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ABSTRACT

This paper explores sets of uniqueness and multiplicity for different collec-
tions of Vilenkin series of bounded type. Many of the results are extensions of
previously known results from the dyadic setting (Walsh series) to the bounded
Vilenkin setting. In all cases, the sequence {p;} is the generatining sequence
for the Vilenkin group G, and the sequence {M,} is given by M, := 1 and

M, := p1p2 - - - pn. Five of the collections of series considered are:

n—1
1 2
= ~ LW . 1 —_ T =
C {5 E ar¥r nl_HéonkE:OWkl 0}

Mpg1—1
B={S~> avp: Y laxf*=o(1)
k=M,
] Mao
A= {5 ~ Zakwk : "'lgrolov Z ardr(z) =0 for all x € G}
" k=0

T, = {5 ~ Zakt”k : Z laclF (K)o < x} for0<a < 1.

k=10
where [k] = M, for all M, <k < M4y,

and
T} = {S € T, : 3 positive integers ng < ny < --- 3 Sp,(z) >0 for a.e. € G} .
The following inclusions are obvious:

Trfc7T,cCcCA

Also, the collections M, and U investigated in Chapters 5 and 6 are general-

izations of the collections 7, and 7, respectively.
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The main technique used in many of the proofs found herein is fundamental
real analysis - measure theory. Because every Vilenkin series has an associated
quasi-measure, the group analysis can be performed on the interval [0,1), instead
of on the group itself. Also, the orthogonality of the group of Vilenkin characters
plays a vital role in these results.

In this dissertation, it is shown that any perfect set of Haar measure zero
is a set of multiplicity for C. It is also shown that having a-capacity zero is
a necessary and sufficient condition for a set to be a set of uniqueness for the
collection 7. Chapters 5 and 6 generalize this last result: one result from
Chapter 5 actually shows that the previous theorem holds true for 7, in place
of T;; Chapter 6 introduces a generalized e-capacity, for which it is shown that
a set of e-capacity zero is a set of uniqueness for /4. Finally, it is shown that
the small collection B has a large number of sets of uniqueness, but that there

does exist a set of multiplicity for B which has Haar measure zero.



PREFACE

Harmonic analysis on the dyadic group has been intensely researched for the
greater part of the twenticth century. J.L. Walsh’s 1923 paper on a complete
orthonormal system of functions (later named the Walsh system) set the stage
for this type of analysis, hut the connection with group theory was not vet
recognized. Independently, N. Ya. Vilenkin (in 1947) and N. J. Fine (in 1949),
realized that the Walsh functions were characters for the dyadic group. In his
paper, Vilenkin took this idea one (very great) step further, realizing that the
dyadic group was a prototype for all infinite, totally disconnected, metrizable,
compact abelian groups, and Walsh series were a model for harmonic analysis
of these groups. Such groups, now known as a Vilenkin groups, are the subject
of this dissertation.

Over the past thirty years, one of the most prolific researchers in the area
of dyadic harmonic analysis has been William R. Wade. Some of his results
have dealt with sets of uniqueness for the collection of Walsh scries. many times
corresponding with the classical theory. and sometimes going completely against
it. Beginning in the carly 1980°s. Kaoru Yoneda began looking at these sets of
uniqueness on certain collections of Walsh series having differcut growth condi-
tions, and also produced a number of results. Some of this work has already
been generalized to the Vilenkin group situation (see Grubb), and even further
(to certain topological spaces without a group structure). Nevertheless, there
are many unsolved problems about uniqueness on Vilenkin groups.

In this dissertation, we shall continue the trend of using work done on the
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dyadic group to spark ideas about what might be happening in the more general
Vilenkin setting. We will look at a couple of classes of Vilenkin series with
differing growth conditions (on the coefficients) and find sets of uniqueness for
each one of these classes. It will then be shown that the smallest class of series
we examine is not trivially small; i.e. there exists a set of multiplicity for the
class which is of (Haar) measure zero. Using some ideas from probability theory
to initiate a study of the capacity of sets will lead to results about sets of a
certain capacity qualifying as sets of uniqueness. The results not only borrow
from probability theory, but also demonstrate techniques from many branches
of analysis, including measure-theory and the theory of analysis on (compact)
groups. Some of these concepts, especially the idea of quasi-measures (see next
chapter) are extremely useful. and should prove applicable to other areas of

analysis.
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CHAPTER 1 : BACKGROUND

A compact abelian group is an abelian (commutative) group (G, +) together
with a topology 7 such that (G, 7) is a compact Hausdorff space with continuous
group operations (i.e. the maps (z,y) — = + y and £ — —=z are continuous
maps). A Vilenkin group is a compact abelian group which is infinite, totally
disconnected, and metrizable. The class of Vilenkin groups which shall be given
the attention of this dissertation, the multiplicative Vilenkin groups, can be
generated in the following way.

Let {pi} be any (infinite) sequence of positive integers with pr > 2 for all k.

Recall that the cyclic group of order {pi} is simply
pr- = {0,1,...,pk — 1}

The multiplicative Vilenkin group generated by the sequence {pi} is defined to
be the direct product over k of the groups Z,,. The topology on G is given
by the product topology, generated by the discrete topologies on each of the
Zp,’s. By Tychonoff’s theorem, G is indeed compact. These Vilenkin groups
are generalizations of p-groups ; i.e. groups which are the direct product of an
infinite number of cyclic groups of order p. The most basic of all of these groups
is the Dyadic group, which is the p-group with p = 2.

If the sequence {p;} is bounded as k — oo, we call G a bounded multiplicative
Vilenkin group . Otherwise. the group is said to be of unbounded type . It
will be the bounded case which will be of main interest here, for these bounded
groups act similarly to the p-groups. (and thus. to the dyadic group). Many

classical results have analogues in the dyadic case, and hence in the bounded



multiplicative Vilenkin case. The unbounded case , however, can be completely
different. Some classical theorems which have been proven in the dyadic, p-adic,
and bounded Vilenkin cases have been shown felse in the unbounded case (see
Wade [21]).

From the description above, it is clear that the elements of any multiplicative
Vilenkin group G are exactly those sequences (zo,Z1,...) whose coordinates
satisfy 0 < z; < pi, where z; are integers. In particular, the dyadic group can
be thought of as sequences in which every z is either 0 or 1.

Addition on the group G is done coordinate-wise, modulo the appropriate p;
of course, and is represented with the symbol +. (The symbol — shall be used
to represent ‘subtraction ', i.e. addition with the additive inverse.) Thus, the

sum of two elements z,y € G is given by
z+y=((zo+yo) mod po,(z; +y;)mod py,...).

Clearly, under this definition. the additive identity for the group is 0 = (0,0, ... ).
Let e, represent the element of G having all zeroes as coordinates, except for a 1
in the &' position. It is then possible to write any clement + € G as au infinite

sum:
)
= E TrCf.
k=0

Intervals for the group are defined as
I(z)={yeG:ap =y forall k=0,1,....n—1}.

These intervals form a base for the product topology G and are sets which are
both open and closed in G.
Recall that when dealing with any group, it is also appropriate to talk about

its dual group G. The elements of G. called characters of G. are exactly the



complex-valued continuous homomorphisms ¥ from G to the circle group T. In

other words |¢(z)| = 1 for every element z € G and, for every z,y € G,

v(z +y) = ¥(z)b(y),

with multiplication defined on the circle group T.

From the general theory of locally compact abelian groups (Rudin 1967), there
are a couple of important facts that should be noted about the dual group G
and its characters ©. First. since G is compact and metrizable, it is known that
G is countable (ibid p. 38). Also, G adits a unique (up to constant multiples)
Haar measure (1bid. p. 1). aud since G is compact, it is customary to define the
Haar measure on G as the only Haar measure u such that u(G) = 1. (Recall: a
Haar measure is a translation invariant o-finite Borel measure.) Finally, the set
of characters of G are such that, for any ¢, ¢ € G

1 ; if v=2¢

/ Y(z)o(x)du(z) = { .
G 0 ;. otherwise

In other words, the characters of G form an orthogonal set in G (ibid. p. 10).
The fact that the character group of G is countable leads to the question of an
ordering on G. Vilenkin (1947) came up with a usable ordering of the characters
which has allowed much of this analysis to take place. His ordering is analogous
to Paley’s ordering of the Walsh system on the dvadic group (Wade {21]). Using
a similar approach of defining Rademaclier functions on the generators of G
(Schipp, Wade. Simon p.1). Vileukin used the well-known fact that any positive

integer n has a unique decomposition of the form
o0

n=Y ni(M)™
k=0

where My := 1 and My, := p;p; - - - p;. for each positive integer k, and where each

n 1s an integer satisfying 0 < ny < pi. Using this representation for n, Vilenkin



defined the characters ¢, from G to T by

, bad 2mizgng
(1) Yo(z) = I l exp (——L k)
k=0 Pk

where zj is the k'*-coordinate of z € G.

Is it difficult to do much analysis on this abstract group structure? Well,
it just so happens that any metrizable compact abelian group (and hence, any
Vilenkin group) can be identified with the interval [0,1) (Freudenthal 1938).
Thus, the study of Vilenkin series on G is closely related to the study of or-
thonormal systems on [0.1), and thus the Lebesgue integral can be used to
perform calculations, instead of the Haar integral. This identification between
G and [0,1) is a natural one. The map to use is a generalization of Fine's
map (Fine 1949), which he originally used to map the dyadic group to the unit
interval.

Let z = (zo,z1,...) be an element of G, the Vilenkin group generated by the

series {pi}. Define the map ¢ : G — [0,1) by

This map is continuous and onto, and 1-1, except at the My-adic rational num-
bers. These numbers have more than one possible expansion: one ending in
zeroes and (at least) one other ending with some positive integer repeating. Re-
strict the map > to act on G minus the set of Afi-adic rationals which do not end
in zeroes: v is now 1-1. Thus. the inverse of £ also exists. and is onto the group
G, minus the aforementioned set. With this slight perturbation, therefore, »
gives an easy way to ‘jump back and forth’ between the group and the interval

while preserving many desired properties.



Given any function f € L'(G), define the Vilenkin-Fourier (or V-F) coeffi-

cients of f as

f(k):: / fle)e(z)du(r) for all k€ N
JG

where v 1s defined by the Vilenkin ordering found in (1) and u i1s the Haar

measure on G. Likewise, define the V-F series of f as

Sf(z):=" f(k)gr(z) forall z€G.

k=0
All the questions previously asked about classical Fourier series can be asked of
their Vilenkin counterparts. The answers match up, sometimes. but many times
there are significant differences.

The main question that will be addressed in the following chapters concerns
the uniqueness of a Vilenkin series; i.e. if a series S(z) converges to an integrable
function f, is S the V-F series of f? The form of this question dealt with in this
dissertation is, if a series S converges (in an “appropriate” way) to an f € L1(G)
off some small set, is S the V-F series of f? Specifically. the question is: “which
sets satisfy the following condition: given a collection A of Vilenkin series, a
set £ C G is called a set of wniqueness for A if the only scries S € A whose
M}*-partial sums converge pointwise to zero off of E is the zero series? ”

In other words, E is a set of uniqueness for A if whenever

lim Sy, (z)=0 foral z¢ E

n—00
and S € A4, then S(z) = 0. A set E which is not a set of uniqueness is called a
set of multiplicity .

Clearly, the answer to this question depends on the collection A. If the
collection A is the entire collection of all Vilenkin series, then F is called a U-
set (correspondingly, an M-set ), corresponding with the definition used in the

classical theory. (i.e. harmonic analysis on the real line.)



Note 1: Since Mfl Yr(z) > 0 asn — oo for all 2 € G except z = 0,
but D(z Z Yr(z) is not the zero series, it is clear that the only U-set for
the entire collectxon of Vilenkin series is the empty set. Thus, the rest of this
dissertation will deal with smaller collections of Vilenkin series, and will establish
criteria for a set to be a set of uniqueness (or multiplicity) for the given collection
of series. It will be shown that if the collection is small enough, there are plenty
of uncountable sets of uniqueness.

Note 2: Clearly, this definition for set of uniqueness is sufficient to answer the
question of uniqueness posed in the previous paragraph. Suppose E is a U-set.
Let S(z) be a Vilenkin series, and suppose that S(z) converges to an integrable
function f off the set E. Then, the series S(z) — Sf(x) converges to zero off
the set E, where S f(z) represents the Vilenkin-Fourier series of the function f.
Since E is a U-set, the series S(z) — Sf(x) is the zero series, implying that S(x)
1s the Vilenkin-Fourier series of f.

