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ABSTRACT

The'purpose of this investigation was to conduct a sensitivity
analysis of a surface to surface optimally controlled guided missile
and compare it with one controlled by a conventionally guided
missile. In particular, the problem was to find hpw much theiper—
formance of this missile was adversely affected if some of thé
parameters did not adhere to those utilized in the optimal simulation
and how well the conventional scheme compared.

Two methods were employed in measuring the performance of "cost"
of the missile. First a cost function was selected which was a
function of the summation o% all the deviations from an optimal
trajectory and the amount of side thrust that was used by the steering
rocket. Secondly, selected states at rocket burnout of the optimal
trajectory were compared with those of the nominal trajectory' to
determine the magnitude of error as the missile began its ballistic
path back to earth.

The method for determining the optimal trajectory and all the
experimental data was obtained by mathematically simulating the
missile on a digital computer. The aerodynamic equations of the
missile and other parameters affecting its flight were obtainéd from
a previous study of a typical surface-to-surface guided missile.

Its range was approximately 30 miles and it had a powered f]ﬂght
lasting for 5.12 seconds.

The parameters that were varied in the sensitivity analysis were:
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drag or axial force coefficient, C

A;
1ift or normal force coefficient, CN;
length from the tail to the center of mass;

length from center of mass to center of pressure, X;

thrust misalignment.

The exact procedure was to vary the above parameters one at a

time by plus or minus 5% and then simulate the missile flight on the

computer under several different winds. At the completion of each

flight, the data for the cost function and selected states was

analyzed to determine the effect of the perturbation.

In conclusion, it was found that the missile attitude was the

parameter having the most significant effect on the missile's perform-

ance.

The conventional scheme had a much smaller miss distance but

in some cases (thrust misalignment) used more fuel.
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CHAPTER 1

PROBLEM FORMULATION

Background Information

In general a sufface-to—surface guided missile has the mission
of impacting a warhead upon a selected target with a certain
accuracy. For a given range with the initial conditions of the launch
site known and the final conditions of the target specified, one
determines a thrust program and control program such that some
mission criteria, such as fuel usage, velocity, or time of flight is
optimized. This is a somewhat standard form for an optimization
problem that may be solved by the calculus of variations. However,
because of noise and disturbances one cannot expect the vehicle to
terminate on the target if the precalculated control program is
applied without any corrections or feedback.

Typical sources of disturbances are:

1. imperfect implementation of the thrust program;

2. 1imperfect knowledge of the environment;

3. imperfect knowledge of the initial launch conditions;

4. dimperfect knowledge of system parameters.

Thus while formulating the optimum trajectory one must at the same
time synthesize some form of corrective control action along the way.
In this thesis this corrective action will be developed by a neighbor-

hood optimal controller.



One problem that faces an engineer then in designing such
systems is to find some means of determining how "good" the systems
are. This problem can be aided by modern control theory because:

1. the "best that a designer can achieve is evident";

2. by using the method of the "2nd variation" a canonical

form for the control scheme can be developed allowing a
systematic examination of the desirability of various
schemes.
To apply these techniques to a practical system, a surface-to-surface
missile as shown in Figure 1.1 will be utilized. Two problems that
are inherent in the use of optimum contfo1 theory are: |

1. the conversion of design specifications into a meaningful

mathematical performance index is not straightforward;

2. existing algorithms require complex computer control.
However, a surface-to-surface missile can be cast in a mathematical
tractable form that alleviates these problem areas and still retains
most of the realistic aspects of a practical control problem.

The cost function for this missile will be of the form
t

f
]
0= (x- x0T F(z—_&*)ltf"‘lzjo P2 dt (1.1)

and is discussed in Chapter IV. As shown in Chapter II the final
condition for the matrix Riccatti equation is the matrix F(tf) and

the control law is given by

§F = G(t) ox . N (1.2)
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Figure 1.1. System Configuration.
1f = 7.715 ft. = total length of missile;
1 = 3.101 ft. = control force moment arm;
X = 1.086 ft. = 1ift force moment arm;
1 cm =4.6.4 = distance to center of mass from tip;
wt = 434.1 1b. = total weight;
wp = 176.7 1b. = propellant weight;
tb = 5,12 sec. = propellant burn time;
Ae = ,2799 ft.z = exit area of nozzle;
s = 54542 ft.2 = form area.



The block diagram for this control scheme is shown in Figure 1.2

which is the state regulator for the linearized system. This approach
allows a comparison between the optimal control law and other sub-
optimal control schemes. The suboptimal scheme examined in this

thesis is described by the equation

FC=-K q a (1.3)

where q is an aerodynamic variable termed dynamic pressure and o is
the missile angle of attack.

For the case where there is a second order lag in the controller,
it is possible to compensate for this lag in the control law by

incorporating two more elements in the state vector.

Review of Literature

The control problem which arises in connection with surface-to-
surface guided missiles is one of minimizing the miss distance in
range at impact. Since the control is usually effective only during
propellant burn time, the problem consequently reduces to that of
minimizing the "miss distance" at propellant burnout. The "miss
distance" in this case is the deviation of the actual state from the
nominal state. This is a terminal control prdb]em and is closely
related to the problem of Bolza in the calculus of variations (2).

The beginning and end times are fixed as:

t =0

(—’.
n

£ end of propellant burning = tb
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Figure 1.2. Block Diagram for System Simulation.




The initial value of the state vector is given as

L J t=
t=t,

and the terminal value of the state vector is

R
\'

x (tf) = 6 (1.5)

- “t=ty

The initial angle eiis the initial attitude that will allow the
missile to impact a desired range while flying a ballistic path,
i.e., FC = 0. The values along this ballistic path are considered to

be optimal and at the end of propellant burn the optimal terminal

value of the state vector is given as:

-~ -

V

x* (tp) = Y (1.6)
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There are no inequality constraints and no terminal constraints. If
the equations of motion are linearized about the nominal path, and
the performance index is expanded up to second order in perturbations
away from the nominal path, the result is an optimization problem for
a linear system with a quadratic performance index (2,3). Such
problems have been treated extensively fn (4,5) and given a linear
feedback law, but also requires that the nonlinear Riccatti equation
be integrated backwards.

The two major divisions of this thesis will be:

1. the formulation of conventional control techniques in terms

of the second variation;
2. the comparison of various suboptimal performances of surface-

to-surface guided missiles with the optimum performance.

Surface-to-Surface Missiles

Surface-to-surface missiles of this general range (30 miles)
usually have trajectories consisting of two phases: (1) the powered
flight with propellant and (2) a ballistic path with auxiliary
controls to maintain the proper trajectory. A typical missile might
utilize air varies during this portion of the trajectory. With
present day miniaturization techniques, inertial measuring units (IMU)
are quite common. In general, such units allow the measurement of
&, 8, X and y and hence the calculation of V, vy and a. In this thesis
the optimal system controls the missile during the powered flight

portion of the trajectory. Thus the "miss distance" relates to the
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difference between the normal state variables at "burn out" and their
actual values. It is this error that must be corrected in the
ballistic portion of the flight trajectory.

