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Abstract

The Box Structure Method (BSM) is a process of stepwise refinement and verification
that derives a system design from a specification. The final product of the BSM is a usage

hierarchy of data abstractions in which each abstraction is defined in three distinct forms:

black box, state box, and clear box [1, 2, 3]. This dissertation recasts and extends BSM into a

formal method of syntax, semantics, principles and methods called the Box structure
Development Method (BDM). The goals of BDM are to enhance the rigor of software
specification, design and verification in box structures and to make the process more tractable,

predictable and repeatable.

BDM provides formal definitions of well-formed types, black boxes, state boxes, clear

boxes, and systems. Mills’ original mathematical model for box structures is extended such
that (1) the domain and range of a box are defined as the Cartesian products of domains of
data types, (2) a well-formed domain predicate is added to the black box and state box to
allow definition of partial functions on the "virtual domain," and (3) a well-formed mapping
predicate is defined as a characteristic function for the black box and state box functions.

Equivalence relations among stimulus histories, a theory of canonical stimulus
histories, the relationship between canonical histories and states, and other mathematical
properties holding among the black box, state box and clear box have been defined and
studied. As a result, theorems have been established to provide insights and procedures for
stepwise box structure expansion in routine software engineering practice.

BDM contains a structured specification method for the specification of complex
systems. The method provides for a stimulus history-based description, a canonical history-

based description, domain partitioning and a specification hierarchy of black boxes.



Theorems are provided to support systematic verification of completeness and consistency for

such structured specifications.

The four fundamental principles of the Box Structure Method, i.e., referential
transparency, transaction closure, state migration and common services are treated formally.
Transaction closure is subsumed in completeness and consistency. Referential transparency is
treated as the substitutability of equals for equals. State migration is tied to a discipline of
user interfaces and data accessibility. Finally, the principle of common services is formalized

for both function and data abstractions.
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Chapter 1

Introduction

1.1 Formal Methods in Software Engineering

A formal language is comprised of a set of symbols and a formation syntax, together
with an interpretation. A formal system consists of a formal language and a deductive
apparatus of axioms and inference rules [4]. When formal systems are applied to practical
ends, artifacts of a system or a process in the real world are represented and manipulated as
abstract strings of symbols. Structures, behavior and new facts are derived by analysis and
reasoning within the formal system. Formal methods are mathematically-based techniques to
assist in the process of system development. A formal method has a mathematical basis, such
as a formal language or a formal system, and a set of principles and procedures. Formal
methods have long been the mathematical foundations of engineering disciplines.

Software engineering is a relatively new discipline for the application of science and
mathematics to software specification, design, verification, certification, and management.
Formal methods were originally developed and practiced only by academic and research
institutions. Today, there is growing interest in formal methods for real problems on an
industrial scale [4].

Formal methods provide frameworks within which software engineers can specify,
design and verify software systems in a mathematical and systematic, rather than ad hoc,
manner [5]. When a formal method is used in specification, the formal specification is precise

and unambiguous. Such a formal specification is subject to mathematical reasoning about its



completeness and consistency so that errors can be detected in the early specification phase.

The formal specification also provides a basis for verifying the implementation. When a
formal method is used in design, the quality of system design can be reasoned based on
theorems reflecting engineering principles such as referential transparency, transaction closure,
state migration, and common services. Design flaws can be revealed early in the development
process that otherwise might persist in testing and be released to field use [S]. When a formal
method is used in verification, the correctness of the software system can be verified through
mathematical argument of the equivalence of the specification and the implementation. The
advantages of using formal methods in specification, design and verification have been
discussed in detail in Meyer [6] and Scharbach {7].

The use of formal methods in software development dates from the work of Dijkstra
(8, 9], Hoare [10, 11], Mills {12, 13], Parnas {14, 15], and others in the 1970s. Two broad
classes of formal methods are model-based methods and property-based methods. Using
model-based methods, a system’s behavior is defined directly by constructing a model of the
system in terms of mathematical structures such as sets, relations and functions. Using
property-based methods, a system’s behavior is indirectly defined by stating a set of properties,
usually in the form of a set of axioms, that the system must satisfy [5]. ANNA, Trace
Assertion, VDM, and Z are examples of the better-known formal methods.

ANNA, Annotated Ada, is a language extension of Ada that includes facilities for
formally specifying the intended behavior of Ada programs [16]. The central specification
concept in ANNA is the declarative annotation which is a generalization of the constraint
concept in Ada. The formal annotation that defines the function for a program module is a set

of axioms in first-order logic. ANNA is a specification language rather than a development




method. It is designed to augment Ada with precise machine-processable annotations so that

well-established formal specification methods can be applied to Ada programs [17].

The Trace Assertion technique for module specification was originated by Parnas [18,
19]. In a trace specification, a module’s behavior is defined in terms of traces of procedure
calls and return values from those calls. A trace specification consists of a set of axioms to
constrain an equivalence relation on input traces, a set of canonical traces representing
equivalence classes, and the output mapping for each canonical trace.

The Vienna Development Method (VDM) [20, 21] was developed at the IBM Vienna
Research Laboratories during the 1970s. VDM is a model-based formal method of software
development that includes formal specifications and rigorous correctness arguments in design.
Strongly influenced by Dijkstra’s predicate calculus based method of procedural programming
[9], VDM defines the notion of proof and axiomatizes the basic theories, such as logic,
functions, maps, sets, sequences, and data types [22]. It supports top-down system
development through data refinement and operation decomposition [23].

The Z notation [24] is a formal specification language developed during the early
1980s by the Programming Research Group at the Oxford University Computing Laboratory.
It is a model-based approach that uses set theory and first-order predicate logic as a
specification language. Z is building on the success of VDM and is similar in some respects
to VDM. A distinctive feature in Z is the decomposition of a specification into small pieces
called schemas. The schema calculus of Z allows combination of small schemas by
propositional connectives to form complex specifications [25].

The distinctive features of Z facilitate the simplification and clarification of
specifications. However, they are completely irrelevant in the design phases of system

implementation, for which the notation, concepts and methods of VDM are more appropriate



[26]. Thus, Hoare advises using each notation for its primary intended purpose: Z for

specification and VDM for development. Others proposed various refinement calculi to be

used with Z to support the whole development cycle [27].

1.2 Box Structure Method

In the search for solutions to the "software crisis,” Cleanroom software engineering
[28, 29] has emerged as a process capable of producing high quality software with certified
reliability under statistical quality control [30-32]. Recognizing this, Gruman [33] reported
that Cleanroom was proposed as a solution to software quality, reliability, and safety problems
by a US congressional subcommittee’s staff report [34] on federal software procurement and
development. Interest in the Cleanroom software engineering process continues to grow.

Cleanroom uses the Box Structure Method (BSM) for software specification, design,
and verification. BSM is a process of stepwise refinement and verification that derives a
system design from a specification. The method is "based on a usage hierarchy of data
abstractions in which each abstraction is defined in three distinct forms: black box (BB), state
box (SB), and clear box (CB). Each of these three box structures defines identical external
behavior, but with increasing internal visibility" [2].

The black box is "an external view of a system or subsystem that accepts stimuli, and
for each stimulus, produces a response before accepting the next stimulus. Each response is
uniquely determined by its stimulus history" [2].

The state box is "an intermediate system view that defines an internal state, namely an
abstraction of the data stored from stimulus to stimulus” [2]. A state box uses the internal

state "to determine the next state and response for each stimulus. The abstract state can then




be distributed in any way desired between the state and the transition behavior of the state

box" [3]. A state box has an internal black box.

The clear box gives a procedural description for the intenal black box of its state box.
The clear box may use next-level black boxes, and will use one or more of the four basic
control structures: sequence, alternation, iteration and concurrency [2].

BSM, then, provides three views of a software system: the black box view, a
sequence-oriented description; the state box view, a state-oriented description; the clear box
view, a procedure-oriented description. This multi-view paradigm enables specification with
no implementation bias and seamless derivation of an implementation from the specification
through a usage hierarchy of boxes. BSM provides a framework for an integrated formal
method to cover the three major aspects of software development (specification, design and
verification) and thus can potentially provide all features offered by Z and VDM combined.

Skillful use of BSM is key to the success of Cleanroom. Current BSM and its box
description language (BDL) [1] are based on Pamas’ usage hierarchy of modules [35] and
Linger’s function-theoretic design and verification method for structured programming [36].
While BSM and BDL provide a framework for software development, the method requires
completion in some details and enhancement in some aspects to support a practical and
repeatable process. Experience has shown that it is difficult to use BSM successfully, and |
there is little uniformity of process or product among those who have used BSM successfully.

The major issues to be addressed are as follows:

M BSM lacks formal definition of key concepts, such as black box function, state box

function, state migration, and clear box function.




(¥)) There is no concept of “application interfaces” to regulate the syntax of the three

views. Explicit control is needed over the external views of BB, SB, and CB, and also the
relationship between the external view and the internal view of the SB and CB.

3) BDL does not have formal syntax and semantics for BB and SB function descriptions.
The language for defining the function of a system (top-level black box) and all its lower-level
black boxes and state boxes is the choice of the developer. Very often, natural language is
chosen and used in a way that lacks the precision required to support rigorous specification,
design, and verification. Moreover, designs must be translated into a computer-executable
language.

“) BSM does not provide techniques for stimulus history analysis and use in black box
specifications. Such techniques are needed since the essence of the black box is the external
view of a system expressed solely in terms of stimulus histories.

&) BSM approaches specification of complex systems, whose behavior can hardly be
specified in full detail on one level, in a usage hierarchy; however, little help is given for the
huge task of managing the degree of abstraction or detail revealed at each level.

(6) BSM has four basic principles: transaction closure, referential transparency, state
migration and common services for quality software development. However, little assistance is
given in exploiting the wisdom in these principles.

Formal definitions and procedures are needed in order to redress these difficulties and
make BSM more effective, i.c., make its use more predictable and repeatable, in Cleanroom
projects.

Several efforts to extend the formality and power of the current BSM have been made.
Fetzer and Poore integrated BSM with Z notation [37]. They proposed a two-stage

specification which used informal language for the black box specification and then used the Z



notation for state box specification. Z provides a rigorous, formal language for the inner

syntax of state boxes. However, since many boxes in a system don’t need a state box, the
two-stage specification strategy leaves these boxes without a formal specification.

Deck [38] introduced a taxonomy of black box semantics based on properties of the
system to be specified. Three classes of semantics are defined for systems of increasing
complexity in their interactions with other systems in the execution environment. Addressing
the relationship between the application system and the execution environment is an important
step, but descriptive syntax and semantics remain to be defined.

Several design languages for BSM, such as CDL [39], Design C [40], and Ada Design
Language [41], have been proposed. In each case, existing BSM artifacts are cast to
meaningful form in the target programming language. The unification of BSM outer and inner
syntax under C or Ada eliminates the translation from BSM design to the target programming
language. However, none of these efforts has provided solutions for the above problems.

Poore has proposed a concept called Pragmatic Box Structures (PBS). The application
of BSM leaves a large gap between an abstract system design and its implementation as code
executing in a specific programming language and operating system environment. This
concept is to recast BSM to take implementation environments into account. The concept is
currently under study.

Although there is much research on BSM, no formal and comprehensive expression of
BSM exists. A formal method for box structures would permit rigorous treatment of key
concepts in box structure software development, and unify the currently diverging practice and

extension of BSM.



1.3 Overview of BDM

This dissertation presents the foundation for a formal Box structure Development
Method (BDM) which is an integrated system of syntax, semantics, principles and methods for
rigorous software specification, design and verification in box structures. The thrust of this
research is to propose formal definitions of key concepts and artifacts of BSM, to reveal new
insights about BSM, to provide theorems and methods applicable to the daily work of BSM
practitioners, and thereby to improve both software engineering theory and practice.

BDM is a function-theoretic method for software development using set theory and the
first-order predicate logic. BDM was influenced by formal methods such as VDM, Z, and the
Trace Assertion Method. BDM is based on the original BSM by Mills [1] and has adapted
fundamental ideas from Linger [36]. However, BDM has its own originality and distinction.

BDM provides formal syntax and the semantics of well-formed formulas, types, black
boxes, state boxes, clear boxes, and software systems. Key concepts of box structures have
been formally defined, such as partial black box functions, the domain and range, null
responses, and the mapping. Mills’ original mathematical model for box structures is extended
such that:
¢)) the domain and range of a box are defined as subsets of Cartesian products of data
types,

2 a well-formed domain predicate is introduced for the black box and state box to allow
definition of partial functions,

€)) a well-formed mapping predicate is defined as a characteristic function for the black
box and state box function, and

“@ the concept of application interfaces is introduced formally.



The relationships between the function application interface and the function definition

of boxes is addressed so that well-formed BB, SB and CB correctly model the real-world
phenomenon of software usage and behavior. Because of the unrestricted form of BB and SB
definitions in BSM, the state machine behavior of (Stimulus, Old state) — (Response, New
state) was often considered as the state box function, which creates a syntax discrepancy of
box interfaces in the usage hierarchy. In BDM, BB, SB and CB are defined to have
syntactically identical external function views and they can be substituted one for another in
specification and design. The extemal function views of state box and clear box are then
represented by their internal well-formed black boxes that carry out the state transition and the
response generation. Thus, the dilemma of interface in usage hierarchy has been resolved so
that black boxes can be used in higher-level clear boxes, and later they can be replaced by
their clear boxes. Such separation and substitution between black boxes and their clear boxes
are very important to team development and stepwise derivation of a system implementation
from the specification. BDM provides a uniform framework for software specification, design
and verification in box structures; a rapprochement between mathematical concept and
expression of software design.

Since the essence of the black box is its external view of a system expressed solely in
terms of stimulus histories, BDM provides a list notation and a utility set of primitive list
functions for representation and analysis of stimulus histories (SH) and their subhistories.
Equivalence relations among stimulus histories and the concept of canonical stimulus histories
(CH) are introduced. Mathematical properties of relationships among stimulus histories and
their canonical histories are studied to provide insights and alternatives for black box

specifications.




A structured specification method is proposed so that a complex system can be
specified in a top-down, stepwise, function presentation manner. The method provides an SH-
based description, a CH-based description, a domain partitioning and a specification hierarchy
of black boxes in one of two forms of standardized black boxes. SH-based descriptions define
black box mappings directly in terms of stimulus histories and their subhistories using BDM
list notation and primitive list functions. CH-based descriptions are a specification approach in
which a canonical form for the black box is first defined, and then the black box mapping is
defined in terms of canonical stimulus histories. Domain partitioning allows the black box
function to be presented as a composition of a set of subfunctions corresponding to a response-
based partition on the black box domain. Total case predicates and partial case predicates are
introduced to facilitate domain partitioning and the mapping definition for piece-wise
constructed functions. A specification hierarchy enables a usage hierarchy of black boxes
where higher-level black boxes describe the general structure of the system and lower-level
black boxes describe more detailed mappings. A specification hierarchy supports synthesis of
systems by extensive reuse of existing boxes.

The concepts of completeness and consistency are defined for specifications.
Theorems are provided to support systematic verification of completeness and consistency for
structured software specifications. The central ideas behind the verification theorems are:

Q)] to prove completeness and consistency by verifying a finite number of subfunctions
defined by domain partitioning, and

2) to prove these properties for a large and complex BB specification by proving the
properties for a set of smaller and less complex (lower level) black boxes.

State encapsulation from stimulus histories is explored. The relationship between

canonical stimulus histories and states is analyzed. Theorems about state encapsulation
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provide theoretical guidelines for determining whether states should be images of a one-to-one

mapping from canonical stimulus histories or an optimal aggregation of canonical stimulus
histories. Various mathematical properties and relationships among BB, SB and CB, such as
state migration, total state encapsulation, partial state encapsulation and the conservation of
state space during state migration, are studied. Theoretical insights and actual procedures are
provided for state box design. A new approach to state box verification has been proposed
wherein the state box is verified directly against its black box instead of the BSM derive-then-
compare approach. The new approach avoids the difficulty of reverse mapping from state to
stimulus histories and also eliminates the extra derived black box for every state box.

BDM formally defines and incorporates the four fundamental principles of the Box
Structure Method, i.e., referential transparency, transaction closure, state migration and
common services, so that box structure designs reflect these principles.

BDM'’s clear box inner syntax uses C++ syntax [42]. This facilitates BDM support of
object-oriented phenomena such as class definition and inheritance. The files containing a box
structure design are C++ source files as well as BDM design documents. There is no separate
translation from BDM design into C++ code. The unification of outer and inner syntax makes
possible a seamless transition from specification to design to code.

The remainder of this dissertation is organized as follows. Chapter 2 describes the
BDM formal language which contains formal symbols, terms, well-formed types, well-formed
formulas, well-formed black boxes, well-formed state boxes, well-formed clear boxes, and
well-formed systems. Chapter 3 presents black boxes. Black box semantics, stimulus histories
and canonical forms, the structured specification method, and the black box verification
theorems are presented. Chapter 4 presents state boxes. State box semantics, state

encapsulation, state migration, state box design and verification are presented. Chapter 5

11




presents clear boxes. Clear box semantics, prime control structures, function decomposition

and clear box verification are presented. Fundamental design principles of referential
transparency, statc migration, and common services are formally stated. Chapter 6 gives the
summary role of BDM in computer science and software engineering, summarizes the
foundation that has been established and suggests future research and development issues in
formal methods of software development using box structures.

Appendix A contains four examples, Stack, BirthdayBook, MinManAvg12 and
SumOfSquareSinceReset. Appendix B is the list of BDM reserved words.

The foundation of BDM has been developed while designing ten increments of a
software system, approximately 25,000 lines of C in total. Various interpretations of BSM
were used, with each increment involving experimentation to solve problems that arose in

applying BSM. BDM has evolved from the insights gained throughout this work.
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Chapter 2

The BDM Formal Language

BDM uses the first-order predicate logic and set theory [43, 44] for function
specification. This chapter presents the syntax and semantics of the part of the predicate logic
that is essential for the BDM version of software development in box structures. The syntax,
semantics and calculus of BDM basically follow Loeckx and Sieber [43]. A few formal
expressions beyond standard mathematics are added, such as case terms, partial case
predicates, and total case predicates, to facilitate box specification, design and verification.
This chapter also describes two kinds of well-formed types, abstract types and concrete types.
An important abstract type, list, with a set of operations is defined.

Backus-Naur Form (BNF) [45], is used to define the syntax of the BDM language. A
few adjustments were made to BNF to make the syntax definition more‘readable. Nonterminal
symbols are delimited by angular brackets < and >, while terminal symbols are not. The
symbol :=, read as "may be composed of", is used for each production rule. Symbol |, read as
“or", is used to combine multiple production rules for the same nonterminal symbol. Slanted
braces { } are used to indicate repetition, e.g., { X } denotes zero or more OCCUITences of the
sequence of symbols x. Slanted square brackets [ ] are used to enclose optional symbols.

BDM'’s clear box inner syntax uses C++ syntax, and some lexical and sentential syntax
of BDM is defined by C++ syntax. Any non-terminals with "C-" prefix are C++ language

parts and its definition can be found in Ellis and Stroustrup {42]
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2.1 Formal Symbols

<formal-symbol> := <reserved-identifier> | <identifier> | <variable-symbol> | <function-
symbol> | <predicate-symbol> | <logical-symbol> | <quantifier> | <punctuation-
symbol>

<reserved-identifier> := <BDM-reserved-identifier> | <C-reserved-identifier>
<BDM-reserved-identifier> := See Appendix B

<identifier> := <letter> | <identiﬁér><leuer> | <identifier><digit>
<letter>:=_lalbl..lzIAIBI.I1Z]I
<digit>:=0111..19

<variable-symbol> := <identifier> | <identifier>* | @<identifier> | $

<function-symbol> := <constant> | <n-ary-function>

<constant> := * | ¢ | € | ® | <identifier> | <integer-constant> | <real-constant> | <char-
constant> | <char-string-constant> | <C-literal>

<integer-constant> := [+]<digits> | -<digits>

<digits> := <digit> | <digits><digit>

<real-constant> :

<integer-constant>.<digits>
<char-constant> := ’<ascii-character>’
<ascii-character> :=\000 {1 \001 | .. I\177
<char-string-constant> := "<char-string>"
<char-string> := <ascii-character> | <char-string><ascii-character>
<n-ary-function> := <identifier-function> | <operator-function>
<identifier-function> := <identifier>

<operator-function> := 7 | dom | ran | A | <arithmetic-operator> | <set-
operator> | <list-operator> | <math-symbol> | <C-nonlogical-operator>

<arithmetic-operator> =+ 1-1*1/1%
<set-operator> := #lNlul-Ix101°1*

14



<list-operator> := #1+1-1e1/1°1*

<predicate-symbol> := TRUE | FALSE | <propositional-constant> | <n-ary-predicate>
<propositional-constant> := <identifier>
<n-ary-predicate> := <identifier-predicate> | <opérator-predicate>
<identifier-predicate> := <identifier>
<operator-predicate> == =lzl<i<I>I2lelcliclicl
<logical-symbol> ;= ~ | Al vI= | & 1 = | 41 || | <C-logical-operator>
<quantifier> := V1313

<punctuation-symbol> := , 1.1 { '} 1 [1] l<i>tC) iy 1] 1e=1;1<C-punctuator>

Semantics

Identifiers are used as names for variables, data types and boxes. Identifiers are case
sensitive. BDM keywords are predefined reserved identifiers that have special meanings, as
listed in Appendix B.

A variable name with the decorator ° represents an initial state of the variable, while a
variable name without a decorator ° represents its final state. @ is used as a prefix for a
variable symbol to represent an abstract type imposed on the variable. §is a reserved variable
name to represent the index of the last element in a list.

A function f from set A to set B, denoted f:A — B, is a binary relation on A x B such
that for every ac A, there is at most one be B such that (a, b) € f. Ais called the domain of
the function f, and B is called the range of f. If (a, b)ef, then we write f{a)=b, where b is
called the value of the function for the argument a; or b is called the output of function f for

the input a; or b is called the image of a under function f.
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Function f:A — B is a total function from A to B, if for all ac A, there is one and only

one be B such that fla)=b. The total function f is denoted f:A ~ B.

Function f:A — B is a partial function from A to B, if for A’CA, f:A” ~» B is a total
function, but for all ae A-A’, there is no be B such that f{a)=b, i.e., the value of f(a) is
undefined [46]. In such a case, A is called the virtual domain of the function f, and A’ is
called the (actual) domain of f.

Every function has a definition and can be used many times. For function fA—>B
and ae A, the notation Af represents the function definition of f. Whereas f{a) represents an
application of the function.

Each function has an arity, indicating number of arguments it can take. A function
f:A—B is a unary function, a function of one variable. A function f:A;xA%..XA, — B is an-
ary function, a function of n variables. A, for 1<i<n, is called a component set of the domain
of f.

When a variable x is used as both the input variable and the output variable of a
function g, the value of x may change after a mapping of g. The value of variable x before
the function evaluation is called its initial state, denoted x°, while the value of variable x after
the function evaluation is called its final state, denoted x, €.g., Xx=g(x°).

0-ary function symbols are constants. All C++ literals are constants and their
semantics are defined in C++. An identifier as a constant is a user defined symbolic constant.

%" s another special constant symbol which represents any legal value of a type.

"¢" is an empty set or empty list.

“g" is read as "null" and is an overloaded constant in that the value of € varies with

different types.
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"w" is read as "undefined" and is an overloaded constant in that the value of ® varies

with different types.

An identifier as a function symbol can be a C++ library function, a BDM primitive
function or a user defined function.

An operator function can be a (prefix or suffix) unary function symbol, an (infix)
binary function symbol, or an n-ary prefix function symbol.

The semantics of arithmetical operators and set operators are the classical ones.

The semantics of list operators will be defined below.

x is a projection operator. For a tuple a=(a;, &, .., &), ®{(a) = a,. Fora Cartesian
product AcA,xA;x..XA,, RTi(A)=A;

dom is the domain operator such that for a function f, dom(f)=r1(f) is the domain of f.

ran is the range operator such that for a function f, na(f)cran(f).

Each predicate symbol has an arity, indicating the number of arguments it can take.
An identifier predicate is a predicate function that takes arguments and retums a TRUE or
FALSE. An operator predicate can be an (infix) binary predicate symbol, or an n-ary (prefix)
predicate symbol.

The semantics of relational operators =, #, <, <, > and 2 are the classical ones with
component-wise extension 10 VECtors, €.8. (X, X, .., Xp) = (€, €3, «.» €,) fOr X;=€; A X7=€; A ..
A X =€,

The semantics of set reiation operators €, < and ¢ are defined in [43]). The semantics
of list relation operator c will be defined below.

The semantics of logical operators ¥, 3, 3, -, A, v, =, and <> are the classical ones

[43]. The semantics of logical symbols + and | will be described below for case predicates.
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Punctuation symbols have syntactic and semantic meaning when used in a BDM

sentential structure to separate various syntactic elements, but do not, of themselves, specify an
operation that yields a value.

, is the peer separator for objects at the same level.

. is the selection punctuator used in between a higher level variable name and a lower
level variable name to select a item in a hierarchical structure, e.g., usa.tn.knoxville.

{ } is used as boundary of sets, structures, boxes or blocks of statements.

< > is used as boundary of lists.

[ ] and () are used in terms and formulas indicating priorities.

// is a line comment punctuator.

.. is the omission punctuator used for abbreviation of series.

| is the constraint punctuator, read as "where", used to separatc a constraint condition

from a term.

::= is the definition punctuator, read "is defined as", to link a symbol to its definition.

