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Abstract

An extensive variety of closed n-manifolds N, called codimension-2 (orientable)

fibrators, automatically induce approximate fibrations, in the sense that all proper

maps f: M —* B from any (respectively, orientable) (n + 2)-manifold M to a metric

space B (equivalently, to a 2-manifold B) such that each f~^{b) has the same ho-

motopy type (or, more generally, the same shape) as N are approximate fibrations.

R.J. Daverman showed that closed hopfian manifolds with hopfian fundamental group

and nonzero Euler characteristic, as well as closed hopfian manifolds with hyperhop-

fian fundamental group are codimension-2 orientable fibrators. Using the concept of

s-hopfianness, we generalize Daverman's results about codimension-2 orientable fibra

tors to the orientation-free version as follows:

Closed s-hopfian manifolds with either hyperhopfian fundamental group or hopfian

fundamental group and nonzero Euler characteristic are codimension-2 fibrators.

In the second part of this dissertation, we study the behavior of codimension-2

fibrators under the connected sum operation. As a consequence, we will get the neat

result on closed 4—manifolds as follows;

Given a closed 4—manifold N which is a nontrivial connected sum of two 4—manifolds

Ni and N2, where Tri{Ni) and 7ri(A2) are hopfian, then A is a codimension-2 fibrator

if and only if N is not homotopy equivalent to RP^H^RP^.

In the next section we determine which closed n-manifolds (n < 4) with geometric

structure are codimension-2 fibrators. In closing, we mention some unsettled topics.
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1. INTRODUCTION

There is a useful class of mappings called approximate fibrations, namely, those

proper mappings which satisfy an approximate version of the homotopy lifting prop

erty defining the more familiar class of fibrations. An extensive variety of closed

n-manifolds N, called codimension-2 (orientable) fibrators, automatically induce ap

proximate fibrations, in the sense that all proper maps from any (re

spectively, orientable) (n + 2)-manifold M to a metric space B (equivalently, to a

2-manifold B) such that each f~^{b) has the same homotopy type (or, more gener

ally, the same shape) as N are approximate fibrations.

Our concern is the following:

Main question: Which manifolds N are codimension-2 fibrators?

Robert J. Daverman showed that all simply connected manifolds, closed surfaces

with nonzero Euler characteristic, and closed manifolds N with = Z2 (for

example, real projective n—spaces (n > 1)), are codimension-2 fibrators. Call a

closed manifold N hopfian if it is orientable and every degree one map N —> N

which induces a tti—isomorphism is a homotopy equivalence. And he also showed

that closed hopfian manifolds with hopfian fundamental group and nonzero Euler

characteristic, as well as closed hopfian manifolds with hyperhopfian fundamental

group are codimension-2 orientable fibrators.

Suppose that N is a closed n—manifold. If N has a 2-to-l covering, we consider

the covering space N of N corresponding to AT, where H is the intersection of all sub

groups Hi of index 2 in 7ri(A''), i.e., H = Hie/ with [7ri(A'') : Hi] = 2 for z G /. Then

we see that, by M. Hall's Theorem (for any finitely generated group G, the number

of subgroups of G having any fixed finite index is finite), the index set I is finite,



and N is an n—dimensional orientable manifold, which follows from the facts that a

(finite) covering space of an n—dimensional orientable manifold is an n—dimensional

orientable manifold and any non-orientable manifold has a 2-to-l orientable covering.

Call a closed manifold N s-hopfian if N is hopfian when N is orientable and N is hop-

fian when N is nonorientable. Using this concept, we generalize Daverman's results

about codimension-2 orientable fibrators to the orientation-free version as follows;

Closed s-hopfian manifolds with either hyperhopfian fundamental group or hopfian funda

mental group and nonzero Euler characteristic are codimension-2 fibrators.

The question of whether the collection of codimension 2 fibrators is closed under the

Cartesian product operator remains unsolved. Y.H. Im gave an affirmative answer for

the case of each Nj (j = 1, 2, • ■ • , /r) a closed orientable surface. As an application, we

will have an affirmative answer without assuming orientability for any Nj as follows;

Any finite product of closed surfaces which are codimension-2 fibrators is a codimension-2

fibrator.

On the other hand, surprisingly RP^^RP^ is not a codimension-2 fibrator while

RP^ is. In the second part of this dissertation, we study the behavior of codimension-2

fibrators under the connected sum operation. In other words, we discuss the following

question;

When is a connected sum of two closed manifolds a codimension-2 fibrator?

First we review the basic cases under which connected sums of two closed n—manifolds

(n > 3) are codimension-2 fibrators. Then we show that most closed hopfian n—manifolds

= A'i7^7V2 with 7ri(A'') = Z2 * Z2 are codimension-2 orientable fibrators. Next we

consider the major non-settled case which is a connected sum A of a simply connected

manifold Ni and a non-simply connected manifold A2. We show that if N is s-hopfian



and 7ri(A''2) is hopfian, and if the simply connected manifold Ni has a nonzero betti

number, then is a codimension-2 fibrator. As a consequence, we will get the com

plete answer on closed 4—manifolds as follows; Given a closed 4—nnanifold N which is

a nontrivial connected sum of two 4—manifolds Ni and N2, if and 7ri(A^2) sfe

hopfian, then A is a codimension-2 fibrator, with only one exception RP^^RP'^, up to

homotopy type.

In the next section we determine which closed n-manifolds (n < 4) with geometric

structure are codimension-2 fibrators. All closed surfaces except the torus and the

Klein bottle are known to be codimension-2 fibrators; reformulated in terms of geo

metric structures, the spherical and hyperbolic surfaces are codimension-2 fibrators

but the Euclidean surfaces are not. It is natural to ask whether closed 3-manifolds

are codimension-2 fibrators as precisely, unequivocally delineated by their geomet

ric structures; it has negative answer. In [20] Daverman completely determined

which closed ORIENTABLE 3-manifolds with geometric structure are codimension-2

ORIENTABLE fibrators, except for the spherical 3-manifolds. First we update his re

sult to orientation-free version. Then we deal with closed 4-manifolds with geometric

structure. In closing, we mention some unsettled topics.



2. PRELIMINARIES

Throughout this dissertation, the symbols and = denote homotopy equiv

alence, homeomorphism, and isomorphism in that order. The symbol x is used to

denote Euler characteristic.

All manifolds are understood to be finite dimensional, connected, metric, and

boundaryless. Whenever the presence of boundary is tolerated, the object will be

called a manifold with boundary.

Homology and cohomology are computed with integer coefficients unless another

coefficient module is mentioned.

A map f : X ̂  Y is proper provided that p~^{C) is compact for any compact

subset C of Y. Note that p is proper if and only if p is closed, with compact fibers.

A manifold N is said to be closed if N is compact, connected, and boundaryless.

A manifold N is aspherical if ni{N) is trivial for alH > 1.

A decomposition G of a metric space X is said to be upper semicontinuous if each

p G G is a compact in X and if, for each g E G and each open subset U oi X

containing g, there exists another open subset V oi X containing g such that every

g' £ G intersecting V is contained in U. It is clear that if G is a use decomposition of

A, then the decomposition map p : X X/G is a proper map.

2.1. APPROXIMATE FIBRATIONS. Approximate fibrations were introduced by D.

Coram and P. Duvall [9] as a generalization of Hurewicz fibrations and cell-like maps.

A proper map p : M —>■ B between locally compact ANRs is called an approximate

fibration if it has the following approximate homotopy lifting property: Given an open

cover e of R, an arbitrary space X, and two maps g : X —> M and F : X x 1 —>■ B

such that pog = Fq, there exists a map G : X x I —> M such that Go — g and poG
4



is e—close to F. The latter means: for each z E X x I there exists an € e such

that {F{z),p o G{z)} C Uz-

Let A'" be a closed manifold. A proper map p : M —> B is — like if each fiber

p~^{b) is shape equivalent to N. For simplicity, we shall assume that each fiber p~^{b)

in an A""—like map to be an ANR having the homotopy type of A".

A significant attraction of approximate fibrations is an associated long exact se

quence, comparable to that for fibrations, relating homotopy groups of domain, image

and fiber.

Proposition 2.1.1. [9, Corollary 3.5] If a proper map p : M —)• B is an approximate

fibration, for b E B and e E p~^{b), there is a long exact sequence

^ 7rfc(p~^(6),e) 7rfc(M,e) ■Xk{B,b) ■Kk-\{p~^{b),e) ^ .

Proposition 2.1.2. [9] If a proper map p : M —»• B is an approximate fibration,

then p is N—like for som,e closed manifold A.

A proper map p : M —> B is a completely movable map provided that for each

b E B and each neighborhood U of p~^{b) there is a neighborhood V of p~^(b) in U

such that if p~^{c) is in V and W is any neighborhood of p~^{c) in V then there is a

homotopy H : V x I —* U such that H{x, 0) = a: and H{x, 1) G W for each x E V

and H{x,t) — x for each x E p~^{c).

