To the graduate Council: T am submitting herewith a thesis written by Despina An-
drea Stavri entitled ” Transformations of Differential Equations and Applications.” I
have examined the final electronic copy of this thesis for form and content and rec-
ommend that it be accepted in partial fulfillment of the requirements for the degree
of Master of Science, with a major in Mathematics.

Don Hinton, Major Professor

We have read this dissertation
and recommend its acceptance:

Accepted for the Council:

Vice Chancellor and Dean of
Graduate Studies



TRANSFORMATIONS OF DIFFERENTIAL EQUATIONS
AND APPLICATIONS

A Thesis
Presented for the
Master of Science
Degree
The University of Tennessee, Knoxville

Despina Andrea Stavri
August , 2007



Dedication

This thesis is dedicated to the loving memory
of my cousin:

XPIXTO20POY TEQPITIOY MATYXIOYKKOY

(Christophoros Georgiou Matsioukkou)

November 6, 1986 - May 10, 2007

i



Acknowledgments

I would like to take this opportunity to thank the following individuals for their
invaluable input, without which none of this would be possible.

My profound gratitude and deep regards goes to my thesis advisor Dr. Don Hin-
ton for his immense inspiration and guidance while preparing this thesis. Sincere
appreciation is extended to Dr. Ohannes Karakashian and Dr. Suzanne Lenhart for
taking the time to serve on my committee during this endeavor.

Sincere appreciation to all of my professors at the University of Tennessee. I also
thank my colleagues and friends for their interest and encouragement throughout the
past six years of my studies.

Finally, my deepest gratitude and love goes to my parents, Andreas and Anna,
siblings Katerina, Panayiota and Constantina, nieces Anna and Constantina, nephew
Perikli, and boyfriend George Panayiotou. Their undying love and faith in God, has
allowed me to have enough courage to face each day with the best of my ability, and
achieve all my goals.

To all of you, thank you.

il



Abstract

The Sturm-Liouville problems introduced by Jacques Charles Francois Sturm and
Joseph Liouville in the 19** century are very important in applied mathematics. Sin-
gular Sturm-Liouville problems and two physical problems are discussed. The two
physical problems are solved using two methods: Exact and asymptotic solutions.
Also, the Sturm-Liouville problem’s are classified using the Weyl-Kodaira Theorem.

A general transformation of a third order differential equation is introduced. Oscil-
lation and non-oscillation theorems on an infinite interval for a third order differential
equation are stated. New versions of these theorems are introduced for the special
cases and examples are given to illustrate them. Finally, a canonical third order

differential equation is discussed.
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Chapter 1

Introduction

The purpose of this thesis is to transform second and third order differential equations
from a finite singularity into an infinite singularity.

In chapter 2, a second order differential equation, to which a general transformation
is applied, is introduced. Three special cases with a finite singularity are considered
and transformed into an infinite singularity by the variable change method.

In chapter 3, three asymptotic theorems on an infinite interval are introduced.

In chapter 4, two physical problems are considered: Vibrations of a Circular Mem-
brane and Torsional Waves of an Elastic Rod. In the first section, the physical
problems are solved by finding their exact solutions. The Weyl-Kodaira theorem is
applied to classify the exact solutions by showing square integrability with respect
to the weight function. In the second section, the two physical problems are trans-
formed from a finite singularity to an infinite singularity before the three asymptotic

theorems in chapter 3 can be used to find their asymptotic solutions.



In chapter 5, a third order differential equation is introduced to which a general
transformation is applied. Two of the special cases in chapter 2 with finite singularity
are considered and transformed into an infinite singularity by the variable change
method. Oscillation and non-oscillation theorems for third order differential equations
with a singularity at infinity are stated. By application of the transformation theory,
new versions of these theorems are obtained for a singularity at zero and examples
are given to illustrate them.

In chapter 6, a general form of third order differential equation is considered. A
general change of independent and dependent variable is made. It is proved the
equation is transformed into an equation of the same type and explicit formulas are

given to the transformed coefficients.



Chapter 2

2nd Order Differential Equations

In this chapter we consider the second order differential equation,

d*y(x)
dz?

+p1(x)g—z +pa(x)y(z) =0, ze€X (2.0.1)

where X is an interval.

First we change the variables of (2.0.1) by introducing a general transformation.
Second the middle term of the transformed equation is removed. Finally, three spe-
cial cases with a finite singularity, say at 0, are considered and transformed into a
singularity at infinity by the variable change method. One of the purposes of the
transformation theory is to apply known results for a singularity at infinity to derive
new results to a singularity at zero.

In order to change the variables of (2.0.1), we need to introduce the general transfor-



mation,

y(x) = plx)z(t),  t=f(z) (2.0.2)

with f: X — T, monotone and u(x) > 0. Note that p(z) and f'(x) are never zero on
X.
Denote v(z) = f/(z) = L.

Differentiating (2.0.2) with respect to x we get

y' () = p'(2)2(t) + y(z)u(x)Z(t), (2.0.3)

4 and = &

[—
where ' = i e

Differentiating (2.0.3) with respect to x and simplifying we get

Y (@) = ' (@)=(t) + 2y(@)p (2)2(0) + 7 (@)p(@)A(0) + P@)u(@)E).  (2.0.4)

Substituting (2.0.3) and (2.0.4) into the second order differential equation (2.0.1) and

simplifying we obtain

2y(a) ' () + ' (@) (@) + pr(@)y(x)p(z)
A+ ( V(@) p(x) ) o (2.0.5)
<M”(x> + pu(e)p(x) +p Q(I)M(I)) 2(t) =0
V(@) u(z)



To remove the middle term of the above equation (2.0.5), let f(x) = x and hence

v(z) = f'(x) = 1. Substituting f(z) into (2.0.5) and simplifying we obtain

@+ @) L (1) + g @ @)+ pa(ule))
““+< (o) )“”*( e )““‘0
(2.0.6)

Since we want to remove the middle term of (2.0.6) then we choose p(z) to set the

coefficient of the middle term of the above equation to be equal to zero, i.e,

@)+ 2wy = 0 wehere Mmzumwm(—/“gﬂm)

The middle term can be removed assume in (2.0.1) that p;(z) = 0 and pe(x) = p(z)

such that equation (2.0.1) becomes

y'(x) + p(x)y(z) = 0, (2.0.7)

If 2v(z)p/ (z) + 7' (z)u(x) = 0, and p;(x) = 0 then there will be no middle term in the

transformation of equation (2.0.7) which is

. ' (x) + p(x)u(z) _
“”*( 2 @u() )“”‘“

We now consider three special cases for equation (2.0.7) which will applied later.
CASE 1: t = f(z) = 2, p(x) == where z € (0,a].

Using the general transformation (2.0.2) we have y(z) = xz(t), and by (2.0.4) we



obtain y’(z) = % Z(t). Substituting y(z) = z2(t) and y”(z) = %5Z(t) into (2.0.7) and

simplifying we get

£ + =1

z(t) = 0, te[l/a,0). (2.0.8)

CASE 2: t = —In(z) p(r) = 2"/ where x € (0,a).
Hence by the general transformation (2.0.2) we get y(z) = x/22(t) and by (2.0.4)
we obtain y”(z) = x7%?2 (£(t) — 12(t)). Substituting y(z) and y”(z) into (2.0.7) and

simplifying we get

5(t) + (p(e_t) - 1) At) =0, te[-In(a),o0). (2.0.9)

e2t 4

CASE 3: t = In(z) p(z) = 21/2 where z € [a, 00].
The general transformation (2.0.2) gives us y(x) = 2'/22(t) and by (2.0.4) we have
y"(x) = x%% (5(t) — 12(t)). By substitution of y(z) and y”(z) into (2.0.7) and some

simplification we obtain the same equation as above (2.0.9) but ¢ € [In(a), c0).



Chapter 3

Asymptotic Theorems

In this chapter we state three asymptotic theorems on [a,00). These theorems can
be used in Chapter 4 to find the asymptotic solutions of the two physical problems.
Asymptotic Theorems on [a,0) for @w(t) + Q(t)w(t) =0

The first theorem is from Coddington and Levinson [3], page 92.

Theorem 3.0.1. Let A be a constant matriz with characteristic roots j;, 7 =1,...,n,

all of which are distinct. Let the matrixz V be differentiable and satisfy

/|VWﬁ<m,
0

and let V(t) — 0 as t — oo. Let the matriz R be integrable and let

/ﬂMMﬁ<m.



Let the roots of det(A+V (t) — AI) =0 be denoted by \;(t), 7 =1,...,n. Clearly, by

reordering the p; if necessary, lim; o, \;(t) = p;. For a given k, let
Dy;(t) = Re(Ai(t) — A;(2))

Suppose all 3, 1 < j < n, fall into one of two classes Iy and Iy, where 7 € I if
fg Dyj(1) dr — 00 ast — oo and fttf Dyj(r)dr > —K (0 <t <ty)
jelyif fttf Dyi(r)dr < K (0 <ty <ty) where k is fivred and where K is a constant.

Let py be a characteristic vector of A associated with iy, so that

Apr, = 1Dk

Then there is a solution ¢y(t) of ' = (A+V(t) + R(t))z and a ty, 0 <ty < 00, such

that

Jim ¢, (t)exp [—/ A(T) dT} = Dk-

Theorem 3.0.2. (Ghizzetti’s Theorem) [4],page 92. Let
2'(t) 4+ a(t)2'(t) + b(t)z(t) = 0, c<t<oo. (3.0.1)

Suppose [ |a(t)| dt < oo and [ t|b(t)| dt < oo. Then there are two independent

solutions zpand z, of (3.0.1) such that

o 2(t) — 1, tz{(t) — 0 ast — oo and



o 20 1 2(t) =1 ast— oo

For the following theorem we consider the second-order equation,
(p(H)w'(t)) £ q(t)w(t) =0, with ¢(¢t) >0 on [a,0). (3.0.2)

1/2
Theorem 3.0.3. /5] Suppose that (%) does not belong to L(a,c0) and that each

of (DT, [(D)74), [(D)72(5)) and [(2)72(4)°] € L(a, ).

p p q p

Then there is a fundamental matriz W for W' = AW such that ast — oo, Q(t)W (t)E(t) —

L where
0 1/p| . g/t 0
A= Q= ;
Fq O 0 ¢/
)1/2]
L 1 1 Bt) = exp|—fi f / 0
M1 2 0 exp|— o f )12

and py, pe are the eigenvalues of w”(t) £ quw(t) = 0.

Remark: The following corollary simplifies the hypothesis of Theorem 3 for the
special case p = 1.
Corollary: [5]

If p =1 and [¢73/2¢"] € L(a, 00), then the hypothesis of Theorem 3 is satisfied.