This chapter concludes with a list of definitions and notation used in the rest

of the dissertation. Represent an M, -adic interval in the group G by I(j, M,,),

where
r € I(3. M) if and only if Z Uk.,.l = 7\;,71,
where j = 0,1...., M, — 1. The A{,-adic interval containing = will be denoted

by In, (z). By convention, 1(0,0) = G.

One of the techniques used throughout this paper will be to look at Vilenkin
series in a different light - particularly, a measure-theoretic one. To this end,
define a function mg, where S is any Vilenkin series S(z) = § arYr(z), to be
the real-valued function defined on the M ,-adic intervals as ft)Tl(;;ws:

N

(2) = ]\}Enoo/z:akwk(x



where the dz, of course, represents the Haar measure on G.

It is clear that the limit in (2) exists and is finite because the sum is finite.
Indeed, for large enough values of k, the characters ;. alternate values when
evaluated over a particular interval I C G (see Simon, Wade, Schipp p. 1-2).
Since this alternation is sequential through the appropriate roots of unity, and
the sum of all the roots of unity for any particular radix is zero, it is clear that,

for any interval I C G,
/ Ya(z)dz = 0
I

for large enough values of k. In other words, for any z € G, there exists an
N € N (depending on z and n) large enough so that f/,\,,,(z) Yi(a)dr = 0,
for all k¥ > N. Thus. by switching the sum and the integration i the above
definition (since the sum is finite for any ). it is easy to sec that for all € G,

A, —1
1 n
ms(In, (1)) = 57 D axv(z).
T k=0

The formula above clearly shows that the function mg is finitely-subadditive
and will henceforth be refered to as a quasi-measure.

It 1s important to realize that the map S —— myg gives a 1-1 correspondence
between the entire collection of Vilenkin series and the set of all quasi-measures
on G. This fact will be proven in Proposition 2.4. This proposition will also show
that the coefficients of any Vilenkin series S can be defined by integration of the

Vilenkin characters against the appropriate quasi-measure. In other words,

ak=/¢k(ar)dms(x)’
G

where dmg(r) i1s defined by the formula [/ ding(r) = mg(I). (Recall that each
Y 1s constant on the My — adic mrervals.) Conversely. given any quasi-ieasure
m on G, the numbers

by = /G ¢k($)dm($)

7



define a Vilenkin series T, where

This series is such that m = m7. This one to one correspondence shows that
the study of quasi-measures is equivalent to the study of Vilenkin series. This
approach will be used throughout this dissertation.

There are other technicalities and definitions which will be used in one or
more of the remaining sections of this paper. However, they will be introduced as
needed, so as to proceed with the results. The next chapter contains preliminary
results needed for the other chapters, each of which contains generalizations of

results by one of the aforementioned authors.
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CHAPTER 2 : PRELIMINARIES

Before proceeding with the uniqueness results, it is necessary to extend earlier

work done by Fine (1957) and other technical results known in the Dyadic case
o0

to the bounded Vilenkin case. Recall that a character series S(r) = > arr(z)
k=0
is called a Stieltjes series on G if there exists a measure e such that. for all &

ak:=~/.izdnm
G

The result of Fine’s being extended will show a precise way to tell whether or not

oo
a series S(z) = Y ax¢i(7) has a desired growth condition on the coefficients.
k=0
n—1
namely — Z a2 — 0 as n — oco. Recall that a measure m is called non-atomnic
n

k=0
if m({z}) = 0 for any singleton point z.

o0

Definition. Given a Vilenkin series S(z) = Y axyix(z), define the Cesdro
k=0
means of S as
n=1
oplr) = Z (1 - ;) aper(r).
k=0
Proposition 2.1. If S{(x) = ) agvylr). then S(r) is a Vilenkin-Fourier-
k=0

Stieljtes series for some non — atomic measure mn if and only if:
(i) / lonldz = O(1) asn — oo
G

and

n—1

) 1 ,
(i1) Ekz_oak — 0.



A couple of technical lemmas will be needed in order to prove this, the first
of which gives a necessary and sufficient condition on the Césaro means of a
series which guarantees that the series is a Vilenkin-Fourier-Stieltjes series. The
second lemma shows that the limit of the averages of the n'* partial sums of
a Vilenkin-Fourier-Stieltjes series S(z) are equal to the value of the associated

measure m evaluated at the point z.

o0

Lemma 2.2. A necessary and sufficient condition for S(z) = )_ axyi(z) to be
k=0
a Vilenkin-Fourier-Stieltjes series is
/ loplde = O(1) asn — .
JG
Proof of Lemma 2.2. Necessity. If S(a Z arug(e) is a Vilenkin-Fourier-

Stieltjes series, then there exists a Borel measure m (finite, since G is compact)

such that a; = [¥(t)dm(¢) for all k. Thus, by the character properties of ¥y,
G

n-—-1
on(z) = (1 - £> arr(z)
0

/ > (1 - %) Yr(z) v (t)dm(t)

k=
n—
where — is subtraction on the group G. Using Fubini’s Theorem, it is clear that

(1) /;o,, Jdr < / /G 'y ]<1_—)wk(1»;t)

Thus, it remains only to show that the double integral in (1) is bounded by a

P

Q
—_— O

(1 - %) Yz —t)dm(t)

(=)

da|dm(t)].

constant to show necessity.
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Recall that the Haar measure on G is a translation invariant measure, and
thus ¥(z—t) can be rewritten as ¥g(z), using a change of variables, without
changing the dz. Hence, the integrand in the inside integral is nothing more

than the (Vilenkin-) Fejér kernel.

/ lon(z)|dz </

However, by a result of Yano’s (generalized by Pal and Simon to bounded

z)|dz|dm(?)]

Vilenkin systems), the L!'-norm of K,(z) = 1. Hence, by the fact that G is
compact,
/ / | Kp(z)|dz|dm(t)] = Im(G)| = C < =
GJG
and the result is obvious.

Sufficiency. Assume that [, |on| = O(1) as n — oo holds. Let C(G) be the
space of all continuous funtions on G with supremum norm. Define functionals
A, on C(G) by

(Ao f)lr) = /( o) fla)di.
Clearly, for each 7, A, is a linear functional. By the condition ou |, |o,|. the
sequence {A,} is also uniformly norm bounded. Thus, since C(G) is separable
for any bounded Vilekin group G, Thm 11.29 of Rudin (Real and Complex

Analysis) shows that there exists a subsequence of functionals {An; } such that
A, () = A(f) forall feC(G).

where A is linear and bounded in norm by sup, ||A.||. Thus, the Riesz Rep-

resentation Theorem guarantees the existence of a unique finite regular Borel

measure m on G such that A(f) = [ fdm for every f € C(G). Hence, it is easy
G

to see that as j — oo,

/ o, V(e — / fle)dm(.a)
JG JG

11




Substituting f = ¥, into the formula above yields

/ Yk dm = lim anj(x)z/)k(x)dx

~ i /G ez (1_ —> asthe(x)Br(2)de

=}i_f202<1—7)a'~/“’f &
=0 J

5
(by orthogonality ) = limn (1 - —) y

J—o ILJ
= Q.
o0
Hence, S(z) = Y axvk(z) is a Vilenkin-Fourier-Stieltjes series. 0O Lemma 1.
k=0

>0

Lemma 2.3. If S(z) = Y ay¢i(x) is a Vilenkin-Fourler-Stieltjes series with
k=0

associated measure m, then for every z € G

n—1
1
lim —
Dim = abi(z) = m({z}).
k=0
Proof of Lemma 2.5. Because S(z) is a Vilenkin-Fourier-Stieltjes series, it is

clear that

- n—1 .
Z aroi(r Z/ erlD el x)dmi1)
k=0 k=0 4

n—1

/Zw Joi(t)dm(t
G

To get a handle on the partial sums, it is necessary only to look at the integral

of the Vilenkin-Dirichlet kernel

Da(zt)= 3 bul()Tal0)
k=0

12



First, examine the case £ = t. By the character properties of 1y, it is clear that

If z # t, the only fact needed is that the Haar measure dz is translation-invariant.
n—1
/ Dn(z=t)dz =Y / Wi (z)r(t)dz
G k=0 G

n-1
k=0 G
n=1

S
J G

k=0
= 1.

since [, i(z)dz =0 for all k # 0.
Because (1)D,(z +t) is bounded by 1 for all n, and equals 1 when t = z,

the Lebesgue Dominated Convergence Theorem shows

lim Sn(e) = lim P-—T'—(—J-r——-*:—t—)dm(t)
n—co n G n—o° 7
:/ 1dm(t)
z}
= m({z}). O Lemma 2.

It is now possible to proceed with the proof of the extension of Fine’s result
dealing with the coefficicnts of a Vilenkin-Fourier-Stieltjes series associated with

a non-atomic measure.

Proof of Proposition 2.1. By Lemma 2.2, condition (¢) of the proposition is

equivalent to S being a Stieljtes series of some measure m. Thus, for each k,

Salz) < é’

n

it is clear that Jai| < [|¢k|ldm| = |m|(G) = C < oo implies that
G

13



also. Hence, applying the Lebesgue Dominated Convergence Theorem along

with Lemma 2.3 shows

lim/ S"(I)dm(a)z/ m({r})dm(z
n—ox J 7 -

-Zm ({z})

z€G

Notice that because m(G) is finite and G is infinite (and totally disconnected),
the above sum has at most countable-many non-zero terms. It remains only to
establish a relationship between the above sum and condition (7z) to complete

the proof.

-—0o0

Claim. [ -“@dm(x) = Nlim 1 [ Su(z)on(z)dz for each n € N.
G G
2

Proof of Claim. First, Lemma 2.2 implies that S is a Vilenkin-Fourier-Stieltjes

series if and only if the Ce$aro sums are uniformly bounded in L'-norm. Hence,

by using the definition of the op’s,

1 S (x
Iim - / Salz)on(2)dr = i / ()
N—oon Jg N S "

(by S a V-F-Stieltjes series) = lim Sulz) Z (1 %)/ Wi (t dm(t)wk(:c)dx
1

1 - %) apvpla)dr

T Sa(z) k .
{by Fubini) = Nh_rg(} // " ; (1 - N) Yr(z—t)dzdm(t)
N-1
(by translation-invariance of dz) = lim // Sn(2) (1 - i) U (x)dzdm(t)
N—oo G n k=0 N
1 n—1 N -
(2) = Jm * [ > et ; (1- ) wit@izamis

Now, because N is going to infinity, for any positive integer n, the integer N
will eventually be larger than n. Thus, the sum over k above can be broken (for

N > n), with (2) becoming

n—1 (n-1 N-1 .
(3) j\}l_r_noo%/(JZ{Z-i-Z}( _/i,)af (/Gw( (T )d1> dm(t)

k=0 k=n




Further examining the second piece of the sum over k in (3) yields

NZ—I (1 - 7]\}) / Yr(z)dz =0,

k=n

because fG Yr(z)dzr = 0 for all £ # 0. Thus. the final equation in (3) reduces to

. n—=1n-1 A
lim l/GSn(:c)aN(:c)da: = Jim l/G >3 (1 - -]%) as (/G w((:c)wk(z:)dx> dm(t).

£€=0 k=0

Use the orthogonality of the characters ¥ to get

n—1
k
lim —/ Sn(z)on(z)dz = Nh_x_noo—rlz/cz <1———]—V—) aryr(x)dm(t)

N—ocon
. Sa(x)
= lim
N—o0 G n

_Sn(x) m(z arm
/G - dm(z) O Claim.

Use the claim, the definition of the Césaro means (the o,’s), Fubini, and
the fact that S is a Vilenkin-Fourier-Stieltjes series to rearrange the n'* partial

sSuIns.

C Snls . .
/ (r)dm(r) = lim l/ Sylx)on{a)dz
G T N—wx 1 Jo

1 N—1 .
Jim 23 (1= 2 )0, [ sutorwserde
RS Sy oty

j 0
1 N-—-1 _7
/Vli]}\“ - ]‘ZU (l - T) /G Sn(z)Y;(t—z)dzdm(t).

2|

<|b

Haar measure’s translation invariance once again allows for a change of variables.

ngnoo; Z(l - —)// Sn(z); (t—2)dzdm(t)

15



= llm - Z(l - —)// Sa ( 1:)’([)1(1‘ dzdm(t).

