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I. Introduction 

Various kinds of stochastic integrals are known in the probability theory. 
Historically, the first one is due to Wiener [ 46]. Wiener"s integral was 
generalized by Ito in two directions, first by omitting the restriction that the 
integrand was a deterministic function [10], second, by constructing a 
multiple Wiener integral [11]. The stochastic integral appearing in the theory 
of stationary processes was introduced by Kolmogorov [19], [20]. A sto­
chastic Stieltjes integral with respect to a stochastic process with independent 
increments was first used in [12]. The integral representation of processes 
with independent increments is due to Levy [25]. In [26] Levy studied a 
stochastic integral of a deterministic function with respect to a stochastic 
process with jndependent increments (having no Gaussian component) as a 
generalization of a random series with independent summands, and charac­
terized the set of all integrable functions. 

The idea of random set functions has first appeared in Bochner·s paper 
[5]. Random set functions taking independent values on disjoint sets were 
investigated by Prekopa [34]. Urbanik [42], [43] used completely additive 
random set functions of such type in representation theorems in the 
prediction theory for strictly stationary processes. A random integral viewed 
as an integral with respect to an L0-valued random measure was defined by 
Urbanik and Woyczynski in [44]. They have characterized the spaces of 
integrable functions as certain Orlicz spaces. Our work arose from questions 
concerning generalizations of those results Banach spaces. 

There are no "natural Banach space generalizations'' of the object f f<IM, 
where f is a function and M is a random measure. For instance, the· cases 
where f is a vector valued function and M takes values in a space of real 
random variables, or conversely, where f is a real function and M takes 
values in a space of random vectors and many others (see Examples A- J, 
Section 3.3) can be regarded as "natural Banach space generalizations" of the 
real random integral. In this paper we consider a more general situation that 
includes these two examples as particular cases; i.e. we deal with a random 
integral of the form 

JJ-dM 
7' 



6 Bilinear random integral 

where f is a deterministic function, M takes values in a space of Y-valued 
random vectors and • : X x Y - Z is a bilinear form. Here X, Y and Z are 

Banach spaces. 
According to the theory of vector measures we deal with a Bartle type 

integral. For the existence of that integral it is usually assumed that the set 

n n 

[ L xj • M(A): llxjll ~ 1, 
j= 1 

lJ Ai= T, n ~ 1} 
j= 1 

is bounded in probability (see [30]). Unfortunately, in the fundamental case 
where Mis generated by increments of a real Wiener process w(t), tE[O, 1] 
and "·" stands for the usual multiplication of a vector by a scalar, the above 
condition does not hold in general (see Example 3.4.1). Therefore the Wiener 
integral of a Banach space valued function can not be obtained using the 
classical vector measure theory approach (see [48])". 

In this paper we adapt Bartie's definition of a bilinear integral [ 4] to 
define a random integral and to find necessary and sufficient integrability 
conditions. Since the fundamental properties of the space of integrable 
functions depend on (X, Y, Z, ·, M), we give our characterization in terms of 
infinitely divisible probability measures on Banach spaces. This approach to 
random integrals was used in [8], [38], [37] and [35] in some special 
cases. 

Section 2 contains basic information on infinitely divisible probability 
measures on Banach spaces and random measures. 

General theory of bilinear random integrals is given in Section 3. We 
prove that the set of all integrable functions is a metrizable complete 
function space containing simple functions densely (Corollary 3.2.3). We 
introduce the notion of an abstract random integral (Definition 3.2.7) and we 
show that our random integral is the largest extension of that object. 
Subsection 3 contains the main result of this section (Theorem 3.3.6). Weaker 
forms of random integrals are considered at the end of this subsection. In 
subsection 4 we develop a martingale method of approximation by simple 
functions in the space of all integrable functions and give some contraction 
principles. The first one is expressed in terms of a conditional integral and the 
second one in terms of multiplication by a bounded real function. In 
subsection 5 we study stable symmetric random integrals in a general 
form. 

Random integrals of Banach space valued functions with respect to real 
valued random measures are studied in Section 4. Random integrals of this 
type constitute a natural generalization of random series with Banach space 
valued coefficients. Gaussian and stable random integrals are studied in 
subsection 2. Comparison theorem and its applications for semi-stable 
measures end the paper. 
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The author is indebted to prof. K. Urbanik for stimulating discussions 

and benevolent patronage and to prof. Nguyen Zui Tien for helpful 

suggestions and discussions during the preparation of this paper. 

II. Preliminaries 

1. Infinitely divisible probability measures on Banach spaces. In this paper 

by a measure on a Banach space we shall mean a countably additive Borel 

set function µ taking values in [O, oo J and satisfying the tightness condition: 

for every Borel set B 

µ(B) = sup {µ(K): K c B, K is compact}. 

In this subsection we recall some definitions and facts concerning 

infinitely divisible laws on Banach spaces, which can be found in [3] Chapter 

III and in [2]. 
Let E be a Banach space, E* its topological dual and !14 (E) the field of 

Borel subsets of£. A probability measure (p.m.) µ on E is said to be in.finitely 

divisible if for every n there exists a p.m. µ" such that 

n-times 

Gaussian p.m. and a Poissonian p.m. are the most fundamental examples of 

infinitely divisible p.m.'s. The characteristic functional of a Gaussian p.m. µ 

has the form 

µ(x*) = exp {i ( x*, a ) -½Q(x*)}, x* EE*, 

where a EE and Q: E* - R+ is a quadratic form. The parameters a and Q 
are called the mean and the variance of µ, respectively. A quadratic form 

Q: £* - R + is said to be a Gaussian variance if there exists a p.m. y on E 

such that 
y(x*) = exp { -½Q (x*) J. 

Now let v be a finite measure on E. A p.m. Pois(v) 1s defined by 

oo v*k 
Pois(v) = e-v(EJ L - , 

k=O k. 

and is called a Poissonian measure generated by v. 
A measure m on E is said to be a Levy measure if for each x* E £* 

f min { ( x*, x)2, 1} m(dx) < oo , m( {O}) = 0 and 
E 

(2.1) <pm (x*) = exp { f[ei <x'', x> - 1- i (x*, x ) e< (JlxJl)J m(dx)} 
E 
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is the characteristic functional of some p.m. on E. The function ex is defined by 

if t ~ 1, 

if t > 1. 

If m is a Levy measure then by c Pois (m) we denote the p.m. defined by the 

equality cPois(m)~(x*)=<pm(x*), x*EE. Every finite measure v such that 

v(:O)) = 0 is a Levy measure and 

(2.2) c Pois(v) = b0 * Pois(v) 

where a= -Jx:x(Jlxll)v(dx). Ifµ is a Levy measure and vis a measure such 
E 

that l'(:o:i = 0 and µ(B) ~ v(B) for every BE.-18(£) then vis a Levy measure. 

Hence it follows easily that a measure m is a Levy measure if and only if 

m(B) = ½[m(B)+m(-B)] is a Levy measure. 
Every infinitely divisible p.m. µ on E has the form 

(2.3) 

where a E £, y is a symmetric Gaussian measure and m is a Levy measure. 

Conversely, every p.m. µ given by (2.3) is infinitely divisible. We shall write 

µ=[a, Q, m] 

if (2.3) holds; here Q is the variance of y. This representation ofµ is unique. 

Usually, instead of function :x in (2.1), the indicator of a ball with center 
in the origin of E is used. However, contering by a continuous function is 
more useful for our purposes since in this case the following lemma can be 

proven: 

LEMMA 2.1.1. Let µ"=[cl">, Q("l, m(")] be infinitely divisible p.m.'s on E, n 

~ 0. ff µ" => µo then d"1 _, d 01 as n-, x. 
Proof. Letµ= [a, Q, m] be an infinitely divisible p.m. and let rEC(m) 

= (r > 0: m :11xll = r] = OJ and r ~ 1. Then we can write 

µ = b0 * y * c, Pois m, 
t 

where ar = a- J x:x (llxlll m(dx) and y is a Gaussian symmetric p.m. with 
xP > t 

variance Q (see [2], * 1). By the general converse central limit theorem ([2], 
Th.2.10) we have 

(2.4) ar = Jim k f xµ 11k(dx) . 
k--+ oo i1 x i1 :s; r 

X 

We turn to the assumptions of the lemma. Let rE n C(m(")) and 

r ~ 1. By (2.4) for every n ~ l there exists k,. such that 

lla~"1-kn J xµ!1k"(dx)ll<l/n. 
·t x ll ~ , 

n= 0 

--, 
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Since µn =µ!!kn* ... * µ,'. 1k"(k 11-times), we have by the general converse central 
limit theorem kn J xµ~fkn(dx)-,.a~0> and m<n>/{//xll >r}=>m<0>/{l/xll >r}. 

ll xl l :;;, 
Thus 

a<n> = at)+ J xcx (llx/1) m<n> (dx)-,. a< 0 ) as n _, oo. 
11 x ii > r 

The next fact concerns the moments of infinitely divisible p.m.'s; it was 
proved in a more general form in [1], [15] and [24], and .it will be 
frequently used in this paper. 

PROPOSITION 2.1.2. Let µ be an infinitely divisible p.m. and m be its Levy 

measure. Then for every p > 0 JllxllP µ(dx) < oo if and only if 
E 

J 1/xllP m(dx) < oo. 
,I x !! > 1 

2. Random measures. In this paper, (Q, ffe, P) will stand for a 
probability space. A random element in a metric space X is a Borel 
measurable function , : Q _, X such that there exists a separable 
topologically complete subset X O c X such that P { c; EX O) = 1. Thus the 
distribution of , defined by 

is a Radon p.m. on X. By L0 (Q, .F, P; X) we shall denote the set of all 
random elements defined on (Q, .F, P) with values in X. 

Let .J1> be a c5-ring of subsets of a set T(i.e. a ring closed under countable 
intersections) and let G be an abelian metric semigroup. A function 

M: _.fl-,. ft? 0 (Q, .F, P; G) 

1s said to be a random measure if for every pa1rw1se disjoint sequence 
00 00 

( An) c .!J such that U An E .J1> the series I M (An) converges in P and 
n= 1 n= 1 

00 00 

L M(An) = M( U An) a.s. 
n= 1 n= 1 

By definition, a random measure can be viwed as a stochastic process; 
hence question on the existence of regular versions are natural and important 
in this subject. We say a random measure M is regular if for every w E Q, 
M ( • )(w) is a G-valued measure on (T, ~)- A point process is a good example 
of a regular random measure; here G = (0, 1, 2, ... }. It is known that if Tis 

a locally compact Polish space, . ..fl is the set of all conditionally compact 
Borel subsets of T and G = Z + or R+ then every random measure has a 
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regular version (see [17J, Th. 5.4). On the other hand, there are simple 
examples of random measures having no regular versions. For example, let 
[w(t): 0 ~ t ~ l} be a Brownian motion. Define 

M((a, b)} = wb-wa, 0 ~a< b ~ 1. 

Then the function M extends to a random measure on 861([0, lJ) (see [34], 
Part I). M has no regular version, since almost all trajectories of a Brownian 
motion have infinite variation. A study of such type random measures 
requires a different approach from one taken e.g. in [17]. 

Let (T, J:, J) be an abstract measure space and J:1 = (AEJ:: J(A) < x) . 
Let v = [a, Q, mJ be an infinitely divisible p.m. on a Banach space E. We say 
that 

M: J:1 - !t' 0 (Q, !F, P; E) 

1s a random measure on ( T, J:, A) generated by v if 
(i) M is a random measure on ( T, J: 1); 

(ii) for every pairwise disjoint sets { AdZ= 1 c J: 1 the random vectors 
\M(Ak)H= 1 are independent; 

(iii) !t'(M(A)} = [i.(A)u, A.(A)Q, A.(A)mJ, AEJ:1 . 

Note that, in view of (i)' and (ii), condition (iii) determines finite 
dimensional distributions of the stochastic process [ M (A): A E J: 1}. The 
existence of a random measure on any measure space generated by an 
arbitrary infinitely divisible p.m. follows from Kolmogorov's consistency 
theorem. 

For brievity we shall write M ~ [a, Q, mJ when (i), (ii) and (iii) hold and 
(T, J:, A) is fixed. If M is generated by Pois(m) then M 
~ [.f xix (llxll) m(dx), 0, m0 ], where m0 (B) = m(B \{0}), BE @(E). A random 

E 

measure M ~ [0, Q, OJ is called a Gaussian (symmetric) random measure. 

Remark 2.2.1. Since the statements of this paper depend in fact on · 
finite dimensional distributions of the stochastic process { M (A): A Er 1}, 
and do not depend on a concrete form of M, we can choose such versions of 
M which are convenient for proofs. Further, we shall use the following 
versions of the random measure generated by v = [a, Q, m]. Let M

9 

~ [0, Q, OJ and MP ~ [a, 0, mJ be independent random measures on 
(T, J:, A). Then M = M 9 +MP is a random measure on (T, J:, A.) generated 
by v. Now we define a second version of M useful in this paper. Let 

Mo~[a- J xJJxll- 1 m(dx),Q,m0] 

ll x ll > 1 

and 

M1 ~ [ J xJJxll- 1 m(dx), 0, m1] 
ll x ll > 1 

be independent random measures on (T, J:, A), where m0 (B) 
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= m(B n (llxll ~ 1}), mi(B) = m(B n {/lxll > 1}), BE~(E). Then for every 
AEl'1 and p > 0, EI/M0 (A)IIP < oo (see Proposition 2.1.2), M 1 is a Poissonian 
random measure generated by m1 and M = M O+ M 1 is a random measure 
on (T, l', A) generated by v. 

III. Bilinear random integral 

1. Definition and necessary conditions for the existence of a random 
integral. Let X, Y, Z be real Banach spaces. By x*, y*, z*, possibly with a 
subspace of L(Y, Z), x(y) = b(x, y), YE Y, the dual operator to x will be 
Y, Z. Let 

b: XX y-> z 
be a fixed bilinear continuous form. Since X may be considered as a 
subspace of L( Y, Z), x (y) = b (x, y), y E Y, the dual operator to x will be 
denoted by x', x': Z* -. Y*. For simplicity of notation, the value b (x, y) will 
be written as x • y. 

Let {T, l', A) be er-finite measure space and 1'1 = {AEl': A(A) < oo}. Let 
v = [a, Q, m] be an infinitely divisible p.m. on Y and M be a random 
measure on (T, l', A) generated by v. 

We define the random integral of a simple function. Let f: T-. X be a 
n 

simple function, i.e. f= L xjlA., where XjEX and AjEl'1 are pairwise 
j=l J 

disjoint. For every A El' we put 

n 

Jf·dM= L xj·M(AjnA). 
A j= 1 

DEFINITION 3.1.1. A function f: T-. X is said to be M-integrable if there 
exists a sequence of simple functions Un} such that 

(i) fn -> f A-a.e., 
(ii) for every A El' the sequence {J fn • dM} converges in P. 

A 

. If f is M-integrable then we put 

.f f ·dM = P- lim J fn ·dM, A El', 
A n--+oo A 

where Un} satisfies (i) and (ii). 
Let 

(3.1) K (y*) = log v(y*) 

= i (y*, a)-½Q(y*)+ J[ei <Y">Y >_ 1-i (y*, y)et{IIYII)] m(dy). 
y 
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Then for a simple function f we have 
II 

Eexp [i (z*, .f f·dM)} = TT Eexp (i (z*, xi·M(A))) 
T j= 1 

II 

= TT exp (K(x1z*)A(Ai)) 
j= 1 

= exp [J K o(f'z*)dJ]. 
T 

LEMMA 3.1.2. The random integral is well defined. 

Proof. It is sufficient to show that if a sequence of simple functions 

[J,,] converges },-a.e. to zero and for every AEl' the sequence [Jf,,·dMj 
A 

converges in P then for every AEl', P-lim.ff,,·dM=O. Put N,,(A) 
n-+co A 

= Jf,,·dM, AEl'. N,, is a vector measure in L0 (Q, ff, P; Z) absolutely 

A . 

continuous with respect to}, and for every AEl', N(A) = Jim N,,(A) exists in 
,r-+ 00 

L0 (Q, . .Y, P; Z). Hence by the Hahn- Saks-Vitali theorem N is a vector 

measure in L0 (Q, .ff-, P; Z) absolutely continuous with respect to ) .. Let 
00 

A El'. We decompose A into pairwise disjoint sets, A = U Ak, Ak El' 1 , such 
k=O 

that J(A 0) = 0 and for every k ~ 1, f,,---. 0 uniformly on Ak as n---. 'XJ. Then 

for every z* E Z* and k ~ 1 

Eexp [i (z*, N(Ad)} = Jim exp [ J K o(f: z*)dJ} = 1. 
n-+ClJ Ak 

Hence 

N(A) = N(A 0 )+ I N(Ad = 0. 
k= 1 

COROLLARY 3.1.3. If f is M-integrable then A---. J f ·dM is a Z-valued 
A 

independently scattered random measure on (T, l'). 

LEMMA 3.1.4. If f is M-integrable then for every z* E Z* we have 

f IK o(f' :*)I dJ < cc and 
T 

Y(Jf·dM((z*) = exp Lf Ko(f'z*)d}.}. 
T T 

Proof. Let [J,,j satisfy (i) and (ii) of Definition 3.1.1. Fix z*EZ*. We 

have K o (f,; =*)---. K o(J' z*) J-a.e. and for every A EL 

µ(A) = Jim J K o(f; z*) dJ = Jim log [ Y(f fn • dMf (z*)] 
lf-+ ClJ A n-+ c,J A 
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exists. By the Hahn- Saks- Vitali theorem µ is a complex valued measure 

absolutely continuous with respect to A. Hence, by the Radon- Nikodym 

theorem, there exists a complex valued function h such that J !hid.A. < oo and 
T 

for every A E J: 

.f hd.A. = µ(A). 
A 

00 

Decompose Tinto pairwise disjoint sets, T= U Ak, AkEJ:1 , such that A(A 0 ) 

k= 0 

= 0 and for every k ~ 1, K o(f; z*)-. K o(f' z*) uniformly on Ak as n-. ct:] . 

