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ABSTRACT

This work concerns the expected minimal cardinality of a generating set of an

arbitrary submodule of a finitely generated free module over a finite (commutative)

principal ideal ring (PIR). Our primary objective is to obtain ring- and module-

theoretic generalizations of the work that had been done earlier in the finite field-

vector space situation by Dobbs and Lancaster.

In Chapter I, we provide background material, conventions, and some of the

definitions needed for the work in Chapters II-IV.

Chapter II addresses finding the expected minimal cardinality of a generating

set of an arbitrary submodule of a finitely generated free module over a finite special

principal ideal ring (SPIR). We generalize the various “weighted” limiting expected

values found by Dobbs in the field-vector space situation to an SPIR-module setting

which Dobbs had explored in a special case. As a byproduct, we find a formula for

the number of submodules of a given finitely generated free module (over a finite

SPIR) which require a prescribed number of generators.

In Chapter III, using a basic structure theorem of PIRs and results firom

Chapter II, we obtain limiting expected values for the PIR-module situation. Here

we investigate the various “weighting” contexts for limiting expected values which

were introduced by Dobbs and we also address some other “weighting” contexts

that do not arise naturally for vector spaces.

In contrast to the PIR settings in Chapters II and III, Chapter IV investigates

some ring-module situations which have limiting expected values that behave in

qualitatively diflferent ways from the answers found in the (S)PIR settings.

Ill



TABLE OF CONTENTS
CHAPTER PAGE

1. INTRODUCTION 1

II. ON THE EXPECTED NUMBER OF GENERATORS OF A SUB-

MODULE OF A FREE MODULE OVER A FINITE SPECIAL PRINCIPAL

IDEAL RING 5

III. ON THE EXPECTED NUMBER OF GENERATORS OF A SUB-

MODULE OF A FREE MODULE OVER A FINITE PRINCIPAL IDEAL

RING 43

IV. WHEN THE UNIVERSE IS NOT A FINITELY GENERATED FREE

MODULE OR THE BASE RING IS NOT A PRINCIPAL IDEAL RING ... 80

BIBLIOGRAPHY 88

VITA 90

IV



CHAPTER I

INTRODUCTION

In this chapter, we provide some background material for the work in this

dissertation. All rings are commutative with 1. Cardinality is denoted with absolute

value notation; i.e., if 5 is a set, then |iS| denotes the cardinal number of S. Empty

sums are 0, and empty products are 1. If £■ is an R-module, then i'r(E) denotes

the minimal cardinality of an R-generating set of E. Thus, by Nakayama’s Lemma,

if {R, M) is a local ring and R is a finitely generated R-module, then vr{E) =
diruR/MiE/ME).

Most of Chapter 2 concerns special principal ideal rings (SPIRs). Following

7], a ring R is called a PIR (principal ideal ring) if each ideal of R is principal; and

a PIR is called an SPIR if it has only one prime ideal M and M is nilpotent, that

is, M" = 0 for some n > 0. By the index of nilpotency of M, we mean the least

positive integer e such that M® = 0. Observe that fields are precisely the SPIR’s

for which e = 1. Two important facts about SPIR’s are recalled next.

THEOREM 1.1 [7, p. 245] Let {R,M) be an SPIR with  e the index of nilpotency

of M. The complete list of all ideals of R, with no repetitions, is

{R = M°, M = ..., M®-i, M® = 0}.

THEOREM 1.2 Let (R, M) he an SPIR with e the index of nilpotency of M.

Then for all 0 < i < e,Let n he a generator of the ideal M, i.e., M = Rtt.

(0 :r ttO = M®-* = Rtt®-*.

Proof. As noted in [7, p. 245], each nonzero element r E R can be written uniquely
as r = UTT*, where u is a unit of R and A: is a non-negative integer. Then r E (0 :r tt*)
^ U7r*+* = 0 (by Theorem 1.1) k + i>e4^k>e-i<^rE M®“*. □
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There is a useful generalization of Theorem 1.2.

THEOREM 1.3 Let V be a finitely generated free R-module (where, as above,

{R, M) is an SPIR with e the index of nilpotency of M). Then, for 0 < i < e,

(0 :r M*V) = and (0 :v

Proof. Argue via coordinates and apply Theorem 1.2. □

Chapter 3 is concerned with principal ideal rings (PIRs). A useful fact about

PIRs is the following result.

THEOREM 1.4 [7, Lemma 1, p. 246] Let R be a PIR. IfW is a submodule of a

finitely generated R-module V, then vr(W) < vrIY).

Of course, any SPIR is a PIR. Moreover, we have the following basic structure

theorem for PIRs.

THEOREM 1.5 [7, Theorem 33, p. 245] A ring R is a PIR if and only ifR can be

expressed as an internal direct product n"=i Ri, where each Ri is either a principal

ideal domain or an SPIR.

Our concern in this dissertation is to generalize various results of D. E. Dobbs

and M. J. Lancaster on the expected dimension (resp., minimal cardinality of a

generating set) of a subspace (resp., submodule) of a given finite-n-dimensional
(resp., finitely generated) vector space (resp., module) over a finite field (resp., finite
SPIR with e = n = 2). The precise probabilistic formulations and contexts will be

explained in Chapter 2. For the moment, we recall only the following motivating
results and underlying formulas.

In Theorems 1.6-1.10, let F be a finite field of cardinality q, and let W be

an n-dimensional F-vector space.
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THEOREM 1.6 (Dobbs-Lancaster [4, Proposition 3.1 (b)]) For each integer i, 0 <

i < n, the cardinality of the set of i-dimensional F-subspaces of W is given by

:

THEOREM 1.7 (Dobbs-Lancaster [4, Corollary 3.3]) If 0 < i < n, then the

formula in Theorem 1.6 gives a monic polynomial f  G Z[X] of degree (n — i)i such

that Vi = f{q).

THEOREM 1.8 (Dobbs-Lancaster [4, Theorem 3.4]) The expected dimension of

an F-subspace ofW is

THEOREM 1.9 (Dobbs [1, Corollary 2.6]) Let U vary over the F-subspaces of

W, with weighting by dimension. Ifnis even, then Hmg^oo E{dimF{U)) = |. Ifn

is odd, then lim^-^oo E{dimF{U)) = | +

THEOREM 1.10 (Dobbs [1, Corollary 2.5]) Let U vary over the F-subspaces of

W, with weighting by cardinality. Then, liiiig-yoo E{dimF{U)) =

For the reader acquainted with [2], we offer the following orientation to the

present work. In generalizing the methodology of [2] in terms of a linear transforma

tion A, one works in Chapter 2 over a base SPIR {R, M) (rather than a base field).

This is done with the aide of e suitable i2-module homomorphisms and suitable new

equivalence relations which are designed to identify minimal generating sets of sub-

modules and thus determine the number of submodules whose minimal generating

sets each have prescribed cardinality. One then proceeds to study limiting expected

values so as to generalize Theorems 1.8-1.10. In Chapter 3, one studies analogous

limits over PIRs by using the results of Chapter  2 in conjunction with Theorem 1.5

and module structure theory. Finally, in Chapter 4, qualitatively different behavior
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of limiting expected values is obtained when the ambient module (resp., ring) is not

free (resp., not a PIR), by analyzing cyclic modules and a generalization of the ring

of dual numbers.

4



CHAPTER II

ON THE EXPECTED NUMBER OF GENERATORS OF A SUBMODULE OF

A FREE MODULE OVER A FINITE SPECIAL PRINCIPAL IDEAL RING

We begin by recalling the following useful definition.

DEFINITION 2.1 Let A be a vector space over a field R. A finite nonempty

subset L = {xi,X2,...,Xk} of {k pairwise distinct) elements of X is said to be

linearly independent {over R) if it has the following property:

Ifri,r2,...,rifc ERbEIj=i = Oj tlien ri = 7-2 = • • ■ = = 0.

Otherwise, L is said to be linearly dependent {over R).

PROPOSITION 2.2 Let A be a module over a ring R which has a maximal ideal

M. Let 5 = {oi, 02,..., Oft}, 1 < A: < oo, 6e o subset of A. The following conditions

are equivalent (notice that each of these conditions implies that |5| = k):

(i) L = {ax + MA, a^ + MA,..., o* + MA} is an R/M-linearly independent

subset of A/MA with k pairwise distinct elements;

(a) Oj 6 Raj) + MA) for each z e {1,..., A:}.

Proof. Since each of (i) and {ii) implies that [S’] = A:, we may assume this condition

henceforth.

(m) (z) : Suppose that there exists 6 {1,..., A:} such that Oj € (Ei=i Raj) +

MA. Without loss of generality, also assume that \L\ = k. Thus, there ex

ist 7’i,7'2, ... ,ri_i € R and g e MA such that Oj =  + 9’ giving that

+ M){aj -t- MA)) + (-1 + M){ai MA) = 0 + MA 6 A/MA. Therefore,

L is R/M-linearly dependent.
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(i) (iz) : Suppose that (i) does not hold. There are two cases.

Case 1: 1 < \L\ < k. In other words, Oj + MA = + MA for some i and r

such that 1 < T < i < k. In this case, (ii) does not hold since Oj € + MA C

{j:r=\Raj) + MA.

Case 2: L is an R/M-linearly dependent subset of A/M A with k pairwise distinct

elements. Thus, E*=i(7’j + M){aj + MA) = 0 G A/MA for some ri + M,r2 +

M,...,rk + M so that not each rj-\-M = 0 in R/M. Pick i maximal such that

rj + M 7^ 0 in R/M. Since R/M is a field, it follows that

Ui + MA = + M){aj + MA)).

Thus, ai G (Z)5=i Raj) + MA. □

We pause to establish running hypotheses and notation for the rest of

this chapter. Let iZ be a special principal ideal ring (SPIR) with maximal ideal

M = Rtt and e the index of nilpotency of M. (Since the case in which J? is a field

has been discussed in [4] and [1], we often implicitly assume that tt 7^ 0 and e > 2,

that is, R is not a field.) Let V be a nonzero finitely-generated R-module which is

J?-free on a basis of n elements (1 < n < 00).

LEMMA 2.3 ur{M^V) = n for each i G {0,.. e-1}.• J

Proof. Observe via Nakayama’s Lemma that vr[M^V)  = dimRjMiM^V/M^^'^V).
Thus, it suffices to show that ^ ®%^R/M as R/M-modules. As

V = Rfi 0 Rf2 0 . .. © Rfn = as R-modules for some R-basis {/i,..., /„} of

V, it follows that

M*y = M7i © M72 ©.. . © M7„ and M^+^V = M*+7i © M*+72 ©... © M*+7„.

Using standard isomorphism theorems, observe that
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(A!fVl)e(MV2)@...©(MVn)
M'+w ~ (M»+i/i)e(M<+i/2)e...e(M‘+i/„)
M'V - (iAr) ® • • • ® (i^) - ®”=» (i^).

Thus, the assertion follows since the above isomorphisms are, in fact, i2/M-linear

= {R/M){‘k^ + M*+^) is a one-dimensional iZ/M-vectorAftransformations and mJ+I

space. □

DEFINITION 2.4 Let W be an Jl-submodule of V. For each i € {1,..., e}, let

denote the i2-homomorphism from (WnM’~^V')/M*W to M^~^V/M^V given

w + M^V. Notice that the image of is the i2/M-subspace

({W n + M^V)/MW of Let pw,i denote the R/M-dimeasion

of the image of A^. When there is no ambiguity, we denote this dimension by pf.
Also, by convention, we let pw,i =Pi = 0 for any integer i ^ {1,..., e}.

by w -h M*W

REMARK 2.5 (a) 0 < pi < p2 <...< Pe < i'r(W) for any R-submodule W of

V.

Proof. For each i e {1,.. ., e}, observe via NaJsayama’s Lemma that

Pi = dimR/M(im(A^^)) = i/ji(im(A^^)}.

Moreover, i/H(*m(ASJ)) < n M»-iy)/MW) < i^r(W n M^-^V) < i/r(W)

the last inequality holding because R is a principal ideal ring [7, Lemma 1, p. 245.

e — 1}. To show that Pi < p,+i, it suffices to verify thatFix i G {1,.. ■ ?

r: ((w n M^-^v) M*y)/Af*y ^ {{w n M*y) -f

given by z + M^V ^ TTz + is a one-to-one R/M-linear transformation.

By the universal mapping property of factor modules, F is a well-defined R/M-

linear transformation. To show that F is one-to-one, letting z eWn M^~^V and
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TTZ 6 it suffices to show that 2 G M^V. Since ttz  G there exists

g G M^V such that 'k{z - g) = 0. Thus 2 — ̂  G (0 :y tt) = Since i<e—\,

it follows that M^-^V C M^V. Thus, 2 G M^V. □

^ Pw,i = 0 for each i G {1,..., e}.

Proof. Suppose that W = 0. Fix i G {1,..., e}. Since im{A^) =
{{W n + M^V)/MW = (0 + M^V)/M^V = O, it follows that pw,i = 0.

<=: Suppose that pw,i = 0 for each i G {1,..., e}. Equivalently, =

{{WnM^-^V) + MW)/M^V = 0 for each i G {1,..., e}. Thus, WnM^-'^V C M*V
for each i G {1,..., e}, giving W = Wn M°V CWn M^V C...CWn M^~^V C

M«y = 0. □

(b) W = 0 ^

{c)W = V 4 ^ Pw,i = n for each i G {1,..., e}.

Proof. =^: Fix i G {1,...,e}. By the definition of we have that im(A|^^) =
^yriM - v)+M V _ A^,I.V_ Observe via Nakayama’s Lemma that dimR/Mi^hiy) =

M'V

vr{M^ ^V). Therefore, by Lemma 2.3, the assertion follows.

<=: Using Nakayama’s Lemma and Lemma 2.3, observe that dimR/M{V/MV)

= J^r{V) = n. Since dimR/M{im{A\^)) = pw^i = n and im(A|^^) = is an
R/M-vector subspace of the n-dimensional space V/MV, it follows that

j^, and so W + MV = V. Therefore, Nakayama’s Lemma gives that W = V. □

(d) If e = 1 (i.e., J? is a field), then A^^ can be identified with the inclusion

map from W to V.

(e) The paper [2] addresses the special case e =  2 = n for the finite SPIR,
R. In that paper, Dobbs partitions the set of submodules of V into six classes

or types of submodules and counts the number of submodules of each type. (A

main technical tool in [2] is a map denoted by A; in the above notation, A is just

A^\) In particular, the six identified types of submodules are: pi = ^,vr{W) = 0;

W+MV
MV
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Pi = 0,ur{W) = 1; Pi = 1,ur{W) = 1; Pi = Q,vr{W)  = 2; pi = 1,Vr{W) = 2;

Pi = 2, = 2.

For general n and e, we shall see in Corollary 2.16 that vr{W) = pw,e-

Thus, by part (a), one can say in effect that [2] counted submodules in terms of

their values of px and p2- More generally, for arbitrary n and e, we shall classify

submodules in terms of their values of px,p2, ■••,Pe-

The next two arguments identify some behavior of the pw,i notation that

facilitates some induction and counting arguments later.

PROPOSITION 2.6 PMm,i = Pw,i-j for any i E {1,.. ., e} and nonnegative

integer j.

Proof. When j = 0, equality holds since = R.

Suppose that i < j. Then M^V C M^V. It follows that im{A%^) =
{{M^W n + MW)/MW = 0, giving = 0 = pw,i-j-

Suppose that 0 < j < i. To prove that PMjw,i = Pw,i-j, it suffices to show

that r : = {{W n M^^-^'t-W) + M^-W)/M*-W —> im{A%^) =
{{M^W n M^~W) + MW)/MW given by 2 + M^~W \—>• 'k^z + MW is an R/M-
isomorphism. Notice that F is a well-defined J?/M-linear transformation by the

universal mapping property of factor modules.

To show that F is one-to-one, it suffices to show that ii z eWH M^^~^'>~W

and TT^z E M^V, then z € M^~W. Since tt^z E MW, it follows that ^^{z — 5) = 0
for some g E Thus, 2 - p G (0 ly tt^) = M^-W. Since i - y < e - y, it

follows that M^~W C M^~W, giving that z= (z- g) +  g E M*~W.
To show that F is onto, it suffices to show that if w 6 M^W n M^~W, then

w E 'K^{W r\M^‘^~^'^~W). Since w E M^W, there exists w' EW such that w =
Since tt^w' = w E M^~W, it follows that there exists h E M^^~^^~W such that
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TT^w' — h) =0. Hence, w' — h e {0 ly Since (i — j)

follows that M^~^V C yielding that

Hence, w = tt^w' g 7r^'(W n □
w‘

1 < e - j, it

= {w'-h)+he wnM^^-^y^v.

PROPOSITION 2.7 For any i 6 {1,.. ., e} and nonnegative integer j,

0  if i < j
Pw,i if j < i.{PwnM^v,i —

Proof. Suppose that i < j. Then M^V C M^V. It follows that im{A^^f^jy) =
(((H" n M^V) n + M^V)/M^V = O. Hence, PwnMm = 0.

Suppose j < i {i.e., j < i — 1). Then M^~^V C M^V, giving that

= i{{WnM^V)nM^-'^V)+M^V)/M^V = {{WnM^-^V)+M^V)/M^V
= im{A^). Therefore, PwnMiv,i = Pw,i- °

The next result will be used in the proof of Proposition 2.14 to construct

minimal generating sets.

PROPOSITION 2.8 Let {zi,Z2,...,Zk},l < k < n, be  a subset of 1 <

e — i} and {zj + MW : j e {1,..., /c}} is an R/M-linearly

independent subset of M^~W/MW with k pairwise distinct elements, then {7r“Zj -|-
M“+*y : J G {1,..., /j}} is an R/M-linearly independent subset V/M^+^V
with k pairwise distinct elements.

i<e-l. //aG{l,..
• >

Proof. We proceed by contradiction. Fix a G {1,..., e - i}. Assume that {zj +
MW : j G {1,..., k}} is an R/M-linearly independent subset of M^~W/MW
with k pairwise distinct elements and {tt^- -h M“+*y : j G is not
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an jR/M-linearly independent subset of with k pairwise distinct

elements. In view of Proposition 2.2, there exists s e {1,... ,k} such that tt^Zs G

(Ejli + M“+V = 7r‘‘((Ej=i Rzj) + M‘V), giving that - ̂) = 0 for

some g G + M*V. Thus, ^ G (0 :y 7r“). As i? is an SPIR,

(0 7r“) = M

it follows that M^~°‘V C M'V, giving that = {zg- g) + g E (E

This is a contradiction by Proposition 2.2. □

. Hence, since V is R-free, (0 ly 7r“) = M® “V. Since i < e — a.e—Q

s-1
j=l

DEFINITION 2.9 Call (di,d2,...,de) aii ascending e-tuple if di,d2,...,de G

{0,.. ., n} and di < d^ < .. ■ < dg. By convention, let do = 0.

DEFINITION 2.10 Let (di, d2,.. ., dg) be a nonzero ascending e-tuple.

(1) Say that an R-submodule W of V realizes (di, d2,..., dg) if pw,i = di for each
z G {!,...,e}.

