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ABSTRACT 

In Chapter II, the categories of Green's pairs and Green's 

theories are defined. The general properties of these categories are 

investigated, and the two categories are shown to be equivalent. Also 

the category of Green's pairs are related to the usual Green's quasi 

orders while relationships between Green's pairs and other generaliza 

tions of Green's relations are developed, This is done by performing 

a construction using a free semigroup to obtain a coextension with the 

desired properties. An example is given to show that Green's pairs are 

more general than the other generalizations studied. Also specific 

types of Green's pairs and their properties are investigated. 

In Chapter III, some of the results of Chapter II are applied in 

the study of quasi-orders under £(H) . For each L [R] quasi-order 

under ^(H) , it is shown that there corresponds a functor from <L 

[<Rl into Mon while for each L [R] equivalence under ^(H) , it 

is shown that there corresponds a functor from <L [_<R] into Grp . 

Also the R equivalences under ^(H) (viewed as a lattice) are shown 

to be isomorphic to a lattice contained in the functors from <R to 

Grp . 

Also in Chapter III, <(G) and <(S) coextensions are defined 

for the category GP . Then the results in the first part of the chap 

ter are used to establish a construction principle using functors from 

<L and <R into Mon . Using this construction principle one is able 

to construct (reconstruct) all <(G) and <(S) coextensions (in the 

category GP ). 
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CHAPTER I 

PRELIMINARIES 

It is assumed that the reader is familiar with the work of Clark 

and Carruth [3] along with some general knowledge of semigroups, The 

reader is referred to [3] and [4] for the standard notation and standard 

results. 

The following order theoretic concepts will be needed, Let X 

denote a set. Then a relation on X is a subset of the Cartesian 

product X X X . If a is a relation on X , then (x,y) e a is also 

written as xay . Also denotes the set {(y,x):(x,y) e a} . A 

relation a on X is said to be reflexive if {(x,x):x e X} is con-

tained in cr . 
e aThe relation a is said to be symmetric if (y,x) 

whenever (x,y) e a . Also a is transitive if (x.z) e a whenever 

(x,y) e a and (y,z) e a . An equivalence relation is a relation 

which is reflexive, symmetric, and transitive. Now if a is an equiv 

alence relation on X , then for x e X xa denotes the set 

{y £ X:(x,y) e a} and X/a denotes the set {xa:x e X} The map. 

X -> xa from X to X/a is called the natural or projaction map of 

X onto X/a . 

A quasi-order is a relation which is reflexive and transitive. 

If _<(C) denotes a quasi-order on X , then the equivalence relation 

induced by £(C) is the relation 

C = <(C) n (<(C))-i 

For a e X , the C-set of "a" is denoted and defined by 
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C(a) = {x £ X:x <(C)a} 

and the C-class of a" is denoted and defined by 

Cg = {x £ X:xCa} . 

A transformation of a set X is a single-valued mapping of X 

into X . A partial transformation of X is a single-valued mapping 

of a subset of X into X . domain partialThe of ^ transformation, 

say f , is {x £ X:(x,y) £ f for some y £ X} and is denoted by 

dom_J_. The empty transformation is the partial transformation with 

empty domain. The empty transformation is denoted by . The 

identity transformation on X is a transformation, say f , such that 

f(x) = X for every x in X . The identity transformation on X is 

denoted by 1^ . For a fixed set X , the set of all transformations of 

X is denoted by T(X) while the set of all partial transformations of 

X is denoted by PT(X) . 

A semigroup is a pair (S,*) where S is a set and * is a 

function from S^S into S which satisfies the following property: 

(x*y)*z = x*(y*z) for each x,y,z e S where *(u,v) is denoted by 

u*v for u,v £ S . Usually the multiplication for a semigroup (S,*) 

is denoted by juxtaposition, i.e., x*y = xy for x,y c S . Also, in 

most instances the pair (S,*) will be referred to only by S . An 

Identity of a semigroup S is an element, say e , of S such that 

ex - X = xe for all x in S . Clearly any identity for S is 

unique. If a semigroup has an identity, then it will be denoted by 

"1" . An idempotent is an element whose square is itself. Also if 
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X 

n 

S is a semigroup, then will denote S if S has an identity. 
1

otherwise S will denote S with an identity adjoined. A monoid is 

a semigroup with identity while a group, say G , is a monoid in which 

for each element If 

a" in G there is an element, say a"^ , in G 

such that aa-1 = 1 = a“^a • A semilattice is a commutative semigroup 

which consists only of idempotents. A subset T of a semigroup S is 

said to be a subsemigroup of S if {st:(s,t) e TxT} is a subset of 

T . If, in addition. T is a group then T is said to be a subgroup 

of S . If A is a subset of S , then the subsemigroup generated by 

A is denoted and defined by 

<A) = n{T C S:T is a subsemigroup of S and ACT} . 

The semigroup <A> can also be found by taking the set of all elements 

of S that are expressible as finite products of elements of A . If 

is a set, then the free semigroup generated by X , denoted by F(X) , 

is the set of all finite sequences of elements of X where the multi 

plication is defined by the following: if (xj, X2, . . ., Xjjj) and 

(yij y2> • • •> yn) are elements of F(X) then their product is 

(xi, X2, . . •» yi> y2» • • •» yn) • The elements of F(X) will 

be referred to as words. Also the notation (x^, x 2» • . ., Xj„) for a 

word in F(X) will be shortened to Xi•X2 . . . Hence It." willXm ' 

denote the multiplication in F(X) . A left [right] ideal of a semi 

group S is a subset I of S such that SI C I [IS C I] . An 

ideal of S is a subset of S which is both a left and a right ideal 

of S . Note that the definitions of left ideal, right ideal, and 

ideal are not the standard ones. that subset notThey differ in the is 
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required to be non-empty. The reason for this is a notational con 

venience. The domain of the empty transformation is now an ideal. The 

specific use will be pointed out in Chapter II. 

For each element "a of a semigroup S one associates a 

transformation [la] of S defined by xpa = xa [xA^ = ax] for 

all X in S . The map A^ [p^] is called the inner left [right] 

translation of S induced by the element a . A transformation p of 

S is called a right translation of S if x(yp) = (xy)p for all 

x,y e S . A transformation A of S is called a left translation of 

S if (xA)y = (xy)A for all x,y e S . Note that an inner right 

[left] translation is also a right [left] translation. From this point 

on whenever a map is known to be a left translation, the argument will 

be written on the right side of the map while the argument of a right 

translation will be written on the left side of the map. The set of 

all left translations on the semigroup S will be denoted by LT(S) 

while the set of all inner left translations on the semigroup S will 

be denoted by ILT(S) . The set of all right translations on the 

semigroup S will be denoted by RT(S) while the set of all inner 

right translations on S will be denoted by IRT(S). 

A partial right translation of S , say a , is a partial trans 

formation of S such that if r and s are in S with 

rs,s e dom a , then (rs)a = r(sa) . A partial left translation of S , 

say Y > is a partial transformation of S such that if r and s 

are in S with sr,s e dom y , then yCsr) = (Ys)r . The set of all 

partial right translations of S will be denoted by PRT(S) while the 

set of all partial left translations of S will be denoted by PLT(S) . 
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Note that the identity translation and the empty translation are in 

both PRT(S) and PLT(S) . If X is a set, then note that PT(X) 

is a monoid under composition and that T(X) is a submonoid of PT(X) . 

Also note that if S is a semigroup, then LT(S) , IIT(S) , RT(S) , 

and IPT(S) [PLT(S) and PRT(S)] are subsemigroups of T(S) 

[PT(S)] . 

The following definitions are given in [6]. For a semigroup S , 

the usual Green's quasi-orders on S are defined by 

l(i.g) = {(y,x) e SxS;SV E 

iCRg) = Uy,x) e SxSrySl CxS^} 

Whenever no confusion is likely in regard to which semigroup is being 

referred to, the notation ±(Lq) , <_(Ro) . and ±{Hq) will be used 

instead of l(Lg) . i(Rg) , and £(^g) » respectively. If S is a 
monoid, then the group of units of S is the Hg-class of the identity. 

Hi . 

The following definitions are taken from [3]. Let X denote a 

fixed set and let S denote a fixed semigroup. A Green's pair on X 

is a pair (A,P) satisfying the following four properties: 

(i) A and P are subsemigroups of PT(X) with arguments 

written on the right for members of A and on the left for 

members of P ; 

(ii) Both A and P contain the identity transformation of X ; 
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(iii) For all (A,p) e Ax? , A[dom A n dom p] C dom p and 

[dom A n dom p]pC dom A ; and 

(iv) For all (A,p) e Ax? and for all X e [dom A H dom p] , 

(Ax)p = A(xp) . 

A Green's pair on S is a Green's pair (A,P) on the set X = S 

satisfying the additional conditions that (v) A C PLT(S) and 

P C PRT(S) . The usual Green's pair (Aq,Pq) on S is defined by 

Ao = {A:A £ ILT(S)} U {1^} 

Po = {p:p e IRT(S)} U {1^} . 

For each Green's pair (A,P) on X the following quasi-orders 

1(0 » £(R) , and _<(H) on X are defined: 

(i) y<(L)x if y e Ax = {Ax:A e A and x e dom A} 

(ii) y<_(R)x if y E xP = {xp:p E P and x e dom p} 

(iii) <(H) = <(L) n <(R) . 

whereA Green's theory on X is a quadruple (^(L),£(R),G,D) 

<(L) and <_(R) are quasi-orders on X and G:^(L) ^ PT(X) and 

D:£(R) ^ PT(X) are functions satisfying the following four properties: 

(i) for y£(L)x , the image of (y,x) under G is denoted 
X X 

by G and satisfies dom G Dually, for 
y 

y£(R)x , the image of (y,x) under D is denoted by 
y 

and 
y 

satisfies dom = L(x) . Arguments for G^ will be 
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written on the right and arguments for will be written 
y 

on the left. 

(ii) Given x e X , G^z = z for all z e R(x) and zD = z
X X 

for all z e L(x) . 

(iii) For z£(L)y and y£(L)x , G^oG^ = G^ and for z<(R)y 
z y z 

and y<(R)x , D^oD^ = . 
z- y z 

(iv) For y<(L)x and z<(R)x , G^z = 
X 

y y^z • 

onA Green's theory on S is a Green's theory (^(L),<_(R) ,G,D) 

the set X = S satisfying the additional conditions that for each 

e PRT(S) .y^(l)x , G^ e PLT(S) and for each y_<(R)x , 
Now as pointed out in [3], each Green's pair (A,P) on X 

[the semigroup S ] induces a Green's theory denoted by A(A,P) or 

(<(L),<(R),G,D) on X [S] where 

(i) (1(L),<(R)) are the quasiorders induced by (A,P) , 

(ii) For y£(L)x and z e R(x) , G z = Az where A is any 
y 

member of A such that y = Ax , and 

(iii) For y_^(R)x and z e L(x) , zD^ = zp where p is any 
y 

member of P such that y = xp . 

Also each Green's theory (<(L),<(R),G,D) on X induces a Green's 

orpair on X denoted by B(<_(L) ,£(R) ,G,D) (A,P) where 

(i) A is the subsemigroup of PT(X) generated by 

{G^:y<(L)x} U {1^} and 
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(ii) P is the subsemigroup of FT(X) generated by 

{Dj:y<(R)x} U {1^} . 

Iflienever (<_(L) ,_<(R) ,G,D) is a Green's theory on X , this will 

be denoted by (X, <L), <R) ,G,D) . Also if (A,P) is a Green's pair 

on X , then this will be denoted by (X,A,P) . Now if 

(X,<(L),<(R),G,D) is a Green’s theory, then the right Schutzenberger 

monoid of x for x in X is denoted and defined by 

5^(x) = 
D {D^:y<(H)x} . 

The right Schutzenberger group of X for X in X is denoted and 

defined by 

Gj^(x) = {D^:yHx} . 

Now as shown in [3], for xLy, S^Cy) = S^(k) and G^Cy) = Gj^(x) ; 

Sjj(x) is a monoid and Gj^(x) is the group of units of Sjj(x) . Dually, 

one has -S^Cx) and Gg(x) for each x e X . 

A category is a quintuple C = where 

(i) 0 is a class whose members are called C-objects, 

(ii) M is a class whose members are called C-morphisms, 

(iii) V and K are functions from M to 0 , 

(iv) 0 is a function from D = {(f,g):f,g e M and V(f) = K(g)} ; 

such that the following conditions are satisfied: 

(a) If fog is defined, then V(fog) = V(g) and 

X(fog) = /((f) ; 
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(b) If fog and hof are defined, then 

ho(fog) = (hof)og ; 

(c) For each C-object A there exists a C-morphism, 

denote by e , such that t?(e) = A = K(e) and 

(i) foe = f whenever (f,e) e D 

(ii) eog = g whenever (e,g) e D ; 

(d) For any pair (A,B) of C-objects, the class 

hom^ (A,B) = {f:f e M , V(f) = A and K(f) = B} is 
a set. 

If the class of C-objects is a set, the C is called a small category. 

A category 8 = (O^ ,Mi ,/Cj^ ,*) is a subcategory of C if 

(i) 0i CO , 

, and(ii) for 8-objects A and B , homg (A,B) C hom^ (A,B) 

(iii) for 8-objects A , B , and C with f e hom„ (A,B) 
o 

and g £ honig (B,C) one has gof = g*f . 

for eachIf 8 is a subcategory of C and homg (A,B) = hom^ (A,B) 
A,B € 0i , then 8 is a full subcategory of C . 

The following categories will be needed in the following 

chapters: 

1) the category Sgp of (algebraic) semigroups and homomorphisms; 

2) the category Mon of (algebraic) monoids and identity preserving 

homomorphisms; 
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3) the category Grp of algebraic groups and homomorphisms. 

Other less familiar categories will be introduced later. 

If C denotes the category (Oj.iyV.K,^) and 8 denotes the 

category , then a functor F from C to 8 is a 

function from the class of morphisms of C to the class of morphisms 

of 8 satisfying the following conditions 

(i) if e is a C-identity, then F(e) is a 8-identity and 

(ii) F(fog) = F(f)*F(g) whenever (f,g) e D . 

The domain of the functor F is C and the codomain of F is 8 . 

Let F and G be functors from C to 8 . A natural trans-

formation $ from F to G , denoted by $:F G , is a function 

that forfrom 0 into {homg (A,B):A and B are 8-objects} such 

each C-object X , $(X) is in homp8 (F(X),G(X)) and if X and Y 

are C-objects with f :X ->■ Y , then 

$(X)
F(X) G(X) 

F(f) G(f) 

$(Y)
F(Y) G(Y) . 

A natural transformation $:F ^ G is said to be a natural equivalence 

if there is a natural transformation 5:G F such that for each 

C-object A one has $(A)*(S(A) = 6(A)*$(A) = ^F(A) • ^ 
functor F:C -> 8 is an equivalence if there is a functor G:8 ^ C 

such that FoG is naturally equivalent to the identity functor on 8 
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and GoF is naturally equivalent to the identity functor on C . If 

there is an equivalence from C to S , then the two categories C 

and 8 are said to be equivalent. 



CHAPTER II 

THE CATEGORIES OF GREEN'S PAIRS AND GREEN'S THEORIES 

In this chapter the categories of Green's pairs and Green's 

theories are defined. Certain properties are obtained that will be 

needed in the next chapter. Also some general properties relating 

Green's pairs on a semigroup to the usual Green's relations on a semi 

group are developed. 

Definition 2.1. Let GPX denote the category consisting of all 

triples (X,A,P) where X is a set and (A,P) is a Green's pair on 

X and a morphism F from (X,A,P) to (X,A,P) is a triple 

((X,A,P), (X,f,X), (X,I,P)) where f:X^X is a function from X to 

X satisfying the following two conditions: 

(i) for every A e A and for every x z dom A there exists 

A e A (depending on both A and x ) such that the fol-

lowing diagram commutes 

f 
R x) > R(f(x))

R(x) 

A 
R(x) ^ R(f(x)) 

f 
X X 

i.e. Af(z) = f(Az) for all z z R(x) , 

(ii) for every p e P and for every x e dom p there exists 

p e P such that the following diagram commutes 

12 



13 

ft 
L(x) L(f(x))

|L(x) 

L(x) ^ L(f(x)) 
f 

X X 

i.e. f(zp) = (f(2))p for all z e L(x) . 

Now if H,F e Mor(GPX) , say H= ((X,A,P), (X,h,X), (X,A,P)) and 

F= ((X,A,P), (X,f,X), (X,A,P)) , then 

For E ((X,A,P), (X,foh,X), (X,A,P)) . (The arguments will be written 

on the right.) 

aNow since the precise notation for a morphism is cumbersome, 

less precise notation will be adopted. If 

F = ((X,A,P), (X,f,X), (X,A,P)) e Mor(GPX) , then this will be stated 

by "f e Mor(GPX)" or by "f:(X,A,P) (X,A,P) is in Mor(GPX) ." 

Also if (A,P) and (Ai,Pi) are Green's pairs for the set X with 

((X,A,P), (X,f,X), (X,A,P)) and ((X,Ai,Pi), (X,f,X), (X,A,P)) in 

Mor(GPX) , then (with an abuse of notation) "f" will stand for both 

.morphisms f:(X,A,P) (X,A,P) and f:(X,Ai,Pi) ^ (X,A,P) 

Clearly with the above definition, GPX forms a category. 

Definition 2.2. Let GP denote the subcategory of GPX con 

sisting of all (S,A,P) £ obj(GPX) such that S is a semigroup, 

(A,P) is a Green's pair for the semigroup S , and f e Mor(GP) iff 

f e Mor(GPX) and f e Mor (Sgp). 

Definition 2.3. Let GTX denote the category of all 5-tuples 

(X,<(L),<(R),G,D) where X is a set and (<(L),<(R),G,D) is a Green's 
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theory on X , and if are(X,<(L),<(R),G,D) and (X,<(i),<(R),G,D) 

in obj(GTX) , then a morphism F from (X,<(L),<(R),G,D) to 

(X, <(T) , < (^) ,G,D) is a triple 

((X,l(i),l(R),G,D), (X,f,X), (X,<(L),<(R),G,D)) where f:X^X is a 

function from X to 
areX such that the following four conditions 

satisfied: 

(i) fxf(<(L)) C<(L) ; 

(ii) fxf(<(R)) C<(R) ; 

for all(iii) f(Gy,z) = G^^^^f(z) for all (y,x) e £(L) and 
z e R(x) ; 

(x) 
for all (y,x) c <(R) and for all(iv) f(zDp = f(z)Df(y) 

z e L(x) . 