Do the same type of mampula'mon as before to account for the S,(z).

Nli_r’noo ; 1 - = // Sa( a:)wj z)dzdm(t)
] =l ; -
= Jim 1 Z (-4 [[ 5 evvnte5mante
7j=0 k=0
1

. 1 n—-1N-1 ) - —
=dm 23 Y 0-3) ][ 5 @am@setab@izan)

Use Fubini once again to get

n-— 1/\—1

1
= |lin - /// L/(ILJI(/J L,()r/m Hydm(1).
N—uxn -

(Recall that m(G) =1 for any m € M(G)).

' 1 n—1
Clearly, as N — oo, this last sum converges to — Z a3. Therefore, the first
n

k=0
statements along with this latest computation give the following relationship.

1 2
- g a; = E m?*({z})
n
€@
It is clear from this relationship that. m is a non-atomic measure if and only if
n—1

, e
L5 a2 —0asn — . The proposition is proven. g
" k=0

A second result which will be used throughout this dissertation is one that
shows a relationship between the collection of all Vilenkin series and the quasi-

measures, introduced in Chapter 1. As it turns out, there is a one to one

16



correspondence between the Vilenkin series and these quasi-measures. Let ¢°
represent the space of all infinite sequences. (i.e. @ € ° is a = (ag.ay,...),
where a; is a number, in this case, corresponding to a coefficient of a Vilenkin

series. )

Proposition 2.4. Let QM(G) represent the set of all quasi-measures on the
group G. For v € QM(G), define the series Sv as

Su(z) =3 o(k)u(z),

k=0

where 17(?) = [ ¥x(z)dv(z). Then, the map from QM(G) to £° given by

1s one to one, onto. and lincar: ie. given any Vilenkin series S, there exists a
ms € QM(G) such that

e ——

ms(k) = ar and Sy, (v) = Muyms(Ipy, (z)).

Proof. Let S,v denote the n'*-partial sum of the series Sv. Recall that the

n**_order Vilenkin-Dirichlet kernel of a series S is defined to be
n—1
Do(z):= ) wi(a).
k=0

Therefore, for any positive integer n,




The Paley Lemma, originally done for series on the Dyadic group (Wade, Schipp,
and Simon p.7) and extended to Vilenkin groups by Vilenkin (1947), states

M, ;ifze€ Iy (0)
DM,,(JC)={

0 . otherwise.

Thus, the above calculations together with the extension of the Paley Lemma

show

Smviz)=Muv(Ipy, (z))

for every z € G, implying (*) is 1-1 and linear.
To show that () is onto, let (a,) be any sequence of numbers. Define the

series S on G by
5(1) = Z akwk(;r).
k=0

The M!* partial sums of the Vilenkin series S are the Vilenkin polynomials
M, -1

Sm.(z) = ) aryr(z). Define a set function v on the algebra generated by
k=0

the M,-adic intervals of G by

v(I):= lim /S/wn(.r)d:c.
/

n—oo

This limit exists because {/ cplayde = 0 for all A > AL, . where M, is given by
1

I = .

iz M,
Thus, if M, is as above, it is clear that

v(I) = /S'Mno(:c)dx,
i

implying that v(k) = a4 for all k, and v € QM(G). O

The final of these preliminary results is a fundamental lemma which is needed

for many of the theorems found in the remaining chapters. This lemma shows

18



a relationship between the coefficients of a Vilenkin series and its related quasi-
measure. This lemma is a very technical result, and requires a good deal of
computation. However, the real machinery behind the proof is simply the or-
thogonality of the characters of G and the simple fact that the sum of the nt?

roots of unity is zero for any positive integer n > 2. A definition is required

before stating the lemma.

Definition 2.5. For any quasi-measure m on G, define the unitary difference

of m for an interval I(j, M,) as

p"+1_1 2xia
Ar(I(j, M) i= > eP i m(I(jpnsr + o Mnsr)).
a=0

Lemma 2.6. Let S{x

Z Ay

the quasi-measure assoczated WJth S. Then,

) be a Vilenkin series, and let mg denote

M,41-1 M, -1

Yol = Mo D |Ams(I(5, M)

k=M, 7=0

(4)

for all positive integers n.

Proof of 2.6. The following calculation uses simple finite sum manipulations
along with the homomorphism properties of the ¥, ’s.

My =1
Mn Y [Ams(I(n)f

7=0
Mp =1 |Prutr—] . Mygr1-1 . 2
2miax 1 JPn+1 + O
S (222) o
Z% (;) Prn+1 /) Mg ,; My 4
My —=1|Myp—1 Pn4l=— , 2
1 JPn+1 2Tl o
Y2 > avwn < s exp Yk
n+1Pn+l g o Mn 4 = Pntl My
1 Mpy—1|Mpyp1-1 ip Png1—1 Imic o 2
(5) =—-—-— apwr (—-—n+1 eXP( ) Yy, ( )
My p1pnt1 J_z_:o k:ZM,, M1 05::0 P+t Mni




The last equality holds because of the following: each vy is piece-wise constant
on the appropriate intervals of G, and all v, = 1 on the first appropriate interval.

Specifically, 1, =1 on Ip (0). Thus, for A < M, and a =0,1,...,p,4, — 1, it

holds that
, ( o )

Thus, since the sum of the pt" *.1 roots of unity always equals zero, the sum in
(5) clearly holds.
Since 1 (M:+1) = exp (%‘—') for all M,, < k¥ < M,4+, and for every

"
=

a=0,1,...,pp+1 — 1, (5) reduces even further.

1 M, -1 Mn+1 Jp 2
6= 30 2 | L e (222
Mn i=0 |k=M, Mn 41
) My —1 | My 41 j 2
= IEDY “W’k<v>
i J=U  |k=A1, i
| My =i Mg =10 M - —J_
=S 5SS wme () ()
My, J=0  ke=at,  r=al. V. M,
1 Mn+l_11‘11)+1_1 My -1 ] ——]_
0 = Y Y wm Y wk(—) v (52).
Mn k=M, (=M, j=0 Mn M,

This last sum looks closely related to the orthogonality condition of the ¥y’s,

namely
1 k=4

/wk(l')?,./7g(;r)dm =
¢ 0 ; otherwise.

However, it turns out that the condition above is exactly this orthogonality

condition. As was stated earlier, each of the y;’s are constant on the appropriate

In,’s. Thus,
M,-1 __/—
M Z vk (/\_f,,>“‘ <T> =/ elrvelv)dr.

and (6) yields the desired result.
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1 Mni1-1Mnpq1-1 Mnp-—1 j —‘——'J—'—
e x wmy w()u(E)
Mn, k=M, t=M-, j=0 M'n. Mn
= - Z arar My
Mn k=Mp
Mn+l‘_1
2
= > al®
k=AM,
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CHAPTER 3 : SETS OF MULTIPLICITY
FOR THE COLLECTION ¢C

Recall that a perfect set is a closed set with no isolated points. In the dyadic
case, Shneider (1949) proved that the Cantor middle-halves set is a U-set for the
Walsh series, using convergence of the n-partial sums instead of the 2™-partial
sums. Thus, not every perfect set of Haar measure zero is an M-set (a set of
multiplicity for the collection of all bounded Vilenkin series). The purpose of
this chapter is to show that if a strong enough growth condition is imposed on
the coefficients, then every perfect set of (Haar) measure zero in G is a set of
multiplicity. This result is an extension of Yoneda’s work (1983) to the bounded
Vilenkin case, and uses the M,-partial sums, a weaker condition than that of
Shneider. Thus, it shall be shown that all perfect sets of Haar measure zero are

sets of multiplicity for the given set of Vilenkin character series.

Theorem 3.1. Let G be a Vilenkin group of bounded type. If F is a perfect

set of Haar measure zero in G, then E is a set of multiplicity for the collection

o0 1 n—1

C=4¢S~ o lm — 2 = .
{ Z arYr(z) nh—vnolo - Z |ak] 0}

k=0 k=0
Proof. Let En = Urngg I(4,7) for all n=0,1,... Clearly, E = (5o, En.
Define N,(j) to be the number of £ satisfying

I(k, Mo) N 1(i, Ma) N E £

forall n=0,1,... ;7=0,1,...,M,—1;and k=0,1,...,M,4; — 1. Define

the measure mgs on G to be mg(G) = 1, and for every £ =0,1,...,p, — 1, such
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that I(pn + £, Myu41) N E # 0, define

mS(I(pn‘*'& Mn+1)) = mS(I(]aMn))

1
Define mg(I) = 0 otherwise. Clearly, mg is a positive Borel measure on G
which is 0 off E, and thus the associated Vilenkin series S(z) is a non-zero series
which 1s zero off the set E. Since E is a perfect set, every z € E is such that
Iy, (z) N E always contains (at least) 2 points of E for any positive integer n.

(This is because z cannot be an isolated point.) Hence, for large enough n,

ms(IMn+l(x))§ ms(IMn(I)) forall z € E.

o] =

Therefore, it is clear that lim mg(Iy, (z)) = 0 for all z € E. It is, however,
also clear by definition that ms(Ip, (z)) = 0 for all z ¢ E for large enough n.
Thus,

M,-1
1
ms(Im,(2)) = 11 Y axtr(z)=0 forall z¢ E
" k=0

for large enough n. E is therefore a set of multiplicity for C if the chosen S(z)
is in C. Clearly. by the above. for any .« not in E.

My, =1

1 ‘ :
lim -m };} arp(r) = nlgr;o ms(Ip,(z)) =0

and thus
lim mg(Iy, (z))=0 forall z€G.

n—oo

Hence, mg 1s a non-atomic measure and by Proposition 2.1, Se€ C. O
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CHAPTER 4 : THE COLLECTION 77}

This chapter makes a connection between the uniqueness question and the
capacity of sets (a gauge of the size of sets which is more delicate than Lebesgue
(or Haar) measure). Our theorems extend previous results done on the dyadic
group to the more general setting of (bounded) Vilenkin groups. The collection
of series for this chapter is slightly smaller than that of the previous chapter,
so we shall concentrate on finding sets of uniqueness for this smaller collection.
(Note that if a collection A C B, then a set of multiplicity for A is also one
for B.) Beginning with a characterization of the capacities of sets modeled after
the paper of L.H. Harper (1966), the framework will be put in place in order
to proceed with the uniqueness question. This question was first addressed by
Wade (1975) (while working on a problem suggested by V.L. Shapiro in 1964)
and further generalized by Yoneda (1983 and 1988). Yoneda’'s generalizations
will be further addressed in Chapters 5 and 6.

Let E be a (closed) subset of G. Let M(E) represent the set of all non-
negative, Borel measures of norm 1 on G supported on E. For any v € M(E)
and 0 < a < 1, define the energy integral (or potential function ), which was

first used in probability theory, as

1) =[] @ule - v)an()in)

where ®,(z) = |z|~*. Clearly, this function is non-negative, and thus the inte-
gral always exists, although it may equal infinity. This integral is used to define

what is meant by the capacity of a set.
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For fixed a, 0 < « < 1, the a-capacity of a set E is defined to be the number
C, where

and V =inf, I(v). If V = oo (i.e. I(v) is infinite for every v € M(E)), then E
is said to be of a-capacity zero .

There is a large amount of material available on a-capacity as defined above,
but the kernel @, is unsuitable for analysis on totally disconnected groups. Thus,
the first step is to change the kernel &, to something which works better for the
totally disconnected group G. without changing the concept of a-capacity zero.

For 2 € G. define {x} = ﬁ where n 1s the number of components of z
before the first non-zero component (i.e. z = (21,22,...): 21 = --- =z, = 0,
but z,4; # 0). For convenience, define {0} = 0. Clearly, then, a new kernel,

defined as:
Ku(z) = {z}™°

1s a non-negative function which is continuous everywhere (except at 0). (Conti-
nuity stems from the fact that + — {z} is a continuous function from G — [0, 1],
since the inverse image of {z} under this map is the set G, = {x € G : 1; =
- =z, = 0}, which is a basic open neighborhood in the Vilenkin system.)
Note: the author toyed with the idea of defining {z} = fﬁﬁn—‘, since the kernel
above will still yield the same sets of capacity zero as the original ®, with this
definition of {z}. However, the calculations proved more difficult. One nay want
to define the kernel this way in order to gain better approximations or possibly
even to aid in extending the ideas which follow to the unbounded Vilenkin case.
Ko(z) clearly has all of the desired properties of the original kernel; it remains
only then to show that both kernels define the same sets of a-capacity zero. To

that end, first observe that, since zx =0 forall k¥ =1,2,... n, it is possible
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to rewrite

n+1

Prn+1 Lk
r} = —
{ } Tn41 ; M
if {} = g~ Also, recall that the distance between any two points 2,y € G is
given by
oo
Z |2k — y&|
M

k=1 k=1 k=n+1
o0
- xk+1{ )+ Z k
Pn+1 k=n+1

> o)
Because the infinite sum ) 41~ converges, the following claim makes sense.
~=1

Claim 1.

