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ABSTRACT

Inverse solidification design studies are critical for assuring a desired solid-liquid
interfacial motion that promotes certain morphological characteristics during a par-
ticular solidification process. Knowledge of this motion is important since it is well
known that the interfacial motion is directly related to the quality of the casting.
This problem involves the determination of an unknown time-dependent boundary
condition that produces a prescribed solid-liquid interfacial motion in a pure mate-
rial. Though clearly conceived, this problem is considered mildly ill-posed since it
has been shown that small changes in the input data can have a profound effect on
its solution. Additionally, previous investigations have typically produced unstable
numerical results that require some sort of stabilizing scheme in order to arrive at re-
liable numerical results. The solution method offered in the present work uses a novel
collocation method where the unknown temperatures are expanded in terms of global
basis functions. All known auxiliary conditions are incorporated into the expansions
forming a set of trial functions for each region. The method of weighted residuals.
particularly orthogonal collocation, is used to resolve the expansion coefficients using
a single matrix inversion. This is shown possible if the time variable is treated in
an elliptic fashion. This novel adaption stabilizes the numerical solution in a natural
manner since all future information is incorporated into the numerical scheme. This
method has the potential to produce benchmark results. Numerical accuracy of the
proposed method is demonstrated by comparison to an exact solution for a one-phase
test case where the solid-liquid interface moves with a constant velocity. A two-phase
investigation reveals that the time collocation method produces accurate numerical

results to both direct and inverse problems.
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Chapter 1

Introduction

In this chapter, the significance of the Inverse Solidification Design Problem is
discussed. A background and literature review discusses the beginnings of the problem
and the current techniques that are used in its solution. This chapter concludes with

a brief discussion on the scope of research to be presented in this work.

1.1 The Inverse Solidification Design Problem

In today’s society, there is a constant need for engineered materials to keep up
with the demands of advancing technologies. For example, today’s technologies re-
quire metals to have high strength at high temperatures and plastics to have high
strength while being inexpensive. There is a constant search for processes that pro-

duce materials with these desirable properties. Certain steps in the manufacturing



process, such as heat treatment and shaping techniques, often vield these desirable
properties in materials. The key here is that there may be one or many steps involved
in obtaining the final desired properties. As the number of steps increase, the final
manufacturing cost tends to become expensive. It would thus be beneficial to have
materials with the desirable properties before it undergoes any sort of machining or
finishing process. By instilling these properties in the material when it is cast. the
need for extra manufacturing steps can be eliminated while obtaining the desired
material properties.

If it is known that a certain solid-liquid interfacial profile produces a desirable
morphology in a material, the question arises on how to remove heat at the cooling
face in order to sustain this prescribed motion. This is the foundation of the Inverse
Solidification Design Problem, i.e., to design a transient boundary condition that
yvields a prescribed interfacial profile which in turn promotes the desired material

properties.

1.2 Background and Literature Review

The Inverse Solidification Design Problem is also referred to as the inverse Stefan
problem. The Stefan problem is defined as a heat transfer problem with a change of
phase taking place at a single temperature for a pure melt [1]. This problem is also

characterized by a distinct interface that moves [1] either into the liquid region for a



solidification process or into the solid region for a melting process. The solution to the

direct Stefan problem involves solving a non-linear, coupled system of equations for
the solid-liquid interfacial motion given prescribed boundary and initial conditions.
The inverse Stefan problem differs in that the motion of the solid-liquid interface is
given and one must determine the unknown boundary condition or boundary con-
ditions that assure this motion. This specification of the interfacial motion causes
the inverse problem to become an uncoupled linear problem, when constant material
properties are assumed, instead of the coupled non-linear direct problem. The inverse
problem is also mildly ill-posed, meaning that small changes in the input can cause
dramatic changes in the output. The focus of the current research is to illustrate that
a weighted method can solve the inverse problem in an accurate and stable manner.

The history of the direct or classic Stefan problem is one which spans more than
a century. Early analytical work was conducted as early as 1831 [2] while the turn
of the century saw such people as Stefan and Neumann publish their work on the
subject [2]. The work by Crank [3] is recommended to the interested reader and a
more detailed literature review on the direct problem can be found in the work by
Ozisik (2], and Yao and Prusa [4].

Interest in the inverse Stefan problem stems from another type of inverse problem:
that is, the inverse heat conduction problem or ITHCP. This problem is based on

determining some surface phenomenon, such as temperature or fluxes. using internal



discrete temperature measurements such as those obtained from a thermocouple.
Early work on this problem was done by Stolz 5] involving numerical solutions for
simple shapes. This work [5] includes several examples for solving IHCP’s some of
which include trial and error, simplification of the problem to a direct one, numerical
inversion of a suitable direct problem, and a graphical method. The procedure used
by Stolz determined an important characteristic of the inverse problem, namely that
small time steps produce oscillations in the solution. This differs from the direct
problem where smaller time steps generally produce accurate results.

Another author who has done extensive work on the IHCP is Beck [6]. Beck devel-
oped a time-marching scheme that uses regularization and sensitivity analysis. This
technique is generally used in practice today. Other works by Beck [7, 8], using his
time marching method, show how incorporating more future data helps to stabilize
a numerical solution. Beck also demonstrates the so-called “time-step paradox” dis-
covered by Stolz [5]. Beck has also published a paper on the criteria for comparison
of the methods used in solution of the IHCP [9]. This work also presents illustrative
examples on the time-step problem as well as the effects of using the future data
in developing the solution. Other examples for solving the IHCP include: the finite
difference method [10], eigenvalue reduction [11], the Laplace transform method [12].
an integral method [13], and exact solutions [14].

The inverse Stefan or solidification problem is similar to the IHCP with the ex-




ception that the inverse Stefan problem has a moving boundary that must be dealt

with. In the IHCP, the measured data at some internal location is usually tempera-
ture while with the inverse Stefan design problem, the measured data is the location
of the solid-liquid interface which is used to determine the temperature history of the
cooling surface. This problem has drawn considerable attention due to its potential
impact on the materials industry as well as other areas where phase-change problems
are important.

There has been considerable research into the solution of this problem and many
methods have been proposed and used, with various degrees of success. Beck’s future-
time method [6] with regularization and sensitivity analysis has also been used in
resolving inverse Stefan problems. Some other examples of solution techniques for
the inverse solidification problem include integral formulations [1,15-19] and finite
difference techniques [20]. The use of finite elements and deforming finite elements
has been used extensively by Zabaras [18,21,22] and his co-workers on the inverse
solidification problem. Exact solutions for this type of problem are not as numerous
as numerical solutions. Carslaw and Jaeger [23] relate an exact solution for the
temperature at the cooling face for a single-phase constant velocity case.

Recently, Frankel and Keyhani [24] proposed a new approach for solving the in-
verse Stefan design problem. This approach involves a Weighted-Residual method

applied to a one-phase pure material where time 1s treated in an elliptic fashion. This




method produces accurate numerical results and the authors clearly illustrate the

ill-posed nature of the problem.

1.3 Scope of Research

In this study, a mathematical model is formulated and a stable and accurate
numerical method is proposed for a two-phase Inverse Solidification Design Problem
having constant properties. A fixed-domain approach is proposed and applied to
the two-phase problem. The specified interfacial boundary condition, the remaining
auxiliary conditions, and the heat equation for each region are then mapped onto a
computational domain that supports Chebyshev polynomials as the basis functions.
The solution for the temperature distribution in each region is then expressed in terms
of series expansions where all known auxiliary conditions are exactly satisfied since
they are incorporated into the trial functions. Orthogonal collocation and matrix
inversion are then used to solve for the expansion coefficients using the symbolic
software MathematicaT™  v.2.2. This approach accounts for all time and space. and
requires only a single matrix inversion for determining the expansion coefficients. This
approach is in stark contrast to traditional time-marching methods. The solutions
are then compared to existing analytical solutions where available, and also to some

recent experimental results obtained by Wesley [25].



Chapter 2

Mathematical Formulation

In this chapter, the mathematical formulation of the governing equations and
their associated auxiliary conditions is presented. This chapter also addresses key
assumptions that have been imposed on the mathematical model as well as presenting

the dimensionless forms of the governing equations.

