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Abstract

Rectifiability and parametrization of fractal sets are topics of substantial interest

in geometric measure theory, including the celebrated theorem of Rademacher,

Jones and Okikiolu’s Analyst’s Traveling Salesperson Theorem (ATST), and Remes’s

theorem on the parametrization of connected self-similar fractals. The first two of

these, respectively, resolve fully questions related to tangents of Lipschitz curves

and to Lipschitz rectifiability but leave wide open the analogous questions for

Hölder curves, and the methods used by Remes have since been applied to related

parametrization results for other classes of fractal sets.

First, we prove continuous and Hölder continuous parametrization results for

connected fractals generated by infinite iterated function systems. In the latter

portion, we investigate the tangent geometry of certain Hölder curves, proving that

a certain class of randomly generated fractal sets are Hölder curves with the optimal

exponent, and then proving that these curves display, at typical points, tangent

geometry which is wildly more complicated than that of any self-similar curve. In

our parametrization results we are able to construct these Hölder parametrizations

of optimal exponent explicitly, by contrast to prior analogous parametrization

results using Remes’s method which must make some sacrifice here; either the

parametrizations do not have optimal exponent or the proof is non-constructive.

The investigation of tangent geometry to Hölder curves is a necessary first step

toward obtaining a Hölder analogue of the ATST and thus in understanding Hölder

rectifiability. Our results on the tangents to the randomly generated fractal sets
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demonstrate that tangents to Hölder curves can be extremely complicated, and indeed

the geometry which can be attained is not captured by the tangents to self-similar

sets.
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Chapter 1

Introduction

1.1 Overview

While the notion of “fractal” does not have a generally agreed upon definition, sets

which are called fractals generally look geometrically complicated at a wide range

of scales and positions. A natural type of question to ask when considering fractal

sets is about how to quantify or bound the complexity of the set. These questions

tend to come in a few different flavors, and of most interest in this dissertation are

the questions involving dimension, measure, rectifiability, and parametrizability. In

questions of dimension, we most commonly ask if there is a straightforward way

to compute the Hausdorff dimension of a fractal, and in the related questions of

measure we typically ask if the fractal has positive and finite Hausdorff measure in its

dimension, and if so we ask if the fractal enjoys a particularly nice kind of scaling law,

called Ahlfors regularity, in this dimension. In questions of parametrizability, we ask

whether or not a connected fractal admits a continuous surjection mapping the unit

interval onto the fractal, and if so can we make this parametrization particularly nice

in some way. Finally, in questions of rectifiability we ask if there are any particularly

nice continuous curves which contain the fractal set.
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The “niceness” of the functions in parametrizability and rectifiability generally

take the form of Hölder, and occasionally Lipschitz, continuity. We say that a function

f : (X, dX) → (Y, dY ) between metric spaces is α-Hölder (continuous) for a number

α > 0 if

Holdα(f) := sup
x ̸=y;x,y∈X

dY (f(x), f(y))

dX(x, y)α
<∞.

If a function f is 1-Hölder then it is called Lipschitz, and Hold1(f) is denoted by

Lip(f). It is a well-known fact in geometric measure theory that if f : (X, dX) →

(Y, dY ) is α-Hölder, then dimH(f(X)) ≤ 1
α
dimH(X), where dimH(K) denotes the

Hausdorff dimension of any set K. This simple relationship motivates us to study

parametrizability of fractals by Hölder curves. Specifically, if K is a connected

fractal, then the stated relation gives us an optimum possible Hölder exponent

of (1/dimH(K)), so we often ask if K is a (1/dimH(K))-Hölder curve. Here and

throughout, when we say “curve” we mean the continuous image of the closed unit

interval [0, 1].

1.1.1 Hausdorff dimension and measure

If (X, d) is a metic space and E ⊂ X, then for any number s > 0 we define the

Hausdorff s-dimensional measure of E as

Hs(E) := lim
δ→0+

(
inf

{
∞∑
i=1

diam(Ui)
s : E ⊂

∞⋃
i=1

Ui, diam(Ui) ≤ δ

})
.

Note that the limit limδ→0+ could be replaced by supδ>0 as when δ decreases, the

infimum is taken over a smaller collection of possible covers of E. Thus the value

Hs(E) is always well-defined, though it may be infinite. The Hausdorff measure is

a natural generalization of the Lebesgue measure, and indeed for integer values of s,

Hs is equal to the Lebesgue measure on Rs up to a multiplicative factor. For this

reason, we will use the term “length” interchangeably withH1-measure. Furthermore,

for E ⊂ X in any metric space, if 0 ≤ α < β, then Hα(E) < ∞ implies that
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Hβ(E) = 0 and similarly Hβ(E) > 0 implies Hα(E) = ∞. Following this observation,

the Hausdorff dimension of the set E is defined in the following two equivalent ways

dimH(E) := sup {α ≥ 0 : Hα(E) = ∞} = inf
{
β ≥ 0 : Hβ(E) = 0

}
.

1.1.2 Rademacher’s theorem

Lipschitz continuity is a particularly geometrically strong condition on a function,

and a curve being Lipschitz (that is, being the Lipschitz image of the unit interval

[0, 1]) implies several conditions about both the Lipschitz parametrization of the curve

and the geometry of the curve itself. First among these is Rademacher’s Theorem, a

classical and celebrated result in geometric measure theory, which states that if f :

U → Rd is a Lipschitz function, where U ⊂ Rm is an open set, then f is differentiable

at Hm-almost every point of U ; in particular if f : [0, 1] → Rd is a Lipschitz map,

then it is differentiable at H1-almost every point of the interval [0, 1]. Here and

throughout, for a number s ≥ 0, Hs denotes the Hausdorff s-dimensional measure.

For a proof of Rademacher’s Theorem, see for example (Heinonen, 2001, Theorem

6.15) or (Evans and Gariepy, 2015, Theorem 3.2). Rademacher’s Theorem has strong

consequences for the geometry of rectifiable curves, that is curves of finite length,

which are equivalent to Lipschitz curves by (Alberti and Ottolini, 2017, Theorem

4.4). Namely, for an appropriate notion of tangent set, a result of Falconer (Falconer,

1986, Corollary 3.15) states that every rectifiable curve in Euclidean space has tangent

lines at H1-almost every point.

1.1.3 The (analyst’s) traveling salesperson problem

A classical problem in discrete optimization is the Traveling Salesperson Problem

(TSP), where one asks for an algorithm to determine the most efficient path to

visit every point in a given finite set of points. The analogue studied in analysis

is the Analyst’s Traveling Salesperson Problem (ATSP), in which we ask for a set of
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conditions on a subset K of Euclidean space which guarantee that K is contained in a

rectifiable curve. The version of this problem in the Euclidean plane R2 was resolved

by Peter Jones Jones (1990), and the more general version in arbitrary Euclidean

spaces Rd was resolved by Kate Okikiolu Okikiolu (1992), establishing the Analyst’s

Traveling Salesperson Theorem (ATST). This result has since been extended to the

case of Hilbert spaces by Schul Schul (2007b), with the proof receiving corrections

and the result partially extended to the Banach space setting in a two part paper by

Badger and McCurdy Badger and McCurdy (2023a,b).

The proofs of the ATST in these papers involve the use of beta numbers, which

measure how far away the set K is from lying inside a line at various scales and

locations, and they prove that in Hilbert spaces, K lies in a rectifiable curve if and

only if the beta number of K is finite. The ATST fully resolves the question of

Lipschitz rectifiability in Euclidean spaces and Hilbert spaces. While rectifiability by

Lipschitz surfaces or by Hölder curves has seen substantial study over the years (see

for example Mart́ın and Mattila (1993, 2000); Badger and Vellis (2017); Badger et al.

(2019); Balogh and Züst (2020); Badger and Vellis (2021); Badger and Schul (2023)),

but an appropriate analogue to the ATST for these versions of rectifiability has not

been established. In view of Rademacher’s Theorem, the ATST roughly states that

if a compact set K typically has tangents which are contained in the typical tangents

to Lipschitz curves, then K can be captured by a Lipschitz curve. Following this

reasoning, we approach the question of Hölder rectifiability using an appropriate

notion of tangent and using the tangents to connected attractors of particularly nice

iterated function systems, which are a canonical family of Hölder curves.

1.2 Iterated function systems

A well-known family of fractals is the family of attractors of iterated function systems

(IFS), and especially those attractors which are generated by similarities and satisfy

the open set condition. An IFS is a finite collection F of Lipschitz contractions
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mapping a complete metric space (X, d) to itself. We say that a map ϕ : X → X is a

contraction if Lip(ϕ) ∈ (0, 1), and we say that a function ϕ : X → X is a similarity if

for every x, y ∈ X, d(x, y) = Lip(ϕ)d(x, y). An IFS F is said to satisfy the open set

condition (OSC) if there exists a nonempty open set U ⊂ X so that for every pair of

distinct ϕ, ψ ∈ F , ϕ(U)∩ψ(U) = ∅ and ϕ(U) ⊂ U . The OSC is a separation condition

on F guaranteeing that the images of distinct maps ϕ, ψ ∈ F do not overlap too much.

We further define the similarity dimension of the IFS F , denoted by s-dim(F), to be

the unique solution s ≥ 0 to the equation
∑

ϕ∈F Lip(ϕ)s = 1.

By Hutchinson (Hutchinson, 1981, 3.1(3)(i)), if F is an IFS then there exists a

unique nonempty compact set K ⊂ X satisfying K =
⋃
ϕ∈F ϕ(K), and we call this

set K the attractor of F . Attractors of IFS comprised of similarities and satisfying

the OSC enjoy nice properties with respect to Hausdorff dimension and Hausdorff

measure. By Hutchinson Hutchinson (1981), if K is the attractor of any IFS F , then

dimH(K) ≤ s-dim(F), and if F is an IFS of similarities on Rm satisfying the OSC

then Hs-dim(F)(K) ∈ (0,∞) and thus dimH(K) = s-dim(F). Moreover, if K is the

attractor of an IFS F of similarities with the OSC in Euclidean space, then K is

Ahlfors dimH(K)-regular, meaning that there exists a constant C ≥ 1 such that for

every x ∈ K and each r ∈ (0, diam(K)), we have the following scaling property for

the HdimH(K) measure on K

1

C
rdimH(K) ≤ HdimH(K)(B(x, r) ∩K) ≤ CrdimH(K).

Schief Schief (1994) proved that in Euclidean spaces, the OSC is equivalent to a

stronger separation condition, called the strong open set condition, and demonstrated

that this does not hold in general complete metric spaces. The system F is said to

satisfy the strong open set condition (SOSC) if it satisfies the OSC via a nonempty

open set U , further satisfying U ∩K ̸= ∅, where K is the attractor of F . In Figure

1.1 below are two well-known examples of attractors of IFS of similarities satisfying

the OSC (and indeed the SOSC), the Sierpiǹski gasket and Sierpiǹski carpet.
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Figure 1.1: Sierpiǹski gasket (left) and Sierpiǹski carpet (right).

The parametrizability of IFS attractors has seen significant progress over the years.

First, Hata Hata (1985) proved that ifK is the connected attractor of any IFS, thenK

is the image of a curve. Later, Remes Remes (1998) showed that if K is the connected

attractor of an IFS F of similarities with the OSC in Euclidean space, then K is a

(1/dimH(K))-Hölder curve. By the well-known fact that a (1/α)-Hölder curve has

image with Hausdorff dimension at most α, this is the best possible exponent for

the Hölder continuity of a parametrizing curve. Badger and Vellis Badger and Vellis

(2021) extended Hata’s result, showing that if K is a connected attractor of an IFS

F , then K is a (1/α)-Hölder curve for every α > s-dim(F). They also generalized

Remes’s result by proving that if K is the connected attractor of an IFS of similarities

on any complete metric space and if HdimH(K)(K) > 0, then K is a (1/dimH(K))-

Hölder curve. However, as the authors note the parametrizations of optimal exponent

are not constructed explicitly. Note that since the assumption that F is comprised of

similarities and satisfies the OSC is not present in the first of these result, there is no

straightforward relationship between dimH(K) and s-dim(F), in particular it is not

only unknown whether or not a (1/ s-dim(F))-Hölder parametrization can be realized

in general, but it is not immediately obvious if (1/ s-dim(F)) is the best Hölder

exponent we could hope for. However, they provide a class of examples of connected

attractors Σ ⊂ [0, 1]2 of IFS F for which 1 < dimH(Σ) < s-dim(F) and where Σ can

6



be parametrized by a (1/ s-dim(F))-Hölder curve but this Hölder exponent cannot

be increased.

In Chapter 2 we study similar types of questions in the context of infinite iterated

function systems (IIFS). An IIFS is a countable collection F = {ϕi}i∈N of contractions

on a compact metric space (X, d), and we define the attractor of F to be

K :=
⋃

(i1,i2,... )∈NN

∞⋂
n=1

ϕi1 ◦ · · · ◦ ϕin(X).

Unlike in the IFS case, the attractor of an IIFS is not necessarily compact, and while

the attractor K is nonempty and does satisfy K =
⋃
i∈N ϕi(K), it is possible that

there are multiple nonempty subsets of X satisfying this property. However, if every

map ϕi is injective and if every point x ∈ X is contained in at most finitely many

images ϕi(X), then we have that

K =
∞⋂
n=1

⋃
(i1,...,in)∈Nn

ϕi1 ◦ · · · ◦ ϕin(X).

Furthermore, the expression
∑

i∈N Lip(ϕi)
t is either infinite for all values of t > 0

or it is continuous and strictly decreasing on an interval (a,∞) for some a ≥ 0.

Therefore, unlike in the IFS case, there may not be any solution to the equation∑
ϕ∈F Lip(ϕ)t = 1. As a result, we must modify the definition of similarity dimension

in the IIFS case, and we instead define it as

s-dim(F) := inf

{
s ≥ 0 :

∑
i∈N

Lip(ϕi)
s ≤ 1

}
.

IIFS were first introduced in the papers of Mauldin and Urbaǹski Mauldin (1995);

Mauldin and Urbański (1996), and they are a subject of interest in their own right.

IIFS see applications in number theory (see Mauldin and Urbański (1999)), where the

study of continued fractions give rise to fractals like the Apollonian Gasket, which

has been studied in papers such as Jordan and Rams (2012); Chousionis et al. (2024);
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Vytnova and Wormell (2024). The study of IIFS has seen further applications to

fields such as geometric group theory and other parts of fractal geometry, see for

example Heinemann and Urbański (2002); Mauldin and Urbański (2002); Urbański

and Zdunik (2002); Kesseböhmer and Zhu (2006); Mauldin et al. (2009); Seuret and

Wang (2015); Rempe-Gillen and Urbański (2016); Banaji and Fraser (2023) and the

contained references. In the spirit of the results mentioned at the start of this section,

we prove Theorem 2.2.

Theorem. (Theorem 2.2) Let F = {ϕi}i∈N be an IIFS on a compact metric space so

that the attractor K is compact, limi→∞ Lip(ϕi) = 0, and so that there exists a curve

γ : [0, 1] → K whose image intersects ϕi(K) for every i ∈ N.

1. The attractor K is the image of a curve.

2. If γ is (1/s)-Hölder for some s ≥ 1, then for every α > max{s, s-dim(F)}, K

is the image of a (1/α)-Hölder curve.

This result comes with a longer list of hypotheses than the parametrization results

about IFS attractors, but in Theorem 2.1 we prove that these assumptions are all

necessary even in Euclidean space for similarity dimensions arbitrarily close to 1. We

then show in Proposition 2.1 that the situation for IIFS with similarity dimension

equal to 1 is much simpler, and in fact quite similar to the IFS case. Specifically, we

prove that if K is the attractor of an IFS or IIFS F on a compact metric space so that

K is a continuum and s-dim(F) = 1, then K is isometric to a closed line segment.

Here and throughout, we call a metric space K a continuum if K is compact and

connected. If we wish to emphasize that the continuum K is not a singleton, then we

will call K a nondegenerate continuum.

1.3 Tangents and rectifiability

Tangents to a closed set X ⊂ Rd describe the infinitesimal geometry of the set X

based at a point of X. The version of tangent we use in Chapter 3 to investigate

8



the infinitesimal geometry of Hölder curves, and accordingly curves which are the

attractors of IFS of similarities in Euclidean space with the OSC, is the notion of

tangent defined in Badger and Lewis (2015). We say that a closed set T ⊂ Rd is a

tangent to X at the point x ∈ X if there exists a sequence of positive scales rj → 0

so that the blow-ups r−1
j (X − x) centered at x converge to T in the Attouch-Wets

topology (see Beer (1993) for the definition of this topology); the collection of tangents

to a set X at a point x ∈ X is denoted by Tan(X, x). This version of tangent is based

on the notion of tangent measures, which was first defined in the celebrated 1987

paper of Preiss Preiss (1987), but similar ideas predate this work, for example in

Federer (1969); see (Mattila, 1995, Ch. 14) for a more thorough discussion.

A characteristic of note in the specific notion of tangent we use is that, unlike in

the Pointed Gromov-Hausdorff version of tangents defined in Gromov’s work Gromov

(1981, 1999) (see also Burago et al. (2001)), the tangent sets are not identified up to

isometry or up to any other type of equivalence; tangents are considered to be the

same precisely when they are equal as sets of points. This distinction is meaningful in

Theorem 3.1, which states that along a Lipschitz curve Γ ⊂ Rd, for H1-almost every

point x ∈ Γ there is a unique line L ⊂ Rd through the origin 0 so that Tan(Γ, x) =

{L}. In essence, this result provides a geometric version of Rademacher’s Theorem

for this particular notion of tangent, and much of the content of this result is the

uniqueness of the line L, which would not be as meaningful if tangent sets were

identified up to isometry.

Based on the niceness of tangents to Lipschitz curves, it was asked by Badger

and Vellis whether or not every tangents to a Hölder curve “looks self-similar”

in some precise sense. To this end, we prove Proposition 3.1, which provides

strong quantitative comparisons between the geometry of an attractor Q of an IFS

of similarities satisfying the OSC in Rd and the geometry of its tangents. This

proposition is a necessary ingredient for the main result of this chapter, which is

the following theorem combining Theorems 3.2 and 3.3. This result answers the

question of Badger and Vellis about tangents to Hölder curves in the negative.
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Theorem. For all s > 1, there exists an integer d ≥ 2 such that there exists a

(1/s)-Hölder curve Γs ⊂ Rd so that Hs(Γs) > 0 and for Hs-almost every x ∈ Γs, the

set Tan(Γs, x) contains infinitely many topologically distinct tangent sets {T1, T2, . . . }

with the following property. If Q ⊂ Rd is the attractor of an IFS of similarities with

the OSC and with dimH(Q) = s, then the set of points z ∈ Q for which there exists

a tangent S ∈ Tan(Q, z) that is bi-Lipschitz homeomorphic to any of the Tj is an

Hs-null set.

We prove this by explicitly constructing Hölder curves of Hausdorff dimension

close to 1 via randomly iterating different families of similarities, and we are able to

use some techniques from the theory of IFS regularity and parametriability to show

that these curves are Ahlfors regular. We then use these curves to prove that the

tangents to Hölder curves are not only much wilder than the tangents to Lipschitz

curves, but that tangents to Hölder curves are not described by the tangents to Hölder

curves arising from the well-known family of Hölder curves which are the attractors

of IFS of similarities with the OSC.

1.4 Outline

The following two chapters of this dissertation are comprised of manuscripts investi-

gating questions of measure-theoretic regularity, tangent geometry, and parametriz-

ability for certain connected fractals which are constructed via iterates of contraction

maps. While these fractals are not themselves generated by iterated function systems,

they are defined in such a way that we are able to draw on many of the existing tools

and ideas used to investigate the attractors of iterated function systems in many of

our proofs throughout.

Chapter 2 is comprised of the manuscript ‘Parametrizability of infinitely generated

attractors’ Shaw and Vellis (2024b), in which we investigate fractals which are

generated by infinite iterated function systems (IIFS). After defining the appropriate

notion of similarity dimension and attractor for an IIFS, we prove in Theorem 2.1 that,
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even in Euclidean space, for every α > 1 there exists a compact and connected set K

generated by an IIFS with dimH(K) < α but so that K is not a curve. Furthermore,

even if an IIFS attractor K is a curve, we still cannot guarantee that K is a Hölder

curve for any exponent if dimH(K) > 1. Then in Theorem 2.2, we provide a set of

sufficient conditions on an IIFS F to guarantee that its attractor K is a curve, and

we further provide conditions under which the attractor is guaranteed to be a Hölder

curve. In combination with Theorem 2.1 and an example in §2.5.1, we have that none

of the conditions in Theorem 2.2 can be removed in general.

Chapter 3 is comprised of the manuscript ‘Hölder curves with exotic tangent

spaces’ Shaw and Vellis (2024a). In it, we investigate the tangents to the attractors

to IFS of similarities satisfying the OSC in Euclidean spaces and we construct Hölder

curves with tangents almost everywhere which cannot be obtained from any such

attractor. This chapter contains two major theorems. In Theorem 3.3, we prove that

if Q is the attractor of an IFS of similarities with the OSC in Euclidean space, then

at typical points of Q, every tangent is comprised of countably many similar images

of Q, and satisfies a version of the OSC. We further obtain quantitative control on

the sizes of these images and on the number of these images needed to cover any

given bounded portion of the tangent. In Theorem 3.2, we prove that for every

s > 1, there is a (1/s)-Hölder curve Γs with positive Hs-measure in some Euclidean

space so that at typical points of Γs, there are infinitely many tangents which are

not homeomorphic to each other, and which (more importantly) are not bi-Lipschitz

equivalent to any tangent to an attractor of an IFS of similarities satisfying the OSC

in Euclidean space at typical points. This result shows in particular that typical

tangents to Hölder curves are not generally described by tangents to curves which are

attractors of IFS of similarities satisfying the OSC in Euclidean space.
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Chapter 2

Parametrizability of infinitely

generated attractors

2.1 Disclaimer

This chapter is, up to formatting and up to consolidation of the bibliography into

a single bibliography for the entire dissertation, identical to the paper of the same

name Shaw and Vellis (2024b). The manuscript is a collaborative work with Vyron

Vellis and was published in Annales Fennici Mathematici in 2024. The publication

can be found under https://afm.journal.fi/article/view/143314.

2.2 Abstract

An infinite iterated function system (IIFS) is a countable collection of contraction

maps on a compact metric space. In this paper we study the conditions under which

the attractor of such a system admits a parameterization by a continuous or Hölder

continuous map of the unit interval.
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2.3 Introduction

Iterated function systems are among the most standard and canonical methods in

mathematics of producing fractal sets. An iterated function system (abbv. IFS) is a

finite collection F of contraction maps on a complete metric space X. Hutchinson

Hutchinson (1981) showed that for each IFS F , there exists a unique nonempty

compact set K ⊂ X (called the attractor of F) such that K =
⋃
ϕ∈F ϕ(K). The

similarity dimension of an IFS F is the unique solution to the equation

ψF(t) :=
∑
ϕ∈F

Lip(ϕ)t = 1 (2.3.1)

where Lip(ϕ) denotes the infimum of all L > 0 for which ϕ is L-Lipschitz. Here and

for the rest of the paper we only consider nondegenerate proper contractions, that is,

we always assume that Lip(ϕ) ∈ (0, 1).

The connection between the similarity dimension of an IFS F and the Hausdorff

dimension of its attractor K was established by Hutchinson Hutchinson (1981) who

showed that if F is an IFS of similarities on Rn satisfying the open set condition,

then dimH(K) = s-dim(F). Recall that a similarity in Rn is the composition of a

dilation and an isometry. An IFS F on Rn satisfies the open set condition (abbv.

OSC) if there exists a nonempty open set U ⊂ Rn such that ϕ(U) ⊂ U for all ϕ ∈ F ,

and ϕ(U) ∩ ϕ′(U) = ∅ for all distinct ϕ, ϕ′ ∈ F . Many well known fractals (such as

the standard Cantor set, the Sierpiński carpet, the von Koch snowflake, etc.) are

attractors of IFS of similarities on the plane with the OSC. See also Schief (1994,

1996); Farkas and Fraser (2015); Fraser et al. (2015) for the necessity of the OSC.

A natural question in the theory of Dynamical Systems is the regularity of an

IFS attractor and whether it admits “good” parameterizations by the unit interval.

Hata Hata (1985) showed that if the attractor K of an IFS is connected, then it

is the image of a curve, that is, the image of [0, 1] under a continuous map. The

second named author and Badger Badger and Vellis (2021) improved Hata’s result

13



by proving that if the attractor K of an IFS F is connected, then it is the image

of [0, 1] under a 1
α
-Hölder continuous map for any α > s-dim(F). Under the extra

assumptions that X = Rn and that F is an IFS of similarities on Rn satisfying

the OSC, Remes Remes (1998) showed earlier that the attractor is the image of [0, 1]

under a 1
α
-Hölder continuous map where one can actually have α = s-dim(F). Remes’

result is sharp in that there exists no 1
α
-Hölder parameterization if α < s-dim(F).

The assumption X = Rn in Remes’ theorem can be replaced by the assumption

Hs-dim(F)(K) > 0 Badger and Vellis (2021). Here and for the rest of the paper Hα

denotes the Hausdorff α-dimensional measure.

In their celebrated paper, Mauldin and Urbański Mauldin and Urbański (1996)

(see also Mauldin (1995)) further extended Hutchinson’s theory and introduced the

notion of an infinite iterated function system (abbv. IIFS); i.e., an infinite countable

collection of contractions on a compact metric space X. Ever since their introduction,

IIFSs have played a major role in fractal geometry, geometric group theory, and

number theory; see Mauldin and Urbański (1999); Heinemann and Urbański (2002);

Mauldin and Urbański (2002); Urbański and Zdunik (2002); Kesseböhmer and Zhu

(2006); Mauldin et al. (2009); Jordan and Rams (2012); Seuret and Wang (2015);

Rempe-Gillen and Urbański (2016); Banaji and Fraser (2023) and the references

therein.

Here, unlike in most literature, we do not assume that contractions are conformal

or even injective. Given an IIFS F = {ϕi : i ∈ N} on a compact metric space X, we

define the attractor of F by

K =
⋃

(in)⊂N

∞⋂
n=1

ϕi1 ◦ · · · ◦ ϕin(X).

The attractor K in the infinite setting may not be compact. Moreover, although

K =
⋃
ϕ∈F ϕ(K), there may exist multiple nonempty subsets of X with this property.

If, additionally, each ϕi ∈ F is injective, and if each x ∈ X is contained in at most
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finitely many ϕi(X), then

K =
⋂
n∈N

⋃
i1,...,in∈N

ϕi1 ◦ · · · ◦ ϕin(X). (2.3.2)

In the infinite setting, the auxiliary function ψF in (2.3.1) is either infinite for all

t > 0, or it is continuous and strictly decreasing on an interval (a,∞) for some a ≥ 0.

Hence, unlike in the finite case, equation (2.3.1) may not have a solution. We define

the similarity dimension of an IIFS F as

s-dim(F) := inf{t ≥ 0 : ψF(t) ≤ 1}.

By Fatou’s Lemma, the infimum above is in fact a minimum. As in the finite case, if F

is an IIFS of similarities on X = U ⊂ Rn where U is a bounded domain, satisfying the

OSC, then the Hausdorff dimension of the attractor K is equal to s-dim(F) (Mauldin

and Urbański, 1996, Corollary 3.17).

The purpose of this paper is to study the parameterizability of IIFS attractors. In

the infinite case an interesting dichotomy appears. On the one hand, in Proposition

2.1 we show that if the attractor K of an IIFS F is a continuum and if s-dim(F) = 1,

then K is a line segment; see also Mauldin et al. (2001) for a similar phenomenon. On

the other hand, both Hata’s theorem and the Badger-Vellis theorem are false when

the similarity dimension is greater than 1, even if it is arbitrarily close to 1.

Theorem 2.1. 1. For each ϵ > 0, there exists an IIFS of similarities on the unit

square [0, 1]2 having the OSC such that s-dim(F) < 1 + ϵ, and its attractor is a

continuum but not path connected.

2. For each ϵ > 0, there exists an IIFS of similarities on the unit square [0, 1]2

having the OSC such that s-dim(F) < 1 + ϵ, and its attractor is the image of a

curve, but not the image of a Hölder curve.
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While the first example may not be too surprising, the second example has the

additional property that for every two points there exists a Lipschitz curve in the

attractor that connects them. A common theme in both these examples is the

existence of a “bad 1-skeleton” inside the attractor which is not the image of a curve

(in the first case) or not the image of a Hölder curve (in the second case). If such bad

structures are absent, we show that the attractor admits good parameterizations.

Theorem 2.2. Let F = {ϕi}i∈N be an IIFS on a compact metric space so that the

attractor K is compact, limi→∞ Lip(ϕi) = 0, and there exists a curve γ : [0, 1] → K

whose image intersects ϕi(K) for all i.

1. The attractor K is the image of a curve.

2. If γ is 1
s
-Hölder for some s ≥ 1, then for each α > max{s, s-dim(F)} the

attractor K is the image of a 1
α
-Hölder curve.

We leave it as an open question whether in the second part of the theorem one

can choose α = max{s, s-dim(F)}; this is unknown even for IFSs. Furthermore,

in the case that F is finite, the existence of the curve γ in both parts of Theorem

2.2 is guaranteed by (Badger and Vellis, 2021, Theorem 1.1). Finally, the condition

limi→∞ Lip(ϕi) = 0 is necessary for Theorem 2.2; see §2.5.1.

The construction of the two examples of Theorem 2.1 is given in Section 2.5 and

we prove Theorem 2.2 in Section 3.8.