Now if H= ((X,<(L),<(R),G,D), (X,h,X), (X.^d) , < (R) ,G ,D)) and 

F = ((X,<(I),<(R),G,D), (X,f,X), (X,<(L),<(R),G,D)) are in Mor(GTX) , 

then FoH = ((X,<(L),<(R),G,D), (X,foh,X), (X,<(I).<(R),G,5)) (The. 

arguments will be written on the right.) 

Now as in the categories GPX and GP a less precise notation 

will be adopted by referring to 

F= ((X,<(L),<(R),G,D), (X,f,X), (X.<(I),<(R),G,D)) in Mor(GTX) as 

just "f e Mor(GTX) or f:(X,<(L),<(R),G,D) (X,< (I) ,^(R) ,G,D) is 

in Mor(GTX) . 
Tf 
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Definition 2.4. 
con-Let GT denote the subcategory of GTX 

sisting of all (S,£(L),<R),G,D) e obj (GTX) such that S is a semi 

group, (<(L) ,<(R) is a Green's theory on the semigroup S , and 

f £ Mor(GT) iff f e Mor(GTX) and f e Mor(Sgp). 

The above definitions define the categories GP and GT . 

Several "natural" definitions for the morphisms in the category GP 

exist. Each has its advantage over the others, but the reason for 

choosing the above for the definition of a morphism in GP is that the 

categories GP and GT are equivalent (to be shown later) and the 

definition is a "middle of the road" definition in terms of restric' 

tions. Also morphisms in GP preserve the semigroup structure and the 

translation of L and R sets. Hence the L and R quasi-orders 

are preserved by morphisms in GP . 

In the following. the categories GP and GT are shown to be 

equivalent. That the categories GPX and GTX are equivalent will 

also follow from the proofs. 

Theorem 2.5. If A:GP GT asis defined by taking A(S,a,P) 

defined in Chapter I for (S,A,P) e obj(GP) and A(f) = f for 

Mor(GP) functor.f £ , then A is a (Note the abuse of notation; if 

f:(S,A,P) ^ (S,A,P) , then 

A(f) f :(S,<(!),<(R),G,D) ^ (^,<(1),<(R),G,D) .) 

PROOF. By Theorem 5.1 of [3] A(S,A,P)£ obj(GT) whenever 

(S,A,P) £ obj(GP) . Now let f:(S,A,P) (S,A,P) be a morphism in 

isGP . It must be shown that f : (S,£(L) ,£(R) ,G,D)-^ (?,£(!),< (R) ,G,D) 

a morphism in GT . Since f e Mor(GP) , f:S -> S is a homomorphism. 
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Now parts (i) and (ill) of Definition 2.3 will be shown. It will fol 

low dually that parts (ii) and (iv) of Definition 2.3 also hold. Let 

<(L) Then exists(y,x) e . there A e A such that Ax = y (by the 

definition of £(L) ). Now since f e Mor(GP) there exists A e A 

such that Af(z) = f(Az) for all z e R(x) . In particular 

Af(x) = f(Ax) = f(y) and it follows from the definition of <(L) that 

(f(y),f(x)) £ _<(L) . To show part (iii), let (y,x) e <(L) and 

z e R(x) . As in the above this gives a A £ A and a A £ A such that 

Ax = y and Af(w) = f(Aw) for all w £ R(x) . Thus Af(z) = f(Az) . 

Since Ax = y , = A (see Theorem 5.1 of [3]). Also 
y R(x) 

ThereforeAf(x) = f(y) given gJ j = I - •R(f(x)) 

Definition 2.3f(GyZ) = f(Az) = Af(z) = ^l^^f(z) and part (iii) of 
follows. Hence f c Mor(GT) . 

Clearly since A(f) = f , A preserves identities and composi 

tion of morphisms. Thus A is a functor. 

Lemma 2.6. Let (S,A,P), (S,A,P) £ obj(GP) and let f;S -> S be 

a homomorphism. If 

A’ = {A £ A:if X £ dom A , then there exists A £ A such 

that Af(z) = f(Az) for all z £ R(x)} 

and 

P' = {p £ P:if X £ dom p , then there exists p £ P such 

that f(z)p = f(zp) for all z £ L(x)} , 

then (S,A’,P') £ obj(GP) and f: (S,A' ,P') -> (S,A,P) isinMor(GP) . 
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PROOF. To show (S,A',P') £ obj(GP) , first note that 

1 £ A’ n p» 
o . Now since (S,A,P) £ obj(GP) and (A',P') C (A,P) , 

conditions (iii), (iv), and (v) in the definition of a Green's pair on 

S are satisfied by (A',P') . Now A' will be shown to be closed 

under composition. That P is closed under composition will follow 

dually. Let Ai,A2 £ A' and let x e dom A2°Ai • Now by the defini-

tion of A' , there exist Ai,A2 £ A such that fCAjz) = A^fCz) for 

all z £ R(x) and f(A2z) = A2f(2) for all z £ R(A;^x) . Therefore 

f((A2oAi)z) = f(A2(Aiz)) =l2f(Aiz) = A2lif(z) = d2°Ii)f(z) for all 

z £ R(x) . Now since A2°A2 £ a , it follows from the definition of 

A that A20A1 £ A' . Thus A' is closed under composition. Hence 

(S,A',P') £ obj(GP) . 

Clearly it follows from the choice of (A',P') that 

f:(S,A',P') ^ (S,A,P) is in Mor(GP) . 

Theorem 2.7. If B:GT GP is defined by taking 

5(S,_<(!),_<(??) ,G,D) as defined in Chapter I for 

(S,_<(L) ,£(R) ,G,D) £ obj(GT) and 8(f) = f for f £ Mor(GT) , then 

8 is a functor. »l_ If(Note the abuse of notation in saying 8(f) f .) 

PROOF. By Theorem 5.7 of [3] 8(S,^(1),£(R),G,D) denoted by 

(S,A,P) is a Green's pair whenever (S,£(L) ,■<(??) ,G,D) £ obj (GT) . Now 

let f:(S,<(L),<(R),G,D) ^ (S,<(I),<(R),G,D) be a morphism in GT . 

It must be shown that f:(S,A,P) ^ (SyJ,?) is a morphism in GP . Now 

f £ Mor(GT) gives f:S S is a homomorphism. Thus apply Lemma 2.6 

to obtain a Green's pair (A',P') on S such that 

f:(S,A',P') ^ (S,A,P) . Now f £ Mor(GT) also gives 
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z t R(x) . Thereforef(GyZ) = for all (y,x) e <(L) and 
.by the definition of A' , e A' for all (y,x) e <(L) Now A 

is generated by the set M = {G^:(y,x) s <(L)} U {1 } . Hence A C a' • 
y s 

But by the definition of A' , A' C A . Hence A' = A . Dually 

P' = P . Therefore (S,A',P') = (S,A,P) and f:(S,A,P) ^ (sJ.P) is 

in Mor(GP) . 

Clearly since 8(f) = f , 8 preserves identities and composi 

tion of morphisms. Hence 8:GT ->• GP is a functor. 

Theorem 2.8. The categories GP and GT are equivalent. 

PROOF. It will be shown that Aog = and 8oA = 1^GT GP * 

According to Theorem 5.8 of [3] Ao8(S,£(L),£(R),G,D) = (S,£(L),£(R),G,D) 

for all (S,<(L),<(R),G,D) e obj(GT) . Therefore since Ao8(f) = f 

for all f e Mor(GT) , Ao8 = 1
GT ■ 

Now to show 8oA = l^p , let (S,A,P) e obj(GP) and let 
(S,A,P) = 8A(S,A,P) . To show 8oA 

a,

= Igp , it suffices to show 

l3:(S,A,P) -»■ (S,A,P) is an isomorphism, Obviously IgiS ^ S is an 

isomorphism in Mor(Sgp) . First Lemma 2.6 will be used to show 

lg:(S,A,P) -> (S,A,P) is in Mor(GP) . Hence let (y,x) e <(L) and 

, there isconsider G^ . Now by the definition of G^ in Tr2A(S,A,P) 
a A e A such that y = Ax and ^ Thus

R(x) • 

= 13(^2) = Az = A(lgZ) for all z £ R(x) . Dually for each 

(y,x) e £(R) , there is a p e P such that l„(zD^) = (l„z)p for all
b y b 

z £ L(x) . Now since A and P are generated by the sets 

{Gy:(y»x) £ £(L)} U {D^!(y>x) £ £(R)} U {Ig} respectively, 
in Mor(GP) . Nowapply Lemma 2.6 to obtain lg:(S,A,P) -»• (S,A,P) is 
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to show lg:(S,A,p) ^ (S,A,P) is in Mor(GP) (and hence that 

Ig'CSjAjP) (S,A,P) is an isomorphism) let A. e A and x e dom A , 

Let y = lx . Then s A and G
X

= A Therefore 
y R(x) • 

Ig(lz) = for all z £ R(x) . Dually, if p e P andG^(lgZ) 
X e dom p there is a p e P such that Ig(zp) = (lgZ)7 for all 
z e L(x) . Hence by Definition 2.2 lg:(S,A,P) (S,A,P) is in 
Mor(GP) . This gives lg:(S,A,P) ^ (S,A,P) is an isomorphism. There-

'\j 

fore 8oA = 

Corollary (of proof) 2.8. AoB = 1 
GT and lg:(S,A,P) ^ A°8(S,A,P) 

is an isomoprhism for all (S,A,P) £ obj(GP) . 

Proposition 2.9. If f:(S,A,P) ^ (S,A,P) is in Mor(GP) and 

(S,A',P') = 8A(S,A,P) , then for each A' £ A' there is a A £ A such 

A tthat f(A'x) = Af(x) for all x £ dom and dually for each p'
I 

£ P' 

there is a p £ P such that f(xp) = f(x)p for all x £ dom p' . 

PROOF. By Corollary 2.8 lg:(S,A',P’) ^ (S,A,P) is an isomor-
phism. Now consider any A' £ A'

? 

. If A r 

= G^ for some (y,x) e ^(L) 
.where (S,£(L),£(R),G,D) = A(S,A,P) , then x £ dom A' Thus 

f olg: (S,A',P') ^ (sji,?) in Mor(GP) and X £ dom A' imply the 

existence of some Y £ A such that f(A’z) = f(GyZ) = rf(z) for all 
z £ R(x) = dom A' . Now if A’ = G^^o . . . oG ^ for some 

yi yn 

(yijXf) £ f_(l) with 1 _< i n , then there exist A 1 » • • • > A., £ A 
n 

such that f(G^^iz) = Lf(z) for all z E R(x^) with 1 1. i £ II (by 
X

the first case with A' if z £ dom A' ,Therefore then= Gy ). 
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fCA'z) = f(G^lo . . oG 
yi 

X 

Let= AiA2f(G^^o • • • °G^nz) = . . - A]^A2 . . . A f(z) .
73 yn n 

A = A^oA20 • . oA £ A , then f(A'z) = Af(z) for all z e dom A' . 
n 

Proposition 2.9 shows that whenever the codomain of a morphism 

is in the image of the functor B°A , then a stronger statement may be 

made pertaining to the Green's pairs involved. This will be used quite 

often when coextensions are dealt with in Chapter III. 

One may view the functor 8°A as giving "the smallest Green's 

pairs" in the sense that the domains of the partial translations in 

volved are the smallest possible so that the identity morphism in Sgp 

gives rise to an isomorphism in GP . The next theorem demonstrates 

a functor from GP to GP that gives "the largest Green's pairs. 
tf 

But first the following lemma is needed. 

Lemma 2.10. If lg:(S,A,P) ^ (S,A,P) is an isomorphism in 

Mor(GP) with A' e X , then (S,<A U {A'}> ,P) e obj (GP) and 

lg:(S,A,P) (S,<A U {A'}> ,P) is an isomorphism. 

PROOF. In order to show (S,<A U {x'}> ,P) e obj (GP) , first 

note that conditions (i), (ii) and (v) in the definition of a Green's 

pair on S are clearly satisfied. 

Now to show conditions (iii) and (iv) hold between A' and 

members of P , let p e P and x £ dom A’ H dom p . Since 

lg:(S,A,P) (S,A,P) is an isomorphism, ^(L) = ^(L) and £(R) = _<(R) . 

Thus xp £ xP = R(x) = R(x) C dom A' and A'x £ Ax = L(x) = L(x) C dom p . 
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This gives condition (iii) for A' and members of P . Also since 

lg:(S,A,P) -> (S,A,P) is an isomorphism there is a p' e P such that 

wp' = wp for all w e L(x) . Hence 

A'(xp) = A'(xp') = (A'x)p ' - (A'x)p and condition (iv) holds between 

A' and members of P . 
conSince (A,P) is a Green's pair for S , 

ditions (iii) and (iv) hold for (A,P) . Thus conditions (i)-(v) are 

satisfied by the generating sets A U {A'} and P . Hence 

«A U {A'}) ,P) is a Green's pair on S according to Lemma 5.3 and 

Corollary 5.5 of [3]. 

Now to show lg:(S,A,P) ^ (S,<A U {A'}> ,P) is an isomorphism. 

first note that (A,P) C «A U {A'}> ,P) gives 

lg:(S,A,P) (S,<A U {A'}> ,P) is a morphism. Now apply Lemma 2.6 with 

the homomorphism 1^:S ^ S and (S,<A U {A'}) ,P),(S,A,P) e obj (GP) . 

Since A U {x' } C A' (where A is defined as in Lemma 2.6) as shown 

in the above, Lemma 2.6 gives lg:(S,<A U {A'}> ,P) ^ (S,A,P) is a 
morphism, and thus an isomorphism. 

Theorem 2.11. If F:GP -»■ GP is defined by F(S,A,P) = (S,A,P) 

for (S,A,P) E obj(GP) where 

(A,P) = U {(A’,P'):lg:(S,A,P) ^ (S,A',P') is an isomorphism} and 

F(f) = f for f e Mor(GP) , then F is a functor and 

lg*(S,A,P) F(S,A,P) is an isomorphism. 

PROOF. First F(S,A,P) = (S,A,P) is shown to be in obj(GP) 

whenever (S,A,P) e obj(GP) . Clearly conditions (ii) and (v) in the 

definition of a Green's pair are satisfied. Now J is shown to be 

closed under composition. If Ai,A2 e A , then there exist Green's 
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pairs (Ai,Pi) and (A2,P2) on S such that A e A1 1 > A2 e A2 j 

lg:(S,Ai,Pi) ^ (S,A,P) is an isomorphism, and lg:(S,A2,P2) (S,A,P) 

isis an isomorphism. By Lemma 2.10 lg:(S,(Ai ^ {A2}> ,Pi) (S,A,P) 

an isomorphism. Thus A10X2 £ <Ai U {A2}> Cj . Hence A is closed 

under composition. Dually P is closed under composition. 

Next conditions (iii) and (iv) are shown for (K,f) . Let 

(A,P) £ (A,P) and X £ dom A H dom p . Then there are Green's pairs 

(Ai,Pi) and (A2,P2) on S such that A £ A 1 » P £ P2 , 

(S,A,P)lg:(S,Ai,Pi) (S,A,P) is an isomorphism, and lg:(S,A2,P2) 
is an isomorphism. By Lemma 2.10 (S,(A2 U {A}> ,P2) £ obj (GP) . Thus 

(A,p) £ «A2 {A}> ,P2) and (S,(A2 {A}) ,P2) £ obj (GP) give condi 

tions (iii) and (iv) hold for (A,p) , and hence for (T,?) . Therefore 

(S,A,P) £ obj(GP) . 

is an isomorphism, note firstNow to show lg:(S,A,P) -> (S,A,P) 

that since (A,P) C (K,F) lg:(S,A,P) ^ (S,A,P) is a morphism. To 
Lemma 2.6 and notesee that lg:(S,A,P) -> (S,A,P) is a morphism apply 

that (A,P) C (A',P') (where (A',P') is defined in Lemma 2.6) fol-

lows from the definition of (A,P) . isHence lg(S,A,P) -> (S,A,P) 
an isomorphism. 

Now to finish the proof that F is a functor first note that 

since F(f) = f for f e Mor(GP) , F preserves identities and 

composition of morphisms. Hence it suffices to show that 

F(f) e Mor(GP) . Thus let f(S,A,P) (Si,Ai,Pi) be in Mor(GP) . 

Hence F(S,A,P) = (S,A,P) (S,A,P)X(Si,A,,Pi) Is 
(Si,Ai,Pi) - F(Si,Ai,Pi) 

F(f) 

and F(f) e Mor(GP) . 
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Corollary 2.12. F is full and dense. 

Corollary 2.13. For a fixed (S,A,P) e obj(GP) the set 

{(A',P’):lg:(s,A,P) ^ (S,A',P') is an isomorphism} forms a Join 

semilattice with supremum (K,?) where (S,A,P) = F(S,A,P) and join 

is defined by (Ai,P2)V (A2,P2) = « Aj UA2>,<Pi U P2> ) . 

The previous results have dealt almost exclusively with the facts 

pertaining to the categories GPX , GP , GTX , and GT that will be 

needed in Chapter III. The following results give a more detailed 

description of how certain Green's pairs are obtained and are related 

to the usual Green's pair for a semigroup, Also these results show 

certain relationships exist between certain previously obtained general 

izations of Green's relations; see [1], [3], [8], [9], and [12]. In 

fact, as will be shown, for most applications all of these generaliza 

tions (except that of Clark and Carruth) can be described using the 

generalization given by Anscombre [1]. An example is given to show 

that the generalization given by Anscombre is not as general as that 

given by Clark and Carruth [3]. 

First the following construction is needed. 

A construction 2.14. As pointed out in the definition of an 

ideal, the empty set is allowed as an ideal. Throughout this construc 

tion this fact will be used often without mentioning. Now let 

(S,A,P) e obj(GP) such that dom A is a right ideal of S for each 

A s A and dom p is a left ideal of S for each p e P . Let F 

denote the free semigroup generated by A U S U P . The multiplication 
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in F If ,as stated in Chapter I is denoted by while the multiplica-

tion in S is denoted by juxtaposition. Define a word 

X 2 • X 2 * X 3 . . • F to be reduced iff it has the following three 

properties: 

(i) if x^ e S for some 1 _< i £ n-1 , then x i+1 

(ii) if x^ e A for some 1 £ i _< n-1 , then X . i
^
dom X.