The errors at "burnout" can be related to actual impact range

errors. A range error gradient can be defined as

ar _plr or or ory 1.7)
X v > 3y ’ 36 ’ dh

This vector can be obtained by

1. simulating the flight of the entire nominal trajectory and
determining the value of r;

2. 1implanting a 1% deviation in one of the state variables as
missile burnout while keeping the other state variables at
their nominal value;

3. simulating the flight to impact again but with the deviation
incorporated and noting the change in r at impact;

4. repeating 2 and 3 above for all of the state variables.

The range error RE then becomes

ar
RE = = [x - x*]; = t, (1.8)

This range error of course assumes a nominal missile with no

correction during the ballistic flight.



CHAPTER II

THEQRETICAL CONSIDERATIONS

Mathematical Model

As shown in Chapter III, the equations of motion for the missile

are

my = (FT - AD) cos o + (Fc - N) sina - mg sin vy (2.1)
miy = (FT - Ay) sina - (F. - N) cos a - mg cos vy (2.2)
16 = Fo - NX | (2.3)

If we now consider fhe state vector to be
-]
v

Y

8 (2.4)

9

14
l

h
R

and Fc to be the control variable, then the state model is of the

form:
r‘v' F"fvw
Y fy
= 5= | f
6 fq
AU




S
fe =16
_fh_=LV sin vy

The System as a Bolza

f.l= (FCQ - Nx)/I

e 7='T(FT - Ay) cos o + (F, - N) sina - mg sin v1/m 7

f|= [(FT - AD) sin o - (FC - N) cos a - mg cos y]/mV

Problem

The problem of guiding the missile only during the time that

there is propeliant available to burn may be considered as a Bolza

problem since:

1. there is fixed beginning and terminal times;

2. there are no
3. there are no

The beginning time is

and the final time is
tf = tb = end of

At the beginning time

- oy

0
0

inequé11ty constraints; and

constraints at the terminal time.

propellant burning.

the state vector is given by
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and at the known final time the nominal state vector is:

r .

- —£=tf
where 9§ is the initial attitude that will allow the missile to impact
a desired range while flying a ballistic path, i.e., u* = 0. The

state x* (t.) are the values of the state vector along this trajectory

0
at the end of the propellant burn.

The Bolza problem with no inequality constraints (7, p. 64) is
that of finding the minimum of
te

3= alxle), £+ | L), we), et (2.9)

for a system described by

x = fIx(t), u(t), tl, x(t) = xg (2.10)

with to and t,. fixed. If a Hamiltonian is defined as:

f

HOx(t), u(t), p(t), t] = L{x(t), u(t), t]
+ pT(E)FIx(t), u(t), t] ; (2.11)

the necessary conditions for the state vector is

= i, _)S(t ) = (2.12)

Q|
fe|x
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and the necessary conditions for the costate vector is:

oH ‘

-2 {(2.13)

p(t.) = wpoy [x(tn), t.] (2.14)

= f aﬁttf5 = Ufl f g
Control Law

Equation (2.5) is of the form:

x = f(x,u) (2.15)

which is a set of nonlinear ordinary differential equations. If we
now consider the optimal trajectory x* to be that as provided by the

optimal control u* such that the cost function

J=1/2(x - x*)T F(x 5*)|t +1/2 J u Ru dt (2.16)
t

0

f

is minimized, then we form the Hamiltonian function from this cost

function as:

H=1/2u Ru+p'f | (2.17)

Substituting the Hamiltonian function as given by Equation (2.17)

into Equation (2.16) results in the following:

t
o - b .
J=1/2(x - éf)T F(x - Ef)lt + J (H - ETf)dt - (2.18)
: f 0
\
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If the cost function is now expanded about the nominal trajectory x*
with a Taylor's series where only the second variation terms are

retained then since 6x = x - x*, we have

t

| i
§d = (5_-'5*)T F(x - 5*)|t + J [(%g - ET %£)3X
f 0 - -
oH T oH T of
+ (SE - f') op + Qal -p -al) suldt (2.19)

For arbitrary éx, ép and su the integrand will be zero provided that:

BH _ T of _ - |

R TTE (2:20)
3H _ T _ T

8H _ T of

u R (2.22)

From Equation (2.14) the final condition for the costate vector is:

p (tg) = 2_1 ([%Sf) t¢ (2.23)
and from Equation (2.9)
oLx(te)s tel = 1/2(x - x0T Flx - x|, (2.24)

f

Along any trajectory x(t) the final value of the costate vector is:

p(te) = Flx - x*) (2.25)



14

Along the nominal trajectory x*(t), the final value of the costate is
pr(te) = Flx* - x*)|, = 0. (2.26)

If Equation (2.13) is now integrated backwards from B*(tf) =0 to an

arbitrary value of t, the result is:
p*(t) = 0 (2.27)
Now if dH/3u is evaluated with Equation (2.17) then the result is

BH _ T T of

._B_J = E R + .B U (2.28)
and
(G* =l R pr (5D (2.29)

By Equation (2.22) and Equation (2.27), (8H/3u)* = 0, therefore:
u*' R =0 (2.30)

Since R > 0 by Equation (2.4), then u* = 0.

Another way to arrive at this optimal trajectory is to let

u* = 0 and let the resulting trajectory x*(t) be the nominal tra-

jectory. The cost is given as:

te
F(x* - x*) + 1/2 J 0.dt = 0 (2.31)

t

J* = 1/2(x* - 5*)T

which is a minimum since J is a quadratic cost function. Now since

the costate variable is given by the equation



o
n
L=
*
+
O
o
)
N

then

1l
[o2]
L™
—
NN

P

and since the control variable u is given by the equation

Y

then

u

For the first variation of the cost §J to be zero, it is required

that
x(te) = x*(ty) (2
and
u* =0 (2
p* = 0 (2

The second variation of the cost function with respect to X,
u, and p is given by the equation

t
f o1

u* + su (2.

su (2.

§°0 = 2(x - x*)  F(x - _x_*)]t + 2 f §u’ R su dt (2.
f 0
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.32)

.33)

34)

35)

.36)

.37)

.38)

39)

Since the second variation is in the form of a quadratic then it will

be positive definite provided that the matrices

and

>0 (2.

40)




R(t) > 0 (2

The second variation of the cost function causes Equations(z

(2.12) and (2.13) to be perturbed from the nominal trajectory or

2 2 2
3 H 3°H 3°H _ .
325_+ ap ox B Fpax 4T - %R (2
x L _ —_— —
and
2 2 2
3°H 8°H s
3x ap 8X + 50 6p Su + —7 6p = 6X (2

Since the Hamiltonian is given by Equation (2.17), the six second

partials given in the above equations (2.42) and (2.43) are given

2 * * 2 *
(_3_*2*) - p T H* 2o (2.
aX oX
and
2 2
3°H \* _  *T, 3°F \* _
G "2 G =0 (2
Since p*(t) =0 (see Equation 2.27), then
2 of
3 H * _ . %
(QE Qﬁ) = CEX) (2.
2 * a_f*
(50" = () (2.
X 9p aX ‘
and
20 % of &
(33 g ) = ) (2
U op’ ou

16

.41)

12

.42)

.43)

as

44)

.45)

46)

47)

