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ABSTRACT

This work concerns the expected minimal cardinality of a generating set of an
arbitrary submodule of a finitely generated free module over a finite (commutative)
principal ideal ring (PIR). Our primary objective is to obtain ring- and module-
theoretic generalizations of the woi'k that had been done earlier in the finite field-
vector space situation by Dobbs and Lancaster.

In Chapter I, we provide background material, conventions, and some of the
definitions needed for the work in Chapters II-IV.

Chapter II addresses finding the expected minimal cardinality of a generating
set of an arbitrary submodule of a finitely generated free module over a finite special
principal ideal ring (SPIR). We generalize the various “weighted” limiting expected
values found by Dobbs in the field-vector space situation to an SPIR-module setting
which Dobbs had explored in a special case. As a byproduct, we find a formula for
the number of submodules of a given finitely generated free module (over a finite
SPIR) which require a prescribed number of generators.

In Chapter III, using a basic structure theorem of PIRs and results from
Chapter II, we obtain limiting expected values for the PIR-module situation. Here
we investigate the various “weighting” contexts for limiting expected values which
were introduced by Dobbs and we also address some other “weighting” contexts
that do not arise naturally for vector spaces.

| In contrast to the PIR settings in Chapters II a.n;i ITI, Chapter IV investigates

some ring-module situations which have limiting expected values that behave in

qualitatively different ways from the answers found in the (S)PIR settings.
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CHAPTER I
INTRODUCTION

In this chapter, we provide some background material for the work in this
dissertation. All rings are commutative with 1. Cardinality is denoted with absolute
value notation; i.e., if S is a set, then |S| denotes the cardinal number of S. Empty
sums are 0, and empty products are 1. If E is an R-module, then vg(E) denotes
the minimal cardinality of an R-generating set of E. Thus, by Nakayama’s Lemma,
if (R, M) is a local ring and F is a finitely generated R-module, then vg(E) =
dimg/(E/ME).

Most of Chapter 2 concerns special principal ideal rings (SPIRs). Following
[7], a ring R is called a PIR (principal ideal ring) if each ideal of R is principal; and
a PIR is called an SPIR if it has only one prime ideal M and M is nilpotent, that
is, M™ = Q for some n > 0. By the indez of nilpotency of M, we mean the least
positive integer e such that M® = 0. Observe that fields are precisely the SPIR’s

for which e = 1. Two important facts about SPIR’s are recalled next.

THEOREM 1.1 [7, p. 245] Let (R, M) be an SPIR with e the index of nilpotency
of M. The complete list of all ideals of R, with no repetitions, is
{R=M° M =M,..., M, M =0}.

THEOREM 1.2 Let (R, M) be an SPIR with e the index of nilpotency of M.
Let w be a generator of the ideal M, i.e., M = Rrx. Then for all 0 < i < e,

(0:p ) = Me~i = Rye~i.

Proof. As noted in [7, p. 245, each nonzero element r € R can be written uniquely
as 7 = uz®, where  is a unit of R and k is a non-negative integer. Then r € (0 :5 7%)

& urk* =0« (by Theorem 1.1) k+i> e k>e—ie re M O
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There is a useful generalization of Theorem 1.2.

THEOREM 1.3 Let V' be a finitely generated free R-module (where, as above,
(R, M) is an SPIR with e the indez of nilpotency of M). Then, for 0 < i < e,
(0:r M*V) = M® gnd (0 :y M?) = M=V,

Proof. Argue via coordinates and apply Theorem 1.2. O

Chapter 3 is concerned with principal ideal rings (PIRs). A useful fact about
PIRs is the following result.

THEOREM 1.4 [7, Lemma 1, p. 246] Let R be a PIR. If W is a submodule of a
finitely generated R-module V, then vg(W) < vg(V).

Of course, any SPIR is a PIR. Moreover, we have the following basic structure

theorem for PIRs.

THEOREM 1.5 [7, Theorem 33, p. 245] A ring R is a PIR if and only if R can be

ezpressed as an internal direct product [T, R;, where each R; is either a principal

ideal domain or an SPIR.

Our concern in this dissertation is to generalize various results of D. E. Dobbs
and M. J. Lancaster on the expected dimension (resp., minimal cardinality of a
generating set) of a subspace (resp., submodule) of a given finite-n-dimensional
(resp., finitely generated) vector space (resp., module) over a finite field (resp., finite
SPIR with e = n = 2). The precise probabilistic formulations and contexts will be
explained in Chapter 2. For the moment, we recall only the following motivating

results and underlying formulas.

In Theorems 1.6-1.10, let F' be a finite field of cardinality ¢, and let W be

an n-dimensional F-vector space.




THEOREM 1.6 (Dobbs-Lancaster [4, Proposition 3.1 (b)]) For each integeri,0 <
i < n, the cardinality of the set of i-dimensional F-subspaces of W is given by

H;=l ("—q" 1)

V; = - .
Il (@ -1

THEOREM 1.7 (Dobbs-Lancaster [4, Corollary 3.3]) If 0 < i < n, then the
formula in Theorem 1.6 gives a monic polynomial f € Z[X] of degree (n —1)i such

that V; = f(q)

THEOREM 1.8 (Dobbs-Lancaster [4, Theorem 3.4]) The ezpected dimension of

an F-subspace of W is %.

THEOREM 1.9 (Dobbs [1, Corollary 2.6]) Let U wary over the F-subspaces of
W, with weighting by dimension. If n is even, then limg_,o, E(dimp(U)) =%. Ifn
is odd, then limg_,o E(dimp(U)) = & + o

THEOREM 1.10 (Dobbs [1, Corollary 2.5]) Let U wvary over the F-subspaces of
W, with weighting by cardinality. Then, limg_,. E(dimp(U)) = ZEL.

For the reader acquainted with [2], we offer the following orientation to the
present work. In generalizing the methodology of [2] in terms of a linear transforma-
tion A, one works in Chapter 2 over a base SPIR (R, M) (rather than a base field).
This is done with the aide of e suitable R-module homomorphisms and suitable new
equivalence relations which are designed to identify minimal generating sets of sub-
modules and thus determine the number of submodules whose minimal generating
sets each have prescribed cardinality. One then proceeds to study limiting expected
values so as to generalize Theorems 1.8-1.10. In Chapter 3, one studies analogous
limits over PIRs by using the results of Chapter 2 in conjunction with Theorem 1.5

and module structure theory. Finally, in Chapter 4, qualitatively different behavior



of limiting expected values is obtained when the ambient module (resp., ring) is not
free (resp., not a PIR), by analyzing cyclic modules and a generalization of the ring

of dual numbers.




CHAPTER II
ON THE EXPECTED NUMBER OF GENERATORS OF A SUBMODULE OF
A FREE MODULE OVER A FINITE SPECIAL PRINCIPAL IDEAL RING

We begin by recalling the following useful definition.

DEFINITION 2.1 Let X be a vector space over a field R. A finite nonempty
subset L = {z1,%s,...,7;} of (k pairwise distinct) elements of X is said to be

linearly independent (over R) if it has the following property:
Ifry,re,...,mick € RS Z;?:lr,-x,- =0,thenry=7rp=---=7,=0.
Otherwise, L is said to be linearly dependent (over R).

PROPOSITION 2.2 Let A be a module over a ring R which has a mazimal ideal
M. Let S = {a1,as,...,ax}, 1 <k < 00, be a subset of A. The folléwz’ng conditions

are equivalent (notice that each of these conditions implies that |S| = k):

(i) L = {a1 + MA,aa + MA, ..., a; + MA} is an R/M-linearly independent

subset of A/M A with k pairwise distinct elements;

(i) a; € A\((ZiZ] Ra;) + MA) for eachi € {1,...,k}.

Proof. Since each of (i) and (i) implies that |S| = k, we may assume this condition

henceforth.

~ (i) =>~ (i) : Suppose that there exists i € {1,...,k} such that a; € (%23 Raj)'+

MA. Without loss of generality, also assume that |[L| = k. Thus, there ex-

ist r1,72,...,7-1 € R and g € MA such that a; = (Zj-;ll T;a5) + g, giving that
7oi(ri+ M)(a; + MA)) + (=1 + M)(a; + MA) = 0+ MA € A/MA. Therefore,

L is R/M-linearly dependent.




~ () =~ (21) : Suppose that () does not hold. There are two cases.

Case 1: 1 < |L| < k. In other words, a; + MA = a, + MA for some i and 7
such that 1 < 7 < % < k. In this case, (i) does not hold since a; € a, + MA C
(T4 Ray) + MA.

Case 2: L is an R/M-linearly dependent subset of A/M A with k pairwise distinct
elements. Thus, Y5, (rj + M)(a; + MA) = 0 € A/MA for some 1 + M,r; +
M,...,x + M so that not each r; + M = 0 in R/M. Pick i maximal such that
i+ M #0in R/M. Since R/M is a field, it follows that

a; + MA = —(iZi(ri + M) (r; + M)(a; + M A)).

Thus, a; € (T3} Ra;) + MA. O

We pause to establish running hypotheses and notation for the rest of
this chapter. Let R be a special principal ideal ring (SPIR) with maximal ideal
M = Rr and e the index of nilpotency of M. (Since the case in which R is a field
has been discussed in [4] and [1], we often implicitly assume that = # 0 and e > 2,
that is, R is not a field.) Let V' be a nonzero finitely-generated R-module which is

R-free on a basis of n elements (1 < n < 00).

LEMMA 2.3 vg(M'V) =n for eachi € {0,...,e—1}.

Proof. Observe via Nakayama’s Lemma that vg(M*V) = dimg/n (MV/MH1V).
Thus, it suffices to show that M*V/M*'V = @7 R/M as R/M-modules. As

V=Rfi®Rf2®...® Rf, = R™ as R-modules for some R-basis {f1,..., fn} of
V, it follows that

MV =MfioMfe...0 M'f, and MV = M fio Mt f,&... 0 Mt ],
Using standard isomorphism theorems, observe that
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wv _ (Mp)e(Mif)e..e(Mf,) ~ [ M, Mifo, \ o M
MY = (M'+’f1))€B(1(W‘+‘fz)GB---GB(M'“fn) = (s1ty) @ @ (35f;) = oy (3ffr),

Thus, the assertion follows since the above isomorphisms are, in fact, R/M-linear
transformations and 47 = (R/M)(x’ + Mi*1) is a one-dimensional R/M-vector

space. O

DEFINITION 2.4 Let W be an R-submodule of V. For each 7 € {1,...,¢}, let
A denote the R-homomorphism from (W N Mi-1V)/MiW to M*~1V/MiV given
by w + MW s w+ MV. Notice that the image of Al is the R/M-subspace
(WN M=)+ MV) MV of M-V/MV. Let pw; denote the R/M-dimension
of the image of A%. When there is no ambiguity, we denote this dimension by p;.

Also, by convention, we let pw; = p; = 0 for any integer i & {1,...,e}.

REMARK 2.5 (a) 0<p1 <p2 < ... < pe < vg(W) for any R-submodule W of
V.

Proof. For each i € {1,...,e}, observe via Nakayama’s Lemma that
pi = dimgyn (im(A3)) = va(Em(AR)).
Moreover, vg(im(AY)) < vp((W N M1V)/MiW) < vp(W N Mi-1V) < vp(W),

the last inequality holding because R is a principal ideal ring {7, Lemma 1, p. 246].
Fix i € {1,...,e—1}. To show that p; < p;,1, it suffices to verify that

T:(WnNM7V)+ MV)/ MV — (W N MiV) + Mi+V) [ M+1V,

given by z + M*V +— 7wz + M*V, is a one-to-one R/M-linear transformation.
By the universal mapping property of factor modules, I is a well-defined R/M-

linear transformation. To show that I' is one-to-one, letting z € W N M~V and

7




7z € M*1V, it suffices to show that z S MV, Since 7z € M**1V, there exists
g € MV such that 7(z —g) =0. Thus z2—g € (0:y 7) = M*"'V. Since i < e—1,
it follows that M~V C M*V. Thus, z € MiV. O

(b) W =0 <= pw; =0 foreach i € {1,...,e}.
Proof. =: Suppose that W =0. Fix i € {1,...,e}. Since im(A) =
(WNM=WV) + MV)/MV = (0+ M*V)/M*V = 0, it follows that py; = 0.
<=: Suppose that pw,; = 0 for each ¢ € {1,..., e}. Equivalently, zm(A%}) =
(WNM*™'V)+M*V)/MV =0foreachi € {1,...,e}. Thus, WNM'V C MV
foreachi € {1,...,e}, givingW =WNMVCWNMWVC..CWNMIV C
MeV =0. O

() W=V << pw;=nforeachie {1,... e}
Proof. =: Fix i € {1,...,e}. By the definition of A, we have that im(A?) =

VAM-IVLMV M-y
MV - "MWV

. Observe via Nakayama’s Lemma that dimg/s (M%) =

vr(M*1V). Therefore, by Lemma 2.3, the assertion follows.

<=: Using Nakayama’s Lemma and Lemma 2.3, observe that dim g/ (V/MV)

= vp(V) = n. Since dimp/y (im(AY)) = pwy = n and im(AY)) = PEMY j5 an

R/M-vector subspace of the n-dimensional space V/MV, it follows that ¥HMYV —
W7 and so W + MV = V. Therefore, Nakayama’s Lemma gives that W =V. O

(d) fe=1 (ie., R is a field), then A% can be identified with the inclusion
map from W to V.

(e) The paper [2] addresses the special case e = 2 = n for the finite SPIR,
R. In that paper, Dobbs partitions the set of submodules of V into six classes
or types of submodules and counts the number of submodules of each type. (A
main technical tool in [2] is a map denoted by A; in the above notation, A is just

A%,) .} In particular, the six identified types of submodules are: p; = 0, vg(W) = 0;




n=0vg(W)=1;p =Lvrg(W)=1; p =0, vg(W) = 2; p = L,ug(W) = 2;
p=2,vg(W)=2.

For general n and e, we shall see in Corollary 2.16 that vg(W) = pyw,.
Thus, by part (a), one can say in effect that [2] counted submodules in terms of
their values of p, and p,. More generally, for arbitrary n and e, we shall classify

submodules in terms of their values of pi, pa, ..., Pe.

The next two arguments identify some behavior of the pw; notation that

facilitates some induction and counting arguments later.

PROPOSITION 2.6 puyiw; = pw,—j for any i € {1,...,e} and nonnegative

integer j.

Proof. When j = 0, equality holds since M° = R.

Suppose that i < j. Then MV C MV. It follows that im(AS\’;},W =
(MPW N M=V + MV) /MEV = 0, giving pasw; = 0 = pwii—j-

Suppose that 0 < j < 4. To prove that ppriw; = pw,i—j, it suffices to show
that T : im(A§) = (W n MED-Y) 4 M3V) MV —s im(AD,,,
(MW N M*V) + M*V)/M*V given by z + M*JV +— 79z + MV is an R/M-
isomorphism. Notice that I' is a well-defined R/M-linear transformation by the
universal mapping property of factor modules.

To show that I is one-to-one, it suffices to show that if z € W N MGE-9-1y
and miz € MV, then z € M*JV. Since 7z € MV, it follows that 79(z — g) = 0
for some g € M*JV. Thus, z — g € (0 :y 79) = M®JV. Since i — j < e — 4, it
follows that M®~7V C M7V, giving that z = (z — g) + g € M*V.

To show that T is onto, it suffices to show that if w € MIW N M*-1V, then
w € T (WNME9-1V). Since w € MW, there exists w’ € W such that w = 79w’
Since mw' = w € MV, it follows that there exists b € MG-9-1V such that
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7 (w' — h) = 0. Hence, w' —h € (0:y 79) = M9V Since (i —j) ~1 < e—3j, it
follows that Me~7V C M9~V yielding that w' = (w’'—h)+h € WNME-D-1y,

Hence, w = v’ € ©9(W N ME-9-1v). O

PROPOSITION 2.7 For any i € {1,...,e} and nonnegative integer j,

0 ifi<yj

pWﬂMjV’i={pW,i ifj <

Proof. Suppose that ¢ < j. Then M7V C M*V. It follows that im(Ag)nM,-V) =
(W 0 MV) N M*1V) + MiV)/M#V = 0. Hence, pyrpsvs = 0.

Suppose j < i (i, j < i—1). Then M*-'V C MJV, giving that
im(AD ) = (WAMIVINM=W)+ MiV) MV = (WNMV)+MiV) /MY

= zm(A%}) Therefore, pwnniv; = pw;. O

The next result will be used in the proof of Proposition 2.14 to construct

minimal generating sets.

PROPOSITION 2.8 Let {z1,22,...,21},1 < k < n, be a subset of M1V, 1 <
i<e—lIfae{l,...,e—i} and {z;+ MV : j € {1,...,k}} is an R/M-linearly
independent subset of M*"'V/M*V with k pairwise distinct elements, then {r®z; +
MotV 2 j € {1,...,k}} is an R/M-linearly independent subset of M+i-1V /Mty

with k pairwise distinct elements.

Proof. We proceed by contradiction. Fix a € {1,...,e —i}. Assume that {z; +
MV :j € {1,...,k}} is an R/M-linearly independent subset of Mi~'V/MiV
with k pairwise distinct elements and {r%z; + M°*V : j € {1,...,k}} is not

10




an R/M-linearly independent subset of M2+-1V/M*+V with k pairwise distinct
elements. In view of Proposition 2.2, there exists s € {1,...,k} such that 7%z, €
(21 Rn®2;) + MoV = x%((T9Z} Re;) + M*V), giving that 7%(z, — g) = 0 for
some g € (T3] Rz)+ MV. Thus, 2, —g € (0 :v 7°). As R is an SPIR,
(0 :p #*) = M*™®. Hence, since V is R-free, (0 :y 7*) = M*®V. Since i < e —aq,
it follows that M®~*V C M'V, giving that z, = (z, — g) + g € (X321 Rz;) + MV.

This is a contradiction by Proposition 2.2. O

DEFINITION 2.9 Call (di,ds,...,d.) an ascending e-tuple if di,da,...,d. €
{0,...,n} and d; < dz < ... < d.. By convention, let dy = 0.

DEFINITION 2.10 Let (di,ds,...,d.) be a nonzero ascending e-tuple.

(1) Say that an R-submodule W of V' realizes (d,ds, ... ,de) if pw; = d; for each
ie{l,...,e}

(2) Let X\p =0, and let {A;,Az,...,Ag} be the set {i € {1,...,e} : d; —di_; # 0}
labeled such that A\; < A2 < ... < Ag. For each k € {1,...,8}, let 9 denote
dy, — dx,_,- (Notice dy; = d. and the telescoping sum 2?=1 ¥ = dy,.) After

labeling the coordinates of a de-tuple w so that
w= (w1,17 w1,27 ML ] wl,"pl’ wzyl’ w2,2’ R ] w2,¢2’ M wﬂyl’ w.B:27 A ,w,@,‘ll)g))
say that the tuple w realizes (di,ds, . .., d.) if

Wy € MM V\((SE 575 R~ wyj) + (5121 Ruwkg) + MMV)

for each £ € {1,...,8} and v € {1,...,¢%}. (Notice, by an inductive argu-
ment, that (255} S%, Rede—iw, ;) + (572 Rwy ;) + MV is an R-submodule of
M1V for all k,+ as above.)

=1




REMARK 2.11 (a) There are a total of ("‘:e) ascending e-tuples. To see this,

recall (cf. [3, p. 74]) that mHr = (m+r" "1) counts the number of ways of selecting r
objects from (at least r each of) m types of ijects; apply this basic combinatorial
fact, withm=n-+1land r=e.

Using the above tools, with m = k+ 1 and » = e — 1, we also obtain the
following fact. For any k € {0,...,n}, there are (kjffl) = ("+,‘§_1) ascending
e-tuples having d. = k.

(b) The coordinates of any tuple which realizes a given nonzero ascending

e-tuple (dy,ds, ..., d.) are pairwise distinct.

