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INT RODUCTION 

Von Neuma nn [a]1 ha s dis covered a cla as of geometrie s 

in whi ch the undefined element s are su bspa ce s  and the undefined 

operations are meet s and j oins o f  su bspa ce s . Hi s a xioms re ­

quire that the system con si sti n g  of the set -;L; of su bspace s  to ­

gether wi th the two o perati ons fo rm an i rre du ci ble � comple te � 

complement e d g modular latti ce sati sfyin g an addi tional dual pai r 

of continuity condi tion s. 

Sin ce dj i s  a m odular lat t i ce ,  all it s maxima l chai ns 

have the same len gth -v • If "Y i s  finite then ct i s  called a 

dis crete geometr y and is  i somorp hic to the latti ce of all su b­

spa ce s  of  of s ome (� - 1)-dimensional pro je cti ve spa ce o The 
at oms of ;e corre spond to the point s of the proje ctive s pace, 

the join s of pai rs of distin ct atom s corre spond to t he line s of 
the spa ce ,  e t o. 

If "V i s  infinite � t hat i s, if ;l; cont ain s infini te 

chai ns , t hen � i s  call ed a cont inuou s geometr y. Be cause of 

the conti nuit y  condi ti ons , � can have no atoms ( and hen ce ,  

nothin g t o  corre spond to point s or line s )  in t his  ca se . 

Any di s crete or continuous geometry � with "''I :;;::, 4 
i s  i somorp hic to the lat ti ce R, .. t"L of prin ci pal ri ght i deals "-n 
of the rin g  "l9n ( call ed the coordi nate rin g of ;e ) of all 

n x n mat ri ces over some re gular rin g �� for some suita bly 

1Number s  in squar e bra ck ets refer t o  the bi bli o graphy 
at the end of the paper o 



v 

chosen positive integer n ; or what amounts to the same thing, 

� is isomorphic to the lattice of all finitely generated sub­
... fl.. • 2 

modules of the right module of n-tuples of elements of ·� v 
The classical coordinatization theorem for finite dimensional 

geometries of dimension ) 3 is a special case of this result o 

For if 4 '- v < 00 and if we set n = "V (which is always per­

missible When 11 is finite) then & turns out to be a division 

ringg the right module of v-tuples of elements of � is a �­

dimensional vector space, and the submodules of this vector 

space (all of which are finitely generated) are its subspaceso 
Thus, the lattice of subspaoes of a projective spaoe of 3 or 

more dimensions, whiCh is always a discrete geometry with 

V - l � 3 1 is isomo�ph1c to the lattice of subspaces of a vec­

tor space, or equivalently, of a projective coordinate spaoeo 

The structure of a continuous geometry is, of course� 

much more complicated. However, there do exist continuous 

geometries which can be approximated by discrete geometrieso 

These so-called approximately finite geometries form the prin­

cipal subject of the present work� 

Chapter I contains the definitions and theorems (all due 

to von Neumann) upon which the rest of the material is baseda 
In Chapter II, the constructions of approximately finite geome­

tries and their coordinate rings are described. The remaining 

two chapters contain applications of the results of Chapter II� 

2Fryer and Halperin �,5] have gi van an elegant proof of 
this proposition. 



the existe nce of polarities and the range of t he s i gnature of 

a certain t ype of polari t y  in an approxima t ely f inite geome try 

are d i scussed i n  Chapter III , and in Chapter I V, some light is 

shed on the st ructu re of Fri nk's [3] pro jecti ve e mbedding lat --
tice for an a pproximately fini te geometry e 



CHAPTE R I 

BACKGROUND 

The foundati ons of continuous geome try were pre sented 

by von Ne uman n in a series of le cture s at  the Institute for 

Advan ced Study durin g the years 1935-1936 and 1936-1937 , and 

it is the not e s  of the se le cture s [8] that are t aken as the 

starting-point for the pre sent dis cussion o Those re sult s 

whi ch are a ctually referred t o  are su mmari zed in this Chapter p 

of ten in a somewhat s implifie d  form o 

1. Axioms o Let ;£ be a set of e lement s m., )y, • 0 0 

and le t n and + be two binary opera ti ons on £ havin g th e 

followin g propertie s :  

A.l The s ystem ( c;l, n , + ) i s  a co mplet e , complemented 

modular latti ce with n and + as latti ce meet  and join , res ­

pe cti ve1y ct  

A,.2 i i s  i rredu ci b 1e :  that is , 0 e n toz.: VZ.e £ t and 

1 a � ��:vz..e£,} are the only elements of /..; havin g 

uniqu � complements . 

If J: is  a chain ( totally o rdered subse t }  contained 

in i£ and m. E: ;l then 

n ia+�:A>-e't:J 
and 

� t vtn ,0.: J>. e £'1 = VI. n L. U,.• J,. E £' l 
Sin ce l i s  modular ,  all it s ma ximal chai ns have the 



2 
same length v. If 11 is finite then tl is a discrete geometry; 

and is isomorphic to the lattice of all subspaces of some 

(V- l)-dimensional projective space (Of [2) and [3))� and 

conversely, all finite dimensional projective lattices are 

discrete geometries. It 7/ is infinite then � is a contin-

uous geometrx. 

2. Independence. A finite subset [tJZ.;_a 1' i-' k� 
ot i is independent it' Clj n L: [ai g l ' i 'k, i f 3} g 09 
j a 1, 2, o oo9 ko 

3. The dimeosion�funct1on. A (normalized) dimension­

function on a complemented modular lattice is a real valued 

function d such that for all elements -a, h- , • u or the lat ... 

tices 

D.l d(Vl.)E [0,1] 

Do2 d(O) • 0 and d (1) a 1 
Do3 d (Ot+b) + d(Vl..(),O.) • d(tJl.) + d(./r) 

If a lattice i satisfies A.l-3. of §1 then a dimen ... 

sion function exists on oe, is unique, and has the follow­

ing additional properties' 
f � o, 1/v, 2/y, e o  0' 1) if' Zlis finite, 

D.4 d( £) = L [0, 1) if Vis inf'initea 

Do5' If mciJ- (i.e., ct• rJl.t'l Jr * Jr) then d(Gt)< d(./r) 

D.6 d(!t) • d(hw) if and only if a and � have a common 

complement. 



3 
D.7 The function Scrt,h--> a d(Ol. + .b.) - d(tJt n lr> is a 

metric on aj and 

(a) D(Vt+lr, t," + t9) ' Sea, C> + 8cJr.//}·) 
(b) o<mn.b-,t�-n-t9> � 8ca, -t') + 8clr,t9-> 
(c) l d(OZ,) - d(,h.) I ' 0( fJl., if) ; 
hence, +, n' and d are uniformly continuous in the metric 8. 

4. Regular rings. A ring �with unit 1 is regular 

if for every a E: o:(, there exists an x E � such that axa a a. 

In the rest of this chapter, 1l will be a regular ring with 

unit. 

Since �has a unit, the principal right ideal of� 

generated by a E � is a� • laxsxe �f o Let R � denote 

the set of all principal right ideals of �. When partly 

ordered by inclusion, the set R� becomes a lattice, and 

inf l a Ol' b � J .. a 1{, n b 1{ .. t XI X� a� 9 X e b CR 1 ' 
sup [a �, b � S .. a � + blR. • t x + y: x E a 0{, , y € b 02} o 

Every element of R1(_1S generated by an idempotent element of 1l. 
Define (a)r .. {y:ay • o} . If axa = a then 

(a)r .. (1- xa)� , and hence ( a)r E. R� for all a€ 0?, 
A finite set {e j: i (: j ' n} of idempotents of 7J6 

is independent if eie·j a 0 • ejei whenever i :f j • If 

{ tt3: 1� j � n� is any independent subset of R1e, that is, 

if ak n � {aj g 1' j' n, j + kJ a 0 for k ... 1, 2, 0 0 . , n, 

(Cfo § 2), then there exists an independent set [e38l< j( n } 
of idempotents of' 1<, such that mj a e jO(, 7 j a 1, 2' 0 0 .' n. 



The center �or UG is a regular ring. 

If '/i is a direct sum of two of its non-trivial sub-

rings then 1?, is reducible; otherwise 7 � is irreducible. 

1l is reducible # '} is a field � f} has no idem­

patents other than 0 and 1. 

; • Rank-rings. A regular ring � with unit 1 is a 

rank-ring if there exists a real valued function r defined 

on � and such that for all a9 b, e7 r E �, 
R.l r(a) E [ 0'1 1]' 

R.2 r(a) "' 0 if and only if a "' 0'1 
R.3 r(l) D 1, 

R.4 r(ab) ' min t r (a), r (b) } �� 

R.; if e2 2 D e, f D r, and ef "' 0 "' fe then 

r(e+f) = r(e) + r(f). 

4 

Such a function r is a !!nk-function on � , and always has 

the further properties: 

R.6 r(a+b) ' r(a) + r(b), 

R.? the function Sea, b) • r(a - b) is a metric on 'IG, and 

(a) 8 ca + b7 c + d)� b(a, c) + Scb"� d > 
(b) b(ab, cd)-' 8 (a, Q) + 8 (b, d) 

(c) I r (a ) - r (b ) I � S (a7 b). 

It follows from R.? (a) - (c) that the operations7 addition 

and multiplication, and the function r are all uniformly con­

tinuous with respect to the metric 8 o 

If a rank-ring � is irreducible then the rank-function r 



is unique and has the still further propertyg 

R.8 r(a) � r(b) if and only if b � paq for some p and q 

in 1l tor which p-l and q-1 exist. 

6. Coordin�tization and geometri2:'ation theorems. 

(6.1) Coordinatization theorem. If ;£ is a discrete or con­

tinuous geometry with V � � then there exists a regular ring 

� ' called the coordinate ring ot � ' such that the lattices 

iv and RJt are isomorphic. It 71 ;;. 3 then the coordinate 

ring, when it exists, is a complete, irreducible rank-ring 

and is unique up to a ring-isomorphism. 

The next theorem goes in the converse direction. 

(6.2) Geometrization theorem. It � is a complete, irreduc­

ible rank-ring, then the lattice R;e is a discrete or contin­

uous geometry. The rank-function r on �and the dimension­

function d on R1G satisfy the equations d(a � ) • r(a), 

for all a e ?R,. 



CHAPTER II 

APPROXIMATELY FINITE GEOMETRIES 

7o Discrete geometrieso According to � 19 a lattice 

oe is a discrete geometry if and only if it is isomorphic to 

the lattice or subspaces or a finite dimensional projective 

spaceo Since projectjve spaces or dimension � 3 are isomor­

phic to projective cooJ.•dinate spaces, it follows that a dis­

crete geometry 'i with 71�4 is essentially the lattice or 

subspaces or some l/-dimensional vector space, and converse!� 

But more than the converse is true: the lattice of subspaces 

of any finite dimensional vector space is a discrete geometryo 
The purpose or the present section is, roughly, to show that 

the coordinate rings or vector spaces are matrix ringso 

In all that follows, let � be a fixed division ring; 

D n, the right vector space of all n x 1 matrices (column 

vectors or length n) over 'l9'; <:tn,the lattice of subspaces of 

l() n; and 11l.n, the ring or all nx n matrices over iJ: 
By a standard theorem on matrices9 if' A€ Wl.n then, 

for some non-singular X E mrrn' H • AX is a matrix in Hermite 

normal formo But such a matrix H is idempotent, so 

AX a H ... i2 D AXAX and A • Axx-1 
• AXAxx:-1 

• AXAo Therefore' 

Olln is a regular ringo As in §4, let Rm,n denote the lat­

tice or principal right ideals or OR e n 
Suppose that a is a subspace of }{)n (that is, Ole in> 



7 
and that ta1, """' an 3 is a (�ot neeessarily independent) 

set of vectors spanning Gt. Then tne matrix A• {a1 a2 o o o  �) 
is an element of 'Nln, and clearly A lOn ... t Av g v E lOnl = Ol. 
Therefore "-tn "" �A 10 n= A E Wln � .. 

It is easy to see that if A, B € � then 
(7.,1) A () n) B L[)n � B • AX for some X E Wl.n 

� Alifln=> Bffln 

Consequently, A lO n • B'lO n �A Wln = B 11l.n' and so 

('7 .a) 0" n {A JD n> ... AWl n' for all A € Win' 

defines a one-to-one mapping of oLn onto R?nn" In fact,(7 .. l) 
implies �ore: Cin and its inverse both preserve lattice-order; 

hence O'n is a lattice-isomorphism or �n onto R11Zn • In view 

or § 6, we have the 

('7..,3) Theorem. The mapping C)n: oen � R'm.n defined by (7o2) 
is a lattice -isomorphism" If n ? 3 then 'OOZ.n is a complete, 

irreducible rank-ring, the coordinate rittg or ct� .. 
Remark: It is easy to show that �l and �2 are complete, ir­

reducible rank-rings also.. However the lattices �l and dt2 
which correspond, respectivel� to the projective point and line, 

are uninteresting and generally do not have well-determined 

coordinate rings. 