(2) Let Ao = 0, and let {Ai, A2,..., A^} be the set {i G {1,..., e} : dj - di_i ^ 0}

labeled such that Ai < A2 < ... < A^. For each k  G {1,...,/?}, let denote

dxk — c^Aa_i- (Notice dx^ = dg and the telescoping sum Ef=iV’i = dx^-) After
labeling the coordinates of a de-tuple w so that

w = u;i,2, . - ., W2,2, ■ ■ ■ , U;2,^2j ■ ■ ■ ; •  ■ • j

say that the tuple w realizes (di, d2,..., dg) if

for each k G {1,...,/?} and 7 G {1,. ..,^*}. (Notice, by an inductive argu

ment, that (E-r/ E|ii + (eS RwuS) + is an R-submodule of
for all k, 7 as above.)
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REMARK 2.11 (a) There are a total of ascending e-tuples. To see this,

recall (cf. [3, p. 74]) that mHr = counts the number of ways of selecting r

objects from (at least r each of) m types of oi)jects; apply this basic combinatorial

fact, with m = n + l and r = e.

Using the above tools, with m = k + 1 and r = e — 1, we also obtain the

following fact. For any k e {0,...,n}, there are ascending

e-tuples having de = k.

(b) The coordinates of any tuple which realizes a given nonzero ascending

e-tuple (di, d2,..., de) are pairwise distinct.

Proof. Let w be a tuple which realizes (di, da,- --, de). Define /?, Aq, Ai, ..., Xp,

as in Definition 2.10 (2), label the coordinates of w so that

W = Wi,2, ---, , W2,l,W2^, W2,V-2, • • • , Wi3,l, W0,2, -- -,

and let B = {wk,’y : A: e {1,..., 7 6 {1,..., '0*}}. To prove Remark 2.11 (b),

it suffices to show that there is a one-to-one correspondence between the elements

of B and the index set {{k,i) : k E {1,.. .,13},^  e Proceeding by

contradiction, we have two cases.

Case 1: Suppose that Wk,tr = Wk,-y for some A: € {1,..., and 1 < <7 < 7 < V’jfc- In

this case, Wk,j 6 Rwk,a+M^'‘V C +

contradicting the ’’realizing” assumption about w.

Case 2: Suppose that = Wk,^ for some 1 < s < A; < /?, cr G {1,..., and .

7 G {1,...,'ipk)- In this case, G and

M^’V, a contradiction. □
= Wk,-y € CwS,<T

LEMMA 2.12 Let w be a tuple which realizes a nonzero ascending e-tuple

12



(di, ̂2,..., de). Define j5, Aq, Ai,..., A^, ..., as in Definition 2.10 (2), and

label coordinates of w so that

W = Wi^2, - • n , Wl,ti, W2,u W2,2, ■■■, W2,rl,2,  • • •, W;8,2, ■ - •,

For any a G {Ai,...,e} and f := max{i G {1,.. .,/?} : Aj- < a}}, La

+ M°‘V : i G {1,..., j G {1,..., V’i}} is an R/M-linearly independent

subset of M°‘~^V/M°‘V with d\^ pairwise distinct elements.

Proof. The number of indices {i,j) in the definition of La is the telescoping sum

T,U'^i = dxr Now, assume that the assertion is false. Then, by Proposition 2.2,
there exists A: G {1,..., /} and 7 G {1,..., such that

G {THzI TfjU + (EjZl + M“y.

Thus, there exists g G YfjU R‘K^'‘-^'Wij) + (Ej=i^ Rwkj) + M^'^V such that
-7r°‘-^’‘{wk,j-g) = 0. Hence, since V is R-free, Wk,-y-g G (0 ly
As A* < e - (a - A*), we have that C M^’^V. Therefore,

Wk,y = {wk,y -g) + g€ (Efc-i' Efci R^^'‘-^^Wij) + (Eg Rwkj) + M^>‘V,

contradicting the “realizing” assumption about w. □

PROPOSITION 2.13 Let W be a nonzero R-submodule of V which realizes the

e-tuple (di,d2, . ..,de). If W contains the set of coordinates of a tuple w which
realizes (di, d2,. .., df), then the set of coordinates of w is a minimal R-generating
subset ofW.

Proof. Let lo be a tuple which realizes (di, d2,..., df) where the set of coordinates
of w axe contained in W. Define /3, Ao, Ai,. .., A^, V’l, • • •, for (di, d2,... , de) as
in Definition 2.10 (2), label the coordinates of  w so that

13



W = Wi^2, Wi^^^,W2,l,W2,2, • • n , W2,Ti>2> • • •  > W^,2, • • • ,

and let B = {wfc,^ : k e {1,...,P}, 7 G {1,...,^jfc}}. By Remark 2.11 (b) and

Remark 2.5 (a), observe that |B| = Efc=i^jfe = =  4= Pw,e < }^r{W). Thus,

to show that B is a minimal R-generating subset of W, it suffices to show that

W is contained in the R-submodule Wo of V generated by B. We claim that

W n M°‘~^V C Wo + (W n M°V) for each a G {1,..., e}. Assuming this claim, the

assertion follows since W = W n M^V C Wo + (W D M^V) C

Wo + (wnM2y) c... c Wo + (wnM«-^y) c Wo+(wnMW) = Wo+o = Wo.

Proof of the claim. Suppose a G {1,..., Ai — 1}. Since pw,a = 0, we have that

0 = = ((wnM«-^y)+M“y)/M“y, giving (wnM“-iy)+Af“y  = M«y.

Therefore, W n M“-iy C Wo + (W (1 M“y).

Suppose a G {Ai,..., e}. Let / := Tnax{i G {1, A*  < a}. Observe

via Proposition 2.12 that La := + M^V : i G {1,...,/}, j G {1,...,

is an R/M-lineaxly independent subset of ((WnM““^y)+M“y)/M“y =

with dxj pairwise distinct elements. Therefore, La is an R/M-basis of im(Aj^^) since

Pw,a = da = dxf. Consequently, iWnM^-^V) + M‘^V = +

M“y. Hence, W n M°-^V C W D (Wo + M^V) = Wo + (W  D M“y). □

PROPOSITION 2.14 Any nonzero R-suhmodule W of V which realizes the e-

tuple (dijda, ■ ■. ,de) contains the set of coordinates of some tuple which realizes

(di,d2, .. .,de)-

Proof. For (di, ^2, • ■ •, dg), define /?, Ao, Ai,.. ., A^, ^1,.. ., as in Definition 2.10
(2). To prove the assertion, we find (by weak induction on /?) a tuple w which
realizes (di, <^2,.. ., dg) with coordinates contained in W.
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Suppose P = Notice that pw,M = 0 since W ̂  0. Thus, by

the definition of there exists an R/M-hasis Lx^ := {wi.-y + : 7 €

dAi}} ofim{A^^'^) = {{W n + M^^V)/M^^V C
Without loss of generality, we may assume that e (W n M^^~^V)\M^^V C W

for each 7 G {1,..., dxi}. Further, Proposition 2.2 gives that

Rwij) + M^^V)

for each 7 6 {!,...,c^Ai = ̂^i}- Therefore, it suffices to let w be the tuple

Suppose P > 1. As an induction hypothesis, assume that the assertion holds

for any nonzero ascending e-tuple with corresponding ̂-value less than p. By Propo

sition 2.6, PM^-H-iw,e - PWM-i ̂  giving that 0 by Remark 2.5 (b).

In fact. Proposition 2.6 yields that realizes {d[,c^,..., dg) where d\ = 0

for alH e {1,..., e-Xp-i) and dj = di_(e_A^_i) all i e {e-A/?_i-M,..., e}. Defin

ing P j n • • > j ̂ i3 n n n j '0/3' idr {di, d^,..., dg) as /?, Aq, Ai, ..., A/j, ■01,... , ipp
were defined for (di, d2,..., de), observe that p' = p-l, AJ, := 0, A< = (e-A(9_i)-|-Ai,
and 0| := A'- - AJ_i = Aj - Ai_i = ipi for each i  G {1,..., /?'}. Since P' = p-l, hy
the induction hypothesis, there exists a tuple

W' = • 3 ^,13 'J"2,23 ■ ■ w'2 ),^i3 ■• >

which realizes (di,d2,...,dg) with coordinates in Therefore, for each

k e {1,.. ., P' = P - 1} and 7 G {1,..., 0j|. = 0jfc}, there exists Wk,^ G W such that
Wk,y = We claim that the tuple

{wi,i,wi^2, • • ■ 3 , u;2,i, W2,2,... , u;2,V'2 3  • • • 3 wp-i,i,wp-i,2,

realizes (di, d2,..., dA • • 3 ^A^—1).
Assuming the above claim, it follows by Lemma 2.12 (letting a = A/j_i) that

i,dx‘0-1- ‘0-11-

15



is an i2/M-linearly independent subset of with d\0_^ pairwise

distinct elements. Therefore, by Proposition 2,8,

S := + MW :ie{l,...,l3-l}, j

is an il/M-linearly independent subset of M^^~^V/M^^V with dx

tinct elements. Thus, since S C and dx0_^ < dx^ = Pw,\0-> there ex

ist tU/9,1 -I- M^^V, + M^^V,..., 4- C im{A^^^) such that Lx^ :=

{■jr^0-^iWij+ : i e {1,.. j G {1,...,tpi}} is an il/M-basisof iTO(A^^^).
Without loss of generality, wpj G (W D M^^~'^V)\M^^V C W for each j G
{!,. .., Pi}. Also, by the i2/M-linear independence of Lx^ in M^^~^V/M^»V, Propo
sition 2.2 gives that

T*jU + (Efi iJ»«) + MVy)
for each 7G{1,.. . ,^^}. Therefore, it suffices to let

w = wi,2, W2,i, ^2,2, • ■ •, W2,^^,. .., iy^,i, wp,2, • • •,

pairwise dis-0-1

Proof of the claim. By Definition 2.10, it suffices to show that

Wk,^ G M^*-iy\((EL"i Lfci +{Y:U R^kj) + M^'‘V)

for each k G {1,...,P - 1} and 7 G {1,. . .,^’*}. Fix k e {1,.. .,P - 1} and
7 G {1,..., V’jfe}- Since G M^'k-^V = g^jg^g g ^ jvfAfc-iy
such that - g) = Q. Thus, Wk,-y - ̂  G (0 ly As

Afc — 1 < A/j_i, it follows that C giving Wk,’^ =  — d) + 9 ^
Finally, since

iZTT^* Rw'kj) + M^'kV =

Efti + (EK + M^^y),
’jf=i

A-1
1=1
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observe that Wk,j ̂  (E^i^ ̂j=i R-^^'‘~^'Wij) + (Ej=l Rwkj) + □

COROLLARY 2.15 If W is a nonzero R-suhmodule of V which realizes the e-

tuple {di,d2,. ..,de), then W has a minimal R-generating subset which is the set of

coordinates of some tuple which realizes {di, d2,...,de).

Proof. The assertion follows by Propositions 2.13 and 2.14. □

COROLLARY 2.16 pw,e = I'niW) for any R-suhmodule  W ofV.

Proof. Given W = 0, the assertion follows by Remark 2.5 (b).

Given W j^O, let di := pw,i for each ie{l,...,e}. AsW realizes the e-tuple

(di, d2,.. ., de), the assertion follows by Corollary 2.15 and Remark 2.11 (b). □

The next result is a natural companion for Proposition 2.14.

PROPOSITION 2.17 Ifw is a tuple which realizes the nonzero e-tuple

(di, ^2, ■ ■ ■ j de)j then the nonzero R-suhmodule W generated hy the coordinates of w
also realizes (di, d2,..., dg). Moreover, the coordinates of w are a minimal generat

ing set of W.

Proof. Given that the tuple w realizes (di,d2,...,de), define /?,Aq,Ai,...,

^1,. .., as in Definition 2.10 (2), and label the coordinates of w so that

w = u;i,2, -.., , u;2,i, u;2,2, • ■ -, W2,^2,...,

Further, let W be the R-submodule of V generated by the coordinates of w.

Observe that pw,i = 0 = dj for all i < Ai - 1 since W C Therefore,

we need only show that pw,i = di for each i e {Ai,..., e}. For this purpose, let

a; e {1,..., e} and let f := max{i e {1,. . ., /5}  : Af < a}.

17



First, we show that j>w,a < da- Let Y := X:{=i E?=i Rwk,^. Observe that if

f <k</3, then Wk,y 6 M“y for all 7 € {1, , -0*} since A* - 1 > a. Hence,

((ELi Rwk,y) n M-^V) + M-V = ((ELi E?^i Rwk,-r) O M-^V) + M^V.

It follows that = im(A|?^), giving = py^ < vr{Y) [by Remark 2.5(a)^

< Eifc=i 0ife[by the construction of F]= dx^ = da-

Since pw,a < da, to prove pw,a = da, it is enough to show that

La := + M“y : i e {1,... ,f}, j e {1,..., 0^}}

i2/M-linearly independent subset of im (A[^^) with dXf = da pairwise dis

tinct elements. Since La is, in fact, a subset of im{AP) (C M^-^V/M^V), by

is an

Proposition 2.2, it suffices to prove that

(1:^=1' (ZURTT^-^^Wkj) + M«y =

+ (EU Rwkj) + M^'^V)

for each A: G {1,...,/} and 7 G {1,... ,0*}. Proceeding by contradiction, assume

that there exist A: G {1,..., /} and 7 G {1,..., ipk} such that

EfU R'Jr^’‘-^^Wij) + {EJZl Rwk,j)

Therefore, there exists g G {EiZlEfLiRTr^^-^'Wij)  +(EJZlRwkj) + M^*=y such

that {wk,^ -g) = 0. Thus, Wk,-y - g E {0 :v 7r“-^*) =  Since

Afc < e - (a - A*), it follows that C M^*y. Hence, Wk-y = {wk,ry -g)-\-

9 e (Efji^ EjZi R7r^*’~^’Wij) + (EjZi Rwkj) + contradicting the ’’realizing”
assumption about the tuple w.

Finally, the “moreover” assertion follows from Corollary 2.16 and the fact

that the number of coordinates of w is Ef=i 0i = dxg = 4 = Pw,e = i^r(W). □

Jfc-1
i=l

fc -1Wk,-r eTT 1=1
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THEOREM 2.18 For any nonzero R-suhmodule W of V and nonzero e-tuple

{di,d2,..., de), W realizes {di, dg) if and only ifWis R-generated by the

set of coordinates of some tuple which realizes {di,d2,... ,de). Moreover, if these

equivalent conditions hold, then each of the generating sets in question are minimal

generating sets of W.

Proof. The assertion follows by Corollary 2.15 and Proposition 2.17. □

The next six results display some connections between R-freeness of submod

ules of V and the “realizing” concepts. These results will be especially useful in

Chapter 3 in treating modules over an arbitrary principal ideal ring.

PROPOSITION 2.19 Suppose that A: G {1,... ,n}, and W is an R-suhmodule of

V which realizes {k,k,...,k). Then W is R-free on  a basis of k elements.

Proof. Since W realizes {k,k,..., k), Theorem 2.18 gives that W has a minimal R-

generating set which is the set of coordinates of  a tuple Wi^2, ■■■, Wi,k) realizing

(k,k...,k); i.e., w,,.,eV\((EU
Proposition 2.2, L := {w^j-i-MV : jf G {1,. . ., A:}} is an R/M-linearly independent

subset of V/MV with k pairwise distinct elements. With this in hand, to prove that

W is R-free on a basis of k elements, it suffices to show that if ri,7'2,... ,rjk G R

such that T!j=i rjWij = 0, then rj = 0 for each j  G {1,. .., A:}.
Suppose 7'i,7-2, ...,rkeR such that Ej=i rjW^j =  0 (g MV). Then, by the

R/M-linear independence of L, rj G M for each j G {1,..., A:}. Let ^ be the largest
value in {1,..., e} such that ri,r2,...,r* G M^. If e = ^, then the assertion follows

7-1 Rwij) -f MV) for each 7 G {1,. .. , A:}. Thus, by

since M® = 0. Suppose that ^ < e. By the definition of for each j G {1,..., A:},
there exists r'- G R such that rj = Tr^r'-. Thus, since rjWij) = Ej=irjWi^ =
0, we have that Ej=i ^ (0 -v = M^~^V C MV. Therefore, by the R/M-
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linear independence of L, r'- e M for each j G {1,..., k}. Hence ri,..., r* G

contradicting the maximality of □

The next result is essentially the converse of Proposition 2.19.

PROPOSITION 2.20 Let k G {1,... ,n}. Given a (nonzero) submodule W of V

which is R-free on a basis ofk elements, any R-basis ofW is the set of coordinates

of some tuple which realizes {k,k,. .. ,k). (Thus, by Theorem 2.18, W realizes

{k,k,...,k).)

Proof. Let {fi,f2,---,fk} be an R-basis of W. Since (0 :r fj) = 0 for each

j G {1,..., A:}, observe that fj G V\MV for each  j G {1,..., k}. We claim that

{fj -h MV : j G {1,..., k}} is an R/M-linearly independent subset of V/MV with k

pairwise distinct elements. Assuming this claim, it follows, by Proposition 2.2 and

Definition 2.10 (2), that the tuple (/i,/2,• • •, fk) realizes {k,k,...,k).

Proof of the claim. Suppose that ri, r2,..., r* E  R such that + M){fi +

ri)fi eMV) = 0 G V/MV] i.e., Eti nfi G MV. Then, tt
= 0. As {/i, /2,... , fk} is an R-basis of W, it follows that 7r®“Vi =

0 for each i e {1,.. ., A:}. Thus, y-j G (0 :r tt®”^) = M, and so rj -I- M = 0 G R/M

for each z G {1,. .., A:}, proving the claim. □

e-l e—1

COROLLARY 2.21 Let W be a nonzero R-submodule ofV, and let k = vr{W).

Then W is R-free on a basis of k elements if and only if W realizes {k,k,. .. ,k).

Proof. Since W 0 and R is a principal ideal ring,  k G {1,. . .,n}. The assertion

follows by Proposition 2.19 and Proposition 2.20. □

PROPOSITION 2.22 Let W be an R-submodule ofV. Then the following con

ditions are equivalent:
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(i) VjW is R-flat;

(a) V/W is R-free;

(Hi) W is R-free;

(iv) MVr\W = MW.

Proof, (i) (ii) follows since any jfinitely generated flat module over a commuta

tive local ring is free.

(ii) ̂  (Hi): Given that V/W is iZ-free, the canonical short exact sequence

0  W —> y —> V/W —> 0 is il-split. Thus W is i2-projective. The assertion

follows since every finitely generated projective module over a local ring is free (cf.

5, Theorem 2]).

(Hi) =>■ (iu): Suppose W is i2-free. If W = 0, then the assertion follows triv

ially. Thus, assume that W ^ 0. Let {wi, W2,... ,Wk} be an i2-basis of W (with

k e n}). By Proposition 2.20, (wi,W2,... ,Wk) is  a tuple which realizes

(k,k,...,ky, i.e., e V\((Y(jZl Rwj) MV) for each  7 6 {1,...,/:}. There
fore, by Proposition 2.2, L := {wj -f MV : j E {1,...,k}} is an i2/M-linearly

independent subset of V/MV with k pairwise distinct elements. As a result, if

rjWj G MV n W for some Vj G R, then, by the R/M-lmeax indepen

dence of L, Tj G M for all j G {!,...,A:}, giving that w G MW. Therefore,

MV n W C MW; the reverse inclusion is clear,

(iu) (i): Assume (iv). Since R is Noetherian local and V/W is a finitely generated
i2-module, it suffices to show that the canonical homomorphism / : M <^r {V/W) —>•
V/W is a monomorphism (cf. [6, Corollaire 1, p. IV-34]).