Proof of Claim 1. This is a simple calculation. Recall that z, < pi for any k.
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Therefore,

(o] oo
Tk Pk+1
(Ma) D —= <(Ma) D -
k=n+2 My k=n+1 My
_ i M,
k=n+1 A{[k

k n+1pn+1"'pk

1
Pnt1-""Pj+n

e

-
Il
—

1
2G+m)—(n+1)

2,

~
ﬂ‘

O Claiml1.

I
(78
()
e
i
I
[S)

<
I
—

Hence,

P+
< 3{«}

From the definitions, it is easy to see that for arbitrary z, {z} < |z/, and thus

the following comparison of the two kernels clearly holds.

(bo:(x) < 30]‘-0(1:) < 301(1)&(33)

for any « between 0 and 1. This demonstrates that E is a set of a-capacity zero

for K, if and only if it is one for &,.

Why go to such trouble to changing the kernel from ®, to K,? The main

reason at this point is that the Vilenkin-Fourier coefficients for K, () are much
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easier to calculate than for ®,(z). Begin by defining sets G, := I,,(0) forn > 1.
It is clear that G, is the set

Gp={z€eG:zy="=12,=0}

For convenience, define Go = {z € G : z; # 0}.

Because the Vilenkin system is more complicated than the Walsh system, it
1s necessary to further break apart these basic sets into simpler subsets G, ; =
{z € Gpn: Tpy1 =j}. Clearly. the G, ;s are disjoint, and | JG, ; = G, for each
n. Thus, using these ideas, it is again possible to rewrite]{:r} In a convenient
way.

Note: Gpno = Gn41. Therefore, in the discussion that follows, the case j = 0

will often be omitted in the n'* case, as it falls under the general (n + 1)* case.

Claim 2. If {z} = ML,,’ the following conditions hold:

(1) (x+5k’j)¢Gk_1,]— forall k=1,2,....n; 7=1,2,...,pr =1

(2) (246" ) € Grirzny, i (24 6"17) ¢ Gy forall j # Tog

and
(3) (z + 657) ¢ Gy, forall k>nu+1:;=1.2.... e — 1
where §57 = (51k"’. O}f"’, ... ). with cach component defined as

s _ pr—J; 1=k
’ 0 : i#k

Proof of Clazm 2. (1) will be shown using an inductive argument, with induction

on k, while (2) and (3) are shown at each k-level. All three results will be obvious
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for any appropriate choice of j (for a particular k), since the number of choices

for j is finite (recall that G is a bounded Vilenkin group).

Let £ = 1 and let z € G such that {z} = - = 1. By definition, the first
coordinate of z is a non-zero integer j between 1 and p; — 1. Thus, the place-
holder is 6¥7 = (p; — 4,0,0,...). Clearly, z + 6% = (0,22, 2s,...) ¢ Go.; for
every non-zero ¢, but this element s in the set Gy ,,. Since k = 1, it cannot be
greater than n+1 for any n € N, so (3) is trivially satisfied. Therefore, since the
choice of j is determined by the choice of z, all three hold for any appropriate

7, so the claim holds for k£ = 1.

Assume now that all three conditions of the claim are satisfied for k = m; it
remains to show that they also hold for & = m + 1. Since it is assumed true for
k =m, (1) is trivially satisfied for & = r: + 1. Let « € G such that {r} = ﬁ
(As above, if 1,4, = 0, then this case will fall under the next level's general case
Gm+2, 50 assume that T4 # 0). Since k = m + 1, it is easy to see that 667 =
(0,...,0,pm+1—7,0,...), where the non-zero entry is in the (m+1)* coordinate.
It is easy to see, therefore, that (z 4 6%7) = (0,...,0,0, L2, Tmrs, - . - ) if and

only if 7 = zp41. (2) is satisfied.

If k> m+1, then 6 = (0,...,0, px —7,0,...), where the (m + 1)* entry
is 0. Thus, z 4+ §¥7 has the same first (m + 1) coordinates as z, implying that

(3) is also satisfied (since 41 # 0). By induction on k, the claim is proven.

a Clairm?.
By Claim 2, it is clear that, for any &,

Pt —1 ' l:kh=n+1
Z \G'A-,J’(-T'%' 6k")) =
i1 0; k#n+1.
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Thus, {z} can be rewritten as an infinite sum.

n+1

_ Prn+1: Tg
=7 z_: M,

Examine further the effects that the place-holder §*7 has on this situation.
Fix a positive integer k. For now, assume that n < k, and suppose that the
integral is inside the sum. (It will be shown that this can be done with no
problem.) Hence, ¥,(6%7) = 1, since §%7 ¢ I,(0) for all n < k. However, for
any = € Gk, n < k means 9,(z) = 1. Thus, for n < k, (recalling that the

disjoint union of the G, ;’s is Gy),

Prn41—1

> [ vats e = [ G

Gr, JG,

' 1
= 1dr = —.
/ " Y k

If n > k, it is only necessary to recall that since Gy j 1s a closed subgroup
of G for each j, the annihilator of Gi (and in turn, of Gy ;) is exactly the set
of characters ¥, where n > &k (Rudin: FA on Gps). Thus, it is clear that
ka,,- de = 0 for n > k, for each j. Define the parameter A* by

lin<k
A=
n T .

0 ; otherwise.

It is then clear that

Prntr1—1

(4) > wal6) [ o, Tl

1=1 " k=]

8
Il
[~]s
TN
=
3
N———’
>~
3
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Notice that (4) is a convergent series, since

o0

o gk
Z Mn = Z (Pnt1) (M)~

k=1
(5) =2-a(ge-1 _ )1
Define
(6) Yo 1= /f\—o(r)'l,/",,(.r)d.x,

where dz is integration with respect to the Haar measure on G. (Note: v, is
the n* coefficient of the Vilenkin-Fourier series of K,.)

For a fixed z, it is clear that the sum of characteristic functions is uneffected
by raising the sum to the o power (since, for fixed k, there is only one of the j’s
for which the characteristic function is non-zero). Thus, it is possible to rewrite
the coefficients (recalling that Haar measure dz is translation-invariant and ¥ is

a character) as
Tn = / Ko (z)vp(z)d
G
Prugi—1

by (4 = [ (e SR Y v, (4 08

A= y=I

o Pn+l"1
= /G (Prt) ™ S (MY Xoo, (2)0n(2)on(8*7 ).
k=1 Jj=1

By (4) and (5), it is clear that the infinite sum above converges and is bounded
above by another sum which is uniformly convergent. Thus, the Lebesgue Dom-

inated Convergence Theorem shows that the n* Vilenkin-Fourier coefficients of
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K,(z) are:

oo Pn41—1
1= [ SO0 Y. xou, (5alETa(6H)da
k=1 =1
— - ES kg
_; Pn+1 ; ~(07) /Ack,,-(l’)lbn(l?)dx
(7) = Y (prt1) (M)
k=n+1

It is now possible to use a formula, (7), to explicitly calculate the nt* Vilenkin-
Fourier coefficients for the kernel K,(z). There is also an upper bound, (5), for
the value of these coefficients.

Note: This is an example of where the unbounded case may be aided by a
slight change in kernel. Above, it is clear that the coefficients of I\, go to zero
as n — oo (as one would expect). However, if —— M were replaced by 1,—\/1'771‘- for the
definition of {z}, it may be easier to get a grasp of the unbounded case. The
calculation above shows that if sup,{px} = oo, the coefficients converge even
more rapidly to zero - this could prove useful, or it may be necessary to slow the

convergence down with the previously noted change in kernel.

We shall now define three classes of Vilenkin series which will play a prominent
role in this chapter. Let the set A represent the set of all Vilenkin series S(z) =
> arpr(z) such that the averages of the M, -partial sums of S go to 0 as

k=0
n — oo for every z € G. In other words.

. Sy, (@
A= {5(.1.‘) : lim 2, (+) = 0 for every r € G} )
n-—x j\/ n
Define the function [k] on the set of positive integers by [A] = M,,. where M, <

k < Mp4,. Represent the collection of Vilenkin series S whose coefficients satisfy
o<
2(11a—1
(8) > lawl (k]
k=0
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by 74 for 0 < & < 1, and the collection 7 as all series S € 7, with the

additional property that there are positive integers n; < ny < ... such that

Su,. (z) 2 0 for almost all + € G. Here is how each of these classes compares
J

with the others.
Claim 3. Foreach0<a < 1,7} C7, C A

Proof of Clavm 8. By definition, the first inclusion holds. For the second inclu-

sion, notice that the Schwartz inequality implies

1 2
7 Su,(z)] <

Recall that (ML,;)Z < 1\_/}: and |¢(z)| = 1. Replace M, with (M,)*(M,) 2. It
is clear that for each k = 0,1,..., M, -1, [k] < M,, and thus [k]*~! > (M,)>!

(since a —1 < 0 for any 0 < a < 1). Consequently, it follows that
M, -1
(M) JakPlyw(a))?
k=0
M, =1
ST Y fagf(M,)0!
k=0
M, =1

S(Ma)™ D JagfPE]

k=0

| S, ()]

This sequence of inequalities clearly shows 7, C A for any 0 < a < 1.
O Claima3.

Two results will now be stated without proof. The first of which comes from
general probability theory, and the second of which is a trivial extension of a

result of Harper (1966) to the Vilenkin case.

Lemma 4.1. Given any set E C G of positive a-capacity, there exists a measure
v € M(E) such that U,(z) := [, Ko(z — y)dv(y) is in L*®°(G) and U,(z) >
Wo(E) :=inf {||Us]|ec : v € M(E)} for almost every z € E.
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Lemma 4.2. Let E; D E; O ... be a nested sequence of closed subsets of G

such that

is of a-capacity zero. Then, lim Wy(E,) = oc.
n—oo

The statement of the first lemma of this section which shall be proven is
an extension of Lemma 3 of Wade (1974), which limits the types of Vilenkin
series on which it is necessary to concentrate. In more concrete terms, given any
Vilenkin series S, and an appropriate interval in [0, 1), a Vilenkin series T can be
found which is equivalent to the original series on the given interval, but is zero
elsewhere, thus making calculations easier by using T instead of S. Included in
the proof of this lemma is a calculation which generalizes a result of Shneider
(1949; p.285).

Lemma 4.3. IfS(z) = § arYr(z) € A and ¢, d are M,-adic rational numbers
in [0,1), then there exist’;:; Vilenkin series T € A, N € N such that
Sm,(z) ; forallz € [c,d)
Tu,(z) = { _
0 ; forallz ¢ |c,d)
for alln > N.
Proof of 4.5. It is first necessary to show the existence of appropriate Vilenkin

polynomials.

M
Claim 4. There exists a Vilenkin polynomial P(z) = > Bet(z) such that
k=0

1; if zé€legd)
(9) P(l’)={

0; otherwise.

Proof of Claim 4. Because c and d are M,-adic rationals, there exists a positive

integer M so that M% = ¢ and JML,; = d for some j = 0,1,...,py — 1. Define
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Nk 1= Yi(t), where t € [¢,d). Clearly, this implies that Zﬁo NkYr(z) is nothing

more than the M** Vilenkin-Dirichlet kernel. Thus, by the Vilenkin extension

of Paley’s Lemma, it is clear that if M = M, for some n,

M
> mvn(z) = My
k=0

on [c¢,d) and zero elsewhere. Let M = M, for some n and define the coefficients

Br = 5f - Clearly, P(z) = Z;’:‘;o Brpi(z) satisfies (9). O Claim4.

Hence, let P(z) be any Vilenkin polynomial satisfiying (9). For any two

_ M
integers j, k, define the operation ko j by ¢4o; 1= ¥4%;. Define v, := 5 Bjao;
=0

o

and T(x):= Y yce4(r). The following calculation shows thar this is the right
k=0

choice for T.