If we define D{(l), OLe. �n , to be the ordinary di­

mension or Ot {that is, the number of elements in a basis for 

Cl ) then D satisfies condition D.3 of § 3 o It follows imme­

diately that d( Q. ) • D � Ql..) is the dimension function on tn" 
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Furthermore, it R(A), A€ ODln' denotes the ordinary rank of 

the rna trix A, then D (A lQ n) = R (A) , and hence, by ( 6 o 2) 9 

r(A) • d(A lQ) a D(AlOn) 
a R(A) is the rank�function n n n 

on 'ij[n. 

Thus we get the 
(?o4) Corol�arro (a) The dimension-function d 

satisfies the equation d( OL) • DC 9L ) for all 

where D ( OL ) is the dimension of OL o 

on ;;ln 
QL € -;tn, 

(b) The rank-function r on 06l n satisfies the equation 

r (A) • R!A) for all A E mn, where R(A) is the rank or the 

matrix Ao 
8o Construction of �00o Von Neumann [9] has shown 

how certain continuous geometries, which he calls "approxi­

mately finite" may be constructed as limits of discrete geome­

trieso In the present section, we give what is essentially 

the same construction except that the terminology or vector 

spaces, rather than that of projective spaces, is used so 

that it will be easier to apply results like those or the 

preceding sectiono 

If m and n are positive integers and it k • mn then 

there is a mapping �kn ot lrln into mk defined by 
A 0 • o o 

OA • • 0 0 
(8ol) �knA • 0 0 E- 'ffik , for A E �no Cl • 0 0 

0 0 0 

0 0 • 0 • A 
I..: """V' J 

m blocks 



Clearly, f.J 1m is an isomorphism of T(Ln onto a subring 
7ilkn of mk . Also 

r( to A) - R(Cj knA) - mR(!l - R(AL � I�( A) .. "'l kn - k - k ·- n - ' 

that i s, !! kn preserves ( normalized) I•anko 

Let A, B E mn 0 Sinc e � kn is an isomorphism, 

AlOn � BlO n � B £Iii AX for some X c 11Zn 
::::> C/�mB = ( � knA)( � lmX) 

� ( �knA)(}k � ( �knB))[)k ' 

and AlOn = B)()n * ( �knA>Dk = cg> knB)JOk 0 

9 

The refore, A \On � ( �knA))Qk for all A G llln ia a 
well-defi ned order-pre serving mapping of ;t n i nto c£ k • Let 

( 8.2) WknC A\On) = ({_fknA)lQk for all A f: 11tn • 

The mappi ng W kn preserves dimension, for 

d [wkn C AlOn>J = d G ':f knA)lOkJ = r( C.fknA) = r( A) = d( A()n) 0 

Now suppose that (�knA)lQk ';;? (� knBlO n> o Then 

there i s  an X E mk suc h that C:rknB = (Cj knA)X I 

�1 x12 ooo x1m 
and i f  X = �1 �2. o oo x2m where xij f mn 

.. • • 
0 • • 
0 • • 
xml xm2 ooo � 

for i ,  j - 1 , ooo1 m 1 then B = AX11 ; henc e AlOn � B)()n o 

In summary: W kn<AlOn> � lJ;kn( B()n) � A\Dn � B\Qn i 

so l}J kn has a well-defi ned order-preserving i nverse on 
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� kn ( 't n) C cl k" Thus, we have proved that "4J kn is a 

dimension-preserving order-isomorphism of 'CLn into �k" 
But we need mores 

(6e3) Lemma .. The mapping ,/s defined by (8o2) is a dimen� 't'kn 
sian-preserving lattice-isomorphism or �n onto 

cl kn = ll.J kn' £n> C /;k. 
Proofs What remains to be shown is that 

<a > wkn < a n i:r > • < w kn a > n < w kn 'cfr > and 

(b) Wkn< OL + /:r) Gl ( 4; kn OL) -o- ( 1.}J kn �) for all 

(l, /y E ;eno 

Let OL • A lO ' �Ill B lO ' OL n � ID c lO where n n n 
A, B, C E �n" Since �n preserves order, 

w kn ( OL (\ -£. ) ' ( w kn OL) n ( 1}.J kn f.y)" Suppose that 

(J E ( 'ti;kn OL ) n ( 1V kn tr) Ill [ (. C:f knA) lDk] n [ (j knB))Qk]o 
Then c • [A • )( lm]a • [B • X. lm) b for some a, b E lOko 

Let a .. 
tAl �1 '01 

0 , b • 0 0 "' 0 0 0 , 0 • 
0 0 

1k � pk 

jn+l OCjn+l �jn+l 
0 =A 0 =B 0 

0 0 0 
0 " 0 

4(j+l) G{(j+l) �(j+l)n 

Clearly, 

r or j a o, 1, o .. o , m - 1, and c j E c )() n"' Ql. n fr for 

j "' o, 1, .. o o, m-lo Hence cj • Cdj for some dj E )[)n and 
c a ( c • X lm)d 6 (C • X lm) lQk • 1fJ kn ( 01_ n £-) 7 



ll 

where 

We already have the inequality in the other direction so ( a) 

is proved. 

I t  follows from ( a ) and property D.3 ( § 3) of the di­

mension function that 

d [ <� 1m0l> + < tjJlm�] = d(tjJ knOll + d(l!J kni>-l - d [< 1)1 J)l.ln<W kni) � 
= d< Ol > + d( �> - d< Ol n f:r> 
= d< OL+ h> 
= d[ \}! kn( OL + ;[,. �· 

and since "ljJ 1m preserves order, lV knc OL+- 'tr> 2 <lPknQl ) + 

+(t\Jkn£) ; hence , according to Do51 W kn<OL + 'b > = (�knOl>+ 
+ c'ltJ 1m i:r> • 

Thereby, the lemma is pz•oved. 
Let n\r be a fixed infinite set of positive integers 

suoh that 
(8.4) n ( k =:> nl k 1 for all n, k E 11.\I. 
Define 'itzl= tOL: Ol.E f.An,n EJN1, where Qle i n is to be identi­
fied with wknOl. e ;t k Whenever n < k • This identification, 
whi oh we denote by Wkn Q rv Ql., makes sense because 
n <. k <. r � C:Prk�kn = Cj>rk => t}J rk� kn � lp :rn • Fa..rthermore 1 since 
tV kn is a dimension-preAarving lattice -isomorphism, it follows 
that the operations n 1 + 1 and d are well-defined in cf.j;a;• 
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Clearly� all relat i ons and ident ities involving only a finite 
number of variables that hold in e very �11 � n E � � continue 
to hold in 'iico, Therefore, o£r:J:) is a modular lat tice with 
dimension-function d ; S< Ol., � iJ. > = d(0Li-�>- d< Ol n �> 
is a metric on i(Lj ( D.7 of §3); and +I n� and 
formly continuous with respect t o  the metric Oo 

d are uni-

Since the funoti on b makes  a metria space of -£aJ � 

there exists  a complete metria space �� containing ;e� as a 
dense subspaoeo The u nifor mly continuous funations +: () , 

and d can be extended by cont inuity to all of �� e Again., 
all finite i dentities that hold on ;e� oontinue to hold on �� ; 
hence �00 is also a modular· lat�ioe. 

That the lattice ;leo is actually a continuous geometry 
will follow from §14 where it is proved that �00 i s  isomor­
phic t o  the lattice of principal right ideals  of a complete irre­
duoi ble rank-ring �CD o 

9o Con structi on £! '«Lmo Let w be the first infinite 
ordinal number, and let rrrLw denote the ring of all W x W ma­
trices over � having only a finite number of non-zero elements 
in each row and oolumno Let �n ) be the s et of all matrices 
A= ( a,ij) Em� sati sfying the conditi ons: 

�j = c! (i+n ) { j+n) , 
for all i; j 

cx;_j = 0 , whenever 

Diagrammatically 5 A. :Looks like thia 
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A' 0 0 .. 0 0 

A= 0 A' 0 0 <> 0 

0 0 I 
A .. " �  

0 0 " 
" 0 .. 
0 .. .. 

' where 0 and A are n x n matrices and lw is the unit 
matrix of mw.., 

The mapping tn:OOL (n )� OOLn defined by 

( 9 o2) tn ( C{,i j) = ( G(i j: i 1 j � n ) � ( <f i j) €. �( n) 1 

is  obviously a ring-isomorphism of 01l (n ) onto onl'l (referring 
to the diagram, tn (A ) = A' )  o Henoe 1QL(n ) is a regular subring 
of 'dOLw and rn = rtn (r onlnn is given by (7o4 ) (b ) ) is thE� 
rank functi on on m<n ) 0 

Next' define mco = u t�n(n ) : n  E LN \ where IN is the 
set of integers fixed in § 8 .. By (8.,4), if n, k E .f:i.J and 
n <. k then nlk ,. and by (9.1)� if n lk. then m<n > C�k); 
hence the set tm(?) : nG lN� iti totally o� .. dered by inelusion. -

(n) It follovrs that if A ; B E � then A ; B f 'Mt, fo!• 
s ome n E ·fN ;- and hence 1Rcn · ·  is closed. undei• 
addition� subtraotionv and multiplication .. Thez•efore 101. co 

is  a subring of 'ORw., By a similar argument �00 is regular, 
(9o2) 
'XYl(n ) on uuc_ 

By (9ol), the mappings tn of 
sati sfy the equation tk = �kntn 

and Y(kn of ( 8.1) 

when n\k ( i.e .. , 

when �n) C OQ{k)) 1 and,  since '8 nk preserves rank: the rank­
functions rn and 1.11k satisfy rk :::..rtk = r Cikntn = rtn = rn on 
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nain) (C OO£.(k )) o Thus, the functions :t•n & n E JN , are exten­
sions (or contractions ) of one another o Therefor•e � 

is a well-defined function on lJOL�o The fact that A ,  B E O'Olro 

� A, B E �n )  for some n E tbJ , can be used again to show 
that r* is a rank-function on OOl. 00 o Suppose that r is an 
arbitrary rank- functi on on 06lc»o and let A be any element rJf 
MLco say A E �(n) .. Clearlyp the re strictions of r' 

and r* to 001.<n > are rank- functions on OQ<n > , but m<n > , 
being isomorphic to Dnn 1 has a unique rank- function (by (7 �3) 
and § 6 ) .  Therefore� r1(A} = r*(A) o But A was an arbitrary 

-
element of Daleo 1 so r 1 =· r* ; and ·ut co has a unique rank-
function. This justifie s our setting !' = r* on '00l.009 

According to  .§ 5; any rank-function on a regular ring sa­
tis fies Ro7 . Therefore O (A, B )  E r(A - B )  is a metric on "ffico 1 

and addition and multiplication are uniformly continuous in the 
metric space ( 002(1), S } o Since -A = (-l} • A , subtraction is 
also  uniformly continuous. 

Proceeding as we did in the co nstruction of £ � /} let 

moo be a c omplete metric space of which mco is a dense sub­
spacee Since the operations additionr subtraction, and multipli­
cation$ and the rank-function r are all uni formly continuous 
in mco, they can be extemed by continuity to all of Wl co' 

If r1 is the extension of r to ln� and if the notation for 
the algebraic operations is pre served ,  than by the co ntinuity of 
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the extension it is easily seen that 

(9.3) for all AD Bg c, D E "8fl.oo; 
(a) A+ B = B + A 
(b) A+ (B + C) = (A+ B) + C , A{BC) = (AB)C  

(c) A+ 0 = 0 
(d) A+ (-A) = A - A =  0 
( e ) A ( B + 0)  = AB + AC 1 ( B + C ) A = BA + CA 
(.f') r1(A) E [o,i) 
(g) r' (A) = 0 � A = 0 
(h) r'(AB) �min [r'(A ) , I"1(B)1 
(i) r1(A+ B) � r1(A) + r1(B) 
(j) S(A ,B) = r1(A - B) 

(k) S (A+ B:� 0 + D)( b(A,C) + b (B, D) 

(X) SC AB, CD) �  b(A , C ) +  8(B, D)
. 

(m) fr'(A) - �'(B)J' Sci, B) o 

The identities (a - e) 
-

imply that WLco i s  a ring. 
Now, our task is to show that 'Wl.c:o is a rank-ri ng. This 

problem i s  treated in the next few sections. 