2.2 Well Formed Types (WFT)

<wft-definition> := <cdt-definition> | <adt-definition>
<cdt-definition> := <C-type-definition>
<adt-definition> := ADT <adt> <type-content>
<adt> := <identifier>
<type-content> := <set> | { [ def<symbol-definition-list>for ] <set>,<operations> }
<set> = <set-constant> | <set-operator><set> | <set><set-operator><set> |

(<term> |<wff>} | (<set>) | {<adt> <identifier>{,<adt> <identifier>}} |
<adt>
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<set-constant> := ¢ | NAT | INT | REAL | LET | NUM | CHAR |
BOOL | {<constant>{,<constant>}}

<term> := See section for TERMS
<wff> := See section for WFF
<symbol-definition-list> := See section for WFF

<operations> := {<identifier-function>} | {<operator-function>} | <operations>
U <operations>

ADT ¢ {}
ADT NAT { {0, 1,2, .}, {+, -, %, [, %} }
ADT NAT, { {1,2,.}, {+ - %/, %} }
ADTINT { {.,-1,0, 1, ..}, {+, -, X, /, %} }
ADT REAL { {x.y|xe INTAyeNAT}, (+, -, %, /} }
ADT LET {a, b, .., z, A, B, .., Z}
ADT NUM {0, 1, .., 9}
ADT CHAR {™\000’, \001’, .., \177’}
ADT BOOL {TRUE, FALSE}
<wft> := <abstract-type> | <concrete-type>
<abstract-type> = <adt> | <set>
<concrete-type> = <cdt>
<cdt> := <C-fundamental-type> | <C-derived-type>
| <wftd> := <cdt> | <adt>
<declaration> := <abstract-declaration> | <concrete-declaration>

<abstract-declaration> := <abstract-type> <identifier> {, <identifier> }; | <identifier> {,
<identifier> } € <abstract-type>;

<concrete-declaration> ;= <C-declaration>
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Semantics

In BDM there are two categories of types, concrete types and abstract types. Concrete
types arc used in C++ programs. (Such programs are called "clear boxes" in BDM.) There are
two kinds of concrete types, fundamental and derived [42]. The fundamental types are those
built into C++, such as int, short, long, float, double and char. Derived types are built from
fundamental types and other derived types by using the typedef and class definition statements,
which allow a type to be defined as a set of values together with a set of operations on them.

Abstract types are used only in BDM black boxes and state boxes. Abstract types
include classical mathematical structures represented in classical notation, which are not
available in C++. There are two kinds of abstract types, simple and compound. BDM
primitive abstract types, such as NAT, INT, and REAL, and other scalar types are simple
types. Compound types are Cartesian products of simple and other compound types. Three
important abstract types in BDM are sets, lists, and tuples.

The concept and notation of sets can be found in [43]. BDM sets are composed of
elements of a single type, simple or compound. A set can be defined explicitly by
enumerating its clements, or implicitly by existing types and a predicate with some free
variables, e.g., S = {x|xe T A P(x)}, which is equivalent to Vx[xeS & (xeT A P(x)=TRUE)].
The clements of a sct can be any well formed type.

A wple is an ordered set of zero or more components. The types of various
componcnts may not be the same. A tuple type is defined as an ordered sequence of
(component-type, component-name) pairs where each pair defines a type and a variable for a
component of tuples of the type. Tuple types are compound types composed of its component
types. A tuple type definition ADT A (A, a;, A; 3, .., A, a,}, where, A, is a well formed type

and a is a variable, for 1<i<n, defines a type A, X A, X .. X A,. The n-tuple variable
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a=(a,, a,,.., a,) of type A is an element of A; X A; X .. X A,

A List is an ordered set of zero or more elements of a given type, denoted A =
(a,, a,, .., a). The index of a list always begins with 1. ¢ is the empty list {) with no
clements. If list L is an ordered sequence of zero or more elements from a WFT S, then
LeS". Elements of a list can be of any well formed type.

The differences between a set and a list are that there is no order among set elements
but there is an order among list elements, and each element in a set is unique but an element
of a list may have multiple occurrences in the list.

Operations on lists and their semantics are defined as follows. Let A and B be lists:

ac A for a is an element of A,

#A for the cardinality of list A, i.., the number of elements in A,

A, or Ali] for projection of the i-th element of A,

$ represents the maximum index of A when it is involved in a list operation with A,

A, for projection of the last element of A,

A ; or Ali..j] for projection of the sublist (a;, a,,, .., 3, 3) of A. Il i>], A; =¢,

A=B for A equals B such that #A=#B A Vie {1. #A}[A=B|],

BcA for B is a consecutive sublist of A such that Jie {1..#A-#B+1}Vje {1.#B}

[B=A,l,

BcA for B is a sublist of A such that Vb{be B — be A},

A+B for concatenation of A and B such that A+B=(A, A,, .., As, B;, By, .., By),

A-B for exclusion of all elements of B from A while preserving the order such that

Vbe B[bg (A-B)] A #(A-B)=#A-#{i|AieB} A

Vie (1.#A-B)}3jc (1.#A}[ i=j-#{x|xe A, A XeB} A (A-B)=A; ],
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A/(index-list), where {index-list} € ({1, 2, .., #A}), deletes elements whose indices

are in the index-list from list A.

List is a very important type in BDM. The essence of BSM is the external view of a
software system or component solely in terms of stimulus histories, which are represented as
lists in BDM. Many other commonly used types in software systems can be derived from
lists. A queue is a First-In-First-Out list. A stack is a Last-In-First-Out list. A file can be
considered as a list of records. A one dimensional array is a list of objects of the same type.
A two dimensional array is a list of objects which are lists themselves.

A declaration is a sentence to introduce one or more variables and specify their types.
The concrete declaration syntax and semantics can be found in [42]. Some examples of valid
BDM declarations are: Real r; ®NAT N; INT x, y[100}; name e LETTER"; BOOL
FileChanged, TaskDone.

Variables declared by a declaration sentence can be used only in the scope of the
declaration. The scope of a variable depends on where and how its declaration is stated.
Various kinds of scope follow the definition of C++ [42].

@ is an redefinition prefix for a variable of concrete type to be redefined as an abstract
type. When a variable v is a concrete type, @v will be defined as a conceptual view of the
data represented by the concrete variable v. For example, let a concrete variable fp be a file
pointer. Then @fp < { r | r € RECORD_TYPE } will define @fp as a set, a conceptual view,
to represent the physical file pointed to by fp.

A black box may give null responses. In order to define black box syntax and
semantics later, it is necessary to explicitly define the null value for various types.

For a well formed type T, its e-extension, denoted T, is defined as T, = T U {&;},

where &, is the null value of T and is an element that does not belong to T.
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For any partial function f, f{a) is not defined if a¢ dom(f). It is useful to have a special
»undefined value" for such f{a) in order to mechanically compute terms where f(a) is involved
or even to transform f to a total function. Loeckx and Sieber introduced an w-extension for
undefined values [43]. Similarly, for a well formed type T, its @-extension, denoted T, is
defined as T, = T U {®y}, where @y is the undefined value of T and is an element that does
not belong to T.

Note that the null value € is a different concept from the undefined value . € means
"nothing" but it represents a certain behavior. ® means "undefined" and represents an

uncertain behavior.

2.3 Terms

<term> = <constant> | <variable-symbol> | <term>.<variable-symbol> | <term><subscript> |
<term><term-separator><term> | <term>.,.. | (<term>) | [<term>] | {<term>} |
(<term>) | <function-application> | <conditional-term>

<subscript> = [<term>] | o,
<term-separator> := , | ..
<function-application> := <term>""™ | [<term>] o, ™ | (<term>) gy | <n-ary-

function>(<term>) | <operator-function><term> | <term><operator-
function><term> | <term><operator-function>

<conditional-term> = [<case-term>] | (<term>|<wff>)

<case-term> ‘= <wff>—<term> | otherwise—<term> | <wff>—<term>||<case-
term>

<wff> := See section for WFF

Semantics

The semantics of terms in BDM follows the semantics of classical predicate logic

[43,44).
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[ <term> |y “™" is a variable substitution term. For a term W, variables s;, and
terms t, for 1<i<n, (W], . """ is the term formed by applying the Renaming Theorem
([43] page 24) until no variable in t’s occurs bound in W and then replacing all free
occurrences of s; in W by t, for 1<i<n.

( <term-list> ) oy "=™ " is a list element substitution term. (L), j, ;™ * " where
L is a list of terms, j; is an index of L and t; is a term, for 1<i<n, is the term formed by
replacing the jith term in L by term t;, for 1<i<n.

Two kinds of conditional terms are introduced, case terms and constraint terms. A
case term has the appearance

[C,> T, I1C>T, 0. 1C,— T, || otherwise = T,,, ]
where otherwise = =(Vv;.;(C)). The value of the case term depends on the value of conditions
C/’s. At a given time, only one of the conditions will be true. If C,, for some ie[1..n], is true,
the value of the conditional term is the value of T, When only one condition is presented in a
case term, the case term [ C — T ] is denoted T|C, called constraint term.

The semantics of a case term is defined by the following equivalence:
x=[C, > T, [..1C,— T & [(C,=(x=T)) A .. A (C;=(x=T,))] and,

x=[C,>T}..IC,—» T, fotherwise>T,,,] < [(C,=>(x=T,))A..A(C,,=>(x=T,,))A(otherwise=>(x=Tn+1))]

2.4 Well Formed Formulas (WFF)

<wff> := TRUE | FALSE | <propositional-constant> | <term><operator-predicate><term> |
<n-ary-predicate>(<term>) | (<wff>) | [<wff>] | —<wff> | <wff>A<wIf> | <wf>v<wft>
| <wif>=a<wif> | <wff>&<wif> | <quantifier><variable-range><wff> | [<total-case-
predicate>] | [<partial-case-predicate>] | {def<symbol-definition-list>for<wff>} |
def<symbol-definition-list>for<wff>

<variable-range> 1= <variable-symbol> | <variable-symbol>e <set> | (<variable-range>)
| <variable-range>,<variable-range>
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<total-case-predicate> := <wff>—<wff> | otherwise><wff> | <wif>—<wff>|<total-case-
predicate>

<partial-case-predicate> = <wff>-<wif> | otherwise-<wff> | <wif>-<wff>|<partial-
case-predicate>

<symbol-definition-list> := <symbol-definition> | <symbol-definition-list>;<symbol-
definition>
<symbol-definition> := <wft-definition> | <declaration> | <identifier>=<term> |
<function-signature> | [ <function-signature>::= ] <function-definition>
| [ <function-signature>::= ] <predicate-definition> | <wfbb-definition>

<function-signature> := <n-ary-function>.<set>—<set> | <n-ary-
predicate>:<set>—<set>

<function-definition> := <n-ary-function>(<argument-list>)=<term> |
<operator-function><identifier>=<term> |
<identifier><operator-function><identifier>=<term> |
<identifier><operator-function>=<term>

<argument-list> := [ wftd ] <identifier> | <argument-list>, [
wftd ] <identifier>

<predicate-definition> := <n-ary-predicate>(<argument-list>)=<wff> |
<identifier><operator-predicate><identifier>=<wiff>

<wibb-definition> := See section for WFBB
Semantics
The semantics of quantified formulas Vx[w(x)] and Ix[w(x)] are formally defined in
[43]. Let x be a variable, t; and t, be terms, S be a set or a type, and w be a formula
containing variable x. The semantics of additional quantified formulas used in BDM are

defined in terms of the semantics of Vx{w(x)] and Ix[w(x)] as follows:

V(xe S)[W(x)] < Vx[xeS = wx)]

3(xe S)[W(x)] & Ix[xeS A w(x)]

Jx[w()] e X[ wx) A Vylw(y) = y=x] ]
3,(xe S)[w(x)] & Jx[xeS A wx)]
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In the total case predicate [C; > A, || .. | C, = A;], C/'s are called condition formulas,
and A,’s are called action formulas. When a total case predicate is used in a function
definition, the condition formulas C;’s partition the domain into n mutually disjoint
subdomains, and each action formula A, defines a subfunction for a subdomain. The semantics
of the total case predicates are defined by the following equivalences:

(oA - 1C > AL & [A(G = A)]
[C, > A .. 1 C, = A, |l otherwise = Ayl & (A G = A)) A (Vi o(C)) = Aqo)]

The semantics of the case predicate indicate that implication subpredicates are
commutative with respect to |. Since the order of these subpredicates is not constrained, the
commutative property provides a non-sequential mechanism to specify multi-branch
transactions.

Similarly, in a partial case predicate [C, 4 A, || .. | C; A,], C/’s are called
condition formulas, and A,’s are called action formulas. It is called "partial” because only a
subset of the output variables are defined in the action formulas.

In order to facilitate the description of the semantics of partial case predicates, consider
a function r to yield a list of variables whose final states are defined in a formula as follows.

Let W be the set of all well formed formulas and V be the set of all variables.
Function r is defined as r: W — ©(V), where for a given WFF w, r(w) = { v | ve V A final
state of v occurs in w }.

Let P(X,, .., Xz Y1» -» ¥o) be an (m+n)-ary predicate formula as the characteristic
function for a function (¥,, .., ¥,) = fX,, ... Xgz). Let Y={y,, .., ¥} be output variables. If p is
a subformula of P and Ycr(p), then Y is said to be totally defined in p, otherwise it is

partially defined in p.
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Now, let the partial case predicate [C; 4 A, 1C,4A .. 1C,4Albea
subformula in the above defined characteristic function P. Let "otherwise" be C,,; =
~(C, v .. v C,.). The semantics of the partial case predicate are defined by the following
equivalences:

(C4A, 11-IC1A] & (A Cm(A; A (Y-r(A)=(Y-r(ANN] A [Copy=(Y=Y)]]

[C,4A, 11.IC A Jotherwise4A,,1] & (A (G = (A; A (Y-r(A)=(Y-r(A))))]

where (Y-r(A)) is the set of output variables whose final states are not defined in A,;, and (Y-
r(A))° are the initial states of such output variables before performing the subfunction.

Unlike the total casc predicate, in each action formula A, of a partial case predicate,
one docs not have to explicitly define the final state of every output variable. Only the final
states of those output variables of interests are explicitly defined. The final states of the other
output variables remain unchanged by the implication of the partial case predicate.

If in a partial casc predicate, each action formula A;, does explicitly define the final
state of every output variable, i.e., Vie {1.n}{Ycr(A)], then
[CHA] & [Ci = (A; A (Y-r(A))=(Y-r(A)))] < [C; = (A; A 9=9")] < [C; = Al
Thus, [C,4A,}..IC~A, lotherwise-A,,,] < [C,—A,|I..IC,~A Jotherwise—A,,], i.e., in such
a casc, the partial case predicate is equivalent to a total case predicate.

Usually, boxes at higher levels of the usage hierarchy are complex and involve many
transactions and output variables. Partial case predicates enable each transaction to only
explicitly define output variables of interest and leave the rest of the output variables implicitly
defined.  Also in a function with error handling, partial case predicates enable the normal case
to only explicitly define outputs related to the normal behavior, while the error handling case
only takes care of the outputs related to error handling. Hence, the partial case predicates

provide a powcrful and convenient way to specify complex functions.
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The <symbol-definition-list> is used to define some local types, variables, functions,
predicates, or even some specification black boxes. The scope of a local definition is
determined by punctuation if it does not extend to the end of the box in which it is used.

The classical interpretations of wffs are subject to ®w-extension in BDM. Thus, for a
partial function f of type t appearing in a wff w, if Ad) is undefined, then f{d)=w. is the ®-

extension used to evaluate w.

2.5 Well Formed Black Boxes (WFBB)

<wfbb-definition> := BB <return-type> <box-name>( in <SL>, out <RL> )
{
[ dom <&> ]
[map ] <>

}
<return-type> := <adt> | <C-decl-specifiers>
<box-name> := <identifier>
<SL> := <wftd-argument-declaration-list>
<RL> := <wftd-argument-declaration-list>

<witd-argument-declaration-list> := <wftd-argument-declaration> | <wftd-
argument-declaration-list>,<wftd-argument-declaration>

<wftd-argument-declaration> := [ <adt> ] <identifier> | <C-argument-
declaration>

<d> = <wif>

<x> = <wff>

Semantics
Black boxes are specifications for software systems or components that are based on

the observation that a program is a mathematical function, and that it is productive to treat it
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as such. Black boxes emphasize what must be done rather than how it is to be done. Chapter

3 is devoted to the semantics of the black box.

2.6 Well Formed State Boxes (WEFSB)

<wfsb-definition> := SB <return-type> <box-name>( in <SL>, out <RL> )

{
state <QL-q,>
[ dom <d> ]
map <>

}
<return-type> := <C-decl-specifiers>
<box-name> := <identifier>
<SL> = <C-argument-declaration-list>
<RL> := <C-argument-declaration-list>

<QL-q,> := { <wft> <identifier>=<initial-state-component>; } | { static <C-declaration-
statement>; }

<initial-state-component> := <constant> | <C-literal>

<d> = <wif>

<> = <wif>
Semantics

A state box is a state machine representation of a black box. Its role is to serve as a
stepping stone from a functional specification to code (clear box), by facilitating the discovery
of the necessary and sufficient information that must be captured from stimulus histories as
state data or to serve as a state-based specification in the event the black box is intractable.

Chapter 4 is devoted to the semantics of the state box.
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2.7 Well Formed Clear Boxes (WFCB)

<wfcb-definition> := CB <retum-type> <box-name>( in <SL>, out <RL>)

{
state  <TL-t;>

proc  <local-declarations>
<procedure-body>
}

<return-type> := <C-decl-specifiers>

<box-name> := <identifier>

<SL> := <C-argument-declaration-list>

<RL> := <C-argument-declaration-list>

<TL-t;> := { static <C-declaration-statement>; } | NONE

<local-declarations> := { <C-declaration-statement>; }

<procedure-body> := <C-statement-list>
Semantics

A clear box is a computer program which computes the function specified in the black
box. The state box representation of the black box will constrain thq data structures and

algorithms used in the clear box. Chapter 5 is devoted to the semantics of the clear box.

2.8 Well Formed Systems

<system> = <BDM-files>

<BDM-files> := <BDM-file> | <BDM-files><BDM-file>

<BDM-file> := <BDM-components>
<BDM-components> := <BDM-component> | <BDM-components><BDM-component>

<BDM-component> := <C-control-line> | <C-comment> | <wft-definition> | <declaration> |
<wfbb-definition> | <wfsb-definition> | <wfcb-definition>

Semantics
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A BDM well formed system is based on a hierarchy of box structures, where each

clear box is defined by using a fixed set of control structures and using the specifications of

lower level black boxes.

2.9 Deductive Apparatus

The deductive apparatus consists of a set of axioms and a set of inference rules. A
deductive apparatus enables the derivation of new assertions from the specification in a way
that can be proved formally. Also, the deductive apparatus enables reasoning about the
specification as syntactic structures with no reference to any particular interpretation of the
formal language. Loeckx and Sieber [43] have proved that all the formulas derivable from a
specification based on a deductive system are also logical consequences of the specification

based on any interpretation.

The deductive apparatus of BDM uses axioms and inference rules in the first-order
predicate calculus, formal number theory, and axiomatic set theory [44]. A derivation in BDM
is a finite sequence of statements, each of which is either an axiom, a theorem, an assertion
contained in the original specification, an initial state of input variables, or an assertion
concluded from previous statements in the derivation by some inference rules. An assertion A
is derivable from a specification af, denoted as Af + A, if A is the last statement of some
derivation from af.

Specifications in BDM are formal using a set of syntactical objects, such as well-
formed formulas, black boxes, and state boxes. For a logically valid input, the logical
consequence derived from the specification is the response to that input. Derivations will be
used during black box, state box and clear box verification which will be discussed in

Chapters 3, 4 and 5, respectively.
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Chapter 3

BDM Black Boxes

This chapter presents the semantics of well formed black boxes, the stimulus history
mathematics, the black box specification method, and the black box verification theorems.

Mills [3] defined the black box as a mathémaﬁcal function £ S" — R, where S is the
set of all possible stimuli and R is the set of all possible responses. His intention was that the
specification for a software system or component should be described in such terms without
regard to implementation details. Any effort to write a specification in this way will quickly
reveal the need for many additional details regarding characteristics of the inputs, outputs and
mappings. Furthcrmore, when this is done in consideration that code will be written later to
implement the specification, additional issues become important even with such a high-level
view of the specification.

A BDM black box is defined as a partial function from a set of stimulus histories to a
set of responses. Basic components of a black box, the domain, range and mapping are
defined, as well as BDM features of application interface and the null response.

Since the essence of the box structure method is its sequence-based external view of a
software system, a list notation and a utility set of primitive list functions are provided for
representation and analysis of stimulus histories and their subhistories. An equivalence
relation on stimulus histories (SH) and the concept of canonical stimulus histories (CH) are

introduced. Mathematical properties of relationships among stimulus histories and their
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equivalent canonical histories are studied to provide insights and alternatives for black box
specifications.

The structured specification method of BDM provides an SH-based description, a CH-
based description, a domain partitioning, and a specification hierarchy of black boxes. BDM
enables the specification of a complex system to be presented in a top-down and stepwise
manner and supports synthesis of systems by extensive reuse of existing boxes.

The concepts of completeness and consistency are defined for BDM specifications.
Theorems and algorithms are provided to support systematic verification of completeness and

consistency for BDM structured black box specifications.

3.1 Black Box Semantics

Definition A well formed black box, denoted f,, has definition denoted Af;, and

af, = (SL, RL, 8, %), where SL = (S, S, 1S, Sy, -., £S,, S,) is a finite list of stimulus

variable declarations, where for 1<i<m, S, is a stimulus variable and S; is the type of

S. RL=(R, R, R, R,, ., Ry R is 2 finite list of responsé variable declarations,

where for 1<i<n, R, is a response variable and (R, is the type of R;.

5: S* = {TRUE, FALSE} is the domain predicate, and

x: S* x R = {TRUE, FALSE} is the mapping predicate .

There are two kinds of black boxes, regular black box and specification black box. A
regular black box is implemented by a clear box as an executable program. A specification
black box is used in other black boxes or state boxes only for specification purpose without
being implemented as a clear box. If not explicitly stated otherwise, "black box" refers to a

regular black box.
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3.1.1 The Application Interface

Definition In the BDM syntax of <wfbb-definition>, the part

<box-name>( in <SL>, out <RL> ) is called the application interface.

The application interface of a black box prescribes how the box will be mentioned.
Black box names should follow a user designated naming convention, including a means of
distinguishing specification black boxes from regular black boxes, e.g., the "_" might be the
initial symbol of names of specification functions.

If the black box returns a value when it is used in an expression, the BDM reserved
word "Retun” will be defined as the last (logical) response variable in RL and will be used in
the mapping predicate to represent the function retum value.

One of the fundamental principles of BDM is that a black box and both its state box
and clear box, have exactly the same interface and the same function. Since a clear box is an
executable program, concrete types must be used in its interface. Therefore, the interface
variables of a regular black box must also be of concrete type.

There may be occasions when variables of concrete type in a black box interface can
not be fully determined until its clear box is defined. Then, the type definition for interface
variables can be deferred until the design is sufficiently developed to allow specification of
data types and structures. In such cases, there are iterations of BB-SB-CB expansion.
However, when the definitions for BB, SB and CB of a box are completed, all three forms of
a box should have exactly the same interface.

Since specification black boxes are defined to facilitate specification writing and used
only in other black boxes and state boxes, the types of their interface variables can be either
concrete or abstract.

For a black box f, with SL = (S, S,, £S5, S, .., 85, S,) and
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RL = (iR, R,, IR, Ry, .., Ry R)), f, will be used in clear boxes by such syntax as:
f(@nS,, S, .., Sp OUL Ry, Ry, .., Ry), where R, #"Return”, or Return = f(in St S v Sis
out R, Ry, .., R, ;), where R,="Return" and formal parameters S;» g0 «s S Rys Ry, oy Ry will
be replaccd by actual values.
When f, is used in other black boxes or state boxes, the following two applications are
equivalent:
f(@inS,, Sy .., Sp OULt Ry, Ry, o, RY)
< (R, Ry .., R) =f(5,, Sy ., Sp), where R #"Return”, or
Retumn = f(in S,, S,, .., Sy OUt Ry, Ry, o, Ryy)

& (R, Ry -, Ryy, Retum) = £(S,, Sy, ., Sq), Where R;="Return".

3.1.2 The Domain

The black box domain predicate & is a BDM well formed formula. The domain of a
black box is defined by the stimulus variable list SL and o.

The sct of all possible stimuli is S = #(Sp)e X #(S)e X .. X 1(S,)., where for 1<i<m,
1(S). = 1S) L {gs,}; an e-extension of #(S,). A single stimulus is an m-tuple in S. Some
components of a stimulus may have the null value € to model the phenomenon that members
of these m different stimulus types may appear in various combinations to make up a single
stimulus. A mcmber of S is called a stimulus hiStory.

A BDM black box is a partial function from S*, the set of all stimulus histories of
length one or greater, to R. S* is called the virtual domain. The domain of the black box
function, denoted SH, is a subset of S* constrained by the domain predicate 0 such that

SH = { sh | sheS* A d(sh) }.
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Thus, & can be used to define any subset of S* as the domain SH of the black box. If

SH is a proper subset of S*, then some stimulus histories do not belong to SH even though
each individual stimulus of them may be valid.

Let VS = { s | se S A 3he S [8(h+(s))] ) be the set of all valid stimuli. The
following are some specific situations of domain definitions of black box functions.

If § has constant value TRUE, then SH = { sh | sheS* A TRUE } = §*. The black
box function is a total function from S* to R which is determined by the type definition of
stimulus variables in SL.