Proposition 2.1.3. [10, Proposition 3.6] Let a proper map p : M —>■ B be N—like.

Then p is an approximate fibration if and only if p is completely movable.
5



Proposition 2.1.4. [18, Lemma 2.5] Suppose that p : M B is a proper map

defined on an {n + k)-manifold M and q : M* M is a finite covering. Then p is

an approximate fibration if and only if po q : M* —>■ B is.

2.2. DEGREE OF MAPS. Let N and N' be closed n—manifolds and / : N —>• N' be a

map. If both N and N' are orientable, then the degree of f is the nonnegative integer

d such that the induced endomorphism of /, : Hn{N:Z) = Z —>• Hn{N';Z) = Z

amounts to multiplication by d, up to sign. In general, the degree mod 2 of / is

the nonnegative integer d such that the induced endomorphism of /* : Hn{N:Z2) =

Z2 —>• Hn{N'] Z2) = Z2 amounts to multiplication by d.

Proposition 2.2.1. [47] If 6 : L N is a d—fold covering map, d > 0, then the

degree of 0 is d and x{L) = dx{N).

Proposition 2.2.2. [52, Lemma 15.12] LetX andY be closed orientable n—manifolds.

If f : X Y has degree one, then : 'Xi{X) '^liY) is an epimorphism.

Remark. In Proposition 2.2.2, we cannot replace the condition deg / = 1 by

deg / = 1 mod 2 (see [4]).

Proposition 2.2.3. Let X and Y be closed orientable n—manifolds and f: X Y

a map with non-zero degree t. Then,

1) /3i{X) > pi{Y) for alii.

2) If there exists a j such that (| THjifY) |,t) = 1, where THj{Y) is the torsion

subgroup of Hj{Y), then Hj{Y) is isomorphic to a subgroup of Hj{X).

3) If there exists a torsion group HjiY) such that (| Hj{Y) | , t) = 1, then f*: H^'^ifY) —

H'^~^{X) is injective and /»: Hj(X) HjiX) is surjective.
6



4) For any prime number s with (s, t) = 1, /*: ; Zj) —> {X;Ijs) is injec-

tive and /*: Hj{X] Z^) —> Hj{Y; Z^) is surjective.

5) If t = 1, then /* : Hi{X) HiiY) is surjective for all i.

Proof. Let Fx and Fy be the orientation classes of X and Y, respectively. Let G be an

abelian group. Define g: H"'~'^{X: G) H"'~''{Y; G) by g = Dff of^oDx, where Dx

and Dy are the Poincare duality maps. Consider the following commutative diagram

H^'-'iXiG) H'^-'iY-G)

Dx ntTy Xt

Hi{X;G) HfY;G) H^-\Y-G).

Then, since g{f*{a)) - Dy'f.Dxria) = Dy'f.{f*{a) n F^) = Dy\a n /.(F^)) =

Dy^{a n Fy)(dep /) = ta, f* is monic mod torsion, so we have that (5i{Y) < Pi{X).

2) and 3) follow immediately from the fact that {g o /*) = (xt) o /d: H"'~^{Y) —>•

is an injection.

4) In the above diagram, since (s, t) = 1, we see that ntFy: H'^~'^{Y; Z^) —^ Hi{Y; Z^)

is an isomorphism. This proves 4).

5) is obvious. □

2.3. HOPFIAN MANIFOLDS AND HOPFIAN GROUPS. A group F is said to be hop-

fian if every epimorphism / : F —»■ F is necessarily an isomorphism. A finitely

presented group F is said to be hyperhopfian if every homomorphism / ; F —F

with /(F) normal and F//(F) cyclic is an isomorphism(onto). By definition, hy

perhopfian groups are hopfian. A group F is said to be residually finite if for any

non-trivial element a; of F there is a homomorphism / from F onto a finite group K

such that f{x) ^ Ik-



Residually finite groups versus hopfian groups : [1], [2], [59], [70], and [71].

1. Every finitely generated residually finite group is hopfian.

2. If G is finitely generated and G contains a residually finite group (hopfian group)

of finite index, then G is residually finite (hopfian, respectively).

3. If G is a residually finite group, then so is every subgroup of G. But (finitely

generated) hopfian groups can contain non-hopfian subgroups (of finite index).

4. The free product of two finitely generated residually finite groups (hopfian groups)

is again residually finite (hopfian, respectively).

5. The direct product of two finitely generated residually finite groups is again resid

ually finite. This is not true for hopfian groups. However, we don't know whether it

is for finitely presented hopfian groups.

6. Polycyclic groups are residually finite. In particular, finitely generated nilpotent

groups are residually finite.

Call a closed manifold N hopfian if it is orientable and every degree one map

N —> N which induces a tti—isomorphism is a homotopy equivalence.

The next result summarizes useful information connecting hopfian manifolds and

hopfian fundamental groups.

Proposition 2.3.1. [22, Theorem 2.2] or [50] A closed, orientable n—m.amfold N is

a hopfian manifold if any one of the following conditions holds:

1) n< 4]

2) 7ri(A'^) contains a nilpotent subgroup of finite index;

3) irfiN) is trivial for 1 < i < n — 1.



Remark. Whether all closed orientable manifolds are hopfian is related to a fa

mous old problem of Hopf (of. [50]).

Suppose that A'" is a closed n-manifold and a proper map p : M —> B is A''-like.

Let G be the set of all fibers, i.e., G — {p~^{b) : b £ B}. Put

C = {p{g) E B : g ^ G and there exist a neighborhood Ug of p in M and a

retraction Rg : Ug —> g such that Rg \ g' : g' —^ 5 is a degree one map for all g' e G

with g' e G in Ug}, and

G' = {p{g) E B g e G and there exist a neighborhood Ug of 5 in M and a

retraction Rg : Ug —> g such that Rg \ g' ■. g' —> 5 is a degree one mod 2 map for

all g' E G with g' E G in Ug}.

Call G the continuity set of p and G' the mod 2 continuity set of p. D. Coram and

P. Duvall [11] showed that G and G' are dense, open subsets of B.

Proposition 2.3.2. [22, Theorem 2.1] If N is a closed hopfian n—manifold with

hopfian ■7Ti{N) and p : M ^ B is an N—like proper map defined on an orientable

{n + 2) —manifold, then p is an approximate fibration over its continuity set.

2.4. CODIMENSION-2 FIBRATORS.

Definition. A closed n-manifolds A' is a codimension-2 (orientable) fibrator if any

A—like proper map f : M ^ B from any (respectively, orientable) (n -I- 2)-manifold

M to a metric space B (equivalently, to a 2-manifold B) is an approximate fibration.

The following is basic for investigating codimension-2 fibrators.



Proposition 2.4.1. [11, Proposition 2.8] Let p : M —B be a map from an ori-

entable (n + 2) —manifold M onto a metric space B such that each p~^{b) is an ori-

entable n—manifold up to shape. Then B is a 2—manifold and D = B \ C is locally

finite in B, where C represents the continuity set of p. Moreover, if either M or

some p~^{b) are nonorientable, B is a 2—manifold with boundary (possibly empty)

and D' = {int B) \ C is locally finite in B, where C represents the m,od 2 continuity

set of p.

Proposition 2.4.2. [18] Closed manifolds N with \ 7ri(A'') j < 2 are codimension-2

fibrators. Hence all simply connected manifolds and any real projective n-space RP^

are codimension-2 fibrators.

Remark. Daverman and Kim [31] generalize this result as follows;

Closed manifolds N with finite 7Vi{N) and 2-group Hi{N) are codimension-2 6bra-

tors.

Proposition 2.4.3. [22] Let N be a closed hopfian manifold. If N has either hyper-

hopfian fundamental group, or hopfian fundamental group and nonzero Euler charac

teristic, then N is a codimension-2 orientable fibrator.

Recently N. Chinen show that some codimension-2 orientable fibrators are codimension-

2 fibrators as follows;

Proposition 2.4.4. [4] Let N be a closed n—manifold and a proper map p : M B

defined on an (n -t- 2)—manifold M be N—like. If N has no 2-to-l covering, for

any b E B, p~^{b) has a small orientable neighborhood in M. Hence, codimension-2

orientable fibrators which do not have a 2-to-l covering are codimension-2 fibrators.
10



2.5. MANIFOLDS THAT FAIL TO BE C0DIMENSI0N-2FIBRAT0RS. 5^ and

fail to be codimension-2 fibrators because of the following fact:

Proposition 2.5.1. [18] Any closed manifold that cyclically covers itself (nontriv-

ially) fails to be a codimension-2 fibrator. Hence any mapping torus of some periodic

homeomorphism defined on a closed manifold fails to be a codimension-2 fibrator.

Remark. Recently, Daverman presented non-codimension-2 fibrators among closed

manifolds with finite fundamental group, for example, L{p, q) x (p is odd), where

L(p, q) is any lens space (see [27]).