2.3.1 Symbolic notation

Here and for the rest of the paper, given a countable (infinite or finite) set A and an

integer n ≥ 0, we denote by An the set of words formed from A of length n, with

the convention A0 = {ε} and ε is the empty word. We denote A∗ =
⋃
n≥0A

n and by

AN, the set of infinite words formed with letters from A. Given w = i1i2 · · · ∈ AN we

denote w(n) = i1 · · · in the truncated sub-word of w.
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Given an IFS or IIFS F = {fi : i ∈ A} and a finite word w = i1 · · · in ∈ An, we

denote the length n of w by |w| and

fw = fi1 ◦ · · · ◦ fin .

Given quantities x, y ≥ 0 and a constant a > 0 we write x ≲a y if there exists a

constant C depending on at most a such that x ≤ Cy. If C is universal, we write

x ≲ y. We write x ≃a y if x ≲a y and y ≲a x.

2.4 Parametrizations of infinite IFS attractors

In this section we prove Theorem 2.2. We start by proving the simple fact that if an

IIFS has similarity dimension equal to 1 and the attractor is a continuum, then the

attractor is a line segment. This was shown by Hutchinson for finite IFS of similarities

on Euclidean spaces (Hutchinson, 1981, Remark 3.4).

Proposition 2.1. Let K be the attractor of an infinite or finite IFS F on a compact

space. If K is a continuum and if s-dim(F) = 1, then K is isometric to a closed line

segment.

Proof. Write F = {ϕi : i ∈ A}. We first claim that H1(K) ≤ diamK. Fix δ > 0 and

let n ∈ N such that (diamK) Lip(ϕw) < δ for all w ∈ Nn. Since ψF(1) ≤ 1,

H1
δ(K) ≤

∑
w∈An

diamϕw(K) ≤ diamK
∑

i1,...,in∈A

Lipϕi1 · · ·Lipϕin

= diamK(ψF(1))
n ≤ diamK

and the claim follows by taking δ → 0. Hence, K is the Lipschitz image of [0, 1]

(Alberti and Ottolini, 2017, Theorem 4.4). Fix p, q ∈ K such that d(p, q) = diamK

and fix an arc γ ⊂ K with endpoints p, q. Note that

diamK = H1(K) ≥ H1(γ) ≥ diam γ = diamK.
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Therefore, K = γ. For each x, y ∈ γ denote by γ(x, y) the subarc of γ with endpoints

x, y.

Let x, y ∈ γ such that x is between p and y. Then,

diam γ ≤ d(p, x) + d(x, y) + d(y, q)

≤ H1(γ(p, x)) +H1(γ(x, y)) +H1(γ(y, q))

= H1(γ)

= diam γ.

Therefore, H1(γ(x, y)) = d(x, y) for all x, y ∈ γ, which yields that K is isometric

to the line segment [0, diamK].

The rest of Section 3.8 is devoted to the proof of Theorem 2.2. Henceforth, we

assume that we have an IIFS F = {ϕ1, ϕ2, . . . } on a compact space X so that K is

compact, limi→∞ Lip(ϕi) = 0, and there exists a curve γ : [0, 1] → K whose image

intersect each set ϕi(K). We make some standard reductions.

First, if K is a point, then the claim of the theorem is trivial. Therefore, we may

assume that K is nondegenerate and, rescaling the metric, we may also assume that

diam(K) = 1. Second, since limi→∞ Lip(ϕi) = 0, we may assume that

Lip(ϕ1) = max
i∈N

Lip(ϕi).

Third, by traversing the image of γ backwards if necessary, we may assume that

γ(0) = γ(1). For any point p in the image of γ, by reparameterizing γ, we may assume

that γ(0) = γ(1) = p. Moreover, for any p, q in the image of γ, by reparameterizing

γ, we may assume that there exists [a, b] ⊂ [0, 1] such that γ(a) = p and γ(b) = q.

Here and for the rest of this section, given w = i1i2 . . . in ∈ N∗, we denote

Lw = Lip(ϕi1) Lip(ϕi2) . . .Lip(ϕin)
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with the convention Lε = 1. Note that in general, Lw ≥ Lip(ϕw).

2.4.1 Path connectedness of IIFS attractors

The first step in the proof of Theorem 2.2 is the following lemma which shows that

K is pathwise connected.

Lemma 2.2.1. Let w ∈ N∗ and x, y ∈ ϕw(K). There exists a continuous map

f : [0, 1] → ϕw(K) such that f(0) = x and f(1) = y. If γ is 1
s
-Hölder for some

s > s-dim(F) and with Hölder constant H0, then f can be chosen to be 1
s
-Hölder with

Hölder constant H ≲ψF (s),s,H0,L1 Lw,.

Proof. Clearly, we may assume that x ̸= y. Moreover, it suffices to assume that

w = ε, and that there is no j ∈ N so that x, y ∈ ϕj(K), as otherwise we could pass to

the longest common word. By the Kuratowski embedding theorem, we may further

assume that K is a subset of ℓ∞.

We construct a sequence of continuous maps (fn : [0, 1] → ℓ∞)n≥0, sequences of

finite collections of closed nondegenerate intervals (Bn)n≥0, (En)n≥0 in [0, 1], and an

injection w :
⋃
n≥0 En → N∗ with the following properties.

(P1) For each n ∈ N, intervals in Bn ∪ En intersect only at endpoints and the union

of all these intervals is [0, 1].

(P2) For each J ∈ En there exists unique S ∈ Bn+1 such that S ⊂ J . Conversely, for

each S ∈ Bn+1 \ Bn there exists unique JS ∈ En such that S ⊂ JS.

(P3) For any n ≥ 0 and any J ∈ En+1, there exists unique J ′ ∈ En such that J ⊂ J ′.

Moreover, there exists u ∈ N∗ such that |u| > 0 and w(J) = w(J ′)u.

(P4) For each n ≥ 0 and J ∈ En, there exist distinct i, j ∈ N such that fn|J is a

linear map mapping the left endpoint in ϕw(J)i(K) and the right endpoint in

ϕw(J)j(K).
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(P5) For each n ≥ 1, and each S ∈ Bn there exists a closed nondegenerate interval

I and a linear map ζ : S → I such that

fn+1|S = fn|S = ϕw(JS) ◦ (γ|I) ◦ ζ.

(P6) For each n ≥ 0, fn(0) = x and fn(1) = y.

(P7) For each n ≥ 0, and each J ∈ En, ∥fn − fn+1∥J,∞ ≤ 2Lw(J).

Before the construction of (fn)n, (Bn)n, (En)n, and w we remark that (P3) and a

simple induction yield that

(P8) For all n ∈ N and all J ∈ En, |w(J)| ≥ n.

The construction is done in an inductive fashion. Define E0 = {[0, 1]}, B0 = ∅,

w([0, 1]) = ε, and f0 : [0, 1] → ℓ∞ to be the linear map with f0(0) = x and f0(1) = y.

Property (P4) is immediate while the rest of the properties are vacuous.

Assume now that for some integer n ≥ 0 we have defined a continuous map

fn : [0, 1] → ℓ∞, collections Bn, En in [0, 1], and an injection w :
⋃n
k=0 Ek → N∗ with

properties (P1)–(P7). The new collections of intervals will be

Bn+1 = Bn ∪
⋃
J∈En

Bn+1(J), En+1 =
⋃
J∈En

En+1(J).

If S ∈ Bn, then we set fn+1|S = fn|S.

Fix now J ∈ En and write J = [t, s]. By (P3) there exist distinct i, j ∈ N such

that |w(J)| ≥ n, fn(t) ∈ ϕw(J)i(K), and fn(s) ∈ ϕw(J)j(K). There also exists an

interval I = [a, b] ⊂ [0, 1] such that γ(a) ∈ ϕi(K) and γ(b) ∈ ϕj(K). We consider

three possible cases.

Case I: Suppose that ϕw(J)◦γ(a) = fn(t) and ϕw(J)◦γ(b) = fn(s). Set Bn+1(J) =

{J}, En+1(J) = ∅, and fn+1|J = ϕw(J) ◦ (γ|I) ◦ ζ where ζ : J → I is the orientation

preserving linear map.
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Case II: Suppose that ϕw(J) ◦ γ(a) ̸= fn(t) and ϕw(J) ◦ γ(b) = fn(s). Let z ∈ (t, s)

and let u ∈ N∗ be the shortest word such that there exist distinct i, j ∈ N with

ϕw(J) ◦ γ(a) ∈ ϕw(J)ui(K) and fn(t) ∈ ϕw(J)uj(K). By (P4) we have that |u| ≥ 1.

Set En+1(J) = {[t, z]}, Bn+1(J) = {[z, s]}, and w([t, z]) = w(J)u. Define fn+1

on J continuously so that fn+1|[z, s] is as in Case I, and fn+1|[t, z] is linear with

fn+1(t) = fn(t). We work similarly if ϕw(J) ◦ γ(a) = fn(t) and ϕw(J) ◦ γ(b) ̸= fn(s).

Case III: Suppose that ϕw(J) ◦ γ(a) ̸= fn(t) and ϕw(J) ◦ γ(b) ̸= fn(s). Let t < z <

w < s and set En+1(J) = {[t, z], [w, s]}, Bn+1(J) = {[z, w]}. For the definitions of

w([t, z]), w([w, s]), and fn+1|J we work as in Cases I, II.

Properties (P1)–(P7) are easy to verify. Since w is injective on
⋃n
k=0 Ek, then by

(P3) and the fact that w is injective on En+1(J) for each J ∈ En we have that w is

injective on
⋃n+1
k=0 Ek. Finally, continuity of fn+1 follows from the facts that fn+1 is

the same as fn outside of intervals in En, that fn+1|J is continuous for all J ∈ En,

and that fn+1|∂J = fn|∂J for all J ∈ En. This completes the inductive construction.

From (P5) and (P7) we have that (fn)n∈N converges to a continuous map f :

[0, 1] → ℓ∞. Fix J ∈
⋃
n≥0 En. By (P5) we have that for all S ∈

⋃
n≥0 Bn with S ⊂ J ,

f(S) ⊂ ϕw(J)(K). By this fact, by (P3), and by (P4) we have that for all m ≥ n,

sup
t∈J

dist(fm(t), ϕw(J)(K)) ≤ max
J ′⊂J
J ′∈Em

2Lw(J ′) ≤ 2Lw(J)L
m−n
1 .

Since K is closed, it follows that f(J) ⊂ ϕw(J)(K). This proves the first part of the

lemma.

Assume now that γ is 1
s
-Hölder for some s > s-dim(F) and with Hölder constant

H0. Then, ψF(s) ∈ (0, 1). Set E =
⋃
n≥0 En and B =

⋃
n≥0 Bn. For each J ∈ E , set

M(J) :=
∑
J ′∈E
J ′⊂J

(Lw(J ′))
s.

21



By injectivity of w and (P3) we have that for each J ∈ E

(Lw(J))
s ≤ M(J) ≤

∑
w∈N∗

(Lw(J)w)
s = (Lw(J))

s

∞∑
n=0

(∑
i∈N

Lsi

)n

=
(Lw(J))

s

1− ψF(s)
.

The only difference in the construction in this case is that we require that for all

S ∈ B and all J ∈ E

|S| = (Lw(JS))
s/M([0, 1]) and |J | = M(J)/M([0, 1]).

To see why this is possible, note that if J ∈ En and Bn+1(J) = {S} for some n ≥ 0,

then

|J | =
(Lw(J))

s

M([0, 1])
+
∑
J ′∈E
J ′⊊J

(Lw(J ′))
s

M([0, 1])
= |S|+

∑
J ′∈En+1(J)

|J ′|.

We claim that the map f defined above is 1
s
-Hölder continuous with Hölder

constant depending only on ψF(s), L1, s, and H0. To show the claim, fix p, q ∈ [0, 1].

Clearly, we may assume that p ̸= q. There exist n ∈ N and J ∈ En so that p, q ∈ J

and n is maximal. Proving the claim falls to a case study.

Case 1. Suppose that p ∈ J1 and q ∈ J2 where J1, J2 ∈ En+1(J) are distinct. On

the one hand

|p− q| ≥ |S| ≳s,ψF (s) (Lw(J))
s

while on the other hand, by (P5) and (P7), f(p), f(q) ∈ ϕw(J)(K), so

d(f(p), f(q)) ≤ Lw(J).

Case 2. Suppose that p, q ∈ S where S ∈ Bn+1(J). By (P5),

d(f(p), f(q)) ≤ Lw(J)|S|−1/sH0|p− q|1/s ≲s,ψF (s),H0 |p− q|1/s.
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Case 3. Suppose that p ∈ J1 \ S and q ∈ S \ J1 where J1 ∈ En+1(J) and

S ∈ Bn+1(J). There exists integer m ≥ n + 1 and J ′ ∈ Em such that p ∈ J ′ ⊂ J1,

J ′ ∩ S ̸= ∅, and if S ′ ∈ Bm+1(J
′), then S ′ separates p from q. Let z be the unique

point in J ′ ∩ S. By Case 1 for p, z and Case 2 for z, q

d(f(p), f(q)) ≤ d(f(p), f(z)) + d(f(z), f(q)) ≲L1,s,ψF (s),H0 |p− q|1/s

which completes the proof of the claim.

2.4.2 Parameterizations of IIFS attractors

The second step in the proof of Theorem 2.2 is the following lemma that allows us to

reparametrize γ so that preimages of ϕi(K) have nonempty interior.

Lemma 2.2.2. Let p be in the image of γ. There exists a map Γ : [0, 1] → K and

a collection of nondegenerate closed intervals {In}n∈N with disjoint interiors such

that Γ has the same image as γ, satisfies Γ(0) = Γ(1) = p, and for each n ∈ N,

In ⊂ Γ−1(ϕn(K)). Moreover, if γ is 1
s
-Hölder with constant H0, and if (an) ∈ ℓ1 is

a sequence of positive numbers, then Γ is 1
s
-Hölder with constant H ≤ 21/sH0(1 +

∥(an)∥1)1/s and for each n ∈ N, |In| = an(1 + ∥(an)∥1)−1.

Proof. We may assume that γ(0) = γ(1) = p. For each n ∈ N fix a point xn ∈

γ−1(ϕn(K)) ⊂ [0, 1]. It is possible that for some n ̸= m we have xn = xm. Let

{pk}k∈B be an enumeration of the set {xn}n∈N where B is either a finite set, or N.

For each k ∈ B, define Ak = {n ∈ N : xn = pk}.

For the first claim, fix a decreasing sequence (bn)n∈N of positive numbers that

converges to 0. Identify R3 with C× R and define the set

E = ({0} × [0, 1]) ∪
⋃
k∈B

⋃
n∈Ak

(
{te2πi/n : t ∈ [0, bn]} × {pk}

)
⊂ R3.
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Since bn → 0, it is easy to see that E is closed. Moreover, there exists a continuous

increasing map η : [0, 1] → [0, 1] such that η(0) = 0,

max
n∈Ak

bn ≤ η

(
min

j∈{1,...,k−1}
|pj − pk|

)
for all k ∈ B

and

bn ≤ η

(
min

m∈{1,...,n−1}
|e2πi/m − e2πi/n|

)
for all n ∈ N.

We claim that there exists a continuous ω : [0, 1] → [0, 1] with ω(0) = 0 such that

for all x, y ∈ E, there exists a curve σ : [0, 1] → E such that σ(0) = x, σ(1) = y and

the diameter of its image is at most ω(|x − y|). The proof of the claim is a simple

case study.

If x, y ∈ {0} × [0, 1], then use the line segment [x, y].

If x = (te2πi/n, pk) and y ∈ {0} × [0, 1] for some t ∈ [0, bn], n ∈ Ak and k ∈ B,

then use the union of line segments [x, (0, pk)] ∪ [(0, pk), y].

If x = (t1e
2πi/n, pk) and y = (t2e

2πi/n, pk) for some distinct t1, t2 ∈ [0, bn], n ∈ Ak

and k ∈ B, then use the line segment [x, y].

If x = (t1e
2πi/n, pk) and y = (t2e

2πi/m, pk) for some t1, t2 ∈ [0, bn], n,m ∈ Ak with

m < n, and k ∈ B, then use the union of line segments [x, (0, pk)] ∪ [(0, pk), y]. Note

that

|x− y| ≳ |t1 − t2|+min{t1, t2}|e2πi/m − e2πi/n|

≥ |t1 − t2|+min{t1, t2}η−1(min{t1, t2})

while

diam(σ([0, 1])) ≤ t1 + t2 ≤ |t1 − t2|+min{t1, t2}.
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Finally, suppose that x = (t1e
2πi/m, pk) and y = (t2e

2πi/n, pj), for some distinct

k, j ∈ B, m ∈ Ak, n ∈ Aj, t1 ∈ [0, bm], and t2 ∈ [0, bn]. Then,

|x− y| ≳ |pk − pj|+ |t1 − t2|

and if σ is the union of line segments [x, (0, pk)] ∪ [(0, pk), (0, pj)] ∪ [(0, pj), y],

diam(σ([0, 1])) ≤ t1 + t2 + |pk − pj| ≤ |t1 − t2|+min{t1, t2}+ |pk − pj|

≲ |x− y|+ η(|pk − pj|)

and the proof of the claim is complete.

Thus, E is connected and locally connected, and by the Hahn-Mazurkiewicz The-

orem (Hocking and Young, 1961, Theorem 3.30), there exists continuous surjection

g : [0, 1] → E. Note that for each n ∈ N, the preimage

g−1({te2πi/n : t ∈ [0, bn]} × {xn})

contains a nondegenerate closed interval. Define now γ̃ : E → K by γ̃|{0}× [0, 1] = γ

and for each n ∈ N and t ∈ [0, bn], γ̃(te
2πi/n, xn) = γ(xn). Then γ̃ is continuous and

Γ := γ̃ ◦ g satisfies the conclusions of the lemma.

For the second part of the lemma, assume that γ is 1
s
-Hölder with constant H0,

and assume that (an) ∈ ℓ1 is a sequence of positive numbers. Define E as above

replacing bn by an. Then,

H1(E) = 1 + ∥(an)∥1 <∞.

Therefore, by (Alberti and Ottolini, 2017, Theorem 4.4), there exists a Lipschitz

surjection g : [0, 1] → E with constant speed equal to 2H1(E). Thus, for each n ∈ N,
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g−1({te2πi/n : t ∈ [0, an]} × {xn}) contains a closed subinterval of length

(1 + ∥(an)∥1)−1an.

Define γ̃ as above and note that γ̃ is 1
s
-Hölder with constant H0. Setting Γ := γ̃ ◦ g,

we have for all x, y ∈ [0, 1]

d(Γ(x),Γ(y)) ≤ H0|g(x)− g(y)|1/s ≤ 21/sH0(1 + ∥(an)∥1)1/s|x− y|1/s.

We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. Fix p0 ∈ K. We construct a sequence of continuous maps (fn :

[0, 1] → K)n≥0, sequences of collections of closed nondegenerate intervals (Nn)n≥0,

(In)n≥0 in [0, 1], and a bijection w :
⋃
n≥0 Nn → N∗ with the following properties.

(P1) For each n ≥ 0, intervals in Nn ∪ In intersect at most on endpoints.

(P2) For each n ≥ 0, each I ∈ Nn and each i ∈ N, there exists I ′ ∈ Nn+1 contained

in the interior of I such that w(I ′) = w(I)i. Conversely, for each n ≥ 0 and

each I ′ ∈ Nn+1, there exists I ∈ Nn and i ∈ N such that I ′ is contained in the

interior of I and w(I ′) = w(I)i.

(P3) For each n ≥ 0 and each I ∈ Nn, there exist exactly two intervals J, J ′ ∈ In+1

contained in I. Conversely, for each n ≥ 0 and each J ∈ In+1 \In, there exists

unique interval IJ ∈ Nn such that J ⊂ IJ .

(P4) If n ≥ 1, I ∈ Nn−1 and J, J ′ ∈ In are contained in I, then there exists an

orientation reversing linear map ζJ : J ′ → J , such that fn|J ′ = (fn|J) ◦ ζJ .

Moreover, fn|J = g ◦ ζ where g : [0, 1] → ϕw(I)(K) is the map from Lemma

2.2.1 and ζ : J → [0, 1] is an increasing linear map.

(P5) For each n ≥ 0 and each I ∈ Nn, fn|I is constant and its image is in ϕw(I)(K).

Moreover, fn(I) ⊂ fn+1(I) ⊂ ϕw(I)(K).

26



(P6) For each n ∈ N, if x is not in the interior of some I ∈ Nn, then fn+1(x) = fn(x).

(P7) For each n ∈ N, fn(0) = fn(1) = p0.

For the construction, apply Lemma 2.2.2 and obtain a map Γ : [0, 1] → K and a

collection {Ii : i ∈ N} of closed nondegenerate intervals in [0, 1] such that for each

i ∈ N, Γ|Ii is constant and its image is in ϕi(K). The proof of the claim is done in

an inductive fashion.

For n = 0, let N0 = {[0, 1]} and I0 = ∅, let f0 : [0, 1] → K be the constant map

p0, and let w([0, 1]) = ε. Properties (P1), (P5) and (P7) are trivial while the rest of

them are vacuous.

Assume now that for some n ≥ 0 we have defined a continuous fn : [0, 1] → K,

collections of intervals Nn,In, and a bijection w : Nn → Nn satisfying assumptions

(P1)–(P7). The new collections of intervals will be

In+1 = In ∪
⋃
I∈Nn

In+1(I), Nn+1 =
⋃
I∈Nn

Nn+1(I).

We set

fn+1|[0, 1] \
⋃

Nn = fn|[0, 1] \
⋃

Nn.

Fix now I ∈ Nn. By (P5), there exists i ∈ N such that fn(I) ∈ ϕw(I)i(K).

Reparameterizing Γ, we may assume that Γ(0) ∈ ϕj(K) and 0 is the left endpoint of

Ij. Write I = [a, b], and let a < a1 < a2 < b. Let ξI : [a1, a2] → [0, 1] be an increasing

linear map and let ζI : [a, a1] → [0, 1] and ζ ′I : [a2, b] → [0, 1] be increasing linear

maps. Set

Nn+1(I) = {ξ−1
I (Ij) : j ∈ N} and In+1(I) = {[a, a1], [a2, b]}

and for each j ∈ N define w(ξ−1
I (Ij)) = w(I)j.

Let g : [0, 1] → ϕw(I)(K) be the map given from Lemma 2.2.1 that connects fn(I)

to ϕw(I)(Γ(Ij)) and define
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1. fn+1|[a, a1] = g ◦ ζI ,

2. fn+1|[a1, a2] = ϕw(I) ◦ Γ ◦ ξI ,

3. fn+1|[a2, b] = g ◦ h ◦ ζ ′I where h : [0, 1] → [0, 1] with h(x) = 1− x.

Properties (P1)–(P6) are clear from design and the properties of Γ. Note that

for all I ∈ Nn the function w : Nn+1(I) → {w(I)i : i ∈ N} is bijective. Therefore,

w : Nn+1 → Nn+1 is a bijection. Finally, since 0, 1 are not contained in the interior

of any I ∈ Nn, by (P6), fn+1(0) = fn+1(1) = p0.

It remains to prove continuity of fn+1. Fix x ∈ [0, 1]. We only show continuity of

fn+1 at x from the right. To this end, fix a sequence xm ⊂ (x, 1] that converges to x

and consider the following three cases.

Case 1. Suppose that for all m sufficiently large, xm ∈ [0, 1] \
⋃

Nn. Then

fn+1(xm) converges to fn+1(x) by (P6) and continuity of fn.

Case 2. Suppose that for all m sufficiently large, xm ∈ I for some I ∈ Nn. Then,

fn+1(xm) converges to fn+1(x) by design.

Case 3. Suppose that for for all m sufficiently large, there exists Im ∈ Nn such

that xm ∈ Im and that the collection {Im}m is infinite. Fixing ϵ > 0, there exists

i0 ∈ N such that for every i ≥ i0, Li < ϵ/2. Since the collection {w(Im)}m is infinite,

there exists N ∈ N such that for every m ≥ N , some character of the word w(Im) is

larger than i0. It follows that Lw(Im) < ϵ/2 for every m ≥ N . By continuity of fn,

we may further assume that for every m ≥ N , d(fn(x), fn(xm)) < ϵ/2. By (P5), for

every m ≥ N ,

d(fn+1(x), fn+1(xm)) ≤ d(fn(x), fn(xm)) + d(fn(xm), fn+1(xm)) < ϵ.

This completes the induction and the proof of (P1)–(P7).

By (P5) and (P6),

∥fn+1 − fn∥∞ ≤ sup
I∈Nn

∥fn − fn+1∥I,∞ ≤ sup
I∈Nn

Lw(I) ≤ Ln1
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so the maps fn converge uniformly to a continuous map f : [0, 1] → K. By (P5) and

the bijectivity of w, we have f([0, 1]) ∩ ϕw(K) ̸= ∅ for all w ∈ N∗. Therefore, for all

x ∈ K and n ∈ N,

dist(x, f([0, 1])) ≤ inf
w∈Nn

diamϕw(K) ≤ Ln1 .

Hence, K ⊂ f([0, 1]) and it follows that f([0, 1]) = K. This proves the first part of

Theorem 2.2.

For the second part of the theorem, assume that γ is 1
s
-Hölder for some s >

s-dim(F) and with Hölder constant H0. Define for all w ∈ N∗

Mw := 3
∑
u∈N∗

(Lwu)
s.

Working as in the proof of Lemma 2.2.1, we have that for all w ∈ N∗,

Mw = 3 (Lw)
s (1− ψF(s))

−1.

For each i ∈ N set ai = Mi > 0 and note that ∥(ai)∥1 = Mε ≲s,ψF(s)
1. We apply on

each stage of the construction, the second part of Lemma 2.2.2 with ai =Mi and we

may assume that Γ is 1
s
-Hölder with constant H ≲s,ψF (s),L1 H0.

The other change in the construction, is that we require that if n ≥ 0, I ∈ Nn,

and J ∈ Jn+1(I), then

|I| =M−1
ε Mw(I) and |J | =M−1

ε

(
Lw(I)

)s
.
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To see why this is possible, fix n ≥ 0 and I ∈ Nn. By Lemma 2.2.2

|I| =M−1
ε Mw(I)

= 2M−1
ε

(
Lw(I)

)s
+M−1

ε

(
Lw(I)

)s
+
∑
i∈N

M−1
ε Mw(I)i

=
∑

J∈Jn+1(I)

|J |+
∣∣∣I \⋃Jn+1(I) \

⋃
Nn+1(I)

∣∣∣+ ∑
J∈Nn+1(I)

|J |.

We claim that the limit f of the maps fn is 1
s
-Hölder continuous. To this end,

fix distinct p, q ∈ [0, 1] and let n ≥ 0 be the maximal integer such that there is some

I ∈ Nn with p, q ∈ I. Denote by J, J ′ the two elements in Jn+1(I), by I
′ the closure

of I \ (J ∪ J ′), and by BI the closure of the set of points in I which are not contained

in any interval in Nn+1(I) ∪ Jn+1(I). The proof of the claim falls to a case study.

Case 1. Suppose that p, q ∈ J or p, q ∈ J ′. By (P6) and Lemma 2.2.1,

d(f(p), f(q)) = d(g ◦ ζI(p), g ◦ ζI(q))

≲ψF (s),L1,s,H0 Lw(I)|J |−1/s|p− q|1/s

≲ψF (s),s,L1,H0 |p− q|1/s.

Case 2. Suppose that p and q are separated by the interior of one of I ′, J , J ′.

Then |p− q| ≳s,ψF (s) (Lw(I))
s while, by (P5), f(I) ⊂ ϕw(I)(K) and

d(f(p), f(q)) ≤ Lw(I).

Case 3. Suppose that p, q ∈ BI . By (P6) and design of fn+1, f |BI = fn+1|BI =

ϕw(I) ◦ Γ ◦ ξI . Therefore, by Lemma 2.2.2 we have

d(f(p), f(q)) ≲H0,s,ψF (s) Lw(I)|I ′|−1/s|p− q|1/s ≲H0,ψF (s),s |p− q|1/s.

Case 4. Suppose that p ∈ I1 and q ∈ I2 where I1, I2 ∈ Nn+1(I). By maximality

of n, we have I1 ̸= I2. Let a ∈ I1 and b ∈ I2 such that |a − b| = dist(I1, I2). Then
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the pair p, a satisfy either Case 1 or Case 2, with I replaced by I1. Similarly for q, b.

Moreover, a, b ∈ BI , and hence satisfy Case 3. Therefore, by triangle inequality,

d(f(p), f(q)) ≲ψF (s),s,H0,L1 |p− q|1/s.

Case 5. Suppose that p ∈ I1 for some I1 ∈ Nn+1(I) and q ∈ BI . Let a ∈ I1 be

such that |a − q| = dist(I1, q). Note that points a, p satisfy one of Case 1 or Case 2

(with I replaced by I1), while points a, q satisfy Case 3. Therefore, by the triangle

inequality,

d(f(p), f(q)) ≲ψF (s),s,H0,L1 |p− q|1/s.

Case 6. Suppose that p ∈ J ∪ J ′ (say J) and q ∈ I ′. Let a ∈ J such that

|a− q| = dist(J, q). Note that points a, p satisfy Case 1, while points a, q satisfy Case

3 or Case 5. Therefore, by the triangle inequality,

d(f(p), f(q)) ≲ψF (s),s,H0,L1 |p− q|1/s.

2.5 Examples of IIFS

In this section we provide three examples of IIFS. In §2.5.1 we show that the condition

limn→∞ Lip(ϕn) = 0 is necessary in Theorem 2.2, in §2.5.2 we prove Theorem 2.1(1),

and in §2.5.3 we prove Theorem 2.1(2).

2.5.1 An IIFS without vanishing Lipschitz norms

For this example we use complex coordinates. For each n ∈ N define a contraction

ϕn : B2 → B2 on the closed unit disk B2 by

ϕn(z) = e
2πi
n 1

2
(Re(z) + 1).