2.1 Dimensional Equations

A brief discussion on the governing mathematical description of the two-phase
Inverse Stefan Design Problem is now presented. Figure 2.1.1 displays the physical
geometry of the problem to be considered. This figure depicts a one-dimensional
system involving only the z-direction. In order to proceed with the mathematical

description of this system, several key assumptions must be discussed. It has
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Figure 2.1.1: Schematic of the solidification process.



already been mentioned that the system is one-dimensional in the z-direction. An-

other key assumption to be made for this problem is that the thermal properties are
constant though possibly distinct in each region with the exception of the density. If
the densities were dissimilar in each region, a convective term would appear in the
governing field description for the liquid region [23]. It is also assumed that perfect
thermal contact exists at both the interface (x = s(t)) and at the cooling face (z = 0).
It can also be assumed that there is no internal heat generation during the solidifica-
tion process in either region. With these assumptions, the one-dimensional. constant

property, sourceless form of the energy equation reduces to 2,23

o’T oT

Eraa

k e

2¢(0, L), t€(0, tmaz)- (2.1.1)

Let the thermal diffusivity be defined as a = k/pC, and the dimensional form of the

heat equation for the solid region becomes

1 07T 0°T,

——(Zs,t) = 55 (Zs: 1), s ) ; : bmazx ) 2.1.2

o ot (zs,1) 522 (zs,t),  z€(0,5(t)), te(0, tmaz) (2.1.2)
while the heat equation for the liquid region becomes

1 97 2T,

— —— —_— u)

Qs ot (lfg,t) ax? (.’L’[,t), I/_E(S(t),L), te(oatmam)' <-13>

Here the subscripts s and £ denote the solid and liquid regions, respectively.
The two field equations described in Egs. (2.1.2) and (2.1.3) are subject to a set of

auxiliary conditions. These auxiliary conditions are a combination of boundary and



initial conditions. Recall from Chapter 1 that the objective of this inverse analvsis

involves determining an unknown surface condition at z = 0; that is, either
T.(0,t) =7 te[0, tmaz); (2.1.4)

or

0. (0,t) =7 te[0, tmaal, (2.1.5)

that produces the desired interfacial motion, s(t).

The interfacial and end boundary conditions are expressible in terms of conven-
tional forms [26]. The interfacial condition at z = s(t) requires two mathematical
relations. The first is obtained by using the assumption that perfect thermal contact
is present at the solid-liquid interface. This allows for temperature continuity at the

interface and can be written mathematically as
Ts(s(t),t) = Te(s(t),t) = Tmen- (2.1.6)

The second interfacial condition is derived through an energy balance [26]. This

energy balance is written as

QinCond + Qinconv - QOUtCond - Qoutconv = 07 (217)
where
: oT,
Qincona = Ake <5:E—Z(S(t),t)> , (2.1.8)
: 0T
QoutCond = Asks <8Is (3(t)>t)> ; (219)
10



and the“apparent” convective terms are given as

Qingony, = PUeAshe, (2.1.10)

Qingony, = PUsAshs, (2.1.11)

where U;(i = s,£) represents the velocities in each region, h;(1 = s.f) denotes the
specific enthalpies of each region, and A;(i = s,{) are the cross-sectional areas of
the individual regions. Substituting Eqs.(2.1.8-2.1.11) into Eq.(2.1.7). the boundary

condition becomes

Ak, <'8ﬂ(3(t)=t)> — Agks (gfs (s(t),t)) + pUpAshy — pUsAshs = 0. (2.1.12)

Conservation of mass at the interface can be written as [26]
pUeAg = pUSAS, (2.1.13)

which, when incorporated into Eq.(2.1.12), leads to

kg <8—$Z(S(t),t)> - ks <8_.’Es(8(t)7t)> + pUsh'é - pLshs - Os (2114)

or
o7, T -
ke (ﬁ(s(t%t)) ~ ks ( 8:1:S(S(t)’t)> + pUsher = 0, (2.1.15)

where hg is the latent heat of fusion, and is defined as hs = he — hs. The velocities
that appear in Eq.(2.1.14) and Eq.(2.1.15) are known to be equivalent and can be

written as

(2.1.16)

11



Upon substituting Eq.(2.1.16) into Eq.(2.1.15), the boundary condition at the solid-

liquid interface can be written as

s ds(t -
ke (2% _x, (2% oy [ B8 Z (2.1.17)
Oz, ze=5(t) 0z zs=5(t) dt

This is the conventional interfacial conservation of energy statement when p, = p, =

0.
The insulated boundary condition at x = L is given by
Ty
—(L,t)) =0. (2.1.18)
) 2.118)
The initial condition for this problem involves the premelt temperature in the
liquid, i.e..

Ty(24,0) = f(ze), 20, L], (2.1.19)

where f(x,) is determined from the pure conduction solution (in the absence of con-
vection) of the liquid when the temperature of the cooling face is lowered to the melt
temperature in some manner. By requiring continuity of temperature for all t > 0 in

the solid, the solid initial condition is taken as

To(25,0) = Thnerr, 5€[0, 8(2)]. (2.1.20)

2.2 Dimensionless Equations

The governing heat equations defined by Eqs.(2.1.2) and (2.1.3) and their auxiliary

conditions, Egs.(2.1.6,2.1.17-2.1.20), are now cast in dimensionless form using the fol-
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lowing dimensionless variables: 7, = z,/L, e = z¢/L, A = at/L*, u(A) = 5(A)/L.
0s(ns, A) = (To(ns, &) = Trnett) [ Tregs: and 8e(ne, A) = (Te(ne, A) = Toneir)/Trey s Here,
| To(ns, A) = Ty(nsL, AL?/as) and Ty(ne, A) = Ty(neL, AL* /). The reference temper-
atures in 8, and 6, are Tress = hse/Cps and Treps = hot/Cpe. The dimensionless heat
flux Q(n, A) is ¢"LCp/(khs). These dimensionless variables are now used to rewrite
the governing equations in an equivalent dimensionless form. Substituting the proper
variables into the governing equation for the solid region shown in Eq.(2.1.2). the

dimensionless heat equation becomes

00, 9%,
— = ——, 71s¢(0,u(A)), A>0. 2.2.1
IR ns€(0,u(A)), A>0 (2.2.1)
Following a similar procedure, the dimensionless heat equation in the liquid region.

described in Eq.(2.1.3), becomes

Qs 86@ _ 8295
<a_£) (8_A> = nee(u(A), 1), A>0. (2.2.2)

Using the previously defined dimensionless quantities, and following the order from
Section 2.1 for the auxiliary conditions, the corresponding dimensionless form of the
auxiliary conditions can now be developed. The desired function of interest in the

inverse problem either involves the dimensionless surface temperature at n, = 0.

8,(0,A) =? (2.

o
(]
(%)
~—

or the dimensionless surface heat flux

o8,
s

Q(OvA) = - (Oa A) :?a

—
o
Lo
.

S

13

o



for the cooling surface. The continuity condition for temperature at the interface.

described in Eq.(2.1.6), becomes

)
N
o

S’

Bu(u(A), A) = Be((A), A) =0, Ac[0, Apmas)- (
The interface boundary condition displayed in Eq.(2.1.17) becomes

k)g Tref,[ 89( 895 1 au(A) _
<k5> <Tref,s> 377e(m’A) 577s(ns’A) * Ste, OA 0

ns€[0, w(A)], meelp(A), 1], Ael0, Aoz (2.2.6)

This equation has a new non-dimensional variable called the Stefan number [26] which

is defined as

CpsTre f.s (
hsé .

N
o
-~

Ste, =

Notice that the Stefan number becomes unity based on the definition of Trers =
het/Cps. The insulated boundary condition shown in Eq.(2.1.18) can be written in
the dimensionless form

00,

¢ = 2.
(1 4) =0 A€[0, Amaa)- (2.2.8)

Finally, the initial conditions shown in Egs.(2.1.19) and (2.1.20) can be established

as

Be(ne,0) = F(me), meelu(D), 1]. (2.2.9)

and

05(15,0) =0,  7mse[0, u(A)], (2:2.10)

14



respectively.

Now that the governing equations and necessary auxiliary conditions have been ex-
pressed in dimensionless form, it is time to recast these equations in a form conducive
to the chosen solution method. The proposed method makes use of the Chebyshev
polynomials [27] which are a family of orthogonal polynomials defined on the interval
—1 to 1. Since these functions exist on this [—1, 1] region, it is necessary to map the
governing equations and auxiliary conditions to this domain. This is the topic of the

next chapter



Chapter 3

Series Solution using Chebyshev

Polynomials

In this chapter, a brief description is given on the mathematical characteristics
of Chebyshev polynomials. The governing mathematical formulations developed in
Chapter 2 are then mapped into a computational region convenient for implemen-
tation of expansions based on Chebyshev polynomials. Once this is completed. the

series solutions are derived for both the liquid and solid regions.

3.1 Chebyshev Polynomials

Chebyshev polynomials are a family of orthogonal polynomials 27, 28] defined

on a region of [—1,1]. There are two principal kinds of Chebyshev polynomials.
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Chebyshev polynomials of the first kind and Chebyshev polynomials of the second

kind. Chebyshev polynomials of the first kind are emphasized in the present work.

The first four polynomials are
To (I) = 1,
Ti(z) = =,
To(z) = 22°-1,
Ts(z) = 4z° -3z
A plot showing the first four Chebyshev polynomials is displayed in Figure 3.1.1.
As indicated in this figure, the polynomials are bounded by +1 in the region involving

ze[—1,1]. In general, the nt2 order Chebyshev polynomial can be expressed in terms

of trigometric functions as [28]
Tn(z) = cos(ncos™ ), (3.1.1)
or in terms of the two-term recursive formula [28,29] as
Trii(z) = 22T, (z) = Thoa(z), n 2 1. (3.1.2)

These polynomials are known to possess similar convergence properties as the Fourier

series but with a faster rate of convergence [28].



