (6.65) and (6.66).

Using Eqs. (6.67) and (6.77), the constitutive

equation, Eq. (6.71), can be written as

{AT} = [C][Bq]{Au} - [C]{A£^^P^} . (6.81)
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This equation is used to assemble the tangential stiffness

matrix for the element, with the incremental node point

displacements as the unknown variables. The term

contributes to the element unbalanced load

vector, and serves as a correction term when computing the

incremental stresses.

The second Piola stresses at time t+At are obtained

by adding the stress increments to the second Piola stresses

at time t;

+  {at} . (6.82)

The components of the Cauchy stress at time t+At are

obtained from

^  t+At^ t+At^ t+At^T _ ,5_g3,

where is the deformation gradient relating the con

figuration at time t+At to the configuration at time t.

6.10.3. Hyperelastic-Viscoplastic (Implicit, Explicit)

This constitutive equation is similar to the

updated-hyperelastic viscoplastic constitutive equation,

except that it uses a total Lagrangian formulation in which

the reference configuration is not updated. The incre

mental form of the constitutive equation is given by
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' fen)'
where

^0

In matrix notation, Eq. (6.84) can be written as

{at} = [D]{Ae} - {AT^^P^} , (6.86)

where

{AT)^ = ( AT^^,AT^^,AT^^,AT^^ J , (6.87)

{AT}'' = [ AEj^j^,AE22,2AE^2,AEj3 ) , (6.88)

{at'^p')=[at"<^p',at"'^p',

^Jl2(vp)^^j33(vp) j

and [D] is the matrix of elastic coefficients; all

quantities are evaluated at time t, and referenced to the

original onfiguration at t^.

The components of {AT^^^^} are given by

{AT^^P^} = [dKAE^'^P^} , (6.90)

where

{Ae'^P')'' = [AE^^P',AE<^P',2AE<7',AE<^P') . (6.91)
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For a power law overstress function, the visco-

plastic strain increments are obtained from

= Y<(F)"> I At , (6.92)
^ /3J^

where n is the power law exponent,

/IjT
F = —^ , 1 (6.93:

is the overstress function, and are the deviatoric com

ponents of the second Piola stress tensor; J2 is the second

invariant of the deviatoric second Piola stress tensor, and

(})(^E^^^ is the value of the nominal stress-strain curve

evaluated at the current value of the equivalent visco-

plastic strain integral. The equivalent viscoplastic strain

integral is computed using equations similar to Eqs. (6.65)

and (6.66).

Using Eqs. (6.45) and (6.90), the constitutive

equation can be written as

{AT} = [D][B]{Au} - [D]{AE^''P^} , (6.94)

which is used to assemble the tangential stiffness matrix

for the element, with the incremental node point displace

ments as the unlcnown variables. The term [D]

contributes to the element unbalanced load vector, and
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serves as a correction term when computing the incremental

stresses.

The second Piola stresses at time t+At are obtained

by adding the stress increments to the second Piola stresses

at time t;

=  .^{T} + .^{AT} . (6.95)
^0 ^0 ^0

Note that for this analysis method, it is not necessary to

transform the second Piola stresses to a different configu

ration, since both the constitutive equations and the

incremental equations of motion use the same stress tensor.

6.10.4. Hypoelastic-Viscoplastic (Explicit, Implicit)

This constitutive equation was discussed in

Section 5.1, and is given by Eq. (5.12). It represents an

implicit integration of the hypoelastic-viscoplastic

constitutive equation, and was used in conjunction with the

explicit integration of the equations of motion using an

updated Lagrangian formulation, with all variables

referenced to the current configuration. For completeness,

Eq. (5.12) is repeated below:

•mn _ mn „ijkl t (vp) \ mlc In
'  - K ij C j + g a

+  . (6.96)
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For a power law overstress function the partial derivative

in Eq. (5.12) was given in Eq. (5.15) as

^  ̂ , , , ,
rs 3 „b r b 1 1' '

o ayf'= / 5 1_ )

+  I ' «rm «sn - T «rs «mn ' '

where b is the power law exponent, F is the overstress

defined by

/3j7

^(^(vp)) value of the static stress-strain curve

evaluated at the current value of the equivalent visco-

plastic strain, is the second invariant of the

I

deviatoric Cauchy stress; and a is the deviatoric Cauchy

stress tensor.

It can be shown that Eq. (5.12) with (5.15) can be

written in incremental matrix form as

{Aa} = [H]~^ [Cj ( {As} - {As^^P^} ) + [S]{a} , (6.99)
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{Aa}'^ = [ , Aa^^, ] , (6.100)

{Ae} (6.101)

[Ae{5;P^Ae^^P^2Ae|^P^Ae^7^],(6.102)

,  ,T r 11 22 12 33.
{e} = [a ,0 ,0 ,0 J ; (6.103)

[C] is the matrix of elastic coefficients, and

[S] =

0 0 2Aa)i2 0

0 0 2biUi2\ 0

Awi2

t—\
N<
3

3<

0 0

0 0 0 0

(6.104)

where Aa)j^2 ^'^21 components of the incremental spin

tensor, Ac0j^2 ~ ^j_2 matrix [H] is computed from

the equation

[H] = [I] + [C] [A2 [M] + A3 [P] ) , (6.105)

where A^^, A2, and A3 are constants defined as

A, =

A., =

2  '