Remark. At the time of writing this dissertation, the existence of codimension-2

orientable fibrators which fail to be codimension-2 fibrators, is still unknown.

Proposition 2.5.2. Let Nf and be closed manifolds. If Ni is not a codimension-

2 fibrator, Ni x N2 is not a codimension-2 fibrator.

Proof. Take an A'l—like proper map p : ^2 fails to be an approximate

fibration. Then the composition map x projection^ j^n+2 —Z—> ̂ 2 fails

to be an approximate fibration. □

11



3. S-HOPFIAN MANIFOLDS AS CODIMENSION-2 FIBRATORS

Let A be a closed ri—manifold which has a 2-to-l covering. Consider the covering

space A of A corresponding to A, where H = f]^^j Hi with [7ri(A) : Hi] = 2 for

i ^ I. Then we see that, by M. Hall's Theorem (for any finitely generated group

G, the number of subgroups of G having any fixed finite index is finite), the index

set I is finite, and A is an n—dimensional orientable manifold, which follows from

the facts that a (finite) covering space of an n—dimensional orientable manifold is

an n—dimensional orientable manifold and any non-orientable manifold has a 2-to-l

orientable covering.

To get some orientation-free version of Proposition 2.4.3, we use the following

definition, which is a technically improved definition of the strongly hopfian concept

introduced in [64].

Definition. A closed manifold A is s-hopfian if N is hopfian when A is orientable,

and A is hopfian when A is non-orientable, where A is the covering space of A

corresponding to H — Hi with I = {i : [7ri(A) : Hi] = 2}.

From now on, we reserve the symbols A and H for the above meanings.

Note that in the above definition, we do not hypothesize the hopfianness of A when

N is orientable.

Examples of s-hopfian manifolds.

1) Every closed manifold with abelian fundamental group;

2) Every closed manifold with finite fundamental group;

3) Every closed aspherical manifold;

4) Every closed n—manifold (n < 4).
12



3.1. MANIFOLDS N WITH HYPERHOPFIAN 7ri(A^).

Lemma 3.1.1. Let N be a closed manifold. Suppose f : N N induces the iso-

m,orphism, /» ; H\{N\Z.2) —> Hi{N;Z2). Then = H, where /# : iri{N) —>

7Ti{N). In particular, if f : N —N has degree one mod 2, then f^^{H) = H.

Proof. It suffices to show that

H = ker[7r,{N) . H,{N) Hr{N-,Z2)]
Hurewicz map

from considering the following diagram

7ri{N) 7ri(iV)

ifi(iV) H,{N)

H^{N■Z2) H,{N;Z2).

Let Hi be a subgroup of ■ni{N) with index 2. Since ni{N)/Hi = Z2, which is cyclic

(and so is abelian), the commutator subgroup [7ri(W), 7ri(W)] of 7Ti{N) must be con

tained in Hi for all i. It follows from the fact ker h = [7ri(A''), 7ri(W)] that h{Hi) = Hi

is index 2 in H\{N).

Here, note

ker g = im[Hi{N) — Hi[N)\

which is the intersection of all subgroups of H\{N) with index 2. Hence (^Hi C ker g.

Actually we also see that ker g C f] Hi. □

Lemma 3.1.2. Let N be a closed manifold. Suppose that f: —>• 7ri(A'') is a

homomorphism whose induced action on Hi{N-, Z2) is an automorphism (i.e., f{H) C
13



H and the natural map /': 7Vi{N)/H —s- 'Ki{N)/H is an isomorphism). Then

1) f is an epimorphism if and only if {f \ H): H H is an epimorphism.

2) f is an isomorphism if and only if {f \ H): H H is an isomorphism.

Proof. First, note that /' is an isomorphism if and only if 5 o / is an epimorphism

and H = f~^{H) = ker{go f), where g: 7ri(A^) 7ri{N)/H.

If re,{N) = HUgiHU- - - [J g^H, then re,{N)/H = {H, g,H, ...,gkH}.

Proof of (1). Suppose / is an epimorphism. Since f~^{H) = H, we have H =

ff~^{H) = f{H), i.e., (/ I H): H ̂  H is an epimorphism. Conversely, suppose

{f \ H): H H is an epimorphism, i.e., H = f{H). Let y G 7ri(A'') but y ̂  H. Then

y G giH for some i. Since /' is an isomorphism, there exists uniquely a gjH such that

f{gj)H = f'{gjH) = giH. So y — f{gj)h for some h ̂  H. But since H = f{H), there

exists hf G H such that f{h') = h. Put x = gjh'. Then f{x) = f{gjh') — f{gj)f{h') =

f{9j)h = y-

Proof of (2). Suppose / is an isomorphism. Then, by 1), f{H) = H = f~^{H), so

(/ 1 H) is an isomorphism. Conversely, suppose {f \ H): H H is an isomorphism.

Then, by 1), / is an epimorphism. If x G ker f, then f{x) = e ̂  H. But since

f~^{H) = i/, X E H, and so x = e. □

The following recent result of Chinen give us useful information about manifolds

with hyperhopfian fundamental group being codimension-2 fibrators.

Lemma 3.1.3. [5, Theorem 5.3] Let N be a closed n—manifold with hyperhopfian

fundamental group. If every N—like proper map p : —>■ from, an {n +

2)—manifold M onto a 2—manifold B is an approximate fibration over C, where C

denotes the mod 2 continuity set of p, then N is a codimension-2 fibrator.
14



The next lemma plays an important role in dealing with s-hopfian manifolds.

Lemma 3.1.4. Let N be a closed s-hopfian n—manifold with hopfian fundamental

group. Let a proper map p : M ̂  B defined on an [n + 2)—manifold M be N—like.

Then, p is an approximate fihration over some dense open subset O of the m,od 2

continuity set C of p and C \0 is locally finite.

Proof. Let G = {p~^{b) = pb : b e B}. Fix go E G with p{go) € G'. Take a

neighborhood t/(C C") of p{go) such that p~^{U) retracts to go, and take a smaller

connected neighborhood V of p{go) such that p~^{V) deformation-retracts to go in

p~^{U). Call this retraction R : ^ go- Then, we have an epimorphism

R# : Tti{p-^{V)) —^ 7ri(po)-

If N has no 2-to-l covering, in light of Proposition 2.4.4, we may assume that V is

orientable. By Proposition 2.3.2 and Proposition 2.4.1, p is an approximate fibration

over some dense open subset Ov of V and V \ Oy is locally finite.

Now assume that N has a 2-to-l covering. Take the covering map g : V* —> p~^(V)

corresponding to (FT). Since [7ri(p~^(V)) : R^^(H)] — [7ri(5o) : iif] < oo, g is finite.

Claim: For all p G G with g C p~^(V), g~^(g) and N have the same homotopy type.

First, appealing to the method of the proof of claim in [4, Proposition 3.5], we see that

for all 5 G G with g C p~^(V), g~^[g) is connected. Now, since R \ g : g —> has

degree one mod 2, by Lemma 3.1.1, we have {R \ g)f^{H) = H and o i^)[H) =

{R I g),^{H) C H. Here note i#{H) C Rffi{H), for (i?# o i,ffi){H) C H.

Clearly {g\gh)d'^i{9h)) = KcH since {R \ g)^\H) = H and R#{Ri\H)) = H.

Take the covering space /: Nh g corresponding to H and let T ̂  > p~^{V) be

the inclusion.
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Consider

N.H 9 p-\V)

Since z^(/^(7ri(A^//))) = C (H), we have a unique lifting A ; Nh —> V*

of z o / so that z o / = 5 o A. It follows from the fact of X{Nff) C q~^ o i(g) that

X(Nff) C Qc- Hence we have H C K. Consequently, we have H = K. This proves the

claim.

Set G* = {g* = q ^(5) : g ̂  G with g C p p*: V* V*fG* =

B* = V he the decomposition map. Consider

p-^y)

B*

V.

By Proposition 2.4.1, we see that the continuity set G(p*) of p* is dense open in V,

and y \ G{p*) is locally finite. So it is enough to show that p* is an approximate

fibration over the continuity set G(p*) oi p*. Fix b E C{p*). Carefully take a small

neighborhood iy(c G{p*)) of b and a retraction Rb : p~'^{W) —>• gb- Let Rl : W* =

q~^{p~^[W)) —> gl be the lifting of Rb-

For any a E W, consider the following

9a

9a

w

91

p-\W) Rb

9b

9b-

Claim; {Rl |) is a homotopy equivalence; then it follows from [22, Theorem 2.1]

and [9] that p* = pog is an approximate fibration over the continuity set C(p*) of p*.
16



Case I: N is orientable.

Since {Rl \) : gl ̂  gl is a map of degree one, {Rb \) n ga 9b has degree one. The

hopfian hypotheses of N and 7ii{N) yield that {Rb |) is a homotopy equivalence. In

particular, {Rb |)# : T^iiga) —^ '^i{9b) is an isomorphism. By Lemma 3.1.2, we have

that {Rl I)# : 7ri(^*) —T^iigb) isomorphism. Moreover, since for i > 2, the

homomorphism

^i{9a) - ̂i{9a) > = ■^i{9l)

is an isomorphism. By Whitehead Theorem, we have that {R^ |) is a homotopy

equivalence.