Chapter 4

Physical Problems

In this chapter, we start by defining singular Sturm-Liouville problems and then
consider two physical problems: Vibrations of a circular membrane, and torsional
waves of an elastic rod. In section 4.2, we solve the two physical problems by finding
their exact solutions. Second, we use the Weyl Kodaira Theorem to classify their
solutions by testing square integrability with respect to the weight function. In section
4.3, we find the asymptotic solutions of these problems by first transforming their
equations from a finite singularity to an infinite singularity. Second, we find the

asymptotic solutions by applying the asymptotic theorems in Chapter 5.
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4.1 Singular Sturm-Liouville Problems

A Sturm-Liouville problem

—a (W) 52) + alau = o) (4.1.1)

is singular if at least one of the following occurs on the interval (a,b),
1. either a or b (or both) are infinite.
2. p(a) =0 or p(b) = 0 (or both).
3. [ (% + g + w) dx = +oo.

We assume that p(z),p'(z),q(z), and w(z) are continuous on the open interval a <

x < b with p(z) > 0 and w(z) > 0.

Example 4.1.1. Is the following problem singular?
—y" = Ay, 0 <z < oo, y(0)=0 (4.1.2)

The problem (4.1.2) is singular because of its interval (0, c0).

Example 4.1.2. Is the following problem singular?

T

1+ A
y"+( * x)yzo, 0<z<2, y(0) =0, y(2)=0 (4.1.3)

11



Note that p(z) =1, w(z) = 1 and ¢(z) = 1, where ¢(z) is not continuous at z = 0
and also ¢(z) is undefined at x = 0. Thus problem (4.1.3) is singular because ¢(z)

violates the third condition.

Theorem 4.1.1. (Weyl-Kodaira) [7] For either endpoint and for any nonreal X there
is at least one nonzero solution of (4.1.1) that is square-integrable at that endpoint.

There are two cases:

1. Limit Circle: All solutions of (4.1.1) are square-integrable at the endpoint for

all \.

2. Limit Point: Just one nonzero solution is square-integrable at the endpoint for

all non-real \ .

4.2 'Two Physical Problems

In this section we derive two physical problems for which exact representations can
be formed for their solutions. In the next section we show how to obtain asymptotic
solutions of these two equations to get basic information on how the solutions behave
near the singular point. The asymptotic methods are also applicable where exact

solutions cannot be found.

4.2.1 Vibrations of a Circular Membrane

Consider the physical problem for the vibrations of a circular membrane. The partial
differential equation for a circular membrane (a drumhead) is modelled with the two

12



dimensional wave equation in polar coordinates due to the circular geometry of the
drumhead;

(4.2.1)

Fu_ o (Pu 10u 18
ot? - ¢ or2  ror 12062

where ¢? = %, T = tension, p = density, and c= wave speed.

Consider a circular membrane with radius 1. Note that that our solutions depend
only on radius r and time t. In other words, we assume that our solution does not
depend on 6, and hence uy = 0. Therefore, equation (4.2.1) becomes
0%u 0u  10u
— === +-=], (4.2.2)
ot? or?  ror
where 0 < r <1 and ¢ > 0. Since the membrane is clamped at the circumference, we

have the boundary condition

w(l,t) =0, t > 0. (4.2.3)

Also, we have an implicit boundary condition where » = 0. Note that r = 0 is a

singular point of equation (4.2.2) which gives us the implicit condition
R(r) is finite as r — 07" (4.2.4)

for the radial component R(r) of the wave equation in polar form.
We can solve the boundary value problem (4.2.2)- (4.2.4) using the separation of
variables method. We summarize some of the calculations of [8] and hence by the

method of separation of variables we arrive at the Sturm-Liouville equation for the

13



circular membrane:

—(rR'(r)) = Ap(r)rR(r), 0<r<1 (4.2.5)

Let the density be p(r) = r™. Hence equation (4.2.5) becomes

—(rR'(r)) = M R(r), 0<r<1 (4.2.6)

In order to classify the Sturm-Liouville problem using the Weyl-Kodaira theorem we
first need to find the general solution of equation (4.2.6). Since the Limit Circle and
Limit Point classifications are independent of A, we can choose different values of \.

Suppose that A = 0; hence equation (4.2.6) becomes

—(rR") =0. (4.2.7)

Integrating both sides of equation (4.2.7) with respect to 7, we get

R(r) =Cln|r|+ D. (4.2.8)

We define

Ri(r) =1In|r| and Ry(r) =1.

The next step is to determine if R;(r) and Ry(r) are square integrable with respect

to the weight function w(r), where w(r) = r™*1.

14



First, we determine if R;(r) is square integrable with respect to the weight function.

/0 1 R2(r)w(r) dr = /0 l(m)%mﬂ dr.

This integral can be evaluated exactly [8] yielding

/0 1 RA(r\w(r) dr = /0 l(m )2 gy

—2—  when m > —2,
_ ) (4.2.9)

00 when m < —2.
We conclude that R; is square integrable when m > —2, and it is not square integrable
when m < —2.

Now we determine if Ry(r) is square integrable.

1 1
/ Ri(r)w(r)dr = / ™t dry
0 0

Corm
= — lim ——
r—0t+ 2 +m

1

a2 when m > —2,

oo  when m < —2.

Hence, Ry(7) is square integrable when m > —2; and it is not square integrable when
m < —2. Applying the Weyl-Kodaira theorem we obtain a Limit Circle classification

when m > —2.

15



4.2.2 Torsional Waves of an Elastic Rod

We now introduce the second physical problem: Torsional Waves of an Elastic Rod.
Generally, torsion can be thought of as a twisting of an elastic body. In particular,
torsion is the force that acts on the elastic cylinder when the two ends of the cylinder
are twisted in opposite directions or if one end is turned while the other is held fixed.
One can derive the partial differential equation for the torsion of a cylinder from
the equations of elasticity in cylindrical polar coordinates; with the assumptions that
there are no body forces and that the shear modulus of the circular rod depend only
on the radius. One can use the separation of variables method to arrive at a singular
Sturm-Liouville problem [8]. Finally, the singular Sturm-Liouville problem for the
torsion of a cylinder is introduced and the Weyl Kodaira theorem is used to classify
it.

Consider,

d

Cdr (T?’M(H%) + 7 u(r)R(r) = pw’r®R(r) (4.2.10)

with boundary conditions R'(1) =0

In order to apply the Weyl-Kodaira theorem, we need to find the solution of the
Sturm-Liouville equation (4.2.10). Assume that the shear modulus p(r) = ar™.
Hence the singular Sturm-Liouville equation (4.2.10) becomes

d 34m AR 2 3+ 2,3
- m mR(r) = . 42.11
= (ar dr) + Y ar ™ R(r) = pw r°R(r) (4.2.11)

16



Note that the Limit Point and Limit Circle classifications are independent of w. To
find the general solution of (4.2.11), we let w = 0 and R(r) = fr=1=%.
Differentiating R(r), we get

dR

% — f/,r—l—% + (_1 _ m) T_Q_%f. (4212)

2
Substitute w = 0, R(r), and (4.2.12) into equation (4.2.11) to obtain

d m m m
e e G E | Rk i e R
T

Dividing by « and differentiating the first term with respect to r of equation (4.2.13)
yields

m

<2 * @> PR TR (21

5 R (g T o o

After some algebraic manipulations we arrive at the Bessel equation

P s 4 f (== (14 5)) =0, (4.2.14)

At this point, we will reduce equation (4.2.14) by change of variables. Let z =

V/—=7?r? = iyr,dz = iydr and let f(r) = f (%) = F(z). From chain rule, f'(r) =

F'(2)% = iyF'(2); likewise, f”(r) = (i7)*F"(z). Substituting into equation (4.2.14)

17



we obtain a Bessel equation of order (1 + %) :
2F(2) + 2F'(2) + F(2) <z2 1+ T)?) ~ 0.
Therefore, the general solution of (4.2.11) is
R(r) = C’lr_l_%mJH%m(mr) + C’gr_l_%mYH%m(iw‘),

where J,(r),Y,(r) are Bessel functions of the first and second kind.
We define

Ry(r) = C’lr_l_%mJH%m(im“)

and

Ro(r) = Cor™ 72V, (ir).

(4.2.15)

(4.2.16)

(4.2.17)

In order to check the classification of this problem we need to use the Weyl-Kodaira

Theorem. We need to determine if R;(r) and Ry(r) are square-integrable with respect

to the weight function w(r) = r3.

We begin by testing if R;(r) is square integrable.

1

1 1 1 2
[ @y ar= [ (i on) P a = [
0 0

0

(iyr) dr

Note that J,(ir) = *1,(r), where I,(r) is the modified Bessel function of the first

kind. Hence,

18



1 ) 2 1
/ pl-m <i1+§m1’1+%m('yr)) dr = —/ pl=m m112+ () dr.
0 0

Using the substitution z = yr and dz = vdr, then

1 ol
/O(Rl(r))2r3 dr = —imym_Q/o 21 m.712+ L (2)dz

2
~ [e'S) (E)Qk—‘r%m
-m_m—2 1-m 2
= _ d
n /OZ ;k!r(mﬂ%m) N

e[ 2

dz.  (4.2.18)
It can be shown that the series in (4.2.18) is uniformly convergent [8]. Thus, we

OM8

EIT( k+2+ im)

obtain

= (g

1 Y
R dr——mvmz/ dz < 00
A( Al 0 Z;MF%+2+%m)

Therefore R;(r) is square-integrable, for all m.

Now we need to check if Ry(r) is square-integrable with respect to the weight function

1 1 9 1
/ (Ry(r))*r® dr = / ( —1-3m Vi1 m(wr)) r3dr = / 1= meJr (i) dr.
0 0 0

19



Note that Y),(ir) = i? K,(r), where K,(r) is the modified Bessel function of the second

kind. Hence,
1 ) 9 1
/0 piom (i1+§mK1+%m(’y7‘)) dr = —/0 rl’mimKi%m('yT) dr.
Using the substitution z = ~r, then dz = ~vdr, and so
1 Y
/ (Ro(r))?r® dr = —imfym2/ zlmeile(z) dz. (4.2.19)
0 0 2

Since K,(z) = 52— (I_,(2) — I,(2)), and p = 1 4+ Lm then 4.2.19 becomes

2sin pm

T . (s I " d
o 281I1(]_ + %m)ﬂ' /0 z < *1*%7}1(2) - 1+%m<2)) z

The following results are worked out in [8] by means of examining the series expres-
sions for K,(z).
CASE 1: Assume that m > 0.

In this case,

(K@WWﬁM:w

and hence Ry(r) is not square integrable.
CASE 2: Assume that m < 0.

In this case,

/Ol(Rg(r))QTS dr < o0,

20



and therefore Ry(r) is square integrable.

Thus by Weyl-Kodaira Theorem we obtain a Limit Circle classification for case 1,
and a Limit Point classification for case 2.

In the next section we obtain asymptotic solutions of (4.2.6) and (4.2.10) for all values

of m. The Limit Point - Limit Circle classifications are obtained.

