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Abstract

This dissertation addresses the analysis of emission spectra and interference im

ages to determine spectroscopic temperature and ultra-short laser pulse width, re

spectively. Of particular interest are data fitting methods and techniques. The

eigen-analysis technique is elaborated for the determination of the number of signifi

cant experimental data. Results of extensive Monte Carlo simulations are presented.

Emission spectra from 1064-nm Nd:YAG laser-induced air breakdown are com

pared with synthetic spectra to obtain the spectroscopic temperature of the transient

plasma. Some 40-300 fxs after optical breakdown, OH contributions dominate the

emission spectrum in the wavelength range of 305-322 nm. Background emission and

line profile effects are investigated in the data reduction of recorded plasma spectra.

The background shows a strong correlation with temperature while the line profile is

weakly correlated with temperature. The variance of the spectroscopic temperature

is proportional to the magnitude of the variation of the data.

The autocorrelation function of ultra-short laser pulses is measured by systemat

ically varying the time delay of crossed beams and recording interference patterns.

The analysis is performed by the use of Fourier transform techniques to separate the

interference cross term from the low-frequency background. A single autocorrelation

coefficient is determined from each image. The average coherence length is obtained

by fitting the autocorrelation coefficients with a model autocorrelation function.
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Chapter 1

Introduction

The focus of this dissertation is on the analysis of emission spectra and interference

images. Data analysis is an essential part of an experiment or a measurement. There

are many discussions on data analysis. Two important references are mentioned here.

S. L. Meyer [1], P. R. Bevington and D. K. Robinson [2] elaborated the concepts, the

techniques and the formulations of the data analysis in their books. The techniques

and representations of data analyses are common for most types of data. Least-

square fitting is most commonly used to find values for physical quantities. Monte

Carlo simulation provides a powerful technique in error analysis.

Typical types of measured data sets are results of integrations. The quantity of

interest, which is in the integrand, is obtained by inverting an integral equation. The

integral equations are frequently in the form of the Fredholm integral equation of

first kind. Mathematical discussions of the Fredholm integral equation of the first

kind can be found in the works collected by C. W. Groetsch[3] and H. Stark[4].

From the point of view of applications in physics, S. Twomey[5, 6], J. Y. Wang

[7], J. Heintzenberg [8], C. D. Capps [9], G. Viera [10, 11, 12, 13] and A. Ben-David



[14, 15] studied the solution of the integral equation and published their results. One

graduate of UTSI, Dr. Feng Sun, investigated the optical measurement of particle

size distribution function by inverting Fredholm integral equations of the first kind

[16]. The eigen-analysis technique can be used to obtain the information of significant

number of data for a set of kernels.

Spectroscopic methods are frequently used to determine temperature in the in

vestigation of reactive gas phase systems such as flames or plasmas. The theoreti

cal principle is based on the assumption that atoms (or molecules) are distributed

among different quantum states in equilibrium according to the Boltzmann distri

bution. Laser induced fluorescence (LIF) is frequently used for the temperature

measurement [17, 18, 19, 20, 21, 22]. Temperature determination by LIF is usually

based on atom (or molecule) distribution of ground electronic states. Measurements

of emission spectra can also yield temperature information [23, 24, 25]. Temperature

determination from an emission spectrum is based on atom (or molecule) distribution

in the excited states.

For temperature determination, two methods are often used: Boltzmann plot and

direct least-square fitting of a measured spectrum. The Boltzmann plot technique

requires the intensities of individual transitions. The temperature is linearly depen

dent on the logarithms of the intensities and can be found by the use of straight

line fitting. It is easy to find out the error propagation equations for the straight

line fitting[2]. Direct, weighted least-square fitting may be preferred for the deter

mination of spectroscopic temperature. This is especially useful when the standard



Boltzmann plot techniques are not applicable. The error analyses for direct nonlin

ear least-square fitting is complicated. The analytical equation of error propagation

may be found by the use of the parabolic approximation [26]. Generally Monte Carlo

simulations may be utilized in the investigation of error propagation.

Theoretical prediction of an emission spectrum from many species may be cal

culated by the use of the nonequilibrium air radiation code [27, 28] (NEQAIR) with

an assumed equilibrium temperature and the concentration of species as input. Di

atomic radicals are transiently present in a wide variety of reactive gas phase systems.

Their emissions may dominate the emission spectra in certain wavelength regimes.

The spectral structures of particular transitions for selected diatomic molecules can

be predicted well from reported spectroscopic data. The emission spectra may be

fitted with the dominant spectra of the diatomic molecules while the contributions

from the other species are considered as constant.

In this dissertation, the spectroscopic emission spectra from laser-induced micro-

plasma are investigated. NEQAIR calculations give an overview of the emission

spectrum. The emission from the hydroxyl radical (OH) dominates the emission

spectra in the range of 305-322 nm subsequent to laser-induced breakdown typically

at delay time of 40-300 /xs. The emission spectra are fitted with synthetic OH

spectra to determine the temperature of the micro-plasma at different delay times.

Monte Carlo simulations are used in the error analysis of the inferred spectroscopic

temperature.

An interference image contains information of the two interfering beams. The



contrast ratio is obtained directly from the maximum and minimum of the inter

ference intensities. The first-order coherence may approximately be obtained from

the contrast ratio [29]. However, the determination of the maximum and the min

imum is usually not accurate and a vast amount of data other than the maximum

or the minimum is not used. The Fourier transform technique provides a unique

method to decompose the intensity among spatial frequencies in the analysis of im

ages [30, 31, 32]. The interference term is separated from the background of low

spatial frequency. The autocorrelation function is determined from this interference

term. Data fitting techniques are applied to obtain a measure of the pulse width.

In this dissertation, the interference of femtosecond pulses is investigated. A CCD

camera is used to record the interference patterns of two time-delayed beams. The

interference pattern is transformed into the spatial frequency domain by use of the

Fourier transform technique. The interference term is isolated from the background.

An autocorrelation coefficient is obtained by integrating the interference term. The

autocorrelation function is obtained from the scan of the overlap of two interference

terms. The coherence length is determined by fitting the measured autocorrelation

function with a model autocorrelation function.



Chapter 2

Formulation of Data Analyses

2.1 Introduction

The analysis of data or data sets is typically accomplished by the use of digital

computers and packaged algorithms. In this dissertation several methods of data

analyses are evaluated and applied. We are interested in measurement processes

that are formulated by the following integral equation:

g{y)= [ K{y,x)f{x)dx, (2.1)
Ja

where K{y, x) is the Kernel function. g{y) is usually determined from a measurement

and K{y,x) is determined from the experimental arrangement. f{x) is the unknown

function of interest. Of particular interest are discrete kernels of the form:

rb

gj = / Kj{x)f{x)dx, (2.2)
Ja

where j=l, 2, ..., M.

Equations (2.1) and (2.2) are known as the type of Fredholm integral equation

of the first kind. Typically, deconvolution methods need to be applied to find the

quantity of interest f(x). In an ideal measurement, the kernel function may be



represented by a dirac-delta distribution 5{x — y), and the quantity of interest equals

the measured function g(y). An example for such an "ideal" measurement would be

the measurement of a spectral line with an instrument (viz. spectrometer) resolution

much less than the line width. Usually we are interested in discrete kernels where

the indices j = 1,2,...,M indicate the M different, discrete measurements of the

function f(x).

The numerical solution f{x) to Equation (2.2) can be achieved by the use of dig

ital computers. For orthogonal kernels the process of inversion is simple and direct.

For non-orthogonal kernels the inversion can become complicated. The interdepen

dence of the kernels is determined by the eigenvalues of the covariance matrix and

the error magnitude or the relative information. As an application of the general

method, the interdependence of Gaussian kernels is investigated methodically for

different line-widths, intervals and numbers of kernels.

The errors in g{y) may be magnified by the small eigenvalues in direct inversion

so that the quantity f{x) is buried in the error noise. Some regularizations (or

constraints) were proposed [3, 4, 5] to restrict the error magnification. One of these

techniques is singular value decomposition (SVD) in which the error magnification

can be suppressed by discarding the small eigenvalues. An alternative method to

solve integral equations with an assumption of a model f{x) is by the use of least-

square fitting method.



2.2 On Fredholm Integral Equation of the First
Kind

A Fredholm integral equation of the first kind occurs in the fields of scattering,

tomography, image restoration, and system identification. Two subsets of the Fred

holm integral equation of the first kind are the convolution and correlation integral

equations. There is no general solution for the Fredholm integral equation except

for some special kernels. These special kernels are summarized below.

The solution f{x) is the well-known Fourier transform of g{y) if K{y,x) is a

function such as e*®'', cos{xy), or sin{xy). The solution f{x) is the Laplace

transform of g{y) if K{y,x) is an exponential function of the form The solution

f{x) is the following [33] if K{y,x) is the Gaussian of form

(2.3)

where ?in(x) is an n'^'^-order Hermite polynomial and is the value at y = 0 of

n^'-order derivative of g(y).

2.3 Interdependence of Kernels

Discrete kernels are discussed in the following. S. Twomey [5] studied the inter

dependence of M kernels in the Fredholm integral equation of the first kind (Eq.

(2.2)) and he introduced the terminology "information content" to describe the in

terdependence of the kernels. In this section the kernel interdependence and error

magnification will be discussed according to S. Twomey's description. Aspects of



error magnification are also discussed in the next section.

The eigenanalysis method is elaborated for M kernels in the following. To ac

complish the analyses mathematically, one first introduces a function h{x),

M

=  (2-4)
j=i

with constraint 53 a] = 1 of the set of real numbers {oj}.

One first introduces the concepts of orthogonal kernels and linear dependent

kernels. Two kernels are orthogonal if

f K*{x)Kj{x)dx = Q. (2.5)
Ja

The kernels are orthogonal if any two of the kernels are orthogonal. Otherwise, the

kernels are non-orthogonal.

The kernels {Kj{x)} are linearly dependent if there exists a set of {oj} so that

h{x) = 0. Otherwise, the kernels are independent. Orthogonal kernels are indepen

dent kernels.

One second calculates the integration of the square of the function f{x),

rb rb rbj \h{x)^dx — f I y3aiK.j{x)\^dx = / K;(x)Ki(x)dx
Ja Ja j ^ ■ Ja

= a^Ca, (2.6)

fb
where C is called covariance matrix, = / K^{x)Kj{x)dx, and the vector a rep-

Ja

resents the set {oj}. Of particular importance are the eigenvalues of the covariance

matrix. These are found by diagonalizing the covariance matrix C,

U+CU = A, (2.7)



where the columns of U consist of corresponding eigenvectors {u/} of the matrix C.

The diagonal elements of A are the eigenvalues of the matrix C.

The eigenvectors {u/} are then used as the basis for the expansion of the vector

a,

a = X:Aui = U/3. (2.8)
i

Here the vector /3 represents of the set of expansion coefficients {/3i}. E = 1 since

the constraint EOj = 1 implies a'^a = = /3'^P = 1. Therefore,

[' \h{x)\''dx = a+Ca = ̂  ^ XminPl = Xmin, (2.9)
t  i

where the subscript min represents the number corresponding to the minimum eigen-

rb

value. The minimum of the integration / \h{x)\^dx is the smallest eigenvalue Xmin
Ja

when fdmin = 1 and A = 0 for the others, or a = Umm according to Eq. (2.8).

One third assumes a/ is the largest among the set of coefficients {oj} for the

rb

of / \h{x)\'^dx and expresses Ki{x) as a sum of h{x) and of the other
Ja

rb

minimum

kernels:

Ki{x) =-—'^ajKj{x) +—h{x). (2.10)
ai ai

Substitution of Ki{x) into Eq. (2.2) yields

1  1 /■''91 = Yr^39j + — h{x)f{x)dx. (2.11)
O/ 0,1 Ja

The equation implies that specific data, gi, is predicted by the other data and an

additional integral-term. gi is totally predicted by the other data if the kernels are

dependent.