Then for every A E J: and k ~ 1 

f hdA = f K o (f' z*) dk 
Ak

0

" A Ak."A 

Hence K o (f' .:*) = h A.-a.e., which ends the proof. 

By definition, a random integral is a Z-valued random vector with an 

infinitely divisible distribution. We are going to find its components. First we 

define a function 

(3.2) V(x) = x·a+ Jx·y[o:(llx·yll)-a(llyll)]m(dy), XEX. 
y 

The integral in the above formula exists in the Bochner sense; this follows 

from the first part of the following lemma. 

LEMMA 3.1.5. Let v (x, y) = x • y [o: (llx • yll)- a (llyll)J. Then v = 0 provided 

that IIYII ~ min {(llbll jjxll) - 1
, 1} or x = 0, moreover llvll ~ 1 + llbll jjxjj, where 

11h11 = sup :llx • YII: llxll ~ 1, IIYII ~ 1}. The function V given by (3.2) is uniformly 

continuous and bounded on every bounded ball in X. 

Proof. We prove the first assertion. We set 

A1 = ((x,y): llx ·yll~l, IIYll~l}, A2= [(x,y): llx·yll>l, IIYll~l), 

A3 = [(x,y): llx·yll~l, IIYll>l}, A4={(x,y): llx·yll>l, IIYll>l}. 

Now we have the following implications: 
If (x, y) E A1 then v(x, y) = 0. 
If (x, y)EA 2 then llv(x , y)II = JJx·y(llx·yll- 1 -l)JI ~ l+llx ·yll ~ 1 

+llhllllxll-
If (x, y)EA3 then llv(x, y)II = llx·y(l-llyll- 1)II ~ llx·yll+llx·yllllYll - 1 

~ l+llbllllxll-
If (x, y)EA4 then llv(x, y)II = Jlx·y(llx·yll- 1 -llyll- 1)II ~ l+llbllllxll . 

If IIYII ~ min {1, (llbll llxll)- 1] then llx • YII ~ llbll llxll IIYII ~ 1 and IIYII ~ 1, 

hence (x, y) E A1 and so v(x, y) = 0. The proof of the first assertion this 

lemma is complete. We prove the second one. Let r > 0, Xni EX, llxndl ~ r, 

nEN, i = 1, 2 and llxn 1 -xn2II -- 0. We shall show that IIV(xni)- V(xni)II-. 0 
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as n---. oo. Since, by the first assertion, for I/xii ~ r we have 

J v(x, y) m(dy) = J v(x, y) m(dy), 
y II YII >R 

where R = min {(llbll r)- 1, 1 }, it is enough to prove that 

Xn1 (X (llxnl • yll)- Xn2 (X (llxn2. yll)---> 0 as n---> CfJ. 

Using the inequality lrx(t)-rx(s)I ~ lt-sl for s, t ~ 0, we get 

//xnl rx {llxnl • YI!)- Xn2 rx (IIXn2 • YIDI! 

~ l!{xnl - Xn2) rx {llxnl • yll)I! + llxn2 [rx {llxnl • yll)- rx {llxn2 • yll)I! 

~ (1 + r llbll llYII) IIXn1 - Xn2II ---> 0 as n---> CfJ . 

The uniform boundedness of V for llxll ~ r follows from the inequality 

IIV(x)II ~ llallllbllr+(l+llbllr)m({IIYII > R}). 

The proof of the lemma is complete. 

We now compute the distribution of a random integral of a simple 
n 

function f = L xj1Ap where xjEE, AjEE1 are pairwise disjoint. 
j= 1 . 

, n 

2(.ff·dMnz*) = TT Eexp{i(x1z*, M(A))} 
T j= 1 

n n 

= exp {i L (z*, xj ·a)l(A)-½ L Q(x1z*)A(A) 
j= 1 j= 1 

n 

+ L J[/ <z". xry>_l-i (z*, xj·y)rx(llyll)]m(dy)A(A)} 
j= 1 y 

=exp{i(z*, JVofdl)-½JQo(f'z*)dl 
T T 

+ J J[ei <z··,I-Y >_l-i (z*,J· y)rx(llf·yll)]m(dy)dl}. 
TY 

Hence 

(3.3) 

where 

a1 = f Vofdl, 
T 

Q1(z*) = f Qo(f'z*)dl, ZEZ, 

(3.4) 
T 
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We can ask whether representation (3.3) holds for every M-integrable 
function, i.e. whether Q1 is a Gaussian quadratic form, µ1 is a Levy measure 
and how to understand the integral in the definition of a1 . The answer to 
these questions is not immediate, since even on the real line the convergence 
of infinitely divisible p.m.'s does not imply the convergence of their Gaussian 
and centered Poissonian components. 

In view of Remark 2.2.1 we may assume in what follows that 

M=Mg+MP 

where Mg and MP are specified in that remark. 

LEMMA 3.1.6. If f is M-integrable then it is both Mg- and MP-integrable. 
Moreover, if a sequence Un} of simple functions satisfies (i) and (ii) of Definition 
3.l.l then for every AEL" 

Jfn·dMg-, Jf·dMg and Jfn·dMP-, Jf·dMP 
A A A A 

in P as n -, oo. 

Proof. Let m1 < n1 < m2 < n2 < ... be natural numbers. Then for every 
AEL" we have 

J Unk - fm) • dM g + J (fnk - fm) • dM p -, 0 
A A 

m P as k _, oo. By the symmetry argument J Unk - fm) • dM g _, 0 and J Unk 
A A 

-fmk) • dM P-, 0. Hence for every A E .r the sequences { J fn • dMg} and 
A 

{J fn • dM P} converge in P. 
A 

Now let f be an M-integrable function and Un} be a sequence of simple 
functions satisfying (i) and (ii) of Definition 3.1.1. By (3.3) we have for every 
AEE 

where the components on the right are given by (3.4). 

LEMMA 3.1.7. Let f and {f,,} as above. Then Vo f is Pettis integrable and 
for every A E .r 

J Vo f d2 = Jim J Vo f,, d2. 
A n->oo A 

Proof. It was proved by Pettis ([33], Th. 5.1) that Dunford and Pettis 
integrals coincide. By the continuity of V (Lemma 3.1.5), Vo fn _, Vo f 2-a.e. 
Hence we finish the proof showing that for every A E .r, lim J Vo fn d). exists. 

n->oo A 
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The sequence { 2 (J fn • dM)} converges weakly; thus by 
A 

Lemma 2.1.1 a1 1 n A 

= J Vo fn dJ.. converge as n _, oo. 
A 

LEMMA 3.1.8. Let f and Un} be as in Lemma 3.1.7 and let YJn be a 

symmetric Gaussian p.m. on Z with variance Q1 n· Then for every z* E Z*, 

QJ (z*) = J Q o(f' z*) dJ.. < oo; Q1 is the variance of a Gaussian symmetric p.m. 

T 

YJ and 
YJn => YJ as n _, '.XJ. 

Proof. By Lemma 3.1.6. for every AEI' and z*EZ* lim JQo(f:z*)d}. 
n--->oo A 

exists. Since Q o(f: z*)-, Q o(f' z*) J..-a.e., by a standard application of the 

Hahn-Saks-Vitali and Radon-Nikodym theorems (see the proof of Lemma 

3.1.4) we get that .f Q o(f' z*) dJ.. = lim .f Q o(f: z*) dJ... In view of Lemma 
T n --->oo T 

3.1.6 y1n=2(.ffn·dM9) converge to y1 =2(.ff·dM9); we hence conclude 
T T 

that Q1 is the variance of y J. 

LEMMA 3.1.9. Let f and Un} be as in Lemma 3.1.7. Then µ1 given by (3.4) 

is a Levy measure and 

c Pois(µ1 ) =>C Pois(µ1). 

Proof. For every n. ~ 1 define random measures 

Nn(A) = _ffn·dMP-JVof,,dJ.., AEI'. 
A A 

Then .P(Nn(A)) = c Pois(µ1n1). By Lemmas 3.1.6 and 3.1.7 we have for 

every A E .[ 

Nn(A)-, N(A) =.ff ·dMP- j VofdJ.. 
A A 

in P. Now we choose an increasing sequence (Ak) c X1 such that Ak /' A00
, 

J..(7\Aoo) = 0 and Ak c [llfll::;; k}. By Lemmas 3.1.6 and 3.1.4 for every k 

~ 1 we have 

E exp [i (z*, N (Ak) )} = exp { J [ (z*,f · y)+ J[ei<= ''.J·y> 
Ak y 

-1-i (z*,f·y)a(IIYll)]m(dy)]dJ..-i <z*, .f VofdJ..)} 
Ak 

= exp [ .f .f[ei<="'.J·y ) - 1-i (z*,f • y)a(llf · yll)J m(dy)lU). 
Ak y 

Hence µ 11 Ak is a Levy measure and c Pois(µ 11 A) = y ( N ( Ak)). Since 

µf1Ak /' µf1A
1 

= µJ and N(Ad-, N(A 00) = N(T) in P, we conclude that µ! 

is a Levy measure and c Pois(µ1) = Y(N(T)). This ends the proof. 
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Summarizing the last three lemmas we get the necessary conditions for 
the existence of the random integral. 

THEOREM 3.1.10. If f is M-integrable then 
(i) fis strongly measurable and a1 = JVofd.A. exists in the Pettis sense; 

T 

(ii) for every z* E Z*, Q1 (z*) = J Q o (f' z*) d), < oo and Q1 is a Gaussian 
T 

variance; 
(iii) µ1(B) = A xm({f • yEB\ {0}}), PiEPJ(Z), is a Levy measure. 
Moreover, 

.P(Jf·dM) = [a1, QJ, µ1J. 
T 

COROLLARY 3.1.11. Let Hm(x) = m( {yE Y: llx • YII > 1 }), XE X. If f is M­
integrable then for every e > 0 JHm(ej)d.A. < oo. If for M-integrablefunctions 

T 

{J,,}, J fn ·dM-+ 0 in P then for every e > 0, J Hm(efn)d.A.-+ 0 as n-+ oo. 
T T 

Proof. By (iii) of Theorem 3.1.10 we have 

JHm(ef)d.A. = µ1(llzll >e- 1}) < oo. 
T 

For the proof of the second statement observe that for every e > 0, 
µ1J{llzll >e- 1})-+0 by Th.1.10 in [2]. 

2. Topology in the space of M-integrable functions. Let .P(M) denote the 
set of all M-integrable functions f: T- X, where functions which are equal 
.A-a.e. are regarded as equal. .P(M) is a linear space. 

DEFINITION 3.2.1. Let fn, f E .P(M), n ~ 1. We say that {J,,} converges to 
fin .P(M) if fn-+ fin A on every set of finite measure A and for every A EE, 
J J,, • dM -+ J f • dM in P. 
A A 

Let 11 • IILo(),;Z and II· IILo(P·Zl be F-norms in L0 (T, I:, A; X) (equipped with 
the topology of convergence in .A on every set of finite measure) and 
L0 (Q, :F, P; Z), respectively. Define an F-norm in .P(M) by 

llfllM = llfllLo().;Xl +sup IIJ f ·dMIILo(P;Zl' f E .P(M). 
AeI A · 

THEOREM 3.2.2. Letfn,fEffl(M), n~ 1. Thenfn-+fin .P(M) if and only 
if llfn-fllM-+ 0 as n-+ 00. 

Proof. Put hn =fn-f It is enough to prove· that if hn-+0 in .P(M) then 
llhnllM-+0. First we show that supllJVoh"d.A.11-0 Since, for every AEL, 

AeI A 

h" 1A is M-integrable, we get by Theorem 3.1.10 (i) and Lemma 2.1.1 that 
J Vo h" dA -+ 0. Let 1 be a finite measure on ( T, I:) equivalent to A. Take 
A 

2 - Dissert ationes Mathematicae CCLIX 
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e > O. By the Hahn- Saks-Vitali theorem there exists b > 0 such that if 1(A) . 

< b then sup II JV o hn dlll < e. By the Egorov theorem there exists Ae EE f 
n A 

such that 1(T \ Ae) < b and hn ...... 0 uniformly on Ae. Henc~ for every A EL 

IIJ Vohndlll ~ e+II J Vohndlll ~ e+ J JIVohnll dl, 
A Ar,Ae Ae 

and by the Dominated Convergence Theorem we get 

lim sup sup II J Vo hn dlll ~ e. We have showed that sup II J V o hn dlll ...... 0 as n 
n-+oo Ae.l.' A Ae.l.' A 

...... oo. Now let 

Nn(A) = f hn ·dM- f Vohndl , AEE. 
A A 

To end the proof it suffices to show that 

en= sup IINn(A)IILo(P;Zl....., 0 as n....., oo . 
AeI 

For every n choose An EE such that 

Cn < IINn(AJIILo(P;Z) + 1/n . 

Since Nn(T)- 0 in P, there exist ZnEZ such that Nn(An)+ zn....., 0 in P. We 

have st [Nn(An) + Zn] = [zn, Qh 1 , µh 1A ] ; therefore by Lemma 2.1.1 Zn....., 0 
n An n n 

and so en ...... 0 as n ...... oo . The proof of the theorem is complete. 

COROLLARY 3.2.3. st(M) is a Frechet space such that the natural embed­

ding of st(M) into L0 (Q , !F, P; Z) is continuous and the set of all simple 

functions lies in st(M) densely. Moreover, the mapping 

st(M)3f....., Sf ·dMEL0 (Q, !F, P; Z) 
T 

is linear and continuous. 

Condition (ii) in Definition 3.1.1 is rather complicated for checking. The 

next theorem shows that it may be reduced to the stochastic convergence of 

the random integrals on all space T and certain convergence of Pettis 

integrals (conditions (iii) and (ii) below). 

THEOREM 3.2.4. LetfnEst(M) andf: r ...... x. ThenfEst(M) andfn ...... f 
in st(M) if and only if 

(i) fn ...... f in A on every set of finite measure, 

(ii) for every A EE, lim JV o(fn-fm) dl = 0, 
n,m-+!X> A 

(iii) the sequence {S fn • dM} converges in P. 
T 

Proof .. Assume that fn ...... f in st ( M). Since for every A Er 

st(S Un-fm) • dM) ⇒ bo, we get (ii) by Theorem 3.1.10 (i) and Lemma 2.1.l. 
A 
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(i) and (iii) follow by Definition 3.2.1. We now prove the converse. By 
Corollary 3.2.3 it is enough to show that Un} is a Cauchy sequence in 
2 (M). Let A E .r and m1 < n1 < m2 < n2 < ... be natural numbers. Put gk 
= fnk -j~k' k ~ 1. Since 

J gk • dM + J gk • dM = J gk • dM -+ 0 in P 
A T \A T 

by (iii), there exist zk E Z such that J gk • dM + zk -+ 0 in P and by Theorem 
A 

3.1.10 (i) and Lemma 2.1.1 we have JVogkdA+zk-+0. In view of (ii), zk-+0, 
A 

and therefore J gk • dM-+ 0 in P, which ends the proof. 
A 

The next · theorem is useful in the case of l(T) = oo. 
THEOREM 3.2.5. f E !L'(M) if and only if there exists an increasing se­

quence {An} cl' such that l(T\ U An)= 0 and 
(i) fl A E !L'(M) for every n, 

n 

(ii) {Y(J flAn ·dM)} is shift relatively compact, 
T 

(iii) Vo f is Pettis integrable. 

Proof. Put fn = flAn' Sn= J fn ·dM. Since {Sn} has independent in-
T 

crements, by the Ito- Nisio theorem ([13], Th. 3) there exists a sequence 
{zn} c Z such that {Sn+zn} converges a.s .. In view of Theorem 3.1.10, 
!t'(Sn+zn) = [a1n +zn, Q1n, µfn], wherea1n = J Vofdl;henceby Lemma2.1.1, 

An 
{a1n+zn} converges. (iii) yields a1n=JVofd},, as n-+oo; therefore {zn} 

T 

converges and finally, {Sn} converges a.s .. To complete the proof it is 
sufficient to check condition (ii) of Theorem 3.2.4. Since A-+ J Vo fdl is a vector 

A 

measure, we have 

J VO Un - f m) dA. = J VO f d},, -+ 0 
A An(AnllAml 

as n, m-+ oo, which ends this proof. 

Using similar arguments as in Lemmas 3.1.6, 3.1 .7, 3.1.8 and 3.1.9 we 
cah get the following theorem whose proof is omitted. 

THEOREM 3.2.6. Let fnE!f'(M) 

!t'(J fn·dM) = Jain *YJn *CPois(µ1), n = 0, 1, ... 
T 

If fn-+ fo in 2 (M) then 

(i) afn-+ afo' 
(ii) y f n -+ y f O' 

(iii) c Pois(µ 1 n) => c Pois(µ 
10

). 
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Now we introduce the notion of an abstract random integral to 
compare it with our random integral. 

DEFINITION 3.2.7. Let F be a linear subspace of L0 (T, I:, ).; X) such that 
(a) F is a metrizable vector space such· that the natural embedding of 

F into L0 (T, I:,).; X) is continuous, 
(b) the set of all simple functions is contained in F as a dense subset, 
(c) for every sequence of simple functions {.fn} and A EI:, if fn-> 0 in F 

then fn lA -> 0 in F. 
Any linear continuous mapping 

I: F-, L0 (Q, !F, P; Z) 
n 

such that for every simple function f = L xi lAi • we have 
j= 1 

n 

I(f) = L xi·M(A) 
j= 1 

is called an abstract random integral. 
Having X, Y, Z, b and M fixed, one can study the set 5 of all abstract 

random integrals. Let us introduce an order in 5. For I 1 , J 2 E 5 we shall 
write I 1 -< J 2 if the domain of I 1 is contained in the domain of I 2 and the 
natural embedding is continuous. It is easy to see that if I 1 -< J 2 then I 2 is an 
extension of I 1 . The next theorem says that our random integral is the 
largest extension of abstract random integrals; moreover it is the greatest 
element in 5 with respect to the above order. 