Proof. Let w be a tuple which realizes (dy,ds,. .., d.). Define B, X, Ay, ..., Ag,
¥1,...,%¥s as in Definition 2.10 (2), label the coordinates of w so that

w= (wl,h W1,2y -« + s Wigpy, W2,1, W22y« - oy W2 ghoy - - -, W1, WH2, - - -, wﬂﬂ/’ﬁ)’

and let B = {wiy : k € {1,...,8}, v € {1,...,¥x}}. To prove Remark 2.11 (b),
it suffices to show that there is a one-to-one corréspondence between the elements
of B and the index set {(k,7) : k € {1,...,8},7 € {1,...,%}}. Proceeding by
contradiction, we have two cases.

Case 1: Suppose that wy, = wi, for some k € {1,...,8}and 1 <o <y < 9. In
this case, wyy € Ruwpo+MMV C (Th] ¥, Redv—Yw; ;) +(TI2) Ruy ;) + MMV,
contradicting the ”realizing” assumption about w.

Case 2: Suppose that w,, = wg, for some 1 < s <k < B,0 € {1,...,%,}, and .
7 € {1,...,¢}. In this case, ws, € M WWV\M»V and w,, = wg, € MMV C

MV, a contradiction. O
LEMMA 2.12 Let w be a tuple which realizes a nonzero ascending e-tuple

12




(di,da,...,de). Define B,0, M1, ..., A8,%1,--.,%s as in Definition 2.10 (2), and

label coordinates of w so that
w= ('wl,l: W12y -+, Wigh, W1, W22, .-, Wage,--., W1, W2, - 7wﬂ,¢5)'

For any o € {\,...,e} and f = maz{i € {1,...,8} : & < a}}, L, =
{modw 4+ MoV i€ {1,...,f}, 5 € {1,...,%}} is an R/M-linearly independent
subset of M~V /M*V with dy ; bairwise distinct elements.

Proof. The number of indices (¢,7) in the definition of L, is the telescoping sum
E,f=1 ¥; = dy,. Now, assume that the assertion is false. Then, by Proposition 2.2,

there exists £ € {1,..., f} and v € {1,...,9} such that
7o My, € (S8 T8, Rro~Yw;;) + (T)2) Rre ey, 5) + MeV.

Thus, there exists g € (X5 T%, Rr¥—%w;;) + (T2 Rwy;) + MMV such that
7~ (wy —g) = 0. Hence, since V is R-free, wy,,—g € (0 1y 7@~*) = M-y,

As A\ < e — (o — M), we have that Me~(@=2)V C MV Therefore,
Why = (Why = ) + 9 € (TE] T RrNwy;) + (T]] Rwy) + MMV,

contradicting the “realizing” assumption about w. O

PROPOSITION 2.13 Let W be a nonzero R-submodule of V which realizes the
e-tuple (di,ds,...,d.). If W contains the set of coordinates of a tuple w which

realizes (dy,ds, .. .,d,), then the set of coordinates of w is a minimal R-generating

subset of W.

Proof. Let w be a tuple which realizes (d;,ds, . . ., d.) where the set of coordinates
of w are contained in W. Define 8, Ao, M1, ..., As,%1,...,%p for (di,da,...,d) as
in Definition 2.10 (2), label the coordinates of w so that

13




W= (W11, W12y e e ey Wighy, W2,1, W22y e« oy Woghps - -y W1, WH2y + - - ’wﬂnﬁg):

and let B = {wp, : k € {1,...,8}, v € {1,...,%}}. By Remark 2.11 (b) and
Remark 2.5 (a), observe that |B| = 2 o = dy; = de = pw,e < vr(W). Thus,
to show that B is a minimal R-generating subset of W, it suffices to show that
W is contained in the R-submodule Wy of V generated by B. We claim that
WNM*1V C W+ (WNM®V) for each a € {1,...,e}. Assuming this claim, the
assertion follows since W =W N M°V C Wo+ (W N MV) C

Wo+(WNM2V)C...CWo+(WNMV) CWo+ (WNMEV) =Wy +0=W,.

Proof of the claim. Suppose o € {1,...,A; — 1}. Since pw,, = 0, we have that
0 = im(AQ) = (WNM*1V)+MV)/M°V, giving (WNM*~1V)+ MV = MeV.
Therefore, W N M~V C Wy + (W N M°V).

Suppose o € {Ay,...,e}. Let f:=maz{i € {1,...,8} : \i < a}. Observe
via Proposition 2.12 that L, := {7* Mw;;+ M°V :i € {1,...,f}, i € {1,...,%}}
is an R/M-linearly independent subset of (W NM®"1V)+MV)/MV = im(A{D)
with d, pairwise distinct elements. Therefore, L, is an R/M-basis of im(Ag,‘{‘,)) since
Pw,a = do = dy,. Consequently, (WNM*1V)+M*V = (Z{=1 2;4’;1 Rro=Xq; ;) +
M°V. Hence, W N MV C W N (Wy+ MV) =Wy + (WNM*V). O

PROPOSITION 2.14 Any nonzero R-submodule W of V which realizes the e-
tuple (di,do,...,de) contains the set of coordinates of some tuple which realizes

(di,da, ..., de).

Proof. For (d,dy,...,d.), define 8, Ao, A1, ..., Ag,%1,--.,%¥s as in Definition 2.10
(2). To prove the assertion, we find (by weak induction on ) a tuple w which

realizes (d;,do, ..., d.) with coordinates contained in W.
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Suppose § = 1. Notice that pw,, = dy, # 0 since W # 0. Thus, by
the definition of A, there exists an R/M-basis Ly, := {wy, + MMV : vy €
{1,...,d\}} of im(AGY) = (W N MM-1V) + MMV)/MMV C MM-YV/MMY.
Without loss of generality, we may assume that w,, € (W N MM IV)\MMV CW
for each v € {1,...,d,}. Further, Proposition 2.2 gives that

wyy € MMTIWV\((Z)Z] Rwyy) + MMY)

for each v € {1,...,d);, = 1}. Therefore, it suffices to let w be the tuple
(Wi,1,W12; -+ Wiy )-

Suppose # > 1. As an induction hypothesis, assume that the assertion holds
for any nonzero ascending e-tuple with corresponding S-value less than 3. By Prbpo—
sition 2.6, pyre-rg_1yy, = PWs_; # 0, giving that Me~6-1W % 0 by Remark 2.5 (b).
In fact, Proposition 2.6 yields that Me~*-1W realizes (d},d5,...,d.) where d} = 0
foralli € {1,...,e~As_1} and d} = d;_(e—»,_,) forall i € {e—Ag_1+1,...,e}. Defin-
ing B, 20, AL+ -y Ay ¥l -+, Y for (di,d,...,d}) as B, X0, A1,. .0, A8, %1, -, 5
were defined for (dy, ds, . . ., d.), observe that 8' = —1, A\ := 0, A = (e—As_1)+\;,
and 9 ;= A} — Aj_; = A — Ay =1; foreach i € {1,...,5'}. Since ' =B —1, by
the induction hypothesis, there exists a tuple

14

—_ ! ! / / ! ! ! ! '
w' = (wi,;, W, Wty W1, Wy -+ oy Wyt -y Whr 1, Wy - wﬂ,ﬂ%’)

which realizes (d;,ds,...,d,) with coordinates in M®~*-1WW. Therefore, for each
ke{l,...,f=p—1}and vy € {1,...,4} = 1}, there exists Wi,y € W such that

!

Wy, = T 26-1qy, .. We claim that the tuple

2
(wl,h w1,27 ey wl,'qbl) w2,17 w2,27 e 7w2,¢27 ey wﬁ—l,l, Wg—1,2y---, wﬂ—l,‘lba_x)

realizes (d]_, d2, ceey dAB_l_l, dAﬁ—l’ ceay d)‘B"l)'

Assuming the above claim, it follows by Lemma 2.12 (letting o = As_;) that
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Ly, , = {mh-1"Xw; + M1V iie {1,...,8-1}, € {1,...,%:}}
is an R/M-linearly independent subset of M*s-1-'V/M*-1V with d,,_, pairwise
distinct elements. Therefore, by Proposition 2.8,

S = {mre~dy;; + MMV :i€ {1,...,8-1}, € {L,...,%}}
is an R/M-linearly independent subset of M*~1V/M*V with d,_, pairwise dis-
tinct elements. Thus, since S C z'm(A%\,”)) and dy,_, < dy; = Pw,,, there ex-
ist wgy + MV, wgz + MV, ... wgy, + MMV C im(A%")) such that Ly, :=
{m=dw, ;+ MMV i€ {1,...,8}, j € {1,...,%}} is an R/M-basis of im(AL?).
Without loss of generality, wg; € (W N M W)\M»V C W for each j €
{1,...,B}. Also, by the R/M-linear independence of L,, in M*s~V/M*$V , Propo-
sition 2.2 gives that
oy € MM TIV\(SEL T R ~Mugg) + (S121 Rugg) + MV

for each v € {1,...,v3}. Therefore, it suffices to let

w = ('wl,l,wl,Z: . 7w1,1/)17w2,11 W2,2, ... sy W2,4hg9 - -y wgp,1, W2, .- - ,’wp,,[,ﬁ).

Proof of the claim. By Definition 2.10, it suffices to show that
Wiy € MM V(S5 T8 Rede—Ywy5) +(T12] Ruwgg) + MMV)

for each ¥ € {1,...,6— 1} and v € {1,...,%}. Fixk € {1,...,8 — 1} and
7 € {1,...,%}. Since w; , € MY~V = Me~2-1+}%-1V there exists g € MM~V
such that 7¢~28-1(wy, — g) = 0. Thus, wg, — g € (0 :y we~H8-1) = MM-1V. As
Ak — 1 < Mgy, it follows that M*s-1V C MY~V giving wy, = (wxy —g) + g €
M>-1V . Finally, since

- -1 ¥ .Y -1 !
e A1, = wy, & (T} Y a1 Rede~Xw] ) + (S12] Rw )+ MMV =

w21 ((Th T3 Rt —bwg) + ()21 Rwwg) + MWY),
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observe that wy,, & (TE5! S¥, Rod—diw; ) 4+ (Z12) Ruy ;) + MMV, O

COROLLARY 2.15 If W is a nonzero R-submodule of V' which realizes the e-
tuple (dy,ds, . ..,de), then W has a minimal R-generating subset which is the set of

coordinates of some tuple which realizes (dy,ds, . . . ,d).

Proof. The assertion follows by Propositions 2.13 and 2.14. O

COROLLARY 2.16 pw,. = vr(W) for any R-submodule W of V.

Proof. Given W = 0, the assertion follows by Remark 2.5 (b).
Given W # 0, let d; := pw; foreach s € {1,...,e}. As W realizes the e-tuple
(d1,dz,...,d.), the assertion follows by Corollary 2.15 and Remark 2.11 (b). O

The next result is a natural companion for Proposition 2.14.

PROPOSITION 2.17 If w is a tuple which realizes the nonzero e-tuple
(di,d3,...,d.), then the nonzero R-submodule W generated by the coordinates of w
also realizes (dy,d, . ..,d.). Moreover, the coordinates of w are a minimal generat-

ing set of W.

Proof. Given that the tuple w realizes (d,dy,...,d), define G, A, A1, ..., A,

%1,...,%5 as in Definition 2.10 (2), and label the coordinates of w so that

w = (wl,l, ’w1,2, sy w1,¢1, ’wg,l, w2,2, caey wg,.,/,z, sy ’U)p,l, 'wﬁ,z, ceey 'wﬂ,,,pﬁ).

Further, let W be the R-submodule of V generated by the coordinates of w.

Observe that py; = 0 =d; for all i < A} — 1 since W C M*~1V. Therefore,
we need only show that pw; = d; for each i € {);,...,e}. For this purpose, let
@ €{l,...,e} and let f :=maz{i € {1,...,8}: \; < a}.

17




First, we show that pwo, < d,. Let Y := Z£=1 Eif’;l Ruw; ,. Observe that if
f <k < B, then wy, € M*V for all v € {1,... 4} since Ay — 1 > o. Hence,

(Ches T Runy) N MEIV) + MoV = (S, =%, Ru,) N MO-1V) + MoV,

It follows that im(A{) = im(A?), giving PWa = Pr,a < Vr(Y) [by Remark 2.5(a)]
< ¥{_. ¥ [by the construction of Y]=d), = da.

Since pw,o < dq, t0 prove pw,, = d,, it is enough to show that
Ly = {7r°“""w,-,,- + M2V i€ {1, . .,f}, j€ {1, . -7¢i}}

is an R/M-linearly independent subset of z’m(A%’})) with dy, = d, pairwise dis-
tinct elements. Since L, is, in fact, a subset of im(A%Y) (C Me~V/M*V), by

Proposition 2.2, it suffices to prove that

T Mwy, & (SE T8 RroMwyg) + (T35 Rre~Mwgg) + MoV =

me~ M ((TE TH Reddwgg) + (S12) Rugj) + MMV)

for each k € {1,...,f} and v € {1,...,4}. Proceeding by contradiction, assume
that there exist k € {1,..., f} and v € {1,..., 4} such that

wo My € 7 M (TR TF Redv—dw; ;) + (S12f Rk ) + MMV).

Therefore, there exists g € (TF] Y%, R, ;) + ( 121 Rwy ;) + MMV such
that 7%~ (wy, — g) = 0. Thus, wiy — g € (0 1y 7 ) = M@ MV, Since
M < € — (o= Ay), it follows that Me~(e=2)V C MV Hence, wy,, = (wi, — g) +
9 € (T T, Redv—%w; ;) + (721 Rwy, ;) + MMV, contradicting the ”realizing”
assumption about the tuple w.

Finally, the “moreover” assertion follows from Corollary 2.16 and the fact

that the number of coordinates of w is Ef=1 Y =dy; = de = pwe = vr(W). O
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THEOREM 2.18 For any nonzero R-submodule W of V and nonzero e-tuple

(d1,da,...,de), W realizes (di,ds,...,de) if and only if W is R-generated by the
set of coordinates of some tuple which realizes (dy,da,...,d.). Moreover, if these
equivalent conditions hold, then each of the generating sets in question are minimal

generating sets of W.
Proof. The assertion follows by Corollary 2.15 and Proposition 2.17. O

The next six results display some connections between R-freeness of submod-
ules of V and the “realizing” concepts. These results will be especially useful in

Chapter 3 in treating modules over an arbitrary principal ideal ring.

PROPOSITION 2.19 Suppose that k € {1,...,n}, and W is an R-submodule of
V which realizes (k,k,...,k). Then W is R-free on a basis of k elements.

Proof. Since W realizes (k, %, ..., k), Theorem 2.18 gives that W has a minimal R-
generating set which is the set of coordinates of a tuple (wy 1, w19, . . ., w; ;) realizing
(k, k..., k); ie, w1y € V\((Z)ZL Rwy;) + MV) for each v € {1,...,k}. Thus, by
Proposition 2.2, L := {wy;+ MV : j € {1,...,k}} is an R/M-linearly independent
subset of V/MV with k pairwise distinct elements. With this in hand, to prove that
W is R-free on a basis of k elements, it suffices to show that if ry,7s,...,7% € R
such that %_, rjwy; =0, then r; = 0 for each j € {1,...,k}.

Suppose 71,72, ..,7 € R such that ¥5_, r;w, ; = 0 (€ MV). Then, by the
R/M-linear independence of L, r; € M for each j € {1,...,k}. Let £ be the largest
value in {1,...,e} such that ry,7,...,r, € ME. If e = £, then the assertion follows
since M® = 0. Suppose that £ < e. By the definition of &, for each j € {1,...,k},
there exists r; € R such that r; = #°r}. Thus, since 7¢(35_; rjwy;) = =

0, we have that 35, rjw;; € (0 :v 7€) = M*~¢V C MV. Therefore, by the R/M-
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linear independence of L, r; € M for each j € {1,..., k}. Hence ry, ..., € ML,

contradicting the maximality of £&. O

The next result is essentially the converse of Proposition 2.19.

PROPOSITION 2.20 Letk € {1,...,n}. Given a (nonzero) submodule W of V
which is R-free on a basis of k elements, any R-basis of W 1is the set of coordinates
of some tuple which realizes (k,k,...,k). (Thus, by Theorem 2.18, W realizes
(k, k..., k).) '

Proof. Let {fi, f,...,fx} be an R-basis of W. Since (0 :g f;) = 0 for each
j € {1,...,k}, observe that f; € V\MV for each j € {1,...,k}. We claim that
{fi+MV :je{l,...,k}} is an R/M-linearly independent subset of V/MV with &
pairwise distinct elements. Assuming this claim, it follows, by Proposition 2.2 and
Definition 2.10 (2), that the tuple (f1, fo, .. ., fx) realizes (k,%,..., k).

Proof of the claim. Suppose that 71,7s,...,7 € R such that ¢, (r; + M)(f; +
MV)=0€V/MV;ie, Xt rif; € MV. Then, 7~ *(XX, rifi) = XF ,(ne 1) f; €
I MV = MV =0. As {fi1, f2,- .-, fx} is an R-basis of W, it follows that ¢~ 'r; =
0 for each i € {1,...,k}. Thus, r; € (0:g7* ) =M, andsor; + M =0 € R/M

for each i € {1,...,k}, proving the claim. O

COROLLARY 2.21 Let W be a nonzero R-submodule of V, and let k = vg(W).
Then W is R-free on a basis of k elements if and only if W realizes (k,k,. .., k).

Proof. Since W # 0 and R is a principal ideal ring, k¥ € {1,...,n}. The assertion
follows by Proposition 2.19 and Proposition 2.20. O

PROPOSITION 2.22 Let W be an R-submodule of V. Then the following con-

ditions are equivalent:
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(i) V/W is R-flat;
(ii) V/W is R-free;
(i) W is R-free;

(iv) MV NW = MW.

Proof. (i) = (ii) follows since any finitely generated flat module over a commuta-

tive local ring is free.

(#4) = (41): Given that V/W is R-free, the canonical short exact sequence
0+ W >V = V/W — 0is Rsplit. Thus W is R-projective. The assertion
follows since every finitely generated projective module over a local ring is free (cf.

[5, Theorem 2]).

(i4i)) = (iv): Suppose W is R-free. If W = 0, then the assertion follows triv-
ially. Thus, assume that W # 0. Let {wy,ws,...,wx} be an R-basis of W (with
k € {1,...,n}). By Proposition 2.20, (wy,ws,...,w;) is a tuple which realizes
(k,k,...,k); ie., wy € V\((Z); Rw;) + MV) for each v € {1,...,k}. There-
fore, by Proposition 2.2, L := {w; + MV : j € {1,...,k}} is an R/M-linearly
independent subset of V/MV with k pairwise distinct elements. As a result, if
w = ¥, rjw; € MV NW for some r; € R, then, by the R/M-linear indepen- |
dence of L, r; € M for all j € {1,...,k}, giving that w € MW. Therefore,
MV NW C MW, the reverse inclusion is clear.

(v) = (i): Assume (#v). Since R is Noetherian local and V/W is a finitely generated
R-module, it suffices to show that the canonical homomorphism f : M ®g(V/W) —
V/W is a monomorphism (cf. [6, Corollaire 1, p. TV-34]).

Let £ € ker(f). Then £ = 7 ® (v+ W) for some v € V such that 7v + W =
0 € V/W. Hence 7v € WN MV = MW, and so 7v = 7w for some w € W. Then
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v—w€ Owym)=MV,andso v+ W =712+ W € V/W for some z € V.
Therefore E = Q@ (7¢ 12+ W) =7*Q(z+ W) =0Q (z+ W) =0. O

COROLLARY 2.23 Given R-submodules W,W' of V such that W' C W, if W'
is R-free, then vg(W/W') = vg(W) — vg(W').

Proof. Consider the canonical short exact sequence 0 - W' - W — W/W' — 0.
Tensoring by R/M gives that R/M @ W' — R/M Qg W — R/M Qg W/W' —
0 is exact. Observe via Proposition 2.22 that MV N W' = MW’, and so the
canonical homomorphism W'/MW' — W/MW is one-to-one. As a consequence,
0> R/M@rW' - RIMQr W — R/M ®p W/W' — 0 is short exact. Thus,
since this short exact sequence is R/M-split, it follows by Nakayama’s Lemma
that vp(W) = dimp/m(R/M @r W) = dimpm(R/M Qg W') + dimp/m(R/M Qr
W/W') = vp(W') + vg(W/W'"). O

We pause to note that Corollary 2.23 fails if W’ is not assumed to be R-free.

For an example, it suffices to consider W/ =M and W = R =V in case e > 2.