If SH=VS®, then the BDM domain is the same as in Mills’ formulation.

If SH=S"xVS, then the stimulus history is in the domain though it may contain some
invalid stimuli before the current stimulus.

Deck [38] and Becker{47] have introduced some special sets in addition to Mills’
original S, the set of all possible stimuli, to represent some special types of stimuli based on
some specific application domains and environments, such as system interaction with operating
system services and concurrent computation. Each of the models proposed takes care of some
specific application domain. In BDM, S is characterized by a Cartesian product of one or
more component sets S, £S,, .., tS,, where the number of stimulus variables and their types

depend on the application to be defined.

3.1.3 The Range

The response list RL defines R = #(R)), X #R,), x .. x #(R,), as the range of the

black box function, where for 1<i<n, #(R), = KR) U {&,}, an e-extension of #R;).
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Mills allowed the concept of a null response from a black box [2], but the technique to
include this null response in range R and propagate it through the state box and clear box was
not prescribed.

In BDM, the null response is precisely defined. The range of the black box is a
Cartesian product of response types with g-extension. Thus, for a response re R, any of the

components of r may be null. Ifr=¢€= (Ery ERey -+ E@) T is called a null response.

3.1.4 The Mapping

The black box mapping predicate  is a well formed formula.
x: SH x R = {TRUE, FALSE) is the characteristic function for black box function f, such
that (sh, Nef, < x(sh, N=TRUE . Thus, Af, defines a function f,: SH — R such that
f, = { (sh, 1) | sheSH A reR A ¥(sh, N }.

Black box f, is a partial function on S* x R. However, it is always possible to modify
the definition to transform £, to a total function £, $* — R,, by defining:

R, = R U {wg}, and

fy =f, U { (sh, @) | she(S*-SH) }
where, o is an undefined value for set R. For example, g can be a message "output for this
input is not defined”. The black box mapping ¥ is an application-oriented and non-procedural

function description.

3.1.5 Initial and Final States of Variables

A variable has many attributes, such as its type, its value, and its physical address.
When a variable appears in a black box definition, it represents its value. The state of a

variable before evaluating a function is called the initial state of the variable, while the state of
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a variable after evaluating a function is called the final state of the variable. The initial state
of a variable is represented by the variable name followed by decorator °. When decorator ° is
applied to a list of variables, the semantics are defined as follows:

(Xps Xgs o X)° = (X)°, X7y o0 X))

" =0

Each external variable of a black box can be classified as a pure input, a pure output
or an inout variable. Let SRL represent the set SLNRL. Then, the three categories are
represented by ordered sets SL-SRL, RL-SRL and SRL, respectively. The decorator ° is
mostly applied to external variables that are both input and output. We have the following
axioms about initial states and final states of variables,

Yve (SL-SRL)[v = v°] pure stimuli are unchanged

Vve (RL-SRL)[v® = €] pure responses have no initial states

3.2 Stimulus History Mathematics

3.2.1 The Representation of Stimulus Histories

Since a stimulus history is a sequence of stimuli to a black box, it is naturally
represented in the BDM list notation. List operations defined in BDM can be applied to
stimulus histories and their subhistories. Let af, = (SL, RL, 8, ), where SL = (S;, S,, .., Sp)
contains m stimulus variables. A stimulus history of f,, denoted sh, is a list (s,, S;, .., Sy,
where s,, for 1<i<n, is a stimulus, a member of #(S,), X S, X .. X #(Sy).. Some
components of a stimulus may be null. A stimulus can be compressed by removing its null

components as long as no ambiguities are introduced.
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The last stimulus s, of sh is called the current stimulus. The index of the current

stimulus is equal to #sh. h = (s, S, .., S,,) is called the prior stimulus history. Thus,
sh =h + (s.). The general form of a stimulus history of length n is

{ (Syp» Sat» -» Sm1)s (S1zs Sz2r +» S -+ iy Sopw > St )
where S;; represents the value of the i-th stimulus variable in the j-th stimulus. Elements of
the current stimulus are usually just represented by stimulus variable names S, Sy . Sy
without the index n.

In the specification of a particular black box, stimulus variables S,, S,, .., Sy will be
real names in the application. For example, a black box Stack might have the stimulus
variable list (Command, InValue), where Commande { CREATE, PUSH, POP, TOP} and
InValuee INT. The general form of stimulus histories is

{ (Command,, InValue,), (Command,, InValue,), .., (Command,, InValue,) ),

where Command, represents the value of Command in the j-th stimulus of the stimulus history.

The current stimulus is (Command,, InValue,), or simply (Command, InValue). With
compression of null components in stimuli, some possible stimulus histories of various length
are

{ (PUSH, 3), (PUSH, 5), (TOP) )

{ (POP), (PUSH, 8), (TOP), (PUSH, 13))

( (TOP), (PUSH, 21), (POP), (PUSH, 34), (POP) )

where Command, in the three stimulus histories are PUSH, POP, and TOP, respectively.

3.2.2 Primitive Functions on Stimulus Histories

A set of primitive functions for list manipulations is provided to facilitate

representation and analysis of stimulus histories and their subhistories. These primitive list
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functions are defined as functions of a generic list. The list functions are defined in BDM
syntax of well formed black boxes. ’_’ represents an arbitrary element in a list and relational
operator Be {<, >}.
(1) Retun the maximum element of list L

BB Max(in L, out Return)

{ [L=¢ » Return = ¢ || otherwise — Return = (a | acL A VbeL(a2b)) ] }
(2) Return the minimum element of list L

BB Min(in L, out Return)

{ [L=¢0 » Return = ¢ | otherwise —» Return = (a | aeL A VbeL(a<b)) ] }
(3) Count the number of elements in list L that satisfies condition predicate P

BB Count(in P, L, out Return)

{Reun =#a |acLA[P]*)}
(4) Retumn the index of the first element in list L that satisfies condition predicate P

BB First(in P, L, out Return)

{ Return = Min( {j | (P "} ) }
(5) Retum the index of the i-th element from the first in list L that satisfies predicate P

BB First(in P, L, i, out Return)

{{ Ik[Count(P, L, , )=i-1 A k=First(P, L, ¢)] = Return=k | otherwise — Return=¢ ]}
(6) Return the index of the last element in list L that satisfies condition predicate P

BB Last(in P, L, out Return)

{ Return = Max( {j | [P1}) }
(7) Return the index of the i-th element from the last in list L that satisfies predicate P

BB Last(in P, L, i, out Retum)

{[ 3k[Count(P, L,,, )=i-1 A k=Last(P, L, )] — Retumn=k |} otherwise — Return=¢ ] }
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(8) Return the sublist of list L that satisfies condition predicate P
BB Sublist(in P, L, out Return)
{ Remm=L-(a]aLA-P]") }
(9) Retumn the sum of elements in list L.
BB Sum(in L, out Return)
{ Rewm=Y, o L; }
(10) Return the reverse list of list L
BB Reverse(in L, out Return)
{ #Return=#L A Vie {1.#L}[Return; = Ly ;5] }
(11) Return the set of all permutations of list L

BB Perm(in L, out Retum)

{ Return = { M | #M=#L A VaeL[Count(_=a, L)=Count(_=a, M)] } }
(12) Return the sorted list of list L according to relational operator 8 and the designated key

BB Sori(in L, 6, out Retum) { Retume Perm(L) A Vie {2.#L}[Return, ,6=Retumn;] }

BB Sort(in L, 6, Key, out Retun) { Returne Perm(L)

A Vie {2.#L}{Retum, ,.Keyf=Return;.Key] }

3.2.3 Equivalent Stimulus Histories

Pamas [19] gives an important equivalence relation on input traces and defines a
canonical trace concept which is the essence of his trace assertion method of module interface

specification. Since there are some similarities between Parnas’ traces and BDM stimulus

histories, similar concepts have been explored for BDM.
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Definition Let sh, and h be any non-empty stimulus histories of black box f,. fy(sh) is the

current response of f, for sh. fi(sh+h) is called the future behavior of f, for sh

extended by h.

Pamas’ concept of equivalence relation on traces requires that two equivalent traces
must have the same current response and the same future behavior. In BDM, the equivalence
relation on stimulus histories of a black box f, is based on the future behavior, but not on the
current responsc. This difference is key to the black box canonical theory and state box
morphism theory devcloped here.

Behavior-based (or property-based) specification methods depend upon the specifier’s
ability to know and assert the equivalence of certain sequences of input with respect to the
future behavior of the system. Knowing this equivalence, a generally simpler core of the
specification can be established, from which the behavior of the system for arbitrary sequences
of inputs may be determined. Thus, the motivation for the following series of definitions and
theorems is to simplify the definition of the mapping predicate for black boxes and, thereby, to
simplify the related software system specifications.

Definition (Equivalent Stimulus Histories) For a black box £, with SH and S*, two stimulus
histories sh1 and sh2 are equivalent with respect 10 f: SH = R, denoted shl = sh2, if
and only if, for all he S* [(sh1+he SH)=(sh2+he SH) A (shl1+he SH =
f(sh1+h)=f(sh2+h))].

Theorem The relation = defined above is an equivalence relation.

Proof Reflexive: For all she SH, and for all he St

[(sh+he SH)=(sh+he SH) A (sh+he SH = fish+h)=f(sh+h))], thus
sh = sh

Symmetric: For shl,sh2e SH, if sh1 = sh2, then for all he St
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[(sh1+he SH)=(sh2+he SH) A (sh1+he SH = f(shl+h)=f(sh2+h))]
= [(sh2+he SH)=(sh1+he SH) A (sh2+he SH = f{sh2+h)=f(sh1+h))]

= sh2 = shl
Transitive: For shl,sh2,sh3e SH, if shl = sh2 and sh2 = sh3, then for all he S*
[(sh1+he SH)=(sh2+he SH) A (shl+he SH = fshl+h)=f(sh2+h))] A
[(sh2+he SH)=(sh3+he SH) A (sh2+he SH = f(sh2+h)=f(sh3+h))]
= [(sh1+he SH)=(sh2+he SH) A (sh2+he SH)=(sh3+he SH) A
(sh1+he SH = fish1+h)=Ash2+h)) A (sh2+he SH = fish2+h)=f(sh3+h))]
— [(shl+he SH)=(sh2+he SH) A (sh2+he SH)=(sh3+he SH) A
((sh1+he SH) A (sh2+he SH)) = (f(sh1+h)=f(sh2+h)) A (fsh2+h)=f(sh3+h))]
= [(shl+he SH)=(sh3+he SH) A (sh1+he SH = fsh1+h)=f(sh3+h))]
= shl = sh3 O
The set of all possible stimulus histories can be partitioned based on this equivalence
relation. As a consequence of the definition of the equivalence relation, two equivalent
stimulus histories are interchangeable as prefixes of any other stimulus history. For example,
the following are equivalent: { (PUSH, 1), (PUSH, 2) ), { (PUSH, 1), (TOP), (PUSH, 2) ),
( (PUSH, 1), (PUSH, 2), (TOP) ), { (PUSH, 1), (PUSH, 3), (POP), (PUSH, 2) ).
Furthermore, cquivalence is preserved after suffixing of constant stimulus histories. However,
it can be shown by examples that equivalence is not preserved by prefixing or infixing a

constant stimulus history.

3.2.4 Canonical Stimulus Histories

In order to establish equivalency among stimulus histories of a black box, the effect of

cach stimulus typc on future behavior of the black box must be analyzed and classified. Not
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all stimuli in a stimulus history contribute to the determination of future responses. This is

caused by various reasons. Some stimuli have no impact on the future behavior at all, such as

a stimulus (TOP) to black box Stack. Some stimuli by themselves do have influence on future

behavior, but their influence may be canceled by some other stimuli which appear later in the

stimulus history. For example, the influence of a PUSH operation on the future behavior of a

stack will be canceled if it is immediately followed by a POP operation.

Definition For a black box f, with domain SH and valid stimuli VS, an essential stimulus set,
ES, is a subset of VS such that for any she SH, there exists an ehe ES’ for which
sh=eh.

Stimuli in ES form a basis of essential information, either data information or control
information, for future behavior of a black box. Semantics of any stimulus history in the
domain SH can be represented by a sequence of essential stimuli. A stimulus in VS-ES can
be either simply omitted or replaced by some stimuli from ES. More than one ES may exist
for a given a black box. It is an analysis and invention step in specification writing to identify
the essential sets of stimuli and to decide which one will best represent all semantics of the
domain SH.

The set of stimulus histories of a black box can be partitioned by the equivalence
relation. In each equivalence class, the individual stimulus histories still have important and
distinctive qualities, e.g. length, though they all produce the same response.

Parnas [19] described "canonical traces" to represent equivalence classes and to
facilitate module specifications in the trace assertion method. However, he did not dictate the
canonical trace, but allowed any trace consistent with a predicate characterizing the set of
canonical traces. He required that no two canonical traces be equivalent and that every trace

be equivalent to exactly one canonical trace.



The BDM canonical form for a black box is an abstraction of stimulus histories across
all equivalence classes. This process of abstraction determines the basis for the future
behavior of the black box for histories in each class. A BDM canonical form must have the
following characteristics: (1) a single canonical form is specified for stimulus histories in all
equivalence classes, (2) the form is tied to a basis ES, and (3) there must be an algorithm to
map every stimulus history in the domain to a canonical stimulus history.

Definition For a black box f, with SH, and an essential stimulus set ES, a canonical form is a
set CH c ES' together with a function Cn:SH—CH defined so that for all she SH,

Cn(sh) = sh. A stimulus history che CH is called a canonical stimulus history. Cnis

called the canonicalization function.

A canonical form for a black box may not be unique. If an application is already in
"simplest" terms, then ES=VS, CH=SH and Cn the identity function. As with ES, it is an
analysis and invention step of specification writing to choose a canonical form with the
canonicalization function which will result in the "best" black box specification.

Definition For a black box £, with SH and a canonical form (CH,Cn), if for all shi,sh2e SH,

[shl=sh2 — Cn(sh1)=Cn(sh2) ], then (CH,Cn) is called a unique canonicalization of f,.

In a unique canonicalization, each equivalence class has only one canonical stimulus
history. All stimulus histories in the equivalence class can be transformed to this single
canonical stimulus history. The example black boxes Stack and Birthday System of Appendix
A have unique canonicalization.

Otherwise, (CH,Cn) performs a multiple canonicalization, where each equivalence class
may have more than one canonical stimulus history. Not all stimulus histories in the

equivalence class can be transformed by Cn to a single canonical stimulus history.
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The known equivalences among stimulus histories become effective in developing a
specification through the process of defining a sbeciﬁc canonical form (CH, Cn). In BDM, the
equivalence relation on stimulus histories is implemented by an equivalence function defined
as follows.

Definition For a black box f, with VS and CH, Eq: CH x VS — CH, called the equivalence
function of f,, maps canonical history ch concatenated with a stimulus s to its
equivalent new canonical history ch’, such that ch’=Eq(ch, s) A ch’ = ch+(s).

Once an equivalence function Eq is defined, an arbitrary stimulus history in the
domain can be converted to a canonical history. A generic, BDM primitive, canonicalization
function Cn: SH — CH is defined which maps a stimulus history sh to its canonical history ch
based on the equivalence function. Cn(sh) = Tr(¢, sh) , where Tr is also defined as a BDM
primitive specification function to translate a ch concatenated with an arbitrary sh to its
equivalent canonical history based on equivalence function Eq:

Tr(ch,sh) = [ #sh=0 — ch || #sh=0 — Tr( Eq(ch, sh,), sh, ;) ]

Theorem (Canonical Form Theorem) For a black box f, with SH, if Eq is an equivalence
function with range CHcSH, then (CH, Cn) is a BDM canonical form.

Proof By the definition of an equivalence function and the definition of canonical form, to
prove the theorem is to prove:

Vse VSVche CH[ Eq(ch, s)=ch+(s) ] = Vshe SH[ Cn(sh)=sh ]

First, by induction on the length of sh:

Vse VSVche CH[Eq(ch,s)=ch+(s)] = Vche CHVshSH[Tr(ch,sh)=ch+sh] )

Basis: #sh=0. Based on the definition of Tr, ch=Tr(ch, ¢) A ch=ch+¢

Thus, the assertion (1) is true for the basis.
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Induction step: Assume that assertion (1) is true for #sh<k. Consider the case #sh=k.
Based on the definition of Tr, Tr(ch, sh, ,) = Tr(Eq(ch, sh)), sh, ). )
Since Eq(ch, sh,)e CH by the hypothesis, and #sh, ,<k, based on the assumption, we
have, Tr(Eq(ch, sh,), sh, ) = Eq(ch, sh))+sh, 3)
Since Eq(ch,sh,)=ch+(sh,) by hypothesis, Eq(ch,sh,)+sh, =ch+(sh)+sh, ,=ch+sh, , (4)
Substitute Tr(Eq(ch, sh,), sh, ) by Tr(ch, sh, ,) based on (2), and substitute
Eq(ch, sh))+sh, , by ch+sh, , based on (4), into (3), to yield Tr(ch, sh, o =chtshy
Therefore, assertion (1) also holds for the case #sh=k.
Hence, assertion (1) is true and
Vse VSVche CH{Eq(ch,s)=ch+(s)] = Vche CHVshe SH[Tr(ch,sh)=ch+sh],
= Vshe SH[ Tr(¢, sh) = ¢+sh ], = Vshe SH[ Cn(sh) = sh ]. O
Once a canonical form (CH,Cn) is defined for a black box f,, we have fy(sh+(s)) =
£i(Cn(sh)+(s)) = f,(ch+(s)). Thus, the black box specification of f, can be defined based on
the CH instead of SH. Since the canonical stimulus history ch is in the "best" form possible
for the application, the black box specification based on canonical stimulus histories is easier

to write and read, which is the essence of behavior-based specification.

3.3 Black Box Specification

A black box is a specification for a software system or a component. A software
specification usually contains a functional description and other behavioral aspects, such as
response time, space efficiency, fault tolerance, security, and error recovery [S]. In this
dissertation, the black box specification will focus on the description of functional behavior.

In the previous sections, the syntax and the semantics of well formed black boxes have

been defined. However, the syntax and the semantics of WFBB do not guarantee a good
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specification. The difficulties in constructing and verifying software specifications are similar
to those encountered in program design. Due to the complexity of software systems,
unstructured specifications, like unstructured programs, are hard to construct, read, and verify.
A method similar to the structured programming can be applied to specification writing. The
BDM structured specification method allows the specification of a complex system to be
presented in a top-down, stepwise, functional style, which leads to readable, precise, complete
and consistent hierarchical black box specifications.

A complex black box function may be defined in a hierarchy of black boxes, called a
specification hierarchy, where higher-level black boxes describe the general structure of the
system while lower-level black boxes describe more detailed mappings. Such a specification
hierarchy decomposes the complexity to intellectually manageable units and supports synthesis
of systems by reuse of existing black box specifications.

Domain partitioning allows the black box function to be presented as a union of a set
of subfunctions corresponding to a response-based partition on the black box domain. Total
case predicates and partial case predicates are introduced to facilitate domain partitioning and
the mapping definition for piece-wise constructed functions.

A black box function description is based on a well formed mapping predicate.
Although many well formed formulas could be used to define the characteristic function for a
black box, they may not result in a good specification. BDM black boxes are constructed in

structured forms with the goal of practical and accurate work.
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3.3.1 Specification Hierarchy

In the original treatment of box structures, lower level black boxes do not occur until
the clear box design, when the state box function is implemented by a procedure which
organizes a set of lower level black boxes into the four basic control structures.

Since black boxes are mathematical functions, in BDM, black boxes are allowed to be
used in a black box specification just as black boxes can be used in a clear box. The
difference between them is the way in which these lower level black boxes are organized. A
black box specification is a non-procedural description while a clear box is a procedure for a
software system or a component. Therefore, subsidiary specification black boxes used in a
black box specification are organized using other function symbols, relational operators and
logical connectives into well formed formulas as a non-procedural, multi-level function
definition. Such a hierarchy of specification black boxes used in a black box is called a
specification hierarchy of a black box.

On the other hand, a regular black box is expanded to a state box and then a clear box.
Such a BB-SB-CB design process is called box expansion. In a clear box design, the function
is decomposed into a sequence use or a concurrent use of next level of black boxes. These
next level black boxes will be expanded in turn. The hierarchy formed through such a top-
down and stepwise box expansion is called a usage hierarchy, which will be discussed in
chapter 5.

A specification hierarchy represents the decomposition of a complex black box
function to a collection of smaller and less complex black boxes that are easier to write, read
and verify. It also represents synthesis of systems by reuse of existing black boxes (i.e., the

specifications of existing code units).
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Lower level black boxes can be used in a black box specification in one of two ways,
simple use or constructive use. Simple use of a lower level black box is a function call. For
fi., a subsidiary black box ag,=((S;, Sy ..» Sw)s Ry, Rys -s Rp)s 9, ) and any terms X,, X, .., X,
where x.eS,, for 1<ism, g,(x,, X,, .., X)) can be used in 4f,.8 or af,.x as a term. If g, is used
in case predicates in f,, it can be either used in condition formulas or action formulas.

Constructive use of lower level black boxes is use of their definitions. In this way, a
black box specification is defined by the components of the definitions of the lower level black
boxes, rather than simply using them as terms. Two black box definitions are said to be #ype
compatible, if each interface variable common to both black box interfaces has the identical
type in each interface definition. Type compatibility is required for one black box to use
another.

The simple use and the constructive use have different merit. Primitive black boxes
and user defined common black boxes are used in the simple manner, since the arguments to
two uses may contain different stimulus variables and response variables, and are not type-
compatible.

Whereas, high-level specification of a system can be defined constructively using black
box formulas containing subsystem definitions. In such cases, type compatibility among
subsystems is usually satisfied. By using black box formulas, the components of the
subsystem definitions do not need to be literally repeated in the definition of the whole system,
as in the case of simple use.

Definition (Use Relation) Let B be a set of black boxes and let U be defined on B such that

Uf,g, if and only if f, uses g,, i.e., g, appears in 4f,.

Definition (A - Specification Hierarchy Function) For a black box f,

ML) = { x| Uf,x), ie., f, and its direct uses of black boxes including itself.
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A LD = { x Lye M) A Uyx)
AULED = { x L ye AR A Uyx}
AUSD = AURD if AUARD = M ARD

M{f,}) is the order-1 specification set of f;, i.e., f, and all the black boxes it uses
directly. AX({f,}) is the order-k specification set of f, with all black boxes it uses for k levels.
A" refers to the complete specification set, or specification closure, regardless of the number of

levels. A specification hierarchy is the tree representation of A",

3.3.2 Domain Partitioning

Specification hierarchies are created by multi-level domain partitioning to represent a
complex black box function by a set of subfunctions. Each partition gives rise to an
equivalence relation on stimulus histories based on current response such that the response for

stimulus histories in the same class can be described by the same subfunction.

Definition A domain partitioning specification of a black box f; is a case predicate

C=[C, A IC,—>A .. 1C,—> A,] where for 1<i<n, SH/C = {SH,, SH,, ..,
SH,}, with SH={sh|she SH A C(sh)}; where the action formula A;: SHXR —
{TRUE, FALSE} determines the characteristic predicate for a subfunction f;,.

Theorem (Domain Partitioning Theorem) A case predicate [C,—A, | C;—A, I..1 C.—A,]
forms a partition SHp;, SHp,, .., SHp,, where Vie {1..n}[SHp={sh|she SHp A C(sh)}],
on its domain SH;, if and only if
(1) Vshe SHy[(v;., , Ci(sh))=TRUE], and
(2) Vi,je {1..n}Vshe SHyli#j = =(C(sh)aC(sh))].

Proof Based on the definition of partitioning, SHp;, SHp,, .., SHp, form a partition if and only

if (1) Upy_» SHy; = SHy, and (2) Vije (1.0} [i# = SHpNSHy; = ¢].

51



¢)) Uier.n SHp; = SHp
< { sh | she SHp A ( C;(sh)vCy(sh)v..vCy(sh) ) } = SHp
& Vshe SHp[(v;, , Ci(sh))=TRUE]
) Vije {1..n}[i#] = SHpNSHy, = 9]
& Vije(l.n}{i#zj = {sh|she SH; A Ci(sh)AC(sh)} = ¢]
o Vije{l.n}[i#j = Vshe SHY(~(C,(sh)aC;(sh)))]
& Vije {1..n}Vshe SHy[i#j] = —~(Ci(sh)AC;(sh))] a
Theorem (Specification Assembly Theorem) For black box f, with SH and case predicate C, if
C partitions SH, then f, = fi, U fop U .. U fop-
Proof Let C be case predicate [C,—A, | C;—=A, [ .. | G—A, that forms a partition
SH/C = {SH,, SH,, .., SH,}, where for 1<i<n, SH={ sh | she SH A Ci(sh) } and let
fi={ (sh, ) | she SH; A reR A A(sh, 1) }, for 1<i<n. Based on the semantics of
WFBB, we have
f, = { (sh, 1) | sheSH A reR A x(sh, 1) }
= { (sh, 1) | she SH A reR A [C,(sh)—A(sh,1) | Cy(sh)—Ay(sh,1) |l .. |
Ca(sh)—A(sh.n)] }
= { (sh, 1) | (sheSH, v she SH, v .. v she SH,) A reR A ((C,(sh)=(A,(sh.0))) A
((Cy(sh)=>(Ag(sh,) A .. A ((C,(s))=(AL(sh.D)) ]
= { (sh, r) | reR A [ she SHiAA(sh,r) v she SH,AA(sh,r) Vv .. v she SHAA(sh,p) ]}
= { (sh, r) | sheSH, A reR A A((sh,r) } U { (sh, 1) | she SH; A reR A Ay(shyr) } L
..U { (sh, 1) | sheSH, A reR A A(sh,r) }

=fe VY. Uk 0
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Case predicates are used to decompose the complexity of a black box. For a very
complex system, one level of domain partition may not be sufficient. Case predicates can be
nested in action formulas to form a multi-level domain partitioning.

