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ABSTRACT

In Chapter II, the categories of Green's pairs and Green's
theories are defined. The general properties of these categories are
investigated, and the two categories are shown to be equivalent. Also
the category of Green's pairs are reiated to the usual Green's quasi-
orders while relationships between Green's pairs and other generaliza-
tions of Green's relations are developed. This is done by performing
a construction using a free semigroup to obtain a coextension with the
desired properties. An example is given to show that Green's pairs are
more general than the other generalizatioms studied. Also specific
types of Green's pairs and their properties are investigated.

In Chapter III, some of the results of Chapter II are applied in
the study of quasi-orders under <(H) . For each L {[R] quasi-order
under <(H) , it is shown that there corresponds a functor from <L
[<R] into Mon while for each L [R] equivalence under <(H) , it
is shown that there corresponds a functor from <L [EB] into Grp .
Also the R equivalences under <(H) (viewed as a lattice) are shown
to be isomorphic to a lattice contained in the functors from <R to
Grp .

Also in Chapter III, <(G) and <(S) coextensions are defined
for the category GP . Then the results in the first part of the chap-
ter are used to establish a construction principle using functors from
<L and <R into Mon . Using this construction principle one is able
to construct (recomnstruct) all <(G) and <(S) coextensions (in the
category GP ).
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CHAPTER I

PRELIMINARIES

It is assumed that the reader is familiar with the work of Clark
and Carruth [3] along with some general knowledge of semigroups. The
reader is referred to [3] and [4] for the standard notation and standard
results.

The following order theoretic concepts will be needed. Let X
denote a set. Then a relation on X is a subset of the Cartesian
product X x X . If ¢ is a relation on X , then (x,y) e ¢ 1is also
written as xoy . Also o~ ! denotes the set {(y,x):(%,y) € 0} . A

relation o on X is said to be reflexive if {(x,x):x € X} 1is con-

tained in o0 . The relation o is said to be symmetric if (v,x) e g

whenever (x,y) € 0 . Also ¢ 1is transitive if (x,2) € o whenever
(x,y) € 0 and (y,2z) € 0 . An equivalence relation is a relation

which is reflexive, symmetric, and transitive. Now if o 1is an equiv-
alence relation on X , then for x € X xo denotes the set
{y € X:(x,y) € 0} and X/o denotes the set {xo:x ¢ X} . The map

x > x0 from X to X/o is called the natural or projection map of

X onto X/o .
A quasi-order is a relation which is reflexive and transitive.

If <(C) denotes a quasi-order on X , then the equivalence relation

induced by <(C) 1is the relation
C =<0 N (Nt .

For a € X, the C(-set of '"a" 1is denoted and defined by
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C(a) = {x e X:x <(C)a}

and the C-class of "a" is denoted and defined by

Cy = {x € X:xCa} .

A transformation of a set X is a single-valued mapping of X

into X . A partial transformation of X is a single-valued mapping
of a subset of X into X . The domain of a partial transformation,

say f , is {x e X:(x,y) € £ for some y ¢ X} and is denoted by

dom f. The empty transformation is the partial transformation with

empty domain. The empty transformation is denoted by '"G" . The

identity transformation on X 1is a transformation, say f , such that

f(x) = x for every x in X . The identity transformation on X is
denoted by lX . For a fixed set X , the set of all transformations of
X 1is denoted by T(X) while the set of all partial transformations of
X 1is denoted by PT(X) .

A semigroup is a pair (S,*) where S is a set and * is a
function from §x§ into § which satisfies the following property:

(x*y)*z = x*(y*z) for each Xx,y,z € S where *(u,v) is denoted by

u*v for wu,v e S . Usually the multiplication for a semigroup (S,%*)
is denoted by juxtaposition, i.e., x*y = xy for x,y ¢ S . Also, in
most instances the pair (S,*) will be referred to only by S . An

identity of a semigroup S 1is an element, say e , of S such that
ex = x = xe for all x in S . Clearly any identity for S is
unique. If a semigroup has an identity, then it will be denoted by

"1" . An idempotent is an element whose square is itself. Also if



S 1is a semigroup, then S! will denote S if § has an identity,
otherwise S' will denote S with an identity adjoined. A monoid is
a semigroup with identity while a group, say G , is a monoid in which
for each element "a" in G there is an element, say a-! , in G
such that aa=! =1 =a"1la3 ., 4 semilattice is a commutative semigroup

‘which consists only of idempotents. A subset T of a semigroup S 1is

said to be a subsemigroup of S if {st:(s,t) e¢ TxT} is a subset of

T . If, in addition, T is a group then T 4is said to be a subgroup

of S . If A 1is a subset of S , then the subsemigroup generated by

A 1is denoted and defined by
(A) = T C S:T is a subsemigroup of S and A CT}.

The semigroup (A} can also be found by taking the set of all elements
of S that are expressible as finite products of elements of A . If

X 1is a set, then the free semigroup generated by X , denoted by F(X) ,

is the set of all finite sequences of elements of X where the multi-
plication is defined by the following: if (X1 X9y o o uy Xn) and
(F1s Y25 o o oy Yn) are elements of F(X) then their product is

(X15 %25 « v oy Xy V15 Yoo o o o Yn) - The elements of F(X) will

be referred to as words. Also the notation (X15 X3, « « o, Xy) for a
word in F(X) will be shortened to X1'X3 . . . X . Hence " will

denote the multiplication in F(X) . A left [right] ideal of a semi-

group S 1is a subset I of S such that SI C1I [1Is CIl]. An
ideal of S is a subset of S which is both a left and a right ideal
of S . Note that the definitions of left ideal, right ideal, and

ideal are not the standard ones. Theydiffer in that the subset is not



required to be non-empty. The reason for this is a notational con-
venience. The domain of the empty transformation is now an ideal. The
specific use will be pointed out in Chapter II.

For each element "a" of a semigroup S one associates a

transformation p, {[A;] of S defined by Xp, = xa [xA; = ax] for

all x in S . The map A4 [pg] is called the inner left [right]

translation of S induced by the element a . A transformation p of

S 1is called a right translation of S if x(yp) = (xy)p for all

X,y € 8§ . A transformation A of S 1is called a left translation of

S if (xA)y = (xy)X for all x,y € S . Note that an inner right
[left] translation is also a right [left] translation. From this point
on whenever a map is known to be a left translation, the argument will
be written on the right side of the map while the argument of a right
translation will be written on the left side of the map. The set of
all left translations on the semigroup S will be denoted by LT(S)
while the set of all inner left translations on the semigroup S will
be denoted by ILT(S) . The set of all right translations on the
semigroup S will be denoted by RT(S) while the set of all inner
right translations on S will be denoted by IRT(S).

A partial right translation of S , say o , is a partial trans-

formation of S such that if r and s are in S with

rs,s € dom o , then (rs)a = r(sa) . A partial left translation of S ,

say Y , 1is a partial transformation of S such that if r and s
are in S with sr,s € dom v , then vy(sr) = (ys)r . The set of all
partial right translations of S will be denoted by PRT(S) while the

set of all partial left translations of S will be denoted by PLT(S)



Note that the identity translation and the empty translation are in
both PRT(S) and PLT(S) . If X is a set, then note that PT(X)
is a monoid under composition and that T(X) is a submonoid of PT(X)
Also note that if S is a semigroup, them LT(S) , ILT(S) , RT(S) R
and IRT(S) [PLT(S) and PRT(S)] are subsemigroups of T(S)
[PT(S)]

The following definitions are given in [6]. For a semigroup S ,

the usual Green's quasi-orders on S are defined by

(L) = {(y,x) e sxs:8ly C slx}
jﬁRS) = {(y,x) € SxS:ySl C xsl}
() = <(Lg) N <Ry)

Whenever no confusion is likely in regard to which semigroup is being
referred to, the notation <(Lj) , <(Rp) , and <(Hp) will be used
instead of _i(LS) , i(RS) , and Ai(HS) , respectively. If S is a

monoid, then the group of units of S 1is the Hg-class of the identity,

Hy

The following definitions are taken from [3]. Let X denote a

fixed set and let S denote a fixed semigroup. A Green's pair on X

is a pair (A,P) satisfying the following four properties:

(1) A and P are subsemigroups of PT(X) with arguments
written on the right for members of A and on the left for

members of P ;

(ii) Both A and P contain the identity transformation of X ;




(iii) For all (A,p) € AxP , Aldom A N dom o] Cdom ¢ and

[dom X Ndom p]p C dom A ; and

(iv) For all (A,p) € AP and for all x ¢ [dom A N dom ol ,

(Ax)p = X(xp)

A Green's pair on S is a Green's pair (A,P) on the set X = §

satisfying the additional conditions that (v) A C PLT(S) and

P C PRT(S) . The usual Green's pair (Ag,Pp) on S is defined by

Ag

{(A:x e ILT(S)} U {ls}

Py

{p:ip € IRT(S)} U {lS} .

For each Green's pair (A,P) on X the following quasi-orders

<Ly, <(R), and <(H) on X are defined:

(1) y<(Dx 4if y e Ax = {Xx:x ¢ A and x e dom A}

fl

(i1) y<(R)x if y e xP = {xp:p ¢ P and x ¢ dom o}

(iii) <(H) = <(L) N <(R)

A Green's theory on X 1is a quadruple (<(L),<(R),G,D) where

<(L) and <(R) are quasi-orders on X and G:<(L) » PT(X) and

D:<(R) » PT(X) are functions satisfying the following four properties:

(1) for y<(l)x , the image of (y,x) under G 1is denoted
by G}; and satisfies dom G); = R(x) . Dually, for
y<(R)x , the image of (y,x) under D 1is denoted by D};

and satisfies dom D}; = L(x) . Arguments for G}; will be
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written on the right and arguments for D§ will be written

on the left.

(ii) Given x e X , Gzz =z for all z ¢ R(x) and zDz =z

for all z e L(x)

(iii) For z<(l)y and y<(Dx , GZOG§ = G: and for z<(R)y

X ¥y _ X
and y<(R)x , Dy°Dz DZ .
(iv) For y<(L)x and z<(R)x , G;z = yDz

A Green's theory on S 1is a Green's theory (<(L),<(R),G,D) on

the set X = S satisfying the additional conditions that for each
y<(Dx , G; € PLT(S) and for each y<(R)x , D; e PRT(S)

Now as pointed out in [3], each Green's pair (A,P) on X
[the semigroup S ] induces a Green's theory denoted by A(A,P) or

(<(L),<(R),G,D) on X [S] where
(1) (<(L),<(R)) are the quasiorders induced by (4A,P) ,

(ii) For y<(L)x and =z ¢ R(x) , G;z = Az where ) 1is any

]

member of A such that y = Ax , and

(iii) For y<(R)x and 2z ¢ L(x) , zD§ = zp where p is any

member of P such that y = xp .

Also each Green's theory (<(L),<(R),G,D) on X induces a Green's

pair on X denoted by B(<(l),<(R),G,D) or (A,P) where

(i) A 1is the subsemigroup of PT(X) generated by

{GztyjﬂL)x} v {lx} and



(i1) P 1is the subsemigroup of PT(X) generated by

D0y <(Ryx} U (1) .

Whenever (<(L),<(R),G,D) 1is a Green's theory on X , this will
be denoted by (X,<(L),<(R),G,D) . Also if (A,P) 1is a Green's pair
on X , then this will be denoted by (X,A,P) . Now if

(X,<(),<(R),6,D) 1is a Green's theory, then the right Schitzenberger

monoid of x for x in X 41is denoted and defined by
Sy(x) = {D}:y<(H)x)
D y.y__ .

The right Schutzemberger group of x for x in X is denoted and

D X . “X .

Now as shown in [3], for xly, SD(y) = SD(X) and GD(y) = GD(X) ;
SD(x) is a monoid and GD(x) is the group of units of SD(x) . Dually,
one has SG(x) and GG(x) for each x ¢ X .

A category is a quintuple (C = (O,M,D,K,°) where

(1) 0 1is a class whose members are called C-objects,
(ii) M is a class whose members are called C(C-morphisms,
(iii) D and K are functions from M to 0 ,

(iv) o 1is a function from D = {(f,8):f,8 e M and D(f) = K(g)} ;
such that the following conditions are satisfied:
(a) If fog is defined, then D(feog) = D(g) and

K(feg) = K(£) ;




o

(b) If fog and hef are defined, then
he(fog) = (hef)og ;
(¢) For each C(-object A there exists a (-morphism,

denote by e , such that D(e) = A = K(e) and

(1) foe = f whenever (f,e) €D

(i1) eocg = g whenever (e,g) e D ;

(d) For any pair (A,B) of C(-objects, the class

a set.

If the class of C(-objects is a set, the ( 1is called a small category.

|
| hom, (4,B) = {£:f ¢ M, D(f) =A and K(f) = B} is
A category B = (0;,M;,D;,K;,*) 1is a subcategory of ( if

(1) 01 E 0 ’

(ii1) for B-objects A and B , homB (A,B) - homc (A,B) , and

(iii) for B-objects A, B, and C with f ¢ homB (A,B)

and g ¢ homB (B,C) one has gof = g*f ,

If B 1is a subcategory of ( and homB (A,B) = homc (A,B) for each

A,B €0; , then B 1is a full subcategory of C( .

The following categories will be needed in the following

chapters:

1) the category Sgp of (algebraic) semigroups and homomorphisms;

2) the category Mon of (algebraic) monoids and identity preserving

homomorphisms;
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3) the category Grp of algebraic groups and homomorphisms.

Other less familiar categories will be introduced later.
If C denotes the category (0,4,D0,K,°) and B denotes the
category (0;,M;,0;,K;,*) , then a functor F from C to B is a

function from the class of morphisms of C to the class of morphisms

(1) if e 1is a C-identity, then F(e) is a B-identity and
(ii) F(feg) = F(f)*F(g) whenever (f,g) ¢ D .

The domain of the functor F is € and the codomain of F is B .

Let F and G be functors from C to B . A natural trans-

formation ¢ from F to G , denoted by ¢:F - G , is a function
from 0 into {homB (A,B):A and B are B-objects} such that for
each C-object X , 3(X) is in homB (FX),6(X)) and if X and Y

|
|
of B satisfying the following conditions
are C(C-objects with f:X - Y , then

¢ (X)

F(X) G(X)
F(£) l Qc(f) l
F(Y) 20D sy

A natural transformation ¢:F - G 1is said to be a natural equivalence

if there is a natural transformation &:G -~ F such that for each

C-object A ome has ¢(A)*§(A) = 1 and §(AY*0(A) =1

G(4) F(4)
functor F:C ~ B is an equivalence if there is a functor G:B - C

such that FoG is naturally equivalent to the identity functor on B
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and GoF is naturally equivalent to the identity functor on C . If
there is an equivalence from C to B , then the two categories C

and B are said to be equivalent.



CHAPTER II

THE CATEGORIES OF GREEN'S PAIRS AND GREEN'S THEORIES

In this chapter the categories of Green's pairs and Green's

theories are defined. Certain properties are obtained that will be

needed in the next chapter. Also some general properties relating

Green's pairs on a semigroup to the usual Green's relations on a semi~

group are developed.

Definition 2.1. Let GPX denote the category consisting of all

triples (X,A,P) where X 1is a set and (A,P) 1is a Green's pair on

X and a morphism F from (X,A,P) to (X,A,P) is a triple

((X,A,P), (X,f,X), (X,A,P)) where f:X »X 4is a function from X to

X

satisfying the following two conditions:

(1) for every X € A and for every X € dom XA there exists

A e A (depending on both A and x ) such that the fol-

lowing diagram commutes

R(x) —_f}l_R_(XT’ —R—(fCX))

A}R(x) Alﬁ(f(x»

X — X

i.e. Xf(z) = £f(Az) for all =z e R(x) ,

(ii) for every p ¢ P and for every x e dom p there exists

p € P such that the following diagram commutes

12



qu T

L (x)
L(x)

f

—_—

[ 5|I<f<x))
X

N
X
i.e. f(zp) = (f(z))E- for all 2z ¢ L(x)

Now if H,F e Mor(GPX) , say H = ((X,A,P), (X,h,X), (X,A,P)) and
F= (XA,P), X3, X,i,0)) , then
FoH = ((X,A,P), (X,foh,X), (i,ﬁ,?)) . (The arguments will be written

on the right.)

Now since the precise notation for a morphism is cumbersome, a
less precise notation will be adopted. If
F = ((X,A,P), (X,£,X), (X,A,P)) e Mor(GPX) , then this will be stated
by "f € Mor(GPX)" or by "f:(X,A,P) > (X,A,P) is in Mor(GPX) ."
Also if (A,P) and (A;,P;) are Green's pairs for the set X with
((X,A,P), (X,£,X), (X,A,P)) and ((X,A;,P;), (X,£,X), (X,1,P)) in
Mor (GPX) , then (with an abuse of notation) "f" will stand for both
morphisms f:(X,A,P) ~» (i}X}?) and f:(X,A;,P)) » (X}X}F)

Clearly with the above definition, GPX forms a category.

Definition 2.2. Let GP denote the subcategory of GPX con-

sisting of all (S,A,P) ¢ obj(GPX) such that S is a semigroup,
(A,P) 1is a Green's pair for the semigroup S , and f € Mor(GP) iff

f ¢ Mor(GPX) and f ¢ Mor(Sgp).

Definition 2.3. Let GTX denote the category of all 5-tuples

X,<(L),<(R),6,D) where X is a set and (<(L),<(R),G,D) 1is a Green's

13
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theory on X , and if (X,<(L),<(R),6,D) and (i}:gi),ffﬁ),égﬁd are
in obj(GIX) , then a morphism F from (X,<(L),<(R),G,D) to
(f,i(l-),i(?—) ,6,3) is a triple
(X,2(L),<(R),6,D), (X,£,X), (X,<(D),<(R),G,D)) where f:X +X 1is a
function from X to X such that the following four conditions are

satisfied:

(1) £x£(<(L)) € <(D)

(i1) £x£(<(R)) C<@®) ;

(1ii) f(Giz) = Eﬁg;;f(z) for all (y,x) ¢ <(L) and for all

z € R(x) ;

£ (x)

(iv) f(zD;) = f(z)ﬁé(y) for all (y,x) ¢ <(R) and for all

z £ L(x) .