4 J,
YF

/35y

(6.106)

(6.107)

A^ =
3 F

l/JT,

(6.108)
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[M] = {a}{a}^ , (6.109)

where

{a} - 12''^33^ (6.110)

The matrix [P] is defined as

[P] =

2

3
4 -4 0 -4

1

3

2

3

0  0

1

3

1

3

0

2

0

1

3

2

3

(6.111)

The components of {Ae} are related to the incremental finite

element node point displacements by Eq. (6.44); that is,

{Ae} = [Bq]{Au} . (6.112)

The components of {Ae^^ } are obtained from

r. (vp)1 „n 3 t r'1
{Ae ^'} = yF 9 {a} .

/3jr
(6.113)

The incremental spin Aa)^2 ~ obtained by the
21

following relationship:

3h.

Aoo^- = —i Au^ i Aul^ ,12 .,.2 1 gjA 1
3X

(6.114)



171

—1 —2
where the superscript on the terras Au andlAu denotes the

displaceraent coraponent, and the subscript identifies the

finite element node number. For an eight-noded isopara

metric element, i = 1,8.

The components of the Cauchy stress at time t+At

are obtained from the equation

t+At _ t , .t . ̂ ^ ^ .
a= a+Aa . (6.115)

Note that this constitutive equation uses the same stress

tensor that is required by the updated Lagrangian statement

of the equations of motion.

6.10.5. Updated Hyperelastic-Viscoplastic (Explicit,

Implicit)

The implementation of a hyperelastic-viscoplastic

material description in which the constitutive equation is

integrated using the implicit midpoint interval technique

discussed in Section 5.1, follows closely the development

in the preceding section. The incremental constitutive

equation is given by

{AT} = [H]"^ [C] ( {Ae} - {Ae^^P^}) , (6.116)

where

{AT} = [ AT^^,AT22.AT^2'^'^33 ^ (6.117)
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is the vector containing the components of the Truesdell

stress increment. (Recall that the Truesdell stress incre

ment is the change in the second Piola stress referenced to

the updated or current geometry.) The remaining terms in

Eq. (6.116) are defined in Section 6.10.4.

Once the node point displacement increments are

obtained through an explicit integration of the equations

of motion, the second Piola stress increments are obtained

from Eq. (6.116). The second Piola stress at time t+At

referenced to the configuration at time t is obtained as

^  t^S ' (6.118)

where the left superscript identifies the time at which the

quantity is known, and the left subscript identifies the

time associated with the configuration to which the quantity

is referenced. For example, denotes the second Piola

stress at time t+At referenced to the geometric configu

ration at time t. Also, note the following relationship

between the second Piola stress at time t, referenced to

the geometric configuration at time t, and the Cauchy

stress;

^T = . (6.119)

No subscript is used with the Cauchy stress since by defi

nition it is always referenced to the current configuration.
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Equation (6.83) is used to compute the Cauchy stress

at time t+At; that is,

t+Atj wag t+agT _
P

where (with transpose ) is the deformation

gradient at time t+At referenced to the configuration at

time t. The deformation gradient is computed by the pro

cedures discussed in Section 6.7.

6.11. Numerical Integration of Element

Volume Integrals

The governing finite element equations obtained

from the rate form of the principle of virtual work

(Eq. (5.56) for the implicit time integration procedure,

and Eq. (5.31) for the explicit time integration procedure)

require the evaluation of several volume integrals. It has

become standard practice to perform these integrations

using some form of Newton-Cotes integration or Gaussian

Quadrature.

All numerical integration schemes require a certain

number of function evaluation operations and corresponding

weighting factors. For Gaussian Quadrature, the integral

over the area of the parametric element is evaluated using

the following equation:
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1  1

-1 -1

f  f f(C,i^)dC dn = I I ' (5.121)
J. J. i=l k=l ^ ^ ^ ^

where n represents the number of sampling points or function

evaluation points in the element, oj . and cc. are appropriate
3  K

weighting factors corresponding to the sampling points

and Ti}^* Equation (6.121) basically requires the integrand
2

to be evaluated at n predetermined values of ^ and ri/

called sampling points. Each function evaluation is then

multiplied by appropriate weighting factors, and summed.

An excellent discussion of Gaussian Quadrature and other

integration techniques is given by Bathe [39].

To use Eq. (6.121), the volume integrals for the

physical element must be transformed to the parametric

element. For two-dimensional elements the thickness is

constant, and it suffices to integrate only over the planar

element area and multiply by the thickness to obtain the

volume integral. For axisymmetric elements, the integrand

will involve a factor of 2iTr; that is.

,F(r,z)rdr dz d6 = 2ttX r F(r,z)dr dz . (6.122)
VvJ X a.i SS
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The right-hand side of Eq. (6.122) therefore involves only

an area integration. By using Eq. (6.14), all derivatives

in the integrand can be written in terms of the parametric

coordinates. For more detailed treatments, the reader is

referred to Bathe [39] and ZienJciewicz [59].