1

05 F * / Ts(z), gl

i ) I U BT S SR |

-1 —08-06-04-02 0 02 04 06 03

x
Figure 3.1.1: Chebyshev polynomials of the first kind.
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3.2 Mapping of Equations

The governing heat equations must be transformed into a region where the Cheby-
shev polynomials can be used as the basis functions for the expansions. This is ac-
complished by using a linear transformation on the spatial and temporal variables.
ns,me, and A, respectively. It is noted that both the solid and liquid regions are to
be mapped to spatial regions confined within [-1,1]. For the solid region, the linear

transformation for the spatial variables 7, is given by
ro= Ao+ B, 7el=1,1], ,e0, u(A)] (32.1)

where 7, is the mapped spatial variable and A and B are presently unknown and are
not necessarily constants. By requiring that the spatial domain of 7, to be confined
within 41, the appropriate sides of the 7, domain are mapped to the 7, domain in

accordance to

Solving for A and B yields B = —1 and A = 2/u(A). This allows the transformation

shown in Eq.(3.2.1) to be written as
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or inversely as

o= EEIEEL o, 323

The transformation for the liquid region is done in a similar manner. Applyving

the proper mappings to the linear transformation

o= Cng+ D, 7ee[~1,1], nee[u(A), 1], (3.2.6)
yields
-1 = Cu(A)+D (3.2.7)
1 = C(1)+D, (3.2.8)
and solving for the unknowns functions produces C = —2/(u(A) — 1) and D =

14 2/(u(A) = 1). Thus, the transformation for the liquid region becomes

—27]5 2
=t 14—, -1,1], 2.
Te ;},(A)—1+ +,U(A)-—l/ Tgé[ ,1], (3 9)
or inversely
A)y-1

The transformation for the temporal variable is also done following a similar logic.

Defining

A=EA+F, Ae~1,1], A€l0, Amggl, (3.2.11)
where both E and F are unknown and making the required mappings yields

-1 = EQ0)+F (3.2.12)
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1 = E(Ames)+F. (3.2.13)

Solving these equations for the two unknowns renders F =-1and E = 2/Anar.

This leads to the transformation for the temporal variable defined as

- 2 -
A= A A-1, Ae¢-1,1], (3.2.14)
or inversely
A Ama:c
A= (——“T)— A€[0, Armaa). (3.2.15)

All of the independent variables have now been mapped to regions involving -1.1].
It is now necessary to transform the governing heat equations and auxiliary condi-
tions. This is done by taking the necessary derivatives and substituting them into the
governing field descriptions. Recalling Eq.(2.2.1) and Eq.(2.2.2), it is evident that a
first derivative in time and a second derivative in space are needed that introduce the
new computational domain. This is accomplished with the aid of the chain rule for
differential calculus {30] and the previously defined transformations.

Starting with the solid region, the time derivative becomes

0 _ 005 oom
OA  OAOA 01 OA

(3.2.16)

Taking the proper derivatives of the variables given in Egs.(3.2.4) and (3.2.14) and

substituting them into Eq.(3.2.16) produces

) 2 8 2 dh(A)(1+m) D

08~ A OA  Amar dA R(A) 7.
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and introducing

h(A) = (A + 1) =2

), (3.2.18)

which represents a newly defined function describing the interfacial motion. The first

derivative of the spatial variable can be written as

0 9 or, 0 dA

o, = 5;':577_5+5Z57Z7 (3.2.19)
which reduces to
a% _ a%ﬁ(%)’ (3.2.20)
since
gi _ o (3.2.21)

as indicated by Eq.(3.2.14). The second derivative in space can be written as

2
o _929 (3.2.22)
8773 Ons Ons
which clearly produces
0? 4 B
(3.2.23)

onz ~ h(A)or?
The necessary substitutions can now be made into Eq.(2.2.1) in order to obtain
the correct form for the transformed coordinates in the solid region. Substituting

Egs.(3.2.17) and (3.2.23) into Eq.(2.2.1) produces

8%, - h(A)
ot?2 (s, 8) = 20 max

(h3 58 - o+ DI T B

Tee[—1,1] Ae[-1,1]. (3.2.24)
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where 0,(7s, A) = Os(m%)ns -1, ﬁu—A -1).
Next, the process is repeated for the liquid region; that is. the proper deriva-
tives from the coordinate transformations defined in Egs.(3.2.9) and (3.2.10) must be

obtained. The time derivative needed in this case is given as

0 0 0A 8 O

= 7an T A 3.2.2
oA~ BABA T om oA (3.2.25)

Using Eqgs.(3.2.9) and (3.2.14) and transforming the independent variables into the

new domain produces

o 2 (8 . (1-m) drd) 3). (3.2.26)

A " Domaz <5Z (h(AY—1) dA on
Following a similar procedure as previously outlined in arriving at 0/0ns. the

spatial derivative in the liquid domain can be written as

0 -2 0
—_ = _ —_ 2.27
one  (h(A)—1)07 (3 )
and the necessary second derivative becomes
2 4 2
0 9 0 _ 9 (3.2.28)

ong ~ omedne  (A(D) - 12077
The governing equation for the liquid region is now ready to be expressed in
terms of the transformed coordinates. Substituting Eq.(3.2.26) and Eq.(3.2.28) into

Eq.(2.2.2), the governing heat equation for the liquid region becomes

920 — h(A) -1 — 06 ~ dh(A 00 =
Pt ®) = PEELE((h() - 05 8+ T - o . 3))
me[-1,1], Ae[-1,1], (3.2.29)
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where 93(7'5,5)—93( A) -+ 1+ (A) 1,A2 A —1)and P = ay/a.

The boundary condition that describes temperature continuity at the interface

shown in Eq.(2.2.5) becomes
0s(1,A) = 6,(~1,A) =0 (3.2.30)

The transformed interface boundary condition described in Eq.(2.2.6) becomes

hiTepe 1 00 x5 1 1 dh(d)
A 7 (LA -G —. =0, (3.2.
e Touga (A — D) 07 TN A S R 7 (3.2.31)

while the insulated end condition shown in Eq.(2.2.8) is now expressable as

%(1,5) =0. (3.2.32)

Finally, the initial conditions in Eqs. (2.2.9) and (2.2.10) for the solid and liquid
regions map to

0e(7,0) = f(7e) (3.2.33)

and

0(7s,0) = 0 (3.2.34)

The governing heat equations and auxiliary conditions have now been mapped to
the new computational domain [—1,1]. Next, the expansion solutions for each region

will be formulated using the previously described Chebyshev polynomials, beginning

with the liquid region.
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3.3 Series Expansions

The solution to Eq.(3.2.24) and Eq.(3.2.29) can, in general, be written in the
expansion form as

oQ

B(r,A) =" a;(A)T;(7), (3.3.1)

§=0

where T;(7) is the j& order Chebyshev polynomial of the first kind and a;(A) are
the unknown time-varying expansion coefficients. Since the summation in Eq.(3.3.1)
cannot be computationally evaluated to an infinite number of terms, a truncated form

must be used to approximate #(7, A). This approximation takes the form of

0(r,A) = 8N+, A) = Nf a (D) T;(7), (3.3.2)
7=0
where aéy +1(A) = a;(A) for sufficiently large N. This concept is used for both the
solid and liquid regions.

In the next section, uniform representations based on series expansions are devel-
oped for the temperature distributions in both the liquid and solid regions. Before
developing these expansions, it is observed that uncoupling of the solutions between
the solid and liquid regions exists. That is, it is possible to set up a two-point bound-
ary value problem in the liquid region using Eq.(3.2.29) as the differential equation
and Eq.(3.2.30) and Eq.(3.2.32) as the boundary conditions. Once the temperature

distribution in the liquid region is known, the temperature distribution in the solid

region can be resolved. This is in contrast to the direct Stefan problem that requires
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the simultaneous solution of both regions. Owing to this uncoupling, the solution to

the liquid region is developed first.