The following terminology is used in reference to the relationship among case
predicates used in black box specifications. LetP=[C, = A, 1..1C.— AL L
T=[D,- B, ||.. I D, B,] be case predicates, and W be an arbitrary well-formed
formula: In formula [C; = A, | .. | C; = AATAA, | .. | C, = Ayl P is called the parent
case predicate of T, and T is the child case predicate of P; In formula P AT or T AP, Pand
T are sibling case predicates; In formula W A T or T A W, W is said to be a sibling predicate
of case predicate T; When two case predicates have either parent-child relation or sibling-
sibling relation, the two are said to be adjacent; The case predicate that has no parent case
predicate is called the root case predicate.

Definition The domain of a case predicate T, denoted SHy, is defined inductively as follows:

(1) if T is the root case predicate, the domain of T is the domain SH of the black box,

(2) if T is a child of a case predicate P which has a domain SH, and T appears in one

of the action formulas of P such that [C;, = A, || .. § C; = AATAA, | .. | C; o Ayl

then, the domain of T is { sh | she SH, A Ci(sh) }.

3.3.3 Normal Black Boxes

Even though one could choose to represent a black box mapping by many different
WEF’s, BDM recommends a standard form of specification structures for the representation of
the mappings based on using multi-level domain partitions and a specification hierarchy. Such

a structured representation not only provides a well structured specification, but also supports a
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systematic verification of the consistency and completeness of the specification, which will be

discussed below.

Definition A black box is a normal black box if its mapping predicate Y is in the form
A, A .. A A, for n21, where each A, is either a domain partitioning specification or a
(quantified) relational expression such that (1) there is no case predicate used in any
condition formula, and (2) every action formula in any case predicate is in the form
B, A .. A B, for m21, where each B; is either a domain partitioning specification or a
(quantified) relational expression.

Definition A normal black box is restricted normal if in its mapping predicate X no case
predicate has a sibling predicate in terms of the A operation. A restricted normal black
box is called depth-restricted normal if only zero or one case predicate is used.

The following theorem shows that no loss is suffered by restricting software
specifications to normal black boxes.

Theorem Any partial recursive function can be defined as a normal black box function.

Proof (1) Basic recursive functions: successor function S(x)=x+1, zero function N(x)=0, and
generalized identity function US(x,, X, .., X)=X; can be defined in BDM as normal
black boxes:

BB S(in x, out Return ) { Return = x+1 }

BB N(in x, out Return ) { Return = 0 }

BB U(in i, X;, Xy, -, X, Out Return ) { Retum = x; }

(2) Function composition: given functions f(y,, Yz --» ¥a)s 81(X1, X2» «» Xm)s
2,(Xps Xy wr Xy -0 Ea(X1s Xgs - Xg), function composition F&(Xps Xay ooy X

X1y Xz wr X)» -o» EoXys Xy o Xgy) is @ valid term allowed in normmal black boxes.
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(3) Primitive recursion: given primitive recursive functions g€(Xy5 Xy vr Xps
h(X,, Xgs .., Xp,1), @ primitive recursion fix,, X,, .., X,) can be defined as normal black
box:

BB fin x,, X,, .., X, out Return)

{ [ x,=0 — Return = g(X,, Xy, .., Xy1)

| otherwise — Return = h(x,, X,, .., Xy, X}, Xy, s Xppy X-1)) ] }

(4) Minimization: for a given £y, X;, X,, .., X,), the minimization whose value is the
least y such that f{y, X,, X,, .., X)=0 for given (x;, X, .., X;) can be defined as
Min({ y | AY,X1:Xp-X,)=0 }) and used as a term in normal black boxes.
(5) Thus, any partial recursive function, which can be obtained by repeated
application of composition, primitive recursion and minimization starting with the
successor, zero and generalized identity functions, can be define as a normal black box
by repeated application of the above BDM representation of composition, primitive

recursion, minimization, successor, zero and the generalized identity functions. O

Theorem (Predicate Join) Let P = [C,—>A, || .. | C—A | .. | C;oA,] and T = [D,—B, | ..

Proof

| D,—B,] be two sibling case predicates that each forms a partition on their common

domain SH. Then, PAT=((C, = A, | .1 Co = A, 1A[D, > B, [..1D, > B, ]
&  PT = [CAD, > AnB, | .. | CAD, » AAB,

| C,AD, = A,AB, |l .. | C,AD, = AjAB, ..

| CoAD; = ApAB, | .. | CanD, = A,AB, ]

Since P and T each form a partition on their domain, according to the domain
partitioning theorem, for any stimulus history in the domain SH,
J.ie {1..m}(C=TRUE) and J,je {1..n}(D=TRUE). Thus, every case in P is vacuously

true (since its hypothesis is false) except C; > A, every case in T is vacuously true
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except D; — B;, and every case in PT is vacuously true except CGAD; = AAB;.

Therefore, for any sh such that C(sh) is true and D(sh) is true,

(C,=> A -1Ca> A IA[D, =B |..ID,—B,]
< C=>A)ADO;=B)
o (TRUE = A) A (TRUE = B)
< A; A B,
o (TRUE = A; A B)
= (CAD;=>AAB)
=3 [ CAD, = AAB, | .. | CAD, = AAB,
| C,AD; = A AB, |l .. | CAD, = AAB,
| C,AD; = ApAB, Il .. | CuAD, = A AB, ]
Since sh, i, and j are arbitrary, the equivalence is proved true. O
Theorem (Predicate Absorption) Let P = [C;—2A, | .. | C-T || .. | Cu—AL] and

Proof

T = [D,>B, | .. | D,~B,] be two case predicates in a parent-child relationship. Then

T can be absorbed into P such that:

[C—A .. 1C,—> [D;=B, [l.. ID;>B] | .. | Ca™AL)
< [C>A, || .. | CAD;—-B, | CAD,»B, || .. | GAD, — B, .. 1 Co—mALl
Ci'_)[Dl'_)Bl “ . "Dn_-)Bn]

< =C; v [ ("D,vB) A .. A (-D,VB)) ]
=4 (~C,v-D,vB)) A .. A (-Civ-D,vB,)
= ((CAD))VB)) A .. A (-(CADYVB)
= [CAD, > B, | .. | CAD, = B, ]

The theorem follows. |
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Theorem (Action Distribution) If P = [C;—>A, | .. | C—A; || .. | Co—AL] forms a partition
on its domain SH, and there is no variable in any condition formula C, for 1<i<m,
that is constrained by some equation in a wff B that contains no case predicate, then
([C,>A . 1Ca>A1AB) & [C,>AAB| .. [ Co > AynB ]

Proof This is a special case of predicate join. Since there is no variable in any condition
formula C, for 1<i<m, that is constrained by B, and B < [ TRUE - B ],

([C,=Al..1Chb—=>A1AB)
& ([C, - A ..-1Ca—>> Ay ]A[TRUE—B])
o [C,— AAB | .. | C, = A AB ] by the predicate join rule. a

Theorem (Join Partition) Let P=[C; = A, | .. | C; = A,] and T=[D, — B, .. | D,— B,
be two sibling case predicates. Let
PT = [ CAD, » AAB, || .. | C,AD, = AAB,

| C,AD, = AuAB, | .. | GAD, = A,nB,

| C,AD; = A AB, || .. | CoaAD, = ApnB ]
Then, PT forms a partition on its domain if and only if both P and T form partitions
on their domains.
Proof Let SH, be the domain of P, T and PT. Let E, = CAD,; and F, = AAB;, for 1<i<m,
1<j<n, and 1<k<mn. Then, PT becomes
PT=[E —F |E>F|[.|Ey— Ful
By the Exactly One Theorem,
P and T form partitions on their domains
< VsheSH3,ie {1.m}[C(sh)] A Vshe SHg3,je {1..n}[D;(sh)]

& VsheSH,3ie {1..m}3,je {1..n}[C(sh)AD(sh)]
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<> VsheSHd ke {1.mn}[E,]

< PT forms partitions on its domain (|
Theorem (Absorption Partition) Let P=[C, > A, |.. | C,—> T l..1Ca— A,] and
T=[D, - B, || .. | D, = B,] be two case predicates parent-child related. Let PT be the

Proof

case predicate that results from predicate absorption. PT forms a partition on its
domain if and only if both P and T form partitions on their respective domains.
Let SH, be the domain of P, SHy={sh|she SHpAC, (sh)} be the domain of T, and
PT = [C,o A |..NC,— A,
| C,AD, = B, | C,AD, = B, || .. | C;AD, — B,
1Ca=2Aal- 1G> A]
By the Domain Partitioning Theorem, two assertions must be proved.
(1) The disjunction of all condition formulas of PT is TRUE if and only if the
disjunction of all condition formulas of P is TRUE and the disjunction of all condition
formulas of T is TRUE.
Vhe SHpVh'e SH{[ (Ci(h) v .. v C; () v
C, (WA () v Dyh) v .. v D(0)) v
C (b v . v Cyh)) =TRUE ]
=3 Vhe SHp[(Vi; oCi(1)=TRUE] A Vh'e SHy[C, () = (v;., D;(W))=TRUE]
= Vhe SHp[(Vi oCi(1)=TRUE] A Vh'e SHy [(V;.,.D;(h))=TRUE]
(2) The conjunction of any two condition formulas of PT is FALSE if and only if the
conjunction of any two condition formulas of P is FALSE and the conjunction of any
two condition formulas of T is FALSE. The if-part is a straight implication, i.e.,
Vi,je {1..m}Vhe SHy[i#] = ~(C(h)AC(1))] A

Vi,je {1..n)Vh'e SHylizj = ~(D,(W)AD;MH))]
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= Yije (1,..l-1,1+1,..,m} Vhe SHy[i#j = ~(C(AC{h)] A
Yie {1,..,l-1,1+1,..m} Vje { 1..n} Vhe SHyVh'e SH{{~(C(n)AC, (WAD,(h))] A
Vjke {1..n} Vhe SHVh'e SHy[jzk = —~(C, (W)AD(h)AD(h))]
Only if part:
= ( Vi,je {1..m} Vhe SHg[i#j] = ~(C()AC{(h)] A
Vi je {1..n}Vh'e SHfi#j = ~(D(h")AD{(h"))] )
= Ji,je {1..m}3he SH;[i#j A Ci(h) A C(h)] v
Ji,je {1..n}3h'e SHy{i# A Di(h") A Dy(h)]
= Ji,je {1,..,J-1,/+1,..m}3he SHy[i#j A C(h) A C()] v
Jie {1,..,)-1,i+1,..,m}3je { 1..n}Fhe SHIN e SH{~«C(MAC, (WAD(K))] v
3j,ke {1..n)3he SH3h'e SHy{j#k A C;(h) A D) A D(h)]
o = ( Vije {1,...0-1,1+1,.,m}Vhe SHy[i#j = ~«(C(h)AC,(h)] A
Vie {1,..,)-1,1+1,..m}Vje {1..n} Vhe SHpVh'e SH{~(C(AC, (WAD( )] A
Vjke {1..n} Vhe SH,Vh'e SHy{jzk = ~(C, (W)AD(h)AD(h))] ) O
Thus, in a normal black box containing nested case predicates, adjacent case predicates
can be merged and action formulas can be distributed into case predicates. By such merging
and distribution, the normal black box can be transformed to a depth-restricted normal black
box as shown in the following theorem.
Theorem (Depth Restriction of Normal Black Box) For any normal black box £, there exists
an equivalent depth-restricted normal black box f'.
Proof Let of, = (SL, RL, &, X). Prove by induction on the number of case predicates in f;.
Basis: For N = 0, the mapping predicate  of f, is in the form A; A .. A A,, for n21,

where each A, is a (quantified) relational expression. Then, the equivalent restricted
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normal black box af,” = (SL, RL, 8, [TRUE — A, A .. A A;]) is a depth-restricted
normal black box using only one case predicate. Thus, the assertion holds for N=0.
For N = 1, if y itself is a case predicate, then f, is already a depth-restricted normal
black box. Otherwise, x must be in the form A, A .. A A, for n21, where A, is a case
predicate [C,—B, || .. | C,—B,] and the other A,, for 2<i<n, are (quantified) relational
expressions, then  can be transformed to an equivalent case predicate xX'=

[Cf 9B AA A AAC, 9B AA A AA . IC D BaAA AL AA]
where for 1<j<m, each C/’ is the result of repeatedly substituting every variable y in C;,
that is constrained by an equation y=g(x,, .., x,) for some function g in A; A .. A A,
by g(x,, .., X,) until there is no variable in C/’ is constrained by A, A .. A A,
According to the Substitution Theorem [43], The value of each Cj’ is the same as the
value of each C;. Thus, X forms a partition on SH if and only if ¢’ forms a partition
on SH. Thus, &f,” = (SL, RL, §, ) is an equivalent depth-restricted normal black
box using just one case predicate. The assertion holds for N=1.

Induction step: Assume the assertion holds for N<K, where K>1. Consider the case
N=K. Suppose there are K case predicates in the mapping predicaie X of fi. Let
P=[C,—A, || .. | C;—A_] and T=[D,—B, | .. | D,—B,] be two arbitrary adjacent case
predicates in 3. If P and T are sibling predicates, i.e., PAT is a subformula in X, then
by the Predicate Join and Join Partition Theorems, PAT can be merged to one case
predicate PT, and PT forms a partition. Thus, the number of case predicates in x will
be less than K so that the assertion holds. If P and T are in a parent-child relationship,
ic., [C;=A, I .. | C-TAA! | .. | Cp — Ayl where A; = TAA{ is a subformula in ,
then, by the Predicate Absorption and Absorption Partition Theorems, P and T can be

merged into one case predicate PT, and PT forms a partition. Thus, the number of
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case predicates in T will be less than K so that the assertion also holds. Therefore, the

assertion also holds for the case N=K. a

Therefore, any normal black box has an equivalent depth-restricted normal black box.
However, a normal black box, which contains case predicates in parent-child and sibling
relationships and having common action subformula abstractions, fewer expressions and
providing a multi-level presentation of a complex black box function will generally produce a
better specification than will a depth-restricted normal black box. The depth-restricted normal

black box concept is useful mainly for study of mathematical properties of black boxes.

3.3.4 SH-based Specification

Direct SH-based specification, is an approach in which the black box mapping is
defined directly in terms of stimulus histories and their subhistories. In a SH-based
specification, concepts, entities, and their relationships in an application domain are formally
defined as sets, lists, predicates and functions as building blocks using BDM list notation,
operations, and primitive functions. The black box mapping is described using these building
blocks in the form of a normal or restricted normal black box. Given a problem statement, the

following steps will lead to a SH-based specification.

Requirement analysis

Requirement analysis is a discovery process to identify concepts, data entities, and
operations in the application domain from the user requirement. Usually, requirement analysis
consists of data analysis and function analysis.

A. Data analysis. Identify data entities, their names, structures, value ranges and

semantics. Record each data entity in a data analysis table where each entry contains four
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components (Data, Structure, Range, Semantics). For example, data analysis of the problem

statement for the Birthday Book identified the following data entities.

Data Structure Range Semantics

name character string

birthday (month, day, year) 1/1/1900 < birthday

person (name, birthday)

known person’ persons entered and

not subsequently deleted
B. Function analysis. A black box function may be a union of a set of
subfunctions. Each subfunction is called an operation or a transaction. Function analysis is to
identify every operation, and the stimulus data entities, the conditions (the relationship between
the current stimulus and the prior stimulus history), and the response data entities that are
involved in the operation. Record each operation in a function analysis table where each entry
contains four components (Operation, Input, Condition, Ousput). Continuing the example,

function analysis of the problem statement for the Birthday Book identified the following

operations.
Operation Input Condition Qutput
Add (name, birthday) name not added before

name added before
Delete name name not added before

name added before
Find name name not added before

name added before birthday
Remind birthday list of names
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The above requirement analysis revealed that the problem statement is not complete.
Responses for some stimulus histories, such as a stimulus history ending with an add request,
and a stimulus history ending with a delete request, are not defined. Although responses for
such stimulus histories could be null, a specific response other than a null would be a better
response to various stimulus histories. An incomplete user requirement needs to be revised by
interacting with sponsors, or by making assumptions until it is complete. A function analysis

table for Birthday Book after the requirement is completed could be like the following table:

Operation Input Condition Output

Add (name, birthday) name not added before "Add confirmation”
name added before "Name already known"

Delete name name not added before "Name not known”
name added before "Delete confirmation”

Find name name not added before "Name not known"
name added before birthday

Remind birthday list of names

Specification

Specification writing is a creative process to establish a formal model in BDM, based
on the results of the requirements analysis, that defines the function of the software system.

A. Data definition. Data entities in the application domain discovered in data
analysis are abstracted and classified into abstract data types using ADT statements or concrete
data types using typedef statements. For a large system, such abstract types and concrete types
constitute a data dictionary. Since data definition is an abstraction step, there may not be a

one-to-one correspondence between the data entities identified in data analysis and the data
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types and variables defined in data definition. In the Birthday Book example, both abstract
and concrete types for NAME, DATE and NAMELIST are defined.

B. Interface definition. (1) Define stimulus variables and their types based on
abstraction from the union of input data entities appearing in the input column of the function
analysis table. Any value range imposed on data entities in data analysis that correspond to
stimulus variable will be defined by the domain predicate . For a black box with multiple
operations, a specific operation type will be selected for each use of the box. Thus, operation
type is usually a component of a stimulus. In the Birthday Book example, based on an
abstraction from the union of input data entities appearing in the input column of the function
analysis table, three stimulus variables are defined: Command as a stimulus type for operation
type, InName as a stimulus type for input names, and InDate as a stimulus type for input
birthday. (2) Define response variables and their types, based on abstraction from the union
of output data entities appearing in the output column of the function analysis table. In the
Birthday Book example, based on an abstraction from the union of output data entities
appearing in the output column of the function analysis table, three response variables are
defined: Message as responses for an Add or a Delete request, NameList as a response for a
Remind request, and OutDate as a response for a Find request.

C. Stimulus history dependency definition. Each response is a function of a
stimulus history. But sometimes, a response may only depend on a critical sublist of a
stimulus history instead of the whole history itself. Each response and its dependency on
stimulus histories are examined based on the condition column in the function analysis table.
Sublists of stimulus histories that determine responses are identified and formally defined as
named lists in def .. for clause, using BDM list notation and operations to facilitate the

description of black box mapping. In the Birthday Book example, the condition column of the
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function analysis table contains conditions about whether a name is added to the system
before. Thus, Known, a sublist of a stimulus history, is defined for persons whose names were
previously added and were not subsequently deleted and can be used to decide whether each
condition is true or not for a stimulus history.

D. Mapping definition. The black box mapping predicate is defined in terms of
stimulus histories and their named sublists defined in step C. For a black box with multiple
operations, the domain is partitioned using case predicate based on operation types identified
in the function analysis table. In the SH-based black box Birthday Book, the mapping
predicate is a domain partitioning specification on the operation types ADD, DELETE, FIND,
and REMIND. The sublist Known is used to determine responses.

SH-based approach is a transaction-oriented specification rather than a property-
oriented description. Such a specification is usually direct, simple, and close to the original
problem statement. A disadvantage of the direct SH-based specification is that when the
response dependency on stimulus histories and the relationship among stimuli in stimulus
histories are complex, a direct SH-based specification is difficult to achieve.

Example

A An SH-based black box for MinMaxAvg12 can be found in Appendix A. In
the next section a black box definition in the CH-based approach for MaxMinAvgl2 is given.
It will show that the SH-based approach yields a much better specification for MaxMinAvgl2
than a CH-based specification.

B. An SH-based black box for the Birthday Book can be found in Appendix A.
In the SH-based black box BirthdayBook, the mapping predicate is an English-like and very
readable yet precise specification. Each predicate symbol contained in the mapping ¥ is

precisely defined in the symbol definition section. Each predicate symbol represents a concept
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or an entity in the application domain. For examples, in the stimulus history, same name may
appear more than once with different birthdays. Which one will be used to produce responses
to stimuli FIND or REMIND? It is not necessarily the first pair of the name and the birthday,
since the first pair may be deleted by a DELETE command appearing later in the stimulus
history. The precise semantics is pretty hard to express in natural English. In BDM, such
semantics can be precisely defined without losing the readability. In the example, Known is
defined as a sublist of the stimulus history and represents the concept of a set of (name,
birthday) tuples whose "names were previously added and were not subsequently deleted”.
Compared to the Z specification [24], such a SH-based black box BirthdayBook in BDM is
more concise and simpler. Compared to its CH-based specification that will be presented next,
the SH-based specification is direct and closer to the user’s English description of the

application concepts, hence more readable.

3.3.5 CH-based Specification
For some applications, the response dependencies on stimulus histories and the
relationship among stimuli in stimulus histories are complex. Thus, a direct SH-based
specification can be difficult to write. A CH-based specification ié an approach in which a
BDM canonical form is defined first so that every stimulus history can be converted to a
canonical history, and then the mapping predicate is defined in terms of the canonical stimulus
histories. Since a canonical stimulus history is usually simpler than the general stimulus
history, the black box mapping will be easier to describe in terms of the canonical history.
Given a problem statement, the following steps will lead to a CH-based black box |

specification.
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Requirement analysis

Data analysis and function analysis of user requirement are the same as that of a SH-

based specification.

Specification

A. Data definition is the same as that of a SH-based specification.

B. Interface definition is the same as that of a SH-based specification.

C. Analysis of effect of stimuli on future behavior. The impact of possible
stimuli on future behavior is analyzed based on the function analysis table. From the set of all
valid stimuli VS, first identify the set of omissible stimuli, OS, those having no effect on
future behavior. Next, identify within VS-OS the set(s) ES which can represent the semantics
of any stimulus history in SH. Stimuli that are not omissible and are not in ES are those
replaceable by a string from ES’, form a set denoted RS. There may be more than one
possible ES and a judgment will have to be made as to which will result in the best
specification. For example, an examination on the function analysis table for the Birthday
Book revealed that future beﬁavior of the black box depends on the persons whose names were
previously added and were not subsequently deleted. The function of a REMIND request or a
FIND request has nothing to do with such persons, thus, they have no impact on future
behaviors. Therefore, OS = {(FIND, *, €), (REMIND, ¢, *)}. Then the remaining VS-OS
can be divided as ES={(ADD, *, *¥)} and RS={(DELETE, *, &)}.

D. Equivalence function definition. Define the equivalence function
Eq: CH x VS — CH by defining a domain predicate for the canonical form and a mapping

predicate for an equivalence relation such that for a given old canonical history och and for
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each possible stimulus s that follows och, the new canonical history nch is defined so that

nch=Eq(och, s) A nch=och+(s). Eq will have the following general form

BB Eq(in och, s, out Retum)
{ dom och e <canonical-form-definition> A s € S
map def nch=Return; for
[ seOS — nch=och
I scES v seRS —
[ Coch,s) — nch = Eq,(och, s)
I Cyoch,s) — nch = Eq,(och, s)
I
| Coch,s) — nch = Eq,(och, s)] 1]
}
where, OS, RS, and ES are defined in step C, <canonical-form-definition> ¢ ES’, and Eq; for
1<i<n will be defincd based on the impact of the specific stimulus to the future behavior
implied in the function analysis table. For the Birthday Book example, since ES =
{ (ADD, *, *) }, a canonical form definition can be CH = ({ADD}xNAMExDATE)'. The
canonical form of a stimulus history is its sublist of (ADD, InName, InDate) stimuli where
cach name was not added before and was not subsequently deleted. According to the function
analysis table, for a stimulus (ADD, Name, *), Name will be added only if it has not been
added before. And for a stimulus (DELETE, Name, €), Name will be deleted only if it has

been added before. Thus, an Eq for black box Birthday Book can be defined as follows.
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BB Eq(in och, s, out Retun)
{ dom oche ({ADD}XNAMEXDATE)' A se COMMANDXNAMEXDATE
map def nch=Return; for
[ s=(ADD,Name,*) A (ADD,Name,*)&och — nch=och+(s)
| s=(DELETE,Name,*) A (ADD,Name,*)eoch — nch=och-((ADD,Name,*))

[l otherwise — nch=och ]

E. Mapping definition. The black box mapping predicate is defined in terms of
canonical stimulus history. For a black box with multiple operations, the domain is partitioned
using case predicate based on operation types identified in the function analysis table. In the
CH-based black box Birthday Book, the mapping predicate is a domain partitioning
specification on the operation types ADD, DELETE, FIND, and REMIND. Known is defined
as the canonical form of the prior stimulus history and is used to determine responses.
Complete CH-based black boxes for Stack, BirthdayBook, and MinMaxAvgl2 can be found in
Appendix A.

The advantages of a CH-based specification are that for complex stimulus histories, the
CH-based approach will make the stimulus history analysis and access simpler; and CH and its
equivalence relation are close to state encapsulation and state maintenance. Thus, a CH-based
black box specification will make state box analysis and definition easier. The disadvantage of

such a specification is that it might tend to obscure the essential simplicity of black boxes.

Summary Advice

e Use normal black boxes.

2 Use SH-based specification approach when practical.
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&)} If SH-based approach is not practical, use CH-based specification approach.
@) If CH-based approach is not practical, complete the parts of the black box
description that are practical, defer or omit the impractical details and go on to

a state-based specification using a state box.