1+1 1 

(iii) if x^ e P for some 2 _< i £ n , then x i-1 ^ dom x^ . 

Let T = {z £ F:z is reduced} . First note that A U S U P C T . Now 

Lemmas 2.15 and 2.16 and Theorem 2.17 will give an associative multipli 

cation (denoted by * ) on T such that S is embedded in T as a sub 

semigroup. Theorem 2.26 will show that <(L) = SxS n <(1^) and 
<(R) = SxS n and thus one will have the existence of a semigroup T 

containing S as a subsemigroup such that the relations associated 

with (A,P) are precisely the restrictions to S of the usual Green's 

relations on the semigroup T . 

Before establishing Lemma 2.15, some notation is introduced. 

First let l(z) denote the length of z for z £ F and let 

T_ = {z:z e T and l(z) = n} for each n e IN (n > 0) Definen . 

r^rT^xT^ -v T by 

xy if xy e S 
TT 

1 (x,y) = 
x*y otherwise . 

More explicity, for A,Ai,A2 e A , s,t £ S , and P ,P 1 e P-’,P2 
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tti(A,p) = A-p 

■^l(Pl>P2) = PrP2 TTi (s, X) = s* A 

As if s £ dom A TT 1 (s,t) = St 
7ri(A,s) = 

\ A's otherwise 

tti(p,A) = p*A 
sp if s £ dom p 

=TTi (s,p) 
s*p otherwise TT 

1 (p,s) = p*s . 

Lemma 2.15. There is a multiplication *:TxT T which is 

defined recursively beginning with TTl . 

PROOF. The author is indebted to C, E. Clark for suggestions 

which led to the following improved version of the original proof, The 

proof is based upon the Recursion Theorem. First let 

X = {f f is a partial function from TxT into T such that 

dom f = T^xT for some n £ <N} . 
n 

Define F:X ->■ X by FCfrT^xT^ T) = (gtTjxTn+1 T) where the partial 

function g is defined by 

f(^1 (x,yi),y2 . . . if iriCx.y^) £ S 
g(x,yi-y2 . • • ^n+l) ■ 

Otherwise .x-yi-y2 . . • ^n+l 

, 

1 
Clearly since f £ X f ('n’l (x,yi) ,y2 . . . e T whenever 

''''l(x,yi) e S . Hence g £ X and F is a function. Now since 

trirTixTi T is in X , one has by the Recursion Theorem the existence 

of a map n:iN X such that nd) = ttj and n(n+l) = F(n(n)) . Let 

TT = n (n) for n £ N and define TT 
n mi = 

U 
n . Clearly since

ncN 

dom IT. n dom tt □for i # j , m 
1 is a function from TixT into

1 1j 

T . Now let 
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Y = {f f is a partial function from TxT into T such that 

dom f = T XT for some n e IN} . 
n 

Define G:Y ^ Y by G(f :T^xT -s- T) = (g:Tn+1 xT T) where the partial 

function g is defined by g(xi . . • ^n+1)") = • 
Clearly it follows from the definition of f and mi that g is in 

Y . Hence G is a function. Now since mi e Y , one has by the 

Recursion Theorem the existence of a map pr/N -> Y such that n(l) = m 

and n(n+l) = G(n(n) . Let nijj = p(n) and define 

* n^ • 

Thus dom * = TxT and *:TxT T is the desired multiplication. Writ 

ten explicitly * = tti on TixTi and if Zi,Z2 £ T , say 

zi = xi . . . x^ and Z2 = yi . . . ym with m,n > 1 , then 

X1.X2 . . . Xn-yi.y2 . . . Ym if X
n •Yl £ T 

Zi*Z2 = 

(xi-X2 . . . (Xn*Yi)*(Y2 • • • Ym)] otherwise. 

Lemma 2.16. The multiplication *:TxT ^ T defined in 

Lemma 2.15 is associative. 

PROOF. Let One must showZi,Z2,Z3 e T . 

(zi*Z2)*Z3 = Zi*(z2*Z3) . The proof is by induction on 

£(zi) + £(z2) + -^(Z3) . (Note that the "empty word" is not in T .) 

If t{zi) + £(z2) + t{zi) = 3 , then the following cases must be 

checked where A,Ai,A2 £ A , s,si,r>2 £ S , and p,Pl,P2 £ P : 
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(A*s)*p = A*(s*p) (s*A)*p = s*(A*p) 

(A*s)*si = A*(s*Si) (s*A)*s 1 = s*(A*Si) 

(A*s)*Ai = A*(s*Ai) (s*A)*Ai = s*(A*Ai) 

(■A*Ai)*p = A*(Ai*p) (s*si)*p = s*(si*p) 

(A*Ai)*s = A*(Ai*s) (s*Si)*S2 = S*(Si*S2) 

(A*A]^)*A2 ~ A*(A^*A2) (s*Si)*Ai = s*(si*Ai) 

(A*p)*p^ = A*(p*pj) (s*p)*p2 = s*(p*p2) 

(A*p)*s = A*(p*s) (s*p)*S2 = s*(p*S2) 

(A--'-p)*Ai = A*(p*Ai) (s*p)*A 1 = s*(p*Ai) 

(p*s)*Pi = p*(s*pi) (p*A)*A = p*(A*A) 

(p*s)*si = p*(s*Si) (p*Pl)*P2 = p*(pi*P2) 

(p*s)*A = p*(s*A) (p*Pl)*S = p*(p^*s) 

(p*A)*pi = p*(A*Pi) (p*Pl)*A = p*(pi*A) 

(p*A)*s = p*(A*s) 

*These cases follow straight forwardly from the definition of , the 

fact that S is a semigroup, and the hypothesis on (A,P) . It should 

be pointed out that the fact that dom A is a right ideal and dom p 

is a left ideal for every (A,p) e Axp is used to show 

(A*s)*si = A*(s*si) and (s*si)*p = s*(si*p) . 

Now after dispensing with the initial step of the induction, the 

next step is broken up into several cases. First assume by way of in 

< nduction that (zi*Z2)*Z3 = Zi*(z2*Z3) whenever i(z^) + £(z2) + Kz^) 

(n > 1) = X . Xand Zi,Z2,Z3 c T . Let Wi , W2 = yi . . . y^ , 
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and W3 = ui . . . Ujjj where ef + ^ + m = n and Wi,W2,W3 £ T . It 

must be shown that (wi*W2)*W3 = wi*(w2*W3) . The following cases 

will be considered in order: 

(i) and
Xfe-yi y^'ui E T 

(ii) and k,l,m > 1 

(a) y^-ui i T 
(b) £ T

y^-ui 

(iii) x^-yi E T and k = 1 , £,m > 1 
(a) y^-ui t T 

(b) y^-u^ £ T 

(iv) all other cases . 

Now consider case (i). By the definition of * , 

(wi*W2)*W3 = (xi . . • X(^'yi . . . y^)*W3 
= x^ . . • ^ 

= Xi . . ■ \-(yi ■ ■ • • • • ^m) 

= X . . . x^'(W2*W3) 

= Wj*(w2*W3) . 

Now consider case (ii). Since x^-yi i T , X,*yife £ S . Hence 

let for some s e S . Thuss = x^*yi 
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(w^*W2)*W3 = ((x 1 • 

= ((xi . . • • • • y£)])*W3 
(by the ind. hyp.)= ([(xi . . . x^_^)*s]*(y2 . . . y^))*W3 

^_3_)*s] *((y2 . . . y^)*W3) (by the ind. hyp.) 

^_j_)*[s*((y2 . . . y^)*W3)] (by the ind. hyp.) 

x^_l)*[ (s*(y2 . . . y^))*W3] (by the ind. hyp.) 
^ 2 •= (xi . . . x^_^)*[[(x^*yi)*( • • y^)]*W3] 

= (xi . . • tx^*(y ry2 • • • y^)]*W3] (by thedef. of *) 

= (xi . . . (yi • • • y£)*W3]] (by the ind. hyp.) . 

Now to finish case (ii), consider the two subcases. First (a). If 

for some t e S .y^*ui ^ T , then y^*u^ £ S . Hence let t = y^*^! 
Therefore as in the above, one has the following 

(from above)(W3*W2)*W3 = (xj . . . x^_^)*[x^*[w2*W3]] 
= (xi . . • • • • y£_i)*[(y^*ui)*(u2 • • • 
= (Xi . . • • • • y£_i)*tt*(u2 . . . >%)]]] 
= [(xi . . • • • • V]] 

= Wi*[(yi . . . y^_^)*[(y^*ui)*(u2 . . • Um)]] 
(by def. of *)= wi*[(yi . . . y^)*(ui • • • %)] 

= W3*(W2*W3) . 

Now in case (b), 
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(wi*W2)*W3 = (xi . . . x^_^)*[x^*[w2*W3] ] 
= (xi . . • • %3]. y^-ui . 

= (xi . . . y^-ui . 

(by def. of *) 

= (xi . . (by def. of *)• x^)*(yi . . . y^-ui . . . Ujh) 
= wi*(w2*W3) . 

Hence in case (ii), (wi*W2)*W3 = wi*(w2*W3) . 

1Now consider case (iii) (a). If y^’^i ( T , then let t = y^’U 
for some t e S . Thus 

(wi*W2)*W3 = (xi*(yi . . . y^))*W3 

= (xi-yi . . . y^)*W3 

= (xi-yi . . . y^)*(ui . . . Ujjj) 

= (xi-yi . . . y^_^)*[(y^*ui)*(u2 . . - VI 

= (xi-yi . . . y^_^)*[t*(u2 . . . Uj^)] 

= (xi*(yi . . . y^_3^))*[t*(u2 . . . Uj^)] 

= xi*((yi , . . y^_^)*[t*(u2 . . . u^)]) 

= xi*((yi . . . y^)*(ui . . . u^)) 
= W3*(W2*W3) . 

Now case (iii) (b) is just a subcase of case (i). Hence in case (iii), 

(W3*W2)*W3 = Wi*(w2*W3) . 

Now all the other cases such as T with ef = 1 ,x^-yi c 

1=1, m > 1 , etc.follow from similar arguments or are subcases of 

the above cases. Hence the proofs are omitted. Therefore 



31 

=(wi*W2)*W3 = Wi*(w2*W3) whenever ^(w^) + £(w2) + £(w3) n . Thus 

* is associative. 

The above construction gives the following theorem. 

Theorem 2.17. If (S,A,P) e obj(GP) such that dom A is a 

right ideal of S for all A e A and dom p is a left ideal of S 

for all p e P , then the set T constructed in 2.14 along with the 

multiplication * defined in Lemma 2.15 form a semigroup containing 

S as a subsemigroup. 

Corollary 2.18. If h:F ■> T is defined by 

xi* . . . if n > 1 
h(x^ . . . x^) = 

XI otherwise , 

then h is a homomorphism onto T. 

PROOF. Since * is an associative multiplication from TxT 

into T and x^eAUsUpCT for 1 < i < n , one has h is a 

well-defined function from F onto T . (Note h rp = 1^ .) Now by 
the associativity of * , 

h((xi . . . x^).(yi . . . y^)) = hCxj . . . x^-yi • • • Fm) 

= xi* . . . *Xn*yi* . . • ym 

= (xi* . . . *xn)*(yi* . . . *yiii) 

= h(xi . . . x^)*h(yi . . . yj . 

Thus h is a homomorphism. (Note that it is assumed that the "empty 

word
fl

is not in F .) 
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Corollary 2.19. Let C denote the congruence generated by the 

relations 

{(A.s,As):A £ A and s £ dom A} U {(s*p,sp):p £ P and s £ dom p} in 

F . Then T
%

= F/C . 

PROOF. By Corollary 2.18 the map h:F ->■ T is a homomorphism 

onto T . Clearly it follows from the definition of h and that of * 

'X, 

that ker h = C . Thus T = F/ker h = F/C . 

Theorem 2.17 and its proof are generalizations of a result ob 

tained by Tamura and Graham (see Theorem 1 in [11]) where they answered 

the following question posed in [4]: If S is a semigroup, then what 

are necessary and sufficient conditions on S so that there is a semi 

group T containing S as an ideal of T and every [left, right] 

translation of S is induced by some inner [left, right] translation 

of T . Also the construction in 2.14 is a generalization of that 

presented in [10]. 

Let GP denote the full subcategory of GP whose objects con 

sist of all (S,A,P) £ obj(GP) such that dom A is a right ideal 

(possibly empty) of S for each A £ A and dom p is a left ideal 

(possibly empty) of S for each p £ P . If one considers a fixed 

(S,A,P) £ obj(GP) and the semigroup T constructed in 2.14, then the 

following corollary shows that the quasi-orders <(L) and <(R) on S 

can be induced by inner translations on T . 
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Corollary 2.20. If (S,A,P) e obj(GP) , then there is a Green's 

pair (A',P') on T (as constructed in 2.14) such that 

<(L) = SxS n <(!') and 

<(R) = SxS n <(R') . 

PROOF. Let A' be the subsemigroup generated by 

be the subsemigroup generated by{X:A £ A} U {1^} in and let P 

{p:p e P} U {1^} in . Let a e S . Then clearly 
.L(a) = Aa C A'a . Hence ,L(a) C s H A'a = S H L'(a) Now if 

•z e S n L'(a) , then z = . . . *Xjj*a for some X y X_
n 

e A . 

Now as will be shoxm in Lemma 2.25 Xi* . . . X *a = Xi(. . .(X a). . .)
^ XI n 

which is in Aa . Thus z e L(a) and S H L'(a) C L(a) . Therefore 

L(a) = S n L'(a) for every a e S . Hence ■<(!) = SxS H <(L') . Dually 

one has <(R) = SxS n <(R») . 

Now with the previous construction completed, one is able to 

compare the generalizations obtained by Wallace [12], Anscombre [1], 

Mark! and Steinfeld [8], and Pastijn [9]. First for the sake of com 

pleteness, the definition given by Anscombre is stated in the case of 

semigroups. 

of theDefinition 2.21 [Anscombre]. Let S be a subsemigroup 

monoid D . Then a pair (A,P) is said to be a generalized Green's 

pair (as defined by Anscombre) on S if (A,P) satisfies the follow 

ing three properties: 

(i) A is a subsemigroup of ILT(D) and P is a subsemigroup 

of IRT(D) , 

https://NowaswillbeshoxminLemma2.25
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(ii) both A and P contain the identity, and 

(iii) for all a e S , for all A e A , and for all p e P , 

if Aa e S and ap e S , then Aap s S . 

Clearly a Green's pair (A,P) as defined by Anscombre is also 

a Green's pair as defined by Clark and Carruth. One also has the fol-

lowing result. 

Theorem 2,22. If (£(L),£(R)) is a pair of quasi-orders on a 

semigroup S , then the quasi-orders <_(L) and ^(R) are induced by 

a Green's pair (A,P) with (S,A,P) e obj(GP) iff they are induced 

by a pair (A',P') as defined by Anscombre. 

PROOF. If (:i(^),£(R)) is induced by a pair (A,P) with 

(S,A,P) e obj(GP) , then by Corollary 2.20 one has the existence of a 

pair (A',P') on a semigroup which clearly satisfies the defini-

tion given by Anscombre. Now as noted earlier each pair (A',P') 

satisfying Anscombre's definition is also a Green's pair. 

Now let GP denote the full subcategory of GP whose objects 

consist of all (S,A,P) e obj(GP) such that L(x) is a left ideal of 

S for each x e S and R(x) is a right ideal of S for each x e S . 

By Theorem 7.9 in [3], one has GP is a subcategory of GP , i.e • 9 

L(x) a left ideal of S for each x e S implies dom p is a left 

ideal for all p e P and dually for R and A . Now in examples 8.13, 

8.15, and 8.16 in [3], Green's pairs are described that show in general 

that those generalizations in [1], [8], [9], and [12] (as far as the 
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quasi-orders are concerned) are subcategories of ^ . (Actually the 

Green's pairs describing these generalizations are given. It follows 

that these Green's pairs satisfy the necessary conditions to be in 

GP .) To be more specific the generalizations described by Marki and 

Steinfeld [8] and Pastijn [9] can be realized by Green's pairs which 

are in the category GP • Now in view of Theorem 2.22 one sees that 

(as far as the quasi-orders are concerned) the generalizations in [8], 

[9], and [12] are special cases of that described by [1]. 

Now one might ask the following question: If (<(L),<(R)) is a 

pair of quasi-orders obtained from a pair (A,P) with 

(S,A,P) e obj(GP) , then can (^(L),£(R)) be realized by a pair 

(A',P') with (S,A',P') e obj (GP) ? That is, is the generalization 

given by Anscombre as general as that given by Clark and Carruth? The 

answer in general is no. The following example demonstrates this fact. 

Example 2.23. Let S be the semigroup formed by the following 

Cayley table. 

e f a 

e e e e e 

f f f f f 

g S g g g 

a e e f e 

Let A = ^ where p is the map {a h- g} . Note 

that p2 = □ and a ^ . Thus p e PRT(S) . This gives 

(S,A,P) e obj(GP) . Also note that dom p is not a left ideal of S . 
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Now if the quasi-orders <(L) and <(R) on S can be realized from 

a pair (A',P') on S satisfying 2.21, then one has the existence of 

a semigroup T containing S such that the map p can be considered 

as an inner right translation of T . Hence extending p to a trans 

lation on S , one has 

e = eg = e(ap) = (ea)p = ep = (aa)p = a(ap) = ag = f . But e ^ f . 

Therefore there does not exist such a semigroup T . 

Now the above example also shows that in general one cannot do 

the construction in 2.14 because as noted in the example dom p is not 

a left ideal of S. 

GP .As noted before, the category GP is a subcategory of 

Hence one can apply Corollary 2.20 to each object of GP . However in 

the category GP one has even a stronger result holding which will be 

demonstrated by Theorem 2.26. 

Lemma 2.24. Let (S,A,P) e obj(GP) and let T denote the 

t for somesemigroup constructed in 2.14. If (z^ . . . z^)*s = 

zi . . . Zj^ £ T and s,t £ S , then z^ ,Z2, . . ., Zn £ A U S . 