Let f G ker(f). Then ^ = tt (8) (u -f W) for some  v eV such that tzv -\-W =
0 G V/W. Hence 'kv eW C\ MV = MW, and so ttu = -kw for some w eW. Then
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€ (0 .-y tt) = and so v + W = e-lz + W ̂ V/W for some z eV.

Therefore ̂  = tt (g) {7r^~^z + W) = ® {z+ W) = 0® {z+ W) = 0. □

V — w

COROLLARY 2.23 Given R-submodules W,W' ofV such that W C W, ifW

is R-free, then vr{W/W) = vr{W) - MW).

Proof. Consider the canonical short exact sequence 0  W' W -> W/W 0.

Tensoring by R/M gives that R/M <S>r W' -> R/M W R/M <S>r W/W -¥

0 is exact. Observe via Proposition 2.22 that MV  n W' = MW\ and so the

canonical homomorphism W/MW’ -> W/MW is one-to-one. As a consequence,

0 -> R/M ®R W' R/M ®R W —)• R/M ®r W/W' —> 0 is short exact. Thus,

since this short exact sequence is R/M-split, it follows by Nakayama’s Lemma

that vr^/W) = dimR/M{R/M ®r W) = dimR/M{R/M ®r W') -1- diniR/MiR/M ®r
W/W') = MW) + MW/W'). □

We pause to note that Corollary 2.23 fails if W' is not assumed to be R-free.

For an example, it suffices to consider W' = M and W = R = Y in case e > 2.

PROPOSITION 2.24 Given an R-submodule W ofV, the maximum rank of any

R-free submodule ofW is pw,i (= dimR/Miim{A\/[)))y

Proof. Given an R-submodule W' of W, observe that im{A^,) C  for
each i e {!,...,e}. Thus, pw\i, < Pw,i for each i  e {!,.. . ,e}. Therefore, as a
consequence of Corollary 2.21, the rank of any R-free submodule of W is less than

or equal to pw,\. Therefore, ifpw,x = Oj then the assertion follows from Remark 2.5

(b).

Suppose that pw,i ^ 0. Define di := pw,i for each  i e {l,...,e}. By

Theorem 2.18 and Remark 2.5 (b), W is R-generated by the coordinates of a tuple
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Wi,2, . . ., , W2,u W2,2, W2,^2 , - n • , W/?,2,  • n • ,

which realizes (rfi,d2, • n n ,4)j where /?, Aq, Ai,..., , V’/S are as in Defini

tion 2.10 (2). Let W' be the submodule of W which is i2-generated by the set

{wi^^ : 7 e = pvr.i}}- Observe via Theorem 2.18 that W' realizes

{pw,i,Pw,i, n • • ,Pw,i)- By Corollaries 2.21 and 2.16, the assertion follows. □

Throughout the rest of this chapter, we add to the running hypotheses

that the ring R is finite. Also, let q denote the cardinality of R/M.

PROPOSITION 2.25 \W\ = for any R-suhmodule W ofV.

Proof. If W = 0, then the assertion follows by Remark 2.5 (b).

Suppose that W ^ 0. Then, by Lagrange’s theorem, it follows that

W\ = \W/MW\\MW/M^W\\M^W/M^W\ ... \M^-'^W/M^W\\M^W\.

Notice that |M®W| = 1 since M® = 0. Further, observe via Nakayama’s Lemma

and Corollary 2.16 that diniR/MiM^W/M^+^W) = i>r{M^W) = PMjw,e for each
e - 1}. Thus, since PMiw,e = Pw,e-j by Proposition 2.6, we have that

M^W/M^+^W] = for each j € {0,..
j e {0,.. • 5

e — 1}, giving that• ?

W\ = qPW,^-0qPW,e-\ 1 □

COROLLARY 2.26 Let W he an R-suhmodule of V and let j he a nonnegative

integer. Then:

(1) \M^W\ = q^i=iPw.i,

(2) \W n M^V| = qT,U+iP^-'
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Proof. [1) Using Proposition 2.25 and Proposition 2.6, observe that \M^W\ =

gl2UiPMiw.i = = ql2iZiPw,i

{2) Using Proposition 2.25 and Proposition 2.7, observe that |W D M^V\ =

qJ2i=iPwnMiv,i = q'I2i=j+iPvy,i^ □

REMARK 2.27 Let {di,d2, - ■ ■ ,d^ be a nonzero ascending e-tuple. Define an

(equivalence) relation

{di,d2,...,de) as follows. For x,y e T^dud2,...A): ^
,de) on the set T^^ai,d2,...,de) of all tuples which realize

(di^2,...,cU) y if the set of
coordinates of x generates the same R-submodule of V as the set of coordinates of

(di ,d2 V

y-

By Proposition 2.25, any two R-submodules of V which both realize the

same {di, ^2, • ■ •, de) have the same cardinality. In view of Proposition 2.17, this

observation yields the following useful fact. For x,y e T^d,,d2,...,d,), x y if
and only if the coordinates of x are contained in the i2-submodule of V generated

by the coordinates of y.

PROPOSITION 2.28 Given a nonzero ascending e-tuple (di, c^,... , de), define
/?,Ao, as in Definition 2.10 (2). Then:

(a) The cardinality of the set of all tuples which realize (di, d2,..., dg) is

n^=i(g" - , where
ei = ndx, (e - A^) -f (ztl ridx, {Xk+i - Xk)).

(b) The cardinality of each ~(rfi,d2,...,dg)-egmualence class is

~  — ^0) + (22f=l (Aa+1 — ^k)) + (x)fc=i (<^A
(c) The number of submodules of V which realize (di, d2,..., dg) is

+7-1 )  , wherefc-i

-dkS)-^2
fc+1
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r=‘its7^^J [sSt^J
£ = <iA,(n-<JA,)(e-A^)+(sfc; d>,,{n - dx,)(X,^, - K))-{Ltldy,(d>,^, - d,,))-

Further, A{di, 62,..., de) is the evaluation at q of a monic polynomial in Z[X] of

degree di{n — dj); it can be arranged that this polynomial is independent of q.

, where

Proof, (a) To find the cardinality of the set of all tuples which realize the given

nonzero e-tuple (di,d2, n n n ,de), we count the number of ways to successively choose

the coordinates of a tuple

W = {Wi,i,Wi,2, . . . , , W2,l, W2,2, . . ■, W2,V-2> • • • > Wp,2, ■ - ■ ,

with coordinates in V so that, after all its coordinates have been chosen, w re

alizes (di, d2,. .., de). For this purpose, Ox k G {!,...,/?} and 7 G 'ipk}-

Also, assume that any coordinates preceding Wk^y in the tuple w have been chosen

“properly”. In other words, assume that

e  Rw„j) + MVy)

for any A:' G {1,.. ., A: - 1} and y G {1,..., ipk'}, and that

e  + (e/«
for any 7'g{1,...,7 — 1}. Asa consequence, observe that

+ {E]ZlRwkj) +

Therefore, by Definition 2.10 (2), the number of ways to choose Wk^y from V is

Wk',^

((Et/ Eti i) + (SJ=lRmj)+Jid^v) =
-1 E?ii + (Ejr; mj) + M^‘V =

-Ai Wi

M^*y ,
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with the last equality holding by Lagrange’s Theorem.

By Corollary 2.26 (1) and Remark 2.5 (c), we have that

=  and

CLtlElL, Rv^kj)+MHV

_ gn(e-Afc)=q^i<=1

Next, we find the cardinality of

There are two cases.

Case 1: There are no coordinates preceding Wk

Therefore,

in w (i.e., A: = 1 and 7 = Ij.>7

aFTv — I —q

7-1 RWk,j)+M^kV „
j=i

 . . ,, ,
= fw = Sivmg that

+7-1

Case 2: T/iere are coordinates preceding Wk

Observe via the proof of Lemma 2.12 that

in w (i.e., either k ̂  1 or 'y ̂  1).
.7

{Wkj + : j e {1,..., 7 - 1}}

is an R/M-linearly independent subset of M^’‘~^V/M^'‘V with dx

(E.*=1 TitLi Rm,j)+M>'kv

k-l

wise distinct elements

+ 7 — 1 pair-

. Thus,

dimensional R/M-vector space, giving that

is a dAA_i+7-i

(E*=1 Eti
M^kV

= g‘^^k-l+7-l

As a result of the above calculations, we see that in all cases, the number of

ways to choose Wk,y (assuming the earlier coordinates have been chosen “properly”)

IS
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(EiZl Etii
M^kV

+7-lgn(e-Ai) _ ̂n(e-A*) ̂ gU _ ̂

Therefore, the number of tuples which realize (di, ̂2, • • •, de) is

M^*y

)
Ax +7-1gn(e-Aft+l) _ gdx k-lk-1

 =

= nL> - i*’'

,Ef.. *"(=->.)] [nLi n?ii(9” -

k-l

+7-1)k-l

+7-1
) =*-l

Notice that as k runs over y5} and 7 runs over then

dAfc_i + 7 runs over d^^}. Therefore, the assertion follows since

n(ELi *(e - Xk)) = n - *._.)(e - At)) =

K(e - A;,) - <iA,..(e - A^) + {T.t\(d>~. - - A^))) =

K(e - A^) - d^,_,(e -Xf] + e (ztldx,) - (stl -

e(Efc?<ii.) + (Efc?*.A*+i)) =

{d\g{e - Xff) + dAft(Afc+i - Aa))n

n

n

(b) Let 2: be a tuple which realizes (di,d2,...,de), and let W be the R-

submodule of V generated by the coordinates of z. To determine the cardinality of

the ~(d,,d2,...,<ie)"®Q^ivalence class of z, it sufl3.ces, by Remark 2.27, to find the number

of tuples which realize (di, d2,..., dg) and have coordinates which are all contained

in W. Thus, we count the number of ways to successively choose the coordinates of

a tuple

W = Wi,2, , W2.I. U^2,2, n . • , W2,^2, • • • Wi3^l,Wp,2, n • • ,

with coordinates in W so that, after all the coordinates have been chosen, w re

alizes (di, d2,..., dg). For this purpose, fix A:  e {1,..., and 7 G {1, • • ■, V’fc}-
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Also, assume that any coordinates preceding Wk,'y in the tuple w have been chosen

“properly”. In other words, assume that

for any fc' e {1,..., A: - 1} and y € {1,..., ■0*^}, and that

Wk,^ e {W + {Y.i-^Rwk^) +

for any y e{l,...,7 — 1}. Asa consequence, observe that

W'n ((Efe,'E?=:,&"*-'‘«i>«) + + M>*v) =
(Eti'E*ii-Rir'*''^w«) + (Ei^i R<iikj) + (TrnM-'‘y) c iynM**-‘y.

Thus, by Definition 2.10 (2), the number of ways to choose Wk,^ firom W is

(W n ((Efri' + (e]=i Rwkj) + (wn M^*y)) =
wnM^'‘-^v\ - + {z]ZlRwkj) + (wnM^'^v) =
wnM^i’-^v - Cti* 12%i Rwk,j)HWnM^kV)

wr\M^kv

with the last equality holding by Lagrange’s Theorem.

By Corollary 2.26 (2) and Proposition 2.17, we have that |Ty =

and |Ty D M^*y| =g^Uk _ gEUt

Next, we find the cardinality of ^?=i Rwkj)+(wnM^kV)

diPw,i diPW,ii=Afc+l

There are two cases.

Case 1: There are no coordinates preceding Wk,^ in w (i.e., k = 1 and 7=1/
Therefore,

(EL/ Efli R'<t>k^)HWr\M>-kV)
{wnM^kV)

(EiJ/ Etli Rvik,j)HWnM>'kV)
{wnM^kV) —1 — q

wr\M^kv
wr\M^kv = 0, giving that

dA*_,+7-l
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Case 2: There are coordinates preceding Wk,^ in w (i.e., either A: 7^ 1 or j ̂ 1).

Observe via the proof of Lemma 2.12 that

+ M^’‘V : z G {1
3 •

is an R/M-linearly independent subset of ^V/M^’^V with +7 — 1 pairwise

distinct elements. Therefore, using the definition of linear independence, notice that

{tt^* ^'Wi^ + (W n M^’^V) : i G {1,..., A: - 1},  j G {1,..., ̂J}U

{wkj + {Wn : j G {1,... ,7 - 1}}

is an R/M-linearly independent subset of (WnM-^*“^V')/(Wn with dx^_i +

wnM-^fcV

is a dAfc_i + 7 — 1 dimensional R/M-vector space, giving that

7-1 Rwkj)+{WnM>‘kV)
7—1 pairwise distinct elements. Thus, j=i

(Et/ Eti Bwk,j)+{wnM^kV)
wnAf-^*y “ ?

+7-1fc-i

As a result of the above calculations, we see that in all cases, the number

of ways to choose Wk,^ (assuming that the earlier coordinates have been chosen

“properly”) is

(EL/ Eti Rwkj)+{WnM>'kv)
Wr\M^kV

+7-1
)•k-l k-1

Therefore, the number of tuples realizing (di, ̂2, • • •, de) having all coordi

nates in W is

nLin^i +7-1
) =k-l
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di)
)) =dxfc +7-1

m=i q =Afc+l -1

+7-iyfc-1

The assertion now follows from Definition 2.10 since

d,) = ELi(<*a. - dx.,.) (EtA.+i di) =

i=Afc+l

(dxi {dxi+i + .. . + de) + dx2 {dx2+l + . . . +de) + . • . + dx^ (c^A^+I + .. . + de)) —

(c^Ai (rfA2+l + nnn + de) + dx2 (c^As+l + • • • + rfe) + • n • + ̂A^-i (^A^+l + • • n + ̂e)) =
(c^Ai+i + - n n + dx^) + rfA2(rfA2+i + • • • + dx^) + ... + dx0_i {dx0_i+i + ... + dxp) +

{<^^0+1 + --- + de) = dxi (^Ai+i + • • • + rfA2-i) + dxidxz + dx2 {dx2+i + • • • + c^As-i) +

dx2dx3 + ...'+ dx0_iidx0_i+i + ... + dx^-i) + dA^_iC?A^ + dA^(dA^+i + ... + de) =

C^j(A2—Ai—l)+dAirfA2+C^2(A3-A2—l)+dA2rfA3+- • •+C^^_i(A/?—A/3_i—l)+rfA^_idA0 +

= (E?iJ4.(A»+, - AO)-(E£;<«J + (Efc;<iA.*„.)+<«,(e-A«) =

4,(e-Xs) + (e£;<Pa.(Awi - A,)) + (Et;<*A.(dA.« - d,j)

Ef=i*(a=A.+i

(eLi dx, (Ef=A.+i <ii)) - (eLi rfA... (Ef: <*,)) =

(c) By Theorem 2.18, the number of submodules of  V which realize

{di,d2,...,de) is the ratio of the value found in (a) to the value found in (b).

Thus, by multiplying both the numerator and the denominator of this quotient by

nfc=i 117=1(9**^*+^ (and recalling our convention that empty products are 1),
we can write the quotient in the form

[nA=. J
where e = ei — €2 =

dx,{n - dx,){e - Xg) + (ztt rfA.(n - <*a.)(Aa+, - A,)) - (stl dxMfc+ - dxS) n1
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By applying [4, Corollary 3.3] /? times, we see that A{di,d2,...,de) is the

evaluation at 9 of a monic polynomial in Z[X] of degree

dx, {n - dx,) (e - A^) + (zfc; (n - ̂aJ (A;t+i - A^)) - (ztl dx, (dx

(Etl dx,(dx,+, - dx,)) + dx,{n - d^^) =

{EkZi dxkin - dAfc)(Afc+i - Afc)) + dx^{n - dx0){e -X^ + l).

- dx,)) +fe+i

Therefore, the assertion follows since

(Efc=i dx,{n - dx,){Xk+i - Afc)) + dxg{n - dxg){e -Xp + 1) =
0 + (A2 — Ai)dAi{n — ̂Ai) + (A3 — X-^dxi “ dx^ + ..  .+

(A^ - X0^i)dxg_i{n - dxg_i) + {e- Xp + l)dxg{n - dxg) = Eili^ dxoin - dxo) +

(n - 4.) +... + E&;., (n - dA,.,) + Ef=A» ‘*A, (n -d,,) =
ELidi(n-di). D

In the next corollary, we establish that Proposition 2.28 (c) is indeed a gen

eralization of [4, Proposition 3.1 (b)], a formula for the number of A:-dimensional

(A: G {0,..., n}) subspaces of an 7i-dimensional vector space over a finite field.

COROLLARY 2.29 Let A: G {0,1,... ,n}. The number of submodules ofV which

are R-free on a basis of k elements is

nLi(9*-9^-‘)
qk{n-k){e-l)

As a consequence, if e = I (i.e., R is a finite field of cardinality q), then the number

of k-dimensional subspaces of the n-dimensional R-vector space V is
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Proof. If A: = 0, then the assertion follows since, by convention, an empty product

is 1.

Suppose that A: G {1,...,n}. By Corollary 2.21 and Proposition 2.28 (c),

the number of submodules of V which are i2-free on a basis of k elements is

A(A:, k,...,k). Defining /?, Aq, Ai, ..., A^, ̂i,..., for {di, d2,...,de) := {k,k,..., k)

as in Definition 2.10 (2), observe that /? = 1, Ai = 1, and tpi = = k. Thus, by

simplifying the formula in Proposition 2.28 (c), we see that

A(A:,A:,...,A:) = g*'("-*)(«-i) . □

In [4, Theorem 3.4], Dobbs and Lancaster showed that the expected value of
the dimension of an arbitrary subspace of an 7i-dimensional vector space over a finite

field is |. We generalize this result by finding the expected value of the cardinality
of a minimal generating set (i.e., the i^ij-value) of an arbitrary iZ-submodule of the

given i2-free module V (where R is the given finite SPIR). As in [1], we will also
determine the expected value of the vjj-value of an arbitrary i2-submodule W of V

when W is weighted by either ur{W) or the cardinality of W. More generally, in

Chapter 3, we will determine all the above types of expected values (and others)
when J? is a finite principal ideal ring (PIR).

Let rjk denote the number of R-submodules W of V such that i/RiW) = k.
Hence, 770 = 1 and, in view of Corollary 2.16, for each A: G {1,. .., n}.

Vk — T,0<di<d2<...de-i<k A(di, ̂ 2,. . . , de-i, k)

where A(di,d2,...,de_i,A:) is given in Proposition 2.28 (c). Moreover, the (un
weighted) expected value of the cardinality of a minimal generating set of an arbi
trary i2-submodule W of F is given by
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E{MW)) =
r VkkssO

Similarly, the expected value of the cardinality of a minimal generating set

of an arbitrary Jl-submodule W of V, when W is weighted by vr{W), is given by

^MW)) =

REMARK 2.30 When e = 1 (i.e., i? is a finite field) and A: € {1,... ,n}, observe

via Corollary 2.29 that 77* = A{k) is the number of fc-dimensional subspaces of

an 7i-dimensional vector space over R. Thus, the above method for expressing

(unweighted) E{i'r{W)) generalizes the method in [4, Theorem 3.4], although we

shall see in Remark 2.36 that E{i>r{W)) may depend on q (as well as n) when e > 1.