It is discussed in the following whether this integral-term in Eq. (2.11) can be

neglected compared to the errors of the data. One models experiment data by

9] = Pi + Cj, (2.12)

where is the measured value, Qj is determined by Eq. (2.2), and includes both

random and systematic errors. Upon substitution of gj of Eq. (2.11) into Eq. (2.12),

one finds;

1  1 /■"gf = 91 + ^1 = ^j(9j - Cj) + - / h{x)f{x)dx + e,
ai ai Ja

1  1 ri> 1 il=  ajg^j + — I h{x)f{x)dx +-Y (2-13)
(Xi dl Ja O;

The additional information in l^'-data is masked by the errors (or noise) if the value of

the integral-term (second term) is less than the sum-term (third term) that contains

the errors. This comparison of the integral-term and the error-term indicates the set

of data to be kept to describe the measurement. For the mentioned comparison, one
fb

applies the mean value theorem and uses / h{x)^dx = Xmin at the minimum,
J a

I / h{x)f{x)dxf = f^\ f h{x)dx\'^ < fm f h'^{x)dx = (2.14)
Ja Ja Ja

Therefore, the kernels are independent only if

M

(2.15)

M

is the length of the projection of the error vector e on the unit vector
1=1

{oi,02, ...,ai, ...,oa^}.

10



2.4 Direct Inversion and Error Magnification

In this section, the direct inversion of the integral equation is addressed. First the

concept is introduced of Lebesgue (L^) space of [a, b] and of the orthonormal basis

4>i{x), i=0, 1, 2, ... which span the space. The function f{x) and the set of kernels

{Kj{x)} can be expanded by the use of this orthonormal basis,

(2-16)

(2-17)

M kernels span an subspace. Consequently, f{x) may be decomposed as s(a;),

"inside" this subspace, and r{x), "outside" the subspace as denoted by C. D. Capps

et al. [9]. This is formally written as follows,

f{x) s(3;) + r(a:). (2.18)

Any component that is outside this subspace can not be represented by the kernels, or

rb

/ Kj{x)r{x)dx = 0. Therefore, only 5(2:) is determined from the integral equation.
J a

For direct inversion, one constructs the orthonormal basis {(j>j{x)} in the subspace

by using the eigenvectors of the covariance matrix C. The vectors (t){x), K(a;), ̂  and

77 represent the sets {(f)j{x)}, {Kj{x)], and {r/j}, respectively,

(l>{x) = A-i/2U+K(rr). (2.19)

Now, one can deduce the expansion coefficients of Eq. (2.16). The expansion

coefficients of f{x) is:

e = t (j){x)f{x)dx^ ['' A-^/''U+K{x)f{x)dx
Ja Ja

11



= A-^/^'U+g. (2.20)

It is noted that r(x) is outside the subspace and these expansion coefficients consti

tute s(a:) only. Therefore, s(x) becomes

s(x) = <^+(x)e = K+(x)UA-^U+g. (2.21)

Substitution of the experimental data (see Eq. (2.12)) into Eq. (2.21) leads to

s'ix) = K+(x)UA-^U+g® = K+(x)UA-'U+(g + e)

= s(a;)+e(a:), (2.22)

where s^(x) is the quantity of interest inverted from the experimental data g^, and

e{x) = K+(x)UA-^U+e. (2.23)

Small eigenvalues have a large contribution in e{x) because of A~^. The errors are

magnified by the small eigenvalues, which actually yields the terminology "error

magnification."

2.5 Solution without Error Magnification

In this section, the solution without error magnification is discussed. We expresses

{gj} in a form of expansion by the use of the orthonormal basis Eq. (2.19),

9l = Y.VlA^f- (2-24)
I

The expansion coefficient correspond to small eigenvalue A/ has little contribution

to the quantity gj. Therefore, it is not feasible to invert such from {gj}.

12



We construct a new orthonormal basis {<j)'j{x)} by discarding the small eigenval

ues,

(2.25)

where is if An > q, otherwise the element of A' is 0. ̂  is an arbitrary small

constant. The choice of c will be considered later. It is to be noted that the number

of basis functions is less than the number of total kernels.

In the new basis {<pj{x)}, the expansion coefficients of Eq. (2.16) and s{x) become

^ = [''<l>'{x)f{x)dx = A'^/''V+g, (2.26)
Ja

s(3:) = 0+(x)e = K+(x)UA'U+g, (2.27)

and the error in s®(x) becomes

e{x) = K+(x)UA'U+€. (2.28)

The errors is restricted by choosing a moderate <; in the inversion. The criterion for

choosing <; is based on, first, the error magnitude as discussed in Section 2.3, and

second, the comparison of a new set of data, which is obtained from Eq. (2.2) when

s®(a;) is substituted into f{x), with the data {gj}. A typical choice for the value of ̂ is

1 % of the maximum eigenvalues. This technique of discarding the small eigenvalues

is in principle the same as that of discarding the zero eigenvalue in singular value

decomposition (SVD). Therefore, above process of inversion is referenced as SVD

method.

13



2.6 Program Description

In the numerical investigation a set of kernels is selected and the eigenvalues of

the covariance matrix is evaluated to describe the interdependence of the kernels.

The eigenvalues and the relative information are usually plotted versus the ordered

number of the eigenvalue. The ordered number of the eigenvalue equals the partic

ular eigenvalues' position in the eigenvalue array that is sorted in descending order.

According to S. Twomey [5], the relative information Rin{{n) is defined as

n

EAi
(2-29)

i=l

The number of significant eigenvalues may be obtained by comparing the absolute
M

eigenvalue with the error term (| ̂  or by the percentage of relative infor-
j=i

mation. The graph of relative information is preferred in describing the degeneracy

of kernels since it does not depend on the absolute values of eigenvalue and the error

magnitude. A linear increase of relative information indicates that the kernels are

independent while a saturation of relative information indicates the degeneracy of

kernels.

The numerical results were obtained on Silicon Graphics machines (Power Chal

lenge L and Origin 2000) by the use of a scientific mathematical library. This library,

named "complib.sgimath", contains an extensive collection of industry standard li

braries such as BLAS, EISPACK, LINPACK, and LAPACK. The following subrou

tines are used: DGEEV from LAPACK to compute eigenvalues and eigenvectors of

14



the covariance matrix; DGECO and DGEDI from LINPAGK to compute the inverse

of a matrix; DGELSS from LAPAGK to compute the minimum norm solution (or

the inversion) to a real linear least-squares problem. DGELSS is a SVD method of

inversion.

2.7 Analysis with Gaussian Kernels

A Gaussian kernel has a simple form and many kernels can be approximated by a

Gaussian kernel. The discrete Gaussian kernel is assumed as

1  2

where a is the line width of the Gaussian. The data range is limited from c to d and

M is the number of data. The kernel is centered at Xj,

Xj = c+{j-l)A, (2.31)

where A = j=l, 2, ..., M. These kernels are assumed to be applicable for

spectroscopic measurements. The measured data are the convolution of Gaussian

kernels with the function of interest. The integration is extended to —oo and oo;

contributions to the integral are negligible for points that are spectrally separated

by more than 5 line-widths of the Gaussian kernel. The covariance matrix and the

eigenvalues of the covariance matrix are computed subsequently.

Figure 2.1 shows the eigenvalue and relative information for different a when the

total number of kernels M, c and d are fixed at M = 512, c = 305 nm and d = 325

nm, respectively. The number of significant eigenvalues decreases as a increases.

15



The number of significant eigenvalues are about 80, 40, 20 for cr=0.2 nm, 0.4 nm,

0.8 nm, respectively.

Figure 2.2 shows the eigenvalue and relative information for different number of

total kernels when cr, c and d are fixed at a= 0.1 nm, c = 305 nm and d = 325 nm,

respectively. The relative information is close to a straight line for M = 100. The

curve of relative information are almost same for M = 200, 300, 512. About 98%

relative information is contained in the largest 150 eigenvalues, or equivalently, 150

eigenvalues are required to characterize this measurement.

Figure 2.3 shows the eigenvalue and relative information for different number of

total kernels when a and A are fixed at cr = 0.1 and A = 0.039. The number of

significant eigenvalues is almost proportional to M.

There is an optimum interval for an experimental arrangement, which is related

to the parameter a. A different, narrower interval would not yield more information

than the optimum interval. The following relation is found between the optimum

interval A and a,

A ~ 1.33a. (2.32)

One can obtain all of the information by collecting data at an interval 1.3a. The

number of significant data for Gaussian kernels is approximately proportional to the

range and the inverse of the width of the Gaussian kernel.
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Chapter 3

Data Analysis Techniques

3.1 Introduction

In this Chapter techniques of data analyses are presented. For the process of data

analysis one usually assumes a model for the measured data. A set of physical

quantities can be obtained by fitting measured data with the assumed model. The

method of least-square fitting (LSF) is widely applied in data fitting. There are many

discussions about least-square fitting as indicated by a short list of references [1,2,

34, 35]. According to the data model, LSF may be categorized as linear least-square

fitting (L-LSF) and nonlinear least-square fitting (NL-LSF). The error analysis for

L-LSF is direct as is discussed, for example, in the book of P. R. Bevington and D. K.

Robinson [2]. The error analysis for NL-LSF is complicated and may be accomplished

in the parabolic approximation [26]. However, the error analysis can be accomplished

in general by resorting to numerical methods. Monte Carlo simulations are used in

the error analysis. The mean value, the variance and correlation of physical quantities

of interest can be obtained by the use of Monte Carlo simulations.

The least-square fitting and the error propagation is investigated for simple,
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model sets of data. These model sets of data depend exponentially on the parameter

of interest. The emphasis of this study is on the evaluation of the error propagation

and of the correlation between the fitting parameters.

3.2 Formulation of Least-square Fitting

The starting point is the supposition that t/j are the measured values of a physical

quantity described by p(xj, u, v,...) at point xj where j = 1,2,..., M, and {u, v,...}

are the parameters. The normalized residuals are defined by

Vj — q(xi,u,v,...)rj - ̂ ^ (3.1)
C7j

where dj is the variance of yj at position xj. The merit function for LSF is tradi

tionally defined as

(3,2)
i=i i=i

where Wj is the weight at each data point. The numerical solution of parameters

is determined by minimizing the merit function. It is named as linear least-square

fitting if g is linearly dependent on {u,u,...} only. Otherwise, it is called nonlinear

least-square fitting.

The development of the dependence of on the independent parameters is

accomplished by expanding the merit function near its minimum described by

the parameter set {uo,uo,...} as follows, [1, 2, 35]

Q 2
X^{u,V,...) = ;^2^Uo,Uo,...) + (u - Uo)— + (u - Uo)^ + ...

ou av
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1  fp' 1 3^ 3"^

+  + n{v- Vo)'^ + {U- Uo){v - Vo)-'' ̂2  du^ 2 dv'^ dudv

X^(wo, •••) - 2(m - uo)pu - 2('y - vq)^^ + ...

+{u - uofa^u + {v- + 2{u - uo)iv - vo)auv + •••, (3.3)

where,

6  = -1^
2 d^i

Vj - 9{:x^j,uo,vo,...) ,dg{yij,u,v,...)^
~  2 V o )u=uo,v=vo,...i W-'ij

j=l

^fiu — -
2
1 Sx'
dfidu

^Wj dg{yij,u,v,...) dg{yij,u,v,...)
dfi )u=uo,v=vo,-{ Ju=uo,v=vo,...