3.3.1 Expansion Solution for the Liquid Region

The basic expansion shown in Eq.(3.3.1) is rewritten for the liquid region as

Be(7e, A) = Zd (3.3.3)

i=0
where the basis set {T;(7)}32, are represented in terms of Chebyshev polynomials of
the first kind. In practice, the infinite series representation shown in Eq.(3.3.3) must
be truncated after a finite number of terms, say N + 2. Thus the approximation to
8,(1s, A) is denoted as 8 *}(r, A) and given by
~ N+1
Oo(1e, A) = OV (10, A) = Y dV AT (7o), (3.3.4)
i=0
where dV*1(A) are the unknown time-varying expansion coefficients. It is hoped
that as N increases to a sufficiently large value, d¥71(A) ~ d;(A). With this basis
set, effective trial functions can be developed by incorporating all known auxiliary
conditions. In order to arrive at a desirable set of trial functions. it is possible to
incorporate all known auxiliary conditions directly into the assumed expansion. By
doing so, all auxiliary conditions are exactly satisfied, thereby reducing introduced

errors. This direct inclusion of the auxiliary conditions also tends to accelerate the

convergence rate of the series representation for the solution.
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Applying the known boundary condition at the interface (r, = —1) displayed in

Eq.(3.2.30) to Eq.(3.3.4) yields the following,
_ ; ~ N+1 B
e(=1,A) = 6N+(=1,A) =0= > dTHA)T(-1). (3.3.5)
i=0
Recognizing that T;(—1) = (=1)* for i = 0,1,2,..., N + 1, [28] and solving for dy™?
produces

N+1 _

dHA) Z dNTHAY(-1)" (3.3.6)

This knowledge can be directly incorporated into Eq.(3.3.4) by isolating the leading
term ¢ = 0, le.,
_ B N+1 _
Nt (1, A) = dY Y ATy () + S dHA)Ti(7e). (3.3.7)
i=1
Knowing To(m¢) = 1, 7v¢[~1,1] and upon substituting Eq.(3.3.6) into Eq.(3.3.7), the

following is obtained,

N+1 N-+1

G+ (ry, A Z VA (=1) + 3 AV A Ti(m). (3.3.8)
=1
or
~ _ N+1 _ ]
BV, Ay = S dMY(A) (Tilre) — (1)) (3.3.9)
i=1

Next, the insulated boundary condition displayed in Eq. (3.2.32) is applied to
Eq.(3.3.9). Doing so yields

560 a 09N+1 N+1 _
g (18 = ——(1.8) =0= 3 & (AT)
i=1
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Releasing the i = 1 term shown in Eq.(3.3.10) and knowing T;(1) = 1, dY(A) can

be expressed as
N+1

dVTHA Z dNTHA)T, (1). (3.3.11)

Again, this finding can be directly imported into the expansion represented by
Eq.(3.3.9). To incorporate this knowledge, the ¢ = 1 term is released in Eq.(3.3.9) to

get
N+1
N (1, A) = dY T (D) (e + 1) + Z d*(A) (Ti(TlZ) - ("1)i> : (3.3.12)

Substituting Eq.(3.3.11) for dY T*(A) into Eq.(3.3.12) produces

N+1
G+ (1, A Z dMHA) (Ti(me) — (-1)' = (e + 1T;(1)) . (3.3.13)
For notational convenience, let k = i — 1, then Eq.(3.3.13) becomes

0 (72, Zd’kﬁl ) (Tea(m) = (1" = (e + DT (1) (3:3.14)

It is now time to account for the known initial condition. Before proceeding

further, the notation is simplified by letting

O (1, 8) = 6} (1, B) = g: by (B)pi (e), (3.3.15)
k=1
where
oY (1) = Tewa(me) — (=D = (e + 1)Typ (1), (3.3.16)
and
W(A)=diF(A), k=1,2,...,N. (3.3.17)
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The initial condition for the liquid region is the temperature profile of the liquid at the

moment solidification begins at the cooling face. This initial condition is established

in Eq.(3.2.33) as
8e(rs, —1) = O (14, =1) = f(72), Tee[-1,1], (3.3.18)

where f(7) is the temperature profile of the liquid. Before applying the initial con-
dition to Eq.(3.3.15), the functional form of the time-varying expansion coefficients

must be assumed. This can be done by expressing the time-varying expansion coefhi-

cients in Eq.(3.3.17) as
ng:r A), k=1,2,...,N, Ae-1.1], (3.3.19)
which allows Eq.(3.3.15) to be written as
N, Ay =5 i () S g T (D). (3.3.20)
k=1 j=0

For the sake of generality, define the upper limit in the summation as Py, k =
1,2,..., N. The initial condition shown in Eq.(3.3.18) is now applied to Eq.(3.3.20).

Doing so produces
. N Py
0s(1e, —1) = ©f (72, ~1) Z () > gi T3(=1). (3.3.21)
§=0

Releasing the j = 0 term in the time-series expansion produces
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where T;(=1) = (-1), 7 =0,1,2,..., F. Upon distributing, it is determined that

N N Py
=S o (r)gb + > ok () D g5 (~1). (3.3.23)
= k=1 j=1
or
N N Py _
S oY (1)gh = flme) = 3 ok (1) Y g5 (—1). (3.3.24)
= k=1 j=1

This result is now incorporated into Eq.(3.3.20) by first releasing the j = 0 term,
namely

N
M, A Z o (1¢) —i-X:p,C Te Zg] (3.3.25)
since Ty(A) = 1 and observing the common occurrence of terms in Eqs.(3.3.24) and

(3.3.25), the expansion becomes

5 _ N Py _ 4
6u(re,A) ~ OF (i, A) = f(r)+ Y. o (m) S gF (T(B) = (1)),
k=1 Jj=1
Toe[—1,1], Ae[—1.1].(3.3.26)

gion and contains the yet to be determined constants {g]} j=12,....B. k=

1,2,...,N. These constants will be determined using a Weighted Residual method

which is the topic of Chapter 4.

3.3.2 Expansion Solution for Solid Region

Next, the expansion solution for the solid region is developed in the same manner

as the liquid solution. The approximate solution for the solid region is assumed to be
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of the form
_ _ _ N+1 B
0s(e, A) = 8N (7, A) = Y af THA)T (), (3.3.27)
§=0

subject to the boundary conditions displayed in Eq.(3.2.30) and Eq.(3.2.31), namely

85(1,A) = 6¥1(1,A) =0, (3.3.28)
and
AN+1 A
_k[Trefyg _1 @ 1A - 1_ 06, (1,A) + 1 1 dh(:A) _0
ksTrers \M(A) —=1) 07 h(A) O Stes Az dA

Ae[-1,1], (3.3.29)

respectively. Subjecting Eq.(3.3.27) to the boundary condition shown in Eq.(3.3.28)

produces
_ . _ N+1 _ ~
0,(1,A) =61 (1,A) = 0= > ol THA)T(1), Ael-1.1]. (3.3.30)
=0
Releasing the j = 0 term in the summation and recognizing that 7;(1) = 1 for
§=0,1,2,...,N +1, the Jeading term of the expansion can be expressed in terms of
the others as
Mol % Nalo
ay T Ay == o) (D). (3.3.31)
j=1

Substitute Eq.(3.3.31) into Eq.(3.3.27) obtains

6+ 7 B) = 3 FH(B) (Ty(m) - 1) (3.3.32)
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Next, the boundary condition shown in Eq.(3.3.29) is used by taking the first deriva-

tive of 92’ +1(r,, A) with respect to 7, and evaluating a 7, = 1 to produce

aéN-H N N+1
S
0Ts

(1,A) = Y AT (D), (3.3.33)
j=1

where T;(Ts) = dT;/drs. Substituting Eq.(3.3.33) into Eq.(3.3.29). and letting r =

ke/ks, 9 = Trefe/Tresss h(A) = dh/dA, the following is obtained

h(A) 1
Stes Ama'r
Ael—1,1]. (3.3.34)

- (%) @(_1,5) — __1__N+1 o (A) T;(1) =0,

R) -1

Releasing the j = 1 term in Eq.(3.3.34) and noting that T,(7s) = 1 for 7ee[—1.1]

a1 (A) can be expressed as

U R(A)rg 90, . X
ar H(A) = (h(z&)-1> AR
N+1 LA A
- ;af“(A)ﬁ(l)Jrh(QA;]ZéA) A2m' (3.3.35)

Releasing the j = 1 term in Eq.(3.3.32) for the expansion of éﬁv +1(r,, A) and acknowl-

edging that T}(7s) = 7, it is seen that
o _ _ N+1 .
N1, A) = oY A (r — 1)+ Y af AT () — 1) (3.3.36)

j=2

Substituting Eq.(3.3.35) into Eq.(3.3.36) for af **(A) and collecting terms produces

A
it xy _ AR (=1 ox (Tt =1\ %, | A
0 s, A) = Stes  Amas —h(A)< h(A)—l)E—)n(_l’A)
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+ i aYHAY(Ty(r) — 1= (rs — DT;(1)). (3.3.37)

j=2

Next, for notational convention, define k = j — 1 and rewrite Eq.(3.3.37) as

hAR(A) (1 - 1)

ON(r,A) = 6V (r,A) = = X

~ [rg(rs—1)\ 06 N N
— h(A) <m)_1—> 87‘[( 1 A +kzlzk Bk (7'5)

7e€[—1,1], Ae[-1.1], (3.3.38)

where
5,5(73):1““1(75)—1—(75—1)T,;+1(1), reel-1,1, k=1,2,....N, (3.3.39)

and

zN(A) = af, 1 (D). (3.3.40)

Observe that at this time, the temperature gradient 86,/ is unresolved and can be
expressed by the previously derived approximation, i.e., 8(:)?] /0Te(=1, A).