Resularit;I of 'iico. If A E 'OOl_n then v ....;.. Av, 10. 
v E 1Dn , 
mapping A 

is a li near transformation i n  lDn • Furthermore 1 the 

ring lTl n 

� 
onto 

(v-- Av , 

the ring 

v e lO n> i s  an isomorphi sm of the 

.:Jn of all linear transofrmations 
X)n o In the discussion bel ow, it will be convenient to ignore 
the distinction between a matrix A € �n and the transforma­
tion it determines under the mapping � just described o 

If A E�n then the� space of A is the subspace 

i n  
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71..CA)= tvg·Av= ,O,v€1Dn!E'ino I f  Af"OOln and Jf.E� 
then the restriction of A to 3f is the li near transformation 

AJ3£ : x � Ax 1 all x � � • I t  follows from well-known faots 
about veotor spaoes and their linear transformations that 

(10.1) for all A E � and all 3£ , � E ;L n 
{a) d( AlOn> + d( 'n (A)) = 1 � 

( b) A I 3£ is non-singular <==:>OZCA)nJE = o � d(A3€) = d( 3£) 
<:::;> 'l.y� A1.Jj. is an isomorphism. of the lattioe of subspaoea 

of JE onto the l attioe of subspaces of A3f; 
( o) i f  3En1,n= 0 and i f  X and Y are linear transfornations 

of 3f and � 1 respeoti vely 1 i nto !On 1 then there 
exists a C E OO'l.n suoh that c\Jf =X and c I� .. y o 

(10.2) Lemma. I f  A, X E W'ln then the following statements 
are equi valent: 

( a) AXA = A 1 

(b) A l (XA \On) = [x' (A}()n)J -l , 
(a) (AX) I CAlOn> is the identity map on A lO n • 

Proof: Obvi ously ( b) :;> (o) :;> {a) o Now suppose that 

AXA = A • I f  x i s  any ve�tor in A1Dn , say x = Av , then 
LA f ( XAlOn>J[ X J (A)[)n>] x = AXX = AXAv = Av = x , so 

[A I ( XA)[)n>J[ X\ (Al()n)] i s  the identi ty map on A"Dn • 

Al so, i f  y= XAw then [xl CAlOn)J[AI (XAlOnU Y=XA:]= 
:= XAXAw = XAw = y , so [x I CAlDnil [A' CXAlDnil ia the identi­

ty map on CXA10n> o Thus i t  follows that A I CXAlOn) and 

X) (AlOn> are mutually i nverse. Therefore ( a) � {b) , whioh 
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1'7 

completes the proof of,the lemmao 
The cri ti ca l  s tep in the proof of the regul ari ty i s  the 

( 10.3) Lemmao Le t A,B�XE 1Rn 1 and le t AXA = A o Then there 

exists a Y E: � such tha t BYB - B and r(X - Y) ( 2r( A  - B) o 

Proof :  Clear ly xrOl(BX - 1) = � I xn.(BX - lU -l ; hence 

'Ol_(B) (\ x1UBX - 1) = 0 • Since i:.,n i s  a comp lemen ted modu lar 

lat tice 1 there e xis ts a complement 3f of 'fl< B) which c on tains 

x'fi<BX - 1) : that is, 

3f n'OlcB> = o 
( a )  Jt+ 'DlC�)- = 1Dn 

:J; ::::> x'ffl(BX - 1) • 

Now let 'UJ. be a r e la tive co mp lemen t of x1l_(BX·- 1) in 3£, 
so tha t  'tin xotcBx - 1) = o 
(b) 1Jj. +X 'nCBX - 1) = 3f 
Ac cording to (lO.l)(b), BJ)t i s  a ·la ttice  i somorphism so 

{BUj) () 1tCBX-- i) = (B�)n BX0L(BX - 1) = B�nxOl(BX - 1� = O, 

(c) B VJ. + Ql{BX- l) =·BUJ! + X0L(BX- ln = BJf = B10n o 

:Finallyv let f1.. pe a complement of B 'lDn , so that .. 

'b ns lOn = 0 

�+ BlOn = lOn o 

Si nce 1Jn1l.CB) = �n)£ nOL(B) = VJn o = 06 (B J'q} )-l exists 

( d )  

and i s  a line ar tr ansfor ma ti on of Bl.JJ on to 1.{} • 
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I f  a � b 6 and c are elements of a modular lattice and if 
{a+ b ) n c 1:::1 0 then an(b+ c)= anb o l-Ienee it follows 
from (o) and ( d ) that 

B?} n [ n( BX - 1) + � 1 = B vr n 11 ( BX - 1) = 0 • 

and so� by ( lO.l ) ( c ), there exist s a Y � 111n such that 

yJ BVJ. = ( BJ lJ!- ) -l 

( e ) 
Y / !21<ax - 1) + �] = x I ['n<ax - 1) +11-] 

But x\ ljl(BX- 1)] = [BIX1Z(BX- 1}] -l so 
-l 

Y \BlQn = Y I� 1i + ')L(BX - 1l] = {_a I [VJ. + xr/.(BX - 1 il 5  · • 

Therefore BYB = B D by (10.2). 
That 'fl.<x - Y) ::> rl,(BX - 1) +} is an immediate con­

sequence of the definition of Y • This yields 
r{X- Y) = d Ox - Y ) lOnl 

= 1 - d [Yl.<x - Y )J by (lO.l ) ( a )  

(f) ( 1 - d ['Ql ( BX - 1) + �] 
= 1 - d [1l ( BX - 1) J - d � by ( o ) and ( d ) 
= d( :B()n > - d [11<Bx- 1D by (d) 
� d{ B){)n ) - d ['Ol.(BX - 1) n AlOn] 

Since ?((BX - l )  n AlOn � (B)f) n ( A)()n ) = 

::; (BlOn} (\ (Ai)n ) �; we may let 1JL be a relati·ve complement of 
11_ (BX • 1} n A\Dn in Bon n A0n o Let u be an arbi­
trary element of lJL o Since Vl � AlOn and AXA = A � 

u = AXu by (l0e�2) o Also 11L fl'Yl.(BX- l )  : 

= ut ()'AlOn fJ fl_(BX - 1) = 0 1 so if  u ¢: 0 then 
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(BX - l)u ¢ 0 , BXu � u = AXu , and (A - B)Xu � 0 o Therefore 

(X 1JL >  n '(L(A - B) = 0 o By (10�1) (a) and (10.2) 1 {X \'tJl.) = 

= <Al xlJl)-1 and hence d {1)t) = d(xU) 0 Thus it follows from 

(10.1) and the definition of U , that 

(g) d(BlOn (\ AlOn> - d[ DL(BX - l } (\ A10J = d( 1Jl..) = d(X 'lJL) � 
( ·1 - d!l(A - B) = r(A - B) • 

On the other hand, let 11) be a relative complement of 

(BlOn > n (AlOn > in BDn • S1noe w, B10n and BYB = B � (10.2) 
tells us that Y lffl: ( B' y11) )-l 

1 and d('D1Q) = d(Y'ffl) by 

(lO.l)(b). Hence v € y'J,OnTI<A- B) implies that 

_Av = Bv E AlDn n B)Qnn BY'ID: AlDn n BlOnniD = 0; so 

v =- YBv =.YO = o • Therefore YIDn'll<A - B) = o , and 

(h) d(BlOn > - d [CBlDn > () CAlDnil = d( 'ffi > = d(Y110) ( 
� 1 - d [ 0t( A - B >] = r (A - B) • 

. . 
From (f) 1 (g) 1 and (h) 1 ·we get r(X - Y)' 2r(A - B) 1 

and the proof of the lemma is complete. 

Remark: One can exhibit matrices A , B , X such that AXA =A, 

and BYB = B" � r(X - Y) � 2r(A - B) � For example, if 

A= � �1 B = � � X= �� then � • 

BYB caB� Y = B � r(X • Y). = � [� �J = 2r [�-�] = 2r(A - B) • 

The corollary that follows is an immediate consequence of 

the lemma. 

{l0o4) Corollarz. If A 1 B 1 X E 'ffi.00 and AXA = A then there 

exists a y E mc:o such that BYB = B and Scx,Y)' as (A,B) 0 
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(10.5) Theorem? �a:> is regular. 
Proof: Let A be any element of 1m. 00 II Since mCX> is dense in 
1llco tl there exists a sequence <An >n in mco such that 
An-+ A o Assume , as we may , that O(A � ln) < 2-n 

o Then 
O(An, An+l ) 4 OcA) An > + O (A � An+l ) < 2-n + a-n-l <. 2.-n+ 1 0 Let 

xl be an element of mco SUC.Ll that AlXlAl. = Al 8 By { 10o4) � 

X2 , X3 , o o•& Xn , 1o o may be chosen successively so that 

quenca (Xn )n so constructed satisfie a the inequality 

The· se-

k-1 � 2-n-i+2< 2-n+3 
, 

i::O 
and is, therefore , fundamental. Since �� is complete� 
X= limn Xn exist s. By continuity of multiplication, 

AXA = lillln.AnXnAn = lilllnAn = A  o The existence of such an X E �co 
-

for avery A E lfLco implie s that . mco is regular' and the proof 
is complete. 

-
11. 1Qt00 !s a rank-rinso The statement s (9.3 ) (f-h )  as-

sert that the function r 1 on ilLco satisfies R.l , 2:, and 4 
of §5. Of course, r1(1) = r (l ) = 1 , since 1 is already an 
element of ma:> 0 Therefore to show that I r is a rank-function, 
it suffice s to show that Ro5 is also satisfied by r' o 

(llol ) Lemmao If A E: 117.n then there eXists an idempotent 
rm a E E Ullln such that r {A - E ) � r(A - A ) " 

Proof: Let (), be some complement of 7l.CA2 - A )  and let E 
be the linear transformation defined by 
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E =  

0 on OJ. o 

That i a I E l 01. (A a - A )  = A I n { A  2 - A )  and E I OL = 0 0 

Now A 1l (A a - A )  = A "(1\1 A - l ) A}� OL (A - 1) � 0L [A { A  - 1 U 
= 1l.CA2 - A)� 

so E I n (A2 - A )  = A I Tl (A2 - A )  is an idempotent linear trans­
formation in 1l.<A2 - A ); also:� EIOL= 0 is  idempotent in Ol o 

Therefore E is idempotent in lO n • Furthermore OL<A - E )  � 

d OL<A 2 - A )  ' so 
2 = r {A - A) It 

Therefore E has all the desired propertie ss 
(ll.a ) Corollarzo If A E ��then there exist s an idempotent 
E in ?lt.m such that r(A - E )  � r(A2 - A) • 

( llo3) Definit ion. If Ol, i s  any subset of i[al then Qt is 
the to pological closure of OL .. 
( 11.4) Definition. If OL is any subset of 1'4l Cb or OOl. n then 
J { ou is the s et of all ide mpotent element s  of a. 
(11o5) Lennnao .J ( me») =J( !61.co) • 

Proof: By the continuity of multi plic ation, any limit of idempo­
tent s  i s  an idempotent; hence; J (W2,00 ) ;; J. ( W'l.ec). On the 

other hand� suppose that E E J (�c.o) ; and let (Ai )1 be a 
sequence in 'ffit» such that E = lilll.j_Ai a By (11���2) � for each Ai :; 
we may choose an Ei E J <'m.co> such that 8 <Ai ,Ei )-' 8 <� ,.&f > o 

The sequence (Ei )i so selected is  cont ained in .J ( �) and 
converges to E � because 



b(E,E1 ) '  a(E, Ai) + b( A1,E1) 

� SCE,Ai) + O( Ai, A�) 

(. 2 �l(E,Ai) + b(E, A�) 
= 2 s (E,Ai) ;- O(E2 , A�) 

� 4 0 (E,Ai) , ( by R.7 ( b) }. 
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Therefore 1 E = lim:t E1 E J ( m_ co ) 1 and si nce E was an arbi­
trary element of J cm00) , it follows tbat �<'iim )C J.< 7Jn(X)) • 
This completes the proof of the lemma. 