Now if H = ((X,2(1),<(R),G,D), (X,h,%), (X,<(D),<®,3,D)) and
F= (X(D,2®,6,D), &£,%), &,<(1),<(R),6,D)) are in Mor(GTX) ,
then FeH = ((X,<(1),<(R),6,D), (X,f°h,%), (X,<(I),<(®),G,0)) . (The

arguments will be written on the right.)

Now as in the categories GPX and GP a less precise notation
will be adopted by referring to
F= ((X,2(1),<(R),6,D), (X,£,X), (X,<([),<(R),G,D)) in Mor(GTX) as
just "f e Mor(GTX)" or "f£:(X,<(L),<(R),6,D) + (X,<(),<(®,G,D) is

in Mor{(GTX) ."
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Definition 2.4. Let GT denote the subcategory of GTIX con-

sisting of all (8,2(L),<(R),G,D) ¢ obj(GTX) such that S is a semi-
group, (<(L),<(R),G,D) 1is a Green's theory on the semigroup S , and

f € Mor(GT) 4iff f ¢ Mor(GIX) and f ¢ Mor (Sgp) .

The above definitions define the categories GP and GT .
Several '"natural" definitions for the morphisms in the category GP
exist. Each has its advantage over the others, but the reason for
choosing the above for the definition of a morphism in GP is that the
categories GP and GT are equivalent (to be shown later) and the
definition is a "middle of the road" definition in terms of restric-
tions. Also morphisms in GP preserve the semigroup structure and the
translation of [ and R sets. Hence the [ and R quasi-orders
are preserved by morphisms in GP .

In the following, the categories GP and GT are shown to be
equivalent. That the categories GPX and GTX are equivalent will

also follow from the proofs.

Theorem 2.5. If A:GP » GT 1is defined by taking A(S,p,P) as
defined in Chapter I for (S,A,P) ¢ obj(GP) and A(f) = f for
f ¢ Mor(GP) , then A is a functor. (Note the abuse of notation; if

£:(S,A,P) > (S,A,P) , then

A(£) "=" £:(8,<(L),<(R),G,D) + (5,<(1),<(R),G,D) .)

PROOF. By Theorem 5.1 of [3] A(S,A,P) ¢ obj(GT) whenever
(S,A,P) € obj(GP) . Now let f£:(S,A,P) + (S,A,P) be a morphism in
GP . It must be shown that f:(S,iﬁL),iﬁR),G,D)—+(glfjt){i(ﬁ);a;ﬁ) is

a morphism in GT . Since f ¢ Mor(GP) , f:S+ S is a homomorphism.
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Now parts (i) and (iii) of Definition 2.3 will be shown. It will fol-
low dually that parts (ii) and (iv) of Definition 2.3 also hold. Let
(y,x) € <(L) . Then there exists X € A such that x =y (by the
definition of <(L) ). Now since f ¢ Mor (GP) there exists A e A
such that Xf(z) = f(Xz) for all =z e R(x) . 1In particular

if(x) = £f(Ax) = £(y) and it follows from the definition of 5(?) that
(f(y),f(x)) ¢ gff) . To show part (iii), let (y,x) ¢ <(L) and

z € R(x) . As in the above this gives a A e A and a A ¢ A such that

Ax =y and Xf(w) = f(Aw) for all w e R(x) . Thus Xf(z) = £()\2)

Since ix =y , G; = AlR(x) (see Theorem 5.1 of [3]). Also

Kf(x) = f(y) given Eﬁg;g = Xwikf(x)) Therefore
f(G;z) = f(Az) = Af(z) = Eggj;f(z) and part (iii) of Definitiom 2.3

follows. Hence f € Mor(GT) .
Clearly since A(f) = f , A preserves identities and composi-

tion of morphisms. Thus A is a functor.

Lemma 2.6. Let (S,A,P),(S,A,P) € obj(GP) and let f:S - S be

a homomorphism, If

A" = {X ¢ A:if x € dom A , then there exists X e A such
that Af(z) = f(xz) for all z e R(x)}
and
P' = {p e P:if x e dom p , then there exists p ¢ P such

that f(z)p = f(zp) for all z ¢ L(x)} ,

then (S,A',P') ¢ obj(GP) and f£:(S,A',P') ~(5,A,P) dis in Mor (GP)

S
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PROOF. To show (S,A',P') e obj(GP) , first note that

1, e A" NP' . Now since (S,A,P) ¢ obj(GP) and (A',P') C (nP) ,
conditions (iii), (iv), and (v) in the definition of a Green's pair on
S are satisfied by (A',P') . Now A' will be shown to be closed
under composition. That P' is closed under composition will follow
dually. Let Aj,X; € A" and let x e dom Ap°A; . Now by the defini-
tion of A' , there exist 5&,&} e A such that £()2) =‘Klf(z) for
all 2z e R(x) and f(xoz) = Xéf(z) for all 2z ¢ R(A1x) . Therefore
E((Az0x1)2) = £(A2(X12)) = Xpf(A12) = Wph £(2) = (hponp)E(z) for all
z ¢ R(x) . Now since ngil e h , it follows from the definition of
A" that Azed; € A' . Thus A' is closed under composition. Hence
(S,A",P') € obj(GP) .

Clearly it follows from the choice of (A',P') that

£:(S,A",P') » (S,A,P) is in Mor (GP)

Theorem 2.7. If B:GT - GP is defined by taking
B(s,<(L),<(R),G,D) as defined in Chapter I for
(8,<(L),<(R),G,D) € obj(GT) and B(f) = f for f ¢ Mor (GT) , then

B is a functor. (Note the abuse of notation in saying B(f) "=" f .)

PROOF. By Theorem 5.7 of [3] B(S,EﬂL),jﬂR),G,D) denoted by
(S,A,P) 1is a Green's pair whenever (8,<(L),<(R),G,D) ¢ obj(GT) . Now

let f£:(s,<(L),<(R),G,D) » (gyszj,fj—),G, ) be a morphism in GT .
It must be shown that £:(S,A,P) » (S,A,P) is a morphism in GP . Now
f ¢ Mor(GT) gives f:S > S is a homomorphism. Thus apply Lemma 2.6

to obtain a Green's pair (A',P') on S such that

£:(S,A",P') > (S,A,P) . Now f ¢ Mor (GT) also gives
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- =fx)

f(G?z) =G f(z) for all (y,x) ¢ <(L) and 2z ¢ R(x) . Therefore

£(y)
by the definition of A' , G; e A' for all (y,x) ¢ <(L) . Now 4
is generated by the set M = {G;:(y,x) e <(D)} Y {ls} . Hemce 5 C A
But by the definition of A' , A" €A . Hemnce A' = A . Dually

P' = P . Therefore (S,A',P') = (S,A,P) and £:(S,A,P) - (S,7,P) is
in Mor (GP)

Clearly since B(f) = f , B preserves identities and composi-~

tion of morphisms. Hence B:GT - GP 1is a functor.
Theorem 2.8. The categories GP and GT are equivalent.

PROOF. It will be shown that AoB = lGT and BoA ¥ lGP .

According to Theorem 5.8 of [3] AoB(S,iﬂL),iﬂR),G,D) = (8,<(L),<(R),G,D)
for all (S,<(L),<(R),G,D) € obj(GT) . Therefore since AoB(f) = f

for all f € Mor(GT) , Ao.B = lGT .

1GP » let (S,A,P) ¢ obj(GP) and let

(S,A,P) = BA(S,A,P) . To show BoA = 1GP , it suffices to show

Now to show BoA

lS:(S,Klﬁ) > (S,A,P) 1is an isomorphism. Obviously ls:S - S 1is an
isomorphism in Mor(Sgp) . First Lemma 2.6 will be used to show
1:(8,A,P) > (S,A,P) is in Mor(GP) . Hence let (y,x) ¢ <(L) and
consider G; . Now by the definition of G? in 7,A(S,A,P) , there is
a X e A such that y = Ax and G; = A’R(X) . Thus

lS(G;z) = lS(Az) = Az = x(lsz) for all z ¢ R(x) . Dually for each
(y,x) € <(R) , there is a p € P such that lS(zDz) = (lSZ)p for all
z ¢ L(x) . Now since A and P are generated by the sets

{G?:(y,x) e <(D)}V {ls} and {D?:(y,x) e <(R)} U {ls} respectively,

apply Lemma 2.6 to obtain ls:(S,Klﬁb > (S,A,P) is in Mor(GP) . Now
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to show lS:(S,A,P) > (8,A,P) is in Mor (GP) (and hence that
1S:(S;K;§)'+ (8,A,P) 1is an isomorphism) let A ¢ A and x ¢ dom ) .

Let y = Ax . Then G; e A and G; = Therefore

" Mrex
G?(lsz) for all z ¢ R(x) . Dually, if p ¢ P and

1S(Az)

x € dom p there is a p € P such that ls(zp) (182)3 for all
z € L(x) . Hence by Definition 2.2 lS:(S,A,P) ~ (S,A,P) is in
Mor(GP) . This gives lS:(S,X;f5 - (S,A,P) 1is an isomorphism. There-

N
fore BoA = lGP .

Corollary (of proof) 2.8. Ao°B = lGT and ls:(S,A,P) + A°B(S,A,P)

is an isomoprhism for all (S,A,P) € obj(GP)

Proposition 2.9. If f£:(S,A,P) > (ELK;E) is in Mor(GP) and

(S,A",P') = BA(S,A,P) , then for each A' ¢ A' there isa X e A such
that f(A'x) = Af(x) for all x e dom A' and dually for each o' ¢ P'

there is a p e P such that f(xp) = f(x)p for all x ¢ dom o'

PROOF. By Corollary 2.8 15:(S,A',P') + (S,A,P) is an isomor-
phism. Now consider any A' ¢ A' . If ' = G; for some (y,x) e <(L)
where (S,<(L),<(R),G,D) = A(S,A,P) , then =x ¢ dom A' . Thus

fOIS:(S,A',P’) + (S,A,P) in Mor(GP) and x ¢ dom A' imply the

existence of some A ¢ A such that f(\'z) f(Gzz) = Xf(z) for all

z e R() =dom \' . Now if A' =G lo , . . oG*n for some
Y1 Y
(yi,xi) e <(L) with 1 <1 < n , then there exist K}, c e ey Ag e A

such that f(Gziz) = X;f(z) for all z ¢ R(x;) with 1<ic<n (by
i

the first case with A' = G? ). Therefore if z ¢ dom A' , then



£(A'z) = f(G§1° C. oc;;nz) =X1f(c};zo . . . oGiTyZ)

1 n 2 Yn
— — X3 x — — — —
= A1 Af (G e o . oGRz) = . = ) .« « A f(z) . Let
1A2f Gy o Ta 2 af (?)
B ='710720 e oig £ X', then f(A'z) = Xf(z) for all z e dom )’

Proposition 2.9 shows that whenever the codomain of a morphism
is in the image of the functor BeA , then a stronger statement may be
made pertaining to the Green's pairs involved. This will be used quite
often when coextensions are dealt with in Chapter III.

One may view the functor BeA as giving "the smallest Green's
pairs" in the sense that the domains of the partial translations in-
volved are the smallest possible so that the identity morphism in Sgp
gives rise to an isomorphism in GP . The next theorem demonstrates
a functor from GP to GP that gives "the largest Green's pairs."

But first the following lemma is needed.

Lemma 2.10. If lS:(S,A,P) - (S,K;EB is an isomorphism in
Mor(GP) with A' e A, then (S,{A U {A"}),P) ¢ obj(GP) and

lS:(S,A,P) + (S,{A U {A'}),P) is an isomorphism.

PROOF. In order to show (S,{A U {A"}),P) & obj(GP) , first
note that conditions (i), (ii) and (v) in the definition of a Green's
pair on S are clearly satisfied.

Now to show conditions (iii) and (iv) hold between ' and
members of P , let p e P and x e dom A' Ndom p . Since
14:(S,0,P) ~ (S,A,P) is an isomorphism, <(L) = <(I) amnd <QR) = <(®)

Thus xp € XP = R(x) = R(x) Cdom X' and A'x ¢ Ax = L(x) = L(x) C dom o
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This gives condition (iii) for A' and members of P . Also since

lS:(S,A,P) + (S,A,P) 1is an isomorphism there is a p' ¢ P such that

wp' = wo for all w e L(x) . Hence

AT(xp) = A'(xp') = (M'x)p' = (A'x)p and condition (iv) holds between
A" and members of P . Since (A,P) is a Green's pair for S , con-
ditions (iii) and (iv) hold for (A,P) . Thus conditions (i)=(v) are

satisfied by the generating sets A U {iA'} and P . Hence
(AU {X"1),P) is a Green's pair on § according to Lemma 5.3 and
Corollary 5.5 of [3].

Now to show lS:(S,A,P) > (8,{A U {1"}),P) 1is an isomorphism,
first note that (A,P) C ((A U {1"}),P) gives
ls:(S,A,P) + (S,{A U {A1),P) is a morphism. Now apply Lemma 2.6 with
the homomorphism lS:S + S and (S,{A U {1"),P),(S,A,P) & obj(GP)
Since A U {A'} CA' (where A' 4is defined as in Lemma 2.6) as shown
in the above, Lemma 2.6 gives lsz(S,<A U{x",P) > (S,A,P) 1is a

morphism, and thus an isomorphism.

Theorem 2.11. If F:GP + GP 1is defined by F(S,A,P) = (S,4,P)

for (S,A,P) € obj(GP) where
(A,P) = U {(A',P'):ls:(S,A,P) > (S,A',P') 1is an isomorphism} and
F(f) = £ for f e Mor(GP) , then F is a functor and

lS:(S,A,P) - F(S,A,P) 1is an isomorphism.

PROOF. First F(S,A,P) = (S,A,P) is shown to be in obj (GP)
whenever (S,A,P) € obj(GP) . Clearly conditions (ii) and (v) in the
definition of a Green's pair are satisfied. Now A 1is shown to be

closed under composition. If X154 € K., then there exist: Green's



pairs (A;,P;) and (A5,P,) on S such that Arehy s Xpe ho,

lS:(S,Al,Pl) + (S,A,P) 1is an isomorphism, and lsz(S,Az,P?_) -+ (S,A,P)
is an isomorphism. By Lemma 2.10 lS:(S,(A1 U {xyP,Py) » (S,A,P) is
an isomorphism. Thus Ajed; € (A} U {X;}) CA . Hence A is closed
under composition. Dually P is closed under composition.

Next conditions (iii) and (iv) are shown for (K,?) . Let
(A,p) ¢ (I,I’-) and x € dom X Ndom p . Then there are Green's pairs
(Ay,P;) and (Az,Pp) on S such that A e A}, p ¢ Py ,
lS:(S,Al,Pl) + (S,A,P) 1is an isomorphism, and ls:(S,Az,Pz) -+ (S,A,P)
is an isomorphism. By Lemma 2.10 (S,{(A; U {1} ,P,) € obj(GP) . Thus
(A,0) & Ay Y{AD,P2) and (S,{A, U {A}),P;) ¢ obj(GP) give condi-
tions (iii) and (iv) hold for (A,p) , and hence for (7\_,3) . Therefore
(S,A,P) £ obj(GP) .

Now to show ls:(S,A,P) - (S,K,F) is an isomorphism, note first
that since (A,P) C (A,P) 1S:(S,A,P) > (S,A,P) is a morphism. To
see that lS:(S,‘/-\-,f) + (S,A,P) 1is a morphism apply Lemma 2.6 and note
that (A,P) C (A',P') (where (A',P') is defined in Lemma 2.6) fol-
lows from the definition of (A,P) . Hence lS(S,A,P) - (S,X,f) is
an isomorphism.

Now to finish the proof that F dis a functor first note that
since F(f) = £ for f e Mor(GP) , F preserves identities and
composition of morphisms. Hence it suffices to show that
F(f) € Mor(GP) . Thus let f£(S,A,P) - (S1,A;,P;) be in Mor(GP)

1 1
Hence F(S,A,P) = (5,1,B) —>(S5,0,B) > (S;,A,,P1) —r(S1, K3, 5] = F(Sp Ay, B)

F(£)

and F(f) e Mor(GP)



23

Corollary 2.12., F is full and dense.

Corollary 2.13. For a fixed (S,A,P) & obj(GP) the set

{(A',P'):lS:(S,A,P) + (5,A",P') 1is an isomorphism} forms a join
semilattice with supremum (K;?) where (S,A,P) = F(S,A,P) and join

is defined by (Al,Pz)V (Az,Pz) = Al U Az) ’(Pl U P2>)

The previous results have dealt almost exclusively with the facts
pertaining to the categories GPX , GP , GTX , and GT that will be
needed in Chapter III. The following results give a more detailed
description of how certain Green's pairs are obtained and are related
to the usual Green's pair for a semigroup. Also these results show
certain relationships exist between certain previously obtained general-
izations of Green's relations; see [1], {31, (8], [9], and [12]. 1In
fact, as will be shown, for most applications all of these generaliza-
tions (except that of Clark and Carruth) can be described using the
generalization given by Anscombre [1]. An example is given to show
that the generalization given by Anscombre is not as general as that
given by Clark and Carruth [3].

First the following construction is needed.