At this point, the time dependency of the problem can now be addressed. Up to
this point, the time dependency has been embodied through the expansion coefficients

zN(A). Assume that 2§ (A) can be expanded as

@A) =S ETa(A), k=1,2,...,N, (3.3.41)
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where Ty, (A) is the m™ Chebyshev polynomial of the first kind in the time vari-

able and ¢£,m =0,1,..., R,k = 1,2,..., N are unknown constants. Substituting

Eq.(3.3.41) into Eq.(3.3.38) produces

~ = hMAYA(A) (1 = 1) — (rg(re—1)\ 00, ~
N — —h(A) | Z==——+—+= ] —(-1.A
0. (7 8) Stes  Amac AA) h(A) -1 87'5( B)
N Rx ) )
+ S8V () S LT (D), T.€[—1,1], Ae[-1.1].(3.3.42)
k=1 m=0
The initial condition given in Eq.(3.2.34) becomes
05(rs, —1) = O (15, -1) = 0, (3.3.43)
and is applied to Eq.(3.3.42) to obtain
_ _pen (Telmsm VY e
0 = —h(=1) (h(—l) - 1> an( L-1)
h(—=1)h(-1) (7, = al &
(DA (= 1) + 368N (m) S (=™ (3.3.44)
St@s Amaa: k=1 m=0

For the physical situation involving continuity in temperature along the boundary at

ns = —1, one assumes h(—1) = 0 and h(—1) < oo, thereby reducing Eq.(3.3.44) to

N Rx
0= B () Y en(=1)™ (3.3.45)
k=1 m=0
or upon releasing the m = 0 term

N N Ry
0= BN () + > B (7) D em(=1)" (3.3.46)

k=1 k=1 m=1
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The expansion shown in Eq.(3.3.42) is now manipulated in order to release terms

that can be either dropped or re-substituted in some other form. First. rewrite

Eq.(3.3.42) in compact form as

OV (7, A) = fulr, B) + L BY () 3 hTm(D),  mee[=1,1), De[-1.1), (3.347)
k=1 m=0
where
o hBRA) (=1 R, (19 =D 9, .
fs(7s, D) = Ste. A h(A) ( WA =1 ) 374( 1. A). (3.3.48)
and then release the m = 0 term to get
_ _ _ N Ry
eiV(Tst) = fs(TSaA) + Z B}? (7s) (CS + Z C]:n(—l)m) . (3.3.49)
k=1 m=1

since To(rs) = 1, 7se[—1,1] and Trn(-1) = (=)™, m = 1,2,..., Ry. Therefore,

Eq.(3.3.49) can be written as

B _ B N Ry
ON(r, A) = filre, B+ 3 cEBY () + 2 B (1) 3o en(=1)
m=1

k=1 k=1
Te€[-1,1], Ae[-1,1].  (3.3.50)

The findings from the initial condition shown in Eq.(3.3.46) are now substituted into

Eq.(3.3.50) to get
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Ry,

N
Bu(ra B) = OV (1 A) = fulr, D)+ 2 BV (7) S b (Tm(B) - (-1)7).
k=1

m=1

Tee[—1,1], Ae[-1.1]. (3.3.51)

At this point, the approximation for 8,(7e, A), ie., ON (1, A) is substituted into the
right hand side of Eq.(3.3.51). Since the liquid region solution is uncoupled. it is clear
that this function,

(3.3.52)

is known and can be expressed in terms of the series displayed in Eq.(3.3.26).

The solutions for both regions are now expressed in the form of expansions. The
solution for the solid region contains the derivative of the liquid solution, therefore
it is necessary to first solve for the temperature distribution in the liquid region and
then solve for temperature distribution in the solid region. This can be done since
the solution for the liquid phase is uncoupled from the solid region. This solution is
differentiated and evaluated at the interface and then used in arriving at the temper-
ature distribution in the solid region. It is clear that the only remaining obstacle in
arriving at a numerical solution for the temperature distribution in both regions lies
in obtaining the expansion coefficients {gf},j =1,2,....,P,k=1.2... N for the
liquid region and {cE},m=12... R,k =12,.. ., N for the solid region. This

is the focus of the next chapter, which details the implementation of the Weighted
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Residual method for determining the expansion coefficients.
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Chapter 4

Numerical Implementation

In this chapter, numerical values for the expansion coefficients indicated in
Eqgs.(3.3.26) and (3.3.51) are obtained. The solution for the liquid region is presented
first, since it has been shown that the solutions uncouple and that the liquid region
can be solved as a two-point boundary value problem. The solid solution. which

requires the solution for the liquid region, is then be presented.

4.1 Liquid Solution

The mapped mathematical description for the liquid region was derived in Section

3.2 and is shown in Eq.(3.2.29). Let the differential operator for the transformed heat
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equation in the liquid region be defined as L, and given by

& _ ph(d)-1) dh(A) a)}

< 0
e (LSRR SRR

me[-1,1], Ae[-1,1]. (4.1.1)

L,

Thus, rewriting Eq.(3.2.29) with the definition shown in Eq.(4.1.1) produces
Lo[0o(me,A)] =0, 7e[~1,1], Ae[-1,1]. (4.1.2)

Since the present analysis develops an approximate solution to 8¢(7. A). namely

O¥ (1, A), Eq.(4.1.2) must now be written as
LOF (7, A)] = 0. (4.1.3)

In order for Eq.(4.1.3) to maintain the equality sign shown in Eq.(4.1.2). a residual
function must be introduced to Eq.(4.1.3). This allows for the re-introduction of the

equality, namely

Ré\/(@ﬁ\l(ﬁ&)) = _Lé[éév(’FZaA”v TZG[_Ll]’ AE[—l,l], (414)

where R} (©Y (7. A)) is the local residual function. A zero residual for the entire
computational domain indicates that the approximation has indeed recreated the
exact solution. The Weighted Residual approach is based on minimizing the residual
in some sense [31]. An excellent exposition on the Weighted Residual method is

offered by Finlayson [31]. For computational simplicity, the approach taken here
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involves the use of orthogonal collocation, which requires the residual to be evaluated

only at the collocation points [31]. Galerkin or least squares methods could also be
used, however the computational cost in terms of CPU time will increase.

The weighted residual statement for the collocation method is [31]

(RY(OF (2, ), 8(7¢ — Te,m)6(B — An>>1 =0, n=012,...,Pn; m=12,....N,

(4.1.5)

where the weight function is unity, é is the Dirac delta function [31], 7¢m is the mik

spatial collocation point in the liquid region, and A, is the n collocation point in the

temporal domain. Equation (4.1.5) can clearly be reduced to a compact statement [31]

based on the mathematical properties of the Dirac delta function. This compact form
1s

RNOY (4myAR)) =0, n=12,...,Pp;ym=12,....N. (4.1.6)

For this study, the collocation points A, and 7, are defined by the open rules [32]

as

~ (2n—1)7
A, = —_, =1,2,..., Pn,
cos( 3D n=1 P, (4.1.7)
and

(2m — 1)m

N > m=1,2,...,N. (4.1.8)

Tem = COS <

Substituting Eq.(3.3.26) into Eq.(4.1.4) produces
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N P

RY(O (7 8) = —Ldf(rd] = L3 oL [ox(7) (T3 (B) = (=1))]

k=1 j=

moe[—1,1], Ae[-1,1]. (4.1.9)

It is known from Eq.(4.1.6) that the residual function is zero at the collocation points

given by 7y nmand A, form =1,2,...,Nandn = 1,2,...,P,. Thus Eq.(4.1.9)

reduces to
N P _ .
Le[f(ream)] + Zzg]u [0k (7em)(T5(Bn) = (=1))] =0,
k=1j=
n=12....Py m=12... N (41.10)
Rearranging Eq.(4.1.10) gives
N P B _
~Le[f (72,m)] zzg (o1 (rem) (T3 (B) = (1))}
k=1j=

n=1,2 ..., Py m=12_. N(4111)

which can be written in matrix form as

AZ =b. (4.1.12)

Here A is the coefficient matrix, b is a column vector, and I is a column vector
containing the unknown expansion coefficients. Matrix inversion can now be used for
determining the unknown expansion coefficients {g },i=1,2,...,FP.k=12_...N,

for the liquid region. The matrix form of Eq.(4.1.11) allows for all space and time
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to be accounted for at once. Accounting for all of space and time at once is a novel
concept as applied to solving parabolic differential equations. Traditional doctrine
involves time-marching methods while here time is treated in an elliptic fashion which
takes into account all future information [6].

In order to begin setting up the necessary matrices, a decision must be made on
how Eq.(4.1.11) is to be evaluated. One method is to fix space and move in time or
to fix time and move in space. Either is acceptable and for this study, space is held
fixed while moving in time. Using shorthand notation. Eq.(4.1.11) is written as

N P
Y S k= by, n=12,...,Pum=12,....N, (4.1.13)
k=1j=1

where g are the unknown expansion coeflicients and Q" is given by
J 7k
= Le [or(rm) (T3(Br) = (=1)7)] (4.1.14)
while by, 1S

= Li[f(rem)l, m=1,2,....,Pp;n=12,...,N. (4.1.15)

bnm

Observe that —by,, is actually independent of n which comes from the initial condition
in the liquid being a function of space only. This allows us to write —bpm = —b,,. The
indices n and m represent the nt and mt2 collocation points while j is the index from

the inner summation in Eq.(4.1.11) and & is the index from the outer summation in

Eq.(4.1.11).
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We can now set up the coefficient matrix A. It is noted that for a given row in
the coefficient matrix, the same collocation points are used in evaluating Eq.(4.1.14).