PROOF. The proof is by induction on the length of Z1 . . . Zjj . 

the definitionIf n = 1 , then zi*s = t where s,Zi £ T^ . Hence by 

of * , IT 
1 Thus from the definition of , one has^ s 

on T^ . 

Zi £ A u s . 

for someNow assume n > 1 and whenever (zj . . . Zj^)*x = y 

Zi ... £ T , k < n , and x,y £ S , then zi, . . • > Z|^ £ A U S . 

If (zi . . . z^)*s = t , then 
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ifzi . . . z^.s 2n*s e T 
t = (zi . . . zj*s = 

otherwise .(Z1 . . . Zn_i)MZn*s) 

But if.z 1 . . z^-s ^ S . Hence t e S gives z^-s ^ T . Therefore 

X = Zn*s , then x e S, t = (z^ . . . z^_2_)*x , and by the induction 

hypothesis zi,Z2, . . . , Zn_i e A U s . Now by the first case with 

n = 1 , one has z^^s = x e S gives z^^ e A U S . Hence 

zi, . • • >^n e A U s . 

Lemma 2.25. Let (S,A,P) e obj(GP) and let T denote the semi 

somegroup constructed in 2.14. If (z^ . . . Zn)*s = t for 

zi . . . Zn t T , Zi,Z2, . . .,Zn e A U s , and s,t e S , then 

(zi . . . zn)*s = zi(z2(. . .(zns). . .)) . 

PROOF. The proof is by induction on the length of zi . . . z 
n 

If n = 1 , then zi*s = t with z^ e A U S . Thus by the definition 

of * , zi*s = TTiCz^jS) = z^s since t e S . 

Now let n > 1 and assume 

k < n and(zi . . . zj^)*x = zi(z2(. . . (z]^x). . .)) for all 

zi . . . z^ £ T such that z1> Z2, . . •, zj^ £ A U S and 

(z^ . . . Zj^)*x , X £ S . If (zi . . . z^)*s = t , then Zn-s ^ T 

since otherwise t=Zi . . . Zn*s^S . Hence 

t = (zi . . . Zn_i)*(Zj^*s) and Zn*s £ S . Let x = z^^^s and apply 

the induction hypothesis to obtain t = (zj^ . . . Zjj_]^)*x 

= zi(. . .(z^_^x). . .) = zi(. . . (Zn_i(Zjj*s)). . .) 

— Zi(. . . (z^_^ (Zj^s) ) . . .) . 
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Theorem 2.26. Let (S,A,P) e obj(GP) . Then L(x) is a left 

ideal for each x e S and R(x) is a right ideal for each x e S iff 

there is a semigroup T containing S such that 

<(1) = (SxS) n<(L^) and 

1(R) = (SXS) n <(R^) 

where are the usual quasi-orders on T .£(L^) and 

PROOF. The implication is shown first. Note that in this case 

(S,A,P) e obj(GP) and Theorem 2.17 can be applied to give the semi 

group T. 

Now it is shown that <^(1) = (SxS) H <_(L^) . Let (y,x) e £(1) . 

Hence there is a X e A such that y = Xx . Thus y = X*x by the 

definition of * 
. . Therefore (y,x) e l(i.^) and ^(L) C (SxS) H <_(L^) 

. Z £ TNow if (y,x) e (SxS) H £(1^) , then there is some Zi . . 
n 

such that y = (zi . . . z^)*x . By Lemma 2.24, Zl. • • • , 2^ £ A U S . 

Now by Lemma 2.25, y = Zi(z2(. . .(zn-1 (z^x)). . .)) . Also since 

L(x) is a left ideal for each x £ S , one has by Theorem 7.9 of [3] 

<(Ls) C <(L) . Hence if u_<(Lg)v , then u£(L)v . Therefore 
y = zi(z2(. . .(zn-1 (z^x)). . .)) along with ±(L^) C ^(L) gives the 
following string: 

https://ByLemma2.24
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y <_(L)zi(z2(. . . ((zn-1 (z^x)). . .)) 

£(L)z2(. . .(zn-1()• • •) 

<(L)z 

<L)z^x 

<(L)x . 

Now by the transtivity of <(L), y <(L)x. Therefore 

. Dually<_(L) 2 (SxS) n £(L^) and hence ^(L) = SxS n _<(L^) 

<(R) = SXS n <(R^) . 

Now to show the converse let x £ S , then ^(L) = (SxS) fl <(L^) 

gives L(x) = S n T^x for each x e S . Since S is a subsemigroup 

of T and T^x is a principal left ideal of T , L(x) is clearly a 

left ideal of S . Dually R(x) is a right ideal of S for each 

X e S . 

As a result of Theorem 2.26 one can draw the following conclu 

sion. First consider the usual quasi-orders ±(Lq) and £(Rg) on a 

semigroup S . If (A,P) is a Green's pair on S so that 

(£((-o) ) E >£(R)) » then by Theorem 7.9 of [3] 

(S,A,P) e obj(CT) . Hence the results of Theorem 2.26 follow, that is. 

the only way to enlarge the usual quasi-orders by a Green's pair is to 

have a larger semigroup containing the original semigroup. Therefore 

as far as enlarging the usual quasi-orders, the generalization given 

by Anscombre is equivalent to that given by Clark and Carruth. 



CHAPTER III 

COEXTENSIONS 

In this chapter the notation and theory of Green's pairs are 

applied to the development of coextensions. In particular the results 

obtained by Leech [7] are generalized to Green's pairs while extending 

Leech's results in general. This also Incorporates certain results 

obtained by Bowman [2] and Grillet [5]. 

The first part of the chapter deals with relations and their 

relationship to the _^(H)-quasi-order. 

Fix (X,A,P) £ obj(GPX) . Let _<R denote the small category 

with obj (_fR) = X and for every x,y e X Hom(x,y) is {(y,x)} if 

(y,x) e £(R) and empty otherwise. If (z,y),(y,x) e MorC^R) , then 

(z,y)o(y,x) = (z,x) . Dually let <L denote the small category with 

obj(£L) = X and for every x,y e X , Hom(x,y) is {(y,x)} if 

(y,x) e £(1) and empty otherwise. If (z,y),(y,x) e Mor(<L) , then 

(z»y)»(y,x) = (z,x) . 

For a pair of subsets (A,P) of PT(X) , a relation U on X 

is said to be (A,P) compatible if for all p £ P and for all 

(y,x) £ U such that y,x £ dom p , (yp,xp) e U and if for all X £ A 

and for all (y,x) £ U such that y,x e dom X , (Xy,Xx) e U . A 

quasi-order <(C) on (X,A,P) is an [L,R] H quasi-order provided 

^(C) is [(A',{1^}), ({1^},P')] (A',P') compatible where 

(X,A',P') = 8oA(X,A,P) . An [L,R] H quasi-order _<(C) on 

(S,A,P) £ obj(GP) is a [L,R] quasi-congruence on (S,A,P) if <(C) 

40 
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Hence note thatis also [ (Aq> ■fig}) > ({Ig}>Po) 5 (AojPq) compatible. 

±(C) is a quasi-congruence on (S,A,P) iff £(C) is 

(A' U Ao,p' U Pg) compatible. 

A [left, right] congruence on (S,A,P) is a [L,R] quasi-

congruence on (S,A,P) which is also an equivalence relation on S . 

An [L,R] H quasi-order £(C) on (X,A,P) is said to be an [L,R] H 

quas1-order under £(h) if £(C) £ ±(H) . As stated in Chapter I, let 

C = _<(C) n (<(C))“^ whenever _^(C) is a quasi-order. Let C(x) 

denote the C-set of x for x c X and let denote the C-class 

of X for X e X . 

onObservations. If _<(C) is a (A,P) compatible quasi-order 

X , then C is (A,P) compatible. This follows from the fact that if 

and£(C) is (A,P) compatible, then (£(C))-^ is (A,P) compatible 

thus C = <C) n (£(C))-1 is (A,P) compatible. Note also that if 

<(C) C <(H) , then C = <(C) n (<(C))"1 C <(H) n (<(H))~1 = H . 

In the following R quasi-orders under _<(H) are investigated. 

These results will be used later in the chapter. Recall from Chapter I 

that -SjjCx) = {D^:y£(H)x} and G^(x) = {D^;yHx} . 

Lemma 3.1. If £(C) is an R quasi-order on (X,A,P) e obj(GPX) 

sets arewith <_(C) C £(H) , then for a fixed x e X the following 

equal: 

(a) A = {g £ SQ(x):C(x)g C C(x)} 

(b) B = {g e S (x):xg e C(x)} . 
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PROOF. Certainly A C B . Now to show B CA , let y e C(x) 

and let g e B . Since (y,x) e ^(C) £ <H) and <(C) is an R 

quasi-order, (yg.xg) £ <(C) . Now (yg,xg) e <(C) and (xg,x) e <(C) 

give (yg,x) £ <(C) . Therefore C(x)g CC(x) and g £ A . Thus 

B Ca . 

Let ^A(x) denote the equal sets A and B of Lemma 3.1. If 

no confusion is likely, the subscript "C" will be suppressed. 

Corollary 3.2. With the hypothesis of Lemma 3.1, x/i(x) = C(x) 

for all X £ X . 

PROOF. By the definition of A(x) , xA(x) C C(x) . Now if 

y e C(x) , then y£(H)x . Therefore dJ £ Sj^(x) (by the definition of 
S_(x)
D 

) and xD^ 
y 

= y . Hence £ A(x) and xA(x) D C(x) . Thus 

xA(x) = C(x) . 

anCorollary 3.3. If £(U) is R quasi-order on 

(X,A,P) £ obj(GPX) with ^(U) £ ^(H) , then for a fixed x e X the 

following sets are equal: 

(a) A = {g £ Gj^(x):U(x)g = U(x)} 

(b) B = {g £ Gjj(x):Uxg = Ujj} 

(c) C = {g £ Gjj(x) :U(x)g C U(x)} 

(d) D = {g £ Sj^(x):Uxg C U^} 

(e) E = {g £ Sj^(x) :xg £ . 
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PROOF. First note that B C D C E and ACC. Now apply 

Lemma 3.1 with <_(C) = U to get D = E . Now if g e D , then 

U^g C Ujj . Since U C H and U-^g C , (x,xg) e H . Thus 

where the
Xg e Gjj(x) . Now U^g CUx gives = Uxgg"^ ^U^g'^ CU

last containment follows from the fact that U is an R quasi-order 

under H . Now U^g
-1

= gives = Uxg“^g = U^g and g e B . 

Therefore D = B . Similarly A = C . 

Now to show A C D , let g c A . Then 

U^g = (U(x) nu-i(x))g cu(x)g nu-i(x)g = u(x) nu-i(x) = u, Hence
X • 

g £ D and A C d . To show E C C , let g e E . Thus as noted above 

this gives g e D andG^(x) hence 

. Now apply Lemma 3.1g e {h e Gj^(x):xh £ U(x)} C {h e Sjj(x):xh e U(x)} 
with _<(C) = <(U) to obtain 

Therefore{h e GQ(x);xh e U(x)} = {h e Sj^(x):U(x)h CU(x)} . 

g £ and since g e G_(x) , g C . Thus{h £ Sj^(x):U(x)h Cu(x)} £D 

it has been shown that ECCCACD = B = E . 

Let denote the equal sets in Corollary 3.3. If no con-

fusion is likely, the subscript "U" will be suppressed. 

Corollary 3.4. With the hypothesis of Corollary 3.3, ^ = Ux 

for all X £ X . 

PROOF. Observe that C^x = for an equivalence _<(C) and 

apply Corollary 3.2 with <(C) = U . 

Theorem 3.5. If _^(C) is an R quasi-order on 

a functor(X,A,P) £ obj(GPX) with £(C) C <(H) , then <(C) induces 
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and if^•^(_):£R defined by ^^(x) = {g e Sjj(x) :xg e C(x) } 

(z,x) e Mor(^) , then C^(z.x)(Dp = for dJ e ^^(x) .
z 

PROOF. Suppress the "C" and denote by A. . First note 

e X . Nowthat (the identity of -S^Cx) ) is in A(x) for all x 
to show A.(x) is a semigroup, let e -^(x) ^ Sjj(x) . Then 

Lemma 3.1. There-lyOD^ e Sj^(x) . Now C(x)(dJoD^) C C(x)D^ C C(x) by 
fore D^oD^ e A.(x) by Lemma 3.1. Thus ^(x) is a monoid (since 

y z 

X 
e A(x) ) for every x e X . 

for (z,x) £ Mor(<R) andNow to show A.(z,x)(Dp e A(z) 
Now since <(C) is an£ A(x) , note that (y,x) = (xD^,x) e <0 . 

R quasi-order under £(H) and (y,x) £ £(C) , 

Since(yD^.z) = £ 1(C) C <(H) . Hence e ■Sj^(x) • 
zDZ = yD^ £ C(z) . e A.(z) .

yDl 

To show A.(z,x) is a morphism in Mon, first note that 

A.(z,x)(D^) = xDX = dZ . Thus A.(,z,x) is identity preserving. To 

show A.(z,x) is a homomorphism, let D^,D^ £ A.(x) . Now 
y w 

^(z,x)(D^od^) = ^(z,x)(D
X 

) 
y w y^w 

■ ”yt>SDl 

= X 

y°wD^ 
z 

z 

^yD^oD^ 
Z WwDj 

= d" oD^
yDf'wD^ 

= /l(z,x)(D^)o^(z,x)(dJ)w .y 
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To show A. preserves composition of morphisms, let 

(z,x),(u,z) e Mor(£R) and let D £ A.{x) . Thus 

^((u,z)°(z,x)) (dJ) = A.(u,x)(dJ) 
u 

= D 

u 
= D 

yD|DZ 

= ^(u,z)(d!^,)
yDz 

= ^(u,z)(^(z,x)(D^)) . 

Therefore A. preserves composition of morphisms. Also note that 

Thus A:<R Mon is a^(x.>c)(dJ) = - dJ and ^(x.x) = . 
functor. 

Corollary 3.6. If £(U) is an R quasi-order on (X,A,P) 

functorwith <_(U) C£(H) , then U = £(U) H (^(U))-! induces a 

/l(z,x)(D*) -^A. :<_R ->■ Grp where = (g e Sjj(x):xg e and u 
z 

for e A. 
y u X 

PROOF. Apply Theorem 3.5 with £(C) = U . This gives 

u
A :<R ->■ Mon . Hence it suffices to show is a group for eachu\ 

X £ X . Let £ A. . Thus (y,x) e U C H and Hence 
y u X > / _ Dy B GJ^(X) . 

e U (since U is(Dp“^ e Gjj(x) and (x,x(Dy)-l) = (y(Dp“l ,x(Dy)~l) 
an R quasi-order). This gives (Dy)"^ £ A by the definition of 

A . 
u 

Hence uA is a Sgroup,X X t' 
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Note that an equivalent formulation of in Corollary 3.6 

may be obtained by taking any of the sets in Corollary 3.3. Hence each 

of these sets are groups. Also note that if one begins with an equiva 

lence relation U on X which is contained in H and U is a R 

quasi-order, then Corollary 3.6 may be applied. In particular it fol 

lows as a corollary of Corollary 3.6 that the results of Corollary 3.6 

hold for any quasi-congruence under H when one considers a fixed 

(S,A,P) e obj(GP) . This fact will be used later in this chapter. 

Theorem 3.7. If £(C) is an H quasi-order on (X,A,P) with 

_f_(C) C £(H) , then <_(C) induces a functor ^£(_) :_<L -v Mon defined by 

C^(x) = for all x £ obj (£L) and if (z,x) e Mor(£L) , then 

£(z,x)(DX) = for Dy e ^l(x) . 

PROOF. The proof is dual to that of Theorem 3.5 in the following 

sense. If Dy £ (z,x) e Mor(<L) , then by the dual of 
Theorem 3.5 

• 9Giy is in (^q(z) (i-e is the image of G^ 
under the dual of A(z,x) ). Hence zD^ = G^y ±(H)z . Now if one con-

9(x)
siders the functorial isomorphism l- Gy from Gjj(x) to Gg(x) 
and lets denote the dual functor of » then one has the 

following commutative diagram for (w,z),(z,x) £ Mor(<L) (with "C" 

suppressed): 

l(x) ^(x) ^(x) 

l(z,x) l(w,z)
A.(x) Hz) A(w) 

9(x) 0(x) -1 

^(2,X)
Ux) Hz) 

Using this diagram, it easily follows that ^£(_) is a functor. 
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Corollary 3.8. If £(ti) is an H quasi-order on (X,A,P) 

induces a functorwith £(U) C £(H) , then U = £((J) H (_<(U))~l 

t :<L Grp defined by Z A. and for 
u — —^ u X u X u £(z,x)(Dp = 

e I . 
y u X 

PROOF. The proof is similar to that of Corollary 3.6 and is 

omitted. 

Proposition 3.9. Let £(C) be an H quasi-order under _<(H) . 

Let :_<L ->■ Grp be the functor in Corollary 3.8 induced by C . If 

(z,w) e C and x e X such that (z,x) e Mor(<L) , then 

Z(z,x) = Z(w,x) . 

PROOF. Since (z,w) e C C H and (z,x) e ^(L) , (w,x) e <(L) . 

Now if € Z 
w 

To 
y X , then Z(z,x)(Dp = and £(w,x)(D^) = DwD^ • 

z w w
show , it suffices to show zD = zD^ . NowzDX = °„DX y 

w 

zD"^x = 
wD^ ^ z ' wDp 

= 

= G^(wdJ) 

= (g^w)d;; 
X 

= zD . 
y 

Therefore Z(z,x) = £(w,x) . 

The next results leading to Theorem 3.13 establish a relationship 

between R quasi-orders under ^(H) and functors from <R into Grp . 
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Proposition 3.10. Let £(C) be an R quasi-order under <(H) 

for (X,A,P) e obj(GPX) . If A. :^R Grp is the functor induced by 

C and if u:<_R Grp is a subfunctor of A. , then u is a normal 

subfunctor of A. . 