4.3 Asymptotic Solutions of the Physical

Problems

In the previous section two singular Sturm Liouville problems were classified by find-
ing their general solutions and by using the Weyl-Kodaira Theorem. In this section
the same singular problems are used to get their asymptotic solutions. In order to
get their asymptotic solutions we first need to transform the two equations from a
finite singularity to an infinite singularity. Second, we remove the second term of
the transformed equation. Third, we transform the transformed equation without
the middle term to a perturbation of a constant coefficient equation. Finally the
asymptotic theorems in Chapter 3 can be used to find the asymptotic solutions. Note
that the asymptotic solutions can provide us with the basic information on how the

solutions behave near the singular point.
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4.3.1 Asymptotic Solutions of the Vibrations of a Circular
Membrane

Recall the singular Sturm-Liouville equation for the vibrations of a circular membrane,

—(rR'(r)) = M"R(r),

1
R'(r)+ —R(r) + " R(r) = 0, 0<r<L. (4.3.1)

We remove the middle term of (4.3.1), by letting R(r) = 7~'/22(r). The first derivative

of R(r) is

and the second derivative is

1 1 3
R'(r) = mz”(r) - mz’(r) + —4r5/2z(r).

Substituting R(r) and its derivatives into (4.3.1) and simplifying we obtain
" 1 m
2"(r) + (E + Ar ) z(r) =0, 0<r<l1 (4.3.2)
,

Next we want to transform (4.3.2) to a perturbation of a constant coefficient equation.
This will enable us to apply the asymptotic theorems of chapter 2. One can do that
in two different ways.

Method 1: Let z(r) = pu(r)w(t), where t = —Inr, and pu(r) = r'/2.

22



We now differentiate z(r) twice and we get

1 1 d
/i o . . L
z (T) - rg/gw(t) 4r3/2w(t)’ - dt

Substituting z(r) and 2”(r) into (4.3.2) we get

W(t) + M Pw(t) = 0

W(t) + Xe M Dy(t) = 0,  0<t<oo. (4.3.3)

Method 2:

Method 2 requires two steps in order to transform (4.3.2) to perturbation of constant
coefficients.

First Step:

Transform (4.3.2) by letting z(r) = 1y(z), 2 = £. Note that 0 <7 < land 1<z <

oo. Differentiating z(r) twice we get

() = ~3y(a)

and substituting into (4.3.2) we obtain

2

y'(z) + (% + )\rm+4) y(z) =0, (4.3.4)

23



Second Step:
Transform (4.3.4) to a perturbation of a constant coefficient equation. Let y(z) =

p(r)w(t), t = In(xr) and p(z) = /2. We again differentiate y(r) twice and we get

1 . 1
y'(x) = Ww(t) - Ww(t)-

Substituting into (4.3.4) and simplifying we obtain
w(t) + Xe M2y (t) =0,

which is the same equation as (4.3.3). Note that in our problem we will use the first
method.

Recall the transformed differential equations:

W(t) + M PPw(t) = 0

W(t) + Ne () = 0, 0<t<oo.

CASE 1A: m=-2)X=0

Since m = —2 and A = 0 then equation (4.3.3) becomes w(t) = 0. In this case it is
easy to find the general solution of w(t) = 0 which is w(t) = At + B. Note that A
and B are constants. We now can classify the above problem by letting w;(t) = At

and wq(t) = B and testing if the two solutions are square integrable with respect to
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the weight function, w(t) = 1.

Hence,

/|m@mm_/)ﬁﬂﬁ_m
0

0

Note that

r

/0°° |w1(t)|21dt:/OOOA%th:/Olwdrz/o1 (Ba(r)) dr = oo,

since w(t) = r~/2z(r) and t = — In(r).

Similarly for wsy(t) = B,

/‘W@WﬁZ/ Wﬁ:wz/ﬁ%ﬂm:/ﬁmwwlw
0 0 0 0

Therefore in this case we have a Limit Point classification.
CASE 1B:m= -2 X#0

Substituting m = —2 and A # 0 into (4.3.3) we obtain
W(t) + Aw(t) =0, 0<t< 0. (4.3.5)
The general solution of (4.3.5) is

w(t) = AeV + Be VA, if  A<0 (4.3.6)

w(t) = Acos VAt + BsinVAt, if  A>0. (4.3.7)
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One can show that one solution of (4.3.5) for A\ < 0 is square integrable with respect
to the weight function, @(t) = 1. Let wy(t) = AV~ and wsy(t) = Be 'V .

Thus, we obtain

/ lwi ()21 dt = / A2V gt = oo because of exponential growth.
0 0

One can transform w () back to Ry (r) by letting wy(t) = 2 (r)r /2 and t = —Inr &
—t

r=e

Therefore,
(o] oo 1 1
/ lwy (t)|*1dt = / A2V A = 00 = / A=V g = / |Ri(r)|*rtdr = oo
0 0 0 0
Similarly for ws(t) :

(] o] 1 1
/ lws (t)|*1 dt = / B2e VAt = / BV gy = / |Ro(r)|*r~ ! dr < oo,
0 0 0 0

because of exponential decay.

In a similar way one can show (4.3.7) is not square integrable with respect to the
weight function.

We can conclude that for case 1B with A # 0 we have a Limit Point classification.
CASE 2: m > -2

Recall the second order differential equation (4.3.3), w(t) + Ae "™+ (t) = 0. In this

case we cannot find the general solution of (4.3.3), so we will apply the Ghizzetti’s
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Theorem to get the asymptotic solutions of (4.3.3).

Recall the Ghizzetti’s Theorem:

Theorem 4.3.1. Consider the second order differential equation
2'(t) + a(t)2'(t) + b(t)z(t) = 0, c<t<oo (4.3.8)
Suppose [ la(t)| dt < co and [ t|b(t)| dt < co. Then there are two independent
solutions zo and z, of (4.3.8) such that
o 2(t) — 1, tz{(t) — 0 as t — oo and
o ZlT(t)—>1, 21(t) = 1 as t — oo.

We now apply Ghizzetti’s Theorem on (4.3.3). First we check the assumptions of
theorem (4.3.1)

Since a(t) = 0 then

/|a(t)|dt:/ 0dt < oo.
0 0

Since b(t) = Ae ™2 then

/ t|b(t)| dt = / the D) < oo if m 42> 0.
0

0

Hence the assumptions of theorem (4.3.1) are satisfied and then

wo(t) = 7 Y22 (r) = r V2 2Ry (1) = Ro(r) — 1, as r—0,
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and

t —Inr " lnr L o r—=0
Therefore,
Ro(r) = (1+0(1))
Ri(r) = —Inr(1+o0(1)).

We now need to determine square integrability of Ry(r) and R;(r) with respect to

the weight function w(t) = e~*™*2), Hence,

/ lwo(t)[2e 72 qt = / (14 0(1))2e7tm2) < o
0 0

because of exponential decay.
We can transform wg(t) back to Ry(r) with wo(t) = r7/22y(r), 20(r) = r'/2Ry(r) and
t=—Inr.

Thus,

[e9) 1
/ |wo(t)[2eHm+) gt = / | Ro(7)|*r™ ! dr < .
0 0

Similarly for Ry(r):

00 00 1
/ |w1(t)|2€—t(m+2) _ / 752€—zf(m—&—2) _ / |R1(,r,)|27,m+1 dr < oo.
0 0 0

Therefore for case 2 with m > —2 we obtain a Limit Circle classification.

28



CASE 3: m < -2

Recall Theorem 3.0.3: Consider the second-order equation,
(pw'(t)) £ quw(t) =0, with ¢ >0 on [a,0). (4.3.9)

1/2
Theorem 4.3.2. Suppose that %) does not belong to L(a,o0) and that each of

/N

[(%)_1/2%]', [(%)_1/2%]’, [(%)_1/2(%)2] and [(%)_1/2(%)2] € L(a,00). Then there is a

fundamental matriz W for W' = AW such that as t — oo, Q(t)W (t)E(t) — L where

0 1/p | . g/t 0
A = 7Q = )
Fq 0 0 q¢**
11 exp[—pu [ (4)V/?] 0
L= E(t) = P
mo 0 exp[—p [, (4)1/?]

and p1y, o are the eigenvalues of p? £1 = 0.

Remark: The following corollary simplifies the hypothesis of Theorem 4.3.2 for the
special case p = 1.

Corollary:

If p=1 and [¢73/%¢"] € L(a, o), then the hypothesis of Theorem 4.3.2 is satisfied.
Note that in our problem p = 1, ¢(t) = Ae™*™*2) and hence we can use the above

corollary.
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Hence,

/Oo(q—3/2q//)1/2 dt = /Oo()\e—t(m-l—Z)()\e—t(m+2))l/)1/2 dt
0 0
= / ATV (4 2)et D gy
0

< oo since m < —2 (exponential decay)

Therefore the hypothesis of Theorem 4.3.2 is satisfied by corollary and hence we can

~

apply Theorem 4.3.2 on (4.3.3) with m < —2. Thus Q(t)W (¢)E(t) — L as t — oc.

Hence,

q1/4 0 Wy W e*#lQ(t) 0

0 g V4 wy  wh 0 e~ H2Q(t)

(I+ou(t)) (14 o02(t))

(11 +03(t)) (2 + 04(t))

Since Q(t) and E(t) are nonsingular matrices then we can solve for W (t). Thus,

wy, Wy eltlQ(t)q_1/4(1 + 01 (t)) €M2Q(t)q_1/4<1 —+ 09 (t))

- QW gl (1) + 05(8))  eH2QO g (11 + 04(t))

where ¢(t) = Xe ™2 Q(t) = ['(q(s))/? ds, and py, py are the eigenvalues of

a

Subcase 3.1: m < —2and A >0
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Note that puy =i and py = —i. For our problem we just consider wy (t) and ws(t) :

1/2

wy(t) = eiQ(t)q—1/4(1 +o01(t)=(1+ o0 (t))(/\e_t(m“))_1/46?1';@6*“’”*2))

1/2

wo(t) = e—iQ(t)q—1/4(1 +o0o(t) = (14 Ol(t))(/\e—t(m+2))—1/46_z‘f;()\efs(nu&))

We let,

Wy (1) = ———— = ¢ Y (cosQ(t) + o(t))

because we just want to work with the real solutions of our problem.

2\/X (e—t(m+2)/2 . e—a(m—f—?)/?)
m + 2

Wy (t) = AV AetmT2/4 (COS

+ o(t))

Note that Q(t) = f;(q(s))l/2 ds = fat()\e*“”(m*m)l/2 ds = 0o as t — 00, because of

exponential growth (m + 2 < 0).

m+2)/4 _, () as t — oo then

Since cos Q(t) is bounded as t — co and e!l

wi(t) = 0 as t — oo

We now can transform 1, () back to Ry (r) by z(r) = r'/2w(t), R(r) = r~"/2z(r) and

r = e t. Thus,

M(r<m+2>/2 _ ematmi2)/2)
m—+ 2

]:21(7“) = \ VA (m+2)/4 (cos e
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and

N

Ry(r) — 0 as r— 0.

