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INTRODUCTION

Von Neumann EB]I has discovered a claas of geometries
in which the undefined elements are subspaces and the undefined
operations are meets and joins of subspaces. His axioms re-
quire that the system consisting of the set % of subspaces to-
gether with the two operations form an irreducible, complete,
complemented, modular lattice satisfying an additional dual pair
of continuity conditionse.

Since 56 is a modular lattice, all its maximal chains
have the same length v . If < 1s finite then & 1s called a

discrete geometry and is isomorphic to the lattice of all sub=

spaces of of some (v - l)-dimensional projective space. The
atoms of d{ correspond to the points of the projective space,
the joins of pairs of distinct atoms correspond to the lines of
the space, etoe

If v 1s infinite, that is, 1f & contains infinite

chains, then ;6 1s called a continuous geometry. Because of

the continuity conditions, é can have no atoms (and henoce,
nothing to correspond to points or lines) in this casee

Any discrete or continuous geometry ;C with v 2 ¢
is isomorphic to the lattice R/ﬁ.n of principal right ideals
of the ring ?ﬂﬁ (called the coordinate ring of X ) of all

n x n matrices over some regular ring 7}, for some suitably

1Numbers in square brackets refer to the bibliography
at the end of the paper.
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chosen positive integer n ; or what amounts to the same thing,
36 1s 1somorphic to the lattice of all finitely generated sub-
modnles of the right module of n-tuples of elements of 79' 02
The classical coordinatigation theorem for finite dimensional
geometries of dimension 33 1is a special case of this result.
For if 4 £ ¥ < 0 and if we set n =7y (which is always per-
missible when <y 1is finite) then ?9‘ turns out to be a division
ring, the right module of <wy=tuples of elements of 2} is a y=-
dimensional vector space, and the submodules of this vector
space (all of which are fipitely generated) are its subspaces.
Thus, the lattice of subspades of a projeotive space of 3 or
more dimensions, which is always a discrete geometry with

v=-1 23, 1s isomorphlic to the lattice of subspaces of a veo-
tor space, or equivalently, of a projective coordinate spaceo.

The struocture of a continuous geometry is; of course:
much more complicated. However, there do exist continuous
geometries which ocan be approximated by discrete geometries.
These sow~called approximately finite geometries form the prin-
ocipal subjeoct of the present work.

Chapter I ocontains the definitions and theorems (all due
to von Neumann) upon which the rest of the material is based.
In Chapter II, the constructions of approximately finite geome-
tries armd their coordinate rings are described. The remaining
two chapters contain applications of the results of Chapter II:

2Fryer and Halperin @,5] have glven an elegant proof of
this proposition.
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the exlistence of polarities and the range of the signature of

a certaln type of polarity in an approximately finlte geometry
are diéoussed in Chapter III, and in Chapter IV, some light is
shed on the structure of Frink's [?] projective embedding lat-

tice for an approximately £in1 te geometrys



CHAPTER 1

BACKGROUND

The foundations of continuous geometry were presented
by von Neumann in a series of lectures at the Institute for
Advanced Study during the years 1935-1936 and 1936=1937, and
it i1s the notes of these lectures [ﬁﬂ that are taken as the
starting-point for the present discussion. Those results
which are actually referred to are summarized in this Chapter,

often in a somewhat simplified form.
l. Axioms. Let i be a set of elements n, ,/)', 0vo

and let ) and + be two binary operations on Ef: having the
following properties:

A.l The system (Eﬂ N ,+ ) 1is a complete, complemented
modular lattice with () and + as lattice meet and join, res-
pectively.

A.2 x 1s irreducible: that is, 0 = ﬂiu: UL&£} and
l= 2 {Q:?)Le;ﬁ} are the only elements of x, having
unique complements.

A.3 1¢ £ 1s a chain (totally ordered subset) contained
in f; and mei, then

(Ma+rb:ibel] = a+Nb:bel}

and

Zlantbel] =nnYihbell

Since Eﬁ. is modular, all its maximal chains have the
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same length z. If v is finite then & 1s a discrete geometry

and 1s isomorphic to the lattice of all subspaces of some
(¥ = 1)=-dimensional projective space (Cf (2] and [3]), and
conversely, all finite dimensional projective lattices are
discrete geometries. If 2/1s infinite then L 1s a contin-

uous geometry.
2, Independence. A finite subset {f1;s 1< 1 k§

ofaﬂis independent if QJ(\Z{qu 1 <C1<k, 1 ¢ J} = 0y
1 =1, 2, ooy ke

3. The dimension=-funetion. A (normalized) dimension-
function on a complemented modular lattice is a real valued
function d such that for all elements <, &~ gooe Of the lat-
tice:
D.1 d(m)E [0,1]
D.2 d(0) = 0 andd (1) = 1
D.3 4 (+l)+a(UO L) = a(W) + a(lr)

If a lattice & satisfies A.1-3 of §1 then a dimen-
sion function exists on &, is unique, and has the follow-

ing additional properties:
f0, 14y 2//5ueey B 12715 finite,

Dk (L) - {[o, 1] 1f ¥1s infinite.
D.5 If OLCH (l.e., &e &N L # [+ ) then d(&)< d( L)
D.6 d(L) = d(l») if and only if 71 and I~ have a common

complement.
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D.7 The function 5(0693“) sd@+d) -a@wL 0 b) 1s a
metric on 56 and
(a) S+ b,z +2 < S 6 L2
(b) Sanl-zndh < 8<va, £y + 8y
) Jawwy - a)l < &a, &)

hence, +, 1, and d are uniformly continuous in the metric 5.

+

o

4. Regular rings. A ring % with unit 1 is regular
if for every ac {, there exists an x€ &, such that axa = a.

In the rest of this chapter, # will be a regular ring with
unit.

Since % has a unit, the principal right ideal of [
generated by ac ¥, 1s aKX, = {'axsxe Rf . Let Ry denote
the set of all principal right ideals of X. When partly
ordered by inclusion, the set Ryp becomes a lattice, and
inf {Laﬂz, bﬁ,} =a®, N v¥ = {_xs xc alk, , xébR} 5
sup {a}(_, b@?,i =all + v¥ = {_x +y: x€a® , ¥y E b%} .
Every element of RRis generated by an idempotent element of %.

Define (a)f = {y:ay = 0} . If axa = a then
(a)f = (1 - xa)R , and hence (a)f € Ry for all aéR

A finite set {ejs 1€ 3¢ n} of idempotents of %
1s independent if ejey = 0 = eyey whenever 1 # j . If

{'(j(j. 1¢ ni is any independent subset of R, that is,
it N 2{013» 1< J<n, ¢k} =0 for k = 1, 2,...,n,
(cr, §2), then there exists an independent set {ejsl< J\<n}
of idempotents of ¥ such that uy - eJR s 3= 1, 2, coeyn.



The center %of% is a regular ring.
If % 1s a direct sum of two of i1ts non-trivial sub-
rings then ?{ 1s reducible; otherwise, % is irreducible.

K, 1s reducible &> (}13 a fleld & fé, has no idem-
potents other than O and 1.

5. Rank-rings. A regular ring % with unit 1 is a
rank-ring i1f there exists a real valued function r defined
on %, and such that for all a, b, e, £ € &,

R.1  r(a) € [0, 1],

R.2 r(a) = 0 if and only if a = O,

R.3 r(l) =1,

R.4  r(ab) € min 1Lr(a),, r(b)} ,

R,5 4if e = e, f2 = f, and ef = O = fe then

r(e+f) = r(e) + r(f).

Such a function r i1s a rank-function on %, and always has
the further properties:

R.6 r(a+b) £ r(a) + r(b),

R.7  the function 0(a, b) = p(a - b) 1s a metric on %, and

(a) d(a + b, ¢ +d)< Sa, ¢) + S(b, d)
(b) d(ab, cd) &(a, ¢) + S(b, 4)
(e) |r(a) - r(b)l £ S(a, b).

It follows from R.7? (a) - (c¢) that the operations, addition
and multiplication, and the function r are all uniformly con-
tinuous with respect to the metric S.

If a rank-ring ??, is irreducible then the rank-function r



is unique and has the still further property:
R.8 r(a) = r(b) if and only if b = paq for some p and q
in ® for which p~t 1

6. Coordinastization and geometrization theorems.
(6,1) Coordinatization theorem. If 50 is a discrete or con-

and q — exist.

tinuous geometry with 7/ > 4 then there exists a regular ring
M , called the coordinate ring of 36, such that the lattices
ré and Ry are isomorphic. If 7 » 3 then the coordinate
ring, vhen 1t exists, is a complete, irreducible rank-ring
and is unique up to a ring-isomorphism.

The next theorem goes in the converse direction.
(6.2) Géometrization theoreme If %X 1s a complete, irreduc-
ible rank-ring, theﬁ the lattice Ry 1s a discrete or contin-
uous geometry. The rank-function r on # and the dimension-
function d on Rp satisfy the equation: da® ) = r(a),
for all ae - |



CHAPTER 1I

APPROXIMATELY FINITE GEOMETRIES

7. Discrete geometries. According to §1, a lattice
56 is a discrete geometry if and only if it is isomorphic to
the lattice of subspaces of a finite dimensional projective
space. Since projective spaces of dimension > 3 are isomor-
phic to projectiwe coordinate spaces, it follows that a dis-
crete geometryéc with 724 1s essentially the lattice of
subspaces of some 7/ -dimensional vector space, and conversely.
But more thén the converse i1s true: the lattice of subspaces
of any finite dimensional vector space is a discrete geometry.
The purpose of the present section is, roughly, to show that
the coordinate rings of vector spaces are matrix rings.

In all that follows, let 29be a fixed division ring;
D> the right vector space of all nx1 matrices (column
vectors of length n) over 79; Eén,the lattice of subspaces of
]Dn; and mn, the ring of all nX n matrices over 2

By a standard theorem on matrices,if A€ Ubln then,
for some non-=singular X é mn’ H = AX is a matrix in Hermite
normal form. But such a matrix H is idempotent, so
AX = H = H> = AXAX and A = AXX"! = AXAXX"! = AXA. Therefore,
mn is a regular ring. As in §1|-, let R'mn denote the lat-
tice of principal right ideals of ’Mln.

Suppose that a, is a subspace of lOn (that 1is, Qe in)
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and that fLal, sooey an'g is 8 (not necessariiy independent)
set of vectors spanning (L. Then the matrix A= (al By coo an)
is an element of Wln, and clearly A]Dn @ {_Av s Vv € 20,,} = OZ
Therefore .;C‘n = {A]Dn: A GUJZIJ o

It 1s easy to see that if A, B G'MZA then
(7.1) AlOng BLOn & B = AX for some X emn

> A0l 23,

Consequently, A)Dn - B'an = Amn @ B'Mzn, and so
(72) o, W0 = AW, for a1l Ae M,
defines a one-to-one mapping of i‘n onto R, In fact,(7.1)
implies pmore: O"n and its inverse both preserve lattice-order;
hence O"n is a lattice-isomorphism of BCn onto Rm e In view
of §6, we have the |
(7.3) TIheorem. The mapping O L, —> Rqy, defined by (7.2)
1s a lattice -isomorphism. If n > 3 then T 1is a complete,
irreducible rank-ring, the coordinate ritig of ‘Sf.»n.
Remark: It 1s easy to show that ?fbll and Wz are complete, ir-
reducible rank-rings also. However the lattices ofl and 582
which correspond, respectively, to the projective point and line,
are uninteresting and generally do not have well-determined
coordinate rings.