3  ̂ 3

-te -g(x,, (3.5)

The indices //, u may be any of {u, v,...}. ,5^ should be zero at the minimum of if

g{-x.j,u,v,...) is a smooth function. In the work of this dissertation Powell's method

[36] is used to find the minimum of the merit function.

Now we introduce the parabolic approximation in which higher order terms are

omitted. The parabolic approximation is always valid for linear least-square fitting

because the differentiation to g with order higher than one is zero. However, the

parabolic approximation is often violated in the process of nonlinear least-square

fitting. In the parabolic approximation, one obtains:

= X^{u,v,...) - x^{uo,vo,...)

=  (3.6)
fiv

22



The correlation coefficients [1, 2, 35] between parameters are also important. The

definition of the correlation coefficient for the parameters u and v, p^v, is deferred

to Appendix D. By comparing Eq. (3.6) and Eq. (D.4), one finds

Puv = (3.7)

Note that the obtained correlation coefficient is only defined for different parameters

u and V.

3.3 General Error Analysis

In this section the error propagation equations are presented. The derivation of the

error propagation equations is in accord with the references [1, 2]. One assumes that

a quantity z is determined by variables {«, v,...} as a function f{u, v,...), i.e., a set

of measured data {ui,Vi,...} yields a value Zi,

Zi^ f{ui,Vi,...). (3.8)

The averages and variances of {u,u,...} are determined from collection sets of mea

sured data {uj, Uj,...}. The average and variance of z may be determined from those

of {u, u,...}. To obtain the relation, one expresses Zj by the use of the Taylor expan

sion of f{ui,Vi,...) around the average u,v,

ti- - \ / -\^/ /Z, = /(u,U, ...) -h (Uj - u)— -I- (Uj - u)—-h ...
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Then the average and the variance of z are:

^

>  1 jSV 1 29V 2 9/9/
/(«,■", ■-)+ 2''«g„2 + 2''"St>2 ■•■■■■

=  + + - + + (3")

where the covariance is given by

^lv = (3-12)

The covariance vanishes, i.e., auv = 0, on the average of u and f if u and v is not

correlated.

The uncertainty of the fitting parameters in least-square method can be evaluated

with the error propagation equations. For this evaluation one considers a parameter

//, which could be any of {u,?;, ...}, as a function of the measured data set {yj}.

The dependence of this general parameter /x on the set {yj} originates from the data

fitting. By the use of the error propagation equations, one finds for the uncertainty

of the parameter y,,

2 _ 2 , /qiQ\

where the covariance aij has been previously defined. The covariance is usually

denoted as cr|.

The covariance of different data is zero if the errors for different data are not

correlated. When omitting the contributions from the higher order the uncertainty
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reduces to the following expression for the variance of the parameter fi,

=  (3.14,

It is in general difficult to determine -r— for nonlinear least-square fitting without
dVj

introducing further assumptions or dependencies of // on the set of data. K. H.

Burrell [26] published an error propagation equation in the parabolic approximation

for equal weights {uij}, i.e., all weights are set to 1. For different weights, the error

propagation equation in the parabolic approximation is obtained as the following,

= E(E (3.15)
j=l n O'M

The matrix is the inverse matrix of the matrix (ck^,/) defined in Eq. (3.5) and

the parameters /x, u could represent any parameters of the set

3.4 Error Propagation for One Parameter Fitting

In this section the error propagation for one-parameter fitting is discussed. The

function g{xj,U) denotes the model-function for the data set {Vj}. The parameter

U is obtained by fitting g{xj,U) with {yj}. The merit function is the same as Eq.

(3.2) but it is restated here for the one-parameter case,

^ w-x' = E:iiyj-9{xj,U)]''. (3.16)
j=l

There exists only one element in the matrix a. Therefore, Eq. (3.5) reduces to the

following expression,

" = - (y, - (3.17)
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and one finds for the uncertainty or variance of U,

=  (3.18)
j=x j C/U

This is the error propagation equation for one parameter fitting.

3.5 Monte Carlo Simulation Method

Monte Carlo simulations provide us with the numerical solution to the probability

distribution problem. The procedure is to "draw random numbers from appropriate

distribution so as to mimic our best understanding of the underlying process and

measurement errors in our apparatus" [36]. A set of synthetic data is generated by

the use of random numbers. The quantities of interest are determined by fitting

the synthetic data. Typically, probability distributions for the quantities will be

obtained.

The Gaussian probability distribution is used as the error probability distribution

in our investigation,

P{x]Xo,a^) = J- exp[-]-{-—^)^]. (3.19)
\/Zivax Z, Ox

The random numbers are generated by the subroutine CLARNV which is in the

mathematical library "complib.sgimath". Figure 3.1 shows the distribution of N

random numbers that were generated with this CLARNV subroutine. The solid

curve illustrates the Gaussian distribution function for xq = 0 and cti = 1. The

average and variance of the random number is also shown in Fig. 3.1. The histogram

26



(a) M=500 (b) M=1000

-0.039±0.g60

0.4

0.2

lJ_i

a 0.3 - Q.0.3

-0.028±0.979

0.4
a

0.2

(c) M=2000

Q. 0.3

-0.018±0.970

0.4

ihs.' '''' l_lJ

0.6

0.5

0.4

Q.0.3

0.2

0.1

(d) M=5000

-0.00810.979

I  I I I i r-iyii li it . I l l

Figure 3.1: Distribution of the generated random numbers.
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distributions of random numbers appears visually very close to the smooth Gaussian

distribution for N over 1000.

3.6 Numerical Investigations of Simple Models

In this section sets of data models with an exponential parameter dependency are

investigated. These models can be viewed as simulations for spectroscopic data.

Individual terms of the model function can be associated with spectral lines: each

term consists of amplitude and line profile. The amplitude is related to temperature

by the usual Boltzmann factor in equilibrium, where e is the relative upper

energy and k is Boltzmann constant. For simplicity in the description, is used

in favor of where 7 is a constant that is proportional to the e/k term. The

investigations are performed by the use of Monte Carlo simulations. In addition, the

results from the simulations are compared with analytic results.

In the investigation with Monte Carlo simulations, we use the following simple

models:

g{x,U) = 0.89 (3.20)

g{x,U) = 0.89 + 0.89 (3.21)

Equation (3.20) represents one spectral line that is associated with a spectral tran

sition. Equation (3.21) represents two well separated spectral lines describing two

transitions from two different upper energy levels, for which the parameter 7 is 1

and 2, respectively.

28



The numerical investigation is described in the following. One assumes a set of

the measured data {y^} determined by

yj=g{xj,U), (3.22)

where Xj = c+(7' —1)A and A = j = 1,2,..., M. Alternate assumptions are
•' (m - 1)

discussed later in this section. One further assumes that four hundred wavelength-

dependent data (i.e., M=400) are recorded from c = 305 nm to d= 325 nm.

The inclusion of the random numbers results in a variation of data yj: a random

number Rj is added according to

y'j = yj + Rj, (3.23)

where the random number Rj is further specified depending on the error model. Two

typical error models are considered. The first error model uses

Rj = 0.1 *yj*R{), (3.24)

while the second error model uses

Rj = 0.1 *ymax*R{), (3.25)

where ymax denotes the maximum of the set {yj} and R() denotes a generator func

tion of random number, for which the subroutine CLARNV described in previous

section is used. The random number is proportional to data value yj for the first

error model. The random number is independent on the data yj for the second error

model. Therefore the variances of data yj are

Gj = 0.1 *yj, (3.26)
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and

(Tj — 0.1 * Umaxi (3.27)

respectively.

The parameter U is found by fitting the data with g{xj, U). The technique of

nonlinear least-square fitting is applied in data fitting. The distribution of quantity

U is obtained after repeating the process many times - vary {yj} and fit. The weights

Wj may be assumed as a constant or dependent on yj or dependent on aj. The actual

choice of weights will depend on our knowledge of a particular data set, for example,

knowledge regarding the acquisition method.

The analytic formulation is summarized below. By substituting a in Eq. (3.17)

into the error propagation equation of Eq. (3.18), the variance of quantity U is

obtained.

2 _ s^(Wjdg{xj,U) ̂  ̂  ̂,5y(z^ 212 /n oo^
dU ' dU ^ ^

where the second term of a is close to zero for the used data model. Now we

substitute g{xj, U) with the one-line model function. The variance of U for the one-

line model is the following value if Wj is assumed to be equal to 1 and aj is assumed

to be proportional to yj as indicated in Eq. (3.26),

4 = (3.29)

The variance of quantity U for the one-line model is the following value if wj is
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assumed to be equal to ct| and aj is proportional to yj as indicated in Eq. (3.26),

5^) nu Qu ) ]
M

^ Y1 u)/{Y, u)f
'  i=i j=i

(3.30)

By substituting the values of g{xj, U) into the above equation and summing over all

400 data, the variance of U becomes

2  _ / 0.036.2
n

(3.31)

The numerical results are summarized in next several paragraphs. In all numer

ical computations the weight for each data is assumed equal to (t|. Therefore, the

merit function becomes

M

X^{u, V,...) = ■■■))'
i=i

(3.32)

The one-spectral-line model is investigated for different values of 7 and compared

with the analytical result Eq. (3.31). The first error model Eq. (3.24) is used in

generating random errors. The variances of quantity U with different 7 is listed in

table 3.1. The numerical results agree very well with the analytical result Eq. (3.31).

It is shown that larger 7 produce less error, i.e., that high energy levels are more

accurate in determining the temperature. Figure 3.2(a) shows curve yj in black, a

Table 3.1: Variance of quantity U versus 7.

7 0.2 0.3 0.6 1 2

cru 0.181 0.120 0.059 0.036 0.018

jau 0.036 0.036 0.035 0.036 0.036
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set of variation y'j in red, and their differences in blue with 7 =1. Figure 3.2(b) shows

bar chart of probability distribution of U from the Monte Carlo simulations with 7

=1. Similarly, the variance of quantity U for the data model of two-separate-line

(see Eq. (3.21)) is found to be 0.016 from Monte Carlo simulations.

In the following, the spectroscopic data models are modified to include back

ground contribution. The two-separate-line model is investigated only. The data is

fitted with model Ag{xj, U) -I- B. Here, >1 is a constant factor and B is the back

ground.

Two types of data are used. The first type of data set {yj} is determined by the

following form,

yj = g{xj,U)+ 0.05, (3.33)

where g{x,U) is described by Eq. (3.21). We refer to this type of data as the

"simple" two-separate-line model. The variation technique described by Eq. (3.23)

and Eq. (3.24) (first error model) is applied to {yj} to generate new data sets {y'j).

A set of parameters [U, A, B) is then determined by fitting each variation set {y'j}

with Ag{xj,U) + B. A distribution of {U, A, B) is obtained through this process

of Monte Carlo simulations. The average and variance of U, A and B are shown

in table 3.2. Note the variance of U is more than 3 times larger than the value

0.016 when including A and B. The correlation coefficients are shown in table 3.3 .

Parameters U and A have strong correlation while U has almost no correlation with

B.
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Figure 3.2: Monte Carlo simulation results for the one-spectral-line model: (a) Uj
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Table 3.2: Average and variance of parameters for the "simple" model.

U A B

Average 0.101 1.005 0.0500

Variance 0.054 0.086 0.0004

Table 3.3: Correlation coefficients for the "simple" model.

U A B

U 0.95 -0.03

A 0.95 -0.18

B -0.03 -0.18

The second type of data set {yj} is determined as follows,

)+0.3,\  ̂TT ̂  ̂ 315. y

0.5 ' ' 0.5

where the line profile 6{x) is a triangle function:

6(x) = 1 — |a:| |x| <1; 0 |a:| > 1.