One can show the lack of square integrability for w;(¢) with respect to the weight

function w(t) = e #m+2)

/ lw (t)]P0(t) dt = / |7 QD 2|\ AHmED/4 (1 | o(4))|2eHmHD) gy
0 0

= /\_1/2/ e_t(m+2)/2(1 +o(t))* dt
0

= o0 since m + 2 <0.
Transforming back to Ry(r) we have

/OOO o (8) 2 (8) dt = /01 R (r) 21 dr = oo,

Similarly for

Therefore, wy(t) — 0 as t — oo and

—2vA (P22 _ gmalmt2)

Bo(r) = \-14—m+2)/a [
2(7) r sin =

).

Note that since we show that one of the solutions is infinite then we do not need to

and Ry(r) — 0, as r— 0.

test square integrability for wy(t) to determine the classification. Thus for subcase
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3.1 with m < —2 and A > 0 we have a Limit Point classification.
Subcase 3.2: m < —2and A <0

In this subcase we again use theorem 4.3.2. We already show that the assumptions

of Theorem 4.3.2 are satisfied and hence Q(t)W (t)E(t) — L. So,

w1 Wy eulQ(t)q_1/4(1 + 01 (t)) eNQQ(t)q_1/4<1 _|_ 09 (t))
W p— p—

/

wy  wh e QWG (1 + 03(t)) QW gt (g + 04(t))

where q(t) = —Xe "2 Q(t) = fj(q(s))l/2 ds, and iy, po are the eigenvalues of
p?—1=0.S0 p; =1 and py = —1.

Consider w(t) and ws(t),

wl(t) _ (1 + 01<t))q_1/46Q(t) _ (1 + Ol(t))(|/\|e—t(m+2)>—1/4€f;|>\‘1/2efs(m+2)/2 ds

and

wat) = (1 4 0a(8))q V9D = (1 4 0y(1))(|A| e Hm+2)) Mg Ju N 2emsm2 /2 ds.

Now as t — oo we have

wy(t) — oo and wsy(t) — 0,
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and as r — 0 we get
Ry(r) — o0 and Ry(r) — 0.

One can show square integrability as in subcase 3.1. Therefore for subcase 3.2 we

have a Limit Point classification.

4.3.2 Asymptotic Solutions for the Torsional Waves of an

Elastic Rod

We now find the asymptotic solutions for the second physical problem: Torsional

waves of an elastic rod. Consider the second order differential equation
3 A
R+ R + <— - c> R(r)=0, 0<r<L. (4.3.10)
T

One can remove the middle term of (4.3.10) by letting R(r) = 7~®+™/22(r). The first

derivative of R(r) is

R (r) = r=GTm/2(r) — B+m) —;m>r—(5+m)/2z(r)
and the second derivative is
R”(?‘) _ 7“_(3+m)/22//(7”) . (3 1 m)T_(5+m)/22’(7") n 3+mbd-+ m?“_(7+m)/22(7“),

2 2
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Substituting R(r) and its derivatives into (4.3.10) and simplifying we obtain

2"(r) + Ki - c) _(m+ ?::H Y=o o0<r<t. (4.3.11)

We continue with the transformation of (4.3.11) to a perturbation of constant coef-
ficients equation. So we let z(r) = r'/2w(t),t = — Inr. Differentiating z(r) twice we

get

substituting into (4.3.11) and simplifying we obtain

244 4
w(t) + (—% + Aellm=2) cezt> w(t) =0, 0<t<oo. (4.3.12)

We now want to find the asymptotic solutions of (4.3.12) for all m. In order to find
the asymptotic solutions we need to consider three cases.

CASE 1: m < 2

For this case we need to apply Theorem 3.0.1. First we show that the assumptions
of Theorem 3.0.1 are satisfied, however in order to do that we consider two subcases.
Subcase 1.1: m <2 and C = % <0

Assumptions of Theorem 3.0.1:

e Let A be a constant matrix with characteristic distinct roots pq, u2, and A =

0 1
. The eigenvalues of A are y = ++/C. Since C' < 0 then p; = iv/—C

¢ 0
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and po = —1v/—C.

e Let the matrix V be differentiable and satisfy [~ [V'(¢)|dt < oo and let V (t) —
0ast— oo.

Since V' (t) = 0 then the above assumptions for the matrix V are satisfied.

e Let the matrix S be integrable and let [~ |S(¢)| dt < oo.

/ S dt = / =2 o2t gy
0 0

< o0

since both exponentials are decaying.

e Let the roots of det(A+ V(t) — AE) = 0 be denoted by \;(t),j = 1,2. Clearly,

by reordering the p; if necessary, lim; . 5\j (t) = p;. So,
det(A+V(t) — \E) = det =N -C=0e\=+ivV-C.
Thus the eigenvalues of A+ V (t) are \; = iv/—C and Ay = —iv/—C. Note that

limt*)oo 5\1(t> = hmtﬂoo IRV —C = IRV, —(C and hmtﬂoo 5\2 (t) = hmtﬂoo —i/—C =

—iv/—C

e For a given k, let Dy;(t) = Re(Ap(t) — A;(t)). Suppose all j,1 < j < n fall into
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one of two classes I; and Iy, where

t
jel if /ij(T)dT—)OO as t — oo,
0

to
/ Diy(r) dr > —K(0 <ty < 1),

t1

to
and j€]2 if / ij(T) dT<K, (O§t1 Stg)
t1

where k is fixed and K is a constant. Since the eigenvalues A, Ay are complex

then Dy;(t) = 0 and hence f:f 0dr < K.

e Let p, be a characteristic vector of A associated with py, so that

Apr, = 1Dk

The eigenvectors of A are p; = [1,iv/—C|" and py = [1, —iv/—C]7. with p; =

1v/—C and py = —iy/—C respectively.

Since all the assumptions of Theorem 3.0.1 are satisfied then there is a solution of

(4.3.12) and a ty, such that (0 <ty < oo0) and

t~
tlir£10¢k(t)emp [—/ Ae(T) dT} = Pk
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which implies

and

ZEZ exp (— /t: () dT) py = Nl_c

In our problem we consider wy(¢) and ws(t). Rewriting wy(¢) and ws(t) we get
) = @ o)esp (1 [ V=T ar ) = (14 ofw)es (/=T - )
nd
wa(t) = (1+ o(1)) exp (—z’ /t: \/jd7'> — (1+0(1)) exp (—i@(t - t0)>.

We now consider only the real solutions of our problem. So we let

() = M — cos (V=C(t — to)) + o(1).

Therefore w,(t) is oscillating as ¢ — oco. One can transform @, (t) back to R;(r) by

letting @1 (t) = r~*/22,(r) and 2, (r) = rG+™/2R,(r) where t = —Inr. Thus

Ry(r) = r~ ™72 Jcos (V=C(~Inr — o)) + 0(1)] —0, as 7 —0.
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One can show that wy(t) and wy(t) are square integrable with respect to the weight
function and also use the same transformation as before to show that R;(r) and Ry(r)

are square integrable:

| w@peede = [ o e pee 2 g
0 0

_ /00(1 T o(1))em ) gt

< 00 because of exponential decay.

Transforming back to R;(r) we have

e 1
/ lwy (1) 2t qt = / 3| Ry (r)? dr < oo.
0 0

The same procedure applies for wy(t):

00 1
/ |wo (1) 2t dt = / 3| Ry(r) | dr < oo.
0 0

Therefore for subcase 1.1 with m < 2 and C' < 0 we can conclude a Limit Circle
classification.

Subcase 1.2: m <2 and C = M >0

We again need to show that the assumptions of Theorem 3.0.1 are satisfied.

e Let A be a constant matrix with characteristic distinct roots gy, p2, and A =

0 1
. The eigenvalues of A are y = +4/C. Since C' > 0 then pu; = V/C

¢ 0
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and jp = —V/C.

Let the matrix V be differentiable and satisfy [~ [V'(¢)|dt < co and let V(t) —
0 as ¢t — oo.
V(t) = 0 and hence the above assumptions for the matrix V are satisfied since

V is just the zero matrix.

Let the matrix S be integrable and let [° |S(t)| dt < oo.

/ 1S(t)|dt = / At _ e dt
0 0

< o0, since both exponentials are decaying

Let the roots of det(A 4 V(t) — AE) = 0 be denoted by \,(t),j = 1,2. Clearly,

by reordering the p; if necessary, lim; . S\j (t) = p;. So,

det(A+ V(t) — AE) = det —N-C=0sXi==+/C.

c =

Thus the eigenvalues of A + V() are A\ = VC and )y = —/—C. Note that

lim; o0 5\1(15) = lim;_o. VC = VC and lim;_., 5\2(t> = lim;_.. —VC = —V/C

For a given k, let Dy;(t) = Re(M(t) — \;(t)). Suppose all j,1 < j < n fall into
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one of two classes I; and Iy, where

t
jeh if/ij(T)dT—)OO&St—)OO,
to 0
/ ij<7'> dr > —K(O <t < t2)7
t1

to
and j€]2 if / ij(T) dT<K, (O§t1 Stg)
t1

where k is fixed and K is a constant. So for k =1 and j = 1 we have Dy;(t) =

R(A(7) — M (7)) = R(VC — V/C) = 0 and hence j € I, since fttf 0dr < K.
Note that the same condition is true for j = k = 2.

For £ = 1 and j = 2 we have Dyy(t) = R(\/E—{— \/5) = 2y/C. Thus j € I,
since [} Dia(7) dr = =2 [}/C dr = 00 as t — oo Also note that for k = 2

and j = 1. we have j € I;.

e Let pr be a characteristic vector of A associated with py, so that

Apr, = 1Dk

The eigenvectors of A are p; = [1,v/C]T and p, = [1, —V/C]". with p; = VC

and p1o = —V/C, respectively.

Since all the assumptions of Theorem 3.0.1 are satisfied then there is a solution of

(4.3.12) and a tg, such that (0 <ty < oo) and

i on(teen |- [ 3w dr| =
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which implies
wy(t) = (14 o(1)) exp (/t:\/ﬁdr) = (14 o(1))exp (VC(t —ty)) as t — oo

and

wy(t) = (14 o(1)) exp (— /t:@df) = (1+o0(1)) exp (—VC(t — ty)) as t — oo.

One can transform wy (¢) and wy(t) back to Ry(r) and Ra(r) using the same transfor-
mation as in special case 1.1. We now show square integrability for w;(t) and weq(t)

with respect to the weight function. Thus for w;(t) we have

/ |w1(t)|2et(m—2) dt = 62\/5150/ (1+0(1))6—2\/6t€t(m—2) dt
0 0

< 00, because of exponential decay.
and for wy(t) we find

/ lwo (8) 22 dt = 62‘@“/ (1+ o(1))e2VCletm=2) gy
0

0
p

< oo if m <0, because of exponential decay
= =o0 if m >0, because of exponential growth

=o0 if m=0, asymptotically constant.

\
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Note that m < 0 since m — 2 4+ 2v/C' = m — 2 4 2( (mﬂ;2)2) <0< m<O.

The same procedure applies for square integrability of R;(r) and Ry(r). The classifi-
cation of this case is Limit Circle if m < 0 and Limit Point if m > 0.