PROOF. Since u is a subfunctor of A. , u(x) is a subgroup 

of A. for each x e X . Hence to show u is a normal subfunctor
X 

of A. , one must show u(x)(D^)“^ ^ u(x) for all D
X

„ z >i . Let 
Z X 

e u(x) and e K. . Hence (z,x),(y,x) e C . Now by Lemma 6.5y z X 

part (b) of [3], = D
X 

Thus X e A. and
zD^ y y zD zy y 

A.(x,z)(D^j^x) = o'"zopo^ • 
Now 

y 

dV(d^) = D
X -1-1 

zD^ (D^)z y z z 
y 

= 

zEr .X
V 

X 
= D 

zD,^ xD
X̂y 

X 
= D 

X 

X 
= D 

(zD^D^ 

= A.(x,z)(D^^x) 
y 

= A.(x,z)(D^) . 
y 

Since u is a subfunctor of K. and 
X

D 
y 

e u(x) , 

= 
X 

u(x,z)(D ) 
y 

e u(x) . Therefore 

dV(D^)-1 e u(x) . 
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Lemma 3.11. Let £(C]^) and be R quasi-orders in 

(X,A,P) with <(Ci) C<(C2) C<(H) . If lA and 2^. are the 

functors induced by <Ci) and <(€2) respectively, then 1 2^ 

(1^ is a subfunctor of 2^ ) with equality holding iff 

l(Ci) = <(C2) . 

PROOF. Since x ^^(x) = C]^(x) and x 2A.(x) = C2(x) , one has 

K^l) ^1(^2) implies x ^^(x) = C^Cx) C C2(x) . Thus by Lemma 3.1 

part (b), i^iCx) C 2A(x) . Now if , thenDy E iA,(x) C 2A.(x) 
for all (z,x) e Mor(<R) . Hencel^(z,x)(D^) = = 2^(z.x)(D^) 

lA.(z,x) = 2A-(z,x) and _< 2^^ •l^(x) 

Conversely if ^/tCx) •< 2A.(x) , then 

Now rest theCi(x) = X iA.(x) Cx 2A.(x) = C2(x) and C C2 • the of 

Lemma follows. 

Lemma 3.12. Let <(C) be an R quasi-order on (X,A,P) with 

£(C) c £(H) . If D , then^ £ A.(x) and e 
= A(z) .(D^)-IdV = ^(z,x)(D^) and (D^)-l^(x)D^ 

PROOF. First note that 

=(D^)-lD^D^ = D^dV = Hence 
Xz y ; X y z yD| yD^ = ^(z,x)(D^) . 

(D^)~l^(x)D^ C A.(z) . Now apply this with and A.(z) to get^ z — X 

Hence(D^)-1/l(z)DÂ C ^(x) .A 

ThereforeA(z) = (D^)-1(D^)-^A.(z)dV C (D^)“^A.(x)d'' C A(z)Z A X Z ““ Z Z 
. 

(D^)-1/l(x)d'^ = A(z) . 
z z 

onTheorem 3.13. Let G denote the maximal R equivalence 

(X,A,P) e obj(GPX) contained in H . Then the mapping C ^ is an 
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order isomorphism of the lattice of R equivalences under H with the 

lattice of normal subfunctors of . 
h 

PROOF. aAccording to Lemma 3.11 the mapping C ^ H. is one-

to-one order preserving map from the lattice of R equivalences under 

3.10, aG into the lattice of subfunctors of gA . By Proposition 
subfunctor of is also a normal subfunctor of . Hence to 

G Cj 

finish the proof of the theorem it suffices to show the mapping C h-

is surjective. Thus let lA < . We proceed to show that the sets 

{x*iA.(x)} for X c X form a partition of X which is an R equivalence 

on (X,A,P) . If y e x*iA(x) Hz'^ACz) for some x,z c X , then 

y = xD^ = zD^ with E iA(x) C A and Thus 
y y y ^ ^ - G X Dy e lA(z) C . 

xGyGz and 
z 

e 
G X Now by Lemma 3.12 if e iA(x) £ , then 

(D^)-IdV = A(z,x)(d;;) = lACz.xXD^J) e . Now as in Lemma 3.12, 
Zt \X \j U U 

Thereforeit follows that (D^)“^iA(x)D^ = lA(z) . 
z z 

e andz-iA(z) = (xD^)((D^)“llA(x)D^) = X iA(x)D^ . Now y 
y e x*iA(x) gives y e xiA(x) Hx iA(x)D2 . Since 

XlA(x) E » iA.(x)D^ C Gj^(x) , and x-^aCx) Pi lA(x)D^ a , 
andlA.(x) n iA(x)Dẑ ^ □ . Hence ^ACx) = iA(x)D ẑ z-iA(z) = X*iA(x) . 

of X .Therefore the sets {x']^A(x)} for x e X form a partition 

Now to show this partition is an R equivalence, let 

(w,x) e <(R) and u e x*iA(x) . Thus (uD5,xD^) = (uD^,,w) and 

HenceuD^ = = w(gA(w,x)(D^)) = w(iA(w,x)(D^)) e w iA(w) . 
uE^ £ WiA(w) and it follows that the partition is an R equivalence. 

Let C denote this R equivalence. 
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To show is in. , note that for x e X , 

X iA.(x) = C_. = X 
X ^n.^ where the first equality is by the definition of 

C and the second is by Corollary 3.4. Thus i>i(x) = n. . Now
X 

l^(z,x) = g4.(z,x) l^(x) = g^(z,x) = ^n.(z,x) for (z,x) e Mor(£R) . 

Thus in. = ^n. and the mapping C h- is surjective. 

Now note that the pair (Z,n.) of functors described in the pre 

vious results would be more precisely stated as the pair of functors 

associated with D . Hence one could also associate a pair of functors 

with G in a dual fashion. 

Thus far in this chapter the results have dealt only with the 

category GPX . However for each of these results one has a correspond 

ing corollary in the category GP where one replaces statements such 

Ifas 
?!

1(C) an R quasi-order under £(H)" by <(c) an R quasi 

congruence under <(H) . 
ft 

Hence in what follows the previous results 

will be applied both in the category GPX and GP even though they 

have not been explicitly stated. 

The following results obtain an analogy to the Main Homomorphism 

Theorem in Sgp for the categories GPX and GP . Once this has been 

obtained, the reverse situation is investigated, i.e., the case of 

coextensions. First some definitions are needed. 

Let (X,A,P),(X,A,P) e obj(GPX) [obj(GP)] ; a surmorphism 

f:(X,A,P) ->■ (X,A,P) is a morphism in GPX [GP] such that 

fxf(<(L)) = <(I) and fxf(<(R)) = <(R) . If C is an H equivalence 

(an H quasi-order which is an equivalence) (X,A,P) , then leton 

tt:X X/C denote the projection of X onto X/C . In the following 
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let 5oA(X,A,P) be denoted by (X,A',P') . For each A' e A’ define 

2^':Tr(doin A') ^ X/C by _X'(ttx) = ttCA'x) for all X £ dom a' • 

Dually, for each p' e P p_':7r(dom -vX/Cdefine p') by 

(■o:)£' = 7r(xp') for all x e dom p' . Let A/C denote the set 

{A':A e A'} , and let P/C denote the set {£':p' e P'} . Whenever 

(S,A,P) e obj(GP) and C is a congruence on (S,A,P) , (S/C,A/C,P/C) 

is obtained in exactly the same fashion. 

Lemma 3.14. Let _<(C) be an H quasi-order on 

(X,A,P) e obj(GPX) with <(C) C <(H) . Then (X/C,K/C,?/C) e obj(GPX) 

and tt:(X,A,P) ^ (X/C,A/C,P/C) is a surmorphism. 

.PROOF. First (X/C,A/C,P/C) is shown to be in obj(GPX) To 

show each A' e A/C is well-defined suppose irx = try for some 

x,y e X and x e dom A' . Hence xCy and A'xCA’y , i.e, 

Tr(A'x) = Tr(A’y) > since C is an H equivalence. Thus 

A'(Try) = Tr(A'y) = Tr(A'x) = (irx) . Hence each A' e A/C is well-

defined. Dually, each p_' e P/C is well-defined. Now note that (i) 

and (ii) in the definition of a Green's pair are clearly satisfied. 

Now to show parts (iii) and (iv) let (A* >£.') £ A'xP' and let 

irx e dom A’ dom p_' , then C C H implies X TT
-1 (iTx) C dom A ' e 

and X e TT -1 (ttx) C dom p ' . Thus X e dom A' H dom p and 

(A'x)p' = A'(xp') . Therefore 

(A'(Trx)p') = (Tr(A'x))£' =7t((A'x)p’) =7r(A'(xp')) =£'(Tr(xp')) =A’((ttx)£') . 

Hence conditions (iii) and (iv) are satisfied and 

(X/C,A/C,P/C) e obj(GPX) . 



53 

Now to show TT is a surmorphism, first note that by the defini 

tion of (X/C,A/C,P/C) and 7r:X ^ X/C , tt: (X, A',P') (X/C, A/C,P/C) 

is a morphism in GPX . Now tt(L'(x)) = Tr(A'x) = A/C(ttx) and 

iT(R'(x)) = (Trx)P/C for all x s X . Therefore 

Tr:(X,A',P') ^ (X/C,A/C,P/C) is a surmorphism. Since 

lx:(X,A,P) ■> (X,A’,P') = 8oA(X,A,P) is an isomorphism. 

TT = Troljj: (X,A,P) (X/C, A/C,P/C) is a surmorphism. 

Proposition 3.15. Let <_(C) be a quasi-congruence on 

(S,A,P) e obj(GP) with £(C) £±(H) , then (S/C,A/C,P/C) e obj (GP) 

and 7r:(S,A,P) -»■ (S/C,A/C,P/C) is a surmorphism. 

PROOF. Since r:(S,A,P) ^(S/C,A/C,P/C) has already been shown 

to be a surmorphism in GPX by Lemma 3.14, it suffices to show that 

condition (v) in the definition of a Green's pair for a semigroup holds 

and that tt:S->-S/C is a homomorphism. Clearly tt is a homomorphism. 

Now if TTx, (try) (ttx) e dom £' for some £' e P/C , then x,yx e dom p' 

since C C H . Thus 

((Try) (7rx))£' = (ir(yx))£' = TT((yx)p ') = TT(y(xp ')) = (iry) (irCx p'))= (ry) ( (■Trx)£' ) . 

Dually, the condition follows for A/C . Hence 

(S/C,A/C,P/C) e obj(GP) . 

inProposition 3.16. If p:(X,A,P) ^ (X,A,P) is a surmorphism 

Mor(GPX) and if C is the relation {(x,y) e XxX:p(x) = p(y)} in X
P 

(X,A,P) . Ifinduced by p:X-^X , then Cp is an H equivalence on 

Cp CH , then (X/Cp,A/Cp,P/Cp) = (X,A,P) . 
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PROOF. To show Cp is an H equivalence on (X,A,P) it suf-

fices to show Cp is (A',P') compatible since clearly Cp is an 

equivalence on X . If xCpy and x,y e dom X' for some x' e A' , 

then p(x) = p(y) and there is a X e A such that p(X'z) = "xpCz) 

for all z £ dom X (see Proposition 2.9). Hence 

p(X'x) - Xp(x) = Xp(y) = p(X'y) and X'xCpX’y . Dually if xCpy and 

x,y £ dom p' for some p' £ P , then xp'Cpyp' . Hence Cp is 
(A',P') compatible. 

£ ob j (GPX) .Now if Cp CH , then by Lemma 3.14 (X/Cp, A/Cp,P/Cp) 

Let tt:X -v X/Cp denote the projection, and let (J):X/Cp -v X be the 
induced isomorphism. Now to show (i):(X/Cp,A/Cp,P/Cp) ^ (X,A,P) is an 
isomorphism one must show £ Mor(GPX) . Let _X' £ A/Cp . Thus 
_X'(irz) = 7r(X'z) for all z e dom X' . Since p e Mor(GPX) with 

p:(X,A,P) ->■ (X,A,P) , there is a X £ A such that Xp(z) = p(X'z) for 

all z £ dom X' . Hence 

t^(X'(ttz)) = (j)(Tr(X'z)) = p(X'z) = X(pz) = X((j)(iTz)) for all ttz e dom X^' . 

Dually (}>((ttz)p_') = (<j)TTz)p for all ttz e dom £* . Thus (j) e Mor(GPX) . 

Now to show (j)~l £ Mor(GPX) , let X e A and y e dom X . 

Since p:X ->-»■ X , there is an x e X such that p(x) = y . Since 

pxp(_<(L)) = ■<(!) , there is a X' e A' such that p(X’x) = Xy = Xp(x) . 

Now p £ Mor(GPX) implies there is a Xj^ e A such that 

p(X'z) = X]^p(z) for all z e R(x) . In particular, 

Xp(x).= p(X'x) = Xip(x) and by the proof of Theorem 5.1 of [3] 

Xz = X^z for every Z'<(R)p(x) . Therefore p(X'u) = X^pCu) = Xp(u) 

for every u£(R)x . Hence 
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-1 

<})"^(Ap(u)) = (p(A'u)) = ((f) 
-1 

®p)(A'u) = Tr(A’u) = _A'(Tm) = _A'((f)"lp(u)) 

for every u£(R)x . The dual condition follows for P . Thus 

e Mor(GPX) and (f) is an isomorphism in Mor(GPX) . 

Corollary 3.17. If p:(S,A,P) (S,A,P) is a surmorphism in 

Mor(GP) and if Cp is the congruence on S induced by p;S S , 

then Cp is a congruence on (S,A,P) . If £ H , then 

(S/Cp,A/Cp,P/Cp) ^ (S,A,P) . 

PROOF. Since p:S ^ S is a homomorphism, Cp is a congruence 
on S . Now by Proposition 3.16, (A',P') compatible. HenceCp is 

Cp is a congruence on (S,A,P). 

Now assume C C H . 
P - The induced mapping $:S/Cp S is an 

isomorphism in Mor(Sgp) . Now Proposition 3.16 and $ an isomorphism 

in Mor(Sgp) give $,$"1 e Mor(GP) . Thus $ is an isomorphism in 

Mor(GP) . 

Corollary 3.18. If p:(S,A,P) ->■ (S,A,P) is a surmorphism in 

Mor(GPX) with (S,A,P),(?,A,P) e obj(GPX) [Mor(GP) with 

of SxS ,(S,A,P),(S,A,P) e obj(GP)] and if Cp = A (the diagonal 
i.e., p is one-to-one), then (S,A,P) = . 

PROOF. By Proposition 3.16 [Corollary 3.17] 

(S/Cp,A/Cp,P/Cp) (S,A,P) . But clearly Cp = A implies 
.(S/Cp,A/Cp,P/Cp) = (S,A,P) . Hence (S,A,P) = (?,A,P) 

The following begins a description of certain types of coexten 

sions. One type corresponds to groups and one corresponds to 
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monoids. The results will be broken into essentially four major parts. 

These are (a) the set theoretical results needed to construct certain 

coextensions, (b) the semigroup results needed to construct certain 

coextensions, (c) the set theoretical results used to reconstruct 

certain coextensions, and (d) the semigroup results used to reconstruct 

certain coextensions. 

In the following fix (X,Ai,Pi) e obj(GPX) and let 

of GPX(X,A,P) = BoA(x,Ai,Pi) . Let GPX^ denote the subcategory 

with ((X,A,P),p) e obj(GPX^) iff p is a surmorphism from (X,A,P) 

to (X,Ai,Pi) where (X,A,P) e obj (GPX) and f e Mor(GPXj^) iff 

f:(X,A,P) (X,A,P) is in Mor(GPX) with pof = p where 

referred to as((X,A,P),p) e obj(GPX^) . The category GPX^ will be 

the coextensions of (X,Ai,Pi) . If ((X,A,P),p) e ob j (GPX^^) , then 

(X,A,P) is said to be a _<(G)-coextension [_<(S)-coextension] of 

, from X to(X,A,P) iff Cp C H [there is a mapping denoted by " 
X which preserves the _<(L) and _<(R) quasi-orders, p(x) = x , and 

denote the(C )_ C H(x) for all x e X ]. Let full 

^ X 

subcategory of GPX^ whose objects consist of all ^(G)-coextensio ns 

[^(S)-coextensions] of (X,Ai,Pi) • Note that the definition of a 

t I
Xfrom to_<(G)-coextension may be rephrased to "there is a mapping 

X such that p(x) = x and (C ) C H for all X e X. Hence the 
P X “ ■X 

similarity of the two definitions can be more readily seen. In partic-

ular one has that each <(G)-coextension is also a <(S)-coextension. 

Note also that if p:(X,A,P) -> (X,Ai,Pi) is a surmorphism, then since 

is an isomorphism p:(X,A,P) ^ (X,A,P) is alsol^:(X,Ai,Pi) ^ (X,A,P) 

a surmorphism. This fact will be used often without mentioning. 
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A pair of functors ^:<L Mon and A.:<R -> Mon is said to be 

compatible if for all x in X , l{x) = ^(x) . A factor system for 

■t ±s a function 

a:B ^ £(x) 

where 

B = {(A,x):A. e A and x e dom X] U{(x,p):p e P and x e dom p} 

such that a(a,b) e .-^(ab) for all (a,b) e B . Let B^ denote the 

set {(X,x);X £ A and X e dom X} , and let B2 denote the set 

{(x,p):p e P and x £ dom p} . 

If ((X,Ai,Pi),p) £ obj(<(G^)) [obj(<(S^))] , then 
(since(8oA(X,Ai,Pi),p) = ((X,A,P),p) is in obj(<(G^)) [obj(<(S^))] 

from (X,A,P) tol^:(X,Ai,Pi) (X,A,P) is an isomorphism) and a lifting 
!l- 11

(X,A,P) is a mapping, denoted by , from XUAUp to XUAUP 

with the following three properties. 

(a) for all x £ X , p(x) = x (with x £ X ) and 

If- 11

(C )~ C H~ [ preserves <(L) and <(R) and
P X — X '■ 

(Cp)~ CH(x)] 

(b) if A e A and A = , then A = G~ ; if A e A and 

A = g'^^oG^I o . , then A = G~^o. . . oG-^^ 
VI V2 Vn V2 vn 

ru

(c) if p £ P and p = 
u 

, then p = D~ ; if p £ P and 

nP = D^^o. . . oD^’^ , then p = D~ ^ o. . . °D.
~u 

VI '''^n V
n 
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Proposition 3.19. If ((X,A,P)p) eobjC^CG^)) , then 

(pxp)-l [_<(!.)] = ^(l) and (pxp)~l[<(R)] = <(R) . 