.48)
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where the partials are all evaluated along the nominal trajectory as
indicated. Substituting the expressions for the partials as given

by Equations (2.44) through (2.48) into Equations (2.42) and (2.43)

results in:
o df\* A\ * :
§x = (35) 6 + (@i) su (2.49)
and
© of y *T
sp = - (32) sp (2.50)

as linear equations in the perturbations of the state sx and in the

perturbations of the costate &p, or

sx = A(t) ox + B(t) su (2.51)

and

sp = - A(t) ep (2.52)

From the optimality condition:

2 2 2
9°H 9 H 3 H -
a— 5_l._l_ + 35 32_ X 'B—E—BE— (S_p_ =0 (2.53)
or
- * ‘
su=-~"1 EHT gp (2.54)

Substituting the above equation (2.54) into Equation (2.51) results

in;:
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sx = A(t) sx - B(t) R B'(t) op (2.55)
Since it has been shown in (5) that

§p = K(t) 6x (2.56)
then upon differentiation with respect to time

6p = Ksx + Kex S (2.57)
By substituting the expression given for Qé as given by Equation
(2.52) and the expression for gp as given by Equation (2.56) into
Equation (2.57) the result is:

(-ATK - KA + KBR™! BTK - K) sx = 0 (2.58)
since §x is arbitrary it is necessary that K satisfy the matrix
differential equation

K=-ATk - KA + KBR™! BTk (2.59)

It is shown in (8, p. 302) that at the final time t = t. the costate

equation must satisfy the transversality conditions:

pte) = o (1720 - x0T Flx - x| (2.60)

and since p* = 0 the first variation in the costate variable must

satisfy the equation:

splte) = Flx - x| (2.61)

At the final time the costate variable is given by:
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splte) = K(te) ox(te) (2.62)

and therefore
K(tf) = F(tf) (2.63)

is the final value of the matrix Riccatti equation. It is therefore
necessary to integrate the matrix Riccatti equation backwards in

time from the final condition
(2.64)

to the time to in order to determine the matrix Riccatti function

K(t). When this is done the control law is given by:

su = -R7T (25T k() o (2.65)

A More General Cost Function

A somewhat more general cost function would have the form:

J=1/2 x'Fx + 1/2 J (xTQx + u'R u)dt (2.66)

The matrices F, Q, and R may be time varying and symmetric. They

must also be semidefinite. The matrix Riccati equation (7) becomes
R = -K(£)A(t) - AT(E)K(t) + K(t)B(E)R™Y BT(t)K(t) - Q(t) (2.67)

This cost function would not only attempt to minimize the
deviations from the optimal trajectory at the final time but also the
integrated deviations from the optimal trajectory throughout the

flight.



CHAPTER III

THE MISSILE EQUATIONS OF MOTION

Equations of Motion

The law of conservation of linear and angular momentum waé used
to deriQe the equations of motion. As shown in Figure 3.1, the forces
acting on the body are: thrust, FT; drag, AD; control, Fc; 1ift, N;
and gravity, mg. By summing the forces in the V direction and

perpendicular to the V direction:

mv = (Fr - Aj) cos a + (Fc - N) sin o - mg sin y (3.1)

T D)

mv; = (F. - A)) sin a - (Fc - N) cos o - mg cos vy (3.2)

T D)

By summing the moments about the center of gravity, the following
equation results:

I6=-Nk+Fg (3.3)

rom the geometry of the figure the velocity relative to the wind
is given as:

Vo =[R2 + (¥ cos y + v 27"/ (3.4)

where + Vw is a tailwind and - Vw is a headwind. The angle of

attack is given as:

20
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Figure 3.1. Force Diagram.
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Thrust Equations
The equation of thrust is given as:
FT = [FNSL + Ae(P52 - P)]W/NN ' | (3.6)

where FNSL is the nominal thrust at sea level (8700 1bf),w is the actual
weight change w.r.t. time and WN is the normal weight change w.r.t.

time (34.5 1bf/sec). The propellant weight is given by the equations:

wpk = wp - WNt, t < Wp/NN, (3.7)

ka = 0, to> Np/WN . (3.8)

Weight and Inertia

The weight of the missile is given by the equations (assuming WN

is constant):

The mass of the missile is given as
m=W/g

where a constant acceleration of gravity of g = 32.2 ft/sec was used.
The polar moment of inertia of the missile about its center of gravity

was taken to be

I = 0.0554 W + 32.9 .
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Lever Arms

As shown in Figure 3.1, the lever arms 2 and x are used in the

equations of motion. The length of the missile was e = 7.715 ft. and
the equation for & is given as
I PR (3.9)
The length to the center of mass is given by
fem = 0.00224 W + 3.642 . (3.10)

The Tength between the center of pressure and the center of mass is

given by

X =28 -2 (3.11)
cp - “cm

where Qcp is a function of Mach number as given by the table of
values:

Mach No. 2

)
0 5.7

0.5 5.725
0.8 6.01

1.2 7.02
1.5 6.70
2.0 5.93
3.0 4.58




Atmosphere
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A standard IGY atmosphere was used for obtaining pressure p and

density p. This is given in Table 3.1. The equation for the speed

of sound is:

1/2

V = (1.4 p/p)

and the Mach number is given by:
M= VRw/vs

The dynamic pressure is calculated by

2

q=1/2 pVRw .

Aerodynamic Forces

The 1ift force is calculated as

2

N=1/2 SC RM

NPV

where S

CN = CNZ a/57.35

0.54542 ft, and CN is given by the equation:

(3.12)

(3.i3)

(3.14)

(3.15)

(3.16)

The coefficient CN2 as a function of Mach number is given by the

table of values:




TABLE 3.1

STANDARD IGY ATMOSPHERIC DATA
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Altitude, h

Pressure, P

Density, P

ft. Inches of Hg lbm/ft3

0 29.921000 0.076474
20,000 13.760000 0.040773
40,000 5.538000 0.018826
60,000 2.117780 0.007199
80,000 0.815462 0.0027171
100,000 0.321922 0.0010438
120,000 0.131789 0.00040196
140,000 0.0572731 0.00016315
160,000 0.0261996 7.1292x1079
180,000 0.0120901 3.3610%10-9
200,000 5.40654x10~3 1.5755%10-9
400,000 6.34070x10-7 1.1640x10-9




Mach No.

0

0.5
0.8
1.2
1.5
2.0
3.0

4.0

26

4.53

4.504

The drag force is given by the equation

2

AD =1/2 Sop VRw A

(3.17)

when Ft # 0. The coefficient CA is a function of Mach number is

given as the following table of values:

Mach No.