THEOREM 3.2.8. Let I be an abstract random integral with a domain F. 
Then F c 2(M), the natural embedding is continuous and for every f E F, I (f) 
= J f-dM. 

T 

Proof. Let f EF. By (a) and (b) there exists a sequence of simple 
functions Un} such that fn -> Jin F and in L0 

( T, I:, A; X). Let A EI: and m 1 
< n1 < m2 < n2 < ... be natural numbers. Since fnk - fmk -> 0 in F as k -, oo, 
we have by (c) (fnk -fm) lA - 0 in F. By the continuity of I we get 

J fnk ·dM- J fmk ·dM = f [(fnk -fm) lA]-> 0 
A A 

· in P. Thus f E 2(M). Now we prove that the embedding of F into 2(M) is 
continuous. Let fn _, 0 in F. For every n there exists a sequence of simple 
functions {gnk}k= 1 such that gnk-> fn in F and in L0 (T, I:,).; X) ask-> oo. By 
(c) and the continuity of I we get for every A EI: and n ~ 1 

J (gnk -gn) • dM = f [(gnk -gn) lAJ -> 0 
A 

in P as k, j - oo. Therefore using Theorem 3.2.2 we infer that {gndk= 1 is a 
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Cauchy sequence in f.f (M) and by the completeness of f.f (M) there exists 

hnEf.f(M) such that gnk-+hn in f.f(M) as k-+oo. But gnk-+hn also in 

L0 ( T, I:, A; X); hence hn = fn .A.-a.e .. Consequently, for every n ? 1 we can 

find kn such that llfn-gnk IIF < 1/n and llfn-9nk IIM < 1/n. Because gnk -+ 0 in 
n n n 

F, we shall finish the proof showing that gnk -+ 0 in f.f (M). But this follows 
n 

easily by (a), (c) and the continuity of I, since our random integral and the 

abstract random integral coincide on simple functions. The proof is complete. 

In view of the last theorem we can say that the essential difference 

between abstract random integrals lies in the topologies in which we com­

plete the set of simple functions. The topology of f.f (M) is the weakest 

admissible topology. Taking stronger topologies we get stronger properties of 

the random integral, e.g. continuity in the pth mean etc. It is interesting to 

compare results from [ 43] and [ 44] where random integrals were considered 

as continuous operators taking values in L1 (Q, ff, P) and L0 (Q, ffe 0 , P), 

respectively. 

3. Characterization of M-integrable functions. In the case of X = Y = Z 

=Rand M being symmetric, Urbanik and Woyczynski [44] have character­

ized Y(M) to be a certain Orlicz space. In the vector case the structure of 

f.f (M) is more complicated. For example, considering the random integral 

with respect to a white noise on [0, 1] of C [0, 1]-valued functions we arrive 

at the conclusion that f.f (M) does not include all bounded measurable 

functions and moreover it is not locally convex (see Ch. IV, Ths 4.2.2 and 

4.2.13). In the real case f.f (M) = L2 [0, 1]. To get a general characterization 

of elements of f.f (M), we resort to the theory of infinitely divisible p.m.'s on 

Banach spaces. Our characterization is given in the terms of Gaussian 

covariances and Levy measures; more precisely, we prove the converse to 

Theorem 3.1.10. 
First we prove several auxiliary lemmas, which can be of interest for 

themselves. 

LEMMA 3.3.1. Let J(T) < oo and EIIM(T)II < oo. Then for every 

A, BEE, Ac B, we have 

E[M(A)IM(B)] = ~~;~ M(B) a.s. 

Proof. It suffices to show that for every Yi, y!EY* 

E < * M(A)> i (y2.M<B» = J(A) E < * M(B)> i (Yz, M<B» 
y i ' e A ( B) y 1 ' e • 

Put 

· f (y*, C) = E exp { i (y*, M ( C))} = exp { A ( C) K (y*)}, 
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where K is defined by (3.1). Then 

E <.YT,M(C))/<Yi,M(C) ) = -iVyj_ f(y!, C) 

Thus 

- 'Ii f(y!+tyT, C)-f(y!, C) - - 'f( * C) ,(C) 17. K( *) - - z m - z Y2, A "y* Y2 . 
1-0 t l 

E <YT, M(A)>/ <Yi,M<B> > = E <YT, M(A)>/ <Yi,M<A»f(y!. B \ A) 

= -if(y!, A)A(A) Vyi K(y!)f(y!, B \ A) 

= -if(y!, BP, (A) VY1 K (y!) 

= l(A) E < * M(B))/ <Yi,M(B»_ 
l(B) Y1, 

Let 1:0 be a sub-a-field of 1:. By M(J:0) we shall denote the sub-a-field of 
ff generated by random vectors M(A), AEJ:0 . In the case of l(T) < oo , 
). (f I J: 0) will denote the conditional integral of a Bochner integrable function 
f given 1:0 . 

LEMMA 3.3.2. Assume that l(T) < oo and E 1/M (T)IIP < oo, p ~ 1. Let 
f: T--. X be a Bochner integrable function and {.En} be an increasing sequence 
of finite sub-a-fields of 1:. Then {J l(f/1:n)·dM; M(J:n)} is a martingale in 

T 

l!(Q, ff, P; Z). 

Proof. A (f / J: n) is M-integrable because it is a simple function. Let 

{AnJ~'.': 1 denote that set of all atoms of 1:n. Decompose {1, .. . , kn+d into 
non-empty subsets 

Jnk = {1 ~j ~ kn: An+l,j C And, k = 1, ... , kn. 

Put Xni = A (~n) f fd). if A (An) > 0 and xni = 0 in the other case. Then by 

Anj 
Lemma 3.3.1 we get 

E [fl(f /1:n+ i) ·dM/ M(J:n)] 
T 

kn+ 1 

= L E[xn+1,j·M(An+i)/M(J:J] 
j= 1 
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LEMMA 3.3.3. Assume that A(T) < oo and EIIM(T)II < oo . Then there 

exists a constant C such that for every simple function f: T-. X and z* E Z* 

we have 

El(z*, Jf·dM)I ~ CIJz*ll[(Sllfll 2 dA)1'
2
+ JllflldA]. 

T T T 

Proof. We may assume that M = M0 +M1 where M 0 and M1 are 

specified in Remark 2.2.1. We have 

EM0(A)=A(A){a- S YIIYll - 1m(dy)} =l(A)a1. 
IIYII > 1 

Put M O (A) = M O (A)-). (A) a1 . Hence we get the following decomposition of 

M , 

n 

Let f = L xi 1A ·· We have 
j=l J 

n 

IIJf·d(Jai)II = II L xi · l(Ai)a1II ~ llblllla1II Jllflldl, 
T j= 1 T 

" 
EIIJf·dM1II ~ llbll L IJxillEIIMi(AJII ~ llbll S IIYllm(dy) Jllflldl 

T j = l II Yll> l T 

and 

" " 
E (z*, Jf·dM0 / = LE (z*, xi · M 0 (Ai))2 = LE ( x.iz*, M 0 (A))2. 

T j= 1 j= 1 

Now, 

E (y*, Mo(A))2 = -[:t22 E/<ty'', Mo<A» ]=o 

= [Q (y*)+ J (y*, y)2 m(dy)] l(A) ~ C5 IIY*ll 2 l(A) 
II YII ~ 1 

where C0 depends only on Q and m (see [ 49], Th. lA). Thus 

E (z*, Sf·dmo/ ~ C5llbll 2 llz*ll 2 Jllfll 2 dl 
T T 

and finally we get the required inequality with C = llbll lla1II + Co llbll 

+ llbll J IIYII m(dy). 
IIY II > 1 

LEMMA 3.3.4. Assume that A(T) < oo and EIIM(T)II < oo. Let f: T-. X 

be a bounded strongly measurable function such that Q1 and µ1 given by (3.4) 

are a Gaussian variance and a Levy measure, respectively. Then f E Sf (M). 
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Moreover, if {En} is an increasing sequence of finite sub-a-fields of E such that 
CX) 

the J.-completion ofa(LJ En) containsf-I(Pl(X)) thenfor every p>O 
n = I 

J.(JIEn) ....... f a.e. and in Il'(T, E, J.; X) 
and for every A EE 

f J.(JIEn) ·dM---+ f f·dM in LI (Q, ffe, P; Z). 
A A 

Proof. Since J.(JIEn) is a simple function, it is M-integrable. J.(JIEn) ....... f a.e. and in IJ'(T, E, J.; X) by the well-known martingale convergence 
theorem. Put Un = f). (f IE n) • dM. In view of Lemma 3.3.3 for every z* E Z* 

T 

the sequence { (z*, Un)} converges in LI (Q, ffe, P). Write L(z*) = lim (z*, Un). By Dominated Convergence Theorem we get 

£exp {iL(z*)} = exp {i (z*, a1 )-½Q1 (z*) 

+ f[ei <z".z> -1- i (z*, Z·)·a (llzll)J µf (dz)}• z 
Hence by our assumption L is decomposable, i.e. there exists a random 
vector U: Q ~ Z such that (z*, U) = L(z*) a.s. for every z* EZ*. We now prove that E IIUII < oo. We have 

f llzllµ1(dz)= ff llf·yllm(dy)dJ.~ ff kllyllm(dy)dJ. 11 : 11> 1 fl/ f·y ll> I) IIYll>k-I 

= kJ.(T) f IIYII m(dy), 
IIYII >k- I 

where k = llbll ess sup llfll. By Lemma 2.1.2, f llzll µ1 (dz) < oo and so 
T 1/zl/ > I EIIUIJ <oo. Using Lemma 3.3.2 we get for every z*EZ* and n~ 1 

(z*,E(UJM(En))) = E(L(z*)IM(En)) 

= lim E[(z*, Um)IM(EJJ 
n -+oo 

= lim (z*, E[UmJM(EJ]) 
m-+oo 

= (z*, Un) a.s. 
Thus E(UJM(En)) = Un a.s. and by the martingale convergence theorem Un ....... U a.s. and in LI (Q, ffe, P; Z). Now, as in the proof of Lemma 3.3.3, we 
may assume that M(A) = J.(A)aI +M0 (A)+Mi(A), AEE. Since for every simple function g: T ....... X and A EE we have 

II f g • d (J.a1)JJ ~ llbll lla1II f llgll dJ., 
A A 

EJJf g·dMiJJ ~ llbll f llyllm(dy) fllglldJ. 
A 1/yl/>1 A 
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and 

E IIJ g ·dMoll ~ E]IJ g ·dMoll ~ E IIJ g ·dMjj +IIJ g ·d(la1)II +E IIJ g ·dM1II, 
A T T T T 

it follows that lim EjjJ[J(fJEn)-l(flEm)J ·dMjj = 0, which completes the 
n,m-+oo A 

proof. 

LEMMA 3.3.5. Assume that l(I) < oo and let M be generated by Pois(m) 
(m(Y) < oo). Then 

!l'{M) = L0 (T, E, l; X) 

and !l'(Jf ·dM)=Pois(µ1), where µ1 is given by (3.4). 
T 

Proof. Let 

F(t) = J min{tllYII, l}m(dy), t ~ 0. 
y 

F is a subadditive bounded non-decreasing continuous function and for every 

AEE we have 

CX) Jk(A) f 
Emin{tllM(A)II, 1} = e--l(A)m<YJ k~o ~ min{tllyll, l}m*k(dy) 

y 

~ e--l(A)m(Y> ktO }_k::) kmk- l (Y) f min {t IIYII, 1} m(dy) 

y 

= F(t)A(A). 
n 

Hence, for every simple function f = L x1 lA. and A EE we get 
j= 1 J 

n 

Emin{IIJJ·dMjj, 1} ~ L Emin{llxj·M(AnAj)II, 1} 
A j= 1 

n 

~ L F(llbll llx)l)A(A nAj) 
j= 1 

= J F(llbll llfll)dk 
A 

Let J EL0 (T, E, J; X). There exists a sequence Un} of simple functions such 

that fn-. f a.e. Therefore, for every A EE we have 

limsupEmin {IIJ(fn-fm)·dMjj, 1} ~ limsup JF(Jlbllllfn-fmll)dl = 0, 
n,m-+oo A n,m-+oo A 
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which proves that f E 2'(M). Since the inequality 

Emin{IIJJ·dMII, 1}~ JF(llbllllfll)dl 
A A 

holds true for every strongly measurable function f, we conclude that the 
topologies of 2'(M) and of L0 (T, I:, l; X) coincide. 

Now we can prove the main result of this chapter. 
THEOREM. 3.3.6. A function f: T- X is M-integrable if and only if 

(i) f is strongly measurable and a1 = J Vo fd). exists in the Pettis sense, 
T 

(ii) for every z* E Z*, Q1 (z*) = J Q o(f' z*) d). < oo -and Q1 is a Gaussian 
T 

covariance, 
(iii) µ1 (B) =). x m( {f · yE B \ {O} }), BE ~(Z) is a Levy measure. 

Moreover, 

2'(J f • dM) = [a1, Qf, µ1J. 
T 

Proof. Necessity follows directly from Theorem 3.1.10. We prove suffi­
ciency. In view of Remark 2.2.1 we may assume that M = M O+ M 1 , where 
M O and M 1 are specified in that remark. Let { An} c I: be an increasing 

00 

sequence of subsets of T such that l(An) < oo, l(T\ U An)= 0 and 
n= 1 

An c {llfll ~ n}. Since Q11 A ~ Q1 and µ11A ~ µ1, we see that Q11A is a n n n 
Gaussian variance and µ11 A is a Levy measure. Hence by Lemma 3.3.4 

n 
f1AnE2'(M 0), and so there exists a sequence of simple functions {gnk}k= 1 

vanishing outside An and such that gnk-+ flA in 2'(M0) as k-+ oo. In view n 

of Lemma 3.3.5, f1AnE2'(M 1) and for every AEl: we have Jgnk·dM 1 
A 

-+ J fl An· dM 1 in P. Hence the sequence {J gnk • dM}k= 1 converges in P, 
A A 

which proves that flA E 2'(M). Since n 

{2'(Jf1An·dM)} is shift relatively compact and by Theorem 3.2.5fE.P(M). T • 

This ends the proof. 

COROLLARY 3.3.7. If f is M-integrable then J f • dM is a a { M (A): 
AEf- 1 (~(X))}-measurable random vector. 

Proof. Indeed, by Lemma 3.3.4 f1An may be approximated by its 
conditional integrals given finite sub-a-fields of 1- 1 (~(X)) (see the proof of 
Theorem 3.3.6). 
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COROLLARY 3.3.8. Assume that M ~ [a, 0, m]. If f: T-+ X is strongly 

measurable, Vo f is Pettis integrable and 

J Jmin{/lf·yll, l}m(dy)dJc < oo 
TY 

then f E ff'(M). 

Proof. We have 

Jmin{/lz/1, l}µ1 (dz) = J Jmin{/lf·y/1, l}m(dy)dJc; 
Z TY 

hence by Theorem 6.3 (i) [3, Chap.3] µ1 is a Levy measure. Theorem 3.3.6 

yields the assertion. 

By Theorem 3.3.6 we get the following comparison theorem for random 

integrals. 

THEOREM 3.3.9. Let MU> ~ [aU>, QU>, mU>], i = 1, 2, be random measures 

on (T, I:, Jc) and Jc(T) < oo. Assume that there exist c, r > 0 such that 

Q(l) ~ cQ(2) 

and for every B E !Ji ( Y) 

irP>(B n {O < /ly/1 ~ r}) ~ cm< 2>(B n {O < /ly/1 ~ r}), 

where m<il(B) = ½[m<il(B)+m<i>(-B)], i = 1, 2. 

Then every M 2 -integrable function f is M 1 -integrable provided that 

J y<lJ o fdJc exists in the Pettis sense. 
T 

Proof. Since 

Qy> (z*) = J Q0 > o {f' z*) d}c ~ c J Q< 2
> o (f' z*) dJc = cQj2J (z*) 

T T 

and Q?> is a Gaussian variance, Qy> is also a Gaussian variance. Define 

m~il(B) = m<il(B n {O < /ly/1 ~ r}), 

m<il(r)(B) = mU>(B n {/lyll > r}), BE!Ji(Y) 

and 

µ1'.,(B) = A xm~il({f·yEB \ {O}}), 

µ1HrJ (B) = Jc x m<iHrJ ( {f · y EB \ {0} }), BE !Ji(Z), 

i = l, 2. Since µyH,J is a finite measure, it is a Levy measure. It remains to 

prove that µzt is a Levy measure. For every BE!Ji(Z), 0¢::B, we have 

ifJ~t (B) = ½ {ifJ~t (B) + µj~t ( - B)} 

= Jm~1>({y: f·yEB})dJc 
T 

~ c fmf>({y: f·yEB)dJc = cjl~:~(B), 
T 
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and because [1/~ is a Levy measure, 'if/~ is also a Levy measure, which 
completes the proof. 

The next theorem gives other conditions for the existence of the random 
integral in the terms of functions K and V given by (3.1) and (3.2), 
respectively. 

THEOREM 3.3.10. A function f: T- X is M-integrable if and only if 
(i) f is strongly measurable and Vo f is Pettis integrable, 

(ii) for every z* E Z*, J IK o (f' z*)I dl < oo, 
T 

(iii) <p 1 (z*) = exp { J K o (f' z*) dl} is the characteristic functional of a p.m. 
T 

on Z. 
Moreover 

ffl(Jf·dMr(z*) = ({J1(z*), z*EZ*. 
T 

Proof. Necessity follows by Lemmas 3.1.4 and 3.1.7. We prove sufficien­
cy. Let µ be a p.m. on Z such that fi. = l<p112 . We have 

fi.(z*) = exp {-Q1 (z*)+ J[cos (z*, z)-1] µ1 (dz)}, 
z 

where µ1(B)=µ1 (B)+µ1(-B). Thus, for every z*EZ*, Q1 (z*) exists and 
there exists a cylindrical measure y such that 

Also, 

hence 

1 

sup J (1-cos (tz*, z)) µ1 (dz) < oo; 
tE[O,_l] z 

oo > J f(l -cost (z*, z )) µ1 (dz) dt 

0 Z 

J( sin (z*, z>)- 1 f . _ = 1- (z*, z) µ1(dz) ~ To mm {1, (z*, z)2} µ1 (dz) 
z z 

and there exists a cylindrical measure e such that 

§ (z*) = exp {J (cos (z*, z )-1) µ1 (dz)}. 
z 

Since µ = y * (!, y and (! being symmetric, y and e extend to p.m.'s on Z (see 
[36]). Therefore Q1 is a Gaussian variance and µ

1 is a Levy measure. Hence 
µ1 is a Levy measure. An appeal to Theorem 3.3.6 completes the proof. 
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We now give the form of the characteristic functional <fJJ of a random 

integral J f • dM in certain important cases. 
T 

EXAMPLE A. X = Y = Z = R, x • y = xy. 