Since the cardinalities of fZ-submodules of V with the same i^H-value may

differ, one needs different notation when weighting by the cardinality of the R-

submodule. For each k e {0,... ,n}, let rjl. = 'E,VR{W)=k 1^1- Hence 1 ̂.nd, for

each A: G {1,. -. ,n}.

Vk — 12o<di<d2<...<de-i<k A'(di, d2j n • •, de-i, k),

with A'(di,d2, • • • )de_i. A:) := q^^i=i .. .,de-i,k). (Wehave used Propo

sition 2.25 to note that the cardinality of any submodule which realizes

{di,d2,.-., de-i, k) is <*•)+*,) With this in hand, the expected value of the

cardinality of a minimal generating set of an arbitrary i?-submodule W of V, when

W is weighted by cardinality, is given by

K
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The next four results will help in the calculation of limiting values, as q—¥ oo,

of the various types of expected values which were introduced above. For this

purpose, it is convenient, given 6 {1,..., n}, to define

r(A:) := Tnax{deg{A{di, dg-i, k)) : (di,..., de-i,k) ascending e-tuple}.

For sufficiently large q, the next proposition essentially determines which ascending

e-tuples of the form (di, ̂2,..., de-i, k) have maximum A-value.

PROPOSITION 2.31 (a) Suppose that n is even and k  E {1,.. -In J 2J •

Then r(A:) = ek{n - k). Further, deg{A{di,d2,.. .,de-i,k)) = r{k) if and only if

idi,d2,...,de-i,k) = {k,k ..,k).3 •

(b) Suppose that n is even and A: e {|,..., n}. Then

T{k) = (e - 1)(|)2 -f k{n - k). Further, deg{A(di, ̂2,..., d^-i, k)) = T(k) if and

only if (di, d2,..., d^-i. A:) = (f, f,..., f, k).

(c) Suppose n is odd and A; G {1,.. 71—1}. ThenT{k) = ek{n — k). Further,

deg{A{di, (k,..., d^-i. A:)) = r(A:) if and only if (di, d^,..., de_i, k) = {k,k,..., k).

(d) Suppose n is odd and k e {2^,... ,n}. Then r(A:) = (e - 1)(^) +
A:(n - k). Further, deg{A{di, da,..., de_i. A:))  = r(A:) if and only if d, G {

for each z G {1,..., e - 1} and di < da < ... < de_i.

n ’ 2

7t-l n+l~i
2  ’ 2 J

Proof. Given A: G {1,..., n}, by Proposition 2.28 (c), the degree of

A(di, da,..., de-i, k) in q is di{n -di) + k{n — k) for any ascending e-tuple of

the form (di, da,..., dg-i, k). In each case, we use this fact to find the ascending

e-tuples where r(A:) is attained,

(a) Suppose that n is even and A: G {1,...,|}. Since

max{t{n - t) : t e {0,... ,k}} = k{n - k),
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we have that Ei=i di{n - di) + k{n -k) <{e- l)k{n  - k) + k{n - k) = ek{n -

k) for any ascending e-tuple of the form (di, d2,  • • •, rfe-i, k), md equality holds if

and only if d, = A: for each i G e - 1}. Hence T{k) = ek{n - k)] and

de5(A(di,..., de_i, A:)) = r(A:) if and only if (di,..., de-i, k) = {k,k,..., k).

(b) Suppose that n is even and A: G , n}. Since

max{t{n -1) : t G {0,..., A:}} = f (n - f) = (f )2,

observe that Ei=i di(n -di) + k{n -k) <{e- l)(f -t- A:(n - k) for any ascending

e-tuple of the form (di,..., de_i, k), and equality holds if and only if dj = | for each

i G e-1}. Hencer(A:) = {e-l){^y+k(n-ky, andde^(A(di,...,de-i,A:)) =

r(A:) if and only if (di,..., de_i, A:) = , 3,t,A:).

(c) Suppose that n is odd and A: G {1,..., Since

max{t{n -t) :t e {0,...,k}} = k{n- k),

it follows that Z)f=i di{n—di)+k(n—k) < {e—l)k{n—k)+k{n—k) = ek{n—k) for any

ascending e-tuple of the form (di,..., de_i, k), and equality holds if and only if dj = A:

for each i G {1,..., e - 1}. Hence r(A:) = eA:(n  - A:); and deg{A{d

r(A:) if and only if (di,..., de_i, k) = {k,k,..., k).

(d) Suppose n is odd and k G {2^,..., w}. Since

^ is achieved precisely when t e {

observe that X)i=i di{n — di) + k{n-k)<{e-1) 4- A:(n - A:) for any ascending

e-tuple (di,..., de_i, A:), and equality holds if and only if dj G {

e-1}- Hence r(A:) = (e — -|-A:(n-A:); and deg{A{d

r(A:) if and only if dj G {

dg-i- □

■ ■ j de-i, A:)) —ij ■

max{t{n - t) : t e {0,..., A:}} = n—1 ra+l
2  » 2 },

n—1 w-fl
2  ’ 2 } for each i G

..,de-uk)) =

e — 1} and di < d2 < .. . <

{1,.. • j 1? •

n—l 71+1
2  > 2 } for each i G {1,..

■ ?

For sufficiently large q, the following corollary essentially determines which

types of submodules are the most numerous in V. For convenience, we define
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r := maa;{r(A:) : k E Notice that F is the maximum value of

deg{A{di, ̂2, n • ■, rfe)), as (di, ^2,..., dg) ranges over the set of all nonzero ascending

e-tuples.

COROLLARY 2.32 (a) Suppose that n is even. Then F  = e (f)^; and
deg(A{dx, d2,..., 4)) = F if and only if {di, ̂ 2,  • • •, 4) = (f, f’ • • • > 2t)-

(b) Suppose n>3is odd. Then F = e (^^); and deg{A{di, d2,..., dg)) = F
if and only z/ d* G { w-l n+l

2  ’ 2 } for each i G {1,..., e} and di< d^ < ... < dg.

Proof. The assertion of (a) follows from Proposition 2.31 (a) and (b). Indeed,
one checks that in part (a) (resp., (b)) of Proposition 2.31, F(A:) is maximized
only at A: = |. Similarly, the assertion of (b) follows from the analysis supporting
Proposition 2.31 (c) and (d). □

The next result is the analogue of Proposition 2.31 for the case where R-

submodules are weighted by their cardinalities. For convenience, given A: G {1,..., w},
define

F'(A:) TOax{dep(A'(di, - ■ ■, de_i, k)) : (di,...  , de-i, k) ascending e-tuple}.

PROPOSITION 2.33 (a) Suppose that n is even and k  G {1,..
F'(A:) = eA:((n + 1) - k). Further, dep(A'(di, d^,..., dg_i, k)) = F'(A:) if and only if
(di, d2,..., de_i, k) = (A;, k,... , k).

(b) Suppose that n is even and A:G{f-|-l,. ..,n}. Then F'(A:) =
(e - i)(.(^+ij> -1) + k{{n -fl) - A:). Further, deg{A'{di, d2,..., de-i. A:)) = F'(A:) if
and only if di G {f, f -f 1} for each z G {1,... ,e - 1} end di < d2 < . .. < d

m Then■ > 2J-

e-l-
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ThenT'{k) = ek{{n+l)-k).

Further, deg{A'{di,d2,... ,de-i,k)) = r'(A:) if and only if {di,d2,...,de-i,k) =

{k,k,...,k).

(c) Suppose that n is odd and k 6 {1,..

n+l(d) Suppose that n is odd and fc G {

(e - + k{{n + 1) - k). Further, deg{A'{di, rf2,.  - •, de-i, k)) = r'(A:) if and

only if {di, d2,..., 4-1, k) = (

..,n}. ThenT'{k) =
2  ’•

n+l n+l n+l
2  > 2 ’ n n n ’ 2 ’k).

Proof. Given fe 6 {1,... ,7i}, by Proposition 2.28 (c), the degree of

A'{di, 4,..., 4-1, k) in q is Ele-l di{{n +1) — 4) + +1) — A:) for any ascending

e-tuple (4,4,•••,4-1,fc)- In each case, we use this fact to find the ascending

e-tuples where r'(A:) is attained.

i=l

(a) Suppose that n is even and A: G {1,...  Since

max{t{{n -t-1) - i) : i G {0,..., A:}} = k{{n -|-1) - A:),

it follows that

E|=i' 4((n + 1) - 4) + k{{n + l)-k)<

(e — l){k({n -fl) - A:)) -I- k{{n -f 1) - A:) = eA:((n -f 1) - A:)

for any ascending e-tuple of the form (di,..., 4-i, k), with equality holding if and

only if 4 = A; for each i e {1,..., e - 1}. Hence r(A:) = eA:((n + 1) - A:); and

deg{A'{di,..., 4_i, A:)) = r'(A:) if and only if (4,..., 4_i, A:) = {k,k,..., k).

(b) Suppose that n is even and A:G{|-|-l,...,n}. Since

max{t{{n-\-l) — t) : t G {0,..., A:}} = is achieved only when t G f +1},

observethatE|=i^4((n-M)-4) + A:((n+l)-A:) < (e-l)(^”+y~^) + A;((n-H)-A:)
for any ascending e-tuple (di,..., de_i, k), with equality holding if and only if dj G

e-l}. Hence r(A;) = (e-l)(ili±f^)-HA:((n+l)-A:);{f, 1+1} for each i G {1,..
• J
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and deg{K'{di,... ,de-\,k)) = r'(A;) if and only if di e {f,| + 1} for each i G

{1,...,e — 1} and di<di<...< dg-i-

(c) Suppose that n is odd and /c G {1,..., Since

max{t{{n + 1) - i) : t G {0,..., k}} = k{{n + 1)  - k),

we have that

di{{n + 1) - di) + k{{n + l)-k)<

(e - 1)A:((7i + l)-k) + k{{n + l)-k) = ek{{n + l)-k)

for any ascending e-tuple of the form (di, ̂2, n  n •, 4-1, k), with equality holding if

and only if 4 = A: for each i G {1,..., e - 1}. Hence r(/:) = ek{{n + 1) - k); and

deg{A'{di, 4_i, A:)) = r'(A:) if and only if (4,..., 4-i, k) = {k,k,..., k).

(d) Suppose that n is odd and A: G , n}. Since

max{t{(n + 1) - t) : t € {0,... ,k}} = (2^)2,

observe that Ei=i4((n-t-l)-4)+A:((n-f-l)-A:) < (e-l)(s^)2+/:((n-hl)-A:) for any

ascending e-tuple of the form (di,..., dg-i, k), with equality holding if and only if

di = for each i G {1,.. e-1}. Hence r'(A:) = (e-l)(2^)2-HA;((7i-M)-A:); and

de^(A'(di,..., de_i, A:)) = r'(A:) if and only if (di, ...,de-uk) = ..
• ?

n+1
•5 2 ’A:).

□

For sufficiently large q, the following corollary essentially determines which

types of submodules are most numerous in V when weighted by cardinality. For

convenience, define F' := max{T'(k) : k G Notice that T' is the

maximum value of deg{A'{di, d2,..., dg)), as (di, d2,..., dg) ranges over the set of
all nonzero ascending e-tuples.
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COROLLARY 2.34 (a) Suppose n is even. Then F' = e and

deg{A'{di, ̂2, • • •, rfe)) = T' if and only ifdi  G {|, | +1} for each i G {1,..., e} and

di < £^2 ̂  ^ dg.

(b) Suppose n is odd. Then T' = e (^)^; and deg{A'{di, ̂2,..., de)) = T' if
and only if (di, <h,...,df) = (2±i,n+l n+1

)•

Proof. The assertion of (a) follows from Proposition 2.33 (a) and (b). Indeed, one

checks that F'{k) is maximized only at A: = | and A: = | + 1. Similarly, the assertion

of (b) follows from the analysis supporting Proposition 2.33 (c) and (d). □

1], Dobbs found the limiting expected value of the dimension of an

arbitrary subspace, weighted by dimension (resp., weighted by cardinality), of a

finite-dimensional vector space over a finite field, as the cardinality of the finite

field goes to infinity. Further, in [2], Dobbs found the limiting expected value of

the 1/5-value of an arbitrary (unweighted) 5-submodule of a module which is 5-free

on a basis of two elements, where 5 is a finite special principal ideal ring having

maximal ideal with nilpotency index 2, the limit being taken as the cardinality of

the residue field of 5 goes to infinity. The next three theorems are generalizations

of these results since our ambient V is an R-free module of arbitrary finite rank

over the given arbitrary finite special principal ideal ring R.

In

THEOREM 2.35 (unweighted) As W varies over the set of R-submodules ofV,

if n is even
Jiim E(r.«(W)) =

2 + 2 ~ if n is odd.

Proof. In both cases, it will be helpful to recall that E{i/r{W)) =
2-,fc=o ***
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Case 1: Suppose n is odd. When n = 1, it will follow from Proposition 4.1 (a)

E{vr{W)) = = 5 + I - Therefore, assume that n > 3. With

this in hand, observe via Corollary 2.32 (b) that ̂ *=0 % is a polynomial in q of

degree e with leading coefficient e + 1. (The number of ascending e-tuples

} is e -I-1. Of these, e end with de =

^.) Similarly, Y,k=o is a polynomial in q of degree e

that limq-*oo

re—1 n+1
2  ’ 2

with entries in { re+l and only one
2  ’

ends with de =

with leading coefficient (V") (^)- Thus, lim5_^oo .S(1/^(1^)) =  =
re(e+l)+(e-l)

2(e+l) -
a + e-l _ re 1 L_
2 ̂  2(e+l) 2^2 e+1 •

Case 2: Suppose n is even. Observe via Corollary 2.32 (a) that 11^=0 ̂Vk is a

polynomial in q of degree e with leading coefficient |. Similarly, Efc=o% is a

monic polynomial in q of degree e Hence, linig^oo E{i/r{W)) = f. □

REMARK 2.36 When e = 1 (i.e., J? is a finite field), it was shown in [1, Example
2.1] that the expected dimension of an arbitrary subspace of an n-dimensional vector

space over R may depend on q (as well as n) when weighting by cardinality or

dimension. Further, in contrast to the situation when R is a field [4, Theorem 3.4],
E{yR{W)) in the “unweighted” context of Theorem 2.35 may also depend on both
q and n when e > 1. For instance, one can use Proposition 2.28 (c) to check that if
n = 3 and e = 2, E(yRiyV)) is given by

EivniW')') =

For these reasons, as in [2], we are subjecting the various expected values to the
limiting process limq-i-oo'
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THEOREM 2.37 (weighting by i/R-value) Let W vary over the set of R-suhmodules

ofV. When W is weighted vr(W),

f if n is even
2

^limEKW) = ̂
n + i _
2^2

1  |
e+1 ̂  (e+l)((e+l)(n+l)-2)

2e if n is odd.

Proof. Recall that E{vii(W)) =

by vr{W).

Case 1: Suppose n is odd. When n = 1, it will follow from Proposition 4.1 (b)

that lim5_,oo-S(i^R(W)) = l = i + i- ̂  +

that n > 3. With this in hand, observe via Corollary 2.32 (b) that Efc=o is a

polynomial in q of degree e with leading coefficient (^) + e (^)- (The

—  is e+1. Of these, e end with

~.) Similarly, X)fc=o is a polynomial

in q of degree e with leading coefficient + e (^)^- Thus,

when the R-submodule W is weighted
krik•k=0

2e Therefore, assume(e+l)((e+l)(l+l)-2) n

number of ascending e-tuples with entries in {

de = and only one ends with dg =

2  >

lim EivniWW = — (w-l)^+e(n+l)^ _ (e+l)n=‘+2(e-l)Ti+(e+l) _)) (%i)+e(2±i) “ 2((ji-l)+e(n+l)) - 2(e+l)7i+2(e-l) ~

,  (e+l)-(^)
2(e+l)n+2(e-l)

n  1 e—1

2  2(e+l)
= S._|_ i _
2^2 eiT +

2e

(e+l)((e+l)(7»+l)-2) •

Case 2: Suppose n is even. Observe via Corollary 2.32 (a) that ELo^% is a

polynomial in q of degree e with leading coefficient |. Similarly, i®

a polynomial in q of degree e with leading coefficient Hence,

”  — 2-
2

limg E(vs[W)) =-*oo
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THEOREM 2.38 (weighting by cardinality) Let W vary over the set of R-submodules

of V. When W is weighted by cardinality,

n+l > 1 1
2  2 e+ if n is even

Jim £(i/«(iy)) =
W+1 if n is odd.
2

Proof. In both cases, it will be helpful to recall that E{vr(W)) = when
2_,*=o

weighting by the cardinality of the R-submodule W.

Case 1: Suppose n is even. Observe via Corollary 2.34 (a) that is a

polynomial in q of degree e ^^h leading coefficient e+1. (The number of

ascending e-tuples with entries in{|,|-f-l}ise-hl. Of these, e end with 4 = |4-1,

and only one ends with 4 = f •) Similarly, X;Lo ^ polynomial in q of degree

e  with leading coefficient (|) -I- e (f + l). Thus,

lim, E{vr(W)) = = (!)+«(^) _ ?+e(”+2) _ n(e+l)+2e  _ n  , _e_ _q-¥!X )) 2(e+l) 2(e+l) 2 ' e+1 ~

^+1 _ 1 _i_ e w+1 1
2  2 ̂  e+1 ~ 2

Case 2: Suppose n is odd. Observe via Corollary 2.34 (b) that ELo ̂ik is a

polynomial in q of degree e (^) with leading coefficient

monic polynomial in q of degree e (^)^. Hence, E{i/r{W)) =  □

e-l _ 2+1 , 1 L
2(e+l) ~ 2 2 e+1 •

n+l and ELo Vk is a2  >
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CHAPTER III

ON THE EXPECTED NUMBER OF GENERATORS OF A SUBMODULE OF

A FREE MODULE OVER A FINITE PRINCIPAL IDEAL RING

We begin with a result which will allow us to use results from Chapter 2 to

calculate limiting expected values when the ambient ring is a finite PIR.

PROPOSITION 3.1 Let S and T he rings. Let R be the ring S x T. If A is

an S-module, B is an T-module, and M is the R-module A® B, then vji{M) =

max{us{A),VT{B)}.

Proof. We first show that vr{M) < max{vs{A),VT{B)}. Let ki and k2 denote

vs{A) and vt{B) respectively. Without loss of generality, ki < k2 < oo. Thus, there

exist an 5-generating subset {o* : i e {1,...,ki}} of A and T-generating subset

{k :i e {1,..., A:2}} of B. A straightforward calculation shows that {(aj,6i) : i e

{1,..., A:i}} U {(0,6i) : i e {fci-M,..., A:2}} is an R-generating subset of M, and so

< max{i>s{A),ifT(B)}.