M, =1

Tu,(2) = Y yidul(w)
k=0

M, -1 M

= Z Zﬁjako]’ Yr(z)

k=0 7=0
M M,-1

Z Z Biarejwi(z).

7=0 k=0

Recall that v;(z)¥;(z) = [¢;(z)|?

~—

= 1, and continue:

M

3

1

Biakoj¥r(z)Pi(z);(z)

e

<
1
o
=
Il
o

M, -1

DAY Z UhojUko; (1)

h=u

M=

(

() Say, ()

J

for all z € G, as long as n is such that M,, > M. Clearly, by the choice of P,

the series T satisfies the conclusion. O Lemma4.3.



The next lemma is an extension of Lemma 4 in Wade (1974) to bounded
Vilenkin groups, and shows for a given interval I with M,-adic endpoints, the

M?* partial sums of a series S eventually equal zero on I.

o

Lemma 4.4. Let F' C [0.1] be closed and S = arvy be in A. Suppose
k=0

Sm,(z) — 0 for almost every z € [0,1]\F and limsup|Sp, | < oo for all but
n—~oo

(at most) countably many « € [0,1]\F. Then, for any interval (c,d) C [0, 1]\ F,
where c and d are M,-adic rationals, there exists an N € N such that for every

n>N, Sy, (z)=0forall z € (¢,d).

Proof of 4.4. Let S and (¢,d) C [0,1]\F be as above. Then, by Lemma 3, we
know there exists a series T € A and an N € A such that
{SMn ; if z € (e, d)
Ty, =
0 ; otherwise
for all n > N. By hypothesis, it is clear that Ty, — 0 ae. asn — oo
(since (c,d) C [0,1]\F, and Ty, = 0 off (¢.d) for all n > N). This part of
the hypothesis also guarentees that limsup |y (z)] < oc off a countable set
in [0,1]\F. Thus, a theorem of Grubb (1957) which is an extension of the
main theorem of Wade (1969). implies T is the zero series. Since the M!*

partial sums of S and T coincide on (¢, d) for all n > N, the lemma is proven.

O Lemma4.4.

The main theorem of this section is finally ready to be proven. It characterizes

all sets of a-capacity zero as sets of uniqueness for 7.

Theorem 4.5. Let o be a number between 0 and 1. Then, a necessary and
sufficient condition for a closed set E C [0,1] to be a set of uniqueness for T} is

that E be of a-capacity zero.

Proof. Let E be a closed subset of [0, 1],

Necessity. Suppose that E is not of a-capacity zero. Then. Lemma 1 implies the
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existence of a measure v € M(E) such that U, € L*(G); hence, by definition,
WY(E) = Uyl < 00. Let S ~ f v(k)yr be the Vilenkin-Fourier-Stieltjes
series of v. Clearly, since 1 = ||y|| =k5(00), S is not the zero series. Recalling that
Sum, = Dy, * v for all n, it is easy to see nlln;lo Sy, =0forall z ¢ E, since v is

supported on E. Thus, it remains only to show that S € 7. [This will prove

E is not a set of uniqueness for 7. a contradiction to the hypothesis.]

Lemma 4.6. Let 0 < a < 1 and E C [0.1] be closed. For v € M(E), there
exists a constant B (depending on o and {p,}) such that

> BRI < B WX(E)
k=0

where (k) is the k** Vilenkin-Fourier-Stieltjes coefficient of v.

Proof of 4.6. Clearly, it is only necessary to deal with the case in which W¥(E) <
oo. Let v represent the V-F coeflicients of the kernel K,(z). From the general

theory of Fourier transforms (see Rudin) it is known that
(10) >0 v = [ U(e)into)
k=0 G

Let B := sup, pp. where {p,} is the bounded sequence of positive primes which
generates the Vilenkin group G. Then. by definition of [A].

~ .\/j+1—l

(11) B= Y 0" =B S ) ()0
k=0

1=0 k=M;
where M; < k < Mj4+;. Since B > pr4; for all k, the representation for the

coefficients of the kernel K,(z) yields

o0

T = Z (Prgr) " (M;)e!

J=k+1

(12) > > BT(M;)eh

j=k+1



o

Putting (10),(11), and (12) together shows

oo

Zz/(k * [k)*' < B~ Zr G ()=

< Z PG,
/ U,(z)dv(z)
SWIE O Lemma4.6.

It is clear that S € A. Since Sy, = Dy, = v for all n (see above), it is also
clear that Sur, > 0 for every 1, since Dy, > 0 and v is nonnegative. Therefore,
S is a non-zero series in 7" which is zero off E, contradicting the fact that E is
a set of uniqueness for 7;*. Hence. E must be of a-capacity zero.

Sufficiency. Let E be of a-capacity zero. Suppose S ~ > aryy is a Vilenkin

series in 7 such that

lim Sy, (z)=0 forallz ¢ E.

n—oo
It remains to show that S is the zero series.

Lemma 4.7. Any series T € T such that

lim Ta,(z)=0

n—oo
for every z off a set of a-capacity zero has constant term equal zero.

Proof of 4.7. Let A: G — [0.1] be Fine’s map for Vilenkin groups.

It is known that A is continuous and 1-1 (when using the appropriate choice of

z;’s for M,-adic rationals) and [0,1] is compact, so since E is a closed set in G,
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A(E) is closed in [0,1]. Thus, let {I;} be a sequence of open intervals in [0, 1]
with M,,-adic endpoints such that [ J, Iy = [0.1]\ME). Define a nested sequence
of closed sets £} D E3 D ... in G by

N
Eyn:=G\\ (I
k=1

This will allow exploration of the series S on both the group G and the interval
[0,1].
As a series on [0,1], Sy, (z) — 0 as n — oo for every z ¢ M(E) by hypothesis.

Thus, for each k, Lemma 4.4 implies
(13) Sum.(z) =0 on I for every n > I'(k)

where I'(k) is some positive integer. However, since G is of bounded Vilenkin
type. there exists a number I € A" independent of k. so that (13) holds for
every n > I'. Thus. Sy, () = 0 for all x € | Ik which in turn implies that as
a series on the group, Sy, = 0 off Ex. for large enough 1.

Let {n;} be a sequence of positive integers such that n; < n, < ... and
SMnj (z) 2 0. Such numbers exist since S € 7. Since ag = I SMnj (z)dz, it is
clear that ag > 0. Also, by general probability theory (Kahne and Salem 1963,
see Lemma 6.2), there is a v € M(E) such that U,(z) > W,(EN) a.c. [v] on
En. Therefore,

lao] =/ SMn_(x)d:c

U,(2)
/SM (z )W (En)

m / | San; (2)o(a=y)duly)da

by the definition of U, (.r).
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Since all of the above integrands are non-negative, Fubini’s Theorem applies.

This, along with the definition of the M,‘li‘ partial sums of S show:

M,. -1
1 d .
0] < 75 /G > a /G Ka(z=y)bi(z)dzdu(y)

Recall that dz is integration with respect to the Haar measure on G, and
since Haar measure is translation invariant. a change of variables, along with

the character properties of ¢ viclds

jao] £ g EN [ ; o / Ka(2)e(z + y)dedu(y)
= / Z akti y)/[\. z)vi(z)dzdu(y)
EN G k=0

1 Yol
m/c ; arr(y)vedv(y)

where 7 is the k' V-F coefficient of the kernel K.

From the discussion at the beginning of this chapter about the properties of
K, and its coefficients, there exists a constant C, depending only on a, which is
a bound for the value of the v,’s. This, along with the fact that S is continuous

on G (and thus integrable) vields

iaol_m El\ / ; arr(y)redv(y)

< WED (EN /Zoam (y)dv(y)

- EN / y)dvy)

S
- IVQ(EN)
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Clearly, E = [y En, so by Lemma 4.2, E of a-capacity zero implies that
Nli_l:noo Wa(EN) = 0.

Thus, ap =0 O Lemma4.7.

Theorem 4.5 will now be proven by induction. Assume that a;y = 0 for all
k=0,1,...,M,—1. It remains to show that ay = Oforallk = M,,..., M,1,-1.
This will complete the proof.

Choose a number ( € [M,,, M,,+,) and define the polynomial

({ .
+ )

P{(.z-) = DM,,_H ( -"\’In+1 .

M, -1

where D,(z) is defined by D,(z) = > wj(z). Define 5f- = ¢vj(ﬁ+l); the
ot

character properties of ¥ yield
Mn-{—l—'] C A/]n+1—l
) — . b)) — LV
Fele) = Z & (./\/In,+1 ) Bl = J—ZO el

J=0

Define the matrix A to be

[/Bf:jﬂezMTH'--,Mn-}-l _1].

My g1~1
It is clear that A4 is nonsingular. Define 54 := > 3fa,k°‘,' and then define
=0 '
X
the Vilenkin series T(x) := 3 4p0x(x). Following the steps of the proof of

h=0
Lemma 4.3, it is easy to sce that T € 7T, aud that there exists an N € A

such that Ty, (2) = Py(z)Spm, (z) for all = € G, when n > N. Thus, by the
previous discussion about the series S, it is clear that Ty, — 0 off E and that

TMnJ» (z) 20 a.e. (for all j). Lemma 4.7, therefore, shows that v, = 0.
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Because 79 = 0 and (by assumption) ax = 0 for all k = 0,1,..., M, — 1, it

can be shown that

This, in turn, is true for every integer £ € [M,, M,+1). Hence:

am,
A = 0.
UM,y —1
Since A is nonsingular, it is clear that a; = 0 for k = M,,...,M,,; — 1. By

induction, ax = 0 for every k, and thus the series S must be the zero series.

Hence, E is a set of uniqueness for 7,7. a



CHAPTER 5 : THE COLLECTION M,

This chapter contains two results about sets of uniqueness for a more general
collection of Vilenkin series than was considered in the previous chapter. For
the proper choice of € (see below), our collection actually is equivalent to the
collection 7, from Chapter 4. This will be shown in the discussion prior to
the proof of Theorem 5.2. Thus, the work done here is a partial generalization
of Theorem 4.5, and is inspired by work done on the dyadic group (Yoneda
(1983)). Quasi-measures will be used as a method of working in the group
setting analytically. Both results in this section apply to bounded multiplicative
Vilenkin groups, and give conditions for a subset of the group to be a set of

uniqueness for the collection of Vilenkin series

oo

M, = {5($) = Zakd)k(f) : Z€k|0k|2 < 00}
k=0

k=0
, " o
where the €;’s are a sequence of positive numbers satisfying

(1) €0 = 1,ex 0, and Liminf Mrt1 _ g > 0.

00 € M,
The first result reinforces the theme that the “dispersal” of a set throughout
the group is as important as the measure of that set in determining its uniqueness

properties.

Theorem 5.1. Let {ni} be any unbounded sequence of integers, and define the
sequence {Ny} recursively by No = 0 and N = Ny +ny for all k. Let E be a
subset of the bounded Vilenkin group G generated by the sequence {p,} which

satisfies

(2) I(ijk+1 +aj,kaMNk+1)ﬂE= 0
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for all but one of the values a; = 0,1,...,pn,+1 — 1. E must satisfy (2) for
every integer k and for every j = 0,1,..., My, —1. Then, E is a set of uniqueness

for the collection M, if and only if the sequence {¢;} satisfies

o0

(3) Y (PNe—ks2 PN eMy, = 0.

k=0
Proof. Let S be any Vilenkin series and let mg be its associated quasi-measure
(see Proposition 2.4). Because of Lemma 2.6 and the liminf property of the

sequence €, the following relationships hold:

Mpsr—1 M,-1
Y ekl < Mypey, > [Ams(I(j, My))|?
k=M, 7=0
and
Mpp1—1 M,-1
Y eklarl? 2 Maen,,, > |Ams(I(5, My))?
k=M, 3=0
M,—1
=fbem, > |Amg(I(j, M),
j=0

where Amg is the unitary difference from Definition 2.5. It is easy to see that
the growth condition on the coefficicuts of series in M, is satisfied if and only if

the new sum introduced above is finite. In other words,

Z exJar]* < 0o if and only if
k=0
0o M, -1
(4) e, My Y |Ams(I(j, Ma))? < 0.
n=0 j=0

We are now prepared to prove Theorem 5.1.
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First, suppose that E is a set of uniqueness for M, but (3) is finite. It
suffices to show the existence of a quasi-measure which corresponds to a non-
zero Vilenkin series in the collection M, with M partial sums converging to
zero offt E. This will be a contradiction to the hypothesis that E is a set of
uniqueness. Define the set function m* recursively as follows:

For all positive integers n < Ny, define

: 1 i )
m*(1(j, My»)) = 7 G My )N E#0
. 1 ) .
m*(I(]aMN1+!))=W s 1(). My, 41))NE #0,

with both being equal to zero in the case of an empty intersection with the set
E. Continuing in this manner, define the function m* so that, for any integer n

such that Ny <n < Ny

'm'*(I(jaMn)) ; if I(]7Mn)nE#@

" Max
and zero otherwise.