. HencePROOF. Since p is a surmorphism, (pxp)[£(L)] = <(L) 

<_(!) C (pxp)~l [^(i) ] . Now if (u,v) e (pxp)"Hj<(L) ] , then 

(p(u),p(v)) e ^(L) . Since (pxp)[_<(!)] = _^(L) , there is a pair 

(w,z) £ £(L) such that p(w) = p(u) and p(z) = p(v) . Now Cp C H 
. Thereforeand p(w) = p(u) and p(z) = p(v) implies uHw ^(L)zHv 

u <_(L)v . Hence (pxp)-l [^(L) ] C _<([) and (pxp)-l [^(L) ] =£(1) . 

Dually (pxp)~l[<(R)] = <(R) . 

Clearly Proposition 3.19 implies the existence of a lifting from 

(X,A,P) to (X,A,P) whenever ((X,A,P),p) £ obj(^(G^)) and 

(X,A,P) = BoA(X,A,P) . Also note in view of the definition of a 

?!«. I?

lifting one may consider a lifting from (X,A,P) to (X,A,P) as 

consisting of a functor from <L to <L and a functor from <R to 

<_R . That is, for each object x of <L = X = objects of <R , x is 

in X = obj (<L) = obj (_<R) and the definition of a lifting insures that 

composition of morphisms are preserved. Hence Proposition 3.19 insures 

ft- Ifthe existence of a functor 

The 5-tuple (X,A,P,£,A,a) will denote a system where 

-i:<R ->■ Mon a a£:_<L ->■ Mon , is a compatible pair of functors with 

factor system for £ . X will denote the set ^U^{{a}x£(a)} . 

Definition 3.20. Consider the system (X,A,P,Z,A,a) . For 

each X £ X and h £ Z(x) , if x £ dom p with p e P , then define 
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X^(xp,g) = (xp,/L(xp,x)(h)g) for all (xp,g) e X . 

For each A e A define X by 

A(x,g) = (Ax,a(A,x)£(Ax,x)(g)) for each 

(x,g) e X with X e dom X . 

Let ALet = {X^:h e l(x) and x t X} and A^ = {X:X e A} . 

PT(X) , i.e.,denote the semigroup generated by Aj U A^ ^ {1-^} in 

A = (a; u A’ u {!-}> . 

Dually, for each x e X and for each h e A,(x) , if x e dom X 

with X e A , then define Ph by 

(Xx,g)p^ = (Xx,g£(Xx,x)(h)) for each (Xx,g) e X . 

For each p e P define p by 

(x,g)p = (xp,^(xp,x)(g)a(x,p)) for each 

(x,g) £ X with X e dom p . 

Let p:
1 = £ ^(x) and x £ X} and = {p:p £ P} . Let P 

denote the semigroup generated by P| U p^ U {1-} in PT(X) , i.e.. 

P = <P{ U U {1-} > . 

Let (X,A,P) denote the triple described above. 

The next three lemmas determine necessary and sufficient condi 

tions on the triple (X,A,P) so that (X,A,P) £ obj(GPX) . 
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Lemma 3.21. With the notation of Definition 3.20, one has for 

each ,A e p £ , and (y,h) e X such that 

(y,h) e dom X H dom p , (A(y,h))p = A((y,h)p) iff the following condi-

tion holds: 

(3.22) a(A,yp)£(Ayp ,yp) [A.(yp,y) [h]a(y,p)] 

= A.(Ayp ,Ay) [a(A,y)£(Ay,y) [h] ]a(Ay,p) 

for all A e A , for all y e X , and for all p e P such that 

y e dom A ri dom p . 

PROOF. Using the notation described in the lemma, one has 

(A(y,h))p = (Ay,a(A,y)£(Ay,y)[h])p 

= (Ayp,A.(Ayp,Ay)[a(A,y)£(Ay,y)[h]]a(Ay,p)) . 

Also one has 

A((y,h)p) = A(yp,A.(yp,y) [h]a(y,p)) 

= (Ayp,a(A,yp)£(Ayp,yp)[A(yp,y)[h]a(y,p)]) . 

Hence (A(y,h))p = A((y,h)p) iff 3.22 is true. 

Lemma 3.23. For every A^ e A' , p^ e P,' , and (y,g) e X1 

such that (y,g) £ dom A,
ti 

dom p,
k 

, one has 

(\(y,g))^^ = \((y,g)^j^) . 

PROOF. Since (y,g) £ dom A, , there is a p c P and an
h 

X £ dom p such that y = xp and h e £(x) . Also (y,g) £ dom 
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implies there is a X s A and a z e dom X such that y = Xz and 

k e £(z) . Hence 

(^^(y.g))pj;. = (y,^t(xp,x) [h]g)7j^ 
= (y,A.(xp,x) [h]g-e(Xz,z) [k]) 

= X^(y,g£(Xz,z)[k]) 

Lemma 3.24. For every X e , e P' and (y,g) e X suchPh 1 ’ 

•that (y,g) e dom X H dom , one has (I(y,g))^^ = ”((y,g)^^) 

PROOF. Since (y,g) e dom p^ there is a y z ^ and an 

X £ dom Y such that y = yx and he l(x) . Thus Xy = Xyx and 

(X(y,g))p^ = (Xy,a(X,y)£(Xy,y)[g])p^ 
= (Ay,a(X,y)£(Xy,y)[g]£(XYx,x)[h]) 

= (Xy,a(X,y)£(Xy,y)[g]£(Xy,y)[£(y,x)[h]]) 

= (^y,a(X,y)^(Xy,y)[g£(y,x)[h]]) 

= >^(y,g-^(y,x)[h]) 

= >^((y,g)F^) • 

Theorem 3.25. If (£:_<L ->■ Mon , /l:£R ->■ Mon) is a pair of 

compatible functors with a factor system a , then the triple (X,A,P) 

as defined in 3.20 is in obj(GPX) iff condition (3.22) is satisfied. 

Also if (X,A,P) £ obj (GPX) , then ((X,A,P) ) £ obj (GPX^) where 

TT]^:X X is the first coordinate projection. 

PROOF. If (X,A,P) £ obj(GPX) , then by Lemma 3.21 condition 

(3.22) is satisfied. Now if condition (3.22) is satisfied, then 
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according to Lemma 5.3 and Corollary 5.5 of [3] it suffices to show 

that conditions (iii) and (iv) hold between the generating sets of A 

and P . Lemmas 3.21, 3.23, 3.24, and the dual of 3.24 do just that. 

Hence (X,A,P) £ obj(GPX) whenever 3.22 is satisfied. 

Clearly it follows from the definition of X and , that 

TTirX ^ X is a sufmorphism in Mor(Set) . Also by the definition of 

(A,P) and by Lemma 2.6, it follows that tti:(X,A,P) -v (X,A,P) is a 

surmorphism in Mor(GPX) . 

Now that some construction principles have been investigated. 

the reverse situation is considered. That is, if one starts with a 

_<(G)-coextension, then can this coextension be reconstructed by the 

above construction? 

Lemma 3.26. Let ((X,Ai,Pi),p) e objC^CG^)) and let £(C) be 

equalan H 
quasi-order under £(H) with 0 = 0^. (Note _<(C) may 

C .) Let 
If 

denote a lifting from (X,A,P) to 
P 

(X,A,P) = 8oA(X,Ai,Pi) . (Note such a lifting exists by Lemma 3.19.) 

Then if £(_) ;£L ->■ Mon is the functor defined in Theorem 3.7 by the H 

quasi-order £(C) and if £:£L ^ Mon is defined by £(x) = -t(x) for 

all X e X and £(z,x) = l(z,x) for all (z,x) e <(L) , then Z is a 

functor. 

PROOF. As noted earlier one may view the restriction of a 

into <L . Hencelifting to the objects of _<L as a functor from £L 

£:_<L -»■ Mon is just the composition of the functor ~:fL _<L and the 

functor 1:<L Mon . 
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Lemma 3.27. (Using the notation of Lemma 3.26.) If 

'i(_):£R ->■ Mon is the functor defined in Theorem 3.5 by the H quasi 

order _5,(C) and if Mon is defined by A.(x) = for all 

X £ X and A.(z,x) = ^.(z,x) for all (z,x) e <(R) , then ^ is a 

functor. 

f? -'ll

PROOF. By restricting the lifting to the objects of <R , 

one has ~:£R fR is a functor. Hence A. is the composition of the 

functor ~:<R -> <R and the functor 'i:<R ^ Mon. 

Lemma 3.28. (Using the notation of Lemma 3.26.) If 

a:B £(x) is defined by a(X,x) = D~~ for all (A,x) £ Bj and 

oi(x,p) = 
“^XP

D~~ for all (x,p) £ B2 , then a is a factor system for 
xp 

I . 

PROOF. To show a is a factor system for Z , it suffices to 

Dually, the condition forshow D^~ £ £(Ax) for each (A,x) £ B^ . 

B2 also follows. Now D~~ will be in l(Ax) if (by the definition 

of Z(Xx) ) Ax ;<(C)Ax . In particular if p(Ax) = p(^) , i.e., if 

AxCpAx . 

First consider the case where A = G- . (Hence A = e A for 
V V 

is a A' e A suchsome (v,u) £ <_(L) .) Since p e Mor(_<(G^)) , there 

that p(G^w) = A'p(w) for all w £ R(u) . In particular 
A'u = A'p(u) = p(G~u) = p(v) = V = G^u = Au and by the proof of Theorem

V V 

5.8 of [3], A'x = Ax for all x e R(u) . Hence one has 

p(Aw) = A'p(w) = Ap(w) for all R(u) . Therefore 



64 

(3.29) p(G^w) = G^p(w) for all w e R(u) . 

Now if X £ dom A , then p(Ax) = Ap(x) = Ax = p(Ax) . 

unNow consider the case where A = G^Jo. . oG~ and X dom A •. e 
V

1 Vn 

j^Then by (3.29) one has 

p(Ax) = p(G~^o. . .oG^n x) 
V

1 n 

n= G^lp(G^2o. . .g:
=u 

x) 
vi V2 Vn 

= g'^Io. . .“G^n p(x) 
Vn 

= g'^Io. u 
. .oG“n X 

VI ^n 

= p(Ax) 

where A = G^^o. . . oG^^^ . 
vi Vn 

Note that as a result of the proof of Lemma 3.28 one has that 

(3.30) p(Aw) = Ap(w) for all A e A 

and for all p(w) e dom A . 

Lemma 3.31. The functors and the factor system defined in 

Lemmas 3.26, 3.27, and 3.28, (£,A.,a) , satisfy condition (3.22). 

PROOF. Let (A,p) e (A,P) and y e X such that 

y £ dom A H dom p . Let £ -^(y) . Now 
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ci(A,yp)£(Ayp,yp)[/c(yp,y)[h]a(y,p)] = -£(Ayp ,yp) [^(yp ,y) [D^]D?~] 

= d| £(Ayo,yp)[5S^ Dp] 
yp 

= T>m ^(Ayp,yp)[D^g^5Pj 
yp yp 

= sf| i(xyp,yp)16^eyj
^ yp 

= D^LP
Ayp D^XP~y-_

AypD^Jy__ 
yp 

and 

(Ayp)D = g^2 (Jyp D^e^_)Ayp 
yp 

yp 

yp 

yp 

yp 

= A(uD?~) 
yp 

= A(G^(yp)) 
u 

= A((6-^y)p) 
u 

= A(up) . 

6^5''’This gives that the left side of condition (3.22) reduces to 
A(up) ' 

Now consider the right hand side of (3.22) , 
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A(Xyp,Ay)[a(X,y)£(Ay,y)[h]]a(Ay,p) 

= ^(Ayp,Ay)[a(A,y)]A(Ayp,Ay)[^(Ay,y)[h]]a(Ay,p) 

= H Ayp, Ay) [D~^] A.( Ayp, Ay) [D^^y]
u 

nAypD 
^P 

and 

■ #p 

■ ®ip' 

= (Au)D 

■ ^<““0p-> 

= AG^CAyp) 

= A((G,^^A'y)p~) 

= A(up) . 
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Hence the right hand side of (3.22) reduces to Therefore
■A(up) • 

condition (3.22) is satisfied by . 

Theorem 3.32. If (X,Ai,Pi),p) e obj(<(G^)) with <(C) an H 

functors and thequasi-order under <_(H) such that C = Cp , then the 

factor system defined in Lemmas 3.26, 3.27, and 3.28 give rise to a 

triple (X,A,P) such that (X,A,P) is in obj(GPX) , 

((X,A,P) ,7?]^) e obj (GPX^) where Tr^iX ->■ X is the first coordinate 

projection, and there is a surmorphism $i:(X,A,?) ^ (X,Ai,Pi) . 

PROOF. By Lemma 3.31 and Theorem 3.25 the triple (X,A,P) is 

in obj (GPX) . Now again by Theorem 3.25 ((X,A,P) ,tti) e obj (GPX^) • 

Now it follows from Lemma 3.34 (to be proven) that the map 

$i:(X,A,P) ^ (X,A,P) , (x,D^) H- u , is a surmorphism. Thus 
3> 

(X,A,P) (X,A,P) ^
1 (X,Ai,Pi) gives $i:(X,A,P) ^ (X,Ai,Pi) is 

a surmorphism. 

there isCorollary 3.33. If ((X,Ai,Pi),p) e obj(£(G^)) , then 

a pair of functors t :<^L ^ Grp , A. :<R ->■ Grp and a factor system a 

for I such that the triple (X,A,P) (as defined in Definition 3.20) 

is in obj (GPX) , ((X,A,P),tt) e obj(<(G^)) where iriX -> X is the 
X 

first coordinate projection, and there is an isomorphism 

'J>:(X,A,P) (X,Ai,Pi) such that po$ = r . 

PROOF. Apply Theorem 3.32 with the H quasi-order <(C) equal 

Cp . This gives a pair of functors £(_) :£L -> Mon and A.(_) :£R Mon 

(obtained as in Lemmas 3.26 and 3.27). But as noted in Corollary 3.6 

and Corollary 3.8, whenever the H quasi-order <(C) is an H 



68 

equivalence the codomain of t and A. becomes Grp . Hence the co 

domain of -^(_) and A.(_) is also Grp and thus denoted by Z and 

A. , respectively. Now Theorem 3.32 also gives (X,A,P) e obj(GPX) , 

a((X,A,P),7r) e obj(GPX^) , and that $:(X,A,P) e obj(X,Ai,Pi) 

surmorphism. To finish the proof of the Corollary it suffices to show 

is an isomorphism, and po$ = TT .C^CTJ, , 
First to show C C H note that for a e X {ajxZ C H, . 

T! a - (a,l) 

(The maps and the maps{\^:h e Zg^} give C 

.) Now by the definition of IT ,{Pj^:h £ Z^} give {a}x£^ C R (a,l) 

= {a}xZ forTr(a,D^) = a for each (a,D^) e X . Hence (C^) (a,l)TT a 

each a e X . Thus C C H . 
IT — 

anNow to show $:(X,A,P) ^ (X.Aj.Pi) , (x,D^) h- u , is 
u 

isomorphism it suffices (since $ is known to be a surmorphism) by 

Corollary 3.18 to show $ is one-to-one. But if $(x,D^) = <J>(y,D^) 
for some (x,D^),(y,D^) e X , then u = V and xCpU = vCpy . Hence 

?!-• If 

y • is a mapping from X toxCpy , i.e., X = p(x) = p(y) = But 

-V - -y
X . $Thus X = y gives x = y and (x,D ) = (y,D ) . Therefore 

u V 

is one-to-one. 

X 

Now to show po$ = IT , let (x,D ) e X and note that 
u 

p°$(x,D^) = p(u) = p(x) = X = ^(xjD^) . 
u u 

withIt is interesting to note that if one merely starts 

(X,Ai,Pi) £ obj (GPX) and an H quasi-order _<(C) under £(H) , then 

Theorem 3.32 and Corollary 3.33 allow one to construct the following: 
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constructed from l(_) and A.( )r 
(Xi.Ai.Pi) 

y: (x,D^) H- p(u) 
u$1 

((X, P>- (X/C,Ai/C,Pi/C) 

constructed from £ and /l 

The following lemma was used in the proof of Theorem 3.32; the 

proof of the lemma however was postponed until now. 

<(C) anLemma 3.34. Let ((X, A^ .P^) ,p) £ obj(_<(G^)) with H 

quasi-order under <_(H) such that C = . Let (X,A,P) be the 

triple constructed from the functors and the factor system defined in 

Lemmas 3.26, 3.27, and 3.28. Then the mapping $:(X,A,P) ^ (X,A,P) 

defined by $(x,D^) = u is a surmorphism. 

(Note (X,A,P) = 8oA(X,Ai,Pi) •) 

PROOF. To show $ e Mor(GPX) it suffices to show 

(A; Ua*,p| Upp C (A',P') where Aj , A2 , Pj , and P^ are 

defined in Definition 3.20 and (A',P') is defined in Lemma 2.6. 

(Actually a corollary to Lemma 2.6 for the category GPX is what is 

used.) 

A . ItFirst consider A £ A^ for X e A and let (x,k) e dom 

where A iswill be shown that $(Az) = A$(z) for all z^(R)(x,k) 

the lifting of A . If z<(R)(x,k) , then z = (xp,D^^) for some 
u 

p £ P and D
;;xp 

£ £(xp) (since ttxtt < (R) = < (R) ). Hence 
u 

https://Xi.Ai.Pi
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$(Az) = $(A(xp,D^P) 
u 

= $(A.xp,oi(A,xp)£(Xxp,xp) [D^^]) 
u 

= ^xTpDf > 
= ( Aicp ) D 

u 

= GS(;Grp5^p)
Axp^ u 

= (g®S'p)5^p
Axp ^ u 

= (Axp)D 
u 

= UxpD^*^) 
u 

= Au 

= A$(xp,d''P) 
u 

= A$(z) . 

Now consider the case with A, c A' and h e l(x) for some
h 1 

X e X . Let z_<(R)(x,k) with z,(x,k) e X . Thus z = (xp.D^*^) 
;;xp

for some p £ P and D £ -£.(xp) . Since h e £(x) , let h = 
u y 

for some yi(C)x . Hence 
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$(Aj^(xp,dJ^P)) = $(xp,A(xp,x)[h]D^) 

= $(xp,D 
yDL U ’ 

xp 

= (yDi)5^P 
xp u 

= y.t 
u 

rx 
= G u 

y 

- Sytfep.s;;") 

= G^$(z) . 