Subroutines in finite element programs using iso

parametric elements are therefore primarily concerned with

2
evaluating the value of the integrand at the n sampling

points. The actual summation and weighting of the integrand

evaluations requires only a few programming steps. FINITE

provides the user with the option of using from 1 to 16

Quadrature points. Since integrand evaluations are per

formed at different locations in the element, it is

possible to have the material at a different condition at

each point. For example, it is possible to have an element

which is deforming plastically at some sampling points in

the element and be deforming elastically at the remaining

sampling points. This is one of the powerful features

inherent in the numerical integration of iso-parametric

element equations.
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6.12. Implicit Updated Lagrangian Analysis

This section summarizes the operations involved

during an analysis which solves the incremental equations

of motion using an implicit updated Lagrangian formulation.

1. Evaluate constitutive equation

^{AT} = [D]^{AE} - [A]^{AE^^P^} .

2. Strain increment-displacement increment matrix

t{AE} = ̂ [B]^{Au} .

3. Form element tangential stiffness matrix and

residual load vector

+  d( 6E „ )dvol
J t aB

^{F}e J{T} + [D]^{AE^^P^})dvol

4. Form system matrices

tl-'eff] = ̂  t") + sfe [<^1 ^ I-'t]
aAt

t+Atj-o 1 t+Atrni . r»«i / 1 t* , 1 , \t..-.

+  [c]{(j-l) + (^-1) *^5 it} - ̂ {F)
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5. Solve for incremental displacements

6. Compute element stress increments

t{AT} = [D]^[B]{Au} - [A]J{AE^^P^}

7. Compute total stress

= ̂ {T} + ^{AT}

8. Update geometry

= ̂ {X} + ̂ {Au}

9. Compute deformation gradient

10. Update stresses to current configuration

t+At~ _ t+At„ t+At~ t+At^T

tJ - t t2 d t2 •

11. Go to Step 1 to start next time step,
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6.13. Implicit Total Lagrangian Analysis

This section summarizes the operations involved

during an analysis which solves the incremental equations

of motion using a total Lagrangian formulation.

1. Evaluate constitutive equation

I  {AT} = [D]^ {AE} - [D]^ {AE^^P^} .
o  o o

2. Strain increment-displacement increment matrix

[ {AE} = ̂  [B]{Au}
o  o

3. Form element tangential stiffness matrix and

load vector

I  [K^] = [B]'^[D]J [Bjdvol
o  e o o

*Jt 5 d(6E „)dvol .
o

t  {F}e = ft {?} + [D]^ {AE^^P^} )dvol
r\ r\ r\ r\
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4. Form system matrices

t  + aSt J "'tI
"o aAt

"f I^eff 1 = ^ [^'1 ' ilt 'V ' '5
o

+  [C]{(^-I)tu+ (^-l){'uAt) - ̂  (f

5. Solve for incremental displacements

t+At I

t  = t •

6. Compute element stress increments

^  {AT} = [D]^ [B]{Au} - [D]^

1. Compute total stress

?  {t} = 5 {t} + ̂  {AT}
t  t t
o  o o

8. Go to Step 1 to start next time step.
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6.14. Explicit Updated Lagrangian Analysis

This section summarizes the operations involved

during an analysis which solves the equations of motion

using an explicit updated Lagrangian formulation.

1. Compute strain increment-displacement matrix

t{AE} = ̂ [B]{Au} .

2. Compute element internal force vector

^{I}^ =/^lBl^{T)dvol .

3. Form system mass, {M}, external force, {E}, and

internal force, {I}, vectors.

4. Compute displacements at t+At2

t+At„ _ . _ At, . _ t-At. _^{u} = ̂ {x} + ̂  [^{x} - -^{x}]

+  ■|{At2 + At^)At2{M}~^(^{E} - ^{I})

5. Compute displacement increments

t  — — t —{Au} = ^{x} - ^{x}

6 . Evaluate constitutive equation

^{At} = [B]^{AE} - [A]^{AE^^P^}
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7. Compute stress increments

t{AT} = [D]^[B]{AU} - [A]J{AE^^P^}

8. Obtain total stresses

t+At

t^{T} = ̂ {T} + ̂ {AT} .

9. Update geometry

t+At

^{x} = ̂ {X} + ̂ {Au}

10. Compute deformation gradient

t+At., t+At.,_
''[G] = [( ^x,^X )]

11. Update stresses to current configuration

t+At.,^ t+At t+At- t+At.,^ t+At, _
_  P P

t 1 - ~ t S t I t s

Depending on the particular constitutive law,

this operation may not be required.

12. Go to Step 1 to start next time step.
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CHAPTER VII

NUMERICAL EXAMPLES

Much of the experimental data used to develop

constitutive descriptions are limited to small strains and

are usually uniaxial in nature. Therefore, the extension

of these theories to finite strain environments relies

heavily on mathematics and invariance principles. To com

pound the problem, the macroscopic quantities, such as

displacements and force, are often the only quantities

which can be obtained from experiments involving severe

environments. Therefore, numerical calculations which

relate these macroscopic quantities to constitutive

variables are important.