(3.34)

(3.35)

This type of data set is labelled the "triangle" two-separate-line model. The variation

technique described by Eq. (3.23) and Eq. (3.25) (second error model) is applied

to {yj} to generate a new data set {y}}. Each variation set {y}} is fitted with

Ag{xj, U) + B where g{x, U) is

g{x,U) = e-^e-(^-310.)VT'2^g-2c/g-(x-315.)7D\2 / n2

(3.36)

A new variable D is introduced to investigate on the different line profiles. A set of

parameters ([/, A, B, D) is determined by the data fitting. A distribution of {U, A,

B, D) is obtained from Monte Carlo simulations. The average and variance of U,
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Table 3.4: Average and variance of parameters for the "triangle" model.

U A B D

Average 0.102 0.642 0.299 0.313

Variance 0.053 0.051 0.005 0.012

Table 3.5: Correlation coefficients for the "triangle" model.

U A B D

U 0.93 0.05 0.03

A 0.93 -0.06 0.05

B 0.05 -0.06 -0.23

D 0.03 0.05 -0.23

A, B and D are shown in table 3.4. The correlation coefficients are shown in table

3.5. Parameters U and A have strong correlation while U has almost no correlation

with B and D.

Figure 3.3 shows the two types of data set {vj}, typical variation set {y'j} and

their differences for (a) "simple" model and (b) "triangle" model. Figure 3.4 displays

the scatter plots for ([/, A) and {U, B) from Monte Carlo simulations for the "simple"

model. The averages, variances and correlations of parameters U, A and B are also

shown in Fig. 3.4. Figure 3.5 displays the scatter plots for {U, A), {U, B) and

{U, D) from Monte Carlo simulations for the "triangle" model. Also the averages,

variances and correlations of parameters U, A, B and D are shown in Fig. 3.5.
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Chapter 4

Analyses of Emission Spectra

4.1 Introduction

The emission spectra contain temperature information of the emission source. The

determination of spectroscopic temperature comprises here the measurement of emis

sion spectra and subsequent fitting of the experimental data. [24, 25, 37] The theoret

ical model of spectral data is critical in data fitting. Diatomic radicals are transiently

present in a wide variety of reactive gas phase systems. Their emissions may domi

nate the emission spectra in some special ranges of wavelength and temperature. The

spectral structures of such diatomic molecules can be predicted well from reported

spectroscopic data. Therefore, the emission spectrum may be modeled as diatomic

radical emissions plus a background contribution, which includes emissions from the

other species.

In this Chapter the emission spectra of plasma after laser-induced breakdown of

air [23] are studied in the wavelength range of 300 to 322 nm. An overview of the

plasma emission spectra is computed by the use of the nonequilibrium air radiation

code (NEQAIR). [27, 28] OH emission dominates the plasma emission spectra below
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temperature 4500 K in this wavelength range of 305-322 nm. Above 4500 K ̂2

Second Positive emissions become important; however, in this dissertation spectra

are analyzed that show dominant OH contributions. The plasma emission spectra

are fitted with synthetic OH spectra to determine the spectroscopic temperature.

The temperature of fitting in the range 305-312 nm is more reliable than the tem

perature of fitting in the range 305-322 nm since the vibration states might not be in

thermal equilibrium with the surrounding gases. The precision and reliability of this

temperature measurement is also investigated. Monte Carlo simulations are used

to study the error propagation. The variance of estimated temperature is nearly

proportional to the error magnitude. The correlation coefficients are also evaluated

by the use of Monte Carlo simulations. The background is found to be important in

determining the temperature but the line shape is found to have hardly any relation

with temperature.

4.2 Measurement of Laser-Induced Air Break

down Spectra

The experimental data are provided by Drs C. Parigger and D. Plemmons. [23] The

emission spectra were measured at different delay times after the laser-induced opti

cal breakdown in nominal STP laboratory air. A Coherent Infinity 40-100 Nd:YAG

laser was operated at a frequency of 10 or 100 Hz with 1064-nm radiation of 3.fi

ns pulse width. The 1064-nm beam was focused with a typical peak intensity of

IQ^^W/cvn?. The spectra were resolved with a 0.275-m Jarrel-Ash or a 0.64-m Jobin-
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Yvon spectrometer and recorded with an array detector. Wavelength calibrations

were performed with standard light sources and the sensitivity correction was accom

plished with a deuterium lamp. The detector's data were corrected for dark-noise

contribution.

4.3 Prediction of Spectroscopic Features

In this dissertation, the Nonequilibrium Air Radiation (NEQAIR) program [27, 28]

is utilized to compute emission spectra of plasma. However, only the equilibrium

aspects of the NEQAIR code were utilized. In the computation, the temperature and

concentrations of the diflFerent species are required as the input of this version of the

NEQAIR program. The concentrations of air components is calculated by using the

Gordon-McBride chemical equilibrium code. [38] Figure 4.1 shows the temperature

dependency of species number densities of wet air which contains approximately 1%

water. Note that the OH concentration has a maximum around T = 3000 K.

Results from the NEQAIR computation are presented in the following. Figures

4.2 and 4.3 show synthetic emission spectra at different temperature. Input data are

used as illustrated in Fig. 4.1. For the curves indicated as "Total", the OH number

densities are extracted from Fig. 4.1. For the curves indicated as "Background",

the OH number densities are set to zero. We label the emission without OH the

"background emission" since it is the emission from species other than OH. Both total

emissions and background emissions increase dramatically from 3000 K to 3500 K.

The total emissions decrease over 4000 K because the concentration of OH decreases
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quickly with higher temperature. The background emissions are negligible below

3500 K but become comparable with OH emissions above 4500 K.

4.4 Spectral Structure of the Diatomic Molecule

Herzberg [39] elaborated molecular spectra and molecular structure in his classic

book. Of the many advanced discussions, only the Chidsey and Crosley's paper

[40] is referenced here. In general, the electronic states are the primary structure.

Each electronic state shows additional spectroscopic structure because of the relative

motion of the two nuclei. This motion can be separated into a rotational mode and

a vibrational mode. Therefore, each energy level is described by {e, u, J] where {e}

defines electronic state, v is the vibrational quantum number and J is rotational

quantum number. The energy term value can be expressed eis

Te{v,J) = Eg + Ge{v) + Fe{v, J), (4-1)

where Eg is the contribution from electron-electron and electron-nuclei interaction

with fixed nuclei positions, and

Gg{v) = ujg{v+ 1/2) - ujgXg{v+ 1/2)"^ + ujgyg{v + 1/2)^ + (4.2)

Fg{v,J) = Bg{v)J{J+l)-Dg{v)J^{J+l)^+ ..., (4.3)

where

Bg{v) = Bg - ag{v+ 1/2) + ..., (4.4)

Dg(v) = Dg -f- f5g{v -l-1/2) -|-.... (4.5)
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The coefficients We, Xe, Ue, Be, Dg, cxe and /3e can be determined by fitting the molec

ular spectra using the above formulation. Practically, we fit a model Hamiltonian to

the reported experimental spectra. Fitting with a model Hamiltonian yields accurate

spectral positions and it also yields the wave functions and transition probabilities.

All necessary data for computation of the investigated OH diatomic spectrum are

contained in a file named line-strength file. Several line-strength files for different

diatomic molecules have been generated at the Center for Laser Applications, The

University of Tennessee Space Institute.

In the following, the computations of the intensity-values of spectral emissions

from diatomic molecules are elaborated in terms of their wavelength and temperature

dependence. The intensity of a spectral emission line, Inm, is:

■^nm — ^nmt (^■®)

where n and m stand for the upper quantum state and lower quantum state, re

spectively. Nn is the number of molecules in upper state n. The photon energy,

hc/Xnm, is expressed in terms of the wave length Xnm- The Einstein coefficient, Anm-,

describes the transition probability for spontaneous emission. The emission spectral

intensity at temperature T can be written approximately as

■^nm{hc/ Xfijji )exp{-en/kT)g{X,
/ fiX^P\ ^//kl ) nm

I

where N is the number of total molecules and is the energy value of level n.

Xnm) is the function of line profile.
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4.5 Synthetic OH Spectra

The ground state of OH molecule is a ̂ Hj state and the first excited state is

The structure of the -4 X^Ilt transition of OH is shown in references [39, 41]

and the transition data are listed in reference [40]. The UTSI line-strength file for

OH contains all the parameters needed to compute the spectrum.

The OH spectra can be calculated according to Eq. (4.7) with the specification

of line profiles. The line profile is assumed as Gaussian in the study of OH spectra.

Figure 4.4 shows low and high resolution spectra at a temperature of 4000 K. The

full width at half maximum (FWHM) of the Gaussian lines for the low-resolution

spectrum is 32 cm~\ The FWHM for the high-resolution spectrum is 0.1 cm~^.

The fine structure of the spectrum is indicated for the high-resolution spectrum.

Usually the measured emission spectra of OH matches the low-resolution spectrum.

The spectrum in the range 305-322 nm primarily consists of A?; = 0 transitions,

specifically the 0-0, 1-1 and 2-2 bands as indicated in Fig. 4.4, where 0, 1, and 2 are

vibrational quantum numbers.

4.6 Fitting with OH Emission Spectra

The measured emission spectrum comprises contributions from many species. How

ever, the OH emission dominates in a certain range of wavelength and temperature.

The measured spectrum are separated into components contributed from OH and

components contributed from all other species. The contributions from the other
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species are referred to as background emission. Therefore, the emission spectrum

can be formulated as

S{\) = SoHW + St{X), (4.8)

where Soh{X) represents the contributions form OH and Sb{X) represents the contri

butions from the background emission. The background Sb{X) is assumed constant

for the relatively small background emissions.

A measured spectrum represents the spectral intensity accumulation in both the

spatial and temporal domain. Therefore, the OH contribution in measured spectrum

is also an integration of spectral intensity over emission volume and time gate. Using

the mathematical mean value theorem, the OH contribution in measured spectrum

IS

SohW = j /(A, A^(x, t), r(x, t))dtd^x = /(A, N{-Kq, to), T(xo, to))rU, (4.9)

where xq and to are mean values, r is the OMA gate width and V is the volume

of plasma from which the emission is collected. Equation (4.9) implies that the

measured OH spectral intensity is the same as the spectral intensity obtained when

all OH molecules are distributed uniformly with mean number density At(xo, to) and

mean temperature T(xo,to).

In the following, the temperature T will indicate this mean temperature. There

fore, the measured OH spectral intensity can be evaluated from

Soh{X) oc ̂  Anni{hcl\nm)exp{-en/kT)g{\, \nm)- (4.10)
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There are usually two methods in the analysis of spectra: the Boltzmann plot and

the direct least-square fitting. We use the direct nonlinear least-square fitting (NL-

LSF) in the analysis of OH spectra. The NL-LSF is applicable generally for all kinds

of spectra.

Now we proceed with the discussion of spectra analysis by using least-square

fitting. The spectroscopic data consists of a set of pair values {yj,Xj) where yj is

measured spectral intensity at pixel position j which is associated with Xj. The

emission spectrum is modeled as the sum of contribution from OH and a constant

background. Similar to Eq. (3.32), we use a merit function defined as

M

^ ['S'oir(Aj) -f B - yjf (4-11)
Mr

Aj2A„m{hc/KJ)exp{-e„/kT)g{X,X„„) + B - yj (4.12)= E
i=i

The fitting parameters in merit function are the spectroscopic temperature T, a

factor A, a background B and the parameters in line profile function ̂ (A, An^}) for

example, the line width D if g{X, A„m) is assumed to be Gaussian shape.