0

1.00
1.50
2.00
2.50

>

0.215
0.215
0.197
0.291
0.258
0.234
0.205
0.181
0.160
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when FT = 0 the drag force is given by the formula
AL =1/2 50 V2, C (3.18)
D RW A2 ’
where CA2 as a function of Mach number is given as the following

table of values:

Mach No. CA2
0 0.358
0.25 0.358
0.50 0.334
1.00 " 0.479
1.50 0.414
2.00‘ 0.363
2.50 0.311
3.00 0.267
4.00 0.221

Typical Trajectories

Complete range-time trajectories are now shown in Figures 3.2-
3.5. The computer program written in CSMP (Continuous System

Modeling Program) is also included.
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Figure 3.2. Complete-Time Trajectory for Nominal Missile Fc=0

and 80=30°,
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//MISSILE JOB ()48961,* * **** R-192 G-X), TSUEI

**¥*CSMP PROGRAM FOR CALCULATING ANGLE OG ATTACK-
ALPHA=THETA-GAMMA

//SYS IN DD *

INITIAL

CONSTANT FNSL= 8700.,AE=.2799,PSL=2116.8,5=.54542, WT=434.1,...
WDNOM=34.5,LF=17,715,P1=.02,P2=.02,G=32.2

FUNCTION PVSZ=0.,29.921,20000.,13.76,40000.,5.538,60000.,...
2.1178,80000.,.815462,100000.,.321922,120000.,.131789,...
140000.,.0572731,160000.,.0261996,180000.,.0120901,...
200000.,.00540654,400000.,.63407E-6

FUNCTION RHOZ=0.,.076474,20000.,.040773,40000.,.018826,60000.,...
.007199,80000.,.0027171,100000.,.0010438,120000.,...
.00040196,140000.,.00016315,160000.,.00071292,180000.,...
.0003361,20000.,.000015755,400000.,.1164E-8

FUNCTION CN2MAC=0.,4.2,.5,4.233,.8,4.51,1.2,5.7,1.5,5.14,2.,...
4.67,3.,4.53,4.,4.504

FUNCTION CAMACH=0.,.215,.25,.215,.5,.197,1.,.297,1.5,.258,2.,...
.234,2.5.,.205,3.,.181,4.,.160

FUNCTION LCPMCH=0.,5.7,.5,5.725,.8,6.01,1.2,7.02,1.5,6.7,2.,...
5.93,3.,4.58,4.,4.49

INCON VO=1.,TDF=0.,THETAD=90.,H0=0.,X0=0

GAMMAD=THETAD

GAMMAO=0.5237

THETAO=0.5237

PARAMETER DELTA=0.,KP=3500.

PARAM XBF=l.,LFF=1.,,CNF=1,,CAF=L.,FTF=1.,VW=0

PARAM FTF = 1.0

DYNAMIC

W=WT-WDNOM*TIME+(WDNOM*TIME-176.64)*BOT

LCM=.00224*W+3.64

1=.0554* W+32.9

L=LF-LCM

SUMF X=(FT-A)* COS(THETA)+(FC-N)*SIN(THETA)

SUMFH= (FT-A)*SIN(THETA)~(FC-N)* COS(THETA)-M*G

XC=INTGRL(0.0,SUMFH/M)

XDOT=INTGRL(X0,XDOT)

HDOT=INGRL(0.0,SUMFH/M)

HC=INTGRL(HO,HDOT)

FUEL=INTGRL(0.0,FC)

XBAR=(LCP-LCM)*XBF

CN=AFGEN(CN2MAC,MA)*CNF

CA=AFGEN(CAMAOH,MA)*CAF

FT=FT1*COS(DLETA)*FTF

FT1=(FNSL+AE*(PSL-P))*(L-BOT)

BOT=STEP(5.12)

SUMFV=(FT-A)* COS(ALPHA)+(FC-N)*SIN(ALPHA)-M*G*SIN(GAMMA)

V=INTGRL(VO,SUMFV/M)


https://BOT=STEP(5.I2
https://LCM=.00224*W+3.64
https://5.93,3.,4.58,4.,4.49
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SUMFG=(FT-A)*SIN(ALPHA)~(F C-N,(* COS(ALPHA)-M*G* COS(GAMMA)
GAMDOT=SUMFG/(M*YV)

GAMMA=INTGRL(GAMMO,SUMFG/M/V)

SUMMO=-N*XBAR*FC*L

THEDOT=INTGRL(THDOTO, SUMMO/I)
THETA=INTGRL(THETAO,THEDOT)

H=INTGRL(HO,V*SIN(GAMMA))

X=INTGRL(XO,V*COS(GAMMA))

VS=(L.4*P/RHO)**.5

ALPHA=THETA-GAMMA

M=W/G |

LCP=AFGEN(LCPMCH,MA)

RHO=AFGEN(RHOZ,H)/G

P=13.6%62.4/12.* AFGEN(PVSZ,H)

VRW=((V* COS(GAMMA)+VW)**2+(V*SIN(GAMMA)) * ¥2)** 5
A=S/2.*RHO*CA*VRW**2

N=S/2.*RHO*CN*ALPHA*VRW**2

MA=VRW/VS

TERMINAL

TIMER FINTIM=200,PRDEL=10,0UTDEL=1.0,DELMIN=1.0E-08

PRINT ALPHA,THETA,GAMMA,V,X,H,FT,N,M,XBAR,MA,VS,I,L,CA,CN,LCP,...
LCM,P,RHO,THEDOT,GAMDOT,FUEL,BOT,W
END

END

STOP

Program for Evaluating A and B Matrices

Calculating the A matrix. The state model equations are given

as:

YFu
'= V = = - - 3
Vv - v [(FT AD) cos o + (FC N) sin o
- mg sin y]/m
. LRV ,
Y= = fY = [(FT - AD) sin a - (FC - N) cos a
- mg cos yl]/mV (3.19)
M
e, oLl L -
8 = T = fe (FCZ Nx)/1I
6 = fo =8
h fh =V sin vy
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and the A matrix in the linearized equations is obtained by taking
the partial derivative of the above vector function with respect to
each element of the state vector, and evaluating these partials along
the nominal optimum trajectory. As shown in Chapter II, the nominal
optimum trajectory is that trajectory which results for u* = 0 and in
the case where there are ho lags in the controller FC = 0, the above

vector function reduces to:

i - - *
x [ . .

f [(FT - AD) cos a - N sina - mg sin y]/m

f | [(F; - Ap) sina + N cos o - mg cos y]/mV

Y
= | f = -Nx/1I . (3.20)
6
fe
fh V sin vy
L. - - J

The 1ift and drag forces and x are all functions of velocity and atti-
tude and in addition the 1ift force is also a function of angle of
attack, which itself is a function of heading angle and flight path

angle. The elements of the A matrix are:

- 1
oV ¥y 36 3h
3f*  of* 3f*  af*
Y X 0 Y X
oV dy 30 oh
* * iz
A = o, M (3.21)
3V 3y 3 3h
0 0 1 0 0
* *
T oo o o
L v i




The nonzero elements of the first row are therefore given as:

va BAD

57 = [- 5y cos @ - av -sin al/m

o 3F%
V. - -

Pl [(FT - AD) sin a + N cos a - mg cos yl/m do.  JY

55 = [-(Fp = Ap) sina - Ncos al/m = 5= o0

*
afv oF dA

T
| sh [(ah " %h

D) cos a --%% sin al/m

The nonzero elements of the second row are given as

af* 2
7= = - [(Fp - Aj) sin @ + N cosa - mg cos y1/mV
3A
D oN
+ [y cos o + 55 sin al/mV
af%  of*
_Y-_Y3%
Y Jda 9y
of% of
_Y - _Y3
96 do. 99
3f* oF oA

T

Y o (ot - D oN
L = [(55 - 35) sina + 5p cos al/mV

The nonzero elements of the third row are given as

35

(3.22)