Case II: N is nonorientable.

Since b G C{p*), by Proposition 2.2.2, we have an epimorphism {Rl 1)^ : '!Ti{9l)

7ri{gl). By Lemma 3.1.2, {Rb |)# : '^i{9o) '^i{9b) is an epimorphism. But since

M(pa) = ~i{9b) = '^i{N) is hopfian, {Rb |)# ; 7ri(p„) ^ 7Ti{gb) is an isomorphism.

Again, by Lemma 3.1.2, {Rl |)^ : 7Ti{gl) '^i{9b) is an isomorphism. Now, since

q~^{p~^{a)) ~ q~^{p~^{b) ~ A' is hopfian and {Rl |)# is an isomorphism, {Rl |) is a

homotopy equivalence. □

Remark. The usefulness of above Lemma can be described as follows;

Let A be a closed s-hopfian manifold with hopfian 7ri(A'). Verification that an A—like

map p : ^ is an approximate fibration over the mod 2 continuity set C of

p reduces to the case where C = R^, p is an approximate fibration over R^ \ 0, and

there is a strong deformation retraction R : p~^{C') p^^{0). Then x ^ 0

gives rise to a map / : A —» A, and the essential step is to prove / is a homotopy

equivalence.
17



Theorem 3.1.5. Let N be a dosed s-hopfian manifold with hyperhopfian 7ri(A^).

Then N is a codimension-2 fibrator.

Proof. Let a proper map p : M ̂  B defined on an (n +2)—manifold M be A^—like. In

light of Lemma 3.1.4, we may assume that p is an approximate fibration over C"\ {x}

for some x E C. Then, by copying the proof of [22, Lemma 5.1] or [5, Lemma 5.1],

we see that p is an approximate fibration over the mod 2 continuity set C of p. Now

by Lemma 3.1.3, A'' is a codimension-2 fibrator. □

Corollary 3.1.1. A dosedn—manifold N with hyperhopfian is a codimension-

2 fibrator if any one of the following conditions holds:

1) 'iTi{N) is finite;

2) is nilpotent;

3) TijfN) IS trivial for 1 < i < n — 1. in particular, N is aspherical.

Corollary 3.1.2. Let be a closed 3—manifold with finite 7ri(A''). IfTri{N) has no

cyclic direct factor, then N is a codimension-2 fibrator.

Proof. By [22, Theorem 4.7], 7ri(A') is hyperhopfian. □

Remark. The existence of codimension-2 (orientable) non-fibrators among closed

3—manifolds with finite fundamental group is still unknown.

3.2. MANIFOLDS N WITH HOPFIAN 7ri(A^) AND xiN) ^ 0.

Theorem 3.2.1. Closed s-hopfian n—manifolds N with hopfian fundamental group

and nonzero Euler characteristic are codimension-2 fibrators.

Proof. By Proposition 2.4.3 and Proposition 2.4.4, we may assume that N has a 2-

to-1 covering. Let a proper map p : —»■ from an {n -h 2)-manifold
18



onto a 2—manifold B with boundary be A''—like, and G = {p ̂ {b) : b E B}.

Claim I : p is an approximate fibration over the mod 2 continuity set C of p.

In light of Lemma 3.1.4, we localize the situation so that C is an open disk containing

bQ = p{go) and p is an approximate fibration over C \ bo. Also we may assume that

R : p~^{C') —»• go is a strong deformation retraction. Take a covering q : M* —>

p~^{C') corresponding to = H. Then as in the proof of Lemma 3.1.4, we

see that, for all c? G (? with g C p~^{C'), q~'^{g) and iV have the same homotopy

type. Now we follow the method of the proof in [22, Theorem 5.10], then we have

(R* 1 g*)* : Hi{g*) —> ̂fi(5o) epimorphism, where R* is a lifting of R. By [22,

Lemma 5.2], {R j)* has degree one. For any g G G with p{g) G C", consider

r- » (^0* * TrA' ~ g ——^ 9o-^

gi gl

A ~ ̂ ) go — N.

Subcase 1: N is orientable.

Then {R |) has degree one. The hopfianness of N and 7ri{N) give us that (i? |) is a

homotopy equivalence, so that {R [)* is.

Subcase 2: N is nonorientable.

Since {R ])* has degree one, by Proposition 2.2.2, we have an epimorphism {R |)^ :

7ri{g*) —»■ 7ri(^o). By Lemma 3.1.2, {R |)^ : 7ri(5') -7ri(5o) is an epimorphism. But

since 7ri(A) is hopfian, {R j)# is an isomorphism. Again by Lemma 3.1.2, we have an

isomorphism {R j)^ : rri{g*) '^i{go)- By the hopfianness of N, {R ])* is a homotopy

equivalence.
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Claim II: intB — C.

Let D' = {intB) \ C. Assume that D' ̂  0. Let ho & D'. In light of Proposition 2.4.1,

we localize the situation so that int B is an open disk containing bo = p(go) and p is an

approximate fibration over {intB)\bo. Also we may assume that R : p~^{intB) —> go

is a strong deformation retraction. Take a covering q : M* —^ p~^{intB) correspond

ing to R'^{H) = H. By an argument similar to the proof of claims in the Lemma

3.1.4, we see that pQ = is connected and has the homotopy type of N. Since

p I p~^{{intB) \ go) : p~^{{intB) \ go) —> {intB) \ bo is an approximate fibration, for

any g, g'{^ go) E G in p-^{intB), their components q~^{g)c = 5c 9~H5')c = 5c

have the same homotopy type by Proposition 2.1.2. And since M* is orientable, by

[22, Proposition 2.9] g^ and g^ are orientable.

Now as before we follow the method of the proof in [22, Theorem 5.10], then we have

{R* \ g^)^ : Hi{g*Q) —>• Hi{gl) is an epimorphism, where R* is a lifting of R. By [22,

Lemma 5.2'], R* \ Qq has a positive degree. It follows from Proposition 2.2.3 that

Pi{gc) > A(5o) for each i.

Now, for g{^ go) E G, let i : g —>■ p~^{intB) be the inclusion map. Set H =

i^^(5#(7ri(M*))n^#(7ri(p))) = i^^H D^itiMQ))) and K = {q \ 5c)#('^i(5c))- Then
we can easily see that K C H and H C H. And by [73, Proposition 11.1], we have

HCK, i.e., K = H.

Now, let's examine the induced map i^ case by case.

Case 1: is an epimorphism.

Then, since '^i{g) = 7ii{p~^{int B)) is hopfian, is an isomorphism. So we have that

for all ^ G G with p{g) E int B, g* is connected and has the homotopy type of N.

By the same proof as Claim 1, p is an approximate fibration over int B.

Case 2: z# is not onto.
20



Subcase 1: H = H = K.

Then for all ̂  G G with p{g) ̂  int B, g* is connected and has the homotopy type

of N. By the same reason of the proof in Claim I, p is an approximate fibration over

int B.

Subcase 2 : H C H = K but H ̂ H.

We'll show that this case cannot happen. Take the covering map Npj —>■ g corre

sponding to H, and take the covering map Nh —^ g corresponding to H. Consider

N-h

NH

Since H C H and H H, we have a d — 1 covering map Njf —> with d > 2. By

the facts of pg ~ iV Nh and Njj fs Nk ~ gc with d > 2, we see that Pi{gQ) > Pi{gc)

for each i (from [42, Corollary 1] ) and x{9o) = dx{gc) with d > 2. But since we al

ready have that A(dc) ^ ^^ch z, x(dc) = x(5o) = dx{9h) with d > 2 ,

which gives the contradiction x{^) = x(do) = 0-

Claim III: dB = 0.

Suppose not. Then there exist og G dB, a neighborhood U of og in B, and a defor

mation retract R : p~^{U) —p~^(ag) such that

(1) U ~ the upper half plane {(a;,y) ^ \ y > 0},

(2) A = (dB) Pi f/ is an open arc, and

(3) for all a G A, R\ p~^{a) : p~^(a) —> p~pag) is a homotopy equivalence (see [18]

or [61]).

Take the covering map g : M* —»• p~^{U) corresponding to H. Then by another ar

gument similar to the proof in Lemma 3.1.4, we have that for all o G A, 9~^(p~^(a)) is
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connected and q~^{p~^{ci)) — q~^{p~^(do)) — And, since p is an approximate fibra-

tion over p~^{int U), for all b,b' G int U, q~^{p~^{b))c — q~^{p~^{b'))c — (say) N*,

where q~^{p~^{b))c and q~^{p~^{b'))c are components of q~^ip~^{b)) and q~^{p~^{b')),

respectively. Hence, by the fact of M* is orientable and [18, Proposition 2.9], we see

that for all b G int U and for all a E A, the components q~^{p~^{b))c of q'^iP'^ib))

and q~^{p~^{a)) are orientable. Therefore, if G* = {q~^{p~^{b))c, q~^{p~^{<^)) I b G

int U,a E A} is the use decomposition of M*, then by Proposition 2.4.1, B* = M*/G*

is a 2-manifold without boundary.