For the reverse inequality, we may suppose, without loss of generality, that

k := vr{M) < oo. Thus, there exists a R-generating subset {(ai,6i) e M : i e

Observe that {cf : i G is an 5-generating subset of A

and {hi : i G is a T-generating subset of B, giving that >

max{i/s{A),UT{B)}. □

We pause to establish running hypotheses and notation for the rest

of this chapter. Let R = Ri x . .. x Rm, where, for each i G {1,..., m}, Ri is an
SPIR (possibly a field). Let Mi = Rtv^ denote the maximal ideal of Ri, and let Cj
denote the index of nilpotency of Mj. Let V be a module which is R-free on a basis

43



of n elements (1 < n < oo). Since the category of J?-modules is equivalent to the

product of the categories of iJj-modules (1 < z < m), V is uniquely expressible as an

internal direct sum V — for suitable ili-modules Vi. In view of the canonical

il-module isomorphism ^ x... x R^, it follows that Vi = that is, Vi

is a free i2i-module of rank n, for each i. Observe also that every i2-submodule of V

is an internal direct sum of the form VFi ©... © Wm, where Wi is an i2i-submodule

of Vi for each i.

The next two propositions will be used later in this chapter to find various

tjTpes of expected values over finite PIRs.

PROPOSITION 3.2 Let W be an R-submodule ofV; put  k= ur(W). As above,

express W = Wi © W2 © ... © Wm, where Wi is an Ri-submodule of Vi for each i.

Then W is R-free on a basis on k elements if and only if each Wi is Ri-free on a

basis ofk elements.

Proof. Since Ris & PIR, k < i/ufV) = n, and so A:  < 00. As the assertion follows

trivially when kT = 0, we assume that W ̂0. For the “if’ assertion, observe that

Wi ̂  for each i, and so W ̂ r!^^ x ... x R^^ ̂  is, indeed, /2-free

basis of k elements. The “only if’ assertion follows since Wi = Rii8)RW for each i.

on a

□

PROPOSITION 3.3 Let W be an R-submodule ofV, expressed as usual asW =

Wi@W2® ...® Wm, where Wi is an Ri-module. For each i, let pwi,i denote the
Ri/Mi-dimension of the image of in Definition 2.4 using the base ring Ri and
ambient Ri-free module Vi. Then the highest rank attained by an R-free submodule
of W is min{pwi,i : i G {1,..., m}}.
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Proof. Using Propositions 3.2 and 2.24, observe that the rank of any i2-free sub-

module of W is less than or equal to z := i € {1,...,m}}. It remains

only to find an iZ-submodule of W which is R-free on a basis of z elements.

For each i, Proposition 2.24 shows that Wj contains an i2f-submodule Fi

which is iZ,-free on a basis of pwi,i elements. Choose F! to be an iZj-submodule of

Fi which is Ri-free on a basis of elements. Thus, by Proposition 3.2, F[®...®F^

is a submodule of W which is R-fiee on a basis of  z elements. □

For the rest of this chapter, we add to the running hypotheses that R is

finite, with qi := \Ri/Mi\ for each i G {!,...,m}. Observe via [7, Theorem 33, p.

245] that any finite PIR can be expressed as an internal direct product of finitely

many finite SPIRs. In particular, any finite PIR can serve as the ambient ring R in

the following discussion.

In order to calculate various expected values over the finite PIR R, we in

troduce the following notation. For each i € {1,. .., m} and j e {0,..., n}, let rjij

denote the number of Rf-submodules of Vi with i/itj-value j. Thus, for each

i e {!,...,m}, rjifl = 1, and, for each j G {!,...,n}, we have that r}ij =

where Ai denotes A in Proposition 2.28 (c)

using Ri as the base ring and Vi as the ambient Ri-free module. For each k G

{0,..., n}, let Tjk denote the number of R-submodules of V with i/fl-value k. Thus,

for each A: G {0,. . . ,7i}. Proposition 3.1 yields that

Vk (Z)j=0 Vlj)(l2j=0 V2j) ■ • • (Z)j=o Vmj) (I3j=0 ^lj)(Sj=0 • ■ • (Z)|=0 Vmj)-

In the next two lemmas, we find expected values stated in terms of the above

notation. Readers interested in practical computations of expected values should

keep in mind that each r]ij can be found in terms of Qi and Ci (and the ascending
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Ci-tuples) using Proposition 2.28 (c).

LEMMA 3.4 (unweighted) As W varies over the set of R-submodules ofV,

^(Sj=0 VlJ) • • n {12j=Q Vm,j) (X^fc=o(I]j=0 Vlj)  • • • (X)j=0 Vm^))
EMW)) =

(Z)j=0 Vlj) • n • (13^=0 ‘nmj)

Proof. For each A: G {0,...,n}, let denote (E?=o ̂ij)(E*=o mj) n n n (EJ=o Vmj)’,

put 0-1 = 0. By the above remarks, rjk = ak — Ofe_i for each k. By the discussion

preceding Remark 2.30, it follows that

e{ur{w)) = =
^ ^ Lfc=o’»fc ao+2^*=i(afc-afc_i) (2^fc=o“*)~(2^ft=i

(EL^afcMES®*)

^(EjrsO ̂^<3)—(^i=0 ̂”t>7)~(Efc=ojE7=0 (E.7=0 ̂rnj))
(Ej-o —

. □

LEMMA 3.5 (weighting by UR-value) Let W vary over the set of R-submodules of

V. When W is weighted by ^h(W),

'^(E,-=o *>1.J )-"(E.7=0 )~(Efc=0 (^^+^)(E,-^ )—(J2i=0 ^mj))
”(Ej=o ’Ji>i)'"(Ej=o ’^"‘••jl~(E*=o (Ej=o’^*>j1’"(Ej=o

Proof. As above, for each A: G {0,..., n}, let a* denote (Ej=o Vij) ■ ■ ■ (Ej=o Vmj);
and put a_i = 0. When W is weighted by ur{W), by the discussion preceding

Remark 2.30, we have that

E{M^) = = ?*r' =Efc=o*’J* E*=i*(®fc““*-i) (E*=i *“*)“(E*=i

(EL, ^ (EL, fc^°fc)-((E::,^fc^afc)+2(E::nfc°*)+(E
(E*=i *“fc)“(Efc=o(*+^l®*) (Et=i *'®fc)“((ELi *“*)+(E”

^°”~(ELo(^^'i~^)‘^fc) ”^(Ej=o j)—(E.7=o )~(Ejb=o(^^+^)(E.7=o ̂ ^.i)—(E.7=o ̂ .j)) j-j
~(Efc=o "(Ej=o ’Ji j l"'(E^-=o )~(E*=o (Ej=o l'"(Ej=o j))

n—1
“fc))

O/t))i=0
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In order to calculate E{vr{W)) when W is weighted by cardinality, we in

troduce the following notation. For each i G and  j € {0,...,n}, let

7]l j denote the sum of cardinalities of all il,-submodules of Vi with -value j.

Thus, for each i G {1,... ,m}, rfi Q = 1, and, for each j e {1,.. .,n}, by Proposi

tions 2.25 and 2.28 (c), we have that tjV = X)o<di<...

Eo<di<...<de._i<i d2,...,dei-i,j), where A,- denotes A using Ri as

the base ring and Vi as the ambient ilj-free module. For k G {0,...,7i}, let rj'^.

denote the sum of cardinalities of all iZ-submodules of V with z^B-value k. Hence,

for each A: G {0,... ,n}, observe via Proposition 3.1 (and the distributive property)

that

v'h = (21=0>/w)(2?=orij)---(2,‘=„nLj) - (2jrJ 4^)... (Ej;itCj).

LEMMA 3.6 (weighting by cardinality) Let W vary over the set of R-submodules

of V. When W is weighted by the cardinality,

n{Y.U iro) • • • imj) - n • • (Eio im,))E{vr{W)) =

Proof. In view of the comments following Remark 2.30, one may adapt the proof

of Lemma 3.4, replacing each rjij by rjV. □

In the next three theorems, letting r G {1,... ,m}, we take the limit of the

expected values found in Lemmas 3.4, 3.5, and 3.6 respectively as qi,q2,---,qT
all approach infinity. (More precisely, for each  e > 0, we require that there exist

an A > 0 such that the expected value is within e of the limit value whenever

qi,q2,. ..,qr > N.)
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THEOREM 3.7 (unweighted) Let r e {1,... ,m}. For each G {0,...,n}, let

/ (Z)j=0 ̂r+lj)(ir*=0 ̂r+2j) • • • (]E^=0 Vmj) if  T <
11 if r =

m
CTk :=

m.

Further, let W vary over the set of R-suhmodules of V.

(a) If n is even, then

—  <^k)
E{vr{W)) =limgi,92,-.9r-+00 0-n

In particular, when r = m, we have that

E{iyR{W)) = f.

(b)Ifn is odd, then

n(ei+l)-(er+l)gn-(<Tn-l +(ei+l)-(er+l)(y;”nj.i ffk))
(ei-fl),..(er+l)o'TiEMW)) =lim„,92.-,9r->oo

In particular, when r = m, we have that

E(Mm)=i+\ 1lim,,
(ei+l)...(em+l) •,92,.••.9m-^00

Proof. Referring to the numerator and denominator appearing in Lemma 3.4, let

N denote

^(I2j=0 ‘>71 j) n n n (£j=0 Vrj)(^n (Z)fc=o (^j=0 Vld) • • • {^j=Q VrjWk)

and let D denote (E"=o Vu) n - • (E”=o VrjWn-

(a) Suppose that n is even. To prove the assertion, after rewriting both N and

D as polynomials in ̂ i, 92, • • •, gr.with coefficients viewed as integral polynomials in

Qr+u - • • observe that it suffices to prove the following three statements. For

each i e {1,..., r}, the highest power of qi in both N and D is at most Cj the
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term of N is nan - (Efc=| ̂k)i and the coefficientcoefficient of the

of the term of £> is cr„.

Let i e {1,..., r}. For each k 6 {0,..., n}, using Proposition 2.28 (c) and

the discussion preceding Lemma 3.4, observe that X)j=o Vij is an integral polynomial

in Qi. Using Corollary 2.32 (a), one checks that the degree of i^^ ft is at

e, (l) , with equality if and only if A: e {|,... ,n}. In particular, for each

A; e {|,..., 7i}, observe via Corollary 2.32 (a) and Proposition 2.28 (c) that Ey=o Vij

is a monic polynomial in qi.

Thus, after rewriting

N = n(S^c, rhj) n n n (EJ=o - Si EU nu) n n n S=o

as a polynomial in qi,...,qr, with coefficients viewed as integral polynomials in

most

-«4c7*).

Similarly, after rewriting D = (E"=omj) n • • (E"=o^rj)«^n as a polynomial in

qi,...,qr, with coefficients viewed as integral polynomials in g^+i,■ ■•,qm, the coef-

qr+i, ■■■,qm, the coefficient of the q^ term of N is na.

-(t)^...qr
ei

ficient of the term of D is cr„. Therefore, the assertion follows.

When r = m, since Cfc = 1 for each A: 6 {0,. .., n}, it follows that

.,gm->oo E{vr{W)) = 1 2-Cn

(b) Suppose that n is odd. When n = 1, Proposition 4.1 (a) will establish that
E{ur{W)) = 1 - Then, after some calculation, the assertion follows for

n = 1 (even before the limit is taken) since, using Proposition 2.28 (c) or the fact that
Ri is an SPIR, one checks that X:}=o ftj = ei + 1 for every i € {1,..., m}. Therefore,
without loss of generality, suppose n > 3. To prove the assertion, after rewriting
both N and D as polynomials in with coefficients viewed as integral
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polynomials in ..., it suffices to prove the following three statements. For

each z e {1,..., r}, the highest power of qi in both N and D is at most Ci (^^);

ei

the coefficient of the term of N is

n(ei + 1)... (cr + 1)(T„ - (cTn^ + (ei + 1)... (e^ + l)(E"_«+i o’*:));

(^)ei Cr

and the coefficient of the q^ term of D is (ei + 1)... (cr + l)cr„.

Let i € {1,...,r}. For each k 6 {0,...,7i}, using Proposition 2.28 (c) and

the discussion preceding Lemma 3.4, observe that XIj=o Vij is an integral polynomial

...qr

in qi. Using Corollary 2.32 (b), one checks that the degree of in ft is at

most Ci , with equality if and only if A: e {n—1 .., n}. In particular, observe

via Corollary 2.32 (b) and Proposition 2.28 (c) that Z' ,j=Q ftj is a monic polynomial

in qi. Similarly, using Corollary 2.32 (b) and Proposition 2.28 (c), one checks, for

each A: 6 ..., 7z}, that the leading coefficient of E*=o Vij as a polynomial in qi

is ei +1.

2  ’ •

n—1

Thus, after rewriting

N = n(S?=0 1)1 j) ... (EJ=„ TkjW - (JXA (T.U’lu)--- £‘=0 VrjM

as a polynomial in qi,...,qr, with coefficients viewed as integral polynomials in

n ■•qr
ei

gr+i, • ■ •, ^771) the coefficient of the q^

n{ei + 1). .. (cr + l)an - (crn^ + (ei + 1)... (e^  + 1)(E

Similarly, after rewnting D = (E"=o Vij) • • • (Z)^=o Vrj)<^n as a polynomial in
9ij • ■ ■ j ft , with coefficients viewed as integral polynomials in g^+i, • • • , ^tti, the coef-

term of N is

71—1
A:=2±i

(•^)ei Cr

ficient of the qi

the assertion follows.

term of Z? is (ei + 1)... (e^ + l)a,i. Therefore,...qr
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When r = m, since a* = 1 for each A: G {0,..., n}, it follows that

w(ei+l)...(er+l)o-n-(o’n-l +(ei+l)—(er+l)(y!”~n+l <^k))
E{MW))=lim,!>92 9m-^00

n.(ei+l)...(em+l)-(l+(ei+l)—(ero+l)(X^"_TO+i 1))

(ei+l)...(em+l)

S 4- 1
2^2

(

1

(ei+l)...(em+

ei+l)...(er+l)o-,

(Sdl)(ei+l)...(e„.+l)-l
(ei+l)...(em+l)

. □l)

THEOREM 3.8 (weighting by UR-value) Let r G {1,. .., m}. For each
A: e {0,..., n}, let

•= / (^i=0 ̂ r+1 j)(X/j=0 ̂ r+2j) • ■ ■ (Zrfj=0 if  T <
■  ll ifr =

m

m.

Let W vary over the set of R-submodules of V. Also, suppose that W is weighted

byi'niW). Then:

(a) If n is even, then

O'*)
.,9r->’00 E{MW)) =

In particular, when r — m, we have that limg, E{Mw))=r>92)—>9m-+C»

(b)Ifn is odd, then

i=^(ei+l)...(er+lK-(n(T„-i+(ei+l)...(er+l)(X;fc~Ml(2A;+lVA))
7i.(ei+l)...(er+l)o-n-(<T^^+(ei+l)...(er+l)(X^”~T»j-i o'*))

lim9 E{vr{W)) =1>92,—,9r-+oo

In particular, when r = m, we have that

ll^i,92....,9m-+oo E{vr(W)) 2 + 2 (ei+l)..!(e,„+l) + (ei +l)...(eJ+l)t(ei + J.S+\V»i+l)-2) '

Proof. Using the fact that o-* < a„ for each k e one checks that

the denominators found in the assertions of both (a) and (b) are indeed nonzero.
Referring to Lemma 3.5, let N denote
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n^(i:Unui)---(I-Unrj)an- (DEJ(2*: +1)(T.Umj)• • • (nU^M)

and let D denote

’^(13^=0 Vld) • • • (I3"=0 Vrj)(^n (Z)fc=0 (X)j=0 VlJ) n • • (2^=0 11rj)<^k)-

(a) Suppose that n is even. To prove the assertion, after rewriting both N

and D as polynomials in 91,..., with coefficients viewed as integral polynomials

in Qr+i, Qm, observe that it suffices to prove the following three statements. For

each i G {1,..., r}, the highest power of qi in both N and D is at most Cj the

coefficient of the ^ ̂  ̂ “ (ELf (2^ + and theterm of N is

term of D is nan - (Efc=s: (^k)-

Let i G {1,...,r}. For each k G {0,...,ri}, using Proposition 2.28 (c) and

.. .qrcoefficient of the q^

the discussion preceding Lemma 3.4, observe that E*=o is an integral polynomial

in qi. Using Corollary 2.32 (a), one checks that the degree of 'Z,j=oVi,j in Qi is at

most Ci (1) , with equality if and only if A: G {|,... ,to}. In particular, for each

k G {n,..., n}, observe via Corollary 2.32 (a) and Proposition 2.28 (c) that Y!,j=o Vij

is a monk polynomial in qi.

Thus, after rewriting

N = nid) n n n (EEo rkj]<r.- (E^ (2«: +1) (Ej=„ m j) • • • (Ej^o VrjM

as a polynomial in qi,...^qr, with coefficients viewed as integral polynomials in ^

Br

term of N is n^a, -{ElZi{2k +qr+i, ...,qm, the coefficient of the qi

l)(Tjt). Similarly, after rewriting

...qr

D = "(EEo’hj) • n • (EEo’!rj)<^„ - (EEJ(EJ=„I)I^) .. n (S^^VrjH)
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as a polynomial in qi,...,qr, with coefficients viewed as integral polynomials in

-(a;-''*)-
«(»)' MtT

n ■■qrqr+i, - jqm, the coefficient of the q^

Therefore, the assertion follows.

When r = m, since crfc = 1 for each A: 6 {0,..., n}, it follows that

term of D is na.

^^^91.92, gm->oo —
1)*=t

‘*-2(2*=^ *)-(Efc=9 1) n*-(
"-t

3n^—2n\ n
= li

f  2-

(b) Suppose that n is odd. When n = 1, Proposition 4.1 (b) will establish
that E{ur{W)) = 1. Then, the assertion follows for n = 1 (even before the limit is
taken). Therefore, without loss of generality, suppose n > 3. To prove the assertion,

after rewriting both N and D as polynomials in 9i,. . ., ̂ rj with coefficients viewed

as integral polynomials in g^+i, •■■,qm, observe that it suffices to prove the following

three statements. For each i € {1,..., r}, the highest power of qi in both N and D

is at most Cf ; the coefficient of the

n2(ei + 1). .. (e,. +1)(7„ - (ncr™^ + +1). . . (g, + 1)(^

(41) .(41)
...qr term of N is

n—1 {2k + l)ajfe));k=^

ei Cr
and the coefficient of the g^

n(ei + 1)... (g, + l)a„ - {a^ + (g, + i)... (g^ +

Let i G {1,..., r}. For each k G {0,..., n}, using Proposition 2.28 (c) and
the discussion preceding Lemma 3.4, observe that E^=o %j ^.n integral polynomial
in qi. Using Corollary 2.32 (b), one checks that the degree of T,j=oVi,j in qi is at
most ei , with equality if and only if A: G {

via Corollary 2.32 (b) and Proposition 2.28 (c) that EjJo Vij is a monic polynomial

term of D is...qr

71-1 .., n}. In particular, observe2  ’■

n—1
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in qi. Similarly, using Corollary 2.32 (b) and Proposition 2.28 (c), one checks, for

.., 7i}, that the leading coefficient of "Hio ^ polynomial in g,-71+1each k e{
2  »•

is Ci +1.