Note that Lip(ϕn) = 1/2 for all n ∈ N, and let F = {ϕn : n ∈ N}.
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Set G = {te 2πi
n : n ∈ N, t ∈ [0, 1]}; see Figure 2.1 below for the first generation of

images of the system used in this section. Note that the figure shows only the images

of finitely many maps in the family, the images in fact accumulate to the real interval

[0, 1].

We claim that G is the attractor K of the IIFS F . Note that for all n ∈ N we

have ϕn(B2) = ϕn(G). Therefore, ϕw(B2) = ϕw(G) for all w ∈ N∗. Moreover, it is

easy to see that ⋃
n∈N

ϕn(B2) = G,

which yields that K ⊂ G. For the opposite inclusion, fix x ∈ G. There exists

n1 ∈ N such that x ∈ ϕn1(B2). Assume now that for some m ∈ N we have defined a

word w ∈ Nm such that x ∈ ϕw(B2) = ϕn(G). Since G =
⋃
n∈N ϕn(B2), there exists

nm+1 ∈ N such that x ∈ ϕwnm+1(B2). It follows that there exists an infinite word

w = n1n2 · · · ∈ NN such that x ∈
⋂
m∈N ϕn1···nm(B2) which yields that G ⊂ K.

To complete the example, note that there exists a curve γ : [0, 1] → K (namely

the constant curve with image the origin) whose image intersects every ϕn(K), and

the attractor K is a continuum but it is not locally connected.
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Figure 2.1: Attractor of IIFS of §2.5.1

2.5.2 An IIFS where the attractor is a continuum but not

path connected

Fix s > 1 and fix M ∈ N such that M > max
{
4

1
s−1 , 7

}
. For each n ∈ N let

an =
1 +Mn(2M + 1)1−n

M + 1
and bn =M−n(an − an+1 −M−n).

Note that an ∈ (0, 1] for each n, that an is strictly decreasing, that a1 = 1, and that

for all n ∈ N

an − an+1 −M−n =

(
M

2M + 1

)n
−M−n > M−n.

The construction of the IIFS F is done in three subfamilies

F = {ϕn,i}n,i ∪ {τn,i}n,i ∪ {σn}n.

First, for n ∈ N and i ∈ {1, . . . ,Mn}, define ϕn,i : [0, 1]2 → [0, 1]2 by

ϕn,i((x, y)) = (an −M−n,M−n(i− 1)) +M−n(x, y).
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Second, for n ∈ N and i ∈ {1, . . . ,Mn}, define τn,i : [0, 1]2 → [0, 1]2 by

τn,i((x, y)) =
(
an −M−n − (i− 1)bn, 0

)
+ bn(x, y) if n is even

τn,i((x, y)) =
(
an −M−n − (i− 1)bn, 1− bn

)
+ bn(x, y) if n is odd.

Third, for i ∈ {1, . . . ,M + 1}, define σi : [0, 1]2 → [0, 1]2 by

σi((x, y)) =
(
0, i−1

M+1

)
+ 1

M+1
(x, y).

See Figure 2.2 below for the first generation of images of the system used in this

section. Note that this figure shows only finitely many of the first generation images,

and the images in fact accumulate to the boxes along the left edge of the square.

Using the definition of M we now compute

ψF(s) =
∞∑
n=1

Mn∑
i=1

Lip(ϕn,i)
s +

∞∑
n=1

Mn∑
i=1

Lip(τn,i)
s +

M+1∑
n=1

Lip(σn)
s

=
∞∑
n=1

M (1−s)n +
∞∑
n=1

Mnbsn + (M + 1)1−s

≤ 2

M s−1 − 1
+

1

(M + 1)s−1

< 1.

Therefore, the similarity dimension of F is no more than s. We are now ready to

prove the first part of Theorem 2.1.
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Figure 2.2: First iteration of IIFS of §2.5.2.

Proof of Theorem 2.1(1). Define K0 = [0, 1]2 and for each m ∈ N define Km =⋃
f∈F f(Km−1). By (2.3.2), (Km)m∈N is a nested family of sets with K =

⋂
m≥0Km.

Thus in order to show that K is a continuum, it suffices to show that each Km is a

continuum.

To show compactness, we proceed by induction. The base case m = 0 is trivial.

Suppose now that Km is compact. Let (pk) be a sequence in Km+1 converging to

some p = (x, y) ∈ R2. If x < 1
2M−1

, then for all k large enough, pk ∈
⋃
i σi(Km) which

is compact. If x > 1
2M−1

then there exists a finite set F ′ ⊂ F such that for all k large

enough, pk is contained in
⋃
f∈F ′ f(Km) which is compact. Finally, if x = 1

2M−1
, then

p ∈
⋃
i σi(Km). In either case, p ∈ Km+1.

Connectedness is also shown inductively. The case m = 0 is trivial. Suppose now

that for some m ≥ 0, the set Km is connected. Let

L =
2M−1⋃
i=1

σi(Km), R = Km+1 \ L =
⋃
n,i

ϕn,i(Km) ∪
⋃
n,i

τn,i(Km).
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Note that L is connected since for every i ∈ {1, . . . , 2M − 2}

σi+1((1, 0)) ∈ σi(Km) ∩ σi+1(Km)

and each σi(Km) is connected by the inductive hypothesis. We also claim that R is

connected. This follows from the fact that sets τn,i(Km) and ϕn,i(Km) are connected

and from the fact that for all n ∈ N

ϕn,i+1((1, 0)) ∈ ϕn,i(Km) ∩ ϕn,i+1(Km)

τn,i+1((1, 0)) ∈ τn,i(Km) ∩ τn,i+1(Km)

τn,Mn((0, 0)) ∈ τn,Mn(Km) ∩ ϕn+1,1(Km)

ϕn,Mn((0, 0)) ∈ τn,1(Km) ∩ ϕn,Mn(Km).

Therefore if we were to have some partition Km+1 = A ∪B by disjoint nonempty

open sets A,B, we must have that A = L or B = L. However, R is not a closed

set, as it is disjoint from { 1
2M−1

}× [0, 1] but its sequential closure contains ( 1
2M−1

, 0).

Thus, Km+1 is connected.

To finish the proof, we show that there is no path in K1 connecting p = ( 1
2M−1

, 0)

to q = (1, 0). Since both of these points are in K, and K ⊂ K1 the latter implies that

K is not path connected. To this end, assume for a contradiction that f = (f1, f2) :

[0, 1] → K1 is a continuous map with f(0) = p, f(1) = q. By design of K1, for any

n ∈ N

1. for any t ∈ [0, 1] with

1
2M−1

+ 2−2n < f1(t) <
1

2M−1
+ 2−2n+1 −M−2n

we have that f2(t) ≤ (2M)−2n and
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2. for any t ∈ [0, 1] with

1
2M−1

+ 2−2n−1 < f1(t) <
1

2M−1
+ 2−2n −M−2n−1

we have that f2(t) ≥ 1− (2M)−2n−1.

It follows now that f2 (and consequently f) is not continuous at t = 0.

2.5.3 An IIFS where the attractor is the image of a curve

but not the image of a Hölder curve

Fix s > 1 and fix an even integer M ≥ max{10, 7
1

s−1}. For each n ∈ N let

an =
log(2)

Mn log(n+ 1)
and bn =

4 + 2M(2−1 −M−1)n

M + 2
.

A simple calculation shows that for all n ∈ N, bn+1 < bn − 2an < bn. Additionally,

for each n ∈ N let Nn be an integer such that

2a−1
n+1(bn − an − bn+1) ≤ Nn ≤ 4a−1

n+1(bn − an − bn+1).

The construction of the IIFS F is done in three subfamilies

F = {ϕn,i}n,i ∪ {τn,i}n,i ∪ {σ}.

First, for each n ∈ N and i ∈ {1, . . . ,Mn} define ϕn,i : [0, 1]
2 → [0, 1]2 by

ϕn,i((x, y)) = (bn − an, (i− 1)an) + an(x, y).

Second, for n ∈ N and i ∈ {1, . . . , Nn} define τn,i : [0, 1]
2 → [0, 1]2 by

τn,i((x, y)) =
(
bn+1 + (i− 1) bn−an−bn+1

Nn
, 0
)
+ bn−an−bn+1

Nn
(x, y).
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Third, we define σ : [0, 1]2 → [0, 1]2 such that

σ((x, y)) = 4
M+2

(x, y).

See Figure 2.3 below for the first generation of images of the system used in this

section. Note that this figure shows only finitely many of the first generation images,

and the images in fact accumulate to the box in the bottom left corner of the square.

Using the definition of M we compute

ψF(s) =
∞∑
n=1

Mn∑
i=1

(Lip(ϕn,i))
s +

∞∑
n=1

Nn∑
i=1

(Lip(τn,i))
s + (Lip(σ))s.

=
∞∑
n=1

Mnasn +
∞∑
n=1

Nn

(
bn − an − bn+1

Nn

)s
+

(
4

M + 2

)s
≤ M1−s

1−M1−s +
M1−s

1−M1−s +
4s

M s

< 1.

Therefore, the similarity dimension of F is at most s.
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Figure 2.3: First iteration of IIFS of §2.5.3.

Lemma 2.2.3. The attractor K of the IIFS F is the image of a curve.

Proof. Define Lb, Lr to be the bottom and left, respectively, edges of the unit square

[0, 1]2. Define also K0 = [0, 1]2, and for each m ∈ N define Km =
⋃
f∈F f(Km−1).

We claim that for every f ∈ F , f(Lb ∪Lr) ⊂ f(K). Assuming the claim, we note

that the set

E = Lb ∪
⋃
n,i

ϕn,i(Lr)

is contained in K and, working as in the proof of Lemma 2.2.2, it follows that E is

the image of a curve. Now, by Theorem 2.2(1), it follows that K is the image of a

curve.

To prove the claim, we show that Lb ∪ Lr ⊂ Km for every m ∈ N. By a simple

inductive argument, this immediately implies that f(Lb ∪ Lr) ⊂ f(K) for all f ∈ F .

The proof is by induction onm. Clearly Lb∪Lr ⊂ K0. Assume now that Lb∪Lr ⊂ Km
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for some integer m ≥ 0. First,

Lr =
M⋃
i=1

(
{1} ×

[
i− 1

M
,
i

M

])
=

M⋃
i=1

ϕ1,i(Lr) ⊂ Km+1.

Second,

Lb =
∞⋃
n=1

([bn − an, bn]× {0}) ∪
∞⋃
n=1

([bn+1, bn − an]× {0}) ∪
(
[0, 4

M+2
]× {0}

)
=

∞⋃
n=1

ϕn,1(Lb) ∪
⋃
n,i

τn,i(Lb) ∪ σ(Lb)

⊂
⋃
f∈F

f(Km).

Proof of Theorem 2.1(2). We show that the attractor K of the IIFS F is not the

image of a Hölder curve. Assume for a contradiction that there exists α ≥ 1, H > 0

and a surjection f : [0, 1] → K such that for all x, y ∈ [0, 1]

|f(x)− f(y)|α ≤ H|x− y|.

For each n ∈ N let

An =
Mn⋃
i=1

ϕn,i(K).

Note that the height of each “tower” An is equal to log(2)/ log(n+ 1).

Recall that M was chosen even and for each n ∈ N define pn = ϕn,Mn((1, 1)) and

qn = ϕn, 1
2
Mn((1, 1)). Following the proof of Lemma 2.2.3, for each n ∈ N, the vertical

segment [qn, pn] ⊂ An. Moreover, for any n ∈ N, pn is the point of An with the highest

y-coordinate, and the y-coordinate of qn is 1
2
log(2)/ log(n+ 1). Setting

Bn =
Mn⋃

i= 1
2
Mn+1

ϕn,i(K),
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we have Bn∩K \Bn = {qn}. Given that Bn is connected, there exists for each n ∈ N

an interval In ⊂ [0, 1] such that

{pn, qn} ⊂ f(In) ⊂ Bn.

It follows that the intervals I1, I2, . . . are mutually disjoint and

1 ≥
∞∑
n=1

diam In ≥
∞∑
n=1

H−1|pn − qn|α =
(log 2)α

2αH

∞∑
n=1

1

(log(n+ 1))α
.

However, the latter series diverges and we reach a contradiction.
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Chapter 3

Hölder curves with exotic tangent

spaces

3.1 Disclaimer

This chapter is, up to formatting and up to consolidation of the bibliography into a

single bibliography for the entire dissertation, identical to the manuscript of the same

name Shaw and Vellis (2024a). This manuscript is a collaborative work with Vyron

Vellis and the preprint is available at https://arxiv.org/abs/2409.13662.

3.2 Abstract

An important implication of Rademacher’s Differentiation Theorem is that every

Lipschitz curve Γ infinitesimally looks like a line at almost all of its points in the sense

that at H1-almost every point of Γ, the only tangent to Γ is a straight line through the

origin. In this article, we show that, in contrast, the infinitesimal structure of Hölder

curves can be much more extreme. First we show that for every s > 1 there exists

a (1/s)-Hölder curve Γs in a Euclidean space with Hs(Γs) > 0 such that Hs-almost

every point of Γs admits infinitely many topologically distinct tangents. Second, we
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study the tangents of self-similar connected sets (which are canonical examples of

Hölder curves) and prove that the curves Γs have the additional property that Hs-

almost every point of Γs admits infinitely many homeomorphically distinct tangents

to Γs which are not admitted as (not even bi-Lipschitz to) tangents to any self-similar

set at typical points.

3.3 Introduction

Rademacher’s Theorem, one of the most important theorems in geometric measure

theory, states that every Lipschitz function defined on [0, 1] is differentiable at H1-

almost every point of [0, 1]. It is natural to ask whether a similar result may hold for

more general functions. Calderon Calderón (1951) extended Rademacher’s Theorem

by proving that every function in the Sobolev class W1,p with p > 1 is H1-almost

everywhere differentiable. However, any further generalization would be futile as for

each s > 1 there exists a Weierstrass function on [0, 1] which is 1
s
-Hölder but nowhere

differentiable Zygmund (2002).

A major application of Rademacher’s Theorem is towards the understanding of

the “infinitesimal structure” of Lipschitz curves (i.e. Lipschitz images of [0, 1]). To

state this application, let us first define the notion of tangents. Following Badger and

Lewis (2015), given a closed set X ⊂ Rn and a point x ∈ X, we say that a closed

set T is a tangent of X at x if there exists a sequence of positive scales rj that go

to zero such that the blow-up sets r−1
j (X − x) converge to the set T in the Attouch-

Wets topology; see §3.4.4 for the precise definition. Other notions of metric space

convergences which produce similar tangents are known in the literature; see Gromov

(1981, 1999); David and Semmes (1997). Another well-known notion of infinitesimal

structure in geometric measure theory is that of the tangent cone (Federer, 1969,

3.1.21). The tangent cone of X at x is the union of all tangents of X at x, which

means that some local information is lost. We denote by Tan(X, x) the collection of
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all tangents of X at x. It is well-known that Tan(X, x) is nonempty and that if T is

in Tan(X, x), then λT is in Tan(X, x) for every λ > 0.

By Rademacher’s Theorem and by a theorem of Besicovitch Besicovitch (1944)

(see also (Falconer, 1986, Corollary 3.15)), every Lipschitz curve is infinitesimally a

line at H1-almost every point. More precisely, the following is true, and we provide

a proof in Section 3.5.

Theorem 3.1. If f : [0, 1] → RN is Lipschitz, then for H1-a.e. x ∈ f([0, 1]), there

exists a straight line L ⊂ RN through the origin such that Tan(f([0, 1]), x) = {L}.

More generally, if X is the Lipschitz (or even p-Sobolev for p > n) image of [0, 1]n

into some Rm with m > n, then for Hn-a.e. x ∈ X, the tangent space of X at x

contains exactly one element which is an n-plane Badger et al. (2024). Here and for

the rest of this paper, given α > 0, we denote by Hα(X) the Hausdorff α-dimensional

measure of a metric space X.

It is worthwhile to note that while typical points of a Lipschitz curve have a simple

tangent space, exceptional points may exhibit extreme behaviors. In particular, there

exists a Lipschitz curve Γ ⊂ R2 (or in any Euclidean space of dimension at least 2)

and a point x0 ∈ Γ such that Tan(Γ, x0) contains every possible tangent ; see Appendix

3.12.2 for a precise statement and the proof.

The infinitesimal structure of Lipschitz curves plays an important role in the

classification of 1-rectifiable sets by Jones Jones (1990) and Okikiolu Okikiolu (1992).

A feature of the proofs is the use of Jones’s beta numbers, which roughly measure

how well a given set E can be approximated by lines at a given scale and location,

and showing that if these values are small enough at all scales and locations then E

can be captured in a rectifiable curve. Roughly speaking, a set E is contained in a

Lipschitz curve if and only if at almost all points, tangent spaces are lines in a strong

quantitative way. For a more complete discussion of the history of the Analyst’s

Traveling Salesperson Theorem, see Schul (2007a) and the citations therein.
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Recent years have seen great interest in obtaining a Hölder version of the Analyst’s

Traveling Salesperson Theorem, that is, in characterizing all sets which are contained

in a Hölder curve; see for example Mart́ın and Mattila (1993); Remes (1998); Mart́ın

and Mattila (2000); Badger and Vellis (2017); Badger et al. (2019); Balogh and Züst

(2020); Badger and Vellis (2021); Badger and Schul (2023); Shaw and Vellis (2024b).

This notion of “Hölder rectifiability” is greatly motivated by the fact that many

fractals in analysis on metric spaces admit a Hölder parameterization but not a

Lipschitz one. For example, if the attractor of an iterated function system is connected

(e.g. the von Koch curve, the Sierpiński gasket, the Sierpiński carpet), then it admits

a Hölder parameterization by [0, 1]; see Remes (1998); Badger and Vellis (2021).

In lieu of the Lipschitz rectifiability results discussed above, a crucial step towards

a comprehensive theory of Hölder rectifiable sets would be to understand the tangent

spaces of Hölder curves at typical points. Unfortunately, unlike the Lipschitz case, it

would be naive to expect that given s > 1 there exists one single set Ts which is the

tangent of all 1
s
-Hölder curves at typical points. For example, consider the two self-

similar sets S and C constructed as follows. Set S0 = T where T is an isosceles triangle

with side-lengths 1, 5−1/4, 5−1/4, and for each n ∈ N set Sn = ϕ1(Sn−1) ∪ ϕ2(Sn−1)

where ϕ1, ϕ2 are the two similarities in the left image of Figure 3.1. The sets Sn

converge to a snowflake-like curve S =
⋂
n∈N Sn. Similarly, set C0 = [0, 1]2 and for

each n ∈ N set Cn =
⋃16
i=1 ψi(Cn−1) where ψ1, . . . , ψ16 are the similarities in the

right image of Figure 3.1. The sets Cn converge to a carpet-like set C =
⋂
n∈N Sn.

Both S and C are connected self-similar sets which have Hausdorff dimension equal to

s = log 16/ log 5 and positive Hs measure, and by a theorem of Remes Remes (1998),

both are 1
s
-Hölder curves. However, the tangents of S at Hs-a.e. point are infinite

snowflakes while the tangents of C at Hs-a.e. point are infinite carpets; hence they

are topologically different.

45



Figure 3.1: First stages of sets S (left) and C (right).

The previous two examples lead us to ask whether there are infinitely many

Hölder curves Γ1,Γ2, . . . and infinitely many sets T1, T2, . . . such that Ti are pairwise

topologically different and each Ti is a tangent of Γi at typical points. In our main

result, we show that not only is this true but it is even worse: this situation can arise

in one single Hölder curve. Furthermore, the Hölder exponent of such a curve can be

chosen arbitrarily close to 1.

Theorem 3.2. For each s > 1, there exists a 1
s
-Hölder curve Γs in some Euclidean

space such that Hs(Γs) > 0 and for Hs-almost every x ∈ Γs, the space Tan(Γs, x)

contains infinitely many topologically different tangents.

We note that little is currently known about the geometry of tangents at typical

points. For example, are tangents at typical points connected? If so, are they Hölder

images of R? Theorem 3.1 answers the previous two questions in the affirmative for

Lipschitz curves.

3.3.1 Tangents of self-similar sets

Perhaps the richest source of Hölder curves with positive and finite Hausdorff measure

is that of self-similar sets. Recall that an iterated function system (abbv. IFS) of

similarities on Rn is a finite collection F of contracting similarities of Rn. We say

that a set K is the attractor of an IFS F if K =
⋃
ϕ∈F ϕ(K). An IFS F satisfies the
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open set condition (abbv. OSC) if there exists a nonempty open set U ⊂ Rn such

that for all distinct ϕ, ϕ′ ∈ F we have ϕ(U) ⊂ U and ϕ(U)∩ϕ′(U) = ∅. In this paper,

we say that a set Q is self-similar if it is the attractor of an IFS of similarities with

the OSC. A well-known theorem of Hutchinson Hutchinson (1981) states that every

self-similar set has finite and positive Hs-measure for some s > 0.

While there are examples of Hölder curves with positive and finite Hausdorff

measure which are not self-similar sets (e.g. a bi-Lipschitz embedding of the

snowflaked space ([0, 1], | · |ϵ) Bonk and Heinonen (2004); Wu (2015); Romney and

Vellis (2017)), these examples are all bi-Lipschitz equivalent to self-similar sets.

Therefore, it is natural to ask if Hölder curves have tangents possessing some

form of self-similarity at typical points. Note that tangents of Lipschitz curves at

typical points are straight lines which do possess local self-similarity. This discussion

motivates two questions. First, can we classify tangents of (connected) self-similar

sets? Second, are tangents of general Hölder curves always bi-Lipschitz equivalent to

tangents of connected self-similar sets?

In pursuit of the first of question, we investigate the tangents of self-similar sets

and we show that if Q is a self-similar set in a Euclidean space, then at HdimH(Q)-

almost every point x of Q, every tangent is locally made up of “big pieces of Q”.

Proposition 3.1. Let {ϕi : RN → RN}mi=1 be an IFS of similarities satisfying the

OSC for some open set U with U∩Q ̸= ∅, where Q is the attractor, and let s = dimHQ.

Then there exists c0 ∈ N depending only on the Lipschitz norms of ϕ1, . . . , ϕm such

that for Hs-almost every x ∈ Q, every tangent T ∈ Tan(Q, x), and every R > 0, there

exist similarities {fRi : Q → T}MR
i=1 with MR ≤ c0 with Lipschitz norms in [c−1

0 R,R]

such that

B(0, R) ∩ T ⊂
MR⋃
j=1

fRj (Q) ⊂ B(0, 2R) ∩ T,

and for all distinct i, j ∈ {1, . . . ,MR}, fRi (U)∩ fRj (U) = ∅ and fRi (U ∩Q) is an open

subset of T .
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Here and throughout we denote by 0 the origin in RN . For the special case of

self-similar sponges (including self-similar carpets such as the Sierpiński carpet), we

show in Section 3.12 that at typical points of such a sponge, each tangent is locally

self-similar, which means roughly that every open ball contains a similar copy of every

other open ball as an open subset.

Regarding the second question, following the construction in Theorem 3.2, we

show in Section 3.12 that the curves Γs from Theorem 3.2, infinitesimally, do not

resemble self-similar sets.

Theorem 3.3. For each s > 1, at Hs-a.e. x ∈ Γs there exists T ∈ Tan(Γs, x) with

the following property. If Q ⊂ Rn is a self-similar set with dimHQ = s, then the set

of points z ∈ Q for which T is bi-Lipschitz homeomorphic to an element of Tan(Q, z)

is Hs-null.

To the best of our knowledge, the curves of Theorem 3.3 are the first examples of

Hölder curves that Hs-almost everywhere possess tangents which are not realizable

as a tangent of a self-similar set at Hs-almost any point. However, it is worth noting

that the Hölder curves of Theorem 3.3 have the property that at typical points, some

tangent does arise as a tangent of a self-similar set at typical points. In light of this,

we leave open a weakened version of the second question as a conjecture, originally

due to Matthew Badger and the second named author in 2019.

Question 3.4 (Badger, Vellis). If Γ is a Hölder curve in Euclidean space, then is

it true that at typical points, there is some tangent to Γ which is bi-Lipschitz to a

tangent of a connected self-similar set at typical points?

3.3.2 Outline of the proof of Theorem 3.2

To simplify the exposition, we first describe the construction of Γs in the special case

that s = log 24/ log 6. The set Γs is constructed by applying two sets of iterated

function systems on R2 in a somewhat random fashion. We start with the unit
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square S0. Assume now that for some k ≥ 0 we have defined Sk which is the union

of 24k closed squares with disjoint interiors Ski1...ik , corresponding to strings i1 . . . ik ∈

{1, . . . , 24}k of length k in 24 letters. Each such square is replaced by a copy of Model

1 or a copy of Model 2 in Figure 3.2, rescaled by 6−k. After replacing each square,

we obtain Sk+1. We have that S0 ⊃ S1 ⊃ · · · and the set Γs is the Hausdorff limit of

these sets. The choice between Model 1 or Model 2 at every stage of the construction

is encoded by a choice function η which is defined on all finite words made from

characters {1, . . . , 24} and takes values in {1, 2}. See Section 3.6 for the rigorous

construction. The important detail is that Model 1 contains one local cut-point (i.e.

a point x which if removed makes a neighborhood of x disconnected) while Model 2

has no such point.

In Section 3.7 we show that, no matter what the choice function η is, the resulting

“limit set” Γs will satisfy 0 < Hs(Γs) <∞. Then, in Section 3.8, drawing inspiration

from the techniques in parametrization results of attractors of iterated function

systems (e.g. in Hata (1985) and Badger and Vellis (2021)), for each choice function

η, we construct Lipschitz curves which approximate Γs and converge to a 1
s
-Hölder

parameterization of Γs.

Note that if a choice function takes only one value (say 1), then the resulting set Γs

is self-similar, and in fact, it is a self-similar sponge which, as we prove, implies that it

has very nice tangent spaces; see §3.12.1. Thus in order to obtain a set where at typical

points, the tangent space contains infinitely many topologically different elements

which cannot be obtained from a self-similar set, the choice function necessarily must

exhibit some form of randomness.
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Figure 3.2: Model 1 (left) and Model 2 (right) for s = log 24/ log 6.

In Section 3.9, using a measure-theoretic argument on the set of choice functions,

we show that almost every choice function (in terms of a suitable probability measure)

yields a continuum Γs which “sees” both models in arbitrarily small neighborhoods

at Hs-almost every point. With such a choice function in hand, we show in Section

3.10 that at Hs-almost every x ∈ Γs, and for each k ∈ N, there exists a tangent

T ∈ Tan(Γs, x) that contains exactly 1
23
(24k − 1) many local cut-points (see §3.4.5).

Therefore, there are infinitely many topologically different tangents.

A construction similar to the one described above works for all values s of the

form αn = log(5n−6)
log(n)

where n ≥ 4 is an even number. To obtain Theorem 3.2 for an

arbitrary s > 1, we first choose n ≥ 4 even such that s > αn. Then in Section 3.11

we appropriately “snowflake” the curve Γαn , apply Assouad’s embedding theorem

Assouad (1983) to bi-Lipschitz embed the snowflaked Γαn into some Euclidean space,

and use a weak-tangent-snowflaking argument to show that the embedded image

(which has dimension s) satisfies the conclusions of Theorem 3.2.

Finally, in Section 3.12 we prove that these tangents cannot be obtained as

tangents of self-similar sets at generic points.
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3.4 Preliminaries

3.4.1 Dendrites

A dendrite is a Peano continuum (that is, compact, connected, and locally connected

at every point) which contains no simple closed curves. The leaves of a dendrite X

are exactly those points x ∈ X such that X \ {x} is connected.

Lemma 3.4.1. Let T1, T2 be two dendrites in Rn that intersect on a point. Then

T1 ∪ T2 is a dendrite.

Proof. Recall that a metric space is a dendrite if and only if any two distinct points

can be separated by a third point (Nadler, 1992, Theorem X.10.2). Suppose that

T1 ∩ T2 = {x0}. Fix distinct x, y ∈ T1 ∪ T2. If x, y ∈ T1, since T1 is a dendrite, there

exists a point z ∈ T1 that separates x and y. Similarly if x, y ∈ T2. If x ∈ T1 \ T2 and

y ∈ T2 \ T1, then x0 separates x and y.

3.4.2 Words

For each even integer n ≥ 4 we denote

An = {1, . . . , 5n− 6}.

Given n as above and an integer m ≥ 0, let Am
n be the set of words of length m

formed by characters in An, with the convention that A0
n = {ε}, where ε is the empty

word. Define A∗
n :=

⋃∞
m=0 Am

n and AN
n be the set of infinitely countable words.

Given a word w ∈ A∗
n, we denote by |w| the length of w. Also, given w = i1 · · · im ∈

Am
n and j ≤ m, we write w(j) = i1 · · · ij, and similarly given an integer j ≥ 0 and an

infinite word τ = i1i2 · · · ∈ AN
n we write τ(j) = i1i2 . . . ij. For any w ∈ A∗

n, define the

cylinder set AN
n,w := {τ ∈ AN

n : τ(m) = w}, that is, the set of infinite words which

agree with w for the first m characters. Similarly, for j,m ∈ N with m ≥ j and for

each w ∈ Aj
n, we define Am

n,w := {v ∈ Am
n : v(j) = w}.
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Denote by Σn the σ-algebra generated by the cylinders AN
n,w where w ∈ A∗

n. Then

there exists a unique probability measure νn : Σn → [0, 1] such that νn(AN
n,w) =

(5n− 6)−|w| for all w ∈ A∗
n; see for example (Stroock, 1993, §3.1).

3.4.3 Combinatorial graphs and trees

A combinatorial graph is a pair G = (V,E) of a finite or countable vertex set V and

an edge set

E ⊂ {{v, v′} : v, v′ ∈ V and v ̸= v′}.

If {v, v′} ∈ E, we say that the vertices v and v′ are adjacent in G.