A construction 2.14. As pointed out in the definition of an

ideal, the empty set is allowed as an ideal. Throughout this construc-
tion this fact will be used often without mentioning. Now let

(S,A,P) € obj(GP) such that dom A is a right ideal of S for each

A e A and dom p 1is a left ideal of S for each peP. Let F

denote the free semigroup generated by A U S UP . The multiplication
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in F as stated in Chapter I is denoted by "-" while the multiplica-
tion in S is denoted by juxtaposition. Define a word
X1'UptKg o v X in F to be reduced iff it has the following three

properties:

(i) if X; € S for some 1

I A

i <n-1, then X1 ¢ S

(ii) 4if X, € A for some 1

| A
[
A
o}
|
—-
o
=
[
=]
]

+

—
o
]
e

(ii1) if x, ¢ P for some 2 < i <n , then x, ¢ dom x, .
i -7 = i-1 i

Let T = {z ¢ F:z is reduced} . First note that A US UP CT. Now
Lemmas 2.15 and 2.16 and Theorem 2.17 will give an associative multipli-
cation (denoted by * ) on T such that S 1is embedded in T as a sub-

semigroup. Theorem 2.26 will show that <(L) = sxS ﬂ‘i(LT) and

<(R) = sx§ ﬂ_i(RT) and thus one will have the existence of a semigroup T

containing S as a subsemigroup such that the relations associated
with (A,P) are precisely the restrictions to § of the usual Green's
relations on the semigroup T .

Before establishing Lemma 2.15, some notation is introduced.
First let £(2z) denote the length of z for z e F and let
Tn ={z:ze T and £(z) = n} for each n e N (n > 0) . Define
™ iTyxT; > T by

xy 1if =xy e 8

T (%,y) =
x-y otherwise .

More explicity, for A,A\;,A, e A, s,t e S, and PsP1sP, € P:
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Wl(kl’kz) = AI.AZ “1(Asp) = Ap
T1(P1,P2) = P17 02 m(s,X) = s*})

As if s e dom )\ T1(s,t) = st
Tr1(>\95) =

A*s otherwise

T1(psA) = p*A

sp if s e dom o
Wl(S,O) =

s*p otherwise m1(p,8) = p°s

Lemma 2.15. There is a multiplication #*:TxT - T which is

defined recursively beginning with T

PROOF. The author is indebted to C. E. Clark for suggestions
which led to the following improved version of the original proof. The
proof is based upon the Recursion Theorem. First let
X ={f | £ is a partial function from TxT into T such that

dom f = T)xT =~ for some n e N} .

Define F:X - X by F(f:TIXTn - T) = (B:Tlen+ + T) where the partial

1

function g is defined by

£(my (x,¥1)5y2 + « Yop1) 1 m(x,y1) €8

g(X,y1°y2 - « .« ¥ ) =
X*'Y1°Y2 + o« Yokl otherwise .

Clearly since f ¢ X, f(m(x,y1),y, ) € T whenever

* Tntl
mT1(x,y1) € S . Hence ge X and F 1is a function. Now since
m1:TyxT; = T 1is in X , one has by the Recursion Theorem the existence
of a map n:N -+ X such that n(l) = w1 and n(o+l) = F(n(n)) . Let

= . = U .
Wn n(n) for n e N and define m; 0ol Th » Clearly since

O for i#3j, m is a function from T;xT into

dom 7., N dom T,
i J

T . Now let
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Y = {f l f 1is a partial function from TxT into T such that
dom f = T, XT for some n e N} .

Define G:Y - Y by G(f:TnXT > T) = (g:Tn+ xT + T) where the partial

1
function g is defined by g(x; . . . xn+l)z) = f(x; . .. xn)ml(xn+l)z))
Clearly it follows from the definition of f and m; that g is in

Y . Hence G 1is a function. Now since m; € Y , one has by the

Recursion Theorem the existence of a map n:N - Y such that n(l) = m

and n(n+l)

G(n(n) . Let Ty, n(n) and define

* = U
nelN P

Thus dom *

IxT and #*:TxT > T is the desired multiplication. Writ-
ten explicitly * = r; on TyxT; and if z;,z, ¢ T , say
2] =X] « . . X3 and 2z, =y; .. .y, with m,n > 1, then
X1*Xp « o « Xp*¥1°Yp + o« Y if X,y e T
21*22 =
(x;°% « . . xn_l)*[(xn*yl)*(y2 « « « ¥yp)] otherwise.
Lemma 2.16. The multiplication #*:TxT - T defined in

Lemma 2.15 is associative.

PROOF. Let z;,2z5,z3 ¢ T . One must show
(zy*29)*23 = z1%(zy*z3) . The proof is by induction on
L(zy) + £(zp) + £(z3) . (Note that the "empty word" is not in T )

If L(z;) + £&(zp) + £(z3) = 3 , then the following cases must be

checked where A,A;,X5 ¢ A, $,S1:9p € S, and p,py,pp € P
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duction that

and

(A%s)*p

(K*S)*Sl
(A*S)*Al

(A*Kl)*p

(A%X1)*s
(A*X 1) %Xy
(A*p)*py

(A*p)*s

(p*s)*py
(p*s)*s;

(p*s)*)
(p*X)*p,

(p*1)*s

A% (s*p)
A*(s%*s])
A% (s*)q)

Ax(X1%p)

A*(X1*s)
A (X1%*X,o)
A% (p*p ;)
A% (p*s)

A% (p*Xy)

p*(s*p1)
p*(s*sy)
p*(s*})

p*(A*py)

p*(A*s)

(s*A\)*p
(S*)\)*Sl
(S*)\)*)\l

(s*s;)*p

(s*s1)*s,
(s*s )%},
(s*p)*p,
(S*O)*Sz

(s*p)*X;

(p*X1)*)
(D*Dl)*pz
(o*p1)*s

(p*p 1) *x

S 1is a semigroup, and the hypothesis on

is a left ideal for every

(A*s)*s) = A*(s*s)

and

Z1:29,23 ¢ T

be pointed out that the fact that dom A

next step is broken up into several cases.

(z1*23) %23 = z)%*(z3%23)

(A,p) & AxP

(s*s)*p

whenever

Let Wl

S*(Sl*p) .

(A,P)

27
s*(A%*p)
s*(A*s )
s*(A*X{)

S*(Sl*o)

s*(s*s5,)
s*(s;*Xp)
s*(p*p,)
S*(O*Sz)

5*(O*A1)

p*(A*A)
p*(p1%02)
D*(pl*s)

p*(p*X)

These cases follow straight forwardly from the definition of * , the

It should

is a right ideal and dom p

is used to show

Now after dispensing with the initial step of the induction, the

First assume by way of in-

.Xh,

L(zy) + L(z,) + Z(z3) < n

w2=yl...y~@,
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and w3 =uy; . . .uy, where R+ £ +m=n and wy,wy,wy e T . It
must be shown that (wj*wp)*w3 = w *(wy*w3) . The following cases

will be considered in order:
(1) Xp°y1 and Yz'ul e T

(ii) X}, Y1 ¢T and f,f,m > 1
(@) ypup ¢ T

(b) Yprur € T

(iii) Xp,¥1 € T and k=1, £m>1
(a) y£~u1 ¢ T

(b) yz-ul e T
(iv) all other cases .

Now consider case (i). By the definition of * ,

(w1 *w, ) *wy x; . .. xk-yl . e e yz)*w3

=X e . . xk-yl . e e yz-ul < e o.oup

It

> ST xk-(yl . .o yz-ul . . um)

=X 4. . xk'(wz*w3)

]

wy * (wy*w3)

Now consider case (ii). Since X, Y1 g1, xh*yl e S . Hence

let s = xk*yl for some s ¢ S . Thus



(wprwoddwg = ((xy -« .« xp ¥z y )*, . . . PRy

= ((x1 « . . xh_l)*[s*(yZ . e yz)])*wa
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= ([(x7 ... Xp_)*sl*(yy . .. ¥p))*ws (by the ind. hyp.)
= [(x1 . . o xp I*s]%((yy .+ . yp*wy) (by the ind. hyp.)
= (1. . . %, *[s*((yy + .« . y)*wy)] (by the ind. hyp.)
= (1.« % )*{(s*(yy + . . y))*w3l  (by the ind. hyp.)
= (x; . . . X PGy D*(, - - yz)]*w3]

= (x1 .+ .y DFUx*( 1Y, o - ¥Rl (by thedef. of %)

= (X7 . « . xkrl)*[xh*[(yl . e . yz)*w3]] (by the ind. hyp.) .

Now to finish case (ii), consider the two subcases. First (a).

If

Yo u1 ¢ T, then yz*“l € S . Hence let t = yz*u1 for some t ¢ S .

Therefore as in the above, one has the following

(Wy%wy) *wy (x; « .« . xk_l)*[xk*[wz*w3]] (from above)

it

(xy « . . xk—l)*[xk*[(yl . e yz_l)*[t*(u2 ..

]

wi*{(y; . . . yz_l)*[(yz*ul)*(uz e ooeup)]l

Wi *(wz*w3) .

Now in case (b),

((x; « .. Xh-l)*xk]*[(yl . e . yz_l)*[t*(u2 . .

S R DA E VL NG SRR PIND R NG A S OA CPRT

- updll]

«up)ll]

. up)l]

wi*[(y; . . . Yz)*(ul < e ouy)] (by def. of *)
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(wikwo)*wg = (x1 . .« . xp_ )*[x *[wytws]]
= (x1 .« oo DF[REIYL - 2y, . ug]]
= (x1 .. eox, DFGAYDRT2 - - - ey e up)]
(by def. of *)
= (X1 . . . %D - .. Ypup e - - oup)  (by def. of ¥)
= wi*(wp*w3)

Hence in case (ii), (wi*wp)*wy = wi*(wy*ws)
Now consider case (iii) (a). If Ypru1 ¢ T, then let t = Ypruy

for some t £ S . Thus

(wy1*wp)*w3 = (x1*(y; . . . ¥ p)) w3

= (®x1y1 - - - )Ry

= (X1'yp - . e ¥p)*(up o)

= (x17¥1 - e e T PF[Gpru)*(up L uy)]

= (X1°Y1 « « o yz_l)*[t*(uz . e . um)]

= (x1*(y1 o« o e Y NFEX(uy L L up)]
= x* () - e vy PFER G, L D)
=R - e TR e e )

= wy*(wy*wsy)

Now case (iii) (b) is just a subcase of case (i). Hence in case (iii),
(wy*wy ) *wy = wy*(wy*ws)

Now all the other cases such as xk-yl e T with R =1,
£=1, m>1, etc.follow from similar arguments or are subcases of

the above cases. Hence the proofs are omitted. Therefore



(wy*wy)*wy = wy*(wp*wy) whenever £(w)) + £(wp) + £(w3) = n . Thus

* 1is associative,

The above construction gives the following theorem.

Theorem 2.17. If (S,A,P) € obj(GP) such that dom A 1is a

right ideal of S for all X e A and dom p is a left ideal of §
for all p € P, then the set T constructed in 2.14 along with the
multiplication * defined in Lemma 2.15 form a semigroup containing

S as a subsemigroup.

Corollary 2.18. If h:F > T is defined by

x* ... %%, if n>1
h(x; « . . x4) = .
X otherwise ,

then h 1is a homomorphism onto T.

PROOF. Since * 1is an associative multiplication from TxT

into T and x; e AUSUPCT for 1<i<n, onehas h is a
well-defined function from F onto T . (Note h T = lT .) Now by

the associativity of * ,

h((x; . . . Xg) o (¥1 « « < ¥p)) = h(xy . . . XYy . oo . V)

=x1% . . RpRyR L L Ly

(x1* . o o Fxp)*R(y % . . L Ryp)

hix; . . . xn)*h(yl . e . ym)

Thus h 1is a homomorphism. (Note that it is assumed that the "empty

word" is not in F .)
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Corollary 2.19. Let C( denote the congruence generated by the

relations
{(Aes,As):x ¢ A and s e dom A} U {(s+p,sp):p ¢ P and s ¢ dom p} in

F. Then T < F/C .

PROOF. By Corollary 2.18 the map h:F -~ T is a homomorphism
onto T . Clearly it follows from the definition of h and that of *

that ker h=C . Thus T = F/ker h = F/C .

Theorem 2.17 and its proof are generalizations of a result ob-
tained by Tamura and Graham (see Theorem 1 in [11l]) where they answered
the following question posed in [4]: If S 1is a semigroup, then what
are necessary and sufficient conditions on S so that there is a semi-
group T containing S as an ideal of T and every [left, right]
translation of S is induced by some inner [left, right] translation
of T . Also the construction in 2.14 is a generalization of that
presented in [10].

Let E; denote the full subcategory of GP whose objects con-
sist of all (S,A,P) € obj(GP) such that dom A 1is a right ideal
(possibly empty) of S for each X ¢ A and dom o is a left ideal
(possibly empty) of S for each p ¢ P . If one considers a fixed
(S,A,P) ¢ obj(§§3 and the semigroup T constructed in 2.14, then the
following corollary shows that the quasi-orders <(L) and <(R) on S

can be induced by inner translations on T .
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Corollary 2.20. If (S,A,P) ¢ obj(5?3 , then there is a Green's

pair (A',P') on T (as constructed in 2.14) such that

<(L)
<(R)

Sx§ N <(L') and

Sx§ N <(R")

PROOF. Let A' be the subsemigroup generated by
{A:d e A} U {lT} in T! and let P' be the subsemigroup generated by

{p:p € P} U {lT} in T! . Let a e S . Then clearly

L(a) Aa C A'a . Hence L(a) €S NA'a=S8SNL'(a) . Now if

zeSNL'(a) , then z = A% . . . *A\p*a for some Ay, . . ., Ay e A
Now as will be shown in Lemma 2.25 A;* . . . kn*a =G . .(Ana). . )
which is in Aa . Thus z ¢ L(a) and S NL'(a) CL(a) . Therefore

L(a) = SN L'(a) for every a ¢ S . Hence <(L) = sx8 N <(L") . Dually

one has <(R) = Sx8 N <(R")

Now with the previous construction completed, one is able to
compare the generalizations obtained by Wallace [12], Anscombre [1],
Marki and Steinfeld {8], and Pastijn [9]. First for the sake of com-
pleteness, the definition given by Anscombre is stated in the case of

semigroups.

Definition 2.21 [Anscombre]. Let S be a subsemigroup of the

monoid D . Then a pair (A,P) 1is said to be a generalized Green's
pair (as defined by Anscombre) on S if (A,P) satisfies the follow-

ing three properties:

(i) A 1is a subsemigroup of ILT(D) and P is a subsemigroup

of IRT(D) ,
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(ii) both A and P contain the identity, and

(iii) for all a e S, for all A e A, and for all o el ,

if XaeS and ap €S, then rap ¢ S .

Clearly a Green's pair (A,P) as defined by Anscombre is also
a Green's pair as defined by Clark and Carruth. One also has the fol-

lowing result.

Theorem 2.22. If (2(L),<(R)) 1is a pair of quasi-orders on a

semigroup S , then the quasi-orders <(L) and <(R) are induced by
a Green's pair (A,P) with (S,A,P) € obj(E?3 iff they are induced

by a pair (A',P') as defined by Anscombre.

PROOF. If (<(L),<(R)) is induced by a pair (A,P) with
(S,A,P) ¢ obj(z;3 , then by Corollary 2.20 one has the existence of a
pair (A',P') on a semigroup T! which clearly satisfies the defini-
tion given by Anscombre. Now as noted earlier each pair (A',P')

satisfying Anscombre's definition is also a Green's pair.

Now let GP denote the full subcategory of GP whose objects
consist of all (S,A,P) € obj(GP) such that L(x) 1is a left ideal of
S for each x € S and R(x) 1is a right ideal of S for each x e S .
By Theorem 7.9 in [3], one has GP is a subcategory of E? , 1.2.s
L(x) a left ideal of S for each x ¢ § implies dom p is a left
ideal for all p € P and dually for R and A . Now in examples 8.13,
8.15, and 8.16 in [3], Green's pairs are described that show in general

that those generalizations in [1], [8], [9], and [12] (as far as the
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quasi-orders are concerned) are subcategories of GP . (Actually the
Green's pairs describing these generalizations are given. It follows
that these Green's pairs satisfy the necessary conditions to be in
55-.) To be more specific the generalizations described by Marki and
Steinfeld [8] and Pastijn [9] can be realized by Green's pairs which
are in the category GP . Now in view of Theorem 2.22 ome sees that
(as far as the quasi-orders are concerned) the generalizations in (8],
[9], and [12] are special cases of that described by [1].

Now one might ask the following question: If (<(L),<(R)) 1is a
pair of quasi-orders obtained from a pair (A,P) with
(S,A,P) € obj(GP) , then can (<(L),<(R)) be realized by a pair
(A',P') with (S,A',P') € obj (E§3 ? That is, is the generalization
given by Anscombre as general as that given by Clark and Carruth? The

answer in general is no. The following example demonstrates this fact.

Example 2.23. Let S be the semigroup formed by the following

Cayley table.

Let A = {ls} and P = {ls,p,D} where p 1is the map {a » g} . Note
that p?2 =0 and a ¢ S2 . Thus p e PRT(S) . This gives

(S,A,P) € obj(GP) . Also note that dom p is not a left ideal of S .
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Now if the quasi-orders <(L) and <(R) on S can be realized from
a pair (A',P') on S satisfying 2.21, then one has the existence of
a semigroup T containing S such that the map o can be considered
as an inner right translation of T . Hence extending p to a trans-

lation on S , one has

e = eg = e(ap) = (ea)p = ep = (aa)p a(ap) =ag=f . But e # £
Therefore there does not exist such a semigroup T .

Now the above example also shows that in general omne cannot do
the construction in 2.14 because as noted in the example dom p 1is not
a left ideal of 8.

As noted before, the category GP is a subcategory of GP .
Hence one can apply Corollary 2.20 to each object of GP . However in

the category GP one has even a stronger result holding which will be

demonstrated by Theorem 2.26.