Next we list for ready reference a few well-known results 

about 1dempotents in 1ll.n • 
( 11.6) If A E 'Dfln then A E J<'iln> ¢ ( l - A) E J C 'imn> o 

( 11.7) If E � J ( �) then 

(a) 
( b) 

( c) 

( 11.8) 

( a) 

( b) 
( c) 

Proof: 

ElOn = {v : Ev = v} , 
Ell)n + 11.CE) a}() n and ElOn n 1lCE) = 0 , 

'Ql{E) = ( l  - E)){Jn o 

Lemma. If A E'ffin and E € .J({I/.n> then 

Al[)n C E lOn <r:;> EA = A 1 

�( A) ;?  0t(E) <::=> AE = A , 
'I{( AE) = 1l.CE) + [1tC A) n ElOJ • 

(a) By ( ll. 7) ( a) , 

A \On� ElOn # E( Av) = Av for all v E Dn � EA =A • 

( b) By ( 11.7)( c) 

rolCA) 2 0ZCE} = ( 1  - E)){)n ¢:> A( l - E))()n = 0 # .Am1 = & • 

( c) AE(7lCE) +[�(4) (l E10J1= 0 ; hence 

1t.(AE) :::> flZ(E) + ['JZ( A) (I ElOn} 
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On the other hand, if AEv = 0 then Ev E '0/.{A) n E[)n and 

hence, by ( 11.7) ( c) v = (1 - E)v + Ev € Q1(E) + �(A) (I E lQ �., 
Therefore 'ltCAE) C 11.CE) + [Ol(A)n ElOnl , and ( c) is provedo 

( llo9) Lemmao If E,F E � ( 'Ofl(r.)) then there exists an 

E 1 E .J ( 'Oat00) such that E 1 E = E 1 = EE ' , E 'F = 0 , and 
' r (E -E ) = r (EF) o 

Proof: Suppose first that El) F E J ( '061. n> ( instead of J ( fflCD)) • 

By ( 1L.7) ( b) P 1l CE) + E()n = iOn ; hence there exists a comple-

ment (), of 'RCE) + FlOn such that Ql C E}Qn o Let E 1 be 

the li near transformati on defined by 

Ol 

'R.CE) -t F)[)n. 
E I = rl 

on 

Lo on 

Clearly�) E1 E �<DtRn> • Also� 

'0( (E 1 ) = ll.CE) + F)f)n ;> OlCE) ; 

E' lOn = OL e E)[)n and 
hencep by ( 11. 8) E1E = E1: EE1• 

Si nce 'ltCE 1) :2 F Dn , we get E 'F[)n = 0 and E 'F = 0 • 

As for r(E - E 1) , E 1 (E - E 1) ;:::: E 'E - E 'E 1 = E 1 - E 1 = 

-- 0 and (E - E1)E1 -- EE1 1 1 1 1 - E E =E -E : 0 ; hence, by 

R • 5 of § 5 , r (E) : r (E -E 1 + E 1 ) = r (E - E 1 ) + r (E 1 ) • Thi a 

yi elds 



I'(E • E') = l'(E) • r(E1) 

= d(ElO n> - d(E ' lOn) 
a d ['fl(E 1 }] - d ['11 (E il 
= d[1lCE)t F}()�- d[Ol CEll 
= d(FlQnj - d['�(E) () FlO� 
.. 1- d ['ll c Fij - d [1/.CEl n F.OJ 
= 1 - d t5l (F}+ ['OlCE) n FlOJJ 

•-d (JtCF} n 'Ol_CE} n FlQ� 
= 1 - d {'n(F) + ['OlCE) () F10J1' 
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because 'nCF) () n(E) () FlOn � 'fl(F) n FlQn = 0 , by (11.7}(b) o 

By (ll.S)(o), �(F)+ L11CE) n FlOn]= 'O((EF) , and 

I'(E � ��> = 1- d [ 'fl<F>+['n<E> n FlDJS 
. � 1 - d [ 'Q(EF � 

a d(EFlOn> 
= I'(EF) • 

Thel'eby, the lemma is proved with
. •i -�n in plaoe of " m(/)11 0 

-
But this implies that the lemma is true as stated. 

(ll.lQt} Lemmao If E 1 F € J C18i co> and if EF aa 0 = :F.& then 

1'1 (E + F). = 1'1 (E) + 1'1 (F) o 

Proof: If E , F E J CiQ0) and if  E ::> 0 then by ( l lo 5) 

thel'e exist matl'ices E*" F* E � ( ��) suoh that 

(a) SeE , E*> + SCF , F*) < e. • 

. I f f1 "'l"f) By (11.9)• thel'e exist matrices E , F E �( oo��> such that 

(b) . E 1 E* = E ' = E� 1 1 F 1 F* a::a F v = F*F 1 ; 

(a) 
I * F E  = 0 ; 



(d) * ' * r(E - E ) = r(E F"'"> 1 r(F* - F1) :.: r(Fi"E*) o 
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It follows from (b) and (c) that E1F1 = E1F�"F' = 0 and 

' ' � 
similarly that F E  = 0 ; hence� by Ro5 which holds on UOlaH 

we get 

(e) ' ' ' ' r(E + F ) = r(E ) + r(F ) o 

From this, we get 

!J.= I�'(E +F) - r1(E) - r'(F)J 
� lr'(E+ F)- !'1(E1 t F') l + lr'(E) - r1(E1)/ + 

+lr'(F)- r1(F1)1.al by (e) , 

(. d(E+ F 'E1 + Ft) + 8(E 1 E1) + �(F, F1) 1 by (9o3)(m) tJ 

� 2$(E 1 E1}+ 28(F 1 F1) � by (9o3 ) {k ) � 

� 2 s ( E , E*) + 2. 8 ( E* � E ' ) + 2 8 ( F ' pfo) + 2 8 ( F I F I ) 
( 2 E + 2r(E·:t-F*) + 2r( FJ,"E*) , by {a) and (d) 

: 2£ + 2. b (EJ,"F* 1 0) + 2 � (F-11-E�I- 1 0) 
= 2E. + 2 s (Eo!(oF* I EF) + ab(FJ,"Eifol FE) ' sinoe EF Ia 0 = FE I 

= 2£ + 4 S (Eo!fo 1 E)+ 4 b(F* 1 F) 1 by {9o3)(;l) 

< 6E. I by (a) o 

But £ is an arbitrary positive number, so � = 0 � 

that is, r1(E +F)= r1(E) + r1(F) , which is the desired resulto -
The lemma asserts that the function r' satisfies condi-

tion Ro51 which is all t hat was needed to show that r' is a 

rank-functi on on 1lf.co • We are in a posit ion to prove the 

(lloll) Theorema. 'm-cc is a rank-ring. -
Proof: By (10.5), 'aRa, is a regular ring and by the result above, 
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r' is a rank-functio n on �Ro:> ; t he re fore 1 Wf. co has all the 

properties of a rank-ring. 

In view of this result, we shall set on iL:o o 

Though it still remains to be shown that the re are no othe r rank­
functions on 'OOl.co no co nfusion is possible be cause the equation 

r( A) = 8CA,O) ( ( 9o3) ( j)) determine s r uniquely. 
-

12. � center E! 'OO'tco o In this section , it is proved 

that the center f1 ( moo ) of �Cb is isomorphic to the center 

�((9) ot ?J. 

(12.1) Lemma • If Z is an element of t'ffi.(X) that commutes 

with the diagonal idempotents of 1f6 nl , for some n € � 1 

then, given any E. > 0 1 there exists an A = ( aij) E 'm-co suoh 

that 8<.A. 1 Z.) ( t and aij = 0 unless i = j ( mod n) o 

Proof: Define the matrix Ekn € 10/. � by 

(Ekn)1j = 8ij ��k 
where 

h 
if i � j 

sij = if 1 = j 
sm.d 

s�k -
t 

if i�k ( mod n) -
if i ak ( mod n) • 

kn Clearly, E is a d iagonal idempote nt of 'ffl_( n) • Next, let 

p be the polynomial on moo defined by 
n 

p( Y) = Y - '6 Ekny( l - Ekn) o 
k=d 

If y = ( Yij) € DOtco then (Ekny)1j = ES1s s�kYsj 
8 



l Ekny{ 1 _ Elm>] i -1 
= � n � C' n 

S (' 
n 

� i kyi j  • � 0 ikyis sj 0 sk 

s�kyi j ��kyij s�k 

= 
8 �ky i j { 1 � 8 �k) ' 

li;Ekny( l - Ekn� = � � :kYi j( l- �;k) = Yi j(l - s:j) � �ij � 

and therefore [P<YUij = Yi j  8 �j .. Thus 

( a) i f  Y = {Yi j) E OO?.co and if  A= {ai j) = p( Y) then 

ai j  = 0 unless i a j ( mod n) o 

The polynomial p also has the followi ng properties: 

{b) i f  X E mlco then r [p<x >] " (n + l ) r{X) :; 

( c) i f  z € � Q) and if Z commutes with the d iagonal idem­

potent a of m ( n) then p(Z) = Z , and 
{d) if  w I X E mco then p(W 'i: X) = p{W) :k p{X) Ill 
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Fi nally g gi ven Z and E as i n  the hypotheses of the 
lemmaJ? let Y be any element of 'ma:, such that b{Y;�Z) < n � 1 � 

and defi ne A = p(Y) o Then 

( e) 

b( Z ;A) = r( Z - A) 
= r [ p( Z) - p( YU 1 by ( c) 
= r [p( Z  - y}] 1 by ( d ) 
'( n + l ) r( Z  - Y), by {b) 
= (n + 1) S ( Z  , Y) < £ 

The desired result i s  contained i n  statements {a) and (e) o 

(12.2) Lemma. Let A E �n and let �n be the set of all 

di agonal matrices i n  'lltn o If 1 for some posi tive i nteger k :� 
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min { R( A + D) : all D € �n} � � then A has a non-si ngu­

l ar k x k minor consisti ng entirely of off-uiagonal el ements� 
Proof: The l emma is obvious when k = 1 o Assume the lemma holds 

for k ( t and that min { R( A + D) : D E �n 1 � 3t o It 

is always possible to rearrange the rows and columns of A so as 

to leave diagonal elements on the diagonal and to carry any gi ven 

off-diagonal minor to the lower left hand corner. It follows 

from this and the i nducti ve hypothesis that we may suppose that 
A = ( ai j) has the non-si ngular ( t- 1) x ( t - 1) minor 

acn-t+2)l 0 0 0 

2 • 

a( n-t+2)(t-l) 
• • 0 

Suppose further that A has no non-si ngular, off-diagonal 

t x t minor and hence that 

8tl 0 0 0 8t(t- l) atj 
0 . 0  0 
0 0 0 
0 0 0 

R 8( j- l)l 000 a(j-l ) (t;;l) a( j-l ) j 
-.a. - l, - u a( j+l ) l  •• • a( j+l )  ( t- 1) a( j+l ) j  

• 0 0 
0 0 0 

0 0 • 
anl 000 an( t-1) anj 

j = t , t + l , o • •  , n - t + l 0 Then we may ohoose * ajj so 
that 
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8tl • • • 8t (t-l) atj 
• • • 
• • • 

• • • 

a(j-1)1 • • • a( j-1 )( t-1) a(j-1)j 
-t:· = t - 1 R ajl • • •  aj(t-1) ajj 

I 

a( j+l-)1 • • •  a ( j+ 1 )(  t -1) a(j+l)j 
• • 

• • • • 
• • 

• 
anl • •• an (t-1) anj 

j = t, t+ 1 , ... , n - t + 1 I and we get 

atl ••• a
u 
tt • • •  8t(n-t+1) 

• • • 

• • • 
• • • 

a(n-t+1)1 8(n-t+l)t 
�;. = t - 1 • R • • • ••• a (n-t+l)(n-t+1} 

• • • 
• • • 
• • • 

an1 • • • ant • • • an(n-t+1) 

Adding t - 1 rows to a matrix raises its rank by no more 

than t - 1 I so 

* 
all 812 ... . al(n-t+l) 

* 
821 a22 •• • a2(n-t+1) 

R • • • 
• c • � 2 (t - 1), • • • -r-1 
a(n-t+l)l a(n-t+1)2 • •• a (n-t+l)(n-t+1) 

• • • • • • 
• • • 
anl ana • • • �{n-t+l) 

regardless of the o hoio e of 



Adding t - 1 columns gives 

* 811 812 • 0 0 8ln 

R a21 
* 

� 3 ( t  - 1 )  a22. • •• 82n , 

• • 0 .. • • 
• • • 

8nl 
* 

8n2 • •• ann 
* * for arbitrary a ( ) (  , • • •  , ann o Therefore,  if  we n-t+2 n-t+2) 

* set dj = aj j  - a
j j  and D = diag ( d1 , d2, • • • , dn) then 

R(A + D) (. 3( t -1) < 3t • But this is co ntrary to the induc­

tive hypothesis, and therefore the lemma is provedo 

Remark: The last result oan be slightly improved: ·in faot, 

tha argument given above may be used to show that if 

R(A + D) ) 3k - 2 for all d1 agonal matrices D then A sti ll 

has � non-singular k x k off-diagonal minor. Little more 

strengthening is  possible, however -- for let K0 = 1 E 00l1 , 

and having defined Kj -l , define 

'Shere 

j = o. 1, • • •  , 

K3 = to loll E 'ffi.23 , �j -1 :1 
E lnt23-1, and finally, define 

0 1 0 

Aj = 0 0 1 E rm.3•2j , 

Kj 0 0 

where o, l, Kj E. m 2j • It is easy to 
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see that the lai'gest off-diagonal non-singular minor of Aj has 
rank 2j whereas the first  3•2j - 1 rows of Aj a1•a lineB.I•ly 
independent regardless of how the diagonal element s be altered o 

Before stating the next theroem, we ma ke two definitions o 

( 12.3)  Defini tion. J) 1s  the set of all diagonal matrices of 

'm oo • 
( 12 .4 )  

t<'r> 
Definiti on. If 'fG is any ring and if rr c;_ l( then 

: l X : X e 1{, 1 XS • SX for all S € "'f1 is the oentr•E<.­

lizer of 1t o � (l, )  = �('/t )  i s  the center of 1?, • 

/:CJ (/) ) )  C: -]5 ; that i s ,  if Z € fifco ( 12 .5 )  Theorem. 

and if Z commutes with e very diagonal i dempotent of 'Wl. ct:>  , 

then Z is an accumulation point of the s et of diagonal matri ces 

of mc:.o . 
Pl'oof 1 Suppose that Z € � (J (/J ) )  "\. J5 o Z $. 1)  implies 

that � ( Z  ,!} ) = inf [ 0 (Z 1 D) 1 D E  tJ }  > 0 � and hence 

$ ( Z ,!; ) > !Q for s ome suffi ciently large positive integer n o n 
Let A = (ai j ) be any matrix in 1/l.a> such that O(A , Z )  < � ., 
Then· 

( a )  

Since A E. 1fl. co , A E 'ffi (m) for so me m E f}J such t hat 

m � 2n o Let k be the integer satisfying 

( b) 1m '  m < (k + l )n � 

Let tm be the mapping of 1Dl (lil) onto m m defined by 

( 9 .2 )  and let A 1 = (ai j ) = tm(A ) E 'm_ m • Then ai j = ai j 

for ail 1 ,· j ( m • From (Ill) ·  and ·fb } ·ii �tt fo ll.owa that 
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R {A ' + D) = Dll' (A ' +  D) > m (*) � 9k for all D E  ,(J m ; hence , 

by lemma { 12 . 2 ) ,  there e xists a non-singular 3k x 3k 

of A' consi sting entirely of off-diagonal element s .  
" 

st minor A 
Clear ly,  

the minor A appears in e very set of m consecutive rows of Ao 
By lemma { l2 ol ) , on . the othel' hand , :: E t:c.J clJ ) )  implies 

that there exists a B = ( bij ) £ mfiJ such that bi j : 0 Whenever 

1 � j {mod m) and O (Z ,B )  ( - �  o Obviously n 

( o )  S eA ,  B ) < � • 

Since bi j = 0 whenever 1 � j (mod m) 1 it  follows that 

bi j = 0 whenever 1 p j and 1 1  - j I ( m ; Hence A � rm_(m) 
II implies  that the minor A still appears in every set  of m c on-

secutive rows of A - B • Therefore 

(d) 

the last two inequalitie s following from ( b )  and the fact t hat 

m � 2n ( so that k � 2 . )  
statements (c) and ( d )  are cont radictory; henoe the aet 

f:<J (;) ) )  \ � must be empty. Thereby, the theorem i s  proved. 