If V ⊂ Rn for some n ∈ N, then we define the image of G to be the set

Im(G) :=
⋃

{v,v′}∈E

[v, v′]

where [v, v′] denotes the line segment from v to v′. Recall that if v ∈ V is a vertex,

then the valence of v in G is the number of vertices u ∈ V \ {v} so that {u, v} ∈ E.

A simple path in G is a set γ = {{v1, v2}, . . . , {vn−1, vn}} ⊂ E such that for all

distinct i, j ∈ {1, . . . , n} we have vi ̸= vj; in this case we say that γ joins v1, vn. A

graph T = (V,E) is a combinatorial tree if for any distinct v, v′ there exists a unique

simple path γ that joins v with v′.

3.4.4 Tangents

If A and B are nonempty subsets of a Euclidean space RN , then we define the excess

of A over B as

excess(A,B) = sup
a∈A

inf
b∈B

|a− b|;

see (Beer, 1993, §3.1), Badger and Lewis (2015), and (Badger et al., 2017, Appendix

A). In the next remark, we list six important properties of the excess which

will be used heavily throughout this article. The first and fifth properties follow
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straightforwardly from the definition of excess while the other four are given in

(Badger and Lewis, 2015, Section 2).

Remark 3.5. The excess satisfies the following six properties.

1. Translation invariance. For nonempty sets A,B ⊂ RN and any point x ∈ RN ,

excess(A,B) = excess(A+ x,B + x).

2. Triangle inequality. For nonempty sets A,B,C ⊂ RN ,

excess(A,C) ≤ excess(A,B) + excess(B,C).

3. Containment. For nonempty sets A,B ⊂ RN , excess(A,B) = 0 if, and only if,

A ⊂ B.

4. Monotonicity. If A ⊂ A′, B′ ⊂ B are all nonempty subsets of RN , then

excess(A,B) ≤ excess(A′, B′).

5. Subadditivity. If A,B,C ⊂ RN are all nonempty, then

excess(A ∪B,C) ≤ excess(A,C) + excess(B,C).

6. Closure. If A,B ⊂ RN are nonempty, then

excess(A,B) = excess(A,B).

Let C(RN) be the collection of nonempty closed subsets of RN , and let C(RN ;0) be

the collection of nonempty closed subsets of RN containing the origin 0. We consider

both of these spaces equipped with the Attouch-Wets topology, which is defined in

(Beer, 1993, Definition 3.1.2).
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Lemma 3.5.1 ((Beer, 1993, Chapter 3)). There exists a metrizable topology, called

the Attouch-Wets topology, on C(RN) in which a sequence of sets (Xi)
∞
i=1 ⊂ C(RN)

converges to a set X ∈ C(RN) if and only if for every r > 0,

lim
m→∞

excess(Xm ∩B(0, r), X) = 0 and lim
m→∞

excess(X ∩B(0, r), Xm) = 0.

Moreover, the subcollection C(RN ;0) is sequentially compact; that is, for any sequence

(Xi)
∞
i=1 ⊂ C(RN ;0) there exists a subsequence (Xij)

∞
j=1 and a set X ∈ C(RN ;0) such

that (Xij)
∞
j=1 converges to X.

In the following lemma, we record a useful property of Attouch-Wets convergence

in C(RN ;0), which roughly says that sequences in C(RN ;0) that converge in the

Attouch-Wets topology satisfy a type of Cauchy condition with respect to excess.

Lemma 3.5.2. If (Aj)j∈N ⊂ C(RN ;0) is a sequence converging to a set A ∈ C(RN ;0)

with respect to the Attouch-Wets topology, then for every r > 0 and each ϵ > 0, there

exists an integer j0 ∈ N so that for every pair of integers j1, j2 ≥ j0, excess(Aj1 ∩

B(0, r), Aj2) < ϵ.

Proof. Let ϵ > 0 and let r > 0. Since Aj → A in the Attouch-Wets topology as

j → ∞, there exists an integer j0 ∈ N so that for every integer j ≥ j0

excess(Aj∩B(0, r), A) < min{ϵ/2, r} and excess(A∩B(0, 2r), Aj) < min{ϵ/2, r}.

Then for every pair of integers j1, j2 ≥ j0, by the triangle inequality for excess (see

Remark 3.5),

excess(Aj1∩B(0, r), Aj2) ≤ excess(Aj1∩B(0, r), A∩B(0, 2r))+excess(A∩B(0, 2r), Aj2).

Now since j1 ≥ j0, excess(Aj1∩B(0, r), A) < min{ϵ/2, r}, so for every x ∈ Aj1∩B(0, r)

there exists a point y ∈ A so that |x−y| < min{ϵ/2, r}. Then it must hold that such a

point y is contained in B(0, 2r)∩A, and therefore excess(Aj1∩B(0, r), A∩B(0, 2r)) <
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ϵ/2. Additionally, since j2 ≥ j0, we have also that excess(A ∩ B(0, 2r), Aj2) < ϵ/2,

and this completes the proof.

Let X ∈ C(RN) and let x ∈ X. Following Badger and Lewis (2015), we say that

a set T ∈ C(RN ;0) is a tangent set of X at x if there exists a sequence of scales

(rm)m∈N > 0 such that rm → 0 and X−x
rm

→ T with respect to the Attouch-Wets

topology. We denote by Tan(X, x) the set of all tangent sets to X at x.

For the next lemma, denote by CU(RN ;0) the collection of all sets X ∈ C(RN ;0)

such that every component of X is unbounded.

Lemma 3.5.3. If X ⊂ RN is a nondegenerate continuum and x ∈ X, then

Tan(X, x) ⊂ CU(RN ;0).

Proof. Fix T ∈ Tan(X, x). First, we prove that the component of T which contains

0 is unbounded. To this end, let (rj) > 0 be a sequence of scales converging to 0

so that (rj)
−1(X − x) → T as j → ∞ in the Attouch-Wets topology. Given j ∈ N,

define the similarity gj : X → RN by gj(y) = (rj)
−1(y − x), and for R > 0 let

Qj,R be the component of gj(X) ∩ B(0, R) containing 0. Since X is connected and

nondegenerate, for each R > 0 there exists a jR ∈ N so that Qj,R ∩ ∂B(0, R) ̸= ∅

for every integer j ≥ jR. Note that for every pair of scales R2 > R1 > 0 and for

each j ∈ N, Qj,R1 ⊂ Qj,R2 . By compactness of C(RN ;0), for each R > 0 the sequence

(Qj,R)j∈N has an Attouch-Wets subsequential limit KR, and for R2 > R1 > 0 we have

KR1 ⊂ KR2 . Additionally, since gj(X) converges to T in the Attouch-Wets topology,

we have that KR ⊂ T , 0 ∈ KR, and KR ∩ ∂B(0, R) ̸= ∅ for every R > 0. Therefore,⋃
m∈NKm ⊂ T and the former union is unbounded, connected, and contains 0, so the

component of T containing 0 is unbounded, thus T has an unbounded component.

Assume now for a contradiction that T has a bounded component K. Let L be the

component of T ′ = T ∪ {∞} in SN that contains ∞. Then clearly K,L are distinct

connected components of T ′. Regarding K and L as quasi-components of T ′, one can

choose two disjoint closed sets Y, Z ⊂ T ′ satisfying K ⊂ Y , L ⊂ Z, and T ′ = Y ∪ Z.
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Then both Y and Z are closed in SN , and thus by normality there exists an open set

U such that

Y ⊂ U ⊂ U ⊂ SN \ Z.

Since ∞ /∈ U , we have that U is a compact subset of RN . Set d = dist(Z, Y ).

Fix R > 0 large enough that Y ⊂ B(0, R) and Z ∩ B(0, R) ̸= ∅. By definition of

Attouch-Wets convergence, there exists a j0 ∈ N so that for every integer j ≥ j0,

excess(r−1
j (X − x) ∩B(0, R), T ) + excess(T ∩B(0, R), r−1

j (X − x)) < d/3.

Let y, z ∈ r−1
j (X − x) so that dist(y, Y ) < d/3 and dist(z, Z) < d/3. Since X is

connected, there is another point p ∈ r−1
j (X−x) so that p ∈ B(0, R) and dist(p, Y ) =

d/3; thus dist(p, Z) ≥ 2d/3. However, it follows that dist(p, T ) ≥ d/3, which is a

contradiction.

Remark 3.6. Note that since C(RN ;0) is sequentially compact, we have that if X ∈

C(RN) and if x0 ∈ X, then the sequence of sets (n(X − x0))n∈N has a subsequential

limit in CU(RN ;0). In particular, such a limit must be a tangent of X at x0, so the

set of tangents to a nonempty closed set at a point contained in the set is always

nonempty. More simply, every nonempty closed set has tangents at every point (and

every tangent contains the origin 0).

3.4.5 Local cut-points

Recall if X ⊂ RN , then a point x ∈ X is called a cut-point if C \{x} is not connected,

where C ⊂ X is the component of X containing x. For a nondegenerate closed

set X ⊂ RN in a Euclidean space, following Whyburn Whyburn (1935), we say

that a point x0 ∈ X is a local cut-point of X if there exists some r > 0 such that

CX(x0, r) \ {x0} is not connected, where CX(x0, r) is the component of B(x0, r) ∩X

containing x0. That is, x0 is a local cut-point if x0 is a cut-point in sufficiently small

neighborhoods of itself.
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Lemma 3.6.1. Let X ⊂ RN and Y ⊂ RM be nondegenerate closed subsets of

Euclidean spaces and let f : X → Y be a homeomorphism. If p is a local cut-point of

X, then f(p) is a local cut-point of Y .

Proof. Let p be a local cut-point of X and let r > 0 such that CX(p, r) \ {p} is

disconnected. As a matter of notation, throughout this proof when we write BX(p, r)

we mean B(p, r)∩X, and similarly when we write BY (f(p), r) we mean B(f(p), r)∩Y .

Let ϵ > 0 so that BY (f(p), ϵ) ⊂ f(BX(p, r)), and let δ ∈ (0, r) such that

f(BX(p, δ)) ⊂ BY (f(p), ϵ) ⊂ f(BX(p, r)).

Then we have that

f(CX(p, δ)) ⊂ CY (f(p), ϵ) ⊂ f(CX(p, r)).

Let A,B ⊂ CX(p, r)\{p} be a disjoint pair of nonempty closed subsets of CX(p, r)\{p}

so that A ∪B = CX(p, r) \ {p}. Note that A ∪ {p} and B ∪ {p} are both closed sets

in X. We claim that A ∩ CX(p, δ) ̸= ∅.

First, we show that A ∪ {p} is connected. If A ∪ {p} is not connected, then let

C,D be a disjoint pair of nonempty closed subsets of A∪ {p} with C ∪D = A∪ {p}.

Then since A ∪ {p} is closed in X, we have that C and D are both closed in X.

Without loss of generality, assume that p ∈ C. Then the pair B ∪ C and D is a

disjoint pair of nonempty closed subsets of CX(p, r) with (B ∪ C) ∪ D = CX(p, r),

which is a contradiction, so A ∪ {p} is connected.

Let CA be the component of (A ∪ {p}) ∩ BX(p, δ) which contains p. Then CA =

A∪{p} or CA∩∂BX(p, δ) ̸= ∅, and in either case we have that CA ̸= {p}. Furthermore,

since CA is connected, we have that CA \{p} ⊂ CX(p, δ)\{p}, so since CA \{p} ⊂ A,

we have that A ∩ CX(p, δ) ̸= ∅. Similarly, B ∩ CX(p, δ) ̸= ∅.

Finally, we have

CY (f(p), ϵ) \ {f(p)} ⊂ f(A) ∪ f(B),
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therefore

CY (f(p), ϵ) \ {f(p)} = (f(A) ∩ CY (f(p), ϵ)) ∪ (f(B) ∩ CY (f(p), ϵ)).

Furthermore, the sets on the right hand side form a disjoint pair of nonempty closed

subsets of CY (f(p), ϵ) \ {f(p)} with (f(A) ∩ CY (f(p), ϵ)) ∪ (f(B) ∩ CY (f(p), ϵ)) =

CY (f(p), ϵ) \ {f(p)}, so f(p) is a local cut-point of Y .

3.4.6 Self-similarity

If a function f : RN → RM is Lipschitz continuous, then we denote by Lip(f) (the

Lipschitz norm of f) the smallest L ≥ 0 so that for every pair of points x, y ∈ RN ,

|f(x)−f(y)| ≤ L|x−y|. If Lip(f) < 1, then f is a contraction. A map f : RN → RM

is affine if there exists a linear map L : RN → RM so that for every x ∈ RN ,

f(x) = L(x) + f(0). A map f : RN → RN is called a similarity if there exists

λ > 0 such that for every pair of points x, y ∈ RN , |f(x) − f(y)| = λ|x − y|. Every

similarity is a composition of an orthogonal transformation, a scalar multiplication,

and a translation; in particular similarity maps are affine. If f : RN → RN is a

rotation-free and reflection-free similarity, then for every x ∈ RN , f(x) = Lip(f)x +

f(0).

Remark 3.7. A map f : RN → RM is affine if and only if there exists a linear

transformation L : RN → RM so that for every x, y ∈ RN , f(x) − f(y) = L(x − y).

In particular, if f : RN → RN is a rotation-free and reflection-free similarity, then

for every x, y ∈ RN , f(x)− f(y) = Lip(f)(x− y).

An iterated function system (IFS for short) is a finite collection F of contractions

on RN . By a theorem of Hutchinson Hutchinson (1981), for each IFS F there

exists a unique nonempty compact set K (called the attractor of F) such that

K =
⋃
ϕ∈F ϕ(K).
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We say that an IFS F satisfies the open set condition (OSC for short) if there

exists a nonempty open set U ⊂ RN such that for any distinct ϕ, ψ ∈ F ,

ϕ(U) ⊂ U, ϕ(U) ∩ ψ(U) = ∅.

By a theorem of Schief (Schief, 1994, Theorem 2.2), the OSC is equivalent to the

strong open set condition (SOSC): if K is the attractor of F , then there exists a

nonempty open set U ⊂ RN for which the OSC holds so that U ∩K ̸= ∅.

It is well-known that if K is the attractor of an IFS F of similarities with the OSC,

then the Hausdorff dimension, the Minkowski dimension, and the Assouad dimension

are all equal to s, where s is the unique solution of the equation

∑
ϕ∈F

(Lip(ϕ))s = 1.

Moreover, 0 < HdimH(K)(K) < ∞ where dimH(K) is the Hausdorff dimension of K

Hutchinson (1981).

Henceforth, we say that a compact set K ⊂ RN is self-similar if there exists an

IFS F of similarities with the OSC such that K is the attractor of F .

3.5 Tangents of Lipschitz curves at typical points

The goal of this section is to prove Proposition 3.1. The proof is based on two results.

The first is Rademacher’s Theorem.

Lemma 3.7.1 (Rademacher’s Theorem). If f : RN → RM is a locally Lipschitz

continuous function, then f is differentiable LN -a.e., where LN is the N-dimensional

Lebesgue measure on RN .

For a proof see for example (Evans and Gariepy, 2015, Theorem 3.2). The second

ingredient is a result of Falconer which roughly says that Lipschitz curves look flat
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around typical points. Following (Falconer, 1986, §3.2), for a point x0 ∈ RN , for a

line L ⊂ RN through the origin, and for a number α > 0, define

C(x0, L, α) := {x ∈ RN : d(x, L+ x0) < α|x− x0|}

to be the open cone centered at x0 in the direction of L with aperture α. Given a

closed set K ⊂ RN , we say that a point x0 ∈ K is flat in K if there exists a line

L ⊂ RN through the origin such that for every α > 0, there exists rα > 0 with

B(x0, rα) ∩X ⊂ C(x0, L, α).

Lemma 3.7.2. If X ⊂ RN is a continuum with H1(X) <∞, then H1-a.e. x ∈ X is

flat in X.

Proof. The claim is trivially true if H1(X) = 0, so we may assume that H1(X) > 0.

By (Falconer, 1986, Corollary 3.15), for H1-almost every point x ∈ X, there exists

a unique line L passing through 0 such that for every α > 0,

lim
r→0

H1((X ∩B(x, r)) \ C(x, L, α))
r

= 0. (3.5.1)

Let x0 ∈ X be such a point, let L be the line given above.

Assume for a contradiction that there exists α ∈ (0, 1), there exists a sequence of

positive scales (rj)j∈N going to zero, and there exists a sequence (yj)j∈N of points in

X such that

yj ∈ (B(x0, rj) ∩X) \ C(x0, L, α).

Since X is a continuum, the component of (B(x0,
3
2
|yj − x0|) ∩ X) \ C(x0, L, α/2)

which contains yj must intersect at least one of ∂B(x0,
3
2
|yj−x0|) and C(x0, L, α/2)∩
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B(x0,
3
2
|yj − x0|). Therefore,

H1
(
(B(x0,

3
2
|yj − x0|) ∩X) \ C(x0, L, α/2)

)
≥ min

{
dist

(
yj, ∂B(x0,

3
2
|yj − x0|)

)
, dist

(
yj, C(x0, L, α/2) ∩B(x0,

3
2
|yj − x0|)

)}
≥ min

{
1
2
|yj − x0|, dist

(
yj, C(x0, L, α/2) ∩B(x0,

3
2
|yj − x0|)

)}
.

To estimate the second distance, fix z ∈ C(x0, L, α/2) ∩ B(x0,
3
2
|yj − x0|). Since

yj /∈ C(x0, L, α), we have dist(yj, L + x0) ≥ α|yj − x0|. Moreover, dist(z, L + x0) ≤

(α/2)|z−x0|. Fix a point p ∈ L+x0 so that |z−p| ≤ α
2
|z−x0|, so |z−p| ≤ 3

4
α|yj−x0|.

Note that |yj − p| ≥ α|yj − x0|. Thus, |yj − z| ≥ α
4
|yj − x0|. Hence, for each j ∈ N,

H1((B(x0,
3
2
|yj − x0|) ∩X) \ C(x0, L, α/2))

3
2
|yj − x0|

≥ α

6

which contradicts (3.5.1) as j → ∞ and 3
2
|yj − x0| → 0.

We are now ready to prove Proposition 3.1.

Proof of Proposition 3.1. Let f : [0, 1] → RN be Lipschitz and let X = f([0, 1]). By

(Alberti and Ottolini, 2017, Thoerem 4.4), there exists g : [0, 1] → X, an essentially

two-to-one Lipschitz parametrization with constant speed equal to 2H1(X). By

Rademacher’s Theorem, for H1-a.e. x ∈ X, there exists t ∈ g−1({x}) so that g′(t)

exists. Furthermore, by Lemma 3.7.2, H1-a.e. point x ∈ X is flat in X. Let x0 ∈ X

be such that x0 is flat in X and there exists t ∈ g−1({x0}) such that g′(t) exists. Let

T ∈ Tan(X, x0), and let L ⊂ RN be the line through the origin in the direction of

g′(t).

First, we show that T ⊂ L. To this end, let rj → 0 be a sequence of positive

scales so that 1
rj
(X − x0) → T in the Attouch-Wets topology. Fix ϵ > 0 and R > 0.

By Lemma 3.7.2, there is j0 ∈ N, such that for every j ≥ j0,

B(x0, rj(R + ϵ)) ∩X ⊂ C(x0, L,
ϵ

2(R+ϵ)
)
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and

excess(T ∩B(0, R), 1
rj
(X − x0)) < ϵ/2.

Note that

excess(T ∩B(0, R), ( 1
rj
(X − x0)) ∩B(0, R + ϵ)) < ϵ/2

as well. Then by the triangle inequality for excess from Remark 3.5 and since x0 is

flat in X,

excess(T ∩B(0, R), L)

≤ excess(T ∩B(0, R), 1
rj
(X − x0) ∩B(0, R + ϵ)) + excess( 1

rj
(X − x0) ∩B(0, R + ϵ), L)

< ϵ.

Since the latter is true for all ϵ > 0 and R > 0, it follows from Remark 3.5 that

T ⊂ L.

Next, we show that L ⊂ T . Fix ϵ > 0 and R > 0. There exists h > 0 so that for

every s ∈ (−hR, hR),
1

h
|g(t+ s)− x0 − g′(t)s| < ϵ/2.

Moreover, there exists j0 ∈ N so that for every j ≥ j0 and every s ∈ (−rjR, rjR) we

get
1

rj
|g(t+ s)− x0 − g′(t)s| < ϵ.

Fix y ∈ L ∩B(0, R
2H1(X)

). For each j ≥ j0 there exists sj ∈ (−rjR, rjR) such that

y = g′(t)
sj
rj
. Hence,

∣∣∣∣g(t+ sj)− x0
rj

− y

∣∣∣∣ = ∣∣∣∣g(t+ sj)− x0
rj

− g′(t)
sj
rj

∣∣∣∣ < ϵ.

Noting that g(t+s)−x0
rj

∈ 1
rj
(X − x0), we obtain

excess(L ∩B(0, (2H1(X))−1R), r−1
j (X − x0)) < ϵ.
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Therefore, for every R > 0 and every ϵ > 0, there exists some j0 ∈ N such that for

all j ≥ j0,

excess(L ∩B(0, R), r−1
j (X − x0)) < ϵ.

Proceeding to the conclusion as in the previous paragraph, we have that L ⊂ T , and

therefore L = T as desired.

3.6 A “statistically self-similar” carpet

Fix for the rest of this section an even integer n ≥ 4. Recall the alphabets An and

associated word spaces from §3.4.2. Divide the unit square [0, 1]2 into n2-many closed

squares of side-length 1/n that have disjoint interiors and let S1, . . . , S4n−4 be those

squares that intersect with ∂[0, 1]2.

We define two iterated function systems

F1
n = {ψ1

n,j : [0, 1]
2 → [0, 1]2}j∈An and F2

n = {ψ2
n,j : [0, 1]

2 → [0, 1]2}j∈An

as follows.

1. For j ∈ {1, . . . , 4n − 4}, ψ1
n,j = ψ2

n,j and ψ1
n,j is the unique composition of a

translation and a dilation that maps [0, 1]2 onto Sj.

2. For j ∈ {4n− 3, . . . , 4n+ n
2
− 4} define

ψ1
n,j(x) = ψ2

n,j(x) =
1
n
x+

(
1
2
+ j−1

n
, 1
n

)
.

3. For j ∈ {4n+ n
2
− 3, 5n− 6} define

ψ1
n,j(x) =

1
n
x+

(
j−4n+n

2
+3

n
, 2
n

)
, ψ2

n,j(x) =
1
n
x+

(
j−4n+n

2
+3

n
, 1
n

)
.

See Figure 3.2 for the first iterations of F1
n and F2

n in the case n = 6.
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For j ∈ {1, 2} we let ψjn,ε be the identity map and for w = i1 . . . im ∈ Am
n with

m ≥ 1 we let

ψjn,w := ψjn,i1 ◦ · · · ◦ ψ
j
n,im

.

We set

Cn = {η : A∗
n → {1, 2}}

and each function η ∈ Cn will henceforth be called a choice function.

Fix now a choice function η ∈ Cn. Set ϕ
η
ε to be the identity on [0, 1]2, and for any

w = i1 · · · im ∈ Am
n with m ≥ 1, define

ϕηw := ψ
η(ε)
n,i1

◦ · · · ◦ ψη(i1···im−1)
n,im

.

Define now the “attractor” associated with the choice function η to be

Kη :=
∞⋂
m=0

⋃
w∈Am

n

ϕηw([0, 1]
2).

We list a couple of elementary facts about the set Kη.

Lemma 3.7.3. For every η ∈ Cn, the set Kη is compact.

Proof. This is immediate noting that each set
⋃
w∈Am

n
ϕηw([0, 1]

2) is compact as a finite

union of compact sets, and that Kη is the countable intersection of compact sets.

Given w ∈ A∗
n, we define

Kη
w := ϕηw([0, 1]

2) ∩Kη.

The following version of the open set condition is satisfied.

Lemma 3.7.4. For every η ∈ Cn, every m ∈ N, and every pair of distinct words

w, v ∈ Am
n ,

ϕηw((0, 1)
2) ∩ ϕηv((0, 1)2) = ∅ and ϕηw((0, 1)

2) ⊂ (0, 1)2.
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Proof. We proceed by induction on m. For m = 1, if i, j ∈ An are distinct characters,

then by definition we have that ϕηj ([0, 1]
2) and ϕηi ([0, 1]

2) are distinct squares of side

length 1/n with disjoint interiors contained in [0, 1]2. Thus, ϕηi ((0, 1)
2) ⊂ (0, 1)2 and

ϕηi ((0, 1)
2) ∩ ϕηj ((0, 1)2) = ∅.

Fix now an m ∈ N and assume that for all distinct words v, w ∈ Am
n , we have

ϕηw((0, 1)
2) ∩ ϕηv((0, 1)

2) = ∅ and ϕηw((0, 1)
2) ⊂ (0, 1)2. Let u, u′ ∈ Am+1

n be distinct

words. Then by the base case we have ϕηu((0, 1)
2) ⊂ ϕηu(m)((0, 1)

2), which is contained

in (0, 1)2 by the induction hypothesis.

The remainder of the proof falls to a case study.

Case 1. If u(m) ̸= u′(m), then we have that ϕηu((0, 1)
2) ⊂ ϕηu(m)((0, 1)

2) and

ϕηu′((0, 1)
2) ⊂ ϕηu′(m)((0, 1)

2) by the base case. Then, since u(m) ̸= u′(m), we have

by the induction hypothesis that ϕηu(m)((0, 1)
2) ∩ ϕηu′(m)((0, 1)

2) = ∅, so ϕηu((0, 1)2) ∩

ϕηu′((0, 1)
2) = ∅.

Case 2. If u(m) = u′(m), then there exist distinct characters i, j ∈ An so that

u = u(m)j and u′ = u′(m)i. By definition of ϕηu we then have

ϕηu((0, 1)
2) = ϕηu(m) ◦ ψ

η(u(m))
j ((0, 1)2)

and

ϕηu′((0, 1)
2) = ϕηu(m) ◦ ψ

η(u(m))
i ((0, 1)2).

Thus we can see that

ϕηu′((0, 1)
2) ∩ ϕηu((0, 1)2) = ϕηu(m)(ψ

η(u(m))
j ((0, 1)2) ∩ ψη(u(m))

i ((0, 1)2)),

and the latter set is empty by the base case.

Lemma 3.7.5. Let η ∈ Cn, w, v ∈ Am
n , x ∈ Kη

w, and y ∈ Kη
v . If |x− y| > 2

√
2 ·n−m,

then Kη
w ∩Kη

v = ∅. If |x− y| < n−m, then Kη
w ∩Kη

v ̸= ∅.
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Proof. Let X0 = [0, 1]2, and for m ∈ N, define Xm =
⋃
w∈Am

n
ϕηw([0, 1]

2). Recall that

for j ∈ {1, . . . , 4n − 4} we have ψ1
n,j = ψ2

n,j. Therefore, for every integer m ≥ 0, we

have that
4n−4⋃
j=1

ψ1
n,j(Xm) ⊂ Xm+1

and

∂[0, 1]2 ⊂
4n−4⋃
j=1

ψ1
n,j(∂[0, 1]

2).

Thus, since ∂[0, 1]2 ⊂ X0, we have that ∂[0, 1]
2 ⊂ Xm for every integer m ≥ 0, and so

since Kη =
⋂∞
m=1Xm, we get ∂[0, 1]

2 ⊂ Kη. Similarly, for every w ∈ A∗
n we have that

ϕηw(∂[0, 1]
2) ⊂ Kη

w. Let m ≥ 1 and let v, w ∈ Am
n . If Kη

v ∩Kη
w ̸= ∅, then diam(Kη

v ∪

Kη
w) ≤ 2

√
2n−m. Furthermore, if Kη

v ∩Kη
w = ∅, then ϕηv(∂[0, 1]2) ∩ ϕηw(∂[0, 1]2) = ∅,

so dist(ϕηv([0, 1]
2), ϕηw([0, 1]

2)) ≥ n−m, and the result follows as Kη
v ⊂ ϕηv([0, 1]

2).

3.7 Ahlfors regularity of carpets Kη

Fix for the rest of this section an even integer n ≥ 4 and set αn := log(5n−6)
log(n)

. We show

that for every choice function η ∈ Cn, we have 0 < Hαn(Kη) < ∞. In fact, we show

the following stronger statement.

Proposition 3.2. There exists Cn > 1 such that for every η ∈ Cn, every x ∈ Kη,

and every r ∈ (0, 1/n) we have

C−1
n rαn ≤ Hαn(Kη ∩B(x, r)) ≤ Cnr

αn .

For a choice function η ∈ Cn define πη : AN
n → Kη by

πη(τ) := lim
m→∞

ϕητ(m)(0). (3.7.1)

We start with an elementary topological fact.
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Lemma 3.7.6. The σ-algebra generated by the collection {Kη
w : w ∈ A∗

n} is equal to

the Borel σ-algebra on Kη.

Proof. Fix η ∈ Cn. Let Σ denote the σ-algebra generated by the collection {Kη
w : w ∈

A∗
n}, and let B(Kη) be the Borel σ-algebra on Kη. That Σ ⊂ B(Kη) is clear, as each

Kη
w is a Borel set. For the reverse inclusion, we show that for any x ∈ Kη and any

r > 0, B(x, r) ∩Kη ∈ Σ. To see this, let

W (x, r) = {w ∈ A∗
n : Kη

w ⊂ B(x, r)}.

Note that W (x, r) is a countable set since A∗
n is countable, and so

⋃
w∈W (x,r)K

η
w ∈ Σ.

Furthermore, for each point y ∈ B(x, r)∩Kη there is a word τ ∈ AN
n with πη(τ) = y.

Then since B(x, r) ∩Kη is an open subset of Kη and limj→∞ diam(Kη
τ(j)) = 0, there

is some m ∈ N large enough that τ(m) ∈ W (x, r). Since y ∈ Kη
τ(m),

⋃
w∈W (x,r)K

η
w =

B(x, r) ∩Kη, so we have that Σ = B(Kη).