CASE 2: m =2

Subcase 2.1: m =2 and )\ — % =0

Since m =2 and A — I = 0 then equation (4.3.12) becomes
w(t) — ce *w(t) = 0. (4.3.13)

In order to find the asymptotic solutions of (4.3.13) we apply the Ghizzetti’s Theorem
3.0.2. First, we show that the assumptions of Theorem 3.0.2 are satisfied. Since

a(t) = 0 then [ |a(t)| < oo, and since b(t) = —ce ' then

/t|b(t)|dt:|c|/ te™?" dt < oo,
0 0

by integration by parts and the exponential is decaying. Hence, all the assumptions
are satisfied and then there are two independent solutions wg(t) and wy (t) of (4.3.13)

such that

o wy(t) =122 (r) = r Y222 Ry(r) = r®Ry(r) — 1 as r — 0, and

o ) _ —Tlel(T) —lasr—0
t —1Inr :

Clearly, [ |wo(t)|* dt = oo so the Limit Point classification holds.
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Subcase 2.2 m =2 and A — % #0

Substituting m = 2 and A — I # 0 into equation (4.3.12) we obtain
w(t) + ()\ - == cth) w(t) = 0. (4.3.14)

We find the asymptotic solutions of (4.3.14) by applying Theorem 3.0.1, but first we
need to show that the assumptions of Theorem 3.0.1 hold. In order to do that we
consider two subsubcases.
Subsubcase 2.2.1: \ < %

Consider the following assumptions of Theorem 3.0.1

0 1
1. Let the matrix A = with distinct characteristic roots p; =

-A+1 0
,/%—)\andugz— %—)\.

2. Let the matrix V(¢) = 0 which is differentiable and clearly satisfies [~ [V'(t)|dt <

0o. Also, V(t) — 0 as t — oc.

00
3. Let the matrix S = —ce % be integrable.

1 0
Obviously, [°[S(t)]dt = —c [;* e " dt < oo since the exponential is decaying.

0 1 - -
4. Let A+V(t) = with characteristic roots A; = /2 — X and Ay =
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This case is like subcase 1.2 and similar calculations yield solutions w(t), ws(t) such

that

lim @y (1) exp (— /t: A (7) d7> = lim wy(t) exp <—(t - to)\/g) =1

and

t
1tlim ws(t) exp <—/ Ao (T) dT) = tlim wy(t) exp ((t —tp) ; — A) =1
—00 to —00

One can transform w;(t) and wq(t) back to Ry(r) and Rs(r) respectively. Thus,

tlim wy(t) exp <_<t —to) ; n )‘) = &Xp (to\/ g - )\> liH(l) Ry(r)r** =1

and

tlim ws(t) exp ((t — to) ; — A) = exp <—t0\/ ; — )\> lir% Ry (r)r®~ A= 1.

In the end, we can show square integrability for w;(t) and we(t) with respect to the

weight function. So,

/0°° jwi ()* - 1dt = /000(1 +o(1)) exp (2(15 - to)@) gt — oo
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and

/0Oo lwy (t)]? - 1 dt = /000(1 +o(1)) exp (—Q(t —tp) ; - /\) dt < 0.

We conclude with a Limit Point classification for m = 2 and A < %

Subsubcase 2.2.2: )\ > %

In this case we use Theorem 3.0.1 again in order to find the asymptotic solutions of
(4.3.14). Following the same procedure as in subsubcase 2.2.1 one can show that the
same assumptions of Theorem 3.0.1 hold. Note that the eigenvalues of A are p; =
i\/r%, [y = —i\/r% and the associated eigenvectors are p; = [1,iv/—C|7,py =
[1, —i/—C]T respectively, where C' = % — A. Also the eigenvalues of A 4+ V() are

A=t /A — % Therefore by Theorem 3.0.1 we get
wi(t) = (1 + 0(1)) exp (—i\/—C(t - to))

and

ws(t) = (1 +o(1)) exp (Z\/j(t - t0)>.

We now consider
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and

W (t) = LT G0 (VO — t)) + o(1),

because we only want real solutions. One can show that square integrability fails for
wi (t) and wsy(t) as before so a Limit Point classification is obtained. Therefore for
m=2 > % or A < % we obtain a Limit Point classification. Finally, we consider
the third case with m > 2.

CASE 3: m > 2

In order to find the asymptotic solutions of (4.3.12) for m > 2 we need to apply

Theorem 3.0.3. Since p = 1 and q(t) = —2(m? + 4m + 2) — ce 2 + \e'™=2) then

1
1
we can use the corollary of Theorem 3.0.3 to show that the assumptions of Theorem

3.0.3 are satisfied. Note that the sign of ¢(t) for large ¢ is determined by \. So we

need to show [°|¢~*?¢"| dt < co. Note that

q"(t) = " P\ (m — 2)* + o(1)]

and

320" () = (o(1) + N) 32 (0(1) + A(m — 2)})e m=2/2 0, as t — oo.
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Therefore, fooo lq73/%¢"| dt < oo since e~""=2)/2 is a decaying exponential, and the

hypothesis of Theorem 3.0.3 holds. Then Q(t)W (t)E(t) — L as t — oo, where

|q|1/4 0 w1 Wy e_//le(t) O

0 |q|—1/4 Wy wh 0 e—H2Q(t)

(T+o1(t))  (1+0x(1))

(11 + 03(t)) (42 + 04(t))

Since Q(t) and E(t) are nonsingular matrices then we solve for W (t), where

wy W e#lQ(t)|q|*1/4(1 + 01(t)) euzQ(t)|q|*1/4(1 + 03(1))

/

wy e R gV (g + 03(t)) 290 |q| 4 (115 + 04(1))

and q(t) = —1(m? +4m +2) — ce 2 + \e""=D_ Q(t) = [ |q(s)|"/? ds, and i1, o ave
the eigenvalues of u? =1 = 0. Note that ” +” is for A > 0 and 7 —” is for A < 0.
Subcase 3.1: m > 2 and A <0

Consider

wi(t) = 0N~V + 01(1))

and

wy(t) = e=20g| V(1 + 0a(1)),
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where p; = 1, us = —1. Note that

Q) = / g(s)|V2 ds

1 2 —2s s(m—2) V2
= —Z(m +4m +2) —ce” 7 + Xe ds
0

_ /0 (1) + Apem2)

= 00 because of exponential growth,

and
1 —1/4
(q(f))fl/4 = <_Z(m2 +4m +2) —ce ? + )\et(mQ))
= ((0<1) + )\)et(m—2))*1/4
— 0 as t — oo since the exponential is decaying.
Thus,
wy(t) = €u1Q(t)q71/4<1 +ou(t) — o0 as t— oo.
Similarly,

wy(t) = "W g7V (1 + 0y5(t)) — 0 as t — oo.

One can show that square integrability fails for w; (¢) and holds for ws(t) as in previous
cases. So for subcase 3.2 we obtain a Limit Point classification.

Subcase 3.2: m >2and A >0

Consider wy (t) and wo(t) with py = i, pe = —i respectively. Since we want to work
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only with real solutions we consider

an(0) = 220 _ (1) 202 eos(@(1) + o(1)]
and
i) = O ((o1) 4 2)etm=) ™ sin(Q(e)) + o).
Hence
U~)1<t)—>0 as t — oo
and

Wo(t) — 0 as t — oo.

Testing square integrability with respect to the weight function ™2 gives us a

Limit Point classification since neither w; nor wsy is square integrable.

50



Chapter 5

3rd Order Differential Equations

5.1 General Transformation for a 3rd Order

Differential Equation

In this section, we begin with the general transformation of the third order differential
equation,

y" () + pu(x)y"(x) + pa(2)y () + ps(x)y(z) = 0. (5.1.1)

Continuing with the removal of the second term of the transformed differential equa-
tion, we consider two special cases with a finite singularity at 0, and transform 0 into
an infinite singularity.

Consider the general transformation,

y(@) = u(a)=(t), = f(x) (5.1.2)
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with f : X — T monotone and p(z) > 0. Note that u(x) and f'(x) are never zero on

X.
Denote v(z) = f/(z) = L.

The first, second and third derivatives of (5.1.2) with respect to x are

Y (x) = p/(2)2(t) + v (x)u(x) 2(D),

and

y"(x) = > E 4 By E + 3P E 4 3 i + 3 E + " E 4+ "z,

Substituting (5.1.3) - (5.1.5) into (5.1.2) and simplifying we obtain

i :
2+ (Buyy + 3 + piy?) T (3" + 3p'y") T

n

5
(" 4 2pipy + pry’ =+ papry) e + (p

V4
+pipt” + o’ + pap) — =0,
iy

(5.1.3)

(5.1.4)

(5.1.5)

(5.1.6)

The second term of (5.1.6) can be removed if p; = 0 and puy = constant. For example,

we assume that p; = 0 and hereafter we require 3uyy’ + 3u'v* = 0 = 3y(uy) =0 =
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(1y)" = 0 = pry = constant. Therefore equation (5.1.6) with p; = 0 becomes

"

o1 o
o By + 3"y + " + papy) Z + e (" + popl +pap) 2 =0,  (5.1.7)

We next consider two special cases for the transformation of the third order differential

equation.

Special Case 1: Let t = L, p(z) = 22, and y(z) = — 5.

T

Differentiating u(x), v(z) and substituting into (5.1.7) we get

T+ b)) + ct)2(t) =0,  1<t< oo, (5.1.8)

where b(t) = p—2(ti/t) and c(t) = —2p2f51/t) - pB(té/t).

Hence, letting B(z) = pa(x), C(z) = p3(x),

and

2B(1/t)  C(1/1)
T

c(t) = = —22°B(x) — 2°C(z).

Special Case 2: t = —Inz, yu(z) = z,v(z) = —%

Again we differentiate p(z) and y(x), we substitute into (5.1.7) and simplify we obtain

T b)) + ct)2(t) =0,  1<t< oo, (5.1.9)
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where b(t) = pa(e e — 1 and c(t) = —pa(e™t)e 2 — p3(e~t)e 3. Note that we let
pa2(x) = B(x) and p3(z) = C(x)
Furthermore,

b(t) =e *Ble™") —1=2’B(z) -1

and

c(t) = —e #Ble™") —eC(e™) = —2?B(z) — 2°C(x).

5.2 Theorems for 3rd Order Differential Equations

In this section the definitions for oscillatory and non-oscillatory solutions and equa-
tions are introduced. Further, some known theorems of oscillation and nonoscillation
criteria for third order differential equations are stated which have a singularity at
infinity. By applying transformation theory we derive new theorems of oscillation and
nonoscillation criteria for a singularity at zero. The transformations of special case 1
and special case 2 are used to derive the new theorems. Also, examples are given to
illustrate the new theorems.

Consider the third order differential equation

Y (x) + A@)y" (1) + Bo)y (2) + Cla)y(x) =0,  O<we<l  (5.2.1)
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where A, B, and C are real-valued continuous functions in (0,1]. If A(z) = 0 then

the differential equation (5.2.1) becomes

y" () + B(x)y'(z) + C(x)y(z) =0 (5.2.2)

Remark: The second derivative term in (5.2.1) can always be removed by the trans-
formation y(z) = u(x)exp (—% [ A(t) dt).