<p1 (s) = exp {J K (sf(t)}A.(dt) }, SER. 

T 

EXAMPLE B. X = Y = Z = C (here C is identified with R2
), x • y = xy 

= Re (x) Re (y)- Im (x) Im (y) + i [Re (x) Im (y) + Im (x) Re (y)]. 

<p1 (z) = Eexp {iRe(z J fdM)} = exp {J K(f(t)zP,(dt), zEC. 
T T 

EXAMPLE C. X = Z = E, E is a Banach space, Y = R, x • y = yx, xEE, 

yER. 

<p1 (x*) = exp {J K ( (x*,f (t))P,{dt)}, x* EE*. 
T 

EXAMPLED. X = R, Y = Z = E, Eis a Banach space, x·y = xy, xER, 

yEE. 

<p1 (x*) = exp {J K (f (t) x*P,(dt) }, x* EE*. 
T 

EXAMPLE E. X and Yin the duality (·, • ), Z = R, x·y = (x, y). 

<p1 (s) = exp {J K(sf(t)}A.(dt)}, SER. 
T 

EXAMPLE F. U: X - Z is a fixed continuous linear operator, Y = R, 

x· y = yUx, xEX, yER. 

<p
1

(z*) = exp {J K( (z*, Uf(t))P,(dt), z* EZ*. 
T 

EXAMPLE G. X = R, U: Y - Z is a fixed continuous linear operator, 

x·y=xUy, XER, yEY. 

<p
1

(z*) = exp {J K(f(t) U* z*P,(dt)}, z*EZ*. 
T 

EXAMPLE H. X = L(E, F), Y = E, Z = F, where E and F are real 

Banach spaces, x·y = x(y), xEL(E, F), yEE. 

<p
1

(z*) = exp {J K([f(t)]'{z*)P,(dt)}, z*EF*, 
T 

where x' is the dual operator of x E L(E, F). 

EXAMPLE I. X = E, Y = L(E, F), Z = F where E and F are real Banach 

spaces, x·y = y(x), xEE, yEL(E, F). 

<p
1

(z*) = exp {J K(f(t) ®z*P,(dt)}, z*EF*, 
T 

where (x ®z*)(y) = (z*, y(x)), xEE, yEL(E, F), z*EF*. 
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EXAMPLE J. X= Y=Z=C[0, 1], [x·y](s)=x(s)y(s), SE[0, 1]. 

cp 1 (z*) = exp {J K ([f (t)]' z*),1. (dt) }, z* E [ C [0, 1]]* = .H [0, 1], 
T 

where [x'z*J(C) = f x(s)z*(ds), CE~([0, 1]), XEC[0, 1], z*E ..,1([0, 1]. 
C 

Theorem 3.3.6 gives a full characterization of Sf (M) in all cases when 
conditions a Gaussian variance and a Levy measure are known. This is the 
case e.g. if Z is a Hilbert space. 

COROLLARY 3.3.11. Let Z = H be a Hilbert space. Then f E Sf(M) if and 
only if 

and 

(i) f is strongly measurable and Vo f is Pettis integrable, 
(ii) for every h EH 

f Q o (f' h) d2 < oo 
T 

L f Q o (f.' h,,.) d2 < oo for some orthonormal basis { h,>J in H, 
"T 

(iii) ff min {1, llf(t) • yll 2} m(dy)A(dt) < oo. 
TY 

As regards Example A, the above corollary gives similar conditions for 
the existence of the random integral to those obtained by Levy [26]. We 
may also use this corollary in the situations described in Examples B and E. 
In particular, if X = E*, Y = E and Z = R, where E is a Banach space, we 
get 

COROLLARY 3.3.12. Let f: T-. E* and M ~ [a, Q, m] be an E-valued 
random measure on ( T, E, 2). Then f (f, dM) exists if and only if 

(i) f is strongly measurable and f IV o fl d2 < oo, where 
T 

V(x*) = (x*, a)+ f (x*, x) [ix (I (x*, x )I)- ix (llxll)J m(dx), 
E 

(ii) f Q o fd2-. oo, 
T 

(iii) ff min {1, (f (t), x)2} m(dx) 2(dt) < oo. 
TE 

In the case of operator-valued functions the strong measurability condi­
tion is rather unconvenient and too strong. We can weaken it as follows. 
Observe that if f is M-integrable then for every z* E Z*, <z*, ff· dM) 

A 
= f (f' z*, dM) a.s. for every A EE. Moreover, the above corollary gives 

A 

a full characterization of the right hand side integral. This suggests the 
following. 
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DEFINITION 3.3.13. A function f: T--. X is weak-M-integrable if 
(i) for every z* E Z*, J (f' z*, dM ) exists, 
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(ii) for every A El' there exists a Z-valued random vector U A such that 
for every z* E Z* 

(z, U A) = J (f' z*, dM ) a.s. 
A 

If f is weak-M-integrable then we write 

w- J f ·dM = UA , AEl'. 
A 

The following theorem shows that in fact the weak random integral 

differs from the ordinary one. only in the measurability of the integrand. 

THEOREM 3.3.14. Assume that Z is separable. Then f: T--. X is weak-M­

integrable if and only if 

l (i) for every z* E Z*, f' z*: T--. Y is strongly measurable, 

(ii) Vo f is Pettis integrable, 

(iii) Q1 and µ1 are a Gaussian variance and a Levy measure, respectively. 

Moreover, 

.P(w- Jf·dM) = [a1 , Q1 , µ1] , 
T 

where a1 , Q1 and µ1 are given by (3.4). 

Proof. First we prove that (i) implies that the function (t, y)--. f(t)·y is 

(Ex 86(Y), 86(Z))-measurable. Indeed, for every z* EZ*, (t, y)--. (z*,f (t) • y) 

= <f'(t)z*, y ) is measurable in tE T and continuous in YE Y, hence it is l' 

x 86(Y)-measurable. By Pettis' theorem (t, y)--. f (t) • y is a Borel function. 

Assume that f is weak-M-integrable. First we show that µ1 is well 

defined and Vo f is a Borel function. By definition, condition (i) is satisfied. 

Hence (t, y)--. f (t) y is a Borel function and so µ1 is well defined. Using 

the Fubini and Pettis theorems we get that t-+ J f (t) • y [ ct (llf (t) • y/1) 
T 

-ct(IIYll)]m(dy) is Borel measurable: thus Vof is a Borel function. 

Using Theorem 3.3.10 we obtain that for every z* E Z* J IK o(f' z*)I d)., 
T 

< oo and 

Eexp {i (z*, UT )} =Eexp{iJ (f'z*, dM ) } 
T 

= exp {J K o(f' z*) d)., }, 
T 

where K is given by (3.1). Hence, proceeding as in the proof of Theorem 

3.3.10 we obtain that Q1 is a Gaussian variance and µ1 is a Levy measure. 
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Since 

K o(f' z*) = i (z*, Vof)-½Q o(f' z*) 

+ J[ei <z*,IY >-1-i (z*,fy)a (llfYII)] m(dy) 
y 

and 

J IJ[i<z*,IY>-1-i (z*,fy) o: (llfyll)J m(dy)I d). 
T y 

we have 

::;; [2+Jlz*IIJµ1 (11zll > 1)+½ J <z*, z>2 µ1(dz) < oo, 
ilz ll ~ 1 

Jl(z*, Vof)ldl < oo for every z*EZ*. 
T 

Therefore there exists ~A E Z* such that 

~A (z*) = J (z*, Vo J> dl for every z* E Z*. 
A 

To prove that ~A E Z*, it is enough to show that if z! - 0 in the CT(Z*, Z)­
topology then ~A (z!) - 0. By the continuity of a characteristic functional on 
each bounded ball in the CT (Z*, Z)-topology we get for every s ER 

Ii is{A(Z~) Ii E {'( * U )}[~ ( *) p • ( )-( *)]-1 _ 1· me = m exp l SZn, A YJtA SZn C OlS µJIA SZn - , 
n-+oo n-+oo 

hence ~A (z!) - 0. 
Now we prove the converse. Let z* E Z*. First we show that f' z* 

satisfies (i), (ii) and (iii) of Corollary 3.3.12. (ii) and (iii) of that corollary 
follow immediately by our (iii). We show (i). We have 

Jl<f'z*, a)+ J (f'z*, y)[o:(l(f'z*, y)l)-a(IIYll)]m(dy)ldl 
T y 

::;; Jl(z*, Vof)ldl+ Jl <z*, z)[o:(l(z*, z)l)-o:(llzll)]lµ1 (dz) 
T Z 

and in view of the first assertion of Lemma 3.1.5 in the case of X = Z*, Y 
= Z we get 

Jl<z*, z)[o:(l(z*, z)l)-o:(llzll)]lµ1 (dz) 
z 

::;; (1 + llz*ID µ1 {llzll > min [llz*ll- 1
, lJ}, 

which proves (i) of Corollary 3.3.11. Now let us consider a linear stochastic 
process z* f-+ J <f' z*, dM ), where A E .r is fixed. Since Q11 ::;; Q1 and 

A A 
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µf•A ~ µf, we conclude that Q11 A and µ 11 A are a Gaussian variance and a 
Levy measure, respectively. Now, 

E exp {i J (f' z*, dM)} = v11 (z*), z* E Z*, 
A A 

where V11A = [af•A' Q1 .A' µ 11 A]; hence z* HJ (f' z*, dM) is decomposable, 
A 

i.e. there exists a Z-valued random vector U A such that (z*, U A) 

= J (f' z*, dM) a.s. for every z* EZ*. The proof of the theorem is complete. 
A 

Using similar methods to those applied in the proofs of Theorems 3.3.10 
and 3.3.14 one can get the following theorem whose proof is omitted. 

THEOREM 3.3.15. Assume that Z is separable. Thenf: T-+ Xis weak-M­
integrable if and only if 

(i) for every z* E Z*, f' z*: T-+ Y* is strongly measurable, 
(ii) Vo f is Pettis integrable, 

(iii) for every z* E Z*, J IK o(f' z*)I dJ < oo, 
T 

(iv) <p 1 (z*) = exp {J Ko (f' z*) dJ} is the characteristic functional of a p.m. 
T 

on Z. 
Moreover, 

2(w- Jf·dM) = <p1 (z*), z*EZ*. 
T 

Note an interesting corollary, which we get in the case of X = Z = E 
and Y = R (Example C). 

COROLLARY 3.3.16. Let E be a separable Banach space and M 
~ [a, Q, m] be a real-valued random measure on (T, I:, J). Thenf: T-+E is 
weak-M-integrable if and only if f is M-integrable. 

The above result can be treated as a generalization of the theorem of 
Pettis saying that Dunford and Pettis integrals coincide ([33], Th.5.1). The 
generalization consists in replacing deterministic measures by random ones; 
the deterministic case is included in Q = 0 and m = 0. 

On the other hand, as far as a random integral is a generalization of a 
random series with Banach space valued coefficients, the above corollary 
gives a version of Ito-Nisio theorem for random integrals (see [13], Th.2). 

Similar corollaries result from considering Examples D, F and G. 

4. Approximation by simple functions and some contraction principles. 
We begin with a study of the approximation problem in 2(M). By Defini­
tions 3.1.1 and 3.2.1 simple functions lie densely in the space of all M­
integrable functions. The problem is how to choose, for any concrete 

3 - Disser ationes Mathematicae GCLIX 
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function f E !l ' (M), simple functions :J~] such that J~-. f in Sf (M). The 
following example shows that uniform approximation fails . 

EXAMPLE 3.4.1. (see [38], Example 3.2). Consider the random integral of 

Banach space valued functions with respect to a real valued random measure 
(Example C). Let T = [O, 1], J: = .:16([0, 1]), A - the Lebesgue measure, M 
~ [O . 1, OJ a white noise, E = /P, l :::.; p < 2. Let kn: stand for the standard 

basis in /P. Put 
n 

f, - r / p '\' 1 n = n L, ek ((k - 1)/n,k/n], 
k= 1 

where rE(O, l-p/ 2) is fixed. Then 

and 

sup IIJ;,(r)II = n-rfp-. 0 as n-. :x 
re [O,l] 

1 n 

EIIJJ~dMIIP = n- r L EIM [((k-1)/ n, k/n]W 
0 k= I 

= C n1 - p/ Z - r f--HX) 
p as n-. X·. 

1 

Since JfndM, n ~ 1 have Gaussian distributions, the sequence {JfndM} 
0 0 

diverges in P. Finally, the function f = 0 is M-integrable, fn-. f uniformly 

and :.1;,: diverges in ![(M). Thus the uniform convergence of functions does 
not imply the convergence of random integrals, in general. 

Note that using Egorov's theorem it is easy to show that for every M­
integrable function there exists a uniformly convergent sequence of simple 

functions which diverges in !f'(M). 
Now we observe that the approximation problem can be reduced to the 

case where ;_ ( T) < x and f is bounded. In reality let .f E !I' ( M). Choose 

. l,, E 2.- so that ).(An)< 00 , An C ~llfll:::.; n}, An? A CX) and A(T\A oo) = 0. Put_/;, 

= flAn· Then for every AEL the sequence [.fJ~·dM} has independent 
A 

increments and converges a.s. to Jf·dM. Moreover, if EIIJf·dMIIP<oo 
A A 

then it also converges in IJ'(Q , .'F, P; Z). Therefore it is sufficient to consider 

only the approximation of fn by simple functions, i.e. the approximation of 

hounded M-integrable function in the case J. ( T) < oc . 
The following theorem shows that a martingale type approximation is 

applicable for our purposes. 

THEOREM 3.4.2. Assume that J.(T) < oo and E IIM (T)IIP < oo, 0:::.; p < oo. 

Let f be a bounded M-integrable function and (J:n} be a sequence of.finite sub-
oo 

<J~fields of J: such that the A-comple1ion of a( U J:n) contains f- 1 (~(X)). Then 
n = I 
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for every A EI" 

_\°A(flI"n)·dM- JJ·dM in IJ(Q, ff, P; Z). 
A A 

Proof. Put J;, = A(f lI"n)- Without loss of generality we may assume 
that M = M 0 +M1 , where M0 and M 1 were specified in Remark 2.2.1. Since 
f is both M O and M 1 integrable. we have, according to Lemma 3.3.4, 

E(JJ·dMolMo(I"n)) = Jfn·dMo a.s. 
T T 

On the other hand, using Proposition 2.1.2 it is easy to show that 
E\\Jf·dM0\\' < oo for every r ~ 1. Hence .f Jn·dM0 - .f J·dM0 a.s. and in 

7· T T 
l.;(Q, f, .P; Z) for every r ~ 1. Set M0 (A) = M0 (A)-EM 0 (A) = M0 (A) 
-Jc(A)a 1 where a1 = a- f YIIYll- 1 m(dy). Then for every AEI" 

_r lj > l 

.f fn • d(Jca1) - .ff· d(Jca1) 
A A 

and 

[£!If Un-f) • dM oll'J11
' ~ [£ IIJ (J,,-f) • dMol!'] l / r 

A T 

~ [ E IIJ Un-f) • dMol!'] l/r + 11.f Un-f) • d(Jca1)1i 
T T 

~ [El\.fUn-f)·dM011']
11

' +1ia1JIIJhJI .filfn-flJcU-0 
T T 

as 11 - x.,. Therefore we have for every A EI: 

.ff~· dM o = .f fn • d (Jcai) + .f j~ • d Mo - .ff· d Mo 
A A A A 

in L;(Q, ff-, P; Z), for any r ~ 1. To end this proof it is enough to show that 
ff>dM 1 - f.f ·dM1 in IJ(Q, ff, P; Z). In view of Lemma 3.3.5, for every 
A A 
strongly measurable function g: T- X we have 

oc, 1 j' Ei1.fg·dM 1 IIP=e-µ 1•0(Zl L I llzJIPµt9 (dz) 
T k=Ok. 

z 

. ~ c J11gJJP dJc, 

T 
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where C = e-r kto (k:/)P r1' llbllP f IIYIIPm(dy), whereas r = µ1,g(Z) 

IIYII >1 

= A ( T) m {llyll > 1}. Since J IIYIIP m (dy) < oo by Proposition 2.1.2, we 
,IIYII > 1 , 

have C < oo and the theorem follows by the martingale convergence the-

orem. 
Assume that l ( T) = 1. Then the conditional integral A ( • IE 0) is a natural 

contraction operator on IJ(T, E, l; X), for every pE[l, oo], and it is an 

interesting question whether M-integrability is preserved under this oper­

ation? The following theorem shows that in some sense operations of a 

random integral and of a conditional integral commute. 

THEOREM 3.4.3. Assume that l(T) < oo. Let f be an M-integrable function 

such that Jllflldl < oo and EjjJf ·dMjj < oo. Then for every sub-a-field :£0 

T T 

of E the conditional integral l(JIE0) is M-integrable and 

(3.5) J l(JIE0) ·dM = E(J f ·dMI M(E0)) a.s. 
T T 

Proof. The proof is divided into several steps, in which the theorem is 

proved under some additional assumptions. These additional assumptions 

are specified m the headline of each step. 

Step I. f is bounded, EIIM(T)II < oo and E0 is finite. 