3.4 Black Box Verification

A formal specification possesses certain mathematical properties. Two important
properties of interest are completeness and consistency. In this section, the concepts of
completeness and consistency are defined. Theorems which provide a method of verification

of consistency and completeness of normal black boxes are presented.

3.4.1 Completeness and Consistency

A complete black box specification defines a response for every valid input history. It
fully determines the function to be implemented. The behavior of the specified system is so
fully defined that no implementation that has more or less behavior can be constructed [23].
If a black box specification should represent a relation that is not a function, J,(sh) represents
an arbitrary one of the possible responses.
Definition A black box specification f, is syntactically complete if and only if

Vsh[af,-(she SH) = Jre R[af,Hf,(sh)=D]]

A black box specification is consistent if it does not permit contradictory derivations
such as P A —P from some input. In other words, for each valid stimulus history, the response
of the black box should always be the same.

Syntactical consistency is formally defined as follows.
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Definition A black box specification £, is syntactically consistent if and only if

Vsh[af,+(she SH) = —JreR{af, + (f(sh)=r A Sfu(sh)y=n]]

3.4.2 Specification Verification Theorems

BDM black boxes are verified for syntactical consistency and syntactical completeness.
The verification theorems stated below can be used for normal black box specifications. The
central ideas behind the verification theorems are (1) to prove completeness and consistency by
verifying a finite number of subfunctions defined by domain partitioning; and (2) to establish
these properties for a large and complex black box by proving them for a collection of smaller
and less complex (lower level) black boxes.
Lemma For any wff D;, D,, .., Dy,

(Viex D)=TRUE ~ Vije {1.k}[i#j = ~(DADp] if and only if J,ie {1..k}[D]
Proof Since 3ie {1.k}[D] <

[(D, A =D, A..A “DIV(=D; A D; A Dy ALA =DYv..v(-D, A =D, A.A =D A D],

we prove the assertion by proving

(Viax D)=TRUE A Vije {1.k}[i#j = ~(DAD)] &

[(D,; A °D, A..A “DIV(=D; A D, A -D; ALA “DYV.V(=D; A =D, A.A "Dy A DY)

Prove by induction on k. Basis: For k=2,

(V212 D)=TRUE A Vije {1,2}[i#] = ~(D,AD)] < (D;vDYA~(DADy) <

(D,VD)A(=D,v-Dy) ¢ (D;A-Dy) v (-D,aD,). Thus, the assertion holds for k=2.

Induction step: Assume the assertion is true for k=n, for n22. Consider the case

k=n+1. Let Vie {1..n-1}[D’; = D] and D, = D,vD,,,. Then,

(Vimy ne1 DD)=TRUE A Vije {1.n+1}{i#j = ~«DAD)]

& (Viyn D)=TRUE A Vije {1.0-1}{i#j = «DAD)] A
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ViE { 1"n'1 } [%DiA(DnVDn-bl))] A —'(DnADn-fl)

(Viern D'D=TRUE A Vi je {L.n-1}[i#] = ~(D'AD)] A

Vie {1..n-1}[~(DAD’)] A ~(D,AD,,,))

(Vie1n D'D=TRUE A Vi je {1.n}[i# = ~(D'AD’)] A ~«(DAD,,y)
[(DyA-DyA..AD)VED AD A A-DY V.V
(-D'yA-DyA..A-D;ADY ] ADAD,,)

[ D, A =Dy A .. A =D, A =Dy A (DAD,,,) V

=D, AD, A Dy A.. A D, A Dy AADAD,) V.V
=D, A “D; A .. A "Dy A (DvDy) A ADAD) ]
[D,A-D,A..A°D,A-D,, VvV
“-D,AD,A.AD,AD, V.V

-D; A =Dy A .. A Dy A (DA-D,,, v "DAD,,) ]
[DyA-DyA..A-D,ASD,, Vv

D, AD,A..AD,ATD,, V.V
-D;AD,A..A-D, ;AD,AD,, Vv

=D, A" D,A..A-D,;A-D,AD,) ]

Therefore, the assertion also holds for k=n+1.
Theorem (Exactly One) For any black box f, with domain SH, and a case predicate
[C, = A; Il .. | C, = Al used in 4f, having domain SH,
Vshe SH,[(v,.; Ci(sh))=TRUE a Vi je {1.k}[i#] = ~(C(sh)aC(sh))] ]
if and only if Vshe SH3,ie {1..k}[C(sh)]
Proof The result follows immediately from substituting quantified wff’s C,, .., C, for the

arbitrary wff’s D,, .., D in the lemma.

72



Theorem (Completeness and Consistency) A black box specification is complete and
consistent if and only if Vsh{af,~(she SH) = Jre Raf,Hfy(sh)=n)]]

Proof Since a black box specification is complete if and only if
Vsh[af;,-(she SH) = 3reR[f, + (f,(sh)=)]], and a black box specification is consistent
if and only if Vsh[af,-(she SH) = —dreR[4f, + (f(sh)=r A fi(sh)#n]], thus, a black
box specification is complete and consistent if and only if
Vsh[af,+(she SH) = reR[af, + (f(sh)=n]] A
Vshiaf,H(she SH) = —~dreR[4f, + (fy(sh)=r A fi(sh)=n)]]

& Vsh[ Af,+(she SH) = 3re R[4, + (fi(sh)=)] A —JreR[af, + (F(sh)=r A f(sh)=n)] ]

< Vsh(af,H(she SH) = JreR[4f;, + (f,(sh)=n]] O

A depth-restricted normal black box is complete and consistent if and only if every
action formula for each case defines a unique final state for each output variable, as stated in
the following theorem.

Theorem (Verification of Depth-restricted Normal Black Box) A depth-restricted normal
black box af, = (S, -» So)» Ry, - R, 8, %), where x=[C; = A, | .. | C— Al is
complete and consistent if and only if in its case predicate

Vshe SHVie {1.k}[ C(sh) = J,reR[A(sh, 1) ], i.e,, in each action formula, the final
state of each output variable R; of RL is uniquely defined.

Proof If part: By the Exactly One Theorem, Vshe SH[3,ie {1..k}(Ci(sh))]. Thus,

Vshe SHY 3;ie {1.k}(C(sh))] A Vshe SHVie {1..k}[ Ci(sh) = 3;reR[A(sh, 1) ]
= Vshe SH3,ie {1..k}3,reR[Ai(sh, )]
= Vsh[af,r(she SH) = J;re R{af,Hf,(sh)=1)]],

by Domain Partitioning Specification

< 4&f, is complete and consistent, by the Completeness and Consistency Theorem.
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Only if part:
- Vshe SHVie {1..k}[ C(sh) = J,reR[A(sh, 1) ]
< 3she SHie {1..k}[ C(sh) A ~3reR[A(sh, 1) ]
= dshe SH~3,reR[4f; + (r=f,(sh))]
= ~Vsh{af,+(she SH) = J;reR[4f, + (f,(sh)=n)]]
<> 4f, is not complete and consistent,
by Completeness and Consistency Theorem. O

Theorem (Verification of Restricted Normal Black Box) A restricted normal black box Af, is
complete and consistent if and only if in every action formula of each case predicate
used in Af;, the final state of each output variable in RL is uniquely defined.

Proof By the Depth-restriction of Normal Black Box Theorem, the restricted normal black
box Af; can be transformed to an equivalent depth-restricted normal black box Af,) such
that f, = f/. By the definition of restricted normal black box, there is no sibling
relationship among case predicates used in af,. Thus, in transforming 4f;, to afy, only
predicate absorption will occur. Thus, all action formulas of the case predicates used
in af, will be preserved in the case predicate of af,’. Thus, 4f, satisfies the condition
here if and only if Af,” satisfies the condition in the Depth-restricted Verification
Theorem.

Since f,=f,’. 4f; is complete and consistent

=3 af, is complete and consistent
o Af,) satisfies the condition in Depth-restricted Verification
< 4f, satisfies the condition here. : O

Theorem (Verification of Normal Black Box) The completeness and the consistency of a

normal black box specification af; can be verified by: (1) Transforming 4f, to an
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equivalent restricted normal black box Af,/ by using Action Distribution and Predicate
Join Theorems to eliminate sibling case predicates, (2) Af, is complete and consistent
if and only if Af,” is complete and consistent which can be determined by the
Restricted Normal Verification Theorem.

Proof Requirement (1) can be proved by induction on the number of case predicates used in
Af,, similar to the proof of the Depth-restriction of Normal Black Box Theorem. (2)
follows from f, = f. O
When the above three verification theorems are applied to a simple black box, the

verification conditions can be decided within the black box. However, if the verification

theorems are applied to a composite black box, the verification conditions are satisfied only if
all lower-level black boxes are complete and consistent within their application domains, the
set of all possible stimulus histories they actually receive in the context of their applications.

Black Box Verification Method

For a black box specification Af,, its completeness and consistency can be verified as follows:
(1) Verify that &Af, is a normal black box by

(a) Verify the specification structure.

(b) Verify that every case predicate used in Af, forms a partition on its domain.

(2) If &f, is normal, then use the verification theorems.

Example

Verify the completeness and consistency of the CH-based black box BirthdayBook
defined in Appendix A. It is a composite black box using a BDM primitive function Cn and a
user defined equivalence function Eq. It is a restricted normal black box. According to the

Restricted Normal Verification Theorem, we verify the black box BirthdayBook as follows:
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O

(1) Eq is complete and consistent since the case predicate used in it forms a partition
on its domain and each action formula uniquely defines nch.
(2) Cn is complete and consistent since both Eq and the primitive function Tr are
complete and consistent.
(3) Every case predicate used in ABirthdayBook.y, forms a partition on its domain.
Although each action formula does not explicitly define a unique value for every
response variable, in this case they are Message, OutDate, and NameList, the partial
implication operator "+" implies a unique value has been defined for every response variable.
For example, if the current stimulus is (DELETE, John Smith, *) and John Smith is known to
the system based on the prior stimulus history, then according to the semantics of "+" and the
initial state of pure response variables OutDate’ and NameList® are €, we have
[ aBirthdayBook.y, A (Command, InName, InDate)=(DELETE, John Smith, *)
A AlreadyKnown(John Smith) ] + Message="Delete confirmation"
< [ aBirthdayBook.y A (Command, InName, InDate)=(DELETE, John Smith, *)
A AlreadyKnown(John Smith) ] — Message="Delete confirmation” A

QOutDate=¢ A NameList=¢€

response variable. Therefore, the CH-based black box BirthdayBook is complete and

|
Thus, for this specific stimulus history, the action formula does define a unique value for every
consistent. If in aABirthdayBook.x, all "-+" are replaced by "—", then it will not be complete

and consistent, since each action formula will not define a unique value for every response

variable.
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Chapter 4

BDM State Boxes

This chapter presents the semantics of well formed state boxes, state encapsulation of
stimulus histories, state migration, state box design and state box verification.

In BSM, a state box is an intermediate system view that defines internal state. The
state box has the identical extemnal behavior as its black box.

The classical state box is a state machine with states introduced to capture essential
information from stimulus histories and a machine defined to carry out the state transitions and
the response productions, so that the response is determined by only the current stimulus and
the current state as described by: (Stimulus, Old State) — (Response, New State). However,
implementations of software systems typically contain multiple levels of data abstractions, with
state data decentralized and migrated to the smallest system parts that do not require
duplicating data updates [2]. The classical state box does not model state migration, so Mills
proposed a "generalized" state box to accommodate state migration with g:S'xT" — RxT,
where T is the set of states, instead of the classical g:SXT — RxT [3].

The BDM state box has a significantly different definition from those given by Mills,
but is formulated to model the same phenomenon. Moreover, the BDM goal is to illuminate
the task faced by the box structures practitioner and provide guidance in state box design and
state migration. The definition of a state box is tied to the definition of the black box from
which it is expanded. (In Chapter 5, the definition of a clear box is tied to the definition of

the state box from which it is expanded). Some details are spelled out regarding the
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implications of state migration being specified during state box (versus during clear box)
design.

The classical state box appears as a special case of the generalized form. Top (high)
level state boxes typically do not address state migration, i.e., they migrate all state
information or none of it; those that migrate none of it are of this form. When state migration
has been specified using generalized state boxes, at the final design level state boxes will be of
the classical form. While the generalized form is required for the intermediate design steps
involving state migration, its mathematical complexity has clouded the essential role and
compelling simplicity of the classical state box. As will be seen, most of the theoretical help
developed here is associated with the classical state box, making a strong case for state
migration to be decided at the clear box lever rather than specified during state box design.

A state box is a state-defined, procedure-free description of its black box function.
However, the state box does constrain clear box design because it must be viewed as the
specification for the clear box. If one of the (generally several possible) classical state boxes
is chosen, the clear box design is relatively unconstrained. As a state-based specification, a
state box shares some characteristics and properties with a black box specification. Some
specification and verification concepts described in Chapter 3, such as domain partitioning,
specification hierarchy, normal specification and verification theorems, also apply to state
boxes.

A state verification method is introduced which is conducted directly on the original
black box and the invented state box as an alternative to the derive-and-compare technique of

BSM.
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4.1 State Box Semantics

Definition A well formed state box, denoted f,, has definition denoted Af,, and

af=(af, (QL, q;,) &f ). Where 4f, is WFBB,

QL=(tQ, Q,, 1Q;, Q, .., 1Q, Q) is a finite list of state variable declarations,

q, is the initial state of Q c #Q,), X #(Q,), X .. X (Q,)., the set of all possible

states, A, = (QL+4f,.SL, QL+4f,.RL, 3, %) is @ WFBB, and f, = f;, .

The definition of the state box includes the definition of the black box from which it
was expanded and which dictates its external behavior, a state space to be invented and an
internal WEFBB to be invented. Commitment to a state space constrains, but does not
determine, the clear box. The domain predicate of the internal black box 04:(Q%S)" =
{TRUE, FALSE} determines the domain of the partial function %,: (QxS)* X (QXR) —
{TRUE, FALSE} and its function f, yields a response mapping function fy=n.f,, and a state
mapping function fo=nof,,. Thus, the external behavior of state box function f, must be
recovered by the behavior of a pair of functions (fz, fo) used to construct f.» on domain
{ gsh | gshe (QxS)" A 8,(rs(gsh)) A Vie {2..#gsh} [me(qsh)=nefu(@shy ;)] }.

f. = { (sh, ) | sh=(s), .., s) A sheSH AreR A

gshe (QXS)" ms(gsh)=sh A Vie (2..n}[mo(qsh)=fo(ashy. )] A r=fp(ash) ] }

If the internal black box f,, produces each response based on only the current stimulus and the
internal state, f,, becomes a mapping f;,: QxS — QxR and £, is a classical state box such that:
f. = {(sh, 1) | sh=(s,, .., 5,) A she SH A reR A Vie {1.0}{q;,;=fo(@» $)] A r=fx(qp o)}

A black box potentially has many correct state boxes; many different state spaces and

initial states are possible, and for each state space and initial state many internal black boxes

are possible, as may be easily illustrated. BDM emphasizes a "design path" where the parts of
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one box are used in its expansion according to the definitions given. In this chapter and the

next, a binary relation B ( _ is the box expansion of _ ) on the set of all boxes (black, state
and clear) is defined in parts.

Definition f, is a box expansion of f,, denoted B(f,, £, if af, is used in Af..

4.2 State Encapsulation

The state space Q of a state box represents an encapsulation of stimulus histories of
the black box. Given a black box function, many different Q can be defined as the
encapsulation of the stimulus histories. The expansion of a black box to one or more state
boxes represents choice among altemative design tradeoffs. The design of a state box is a
human invention step and no general algorithm can be given that will satisfactorily encapsulate
the state for an arbitrary black box, independently of design criteria and objectives.

Definition Given B(f,, f.), a function o: S* — Q that maps black box stimulus histories to
states is called an encapsulation function and can be defined recursively as follows:

o =q,

o(sh) = fo(@sh) = fo{(S(9), 51, (GUs), $2)» - (G815 31 -5 S0y Su))-

In the case that state box f, is a classical state box, ¢ can be simplified to:

6(9) = q; and 6(sh) = fo(qn So) = fOUS1: Sz +» Saa))s So)-

For B(f,, f.), h=(s,, .., s,;) and encapsulation function G, filh(s,)) = fih+(s)) =
£l(@s 89): @ S o (oo SN = [l(Qs 51 (S0, 8 s (O 1), SN TS 15 2
classical state box, ¢ encapsulates h, ., to a current state q, by repeated application of f, such
that q, = 6(h) = fol--(foelfol@ur $1)» 8-s Saa), We have,  fi(hH(sy) = f(+(s0)) = fulQu S0) =
fr(oth), 8) = fol fol-Uolfeldis $1) $2)-s Sp1)s Sp)
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Thus the identical external view is preserved when B(f,, f). However, the state box
function £, is represented by f; and f, which depend on only the current stimulus and current
state. These expressions do not suggest that stimulus histories are still needed for the state
box. On the contrary, the power of a state box lies in the fact that stimulus histories are
encapsulated into the state space incrementally, such that f,(h+(s;)) = L.+ = fril@w So)s
and q,,, = fo(Q. S»). This demonstrates both preservation of the external views of a black box
and any of its state boxes, and the relationship between the external view and the internal view
of a state box.

In a generalized state box, the state does not encapsulate all the information contained
in a stimulus history and the state-stimulus history is required. However, in the special case of
a classical state box, a state does encapsulate all the information needed for producing future
responses.

Definition If B( f,, f,) and £, is a classical state box, f; has a state trace function fa:QxS" = Q
with dom(fy) = { (q,h) | qeQ A he S* A (ghpedom(fy) A G=fp(q.h)) A

Vie {2.#}{(qh)e dom(fy) A G =folGh)] )

and fo'(@, 9) = G, £o'(a B) = folf' (@b 5), ).

The encapsulation function is related to the state trace function as follows:
fo (@ 1) = fol (fyfo@ D)), hg ).h), and o(sh)=fy (qy, sh).

Definition If B(f,.f) and f, is a classical state box, two states q and q” are equivalent with
respect 1o £,,:QxS—QxR, denoted g=q’, if and only if Vhe $*[ Defined(q.h) =
Defined(qh) A (Defined(q, h) = filfy (Ghy.s1): he)=Ffelfq'(@"hy 5.1), hy)) ], where the
predicate Defined(q,h) = [(q.h, s )edom(fy) A (fy'(q.h, s.1), hy)e dom(fR)].

Definition If B( f;, £.) and £, is a classical state box, Q is a minimal state space if and only if

Vq.9’€Qle=q’ = q=q'].
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Definition If B( f,, ) and Vh+(s)e SH3qe Q[ q=0(h) A f(h+(s)=fr({(q, s)))], then Q is a
total state space.
Definition If a state space is both total and minimal, then it is an optimal state space.
Definition Let B( f,, f..)» B( fi» fo), and let Af,..Q be optimal. If 4f,.Qc4f,,.Q, then 4f,,.Q-
Af,.Q is subset-migrated state. 1f Af,.QLcAf,;.QL and Af 5. Q=T qu(4f;;-Q), then
o Q-4eL(8f;1.Q) is component-migrated state. State space that is not migrated (by
subset-migration or component-migration) is retained state space.
Theorem (State Equivalence) If B( £, f,) and f; is a classical state box,
Vsh1,sh2e SH[shl=sh2 < o(shl)=c(sh2)].
Proof For any shl,sh2e SH, let g=0(sh1) and ¢'=0(sh2). Then, we have,
shl=sh2
& Vhe S*[(sh1+he SH)=(sh2+he SH) A (shl+he SH = fi(sh1+h)=f,(sh2+h))]
& Vhe S*[((o(shl+h, g ).hs)e dom(f,,))=((c(sh2+h, s ).hdedom(fp)) A
((o(sh1+h, ¢ ),hy)e dom(f,,) = fu(o(shl+h g ,)hg)=fr(o(sh2+h, 5 ).hy)) ]
< Vhe S*[Defined(q,,sh1+h)=Defined(q,,sh2+h) A
(Defined(q,,sh1+h) = fo(fy (qu.shl+h g, )he) =fa(fo’(Qush2+h, 5.)h9) ]
& Vhe S*Y[g=0(shl) A q'=0(sh2) A Defined(g,h)=Defined(q’,h) A
(Defined(q.h) = fol foy'(@hy.5.0), ) = fo( Q' (@ hys1)09)) ]
< o(shl)=0c(sh2) O
Theorem (Canonical History Encapsulation) Let f, be a black box with canonical form (CH,
Cn), then there exists a state box £, such that B(f,, ;) and Q=CH and o=Cn.
Proof Let Af,=(SL, RL, 3, x,) where the CH-based description ¥, is

{def BB Eq(..){..}; ch=Cn(h); for w}, where w:(CHxS)xR—{TRUE, FALSE} is a wff.
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Regarding set CH as a type and an element of the set as an instance of the type,

QL=(CH q) and Q=CH, thus Cn conforms to the requirements for a state encapsulation

function, and 6=Cn. Define q, = o(¢) = Cn(¢) = 6.

The internal f,, is defined by y, as a pair of functions (f5:QxS—Q, fz:QxS—R).

By the definition of Eq,

Vche CHVse S[ Eq(ch,s) = ch+(s) ]

= Vche CHVse S[ o(Eq(ch,s)) = o(ch+(s)) ], by State Equivalence Theorem

= Vche CHVse S[ Cn(Eq(ch,s)) = fo(o(ch),s) ]

= Vche CHVse S[ Eq(ch,s) = f(ch,s) 1. Thus, define fo=Eq.

By the definition of WFBB and WFSB,

Vche CHVse S| fi(ch+(s)) = fy(o(ch), s) = f(ch, s). Thus, define fi(q,s) = F(qH(s)).

Therefore, af.=(4f,, ((CH @), ¢), &f.), where af,;=((CH @))}+4,.SL, ((CH

Q)+4f,.RL, 4f,.8(q+<s>), Xy), satisfies the requirements of the theorem. O
Theorem (Null State) If Vh+(s)e SH[f,(h+(s))=f,({s)], then &f=(4f;, (9, €), &f ) has

optimal state space {€}.
Proof Define Vse S[fo(€, 5)=€ A fa(€, s)=f,({s)]. then

Vh+(s)e SHo(h)=¢ A fi(h+{s)=fr(E, 8)=F({sN]. Thus, {€} is a total state space,

{€} is trivially minimal, and {€} is optimal. 0
Theorem (Minimized State Space)

If B(f,, f), where f, has a unique canonicalization (CH, Cn) and f, is a classical state

box, then Q’=0(CH)c4f..Q is a minimal state space.
Proof Assume the assertion is false, i.e., for such a B(f,, f,), the Q" is not minimal. Thus,

39,9« Q'lg=q" A q#q]

= Achil,ch2e CH{g=0(ch1l) A q'=0(ch2) A chl=ch2 A chlzch2 ],
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by the State Equivalence Theorem, but this is a contradiction of the hypothesis that

(CH, Cn) is a unique canonicalization. 1

Two algebras will be constructed, a CH-equivalence algebra and Q-transition algebra,
and a homomorphism will be established from the equivalence algebra to the transition
algebra. This will permit properties of one algebra to be derived from properties of the other
algebra [46] which creates a potential mechanism for black box design advice to flow into
state box design.

Definition If f, is a black box with canonical form (CH,Cn), its CH-equivalence algebra is
E, = (CHxS, Eq’, (¢, €)), where
1) S is the set of all possible stimuli including &,

2) CH is the set of canonical histories,
3) Eq is a unary operator such that Eq(ch, s) = (Eq(ch, s), 5), and
4) (¢, €) is a constant such that Eq'(¢, €) = (¢, €).

Definition If 4f, is a classical state box, its Q-transition algebra is T, = (QxS, 1o @ €),
where
1) S is the set of all possible stimuli including &,

2) Q and q, are state space and the initial state, respectively,
3) fo is a unary operator such that 1@, 8) = (f(q, $), s), where fo is from f, and
4) (qy €) is a constant such that f(q;. € = (q, &)

Theorem (ET Homomorphism) If B(f,, f) and f, is a classical state box with minimal state
space, and o’:CHxS — QxS is defined by o”(ch, s)=(a(ch), s), then o'isa
homomorphism from E, to T,.

Proof Based on the definition of Eq,

Eq(ch, s) = ch+(s)
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= o(Eq(ch, s)) = o(ch+(s)), by State Equivalence Theorem

= o(Eq(ch, s)) = o(ch+(s)), by definition of minimal state space

= o(Eq(ch, s)) = fo(o(ch), s), by definition of o

= (o(Eq(ch, s)), ) = (fo(o(ch), s), 5),

= o’(Eq'(ch, s), s) = f/(c’(ch, 8)), by definition of Eq’, ', and ¢'.

Also, &’(¢, €) = (6(¢), €) = (q,, &) Thus, ¢’ is a homomorphism from E, to T,. O

Theorem (ET-Isomorphism) If B(f,, ), where f, has a unique canonicalization (CH, Cn) and
4f,.Q=6(CH), then function ¢":CHxS — QxS defined by o’(ch, s)=(o(ch,s), s) is an
isomorphism from E, to T,

Proof Since (CH, Cn) is a unique canonicalization and 4f,.Q=0(CH), according to Minimized
State Space Theorem and the ET-Homomorphism Theorem, ¢” is a homomorphism
from E, to T,. Since 4f,.Q=0(CH), ¢’ is onto. Now, prove o’ is a one-to-one
mapping by contradiction. Assume the assertion is false, i.c., (CH, Cn) is a unique
canonicalization, but ¢’ is not a one-to-one.