(3.23)
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5%

§ _ AN = 3%
v - gy x - N/l
f*
E_§.= N'Q/I

Y

: (3.24)

ofs
_8 - N
=5 N'x/T
3%

§ _  roN - 3X:
il 5FX+Nah]/I

The nonzero element of the fourth row is given as

3f %
—75 =] (3.25)
]

The nonzero elements of the fifth row are given as

oF
—a—\i- =siny (3.25)

F
KY— =V cos vy (3.27)

If there is a controller with a second order lag such that its

transfer function is given as

wnzu
o= (3.28)
CosPram s+ wn2

then the state model for this controller is:



pu— 1 p— —
FC 0 1
d| . |-
dt 2
FC L -(Un -2€u)n
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(3.29)

and there must be added to the state vector the additional elements

of FC and dFC/dt. The state model now becomes:

- - -
Vv [(FT - AD) cos a + (FC
v | | UFp - Ap) sina - (F;
d | 6 (For - Nx)/1
dt
6 = {6
h V sin vy
Fe Fe
. 2 . 2
FC -0, FC - 2§wnFC + W u

N) sin o

mg sin yl/m

N) cos a

mg cos y]/mV

(3.30)

and the nonzero element of the sixth row is 1, and the nonzero

elements of the seventh row are:

(3.31)
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— = -28Ww (3.32)
The angle of attack appears in the vector function f and is given as
the difference between the heading angle and the flight path angle:

ok = g% -y (3.33)

Additional partial derivatives which are needed to evaluate the A

matrix are
da* _
= = -] (3.34)
3 *
a _ .
Y 1 (3.35)

The drag force is given as:

* S 2
and

oA e

D _S A2

a7 = 3 o(CpV + 5=V ) (3.37)
The 1ift or normal force is given as

* c S 2

N =N'a= §-QCNV o (3.38)
and

* 3C
aN N 2
el %oa(ZVCN tay V) (3.39)
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the thrust is given by the equation:
F = Fuse * Ae(Pg - P) (3.40)
and
oF
= A 2 (3.41)

The 1ift and drag forces are both functions of altitude since
they are functions of the 1ift and drag coefficients and these
coefficients are functions of Mach number. The Mach number is a
function of the velocity and the speed of sound. The speed of sound

is given by the equation:

Vg = (1.4 0/0)/2 (3.42)

which shows that it is a function of density and pressure. Both

density and pressure and functions of the altitude are therefore:

S = 7; (- =22 4 2B (3.43)

Since the Mach number is given by the equation
M= V/VS R (3.44)

it is a function of both velocity and altitude, or:

(3.45)

2|

1
VS

and
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M )
_5—5_—\,_7 . (3.46)

s
The 1ift and drag coefficients are both functions of Mach number
as shown in the preceding sections and therefore the partials of these
coefficients must be evaluated numerically. With respect to velocity,

the partials of the 1ift and drag coefficients are:

EEA = EEA.EM ' ' (3.47)
oV oM Vv .
and
aC oC
N TN oM
oV T oM oV (3.48)

The partials of these coefficients with respect to the Mach number

are approximated by

3C C (M + aM,) - C,(M)
A . A v A (3.49)
oM AM
v
and
5C Cy(M + aM,) - C, (M)
N, N v N (3.50)
oM AM

v

Since the approximation to the partial differential is given by:

= oM
aMy, = <7 v (3.51)

the approximation to the partial derivatives in Equations (3.47) and

(3.48) above are



aC

Cy(M + aM,) - C,(M
A_°"N V) N( ) M : (3.53)

av

oM oV
AVW

If the partial of M with respect to V is cancelled in both numerator

and denominator, the result is:

3C C,(M+ aM,) - C, (M)

A _ A v A (3.54)
Y AV
3C C (M + aM,) - C, (M)

N N (3.55)
Y] AV

In a similar manner the partial of the 1ift and drag coefficients

w.r.t., the altitude is given by

and

3C, C,(M+ aM_) - C. (M)

A . _A h A (3.56)
oh Ah
5C,,  Cy(M + aM,) - C (M)

N_ N h N (3.57)
3h Ah

Since the moment arm X is also a function of Mach number, the

following approximations are valid:
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J) - k(M)
W iV (3.58)
5% _ X(M + AMh) - x(M) (3.59)
ah Ah )
The time derivative of velocity is given as:
avx [(F. - A.) cos o - N sin a - mg sin y]/V - (3.60)
dt T 7D g Y .
and the approximation to the differential dV is given as:
dv = av = [(F; - Aj) cos a - N sina - mg sin y]at/m (3.61)
In a similar manner the approximation to the differential dh is:
dh = ah = [(FT - AD) sin o + N cos o - mg cos ylat/mV (3.62)
Calculating the B matrix.

The B matrix is given as:
B = (af/au)”

(3.63)
For the case where there are no lags in the controller, the control

variable u is F. and af/aF_ is a nxl matrix, i.e.:

1
* _ - r'n—\'ICOS a

(3.64)
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For the case where there is a second order lag in the

controller [see Equation (3.30)]:

F. o= n (3.65)

and

(3f/3u)* = (3.66)

Logic diagram. In Figure 3.6 is shown the logic diagram for

calculating the A and B matrices. In the first block the missile

data, atmospheric data, and initial conditions are read into core
storage. In the second block the system equations are integrated

along a nominal trajectory from the initial time to t = k At, and

k = 1. With the values of the state vector at this time, the elements
of the A and B matrices are calculated and stored in an array. Since
there is a limited amount of core storage available, it is necessary

to set up files on a direct access device and store the elements of the
A and B matrices—along with the elements of nominal state vector—at

each time step. The actual program is included in Appendix A.



READ IN
MISSILE DATA
ATMOSPHERIC
DATA AND
INITIAL
CONDITIONS

INCREMENT
k to k + 1

INTEGRATE
SYSTEM
EQUATION
ALONG
NOMINAL

FOR t= (At)k

Y

CALCULATE
3f/5u ALONG
NOMINAL FOR
t=ath

i

STORE 5f/3x
AND 3f/3u
ON DISK

Y

STORE x*
ON DISK

Figure 3.6. Logic Diagram for Calculating the A and B Matrices.

NO
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Calculating the Time Varying Feedback Gains

As shown in Chapter II, the variation from the nominal state
vector &x and the variation from the nominal costate vector p are
related by:

§x = K(t)sp (3.67)
where the matrix K(t) satisfies the nonlinear matrix differential
equation

K = -kA - ATK + KBR™'BTK (3.68)
with the final condition

K(tf) = F(tf) (3.69)

Taking the transpose of Equation (3.68) results in:

kT = aTkT - kTa+ B~y e ™KT (3.70)
Since KT satisfies the same matrix differential equation

K=k . (3.71)

Since K is symmetric there are only (n)(n + 1)/2 elements of the K
matrix that are distinct. This means that a system of n(n + 1)/2
nonlinear differential equations must be solved simultaneously back-
wards, starting from the final condition, to determine the e1ehents
Kij(t) of the matrix K(t).