If we define D((L), (Ol Jcn s to be the ordinary di-
mension of (L (that is, the number of elements in a basis for
OL ) then D satisfies condition D.3 of §3. It follows imme-
diately that q( a) - P—é-@‘l is the dimension function on i’n‘
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Furthermere, if R(A), A C mn’ denotes the ordinary rank of
the matrix A, then D(A Dn) = R(A), and hence, by (6.2),
r(A) = d(a 1011) @ gi?*ﬁ = -L%-L is the rank-function
on mno
Thus we get the
(704) Corollary. (a) The dimension-function d on i’n

satisfies the equation a(L) = M-QL—-L for all O(. € Ef,n,
where D( Ol, ) 1s the dimension of Ol, 0

(b) The rank-function r on Wn satisfies the equation
r(A) --13?(15-)-- for all A € mn’ where R(A) is the rank of the
matrix A,

8. Construction of 200’ Von Neumann [8] has shown
how certain continuous geometries, which he calls "approxi-
mately finite" may be constructed as limits of discrete geome-
tries. In the present section, we give what is essentially
the same construction except that the terminology of vector
spaces, rather than that of projective spaces, i1s used so
that it will be easier to apply results like those of the
preceding section.

If m and n are positive integers and if k = mn then

there 1s a mapping (gkn of mn into mk defined by
AO .. O
OA ... O

(8.1) Sokn& = € mk s for AE 'O?Jln..

m blocks



Clearly, ?kn i1s an isomorphism of Tﬂ-n onto a subring

f”&m of mk « Also

r(@ynh) = R(L‘ekknA) = leiA) u Rr(la) = r(A) 3

that is, (fkn preserves (normalized)rank.
Let A, B emn o Since (@, 1s an isomorphism,

AanQ Ban = Bw AX for some X € mn
= G)nB = (9 nh) (@ 11 X)

= (@00, 2 (9D, -
and A‘Dn = B\Dn = (q)knA)Dk = ((PknB)IDk °

Therefore, All, —= (@, M0, for all A€ M, 1sa
well~defined order-preserving mapping of ‘f, n into Sﬁk e Lot

(8.2) Wy a0,) = (¢, 000, for a11 A€, -

The mapping ll)kn preserves dimension, for

a[U,a0,] =a [(§alD,] = 2@ = =a) = atal,y
Now suppose that (f:?knA)l.Dk 2 (C_?knBan) o Then

there 1s an X € YJJ, such that ¢ B = (¢, A)X ,

[~ -
X117 Xyg e Xqp

and 1f X = Xpy Xog eee X, where X, € M,
° * :
X0  Xpo co° Xom

for 1, J @ ly, 000y m , then B=Axll s hence Aan 2 BDn o
In summarys: 'Lbkn(AIDn)’ 2 ]bkn(BDn)g Aan 2 B\Dn 3

so lplm has a well=defined order-preserving inverse on
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"L_‘) 1en € i’n) C 561(, Thus, we have proved that wkn is a
dimension-preserving order-isomorphism of ;Gn into Sﬁk.

But we need more:

(8¢3) Lemma. The mapping qjkn defined by (8.2) is a dimen-
sion-preserving lattice-isomorphism of 36n onto

;8‘ kn © z'len‘ £n) C 561(‘

Proof: What remains to be shown is that

@) U (ANHr = b _AHrNb, B and

w) Y (Ol+ &y e (P, OU) ¢ (P &) for all
A, b e L,

Let OLwAZDn, Eé-nBan, OLnf)f = C].anhere

A, B, C £ mn“ Since 'kan preserves order,

W (L0 Dy b0 NP, £). Suppose that

¢ € (L N Y &) = Loy ) DINT ¢ 20,

Then ¢ = [A+ X 1 Ja =« [B*R 1 ] b for some a, b €& )"Dk"

&y By Y
Let a = o |» b= e [+ o= ol Clearly,
T By %
7Jn+l m:]n"l Bjml
ch .‘,: = A E =B E
_7(J+1)__ _Ot(3+1)g _B(J+1)£

for J = 0y 1, cooy m - 1, and ed € ¢ )Dn= and for
y=0,1, eoo, m-1. Hence ¢J = cdd for some aJ € )Dn and
e=(C-X1ya € (X1 - Y, Andy,
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3°
where 4 = | e Therefore
' ém-l

'l-‘)lm(ol'm I") 2 (wkna ) ) (L\’kn:ﬁ') )
We already have the inequality in the other direction so (a)

i1s proved.
It follows from (a) and property D.3 (& 3) of the di-

mension function that

[ 00 + W B = ab D+ a0 - a [, fncd, %)
=ah+ acd) - aNH
=a(OL+ D)
= d[l])kn(()l,-%- i’)]a
and since w iy Dreserves order, U/kn(OL'I- i)‘) 2 (wknOl) +
+(l\)kni‘r) 3 hence, according to De5, wkn(ol+£') = (Ll))mm)‘\"
+ Wt .

Thereby, the lemma 18 proved. .
Let N be a fixed infinite set of positive integers

such that

(Ba4) nd k = nlk R for all n, k € N.

Define xaf {.Ol_:m&f,n,n éNk, where O?_e in is to be identi-
fied with P, L€ &£, vwhenever n < Xk . This identification,

whioh we denote by wknOLN O-l_, makes sense because

ndkr 3‘?1-1{(?1;11 = (.Prk =>L|)rkq)kn ea me e Xarthermore, sgince
wkn is a dlmension-preserving lattice =-isomorphism, it follows
that the operations n, 4+, and 4 are well-defined in fﬂ .
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Clearly, all relations and identities 1nvolving only a finite

number of variables that hold in every

to hold in 'o'gmo Therefore, «:Zm is

dimension-function d ; & OL ) a@ )

a

Eﬁn . neE N sy continue
modular lattice with

a(@L+dr) - a(Qn )

1s a metric on 5600 (D7 of §3); and +, (), and 4 are uni-

formly continuous with respect to the metric 80

Since the function 8 makes a metric space of im P

there exlists a complete metric space Zao containing £co as a

dense subspace. The uniformly continuous funotions <. ﬂ,

and d ocan be extended by continuity to all of 5600. Agaln,

all finite i1dentities that hold on Sﬁm continue to hold on Zoo

hence Zco is also a modular latiicec

That the lattice %}, is actually a continuous geometry

will follow from § 14 where it 1s proved that Zi'w is isomor-

phic to the lattice of principal right i1deals of a complete irre-

ducible rank-ring mw °

9, Construction of mmo Let «w be the first infinite

ordinal number, and let ma) denote the ring of all w x wW ma-

trices over ’{9’ having only a finlte number of non-zero elements

in each row and column. Let 'nl(n) be the set of all matrices

A= (0 € M, satisfying the conditions:

€13 = O(1en)(34n)’

for all 1, j

(9.1) Kyy = 0O , whenever |1 - j| > n

Diagrammatiocallys; A looks llke this

.
2
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[A' o o...
A= |0 A' 0 ..o
0 0 A'..,
| ¢ ° ° _]

1
where O and A are n x n matrices and 1,y 1s the unit
matrix of mwu
The mapping tn:ML(M) =T, defined by

(9+2) ba(llyg) = (Kyge 1,3 < m) (€T

1s obviously a ring=isomorphism of zm'(n) onto mn (referring
to the diagram, t,(A) =A') . Hence MM(n) 15 a regular subring
of mw and r, = rty (rb onmn is given by (7.4)(b)) is the
rank function on m(n) °
Next, define Nl = U{'Ml‘n)meﬂ\l]g where [N 1s the
set of integers fixed in §8 e By (8.4), 1f n, k eMN ana
n < k then nlk , and by (9.1); 1f nlx then WM CTX),
hence the set {_m(.n) : né N& 13 totally ordersed by 1neiusion.
It follows that 12 A ., BEW_ then A , B € '™ for
some =n € N . and hence fflgo 1s clesed under
addition, subtraction, and mltiplication.  Therefore mm
is a subring of ’mu)e By a similar argument moo 1s regulare.
By (9.1), the mappings &, of (9.2) and (tpkn of (8.1)
satisfy the equation &, = (-?kntn on 'ML(n) when nlk (1eo0y

when mn) C mk)) » and, since (gnk preserves rank, the rank-

functions r, and r, satisfy r, :‘r*&k = rgkntn =rt, =r, on
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mn) (C m(k)>. Thus, the functions r, ; n € H\J » are exten=-

sions (or contractions) of one another. Therefore,

() = rt,(A) 12 AT C W,

i1s a well-defined function on Jflgpe The fact that A, B e Mo
= A, B émn) for some n &€ [N , can be used again to show
that r#* 1s a rank-function on mmo Suprose that r' 1is an
arbitrary rank-function on mooo and let A be any element of
mm -~ gay A € m(n) ¢ Clearly, the restrictions of r'

and r* to WUM) are rank-functions on JHUM) , vut TR(M) ,

being isomorphic to mn » has a unique rank-function (by (7.3)

and §6). Therefore, r'(A) =r*(x) « But A was an arbitrary

! =-I'*

element of mm, so r , and 'mm has a unique rank-

function. This justifies our setting »r = r* on '0'5200.

According to §5, any rank-=function on a regular ring sa-
tisflies R.7. Therefore S(A, B) Er(A - B) 1s a metric on ”Mlm,
and addition and multiplication are uniformly continuous in the
metric space (mm, 3 ) o Since =A = (=1) ® A , subtraction is
also uniformly continudus.

Proceeding as we did in the construction of xm, let

nan—

mm be a complete metric space of which mmis a dense sub=
spaces Since the operations addition; subtraction, and multipli-
cation; and the rank=function r are all uniformly continuous

in Tl o, they can be extended by continuity to all of Uil e »

If r' 1s the extension of r to Wlg and if the notation for
the algebraic operations is preserved, then by the continuity of



15

the extension 1t 1s easily seen that
(9.3) for all A, B, C, D € Bilopy

(a) A+ B=B+ A

(b) A+ (B+C)=(A+B)+C, A(BC) = (AB)C
(c) A+ 0=0

(d) A+ (-A)=A-A=0

(e) A(B+ C) =AB+ AC , (B+ C)A =BA+ CA
(£) r'(a) € [0,1]

(g) r'(A) =0 &> A=0

(n) r'(aB) € min {r'(a) , ¢ (B)}

(1) r'(a+ B) < r'(A)+ r'(B)

(3) $(A,B) =7 (A - B)

(k) O(A + B, ¢+ D)< 8(A,0) + &(B, D)

() &(aB, cD) € &(A, C) + &(B, D)

(m) [r'(a) - 2'(B)] < &(a, B)

The identities (a - o) '1mply that 'ﬁm is a ring.
Now, our task 1s to show that ?J?Rao is a rank-ring. This

problem 1s treated in the next few sectionse

10. Regularity of Wlp. I Ael, then v - av,

ve D, » 1s a linear transformation in )Dn « FPurthermore, the
mapping A -#—> (v=Av , Vv ean) is an i1somorphism of the
ring MWL n onto the ring “7n of all linear transofrmations in
Dn o In the discussion below, 1t will be convenlent to ignore
the distinction between a matrix A € 'O'Jzn and the transforma-
tion it determines under the mapping /.L just described.