Lemma 2.24. Let (S,A,P) & obj(GP) and let T denote the
semigroup constructed in 2.14. If (z; . . . zp)*s =t for some

Z2) . . .25 €T and s,t € S, then 2,25, . . .y2p e AUS .

PROOF. The proof is by induction on the length of z; . . . z .

If n=1, then 2z;*s =t where s,z) ¢ T; . Hence by the definition
of *, *=m, on T1 . Thus from the definition of m, , one has
z; e AVUS .

Now assume n > 1 and whenever (z; . . . zk)*x =y for some
2y » « » 2, €T, k<n,and x,ye S, then 2z;, . . .,2p e AUS .

If (z; . . . 2zg)* =t , then
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Z) « « .+ 2ps if 2zpts e T
t=1(z; .. .2 )%s =
(z1 . . . z,_1)%(z,*s) otherwise
But 2z; . . .2;'s ¢ S. Hence t ¢S gives zn+s ¢ T . Therefore if

X = 2p*s , then x €8, t=(2; ... z,.1)* , and by the induction

hypothesis zj,z5, . . .,25.1 ¢ A US . Now by the first case with
n=1, one has zp*s =x ¢ S gives 2z, ¢ A US . Hence
21, . . -,Zn [ A US .

Lemma 2.25. Let (S,A,P) ¢ obj@ﬁﬁ and let T denote the semi-

group constructed in 2.14. If (z; . . . zp)*s = t for some
2y . . .z,eT, 21,23, . . .y2p e AUS , and s,t € S, then

(z1 « « . 2p)*s = z3(25(. . .(2p8). . .))

PROOF. The proof is by induction on the length of z; . . . z
If n=1, then 2z;*s =t with 2z; ¢ A US . Thus by the definition
of *, z1*%s = m(2;,s) = z;s since t e S .

Now let n > 1 and assume
(zy « « v zE)*x = z7(22(. . .(2xx). . .)) for all k <n and
2y « « « 2 € T such that z3,z5, . . .,z € AUS and
(zy « . . zk)*x , xeS . If (z; ... zn)*s =t , then z s ¢ T
since otherwise t =27 . . . znp*s ¢ S . Hence
t=1(z] ... 25.1)%(zy*s) and zp*s € S . Let x = z,*s and apply

the induction hypothesis to obtain t = (z; . . . zp_1)*x
=2z;(. . .(zn_lx). e ) =210 . (zp1(zp*s)). . L)

=27(. . .(zn_l(zns)). e o)

o’




38

Theorem 2.26. Let (S,A,P) € obj(GP) . Then L(x) 1is a left

ideal for each x € S and R(x) 1is a right ideal for each x ¢ S iff

there is a semigroup T containing S such that

<(L)
2R

(Sx8) N i(LT) and

]

(sxs) N i(RT)
where jﬂLT) and fﬂRT) are the usual quasi-orders on T .

PROOF. The implication is shown first. Note that in this case
(S,A,P) € obj(GP) and Theorem 2.17 can be applied to give the semi-
group T.

Now it is éhown that <(L) = (8x8) N iﬂLT) . Let (y,x) e <(L)
Hence there is a A € A such that y = ix . Thus y = A%*x by the
definition of * ., Therefore (y,x) ¢ fﬁLT) and <(L) C (8xS) ﬂ.i(LT)
Now if (y,x) € (SXS)IW.S(LT) , then there is some z; . . . z € T
such that y = (z; . . . z )*x . By Lemma 2.24, z;, . . .,2p e AUS .
Now by Lemma 2.25, y = z;(z,(. . .(zn_l(znx)). .« .)) . Also since
L(x) 4dis a left ideal for each x ¢ S , one has by Theorem 7.9 of [3]
i(Ls)E <(L) . Hence if ui(LS)v » then wu<(L)v . Therefore
y = z1(z5(. . .(zn_l(znx)). . .)) along with EKLS)EE <(L) gives the

following string:
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y <Dz (z,(. . .((zn_l(znx)). )]
<(Dyzp(e v (2o (zpx)e « 2)

ﬁﬁL)zn_l(znx)
<(L)zpx

<(L)x .

Now by the transtivity of <(L), y <(L)x. Therefore
<(L) 2 (sxs) N iﬁLT) and hence <(L) = Sx§ ﬂ.i(LT) . Dually
<(R) = sxs N i(RT)

Now to show the converse let x ¢ S , then <(L) = (5x8) n iﬂLT)
gives L(x) = S NTlx for each x ¢ S . Since S 1is a subsemigroup
of T and T!x 1is a principal left ideal of T , L(x) is clearly a
left ideal of S . Dually R(x) is a right ideal of S for each

xe S.

As a result of Theorem 2.26 one can draw the following conclu-
sion. First consider the usual quasi-orders <(L;) and <(R;) on a
semigroup S . If (A,P) 1is a Green's pair on S so that
(<(Lp)»<(Ry)) C (<(L),<(R)) , then by Theorem 7.9 of [3]
(S,A,P) € obj(@?} . Hence the results of Theorem 2.26 follow, that is,
the only way to enlarge the usual quasi-orders by a Green's pair is to
have a larger semigroup containing the original semigroup. Therefore
as far as enlarging the usual quasi-orders, the generalization given

by Anscombre is equivalent to that given by Clark and Carruth.



CHAPTER III
COEXTENSIONS

In this chapter the notation and theory of Green's pairs are
applied to the development of coextensions. In particular the results
obtained by Leech [7] are generalized to Green's pairs while extending
Leech's results in general. This also incorporates certain results
obtained by Bowman [2] and Grillet [5].

The first part of the chapter deals with relations and their
relationship to the <(H)-quasi-order.

Fix (X,A,P) € obj(GPX) . Let <R denote the small category
with obj(<R) = X and for every x,y ¢ X Hom(x,y) is {(y,x)} if
(y,x) € <(R) and empty otherwise. If (z,y),(y,x) ¢ Mor (<R) , then
(z,y)°(y,x) = (z,x) . Dually let <L denote the small category with
obj(<L) = X and for every x,y € X, Hom(x,y) is {(y,x)} if
(y,x) € <(L) and empty otherwise. If (z,y),(y,x) ¢ Mor (<L) , then
(z,y)o(y,x) = (z,%x)

For a pair of subsets (A,P) of PT(X) , a relation U on X
is said to be (A,P) compatible if for all p € P and for all
(y,x) ¢ U such that y,x ¢ domp , (yp,xp) € U and if for all A e A

and for all (y,x) € U such that y,x e dom A , (Ay,xx) ¢ U . A

quasi-order <(C) on (X,A,P) is an [L,R] H quasi-order provided
<(C) 1is [(A',{lx}), ({lX},P')] (A',P') compatible where
(X,A",P") = BoA(X,A,P) . An [L,R] H quasi-order <(C) on

(S,A,P) € obj(GP) 1s a [L,R] gquasi-congruence on (S,A,P) if <(C)

40
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is also [(Ao,{ls}),({ls},Po)] (Ag,Py) compatible. Hence note that
<(C) 1is a quasi-congruence on (S,A,P) iff <(0) 1is
(A' U Ag,P'" UPy) compatible.

A [left, right] congruence on (S,A,P) is a [L,R] quasi-
congruence on (S,A,P) which is also an equivalence relation on S .
An [L,R] H quasi-order <(C) on (X,A,P) is said to be an [L,R] H

quasi-order under <(H) if <(() C <(H) . As stated in Chapter I, let

C=<C)yn (5_(C))'1 whenever <(C) is a quasi-order. Let C(x)
denote the C(C-set of x for x ¢ X and let Cx denote the (-class

of x for x e X .

Observations. If <(C) is a (A,P) compatible quasi-order on

X, then C is (A,P) compatible. This follows from the fact that if
<(C) is (A,P) compatible, then (f_(C))‘1 is (A,P) compatible and
thus C = <{C) N (5_(C))‘1 is (A,P) compatible. Note also that if

(@) C<(H) , then C = <(C) N (<N C <) N (<ML =H.

In the following R quasi-orders under <(H) are investigated.
These results will be used later in the chapter. Recall from Chapter I

that S (x) = {D?:yfjH)x} and Gp(x) = {D;:ny} .

Lemma 3.1. If <(C) is an R quasi-order on (X,A,P) ¢ obj(GPX)
with <(C) C <(H) , then for a fixed x ¢ X the following sets are

equal:

s
I

(a) = {g e Sy(x):C(x)g C C(x)}

() B ={ge SD(x):xg e C(x)} .
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PROOF. Certainly A CB . Now to show B CA, let y ¢ C(x)
and let g € B . Since (y,x) e <(C) C<(H) and <(C) is an R
quasi-order, (yg,xg) € <(C) . Now (yg,xg) e <(0) and  (xg,x) & <(0O)
give (yg,x) € <(C) . Therefore C(x)g CC(x) and g ¢ A . Thus

BCaA.

Let C/L(x) denote the equal sets A and B of Lemma 3.1. If

no confusion is likely, the subscript "C" will be suppressed.

Corollary 3.2. With the hypothesis of Lemma 3.1, xa(x) = C(x)

for all x e X .

PROOF. By the definition of 4(x) , x4(x) CC(x) . Now if
y € C(x) , then y<(H)x . Therefore D; £ SD(x) (by the definition of
SD(x) ) and xD§ =y ., Hence D; e £(x) and xa(x) D C(x) . Thus

x(x) = C(x)

Corollary 3.3. If <(U) is an R quasi-order on

(X,A,P) £ obj(GPX) with <(U) C<(H) , then for a fixed x ¢ X the

following sets are equal:

(a) A= {ge GD(x):U(x)g = U(x)}

(b) B {g ¢ GD(x):UXg = Ugl}
(¢) C={ge GD(X):U(x)g CU(x)}

(d) D= {gce SD(x):UXg C Uy}

(e) E

H

{g ¢ SD(x) :xg € Ug} .
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PROOF. First note that B CD CE and A CC . Now apply
Lemma 3.1 with <(C) = U toget D=E. Now if g ¢ D , then
Ueg SUg . Since UCH and Uyg CUy , (x,xg) ¢ H . Thus
g € Gy(x) . Now Uyg CUy givés Uy = Uggg™! CUyg™! CUy where the
last containment follows from the fact that U is an R quasi-order
under H . Now U,g~=! = U, gives Uy = Ugg~lg = Uyg and g ¢ B .
Therefore D =B , Similarly A= C .

Now to show A CD , let g ¢ A . Then
Uyg = (U(x) NU-1(x))g CUx)g NU-l(x)g = U(x) NU-1(x) = U, . Hence
geD and ACD . To show ECC, let g e E. Thus as noted above
this gives g ¢ GD(x) and hence
g e {h e GD(x):xh e U(x)} Eg{h € SD(x):xh e U(x)} . Now apply Lemma 3.1
with <(C) = <(U) to obtain
{h ¢ SD(x):xh e Ux)} = {h ¢ SD(x):U(x)h C U(x)} . Therefore
ge {h e SD(x):U(x)h CU(x)} and since g ¢ GD(x) , g¢e C . Thus

it has been shown that ECCCACD=B=E.

Let U/Lx denote the equal sets in Corollary 3.3. 1If no con-

fusion is likely, the subscript "U" will be suppressed.

for all x e X .

PROOF. Observe that /LX = CfL(x) for an equivalence <(C) and

C

Corollary 3.4. With the hypothesis of Corollary 3.3, My = Uy
apply Corollary 3.2 with <(C) = U .

Theorem 3.5. If <(C) is an R quasi-order on

(X,A,P) € obj(GPX) with <(C) C <(H) , then <(C) induces a functor
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Cﬂ(_):jg + Mon defined by C/L(x) = {g ¢ SD(x):xg e C(x)} and if
z

yD%

(z,x) € Mor(<R) , then Cn(z,x)(Di) =D for D? A(x)

€¢

PROOF. Suppress the '"C" and denote 4 by £ . First note

c
that D: (the identity of SD(x) ) is in a(x) for all x ¢ X . Now
to show /(x) 1is a semigroup, let D;,D: e n(x) E:SD(X) . Then
D§°Dz € SD(X) . Now C(x)(D§°D:) SZC(x)Dz C C(x) by Lemma 3.1. There-
fore D§°D: € A(x) by Lemma 3.1. Thus 4(x) is a monoid (since
D: € A(x) ) for every x e X .

Now to show n(z,x)(Di) e n(z) for (z,x) ¢ Mof(fg) and
D; e £(x) , note that (y,x) = (xD?,x) e <(C) . Now since fﬂC) is an
R quasi-order under <(H) and (y,x) ¢ <) ,

X X X z .
(yDz,z) = (yDz,xDz) e <(C) C<(H) . Hence DyD§ € SD(x) . Since

z = X 2
ZDyD§ yDy € c(z) , DyD§ e n(z).

To show #(z,x) 1is a morphism in Mon, first note that

zZ

X\ —
&(z,x)(Dx) = DXD§

= Dg . Thus #n(z,x) 1is identity preserving. To

show #(z,x) 1s a homomorphism, let D;,D: e n(x) . Now

X X X
n(z,X)(Dy°DW) n(z,X)(DyDé)

Z
yDgD%

D

\
|
2
D x |
yD - x |
tz

Dz z
X

yDzoDwa

z

z

DX°DZDx
YUz WY,

D

7(2,3) (D7) e (2, %) (D)
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To show X preserves composition of morphisms, let

(z,x),(u,2z) € Mor(<R) and let D? e n(x) . Thus

o X X
)L((uyz) (Z,X))(Dy) A(u,x) (Dy)

u
X
yD3

D

u
yD%DZ

D

1(3,2) (D))

n<u,z)<n<z,x><n§))

Therefore A preserves composition of morphisms. Also note that

X X

n(x,x)(D§) = DyD§ = Dy and £(x,x) =1 Thus /:<R - Mon is a

r(x)

functor.

Corollary 3.6. If <(U) is an R quasi-order on (X,A,P)

with <(U) S <(H) , then U= <(U) N (<))~} induces a functor

z
for Dx E N
y

_ . X\ _ 2
u& :<R > Grp where u&x ={ge¢ SD(x).xg € Ux} and u/L(z,x)(Dy) Dny
ux
|
|
|

PROOF. Apply Theorem 3.5 with <(C) = U . This gives

Jt (SR> Mon . Hence it suffices to show Wt 1s a group for each

. . C * .
xe X Let Dy £ unx Thus (y,x) e UCH and Dy £ GD(x) Hence

Xy-1 Xy_ly = xy -1 Xy-1 : -
(Dy) € GD(x) and (x,x(Dy) ) (y(Dy) ,x(Dy) ) e U (since U is
an R quasi-order). This gives (D’}f)'1 € uﬂx by the definition of

. Hence 1 is a group.
ux u x



46

Note that an equivalent formulation of udk in Corollary 3.6
may be obtained by taking any of the sets in Corollary 3.3. Hence each
of these sets are groups. Also note that if one begins with an equiva- .
lence relation U on X which is contained in H and U is a R
quasi-order, then Corollary 3.6 may be applied. In particular it fol-
lows as a corollary of Corollary 3.6 that the results of Corollary 3.6
hold for any quasi-congruence under H when one considers a fixed

(S,A,P) € obj(GP) . This fact will be used later in this chapter.

Theorem 3.7. If <(C) is an H quasi-order on (X,A,P) with
<(C) C <(H) , then <(C) 1induces a functor CZ(_):ﬁL - Mon defined by

Cl’,(x) = C)L(x) for all x e obj(<L) and if (z,x) ¢ Mor (<L) , then

Z

zD¥

K(z,x)(D?) =D %

X
for Dy € CZ(x)

PROOF. The proof is dual to that of Theorem 3.5 in the following

sense. If D? € CK(x) and (z,x) € Mor(<L) , then by the dual of

z .. , z , . bd
Theorem 3.5 GG§y is in GG(z) (i.e., GG}Z{y is the image of Gy
under the dual of #(z,x) ). Hence zD? = Ggy <(H)z . Now if one con-
siders the functorial isomorphism D; h§£§l+ G; from GD(x) to GG(X)

and lets éf(_) denote the dual functor of () » then one has the
following commutative diagram for (w,z),(z,x) ¢ Mor (<L) (with "C"

suppressed):

2(x) 2(x) 2(x)

/‘Lléx) —“”'-(ﬂ»n(g) £(w,2) /‘Lléw)
8 (x) e(x)'lI

T 22X, 70,y L), 7,

Using this diagram, it easily follows that _£( ) 1is a functor.
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Corollary 3.8. If <(U) dis an H quasi-order on (X,A,P)

with <(U) C <(H) , then U= <(U) N (<(U))~! induces a functor

u x D

. . - Xy _ nZ
uZ :<L > Grp defined by qu 2 and ui’,(z,x)(Dy) Dz ; for

PROOF. The proof is similar to that of Corollary 3.6 and is

omitted.

Proposition 3.9. Let <(C) be an H quasi-order under <(H)

Let CK :<L + Grp be the functor in Corollary 3.8 induced by C . If

(z,w) ¢ C and x ¢ X such that (z,x) ¢ Mor (<L) , then

L(z,x) = L(w,x)

PROOF. Since (z,w) ¢ C CH and (z,x) e <(L) , (w,x) e <(L)

. X Xy _ A2 Xy _ oW
Now if Dy € Zx , then £(z,x)(Dy) = DZD§ and K(w,x)(Dy) DWD§ . To
z - v . woo__ ox
show Dsz Dwa , it suffices to show szDX sz . Now
y y y
\'4 W oW
2D 5 = (G.w)D _x
wDy z wDy
W, W
B Gz(WDwD§)
= W o nX
Gz (wDy)
W X
= (GZW)Dy
= sz
y

Therefore £(z,x) = £(w,x)

The next results leading to Theorem 3.13 establish a relationship

between R quasi-orders under <(H) and functors from <R into Grp .
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Proposition 3.10. Let <(C) be an R quasi-order under EﬂH)

for (X,A,P) € obj(GPX) . If 4 :<R > Grp is the functor induced by

C and if u:<R - Grp 1is a subfunctor of % , them u is a normal

subfunctor of x .