Obviously f:CJ (j) ) )  ;( f)  1 and since multi plicat ion i s  

continuous, the centralizer of any subset of 1[� i s  closed; 

hence ,  t; cJ c/) » = C<J c;t) » 2 1i , which is the reverse of 

the inclusion asserted in the theorem. Thus we have the 

( 12.6 ) Corollary. rC'c.J (/) ) ) = � o 



(12 .7 }  Lemma. Let Z be in the oenter q <7iii.Q:) > of iBi'a:� , 
let n E 11\r 1 and let E. > 0 • Then the re e xis ts a matrix 
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D = d1 ag ( d1 , e� o • • � �  • • •  ) E lJ s uoh that S cz ,  D) < E. and 
cit = dj whenever [ �J=[i) • where [x) denotes the greatest 

integer le s s  than x • 

Proof : Define U = (uij) and V = (vi j) as follows : 

{ l if j = 1 + l -' l (mod n) 
ui j = vji = 

0 otherwi se 

C le arly U , V E: �n } • Ne.:;:t 1 define q(X) = X + V(XU - UX) 
fol' all X e: 7n. co  • It is easy t o  a ee t hat for all 

-
X ' xl ' � E m(X) and all z E �(�Olc.o> 
(a ) 
(b ) 

( o ) 

r (q(X)) ' 3r(X) 
. . 

q(X1 ± � )  = q(X1) ± q(Xg.> 1 and 

q(Z) = Z. • 

I t  f ollows immediately from ( a )  and (b) that 

( d) 
. . 

If D = di ag (d1 , • • • •  di , • • •  ) then (DU)i j = di� j , 

(UD}1 3 = u13d3 , and [vcnu - un>] i j = � vi8u83 (d8 - dj )  

= vi(i•l) u(1- l } j (d1- l - dj) 

= 
{�-l - d1 if 1 = j 'si l (mod n )  

0 otherwise 



Hence 

l q(D}1 i j  : [n + V(DU - UD}l i j  

and by finite induction 

[_ cflcn U i j  = 

� i f  i = j s 1 ( mod n} 

= di-l if i = j � 1 ( mod n) 

0 i f  i � j ' 

di i f  

di-1 i f  
0 
• • 

di-n+l i f  

0 if 

i = j ;; 1 

i = j = 2 
0 • 
0 

i = j a n  

1 -:;. j • 

( mod n )  

( mod n)  

( mod n } 

that i s, �n(D) = diag ( d� 1 0 0 0 ,  £J and 

d: = C\c where k = n [! 1 + 1 • Then clearly 

* * => di = dj • Furthermore 1 by ( c) and ( d ) , 

a ( qn(D)� Z) = b ( qn(D ) ,  qn( Z)) (  3n 8 (D, Z) • 

[�] = [�] � 
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Therefore, i f  we choo se D E fJ such that S (D, Z) ( 3-ne 
( as we may, by ( 12 . 5»  then qn(D ) has the requi red properti es, 
and the leDDna i s  proved. 

I f  Z i s  in the center of 'm. � and if C. '>  0 1 then 
by ( 12 . 5 )  there is a D = diag ( d1 , • • •  , d1 , o • • ) E fJ 
such that b ( Z, D)< E. • Sinoe /) C 'lOla! D E Wl,(n) for some 

N..T t ( ' ' n E u� o By ( 12 .7 ) , there i s  a D = di ag di 1 o • •  , dj_ ,  • • • ) 
E lJ suo h  that 8cz, n ' ) < £ and [�1 = [�] ::;> d� = d; • 
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Since 8cn, n,' > -' S en, z) + S c z :�  n ' > < 2 E 1 there must be a 

' such that � = dj for d' 
j 

2n £ n v n n exceptions. Setti ng d � = dj and D = d • 1 w = 

( 
n n n = d iag d � d � • • •  , d 1 • • • ) 1 the scalar matrix whose diagonal 

elements are all = d 11 � yields O(D�D11 ) < 2 C:  and b ( Z ,  n" >� 
� Scz ,  D) + Sen, n" ) ( 3 E. ; hence z is a limit of scalar 

matri ces. But a sphere of radius < l/2 can co ntain at most one 

scalar matrix, so z itself is scalar . Clearly , a scalar ma-

tr ix S = s • l w  

s is in th e center 

that 

is in th e 

0 <if > 
center � ( � co )  of 

of {) .. Thus , we 

-
mc:o 
have 

'1 ( "iloo ) = \. s • l w : a E � ( £9 ) 1 
(12 . 8) The orem .  q<OOZQ:) > is isomorphic to 

Furthermore � ( 1flt» ) = � ( 'lfl(J) ) = � ( rft n) ) 

� <& ) 0 

for all 

only if 

proved 

n E. � . 
Proof : It follows from wh at we proved that s u l w � a is an 

isomorph ism between f1,<'ffi.co )  
C f) < �> C � c wtn> ) = ts 

which completes the proof, 

and � ( 'IJ )  • Also 

• lt.'l :  s f � ( 'l9 >} 

13 . Rin=
l! � cont inuous geometry. 

According to ( 11 . 11), ffi O>  is a rank-r ing . By § 4 and 

(12.8 } 1 1/lm is irred ucible because its center � <'Ill (t) ) i a  

isomorph ic to the f ie ld � ( & } • By its construct ion , 'lllt:D i a  

complete in the rank-metr ic SCA ,B ) = r (A - B ) o Therefore , ac-

cording to ( 6 . 3 ) , R 7n is a discrete or cont inuous geometry. 
Q:> 

That it is not d iscrete follows from the fact that the rank� 



function assume s infinitely many values o The Theorem that fol­

lows summarizes these results o  
( 13 . 1 )  Theorem. �00 i s  a complete , irreducible rank-ring � 
R -71t(X) i s  a continuous geometryo 

14 ., The isomorphism of ZCD and R 7.fitr:D o 
The purpose of thi3 section is to show that 'fll.00 i s  es-

sent ially the coordinate ring of �(I:J : in other wordG , that 
-is i somorphic to R m(;D o Zco 

( 14.1 ) Lemma. If A, B E mn) then the following three 

statement s are equivalent : 
( a ) A 1flrJJ ;? B 05l.ao 
( b )  B = AX for some X E 'OOi.(n )  

( o )  ( tnA>ll]n :> ( tnB )  10n 

where tn : m<n > -!'> OOln is the ring-isomorphi sm defined by 

(9o2) . 

Proof : Obviou sly ( b ) -:::::> ( a )  • 

' 

Since tn is an i somorphism, 

(b ) <:::::> tnB = ( tnA )X for some X ' € 'ffin <=:=> ( c ) • Suppose 

that A 1ll_co ;?  B 00100 ; that is , B = AY for some 

Y = ( Yi j ) E.  'ffi.cc•  Let y' = [Ill • o o 

Ynl • • o 

or not Y E m n )  ) • Then X = t�1Y ' E 
Thus ( a )  � (b ) , and the proof is c omplete o 

(whether or 

and B = AX  • 

( 14 o2 ) Lemma. There is a mapping 7: :R  1l'L co  � � Q) that i s  
one-to-one and such that '!(& mr.D) = ( tnA >  Dn whenever 

A E. 'm_(n )  and n e JN • ( of (7 .2) ) .  
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Proof : First not ice that the condition makes  sense : for if 

A € 'ffi(n )  and n E IN then A 1flmE R OOL:o I) tnA € 'm.n � and 
( tnA >)OnE �n C £CD • 

As we have a lready observed in § 9 � if n\ k then 

tk c:z <.fkntn on '{(l_(n )  ; hence 

( tkA )10k = c<g kntnA >Dk = 1J; kn [< tnA ) Dol N ( tnA >1Dn p 

where cg kn and 1.J; kn . are the mappings define d  by ( S o l ) and 
( 8 .2 ) ,  respecti vely , Furthermore » if A 'Ott00 = B 00l00 then 
A ,  B E m<n )  for s ome n € fi.-1 I and, by ( 14 ol ) ' 

( tnA llOn = ( tnB llOn • Therefore � A 'moo� ( tnA l){Jn (n is any 

element of � such that A �  � (n ) ) i s  a well-defined 

mapping of R m 00 onto � o::r e That the mappi. ng ?: 

has a well-defined inverse follows from another appli cati on of 

( 14 .. 1 )  (f 

Lemma ( 14 . 1 )  implie s  sti ll more : 'l: and z:-1 pre serve 

order . Therefore we have the 
( 14 . 3 )  Corollary. The mapping � of ( 14 .2 ) is a lattice-
i somorphism. 

( 14.4 )  Lemma.  Q The mapping A moo ���o A'm. co » A E OOl.Cb, is  an 

order-isomorphism of R mco into R mc:o o Thi s lemma i s  a 

special case of [ 8 1 vol II 1 Lemma · 15. � 5  1 P •  145] . 
The next three lemmas are used to show that the mapping 

Q of ( 14.4 )  i s  not merely an order-isomorphi sm but also a lat­
tice-isomorphi sm. 

( 14o5 ) Lemma. Let E 1  F E  .j(ffl.n l and G E 1Ti.n o 



( a }  There exi sts an A € 1RRn auoh that 
EA = A , FA = A 1 and :t-(A - G )  ' r (EG ... G ) + r (FG - G )  • 

( b )  There exists a B € mn such that 
BE = E � BF = F and r ( B  - G} � r (  GE - E )  + za( GF - F )  o 

Proof : ( a ) Let fll1 = ?'lCEG - G ) . and 722 = '/2(FG - G) 1 

and let OL be some complement of '01. 1 n 'fl 2 0 Then define 

{ G on 
A =  

0 on 

Any vector v E 1Da may be written v =- a +  n where a € a 

and n € 1l.ll 17.2 o Since A = 0 on OL  Aa = 0 � and since 

A =  G = EG on 1l.1 n 1(2 � 11.1 � An = EGn ; hence 

Av = Aa + An = EGn , and EAv = E (EGn ) = EGn = Av e Therefore 

EA = A 1 and similarly � FA = A o Furthermore 

za (A - G) = 1 - d ['nCA - G� 
� 1 - d( n l n 'n 2 ) , for 1t <A - G ) 27tln 1l.2  

= 1 - d('Tl1_> - d(�2 > + d( n 1 + 'n 2 > 
= r (EG - G ) + r (FG - G )  - ( 1 - d ( �l + 'Ki2 ) )  
� r (EG - G) + r (FG - G )  o 

. 
Thus , A has all the desired propertie s �  and ( a )  is  

prove do  

{b )  Let � be a complement of EK:ln + FDn and define 

B = 
{ l on E On + FlOn 

G on fl. • 
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If v is any: vector in lOn then Ev t ElD C EX) + FD n - n n ' 
he no e ,  BEv = Ev and BE = E • Similarly BF = F o 

Clearly ,  'I{(B - G )  2 'b .. QEDn+ FDn > n 'Ol( G - lD , 
from whioh it follows that 

r ( B  - G) = � - d ['Jl(B - Gil 
� 1 - d( ;i).)  - d UEDn + FlOll )n utc G  - 1� + 

+ d ·[�n<EDn+ F()n) n Tl.<G - 1il 
= 1 - d(� )  - d[(E0n+ FDn> n 'I?.CG - lU  � 

and si nce -;f:,. and ElOn + FlOn are supposed to be complementary, 

we get 
r ( B - G ) �  d (ElOn+ FlOn> - d�ElDn + FlDn> n 1l.C G - lU 0 

By {ll .S} ( c ) , 7l.C GE - E ) = DL � G - 1 )E1 = 1£(E ) + ['l( (G - 1 ) 11 E)()J 
and similarly 'RC GF - F) = Tl.CF) + 'fl.(G - 1 )  n FlOn o Hence 

r ( GE-E )  +r ( GF-F ) :c: 
= 2 .. d [n( GE-EU - d [m< GF-F� 
= 2 - d [TI<E il. - d [?lC G-1 ) n ElOJ - d[1? < FU 

- d [?(( G-1 )  n FlOJ 
= d(ElO n > + d(Fl.On > - d ['nc G-1 ) n ElO� - d [rotc G-1 )  () FD� 
= d(EJ0n+ FJ0n> + d(E()n n Fl[) n > - d[( 1( ( G-1 ) n ElOn>+ 

+ c'Tl. ( G-1 ) n F}[)nU - d ['OC< G-1 ) n ElOnn F10n� 
� d(El() n+ Filn > - d� O{(G-1 ) n ElOn> + en ( G-1 )  n FlOnU 

� r ( B-G ) + d [1l < G-1 )nCElO n + FDn>] - d[( Ol.( G-1 ) n E1D n> + 

+ < Tl< G-1 )  ·n · FDnD 
) r ( B-G) , 
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where the last inequality comes from the semi-distributive law 
of lattice s : a ()  ( b  + a)  � ( a () b ) + (a n a)  o Therefore B 
i s  the matrix whose existence proves { b ) . 