PROPOSITION 2.24 Given an R-submodule W of V, the mazimum rank of any
R-free submodule of W is pw, (= dimR/M(im(A%-)))).

Proof. Given an R-submodule W’ of W, observe that im(A®,) C im(A%) for
each i € {1,...,e}. Thus, py; < pw; for each i € {1,...,e}. Therefore, as a
consequence of Corollary 2.21, the rank of any R-free submodule of W is less than
or equal to py,;. Therefore, if py;; = 0, then the assertion follows from Remark 2.5
(b).

Suppose that pw,, # 0. Define d; := pw; for each ¢ € {1,...,e}. By
Theorem 2.18 and Remark 2.5 (b), W is R-generated by the coordinates of a tuple
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('w]_,l, 'wl,g, RN w1’¢1,1U2,1, ’LU2,2, N ,w2,¢2, ey ’U)ﬁ,l, ’wﬂ’z, P ,wﬂ,,,,ﬂ)

which realizes (dy,dy,...,d.), where B8, A, A1,...,A8,%1,...,9p are as in Defini-
tion 2.10 (2). Let W' be the submodule of W which is R-generated by the set
{wiy, : v € {1,...,% = pwa}}. Observe via Theorem 2.18 that W' realizes

(pw,1, W1, - - - ,bw,1)- By Corollaries 2.21 and 2.16, the assertion follows. O

Throughout the rest of this chapter, we add to the running hypotheses
that the ring R is finite. Also, let ¢ denote the cardinality of R/M.

PROPOSITION 2.25 |W| = q2i=t”i for any R-submodule W of V.

Proof. If W = 0, then the assertion follows by Remark 2.5 (b).

Suppose that W # 0. Then, by Lagrange’s theorem, it follows that
|W| = |W/MW||MW/M*W||M*W/M3W|...| M \W/MW||MW|.

Notice that |[M¢W| = 1 since M® = 0. Further, observe via Nakayama’s Lemma
and Corollary 2.16 that dimpa(MIW/MIT'W) = vg(MW) = paiw, for each
j €{0,...,e—1}. Thus, since pyriwe = pwe—; by Proposition 2.6, we have that
|MIW/MI+1W | = gPWe-i for each j € {0,...,e — 1}, giving that

|W| = qu.e—OqPW,e—l L. qPW,e—(e-l)]_ = qZ:=1pw,{- 0

COROLLARY 2.26 Let W be an R-submodule of V and let j be a nonnegative

integer. Then:

(1) |MIW| = gZicimms.

(2) [W N MIV| = gleimit P,




Proof. (1) Using Proposition 2.25 and Proposition 2.6, observe that |MW| =
qoimt oW, == gD iy PWii qu;f Wi
(2) Using Proposition 2.25 and Proposition 2.7, observe that |[W N M7V| =

€ e
qZ.-=1 PwnMivi — qzi=j+1 Pwi O

REMARK 2.27 Let (d1,dy,...,d:) be a nonzero ascending e-tuple. Define an
(equivalence) relation ~(dydzde) OB the set Tig, g, . 4,) of all tuples which realize
(d1,da,...,de) as follows. For z,y € T(g, 4,,..a.), 1€t T ~(ay,d5,..0) ¥ if the set of
coordinates of z generates the same R-submodule of V' as the set of coordinates of
Y.

By Proposition 2.25, any two R-submodules of V' which both realize the
same (dy,ds,...,d.) have the same cardinality. In view of Proposition 2.17, this
observation yields the following useful fact. For z,y € Tdy da..ide)s T ~(dydoyende) Y if
and only if the coordinates of z are contained in the R-submodule of V' generated

by the coordinates of y.

PROPOSITION 2.28 Given a nonzero ascending e-tuple (dy,ds, . . . ,de), define
B3 A0s M, - -5 Agy W1, .., g as in Definition 2.10 (2). Then:

(a) The cardinality of the set of all tuples which realize (dy,ds, ..., de) is

dy
g [H~/="1 (¢" - q”"l)] , where
— 8-1
&1 = ndy, (e — Ag) + (42! ndx, (A — M)
(b) The cardinality of each ~g4, g, . 4.)-equivalence class is
g [H£=1 $§1(qd’\" - qd""-1+7_1)], where
€2 = d?\,; (e - ’\ﬂ) + ( g;% d?\k ()‘k+1 - /\k)) + ( z;i dz\k (dz\k+1 - dz\k))'
(¢) The number of submodules of V which realize (dy, dy, . .. ,d,) is
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d
A(dy, da,...,de) := [Hﬁ ! H"—l @k ) ] [ VO ) ] where

T4 —ar1) | | T[22 (™8 —gv-1)
€=dy, (n—dxﬁ)(e—/\a)+(z:€;i dx (= dag ) (Apt1 — /\k))— (Zf;i A (reyr — dxk)) .

Further, A(dy,ds,...,d) is the evaluation at q of a monic polynomial in Z[X] of
degree 3-F_, d;(n — d;); it can be arranged that this polynomial is independent of g.

Proof. (a) To find the cardinality of the set of all tuples which realize the given
nonzero e-tuple (d;,ds, . . . ,d.), we count the number of ways to successively choose
the coordinates of a tuple

w= (w1,1, W12y .-y Wigpy, W21, W22y -« -, W2ghoy -« -, WP, WH2,---, ’U)ﬂﬂpﬁ)

with coordinates in V so that, after all its coordinates have been chosen, w re-
alizes (dy,ds,...,d,). For this purpose, fix k € {1,...,8} and v € {1,...,9}.
Also, assume that any coordinates preceding wy, in the tuple w have been chosen

“properly”. In other words, assume that
wyy € MMWTIV\((TE S8, Redv—w; ;) + (T15 Rww ;) + MMWV)
for any ¥’ € {1,...,k—1} and v € {1,...,%r}, and that
Wiy € MMTIV\((Th TH, Red—Ya5) + (S]5" Runs) + MMV)
for any 7' € {1,...,7—1}. As a consequence, observe that
(Tl 5%, Rode—digg, 5) + (23_1 Ruwy ;) + MMV C MM+—1V,

Therefore, by Definition 2.10 (2), the number of ways to choose wg, from V is

|2\ ((Zho! o8 B %ug) + (S0 Ruwg) + MMV)| =

M1V | - |(Sho! o, RedeNuy) + (S12) Rug) + MMV | =

o E!b; Rﬂ,Ak—A‘w J)_*_(
M*cV

i ! Rwy )+ MV

oy | & v,
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with the last equality holding by Lagrange’s Theorem.
By Corollary 2.26 (1) and Remark 2.5 (c), we have that

]M’\k'IVl = qZ:—__-x(Ak—l)" = q”(e_’\k'*‘l) and IM'\kV| = qu-_—_llk L q”'(e_’\k)_

LY ReeNw )+ (U0 Rw )+ MMV

Next, we find the cardinality of oy NG

There are two cases.
Case 1: There are no coordinates preceding wi, in w (i.e, k =1 and v = 1).
Therefore,

P p— — -1
o Zjlx Rrk “'ww)+(2}'=1 Ruwy,; )+ MV — MV

S YLTa% = imv = 0, giving that

(o Ve, R =Y )+ Ru )+ MV |

i=1 2aj=1 j=1 da_q+r-1
M*cV )

l1=gqg

Case 2: There are coordinates preceding wy in w (i.e., either k # 1 or v # 1).

Observe via the proof of Lemma 2.12 that

(= Nwy; + MMV i€ {1,...,k—1},5 € {1,...,9%}}U
{wrj+ MMV :j€{l,...,y-1}}

is an R/M-linearly independent subset of M*~1V/M*V with dy,_, +v — 1 pair-

k-1 ; -2 -1
(Cioy Topiy R k=iw; ) +(T0) Rwg, )+ MMV isad, .
k—1+7-~

wise distinct elements. Thus,

M%V
dimensional R/M-vector space, giving that
k=1 Y -1
(i 232, R wi )+ Rug s MMV | g )
MV =9 .

As a result of the above calculations, we see that in all cases, the number of
ways to choose wg,, (assuming the earlier coordinates have been chosen “properly”)

18
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¥ RN )+ (T R MMV

§=1
MAV

IM/\k—lvi _ l (s IMAkvl —

qn(e—Ak+1) _ quk_1+’7—1qn(e—)\k) — qn(e—)\k) (qn _ qd,\,‘_1 +’7—1)
Therefore, the number of tuples which realize (d, ds, . . ., d.) is

H€=l n:f;l [qn(e—Ak) (qn _ q‘b‘k—l -l-’)’—l)] = H£=1 [q-uﬁkn(e—kk) H'z’-ﬁ-l (qn _ quk_l'f"Y—l)] —

[k ventea0)] [, I8 4" - 77,

Notice that as k runs over {l,...,0} and 7 runs over {1,...,%}, then

dx,_, + 7 runs over {1,...,dx,}. Therefore, the assertion follows since

n(Shos (e — M) = n (oo (day, — dai)) (e — M) =
n (s (€ — Ag) — dars_y (6 — Ag) + (TE1 (A — day) (e — M) =
n (drs (e — As) = drs_, (e — Ag) + € (TEoi da,) — (TEot day i) —
e(Titdy) + (Thl dven)) =

n (dag(e = M) + (T2} daOea = ),

(b) Let z be a tuple which realizes (d;,d,...,de), and let W be the R-
submodule-of V generated by the coordinates of z. To determine the cardinality of
the ~(q, d,....4.)-€quivalence class of z, it suffices, by Remark 2.27, to find the number
of tuples which realize (d;, ds, . .., d.) and have coordinates which are all contained
in W. Thus, we count the number of ways to successively choose the coordinates of

a tuple

w= (wl,h W1,25 -+ Wiy, W1, W22, - - - ; Wy, - - WE,1, W2, -+, wﬂ,‘l,bg)

with coordinates in W so that, after all the coordinates have been chosen, w re-

alizes (dy,ds,...,de). For this purpose, fix k£ € {1,...,8} and v € {1,...,%%}.
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Also, assume that any coordinates preceding wy,, in the tuple w have been chosen

“properly”. In other words, aésume that
Wiy € (W N MW IW\(TET %, Redwv—dw;;) + (S15 Ruy ) + M*V)
for any k' € {1,...,k—1} and v € {1,...,9y}, and that
Wey € (WA MMIWVN\((S! 5%, Rede—du ;) + (515" Rwgj) + MMV)
for any v' € {1,...,7—1}. As a consequence, observe that
wn ((2§=_11 T3y Rrvedwyg) + (S5 Rung) + M AkV) -
(Ch 58, Redv—dw ) + (575! Run) + (W N MMV) C W 0 M1V,
Thus, by Definition 2.10 (2), the number of ways to choose wy, from W is
(W N MW\ ((Shf 5%, R, 4) + (32t Rwey) + (Wn M*V))| =
W n Mty | - |(Shl g R, ) + (721 Rugg) + (W M»V)|=

i=1 23_1 Rk =2iw; j)+( ;:11 Ruw; ;)+H(WnNM & V)

WnMAV

IWnM"k‘lV] - " [W N M*V|,

with the last equality holding by Lagrange’s Theorem.
By Corollary 2.26 (2) and Proposition 2.17, we have that [W N M1V

qu:Ak Pw,i —_ qZ?=Ak a; and IW n MAI:'Vl ) qE:=Ak+1 Pw,i — qz::=kk+l d"-

R~ Nws )+ (1)

! Rwy, j)+(WnM* V)
WNM*V :

¥
Next, we find the cardinality of Cior Xt

There are two cases.
Case 1: There are no coordinates preceding wy, in w (i.e., k = 1 and v = 1 )-

Therefore,

(21—1 E% Ra*k— 'wm)+(z,_1 Rwy,;)+(WNM> V) — WnMMV
(WNM V) T WNMAMRV

=0, giving that

(21—1 Zf’ 1 Rk~ A'ww )+ J=1 Rw;, G (WNM V)
Wni % V)

=1= quk—l+7_1_
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Case 2: There are coordinates preceding wy, in w (i.e., either k # 1 or vy # 1).

Observe via the proof of Lemma 2.12 that

{mde=doq ; + MMV :i € {1,...,k—1},5 € {1,...,%}}U
{wk,,-+M'\'=V:j €{1,...,vy—1}}

is an R/M-linearly independent subset of M*~1V/M*V with dy,_, +7—1 pairwise

distinct elements. Therefore, using the definition of linear independence, notice that

{mM—dw 4+ WNMMV)ie{l,...,k—1},5 €{1,...,%}}U
{we; + WNM™V):je{l,...,y~1}}

is an R/M-linearly independent subset of (W NM*+~1V) /(W N M*V) with d,_, +

k—1 i - -1
(Tam, ¥, Rk, )+(10) Rwg j)HWNMAEV)

v —1 pairwise distinct elements. Thus, = WO RV

is a d,_, + < — 1 dimensional R/M-vector space, giving that

(Cio v R %=X, )+ (D77} Rug ) +Ws™v) | dr_y+1-1
WM™V =4q .
As a result of the above calculations, we see that in all cases, the number

of ways to choose wy, (assuming that the earlier coordinates have been chosen

“properly”) is

b R RN )H (T Run ) H(WNMY)

[W N M"k-lvf — ,(Z"=‘ i=t i=1 W N M»V|=

WnNMAV

(7= %) — (gPu-1#171) (it %) = gD % (e gy +1Ly,

Therefore, the number of tuples realizing (dy,do,.. ., d.) having all coordi-

nates in W 1s

T T [(gomes#) g — gt =
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Ik [q%(z":x"“di) (Hﬁil(qd*k - qu"'l-ﬂ_l))} -

8 e ,
q2k=1 ¢k(Ei=Ak+1 d;) [H£=1 Hjﬁil (quk — quk_1+’7—'1)] ‘

The assertion now follows from Definition 2.10 since

AL (Zf=,\,,+1 d,-) =41 (dy, — da,y) (Ef=,\,,+1 di) =
(i (Tionn @) — (Slardns (Sana ) =

(g (drgr + - oo de) + g (Aagar + .o+ de) + oo F g (dagir + ..+ ) —

(dns (drpsr + - -+ de) + Ay (dags1 + ..+ de) ..+ dag_y (dagir +... + de)) =
da (a1 4o+ da) Fdag(drgrr+ .o dag) + oo dag_ (drg g1+ oo dag) +
dag(drgt1+---+de) = dy (A1 + ...+ drg1) Hdyy iy, +da (g1 +- .. +dag1) +

daglrg + - o Brgy (Bag_rg1 + - -+ drgo1) + dag_dag + g (g + -+ de) =
&, Aa=M—1)+dx, dr,+03, (As—da—1)+dr,dag+. . +03,_, (Ag=Ag_1—1)+dx,_,drs+
&,(e=2g) = (THT &, Mesr — W) — (ZEL &, ) + (TR daudrg )+, (e—Xp) =

&, (e — Ag) + (TR &, s — M) + (S42L day (drg — )

(c) By Theorem 2.18, the number of submodules of V which realize
(d1,ds,...,d.) is the ratio of the value found in (a) to the value found in (b).
Thus, by multiplying both the numerator and the denominator of this quotient by

Ie-1 H:;kl (g™*+1 — g"~1) (and recalling our convention that empty products are 1),

we can write the quotient in the form

d

k=1 g, d _ g, dy
I, 2@k | |T],2(a 6 —g"~1)

A(dly d2, Tt de) = q6 [H

where e =¢; — €3 =

dz\a (n - d/\p)(e - /\ﬂ) + ( g;% d)\k (n - d/\k)(’\k+1 - ’\k)) - (Zg;i d)\k (dAk+1 - d/\k)) .
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By applying [4, Corollary 3.3] B times, we see that A(dy,d,...,d.) is the

evaluation at ¢ of a monic polynomial in Z[X] of degree

dag(n — da,) (e = Ag) + (SHCt o, (1 — da) Qs — M) — (T80 g (e — das)) +
(EQ;% dAk (dz\k+1 - d)\k)) + d)\ﬁ ('n‘ - dz\a) =

(262 dae (0 — da) ka1 — M) + day (n = dag)(e = Mg +1).

Therefore, the assertion follows since

(Zhl dan(n— da) ks — M) + das(n— da)(e— Mg+ 1) =
0+ (/\2 - /\1)d,\1(n - d)‘l) + (/\3 — Az)d)‘z(n - d,\z) +...+
()‘ﬂ - )‘ﬂ—l)d)\ﬂ-l (n - dAa-1) + (e - ’\ﬂ + l)d/\;s (n - dAa) = zz)‘;fl dko (n’ - d)\o) +
Ag—1

Ei\iill dA1 (n - dAl) +...+ 21':,\,;_1 d,\ﬁ_l (n - dAg_1) + EZ?=A3 d)\,s (n - d)\;s) =
=1 di(n —d;). O

In the next corollary, we establish that Proposition 2.28 (c) is indeed a gen-
eralization of [4, Proposition 3.1 (b)], a formula for the number of k-dimensional

(k € {0,...,n}) subspaces of an n-dimensional vector space over a finite field.

COROLLARY 2.29 Letk € {0,1,...,n}. The number of submodules of V which

are R-free on a basis of k elements is

k n -1
kn—k)e-1) | [ly=ld®=a"™")
1 [Hf=l(qk—qv—*) '

As a consequence, ife =1 (i.e., R is a finite field of cardinality q), then the number

of k-dimensional subspaces of the n-dimensional R-vector space V is

[t (1)
I @)
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Proof. If k = 0, then the assertion follows since, by convention, an empty product
is 1.

Suppose that k£ € {1,...,n}. By Corollary 2.21 and Proposition 2.28 (c),
the number of submodules of V' which are R-free on a basis of k elements is
A(k,k, ..., k). Defining 8, Mo, A1, ..., Ag, %1, - - ., g for (dy, da, ..., de) := (k, k,..., k)
as in Definition 2.10 (2), observe that 8 =1, A\; = 1, and 9, = dy, = k. Thus, by

simplifying the formula in Proposition 2.28 (c), we see that

A(k, k, . k) — qk(n_k)(e_l) [Hk=1(qn_q-y_1)] .

H1=1 (qk _q7—1)

In [4, Theorem 3.4], Dobbs and Lancaster showed that the expected value of
the dimension of an arbitrary subspace of an n-dimensional vector space over a finite
field is 3. We generalize this result by finding the expected value of the cardinality
of a minimal generating set (i.e., the vz-value) of an arbitrary R-submodule of the
given R-free module V' (where R is the given finite SPIR). As in [1], we will also
determine the expected value of the vg-value of an arbitrary R-submodule W of V
when W is weighted by either vg(W) or the cardinality of W. More generally, in
Chapter 3, we will determine all the above types of expected values (and others)

when R is a finite principal ideal ring (PIR).

Let 7 denote the number of R-submodules W of V such that vg(W) = k.

Hence, 70 =1 and, in view of Corollary 2.16, for each k € {1,...,n},

T = ZOSdlsdzg...de_lgk Aldy, dy,. .., dey, k)

where A(dy,ds,...,de_1,k) is given in Proposition 2.28 (c). Moreover, the (un-
weighted) expected value of the cardinality of a minimal generating set of an arbi-

trary R-submodule W of V is given by
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ok
B(va(W)) = S,
Similarly, the expected value of the cardinality of a minimal generating set

of an arbitrary R-submodule W of V, when W is weighted by vg(W), is given by

E(up(W)) = e’

REMARK 2.30 When e =1 (i.e., R is a finite field) and k€ {1,...,n}, observe
via Corollary 2.29 that nx = A(k) is the number of k-dimensional subspaces of
an n-dimensional vector space over R. Thus, the above method for expressing
(unweighted) E(vg(W)) generalizes the method in [4, Theorem 3.4], although we
shall see in Remark 2.36 that E(vg(W)) may depend on g (as well as n) when e > 1.