PROOF. Since u 1s a subfunctor of % , u(x) is a subgroup
of nx for each x € X . Hence to show u is a normal subfunctor

of 2 , one must show D: u(x)(D:)'l Cu(x) for all Dz € nx . Let

D; € u(x) and Dz € ﬂk . Hence (z,x),(y,x) ¢ C . Now by Lemma 6.5

Z _ X X _ .z
part (b) of [3], DzD§ = Dy . Thus Dy DzD§ > nz and
z X
"(x,2)(D. ) =D _x., . Now
sz szDx
XX Xy-1 _ ¥ 2, -1
DZDy(Dz) DZDX(DZ)
Y
X z
= D
DZD§ %
- nX X
DzD§ DxD)‘E
X
=D Xy X
(ZDy)DxDz
X
X
=D < z
(sz)Dx

- z
- n(x’Z)(DZD§)

= A(x,2) (DF)

Since u is a subfunctor of 4 and D; e u(x) ,
D:D};(D};)'1 = n(x,z)(Dz) = u(x,z)(Dz) € u(x) . Therefore

X X X -1
Dsz(Dz) e u(x)



49
Lemma 3.11. Let <(C;) and <(C,) be R quasi-orders in
(X, 0,P) with <(C;) C <(Cyp) C«(H) . 1f & and A are the
functors induced by <(C;) and <(C,) respectively, then < M

(14 1is a subfunctor of 4 ) with equality holding iff

A(Cy) = <(Cy)

PROOF. Since x ja(x) = Cy(x) and x Ax) = C,(x) , one has
<(C1) € <(Cy) implies x 11(x) = Ci(x) CCy(x) . Thus by Lemma 3.1
part (b), 14(x) C ,a(x) . Now if D;{ e (%) C ,n(x) , then

Z

11(Z,x%x) (Dx) =D _z = 24(z,x) (Dx) for all (z,x) ¢ Mor(<R) . Hence
y yDy y =

1(z,x) = 1(z,x) (%) and & < o
Conversely if j4(x) < ,4(x) , then
Ci1(x) = x 11(x) Cx ra(x) = Cy(x) and C(; CC, . Now the rest of the

Lemma follows.

Lemma 3.12. Let <(C) be an R quasi-order on (X,p,P) with
<(C) C<(H) . 1If D§ e 2(x) and D e Gy(x) , then

(o)) ~IDjn; = A(z,%) (D)) and  (D)"1A(x)D) = x(z)

PROOF. First note that
X X Z_ X X zZ X _ .z
D =DDD =DD = DyD’z{

Xy-1
(Dz) Dy z Xy z x yD%¥
(Dx)_lfL(x)DX C #(z) . Now apply this with D? and n(z) to get
z z — X

= )‘L(z,x)(D};) . Hence

Z,\ -1 z
(DX) lL(z)Dx C n(x) . Hence
= ¥y L2y -l Z_X X, =1 X
n(z) (Dz) \Dx) /1.(z)DXDz c (Dz) /z.(x)Dz E/L(Z) . Therefore

(D’z‘)-ln(x)u’; = 1(z)

Theorem 3.13. Let G denote the maximal R equivalence on

(X,A,P) ¢ obj(GPX) contained in H . Then the mapping C » ot is an
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order isomorphism of the lattice of R equivalences under H with the

lattice of normal subfunctors of G&

PROOF. According to Lemma 3.1l the mapping C - Cn is a one-

to-one order preserving map from the lattice of R equivalences under

G 1into the lattice of subfunctors of Gn . By Proposition 3.10, a

subfunctor of Gn is also a normal subfunctor of G& . Hence to

finish the proof of the theorem it suffices to show the mapping C =~ C&

is surjective. Thus let (4 E-Gn . We proceed to show that the sets

{x.12(x)} for x ¢ X form a partition of X which is an R equivalence

on (X,AP) . If y e xa(x) Nz.yn(z) for some x,z ¢ X , then

X z X
— — 1 .
y = xD” = zD with D ¢ 1/L(X) C G G)L Thus

X ; X
xGyGz and D) e an . Now by Lemma 3.12 if Du e 14(x) E-G

(07)~D’D} = NEx) (00) = 14(2,x) (X)) € 14(2) . Now as in Lemma 3.12,

z
C
nx and Dy e 12(z) C

n 4 then
X

it follows that (Di)'lln(x)Dz = 1n(z) . Therefore

z.-1n(z) = (xDz)((D:)“lln(x)Dz) X 1n(x)D: . Now y e z+y2(2z) and
y e x1(x) gives y e x;n(x) Nx 1&(x)D§ . Since
X p's
1n(x) € G)Lx C GD(x) , 1/1.(x)Dz EGD(X) , and x-;n(x) Nx llt(x)Dz #0,
1x) N ln(x)Dz # 0 . Hence ;a(x) = ln(x)Dz and z-;42(z) = x°4(x)
Therefore the sets {x+ n(x)} for x ¢ X form a partition of X .
Now to show this partition is an R equivalence, let
(w,x) € <(R) and u e x-74(x) . Thus (uDé,xDﬁ) = (uDé,w) and
up® = (xDx)Dx = w( n(w x)(DX)) = w(;2(w,x)(D®)) ¢ w ;4£(w) . Hence
w u’"w G > u 1 i u 1

uDg e wi2(w) and it follows that the partition is an R equivalence.

Let C denote this R equivalence.
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To show Cd is 12 , note that for x ¢ X ,

x 1tx) = Cx = x Cﬂx where the first equality is by the definition of

C and the second is by Corollary 3.4. Thus 1n(x) = Now

c“x :

11(z,x) = G/L(z,x) (%) = G)L(z,x) hx = C/L(z,x) for (z,x) ¢ Mor (<R)

Thus 4 ¢t and the mapping C C& is surjective.

Now note that the pair (£,1) of functors described in the pre-
vious results would be more precisely stated as the pair of functors
associated with D . Hence one could also associate a pair of functors
with G 1in a dual fashion.

Thus far in this chapter the results have dealt only with the
category GPX . However for each of these results one has a correspond-
ing corollary in the category GP where one replaces statements such
as "<(C) an R quasi-order under <(H)" by "<(¢) an R quasi-

." Hence in what follows the previous results

congruence under <(H)
will be applied both in the category GPX and GP even though they
have not been explicitly stated.

The following results obtain an analogy to the Main Homomorphism
Theorem in Sgp for the categories GPX and GP . Once this has been

obtained, the reverse situation is investigated, i.e., the case of

coextensions. First some definitions are needed.

Let (X,A,P),(EQK, ) € obj(GPX) [obj(GP)] ; a surmorphism

£:(X,A,P) > (X,A,P) 1is a morphism in GPX [GP] such that
£x£(<(L)) = <([) and fxf(<(R)) = <(R) . If C is an H equivalence
(an H quasi-order which is an equivalence) on (X,A,P) , then let

m:X + X/C denote the projection of X onto X/C . In the following
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let BoA(X,A,P) be denoted by (X,A',P') . For each 1A' ¢ A' define
Alim(dom A') + X/C by A'(mx) = m(A'x) for all x ¢ dom \'

Dually, for each o' ¢ P' define p':n(dom p') » X/C by

(mx)p' = m(xp') for all x e dom p' . Let A/C denote the set
{A':x" € A"}, and let P/C denote the set {p':p"' ¢ P'} . Whenever
(S,A,P) € obj(GP) and C is a congruence on (S,A,P) , (S/C,A/C,P/C)

is obtained in exactly the same fashion.

Lemma 3.14. Let <(C) be an H quasi-order on
(X,A,P) € obj(GPX) with <(C) C<(H) . Then (X/C,A/C,P/C) ¢ obj(GPX)

and m:(X,A,P) > (X/C,A/C,P/C) 1is a surmorphism.

PROOF. First (X/C,A/C,P/C) 1is shown to be in 0bj(GPX) . To
show each 1' ¢ A/C 1is well-defined suppose wx = 7y for some

X,y € X and x € dom A' . Hence xCy and A'xCr'y , i.e,

m(A'x) = 7(\'y) , since C is an H equivalence. Thus

A'(ry) = w(A'y) = w(A'x) = A"(vx) . Hence each )' ¢ A/C is well-
defined. Dually, each p' ¢ P/C 1is well-defined. Now note that (i)
and (i1) in the definition of a Green's pair are clearly satisfied.
Now to show parts (iii) and (iv) let (A',p') ¢ A'xP' and let

X € dom A' Ndom p' , then C CH implies x e 77! (mx) C dom A'

and x € 77!(mx) Cdom p' . Thus x e dom A' Ndom p' and

A'x)p" = A"(xp') . Therefore

A" (mx)p") = (m(A'x))p" =7 ((A'%)p ") =m (A" (x0")) =A"(w(xp")) =A"((nx)p")

Hence conditions (iii) and (iv) are satisfied and

X/C,A/C,P/C) € obj(GPX)
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Now to show m is a surmorphism, first note that by the defini-
tion of (X/C,A/C,P/C) and m:X > X/C, m:(X,A',P") - (X/C,A/C,P/C)
is a morphism in GPX . Now w(L'(x)) = n(A'x) = A/C(mx) and
T(R'(x)) = (mx)P/C for all x e X . Therefore
T (X,A",P") > (X/C,A/C,P/C) 1is a surmorphism. Since
1g: (X,A,P) > (X,A",P") = BoA(X,A,P) is an isomorphism,

™ = wolg:(X,A,P) » (X/C,A/C,P/C) is a surmorphism.

Proposition 3.15. Let <(C) be a quasi-congruence on

(S,A,P) € obj(GP) with <(C) C <(H) , then (S/C,A/C,P/C) € obj(GP)

and m:(S,A,P) - (S/C,A/C,P/C) 1is a surmorphism.

PROOF. Since w:(S,A,P)~ (S/C,A/C,P/C) has already been shown
to be a surmorphism in GPX by Lemma 3.14, it suffices to show that
condition (v) in the definition of a Green's pair for a semigroup holds
and that m:S > S/C is a homomorphism. Clearly = is a homomorphism.
Now if mx,(wy)(mx) € dom p' for some p' e P/C , then x,yx ¢ dom p'
since C CH . Thus
((my)(mx))p' = (v(yxNp' =7(Fx)p") =n(y(xp ")) = (vy) (v (x o' )= (7y) ((7x)p ")
Dually, the condition follows for A/C . Hence

(s/C,A/C,P/C) € obj(GP)

Proposition 3.16. If p:(X,A,P) > (X,A,P) is a surmorphism in

Mor (GPX) and if Cp is the relation {(x,y) e XxX:p(x) = p(y)} in X
induced by p:X-+X , then Cp is an H equivalence on (X,A,P) . If

r\J - — —
cp CH, then (X/C,,A/C,,P/Cy) = (X,A,P)
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PROOF. To show Cp is an f equivalence on (X,A,P) it suf-
fices to show Cp is (A',P') compatible since clearly Cp is an
equivalence on X . If xpr and x,y ¢ dom X' for some )' ¢ A' ,
then p(x) = p(y) and there is a A & A such that p(1'2) ; Kb(z)
for all z e dom X' (see Proposition 2.9). Hence
p(A'x) = p(x) = Kb(y) = p(A'y) and A'XCPA'y . Dually if xpr and

X,y € dom p' for some p' € P' , then Xp'prp' . Hence (_. 1is

P

(A',P') compatible.

Now if Cp CH , then by Lemma 3.14 (X/CP’A/CP’P/CP) ¢ obj (GPX)
Let m:X > X/Cp denote the projection, and let ¢:X/Cp + X be the
induced isomorphism. Now to show ¢:(X/Cp,A/CP,P/Cp) + (X,A,P) is an
isomorphism one must show ¢!, ¢ Mor(GPX) . Let A e A/Cp . Thus
A'(mz) = m(A'2z) for all 2z e dom A' . Since p ¢ Mor(GPX) with
p: (X,A,P) —» (i}ﬁ:ﬁ) , there is a A € A such that Xb(z) = p(r'z) for
all z ¢ dom A' . Hence
(A" (m2)) = ¢(n(X'2)) = p(A'z) = X(pz) = A(¢(nz)) for all nz ¢ dom A’
Dually ¢((mz)p') = (¢mz)p for all mz e dom p' . Thus ¢ e Mor(GPX)

Now to show ¢~! ¢ Mor(GPX) , let X ¢ A and vV e dom A .
Since p:X - ii, there is an x € X such that p(x) =y . Since
pxp(<(L)) = 5}[} , there is a A' ¢ A' such that p(A'x) = Ay = Ap(x)
Now p ¢ Mor(GPX) implies there is a A; ¢ A such that
p(A'z) = X\yp(z) for all z ¢ R(x) . In particular,
Xb(x).= p(A'x) = \;p(x) and by the proof of Theorem 5.1 of [3]
Az = X1z for every ziji)p(x) . Therefore p(A'u) = A;p(u) = Kb(u)

for every u<(R)x . Hence
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91 (Tp(u)) = ¢~ 1(p(A\'u)) = (4" Tep)(A'u) = T(A'u) = A'(m) = A"(¢7Ip(u))
for every u<(R)x . The dual condition follows for P . Thus

=1 ¢ Mor(GPX) and ¢ is an isomorphism in Mor (GPX)

Corollary 3.17. If p:(S,A,P) - (EFK;§) is a surmorphism in

Mor(GP) and if CP is the congruence on S induced by p:S — 3 ,
then Cp is a congruence on (S,A,P) . If Cp CH, then

N ——

PROOF. Since p:S +>S is a homomorphism, Cp is a congruence
on S . Now by Proposition 3.16, Cp is (A',P') compatible. Hence
Cp is a congruence on (S,A,P).

Now assume Cp CH . The induced mapping <I>:S/Cp > S is an
isomorphism in Mor(Sgp) . Now Proposition 3.16 and ¢ an isomorphism

in Mor(Sgp) give 6,9~ ¢ Mor(GP) . Thus ¢ is an isomorphism in

Mor (GP)

Corollary 3.18. If p:(S,A,P) > (§;K;§) is a surmorphism in

Mor (GPX) with (S,A,P),(S,A,P) € obj(GPX) [Mor(GP) with

(s,A,P),(S,A,P) € obj(GP)] and if C, = & (the diagonal of sxS ,

i.e., p is one-to-one), then (S,A,P) 2 (-;Klﬁﬁ

PROCF. By Proposition 3.16 [Corollary 3.17]

e

(s/cp,A/cp,P/cp)

(S/CP,A/CP,P/CP) (S,A,P) . Hence (S,A,P) ¥ (S,A,P) .

(s,A,P) . But clearly Cp = A implies

ne

The following begins a description of certain types of coexten-

sions. One type corresponds to groups and one corresponds to
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monoids. The results will be broken into essentially four major parts.
These are (a) the set theoretical results needed to construct certain
coextensions, (b) the semigroup results needed to construct certain
coextensions, (c) the set theoretical results used to reconstruct
certain coextensions, and (d) the semigroup results used to reconstruct

certain coextensions.

In the following fix (X,A;,P;) € obj(GPX) and let

(X,A,P) = BoA(X,A;,Py) . Let GPXy demote the subcategory of GPX

with ((E,K, }>p) € obj(GPXg) iff p is a surmorphism from (X,1,P)

to (X,A,P;) where (i,K,?) € obj(GPX) and f eMor(GPXX) iff
£:(X,A,P) > (X,A,P) 1is in Mor(GPX) with pef = p where

~ A~ o~

((X,A,P),p) € obj (GPXX) . The category GPXX will be referred to as

the coextensions of (X,A,P;) . If ((-}E,X,F),p) e obj (GPXX) , then

(X,X,f) is said to be a <(G)-coextension [<(8)-coextension] of
(X,A,P) 4iff Cp _C_F [there is a mapping denoted by "-" , from X to
X which preserves the <(L) and <(R) quasi-orders, p(x) = x , and
(Cp)__ Sﬁ(;) for all x e X ]. Let i(GX) [i(sx)] denote the full
subc:.tegory of GPXX whose objects consist of all <(G)-coextensions
[<(8)-coextensions] of (X,A;,P;) . Note that the definition of a
<(G)-coextension may be rephrased to "there is a mapping '—' from X to
X such that p(;{) = x and (Cp)f Eﬁi for all x e X." Hence the
similarity of the two definitions can be more readily seen. In partic-
ular one has that eacﬁ <(G)~-coextension is also a <(S)-coextension.
Note also that if p:(f,x,f) + (X,A,P;) 1is a surmorphism, then since

lxz(X,Al,Pl) + (X,A,P) 1is an isomorphism p:(X,A,P) - (X,A,P) is also

a surmorphism. This fact will be used often without mentioning.




57

A pair of functors £:<L ~ Mon and x:<R - Mon is said to be

compatible if for all x in X , &(x) = n(x) . A factor system for

£ is a function
a:B > x%& 2(x)
where
B={(A,x):x e A and x ¢ dom A} U {(x,0):p € P and x ¢ dom p}

such that a(a,b) € £(ab) for all (a,b) ¢ B . Let B; denote the
set {(A\,x):A € A and x € dom A} , and let B, denote the set
{(x,0):p e P and x € dom p} .

If  ((X,h1,P1),p) € o0bj(<(Gy)) [0bj(<(Sp))] , then

(X,A,P),p) is in obj(iji)) [obj(jﬂSX))] (since

"

(B°A(i,7\‘l sf,l) ,P)

1i3(i,R1sP1) > (i,ﬂ,?) is an isomorphism) and a lifting from (X,A,P) to

(X,A,P) 1is a mapping, denoted by """, from X UAUP to XUAUP

with the following three properties.