Therefore if y = z A , then $(X^z) = y$(z) for all z_<('R)(x,k) . 

.Hence one has AJ U C a' . Dually one has Pj U C p' Thus 

4> e Mor(GPX) . 

Now to finish the proof that $ is a surmorphism, it is shown 

that £(L) = £(L) . Let (v,u) e £(L) and let z = p(v) and 

X = p(u) . Thus zHv_<(I)uHx . Let k = A = G^ h = D~ , and
V ’ z ’ X 

A = G^ . Note that k~^ and h~^ exist. Now consider 
z 
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A^(X(A^(x,dJJ) = Xj^(X(x,dV)) 

= Aj^(A(x,l)) 

= Aj^(Ax,a(A,x)) 

sAx 

= A, (z,l)
k 

= (z,D^) . 

Therefore and (v,u) . Thus(z,dJ) <(L)(x,D^) $x$[(z,dJ),(x,D^)] = 
Hence$x$ £(L) = £(I) . Dually, (j)X$ <(R) = <(R) . 

$:(X,A,P) ^ (X,A,P) is a surmorphism. 

one has thatIn looking back at Theorem 3.32 and Corollary 3.33 

these enable one to reconstruct an isomorphic copy of a known <(G)-

coextension. Now the following theorem determines necessary and suf 

ficient conditions on a compatible pair of functors with codomain Grp 

so that one may construct a ^(G)-coextension from a given 

(X,Ai,Pi) e obj(GPX) . 

Theorem 3.35. If (£:£L Grp , A:£R ^ Grp) is a pair of 

compatible functors with a factor system a , then 

iff condition (3.22) holds. ( Tr:X ^ X is((X,A,P),tt) e obj(<_(G^)) 

the first coordinate projection.) 
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, thenPROOF. First note that if ((X,A,P),tt) e objC^CG^^)) 
(X,A,P) e obj(GPX) . Hence by Theorem 3.25 condition (3.22) is 

satisfied. 

Now in the proof of Corollary 3.33 it is shown that 

.((X,A,P) ,tt) £ obj(<_(G^) whenever (X,A,P) e obj (GPX) 

The observant reader will note that if the triple (£,A.,a) 

satisfies condition (3.22) with the codomain of Z being Mon , then 

the conditionone obtains a coextension of (X,Ai,Pi) . If one adds 

that the mapping x x = (x,l) £ X from X to X preserves the 

.quasi-orders £(b) and <(R) , then one obtains a <(S)-coextension 

This will be shown by Theorem 3.41. The next topic to be investigated 

is the analogy of the work done for ^(G)-coextensions applied to 

<(S)-coextensions. 

The following lemma insures the existence of a lifting for 

<(S)-coextensions. 

Lemma 3.36. If ((X,Ai,Pi),p) e obj(£(S^)) with 
II- If

8oA(X,A,P) = (X,A,P) , then there is a lifting from (X,A,P) 

to (X,A,P) and p(Xz) = Ap(z) for all z £ dom A with A £ A and 

p(zp) = p(z)p for all z £ dom p with p £ P . 

PROOF. By the definition of ((X,A,P),p) £ obj(<(Sv)) > there
X 

IT- If

is a mapping from X to X such that (C )~ C H(x) , 
p X -

p(x) = X , and preserves the <(L) and <(R) quasi-orders. If 

preserves the <(L) quasi-G^
u 

£ A , then (v,u) £ £(b) . Now since 
II-, If 

ISorder, (v,u) £ £(1) . Hence G~ exists. It follows that a 

lifting from (X,A,P) to (X,A,P) . 
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Now to show the second part of the lemma, first let X = g'^ p A • 
V 

X' e A suchHence = X e A and since p e Mor(£(S^)) , there is a 

that p(G^w) = p(Xw) = X'p(w) for every w e R(u) . In particular 

of Theorem 5.8X'u = X'p(u) = p(G~u) = p(v) = V = G^u and by the proof 
of [3] X’x = g'^x for all X e R(u) . Hence

V 

andp(G~z) = X'p(z) = G^p(z) for all z e dom (G~) = R(u) 
p(Xz) = Xp(z) for all z e dom X . In the event that 

X = g'^^o . . . with z E dom X , one can apply the above to
Vn 

obtain 

p(Xz) = p(G~lo . . . oG^n 2) 
vi Vn 

= .. . .8^. 
^n 

. oG
u
n 

P(z) 
vi V

n 

= Xp(z) . 

Thus for X E A and z e dom X , p(Xz) = Xp(z) . Dually for p s P 

and z £ dom p , p(zp) = p(z)p . 

Lemma 3.36 enables one to construct a <(S)-coextension in a 

manner similar to that of a £(G)-coextension. That is, the basic 

properties needed to construct a <(G)-coextension are that 

(i) to each C-class there is a corresponding submonoid of the 

Schiitzenberger monoid, and 

(ii) there is a lifting of (X,A,P) . 
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Lemma 3.36 establishes property (il), while the following lemmas estab 

lish property (i). 

II~IF

Lemma 3.37. Let ((X,Ai,Pi)p) e obj(£(S^)) and let 

denote a lifting from (X,A,P) to (X,A,P) = BoA(X,Ai,Pi) . If 

A.:_^R ->■ Mon is defined by A.(x) = {D^:uCpX} for every x e X and 
A.(z,x)(D^)

u 
= D^~x for every (z,x) £ £(R) , then A. is a functor.

uDg 

PROOF. First note that if (u.x) £ C , then since 
P 

u £ H(x) . Thus £ and((X,Ai,Pl),p) £ obj(<(S^)) u 

A.(x) £-Sp(x) . Also note that D~ (the identity of 5p(x) ) is in 
A.(x) for every x £ X . 

To show A.(x) is a semigroup for x £ X , let D=^^,6^ e /t(x) . 
Then 

(y,x),(z,x) £ Cp . Since Cp is an H equivalence (see 
Proposition 3.16), (yD^z) = (yD^.xD^) e . Now (yD^jZ) £ C and 

z z Z p z p 

and Therefore(z,x) £ Cp give (yD^,x) £ C
p yD^ l(W)x .z 

~X -X 
D oD = D £ A.(x) and A.(x) is a monoid for each x £ X . 
y z y6J 

If (z,x) £ Mor(<R) and £ A.(x) , then Hence(y,i) e Cp . 
(yD~,z) = (yD;,xD~) is in C . Therefore £ A(z) and A.(z,x) 

z z z P 
z 

is a mapping from A.(x) to A.(z) . Now note that 

A.(z,x) (D?) = D = D? and A.(z,x) takes the identity of A.(x) to
X z 

z 

the identity of A.(z) . To show A.(z,x) is a homomorphism, let 

;;x
D D £ A(x) . Then
y’ w 
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^(z,x)D^.Df) = /c(z,x)(d]!~x)
y w yD, 

w 

z w z 

~z ~ ~ ~ 

= D ~Xy^Z~X. 

yDj(D^D-) 

- D^D? 
w zyDj 

= D^~x D^'X 
yD~ wD~ 

z z 

= ^(z,x) (D^)-A-Cz.x) (dJ^) . 
y w 

Therefore A(z,x)(D^-D^) 
y w = -^(z.x) (Dp-A-Cz.x) (D^) and a(z,x):/l(x) /l(z) 

is a homomorphism. 

To show H. preserves composition of morphisms, let 

(z,x),(u,z) e Mor(£R) and let e A.(x) . Thus 

A.[ (u,z) °(z,x)] (Dp = /L(u,x)(Dp 

= D^~5 
yD~ 

u 

= “ysje!^ z u 

= /i(u,z) (of'x)
yD~ 

= /l.(u,z) [A.(z,x) (Dp] . 

that 

Hence K. pre-

Hence K preserves composition of morphisms. Now note 

^(x,x)(Dp = yD~ = ^ A.(x,x)D^4:X D^ and is the identity. 
X 

serves identities. Thus /i:<R -> Mon is a functor. 

https://z,x)D^.Df
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Lennna 3.38. Let ((KjA^jP^) ,p) e obj(;^(S^)) and let 
-11 

.denote a lifting from (X,A,P) to (X,A,P) = 8oA(X,Ai,Pi) If 

£:£L ->■ Mon is defined by t(x) = A(x) (as A. is defined in Lemma 

3.37) for every x e X and £(z,x)(D^) = D?qX for every (z,x) e £(1) , 
u 

then £ is a functor. 

PROOF. The proof is dual to that of Lemma 3.37 in the same way 

as Theorem 3.7 was dual to Theorem 3.5 and is thus omitted. 

Lemma 3.39. (Using the notation of Lemma 3.38.) If 

a:B is defined by a(A,x) = D~~ for all (X,x) e and 

a(x,p) = 6-5 for all (x,p) e B2 , then a is a factor system for 
xp 

= 1 for allI , a(G^,x) = 1 for all (u,x) c £(L) , and a(x,D^) 
(u,x) £ <(R) . 

PROOF. To show a is a factor system for £ , one must show 

— Xx ^ 
But by Lemma 3.36,D^~ e £(Ax) , i.e., XxC^Xx , for each (X,x) £ B^ . 

p(Xx) = Xp(x) = Xx = p(Xx) for all x e dom X . Thus XxC Xx . 
P 

X X 

To show a(G ,x) = 1 for each (u,x) £ <(L) , let X = G
u’ u 

;^Xx X 
=Then X G~ and Xx = u = Xx . Therefore 1 = D-- = a(G ,x) . 

u Xx u 

Lemma 3.40. The functors and the factor system (£,A.,a) 

defined in Lemmas 3.37, 3.38, and 3.39 satisfy condition (3.22). 

PROOF. The proof is the same as that of Lemma 3.31 and is 

omitted. 

Theorem 3.41. If (£:_<L Mon , A.:<R ^ Mon) is a pair of 

compatible functors with a factor system a , then 
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in Definition((X,A,P),Tr) e obj(£(S^)) [where (X,A,P) is defined 

3.20] iff condition (3.22) is satisfied along with the following 

condition: 

(3.42) the mapping x h- x = (x,l) from (X,A,P) 

to (X,A,P) preserves <(L) and <(R) . 

functorsConversely, if ((X,Ai,Pi),p) e obj(£(5^)) , then the 

and factor system (£,A.,a) defined in Lemmas 3.37, 3.38, and 3.39 give 

rise to a triple (X,A,P) such that ((X,A,P) ,Tr) e obj(;^(5^)) and 

there is an isomorphism $:(X,A,P) ^ (X,Ai,Pi) such that po$ = n . 

PROOF. aTo prove the first part of the theorem, first consider 

triple (£,A.,a) which satisfies conditions (3.22) and (3.42). By 

Theorem 3.25 ((X,A,P),tt) e obj (GPX^)X . Now consider the map 

from X to X defined by x •-> x = (x,l) e X . To show 

for all((X,A,P),tt) e obj(£(S^)) it suffices to show 77(C_)—C h(x) 
X 

X e X (since by (3.42) is known to preserve <(L) and <(R) ). 

Clearly (C )— is the set {x}x£(x) . If (x,u) e (C )— , then 
77 X 77 X 

xp = (x,l)p = (x,u) , A X = X (x,l) = (x,u) , and (x,u) <(H)x . 
u u u u 

Hence (C )— C H(x) for all x e X . Therefore 
TT X 

((X,A,P),77) e obj(<(S^^)) . 

obj (GPX)Assume ((X,A,P),77) e obj(£(S^)) . Then (X,A,P) e 

and by Theorem 3.25 condition 3.22 is satisfied. Also since 

If- If

((X,A,P),7() £ obj(;f^(S )) , there is a mapping, say , from X to 

X which preserves the quasi-orders ^(L) and <_(R) . If 

for some(z,w) £ £(1) , then (z,w) £ <(L) . Thus let z = (z,u) 
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u e -^(z) and let w = (w,v) for some v e £(w) . Since (C ) ~ C H(x) 
IT ^ — 

for all X £ X , (w,l) < (H)w and (z,l) < (H)z . Next note that 

w * (w,v) = A (w,l) = X w and vr<(L)w . Therefore z£(H)zl(L)w<_(i)w
V V 

and zl.(L)w . Hence preserves the quasi-order <(L) . Dually 

tf 

preserves the quasi-order ^(R) . Thus condition (3.42) is 

satisfied and ((X,A,P),tt) e obj(<(S^)) iff conditions (3.22) and
X 

(3.42) are satisfied. 

Now to prove the second part of the theorem, let 

((X,Ai,Pi),p) £ obj(£(S ) . By Lemma 3.40 the triple (£,A,a) satis-

X 

fies condition (3.22). By Lemma 3.39 a(G ,x) = 1 for every 
u 

X 
. Thus for(u,x) £ <(L) and a(x,D ) = 1 for every (u,x) £ <(R) 

u 

to demonstrate(u,x) £ ±(L) , one must show (u,l)^(L)(x,l) in order 
X 

condition (3.42). But if X = G , then 
u 

X 

X(x,l) = (Ax,a(A,x)) = (u,a(G ,x)) = (u,l) . Therefore (u,l)<(L)(x,l) . 
u 

Dually if (u,x) £ ^(R) , then (u,x) £ <(R) . Thus by the first part 

of this theorem, (X,A,P),Tr) £ obj(<_(S^)) . 
= u , thenNow if $:(X,A,P) -»■ (X,Ai,Pi) is defined by $(x,D^) 

a proof similar to that of Lemma 3.34 shows $ is a surmorphism. Also 

as in the proof of Corollary 3.33 (since is an H equivalence) $ 

To showis one-to-one. Hence by Corollary 3.18 ^ is an isomorphism. 

po<l> = ir , note that for (x,D^^) e X , 

po$(x,D^) = p(u) = p(x) = X = Tr(x,D^) . 

So far the results dealing with quasi-orders and coextensions 

have dealt strictly with the category GPX . The purpose of these set 

theoretical results has been to establish certain properties 
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independent of the semigroup structure. In the following a semigroup 

structure will be created for the coextension results. Also the 

previous results and definitions (unless otherwise stated) will now be 

applied as though they have been explicitly stated for the category 

GP . For example, Theorem 3.5 will be applied when _<(C) is a quasi 

congruence under <_(H) where as it has been stated only in the case 

_<(C) is an H quasi-order under £(H) (but clearly it generalizes 

to quasi-congruences). 

In the following fix e obj(GP) . In order to induce 

conditionsa multiplication on the set S (as defined in 3.20) the two 

(i) L(x) is a left ideal of S for all x e S and 

(ii) R(x) is a right ideal of S for all x e S 

will be assumed. That is, it will be assumed that (S,Ai,Pi) e obj(GP) . 

denote the subLet B<»A(S,Ai ,Pi) be denoted by (S,A,P) . Let GP^ 

category of GP with (T,A2,P2)>P) e obj(GP^) iff 
andp:(T,A2,P2) ^ (S,Ai,Pi) is a surmorphism in Mor(GP) 

f e Mor(^g) iff f e Mor(GPXg) and f e Mor(Sgp) . Let ^(Gg) 
consist of[<_(Sg)] denote the full subcategory of GPg whose objects 

.all ^(G)-coextensions [<^(5)-coextensions] of (S,Ai,Pi) 

A factor system (in the case of GP„) for a functor 

a£;_<L Mon is a function a:(SxS U B) -> Z(s) such that B 
is 

(x,y) e SxS .a factor system in GPX^ and a(x,y) e Z(xy) for all 
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inDefinition 3.43. Let (S,A,P) denote the triple defined 

Definition 3.20 by the system (S,A,P,£,A.,a) . Define a multiplication 

on S by the following: 

(x,g)(y,h) = (xy,A.(xy,x) [g]a(x,y)£(xy,y) [h]) 

for all (x,g),(y,h) e S . 

If (£:<L ->■ Mon , A.:<R -► Mon) is a compatible pair of functors 

andwith (S,A,P) £ GP , then (S,A,P) e GP gives Sx C L(x) 

xS £ R(x) for all x e S . Thus for y e S , xy<(L)y and 

for eachxyf_(R)x . Hence A.(xy,x) and t(-x.y,y) are defined 

in 3.43(x,y) e SxS . Therefore the multiplication defined Definition 

lemmadoes exist. In general it is not associative, but the following 

provides necessary and sufficient conditions for the multiplication to 

be associative. 

in 3.43Lemma 3.44. The set S with the multiplication defined 

is a semigroup iff the following condition holds: 

(3.45) a(x,yz)£(xyz,yz([A.(yz,y) [h]a(y,z)] 

= A.(xyz,xy) [a(x,y)£(xy,y) [h] ]a(xy,z) 

for all x,y,z £ S and for all h e -^(y) . 

codomain ofPROOF. Leech [7] proves this lemma in the case the 

of Z isZ is Grp . It easily follows in the case the codomain 

Mon. To show this let (x,g),(y,h),(z,k) e S . A direct computation 

gives 
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(x,g)[(y,h)(z,k)] 

= (xyz,^(xyz,x)[g]a(x,yz)£(xyz,yz) [A.(yz,y) [h] a(x,y)]£(xyz,z) [k]) 

and 

[(x,g)(y,h)](z,k) 

. = (xyz,^(xyz,x)[g]^(xyz,xy)[a(x,y)£(xy,y)[h]]a(xy,z)£(xyz,z)[k]) 

Thus if A= a(x,yz)£(xyz,yz) [/i(yz,y) [h]a(y,z)] and 

B = A(xyz,xy)[a(x,y)£(xy,y)[h]]a(xy,z) , then 

and(x,g)[(y,h)(z,k)] = (xyz,^(xyz,x)[g]A£(xyz,z)[k]) 

= . Now if condition[ (x,g) (y,h)] (z,k) (xyz,/t(xyz,x) [g]B£(xyz,z) [k]) 

on S is(3.45) is satisfied, then A = B and the multiplication 

associative. Conversely if S is associative then 

. Hence(xyz,A) = (x,l)[(y,h)(z,l)] = [(x,l)(y,h)](z,l) = (xyz,B) 

A = B and condition 3.45 is satisfied. 

Now that a semigroup structure can be easily placed on S , the 

conditions needed for (S,A,P) e obj(GP) is investigated. 