In this chapter, numerical examples are presented

which enable different aspects of the constitutive

equations and solution techniques presented in the pre

ceding chapters to be evaluated. The first problem is

frequently referred to as Taylor's cylinder and involves a

right circular cylinder impacting on a rigid wall. The

second problem is a cantilevered beam subjected to a tri

angular pulse. The basic reason for choosing these two

problems is to compare the finite-strain, elastic-

viscoplastic constitutive equations presented in Chapter IV.

Both problems involve dynamic plasticity at finite strain.
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7.1. Taylor's Cylinder

Taylor's cylinder problem involves a right circular

cylinder impacting a rigid wall as illustrated in Figure

7.1. The problem was first presented by G. Taylor [60] as

a method for determining the dynamic yield stress of metals.

Taylor presented a simplistic one-dimensional wave propa

gation analysis to determine the final shape of the

cylinder and a procedure for determining the dynamic yield

stress of the material. The following excerpts from

Taylor's paper provide an interesting insight into the

problem as Taylor envisioned it:

When a cylindrical projectile strikes perpendi
cularly on a flat rigid target, the stress at the
impact end immediately rises to the elastic limit,
and an elastic compression wave travels toward the
rear end. The stress in this wave is equal to the
elastic limit. If the material is one in which the

stress rises when the strain exceeds that corre

sponding with the elastic limit, the elastic wave
is followed by a plastic one. On reaching the rear
end of the projectile, the elastic wave is
reflected as a wave of tension which is superposed
on the compression wave. . . . The reflected wave
runs forward along the projectile until it meets
the front of the plastic wave advancing from the
front of the target plate. In this plastic wave,
the stress will not rise appreciably above the
yield stress at any point close to the plastic-
elastic boundary, but the velocity may be nearly
zero, or, at any rate, will be very different from
that in the rear part where plastic flow has not
taken place. At the moment when the reflected wave
has just reached the plastic boundary, the part of
the specimen which lies behind this is stress-free,
and is moving as a rigid body. . . . To obtain a
simplified picture of the phenomenon to serve as a
framework for thinking about the motion, the
simplest possible assumption about the plastic-
strain relationship was made, namely, that the
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Figure 7.1. Taylor's Cylinder Problem.
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stress in the part of the projectile where the
material is yielding is constant and equal to the
yield stress S. Further, the radial inertia is
neglected, so that the stress can be considered as
constant over any cross-section.

Taylor's analysis is based on an incompressible,

rigid, perfectly plastic material constitutive equation.

The computed shape of a projectile for several impact

velocities and stages of deformation is shown in Figure 7.2.

Presented simultaneously with Taylor's theoretical

considerations, were Whiffin's [61] results of experiments

for various metallic materials. Figure 7.3 shows the corre

lation between Tayor's theoretical model and Whiffin's

experimental results for mild steel. Figure 7.4 shows the

profiles of several test cylinders for various impact

velocities. It is interesting to note how well Taylor's

theory computed the final length of the test specimens,

even though the theoretical shape (radial distortion) does

not agree well with the experimental specimens for impact

velocities above 810 ft/sec.

Lee and Tupper [62] presented a modification to

Taylor's theory by considering an elastic-plastic material

constitutive equation, and used the specific example of a

nickel-chrome steel cylinder. This example was chosen

since the material did not exhibit a significant amount of

strain rate sensitivity.

Raftopoulos and Davids [63] considered the effects

of different material constitutive equations on the profiles
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1 in.

Figure 7.4. Profiles of Impacted Cylinders [60]
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and final length of the cylinders. In particular, the

following constitutive descriptions were considered:

(1) rigid, perfectly plastic; (2) elastic, perfectly

plastic; (3) rigid, linear work-hardening; (4) elastic,

linear work- hardening; and (5) Malvern's one-dimensional

stress-strain relation. Raftopoulos and Davids concluded

that the assumption of one-dimensional motion in plastic

impact can give satisfactory agreement with actual profiles,

provided a "certain" amount of work-hardening is accounted

for.

Wilkins and Guinan [64] performed a detailed study

of the Taylor's cylinder problem using the finite-

difference computer program HEMP. The calculations used

equation-of- state data obtained from Hugoniot shock wave

experiments and ultrasonic measurements. The dynamic yield

stresses for the materials under consideration were

obtained by a trial- and-error method, in which the yield

stress was modified until the experimental and analytical

data agreed. Based on these computations, Wilkins and

Guinan concluded that at large strains, there is a limiting

strain rate above which strain rate effects are insignifi

cant. The effects of mass loss and target flexibility have

been considered by Recht [65].

Fukuoka and Toda [66] computed the response of a

mild steel cylinder described by an elastic-viscoplastic

constitutive equation of the Perzyna type. The governing
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equations were integrated using the method of character

istics approach. The boundaries of the elastic and

viscoplastic regimes are shown in Figure 7.5 for three

instances in time following the impact.