( 14.6 ) Lemmao If � is a complete , irreducible rank-ring then 
d (a  � + bil ) - d( a 1(, n b�) " 2r (a  - b )  ' and hence a .. ale. 

is a Wliformly continuous mapping of 7l onto R7e o 

Proof : Let tJl. and � be a omplement s of a �  n b � in a �  
and b 1e , respectively.  Then the set \.. 1Jl, k , a �  n b'f 1 is 
independent ( of § 2.) • According to  § 4 ,  there exist three in­

dependent idempotents e ,  f ,  and g of 1(, such that el = U. , 

f 7e = ,6.- , and g l = a �  n b13 • Since e ,  f ,  and g are 

independent 

and hence 

and 

(e + f + g ) l  = e � + f � + g 1e  

= � +  .h- + (a ?e n  b � )  

= a �  + b 'e + ( a �  () b�) 

c::r a � + b 1G , 

d{ a'Ie + b� ) = d [< e + f + g )  te] 
= r ( e -\- f +- g )  · by ( 6 .  3 )  

= r ( e ) + r ( f )  · +  r ( g )  by R o 5  of § 5 

d ( a  � () baG ) = d(g (12 )  = r ( g )  , 

d{ a 1Z + b�) - d{ a �  n b� ) = r { e ) +  r { f ) . 

Since e � = ..oz � a � , we have e E a 7Z and e = ax 

for some x E: de • On the other hand , ( f  + g )l; - f � -+  g � = 



� ),..+ (a1G n b�) � b� ; hence ( f  + g ) � = b)Z and 
( f  + g )b � b • Therefore e ( a - b )x � eax - ebx = 

= e 2 - e ( f + g )  bx = e , and r ( a  - b )  � r ( e ( a  - b )  x )_ = r ( e ) • 

Similarly r ( a  - b )  � r ( f )  ct This yields d (a� + bE ) -

- d( a 10  n b£)  = r ( e )  + r ( f )  ' 2r ( a - b ) ,  or 6 ( a lC,b� ) 

� 2 � ( a ,b )  ; hence the lemma is proved .  
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( 14.7 ) Lemma . The mapping A fllC» � A  10fco , A E m o:l  , i s  a 

lattice-i-somorphism of R 1flcc onto a sublattiae �* of Rmo:>• 
Proof : ( of. Proof of ( 8 . 3 ) ) According to  ( 14 . 4 ) , Q is an or­

der-i somorphism of RmtD onto -;l �� == Q(R ma:> ) ; hence it re­

mains only to show that , for all E , F,  G € ��� 
( a )  E m a>  () F rll00 = G 1fl CtJ => E '"'filoo n FffifXJ= aWlt:D , and 

(b )  E m00 + F 1/lCD = G 1/l(J) * E� + F1it.� : G1/la> o 

To prove ( a )  1 suppose that G 11lf» = E met> () F mCXl and 
H1fi.tb = E7fi0 n F1ilc:o where E, F, G E. rfl(l) and H E  7fia> • 

Aooording t o  § 4 ,  we may as well suppose that E ,  F, G and H 

are all idempotent ; also , let (Hi ) i be a sequence in meo 
that converges t o  H • Since H � E TOlf:D and sinoe E is  idem­

potent , EH = H ; s imilarly, FH = H • Hence , by continuity  of 

multiplication ,  li�EHi = EH = H = lillliHi and li111!Fflt = lim:t.Hi , 

so r (EHi - Hi )  + r (FH1 - Hi ) � 0 a But it follows easily 

from ( l4 o 5 ) ( a )  that for every Hi 1 there exi st s  an At E  � 00  

suoh that EAi : Ai , FAi = Ai and r (Ai - H1 ) � r (EHi - H1 ) + 

+ r ( FHt - H1 )  v Therefore , 



8 c�moo , H'iilm > '- 2r(Ai - Hi > , by ( 14.6 ) 

� 2r(EHi - Hi ) + 2r (FHi ... Hi ) .....,. 0 9 

and li�Aimc:o : H"11leo 0 Furthermore 1 s ince EAi = A1 , 
it follows that Ai 'fOLa; = EAi 'mcor;, E 1fl co and s imilarly 
Ai'ffico c; F1(l 

Q) ; hence �mco c G m 0 According co 
to ( 14 .4 ), Q preserves order ; hence  

Ai1if,a> = Q(Ai mr.o) <; Q (G  1flt:(j) = GiTtct) , 
and by conti nuity of n ' 

42: 

Hlfi(l) n Gmrn = lilllj_ CA1mQ) n GmQ) >  = limiAimco = H1'1l.00 •  
Thus we get the result : Hill C Gw:m 

• The fact that G co - UOL 00  
preserves order also implies  that 

Hm:co = EW'l.co n F1flm = Q(E�) n Q(F'ij{co )  2 Q(Emc:f\ F�) : 
= G1nQ� , which is the reverse of the inclu sion just proved; 

therefore H1l't.CX> = GOfl(X) , and ( a )  is established .  
A similar argument , using ( 14o5 ) ( b )  in  place of 

( 14 . 5 ) ( a ) proves ( b )  o 

( 14 .8 )  Theorem. The latti ces Zc:t:J and R1fic:o , are i somor­
phic .  

Proof : The lattic e isomorphisms 1: :R mco� � c:o  of ( 14 .2 ) and 
9 :Rm,� �-�• = [A11ico : A €1'llcol of ( 14.7 ) both preserve dimen­

si on : for 
d[ ! (A �>] = dU t A )X) J = r ( t  A )  = r (A )  = d(A �) , and 

- n n n 
7: -1 e d(A1Tl ) = r (A ) = d(A 'm,.J • Therefore , � __...,. Rm � � is � � � � 

a dimension pre serving lattice-isomorphism, and hence i s  uni� 
formly continuous . 

-1 
u i t  f ,.., ,-;- to the Let � be the extension-by-continu y o � � 
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closure �a> of L a:J 0 Since the 0 per a ti CJns n, + '  d ' 
and S 

�tl) 
d � .,- -1 are preserve by � � and are conti nuous both in 

and Rmco , it foll ow s  that they are sti ll preserved by 
� e Hence � is an isometry and a lattic e-homomorphismo 
Since an isometri c mapping is necessari ly one-to-one , � is a 

lattic e-isomorphism. Sinc e 1fl (D  is  dense in 1/i(JO , 

.£ <= Q(  mQ) ) )  is dense in Rm:CD 
' by ( 14 . €  ). Therefore ' the 

image of �00 under � , being a complete space containing 

C , contains all of R-,azCD • Thus 1 we have shown that IC is 
an isomorphism of 
rem is comple te .  

onto �tD , and the proof of the theo-

( 14o9 ) Corollary. �00 is a continuous geometry, and 1ilrl' 
is its  coordinat e ring-

Proof : The corollary is an immediate consequence of the theorem 
together with Theorem ( 13 .1 ) .  

15 . Concluding remarks . The constructi on of ?n� given 

in .§ 9 is essentially the same as  one suggested by von Neumann in 

one . of a serie s of Colloquium le ctures .1 In the same lecture , he 

stated further that if 1..J is a divi si on ring and if �1 and 
N 2 are any two set s  of integers sati sfying ( 8 o 4 )  then 

7/lm ( iJ' 1}J 1 > � 'liiCD < ?J, i}J2) ; and also , i f  'I.J i s  finite 

over its center f} < 19-> then mc;.o c & , fi.J > � m (JO c � < z9> , N > o 

1These lecture s on continuous geometry were delivered at 
Pennsylvania State College in September,  1937 . Notes abstracting 
them were distributed at that t ime . A copy in Professor 
von Neumann ' s  fi le s was made available through the courtesy of 
Mrs . Eli zabeth Gorman. 
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The basi c �oblem of finding a simple cri teri on for determining 

whether two given approximately f inite geomatrie s  are i somorphic 

i s , however , sti ll unsolved. 



CHAP.rER III 

POLARITIES lN ZCo 

l6 o Duali ties  and polaritie s ft  

I f  � and � ·  are two latt i ce s  and if l.f i s  a one -

to-one mapping o f  � onto �·  such that 

then f! 
and ci 

'! (� + �) 
= q<«-> n '1'<.6- > l 
= Sl (-n,) + lJ (b ) J 

i s  a �-i somorphism or dual1 tx of -i onto  oe '  ' 

and ae t  are dual lattices . Every lattice possesse s  -

a du al which may be obtained from it  simply by inter changing 

the operati ons of j oin and meet . Axioms A.  1·3 of § 1 · are 

invari ant under t rans position of n and + , and henc e the 

dual of a di screte or co ntinuous geometry is . agai n a discrete 

or c ont inuous geome t ry .  However , a pro je cti ve latti ce ( the 

lattice of subspaoes of a pro je ctive apace ) i s  the du al of a 

projective la ttice if and only i f  it is finite  dimensional ( of o  
[1, secti on IV. l ,  P •  95 ] ) • 

A dua l-automorphism � of a dis crete  or cont inuous geom­

etry is a polarity if i t  i s  involutori c ( �2 = 1 ) .  This de­

fi nition , whi ch coinci de s wi th the usual one in the di s crete 

case ( that 1 s ;  for fi nite dimensional pro j e c ti ve la tt ices ) has 

been used by Givens1 as a basis for a theory of polari tie s of 

lwallac e Givens , Seminar on Conti nuous Geometry, The 
Univer sity of Tenne ssee 1 1955•6 o 
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continuous geozm t:ri es o  It i s  shown in thi s s acti on that pola­

ri tie s of approximately  finite geometrie s do some times e.xis t ,  
and in the next section, some propertie s  of the signature of a 

polari ty are inve sti gated. 

The following fundamental facts  about auto-dualitie s and 
polarities were proved by von Neumann [� �  vol o II � Theorems 4 c 3 

and 4 c 4 , p o 4� : 
{16 .1) If � i s  a c omplete irreducible rank-ring and if  
x � x '  is an anti-automorphi sm of -;e. then 

(j :  x 'e  � ( x ' )r = L Y I : x y =  0 1 ' fer :x: e: oe 
i s  a dual-automorphi sm of R �  ( according to § 4 , 

' 

( a )r G R �  for all a €  � ) o  Conversely 1 i f  R �  has chains 
of length then every dual-automorphism of R � is gen­

� o Fur-erated in this  way by a unique anti-automorphi sm of 

thermore , C! is a polarity if and only if x � x �  is an in­

volution ( x" = x for all x ' � ) • 

Consider the case � = m a:>  ' Where m Q) i s  determine d 
by 1J and lt:J as in § 8 and � 9 ,  and let a �  a{fo be an in­
volutoric anti-automorphi sm ( iaa ,  for short ) of � o ( For com­

mutati ve 1J' thi s i s  no re stricti on on 7.J" since a* 5 a i s  

then permissible . )  If A i s  a matrix in �� define A* to be 

the matrix obtai ned  by replaci ng each element ai j  of A by 
* ai j , and let 

A �  A ' a : ---

AT denote the transpose of A � Then 

= (A*)T is an iaa of mm . Since 1fla> ha s a 
unique rank-functi on , any s emi-automorphi sm of �� must pre-
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serve rank; hence r (A 1 - B 1 ) = r [<A - B ) '] = r (A - B )  � 

and riJ i s  uniformly continuous o Thus tX may be extended  

by  continuity  to a mapping � of met:) int o  it self , By  vir­

tue of the continuity of the extended mapping � and of the 

algebraic operations of m(]:) ' 

view of ( 16 ol ) � this prove s the 

f i s  an iaa of ma:J 0 

( 16 o 2 )  Theoreme If  & posse sses  an involutoric anti-auto­

morphism then polaritie s of Rmco exist . 