As one moves down a given row, the jk indices remain the same for each column. An

example of a general coefficient matrix is

11 11 11 11
Qn - QPll Qv QPNN
Pl P11 Pl Pl
o QP11 iy QPNN
1IN 1IN 1N 1N
n T Q}=°11 Qv QPNN

Py N Py N PN N PyN
Q1 T QP11 Y o QPNN

Notice that within each subgroup, the value for k remains the same, while the index
j moves through its entire range, j = 1,2,..., Pm=n. Also notice that for each row,

the collocation points m and n do not change. The associated matrix representing
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the expansion coefficients, T, is

S]]
il

(4.1.17)

while the b vector takes the form

o
Il

(4.1.18)

Now that the coefficient matrix and associated vectors are set up, matrix inversion is
used to determine T using

Z=1[A""b (4.1.19)

With the expansion coefficients known for the liquid region, Eq.(3.3.26) can be ex-
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panded to determine the temperature profile in the liquid region. Since the temper-
ature profile in the liquid region is necessary for the solution to the solid region and

it is now known, the solution for the solid region may now be examined.

4.2 Solid Solution

The steps involved in determining the expansion coefficients for the solid region
are similar to the ones used in arriving at the expansion coefficients for the liquid

region. Let the differential operator for the solid region be defined as

82 h(A) -, 0 Lo 0
L= - gak (MA)gg - (e DA =)
Te€[-1,1], Ae[-1,1], (4.2.1)
thus Eq.(3.2.24) can be expressed as
Ll0s(ms,A)] =0, 7ee[—1,1], Ae[-1,1]. (4.2.2)

Since the solution being developed is an approximation, ON(r,,A), Eq.(4.2.2) be-

comes

L [0 (75, A)] = 0. (4.2.3)

Introducing the residual function to Eq.(4.2.3) permits the re-introduction of the

equal sign, namely

R¥(OY(1,,A)) = =L, [0V (75, A)], 7ee[-1,1], Ae[-1,1]. (4.2.4)
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The Weighted Residual statement for the solid region can be written as [31]

<R.19v(éiv(T87A))76(Ts - Ts,ﬁ'l)é(A - A’fl>>1 = 03 ’ﬁ' = 1727 e 7R77’1,:, m = 1:27 NN

which reduces to

RNOY(rem D)) =0, =12 Rn;m=12...N

due to the mathematical properties of the Dirac delta function [31]. The collocation

points for the solid region are also given by the open rule [32] as

- (2n — 1)m R
A = —_—, =12,..., s
cos( T n 2,..., Ra,

(2m - )1 . )
= YT, m=12...,N
Ts, coS ( 5N , m=1 N

Substituting Eq.(4.2.4) into Eq.(4.2.5) allows us to write

LON (rem, Ax)] =0, A=1,2,...,Rmn; m=12,....N

Substituting Eq.(3.3.51) into Eq.(4.2.9) and rearranging produces

N Ry
L [f (7., Z&n)} + kz_: 2_: Bk Ts m)(Tm(Aﬁ) —(=1)™)] =0,




which is in the form of

C

=
il
=

(4.2.12)

where C is the coefficient matrix, @ is the vector containing the unknown expansion
coefficients, and 7 is a known column vector.
Equation (4.2.11) is now cast into shorthand form in order to set up the necessary

matrices. This shorthand form is

N Rp X
S S ket = —van, A=1,2,... ,Rpm=12..N (4.2.13)
k=1m=1
where
A — LB (o) (Tm(Bs) = (=1)™)], (4.2.14)
and
Y = —Ls[f (Tomm: Ba)]. (4.2.15)

The subscripts 72 and 7 represent the it and A collocation points, respectively.
The subscript m is the index on the inner summation and k is the index on the outer
summation.

A single matrix inversion is used for determining all of the unknown expansion

coefficients. Setting up the matrices proceeds exactly as it did for the liquid region.
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The general form of the coefficient matrix for the solid region is

11
®11

R;1
q>11

1IN
q)ll

Ry N
&1

The associated vector, w, becomes

11
¢R11

R;1
qDRll

1IN
®R11

Ry N
Pry1

&£

11
q)lN

Ryl
cI)lN

1N
q)lN

@RNN

1N
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(PRNN

Rl
@RNN

1IN
@RNN

RyN
QN




and 7 is

—71

—7R11

[~
il

—
A
o
—_
[0.]

S

—MN

—YRaN

The expansion coefficients are now determined from matrix inversion
@ = [C] ™10 (4.2.19)

The expansion coefficients for both the solid and liquid regions are now known,
and thus the temperature distribution for both regions, are available. With these
temperature distributions known, the analytical and numerical models are ready to
be verified by comparing the results generated from Eq.(3.3.26) and Eq.(3.3.51) to

known exact solutions and to experimental results [25].
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Chapter 5

Results

In this chapter, several test cases are considered to numerically verify the model
described in Chapter 4. The first case to be considered involves a one-phase. half-space
problem where the solid-liquid interface moves with a constant velocity. The exact
solution for this case is presented in Carslaw and Jaeger [23] and is used to determine
the accuracy of the numerical model for two different pure materials. The second test
case involves another one-phase problem where the interfacial motion is described. in
an approximate manner, from experimental data [25]. The last case to be examined
involves a two-phase, constant velocity situation where the time collocaton method
is used to solve the direct problem in the liquid region before solving for the inverse

problem in the solid region.
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5.1 One-Phase, Constant-Velocity Motion

wanted nucleation and to insure that the desired properties are present in the cast
material [33]. A solid-liquid interface that moves with a constant-velocity is one pos-
sible way to obtain a rapid solidification time. It is also an ideal test case since an
exact analytic solution for a one-phase problem is available and presented in Carslaw
and Jaeger [23]. The availability of an exact solution allows for a descriptive error
analysis to be performed. Frankel and Keyhani [24] demonstrated that convergence
takes place at an exponential rate for this case and that the maximum error takes
place at tmqe as a result of the open rule being used for determining the collocation

Some solidification processes require rapid solidification in order to prevent un-
points. The exact solution in dimensional form [23] is given by

hst’ ﬁt——z -
T(a:,t)szeu—i—-C—[l—ea a } ., < Vt, (5.1.1)
s

and

T(z,t) = Tetr, > Vt, (5.1.2)

where C); is the specific heat for the solid region. h is the latent heat of fusion, Trer
is the melt temperature, « is the thermal diffusivity, and V is the interfacial velocity.

Since the temperature of interest is at z = 0, Eq.(5.1.1) reduces to

V2
To(t) = T(0,1) = Tt + gf‘ {1 - ea—st} ) (5.13)
ps
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Non-dimensionalization and mapping of Eq.(5.1.3) yields

6(~1,A) =1 — exp [W (£>2 -A%Iﬁ(&u 1)} . Ad-1,1]. (5.14)

Two materials, n-octadecane and aluminum, are used to compare the numerical model
with Eq.(5.1.4) for a solidification time tqz, of 3000 seconds for n-octadecane and
20 seconds for aluminum. The numerical model reduces to a one-phase problem by
setting the initial condition in the liquid region to zero (f(7;) = 0). This eliminates
the liquid region from the model and it is only necessary to solve for expansion
coefficients in the solid region. To make the problem a half-space problem, the length
L is chosen to be large enough such that it is considerably larger than the maximum

amount of material that will form during the solidification time span.

5.1.1 N-Octadecane

The first material to be considered is n-octadecane which is a 99% pure wax. The
thermal and physical properties [34,35] of this material that are used in the numerical
and exact solutions are: T = 28.15°C, hy = 241,730J/kg, p¢ = 774 kg/m?®,
ps = 814 kg/m?, ke = 0.15W/(m- K), k, = 0.43W/(m - K), Cpp = 2,233 J/ (kg - C),
and Cps = 1,823 J/(kg -° C). These two values for the specific heats are taken as
averaged values for this test case.

Two different velocities are examined to determine how the boundary condition

behaves when the velocity is increased. One expects that as the velocity increases,
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a larger temperature drop over the same amount of time results. The first test case
uses an interfacial velocity of 0.002 mm/s which grows 6 mm of solid material in 3000
seconds. Figure 5.1.1 is a plot of the dimensionless surface temperature history for
the solid showing graphical convergence of the numerical solution for N=R=8. Figure

5.1.2 is a plot of this converged solution compared with the exact solution, Eq.(5.1.4).

This plot shows that the converged numerical solution for the surface temperature
appears almost linear and is graphically identical to the exact the exact solution
for this velocity. This surface temperature history corresponds to a dimensional
temperature drop from Te: = 28.15°C to approximately 22.5°C. This represents
a realistic temperature drop over the 3000 seconds of solidification time.