Thus, after rewriting

N = n^(EJ=orhj) • • • CEUVrjK - (EjE;3(2* + l)G:?=c,')w) • • •

as a polynomial in qi,...,qr, with coefficients viewed as integral polynomials in

M A^)
•. .qr

ei

qr+i,..., 5^7 the coefficient of the q^ term of N is

n^(ei +1)... (e^ +1)£7„ - (tut n—1+ (ei + 1) . . . {Cr + 1)(E (2A: + l)crjfc)).n—1
k=2±^

Similarly, after rewriting

D — w(Ej=o^lj) • • n {Tl]=o'nrj)(^n — (Z)]fe=o(Sj=0^1j) • n • {12j=o'nrj)<^k)

as a polynomial in qi ..,qr, with coefficients viewed as integral polynomials in3 •

-..qr

ei

qr+i, ...,qm, the coefficient of the term of D is

n(ei + 1)... (cr + l)a„ - + (ei + 1)... (e^ + a*)).

Therefore, the assertion follows.

When r = m, since a* = 1 for each A: € {0,..., n}, it follows that

lim EiMW)) =9l>92,—.gm->oo

n=‘(ei+l)...(er+l)(Tn-(Tttrn-i +(ei+l)...(er+l)(EEn+i (2fc+l)o-t))

7i2(ei+l)...(em+l)-(7i+(ei+l)...(em+l)(E;"I^(2A:+l)))
n(ei+l)...(e„.+l)-(l+(ei+l)...(e,„+l)(E":lj.i 1)) “

w^(el+l)...(e„.+l)-(7^+(el+l)■■■(em+l)(^S^^^S±l+
n(ei+l)...(e„+l)-(l+(ei+l)...(em+l)(^))

7i(ei+l)...(er+l)a„-(<r„_i+(ei+l)...(er+l)(E’

W —1 ))
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3n^-2n-lw^(ei+l)...(era+l)-(n+(ei+l)-(em+l)(
(2fi)(ei+l)...(e„+l)-l

4Tt^(ei+l)...(em+l)-(4n+fei+l)...(em+lU3n^-2w-n)
2(n+l)(ei+l)...(eTn+l)—4

(ei+l)...(e,„+l)R^+(2(ei+l)...(em+l)-4)n+(ei+l)-(e„.+l)
2(ei+l)...(em+l)n+2(ei+l)...(e,„+l)-4 “

2(ei+l)...(em+l)fi+2(ei+l)...(em+l)-4

))I

)(2(ei+l)...(e„,+l)-4)n  , (ei+l)^(em+l)-2 ,
2 ̂  2(ei+l)...(em+l) ^

,  2((ei+l)...(em+l)^=^-»ei+l)...(em+l)-2)(2(ei+l)-(em+l)-4)
^  2(ei+l)...(em+l)(2(ei+l)...(e,„+l)7i+2(ei+l)...(em+l)-4) “

^  2»ei+l)...(em+l)-l)
(ei+l)...(em+l) ̂  (ei+l)...(em+l)((ei+l)...(e„+l)(n+l)-2)

1
. □

2: _L 1
2^2

1
(ei+l)...(em+l)

n + i
2^2

THEOREM 3.9 (weighting by the cardinality) Let r  € {1,.. . ,m}. For each
G {0,..., n}, let

a-, := ( Ei=o’i+u)(Ej=c.’^+2j) • ■ ■ if’- <
11 if r =

m

m.

Let W vary over the set of R-suhmodules of V. Also, suppose that W is weighted

by cardinality. Then:

(a) If n is even, then

7i(ei+l)...(er+lK-(a'„+(ei+l)...(er+l)(5:;j-^^jCr;))
(ei+l)...(er+lK

E{vr{W)) =...,gr-+oo

In particular, when r = m, we have that

1

(ei+l)...(er„+l) ■

(b)Ifn is odd, then

lim E{ur{W)) =9i.92,-,9r-+oo

In particular, when r = m, we have that
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71+1lim9 EMW)) =1j92,—.9m->^00 2  •

Proof. Referring to the numerator and denominator appearing in Lemma 3.6, let

N denote

n{ZUrAj). -. iZU v'rjK - izVo{i:U v[j) •. n izurfrM)

and let D denote (E^=o Vij) • n • (E"=o

(a) Suppose that n is even. To prove the assertion, after rewriting both N

and D as polynomials in gi,..., g,., with coefficients viewed as integral polynomials

ill Qr+i, observe that it suffices to prove the following three statements. For

each i € {1,..., r}, the highest power of g* in both N and D is at most Cf ;

(Sn±^) (1^)
ei Cr

the coefficient of the Qi term of N is...gr

n(e, + 1) ... (e, + 1)< - + (ei + 1)... (e, + yCEJIj+i o’,))-,

(S^)
ei Bt

and the coefficient of the g^

(ei + 1)... (cr + l)cr^j.

Let i e {1,..., r}. For each A: G {0,..., n}, using Proposition 2.28 (c) and

term of D is...gr

the discussion preceding Lemma 3.6, observe that E^=o Vij is an integral polynomial

in g,-. Using Corollary 2.34 (a), one checks that the degree of Zj=oVij in Qi is at

most ei , with equality if and only if A: G , n}. In particular, observe

via Corollary 2.34 (a) and Proposition 2.28 (c) that Zj=oVij is a monic polynomial

in Qi. Similarly, using Corollary 2.34 (a) and Proposition 2.28 (c), one checks, for

each A:G{f + l,...,7^}, that the leading coefficient of Ei=o Vij as a polynomial in

Qi is Ci +1.

Thus, after rewriting
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• • • (EJ=o vi-jX - (EjrJ {EU ’!«)•■• (S‘=o v'rjXk)JV = n(£'j=0

as a polynomial in qi,...,qr, with coefficients viewed as integral polynomials in

ei

qr+i, qm, the coefficient of the qi term of N is

n{ei +1)... (cr + IX - (o-n + (ei + 1)... (er + l)(ELf+i ̂ ))-

Similarly, after rewriting D = {'Ej=oV[j) • • • (E"=o^rjX ^ a polynomial in
qi,...,qr, with coefficients viewed as integral polynomials in g^+i, the coeffi-

. . .qr
ei

cient of the qi

the assertion follows.

term of D is (ci+l)... (er+l)<7^. Therefore,

When r = m, as ojj. = 1 for each A: G {0,..., n}, it follows that

n(ei+l)...(e,+lK-(<7'„+(e,+l)...(e,+l)(X:fc4+i<rjt))
(ei+l)...(er+l)<7; ~

n(ei+l)...(em+l)-(l+(ei+l)-(en.+l)(X:fc~n^i 1)) _ n(ei+l)-(e,„+l)-(l+(ei+l)-(em+l)(?-l)) _
(ei+l)...(em+l) (ei+l)...(e„+l) ~

(f+l)(ei+l)-(e,„+l)-l
(ei+l)...(em+l)

lim. E{yR{W)) =1.92

— 5±i 4_ i
2  2 (ei+l)...(em+l) ■

(b) Suppose that n is odd. To prove the assertion, after rewriting both N
and D as polynomials in qi, ..., g,., with coefficients viewed as integral polynomials

in 9r+i) ■ ■ ■, 97713 observe that it suffices to prove the following three statements. For

each z e {1,... ,r}, the highest power of qi in both N and D is at most Cj (^)^;
-  - ...qrthe coefficient of the q^ term of iV is X - o-j;.); and the

coefficient of the q^

Let i e {1,... ,r}. For each k e {0,...,n}, using Proposition 2.28 (c) and
the discussion preceding Lemma 3.6, observe that Ej=o v'ij i® nn integral polynomial

term of D is a'... .qr

in qi. Using Corollary 2.34 (b), one checks that the degree of Y!,j=oV'ij in qi is at
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most e,- (^)^, with equality if and only if /s e {
each k G {^, observe via Corollary 2.34 (b) and Proposition 2.28 (c) that

is a monic polynomial in qi.

Thus, after rewriting

n+l ..,n}. In particular, for
2  ’•

N = - (.T.iiCEU’ij) n n n ei=o’^j)<4)

as a polynomial in qi,...,qr, with coefficients viewed as integral polynomials in

qr+u..., qm, the coefficient of the qi

o'k). Similarly, after rewriting D = (i:"=o iij)  n n • (E"=o

term of N is. • . 9r

n-1- (E as a

polynomial in gi,..., with coefficients viewed as integral polynomials in

...qrqr+u-'-Qm, the coefficient of the q^

the assertion follows.

When r = m, since = 1 for each fc 6 {0,..., n}, it follows that

term of D is Therefore,

lim.i E{vr{W)) =,92,...,gm-+oo

1)

= ̂-(1-1) = ̂- □

In order to calculate the expected rank of an arbitrary i2-free submodule of

V, we introduce the following notation. For each  i 6 {1,..., m} and j G {0,..., n},
let Tij denote the number of Ri-free submodules of Vi with rank j. Thus, for each

z G {1,..., m}, Tifi = 1, and, for each j G {1,..., n}, observe via Corollary 2.21 that
=  ■■ ■J), where Aj denotes A in Proposition 2.28 (c) using Ri as the base

ring and V as the ambient Ri-free module. For each A: G {0,...,n}, let r* denote
the number of i2-free submodules of V with rank k. Thus, for each A: G {0,... ,n}.
Proposition 3.2 yields that th = Tr^kr2,k ■ ■■Tm,k-
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With the above notation in hand, the unweighted expected rank of an ar

bitrary il-free submodule F of V is given by E{vr{F)) = . Similarly, the
Tk

expected rank of an arbitrary J2-free submodule F of V, when F is weighted by

vr{F), is given by E{ur{F)) =
zJLo^

For each i e {1,..., m} and j 6 {0,..., n}, let denote the sum of cardi

nalities of all iZj-free submodules of Vi with rank j. Thus, for each i G {1,..., m},

7i Q = 1, and, for each j € {1,..., w}, observe via Corollary 2.21, Proposition 2.25,

and Proposition 2.28 (c) that = A;(y,y,..., j) = where Ai

denotes A using Hi as the base ring and V as the ambient iij-free module. For

each k G {0,... ,n}, let Tf. denote the sum of cardinalities of all R-free submod

ules of V with rank k. Thus, for each /: G {0,... ,n}. Proposition 3.2 yields that

'^k — Ti,k'^2,k n n • Hence, the expected rank of an arbitrary iZ-free submodule F

of V, when F is weighted by cardinality, is given by E{ur{F)) = .
2^k=0 k

In the next three theorems, letting r G {1,..., m}, we take the limit of the

various expected ranks discussed above as 91, g2,  • • •, all approach infinity. (More

precisely, for each e > 0, we require that there exist an AT > 0 such that the expected

value is within e of the limit value whenever 9i, 92, • • •, > N.)

THEOREM 3.10 (unweighted) Let r G {1,..., m}. For each A: G {0,..., n}, let

I '^r+l,k'^r+2,k • • • Tm,k if r < m

if r = m.

Further, let F vary over the set of R-free submodules of V.

(a) If n is even, then

lim EiMF)) = I9l,-.9r-»-oo
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(b) If n is odd, then

(M’Vn-l+f^Vn+l
...,5,^00 =

O-n

In particular, when r = m, we have that lim9 E{MF)) = t-l,-,9m-»-CX3

Proof. Let N denote ELo = ELo kTi,kT2,k • • • TV,*®’*, and let D denote

Efc=0 = Efc=0 l,fc'^2.fc • • • Tr,kCfk-

(a) Suppose that n is even. To prove the assertion, after rewriting both N and

D as polynomials in gi, 92, n n •, gr> with coefficients viewed as integral polynomials

in Qr+i, observe that it suffices to prove the following three statements. For

each i € {1,... ,r}, the highest power of ft in both N and D is at most e,

the coefficient of the ^ ̂ term of N is (|)<7n; and the coefficient of the
•r(f)=

term of £> is aa.
2

Let i e {1,...,r}. For each k G {0,...,n}, using Proposition 2.28 (c) and

the above discussion, observe that Tij. is a monic polynomial in ft. By Corollary 2.32

(a), the degree of n^k in Qi is at most ei(|)^, with equality if and only if A: = |.

Thus, after rewriting N = X)Lo^Ti,kr2,k n ■■Tr,k<^k as a polynomial in

9i>92,• ■ •,9r, with coefficients viewed as integral polynomials in ft+i, the

coefficient of the . er(t)2 term of iV is (|)cr™. Similarly, after rewriting
D = 12k=oTi,kT2,k ■ • • Tr,k(^k as a polynomial in 91,92, ■ • •, with coefficients viewed

..9r

ei(f)2as integral polynomials in 9^+1,..., 9^, the coefficient of the 91

of D is an. Therefore, the assertion follows,

(b) Suppose that n is odd. When n = 1, y is the only i2-free submodule

term...9r

of V with i/fi-value 1. Thus, the assertion follows for n = 1 since JV = Oro +

Iri = 1 and D = ro + ri = 2. Therefore, without loss of generality, suppose
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n > 3. To prove the assertion, after rewriting both N and D as polynomials in

qi, 92, • • •, Qr, with coefficients viewed as integral polynomials in g^+i, observe

that it suffices to prove the following three statements. For each i G {1,..., r}, the

highest power of qi in both N and D is at most Cf (^^); the coefficient of the

ei

term of N is (^)fTn-i + (^) o'siil the coefficient ofQi ...qr

Mei Cr

the 9i term of D is + cn+i.

Let i € {1,..., r}. For each k e {0,..., n}, using Proposition 2.28 (c) and

the above discussion, observe that is a monic polynomial in qi. By Corollary 2.32

(b), the degree of rj,* in qi is at most Si (^^), with equality if and only if either
k = or A: =

...qr

n+1
2  n

Thus, after rewriting N = X)*=:o • • • TV.fctTfc as a polynomial in

QuQ2,...,qr, with coefficients viewed as integral polynomials in .g^+i,. n.,qm, the

ei Cr

term of N is (2^) + (2^) Sim
ilarly, after rewriting D = X;Lo ... Tr,k(rk as a polynomial in 91,92, • n •, 9r,

with coefficients viewed as integral polynomials in 9r+i,...,9m, the coefficient of

coefficient of the qi ...qr

ei

the 9i term of D is an^ + <7n±i. Therefore, the assertion fol-
2  2 ’

lows.

When r = m, since crjfc = 1 for each /c G {0,..., n}, it follows that

E{MF)) = = s. □lim. >'CX)

THEOREM 3.11 (weighting by VR-value) Let r G {1,... ,m}. For each
A: G {0,..., let

f ̂ r+l,kTr+2,k • • • '^m,k
ll

if r < m
if r = m.

<^k ••=
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Let F vary over the set of R-free submodules ofV. Also, suppose that F is weighted

by ̂ r{F). Then:

(a) If n is even, then

linigl E{MF)) = t-.->9r-+00

(b) If n is odd, then

<rn-l

EMF)) =lim, ,̂...,5r->O0

In particular, when r = m, we have that = i + ̂-

Proof. Let N denote ELo = E

ELo kTk = ELo kn,kr2Jz • • • Tr^Ok-

(a) Suppose that n is even. To prove the assertion, after rewriting both N and

D as polynomials xa. qi,q2,... ,qr, with coefficients viewed as integral polynomials

in g^+i, • • • 5 9t7ij observe that it suffices to prove the following three statements. For

k^n,kT2,k n • • Tr,k(rk, and let D denoteifc=0

each i G {1,..., r}, the highest power of ft in both AT and £> is at most e,- the

coefficient of the . term of N is (D^cr™; and the coefficient of the..qr

term of D is a^.

Let i G {1,... ,7-}. For each k G {0,... ,n}, using Proposition 2.28 (c) and

the discussion preceding Theorem 3.10, observe that Tj,* is a monic polynomial in

9i

ft. By Corollary 2.32 (a), the degree of n^k in  tf is at most ei(f)^, with equality if

and only if fc = |.

Thus, after rewriting JV = E k^n,kT2,k • • • Tr,fc(7jfc as a polynomial in

Qi:Q2, n n n jQr, with coefficients viewed as integral polynomials in gr+i,-- -,9mj the

k=0

coefficient of the ...qr term of N is Similarly, after rewriting

E = Efc=o ̂'^i,kT2,k • n n 7‘r,fc<7fc as a polynomial in ft, ft,..., ft, with coefficients viewed
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as integral polynomials in g^+i,. n •, gm, the coefficient of the Qi

of D is (l) (Ta. Therefore, the assertion follows,
(b) Suppose that n is odd. When n = 1, V is the only i2-free submodule

term...gr

of V with z//t-value 1. Thus, the assertion follows for n = 1 since N = O^tq +

= 1 and D = Otq + Iti = 1. Therefore, without loss of generality, suppose

n > 3. To prove the assertion, after rewriting both N and D as polynomials in

gi, g2,..., g^^ with coefficients viewed as integral polynomials in gr+i, observe

that it suffices to prove the following three statements. For each i e {1,..., r}, the

highest power of gi in both N and D is at most ei (^^); the coefficient of the

(=^)ei er term of is (^) and the coefficientgi ...gr

(4^)ei Cr

term of D is + (^) an±i.
Let i 6 {1,... ,?■}. For each k E {0,... ,7i}, using Proposition 2.28 (c) and

the above discussion, observe that Ti^k is a monic polynomial in gj. By Corollary 2.32

(b), the degree of Ti^k in gi is at most e* with equality if and only if either

k = ^ 01 k =
Thus, after rewriting N = k^'^i,k7'2,k ■ • • Tr,kO'k as a polynomial in

gij g2, ■ ■ •, gr, with coefficients viewed as integral polynomials in g^+i, the co

term of N is

ilarly, after rewriting D = kn^T2,k.. - Tr,k(Tk as a polynomial in gi, ga,..
with coefficients viewed as integral polynomials in qr+i,...,qm, the coefficient of

of the gi ...gr

Tt+l
2  ■

M Mei Cr

efficient of the g^ CTn+i. Sim-. ..gr

• , gr,

(4^) (4^)Cl Cr term of D is (^) Therefore, thethe gi

assertion follows.

When r = m, since a* = 1 for each A: G {0,..., n}, it follows that

...gr
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.,gm-yoo

THEOREM 3.12 (weighting by cardinality) Let r e {1,,., ,m}. For each

A: G {0, let

r+l,fc‘^+2,fc n:.tLm if r < m

if r = m.
,k

Let F vary over the set of R-free submodules ofV. Also, suppose that F is weighted

by cardinality. Then:

(a) If n is even, then

lim EMF)) =
qu-,gr^oo

In particular, when r = m, we have that limg^^,„

(b) If n is odd, then

n+llim, î E{MF)) =,...,gr-¥oo 2  n

Proof. Let N denote ELo = ELo ̂'^i',*7-2,fc •

= l^fc=0 '^l,fc'^2,fc • n • '^r,k^k-

(a) Suppose that n is even. To prove the assertion, after rewriting both

N and D as polynomials in qi,q2, • • • ,Qr, with coefficients viewed as integral poly

nomials in gr+i,■ ■■,qm, observe that it suffices to prove the following three state
ments. For each i e {1,.. .,r}, the highest power of qi in both N and D is at

.. and let D denote

ei

most e,- the coefficient of the

(t) -I- (t l) ̂ §+1’ coefficient of the q^
of D is crk -I- (^'^+1-

9i term of N is

(S^)
term...qr
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Let i e {1,...,r}. For each k e {0,...,n}, using Proposition 2.28 (c) and

the discussion preceding Theorem 3.10, observe that is a monic polynomial in Qi.

By Corollary 2.34 (a), the degree of in qt is at most Cj with equality

if and only if either A:=|or/; = | + l.