Since the cardinalities of R-submodules of V' with the same vp-value may
differ, one needs different notation when weighting by the cardinality of the R-
submodule. For each k € {0,...,n}, let 7, = 3, ,(w)=x |W|. Hence 75 =1 and, for
each k € {1,...,n},

77;; = EOSdlsdzs...sde_l <k A’(db d2, RN de-ly k),

with A(dy, da, - . ., de_, k) = q%imt ®H5A(dy, d, . .., do_s, k). (We have used Propo-
sition 2.25 to note that the cardinality of any submodule which realizes
(di,dz,...,de1,k) is ¢ d)+k ) With this in hand, the expected value of the
cardinality of a minimal generating set of an arbitrary R-submodule W of V', when

W is weighted by cardinality, is given by
n k'
B(va(W)) = itk
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The next four results will help in the calculation of limiting values, as ¢ — oo,
of the various types of expected values which were introduced above. For this

purpose, it is convenient, given k € {1,...,n}, to define
['(k) := maz{deg(A(dy,...,de-1,k)) : (d1,...,de1, k) ascending e-tuple}.

For sufficiently large g, the next proposition essentially determines which ascending

e-tuples of the form (di,ds, ..., d.—1,k) have maximum A-value.

PROPOSITION 2.31 (a) Suppose that n is even and k € {1,...,2}.
Then T'(k) = ek(n — k). Further, deg(A(dy,da,...,de—1,k)) = T'(k) if and only if
(dv,da,...,de1,k) = (k,k,... k).
(b) Suppose that n is even and k € {%,...,n}. Then
I'(k) = (e = 1)(2)> + k(n — k). Further, deg(A(dy,da, . . .,de—1,k)) = I'(k) if and
only if (di,dy,...,de-1,k) = (},%,...,%,k).
(c) Suppose n is odd and k € {1,...,251}. ThenT'(k) = ek(n—k). Further,
deg(A(d1,dy,. .., de_1, k)) = (k) if and only if (dy,ds,...,de1, k) = (k,k,...,k).
(@) Suppose n is odd and k € {%,...,n}. Then (k) = (e — 1)("24"1) +
k(n — k). Further, deg(A(dy, da, . . .,de_1,k)) = T(k) if and only if d; € {251, =1}
foreachie {l,...,.e—1} anddy < do <...< do;.

Proof. Given k € {1,...,n}, by Proposition 2.28 (c), the degree of

A(dy, da, ..., de1, k) in g is T8} di(n — d;) + k(n — k) for any ascending e-tuple of
the form (dl, da,...,de_1,k). In each case, we use this fact to find the ascending
e-tuples where I‘(k) is attained.

(a) Suppose that n is even and k € {1,...,%}. Since

maz{t(n —1) :t € {0,...,k}} = k(n — k),
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we have that 3221 d;(n — d;) + k(n — k) < (e — L)k(n — k) + k(n — k) = ek(n —
k) for any ascending e-tuple of the form (dy,dy,...,de1,k), and equality holds if
and only if d; = k for each ¢ € {1,...,e — 1}. Hence I'(k) = ek(n — k); and
deg(A(dy, ..., de1, k)) = D(k) if and only if (dy, ..., de-1, k) = (k, K, ..., k).

(b) Suppose that 7 is even and k € {Z,...,n}. Since
maz{t(n —1):t € {0,...,k}} = 2(n— &) = (2)%,
observe that 3°¢7; di(n — d;) + k(n — k) < (e — 1)(2)? + k(n — k) for any ascending
e-tuple of the form (d,...,d._1, k), and equality holds if and only if d; = % for each
i €{1,...,e—1}. Hence I'(k) = (e—1)(2)2+k(n—k); and deg(A(dy, . . . , de—1, k) =
I'(k) if and only if (dy,...,de-1,k) = (%,...,%,k).
(c) Suppose that 7 is odd and & € {1,...,251}. Since

maz{t(n—1t):t € {0,...,k}} = k(n —k),

it follows that 5=} di(n—d;)+k(n—k) < (e—1)k(n—k)+k(n—k) = ek(n—k) for any
ascending e-tuple of the form (dy, . . ., d._1, k), and equality holds if and only if d; = &
for each i € {1,...,e — 1}. Hence I'(k) = ek(n — k); and deg(A(dy, .- -,de_1,k)) =
I'(k) if and only i (dy, ..., de-1, k) = (K, k, .. ., k).
(d) Suppose 7 is odd and k € {Z£,...,n}. Since

maz{t(n —t) : t € {0,...,k}} = # is achieved precisely when ¢t € {232,241},
observe that 3-¢] di(n—d;) +k(n—k) < (e — 1)(#) + k(n — k) for any ascending
e-tuple (dy, . ..,de_1, k), and equality holds if and only if d; € {%*, 2411 for each i €
{1,...,e—1}. Hence I'(k) = (e— 1)(#) +k(n—k); and deg(A(dy, . .., de—1,k)) =
I'(k) if and only if d; € {25+, 242} foreach ¢ € {1,...,e—1}and d; < dp < ... <

de—y. O

For sufficiently large g, the following corollary essentially determines which

types of submodules are the most numerous in V. For convenience, we define
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I := maz{['(k) : ¥ € {1,...,n}}. Notice that I' is the maximum value of
deg(A(dy, da, . . ., de)), as (dy, da, . . ., de) ranges over the set of all nonzero ascending

e-tuples.

COROLLARY 2.32 (a) Suppose that n is even. ThenT' = e (3)2; and
deg(A(dy1,dz,. . .,de)) =T if and only if (d1,dz,...,d) = %,%,...,%).

(b) Supposen > 3 is odd. ThenT =e ("24_1); and deg(A(dy, dz, .. .,de)) =T

if and only if d; € {%52, ™} for eachi € {1,...,e} andd; < dp < ... < d,.

Proof. The assertion of (a) follows from Proposition 2.31 (a) and (b). Indeed,
one checks that in part (a) (resp., (b)) of Proposition 2.31, I'(k) is maximized
only at k = %. Similarly, the assertion of (b) follows from the analysis supporting
Proposition 2.31 (c) and (d). O

The next result is the analogue of Proposition 2.31 for the case where R-
submodules are weighted by their cardinalities. For convenience, given k € {1,...,n},

define

I'(k) := maz{deg(A'(ds,-..,de_1,k)) : (dy,. .. ,de—1, k) ascending e-tuple}.

PROPOSITION 2.33 (a) Suppose that n is even and k € {1,...,%}. Then
I'(k) = ek((n+1) — k). Further, deg(A'(d1,da, - ..,de_1,k)) = I'(k) if and only if
(dr,da,...,de—1,k) = (k,k,... k).

(b) Suppose that n is even and k € {Z +1,...,n}. Then I'(k) =
(e — )(BH=L) 4 k((n + 1) — k). Further, deg(A'(dy, da, ..., de_v, k) = T'(k) if
and only if d; € {3,241} for eachi€ {1,...,e—1} and d; < do < ... < d,_;.
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(c) Suppose that n is odd and k € {1,...,241}. ThenI'(k) = ek((n+1)—k).
Further, deg(A'(d1,da,...,de-1,k)) = I'(k) if and only if (di,ds,...,de1,k) =
(k,k,... k). ‘

(d) Suppose that n is odd and k € {2,...,n}. ThenI"(k) =
(e — 1)(&2)2 + k((n + 1) — k). Further, deg(A'(dy,da, - - . ,de-1,k)) = I'(k) if and
only if (di,da,...,de1, k) = (2,28, ..., 2L k).

Proof. Given k € {1,...,n}, by Proposition 2.28 (c), the degree of

AN(dy,da, ... ,de1,k) in g is 3571 di((n+1) — d;) + k((n+ 1) — k) for any ascending
e-tuple (dy,dy,...,de—1,k). In each case, we use this fact to find the ascending
e-tuples where I'(k) is attained.

(a) Suppose that n is even and k € {1,...,%}. Since
maz{t((n+1)—t):t € {0,...,k}} =k((n+1) — k),
it follows that

i di((n+1)—di) +k((n+1)— k) <
(e—1)(k((n+1) — k) + k((n+1) — k) = ek((n + 1) — k)

for any ascending e-tuple of the form (dy, ..., d._;, k), with equality holding if and
only if d; = k for each i € {1,...,e — 1}. Hence I''(k) = ek({n + 1) — k); and
deg(A'(dl, veey de_.]_, k)) = F,(k) if and only if (dl, ceey de—l: k) = (k, k, ciay k)

(b) Suppose that 7 is even and k € {£ +1,...,n}. Since
maz{t((n+1)—1t):t € {0,...,k}} = gﬂl‘l& is achieved only when ¢ € {3, 2 +1},
observe that 3¢7; di((n+1) —d;) +k((n+1)—k) < (e— 1)(‘1“"—{1E)+k((n+ 1)—k)
for any ascending e-tuple (dy, ..., de_1, k), with equality holding if and only if d; €

3, 5+1}foreachi e {1,...,e~1}. Hence I"(k) = (e—l)(gn—'kllib)+k((n+1)—k);
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and deg(A'(dy,...,de1,k)) = I'(k) if and only if d; € {%,%2 + 1} for each i €
{1,...,6-—1} and dl Sd25 Sde—l-

(c) Suppose that n is odd and k € {1,..., %}, Since
maz{t(n+1)—1t):t € {0,...,k}} =k((n +1) — k),
we have that

Zidi((n+1) —d;) +k((n+1) — k) <
(e=1Dk((r+1)—k)+k((n+1)— k) =ek((n+1) — k)

for any ascending e-tuple of the form (dy,ds, ..., de_1,k), with equality holding if
and only if d; = k for each i € {1,...,e — 1}. Hence I''(k) = ek({n + 1) — k); and
deg(A'(dy, . .., de_1,k)) = T'(k) if and only if (d;,...,de—y, k) = (k,k, ..., k).

(d) Suppose that 7 is odd and k£ € {22, ...,n}. Since

maz{t((n+1)—1) : t € {0,...,k}} = (2F)?

observe that 3°¢27 di((n+1)—d;)+k((n+1)—k) < (e~1)(%E)2+k((n+1)—k) for any
ascending e-tuple of the form (d;,...,d,_1, k), with equality holding if and only if
d; = % foreach i € {1,...,e—~1}. Hence I'(k) = (e—1)(&2)2+k((n+1)—k); and
deg(A'(dy, ..., de-1,k)) = I'(k) if and only if (ds,...,de—y, k) = ntlLLL k).
O

For sufficiently large g, the following corollary essentially determines which
types of submodules are most numerous in V when weighted by cardinality. For
convenience, define I' := maz{I"(k) : £ € {1,...,n}}. Notice that I" is the
maximum value of deg(A'(dy,dy, ..., d.)), as (di,ds,-..,d.) ranges over the set of

all nonzero ascending e-tuples.
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COROLLARY 2.34 (a) Suppose n is even. Then " =¢ (("Llf'—l); and
deg(A'(dy, da, ... ,de)) =T if and only if d; € {3,241} for eachi € {1,...,¢} and
d; <d:<...<d,..

(b) Suppose n is odd. ThenI' =e ("T*l 2; and deg(A'(dy, da, . ..,de)) =T" if

and only if (dy,da,...,d;) = (B, 2, .. &dL),

Proof. The assertion of (a) follows from Proposition 2.33 (a) and (b). Indeed, one
checks that [''(k) is maximized only at k = % and k = 2+1. Similarly, the assertion

of (b) follows from the analysis supporting Proposition 2.33 (c) and (d). O

In [1], Dobbs found the limiting expected value of the dimension of an
arbitrary subspace, weighted by dimension (resp., weighted by cardinality), of a
finite-dimensional vector space over a finite field, as the cardinality of the finite
field goes to infinity. Further, in [2], Dobbs found the limiting expected value of
the vg-value of an arbitrary (unweighted) S-submodule of a module which is S-free
on a basis of two elements, where S is a finite special principal ideal ring having
maximal ideal with nilpotency index 2, the limit being taken as the cardinality of
the residue field of S goes to infinity. The next three theorems are generalizations
of these results since our ambient V is an R-free module of arbitrary finite rank

over the given arbitrary finite special principal ideal ring R.

THEOREM 2.35 (unweighted) As W varies over the set of R-submodules of V,

tof

if n 1s even

lim E(vp(W)) = {

1 . .
>+ — 7 ifnisodd.

N|—=

Proof. In both cases, it will be helpful to recall that E(vg(W)) = %FQ%
k=0
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Case 1: Suppose n is odd. When n = 1, it will follow from Proposition 4.1 (a)

that limg_,.o E(vr(W)) = s =5+ 5 — . Therefore, assume that n > 3. With

e+l — e+1

this in hand, observe via Corollary 2.32 (b) that >F_, 7% is a polynomial in q of
degree e ( = ) with leading coefficient e 4+ 1. (The number of ascending e-tuples
with entries in {232,281} is e + 1. Of these, e end with d, = %, and only one

2072

ends with d, = %1.) Similarly, 7, k7 is a polynomial in ¢ of degree e ("T‘l)

. n=1 ntl
with leading coefficient (%51) +e (%41). Thus, limg e B(vg(W)) = L)
1 —1 _e=1_
%%..l =3 2(etD) — 3+i- e+1

Case 2: Suppose n is even. Observe via Corollary 2.32 (a) that 3°F_o k. is a
polynomial in g of degree e (%)2 with leading coefficient Z. Similarly, 3°%_o 7 is a

monic polynomial in ¢ of degree e (-’21)2 Hence, limy ;o E(vr(W)) = 2. 0O

REMARK 2.36 When e =1 (i.e., R is a finite field), it was shown in [1, Example
2.1] that the expected dimension of an arbitrary subspace of an n-dimensional vector
space over R may depend on g (as well as n) when weighting by cardinality or
dimension. Further, in contrast to the situation when R is a field [4, Theorem 3.4],
E(vr(W)) in the “unweighted” context of Theorem 2.35 may also depend on both
¢ and n when e > 1. For instance, one can use Proposition 2.28 (c) to check that if

n =3 and e = 2, E(vg(W)) is given by

— 5¢*+74%+16¢%+11¢+15
E(wr(W) = S isaia
For these reasons, as in [2], we are subjecting the various expected values to the

limiting process lim,_,q,.
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THEOREM 2.37 (weighting by vg-value) Let W vary over the set of R-submodules
of V. When W is weighted vg(W),

if n is even

w3

Jim E(a(W) =

1 . 0
sts—art (e+1)((e+1)(n+1)—2) if n is odd.

Proof. Recall that E(vg(W)) = %ﬁ’f—;‘" when the R-submodule W is weighted

k=0

by VR(W).
Case 1: Suppose n is odd. When n = 1, it will follow from Proposition 4.1 (b)

that limg o E(up(W)) =1 =+ — L + TG +ﬁ‘;(1 +7=%)- Lherefore, assume
that n > 3. With this in hand, observe via Corollary 2.32 (b) that >F_, k7, is a
polynomial in g of degree e (1‘—24;1) with leading coefficient ( ) +e ("+1) (The

number of ascending e-tuples with entries in {251, 2#1} is e+ 1. Of these, e end with

e = "—+l, and only one ends with d, = 231 =L.) Similarly, > o k*nx is a polynomial

in g of degree e (%‘—1) with leading coefficient (";1) +e ("*1) . Thus,

. _ CFP4e(BEY?  (n—1)2te(nt1)? +1)n?+2(e—L)nt(e+
limg_, 00 E(VR(W)) - (7%)+e(%T - 2?(1; 1)+ee(1:z+1))) e 3&+1):+2():—1()e 2 =

(e+1)-(202) 11 2
Staagt NeTnise—D) — 3 T3~ a1 T GO mr g

Case 2: Suppose n is even. Observe via Corollary 2.32 (a) that YF ,km is a
2
polynomial in g of degree e (g) with leading coefficient %. Similarly, >2_ k27 is

a polynomial in g of degree e (§)2 with leading coefficient (g)z Hence,

3

limg_,o, E(vg(W)) = Gy =20

[CH)
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THEOREM 2.38 (weighting by cardinality) Let W vary over the set of R-submodules
of V. When W is weighted by cardinality,
e+l

lim E(va() =

atl if n is odd.

{”T‘H+%—L if m is even
2

Proof. In both cases, it will be helpful to recall that E(vp(W)) = -E&Fﬂ—% when

weighting by the cardinality of the R-submodule W.

Case 1: Suppose 7 is even. Observe via Corollary 2.34 (a) that 3% o7, is a
polynomial in g of degree e (iﬁﬂﬁ) with leading coefficient e+1. (The number of
ascending e-tuples with entries in {, 3+1} is e+1. Of these, e end with d. = 2+1,

and only one ends with d, = %.) Similarly, >-%_, k7}, is a polynomial in ¢ of degree
e (@—14)2—‘—1) with leading coefficient ( ) +e ( 1). Thus,

limg o0 E(va(W)) = (Be(3)+D) _ (+e(®E2) _ ntent2) _ nle+l)+2e S R I

e+1 e+l 2(e+l) 2(e+l) e+l

ntl _ n+1 —ntl ;1 1
2 2 + e+1 + 2(e+1) 2 + 2 et+l”

Case 2: Suppose n is odd. Observe via Corollary 2.34 (b) that ¥7_, kn} is a
2
polynomial in g of degree e (1‘;—1) with leading coefficient 2, and 37 o7 is a

monic polynomial in g of degree e ("T*‘l)2 Hence, limg_,, E(vp(W)) = 1. O
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CHAPTER III
ON THE EXPECTED NUMBER OF GENERATORS OF A SUBMODULE OF
A FREE MODULE OVER A FINITE PRINCIPAL IDEAL RING

We begin with a result which will allow us to use results from Chapter 2 to

calculate limiting expected values when the ambient ring is a finite PIR.

PROPOSITION 3.1 Let S and T be rings. Let R be the ring S x T. If A is
an S-module, B is an T-module, and M is the R-module A @ B, then vp(M) =

maz{vs(A),vr(B)}.

Proof. We first show that vg(M) < maz{vs(A),vr(B)}. Let k, and k, denote
vs(A) and vr(B) respectively. Without loss of generality, k; < ks < 0o. Thus, there
exist an S-generating subset {a; : i € {1,...,k;1}} of A and T-generating subset
{6 :i € {1,...,k2}} of B. A straightforward calculation shows that {(a;,b;) : i €
{1,..,k1}}U{(0,8;) : i € {k1 +1,...,kz}} is an R-generating subset of M, and so
vr(M) < maz{vs(A),vr(B)}.

For the reverse inequality, we may suppose, without loss of generality, that
k := vg(M) < oco. Thus, there exists a R-generating subset {(a;,5;) € M : i €
{1,...,k}}. Observe that {a; : i € {1,...,k}} is an S-generating subset of A
and {b; : ¢ € {1,...,k}} is a T-generating subset of B, giving that vg(M) >
maz{vs(A),vr(B)}. O

We pause to establish running hypotheses and notation for the rest
of this chapter. Let R= R; X ... X R,,, where, for each i € {1,...,m}, Riisan
SPIR (possibly a field). Let M; = Rn; denote the maximal ideal of R;, and let ¢;

denote the index of nilpotency of M;. Let V be a module which is R-free on a basis
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of n elements (1 < n < 00). Since the category of R-modules is equivalent to the

product of the categories of R;-modules (1 < 7 < m), V is uniquely expressible as an
internal direct sum V' = @, Vi, for suitable R;-modules V;. In view of the canonical
R-module isomorphism R(™ = Rg") X...x R it follows that V; & R,("); that is, V;
is a free R;-module of rank n, for each 7. Observe also that every R-submodule of V
is an internal direct sum of the form W) @ ... ® W,,, where W; is an R;-submodule

of V; for each 3.

The next two propositions will be used later in this chapter to find various

types of expected values over finite PIRs.

PROPOSITION 3.2 Let W be an R-submodule of V'; put k = vp(W). As above,
ezpress W = W1 @ Wo @ ... @ Wp,, where W; is an R;-submodule of V; for each i.
Then W is R-free on a basis on k elements if and only if each W; is R;-free on a

basis of k elements.

Proof. Since R is a PIR, k < vg(V) = n, and so k < co. As the assertion follows
trivially when W = 0, we assume that W # 0. For the “if” assertion, observe that
W; 2 B® for each 4, and so W = R x...x R® = B® is, indeed, R-free on a
basis of k elements. The “only if” assertion follows since W; & R; @ W for each i.

O

PROPOSITION 3.3 Let W be an R-submodule of V, ezpressed as usual as W =
WieW,®...® W, where W; is an R;-module. For each 1, let pw,1 denote the
R;/M;-dimension of the image of A%,z in Definition 2.4 using the base ring R; and
ambient R;-free module V;. Then the highest rank attained by an R-free submodule .
of W is min{pw,, : 1 € {1,...,m}}.
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Proof. Using Propositions 3.2 and 2.24, observe that the rank of any R-free sub-

module of W is less than or equal to 2 := min{pw,1: € {1,...,m}}. It remains
only to find an R-submodule of W which is R-free on a basis of z elements.