Definitions:

1. A solution of (5.2.1) is called oscillatory if and only if it has an infinite number

of zeros in (0, 1] and non-oscillatory otherwise.

2. Equation (5.2.1) is said to be oscillatory if and only if it has at least one (non-

trivial) oscillatory solution.

3. Equation (5.2.1) is said to be non-oscillatory if and only if all of its solutions
are non-oscillatory. Also, (5.2.1) is called disconjugate if and only if it has no

(nontrivial) solution with more than two zeros in (0, 1].

Remark: There always exists a solution with zeros at two arbitrary points.
We now state the oscillation and non-oscillation theorems for the third order differ-

ential equations

Z(t)+b(t)2(t) + c(t)z(t) =0, 1 <t < oo, (5.2.3)

%)



and

y"(x) + B(x)y'(z) + C(x)y(z) =0, 0<z<l1. (5.2.4)
The first oscillation theorem with a singularity at infinity is
Theorem 5.2.1. (Hanan) [9] Equation (5.2.8) is oscillatory if b(t) € C, 2¢(t) > b(t)

(1 <t<o0), and

lim inf £2b(t) > p, tlim inf t*c(t) > —p

t—o0

for some p > 1.

Using the transformation of special case 1 we can show that a version of Theorem 5.2.1

holds with singularity at zero. In this case we consider (5.2.4) which is oscillatory if

=2'B(x) = B(z) € C*,

2¢(t) > b(t) where c(t) = —2t7°B(1/t) —t75C(1/t) = —22°B(z) — 2°C(x),
and b(t) = —tSB'(1/t) — 4t °B(1/t) = —a°B'(z) — 42’ B(x).

Thus, 2¢(t) > b(t) <

2(—22°B(z) — 2°C(x)) > —2°B'(x) — 42° B(x) < 2C(z) < B'(z).
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Also, note that

tlim inf t?b(t) = lirr(l) inf 2 B(x) > p, and
ltlim inf ?c(t) = - tlim sup —t’c(t) > —p

& limsup (22°B(x) + 2°C(x)) < p.

x—0

Hence we obtain a new oscillation theorem with singularity at zero.

Theorem 5.2.2. Equation (5.2.4) is oscillatory if B(x) € C', 2C(z) < B'(z),

(0 <z <1), and

lim inf 22 B(x) > p, lir% sup (222 B(x) + 2°C(x)) < p

z—0

for some number p > 1.

Example 5.2.1. This example illustrates Theorem 5.2.2. Let B(z) = az? and
C(z) = y2°. We now show that the assumptions of Theorem 5.2.2 are satisfied. First
note that B(z) = az” € C!, since it is just a power function. Consider the following

conditions
1. 2C(z) < B'(z) & 2y2° <apfz’
2. lim, oinf2?B(z) > p < lim,_az’? > p,

3. lim,_gsup (222B(z) + 23C(z)) <p & lim,_o2ax’™? + 2513 < p
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Condition 2 holds if
0=-2

0< =2

and o >p, or

and a > 0.

Note that if 3 > —2 then lim,_o az”*2 = 0 < p. This implies that condition 2 does

not hold for g > —2 because p > 1.

Conditions 1 and 2 hold if

B=-2, §=-3

B<_27 525_17

b< =2 d<f—1,
\

Conditions 1,2, 3 hold if

8=-2, 5=-3,
52_27

ﬁ<_27

0 < =3,

5=0-1,

b<—=2, d<pf—-1, < -3

Thus Theorem 5.2.2 holds if

62_27 Oé>p,

5:_27 a>pa

a>p, and y< —a, or

a>0, and 2y < af, or

a >0, and v < 0.
a > p, and v < —a, or
a>p and v <0, or
a>0, 2y<af, and 2a+v <0, or

a >0, and v < 0.
0=-3, and 7< —a, or
0 < —3, and v <0,
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or if

b<=2, a>0, d=0-1, 2v<af, and 2a0+v <0, or
<=2, a>0, d<f—-1 ~v<0, and 0 < —3.
Following the same procedure as in Theorem 5.2.2 we can obtain a new oscillation

theorem for special case 2. So,

b(t) = e 2B(e™)
= 2°B(z) — 1,

cft) = —eBe) —e ¥,
= —2?B(z) — 2°C(x),

b(t) = e B'(e”) —2e7*B(e”),
= —2*B'(z) — 22°B(x),

£2b(t) = (nz)*(2?B(x) — 1),

tie(t) = (Inz)*(—2*B(z) — 2°C(x)).

Theorem 5.2.3. Equation (5.2.4) is oscillatory if B(z) € C!, 2C(z) < B'(x),

(0<x<1), and

lim inf (Inz)?(2>B(z) — 1) > p, lim sup 2?(Inz)*(B(x) + 2C(z)) < p

x—0 x—0

for some number p > 1.

Theorem 5.2.4. (Hanan) [9] Suppose b(t) € C' and 2¢(t) > b(t), (1 < t < o).
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Then equation (5.2.3) is oscillatory if there exists a number p satisfying 0 < p < 1
such that

1—p 3/2
lim inf £%b(t) > p, tlim inf t?c(t) > 2 (—) —p

t—o0 3

and nonoscillatory if there exists a number p, (0 < p < 1), such that

Lo\ 32
tlim sup t2b(t) < p, tlim sup tic(t) < 2 <Tp> —p.

Using the same calculations as in Theorem 5.2.1, we can show that a version of

Theorem 5.2.4 holds with singularity at zero.

Theorem 5.2.5. Suppose B(x) € C! and 2C(x) < B'(z) (0 < z < 1). Then equation

(5.2.4) is oscillatory if there exists a p satisfying 0 < p < 1 such that
3/2
.. 2 . 2 3 - p
lll%lllfx B(z) > p, hrr[l)supr B(z) 4+ 2°C(z) <p— 5 ,

and nonoscillatory if there exists a number p, (0 < p < 1) such that

1 — p\3/2
lil% supz°B(z) < p, lirr(l) inf 22°B(z) 4+ 2°C(x) > p — <Tp) ‘

Also theorem 5.2.4 holds with singularity at 0 for special case 2.

Theorem 5.2.6. Suppose (z?B(x) — 1) € C' and 2C(z) < B'(x) (0 <z < 1). Then
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equation (5.2.4) is oscillatory if there exists a p satisfying 0 < p < 1 such that

N\ 3/2
lim inf (In z)?(2*B(z) — 1) > p, ili% sup (—z*(Inz)*(B(z) + 2C(z))) < p— (ﬂ) 7

€Tr—>

and nonoscillatory if there exists a number p, (0 < p < 1) such that

o\3/2
limsup (Inz)*(z”B(z) — 1) < p, liminf (—2*(Inz)*(B(z) + 2C(z))) > p— (u) .

x—0 x—0

Theorem 5.2.7. (Hanan) [9] If c(t) has constant sign , then Z (t) + c(t)z(t) = 0, is
oscillatory if

2
lim inf £3|c(t)]| > ——
Jim nf (1) > =

and nonoscillatory if

2
tlirn sup t*|c(t)| < —=.

3v3

Theorem 5.2.7 holds with singularity at zero only for special case 1. So by the

transformation of special case 1 we have
tlc(t)] = 27° = 2°C()| = 2°|C ()]
Theorem 5.2.8. If C(x) has constant sign, then y" (z)+ C(z)y(x) = 0 is oscillatory

if

2
lim inf 22|C(z)] > ——
limyinf 2 C(0)| > ==
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and nonoscillatory if

lir%supx3|0( x)| <

3f

We proceed with an example that illustrates Theorem 5.2.8.

Example 5.2.2. Let y"(z)+C(x)y(x) = 0 where C(z) = v2°. Note that —25C(x) =

—~y2°*6 has a constant sign. Then 3" (x) + v2°y(x) = 0 is oscillatory if

llr%lnfx |IC(z)| = 111%|$6+30($)|
. 2 if §+3<0, v£0 o
—_—, 1 , T
3V/3 !
1in(1)infx3|C’(:c)| = hm 2°3C ()|

= liminf ||

2 2
> —, if 6+3=0, >
3v3 i 3v3

and nonoscillatory if

lim sup 2?|C0(x)] = lim sup |y 3|
< 2 if 0+3>0
— i , or
3V3
hII(l) sup |[yz° 3| = lir% sup ||
2
< —= f6+3=0

, < —F=
3 \/§ |7| 3 \/—
We now state the next theorem with singularity at infinity.

Theorem 5.2.9. (Kondrat’ev - Lazer) [9] Equation (5.2.3) is oscillatory if b(t) < 0,
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c(t) >0 (0 <t <o0) and if there exists a number a > 0 such that

/:O {c(t) — ?)—\2@(—()@5))3/2 dt = 0.

We show that a version of Theorem 5.2.9 holds with singularity at zero using the

transformation of special case 1. So,

b(t) = 2*B(x),

c(t) = —22°B(z) — 25C(x).

We take c(t) > 0; Hence —22°B(z) — 25C(z) > 0 < 2B(z) + 2C(z) < 0. Also,

9
3v3

/0 v {—x3(2B(:c) 4+ 20(x))

/1 ’ {_29;53(:3) 50 (a)

(—1:4B($))3/2} (—27%)dr = oo
/a

2t

—%(—B(x))?’ﬂ] dr = o

Theorem 5.2.10. Equation (5.2.4) is oscillatory if B(z) < 0, 2B(z) + 2C(z) < 0
(0 <z < 1) and if there exists a number a > 0 such that

224

- _(—B(2))*?| dx = co.
(B d

/0 v {—a:g(QB(x) +2C())

The following example illustrates Theorem 5.2.10

Example 5.2.3. Let B(z) = as” and C(z) = y2°. One can show that the assump-
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tions of Theorem 5.2.10 are satisfied. Consider the following conditions:
1. B(x) =az’ <0

2. 2B(x) + 2C(z) = 2aa® + v+t < 0

3. fol/a [m3(2axﬁ + ot + %(—axﬁ)?’/g] dx

1/a —)3/2
— fo/ [2axﬁ+3 + yzdtt %x(g’mg)/ﬂ dx

= —00

Condition 1 holds if o < 0.

Conditions 1 and 2 hold if

v<0 or
v=0, a<0

or if

g<d+1 or
v>0, a<0

B+0+1 a<n.

Conditions 1, 2 and 3 hold if

v
=0, —— <0
« 535 , or

0 B=0+1, #4+55<0, f+4<36+5 & —2<f, or
(0

B<6+1, g <0, B+4<2p+5 & —2<p.
The next theorem is for special case 2 with singularity at zero. One can follow the

same procedure as in Theorem 5.2.10 to show that Theorem 5.2.9 holds for special
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case 2. Note that

b(t) = 2°B(z)—1,

c(t) = —2*(B(z)+2C(x))

Also,

/a N [c(t)—g%(—b(t)w] i = oo
(—sz(x)+1)3/2] (—zHde = oo

—a

/e ’ {—sz(x) _0() — 3%/3

/O e [—mB(x) — 22C(x) —

—a

2
323

(1—123@))3/2} dz = oo.