Recently, Argyris [46] presented the results of

computations performed using an explicit finite element

computer program for the nickel-chrome steel cylinder

studied by Lee. Excellent agreement between the computed

and experimental profiles was obtained. Recall that the

nickel-chrome steel material exhibits no significant strain

rate sensitivity.

In the current investigation, the Taylor's cylinder

problem is considered for an aluminum alloy (6061-T6) which

exhibits a moderate amount of strain rate sensitivity.

In particular, comparisons are made between the numerical

results obtained using the various finite strain, elastic-

viscoplastic constitutive equations presented in Chapter IV.

7.2. Dynamic Material Properties for

6061-T6 Aluminum

The mechanical properties of 6061-T6 aluminum at

high strain rates have been studied by Hoge [11]. Repre

sentative stress-strain curves at various strain rates and

temperatures are shown in Figure 2.3, page 12. The static

stress- strain curve used in this analysis is shown in

Figure 7.6. The updated Lagrangian-based constitutive
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equations employed the true stress-logarithmic strain curve,

and the total Lagrangian-based constitutive equations

utilized the engineering stress-engineering strain curve.

The curves shown in Figure 7.6 are based on tension tests.

The dynamic yield stress as a function of strain

rate is shown in Figures 7.7 and 7.8. The curve in

Figure 7.7 was presented by Parkes [68], and represents an

average curve for aluminum which is based upon available

literature data for various alloys. The data in Figure 7.8

were presented by Hoge [11] for aluminum alloy 6061-T6.

Most of the computations were performed using a uniaxial

Perzyna-type flow rate given by

(P)r  = 6,500 I ——^ -1] . (7.1)

The above equation is consistent with the expression given

in Figure 7.7, but also scales the subsequent yield surfaces

by the same amount as the initial yield stress.

A review of the computational results presented in

later sections revealed that computations performed using

Eq. (7.1) did not agree well with experimental data. To

obtain satisfactory agreement, it was necessary to increase

the strain rate sensitivity parameter in Eq. (7.1) from

6,500 to 650,000. At the same time that this activity was

underway, the experimental data of Hoge (Figure 7.8) was
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found. Based on Hoge's data, a suitable uniaxial flow rule

was found to be

^88 ) • <'•2'
Equation (7.2) was implemented during this investi

gation. However, very few numerical results were obtained

because of problems encountered in computing the function

y = when x is a large number. The VAX 11/780 computer

used in this study was not capable of evaluating the

function y = e^ for a value of x greater than 88. Time did

not permit the development of a special algorithm to

circumvent the problem. However, for the strain rates

involved, Eq. (7.2) agrees well with Eq. (7.1) when a strain

rate sensitivity parameter of 650,000 sec~^ is used in

Eq. (7.1).

In all the constitutive equations, the material

bulk modulus was considered to be constant. Therefore, it

was necessary to consider impact velocities small enough to

ensure that a more complicated equation of state was not

required. For higher impact velocities, and corresponding

hydrostatic pressures, a suitable equation of state for

aluminum is given by Wilkins [70].

7.3 Numerical Results for Taylor's Cylinder

The dimensions of the impact cylinder and the axi-

symmetric finite element mesh used in these analyses are
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shown in Figure 7.9. The cylinder has the same dimensions

as the cylinder utilized by Lee [62] and Argyris [46].

The centerline displacement of the free end of the

cylinder is shown as a function of time for various impact

velocities and constitutive descriptions in Figure 7.10.

Curves 5, 6, and 7 of Figure 7.10 were computed using an

updated hyperelastic-viscoplastic constitutive description,

with impact velocities of 8,000., 6,000., and

4,000. in./sec, respectively. For an impact velocity of

8,000. in./sec, the ratio of the impact velocity to the bar

wave speed for the material is 0.04. Since an updated

Lagrangian-type formulation was used, the true stress-

logarithmic strain curve in Figure 7.6, page 192, was used.

A strain rate sensitivity parameter of 6,500. sec~^ was used

in all three computations. A comparison of curves 5, 6, and

7 shov/s the effect of increasing the impact velocity, which

will be discussed in more detail later in this section.

Curve 5 also presents the results for a

hypoelastic-viscoplastic formulation. The computed results

for both the updated hyperelastic-viscoplastic and

hypoelastic-viscoplastic constitutive formulations were

nearly identical, and are shown as a single curve. Curve 4

was computed using a hyperelastic-viscoplastic constitutive

formulation. Since the kinetic and kinematic variables

used in the hyperelastic-viscoplastic constitutive

equations are referenced to the original configuration, the
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Figure 7.10. Centerline Displacement at Free End of
Cylinder for Various Impact Velocities
and Constitutive Descriptions.

(T) Hypoelastic-plastic, impact velocity = 8,000. in./sec.

(2) Updated hyperelastic-viscoplastic,
impact velocity = 8,000. in./sec;
material viscosity = 650,000. sec~l.

Hypoelastic-viscoplastic,
impact velocity = 8,000. in./sec;
material viscosity = 650,000. sec~l.