If A emn then the null space of A 1s the subspace




16
Ta) = {_V 2 Av =0, v e).on}G SCn e If A€, end 3€Eiﬂ

then the restriction of A to 36 i1s the linear transformation

A¥: x=ax,a11 xeX¥. It follows from well-known facts

about veotor spaces and thelr linear transformations that

(10.1) for all A€W, enaair X ,Ye L

(a) a(alD ) + a(fla)) =13

(b) & l ¥ 1s non-singular @?ﬂ(a)ﬂ% =0< a¥) = a3)
< 'Lg-) Alg, is an 1somorphism‘of the lattice of subspaces
of X onto the lattice of subspaces of ALY

(o) 1if 3{(\'@: O and if X and Y are linear transformations
of 36. and Y_g, ’ reépeotively, into an » then there
exista a Cc¢ mn such that cDE = X and clw =Y o

(10.2) Lemma. If A, X € W, then the following statements

are equivalent:

(a) AXA = A 9
-1
(b) al (xald) = |:x| (Aan)] ’
(o) (Ax)l (aAl0,) 1s the 1dentity map on alD, .

Proof: Obviously (b) => (o) => (a) . Now suppose that
AXA=A « If x 1s any veator in A)On s 8ay x = Av , then
[l ] x| (Aan)]z=Axx=mv=Av=x , 80

[_A l (XA]Dn)-_\[ x | (A]Dn)] 1s the identity map on Alon .
Also, if y = XAw then [JC’ (Alon)][ AI (XAlOna y=XAy=

= XAXAW = XAW = § , SO [x| (Aan)][ AI (m]Dn)] is the identi-
ty map on (XA]Dn) o Thus it follows that AI (XAIDn) and

X' (Aan) are mutually inverse. Therefore (a) = (b) , which



completes the proof of the lemma.
The critical step in the proof of the regularity is the

(10.3) Lemma. Let A,B;XE mn o and let AXA = A o Then there
exists a Y €'Mln such that BYBw B and »(X - ¥Y) £ 2r(A - B)

Proof: Clearly X'n(BX -1) = EBl X?R_(BX - 1)] -1 s henoce
rﬂ.(B) N XW.(BX - 1) =0 . Since x'n 1s a complemented modular

lattice, there exists a complement SE of 'JZ(B) which contains

xJUBX - 1) : that 1s,

Séﬂ'ﬂ(B) =0
(a) O +%us) = I,

X 2xMex-1) .
Now let (UJ, be a relative complement of xﬂ(BX-- l) in 3{,

so that U}ﬂ xTUBx - 1) =0
(b) Y+ xTex - 1) =3
According to (10.1)(b), B|3€. is a lattice isomorphism so
(BU}) N MBx - 1) = (BU})ﬂBxUZ,(Bx -1) = B[lﬂnxﬂ(Bx - 151: 0,
te) 8} + Tex - =8l + xTex - 1z|= Bk = 8D, .

PFinally, let f%, be a complement of B)Dn s 80 that.

@ﬂBan =0
fh+ BlD, = an o
stnce  YNTUr) = YnH nlee) =lno = o, (BI'UJ)-]' exists

and is a linear transformation of 'BU} onto 'lg. R

(d)



is8
If a , b, and c¢ are elements of a modular lattice and 1if
(a4+ b) N ce=0 then aN(b+ c¢c) = anb « Hence 1t follows
from (c) and (d) that

BUJ_ N l:?"L(Bx -1) + /5,§_|=BU},/')'R(BX -1)=0.

and so, by (10.1)(c), there exists a Y & mn such that

Y'B'la- = (B’U})-l

) Y‘D’Z(Bx - 1)+ 0,] = x| [’B’Z(Bx - 1)-&-(%:_1
But xlm(Bx - 1)] = [leﬂ(sx -1 ]t o )
¥|B)), = Y|E324+ M(Bx - 1)] = {B'[U},-l- xTUBx - 1)] E-.L °
Therefore BYB = B , by (10.2).
That ’YZ(X -Y) 2 'YZ(BX - 1) +-%, 1s an immediate con-
sequence of the definition of Y . This ylelds
r(X-3Y) =4 [(x - Y)lOn]
=1-4d [’ﬁ(x - Y):' by (10.1)(a)
(£) 4 1-d|:7ﬂ(Bx-1)+%,]
=1-4d ['n(sx - 1)] - da by (c) and (4)
= asf),) - a [’XZ(BX -1)] vy (a)
< aeY),) - a [’JZ(Bx -1) N Alon]
Since %(Bx -1)N Aan C (836 N (A\On) =
= (8l0,) N (ADn) , We may let W ve a relative complement of
/n.(BX -1) N Al_on in BDn N ADn o Let u be an arbi-
trary element of Ulo Since u,Q.Aan and AXA = A,
u=AXu by (10.2) o Also ’U?_ﬂ‘n(Bx -1) =

= Ulﬂ'Alﬂn n'n(Bx-1)=o,so 1f u £ 0 then
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(BX = 1)u 0, BXufu=AXu , and (A = B)Xu# 0 . Therefore

(xU)N YA - B) =0 . By (10.1)(a) eand (10.2), (x|U) =

= (AleLj'l and hence d(Ul) = d(x'U(.) o Thus it follows from

(10.1) and the definition of ‘f, , that

(g) d(BlD A ally) - a[iex - 1) NaD,] =a(Ul) = axl) €
€ 1-afl(a -B) =r(A=B) .

On the other hand, let 'JID be a relative complement of
(BID,,) N (Alon) in BDn e Sinoe 'mg B)Dn and BYB = B , (10.2)
tells us that Y |T0 = (BIYm)-l , anda &(fD) =a(x®) vy
(1041)(b). Hence vE YTONTUA - B) implies that
Av = BvE Alon N B]Dnn BYm= Aanf] Blonﬂm = 0; 80
V= YBY = Y0 =0 « Therefore YJ)NTAA-B) =0, and
() a(slD,) - a[(8Dy) N (aDg) = a(TD) = alxMD) ¢

<1 -d[n(A-B)] =r(A - B) .

From (f), (g), and (h-),"we éet r(X - YY) 2r(A - B) ,

and the proof of the lemma i1s completes

Remark: One ocan exhibit matrices A , B , X such that AXA = A,
and BYB=B = r(X - Y)2 2r(A - B) « For example, if

10 10
A= |po , B= g1 . X= |11 then

01l 0o
BYB=B = Y=B = r(X-Y)= r [1 o] = 2r [o-]=2r(A'B) .
The corollary that follows is an immediate consequence of
the lemma,
(10.4) Gorollarye If A , B , X€ Wl,, and AXA = A then there
exlsts a Y€ mao such that BYB =B and S(X,Y)S QS(A,B) °
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(10s5) Theorem, Wly 1s regular.

Proof: Let A be any element of Wl o Since mm i1s dense in
mco » there exists a sequence (A,), 1in Tl such that

A, > A . Assume, as we may, that S(A;An) < 2% . Then

O(An, Ane1) & 8(Ay Kp) + 8(Ay Apyp) < 2@+ 277 le 2™ Lot

xl be an element of moo suci that AlxlAl' =4; o By (10.4) ,
Xz » Xz 5 oee; X, 5 oo may be chosen successively so that

-14-2 .
AnXpAn = Ay and  8(Xp, X,,q) € 28(An, Ape1) < 2777 . The se-

quence (Xp)p, 8o constructed satisfie s the inequallity

9

k-1
wp=i 2 -N+3S
> 2 ME¢ o

k-1

and 1s; therefore, fundamentales Sinoce mm 1s complete,
X=1limp X, exists. By continulty of multiplication,

AXA = 1im AnXpA, = lim A, = A o The existence of such an XE€ mw
for every A€ m—loo implies that '_Jﬁoo is regular, and the proof

1s completes
11. Tile is & rank-ring. The statements (9.3)(f-h) as=-

sert that the funotlon r' on TPl satisfies R.1l, 2, and 4

of §5. Of course, r'(l) =r(l) =1, since 1 1is already an
element of mco » Therefore to show that r' 1s a rank-function,
1t suffices to show that R.5 1s also satisfied by r' .

(11.1) Lemmae If A€ W}, then there exlsts an idempotent

E € mn such that r(A - E) L r(a - A?’) s
Proof: Let OL be some complement of ?Z(Az - A) and let E

be the linear transformation defined by
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A on m.(A? - 4)

0 on Olo
That 1s, E| (A% - a) =a|Ma%-14) ama E|@=0.
Now A TL(a% - a) =aTf(a - 1AJC T - DCTL[aca - 1))
=% - »),
so E l 'n(Az - &) =A| T (4% - A) 1s an 1dempotent linear trans-

E =

formation in 'ﬂ(l\z - A); also, EIOL: O 1is idempotent in 0[ °
Therefore E 1s idempotent in an . Furthermore (A - E)2

2%(1\2 - A) 3 8O

ra-B)=1-alNa-8)< 1-aNw-n)] =r@a®-n.
Therefore E has all the desired propertiess

(11.2) Corollary. If A € #/{,then there exists an idempotent

E in 7fly such that r(A - E) £ r(A% - a)

(11.3) Definition. If OL is any subset of mm then (| is

the topologlical closure of Ol v
(11e4) Definition. If (J| is any subset of Waor T n then

J(O’L) is the set of all idempotent elements of ao

(1105) Lenma o J( mm) =5( Mw) °

Proof: By the continulty of multiplication, any limit of idempo-
tents 1s an idempotent; hence. J(mm); 3( Wl )e On the

other hand, suppose that E € J (mco) . and let (Ai )4 be a
sequence in {fl, such that E = limy Ay o By (11l.2), for each &y
We may choose an E; € J ('le) such that S(Ai,Ei)s 8(A1,Af) o
The sequence (Ej)y so selected 1s contained in J ( Zﬂm) and

converges to E ; because



O(EsEy) < S(E,A1) + S(Ag,Eq)
< S(Eshg) + O(ag,a%)
< 285(E,h) + S(E,AD)
=28 (E,a) + S(EZ,A%)
< 4b(Eon) (by R.7 (b)),

Therefore, E = limyEs € m) » and since E was an arbi-
trary element of of (M) , 1t followe that J(WM )¢ H(My) -
This completes the proof of the lemma,

Next we list for ready reference a few well-known results
about 1dempotents in Mn .
(116) 12 A€M, then AE JMHN<> (1 -a)e J (W) -
(12.7) 1 EE JW) then

(=) E)Dn= {véEv=v} ,

(b) ), + Tie) =P, ana e}, N ME)=o0,
(o) Ne) = -, .