For a typical spectrum measured at 80 fis delay time, the fitting temperatures are

3667 K, 3744K and 3508 K for fitting in three different ranges of wavelength 305-

322 nm, 305-312 nm and 312-318 nm, respectively. Figure 4.5 (a), (6) and (c) show

the measured spectra (black circles), the fitted spectra and their differences in the

ranges of 305-322 nm, 305-312 nm and 312-318 nm, respectively. The structures in

the differences come from the assumption of the data model that includes background

and the line profiles g{X,Xnm)-
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The reason of fitting in three different wavelength ranges is that different vibration

states could be in nonequilibrium. Usually populations in different rotation-vibration

levels of OH are produced on the dependence of the chemical dynamics. The OH

molecules are redistributed in the rotation-vibration levels after the production. The

energy transfer rate between diflPerent energy levels is dependent on the pressure and

gas components. Advanced discussions about rotation energy transfer and vibra

tion energy transfer may be found in the literature [42, 43, 44, 45]. Typically the

rotation energy transfer rate of OH is in order of nanoseconds and the vibration

energy transfer rate of OH is in order of microseconds. Therefore, the rotational

temperature is usually the same as the temperature of the surrounding gases. The

temperature including different vibration states might deviate from the temperature

of surrounding gases. All quantum states are assumed in thermal equilibrium with

the surrounding gases when the spectrum is fitted in the range of 305-322 nm. It is

recommended to fit the data with 0-0 band in the range of 305-312 nm.

Both 0-0 band and 1-1 band are present in the range of 312-318 nm. It is as

sumed that the vibrational quantum state 0 is not in thermal equilibrium with the

vibrational state 1. The fitting result does not provide any evidence of internal

nonequilibrium of vibrational state 0 and vibrational state 1. However, fitting in

this range yields big errors because more fitting parameters are presented in the

merit function while fewer structures can be seen in this range. The deviation in

temperature amounts to 236 K and 159 K for fitting in the wavelength ranges 305-312

nm and 305-322 nm, respectively.
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Figure 4.6 (a), (b) and (c) show the scatter plots of (x^, T) for fitting in the range

305-322 nm, 305-312 nm and 312-318 nm, respectively. These graphs illustrate the

fitting procedure results as obtained by the use of Powell's method. [36] The scatter

plotter may be considered as a (x^, T, A, B, D) projection onto (x^, T) since there

are four variables (T, A, B, D) in the merit function; (A, B, D) are not shown in the

scatter plot. The minimum of the temperature-dependent x^ points indicates the

quality of the fitting. It is shown that the merit function in Fig. 4.6 (b) converges

to the minimum quickly and the merit function in Fig. 4.6 (c) converges to the

minimum slowly. For a good LSF fitting, the merit function should converge to the

minimum quickly. Therefore, fitting in 305-312 nm is the most reliable method for

the three investigated wavelength regimes.

4.7 Error Analysis by the Use of Monte Carlo
Simulations

The process of Monte Carlo simulation is similar to that discussed in Chapter 3. New

sets of synthetic data are generated by adding random number to each measured

data,

y'j = yj + x*ymean*RO, (4.13)

where yj is measured data and j/mean is the mean value of {yj}. R() is a generator

function of random number with normal probability distribution, a; is a constant

factor and may be estimated from the differences between the measured data and

the fitting curve, x amounts to typically 10-15 %. Note that the added random
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number is a; * Vmean * R{) in the following investigations. New sets of parameters are

obtained by fitting the synthetic data. The merit function Eq. (4.11) is utilized in the

least-square fitting. The data reduction is performed in the range of 305-312 nm and

305-322 nm. The averages, variances and correlations of the parameters temperature,

background and line width are determined from the computed parameter sets.

Figure 4.7 and 4.8 show the scatter plots of (T, A), (T, B) and (T, D) for fitting

in the range of 305-312 nm and 305-322 nm, respectively. The error magnitude is set

to X = 0.1. The averages and the variances of T, A, B and D are illustrated in the

figures. The correlation coefficients between temperature T and the other parameters

[A, B, D) are also shown in Fig. 4.7 and Fig. 4.8. The correlation coefficients

are listed in Table 4.1 and in Table 4.2. It is shown that the background B, which

indicates the largest correlation with T, is important in determining the spectroscopic

temperature. The factor A and the line width D are almost not correlated with the

spectroscopic temperature. In Chapter 3 quantity U and factor A show the largest

correlation while quantity U and the background B show hardly any relation. The

primary reason for the weak correlation between T and A in OH fitting is due to the

spectral structures of OH. There are only two lines in the two-separate-line model

of Chapter 3 while there are more than 30 lines in just one branch of a vibrational

band of OH spectrum. The primary reason for the strong correlation between T and

B in OH fitting is due to the background emission.

Now the relations are investigated between fitting parameters and error magni

tude X. Monte Carlo simulations are performed both in the range of 305-312 nm and
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Table 4.1: Correlation coefficients: in the range of 305-312 nm.

T A B D

T -0.01 -0.31 0.004

A -0.01 -0.83 0.37

B -0.31 -0.83 -0.31

D 0.004 0.37 -0.31

Table 4.2: Correlation coefficients: in the range of 305-322 nm.

T A B D

T 0.08 -0.28 -0.0004

A 0.08 -0.65 0.06

B -0.28 -0.65 0.05

D -0.0004 0.06 0.05

in the range of 305-322 nm. In the investigation, the line width D is fixed at 0.21

nm since it has almost zero correlation with the temperature. The averages and the

variances of parameters for different magnitude x are listed in Table 4.3 and in Table

4.4. All of the variances are almost proportional to the magnitude x for x smaller

than 0.3. The variance from Monte Carlo simulations in the range of 305-322 nm is

much smaller than that in the range of 305-312 nm. There are two main reasons:

first, there are more data in the range 305-322 nm, second, the contributions from

high vibrational quantum states reduces the variances. This has been previously

discussed in Chapter 3, where it was shown that larger 7 gives smaller variances (see

Table 3.1). Figure 4.9 shows the bar chart of the temperature distribution for differ

ent error magnitudes x. The Monte Carlo simulations are performed in the range of

305-322 nm. The averages and variances of temperature from Monte Carlo simula-
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Table 4.3; Averages and variances of parameters: fitting in 305-312 nm.

X 0.1 0.2 0.3

T{K) 3754± 155 3776± 315 3813± 492

A 2742± 48 2741± 97 2745± 147

B 5467± 320 5469± 649 5441± 986

Table 4.4: Averages and variances of parameters: fitting in 305-322 nm.

X 0.1 0.2 0.3

T{K) 3671± 37 3673± 74 3677± 111

A 2967± 14 2967± 28 2968± 43

B 3864± 57 3864± 113 3859± 168

tions are also shown in the figure. The solid curves are Gaussian distributions with

the same averages and variances as shown in the figure. However, the temperature

distribution looks more like a Poisson distribution than a Gaussian distribution.

The comparison of two types of random errors described by Eq. (3.24) and Eq.

(4.13) is discussed in the following. The Monte Carlo simulations were performed for

the spectrum recorded at 100 /iS delay in the range of 305-322 nm. The average and

variance of the temperature are found to be T = 3366K and ar = ̂OK for random

errors with magnitude of 10% measured intensity (see Eq. (3.24)). The average

and the variance of the temperature are found to be T = 3368K and ar = 31K

for random errors with magnitude of 10% mean intensity (see Eq. (4.13)). The

average temperatures are very close while the variances are slightly different. The

explanation for the difference in variance is that larger errors are weighted on lower

energy levels and fewer errors are weighted on higher energy levels when Eq. (3.24)
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is applied. As mentioned previously, lower energy levels yield larger variance while

higher energy levels yield smaller variance.

The primary errors are due to the background emissions, shot-to-shot variations

and unknown spectral line profiles. According to the NEQAIR results, the back

ground emissions are negligible for temperatures below 3500 K, and the shot-to-shot

variations of the radiating plasma are the dominant contributions to the errors in

the measured spectral intensity. These variations are assumed to be proportional

to the measured spectral intensity. The errors due to unknown spectral line profiles

would become also significant when the errors due to the background emission and

the shot-to-shot variations are small. However, Eq. (4.13) is used to simulate the

errors in all numerical investigations.

Figure 4.10 shows the temperature decay versus delay time. The red squares rep

resent the spectroscopic temperatures of fitting in the range of 305-322 nm. The blue

triangles represent the spectroscopic temperatures of fitting in the range of 305-312

nm. It is noted that the temperature decay rates are different. The reason for this

difference is believed to be associated with the dynamics of energy transfer. The

black circles and error bars represent the averages and variances of spectroscopic

temperate from Monte Carlo simulations. The Monte Carlo simulations are per

formed in the range of 305-312 nm and with error magnitude x = 0.2. The errors

for the spectroscopic temperature are large for time delays smaller than 50 /xs and

they are moderately small for time delays larger than 100 /is.
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Chapter 5

Formulation of Image Analysis

5.1 Introduction

Imaging techniques are frequently applied in research as for example discussed in

the following literature [46, 47, 48, 49, 50]. In this Chapter, the following techniques

are addressed in the image analyses: Fourier transforms, discrete Fourier transform,

sampling theorem and filtering. Of many techniques on image analyses, [4] the tech

nique of Fourier transform [36, 51, 52, 53] is unique to transform the information

between space and spatial frequency. The information in an image can be decom

posed according to the spatial frequencies. With an appropriate filter, different

components may be separated. Since an image usually consists of a finite data array,

the discrete Fourier transform are applied in image analysis. The algorithm of fast

Fourier transform [36] is utilized in the computations of discrete Fourier transform.

5.2 Fourier Transform Details

The Fourier transform equations are:

1
h{t) = — / H{uj)e'^'du;, (5.1)

ZTT J-oo

63



/oo
h{t)e-'^'dt. (5.2)

-OO

The kernels for Fourier transform have the typical exp{±iu}t} form. The Fourier

transform can be viewed as a specific type of Fredholm integral equation of the first

kind, with special orthogonal kernels. Each kernel contains information at different

frequency.

The properties of Fourier transform may be found in many publications, for

example, the two references [52, 53]. With two functions g{t) and h{t), some relations

are summarized below. The convolution of the two functions, denoted g*h, is defined

by

/OO
g{T)h{t — T)dT. (5.3)

-00

The Fourier transform of ̂  * h is multiplication of Fourier transforms of g and h,

T{g*h) = T{g)T{h). (5.4)

The correlation of the two functions, denoted Corr{g,h), is defined by

/OO
g{T + t)h*{T)dT. (5.5)

-OO

The Fourier transform of Corr{g, h) is;

HCoTr{g,h)) = T{g)T\h). (5.6)

If g and h are the same function, the Fourier transform of the autocorrelation

function is:

HCorr{g,g))^\T(g]\\ (5.7)
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which is known as Wiener-Kintchine theorem. After inverse Fourier transform, one

obtains the following relation for power spectrum at t = 0:

/oo roo
\:F{g)\'^duj = 2Tr b(r)prfr. (5.8)

-OO J —oo

5.3 Sampling Theorem and Discrete Fourier Trans
form

From the sampling theorem [36, 52, 53] we know that if H{uj) = 0 for all |a;| > Uc,

then the function h{t) is completely determined by its samples hp taken at an interval

TT

A = —. The frequency Uc is called Nyquist critical frequency. The function h{t) is
Uc

given explicitly by the formula

pi:"oo ̂  ^ct - 2pir

The Fourier transform is found by substituting the function h{t) into Eq. (5.2),

OO

H{uj) = [wj < Wc; 0 |a;| > Wc. (5.10)
p=—oo

For experimental data, we have a finite number of data points, N. With N num

bers of input, we produce no more than N independent numbers of output. So one

samples only at the discrete values

u}n = nujc/N, n = 0,1,2, N — 1. (5-11)

The discrete Fourier transform is obtained,

N-l

Hn=J2 (5.12)
p=0
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The definition of Hn is extended ton = One obtains the following

relations,

= Hm-u, (5.13)

and,

H-n = K (5-14)

for real hp. The discrete inverse Fourier transform is defined as

hp = ̂  ay (5.15)
■'* n=0

For discrete Fourier transform applications, all data are required to be equally

spaced. If the data are not equally spaced, then the data need to be converted to

equal intervals by the use of interpolation. The algorithm of fast Fourier transform

[36] is utilized in discrete Fourier transform.