Choose an increasing sequence {dn} c .[ of finite a-fields such that 
00 

.#1 = L'0 and the A-completion of a( U dn) contains f- 1 (P.i(X)). Then, 
n= 1 

by Lemma 3.3.4 and Theorem 3.4.2, {Jl(fldn)·dM:M(dn)} is a mar­
T 

tingale which converges in L1 (Q, %, P; Z) to ff·dM. Hence 
T 

E {Jf·dMIM(Eo)} = lim E {J J(fldn)·dMIM(di)} 
T n-+oo T 

= J l(f lE0) ·dM. 
T 

Step . II. f is bounded and EIIM(T)II < oo. 

Let 91 = {d: d is a finite sub-a-field of E0}. m: is a partially ordered 

set by the ordering d 1 -< d 2 if d 1 c d 2 . Define generalized sequences 

913d - J(fld)EL1 (T, E, l; X) 

and 

2{3d- f l(fld)·dMEL1 (Q, §, P; Z). 
T 

By Step I, for every dE2l we have Jl(fld)·dM=E(Jf·dMIM(d)). 
T T 
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Using the martingale convergence theorem we see that for every increasing 
sequence d 1 -< d 2 -< ... , d" E ~ there exists the limit lim l (f Id") and 

n-+oo 

lim J l(fldn)·dM = lim E(JJ·dMIM(d")). 
n-+oo T n-+oo T 

Hence, by a standard argument, there exist the limits of the generalized 
sequences 

g = lim l(fld) 
,O,e~I 

and 

G = lim J l(fld)·dM. 
de~! T 

Moreover, there exists an increasing sequence {dn} c 91 such that 

g = lim l(f I dn) 
n -+oo 

and 

G = lim J l(fldn)·dM. 
n-+oo T 

On the other hand, it is easy to check that 

lim l(f J d) = l(f Jl'o) 

and 

lim E{J f ·dMJM(d)) = E{J f ·dMJM(l'o)). 
de~! T T 

Hence 

and 

J l(fldn) ·dM - E{J f-dMIM(l'o)) 
T T 

in L1 (Q, !F, P; Z) as n- oo. Thus, by Theorem 3.2.4, l(fll'0)E2(M) and 
(3.5) holds. 

Step III. EIIM(T)II < oo. 
Put M(A) = M(A)-EM(A) = M(A)-l(A)ai, AEl', where a1 = a 

+ J y(l-llyll- 1)~(dy). Choose an increasing sequence {An} such that 
IIYII >1 

U An= T and A" c {llfll ~ n} and put fn = f • lAn· By Step II, for every n 
n ~ 
~ 1 we have l(fnl1'0)E2(M) and 

JlUnll'o)·dM = E[Sfn·dMIM(l'o)]-E[Sf·dMIM(l'o)] 
T T T 
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m L1 (Q, .:;;, P; Z), since [Jfn·dM} has independent increments. But 
T 

£ fl Un I I" o) · d.M = 0 for every A EI"; hence, for every A EI" there exists the 
A 

limit Jim .f l(fnlI"0 )·dM in L1 (Q, :F, P; Z). Therefore l(JII"0)E2(M), 
n- oo A 

whence l(flI"0)E 9'(M) and 

E [Jf·dMIM(I"0)} = E [SJ·d.MIM(I"o)}+ .f J·d(la1) 
T T T 

= .P (f lI"o) • d.M + J A (JI I"0) • d (Aa 1 ) 

A T 

= _f).(f/I"0 ) ·dM. 
T 

Step IV. Without any additional assumptions. 

For any fixed r > 0 put m, = ml {IIYII:::; r) and m(r) = ml (IIYII > r]. Let 

M, ~ [a- f yo:(llyll)m(dy), Q, m,] and M(,) ~ [ f yo:(IIYll)m(dy), 0, m(')] 
II YII > r . 11 .r ll >r 

be independent random measures on (T, I", A). By the same arguments as in 

Remark 2.2.1 we may assume that M = M,+M<rl_ Since EIIM,(T)II < x and 

M(r> is generated by Pois (m<'>), we conclude in view od Step III and 

Lemma 3.3.5 that ).(JII"0)E 9'(M,), 

E[Jf·dM,IM,(I"o)] = .PUII"o)·dM, 
T T 

and A (f I I" 0 ) E 2 ( M(r)). Therefore A (f I I" 0 ) E 2 ( M) and 

E[Jf·dMIM,(I"o) V M 1'l(I"o)] 
T 

= E [_ff· dM,I M,(I"o)J + E [J f • dM<'>I M(r) (I"0)] 

T T 

= J A(f lI"o). dM - J ).(f lI"o). dM(r) + E [.ff. dM(r)I M(r) (I"o)]. 
T T T 

2'(_f)c(flI"o)·dM<'>) is a Poissonian p.m. on Z (see Lemma 3.3.5), Thus we 
T 

get 

Ei!_f}c(flI"o)·dM(r)II::,; JJIIA(f/I"o)·y/lm(r)(dy)dA 
T TY 

= .f (JIIA(fll"o)·ylldA}m(dy) 
II YII >r T 

:::; J [Jllf·ylld).}m(dy)=s,, 
II YII >r T 
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where the last inequality follows from the Jensen inequality, since for every 

fixed yEYthe function X3x~llx·yllER+ is convex. Similarly, 

E 11£ [J f • dM(r)I Af(r) (l"o)]II ~ E II J f · dM(r)II ~ c:,. 
T T 

Since E 11 J f • dM< 1lll < oo, using Lemma 3.3.5 we get 
T 

E II J f • dM(l)II ~ e-1.(T)m(ll(YJ J J llf · YII m< 1l (dy) d). = cc: 1 , 

T TY 

and hence c: 1 < oo. Finally, 

E IIE [.f f ·dMIM(l:0)]- J J..(fll:0) ·dMII 
T T 

= E IIE [ [E [J f • dMI M,(l:0 ) v M(r) (l:0)]- .f A(f ll:0 ) • dM) IM {l"o)]II ~ 2£,, 
T T 

which proves (3.5), since r is arbitrary and c:,--, 0 as r--, x by the Dominated 
Convergence Theorem. The proof is complete. 

We return to the first contraction problem. Let 

!£P(M) = Y(M) n I!(T, l:, J..; X), 0 ~ p ~ x. 

!f'P(M) is a linear subspace of I!(T, I:, J..; X) and the question is whether 

!£P(M) is invariant with respect to a conditional integral operator 
(1 ~ p ~ x ). We can answer this problem in the affirmative, in general. only 

for p = ex, although in some particular cases it is possible to get better 

results (see Theorems 3.5 and 3.5.5) 

THEOREM 3.4.4. Assume that A(T) < x. Then !.f CL (M) is an invarianr 

subspace of U J(T, L, ).; X) with respect to a conditional integral operator. 

Proof. By Lemma 3.3.5 it is enough to prove that J..(fll: 0 )E!f(M0 ), 

where M 0 is specified in Remark 2.2.1. Thus in view of Theorem 3.4.3 it 

suffices to check that EIIJJ·dM0 II <x. Putting k=esssupllfll we get 
T 

JJ llf • YII m1 (dy) cU ~ k 11h11 A ( T) m [{llbll k)- 1 < IIYII ~ 1) < x, 
{11 /·.v ' > I l 

which by Proposition 2.1.2 ends the proof. 

The next type of contraction is that given by the multiplication 

f ~<pf, 

where <p is a measurable real-valued function such that sup l<pl ~ 1, and we 
ask whether <pf E !£(M), provided f E !.f (M). 

THEOREM 3.4.5. If f is M-inteyrahle then for every hounded real-valued 
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measurable function <p, <pf is M-integrable. Moreover, if M is symmetric then 
for every semi norm q: Z -+ [0, oo] such that { q (z) ~ 1} is closed we have 

(3 .6) P {q(J <pf ·dM) > e} ~ 2P {JJ<pJJ 00 q(J f ·dM) > e}, 
T T 

where e > 0 and ll<pll 00 = ess sup !<pl. 
n 

Proof. Assume that Mis symmetric and let <p = L c1 1Ap cieR, Aiel' 
i= 1 

are pairwise disjoint and 0 ~ ,l (Ai) ~ oo . Put ,i =. S f • dM. Then by K wa-
• Ai 

pien's inequality (see [39], Th.1.2) we get 

n 

P {q (J <pf· dM) > e} = P {q ( L ci ,J > e} 
T i=l 

n 

~ 2P {maxlcilq( L ,i) > e} = 2P {IJ<pJl 00 q(J f ·dM) > e}. 
i i=l T 

Thus (3.6) holds for <p with a finite rank. If <p is arbitrary then we can choose 
a sequence of finite rank functions { <pn} such that IJ<p- <pnll 00 HO. Then 
putting in (3.6) q =II· II we get for every A el' 

P {Jjf (<pn-<pm)f • dMJJ > e} ~ 2P {ll<pn-<pmll 00 JJJ f • dMIJ > e} HO 
A A 

as n, m HOO. Thdefore <pf E .P(M) and 

P {q (J <pf· dM) > e} = P {J <pf· dM E q- 1 (e, oo)} 
T T 

~ liminf P {S <pnf ·dMeq- 1 (e, oo)} 
n-tco T 

~ 2liminf P{Jl<pnJlq(Jf·dM) > e} 
n-+co T 

~ 2P {ll<plJ q (Sf· dM) ~ e}. 
T 

Since the function 

2P {ll<pll q(J f ·dM) > e }-P {q(J <pf ·dM) > e} 
T T 

is right continuous in e and non-negative except for countably many e's, it is 
non-negative for every e > 0. This completes the proof of the second asser­
tion of the theorem. 

Observe that for the proof of the first assertion it is sufficient to show 
that for every sequence { <pn} of measurable real-valued finite rank functions 

such that ll<pnl1 00 -+0 and for every fe.P(M) the sequence {S<pnf·dM} 
T 



III. Bilinear random integral 41 

converges to 0 in probability. On the produe:t probability space (Q x Q, :F 
x :F, P x P) we define a symmetrization of M by M (A) [(w 1 , w2)] 
= M(A)(w1)-M(A)(w2), AEE. ThenfE2(M8

) provided fE2(M) and by 
(3.6) just proved J <fJnf • dMs - 0 in P x P. Therefore there exists a sequence 

T 

{zn} cZ such that zn+ J<pnf·dM-0 in P; hence, by Lemma 2.1.1, Zn 
T 

+ JVo(<pnf)dA.-+0 as n-+ oo. Thus it is enough to prove that 
T 

lim J Vo(<pnf) dA. = 0. 
n-+ oo T 

Since Vo f is Pettis integrable, lim J <p" Vo f dA. = 0 and so it is sufficient to n-+oo T 
show that 

lim J[Vo(<pnf)-<pn Vo f] dA. = 0. 
n-+ oo T 

Let i; E (0, 1) and let <p be a measurable finite rank function such that llcpll 00 

< s. We have 

J[Vo(cpf)-<p Vo f] dA. = J J cpf • y {ex (llcpf • yll)-cx(llf • yll)} m(dy) dA. 
T TY 

= JS cpf·y[l-llf·yll- 1]m(dy)dA. 
{1 <II J·yll <l<PI- 1) 

+ H <pf· Y [llcpf • Yll- 1 
- llf • yll- 1

] m(dy)dA. = I i(<p)+I i(<p). 
III J·y ll > l<Pl - 1 l 

Further, 

llli(cp)II ~ JS ll<pf·yllm(dy)dA. 
11 <II J"YII <,pl- 11 

= JS llcpf·yllm(dy)dA.+ JS llcpf·yllm(dy)dA. 
{l<IIJ"Yll<•- 1) {£ -l ,:;II J-y ll< l<Pl- 1 l 

~llcplloos - 1 µ1{1 <llzll <s- 1}+µ1{llzll ~s- 1
} 

and 

Thus for every BE(0, 1) 

limsupllJ[Vo(cpnf)-<pn Vof]dA.11 
n-+ oo T 

n-+ oo 
= µ1 {llzll ~ s- 1 

}. 

Letting i;-+ 0 we finish the proof. 
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Using the Closed Graph Theorem, we get immediately the following 

result. 
LEMMA 3.4.6. LetfEff'(M). Then the operator T: L

00
(T, l:, Ji.)- ff'(M), 

Tr.p = <pf, is continuous. 
From Theorem 3.4.5 we obtain also the following corollary. 
COROLLARY 3.4.7. Consider a random integral of real-valued functions 

with respect to a Banach space valued random measure (Example D). If A(T) 
< X; then every bounded measurable function is M-integrable. 

Proof. f = lT is M-integrable. 

5. Stable symmetric random integrals. This section is devoted to a study 
of bilinear random integrals generated by symmetric stable random measures. 
We begin with some basic facts concerning stable p.m.'s on Banach spaces. 
The characteristic functional of a symmetric stable p.m. µ on E can be 
written in the form 

(3.7) µ(x*) = exp {- Jl<x', x ) IPa(dx)}, x*E E*, 
s 

where a is a finite symmetric measure on the unit sphere S of E and pE (0, 2] 
(see [3], Ch.3 and [23]). CJ is called the spectral measure of µ and p is called 
the order ofµ. We say that µ is p-stable p.m. on E with the spectral measure 
a (and write µ = µp,a) if (3.7) holds. 2-stable p.m.'s coincide with Gaussian 
p.m.'s and in this case we shall utilize the following form of µ, 

µ(x*) = exp [ -½ ( x*, Rx* ) ], x* EE*, 

where R: E* - E is the covariance operator of µ. 
Banach space valued Gaussian random integrals have been studied by 

N. V. Thu [40] (a real integrand and a vector integrator as in Example D), 
Hoffmann-J¢rgensen [7], Rosinski and Suchanecki [38] (a vector integrand 
and a real integrator as in Example C) and by Mamporia [28] (an operator 
integrand and a vector integrator as in Example H). 

Theorems 3.3.6 and 3.4.3 yield the following statements concerning 
Gaussian random integrals (see also Theorem 3.4.4). 

THEOREM 3.5.1. Let M be a random measure on (T, l:, Ji.) generated by a 
Gaussian p.m. on Y with the covariance operator R (or equivalently M 
~ [O, Q, OJ where Q(y*) = (y*, Ry* )). Then fEff'(M) if and only if f is 
strongly measurable and 

<p 1 (z*) = exp [ -½ .f ( z* ,f(t) Rf' (t)z* ) ;, (dt)} 
T 

is the characteristic functional of a Radon p.m. on z. 
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THEOREM 3.5.2. Let M be as the above. If ,l(T) < oo and J: 0 is a sub-a­
.field of E then the conditional integral ,l (f IE) is an M-integrable function 
provided that .f E f/7 1 (M). 

When investigating stable non-Gaussian random integrals (i.e. such that 
p < 2) we find out that this case is quite different from the Gaussian one. 
This is most apparent when integrands take values in a Banach space and M 
is a real stable random measure; but this case will be studied in detail in the 
next section. Here we consider general properties of bilinear stable random 
integrals. 

If µ = µP,<1 and p < 2 then µ = [O, 0, m], where 
00 

m(B) = cP f fi 8 (uy)a(dy\~~P' BE~(Y), 
0 S 

cP being a numerical constant. 
We compute 

and define a seminormed vector space LP,<1 consisting of all strongly measur­
able functions f: T---> X such that 

llfllp,<1 = :JJll/'(t)·yll"a(dy)A(dt)}' /max:p, 1; < oo; 
TS 

(as usual, functions which are equal ,l-a.e. are not distinguishable). 
THEOREM 3.5.3. Lei M he a random measure on ( T, E, A) yenera1ed by a 

siable p.m. µJJ,<1 on Y and p < 2. Then . 
(i) .f E Y(M) if and only if f is strongly measurable and 

<p1 (z*) = exp {- J Jl<z*,f(t)· y)IPa(dy),l(dt)}, z*EZ*, 
TS 

is the characteristic functional of a Radon p.m. on Z, 
(ii) ff(M) C LJJ,<1' 

(iii) if p < 1 then ff (M) = Lp.<1· 
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Proof. Applying Theorem 3.3.10 we get (i). (ii) follows by Corollary 

3.1.11. To obtain (iii) we compute 
00 ff min {IIJ • YII, I} m(dy) d.! - c, ff f min {u IIJ • YII, I} u~~, a(dy)dA 

TY TSO 

= cP(i~P +~) f f11J·yllPCT(dy)dk 

TS 

Thus by Corollary 3.3.8 LP, 11 c st(M), which completes the proof. 

EXAMPLE 3.5.4. Let X and Y be in the duality ( ·, • ), Example E. Then 

Sf ( M) = Lp,a. Indeed, 

<p1 (s) = e~p {-lslP J Jl(f(t), y)IPCT(dy)A(dt)}, sER, 
TS 

is a characteristic function if and only if J JI (f, y )IP CT (dy) dl < oo, 
TS 

THEOREM 3.5.5. Let M be as in Theorem 3.5.3, l(T) < oo arid let Lo be 
a sub-CT-field of L. If fESf 1 (M) and p-:/= 1 then J(JIL0)E21 (M). 

Proof. Since a random integral by a p-stable random measure is a p­
stable random vector and it possesses all moments less than p, by Theorem 
3.4.3 we establish the theorem for 1 < p < 2. To complete the proof, we 
observe that for O < p < 1 

L1 (T, L, A; X) C Lp,11 = st(M). 

For p = 1, the open question is whether l(JILo)E 2 1 (M) provided that 
f E 2 1 (M). In this case we can only prove the following result. Let 
LLOG(X) denote the space of all strongly measurable functions f: T-+ X 

such that J llfll log (1 + llfll) dl < oo. 
T 

THEOREM 3.5.6. Let M be a 1-stable random measure and l(T) < oo. 
Let Lo be a sub-CT-field of I:. If f E st(M) n LLOG(X) then 
l(JIL0)E Sf(M) n LLOG(X). 