Ichl,ch2e CH3se S[ chl#ch2 A o’(chl, s)=0’(ch2, s) ]
= Ichl,ch2e CH3se S[ chlxch2 A (o(chl), s)=(o(ch2), s) ],
by the definition of unique canonicalization
= 3chl,ch2e CH[ chlech2 A o(chl)=0(ch2) ]
which is a contradiction to State Equivalence Theorem. O

Theorem (TT-Isomorphism) If B( f,, £.,) and B( f,, f.,), where f, has a unique canonicalization

(Ch, Cn) and both £, and f,, are classical state boxes with state spaces Q,=6,(CH) and

Q,=0,(CH), respectively, then T; is isomorphic to T,
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Proof Let E,=(CHxS, Eq’, (¢ €)), T,=(QixS, foy"s (@i, ©), and T =(Q;%S, foz's (s €))-

Since (CH, Cn) is a unique canonicalization, Q,=6,(CH), Q,=0,(CH), and both f,, and

f., are classical, by the ET-Isomorphism Theorem, E, is isomorphic to Ty, and E, is

isomorphic to T,. Since isomorphism is an equivalence relation on algebras [46], T,

is isomorphic to T,. O

The goal of state design is to achieve (optimal) state encapsulation to support state
maintenance and response production while satisfying other design criteria. The difference
between canonical histories in CH and states in Q is that a canonical history is still a stimulus
history containing only essential stimuli, whereas a state in Q encapsulates equivalent stimulus
histories into an optimal abstract data structure which may no longer be a valid stimulus
history and which might serve as a partial solution for future responses.

The Minimized State Space, the ET-Homomorphism, and the ET-Isomorphism
theorems are state encapsulation theorems which are constraints on state design and provide
theoretical guidance for determining states as an aggregation of canonical stimulus histories.

If a black box has a unique canonicalization (CH, Cn), according to the theorems,
Q=6(CH) must be minimal. ¢ must be a one-to-one mapping rather than a many-to-one
aggregation of canonical histories. Such a one-to-one mapping can be a permutation of
stimuli, a projection of distinct components of stimuli, or an encoding of stimuli in canonical
histories. And any canonical history is recoverable from its corresponding state by ch=c(q).

If a black box has a multiple canonicalization (CH, Cn), any one-to-one mapping
6:CH—Q will result in a non-minimal state space. A unique canonicalization may be difficult
to find or be undesirable if found for the black box largely due to the constraint that a
canonical history must still be a valid stimulus history. In state design, there is no such

constraint. Thus, a many-to-one ¢ that maps all equivalent canonical histories into a single
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eSS

state is possible. If such a ¢ can be found, Q=0(CH) is minimal. This means that among
equivalent canonical histories, the details of individual stimuli are not important, they all
contain the same information. A state in Q is an optimal aggregation of equivalent canonical
histories and a specific canonical history cannot be recovered from its corresponding state
since the inverse function is not defined. For example, black box SumOfSquareSinceLastReset
in Appendix A has a multiple canonicalization, but its state box has an optimal state space and

o maps all equivalent canonical histories to the same state.

4.3 State migration

State migration refers to a design decision made in defining a state box that various
components of state data or subsets of state space will be aggregated in various ways and each
aggregation will be hidden from and unavailable to specifications regarding all other
aggregations. Conceptually, a classical state box with total state space would have been
discovered first, and then its parts aggregated in various ways, however, there is no guarantee
that the first step occurs.

If state migration occurs during the clear box design then the design decision is made
relative to the classical state box inherited in the expansion, as will be detailed in the next
chapter.

If a specific manner of state migration is specified by the state box, then the
generalized state box provides that stimulus histories will be retained for use in the definition
of the internal black box. Consequently, the clear box expansion of the state box will have to
implement the state aggregations as specified.

The essence of a state box is to use a single state to encapsulate a stimulus history so

that the internal black box machine becomes a function of a single stimulus (q, s) instead of a
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stimulus history. The generalized state box was introduced to model state migration, and is
not an end in itself. Its machine function is eventually represented by lower level black boxes
each of which has a classical state box that encapsulates migrated states.
Let £,,:(QxS)* — (QxR), where Q is a retained state space, be the machine function of
a generalized state box f, after states are migrated t0 fiy, fo, - S Where {fir Fow s Sip)
cM{f.,,}). Each of these lower level black boxes has a classical state box with a state space Q
for ie {1..j}. The machine functions of these classical state boxes are:
{ fiQ(QXS)>QXR;, fr'Qx(QXS)2QxXRy, .., [’ QX(QXS)—QXR, },
and £,, can be represented by these classical state boxes as follows for suitable functions g, g’
fa(ash) = g(q, s, fi,(ash), fo(qsh), .., fix(qsh))
= g(q, S, fielrs (@:9)): Fose(Br (@5))s -» (G (@:5)))
=g'(@ Qi G -+ G 9)
where gshe (QxS)*, (q.s) is the last stimulus in gsh, ¢;€ Q;, ;€ Q;, .., g€ Q;; and g is the
machine function of a classical state box.
If in a generalized state box, all states are migrated to lower level black boxes, then
Af..QL=0, Af,.Q={€}, a null state, and,
fu(gsh) = g(&, s, f1,(ash), fo(ash), .., fi(gsh))
= g'(s, f1s(sh), fou(sh), .., fin(sh)).
After compression of null components, f;,:(QxS)*—QxR = f;:({€}xS)*—({&}xR) = £,:S">R.
In such a case, 4&f, = (¢+SL, ¢+RL, 8, %) = (SL, RL, 8,, ). Based on the definition of
WESB, we have,
fi=f.={ sh, 1) | sh=(s,, .., s,) AsheSH AreR A
Jgshe (QxS)"[ ms(gsh)=sh A Vie {2..n}[rg(qsh)=fo(gsh, i.)] A r=fr(gsh) ] }

= { (sh, 1) | she SH A reR A r=fz(sh) } = { (sh, 1) | she SH A reR A Y(sh, 1) }
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Thus, X, < X»,- Whether ¥, is identical to X, depends on the original specification structure

of , and the state migration consideration in 4f,,. If X, uses some lower level black boxes
which happen to be the lower level black boxes that X, wants to use to migrate states, then y,
and ¥, can be identical. In example Min_Max_Avgl2 in Appendix A, the state box
Min_Max_Avgl2 migrated all the states to the lower level black box MinMaxAvg12 which is
also used in the black box Min_Max_Avgl2. Thus, X, and Y, are identical, and 4f;, and 4f,
are identical.

On the other hand, if ., uses different lower level black boxes from the ones that X,
uses to specify the state machine function and migrate states, then X, is a different
representation of the same function from , and thus X,, and X, are not identical but
equivalent.

Theorem (Conservation of State) If B(f., f.,) and B(f, fp) f, has a unique canonicalization,
of,,.Q is optimal, 4f,,.Q is retained, and there are {f;, f2, .., J }JcA ({f,}) where for

ie {1..j}, af.Q, denoted Q, is an encapsulation of 4f,.SH, then there exists a one-to-

one mapping from 4f,;.Q 0 (4. Q)XQ;xQyX..XQ;.

Proof Let Qs=4f,,.Q. Consider two cases to reduce the generalized state box f, to a classical
state box f,’. In the first case, let all black boxes {f;, f;, .., f;} be directly used by fo

Based on the definition of WFSB, there is a classical state box for each of these lower

level black boxes and the machine functions of these classical state boxes can be

described by:

{ fiw:QX(QXS)DQXR;, fo'QX(QsXS)PQXRy, v [ QX(QXS)-QxR,; |,

and then, the machine function £, of f,, can be represented by these classical state

boxes as follows for some function g:




fu(ash) = g(q, s, fix(ash), f(gqsh), .., f(qsh))

= (4, S, fiao( @i (@9 frso(Gas (@) --s Fien(Gpr (:5)))s
where gshe (QsxS)", (q,5) is the last stimulus in gsh, and q,€ Q. Q. Q. In
the second case, let f, fi, £, .., f; form a single-path specification hierarchy. Based on
the definition of WESB, each of lower level black boxes {fi, f,, .., f.1} has a
generalized state box and £ has a classical state box. The machine functions of these
lower level state boxes can be described by: { fi4:(Q;xQsxS)" —Q;xR;,
Foa:(QxQxQXxS) =Q,XR,, .., jg,,,:ijQj_,x..leszxS—->ijRj }
and then, the machine function f;, of f, can be represented by these lower level state
boxes as follows for some function g:
fa(ash) = g(q, s, fix(qsh))

= g(Q S, fi(Q1r Q> 8 fas(qSh1)))

= 2(q, S, [io(Q1» D S5 Sos(Gs Qs Qs S, fr(ASH2))))

2(q, 8. fie(Qir @ S Frel B Q> Do S5 oo Fiso(Gpo Gt +s v Do S))-2)

where gshe (QsxS)*, (q,s) is the last stimulus in gsh, q,€ Q;, G€Q, -, € Q;, and for
ie {1..j-1}{gsh;e (QxQ;;X..xQ;xQsxS)"].

In either case, f,(qsh) has been reduced to f,,(gsh) = £'(q, q;» G, --» G;» S), a function on
QsxQ;xQyx..xQ;xS, hence a machine function of f,’. Any other cases of specification
hierarchy of f,, can be reduced in a similar way. Let Q'=Af,".0(CH)cQsxQ;xQX..XQ;.
According to the Minimized State Space Theorem, Q” is minimal. Since both f;; and
f., are classical state boxes, based on the TT-Isomorphism Theorem, there is a one-to-

one mapping from 4f,;.Q to Q". Thus, there exists a one-to-one mapping from 4f,;.Q to

(8- QxQxQ,x..XQ;. O
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The Conservation Theorem addresses both subset-migration and component-migration.
In the case of subset-migration in the above theorem, if 4f;.Q-4f,.Q is partitioned into state

spaces of lower level state boxes fi, f -, fer there will be a one-to-one mapping from

(&2 QXQxQyX..XQ; 10 (8 QUQUQ,U..UQ; by mapping (Go,s & --» €) 10 Go,s

(€, Qi & -» €) 1O Gy .., AN (&, .., €, G ;) to q;; where Qo€ 4/5.Q and q, ;e Q, for some i

and for 1<k<j. Hence, there is a one-to-one mapping from Af.,.Q to (&2 QuUQUQ,U..LQ;.
The Conservation Theorem indicates that no matter how lower level state boxes encapsulate
the migrated state, any state subsets or state components of the original classical state box
should have its image in some of the lower level state boxes under a one-to-one mapping after

the migration.

4.4 State Box Design

Given a black box definition Af,=(SL, RL, 8, %), a state box af=(af,, QL, qi; Af) can
be defined by box structure expansion as follows. Box structure expansion will determine
some aspects of the state box, the characteristics of the black box will determine other aspects,
and the still other aspects must be the result of new invention. To some extent, the foregoing

theorems provide insight and advice that will facilitate state box design.

4.4.1 Domain, Range and Interface

As described in Chapter 3, a black box and its state box have exactly the same
external view: same function and same application interface. Therefore, the stimulus variable
list SL, the response variable list RL and the domain predicate & of the state box are simply

inherited from the black box being expanded.
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4.4.2 State Space

In order to define the state data, first the dependency of response on the prior stimulus
history must be analyzed. Usually, a response is determined by a subhistory rather than the
whole stimulus history. The state is then based on the encapsulation of critical subhistories.

If the black box is a CH-based description, the response dependency is clear. Based
on the theorems in chapter 3, the canonical form of a prior stimulus history is necessary and
sufficient for generating a response. Thus, the canonical form (CH,Cn) is adequate for state
encapsulation. For the CH-based black box Stack in Appendix A, {(PUSH, x,), (PUSH, x,),
..} is defined as the canonical stimulus history, which can be encapsulated as the state.

If the black box is an SH-based description, the response dependency must be
determined from the black box mapping predicate. For example, in the SH-based specification
of BirthdayBook, in each case of the mapping predicate, the response depends on list Known
which is a sublist of the prior stimulus history h. After some analysis, one concludes that list
Known should be encapsulated as state.

The state space so discovered must be fotal so that the internal black box can be
defined. If it is not total then £, cannot be defined so that the f, = f, requirement is met. If it
is minimal, further design steps will be made from the best possible base; however, it is not
disastrous for the state space to be larger than necessary.

If the implementation of the state box (i.e., the clear boxes to be expanded from it) is
to be constrained with respect to information hiding, then certain (perhaps all) of the state
space must be migrated.

State box design discovers the information that must be captured from the stimulus
histories and then specifies the state space design in (QL, q,). Whether this state space

specifies state migration or not will greatly influence the final step in state box design. In any
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case, further details of the structure and representation of the data are deferred until clear box

design.

4.4.3 Internal Black Box

The state box definition af=(af;, (QL, q,), Af,,) will be complete with the definition of
of = (QL+4f,.SL, QL+4f,.RL, 8, X so that f; = f;, Theorems and specification techniques
introduced in chapter 3 for black box specification are applicable to the internal black box of a
state box.

Although §,, and « can be written in a totally different specification structure from
the §, and Y as long as they define the same external function, BDM recommends that if
practical, 8, and ¥« be transformed from 3, and ¥ so that they have the same specification
structure (domain partitioning and specification hierarchy) in the form of normal black boxes.
Such a similarity between the two specification structures will make both the design and the
verification of a state box easier.

At this point, a stale box definition becomes a state-based specification with three parts
(QxS), fp:(QxS)*'—Q, and f::(QxS)*—R. There are three general cases; all state is migrated,
none is migrated, and some but not all is migrated.

As shown above, (QL, q;) = ( ¢, €) if and only if all the state space is to be migrated.

If there is no state migration, (QL, q,) is total and only the current state and current
stimulus (QxS) are needed. &, and X are expressed in terms of operations on S*. ,, and X«
are expressed in terms of operations on QxS. In passing from §, to &, and from YX» t0 X e,
first the correspondence between the operations on S* and operations on QxS are established.

Then, stimulus histories and operations on stimulus histories in 3, and ), are replaced by the
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states and the corresponding operations on states to produce a QxS based description of &

and Y.

3, is defined so that Vh+(s)e SHVqe Q[g=c(h) = (04(q8)=0,(h+(s))].

X can be defined by ¥o A Xr for £, based on f and fp. State mapping predicate
% @:(QxS)*Q — {TRUE, FALSE} defines final states for the state variables. According to the
state encapsulation concepts 6(Eq(ch,s)) = fo(o(ch),s). Thus, fq corresponds to Eq. If the
black box is a CH-based description, Eq is readily available. If the black box is a SH-based
description, a CH and Eq can be defined after an analysis of the equivalence relation among
stimulus histories in the SH-based description. Sometimes, it is not necessary to construct a
CH and Eq first. Since Q is an encapsulation of some critical sublists of the stimulus history,
%o can be directly invented based on the semantics of Q and the relationship among the
sublists and the whole stimulus history defined in the SH-based description.

Response mapping predicate X r:(QxS)XR — {TRUE, FALSE} defines final states for
the response variables in terms of a current state and a current stimulus. According to the
definition of WESB, Vh+(s)e SH[f,(h+(s))=fz(c(h).s)]. Thus, for any h+{s)e SH, any reR,
and q=o(h), %&(qQ, S, N=Xr(co(), s, 1) can be derived from Yu(hH(s), 1).

In this way, history-based mapping s is transformed to state-based mapping X r and the
normal black box specification structure remains unchanged.

If there is some state migration, then invention of the state box proceeds as follows.
d,, is defined such that
Vgshe (QxS)*] 8,,(qsh) ¢ ( 8y(ms(gsh)) A Vie {2..#gsh}[mo(qsh)=fo(gshy 1)1 ) ).
where the subformula Vie {1..n-1}{q;,,=f(qsh, )] is guaranteed to be true since the state

histories are produced by f,, itself.
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State mapping predicate ¥ ¢:(QxS)xQ — {TRUE, FALSE} defines a mapping form the
current state and current stimulus to a new state. The prior state-stimulus history is not needed
here since the current state already contains all the information in the history needed for
producing a new (partial) state. Since Q is just a partial state space defined after some state
components are migrated to lower level black boxes from a total state space, X can be
invented in the same way as that of a classical state box, except it is a slice of the state
mapping predicate of the classical state box.

Response mapping predicate 3 z:(QxS)'XR — {TRUE, FALSE} defines final states for
the response variables in terms of state-stimulus history. Let fi, fo --» f;» be lower level black
boxes that encapsulate migrated state components. Generally, for s S, reR, qe Q, and
gshe (QxS)", X4 can be defined as r=g(q, s, fi,(qsh), fa(ash), .., fi(ash)) for some function g
such that Vshe dom(f,)Vgshe dom(f,,)[sh=ns(qsh) = f,(sh)=fz(qsh)]. There are two possible
situations. If fiy, fop, - fip are used in X as functions of stimulus history she SH, they can be
transformed to functions of gshe (QxS)*, and & can be transformed from ¥, by replacing
stimulus histories and operations on stimulus histories in X5 by the states and the state
operations, except all application interfaces t0 fiy, fp - fiwr where arguments sh are replaced by
gsh. If fip, faps -» S are Dot used in Xp, then the specification structure of ¥« is different from
that of x». In such a case, there is no general transformation from X s t0 X & and x is just a
black box specification constrained by ), and Q to be defined using BDM black box
specification methods.

Combine o and % r. Xq and )r can be combined to form ¥ in one of two ways. If
the specification structures of ) q and g are similar, X q and X r can be merged and intertwined
to form (s . Sometimes, even though the specification structures of ¥ q and X r are different,

one of them can be transformed to make their structures similar if there is a benefit to having
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them merged. In any case, ) can be defined by connecting X q and r using logical

conjunction such that X = Xo A Xr.

4.5 State Box Verification

State box verification is to verify the correctness of the state box with respect to the
black box from which it was expanded. The preciseness of the syntax and the semantics of
the well formed black boxes and well formed state boxes in BDM facilitates such verification
in greater formality.

The state box verification is focused on verifying the correctness of a state box £, with
respect to its black box f;, i.e., to prove that f, = £ If f,=f,, then the completeness and
consistency of f, are implied by the completeness and consistency of f,. Moreover, the
Completeness and Consistency Theorem, Normal Partition Theorem, and Normal BB
Verification Theorems introduced in Chapter 3 are applicable to the internal black box [ of
the state box f..

Since f, and £, are defined by the characteristic functions ¥, and X f=1fis
established by proving that

V(h+{s))e SHVTeR[ 1,(h+(s), 1) & X ((O(h), 5), (6(hH(s)), 1) 1.

Mills proposed a general approach of verifying a state box by first deriving a black
box from the state box through eliminating the state data, and then comparing the derived
black box 10 the original black box. The current BSM verification methods in the literature
follow Mills’ approach. Since 6:SH — Q is a many-to-one mapping, to eliminate state data Q
one must use ¢':Q — ©(SH) which is not easy to define. Indeed, when state migration is

specified the verification task becomes futile. Furthermore, such a derive-then-compare
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approach introduces one more box, the derived black box, for every state box and thus creates
another artifact to track in the design record.

In BDM, a different approach to state box verification is proposed. The proof is
conducted directly on the original black box and the state box to be verified using the
following algorithm.

State Box Verification Method

Given B(f,, f.), f, can be verified agéimt f, as follows. For each subdomain SH, of
the domain partitioning defined in the black box mapping predicate X, , perform:

A For an arbitrary stimulus history h+(s) in the subdomain, derive a response r from

X, and h+(s) such that X ,(h+{s), r)=TRUE.

B. Map h to a state q using the encapsulation function G based on Yo, and derive a
response r’ from Yz and (q, s) such that X&(q, s, r’)=TRUE.

C. Compare r and r’. If r#r’, thenf, # f,.

If r=r' for all subdomains, then f,=f,.

Since the number of subdomains in a domain partitioning of a black box specification
is usually small, the number of such proofs is usually acceptable.

Since the specification structures of black box BirthdayBook and its state box defined
previously are similar, the verification of the state box is straight forward. However, the
specification structures of black box Stack and its state box are different. Thus, the
verification of state box Stack is more difficult. The state box verification algorithm is

illustrated in the following example.

Example Verify state box Stack. The Y, has two subdomains SH; and SH, partitioned by the

condition formulas of the root case predicate.
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Subdomain SH, :

Step A: for any stimulus history h+(s) in SH,, we have

=

=

Step B:

=

=

Xo A h+{s)eSH,
Yo »~ s.Commande (POP, TOP) A iz€
return = h, Value
o(h) = stack’
( stack’+(h,. Value) | stack’=o(h, ;) A
i = Max({ j | h=(PUSH,*) A (CREATE)¢ h;,, s A
Count(_=(POP),h,; ;) = Count(_=(PUSH,*),h;,; 9 1))
#stack"#0, by iz€.
Thus, we have the derivation:
xr A (s.Command=(POP) v s.Command=(TOP)) A #stack 20
return=stack’s

return=h,. Value

Step C: Comparing the responses derived from step A and step B,

Vshe SH;[ Stack;(sh) = Stack(sh) ].

Subdomain SH,:

Step A: for any stimulus history h+(s) in SH,, we have

Xv A h+(s)e SH,

= %v A —(s.Commande {POP, TOP} A i#¢)
= retum =¢
Step B: Since

=

Xb A h+(s)eSH,

—(s.Command=(POP) v s.Command=(TOP)) v i=¢
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& —(s.Command=(POP) v s.Command=(TOP)) v
(s.Command=(POP) v s.Command=(TOP)) A i=g,
two cases need to be considered.

Case 1: =(s.Command=(POP) v s.Command=(TOP)), we have the derivation

= %r A (s.Command=(CREATE) v s.Command=(PUSH,*))
= refumn=g
Case 2: (s.Command=(POP) v s.Command=(TOP)) A i=¢, we have,
i=¢
&  ~di[ h=(PUSH,*) A (CREATE)¢h;,, s A
Count(_=(POP),h,; 9 = Count(_=(PUSH,*).h;,, 9 ]
= o(h)=stack’=¢
= #stack’=0.
Thus, we have the derivation
xr A (s.Command=(POP) v s.Command=(TOP)) A #stack’=0
= retumn =€
Step C: Comparing the responses derived from step A and step B,
Vshe SH,[ Stack,(sh) = Stack(sh) ].
Since SH = SH, U SH,, this concludes the verification of the state box Stack, with

xr A ~(s.Command=(POP) v s.Command=(TOP))
respect to the black box Stack, such that Vshe SH[ Stack,(sh) = Stack(sh) ].

In summary the state box verification in BDM has the following advantages:
1. The verification consists of formal proofs.

\

|

|
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2, The correctness of a state box with respect to a black box is proved by checking one
representative stimulus history from each of a finite number of equivalence classes defined by
the domain partitioning, instead of contemplating an infinite number of possible stimulus
histories.

3. The verification is performed directly on the black box and the state box to be

verified. The derived black box is eliminated.
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Chapter 5

BDM Clear Boxes

A clear box is an expansion of a state box. It has the identical external behavior as its
state box. The clear box represents a procedure that decomposes the state box function to

i several black boxes at the next lower level of the usage hierarchy and defines a sequential or a

concurrent usage of these lower level black boxes.

This chapter presents the semantics of well formed clear boxes. Four prime control
structures sequence, alternation, iteration, and concurrent, are used as building blocks for
procedural implementation during a clear box design as well as program parts for function

| abstraction of the clear box during functional verification. Usage hierarchy and related
concepts are defined. The fundamental design principles of referential transparency, state
migration, and common services are reviewed. A stepwise function abstraction and function

composition method is proposed to assist functional verification of clear boxes.

5.1 Clear Box Semantics

Definition A well formed clear box, denoted f;, has definition denoted 4Af;, and
of, = (af., (TL L), P), where 4f, is WFSB, TL=((T, T,, fT, T,, .., fT, T, is a finite list
of concrete state variable declarations, t, is the initial state of T < #T)), X .. X #Ty),

the set of all possible concrete states, P is a C++ program on the data space of af,,

and f. = f..
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Since a clear box is an expansion of a state box and the state box is, in turn, an
expansion of a black box, the fully detailed definition of a clear box is:

((SL, RL, 8, %u)» (QL, @), (QL+SL, QL+RL, 8, Xew)» (TL, 1), P).

TL is an implementation of the state QL of the state box. A mapping Q- T,is
called an implementation function. If TL=¢, T is defined as {g}. t, is the initial state of T
and t,=t(q,).

The clear box procedure P is an implementation of Af,.f,,. The function computed by P
is denoted "[P]" following Linger [36]. In general, P can be made up of three program slices
P;, P, and P; so that P < { DL; if P then con (Pgy) }. DL=(tD; Dy, 1D, Dy, .., ;D) is a
finite list of local variable declarations, d, is the set of initial or default values of D = D, x
1D, x .. x tD;, the set of all possible local variables, and con (Pgy) is a C++ representation of
concurrent execution of program slices Py and Py. The phrase "P is a C++ program on the
data space of af, " in the definition of 2 WFCB means that P only references datain S, R, T
and D.

[P;]:(TxS)* = {TRUE, FALSE] is a data validation program that defines the domain
of [P] which is derived from 4f,.5,. The function [P]:(TxS)*—(TxR) is related to f, as
follows:

Vgshe dom( f,,)Vtshe dom({P])[ms(qsh)=ns(tsh) = (T(Tq fx(qsh)), T fp(qsh))=[P](tsh)].