It is clear by the hypothesis on the set E that the set function m* satisfies
the finite additivity property, except possibly when the set function is changed
at the M}JZ level. However, the hypothesis on E says that for any interval
I(j, My, ) that has non-empty intersection with E, there is exactly one interval,
I(3pn41 + ok, MN, +1), that has non-empty intersection with E. Thus,

1

—_— =™ I(7. M~
Mo v (I(). M~ })

PN+

Z '.I‘/*([(_/Ap"\"k‘l-l + a. A/[/\"/.-'Fl ))

o=
= (I JpNe+1 + 05k My 41)
1

MN 41—k

il

m* is therefore a quasi-measure. There are a couple of other facts about m*

that will also be needed.




Claim. The quasi-measure m* has three properties.

(a) IA'I'I‘I.*(.[(_j,J.'[‘,\,",))l = T5 ! : lf.[(_/.\[/\,k) NE ?/: @

My ks
(b) [Am™(I(7, M) =0 ; for all n # Ny for some k
(c) m* =0 ; off E.

Proof of Claim. Both (a) and (b) are simple calculations using the definition of
m*, along with the fact that the p{* roots of unity sum to zero.

(a) For every integer k, if I(j, Mn,) N E # 0, the definition of Am* yields

2w

PN +1-1

af == )
Yoo PNt m(I(Gpn, 41 + & My 41))
a=0

[Am*(I(j, Mn,))| =

ajk(52H—) 1
(by defn. of m*) = |e RN 1
My, 41—k
_ 1
MNA.+1—L"

(b) If I(j,M,) N E = (. then (b) is trivially satisficd. Assume there is a
nonempty mtersection. If integer 1 # N, for all /. there exists an integer k such

that Ny < n < Ni4,. By definition of m*,

Png1—1 o
Am* (I, M) = | 3 €T m (I(jpass + @ Matn))|
o=0

Note: Non-empty intersection of the interval I(j, M,) with the set E 1mplies
that each subinterval I(jpn41 +a, May1) of I(j, M,) must also have non-empty
intersection with E, or else the additivity property of m* would be violated.

Hence, the above equality can be rewritten as:

Pnt1-1 of 27 ) 1
Z e Putl )
a=0 My

[Am*(I(j, Mn))] =

27

1 I'n=1 (

(s}
7, E € p7:+1)
Ty =

o=

= 0. =ince the sum of all /;:,h+, roots of unity is zero.
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(c) By definition of the quasi-measure m*, m*(I(j, M,)) = 0 if the interval

does not intersect E. a Claim.

Using the Claim, comparisons can be made with the summing condition on

the ¢;’s. The first equality below is clear by part (b) of the Claim.

[} My—1 /WN;\.—I
Do Ma Do 1AmsUG, M) =Y ey My, D |Ams(I(G, My,))
n=0

oo

=0 k=0 J=0
o0
k=0

ey My, Y 1AmsTG M)
I(5,My, )NE#0

. = 1 )

(by (a) of the Claim) = ;; My, M, I(j,M%nE#ﬂ(m) .
It is an obvious fact that I(jpn, +a, My, )NE = 0 implies I(jpn, PN, 41 Pn +
B, Mn)NE = { for any M, interval contained in I(jpn,+1 + a. Mn, +1), and for
alln > Ni. Together with the hypothesis on the set E, this fact yields that there
are at most My, _(x—1) intervals I(j, M, ) which have non-empty intersection

with E. Therefore, the above sum reduces even further.

(5)

(e ] . o0

! 9 1 9
Z ey, Mn, Z (Tlv—_)- < Z My, M My i ( -,\7]-——)'
k=0 I M NEZD T NIk E=0 MIN —k+1

N
= Z(P.\‘k ~k+2 PN
k=0

Since this last series was assumed to be finite-valued. relationship (4) shows
that the Vilenkin series S$*(z) associated with the quasi-measure m* satisfies
the criterion to be a member of the collection M,. Furthermore, it is clear by

the definition of m* that S* is supported on E, and thus $*(z) = 0 for any z

not in E. It is easy to see

S*(O)z/Gd)o(r.)dm*(J;)

- /G1 dm* ()




Hence, 5* is not the zero series. This is a contradiction to the hypothesis that
o0

E is a set of uniqueness for M, and thus ) €xpn,—k+2° PN, = .
k=0

Conversely, assume that § (DN =k+2 " -ka)eMNk = 0o. It remains to show
E is a set of uniqueness forka\/ol ¢- 1t suffices to show, by the definition of set of
uniqueness, that if there exists a non-zero Vilenkin series S(z) whose M?*-partial
sums converge pointwise to zero everywhere off E, then S is not a member of
the collection M..

Let S(z) = § arr(z) be any non-zero Vilenkin series with M!*-partial
sums convergingk=t.oo zero off the set E. Proposition 2.4 gives the existence a
quasi-measurc g associated with S whicl is supported on the set E and is
normalized so that /5(G) = 1. Using a direct inequality argument. similar to
the one found in the first direction of this proof, along with the triangle inequality
and Holder’s inequality, it will be possible to obtain an inequality which bounds

the summing condition of the €;’s.

Im(G)| = > msUG, M)
1(5,MN  INE#0
PN, +1-1
(by finite additivity) = > > ms(I(Gpne+1 + &, My, 41))] -
1UMy JNE#D  a=0

Recall that the set E satisfies (2), and thus the above sum can be reduced

considerably.
= | Z ms(I(Gpn 41 + 050 M 41))
‘/UA;\/‘\-A. AL £
(by the triangle inequality) < Z Ims(I(Jpn +1 + 25, My, 1))
1. MN, JNE#0
aj i (5L . :
Of course, |e #+171 =1 for any value of a; , so nothing changes by includ-
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ing it in the sum.

2xi

a5k (

(continued from above) = Z e PNe+ " ms(I(JpNe+1 + %,k MN+1))
I(j,MN, )NE#0
(by hypothesis on F) = Z |[Ams(I(j, Mn, )]
I(j, My, )NE#0
1
2
(by Hélder’s inequality) < S |Amg(1(j. Mn, ) > 1
1. My, NEZD 1My NEZD

‘Ika_I J2- 1 -%-
by (5)) < Ams(I(j, My ))I? _
(by (5) ( ;0 |Ams(1(j,] le) (MNk_kH)

Thus, it is clear that

My, -1
S 1Ams(IG, My, )P > .
i= Ne—k+1
which in turn implies
My, -1
(6) My, Y |Ams(I(, Mn)) > (px,—k+2" PN, )-
=0

However, since the €i’s decrease monotonically to zero, we can write

= oo (by assumption).
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=) e MNk'H_l
doalail 2y enn Y ol
k=0 k=0 "=A1Nk
~ ¢ ‘I‘\A~+' -1
Mx, +1 9
=2 e 3 el
b=t ‘I\k "=‘M‘Vk
oo MNk+1—l
(by liminf property of the ¢;’s) > 6 Z €My, Z lan|?
k=0 '"'=MN)¢
oo MNk—l
(by Lemma 2.6) = Z emy, Mn, Z |Ams(I(7, Ni))J?
k=0 j=0
x>
(by (6)) 2> (PNu—kt2" DN, JeMn,
k=0

o




Thus, any non-zero series S which is zero off F is not in the collection M.,

implying that F is a set of uniqueness for this collection. O.

The second result of this chapter gives two separate conditions on a set E,
each of which 1s sufficient for a set E to be a set of uniqueness for the collection

M, given that the set E is closed and has Haar measure zero.
Theorem 5.2. Let E be a closed subset of the bounded Vilenkin group G
having Haar measure zero. Suppose E satisfies either

= €M, — €M
i Z In n+1l = o0
W .

n=J_

where the series {€;}. of course. satisfies (1).

or

(i1) lim sup My 00,
n—oo |En]

where E, := J,¢g Im,(z) and |E,| represents the Haar measure of E,. Then,

E is a set of uniqueness for the collection of Vilenkin series M..

This theorem gives a sufficient condition for a set E to be a set of uniqueness
for M. which clearly depends on the sequence {¢}, as one might expect. Thus,
Theorem 5.2 generalizes Theorem 4.5 by showing that a closed subset E of G
of a-capacity zero is a set of uniqueness for T,. This can be seen easily because
if E is of a-capacity zero, then E is of o-Hausdorff measure zero (Kahane and
Salem, “Ensembles parfaits et series trig”). This implies that F satisfies (7)
below. If 0 < a < 1. define the sequence € by setting €} = L—Tl-_ [t 1s easy
to see that €}, = (W}T)]—“' and that condition (i¢) of Theoremn 5.2 is satisfied,

implying E' is a set of uniqueness for M* = T,.

Proof of 5.2. Let E be a closed subset of G having Haar measure zero. Define

a sequence of non-negative integers {v,} by

Yn := the number of I(j, M,) such that I(j, M,)NE # .
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It is clear the sequence g~ must go to zero as n gets large since |[E] = 0. (Recall

that the total number of intervals I(j, M, ) is M,.) Because of this, it is clear

that
(7) lim |E,|= lim > |I(5, M)
n—aoo n—
I(j,Mp,)NE#0
_ Tn _
= Jm o = 0.
x
Suppose S(z) = > ar¥i(z) is a non-zero Vilenkin series such that S is zero
k=0

off the set E. Let mgs be the associated quasi-measure from Proposition 2.4.
As in the proof of Theorem 5.1, it suffices to show that any S satisfying this
criterion cannot belong to the collection M. if either (z) or (:z) are satisfied.
Let N be any positive integer. It is clear that both the liminf condition on
the €;'s and the fact that theyv monotonically decrcase to zero vield the first

inequality below.

My -1 N My =1
S eklal* 20> e, S ekl
k=0 n=0 k=M,

N Mp41~1 M, -1
Z ( Z lax* = > w)
k=0

z 'é

n k 0 k=0

1
o

2

-1 n+1—1 Mygi-1 My, -1
2 2
€M, ol +emy D laxl - ZfM,, Z lak]? ~ ey laol

My 4= My 41-1
(M = €Mayy) D larl*+ermry D lakl* —elaol? |,

n=0 k=0 k=0

ie.,
My-1 N=-1 Mpg1-1 Myy1-1
2
&) > exlalP 26D (em, —emny,) Yoo el +emy Y. el —elaol® |-
k=0 n=0 k=0 k=0

This is one of relationships nceded to show S ¢ M, . Another relationship similar

to (8) can be found in mueh the same way as was done in the second half of the
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proof of Theorem 5.1. The first step in the computation below is nothing more

than the triangle inequality.

My, -1
ms(G) < > |ms(I(j, M)
j=0

[N]
o

M, -1
(by Halder’s inequality) < | > |ms(I(j, Ma))J? >, 1
j=0 1 M )N E#0
) My41 =1 2 3
(by Lemma 2.6) = 7 Z la|? Z 1
T k=M, I(j,M,)NE#0
1 Mn+1—-1 %
(by the defn of the 7,) = {7~ > laxl?| (7o)}
" k=M,
1 A/In+1—l %
S| = Z |ak|2 (7n)%
Mn k=0
Mn+1_1 2 %
[ ) (&)
k=0 ) r
1\/],,+1—l l)
(asin (7)) = Z lag|? (JEn])?.
k=0
Since mgs(G) = 1, it follows that
) Mg =1
(9) < |ax[®
AR

foralln=1,2,...
Using (8) and (9), and remembering that ag = 1, it is easy to see that

My -1 N-1 .A!n-{-l—l My 41-1
2
D exla* 206 (eMn —€Mupy) D lakl® + ey Y el -«
0

k=0 k=0 k=0

N-1
€M, — €M €M
(10) >0 ntl L N ).
Z |Enl |[En|

n=0

n=
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o0

Hence, if either () or (42) hold, then (10) implies ¥ €x]ax|? = co. Therefore,
k=0

S is not in the collection M, which implies F is a set of uniqueness for M.. O
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CHAPTER 6 : THE COLLECTION u}

The past two chapters have dealt with sets of a-capacity zero, and shown them
to be sets of uniqueness for small collections of Vilenkin series. This chapter will
bring many of the same ideas into play, but in a more general setting. Beginning
with the definition of a generalized capacity. it is shown that a subset E of a
bounded Vilenkin group G 1s a sct of uniqueness for a collection of Vilenkin
series containing the collection 7 from Chapter 4 if and ouly if E is of capacity
zero. The generalized capacity introduced below is adapted from Yoneda (1988).