(11.8) Lemma. If AEM, end E€ JWM,) then

(a) AangEan® EA=A,

(b) N2 TNE) © =2,

(o) ) = Ne) + [Wea) nel,).

Proof: (a) By (11.7) (a) ,

AD,C El), < E(av) =Av for all v€ [) <> EA=A o
(b) By (11.7)(c)

Tny2 Mery=0-8)), <aa-e)p=0omw=x.

(c) E£W(E) +ER(R) N ElD;l}: 0 ; henoe
Tuae) 2 Me) + [W(A) N E)Dn].
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On the other hand, if AEv =0 then Ev € Tl(A)N E)Dn and
hence, by (11.7)(c) v = (1 - E)v+ EvE TUE) + Eﬂ(A)f\ E).D_}°
Therefore JL(aE) C TUE) + ['Jl(a)ﬂ Ean-_], and (c) is proved.
(11.9) Lemmao If E,F€E J(0fl,) then there exists an

'€ J(M,) suoh that E'E=%' =EE' ,E'F=0 , and

r(E -E) =r(EF) .

Proof: Suppose first that E, F € f(T,) (instead of J(MMy) .

By (11.7)(b), ’n(E)+ EDn = )-Dn ; hence there exists a comple-
ment Ol, of )+ F)Dn such that OZC_ Elon . Let E' be

the linear transformation defined by

1l on O[

o on Tue)+ FD,.
Clearly, E' € J(mn) o Also; E']Dn = Ol(_: E)'Dn and
m(E') = m(EH F)Dn D UE) ; hence, by (11.8) E'E =E=EE'.

]
since &' 2 FDn » We get E'FIDn =0 and E'F=0

E'=

As for *E-E'), E(E-E')=E'E -8'5' =%' - g'=

' = 0 ; hence, by

=0 and (E'E')E'=EE'-E'E':E'-E
RS of 85, r(E)=r(E-E'+ E')=r(E-E') + r(E") . This

yilelds
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r(E = E') = »(E) - »(E")

= a(elD,) - a(E'Dy)

= a[M&") - a[Nez)

= a[Me)+ FD- a[Nz)

= acell,) - a[ N1 n #0,)

=1 a[fur)] - o[ N F)D;\

=1 - a{lier+ [N 0 F0 |
--a [ N W) O ry)

=1 - a{Um+ M=) N FZDJE.

vecause YLF) N TUE) N FlD, ¢ MmN FID, = 0 , by (11.7)(b)s
By (11.8)(0), TR + [T=) N 70 )= N (er) , ana
rE-E')=1-4d {'M(F)+ER(E) N F)Dn-_\k
‘=mlaad [_'ﬂ(EFﬂ

= a(erlD;)

= r(EF) o
Thereby, the lemma is proved with * "M?.n" in place of " mm" °
But this implies that the lemma is i:rue és stated.
(11.10) Lemma. If E , FE J(Te) and if EF w O = FE then
r'(E+ F)=1r'(E) + »'(F) »
Proof: If E , F€ J(ﬁa) and 1f € > 0 then by (11.5)
there exist matrices E*, F*& J(TM,) suoh that
(a) SME ,EMN + XF, F*) < E.
By (1l.9), there exist matrices Ef, F' € gﬂ( %’Zm) such that
(b) . E'E* =8 =8%', FFMr =8,

1
(a) E'p*:O, FE =0
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* ! N
(a) r(E” - E ) = r(E*F*) , ©r(F* - F') = n(FiE") ,
It follows from (b) and (c) that E'F = E'F*F' = 0 and

similarly that F'E' = 0 ; hence, by R.5 which holds on e,

ve get

(o) r(E'+PFP)=r(E") +2(F') .

From this, we get

A=z |2"(E+ P) - r'(E) - r' (7))
Sl E+R) - 2@+ Y|+ '@ - 2@ +
+le'(F) - 2", vy (o),
{ ONE+ FLE'"+F') + 3E ,E') + O(F , F') , by (9.3)(m) ,
£ 28@,E")+ 28(F, F') , by (9.3)(k) ,
€ 28(E ,E*) + 28(E*, E')+ 28(F , F*) + 2 S (F*, F')
< 26 + 2r(E*F*) + 2r(F*e*) , by (a) and (4d)

2€ + 2 9 (E*F¥, 0)+ 29 (F'E™, 0)
2¢ + 2 o (EMF*, EF) + 20(F*e®, FE) , sinve EF = O = FE ,

28 + 4 J(E¥, E)+ 4 S(F¥, F) , by (9.3)(%)

< 682 , by (a) .

But € 1is an arbitrary positive number, so /\ =0 :

that is, r'(E+ F) = r'(E) + r'(F) » Which is the desired result.
The lemma asserts that the function r' satisfies condi-
tion RoS5, which is all that was needed to show that r' isa

rank-function on Wflm e We are in a position to prove the

(llell) Theorem. Ule 1S a rank-rings
Proof: By (10.5), ma: 1s a regular ring and by the result above,
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r' 1s a rank-function on mm; therefore, Wﬂm has all the
properties of a rank-ringe.

In view of this result, we shall set r = r' on Wo °
Though 1t still remains to be shown that there are no other rank=-
functions on mao no confusion 1s possible because the equation
r(A) = &(A,0) ((9.3)(j)) determines r uniquelys

12, The oenter‘£~ 'Ob_‘cm e In this section, 1t 1s proved

that the center f}( ﬁm) of 775-?-.@ 1s isomorphic to the center
D) ot

(12¢1) Lemme . If Z 1s an element of 'ﬁ.m that commutes
with the diagonal idempotents of 'm_(n) s for some n € N ’
then, given any & > 0 , there exists an A = (aij)é mm such
that 8(& s 2)<¢ and a3 = O unless 1 =3j (mod n) .
Proof: Define the matrix EMNE ’le by

n
(Ekn)u: 813 811:

where

0 1f 1 £ ]
813 = |1 12 1 =3
and 811 _ Jo 1f 1 $ k (mod n)
ik ~
1 1f 1 =k (mod n) o

Clearly, E® 15 a diagonal idempotent of min) | Next, let

p be the polynomial on mao defined by
n

pY) =¥ - 2, BEFy( - ) ,
o=l

n n
If Y= (y13) € M then (Ekn'Y)ij = Zs‘ais Sikysj = Sikyij ’
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[EknY(l - Ekn)] 13 - 9utiy " Z 81L is s:! 5" sk

Sikyij - aikyij gj‘k

n - n
Sikyij(l - Sjk) ?

(_n n n n
‘:kS;'lEmY(l - Ekn) y = égikyij(l -gjk) = yij(l - Bij)

and therefore [p(Y)]ij = V13 6;_13 » Thus

(a) 1f Y=(y;)€ WMo anair a= (ag5) = p(¥) then
85 = 0 unless 1 =] (mod n) o

The polynomial p also has the following propertlies:

(b) 1f X E ﬁ—'ﬁ—lm then rl:p(X)] £ (n+ 1)r(X) ,

(¢) 1f Z€ Wl &and if Z commutes with the diagonal idem-

potents of m(n) then p(Z) =2 , and

(@) 1 W, X € T, then p(W  X) = p(W) £ p(X) o
Finally, given Z and £ as in the hypotheses of the

lemma, let Y be any element of mao such that 8(Y,Z)< H—%—_——-:-L- s

and define A = p(Y) o Then

O(Z ,A) = r(Z - A)

r[p(z) - p(x)], by (o)

r[p(z -1 , vy ()
{(n+1)r(z - ¥), by (b)
(n+1)8(z , Y) <€

The desired result is contained in statements (a) and (e) o
(12,2) Lemma. Let A €, and let ), be the set of all
diagonal matrices 1in ’mn o If, for somes positive integer k ,

(e)
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min {R(A + D) : all D € .@n} 2 3k then A has a non-singu-
lar k x k minor consisting entirely of off-dlagonal elementse
Proof: The lemma i1s obvlious when k =1 . Assume the lemma holds
for ¥ < t and that min{R(A-i- D) : D € ,@n} = 3t . It
is always possible to rearrangé the x;ows and columns of A 8o as
to leave diagonal elemsents on the diagonal and to carry any given
off-dlagonal minor to the lower lsft hand corner. It follows

from this and the inductive hypothesis that we may suppose that
A= (aij) has the non=singular (t - 1) x (t = 1) minor

8(n=t+2)l *°° 8(n-t+2)(t=-1)

: 2
&nl eece an(t_l)

Suppose further that A has no non-singular, off-diagonal

t xt minor and hence that

ratl s00 at(t-l) atj ]

rR | 2(3-1)1 cee 8(3-1)(t=1) 8(3-1)3 _ .
8(341)1 ®te 8(341)(4-1) 8(3+1)3 '
| &n1 °se 8p(t-1) ®ny |

j-.-_-t,t-\-l,...,n-t-i-loThenwemayohoose ¥, so
that
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atl ceae at(t_l) atj
8(5-1)1  *** 2(3-1)(t-1) 8(3-1)j
3 -1
R ajl cae aj(t_l) ajj - ’
a
8511 *t 2(3+1)(8-1) “(3+1)3
| &nl see 8n(t-l) &nj __
J=t,t4+ 1 5, eeeyn=-t+ 1, and we get
3 T
r_atl vee  84% see  8f(not4l)
R 8(n-t+1)1 °°° B(n-t+1)t °°° a¥(n-t+1)(n-5+l)= ¢t - 1 .
L-anl see 8i4 e an(n-t+l)
Adding t - 1 rows to a matrix raises its rank by no more
than t = 1 , so
- . _
811 812 see 87 (not+l)
3
ag) 820 see 8o(n-t+l)
R . . .
. . o 3 é Z(t - 1)’
8(n-t+1)1 &(n-t+l)2 °°° 8(n-t+l)(n-t+1)
_%nl 4n2 e+ 8p(n-t+l)

regardless of the ocholce of ail s &

*

22 p oe e

3*
B(t-1)(t=1) .
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Adding t = 1 columns gives

ayy 8, eee 8
R |ay agz eeo 85 | £ B(8=1),
: : :
a a oo &~
nl n2 nn
L L

for arbitrary a?n-hz)(n-t+2) » ceey B o Therefore, if we

set dj = a;"j - a“ and D= dlag(d, , dg, eee, dn) then
R(A+ D) £ 3(t =-1) < 3t o But this is contrary to the induc~
tive hypothesis, and therefore the lemma 1is proveds.