Let p* : M* —>• B* be the decomposition map and G* be its continuity set. Since

P*{q~^{p~^{A))) is homeomorphic to an open arc and B* \ G* is locally finite in B*.

there is a point a* E P*{q~^{p~^{A))) P) G*. So we have a map iV* ~ q~^{p~^{b))c —>•

q'^ip'^ia)) ~ N with degree one, where p*{q~^{p~^{a))) = a* and for some b E int U.

Hence we have (3i{N*) > f3i{N) for each i.

For g E G with p{g) = b, let i : g —>• p~^{U) be the inclusion map. Set H =

i#^{q#MM*))f]i^{7Ti{g))) = i-\HC\i:f^{7ri{g))) and K = {q \ p^)#(7ri(p5)), where

gQ = q~^{p~^{b))c- Then we can easily see that K C H, H C H. But since g* has

two (or more) components, H H. By [73, Proposition 11.1], we have K = H.

Now we take the covering map Njj- —g corresponding to H, and take the cover

ing map Nh —>• g corresponding to H. And since H C H and H ̂  H, we have a

d — 1 covering map N ~ Nh —Nj^ « Nh — N* with d > 2, so we have for each

i, /3i{N) > 0i{N*) and x{^) — dx{N*). As before x(A^*) = x{^) — dx{N*), which

gives a contradiction x(Ap = 0. □

Corollary 3.2.1. Let N"' be a closed n—manifold with x{^) 0- Then N is a

codimension-2 fibrator if any one of the following conditions holds:
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1) 7ri(A'') is abelian;

2) 7ri(A') is hopfian and 7ri{N) = 0 for 1 < i < n — I;

3) r'i{N) is hopfian and n = 4;

4) [4] is finite;

5) [18] n = 2.

Corollary 3.2.2. Closed 4-manifolds with finite'Ki{N) are codim.ension-2 fibra-

tors.

Proof. If N is orientable, then x{4^) = 2 + 132{N) > 0. Now assume that iV is nonori-

entable. Then since the orientable 4-manifold N has a finite fundamental group,

X{N) ̂  0. So x(iV) = [7ri(N) : 7ri(iV)] x{N) implies that x{N) 0. □

Note. In Corollary 3.2.2, we cannot replace the condition of finite by

finite because of RF^ffRP'^. However, the next corollary tells us which closed

4—manifolds N with finite Hi{N) are codimension-2 fibrators.

Corollary 3.2.3. Let N be a closed A—manifold with hopfiamri{N) and finite Hi (N).

If N is orientable or Hi{N]2,2) = Z2, then N is a codimension-2 fibrator.

Proof. If N is orientable, then x{4^) = 2 + /32{N) ^ 0. Now assume that N is nonori-

entableandH'i(iV;Z2) = Z2. Then since H'i(N;Z2) = H\N ■. Z2) = H om{Hi{N),Z2)®

Ext{H2{N),Z2) and the torsion subgroup of HslN) is isomorphic to Z2, /dsiH) = 0.

Hence we have that x(N') = 1 — 0 + B2{N) — 0 + 0 = 1 + P2{N) ^0. □

Remark. In Theorem 3.2.1, we cannot omit the condition x(A'') 7^ 0, since and

RP^ifRP^ are not codimension-2 fibrators. Aso see the following Proposition.

Proposition 3.2.2. Let N be a closed orientable f-manifold with x(AQ = 0. Ifiii{N)

is free abelian, N fails to be a codimension-2 fibrator.
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Proof. N is homotopy equivalent to x S^, 5^ x 5^ x 5^, or 5^ x 5^ x 5^ x

([54]). □

3.3. PRODUCTS OF CODIMENSION-2 FIBRATORS. The question of whether the

collection of codimension 2 fibrators is closed under the Cartesian product operator

remains unsolved. Now, let us consider the following question:

Question: Is any finite product of codimension-2 fibrators a codimension-2 fibra-

tor? i.e., If Ni, N2, - - - ,Nk are closed manifolds which are codimension-2 fibrators, is

Ni X N2 X ■ ■ ■ X Nk a. codimension-2 hbrator?

The answer is not yet settled. But the answer is yes for the case of each Nj (j =

1, 2, • • • , k) a closed orientable surface ([61] and [60]). Here, we have an affirmative

answer without assuming orientability for any Nj as follows;

Corollary 3.3.1. Any finite product of closed surfaces which are codimension-2 fi

brators is a codimenston-2 fibrator.

Proof. Let Ni,N2, - ■ ■ ,Nk be closed surfaces which are codimension-2 fibrators, and

N = Ni X N2 X ■ ■ ■ X Nk. First, note that for all j = 1, • • ■ , k, xi^j) ^ l^^e

torus and Klein bottle are the only examples of non-codimension-2 fibrators (see [18]).

So we have x{^) ^ 0- Moreover, 7ri(A'') = 0^=i7ri(A(,) is residually finite. Hence it
suffices to show that N is s-hopfian. If N has no 2-to-l covering, then N must be

orientable, so that each Nj is orientable. In [61] and [60], Y. Im took care of this

case. Hence we consider the case that N has a 2-to-l covering. Since N is of the

form products of RP^x products of S^x products of closed surfaces which are neither

RP^ nor S^, N must be of the form products of S^x products of S'^x products of

closed surfaces which are aspherical. Hence N is hopfian, which follows from the fact
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that any finite product of simply connected manifolds and aspherical closed manifolds

with hopfian fundamental groups is hopfian (see [62]). □

Remcirk. Recently there has been progress about the problem of products of

fibrators (see [30]).
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4. CONNECTED SUMS OF MANIFOLDS

In this chapter, we study the behavior of codimension-2 fibrators under the con

nected sum operation. If N is closed orientable surface, then either N ̂  S'^ or

N ̂  where each M, = 5"^ x 5^ and 2g — 2 — x{^)- And if N is

closed nonorientable surface, then N ̂  M[i^ n n n where each M,' = RP^ and

g = 2 — x(-A)- Moreover, we have seen that N is a codimension-2 fibrator if and only

if x(A) 7^ 0. So all manifolds we deal with in this chapter have dimension n > 3.

We use ̂ "#^2 to denote a connected sum of two n—manifolds Ni and N2 > 3),

where neither Ni nor N2 is a homotopy sphere. Then N is of the form U ̂2, where

Aifl A2 = 5""^ and K\ = Ni\{int B^), K2 = N2\{int 5"). We reserve the notations

Ki and K2 to mean the above throughout this chapter.

4.1. THE BASIC CASES.

Lemma 4.1.1. [22, Corollary 4.12] If Gi, G2 are nontrivial, finitely generated groups

such that G2 ̂  Z2 and Gi * G2 is hopfian, then Gi * G2 is hyperhopfian.

Proposition 4.1.2. Let N = NiffN2 be a closed s-hopfian manifold. Then N is a

codimension-2 fibrator if any one of the following conditions holds:

1) 7ri(A'i) and Tri{N2) are hyperhopfian;

2) 7ii{Ni) and 7ri(A2) are nontrivial hopfian, and 7ri{N) ̂  Z2 * Z2-

Proof. First, we see that 7ri(A'') = 7ri(A'i) * 7ri(A''2) by the van Kampen Theorem

so that 7ri(N) is hopfian, because the free product of two finitely generated hopfian

groups is again hopfian [41]. It follows from Lemma 4.1.1 and Theorem 3.1.5 that N

is a codimension-2 fibrator. □
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Corollary 4.1.1. Let N = Ni#N2 be a closed 3—manifold with hopfian 7ri{Ni) for

i = 1,2. Then N is a codimension-2 fibrator, with only one exception 7ri{N) ̂  Z2 *

Z2. Hence, if N has a connected sum decomposition consisting of virtually Haken

manifolds and/or those with finite or cyclic fundamental group and if 7Ti{N) Z2*Z2,

then N is a codimension-2 fibrator.

Consider the connected sum N = (/r-copies of real pro-

jective n—space RP^). If A: = 1, then 7ri(A'') = Z2, so by Proposition 2.4.2, N is &

codimension-2 fibrator. And if A: > 2, then by Lemma 4.1.1, ni{N) is hyperhopfian.

But since N is s-hopfian, by Theorem 3.1.5, TV is a codimension-2 fibrator. However,

surprisingly when k = 2, N is not a codimension-2 fibrator, for it cyclically cover

itself (nontrivially). Therefore, it is worthwhile to consider the following question;

When is a connected sum of two closed manifolds a codimension-2 fibrator?

Let us begin with a technical Lemma.