Lemma 3.46. For each and for all (y,h),(x,g) 0 SP e P2 

such that (x,g)•(y,h),(y,h) e dom p , one has 

(x,g)[(y,h)p] = [(x,g)-(y,h)]p iff the following condition is 

satisfied: 

(3.47) a(xyp ,yp)£(xyp ,yp) [A.(yp ,y) [h]a(y,p)] 

= A(xyp,xy)[a(x,y)£(xy,x)[h]]a(xy,p) 

for all x,y e S and p e P such that y e dom p . 
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PROOF■ Let (y,h),(x,g)•(y,h) e dom p . Then 

(x,g) [ (y,h)p] = (x,g) (yp,A.(xp,x) [h]a(x,p)) 

= (xyp,^(xyp,x) [g]a(x,yp)£(xyp,yp) [>t(yp,y) [h]a(y,p)]) 

and 

[(x,g)(y,h)]p = (xy,^(xy,x)[g]a(x,y)£(xy,y)[h])p 

= (xyp,^(xyp,xy) [A.(xy,x) [g]a(x,y)£(xy,y) [h]]a(xy,p)) 

. = (xyp,^(xyp,x)[g]^(xyp,xy)[a(x,y)£(xy,y)[h]]a(xy,p)) 

Now if condition (3.47) is satisfied, then clearly 

e S such[(x,g)(y,h)]p = (x,g)[(y,h)p] . Also if for all (y,h),(x,g) 

that (x,g)•(y,h),(y,h) e dom p one has 

case with(x,g)[(y,h)p] = [(x,g)'(y,h)]p , then consider the 

and condition(x,g) = (x,l) . Thus A(xyp,x)[g] = A(xyp,x)[l] = 1 

(3.47) follows. 

Lemma 3.48. For each p^ e P| and for every (y,h),(x,g) e S 

such that (x,g)•(y,h),(y,h) e dom p^ , one has 

(x,g) • [ (y,hpj^] = [(x,g)(y,h)]p^ . 

PROOF. If (y,h) E dom p^ , then there is a X in A and 
z E S such that Xz = y and k e £(z) . Thus 
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(x,g) [(y,h)p^] = (x,g) [ (Az,h)pj^] 
= (x,g)(Xz,h£(y,z)[k]) 

= (xy,A(xy,x)[g]a(x,y)Z(xy,y)[h£(y,z)[k]]) 

= (xy,A.(xy,x) [g]a(x,y)£(xy,y) [h]£(xy,z) [k]) 

= (xy,^(xy,x)Ig]a(x,y)£(xy,y)[h])p^ 

= [ (x,g)- (y,h)]pj^ . 

Conditions (3.22), (3.45), (3.47), and the dual of condition 

(3.47) may be combined into the following condition: 

(3.49) a(a,bc)£(abc,bc) [>i(bc,b) [h]a(b,c)] 

= A.(abc,ab) [a(a,b)£(ab,b) [h] ]a(ab,c) 

for all (a,b,c) e (SxSxS) U (B^xS) U (SXB2) (AxB2 H Bixp) 

and h e £(b) . 

Theorem 3.50. Consider the system (S,A,P,£,/i,a) . 

(S,A,P) £ obj(GP) iff condition (3.49) is satisfied. Also if 

.(S,A,P) £ obj(CT) , then ((S,A,P) ,t:) ) e obj(CTg) 

PROOF. If (S,A,P) £ obj(GP) , then by Lemma 3.21 condition 

(3.22) is satisfied, by Lemma 3.44 condition (3.45) is satisfied, and 

by Lemma 3.46 (and its dual) condition (3.47) (and its dual) are sat 

.isfied. Thus (S,A,P) £ obj(GP) gives condition (3.49) 

Conversely, suppose condition (3.49) is satisfied. By 

Lemmas 3.21, 3.44, 3.46, and the dual of 3.46, one has 

(S,A,P) £ obj(GP) . To show (S,A,P) £ obj(GP) one must show that for 

each (y,h) e dom p one has (x,g)*(y,h) e dom p for every (x,g) e S 

and for each (y,h) e dom p^ one has (x,g)*(y,h) e dom p^^ for every 
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(x,g) £ S . If (y,h) E dom p , then y e dom p . Thus xy e dom p 

and (xy,w) e dom p for all w e £(xy) . Therefore 

Next(x,g)-(y.h) = (xy,A.(xy,x)[g]a(x,y)£(xy,y)[h]) e dom p . if 

(y,h) e dom Pj^ , then there is a z e S and X e A such that 

k e t(z) and y = Xz . Consider G^__ e A and note that 
xy 

xy = G^ = Xz . Hence by the definition ofxy^ xy (xy,w) e dom p^ 

for all w e Uxy) = ((gLa)z) . 
xy Therefore (x,g)*(y,h) e dom p^ . 

Thus (S,A,P) e obj(GP) . 

Finally, if (S,A,P) e obj(GP) , then Theorem 3.25 gives 

Hence(S,A,P) e obj (GPX ) . But clearly tt:S ^ S is a homomorphism. 

((S,A,P),tt) £ obj(^g) . 

theNow that the construction principles have been investigated, 

considered.reconstruction of a ^(G)-coextension of (S,Ai,Pi) is 

done for theThis will follow closely the previous reconstruction 

category GPX^ . 

_<(C) beLemma 3.51. Let ((S,A^ ,Pi) ,p) e obj(_<(6g)) and let 
!T^ If 

denote 
an H quasi-congruence under _<(H) with 0 = 0^. Let 
a lifting from (S,A,P) to (S,A,P) = 8oA(S,Ai,Pi) and let 

3.26. If£:j<L ->■ Mon be the functor induced by <_(C) in Lemma 

alla:((SxS) U B) ^ £(s) is defined by ct(x,y) = D~~ for 
SC u xy 

(x,y) e SxS and a is defined as in Lemma 3.28, then a IS a 
B 

factor system for Z . 

PROOF. To show a is a factor system for Z with 

for all(S,A,P) £ obj(GP) , it suffices to show D~? e Z(xy) 
xy 
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(x,y) e SxS . Now D-~ will be in l(xy) if p(xy) = p(^) since 
xy 

ThereforeC = C ^ £(C) . But p(xy) = xy = p(x)p(y) = p(xy) . 

D~~ e -^(xy) and a is a factor system for Z . 
xy 

Lemma 3.52. (With the notation of Lemma 3.51.) Let a be the 

and ^ thefactor system described in Lemma 3.51 along with I 

Then thefunctors described in Lemmas 3.26 and 3.27, respectively. 

triple (Z,A.,a) satisfies condition (3.49). 

sufficesPROOF. To show (Z,^,a) satisfies condition (3.49) it 

to show condition 3.45 since Lemma 3.31 shows the rest of 3.49. Now 

the proof that 3.45 is satisfied is the same computation as given in 

the proof of Lemma 3.31 where the triple (A,y,p) in the proof of 

Lemma 3.31 is replaced by the triple (x,y,z) . Thus the proof is 

omitted. 

Theorem 3.53. If ((S jAj ,Pi) ,p) e obj(£(Gg)) with <_(C) an 

the functors
H quasi-congruence under _<(H) such that 0=0^, then 
and the factor system defined in Lemmas 3.26, 3.27, and 3.51 give rise 

to a triple (S,A,P) such that (S,A,P) is in obj(GP) , 

coordinate pro((S,A,P) ,TTi) e obj(GPg) where ttiiS ^ S is the first 
.jection, and there is a surmorphism $i:(S,A,P) ^ (S,Ai,Pi) 

PROOF. Lemma 3.52 shows that the triple (£,A.,a) satisfies 

condition (3.49). Hence by Theorem 3.50, ((S,A,P) jir^) e obj (GPg) . 

Now by Theorem 3.32, the map $i:(S,A,P) (S,Ai,Pi) defined by 

Lemma(x,D^) H- u is a surmorphism in GPX . Now it follows from 3.18 
u 
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in [7] that the map $i:S ^ S is a homomorphism. Hence 

$i:(S,A.P) ^ (S.Ai.Pi) is a surmorphism in Mor(GP) . 

then there isCorollary 3.54. If ((S, A^.P^) ,p) e obj(<_(Gg)) , 

a pair of functors £ :_^L Grp , A. :£R ->■ Grp and a factor system a 

for t such that the triple (S,A,P) is in obj(GP) , 

((S,A,P),Tr) £ obj(;^(6 )) , and there is an isomorphism 

$:(S,A,P) (8,Ai,Pi) such that po<j! = tt . 

PROOF. Apply Theorem 3.53 with the quasi-congruence <(C) equal 

Mon and. This gives a pair of functors £:£L Mon and A.:<_R 

a factor system a for Z . Since the triple (£,A,a 
B
_) is the triple 

to obtain theobtained in Theorem 3.32, one may apply Corollary 3.33 

is ancodomain of Z and A is Grp and $:(S,A,P) ->■ (S,A]l,P]^) 

isomorphism in Mor(GPX ) . Now by Theorem 3.53 (S,A,P) z obj(GP)
b 

and (p is a homomorphism. Hence $:(SjA,P) ->■ (S,Ai,Pi) is an iso-

morphism in Mor(GP ) . Therefore since ((S,Ai,Pi),p) £ obj(<(Gg)) ,b 

po$ = it . Thus((S,A,P) ,po$) £ obj(<_(Gg)) . But by Corollary 3.33, 

((S,A,P),Tr) £ obj( (Gg)) . 

Theorem 3.55. If (£:<L Grp , A.:£R -> Grp) is a pair of 

compatible functors with a factor system a , then (S,A,P) £ obj(GP) 

holds.iff ((S,A,P) ,tt) £ obj(£(Gg)) iff condition (3.49) 

PROOF. By Theorem 3.50, (S,A,P) e obj(GP) iff condition 

if(3.49) holds. Hence to finish the proof it suffices to show that 

Thus assume(S,A,P) obj(GP) ,£ then ((S,A,P),Tr) £ obj(<_(Gg)) . 

(S,A,P) £ obj(GP) . By the second part of Theorem 3.35, 
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((S, A,P),it) is a ;^(G)-coextension of (S,A,P) in the category GPX 

and so C H . Therefore since (S,A,P) e obj(GP) and £ H , 

((s’, A,P),TT) e obj(£(Gg)) . 

Theorem 3.56. Let be a triple such that S is a 

semigroup with codomain of Z being Grp . (Thus a need only be a 

function from SxS into Z(s) with a(x,y) e Z(xy) for all 

there is a(x,y) £ SXS .) If BoA(S,Ai,Pi) = 8oA(S,Ao,Po) , then 

Green's pair (A',P') for S such that ((S, A’,P') ,Tr) e obj(_^(Gg)) . 

PROOF. Let An = {A.:z e S^} and Pn = {p_:z e S^} . Let A 
z z 

let P be thebe the semigroup generated by Ag LJ Aj in PT(S) , and 

satsemigroup generated by Pq^ in PT(S) . Clearly (A',P') 

isfies (i) and (ii) in the definition of a Green's pair. Now each of 

(iii),the pairs (Ag.Pp , (A^Pg) , (A^Pj) , (Ag.Pg) satisfies 

(iv), and (v) in the definition of a Green's pair for the following 

reasons: the first by Lemma 3.48; the second by the dual of Lemma 3.48; 

that isthe third by Lemma 3.23; and the fourth by the fact S a semi 

generatesgroup. Thus since Ag U A| generates A' and Pg U p| 

P' , the above shows (S,A',P') e obj(GP) . Now since 

(Ag ,Pg ) C (A' ,P') , (S ,1' ,P' ) £ obj (CT) . 
Clearly rrrS ^ S is a homomorphism onto S . Thus 

. NowTT:(S,Ag,Pg) ->■ (S,Ag,Pg) is a motphism in Mor(GP) 

8oA(S,Ai,Pi) = 8oA(S,Ag,Pg) implies <_(L) = ±(Lq) and £(R) = • 

Therefore it a homomorphism from S onto S gives 

. Clearly forTT:(S,Ag,Pg) (S,Ai,Pi) is a surmorphism in Mor(GP) 



89 

and dually foreach Y e A'l , '^(yz) = lg‘iT(z) for all z e dom y 
it followseach 5 e , Tr(z6) = (itz)!^ for all z s dom 6 . Now 

that (Aj Ao,P[ Pg) £(A',P') where (A',P') is defined in 

Lemma 2.6. Hence by Lemma 2.6 tt : (S,A',P’)(S,A]^ ,Pl) is a surmor-

one has that C C H' . There-phism. Now since (A|,P|) C (A',P') , 1T — 

fore ((S,A',P'),7r) £ obj(£(Gg)) . 

This completes the results dealing with ^(G)-coextensions. The 

following deals with £(S)-coextensions. 

tr 
denoteLemma 3.57. Let ((S,Ai,Pi),p) eobj(^(Sg)) and let 

a lifting from (S,A,P) to (S,A,P) = 8oA(S,Ai,Pi) . Let (I,A.) be 

Ifthe pair of functors defined in Lemmas 3.37 and 3.38. 

a:(SxS) U B ^ 
S£ b 

t(s) is defined by a(x,y) = D~~
2cy 

for all x,y £ S 

and 
“ B is defined as in Lemma 3.39, then a is a factor system for 

I , a(G^,x) = 1 for all (u,x) £ ^(L) , a(x,D^)u = 1 for all 

(u,x) £ £(R) , and (£,-i,a) satisfy condition (3.49). 

PROOF. According to Lemma 3.39 a is a factor system for t
B 

(u,x) £ <(L) ,(with (S,A]^,P^) £ obj (GPX) ), ci(G^,l)= 1 for all 
a factorand a(x,D^) = 1 for all (u,x) £ £(R) . To show a is 

to showsystem for I (with (S,Ai,Pi) £ obj(GP) ) it suffices 

a(x,y) £ lixy) for all x,y £ S . Note that for (x,y) £ SxS , 

p(xy) = xy = p(x)p(y) = p(xy) . Thus xyCpXy and by the definition 
of Z , D?~ £ £(xy) . Hence a is a factor system for Z . 

is theThe proof that condition (3.49) is satisfied by (Z,^,a) 

same as that of Lemma (3.52) and is omitted. 
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Theorem 3.58. If (£:^L ->■ Mon , /t: <R Mon) is a pair of 

compatible functors with a factor system a , then 

(3.42) are sat((S,A,P) jir) e obj(£(Sg)) iff conditions (3.49) and 
isfied. 

is theConversely, if ((S, Ai ,Pi) ,p) £obj(£(Sg)) and (I,A.,a) 

triple described in Lemma 3.57, then the triple (S,A,P) induced by 

the map(£,A.,a) is in obj (GP^) with the surmorphism tt and 
such that po$ = TT .$;(S,A,P) (S,Ai,Pi) , (x,D^) H- u , is an isomorphism 

PROOF. If the triple satisfies conditions (3.49) and 

(3.42), then by the first part of Theorem 3.41, ((S,A,P),7r) e obj(<(Sg)) 

when one considers the category GPX . Hence to show / 

suffices to show((S,A,P),Tr) e obj(<_(Sg)) in the category GP , it 

(S,A,P) e obj (GP) and tt:S S is a homomorphism. By Theorem 3.50 

(S,A,P) e obj(GP) and clearly tt is a homomorphism. Hence 

((S,A,P),tt) e obj(<(Sg)) . 

For the converse of the first part of the theorem consider 

3.41, (£,A.,a)((S,A,P),tt) £ obj(_<(Sg)) . By the first part of Theorem 

satisfies condition (3.42). Now since (S,A,P) e obj(GP) , Theorem 

3.50 implies condition (3.49) is also satisfied. 

For the second part of the theorem, let 

(I,A.,a) sat((S,Ai ,Pi) ,p) £ obj(<_(Sg)). By Lemma 3.57, the triple 

isfies condition (3.49). Now by the second part of Theorem 3.41 the 

triple (I,A.,a 
B
„) (and hence (I,A.,a) ) satisfies condition (3.42). 

is anAgain by Theorem 3.41 the map $ from (S,A,P) to (S,Ai,Pi) 

3.53 whenisomorphism in Mor(GPXg) . But as noted in Theorem 
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(S,A,P) and (S,Ai,Pi) are objects in GP , $ is a homomorphism. 

Hence is an isomorphism in Mor(GPg) . This also gives 

((S,A,P),Tr) e obj(£(Sg)) . 

Theorem 3.59. Let (Z,A.,a) be a triple such that S is a 

semigroup with codomain of Z being Mon . (Thus a need only be a 

function from S^S into s^S with a{x,y) e Zixy) for all 
(x,y) e SxS and satisfy condition (3.45).) If 

units ofBoA(S,Ai,Pi) = 8oA(S,Ao,Po) and a(x,y) is in the group of 

Z{xy) for all x,y e S , then there is a Green's pair (A',P') on S 

such that ((S,A',P') ,7r) e obj(<_(Sg)) . 

ofPROOF. Let (A',P') denote the pair defined in the proof 

Theorem 3.56. As shown in the proof of Theorem 3.56, 

. Thus to show(S,A',P') e obj(CT) and ((S, A' ,P') ,tt) e obj(CTg) 

show that for the map((S,A',P') ,7r) £ obj(£(Sg)) , it suffices to 

X X = (x,l) from S to S , preserves the quasi-orders <(L) 

and f_(R) and (C )_Ch'(x) for all x e S .
7T X 

First note that (C )_ = {x}x£(x) . As it was pointed out in 
TT X 

the proof of Theorem 3.56, (A^,Pp C (A’,P') implies 

{x}x£(x) Ch'(x,1) = H'(x) . Therefore (C )_Ch'(x) for all x £ S . 
77 X 

If y<_(L)x , then B°A(,S ,Ai ,?i) = 5<’A(S,Ao .Pq) gives y = zx for some 

z £ S . Thus one has X_x = (z,l)’(x,l) = (zx,a(z,x)) = (y,a(z,x)) . 
z 

By assumption, a(z,x) is in the group of units of Z(zx) = Z(y) . 

Thus let h = a(z,x) -1 
£ Z(y) . Hence £ A^ Q A’ and 

= y andA^(y,a(z,x)) = (y,ha(z,x)) = (y,l) = y . Therefore 
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I If n
since X,o\_ e A Hence 

h z , y i(L’)x . preserves £(1) and dually 

tt ft 

preserves f_(R) . Thus ((S,A’,P') ,7;) e obj(£(Sg)) . 
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