In 

Remark : In the case of pro jecti ve c oordina te geometrie s of di­

mension � 2 over � ,_ the existenc e of an iaa on & i s  

nece ssary f or the existenc e  of polaritie s ( cf o  [1 ,  § 4 o3 #  Theo­

rem 2 g  p o 111] )o The c orresponding problem for a pproximately 

finit e geome trie s is  co mplic ated by the fact that � i s  not ne­

ces sarily an invariant of m co , and that tJ may fai 1 to have 

an iaa even if it i s  finite over it s center ( cf o  § 15 ) . 
17 . Signature o In Givens ' theory of polari tie s in a 

continuous geometry 1 s ignature i s  define d  as follows : 

( 17 .1 )  Definitiono  I f  � is  a polari ty of a c onti nuous geome ­

try � then 

s ( Jl' ) = sup L d(  «. ) : tll. € £ ,  .1l' ( 'VZ. )  � 'Vt.l 
i s  the signature of ::rr • 

Let � be the coordinate ring of a c ontinuous ge�metry 

� and let 

1r' 1 S O  that 

be the iaa OJl � generat ing the polar! ty 

"�'�"'(xf'JO ) -- {x '  )r ( f ( 16 l ) ) -.11 II:J c 0 • • Then 



Jr (x tl )  = ( x '  )r ::::> x 'e 
d (x� )  = r ( x) ; hence 

if and only i f  t z x = 0 , and 

s (Jr ) = sup t r (x )  : x € � , x 'x = 0 } 
If a � a-l � '£ then x � a-lxa is an automorphi sm of (G 1 

so  x � a-1x ' a  is an anti-automorphi sm.. If in additi on 
' a = a -- in which case a will be called hermitian -- then 

x � a-lx ' a  i s  also involutorio ,  for 

a-l c a-lx ' a )'a = a-1 la 'x" ( a-l > '] a = a-1axa-la = x .  

Therefore , x -a. a-lx ' a  generates a polarity -:Jr( a ) o By the 
si gnature of a ( wi th re spect to the iaa x _. x v ) we shall 

mean s ( a ) = s (JI ( a ) ) • Obviously, 

x = aa-lx = 0 1 and hence 

_ ,  a -x - 0 impli es 

( 1'7 .2 )  s ( a ) = sup [r (x) : x E: � 1 a-lx ' ax = oJ = 
sup L 1• (x )  : x E 1G , x '  ax = 0 } o 

I t  i s  apparent that the x ' ax occurring in ( l'7 o2 ) playa 

a role analogous to that of a quadratic form in the classical 
theory of polarityo Indeed, if the geometry is n-dimensional 
and if x is chosen so that R (x )  - 1 , then each of the n2 

equations compri sing ' x ax =- 0 is either the identit y  0 = 0 

or the ordinary ( s calar )  equati on of a quadrio o  In order to in­
vestigate another aspect of the analogy, let & • JDn • oen Q 

and m n be defined as in § 7 ; let X � x* be an iaa 

of 7ft ; and, as in § 16 ,  let x ' = ( �" )T for all XE � .. 
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' 'mn g (u ,  v )  1 is a hermi-Suppose that A = A € • then = u Av ' 

tian bilinear form on lO n • for if u ,  v ,  X E. lOn and • 

a € 7J then 

g ( u , v ;.  x )  = u 'A (v  + x) = u 'Av + u 'Ax = g (u ,v )  + g ( u ,x) , 

g ( v + x,u )  = g (v, u ) -t- g (x, u )  , 

g ( u, va ) = u 'A( va )  = (u 1Av )a  m g (u, v )a  9 

g( va , u )  = ( va )  'Au = a••( vAu ) = a*g( v,u )  o 

and 

g (u ,v )  = u 'Av - ( v 'Au )* .= [g( v,u )J * 

where va 

a € ?J .  
Jf E  '£n 

i s 3  of c ourse , the scalar product of 
Define the orthogonal complement 3£J.. 

in the usual way: 

v E. ){)n and 
of a subspace 

JEJ-=tY : g(x,y )  = 0 for all x E .)£ }  o 

Let X E m n be a matrix Whos e columns span Jt , so that 

X l[) n = X e Clearly, y € J£
.1-

if and only if X iAy = 0 , 

and hence Y }() n � JtJ. if and only if X 1 AY = 0 • But 
I X AY = 0 if and only if Thus it follows that 

<izl( 3(.J. )  = (X 1A )r  where on is the mapping defined by ('7 o2 ) .,  
Since �( Jt )  = x mn I we get 

C x 'A > r  = on<T> = on< [on-lcx 'mnJ.L 
> ; therefore 

(17 e3 )  the mapping )£ ... )f.� Jf E in 1 and the mapping 
( X 'm.n ) � ( X 1A )r 1 X 'ffin € Rnl.n , are corre sponding polari­
ties under the la ttice-isomorphism � : � n ...... Rlltn • 
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The re lati onship between the Witt signature [6 , p .l?<n 

w (A )  S n - 2 [max l dim 3f. : JfJ. 2 .3£1] and Gi vena ' signature 

s (A )  i s  given by 

W (A )  = n [ l - 2s (A )J 
where A i s  any non•singular hermitian matrix o 

The next theorem states  that the signatu re of hermitian 

elements with respect  t o  a fixed  iaa x _. x ' i s  a continuous 

function o But fir st  we prove a 

( 17 o4 )  Lemma o If  a 1 = a € lZ , then f or any x £ 'e there 

exists  a y € -aZ  su ch that y ' ay = 0 and r ( x - y ) ' r (x 'ax) o 

Proof : Let (x ' ax)u(x 'ax ) = x ' ax o I f  e = 1 - u (x v ax ) then 

e i s  idempotent and , by § 4 ,  (x vax )r = e �  o 

Setting y = xe gives 

y ' ay = (xe ) 1 axe = e 1 ( x 1 ax) e  = e 1 o Q = 0 

and 

r ( x - y )  = r ( x - xe ) = r Gt< 1 - e U = r [xu ( x '  ax >] � r ( x : ax) 1 

so y has the desire d  propertie s .  

( 17 .5 )  Theorem. If a ' = a and b 1 = b then 

I s ( a )  - s ( b ) l ( r ( a  - b )  1 and hence s i s  uniformly continuous o 

Proof : Let E > 0 o By defini tion of s ( a )  , there exist s an 

x such that x ' ax = 0 and r (x )  > s ( a )  - � o By ( 17 o4 )  there 

exists  a y such that y 1 by = 0 and r ( x  - y) ( r ( x ' bx)  o But 

r ( x 1 bx) = r (x 1 ( b - a )x) � r (b - a )  o Therefore 

s ( b )  � r ( y )  � r ( x)  · - r ( x - y) > s ( a )  - E. - r ( b - a ) 1 and 

s ( a )  - s (b ) < r ( b  - a )  + E o Since E. was arbitrary, 
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s ( a )  - s ( b )  � r ( b  - a ) � The remainder of the proof follows 

from symmetry. 

Remark : The proof of the the orem is valid for singular hermi­

tian elements provided we define the si gnature of  such element s 

by 

s ( a )  = sup { r ( x) : x ' ax = o } . 
Let us now return t o  the case in which � = 'm CP  , 

x � x* is  an iaa of  &, and x � x ' is  the extension-by-

continuit y  to m� of the i aa X �  ( X"" )T on 1Q CDo I f  

A �::� A 1 E m(n) I let 

sn( A )  = sup � r (X )  : X € lfL( n )  ; X 1AX - 0 l o 
( 17 o6 ) Theorem. If A a A 1 E 1Q<lDthen s (A ) = sup t sk ( A ) :A E 'm.( k )} . 

Proof : Let sup { sk ( A )  : A € OQ ( k )} = (/., o Obviously, 

s (A }  � rk � sk( A )  whenever A€ �k)  " Given E > 0 , let X 

be an element of m al  such that X VAX = 0 and r (X )  > s (A )  - t. ,  

and le t Y E TQ , r ( X - Y) < £  • Q) 
Then 

r ( Y 'AY }  = r ( Y1 AY - X 1AX) < r ( Y 1 - X 1 ) + r ( Y - X )  < 2 E o 

I f  Y E  'm_( k )  then , by (17 ,4 } , the re exists  a Z € m< k ) such 

that r ( Y  - Z )  ( r ( Y 1 AY)  < 2 E and Z 'AZ = 0 o iberefore 

tN � sk ( A )  � r ( Z )  � r ( X) - r(X - Y) - r ( Y - Z )  ) s (A ) -

- 4 E.  � rx.,- 4 E  , and sinc e  E. is  arbi trarily small , s (A )  = ct, o 

This completes  the proof o 

Let A be a symmetric permutati on matrix in 1fl n ; that 

is , a matrix having the propert ie s :  ( a )  A = AT ( b )  every 

element i s  ei ther 0 or 1 , and ( c )  every row ( and column ) 
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Then clearly of A ha s exactly one non-zero element . 

A = A* = {A* )T for every iaa x -+ x* of £..9, and r ( A )  ::: 1 o 

In addition , let x _.. x* satisfy the condition :  

( 17.7 ) for every finite set {� : 1 ' 1 ( n I of non-zero 

element s of 7J , t:;. xrxi rl= 0 0 

It follows from ( 17 . 7 ) that -z.Sl. must have characteristic af 2 , 
and that , for all X E: mn , ( X* )T X =  0 � X ::: 0 I so 

s ( ln ) = 0 ( ln is totally regular ) .  If j i s  the number of 
l ' s on the diagonal of A then A is cogredient to 

0 11 0 

li 0 0 0 � 

0 0 1 

hence , by [a , P •  170] � w (A )  = j and s <A > = t � - "'ANj, f. · 

Furthermore , if k = mn then w (  g>lm&) = mw(A)  so 
s ( l:f knA )  = !: = s (A )  o In view of the i somorphism tk be-

tween nik ) and mk 1 We have 

sk ( t;1A )  = s (  � lmA) = s ( A )  
-1  

for all k E N , k ;at n , and consequently s ( tn A )  = s (A ) 

by ( 17 .6 ) .  

Let j n denote the set of s ymmetric permutation mah 

trl ces of mn and let 1 = t t�1A : A € in I n € N 1 0 An 
easy computation shows that if A =( ai j ) E fn 1 B = ( bi j > E Jn, 

and aii bii  = aii for all i ( n then S ( A 1B )  = 

= s ( A )  - s ( B ) o From this i t  follows that for every 

s £ [_o 1 i] there exi st s  a convergent sequence (Ai )1  in J 
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such that s = limi s (Ai ) • Now the iaa X � X � 
� ( X* )T  

i s  always continuous , s o  � cons ist s ent ire ly of non- singular 

hermitian element s .  The re fore s (  0 ) :::: [o , i] • There by 

we have prove d  the 

( 17 . 8 )  Theorem. Let x .... x�" be an iaa of � satisfying 
' 

( 17.7 ) 1 let X _... X 

of the iaa X --.. ( X* )T 

non-singular ele ment s of 
r x .... x .  Then 

be the extens ion-by-c ontinui ty to  

On ml%) 1 and le t � be the Set  Of 

mcc that ar•e hermi.t ian relative to 

s ( � ) = [o  1 l] 0 



CHAPTER IV 

THE LATTICE ]?(�00 ) 

1e .  Frink ' a Lattice . If t; is  any lat tice  and i f  lJ 
is  any non-void subset of i such that 

and 

then lJ is  a � ideal of � o If ;;t has a least  element 0 
then set inclusion is an inductive parti al ordering of the proper 

dual ideals of � ; hence , on the strength of Zorn ' s Lemma , 

every proper dual ideal of a lattice £ w ith 0 i s  contained 

in a maximal proper dual ideal ( mdi ) of c/3 • Set ]) ( ce )  = 

= { l) : f) i s  a mdi of t} and define c o&l j JJ2 > -= {£) : £) E.  ID <ct >  � � 2 �1n J)21 for all �1 13 fJ 2 E ID <ci > . 
Finally, let 1P<�) be the class of subsets of JD (£ )  de-

fined by the condition: S E 1P ( � ) if  and only if 

( lJ 1 , lJ 2 ) � S whenever /)1 , ,f)2 €. S o It i s  clear 

that 1P ( i, )  c ontains ( i )  the empty set Q ( ii ) every set 

tJ) l containing just one element � of JD ( £ )  , ( iii ) the 

set ( iJ1 , � 2 ) for any pair fJ1 , lJ 2 E. ID ( £ )  , and ( i v )  , 

for any element 1JL of £ 1 the set 

� < oz. > =[fJ : 7JL E IJ E. D < £ > }  0 

FUrthermore , ]pC t )  i s  closed under arbitrary set-intersect ion s 

and therefore become s a comple te latt i ce when ordered by inclu-
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JP < dG >  is atomi c ,  and the si nglet ons are 

Frink � who devi sed the constructi on of 
proved the 

JP ( ;tj )  has 

( 18 <a2 )  Theorem.. [ 3 ,  Theorem 14] If � is  a complemented mo-
dular la ttice then 
( a )  1P Ct;) i s  a direct union of pro jective latti ces ,  and 
{ b )  the mapping � :i,�']p(� ) defined by ( 18 .1 ) i s  a lattice­
i somorphi sm of ;t onto a sublattice of 1P ( £ )  o 

Note : Here ; as always , we require that pro jective la tti ces and 
pro je ctive spaces be irreduci ble ., Hence , where Frink (�] writes 
11proje cti ve lattice ( space ) "  we substi tute 11direct union of pro­
j e ctive lattices ( spaces ) " • 

This theorem looks like a promising tool for studying the 
structure of the latti ce � :  for example D it shows that the 
class of coordinate di vi sion rings of the non-trivial �o jective 
lattices in the direct union decompositi on of JP (� )  i s  an in­
variant of -;/; ..  Unfortunately our know ledge of lf (.;t ) is  
meager ,  but i t  i s  shown below that when � is an approximately 
finite geometry ,  the class o f  divisi on r ings just described is  

never vacuous o 
19 • The lattice ]p (�c:o ) • Before proceeding we list 

two facts about the dual ideals of any lattice ij with o ., 

( 19 .. 1 )  Let j be a non-void subset of � such that 
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Then Q * = {_t: : t>J E ;£ � Z, ... � Ul for some t� € j.! i s  a dual 

ideal . If 0 $ � then �* is proper . 