For each i, Proposition 2.24 shows that W, contains an R;-submodule F;
which is R;-free on a basis of py, ; elements. Choose F] to be an R;-submodule of
F; which is R;-free on a basis of z elements. Thus, by Proposition 3.2, Fi®...® F,,

is a submodule of W which is R-free on a basis of z elements. O

For the rest of this chapter, we add to the running hypotheses that R is
finite, with ¢; := |R;/M;| for each ¢ € {1,...,m}. Observe via [7, Theorem 33, p.
245] that any finite PIR can be expressed as an internal direct product of finitely
many finite SPIRs. In particular, any finite PIR can serve as the ambient ring R in

the following discussion.

In order to calculate various expected values over the finite PIR R, we in-
troduce the following notation. Fbr each i € {1,...,m} and j € {0,...,n}, let 7;;
denote the number of R;-submodules of V; with vg,-value j. Thus, for each
i € {1,...,m}, mip = 1, and, for each j € {1,...,n}, we have that 7;; =
Y0<di<...<de1<j Ni(d1, 2, - - ., de;—1, ), where A; denotes A in Proposition 2.28 (c)
using R; as the base ring and V; as the ambient R;-free module. For each &k €
{0,...,n}, let 7 denote the number of R-submodules of V with vg-value k. Thus,
for each k € {0,...,n}, Proposition 3.1 yields that

M = (Choo M.5) (oo m2) - - - (Chcg ) — (525 mg) (Thzs mag) - - - (2828 i)

In the next two lemmas, we find expected values stated in terms of the above
notation. Readers interested in practical computations of expected values should

keep in mind that each 7;; can be found in terms of ¢; and e; (and the ascending
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e;-tuples) using Proposition 2.28 (c).

LEMMA 3.4 (unweighted) As W varies over the set of R-submodules of V,

n(E?:o "71,.7’) e (E?:o 77m,j) - (EZ;& (Z;LO 771,j) ... (E;?:o nm,].)) .
(X0 M.4) - - - (XFo Mmis)

E(vg(W)) =

Proof. For each k € {0,...,n}, let ax denote (CF—gm15)(Theom2) - - - (Theo Tmas);
put a_; = 0. By the above remarks, 7y = a; — ax—, for each k. By the discussion
preceding Remark 2.30, it follows that

Do ke — k(ag—ak—1 (E _ kar) - kag—1) _
E(vr(W)) = fH_k=oﬂk a_t.,,_—_o_*_ l_l(ak—ak s 10%) (Zil—I ) =
9N kak)—(E&;o(’:H)ak) — nan—(zl;nl ar) _

Qo 8k)— (O pso ak)

n(z;;o 711,]')"' Z i=0 ﬂm,]) (2k=0 (Z]_o 171,]) (2_7_0 Tlm,])) O
(E —0771..7) (Z __oﬂm,J)

LEMMA 3.5 (weighting by vg-value) Let W vary over the set of R-submodules of
V. When W is weighted by vg(W),

n2 (o M (g T )= (g BRI (g M) (g i)
E W _— §=0 §=0 k= O_ §=0 §=0
(VR( )) n(EJ_o 171..1) (23—0 7’"1.1) (Ek_o(z =0 m J) (ZJ—O ﬂm,j))

Proof. As above, for each k € {0,...,n}, let az denote (T5_gm;) ... (Zhog Wms);
and put a_; = 0. When W is weighted by vg(W), by the discussion preceding
Remark 2.30, we have that

— 2poFm _ k2 (ax —ax— 1 kK2ap)-(3_p_, K2ak—1)
o KTk Efk.. klak—ar-1) SE 1 kax)- (E:k=1 kag—1)

(s Kar)=(Cr o k+)2ar) _ Oop KPar)~((hs) kzak)+2<2"' kak)+(z"-‘ak))

(Ek= kak)— (Z,,Zo(k+1)ak) = (s kar)—((C ot kar)+(Eorg ok))
n2a,— (Zu(2k+1)ak) = 2(2 _07’1,.1) (ZJ_onm.J) (zk—o(zk'*'l)(zr-onl ]) (Ej_onm.‘l)) 0
nan—(>;_, ax) n(z o TM,5 ) (E o )= (D (z,—o’lla) (Z oMmi))
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In order to calculate E(vg(W)) when W is weighted by cardinality, we in-

troduce the following notation. For each i € {1,...,m} and j € {0,...,n}, let
n,f’j denote the sum of cardinalities of all R;-submodules of V; with vg, -value j.
Thus, for each ¢ € {1,...,m}, 5}, = 1, and, for each j € {1,...,n}, by Proposi-
tions 2.25 and 2.28 (c), we have that 7] ; = Y0<di<...Sde 1< A(dy,da,. .., de,—1,7) =
Y 0<ds <o Slley1 < g5 A A (dy, dy, . de;—1,7), where A; denotes A using R; as
the base ring and V; as the ambient R;-free module. For £ € {0,...,n}, let 7}
denote the sum of cardinalities of all R-submodules of V with vg-value k. Hence,
for each k € {0,...,n}, observe via Proposition 3.1 (and the distributive property)
that

M = ( ,I;=o M.5) (Zf:o o) - - - (Ef:o M) — (Zf;é ni,,-)(Ef;é M) - (Ef;é M)

LEMMA 3.6 (weighting by cardinality) Let W vary over the set of R-submodules
of V. When W is weighted by the cardinality,

n(X7_0M;) - - (Cheo M) — (Thzo( r 0 M) (Xhoo M) _

Bua(W) = Lot )

Proof. In view of the comments following Remark 2.30, one may adapt the proof

of Lemma 3.4, replacing each 7; ; by 7} ;0

In the next three theorems, letting r € {1,...,m}, we take the limit of the
expected values found in Lemmas 3.4, 3.5, and 3.6 respectively as ¢i,qs,...,q
all approach infinity. (More precisely, for each € > 0, we require that there exist

an N > 0 such that the expected value is within € of the limit value whenever

q01,492,---,Gr Z N)
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THEOREM 3.7 (unweighted) Let r € {1,...,m}. For each k € {0,...,n}, let

O 1= { (E_I;'::O "7r+1,.'l') (Z?:o 77r+2,j) s (E_?:o nm,j) ifr<m
1 if r = m.

Further, let W vary over the set of R-submodules of V.
(a) If n is even, then

i non—( :;:} k)
Himg, g,.....gr~00 E(g(W)) = i~/ S

In particular, when r = m, we have that

limql,qz,..-,qm—)oo E(VR(W)) = %

(b)If n is odd, then

] n(e1+1)-(er+1)on—(0 a1 +Her+1)-(er+1)(Th_ns1 0k))
llmqlsqzr'wqr—’oo E(VR(W)) = (el:?;)...(er+l)an '

In particular, when r = m, we have that

limg, g,....gm—00 E(VR(W)) = 3 + % - (e1+1)..1.(em+1)'

Proof. Referring to the numerator and denominator appearing in Lemma 3.4, let

N denote
(T ho0 M) - - - (Thmo Mrg)on — (She (Choo M) - - - (Tho i) ok),

and let D denote (37 _971,5) - - - (X7—0 7r,5)On.-
(a) Suppose that n is even. To prove the assertion, after rewriting both NV and
D as polynomials in qi, g3, . . ., g-,with coefficients viewed as integral polynomials in

Gr+1,- -+, Qm, Observe that it suffices to prove the following three statements. For

2
each ¢ € {1,...,r}, the highest power of ¢; in both NV and D is at most ¢; (%) ; the
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n\2 )2
coefficient of the qfl(f) g (8) term of N is no, — (Zk_,. ox); and the coefficient

[N E]

of the qfl(%)z . q:’( ) term of D is o,,.

Let i € {1,...,r}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the discussion preceding Lemma 3.4, observe that E?:o 7;,; is an integral polynomial
in g;. Using Corollary 2.32 (a), one checks that the degree of Zf:o 7;; in g; is at
most e; (3)2, with equality if and only if ¥ € {%,...,n}. In particular, for each
k € {5,...,n}, observe via Corollary 2.32 (a) and Proposition 2.28 (c) that >-5_o 7,5
is a monic polynomial in g;.

Thus, after rewriting

N =n(Z0my) - - (Ci=0 M) 0n — (T30 (Cheo M) - - - (Chzo M) o)
as a polynomial in ¢,...,¢,, with coefficients viewed as integral polynomials in
Gr+1s - - - » Gm, the coeflicient of the qfl(%)z .. .qf'(%)z term of N is no, — (5= .} L o1).
Similarly, after rewriting D = (¥7_71,5) - - - (X}=07,5)0n as a polynomial in
a,---,¢qr, with coefficients viewed as integral polynomials in g, ,...,gn, the coef-
a(3)  er(a)

When r = m, since g3, = 1 for each & € {0,...,n}, it follows that

ficient of the q term of D is o,,. Therefore, the assertion follows.

non— (Zk—"’ a'k) n"‘( k—ﬂ 1)

limql 3425+-+3@m—*00 E(VR(W)) - 1 = 12"._

(b) Suppose that n is odd. When n = 1, Proposition 4.1 (a) will establish that

E(vg(W))=1- H::j&_ﬂ) Then, after some calculation, the assertion follows for

n =1 (even before the limit is taken) since, using Proposition 2.28 (c) or the fact that
R; is an SPIR, one checks that ;_o7;; = €;+1 for every i € {1,...,m}. Therefore,
without loss of generality, suppose n > 3. To prove the assertion, after rewriting

both N and D as polynomials in ¢;,...,q,, with coefficients viewed as integral

49




polynomials in g4, ..., qnm, it suffices to prove the following three statements. For

each ¢ € {1,...,r}, the highest power of ¢; in both N and D is at most e; ("—24‘—1);

nz-l n2—1
. a(2) (=) .
the coefficient of the ¢; . r term of NV is

n(e; +1)...(e + 1oy, — (a% +(ex+1)... (e, + 1)( :;},_.,21 ox));

4

e[ 2o=1 » nZ_1
and the coefficient of the qll( ) e gr ( * ) term of D is (e; + 1) ... (e, + 1)oy.
Let ¢ € {1,...,r}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the discussion preceding Lemma 3.4, observe that Z;LO 7;,; is an integral polynomial

in g;. Using Corollary 2.32 (b), one checks that the degree of Ef:o Mij in g; is at

most e; (" "1) with equality if and only if k£ € {25%,...,n}. In particular, observe

via Corollary 2.32 (b) and Proposition 2.28 (c) that Z;?; 7, is a monic polynomial
in g;. Similarly, using Corollary 2.32 (b) and Proposition 2.28 (c), one checks, for
each k € {E,} .,n}, that the leading coefficient of 2 "0 7i,j as a polynomial in ¢;
is e; + 1.

Thus, after rewriting

N= "(E}l:o "71,3') s (E;'Lo Tr§)On — (Ek_o( =0 771,1) (E;?:o "7r,j)‘7k)

as a polynomial in ¢i,...,q,, with coefficients viewed as integral polynomials in
P I D I
@r+1- - -, Gm, the coefficient of the ¢, ceeqr term of N is

nle; +1)...(e + 1oy, — (02z1 + (1 +1)... (e +1)(Zh __t_ 1 O))-

Similarly, after rewriting D = (X7_q71,5) . .. (%= 7r.j)0n as a polynomial in

1, - . -,gr, With coefficients viewed as integral polynomials in g1, ..., gm, the coef-

e (2221 e[ 22=1
ficient of the g, ( * ) .o gr ( * ) term of D is (e; +1)... (e, + 1)oy,. Therefore,

the assertion follows.
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When 7 = m, since o3 = 1 for each k € {0,...,n}, it follows that

n(e1+1)...(er+1)o',,—(a¥+(e1+1) e,+1)(2 1 01))

img, go.....0m—s00 E(VR(W)) = G+ (et =
ne1-+1)..(em+1)~(+(e1-+1)--(em+1) (7 Tng1 1) _ (@)t lemtn-1 _
(e1+1)...(em+1) (e1+1)...(em+1)
1 1
%'*' 27 (a+l)(em+l)" =

THEOREM 3.8 (weighting by vg-value) Let r € {1,...,m}. For each
ke{0,...,n}, let
O = { (Z;?:o Tr+1,5) (Ef=o Nr+24) - - (E;?:o M) ?f r<m
1 if r=m.
Let W wvary over the set of R-submodules of V. Also, suppose that W is weighted
by vr(W). Then:
(a) If n is even, then

n2on— (3 p ;[ (2k+1)0%)
non— (Z;:; 1% ok)

limql,qg,..-,Qr—POO E(VR(W)) =

In particular, when T = m, we have that limg, g, o oo E(vr(W)) = 2
(b)If n is odd, then

n2(e1+1).. (€r+1)0'n—(n0'n—1 +(e1+1).. (er+1)(zk_n+l (2k+1)or))
n{e1+1).. (er+1)¢7n—(0n—1+(81+1) (er+1)(307 “nt1 %))

limtn G2ymrr 300 L (V R (W))

In particular, when r = m, we have that

—n_l 1 2((e1+1)...(em+1)—1)
hmql,qz, *s@m~—+00 E(VR(W)) —% 5_(e1+1)...(e,,,+1)+(el+1)...(e,,.-:i)((e1+ff..(e,n+1)(n+1)—2)'

Proof. Using the fact that o < o, for each ¥ € {0,...,n}, one checks that

the denominators found in the assertions of both (a) and (b) are indeed nonzero.

Referring to Lemma 3.5, let N denote




n(Thoo M) - - - (S0 Mr)on — (TRzg(2k + 1) (Thao M) - - - (Cho M) ok),

and let D denote

(oo M) - - (Theo i) On — (Too (Cheo M) - - - (o Mr)ow)-

(a) Suppose that 7 is even. To prove the assertion, after rewriting both N
and D as polynomials in ¢y, ..., ¢,, with coefficients viewed as integral polynomials

in gr41,--.,qm, observe that it suffices to prove the following three statements. For

each i € {1,...,r}, the highest power of g; in both N and D is at most e; (%)2; the

n\2 n)2
coefficient of the qfl(i) .. q:'(z) term of N is n0, — (22;1% (2k + 1)oy); and the

=\2 22
coefficient of the qfl(i) gy (2) term of D is no, — (Z}:__‘_l% Ok)-

Let i € {1,...,7}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the discussion preceding Lemma 3.4, observe that Z;LO 7;,; is an integral polynomial
in g;. Using Corollary 2.32 (a), one checks that the degree of Z?:o 7;; in g; is at

2
most e; (g) , with equality if and only if k € {Z,...,n}. In particular, for each
k € {3,...,n}, observe via Corollary 2.32 (a) and Proposition 2.28 (c) that :-5_, 7; ;
is a monic polynomial in g;.

Thus, after rewriting
N =n*(Tj0M) - - (Cfmo Mg)on — (TE25(2k + 1) (SEog mg) - - - (hoo Mrs)0%)

as a polynomial in g,...,g, with coeflicients viewed as integral polynomials in -

)2 2\2
Gri1, - - - Qm, the coefficient of the qfl(i) .. .qf-r(z) term of N is n?a,, — ( };;% (2k+

1)oy,). Similarly, after rewriting

D =n(Zio0 M) - - - (ZFeo )0 — (Crse (Thomy) - - - (S0 ) o)




as a polynomial in ¢,...,¢,, with coefficients viewed as integral polynomials in

)2 72
Gri1s - - - » Gm, the coefficient of the qfl(f) ...qfr(z) term of D is no, — (Z}c‘;l% O%)-
Therefore, the assertion follows.

When 7 = m, since o = 1 for each k € {0, ...,n}, it follows that

) nlon—(Sron (2k+Dox)  n?—(3rCr (2k+1))
llle,qm"-:Qm-)m E(VR(W)) - na,"_(Eg- a'k) = n_(é;?;l& 1) =

n2—2(2 k) (Zk 5‘1) 2_(31124—2;1;)_§

n
"_'2' b3

NS

(b) Suppose that n is odd. When n = 1, Proposition 4.1 (b) will establish
that E(vg(W)) = 1. Then, the assertion follows for n = 1 (even before the limit is
taken). Therefore, without loss of generality, suppose n > 3. To prove the assertion,
after rewriting both NV and D as polynomials in gy,..., g, with coefficients viewed
as integral polynomials in g1, .. ., gm, observe that it suffices to prove the following

three statements. For each i € {1,...,r}, the highest power of ¢; in both N and D

nZ- n2_
is at most e; ( ) the coefficient of the ql (_Tl) ...q:r ( * l) term of N is

n*le; +1)...(e, + 1o, — (na%_—_l_ +(er +1)...(er +1)( k__t(2k + 1)ox));

() o)
and the coefficient of the ¢, R term of D is
n(er +1)...(e, +1)o, — (Oazt + (e1+1)... (e + 1)(2:;},_.;_, Or))-

Let ¢ € {1,...,7}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the discussion preceding Lemma, 3.4, observe that Z;?:O 7;,; is an integral polynomial

in ¢;. Using Corollary 2.32 (b), one checks that the degree of E?:o T in g; is at

most e; ( 7 ) with equality if and only if £ € {25%,...,n}. In particular, observe
n—1
via Corollary 2.32 (b) and Proposition 2.28 (c) that 3, 7; ; is 2 monic polynomial
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in g;. Similarly, using Corollary 2.32 (b) and Proposition 2.28 (c), one checks, for
each k € {"T“, ..., n}, that the leading coefficient of 2;?:0 7;; as a polynomial in ¢;
is e + 1.

Thus, after rewriting

N =n*(Tlo0 M) - - - (Theo Trg)on — (Thoo 2k + 1)(Zhogmy) - - - (CTho ) or)

as a polynomial in @,...,¢g,, with coefficients viewed as integral polynomials in

4

Gr+1; - - - , Gm, the coefficient of the qfl (n _1) . qr’(nz‘;l) term of N is
n*(ey+1)...(er +1)0n — (n0az1 + (e1 +1) ... (e, + 1)( :;f._zﬂ(% + 1)oy)).
Similarly, after rewriting
D =n(Xi-0mMy) - - (Ceori)on — (Chzo(Choomg) - - - (oo i) o)
as a polynomial in g¢,...,q,, with coefficients viewed as integrai polynomials in

4

() ()
gr+1, - - -, Gm, the coefficient of the ¢, .o qr term of D is
nler+1)...(er + 1oy — (01.2_-_1 +(e1+1)...(er +1)( Z;l%__l or))-

Therefore, the assertion follows.