Once the elements of the K matrix have been calculated, the

feedback gains may be calculated as
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t)K(t) (3.72)

For the case of optimal control with no lags the feedback gains

are:

6 (t) = (6 (3.73)

vV Ty 6> 79° “h
and the K matrix is a 5 x 5 symmetric matrix with 15 distinct
functions of time and the B vector has 5 functions of time as its
elements. For the case of optimal control with a second order lag
the gains would be

T

)
o

t) = (G G

G, G:» G, G , G
F> OF

V> Ty T8 T8 h’G

(3.74)

and the K matrix would be a 7 x 7 symmetric matrix with 28 distinct
elements. The B vector would have 7 elements. The logic diagram

is shown in Figure 3.7. The program is shown in Appendix B.

Evaluating Miss Distances and Fuel Factors

In Figure 3.8 is shown the logic diagram for the program which
integrates the system differential equations for a particular
control law and evaluates the miss distance at the propellant burn
time and the fuel factor at the propellant burnout time. A listing

of the CSMP program which performs these calculations is included

in Appendix C.




READ IN FINAL
CONDITIONS OF
RICCATTI
MATRIX

INCREMENT
k to k+l

Figure 3.7.

NO

READ A & B
MATRICES OFF
DISK AT
t=tf-kAt

Y

CALCULATE
ELEMENTS OF

dk/dt

f

INTEGRATE
RICCATTI EQ.
BACKWARDS TO

t=tf-Atk

!

CALCULATE
FEEDBACK
GAIN MATRIX &
STORE ON DISK

Logic Diagram for Integrating the Matrix Riccatti
Equation Backwards and Calculating the Time Varying

Feedback Gains.
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READ IN CALCULATE
MISSILE Fo &
PARAMETERS DISTURBANCES
READ IN | INTEGRATE
INITIAL : SYSTEM
VALUES EQUATIONS
CALCULATE CALCULATE
AP MISS
0o’ % DISTANCE
8, A AND
Y FUEL
FACTOR
READ
NOMINAL
TRAJECTORY |
FROM
DISK
READ
GAINS
FROM
DISK
-

Figure 3.8. Logic Diagram for "Flying" the Missile in the Presence
of Disturbances and Calculating the Miss Distance and
Fuel Factor.



CHAPTER IV

DESIGNING THE SUBOPTIMAL CONTROLLER

Introduction

While no controller design is truly complete without extensive
simulation of all nonlinearities, an excellent starting point is the
linearized equations of the missile response. To obtain these three
assumptions can be made starting with Equation (2.5).

1. The forward velocity V does not change significantly during

the controller response time.

2. The angle attack o is smé11 such that

sin a = o
cos o = 1

3. Gravity may be neglected and the pertinent equations become

; = [(FT - A) sin a - (Fc - N) cos al/mV (4.1)
6 = (Foa - NX)/I (4.2)
a =906 -y (4.3)

The two aerodynamic variables N and A are given by

2

N = 1/2 Sp V° Cya (4.4)

N

A=1/250 Vo e, (4.5)

Using small angle approximations these equations become

49



. FT - Sq CA . Eﬂ CN .
v = I v
. Sq Cy X
g = - I 0L+FCT
a =6 -y
Deriving the Transfer Functions

Since Equations (4.6)-(4.8) are linear these can be transformed

to algebraic equations in the Laplace Transform Variable "s."

matrix form these equations become

mV Fc
52 SqCNx 8
I Fc
6]
-1 1 Fo

(s)

(s)

-~

=

e S )

—|

In

(4.9)

The value of the determinant A associated with this matrix is

A =

F: - Sq (C, - C
s [s° +

SqCNx

2 T A N)
mV

+

I

The‘three transfer functions now become

1.

&-[s . FT - Sq (CA - CN) SqC
8__ (S) = I my
F Fr - Sq (C, - C,) SqC
¢ s2 + s T A N 1+

mV

(4.10)

(4.17)
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N

Fc B 5 SqC, X (4.12)

S+ D] s +

~N
—r
]
y
=
I
-
—
)
wn
£
-
(qp]
>
]
o
+
’z
g
—

and

1 mvg
3, &gy . T (4.13)
c 2 SqCNY
s+ Dy s+ i

Choosing the Controller

Since the aerodynamic parameters N and A both are functions of
angle of attack it was decided to implement the controller utilizing
the third transfer fuhction a/FC. The block diagram is shown in
Figure 4.1. As stated in Chapter I, an IMU is available and angle
of attack is calculated from the output of the two orthogonal
accelerometers and the gyro. Defining the accelerometer outputs as X

and } the calculations would be

> .
i

j&idt (4.14)

< .
Tl

f& dt (4.15)
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Yo

1
= [; + mVe/1]

2 —
[s° + D1s + SqCNX/I]

Ye

Controlier

ol
-

Figure 4.1. The Conventional Controller.

v =V gZ + & 2 (4.16)
v = tan”! (£)

« (4.17)
@ =8 -y (4.18)

The variation of the pair of open loop poles and the zero with
a nominal (FC = 0) trajectory is shown in Figures 4.2 and 4.3 and in
Tables 4.1 and 4.2 (P] and P2 are the poles of Eq. (4.13)). As an

example, the transfer function at 2 seconds into a 30° trajectory is

s + 938.84

- (s) = 0.6507 x 107" ( ‘ (4.19)
c s~ + 0.975s + 1.088
The open loop poles are located at
S1» S, = -0.4875 + j 0.922 (4.20)

The transfer function can be expressed in a form suitable for

constructing a Bode plot as
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[} va/I +1 (
o = 4.21

______._) o ——
quNyjl SqCNX/I

s + 1

The important results obtained from Equations (4.19) and (4.21)
can be summarized as:
1. For the two trajectories examined, the open loop poles have
negativé real parts.
2. The zero is two orders of magnitudes that of the poles.
3. The d-c or low frequency gain is inversely proportional to
dynamic pressure q.
From these facts it was decided to implement the controller as
é gain directly proportional to dynamic pressure. The control
action then becomes
Fc = -1000q (ac - a) (4.22)

where the commanded angle of attack . was set to zero.

Typical Trajectories

Typical trajectories are shown in Figures 4.4, 4.5, 4.6, 4.7

and Tables 4.1 and 4.2. It should be noted that given the same head-
ing angle, i.e., 60 the nominal missile i.e. Fc = 0 will not have the
same range. In the comparison with the optimal controller, however,
percent errors will be calculated. Figures 4.8 through 4.14 show

the trajectories at Fc = -103*e*a.
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VW = 0 fps

Fuel in 16-sec

10.0 H

(| 1 1 Jd

1
1.0 2.0 3.0 4.0 5.0 5.12

Time in sec

Figure 4.8. Fuel Versus Time for Missile with Conventional Autopilot
(Fc=-103*Q*a) 60=30°.
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CHAPTER V

SIMULATION RESULTS AND CONCLUSION

The Simulations

While typical trajectories are shown in Figures 3.2 to 3.5
(pp. 28-31) it was decided to concentrate on two: a 30° and a 75°
flight. These two were chosen because of the extreme spread in
flight time. It was expected that the range sensitivity to changes
in the state variables at "burnout" would have wide variations.

Three autopilot or controller configurations were flown:

1. No Controller (FC =0);

2. Alpha Autopilot (FC = -1000q);

3. "Optimal" Controller (F_ = -K'x).
The Alpha Autopilot was optimized for the 30° trajectory even though
it was utilized for the 75° trajectory also. It should be noted,
however, that the "gains" associated with the "optimal" controller
differ with the trajectory.