(19.2 ) If IJ i s  a mdi of £ and k E 't then either J.r E !J 
or else 'Vl. n lr = 0 for some Ol. 6 I) 

As sert ion ( 19.1) follows immediat e ly from the definit ions . 

As for { 19 .. 2) $ suppose t ha t  Jr * tJ ,. and set 

J - t tt n );. : tll. E. k)j o The set j sat isfie s the hypo-

the s i s  of { 19.1 )  � so ��· is  a dual ideal . But 

henoe 1��- = '£ o 

for some tt € /J. 
In all that f ollows , let 

1 0 0 
0 0 0 

En = 0 0 0 
• • 0 
• 0 • 
0 • • 

b 0 0 

Therefore 0 C: ,& i and 

There by { 19o 2) i s  pr ovedo  

0 0 0  0 

0 0 0  0 
o o o  0 E 1!ln for all n E N 

., 
0 
0 

and let Fn = t�� {En ) ( � 1n {n ) ) o Define 

.J = [ x7fla> : XE 1fi.Cb , x1fl.oo � Fnmco for some n E. J1'1 S  • 

By ( 19 . 1 ) , ..J i s  a proper dual ideal of R'Ma> • Let g be 

a fixed but otherwise arbitrary mdi of RWi= tha t contains ,g ,  
and define A -g = {A OL : Ot E g 1 for all A f: met> " I t  i s  

easy to see that A � 1.s a mdi i f  and only if  r ( A )  = 1 o 

(190 3 ) Lemma o Let BFn = { ZJ. + Z2A ) Fn where A and B are 
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non-singular element a of 1/lcc and z1 are in 

Cl 1 ( 7/la;) • Then Bg  :::> t n Ag 
Proof : By ( 19 �2 ) � it suffi ces to show that if a€ gn AG 
and /J. E t,  then . Oln BJY #: 0 o Now a€ A6 � so A-1{JLE. G, 

Also Fn7ilQj E :J- C ! .CI The;-efo1,e 

3f = � n iY f1 c A-10l. ) n t. F�-nt.c:o > e: � 0 

Since Jf� Fn1ft.,CD ;, · Fn.3£ � ·3£,; hence 

B 3f = ( z1 + z2A ))t C z1.)£ + Z2A 3f = 3f. + A3£ o 

But 3f. + A JE � OL + A(A-1Ql. )  = OL so B:f  C. 0/_ � and 

B 3f. � B 'I> ; therefore B 3£ � OL n B £ro 

All tha t remains is t o  show that B 3£. r/: 0 o Since B 

0 

i s  non-singular and 't is a proper dual ideal , J€£ "'G � 3f � 0 => 

� B3£ � 0 , and the proof is complete � 

( 19 .4 )  Corollary. If B is a non-singular element of �a> 
and if BF n = F n . , then B & = � o 

Proof : 

Lemma , -

cause 

Set 

B �  
B�  
Let 

�l = A = 1 and z2 = 0 • Then according to the 
;? � n 1 �  = � • Bh :::J G is impossible be­

i s  proper and � i s  maximal . 
lOec> denote the apace of co lumna of elements of 1fi.OJg 

or in other words , the s et of all l x � matrices over � 
having at moat a finite number of non-zero element s �  If 

X e m aJ '  r ( X) 1:1 1 ' and if X is the first column of X ' 

then set �(x) = xz; o If x is also  the first column of Y 1 

then XFn = YFn for any n such tha t x ,  y E m<n) 0 But then 
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x-lYFn = Fn 1 and x-ly t = h , by the Corcllary. Therefore 
X '(; = xx-ly � = Y t � so �{x) a X t is  determined uniquely 
by X o 

( 19 e5 ) Lemma o Let vl :J • o o 1  vt be non-zero vectors of ){)wo 
Then t <Z::=l vi � 1 ) 2 t (vi) n o  o a n cG ( vt ) whenever 

t �i £ !} < &> , for all i ( t $ and 0 " L:'1z=lvi � 1 • 

Proof : Suppose t = 2 • Let Vi E  1??�,  r ( v1 ) = 1 0 and ( first 
column of Vi ) = vi , for i = 1 ,  2. e Then the first column of 

v1z.l + V�g is  vlg 1 + v2 � 2 • Where z1 = -g1 • lw E �(tff} . 
By ( 19 .3 ) ( Zl + vi1v2z2 >G��ncv1-1 v2 )G , and hence 

t ( vl � 1 + v2 � 2 ) = ( VlZl + V2Z2 ) � 
= V1( Z1 + Vi1 V2Z2 )g 
;2 vl[! n ( V�lV2 ) t] 
;2 vl � n v2 � 
= C:< vl ) n t<v2 ) 0 

If t = l , just set � 2 = 0 o 

If t > 2 , observe that our re sult for  t = 2 and 

t(vl � l + o u + Vr � r) 2 '(vl) nn e • n !( vr) 
imply that 

� (vl � l + • • •  + vr � r + vr-t-l S r+l)� 

;? � {Vl� 1 + o o o  + Vr g r) n t<vr+l ) 
� !'< vl ) n ° 041  n G ( Vl, ) n t<vr-�-1 > ; 

therefore the proof i s  complete by fi nite induo tiono 
A partial c onverse of ( 19 .5 ) i s  
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( 19 ., 6 )  Lemma ., If  v1, o o o '  vt+ l are ri ght linearly independent 
vectors of lO w  then 

G< vt+l > � t' < v1 > n u o  n t<vt > o 

Proof : As in ( 19 ., 5 ) , let Vi E. 7fl. 00 ,  r ( v1 ) = l , and ( fir st 

column of v1 ) = vi for all i ' t + 1 ., We may suppose that 

vi E mn > for all i ' t + 1 • Since Fn7if.ca E. f  c � # it  
follows that 

and hence that 

Let W be the zmtrix  of 1/tn)  whose fi rst n colunma are 

vl ' v2 D o o . , v·t .1 0 ,  • o .  1 0 rJ ( clearly n > t , beoause 

v1 o o o  vt+1 are linearly independent and are e s senti ally of 
length ( n ) o Then 

(W1iZC4 ) n ( Vt+lFn11/. a:> ) = 0 
so wmct> $ vt+l6 = 6c vt+l ) ' whereas 

wmrD = VlFn'lic�+ o e o  + VtFn1!l.aJ E tcvl) n O G \)  n t < vt ) � 

Thereby , the lemma i s  provedo  
In order to  apply ( 19 ., 5 )  and ( 19 u 6 ) , two more lemmas are 

required� The first of these is due to J 6nsson [?� Theorem 2 ., 3� 
p o  30Q) and is stated here wi thout proof ., 

( 19 ., 7 ) Lemmae Let � be a c omplemented modular lattic e,  
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let A be an atom  of ]p{ � )  , and let F be a f ini te dimen-
sional element of F c.t )  p If A n F = 0 ·� hen ther e exist 

elements 'fl, and 1 of  � such that -()1. n 4- = 0 I �( trl, )  :::> A ' 

and � ( 4 ) :::> F o 

( 19 .8 )  Lemma. Let � be a co mple me nted modular lattic e and 
let rf.Jl, • o o 1  �k be mdi ' s o f  � o Defi ne 

s = {..D : [n�..u l)J C })  E ID<£>} • 

Then S i s  the join � U\1 of t)}11 • • • • • tJk1 in 

1P <£> • 

Proof: It is easy to see that S E ll?c£ ) : and from thi s, 

that S � ± {J)l} . To prove the reverse inclusi on, let 
j::l 

)Yo be an arbitrary md1 of � that is not i n  � [�l} • 

k � 
Then tJl J n 2: to&j1 = Q , so it follows from ( 19 o7 )  that 

0 j:l 

�C-ot.> = { � :  'tt E ,/) E ID e£ >} :::> {JJc} t � <�  > = 
k 

= { j) :  1 €. � E ]) <£ >J ;;;? [; i.e) l1 , and 111.n4= o , 

fo r some tt 1 j. E £ .. Hence tJZ..E /Jo and 4 t � � 

1 � j '- k , n nd by ( 19 .2 ) 1$ lJ0 • Thus f1 k . ..6}j�l}, , 
j=l 

k 
and .FJo <$ S • The refcr e S C £;[;)l' , Which completes 

the proof. 



61 
Let 'llw be the se t of all thos e ve ctor s of )[) w whos e 

element s li e in q ( -z.9-> • We shall look upon the e lement s of 

1lw as the coor dinate vectors  of point s of a countably infi­

ni te dimensi onal pr ojecti ve spa ce 1T over 0 c D  > o The 

mapping u � t� ( u ) } , 0 {:. u E 'llw 1 carrie s point s of TI 
into atoms of 1P<Rm.00 ) , for if  1 ,P 0 1 then by ( 19 .5 ) with 

t = l A> t ( u  � ) = � ( u )  o 
( 19 .9 ) Theorem.. The vectors u1 , .. . .  , � of 'l.)Lw 1ae pre sent 

independent point s of llr if and only if the atoms 

[g ( u1 >} , • • •  , [{<'\c > 1 of lP<R mJ are independent . 

Proof : Let 1 < j � k o If u3 is  a linear c ombination of 

t ui : i ( j 1 over tJ 1 then the matrices  ( u1u2 • • •  uj-1 ) 
and ( u1u2 • • •  uj-luj ) have the s ame rank ,  and since the e le• 

ments of the se ma trices  all lie in � ( �) 1 the equation 

u .. = L: ui g i " i< j 

has a soluti on with � i E � ct-9- )  , all i < j • Therefore , 

i t  follow s from ( 19 . 5 ) and ( 19 .6 ) u1 , • • •  , � i s  an indepen­

dent set if and only if (<uj ) ;p G' <ul ) n 0 0 0  n t<uj-1 ) ' 

for 1 ( j ' k , and thi s , in turn i s  e quivalent t o  

t � (Uj ) 1 n 61 t� (� )} = 0 1 by ( 19 o8 ) o Thus the 

theorem i s  proved. 

Every atom of a direct union of projective latti c e s  is  

an atom of soma component of the union : and two atoms lie in the 

same c omponent if and only if their  join contains at least three 

atoms o From t he se fact s t oge ther wi th ( 19 .9 ) , i t  follows that 
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the set t l�( u )} : 0 = u E 1Jt wi lies  enti rely in some one 

component of lP<R'fiic:o) • For let u0 be come f ixed e lement 
of U � ,  let ct be the component of JP (R'Jii00) that contains 
t� ( u0 ) J 1 and let u1 be any other element of 'llw •  If 

U0 = Ul � for some -s�  � (&) then !( ul ) := [( u0 )  o Other-
Wise ; U0 , u1 � and u1 + u0 repre sent three di stinct oollinear 
points,  and hence ( � ( u0) . � ( u1 ) ) contains three distinct 
atoms [t'< u0 ) } , t[<u1 )  � 1 and [6< u0 + u1) � • Therefore 
� { ul )l E t and t �ttf<u)I : 0 � u €. VL�� • 

Let S be a subspace of 1JL � and define 

"W<s >  = 2:{t! cu >} : u E s }  
I t  follows easi ly from the fact that the mapping u � t�< u� 
preserves dependence and independence ,  that � is  an i somor­
phism of the lattice of subspaces of �� onto a sublattice 
of f: 1 and hence that coordinate divi si on ring determined by 
� contains a ·subring isomorphic to the coordinate division 

· · ring f} ('z9)  of �w • Thereby, we have proved the 
( 19 .10) Theorem. The di rect union decomposition of 
1P (R mcJ contai ns an infinite dimensional proj ective lattice 
� whose coordina te division ring has a subfield i somorphic to 

� (fJ)  • 
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