When r = m, since ox = 1 for each k € {0,...,n}, it follows that

limql ¥425---3¢m —+00 E(VR (W)) =

n2(el+1)...(e,-+1)a',.—(M£;+(e1+l)...(e,-+1)(zz;ll}__l(2k+1)ork)) _
n(e1+1)..-(er+1)un—(a%+(e1+1)...(er+1)(22__'_11.!{._, o%))

nz(el+1)...(em+1)-(n+(e1+1)...(em+1)(z;‘:£#(2k+1)))
n(e1+1)...(em+1)-(1+(e1+1)...(em+1)(22;i 1 1)) =

n2(81+1)...(e,n+1)—(n+(el+1)___(em+1)(3n2-.44n:tl+'n_;1_)) _
n{e1+1)...(em+1)—(1+(e1+1)...(em+1) (251)) =
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n2(e1+1)...(em+1)~(n+(e141).. (em+1)(3n —2n—1))
EED(e1+1)-(em+1)—1

4n(e1+1)...(em+1)—(dn+(e1+1)...{em+1)(3n2 —2n— -1) _
2(n+1)(e1+1)...(em+1)—4

(e1+D)..(em+1)n?+(2(e1+1)...(em+1)—)nt (e1 +1)...(em+1) _
2(e1+1)...(em+1)n+2(e1+1)...(em+1)—4

n (otl).fentl)2 ((e1+1) (em+1)—(SGELsem )2y o) +1)...(em+1)— 4))

2(e1+1)...(em+1) 2(e1+1)...(em+1)n+2(e1+1)...(em+1)—4

nyl_ 1 + 2((er+1)...{em+1))2—((e1+1)...{em+1)=2)(2(e1 +1)...(em +1)—4 —
2 2 (e1+1)...(em+1) 2(e1+1)...{em +1)(2(e1+1)...(em+1)n+2(e1+1)...(em+1)—4)

1 + 2((e1+1)...(em+1)-1) O
(ex-+1)...(em+1) (e1+1)...(em+1)((e1+1)...(em+1)(n+1)-2)

n_ L_
2+2

THEOREM 3.9 (weighting by the cardinality) Let r € {1,...,m}. For each
ke€{0,...,n}, let

o}, 1= { ng=o 771'-+1,j)(219=0 Triog) - - (E_’;:o Tmg) Hr<m

ifr=m.
Let W wary over the set of R-submodules of V. Also, suppose that W is weighted
by cardinality. Then:
(a) If n is even, then

) n(er+1)...(er+1)oy, — —(0 +(er+1).. (ert1) (X ,,))
th1,¢I2,---,Qr—>°° E(VR(W)) = (e1+1) {er )0, AR

In particular, when r = m, we have that
limql,qz,...,qm-—)oo E(VR(W)) = nT+1 + % - (81+1 ..1.(em+1) :
(b)If n is odd, then

) o= ni1 % )
limg, g,....q.—00 E(Vr(W)) = k + -

In particular, when r = m, we have that
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limql 1925e+3gm—+00 E(VR (W)) nT-H "

Proof. Referring to the numerator and denominator appearing in Lemma 3.6, let

N denote
(im0 M) - - - (Dm0 Mhg)on — (Chco (Thoo ;) - - - (Sho 7 5)0%),

and let D denote (37971 ;) - - - (Zi=07..;)00-

(a) Suppose that 7 is even. To prove the assertion, after rewriting both N
and D as polynomials in gy, ..., g,, with coefficients viewed as integral polynomials
in gr41,...,qm, observe that it suffices to prove the following three statements. For
each i € {1,...,r}, the highest pbwer of ¢; in both N and D is at most e; (‘ﬂi&);

. TC .
the coefficient of the ¢; eeeGr term of N is
n(ey+1)...(er +1)o!, — (02 +(ex+1)... (er + 1)( z;}%ﬂ o%));

el ((n+1)2—1) e (gn+1)2-1)

4

and the coefficient of the ¢, .o Gr * term of D is
(e1+1)...{(e. +1)ob.

Let i € {1,...,7}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the discussion preceding Lemma, 3.6, observe that E?:o 7;,; is an integral polynomial
in g;. Using Corollary 2.34 (a), one checks that the degree of E_;?:O ni; in g; is at

most e; (%), with equality if and only if k € {%,...,n}. In particular, observe

via Corollary 2.34 (a) and Proposition 2.28 (c) that E?:o 7;; is a monic polynomial
in ¢;. Similarly, using Corollary 2.34 (a) and Proposition 2.28 (c), one checks, for
each k € {3 +1,...,n}, that the leading coefficient of -%_, 7! ; as a polynomial in
g; is e; + 1.

Thus, after rewriting
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N =n( ?:0 ﬂi,j) e (Z}l:o 77;,3')01'1 - (22;3 (Ef:o Tli,j) ces (Zf:o 77:-,]')0;:)

as a polynomial in ¢y,...,q,, with coefficients viewed as integral polynomials in

2 2
el(gn+1) -1) er((n+1) —1)

4

Gr+1,- - - » Gm, the coefficient of the ¢, : e Gr term of N is
nler+1)...(er +1)og — (0% + (e1 +1) ... (& + 1)(Zpz5.41 %))-

Similarly, after rewriting D = (37_4% ;) - - - (3= 7,;)0r, as a polynomial in
a1, - --,qr, with coefficients viewed as integral polynomials in ¢,41,. . ., g, the coeffi-

el((n+122-1) e (gn+122—1)
. 2 g 3 . '
cient of the ¢; e Gr term of D is (e;+1) ... (e,+1)o?,. Therefore,

the assertion follows.

When r = m, as g5, =1 for each k € {0,...,n}, it follows that

. n(e1+1).(er+1)o7,~(o'y +er+1).. (er 1) k»
th1,¢12,---,qm—>°° E (V R(W)) - (e1+1) {er+1)ay, £

n(e1t1).(em+1)—(I+(er+)lem+t D20 11 D) ert)oemtl)—(1+(e1+1)..{emt1)(2-1)) _
(er+1)...(em+1) - (e1+1)...(em+1) -

(3+1)(e1+1)..(em+1)-1 il 1 1
(e1+1)...(em+1) - 2 2 (e1+1)...(em+1)"*

(b) Suppose that n is odd. To prove the assertion, after rewriting both N
and D as polynomials in ¢y, ..., g, with coefficients viewed as integral polynomials

in gr41,- - -, Gm, observe that it suffices to prove the following three statements. For

2

each ¢ € {1,...,r}, the highest power of ¢; in both N and D is at most e; (ﬂ;”—l) ;
() e(mp)’ .

the coefficient of the g; ..-g- * * 7 term of N is noj, — (T07; Zapt 1 03,); and the

; (%) e(=) is o
coeflicient of the g; - Gr term of D is g},

Let i € {1,...,7}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the discussion preceding Lemma, 3.6, observe that Z;?:o n; ,j 15 an integral polynomial

in g;. Using Corollary 2.34 (b), one checks that the degree of %_o7; in ¢; is at
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most e; (”2—+—1)2, with equality if and only if k¥ € {%f,...,n}. In particular, for
each k € {&,...,n}, observe via Corollary 2.34 (b) and Proposition 2.28 (c) that
Y% o7} ; is a monic polynomial in g;.

Thus, after rewriting
N = n(2?=o ni,,-) - ( ?:0 77;,1')0;; - (Zk;é (Z_{;:o 77{,_1') e (2;?:0 n:',j)o';c)
as a polynomial in q,...,q,, with coefficients viewed as integral polynomials in

n1)2 (241)? .
Gr+1, - - - y Gm, the coeficient of the qfl( #) e (=£) term of N is
na, — ( :;}%1 o). Similarly, after rewriting D = (3071 ;) - - - (S0 ;)% as a

polynomial in ¢, ..., g,, with coefficients viewed as integral polynomials in

er (2£2)"

. e](zl_-zu)z 1‘( 2 . !
@r4+1, - - - Um, the coefficient of the ¢, R term of D is a,,. Therefore,

the assertion follows.

When r = m, since o3, = 1 for each k € {0,...,n}, it follows that

img, go....gm—00 E(VR(W)) =

(Ui lapn o) (0 1)
- 1

A

=n—(3-}) =141 O

i

In order to calculate the expected rank of an arbitrary R-free submodule of
V, we introduce the following notation. For eachi € {1,...,m} and j € {0,...,n},
let 7; ; denote the number of R;-free submodules of V; with rank j. Thus, for each
1€ {1,...,m}, 70 =1, and, for each j € {1,...,n}, observe via Corollary 2.21 that
Tij = Ai(j, J, . - -, 5), where A; denotes A in Proposition 2.28 (c) using R; as the base
ring and V; as the ambient R;-free module. For each k € {0,...,n}, let 71 denote
the number of R-free submodules of V' with rank k. Thus, for each k € {0,...,n},

Proposition 3.2 yields that 7 = TLET2k - - - Tm k-

o8




With the above notation in hand, the unweighted expected rank of an ar-
bitrary R-free submodule F of V is given by E(vg(F)) = %i% Similarly, the
expected rank of an arbitrary R-free submodule F' of V, when F is weighted by

vr(F), is given by E(vg(F)) = %i:_’"r

For each i € {1,...,m} and j € {0,...,n}, let 7}; denote the sum of cardi-
nalities of all R;-free submodules of V; with rank j. Thus, for each i € {1,...,m},
Tio = 1, and, for each j € {1,...,n}, observe via Corollary 2.21; Proposition 2.25,
and Proposition 2.28 (c) that 7}; = Aj(4,5,...,5) = a9M; (5,5, .. .,7) where A;
denotes A using R; as the base ring and V; as the ambient R;-free module. For
each k£ € {0,...,n}, let 74 denote the sum of cardinalities of all R-free submod-
ules of V' with rank k. Thus, for each k € {0,...,n}, Proposition 3.2 yields that

Tk = TixTa - - - T~ Hence, the expected rank of an arbitrary R-free submodule F

of V, when F' is weighted by cardinality, is given by E(vg(F)) = %?—9%"‘
k=0

In the next three theorems, letting r € {1,...,m}, we take the limit of the
various expected ranks discussed above as ¢, g, . .., ¢, all approach infinity. (More
precisely, for each € > 0, we require that there exist an N > 0 such that the expected

value is within € of the limit value whenever ¢, ¢qa,...,¢. > N.)

THEOREM 3.10 (unweighted) Let r € {1,...,m}. For each k € {0,...,n}, let

o = {7’,+1,k7',+2,k coiTmp fr<m
1 if r =m.

Further, let F' vary over the set of R-free submodules of V.
(a) If n is even, then
limg, . g.~00 BE(Vr(F)) = 3
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(b) If n is odd, then

(272 )onc1+(2 )onn

Tagitoagl

]-imq1 yesey@r—200 E(VR(F)) =

In particular, when r = m, we have that img,_ g 00 E(vr(F)) = 3.

Proof. Let N denote 33_o k7 = X5 kT1kTo)k - - - Tr,k0k, and let D denote
k=0Tt = Lh=o TLET2k - - - TrkOk-

(a) Suppose that n is even. To prove the assertion, after rewriting both N and
D as polynomials in g1, ¢s,...,¢,, with coefficients viewed as integral polynomials

in gr41,.-.,qm, observe that it suffices to prove the following three statements. For

2
each i € {1,...,r}, the highest power of ¢; in both IV and D is at most e; (g) ;

n\2 n\2
the coefficient of the qf‘(z) .. .q:’( 2 term of NV is (g)ag; and the coefficient of the

ny2 =)2
q:l(z) ...q:r(z) term of D is oz.

Let ¢ € {1,...,7}. For each k£ € {0,...,n}, using Proposition 2.28 (c) and
the above discussion, observe that 7;  is a monic polynomial in g;. By Corollary 2.32
(a), the degree of 71 in ¢; is at most e;(%)?, with equality if and only if k = 2.
Thus, after rewriting N = 3°F_( k7 47o - - - Tr 40 @ a polynomial in
1,92, - - -,qr, With coefficients viewed as integral polynomials in g,,1,...,gm, the
(32

n\2
coefficient of the g;' .qﬁ'(z) term of N is (3)oz. Similarly, after rewriting

D =3 o TLkT2k - - - TrxOk aS a polynomial in gy, gs, .. ., gr, with coefficients viewed
ny2 e (Z)2
as integral polynomials in g,41,.. ., qn, the coefficient of the ¢~*®) ... ¢&" %" term

of D is oz. Therefore, the assertion follows.
(b) Suppose that n is odd. When n = 1, V is the only R-free submodule
of V with vp-value 1. Thus, the assertion follows for n = 1 since N = 01 +

In = 1land D = 1+ 1 = 2. Therefore, without loss of generality, suppose

60




n > 3. To prove the assertion, after rewriting both N and D as polynomials in
q1, 92, - - - , ¢r, with coefficients viewed as integral polynomialsin g4y, . .., gn, observe
that it suffices to prove the following three statements. For each ¢ € {1,...,r}, the

highest power of ¢; in both N and D is at most e; ( ) the coefficient of the

qzl(n—;i) .. q:r(n_fl) term of N is ("T“l) One1 + ("—‘2"—1-) 015 and the coefficient of

2_ 2_

the ¢, e gr term of D is On-1 +0Onp1.

Let i € {1,...,r}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the above discussion, observe that 7; is a monic polynomial in g;. By Corollary 2.32
(b), the degree of 7% in ¢; is at most e; (——) with equality if and only if either
k=121ork="2l

Thus, after rewriting N = Y %o kT x7o - - . Trx0% as a polynomial in

¢1,92; - - - ,Gr, With coefficients viewed as integral polynomials in g,,1,...,qm, the

4

ot gt (7))
coefficient of the ¢; ... Qr term of NV is ( ) Onz1+ ("*1) Oni. Sim-
ilarly, after rewriting D = Y7, TLkT2,k - - - Tr,kOk @S @ polynomial in ¢y, ¢s,...,q,

with coefficients viewed as integral polynomials in g,,1,...,qm, the coefficient of

n2—1 n2—l
e\ =g r
the ¢, ( * ) . Qr ( * ) term of D is On-i + Onpi. Therefore, the assertion fol-
lows.
When 7 = m, since o; = 1 for each & € {0,...,n}, it follows that

2t)+ (gt

liInQI:""qrn_N’o E(VR(F)) = 2 : = D

I

THEOREM 3.11 (weighting by vg-value) Let r € {1,...,m}. For each
keA{0,...,n}, let

oy = {Tr+1’k7'1-+2’k e Tmp T <m
1 if r =m.
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Let F' vary over the set of R-free submodules of V. Also, suppose that F' is weighted
by vr(F). Then:
(a) If n is even, then

limg,,..q,—s00 E(vr(F)) = 3.
(b) If n is odd, then

ﬂ_1)2a_ -1 (‘n.j:l)zo,"l 1

. 2 n 2 a'_.

hlnql,...,q,.—)oo E (VR(-F )) - l'—l)trn-x +(n;tl )0n+1 .
2 2= 2 =

In particular, when r = m, we have that limg,_, o0 E(vg(F)) = 2+ -21;

Proof. Let N denote Y3_o k®n = Y7o k®Ti kT2 - - - Tr kO, and let D denote
Y=ok = Xho kTixTok - - - Tr kOk-

(a) Suppose that n is even. To prove the assertion, after rewriting both V and
D as polynomials in gy, ¢s, .. .,¢,, with coeficients viewed as integral polynomials

in gr41, ..., qm, observe that it suffices to prove the following three statements. For

2

each i € {1,...,r}, the highest power of ¢; in both V and D is at most ¢; (g) ; the
ny\2 ny2

coefficient of the qu(") e gr ()" term of NV is (%)20%; and the coefficient of the

qf‘(%)2 . .qf'(%)z term of D is (-’%) oz.

Let 2 € {1,...,r}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the discussion preceding Theorem 3.10, observe that Tix 15 a monic polynomial in
gi- By Corollary 2.32 (a), the degree of 7; in ¢; is at most e;(2)?, with equality if

n
2-

and only if £ =
Thus, after rewriting N = 332, k27'1,k'rz,k ... Tr k0% as a polynomial in
q1,42, - - -,gr, With coefficients viewed as integral polynomials in Gr41s- - -5 Gm, the

)2 e,-(;—')

n 2
coefficient of the qfl(z -qr term of N is (3)?0z. Similarly, after rewriting

D=3% okTixTok .. Trx0k as a polynomial in gy, g, . . . , g, with coefficients viewed
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ny2 ny2
as integral polynomials in ¢,41,. .., gm, the coefficient of the qf'(“) g 2 term

of D is (’2—‘) oz. Therefore, the assertion follows.

(b) Suppose that n is odd. When n = 1, V is the only R-free submodule
of V with vg-value 1. Thus, the assertion follows for n = 1 since N = 027y +
12ry = 1 and D = Orp + 17y = 1. Therefore, without loss of generality, suppose
n > 3. To prove the assertion, after rewriting both N and D as polynomials in
1,92, - - - , G-, with coefficients viewed as integral polynomials in g,,1,. .., gn, observe
that it suffices to prove the following three statements. For each i € {1,...,7}, the

highest power of ¢; in both N and D is at most e; (#); the coefficient of the
n2-1 nc—1

el\ —g— €r\ —— 2 2

a ( ) e gr ( ) term of N is ("2;1) oz + (2;_1) o415 and the coefficient

f th el(n"—-l) T(ET_l) t fDi n—1 n+l
of the g; oo gr €rm o is (T)aan+(T)al-2g.

Let i € {1,...,7}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the above discussion, observe that 7; ;, is a monic polynomial in ¢;. By Corollary 2.32
(b), the degree of 7;% in ¢; is at most e; (#), with equality if and only if either
k=231 or k=1L

Thus, after rewriting N = Y 3_ k1 p72 . . - TrkOk as a polynomial in

@1,92, - - -, g, With coefficients viewed as integral polynomials in g,y ..., ¢m, the co-

: e (" 4'1) er (#) . 2 2 .
efficient of the ¢, e gr term of IV is (1‘;—1) Ono1 + (“T"'l) Ony1. Sim-

ilarly, after rewriting D = 3"%_o k7 4Tk . .. Trk0x as a polynomial in ¢y, g, ..., Gr,

with coefficients viewed as integral polynomials in g,.1,...,gm, the coefficient of

2

the qfl(n4—l) ...q:r(n 4_1) term of D is (%1) Ono1 + ("T“) onpi. Therefore, the

assertion follows.

When r = m, since o3 =1 for each k € {0,...,n}, it follows that
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~1\2
n1+

n+1 2
limqlv"',qm_’oo E(VR(F)) = %_1 + 1—22

-]

1
+ 5. 0O

w3

THEOREM 3.12 (weighting by cardinality) Let r € {1,...,m}. For each
ke{0,...,n}, let

o) == {Tr'+1,k7'r’+2,k T Hr<m
1 if r = m.

Let F' vary over the set of R-free submodules of V. Also, suppose that F is weighted
by cardinality. Then:
(a) If n is even, then

lim  E(vp(F)) = (

q15e-3gr—*00 a"ﬁ -+ 0’{_
2 2

In particular, when r = m, we have that limy, , . g, 00 B (Vr(F)) = 2EL.

(b) If n is odd, then
limg,,.gr—00 B(vr(F)) = 25L.

Proof. Let N denote 333 k7z = X} kT{ xTa - - - 140}, and let D denote
2k=0Tk = Lp=0 T{,k’fé,k s T:lco';c

(a) Suppose that n is even. To prove the assertion, after rewriting both
N and D as polynomials in gy, ¢y, ..., ¢, with coefficients viewed as integral poly-
nomijals in gy11,- .., gm, observe that it suffices to prove the following three state-
ments. For each i € {1,...,r}, the highest power of g; in both N and D is at

(n+1)2-1 (n4+1)2~1
€1 ey
most e; (gﬂl‘i&l), the coeflicient of the g, ( : ) .--qr ( * ) term of N is

(n+1)2- n1)2
(%) U'g + (’2—L + 1) 0'§+1; and the coefficient of the qfl( = l) ...q:r (S;l“u) term

of Dis ok + 0%
2 2
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Let i € {1,...,7}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the discussion preceding Theorem 3.10, observe that T,', & 15 @ monic polynomial in g;.
By Corollary 2.34 (a), the degree of 7, in ¢; is at most e; (Lﬂm), with equality
if and only if either k=% or k= 2 + 1.

Thus, after rewriting N = Y8 _o k7 473 - - - T70% @5 a polynomial in
¢1,92,- - -, Gr, With coefficients viewed as integral polynomials in g,,1,...,qm, the

e ((n+1)2—l) e,(§“+‘22‘1

4

. . ) .
coefficient of the ¢, .o Qr term of N is (g) a’% + (%} + 1) a’% +1-
Similarly, after rewriting D = 3°%_o 7{ 4T3, - - - 75,40, s a polynomial in gy, go, . . ., g,

with coefficients viewed as integral polynomials in g,.1, . . . , gm, the coefficient of the

2 2
(o) ()

¢ e Gr term of D is 0a +0%h ;. Therefore, the assertion follows.
2 2

When r == m, since o}, = 1 for each k € {0,...,n}, it follows that

i 2)+(3+1
llmQIr'WQm_'oo E(VR(F)) =2 2-5 = -1%1_

(b) Suppose that n is odd. To prove the assertion, after rewriting both N and
D as polynomials in gy, o, ..., q,, with coefficients viewed as integral polynomials
in gr41,-..,gm, observe that it suffices to prove the following three statements. For
each 7 € {1,...,r}, the highest power of g; in both N and D is at most ¢; ("T“)z;

(1) er(251)?

the coefficient of the g; - qr term of NV is ("T“”)a’,._.z,i; and the coefficient

|| e

of the ¢, term of D is 0%y
2

Let i € {1,...,7}. For each k € {0,...,n}, using Proposition 2.28 (c) and
the discussion preceding Theorem 3.10, observe that T} is a monic polynomial in
g;- By Corollary 2.34 (b), the degree of 7ix In g; is at most e;(2$1)?, with equality
if and only if k = ZH.