Lemma 4.1.3. Let p : —* Rf be a proper map defined on an orientable {n -t-

2) —manifold such that p is an approximate fibration over Rf \ {0}. Suppose that

R : M ̂  p~^{0) = go is a strong deformation retraction. Put G = : x G R^fi

1) (cf. [22, Lemma b.2]) If for any g E G, (P | c/), : Hi{g) ^"1(^0) is an

epimorphism., then (R | g) has degree one.

2) If p is N—like for some orientable n—manifold N with finite Hi{N), then the

degree of {R \ g) equals [Hi{go) : {R | g)fiHi{g))].

Proof of 1). We verify that {R\g) is degree one map by checking it gives a cohomology

isomorphism between H^{go) = H2{M, M \ go) and H'^{g) = H2{M,M \ g) and

applying the universal coefficient theorem to obtain the same for homology. The proof
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of [22, Lemma 5.2] shows that H2{M, M\go) —>■ B? \ 0) is an isomorphism.

The large step depends on showing p provides an epimorphism H2{M,M \ g) ^

H2{B?,B? \p{g))- To find the epimorphism, examine the homology ladder

Z ^ H2{M, M \ g)

Z^H2{B\B^\p{g))

Hi{M\g) Hi{M)

p.

HiiB'\p{g)).

Since for any g E G, (/? | g)» : H-i{g) Hi{go) is an epimorphism, we see that

Hi{M \g) — i*{Hi{g')) + imd, where i : g' M \ g denotes inclusion. As point

inverses of p are connected, p'^ is an epimorphism. With i^,{Hi{g)) C ker p'^, diagram

chasing yields that p'^ carries imd isomorphically onto H\{B^ \p{g))-

Specify a closed disk D EL B^ containing 0,p(p) in its interior. One see that what is

need, the desired isomorphism between W"(po) and in the diagram below.

<  H^{p-\D)) . H-{g)

H2{M,M\go)

H2iB\B^\0)

H2{M,M\p-\D))

H2{B\ B? \ D)

H2{M,M\g)
Ij^onto

H2{R^R^\p{g)).

Proof of 2). Apply [9, Corollary 3.5] to represent 7rx(M \ gf) as an extension

^i(p) 7ri(M\po) Z 1.

where (i?|p)* is the lifting of {B\g). Because go has the homotopy type of a codimension-

2 compactum from M, the inclusion M \ go —^ M induces an epimorphism j# :

■^i{M\go) -* 7ri(M). Hence we have that rri(go)/{B\g)#{7ri{g)) ^ 7ri(M)/j#z#(7ri(p))

is cyclic, so that {B\g)#{-Ki{g)) contains the commutator subgroup [7ri(po) : 7i'i(^o)]

of 7ri(po). Now, take a covering q ■ go go corresponding to {B \ g)^{-Ki{g)). Then
28



consider
(Rig)'

9  ̂ 9o
degree =1

(^la)
^  9o-

So we have that the degree of [R\g) equals the degree of q, which is ['7ri(^o) : {R \

9)#M9))] = [Hiigo] : (ii;ip).(i/i(^))]. □

Note. In 1) of the above lemma, we do not assume that all fibers have the same

homotopy type.

4.2. THE CASE OF 7ri(A'') = Z2 * Z2. Proposition 4.1.2 yields one notable exception

the case of 'Ki{N) = Z2 * Z2. However, the next Proposition says that most closed

hopfian n—manifolds N — Ni#N2 with 7Ti(N) = 1^2*2,2 are codimension-2 orientable

fibrators.

Lemma 4.2.1. Let V he a generated by a. and b. Then P has at most three subgroups of

index 2, which are (1) < b,aba~^,af >, (2) < a,bab~^,b'^ > and (3) < ab,a?'ba~^,0? >

Proposition 4.2.2. Let N — N\ifN2 be a closed hopfian n—manifold with 7ri{Ni) =

Z2 for i = 1,2. Then N is a codimension-2 orientable fibrator if any one of the

following conditions holds:

1) there are prime numbers s.t > 2 (not necessarily distinct) such that Hj{Ni\Zs) 7^ 0

and Hk{N2] Zj) ^ 0 for some indices j, k with 0 < j, k < n.

2) I Hj{Ni]Z2) I > I Hj{N2',Z2) I and \ Hk{N2',Z2) | > | Hk{Ni]Z2) \ for some indices

j, k with 0 < j, A: < n.

Proof. Let p : —>■ defined on an orientable {n + 2)—manifold M be an

A'—like proper map. Since N is hopfian with hopfian 7ri{N), p is an approximate
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fibration over the continuity set C of p by Proposition 2.3.2. Now, as before in

light of Proposition 2.4.1 we localize to the situation in which B = and p is an

approximate fibration over C = E'^\Q. Use qq to represent p~^(0), which is a strong

deformation retract of M under a retraction R: M ̂  qq. Put G = : b G B}.

Denote R \ ghj Rg fox g £ G. Assume that {Rg)#{T^i{g)) ̂  tti (^o)- Take the covering

Q- go ̂  go corresponding to (i?g)#(7ri(p)). Then there is a lifting Rgi g go of Rg

so that q o Rg = Rg. Here note that by Lemma 4.1.3, deg Pp = 1 so that {Rg)^ '■

Hi{g) Hi{go) is onto. Hence should be finite. And since {deg Rg) = 2

(see [12] for the proof) and {deg q){deg Rg) = deg Rg, we have deg q = 2. Since

ni{N) = < o,6|o^ = 6^ = 1 >, by Lemma 4.2.1, the subgroups of index 2 in '7Ti{N)

are (1) < b,aba~^\a^ = b^ = 1 >, (2) < a,6a6~^|a^ = 6^ = 1 > and (3) < ab,ba~^\a'^ =

6^ = 1 > . From the fact that g^ has the homotopy type of N*, where N* is a 2-

to-1 covering space of N, we see that pp is formed either by two copies of Ki and

q~^{K2) or by q~^{Ki) and two copies of or by a 2-to-l covering space L of N

with Hi{L) = Z. Since Hi{go) is finite, the third case can not happen. Without loss

of generality, we assume that g^ is of the first form.

Proof of 1). By Proposition 2.2.3, we see that {Rg)*, {Rg)^ and q* are surjective on

Z5—homology. Consider the following commutative diagram

onto

9* onto

Hg{g-,Z,) Hg{go-,Zs).
onto

Since Hj{g-, Zg) = Hj{go', Zf) is hopfian, {Rg)* is an isomorphism, so {Rg)^ '■ Hj{go',

Hj{gQ-,Zs) is an isomorphism.

On the other hand, by Proposition 2.2.3 again, we have that g*: H'^~^{go-,Zs) —
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Zs) and ql: Zg) H'^~^{q~^{K2)\ Z^) are injective so that Hj{K2; Z^s

and Hj{go] Zg) are isomorphic to subgroups of Hj{q~^{K2)]Zs) and Hj[gl\Zs), respec

tively. Since Hj{Ki]Zs) is non-trivial, 1 Hj{go-,Zs) \ < \ Hj{gQ\Zs) |, which gives a

contradiction.

Proof of 2). Since deg Rg = 1, we have an epimorphism {Rg)^ n Hj{g-,Z2)

Hj{gQ\Z2). But since | Hj{Ni]Z2) \ > \ Hj{N2]Zj2) !, as before we have a contra

diction from (50; Z2)| < \Hj{gQ]Z2)\. □

Question. Can we get some orientation-free version of Proposition 4.2.2?

Corollary 4.2.1. Let he a closed hopfian n—manifold (n > A) with hopfian

tti^N). Then Njj^N is a codimension-2 orientable fibrator if and only if Nif N is not

a 2-to-l covering of itself.

Proof. =»; Proposition 2.5.1.

■4=: Now we may assume that 7Ti{N) = Z2, otherwise NffN is a codimension-2

(orientable) fibrator. Observing the proof of Proposition 4.2.2, for all s > 1 and any

1 < j < n, we have an epimorphism Hj{N4fN\Zs) —»■ Hj{NifNifN]Zs), where N

is the universal covering of N. This implies that Hj{N]Zs) is trivial for any s > 1

and any 1 < j < n so that N must be the homotopy sphere. Hence NffNffN ^

~ NffN is a 2-to-l covering of NffN. □

Corollary 4.2.2. Let RP'^ffN be a closed hopfian n—manifold (n > 4J. If Hj{N)

is nontrivial for some index 0 < j (even) < n, then RP'^ffN is a codimension-2

orientable fibrator.

Proof. Explore the proof of Proposition 4.2.2. □
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4.3. THE MAJOR NONSETTLED CASES. Proposition 4.1.2 and Proposition 4.2.2

make us consider the major non-settled case :

given a closed n-manifold N = Ni#N2{n > 4), what if 7Ti(Ni) is trivial and 7ri(iV2)

is not?

Proposition 4.3.1. Let N = NiifN2 be a s-hopfian closed n—manifold with trivial

If either TTI{N2) is hyperhopfian or |7ri(A^2)| < 2, then N is a codimension-2

fibrator.