Let € = {e,} be a sequence of numbers such that:
(1) O<e,<land {e,} \,O monotonically as n — .

Define the function a from the group G to the complex numbers as
o) Mn+1 -1
az) =1+ e ) Ui(z).
n=0 k=M,

This function is well-defined since G is of bounded type, and

(/),,_H — l)q.[,, it e ].\/”“(())

\/,,+‘ — |
(2) Yo e M, i € Ly (00N Ly, 10
A=\ .
0 : otherwise
for every n = 0,1,.... Because the above sum is equal to zero off I(0, M},) for

each n, it is clear that the sum in a(z) converges uniformly on G\I(0, M) for
any n. It is also clear that a(z) is well-defined and integrable. There are other

important properties which the function a(a) possesses.
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Claim. a(z) satisfies:

-]
‘. / ale)de = |.
0

1.

1it.

iv.

for some sequencea, of non-negative integers such that E

o(z) is constant on each (1, M,),

o0
a(z) = Z anXI(O,Mn)(z)

n=0

/ln

le(z)] < Je(p)] if z > y.

Proof of Claim. (7) By definition,

. . <
/ aolz)dr =1+ / Z € Wl )de
0 JG

where dz will represent Haar measure on G and Lebesgue measure on the inter-

val. Clearly, all that remains to be shown is that the above integral over G is

zero. Note that Fatou's Lemma implies

>

I‘In+1 N Muyi1-1

¢,k(x)dx=/ h}im Zen Z Yi{z)dx
k=M, GHT®

n=0 k=M,

1\"[7;-{-1_1
< liminf .
Y e [ S s
n=0 k=M,

As has been mentioned in previous sections, the preset oscillation of the values

of the characters of G meaus that [( wp{r)dr = 0 for every & # 0. Therefore,

the sum over n only gets a nou-zero contribution when & = 0. However, since

My = 1. k 1s never equal to zero in the character sum. and thus. the entire

integral must be cqual to zero. (i) is proven.

(22) This clearly follows from (2). as 1(0.14,) and I(1.M,) arc disjoint for

each n.




(2¢¢) This is a simple calculation. Let {a,} be any sequence of non-negative
o0 o) Mypi—1 )
integers satisfying > 7+ = 1. Because the series Zo €n Dk=ip, Vk(T) is
n=0 n=
uniformly convergent off Iy, (0) for all u. the integral and infinite sum are in-

terchangeable i the following calculation.

x

/ Za A ar, v)dr = On X1y, ( y()dx
G k=0 k=0"C
>0
= andz
k=0 IMn (0)
i 1
= Qp——
k=0 My,

by definition of the {a,}. But part () of the claim implies

/G (x+tdx—/ Zan x)XIM (0y(2)dz e

with respect to the Haar measure on G. Recalling that the characters of G are
continuous on each interval Iy, (). this implies that (7¢7) holds evervwhere on
G.

(¢e) This clearly follows frow (/). O Clain.

Because of the claim, it is possible to define the generalized potential function
Us, where S(z) = f ar¥r(z) i1s a Vilenkin series concentrated on F with

k=0
associated quasi-measure mg, from Proposition 2.4.

1
Us :=/ alz + t)dms(t).

JO

Part (ii2) of the claim implies that the above integral is actually

Us —/ Zan/\’l(o ) (2 + t)dms(t)




Hence, define the energy integral of S by

(4) Is :=/0. Us(z)dms(zx).

Lemma 2.6, part (¢:2) of the Claim and (3) show Is can be rewritten as

oc M,.-1

Is=) an Y Ims(I(j,My))]

n=0 k=47,

Let C'(E) be the number which satisfies

1

CE) = inf {HUSHOO :S(x) = Zaki/)k(x) and S =0 off E} .

k=0
Define the e-capacity of a set E as the number C(E). The following theorem

uses this definition of capacity to characterize sets of uniqueness for a collection

of Vilenkin series which contains the collection 7} from Chapter 4.

Theorem 6.1. A closed set E in G is a set of uniqueness for the collection of
Vilenkin series UF if and only if the e-capacity of E is zero. The collection ur

1s given by

xX 11'/7':-4}-1_1

UT = S(x) = Zak‘d'k(.r') : Z €, Z lag]? < oc and S{r) >0 a.c.
k=10

n=t v= A,
where the e 's satisfv (1).

The proof of this theorem follows directly from seven lemmas, four of which
are routine extensions of Lemmas 4.1 through 4.4 to the notion of e-capacity, and

three others which are stated below, these three following directly from results

of Kahane and Salem (1963, p. 31-37).
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Lemma 6.2. Let E be a closed subset of G. Then

(a) C(E) > 0 if and only if there exists a Vilenkin series S concentrated on E
such that Is < oo

and

1
(b) IE)i= zrgy =wi{ls: S =0 off E}

Lemma 6.3. If I(E) < co, there exists a unique quasi-measure m% such that

the associated Vilenkin series S* is zero off E, and I% = I(E).

Lemma 6.4. A nonnegative quasi-measure mg associated with the Vilenkin

series S that satisfies I < oc is sucl that. for any closed subset E of G.

mg({r € E:Ulw)< {E)}) = lim mistUly ()€ ELUL ey < [{E))=0.

Ho— 2_
Now proceed with the proof of Theorcm 6.1.

Proof. Necessity. Assume that the set E is not of e-capacity zero. Then, by Lem-

mas 4.1 and 6.3, and Proposition 2.4, there exists a quasi-measure my supported

on E (with associated Vilenkin series S* ~ 3" arty) satisfying ||[Usg-]lee < o0
and Is- = I(E). such that S* is not the zero series (since Uge > 0 ae. on
E). Since my is supported on E. S*(2) = 0 off the set E. Moreover, since

I(E) = Is- < o0, 1t is clear by (4) that

oo M,-1
00> I =3 an ¥ |mE(I(j, Ma))
n=0 =0
Muygy—1

o<
:1+Z€” Z lag]?
\

1 ]
Part (/1) of the Claim and (37 unply St.) > 0 .. sinee g is. Therefore, S* is
a non-zero Vilenkin scries in the collection U whicl is zero off E. contradicting

the hypothesis that E is a set of uniqueness for .
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Sufficiency. Let E be a closed set of e-capacity zero. Let S(z) = § arYr(z)
be a Vilenkin series in the collection 4 which is zero off E. We nuslzc_sohow that
S is the zero series. From the same argument found at the end of Chapter 4, it
suffices to show aq, = 0.

Define Ex = U{Ix(e): 0 € E} for every positive integer N, Since E is
closed, it 1s easy to see that £ = Ny Ex. Because of this, and the fact that S is

zero off the set E, there exists a positive integer ngy such that
Mn=1
(6) Y arpr(z) =0 off Ey

k=0
for all n > ngy. This no(N) exists for any N.

By the definition of U, ag > 0. But by definition of the quasi-measure mg,

it 1s clear that

ap = |ag| = /'u’o(l‘)dms(ff)

= / ldmg(z)
M, -1 .
Z / 1drmg(x).
j= 0 M, .
where Iy, 1s the interval Ty, (o). with @ = T;— for cach y = 0,1.....M, — 1.

The above holds for any positive integer .. The definition of quasi-measure

yields
A/In -

ms(In,(z 7\/1’ Z ari(z
but because the series S(z) is zero off the set E, the above representation of ag

can be further analyzed. Let N be a positive integer Then,
M,-1M,—1

1
Z Z -/\’-/[n SAar, arvrla) = ]L[n / Z arnl
M, —1
(bv (6)) = / apeg (o )da
T, Jy 2




for any n > no(N).

By Lemma 4.1, there exists a Vilenkin series S* which is zero off E, and an

assoclated quasi-measure m¥, such that for any N,
Q) Us+(z) 2 We(En) = inf {|[Us||oo : S is a Vilenkin series concentrated on En}

almost everywhere [dz] on En. Thus,

lao} =

(by(7)) <

(by defn. of q.msr.) =

(by s finite) < —————

(by defn. of Us.) =

(by Fubini) =

(by trans.invariance of dr) =
(by Clain. part + and o > ()

(by ms-(G))y=1=

for all V.

Y

— apt(r)dr
M, //\ /Z“
apwi()de
Mo
z)Us-(x)d
M, W.(Exn) W (Ex) /o, kz:() ari(z)Us-(x)dx

—_———M,,U@(EN) Je. Mnoms(In, (2))Us+(z)dz

! e f Yol
U (E,\) CUgs(2)da

WYE(EN) /EN/Ga(x-i-t)de.(x)dx

o .
WAEN) Jg </EN Azt t)d:r> dms-(2)

C
T(Ev) /( <//\ o(:r)d:r> dmg- ()

< ¢ / 1d: {
S ”',(Ev\),(v‘- drrege{.a)

¢
W.(En)

Note: the constant C does not depend on either n or N because the quasi-

measure ms 1s finite-valued on G.

By Lemma 4.2, it is clear that

Lim

N=oo W(EN)

Cv
=0,
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implying ay = 0. Following the inductive argument at the end of Chapter 4 will

show E is a set of uniqueness for UT. O
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CHAPTER 7 : THE COLLECTION B

In this chapter sets of uniqueness are examined with respect to a smaller
collection of Vilenkin series. It will be shown that any subset of the group G is a
set of uniqueness for this collection as long as it intersects the intervals I(j, M)
in a certain pattern. It will also be shown that there is a set of multiplicity of
Haar measure zero for this collection of Vilenkin series, showing that the growth
condition on the coefficients of series in this collection is not too strong. Finally, a
remarkable fact (for sets of uniqueness) is proven about this particular collection
of series. As has been mentioned, a set of uniqueness is not only dependent upon
the thinness of the set (in a measure-theoretic sense), but also on the “dispersal”
and relative location of the set throughout the interval. However, the last result
of this section shows the existence of a measure-preserving transform from the
group G onto itself, under which the uniqueness property of any set F in the

group is preserved.

Theorem 7.1. Let G be a Vilenkin group of bounded type and {Ny} be any

unbounded, strictly increasing sequence of integers. If E C G satisfies

EnI(jpne+1 + ok, MN,41) # 0

for only one ajr = 0,1,...,pN41 — 1 (ie. E N I(jpnet1 + 7, MN,+1) =

0 for all ~ % aji), then E is a set of uniqueness for the collection

Mn+1 -1

B=1<S5(z)= Zakt/lk(z) : Z lax|* =0(1) as k — oo
k=1 k=M,
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The set B has some basis in the classical literature (of the dyadic case). Define

I'; to be the set of all Walsh series whose coefficients @, go to zero as n — co. It
has been shown that E is a set of uniqueness for I'; if and only if F is a U-set.
Also, if the set I'; is defined to be the set of all Walsh series whose coefficients
are {* summable, then it is known that E is a set of uniqueness for T; if and
only if |[E| = 0. Both of these results can be easily extended to the bounded
Vilenkin case, and thus the inclusions 'y, C B C T hold. From this, the
trivial observations can be made that any set of positive measure is a set of
multiplicity for B and any set of uniqueness for I'; is also one for B.

Proof of Theorem 7.1. Let mig he a quasi-measure assoclated with some bounded
Vilenkin character series S(z) = i aryr(z) such that mg(G) = 1 and mg(I) =
0 for all intervals I(j, M,,) such tlilzlt INE =0 (i.e. ms is a quasi-measure such

that the associated S is not the zero series, but is zero off the set E). Thus, by

definition of Amg,

2

My, -1 My =1Ipn+1=1 o0,
Yo lAamsUGMy NP = YD | S ePMetims(I(ipn, 41 + £ Mn, 41))
j=0 j=0 =0

Now, by the hypothesis on the set E, the above sum can be simplified consider-
ably.