Remark: The last result can be slightly improved: -in fact,
the argument given above may be used to show that 1if

R(A+ D) 2 3k = 2 for all diagonal matrices D then A s8till
has & non=singular k x k off-dlagonal minor. Little more
strengthening is possible, however -- for let K =1 € ml ’

and having defined K -1 ? define

J

) 1
KJ = ll:Kj_l o € mzj ,

where 0, 1,K,; € M 53-1, ana f£inally, define

0 1 o
AJ = 0 0 1 c m3°2j ,
0 0
£ 2]
J=0,1, ¢ee o where 0, 1, KJ € mzj e« It is easy to
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see that the largest off-diagonal non-singular minor of Aj has
rank 29 whereas the first 3+2J = 1 rpows of Aj ars linearly
independent regardless of how the diagonal elements be altered.
Before stating the next theroem, we make two definitions.
(12¢3) Definitione. ;O is the set of all diagonal matrices of

Mo

(12.4) Definition. If % 1s any ring and 1f °C ¥ then

,C'(q') = {x : XEWR , x8 m 8x for all s €T’} 1s the centra-
lizer of K, (%(’R) = L(R) 1s the genter of % .

(12.5) Theoreme L (Jf(D))C X ; that 1s, 1f 2 € Ty

and 1f Z ocommutes with every diagonal idempotent of 'Mlm 9
then Z 18 an acoumulation point of the set of dliagonal matrices
of mco‘

Proof: Suppose that Z€ £ (J(H)) N\ Z)- o 2 éz implies
that (2 ,0) = tnr {5(2 ,D) : DE @} > 0 , and hence

(2 ,-&) > % for some suffiolently large positive integer n .
Let A= (aij) be any matrix in mco such that 8(A s 2) < % °

Then
(a) 5a,8) > 8z.8) - b,z > 2 .

Since A€ mm’ A € m(m) for some m € [N such that
m> 2n . Let Xk ©be the integer satisfying
(v) m{m< (k+1)n o
Let &, be the mapping of TWL(™) onto N, derined by
(9.2) and let A' = (aij) = t,(A) € mm o Then 844 = a{j

for all 1, J € m . From (&) and (b}, -1t follows that
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R(A'+ D) = mr(A"+ D) > m(%)} 9¢ for all DE "@m 3 hence,
by lemma (12.2), there exists a non-singular 3% x 3k minor A"
of A' oconsisting entirely of off-diagonal elements. Clearly,
the minor A'.' appears in every set of m consecutive rows of Ae.
By lemma (12.1), on the other hand, Z€ £'(J (L)) implies
that there exists a B = (bij) € mm such that bij = 0 whenever
1 # 3 (mod m) and &(2,B) < %1. o Obviously

(o) o, B) < £

Since b“ = 0 whenever 1 g4 J (mod m) , it follows that
byy = 0 whenever 1 43 and |1 - jl { m; Henne A € m(m)
0
implies that the mlnor A  still appears in every set of m gun=

gecutive rows of A = B . Therefore

(a) 3a, By =ra-3)2 E > _J.> 2,

the last two inequalities following from (b) and the fact that
m 2 2n (so that k 2> £.)
Statements (o) and (d) are contradictory; hence the set

oC'(J(X‘)))\ E must be emptye Thereby, the theorem is proved.
Obviously LS (08)):_3 .@ , and since multiplication 1s

continuous, the centralizer of any subset of 'mq, 1s closed;

hence, ,C'(J (.8)) = LS (é—)) =2 TQ- , which 1s the reverse of

the inoclusion asserted in the theoreme Thus we have the

(12.6) Gorollarye (IO =70 .
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(12.7) Lemmas Let Z be in the center /;("mm) of My »
let ne IN , and let £ > 0 « Then there exists a matrix

D= diag(dl s> ccey Gy, e0e) E @ such that 3(2, D) & and
4 = dj whenever [%]:[%] s Where tx] denotes the greatest

integer less than x .

Proof: Define U =(uy4) and V =(vyy) as follows:

1 if j=1+1g¢ 1 (mod n)
uij=VJ1=

0 otherwise
Clearly U , V émn) e Nexut, define q(X) = X+ V(XU = UX)
for all X € moo o« It is easy to see that for all
X 5 Xy , X € moo and all Z € %('Mlm)

(2) r(q(x)) £ 3r(X)
(b) a(X, £ X5) = a(X;) £ a(Xy) , and
(o) q(2) = Z .

It follows immediately from (a) and (b) that
(a) 8(a™ (%)), a®(%p)) & B 8(xy, %)
If D= diag (dl’ ooo; di’ noo) then (DU)ij = diulj ’
(UD)ij = uijdj » and [V(DU - UD)J 13 - Zs:viausj(dﬂ - dj)
= g (11)%(1-1)3(d1-1 = @y

_{di_l-di 1f 1 =3 #1 (mod n)

(6] otherwise



Hence
[m(D)] 14 = [D + V(DU =~ UD)] 13
4 1f 1 =J=1 (modn)
=qd4.4 1f 1 =3 #£1 (mod n)
0 1f 1 43,

and by finite induction

[qp(D)]ij = -J] .

dyupey 1f 1 =J=n (modn)

0 1f 1 #£3 .

-
%
that 1s, Qin(D) = diag(dl 9 ooy d;" s ace ) E og and

# _ _ i 1) _|3
d1 = dk where k =n ['ﬁ] 4+ 1 o Then clearly [H] = [n)$

* *
= 4 = d.‘l o Furthermore, by (c¢) and (d),

0(a™(D),2) = &(a™(D), a®(z)¢ 31 & (D, 2) .

Therefore, 1f we choose D €K such that S(D, z) < 37N¢
(as we may, by (12.5)) then qn(D) has the required properties,
and the lemma is provede.

If Z 1s in the center of JJlo and 1f £ >0 , then

by (12.5) there 1s a D = diag (dj, eecy, dy, oeo )€o©
such that S(Z, D)<E& o Sinoce o@C 'md D € m(n) for some
n €N « By (12.7), there 1s a D' = alag (df , cee, &, oeo )

c o@ such that 0O(Z, D') <€ and [%] = [%] > d;_ = dj .
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Stnce  J(D, Df)ﬁ,,< o(D, 2) + 0(z, ') < 2¢ , there must be a
d:; such that di = di for 1 =1, 2, ¢co, n with fewsr than
2ng exceptions. Setting d" = d.; and D" =d" ¢ 1, =
= alag (a", a", .ev, @", oes ) , the scalar matrix whose diagonal
elements are all = d'.' , ylelds &(D,D")< 2€ and alz, D")S
(S S(Z, D) 4 S(D, D") < 3& ; hence 2 1is a limit of scalar
matrices. But a sphefe of radius< 1/2 can contain at most one
scalar matrix, so 2Z 1itself 1s scalar. Clearly, a scalar ma=-
trix S=8 * 1y 1s in the center (] (M) of Ml onlyirf
8 13 in the center (}(’19) of 79' o« Thus, we have proved

that
/5(%&@) = {s *ly 3 s€E @(?9>}

(12.8) Theorems Q‘(-ﬁzw) is isomorphic to (&) °

Furthermore G(;-J—Rw) = @(/mw) = g(mn)) for all n €E ]N .

Proof: It follows from vhat we proved that 8 « l,y—= g 13 an

isomorphism between @(ﬁw) and (3(29’) e Also @ (mw)g
C (M C Q™) = o o 20 s € YD} = )
which completes the proofs

13. Rm is a continuous geometry.
o

According to (1l.11), mwis a rank-ring. By §4 and
(12.8), ﬁm 13 irreducible because its center /3(@—]2-09) is
isomorphic to the field 8(29) e By its construction, 7_12'05 is
complete in the rank-metric a(A,B) = r(A-B). Therefore, ac-
cording to (6.3), R f-ﬁzw is a discrete or continuous geometry.

That it is not discrete follows from the fact that the rank-
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function assumes infinitely many values. The Theorem that fol=-
lows summarizes these resultse.
(13.1) Theorem. PN, 1is a complete, irreducible rank-ring.
R Wloo 1s a continuous geometry.

14, The isomorphism of Zoo and R °

The purpose of this section is to show that mm is es-

sentially the coordinate ring of £oo ¢ In other wordg, that

;Cm i1s isomorphic to Rfﬁzm °
(14.1) Lemma. If A, B € WUM) then the following three

statements are equivalent:

(b) B=AX for some X € m(n)
(o) (s.)0, 2 (6,800,

where t, : m(n) émn is the ring-isomorphism defined by
(9.2)

Proof: Obviously (b) = (a) « Since %, 1is an isomorphism,
(b)) t,B= (tnA)x' for some X' €mn <> (c) « Suppose
that AmwQ Bmoo ; that 1s, B = AY for some

Y= (y14)€ M. Lot Y = 3{11 ysln (whether or
Jnl *°° Ynmn

or not YE PUP)) . Then x=t7ly'e M™) ana B=ax.

Thus (a) = (b) , and the proof is completes

(14.2) Lemma. There is a mapping T :Rmm—> fag that is

one-to-one and such that <T(& 713?,,) = (tnA)Dn whenever

A€ 'Ml(n) and n € [N . (of (7.2)).
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Proof: PFirst notice that the ocondition makes sense: for if
€ M ana nelN then aAMye Ryy_ s 8 € My, ana
As we have already observed in §9, if nlk then

by = @ypb, on M) ; hence

(tkM}Dk = (@ kntnA)Dk = d" kn [(tnA)Dn]N (tnA)Dn ®
where @), and q)kn .are the mappings defined by (8.1) and
(8.2), respectively, Furthermore, 1if Arm_m= Bmw then
A, B € m(n) for some n € [N , and, by (14.1),

(tp8)0, = (tnB)l.On « Therefore, Ammz?’ (tnA))Dn (n 1s any
element of [N/ such that A € m(n)) i1s a well=defined
mapping of RM o onto o‘f co ¢ That the mapping T
has a well-defined inverse follows from another application of
(14.1) &

Lemma (14.1) implies still more: T and -t preserve
order. Therefore we have the
(14.3) Corollary. The mapping T of (14.2) is a lattice=-
i somorphism.
(14.4) Lemmae The mapping Amm—eb ATy 5 A €EWys 1s an
order-isomorphisﬁ of Ryp, Iinto R o This lemma is a
special case of [8’, vol II, Lemma 15.5, pe 145:\°

The next three lemmas are used to show that the mapping
© of (14.4) 18 not merely an order-isomorphism but also a lat=-
tice=-1somorphism.