Theorem 5.2.11. Equation (5.2.4) is oscillatory if (z*B(z)—1) < 0, B(z)+zC(z) <

0 (0 <z < 1) and if there exists a number a such that

—a

/Oe {—w@)—ﬁcw)— 2

31’\/3(1 — 22B(2))*?| dz = 0.

The next theorem with singularity at infinity is

Theorem 5.2.12. (Gregus) [9] Suppose b(t) € C1,b(t) < 0,¢(t) > 0 and 2¢(t) > b(t)
with equality occurring only at isolated points (1 < t < 00). If equation (5.2.3) has
one oscillatory solution, then all solutions of (5.2.3) are oscillatory except constant
multiples of one nonvanishing solution z(t); furthermore z,(t) tends to a finite limit

ast — oo.

65



Applying special case 1, with

c(t) = —22°B(z)—2°C(x),
b(t) = —a°B'(x) —42°B(x),
at) = yi(z)

yields the following theorem.

Theorem 5.2.13. Suppose B(x) € C*, B(z) <0, 2B(z) + zC(x) < 0, and 2C(x) <
B'(x) with equality occurring only at isolated points (0 < x < 1). If equation (5.2.4)

has one oscillatory solution, then all solutions of (5.2.4) are oscillatory except con-

stant multiples of one nonvanishing solution y,(x); furthermore ylx(f ) tends to a finite

limit as v — 0.
This next example considers Theorem 5.2.13 with power coefficients.

Example 5.2.4. Let B(z) = az” and C(z) = v2°. Note that B(z) € C'. We
continue by showing that the assumptions of Theorem 5.2.13 are satisfied. Consider

the following conditions:
1. az? <0,
2. 2a2” + a0t <0,
3. 2v2° < afa’ ! & 2y < afzt 10
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Conditions 1, 2 and 3 hold if & =0, v < 0 and also if

f—-1-0<0, (<0, or (6=0,7<0)

a <0 /8_1_5>O7 ’Y<O> or (ﬁﬁoaVZO)

b—-—1—-06=0, 7v<—2a, 2v<af.

\

Theorem 5.2.12 holds for special case 2 as well.

Theorem 5.2.14. Suppose 2°B(x) — 1 € C', 2*B(z) < 1, B(z) + zC(z) < 0, and
2C(z) < B'(z) with equality occurring only at isolated points (0 < x < 1). If equation
(5.2.4) has one oscillatory solution, then all solutions of (5.2.4) are oscillatory except

constant multiples of one nonvanishing solution y,(z); furthermore y;(f) tends to a

finite limit as © — 0.

Example 5.2.5. This example is an illustration of Theorem 5.2.14. Let B(z) = aa”
and C(x) = yz°. We now want to show that the assumptions of Theorem 5.2.14 are
satisfied. Clearly (z2B(x) — 1) = (az?*? — 1) € C*. We consider the following three

conditions,
1. azPt? <1
2. ar’ + vt < 0 & a < —yrt s

3. 220 < afr’ ! o 2y < afB2f10.
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Condition 1 holds if

a >0, 6+2>0 or

f+2=0 0<a<l.
\

Condition 2 holds if

0+1—-06>0, a<0, or
0+1—-p4>0, a=0 ~<0
0+1—-p5<0, ~v<0, or
0+1—-04<0, a<0 ~=0

0+1-0=0, a<—y, or

0+1—-05=0, 2v<ap.

Condition 3 holds if

0+1—-06>0 ~v<0, or
0o+1—-p>0, =0, a=0
0+1—-06<0, af>D0, or

0+1—-06<0, af=0, <0

0+1—-05=0, 2v<ap.

Since all the assumptions of Theorem 5.2.14 are satisfied then the conclusion of the

theorem holds.
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Theorem 5.2.15. (Lazer) [9] Suppose c(t) € C?,b(t) < 0,¢(t) > 0 and

Then the conclusion of theorem (5.2.12) is valid.

We again use the transformations for special case 1 to show that a version of Theorem

5.2.15 holds with singularity at zero.

Note that for special case 1

=0« 20B(z) + 22C(x)

Y

[\

S

—

~

S~—
-

1

‘ —

| IS |
A

—2B(x) 1 -
[_ 205 B(z) + 25C(x) =0

. i /
where [?ﬂ)} = [ﬁ] (—2*)™2 - 22 [ﬁ} .
Theorem 5.2.16. Suppose —z°(2B(z) + xC(z)) € C?, B(x) < 0, 2B(x) + 2C(x) <

0 <, and

—2B(x) 1

21‘3(1‘) + :L'2C(x) + _21-53(1.) + 1'60(56) < 0, (0 <z < 1)

Then the conclusion of Theorem 5.2.13 is valid.

Theorem 5.2.17. (Svec - Villari) [9] If b(t) = 0,c(t) > 0, and (5.2.8) has one

oscillatory solution, then every nonoscillatory solution tends to zero as t — oo.

Theorem 5.2.18. If B(z) = 0, C(x) < 0, and y"(z) + C(x)y(xz) = 0 has one
oscillatory solution, then every nonoscillatory solution tends to zero as x — 0.
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Example 5.2.6. Let C(x) = v2°. Note that y2° < 0 if v < 0. If the assumptions
of Theorem 5.2.18 are satisfied then every nonoscillatory solution tends to zero as
z — 0, that is 22 — 0 or y(z) = o(1)a?2, if y"”(z) + C(x)y(z) = 0 has an oscillatory

x2

solution. Let C(z) = —%5. Substituting C(z) into y”(z) + C(z)y(z) = 0 we have

6
y"(z) — Ey(x) =0. (5.2.5)
We can solve (5.2.5) by letting y(z) = 2. Differentiating y(z) three times we get
y"(x) = o(0—1)(0—2)x° 3. Substituting y(x) and y" () into (5.2.5) and simplifying
we obtain 0® — 302 + 20 — 6 = 0. Solving the third degree polynomial we get 0 =
3,0 = +iv/2. Hence, the three linearly independent real valued solutions of (5.2.5)

are

y1(z) = 2%, Yo () = cos(v2Inx) and ys(x) = sin(v2In ).

Therefore, (5.2.5) has two oscillatory solutions, i.e. ys(z),ys(z), and one nonoscilla-

tory solution y;(x) so that ylx—(f) tends to zero as x — 0.

Theorem 5.2.19. If2’B(z)—1 =0, C(z) < —% andy"” (z)+B(z)y'(z)+C(z)y(z) =
0 has one oscillatory solution, then every nonoscillatory solution tends to zero as

r — 0.

Example 5.2.7. This example illustrates Theorem 5.2.19. Let B(z) = 1/2% and

C(z) = y2°. We now need to show that the assumptions of Theorem 5.2.19 hold.
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Consider the condition

73:5 < -7 v < —g 7379,

The above condition holds if

0=-3, v<-—1, or

0 < =3, v < 0.

Note that if 6 > —3 the condition does not hold because it is impossible to find a

condition on 7.

Theorem 5.2.20. (Lazer) [9] Suppose b(t) < 0,c(t) > 0(0 < t < o0) and [~ t*c(t)dt =
oo for some a > 0. Then if (5.2.3) has one oscillatory solution, every nonoscillatory

solution tends to zero ast — oo.
Theorem 5.2.20 leads to the following two theorems.

Theorem 5.2.21. Suppose B(z) <0, 2B(z) +2C(x) <0 (0 <z < 1) and
1/a
/ (22B(z) + 2°C(z)) dz = —0
0

for some a > 0. Then if (5.2.4) has one oscillatory solution, every nonoscillatory

solution tends to zero as x — 0.
The following example illustrates Theorem 5.2.21.

Example 5.2.8. Let B(r) = % and C(x) = I—% Clearly, B(z) = % < 0if a <0,
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and 2B(z) + 2C(x) < 0 if 2o < —f3. Since 2ac + § < 0 then

1/a 1/a
/0 (QxB(J:) + xQC’(x)) dr = (2a+ ﬁ)/o é dx

= (2a+f) lnx|(1)/a = —00.

Theorem 5.2.22. Suppose z°B(x) < 1, B(z) + zC(z) <0 (0 <z < 1) and

—a

/06 (Inz)*(zB(z) + 2°C(x))) dz = —o0

for some a > 0. Then if (5.2.4) has one oscillatory solution, every nonoscillatory

solution tends to zero as x — Q.

Theorem 5.2.23. (Lazer) [9] If b(t) € C*,b(t) < 0,¢(t) < b(t) and

/OO b(t) — c(t) — F(—b(t))?’m dt =0

has two linearly independent oscillatory solutions.

A version of Theorem 5.2.23 holds with singularity at 0 for special case 1 and

special case 2.

Theorem 5.2.24. If B(x) € C', B(z) <0, 2C(x) > 2B(x) + zB'(x) and

224

= (=B(x))*?| dx = oo
+ oo B@)| d

v 23 (2C(x) — 2B(x) — 2B'(z))
[

for some a > 0 then equation (5.2.4) has two linearly independent oscillatory solu-
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tions.
Theorem 5.2.25. If (z?B(z) — 1) € C!, 2?B(z) < 1, 2C(z) > B(z) + zB'(z) and

—a

21

/0 [:c(a:C(x) — B(x) — zB'(x)) + 3\/3(1 — 22B(z))*?| dz = o0

for some a > 0 then equation (5.2.4) has two linearly independent oscillatory solu-

tions.

Theorem 5.2.26. (Jones, G.) [6] If 2¢(t) — b(t) is of constant sign having only

isolated zeros, then equation (5.2.3) is oscillatory whenever

15 oscillatory.

Note that for special case 1, we have

2¢(t) — b(t) = 2(=22°B(z) — 2°C(x)) — (—2°B'(x) — 42°B(z))

= 2°(B'(z) - 2C(x)),

so that a version of Theorem 5.2.26 with singularity at 0 is:

Theorem 5.2.27. Consider equation (5.2.4). If B'(x) — 2C(x) is of constant sign
having only isolated zeros, then equation (5.2.4) is oscillatory whenever y"(z) +
2*B(x)y(z) = 0 is oscillatory.