Py is the response mapping program with function [Pg] {(TxS)* — R, and Py is a state
mapping program with function [P;]:(TxS)* — T. They are related to the pair of functions
(far fo ) of £y, as follows:

Vgshe dom( £,,) Vishe dom([P])[rs(gsh)=rs(tsh) = fr(gsh)=[Pg](tsh)], and

Vgshe dom( f;,) Vtshe dom([P])[ms(qsh)=rs(tsh) = 1(fo(qsh))=[Pr](tsh)].
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Thus, the external behavior of the clear box function f, can be recovered by a pair of
functions ([Pg], [P;]) used to construct [P]:

f. = { (sh, D) | sh=(s, .., $,) A sheSH A reR A

3tshe (TxS)"[ mg(tsh)=sh A Vie {2..n} [r{tsh)={Pl(tsh, ; ;)] A r=[Pgl(tsh) ] }

If P produces each response based on only the current stimulus and the internal state,
P implements a classical state box, [P]:.TxS — TxR, such that
£. = {(sh, 1) | sh=(s,,...5,) A she SH A reR A Vie {1.n}[t,,;=[Pr](t,$)] A r=[Pgl(tsw)}-

We require that £, = f, . [P} is constrained by £, and by the environment which
includes the compiler, operating system and associated utilities. If the function of Pis
"simple", P can be written in C++ statements without using additional lower level black boxes.
In such a case, the box expansion on that path has reached an end. Otherwise, the box
expansion extends to the next level of the usage hierarchy.

For a given state box, there are many ways to design a state data structure of concrete
type and a procedure conforming to the above outline for the clear box. A state box and its
clear box have the identical external behavior which means that they have the same application

interfaces and the same sets of ordered pairs.

5.2 Usage Hierarchy

In BDM design, a regular black box will be expanded to a staie box and the state box
will be expanded 10 a clear box in the format described above. In a clear box design, the
function is decomposed into a séquence use or a concurrent use of next level of black boxes.
Definition f, is a box expansion of f,, denoted B( £, f; ), if Af; is used in Af.

Definition A BDM box is a triple f = (f,, f.. £. ) such that B( f,, £ ) A B(fo. 2 )-
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Definition g, is a box expansion of f,, denoted B( ., g ), if the interface of g, is used in

Af,.P.
Definition Let B be the set of all BDM boxes. Forfe B

(f)=(f}

() =p’(f) v {x|xeBAB®f mx) }

P =) Vx| Tye i) AB(T Y, mx) )

B(F) = g ) = i)

p( f) is the order-1 usage set of f, i.e., fand all the boxes it uses directly.
p¥( f) is the order-k usage set of f with all boxes it uses for k levels. p’ refers to the complete
usage set, or usage closure, regardless of the number of levels. A usage hierarchy of box f is
the tree representation of p'( f).
Definition For fa BDM box, p'( f) is a BDM system.

Definition BDM box f is a common service box if and only if #{ x |fe pX) }>1.

5.3 Prime Control Structures

Although, any C++ declaration statements and control statements are valid to use in P,
BDM defines a set of prime control structures for P.  Mills [1-3] proposed four prime
control structures sequence, alternation, iteration, and concurrent, which can be used in a clear
box procedure. Linger [36], shows that any proper program, i.c., a flow chart program that
has a single-entry, a single-exit, and at least one path through each node from the entry to the
exit, can be written in terms of sequence, alternation, and iteration prime control structures.

Each of the prime control structures corresponds to a defined program function. These basic

prime control structures are building blocks for procedural implementation during clear box




design and program parts for function abstraction of the clear box during functional

verification.

5.3.1 Sequence Clear Box

Consider 4f, = (af., (TL, t,), P), where P = {B;B,} is a sequence program. Each of B,
and B, can be either a black box or a series of C++ statements which can be abstracted as a
black box function.
Let  aB,, = (TL+SL, TL+UL, §,, x,), and

AB,, = (TL+UL, TL+RL, &, X3)-
Then B,;:(TxS)" — (TxU), and

B,,:(TxU)" — (TxR).

The function computed by the clear box procedure is: [P] = [B,] ¢ [B,].

5.3.2 Alternation Clear Box

Consider Af, = (af,, (TL, t,), P), where P = {if (C) then B, else B,} is an alternation
program. Each of C, B, and B, can be either a black box or a block of C++ statements which
can be abstracted as a black box function.
Let AC, = (TL+SL, (BOOL Retum), 9, %),

AB,, = (TL+SL, TL+RL, §,, %), and

AB,, = (TL+SL, TL+RL, §,, X»).
Then C,(TxS)* — {TRUE, FALSE},

B,,:(TxS)" — (TxR), and

B,,:(TxS)" — (TxR).

The function computed by the clear box procedure is:
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[P] = { tsh, (t,r) | tshe (TxS)" A (1, Ne(TxR) A
[ C(tsh) — (t, H)=[B,](tsh) | ~C(tsh) — (t, N)=([B,)(tsh) ] }
Another form of alternation is the case program where AC, = (TL+SL, (#(v) v), 8, %),
{Cy» Cy ... C,} is a set of terms and By, B,, .., B, are lower level black boxes mapping (TxS)" to
(TxR).
P = { switch(C){ case c;: B;; case c,: B,; ..; case ¢,: B, } }, and
[P] = { tsh, (t,r) | tshe (TXS)* A (t, De(TXR) A
[ C(tsh)=c, — (t, r)=[B,](tsh)
Il Ctsh)=c, — (t, n)=[B,](tsh)
I--

I Cltsh)=c, — (t, N=[B,](tsh)] }

5.3.3 Iteration Clear Box

Consider Af, = (4f,, (TL, t,), P), where P = {while (C) do {B}} is an iteration program.
Each of C and B can be either a black box or a block of C++ statements which can be
abstracted as a black box function.
Let  AC, = (TL+SL, (BOOL Retumn), 3, %), and

AB, = (TL+SL, TL4RL, 9§, ).
Then C,:(TxS)" — {TRUE, FALSE}, and

B,:(TxS)" — (TxR).
The clear box procedure computes:

[P] = { tsh, (t,r) | tshe (TXS)" A (t, De(TxR) A

[ C(tsh) — (¢, D=[P]e[B](sh) | ~C(tsh) — (&, N=(t", )] }
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5.3.4 Concurrent Clear Box

Consider Af, = (4f., (TL, t,), P), where P = {con (B)} is a concurrent program adapted
for C++ such that B = (B,, .., B,) are executed concurrently. Each B; can be either a black
box or a block of C++ statements which can be abstracted as a black box function.
For ie {1..n-1}, let By, = (TL+SL, TL+RL, §, %) so that B:(TxS)" — (TxR), and let
AB,, = (TL+RL+..+TL+RL, TL+RL, §,, X,) so that By (TxR)™! — (TxR). The clear box
procedure computes:
[P] = { tsh, (t, r) | tshe (TXS)" A (t, De(TxR) A

3t,,..t,,€ T3r,.. 0, RL (, r)=[B,](tsh) A .. A (4, I,)=[B,1(tsh)

A (G D=BIM, Ty o s L) 1)
Although the concurrent structure is important, its details have not been illuminated in the

literature. Here, too, explication of the concurrent structure is deferred for future work.

5.4 Clear Box Design

Given Af=(af,, (QL, q)), 4f,,), a clear box af,=(4f,, (TL, t,), P) can be defined by box
structure expansion as follows. The stimulus variable list SL and the response variable list RL

are inherited from the state box being expanded.

5.4.1 Concrete State Space

The state space T of a clear box is the implementation of the state space Q of its state
box. Q is designed for its specification clarity. T is designed for its ability to be effectively
represented and manipulated in C++. The design of the concrete state space T is a human

invention step and no general algorithm can be given that will satisfactorily construct an
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effective T from Q, and 7: Q — T, for an arbitrary state box. Design of T depends on

knowledge of data structures [48, 49], C++, and relevant design criteria and objectives.

5.4.2 Procedure Definition

The procedure design is an important invention step in a clear box definition. The
goal of clear box design is functionally correct procedural implementation of the state box
specification, including efficiency, extendibility, reusability and other design criteria.

Two issues are involved in procedure design, algorithm design and function
decomposition. The analysis and the design of algorithms is an extensive subject, key to good
clear box designs, but beyond the scope of this work. BSM is based on decomposition of
functions to form a usage hierarchy. Such a decomposition is essential to stepwise refinement
and the verification.

Many design principles and techniques have been developed over the past 40 years.
BSM has focused on the four design principles of transaction closure (addressed in Chapter 3),
referential transparency, state migration, and common services. Many other principles are also
worthy, e.g., minimum coupling and maximum cohesion. The following section addresses

only the BSM design principles; however, other principles are conducive to formal treatment.
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5.5 BSM Design Principles

5.5.1 Referential Transparency

Informal principle

Version 1 [2]: "In the delegation of any system part for design and implementation, all
requirements should be specified explicitly and independently, so that no further
communication or coordination is logically required to complete the system part.”

Version 2 [50]: "Referential transparency occurs when a black box abstraction is completely
defined within the clear box at the next higher level in the usage hierarchy. The black
box is then logically independent of the rest of the system, and can be designed to
satisfy a well-defined behavior specification.”

In hardware design, an integrated circuit chip has a number of pins as an interface to
the rest of the system. The chip can be replaced by another chip using the same pin-interface
and having the same function while employing different internal design, which may result in
improved quality as measured by energy consumption, reliability, and service life. These
benefits of use, maintenance and development are consequences of the engineering design
methods used in hardware.

The principles quoted above focus on the design process rather than the benefits they
produce, although the benefits are discussed in context. If one maintains referential
transparency during design, then one can reap the benefits of substitutability of equals for
equals during use, and independence during development.

It is problematical to sharpen the informal definitions of others. However, the

following is an effort to restate the principle precisely for BSM, but independently of BDM.
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Referential transparency is a property of a black box relative to a clear box

which uses it. The specification that is the black box does not appear in the

expression of the clear box, only a reference to its use appears there. Let

(B;C) be a black box specification and a clear box that satisfies the

specification. Let (C; f(B1,..,.Bn)) represent an implementation of C via the

use of black boxes {B1,...Bn}. Let (Bi;Ci) represent the specification Bi and

an implementation Ci such that the function of Ci is identical to the function

of Bi. Bi has referential transparency with respect to C if and only if (1) the

function specification Bi is complete and consistent, (2) the usage interface for

Bi is included in the specification, and (3) the correctmess of Ci is necessary

but not sufficient for the correctness of C.

All of this simply says that C has been defined in terms of the use of other functions, each of
which is a correct implementation of its complete and consistent specification.

It is more effective to set a fixed outcome and then prescribe design constraints that
will produce the outcome. In BDM, a related concept of referential transparency has been |
imposed on a black box, any state boxes in its beta-field, and clear boxes in tﬁe beta-fields of
these state boxes, because all three forms for any BDM box have identical external behavior
and identical user interfaces. A black box can be reimplemented (re-expanded) using new
internal data structures and new algorithms. The old state box and clear box can be replaced
by new ones without any changes to the rest of the system because the interfaces and the
functions of the new boxes are identical to their old counterparts.

Formal principle

Referential transparency in BDM: If f is a BDM box, substitutability of equals for equals

and independence in the BDM expansion of each black box in p'( f) will be
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maintained if the following design discipline is observed: (1) f, is complete and
consistent, (2) all components of p'( f) are developed by BDM expansion and

verification, and (3) every black box in p’(f) is complete and consistent.

5.5.2 State Migration

Informal principle

Version 1 [2]: "System data should be decentralized to the smallest system parts that do not
require duplicating data updates. If, for geographic or security reasons, system data
should be decentralized to smaller system parts, the system should be designed to
ensure correctly duplicated updates.”

Version 2 [50] "State data should be identified and stored in the system part (i.e., data
abstraction) at the lowest level in the box structure hierarchy that includes all
references to those data.”

Again, the design advice is not tied to well defined, desired outcomes. Exactly what
benefits in terms of development, use and maintenance is observance of this principle
supposed to achieve? Since state data distribution is inextricably tied to function
decomposition, it would seem that criteria of lowest system parts and avoidance of duplicative
updates would lead to strange and undesirable function decomposition if observed in the
absence of other design criteria. Also, various programming languages facilitate state
migration in different ways and to different degrees. If there is no state migration at all, then
one has a monolith of global data, which experience has shown to be an error prone design
that is difficult to implement and maintain.

The benefits of state migration are (1) to make items of data inaccessible to units of

code that should not access them, (2) to enforce a discipline of usage interfaces on the manner
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in which units of code may access items of data, and (3) support functional decomposition by
aggregating data in ways that make the sub-functions less complex than the composite.

BSM now permits state migration in the state box or clear box. As detailed in the
previous chapter, state migration specified in the state box complicates specifications, and may
frustrate clear box design as well. When state migration occurs in state box design, it is
unlikely that balanced consideration of algorithmic and procedural issues will accompany

consideration of data storage and access issues.

Formal principle

State Migration in BDM: In order to achieve effective function decomposition and
information hiding, (1) B-expand and verify a classical state box first, (2) decide state
migration in conjunction with function decomposition in the clear box, B-expand and
verify, (3) replace the classical state box with a B-expanded state box that specifies
state migration as planned in the clear box and verify to the black box, (4) B-expand

the new state box and verify.

5.5.3 Common Services

Informal principle

Version 1 [2): "System parts with multiple uses should be considered for definition as
common services. A corollary principle is to create as many opportunities as possible
for rcusability within and between system parts”.

Version 2 [50]): "A common service is a data abstraction that is described in a separate box
structure hicrarchy, and used in other box-structured systems. System parts with

multiple uses should be defined as common services for reusability."
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The benefits envisioned to result from this design principle are apparent: (1) Reuse of
"properly designed" assets is more cost effective than new development, (2) function
decomposition can be oriented toward existing system components, (3) newly developed
system parts can be designed in general form to support reuse, and (4) greater uniformity in
specification and use will result in greater reuse.

Two forms of common services can be developed, one based on function abstraction
and another based on data abstraction. Function abstraction is commonly associated with
mathematical computations. Data abstraction concerns abstract data types and operations
defined on them.

Formal principle

Common Services (Function Abstraction): If there are subprograms SP;, .., SP, (not
necessarily identical), each of which is used in one or more clear boxes, and
[SP,]=..=[SP,]=g, then g should be defined as a common service WFBB, and each
occurrence of SP,, .., SP, should be replaced by a use of g.

Common Services (Data Abstraction): If there are subprograms SP;, .., SP,, each of which is
used in one or more clear boxes on a common state space T, input space S and output
space R such that [SP,]=g,, [SP,}=g,, .., [SP,]=g,, then a new common service box g to

encapsulate T should be defined as:
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SB g(in NAT TransactionType, SL, out RL)
{ state
T t=t;;
map
[ TransactionType=1 — (t, 1) = g(’, 8)

|| TransactionType=2 — (1, 1) = &(t", 8)

| TransactionType=n — (1, 1) = g(t’, 8)
|
}

and each occurrence of SP; should be replaced by a use of g(i, s), for 1<isn.

5.6 Clear Box Verification

Clear box verification follows the methods of Linger [36], with minor adaptations to
BDM and design techniques.

In general, the mathematical problem posed by verification is difficult to impossible;
but, in particular, when development work is done in anticipation of verification it will range
from easy to difficult. In all cases, verification is the best way to gain confidence that a clear
box design is correct.

Various verification methods have been proposed ranging from formal mathematical
proofs, such as Hoare’s axiomatic method [43], to informal human inspection, such as code
walkthrough [51]. Generally, the more formal the verification method used, the more time and

effort for verification is required.
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In order to balance formal procedure and economy of effort, Mills has proposed a
verification method called functional verification [28, 36]. The method is "based on functional
semantics and on the reduction of software verification to ordinary mathematical reasoning
about sets and function as directly as possible” [28]. The functional verification method is

used in BDM clear box verification.

5.6.1 Function Abstraction of Clear Boxes

Verification of a clear box to its state box is aggravated by the fact that the two
functions are defined in two different kinds of languages. In BDM, a state box is a non-
procedural description written in BDM language, while its clear box is a procedural
implementation written in C++. As in BSM, functional verification of a clear box consists of
first deriving a state box from the clear box and then comparing the derived state box to the
intended state box. The derivation of a state box from a clear box is the process of reverse
engineering. Forward engineering from a high-level representation to a low-level
representation is relatively easier than reverse engineering from a low-level representation to a
high-level representation.

BDM proposcs a stepwise function abstraction and function composition (FAFC)
technique based on BDM language to abstract function from clear box procedures.

FAFC method

Procedure P of a clear box f, contains a sequence of subprograms (P;, P,, .., P). In
order 1o abstract a program function [P] from P, the following steps will be applied to each
subprogram P, in order starting from P,. Before execution of P, Vve SLURLUTLUDL[v=v"],

where v° is the value of v before the execution of P.
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Abstraction: For each subprogram P, abstract its program function [P}] by giving a
characteristic function ; for [P;}:
e Vve SLURLUTLUDL, use v’ to represent its initial state before the execution of Py
use v to represent its final state after the execution of P,
e Yve SLURLUTLUDL, whose value is not changed during the execution of P,
define v=v'.
Composition: The composite function of [P;] and [P,,,] is obtained by:
« If neither of [P,] or [P,,,] is described by a case predicate, then every occurrence of
each ""-decorated variable in [P,,] is simply replaced by the final state of the same
variable in [P,].
« If one or both of [P,] and [P,,,] are described by case predicates, then both y; and
Y are treated as case predicates, since for a non-case-predicate formula A, A &
[TRUE — A 1. Let (P, be defined by [C;, = A, | .. | C; = Ayl and [P,,] be defined
by [D, = B, [ .. | D, = B, then the composition of [P;] and [P,,,] is defined by

[C,AD,; » ByliC,aD, = Byl iC,AaDy, — By

ICoADy = By iCaADp = Byl 1 CuA Dy = By

where, D; is D after every occurrence of each ""-decorated variable in D; is replaced
by the final state of the same variable in A;, and By is B; after every occurrence of
each """-decorated variable in B; is replaced by the final state of the same variable in
A,

If each P, is a statement, then such an FAFC process is a statement-based function

abstraction. In such cases, it is simpler than the statement-based trace table method. If each P,

116



is a block of statements, then such an FAFC is a block based process after abstraction of [P

using the direct assertion method.

Examples

1) P = { t=x; x=y; y=t; }

P, Abstraction; Composition,
{t=x;} [t=x" A x=x" A y=Y] [t=x" A x=X" A y=Y°]
{x=y;} [(x=y’ A t=t’ A y=y'] (x=y" A =X A y=Y']
{y=t;} [y=t' A t=t" A x=X'] [y=x" A t=x" A X=y°]

Thus, the program function of P is defined by: BB [P](inout X, y, t) { y=x" A t=x" A x=y° }.

2) Linger [36, pp243-248]] used the following program to demonstrate case-structured
trace table.
P = { if (x>=0) then x=x+y; else y=y+x;
if (y>=0) then y=x-y; else Xx=y-X;
if (x>=0) then x=x-y; else y=y-X; }
The same example to is used to illustrate the FAFC method. Each if-then-else
statement is considered a subprogram P; and the function abstraction and composition of the

subprograms are illustrated below.

Abstraction Composition
[ xX20 — x=x"+y" A y=y’ [ x20 > x=xX"+y" A y=y°

| X'<0 = x=x" A y=x"+y’ ] I x°<0 — x=x" A y=X"+y" ]
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[ y20 = x=x" A y=x-y’
[ <0 = x=y-x" A y=y’

]

[ X20 = x=x"-y’ A y=y’
| X'<0 = x=x" A y=y'-X

]

&~

L=t

[ x20 A y°20
I x°<0 A x°+y°20
I x°20 A y°<0
I x°<0 A x"+y°<0
[ x20 A y°20
I x°<0 A x*+y°20

I x°20 A y°’<O

= X=X"+y" A y=X"+y°-y°
— x=x" A y=x"-(y*+Xx°)
= x=y"-(X"+y") A y=Y°
= X=y"+X"-X" A Y=y +X° ]
— x=X"+y° A y=x’
- X=X’ A y=-y°

= x=-X" A y=y°

I x°<0 A x°+y°<0
[ x20 A y°20 A X°+y°20
I x°<0 A x"+y°20 A x°20
I x°20 A y°<0 A (-x7)20
I x°<0 A X°+y°<0 A ¥°20
I x°20 A y°20 A x*+y°<0
I x°<0 A x°+y°20 A x°<0
I x°20 A y°<0 A (-x)<0
I x°<0 A X°+y°<0 A y'<0
[ x>0 A y°20

I x=0 A y°<0

| x°<0 A X°+y°<0 A y°20
| x°<0 A x°+y°20

| x>0 A y°<0

Il x°<0 A y*<0
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= x=y" A y=y+X° ]

— Xx=X"+y"-X" A y=X’
= x=X"-(y) A y=y

= x=-X"-y° A y=y°

= X=y°-(Y+X°) A y=y'+x°

— X=X"+y" A y=x"-(X"+¥°)

- X=X" A y=-y°-Xx’

- x=-X" A y=y'-(-X")
— X=y" A y=yx-y ]
= x=y° A y=X’

- x=-X"-y" A y=y°

— X=-X" A y=X"+y°

- X=X" A y=-X"-y°

= x=-X" A y=X"+y°

- x=y° A y=x"]



Compared to the abstraction using the case-structured trace table method, where eight
trace tables are used, one for each execution path, the abstraction using FAFC method seems

somewhat simpler.

5.6.2 Function Verification of Clear Boxes

In BDM, verification of a clear box to its state box consists of first deriving a state
box from the clear box and then comparing the derived state box to the intended state box.
The comparison between the two state boxes is very similar to the comparison between a black
box and its state box. The functions of both boxes are expressed in BDM language. The clear

box verification is described by the following diagram and algorithm.

SB-CB Commuting Diagram

fsb }
— 0 xS » Q0 xR
‘ A A |
|
3. Verify T 1
L v v v v
1. Design > T x S » T xR
< (P]
l— A A A A
'y
2. Abstract
v v v v
P
L—» T x S » T X R

Clear Box Verification Method

Given a state box Af,=(af,, (QL, q, ), &f,,) and a clear box Af,=(sf,, (TL, t;), P), the

clear box f, can be verified 10 f, by the following algorithm:
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A. Derive a state box of'=(af), (QL, q,), &f,;’) from the clear box, where A X US the
mapping predicate abstracted from the clear box procedure P.
B. Compare the derived state box Af, to the source state box 4f, by repeating the following
steps. For each subdomain QS; of the domain partitioning on OxS defined in the mapping
predicate ¥, of the intended state box f,, perform:
(1) For an arbitrary (q, s) in the subdomain, derive a response (nq, r) from X, and
(q, s) such that (,(q. s, nq, r)=TRUE.
(2) Map q to a state ¢ in the state space Q' of the derived f/, and derive a response
(ng’, r’) from y,, and (¢, s) such that X, (¢, s, nq’, r’)=TRUE.
(3) Compare (nq, r) and (nq’, r’). If ((ng), r)&(ng’, r’), then f, # f. .

If (t(nq), r)=(nq’, r’) for all subdomains, thenf, = f..

Since the number of subdomains in a domain partitioning of a state box specification

is usually small, the number of such proofs is usually acceptable.
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Chapter 6

Conclusion

6.1 Synopsis

The goal of this research was to close the gap between the intuitively appealing
concepts of the Box Structure Method (BSM) and the practical difficulties in developing
software in a specific language for a specific environment by the available descriptions of
BSM. On the one hand, every effort was made to remain faithful to the original statement of
BSM:; on the other hand, definitions were changed or replaced when necessary to facilitate the
software development practice. This research presents an integrated formal method for BSM
called the Box Development Method (BDM) where artifacts and techniques of BSM are
represented in a form of predicate calculus and tailored fo C++, the target implementation
langauge. The contributions of BDM to software engineering are summarized as follows:

&) Theoretical insights. Various mathematical properties of black boxes, state boxes and
clear boxes and relationships among them have been established. The unified external views
of three abstractions and the relationships between the external views and the internal views
resolves many discontinuities in passing from concept to code. Use of case predicates, the
analysis of equivalence relations on stimulus histories and the use of canonical forms of
stimulus histories are tangible advice available to writers of black boxes. By directly relating
the black box advice to state encapsulation, and the classical state box, writers of state boxes
have been given tangible advice. Moreover, the considerable difficulties introduced by the

generalized state box have been clarified, as have the technical issues related to state migration
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specified in the state box versus state migration specified in the clear box. Conservation of
state under state migration, and the relationship between abstract state and concrete state have
resulted in specific advice for the clear box writer.

2 Formal syntax and semantics. All parts of all three types of boxes have been specified
in all details of syntax and semantics. This permits a seamless description from top level
black box to lowest level lines of code with no syntactic or semantic doubt at any step. Many
difficulties that arise in practice can be resolved through the use of partial functions, domain
predicates, mapping predicates, null responses, and abstract and concrete types. The concept
of the application interface was introduced, a syntax and semantics were defined for it, and its
vitally important role in using box structure concepts to develop software was demonstrated.
BDM enables rigorous software specification, design and verification in a way that preserves
and amplifies the essence of the Box Structure Method. Furthermore, a file containing the
complete ensemble of black boxes, state boxes and clear boxes can be processed by a C++
compiler.

3) Formal Methods. BDM introduces formal methods of specification and verification
not presented before. The canonical form-based function description provides a specification
method for applications in which a traditional direct stimulus history-based description is not
practical. The structured specification method of BDM using multi-level domain partitioning
and a specification hierarchy enables the specification of a complex system in a top-down and
stepwise manner which supports reuse of existing specifications. Black box verification of
completeness and consistency have been introduced and facilitated for a standard form of the
black box. State box verification has been significantly simplified and integrated with state
migration. Clear box verification has been improved in a minor way. The method of -

expansion assures that development of all boxes stays within the envelope of BDM support.
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@ Fundamental Principles. The fundamental principles of transaction closure
(completeness and consistency), referential transparency, state migration, and common services
have been embodied in BDM. That is, if one performs all design and verification steps as
prescribed in BDM, then one has observed these principles. BDM shifts the focus from a
passive expression of principles to active achievement of the desired outcomes associated with

these principles and reinforces them throughout the design process of B-expansion.