Recall from §3.4.2 the σ-algebra Σn on AN
n and the probability measure νn : Σn →

[0, 1]. We say a word τ ∈ AN
n is an injective word if for every η ∈ Cn, we have

π−1
η ({πη(τ)}) = {τ}. That is, τ is called an injective word if it always uniquely

defines a point in Kη.

Lemma 3.7.7. The set of non-injective words τ ∈ AN
n is a νn-null set.

Proof. Fix η ∈ Cn. Recall that if j ∈ An satisfies j > 4n− 4, then

(ψ1
j ([0, 1]

2) ∪ ψ2
j ([0, 1]

2)) ∩ ∂[0, 1]2 = ∅.

Thus if τ = i1i2 · · · ∈ AN
n and im+1 > 4n − 4 for some m ∈ N, then πη(τ) /∈⋃

v∈Am
n
ϕηv(∂[0, 1]

2). Furthermore, if τ, ζ ∈ AN
n are distinct words with πη(τ) = x =

πη(ζ), then there exists some N ∈ N such that τ(N) ̸= ζ(N). Thus for every integer

m ≥ N , we have τ(m) ̸= ζ(m) and x ∈ ϕητ(m)([0, 1]
2)∩ϕηζ(m)([0, 1]

2). By Lemma 3.7.4,
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this implies that x ∈ ϕητ(m)(∂[0, 1]
2) ∩ ϕηζ(m)(∂[0, 1]

2), so

{x ∈ Kη : π−1
η ({x}) is not a singleton} ⊂

∞⋃
m=1

⋃
v∈Am

n

ϕηv(∂[0, 1]
2).

Moreover, for every m ∈ N,

⋃
v∈Am

n

ϕηv(∂[0, 1]
2) ⊂

⋃
v∈Am+1

n

ϕηv(∂[0, 1]
2).

Thus if a character j ∈ {4n−3, . . . , 5n−6} appears infinitely often in τ ∈ AN
n , then τ

is injective; so the set of non-injective words is contained in the set of words for which

every character j ∈ {4n− 3, . . . , 5n− 6} appears only finitely often. To see that this

set is νn-null, for each m ∈ N let Um := {τ = i1i2 · · · ∈ AN
n : im > 4n− 4}. We have

νn(Um) =
n−2
5n−6

for each m, and if {Um1 , . . . , Umj
} is a collection of these sets, then

j⋂
i=1

Umi
= {τ = i1i2 · · · ∈ AN

n : imi
> 4n− 4 for each i ∈ {1, . . . , j}}

and this intersection has νn(
⋂j
i=1 Umi

) =
(
n−2
5n−6

)j
. Thus, Vm :=

⋂∞
j=m Uj has νn(Vm) =

0 for every m ∈ N. Noting further that the set F of words for which every character

j ∈ {4n− 3, . . . , 5n− 6} appears only finitely often is contained in
⋃∞
m=0 Vm, we have

that F is νn-null.

We are now ready to prove Proposition 3.2.

Proof of Proposition 3.2. Fix η ∈ Cn. We claim that for some Cn > 1 the measure

πη#νn defined on B(Kη) by Lemma 3.7.6 satisfies

C−1
n rαn ≤ πη#νn(B(x, r) ∩Kη) ≤ Cnr

αn (3.7.2)

for all x ∈ Kη and r ∈ (0, 1/n). Assuming (3.7.2), by (Mackay and Tyson, 2010,

§1.4.3), we have that Hαn Kη satisfies (3.7.2) (perhaps with a different constant
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Cn), since the measure πη#νn has the same null sets as the restricted Hausdorff

measure Hαn Kη.

For any w ∈ A∗
n, AN

n,w ⊂ π−1
η (Kη

w) ⊂ Nn ∪ AN
n,w, where Nn denotes the set of

non-injective words in AN
n . Hence by Lemma 3.7.7, for any w ∈ A∗

n we have

πη#νn(K
η
w) = (5n− 6)−|w| = n−|w|αn .

Fix for the rest of the proof a point x ∈ Kη, a radius r ∈ (0, 1/n), and a word

τ ∈ AN
n such that πη(τ) = x.

For the upper bound of (3.7.2), let m ∈ N satisfy

n−m
√
2 > 2r ≥ n−m−1

√
2.

Let {v1, . . . , vj} ⊂ Am
n be those words with Kη

vi
∩Kη

τ(m) ̸= ∅. By Lemma 3.7.4, j ≤ 9

and by Lemma 3.7.5, we have that B(x, n−m) ∩ Kη ⊂
⋃j
i=1K

η
vi
. We have also that

n−m ≥ r, so

B(x, r) ∩Kη ⊂ B(x, n−m) ∩Kη ⊂
j⋃
i=1

Kη
vi
,

and therefore

πη#νn(B(x, r) ∩Kη) ≤
j∑
i=1

πη#νn(K
η
vi
) ≤ 9πη#νn(K

η
τ(m)) = 9n−mαn ≤ 9

(
8√
2

)αn

rαn .

For the lower bound of (3.7.2), let m ∈ N satisfy

n−m
√
2 <

r

2
≤ n−m+1

√
2.

Since r < 1/n, we have that m is at least 1. If y ∈ Kη
τ(m), then

|x− y| ≤ n−m
√
2 <

r

2
,
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so Kη
τ(m) ⊂ B(x, r) ∩Kη. Thus

πη#νn(B(x, r) ∩Kη) ≥ πη#νn(K
η
τ(m)) = n−mαn ≥ (8

√
2)−αnrαn .

3.8 Hölder parametrizations of carpets Kη

In this section, we show that sets Kη defined in Section 3.6 are Hölder curves. Recall

the numbers αn := log(5n−6)
log(n)

from Section 3.7.

Proposition 3.3. For any even integer n ≥ 4 and any η ∈ Cn, there exists a (1/αn)-

Hölder continuous surjection f : [0, 1] → Kη.

For the rest of this section we fix an even integer n ≥ 4 and a choice function

η ∈ Cn. The dependence of sets and functions on n and η in this section is omitted.

Define the set T ⊂ [0, 1]2 by

T :=
(
∂[0, 1− 1

n
]2 \

(
{1− 1

n
} × [1− 2

n
, 1− 1

n
]
))

∪
(
{1
2
} × [0, 1

n
]
)
∪
(
[1
2
, 1− 2

n
]× { 1

n
}
)

and the sets

T 1 := T ∪
(
[0, 1

2
− 1

n
]× { 2

n
}
)

and T 2 := T ∪
(
[0, 1

2
− 1

n
]× { 1

n
}
)
.

See Figure 3.3 for n = 6. Some elementary properties of the sets T 1, T 2 are given in

the next lemma and its proof is left to the reader.
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Figure 3.3: Dendrites T 1 (left) and T 2 (right) for n = 6.

Lemma 3.7.8. Both T 1 and T 2 are dendrites and are contained in [0, 1)2.

For each i ∈ {1, 2} define combinatorial graphs Gi = (V i, Ei) by

V i := {ψij(0) : j ∈ An} and Ei := {{p, q} : p, q ∈ V i, [p, q] ⊂ T i, |q−p| = 1/n}.

Next, we define a sequence of sets (Tm)m≥0 by T0 = {0}, and for any integer m ≥ 0,

Tm+1 = Tm ∪

 ⋃
w∈Am

n

ϕηw(T
η(w))

 .

Define also for m ≥ 0 the combinatorial graph Gm = (Vm, Em) via

Vm = {ϕηw(0) : w ∈ Am
n } and Em = {{p, q} : p, q ∈ Vm, [p, q] ⊂ Tm, |p−q| = n−m}.

Lemma 3.7.9. The sequence of sets (Tm)
∞
m=0 is a nested sequence of dendrites

contained in Kη. Moreover, for every m ∈ N, a vertex u ∈ Vm is a leaf of Tm if

and only if u has no edges emanating to the right or upward in Tm.
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Proof. By the arguments in the proof of Lemma 3.7.5, for each w ∈ A∗
n we have that

ϕηw(∂[0, 1]
2) ⊂ Kη. Therefore,

Tm ⊂
⋃

w∈Am
n

ϕηw(∂[0, 1]
2) ⊂ Kη.

Next, we show that each Tm is a dendrite by induction on m. The set T0 = {0}

is clearly a dendrite. Now assume that Tm is a dendrite for some m ≥ 0. We make

three observations. First, by Lemma 3.7.8, ϕηw(T
η(w)) is a dendrite for any w ∈ Am+1

n .

Second, by Lemma 3.7.4 and by Lemma 3.7.8, if v, w ∈ Am+1
n are distinct, then

ϕηw(T
η(w)) ∩ ϕηv(T η(v)) ⊂ ϕηw([0, 1)

2) ∩ ϕηv([0, 1)2) = ∅.

Third, for any w ∈ Am+1
n we have that ϕηw(T

η(w))∩Tm+1 is either ϕ
η
w({0}×[0, 1− 1

n
]), or

ϕηw([0, 1− 1
n
]×{0}), or the union of the latter two sets. In either case, ϕηw(T

η(w))∩Tm+1

is an arc. Write now Tm+1 = Tm ∪
⋃N
k=1Xk where X1, . . . , XN are the components

of the closure of Tm+1 \ Tm. Note the sets Xk are pairwise disjoint, by the first and

second observation each Xk is a dendrite, and by the first and third observation,

Xi ∩ Tm is a point. Applying Lemma 3.4.1, we conclude that Tm+1 is a dendrite.

Finally, we prove the claim about the leaves of Tm by induction on m. For m = 1,

we note that the leaves of T 1 are exactly the points (1 − 1
n
, 1 − 1

n
), (1 − 1

n
, 1 − 2

n
),

( 2
n
, 2
n
), (1− 2

n
, 1
n
) for which it is easy to check the claim. Similarly for T 2.

Suppose now that the claim holds for some m ∈ N and let u ∈ Vm+1 be a vertex.

Then there is a unique word w ∈ Am
n so that u ∈ ϕηw(T

η(w)), and u is a leaf in Tm+1

if and only if (ϕηw)
−1(u) is a leaf in T η(w), which is a leaf if and only if it has no edges

in T η(w) emanating to the right or upward. This holds if and only if u has no edges

emanating upward or to the right in Tm+1.

72



Note that for each integer m ≥ 0,

Tm = Im(Gm) = Vm ∪ (
⋃

{p,q}∈Em

(p, q)),

so when we refer to a “vertex” of Tm we mean a point p ∈ Vm, and when we refer

to an “edge (p, q) of Tm” we mean the open segment (p, q) in R2 associated with the

edge {p, q} ∈ Em. Set

eb = (0, 1)× {0} and el = {0} × (0, 1),

the bottom and left, respectively, open edges of (0, 1)2. Note that if e ⊂ Tm is an

edge in Tm, then e is parallel to either the x-axis or to the y-axis, as this is true for

T 1 and T 1 and the maps ψij are all rotation-free and reflection-free similarities.

Lemma 3.7.10. For each m ∈ N, if (p, q) is an edge of Tm, then there exists w ∈ Am
n

such that either (p, q) = ϕηw(eb) or (p, q) = ϕηw(el).

Proof. We proceed by induction on m. For m = 1, the result follows by simple

inspection, as either T1 = T 1 or T1 = T 2. Now assume the result holds for some

m ∈ N. Let (p, q) ⊂ Tm+1 be an edge. Then there exist words u, v ∈ Am+1
n so that

p = ϕηu(0) and q = ϕηv(0). If there is a word w ∈ Am
n so that (p, q) ⊂ ϕηw(T

η(w)), then

there is some edge e ⊂ T η(w) so that (p, q) = ϕηw(e), and the result follows from the

m = 1 case and from the definition of ϕηw.

If there is no such word w, then we have that (p, q) ⊂ Tm. Since the only

nondegenerate line segments contained in Tm are contained in its edges, there is

some edge e ⊂ Tm so that (p, q) ⊂ e, and since (p, q) is not a subset of ϕηv(T
η(v))

for any v ∈ Am
n , we have that [p, q] is not a subset of ϕηv([0, 1)

2) for any v ∈ Am
n .

Then by the induction hypothesis there is a word w ∈ Am
n so that e = ϕηw(eb) or

e = ϕηw(el). Note that the length of (p, q) is n−m−1, that [p, q] ⊂ ϕηw([0, 1]
2), and that

(p, q) ⊂ ϕηw([0, 1)
2). Then either p or q is ϕηw((0, 1)) or ϕ

η
w((1, 0)) since the edge e is
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equal to either ϕηw(eb) or to ϕ
η
w(el). Then there is a j ∈ An so that the other of p and

q is equal to ϕηwj(0), so ϕ
η
wj(eb) = (p, q) or ϕηwj(el) = (p, q).

In the next lemma, which is the crux of the proof of Proposition 3.3, we construct

intermediate parametrizations fm : [0, 1] → Tm.

Lemma 3.7.11. There exist a sequence of piecewise linear continuous surjections

(fm : [0, 1] → Tm)m≥0, a sequence (Nm)m≥0 of families of nondegenerate closed

intervals contained in [0, 1], a sequence (Em)m≥0 of families of open intervals in [0, 1],

another sequence (Fm)m≥0 of families of nondegenerate closed intervals in [0, 1], and

a sequence of functions (wm : Nm → Am
n )m≥0 satisfying the following properties.

(P1) For each m ≥ 0, wm is a bijection between Nm and Am
n .

(P2) For each m ≥ 0, the families Em,Nm,Fm are pairwise disjoint and the elements

of Em ∪Nm ∪Fm are pairwise disjoint. Moreover, [0, 1] =
⋃
(Em ∪Nm ∪Fm).

(P3) For each m ≥ 0 and J ∈ Em, there exists w ∈ Am
n such that fm|J is a linear

bijection onto either ϕηw(eb) or ϕηw(el), and there exists a unique interval J ′ ∈

Em \ {J}, so that fm|J ′ = (fm|J) ◦ ζJ ′ where ζJ ′ : J ′ → J is the unique linear

orientation reversing map. Furthermore, fm+1(J) ⊂ ϕηw([0, 1)
2). Conversely, if

(p, q) is an edge of Tm, then there exist exactly two intervals J, J ′ ∈ Em such

that fm(J) = fm(J
′) = (p, q).

(P4) For each m ≥ 0 and I ∈ Nm, fm|I is constant equal to ϕηwm(I)(0). Conversely,

fm(
⋃

Nm) = Vm. Moreover, fm+1(I) ⊂ ϕηwm(I)([0, 1)
2).

(P5) For each m ≥ 0 and I ∈ Fm, fm|I is constant and fm(I) ∈ Vm. Furthermore,

fm+1|I = fm|I.

(P6) For each m ≥ 0 and J ∈ Em+1∪Nm+1, there exists I ∈ Em∪Nm such that J ⊂ I.

Moreover, if J ∈ Nm+1 and I ∈ Nm with J ⊂ I, then wm(I) = wm+1(J)(m).

74



(P7) For each m ≥ 0 and J ∈ Em, there exists I ∈ Nm+1 such that I ⊂ J and

fm+1(I) is a leaf in Tm+1.

Proof. We start by defining two pairs of preliminaries maps.

First, fix for each i ∈ {1, 2} a continuous surjection τi : [0, 1] → T i with the

following properties.

1. The map τi is a 2–to–1 tour of the edges of T i and is linear along edges with

τi(0) = τi(1) = 0.

2. For every vertex v ∈ V i other than 0, the preimage τ−1
i ({v}) has a number

of components equal to the valence of the vertex v and each component is a

nondegenerate closed interval.

3. The preimage τ−1
i ({0}) is made up of three disjoint nondegenerate closed

intervals.

4. There exists ti in the component of τ−1
i ({0}) which does not contain 0 or 1 such

that τ−1
i ({(0, 1− 1/n)}) lies to the left of ti and τ

−1
i ({(1− 1/n, 0)}) lies to the

right of ti.

Next, for each i ∈ {1, 2}, define the combinatorial tree G̃i = (Ṽ i, Ẽi) via

Ṽ i := V i ∪ {(1, 0), (0, 1)}, Ẽi = Ei ∪ {{(1− 1/n, 0), (1, 0)}, {(0, 1− 1/n), (0, 1)}},

and let T̃ i := Im(G̃i). Fix for each i ∈ {1, 2} a continuous surjection τ̃i : [0, 1] → T̃ i

with the following properties.

1. The map τ̃i is a 2–to–1 tour of the edges of T̃ i and is linear along edges with

τ̃i(0) = τ̃i(1) = 0.

2. For every vertex v ∈ Ṽ i other than 0, (0, 1), and (1, 0), the preimage τ̃−1
i ({v})

has a number of components equal to the valence of the vertex v and each

component is a nondegenerate closed interval.
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3. The preimage τ̃−1
i ({0}) is made up of three disjoint nondegenerate closed

intervals.

4. The preimages τ̃−1
i ({(1, 0)}) and τ̃−1

i ({(0, 1)}) are both singletons, denoted by

si,U and si,L, respectively.

5. There exists t̃i in the component of τ̃−1
i ({0}) which does not contain 0 or 1 such

that si,U lies to the left of t̃i and si,L lies to the right of t̃i.

6. There are disjoint nondegenerate closed intervals Ii,1, Ii,2, Ii,3, Ii,4 ⊂ [0, 1],

denoted by Ii,j = [ai,j, bi,j], j = 1, . . . , 4 equal to the preimages of the four

leaves of T i, so that

0 < ai,1 < si,U < ai,2 < t̃i < ai,3 < si,L < ai,4 < bi,4 < 1.

Let T be one of the trees T i or T̃ i above, let V and E be the corresponding

vertex and edge sets, respectively, and let τ : [0, 1] → T be the map defined above

corresponding to T .

� Define E(τ) to be the set of components of preimages of open edges in E.

� If τ ∈ {τ1, τ2}, then for each v ∈ V choose a nondegenerate component Iv of

the preimage τ−1({v}) and let N (τ) = {Iv : v ∈ V }.

� If τ ∈ {τ̃1, τ̃2}, then for a vertex v ∈ V that is not a leaf, choose a nondegenerate

component Iv of the preimage τ−1({v}), and for each vertex v ∈ V that is a leaf

other than (1, 0) or (0, 1), let Iv = Ii,j where j ∈ {1, 2, 3, 4} is chosen so that

τ(Ii,j) = v. We then define N (τ) = {Iv : v ∈ V \ {(1, 0), (0, 1)}}.

� Define F(τ) to be the set of nondegenerate components of preimages under τ

of vertices in T which are not already in N (τ).

The construction of maps fm and families Em,Fm,Nm is done in an inductive

fashion.
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Set f0 : [0, 1] → T0 to be the constant map f0 ≡ 0, set N0 = {[0, 1]}, E0 = ∅,

F0 = ∅, and set w0([0, 1]) = ε. Properties (P1)–(P7) are all either clear or vacuous

for m = 0.

Assume now that for some m ≥ 0 we have constructed the map fm, families

Em,Fm, and Nm, and bijection wm : Nm → Am
n satisfying (P1)–(P7). For elements

I ∈ Em ∪ Nm, we will define the collections Em+1(I),Nm+1(I), and Fm+1(I). We

then set

Em+1 =
⋃

I∈Em∪Nm

Em+1(I),

Nm+1 =
⋃

I∈Em∪Nm

Nm+1(I),

Fm+1 = Fm ∪
⋃

I∈Em∪Nm

Fm+1(I).

Intervals in Fm. If I ∈ Fm, then set fm+1|I = fm.

Intervals in Em. Let I ∈ Em and write I = (a, b). By (P3) there exists I ′ =

(a′, b′) ∈ Em \{I} such that fm|I ′ = (fm|I)◦ ζI′ where ζI′ : I ′ → I is the unique linear

orientation reversing map and there exists a word v ∈ Am
n so that fm(I) = ϕηv(eb)

or fm(I) = ϕηv(el). If fm(I) = ϕηv(el), then, without loss of generality, we may

assume that the y-coordinate of fm is increasing inside I and decreasing inside I ′. Let

θ̃I : I → (0, sη(v),U) be linear, bijective, and increasing, and let ξ̃I′ : I
′ → (sη(v),U , t̃η(v))

be linear, bijective, and decreasing. We define

fm+1|I = ϕηv ◦ τ̃η(v) ◦ θ̃I and fm+1|I ′ = ϕηv ◦ τ̃η(v) ◦ ξ̃I′ .

Define Em+1(I) = {θ̃−1
I (J) : J ∈ E(τ̃η(v))} and Em+1(I

′) = {ξ̃−1
I′ (J) : J ∈ E(τ̃η(v))}. We

define Nm+1(I), Nm+1(I
′), Fm+1(I), and Fm+1(I

′) in a similar manner. If fm(I) =

ϕηv(eb), then we proceed in a similar manner, interchanging sη(v),U with sη(v),L above.

77



If J ∈ Nm+1(I), then there is a character j ∈ An so that fm+1(J) = ϕηvj(0), and

we define wm+1(I) = vj. Note that if J,Q ∈ Nm+1(I) ∪ Nm+1(I
′) are distinct, then

wm+1(J) ̸= wm+1(Q) as θ̃I(J) ̸= θ̃I(Q) are distinct intervals in, for example, N (τ̃η(v))

(θ̃I may be ξ̃I′ instead).

Intervals in Nm. Let I ∈ Nm and write I = [a, b] ⊂ [0, 1]. We consider four cases.

Case 1. If the vertex fm(I) in Tm has an edge in Tm emanating to the right and

no edge emanating upward, then define ζI : I → [0, tη(wm(I))] to be the unique linear

increasing bijection, and let

fm+1|I = ϕηwm(I) ◦ τη(wm(I)) ◦ ζI .

Define Fm+1(I),Em+1(I),Nm+1(I) in a manner similar to those for I ∈ Em above.

Case 2. If the vertex fm(I) in Vm has an edge in Tm emanating upward and

no edge emanating to the right, then define ξI : I → [tη(w(I)), 1] to be the unique

increasing linear bijection, and let

fm+1|I = ϕηwm(I) ◦ τη(wm(I)) ◦ ξI .

Define Fm+1(I),Em+1(I),Nm+1(I) in a manner similar to those for I ∈ Em above.

Case 3. If the vertex fm(I) is a leaf in Tm, then let σI : I → [0, 1] be the unique

increasing linear bijection, and let

fm+1|I = ϕηwm(I) ◦ τη(wm(I)) ◦ σI .

Define Fm+1(I),Em+1(I),Nm+1(I) in a manner similar to those for I ∈ Em above.

Case 4. If the vertex fm(I) has an edge in Tm emanating upward and another

edge emanating to the right, then simply set fm+1|I = fm|I and let Nm+1(I) = {I},

Em+1(I) = ∅, and Fm+1(I) = ∅.
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By definition of τη(wm(I)), for any Q ∈ Nm+1(I), there is a character j ∈ An so

that fm+1(Q) = {ϕηwm(I)j(0)}, and we set wm+1(Q) = wm(I)j.

We now prove (P1)–(P7) for fm+1, Em+1, Nm+1, Fm+1, and wm+1.

We start with (P2). Since (P2) holds for Em,Nm, and Fm, and since intervals in

Fm+1 are not partitioned, it suffices to show that for every I ∈ Em∪Nm, the families

Em+1(I),Nm+1(I), and Fm+1(I) are pairwise disjoint with disjoint elements covering

I. If I ∈ Em, then this holds by definitions of E(τ̃i), N (τ̃i), and F(τ̃i). If I ∈ Nm,

then this follows from the definitions of E(τi), N (τi), and F(τi).

The first part of (P3) follows from the analogous properties defining τ̃i. The

converse part of (P3) follows from (P3) and (P6) at m and by the definitions of τ̃i

and τi.

The first part of (P4) follows from design of N (τi) and N (τ̃i) along with (P1) and

(P4) at m. The converse part follows from (P1), (P3), (P4), and (P6) at m along

with design of τi and τ̃i.

Property (P5) follows immediately from the definitions of F(τi) and F(τ̃i).

The first part of (P6) follows from (P2) at m, as for every I ∈ Em∪Nm and every

J ∈ Em+1(I)∪Nm+1(I), J ⊂ I, while every J ∈ Em+1∪Nm+1 is in Em+1(I)∪Nm+1(I)

for some I ∈ Em ∪ Nm. The converse part of (P6) is immediate from the definition

of wm+1(J) for J ∈ Nm+1(I) with I ∈ Nm.

Property (P7) follows from properties (4), (5), and (6) in the definition of τ̃i.

Finally, we verify (P1). We first show that wm+1 is injective. Let I, J ∈ Nm+1

be distinct intervals. Then by (P6), let Ĩ , J̃ ∈ Em ∪ Nm so that I ∈ Nm+1(Ĩ), J ∈

Nm+1(J̃). If Ĩ = J̃ are the same element of Em, then wm+1(I) ̸= wm+1(J) by

definitions of N (τ̃i). If Ĩ = J̃ are the same element of Nm, then by (P6) there are

characters i, j ∈ An with wm+1(I) = wm(Ĩ)i, wm+1(J) = wm(Ĩ)j. Then by the

definitions of N (τi), we have that i ̸= j. If Ĩ ̸= J̃ are distinct intervals, both in Nm,

then by (P6) at m+ 1 and (P1) at m, we have that wm+1(I)(m) ̸= wm+1(J)(m), so

wm+1(I) ̸= wm+1(J). If Ĩ ̸= J̃ with J̃ ∈ Em and Ĩ ∈ Nm, then by definitions of τi
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and τ̃i, fm+1(Ĩ) ∩ fm+1(J̃) = ∅, so by (P3) and (P4), wm+1(I) ̸= wm+1(J). Similarly

wm+1(I) ̸= wm+1(J) if Ĩ ̸= J̃ with J̃ ∈ Em and Ĩ ∈ Em \ {J̃ , J̃ ′}. If J̃ ∈ Em and

Ĩ = J̃ ′, then wm+1(I) ̸= wm+1(J) by definition of N (τ̃i).

To conclude the proof, we show that wm+1 : Nm+1 → Am+1
n is surjective. Let

u ∈ Am+1
n be a word. By (P1) at m, there exists a unique interval I ∈ Nm so that

wm(I) = u(m). If fm(I) is a leaf in Tm, then by definition of N (τi), for each j ∈ An

there is an interval J ∈ Nm+1(I) so that wm+1(J) = wm+1(I)j, in particular one

of them has wm+1(J) = u. If fm(I) is not a leaf in Tm, then the result follows by

definitions of N (τ̃i) and N (τi) as well as (P3) at m.

Throughout the remainder of this section, when we write any of (P1)–(P7) we

mean the appropriate property (P1)–(P7) from Lemma 3.7.11.

Remark 3.8. It is possible that Nm+1 ∩ Nm ̸= ∅ for some m ∈ N. Define a map

w :
⋃
m≥0 Nm → A∗

n as follows. Set w([0, 1]) = ε. If m ∈ N and I ∈ Nm \Nm−1, set

w(I) = wm(I). If m ∈ N and I ∈ Nm ∩ Nm−1, set w(I) = wm−k(I), where k ∈ N is

the greatest integer so that I ∈ Nm−k. Note that w is injective and Vm = {ϕηw(I)(0) :

I ∈ Nm} for every m ∈ N.

Corollary 3.8.1. The maps (fm)m≥0 of Lemma 3.7.11 converge uniformly to a

continuous surjection f : [0, 1] → Kη.

Proof. Since Tm ⊂ Kη, the Hausdorff distance

distH(Tm, K
η) ≤ distH(Vm, K

η) ≤ max
w∈Am

n

diamKη
w ≤ n−m

√
2.

Therefore,
⋃
m∈N Tm = Kη, as Kη is compact.

Next we claim that for every m ∈ N,

∥fm − fm+1∥∞ ≤ n−m
√
2. (3.8.1)
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Fix m ∈ N and x ∈ [0, 1]. By (P1), there exists I ∈ Nm ∪ Em ∪ Fm so that x ∈ I. If

I ∈ Fm, then by (P5) we have that fm(x) = fm+1(x). If I ∈ Nm, then by (P4) we

have that fm(x), fm+1(x) ∈ ϕηwm(I)([0, 1]
2). Finally, if I ∈ Em, then by (P3) we have

that there is some word v ∈ Am
n such that fm(x), fm+1(x) ∈ ϕηv([0, 1]

2). In any case,

we have the claimed estimate.

Hence, the functions fm converge uniformly to a continuous map f : [0, 1] → [0, 1]2.

Furthermore, because the dendrites Tm ⊂ Kη are nested and fm : [0, 1] → Tm are

surjective, we have that the uniform limit f is a continuous parametrization of Kη,

as desired.

Lemma 3.8.1. For each m ∈ N and every pair of distinct intervals I, J ∈ Em ∪Nm,

we have that Hαn(f(I) ∩ f(J)) = 0.

Before proving the lemma we recall the well-known definition of porosity. Given

a metric space X, we say that a set Y ⊂ X is porous in X if there exists c > 1

such that for any r < diamX and any x ∈ X, there exists y ∈ B(x, r) such that

B(y, c−1r) ⊂ B(x, r) \ Y .

Proof of Lemma 3.8.1. We claim that f(I) ∩ f(J) is porous in Kη. Assuming the

claim, since Kη is Ahlfors αn-regular by Proposition 3.2, it follows from (Bandt et al.,

2006, Lemma 3.12) that the Hausdorff dimension (in fact, the Assouad dimension) of

f(I) ∩ f(J) is less than αn which gives the lemma.

To prove porosity, note first that by (P3), (P4), and (P6) there exists a word

v ∈ Am
n such that f(I) ∩ f(J) ⊂ Kη

v . Fix x ∈ Kη and r ∈ (0, n−m]. There exists

an integer k0 ∈ N such that n−k0 ≤ r < n−k0+1, and so there exists w ∈ Ak0+1
n with

Kη
w ⊂ B(x, r) ∩Kη.

We now prove that there are characters i, j ∈ An such that f(I)∩f(J)∩Kη
wji = ∅.

This falls to a case study.