1
4
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Example 5.2.9. Let B(z) = 2 with ¢ > § and C(z) be any function such that

1
4

C(z) > 0. Then

2%(B'(z) — 20(x)) = 2%(—24cx™" — 20(x)) = —24cax™ — 225C(z)

is of constant sign. Substituting B(z) = 2 into y”(z) + }2*B(z)y(z) = 0 and

simplifying we get an oscillatory Euler differential equation

y'(z) + = (z) = 0. (5.2.6)

One can solve (5.2.6) by letting y(z) = x?. Differentiating y(z) twice we have y"(z) =
o(o—1)27 2. Substituting y(x) and its second derivative into the differential equation
(5.2.6) and simplifying we obtain 02 — o +c = 0. Solving the quadratic equation we get
&T@. Since ¢ > }l then o = %. Therefore, the two linearly independent

g =

real valued solutions of (5.2.6) are

yi(x) = 2% cos BIn z, and yo(x) = 2% sin BIn z

where 3 = v/4c — 12. Note that y;(z) and yo(z) oscillate ”infinitely rapidly” near the

origin as * — 0.
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For special case 2, we have

2¢(t) — b(t) = 2(—2’B(z) —2°C(z)) — (—2*B'(z) — 22°B(x))

= 2°(B'(z) - 2C(x)),

so that a version of Theorem 5.2.26 with singularity at 0 is:

Theorem 5.2.28. If B'(x)—2C(z) is of constant sign having only isolated zeros, then

equation (5.2.4) is oscillatory whenever y"(z) + 1 (2?B(z) — 1)y(z) = 0 is oscillatory.
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Chapter 6

Canonical 3rd Order Differential

Equations

In this chapter we introduce a general third order differential equation considered by
Barrett [1]. We show that the general transformation of Chapter 5 can be used to
transform Barrett’s equation into one of the same form. The third order canonical

form of Barrett is

Lly] = {r2[(ry'(2))" + quy(@)]} + ¢2(r1y/(x)) = 0 (6.0.1)

where r1,72 >0, ¢1,q0 € C(I), I = (0,1).
Remark: The differential equation (6.0.1) is more general than (5.1.1). This can be
shown by the following Lemma from Barrett [1].

Lemma 5.1 [1]
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Any classical third order equation

y" () + pr(x)y" (z) + p2(2)y'(z) + p3(x)y(x) = 0;  pi€C(I),

can be expressed in the canonical form (6.0.1) since it is equivalent to

(s(2)y"(2)) + s(@)pa()y () + s(@)pa(x)y(x) = 0; s =el",

and

where r1(z) = 1,7m2(x) = s(z),qi(z) = [ s(@)ps(x) dz, and g(x) = s(x)p2(x) —
[ s(x)ps(x) dx.

Let yt = r1y/ and y@ = ry[(r1y) + quy] = r2[(yM) + quy).

Hence the equation (6.0.1) is equivalent to a special case of the first order vector-

matrix equation:
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Thus,

— — / — — — —
y 0 1/ 0 y
y[l] — _ql 0 1/7’2 y[l]
yt 0 —q¢ O y

We now want to transform equation (6.0.1) by using the general transformation of
chapter 5 .
Let y(z) = pu(x)z(t),t = f(x), f'(x) = v(x). We seek 71,72, q1, G2 so that Ly] = 0 if
and only if

Llz] = {R[(f12) + @2l} + @iz = 0. (6.0.2)

Equation (6.0.2) will have the same matrix form as Y with 2l = 7,2, 2 = 7[(72) +

¢1z]. We expect a linear relation

Y =FZ, Z = [z, T F(z) = (fi;(2)), fii € C(I).

It is clear that Fi3 = p, Fia = Fi3 = Fy3 = 0. We differentiate y(x) = p(z)z(t) and

we get ¢/ () = (' (x)z(t) + p(z)y(x)2(t). Multiplying 3/(x) by r; we obtain

iy’ = (@) 2(8) + rop(e)y () 2(2).
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We should take Fy; = ri/ since y[l] =nry = Foz+ Faozl1. We will try to construct

F with Fy = 1 and determine Fjq, F3o, F33 labelled a, b, c. Thus,

Y w00 z
gl | =1 rmpy 10 21
e T

Since Y = FZ thenY' = F'Z + FZy =AY = AFZ.
Therefore, Z = LFTUAF - FZ = AZ,

where we have calculated

1 0 0
I
Fl=| w1 g
”w
rip’b—a b 1
| ue c ¢ |
From ~ _ _ _
0 &+ 0 w0 0
A= —q 0 % ) F= rig 1 0 |
0 —q O a b c
we have
0o 1/ 0 T4 0 0
A=1 g 0 1/f |, and  F'=| (uy 0 0
0 —¢g O a v
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Note that Z = [2, 20, 217 Z = [z, [V, 28]T and Z = AZ. We now compute A =

LF=1AF — F'] to be
>

0 L 0
1(_ _ N L a b _c
ol < DH (ﬁu) + 7’2) Y2 Y T2

1 1 (b b2 b
Llo(an—2+0w)) —qru —a| L(% -2 —g-v) it

GENERAL CASE:
In this case we want to find a, b, ¢ so A has the required structure and compute

71,72, 1, 2. We begin by renaming the above matrix; B =

0 1 0

1 b
3 (o= () + ) w4 =

a / a 2 o
(=t ) o =] L (4B b))

0 1/ 0
Recall we seek A = R
0 —¢g O

In order to find a,b, ¢ and compute 7,7, §;, Go we need to show that matrix B has
the same structure with matrix A.

The matrix B has the same structure with matrix A if

a1 = by «——0=0
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. 1 1 .
(12 = by — — = — ' =yur

(&1 YHUT1

a13 = b1z +—0=0

! b !
67222522%—& —i——:()%b:mu
Vo YT 1
_ 1 c . T2
(g3 = bog +—— — = — «—— Ty = —,
T2 YTra C

One can find ¢ by considering

_ b d
ag3 = bgz «—— — = ——.
T2 Cc

Thus ¢ = l% and 7y = yurs.

From C~L31 = b31 we have

1 a
— [b (ql,u -+ (Tl,u’)’> — qori | — a/] =0.
e T2

Multiplying both sides by ¢, substituting b = TQT“/ into the above equation and
simplifying we get

(ap)" = roqup’ e — rigop 4 ropd (rpd)'.

Integrating both sides of the above equation we can solve for a. Hence

1

a= m / (W' p(raqn — 11g2) + rop/ (r)') d.
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From as; = by; we have

a
ot = .
T2

=~

—G =
Substituting a into the above equation and simplifying we get

1
—q1 = [_Chu — (rp) + ,uT / (1 p(raqy — 11G2) + rop/ (r14")") dx} .
2

1
~

Finally, from the last entries azs = b3s we have

N 1 (u’b a b ,)
—p=— (-,
e\ M g T2

We now substitute a, b, b’ into the above equation and after long calculations we get

1 [ro(p)? 1
- [M — (ropt) — qopt — — / (1 p(ragqy — 71g2) + ropt’ (rapt')') da|
L ow "1f

Summarizing,

1
a = ;/(M/M(Tz(h—T‘1Q2)+7”2M/(7“1#/),) dr
b — 7"2M/
i
1
c = — 6.0.3
. (6.0.3)
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L = Yur

. 1 1
~ = - [—qlu — (rp) + — / (W p(raqy — m1ga) +ropd/ (rpd')') dm}
Y pr2
B 1 r 2 1
—(y = — [ 2(14) — (rop) — qopp — — / (1 pe(raqy — r1ge) 4 rop’ (r1pd)") dx}
YL oK TiH
R (6.0.4)

SPECIAL CASE: Self-Adjoint

If the equation (6.0.1) is self-adjoint, that is r; = 5 and ¢; = g9, then (6.0.1) becomes

Lyl = {ri [(ry") + qyl} + au(ry’) = 0. (6.0.5)

Following the same procedure as in general case one can find a,b,c and compute

71,72, (1, o for the special case. From the general case we have

1
a = ; / (' p(raqr — r1ga) +rop' (rip')') do
/
b — b
W
1
c = —
L
L= ypr
To = 7Yure
~ 1 "N/ 1 / / ay
@ = — |~qp— (rp) + — | (W plreqr — r1g2) + rop/(rip)’) do
v prs
_ 1 r N2 1
—qy = — [ 2(14) — (rop) = qopp — — / (1 p(raqy — r1ge) 4 rop (r1pt)") dx} :
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Since r; = 79 and ¢; = g2 then the above equations become

24

p o= I
i
1

c = —
1

L= ypry

Ty = YUT2

~ 1 [ N/ 1 / 1AV

—@i = —|=qp—(mp) +— [ rp'(rip) do
7L )
1] 1 o )?
= g ey + 2 (S

7L ) 2

. 1 [ra(p)? 1

—qy = — 2(:“) . (TQM/)I—QQ,M— _/TQM/<TQMI)/ dl"|
TLOH VY
1 [ra(p)? 1 rop’)?
YL OM Sy 2
where k is a constant. Therefore the transformed system Z = AZ with Z =

2, 200 2207 and Z = [z, 21U, 227 is

0 ! 0
THT1
r 7\2
P (247 = ) -k ) 0
ro(u')?
0 (- ) = gg) 0

Note that the transformed system is also self-adjoint if we choose k& = 0.
General Subcase 1:

In this case we use the general transformation of chapter 5 but let u(z) = 2? and
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t = 1/x. Note that 0 < = < 1 and 1 < t < oco. We again want to find a,b,c
and compute 71,7, §1, ¢2. Since a, b, ¢ are known from the general case then we just

substitute p(x) = x? into (6.0.3) and we simplify,

a = — (2x3(7“26h — T1¢2) + 2x7‘2(2xr1)’) dz
p _ 22

x

1
c = ﬁ

—@i(t) = a(@)a’ +2*Q2ari(z))

1
2 ()

—@(t) = qz)z* +22(2zry(2)) — 42”ry(2)

<

/ (22%(ra(2)qn () — r1(2)q2(2)) + 2212 () (2211 (2))') dz

1

r1(z)

| @2 @)n @) - n@)e@) + 20ma() @ (@) da.

Special Subcase 1: Self-Adjoint
In the previous case we found a, b, c and 71,79, ¢1, Go when y(x) = 2?2(1/x). In this

case we consider the same transformation as in the previous case but let r; = 5 and

85



q1 =4q2:

a = 2r%+£
po— 1
¢ =
Al = —n(@)
Al = —nl@)
“0(t) = w0+ 2 @) - s e () + 4

1

r1(z)

—@(t) = qz)z* + 22 (22ry(x)) — 4a?ry(z) + [Z(xrg(x))2 + k;] )

Therefore, the transformed system is also self adjoint if we choose k = 0. General
Subcase 2:

Let y(z) = p(z)z(t) where pu(zr) = = and ¢t = —In(x). Note that 0 < = < 1 and
1 < t < oo. Following the same procedure as in general subcase 1 we can get a,b, ¢

and 71,79, ¢1, G2. Hence,

1
a = E/[:c(rgql —T1q2) + rory] dz

h o= 2
xz
|

c = —.
Xz
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Recall that Z=AZ with Z =20 2T 7 = [z, 211 27T and

0 1/f 0
A=1-a 0 1/n

0 —g¢ O
Thus, i
nt) = —ri(z)
ra(t) = —ra(z)

Special Subcase 2: Self-Adjoint
In this case we consider a, b, ¢ and 71, 79, 1, o from the general subcase 2. Let r; = ry

and q; = ¢». Applying this condition into a, b, ¢ of the previous case we get

1
a = %(Tf—l—%)
b= L

T

1
c = —.

X
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We also apply the same condition into 71, 79, g1, Go :

7:1 (t) = —InM (ZE)
fg(t) = —TQ(ZL')
—q(t) = 2°q(x) +ari(z) — 2r21(x) (ri(z) + 2k)

Therefore, the transformed system is also self adjoint if we choose k = 0.
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