Thus, after rewriting N = 3} _okr{ ;75 .. -T;x0% S a polynomial in
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¢, 42, - - - , -, with coefficients viewed as integral polynomials in g,.,,. . ., ¢y, the co-

n+142 ntly2 .. o
efficient of the qfl( z) ...qf’( =" term of N is (241)0%y1 . Similarly, after rewriting
2
D=3} 0T xT2k- - Trx0k @ a polynomial in ¢1, ¢z, . . ., g, With coefficients viewed
) e 1. . e1(23)? er (2412
as integral polynomials in gr41,...,qm, the coefficient of the g, B

term of D is 0%y.1. Therefore, the assertion follows. O
2

For the rest of this chapter, our focus changes. Instead of asking for the
expected value of vg(W), for suitably restricted types of submodules W of V, we
ask for the expected value of a quantity which measures the largest free submodule
inside a suitably random submodule W of V.

For an arbitrary submodule W of V, let
Or(W) := maz{vg(F) : F is an R-free submodule of W}.

In other words, z(W) is the highest rank attained by an R-free submodule of W.

In order to calculate the expected fg-value of an arbitrary R-submodule of V,
we introduce the following notation. For each i € {1,...,m} and j € {0,...,n}, let
;,; denote the number of R;-submodules of V; with 0g,-value j. Thus, for each i €
{1,...,m}, Proposition 2.24 yields that p;o = 1+ 20<dr<...Sde; < Ai(0,dy, . .., de,)
and, for each j € {1,...,n}, pi; = Y j<dr<...<de;<n A;(4,de,. .., de,), where A; de-
notes A in Proposition 2.28 (c) using R; as the base ring and V; as the ambient
R;-free module. For each k € {0,...,n}, let y; denote the number of R-submodules
of V' with fg-value k. Thus, for each k € {0,...,n}, using Proposition 3.3 and the

discussion preceding Proposition 3.2, observe that

P = (Eap b1,5) - - - (CFp Bmg) — (i B1y) - - (Cheisr Bimj)-




LEMMA 3.13 (unweighted) As W varies over the set of R-submodules of V,

ZZ=1 (Z?:k “1,.7) (E_;'L=k l‘l’zﬂ) tet (Z_‘T)'L=k ;um,]) )
(im0 #1,5) (XG0 M2;) - - - (XFeo bimig)

E(9r(W)) =

Proof. For each k € {0,...,n}, let b, denote (7 1) (X b23) - - - (i Bmg);

put b,41 = 0. By the above remarks, u; = by — bg4; for each k. Hence,

_ Dpokme _ (TpT kor—bet1))+nba _ (s kbe)=(3poa kbta)+nbn
Bl ) = S = S oot (hmo 06— (ko brat) 4o

(O pm o (k+1)bes1) = (5 kbesr)-+nbn _ OChoa bega)—(n—Dbatnba _ 30 b _
(o b)) =y bi)+bn Bo—ba+bn ==

et (g #13) (T #2,5)- (0T Bmai) O

k
Dm0 #1300 =0 B2,5) (D 5o Hm,i)

LEMMA 3.14 (weighting by Or-value) Let W vary over the set of R-submodules
of V. When W is weighted by 0g(W),

2;::1 (2k - 1) (Z?:k /‘Ll;J) (2_?:1:: “2,.7.) vee (E;}=k ”m,j) )

E(6r(W)) = > ( Tk p15) (Z;Lk H25) - - (Z;'l=k Fim,5)

Proof. For each k € {0,...,n}, let b denote (X7 g 11,5) (Thag t2) - - - (Ciek im.g);
put bpyy = 0. When W is weighted by 6z(W), we have that

n n—1,9 2 n—1 ;9 n—1,9 2
0 _ D ro K2k — (D kg k2 (br—bk41))+nbs — (O ro ¥21)—(3 07— k2biq1 )+n2b —
Br W ) = S = S ity = T (e eyt

( :;z(zk+1)2bk+1>—(zg kb)) 4n2bn
(ko k+1)brs1)—(F g Kbet1)+nbn

g k2bq1)+2(3 002 kb1 )+ ("2 b )=(Ffg ¥?brt1)+n%bn
(Xm0 Bbk1)+(3 0025 bet1)~ (T kbie+1)+nbn

92OV SV NP D LR) O Z@M _
- k=1 bk -

(3orz bat1)—(n—1)bn+nby T XRloben

Z:=1 (2k-1) (E_?:k H1,5 )(Z;=k B2,5) ---(Z;;k Em,j) 0O
p=1( j=k l‘ld)(Z;:k ”2-5)---(E;=k #mj)
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In order to calculate E(vg(W)) when W is weighted by cardinality, we in-
troduce the following notation. For each i € {1,...,m} and j € {0,...,n}, let u;
denote the sum of cardinalities of all of R;-submodules of V; with fg,-value j. Thus,

for each i € {1,...,m}, Propositions 2.24 and 2.25 yield that
Hio =1+ Tocar<...<de,<n Aj(0,dy,...,d;) =
14+ 2 0<dr<...<de;<n (425;2 %)A:(0,ds, - . ., de;)
and, for each j € {1,...,n},
”:',j = Zdezg...gdg,- <n Aj(G,da, - .., de;) =
stdzs...Sdei Sn(q(Z:"’:i=2 ds)+j)Ai (.7’ d27 ey dei):

where A; denotes A in Proposition 2.28 (c) using R; as the base ring and V; as the
ambient R;-free module. For each k € {0,...,n}, let u} denote the sum of cardi-
nalities of all R-submodules of V' with fg-value k. Thus, for each £ € {0,...,n},

observe via Proposition 3.3 (using the distributive property) that

My, = (E_?:k ﬂ’l,j) e ?:k u;n,j) - (Z?=k+1 N’lg) e (E?=k+1 u;n,])

LEMMA 3.15 (weighting by cardinality) Let W vary over the set of R-submodules
of V. When W 1is weighted by cardinality,

' D=1 (e ) (e 155) - - - ( Tk Hrm,5)
E 0 W — 7 ] J ] 7 3] .
R ) = S T ) (s o) - (o )

Proof. When W is weighted by cardinality, E(6r(W)) = Zzzn@ku—’f;‘ Thus, one may
k=0"k

adapt the proof of Lemma 3.13, replacing y; ; by ! 4O

In the next three theorems, letting r € {1,...,m}, we take the limit of the

expected values found in Lemmas 3.13, 3.14, and 3.15 respectively as qi,¢s,---, g
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all approach infinity. (More precisely, for each ¢ > 0, we require that there exist

an N > 0 such that the expected value is within € of the limit value whenever

qQ1:92,.--,0r 2 N.)

THEOREM 3.16 (unweighted) Let v € {1,...,m}. For each k € {0,...,n}, let

O 1= { (2?=k “1'+1,.‘i)(2_7;=k Bry2;5) - - - (E;';k Bmg) ifr<m
1 ifr=m.

Further, let W vary over the set of R-submodules of V.

(a) If n is even, then

g
Hm‘Il 492 5--+3@r—+00 E(oR(W)) = stﬂ.

o0

In particular, when v = m, we have that
limql,qz,...,qm—)oo E(GR(W)) = %

(b)If n is odd, then

n—1
) (e1+1).ler+1) (312, Ok)+0 1
hmql,qz,...,qr—roo E(oR(W)) = (ex+1)...(er+1)o0 e

In particular, when r = m, we have that

Hmﬂﬂz:---ﬂm—*w E(eR(W)) = % - % + (el+1)--]:(em+1) )

Proof. Referring to the numerator and denominator appearing in Lemma 3.13,
let NV denote 335y (7 t1,5) X7k B2,5) - - - Gk Hr,5)0%, and let D denote
(Z?:o lil,j) (E?:o Nz,j) <. (E?:o Nr,j)ao-

(a) Suppose that n is even. To prove the assertion, after rewriting both N and

D as polynomials in gy, go, . . ., g, with coefficients viewed as integral polynomials in
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Gr+1,- - -, Gm, Observe that it suffices to prove the following three statements. For

2
each i € {1,...,7}, the highest power of ¢; in both N and D is at most ¢; (g) ; the

n\2 n\2 n
coefficient of the qfl(f) e q:'(z) term of N is 3°2_, ox; and the coefficient of the

n\2 n)2
qfl(f) ...qf'(z) term of D is ay.

Leti € {1,...,r}. Foreach k € {0,...,n}, using Proposition 2.28 (c) and the

discussion preceding Lemma 3.13, observe that > =k Mi,j is an integral polynomial

in ¢;. Using Corollary 2.32 (a), one checks that the degree of ik Mg in g; is

at most e; (’2—‘)2, with equality if and only if k£ € {0,..., %}. In particular, for each
k € {0,..., 2}, observe via Corollary 2.32 (a) and Proposition 2.28 (c) that > Gk Mij
is a monic polynomial in g;.

Thus, after rewriting N = 3¢, (X7 ¢ p5) (Chag B2) - - - (Theg Hrj) 0% 28 @
polynomial in ¢, ..., ¢, with coefficients viewed as integral polynomials in

er%)

n\2 2 n
Gr+1; - - - , Gm, the coefficient of the qfl(i) .o GQr ( term of N is ) 2_,; 0x. Similarly,
after rewriting D = (7_g p1,7) (70 #2,5) - - - (=0 #r,5)00 as a polynomial in
@,-- -, 4r, with coefficients viewed as integral polynomials in g, 4, ..., gn, the coef-
n\2 n\2
ficient of the qfl(i) .- q:'(’) term of D is gy. Therefore, the assertion follows.

When r = m, since oy = 1 for each & € {0,...,n}, it follows that

liMg, g5, gm-so0 B(Op(W)) = Zimi% = Timl _

w3

(b) Suppose that 7 is odd. When n = 1, after some calculation, the assertion
follows for n = 1 (even before the limit is taken) since, using Lemma 3.13 and
the fact that R; is an SPIR, one checks that p;o = e; and pig = 1 for every
i € {1,...,m}. Therefore, without loss of generality, suppose n > 3. To prove the
assertion, after rewriting both IV and D as polynomialsin ¢, ..., g,, with coefficients

viewed as integral polynomials in g¢,.,...,¢n,, it suffices to prove the following
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three statements. For each 7 € {1,...,7}, the highest power of ¢; in both N and

4

ne— n2—
D is at most e; ("2'1); the coefficient of the qfl (_1) ...q:r( ‘ 1) term of N is

4
2 2
'n.4—1) er(n 4—1)

-1 el
(e1+1)... (e, +1)(XZo 0k) +02g1; and the coefficient of the g, ( -

term of D is (e; +1)... (e, + 1)0p.

Leti € {1,...,7}. Foreach k € {0,...,n}, using Proposition 2.28 (c) and the
discussion preceding Lemma 3.13, observe that 3.7_, y; ; is an integral polynomial in
g;. Using Corollary 2.32 (b), one checks that the degree of >7_ ;,; in ¢; is at most
e; ("—24‘—1), with equality if and only if £ € {0,...,%}. In particular, observe via
Corollary 2.32 (b) and Proposition 2.28 (c) that Z;.;%l Ui is a monic polynomial
in ¢;. Similarly, using Corollary 2.32 (b) and Proposition 2.28 (c), one checks, for
each k € {0, ..., 25!}, that the leading coefficient of > 7k Mi,; as a polynomial in g;
is e; + 1.

Thus, after rewriting N = S5 (S0 #15) (g Hay) - - - (Siip Hrg) Ok 28

polynomial in ¢, ..., q,, with coefficients viewed as integral polynomials in

() ()

e
Qr+1,- - - , @m, the coefficient of the ¢, e Qr term of NV is
n—1
(1 +1)... (e + 1)(EiZs 04) + 0ass.

Similarly, after rewriting D = (37 p1,5) (Xh=o #2,5) - - - (X0 kr,)00 as a polyno-

mial in gy,...,¢,, with coeflicients viewed as integral polynomials in ¢.41,.. ., Gm,

()

n2—1
e er{ 55—
the coefficient of the ¢; ceeGr ( ) term of D is (e; + 1)...(er + 1)0y.
Therefore, the assertion follows.
When r = m, since ox = 1 for each k € {0,...,n}, it follows that

n—1
. (e1+1).(em+1)(X . 2%, G'k)+¢7# (e141).-(em+1)( 1_5—1 141
limg, g, gmn—00 E(Or(W)) = (e1+1)..(em+1)00 == (eli-l)...(ce%J-ﬁ)l =
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(e1+1)...(em+1)(B51)+1

(e14+1)...(em+1) o

— 1 1
- % -3t e+ (em+1)"

THEOREM 3.17 (weighting by Or-value) Let r € {1,...,m}. For each
ke {0,...,n}, let

O 1= { (21?=k Nr+1,j) (E?:k MT+2J) ot (2_17?=k Mmﬂ) ifr<m
1 ifr=m.

Let W vary over the set of R-submodules of V. Also, suppose that W is weighted
by 6r(W). Then:

(a) If n is even, then

¥ (ok—
limql 5423---30r —+C0 E(OR(W)) = Z.&E_Léw.

Ek=1 Ok

In particular, when r = m, we have that
limq1:q27-..,qm..)°° E(oR(W)) — %‘

(b)If n is odd, then

n—1
. (e1+1).(er+1)(D°, 2, (2k—1)ok)+nont1
limg, g,.....00—00 E(Or(W)) = = =T %+ .
(e1 +1)...(er+1)(2;__"_’1_ dk)+a'%1

In particular, when v = m, we have that

i —n_1 1 2((e1+1)...(em+1)—1
hmgl 2425-+3m—+00 E(on(W)) - ; 2 + (ex+1)...(e;m+1) + (e1+1)...(em-:I)((e1+f)...(em+2)(n—l)+2) :

Proof. Referring to the numerator and denominator appearing in Lemma 3.14,
let N denote 3%_ (2k — 1)(Z7 #1,5) (T B25) - - - (l—k fir5)0k, and let D denote
Lkt (k1) (g ta3) - - - (The bir) Ok
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(a) Suppose that n is even. To prove the assertion, after rewriting both V and
D as polynomials in g1, gz, . . . , g-,with coefficients viewed as integral polynomials in

Gr41, - - - » @m, Observe that it suffices to prove the following three statements. For

each i € {1,...,r}, the highest power of ¢; in both N and D is at most e; (—) the

n\2 a\2 n
coefficient of the qfl(i) g (2) term of N is }.2_, (2k — 1)o; and the coefficient

ea(3) ()

of the ¢; oo @r term of D is 2,%_;1 Ok.

[

Leti € {1,...,7}. Foreach k € {0,...,n}, using Proposition 2.28 (c) and the
discussion preceding Lemma 3.13, observe that 37_, p;; is an integral polynomial
in g;. Using Corollary 2.32 (a), one checks that the degree of gk Mij in g is

2
at most e; (’2—‘) , with equality if and only if k£ € {0,...,%}. In particular, for each
k € {0,..., %}, observe via Corollary 2.32 (a) and Proposition 2.28 (c) that >5_ pi ;
is a monic polynomial in g;.

Thus, after rewriting N = 375, (2k—1) (X7 p1,5) ik M2,5) - - - (X br3) Ok

as a polynomial in g, ..., g,, with coefficients viewed as integral polynomials in

n\2 n)2 n
Gr41, - - - » @m, the coefficient of the qfl(i) ...qfr(z) term of N is > 72_;(2k — 1)o%.
Similarly, after rewriting D = 32, (X7 t1,5) (Zhek #2,5) - - - (i, Iir,5)0% 88 a poly-
nomial in ¢, . .., ¢, with coefficients viewed as integral polynomials in g,,1,. .., gm,
n\2 n\2 a

the coefficient of the qfl(i) ... q:’( ) term of D is Y7, oy. Therefore, the assertion
follows.

When r = m, since o3 =1 for each k € {0,...,n}, it follows that

limg, g,....4m—00 E(OR(W)) = Z*EL;M E-E:E(L M
k= 2

2( -’}(-’}+1))_

[SE]

2

[ME
(X1 1]




(b) Suppose that n is odd. When n = 1, using Lemma, 3.14, observe that
E(0r(W)) = 1. Thus, the assertion follows for n = 1 (even before the limit is
taken). Therefore, without loss of generality, suppose n > 3. To prove the as-
sertion, after rewriting both NV and D as polynomials in ¢y,...,q,, with coefli-
cients viewed as integral polynomials in g,y,...,¢m, it suffices to prove the fol-

lowing three statements. For each ¢ € {1,...,r}, the highest power of ¢; in both

4 4

| : | a(s8)  «()
N and D is at most e; (”T"l); the coefficient of the ¢; .o qr term

n—-1
of Nis (e1 + 1)...(er + 1)(X:2,(2k — 1)oy) + nony; and the coefficient of the

4

el(“ “) er(#) . a1
¢ e Gr term of D is (ey +1)... (e, + 1)(X:2; ak)+01-2g.

Leti € {1,...,7}. Foreach k € {0,...,n}, using Proposition 2.28 (c) and the
discussion preceding Lemma, 3.13, observe that >.7=k Mij is an integral polynomial in
g;. Using Corollary 2.32 (b), one checks that the degree of > i=k Mi,j in g; is at most
e; (#), with equality if and only if £ € {0,...,2¢2}. In particular, observe via
Corollary 2.32 (b) and Proposition 2.28 (c) that E;.;%._l M; ; is a monic polynomial
in g;. Similarly, using Corollary 2.32 (b) and Proposition 2.28 (c), one checks, for
each k € {0,..., "—;1-}, that the leading coefficient of > 7=k Mi; 8s a polynomial in g;
is e; + 1.

Thus, after rewriting

N = EZ=1(2"7 - 1)( _11?=k /11,]) (E;'L:k ”2,.1) tet (Z;L=k ﬂ«r,j)ak

as a polynomial in ¢y, ..., q,, with coefficients viewed as integral polynomials in

4

n?-1 n2-1
orie ) ()
gr+1,- - - ,Gm, the coefficient of the ¢, e Gr term of N is

=1
(e1+1)...(e, + 1) (L2, (2k — 1)op) + MOz
Similarly, after rewriting
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D=3k (zn—k p1,5) (5 j=k #2,3) (E;'lzk Pr,5)Ok

as a polynomial in ¢, ... ,gr, With coeflicients viewed as integral polynomials in

4

() o)
Gr+1,- - - , Gm, the coefficient of the ¢; eeoGr term of D is

(e +1)... (er + 1)(S4Z, 08) + g,

Therefore, the assertion follows.