Hyperelastic-viscoplastic,
impact velocity = 8,000. in./sec;
material viscosity = 6,500. sec~l.

Updated hyperelastic-viscoplastic and
hypoelastic-viscoplastic,
impact velocity = 8,000. in./sec;
viscosity parameter = 6,500. sec~l.

Updated hyperelastic-viscoplastic,
impact velocity = 6,000. in./sec;
material viscosity = 6,500. sec"^.

(7) Updated hyperelastic-viscoplastic,
impact velocity = 4,000. in./sec;
material viscosity = 6,500. sec~^.
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nominal stress-engineering strain curve in Figure 7.6, page

192, was used. Note that curve 4 obtains a significantly

higher free end centerline displacement than does curve 5.

Also, curves 4 and 5 were computed using the same impact

velocity, strain rate sensitivity parameter, and power law

exponents.

Based on curves 4 and 5, one can conclude that for

the same impact velocity, strain rate sensitivity param

eter, and power law exponent, the updated hyperelastic-

viscoplastic and hypoelastic-viscoplastic constitutive

equations yield similar numerical results for Taylor's

cylinder problem. However, the numerical results obtained

using a hyperelastic-viscoplastic constitutive equation may

be significantly different. The difference may be

accounted for by considering the increase in the area over

which the Cauchy stress acts as the cylinder deforms.

During deformation, the impact end of the cylinder expands

radially, with a corresponding increase in cross-sectional

area. Therefore, for a given force level acting on a cross-

section of the cylinder, the Cauchy stress will be lower

than the corresponding component of the second Piola stress

which is based on the initial (smaller) cross-sectional

area. Therefore, the overstress computed using the second

Piola stress will be higher than the overstress computed

using the Cauchy stress. Since the overstress will be

higher for the second Piola stress, the corresponding
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viscoplastic strain rate will be higher, and result in more

inelastic deformation.

To obtain similar results from the updated

hyperelastic-viscoplastic/hypoelastic-viscoplastic formu

lations, it will be necessary to use a strain rate

sensitivity parameter and power law exponent consistent

with the continuum mechanics formulation used to perform

the computations. For example, if a split Hopkinson bar

experiment is used to obtain the dynamic yield stress data,

the original cross-sectional area of the specimen is readily

available. Therefore, split Hopkinson bar data based on

the original cross-sectional area of the specimen must be

converted to the instantaneous area for use with a

hypoelastic-viscoplastic constitutive equation.

Curves 2 and 3 of Figure 7.10 provide another com

parison of the updated hyperelastic-viscoplastic and

hypoelastic-viscoplastic constitutive formulations. These

curves again indicate that the two formulations yield

similar results, which was pointed out earlier during the

discussion concerning curve 5. Curves 2 and 3 are based on

a strain rate sensitivity parameter of 650,000. sec

while curve 5 is based on a strain rate sensitivity param

eter of 6,500. sec Note that as the strain rate sensi

tivity parameter increases, the strain rate sensitivity of

the material decreases. As seen in Figure 7.10, an increase

in the strain rate sensitivity parameter from 6,500. sec ^
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to 650,000. sec moved curve 5 to curves 2 and 3, which

approaches the inviscid plasticity results shown as curve 1.

The average dynamic yield stress on the impact face

of the cylinder is shown in Figure 7.11, for an impact

velocity of 8,000. in./sec. Figure 7.12 shows the results

of these calculations compared to the experimental data of

Whiffin. For an impact velocity of 8,000. in./sec, the

final length of an experimentally impacted cylinder should

be 0.45 in. for an initial length of 0.5 in. The final

computed length using a strain rate parameter of 6,500. sec~^

was found to be 0.468 in., and the "average flow stress" in

the cylinder was computed to be 92,000 psi. For a strain

rate sensitivity parameter of 650,000. sec~^, the computed

final length and "average flow stress" were found to be

0.45 in. and 66,000. psi, respectively. It is seen from

Figure 7.11 that the results obtained when a strain rate

sensitivity parameter of 650,000. sec~^ was used, agree

more closely with the experimental data.

Wilkins and Guinan concluded that the "average

dynamic flow stress" for 6061-T6 aluminum was 60,900 psi.

Therefore, these computations agree, at least in principle,

with the computations of Wilkins and Guinan. However, a

more thorough comparison reveals that the extent of the

propagation of the inelastic wave is greater for the

present computations than those presented by Wilkins and

Guinan. Part of the difference may be associated with the
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different equations of state used to relate the hydrostatic

pressure and density of the material.

Figures A,1 through A.34, in the Appendix, contain

a sequence of yield surface and equivalent plastic strain

contour plots for an impact velocity of 8,000. in./sec. A

hypoelastic-viscoplastic constitutive description using a

strain rate sensitivity parameter of 650,000. sec~^ was

used in the computations from which the contour plots were

obtained. It is interesting to watch the propagation of

the elastic wave after impact, by successively leafing

through the plots. It can also be seen that, in many

regions, a very complex two-dimensional stress profile

exists. A comparison of these contour plots with the results

presented by Fukuoka and Toda (Figure 7.5, page 191) reveals

the same characteristic shape for the viscoplastic region

at various instances of time after impact.