Thus, after rewriting N = ̂Lo n ■■'^r,k<^k ^ a polynomial in

qi,q2,... jQr, with coefficients viewed as integral polynomials in qr+i,...,qm, the

^  ...qr ^ ^
ei

(t) + (t + l)coefficient of the qi term of N is

Similarly, after rewriting D = i:i=or[,k'ri ■ ■ '4,k<^k as a polynomial in qi, q2,..., qr,
with coefficients viewed as integral polynomials in the coefficient of the

2,k-

(s^)
ei

term of D is a'n+cr'n . Therefore, the assertion follows.

When r = m, since = 1 for each fc G {0,..., n}, it follows that

. ..qr t+i9i

ZLtl
2

lim. gm-*oo  •

(b) Suppose that n is odd. To prove the assertion, after rewriting both N and
D as polynomials in qi, q2 .. ,qr, with coefficients viewed as integral polynomials
in qr+i, . . .,qm, observe that it suffices to prove the following three statements. For

> •

each i G {1,. .., r}, the highest power of qi in both N and D is at most Cf

er(2±l)2the coefficient of the q term of N is^ ; and the coefficient.. .qr

of the qi term of D is o'....qr

Let i G {1,... ,r}. For each k G {0,... ,n}, using Proposition 2.28 (c) and
the discussion preceding Theorem 3.10, observe that is a monic polynomial in
qi. By Corollary 2.34 (b), the degree of in q^ is at most with equality
if and only if A: =

Thus, after rewriting N = ^'

w+l
2  •

^'^[fc=0 ,k'^2j! ■ ■ • '^'r,k^k as a polynomial in
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9ij 92j • n •, Qr, with coefficients viewed as integral polynomials in 9^+1 > • n n > Qm, the co-

,er(2±i)=* term of N is (^)(7'efficient of the n+i- Similarly, after rewriting...Qr

^ — X)fc=0 '^l,k^2,k • • . as a polynomial in qi,q2,... ,qr, with coefficients viewed

ei(^)as integral polynomials in qr+i,...,qm, the coefficient of the qi

. Therefore, the assertion follows. □term of D is a'.

...qr

For the rest of this chapter, our focus changes. Instead of asking for the

expected value of ^'h(W), for suitably restricted types of submodules W of V, we

ask for the expected value of a quantity which measures the largest free submodule

inside a suitably random submodule W of V.

For an arbitrary submodule W of V, let

^r{W) := max{uji{F): F is an J?-free submodule of W}.

In other words, 9r{W) is the highest rank attained by an F-free submodule of W.

In order to calculate the expected 0^-value of an arbitrary i?-submodule of V,

we introduce the following notation. For each i € {1,. . ., m} and y G {0,. .., n}, let

fiij denote the number of i2i-submodules of Vi with ^Ri -value j. Thus, for each i e

{!,. .., m}. Proposition 2.24 yields that fXifi =  1 + Eo<<i2<...<4i<n ^2, • ■ •,
and, for each j e {1,. .. ,n}, fJiij = Ej<d2<...<de,<n Ai(j, ̂ 2,..., 4,), where Aj de
notes A in Proposition 2.28 (c) using Ri as the base ring and y, as the ambient

iZi-free module. For each A: G {0,..., n}, let denote the number of i2-submodules

of V with 0H-value k. Thus, for each k G {0, . .. ,n}, using Proposition 3.3 and the

discussion preceding Proposition 3.2, observe that

fj'k — {12^=k ■ ■ ■ (E”=A: /^mj) (E”=fc+1 /^Ij) •  • ■ (E"==fc+1
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LEMMA 3.13 (unweighted) As W varies over the set of R-submodules ofV,

12k=iil2j=k /^2j) • • • il2j=k fmj)
(l!)j=0 f^lj) (I^jzzO /^2j) n • • (I2j=0 f^mj)

E{9r{W)) =

Proof. For each A: 6 {0, , n}, let 6* denote (E"=jfc}iij){Ej=k t^j) • • • (Ej=k Mmj);

put bn+i = 0. By the above remarks, fjik = bk- bk+i for each k. Hence,

iT,7Zlik+l)bk+i)HT.:Znkbk+i)+nbn _ (£lZabk+i)-{n-l)b„+nb„ _  _
(Efci)‘’fc)-(Efc=i *’*)+*”

Efc=i(Ej=fc wj)(E

bo—bn+bn

;tmj)

6o

j=k
m

3=0

LEMMA 3.14 (weighting by 9R-value) Let W vary over the set of R-submodules

ofV. When W is weighted by 9r(W),

E*;=l(Ej=:fc f^lj)ilZj=k /^2j) • • . (E^=Jb Ihnj)
E{9r{W)) =

Proof. For each A: G {0,..., n}, let bk denote (E"=fc //ij)(E"=fc A^2j) • • n (E"=fc

put bn+i = 0. When W is weighted by 9R{yV), we have that

^  ES^ (En*(«’fc-**+i))+"6n a

(E::n(fc+l)^fc/b+l)-(E?:n^fefc+l)+n^fen
(Efc=o(*’+^)*’*+l)“(E*=0 *6*+l)+n6i>

(EkZo *^6A+l)+2(Efc=0 *^A:+i)+(E”=o ftfc+l)-(Erin
(Efc=o ***+l)+(E*=0 **+l)~(EfcIo *6fc+l)+n6n

(E:::n'(2fc+l)&fc+l)-(n-l)^fcn+n^&n _ E::o(2A:+l)6i+i EL,(2fc-l)ft*
nZo^k+i ~ - ~

E:=i(2a=-i)(E”=* /‘-.o
ELi(E;=fc^ij)(ij^*^2.,)...(E“ ^

n-1

(E;:=o*=«>*)-(Efci**fc+i

bk'k=l

. □
j=k

)+«in
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In order to calculate E{ur{W)) when W is weighted by cardinality, we in

troduce the following notation. For each i e {1,..., m} and j G {0,..., n}, let

denote the sum of cardinalities of all of jR,-submodules of Vi with ̂ ^.-value j. Thus,

for each i G {1,... ,m}. Propositions 2.24 and 2.25 yield that

lA,0 — 1 + T,0<d2<...<dei<n ^2,..., dei) —

1 + IZo<rf2<... c^2j • • • J dg.)

and, for each j G {1,..., n}.

t4j — T,j<d2<...<dei<n KUi d2,..., dei) —

d2,..., de.-),

where Aj denotes A in Proposition 2.28 (c) using Ri as the base ring and Vi as the

ambient iZj-free module. For each k G {0,..., n}, let ij/^ denote the sum of cardi

nalities of all il-submodules of V with ̂ n-value k. Thus, for each k G {0,... ,n},

observe via Proposition 3.3 (using the distributive property) that

fj'k — i^j=k tAj) n • • i^j=k Knj) (S)”=A;+1 fAj)  n • • (5Z”=A;+i fJ-mj)-

LEMMA 3.15 (weighting by cardinality) Let W vary over the set of R-submodules

of V. When W is weighted by cardinality,

f4j) n n n (£?=> A.,)
(E?=„ /*U. • • (E?=„ /4j) n

E{en{W)) =

SrilHProof. When W is weighted by cardinality, E{9r{W)) =

adapt the proof of Lemma 3.13, replacing fj,ij by {xV. □

. Thus, one may

In the next three theorems, letting r G {1,... ,m}, we take the limit of the

expected values found in Lemmas 3.13, 3.14, and 3.15 respectively as qi,q2,..., qr
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all approach infinity. (More precisely, for each  e > 0, we require that there exist

an iV > 0 such that the expected value is within  e of the limit value whenever

9i,g2,.--,9r > N.)

THEOREM 3.16 (unweighted) iei r e {1,...,m}. For each A: G {0,...,n}, let

—Ifi /ir+l j) (E"=fc /ir+2j) • • n (E”=]b Ihnj) if T < m
if r = m.

=fc

Further, let W vary over the set of R-submodules of V.

(a) If n is even, then

Iimq,,^g2,.. .,gr-^oo ffo

In particular, when r = m, we have that

(b)Ifn is odd, then

n—1

(ei+l)...(er+l)(]^^2r <^k)+(rn-^l
(ei+l)...(er+l)<To

E{eR{w)) =

In particular, when r = m, we have that

EiORiW)) = t - i + 1linigi,92,-,9771^00 (ei+l)...(em+l) ’

Proof. Referring to the numerator and denominator appearing in Lemma 3.13,

let N denote ELi(E"=*/ii,j)(E"=fcAi2j) • • • iEj=kl^T,j)(^k, and let D denote

(Ej=0 A^1j)(Ej=0 A*2j) • • • (Ej=0 hrj)(^Q-

(a) Suppose that n is even. To prove the assertion, after rewriting both N and

D as polynomials in ^2, n n •, grjWith coefficients viewed as integral polynomials in
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^r+i, observe that it suffices to prove the following three statements. For

each i 6 {1,..., r}, the highest power of qi in both N and D is at most e* the

...Qtcoefficient of the q-^ term of N is Ejk=i and the coefficient of the

term of D is ao.

Let z G {1,..., r}. For each A: G {0,..., n}, using Proposition 2.28 (c) and the

discussion preceding Lemma 3.13, observe that is an integral polynomial

in qi. Using Corollary 2.32 (a), one checks that the degree of i^^ ft is

at most Ci with equality if and only if A: G {0,..., In particular, for each

A: G {0,..., |}, observe via Corollary 2.32 (a) and Proposition 2.28 (c) that

is a monic polynomial in qi.

Thus, after rewriting N = • n • (E"=fc as a

polynomial m qi,... ̂q^, with coefficients viewed as integral polynomials in

ft ...ft

term of N is Ejfc=i Similarly,

after rewriting D = (E”=o (E"=o /^2j) • • • (E”=o /^rj)<7o as a polynomial in

ft,..., ft, with coefficients viewed as integral polynomials in ft+i,..., qr„i, the coef-

-(t)

qr+i, ...,qm, the coefficient of the ft

ficient of the q term of D is a^ o. Therefore, the assertion follows.

When r = m, since a* = 1 for eaeh A: G {0,..., n}, it follows that

...gr

eL 1O’*limgi,g2, E{6r{W)) = n

~ 2-

(b) Suppose that n is odd. When n = 1, after some calculation, the assertion

follows for n = 1 (even before the limit is taken) since, using Lemma 3.13 and

the fact that J?* is an SPIR, one checks that = Cj and = 1 for every

z G {1,..., m}. Therefore, without loss of generality, suppose n > 3. To prove the

assertion, after rewriting both AT and £> as polynomials in gi,..., ft, with coefficients

viewed as integral polynomials in gr+i,...,gm, it suffices to prove the following

tro
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three statements. For each i G {1,... ,r}, the highest power of qi in both N and

y 2 1 \
D is at most Cj ( J; the coefficient of the Qi MM Br

term of N is...qr

Mei Br

(ci +1)... (cr + 1)(Ea:=o +<Jn+i; and the coefficient of the q^

term of £> is (ei + 1)... (er + l)o-o.

Let i G {1,..., r}. For each /: G {0,..., n}, using Proposition 2.28 (c) and the

discussion preceding Lemma 3.13, observe that E"=fc is an integral polynomial in

qi. Using Corollary 2.32 (b), one checks that the degree of Tij=k l^ij i^^ Qi is at most

j with equality if and only if /; G {0,...

Corollary 2.32 (b) and Proposition 2.28 (c) that T^^-n+i fJ>ij is a monic polynomial

in qi. Similarly, using Corollary 2.32 (b) and Proposition 2.28 (c), one checks, for

}, that the leading coefficient of Yl,]=k l^ij as  a polynomial in qi

...qr

71+1}. In particular, observe viae. ’  2

Tl—1each A: G {0,..
• ’ 2

is e* +1.

Thus, after rewriting N = ELi(D”=fcA^ij)(E”=jfeAi2j) n n • {'Ej=k as a

polynomial in qi,... ,qr, with coefficients viewed as integral polynomials in

B1 Br

qr+i,...,qm, the coefficient of the qi term of N is...qr

n—1

(ei + 1) . . . (Cr + l)(E*;=l O-fc) +0’2i^-

Similarly, after rewriting D = (E”=o j) (E”=o/^2j) • n n (E"=o A^rjO^T-Q as a polyno

mial in qi,...,qr, with coefficients viewed as integral polynomials in g^+ij...,Qm,

B1 Bt

term of D is (d -t- 1)... (cr -I- l)c7o.the coefficient of the q^

Therefore, the assertion follows.

When r = m, since a*; = 1 for each A: G {0,..., n}, it follows that

...qr

n—1

(ei+l)-(e,„+l)(X:fcir^fc)+^n^ ̂  (ei+l)-(e,„+l)(7:,X 1)+1 ̂
(ei+l)...(em+l)<ro (ei+l)...(em+l)

s(eR{w)) =lim.1.92 .-,9m->00
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(ei+l)...(e^+l)(ai^)+l _ n _ 1 ,
(ei+l)...(em+l) 2 2

1
. □(ei+l)...(eTn+l)

THEOREM 3.17 (weighting by On-value) Let r 6 {1,... ,m}. For each

A: G {0,.. - ,n}, let

/ iYlj=zk f^r+l,j) (Z)^=jfe A*r+2j) • • • (Z)^=Jb fhnj) if T < 771
11 if r = 777.

<7jfc :=

Let W vary over the set of R-suhmodules of V. Also, suppose that W is weighted

h Or(W). Then:

(a) If n is even, then

..,gr^oo E(eRiw)) = y*?
2^k=i <rk

In particular, when r = m, we have that

(b)Ifn is odd, then

n-1(ei+l)...(er+l)(X);[37 [2k-l)<7k)+na^i
(ei+l)...(er+l)(^j^Ji q-fc)+<rnj-i

In particular, when r = m, we have that

2»ei+l)...(e,„+U-ll
(ei+l)...(em+l)((ei+l)...(em+l)(n-l)+2)-

Proof. Referring to the numerator and denominator appearing in Lemma 3.14,
let N denote ELi(2A:- l)(E"=fc//i,i)(E"=fc/X2j) •  - - iE]=k/J^rjWk, and let D denote

Efc=i(E”=A: A*1j)(E”=A; /^2j) • • • (E”=A: t^rj)crk-
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(a) Suppose that n is even. To prove the assertion, after rewriting both N and

D as polynomials in gi, 52, • • • > ^rjWith coefficients viewed as integral polynomials in

9r+i> observe that it suffices to prove the following three statements. For

each i e {1,..., r}, the highest power of ?,• in both N and D is at most e,- ; the

n n ■qr term of N is Y.^-i{2k - l)a-ifc; and the coefficientcoefficient of the

of the qi^^^ . .. ^ term of D is Efc=i <^k-
Let i G {1,..., r}. For each A: e {0,..., w}, using Proposition 2.28 (c) and the

discussion preceding Lemma 3.13, observe that YJj=kl^ij is an integral polynomial
in gj. Using Corollary 2.32 (a), one checks that the degree of in qi is

at most e, with equality if and only if A: G {0,..., |}. In particular, for each

A: G {0,.. ., |}, observe via Corollary 2.32 (a) and Proposition 2.28 (c) that
is a monic polynomial in g,.

Thus, after rewriting N = ELi(2A:-l)(E”=ifc l^iMT,j=k /^2j) ■ ■ • (E]=k f^rd)(^k
as a polynomial in gi,..., g^, with coefficients viewed as integral polynomials in

(t)^er term of N is Efc=i(2A: - l)^*.

Similarly, after rewriting D = ELi (E"=fc f^ij) (Ej=k M2j) ■ ■ ■ (Ej=k MTj)(^k as a poly
nomial in gi,..., gr, with coefficients viewed as integral polynomials in g^+i, .■.,qm,

gr+i,... , gmj the coefficient of the g^ ...qr

...qr
eithe coefficient of the qi

follows.

term of D is Efc=i (^k- Therefore, the assertion

When r = Tn, since a* = 1 for each A: G {0,..., n}, it follows that

ELi (2fc-l)^* _ ELi(2A=-1) _ 2(EL _
eL-* ■ " - " -

<^)-t
n

lim. EieniW)) =1.92,.••.9m->^00

2-
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(b) Suppose that n is odd. When n = 1, using Lemma 3.14, observe that

E{6r{W)) = 1. Thus, the assertion follows for w =  1 (even before the limit is

taken). Therefore, without loss of generality, suppose n > 3. To prove the as

sertion, after rewriting both N and D as polynomials in qi,...,qr, with coeffi

cients viewed as integral polynomials in qr+i,... ,qm, it suffices to prove the fol

lowing three statements. For each i G {1,..., r}, the highest power of qi in both

(a^)
...qr

ei

N and D is at most Cj the coefficient of the

n—1

of AT is (ei -f- 1)... (cr -I- - 1)0-*) -I- and the coefficient of the

term9i

(»^) (4^)ei Cr n—1

term of £> is (ci -f-1)... (e^ -I- l)(Efc=i <^k)  + .

Let i G {1,..., r}. For each A: G {0,..., n}, using Proposition 2.28 (c) and the

discussion preceding Lemma 3.13, observe that f^iJ is 3-“ integral polynomial in

qi. Using Corollary 2.32 (b), one checks that the degree of Yj=kt^ij in Qi is at most

(2^), with equality if and only if A: G {0,..., ̂±1}. In particular, observe via
Corollary 2.32 (b) and Proposition 2.28 (c) that is a monic polynomial

in ft. Similarly, using Corollary 2.32 (b) and Proposition 2.28 (c), one checks, for

each A: G {0,..., ̂ }, that the leading coefficient of Y]=k y-ij as a polynomial in ft

is ei -I-1.

Qi ...qr

ei

Thus, after rewriting

N = T.U(2k - 1)(E^, /<«) • • •

as a polynomial in gi,..., ft, with coefficients viewed as integral polynomials in

(4^) (4^)ei er

qr+i, ...jqm, the coefficient of the ft term of N is... ft

n—1

(ei -M)... {er -1- 1)(Ea:=i (2A: - l)c7*) -f- nan±i.
2

Similarly, after rewriting
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•O = ELi (E?=* mu) -{IZU

as a polynomial in qi,...,qr, with coefficients viewed as integral polynomials in

(4^) (^)ei Br

qr+i, ■■■,qm, tlie coefficient of the q^ term of D is...gr

n-1

(ei + 1)... (er + 1)(E^ o-jfc) +

Therefore, the assertion follows.

When r = m, since cr* = 1 for each A: e {0,..., n}, it follows that

n—1

(ei+l)...(e„.+l)(X: {2k-l)<Tk)+n(r P-k=l n

n—1

\n—1

fc)-(2fi) +nn—1 (ei+l)...(e7n+l)(ei+l)...(e„.+l)(X;;3'(2A!-1))+ti ^
(ei+l)...(e„+l)(X;

n—1

1)+1k=l

fc=i
/

(ei+l)...(e„+l)(2fi)+l

hz^l(ei+l)...(em+l) +Tl (ei+l)—(em+l)(^Y^) +w
“ (ei+l)...(e„.+l)(2fi)+l ~

(ei+l)...(en»+l)n^+(4-2(ei+l)-(em+l))Tt+(ei+l)...(em+l)
2(ei+l)...(e„.+l)n+4-2(ei+l)...(em+l) ~

4(ei+l)...(em+l)-4
(ei+l)...(e„.+l)(2(ei+l)...(e„+l)n+4-2(ei4-l)...(e„i+l)) “

2((ei+l)...(em+l)-l)
(ei+l)...(em+l)((ei+l)...(em+l)(7i-l)+2) . □

(e,+l)...(e,„+l)(2ifl)+l
(ei+l)...(em+l)(w-lp+4w
2(ei+l)...(em-l-l)(n-l)+4

n  I 2-(ei+n-(en,+0 .
2 ^ 2(ei+l)...(e„+l)

- - i +2  2 ^
1

(ei+l)—(eTn+l)

THEOREM 3.18 (weighting by cardinality) Let r G {1, . .. ,m}. For each
A: G {0, let

.= I m;+u)(E^ mUu) ... (E ifr<m
if r = m.