The system parameters that were advanced for the simulation and
their ranges are summarized in Table 5.1. The aerodynamic
parameters L, X, CN and CA are usually determined by a combination of
analytical techniques and wind tunnel testing. A +5% accuracy may be
obtained in most cases with a minimum of such testing. The propulsion
parameters FT and § are usually obtained by strict quality control.

Plus or minus 2%/control FT is a straightforward problem but 0.001
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radius on thrust misalignment § begins to become a problem but is not

unreasonable.
TABLE 5.1
PARAMETER VARIATIONS
Parameter Variation : Units
L * 5% -
X + 59 -
CN + 5% -
CA + 5% -
FT . + 2% -
8 0.001, 0.003 Radius
Vw 16, 48, 100 Feet/sec

For weapon systems of this type one of the primary disturbances
is that due to winds. Usually the wind mode, against which they are
tested, is a statistical envelope of wind speeds encountered at
various altitudes. Such an envelope is often termed a Sissenwene
Profile (1). 1In the system studied in this thesis a constant profile
was utilized. It should be noted that the winds were applied up to
propellant burnout. The unpowered flight encountered zero winds.

The amount of fuel necessary to produce the required side force
FC was calculated by

t
b2
Fuel =[ [Fel© dt (5.1)
’ o]

and hence has the units of 1b-sec.
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Simulation Results

The simulation results are summarized in the tables in
Appendix E. These tables allow a comparison between the three
systems enumerated iq the previous section. To use these results,
range sensitivity parameters were derived by the techniques outlined
in Chapter I. The parameters are summarized in Table 5.2 for both
the 30° and 75° trajectory. The range error is taken to be RE = r-r*
where r* is the nominal (no disturbances) value and r is actual
range with the 1% perturbated state variable. It should be noted

that wide variations occur between two trajectories.

TABLE 5.2
RANGE SENSITIVITY

Parameter ' 6 = 30° g = 75°
ar 1274 ft. 3281 ft.
oV
or 331 ft. -4971 ft.
ay
or -2413 ft. 10 ft.
af
or -105.3 ft. 332 ft.
oh

The relative merits of the three systems can adequately be

compared by considering the miss distance effects of three parameters:

1. an aerodynamic coefficient X;
2. a thrust parameter §;

3. head winds Vi,
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The procedure consists of first obtaining the percent change in the
state variables due to perturbating the particular parameter. The
percent in each state variable is then multiplied by the range
sensitivity obtained from Table 5.2. The miss distance is next
obtained by algebraically combining the range errors due to each
state variable. To assist in the comparison process another table is
included for each parameter that shows the fuel usage.

It was obvious that the major contributor to miss distancé was
the perturbation of 6. ~The miss distance tables thus were calcu-

lated with and without the error due to © (see Tables 5.3-5.12).

Overview
Before discussing the results of the simulation results, a
review of the optimizing procedure is in order. A figure of merit
J was chosen such that
t
b 5

Flx - x*) +1/2 j F dt (5.2)

3=1/2(x - x*)T
where tb is the time at which the thrust terminates. The rationale
for this selection was that it would balance fuel usage and the
state variable errors at "burnout." F was chosen to be the unft
matrix which means that each state variable error was given equal
weight in the optimization process. It was shown in Chapter II that
utilizing the second variation for Eq. (5.2) allowed a control law

to be developed that would tend to face the system to remain on the

optimal trajectory symbolized by x*. The gain of this control law
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TABLE 5.3

PERCENT CHANGE IN STATE VARIABLE DUE TO X

(VW = 0)
Variation _
State Variables X + 5%
8y = 30 8y = 75°
5 VoM 0 0
% 0 0.0235
a

% Vopr -0.0026 0
% Yyom 0.2066 0.0079
%Y, -0.0317 0.4050
% Yopt 0.4209 0.0237
% ONOM 0.2096 0.0315
%8, -0.0317 0.4050
% 99pT 0.4243 0.0474
% SnoM 228.9203 -58.7267
% 6 0.6321 276.0000




TABLE 5.4

RANGE ERROR DUE TO STATE VARIABLE PERTURBATION

(VW = 0)
‘X + 5%
0y = 30° 8y = 75°
0
VoM 0
v 0 77.1035
a
YyoM 68.3846 -39.2709
y -10.4927 -2013.2550
o
YopT 139.3179 -117.8127
ONOM -51.3520 -0.8505
0, 7.7665 -10.9350
9P -103.9535 -1.2798
b yoM ~55238.4680 ~587.2670
0, ~152.5257 2760.0000
%0pT 1064444300 -960.391
Hyom -14.0681 1.8924
H 0 70.3840
HopT -32.0744 3.0212




75

€107 91L- 0020°0- €299 9/01- OLb" bhp90L XV 3y =
520/ 9/81- 292/°2- 5/62° €88 6152° 551~ g 0L =
0622° 8¢ - 058¢" 89 960529~ 0£80°0£ 155~ 0 =
o6, = Yo 0t = Og o5 = Do 0¢ = Ug

%5 + X 0 = MA %G + X S0 = MA

30443 6 INOUT LN %0443 6 UILN

NOILVEdnivid X OL 3INd IINVLSIA SSIW

GG 319vl




TABLE 5.6
FUEL USAGE DUE TO X PERTURBATION
(W = 0)
Systems Fuel (1b sec)
60 =75
15.1670

4.6979
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TABLE 5.11
RANGE ERROR DUE TO STATE VARIABLE PERTURBATIONS

60 = 30° g = 75°
4=0.001 4=0.003 4=0.001 £=0.003
Voo =270.7196 898.8452 257.2304 ~1046.2366
v -6.6248 3.3124 -68.5729 -85.6341
Vopr -6.6248 ~23.0594 -8.5306 -25.5918
YNoM 7432.9691 22338.5610 1-37008.1010  -112200.44
Y 244.4104 710.0281 160.5633 -1363.5453
YopT 498.5853 14948622 -1689.6429 -5059.4258
BN -5891.7355 -17750.177 -204.9894 -617.7012
6, -180.908 -525.623 0.8721 -7.4061
O0pT -372.253 -1116.171 -9.1746 -27.3132
G -16492.131 623.1090 ~14637.3400 -401691.49
0, -184. 2084 -61.4109 -255.3190 -340. 4260
S0pT -66.5505 -180.6372 -1374.0260 ~742.8570
Hyo -1915.8282  -5403.7117 715.3241 1236.4012
H -65.4124 -196.5951 -12.5828 20.9824
H -118.6626 -355.1348 35.5904 105. 2772




| TABLE 5.12
PERCENT CHANGE IN STATE VARTABLE FOR MISALIGNMENT PERTURBATIONS Vi = g

60 = 30° 0 = 75°

4=0.001 4=0.003 £=0.001 4=0.003
% Vyom -0.1654 0.70553 -0.0784 -0.4286
% v -0.0052 0.0026 -0.0209 -0.0261
% Vopt -0.0052 -0.0181 -0.0026 -0.0078
% YoM 22.4561 67.4881 7.4448 22.5710
% Yy 0.7384 2.1454 -0.0323 0.2743
% YopT 1.5063 4.5162 0.3399 ]i0198
9 8 NOM 24.0479 72.4497 7.5922 22.8556
% 8, 0.7384 2.1454 -0.0323 0.2743
% 80pT 1.5194 4.5558 0.3398 1.0116
% éNOM 68.3470 -2.5823 -14637.234  -40169.149
% éa 0.7634 0.2545 -25,5319 -34.0426
% 8opT 0.2758 0.7486 -137.4026 -74.2857
% Hyom 18.1940 51.3173 2.1611 3.7241
% H, 0.6212 1.8670 -0.0379 0.0632
% H 1.1269 3.3726 0.1072 0.3171
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was determined by matrices A and B which were functions of the
optimal trajectory.