Figure A.l shows the yield function contours

0.148 sec after impact. The densely packed vertical

contours represent the elastic wave front. Figures A.3,

A.5, A.7, and A.9 show the elastic wave front as it pro

gresses down the length of the cylinder. Note that the

elastic wave front propagates basically as a planar wave in

these figures. The contours to the left of the elastic

wave front indicate that the inelastic deformation exhibits

a moderate amount of two-dimensional variation.
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Figures A.11, A.13, A.15, A.17, A.19, A.21, A.23,

A.25, A.21, A.29, A.31, and A.33 show yield function

contours after the elastic wave has reflected off the free-

end of the cylinder. In these figures the yield functions

display a significant amount of two-dimensional variation,

and it is not always possible to see an elastic wave front.

Figures A.2, A.4, A.6, A.8, A.10, A.12, A.14, A.16, A.18,

A.20, A.22, A.24, A.26, A.28, A.30, A.32, and A.34 show the

development and extent of the inelastic deformation. Note

the one-dimensional character of the inela^stic deformation.

The hyperelastic-viscoplastic computations were

performed using the implicit time integration scheme pre

sented in Chapter V. The hypoelastic-viscoplastic and

updated hyperelastic-viscoplastic computations were per

formed using both the explicit and implicit time

integration techniques. Computer CPU run times for the

implicit integration scheme were typically two and one-half

hours on a VAX 11/780. Equally important, the implicit

algorithm had typical machine resident times of five hours.

In one instance, a run was made which used approximately

11 hours of CPU time, and resided in the machine for

approximately 26 hours. The explicit time integration

scheme had typical CPU times of 40 minutes, and machine

residency times of 42 minutes. The implicit procedure

suffered from having to recompute and solve the system

matrices at each time step, and also was very 10 oriented.
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As observed by other researchers, the explicit time inte

gration procedure is far superior to the implicit algorithm

for hyperbolic-type problems.

To obtain stable solutions using the explicit con

stitutive equation discussed in Section 5.1, it was neces-

sary to use a time step of 2.0x10 sec. The implicit

constitutive equation was stable when the time step was

selected based on the amount of time required for an elastic

wave to propagate across the minimum length of an element

face. Therefore, the implicit constitutive equation imposed

no additional time step restrictions on the explicit or

implicit time integration procedures.

7.4 Cantilevered Beam Subjected to

Triangular Impulse

Taylor's cylinder problem involves finite strains,

with the rotations being of less importance. The second

problem considered is a cantilevered beam subjected to a

triangular impulse, and dominated by large rotations; the

stretching components of the strain are considered infini

tesimal. Figure 7.13 gives properties for a fictitious

material used in the analysis, and shows the time history

response of the cantilever tip. The results of this

numerical experiment indicate that the three material

descriptions yield almost identical results. The hypo-

elastic and updated hyperelastic-viscoplastic descriptions
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predicted a slightly larger permanent set than did the

hyperelastic-viscoplastic material description. Therefore,

it can be concluded that when the dilatational strains are

infinitesimal, the same strain rate sensitivity parameter

and power law exponent can be used with the three consti

tutive formulations without significantly influencing the

computational results.

All three material descriptions were integrated

using the explicit constitutive equations, in conjunction

with the implicit time integration procedure. The solution

was found too unstable for time steps greater than

-4
5x10 sec. The CPU time required for this problem was

approximately 40 minutes on a VAX 11/780.
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CHAPTER VIII

SUMMARY

In the preceding chapters, the kinematic and kine

tic variables used to describe finite deformation motion of

solid continua were developed. Subsequently, several

constitutive equations were presented which differed pri

marily in the choice of the kinematic and kinetic vari

ables. Theoretical discussions were presented concerning

the possible correctness of the various descriptions, and

numerical computations were presented which compared the

proposed constitutive descriptions. It was shown that the

hyperelastic-viscoplastic, updated hyperelastic-visco-

plastic and hypoelastic-viscoplastic (employing the Kirchhoff

stress tensor) could be implemented effectively and effi

ciently using an implicit integration technique. The

explicit time integration procedure was suitable to use

with any of the constitutive descriptions, but due to the

nature of the time step selection procedure, was more com

patible with the updated Lagrangian procedures.

The implicit integration of the elastic-viscoplastic

constitutive equations was found to be significantly better

than explicit procedures, and required little additional

numerical work. In addition, it was determined that the

implicit integration of the constitutive equations was
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suitable for use with either the implicit or explicit

schemes used to integrate the equations of motion.

The hypoelastic and updated Lagrangian constitutive

equations were found to yield almost identical results; the

use of the Kirchhoff stress tensor versus the Cauchy stress

tensor yielded very similar results. The hyperelastic-

viscoplastic constitutive equations yielded significantly

different results than the hypoelastic-viscoplastic or

updated hyperelastic-viscoplastic constitutive equations

employing the same strain rate sensitivity parameter and

power law exponent when the dilatational strain components

were finite. No significant difference in the results

obtained using the three constitutive formulations was

observed when the dilatational strain components were small.