6.2 Future Work

BDM has certain weaknesses, which future work should address. In order to gain
precision, it was necessary to introduce a great deal of notation and complexity. As BDM
evolves it must become simpler. A thin, strong thread of advice now flows from top level
black box all the way into code in C++. Additional useful patterns of expression must be
developed for frequently occuring designs in all three boxes, with stronger linkages from one
box form to another. Although verification has been improved, further progress is needed in
making verification of boxes more expeditious and effective.

BDM is an open system which has a uniform box definition syntax and semantics. It
can be augmented by a box repository of specification black boxes for various application
domains. Such a repository would make software specification, design, and verification in
BSM easier for systems analysts and programmers.

Hevner [50] has done some work to rationalize BSM with the object oriented
paradigm. The object paradigm has a number of concepts and principles which, like BSM, are
not sufficiently well defined to give adequate guidance to practitioners. Bangs {52] has
explored some aspects of using BSM to prepare specifications for objects in C++.

Formalization of the object paradigm within BDM would be productive.
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In BDM, abstract types and variables that are close to application domains are used in
black boxes and state boxes while concrete types and variables that are directly representable
in C++ are used in all three box forms. Such a treatment of abstract types and concrete types
makes BDM adaptable to other programming environments. Thus, another line of
development would be to link other important programming languages, such as Ada (see
Hopkins [41]), with BDM to make it a multi-language formal development method.

Finally, since concurrent computing and multi-tasking become ever more important,

effective treatment of concurrency in box structures shall be a focus of future research.
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Appendix A

BDM Examples

1 Stack

1.1 Problem statement
The integer stack is a list of integers, ranging from -32766 to +32767, where all insertions
and deletions take place at one end, called the top. Four operations are defined for the

integer stack.

CREATE - Create an empty stack;

PUSH x - Insert the element x at the top of the stack;
POP - Return and delete the top element of the stack;
TOP - Return the element at the top of the stack.

1.2 The SH-based black box Stack

typedef enum {CREATE, PUSH, TOP, POP} COMMAND;

BB INT Stack( in COMMAND Command,
INT Value
out /* INT Return */ )

dom
(Command, Value) € {(CREATE, &), (POP, &),
(ToP, €), (PUSH, n|ne{-32766..+32767})}

mapdef // the index of the last unpoped integer if exists
i = Max({ j | hy=(PUSH,*) A (CREATE)&h;,, A
Count (_=(POP) ,hy, ) = Count (_=(PUSH,*),hy,. ) })
for[ Commande {POP, TOP} A i#€ — Return = h;.Value
| otherwise — Return = &

]
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1.3 The CH-based black box Stack

BB INT Stack( in COMMAND Command,
INT Value
out /* INT Return */ )

dom
(Command, Value) € {(CREATE, &), (POP, €£),
(TOP, €), (PUSH, n|ne{-32766..+32767})}

map
def
BB Eq(in och, s, out Return)
{
dom oche ({PUSH}xINT)" A s€COMMANDXINT
map def nch=Return; for
[ s=(CREATE) — nch =
I s=(PUSH, *) — nch = och + (s)
| s=(POP) — nch = och/s
| s=(TOP) — nch = och
]
}:
ch = Cn(h);
for
[ Commande {TOP, POP} A ch#$ — Return=chg.Value
] otherwise — Return=g¢

]

1.4 The state box Stack

SB INT Stack( in COMMAND Command,
INT Value
out /* INT Return */ )

state
INT" stack = ¢;
dom
(Command, Value) € {(CREATE, &), (POP, €),
(Top, &), (PUSH, n|ne{-32766..+32767})}
map
[ Command=CREATE Return=€& A stack=¢

| Command=PUSH Return=¢ A stack=stack’+{(Value)

Return=stack's A stack=stack’'/$
Return=€ A stack=stack’

[ #stack"#0
| otherwise

)

_)
_—)
| Command=POP -
__)
__)

j Command=TOP
[ #stack*#0
I otherwise

]

Return=stack’; A stack=stack’
Return=€¢ A stack=stack’

L1l
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1.5 The clear box Stack

#include <stdio.h>
#include <stdlib.h>
#include "bdm.h"

#define NIL -32767 // concrete representation of €
typedef enum {CREATE, PUSH, TOP, POP} COMMAND;

struct ITEM {INT Value; struct ITEM *Next;};

typedef struct ITEM STACKITEM;

CB INT Stack( in COMMAND Command,
INT Value
out /* INT Return */ )

state

static STACKITEM *pTop=NULL;
proc

STACKITEM *pTempltem;

INT Return;

Return = NIL;
switch (Command)
{
case CREATE:
while (pTop!=NULL)
{
pTempItem=pTop;
pTop = pTop—->Next;
free (pTempItem) ;
}
break;
case TOP:
if (pTop!=NULL) Return = (pTop->Value);
break;
case POP:
if (pTop!=NULL)
{
Return = (pTop->Value):;
pTempItem = pTop;
pTop = pTop->Next;
free (pTempltem) ;
}
break;
case PUSH:
if (Value>-32767 and Value<=32767)
{
pTempItem = (STACKITEM*)malloc (sizeof (STACKITEM))
if (pTempItem!=NULL)
{

pTempItem->Next = pTop;
pTop = pTempltem;
pTop—->Value = Value;

else printf("run out of memory at PUSH stack");

}
break:;

}
return Return;
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2 Birthday Book

2.1 Problem Statement
The Birthday Book [37] is a system to maintain a list of names (each of which may be
a maximum of 64 letters) and birth dates. The intended functions of the system are as follows:
. Add a name and birth date to the system, if the name is not already in the Birthday Book.
« Delete a name and birth date from the system.
« Find the birth date for a specified name.

. Remind the user of the names of people having birthdays on a specified date.

2.2 Data Definition

// Dbirthday.h —— CDT definitions

#define LEN NAME 64

typedef enum {ADD, DELETE, FIND, REMIND} COMMAND;

typedef CHAR *STRING;

typedef CHAR *NAME ;

typedef CHAR *NAMELIST;

typedef struct {UCHAR Month; UCHAR Day; USHORT Year;} DATE;
typedef struct {CHAR Name [LEN_NAME]; DATE Birthday:;} RECORD;

// ADT definitions

ADT STRING CHAR';
ADT NAME LET";
ADT NAMELIST NAME";
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2.3 The SH-based black box BirthdayBook

BB Bi

def

for

~NameDeleted (Name, hj. . .¢)

NameAdded (Name,

NameAdded: NAMExS' — {TRUE,

L)

= Jie{1..#L}[ L;=(ADD, Name,

]
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rthdayBook ( in
COMMAND Command,
NAME InName,
DATE &InDate,
out
STRING Message,
NAMELIST &Namelist,
DATE &OutDate )
Known =

}i

FALSE} ::=

*) A -NameDeleted (Name,

NameDeleted: NAMExS* — {TRUE, FALSE} ::=
NameDeleted (Name, L) = (DELETE, Name,

[ Command=ADD H
[ (ADD, InName, *)€Known 4 Message =
| otherwise 4 Message =
]

| Command=DELETE
[ (ADD, InName, *)€Known 4 Message =
| otherwise 4 Message =
]

] Command=FIND 4
[ (ADD, InName, *)€Known 4 OutDhate =
| otherwise 4 Message =
]

| Command=REMIND 4 NameList =

{ hy | hy=(ADD, Name, *) A -NameAdded (Name, h; ;) A

Lis..s)

*)eL;

"Name already known"

"Add confirmation"”

"Delete confirmation"

"Name not known"

(s.InDate | s€Known A

s.InName=InName)
"Name not known"

(s.InName|s€Known A

s.InDate=InDate)



2.4 The CH-based black box BirthdayBook

BB BirthdayBook( in
COMMAND Command,
NAME InName,
DATE &InDate,
out
STRING Message,
NAMELIST &NameList,

DATE &OutDate )
{
def
BB Eq(in och, s, out Return)
{
dom oche({ADD}xNAMExDATE)' A se COMMANDxXNAMExXDATE
map def nch=Return; for
[ s=(ADD,Name,*) A (ADD,Name, *)Zoch
— nch=och+(s)
| s=(DELETE,Name, *) A (ADD,Name, *)€och
— nch=och-( (ADD, Name, *) )
| otherwise
— nch=och
]
bi
Known = Cn(h);
for
[ Command=ADD -
[ (ADD, InName, *)€Known 4 Message = "Name already known"
] otherwise 4+ Message = "Add confirmation"

]

| Command=DELETE 4
[ (ADD, InName, *)€Known 4 Message
| otherwise 4 Message
]

| Command=FIND <
[ (ADD, InName, *)€EKnown 4 Outbhate

"Delete confirmation"
"Name not known"

(s.InDate | s€eKnown A
s.InName=InName)
| otherwise 4 Message = "Name not known"

]

| Command=REMIND 4+ Namelist = (s.InName|s€Known A
s.InDate=InDate)

136




2.5 The state box BirthdayBook

SB BirthdayBook( in

COMMAND Command,

NAME InName,

DATE &InDate,

out

STRING Message,
NAMELIST &Namelist,
DATE &OutDate )

{
state
{STRING Name, DATE Birthday}’
map
[ Command=ADD .

{ (InName, *)eBirthdayFile

| otherwise

]

] Command=DELETE -

{ (InName, *)eBirthdayFile

| otherwise
]
| Command=FIND 4

| [ (InName *)eBirthdayFile

] otherwise

]

| Command=REMIND

]

2.6 The clear box BirthdayBook

#include <stdio.h>
#include <stdlib.h>
#include <string.h>
#include <io.h>
#include "bdm.h"
#include "birthday.h"

BirthdayFile = ¢;

L

i

Message = "Name already known"
Message = "Add confirmation™ A
BirthdayFile =

BirthdayFile®+{ (InName, InDate) )

Message="Delete confirmation" A

BirthdayFile =
BirthdayFile® - ((InName, *))
Message = "Name not known"

OutDate = (g.Birthday |
geBirthdayFile A g.Name=InName)

Message = "Name not known"

NameList = (q | geBirthdayFile
A g.Birthday=InDate)

CB LONG FindRecord(in FILE *fp, NAME InName out /* Return */);
CB VOID AddRecord( in FILE *fp, NAME InName, DATE &InDate
out /* BirthdayFile */ );
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CB VOID DeleteRecord(in FILE *fp, LONG Offset out /*BirthdayFile*/);
CB VOID FindBirthday(in FILE *fp, LONG Offset, out DATE &OutDate )
CB VOID RemindList (in FILE *fp, DATE &InDate, out NAMELIST &NameList) ;

CB BirthdayBook( in
COMMAND Command,

NAME InName,
DATE &InDate,
out
STRING Message,
NAMELIST &NameList,
DATE &OutDate )
{
state
static FILE *fpBirthdayFile=NULL;
proc

LONG Offset;

if (fpBirthdayFile==NULL)
then

fpBirthdayFile=fopen ("BirthdayFile", "wb+");
Message[0]='\0’; NamelList=""; OutDate.Month=0;
switch (Command)
{

case ADD:
if (FindRecord(in fpBirthdayFile, InName)>=0)
then
strcpy (Message, "Name already known");
else

{
AddRecord (in fpBirthdayFile, InName, InDate);
strcpy (Message, "Add confirmation™);

}

break;

case DELETE:
Offset = FindRecord(in fpBirthdayFile, InName);
if (Offset>=0)
then
{
DeleteRecord(in fpBirthdayFile, Offset):;
strcpy (Message, "Delete confirmation"):
1
else
strcpy (Message, "Name not known");
break;

case FIND:
Offset = FindRecord(in fpBirthdayFile, InName);
if (Offset>=0)

then

FindBirthday(in fpBirthdayFile, Offset, out OutDate);
else

strcpy (Message, "Name not known");
break;

case REMIND:
RemindList (in fpBirthdayFile, InDate, out NameList);
break;
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2.7 Lower level boxes

// Return the file offset of the record that contains InName

BB LONG FindRecord( in FILE *fp, NAME InName
out /* LONG Return */ )

def @fp={( r | reRECORD ) for
[ (InName, *)G@fp—éReturn==(First(_=(InName,*),@fp)—l)*sizeof(RECORD)

| otherwise — Return = -1
]

CB LONG FindRecord( in FILE *fp, NAME InName
out /* LONG Return */ )
{

state
NONE
proc
RECORD TempRec;

rewind (£fp);

while (not feof (fp))

{
fread (&TempRec, sizeof (RECORD), 1, fp);
if (strcmpi (InName, TempRec.Name)==0)
then

return ftell (fp)-sizeof (RECORD) ;
}
return (LONG) (-1);

BB VOID AddRecord( in FILE *fp, NAME InName, DATE &InDate
out /* BirthdayFile */ )
{

def BirthdayFile = @fp = ( r | reRECORD ) for

BirthdayFile = BirthdayFile"+{ (InName, InDate) )

CB VOID AddRecord( in FILE *fp, NAME InName, DATE &InDate
out /* BirthdayFile */ )
{

state
NONE
proc
RECORD TempRec;

memmove (TempRec .Name, InName, LEN_NAME);

memmove (&TempRec .Birthday, &InDate, sizeof (DATE)) ;
fseek (fp, 0L, SEEK_END);

fwrite (§TempRec, sizeof (RECORD), 1, fp);

139



BB VOID DeleteRecord( in FILE *fp, LONG Offset
out /* BirthdayFile */ )

{
def BirthdayFile = @fp = ( r | reRECORD ) for

i=(Offset/sizeof (RECORD))+1 A

BirthdayFile = BirthdayFile'/i

CB VOID DeleteRecord( in FILE *fp, LONG Offset
out /* BirthdayFile */ )
{
state
NONE
proc
LONG FileSize, CurPosition;
RECORD TempRec;

FileSize = filelength(fileno(fp)):
CurPosition = Offset+sizeof (RECORD) ;
// delete the record by moving each of the rest of the records
// one record-position up
while (CurPosition<FileSize)
{
fseek (fp, CurPosition, SEEK_SET);
fread (&TempRec, sizeof (RECORD), 1, fp).
fseek (fp, CurPosition-sizeof (RECORD), SEEK_SET);
fwrite (&TempRec, sizeof (RECORD), 1, fp):
CurPosition = CurPosition + sizeof (RECORD);
}
// decrease the file size
chsize (fileno (fp), FileSize-sizeof (RECORD));

BB VOID FindBirthday( in FILE *fp, LONG Offset,
out DATE &OutDate )

{
def BirthdayFile = @fp = ( r | reRECORD ) for

i=(0ffset/sizeo0f (RECORD))+1 A

OutDate = BirthdayFile;.Birthday

CB VOID FindBirthday( in FILE *fp, LONG Offset,
out DATE &OutDate )

{

state

NONE

proc

RECORD TempRec;
|

fseek (fp, Offset, SEEK_SET);

fread (&TempRec, sizeof (RECORD), 1, fp);
memmove (&0utDate, &TempRec.Birthday, sizeof (DATE)):
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BB VOID RemindList( in FILE *fp, DATE &InDate,
out NAMELIST &NameList )
{

def BirthdayFile = @fp = ( r | reRECORD ) for

NameList = ( r | reBirthdayFile A r.Birthday=InDate )

CB VOID RemindList( in FILE *fp, DATE &InDate,
out NAMELIST &NameList )
{
state
NONE
proc
SHORT Count;
RECORD TempRec;
typedef struct ITEM {LONG offset; struct ITEM *next} LISTITEM;
LISTITEM *pHead, *pTempltem;
CHAR *pNextName;

Count = 0;

pHead = NULL;

rewind(£fp);

fread (&TempRec, sizeof (RECORD), 1, fp):

// find a list of offsets of the records that match InDate
while(not feof (fp))

if ( TempRec.Birthday.Month==InDate.Month and
TempRec.Birthday.Day ==InDate.Day )
then
{
pTempIltem = (LISTITEM*)malloc (sizeof (LISTITEM));
pTempItem->offset = ftell (fp) -sizeof (RECORD) ;
pTempItem->next = pHead;
pHead = pTempltem;
Count++;
}
fread (&TempRec, sizeof (RECORD), 1, fp);
}
NameList = (CHAR*)malloc (Count*LEN_NAME+1);
pNextName = NameList;
// write names to the namelist
while (pHead!=NULL)
{
fseek (fp, pHead->offset, SEEK_SET);
fread (&TempRec, sizeof (RECORD), 1, fp);
memmove (pNextName, &TempRec.Name, LEN_NAME) ;
pNextName = pNextName+LEN_NAME;
pTempltem=pHead;
pHead = pHead->next;
free (pTempltemn) ;
}
*pNextName = '\0';
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3 Min_Max_Avgl2

Black box Min_Max_Avgl2 accepts a sequence of natural numbers and produces the
minimum number and the maximum number in the stimulus history, and the moving average of

the last twelve stimuli in the stimulus history.

3.1 The black box Min_Max_Avgl2

ADT PROCSTATUS {EXIT, CONTINUE, SUSPEND};

ADT NUMCHAR {(ror, 1, .., '9'}):
BB VOID Min Max Avgl2( in /* KEYBOARD STRING s */
out /* DISPLAY STRING result
PROCSTATUS status */ )

dom s € {"g"} U NUMCHAR'

map
def NAT rmin, rmax; REAL ravg; for
[ #sh=1 — result = "\nNext input: *
| s ="gq" — result = "\nBye!\n"

] SeNUMCHAR" -

MinMaxAvgl2 (in AtoN(s), out rmin, rmax, ravg) A
result = PackString("\n Output: Min=%s, Max=%s, Avg=%s",
NtoA (rmin),NtoA (rmax),RtoA(ravg)) + ("\n\nNext input: ™)

| otherwise —

"

result = "\n Invalid natural number\n\nNext input:

] A

[ s ="q" — status=EXIT | otherwise - status=CONTINUE]

// convert an ASCII string of digits to a natural number

BB NAT AtoN(in STRING str, out Return)

{
dom

StreNUMCHAR® A str="D," + "D,," + .. + "D,"

map
Return = (D,-'07)*10"" + (D,,-'07)*10"% + .. + (D,;='0")

142



// convert a natural number y to an ASCII string of digits
BB STRING NtoA(in NAT y, out Return)
{

map

n=Min ({j]y<103}) A i€(1..n}[D;=((y%10%) /10" ) +70'] A

Return="D," + "D,," + .. + "D,"

// convert a real number y to an ASCII string of digits
BB STRING NtoA(in REAL r, out Return)
{ dom
r = y.x | x,yeNAT
map
m=Min ({j]y<107}) A ie{l..m} [D;=((y%10%) /10" 1)+ 0] A
n=Min ({j]|x<103}) A ie{1l..n}[E;=((x%10}) /10" 1)+70"] A

Return=VIDmll+"DN_1"* .. +l'D1"+" . Vl+"En"+"En_1‘l+ .. +"E1"

BB STRING PackString(in STRING str, S;, S -..s Spr Out Return)
{

map

n=Count (_='%’, str) A V3je{l..n}[i,=First(_='%', str, 3) A

51, €, 82, €, .., Si, €

Return=(StI)i, i1, ia, detl, .., is, istl

3.2 The state box Min_Max_Avgl2

The black box has specified the user interface interaction and used the lower level black
ox MinMaxAvg12 to define computation of rmin, rmax and ravg. Since state data will be used
only for producing rmin, rmax, and ravg, it can be migrated to the lower level black box leaving
the top-level black box without state encapsulation. Therefore, the top-level state box is the same

as the black box.
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3.3 The clear box Min_Max_Avgl2

#include <stdio.h>
$include <stdlib.h>
#include <string.h>
#include "bdm.h"
typedef USHORT NAT;
typedef FLOAT REAL;
typedef enum {EXIT, CONTINUE, SUSPEND} PROCSTATUS:
#define LEN_BUFFER 81
CB VOID Min_Max_AvglZ(VOID);
CB VOID MinMaxAvgl2 (in NAT x, out NAT *rmin, NAT *rmax, REAL *ravg);
CB VOID main(VOID);
CB VOID Min_Max Avgl2( in /* KEYBOARD STRING s */
out /* DISPLAY STRING result
PROCSTATUS status */ )
{
state
NONE
proc

NAT rmin, rmax;

REAL ravg;

CHAR S[LEN_BUFFER];

PROCSTATUS status=CONTINUE;

CHAR *pRtn;

printf ("\nNext input: ");
while (status!=EXIT)

{

pRtn = fgets (s, LEN_BUFFER, stdin);

if (pRtn==NULL) /* EOF or error occurred */
then

{

printf ("\nEOF or an error occurred!™);
status = EXIT;

else if (strcmpi(s, "g\n")==0) /* s="g"? */
then
{
printf ("\nBye!\n");
status = EXIT;
}
else if (strspn(s,"0123456789")==strcspn(s,"\n"))
then /* s is a natural number */
{
MinMaxAvgl2 (in atol(s), out &rmin, &rmax, &ravg);
printf ("\n OQutput: Min=%d, Max=%d, Avg=%f",
rmin, rmax, ravg);
printf ("\n\nNext input: ");
}
else

printf ("\n Invalid natural number\n\nNext input:
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3.4 The SH-based black box MinMaxAvg12

BB VOID MinMaxAvgl2(in NAT x, out NAT *rmin, NAT *rmax, REAL *ravg)
{

rmin=Min (sh) A rmax=Max(sh) A

ravg = [#sh212 — Avg(sh,.;, ) { #sh<12 — Avg(sh)]

{-1, -i, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}:
map
rmin=hismin=Min(x, hismin®) A

3.5 The CH-based black box MinMaxAvgl2
BB VOID MinMaxAvgl2(in NAT x, out NAT *rmin, NAT *rmax, REAL *ravg)
{
def
BB Eg(in och, x, out Return)
{
dom
och = {({min, max)+lastl2 | mineNATAmaxeNATAlast12€eNAT,? )
map
def nch = Return; for
[ och=¢ - nch = (x, x, & &, .., &, x)
| otherwise —» nch = (Min({x, och.min}), Max({x, och.max}))
+ och.lastl12, ,,+{x)
]
}
for
ch = Cn(sh) A
rmin=ch.min A rmax=ch.max A ravg=Avg (ch.last12q; 4 er..s)
}
3.6 The state box MinMaxAvgl2
SB VOID MinMaxAvgl2(in NAT x, out NAT *rmin, NAT *rmax, REAL *ravg)
{
state
static NAT hismin, hismax;
| static LONG lastl2([12]=
|

‘ rmax=hismax=Max(x, hismax‘) A
} lasetl2 = lastl2®, ;,+{(x) A
|

ravg=Avg(ch.last12¢ sc( e-1..s)
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3.7 The clear box MinMaxAvgl2

CB VOID MinMaxAvgl2(in NAT x, out NAT *rmin, NAT *rmax,

{
state
static NAT hismin=(NAT)-1, hismax=0;
static LONG lastl2([12]=
{—ll -11 -1, _1I _11 -1, -1, -1, _ll
proc
NAT sum, i, n;

*rmin=hismin=Min (x, hismin);
*rmax=hismax=Max (x, hismax):

memmove (&last12[0], &lastl2[1], ll1*sizeof (LONG));
last12[11] = (LONG)x;

for (i=0; lastl2{i]==-1 and i<12; i++)
n=12-1i;

for (sum=0; i<12; i++) sum = sum+lastl2[i];
*ravg = ((REAL)sum)/n;

CB VOID main(VOID)
{

}

Min_Max Avgl2();
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4 SumOfSquareSinceReset

Black box SumOfSquareSinceReset accepts a sequence of natural numbers. A zero is
considered to be a reset stimulus. The response to a stimulus history is the sum of the squares

of stimuli since the last reset stimulus in the stimulus history.

4.1 The SH-based black box SumOfSquareSinceReset

BB VOID SumOfSquareSinceReset (in NAT x, out NAT &y)
{ j=Last ( =0, sh) A

[ j=¢ = Y=Zi-l,lsh(5hiz)

| 3#€ = y=X i-j,4sn (5h;?)

]

4.2 The CH-based black box SumOfSquareSinceReset

BB VOID SumOfSquareSinceReset (in NAT x, out NAT &y)
{

def
BB Eqg(in och, x, out Return)
{ dom oche (NAT-{0}) " A xXENAT
map def nch=Return for
[ x=0 — nch=¢
§ x20 — nch=och+(x)

]
}:

ch=Cn (sh) ;
for
[ ch=¢ - y=0
I ch#d > Y=Z i-l.lch(Chiz)
]
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4.3 The state box SumOfSquareSinceReset

SB VOID SumOfSquareSinceReset (in NAT x, out NAT &y)
{

state
NAT sum=0;
map
[ x=0 = sum=0 A y=0
| x#£0 — sum=sum’+x’ A y=sum

)

4.4 The clear box SumOfSquareSinceReset

#include "bdm.h"
typedef USHORT NAT;

CB VOID SumOfSquareSinceReset (in NAT x, out NAT &y)
{

state
static NAT sum=0;
proc
| if (x==0)
} then
y=sum=0;
else

y=sum=sum+x*X;
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ADT

ch

for

LET

oD

REAL

state

Appendix B

BDM Reserved Words
and BB BOOL CASE
CH CHAR Cn def
dom ELSE Eq FALSE
h IF in inout
map NAT NONE not
or out PART proc
REPEAT Return SB sh
then THEN TRUE VOID

149

CB

DEFAULT

FI

INT

NUM

ran

SH

WHILE
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