Proof. By Lemma 3.3.5 it is enough to prove that l(JILo)ESf(M0), 
where M O was specified in Remark 2.2.1. Thus in view of Theorem 3.4.3 it 

suffices to check that E II J f • dM oll < oo. We have 
T 

JS llf • yllmo(dy)dl ~ llbll J J llfll llYII m(dy) 
{III-YII > 1 l T {(llbll llJll>- 1 < IIYII ~ lJ 

~ llbll cpCT(S) J Ill II log(llbll llfll)dl < 00 , 

• {llfll > llbll - 'l 

which in view of Proposition 2.1.2 completes the proof. 
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We end this section with the following comparison theorem. 

THEOREM 3.5.7. l(7) < oo. Assume that 0 < p1 < p2 < 2 and a 1 ~ ca2 

for some c > 0. If Mi is a random measure generated by µi = µPi,ai' i = 1, 2, 
then ft'(M 2) c ft'(M 1). 

Proof. We shall prove this statement using Theorem 3.3.9. We have for 

µi = [0, 0, m;] , i = 1, 2, and BE.?l({yE Y: 0 < IIYII ~ 1} 

1 

mi(B) = cP1 f fi B(uy)ai(du) u1d:P1 

0 S 

1 

~ ccp1 ff 1B(uy)a2 (du) u1d:P
1 
~ ccP 1 m 2 (B). 

0 S 

IV. Random integrals of Banach space valued functions with 
respect to real valued random measures 

1. Immediate corollaries from a general theory of random integrals and 

examples. Let E be a separable Banach space. In this chapter we will study 

random integrals of the form J fdM, where f : T-. E and M is a random 
T 

measure generated by an infinitely divisible p.m. on the real line. Since a 

covariance operator on R is characterized by one real number a2 ~ 0, we 

shall write M ~ [a, a 2
, m] to represent the distribution of M. ft'E(M) will 

stand for the space of all M-integrable functions. It is a Frechet space with 

the F-norm 

(see Theorem 3.2.2). Formula (3.2) in this case reads 
00 

V(x) = ax+ J v[o:(llvxll)-o:(lvl)xm(dv)], XEE. 

- oo 

We adapt the characterization theorem (Theorem 3.3.6) to this case as 

follows. 
THEOREM 4.1.1. Let M ~ [a , a2

, m] be a random measure on (T, E, l). 

A measurable function f: T-. E is M-integrable if and only if 

(i) a1 = J Vo fdl exists in the Pettis sense, 
T 

ii) Q1 (x*) = J a 2 (x*, f )2 dl is a Gaussian variance, 
T 
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(iii) µ1 (B) =). x m ([(t, u)E Tx R: f(t)uEB \ {O}) is a Levy measure on E. 
If f is M-integrable then !.t(J fdM) = [a1, Q1, µf]. 

T 

Using the above theorem one can get a full description of f.fE(M) spaces 
provided that conditions characterizing pre-Gaussian functions and Levy 
measures are known, for example if E = IP (see [ 45] and [ 49]). 

Urbanik and Woyczynski [44] have characterized f.f R(M) as certain 
Orlicz spaces (assuming additionally that Mis symmetric and l(T) < oo) (see 
also [43]). Their characterization can be easily extended only to the case 
where E is a Hilbert space. Utilizing notions of the geometry of Banach 
spaces one can get more information about YdM). 

Let M ~ [a, a 2
, m] and put 

00 

<I>M(u) = a 2 u2 + f min [l, Juvl 2
) m(dv). 

- 00 

Let LE ( <I> M) denote the Orlicz space of all measurable functions f: T-+ E 
such that J <I>M(cllfll)d). < oo for some c > 0. 

T 

THEOREM 4.1.2 (a) Assume that E is of type 2. If f E L,::(<I>M) and V o f is 
Pettis integrable then f E f.f dM). 

(b) Assume that Eis ofcotype 2. JffEf.fE(M) thenfEL,::(<PM) and V o f 
is Pettis integrable. 

Proof. We observe thatfELd<PM) if and only if f a 2 llfll 2 dl < x and 
T 

00 

f min (1, llxll 2
} µ1(dx) = f .f min {1, llf(t)ull 2

) m(du)A(dt) < oo . 
E T - oc 

These conditions are sufficient in spaces of type 2 [necessary in spaces 
of cotype 2] for af and µ1 to be, respectively, a pre-Gaussian function be a 
Levy measure (see [3], Chapter III, Theorems 7.5, 7.6 and 8.16). Using 
Theorem 4.1 .1 we end the proof. 

As regards Gaussian random measures, we obtain the converse to 
Theorem 4.1.2 (see Theorems 4.2.2 and 4.2.3). Also using other notions from 
the geometry of Banach spaces, such as p and <p types and cotypes etc., one 
can get results similar to the above characterizing !f' E (M) for some special 
M's. However, in general, it is imposible to obtain integral type conditions 
discribing functions from ft? dM). This follows simply from the fact that, in 
general, pre-Gaussian functions, as well as Levy measures, cannot be charac­
terized in that manner, i.e. by integral conditions. 

On the other hand, Corollary 3.1.11 gives an interesting condition on f 
ensured by M-integrability. For a Levy measure m on R put 

Hm(u) = m((-u- 1, u- 1)), u > 0, 
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and Hm(0) = 0. Let LE(Hm) denote the Orlicz space of all measurable 
functions f: T---+ E such that J H m (c llfll) dJ.. < oo for some c > 0. 

T 

PROPOSITION 4.1.3. Let M ~ [a, a- 2
, m]. Then !f'dM) c LE(Hm). More-

. p 
over, !f J fndM---+ 0 then for every c > 0 we have .f Hm(cfn)dJ..---+ 0 as n---+ :x. 

T T 

Using Corollary 3.3.8 we can also give a sufficient condition for M­
integrability; however, it is applicable only for certain classes of random 
measures. 

1 

Let m be a Levy measure on R such that f Jul m(du) < oo . Put 
- 1 

00 

Fm(v) = .f min (1, vlul; m(du), v ~ 0. 
- 00 

Let LE (Fm) denote the Orlicz space of all measurable functi"ons f: T---+ E such 
that J Fm(cllfll)dJ.. < oo for some c > 0. 

T 
1 

PROPOSITION 4.1.4. Assume that M ~ [a, 0, m] and .f Jul m(du) < oo . If 
- 1 

f ELE(Fm) and Vof is Pettis integrable then f EYr(M). 
Let us now recall another form of the characterization theorem useful 

when the function K = log v is given (see Theorem 3.3.10). We have in this 
case 

00 

K(u) = iau-½a-2 u2 + J [eiuv_l-ium:(lvl)Jm(dv). 
-oo 

THEOREM 4.1.5. A measurable function f: T---+ E is M-integrable if and 
only if 

(i) Vo f is Pettis integrable, 
(ii) for every x* EE*, r IK ( (x*,f ))I cU < oc, 

'r 
(iii) cp1 (x*) =exp{.f K((x*,f>)dJ..] is the characteristic functional of a 

T 

p.m. on E. 

Moreover, if f is M-integrable then Y( f fdMnx*) = cp1 (x*). 
T 

In this chapter we shall examine the following examples of random 
measures. 

(a) A white noise M ~ [0, 1, OJ. 

(b) A standard p-stable random measure 

K(u) = -luJP, 0 < p < 2. 
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(c) A stable random measure 

K (u) = ibu-c lulP { 1 + iP 1:1 w(lul, p)}, 

where 

{

tg 7tp 

w(lul, p) = 
2 

2 

- loglul 
7t 

if p # 1, 

if p = 1, 

c ~ 0, IPI ~ 1 and 0 < p < 2. 
(d) A semi-stable symmetric random measure 

00 

K(u) = L b-pn J [cos(bnuv)-l]q(dv), 
n=-oo [l,b-1] 

where 0 < b < 1, 0 < p < 2 and q is a finite Borel measure (see [21]). 
(e) A gamma random measure 

K (u) = -P log (l -iu/0), 

where p, 0 > 0 are parameters. In this case the distribution of M (A) has the 
density 

and f (x) = 0 if x ~ 0. 
(f) A symmetric gamma random measure 

K(u) = -/Hog(l+u2/02
), 

where P, 0 > 0 are parameters. The distribution of M (A) arises by symmetri­
zation of a gamma random measure given above. 

We will give a full characterization of the spaces of all functions 
integrable with respect to a gamma or a symmetric gamma distribution. If M 
is a gamma random measure with the parameters p and 0 then M 

00 

~ [ap,e, 0, mp,e], where ap,8 = P J e- 8"(1 +u2
)-

1 du and mp,e is concentrated 
0 

on (0, oo) with the density mp,e du = pe- 8
" u- 1 du (see [27], Ch. V, Table 5). 

Hence 
00 

Vp, 8 (x)= {/3 Je- 8"[(1+u2
)-

1 +a(ullxll)-a(u)]du}x, XEE, 
0 

and 

00 

Hmp,/u) = /3 J e-ev v- 1 dv, u > 0. 
u-1 
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The symmetrization of M, i.e. the symmetric gamma random measure with 
the parameters /3 and fJ, will be denoted by Ms. Thus Ms ~ [0, 0, mp.o], 
where mp,0 (B)=mp,o(B)+mp, 0 (-B), BE~(R) and 

OC) 

H'"P ,0 (u) = 2/3 J e- 0vv- 1 dv, u > O. 
u- 1 

PROPOSITION 4.1.6. Assume that l(T) < oo. Let Ms be a symmetric gam­
ma random measure with the parameters /3 and fJ. Then f E 2 E (Ms) if and only 
if f log (1 + 11!11) dl < oo. 

T 

Proof. It is easy to check that 

H'"P ,0 (u) ~ 2/3log(l+u) as u~ oo. 
Necessity follows hence by the inclusion fflE(Ms) c LE(Hmp) proved in 
Proposition 4.1.3. We prove the converse by Proposition 4.1.4. We have 

OC) 

Fmp /v) = 2/3 J min {1, vu} e- 0uu- 1 du~ 2/3log(l +u) as u ~ oo . ' 0 

This completes the proof. 
PROPOSITION 4.1.7. Assume that l(T) < oo. Let M be a gamma random 

measure with the parameters /3 and fJ . Then f E 2 E (M) if and only if f is Pettis 
integrable and f log(l+llfll)dl < oo. 

T 

Proof. Using the fact that µ is a Levy measure if and only if µ(B) + µ( -B) is so and applying the characterization theorem we conclude that 
f E 2 dM) if and only if f E 2 E (Ms) and Vp, 8 of is Pettis integrable. Hence it 
remains to prove that Vp ,8 of is Pettis integrable if and only if f is. Observe 
that 

where 

and 

OC) 

Cp,IJ = /3 J e- 8"[(l+u 2
)-

1 -ix(u)]du < 0 
0 

OC) 

b(v) = /3 J e- 8uix(uv)du, v ~ 0. 
0 

b: R+ ~ R+ is bounded, continuous and b(v) ~ 0 as v ~ oo. Hence there 
exists v0 <Osuch that for every v > v0 , b(v) <½lcp.81. Assume thatfis Pettis 
integrable. Since b (llfll) is bounded, b (llfll) f is Pettis integrable, hence so is 
Vof For the converse, write <p(t) = [cp,1J+b(llf(t)llr 1 if llf(t)II > Vo and <p(t) 

4 - Dissertationes Mathematicae CCLIX 
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= O in the other case. Since cp is a bounded measurable function and <p Vo f 
= f 1 fll Ill > vol• the integrability of Vo f implies the integrability of .f The 
proof if complete. 

Every random measure M generates the linear space of infinitely divis­
ible random vectors of the form 

{J fdM: f E fi'E(M)}. 
T 

We can also consider the linear space 

n 

[M]E = {I xiM(A): xiEE, AiEl:1, nEN}. 
j= 1 

Let cl0 [M]E denote the closure of [M]E in Li(Q, § , P). We prove the 
following 

THEOREM 4.1.8. Let M ~ [a, Q, m] be a random measure such that m =I= 0 
and V = 0. Then 

fi'E (M) 3 f HJ fdM E cl0 [M]E 
T 

is an isomorphism. 

Proof. Put J(f) = JfdM. In view of the definition of the random 
T 

integral we have J (f) E cl0 [M]E. By assumption there exists t0 > 0 such that 
Hm(t) > 0 fort~ t0 . If J(f) = 0 then by Proposition 4.1.3 J Hm(cllfll)d2 = 0 

T • 

for every c > 0. Hence f = 0 2-a.e., which proves that I is one-to-one. Since J 
is continuous, it is enough to prove that I is "onto". Let XE cl0 [M]E . There 
exists a sequence {Xn} C [M]E such that xn - X in P. Since xn 

kn 

= L xni M (An), where Xni EE and Ani El: 1 are pairwise disjoint for 
j = 1 

kn 

1 ~j ~ kn , we ~an write xn = JfndM, wherefn = L XnjlAn · and by Propos_i-
r j= 1 J . 

tion 4.1.3 we get • 

lim J Hm(cllfn-fmll)d2 = 0 for every c > 0. 
n,m -+""f~ T 

Thus for every e > 0 

as n, m-+ oo. Theorem 3.2.4 completes the proof. 
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It is interesting to note that the assumptions m =f. 0 and V = 0 are both 
necessary in the above theorem. Indeed, if M is a white noise, i.e. M 
~ [O, 1, OJ, then by Proposition 4.2.7 I is an isomorphism only under some 
additional assumptions on E. Now, if m =f. 0 but V =I= 0, as e.g. is the case 
when M is a stable random measure with the parameters (p, 1, 1, 0), 0 < p 
< 1, then it can be shown that I is not an isomorphism even in the case E 
= R (see Proposition 4.2.14). Indeed, it is enough to choose a sequence Un] 
such that J Ifni dJ.. < CfJ for every n ~ 1 and J fn dJ..-+ 0, J Ifni dJ..-+ CIJ , J lfnlP dJ.. 

T T T T 
-+ 0. Then 

!t'(S fndM) = [O, 0, µ1J ⇒ [O, 0, OJ; 
T 

hence I Un)-+ 0 but fn + 0 in 2 R(M), because 2 R(M) = L1 in this case. 
Random integrals, which can be treated as a generalization of random 

series, give clear representations of some clases of infinitely divisible random 
vectors. 

PROPOSITION 4.1.9. Let T = R+ and M ~ [O, 0, mJ, where m = ½cL 1 
+½b 1 , i.e. M is generated by the symmetrization of a Poisson process. Then for 
every symmetric Levy measure µ on E there exists f: R+ -+ E such that 

2( J fdM) = c Pois(µ). 
R+ 

Proof. Put an=µ{l/n~llxll <l/(n-1)} < oo and bn=a1+ ... +an, n 
~ 1. Let l denote the Lebesgue measure. By a standard argument there exist 
Borel functions gn: [bn - i , bn)-+E such that l( {tE[bn - 1, bn): gn(t)EB]) 
= µ(Bn{l/n ~ llxll < 1/(n-1)}) for every BE~(E), n ~ 1. We set 

00 

f(t) = L gn(t)llbn-l•bnl(t), tER. 
n= I 

Then for every B E 11 ( E) we have 

µ f ( B) = l x m ( { ( t, u) : f ( t) u E B \ { 0} } ) = ½ l ( { t : f ( t) E B \ { 0} } ) 
00 

+½l({t: f{t)E-B \ {O}}) =½ L l({tE[bn-1• bn): f{t)EB \ {O}}) 
n= 1 

00 

+½ L l({tE[bn-1• bn): f(t)E -B \ {O}}) = µ(B). 
n= 1 

An appeal to Theorem 4.1.1 completes the proof. 

2. Gaussian and stable random integrals. In this section we study prop­
erties of the spaces !f'E(Mp), where MP denotes a standard p-stable random 
measure if O < p < 2 and M 2 is white noise. Some properties, as e.g. the 



52 Bilinear random integral 

contraction principles, were proved in a more general form in Chapter 3, § 5 
and we do not rewrite them. To establish relations between !EE(Mp) and 14 
we use the notions of types and cotypes. Applications to the theory of stable 
measures on Banach spaces end this section. 

N. Z. Tien [41] has considered the space Sf of all measurable functions 
f: T - E such that 

x* - exp {- f l<x*,f(t))IP l(dt)} 
T 

is the characteristic functional of a p.m. on E, 0 < p ~ 2, however without 
any reference to a random integral. From Theorem 4.1.5 we get immediately 

PROPOSITION 4.2.1. !EE(Mp) = Sf for O < p ~ 2. 

This above fact was established in [35] for O < p < 2 and under some 
additional assumptions in [37]. The case p = 2 was stated in [8] and [38]. 

We will need the notations of stable types and cotypes of Banach 
spaces. Let {0~)} be a sequence of independent real valued standard p-stable 
random variables, 0 < p ~ 2, i.e. such that E exp {iu0~P>} = exp { -bP lulP}, 
where bP = 1 if O < p < 2 and b2 = 1/2. We say that E is of stable type p if 
and only if for every sequence {xn} c E such that L llxnllP < oo the random 
series L 0~> Xn converges a.s. We say that E is of stable cotype p if L llxnllP 
< oo for every sequence {xn} c E such that L 0~> xn converges a.s .. E is of 
stable type p [stable cotype p] if and only if for every O < r < p* there exists 
a constant C such that for every finite sequence {xn} c E 

where p* = p for O < p < 2 and p* = oo if p = 2. Every Banach space is of 
stable type p for O < p < 1 and of stable cotype p for O < p < 2. A Banach 
space is of stable type 2 [stable cotype 2] if and only if it is of Rademacher 
type 2 [Rademacher cotype 2]. In that case we say simply that E is of type 2 
[cotype 2]. All these facts and other detailes concerning of types and cotypes 
of Banach spaces can be found e.g. in [47]. 

The next theorem was proved in [38] (see also [8]). 