5.4 Filters

The term "filter" is introduced for a system with an input and an output [53]. We

are only interested in simple fi lters that can be specified by a function s{x). The

output, h2{x), is obtained from the input, hi{x), by the use of the following relation,

/i2(x) = hi{x)s{x). (5.16)

By the use of Eq. (5.4), the Fourier transform of the output is the convolution of

Fourier transform of the input and Fourier transform of filter function,

T{h2) = T{h,)*J'{s). (5.17)
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An example for a filter function is given in the following for the pair of Fourier

transform variables x and k. A typical rectangular filter function in x-space is:

s(a:) = 1 |a:| < a; 0 |a;| > a. (5.18)

The Fourier transform of the rectangular filter is the sine function 2asinc{ka). The

output in k-space is the convolution,

/OO
2asinc[{k-k')a]Hi{k')dk'. (5.19)

'OO

Similarly, in k-space a rectangular filter may also be introduced to select and/or

suppress contributions of specific spatial frequencies. The output in x-space would

then be computed as the convolution of the sine function with the input function.

Equation (5.19) is a Fredholm integral equation of the first kind. The kernels

are sine functions. By the use of eigen-analysis (see Chapter 2), a number of data

at discrete k is sufficient to describe the output in a range between c and d. As in

Chapter 2, the eigenvalues of covariant matrix and the relative information are used

to describe how many data are significant. To accomplish the analysis numerically,

M data are assumed to be taken in equal interval between the range c and d, i.e.,

kj = c-|-(j —1)A, j=l, 2, ..., M where A is the interval of data points, A =

In the computations the range c and d are set -100 and -1-100, respectively.

Figure 5.1 shows the eigenvalues and relative information for different filter widths

when the interval is fixed. The number of significant data is nearly proportional to

the filter width. Figure 5.2 shows the eigenvalues and relative information for differ

ent data numbers when the filter width is fixed. A critical number is 64. Eigenvalues
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c=-100, d=100 and fixed data number M=256.

68



10'

<-<:

0)
3

(D
>

S  10°
O)

111

10'

(a) Eigenvalue

-

M=128

n  „„ — ..

M=8 M=16 M=32 M=64

1

1
I

I
1
I

20 40

n

60 80

(b) Relative Information

M=8

M=16
M=128

M=32
0.6 -

M=64

.£ 0.4

DC

0.2

'  ' n n nI I

40 60

Figure 5.2: Eigenvalues and relative information for sine kernels (II): fixed range
c=-100, d=100 and fixed filter width a=l.

69



change dramatically around this number. The number of significant data is propor

tional to the number of total data, M, when M is less than 64. The curves of relative

information for data number M bigger than 64 are very similar.

From the numerical results, the number of significant data is proportional to the

product of filter-width and the interval. The following relation is found between the

filter width and the optimum interval for the output data,

2aA ~ 6.3. (5.20)

One can obtain all of the information by collecting data at an interval 3/a.

5.5 Two Dimensional Fourier Transform

The equations for the two dimensional Fourier transform are:

1  roo roo

'•("I = 7^ / (5.21)(^zTTj J—ooJ—oo
/OO roo

/  h(x)e-'''-^dx. (5.22)
-OO j — OO

The two-dimensional discrete formulation can be inferred from the sampling theorem

as in the previous section. If H{k) = 0 for all |A:i| > kic, \k2\> k2c, then the function

/i(x) is completely determined by its samples hpg. The subscripts 1, 2 represent the

two orthogonal directions. Function /i(x) is given explicitly by the following formula,

\  ̂ Kq sin{kicXi - 2p7r) sin{k2cX2 - 2q7r)
pi'oo,i::'ooAiA2 k,gX,-2p7r k2cX2-2q-n '

Substitution of /i(x) into Eq. (5.22) yields the discrete Fourier transform,

OO OO

«(k)= i; j: h„e -2-nipki/kic^-2Triqk'2/k2c 24)
p=—00 q=—oo
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for ki < kic and k2 < k2c] otherwise H{k) = 0.

For M X N data array {hpg}, the discrete Fourier transform is defined by

N-l M-1

(5.25)
p=0 9=0

The discrete inverse Fourier transform is defined by

1  M-lN-l

V = E E (5.26)
m=0 n=0

It is appropriate to make a change of variables to polar format [51] if the function

h{x) has circular symmetry.
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Chapter 6

Analysis of Interference Images

6.1 Introduction

Femtosecond-pulse laser amplification and the potential applications for optical break

down, ablation and spectroscopic studies necessitate the characterization of ultra-

short laser pulses including wavelength, band width, pulse width and coherence

length. A simple means of characterization would be the measurement of the spec

trum of the pulse. The spectrum yields the center wavelength and the bandwidth

of the pulse. The pulse-width can be inferred for a transform-limited pulse [54] by

assuming the temporal shape. An alternative method is the measurement of the

autocorrelation function. J. C. Diels [55, 56] and K. Naganuma [57] published some

early works on this subject. Subsequently, J. Chilla and O. Martinez [58, 59, 60]

developed a frequency domain method to unambiguously determine the pulse shape

and phase. D. Kane and R. Trebino [61, 62] and J. Paye [63] introduced the tech

nique of frequency-resolved optical gating. More recent works are elaborated in the

literature [64, 65, 66, 67, 68]. Typically, a nonlinear medium is required to generate

a second or third harmonic signal that is associated with the autocorrelation trace.
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The technique of interferometry or holography [29, 30, 31, 32, 68, 69] may be used

to measure the correlation function. The coherence length of a laser pulse can be

determined from the correlation function.

In this dissertation we present measurements of the autocorrelation function by

scanning the relative delay of the two laser beams and by recording interference

images. A nonlinear medium is not required in the overlap region. The image is

decomposed into the spatial frequencies by the use of Fourier transform techniques

[30, 31, 32, 68]. The interference information is usually restricted to a specific range of

spatial frequencies in Fourier transform space. This range may be separated from the

low frequency background and high frequency noise. The interference information

can be extracted through an appropriate filter to yield the autocorrelation coefficient

of the pulse. The pulse width is determined by fitting the autocorrelation coefficients

for an assumed hyperbolic secant pulse-shape.

6.2 Experimental Arrangement

In this dissertation work, the interferometric method is used to measure the correla

tion of femtosecond laser pulses. The interference patterns of overlapping ultra-short

pulses are directly recorded by the use of a CCD camera. Figure 6.1 shows the exper

imental arrangement. The Spectra Physics model Tsunami Ti;Sapphire laser pulses,

produced at a repetition rate of 76 Mhz, are specified to be as short as 60 femtosec

ond when dispersion due to transit through the output coupler is fully compensated.

The laser beam is reflected by mirrors Ml, M2 and M3. A portion of the laser beam
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(see BSl) enters a Jarrell-Ash MonoSpec 27 spectrometer and the approximately 10

nm band-width spectra are monitored by the use of a Princeton Applied Research

optical multichannel analyzer (OMA). For the measurement of interference images

the laser beam is further split by the use of a wedge (BS2) as a beam splitter. The

tilt of the mirrors and the wedge are adjusted to obtain spatial overlap of the beams

in the field of view of the camera. Figure 6.2 shows the details of the box indicated

in Fig. 6.1. The refiected beam from the front-face of the wedge is refiected by

mirrors M4 and M5 and passes through the wedge to the interference field. The

transmitted beam is reflected by mirror M6 and by the back-face of the wedge to the

interference field. Two other relatively strong reflections are also illustrated in the

figure. The weak multiple reflections are not shown for simplicity. The mirror M6 is

mounted on an AEROTECH model ATS302 position stage. The time delay between

the two beams is varied by systematically translating the mirror M6. The two beams

each pass the wedge once and are subject to similar dispersion. Therefore, it can be

assumed that the pulses have the same temporal profile. The intensity ratio of two

beams is close to 1. However, the exact value of the intensity ratio is not important

in our analysis.

A digital camera, model EDC-IOOOHR, is used to record the interference pat

terns. Neutral density filters are used to adjust the light intensity below the camera

saturation levels. The laser beam is attenuated by typically 2-3 orders of magni

tude. The magnification lens LEICA MONOZOOM 7 is used to record magnified

interference patterns. The exposure time of the camera and the translator's motion
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Figure 6.1: Experimental arrangement for the short pulse interference measurements.
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Figure 6.2: Detailed arrangement of the beam paths at the wedge.
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is controlled by the use of a personal computer.

6.3 Experimental Results

In an individual experimental run, the two beam's temporal overlap was scanned,

i.e., the step translator was moved to different positions and the images were recorded

at the different positions. The images were stored and were analyzed subsequently,

although real-time recording/analyzing could be possible in principle. The trans

lation stage was moved by a distance, d/2, in 0.5 fim steps which corresponds to

a time-delay, d/c, of approximately 3.3 fs. The resolution of the translation stage

is specified to be 0.1 /im with an accuracy of 2.5 /xm per 25 mm of travel. For an

overall linear travel distance of 100 /xm, an inaccuracy of at most 0.01 /xm is inferred,

i.e., 0.03 fs for time-delay. The angle between the two beams was adjusted to 0.5°.

During a 5 ms camera exposure time, interference patterns of approximately 380,000

laser pulses are generated. The individual images represent an average obtained from

380,000 spatio-temporal pulse superpositions.

Figure 6.3 displays two typical recorded images. These images were recorded in

two individual experimental runs. Each image consists of 753 x 244 8-bit data. Only

a small portion of the interference pattern is recorded in the top image and it shows

details of the fringes. The bottom picture shows the majority of the interference

pattern. In the experimental runs with the larger magnification the zoom lens was

adjusted to a x6 larger than for the small magnification experimental runs. Both

images were recorded for approximately zero time delay between the two beams.
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Figure 6.3: Images of interference patterns. The camera lens magnification used is
x6 larger for (a) top image than (b) bottom image.
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6.4 Short-Pulse Interference Details

In this section the intensity distribution in the overlap region of the two beams is

derived. The classical electromagnetic theory is used in the analysis of ultra-short

pulse interference.