Case 1. Suppose that I, J ∈ Nm. Then f(I) ∩ ϕηwm(J)((0, 1)
2) = ∅ and

f(J)∩ϕηwm(I)((0, 1)
2) = ∅ by Lemma 3.7.4, (P4), and the fact that wm(I),wm(J) are

distinct words of length m. Moreover, at least one of ϕηw((0, 1)
2) ∩ ϕηwm(I)([0, 1]

2)
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and ϕηw((0, 1)
2) ∩ ϕηwm(J)([0, 1]

2) is empty. Since there are i, j ∈ An for which

Kη
wji ⊂ ϕηw((0, 1)

2), we have f(I) ∩ f(J) ∩Kη
wji = ∅.

Case 2. Suppose that at least one of I, J is in Em. By (P3), (P4), and (P6), there

exist words u, v ∈ Am
n such that f(J) ⊂ Kη

u and f(I) ⊂ Kη
v .

If u ̸= v, then we proceed as in Case 1 with u playing the role of wm(J) and v

playing the role of wm(I). If f(I) or f(J) is a singleton, then the existence of such

characters i, j ∈ An is clear.

Therefore, we may assume for the rest of Case 2 that u = v and that neither

of f(I), f(J) is a singleton. If fk0+1(J) ∩ Kη
w = ∅, then f(J) ∩ ϕηw((0, 1)

2) = ∅

by Lemma 3.7.4 and by (P3), (P4), and (P5), so the existence of such characters

i, j ∈ An is clear. Similarly if fk0+1(I)∩Kη
w = ∅. Now assume that fk0+1(I)∩Kη

w ̸= ∅

and fk0+1(J) ∩ Kη
w ̸= ∅. Then there are distinct leaves p1, p2 ∈ Tk0+2 with p1, p2 ∈

Kη
w and distinct intervals Q1, Q2 ∈ Nk0+2 such that Q1 ⊂ J and Q2 ⊂ I satisfy

fk0+2|Q1 ≡ p1 and fk0+2|Q2 ≡ p2. Then f([0, 1] \ Q1) ∩ ϕηwk0+2(Q1)
((0, 1)2) = ∅ and

w(Q1)(k0 + 1) = w, so there is a pair of characters i, j ∈ An so that wj = wk0+2(Q1)

and Kη
wji ⊂ ϕηwj((0, 1)

2). Since I, J are distinct, and thus disjoint, we have that

f(I) ∩ ϕηwj((0, 1)2) = ∅, concluding Case 2.

Additionally, there exists a point y ∈ Kη
wji with B(y, n−k0−5)∩Kη ⊂ Kη

wji. Thus,

for every r ∈ (0, n−m] and each x ∈ Kη, there exists y ∈ Kη such that

B(y, n−5r) ∩Kη ⊂ Kη ∩ (B(x, r) \ (f(I) ∩ f(J))).

For the rest of this section, f is the uniform limit of the maps fm from Corollary

3.8.1, νn is the probability measure from §3.4.2, and π : AN
n → Kη is the map from

(3.7.1).

Lemma 3.8.2. For every m ∈ N and every J ∈ Em, πη#νn(f(J)) ≥ (5n− 6)−m−1.
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Proof. Note that by (P7), there is some I ∈ Nm+1 so that fm+1(I) is a leaf in Tm+1

and I ⊂ J . Then since fm+1(I) = ϕηw(I)(0) is a leaf in Tm+1, we have that

fm+1([0, 1] \ I) ∩ ϕηw(I)(T
η(w(I))) = ∅.

We claim that fk([0, 1] \ I) ∩ ϕηw(I)((0, 1)
2) = ∅ for every integer k ≥ m + 1. To

this end, fix an integer k ≥ m+1 and let t ∈ [0, 1]\I. By Lemma 3.7.4, it is sufficient

to show that there exists a word u ∈ Am+1
n different from w(I) such that fk(t) ∈

ϕηu([0, 1]
2). By (P2), there exists a unique interval Q ∈ (Em+1 ∪ Fm+1 ∪ Nm+1) \ {I}

with t ∈ Q.

If Q ∈ Fm+1, then by (P5) there exists a word u ∈ Am+1
n so that

fk(t) = fm+1(t) = ϕηu(0).

Then since

fm+1([0, 1] \ I) ∩ ϕηw(I)(T
η(w(I))) = ∅,

we have that u ̸= w(I).

If Q ∈ Em+1, then by (P3) and Lemma 3.7.10, there exists a word u ∈ Am+1
n so

that either fm+1(Q) = ϕηu(eb) or fm+1(Q) = ϕηu(el). In either case, by (P3), (P4), and

(P5) we have that fk(Q) ⊂ ϕηu([0, 1)
2). Note that ϕηw(I)(el) emanates from ϕηw(I)(0)

upward and ϕηw(I)(eb) emanates from ϕηw(I)(0) to the right. Since ϕηw(I)(0) is a leaf in

Tm+1, by Lemma 3.7.9 we must have that u ̸= w(I).

Finally, if Q ∈ Nm+1 \ {I}, then by (P1), wm+1(Q) ̸= w(I). By (P3), (P4),

and (P5), fk(Q) ⊂ ϕηwm+1(Q)([0, 1)
2). Therefore, fk(t) /∈ ϕηw(I)((0, 1)

2), completing the

proof of the claim.

Thus, if J ∈ Em, then there is an interval I ∈ Nm+1 with I ⊂ J and this I satisfies

f([0, 1] \ I) ∩ ϕηw(I)((0, 1)
2) = ∅,
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so ϕηw(I)((0, 1)
2) ∩Kη ⊂ f(I). Since I is compact, we have Kη

w(I) ⊂ f(I), so Kη
w(I) ⊂

f(J) and |w(I)| = m+ 1. Therefore, πη#νn(f(J)) ≥ (5n− 6)−m−1.

We are now ready to prove Proposition 3.3.

Proof of Proposition 3.3. Let fm, Em,Nm,Fm, and w be as in Lemma 3.7.11 and

Remark 3.8. There exists a non-decreasing surjection ζ : [0, 1] → [0, 1] so that

|ζ(J)| = πη#νn(f(J)), for every integer m ≥ 0 and each J ∈ Em ∪ Nm ∪ Fm.

Let F∞ =
⋃
m≥0 Fm and let L∞ be the collection of intervals I ∈

⋃
m≥0 Nm so that

ϕηw(I)(0) has an edge emanating upward and an edge emanating to the right in T|w(I)|.

Note that L∞ =
⋃
m≥0{I ∈ Nm : |w(I)| < m}. By (P7) and by design of the families

Fm, Em, and Nm we have that the restriction of ζ on [0, 1] \
⋃
(F∞ ∪L∞) is strictly

increasing and injective.

For any interval J ∈ F∞ ∪ L∞, let pJ be the unique element of ζ(J) and let qJ

be the unique element of f(J). Define the function F : [0, 1] → Kη by

F (t) =

f ◦ ζ−1(t), if t ∈ ζ([0, 1] \
⋃
(F∞ ∪ L∞)),

qJ , if t ∈ ζ(J) where J ∈ F∞ ∪ L∞.

To complete the proof, it remains to show that F is (1/αn)-Hölder continuous. To

this end, fix distinct points x, y ∈ [0, 1] and assume that x < y, and let m ≥ 0 be the

maximal integer so that there exists an interval J ∈ Em ∪ Nm with x, y ∈ ζ(J). The

remainder of the proof falls to a case study.

Case 1. If there is an interval I ∈ Em+1(J) so that x and y are separated by

ζ(I), then by (P3) and (P4), |F (x)−F (y)| ≤ n−m
√
2 and |x− y| ≥ (5n− 6)−m−2, so

|F (x)− F (y)| ≤ n2
√
2|x− y|αn .

Case 2. If there is an interval I ∈ Nm+1(J) \ L∞ so that ζ(I) separates x and y,

then proceeding similarly as in Case 1. we obtain |F (x)− F (y)| ≤ n3
√
2|x− y|αn .
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Case 3. If neither Case 1 nor Case 2 holds, then there exist intervals I1, I2 ∈

Em+1(J) ∪ (Nm+1(J) \ L∞) so that x ∈ ζ(I1), y ∈ ζ(I2). Then the intersection

ζ(I1) ∩ ζ(I2) = {p} for some p, so we may apply Case 1 to the pairs x, p and p, y to

obtain |F (x)− F (y)| ≤ n3
√
2|x− y|αn .

3.9 Random choice functions

Fix an even integer n ≥ 4. Note that the set Cn of choice functions η : A∗
n → {1, 2}

can be identified with {1, 2}A∗
n which is a countable product of finite sets. Then by

(Stroock, 1993, §3.1), there exists a probability measure µn on Cn such that for any

w ∈ A∗
n

µn({η ∈ Cn : η(w) = 1}) = µn({η ∈ Cn : η(w) = 2}) = 1

2
.

We say that a choice function η ∈ Cn is a random choice function if νn-a.e. word

w ∈ AN
n satisfies the following property: for each N ∈ N and every integer k ≥ 0,

there exists ℓ ∈ N depending on w, k,N such that

(R1) the restrictions

η

∣∣∣∣∣
k−1⋃
j=0

Aℓ+j
n,w(ℓ) = 1 and η

∣∣∣∣∣
2N+k−1⋃
j=0

Aℓ−N+j
n,w(ℓ−N) \

k−1⋃
j=0

Aℓ+j
n,w(ℓ) = 2,

(R2) the character iℓ−N+1 > 4n− 4.

For completeness, if k = 0, then the union
⋃k−1
j=0 A

ℓ+j
n,w(ℓ) is taken over an empty set thus

we regard the union itself to be empty, and so we consider only the second restriction

of (R1) in this case. See Figure 3.4 for a schematic representation of property (R1).
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Figure 3.4: The big triangle represents all words in A∗
n that start with w(ℓ − N)

and have at most ℓ + k + N letters. Words of the same the height have the same
number of letters. The part of this set where η takes the value 2 is colored by red,
and the part of the set where η takes the value 1 is colored by blue.

To simplify our notation, for a word w ∈ AN
n , a function η ∈ Cn, and two integers

N ≥ 1, k ≥ 0, we say (η, w,N, k) satisfies (R1), (R2) if there exists ℓ ∈ N for which

(R1) and (R2) hold. For a word w ∈ AN
n and a function η ∈ Cn, we say that (η, w)

satisfies (R1) and (R2) if for every pair of integers N ≥ 1, k ≥ 0 , we have that

(η, w,N, k) satisfies (R1) and (R2). Thus, a choice function η is random if for νn-a.e.

w ∈ AN
n , (η, w) satisfies (R1) and (R2).

The goal of this section is to show that random choice functions exist. In fact, we

prove the following stronger statement.

Proposition 3.4. For every even integer n ≥ 4, µn-a.e. η ∈ Cn is random.

Since πη#νn and Hαn Kη have the same null sets in Kη for every η ∈ Cn,

Proposition 3.4 yields immediately the following corollary.

Corollary 3.8.2. For every even integer n ≥ 4, there exists η ∈ Cn such that Hαn-

almost every point x ∈ Kη has π−1
η ({x}) = {w} and (η, w) satisfies (R1) and (R2).

Before proving Proposition 3.4, we establish some notation. For w ∈ AN
n define

Dw := {η ∈ Cn : (η, w) satisfies (R1) and (R2)}
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and for η ∈ Cn define

Cη := {w ∈ AN
n : (η, w) satisfies (R1) and (R2)}.

Define also

∆n := {(η, w) ∈ Cn ×AN
n : w ∈ Cη} = {(η, w) ∈ Cn ×AN

n : η ∈ Dw}.

Proof of Proposition 3.4. Using the notation above, we claim that µn(D
w) = 1 for

νn-almost every word w ∈ AN
n . Assuming the claim, by Fubini’s theorem we obtain

∫
Cn

νn(Cη)dµn(η) = (µn × νn)(∆n) =

∫
AN

n

µn(D
w)dνn(w) = 1.

Therefore, νn(Cη) = 1 for µn-a.e. η ∈ Cn which implies that µn-a.e. η ∈ Cn is

random.

For the proof of the claim, recall that

νn({i1i2 · · · ∈ AN
n : ij > 4n− 4 infinitely often}) = 1,

so it suffices to show that the claim holds for every word w in the above set.

Fix w = i1i2 · · · ∈ AN
n such that ij > 4n − 4 infinitely often. Fix also integers

N ≥ 1 and k ≥ 0. We construct a sequence (Mm)m∈N ⊂ N in an inductive fashion.

Let M1 ∈ N be such that iM1+1 > 4n − 4. Assuming that we have defined Mm for

some m ∈ N, letMm+1 ∈ N such thatMm+1 > Mm+2N+k+1 and iMm+1+1 > 4n−4.

For each m ∈ N let Em,w be the set of all choice functions η ∈ Cn such that

(η, w,N, k) satisfies (R1) and (R2) with ℓ =Mm +N . Since iMm+1 > 4n− 4 for each

m ∈ N, (R2) is satisfied for ℓ =Mm +N . For each m ∈ N, let

Bm =
2N+k−1⋃
j=0

AMm+j
n,w(Mm),
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that is, the set of of all finite words u starting with w(Mm) and having length at most

Mm + 2N + k − 1. Define also for each m ∈ N the function ξm : Bm → {1, 2} via

ξm

∣∣∣∣∣
k−1⋃
j=0

AMm+j
n,w(Mm) = 1 and ξm

∣∣∣∣∣Bm \
k−1⋃
j=0

AMm+j
n,w(Mm) = 2.

Then Em,w = {η ∈ Cn : η|Bm = ξm} and |Bm| = (5n−6)2N+k−1
5n−7

for every m ∈ N. By

uniformity of the measure µn, we have that for every m ∈ N, µn(Em,w) = 2−|Bm|, in

particular each set Em,w has the same measure independent of m, and that measure

is positive.

Next we claim that the sets (Em,w)m∈N are independent. To see this, let

{Em1,w, · · · , Emj ,w} be a finite collection of the sets (Em,w)m∈N, and note that

j⋂
i=1

Emi,w = {η ∈ Cn : η|Bmi
= ξmi

for i ∈ {1, · · · , j}}.

Since the sets {Bm}m∈N are pairwise disjoint as Mm+1 −Mm > 2N + k + 1 for each

m ∈ N, we have that |
⋃j
i=1Bmi

| =
∑j

i=1 |Bmi
| and µn(

⋂j
i=1Emi,w) = 2−|

⋃j
i=1Bmi |.

Thus,

µn(

j⋂
i=1

Emi,w) =

j∏
i=1

µn(Emi,w),

so the sets (Em,w)m∈N are independent.

Furthermore, each set Em,w has the same positive measure, so

∞∑
m=1

µn(Em,w) = ∞.

Thus, by the second Borel-Cantelli Lemma,

µn(
∞⋂
j=1

∞⋃
m=j

Em,w) = 1,
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or equivalently, for µn-almost every choice function η ∈ Cn, (η, w,N, k) satisfies (R1)

and (R2) infinitely often. In particular, for every pair of integers N ≥ 1, k ≥ 0 we

have that for µn-almost every η ∈ Cn, (η, w,N, k) satisfies (R1) and (R2). Since there

are countably many choices of N and k, we have immediately that µn(D
w) = 1 for

νn-almost every word w ∈ AN
n .

3.10 Tangents of carpets Kη at typical points

Fix for the rest of this section an even integer n ≥ 4. Recall the definitions of choice

functions η ∈ Cn and carpets Kη from Section 3.6, the number αn = log(5n−6)
log(n)

from

Section 3.7, and the definition of random choice functions from Section 3.9.

In this section we prove the following result about tangents of carpets Kη at

typical points when η is random.

Proposition 3.5. If η ∈ Cn is a random choice function, then for Hαn-a.e. x ∈ Kη

there exist Tn,0, Tn,1, Tn,2, · · · ∈ Tan(Kη, x) such that Tn,k has exactly
1

5n−7
((5n−6)k−

1) many cut points.

In §3.10.1 we study the local cut-points of a certain class of “almost self-similar”

carpets and in §3.10.2, we relate the tangents of Kη with these carpets.

3.10.1 Local cut-points in a class of carpets

Define, for an integer k ≥ 0, the set

Kn,k :=
⋃
w∈Ak

n

ψ1
n,w

 ∞⋂
m=1

⋃
v∈Am

n

ψ2
n,v([0, 1]

2)

 (3.10.1)

where maps ψin,v and ϕ
η
v for v ∈ A∗

n and i ∈ {1, 2} are as in Section 3.6.

Roughly speaking, Kn,k is obtained by first iterating k times the maps from the

system F1
n, and then applying these iterates to the self-similar attractor of the IFS of

similarities F2
n (recall the systems F1

n,F2
n from Section 3.6).
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The next lemma is the main result of this subsection.

Lemma 3.8.3. For each integer k ≥ 0, Kn,k has exactly 1
5n−7

((5n − 6)k − 1) many

local cut-points.

The proof of Lemma 3.8.3 is by induction on k. The base case k = 0 is given in

Lemma 3.9.3. In the proof, we make use of the following definition.

Let {fj(x) = Lx + bj}lj=1 with bj ∈ R2 be similarities on R2 where L > 0 and

l ≥ 2 such that

1. if i, j ∈ {1, . . . , l} are distinct, then, fi((0, 1)
2) ∩ fj((0, 1)2) = ∅, and

2.
⋂l
i=1 fi([0, 1]

2) ̸= ∅.

We say that f1, . . . , fl meet at edges of [0, 1]2 if for every i ∈ {1, . . . , l}, there exists

j ∈ {1, . . . , l} \ {i} so that fi([0, 1]
2) ∩ fj([0, 1]2) is an edge of fi([0, 1]

2). Note that

necessarily l ∈ {2, 3, 4}.

Remark 3.9. Recall from the proof of Lemma 3.7.5 that for any k ∈ N,

⋃
j∈An

ψ2
n,j(∂[0, 1]

2) ⊂Kn,0 ⊂
⋃
j∈An

ψ2
n,j([0, 1]

2)

⋃
j∈An

ψ1
n,j(∂[0, 1]

2) ⊂Kn,k ⊂
⋃
j∈An

ψ1
n,j([0, 1]

2).

Note also that if there exist distinct i, j ∈ An and x ∈ [0, 1]2 with x ∈ ψ2
n,j([0, 1]

2) ∩

ψ2
n,i([0, 1]

2), then the maps in {ψ2
n,l : x ∈ ψ2

n,l([0, 1]
2), l ∈ An} meet at edges of

[0, 1]2. Note further that if there exist distinct i, j ∈ An and x ∈ [0, 1]2 with x ∈

ψ2
n,j([0, 1]

2)∩ψ2
n,i([0, 1]

2), then either x = (1/2, 2/n) or the functions in the set {ψ1
n,l :

x ∈ ψ1
n,l([0, 1]

2), l ∈ An} meet at edges of [0, 1]2. See for example Figure 3.2 for the

case n = 6.

Lemma 3.9.1. Let η ∈ Cn, let m ∈ N, let u, v, w ∈ Am
n be distinct, and let

x ∈ ϕηu([0, 1]
2) ∩ ϕηv([0, 1]2) ∩ ϕηw([0, 1]2).
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Then the maps {ϕηβ : x ∈ ϕηβ([0, 1]
2), β ∈ Am

n } meet at edges of [0, 1]2.

Proof. Recall that for all β ∈ Am
n , ϕηβ(x) = n−my + ϕηβ(0) with ϕηβ(0) ∈

{0, 1
nm , . . . ,

nm−1
nm }2.

Let E = {β ∈ Am
n : x ∈ ϕηβ([0, 1]

2)} which, by assumption, contains at least three

words. Clearly the intersection
⋂
β∈E ϕ

η
β([0, 1]

2) is nonempty as it contains x.

Suppose that a, b ∈ E are distinct words so that ϕηa, ϕ
η
b do not meet at edges

of [0, 1]2. Then ϕηa(0) − ϕηb (0) ∈ {−n−m, n−m}2. Since card(E) ≥ 3, there exists

c ∈ E \ {a, b} with

ϕηa(0)− ϕηc(0) ∈ {−n−m, 0, n−m}2 and ϕηb (0)− ϕηc (0) ∈ {−n−m, 0, n−m}2.

If, for example, ϕηa(0)− ϕηc(0) ∈ {−n−m, n−m}2, then

ϕηc (0)−ϕ
η
b (0) = (ϕηc (0)−ϕηa(0))+(ϕηa(0)−ϕ

η
b (0)) ∈ {−2n−m, 0, 2n−m}2∩{−n−m, 0, n−m}2.

But then ϕηc(0) = ϕηb (0), and this is a contradiction. Hence, ϕηa(0) − ϕηc(0) /∈

{−n−m, n−m}2, and by a simple calculation we get ϕηa([0, 1]
2) ∩ ϕηc ([0, 1]

2) is equal

to an edge of ϕηa([0, 1]
2) containing x, and similarly for ϕηb ([0, 1]

2) ∩ ϕηc ([0, 1]2). From

this we may conclude that the maps in {ϕηβ : β ∈ E} meet at edges of [0, 1]2.

Lemma 3.9.2. Let m ∈ N, let u, v ∈ Am
n be distinct, and let x ∈ Kn,0 with x ∈

ψ2
n,u(K

n,0) ∩ ψ2
n,v(K

n,0). Then the maps in {ψ2
n,w : x ∈ ψ2

n,w(K
n,0), w ∈ Am

n } meet at

edges of [0, 1]2.

Proof. The proof is by induction on m. The base case m = 1 holds by Remark 3.9.

Assume now that the claim holds for some m ∈ N. Let x ∈ Kn,0 and u, v ∈ Am+1
n

distinct so that x ∈ ψ2
n,u(K

n,0) ∩ ψ2
n,v(K

n,0). By Lemma 3.9.1, we may assume that

{w ∈ Am+1
n : x ∈ ψ2

n,w(K
n,0)} = {u, v}. We prove that ψ2

n,u(K
n,0) ∩ ψ2

n,w(K
n,0) is an

edge of ψ2
n,u([0, 1]

2).

Let u = a1 . . . am+1, v = b1 . . . bm+1. If a1 = b1, then applying (ψ2
n,a1

)−1 returns us

to the claim at m, so by the inductive hypothesis we may assume that a1 ̸= b1. Next,
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if x is not a vertex of ψ2
n,u([0, 1]

2), then by Lemma 3.11.1 the claim holds, so we may

further assume that x is a vertex of ψ2
n,u([0, 1]

2) and of ψ2
n,v([0, 1]

2). If there exists a

word w ∈ Am
n \ {u(m), v(m)} so that x ∈ ψ2

n,w(K
n,0), then there exists a j ∈ An with

x ∈ ψ2
n,u(K

n,0) ∩ ψ2
n,v(K

n,0) ∩ ψ2
n,wj(K

n,0), and this is a contradiction.

Therefore, we may further assume that {w ∈ Am
n : x ∈ ψ2

n,w(K
n,0)} =

{v(m), u(m)}. Then by the inductive hypothesis, ψ2
n,u(m)(K

n,0) ∩ ψ2
n,v(m)(K

n,0) is an

edge of ψ2
n,u(m)([0, 1]

2). The remainder of the proof is a case study on which edge of

ψ2
n,u(m)([0, 1]

2) this intersection is equal to, but these cases are all essentially identical

so we show only one of them and leave the remaining three to the reader. Assume

that

ψ2
n,u(m)(K

n,0) ∩ ψ2
n,v(m)(K

n,0) = ψ2
n,u(m)([0, 1]× {0}),

and as the maps ψ2
n,u(m) and ψ

2
n,v(m) are both rotation-free and reflection-free similarity

maps with Lipschitz norms n−m, by Remark 3.7 this intersection must also be equal

to the edge ψ2
n,v(m)([0, 1]× {1}). Then

ψ2
n,u(m)(0)− ψ2

n,v(m)(0) = (0, n−m), ψ2
n,am+1

(0) = ( k
n
, 0), ψ2

n,bm+1
(0) = (k±1

n
, 1)

with k, k ± 1 ∈ {0, 1, . . . , n− 1}. Then there is some j ∈ An so that ψ2
n,j(0) = ( k

n
, 1),

thus by a straightforward calculation we obtain x ∈ ψ2
n,v(m)j(K

n,0). As a1 ̸= b1 and

necessarily j ̸= bm+1, v(m)j ∈ Am+1
n \ {v, u}, and this contradicts our assumption

that {w ∈ Am+1
n : x ∈ ψ2

n,w(K
n,0)} = {u, v}, concluding the proof.

The next lemma is the base case for the proof of Lemma 3.8.3.

Lemma 3.9.3. The set Kn,0 does not contain local cut-points.

Proof. It suffices to show that Kn,0 contains no cut-points. Assuming this to be true,

the proof of the lemma follows from (Dai et al., 2023, Theorem 1.6), as Lemma 3.9.1

and Lemma 3.9.2 alongside the fact that Kn,0 is a self-similar set with no cut-points

are sufficient to imply the hypotheses of this theorem.
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To prove that Kn,0 contains no cut-points, fix y ∈ Kn,0 and distinct p, q ∈ Kn,0 \

{y}. Let m ∈ N so that there exist distinct u, v, w ∈ Am
n for which ψ2

n,u(K
n,0),

ψ2
n,v(K

n,0), and ψ2
n,w(K

n,0) are pairwise disjoint with p ∈ ψ2
n,v(K

n,0), q ∈ ψ2
n,u(K

n,0),

and y ∈ ψ2
n,w(K

n,0). Then by Lemma 3.9.2 and by (Badger and Vellis, 2021, Lemma

3.1), there exist distinct u1, . . . , uk ∈ Am
n so that p ∈ ψ2

n,u1
(Kn,0), q ∈ ψ2

n,uk
(Kn,0),

and for every j ∈ {1, . . . , k − 1}, ψ2
n,uj

(Kn,0) ∩ ψ2
n,uj+1

(Kn,0) contains at least two

points. Now let z0, . . . , zk ∈ Kn,0 be distinct points so that z0 = p, zk = q, and zj ∈

(ψ2
n,uj

(Kn,0)∩ψ2
n,uj+1

(Kn,0)) \ {y} for every j ∈ {1, . . . , k− 1} . Then since ∂[0, 1]2 ⊂

Kn,0 by the proof of Lemma 3.7.5, for every j ∈ {1, . . . , k − 2} there is a continuous

function γj : [0, 1] → ψ2
n,uj+1

(∂[0, 1]2) \ {y} so that γj(0) = zj, γj(1) = zj+1 and

necessarily γj([0, 1]) ⊂ Kn,0\{y}. By (Badger and Vellis, 2021, Proposition 3.2), there

exist continuous γ0 : [0, 1] → ψ2
n,u1

(Kn,0) with γ0(0) = p, γ0(1) = z1 and continuous

γk−1 : [0, 1] → ψ2
n,uk

(Kn,0) with γk−1(0) = zk−1, γk−1(1) = q. Concatenating these

curves yields a path inside of Kn,0 connecting p to q and avoiding y, so y cannot be

a cut-point for Kn,0.

As a straightforward consequence, we obtain the following corollary.

Corollary 3.9.1. If f1, . . . , fj : R2 → R2 with j ∈ {2, 3, 4} is a collection of rotation-

free and reflection-free similarities with a common Lipschitz norm which meet at edges

of [0, 1]2, then
⋃j
i=1 fi(K

n,0) does not contain local cut-points.

Proof. We leave most of this proof to the reader. A proof follows from the observation

that, up to re-scaling and translating, there are only 7 ways for such a collection

of maps to meet at edges of [0, 1]2, and all of these arrangements are present in

{ψ2
n,j : j ∈ An}.

We are now finally ready to prove Lemma 3.8.3.

Proof of Lemma 3.8.3. Denote by Nk the number of local cut-points in Kn,k. By

Lemma 3.9.3 we have N0 = 0. It remains to show that Nk = (5n − 6)Nk−1 + 1 for

every k ∈ N.
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By definition of sets Kn,k,

Kn,k =
⋃
v∈Ak

n

ψ1
n,v

⋂
m∈N

⋃
w∈Am

n

ψ2
n,w([0, 1]

2)


=
⋃
j∈An

ψ1
n,j

 ⋃
v∈Ak−1

n

ψ1
n,v

⋂
m∈N

⋃
w∈Am

n

ψ2
n,w([0, 1]

2)


=
⋃
j∈An

ψ1
n,j(K

n,k−1).

By Lemma 3.7.4, each ψ1
n,j(K

n,k−1 ∩ (0, 1)2) contributes Nk−1 many local cut-points,

and there is one additional local cut-point at (1/2, 2/n). Then by the last part of

Remark 3.9, every point of Kn,k\(
⋃
j∈An

ψ1
n,j(K

n,k−1∩(0, 1)2) other than (1/2, 2/n) is

either contained in exactly one image ψ1
n,v(K

n,0) for some v ∈ Ak
n or in an intersection

of at least two such images of maps which meet at edges of [0, 1]2, so there are no other

local cut-points of Kn,k by Corollary 3.9.1. Therefore, Nk = (5n− 6)Nk−1 + 1.

3.10.2 Proof of Proposition 3.5

Fix for the rest of this subsection an integer k ≥ 0, a random choice function η ∈ Cn,

and an injective word

w = i1i2 · · · ∈ AN
n

such that (η, w) satisfy (R1) and (R2) from the definition of a random choice function

(see the paragraph before Lemma 3.7.7 for the definition of injective words). Set

x = πη(w). Given N ∈ N, let ℓN ∈ N be the integer given in properties (R1) and

(R2). For N ∈ N, define

XN := nℓN (Kη − x),

yN := (ϕηw(ℓN ))
−1 ◦ ϕηw(ℓN+N+k−1)(0),

xN := nℓN (x− ϕηw(ℓN )(0)).
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Intuitively, xN are the bottom-left corners of the blow-ups of pieces ofKη that contain

x, while the points (yN)N∈N form a sequence of points in [0, 1]2 which approximate

the points xN . Additionally, the sets XN are a sequence of blow-ups of Kη centered

at the point x which we use to find the desired tangents in Tan(Kη, x).