THEOREM 4.2.2. Assume that A is not atomic. Then the following are 
equivalent: 

(i) L'e n L'i; c !£dM2), 
(ii) L'i; C !£E(M2), 

(iii) E is of type 2. 
n 

Proof. (iii) => (ii). If f is a simple function f = " x-1 then 
' L, J Aj' 

j= 1 

n 

Ells fdM2ll
2 

= EII_L xjM2(A)ll
2 ~ CLllxjll 2 A(Aj) = C fllfll 2 dA., 

T 1= 1 T 
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where C is a universal constant. This establishes (ii). Obviously (ii) ⇒ (i). We 
now prove that (i) ⇒ (iii). Let {0~2l} be a sequence of independent N(O, 1) 
random variables. Let {xn} c E be such that L llxnll 2 = 1 and xn -/= 0 for 
every n ~ 1. Let T0 E J: f be a non-zero set such that A I T0 is continuous. We 
choose a pairwise disjoint sequence {An} c J; such that U An = T0 and A (An) 
=A(To)llxnll 2- Define f=Illxnll- 1 xn1An· Then fELEnL}: and by (i) 

fEffldM2). Since 
<X) 

exp{-J(To) L (x*, xn>2} =Eexp{i(x*, JfdM2)}, 
n= I T 

the series L 0~2
l xn converges a.s. by lto- Nisio's theorem. 

The following result is a generalization of Proposition 6.2 in [38] when 
we put in (i) e.g. <P(u) = log(l +u), and of Theorem 3.9 in [8] if we take <P(u) 
= UP. 

THEOREM 4.2.3. Assume that A is not atomic. Then the following are 
equivalent: 

(i) Sf E (M 2) c Ld <P) for some non-decreasing function <P: R + -+ R + such 
that <P( + oo) = oo, 

(ii) Sf£(M2) C Li:, 
(iii) E is of cotype 2. 

n 

Proof. (iii) ⇒ (ii). If f is a simple function, f = L xj 1 A., then 
j= I J 

n n 

Jllfll 2dJ = L EllxiM2(Aj)ll 2 ~ CEJJ L xi M2(A)Jl
2 

T j= 1 j= 1 

= CE II J f dM 2IJ
2
. 

T 

This shows (ii) because simple functions are dense in ,PE (M). Obviously 
(ii) ⇒ (i). We now prove that (i) ⇒ (iii). In the proof we use a technical 
lemma which says that there exists a sequence of positive numbers [ck) such 
that L ck < oo and, for every s > 0, L <P (sc;; 112) ck = oo. We first finish the 
proof of the theorem and then we prove the lemma. Assume, to the contrary 
that E is not of cotype 2, i.e. there exists a sequence {xn} c E, xn -/= 0, such 
that L llxnll

2 
= oo and L 0~2

J xn converges a.s.. Put M = sup llxnll 2 < oo. 
n 

Define n0 = 0, 
n 

nk = max {n: M ~ L llxill 2 < 2M} 
j= nk - I+ I 

and bj = ck for nk-l <j ~ nk> k ~ 1. Let T0 EL1 be a non-zero set such that 
JI T0 is continuous. Since 

oo oo nk oo 

0 < L bjllx)l 2 = L L ckllx)l 2 < 2M L ck< oo, 
j=l k=l j=nk-1+1 k=l 
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we can choose a pairwise disjoint sequence {Aj c J: such that U Ai = T0 
and J(Ai} = cbi llx)l 2 where c > 0 is a constant. Define f 

00 

= I J- 112 (Ai) xi lAr We have f E !l' E (M 2) but for every i; > 0 
j= I 

00 

J<P(ellfll)dA = I <P{i;J- 112 (Ai)llx)l)l(Aj) 
T j= 1 

00 

- c I <P(i;c- 112 bi- 112
) bi llx)l 2 

j= 1 

00 

~ cM I <P(i;c-112 c; 112) ck = oo. 
k= 1 

Thus f ¢:Le(<P), which completes the proof. 
LEMMA 4.2.4. Let <P: R+ -+ R+ be a non-decreasing function such that 

<P(+oo) = +oo. Then there exists a sequence {ck} of positive numbers such 
that I ck < oo and, for every i; > 0, I <P(i;c,;- 112

) ck = oo. 
Proof. Put m0 = n0 = 0 and nk = nk-l +mk, where 

00 00 

Define c i = m,;- 1 k - 2 for nk _ 1 < j ~ nk, k ~ 1. Then I c i = I k- 2 < oo and 
j= 1 k = 1 

for every i; > 0 
00 00 I <P(i;ci-112)ci = I <P(i;kmf12)k-2 ~ I <P(mf12)k-2 = oo. 

j=l k=l k;;?;t-1 

The proof is complete. 
The following result shows that if E is of cotype 2 and J(T} < oo then 

!l' E (M 2) is the smallest space among all !l' E (M) spaces. Corollary 4.2.9 says 
that this is true only for spaces of cotype 2. 

THEOREM 4.2.5. Assume that E is of cotype 2 and l(T} < oo. Then for 
every symmetric random measure M we have !l'E(M2) c !l'E(M). 

Proof. Letf E!l'e(M2). In view of Remark 2.2.1 and Lemma 3.3.5, it is 
enough to prove that f E !l' E ( M 0 ), where MO is the measure occuring in that 
remark. Let µ0.f(B)=Axm{(t,u): lul~l,f(t)uEB\{O}}. We have 

1 

J (x*, x)2 µ0 ,1 (dx) = J J (x*,f(t)u/dul(dt) = ¾ J (x*,f/dl. 
E T -1 T 

Hence µ0 .J is a Levy measure by Corollary 7.14 in [3]. The proof is 
complete. 

In the sequel we shall need the following lemma. 
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LEMMA 4.2.6. Assume that E is not of cotype 2 and A is not atomic. Then 

there exists T0 E 1: such that A I T0 is continuous, 0 < A ( T0) < oo, and a sequence 

fn: T
0
-. E such that J fndM 2-. 0 in P, while inf llfn(t)II-. oo as n-. oo. 

To reTo 

Proof. Let T0 E1:
1 

be a non-zero set such that llTo is continuous. By 
n 

assumption, there exists a sequence {xn} c E, x" -=I- 0, such that a"= L llx)l 2 

.i = 1 

-. oo and I0~2>x" converges a.s .. For every n ~ 1 let [AnJJ=i be a partition 

of T0 such that l(An) = l(T0) a; 1 llx)l 2
• Put 

Then we have 
n 

2( J fndM2) = 2(l112 (To)a; 114 L 0J2> xj)==-b0 

To j= 1 

and llfn(t)II =a!14 -. oo for every tET0 • The proof is complete. 

Now we pass to stable random integrals. If 0 < p < 2 then MP 

~ [0, 0, mp] and we have 

HmP(u) = mp((-u- 1
, u- 1y) = 2cPuP. 

For O < p ~ 2 we set 
00 

[Mp]E = { L xjMp(Al XjEE, AjEl:1 , nEN}. 
j= 1 

[Mp]E is a linear space consisting of p-stable random vectors. [Mp]E can be 

treated as a subspace of EE(Q , ffe, P) for 0 ~ r < p*, where p* = p if p < 2 

and p* = oo if p = 2. All relative topologies of EE(Q , ffe , P) 0 ~ r < p*, 

coincide on [M p]E (see [7], Th.6.1). Hence the closures cl, [M p]E of [M p]E in 

~E (Q, ffe, P) are identical for every 0 ~ r < p* and the Frechet spaces 

coinsisting of p-stable random vectors are isomorphic. 
The first part of the next theorem was proved in [35] (Th.6.1). 

THEOREM 4.2.7. Let 0 < p ~ 2 and 0 ~ r < p*. Consider the linear injec-

tion IP: 2E(Mp)-.cl,[Mp]E , IP(f) = JfdMP. 
T 

Then for every pE(0, 2) , IP is an isomorphism. If Eis of cotype 2 then 12 

is an isomorphism. If A is not atomic then I 2 is an isomorphism if and only if E 

is of cotype 2. 
Proof. The case O < p < 2 follows immediately from Theorem 4.1.8 and 

the above discussion. 
We now consider p = 2. If / 2 (f) = 0 then for every x* EE*, J (x* ,f >2 dl 

T 
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= O. Since E is separable, f = 0 2-a.e. Thus I 2 is one-to-one and of course 
continuous. 

Assume that E is of cotype 2. We prove that E is ,,onto". Let 
XEcl,[M2JE- There exists fl sequence {Xn} c [M]E such that Xn~X in 

n 

Ee(Q, ff-, P). Since Xn = L XnjM2(Anj), where XnjEE and AnjEl:1 are 
j= 1 

pairwise disjoint for 1 ~ j ~ kn, we can write X n = J fn dM 2, where f,. 
T kn 

= L Xnj lAnj and by Theorem 4.2.3 (ii) lim J llfn -fmll 2 dA. = 0. Thus j=l n,m-+ oo T 
Theorem 3.2.4 gives f E 2E(..i2) and X = J fdM 2. 

T 

Assume contrary to the assertion, that / 2 is an isomorphism and E is 
not of cotype 2. Let Un} be a sequence with properties as in Lemma 4.2.6. 
Then I 

2 

Un) = ff,, dM 
2 

- 0 in cl, [M 
2

]£, while f,, + 0 in 2 E (M 
2

). A contra-
T 

diction. 
COROLLARY 4.2.8. For O < r < p < 2 

f ~ (E IIJ fdMPll')l/r 
T 

is a quasi-norm (a norm if r ~ 1) on flle(Mp)- Hence fllE(Mp) is a Banach 
space for 1 < p < 2. If E is of cotype 2 then 2E(M2) is a Banach space with 
the norm 

f ~(Ellf fdM211'}11', 1 ~ r < oo. 
T 

If for some 1 ~ r < oo the norm f ~ (E IIJ fdM 211') 11
' on 2E(M2) is complete 

T 
and 2 is not atomic then E is of cotype 2. 

The next result was proved in [35] (Th.6.4). 
THEOREM 4.2.9. Let O < p < 2. Then 

(i) fllE(Mp) C JJ;;, 
(ii) fllE(Mp)=JJ;;for 0<p<1, 

(iii) 2e(Mp2) c 2E(Mp1) provided that 2(T) < oo and O < p1 ~ p2 ~ 2. 
Proof. By Proposition 4.1.3 we get (i). To establish (ii) we use Proposi-

tion 4.1.4. Since 

F (v) = 2c (-
1
-+i)vP mp P 1 , -p p 

we have JJ;; c flle(Mp) and (i) completes the proof. (iii) follows by Theorem 3.5.7. 

COROLLARY 4.2.10. Assume that 2 is not atomic. Then fi1E(M 2) 
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c !l'dMP) for some (for every) pE(O, 2) if and only if E is of cotype 2. 
Proof. If !l'E(M2) c !l'dMP) then !l'E(M2) c /JI;: and we apply Theo­

rem 4.2.3. The converse follows by Theorem 4.2.5. 
The following result has been obtained in [29] and [37]. 
THEOREM 4.2.11. If E is of stable type p, pE(O, 2) then !l'E(Mp) = /JI;:. If 

A is not atomic and !l'dMP) = /JI;: then E is of stable type p. 
n 

Proof. For a simple function f = L xi lA · and O < r < p we have 
j= 1 J 

n 

(E II J fdM p1n11
' = (E II I xj M p(A)II'/'' 

T j= 1 

This proves the first claim of the theorem. Now, let !l' E (Mp) = /JI;: and 
T0 E J: 1 be a non-zero set such that A I T0 is continuous. Let {xn} c E be such 
that L 1/xnl/P < oo, xn =I= 0, 'and let {An}~ 1 be a partition of T0 such that 

00 00 

A(An) = A(To)[ L 1/xjllpr 
1

1/xnl/P. We define f = L i- l/P(An) Xn lAn· Since 
j= 1 n= 1 

00 

Jllfl/Pdl = L 1/xnl/P < oo, we have f E!l'E(Mp) and 
T n= 1 

n 

E exp {i (x*, I et> xi)}-+ exp {- J (x*,f )P dl }. 
j=I T 

Proposition 4.2.1 and lto--Nisio's theorem complete the proof. 
Now we consider questions concerning the existence of homogeneous 

complete norms on !l' dM 1) and on !l' E (M 2), respectively. By Theorem 
4.2.11, if E is of stable type 1 then !l' E (Mi) = Lk and it is of course a Banach 
space in that case. 

THEOREM 4.2.12. Assume that there exists a sequence of pairwise disjoint 
00 

sets {An}~ 1 c L such that 0 < A(An) < oo and l( U An)< oo. Then the 

following statements are equivalent: 
(i) !l'E(M1) is isomorphic to a Banach space, 

(ii) E is of stable type 1. 

n= I 

Proof. Obviously, in view of Theorem 4.2.11, it is enough to prove that 
(i) => (ii). First we show that, if for every sequence {xn} c E, L 0~1

' x" is a.s. 
bounded provided that I 1/xnll < oo, then E is of stable type 1. Put 

F= {{xn} cE: r0~1>xn is a.s. bounded}. 
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Then F is a Frechet space with the norm 
n 

ll{xn}II = sup(E II L ey1> xjll'f', {xn} EF, 
n j= l 

where O < r < 1. Hence, by the Closed Graph Theorem, E is of stable type 1 

if and only if l} c F. 
Let {xn} E IL Xn -=I- 0 for n ~ 1. Put 

fn = [llxnll Jc(An)]- l Xn lAn• n ~ 1. 

Then {J,,}~ 1 c f/'E(M 1) is a bounded sequence in 2E(M 1) and by (i) the 
n 

sequence { L llxill .lJ }: 1 is bounded in 2E (Mi). Hence, by Corollary 4.2.8, 
j= l 

n n 

sup(E II L ey1> xjll't' = sup(E IIJ( L llxjll .IJ)dM1ll')
11
'-+ 00 

n j= 1 n T j= 1 

which completes the proof. 
If E is of cotype 2 then 2dM2) is a Banach space by Corollary 4.2.8. 

The converse follows from the next theorem, which generalizes Proposition 

6.3 in [38]. 

THEOREM 4.2.13. Assume that Jc is not atomic. Then the following state­

ments are equivalent: 
(i) 2E(M2) is locally convex, 

(ii) E is of cotype 2. 

Proof. By Corollary 4.2.8 (ii) => (i). We prove that (i) => (ii). Assume, 

to the contrary, that E is not of cotype 2. Let T0 and {fn} be as in Lemma 

4.2.6. Put bn = Ell J fndM2ll-+O, kn= [b; 112]. Let [Anj]~:!, 1 be a partition of 
To 

T0 such that Jc(Ani) = Jc(T0 )k; 1. We set gni = knfnlA .. Then 
nJ 

Jc {gni -=I- 0} ~ k; 1 Jc(To) _, 0 

and 

Ell_fgnjdM2II =knEII J fndM2II ~knbn~b~12 -+0. 
T Anj 

Let rJ/1 be a convex neighbourhood of O in 2 E ( M 2). There exists n0 ~ 1 such 
. 1 kn 

that, for every n ~ n0 , gni E rJ/1 for J = 1, ... , kn. Hence fn = - L gni E rJ/1. We 
kn i= 1 

proved that fn _, 0 in 2E(M2), hence in Jc, which gives a contradiction. 

Now we consider general stable random measures. Recall that M is a 

stable random measure with the parameters (p, b, c, fl) if 

K(u) = -ibu-clulP{t+ifJl~lw(lul, p)}, 
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where 

{ 

tg rep if p =1=- 1, 
w(lul, p) = 

2 
2 

- loglul if p = 1, 
TI 

b ER, c > 0, IPI ~ 1 and 0 < p <. 2. On the other hand, we can present K 
in the canonical form 

CX) 

f 
(

. dx K (u) = iau + c1 e•ux - 1- iuxcx (x))l"+ 
X P 

0 

0 

f 
( iux l ( ) dx +c2 e - -iuxcx x) - 1-+-lxl p 

-oo 

(see [3], Ch.II, Cor.6.6). Obviously, there exists a one-to-one correspondence 
between (b, c, /3) and (a, c1 , c2). By routine computations (see e.g. the proof 

C1 -C2 of Th.5.7.3 in [27]) we infer that a = b + p(l - p) for p =I=- 1 and that 
f3 = 0 if and only if c 1 = c 2 . Now it is easy to show that 

V(x) = j ax+ ;;1~c;)(llxllp-
1
-l}x for p =1=-1 

l ax+ [(c2 -ci) log llxll] x for p = 1. 

The following theorem gives a full characterization of the space of all 
functions integrable with respect to a general stable measure. It also general­
izes some results of [32], where only certain classes of Banach spaces where 
considered. 

THEOREM 4.2.14. Let M be a stable random measure with the parameters 
(p, b, c, /3). Then .f E ff'1:.-(M) (f and only if 

(i) f E 14:, provided 0 < p < 1 and b = 0, 
(ii) f EI.ft: and f is Pettis integrable, provided 0 < p < 1 and b =I=- 0, 

(iii) f E Si, provided p = 1 and f3 = 0, 
(iv) JES} and flogllfll is Pettis integrable, provided p = 1 and /3 =I=- 0, 
(v) f ESt provided 1 < p < 2 and b = 0, 

(iv) f E Sf and f is Pettis integrable, provided 1 < p < 2 and b =I=- 0. 
Proof. Using the fact that µ is a Levy measure if and only if jl(B) = µ (B) + µ ( - B) is so and the characterization theorem we conclude that, 

fEfi'r(M) if and only if f Efi7r(Mp) _= Sf and Vof is Pettis integrable. 
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Let 0 < p < 1. Since 

V(x) = (a Ci -Cz )x+ Ci -Cz llxllp - t x = bx+ c;
1
-c\ ll xllp - t x 

p(l-p) p(l-p) p -p 

and by Theorem 4.2.9 (ii) !£ E (Mp) = ~, hence f E !£ E ( M) if and only if f E ~ 
and bf is Pettis integrable. This proves (i) and (ii). 

Now let p = 1. We have thatfE2E(M) if and only iffES} and af+(c2 

-ci) log llfll is Pettis integrable. Since S} c L1 and /3 = 0 if and only if c1 

= c1 , we obtain (iii) and (iv). 
C1-C2 1 'f Let 1 < p < 2. Since V(x) = bx+--- llxllv- x, we have f E 2dM) 1 
p(l - p) 

and only if f E Sf c ~ and bf is Pettis integrable. That proves (v) and (vi) 
and completes the proof of the theorem. 