The second velocity to be considered using n-octadecane is 0.004mm/s which
results in 12mm of solid material after 3000 seconds of solidification time. Figure
5.1.3 is a plot showing that the numerical solution for the surface temperature has
again converged using N=R=8. A comparison of the converged numerical solution
and the exact solution is shown in Figure 5.1.4. This plot shows that the numerical
solution has again graphically matched the exact solution and that the temperature
drop required during the indicated solidification time has increased by a factor of four
when the velocity is doubled. The dimensional temperature drop resulting from this
velocity is from 28.15°C to approximately 4°C. This is a realistic temperature drop

and a relatively linear surface temperature history is obtained.
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Figure 5.1.1: Dimensionless surface temperature history for n-octadecane show-
ing convergence of the numerical solution for N=R=8 using a constant velocity of
0.002mm/s.
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Figure 5.1.2: Comparison of the exact solution, Eq.(5.1.4), and the numerical solution
for n-octadecane with a constant velocity of 0.002mm/s.
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Figure 5.1.4: Comparison of the exact solution, Eq.(5.1.4), and the numerical solution
for n-octadecane with a constant velocity of 0.004 mm/s.
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These two cases show that further increases in the velocity can quickly yield a
required temperature drop which is physically unrealistic for a solidification time of
3000 seconds. In order to obtain faster velocities for this material, the solidification

time will have to be decreased.

5.1.2 Aluminum

The properties of pure aluminum [36] used in this analysis are: p = 2702kg/ m>.
Cpe = 903 J/kg- K, ks = 23TW/m K, ke = 23TW/m-K. he = 395,000 J/kg, Tmeir =
660°C, and Cp = 903 J/kg - K. The velocity to be considered for the aluminum is
1mm/s which yields 20mm of solid material after 20 seconds of solidification time.
Figure 5.1.5 is a plot showing the convergence of the numerical solution for the surface
temperature when N=R=10. Figure 5.1.6 is a comparison of the numerical solution
to the exact solution given by Eq.(5.1.4). This plot shows that the two are graphically
identical and again the surface temperature history appears linear. A dimensional
surface temperature drop from 660°C to 561°C is required to sustain the constant
velocity of 1 mm/s over the 20 seconds of solidification time. This situation portrays
a realistic interfacial velocity and an attainable temperature drop at the cooling face

for the 20 second solidification time.

58



S
=z
<
) —-0.05
o
=
)
Q — —01
S
<
o
5
w = —=0.15
w
=
=
=
Z ~0.2
5]
£
=
—-0.25

| T | T T | T | |
: N=8.R=8 —
N=10,R=10 ---

| | | ] | I I I |

-1

-0.8-06-04-02 0 02 04 06 08 1

Dimensionless time, A

Figure 5.1.5: Dimensionless surface temperature history for aluminum showing con-
vergence of the numerical solution for N=R=10 using a constant velocity of 1 mm/s.

39



- 0

g T T T T l T I- I. T

= 1 Numerical —
s 3 : Exact ---

D —-0.00 + : _
oo :

z .

0]

—-—

8 -—l« —0.1 — 1
&
—

= | :

w @« B

o & —015 = : =
o0 .
L :

=
e E

4 —-0.2 | ; -
] :

£ .
E .

—~0.25 ] 1 | i ] I ! ] ]

1 —08-06-04-02 0 02 04 06 08 1

Dimensionless time, A
Figure 5.1.6: Comparison of the exact solution, Eq.(5.1.4), and the numerical solution
for aluminum with a constant velocity of 1mm/s.

60



e

5.2 Experimental Data

The next case to be considered uses experimental data from a nearly one-phase
experiment [25] using n-octadecane as the solidifying material. Details describing the
experimental set-up and data acquisition procedures can be found in Wesley [25]. The
purpose of this comparison is to clearly indicate that these problems are ill-posed in
that a small perturbation in the input data can have profound effects in the numerical
solution. Frankel and Keyhani [24] present a clear example indicating this feature of
inverse solidification design studies. In general, this type of analysis makes use of a
given analytic function for the interfacial velocity and there is no need to curve fit
data.

The discussed data comes from an experiment that involves dropping the temper-
ature at the cooling face from the initial temperature of ~ 28.20°C to a value of 3°C
in a rapid, i.e., direct manner in order to approximate a step-change. The experi-
mentally obtained position for the solid-liquid interface is shown in Figure 5.2.1 for
a time duration of 1250 seconds. This plot shows that the interfacial position profile
exhibits an approximate v/t behavior that is predicted by the exact solution [2.26] for
a step change in the boundary temperature. In order to incorporate this information
into the present model, the data must be curve-fitted. A smooth function and not
discrete data is the necessary form of the input for the proposed method. Since the

profile exhibits an apparent \/t behavior, the function that the data is to be fitted to
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Figure 5.2.1: Position data taken from Wesley [25] for the solid-liquid interface for a
one-phase experiment using n-octadecane.
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should contain such a term. This choice reduces oscillations in the curve-fit when

compared to a purely polynomic representation for s(t). The dimensional form chosen
is
s(t) = A(Vt+e— e +i§jﬂ', (5.2.1)
j=1
where the coefficients A and (; are determined from a least-squares, curve-fit algo-
rithim. This perturbed form containing e is used since a true V/t profile has an infinite
velocity at t = 0. Recall from Chapter 4 that the differential operator for the solid
region shown in Eq.(4.2.1) contains the product of the velocity and the position eval-
uated at A = —1. This corresponds to the position and velocity of the front at time
t = 0. If a true square root function were used, then this product would be inde-
terminant at A=—1(t=0) due to h(—1) being zero and h(~1) being infinite. This
dilemma can be mathematically resolved with the aid of L'Hopital's rule. However.
since the true physical problem does not have a true jump condition, this approxima-
tion appears justifiable. Including this constant € allows the \/t form to be used, but
the velocity is no longer infinite at ¢ = 0. This also serves to simplify the problem
while retaining it for illustrative purposes.
Figure 5.2.2 is a plot of the curve-fit along with the experimental data using a
value of € = 2. This value is chosen since it yields the minimum value in the variance.
This plot shows that for ¢ = 3. the curve-fit appears to be representative of the

experimental data. Figure 5.2.3 shows the velocity of the interface using the curve
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Figure 5.2.2: Experimental data with the curve fit given by Eq.(5.2.1).
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fit. This form of the curve-fitting function eliminates the infinite velocity at ¢ = 0.
Using the interfacial profile shown in Figure 5.2.2 and a solidification time of 900
seconds, the numerical prediction for the surface temperature history is shown in
Figure 5.2.4. An average value for Cps; namely Cps = 1805 J/kg - K is used when
considering the temperature range to be confined between 3°C and 28. 15°C. This plot
shows that the numerical solution achieves graphical convergence for N=R=18. This
plot also indicates that there are some small fluctuations present in the converged
numerical solution. This is due to using polynomials to approximate a solution which
undergoes such a sharp change in shape and due to the ill-posed nature of the problem.

A plot of the converged numerical solution and the experimentally measured sur-
face temperature is shown in Figure 5.2.5. Again, details for how this data is acquired
can be found in Wesley [25]. This plot indicates that the measured surface temper-
ature levels off at a value of 3°C while the numerical solution predicts a value of
approximately 2°C. This plot reveals that the numerical solution predicts a step-like
change although the cold plate temperature is predicted to be 1°C' lower than the
measured value. Recall that the numerical results are based on a constant property
model. This may be the source of the discrepancy between the numerical results and
the thermocouple data. Taking into account the variable properties of n-octadecane
leads to a more accurate numerical prediction [37] when compared to the experimental

results for this test case. Another source of potential discrepancy arises in the
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Figure 5.2.4: Converged numerical results for the surface temperature history using
the curve-fit given by Eq.(5.2.1) when C,, = 1805J/kg - K, p, = 814 kg/m?. hy =
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curve fitted interfacial data. The uncertainty in the measurement of s(t) is large at
the beginning of the experiment, which will affect the solution through the curve fit.
The “tailing down” effect observed in the approximate solution for ¢ > 800s may
be attributed to the least-squares curve fit of the data. The key point about the
presented results using experimental data is that numerical convergence is obtained,

no time-step instabilities are present, and of course, validation of the theory.

5.3 Two-Phase, Constant-Velocity Motion

The final case to be considered involves the constant property two-phase problem
that has a solid-liquid interface moving at a constant velocity. This case shows that
treating time in an elliptic fashion is successful when applied to a direct problem
as well as an inverse problem. Recall that the solution for the temperature in the
solid region shown in Eq.(3.3.51) includes a derivative of the temperature in the
liquid region evaluated at the interface(r, = —1). Also recall that the liquid region
is a direct two-point boundary value problem that can be solved for using many
conventional methods. This test case will solve for the liquid solution using the same
time collocation method that is used for the inverse solution in the solid region. In
order to determine if solving the direct problem with this method is successful. n-
octadecane will be used with one level of superheat. The velocities and solidification

times will be the same as those used in the one-phase test cases.
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Before continuing with the results for the two-phase problem, the initial condi-

tion used for these results must be addressed. In the previous two cases. the initial
condition for the liquid regions was zero since the liquid region was initially at the
melt temperature. In the present case, there is some degree of superheat present and
therefore a temperature gradient exists in the liquid region. The profile used for each

test case is given by

0, 0;vLe*tr, g;evLme
el —1—vLet el —1—vLlevt et —1—vle't

f(re) = 0u(me) = -

e[=1,1](5.3.1)

where 8; = (T; — Tmeit)/Trese. T; is the initial temperature of the liquid, and v is a
constant. This profile is shown in Figures 5.3.1 for n-octadecane, using various values
of v when given a fixed length L as dictated by the provided geometry. This profile
serves to preserve the physics of the premelt period without undue complication. 1.e.,
removes the need to use slowly converging infinite series [2]. This profile is one that
could exist if the cooling face was dropped from the initial temperature T; to the
melt temperature T which is a realistic profile to have in the liquid region. The
constant v that appears in Eq.(5.3.1) governs how far into the liquid the changes in
the boundary temperature aré felt. This constant depends on the properties of the
material and how the boundary temperature is dropped from the initial temperature
T; to the melt temperature Te;:. A large negative value for this constant causes the

profile to approach that of a jump boundary condition while a small negative value
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results in a near linear profile as shown in Figure 5.3.1.