By (R2), iℓN−N+1 > (4n − 4), so ψ
η(w(ℓN−N))
n,iℓN−N+1

([0, 1]2) does not intersect ∂[0, 1]2.

Thus, for every N ≥ 3 we get

dist
(
Kη
w(ℓN ), K

η \Kη
w(ℓN−N)

)
≥ n−ℓN−1+N . (3.10.2)

The general strategy of the proof of Proposition 3.5 is to first establish estimates

for the Hausdorff distance between XN and translates of Kn,k in a region near [0, 1]2,

then establish estimates for the Hausdorff distance between the rest of XN and some

blown-up and translated image of Kn,0 out to some large ball containing the origin.

Then, exploiting the triangle inequality for excess (as in Remark 3.5), we show that

some subsequence of XN converges to a tangent set for which all local cut-points

(see §3.4.5) lie inside a unit square near the origin, for which outside of this square

the tangent “looks like” a tangent of Kn,0, and for which inside this unit square the

tangent has exactly 1
5n−7

((5n− 6)k − 1) many local cut-points.

Lemma 3.9.4. For each N ∈ N, |yN − xN | ≤ n−N−k+3.

Proof. Since x = πη(w), the point xN is in the set

nℓN (ϕηw(ℓN+N+k−1)([0, 1]
2)− ϕηw(ℓN )(0))

= nℓN
(
ϕηw(ℓN ) ◦ (ϕ

η
w(ℓN ))

−1 ◦ ϕηw(ℓN+N+k−1)([0, 1]
2)− ϕηw(ℓN )(0)

)
.

Now by Remark 3.7, the latter set is equal to (ϕηw(ℓN ))
−1 ◦ϕηw(ℓN+N+k−1)([0, 1]

2), which

has diameter no more than n−N−k+2
√
2 and contains yN , so |yN−xN | ≤ n−N−k+3.
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In the following lemma, we show that the parts of the sets XN inside of some unit

square containing the origin become close to translates of Kn,k in terms of Hausdorff

distance.

Lemma 3.9.5. For each N ∈ N, the Hausdorff distance

distH(n
ℓN (Kη

w(ℓN ) − x), Kn,k − yN) ≤ n−N−k+4.

Proof. Recall that if A,B ⊂ RM are compact sets, then Hausdorff distance is given

by

distH(A,B) := max

{
sup
x∈A

inf
y∈B

|x− y|, sup
y∈B

inf
x∈A

|y − x|
}
,

and recall from §3.4.4 that excess is given by excess(A,B) := supx∈A infy∈B |x − y|.

Thus to prove the lemma, it suffices to show

excess(nℓN (Kη
w(ℓN ) − x), Kn,k − yN) ≤ n−N−k+4,

excess(Kn,k − yN , n
ℓN (Kη

w(ℓN ) − x)) ≤ n−N−k+4.

For the first inequality, by Lemma 3.9.4 and by the triangle inequality for excess as

in Remark 3.5, it is enough to show that

excess(nℓN (Kη
w(ℓN ) − x), Kn,k − xN) ≤ n−N−k+3.

Note that since excess is translation invariant (see Remark 3.5), this excess is equal

to

excess(nℓN (Kη
w(ℓN ) − ϕηw(ℓN )(0)), K

n,k),

which is at most n−N−k+2
√
2 by (R1) and by definition of Kn,k. Via a similar

argument, we obtain the other inequality

excess(Kn,k − yN , n
ℓN (Kη

w(ℓN ) − x)) ≤ n−N−k+4.
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Now define

FN := nℓN (Kn,0 − ϕηw(ℓN )(0))− yN ,

YN := (FN \ ([0, 1]2 − yN)) ∪ (Kn,k − yN).

The sets FN are simply blown-up shifts of the self-similar set Kn,0. The sets YN

are constructed by removing the copy of Kn,0 in FN which contains the origin, then

replacing it by a shift of Kn,k. Before continuing, note that for k = 0, FN = YN .

Lemma 3.9.6. For every r > 0,

lim
N→∞

excess(YN ∩B(0, r), XN) = 0 and lim
N→∞

excess(XN ∩B(0, r), YN) = 0.

Proof. Fix r > 0. By (3.10.2) there exists N0 ∈ N such that for every integer N ≥ N0,

dist(Kη
w(ℓN ), K

η \Kη
w(ℓN−N)) ≥ n−ℓN2r.

By (R2), dist(∂[0, 1]2, (ϕηw(ℓN−N))
−1 ◦ ϕηw(ℓN )(0)) ≥ n−1. Since yN ∈ [0, 1]2,

B(0, r) ⊂ nN([0, 1]2 − (ϕηw(ℓN−N))
−1 ◦ ϕηw(ℓN )(0))− yN .

Fix y ∈ YN ∩ B(0, r). If y ∈ [0, 1]2 − yN , then by Lemma 3.9.5 there exists some

z ∈ XN so that |y − z| ≤ n−N−k+4.

Assume now that y ∈ YN ∩B(0, r) \ ([0, 1]2 − yN). Let

Q =
⋃

v∈A2N+k−1
n

ψ2
n,v([0, 1]

2) and P =
⋃

v∈A2N+k−1
n

ψ2
n,v(∂[0, 1]

2).

By (R2) and since ϕηv(∂[0, 1]
2) ⊂ Kη for every finite word v ∈ A∗

n by the proof of

Lemma 3.7.5, we have that

nℓN ((ϕηw(ℓN−N)(P )− x) \ (ϕηw(ℓN )([0, 1]
2)− x)) ⊂ XN .
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Since the maps ψin,j are all similarities with Lipschitz norm n−1, by Remark 3.7 we

have

nℓN (ϕηw(ℓN−N)(P )− x) = nℓN (ϕηw(ℓN−N)(P )− ϕηw(ℓN−N) ◦ (ϕ
η
w(ℓN−N))

−1(x))

= nN(P − (ϕηw(ℓN−N))
−1(x)).

Similarly, we obtain nℓN (ϕηw(ℓN )([0, 1]
2) − x) = [0, 1]2 − (ϕηw(ℓN ))

−1(x) and xN =

(ϕηw(ℓN ))
−1(x). Furthermore, (ϕηw(ℓN−N))

−1(x) = (ϕηw(ℓN−N))
−1 ◦ ϕηw(ℓN )(xN), and so

(nN(P − (ϕηw(ℓN−N))
−1 ◦ ϕηw(ℓN )(0))− xN) \ ([0, 1]2 − xN) ⊂ XN .

Since y ∈ YN ∩ B(0, r) \ ([0, 1]2 − yN), by calculations similar to those above we

obtain

y ∈ (nN(Q− (ϕηw(ℓN−N))
−1 ◦ ϕηw(ℓN )(0))− yN) \ ([0, 1]2 − yN).

Therefore, there exists u ∈ A2N+k−1
n so that

y ∈ (nN(ψ2
n,u([0, 1]

2)− (ϕηw(ℓN−N))
−1 ◦ ϕηw(ℓN )(0))− yN) \ ([0, 1]2 − yN),

which implies that there is a point

p ∈ (nN(ψ2
n,u(∂[0, 1]

2)− (ϕηw(ℓN−N))
−1 ◦ ϕηw(ℓN )(0))− xN) \ ([0, 1]2 − xN),

hence p ∈ XN . Then by the triangle inequality and Lemma 3.9.4 we have

|p− y| ≤ |xN − yN |+ |(p+ xN)− (y + yN)| ≤ |xN − yN |+ n−N−k+1
√
2 ≤ n−N−k+4

since (p+xN), (y+yN) ∈ nNψ2
n,u([0, 1]

2), and the latter set has diameter n−N−k+1
√
2.

The other limit can be proven in the same way, yielding the result.
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In the following two lemmas, we prove that the sequence (YN)N∈N has a

subsequence converging in the Attouch-Wets topology to a set with 1
5n−7

((5n−6)k−1)

local cut-points and that the closeness of excesses from Lemma 3.9.6 implies that this

set is also the Attouch-Wets limit of a subsequence of (XN)N∈N, thus it is a tangent

of Kη at x.

Lemma 3.9.7. The sequence (YN)N∈N has a subsequence converging with respect to

the Attouch-Wets topology to a set Lk ∈ C(R2;0) that has exactly 1
5n−7

((5n− 6)k− 1)

many local cut-points.

Proof. Let r > 3, and recall from the proof of Lemma 3.9.6 that there exists a minimal

N0,r ∈ N so that for every integer N ≥ N0,r,

(YN + yN)∩B(0, r) = B(0, r)∩ (nN(Kn,0 − (ϕηw(ℓN−N))
−1 ◦ϕηw(ℓN )(0)) \ [0, 1]

2)∪Kn,k.

Furthermore, N0,r is nondecreasing in r. By (R1), for each N ∈ N there exists a word

vN ∈ AN
n so that (ϕηw(ℓN−N))

−1 ◦ ϕηw(ℓN ) = ψ2
n,vN

. Then by Remark 3.7 we obtain

[0, 1]2 ∩ nN(Kn,0 − ψ2
n,vN

(0)) = nN(ψ2
n,vN

(Kn,0)− ψ2
n,vN

(0)) = Kn,0.

Thus,

(YN+yN)∩B(0, r) = B(0, r)∩(nN(((Kn,0\ψ2
n,vN

([0, 1]2))∪(ψ2
n,vN

(Kn,k)))−ψ2
n,vN

(0))).

Since C(R2;0) is sequentially compact in the Attouch-Wets topology, the sequence

of sets (YN + yN)N∈N has a subsequence (YNj
+ yNj

)j∈N converging to a limit L in

the Attouch-Wets topology and so that (yNj
)j∈N converges to a point y0 ∈ [0, 1]2 as

j → ∞.
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For j ∈ N, let

Dr,j := {(m1,m2) ∈ Z2 \ {0} : [m1,m1 + 1]× [m2,m2 + 1] ⊂ B(0, r),

and there exists v ∈ ANj
n with (m1,m2) = nNj(ψ2

n,v(0)− ψ2
n,vNj

(0))}.

If j ∈ N so that Nj ≥ N0,r+2, then

⋃
(m1,m2)∈Dr,j

((m1,m2) +Kn,0) ∪Kn,k ⊂ (YNj
+ yNj

) ∩B(0, r)

⊂
⋃

(m1,m2)∈Dr+2,j

((m1,m2) +Kn,0) ∪Kn,k

and Dr,j ⊂ Dr+2,j. Then since for every N ∈ N, every v ∈ AN
n has nN(ψ2

n,v(0) −

ψ2
n,vN

(0)) ∈ Z2, and since (YNj
+ yNj

)j∈N converges, there exists j0,r ∈ N so that for

every integer j ≥ j0,r, Dr,j = Dr,j0,r . Indeed, if Dr,j ̸= Dr,j+1 then

excess((YNj
+ yNj

) ∩B(0, r), (YNj+1
+ yNj+1

)) ≥ n−1

or vice-versa, which cannot happen infinitely often by Lemma 3.5.2. Consequently,

for every r > 3 and every integer j ≥ j0,r+4, we have that (YNj
+ yNj

) ∩ B(0, r) =

B(0, r) ∩ L, so by Lemma 3.8.3, Corollary 3.9.1, and Remark 3.9, L has exactly

1
5n−7

((5n− 6)k − 1) many local cut-points inside [0, 1]2 and no other local cut-points.

Finally, Lk = L− y0 is the desired limit.

Remark 3.10. The tangent Lk of Lemma 3.9.7 is a countable union
⋃
j∈N Sj(K

n,0)

of rescaled copies of Kn,0, and if i, j ∈ N are distinct, then Si((0, 1)
2) ∩ Sj((0, 1)2) =

∅. Since dimH(K
n,0) = αn and Hαn(Kn,0) > 0, by countable stability of Hausdorff

dimension we have that dimH(Lk) = αn and Hαn(Lk) > 0.

The next lemma completes the proof of Proposition 3.5 by showing that the

closeness of the sequences YNj
and XNj

from Lemma 3.9.6 implies that they share a

common Attouch-Wets limit.
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Lemma 3.10.1. Let (Nj)j ⊂ N and Lk ∈ C(R2;0) be the subsequence and limit set

from Lemma 3.9.7, respectively. Then (XNj
)j∈N converges to Lk with respect to the

Attouch-Wets topology.

Proof. Since R2 has the Heine-Borel property, in order to show that limj→∞XNj
= Lk

with respect to the Attouch-Wets topology, by (Beer, 1993, Lemma 2.1.2) and (Beer,

1993, Lemma 3.1.4) it is sufficient to verify the following two conditions.

(i) If V ⊂ R2 is an open set such that V ∩ Lk ̸= ∅, then there exists j0 ∈ N such

that for every integer j ≥ j0, XNj
∩ V ̸= ∅ as well.

(ii) If δ > 0 and z ∈ R2 such that B(z, δ) ∩ Lk = ∅, then for every ϵ ∈ (0, δ) there

exists j0 ∈ N such that for every integer j ≥ j0, B(z, ϵ) ∩XNj
= ∅ as well.

To verify (i), fix such an open set V ⊂ R2. Then there exist z ∈ V and ϵ > 0 such

that B(z, ϵ) ⊂ V and B(z, ϵ/2) ∩ Lk ̸= ∅. Assume for the sake of contradiction that

(i) fails to hold for this V , and thus XNj
∩B(z, ϵ) = ∅ infinitely often. Now by Lemma

3.9.6 and since limj→∞ YNj
= Lk, there exists j0 ∈ N so that for every integer j ≥ j0,

excess(YNj
∩ B(0, |z| + ϵ), XNj

) < ϵ/2 and B(z, ϵ/2) ∩ YNj
̸= ∅. By our assumption,

there exists an integer j ≥ j0 such that XNj
∩ B(z, ϵ) = ∅ and there exists a point

y ∈ YNj
∩B(z, ϵ/2). Then we have

excess(YNj
∩B(0, |z|+ ϵ), XNj

) ≥ dist(y,XNj
) ≥ ϵ/2,

which is a contradiction.

Now to verify (ii), fix δ > 0 and z ∈ R2 so that B(z, δ)∩Lk = ∅ and let ϵ ∈ (0, δ).

Since YNj
→ Lk as j → ∞ with respect to the Attouch-Wets topology, there is

a j0 ∈ N so that for every integer j ≥ j0, YNj
∩ B(z, ϵ+δ

2
) = ∅. Furthermore by

Lemma 3.9.6, choosing j0 large enough, we may assume that for every integer j ≥ j0,

excess(XNj
∩ B(0, |z| + δ), YNj

) < δ−ϵ
2
. Then for every integer j ≥ j0 and for each

p ∈ XNj
∩ B(0, |z| + δ), dist(p, YNj

) < δ−ϵ
2
. Since YNj

∩ B(z, ϵ+δ
2
) = ∅, if p ∈ B(z, ϵ),
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then dist(p, YNj
) ≥ δ−ϵ

2
and p ∈ B(0, |z| + δ). Therefore for each integer j ≥ j0,

XNj
∩B(z, ϵ) = ∅, as desired.

3.11 Proof of Theorem 3.2

The proof of Theorem 3.2 in the special case that s = αn := log(5n−6)
log(n)

follows from

several of the propositions we have established so far. For the general case, we require

the following lemma which shows that bi-Hölder equivalence is hereditary. See Li

(2021) for a quasisymmetric version of this lemma.

Lemma 3.10.2. Let f : X → Y be a (1/t)-bi-Hölder homeomorphism between two

closed sets X ⊂ Rd and Y ⊂ Rm for some t > 0. Then for every point x0 ∈ X

and every tangent T ∈ Tan(X, x0), there exist a tangent T ′ ∈ Tan(Y, f(x0)) and a

(1/t)-bi-Hölder homeomorphism g : T → T ′.

Proof. Assume first that t ≥ 1. Let x0 ∈ X, let T ∈ Tan(X, x0), and let rj → 0 be a

sequence of scales so that r−1
j (X −x0) → T as j → ∞ in the Attouch-Wets topology.

For each j ∈ N, define the function

fj : r
−1
j (X − x0) → r

−1/t
j (Y − f(x0)) with fj(z) = r

−1/t
j (f(rjz + x0)− f(x0)).

It is easy to see that each fj is a (1/t)-bi-Hölder homeomorphism with a bi-Hölder

coefficient H independent of j. By McShane’s extension theorem (McShane, 1934,

Corollary 1), each fj extends to a (1/t)-Hölder map Fj : Rd → Rm with the Hölder

coefficient equal to H. Passing to a subsequence, by the Arzelá-Ascoli theorem, we

may assume that {Fj} converges locally uniformly to a (1/t)-Hölder map F : Rd →

Rm.

Since the maps Fj|T are (1/t)-bi-Hölder with the same bi-Hölder coefficients,

F |T : T → F (T ) is a (1/t)-bi-Hölder homeomorphism. We claim that r
−1/t
j (Y −
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f(x0)) → F (T ) as j → ∞ in the Attouch-Wets topology. First note that

r
−1/t
j (Y − f(x0)) = Fj(r

−1
j (X − x0)).

Let R > 0, let ϵ > 0, and let j0 ∈ N so that for every integer j ≥ j0,

∥Fj − F∥∞,B(0,R) < ϵ

excess(B(0, R) ∩ r−1
j (X − x0), T ) < ϵ

excess(B(0, R) ∩ T, r−1
j (X − x0)) < ϵ.

For an integer j ≥ j0, given z ∈ B(0, R) ∩ r−1
j (X − x0) there exists y ∈ T with

|z − y| < ϵ, so

|Fj(z)− F (y)| ≤ |Fj(y)− Fj(z)|+ |Fj(z)− F (z)| < Hϵ1/t + ϵ.

Therefore,

lim
j→∞

excess(B(0, HR1/t) ∩ Fj(r−1
j (X − x0)), F (T )) = 0.

The other excess estimate follows via a similar calculation, so r
−1/t
j (Y−f(x0)) → F (T )

as j → ∞ in the Attouch-Wets topology. This concludes the case t ≥ 1.

Now let t ∈ (0, 1). Then f−1 : Y → X is a t-bi-Hölder homeomorphism. Fix x0 ∈

X, let T ∈ Tan(X, x0), and let rj → 0 be a sequence of scales so that r−1
j (X−x0) → T

as j → ∞ in the Attouch-Wets topology. Then rtj → 0 is a sequence of scales, and

there is a convergent subsequence r−tjk (Y − f(x0)) → S as k → ∞ in the Attouch-

Wets topology. As in the case t ≥ 1, we have gjk : r−tjk (Y − f(x0)) → r−1
jk
(X − x0),

a sequence of t-bi-Hölder homeomorphisms with uniform coefficients which extend to

t-Hölder functions Gjk : Rm → Rd, and the maps Gjk converge locally uniformly to a

t-Hölder map G : Rm → Rd. Then

Gjk(r
−t
jk
(Y − f(x0))) → G(S)
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as j → ∞ in the Attouch-Wets topology, and since Gjk(r
−t
jk
(Y −f(x0))) = r−1

jk
(X−x0)

converges, it must converge to T . Therefore G(S) = T , and by locally uniform

convergence G|S is a t-bi-Hölder homeomorphism onto T . Finally, G−1 : T → S is a

(1/t)-bi-Hölder homeomorphism, as desired.

We can now prove Theorem 3.2.

Proof of Theorem 3.2. Fix s > 1. Let n ≥ 4 be an even integer such that αn ∈

(1, s) and let η ∈ Cn be a random function. By Proposition 3.3 there exists a 1
αn
-

Hölder surjection f : [0, 1] → Kη and by Proposition 3.2, Hαn(Kη) > 0. Finally, by

Proposition 3.5, for Hαn-a.e. point x ∈ Kη and for all integers k ≥ 0, there exists

Tn,k ∈ Tan(Kη, x) such that Tn,k has exactly
1

5n−7
((5n−6)k−1) many cut points. By

Lemma 3.6.1, it follows that tangents Tn,0, Tn,1, . . . are pairwise topologically distinct.

By Assouad’s embedding theorem Assouad (1983), there exists N ∈ N and a

bi-Lipschitz embedding of the metric space (Kη, | · |αn/s) into RN and denote by Γ

the embedded image. This mapping produces a (αn/s)-bi-Hölder homeomorphism

g : Kη → Γ. Therefore, there exists some C > 1 such that for every Borel B ⊂ Kη,

C−1Hαn(B) ≤ Hs(g(B)) ≤ CHαn(B),

so Hs(Γ) > 0. Moreover, the map g ◦ f : [0, 1] → Γ is a (1/s)-Hölder surjection.

By Lemma 3.10.2, we have that for every point x ∈ Kη and every tangent T ∈

Tan(Kη, x) there exists a tangent T ′ ∈ Tan(Γ, g(x)) so that T and T ′ are (αn/s)-bi-

Hölder equivalent; in particular, T and T ′ are homeomorphic to each other. Therefore,

Tan(Γ, x) contains infinitely many topologically distinct elements.

3.12 Tangents of self-similar sets

In this section we prove Proposition 3.1 and Theorem 3.3. We start with the proof

of Proposition 3.1.
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Proof of Proposition 3.1. Without loss of generality, assume that diamQ = 1 and

that 0 < Lip(ϕ1) ≤ · · · ≤ Lip(ϕm) < 1. By (Schief, 1994, Theorem 2.2) and by (Fan

and Lau, 1999, Theorem 2.1, Lemma 2.5), we may assume that Hs(Q∩U) = Hs(Q).

In particular, Q ∩ U ̸= ∅.

Fix x ∈ Q ∩ U , S ∈ Tan(Q, x), and R > 0. Let rj → 0 be a decreasing sequence

of positive scales so that r1 < 1/R and the sets Dj := (rj)
−1(Q − x) converge to

S in the Attouch-Wets topology as j → ∞. Define for each j ∈ N the similarity

gj : RN → RN , given by gj(y) = (rj)
−1(y− x), and note that gj(Q) = Dj. Define the

alphabet A = {1, . . . ,m} and for a word w ∈ A∗, define Lw := Lip(ϕw). Following

(Badger and Vellis, 2021, §2.3), for any δ ∈ (0, 1) define

A∗(δ) := {i1 . . . in ∈ A∗ : n ≥ 1 and Li1i2...in < δ ≤ Li1i2...in−1}

and A∗(1) := {ε}, the set containing only the empty word.

Note that if w ∈ A∗(rjR), then

L1rjR ≤ Lw < rjR. (3.12.1)

For each j ∈ N define

WR
j := {w ∈ A∗ : ϕw(Q) ∩B(x, rjR) ̸= ∅} and CR

j := WR
j ∩ A∗(rjR).

Note that for each j, B(x, rjR) ∩ Q ⊂
⋃
w∈CR

j
ϕw(Q). Additionally, by the OSC, if

v, w ∈ A∗ are distinct words so that ϕw(U)∩ϕv(U) ̸= ∅, then there exists u ∈ A∗ \{ε}

so that either w = vu or v = wu, which further implies that Lw

Lv
≤ L1 or Lv

Lw
≤ L1.

Moreover, if j ∈ N and w, v ∈ CR
j , then

Lw

Lv
> L1 (or vice-versa); thus if w, v ∈ CR

j

are distinct, ϕw(U) ∩ ϕv(U) = ∅. Roughly speaking, each set {ϕw : w ∈ CR
j } respects

the “disjoint images” part of the open set condition for U . Observe that for each

j ∈ N and each w ∈ CR
j by (3.12.1), the fact that diam(Q) = 1 and the fact that
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ϕw(Q) ∩B(x, rjR) ̸= ∅, we have ϕw(Q) ⊂ B(x, 2rjR) ∩Q. Hence, for each j ∈ N,

B(x, rjR) ∩Q ⊂
⋃

w∈CR
j

ϕw(Q) ⊂ B(x, 2rjR) ∩Q. (3.12.2)

Next, since Q is self-similar, it follows that Hs(Q) > 0 (Hutchinson, 1981, §5.3)

and, in fact, Q is Ahlfors s-regular (Badger and Vellis, 2021, Lemma 2.4). That is,

there exists c1 ≥ 1 so that for every y ∈ Q and r ∈ (0, 1),

(c1)
−1rs ≤ Hs(B(y, r) ∩Q) ≤ c1r

s.

Moreover, by (Hutchinson, 1981, Theorem 5.3.1), for every w ∈ A∗ we have

Hs(ϕw(Q)) = Lsw.

We claim that card(CR
j ) ≤ (2/L1)

sc1 for all j ∈ N. To this end, fix j ∈ N. By

(3.12.2),

card(CR
j )(L1rjR)

s ≤
∑
w∈CR

j

Hs(ϕw(Q)) = Hs(
⋃

w∈CR
j

ϕw(Q)) ≤ Hs(B(x, 2rjR)∩Q) ≤ (2R)sc1(rj)
s,

where the equality follows from the fact that sets ϕw(U) for w ∈ CR
j are mutually

disjoint. The claimed inequality follows.

By the preceding claim, the sequence (card(CR
j ))j∈N is a bounded sequence of

positive integers, so passing to a subsequence, we may assume that it is constant. That

is, there exists an integer MR ∈ [1, (2/L1)
sc1] such that card(CR

j ) =MR for all j ∈ N.

We write CR
j = {wR1,j, . . . , wRMR,j

}. Note that for every j ∈ N and i ∈ {1, . . . ,MR} the

map gj ◦ ϕwR
i,j

: RN → RN is a similarity with L1R ≤ Lip(gj ◦ ϕwR
i,j
) ≤ R. Moreover,

Dj ∩B(0, R) ⊂
MR⋃
i=1

(gj ◦ ϕwR
i,j
(Q)) ⊂ Dj ∩B(0, 2R),

and if i1, i2 ∈ {1, . . . ,MR} are distinct, then gj ◦ ϕwR
i1,j

(U) ∩ gj ◦ ϕwR
i2,j

(U) = ∅.
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Since the similarities gj ◦ ϕRwi,j
have uniformly bounded Lipschitz norms and

are pointwise uniformly bounded, by the Arzelà-Ascoli theorem, and passing to a

subsequence, we may assume that for each i ∈ {1, . . . ,MR}, gj ◦ ϕwR
i,j

→ fRi locally

uniformly as j → ∞. Since Dj → S as j → ∞ in the Attouch-Wets topology,

for each i ∈ {1, . . . ,MR}, fRi (Q) ⊂ S. Furthermore by the properties of the maps

gj ◦ ϕwR
i,j

and by local uniform convergence, we obtain analogous properties for the

fRi . Precisely, for each i ∈ {1, . . . ,MR} the map fRi : RN → RN is a similarity with

L1R ≤ Lip(fRi ) ≤ R. Moreover,

B(0, R) ∩ S ⊂
MR⋃
i=1

fRi (Q) ⊂ B(0, 2R) ∩ S

and if i, j ∈ {1, . . . ,MR} are distinct, then fRi (U) ∩ fRj (U) = ∅.

To complete the proof, we show that for every i ∈ {1, . . . ,MR}, fRi (U ∩Q) is an

open subset of S. Since fRi is a similarity, fRi (U) is an open subset of RN , which

implies that fRi (U) ∩ S is an open subset of S. By properties of functions fRi above

we have that

fRi (U ∩Q) ∩B(0, R) = fRi (U) ∩ S ∩B(0, R).

Furthermore, if {f 2R
1 , . . . , f 2R

M2R
} is constructed in a similar manner (replacing R by

2R), then for every i ∈ {1, . . . ,MR} there exists unique j ∈ {1, . . . ,M2R} so that

fRi (Q) ⊂ f 2R
j (Q). Indeed, the sets CR

j and C2R
j satisfy

⋃
v∈CR

j
ϕv(Q) ⊂

⋃
u∈C2R

j
ϕu(Q),

so for each v ∈ CR
j , there exists a unique u ∈ C2R

j so that ϕv(U ∩ Q) ⊂ ϕu(U ∩ Q).

Then it must hold that fRi (U ∩Q) is an open subset of f 2R
j (U ∩Q)∩B(0, 2R) which

is an open subset of S ∩B(0, 2R). Thus, fRi (U ∩Q) is an open subset of S.

The following remark follows easily from the proof of Proposition 3.1.

Remark 3.11. Let Q and S be as in Proposition 3.1. Then the Hausdorff dimensions

of Q and of S are equal and they satisfy HdimH(Q)(S) > 0, HdimH(Q)(Q) ∈ (0,∞).
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3.12.1 Self-similar sponges

We say that a set K ⊂ [0, 1]N is a self-similar sponge if K is the attractor of a system

{Si(y) = k−1y + pi : [0, 1]
N → [0, 1]N}mi=1, (3.12.3)

where k ∈ {2, 3, . . . }, and points {p1, . . . , pm} are mutually distinct and contained in

the set {0, 1
k
, . . . , k−1

k
}N . It is easy to see that the system {Si}mi=1 satisfies the OSC

with U = (0, 1)N .

We say that a subset C ⊂ [0, 1]N is a face of [0, 1]N if C is of the form C =

I1 × · · · × IN , where each Ij is either equal to [0, 1], to {0}, or to {1}. Additionally,

we call C = I1×· · ·× IN an M -face of [0, 1]N if exactly M -many of the I1, . . . , IN are

nondegenerate.

Lemma 3.11.1. Let {S1, . . . , Sm} be a system of similarities as in (3.12.3). If

i1, . . . , il ∈ {1, . . . ,m} are distinct indices such that
⋂l
j=1 Sij([0, 1]

N) ̸= ∅, then this

intersection is equal to Si1(C), where C is a face of [0, 1]N .

Proof. For z ∈ RN and m ∈ {1, . . . , N}, denote by z(m) the m-th coordinate of z.

We begin by proving the result in the case l = 2. For simplicity, assume that i1 = 1

and i2 = 2. Since S1([0, 1]
N)∩S2([0, 1]

N) ̸= ∅ and since S1((0, 1)
N)∩S2((0, 1)

N) = ∅,

we have that

e := S1(0)− S2(0) ∈ {−k−1, 0, k−1}N .