(14.5) Lemma. Let E, F e J(Mn) ana ae P, .
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(a) There exists an A € ll, such that
EA=A, FA=A, and r(A-G) £ r(EG -~ G)+ r(FG - G) .
(b) There exists a B € mn such that
BE=E ; BF=F and r(B=-G)S r(GE = E)+ »(GF = F) &
Proof: (a) Let W, = UEG - 6) and Ty = N(FG - G) ,
and let a, be some complement of 7/21” nz e Then define

G on Wl n ma
0O on ao

Any vector v € Dn may be written Vv e a+ n where a el
and n € 'nlﬂ'nz e Since A=0 on 0[, Aa = 0 , and since
A=G=EG on ’nlﬂ ’nzc_:’nl s An = EGn ; hence

Av=Aa+ Al =EGn , and EAV = E(EGn) = EGn = Av . Therefore

EA=A , and similarly, FA =A , Furthermore

rA-0)=1-alNa- o)

€1-afy1NMe) » for Na - 3)2MNN:
1 - a(fly) - a(y) + afty + My
= r(EG - G) + r(FG = G) - (1 - a(Ty + Ny))
< r(EG - G) + r(FG = G) »

Thus, A has all the desired properties, and (a) is

provede.
(b) Let # be a complement of E)Dn + FDn and define

lon ED, + FIO

Gonﬁ-.
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If v 1s any wvector in N
y }Dn then Ev € E)Lng'._ EDn-l- FDn ’

hence, BEv=Ev and BE=E . Similarly BF =F o
Clearly, (B -¢) 2 % +|:(E)Dn+ AD_) N Nee - 1),

from whioch it follows thaﬁ

r(B-6 =1-alNe- o)
¢1=-ald) - d[(EDn+ FiD,)N TG - lﬂ +
+a [ FnNED,+rFDH NG - 1Zl
=1 - a(H) - d[(E)Dn+ FD) N Nee - 1))
and since ';fy and E),Dn+ Flon are supposed to be complementary,

we get

r(B - 6) ¢ aED + rlD,) - d\:(Elﬂn+ FID) NN - 1)) -
By (11.8) (o), TUcE - B) = N6 - 1)E] = ’H(E)+[’R(G - l)nE)Dr]

and simlarly JUGF - F)= TUM + N - 1) N FID_ . Hence

r(GE-E) +r(GF-F) =
=2-d I:'n(GE-Eﬂ - d['Zﬂ(qF-Fﬂ
=2- d[’n(E)] - d[’IZ(G-l) N ElD,] - dUZ(Fﬂ
- a[Ne-1) N PO
a(ElD ) + a(Fiy) -a[Ne-1) N ED,] - a[Ne-1) N FDy
a@Dp+ FID ) +aED, N 7)) - d[(ﬂ(e-l)ﬂ D)+
+ (M(e-1) N F)Dn):’ - d[__'JZ(G-l)n E)DnﬂFlOnzl
> a0+ FOR) - a[(N(e-1) N EDR) + (N (6-2)N FID,)]
> r(B=G)+ d[’J?(G-l)n(ElOn + F)Dn)] - d[( W(e-1) NED,) +
+(Ne-1) N FDp)|

2 r(B=G) ,
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where the last inequality comes from the semi-distributive law
of lattices: a N (b+ c) 2 (aN b)+ (a N o) « Therefore B
18 the matrix whose existence proves (b)e.

(14.6) Lemmao If ¥ 1s a complete, irreducible rank-ring then
d(a® + bK) - a(a® n vR) £ 2r(a - b) , and hence a = a®
is a uniformly continuous mapping of % onto RE °

Proof: Let 7¢ and A be complements of a& N bZ 1in a®
and b% , respectively. Then the set %_'UZ, A, a®n b'ﬁl is
independent (of §2) « Acocording to §4, there exist three in-
dependent 1dempotef1ts e, f, and g of % such that Bzu w
t¥ =4, and g€ =a® n b® . Since e, f, and g are

independent
e+t +g)¥ =e® + 8 +g®
=+ b +(a®n vk)
=a® + b8 +(a® N b&)
=a®+ v ,
and hence
aa® + v¥) =a [(e+ £+ g) @)
"mr(e+ £ +8g) by (6.3)
= r{e) + r(f) + r(g) Dby RS of &5
d(a® n bR) = a(gR) = r(a) ,
and '

d(a® + bE) = d(a® N v8) =r(e) + r(£)
Since a%=ﬂ§a%,§vehave e £ a% and e = ax
for some x € & . On the other hand, (f + 8)26 o f%-} gf:
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= I+ (a7€ n bﬁ): b¥ ; hence (f+ g)® =b¥ and

(f+ g)b=D0b Therefore e(a - b)x = eax - ebx =

= 6% = e(f+ g)bx= e , and r(a - b) 2 r(e(a - b)x) =r(e) »
Similarly r(a - b) > r(f) » This ylelds d(af + bdE) -

- daZ N b#) = r(e) + r(£) € 2r(a - b), or o (a ¥ ,ok)
{2 S(a,b) ; hence the lemma is proved.

)
(14.7) Lemmae The mapping Amm—B*A mm: A E mm » 18 a

lattice-lsomorphism of Ry ~ onto a sublattice L* of R
Proof: (of. Proof of (8.3)) According to (14.4), € 1is an or=-
der=isomorphism of R??Zm onto 5(.* = G(me) 3 hence it re-
mains only to show that, for all E, F, G € ma,,
(a) EMeN FMp = 6Mo> EMa N FAY,_= 6TA,, , and
(v) EMp+ FPWly = 6Mp > Mg+ Fill, = Mg o

To prove (a), suppose that Gmm =E 'mmﬂ me and
Hfl, =EM, N FIll, where E, F, 6 € M, and HE My »
According to §4, we may as well suppose that E, F, G and H
are all idempotent; also, let (Hy); be a sequence in M
that converges to H . Since HE E-ﬁzw and since E 1is idem-
potent, EH=H ; similarly, FH=H . Hence, by continuity of
multiplication, 1limEHy = EH =H = 1limH; and 1limFH; = limHy,
so r(EHy - Hy)+ r(FHy - H1) — 0 . But it follows easily
from (14.5)(a) that for every Hj; , there exists an Ay € 'mm
such that EA; = Ay , FAy = A; and r(A; - Hy) < r(EHy - Hy) +

+ r(FHy - Hy) . Therefore,
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8(@1{‘“ ’ HTZZQ) < 2r(A; - Hy) , by (14.6)
< 2r(EHy - Hy)+ 2r(FHy - Hy) = 0 4
and 1imAjPle, = Hllw o Furthermore, since EA; = Ay »
1t follows that Ai'mw =EaM C EM, and simlarly
Aimw c me 3 hence AWM, C G?nm5 o According
to (14.4), 8 preserves order; hence
M, = oM ) C oc M) =
and by continuity of ﬂ
Ml N 6Ty = 1imy (AT N 6TMgy) = 1imga, M, = HIl,,
Thus We get the result: HWL C GJJl_ . The fact that ©
preserves order also implies that
HMlly, = EMleN Fllle = o(EM,) Ne(Flll,) 2 eEMNFN) =
= Gmco s Which 1s the reverse of the inclusion just proved;
therefore Hmm = Gmm » and (a) 1s established.
A similar argument, using (14.5)(b) in place of
(14.5)(a) proves (b)e
(14.8) Theorems The lattices Zoo and erm » are isomor=-
phic.
Proof: The lattice isomorphisms T °Rm —->;Cm of (14.2) and
O:Rp —> L¥* = ‘[A'ﬁim. A e'ma,-i of (14.7) both preserve dimen-

sion: for
a[ z(a m)] = a[(s,0)) ] r(t A) = r(a) = d(a /M,a) , and
d(Amm) =r(A) = d(Amm) o Therefore, ;C——>Rm __5—‘-6* is

a dimension preserving lattice-isomorphism, and hence is uni-

formly continuous,
~=1

Let K be the extension-by-continuity of 8¢ to the
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closure Z;) of ofm ¢ Since the operations ﬂ, +, a,

eand 0 are preserved by 9Z~! and are continuous both in

Ecm and RWZ-,, » 1t follows that they are still preserved by
K o Hence ¥ 1is an isometry and a lattice-homomorphism.
Since an isometric mapping is necessarily one-to-one, 4 13 a

lattice=isomorphism. Since mm is dense in @, ’

f(: 8(My)) 1is dense in R?]_Z » by (14.€). Therefore, the
(- ]

image of Z-aa under K , being & complete space containing

£ » contains all of Rmm e Thus, we have shown that #£ 1s
an isomorphism of Zao onto R%Z—m » and the proof of the theo-
rem is oqmpleteo

(14.9) Corollarye. Zw is a continuous geometry, and 7&@

is 1ts coordinate ring,

Proof: The corollary is an immedlate consequence of the theorem
together with Theorem (13.l).

15. Conoluding remarks. The construction of ﬁm given

in §9 is essentially the same as one suggested by von Neumann in

1

one of a series of Colloquium lectures. In the same lecture, he

stated further that if ?} is a division ring arnd 1if Nl and
Nz are any two sets of integers satisfying (8.4) then

772,,,(19.3\11) E“ ’U_Rm( ?9, Nz) ; and also, if 79' is finite
over 1ts center /}(&) then mco( &,N) Emm(%(ﬁ),ﬂ\]‘),

l'l‘hese lectures on continuous geometry were delivered at
Pennsylvania State College in September, 1937. Notes abstracting
them were distributed at that time. A copy in Professor
von Neumarn's files was made available through the courtesy of
Mrs. Elizabeth Gormane
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The basic problem of finding a simple oriterion for determining
whether two given approximately finite geometries are isomorphic

is, however, still unsolvede



CHAPTER III
POLARITIES IN Ly

16. Dualities and polaritiesa.

- If Z and &L' are two lattices and if ¢ 1s a one-
to=one mapping of £ onto £' such that

¢+ 4)= gm) N gts)
' : . all @, teL
e N 4) = g(?) + glb)
then ¢ 1s a dual-isomorphism or duallty of £ onto ',
and aﬁ and %' are dual latticess Every lattice possesses
a dual which may-be obtained from it simply by 1nterohanging
the operations of join and meeto Axioms A, 1=3 of §1 -are
invariant under transposition of (\ and + and hence the
dual of a discrete or continuous geometry is again a discrete
or continuous geometry. However, a projective lattice (the
lattice of subspaces of a projective space) is the dial of a
projective lattice if and only if it is finite dimensional (cf.
[_1, section IV.1l, pe 95]).

A dual-automorphism g) of a discrete or continuous geom-
etry is a polarity 1f i1t 1s involutoric ( ¢% =1). This de-
finition, which coinocides with the usual one in tﬁe di screte
case (that is, for finite dimensional projective lattices) has

1

been used by Givens™ as a basis for a theory of polarities of

lWelllatoe Givens, Seminar on Continuous Geometry, The
University of Tennessee, 1955=6,
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continuous geometries. It is shown in this ssction that pola-
rities of approximately finite geometries do sometimes exist,
and in the next section, some properties of the signature of a
polarity are investi gated.

The following fundamental facts about auto-dualities and
polarities were proved by von Neumann [8, vole II, Theorems 4.3
and 4.4, po 48J :

(16.1) If % 1s a complete irreducible rank-ring and if

x — x' 1s an anti-automorphism of %, then

g x® —>(x')r= {y 3 x’y-.:O} , fcr xE€E R,
1s a dual-automorphism of Ry (according to § 4,

(a)® c Rn for all a€ % ). Conversely, if R 2 has chains
of length 2 3 then every dual-automorphism of R% is gen-
erated in this way by a unique anti-automorphism of % . Fur-
thermore, (! is a polarity if and only if x —= x' 1s an in-
volution (x" =x for all x€®).