We now give some applications of stable random integrals to the theory 
of stable measures on Banach spaces. Put 

Qp,p(u) = lulP{l+i/3l:lw(lul, p)}, 

0 < p < 2 and IPI ~ 1. It is well known that the characteristic functional of a 
stable p.m. on a Banach space E has the form 

µ(x*) = exp {i <x*, a)-JQp,p( (x*, x))o-(dx)}, 
s 

where o- is a finite Borel measure on the unit sphere S of E. o- is called the 
1 spectral measure of µ, p the order of µ and fJ the parameter of asymmetry of µ. 

THEOREM 4.2.15. Let M be a stable random measure with the parameters 
(p, 0, 1, /3) on an atomless probability space (T, 'E, l). Then for every stable 
p.m. µ of order p and with the parameter of asymmetry fJ there exist a function 
fE!£dM) and an aEE such that 

Proof. Let o- be the spectral measure of µ. We may assume that 
o-(S) > O; in the other case we put f = 0. By the standard arguments there 

o-(B n S) • 
exists a Borel function g: T--.E such that l{tET: g(t)EB} = o-(S) , 

BEP4(E). Put f(t) = o- 11P(S)g(t), tE T. Then 

exp {J K( <x*,f ))dl} = exp {- J Qp,p( <x*,f))dl} 
T T 

= exp {i <x*, dp)-JQp,p( (x*, x))o-(dx)} , 
s 
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2/3 
where dP = 0 for p =f:. 1 and d1 = - logCT(S) JxCT(dx). Theorem 4.1.5 con-

re s 
eludes the proof. 

THEOREM 4.2.16. Let µ be a symmetric p-stable p.m. on E with the 
spectral measure CT. Then there exist symmetric p-stable measures µn with 
spectral measures CT n, n ~ 1, such that 

(i) CT 11 has a finite support, 
(ii) CT n ⇒ CJ, 

(iii) µn ⇒ µ as n -+ oo. 

Proof. Put T = S, I:= PJ(S), A= CT and let MP be a standard p-stable 
random measure on (T, I:, 1). Consider f: T-. E,f (x) = x. By Theorem 4.1.5 
fE!i'E(Mp) and !fl(JfdMP) = µ. Hence, there exists a sequence of simple 

T 

functions {gn} such that 9n-+ f a.e. and J gndMP-. J fdMP in P. Set An 
T T 

= {sup llgkll ~ 3/2} and fn = 9n lAn· Then An ? A oo, where J(T \ Aoo) = 0 and 
k ~ n 

J(fn-f)dMP = JlA/gn-f)dMP- J fdMP . 
T T Ac 

n 

By inequality (3.6) in Theorem 3.4.5, J1A/9n-f)dMP-. 0 in P and J fdMP 
T Ac n 

---. 0 in P by Corollary 3.1 .3. Thus we have found a uniformly bounded 
sequence of simple functions {fn} such that fn-. f a.s. and J fn dM P-+ J f dM P 

T T 

in P. Putting µn = !£ (J fn dM P) we get (iii). We compute CT n · Since f,. 

kn T 

= I Xni 1 Anj' where Xni EE, Xni =f:. 0 and Ani EI: are pairwise disjoint, 
j= 1 kn 

1 ~j ~ kn, hence (Tn = L PnibYn' satisfy (i); here Pnj = llxnjllPCT(Anj) and 
j= 1 J 

Yni = llxn)I- 1 xni • We prove (ii). For every continuous bounded function 
<p: S-. R we have 

by the Dominated Convergence Theorem. The proof is complete. 
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3. Comparison theorem and some applications. In the previous sections 
we often used the fact that !l'E(M) c LE(Hm)- Here we show an other 
interesting property of Hm. Namely, observing the behaviour of the functions 
Hm for various random measures M we can compare the appropriate spaces 
of M-integrable functions !l'E(M). The function Hm will be called the contro·l 
function of the random measure M. 

As it was showed in Proposition 4.1.7 and Theorem 4.2.14, the study of 
a random integral in the case of non-symmetric random measure M reduces 
to the study of a random integral with respect to the symmetrization M' of 
M and certain non-random Pettis integral. Therefore in this section we shall 
consider only symmetric random measures and for simplicity we shall write 
M ~ [a2

, m] instead of M ~ [0, a 2
, m], when m is symmetric. 

The next lemma has a rather technical character. It is based on the 
Kingmen's construction of a Poisson point process on an abstract measure 
space (see [18], Th.7). 

LEMMA 4.3.1. Assume that 0 < A(T) < oo. Let {-rn}~o be a sequence of 

A 
independent random elements in (T, E) with the common distribution --; let 

. A(n 
{~n}~ 1 be a sequence of independent identicaly distributed random variables 
with the distribution v and N be a random variable with the Poisson distribu­
tion with the parameter L > 0. Assume that {-rn}, {~n} and N are independent 
and put ~o = 0. Then 

N 

M(A) = L ~n<\.(A), AEE, 
n= 0 

is a random measure on ( T, E, A) such that M ~ [ 0, 0, A(~ v0 J. where v0 (B), 

= v(B\ {0}), BE!!l(R). • 

Proof. By a routine computation of the characteristic functional of 
(M(Ai), ... ,M(An)) for pairwise disjoint A 1 , ... ,AnEL we get the proof. 

LEMMA 4.3.2. Let Mi~ [0, mJ be such that mi(R) < oo, i = l, 2. Assume 
that for every u ~ 0 

Hm 1 (u) ~ kHm
2 

(u), 

where kEN is a constant. Then for every measurable semi-norm q: E ....... [0, oo] 
and e > 0 

P{q(JfdM 1) >e} ~ 2kP{kq(JfdM2 ) >s}. 
T T 

Proof. In view of lemma 4.3.1 and without loss of generality we may 
assume that 
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where N has the Poisson distribution with the parameter L = k). (T) m
2 

(R), 

2(,~ll) = p m~/R) +(1-p)bo, 

and 

while 

2(,~2l) = t m:tR) + (1-t)bo. 

We have for every s > 0 

p {l,~lJI ~ e} = p m1 ~~(~) sY) ~ m2 ~~(~) sY) = kP {1'~2)1 ~ s}. 

Thus {'~ll} is dominated by {,~2J} and by Theorem 1.3 ([39]) we get 
N 

P {q(J fdMi) > 8} = E [P {q( L ,~lJ J(-rn)) > sJ N, {rn}}] 
T n=O 

N 

~ 2kE[P {kq( L ,~2
J f(rn)) > sJN, {rn}}J 

n=O 

= 2kP {kq(J fdM 2 ) > s }. 
T 

We now formulate the main result of this section. 

THEOREM 4.3.3. Let M; ~ [a}, m;] be symmetric random measures on 
(T, .r, A), i = 1, 2. Assume that there exists constants c, k, l > 0 such that 

2 _... 2 a 1 -:::: ca 2 

and 

Hm
1 

(u) ~ kHm
2 

(lu) for every u > 0. 

Then for every Banach space E 

.PdM2) C .PE(M1)-

Proof. Without loss of generality we may assume that keN and l = 1. 
Indeed, let M3 ~ [aL m3 ] be a random measure on (T, .r, ).), where m3 (B) 
= m2 (l- 1 B), BE qJ(R). Then 

Hm
1 

(u) ~ ([k] + 1) Hm
3 

(u) for every u > 0 

and 2£(M2 ) = 2£(M3 ) by Theorem 4.1.1. Let f e2dM2). Put 

Ji;(B) =). xm;({f(t)ueB\ {O}}), BeqJ(E), i = 1, 2. 

In view of Theorem 4.1.1, µ2 is a Levy measure and it is sufficient to prove 
that µ 1 is a Levy measure. Choose a sequence { ½} E .r I such that ½ I" T and 
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).('½) > 0. We set 

m{(F) = m;(Fn(-F 1,F 1Y), FEdd(R), 

µ{(B) =). xm{({tE ½• f(t)uEB\ {0} }), BE2'(E), 

where j EN, i = 1, 2. Let M{ ~ [0, m{] be a random measure on 
(½, I"

1
rp Air)· We observe that 

2( J fdM{) = Pois(µ{) 
Tj 

and 

H i (u) ~ kH i (u) for every u > 0. 
m1 mz 

• Let e > 0 be fixed. Since µ2 ~ µf for every j E N, the set { Pois (µf): j EN} is 
tight and consequently there exists an absolutely convex compact set C c E 
such that 

. e 
[Pois(µ~)] ( CC) < 

2
k for every j EN. 

Let q be the gauge of C. Then by Lemma 4.3.2 we get 

[Pois(µ{)] [(kCY] = P {q ( J f dM{) > k} 
Tj 

~ 2kP{q(S fdMf) > 1} = 2k[Pois(µf)](Cc) <e. 
Tj 

Hence {Pois(µ{): j EN} is tight. Since µ{ ? µ as j - oo, we obtain that µ 1 is 
a Levy measure (see [3], Chap. III, Th.4.7). The proof is complete. 

Applying Lemma 4.3.2 to the random measures M{ defined above and 
letting j - oo we get the following 

PROPOSITION 4.3.4. Let M; ~ [0, m;] be symmetric random measures on 
(T, I", A) such that for every u > 0 

Hm
1 

(u) ~ kHm
2 

(u) 

for some constant k EN. Then for every seminorm q: E - [0, oo] such that 
{x: q(x) ~ 1} is closed and for every fE2E(M2) we have 

P{q(S fdMi) > e} ~ 2kP{kq(S fdM 2) > e}, e > 0. 
T T 

In the case of A(T) < oo it is enough to study only the behaviour of Hm 
at infinity; we now prove this fact. 

THEOREM 4.3.5. Assume that A(T) < oo. Let Mi ~ [a;, m;] be symmetric 
random measures on (T, I", A), i = 1, 2. Assume that there exist constants 
c, k, l, u0 > 0 such that 
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and 

Hm 1 (u)::::; kHm2 (Lu) for every u ~ u
0

. 

Then for every Banach space E 

!l'E(M2) C !l'E(Mi). 

Proof. Put r1 = Uo 1, r2 = Luo l and define 

where Fe~(R), Pi= mi([ri, oo]) and i = 1, 2. Then we have 

for every u ~ 0. Let MP~ [a;, mP] be a symmetric random measure on 
(T, .r, J), i = 1, 2. Since a finite measure is Levy, by Theorem 4.1.1 we get 
!l'E(MP) = !l'E(M;) for i = 1, 2. Theorem 4.3.3 ends the proof. 

We now describe the class of all control functions. 
PROPOSITION 4.3.6. Let H: R+---+ R+ be a non-decreasing right-continuous 

function such that H(0) = 0. Then H = Hm for some symmetric Levy measure m on R if and only if 

00 

f H(u) 
~du< oo. 

1 

Proof. Let m be a symmetric measure on R such that m((-u, ur) = H(u- 1
), u·> 0. We have 

1 00 

f f H(u) - 2 vm{[v, l)dv = ~du-½H(l). 
0 1 

Hence 

00 00 

f f H(u) min {1, u2} m(du) = 2 ~du, 
-oo 1 

which yields the assertion. 
We conclude this section with some applications to the theory of semi-
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stable p.m.'s on Banach spaces. Let M be a semi-stable symmetric random 

measure, i.e. 
00 

(4.1) K(u) = L b-pn S [cos(b"uv)-l]q(dv) 
n=-oo [1,b-1] 

where O < b < 1, 0 < p < 2 and q is a finite non-zero Borel measure. Then 

M ~ [O, m], where 

00 
m(F) = L b-pn J lF(b"v)q(dv), FE~(R) 

(see [21]). The author is grateful to W. Krakowiak for the following 

estimation of Hm (oral communication). 

LEMMA 4.3.7. Let M be a semi-stable random measure with· K given by 

(4.1). Then for every u > 0 

where C1 = 2bP(l-bP)- 1 q([l, b- 1]) and C2 = 2b-P(l-bP)- 1 q([l, b- 1]). 

Proof. We have 

00 
½Hm(u) = m([u- 1, oo]) = L b-pn J lc .. -1, 001 (b"v)q(dv). 

n= - oo [l,b-1] 

Choose N OE Z such that 

bN0+1 -1 ~bNo <u '<: • 

Then we have for n;:: N 0 +2 

S •c .. -i, 00/b"v)q(dv) = 0 
[1,b-1] 

and for n ~ N 0 

f lc .. -1, 001 (b"v)q(dv) = q([l, b- 1]). 
[l,b- 1J 

Thus 

½Hm(u) = L b-P"q([l, b-1])+b-p(No+1i S •c .. -1,00/bNo+l v)q(dv) 
11=-00 [l,b-1] 

= b - pNo (1- bP)- 1 q ([1, b- 1 ]) + b - p(No + 1) q ([u- 1 b -<No+ ll, b- 1 ]) 

and hence 

2 ( 1 - bP)- 1 q ([1, b - l ]) b - pN o ~ H m ( u) ~ 2 ( 1 - bP)- 1 q ([1, b- t ]) b - p(N o + ll. 

S. b- N -p(N0 +1i . 
mce P ~ uP < b , the proof 1s complete. 
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Since u _, 2cP uP is the control function of a standard p-stable random 
measure, by Theorem 4.3.3 we conclude that every function which is 
integrable with respect to a semi-stable random measure is also integrable 
with respect to a standard p-stable measure with the same order p, and 
conversely. Thus Proposition 4.2.1 yields 

THEOREM 4.3.8. Let M be a semi-stable random measure with K given by 
(4.1). Then 

ff'dM) = Sf for every pE(O, 2). 

Hence, by Proposition 4.3.8 we obtain immediately 
THEOREM 4.3.9. Let M be a semi-stable random measure with K given by 

(4.1). Then for every semi-norm q: £-, [O, oo] such that the set {x: q(x)::;; 1} 
is closed, every f E Sf and e > 0 we have 

AP{Aq(J f dMP) > e}:::; P{q(J f dM) > e}:::; BP{Bq(J f dMP) > e }, 
T T T 

where MP is a standard p-stable random measure, A, B > 0 depending only on 
M and p. 

COROLLARY 4.3.10. Let M and MP be as above. Then for every rE(O, p) 
there exist A,, B, > 0 such that 

A, [ E II J fdM pll'J1
1
' ::;; [ E II J fdMll'J1

1
' ::;; B, [ E II J fdM pll'J1

1
' 

T T T • 

for every f E Sf. 
COROLLARY 4.3.11. Let M and MP be as above. Then for every r E [O, p), 

[M]E c Ee(Q, ff, P) and the topologies of EE(Q, ff, P) coincide on [MJE-
CoROLLARY 4.3.12. Let M and MP be as above. Then for every r E [O, p) 

the spaces cl, [M]E and cl, [M p]E are isomorphic. 
Theorem 4.2.15 shows that in the case where (T, E, )..) is an atomless 

probability space the set 

forms a linear space of "all" symmetric p-stable random vectors. Now we 
co.nsider a similar problem for semi-stable p.m.'s. Recall that a symmetric 
p.m. µ is called a semi-stable p.m. if there exist O < b < 1 and O < c < 1 such 
that 

(4.2) [µ(x*)J = µ(bx*) for all x* EE*. 

The unique real solution p of bP = c is called the order of µ (we assume that 
µ is non-degenerate). Let M be a semi-stable random measure with K given 
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by (4.1). Then for every f E Sf 

..<e(S fdM((bx*) = exp {J K(b (x*,f))d2} 
T T 

00 

=exp{J[ L b-np J [cos(bn+l (x*,f)u)-l]q(du)d2} 
T n= - oo [1,b- 1) 

= exp {bP J K ( (x*,f ))d2} = [ ..<e(J f dM( (x*ff 
T T 

where c = bP. Thus J fdM is a semi-stable random vector in E. 
T 

Let Mp,b denote a symmetric semi-stable random measure with q = 1' 1 , 

i.e. 
00 

(4.3) K(u) = L b-"P[cos(b"u)-1]. 
n= - oo 

THEOREM 4.3.13. Let T = R+. For every p.m. µ on E statisfying (4.2) 
there exists a function f: R+ -+ E such that f E Sf and 

..<e( s fdMp,b) = µ. 
R+ 

Proof. Let µ satisfy (4.2). By [21], Corollary 2, there exists a finite 
measure a on D = {xEE: 1 ~ llxll ~ b- 1

} such that 
00 

µ(x*) = L b-pn J[cos(b" (x*, x))-1] a(dx), x* EE*. 
n= - oo D 

Let f: R+ -+ E be a Borel function such that for every BE ~(E) 

l{tE[O, a(D)]: f(t)EB}I = a(B nD) 

and f (t) = 0 for t > a(D). Theorem 4.1.5 concludes the proof. 
Let I' p,b (I' P' resp.) denote the set of all a-finite Borel measures µ on E 

such that the function 

00 

x*r--+exp{ L b-P"J[cos(b"(x*,x))-l]µ(dx)} 
n= - oo E 

(x*r--+exp{-Jl(x*,x)IPµ(dx)}, resp.) is the characteristic functional of a 
E 

p.m. on E (0 < p < 2, 0 < b < 1). The elements of rp,b (I'p, resp.) will be 
called representing measures of (p, b)-semi-stable p.m.'s (p-stable p.m.'s, resp.). 
To describe the classes of all p-stable p.m.'s or (p, b)-semi-stable p.m.'s on a 
Banach space it is sufficient to characterize the sets of all representing 
measures I' P and I' p,b, respectively. The following corollary says that for this 
purpose it is enough to study only p-stable p.m.'s. 

COROLLARY 4.3.14. I' p,b = I' P for every O < p < 2 and O < b < 1. 
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Proof. Let µ be a CJ-finite Borel measure on E and let M p,b be ( as 

above) a random measure on (E, f!J(E}, µ). Consider f: E--+ E, f(x) = x, 

xEE. Then fES11, = S11,(E, !!J(E), µ) if and only if µEI'P and by Theorem 
4.1.5 f E 2E(Mp,b) if and only if µE rp,b· A recall of Theorem 4.3.8 completes 
the proof. 
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