Write e = (e(1), . . . , e(N)). For m ∈ {1, . . . , N}, set Im = [0, 1] if e(m) = 0, Im = {0}

if e(m) > 0, and Im = {1} if e(m) < 0. We claim that

S1([0, 1]
N) ∩ S2([0, 1]

N) = S1(I1 × · · · × IN).

To see this, fix z1, z2 ∈ [0, 1]N such that S1(z1) = S2(z2). Then z2− z1 = ke and there

are three cases to consider for m ∈ {1, . . . , N}. If e(m) = 0, then z2(m)− z1(m) = 0

which means that z1(m) can take any value in [0, 1]. If e(m) > 0, then e(m) = k−1,
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and z2(m)−z1(m) = 1 which implies that z1(m) = 0. If e(m) < 0, then e(m) = −k−1,

and z2(m)− z1(m) = −1 which implies that z1(m) = 1. In either of the three cases,

z1 ∈ I1 × · · · × IN . This proves the claim and since I1 × · · · × IN is a face of [0, 1]N ,

the lemma for l = 2.

For the case l ≥ 3, we have that

l⋂
j=1

Sij([0, 1]
N) =

l⋂
j=2

(Si1([0, 1]
N) ∩ Sij([0, 1]N)).

By the previous case, each Si1([0, 1]
N) ∩ Sij([0, 1]N) = Si1(Cj), where Cj is a face of

[0, 1]N . The nonempty intersection of faces of [0, 1]N is also a face of [0, 1]N , and the

result follows.

We say that a set F ⊂ RN is locally self-similar if for every pair of points x, y ∈ F

and every pair of scales ρ1, ρ2 > 0, there exists a similarity g : RN → RN such that

g(B(x, ρ1) ∩ F ) is a subset of B(y, ρ2) ∩ F and is open relative to F . Note that if

F is locally self-similar, then it cannot have a positive and finite number of local

cut-points.

Lemma 3.11.2. Let K be a self-similar sponge. Then for every x ∈ (0, 1)N ∩ K,

every tangent T ∈ Tan(K, x) is locally self-similar.

Proof. Suppose that K is the attractor of {Si}mi=1 with Si(y) = k−1y+pi where k and

{p1, . . . , pm} are as in (3.12.3). If m = 1, then the result is trivial, so we may assume

that m ≥ 2. Set A = {1, . . . ,m}. Note that for each n ∈ N, v ∈ An, and i ∈ A,

Siv(y) = k−n−1y + Siv(0) = k−n−1y + k−1Sv(0) + Si(0)

and that Siv(0) ∈ {0, 1
kn+1 , . . . , 1 − 1

kn+1}N . Thus by a simple inductive argument,

for every n ∈ N and every w ∈ An, Sw(y) = k−ny + Sw(0), where Sw(0) ∈

{0, 1
kn
, . . . , k

n−1
kn

}N .
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If (0, 1)N ∩ K = ∅, then the result is trivial, so assume (0, 1)N ∩ K ̸= ∅. Fix

x ∈ (0, 1)N ∩ K, T ∈ Tan(K, x), p, q ∈ T , ρ1, ρ2 > 0, and a sequence of positive

scales rj → 0 so that the sets Xj := (rj)
−1(K−x) converge to T in the Attouch-Wets

topology as j → ∞.

We first show that there exist a set U ⊂ K ∩ (0, 1)N open relative to K, and

a similarity map G : U → B(p, ρ1) ∩ T which is surjective. For j ∈ N, define

gj : K → Xj by gj(y) = (rj)
−1(y − x), and set Bj := B(rjp + x, ρ1rj) ∩ K. Since

Xj → T as j → ∞ in the Attouch-Wets topology, we have

lim
j→∞

excess(B(p, ρ1/2) ∩ T, gj(Bj)) = 0,

so passing to a subsequence, we may assume that Bj ̸= ∅ for all j ∈ N. Additionally,

since limj→∞ diam(Bj) = 0, since x ∈ K ∩ (0, 1)N , and since limj→∞ dist(x,Bj) = 0,

again passing to a subsequence, we may assume that Bj ⊂ K ∩ (0, 1)N for all j ∈ N.

For each j ∈ N, let nj ∈ N such that

2ρ1rj < k−nj ≤ 2ρ1krj

and define

Wj := {v ∈ Anj : Sv([0, 1]
N) ∩Bj ̸= ∅}.

The sets Wj are nonempty and a simple computation shows that

Bj ⊂
⋃
v∈Wj

Sv(K) ⊂ K ∩B(rjp+ x, 4k
√
Nρ1rj).

Thus we may assume that for all j ∈ N,
⋃
v∈Wj

Sv(K) ⊂ K ∩ (0, 1)N . Furthermore,

by the OSC, for every pair of distinct words w, v ∈ Wj, Sv((0, 1)
N)∩Sw((0, 1)N) = ∅.

Therefore, by the doubling property of RN , there existsM ′ ∈ N such that card(Wj) ≤

M ′ for all j ∈ N.
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We claim that
⋂
w∈Wj

Sw([0, 1]
N) ̸= ∅ for every j ∈ N. We first show the claim for

two words only. Fix distinct v, w ∈ Wj and let zv, zw ∈ [0, 1]N so that

|Sv(zv)− (rjp+ x)| < ρ1rj and |Sw(zw)− (rjp+ x)| < ρ1rj,

so by the triangle inequality we obtain

dist(Sv([0, 1]
N), Sw([0, 1]

N)) < 2ρ1rj < k−nj .

Therefore, Sw([0, 1]
N) ∩ Sv([0, 1]N) ̸= ∅ and the claim in this special case holds.

For l ∈ {1, . . . , N} and w ∈ Wj, denote by Sw(0)
(l) the l-th coordinate of Sw(0).

Note that if w, v ∈ Wj are distinct and Sv(0)
(l)−Sw(0)(l) > 0 for some l ∈ {1, . . . , N},

then Sv(0)
(l) − Sw(0)

(l) = k−nj . This further implies that if u ∈ Wj \ {w, v}, then

Sv(0)
(l) − Su(0)

(l) ≥ 0.

Fix now a word v ∈ Wj. For each w ∈ Wj \ {v} and l ∈ {1, 2, . . . , N}, let

I lw :=


[0, 1], if Sv(0)

(l) − Sw(0)
(l) = 0

{0}, if Sv(0)
(l) − Sw(0)

(l) = k−nj

{1}, if Sv(0)
(l) − Sw(0)

(l) = −k−nj .

For each l ∈ {1, . . . , N}, if there exists w ∈ Wj \ {v} with I lw = {0}, then for

every u ∈ Wj \ {v} either I lu = {0} or I lu = [0, 1], and similarly in the case that

I lw = {1}. In particular, I lw ∩ I lu ̸= ∅ for every pair of words w, u ∈ Wj \ {v}.

Therefore
⋂
w∈Wj\{v}(I

1
w × · · · × INw ) ̸= ∅. By Lemma 3.11.1, Sv(I

1
w × · · · × INw ) =

Sv([0, 1]
N)∩Sw([0, 1]N) for each w ∈ Wj \{v}, and by the special case this intersection

is nonempty. Thus we obtain
⋂
w∈Wj

Sw([0, 1]
N) ̸= ∅, proving the claim.

Since the sequence (card(Wj))j is bounded, passing to a subsequence, we may

assume that card(Wj) = M for all j ∈ N for some M ∈ N. Write Wj = {vj1, . . . , v
j
M}

and note that for every i ∈ {1, . . . ,M} and j ∈ N, gj ◦Svji : K → B(p, 4k
√
Nρ1)∩Xj
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is a similarity with Lip(gj ◦ Svji ) ∈ (2ρ1, 2ρ1k]. By the Arzelà-Ascoli theorem and

passing to a subsequence, we may assume that that for every i ∈ {1, . . . ,M}, the

maps gj ◦ Svji converge uniformly to a similarity fi : K → T as j → ∞. Moreover,

for some L ∈ (2ρ1, 2ρ1k], we have Lip(fi) = L for all i ∈ {1, 2, . . . ,M}. Additionally,

B(p, ρ1) ∩ T ⊂
M⋃
i=1

fi(K),

and by the OSC, if i, j ∈ {1, . . . ,M} are distinct, then fi((0, 1)
N) ∩ fj((0, 1)N) = ∅.

By Lemma 3.11.1, for every j ∈ N there exists a face Cj of [0, 1]N so that⋂M
i=1 Svji

([0, 1]N) = Svj1
(Cj). Thus, for every j ∈ N there exist distinct ej,1, . . . , ej,M ∈

{0, 1}N so that Svji
(ej,i) = Svj1

(ej,1) for every i ∈ {1, . . . ,M}. Passing to a

subsequence, we may assume that there exist distinct e1, . . . , eM ∈ {0, 1}N so

that ej,i = ei for every j ∈ N and i ∈ {1, . . . ,M}. Then fi(ei) = f1(e1) and

Svji
(ei) = Svj1

(e1) for every j ∈ N and i ∈ {1, . . . ,M}. Therefore,

fi ◦ S−1

vji
(y) = L(S−1

vji
(y)− ei) + fi(ei) = Lk−nj(y − Svji

(ei)) = L(S−1

vj1
(y)− e1) + f1(e1)

(3.12.4)

= f1 ◦ S−1

vj1
(y).

Define now G = f1 ◦ (Sv11)
−1. By (3.12.4), G is a similarity satisfying

B(p, ρ1) ∩ T ⊂ G

(
M⋃
i=1

Sv1i (K)

)
⊂ T.

Further, since
⋃M
i=1 Sv1i (K) ⊂ K ∩ (0, 1)N , G maps the open subset G−1(B(p, ρ1)∩T )

of K ∩ (0, 1)N onto B(p, ρ1) ∩ T .

By Proposition 3.1, there exists a similarity f : RN → RN such that q ∈ f(K) ⊂ T

and so that f((0, 1)N ∩K)∩B(q, ρ2) is an open subset of T . Let z ∈ f((0, 1)N ∩K)∩

B(q, ρ2) and let w ∈ A∗ so that f−1(z) ∈ Sw(K) ⊂ (0, 1)N ∩ K. Then f ◦ Sw is a
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similarity so that f ◦ Sw((0, 1)N ∩K) is an open subset of f((0, 1)N ∩K) ∩B(q, ρ2),

and therefore f ◦ Sw((0, 1)N ∩K) is an open subset of T ∩B(q, ρ2). Therefore,

(f ◦ Sw) ◦G−1 : B(p, ρ1) ∩ T → B(q, ρ2) ∩ T

is a similarity so that (f ◦Sw)◦G−1(B(p, ρ1)∩T ) is an open subset of T ∩B(q, ρ2).

Remark 3.12. Lemma 3.11.2 can be easily extended to show that at typical points

of a self-similar sponge, only locally self-similar tangents are admitted, even if the

sponge does not intersect (0, 1)N . To argue this, we would need only make the simple

observation that in such a case, the sponge would be contained in an M-face of [0, 1]N

for some M < N for which the sponge intersects the interior of that face. Then we

can repeat the argument in the lower dimension M .

3.12.2 Proof of Theorem 3.3

Let s > 1, and given an even integer n ≥ 4 recall numbers αn from Section 3.7, sets

Kn,0 from (3.10.1), and tangents {Tn,k}k∈N of Proposition 3.5. Fix an even integer

n ≥ 4 so that αn < s and a random choice function η ∈ Cn. Let I : Kη → Γs be

the snowflake map composed with the bi-Lipschitz embedding given in Section 3.11.

Recall that I is an (αn/s)-bi-Hölder homeomorphism onto its image Γs, and Γs ⊂ Rd

for some d ∈ N. Furthermore, Γs is a (1/s)-Hölder curve with Hs(Γs) ∈ (0,∞). Fix

a point x0 ∈ Kη so that for every k ∈ N, Tn,k ∈ Tan(Kη, x0), and recall by Lemma

3.10.2 for every k ∈ N there exists a tangent T ∗
k ∈ Tan(Γs, I(x0)) and an (αn/s)-bi-

Hölder homeomorphism I∗k : Tn,k → T ∗
k induced by the map I. The next proposition

completes the proof of Theorem 3.3.

Proposition 3.6. Let k ∈ N, {Si : Rd′ → Rd′}mi=1 be an IFS of similarities satisfying

the OSC for some open set U ⊂ Rd′, and let Q be the attractor. Further assume

Q ∩ U ̸= ∅. Let Qk be the set of z ∈ Q ∩ U such that T ∗
k is bi-Lipschitz equivalent to

some T ∈ Tan(Q, z). If Qk ̸= ∅, then dimH(Q) = s and for Hs-almost every y ∈ Q,
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each S ∈ Tan(Q, y) is bi-Hölder equivalent to a locally self-similar subset of R2. In

particular, Hs(Qk) = 0.

Proof. First, if Qk ̸= ∅, then by Remark 3.11 dimH(Q) = s. Let z ∈ Qk, let T ∈

Tan(Q, z) be bi-Lipschitz homeomorphic to T ∗
k for some k ∈ N, and let g : T ∗

k → T

be a bi-Lipschitz homeomorphism. Then by Remark 3.10, there exists a countable

collection of similarities {ϕj : R2 → R2}j∈N so that Tn,k =
⋃
j∈N ϕj(K

n,0) and so that

for every pair of distinct i, j ∈ N, ϕi((0, 1)2) ∩ ϕj((0, 1)2) = ∅. Then for each j ∈ N,

the composition (g ◦ I∗k ◦ ϕj) : Kn,0 → T is an (αn/s)-bi-Hölder homeomorphism

onto its image, further satisfying (g ◦ I∗k ◦ ϕj)(Kn,0 ∩ (0, 1)2) is an open subset of T .

Additionally, by Lemma 3.1 and its proof, for every R > 0 there is an integerMR ∈ N

and a collection of similarities f1, . . . , fMR
: Rd′ → Rd′ such that

B(0, R) ∩ T ⊂
MR⋃
j=1

fj(Q) ⊂ B(0, 2R) ∩ T

and so that for every pair of distinct i, j ∈ {1, . . . ,MR}, fi(U) ∩ fj(U) = ∅ and

fi(U ∩Q) is an open subset of T .

Now let i ∈ N and j ∈ {1, . . . ,MR} so that

V := (g ◦ I∗k ◦ ϕi)(Kn,0 ∩ (0, 1)2) ∩ fj(Q ∩ U) ̸= ∅,

and note that V is an open subset of T . Then f−1
j (V ) is an open subset of Q∩U and

the composition

(f−1
j ◦ g ◦ I∗k ◦ ϕi) : (ϕ−1

i ◦ (I∗k)−1 ◦ g−1)(V ) → f−1
j (V )

is an (αn/s)-bi-Hölder homeomorphism. Recall the similarities ψ2
n,1, . . . ψ

2
n,5n−6 : R2 →

R2 from Section 3.6, the similarities generating the self-similar sponge Kn,0. Recall

that Kn,0 ∩ (0, 1)2 ̸= ∅ and recall from the definition of self-similar sponge that the

system {ψ2
n,1, . . . , ψ

2
n,5n−6} satisfies the OSC via the open set (0, 1)2. Then there is a
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word u ∈ A∗
n so that

ψ2
n,u(K

n,0) ⊂ (ϕ−1
i ◦ (I∗k)−1 ◦ g−1)(V )

and so that the composition

(f−1
j ◦ g ◦ I∗k ◦ ϕi) : ψ2

n,u(K
n,0) → Q ∩ U

is an (αn/s)-bi-Hölder homeomorphism onto its image. Let now

D := (f−1
j ◦ g ◦ I∗k ◦ ϕi)(ψ2

n,u(K
n,0 ∩ (0, 1)2)).

Note that D is a nonempty open subset of Q∩U and for every word w ∈ {1, . . . ,m}∗,

Sw(D) is a nonempty open subset of Q ∩ U as well. Therefore, letting B :=⋃
w∈{1,...,m}∗ Sw(D), we have that B is a nonempty open subset of Q ∩ U , further

satisfying for every pair of distinct s, t ∈ {1, . . . ,m}, St(B) ⊂ B and St(B)∩Ss(B) =

∅. Then since B is an open subset of Q∩U , there exists an open set B0 ⊂ Rd′ so that

B0 ∩ Q = B and so that B0 ⊂ U . Let B′ :=
⋃
w∈{1,...,m}∗ Sw(B0). Then it is easy to

verify that the OSC is obtained by the open set B′ for the system of maps {S1, . . . , Sm}

and B′∩Q = B is nonempty, therefore by (Fan and Lau, 1999, Theorem 2.1, Lemma

2.5) Hs Q = Hs B. We claim that for every point y ∈ B and every tangent

S ∈ Tan(Q, y), there is a point ỹ ∈ Kn,0 ∩ (0, 1)2 and some S̃ ∈ Tan(Kn,0, ỹ) so that

S̃ is (αn/s)-bi-Hölder homeomorphic to S. Assuming the claim, we can conclude the

proof by recalling that by Lemma 3.11.2, the set S̃ is locally self-similar, in particular

has either 0 or infinitely-many local cut-points, so by Lemma 3.6.1 the tangent S

cannot be bi-Lipschitz homeomorphic to (or homeomorphic to at all) any set T ∗
k for

any k ∈ N.

All that remains is to prove the claim, and to this end let y ∈ B and let S ∈

Tan(Q, y). Since B is an open subset of Q, S ∈ Tan(B, y), so there exists a word
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w ∈ {1, . . . ,m}∗ with S ∈ Tan(Sw(D), y). Note that the composition

(Sw ◦ f−1
j ◦ g ◦ I∗k ◦ ϕi)−1 : Sw(D) → ψ2

n,u(K
n,0 ∩ (0, 1)2)

is an (αn/s)-bi-Hölder homeomorphism, so by Lemma 3.10.2 the tangents S and S̃

are (αn/s)-bi-Hölder homeomorphic.
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Appendix: A Lipschitz curve and a point with

extreme tangent space

Recall that CU(RN ;0) denotes the collection of all sets X ∈ C(RN ;0) (i.e. closed

sets in RN that contain the origin 0) such that every component of X is unbounded.

In Lemma 3.5.3 we showed that for every non-constant Lipschitz curve in RN , the

tangent space at every point is a subset of CU(RN ;0). In this appendix we prove that

the tangent space can in fact be all of CU(RN ;0).

Theorem 3.13. For each N ∈ {2, 3, . . . } there exists a Lipschitz curve f : [0, 1] →

RN such that f(0) = 0 and Tan(f([0, 1]),0) = CU(RN ;0).

Fix, for the rest of the appendix, an integer N ≥ 2. For each k ∈ N denote by Gk
the collection of all connected graphs G = (V,E) such that

1. {0} ∪ {2−km : m ∈ ∂[−2k, 2k]N ∩ ZN} ⊂ V ⊂ {2−km : m ∈ [−2k, 2k]N ∩ ZN},

2. for v, v′ ∈ V we have {v, v′} ∈ E, if and only if |v − v′| = 2−k.

We can enumerate
⋃
k∈N Gk = {G1, G2, . . . } and for n ∈ N, we define kn ∈ N to

be the unique positive integer with Gn ∈ Gkn . Note that for all n ∈ N we have

H1(Im(Gn)) ≤ (2kn+1 + 1)N .

Let (rn)n≥0 be a decreasing sequence of positive numbers such that r0 = 1 and for

each n ∈ N

rn ≤ min

{
1

2n+1H1(Im(Gn))
,

rn−1

2n+kn+1+1

}
.

For each n ∈ N let ϕn : RN → RN be the map ϕn(x) = rnx, and let

Hn = ϕn(Im(Gn)) \ ((−rn+1, rn+1)
N).

Since Im(Gn) is a connected set and it contains 0, the set Hn ∩ [−rn+1, rn+1]
N is

nonempty; in fact, every point therein is the center of an (N − 1)-face of the cube
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[−rn+1, rn+1]
N . Therefore,

Hn∩[−rn+1, rn+1]
N = Hn∩∂[−rn+1, rn+1]

N ⊂ Hn+1∩∂[−rn+1, rn+1]
N ⊂ ϕn+1(Im(Gn+1)).

Define

H = {0} ∪
∞⋃
n=1

Hn.

We show below that there exists a Lipschitz surjection f : [0, 1] → H with f(0) = 0

and that Tan(H,0) = CU(RN ;0). We split the proof in several steps.

Lemma 3.13.1. There exists a Lipschitz surjection f : [0, 1] → H with f(0) = 0.

Proof. First note that H is the countable union of compact sets Hn which converge

in Hausdorff distance to {0} which is contained in H. Therefore, H is compact.

Now we claim that every point of H can be connected to 0. To see that, fix n ∈ N

and p ∈ Hn. Since Im(Gn) is connected, there exists p1 ∈ Hn ∩Hn+1 and a path γ1

in Hn that joins p with p1. Assume that for some k ∈ N we have defined a point pk ∈

Hn+k∩Hn+k+1. By connectedness of Im(Gn+k+1), there exists pk+1 ∈ Hn+k+1∩Hn+k+2

and a path γk+2 in Hn+k+1 that connects pk to pk+1. The concatenation of paths

γ1, γ2, . . . produces a path that connects p to 0. Therefore, H is connected.

Finally, by the choice of scales rn we get

H1(H) =
∞∑
n=1

H1(Hn) ≤
∞∑
n=1

rnH1(Im(Gn)) ≤ 1.

Therefore, H is a continuum with H1(H) ≤ 1 and by (Alberti and Ottolini, 2017,

Theorem 4.4) there exists a Lipschitz surjection f : [0, 1] → H such that Lip(f) ≤ 2

and f(0) = 0.

It remains to show that Tan(H,0) = CU(RN ;0). To this end, fix for the rest of

this section a set T ∈ CU(RN ;0).
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For each j ∈ N set

Qj = {2−jm : m ∈ [1− 4j, 4j − 1]N ∩ ZN},

Wj = {v ∈ Qj : dist(v, T ∩ [2−j − 2j, 2j − 2−j]N) ≤ 22−j
√
N},

Xj =
⋃

v,v′∈Wj

|v−v′|≤2−j

[v, v′].

Since 0 ∈ T we have that 0 ∈ Wj.

Lemma 3.13.2. Every component of Xj intersects the boundary ∂[2
−j−2j, 2j−2−j]N .

Proof. Let B be a component of Xj. Fix a vertex v ∈ B ∩ Vj and note that there

is a point p ∈ T ∩ [2−j − 2j, 2j − 2−j]N such that |v − p| ≤ 22−j
√
N . Let K ⊂ T be

the component of T ∩ [2−j − 2j, 2j − 2−j]N which contains p. Since every component

of T is unbounded, K ∩ ∂[2−j − 2j, 2j − 2−j]N ̸= ∅. Now for any point q ∈ K, let

Zq = {w ∈ Wj : |w − q| ≤ 22−j
√
N} and let

Yq =
⋃

w,w′∈Zq

|w−w′|≤2−j

[w,w′].

We claim that Yq is connected. To this end, let z0 ∈ Zq be a point in Zq with minimal

distance to q, and let z ∈ Zq be any other vertex. We now construct a chain of points

z0, z1, . . . , zM ∈ Zq such that zM = z, and so that for every i ∈ {0, 1, . . . ,M − 1},

[zi, zi+1] ⊂ Yq. We proceed by induction, noting that the base vertex z0 has already

been established. Fix some integer i ≥ 0 and assume we have already some point

zi ∈ Zq, furthermore satisfying that if i ≥ 1 then [zi−1, zi] ⊂ Yq. Let zi = (z1i , . . . , z
N
i ).

If zi = z, then we terminate the process. If not, then let z = (z1, . . . , zN) and

let m ∈ {1, . . . , N} be the first index such that zmi ̸= zm. If zmi < zm, then let

zmi+1 = zmi + 2−j, and if instead zmi > zm, then let zmi+1 = zmi − 2−j. For each

ℓ ∈ {1, . . . , N} other than ℓ = m, let zℓi+1 = zℓi , and let zi+1 = (z1i+1, . . . , z
N
i+1). Note

that since |z0 − q| is minimal, we have that for every ℓ ∈ {1, . . . , N}, the difference
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in coordinates |zℓ0 − qℓ| is also minimal among points in Zq. Furthermore, by the

construction of zi+1, we have that for every ℓ ∈ {1, . . . , N}, zℓi+1 is between z
ℓ
0 and z

ℓ,

possibly equal to one of these. Then |zi−zi+1| = 2−j and |zi+1−q| ≤ |z−q| ≤ 22−j
√
N ,

so zi+1 ∈ Zq and [zi, zi+1] ⊂ Yq. This process terminates after finitely many steps,

completing the construction, and so we have that Yq is connected.

Note that for points q, u ∈ K which have |q − u| ≤ 2−j, we have that Yq ∩ Yu ̸=

∅. Now let q ∈ K ∩ ∂[2−j − 2j, 2j − 2−j]N , and since K is connected there exists

finite chain of points {p1, . . . , pM} ⊂ K so that p1 = p, pM = q, and for every

i ∈ {1, . . . ,M − 1}, |pi − pi+1| ≤ 2−j. Then
⋃M
i=1 Ypi ⊂ Xj is a connected set

containing v and intersecting with ∂[2−j − 2j, 2j − 2−j]N , so it is contained in B, and

therefore B ∩ ∂[2−j − 2j, 2j − 2−j]N ̸= ∅.

Lemma 3.13.3. For each j ∈ N there exists nj ∈ N such that Gnj
∈ G2j and that Xj

is a re-scaled copy of Im(Gnj
) ∩ [−1 + 4−j, 1− 4−j]N .

Before proceeding to the proof, note that while every Im(Gnj
) ⊂ [−1, 1]N is

connected, intersecting with [−1 + 4−j, 1 − 4−j]N in effect removes the boundary,

which may disconnect the image. Essentially, this lemma states that every Xj extends

to some Im(Gnj
) (up to re-scaling) by attaching the components of Xj along the

boundary ∂[−1, 1]N .

Proof of Lemma 3.13.3. If we define

V j = 4−j
(
2jWj ∪ (∂[−4j, 4j]N ∩ ZN)

)
,

Ej = {{v, v′} : v, v′ ∈ V j, |v − v′| = 4−j},

then (V j, Ej) is connected by Lemma 3.13.2, so it is equal to Gnj
∈ G2j for some

nj ∈ N. Furthermore, Im(Gnj
) ∩ [−1 + 4−j, 1− 4−j]N = 2−jXj, as desired.
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It follows that

excess(T ∩ [2−j − 2j, 2j − 2−j]N , 2jIm(Gnj
)) ≤ 22−j

√
N

excess(2jIm(Gnj
) ∩ [2−j − 2j, 2j − 2−j]N , T ) ≤ 22−j(

√
N + 1/4).

This implies that for every R > 0,

lim
j→∞

excess(T ∩B(0, R), 2jIm(Gnj
)) = 0, lim

j→∞
excess(2jIm(Gnj

) ∩B(0, R), T ) = 0.

(3.12.5)

Proof of Theorem 3.13. Let ρj = 2j(rnj
)−1 > 0. We claim that limj→∞ ρjH = T ,

with respect to the Attouch-Wets topology.

Recall that knj
= 2j for each j ∈ N, so rnj+1ρj ≤ 2−nj−j+1 and ρjrnj

= 2j. Hence,

for every j ∈ N,

(ρjHnj
) \ (2−nj−j+1[−1, 1]N) = (2jIm(Gnj

)) \ (2−nj−j+1[−1, 1]N).

Fix R > 0, and let j0 ∈ N such that 2j0−1 ≥ R. For every integer j ≥ j0, we have

ρjH ∩B(0, R) ⊂
(
(ρjHnj

) ∪ (2−nj−j+1[−1, 1]N)
)
∩B(0, R)

=
(
2jIm(Gnj

)) ∪ (2−nj−j+1[−1, 1]N)
)
∩B(0, R).

Thus by design of Gnj
and by the monotonicity and subadditivity properties of excess

(see Remark 3.5) , we have

excess(ρjH ∩B(0, R), T ) ≤ excess(
(
2jIm(Gnj

)) ∪ (2−nj−j+1[−1, 1]N)
)
∩B(0, R), T )

≤ excess(2jIm(Gnj
) ∩B(0, R), T ) + excess(2−nj−j+1[−1, 1]N , T ).
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As j → ∞, by (3.12.5) the first term in the latter sum approaches 0. Furthermore,

since 0 ∈ T and as j → ∞ diam(2−nj−j+1[−1, 1]N) approaches 0, as j → ∞ the

second term in the latter sum approaches 0 as well.

We now show that limj→∞ excess(T ∩B(0, R), ρjH) = 0. Note that

(ρjHnj
) \ (ρjrnj+1[−1, 1]N) ⊂ ρjH,

so by monotonicity and triangle inequality for excess (as in Remark 3.5), we have

excess(T ∩B(0, R), ρjH) ≤ excess(T ∩B(0, R), (ρjHnj
) \ (ρjrnj+1[−1, 1]N)

= excess(T ∩B(0, R), (2jIm(Gnj
)) \ (ρjrnj+1[−1, 1]N))

≤ excess(T ∩B(0, R), 2jIm(Gnj
))

+ excess(2jIm(Gnj
), (2jIm(Gnj

)) \ (ρjrnj+1[−1, 1]N)).

As j → ∞, the first term of the latter sum approaches 0 by (3.12.5) and by design

of the sets Gnj
. In the second term of the latter sum, the sets differ only inside

ρjrnj+1[−1, 1]N , so the excess is at most diam(ρjrnj+1[−1, 1]N) ≤ 2ρjrnj+1

√
N , which

approaches 0 as j → ∞. This completes the proof, by definition of convergence

limj→∞ ρjH in the Attouch-Wets topology.
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Mauldin, R. D. and Urbański, M. (1996). Dimensions and measures in infinite iterated

function systems. Proc. London Math. Soc. (3), 73(1):105–154. 7, 14, 15
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