)

/\’l‘\'k—l

P

{(by hypothesis again) = Z

2Tia, g

e PNET g (I (Gpng 41 + 0k M 41))

2maa o
—_—t

¢ U+t

1]
1
—
.
<~
P
-
+
<
.
.
~
P
»
+
—
L4

7=0
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Using the fact that |z|? = 2%, the calculation continues:

M

P4
o

M ‘

ms(1(j. Mn, ) ms(1(j, Mn,))

-)MN -1 My, -1
) agpe(§/Mn,) Z am¥m (j/Mn,)

m=0

J:
MN, -

by definition of m

(by s) Z=: ( M,

’)MA, _1MNL_1MNI€—1
< ) Z Z Z a¢g Gm wl(J/waL Ym ( /MNk)
j= m=
"MNk‘lMNk"l MNk"l
( ) Z Z a¢ Gm Z ¢l(J/MNk) ¢M(]/MNk)
{=0 m=0 j=0
')MNk-—l
(by ¥¢ L) = <M/\v'k> L:Zo lae|® (e (5/Mn, ) 1> My,
) \’I‘v\:k—l
Gy == e 3

G

Recalling that f Yo(x)dmg(z) = 1, it is easy to see

Thus, by Lemma 2.6:

MNk-f-l—l MNk—l

Yo lailf =My, Y |Ams(I(, Mn,))P?

i=MNk ]=
1
Mr,

Hence., if any S = 0 on E and S # 0. then S ¢ B. implyving E is a set of

2> My, (

)= 1.

uniqueness for 5. [

It 1s now clear that even rather thick scts E of measure zero arc sets of

uniqueness for this small class of Vilenkin series. Is this a trivial case, therefore?
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In other words, is every set of measure zero a set of uniqueness for B? The

following result shows that the answer to this question is no.
Theorem 7.2. There exists a set of multiplicitv of measure zero for B.

As it turns out. the set of multiplicity which shall be constructed is a variation

" set. where the deletion of the appropriate middle section

of Cantor’s middle p,
is not done at every stage, but only at specified stages. (Another difference is
that this construction removes half-open intervals instead of open intervals).
Below is the definition of the set of multiplicity in the general bounded Vilenkin
setting.

Let {N;} be the sequence of integers defined by Ny =1+ 2 +--- + k. Define
the set of multiplicity by E = [, Ei, where the E} are recursively defined as

follows:

" 1 P1
(M, _,)=1 [

E, = [0 ["2—‘]> ! [[%“1,1)

jen, + 554 Jpn, + (B +1
.Wf N ) -’\-’j Ny

where [£4] = the greatest integer less than or equal to £, unless px = 2 for some

Ek=Ek—1\ U

=0

k. The definition above necessitates that we define [1] = 0. Since the {p;} are

prime, this is the only possible problem. It is easy to calculate the measure of

each set E.
1 51 — 1
Eil=1-==0""
Y4 4!
1 (Mn,_,)—1 1

b1 — Y
|E2| = - + 5
P Z JV-"N2 M,

(p1 = 1)paps ~pip2 +p2 _ (p1 — L)p2(ps — 1)

M; M;




o

_ (p1—1)(p3 — 1)
P1ps3 '

|Eg|=--- = (pn, — D(pn, — 1)+ (PN, _1)‘
lepNz ...ka

Since the sequence {p,} is bounded above, it is clear that

(pn, = D)(pn, = 1) (pn, ~ 1)
PN\DPN, " "PN,

py, =1 °
< max { 2 }
2

< ck

|Ex| =

where ¢ is some constant strictly less than 1. Therefore, |Ex| — 0 as k — oo,
implying that |E| = 0. It remains to show that E is a set of multiplicity for the

collection B.

Each F} is such that

_ (v = D(pN, —1) - (PN, — 1)
|Ex| =
PNiPN; ** " PNi
and each interval Iy, () taken away from the set Ei_; in the construction of
the set Ey has measure 37—. Thus, it is possible to find the number of intervals

N

Iy, removed at cach stage with a simple caleulation.
Nk O

(pv, = pNy = 1) (p = 1) Ny = DpNvg — 1) - (pvyy — 1)
|Ex| - 1By | = =2 : a - — : =
lepJ\/Q"'PNk PN—IPN2"'PI\'k_1
. (le —1)(pN2"'l)(ka—1)—(le _])(pNz—l)(ka_l _1)(pNL)

PN1PN, - PN,
_(pvy = DN, = 1) (pN_, = Do, — 1= pNy)
B PN\ PN, PN,
_(eny = DpN, = 1) (PN, — 1)
- PN\PN, " PN,

(-1).
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Let n(Ny) represent the number of intervals [ My, taken away from Ej_; to

construct Ey. Then, n(Ny) satisfies

W(Nk) — (pN1 - 1)(PN2 - 1) Tt (ka—l - 1)
Mn, PN,PN, ** " PN,

Define the set function m* on the intervals of G by

1
m*(I(j, M) = ¢ n(Ny)

0; otherwise.

if I(j, M,)NE # 0

Clearly, by definition of n(Ny). m* is finitely additive. and is therefore a quasi-
measure which 1s zero off the set E. Let S*(0r) = i apor(e) be the Vilenkin
series associated with m*. It is clear by the dvﬁnitl\]:zi)l of m* that S is zero off
E, but 1s not the zero series. Thus, it remains to show that S € B.

For any positive integer n, there exists a k such that N < k < Ngy,. Thus,

Lemma 2.6 shows

Mapi—1 M, -1
Yoo el = M, ijm I(j. M,))?
k=M,
My —1 |pni1—1 (ssi 2
(by defn. of Am*) = M, Z Z (3 m*(I(jpn+1 + o, Mpy1))
a=0

Because m* is finitely-additive. it is possible to rewrite each m*(I(jppt1 +
o, Mp11)) as a sum of m*(I(€. M,4,)) over appropriate (. and then as a sum of
m*(I(m. M, 4+3)) over appropriate . and so forth. uutil the intervals Tagy, ()
are reached. Let the paramcter 5 := 5(A.n) represent the munber of times the

above process is carried out before reaching the Iy, ,, (2) ‘level *. In other words,
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v = Ni4+1 — n. Thus,

Mn+1-1

S ekl

k=M,

2

Mp=1{Pn41-1 (2,;0 -
e

= Mn Z Z Pt )m'(](jpnﬂ +a, Mni1))

j=0 a=0

Mn =1 Pn41-1 (—2"i0—)(Pn+1"-ka+l)_l
€

=Ma 3 | X e\ S mUG(Pn e PNes) + 6 M, )

j=0 a=0 £=0
2

My =1 |Png1-1 (

27ia pn+1...ka+1
= Mn e Pn+4l ) —_— T
2 ees)

My -1 2
Pr PNiiy )’
DI ey

5 \n(Negr)

a9
Pn1-1 (zm )
E e Pn41

a=0

=0,

since the sum of the p!!; roots of unity is zero. Therefore. the coefficients of

the series S* satisfies the growth condition of the collection B. Hence. the set E
is a set of multiplicity of B of Haar measure zero. .
The final result of this section shows the existence of a measure-preserving

transform which takes sets of uniqueness for B to sets of uniqueness for B.

Theorem 7.3. Let G be a Vilenkin group of bounded type. Let ¢ be any
measure preserving transform on G defined as follows:
For z = (t1,ts,...) € G, define the function p(z) := (€1(t1), €2(t2),... ), where
ex(tx) is equal to one of the numbers 0,1,...,pr — 1 for each k and ex(ti + s) =
ex(tx) + sax, for s = 1,2,...,p, — 1 where a;. is relatively prime to pr. (This
last hypothesis ensures ¢ is onto.) Then:

E is a set of uniqueness for B if and only if 2(E) = {z(r): 2 € E} is a set of

uniqueness for B.

Note: » defined iu this manucr actually represents a class of measure preserving

functions, each of which will satisfy the theorem.
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Proof. Assume E is an set of multiplicity for B. Then, by Proposition 2.4,
any S € B has a corresponding quasi-measure mg such that ms(G) = 1 and

ms(I) =0 for all I(j,M,) such that TN E = {.

Claim. ¢ is a one to onc function on G which takes M, -adic intervals to M, -

adic intervals.

Proof of Claym. First recall that the group G is totally disconnected. Thus,
by the definition of ¢, it is clearly one to one on the entire bounded Vilenkin
group G. Also, if z € I(j, M,,), then Zn: ]f,[—"k = K/IL,, Thus, it is clear that ¢ will
take each interval I(j, M, ) to some oiiler interval I(j', M,), as each element of

I(j, M, ) has the same first n-elements. O Claim.

Let ms- be the quasi-measure defined by mg-(I) = mg(p~!(I)), where
© 1 I) = {y : o(y) € I}. (Note: mg. is clearly a quasi-measure, since @ is
measure-preserving and ¢ is one to one). By the Claim, {¢(z) : z € I(j, M,)} =
I(3',M,) for some ;' = 0,1,..., M, — 1 and for every n € M. In fact, more
structure on the intervals is preserved by ¢ than the Claim states. Not only
does p map M,-adic intervals to one another (as in the Claim). but because
of the additive properties of quasi-mcasures. & actually takes cacl sub-interval
I(¢, My ) of I(j. M,) to a unique sub-interval of the I(j'. M, ) for every sub-
interval of I(j, M, ). (Here, of course, I(j', M,,) = »(I(j,M,)).) Thus, it is clear
that forall j =0,1,..., M, —1:

O(I(3pnt1 + O Mag1)) = I prsr + 16, Mnst)

where 7, = 0,1,...,p, — 1 and n¢ # ne for all £ # . Now, by the definition of

Amy,
Pny1—1 .
" . 27nif « X
|Ams(1(j, My))| = Z e?r i mg(I(jpnt1 + ¢ Mny1))) -
=0
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Because of the definition of S* and the fact that ¢ ~! takes the sub-intervals of
one M,-adic interval to the sub-intervals of another M,-adic interval, continue

the calculation to see:

Prg1=1l .4 Pat1=1 5.4
2 P mEIGpnpr + EMas2)) = | YD Pt ms(07 (T (ipng + £, Masa)
{=0 =0
Pat1=l Loi
= Z efnti mS(I(j’pn+1 +77£:M'n.+l))«
£=0

Because of the definition of ¢, intervals are taken to intervals and sub-intervals
to sub-intervals; however, additional sub-interval structure is preserved. In
fact, they are rearranged in a particular order. For example, if ¢ (I(J, M,)) =
I(;',Mp). then w(I(jppr + €M, + 1)) = I(j'ppyy + (€4 50,), M, +1). In
other words, the parameter n; = ( + sa,. This is clear by the definition of the

coordinate-functions e;. Because of this, continue to manipulate the above sum.

Pnt1—1

2mit
Z ePn+l nls(](jlpn+l + 1. Mpya))
=0
Pnt1=1 2xi(t—ny) 27in, y
— Z e Pntl ePn+img(I(j Pat1 + 0, Mnii))
=0
Png1-—1 27misay 27”"75 P
- z e Prtl ePrtl mo(I(5 pny1 + ne, Mny1))
€=0
2risa Pn-f-l_l 27in,
= le Pnf1 Z ePH ms(I(J putr +ne, Mngr))
=0

(of course. { — 7, is done modulo p, 4 ).
R 27iap
Since |e Pn+1 | = 1 for all n, it is clear that for any M,-adic interval I(3.M,)

such that ¢ (I(5. M,)) = I(;', M,).
|AmS(I(5, Myn))| = [Ams(I1(j', Mn))|.

By Lemma 2.6:

My —1 M, =1
>l =M, Y |amy(I(, M)
=M, 7=0
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and

A/In'_l .’\1,,+|'—l
Mo Y |Ams(IG, Ma)P = Y el
J'=0 =Mp
Mn+1—1
Hence, it is clear that > |af|* = o(1) as k — oco. (It is also clear that

=M,
m3g(G) =0and m%(I) =0 forall INe(E)=40.) Thus, S* € B is associated

with a non-zero quasi-measure m% which is zero off of p(E); hence, o(E) is a

1 is too,

set of multiplicity for B. Clearly, if ¢ is measure-preserving, then o~
so that if ¢(E) is a set of multiplicity for B, then ¢~ (¢(E)) = E is a set of
multiplicity for B. Since every subset of G is either a set of multiplicity or a set

of uniqueness, the above argument also shows that E is a set of uniqueness for

B if and only if ¢(F) is. O
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