Let W vary over the set of R-submodules of V. Also, suppose W is weighted by
cardinality. Then:

(a) If n is even, then
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(ei+l)...(er+iyo.,9r^oo EieniW)) =

In particular, when r = m, we have that

l™9i,92,.-.gm^oo ■E'(0ii(W)) — 2 + (ei+l)..!(em+l)'

(b)Ifn is odd, then

n+l

^™9i,92,.. .,9r->CX3 B(0j,(W)) =

In particular, when r = m, we have that

B(eB(W)) = !!a.lim91i92,...,gm->C»

Proof. Referring to the numerator and denominator appearing in Lemma 3.15,

let N denote and let D denote

(E^oia'y)(E?.o#4j) • • ■ (E^O KjK-
(a) Suppose that n is even. To prove the assertion, after rewriting both N

and D as polynomials in gi,.. ., with coefficients viewed as integral polynomials

Qt+i, ■ ■ •, Qm, observe that it suffices to prove the following three statements. For

each i € {1,. . ., r}, the highest power of g,- in both N and D is at most Cj

ei

the coefficient of the g^ term of N is...gr

(ei + 1)... (e. + l)(Ei=i Oi) + <7i+ii

(i^)
ei

and the coefficient of the g^ term of D is...gr

(ei + 1) . . . (Cr + 1)(7^.
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Let i e For each k G using Proposition 2.28 (c)

and the discussion preceding Lemma 3.15, observe that is an integral

polynomial in qi. Using Corollary 2.34 (a), one checks that the degree of lAj

in Qi is at most Cj with equality if and only if A: G {0,..., | + 1}. In

particular, observe via Corollary 2.34 (a) and Proposition 2.28 (c) that

is a monic polynomial in qi. Similarly, using Corollary 2.34 (a) and Proposition 2.28

(c), one checks, for each A: G {0,..., |}, that the leading coefficient of fA,j

a polynomial in gj is e, + 1.

Thus, after rewriting

as

N = ELl j) n n n (EU iJrM

as a polynomial in gi,...,gr, with coefficients viewed as integral polynomials in

ei

gr+i, ■■.,qm, the coefficient of the q^ term of N is...gr

(e, + l)...(e, + l)(ELi<Ti) + c/j+,.

Similarly, after rewriting D = (E"=olt'i,j)(E”=ol'2j) • • • as a polyno-
mial in gi,...,g^, with coefficients viewed as integral polynomials in gr+i,■..,qm,

(j^)
ei Cr

the coefficient of the g^

Therefore, the assertion follows.

When r = m, as <Tj|. = 1 for each A: G {0,..., n}, it follows that

term of D is (ei +1)...gr ... (e^ + l)ao.

(ei+l)...(er„+l)(X:L‘^fc)+<"l
(ei+l)...(em+lH

i+1 _ (ei+l)...(em+l)(7)+l _
(ei+l)...(em+l)

E{eR{w)) =,-.9m->00

E J-
2 ^ (ei+l)...(em+l) ■

(b) Suppose that n is odd. To prove the assertion, after rewriting both N
and D as polynomials in gi,... , g^, with coefficients viewed as integral polynomials
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in 9r+i3 • • •} Qm, observe that it suffices to prove the following three statements. For

each i e {1,..., r}, the highest power of gi in both N and D is at most Cj

e.(2±lY 2±1
r ^ ^ ^ term of N is 'EkLi coefficientthe coefficient of the ...gr

of the term of D is Oq.

Let 2 G {1,..., r}. For each A: G {0,..., n}, using Proposition 2.28 (c) and the

discussion preceding Lemma 3.15, observe that J2j=ktAj integral polynomial

in gi. Using Corollary 2.34 (b), one checks that the degree of Y!i]=kt4j ft

most Ci (^) , with equality if and only if A: G {0,..
each A: G {0,..., observe via Corollary 2.34 (b) and Proposition 2.28 (c) that

Y!,j=klAj is a monic polynomial in gi.

...gr

n+l}. In particular, for
• ’ 2

Thus, after rewriting

JV = ELi(E^/4^)C?=*

as a polynomial in gi,...,gr, with coefficients viewed as integral polynomials in

gr+i, ...,gmi the coefficient of the gl
n+l

^k- Similarly, after rewriting D =

polynomial in gi

...gr term of N is

/^2j) n • n (S^=o ss a
..,gr, with coefficients viewed as integral polynomials in

’j=0

J •

(‘p-y
• • - HT

ei

gr+ij ...Qm, the coefficient of the gi

the assertion follows.

When r = m, since ajj, = 1 for each A: G {0,..., n}, it follows that

term of jD is (Tq. Therefore,

E{e^(w)) = = e£ 1 = ̂ . o-,9m->-00

In closing the chapter, we observe that Theorems 3.16-3.18 give another way,

distinct from the SPIR studies in Theorems 2.35, 2.37 and 2.38, of generalizing the
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motivating results on vector spaces in Theorems 1.8-1.10. To see the “generalizing”

assertion, note first that if J? is a field, then 9r{W) = dimR{Wy, and then simply

take m = 1 and Ci = 1 in the above results. As for the “distinct” assertion, it suffices

to observe that the formula in Theorem 3.16 (resp., 3.17; resp., 3.18) disagrees with

that in Theorem 2.35 (resp., 2.37; resp., 2.38) in case n is odd, m = 1 and e > 2

(resp., n = 3, m = 1, e = 2; resp., n is even, m  = 1 and e > 2). For an alternate

approach to the “distinct” assertion, observe that 9 ̂  u as follows. Take an SPIR,

{R,M), with e > 2, ambient R-module V := R, and iZ-submodule W := M. Here,

= 1, but it follows from Theorems 1.1 and 1.2 that 9r{W) = 0 since 0 is the

only proper ideal of R which is R-free.
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CHAPTER IV

WHEN THE UNIVERSE IS NOT A FINITELY GENERATED FREE MODULE

OR THE BASE RING IS NOT A PRINCIPAL IDEAL RING

This short chapter illustrates the behavior of E{i/r{W)) in case the ambient

module V is not finitely generated free or the ambient ring R is not a PIR. The

former situation is addressed in Proposition 4.1, which also settles the case n = 1

which was announced in Theorem 2.35 and Theorem 2.37, and in Remark 4.2. The

latter situation is dealt with in Example 4.3.

For Proposition 4.1 and Remark 4.2, [7, Theorem 33, p. 245] permits the

ambient finite PIR, R, to be expressed as an internal direct product of finitely many

finite special principal ideal rings (possibly fields), s&y R = Ri x ... x R^, where,

for each i G {1,..., m}, Rj is a finite SPIR. Let M,- = RKi denote the maximal ideal

of Ri, let e, denote the index of nilpotency of Mi, and let g, := \Ri/Mi .

PROPOSITION 4.1 Let Rbe as above. Let V be a nonzero cyclic R-module; that

is, V = R/1 as R-modules, with / = /i x/2 x... where, for each i G {1,..., m},

li = Rii^i' for some fcj G {0,...,ej, and kj ̂  0 for some j. Let W vary over the

set of all R-submodules of V. Then:

(a) For the unweighted context, E{ur{W)) = 1 - rpr^irTTr- a conse-

quence, if I = 0, then E{vr{W)) = 1 - 1

(b) IfW is weighted by vr{W), then E{vr{W)) = 1.

(c) If W is weighted by cardinality, then
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Proof. Since i? is a PIR, vr{W) < 1 for each R-submodule W of V. We use this

fact throughout the proof. For k G {0,1}, let rik denote the number of R-submodules

of V with i^B-value k. Since V ̂  0, it follows that % = 1 and ^ 0.

(a) For i G {1,..., m}, by [7, Example, p. 245], Ri has precisely ej +1 ideals

(namely, R^, RiTTj, Rj-tt?, ..., RjTrf = 0). Hence, for i G {1,..., m}, R,//,- has A:* + 1

Rj-submodules. By the discussion preceding Proposition 3.2, there are ni^i(A:i +1)

R-submodules of V = R/I = (Ri/Ii) x ... x (Rm/Im)- Of these, only one (namely,

0) has i^ij-value 0. Therefore, by the reasoning for the “unweighted” case discussed

prior to Remark 2.30,

Observe that if / = 0, then ki = e* for each i G {1,... ,m}, and so E(ur(W)) =

1C. («+!)•

(b) If W is weighted by i>r{W), then it follows from the discussion prior to

Remark 2.30 that E{ur{W)) = = 1.

(c) For i G {1,..., m} and j G {0,..., A:,}, let Ti{j) =

m

ir. Combining La

grange’s Theorem with two applications apiece of Corollary 2.26 (1) and Remark 2.5

Riir.

^ = 9i
k(c), we see that Ti{j) = \ i-j for each i and j. Further, the sum of

cardinalities of all i2-submodules of V is

nO'llT^fe) ... = (E)i„ T2U)) n n n (EjLo

= (ES.o9i')(£iiod) • • • (E^O*)-

Tmij)) =

Hence, the sum of cardinalities of all nonzero R-submodules of V is

&U sl'KEjlo«■. ■ (E)So A) -1-
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Therefore, if W is weighted by cardinality,

(E-U ̂')(E gi)-(E-=0j^Mw)) = _ 1 _ 1

(EjLo ̂^(EjLo ̂ ^—(Ej^ 9m)
. □

REMARK 4.2 (a) When the ambient R-module V = R/1 is not free, / 0, and

so ki < Ci for at least one i. Thus, in this case. Proposition 4.1 (a) shows that the

(limiting) behavior of E{ur{W)) depends on new parameters (A:i,..., A:„i) which
played no role in the calculations of the expected values found in Chapters 2 and 3.

(b) Let y be as in the context of Proposition 4.1. Notice that in part (c),
when W is weighted by cardinality, E{uji{W)) depends on at least some of the ft

values. However, in parts (a) and (b), when submodules are unweighted or weighted

by E{i/ii(W)) is independent of the g,- values. Nevertheless, in each part of
Proposition 4.1, E{i>ii{W)) < 1; and, in fact, by choosing R appropriately, one can

arrange that 1 — E{ur{W)) be arbitrarily small,

(c) Let jR be a finite SPIR with maximal ideal M  = Rn and e the in

dex of nilpotency of M. Let V ^ R (i.e., J = 0 in Proposition 4.1). As an
ticipated by Theorem 2.35, Proposition 4.1 (a) gives that lim,_^oo ■E'(t'fl(W)) =
1-4 =  Similarly, when W is weighted by z/fl(W), Proposition 4.1 (b)
gives that lim5_,.oo E{i'ji{W)) = 1, a generalization of the n = 1 case of [1, Corol-

e+l

lary 2.6]. When W is weighted by cardinality. Proposition 4.1 (c) gives that
limg_^oo E{vr{W)) = lini9j^« (1 — = 1, a generalization of the n = 1 case of

[1, Corollary 2.5^ .

Finally, we show that if a finite local ring R is not a PIR, then the (limiting)
behavior of E{vr{W)) is qualitatively different from that recorded in Chapters 2
and 3. We document the point for three contexts: when W is unweighted, when W
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is weighted by and when W is weighted by cardinality. In Remark 4.4 (b),

we broach the problem of analyzing related examples arising from other finite local

rings R which are not PIRs.

EXAMPLE 4.3 Let RT be a finite field of cardinality q and let d>2.

Let R := K[Xi,..., : i,j G = K[X,,...,X^] = K +

X)f=i KXi, where Xi denotes the coset represented by Xi. Observe that R is a finite

local ring with maximal ideal M := {Xi,...,Xi)/{{XiXj : i,j G d}}) =

(Xi,..., Xd) with index of nilpotency 2, but R is not a PIR since vr{M) = d.

(a) The maximal ideal M is a d-dimensional RT-vector space with RT-basis

{Xi,... ,Xd}. Further, the set of all proper ideals of R is precisely the set of all

RT-vector subspaces of M.

(b) For each proper ideal I of R, ur{I) = dimK{I)-

In (c)-(e), let I vary over the set of ideals of R.

(c) In the unweighted context, lim,_^oo = |.

(d) When / is weighted by vr{I),

d if d is even
2

ton £'(!.«(/)) =

2^ 2d

(e) When I is weighted by cardinality.

if d is odd.

r 1 if d = 2

^ I if d = 3

d+lY- if d > 4.

Proof, (a) If ki, k2, n n., kd ̂  R and k^Xi -f k2X2 -1-... kdXd = 0, then ki = k2 =

... = kd = 0. Thus, M is a d-dimensional RT-vector space with basis {Xi,

Further, any RT-vector subspace of M is an ideal of R since = 0 leads to
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{kol + fciXi +... + kaXa) ik[X, + k!,X2 + ... + k'^Xi) = h{k[Xi + + • • • + k'^X^)

..jk^eK. Of course, any proper ideal of il is a iiT-subspacefor all A:i,..., kd, k[
j n

ofM.

i

(b) Since = 0 and R/M = K, it follows from Nakayama’s Lemma that

ur{I) = dimR/M{I/MI) = diniR/Mil/O) = dimR/M{I) = dimK{I)-

(c) By (a), R is the only ideal of R which is not  a iiC-subspace of M; and,

of course, ur{R) = 1. Therefore, with Uj denoting the number of j-dimensional

jRr-subspaces of a d-dimensional iET-vector spaee, we see via (b) and the discussion

prior to Remark 2.30 that

jpf,. fTW _ 0<^o+l(a;i+l)+Et2W _ (EUo3‘^i)+^

Since d > 2, [4, Corollary 3.3] gives that T,j=oji^j and Ej=o^j are both integral

= |, with the last equality holding (even before taking the limit)

polynomials in g of degree > 1. Therefore, limg_,.oo E{ur{I)) = lim,.^

StoM- _ -

by the result on vector spaces in [4, Theorem 3.4].

(d) As in (c), let cjj denote the number of j-dimensional AT-subspaces of a

d-dimensional AT-vector space. When I is weighted by t'R{I), by arguing as in (c),

it follows that

OO

lim.•^OO

E{vr(I)) = ^ (E-=ojS)+i_
0‘^0+1(wi + 1)+E,=2-?“j

Since d > 2, [4, Corollary 3.3] gives that both Ej=ofiOj and Ej=oj^j are poly-

(Ej=oJS)+i

. Hence, the assertion follows by the result on vector spaces in [1,

nomials in g of degree > 1. Therefore, lim. E{ur{I)) = lim-►OO g-^oo

(Ej=oJS)
(Ei=oM)

Corollary 2.6 .

lim.-►OO
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(e) Let u}j denote the sum of cardinalities of all j-dimensional iiT-vector sub

spaces of a d-dimensional iif-vector space. Thus, since the cardinality of any j-

dimensional iiC-vector space is q^, [4, Proposition 3.1] gives that Uj =

for each j G {1,..., d}; the same is true for j = 0, by our convention on empty

products. Further, by [4, Corollary 3.3], each Uj is a monic integral polynomial in

g of degree j +j(d- j) =j{{d+l)- j).

By (a), R is the only ideal of R which is not a iif-subspace of M. Further,

since M is a d-dimensional iif-vector space and R/M = K, it follows, by Lagrange’s

Theorem, that |J2| = \R/M\\M\ = q(^ = q^^^. Thus, when W is weighted by

cardinality, it follows from the discussion after Remark 2.30 that

^  ‘^i+K+l«l)+Ej=2<^; (E-=o‘^P+9^+^ n

By Corollary 2.34 (a), using n = d, e = 1 with cj'- = A'(j) if j > 0, observe

that if d is even and d > 4, then the degree of both E^=o and E^=o^ (as

polynomials) in q, is greater than d -f 1. Similarly, by Corollary 2.34 (b),

observe that if d is odd and d > 5, then the degree of both Z' ,j=o (jJj and T,j=Q w'- in

q, (^) J is greater than d -f-1. Therefore, when  d > 4, it follows that

(EL>1)^
(E^=o-))+9‘'-^^

with the last equality holding by the result on vector spaces in [1, Corollary 2.5].

On the other hand, when d = 2, using [4, Proposition 3.1], observe that

^0 = Ij = 9^ + 9) and Therefore, the above formula simplifies to

limg_^oo E{ur{I)) = lim. = ̂= lim-►00 g-i-oo 2  ’

g^+3g^+g
g3+2g2+g+l ’E{Mn) =

giving that limg_,oo JE;(i/it(/)) = 1.
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Similarly, when d = 3, one checks that Uq = 1, =  ^+  + q, U2 =

q^ + ̂ + q^, and = 9®, giving

±£

and so lim,_,oo = |. □

REMARK 4.4 (a) In contrast to the calculation of (limiting) expected values over

finite PIRs in Chapters 2 and 3, all limiting expected values found in Example 4.3

(c),(d), and (e) depend on a parameter, d, of the ambient ring. Further, in contrast

to the behavior over finite PIRs given for J = 0 and V = iZ in Proposition 4.1

(a),(b),(c) and Remark 4.2 (b), each of the limits lim5_^oo E{yR{I)) is unbounded
d varies.

as

(b) Let R be the ring in Example 4.3. Since vji{M) = d > 2, J? is not an

SPIR. However, if d > 4, then [1, Corollaries 2.7, 2.6, 2.5] shows that the limiting

answers in Example 4.3 (c),(d),(e) are the same as the corresponding values of

limg_,.oo E'(i/jr(W)), where F is the finite field with q elements and W ranges over

the subspaces of a d-dimensional F-vector space V. In particular, if d > 4, there is

an SPIR-module context (indeed, a vector space context) which mimics the behavior

of the R-module R in Example 4.3 (c),(d),(e). On the other hand, if d = 2 or d = 3,

then we can use Theorems 2.35,2.37, and 2.38 to show that there is no SPIR-module

context (with fixed parameters e and n) for which lim E{vr{W)) replicates the
behavior of the J2-module R in Example 4.3 (c),(d),(e). We thus have the following
curiosity; for large d (i.e., d > 4), the ring R in Example 4.3 behaves more like an

q-¥oo

SPIR than is the case for d = 2,3. Moreover, since the construction in Example 4.3

formally degenerates to the SPIR of dual numbers KlXy^X"^) in case d = 1, we see
that this construction fails to exhibit SPIR-type behavior for d = 2 and d = 3, while
exhibiting SPIR-like behavior for d = 1,4,5,6,7,..  . : a most remarkable pattern!
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(c) For sufficiently large d, the answers in Example 4.3 (c),(d),(e) are formally

the same as the corresponding answers given in [1, Corollaries 2.7, 2.6, 2.5] for the

limiting values of E{dimF{W)) where W varies over the subspaces of a d-dimensional

vector space over a finite field F with q elements. This raises the question of whether

known results on vector spaces (or from Chapters  2 and 3) can be used to study

limits of expected values over non-PIRs substantially difierent from the ring R in

Example 4.3.
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