When r = m, since o = 1 for each & € {0,...,n}, it follows that

i (e1+1).. (em+1)(2 2 (2k 1o )4non,
llmql,qz,.,.,qm_)oo E(QR(W)) f— k=1 _ + _
(e1+1). ("""“)(Ek_x ”"’*"—I—

ol e ﬁ;l (2=l )
(e1+1).. (em+1)(z:,:-!_,‘1 (2k D)+n _ (e1+1)...( m+1)(2(z:,==1 £)-(251) ) +n

(e1+1).. (em+1)(2,,_l 1)+1 (er+D)m(em+1) (B2 )41
(B 1)(n£ .
(e1+1)---(em+1)( ( ) ~( 1)) (el+1)...(em+1)(_n_;_1_)2+n _

(e141)...(em+1) (232 )+1 (e141)..(em+1) (252 )+1

(e1t+1)..(em+1)(n—1)>+4n __ (e1+1)...(em+1)n2+(4—2(e1+1)...(em+1))n+(e1+1)...(em+1) —
2(e1+1)...(em+1)(n—-1)+4 — 2(e1+1)...(em+1)n+4—-2(e1+1)...{em+1)

n +2 (e14+1)...(em+1) + 4(e1+1)...(em+1)—4
2(e1+1)...(em+1) (e1+1)...(em+1)(2(e1+1)...(em+1)n+4—2(e1 +1).. (e,,.,+1))

+ 2((e1+1)...(em+1)—-1) O
(em+1) (e1+1)...(em+1)((e1-+1)...(em+1)(n—1)+2} *

1
2+ (e1+1)...

n__1
2

THEOREM 3.18 (weighting by cardinality) Let v € {1,...,m}. For each
ke {0,...,n}, let

ol = { (Fak b1, 5) i Mrg2) - - - (i Pmj) 7T <m
1 if r=m.
Let W vary over the set of R-submodules of V. Also, suppose W is weighted by
cardinality. Then:

(a) If n is even, then
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, (1t ) (ert ) (D By o)+ s
llmql,qz,...,qr—)oo E(gR(W)) = (e1+1)...(e,-+1)a'{, %

In particular, when r = m, we have that
limg, g,,....qm—00 E(Or(W)) = 3+ (eTFiﬁm

(b)If n is odd, then

n+l

. =
limg, g,....qr00 E(OR(W)) = Z;b?:_&
In particular, when r = m, we have that

limql,qz,.--,qm—)-w E(oR(W)) p—re n_;'l._

Proof. Referring to the numerator and denominator appearing in Lemma, 3.15,
let N denote Xp_ (X7 p1,5) (XFk Hh5) - - - (Ch=s 14, ;)0%, and let D denote
(=0 11,3) (=0 25) - - - ( 7=0 Hr.5)00-

(2) Suppose that n is even. To prove the assertion, after rewriting both N
and D as polynomials in ¢y, ..., ¢, with coefficients viewed as integral polynomials
in gr41,. .-, gm, observe that it suffices to prove the following three statements. For

eachi € {1,...,r}, the highest power of g; in both N and D is at most e; (ﬁ—L"“;‘l);

2 2
el((n+14) —1) er((n+:2 -1)

the coefficient of the g, . gr term of NV is

(er+1)... (e + 1)(Zfo1 01) + 0%

' e ((n+122—-1) e (§n+14)2—1) .
and the coefficient of the g, e term of D is

(e1+1)...(er +1)a}.

76




Let 2 € {1,...,7}. For each k € {0,...,n}, using Proposition 2.28 (c)
and the discussion preceding Lemma 3.15, observe that ik 7 j is an integral

polynomial in ¢;. Using Corollary 2.34 (a), one checks that the degree of 37_; u ;

in g; is at most e; (gﬂf}z;l), with equality if and only if k£ € {0,...,%+1}. In

n

particular, observe via Corollary 2.34 (a) and Proposition 2.28 (c) that 37_a ., pi;
is a monic polynomial in g;. Similarly, using Corollary 2.34 (a) and Proposition 2.28
(c), one checks, for each k € {0,...,%}, that the leading coefficient of 37 p} ; as
a polynomial in g; is e; + 1.

Thus, after rewriting
N = k1 (e 1,5) ik . 5) - - - (i 11.5) 0%

as a polynomial in @i,...,¢,, with coefficients viewed as integral polynomials in

4

es ((n+1422—1) e ( (n+122—1)
Gr+1, - - - ;gm, the coefficient of the g, .o Gr term of N is

(er+1)...(er +1)(Zfoy 0k) + 0y

Similarly, after rewriting D = (7. p1;)(T7_0 #o5) - - - (Tho 14.;)00 8 & polyno-

mial in qy,...,q,, with coefficients viewed as integral polynomials in g,11,...,Gm,

e (——("+14)2—1) er (__(n+122—1)
the coefficient of the g, o gr term of D is (e; +1) ... (e, +1)ay}.
Therefore, the assertion follows.

When r =m, as g3, =1 for each k € {0,...,n}, it follows that

. (€1+1)---(€m+1)(21?=1 ”;e)+°"§.+1 (er+1)...(em+1)(Z)+1
limg, g,.....gm—s00 E(OrR(W)) = 1t )(emT1)a] = l(e1+1)---(em+i) =

1

(b) Suppose that = is odd. To prove the assertion, after rewriting both N

and D as polynomials in ¢, ..., ¢,, with coefficients viewed as integral polynomials

7




in ¢ry1,-..,qm, observe that it suffices to prove the following three statements. For
each i € {1,...,r}, the highest power of g; in both N and D is at most ¢; ("T“)z;
the coeflicient of the qfl(l}l) 2 gr (=)’ term of NV is Z:E_; o1; and the coefficient
)’ .. .q:'(%u)z term of D is 3.

Leti € {1,...,7}. Foreach k € {0, ..., n}, using Proposition 2.28 (c) and the

of the qfl(

discussion preceding Lemma, 3.15, observe that > j=k Mi ; is an integral polynomial
in g;. Using Corollary 2.34 (b), one checks that the degree of Si-kMi; in g; is at
2
most ¢; (%)", with equality if and only if ¥ € {0,...,%2}. In particular, for
each & € {0, ..., 2%}, observe via Corollary 2.34 (b) and Proposition 2.28 (c) that
7=k M ; is a monic polynomial in g;.

Thus, after rewriting

N = E;:=1( ?:k l"l,]) (E?:k l‘l‘,2,_7) v (E_?:k l‘l‘:’,])o-;c

as a polynomial in gy,...,q,, with coefficients viewed as integral polynomials in

(=) o)’

Gr+1, - - - » Gm, the coefficient of the qfl .gr term of NV is

2k21 0. Similarly, after rewriting D = (37, ) ) (Cheooz) - - (Xhoo 14 ;)00 as a

polynomial in ¢,..., g, with coefficients viewed as integral polynomials in
: a(2)  e(z)’ o o
@r+1, - - - Gm, the coeflicient of the g, .o Qr term of D is oj. Therefore,

the assertion follows.

When r = m, since g}, = 1 for each k € {0,...,n}, it follows that

n41

) 24l a4l
iy, g, moro0 B(OR(W)) = 25i% = 30,5 1 = 21 0

In closing the chapter, we observe that Theorems 3.16-3.18 give another way,
distinct from the SPIR studies in Theorems 2.35, 2.37 and 2.38, of generalizing the
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motivating results on vector spaces in Theorems 1.8-1.10. To see the “generalizing”
assertion, note first that if R is a field, then Og(W) = dimg(W); and then simply
take m = 1 and e; = 1 in the above results. As for the “distinct” assertion, it suffices
to observe that the formula in Theorem 3.16 (resp., 3.17; resp., 3.18) disagrees with
that in Theorem 2.35 (resp., 2.37; resp., 2.38) in case n is odd, m = 1 and e > 2
(resp., n =3, m =1, e = 2; resp., n is even, m = 1 and e > 2). For an alternate
approach to the “distinct” assertion, observe that 6 # v as follows. Take an SPIR,
(R,M), with e > 2, ambient R-module V := R, and R-submodule W := M. Here,
vr(W) =1, but it follows from Theorems 1.1 and 1.2 that (W) = 0 since 0 is the

only proper ideal of R which is R-free.
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CHAPTER IV
WHEN THE UNIVERSE IS NOT A FINITELY GENERATED FREE MODULE
OR THE BASE RING IS NOT A PRINCIPAL IDEAL RING

This short chapter illustrates the behavior of E(vg(W)) in case the ambient
module V is not finitely generated free or the ambient ring R is not a PIR. The
former situation is addressed in Proposition 4.1, which also settles the case n =1
which was announced in Theorem 2.35 and Theorem 2.37, and in Remark 4.2. The
latter situation is dealt with in Example 4.3.

For Proposition 4.1 and Remark 4.2, [7, Theorem 33, p. 245] permits the
ambient finite PIR, R, to be expressed as an internal direct product of finitely many
finite special principal ideal rings (possibly fields), say R = R; X ... X R,, where,
for each i € {1,...,m}, R; is a finite SPIR. Let M; = Rm; denote the maximal ideal
of R;, let ¢; denote the index of nilpotency of M;, and let ¢; := |R;/M;|.

PROPOSITION 4.1 Let R be as above. LetV be a nonzero cyclic R-module; that
is, V.= R/I as R-modules, with I = I X I, X . .. x I, where, for eachi € {1,...,m},
I; = R,-vrf" for some k; € {0,...,e;}, and k; # O for some j. Let W vary over the
set of all R-submodules of V. Then:

(a) For the unweighted context, E(vg(W)) = 1 — m As a conse-

quence, if I =0, then E(vg(W)) =1 — m
(b) If W is weighted by vg(W), then E(vgr(W)) = 1.
(c) If W is weighted by cardinality, then

E(va(W))=1- SR AN
(vr(W)) o D B (i )
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|
Proof. Since R is a PIR, vg(W) < 1 for each R-submodule W of V. We use this
fact throughout the proof. For k € {0, 1}, let 9 denote the number of R-submodules
of V with vg-value k. Since V' # 0, it follows that 7y = 1 and 7, # 0.

‘ (a) Fori € {1,...,m}, by [7, Example, p. 245], R; has precisely e; + 1 ideals

} (namely, R;, R;m;, RinZ,. .., Rym§ = 0). Hence, for i € {1,...,m}, R;/I; has k; + 1
R;-submodules. By the discussion preceding Proposition 3.2, there are [T, (k: + 1)
R-submodules of V = R/I = (R, /I1) X ... X (R /I,). Of these, only one (namely,
0) has vg-value 0. Therefore, by the reasoning for the “unweighted” case discussed

prior to Remark 2.30,

Observe that if I = 0, then k; = e; for each i € {1,...,m}, and so E(vg(W)) =

_ 1
1 | [ (eit+1)”
(b) If W is weighted by vg(W), then it follows from the discussion prior to

= Zi=o®m _m _
Remark 2.30 that E(VR(W)) = m = ﬂn% =1.

(c) Fori € {1,...,m} and j € {0,...,k}, let 1;(j) =

Ryl . .
ol Combining La-

_ Siokme _ (I Gst1)-1 _ .
E(VR(W)) = '—J’r‘n—k=o T = 1‘[7’!——‘.=1(k‘_+1) =1 Hm_—¢=1(k"+1).

grange’s Theorem with two applications apiece of Corollary 2.26 (1) and Remark 2.5

i e;—J 3 . .
(c), we see that 7;(j) = III‘%?"I—I = q%i'q; = ¢"J for each i and j. Further, the sum of

cardinalities of all R-submodules of V is

% i), Ti(02)72(2) - Tmim) = (S50 7 (3)) (D20 724)) - (Sl () =
(Tioa! )(Eie ™) - (Shmodir™) = (SR d) (o dd) . .. (Sl a2)-

Hence, the sum of cardinalities of all nonzero R-submodules of V is

(Cied)(Zi20 @) - (Zimadh) — 1.
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Therefore, if W is weighted by cardinality,

Cro o) (ST dh)-1 _

E(r(W)) = o) 20 @) d)

— : 1 —. O
QLo D520 )-(05T, ahn)

REMARK 4.2 (a) When the ambient R-module V 2 R/I is not free, I # 0, and
80 k; < e; for at least one i. Thus, in this case, Proposition 4.1 (a) shows that the
(limiting) behavior of E(vg(W)) depends on new parameters (k,..., k) which
played no role in the calculations of the expected values found in Chapters 2 and 3.

(b) Let V' be as in the context of Proposition 4.1. Notice that in part (c),
when W is weighted by cardinality, E(vg(W)) depends on at least some of the g;
values. However, in parts (a) and (b), when submodules are unweighted or weighted
by vr(W), E(vg(W)) is independent of the g; values. Nevertheless, in each part of
Proposition 4.1, E(vg(W)) < 1; and, in fact, by choosing R appropriately, one can
arrange that 1 — E(vgr(W)) be arbitrarily small.

(c) Let R be a finite SPIR with maximal ideal M = Rr and e the in-
dex of nilpotency of M. Let V = R (ie., I = 0 in Proposition 4.1). As an-
ticipated by Theorem 2.35, Proposition 4.1 (a) gives that lim, e, E(vg(W)) =
1-— e-+1 = ;57- Similarly, when W is weighted by vg(W), Proposition 4.1 (b)
gives that limgo E(ugr(W)) = 1, a generalization of the n = 1 case of [1, Corol-

lary 2.6]. When W is weighted by cardinality, Proposition 4.1 (c) gives that
lim, o, E(vp(W)) = lime-yeo (1- Zio—q’) =1, a generalization of the n =1 case of

[1, Corollary 2.5].

Finally, we show that if a finite local ring R is not a PIR, then the (limiting)
behavior of E(vr(W)) is qualitatively different from that recorded in Chapters 2

and 3. We document the point for three contexts: when W is unweighted, when W
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is weighted by vg(W), and when W is weighted by cardinality. In Remark 4.4 (b),
we broach the problem of analyzing related examples arising from other finite local

rings R which are not PIRs.

EXAMPLE 4.3 Let K be a finite field of cardinality q and let d > 2.

Let R == K[Xy,...,Xd/{X:X; : i,5 € {1,...,d}}) = K[Xy,..., %] = K +
3¢, KX;, where X; denotes the coset represented by X;. Observe that R is a finite
local ring with maximal ideal M := (Xi,...,Xg)/({X:X; : 4,5 € {1,...,d}}) =
(X1,...,Xa) with index of nilpotency 2, but R is not a PIR since vz(M) = d.

(a) The maximal ideal M is a d-dimensional K-vector space with K-basis
{X1,...,X4}. Further, the set of all proper ideals of R is precisely the set of all
K-vector subspaces of M.

(b) For each proper ideal I of R, vg(I) = dimg(I).

In (c)-(e), let I vary over the set of ideals of R.

(c) In the unweighted context, lim,_,, E(v(I)) = £.

(d) When I is weighted by vg(I),

if d is even

Nla,

lim E(va(D)) = {

i,

+4  ifdis odd.

(e) When I is weighted by cardinality,

1 ifd=2

. _ 3 . _
qlggo E(vg(I))=q¢3 ifd=3
2l if d > 4.

2

Proof. (a) Ifkl,kg, .. .,kd € K and k1X1 -+ kng +... +kdXd = ﬁ, then kl = k2 =
--» = kg =0. Thus, M is a d-dimensional K-vector space with basis {X,..., X;}.
Further, any K-vector subspace of M is an ideal of R since M2 = 0 leads to
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(kol+kiXa+. .. +kaXa) (K X +Ey Xo+. . .+ K, Xg) = ko(B Xy + kb Ko +. . .+ KX )

for all ki,...,kq,k1,...,k; € K. Of course, any proper ideal of R is a K-subspace
of M.

(b) Since M? = 0 and R/M = K, it follows from Nakayama’s Lemma that
vr(I) = dimp(I/MI) = dimpgp (I/0) = dimpn(I) = dimg (I).

(c) By (a), R is the only ideal of R which is not a K-subspace of M; and,
of course, vp(R) = 1. Therefore, with w; denoting the number of j-dimensional
K-subspaces of a d-dimensional K-vector space, we see via (b) and the discussion

prior to Remark 2.30 that

OwoL(w1+1)+ 37y dw; (D5 dws)+1

worH@IHD)FY Wi (Do)l

E(vg(I)) =

Since d > 2, [4, Corollary 3.3] gives that 3% , jw; and X% w; are both integral

(X5, dwi)+1

polynomials in g of degree > 1. Therefore, lim,_, o, E(vg(I)) = limy0o E-’;—H—l =
=0 7

d .
limg 0 E‘%ﬂ = £, with the last equality holding (even before taking the limit)
j=0 wj

by the result on vector spaces in [4, Theorem 3.4].

(d) As in (c), let w; denote the number of j-dimensional K-subspaces of a
d-dimensional K-vector space. When I is weighted by vg(I), by arguing as in (c),
it follows that

02wo+12(w1+1)+2;=2j2wj _ g___ojzwj)+1

E(vr(l)) = OwotLwi+ )+ 0,505 (Lggdwi)+l

Since d > 2, [4, Corollary 3.3] gives that both Z;LO j%w; and E;LO jw; are poly-

d 120
nomials in ¢ of degree > 1. Therefore, limy_,o, E(vg(J)) = lim,,o0 __:E(E j=od Wi+l _

. (50 5%0) : :
limg_, o0 EJH—JT) Hence, the assertion follows by the result on vector spaces in [1,
j=07%i

Corollary 2.6).
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(e) Let w} denote the sum of cardinalities of all j-dimensional K-vector sub-

spaces of a d-dimensional K-vector space. Thus, since the cardinality of any j-

. i—1
dimensional K-vector space is ¢7, [4, Proposition 3.1] gives that w} = ¢’ %—}—%

for each j € {1,...,d}; the same is true for j = 0, by our convention on empty
products. Further, by [4, Corollary 3.3], each w} is a monic integral polynomial in
g of degree j + j(d - ) = ((d+1) - 5).

By (a), R is the only ideal of R which is not a K-subspace of M. Further,
since M is a d-dimensional K-vector space and R/M £ K, it follows, by Lagrange’s
Theorem, that |R| = |R/M||M| = q¢* = ¢q**'. Thus, when W is weighted by
cardinality, it follows from the discussion after Remark 2.30 that

0w LW HRIHY i (0 dw)+IR] (5o dw))+gtH!
whHw] +HR+Y 5, (CimoWi)HR (T w))+edH

E(ve(l)) =

By Corollary 2.34 (a), using n = d, e = 1 with w} = A’(j) if j > 0, observe
that if d is even and d > 4, then the degree of both 3¢ i=0Jjw; and Z;LO w; (as
polynomials) in g, ldil‘lb, is greater than d + 1. Similarly, by Corollary 2.34 (b),

observe that if d is odd and d > 5, then the degree of both 3¢ _ow and Z_‘?Lo w;- in

q, (%1) , is greater than d + 1. Therefore, when d > 4, it follows that

: . (Ciodi) et Ym0
limg_y00 E(vr(I)) = limy 00 EW = lim, E,—i ”

with the last equality holding by the result on vector spaces in [1, Corollary 2.5].
On the other hand, when d = 2, using [4, Proposition 3.1], observe that

wp =1, w] = ¢* + ¢, and w) = g% Therefore, the above formula simplifies to

93 22 g
E(wr(l)) = Fradret

giving that lim,_,o, F(vg(l)) =
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Similarly, when d = 3, one checks that wf = 1, w} = ¢® + ¢* + q, wh =

¢* + ¢ + ¢*, and wj = ¢3, giving

4 2
B(va(l)) = sttty

and s0 limy_,o E(vg(I)) = 3. O

REMARK 4.4 (a) In contrast to the calculation of (limiting) expected values over
finite PIRs in Chapters 2 and 3, all limiting expected values found in Example 4.3
(c),(d), and (e) depend on a parameter, d, of the ambient ring. Further, in contrast
to the behavior over finite PIRs given for / = 0 and V £ R in Proposition 4.1
(a),(b),(c) and Remark 4.2 (b), each of the limits lim,_,oc E(vr(I)) is unbounded as
d varies.

(b) Let R be the ring in Example 4.3. Since vg(M) = d > 2, R is not an
SPIR. However, if d > 4, then [1, Corollaries 2.7, 2.6, 2.5] shows that the limiting
answers in Example 4.3 (c),(d),(e) are the same as the corresponding values of
limy_,o E(vp(W)), where F is the finite field with g elements and W ranges over
the subspaces of a d-dimensional F-vector space V. In particular, if d > 4, there is
an SPIR-module context (indeed, a vector space context) which mimics the behavior
of the R-module R in Example 4.3 (c),(d),(e). On the other hand, if d = 2 or d = 3,
then we can use Theorems 2.35, 2.37, and 2.38 to show that there is no SPIR-module
context (with fixed parameters e and n) for which lim, o, E(vg(W)) replicates the
behavior of the R-module R in Example 4.3 (c),(d),(e). We thus have the following
curiosity: for large d (i.e., d > 4), the ring R in Example 4.3 behaves more like an
SPIR than is the case for d = 2,3. Moreover, since the construction in Example 4.3
formally degenerates to the SPIR of dual numbers K[X]/(X?) in case d = 1, we see
that this construction fails to exhibit SPIR-type behavior for d = 2 and d = 3, while
exhibiting SPIR-like behavior for d =1,4,5,6,7,... : a most remarkable pattern!
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(c) For sufficiently large d, the answers in Example 4.3 (c),(d),(e) are formally
the same as the corresponding answers given in [1, Corollaries 2.7, 2.6, 2.5] for the
limiting values of E(dimz(1/)) where W varies over the subspaces of a d-dimensional
vector space over a finite field F' with ¢ elements. This raises the question of whether
known results on vector spaces (or from Chapters 2 and 3) can be used to study
limits of expected values over non-PIRs substantially different from the ring R in

Example 4.3.
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