First we formulate the electric field of a laser pulse that propagates in the z

direction. In this formulation we use a wave packet, [70]

= Ai^) r (6.1)
J — C»

(jJ

Here, k is the wave vector k = k—, c is the speed of light and k is the unit vector in
c

the k direction (k tt z). F{u} — cuq) describes the spectral distribution of the wave

packet centered at uq, with the usual normalization

/OO
\F{uj - uo)\^dw ̂  1. (6.2)

-OO

The complex, spatial amplitude, A{x), satisfies the spatial part of the wave equation,

pi]

VM(x) - = 0- (6-3)
oz

In the paraxial approximation, the laser beam distribution A{x) can be described by

a Gaussian beam that propagates along the z direction. [72]

Next we define the Fourier transform, /, of the spectral distribution F as:

/OO
F{u - (6.4)

-OO
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with / also normalized to unity,

|/(t — k • x/c)l dt = 1, (6.5)
-OO

because of the unitary property of Fourier transforms. By the use of the Fourier

transform Eq. (6.4), the electric field becomes

E{t,x) = A(x)/(t-k-x/c)e-''^<'('-^"^/=). (6.6)

Now we proceed to describe the interference of two beams. The two beams of

identical, linear polarization propagate in directions ki and k2, respectively, and are

described by

Ei(t,x) = ̂ (x)/i(t-ki-x/c)e-»'^''(^-^^-"/^),

E^it, x) = A2{yi)f2{t - k2 • x/c -

The time delay between beam 1 and 2 equals d/c. In the overlap region of the two

laser beams, the electric field is the sum of the individual fields,

E(t,x) = Ei(t,x) + E2(t,x)

= Ai(x)/i(t - ki •

+ A2{x)f2{t - ka • x/c - (6.7)

The intensity of the total electric field is:

/(t,x) = E(t,x)E*(t,x) (6.8)

=  |Ai(x)/i(< - ki • x/c)p + |A2(x)/2(t - k2 • x/c - d/c)p

+ 2SRe {Ai(x)A;(x)/i(t - ki • x/c)/*(t - ka • x/c - .
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The two pulses are assumed to have identical pulse shape subsequently. This

assumption is valid provided the optical lengths of the two short pulses in a dispersive

medium are equal. The temporal pulse shape for both beams is described by f{t),

i.e., the subscripts for the pulse shapes fi{t) and f2{t) can be omitted. Then, the

intensity of the summed electric field becomes:

=  |>li(x)/(t-ki •x/c)p +|A2(x)/(i-ki •x/c + r(x)p

+ 29?e ̂ Ai{x)Al{x)f{t — ki • x/c)f*{t — ki • x/c + ,

where the spatially dependent time-delay is

r(x) = (ki — £2) • x/c — d/c. (6.9)

The interference intensity is integrated during each pulse in the ultra-short pulse

interference measurements. The integration limits are extended to positive and neg

ative infinity since the interval between subsequent pulses is more than five orders of

magnitude larger than the pulse width. The integrated intensity, denoted by 11 (x),

is calculated to be

/OO
I{t, x)dt

-00 /OO
\f{t - ki • x/c)pdt

-00/OO
l/(t-ki •x/c-l-r(x)pdt

-00

-I- 23iel^Ai{x)A2{x) J /(t — ici • x/c)/*(^ — ki • x/c-I-r(x))dte*'^°'^^*^|
=  |^i(x)p + |^(x)|2 + 25?e {Ai(x)A;(x)p(r(x))e*'^°^W} , (6.10)
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where we have used that the temporal pulse-shapes are normalized. Also, the spa

tially dependent autocorrelation function ̂ (•r(x)) of / is defined by

/OO
f{t)r{t + r)dt. (6.11)

-00

The interference cross term (third term in Eq. (6.10)) is proportional to the first-

order correlation function which is equal to the autocorrelation function for identical

temporal pulse shapes of the two beams. The autocorrelation function depends on

the time delay d/c of the two beams and it also depends on the time delay that varies

spatially according to (ki — k2) • x/c.

6.5 Determination of the Autocorrelation Func

tion

Fourier transform techniques are utilized to separate the interference cross term

from the other contributions in the spatial frequency domain. [30, 31, 32] The terms

|Ai(x)p and |A2(x)p are transformed only into the domain of low spatial frequency.

The interference cross term is transformed into the domain of high spatial frequency

mainly due to the component Therefore, we consider only the interference

cross term in following derivation,

ni2(x) = 23?e{Ai(x)A2(x)5(r(x))e"^'"'^'')}. (6.12)

By using Eq. (5.22), the Fourier transform in x-y plane, denoted by xx, of the

interference cross term is:

/OO roc
/  ni2(x)e»''-^-dxx

-OO J—OO
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= r /°° 25Re{>li(x)A;(x)^(r(x))e*'^°^W}e*'^"'-^dxx
J—oo J—oo/oo roo

-00 J — OO/oo TOO
/  ylt(x)yl2(x)5*(r(x))e-^'^°«''^-''=')-''/'=-'^/'=)e*'"^-^rfxx

-00 J — oo

in the frequency domain, Equation (6.13) represents two peaks at k,^ = (k2 — ki)a;o/c

and k" = (ki — k2)a;o/c. The peak at can be isolated by using an appropriate

filter, and one obtains

/OO roo
/  Ai(x)^;(x)^(r(x))e*'*'''«'^^-'^=')"'/'=-''/'=)e*''-''-^dxx. (6.14)

-00 J — OO

The inverse Fourier transform of the peak is:

J-i(^^) = >li(x)A;(x)^(r(x))e''*"'«^^-^=')-^/'=-''/^). (6.15)

The autocorrelation function ̂ (r) may be determined from one image (for a relative

time delay of approximately zero) for known ̂ i(x)^2(*)- For an accurate measure

ment of (/(r(x)), the spatial frequency distribution of p(r(x)) must be significantly

broader than the spatial frequency distribution of /li(x)>l2(x). Equivalently, for ap

proximately constant yli(x)>l2(x) and for sufficient temporal variation due to the

term of the spatial time-delay, (ki — k2) • x/c, across the detector surface, the au

tocorrelation function is proportional to the envelope of the fringe maxima, i.e., the

visibility of fringes.

The determination of the autocorrelation function with the time-delay method

is elaborated in the following. For each image recorded at a set time delay between

the two beams, one integrates the intensity contribution of one interference peak in
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frequency domain (the k space). The integration limit is extended to ±00 since the

integration of the intensity contribution of one peak in the region beyond 3 times

full width from the peak center is negligible. By direct substitution or by the use of

the Wiener-Kintchine theorem (see Eq. (5.8)), one obtains

E{d/c) = / /
J —00 J—oo/oo roo A ^

/  |Ai(x)yl2(x)5((ki - kz) • x/c - d/c)| dx^. (6.16)
-00 J — oo

This results shows that the square of the autocorrelation function is convolved with

the square of the amplitude distributions. A temporal distribution E{d/c) is ob

tained as function of the time delay d/c due to the spatial integration. The Fred-

holm integral equation (Eq. (6.16)) can be inverted by the application of standard

mathematical methods, i.e., by the use of the Fourier convolution theorem, [33]

ls(<</c)l' = {T{E.}IT{\A,Alf)} . (6.17)

This additional Fourier transform is not used in the analysis of the recorded images.

Now we consider measured image data represented by a two dimensional array.

Each array element, hp,, is the integrated intensity over the corresponding pixel. For

the array elements one can write

hp, = n(xp,)AiA2 1<P<M, 1<9<A'', (6.18)

where Ai and A2 are the pixel sizes in the two perpendicular directions. The total

area of the image is a x 6. The intensity of the electric field at the point Xp, may be of

the same order as that in Eq. (6.18) for the interference pattern outside the recorded
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image region. However, in the numerical analysis the array values hpg are set to zero

outside the active area of the camera. Output correction in k space due to this

filter can be calculated as discussed in Section 5.4 (see Eq. (5.19)). The corrections

are negligible for the applied filter. Setting hpg to zero outside the recorded area

is equivalent with setting /li(x)yl2(x) to zero. Consequently, one can write for the

temporal distribution E{d/c),

E{d/c) = [ f |>li(x)yl2(x)p((ki-k2) •x/c-d/c)pdx_L. (6.19)
Jo Jo

\g{d/c)\'^ may be obtained by inverting this integral equation. However, if the ampli

tude terms can be modeled by a 2-dimensional 5-distribution, the spatial integration

would yield that the temporal distribution E[d/c) is directly proportional to the

square of the autocorrelation function. The use of a (5-distribution is justified for

widths |>li(x).d2(x)p much narrower than the width of |^(r(x))p. The temporal

distribution E{d/c) will also be approximately proportional to the square of the au

tocorrelation function for a range of the spatial time-delay, (ki — k2) • x/c, that is

small compared to the width of the autocorrelation function.

The numerical analysis of Eq. (6.19) is presented in the following. It is assumed

0  0 0 0
that the two beams propagate in the directions (sin - , 0, cos -) and (-sin - , 0, cos - ),

2  2 2 2

respectively, where 9 is the angle between the two beams. The temporal distribution

E{d/c) is;

I  .23/ , 9 d^,rf\g{—sm---)\dx. (6.20)
c  2 c

E{d/c) = ̂  I^i(x)2l2(x)pdy

In numerical analysis, a normalized, centered Gaussian is assumed for the amplitude
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contribution (term in square brackets),

4n' /' |4,(x)/i;(x)|=<i!/ = (6.21)
Jo w

where C is a proportionality constant and w is the width of the Gaussian. For small

width w compared to the horizontal image dimension a, this Gaussian can be viewed

as a representation of a one-dimensional (^-distribution.

The autocorrelation function, defined in Eq.(6.11), for a hyperbolic secant tem

poral pulse shape equals

This result can be obtained from the assumed temporal, hyperbolic-secant pulse

shape,

l/WI =

where tyj is the width of the hyperbolic secant. This width is related to the pulse-

width tp (FWHM of the square of the pulse profile |/p) by tp — 1.76tyj. One obtains

for the temporal distribution E{d/c),

E{d/c) = f —e'^^~°'^^^^^^^\g{2xsin^/c — d/c)\^dx, (6.24)
Jo w 2

j  • r 1 1 1 / 2x . 9 . 2a . 6 , , 2w . 6and m terms of the variables x = —sm-, a = —sm - and w = —sm-, one
c  2 c 2 c 2

finds

E{d/c) = (6.25)
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Figure 6.4 shows the temporal distribution E{d/c) for the integration limits of

a' = 17 fs and a' — 100 fs (corresponding to the large and small magnification

experiments, respectively) and for different width w'. The solid curve shows the

temporal profile E{d/c) for w' = 0, i.e., this temporal distribution is proportional

to the square of the autocorrelation function as the Gaussian profile approaches

a (5-distribution. Diflferences are negligible for a' = 17 fs because the integration

range is small compared to the width of the square of the autocorrelation function.

This result is almost independent of the width w' for the amplitude distributions.

However, for a' = 100 fs broadening effect of the temporal distribution E{d/c) would

be noticeable if the width w' were larger than 50 fs. For the small magnification

experiments, the width w' is approximately 20 fs which results in a broadening of 1

fs for the pulse width tp.

6.6 Analysis of Experimental Results

The analysis of the recorded images is accomplished by the use of discrete Fourier

transforms for the finite image which is represented by a two dimensional array,

(hpg), as indicated in Eq. (6.18). In the numerical analysis we use Nyquist critical

C
frequencies Kic = — and K2c = The value of H{k,) at the position Ki = —aci

Ai A2 M
Tl

and K2 = denoted by Hmn, is given by the discrete Fourier transform of the

set {hpg},

M-l N-1

= E E (6.26)
p=0 q=0

87



w'=0

w'=20
tw=40

w'=50
a'=17

w'=5000.6
O

•a

W 0.4

0.2

I

-200 -100 0

d/c(fs)
100 200

w'=0

w'=20
tw=40

a'=100

w'=50,/i

w'=5000.6
U

T3 / \
\

W 0.4
/ N\

N\
N\

. / /,0.2

5.x>< /S

200 100 100 200

d/c(fs)

Figure 6.4: Comparison of the temporal distribution E{d/c) and the square of the
autocorrelation function for different effective width w': (a) a' — 17 fs; (b) a' =
100/s.
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The discrete Fourier transform is computed by the use of fast Fourier transform

algorithm. [36] The upper limits of the sum in Eq. (6.26) must be set to numbers

of power of 2 in the fast Fourier transform algorithm.