Proposition 4.3.2. Let N = Ni^N2 be a s-hopfian closed n—manifold with trivial

TTi^Ni) and hopfian 7ri(A^2)- If ^ 0 /o?" some f (0 < J < n), then N is a

codimension-2 fibrator.

Proof. 1) By the van Kampen Theorem, we see that 7ri(A^) = 711(^2) = 7ri(A^2), which

is hopfian. 2) Using the Mayer-Vietoris sequence, we see that /3j{Ki) = Pj{Ni) ̂  0.

Let p : M —> B be an A"—like proper map defined on an (n 4- 2)—manifold M. Put

G = -. beB}.

Case I : A is orientable.

Subcase I: M is orientable.

Again in light of Proposition 2.4.1, we localize to the situation in which B = E'^ and

p is an approximate fibration over C = E'^ \0. Use ̂ 0 to represent p~^(0), which is

a strong deformation retract of M under a retraction R: M qq. By Lemma 4.1.3,

it suffices to show that the restriction of R induces an epimorphism fli{g) Hiipo)

for g ̂  go.

Take the covering q: M* —> M corresponding to i#{'i^i{g)), where i: g M is the

inclusion. Denote the restriction map i? | 5 by
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Subcase 1: [7ri(M) : i#(7ri(^))] = t < oo.

Suppose that t 7^ 1. Then consider

q~K9o) = 9o

<]\9o

9  ̂ 90-

Since Qq is connected and 7ri(po) = (i?p)#(7ri(p)) = i^{7ri{g)), we have a lifting Rg of

Kg SO that {q \ Qq) o Eg = Rg. By Lemma 4.1.3, the degree of Rg is one so that we

have /3j{g) > Pjigo) from Proposition 2.2.3. Also we see that Pjig^) > Pj{go) (from

[42, Corollary 1]). Since pj{g) = Pjigo), we have Pj{go) = Pj{9o)-

Now, identify go with Kj U K2. Put {q \ go)~^{Ki)c = (Ti)c, (9 I 9o)~^(-^2) = L2,

where {q | go)''^{Ki)c is a component of {q \ go)~^{Ki). Then, since (g |): L2 —>• K2 is

a finite covering, we have Pj{L2) > l3j{K2) (from [42, Corollary 1]). But since t > 1,

weh&ve pj{g^) = tl3j{{Li)c) +Pj{L2) = t3j{Ki) +Pj{L2) > pj{Ki) +f3j{K2) = Sj{9o),

which gives a contradiction.

Subcase 2: [7Ti{M) : f#(7ri(9))] = cxd.

If (Rg)*'. Hi{g) —>■ Hilgo) is not an epimorphism, then by the argument in the proof

of Proposition 2.4.3, we have that q~^{go) hcis finitely generated homology, which is

impossible because q~^{go) contains infinitely many copies of Ki and Pj{Ki) 7^ 0.

Assume that N has a 2-to-l covering.

Claim : p is an approximate Sbration over the mod 2 continuity set C of p.

In light of Lemma 3.1.4, we can localize the situation so that C is an open disk

containing ho = p{go) and p is an approximate fibration over C \ bo- Also we may

assume that R : p~^{C') —> go is a strong deformation retraction. Take the cov

ering q : M* —>■ p~^{C') corresponding to R'^{H) = H, where H = f].^j Hi with
I = {i : [xi{N) : Hi] = 2}. Then foig^G with p{g) € C", q~^{g) — Nh, where Nh
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is the covering of H corresponding to H. Put G* — {q~^{g) n g ̂  G with p{g) 6 G'}

and let p* : M* M*/G* be the decomposition map. Here note M*/G* = G'. By

the same reason of the Subcase I, we see that the mod 2 continuity set G' of p equals

the continuity set G{p*) of p*. Take any x e G' and carefully take a neighborhood

Wx C G' oi X such that R^: : p~'^{W^) pi = p~^{x) is a strong deformation retrac

tion. For g e G with p{g) e W^, let (i?i |) : p ^{g) q ^ such that

{q I) o {R^ I) = [R^ I) o [q |). Then the degree of {R^ |) = the degree of {Rx |) = 1 so

that Wx is contained in the continuity set G{p) of p. But since N is hopfian, p is an

approximate fibration over Wx- It follows from the movability argument [9] that p is

an approximate fibration over G'.

Claim : p is an approximate fibration over (intB) and dB = 0.

Again we localize that intB is an open disk containing bo = p{go) and p is an ap

proximate fibration over intB \ bo. Also assume that R : intB —^ po is a strong

deformation retraction. Take the covering q : M* p~^{intB) corresponding to

R^^iH) = H, where H = f].^j Hi with I = {i : [7ri(iV) : Hi] = 2}. For g{^ go) e G,

let i : g —>• p~^{C') be the inclusion map. Set K = {q \ Pc)#('^i(^c))

H = i#\q#{MM*))r\HiMg))) = where g*c is a compo

nent of q~^{g). The argument similar to Theorem 3.2.1 gives the following facts:

1) H (ZH = K]

2) we only need check the case oi H ̂ H-,

3) in case H ̂  H, we have Pi{Njj) = /3i{gc) = A(Po) = PiiNu) for all i, where

q: Njq N and q : —* N are the covering maps corresponding to H and H, re

spectively. But since > pj{{q)~^{K2)), we see that Pj{NH) = :

H]P,{K,) + > [n^{N) : m{K,) + pj{{q)-\K2)) = Pj{Njr), which

gives a contradiction.
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Now, we will show that dB = 0. Suppose dB ̂  0. Then there exist Oq € dB, a

neighborhood U of oq in B, and a deformation retraction R : p~^{U) —>• p~^(ao)

such that

(1) U ~ the upper half plane {(a:, y) ̂  E'^ \ y >0},

(2) A = {dB) Pi f/ is an open arc, and

(3) for all a e /? | p~^{(i) n p~^{a) —^ P'^io^o) is a homotopy equivalence.

Take the covering q : M* —> p~^{U) corresponding to R'^^{H), where H = f]^^j Hi

with I = {i : [7^i{N) : Hi] = 2}. For g E G with p{g) = b, let i : g —>■ p~^{U)

be the inclusion map. Set H = i#^(g#(7ri(M*))fji#(7ri(y))) =
and K = {q \ gc){'^\{9c))- Take the covering map q-. Npj N corresponding

to H. Then, since g* has two (or more) components, we have a d — 1 covering

map Nh —>■ N-jp ^ Nk with d > 1 and also have a degree one map —

q~^{p''^{b))c —^ (see [64, lemma 3.2] for more detail), where

q : Nh —^ N is the covering map corresponding to H. By Proposition 2.2.3, we have

that 0j{NH) > l3j{NK) = PjiNjp) > PjiNn), i.e., dANn) = Pj{Nh), But as before

we see that (3j{NH) > Pj{Njp), which gives a contradiction.

Case II: N is nonorientable.

Then M must be nonorientable [18].

Claim : p is an approximate Rbration over the mod 2 continuity set C' of p.

With the same setting of Subcase II in Case I, since is hopfian, p* is an approxi

mate fibration over so that p is.

Claim : p is an approximate fibration over (intB) and dB = 0.

The proof is just a copy of Subcase II in Case I. □
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Corollary 4.3.1. Let N = Ni^N^ be a closed n—manifold with trivial 'jri{Ni) and fi

nite or abelian 711(^2)- If ¥" 0 for some j {0 < j <n), then N is a codimension-

2 fibrator.

Corollary 4.3.2. Let N = NiffN2 be a s-hopfian closed n—m.anifold with trivial

■Ki{Ni) and hopfian 7ri(A^2)- -(f x(-^2) ^ 0, then N is a codimension-2 fibrator.

Proof. If fdj{Ni) ^ 0 for some j (0 < j < n), we are done. So assume that Pj{Ni) = 0

for all j {0 < j < n). Then since n must be even, x(A^i) = 2, so we have that x(A'') =

x{K^)+x{K2)-x{S''-') = x{Ni)-l+x{N2)-l-0 = 2-l+x(iV2)-l-0 = x{N2) ^ 0.

Consequently, we have that N is an n—manifold with hopfian and x{II) 7^ 0-

By Theorem 3.2.1, N is a codimension-2 fibrator. □

All previous results give us a complete answer to the question concerning connected

sums and codimension-2 fibrators in closed 4—manifolds.

Theorem 4.3.3. Let N = NiffN2 be a closed A—manifold with hopfian 7ri(A^i) for

i = 1,2. Then N is a codimension-2 fibrator, with only one exception RF^ffRP'^ up

to homotopy type.

Proof. First note that A is a s-hopfian manifold with hopfian 7ri(A). Due to Propo

sition 2.4.2 and Proposition 4.1.2, we only need consider the following two cases.

Case 1) ; 7ri(Ai) is trivial and 7ri(A2) is non-trivial.