In addition, it was found that the Perzyna-type consti

tutive equations were fairly insensitive to the actual

shape of the work-hardening portion of the static stress-

strain curve.

The amount of strain rate sensitivity predicted by

Eq. (7.1) for 6061-T6 aluminum was too large, and a much

larger strain rate sensitivity parameter was required to

obtain computational results which agreed with experimental

data for Taylor's cylinder problem. The larger strain rate

sensitivity parameter was shown to be consistent with

experimental data of Hoge.
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CHAPTER IX

CONCLUSIONS AND RECOMMENDATIONS

This chapter presents a list of conclusions drawn

from this investigation, and recommendations for future

research. The conclusions drawn are:

1. For a Perzyna power law viscoplastic strain

rate evolution law, the three finite strain

constitutive formulations may not yield

comparable numerical results when the same

strain rate sensitivity parameter and power law

exponent are used by the three formulations.

2. The updated hyperelastic-viscoplastic and

hypoelastic-viscoplastic constitutive formu

lations yielded nearly identical numerical

results for both Taylor's cylinder problem and

the impulsively loaded cantilever beam problem.

3. For Taylor's cylinder problem, the hyperelastic-

viscoplastic constitutive formulation yielded

significantly different numerical results than

the updated hyperelastic-viscoplastic and

hypoelastic-viscoplastic constitutive formu

lations. It was concluded that, when finite

dilatational strains are present, it is neces

sary to use dynamic yield stress data consistent
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with the continuum mechanics formulation used

in the constitutive equations.

When the dilatational strains are small, all

three constitutive formulations yield nearly

identical numerical results, and the continuum

mechanics interpretation of the dynamic yield

stress data is not as important.

Implicit integration of the elastic-viscoplastic

constitutive equations is far superior to the

explicit integration method, and requires less

total computational effort.

The three finite strain, elastic-viscoplastic

constitutive formulations required approximately

the same amount of computational effort.

The computed change in length of Taylor's

cylinder agreed well with experimental data

when a Perzyna overstress constitutive equation

was used.

The elastic-viscoplastic constitutive equations

using the implicit integration technique were

much more stable than the hypoelastic-plastic

constitutive equations. In addition, it was

noted that an updated hyperelastic-plastic

constitutive equation does not satisfy Prager's

consistency relationship, and when large hydro

static pressures are present it was difficult
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to keep the computed stress state on the yield

surface.

The recommendations for future research are;

1. The Taylor's cylinder problem involved large

hydrostatic pressures which may invalidate the

additive decomposition of the rate of defor

mation into elastic and viscoplastic components.

More work should be done in developing an

elastic-viscoplastic constitutive equation

based on Lee's multiplicative decomposition of

the deformation gradient.

2. The present constitutive equations use an

isotropic hardening assumption. More work

should be performed to determine how well they

perform in reversed loading conditions.

3. The present constitutive equations use a

constant elastic bulk modulus. More work should

be performed to determine how to include a more

general equation of state, and how the equation

of state influences the results for Taylor's

cylinder problem.

4. The hypoelastic-plastic constitutive equation

was implemented using a tangent modulus-type

approach. Since it is difficult to keep the

computed stress state on the yield surface, it

may be more desirable to step out elastically
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into the stress space, and then return radially

to the yield surface.

The current computer program is limited to

two-dimensional problems. Three-dimensional

elements should be added to permit more

geometries and stress states to be represented.

Many finite strain dynamic plasticity problems

involve the impact of one or more bodies.

Impact logic should be added to the computer

program to permit more problems to be studied.

A general procedure for converting the stress

state at a variable number of Gauss integration

points to a variable number of node point

stress states is needed. This would greatly

improve the post-processing of data obtained

from isoparametric elements which can have a

variable number of nodes on the element.
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VITA

Robert Allen LeMaster was born in Troy, Ohio, on

September 18, 1953, He graduated from Miami East High

School in Casstown, Ohio, in June 1971. The following

September he entered Mt. Vernon Nazarene College at

Mt. Vernon, Ohio. In June 1973 he transferred to Akron

University at Akron, Ohio, where he received a Bachelor of

Science degree in Mechanical Engineering, cum laude. After

graduation from Akron University, he was employed by Hissong

Consultants in Mt. Vernon, Ohio. In September 1977 he

accepted a teaching-research assistantship at Ohio State

University in Columbus, Ohio. He received a Master of

Science degree in Engineering Mechanics in August 1978, at
V

which time he accepted employment with Sverdrup Tech

nology, Inc., in Tullahoma, Tennessee.

In September 1977 he began part-time graduate study

at The University of Tennessee Space Institute in Tullahoma,

Tennessee. He received the Doctor of Philosophy degree

with a major in Engineering Science and Mechanics in

June 1983.

The author is a member of Tau Beta Pi, Phi Kappa Phi,

and the American Society of Mechanical Engineers.

Mr. LeMaster will continue to be employed by Sverdrup Tech

nology, Inc.
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He is married to the former Debbie Hinton of

Westerville, Ohio, and has one son, Michael.