(a) for all xe X, p(X) =x (with x e X ) and

~ C H~
(Cp)x < H

(c)z € HE)]

[""" preserves <(L) and <(R) and

(b) if A e A and A =G, then A =G> : if A e A and
v v ?
A =Golegll o, | LoG"R | then X = GSlo. . .oGom
vy V2 Vn Vo Vn

(¢) if p e P and o = D: , then p = bg :if pe P and
.oD'® _ then p = Dile. . .oDom |
Vn v

—



Proposition 3.19. If ((X,A,P)p) ¢ obj (<(Gy)) , then

()7 D] = (D) and  (pxp)TIH<(R)] = <(R)

PROOF. Since p is a surmorphism, (pxp)[<([)] = <(L) . Hence
<D S )] . Now if  (u,v) e (pxp)1[<(L)] , then
(P(w),p(v)) e <(L) . Since (pxp)[<([)] = <(L) , there is a pair
(w,2) € <(L) such that p(w) = p(u) and p(z) = p(v) . Now C, CA
and p(w) = p(u) and p(z) = p(v) implies uflw <([)zflv . Therefore
u <(L)v . Hence (pxp)=1[<(L)] € <(L) and (pxp)~L[<(L)] = <(D)

Dually (pxp)~![<(R)] = <(R)

Clearly Proposition 3.19 implies the existence of a lifting from

sA,P) to (X,A,P) whenever ((i,ﬂ,ﬁ),p)g obj(ijX)) and

o]

(
(i,R,P) = BoA(X,A,P) . Also note in view of the definition of a
lifting one may consider a lifting "~'" from (X,A,P) to (X,1,P) as

consisting of a functor from <L to <L and a functor from <R to

-~

<R . That is, for each object x of <L = X = objects of <R, x is

~

in X = obj(:i) = obj(iﬁ) and the definition of a lifting insures that
composition of morphisms are preserved. Hence Proposition 3.19 insures
the existence of a functor "~'" .

The 5-tuple (X,A,P,£,2,0) will denote a system where
£:<L > Mon , 4:<R + Mon is a compatible pair of functors with o a

factor system for £ . X will denote the set a%k{{a}XZ(a)}

Definition 3.20. Consider the system (X,A,P,£,7,a) . For

each xe X and he £(x) , if x € domp with p ¢ P , then define

Ah by
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Th(xp,g) = (xp,7(xp0,x)(h)g) for all (xp,g) ¢ X .

For each X € A define A by

T(X,g) = (Ax,a(A,x)L(Ax,x)(g)) for each
(x,g) € X with x ¢ dom A .

Let Ai = {.Xh:h e £(x) and x ¢ X} and Aé = {A:A e A} . Let A

denote the semigroup generated by A{ U A; U {l—i} in PTX) , i.e.,

A=(A{ UAé U{1§}>.

Dually, for each x ¢ X and for each h ¢ 2(x) , if x ¢ dom A

with A € A , then define 'p‘h by

(Ax,g)b—h = (Ax,gl(Ax,x)(h)) for each (Ax,g) ¢ X .

For each o € P define p by

(x,8)0 = (x0,2(x0,x)(g)a(x,0)) for each

(x,g) ¢ X with x e dom o .

Let Pi = {B-h:h e n(x) and x e X} and Pé = {p:0p e P} . Let P

denote the semigroup gemerated by P; U P, U {li} in PT(X) , i.e.,

P =(pj UPJ U {Iz}) .

Let (E,K,_IT) denote the triple described above.

The next three lemmas determine necessary and sufficient condi-

tions on the triple (f,X,?) so that (X,A,P) ¢ obj (GPX)
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Lemma 3.21. With the notation of Definition 3.20, one has for
each 1 ¢ Aé , P € Pé , and (y,h) € X such that
(y,h) € dom A Ndom p , (A(y,h))p = A((y,h)p) iff the following condi-

tion holds:

(3.22) a(Xx,y0)L(Ayo,y0) [n(y0,¥) [hla(y,p)]

= L(Aye,Ay) [a(X,y)L(Ay,y) [h]1]a(ry,p)

for all A e A, for all y € X, and for all p ¢ P such that

y € dom A Ndom p .

PROOF. Using the notation described in the lemma, one has

(A\y,a(X,7)2(y,y) [h])p

(Ayp , 2 (Ay0,Ay) [a (A, ¥)L(Ay,y) [h]]la(ry,p))

(A (y,h))eo

Also one has

X((y,h)p) = A(yp,n(yp,y) [hla(y,p))

(Ayp,a(x,y0)L(Ayp,y0) [2(yp,y) [Rlaly,p)]) .

Hence (X(y,h))5-= XX(y,h)E} iff 3.22 is true.

Lemma 3.23. For every e A}, e P' , and (y,g) ¢ X
—_— h 1 1

Pr

such that (y,g) ¢ dom Ah

(Xh(y,g))Ek = Tﬁ((y,g)gk)

N dom Ek , one has

PROOF. Since (y,g) ¢ dom X£ , there is a p ¢ P and an

x € dom p such that y = xp and h e £(x) . Also (y,g) ¢ dom 5#
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implies there is a A e A and a 2z ¢ dom A such that y = Az and

k ¢ £(z) . Hence

(7£(y,g))5£ = (y,2(xp,%) [h]g)o,

= (y,2(x0,x)[h]lgl(rz,2)[k])

X, 7,880z, 2) [k])

M ((7,8)0,)

Lemma 3.24. For every X € A!

20 Py € Pi , and (y,g) ¢ X such

that (y,g) € dom A N dom Eh , one has (T(y,g))?h = T((y,g)ah)

PROOF. Since (y,g) £ dom ;h there is a y ¢ A and an

x € dom vy such that y = yx and h e £(x) . Thus Ay = Ayx and

(8o, = (y,a(0,y)L0y,y) (81D,
(Ay,a(X,y)L(y,y) [g]L(\yx,x) [h])
(y,a(X,y)E(\y,y) [g]1L(Ay,y) [L(y,x) [h]])

(Ay,a(X,y)L(Ay,y) [g€(y,x) [h]])

A(y,gl(y,x)[h])

2((y,8)0y)

Theorem 3.25. If (£:<L > Mon , /:<R -+ Mon) is a pair of

compatible functors with a factor system o , then the triple (E,K,?)
as defined in 3.20 is in obj(GPX) iff condition (3.22) is satisfied.
Also if (')E,Y\-,_I;) € obj(GPX) , then ((E,K,?),Trl) € obj (GPXX) where

Trl:f + X 1is the first coordinate projection.

PROOF. If (X,A,P) € obj(GPX) , then by Lemma 3.21 condition

(3.22) is satisfied. Now if condition (3.22) is satisfied, then
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according to Lemma 5.3 and Corollary 5.5 of [3] it suffices to show
that conditions (iii) and (iv) hold between the generating sets of A
and P . Lemmas 3.21, 3.23, 3.24, and the dual of 3.24 do just that.
Hence (i;f;f) € obj(GPX) whenever 3.22 is satisfied.

Clearly it follows from the definition of X and Ty , that
ﬂlii > X 1is a surmorphism in Mor(Set) . Also by the definition of
(A,P) and by Lemma 2.6, it follows that nlz(i;x;§) > (X,A,P) 1is a

surmorphism in Mor (GPX)

Now that some construction principles have been investigated,
the reverse situation is considered. That is, if one starts with a
<(G)-coextension, then can this coextension be reconstructed by the

above construction?

Lemma 3.26. Let ((X,A1,P;),p) ¢ 0bj(<(Gy)) and let <(C) be
an H quasi-order under jjﬁ) with C = Cp . (Note <(C) may equal
Cp .) Let """ denote a lifting from (X,A,P) to
(i,ﬂ,ﬁ) = BoA(X,A;,P;) . (Note such a lifting exists by Lemma 3.19.)
Then if Z(_):ii + Mon 1is the functor defined in Theorem 3.7 by the H
quasi-order <(C) and if £Z:<L » Mon is defined by £(x) = 2(;) for
all x e X and 4£(z,x) = Z(;,;) for all (z,x) ¢ <(L) , then £ is a

functor.

PROOF. As noted earlier one may view the restriction of a

~

lifting to the objects of <L as a functor from <L into <L . Hence

£:<L >~ Mon 1is just the composition of the functor “:<L » fi and the

functor 2:§L > Mon .
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Lemma 3.27. (Using the notation of Lemma 3.26.) If
ﬁ(_):jﬁ > Mon is the functor defined in Theorem 3.5 by the H quasi-
order <(C) and if N:<R -+ Mon 1is defined by x(x) = n(x) for all
x € X and 2(z,x) = i(i,i) for all (z,x) ¢ <(R) , then 2 is a

functor.

PROOF. By restricting the lifting '"™" to the objects of <R

one has “:<R + <R 1is a functor. Hence # 1is the composition of the

functor 7:<R + <R and the functor i::ﬁ -+ Mon.

Lemma 3.28. (Using the notation of Lemma 3.26.) If

. . ~ X
a:B - x%& £(x) 1is defined by a(A,x) = Dii for all (X,x) € B; and
a(x,p) = 5§g for all (x,p) € B, , then o 1is a factor system for

Z.

PROOF. To show o 1is a factor system for £ , it suffices to

show ﬁ;g € Z(X;) for each (A,x) € By . Dually, the condition for
B, also follows. Now 13%’;: will be in 2Z(X%) if (by the definition

of E(XE) ) Ax ij)XE . In particular if p(ii) = p(Ax) , i.e., if
AxCpr .

First consider the case where X = ég . (Hence X = G: e A for

some (v,u) € <(L) .) Since p e Mor(jﬁGx)) , there is a A' ¢ A such

that p(égw) = A'p(w) for all w ¢ i(ﬁ) . In particular
Au = A'p(u) = p(égﬁ) =p(v) =v = G:u = Au and by the proof of Theorem

5.8 of [3], A'x = Ax for all x e R(u) . Hence one has

p(iw) = A'p(w) = Ap(w) for all i(;) . Therefore



(3.29) p(@gw) = th(w) for all w e R(u)

Now if x € dom A , then p(Xﬁ) = Ap(i) = )X = p(X;)

~

!

-~
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Now consider the case where X = Golo. . .Ong and X ¢ dom X .

‘Ehen by (3.29) one has

p(ix) = p(églo. . .Ong X)

1 n
- ¢Ylp(aYz sUn -
lep(GGZO' .ng X)
u u ~
= G lo oG m
vy Gvn p(x)
= Gu1° °Gun X
vl Vn
= p(Ax)
where A = G lo oG m
VI Vn

Note that as a result of the proof of Lemma 3.28 one has that

(3.30) p(Aw) = Ap(w) for all X ¢ A

and for all p(w) & dom X .

Lemma 3.31. The functors and the factor system defined in

Lemmas 3.26, 3.27, and 3.28, (£,r,a) , satisfy condition (3.22).

PROOF. Let (A,p) € (A,P) and y ¢ X such that

y € dom A Vdom p . Let ﬁz e £(y) . Now



o

a(A,y0)E(Ayo,y0) [2(ye,y) [h]lal(y,0)]

and

(AF5)D

~Ayp
Yo
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pAYP z(xyo,yo>[n<yo,y>[nyln 3

Y ~GR L T
ks z(kyo,yo>[nzgy B2

ye

o K(Ayo,yo)[Dypy y_ ;961

RTRE

A K(Ayo,yp)[Dypy ]
P55

x((cyy>p>

X (up)

This gives that the left side of condition (3.22) reduces to

Now consider the right hand side of (3.22) ,

A (up)



A(Aye, Ay) [a(Xh,y) £(Ay,y) [h]1a(Ay,p)

Ay, Ay) [ (A, y) 11(Aye, AY) [£(Ay,¥) [h]1a(Ay,0)

]
&
~~
>
<
ko)
>
~<
Nee”
~
[w]
>0 >
<
e
&
~~
>
<
ko)
>
«
N’
=k
1<
R
[=3 ]
(w1}
1%
OO

and

= ;oMY (T35
AGu (\y8)

@

= A((Gu AY)o)

I
= X (up)
|
|
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Hence the right hand side of (3.22) reduces to ﬁ;?ﬁa) .  Therefore
condition (3.22) is satisfied by (£,n,a)

Theorem 3.32. If (X,A;,P1),p) e 0bj(<(Gy)) with <(C) an H

quasi-order under jﬁﬁ) such that C = Cp » then the functors and the

factor system defined in Lemmas 3.26, 3.27, and 3.28 give rise to a

triple (X,A,P) such that (X,A,P) is in obj(GPX) ,

((X;K,P),nl) € obj(GPXy) where n1:§'+ X 1is the first coordinate

projection, and there is a surmorphism @1:(2;1;55 - (i,ﬂl,ﬁl)

PROOF. By Lemma 3.31 and Theorem 3.25 the triple (X,A,P) is
in o0bj(GPX) . Now again by Theorem 3.25 ((E:K;F),nl) e obj (GPXy)

Now it follows from Lemma 3.34 (to be proven) that the map

@1:(X,K;§) ~ (X,K,P) , (x,ﬁz) » u , is a surmorphism. Thus
— —— @ ~ o~ o~ ~ ~ — - — ~ o~ ~
@LP) > (&,1,8) S &,01,81) gives o: LD » &,iy,5) 1

a surmorphism.

Corollary 3.33. If ((i,ﬁl,ﬁl),p) € obj(:ﬂGx)) , then there is

a pair of functors £ <L > Grp , /4 :<R > Grp and a factor system a

for £ such that the triple (E;X'—) (as defined in Definition 3.20)

3
is in obj(GPX) , ((X,A,P),n) € obj(ijX)) where 7:X - X is the

first coordinate projection, and there is an isomorphism

$:(X,A,P) » (i,ﬂl,ﬁl) such that pedp =7 .

PROOF. Apply Theorem 3.32 with the H quasi-order <(C) equal
Cp . This gives a pair of functors Z(_):EL + Mon and £(_):<R > Mon
(obtained as in Lemmas 3.26 and 3.27). But as noted in Corollary 3.6

and Corollary 3.8, whenever the H quasi-order <(C) is an H
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-~

equivalence the codomain of £ and 4 becomes Grp . Hence the co-

domain of 4£(_) and 4( ) is also Grp and thus denoted by £ and

” , respectively. Now Theorem 3.32 also gives (i}K}?) e obj(GPX) ,
(fi;ng),n) € obj(GPXX) , and that @:(X;K:F) £ obj(i,xl,il) is a
surmorphism. To finish the proof of the Corollary it suffices to show
CTT § W, ¢ 1is an isomorphism, and p°d = 71 .
First to show C_ CH note that for a e X {a}XKa Eﬁ(a,l)

(The maps {X£:h e £,} give {a}XZa § f and the maps

{ph

ﬁ(a,ﬁi) = a for each (a,ﬁ

(a,1)

:h ¢ ﬂa} give {a}xﬂa CR .) Now by the definition of 1 ,

(a,1)
) ¢ X . Hence (Cw)(a,l) = {a}X£a for

e M

each ae X . Thus C CH .

~

Now to show @:(XQK;F) > (i,ﬂl,ﬁl) , (x,ﬁz) »u , is an
isomorphism it suffices (since ¢ is known to be a surmorphism) by
Corollary 3.18 to show ¢ is one-to-one. But if @(x,ﬁi) = @(y,ﬁz)

for some (x,ﬁﬁ),(y,ﬁi) e X, then u=v and iCpu = vCp§ . Hence

iCp§ , i.e., x = p(x) = p(y) =y . But """ 1is a mapping from X to

-~ -~

X. Thus x =y gives x =y and (x,ﬁi)

(y,ﬁi) . Therefore ¢
is one-to-one.

Now to show ped =7 , let (x,D7) ¢ X and note that
p°¢(x,f>fj> = pu) = p(x) =x = w(x,ﬁ’é)

It is interesting to note that if one merely starts with
(i,il,ﬁl) e obj(GPX) and an H quasi-order <(C) under <(H) , then

Theorem 3.32 and Corollary 3.33 allow one tc construct the following:
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J,-----constructed from £( ) and x()

l 5, Y:(x,ff:) r p(u)

((X,A1,P1),<(C)) —P—r (X/C,A,/C,B,/C)
T ]
™
X,

A,P)
xl\—-constructed from £ and =x

The following lemma was used in the proof of Theorem 3.32; the

proof of the lemma however was postponed until now.

Lemma 3.34. Let ((i,ﬂl,ﬁl),p) £ obj(ijX)) with <(C) an #
quasi-order under fjﬁ) such that C = Cp . Let (X,A,P) be the
triple constructed from the functors and the factor system defined in
Lemmas 3.26, 3.27, and 3.28. Then the mapping &:(X,A,P) - (i,ﬂ,ﬁ)
defined by @(x,ﬁi) = u 1is a surmorphism.

(Note (X,A,P) = BoA(X,A;,P;) .)

PROOF. To show ¢ & Mor(GPX) it suffices to show

(A U Aé,Pi U Pé) C (A',P') where A{ , Aé y P{ , and Pé are

defined in Definition 3.20 and (A',P') is defined in Lemma 2.6.
(Actually a corollary to Lemma 2.6 for the category GPX is what is

used.)