Figure 6.5(a) shows a portion of the intensity distribution .F(n)J^*(n) which

corresponds to the small magnification experiment shown in Fig. 6.3(b). The first

two terms of Eq. (6.10) are included in the peak near the origin. Figure 6.5(b)

shows details of the interference peak near the pair [m = 0, n = 50). In principle,

we may obtain the parameters of the laser pulse from this peak. However, it is

not feasible to obtain accurate information of the autocorrelation function from this

peak since |.Ai(x)A2(x)| shows broader spatial frequency than ̂ (t(x)). We integrate

the intensity near the peak to obtain E{d/c) at time delay d/c. In the numerical

evaluation of the temporal distribution E{d/c), the integration over k reduces to a

summation over m and n of discrete values near the pair (0,50), i.e., in the

restricted domain (m, n) that corresponds to one of the interference cross terms for

the used filter.

Figure 6.6 shows the square of the autocorrelation function, which is approxi

mately proportional to the temporal distribution 3{d/c) (or the results of the above

mentioned summation), versus time delay. The approximation is valid for both ex

periments according to the numerical analysis discussed in previous section. The

effective range a' is approximately 17 fs for the large magnification experiment. The

effective range a' is approximately 100 fs and the effective width w' is about 20 fs

for the small magnification experiment. The effective range a' is determined by the
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Figure 6.5: Spatial frequency distribution of the recorded images: (a) Fourier trans
form of the intensity distribution; (b) detailed view of the interference cross term
near the pair (m = 0, n = 50).
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angle between the beams and the camera area. It can also be estimated from the

interference images by multiplying the number of fringes with the duration of an op

tical cycle, for example, 36 x 2.9 fs ~ 100 fs for the small magnification experiments.

The effective width w' may be determined from the beam's intensity distributions.

The square of the autocorrelation function can be obtained by the use of smooth

ing algorithms. The width ty, is determined by fitting the experimental data with

Ci +C2\g(T)\'^ where ̂ (r) is assumed to be the autocorrelation function of the hy

perbolic secant pulse (see Eq. (6.22) and (6.23)). The least-square method is applied

in the data fitting. The fitting curves are also shown in Fig. 6.6. The fitting results

of tyj are 44 fs and 42 fs, respectively.

The FWHM of the laser pulses are obtained from the intensity profile |/p. The

laser pulse widths tp (FWHM) amount to 77 fs and 72 fs, respectively. Note that these

results are obtained from different experimental runs. The error bars are estimated

from the distribution of the autocorrelation coefficients to be at most 5% for the

pulse width tp. Smaller error bar result for the smaller magnification experiments.

This can be seen, for example, by comparing the wings of the profiles in Fig. 6.6.

The discrete Fourier transform can be more precisely determined from approximately

36 fringes (small magnification) than for 6 fringes (large magnification) for each time

delay. Lens aberration effects will also be smaller when using a smaller magnification

of the zoom lens. The 5 fs disparity is attributed to the different pulse-width that

was available for the separate experimental runs. Broadening from the convolution

process is insignificant for an angle of 0.5° between the beams, the recorded horizontal
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image dimensions of 0.6 mm and 3.6 mm, respectively, and for pulse widths of

approximately 70 fs. The broadening would amount to 0.5% and 1.5%, or 0.3 fs and

1 fs, respectively.

Finally, it is discussed how many data are sufficient to describe the measurement

of the autocorrelation function. In the performed experiments, about 200 images

are recorded in a scan of 663 fs. The autocorrelation is a special type of Predholm

integral equation for the pulse profile. The kernel function is also the pulse profile.

The same eigen-analysis is performed as in Chapter 2 for the hyperbolic secant kernel.

The covariant matrix of the kernel is computed and the eigenvalues of the covariant

matrix are found. Figure 6.7 show the eigenvalue and the relative information versus

the number of the eigenvalue. From the diagram, about 16 data are independent.

Therefore, only 16 images are required to describe the autocorrelation function in a

scan of 1000 fs.
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Chapter 7

Summary and Conclusions

In this dissertation, emission spectra and interference images were analyzed. It was

found that a detailed investigation is important for the evaluation of spectroscopic

temperature and laser pulse width, respectively.

Measurement of data usually involves integration. The quantity of interest is in

the integrand, therefore, one needs to solve an integral equation. Of interest are the

Fredholm integral equation of the first kind since the formal dependencies of the data

can be put in this form. The eigen-analysis technique is utilized to determine the

interdependency of the kernels. The technique of singular value decomposition should

be utilized in the inversion of the Fredholm integral equation for nonorthogonal

kernels. Three kinds of nonorthogonal kernels were investigated with the eigen-

analysis technique. The results are summarized below. For Gaussian kernels, the

significant number of data is about 1.25 times of the data range divided by FWHM

of Gaussian kernel. For sine function kernels, the significant number of data is about

1.11 times of the data range divided by FWHM of sine kernel. For hyperbolic secant

function kernels, the significant number of data is about 1.76 times of the data range
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divided by FWHM of the hyperbolic secant kernel. The information contained in

the measurement with a special type of kernel is restricted because of resolution of

the kernel. A significant number of data contains over 99% information that can be

measured by that type of kernel. The data should be equally spaced for these three

types of kernel.

Alternatively, least-square fitting is often used in data analysis. One usually has

a model of the quantity of interest prior to least-square fitting. Different weights in

merit function are defined depending on the data set. The correlation coefficients

and the error propagation equations can be deduced in the parabolic approximation.

Generally Monte Carlo simulation may be used to investigate the correlation and

accuracy of parameters.

Several simple models of spectral data are assumed and investigated numerically.

The investigations emphasized the study of the error propagation and the correlation

between parameters. These simple models of data help to understand the results of

complex spectral data.

Emission spectra after laser-induced breakdown of air are investigated. The

NEQAIR code can be used to provide an overview of the emission spectra. It is

found that OH contributions dominate the emission spectra in the range of 305-

322 nm when the temperature of the emission source is below 5000 K. Therefore,

the emission spectra are fitted with the OH synthetic emission spectra by using the

least-square method. The rotation-vibration temperature is obtained from the fit

ting. The correlation and precision of the fitting parameters are studied by using
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Monte Carlo simulations. The background emission is strongly correlated with tem

perature while the line shape has hardly any effect in the spectroscopic temperature

determination. The errors in the estimation by least-square fitting are proportional

to the error magnitude used in Monte Carlo simulations.

An important technique in image analysis is Fourier transform. Fourier transform

converts image information between space and spatial frequency. Related topics, such

as discrete Fourier transform, sampling theorem and filter, are discussed.

Interference patterns of two time-delayed beams are recorded by using a CCD

camera. The Fourier transform is used to convert the image data to the domain of

spatial frequencies. The interference components are separated from the background

in the spatial frequency domain. The autocorrelation function, and consequently

the pulse width for an assumed pulse shape is determined from these interference

components. In this dissertation, the autocorrelation function for nominally 70 fs

laser pulses is obtained by scanning the overlap of two beams. However, it is possible

to obtain the autocorrelation function from one image. The pulse width is determined

by fitting the autocorrelation function with a model autocorrelation function in which

the hyperbolic secant is assumed as the pulse shape. Usually more than ICQ images

are recorded to obtain a complete autocorrelation function. However, 16 images are

sufficient to describe the measurement.
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Appendix A

Description of Lens System by
Beam Propagation Theory

yO yi yN

xO xl xN

nl n2

Figure A.l: Schematic Representation of a Lens System.

Figure A.l shows a schematic representation of a lens system. The input plane

is denoted by the subscript 0. The output plane is denoted by the subscript N. In

geometric optics an ABCD matrix describes the lens system [51]:

fnNPN\ _ fAB\fnipi\ . .
[ xr, ) \Cd)[ xo ) ^

where rii is the refractive index of the medium between (i-1)'''-plane and i"'-plane.

Pi is the slope defined by

Pi = {xi-Xi_i)/{zi- Zi_i), (A.2)
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where (xi, yi, Zi) is a point in i^'-plane as in Fig. A.l. It is obvious that D equals to

the linear magnification factor.

The ABCD matrix of a straight distance L is: ^ ̂  ^ ̂ .
The ABCD matrix of a thin lens is: 1^^) '
Therefore, the ABCD matrix of a system with a thin lens, object plane at Li and

image plane at L2 is:

(  l-L,/f -1// .
[L,+L2-L,L2/f l-L2/fJ- ^ ^

If Li, L2 are conjugate, the term C is zero.

The beam propagation through the lens system can be described also by using

ABCD parameters [73, 74]:

Ei^{xN,yN) = j JdxodyoEo{xo,yo)
e^[^(^0+!'o)-2(a:oXN+foyN)+'4(i2,+y^)] (A.4)

_ gifcLo+^(A-l/n)(x^+y^)

- ̂  11 dxodyoEo{xo,yo)e"^^^^^^''-^'>^'^^y-/''-y'^^'l (A.5)

The integration can be solved analytically as C ̂  0,

'i"::lEM{xN,yN) = (A.6)

It is shown that the electrical field has the same distribution pattern of intensity as

the source except the linear magnification factor D.
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Appendix B

Detector Equations of
Charge-Coupled Devices

In the description of the detector equations of charged-coupled devices, one typically

assumes the response function r{x) of a one-dimension pixel as a rectangular function,

[75]

r{x) = (?; a < X < a (B.l)
10 otherwise

where a is the active width of the pixel.

The optical transfer function (OTF) [51] R{k) is defined as the Fourier transform

of the impulse response function r{x),

R{k) = n r{x)e''"'dx = (3.2)
J 00 k

The readout of a pixel at Xq is:

fA/2
H(xo) — / I(x + Xo)r(x)dx, (B.3)

./-A/2

where A is the pixel size.
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Appendix C

Slit Functions of Spectrometer

A typical monochromator with Czerny-Turner configuration is shown in Fig. C.l. It

usually consists of an entrance slit, collecting element, dispersing element, focusing

element, an exit slit and detector. Typically, a diffraction grating is the dispersing

element.

Mi M2

T

Gr a ting

X

Figure C.l: A typical Czerny-Turner monochromator.
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C.l Grating Equation

The fundamental grating equation is:

{sina + sinP) = ndX, (C.l)

where d is the grating groove density (grooves/mm), n is the diffraction order, a and

/? are incident angle and exit angle, respectively.

Usually we arrange the grating in first order, n=l. The position x' of entrance

slit, position x of exit slit and the light wavelength A have following relations,

^

where Aq is a constant determined by the spectrometer setup, ̂  is linear dispersion.
LLJb

f and /' are the focal lengths of entrance lens and exit lens, respectively.

C.2 Entrance Slit

One assumes the electric field on the entrance slit as follows,

E{X,x') =p{\)A{x'), (C.5)

where p(A) is spectral distribution of electric field and A{x') is a filter function.

Both x' and A map to x through diffraction gratings according to (C.2-C.4).

Therefore the electric field on exit plane is:
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where a is the entrance slit width.

For a rectangular filter function

A{x') = ( ̂ ~ <x<al2 ̂
10 otherwise

the electric field on the exit plane becomes

C.3 Exit Slit

According to Appendix B, the readout of detector at point xq is;

fio+A/2

s(a;o) = / r(x)I'{x)dx
•/xQ—A/2

/•io+A/2
=  / t{x)E {x)dx, (C.9)

Jxn—Al2'xo—A/2

where r{x) is the impulse response function of the detector
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Appendix D

The Bivariate Normal Distribution

The correlation coefficient Pu„ between variables u and v is defined as

Puv
{u — u){v — v)

[(u — uy • {v — t;)2]V2
UV - HuPv

(D.l)

(D.2)

where and cr„ are the variances of u and n, //„ and /x„ are the averages of u and v.

The bivariate normal distribution for two variables (u, v) [1] is defined by the joint

probability distribution,

p{u,v) =
1

27rCTya„(l - p2Ji/2
,/iv j^v)/2 (D.3)

where G{u,v\ fj^-, is defined as

1 - pL <'■«
(D.4)
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