Since the system discussed in this thesis was a surface-to-
surface mfssi]e, it was decided that a reasonable optimal trajectory
X* would be obtained by first setting the missile to some predetermined
heading angle 60, and then allowing it to follow a ballistic tra-
jectory (FC = Q) fo impact. Thus, for any range within the capability -
of the missile there would be a unique heading angle. It should be
noted that this is now the only type of trajectory that could be
utilized. As an example, the original Pershing Missile System flew
the trajectory shown in Figure 5.1. The initial heading angle is
always 90°. The missile was forced to follow the trajectory shown.

The desired range was obtained by terminating the propellant (case
venting) at a preselected time ti’ If the missile is not on a nominal
trajectory, a guidance law adjust ti accordingly. The nominal tra-
jectory is optimized to minimize range effects of the state variable

perturbations.

Discussion of Results

For each of the perturbated parameters the angle of attack
Autopilot (FC = -1000 gqa) was by far the most successful for
minimizing miss distance. The major contributor to the large miss
distances developed by the "optimal" controller is that due to

thetadot (é) errors. To illustrate this preponderance, the miss

distance is shown with and without the thetadot errors.




Altitude in Feet

Powered trajectory

Case venting
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Figure 5.1. An Alternate Trajectory.
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The physical mechanism whereby such errors arise is shown in
Figures 4.5, 4.7, 4.10, and 4.14 (pp. 59, 61, 64, 68). For the
nominal missile, thetadot is similar to the response of a lightly
damped system. At the "burnout" time, 5.12 seconds, theatdot is’
oscillating about a small negative value but its magnitude is
comparatively large. Unfortunately for this application the magnitude
of the Qsci11ations are larger at a heading angle of 8 = 75° where
the range sensitivity is small conversely at 6 = 30° where the
magnitude of oscillation is smaller the range sensitivity is large.

For the angle of attack autopilot the thetadot response is
similar to the response of a highly overdamped system at the "burn-
out" time. Thus, perturbations in the system parameters are not near
as significant.

The amount of fuel for perturbations in X followed the "optimal"
concept; that is, the optimal controller used less fuel than the
angle of attack autopilot. The effect of winds as fuel usage is
shown in Figure 5.2. For winds less than 24 ft/sec the optimal
controller at 8 = 30° uses the least amount of fuel. However, the
Angle of Attack Autopilot fuel usage relatively insensitive to winds.
For 8 = 75°, however, the optimal controller uses the Teast amount

of fuel for winds. The same type of behavior occurs for misalignment

errors as shown in Figures 5.3, 5.4, and 5.5.
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Conclusions

The purpose of this thesis as outlined in Chapter I was:

1. the development of an "optimal control law;

2. a comparison between the optimal controller and one designed
by conventional techniques has been accomplished. The basis of the
comparisons was chosen to be impact miss distance and fuel usage.

In the two trajectories examined the conventional autopilot had
significantly smaller impact miss distances than the so-called
optimal controller. For fuel usage there were regions where the
optimal controller did use less fuel. However, as constituted in
this thesis, the optimal controller is not a viable alternative to
the Angle of Attack Autopilot.

The reason for the poor showing of the optimal controller lies
in the oscillating nature of the thetadot (6) response. This is com-
pounded by the range sensitivity magnitude on some of the optimal
trajectories.

In the performance index J chosen for this thesis expressed in
Eq. (5.2) Fis a 5 x 5 unity matrix. This means that that the state
variable errors x - x* are of equal importance. From this thesis, it
would seem fruitful to examine the effect of weighting the state
variable errors according to their range error sensitivity. In
particular, it is suggested that the new matrix F be exéressed as

F=(@ntor (5.3)

at aX

where



ar _

aX

[dr

av

b

ar or oar ar

ay? ab® ab® ar

]
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APPENDIX A

PROGRAM FOR EVALUATING THE A AND B MATRICES



Program for Evaluating the A and B Matrices

In order to set up the files on the direct access device, the
following Job Control Language (JCL) statements were used:
//CSMP].FT20F001 DD DSN=J48961.ABMA,DISP=(NEW,CATLG),SPACE=(88,5122),

//DCB=(DSORG=DA) ,UNIT=ONLINE
//CSMP1.SYSIN DD *

//DSN=J9
//SPACE
//CSMP1.SYS
In the first line . . . FT2F001 . . . , 2 is the number given to
the file . . . is the name given to this file 2 . . . SPACE=(88,5122)

. 1s the amount of space allocated to this file. The number 88
is the length of the record in bytes. This number of bytes was
necessary because there were a total of 22 words in the array to store
the 14 nonzero elements of the A matrix, the 3 elements of the B
matrix and the 5 elements of the nominal state vector. The number of
records was 5122 because the array was stored at t = 0, and after
each time interval of 0.0001 seconds for a total of 5.12 seconds.

In the second Tine . . . ON LINE . . . is the disk where the
array was stored.

After the values of A and B matrices were stored on the disk at
the completion of the first time step, the process was repeated for
succeeding time steps until the final time was reached.

On the following pages of this appendix is shown the CSMP

statements for evaluating the A and B matrices and the nominal state

vector and then storing them on the disk.




//MISSILE JOB, TSUEI, GROUP=J48961,USER=P22718,
// MSGLEVEL=(1,1),

// PASWORD=MISSILE, TIME=2

/*ROUTE PRINT RMTI

/*JOBPARM LINES=5

// EXECUTE CSMP
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APPENDIX B

PROGRAM FOR CALCULATING THE TIME VARYING GAINS
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APPENDIX C

PROGRAM FOR EVALUATING MISS DISTANCE AND FUEL FACTOR
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Yun-Ching Tsuei was born October 4, 1937, in Ho-Nan, Republic of
China. He graduated in 1956 from The Provincial Yuan-Lin High School
in Taiwan and entered the Chung-Cheng Institute of Technology the
same year. Mr. Tsuei received a Bachelor of Science degree in
Electrical Engineering in February, 1961. In March, 1961, he becéme

an assistant electrical engineer at the National Kuang-Hsing plant

in Taipei. He became a supervisor at Utility Division of this plant

in 1969. 1In the fall of 1971, he entered the Graduate School of The
University of Tennessee, Knoxville, and received the Master of
Science degree with a major in Electrical Engineering in 1973. After
six years, he returned to complete his education, receiving the Ph.D.
degree with a major in Engineering Science and Mechanics in December,
1983. His area of specialization is that of control theory.

He is married to the former Lin Chen and they have two sons,

Kuo-Lun and Kuo-dJen.
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