Consider the oase Y= T’Qw , vwhere %L, 1s determined
by 7} and [N as in §8 and §9, and let a—=a* be an in-
volutoric anti-automorphism (iaa, for short) of 2% . (For com-
mutati ve 19' this 1s no restriction on 7% since a* =a 1s
then permissible.) If A 1is a matrix in mw, define A¥ to be
the matrix obtained by replacing each element a4 of A by
» and let AT denote the transpose of A ¢ Then

2
aij °
) is an 1aa of mm. Since mw has a

@ : A—==>A"=(a%

unique rank-function, any semi-automorphism of 732@ must pre-
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serve rank; hence r(A' - B') =r [(A - B)'] =r(A - B) ,
and 00 1s uniformly continuous. Thus ( may be extended

by continuity to a mapping /8 of 7, 1into itself. By vir=-
tue of the continuity of the extended mapping /5 and of the

algebraic operations of W’Z’m s /313 an 1aa of Myp o In
view of (16.1), this proves the

(16.2) Theoreme. If ﬁ' possesses an involutoric anti-auto-
morphism then polarities of me exliste.
Remark: In the case of projective coordinate geometries of di-
mension 22 over 19' a2 the existence of an 1aa on &a is
necessary for the existence of polarities (cf. [l, §4°3, Theo-
rem 2, po lll:l )o The corresponding problem for approximately
finite geometries is complicated by the fact that ba is not ne-
cessarily an invariant of mm 9 and that & may fall to have
an iaa even if it is finite over its center (cf. §15).

17. BSignature, In Givens! theory of polarities in a
continuous geometry, signature is defined as follows:
(17.1) Definition. If Jr 1is a polarity of a continuous geome-
try % then

s(r) = sup {d(w) : weaf.:!r(n)?%}

1s the signature of Ir .
Let % be the coordinate ring of a continuous geometry

f; and let x -» x be the 1aa op %, generating the polarity
7 , so that I (x®) = (x')¥ (of. (16.1)). Then



T(xR)=(x") 2 x% 1if and only 1f x'x =0 , and
a(x¥ ) = r(x) ; hence
s(r) = sup{r(x) : x€E® , x'x = 01‘
If a, a-1 € % then x — a~-lxa 1s an automorphism of %,

1

so x-=> a~-x'a 1is an anti-automorphism. If in addition

a' = a -- in which case a will be called hermitian -- then
x —>»a~1x'a 1s also involutorioc, for

a-l(a-lx'a)a = a"1 a'x"(a'l)'] a =alaxa-la = x .
Therefore, x —= a~1x'a generates a polarity J*(a) . By the

gignature of & (with respect to the itaa x—=x') we shall

mean s(a) = s(ir(a)) . Obviously, a”ix . 0 implies
x=aa~"lx=0 s and hence
(17.2) s(a) = sup {r(x) : x€®, , a~lx'ax = 0}:
sup { r(x) : xe¥® ;, x'ax = O} °

It is apparent that the x'ax occurring in (17.2) plays
a role analogous to that of a quadratic form in the classical
theory of polarity. Indeed, if the geometry is n-dimensional
and 1f x 1s chosen so that R(x) = 1, then each of the n<
equations comprising x'ax = 0 1is either the identity 0 =0
or the ordinary (scalar) equation of a quadrice In order to in-
vestigate another aspect of the analogy, let & s ]On R xn R
and ‘U, be defined as in 87 ; let x ->x* be an iaa
of 2% ; and, as in §16, let X' = (X*)7 rfor a1l xe M .



Finally, 1if v

Suppose that A

tian bilinear fo

a € 79' then
g(u, v+ x)
g(v+ x,u)

g(u, va) =
g(va, u) =

and

]
d
N

rm on

=u'A(v+ x) = wAv+ u'aAx

we

then g(u, v)

for if u, v,

= g(v, u)+ g(x, u) ,

u'A(va) = (u'Av)a = g(u, v)a ,

(va) 'Au = att(vAu) = a¥*g(v,u) ,

#
glu,v) = u'Av @ (v'Au)¥* = [g(v,u)]
where va 1s; of course, the scalar product of

1
a € ﬁ o Define the orthogonal complement 3‘E

¥e L, in thne

usual ways
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V1 ¢ # o 3
Je ]Dn » define v = (vl Vg soe V') o

u'Av is a hermi-

€

)Dn and

glu,v) + gl(u,x),

v € )'Dn and

of a subspace

L
36 ={y ¢ g(x,y) =0 for all x € 36} °
Let X € Yl,, be a matrixz whose columns span 3 , so that

o+
X an = 3(? o Clearly, y € K ir ana only if XAy =0 ,

4 .
and hence Y DnG% 1f and only if X'AY =0 . But

X'AY = 0 1f and only 1f Y € (X'A)® . Thus it follows that

A
‘7{1(3{ ) = (X'A)r where 0: 1s the mapping defined by {7.2)0

Since 0;(36) = XMW, , we get
(x'a)¥ = 0;1(3(*) = Oy [oﬁ-l(x’mn)-_"l' ) 3

n

’

therefore

4
(17¢3) the mapping 3€ 'D*p Jée £n » and the mapping

(xMn) — (x'a)* , x'mn € RM, » 8are corresponding polari=-

ties under the lattice-isomorphism 0; : Sﬁn - Rm'n .
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The relationship between the Witt signature [6, p.170]
w(A) = n -2 [max {_dim ¥ 3{‘-;35}:\ and Givens' signature
s(A) 1s given by

w(A) = n [1 - Zs(A)] P
where A 1s any non-=singular hermitian matrix.

The next theorem states that the signature of hermitian
elements with respect to a fixed iaa x —» x' 13 a continuocus
function. But first we prove a
(17.4) Lemma. If a' =a € ® , then for any x £€F there
exists a y e'c€ such that y'ay =0 and r(x - y)& r(x'ax).
Proof: Let (x'ax)u(x'ax) = x'ax « If e =1 = u(x‘ax) then
e 1s idempotent and, by §4, (x'ax)' =e%®, »

Setting y = xe gives
v'ay = (xe)'axe =e'(x'ax)e = '°0 =0

and
r(x = y) = r(x - xe) = r[._x(l - e):‘ = r[xu(x'ax)] £ r(x'ax) ,
so y has the desired propertiese
(17¢5) Theoreme If a' =a and b' = b then
| s(a) - s(b)l € r(a - b) ;, and hence s 1is uniformly continuouse
Proof: Let &€ >0 o By definition of s(a) , there exists an
x such that x'ax =0 and r(x) > s(a) = £ « By (17.4) there
exists a y such that y'by = 0 and r(x - y) € r(x'bx) o But
r(x'ox) = r(x"(b - a)x) { r(b - a) - Therefore

s(b) 2 r(y) = r(x) -r(x-y)> s(a) ~ & -r(b-a), and
s(a) - s(b) < r(b=-a) +£ - Since & was arbitrary,
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s(a) = s(b) € r(b - a) « The remainder of the proof follows
from symmetry,
Remark: The proof of the theorem is valid for singular hermi-
tian elements provided we define the signature of such elements
by
s(a) = sup { r(x) : x'ax = O]‘.

Let us now return to the case in which =My
x—>x is an iaa of &, and X —=X' 1s the extension-by-
continuity to 7 of the laa X —= (X¥)T on M. If
A=p'E m(n) , let

sp(A) = sup {r(x) s x€ M), X'ax o 01; o
(17.6) Theoreme If A = A'Emmthen s(A) = sup {sk(A)zAém(k)}.
Proof: Let sup{sk(k) ¢ A€ m(k)} =d » Obviously,
s(A) 2 o¢ 2 s, (A) whenever AE mk) o Given &£>0 , let X
be an element of ?-ﬁw such that X'AX =0 and r(X) > s(A) - ¢,
and let YEM _ , r(X-¥Y)<g o Then
r(Y'AY) = r(Y'AY - X'aAX) € (¥ = X))+ (¥ -%X) < 2E o
If Y€ m(k) then, by (17,4), there exists a Z € k) sucn
that r(Y - 2) € r(Y'aYy) € 2 and Z'AZ =0 . Therefore
® > 8 (A) 2 r(2)> r(X) - r(X - ¥) - r(Y - 2) > s(A) -
- 4€ 20~ 46 , and since £ 1is arbitrarily small, s(A) =0 o
This completes the proof.

Let A be a symmetric permutation matrix in Q”Zn ; that
1s, a matrix having the properties: (a) A = Al (b) every

element is either O or 1 , and (c) every row (and columm)
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of A has exactly one non=-zero element. Then clearly
A =A% = (A*)T for every laa x =>» x* of » and r(A) = °
In addition, let x -w» x™ satisfy the condition:
(1747) for every finite set {xi : 1€ 1< n} of non=-zerc
elements of ﬁ » 5 x?fxi # 0o
It follows from (17.7) that 2% must have characteristic w2,
and that, for all X € mn R (X*)TX= 0&» X=0, so
8(1,) =0 (1, 4s totally regular)s If J 1is the number of
1t's on the dlagonal of A then A 1is cogredient to

o 1 ©
11 o o H
0 0 1

hence, by [6, Do 1'70] s W(A) =3 and s(A) = %E_ - K::SLAL]«:%‘ °

Furthermore, if k = m then w(gkn&) = mw(A) 8o

s((fknA) = 15;1—1; = 8(A) ¢« In view of the isomorphism t, be=

tween Mk) and mk s We have

8, (t71A) = 8(@,A) = a(A)
for all k c N s kK 2 n , and consequently s(t;]"A) = s(A)
by (17.6)0

Let jn denote the set of symmetric permutation ma=-
trices of (L, and let d:it;l!t :t AE j’n, nEN}. An
easy computation shows that if A =(aij) (4 fn » B= (bij)E\'fn,
and ay4b;y =844 forall 1 ¢ n then S (A;B) =
= s(A) = 8(B) o From this it follows that for every
s € [_0 R %] there exists a convergent sequence (Ai)i in 30
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9 #.T
such that s = limy; s(A;) o Now the iaa X =% X = (X")
1s always continuous, so ?- consists entirely of non-singular

hermitian elements. Therefore s( 4 ) = LO ’ %J o Thereby

we have proved the

(17.8) Theoreme Let x —» x™ be an laa of 34 satisfying
!

(17e7) 5 let X = X be the extension=by=continuity to mm
T

of the 1aa X =» (X*) on mw s and let ﬁb’ be the set of

non=singular elements of mw that are hermitian relative to

X = X' « Then



CHAPTER IV
THE LATTICE [P(Z.)

18, Frink's Lattice. If L 1is any lattice and if a@

is any non-void subset of Z such that

{mnd:w, e dchd

and

{m+z:aed, vel}chH

then a@ 1s a dual ideal of % o If o{_} has a least element O

then set inclusion 1s an inductive partial ordering of the proper
dual ideals of 38 : hence, on the strength of Zorn's Lemma,
every proper dual ideal of a lattice 56 with O 1is contained
in a maximal proper dual ideal (mdi) of L. set D(FH) =

={D: Di1s anat orf} and detine (45)1 ,,82) =
={®:8€ D) :@Qo@ln&gl for all 8l 8 Dze D) .