First consider A ¢ Aé for A e A and let (x,k) € dom x» . It

~

will be shown that ¢(Az) = i9(z) for all zifﬁ)(x,k) where A is

the lifting of A . If 2<(R)(x,k) , then z = (xp,ﬁﬁp) for some
p——r

g € P and ﬁﬁo e £(xp) (since mwxw iﬁﬁ) = <(R) ). Hence
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~

FXP
g )

o(\z) Q(A(xo

= @(xxp,a(k,xo)ﬂ(kxo,xo)[5§°])

= (Xp DAxo )

= ¢ (\xp, DA o U= pro

=<mm%~D

- 5% (5 P

- .55
= A¢(xo,Dup)
= 10(z)

Now consider the case with X£ € A{ and h ¢ £(x) for some
xeX. Let z2<R)(x,k) with z,(x,k) e X . Thus z = (xp,D.")

for some p € P and sz e £(xp) . Since h ¢ £(x) , let h =D

<N

for some yi(C)i . Hence



~

_ 55
Q(Xh(xo,Du )

3 (x0,1(xp %) []5-P)

=

Therefore if y =G ¢ , then @(Xﬁz) = y¢$(z) for all zifﬁ)(x,k)

Hence one has Ai A" . Dually one has P; UP; CP' . Thus

C
-
N -
[N

¢ & Mor (GPX)
Now to finish the proof that ¢ is a surmorphism, it is shown

that &x¢ i(I) = EKZ) . Let (v,u) ¢ fﬁ[) and let z = p(v) and

p(u) . Thus Eﬁviﬂ[)uﬁi . Let k=D*, 1= é: , h= ﬁg , and

X

< N

A

G: . Note that k™! and h~! exist. Now consider

- =T ~X
Ak°AOAh(x,Du) .

71
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[w)]
N’
]

X

A (W (x,1))

Ny .50 = 3 ((x, B507))

Tk(xx,a(x,x))

Xk(z,l)

~Z
= (2,59

) <D, 5 and exe( (2,69, x,5)] = (v,u) . Thus
ox¢ <(I) = <(L) . Dually, ox¢ <(®) = <(R) . Hence

~

i,A,?) is a surmorphism.

o
~~
>4
=]
|
N’
¥
~~

In looking back at Theorem 3.32 and Corollary 3.33 one has that
these enable one to reconstruct an isomorphic copy of a kmown <(G)-
coextension. Now the following theorem determines necessary and suf-
ficient conditions on a compatible pair of functors with codomain Grp

so that one may construct a jﬁG)—coextension from a given

(X,A1,P;) € obj(GPX)

Theorem 3.35. If (&:<L - Grp , #:<R » Grp) is a pair of

compatible functors with a factor system o , then
((E;K:F),w) € obj(ﬁﬂGX)) iff condition (3.22) holds. ( 7:X > X is

the first coordinate projection.)
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PROOF. First note that if ((X,A,P),7) ¢ obj(fﬁGX)) , then

(X;K, ) € obj(GPX) . Hence by Theorem 3.25 condition (3.22) is

satisfied.
Now in the proof of Corollary 3.33 it is shown that

((X,A,P),T) € obj(fﬂGX) whenever (E;K, ) € obj(GPX)

The observant reader will note that if the triple (£,4,q)
satisfies condition (3.22) with the codomain of £ being Mon , then
one obtains a coextension of (X,A;,P;) . If one adds the condition
that the mapping x » x = (x,1) ¢ X from X to X preserves the
quasi-orders <(L) and <(R) , then one obtains a <(8)-coextension.
This will be shown by Theorem 3.41. The next topic to be investigated
is the analogy of the work done for <(G)-coextensions applied to
<(S)-coextensions.

The following lemma insures the existence of a lifting for

<(S)-coextensions.

Lemma 3.36. If ((X,A;,P)),p) € obj(<(Sy)) with
BoA(i,ﬁ,ﬁ) = (i,ﬁ,?) , then there is a lifting "~" from (X,A,P)
to (i,i,ﬁ) and p(iz) = Ap(z) for all 2z ¢ dom X with A e A and

p(zS) = p(z)p for all z ¢ dom 5 with p ¢ P .

PROOF. By the definition of ((X,A,P),p) ¢ obj(fﬂsx)) , there

is a mapping """ from X to X such that (Cp)i - ﬁ(;) s

~

p(x) = x , and preserves the <(L) and <(R) quasi-orders. If

G: € A, then (v,u) e <(l) . Now since

-~

preserves the <(L) quasi-

exists. It follows that '"~" is a

Qe

order, (v,u) e Efl) . Hence G

lifting from (X,A,P) to (X,A,P)
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Now to show the second part of the lemma, first let ) = G: e A .

Hence ég =X e A and since P € Mor(fﬂSX)) , there is a A' ¢ A such

~

p(iw) = XA'p(w) for every w ¢ ﬁ(ﬁ) . In particular

that p(ésw)

A'u = A'p(u)

p(égﬁ) =p(v) =v= G:u and by the proof of Theorem 5.8
of [3] A'x = G:x for all x € R(u) . Hence

p(éSz) = A'p(z) = G:p(z) for all z ¢ dom (Cg) = R(u) and

p(iz) = Ap(z) for all 2z e dom i . In the event that

A= GSio . OGEH with z ¢ dom A , one can apply the above to
n
obtain

N ~U AU
xz) = “lo , ., ., of-m
p(xz) = p( V1° °GVn z)

u LU u
G 1p(Gi2e. , , . 0oz
VIP(GVZ °(’;Vn )

= gYl1, Un
le e . OGVn p(2)
= Ap(z)

Thus for A ¢ A and 2z ¢ dom i . p(iz) = Ap(z) . Dually for p ¢ P

and z e domp , p(zp) = p(z)o

Lemma 3.36 enables one to construct a <(S)-coextension in a
manner similar to that of a <(G)-coextension. That is, the basic

properties needed to construct a ij)—coextension are that

(1) to each C(-class there is a corresponding submonoid of the

} Schutzenberger monoid, and

(ii) there is a lifting of (X,A,P)
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Lemma 3.36 establishes property (ii), while the following lemmas estab-

lish property (i).

Lemma 3.37. Let ((X,A;,P))p) ¢ obj(<(Sy)) and let "="
denote a lifting from (X,A,P) to (i,i,ﬁ) = BOA(i,Kl,ﬁl) . If

N:<R -+ Mon 1is defined by x(x) = {ﬁi:ucpi} for every x ¢ X and

n(z,x)(ﬁi) = ﬁiﬁg for every (z,x) ¢ iﬁR) , then 4 41s a functor.
z

PROOF. First note that if (u,X%) ¢ Cp , then since

~

((X,41,21),p) € 0bj(<(S,)) we H(x) . Thus D e S (x) and

~

n(x) SESD(i) . Also note that ﬁz (the identity of SD(i) ) is in

n(x) for every x e X .

To show #4(x) 1is a semigroup for x e X , let 5y,5§ e n(x)

Then (y,x),(z,x) € Cp . Since Cp is an H equivalence (see
I ~X ~X ~xX <X
Proposition 3.16), (yDz,z) = (yDz,xDz) € Cp . Now (yDz,z) € Cp and

(z,%) ¢ Cp give (yﬁz,i) £ Cp and yﬁi <(H)x . Therefore

5;052 = ﬁ;ﬁi € A(x) and #4(x) 1is a monoid for each x ¢ X .

If (z,x) € Mor(<R) and D e n(x) , then (y,x) ¢ Cp . Hence

<N

<X - ~X ~TRY L ~z
(yDE,z) = (yDE’XDE) is in Cp . Therefore DyDg e n(z) and A4(z,x)
is a mapping from #(x) to #x(z) . Now note that

2
z

R
1(z,%) (B) = Bk = D

the identity of 4{z) . To show #4(z,x) 1is a homomorphism, let

and 4(z,x) takes the identity of 4(x) to

~

ﬁx,ﬁx e n(x) . Then
vy w
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~

LXK xX
n(z,x)Dy~DW)