Then H2{Ni) must be a free group so that P2(LIi) 7^ 0, otherwise Ni is the homotopy

sphere.

Case 2): 7ri{Ni) = Z2 for each i = 1,2.

Note that x{Ui) = 2-1- (32{Ui) > 2, where Ui is the universal covering of Ni, so that
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x{Ni) > 1, for x{Ui) = 2 x{Ni). Since iVi#iV2 9^ RP^i^RP\ N, gk RP' or N2 gk RP^.

Say N^:^RP\ Thenx(iVi) gk l (see [56]). Sox{N) ̂  xW-l + xW-l > 0. □

At this point, one may ask: What if 3i{Ni) = 0 for 0 < i < n? In other words,

given a closed n—manifold N — Ni#A^2 w-ith simply connected Ni, when for 0 < i <

n, l3i{Ni) — 0, is N a codimension-2 (orientable) fibrator?

Applying the method in the proof of Proposition 4.2.2, we have a partial answer

as follows;

Proposition 4.3.4. Let N = NiffN2 be a closed hopfian n—manifold with trivial

7ri(A''i) and hopfian 7ri(A2). Suppose that for all i {0 < i < n), f3i{Ni) = 0. If

there is a prime number e such that Hi{N2]1^e) = 0 and Hj{Ni;Xe) gk 0 for som,e

j {0 < j < n), then N is a codimension-2 orientable fibrator. Moreover, if e = 2,

then N is a codimension-2 fibrator.

37



5. MANIFOLDS WITH GEOMETRIC STRUCTURE

In this section we determine which n-manifolds {n < 4) with geometric structure are

codimension-2 fibrators. The cases of dimension 1 and 2 can be completely determined

as follows;

Dimension 1.

There is a unique geometry: that of the real Euclidean line E^. The 1-sphere is

the only closed 1-manifold, which is not a codimension-2 fibrator, for it covers itself

cyclically.

Dimension 2. There are three 2-dimensional geometries; those of the 2-sphere 5^,

the Euclidean plane and the hyperbolic plane

Closed surfaces with geometric structure of 5^ or are codimension-2 fibrators,

for those have positive or negative, respectively, Euler characteristics. And there are

only two closed surfaces with geometric structure of E^, namely the torus x 5^

and the Klein bottle K, which are the only non-codimension-2 fibrators among closed

surfaces.

5.1. 3-MANIFOLDSWITH GEOMETRIC STRUCTURE. There are eight 3-dimensional

geometries; E^, E^, 5^ x E\ x E\ SL2{R), Nil, Sol. In [20] Daver-

man determined which closed ORIENTABLE 3-manifolds with geometric structure are

codimension-2 ORIENTABLE fibrators, except spherical 3-manifold. In this section we

update his result to orientation-free version in light of Theorem 3.1.5.

A geometric 3-manifold M is a compact orientable 3-manifold such that N is either

a Haken manifold, a hyperbolic 3-manifold, a Seifert manifold, a 3-ball or a connected

sum of those 3-manifolds. A famous conjecture of Thurston is that all compact

orientable 3-manifolds are geometric 3-manifolds.
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All closed 3-manifolds with geometric structure of 51/2 (i?) are codimension-2 fibra-

tors, as they have hyperhopfian fundamental groups ([20, Lemma 5.1]). Moreover,

since all closed orientable 3-manifolds with Sol structure have hyperhopfian funda

mental group ([20, Theorem 7.2]), they are codimension-2 fibrators. And having only

four manifolds such as 5^ x 5^, 5^ x 5\ RP^ x 5^ and , all closed 3-manifolds

with geometric structure modelled on 5^ x E'^ fail to be codimension-2 fibrators.

Lemma 5.1.1. [98] Suppose that N is a geom.etric S-m.anifold which is not covered

by S^. Then any nonzero degree proper map f : N ̂  N induces an injective homo-

morphism /:^ : 7ri{N) —> 7ri(A'').

Proposition 5.1.2. Every closed orientable hyperbolic 3-manifold N is a codimension-

2 fibrator.

Proof. If N has no 2-to-l covering, being a codimension-2 orientable fibrator [20,

Theorem 3.3], A'" is a codimension-2 fibrator. Moreover if N fibers over 5\ then

7rx(A'') is hyperhopfian [20, Corollary 3.2], so that N is a codimension-2 fibrator.

Now assume that N has a 2-to-l covering and does not fiber over 5L Let p ■. M B

be an proper N-like map defined on a 5-manifold. Since Tri{N) is cohopfian [20], using

Lemma 5.1.1, we can easily see that p is an approximate fibration over the mod 2

continuity set C of p.

Claim: p is an approximate fibration over intB.

Reduce the situation so that intB = R? and p is an approximate fibration over P? \ 0.

We also may have a strong deformation R : M ^ p~^{0). We only need to check that

for any x ^ R? with x ^ 0, R\g : p~^{x) —> p~^(0) has nonzero degree.
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As before, take the covering Mh of M corresponding to = H and then

consider the following

N.K
R-

P

H

M —^

N,H

P HO)-

Note that [7ri(A^i/) : < oo, otherwise [7ri(p~^(0)) : {Roi)^{TTi{p~^{x)))] =

oo, which implies that N would fiber over S^.

Applying the method of the proof of Lemma 4.1.3, we see that R* o i* has nonzero

degree so that Roi has.

Claim: the boundary dB of B is empty.

Just mimic the proof of the above claim. □

5.2. 4-MANIFOLDS WITH GEOMETRIC STRUCTURE. The classification of 4-dimensional

geometries in the sense of Thurston was first achieved by R. Filipkiewicz [44]. It

turned out there are 19 maximal 4-dimensional geometries: and one {F'^) of them

is not realizable by any closed manifold. So we only consider following eighteen 4-

dimensional geometries:

^ Non-aspherical geometries

• Compact models: 5^, CP^ and x S^.

• Modelled on 5^ x R^ or x R: x E\ x and x E\

ASPHERICAL GEOMETRIES:

• Type A: E\ Nil\ NiP x E\ Sol^ and Solf.

• Type B: x E\ SL2{R) x E\ x E^, x and H^{C).
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Now let us determine which 4-manifolds with geometric structure are codimension-

2 fibrators. While every closed surface has a residually finite fundamental group (so

is hopfian), some closed 4-manifold may have a non-hopfian fundamental group, since

any finitely presented group can be realized by a closed orientable 4-manifold. If a

closed manifold has a non-hopfian fundamental group, we don't have any tool to show

that it is a codimension-2 fibrator. We will check whether given closed 4-manifolds

with given geometric structure have hopfian fundamental groups.

The Geometry of Compact models : 5^, CP^ and 5^x5^.

There are only eleven closed 4-manifolds of this type [56]. Having finite fundamental

group, all closed 4-manifolds with compact geometric structure are codimension-2

fibrators by Corollary 3.2.2.

The Geometry of Modelled on x R~ or x R.

• The Geometry of x

Having a finite covering x B, where P is a closed orientable hyperbolic surface

([55], [56] and [57]), closed 4-manifolds with geometric structure of 5^ x have

negative Euler characteristics and residually finite fundamental groups so that they

are codimension-2 fibrators.

• The Geometry of S'^ x E^.

Having a finite covering S'^xS^ x [56], closed 4-manifolds with geometric structure

of X E'^ have zero Euler characteristics and residually finite fundamental groups.

5^ X X is obviously not a codimension-2 fibrator by Proposition 2.5.2.

An X S^-bundle over PP^ which does not fiber over or an PP^#PP^-bundle
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over RP'^ which does not fiber over are codiniension-2 fibrators, for each have

hyperhopfian fundamental group (all possible groups are (Z2 * Z2) * (Z2 * Z2) and

(Z2 * Z2) * (Z ® Z2), Z * (Z2 * Z2), respectively [57]).

• The Geometry of x E^.

Closed 4-manifolds N with geometric structure x have a finite covering x

[56]. So x{^) — 0 7ri(-^) is residually finite. x is obviously not a

codimension-2 fibrator by Proposition 2.5.2.

The Geometry of Type A.

Every closed 4-manifold N with geometric structure of Type A has a residually finite

and x(^) = 0- Which manifolds are codimension-2 fibrators is still open.

The Geometry of Type B.

Every closed 4-manifold N with geometric structure of either x ox H'^{C)

is a codimension-2 fibrator, as x{^) > 0 [67, Lemma 1]).

In closing, we mention the following unsettled topics.

Question 1. If N and N' are closed s-hopfian manifolds, then is N x N' a closed

s-hophan manifold?

Question 2. What conditions on a closed manifold are necessary for being a

codimension-2 fibrator? What if xi^) 7^ 0? For a closed (orientable) 4-manifold

with abelian 7ri(N), N is a codimension-2 fibrator iff x{^) 7^ 07
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Question 3. Let N be a closed orientable n-manifold. If N is a codimension-2

orientable Gbrator, then is N a codimension-2 hbrator?

What if n = 3?
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