5.3.1 N-Octadecane

This material is considered in the presence of superheat in order to determine the
effect on the temperature history at the cooling face and to demonstrate the use of
the numerical scheme of Chapter 4 as applied to a direct problem, which is the liquid
region. The level of superheat to be used is 6°C. This represents a superheat level
that is 21% of the melt temperature, Tre;. LThe length L, used for these results is
chosen to be sufficiently larger than the amount of material that will solidify. The
initial condition is given by Eq.(5.3.1) where v = —100.

Figure 5.3.2 shows the converged results for the surface temperature history of the
solid using 6°C of superheat and a velocity of 0.002 mm/s and tme=3000s. These
results are generated using N=R=12 in the solid region. The solution appears linear
during the solidification time and corresponds to a temperature drop from 28.15°C
to 22.3°C. The temperature gradients in the liquid that are used to produce the
temperature histories in Figure 5.3.2 are shown in Figure 5.3.3. It is seen that the
results for the temperature gradient have not yet fully converged owing to the visibly
small oscillations, but it is still possible to obtain graphically converged results in
the desired surface temperature history for the solid. The resuits for the surface

temperature history in the solid and the liquid temperature gradient for a velocity of
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0.004 mm/s and 6°C of superheat are shown in Figures 5.3.4 and 5.3.5, respectively.
These results exhibit similar trends as those for the previously discussed case. Fig-
ure 5.3.4 indicates, in dimensional values, a temperature drop from 28.15°C' to ap-
proximately 3°C. Again the temperature gradient in the liquid region shows some
oscillations for different values of N and P yet the solid solution has graphically con-
verged. This is explained by examining the interfacial boundary condition given by
Eq.(2.1.17). This boundary condition can be rewritten to relate the heat flux in the
solid region evaluated at the interface to the heat flux at the interface for the liquid
region plus a constant multiplied by the velocity of the front. In relative terms, the
magnitude of the flux in the liquid will be much smaller than the term containing the
velocity. This dominance of the term containing the velocity allows for the presence
of the small oscillations shown in Figures 5.3.3 and 5.3.5 and still obtaining converged
results in the solid region. However, this may not always be the case. There may
arise certain cases where the magnitude of the flux in the liquid may be of equal
magnitude as the term containing the velocity. In this case, converged results for the
temperature gradient in the liquid may be necessary for converged results in the solid
region.

The results presented in this chapter provide some interesting information about
the convergence and stability qualities of the proposed numerical method as well as

the accuracy of the Weighted Residual approach. Additionally, some insight into the
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effects of varying the degree of superheat and velocity of the interface are related at

a physical level.
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Chapter 6

Conclusions

In this chapter, some concluding remarks integrating the results of the previous

chapters are related.

6.1 Concluding Remarks

The successful implementation of a novel Weighted Residual method for resolving
one-dimensional, pure melt inverse solidification design problems demonstrates that
an accurate and stable solution methodology is available for such mildly ill-posed
inverse problems. Highly favorable numerical results are yielded when compared to
an existing exact solution involving a one-phase, half-space problem with a prescribed
constant interfacial velocity [23]. Two pure materials, n-octadecane and aluminum,

are numerically investigated to indicate the effect of the interfacial velocity on the

79




required surface temperature history at the cooling face in order to provide such
a motion. Convergence in the numerical solutions for the surface temperature is
obtained for both materials in which vastly different thermal properties exist.

Using experimental data for the interfacial motion required a least-square proce-
dure to be developed in order to manipulate the discrete data into a usable analvtic
form as required for the present approach. The predicted surface temperature is sim-
ilar to the measured surface temperature. The numerical solution predicts a cold
temperature that is approximately 1°C lower than the experimental data. This dis-
crepancy between the two results can most likely be attrib_uted to the assumption
of constant properties and the curve fit used to describe the interfacial motion. It
is well known [24] that the solutions of ill-posed problems are sensitive to the in-
put set. Thus, the implemented curve fit can potentially have a profound effect on
the outcome. It should be noted that for the indicated curve fit, numerically con-
verged results are obtained. In other words, the numerical solution for the surface
temperature history using a curve fitted interfacial position function generated from
experimental data converged using N=R=18 terms in the solid region and shows no
signs of numerical instability.

The two-phase results revealed some physical information about the nature of the
solution when superheat is present in the liquid. The most significant aspect is that

the time collocation method worked for the direct problem allowing for all time and
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space to be accounted for in one matrix inversion, thus eliminating conventional time-
step methods. Another important finding is that the presence of small oscillations in
the liquid region produces graphically converged results in the solid region. This type
of behavior is not typically expected since the problem is mildly ill-posed. Also, the
initial condition in the liquid region has the potential to effect the convergence of the
solution in the solid region. In the presence of a steep temperature gradient in the
liquid region near the interface, large oscillations in the solution for the temperature
gradient at the solid-liquid interface can result if the approximation is terminated to
early. Thus, when such situations occur, additional terms in the series expansion for
the liquid region are required in order to resolve the solution for the liquid temperature
gradient at the interface.

Overall, the proposed method of Weighted Residuals produces stable and accurate
results for the chosen test cases. The method did not possess any inherent instabilities

like those present in conventional methods [16].
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Chapter 7

Recommendations and Future

Research

In this chapter, recommendations for the proposed method are discusses as well

as avenues of future research.

7.1 Recommendations

There are several recommendations that can be made concerning the current
method for solving inverse solidification design problems. The first concerns the com-
puter(platform) and software(language) that is used for the numerical calculations.
The results presented in this work are generated using a Silicon Graphics worksta-

tion with 48MB of RAM and using the symbolic software language Mathematica™.

.




Memory requirements, using Mathematica, grow as the order of the approximation is
increased. At some point, this dilemma overtakes the available memory on the plat-
form. This problem is removed if a high-level programming language is used. This
software is relatively slow and cannot handle large arrays that may be required to
handle solidification problems having high velocities, large degrees of superheat. and
initial conditions that have steep temperature gradients. The majority of the CPU
effort comes from the construction of the coefficient matrices shown in Eq.(4.1.16)
and Eq.(4.2.16), where numerous symbolic manipulations are performed. The ac-
tual solution of the system of equations for the expansion coefficients is relatively
fast compared to the “building” of the actual coefficient matrices. A higher level
language, such as C or FORTRAN, is better suited for these types of calculations.
Recent discussions with Osborne [38] reveal that it is possible to use 32 collocation
points in time and space, and obtain the expansion coeflicients in approximately 10
seconds using FORTRAN on a 120MHz Pentium PC with 40MB of RAM. This in-
cludes setting up a 1024 by 1024 coefficient array and inverting it to arrive at the
expansion coefficients. Such a calculation is impossible using M athematicaT . 12.2
on the present platform.

Another recommendation involves the choice of the basis functions. If some prior
knowledge is known about the physics of the problem and its solution, then the basis

functions may include this information in the form of special functions which have
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similar characteristics. An example of this would be the addition of an exponential
term in the expansion solution where the solution is expected to have rapid changes
in shape as was shown in the case of the experimental data. This could accelerate
the convergence rate of the solution. This is just an example and other forms could

easily be incorporated into the expansion solution.

7.2 Future Research

Future work in the area of the Inverse Solidification Design Problem has many
possible directions. The results presented here show that the method is successful in
solving the one-dimensional, constant property case. The next step is to incorporate
variable temperature-dependent properties into the one-dimensional model. Then, it
is suggested to investigate two-dimensional cases with constant and variable proper-
ties. Other variations that can be incorporated into the mathematical model include
a variable cross-sectional area as well as the inclusion of convective effects.

Once the method has been proven for multi-dimensional cases having variable
properties, the next major step is to incorporate it into a solidification problem
involving binary melts or alloys. This type of problem presents a new challenge
since solidification now takes place over a range of temperatures, creating a “mushy”
zone [39]. This problem is important since most high-strength, high-temperature ap-

plications use alloys. In the present problem, only the interfacial motion is prescribed
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which is used to determine the unknown temperature history at the cooling face. In
the binary melt problem, the motion is specified as well as the temperature gradient
in the mush zone. Certain combinations of the temperature gradient G' and velocity
V are known to produce certain morphologies in binary materials (39]. These two
variables are used in the determination of the unknown boundary conditions for the
binary melt inverse problem.

These examples show that there are many different aspects of the Inverse Solidifi-
cation Design Problem that can be investigated using the numerical method proposed
here. The incorporation of this method, along with the recommendations mentioned

earlier, represent the next challenge.
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