[
o
~~
N
tal
g
~~~
e
< N
[w i}
M
Nt

Therefore n(z,x)(ﬁi-ﬁ:) = &(z,x)(ﬁ?)'n(z,x)(ﬁz) and 2(z,x):4(x) > #(z)
is a homomorphism.
To show # preserves composition of merphisms, let

(z,x),(u,2z) € Mor(<R) and let D e n(x) . Thus

X
y

<X ~x
nl(u,2) (z,x)](Dy) d(u,x)(Dy)

~u -~
=D ~x
YDG
~U . .
= D <Xx2Z
pg ) Jo
yDz u
z -
= /t(u,Z)(Dyf)}g)

- n(u,zm(z,x)(ﬁj)]

Hence /& preserves composition of morphisms. Now note that

n(x,x)(ﬁ;) = ﬁ;ﬁi = D" and #4(x,x) is the identity. Hence 4 pre-
X

serves identities. Thus X:<R = Mon 1is a functor.

< M
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Lemma 3.38. Let ((i,ﬂl,ﬁl),p) 5 obj(fﬁSX)) and let "~"
denote a lifting from (X,A,P) to (i,ﬂ,ﬁ) = BoA(i,ﬂl,ﬁl) . If

K:j; + Mon is defined by £(x) = n(x) (as 4 1is defined in Lemma

3.37) for every x ¢ X and Z(z,xXﬁi) = ﬁzﬁi for every (z,x) e <(L) ,
u

then £ 1is a functor.

PROOF. The proof is dual to that of Lemma 3.37 in the same way

as Theorem 3.7 was dual to Theorem 3.5 and is thus omitted.

Lemma 3.39. (Using the notation of Lemma 3.38.) If
Ax

iz for all (A,x) € B; and

: U i =D
a:B » XexZ(x) is defined by a(A,x) =D
a(x,p) = 522 for all (x,p) € B, , then o is a factor system for
2, a(Gy,x) =1 for all (u,x) ¢ <(L) , and a(x,D}) = 1 for all

(u,x) € <(R) .

PROOF. To show o 1is a factor system for £ , one must show

ﬁ%g e L(Ax) , i.e., XiCPX§ , for each (,x) € B; . But by Lemma 3.36,

p(AX) = Ap(x) = Ax = p(i;) for all x ¢ dom A . Thus XiCpiQ .
To show a(Gi,x) =1 for each (u,x) e <(L) , let 1 = Gu .

~

xexl

Then X = ég and Ax = u = Ax . Therefore 1 =D

2>

= a(Gz,x)

Lemma 3.40. The functors and the factor system (£,4,a)

defined in Lemmas 3.37, 3.38, and 3.39 satisfy condition (3.22).

PROOF. The proof is the same as that of Lemma 3.31 and is

omitted.

Theorem 3.41. If (£L:<L -+ Mon , n:iﬁ + Mon) 1is a pair of

compatible functors with a factor system a , then




(X,A,P),m) € obj (i(SX)) [where (E,K,F) is defined in Definition

3.20] iff condition (3.22) is satisfied along with the following

condition:

(3.42) the mapping x » x = (x,1) from (X,A,P) ‘

to (X,K,F) preserves <(L) and <(R)

Conversely, if (()~(,/~\.1,f’1),p) e obj (i(sx)) , then the functors
and factor system (£,4,0) defined in Lemmas 3.37, 3.38, and 3.39 give
rise to a triple (i,i,?) such that ((i,K,F},w) e obj (i(sx)) and

there is an isomorphism ®:()_(-,—1Y,T’_) - (}E,Al,f’l) such that ped = 7 .

PROOF. To prove the first part of the theorem, first consider a
triple (£,4,0) which satisfies conditions (3.22) and (3.42). By
Theorem 3.25 ((S(-,X,F),TT) ¢ obj (GPXX) . Now consider the map ' "
from X to X defined by X X = (x,1) ¢ X . To show
((X,A,P),m) e 0bj(<(Sy)) it suffices to show (C )= CH(x) for all
x € X (since by (3.42) "M is known to preserve <(L) and <(R) ).
Clearly (Cn); is the set {x}xf€(x) . If (x,u) ¢ (CW)E , then
W= e = Gow , Ax =X (1) = (u) , and () <(x
Hence (C )= CH(x) for all x e X . Therefore
((X,A,P),m) € 0bj(<(Sy))

Assume ((X,A,P),m) € obj (i(SX)) . Then (X,A,P) e obj(GPX)
and by Theorem 3.25 condition 3.22 is satisfied. Also since

((X,A,P),T) € obj (2(S¢)) , there is a mapping, say """ , from X to

X which preserves the quasi-orders <(L) and <(R) . If

(z,w) € <(L) , them (2,%) € <{L) . Thus let z = (z,u) for some
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ue £(z) and let w = (w,v) for some v ¢ £(w) . Since (Cﬂ)i g;ﬁ(i)
for all x ¢ X, (w,1)<(Mw and (z,1) <(H)z . Next note that
w= (w,v) = X;(w,l) = K;E and %ffI)G" Therefore Eéfﬁ)ijfz)ﬁfﬂ15;
and z<(D)w . Hence UL preserves the quasi-order <(L) . Dually

preserves the quasi-order ij) . Thus condition (3.42) is
satisfied and ((X,A,P),7) € obj(iﬂsx)) iff conditions (3.22) and
(3.42) are satisfied.

Now to prove the second part of the theorem, let
((i,ﬁl,ﬁl),p) € obj(ijX) . By Lemma 3.40 the triple (£,n1,a) satis-
fies condition (3.22). By Lemma 3.39 a(Gﬁ,x) = 1 for every
(u,x) € <(L) and a(x,Dz) =1 for every (u,x) ¢ <(R) . Thus for
(u,x) e <(L) , one must show (u,l)fff)(x,l) in order to demonstrate
condition (3.42). But if X = Gi , then
A(x,1) = (Ax,a(r,x)) = (u,a(Gz,x)) = (u,l) . Therefore (u,l)i(f)(x,l)
Dually if (u,x) € <(R) , then (u,x) e fjﬁ) . Thus by the first part
of this theorem, (X,A,P),7) ¢ obj(iﬂsx))

Now if @:(EQK}FS > (i,ﬂl,ﬁl) is defined by Q(x,ﬁi) =y , then
a proof similar to that of Lemma 3.34 shows ¢ 1is a surmorphism. Also
as in the proof of Corollary 3.33 (since Cp is an H equivalence) ¢
is one-to-one. Hence by Corollary 3.18 ¢ is an isomorphism. To show

pe® = v , note that for (x,ﬁi) e X,

pod (x,07) = p(w) = p(X) = x = n(x,D}) .

So far the results dealing with quasi-orders and coextensions
have dealt strictly with the category GPX . The purpose of these set

theoretical results has been to establish certain properties
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independent of the semigroup structure. In the following a semigroup
structure will be created for the coextension results. Also the
previous results and definitions (unless otherwise stated) will now be
applied as though they have been explicitly stated for the category
GP . For example, Theorem 3.5 will be applied when <(C) 1is a quasi-
congruence under fﬁH) where as it has been stated only in the case
i(C) is an H quasi-order under <(H) (but clearly it generalizes
to quasi-congruences).

In the following fix (S,A;,P;) € obj(GP) . 1In order to induce

a multiplication on the set B (as defined in 3.20) the two conditions
(1) L(x) 1is a left ideal of S for all x ¢ S and
(ii) R(x) 1is a right ideal of S for all x ¢ S

will be assumed. That is, it will be assumed that (S,A,,P;) € obj(E?)
Let BoA(S,A;,P;) be denoted by (S,A,P) . Let E?g denote the sub-
category of GP with (T,A2,P5),p) € obj(aﬁé) iff

p:(T,Ay,P5) - (S,A;,P;) 1is a surmorphism in Mor (GP) and

fe Mor(agé) iff £ ¢ Mor(GPXS) and f e Mor(Sgp) . Let :ﬂGS)
[ffSS)] denote the full subcategory of Efé whose objects consist of

all <(G)-coextensions [<(S)-coextensions] of (S,A;,P;)

A factor system (in the case of Eﬁé) for a functor

£:<L -~ Mon is a function a:(SxS U B) -+ sgs £(s) such that a« B is

a factor system in GPXs and oa(x,y) € £(xy) for all (x,y) ¢ SxS .
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Definition 3.43. Let (§:K, ) denote the triple defined in

Definition 3.20 by the system (S,A,P,{,4,a) . Define a multiplication

on S by the following:

(x,8) (y,h) = (xy,n(xy,x)(gla(x,y)L(xy,y)[h])

for all (x,g),(y,h) ¢ S .

If (£:<L »Mon , #:<R + Mon) is a compatible pair of functors
with (S,A,P) € GP , then (S,A,P) ¢ GP gives Sx C L(x) and
xS CR(x) for all xe S . Thus for ye S, xy<(l)y and
xy<(R)x . Hence A(xy,x) and L(xy,y) are defined for each
(x,y) € SxS . Therefore the multiplication defined in Definition 3.43
does exist. In general it is not associative, but the following lemma

provides necessary and sufficient conditions for the multiplication to

be associative.

Lemma 3.44. The set S with the multiplication defined in 3.43

is a semigroup iff the following condition holds:

(3.45) a(x,yz)l(xyz,yz([1(yz,y) [h]a(y,2z)]
= n(xyz,xy) [a(x,y)L(xy,y) [h]]a(xy,2)

for all x,y,z € S and for all h € £(y)

PROOF. Leech [7] proves this lemma in the case the codomain of
£ 1is Grp . It easily follows in the case the codomain of L 1is

Mon. To show this let (x,g),(y,h),(z,k) € S . A direct computation

gives
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(x,8) [(y,h) (z,K)]

= (xyz,1(xyz,x)[gla(x,y2)L(xyz,yz) [#(yz,y) [h]a(x,y) 1 &(xyz,2) [k])

and

[ (x,8) (y,h)](z,k)

= (xyz,n(xyz,x) [glr(xyz,xy) [a(x,y)L(xy,y) [h]]la(xy,2z)L(xyz,2) [k]) .

Thus if A = o(x,yz)L(xyz,y2)[1(yz,y) [h]la(y,2z)] and
B = 2(xyz,xy)[a(x,y)L(xy,y) [h]]a(xy,z) , then
(x,8) [ (y,h)(z,k)]

[(x,8)(y,h)](z,k)

(xyz,n(xyz,x)[g]AL(xyz,2z)[k]) and

(xyz,n(xyz,x)[g]BL(xyz,2z)[k]) . Now if conditiom
(3.45) is satisfied, then A = B and the multiplication on S is
associative. Conversely if S is associative then

(xyz,A) = (x,1)[(y,h)(z,1)] = [(x,1)(y,h)](z,1) = (xyz,B) . Hence

A =B and condition 3.45 is satisfied.

Now that a semigroup structure can be easily placed on S , the

conditions needed for (E;K, ) € obj(EF) is investigated.

Lemma 3.46. For each »p ¢ Pé and for all (y,h),(x,g) ¢ S
such that (x,g)‘(y,h),(y,h) € dom p , one has
(x,8)[(y,h)p] = [(x,g)-(y,h)]g' iff the following conditiomn is

satisfied:

(3.47) a(xyp,yp)L(xyo,y0) [1(yo,y) [h]aly,o)]
= 1 (xyp,xy)[a(x,y)L(xy,x) [h]]a(xy,p)

for all x,y ¢ S and p ¢ P such that y ¢ domp .
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PROOF. Let (y,h),(x,g2)°(y,h) € dom o . Then

(x,8) [ (y,h)p] = (x,8) (yo,1(xp,x)[h]la(x,0))
= (xyp,(xye,x)[glal(x,ye)L(xye,ye) [£(yo,y) [h]laly,p)])
and
[(x,8) (y,h)]p = (xy,2(xy,x)[gla(x,y)2(xy,y)[h])o

(xyp,(xyp,xy) [2(xy,x) [gla(x,y)L(xy,y) [h]]o(xy,p))

(xyo 2 (xyp,x) [gln(xyo,xy) [a(x,y)L(xy,y) [h]]a(xy,0)) -

Now if condition (3.47) is satisfied, then clearly

[(x,8) (y,0)]p = (x,8)[(y,h)p] . Also if for all (y,h),(x,g) e S such
that (x,g)*(y,h),(y,h) € dom o one has

(x,g) [(y,h)p] = [(x,8) " (y,h)]p , then consider the case with

(x,g) = (x,1) . Thus xn(xyp,x)[g] = n(xyp,x)[1] = 1 and condition

(3.47) follows.

Lemma 3.48. For each € Pi and for every (y,h),(x,g) ¢ S

°k
such that (x,g)*(y,h),(y,h) ¢ dom 6% , one has

(x,8)+ [(y,hoy ] = [(x,8) (v, )]y -

PROOF. If (y,h) ¢ dom 3# , then there is a A in A and

z e S such that Az =y and k e £(z) . Thus
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(x,8) [(y,h)e, ] = (x,8)[(Az,h)p, ]
= (x,8) (Az,h&(y,z) [k])
(xy,2(xy,x) [gla(x,y)L(xy,y) [he(y,2) [k]])

(xy, 1 (xy, %) [2]a(x,y) L(xy,y) [h]L(xy, 2) [K])

(xy,n(xy,x) [gla(x,y)L(xy,y) [h])p,

[(x,8)- (v,0)Ip, -

Conditions (3.22), (3.45), (3.47), and the dual of condition

(3.47) may be combined into the following condition:

(3.49) a(a,bc)L(abe,be) [£(be,b) [h]la(b,c)]
= n(abc,ab)[a(a,b)f(ab,b)[h]l]a(ab,c)
for all (a,b,c) € (8xSxS) U (ByxS) U (SxB,) U (AxB, N ByxP)

and h € £(b)

Theorem 3.50. Consider the system (S,A,P,Z,n,0)

(§;K}f} 3 obj(EF) iff condition (3.49) is satisfied. Also if

(S,A,P) € obj(GP) , then ((S,A,P),m)) e obj (G—P-S)

PROOF. 1If (EQK;E) € obj(E?) , then by Lemma 3.21 condition
(3.22) is satisfied, by Lemma 3.44 condition (3.45) is satisfied, and
by Lemma 3.46 (and its dual) condition (3.47) (and its dual) are sat-
isfied. Thus (§;K;§) £ obj(E?) gives condition (3.49)

Conversely, suppose condition (3.49) is satisfied. By

Lemmas 3.21, 3.44, 3.46, and the dual of 3.46, one has
(§;K:§) £ obj(GP) . To show (§;K¥§) € obj(ai) one must show that for
each (y,h) € dom o one has (x,2)(y,h) ¢ dom p for every (x,g) ¢ S

and for each (y,h) ¢ dom p, one has (x,g)*(y,h) ¢ dom E? for every

k
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(x,g) €S . If (y,h) € dom E', then yv ¢ domp. Thus xy ¢ dom p

and (xy,w) € dom p for all w e £(xy) . Therefore

(x,8) (y.h) = (xy,n(xy,x)[gla(x,y)L(xy,y)[h]) € dom p . Next if
(y,h) € dom Ek , then there is a z €S and A & A such that
k € £(z) and y = Az . Consider Giy e A and note that

=¥ o =Y s - —
Xy Gx y nylz . Hence by the definition of P (xy,w) ¢ dom Py

y
for all w & L(xy) = ((Giyk)z) . Therefore (x,g)*(y,h) ¢ dom S£ .
Thus (S,A,P) € obj(GP)

Finally, if (E)K;—3 £ obj(aﬁ) , then Theorem 3.25 gives
(S,A,P) € obj(GPXS) . But clearly m:S > S is a homomorphism. Hence

((s,1,P),m & obj(GRy)

Now that the construction principles have been investigated, the
reconstruction of a <(G)-coextension of (S,A;,P;) 1is considered.
This will follow closely the previous reconstruction done for the

category GPXX .

Lemma 3.51. Let ((S,A;,P;),p) € obj (<(Gg)) and let <(C) be
an H quasi-congruence under fﬁﬁ) with C = Cp . Let "~" denote
a lifting from (S,A,P) to (3,A,P) = BeA(S,A;,P;) and let

£:<L +~ Mon be the functor induced by <(C) in Lemma 3.26. If

a:((sSxs) UB) » s%% £(s) 1is defined by a(x,y) = 5§§ for all
(x,y) € xS and a B is defined as in Lemma 3.28, then o 1is a

factor system for £ .

PROOF. To show a 1is a factor system for £ with

—~

(S,A,P) £ obj(GP) , it suffices to show ﬁzg e L(xy) for all
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(x,y) € SXS . Now 535 will be in £(xy) if p(xy) = p(Xy) since
Cp =CC<() . But p(Xy) = xy = p(X)p(¥) = p(Xy) . Therefore

ﬁzg e £(xy) and a is a factor system for £ .

Lemma 3.52. (With the notation of Lemma 3.51.) Let o be the
factor system described in Lemma 3.51 along with £ and #x the
functors described in Lemmas 3.26 and 3.27, respectively. Then the

triple (£,1,0) satisfies condition (3.49).

PROOF. To show (£,n,a) satisfies condition (3.49) it suffices
to show condition 3.45 since Lemma 3.31 shows the rest of 3.49. Now
the proof that 3.45 is satisfied is the same computation as given in
the proof of Lemma 3.31 where the triple (A,y,p) 1in the proof of
Lemma 3.31 is replaced by the triple (x,y,z) . Thus the proof is

omitted.

Theorem 3.53. If ((§,K1,§1),p) € obj(ijS)) with <(C) an

H quasi-congruence under fﬂﬁ) such that C = Cp , then the functors

and the factor system defined in Lemmas 3.26, 3.27, and 3.51 give rise

to a triple (S,A,P) such that (S,A,P) is in obj(EF) ,
((§;X}§},n1) € obj(agé) where n1:§-+ S 1is the first coordinate pro-

~

jection, and there is a surmorphism ®1:(§:K;§) > (é,RI,Pl)

PROOF. Lemma 3.52 shows that the triple ({£,n1,a) satisfies
condition (3.49). Hence by Theorem 3.50, ((§;K}§),w1) € obj(Eﬁé)
Now by Theorem 3.32, the map @1:(§;K;§) - (§,ﬂ1,§1) defined by

~

(x,ﬁi) v u is a surmorphism in GPX . Now it follows from Lemma 3.18
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in [7] that the map <I>1:-S_ + S 1is a homomorphism. Hence

<I>1:(_S-,K,—l;) + (S,A;,P;) 1is a surmorphism in Mor (GP)

Corollary 3.54. 1If ((é,i\l,ﬁl),p) e obj (i(GS)) , then there is

a pair of functors £ :<L - Grp , % :<R > Grp and a factor system «o

for £ such that the triple (S,A,P) is in obj(GP) ,

((E,K,§),Tr) € obj (i(GS)) , and there is an isomorphism

@:(—S-,K, ) > (5,]\1,1;1) such that pe¢ = 7 .

PROOF. Apply Theorem 3.53 with the quasi-congruence <((C) equal
Cp . This gives a pair of functors 4£:<L - Mon and 4:<R -+ Mon and

a factor system o for £ . Since the triple (£,r,a|,) 1is the triple

B
obtained in Theorem 3.32, one may apply Corollary 3.33 to obtain the

codomain of £ and % is Grp and %:(S,A,P) - (§,K1,§1) is an

isomorphism in Mor(GPXS) . Now by Theorem 3.53 ( ,ALP) € obj (GP)
and ¢ 1is a homomorphism. Hence <I>:(§,'/_\*,§) - (é,;\l,i’l) is an iso~-

morphism in Mor(‘G—I—’S) . Therefore since ((§,.7\1,131),p) e obj (i(Gs)) s

((S,K,?),po@) e obj (_<_(GS)) . But by Corollary 3.33, ped =7 . Thus

((s,A,P),m) € obj( (GJ)) .

Theorem 3.55. If (£:<L - Grp , #:<R = Grp) is a pair of

compatible functors with a factor system « , then (_S-',./_\-,i’—) g obj (GP)

iff ((S,A,P),m) € obj (2(Gg)) iff condition (3.49) holds.

PROOF. By Theorem 3.50, (S,A,P) € obj(GP) iff condition
(3.49) holds. Hence to finish the proof it suffices to show that if
(S,A,P) € obj(GP) , then ((S,A,P),m) e obj (<(Gg)) . Thus assume

(S,A,P) € obj(GP) . By the second part of Theorem 3.35,
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((S,A,P),m) is a <(G)-coextension of (S,A,P) in the category GPX
and so CTr - H . Therefore since (S,A,P) ¢ obj(GP) and CTT c H,

((5,1,B),m € obj(<(Gg))

Theorem 3.56. Let (£,4,a) be a triple such that S is a

semigroup with codomain of £ being Grp . (Thus o need only be a
function from SxS into sgS L(s) with oa(x,y) e £(xy) for all
(x,y) € SxS .) If BoA(S,A;,P)) = BoA(S,A,,Py) , then there is a

Green's pair (A',P') for S such that ((S,A',P"),7) € obj(i(GS))

PROOF. Let Ay = {Az:z e S} and P, = {o,:2 e S!} . Let A’
be the semigroup generated by KO UA{ in PT(S) , and let P' be the
semigroup generated by FOU Pi in PT(S) . Clearly (A’ ,-15.') sat-
isfies (i) and (ii) in the definition of a Green's pair. Now each of
the pairs (Xo,Pi) , (A',.l_;o) s (Ai,Pi) R (XO,-I;O) satisfies (iii),
(iv), and (v) in the definition of a Green's pair for the following
reasons: the first by Lemma 3.48; the second by the dual of Lemma 3.438;
the third by Lemma 3.23; and the fourth by the fact that S is a semi-
group. Thus since XO U Ai generates /' and f’.o UP] generates
P , the above shows (-S—,-IT' ,F') e obj(GP) . Now since
(K,,Py) € (A",P") , (S,A",P") e obi(GP)

Clearly m:S - S is a homomorphism onto S . Thus

w:(S,Ag,Pg) > (S,Aq,Py) 1is a morphism in Mor(GP) . Now

BoA(S,A;,P]) = BoA(S,Aq,Pg) dimplies <(L) = <(Lg) and <(R) = <(Ry)

Therefore 7 a  homomorphism from S onto S gives

n:(—S—,KO ,30) - (S,A;,P;) 1is a surmorphisn in Mor(@) . Clearly for
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each vy g A! , 7(yz) ls-n(z) for all z ¢ dom vy and dually for

each § € P!

2 m(z§)

(nz)ls for all z ¢ dom § . Now it follows
that (A} U.Ko,Pi U'FO) C (a',P') where (A',P') is defined in
Lemma 2.6. Hence by Lemma 2.6 m:(S,A",P") +(S,Ay,P1) 1is a surmor-

phism. Now since (Ai,P{) E.(K';F') , one has that CTr S H' .  There-

fore ((S,A',P"),m) e 0bj (<(Gg))

This completes the results dealing with 5&@)—coextensions. The

following deals with ij)—coextensions.

Lemma 3.57. Let ((§,Kl,§1),p)e:obj(iﬂSS)) and let "~'" denote
a lifting from (S,A,P) to (é,R,ﬁ) = BoA(é,Ki,il) . Let (L,n) be

the pair of functors defined in Lemmas 3.37 and 3.38. If

o~

a:(Sxs) UB » s%g £(s) is defined by a(x,y) = ﬁgg for all x,y ¢ §

and o B is defined as in Lemma 3.39, then « 1is a factor system for
£, a(Gi,x) =1 for all (u,x) e <(L) , a(x,Di) =1 for all

(u,x) € <(R) , and (£,n,a) satisfy condition (3.49).

PROOF. According to Lemma 3.39 « is a factor system for £

B
(with (S,Aq,P;) € obj(GPX) ), a(c§,1)= 1 for all (u,x) ¢ <(L) ,
and a(x,Di) =1 for all (u,x) € <(R) . To show a 1is a factor
system for £ (with (S,A;,P;) € obj(GP) ) it suffices to show
a(x,y) € £(xy) for all x,y ¢ S . Note that for (x,y) & SxS ,
p(Xy) = xy = p(x)p(y) = p(xy) . Thus E?Cpi? and by the definition
of £, ﬁi? e £(xy) . Hence o 1is a factor system for £ .

The proof that condition (3.49) is satisfied by (£,n,0) is the

same as that of Lemma (3.52) and is omitted.
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Theorem 3.58. 1If (Z:EL +Mon , X:<R - Mon) is a pair of

compatible functors with a factor system o , then

((S,A,P),m) € obj(ijS)) iff conditions (3.49) and (3.42) are sat-

isfied.

Conversely, if ((8,A;,P),p) e 0bj(<(Sg)) and (£,n,0) is the
triple described in Lemma 3.57, then the triple (E;X;ﬁ) induced by

(L,L,0) 1is in obj(aﬁg) with the surmorphism = and the map

~

@:(S,K}f) > (é,il,Pl) , (x,ﬁi) # u , is an isomorphism such that pe¢p=n7.

PROOF. If the triple (£,n1,a) satisfies conditions (3.49) and
(3.42), then by the first part of Theorem 3.41, ((S,A,P),T) € obj(:ﬂSS))

when one considers the category GPX . Hence to show !

((S,A,P),m) € obj(ngS)) in the category GP , it suffices to show

S,A,P) € obj(E?) and 7m:S > S is a homomorphism. By Theorem 3.50

~

E;K;fﬁ £ obj(E?) and clearly 1w 1is a homomorphism. Hence

N

((5,K,P),m) e obj(<(Sy))

For the converse of the first part of the theorem consider
((S,A,P),m) € obj(gﬁSs)) . By the first part of Theorem 3.41, (£,4,a)
satisfies condition (3.42). Now since (§;K}§) £ obj(Ef) , Theorem
3.50 implies condition (3.49) is also satisfied.

For the second part of the theorem, let
((§,R1,§1),p) £ obj(fﬁSS)). By Lemma 3.57, the triple (£,r,a) sat-
isfies condition (3.49). Now by the second part of Theorem 3.41 the

triple (£,4,a|,) (and hence (£,1,0) ) satisfies condition (3.42).

B
Again by Theorem 3.41 the map ¢ from (S,A,P) to (§,K1,§1) is an

isomorphism in Mor(GPXS) . But as noted in Theorem 3.53 when
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~ o~ ~

(g,x,ﬁ) and (S,A;,P;) are objects in GP , ¢ 1is a homomorphism.
Hence ¢ 1is an isomorphism in Mor(—(ﬁs) . This also gives

((8,8,P),m) € obj(<(Sy))

Theorem 3.59. Let (£,4,a) be a triple such that S is a

semigroup with codomain of £ being Mon . (Thus o need only be a
fn;nction from SxS into sLer £(s) with a(x,y) ¢ £(xy) for all
(x,y) € SxS and satisfy condition (3.45).) If

BoA(S,A;,Py) = BoA(S,Ay,Py) and a(x,y) 1is in the group of units of

L(xy) for all x,y € S , then there is a Green's pair (A',P') on S

such that ((g,K' ,f'),w) £ obj(i(SS))

PROOF. Let (A',P') denote the pair defined in the proof of

Theorem 3.56. As shown in the proof of Theorem 3.56,

(S,A',P') € obj (GP) and ((.S—,K' ,P'),m) € obj (-@S) . Thus to show
((S,A',P"),m) € obj (i(Ss)) , it suffices to show that for the map
x> x = (x,1) from S to S, " '" preserves the quasi-orders <(L)
and <(R) and (Cn)igﬁv(;) for all x ¢ S .

First note that (Cn)f = {x}x€(x) . As it was pointed out in
the proof of Theorem 3.56, (A',P{) - (A',P') implies
{x}xL(x) EE' (x,1) = H'(x) . Therefore (Cw)EEE' (x) for all x ¢ S .
If y<(L)x , then BoA(S,A,Py) = BoA(S,Aq,P;) gives y = zx for some
z € S . Thus one has }‘?; = (z,1)(x,1) = (2x,a(z,x)) = (y,a(z,x))

By assumption, a(z,x) is in the group of units of 4£(zx) = £L(y) .

Thus let h = a(z,x)”! ¢ £(y) . Hence ;‘-h € A{ _d_.x' and

Ih(y,a(z,x)) = (y,ha(z,x)) = (v,1) = -}7 .  Therefore )‘h'ki}?; ; and
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since Ahoxie A", y <(L')x . Hence " " preserves <(l) and dually

"' preserves <(R) . Thus ((S,A",P"),m) ¢ obj (i(SS))
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