Finally, let E(;C) be the class of subsets of 1D(F) de-
fined by the conditiont s € P (L ) 1f and only if

(481 ,QZ)Q S whenever "81 ’ 082 € S . It is clear
that IE(;,C) contains (1) the empty set, (ii) every set
{08} containing just one element ,& of D(L) , (111) the
set (,81 , 0@2) for any pair @1, 082 € D(L) , ana (iv),
for any element U of ‘£ » the set

(18.1) B ={f:ued e D] .

Furthermore, ]'_P(f,) 18 closed under arbitrary set-intersectionsa

and therefore becomes a complete lattice when ordered by inclu-
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sion. The lattice ]P(,‘,C) i1s atomic, and the singletons are

the atoms,

Frink, who devised the construction of ]E(ﬁ) has
proved the
(18,2) Theorems. [3, Theorem 14] 1f s{ is a complemented mo-
dular lattice then
(a) ]P (£) is a direct union of projective lattices, and
(b) the mapping P :~>P(£) defined by (18.1) is a lattice-
i somorphism of # onto a sublattice of T (Z£) -
Note: Here, as always, we require that pro jective lattices and
projective spaces be irreducible. Hence, where Frink \:3:] writes
"projecti ve lattice (space)" we substitute "direct union of pro-

jective lattices (spaces)".

This theorem looks like a promising tool for studying the
structure of the lattlce X, : for example, it shows that the
class of coordinate division rings of the non-trivial projective
lattices in the direct union decomposition of ]P(%) is an in-
variant of 3. Unfortunately our knowledge of IL (L) 1s
meager, but it is shown below that when ;ﬁ is an approximately
finite geometry, the class of division rings just described is
never vacuouse

19, The lattice ]P(zco) . Before proceeding we list

two facts about the dual ideals of any lattice ;6 with O,
(19.1) Let d be & non-vold subset of # such that

{nn,b-:a,,b-ej}g g.
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Then J* E{_t" : Z"Eia Z°27 for some 7ZZE \’f} is a dual
1aeal. 1f 0€d then §* 1s proper.
(19.2) If & 1s amit of & ana S €d) then either €L
or else TNl =0 for some W Go@
Assertion (19.1l) follows immediately from the definitions.
As for (19.2), suppose that }-¢ 8 . and set

'5 = { wnl: ne 8} o The set j satisfies the hypc-
thesis of (19.1); so J* is a dual ideal. But d*?;@ and
,6. € g*; hence j* = 36 o Therefore 0 € 5’ , and

ot N b— = 0O for some WE o@- Thereby (19.2) is proved.
In all that follows, let

(100 00 O
000 000
Ep= 000 so0] € M forann nelN
® e O L]
e o 0 o
00d ... O

and let F_ = t7-(En) (€ MWL (®)) . Define

J"'={X-772m : xemm. lelmQ ana, for soms nGNE °
By (19.1), } i1s a proper dual ideal of R-”Z’° « Let g be

a fixed but otherwise arbitrary mdi of R-m that contains .;,

(-~
and define AZ = {_AOL: Ole g} for all A€ szm « It is
easy to see that Aé is a mdi if and only if r(A) =1 .

(1903) Lemma. Let BF, = (23 + Z2A)1='n where A and B are
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non-singular elements of mw and Z; and 2, are in

/}(’mw) . Then B 2 ZNag .

Proof: By (19.2), it suffices to show that if de En A&

and cﬁéé then. (QlNBGB #0 . Now (J€ AS , so A‘l&eé o
Also Py € F C & . Theretfore
¥=0N 2B N6rqNEm,) €S
Since JfC Fn-’m,m s Fn3E='3€; hence
B = (23+ 200K C 2.3 +2,0% =%+ 2.

But 4+ aECOL+ a0 L) = so B¥EC (O, and
BIC B> ; therefore BX S (. N B L

All that remains is to show that B3 # O . Since B
is non-singular and g is a proper dual ideal, 3662: 367* o=>
= B} # 0 , and the proof is complete.
(19.4) Corollary. If B 1is a non=singular element of mm
and 1f BF, =F_  , then BE= & .
Proof: Set 2y =A =1 and %; =0 . Then according to the
Lemma, B 5 =2 5 N1E& =& . BEDE 1s impossible be-

cause Bé is proper and Z is maximal.

Let lDw denote the space of columns of elements of m,
or in other words, the set of all 1l x v  matrices over &¢
having at most a finite number of non-zero elements, If
X€ Mys r(X) =1, and 1f x 1s the first column of X ,
then set é(x) = xZ o If x 1s also the first column of Y ,

then XFn = YF, for any n such that X, ¥ e m(n) o But then
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x.lﬂ‘n =F, , and X"lx g = 5 » by the Corcllarye. Therefore

xE=xxYZ =YY% , 50 £(x) 5 xZ 1s determined uniquely
by X o
(19.5) Lemmao Let vy, «oo, v, be non-zero vectors of lowc
t
Then g(ziﬂvi :g 1) =2 g(vi)nooo ﬂg(vt) vghenever
{1 é-./}(&) s forall 1£ t , and 0 # z\iulvigi .
Proof: Suppose t =2 ., Let Vi c W?w, r(vi) =1 , and (first
colum of V3) =v4, for 1 =1, 2 ¢ Then the first colum of
VIZl -+ VaZQ is Vi_gl -+ V2§2 9 Wwhere Zi = ‘gin 1‘0 € {%(ﬂ).
By (19.3) (23 + Y1 szz)g;-'gﬂ(vl'l V2)E , and hence
-1
m) vl[é N v v &
2vEZNVE
= N &y

If t=1, just set &, =0
If t > 2 , observe that our result for t =2 and

Z(Vlgl+ o900 + Vrgr)g g(vl) nnto ﬂ g(vr)
imply that
g(v1€1+ eoo + Vr§r+ vI'+lgI'+l)-D—
Q g(vls l+ oeo+ vrgr) n g(vr.'.l)
2Zv) N oo N Ev) NE vy s
therefore the proof is complete by finite inductione
A partial converse of (1l9.5) is
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(19.6) Lemma. If v are right linearly independent

1’ 000,vt+1
vectors of low then

Ev,) D Ep NNy o

Proof: As in (19.5), let V, € Mo, r(vy) =4 , and (first
colum of V,) =v; for all i € t+ 1 . We may suppose that

\f1 e mn) for all i g t + 1l . Since Fn jjin}C Z ] it
follows that

—y——

vianooe Vig = g(vi)

and hence that

——

VF Mt oo + VP W€ EN .. N Elvy) o

Let W be the mtrix of ™) whose first n colums are
V1s Voo ecey Viy Oy eo0ep O , (clearly n > & , because

V) eeo Vi,q 8re linearly independent and are essentially of
length € n )o Then

(W) NV  F M) =0
so w772_m¢ vt+1g = é’(th.) , Whereas

Wi, = vanT?Zoo+ sos + VP Mo € Z(vl) Noees N E(v,) o
Thereby, the lemma 13 provede
In order to apply (19.5) and (19.6), two more lemmas are
required, The first of these is due to Jdnsson [’h Theorem 2.3,
Po SO(ﬂ and 1s stated here wlthout proof.
(19.7) Lemma. Let ﬁ be a complemented modular lattice,
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let A be an atom of 1P(Z) , and let F be & finite dimen-
sional element of P (hH) » If A N F=o0 then there exist
elements T and 4 of o'g such that ’01.04, = 0 , §(UL)2A 9

and é(/)l,) =2 F o

(19.8) Lemmas. Let && be a complemented modular lattice and

Lot oys soes Ly be milts of L . Define

s= {0:[MNad)cde Do} .
Then S 1s the Join g{,@ ot WY, e 10 1n
P& .

Proof: It is easy to see that S € '[P(oﬁ) . and from this,

that 8§ 2 i {003} o To prove the reverse inclusion, let
=l

080 be an arbitrary mdli of o'é that 1is not in g [o&j}

k

Then {@o} N jézl {"&j} =0, so 1t follows from (19.7) that

B ={d:znede ID(.;ﬁ)} (D) « Btd)r=
_{,@ 4 ed e ]D(oﬁ) ?—ZL@{& , and wN4=o0,

for some a,%efﬁ « Hence ULE,DO and ¢ € a&, s
1< 53¢ k, cnd by (19.2) ;idi,@o . Thus ’ﬁ) o@ji&
=1

1
and o@o ¢ S o Therefare S & Zﬂf{@jg » which completes

the proof.
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Let 'Ulw be the set of all those vectors of lOw whose
elements lie in /}(79) e We shall look upcn the elements of
’ULw as the coordinate vectors of points of a countably infi-
nite dimensional projective spaoce -|T over /5 (&) o The
mapping u —> {g(u)} » 0£u€e 'Ul.w s sarries points of 1T

into atoms of ]P(Rm ) 5 for 1 £ & 0 , then by (19.5) with
00

t=1, Sud)=Zw .
(199) Theorem. The vectors Uy seesr U of fULw represent
independent points of Tr if and only if the atoms

{g(ul)} , ...,{g(uk)} of ]P(Rﬁag are independent.
Proof: Let 1< 3 € ko If uj 1s a linear combination of

{ui : 1 (¢ j} over Z} s then the matrices (uluz e uj-l)
and (uluz ceo uj-luj) have the same rank, and since the ele=
ments of these matrices all 1lie in 6 (ﬁ') s the equation

uj =2u1g1

1<)

has a solution with gie G(?}) s all 1 < J o Therefore,
1t follows from (19.5) and (19.6) Upy coop Wy is an indepen~
dent set 1if and only 1if 5(113) ;b g(ul) A g(uj_l) ’
for 1 ¢ 3 € ¥, and this, in turn is equivalent to

{Z (uj)} N a ié (ul)} =0 , by (198) o Thus the

theorem 1s provede.

Every atom of a direct union of projective lattices 1s
an atom of some component of the union, and two atoms lie in the
same component if and only if thelr join contains at least three

atoms., From these facts together with (19.9), it follows that
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the set i{g(u)} : 0=u GUL“;& lies entirely in some one
component of P(Rrﬁ‘z ) « For let u, be come fixed element

[
of Ulw, let oc be the component of ]P(me) that contains
s_é (uo)} » and let 1w, be any other element of 'ULW, If
u, = ul'g for some ‘ge (5 (&) then g(ul) = g(uo) o Other=-
wise, u, , u; , and ; + U, represent three dlstinct collinear

points, and hence (g(uo), é(ul)) contains three distinct

atoms {g(uo)} s {g(ul)g , and {g(uo-\- ul)} o Therefore
5'2 (ul)&€£ and J:'Qﬁg(u)} :O;Eue'Ung .

Let S ©be a subspace of ULU: and define

fl/(s) = 2{{_{(11)}: u € S}

It follows easily from the fact that the mapping u —» {g(u)}
preserves dependence and 1lndependence, that 1-2 is an isomor-
phism of the lattice of subspaces of %w onto a sublattice
of oc » and hence that coordinate division ring determined by

oQ’ contains a subring isomorphic to the coordinate division
‘ring 6 (79) of UL“; « Thereby, we have proved the

(19.10) Theoreme The direoct union decomposition of

T_P(R ﬁcg contalns an infinite dimensional projective lattice
J: whose coordinate division ring has a subfield isomorphic to

%(0) .
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